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Abstract

Nonlinearity in the Navier-Stokes equations can originate from a variety of sources,

such as contributions stemming from the advective term, constitutive closure mod-

els or external factors such as chemical reactions and capillarity. Needless to say,

a combination of any of the above sources has the potential to exasperate the

problem significantly. This dissertation explores cases that predominantly feature

advective and/or capillary effects. In particular, we first consider the inertia-

dominated problem of single-phase flow past a confined square cylinder, followed

by a study focused on the low-Re dynamics of rigid particles straddling non-planar

interfaces.

The first part of the thesis investigates transient, three-dimensional, incom-

pressible and isothermal flow of a Newtonian fluid past a symmetrically confined

obstacle at zero incidence. Results from both Laser Doppler Velocimetry (LDV)

experiments and direct simulations upto Re = 250 have been reported. Beyond

the onset of instability (Recr ≈ 58), an inflexion point around Re ≈ 115 is detected

for the Strouhal number with no evidence of hysteresis in any of the measurements.

Furthermore, incommensurate frequencies observed in the range 127 ≤ Re ≤ 175

suggest a quasi-periodic transition to three-dimensionality. This is shown to be

followed by an intermediate periodic window starting around Re ≈ 180. Fourier

analysis and spanwise velocity correlations are then used to characterize the ob-

served phenomena. Subsequent analysis of consolidated data suggest that only a

parametric variation of transverse and spanwise blockage ratios can bring closure

to the subject of bluff-body wake transitions.

The second part of the thesis implements and validates a physically consistent

continuum model for the Moving Contact Line (MCL) through direct simulations.

After elaborately discussing the MCL conundrum, a fundamental framework for

the simulations is outlined in a theoretical orientation which combines the Level

set method with a Fictitious domain approach in a finite-element scheme. The

thesis objectives are then realized through simulation of various case studies that

show favorable comparisons with theoretical and/or published experimental data.

In short, the current work successfully illustrates the potential of novel boundary

conditions (such as the GNBC) to accurately describe MCL dynamics.
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Chapter 1

Introduction to vortical flows

The present study focuses on a fairly complex problem: Pressure-driven flow past

a symmetric bluff body up to moderate Reynolds numbers where highly non-linear

transitions take place. In addition to finite spanwise and transverse confinement,

simultaneous interaction of three shear layers, viz., a boundary layer, a separating

free shear layer and the wake are partly responsible for the complexity [155]. It

is well known that increasing inertia past the Stokes regime (which is devoid of

separation points), first leads to a loss of fore-aft symmetry characterized by the

formation of a steady laminar wake downstream of the cylinder corresponding to

a fixed-point attractor. This process also involves formation of separation points

over the two downstream edges of the cylinder. The wake now grows steadily

in size up to a critical Re (= Recr), beyond which a Hopf bifurcation occurs

causing time-periodic behavior to set in (i.e. a limit cycle). Transverse symmetry

is now broken and ultimately the familiar Kármán vortex street is formed. As

flow inertia is increased further, additional separation points start to form on the

two upstream edges of the cylinder, with unsteady re-attachment occurring on the

top and bottom faces. At still higher Reynolds numbers, separation points are

found only on the upstream edges with no re-attachment on either of the faces

[104]. This marks the onset of more coherent 3D structures in the wake and

subsequently, the transition to chaos occurs.

1.1 Motivation

Flow past stationary obstacles (especially circular cylinders) is a well-explored

problem. Numerous engineering applications have now renewed an interest in

1



1. Introduction to vortical flows

bluff bodies, the square cylinder in particular. Aside from providing a funda-

mental understanding of flow-induced vibrations that are typically encountered

in structural design, study of flow past a square cylinder is important for many

other applications such as improving the accuracy of vortex flow meters, controlled

heat transfer enhancement in the cooling of electronics, use as an eddy promoter

to intensify mass transfer etc. Even from a purely scientific perspective, several

interesting phenomena that are rich in physics (onset of hydrodynamic instability,

routes to chaos etc.) warrant detailed exploration. For centuries, experiments

have served as primary sources of novel discoveries in the flow past obstacles and

this will, in most probability, remain true for years to come. However, as com-

putational capabilities become increasingly powerful and more affordable, contri-

butions from numerical analysis are expected to offer more insight and pave new

roads to discovery. While majority of the results presented in this manuscript are

experimental, wherever feasible, we have attempted to supplement the same with

predictions from a direct simulation.

1.2 Literature review

The earliest references that cite the square cylinder (e.g. Parkinson and Brooks

[95], Vickery [144] etc.) were predominantly driven by a practical need for safe and

durable engineering design, and thus it is not surprising that their focus was pri-

marily on experimental investigation of fluctuating forces for fully turbulent flow

at varying angles of incidence. It was not until the early eighties that comprehen-

sive studies emerged, providing detailed information on unsteady flow for much

lower Reynolds numbers [see Refs. 91, 25]. Subsequently, the following decade saw

the emergence of several papers that predominantly used numerical simulations

to study the onset of time-periodic behavior and associated hydrodynamic forces

[see 92, 43, 70, 125, and references therein]. More remarkable are recent works

[104, 107, 81, 7, 82, 109, 105] that have attempted to characterize the different

wake transition regimes that describe the transition to three-dimensional behavior.

Similar to a circular cylinder, two distinct modes featuring long and short

spanwise wavelengths (i.e. Modes A and B respectively) have been identified for

flow past square cylinders. Luo et al. [82] have recently reported that their advent

is marked by discontinuities in the St − Re curve with the Mode A transition

exhibiting hysteresis over a small range of Re (≈ 6). This behavior is reminiscent

of flow past a circular cylinder. While Mode A transition is typically associated

2



1. Introduction to vortical flows

with the onset of three-dimensional wake instability characterized by the formation

of the so-called vortex loops that connect adjacent spanwise Kármán vortices [104],

Mode B is said to feature finer-scale streamwise vortices [156].

For the square cylinder, Mode A transition has been reported in the range

158 < Re < 164 [81, 82, 105], while Mode B transition is placed around 199 <

Re < 209 [82]. A third sub-harmonic mode (Mode S) with twice the spanwise

wavelength of Mode B has also been reported to result from a period-doubling

bifurcation around Re ≈ 200 [104]. Recent studies however, show this to be

actually an intermediate wavelength quasi-periodic mode as opposed to a sub-

harmonic one [6, 39]. Period-doubling bifurcations have also been reported by

Shiau et al. [117], although for a higher Reynolds number (Re = 294) and moving

channel wall boundary conditions. An aspect common to all Period-N (N being

a small non-zero integer ≥ 2) bifurcations reported so far, is that they have only

been seen in 2D simulations [127]. Finally, it should also be noted, that so far,

only Modes A and B have been experimentally realized.

Most of the aforementioned studies were focused on examining flow behavior

in seemingly infinite domains (i.e. negligible to very low blockage). Davis et al.

[26] were probably the first to experimentally study the effect of finite transverse

blockage on flow characteristics. Based partly on their numerical simulations, they

reported an increase in average drag coefficient and Strouhal number with increas-

ing blockage ratio. For low to moderate Re, this trend was later corroborated by

several other studies [90, 130, 126, 136, 114, 15, 96]. Unfortunately, Davis et al.

[26] were unable to compare their predictions with measured Strouhal numbers

for Re ≤ 300, due to lack of a clear hot-wire signal. Interestingly however, their

simulations revealed significant differences in Strouhal number and time averaged

drag coefficient (e.g. around 13-20% difference at Re = 250) when theoretical

(parabolic) upstream velocity profiles were replaced with experimentally obtained

ones, thus emphasizing the importance of upstream vorticity in accurate numeri-

cal predictions. More recently, it has been shown that incoming flow vorticity is

responsible for the inversion of the von Kármán vortex street in the wake of a

confined square cylinder [see Ref. 130, for details on vortex inversion], the point

of inversion being closely correlated with the location at which the velocity defect

in the wake disappears [15]. Camarri and Giannetti [15] also report that the in-

version length monotonically decreases (non-linearly at first) when either Re or

the blockage ratio are increased.
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1. Introduction to vortical flows

The effect of increasing blockage on the critical Re was recently studied by

Patil and Tiwari [96], whose 2D simulations indicate a non-monotonic relationship

featuring a global maximum that indicates a critical blockage ratio (around ϑ =

0.3 − 0.4) beyond which the onset of vortex shedding is no longer delayed. This

trend was previously reported by Sharma and Eswaran [114]. While the increase

in critical Re with increasing blockage can be attributed to the dampening effect

of confining walls, the subsequent decrease which is currently explained on the

basis of a weakened shear layer [96] needs more elaboration. Also noteworthy in

their work is the emergence of downstream travelling recirculation zones in the

vicinity of confining channel walls, which were first reported by Davis et al. [26] at

high Re (≈ 1000) and moderate blockage (ϑ ≈ 0.25). Interestingly, these moving

zones are quite distinct even at much lower Re(≈ 100) provided the blockage is

high (ϑ ≈ 0.5 − 0.6) [see Refs. 114, 96, for more details]. In light of the above

observations, it is both instructive and worthwhile to take a step back and examine

related findings pertaining to the circular cylinder.

Based on a linear-stability analysis of the two-dimensional base state, Sahin

and Owens [108] identified the critical blockage ratio for the circular cylinder to

be around 0.5. However, the critical Re for slightly higher blockage ratios did not

decrease as much when qualitatively compared with the square cylinder trends.

With reference to the 3D instability modes, Wen and Lin [152] first showed that

for very low blockage (ϑ = 0.08) both Modes (A and B) disappeared in a “truly”

2D experiment conducted using soap films. On the other hand, for much higher

blockage (ϑ = 1/3), Rehimi et al. [100] showed the premature appearance of Mode

A and a significantly delayed onset of Mode B–like instabilities. More recently,

through a linear Floquet stability analysis, Griffith et al. [58] project Mode B as

the first unstable mode to appear when ϑ = 1/3. For a slightly lower blockage

(ϑ = 1/5) however, Camarri and Giannetti [16] report nearly the same Re (as

with the unconfined case) for the onset of both Modes A and B. Clearly, for

ϑ > 1/5, there is no consensus in the accepted route to three-dimensionality. As

recognized by Chen et al. [19], such scenarios typically arise both computationally

and experimentally through the desire to approximate real bounded (not just in

the transverse direction, but also the spanwise direction) flows with simplified

analogues. Finally, it should be noted that in addition to the blockage ratio

(which plays a significant role in the transition to three-dimensionality in the

wake), other factors such as wall roughness, cylinder end conditions, upstream
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1. Introduction to vortical flows

vorticity and turbulence intensity etc. can also influence the transitions [155].

1.3 Project objective

A survey of existing literature shows that for low to moderate flow (i.e. Re ≤ 300)

past circular and square cylinders, there exist both open questions and numerical

findings that could well benefit from experimental validation. It is therefore not

surprising that over the last decade, several researchers have remarked on the

scarcity of accurate and quantitative experimental data for the problem at hand

[see 127, 12, 75, 81, 107, 82, 15].

The objective of the current work is not only to help fill this gap, but

also to report new findings that can improve our current understanding

of three-dimensional wake transitions. Specifically, we wish to establish

the nonlinear route to such transitions for confined bluff-body flows.

1.4 Project overview

The rest of this manuscript is organized as follows. Chapter 2 expounds details

of the channel flow loop apparatus and LDV acquisition procedures, which also

includes a descriptive account of measures taken to realize maximum accuracy

in ensuing measurements. This is followed by a brief overview and validation

of the numerical code (OpenFOAM1) used in subsequent analysis (Chapter 3).

Following a successful validation of mean velocity profiles and wake-bubble recir-

culation length for the current setup, Chapter 4, then employs spectral analysis

and spanwise correlations to explain observed St − Re trends, quasi-periodicity,

and the absence of hysteresis in reported measurements. Finally, Chapter 5 con-

cludes with a regime map describing the observed pre-chaotic route and suggests

potential recommendations for future work.

1OpenFOAM is a free, open source CFD software package produced by a commercial com-

pany, OpenCFD Ltd. It has a large user base across most areas of engineering and science,

from both commercial and academic organisations. Further information may be obtained at

http://www.openfoam.com/
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Chapter 2

Experimental system

This section presents an overview of the experimental apparatus and measurement

technique used to acquire transient velocity data. Throughout this work, spanwise

(W) velocity refers to the component of velocity normal to both the streamwise

(U) and transverse (V) velocity.

2.1 Channel flow setup

X = 0D

X = +5D X = +10DX = −5D

W

U

V

Inlet Outlet
4D

Gravity

Flow
40D D

B

W

L

Figure 2.1: Plexiglas test section schematic (not to scale)

Figure 2.1 provides a schematic of the test section showing typical lines across

which the time-averaged velocity profiles were measured, while Figure 2.2 sum-

marizes the channel flow loop. A photograph of the same is also shown in Fig-

ure 2.3. A rectangular Plexiglas channel (Dimensions (m): L = 0.9255 stream-

wise; B = 0.01 transverse; W = 0.1 spanwise) was used as the primary test

section in a closed-loop configuration. A stainless steel square cylinder of diam-

eter (D = 0.0025 m) was symmetrically affixed with the help of two miniature

screws at a distance of 0.693 m from the inlet to the test section. As the objective

of the current work was to study the natural evolution to 3D behavior, no end-
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2. Experimental system

plates were employed at the spanwise ends. The absence of end-plates ensures

that two-dimensional flow is not forced around nominally 2D bluff bodies [42].

The blockage ratio (ϑ = D/B) was fixed at 0.25. A significantly large stilling

chamber (Dimensions (m): L = 0.4; B = 0.2; W = 0.5) was connected to the test

section using an intermediate Plexiglas duct (Dimensions (m): L = 0.5; B = 0.04;

W = 0.1). This duct had a midway provisional sealable hole (0.25 inch diameter)

which was used to inject a colored dye through a streamlined stainless steel tube

(1 mm diameter) whose transverse position was manually adjustable. The dye

injection hole was sealed using a plug flush with the channel walls whenever any

quantitative measurements were made. In order to avoid any sudden cross-section

changes, both junction connections up to the test section were made smooth using

quarter-ellipse shaped contraction blocks made of Plexiglas. This design, based on

the experimental system of Beavers et al. [2] was used to provide a nearly constant

(i.e. uniform) velocity profile at the inlet to the test section. The jet of fluid that

entered the stilling chamber was effectively diffused using a flow distributor at the

inlet. Furthermore, inside the stilling chamber, flow straighteners (0.1 m long)

held using screen meshes that covered the entire cross section were installed (0.06

m from the base) in order to eliminate any swirl. The large volume of the stilling

chamber ensured that the mean residence time of the working fluid remained high

enough for any small scales in the chamber to have been dissipated by viscosity [1].

This also helped offset the very small increase in temperature due to the pump,

thus keeping the fluid in thermal equilibrium with the surroundings.

The working/carrier fluid (water) was moved using an externally air-cooled

magnetic drive pump (Little Giant model 5-MD-SC) from a 0.6 cubic meter hold-

ing tank to a constant head tank located several feet above the test section. The

outlet from the latter tank was connected to the stilling chamber inlet through a

manually adjustable flow valve which allowed for precise regulation of volumetric

flow rate. The test section which provided for a downstream extent of 0.2325 m

from the cylinder centroid, was ultimately connected to another constant head

tank (Dimensions (m): L = 0.15; B = W = 0.185) through an intermediate Plex-

iglas duct (Dimensions (m): L = 0.39; B = 0.04; W = 0.1). As the cylinder

was positioned well upstream of the inlet to this intermediate duct, it was not

necessary to provide for another smooth quarter-ellipse transition at the sudden

expansion. Individual duct sections were connected together using plastic screws

and bolts that helped sandwich leak-proof rubber gaskets at every junction. The
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2. Experimental system

duct sections were held firmly in place using aluminum fixtures at evenly spaced

intervals. The entire apparatus was supported on a heavy, yet rotatable base

which enabled reliable vibration-free measurements in all three principal direc-

tions. A bubble-level was used as a guide to align both the test section and the

LDV traverse with the gravitational field.

2.2 LDV setup

All three velocity components were measured using a Coherent INNOVA 90 − 3

powered Argon-ion Laser Doppler Velocimeter (LDV) with a Dantec Burst Spec-

trum Analyzer (BSA P60) performing the online signal processing. A computer

controlled two-channel Dantec 57G15 traverse capable of precise and fine incre-

ments (≈ 0.1 mm) was used to focus the measurement volume at user-defined

locations (both upstream and downstream of the cylinder) along the channel cen-

terline. For unsteady flows, differences in frequency between any two probed

streamwise locations near the cylinder were either non-existent or too negligible

(< 1%). LDV measurements were made on the blue line (Wavelength: 488 nm;

Power: 50−200 mW) using a 159.2 mm focal length front lens. Data rates ranged

from 20 to 200 s−1 with ≈ 95 to 100% validation. 1.5 µm diameter Silicon Car-

bide particles (SiC: ρ = 3.2 g/cc) were used for seeding the carrier fluid (water).

Despite its high density, the choice of SiC is justified given that the free settling

velocity of such small particles in water is several orders of magnitude lower than

the velocities being measured [1]. Quantitatively, if τp = 2ρpdp
2/(9µ) is the dy-

namic response time for the seeding particles (based on the particle diameter (dp)

and density, ρp), then a Stokes number can be computed from the average inlet

velocity (Uavg) as St = τpUavg/dp. For SiC seeding particles and a maximum fluid

velocity of 0.1 m/s, an estimate of the Stokes number yields: St ≈ 0.1, which

implies that the particles are expected to follow the fluid very closely. To inde-

pendently affirm this estimation, a couple of runs were also performed using 5

µm Polyamide Seeding Particles (PSP: ρp = 1.05 g/cc) at high Re. As shown

in Figure 4.4, it is seen that there is good agreement with both seeding parti-

cles. SiC particles were ultimately chosen as they possess a high refractive index

which translates to increased signal strength, which is desirable for backscatter

mode operation. Finally, Figure 2.4 provides a snapshot of a typical in-line data

acquisition session.
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2. Experimental system

P
FS

QE1

QE2

TS

CHT2

CHT1

HT

FV

SC

D

Figure 2.2: Experimental channel rig (1) Legend: HT (Holding Tank); P (Pump);

CHT (Constant Head Tank); FV (Flow Valve); D (Distributor); FS (Flow

Straightener); QE (Quarter Ellipse); TS (Test Section); SC (Square Cylinder)

9



2. Experimental system

Figure 2.3: Experimental channel rig (2)
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(a) BSA Flow software window

(b) BSA System monitor window

Figure 2.4: Screenshots showing a typical time-series acquisition and correspond-

ing recorded ‘bursts’.
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2. Experimental system

2.3 Experimental procedure

A typical experimenal run involved instantaneous velocity measurements after

the flow was given sufficient time to develop and if possible settle into a time-

periodic state. The mass flow rate was adjusted using the flow valve and measured

(typically 2 to 3 times) by manually collecting approximately (2.5 to 3 kg) of water

exiting from the second constant-head tank and noting down the time taken using

a digital stopwatch (100 ms resolution). An electronic balance (A&D Model: FX

3000, 0.01 g resolution) was used to measure the amount of water collected.

In all runs, the working fluid was found to have almost the same temperature

as that of the surroundings. Nevertheless, in order to quantify the temperature

gradient, continuous measurements were made at both the inlet (i.e. holding tank)

and the outlet of test section during all experiments. A dual input thermocou-

ple thermometer (Fluke 54II) with a resolution of 0.1◦ Celsius was used for this

purpose. Fluid density was measured by weighing a known volume of fluid (typ-

ically 250 ml) contained in a Pyrex jar. A pre-calibrated Canon-Fenske 25 F951

viscometer was used to measure the kinematic viscosity. Depending on the sea-

son, measured densities and kinematic viscosities of seeded water varied between

ρ = 990 − 1002 kg/m3 and ν = 9e-7 − 1e-6 m2/s. As the maximum change in

temperature over any series of runs was found to be less than a degree, specialized

temperature control was not necessary. Nonetheless, given the increased sensitiv-

ity of kinematic viscosity to thermal gradients (relative to density), measurements

were made for the lowest and highest temperatures recorded during a run. For

all intermediate temperatures, viscosity was linearly interpolated. Finally, fluid

density measured at the average temperature (typically around 24◦ Celsius) in a

given run was used for determining the Reynolds number.
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Chapter 3

Numerical validation

3.1 Governing equations

Transient three-dimensional Navier-Stokes (N-S) equations for incompressible flow

were solved by a Finite Volume Method using the Open Source CFD toolbox,

OpenFOAM (version 1.4.1). Given in standard index notation, the equations

(3.1) form a closed set with four unknowns (three velocity components (ui) and

pressure, p). The (constant) physical properties of the fluid are described by its

density (ρ) and dynamic viscosity (µ). σ̃ij is the viscous stress tensor, while xi

and t represent the position vector and time respectively.

∂ui

∂xi
= 0

ρ

(
∂ui

∂t
+ uj

∂ui

∂xj

)
= −

∂p

∂xi
+
∂σ̃ij

∂xj

σ̃ij = µ

(
∂ui

∂xj
+
∂uj

∂xi

)
(3.1)

A structured, conformal and orthogonal hexahedral mesh with local refinement

all around the cylinder and channel walls was used in order to accurately resolve

all regions of high shear and vorticity. The cylinder diameter (D) was chosen as

the characteristic length scale and the uniform average velocity at the inlet was

employed as the characteristic velocity scale. Details pertaining to the implemen-

tation of numerical schemes, linear solvers etc. can be found elsewhere [151].
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3. Numerical validation

3.2 Code validation

Validations for both steady and unsteady (time-periodic) flow were performed

by comparing pressure and viscous drag/lift coefficients (time-averaged quantities

for unsteady flow) and the Strouhal number with those of Franke et al. [43]1.

Grid-independent results shown in Table 3.1 for Re = 40 and 100 indicate good

agreement with their predictions. Given the very fine discretization used in the

current study (4, 996, 220 cells, ∆t = 0.00002 s compared to 6, 688 cells, ∆t = 0.025

s used by Franke et al. [43]) it is reasonable to attribute percentage differences

(especially in the time-averaged viscous drag coefficient) to inadequately resolved

flow fields in their work.

Re DQ OpenFOAM 1.4.1 Franke et al. [43] % diff. (mag.)

40 CD (total) 1.98002 1.98 0.001

40 CD (form) 1.68851 1.69 0.088

40 CD (skin) 0.29151 0.29 0.521

100 CD (total) 1.62809 1.61 1.124

100 CD (form) 1.58225 1.55 2.081

100 CD (skin) 0.04584 0.06 23.6

100 CL (total) ±0.26049 ±0.27 3.52

100 CL (form) ±0.22882 ±0.24 4.65

100 CL (skin) ±0.03167 ±0.03 5.57

100 St 0.15497 0.154 0.631

Table 3.1: Validation results for steady (Re = 40) and unsteady (Re = 100) flow

Legend: DQ (Dimensionless quantity)

Simulation parameters including discretization schemes used in the above val-

idation exercise and also the present study are briefly summarized below. A

double-precision segregated unsteady N-S solver (icoFoam) was used for all the

simulations. Central-differencing was used for the interpolation of discretized con-

vective terms while a second-order backward-differencing scheme was employed

for time-discretization. A fixed (but case-dependent) time-step size was chosen

such that it was at most the same order of magnitude as the smallest resolved

length scale. Consequently, the resulting maximum Courant number was quite

1Appendix A provides details of the geometry and spatial discretization in OpenFOAM format.
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3. Numerical validation

small (≈ 0.3) for all simulations. Finally, a pressure-correction scheme (PISO)

was used for pressure-velocity coupling.

As regards the current investigation, in order to closely replicate experimental

conditions, a constant uniform velocity was specified at the inlet boundary. While

this provided an accurate velocity profile upstream of the cylinder for all Reynolds

numbers studied, it also required that one simulate the relatively long development

length2(≈ 0.69 m). A no-slip condition for velocity and zero-gradient for pressure

were enforced at all walls while a zero-gradient condition for velocity and fixed-

value pressure were used at the outlet boundary. The choice of a traditional

Neumann boundary condition for the velocity at the outlet is justified given that

the outlet was located more than 90 diameters from the cylinder. Any upstream

influence (for Re ≤ 200) from an outlet boundary that far away has been reported

to be insignificant [126].

2This was primarily done to ensure an accurate upstream flow vorticity.
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Chapter 4

Results and Discussion

Experimental results from LDV measurements are presented in this section. Wher-

ever possible, comparison with CFD predictions are also shown. Plausible expla-

nations on the transition to three-dimensionality in the wake are then discussed.

All simulations reported in this work were performed by discretizing the flow do-

main using structured grids (see Table 4.1). X, Y and Z in this table represent the

total number of divisions over the cylinder in the streamwise, transverse and span-

wise directions respectively. Appropriate local refinement was performed near all

boundary layers (especially those adjoining the obstacle). A complete description

of the computational geometry and mesh parameters can be found in Appendix B.

4.1 Mean velocity profiles and Recirculation length

In order to ensure that the LDV, channel rig and square cylinder were properly

setup and calibrated, a series of experimental runs at Reynolds numbers corre-

Grid Cells X Y Z

A 1, 220, 226 11 11 21

B 15, 477, 168 25 18 168

C 29, 226, 624 34 24 168

D 71, 001, 504 51 36 168

E 81, 798, 112 54 38 176

Table 4.1: Mesh parameters for the computational domain (Dimensions (m): L =

0.9255 streamwise; B = 0.01 transverse; W = 0.1 spanwise)
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4. Results and Discussion

sponding to steady and time-periodic flow were performed. Figures 4.1 and 4.2

show a comparison of velocity profiles (time-averaged over several cycles for the

latter) across lines defined in Figure 2.1. It can be seen that the scatter among

repeated experimental runs is negligible. In addition, the velocity profiles compare

very well with numerical predictions using Grid B (maximum percentage difference

≈ 3).
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Figure 4.1: Steady flow velocity profiles (Re ≈ 46)

As a more precise validation for steady flow (Re < 58), Figure 4.3 shows the

variation of non-dimensional recirculation (wake bubble) length with Reynolds

Number. The wake bubble length is defined as the distance (measured from the

center of the cylinder) to the spatial position along the streamwise centerline where

the axial velocity changes sign. This distance is non-dimensionalized using the

cylinder diameter. Accurate identification of the flow reversal point was done by

taking very closely spaced (≈ 0.25 mm apart) measurements of velocity. Linear

interpolation of axial velocity between two such positions over which the sign

change occurred was used to identify the wake stagnation point. As near-zero

velocities were to be measured, Polyamide seeding particles were employed in

order to guarantee that the particles faithfully track the velocity of the carrier

fluid. The linear trend in Figure 4.3 which is suggestive of a steadily increasing
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Figure 4.2: Unsteady flow velocity profiles (Re ≈ 71)
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4. Results and Discussion

drag force, is quantitatively well predicted by the 3D simulations using Grid C.

Also shown for comparison is the predicted recirculation length for Re = 35 at a

point with a transverse offset as little as 0.5 mm from the centerline. This latter

prediction shows the extreme sensitivity of recirculation length measurements to

minute variations in the transverse direction, thus bringing out the care taken to

properly align the LDV probe with the test section in the present experiments.

4.2 Frequency analysis

Measurements of flow oscillations quantified in terms of the non-dimensional fun-

damental frequency1 are presented in Figure 4.4. A total of 247 distinct measure-

ments were made in order to sufficiently populate a statistically significant data

set over the range of Reynolds numbers studied. It can be seen that the frequency

data is well-bounded considering that the measurements were taken over several

different realizations2. As can be inferred from Figure 4.4, with the exception

of Re ≈ 1353, the maximum difference in Strouhal number for a given Reynolds

number is approximately 2 percent. Furthermore, there is very good agreement

between the frequency sampled from either of the three velocity components. Nev-

ertheless, it should be mentioned that the time series of the transverse velocity

component was found to be the least noisy.

The non-monotonic behavior of the St −Re curve can be approximated using

three linear segments as shown. The decrease in Strouhal number (i.e. negative

slope) in the second segment (LS2) can be attributed to the relative constancy

of frequency in the range 100 ≤ Re ≤ 130. In the sections that follow, we will

discuss several interesting aspects related to this curve all the while comparing

our observations with existing literature. Finally, Table 4.2 compares frequency

predictions favorably with experimental data as can be seen from the percentage

differences with the finest grid. It should be mentioned that for all these simula-

tions, Reynolds numbers were computed based on average velocities corresponding

to a fluid density of ρ = 1000 kg/m3 and viscosity (µ = 0.001) kg/ms.

1The fundamental frequency (f1) is obtained by performing a FFT on the time-series data

and picking the frequency corresponding to the highest power spectral density.
2In fact, in the interest of enforcing reliable and consistently reproducible measurements, the

cylinder was periodically removed from the channel every few weeks, reseated after flipping it

along its length and finally re-aligned orthogonal to the flow direction using an arbitrarily chosen

spanwise face.
3Wake behavior around this Re is discussed later in Section 4.2.3.
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Figure 4.4: St − Re relationship for the confined square cylinder. Subscripts ‘r ’
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in question, Strouhal Number was computed using the equally strong incommen-

surate frequency. Finally, the dotted linear fits (LS1, LS2 and LS3) can be used

as a guide to the eye.

Re (approx.) St (Exp.) St [Grid] % difference

72 0.283 0.273[A], 0.287[B], 0.279[C] 1.61

100 0.297 0.285[A], 0.303[B], 0.305[D] -2.58

124 0.286 0.277[A], 0.297[B], 0.287[E] -0.3

135 0.285 0.289[B] -1.38

155 0.290 0.291[B] -0.41

175 0.298 0.293[B] 1.59

180 0.299 0.294[B] 1.91

Table 4.2: Measured and predicted Strouhal numbers for both coarse and fine

grids
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All simulations were performed on parallel GNU/Linux clusters equipped with

low–latency infiniband interconnects. At least 48 to 64 processors were used in

most cases. For the finest grids, as much as 256 processors were employed. Prac-

tical wall-clock times for these simulations spanned a range from about a month

(for Grid B) upto around half a year (for Grid E). Clearly, time constraints made

it unfeasible to run the higher Re cases on meshes finer than Grid B. For the

most part however, predictions from Grid B for (Re = 72, 100 and 124) compare

quite well not only to the experiments but also the finest grid predictions, thus

establishing grid independence of the numerical solution.

4.2.1 Upstream oscillations

Preliminary dye visualization studies using sufficient concentrations of aqueous

Rhodamine 6G (sometimes referred to as Rhodamine 590) introduced as a thin

continuous streak into the working fluid revealed signs of instability that extended

at least 1 to 1.5 diameters upstream (measured from the center of the cylinder)

of the cylinder. In order to eliminate any secondary effects due to inertia and

buoyancy, the dye was introduced slowly, and at the same temperature as the

working fluid.
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Figure 4.6: Downstream power spectra for Re ≈ 100.

At high enough Reynolds numbers (Re ≥ 70) a periodic transverse sweep over

the upstream face of the cylinder was discernible when the dye was introduced.

In order to further explore and quantify this observation, measurements of all

three velocity components were made at a few positions upstream for the entire

range of Reynolds numbers corresponding to unsteady flow. For all measurements

of transverse velocity (upto about 1 diameter from the center of the cylinder), a

clear vortex shedding signature was detected. In other words, the frequency mea-

sured upstream was found to be always the same as the vortex shedding frequency

obtained downstream. Given that the primary instability is a global one, such syn-

chronous upstream behavior is to be expected. Figures 4.5 and 4.6 show one such

measurement. A clear signature could not be detected in the streamwise com-

ponent perhaps owing to low signal-to-noise ratio at much smaller amplitudes of

the fluctuations. For any given Reynolds number, the upstream signature started

to fade away as we moved away from the cylinder. However, for a fixed probe

position, the signature became more distinct at higher Reynolds numbers. It is

important not to undermine this seemingly obvious observation, as clearly the

placement of the inlet boundary in numerical simulations has a certain upstream

threshold, which needs to be respected.
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4. Results and Discussion

4.2.2 Hysteresis

It is now well known that for a circular cylinder, transition to three dimensionality

in the wake involves two discontinuous changes in the St − Re relationship, with

the first one (the so-called Mode A instability) exhibiting a hysteresis effect [156].

This hysteretic region can be quite substantial if spanwise end contaminations

are minimized [155]. It is therefore hard for one to provide a single Reynolds

number at which wake transition takes place. As a result, it is not surprising to

find a fairly significant scatter in frequency, if and when such a discontinuity is

detected. However, the existence of two frequencies at the same Reynolds number

as in such a case, should not be confused with twin-peak spectra (which occurs

through intermittent swapping of two modes) or with quasi-periodic behavior (a

simultaneous existence of incommensurate modes). In fact all reported frequencies

in the vicinity of Mode A instability only feature a single peak in the power spectra

(see for e.g. Figure 5.4.2 (a) in Williamson [155]). The reported discontinuity

therefore stems from a different realization when the Reynolds number is brought

to the same value through a different route (i.e. decreasing/increasing average

flow velocity).

In the context of square cylinders, only a few experimental investigations have

explored the hysteresis effect. In particular, Luo et al. [81] first reported that

they were unable to detect any evidence of discontinuities or hysteresis based on

their hot-wire measurements. They speculated that this could have been due to

fixed separation points in the square cylinder that result in a 3D vortex structure

significantly different from that of a circular cylinder. Later, in another paper,

Luo et al. [82] reported having observed both (Modes A and B) discontinuities

with Mode A transition exhibiting hysteresis. The use of a small vertical water

channel which allowed for finer increments in Re compared to a wind tunnel (used

earlier by Luo et al. [81]), was used to help explain the apparent discrepancy.

In the present study, several measurements of transverse velocity transients

were made by slowly increasing and decreasing the Reynolds number. Although

these measurements (shown in Figure 4.4) were not made with unit Re increments,

based on the very closely spaced data obtained from different runs, one can say that

any discontinuity, if present, could have at best caused a two percent difference

in Strouhal Number, particularly around 130 ≤ Re ≤ 140 where the observed

scatter is maximum. This contrasts with at least four to five percent differences

in Strouhal numbers previously reported for Mode A hysteresis [155, 82]. In
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4. Results and Discussion

addition, it must be noted that the blockage ratio in the present study was ϑ = 0.25

compared to much smaller blockage (ϑ = 0.01575) in Luo et al. [82]. High blockage

could have a substantial stabilizing effect on the wake that could explain the

low percentage difference in Strouhal Number. Additional investigations over a

wide range of blockage ratios with a much finer parametric resolution can help in

shedding more light at the complex structural dynamics of this problem.

4.2.3 Incommensurate frequencies

The first Hopf bifurcation characterized by the advent of time-periodic wake be-

havior featuring a single fundamental frequency (and occasionally its harmonics)

was found to occur around Recr ≈ 58. As flow inertia was increased gradually, the

fundamental frequency increased linearly upto around Re ≈ 100. Subsequently,

the frequency continued to increase for 100 ≤ Re ≤ 124 albeit at a relatively

slower rate. The rate of increase recovered around Re ≈ 127, with the power spec-

tra starting to show a second incommensurate frequency (f2) which was slightly

higher than the fundamental frequency (Figure 4.7), thus marking the onset of

a secondary Hopf bifurcation. This trend was repeatedly discernible upto about

Re ≈ 163, after which, the system slowly and intermittently reverted back to

a single dominant frequency. For instance, in some experimental runs, traces of

quasi-periodic behavior were detectable at Re ≈ 175 but not at Re ≈ 170. Beyond

Re ≈ 176, only one frequency could be clearly detected. The boundary marking

the fall of quasi-periodicity (i.e. 163 ≤ Re ≤ 175) was thus found to be fairly

diffuse in nature.

It is noteworthy that over the quasi-periodic regime, the frequency ratio (f1/f2)

shows a continuously decreasing trend with Reynolds Number (Figure 4.8). This is

a positive sign of incommensurability as described elsewhere [4]. Another interest-

ing observation concerns the relative strength of frequencies in the spectra, which

can be regarded as an index of energy distribution in the wake. For most measure-

ments in this regime, the second (incommensurate) frequency was of significantly

lower spectral power compared to the fundamental frequency. A similar obser-

vation was reported by Dutta et al. [35] based on their hot-wire measurements,

although for much lower blockage (≈ 0.03). In the narrow range (136 ≤ Re ≤ 138)

however, our measurements revealed nearly equally strong incommensurate fre-

quencies (Figure 4.10). Interestingly, as indicated in Figure 4.4, inclusion of this

equally strong second frequency increases the existing scatter in Strouhal Number
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Figure 4.7: Power spectra from transverse velocity time traces for 124 ≤ Re ≤ 178.

The LDV probe point was located 5D downstream of the cylinder.
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4. Results and Discussion

causing a maximum percentage difference of around six percent, thereby rendering

136 ≤ Re ≤ 138 the first potential seed of discontinuity. Beyond Re ≈ 138, if the

incommensurate frequency became dominant (perhaps by a clever perturbation

of the wake in the experiments?), this would provide the Strouhal number with

a discontinuous alternate path in Figure 4.4, and it would then be interesting to

check for signs of hysteretic behavior as well. However, such behavior was not

observed in the current experiments.
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Figure 4.9: Quasi-periodic spectrum at Re = 155 using Grid B (probe point was

located 5D downstream of the cylinder).

Figure 4.9 shows the frequency power spectrum for Re = 155 using Grid B.

Two incommensurate frequencies (≈ 3.7Hz and 6.82Hz) can be seen alongside the

fundamental frequency (≈ 5.78Hz), the lowest incommensurate frequency being

more clear than the highest. Three frequencies in the spectra for Re ≈ 155 were

also detected in experiments (see Figure 4.7). Even though these frequencies were

independent (as in we could not express the third frequency (f3) asm1f1±m2f2 for

any reasonably small integers m1,m2), the lack of similar three-frequency spectra

for any Reynolds numbers in the immediate vicinity of Re = 155 almost precludes

the possibility of three-frequency quasi-periodicity. In particular, we were unable

to detect the third frequency at Re ≈ 150 or 156 in the experiments.
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A comparison with previous experimental data also reveals some interesting

observations. As mentioned earlier, Luo et al. [82] reported having observed hys-

teretic Mode A discontinuity in their experiments. Power spectra in their Mode

A regime (162 ≤ Re ≤ 198) featured a single, albeit broad, spectrum as opposed

to two sharp incommensurate peaks observed by Dutta et al. [35] for Re ≈ 187.

Intermittent low-frequency irregularities in the velocity time traces were identified

as a probable cause for a broad spectral peak. However, given that the present

work shares a qualitative similarity in power spectra with that of Dutta et al.

[35], one might conjecture that a broad peak could actually be the result of dif-

ferences more influential than the obvious, such as the blockage ratio. It is now

well known that suitable treatment of spanwise end-conditions can favor the ideal

parallel (2D) shedding mode over the more natural oblique (3D) shedding mode

as the Reynolds number is increased [155]. In particular, the use of end-plates

should distribute all the available energy in the wake to only the primary vortices,

thus giving rise to a fairly sharp peak. In contrast, allowing for a 3D wake in

a nominally 2D flow would have channelled the energy to both the primary and

secondary vortices [105], which would in turn feed any frequencies close to the

fundamental frequency with nearly the same amount of energy. This can either

result in a broad spectra featuring a fairly reduced amplitude or a sharp one fea-

turing only the naturally exited modes. The fact that Luo et al. [82] were unable

to detect a single sharp peak despite having installed suitable end-plates, suggests

that the wake had already become three-dimensional. It is of course possible that

the use of end plates could have delayed the onset of this 3D behavior in their

experiments [see for example Figure 5.4.3 in Ref. 155]. While this would partially

explain why they were able to observe hysteresis, it does not shed light on why

the hysteretic range was so small.

Having observed the propagation of periodic signatures upstream, it is also of

interest to see if quasi-periodic behavior would follow suit. An upstream instability

check revealed the presence of both frequencies (f1 and f2) upto as far as 2.8

diameters from the center of the cylinder (see Figure 4.11). Finally, it must also be

mentioned that no signs of synchronization (i.e. frequency-locking) were observed

in any of the current measurements for 127 ≤ Re ≤ 175. This latter observation

contrasts with the 2D predictions of Saha et al. [106] who observed frequency-

locking over a finite range of Reynolds numbers (325 ≤ Re ≤ 375) for flow past a

square cylinder with negligible blockage. As this phenomenon is reported to occur
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Figure 4.11: Measured quasi-periodic spectrum for Re ≈ 127 at two locations

upstream of the cylinder.

well over the documented 3D transition range (discussed shortly), it is hard to

judge whether or not it is a consequence of their 2D simplification.

4.2.4 3D behavior

In the absence of end contraptions that promote parallel shedding, wakes of nom-

inally two-dimensional bluff bodies are known to exhibit fluctuations in the span-

wise direction even at low Reynolds numbers [155, 104, 106]. This is apparent in

Figure 4.4, which shows that the dominant frequency as obtained from a FFT of

spanwise velocity traces is typically the same as the vortex shedding frequency.

On the other hand, true (intrinsic) 3D instability appears to manifest much later.

In particular, values ranging from 150 ≤ Re ≤ 200 have thus far been reported for

the square cylinder [104, 127, 107, 81, 82, 105, 109]. However, the beginning of

the so-called soft transition or gradual growth of notable three dimensionality in

the wake can be readily identified from the time history of spanwise velocity [see

Ref. 109, for more details]. Referring to Figure 4.12, we see that as the Reynolds

number increases from 102 to around 115, there is only a slight increase in span-

wise velocity amplitude. When Re ≈ 123, we see a four-fold jump in spanwise
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velocity extrema. This range (102 ≤ Re ≤ 123) can then be interpreted as a soft

transition region.

Referring to Figure 4.13, we see that around Re ≈ 138, a twin-peak behavior

is seen in the spectra which appears sustained until Re ≈ 153. This suggests the

possibility of two intermittent simultaneous modes in the range 138 ≤ Re ≤ 153.

Subsequently, as the Reynolds number is increased further, the spectrum starts to

split into two independent albeit coexisting modes. By Re ≈ 183, the dominant

frequency is flanked on either side by a several frequencies of comparable spectral

power. One might say that the spectra is now quasi -continuous. Finally, Re ≈

200 appears to mark the beginning of the recovery to a fairly distinct peak. As

mentioned previously, this reversion to a periodic state was also observed (and

much clearly so) when analyzing the transverse velocity traces (see Figure 4.7).

Such a trend (i.e. Periodic to quasi-periodic to Periodic) could be part of a route

that characterizes development toward chaos. For instance, Melnikov et al. [86],

who investigated thermo-convective oscillatory flow in cylindrical liquid bridge

also predict an identical route to chaos. In their work, the reversion to periodicity

was attributed to mode transition from a standing to a travelling wave. Along

similar lines, one could speculate that the oscillating wake downstream of the

cylinder (which can be described as a travelling wave in the streamwise direction),

also switches from a standing to a travelling wave in the spanwise direction, now

sloshing back and forth along the length of the cylinder. In the context of quasi-

periodic bifurcations, this aspect has been only recently explored for flow past

circular and square cylinders [7]. Melnikov et al. [86] also report that increasing

the control parameter beyond the second periodic window, causes the system to

enter a purely aperiodic state. Unfortunately, due to pumping power limitations

in the present experimental setup, we were unable to investigate flow at Reynolds

numbers higher than 250.

4.3 Spanwise correlations

Correlation coefficients (CC) computed using the time history of a suitable primi-

tive variable for two reasonably well separated spanwise positions can be gainfully

used to quantify significant variations from the two-dimensional base state. In

particular, for the case at hand, one can use correlations computed using velocity

components not only to identify departures from the base state, but also to detect

the presence of any re-stabilization mechanisms. Typically, pressure is used to
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Re (t/s) A B C D E F G H I

72(t) -0.247 -0.959 -0.421 0.567 1 0.567 -0.421 -0.959 -0.246

100(t) -0.029 -0.072 0.250 0.873 1 0.877 0.258 -0.073 -0.030

124(t) -0.074 -0.058 -0.964 0.149 1 0.152 -0.964 -0.057 -0.073

135(t) -0.078 -0.029 -0.291 -0.304 1 -0.312 -0.268 -0.013 -0.059

155(t) -0.042 0.019 -0.288 0.250 1 0.235 -0.289 -0.001 -0.044

175(t) -0.013 0.068 -0.135 0.435 1 0.422 -0.042 0.049 0.019

180(t) 0.008 0.055 -0.091 0.427 1 0.403 -0.081 0.008 -0.024

72(s) 0.141 -0.321 -0.481 0.019 1 -0.019 0.481 0.320 -0.141

100(s) -0.581 0.053 -0.600 0.032 1 0.005 0.570 -0.097 0.554

124(s) 0.056 0.032 -0.043 0.063 1 0.021 0.043 -0.032 -0.056

135(s) -0.163 0.069 -0.370 -0.278 1 -0.172 -0.154 0.124 -0.096

155(s) 0.040 0.011 -0.102 -0.013 1 0.015 0.019 -0.015 -0.036

175(s) -0.006 0.009 -0.048 0.001 1 -0.041 0.048 -0.020 0.002

180(s) -0.009 -0.001 0.001 0.037 1 -0.029 -0.031 0.058 0.081

Table 4.3: Predicted spanwise correlations of midpoint E(0.00375,0,0) with each

of the nine equally spaced probes (A through I) for both transverse(t) and span-

wise(s) velocity components

compute such correlations (especially in experiments). However, given the indi-

rect way by which pressure is approximated while solving the incompressible N-S

equations, it is generally preferable to choose velocity instead. For the present

work, these are summarized in Tables 4.3 and 4.4 (conventional time-averaging

[Eqn. 11 in Kozakiewicz et al. [72]] was employed in computing all spanwise cor-

relations). Since all simulations were impulsively started by prescribing a constant

uniform inlet velocity, initial transients were discarded before any relevant data

was extracted. All correlations were computed on Grid B and rounded off at

the third decimal place. The spatial coordinates of the end points A and I were

(0.00375,0,−0.045) and (0.00375,0,0.045) respectively.

At the very outset, it can be seen that the transverse velocity correlations re-

tain spanwise symmetry upto Re = 124, beyond which there is a remarkable loss

of symmetry. This substantiates the current experimental findings which show

the onset of an incommensurate frequency shortly beyond Re = 124. In addition,

correlations of spanwise velocity at Re = 72 also preserve spanwise symmetry,
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Re A-I(t) B-H(t) C-G(t) D-F(t) A-I(s) B-H(s) C-G(s) D-F(s)

72 1 1 1 1 -1 -1 -1 -1

100 0.999 0.999 0.999 0.999 -0.998 -0.998 -0.998 -0.998

124 0.999 0.999 0.999 0.999 -0.999 -0.999 -0.999 -0.806

135 0.873 0.660 0.881 0.858 -0.124 -0.558 -0.363 -0.566

155 0.478 0.288 0.198 0.193 -0.149 -0.068 -0.125 -0.053

175 0.322 0.259 0.047 0.156 -0.162 -0.092 0.027 0.093

180 0.348 0.265 0.027 0.109 -0.079 -0.088 -0.127 0.006

Table 4.4: Predicted spanwise correlations between symmetric probe points for

both transverse(t) and spanwise(s) velocity components

thus confirming that the base flow at this Reynolds number is predominantly two-

dimensional. At Re = 100 however, spanwise velocity correlations show the first

signs of symmetry loss (Table 4.3). All symmetric probe points (i.e. A-I, B-H,

C-G and D-F) are however still in perfect correlation with each other (see Table

4.4). A perfect correlation in this context implies that the absolute value of cor-

relation coefficient is unity for all practical purposes. At Re = 124, only probe

points (A-I, B-H and C-G) are in perfect correlation. The absolute value of the

correlation coefficient between points D and F drops to 0.806 from unity. For

Re = 135 and beyond, there is no immediately discernible pattern in the spanwise

velocity correlations. This sequence of loss in spanwise symmetry is graphically

summarized in Figure 4.14. It is interesting to note that the two stages of loss in

spanwise symmetries as one progresses from Re = 72 to 100 and subsequently to

124 coincide with the local maxima and minima in the St − Re relationship. Fi-

nally, the loss of symmetry in both spanwise and transverse correlation coefficients

(especially the latter) at Re = 135 is consistent with the simultaneous existence

of two equally strong incommensurate frequencies (see Figure 4.10).
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Figure 4.14: Solid (blue) lines join points in perfect correlation with each other.

Broken lines join points which feature the same correlation magnitude with mid-

point(E) being the common point. The absence of any lines in Case C4 shows that

no point has perfect or the same correlation with any of the others. Correlations

of spanwise velocity show Re = 72, 100, 124 and 135 to exhibit the symmetries

shown in cases C1, C2, C3 and C4 respectively.
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Chapter 5

Summary and future work

As summarized in Figure 5.1, a non-hysteretic quasi-periodic route with a second

periodic window has been established for flow past a confined square cylinder.

Other than the substantial amount of reliable experimental data generated, note-

worthy observations are the propagation of transverse fluctuations upstream of

the cylinder (for both periodic and quasi-periodic flow), and the absence of any

stark discontinuities in the St − Re relationship over the range of Re studied

(Re ≤ 250). The fact that the latter observation contrasts with the low-blockage

findings reported by Luo et al. [82], suggests that blockage ratio plays a crucial

role in determining the nature of instabilities in the system as the flow inertia is

increased. Furthermore, it also makes it harder to identify the range of Reynolds

numbers corresponding to Modes A and B if they do exist for this configuration.

It is important to note that we have to allow for such a possibility because nonlin-

ear solution branches are often characteristic features of pre-chaotic transitions.

Future work should therefore focus on numerical ‘Wavelet’ analysis to vertify the

same, and additionally confirm the intermediate reversion to periodicity observed

in the current experiements.

Experimental results show that the second Hopf bifurcation (Re ≈ 127) which

marks the onset of two-frequency quasi-periodicity (as evidenced by the trans-

verse velocity power spectra), is preceded by an order of magnitude jump in

spanwise velocity amplitudes (around Re ≈ 123). Measurements also indicate

transition to more coherent three dimensional behavior around a specific range

(175 ≤ Re ≤ 200). Numerical predictions complement the current measure-

ments (both qualitatively and quantitatively) by first showing a slight loss in

spanwise symmetry around Re = 124 which occurs just before the onset of quasi-
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A B C D E F

SS

PP

QP

Figure 5.1: Experimentally derived route for flow past a confined square cylinder

(drawn to scale). Legend: SS = Steady State, P = Periodic, QP = Quasi-Periodic.

The lettersA through F respectively represent the following approximate Reynolds

numbers: 0, 58, 127, 163, 175, 250.

periodicity. The first signs of intrinsic 3D behavior were therefore detected around

this Reynolds number. This was followed by complete loss of spanwise symme-

try starting from Re ≈ 135, which coincides with the appearance of two equally

strong incommensurate frequencies, thus suggesting that a unique (and previously

unreported) mode transition takes place around this Re.

While performing experiments using novel methods to control ‘end contamina-

tion’ may help in stifling oblique shedding and provide one with a more reasonable

estimate on the onset of such intrinsic 3D instabilities, it also entices numericists to

employ simpler (2D) simulations to study such non-trivial transitions. As pointed

out by Sohankar et al. [127], this can sometimes lead to an incorrect prediction of

the associated physics. It might therefore be prudent to perform experiments that

study the relevant transitions as both spanwise and transverse blockage ratios are

systematically changed. Naturally, this also requires that one employ expensive

3D numerical simulations to adequately resolve even the small scale (Mode B–

like) structures, particularly at higher Re. This is especially significant in light of

the fact that finite blockage ratio has the potential to manipulate spanwise length

scales [5].

Finally, it would also be useful to study the nature of oscillations that propa-

gate upstream of the cylinder in more detail. This could help shed more light on

the nature of feedback mechanisms that could stem from vortex shedding [113].

We now proceed to addressing the moving contact line problem.
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Chapter 6

Moving Contact Lines

Crude oil extracted from reservoirs typically brings with it a fairly copious amount

of connate1 water. This is particularly true of mature production fields where the

water:oil ratio can sometimes exceed 7:1 [67]. It is well known that uncontami-

nated oil-water dispersions can usually be separated fairly efficiently under nor-

mal circumstances. Emulsions2 on the other hand present a more challenging task

especially in the presence of surface-active agents which can under certain condi-

tions quite effectively stabilize the dispersion. Of particular interest to petroleum

engineers is a layer of loose solid substances (usually foreign impurities and/or

precipitates) that can be found at the oil-water interface. This so-called rag layer

which often reports to the underflow, is a micro-heterogeneous, complex, relatively

viscous and stable structure that is difficult to treat [24, 64, 140]. One of the obvi-

ous problems encountered during the separation process is product (oil) loss due to

difficulty in clearly locating the beginning of the water layer. An additional prob-

lem is treatment of produced water prior to disposal. It has been observed that

the solids present in the rag layer render the water too turbid to run through air

strippers commonly used to extract smaller organics such as benzene and toluene

[102].

Recent research oriented toward characterization of the rag layer suggests that

surface-active crude oil polars3 and sub-micrometer-size solids are key contributors

to their formation [140]. The layer itself is usually identified as an interfacial region

populated with solids where a water-in-oil dispersion merges into an oil-in-water

1Also known as ‘produced’ water.
2Emulsions are very fine immiscible liquid dispersions.
3Primarily asphaltenes and naphthenic acids, which are also known to stabilize water-in-oil

emulsions.
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dispersion [24]. Sztukowski and Yarranton [131] identify two classes of solids4

in the rag layer which are responsible for varying emulsion stabilization mecha-

nisms caused by factors such as solids concentration and/or fractional area ratios

of asphaltenes to solids at the interface. As timely oil-water separation cannot

be achieved solely by density-driven separation caused by a gravitational field5,

chemical/biological, mechanical (hydrodynamic separation, ultra/nano filtration

etc.) and/or heat treatments are often resorted to [111, 150, 57, 102, 64, 131]. In

order to efficiently separate oil from solids and water by such physical means, it

is imperative to understand the origin and nature of interactions that can exist

in such a three-phase system. To this end, the present work will attempt to solve

the fundamental equations of motion for a dynamical system featuring solid enti-

ties that straddle fluid interfaces. The numerical code so developed will provide

a means to explore the complicated Moving Contact Line (MCL) physics in dy-

namic three-phase systems. Once validated, results from direct simulations can

be expected to shed more light on the hydrodynamics of floating particles, such as

conditions favorable to particle-particle attraction/repulsion and also the effect of

solid size, concentration and wettability on rag layer stability. The knowledge so

gained can ultimately be used to improve existing floatation-based extraction pro-

cesses, devise novel oil-water separation techniques and/or increase the efficiency

of existing separation methods.

The current work also derives motivation from a strictly numerical view-

point. Fundamentally, the MCL problem involves discontinuities in nested lev-

els of complexity. More specifically, the contact line manifests as a δ-function

on the fluid/fluid interface, which itself materializes as a δ-function on the vol-

ume. We thus have a notoriously singular problem in hand. While the numerical

treatment of strictly interfacial flows in an Eulerian context has received consid-

erable attention over the years, the combined MCL problem still remains elusive.

Mathematically, it is well known that the ideal way to treat such singular prob-

lems is to resort to a segregated-domain like approach. In other words, each

singular source is best dealt with by computing associated integral contributions

after fitting/aligning the computational grid with the discontinuity in question.

In general, doing so typically requires a robust algorithm for automated mesh

propogation, quality assessment, detachment, refinement, re-attachment and sub-

sequent interpolation of the primitive variables in all three principal directions.

4Fine solids 50 to 500 nm in diameter and coarse solids 1 to 10 µm in diameter.
5More so when emulsions are surfactant-stabilized and feature a stable rag layer.
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Even if implemented carefully, such a complicated procedure has the potential to

quickly become prohibitively expensive for problems of practical interest. Thus,

there is added incentive for probing the capability of fixed grid (Eulerian) methods

to handle such mathematically stiff problems, as is done in the present study.

6.1 Project objective

The overall objective of this research project is to develop a DNS tool capable

of accurately predicting the behavior of dense6 multiphase systems. The tool can

then be used to advance our current understanding of multiphase flow and also

formulate useful interphase closure relations for use in volume-averaged equations.

The objective and scope of the present study is to extend the range

of applicability of a Fictitious Domain framework [31, 143] in order to

study the dynamics of three-phase systems that feature moving contact

lines (e.g. floating particles).

6.2 Project overview

The rest of this manuscript is organized as follows. A theoretical orientation to

the Moving Contact Line problem and discussion of previous work in this area is

the subject of Chapter 7. Chapter 8 then identifies the domain of interest and

describes the fundamental equations that govern the dynamics of rigid particles

at fluid-fluid interfaces. Special attention is given to the treatment of boundary

conditions at the three-phase line. This is followed by a fairly elaborate exposi-

tion of the fictitious-domain approach and the Level set method employed in the

current study. An overview of the Galerkin Finite Element Method is then pre-

sented followed by a derivation of the variational form for the governing equations,

which are subsequently rephrased in dimensionless form. The chapter concludes

with a summary outlining the overall solution algorithm for the global system.

The first half of Chapter 9 then presents validations of the two-fluid Level set

implementation by comparison against two established benchmarks. This is fol-

lowed by a simulation of an experimentally investigated system that illustrates the

dynamics of a pendant-like drop slipping over a fixed spherical surface. Having

demonstrated the capability of the code to correctly capture MCL dynamics, test

6Intermediate to high volume fraction.
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cases that illustrate equilibrium configurations of freely floating particles are per-

formed. A comparison with previous experimental data verifies the accuracy of the

combined fictitious domain implementation. Finally, the capability of the code to

capture capillary attraction between floating particles is investigated. The docu-

ment concludes with a summary of noteworthy findings and contributions followed

by suggestions for future work.
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Chapter 7

Background

The objective of this chapter is to provide a concise yet critical review of previous

work pertaining to three-phase system1 dynamics. First, we will briefly review

existing literature on the capillary attraction/repulsion of floating particles. Then

we will focus on issues surrounding the motion of the contact line that is formed at

the intersection of all three phases. This is followed by a discussion of numerical

techniques applied to multiphase flows. Finally, we conclude the chapter with an

itemized summary of the state of current knowledge.

At the very outset, it is instructive to establish or clarify the meaning of some

frequently used terminology:

1. Contact angle (θ): Formally speaking, the local contact angle at which a

fluid-fluid interface meets a solid is defined as the angle between the unit

normals n̂1 and n̂2 to the two surfaces at a given common point [66]. The

above normals can be uniquely identified as being orthogonal to one pair of

tangents2. In general, the contact angle when measured, varies along the

contact line [66, 157, 74]. A measure of the contact angle when the contact

line moves is referred to as the dynamic contact angle. Lastly, the very

existence of a contact angle suggests incomplete or partial wetting [52].

2. Young-Dupré law : The Young-Dupré equation (Eqn. 7.1) dictates the nec-

essary conditions for a three phase system comprising a smooth rigid solid

and two immiscible fluids to be in thermostatic equilibrium (i.e. a minimal

energy configuration). A smooth variation of interfacial energies per unit

1A system composed of two immiscible fluids and rigid solid(s) at the interface.
2Tangent to the meniscus and tangent to the point of contact.
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area3 in the three-phase system is a prerequisite [34].

γfluid1,f luid2 cos θs + γfluid1,solid = γfluid2,solid (7.1)

Where, ‘γ’ is the interfacial tension and ‘θs’ is the equilibrium/static/Young

contact angle measured from inside fluid1.

7.1 Attraction/repulsion of floating particles

Casual observations indicate that under certain conditions, there can exist unbal-

anced lateral forces between oil drops at an air-water interface, water drops at an

air-oil interface and even rigid spherical/cylindrical solids floating at a fluid-fluid

interface. Such lateral attraction/repulsion is typically a direct consequence of

an interplay of gravitational forces that govern interface deformation and overlap-

ping capillary menisci that originate from having to a maintain an energetically

favorable contact angle with the floating phase.

Gifford and Scriven [53] were one of the first to comprehensively analyze the

force of attraction between two infinitely long cylinders floating at a fluid-fluid in-

terface. Using fundamental equilibrium considerations, they derived an expression

for the lateral force as a function of the separation distance. Their computations

showed that the attractive force decayed exponentially with increasing separa-

tion. A critical assumption governing their numerical results was that the contact

line remained fixed throughout the entire range of separation. Although this

was experimentally verified using a microscope, Gifford [52] recommended more

meticulous experimental studies. Fortes [41] later revisited the problem with the

intention of studying the effect of fluid-particle wetting characteristics on the un-

balanced lateral force. His results show that the force between parallel vertical

plates or parallelepipeds can be repulsive if one of the contact angles is acute and

the other obtuse. As a result, he proposed that it would be possible to separate

two different particles (e.g. wetting and non-wetting) using a combination of walls

featuring different wetting properties. Roughly a decade later, Kralchevsky et al.

[73] generalized the study of capillary interaction by extending the treatment to

cases where both the radii and the contact angles of the two particles are different.

The most recent numerical contribution in this field was that of Singh and

Joseph [122], who studied two different cases of constrained motions of floating

3Also known as interfacial energy density or interfacial tension.
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particles. First, they considered the motion of floating spheres under the con-

straint that the contact angle was fixed by the Young-Dupré law, and thus, the

contact line was free to move. Later, they studied the reverse constraint by sim-

ulating the motion of short cylinders with flat ends in which the contact line was

pinned at the sharp edge of the disk. Their numerical results support the idea that

clusters of spheres or disks are more likely to sink when compared to respective

individual entities. Around the same time, Vassileva et al. [141] performed experi-

mental studies to determine the nature of capillary forces acting on sub-millimeter

sized particles trapped at liquid-liquid interfaces formed in a glass Petri dish. In

accordance with the predictions of Gifford and Scriven [53], and Singh and Joseph

[122], they report an increasing attractive force as the distance between the parti-

cles decreased. More recent work [61] using such small particles also suggests the

possibility of partial pinning and hysteresis of the three-phase contact line on the

surface of the particle during adsorption on liquid-liquid interfaces. Specifically, it

has been reported that a decrease in particle size is found to increase the frequency

of vertical oscillation at the interface followed by a swift decay to equilibrium [61].

Before we proceed to discussing the physical and mathematical status of mov-

ing contact lines, it is useful to take a step back and review the static case. An

apt starting point for the same is the Young-Dupré equation, which is implicitly

employed when deriving MCL boundary conditions such as the Generalized Navier

Boundary Condition (GNBC, discussed shortly).

7.2 The Young-Dupré equation

Roughly two centuries since its introduction (circa 1805), the Young-Dupré equa-

tion which describes an equilibrium static configuration at a three-phase boundary,

has been overwhelmed with what can be described as myriad views of speculative

and perhaps conflicting interpretation4. Early debates were primarily concerned

with what is now commonly referred to as contact angle hysteresis5, a phenomenon

which makes it obscure to assign a precise value to any contact angle measure-

ment. The difficulty partially stems from the fact that it is extremely difficult, if

not impossible, to measure solid-fluid interfacial energies and ratify the correct-

ness of Eqn. 7.1. A decade ago, Ward and Sasges [148] proposed that the observed

difference in contact angles is simply an equilibrium property of a capillary system

4Liu and German [79] provide a good summary of some of the disputed aspects.
5Defined as the difference between advancing and receding contact angles.
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in a gravitational field. This view, that the Young-Dupré equation breaks down

in a gravitational field was previously held by Wang and Lannutti [146]. However,

this was met with opposition [11], and subsequently, a quick rebuttal that sub-

stantiated its validity through experimental studies performed on a Space shuttle

[147]. The other complication with application of the Young-Dupré equation is

quantifying the influence of roughness on wettability6.

Yet another issue that sparked interesting debates was the existence of a pur-

portedly unbalanced normal component of the interfacial tension force at the static

three-phase contact line7. Put simply, the argument put forth leverages on the

rather obvious inference stemming from the original directional force interpreta-

tion of all three interfacial energies in Eqn. 7.1. Using the example of a smooth

spherical ball floating at the equilibrium contact angle in a perfectly plane in-

terface in zero-gravity, Finn [37] first showed that if all three interfacial tensions

were locally balanced along the tangent to the point of contact (as asserted by

Young himself), then the remaining normal component of the fluid-fluid interfacial

tension force would inevitably exert an upward or downward force on the floating

ball depending on whether the fluid-fluid interface intersected the ball above or

below its equatorial plane. The conundrum in question was: Given the quiescent

velocity and zero pointwise pressure field throughout the fluid domains for such

a configuration, this component of the fluid-fluid interfacial tension force could

not possibly be balanced by any normal fluid stresses. Finn was however quick to

point out that the aforementioned quandary vanishes if one interprets the fluid-

fluid interfacial tension to be the only tangible force acting on ball for the system

in question [38]. In other words, the assertion is that the contact angle cannot

be determined by force balance arguments stemming from Eqn. 7.1 [37]. This of

course also brings into question Ward’s [148] earlier proposition.

Finn’s antecedent counter-example drew sharp criticism from Lunati [80] and

Shikhmurzaev [118], who put forth arguments centred on the assertion that ac-

counting for the different stresses acting on the solid surface in contact with the

two fluids would exactly relieve Finn’s normal force. In the words of Shikhmurzaev

[118], this would require interpreting interfacial tension as a force associated with

tension of any surface and not something suddenly appearing only at a contact

6The interested reader is referred to the recent works of Gao and McCarthy [48] and Kubiak

et al. [74] for a broader perspective on the same.
7The recent manuscript by Finn et al. [38] neatly narrates the history surrounding this con-

troversy.
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line. In line with this train of thought, the fluid-solid interface would then exhibit

a normal stress jump proportional to the curvature of the solid. The flaws associ-

ated with such reasoning have since been illustrated by Finn [38] through explicit

examples. In fact, this possibility of internal solid stresses balancing the normal

force component was discounted a while ago by Fortes [40], although through

different means. The tangible existence of this normal force however, has been

illustrated by others studying the case of a fluid-fluid interface meeting a non-

rigid (perhaps elastic) surface [154, 158]. Some researchers are thus comfortable

with the notion that it is indeed the rigidity of the solid that would balance the

normal force in question [See Refs. 27, 153]. While this attests to the existence

of a normal force balanced by a rigidly held solid, Finn argues that in the freely

floating ball experiment, the very same force should indeed impart motion to the

ball.

Other issues that surround the Young-Dupré equation have been rationalized

through extensional corrections to the same. One such aspect is the notion of a

Line tension force (units of energy per unit length) in addition to the fluid/fluid

interfacial tension itself. This one-dimensional analogue of interfacial tension is a

force proportional to the curvature of the contact line, and thus becomes significant

at smaller length scales. Incidentally, Ivanov et al. [68] showed that this very force

could be held responsible for the reported influence of an external (gravitational)

field on the contact angle. Unfortunately, a complete overview of this ‘line tension’

force is beyond the scope of this review. The interested reader is therefore referred

to the works of Gaydos and Newmann [50], Vafaei and Podowski [137] and Ward

and Wu [149] to get an insight into the origin and current status of Line tension

forces.

Clearly, the subject of capillarity at static three-phase boundaries is abound

with interesting, albeit unanswered, questions. At the very least, lack of consensus

thus far has the effect of increased ambiguity on proposed equilibrium mechanisms.

This is worth remembering as we tread into the realm of moving contact lines.

7.3 Moving contact line hydrodynamics

One of the most prominent observations pertaining to flow near a three-phase

boundary is that a fluid-fluid interface rolls on or unrolls off the solid. This

behavior was first reported in the theoretical work of Huh and Scriven [66] and

later confirmed by others [34, 32, 110, 20] through meticulous experiments.
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Figure 7.1: Trajectory of a dyed portion of F1 initially in contact with the solid

surface (left) and F1/F2 interface (right) (Adapted from Dussan and Davis [34]).

Figure 7.1 clearly illustrates a possible flow pattern when Fluid 2 (F2) displaces

Fluid 1 (F1) on the Solid boundary (S). It can be seen that F2 undergoes a

rolling-type motion which would cause F1 material points (previously on the S/F1

interface) to be ejected into the interior of F1 after passing through the contact

line. At the same time, F1 Material Points (MP) on the F1/F2 interface are

mapped onto the contact line before being ejected into the interior of F1.

Huh and Scriven [66] presented one of the earliest theoretical studies that

sought to construct a hydrodynamic model of flow near a MCL in an attempt to

quantitatively analyze its behavior. To realize the same, they modeled a flat two-

dimensional fluid interface moving steadily over a flat rigid solid using a creeping

flow approximation. Their results revealed that the creeping flow model was sin-

gular8 and therefore physically unrealistic in the corner of each of the two fluid

8In that shear stresses, pressure and viscous dissipation rate increase without bound as the

contact line is approached.
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phases at a moving line of contact. Several possible reasons were proposed to

help explain the singularity, the most plausible being the inappropriateness of the

no-slip restriction at the contact line. Another line of reasoning suggested that

there could exist long-range intermolecular forces9 in a small neighborhood near

the contact line, the dimensions of which approach molecular dimensions. It was

conjectured that in such a region, the conventional continuum approach could ei-

ther fail or should be drastically reinterpreted. It should be noted that neither

roughness nor heterogeneity of the solid surface could be held accountable, due

to existence of the singularity even when the hydrodynamic model was applied to

contact line movement through distances smaller than the length scales typically

associated with such surface imperfections. To counter the most obvious cause,

the authors reasoned that a boundary condition that ensures an increasingly free

slip as the contact line is approached can relieve the increasing shear stress gen-

erated in the neighborhood, and thus, potentially resolve the singularity. Other

researchers [34, 134] have reasoned that seeking a non-Newtonian description of

the local properties of the bulk fluids near the contact line is another possible

solution. If, on the other hand, the singularity were to be removed while simul-

taneously retaining the Newtonian behavior, the multi-valuedness of the velocity

field at the contact line had to be relieved, possibly through the use of a slip model.

In order to determine the effects such a model would have on the motion of the fluid

when it was examined on length scales typically used in numerical studies, Dussan

[33] tested three specific slip boundary conditions10 on a free-surface problem11.

Unfortunately, use of a slip boundary condition introduced two new parameters

(slip length and dynamic contribution to the contact angle) in the analysis. It was

suggested that one could evaluate these parameters through comparison with suit-

able experiments. The near-insensitiveness of the overall flow field to the details

of the slip model provided some support to this recommendation.

Zuowei et al. [161] have also analyzed three different slip models by comparing

their numerical predictions with experimentally obtained interface shapes. While

the geometric shape of the interface was reasonably predicted using all three slip

models, the speed of the interface was found to be fairly accurate only when using

9For example, electrostatic and/or dispersion forces.
10Each of which featured diverse trends in velocity gradient as the contact line is approached.
11Since there is no second fluid, the fluid-fluid interface is called a free-surface or a free-

boundary.
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the so-called return-to-equilibrium12 model. It is however, impossible to draw any

useful conclusions concerning the accuracy of their model as the proportionality

constant used in the same was reported to have been well fitted to their experi-

mental data. Later, in an experimental study, Blake et al. [9] pointed out that a

major deficiency in contact-line models was a lack of mutual interdependence of

the dynamic contact angle and the flow field13. As a result, at very small distances

from the contact line, they suggest the physical possiblity of changes (gradients)

in fluid viscosity and interfacial tension that might need to be taken into account

when formulating the appropriate slip model. This idea was first put forth by

Shikhmurzaev [119] when theoretically analyzing the flow field in the vicinity of a

moving contact line. It is worth noting at this point, that a relatively recent ex-

perimental investigation by Rio et al. [103] demonstrates the existence of a unique

relation between the dynamic contact angle and the local capillary number based

on the liquid velocity at the contact line.

In another study, Singh and Joseph [122] used an approach called the capillary-

induced motion of the contact line due to a prescribed contact angle to resolve

the singularity at the contact line. In this approach, the no-slip condition is

satisfied before and after the contact line moves14. The contact angle however was

kept fixed at the equilibrium (or static) value whenever the line was moved. As

pointed out later by others [139, 145, 49], this strategy produces stable simulations

at the expense of a qualitatively accurate approximation of surface tension forces.

Although this numerical slipping procedure could not provide a universal solution

to the MCL problem, it allowed Singh and Joseph [122] to mimic the capillary

interaction between floating spheres and disks subject to specific constraints as

discussed earlier.

More recently, Fuentes and Cerro [44] have investigated flow patterns around

the MCL using PIV-based measurements of liquid-fluid interface velocity for a

system in which a flat solid slab is dipped into or removed out of a liquid. Their

experiments show that the relative velocity of the interface (defined as the ratio

of interface velocity to the velocity of the solid slab) is independent of the slab

velocity. Furthermore, starting from a point approximately 2 mm away from

12Where the slip velocity at the contact line is proportional to the product of the sum and

difference between the equilibrium and instantaneous contact angles.
13A review of hydrodynamic and molecular-kinetic theories that quantify the velocity-

dependence of the dynamic contact angle can be found in Blake [8].
14For further details refer Sussman [128].
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the contact line, interface velocity was found to decrease with increasing distance

from the contact line. A constant trend in interface velocity was reported up to

the 2 mm point. Based on these results, they conclude that there exists a close

relationship between forces that shape the contact angle with ones that shape the

flow patterns near the MCL.

Shikhmurzaev [120] has recently proposed a new model for the MCL which en-

sures a singularity-free solution and captures the experimentally observed rolling

kinematics. The model makes the dynamic contact angle a function of the contact

line speed in addition to the flow field in the vicinity of the MCL. This helps it ac-

count for the experimentally observed hydrodynamic assist of dynamic wetting. In

recent years however, extensive molecular dynamics studies of the moving contact

line problem have helped develop a more rigorous Generalized Navier Boundary

Condition (dubbed GNBC) that provides a strong physical basis for the observed

slip. First introduced by Qian et al. [97], the GNBC states that the slip velocity

is proportional to the total tangential stress (sum of viscous and the so-called

‘uncompensated’ Young stress). Subsequently, it was shown by Qian et al. [98]

that the transition from near-complete slip at the MCL to near-zero slip (i.e. no-

slip) far away from the MCL is not confined to a molecular-sized region around

the MCL. Instead, a power-law profile of partial slipping extending to mesoscopic

scales is suggested. The recent work of Ren and E [101] supports the conclusions of

Qian et al. [98] who also present the unbalanced or uncompensated Young’s stress

as the prime driving force for slippage. It must also be mentioned that a similar-

ity between the Shikhmurzaev and Qian models has recently been established by

Monnier et al. [89]. Finally, it is noteworthy that numerical implementations of

the GNBC have thus far shown promise in the area of spreading droplets [83, 47]

and Couette flow of two immiscible fluids [51].

7.4 Numerical techniques for multiphase flows

A complete review of interface tracking/capturing methods is beyond the scope of

this thesis. The interested reader is therefore referred to the reports by Kothe [71]

and Tryggvason et al. [135] for a detailed perspective, or to Ganesan and Tobiska

[46] for a concise overview of the same. However, given the relatively recent surge

of numerical investigations in particulate systems, it is possible to review some of

the more prominent work in this area. To put the subject into context, a preface

to direct simulations of particulate flows is first provided.
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Within the framework of continuum mechanics, it is well known that dynamics

of rigid bodies in fluids can be described by applying Newton’s laws to both

domains (fluid and particle). Doing so obviates the need to explicitly model any

interaction forces. Practically speaking however, such a procedure requires that

a system of coupled linear and nonlinear differential equations be numerically

solved. Over the past decade, a number of methods have been proposed to solve

such problems [21, 65, 135, 56]. While a complete description of each method,

its merits and disadvantages is beyond the scope of this review, it is useful to

provide a brief overview outlining the general class of such methods followed by

a discussion of recent work in this area.

Broadly speaking, one may classify most numerical methods into two distinct

categories: Lagrangian and Eulerian. While the Lagrangian description has the

potential to track a moving boundary exactly, substantial movement/deformation

of the same can result in large (and often undesirable) distortions to the com-

putational mesh that follows it. Consequently, for problems of practical interest,

frequent re-discretization of the domain is almost unavoidable when using this

method. In contrast, the Eulerian description capitalizes on a fixed computa-

tional grid by following the movement of particles through a given region of space.

However, this method now has the potential to present serious difficulties when

accounting for discontinuities across interfaces. A generalization that attempts

to retain the merits of aforementioned methods while minimizing their drawbacks

is commonly known as ALE. Here, the movement of mesh nodes is performed at

an Arbitrary velocity to capture Lagrangian particle motion, all the while using

the Eulerian grid as a baseline when regenerating or realigning the computational

mesh in the vicinity of interfaces. Naturally, a zero mesh velocity would thus

correspond to a purely Eulerian method, while a mesh velocity equal to that of

the moving boundary would result in a purely Lagrangian method. Although con-

ceptually optimal, the ALE procedure does have some drawbacks. The foremost

difficulty manifests in the development of a sophisticated algorithm to dynami-

cally fit boundaries to the computational mesh, a formidable task especially when

working in three-dimensions. In addition, stable resolution of flow details near

interfaces can sometimes require a significantly refined base mesh to start with.

Over the last decade, a different approach based on a fairly old idea has

shown promising results in particulate flows. This technique, known as Domain-

Embedding (or the method of Fictitious Domains) requires only one fixed (Eule-
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rian) grid for both the particle and the fluid. A suitable interaction mechanism is

therefore introduced to pass information back and forth. Here, one first computes

the fluid flow field assuming that particles do not exist and later corrects the fluid

velocities for the presence of the particles by imposing rigid-body constraints on

the nodes that are actually occupied by the particles. The interested reader is

referred to the book by Glowinski [54], which provides a detailed perspective of

this method. The following section reviews some of the recent numerical work that

employ a Fictitious Domain Method (FDM) to simulate particulate and capillary

flows.

7.4.1 Recent applications of the Fictitious Domain Method

The work of Singh and Joseph [122] as discussed before, focuses on the capillary

attraction of floating particles (spheres and disks). Here, a distributed Lagrange

multiplier [56] is used in a fictitious domain framework to enforce rigid-body mo-

tion inside the particles. This multiplier can be thought of as an additional body

force per unit volume that is needed to maintain rigid-body motion in the particle

domain [122]. Also, it is said to be distributed in the sense that each particle in the

global domain has its own multiplier. The fluid-fluid interface on the other hand,

is dealt with using a traditional Level set approach [128]. The authors present

some impressive results of hypothetical test cases that demonstrate the evolution

of floating particles to equilibrium, and the capillary attraction of particles. How-

ever, no comparison with experimental data is attempted. In a very recent study,

Jeong et al. [69] use a Level set approach combined with the FDM developed in

[55] to study capillary spreading of a two-dimensional droplet populated with rigid

circular particles, over a solid surface. In their work, the contact angle boundary

condition is enforced through a virtual stress tensor defined at the three-phase line.

Additionally, due to lack of a physically realistic MCL model, a user-adjustable

numerical parameter is introduced to provide additional control over the interface

spreading and to force interface motion toward the prescribed equilibrium angle.

More recently, Yu and Shao [159], Blasco et al. [10] and Yu and Shao [160]

have presented Fictitious Domain frameworks that essentially decouple the fluid

phase solution and the rigidity constraint resembling an idea proposed earlier by

Sharma and Patankar [115]. A similar approach was also employed by Diaz-Goano

et al. [31] and Veeramani et al. [143]. Typical benchmarks used in verification of

the accuracy of these methods were the lateral migration of spherical particles in
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poiseuille flow and sedimentation in single and multi-particle systems. Finally,

an extension of the Fictitious Domain procedure developed earlier [143] to flows

featuring disparate spatial length scales was demonstrated by Dechaume et al.

[29], who used an efficient two-grid strategy to study the motion of a fibre-like

(ellipsoidal) particle in a bifurcating pipe.

In closing, we see that the subject of direct simulation of particles with capillary

effects is still in its infancy compared to purely interfacial or even plain particulate

flows. This isn’t too surprising given the physical complexities embedded in such

three-phase systems. Nonetheless, recent numerical activity in this area does look

quite promising, providing hope for future investigations.

7.5 Closure

The subject of capillary interaction between floating particles and more generally,

moving contact lines has received considerable attention over the years. The-

oretical and experimental investigations (especially over the last decade) have

contributed immensely to progress in this field. It is therefore useful to orga-

nize current knowledge by delineating aspects that are fairly well established from

those that are not so well understood.

• What we do know:

– Slipping does indeed occur at the MCL. In fact, partial slipping has

been observed even in single-phase flows. These findings have been

confirmed through molecular dynamics (MD) simulations as reported

in the work of Qian et al. [98]. As a result, allowing for some slip in

the vicinity of the contact line will most certainly relieve the stress

singularity. The question of how much slip however remains to be

addressed.

– A common trend observed in almost all experimental work is the pres-

ence of organized flow patterns near the MCL (e.g. rolling motion in

one fluid combined with either split ejection or injection in the other,

rolling motion in both fluids etc.). Fuentes and Cerro [44] neatly illus-

trate these possibilities in their paper.

– Despite repeated speculations in the past that suggest the possibility of

non-Newtonian behavior in the vicinity of the contact line [34, 134], re-

cent theoretical research using MD simulations [97, 101] has presented
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evidence that suggests the contrary. However, given the equivalence

with the GNBC, the plausibility of variable interfacial tension as the

contact line is approached (as put forth in Shikhmurzaev’s model) war-

rants more investigation before being ruled out.

– Using a static contact angle boundary condition when the contact line

moves is known to yield a quantitatively inaccurate interfacial tension

force on the line, thus influencing the predicted contact line dynamics.

However, doing so imparts numerical stability to the code.

– The dynamic contact angle has some functional dependence on inter-

face velocity/contact line speed. This was first reported by Huh and

Scriven [66] and later experimentally quantified by Fuentes and Cerro

[44]. The nature of the dependence however remains to be confirmed.

Recent experimental evidence [9] suggests that in addition to contact

line speed, flow field in the vicinity of the MCL could also have a sig-

nificant effect on the dynamic contact angle.

• What we don’t know:

– The ability of novel boundary conditions (e.g. GNBC, the model pro-

posed by Shikhmurzaev [120] etc.) to accurately predict MCL dynamics

in direct simulations is yet to be confirmed. In other words, verification

against experimental data is desirable.

– As pointed out by Singh and Joseph [122], the contact angle for ad-

vancing and receding contact lines is different and therefore is capable

of changing the dynamic behavior of floating particles. This aspect

remains to be studied.
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Chapter 8

Governing Equations and

Numerical Methods

8.1 Computational Domain

As shown in Figure 8.1, fluid and particle domains are denoted by Ω1 (= Ωf1

⋃
Ωf2)

and Ω2 respectively. Throughout this work, subscript ‘1’ is used for the fluid phase

and subscript ‘2’ for the solid (particle) phase. In addition, subscripts ‘f1’ and

‘f2’ are used to refer to each of the individual fluid phases, and the domain of the

i−th particle is indicated using subscript ‘i’.

Ω,Γ

Ωf2 : φ > 0

Ωf1 : φ < 0

Ω2,1

Ω2,2

Ω2,3
∂P1

∂P2

∂P3

−t

−m

θd

nΣ

nΓ

n∂P3

Σ

∂Σ3

Figure 8.1: Computational domain

For example, Ωf1 refers to the domain of fluid 1, Ω2,1 refers to domain of

the first particle, Ω2,3 refers to domain of the third particle and so on. The
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8. Governing Equations and Numerical Methods

entire particle domain is thus Ω2 =
⋃PN

i=1
Ω2,i, where there are a total of ‘PN ’

particles. An all encompassing domain for the two fluids and particle(s) is there-

fore Ω = Ω1

⋃
Ω2. The external boundary of the domain is given by Γ =

[∂Ωf1\ (Σ, ∂Pi)]
⋃

[∂Ωf2\ (Σ, ∂Pi)], where ∂Pi refers to the boundary of the i−th

particle. As a result, the effective (solid) boundary for the fluid phase is ∂Ω1 =

(∂Ωf1\Σ)
⋃

(∂Ωf2\Σ) = Γ
⋃PN

i=1
∂Pi. Here, ‘Σ’ is used to refer to the fluid/fluid

interface and therefore ‘∂Σ’ is the three-phase contact line (shown as a dotted

red line in Figure 8.1). For consistency with the particle notation, the contact

line for the i−th particle is then ∂Σi = ∂Pi

⋂
Σ. The dynamic contact angle (θd)

is defined as the angle between the the tangent to the point of contact (t) and

the tangent to the fluid/fluid interface (m), measured from within fluid-1 (f1).

Generally speaking, both ‘m’ and ‘t’ are unit vectors that vary locally around

the contact line. Finally, ‘φ’ is the Level set function used to distinguish the two

fluid phases, while ‘nΣ’ and ‘n∂Pi
’ are the unit normals to the fluid/fluid interface

(φ = 0) and the surface of the i−th particle respectively.

To simplify the notation, subscripts for the fluid(s) and particle(s) are used

only if both phases are present. Furthermore, we will drop the subscript ‘2’ for

particle whenever we refer to the i−th particle. No special symbolic distinction

is made between dimensional and dimensionless quantities as this will be obvious

from the context.

8.2 Governing equations for the fluid domain

For a multiphase system comprised of two immiscible fluids and rigid particles,

the following fundamental equations describe dynamics of fluids in domain Ω1.

Assuming incompressible flow (i.e. constant density within each fluid phase),

the Navier-Stokes (N-S) equations which conserve linear momentum and angular

momentum (owing to a symmetric stress tensor) are written as:

ρk
Dû1

Dt
= ρkg + ∇ · σ̂1 (0 < t ≤ T ) (8.1)

∇ · û1 = 0 (8.2)

Where, fluid velocity and density of fluid phases are as defined in Eqns. 8.3 and

8.4 respectively. Dû1

Dt
is then the so-called material derivative of fluid velocity with

respect to time (t). Furthermore, ‘ρkg’ is the gravity force per unit volume and

‘σ̂1’ is the total (i.e. pressure + viscous) stress tensor for the fluid(s) as defined in
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Eqn. 8.5. The familiar incompressibility constraint (i.e. Eqn. 8.2) indirectly pro-

vides the fourth equation required to close the above partial differential equation

(PDE) system. Finally, ‘T ’ is the total time over which the governing equations

are to be solved.

û1 =

{
ûf1 in Ωf1

ûf2 in Ωf2

(8.3)

ρk =

{
ρf1 in Ωf1

ρf2 in Ωf2

(8.4)

σ̂1 =

{
σ̂f1 in Ωf1

σ̂f2 in Ωf2

(8.5)

Modeling flow of any Newtonian fluid also requires a constitutive equation

which relates the viscous stress (σ̂1v) to the rate-of-strain (D[û1]) through the

dynamic viscosity as shown in Eqn. 8.6. The total stress at any given point in

the fluid is therefore given by Eqn. 8.7. Here, ‘p̂1’ is the fluid pressure (defined

in Eqn. 8.8), and ‘δ’ is the Kronecker tensor. The dynamic viscosity (considered

constant within each fluid phase) is defined analogous to the fluid density as shown

in Eqn. 8.9.

σ̂1v = 2µkD[û1]; D[û1] =
1

2
[∇ û1 + (∇ û1)

T ] (8.6)

σ̂1 = −p̂1δ + σ̂1v (8.7)

p̂1 =

{
p̂f1 in Ωf1

p̂f2 in Ωf2

(8.8)

µk =

{
µf1 in Ωf1

µf2 in Ωf2

(8.9)

8.3 Governing equations for the particle domain

Similar to the fluid phase, rigid body dynamics of particles are also governed

by the conservation of linear and angular momentum. The former is merely the

application of Newton’s second law of motion. For the i−th particle, this reads:

Mi
DUi

Dt
= Mig + Fi (8.10)
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The latter is an application of Euler’s rotation equation:

Ipi

Dωi

Dt
+ ωi × (Ipi · ωi) = Ti (8.11)

Here, ‘Mi’ and ‘Ipi’ are the mass and moment of inertia, ‘Ui’, and ‘ωi’ are the

linear and angular velocity, while ‘Fi’ and ‘Ti’ are the hydrodynamic force and

torque on the particle as defined in Eqns. 8.12 and 8.13.

Fi =

∫

∂Pi

σ̂1 · [−n∂Pi
] dS (8.12)

Ti =

∫

∂Pi

ri × (σ̂1 · [−n∂Pi
]) dS (8.13)

Here, ri = x−Xi is the position vector of the i−th particle’s integral position (x)

relative to its centroid (Xi). It should also be noted that the spherical shape of the

particle renders the moment of inertia tensor isotropic which in turn obviates the

cross product in Eqn. 8.11. Once the particle velocity is computed, the kinematic

equation DXi

Dt
= Ui is used to predict the new position (Xi) of the particle.

8.4 Initial and Boundary conditions

To complete problem specification, initial and boundary conditions for the fluid

and particle domains must be specified. The initial conditions for the fluid domain

read:

û1(t = 0) = û0 in Ω1; ∇ · û0 = 0 (8.14)

Where, ‘û0’ is the initial (and divergence-free) fluid velocity field.

In addition to static external walls where ûΓ = 0 is prescribed, particles in the

fluid present internal no-slip boundaries that are specified as follows:

û1 = Ui + ωi × ri on ∂Pi(t)\∂Σi, i = 1, · · · , PN (8.15)

where, ‘Ui’, ‘ωi’ and ri are once again the linear velocity, angular velocity and

position vector of the i−th particle respectively. As will be clear later, the region

(∂Σi) is excluded from the above constraint in order to allow for finite-slip in the

vicinity of the contact line.

With regard to the internal fluid/fluid boundary, assuming both fluids do not

slip (i.e. ûf1 = ûf2 |Σ) allows us to implicity enforce continuity of both tangential

velocities (i.e. the so-called dynamic boundary condition), and normal velocities

(i.e. the so-called kinematic boundary condition).

58



8. Governing Equations and Numerical Methods

Finally, stress at the fluid/fluid interface is balanced by the curvature force

per unit area and any gradients in interfacial tension (γ). In other words, if ‘κ’ is

the interface curvature and ‘n’ and ‘t’ represent unit normal and tangent vectors

at the interface respectively, normal and tangential stress balances read:

(n · (σ̂f1 − σ̂f2)) · n |Σ = γκ (8.16)

(n · (σ̂f1 − σ̂f2)) · t |Σ = 0 (8.17)

Implementation of the above constraints is done conveniently in the variational

form, which is obtained after testing the governing equations against suitable basis

functions (v). This is elaborately discussed later in Section 8.6.2.

Moving Contact Line

When fluid interfaces move relative to solid boundaries, assumption of no-slip at

the contact line causes the velocity field to become multi-valued. This is because

fluid particles at the contact line now need to simultaneously satisfy two fairly

polarized requirements: no-slip and finite-slip (since the contact line is assumed

to be moving relative to the wall). This multi-valuedness causes derivatives (i.e.

spatial gradients) of velocity (and thus, tangential stresses) to become undefined

at the contact line. Given that relative movement of the contact line is physi-

cally observed, a natural resolution to this conundrum is then to relax the no-slip

constraint by letting the finite-slip condition take precedence at the contact line.

This is accomplished in the current study using the Generalized Navier boundary

condition (GNBC), first proposed by Qian et al. [97]. Following Gerbeau and

Lelièvre [51], we first define unit vectors essential to describe the GNBC.

Vectors shown in Figure 8.2 are formally defined as follows:

t∂Σ = nΣ × n∂Ω; m = t∂Σ × nΣ

t∂Ω = n∂Ω × t∂Σ; m · t∂Ω = cos θd (8.18)

For the sake of clarity, we have dropped the subscript ‘2, i’ for the particle

domain. Thus, ‘t∂Ω’ is the tangent to the point of contact on the particle, ‘nΣ’ is

the normal to the fluid/fluid interface, ‘t∂Σ’ is the tangent to the contact line and

‘m’ is the tangent to the fluid/fluid interface (or the so-called binormal vector).

For any vector ‘τ ’ tangent to the boundary ∂Ω, the GNBC then states:
∫

∂Ω

[β (û1 − Ui) + (σ̂1v · n∂Ω)] · τ dS =

∫

∂Σ

γ [cos θs − cos θd] t∂Ω · τ dl

(8.19)
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replacemen

Ω2,i

m

∂Ω2,i

n∂Ω2,i

nΣ

t∂Ω2,i

t∂Σ (pointing out of the paper)

Ωf1

Ωf2

Σ

Figure 8.2: Illustration of vectors contained in a plane orthogonal to t∂Σ

Here, ‘Ui’ and ‘θs’ are the linear velocity of the particle and the static contact

angle respectively. The difference in the RHS of Eqn. 8.19 is called the uncompen-

sated Young’s stress. Clearly, it vanishes when the dynamic contact angle equals

the prescribed static contact angle, at which point, the GNBC reverts to the more

familiar ‘Navier-slip’ boundary condition. Of course, finite-slip from this boundary

condition comes at the expense of now having to introduce a slip length: ‘µk/β’,

with ‘β’ being the user-specified slip coefficient.

Finally, to complete problem specification, initial conditions for the particle

domain are specified as follows:

Ui(t = 0) = Ui,0 (8.20)

ωi(t = 0) = ωi,0 (8.21)

Xi(t = 0) = Xi,0 (8.22)

8.5 Fictitious domain formulation

We begin by extending one of the fluids (say ‘f1’) into the particle domain. As

will be clear later, the prime reason for extending only one of the fluids is to avoid

the singular influence of the interfacial tension source term inside the particle.

Once extended, ‘p1’, ‘u1’ and ‘σ1’ are the global pressure, velocity and stress in
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Ω. In other words:

p1 =

{
pf1 in Ωf1

⋃
Ω2

pf2 in Ωf2

(8.23)

u1 =

{
uf1 in Ωf1

⋃
Ω2

uf2 in Ωf2

(8.24)

σ1 =

{
σf1 in Ωf1

⋃
Ω2

σf2 in Ωf2

(8.25)

The extended fluid stress tensor now reads:

σ1 = −p1δ + 2µkD[u1] (8.26)

D[u1] =
1

2
[∇u1 + (∇u1)

T ] (8.27)

We now proceed to formally deriving the fictitious domain formulation for the

problem at hand. First, the N-S equations for the fluid domain (Ω1) are rewritten

in expanded form to read:

ρk
Du1

Dt
= −∇p1 + ∇ · (µk∇u1) + ρkgeg (8.28)

∇ · (ρku1) = 0 (8.29)

Here, ‘g’ is the acceleration due to gravity and ‘eg’ is a unit vector used to

specify the direction in which this body force points. In addition, we note that

fluid density (ρk) has been brought inside the divergence in Eqn. 8.29 as it varies

spatially in the fluid domain (Ω1).

The particle momentum equation (Eqn. 8.10) can also be written as:

ρiVi
DUi

Dt
= ρiVigeg + Fi ∀i = 1, 2, · · ·PN (8.30)

Where, ‘ρi’ and ‘Vi’ represent the density and volume of the i−th particle re-

spectively. In the interest of clarity, unless absolutely essential, we will drop

(∀i = 1, 2, · · ·PN ) from this point forward.

The hydrodynamic force on the particle (Eqn. 8.12) is now expanded after

using Gauss’ divergence theorem as shown below:

Fi =

∫

Ωi

∇ · σ1 ∂Ωi =

∫

Ωi

[−∇p1 + ∇ · (µk∇u1)] ∂Ωi (8.31)
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Following Veeramani et al. [143], we define an interaction force (F) as follows:

F =

{
−ρk

Du1

Dt
− ∇p1 + ∇ · (µk∇u1) + ρkgeg in Ωi

0 in Ω1

(8.32)

The N-S equations for the global domain (Ω) now read:

ρk
Du1

Dt
= −∇p1 + ∇ · (µk∇u1) + ρkgeg − F (8.33)

∇ · (ρku1) = 0 (8.34)

And using Eqn. 8.31, the particle equation (Eqn. 8.30) reads:

ρiVi
DUi

Dt
= ρiVigeg +

∫

Ωi

[−∇p1 + ∇ · (µk∇u1)] ∂Ωi (8.35)

Taking the integral of the interaction force (F) over the particle domain and

rearranging, we have:
∫

Ωi

[−∇p1 + ∇ · (µk∇u1)] ∂Ωi =

∫

Ωi

F ∂Ωi +

∫

Ωi

ρk
Du1

Dt
∂Ωi −

∫

Ωi

ρkgeg ∂Ωi

(8.36)

Since the fluid inside the particle domain must behave like a rigid body, we

can enforce u1 = Ui in Ωi. In other words:
∫

Ωi

ρk
Du1

Dt
∂Ωi =

∫

Ωi

ρk
DUi

Dt
∂Ωi (8.37)

Substituting Eqn. 8.36 into Eqn. 8.35 and using Eqn. 8.37, we get the integral

form of the particle momentum equation:
∫

Ωi

ρi
DUi

Dt
∂Ωi =

∫

Ωi

ρigeg ∂Ωi +

∫

Ωi

F ∂Ωi +

∫

Ωi

ρk
DUi

Dt
∂Ωi −

∫

Ωi

ρkgeg ∂Ωi

(8.38)

Upon rearranging, we now have:

DUi

Dt
=

1

Vi

∫

Ωi

(
geg +

F

ρi − ρk

)
∂Ωi (8.39)

To simplify the particle momentum equation, we now define another interac-

tion force ‘F’:

F =





(
geg + F

ρi−ρk

)
in Ωi

0 in Ω1

(8.40)
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Using Eqn. 8.40, the N-S equations in Ω now become:

ρk
Du1

Dt
= −∇p1 + ∇ · (µk∇u1) + ρkgeg + (ρi − ρk) (G − F) (8.41)

Where, ‘G’ is defined as:

G =

{
geg in Ωi

0 in Ω1

(8.42)

Using Eqn. 8.40, the particle momentum equation (Eqn. 8.39) simplifies to:

DUi

Dt
=

1

Vi

∫

Ωi

F ∂Ωi (8.43)

Extending the N-S equations into Ωi also enforces conservation of the particle’s

angular momentum provided we impose rigid-body constraints in the region of

fluid occupied by the particle using the following equation:

u1 = Ui + ωi × (x − Xi) in Ωi (8.44)

Since we no longer solve Eqn. 8.11 for the angular velocity, we need to extract

the same from the fluid velocity inside the particle. This can be done by taking

the curl of Eqn. 8.44:

∇ × u1 = ∇ × Ui + ∇ × (ωi × ri) = 2ωi in Ωi (8.45)

In other words, the angular velocity of the particle (ωi) equals one half of the

curl of the fluid velocity field in Ωi:

ωi =
1

2Vi

∫

Ωi

∇ × u1 ∂Ωi (8.46)

Note that here ‘u1’ is the global velocity field after the fluid-1 (f1) domain is

extended into the particle domain and ‘Vi’ is the volume of the i−th particle.

8.5.1 Discretization

Using the Marchuk-Yanenko operator splitting idea, we now proceed to divide the

given problem into a set of subproblems that can be discretized independently us-

ing different methods. Decomposition of the original problem using this approach

increases flexibility as it allows us to suitably choose optimal and efficient ways

to approximate the actual solution. For instance, we now have the advantage of

being able to treat different subproblems either explicitly or implicitly, and the

ability to substep (i.e. use different time steps (∆t) for the different subproblems)

if required. The original problem is now recast into the following subproblems:
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1. Advection: (Hyperbolic) equation solved using the method of characteristics.

2. Projection: (Standard incremental velocity correction scheme [60]).

(a) Pressure estimation: Poisson (Elliptic) equation solved using a Galerkin

method.

(b) Diffusion (velocity correction): Generalized (Parabolic) momentum equa-

tion solved for the viscous velocity using a Galerkin method.

3. Rigid body constraint imposed in Ωi to solve for final (end–of–step) velocity

field, once again using a Galerkin method.

Advection

To solve the generalized Stokes problem in the projection step, we need the ad-

vected velocities at previous time levels that arise from a discretization of the

material derivative (Du1

Dt
). For a second-order backward difference scheme, the

material derivative reads:

Du1

Dt
=

3un+1
1 − 4ũn

1 + ũn−1
1

2∆t
(8.47)

The advected velocities (i.e. ũn
1 , ũ

n−1
1 ) are obtained by solving the pure advec-

tion equation:

∂ũn−i
1 (s)

∂s
+ (ũn−i

1 (s) · ∇)ũn−i
1 (s) = 0; 0 ≤ s ≤ (i+ 1)∆t, i = 0, 1

ũn−i
1 (0) = un−i

1 (8.48)

Where, ‘s’ is a substep within the method of characteristics, and i = 0 and 1 return

the advected velocity for time levels ‘tn’ and ‘tn−1’ respectively. The objective, as

mentioned before, is to get the advected velocities (ũn−i
1 ) for use in Eqn. 8.47. To

do so, we recognize that the material derivative of velocity can be rewritten as:

Dun+1
1

Dt
=
∂un+1

1

∂t
+

(
dXn+1

x

dt
· ∇

)
un+1

1 (8.49)

By comparing the RHS of Eqn. 8.49 with Eqn. 8.48, we introduce the charac-

teristic curves (Xn+1
x ), which are solutions to the following problem:

dXn+1
x

dt
= un+1

1 (Xn+1
x (t), t) ∀t ∈ [tn−i, tn+1];

Xn+1
x (tn+1) = x (8.50)
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Here, ‘x’ is the (known) position of an arbitrary fluid particle at time (tn+1).

The position of the same particle at an earlier time (tn−i) is therefore given by:

Xn+1
x (tn−i) = x − (i+ 1)∆tun+1

1 , i = 0, 1 (8.51)

Since, we do not know the advecting velocity (un+1
1 ), we need to estimate it

using the velocities at previous time levels. A second-order extrapolation yields:

un+1
1 = 2un

1 − un−1
1 (8.52)

Once the earlier position of the fluid particle is known, we can interpolate to

get the advected velocity at previous time levels as shown below:

ũn−i
1 (x) = un−i

1 (Xn+1
x (tn−i), tn−i) i = 0, 1 (8.53)

An important step in the above procedure is locating the foot of the charac-

teristic (i.e. Xn+1
x (tn−i)). An efficient algorithm for the same was proposed by

Minev and Ethier [87], and is used in the current study.

Projection

Projection methods which help decouple velocity and pressure in the N-S equations

owe their existence to the pioneering works of Chorin [23] and Temam [133]. A pop-

ular class of such methods is the so-called pressure-correction schemes, where the

pressure is treated explicitly (i.e. extrapolated) in the first sub-step to generate an

intermediate velocity field, and then corrected by projection of the intermediate

velocity onto a divergence-free subspace [60]. In the context of two-fluid prob-

lems, especially ones that feature appreciable curvature and interfacial tension,

it is hard to predict (or extrapolate) the pressure in the vicinity of the interface

using values at previous time levels, as the normal stress is typically discontinuous

there (Eqn. 8.16). Velocity however, is assumed continuous at the interface and

therefore, a velocity-correction scheme is more desirable for the problem at hand.

Following Guermond and Shen [60], we now proceed to show how a standard in-

cremental velocity correction scheme is derived and implemented. We begin with

a time-discretized version of the N-S equations. At time level (tn+1), we have:

ρk

2∆t

(
3un+1

1p − 4ũn
1 + ũn−1

1

)
= − ∇pn+1

1 + ∇ ·
(
µk∇u

∗,n+1

1

)
+ Fn+1 (8.54)
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Here, ‘un+1
1p ’ is the projected (divergence-free) velocity and (u∗,n+1

1 = ũn
1 ) is some

extrapolation for the viscous velocity. Also, as shown in Eqn. 8.55, ‘Fn+1’ encom-

passes contributions from the source terms that remain after Eqn. 8.41 is split.

Fn+1 = ρk
n+1geg +

(
ρi − ρk

n+1
)
G (8.55)

Now, rewriting Eqn. 8.54 for the viscous velocity (˜̃u
n+1

1 ), we get:

ρk

2∆t

(
3˜̃u

n+1

1 − 4ũn
1 + ũn−1

1

)
= − ∇pn+1

1 + ∇ ·
(
µk∇

˜̃u
n+1

1

)
+ Fn+1 (8.56)

To reduce the number of equations that need to be solved, we can eliminate

the projected velocity from the system through some manipulation. Subtracting

Eqn. 8.56 written at time level (t∗,n+1 = tn) from Eqn. 8.54 gives:

ρk

2∆t

(
3un+1

1p − 7ũn
1 + 5ũn−1

1 − ũn−2
1

)
= − ∇

(
pn+1
1 − pn

1

)
+

(
Fn+1 −Fn

) (8.57)

We now take the divergence of Eqn. 8.57 and use Eqn. 8.29 for the projected

velocity at time level tn+1 to get to the pressure poisson equation:

1

2∆t
∇ ·

[
ρk

(
−7ũn

1 + 5ũn−1
1 − ũn−2

1

)]
= − ∇

2
(
pn+1
1 − pn

1

)
+

∇ ·
(
Fn+1 −Fn

) (8.58)

Denoting (pn+1
1 − pn

1 ) as the pressure correction (φp), and considering only the

significant dynamic contributions to pressure, we can further condense the above

equation to get:

1

2∆t
∇ ·

[
ρk

(
−7ũn

1 + 5ũn−1
1 − ũn−2

1

)]
≈ −∇

2φp (8.59)

Once ‘pn+1
1 ’ is obtained after solving Eqn. 8.59, we can get the viscous (i.e.

diffused) velocity (˜̃u
n+1

1 ) by solving Eqn. 8.56. Details of how Eqns. 8.59 and 8.56

are solved will be discussed later in Section 8.6.

Before wrapping up this subsection, in the interest of completeness, it is in-

structive to take a step back and show the physical implications of Eqn. 8.41

(after operator splitting) in the region of fluid occupied by the particles. The split

portion of Eqn. 8.41 reads:

ρk
Du1

Dt
= −∇p1 + ∇ · (µk∇u1) + ρkgeg + (ρi − ρk)G (8.60)
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Focusing on domain (Ωi) and substituting Eqn. 8.42 into Eqn. 8.60, we get:

ρk
Du1

Dt
= −∇p1 + ∇ · (µk∇u1) + ρkgeg + (ρi − ρk) geg in Ωi (8.61)

Which simplifies to:

ρk
Du1

Dt
= −∇p1 + ∇ · (µk∇u1) + ρigeg in Ωi (8.62)

Clearly, fluid body force contributions are not to be accounted for in Ωi. In

addition, Eqn. 8.62 also maintains that we need to account for the body force

from the particle (i.e. ρigeg) in Ωi when solving for the viscous velocity in Ω using

Eqn. 8.56. In fact, physically speaking, this is how the fluid(s) are made aware of

the presence of heavier/lighter or neutrally buoyant particle(s).

Rigid body constraint

Once the viscous velocity is obtained, we need to correct the same inside the

particle domain so as to enforce rigid body motion. To do so, we first write out

the time-discretized versions of relevant equations:

Firstly, the other half of the now split Eqn. 8.41 in discrete form reads:

ρkτ0(u
n+1
1 − ˜̃u1) = − (ρi − ρk) F in Ω (8.63)

And, the discrete form of Eqn. 8.43 reads:

τ0(U
n+1
i −

˜̃
Ui) =

1

Vi

∫

Ω
n+1

i

F ∂Ωi (8.64)

Here, the two unknowns are the final fluid velocity field in Ω (i.e. un+1
1 ) and

the final (corrected) particle velocity (Un+1
i ). ‘τ0’ has the units of inverse time

and ‘˜̃u1’ is the recently computed viscous velocity. ‘
˜̃
Ui’ is an estimation for the

particle velocity that can be computed using a discretized version of Eqn. 8.37 as

shown below:

τ0
˜̃
Ui + τ1U

n
i + τ2U

n−1
i =

1

Vi

∫

Ω
n+1

i

(
τ0 ˜̃u1 + τ1ũ

n
1 + τ2ũ

n−1
1

)
∂Ωi (8.65)

Also, the discrete form of the rigid body constraint (Eqn. 8.44) can be written

as:

un+1
1 = Un+1

i + ωn+1
i ×

(
x − Xn+1

i

)
in Ωi (8.66)
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Subtraction of Eqn. 8.64 from Eqn. 8.63 gives (in integral form):

τ0

[∫

Ω
n+1

i

[(
un+1

1 − ˜̃u1

)
− (Un+1

i −
˜̃
Ui)

]
∂Ωi

]
= −

∫

Ω
n+1

i

ρi

ρk
F ∂Ωi (8.67)

Also, the integral form of Eqn. 8.66 reads:

∫

Ω
n+1

i

(
un+1

1 − Un+1
i

)
∂Ωi =

∫

Ω
n+1

i

ωn+1
i ×

(
x − Xn+1

i

)
∂Ωi (8.68)

However, rigid-body motion in Ωi requires:

∫

Ω
n+1

i

(
un+1

1 − Un+1
i

)
∂Ωi = 0 (8.69)

After rearranging the LHS of Eqn. 8.67 and using Eqn. 8.69, we get:

τ0

[∫

Ω
n+1

i

(−˜̃u1 +
˜̃
Ui) ∂Ωi

]
= −

∫

Ω
n+1

i

ρi

ρk
F ∂Ωi (8.70)

Substituting Eqn. 8.70 into Eqn. 8.64 immediately gives us the final (corrected)

particle velocity:

Un+1
i =

˜̃
Ui

[
1 −

1

Vi

∫

Ω
n+1

i

ρk

ρi
∂Ωi

]
+

1

Vi

∫

Ω
n+1

i

ρk
˜̃u1

ρi
∂Ωi (8.71)

The new position of the particle is then obtained using:

Xn+1
i = Xn

i +
∆t

2
(Un+1

i + Un
i ) (8.72)

We now proceed to show how the fluid velocity is corrected in domain Ωi to

conform with rigid body motion. Subtracting Eqn. 8.64 from Eqn. 8.63 gives:

τ0

[
(un+1

1 − ˜̃u1) − (Un+1
i −

˜̃
Ui)

]
= −

(ρi − ρk)

ρk
F −

1

Vi

∫

Ω
n+1

i

F ∂Ωi (8.73)

Using Eqn. 8.68, we can rewrite Eqn. 8.73 as:

τ0

[
(−˜̃u1 +

˜̃
Ui) + ωn+1

i ×
(
x − Xn+1

i

)]
= −

(ρi − ρk)

ρk
F −

1

Vi

∫

Ω
n+1

i

F ∂Ωi

(8.74)

We can now rearrange Eqn. 8.70 to read:

−

∫

Ω
n+1

i

F ∂Ωi = τ0

∫

Ω
n+1

i

ρk(
˜̃
Ui − ˜̃u1)

ρi
∂Ωi (8.75)

68



8. Governing Equations and Numerical Methods

Substituting Eqn. 8.75 into Eqn. 8.74, and introducing the Heaviside function ‘H’

as defined in Eqn. 8.76, we get:

H =

{
1 in Ωi

0 in Ω1

(8.76)

−

(
ρi − ρk

ρk

)
F = τ0

[
(
˜̃
Ui − ˜̃u1) + ωn+1

i ×
(
x − Xn+1

i

)
−

1

Vi

∫

Ω
n+1

i

ρk(
˜̃
Ui − ˜̃u1)

ρi
∂Ωi


H

(8.77)

Finally, using Eqn. 8.77, Eqn. 8.63 gives us a correction equation to estimate

the final fluid velocity in Ω:

(
un+1

1 − ˜̃u1

)
=

[
(
˜̃
Ui − ˜̃u1) + ωn+1

i ×
(
x − Xn+1

i

)
+

1

Vi

∫

Ω
n+1

i

ρk(˜̃u1 −
˜̃
Ui)

ρi
∂Ωi


H

(8.78)

8.6 Numerical Methods

In this section, we provide an overview of the Level set and Galerkin Finite Element

Methods (GFEM), and numerical integration procedures employed in this study.

Subsequently, derivation of the variational form is followed by a discussion of the

algorithm employed for solving the three-phase problem in question.

8.6.1 Level set method

As mentioned before in this work, Level sets are used to continuously track the

distribution of both fluids in the global domain. Here, we briefly review the

Level set method [94] and its advantages and limitations before we describe our

implementation.

In the Level set method, a scalar quantity (henceforth known as the Level set

function) is moved using a known (or somehow estimated) propogation speed (u).

Mathematically this translates to the well–known advection equation written for

the Level set function (φ (x)):

∂φ (x)

∂t
+ (u · ∇)φ (x) = 0 (0 < t ≤ T ) (8.79)
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The actual interface of interest is a preordained iso-surface of this scalar field

(say φ (x) = 0), and is thus implicitly embedded in φ (x). What sets this method

apart from other interface-tracking schemes is the inbuilt smoothness of the Level

set function. In other words, the Level set is a continuously-differentiable function

which naturally lends itself to conventional numerical treatment. This includes

a straightforward estimation of surface normals using ∇φ (x), curvatures using

∇·[∇φ (x)] and so on. In addition, it also becomes easier to utilize the smoothness

in the Level set function to regularize any discontinuities. That said, the method

isn’t totally impervious to limitations either, as discussed below.

In the context of multi-fluid problems, it is typical to initialize the Level set

to a signed distance function:

φ (x, t) =

{
d(x,Σ, t) if x ∈ Ωf2

−d(x,Σ, t) if x ∈ Ωf1

(8.80)

where d(x,Σ, t) is the shortest cartesian distance from point ‘x’ to the inter-

face, ‘Σ’ at time instant ‘t’. If the zeroth Level set represents the interface, then

the sign of the Level set function at any arbitrary point in the domain can be used

to uniquely identify the fluid occupying the region in question. In addition, dis-

continuous fluid properties such as density and viscosity are typically regularized

using trigonometric expressions that capitalize on the smoothness of the distance

function. Merely solving Eqn. 8.79 for long times, or to the point where signifi-

cant topological changes have been effected, often results in a marked deviation of

the Level set from the (initially) distance function. This significantly reduces the

accuracy of the interfacial tension source, especially if modelled as a distributed

volumetric force over a smeared/thickened interface [116]. The obvious solution

to this predicament is to re-initialize the Level set function to a distance function

every few time steps. Not only is this procedure quite expensive, doing so will

also necessarily perturb the precise interface position, thus accelerating the local

loss/gain of mass.

To address aforementioned issues, several re-initialization procedures and mass-

conserving solution algorithms have been proposed over the last decade [See 17,

129, 36, 132, 93, 124, 77, 138, 116, and references therein]. For most, if not all,

modifications either require expensive correction loops of a perturbed Hamilton-

Jacobi equation, introduction of lagrangian tracer/marker particles, or integra-

tion of the Level set method with the simultaneous solution of a Volume of Fluid

(VOF)–like color function. While lucrative from an accuracy standpoint, the ben-
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efits conferred also need to be balanced against the conceptual clarity and ease

of implementation of the original Level set method, especially when working in

three-dimensions. In light of the above considerations, a way to mitigate mass

loss/gain without losing the simplicity and elegance of the Level set method is

presented below.

First, we naturally treat the singular interfacial tension source term by explic-

itly extracting the intersection points of the zeroth Level set with the Eulerian

grid, followed by computing the associated surface integral over a piecewise lin-

ear approximation of the interface so formed. Also, for moderate density jumps

(say upto 1:10), one can skip the explicit regularization of discontinuous fields

(typically effected through smooth trigonometric approximations), and replace it

with implicit regularization resulting from the application of standard gaussian

quadratures when computing the discontinuous integrals. This relaxes the need

for the Level set to strictly remain a distance function at all times. Furthermore,

for the problem at hand, since we already know the approximate location(s) of the

interface, local refinement of the elements in this region can be performed apriori

to improve both mass conservation and overall accuracy.

We now proceed with a description of the Galerkin FEM used in the current

study.

8.6.2 Galerkin Finite Element Method

The GFEM is derived from the more general ‘Method of Weighted Residuals’ by

choosing weighting functions (also called test functions) to be the same as basis

functions (also called shape/interpolation/trial functions). The basic idea is to

find an approximate solution to the system of governing equations by minimizing

the (now weighted) residual1 in some average sense. To do so, the computational

domain needs to be spatially discretized using a suitable choice of finite elements.

Here, we use second–order Lagrange polynomials as basis (and also weighting)

functions for velocity and first–order polynomials for pressure in order to guarantee

stability of discretization. The result is a standard (continuous-pressure) Taylor-

Hood element as shown in Figure 8.3. In such an element, the velocity field is

typically computed at all ten nodes (quadratic approximation), while pressure

is computed only at the four corner nodes (linear approximation). The basis

1The residual is defined as the difference between the approximate and actual solution.
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Pressure nodes (1-4)

Velocity nodes (1-10)

Figure 8.3: Standard Taylor-Hood element in local coordinates
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functions for pressure at the np = 4 corner nodes are given by:

ψ1 = ξ

ψ2 = ζ

ψ3 = η

ψ4 = (1 − (ξ + ζ + η))

(8.81)

And, the interpolation function for pressure is defined as:

P ≈ P̂ =

np∑

i=1

P̂iψi (8.82)

Here, the computed pressure (P̂ ) is only an approximation (i.e. not exactly equal

to the correct solution, P ), and ‘P̂i’ is the pressure at the i−th node.

The basis functions for velocity at the nv = 10 nodes are given by:

φ1 = ξ(2ξ − 1)

φ2 = ζ(2ζ − 1)

φ3 = η(2η − 1)

φ4 = (1 − 2(ξ + ζ + η))(1 − (ξ + ζ + η))

φ5 = 4ξζ

φ6 = 4ζη

φ7 = 4ξη

φ8 = 4ξ(1 − (ξ + ζ + η))

φ9 = 4ζ(1 − (ξ + ζ + η))

φ10 = 4η(1 − (ξ + ζ + η))

(8.83)

And, the velocity interpolation function is defined as:

u ≈ û =

nv∑

i=1

ûiφi (8.84)

Once again, the computed velocity (û) is only an approximation (i.e. not exactly

equal to the correct solution, u), and ‘ûi’ is the velocity at the i−th node. Since the

basis functions for velocity are second–order (piecewise–quadratic) polynomials

(P2) and those for pressure are first–order (piecewise–linear) polynomials (P1), this

finite element is also sometimes referred to as a P2 − P1 element. Note that both

polynomials are defined locally within a standard element, and their derivatives

are not continuous across elements. Therefore, they are said to belong to space of

not-continuously-differentiable (i.e. C
0) functions.
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Variational form

The GFEM treatment for variational forms of the pressure (correction) poisson

equation and the viscous velocity momentum equation are discussed below. In the

interest of clarity, the following substitutions are first performed:

τ1 = −
7

2∆t
; τ2 =

5

2∆t
; τ3 = −

1

2∆t
(8.85)

Now, testing Eqn. 8.59 against pressure basis functions (ψ) gives:

∫

Ω

∇ ·
[
ρk

(
τ1ũ

n
1 + τ2ũ

n−1
1 + τ3ũ

n−2
1

)]
ψ ∂Ω = −

∫

Ω

(
∇

2φp

)
ψ ∂Ω (8.86)

Following Guermond and Salgado [59], we first replace ‘ρk’ in the above equa-

tion with the constant density of the lighter fluid (say ‘ρm’) which leads to an

inexpensive well-conditioned system that does not significantly sacrifice accuracy.

The revised pressure correction equation thus reads:

ρm

∫

Ω

∇ ·
(
τ1ũ

n
1 + τ2ũ

n−1
1 + τ3ũ

n−2
1

)
ψ ∂Ω = −

∫

Ω

(
∇

2φp

)
ψ ∂Ω (8.87)

Now, if we consider the following generic term as a template for any of the

three terms on the LHS of Eqn. 8.87, and use Green’s first identity, we have:

∫

Ω

(∇ · ũ1)ψ ∂Ω = −

∫

Ω

ũ1 · ∇ψ ∂Ω +

∫

∂Ω

(ũ1 · n∂Ω)ψ dS (8.88)

Non-penetration boundary conditions on (∂Ω = Γ) require that the surface

integral in the RHS of Eqn. 8.88 vanish. Also, if we use Green’s first identity on

the RHS of Eqn. 8.87, we get:

−

∫

Ω

(
∇

2φp

)
ψ ∂Ω =

∫

Ω

∇φp · ∇ψ ∂Ω −

∫

∂Ω

ψ (∇φp · n∂Ω) dS (8.89)

We can neglect the surface integral in the RHS of Eqn. 8.89 as ∇p1 ·n∂Ω|∂Ω = 0

is a reasonable approximation (especially for boundary layers at ∂Ω = Γ).

Thus, using Eqns. 8.88 and 8.89, we can rearrange Eqn. 8.87 to read:

∫

Ω

∇φp · ∇ψ ∂Ω = −ρm

∫

Ω

(
τ1ũ

n
1 + τ2ũ

n−1
1 + τ3ũ

n−2
1

)
· ∇ψ ∂Ω (8.90)

Once again, in the interest of clarity, we consider a generic term from the RHS

of Eqn. 8.90 as a template, and show how the Galerkin approximation unfolds
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when expanding ‘τu’ and ‘φp’ using the velocity and pressure basis functions

respectively:

∫

Ω

∇




np∑

j=1

(φ̂p,j)ψj


 · ∇ψk dΩ = − τρm

∫

Ω

∇ψk ·

(
nv∑

i=1

ûiφi

)
dΩ

∀k = 1, · · · , np

(8.91)

Performing the dot product and changing the order of summation and integration,

we get:

np∑

j=1

(φ̂p,j)

∫

Ω

∇ψj · ∇ψk dΩ = − τρm

∫

Ω

∇ψk ·

(
nv∑

i=1

ûiφi

)
dΩ

∀k = 1, · · · , np

(8.92)

In matrix notation, we have the final form of the discretized pressure poisson

equation:

(
Spk,j

)
{φ̂p,j} = {bp,k}; ∀k = 1, · · · , np (8.93)

Spk,j =

∫

Ω

∇ψj · ∇ψk dΩ (8.94)

bp = −ρm

∫

Ω

∇ψk ·

(
τ1

nv∑

i=1

ˆ̃u
n

1,iφi + τ2

nv∑

i=1

ˆ̃u
n−1

1,i φi + τ3

nv∑

i=1

ˆ̃u
n−2

1,i φi

)
dΩ

(8.95)

Here, ‘Spk,j ’ is the pressure stiffness matrix while ‘φ̂p,j ’ and ‘bp,k’ are the vector of

(unknown) pressure corrections and (known) sources respectively.

We now turn our focus to the solution of viscous velocity using Eqn. 8.56.

Before doing so, we first show how boundary conditions for the fluid/fluid and ex-

ternal solid/fluid interfaces are conveniently implemented in the variational form.

After testing against suitable basis functions (v), when we integrate the ‘total

stress’ term in Eqn. 8.33 by parts, we get:

∫

Ω

(∇ · σ1) · v dΩ =





−

∫

Ωf1

D[v] : σf1 dΩ −

∫

Ωf2

D[v] : σf2 dΩ +
∫

Σ

(σf1 · nf1) · v dS +

∫

Σ

(σf2 · nf2) · v dS +
∫

Γ

(σ1 · n∂Ω1
) · v dS

(8.96)
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We note here that the unit outward normal to fluid 2 (nf2) points into the domain

of fluid 1, and therefore according to the convention in Figure 8.1, nf2 = −nf1 =

−nΣ. Thus, surface integral contributions (for the internal fluid/fluid boundaries)

from the RHS of Eqn. 8.96 simplify as follows:

∫

Σ

(σf1 · nf1 + σf2 · nf2) · v dS =

∫

Σ

(σf1 − σf2) · nf1 · v dS (8.97)

Using the interfacial boundary conditions2, we can further simplify Eqn. 8.97 to

get:

∫

Σ

(σf1 − σf2) · nf1 · v dS =

∫

Σ

γκ nΣ · v dS (8.98)

For completeness, we also describe further simplification of the interfacial

source term, which will ultimately provide us with a way to naturally incorpo-

rate the GNBC. The RHS of Eqn. 8.98 can thus be further expanded using the

surface divergence formula [See Ref. 51, Eqn. 20]:

∫

Σ

γκ nΣ · v dS = −γ

∫

Σ

tr (∇Σv) dS + γ

∫

∂Σ

v · m dl (8.99)

Where ‘tr’ denotes the trace of the matrix, and the surface gradient operator

‘∇Σ’ acting on the smooth vector ‘v’ is defined as the following 3 × 3 matrix

product:

∇Σv = [I − (nΣ ⊗ nΣ)] [∇v] (8.100)

Here, ‘I’ is the identity tensor, and ‘v’ once again represents the basis func-

tions. We also note here that the curvature ‘κ’ has disappeared from the RHS of

Eqn. 8.99. This significantly improves the approximation of the interfacial source

term as estimating ‘κ’ accurately from the Level set function (φ) requires a very

fine spatial resolution. Furthermore, we also avoid an additional (and fairly ex-

pensive) inversion of the mass matrix in every time step as we no longer require

pointwise curvature.

We now proceed to discuss the implementation of the GNBC in the variational

form. To allow for contact line movement, we first need to relax the no–slip

condition over a thin surface band3 around the contact line. In other words, we

wish to enforce finite-slip so that the contact line can move relative to the surface

2Details pertaining to the same can be found in Appendix C, which also elaborates on the

treatment of velocity and pressure at external wall boundaries (Γ).
3Details of how this band is approximated can be found in step 7 of Section 8.7.
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of the particle. To do so, we introduce a non-zero viscous contribution to the global

(extended) stress tensor over the surface band (say ∂Picl) as a source term (Si)

in the fluid momentum equation. This term can be rephrased using the GNBC to

read:

Si =

∫

∂Picl

(σ1v · n∂Ω) · v dS = − β

∫

∂Picl

(u1 − Ui) · vτ dS −

γ

∫

∂Σ

[m · t∂Ω − cos θs] t∂Ω · vτ dl

(8.101)

The basis functions ‘vτ ’ lie on the tangent plane to the point of contact on the

particle surface, and are defined as shown below:

vτ = (v · t∂Ω)t∂Ω + (v · x∂Ω)x∂Ω; x∂Ω = t∂Ω × n∂Ω (8.102)

We are now in a position to combine line and particle surface contributions

from Eqns. 8.99 and 8.101 to arrive at an intermediate form for the momentum

sources (Si) from the moving contact line:

−β

∫

∂Picl

(u1 − Ui) · vτ dS − γ

∫

∂Σ

[(m · t∂Ω − cos θs) t∂Ω · vτ − v · m] dl

(8.103)

Substituting v = (v · n∂Ω)n∂Ω + (v · t∂Ω)t∂Ω + (v · x∂Ω)x∂Ω and noting that

m · x∂Ω = 0, we get the final simplified form for Si:

−β

∫

∂Picl

(u1 − Ui) · vτ dS + γ

∫

∂Σ

[(v · n∂Ω) (n∂Ω · m) + cos θs (t∂Ω · v)] dl

(8.104)

Now, inclusion of all interfacial tension sources (both line and surface), particle

body forces and surface slip in the vicinity of the contact line, gives us the following

viscous velocity equation (in variational form):

LHS =

∫

Ω

ρk

(
τ1v
˜̃u

n+1

1 + τ2vũ
n
1 + τ3vũ

n−1
1

)
· v ∂Ω (8.105)

Where,

τ1v =
3

2∆t
; τ2v = −

2

∆t
; τ3v =

1

2∆t
(8.106)
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RHS = −

∫

Ω

∇pn+1
1 · v ∂Ω −

∫

Ω

µk

(
∇˜̃u

n+1

1 · ∇v
)
∂Ω +

∫

Ω1

ρkgeg · v ∂Ω1 +

∫

Ωi

ρigeg · v ∂Ωi −

γ

∫

Σ

tr (∇Σv) dS − β

∫

∂Picl

(
ũ
∗,n+1

1 − U
∗,n+1

i

)
· vτ dS +

γ

∫

∂Σ

[(v · n∂Ω) (n∂Ω · m) + cos θs (t∂Ω · v)] dl

(8.107)

We can now rearrange the terms from both sides (Eqns. 8.105 and 8.107) to

separate the unknowns from the known quantities. The updated left and right

hand sides now read:

LHS =

∫

Ω

ρkτ1v
˜̃u

n+1

1 · v ∂Ω +

∫

Ω

µk

(
∇˜̃u

n+1

1 · ∇v
)
∂Ω (8.108)

RHS = −

∫

Ω

∇pn+1
1 · v ∂Ω −

∫

Ω

ρk

(
τ2vũ

n
1 + τ3vũ

n−1
1

)
· v ∂Ω +

∫

Ω1

ρkgeg · v ∂Ω1 +

∫

Ωi

ρigeg · v ∂Ωi − γ

∫

Σ

tr (∇Σv) dS −

β

∫

∂Picl

(
ũ
∗,n+1

1 − U
∗,n+1

i

)
· vτ dS +

γ

∫

∂Σ

[(v · n∂Ω) (n∂Ω · m) + cos θs (t∂Ω · v)] dl

(8.109)

The fluid and particle velocities used in the slip surface integral are obtained

through extrapolation:

ũ
∗,n+1

1 = 2ũn
1 − ũn−1

1 (8.110)

U
∗,n+1

i = 2Un
i − Un−1

i (8.111)

Expanding the velocity using second-order basis functions (φ), we get:

LHS =

∫

Ω

ρkτ1v

(
nv∑

l=1

ˆ̃
ũ

n+1

1,l φl

)
· φj ∂Ω +

∫

Ω

µk

[
∇

(
nv∑

l=1

ˆ̃
ũ

n+1

1,l φl

)
· ∇φj

]
∂Ω ∀ j = 1, · · · , nv

(8.112)

Changing the order of integration and summation:

LHS = τ1v

nv∑

l=1

ˆ̃
ũ

n+1

1,l

∫

Ω

ρk

(
φl · φj

)
∂Ω +

nv∑

l=1

ˆ̃
ũ

n+1

1,l

∫

Ω

µk

(
∇φl · ∇φj

)
∂Ω ∀ j = 1, · · · , nv

(8.113)
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Similarly, expanding both pressure and velocity using their respective basis

functions and changing the order of summation and integration for the pressure

gradient contribution in the RHS, we get:

RHS = −

np∑

m=1

p̂n+1
1,m

∫

Ω

∇ψm · φj ∂Ω −

∫

Ω

ρk

[
τ2v

(
nv∑

l=1

ˆ̃u
n

1,lφl

)
· φj + τ3v

(
nv∑

l=1

ˆ̃u
n−1

1,l φl

)
· φj

]
∂Ω −

γ

∫

Σ

tr
(
∇Σφj

)
dS +

∫

Ω1

ρkgeg · φj ∂Ω1 +

∫

Ωi

ρigeg · φj ∂Ωi −

β

∫

∂Picl

[(
nv∑

l=1

ˆ̃u
∗,n+1

1,l φl

)
− U

∗,n+1

i

]
· φj,τ dS +

γ

∫

∂Σ

[(
φj · n∂Ω

)
(n∂Ω · m) + cos θs

(
t∂Ω · φj

)]
dl ∀ j = 1, · · · , nv

(8.114)

In matrix notation:

(τ1vMl,j + Sl,j) {
ˆ̃
ũ

n+1

1,l } = {fj} − {

np∑

m=1

p̂n+1
1,m }Lm,j ; ∀ j = 1, · · · , nv (8.115)

Ml,j =

∫

Ω

ρk

(
φl · φj

)
∂Ω

Sl,j =

∫

Ω

µk

(
∇φl · ∇φj

)
∂Ω

Lm,j =

∫

Ω

∇ψm · φj ∂Ω

fj =

[
τ2v

(
nv∑

l=1

ˆ̃u
n

1,l

)
+ τ3v

(
nv∑

l=1

ˆ̃u
n−1

1,l

)]
Ml,j −

γ

∫

Σ

tr
(
∇Σφj

)
dS +

∫

Ω1

ρkgeg · φj ∂Ω1 +

∫

Ωi

ρigeg · φj ∂Ωi −

β

∫

∂Picl

[(
nv∑

l=1

ˆ̃u
∗,n+1

1,l φl

)
− U

∗,n+1

i

]
· φj,τ dS +

γ

∫

∂Σ

[(
φj · n∂Ω

)
(n∂Ω · m) + cos θs

(
t∂Ω · φj

)]
dl

Here, ‘M’, ‘S’ and ‘L’ are the mass, stiffness and gradient matrices respectively.

The known values (i.e. boundary conditions and source terms) are included in

vector ‘f’.
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Non-dimensional governing equations

One can always non-dimensionalize the governing equations after choosing suitable

characteristic scales. Thus, if ‘lc’ and ‘uc’ are chosen as the characteristic length

and velocity scales for the problem at hand, the final dimensionless form for the

viscous velocity equation would read:

LHS = τ1v

nv∑

l=1

ˆ̃
ũ

n+1

1,l

∫

Ω

λρ

(
φl · φj

)
∂Ω +

{
µf1

lc uc ρf1

} nv∑

l=1

ˆ̃
ũ

n+1

1,l

∫

Ω

λµ

(
∇φl · ∇φj

)
∂Ω ∀ j = 1, · · · , nv

(8.116)

RHS = −

np∑

m=1

{
p̂n+1
1,m

ρf1uc
2

}∫

Ω

∇ψm · φj ∂Ω −

∫

Ω

λρ

[
τ2v

(
nv∑

l=1

ˆ̃u
n

1,lφl

)
· φj + τ3v

(
nv∑

l=1

ˆ̃u
n−1

1,l φl

)
· φj

]
∂Ω −

{
γ

ρf1 lc uc
2

}∫

Σ

tr
(
∇Σφj

)
dS +

{
g lc
uc

2

}∫

Ω1

λρeg · φj ∂Ω1 +

{
ρi

ρf1

}{
g lc
uc

2

}∫

Ωi

eg · φj ∂Ωi −

{
β

uc ρf1

}∫

∂Picl

[(
nv∑

l=1

ˆ̃u
∗,n+1

1,l φl

)
− U

∗,n+1

i

]
· φj,τ dS +

{
γ

ρf1 lc uc
2

}∫

∂Σ

[(
φj · n∂Ω

)
(n∂Ω · m) + cos θs

(
t∂Ω · φj

)]
dl

∀ j = 1, · · · , nv

(8.117)

All quantites within curly braces are dimensionless. The quantity (
p̂n+1

1,m

ρf1uc
2 ) can

be referred to as a non-dimensional pressure (say P1). ‘lc/uc’ is the characteristic

time scale and λρ = ρk

ρf1
and λµ = µk

µf1
are the dimensionless density and vis-

cosity ratios respectively. Dimensionless groups relevant to present problem are

therefore:

Re =
lc uc ρf1

µf1

, F r =
uc

2

g lc
, We =

ρf1 lc uc
2

γ
, β̃ =

β

uc ρf1

, λρ , λµ ,
ρi

ρf1

(8.118)
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Here, ‘Re’, ‘Fr’ and ‘We’ are the Reynolds, Froude and Weber numbers re-

spectively. ‘β̃’ is the non-dimensional slip coefficient.

A similar treatment when extended to the pressure poisson equation (Eqn. 8.92)

yields the following non-dimensional form:

np∑

j=1

(
φ̂p,j

ρmuc
2
)

∫

Ω

∇ψj · ∇ψk dΩ = −τ

∫

Ω

∇ψk ·

(
nv∑

i=1

ûiφi

)
dΩ

∀k = 1, · · · , np

(8.119)

Once again, the quantity (
φ̂p,j

ρmuc
2 ) can be referred to as a non-dimensional

pressure correction (say δP1).

8.7 Overall solution procedure

The complete algorithm employed in the present work is summarized below. All

equations are presented in non-dimensional form.

1. Enforce dirichlet boundary conditions for velocity on ‘Γ’ followed by solving

the advection equation (for both the Level set and velocity). At the end of

this step, we obtain the advected velocities ‘ũn
1 ’, ‘ũn−1

1 ’ and the advected

levelset function, φn+1 = φ̃n.

∂ũn−i
1 (t)

∂t
+ (ũn−i

1 (t) · ∇)ũn−i
1 (t) = 0; i = 0, 1

∂φ̃n−i(t)

∂t
+ (ũn−i

1 (t) · ∇)φ̃n−i(t) = 0; i = 0

ũn−i
1 (0) = un−i

1

φ̃n−i(0) = φn−i (8.120)

Solving the above equations in the overall domain would advect the Level

set function in the particle domain with the local fluid velocity in Ωi. With

slipping in effect outside Ωi, this can cause the Level set function in the

vicinity of the contact line to develop sharp transitions and exhibit a tem-

porally evolving tearing-interface like effect. This is especially true in cases

that feature appreciable particle velocities but not as significant contact line

velocities relative to a stationary reference frame (say on the outer boundary,

Γ), and is further amplified if the particle features appreciable angular veloc-

ities. Clearly such distortions in the Level set field are undesirable, largely
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because accurate computation of contact-line integrals relies on accurate es-

timation of the fluid/fluid interface normal at the contact line, which is best

obtained using the gradient of the Level set function. A skewed Level set dis-

tribution would undeniably compromise this accuracy. As the distribution

and kinematics of the Level set function within the particle(s) is fictitious

(physically speaking), it is then acceptable to advect the Level set there with

a velocity representative of the fluid just outside the sphere. Choosing the

surface average of fluid velocity in the thin band (∂Picl) for instance, would

not only preserve the smoothness of the Level set field, but also facilitate

smooth slipping of the contact line. As a result, the fluid inside the parti-

cle(s) is advected with a velocity obtained from a surface average of ũ
∗,n+1

1

in the present study.

It should be noted that since no-slip (zero-velocity) dirichlet conditions are

imposed on the overall domain boundary, it is not necessary solve Eqns. 8.120

for element nodes located on ‘Γ’. Ideally however, one should advect both

(velocity and Level set) fields in the vicinity of the contact line where fi-

nite slip is imposed. Nevertheless, given that our primary focus is on the

movement of the contact line over the particle surface, we do not impose the

GNBC on ‘Γ’, and therefore, the contact line over the external boundaries

is assumed to remain fixed for all times.

2. Predict the particle center of mass using:

Xn+1
i = Xn

i + ∆t
(
2Un

i − Un−1
i

)
(8.121)

For second-order prediction, the equation therefore simplifies as shown:

Xn+1
i =

(
Xn

i − ∆tUn−1
i

)
+ 2∆tUn

i (8.122)

⇒ Xn+1
i = Xn−1

i + 2∆tUn
i (8.123)

3. Use the advected levelset function (φn+1) to tag all elements that intersect

the sphere, the fluid/fluid interface and both.

4. Populate the mass, stiffness (for both pressure and velocity) and gradient

matrices. Since the mass and stiffness matrices for velocity contain the

discontinuous factors (λρ and λµ), it is useful to regularize them for numerical

stability when using purely Eulerian methods. For small enough density
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and/or viscosity jumps, using standard gaussian quadrature to approximate

the integrals computed on elements that intersect the free boundary serves

as an implicit way to smooth discontinuities. Although very convenient, this

procedure requires that we pay the price in accuracy. Local grid refinement

in the vicinity of such interfaces helps reduce the error introduced by such

regularization [88].

5. Compute the RHS for the pressure poisson equation and solve for the pres-

sure correction (δP1) using:
(
Spk,j

)
{δP1,j} = {bp,k}; ∀k = 1, · · · , np (8.124)

6. Update the pressure using Pn+1
1 = Pn

1 + δP1.

7. Compute the source terms for the momentum equation to solve for the vis-

cous velocity (
ˆ̃
ũ

n+1

1 ):

(
τ1vMl,j +

1

Re
Sl,j

)
{
ˆ̃
ũ

n+1

1,l } = {fj} − {

np∑

m=1

Pn+1
1,m }Lm,j ; ∀ j = 1, · · · , nv

(8.125)

It is worth recalling that interfacial contributions to the source term (f)

can bring along a certain degree of nonlinearity depending on the value of

interfacial tension (γ) and/or interface curvature. For instance, curvature

(κ) depends on divergence of the normal (nn+1
Σ

), which in turn depends

on the gradient of the Level set (φn+1), which ultimately depends on the

advecting fluid velocity (ũn
1 ). As a result, it becomes important to ensure

that the interfacial sources are computed accurately. A popular albeit less

accurate way to compute such singlular non-linear terms is to smear the

interface over a few elements using trigonometric approximations [See Ref.

112, and references therein]. Although doing so regularizes the problem

significantly, maintaining reasonable accuracy requires that the Level set

function be re-initialized every few time steps to a smooth distance function

in the vicinity of the interface. In addition, the curvature of the interface

also needs to be computed explicitly from the Level set function. Lack of

a very fine discretization can introduce inaccuracies in the curvature which

can ultimately render the interface approximation sub-optimal.

An alternate approach is to naturally treat the singular sources by approxi-

mating the fluid/fluid interface using piecewise-linear patches. This is done
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by explicitly computing the intersection points of the zeroth Level set with

the element in question4. However, the fluid/fluid normal to this approxi-

mated surface (patch) is piecewise-constant, and thus, it would be discon-

tinuous when moving from one intersected element to an adjacent one on

the interface. A better option is to compute the interface normal smoothly

from the gradient of the Level set function in the volume element using:

nn+1
Σ

=
∇φn+1

|∇φn+1|
(8.126)

Doing so results in a normal that is both accurate and continuous over the

fluid/fluid interface, and is therefore desirable especially when working with

coarse grids and low to moderate interface curvature.

Once the interface normals are computed, computation of line sources to ‘f’

can be done in a similar fashion by computing the intersections of the lines

that define the piecewise-linear fluid interface patches with the sphere sur-

face. Line integrals can thus be evaluated on the piecewise-linear segments

so formed. As mentioned before, for improved accuracy, it is imperative to

locally refine the Eulerian grid in the vicinity of any interfaces. Since, for the

problem at hand, we know apriori the specific regions where such interfaces

exist and/or evolve, we choose to build the Eulerian grid with appropriate

local refinement.

Finally, it should be mentioned that the thin band (∂Picl) over which finite

slip is imposed, is obtained by computing the intersection of the particle

surface with elements that intersect the fluid/fluid interface. Once again, a

piecewise-linear approximation of such patches cumulated over the particle

surface gives us the band over which surface slip is imposed.

8. Solve for the intermediate (predicted) particle velocity (
˜̃
Ui) using:

τ0
˜̃
Ui + τ1U

n
i + τ2U

n−1
i =

1

Vi

∫

Ω
n+1

i

(
τ0

ˆ̃
ũ

n+1

1 + τ1ũ
n
1 + τ2ũ

n−1
1

)
∂Ωi

(8.127)

9. Obtain the corrected particle velocity (Un+1
i ):

Un+1
i =

˜̃
Ui

[
1 −

ρf1

ρi Vi

∫

Ω
n+1

i

λρ ∂Ωi

]
+

ρf1

ρi Vi

∫

Ω
n+1

i

λρ
ˆ̃
ũ

n+1

1 ∂Ωi (8.128)

4An optimal algorithm for the same is discussed in Appendix D.
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10. Estimate the intermediate angular velocity of the particle (ωn+1,∗
i ) using:

ω
n+1,∗
i =

1

2Vi

∫

Ωi

∇ ×
ˆ̃
ũ

n+1

1 ∂Ωi (8.129)

It has been found that for cases where there is hardly any appreciable an-

gular displacement, the above estimation of ω
n+1,∗
i is fairly accurate [142].

However, generally speaking, one needs to compute the angular velocity

implicitly using un+1
1 . This requires a slightly more expensive iterative pro-

cedure which is described shortly in more detail.

11. Compute the fluid viscous velocity correction (δun+1
1 = un+1

1 −
ˆ̃
ũ

n+1

1 ) in Ω:

(
un+1

1 −
ˆ̃
ũ

n+1

1

)
=

[(
˜̃
Ui −

ˆ̃
ũ

n+1

1

)
+
(
ω

n+1,∗
i ×

[
x − Xn+1

i

])
+

ρf1

ρi Vi

∫

Ω
n+1

i

λρ

(
ˆ̃
ũ

n+1

1 −
˜̃
Ui

)
∂Ωi

]
H

(8.130)

12. Update the viscous velocity (
ˆ̃
ũ

n+1

1 ):

ˆ̃
ũ

n+1

1,new =
ˆ̃
ũ

n+1

1 + δun+1
1 (8.131)

13. Use the updated viscous velocity to recompute (correct) the angular velocity

of the particle:

ωn+1
i =

1

2Vi

∫

Ωi

∇ ×
ˆ̃
ũ

n+1

1,new ∂Ωi (8.132)

14. Compute the difference with the intermediate angular velocity:

δωn+1
i = ωn+1

i − ω
n+1,∗
i (8.133)

15. If the L2 norm of the difference (δωn+1
i ) is less than a specified tolerance,

then ωn+1
i is considered the final angular velocity, and the particle center of

mass is updated using:

Xn+1
i = Xn

i +
∆t

2

(
Un+1

i + Un
i

)
(8.134)

16. If not, then proceed with iterative corrections for angular velocity in Ωi:
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(a) First compute the correction for viscous velocity in Ωi:

δ
ˆ̃
ũ

n+1

1 =

∫

Ω
n+1

i

δωn+1
i ×

(
x − Xn+1

i

)
∂Ωi (8.135)

(b) Invert the original mass matrix (i.e. the one computed without the

density factors (λρ) in the integrand) and solve for the viscous velocity

correction (δ
ˆ̃
ũ

n+1

1 ).

(c) Compute an updated angular velocity correction:

δωn+1,∗
i =

1

2Vi

∫

Ωi

∇ × δ
ˆ̃
ũ

n+1

1 ∂Ωi (8.136)

(d) Update the fluid viscous velocity and the particle angular velocity with

the corrections:

ˆ̃
ũ

n+1

1,new =
ˆ̃
ũ

n+1

1 + δ
ˆ̃
ũ

n+1

1 (8.137)

ωn+1
i,new = ωn+1

i + δωn+1,∗
i (8.138)

(e) Obtain the L2 norm of δωn+1,∗
i . If this norm is below the specified

tolerance, then (un+1
1 =

ˆ̃
ũ

n+1

1,new), and (ωn+1
i = ωn+1

i,new) will contain the

final fluid and particle angular velocities in Ωi. We can then exit the

iterative correction and proceed to updating the particle center of mass

using Eqn. 8.134. If not, we return to the beginning of this iterative

correction loop using δωn+1,∗
i as the new correction.

Throughout this work, numerical integration is carried out using gaussian

quadratures, and linear algebraic equations resulting from spatial discretization

are solved using pre-conditioned conjugate gradients. Specific details on these

procedures may be found in [30]. The next chapter will discuss code validation

and results from specific test cases.
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Chapter 9

Results and Discussion

The fictitious domain formulation used in the present study has previously been

qualitatively and quantitatively verified against experiments [See Refs. 30, 142].

As a result, in the following sections, we will first focus on validation of the Level

set implementation using some established benchmarks [88]. This will be followed

by a series of cases that progressively increase in complexity. In particular, we

first constrain the particle and observe the changes in dynamic contact angle as

time progresses. Next, we release the particle and study the composite system (i.e.

both MCL and rigid body dynamics). Finally, we will demonstrate the usefulness

of the present work by applying it to a situation of practical interest, namely the

attraction of floating particles.

9.1 Level set validation

In this section, we validate our Level set implementation using two computa-

tionally challenging examples. The first is the well-known zero-gravity shape-

relaxation problem that demonstrates the evolution of a dialated fluid particle to

a reposed and energetically favorable terminal state [See Ref. 76, page 81]. The

second focuses on the buoyancy-driven motion of a fluid particle toward an in-

terface [63]. In both cases, the outer surface of the fluid particle in question is

completely surrounded by another (initially quiescent) immiscible fluid.

9.1.1 Shape relaxation of a prolate spheroid

This problem clearly illustrates the principle of energy minimization. An initially

contorted drop when left to the mercy of interfacial tension forces will necessarily
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revert to a state of minimum total energy (i.e. a spherical shape). This is realized

by drop motion driven by pressure gradients that originate from variations in

interface curvature. Although somewhat trivial from a purely physical perspective,

this problem is known to be notorious numerically as it is driven by a (singular)

δ-function acting as the primary source of motion [88]. As a result, our ultimate

objective here is three-fold:

1. Realize recovery to a stable and static (i.e. zero velocity field) equilibrium

state featuring a surface of constant mean curvature.

2. Establish the laplace pressure gradient across the interface at equilibrium.

Note that the pressure distribution should ideally be pointwise-constant in-

side each fluid once the drop has reached a spherical shape.

3. Conserve the mass/volume of the drop.

We begin by considering an initially ellipsoidal drop centered in a unit-cube. The

shape of the drop is given by the following equation:

x2

a2
+
y2

b2
+
z2

c2
= 1 (9.1)

For this base case, a = c = 1/5, and b = 5/16. The non-dimensional volume of the

drop is therefore π/60. If we assume unit velocity and length scales (uc = lc = 11)

and λρ = λµ = 1, then for a system featuring ρ = 0.1, µ = 0.01, and γ = 0.1, the

remaining dimensionless groups work out to Re = 10, and a fairly small Weber

number (We = 1), which is ideal for testing the robustness and accuracy of the

current implementation.

The above problem was solved on three unstructured grids featuring increas-

ing local refinement. ‘Element volume’ based contours2 of a cross-section of the

domain are shown in Figure 9.1 for comparison.

Figure 9.2 shows results obtained on the finest grid. Clearly, the drop under-

goes the expected behavior. Also, as shown in Figure 9.3(a), one can see that

the velocity is negligible nearly everywhere in the domain once the drop has re-

laxed to a spherical shape. The regions of non-zero velocity are concentrated in

1Unless otherwise specified, henceforth, dimensional quantities are assumed to be reported in

SI units.
2Here, and in the rest of this thesis, all cross-sectional views of the computational grid are

colored from blue to red based on an increasing element volume. Regions featuring intensive grid

refinement therefore appear in increasing shades of blue.
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(a) Coarse (39,399 nodes) (b) Mediocre (182,770 nodes) (c) Fine (1,321,488 nodes)

Figure 9.1: Spatial discretization of a unit cube with center (0,0,0).

(a) Time = 0 (b) Time = 0.15 (c) Time = 0.5

Figure 9.2: Shape of the drop for increasing time on the fine grid.

89



9. Results and Discussion

the vicinity of the interface. This is the so-called parasitic-current problem that

owes its existence to local gradients in curvature arising partly from an inexact

reproduction of the interface [71, 45]. In fact, quite recently it has been shown

that this artifact is inevitable even if one uses a pure spherical approximation for

the interface curvature [3]. For long advection times, such localized instabilities

can cause the surface of the drop to gradually lose smoothness (see for e.g. Fig-

ure 9.2(c)). It should however be noted that the effect of such spurious currents

can be mitigated by appropriate local refinement as is done in the current study.

We now turn our attention to the pressure field.

The Young-Laplace relation states that the normal stress across the interface is

balanced by the forces of interfacial tension. In dimensionless form, this equation

reads:

∆P = Pi − Po =
2κ̃

We
(9.2)

Where, ‘P ’ and ‘κ̃’ are the non-dimensional pressure and mean curvature respec-

tively, and subscripts ‘i’ and ‘o’ refer to the interior and exterior of the drop. From

Eqn. 9.2, we get ∆P ≈ 8.62 for the base case. As is clear from Figure 9.3(b) and

Table 9.1, predictions from the most refined grid correspond to the least mass loss

and closest agreement with the laplace pressure. This attests to consistency in

our interface approximation.

Grid ∆t λρ λµ ∆P ∆m

Coarse 0.0005 1 1 9.20 23.5

Mediocre 0.0002 1 1 8.77 10.3

Fine 0.0001 1 1 8.69 4.3

Fine 0.0001 0.1 0.1 8.72 2.1

Table 9.1: Percent mass loss (∆m) and pressure jump (∆P ) at equilibrium.

Even in the absence of a gravitational field, it is instructive to perform the

above benchmark with non-unit density and viscosity ratios. Not only does this

make the problem more realisitic, it also sheds light on the ability of the imple-

mented method to handle discontinuous jumps in material properties. As shown

in Table 9.1, a variation of the base case with the drop being ten times as dense

and viscous as the surrounding fluid yielded similar results although with better

mass conservation.
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(a) Velocity contours at time = 0.5
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Figure 9.3: Results from the base case on the finest grid.
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9.1.2 Drop ascension toward an interface

Despite being more useful as a qualitative benchmark, this sophisticated prob-

lem, which is dominated by an interplay of capillary, viscous and gravitational

forces can substantially test the limits of a given two-fluid implementation. This

example is especially popular among those studying the intricate mechanics of

film-drainage, instability and subsequent coalescence [63, 13, 18, 22, 121, 28]. For

the present, we focus on the case where the fluid inside the drop and above the

initially flat interface are the same. In addition, since we do not include the effect

of London-van der Waals and/or electrostatic forces in our simulations, we restrict

our examination to the point where the film thickness becomes comparable to the

element size. Our objective here is to compare the predicted terminal drop shape

[88] with experimental observations [63]. Quantitative comparisons, although fea-

sible, are not very depictive as the initial conditions of the experiment such as

the extent of drop deformation at the time of release, are unknown and therefore,

difficult to imitate in the simulation.

Figure 9.4(a) shows a cross-section of the computational grid over which the

problem was solved. Following Minev et al. [88], dimensionless groups correspond-

ing to this problem were: Re = 1, We = 0.07 and Fr = 0.022. The drop was half

as dense as the surrounding fluid, which in turn was fifty times as viscous as the

drop itself. To keep the problem tractable, the domain was truncated to a cube of

side 5 non-dimensional units. As shown in Figure 9.5(a), the drop was initialized

to a sphere of unit-radius centered half a radius below the cube centroid, while

the planar fluid/fluid interface was positioned 1.25 non-dimensional units below

the upper domain boundary. The Level set distribution in the entire domain was

subsequently re-initialized to correspond to a pure distance function. Due to ap-

preciable interfacial tension, and thus increased non-linearity, it was necessary to

use a low time-step size (∆t = 0.00002) in conjuction with a locally refined grid

when solving this problem.

A cross-sectional view of the computed drop shape as it ascends toward the

interface is shown in Figure 9.5(b). It can be seen that the drop has deformed

to an oval shape with a slightly flattened base owing to appreciable capillary and

gravitational forces [22]. Finally, Figure 9.6 provides a comparison of the terminal

drop shape with the experimental photograph of Hartland [63]. The qualitative

similarity between the two is quite evident. Also, the global mass loss of the lighter

fluid computed at time t = 0.46 was roughly 1%.
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(a) Grid (1,129,787 nodes)

(b) Time = 0.35

Figure 9.4: Side view of the computational mesh and intermediate 3D drop shape.
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(a) Time = 0

(b) Time = 0.35

Figure 9.5: Shape of the drop for increasing time.
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(a) Terminal shape [63]

(b) Time = 0.46

Figure 9.6: Comparison of predicted and experimental drop shapes.
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The usefulness and accuracy of the current Level set implementation has

thus been demonstrated. Noteworthy attributes are the ability to handle three-

dimensional two-fluid flows featuring low to moderate density/viscosity ratios3,

while retaining the simplicity and computational cost-effectiveness of the original

Level set method. In addition, when combined with a fictitious domain formula-

tion, the present technique has the potential to simulate particulate flows domi-

nated by capillary forces, all the while retaining the benefits conferred by a fixed

(Eulerian) grid.

9.2 Equilibrium configuration of a pendant drop

Having implemented a MCL boundary condition, it is of interest to first study

the predictions resulting from a case where the contact line moves relative to a

stationary surface. Also, given the prominence of this boundary condition in the

current study, it is preferable to have access to experimental data for comparison.

The experimental work of Smith and Ven [123], who investigated the wetting and

subsequent transition to equilibrium for liquid drops attached to solid particles in

a gravitational field readily serves this purpose. In their work, Smith and Ven [123]

explored the dynamic shape and equilibrium stability of liquid-liquid interfaces in

partially engulfed systems. To this end, they quantified the creeping movement of

a drop of Fluoro-silicone oil over a stationary, precision ground synthetic sapphire

sphere otherwise surrounded by the more viscous Pale-4-oil. We simulated a very

similar system characterized by dimensionless groups shown in Figure 9.7.

In the interest of computational tractability, the simulation was performed in

a cube of side 2 non-dimensional units. The diameter of the rigid sphere was

chosen as a characteristic length scale (i.e. lc = 0.1 cm), while the capillary

velocity (uc = γ
µdrop

) served as the characteristic velocity scale. The solid sphere

was permanently fixed at a position 0.45 non-dimensional units above the domain

centroid, while the Fluoro-silicone drop was initialized to a sphere of radius 0.455

non-dimensional units and centroid (0,−0.35,0). This configuration serves the

following purposes:

1. It corresponds to a drop of dimensionless volume very close to that reported

in the experiment. In addition, the resulting filling and dynamic contact

3Typically encountered in liquid-liquid systems.
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Figure 9.7: Left: Equilibrium configuration and physical properties; Right: Pre-

dictions from the direct simulation (dots) compared against measurements (solid

curve) (Adapted from Smith and Ven [123]).

angles are closer to experimental observations, thus contributing toward a

realistic initial condition.

2. It obviates the need to address the additional problem of contact-line for-

mation, and to resolve subsequent dynamics of the thin film, which is char-

acteristic of initial stages in the experiment. It should however be noted

that even if desired, prescribing a realistic initial Level set distribution that

embeds the thin film whilst maintaining the drop volume is non-trivial.

3. Finally, it allows for an optimal balance between computational overhead

(in terms of mesh resolution), and providing enough room to traverse a

significant (and verifiable) portion of the trajectory in Figure 9.7.

Parameter t = 0 t = 1.5 t = 5.7 t = 9.6 t = 11.4

ψ 32 27 24 21 19

θd 113 115 121 126 130

Table 9.2: Predicted dynamic angles for the pendant drop as dimensionless time

increases (β̃ = 0).

Figure 9.8(a) shows a vertical cross-sectional view of the discretized domain.

Local refinement of the grid was performed along the bottom surface of the rigid
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sphere (where the contact line is expected to move) and the fluid-fluid interface,

the former being more intense.

The simulation was started after setting the equilibrium contact angle (θs) to

the reported receding contact angle (θr = 138). In addition, the slip coefficient was

set to zero in order to employ a more generic numerical slip procedure (reasons for

the same are elaborated later in Section 9.3.1). Initial conditions for the filling

and apparent contact angles correspond to the green dot in Figure 9.7. The blue

dots show subsequent predicted angles4, while the red dot marks the stage beyond

which the simulation had to be stopped due to excessive straining of the Level

set inside the sphere near the contact line. Reasons for the same are elaborated

below.

Put simply, as one approaches the sphere bottom, the vertical component of

representative velocity used to advect the Level set inside the particle sharply

decreases toward zero. As a result, the extended Level set inside the particle is

unable to keep up with the relatively faster contact line (and interface) displace-

ment outside. Although computations can still be carried out beyond this stage

(especially if using piecewise-constant interface normals), degradation (or loss of

smoothness) in the Level set distribution will almost certainly impair overall ac-

curacy. For the most part however, it is clear from Figure 9.7 that there is very

good agreement with reported measurements up to this point.

A snapshot of the instantaneous velocity field is shown in Figure 9.8(b). Here,

one can clearly observe the ‘rolling’ nature of the velocity field near the contact line

inside the drop. Also, the high velocity region near the contact line is suggestive

of tangential forces5 driving the system toward equilibrium.

Mass loss for this problem was found to be negligible (< 1%). This isn’t

surprising given the fine discretization employed in the vicinity of the fluid-fluid

interface. Finally, initial and final (i.e. at t = 11.4) configurations of the drop are

shown in Figure 9.9. While it isn’t possible to directly compare the reported equi-

librium shape with our predictions, a qualitative comparison with the predicted

shape at t = 11.4 shows promising trends.

In closing, it should be mentioned that for this case, since the linear and an-

gular sphere velocities were set to zero for all times, non-penetration was strongly

enforced by setting (φj · n∂Ω = 0) in Eqn. 8.117. Thus the only driving force

toward equilibrium at the contact line was tangential in origin.

4These angles are also quantified in Table 9.2.
5In this case, the uncompensated Young’s stress.
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(a) Grid (773,713 nodes), ∆t = 0.0005

(b) Velocity field across a vertical cross-section (t = 0.95, ∆t = 0.0005)

Figure 9.8: Computational grid and ‘rolling’ kinematics.
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(a) Initial drop shape t = 0

(b) End drop shape (t = 11.4)

Figure 9.9: Initial and end configurations for the pendant drop.
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9.3 Particle at an interface

In this section, we investigate the evolution to equilibrium for a single particle at a

fluid-fluid interface. Figure 9.10 provides a schematic of the problem in question.

Here, a rigid spherical particle of radius ‘R’ and density ‘ρs’ is suspended at a

fluid-fluid interface endowed with a constant interfacial energy per unit area (γ).

‘φf ’ is the filling angle to the vertical, while ‘θ1’ marks the angle to the free surface

level, located at a height ‘zc’ above the point (line) of contact. The angle between

the two tangents ‘Tp’ and ‘Tm’ is the static/equilibrium contact angle as measured

from the lower fluid phase (α).

zc

ρ2

µ2

Free surface level

ρ1

µ1

ρs

θ1

R

Fc

Fp

Fg

φf
α

Tp

Tm

γ

ψ

Figure 9.10: Schematic of a single floating particle

While the net horizontal force for such a configuration is zero by virtue of

symmetry, an analysis of vertical forces on the particle reveals that it is under the

influence of a gravitational body force (Fg), a vertical component of capillary force

(Fc), and a pressure force (Fp), which is essentially the archemedian buoyancy

force augmented with corrections to account for the pressure jump across the

curved meniscus. In other words, vertical equilibrium6 requires:

Fg = Fc + Fp (9.3)

Where,

Fg =
4

3
πR3ρsg (9.4)

6This force balance expression can be found in various texts [See for e.g. Ref. 99], and is

derived using hydrostatic principles that globally minimize gravitational potential energy for the

system in question.
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Fc = −2π (R sinφf ) γ sin (φf + α) (9.5)

Fp =

∫ 2π

0

[∫ π

0

(p cosφf ) (R sinφf ) (Rdφf )

]
dψ

= ρ1gπR
3

(
2

3
− cosφf +

1

3
cos3 φf

)
+

ρ2gπR
3

(
2

3
+ cosφf −

1

3
cos3 φf

)
−

(ρ1 − ρ2) g
(zc
R

)
πR3 sin2 φf

(9.6)

It is thus possible to verify the accuracy7 of an experimental/numerical realization

by knowing the measured/predicted values of interfacial deformation (zc

R
), and the

equilibrium filling angle (φf ). As a result, in the examples that follow, we will use

Eqn. 9.3 to analyze our findings.

9.3.1 The case of lighter particles

A particle with a density between that of both fluid phases will typically8 float at

the interface. However, its floating height (R cosφf ), and the extent of interfacial

deformation will depend on the coefficient of interfacial tension and the equilibrium

contact angle. Maru et al. [84] studied such a system through experimental means.

In their work, a sphere pre-wetted with the upper-phase liquid was introduced at

the fluid-fluid interface where it shortly attained equilibrium. After sufficient time

(≈ 30 minutes), photographs of the sphere were taken, from which, the filling angle

and interfacial deformation were extracted. One such experimental realization

from their work is shown in Figure 9.11.

The availability of both experimental data and a theoretical solution helps

us quantify experimental deviations as we begin a comparison with predictions

from our code. However, since the static (equilibrium) contact angle and the

equilibrium filling angle were not explicitly reported for this case in [84], they

had to be digitally extracted from the photograph using an image processing

application9. This yielded estimates of φf = 74 and α = 125 degrees10 for the

7Or more precisely, the deviation from the ‘ideal’ equilibrium state shown in Figure 9.10.
8We exercise caution here by using the adjective typically, because an intermediate density

alone does not guarantee that the particle will necessarily straddle the interface.
9The GNU Image Manipulation Program (http://www.gimp.org/) was used for this purpose.

10We bear in mind that a contact angle extracted in this fashion at best gives us the apparent

equilibrium angle.
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Figure 9.11: A plexiglas sphere (ρs = 1190, 2R = 0.00589) floating at the interface

of light Mineral Oil (ρ = 842, µ = 0.0191) and 96% Glycerine (ρ = 1243, µ =

0.5348), γ = 0.0294 (Maru et al. [84]).

Plexiglas–Mineral-Oil–96% Glycerine system shown in Figure 9.11. In addition,

as the viscosity of 96% Glycerine was not provided in Maru et al. [84], a value

from standard tables for Dow OPTIMTM Glycerine was used. Care was taken to

ensure that the viscosity was interpolated at the same temperature as reported in

the experiments. A cross-reference of the reported density against the tabulated

density for 96% Glycerine confirmed this.

Once again, the sphere diameter was chosen as the reference length scale11.

Simulations for this base case were therefore performed in a cube of side 2 non-

dimensional units. As seen in Figures 9.12(a) and 9.12(b), appropriate local re-

finement was performed in the vicinity of both the fluid-fluid interface and the

contact line. Also, in order to provide a reasonable initial condition, the Level set

function was initialized to the following gaussian distribution:

φ (x) = y + 0.3 exp
(
−4.8

(
x2 + z2

))
(9.7)

The sphere was then centrally released (from rest) at the vertical position (yi =

0.05) which provided a contact angle closer to the prescribed equilibrium value.

Figures 9.13 and 9.14 present the results obtained from both coarse and fine

grids (see Figure 9.12) using these initial conditions.

Since we have an experimentally reported value for the interfacial deforma-

tion, we can obtain a theoretical prediction for the equilibrium filling angle using

11The characteristic velocity scale was indirectly fixed by setting the Reynolds number to a

relatively low value.
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(a) Coarse (533,852 nodes), ∆t = 0.0001

(b) Fine (1,253,203 nodes), ∆t = 0.00005

Figure 9.12: Computational grids.
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(a) Coarse grid

(b) Fine grid

Figure 9.13: Cross-sectional view of final equilibrium states (Re = 1.5, Fr =

0.00058, We = 0.00555, β̃ = 2).
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(a) Initial condition: yi = 0.05

(b) Equilibrium position: yf = −0.038

Figure 9.14: Initial and final equilibrium states in three-dimensions for the finer

grid (Re = 1.5, Fr = 0.00058, We = 0.00555, β̃ = 2).
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Eqn. 9.3. As shown in Table 9.3, we see that the measured filling angle falls short

of theoretical predictions by about 11%. For constrained12 problems of this na-

ture, such deviation does not necessarily imply experimental error, as will be clear

shortly.

Parameter Exp. [84] Eqn. 9.3 Sim. (coarse) Sim. (fine)

zc

R
0.21 0.21 0.17 0.18

φf 74.0 83.4 85.0 86.0

Table 9.3: Comparison of measured, theoretical and predicted equilibrium param-

eters for a plexiglas sphere (β̃ = 2).

On the other hand, predictions from the direct simulation are able to better

capture the theoretical filling angle while underestimating the interfacial deforma-

tion. For a given numerical realization however, errors relative to the theoretical

solution at the predicted interfacial deformation are well within acceptable bounds

(≈ 5%). Even if one sets aside the errors stemming from the numerical approx-

imation of this problem, some differences from the theoretical solution are to be

expected given that the theory assumes both an axisymmetric domain and the

existence of a relatively distant13 planar fluid-fluid interface meeting a domain

boundary that should, in principle, allow for contact line slipping during evolu-

tion to equilibrium.

Finally, Figure 9.15 shows a vertical cross-sectional view of the instantaneous

(intermediate) velocity field as the sphere settles to equilibrium. Rigid body mo-

tion in the particle domain is evident, as is the ‘rolling’ behavior in the upper-phase

fluid near the contact line.

Effect of the dimensionless slip coefficient

Physically speaking, a slight initial increase in the dynamic contact angle can be

expected as a pre-wetted sphere slowly submerges into the fluid below it. This

is similar to the steady controlled immersion of a hydrophobic glass slide into

a container filled with water (See for e.g. Ref. [14]). It can be seen from Fig-

ure 9.16(a), that the implemented MCL boundary condition is able to capture this

non-monotonic trend. The effect of imposed slip on such behavior however needs

12i.e. systems featuring appreciable and finite domain extents.
13Depending on the capillary length scale: lcap ∼

p

γ/ (ρ1 − ρ2) g
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Figure 9.15: Snapshot of the velocity field at t = 0.14 on the fine grid (Re = 1.5,

Fr = 0.00058, We = 0.00555, β̃ = 2). The particle is rendered using a body-fitted

wireframe for illustration purposes only.
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to be quantified. Thus, in order to assess the sensitivity of the moving contact

line and particle trajectory to the degree of imposed slip, an additional set of runs

were performed by varying the slip coefficient. Predicted equilibrium values of

interfacial deformation and filling angle corresponding to these tests are presented

in Table 9.4.

Parameter Exp. [84] Eqn. 9.3 β̃ = 0 β̃ = 0.2 β̃ = 2 β̃ = 20

zc

R
0.21 0.21 0.16 0.17 0.17 0.18

φf 74.0 83.4 85.5 86.0 85.0 85.5

Table 9.4: Effect of dimensionless slip coefficient on equilibrium parameters.

It can be seen that the filling angle is much less sensitive to the choice of

slip coefficient than the interfacial deformation, which shows a slight increase

as β̃ is increased. It is also clear from Figure 9.16(b) that the slip coefficient

does not significantly affect the particle trajectory. This isn’t surprising given the

small numerical differences between particle and fluid velocities ascertained on the

interfacial surface of the sphere (i.e. the region where both the sphere and the fluid-

fluid interface typically share a ring of tetrahedron elements). However, increasing

β̃ beyond a certain threshold produces some weak influence on the dynamics of

the contact angle (see Figure 9.16(a)). That said, it should be noted that the

observed differences become somewhat appreciable only after the sphere’s velocity

has significantly reduced (i.e. when near the equilibrium state). Unfortunately,

around this point, it is difficult to separate the added influence from parasitic

currents. Additionally, we recall from Section 8.7, that to preserve the accuracy of

interface normals at the contact line, we artificially advect the Level set inside the

particle at a velocity different from that of the particle itself, but representative

of the interfacial dynamics just outside the sphere, and near the contact line.

This is another factor that contributes significantly to slippage at the contact line.

Given that the choice of slip coefficient in the present implementation is somewhat

arbitrary to begin with, it is then desirable to set it to a low enough value14, and

continue to effect slip primarily through implicitly determined means as described

above. Not only does this ‘numerical’ slipping precedure ensure that tangential

stresses in the vicinity of the contact line remain bounded for all time, it also

obviates the need to run several trials and arrive at a reasonable user-specified

14Our experience thus far suggests choosing a value between 0 and 2.
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Figure 9.16: Graphs illustrating the effect of slip coefficient in the present forum-

lation.
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external fitting parameter (β̃) for every case. Should additional fine-tuning be

necessary15, the slip coefficient is of course readily available. However, favorable

comparison with both experiments and theory as reported thus far, attest to the

accuracy and effectiveness of our current strategy, which attempts to preserve

some generality in the slip model.

9.3.2 The case of heavier particles

One of the remarkable attributes of interfacial tension is the ability to support ob-

jects more dense than the underlying fluid in a gravitational field. It is therefore

of particular interest to verify such metastable16 equilibrium behavior in simula-

tions. To this end, we first consider a straightforward extension of the base case

presented in Section 9.3.1, followed by a test case featuring moderate fluid-to-fluid

density ratios.

Low density ratio

Here, we modify only the particle density such that it is 5% more dense than

the fluid below it (i.e. ρs = 1305). All other parameters remain the same as the

base case presented earlier in Section 9.3.1. Once again, the computational grid

shown in Figure 9.12(a) was used for this study. While the initial gaussian Level

set distribution (Eqn. 9.7) was maintained, the initial position of the particle was

lowered by 0.15 non-dimensional units (i.e. yi = −0.1). This was done to provide

sufficient buoyancy so as to minimize any inertial momentum it could have gained

if released from a higher position. Incidentally, this position, when combined with

the gaussian Level set distribution resulted in an initial contact angle different

from the equilibrium value (see Figure 9.18(a)). As a result, once equilibrium is

reached we can not only compare the interfacial deformation and filling angle with

predictions from Eqn. 9.3, but also verify the effectiveness of the MCL boundary

condition in bringing the contact angle back to the prescribed static value. Results

from this case are presented in Figures 9.17 and 9.18. Finally, Table 9.5 shows the

good comparison of current equilibrium predictions with theory.

15For instance, when trying to exactly fit contact line dynamics against experimental data.
16As in the system continues in its present state of equilibrium unless sufficiently disturbed to

pass to a more stable equilibrium state.
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(a) yi = −0.1

(b) yf = −0.183

Figure 9.17: Initial and final (equilibrium) states for the heavy sphere (Re = 1.5,

Fr = 0.00058, We = 0.00555, ρs = 1305, β̃ = 2).
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Figure 9.18: Variation of ‘θd’ and vertical sphere velocity for the heavy sphere

(Re = 1.5, Fr = 0.00058, We = 0.00555, ρs = 1305).
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Parameter Eqn. 9.3 Sim.

zc

R
0.25 0.25

φf 93.3 96

Table 9.5: Comparison of theoretical and predicted equilibrium parameters for

a heavy sphere (Re = 1.5, Fr = 0.00058, We = 0.00555, ρs = 1305, β̃ = 2,

yi = −0.1).

Moderate density ratio

We now consider the hypothetical test case presented in [122]. Once again, we

choose the particle diameter (2R = 0.002) as the characteristic length scale. Fol-

lowing Singh and Joseph [122], a cube of side 2 non-dimensional units was used

as the global domain. The lighter fluid had density (ρ = 100) and viscosity

(µ = 0.01), while the heavier one featured density (ρ = 1000) and viscosity

(µ = 0.1). We note here the relatively significant jump in density compared

to the ‘low density ratio’ case. As a result, for a given vertical displacement of the

contact line, one can expect a sharper change in the magnitude of buoyancy forces,

and thus, an increased sensitivity to initial conditions. The coefficient of interfa-

cial tension in this case was (γ = 0.016), and a static contact angle of (α = 135)

degrees was prescribed. The density of the particle was of course increased beyond

the density of the lower fluid (ρs = 1050). Unless otherwise specified, the sphere

was released from rest, and the initial gaussian distribution specified by Eqn. 9.7

was used to initialize the Level set field. Finally, a cross-section of the locally

refined computational mesh used for these simulations is shown in Figure 9.19(a).

Figure 9.19(b) shows the predicted equilibrium state of the system for the

aforementioned initial conditions. Equilibrium parameters corresponding to this

configuration are shown in Table 9.6. Besides a poor comparison with predictions

from the equilibrium formula, Table 9.6 also shows that a slight perturbation

of the initial vertical position of the sphere appears to return the system to a

slightly different equilibrium configuration (see Figure 9.20(a)). Before probing

into plausible reasons for such behavior, it is useful to verify qualitative consistency

in equilibrium predictions. To do so, we perform a simple test by increasing the

coefficient of interfacial tension while keeping all other parameters constant. As

noted in Singh and Joseph [122], doing so, should appreciably increase the upward

contribution from the capillary line force and cause the floating height of the sphere
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(a) Grid (1,338,365 nodes), ∆t = 0.00005

(b) Re = 0.128, Fr = 0.00209, We = 0.000512, Initial and Final

positions: yi = 0.05 → yf = −0.014

Figure 9.19: Computational grid and final equilibrium state for the heavy sphere

(β̃ = 0.67).
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(R cosφf ) to increase. Table 9.7 and Figure 9.20(b) confirm that this is indeed

the case.

Parameter Eqn. 9.3 Sim. (yi = 0.05) Sim. (yi = −0.0184)

zc

R
0.2 0.2 0.246

φf 67.4 80 82

Table 9.6: Comparison of theoretical and predicted equilibrium parameters (Re =

0.128, Fr = 0.00209, We = 0.000512, ρs = 1050, β̃ = 0.67).

Parameter Sim. (We = 0.000512) Sim. (We = 0.000328)

zc

R
0.2 0.2

φf 80 75

Table 9.7: Comparison of predicted equilibrium parameters for varying interfacial

tension (Re = 0.128, Fr = 0.00209, yi = 0.05, ρs = 1050, β̃ = 0.67). Due to

increased nonlinearity, the time step size was lowered to ∆t = 0.000025 for the

low-We case.

Parameter Sim. (yi = −0.3, θd,i ≈ 82.4) Sim. (yi = 0.19, θd,i ≈ 140)

zc

R
0.1 0.3

φf 76 92

Table 9.8: Comparison of equilibrium parameters for predicted metastable states

(Re = 0.128, Fr = 0.00209, We = 0.000512, ρs = 1050, β̃ = 0, Initial sphere

velocity: (0,4,0)).

Having established that the code performs the expected behavior, we are now

in a position to investigate the effect of initial conditions on predicted equilib-

rium states. We therefore begin by using a modified initial gaussian Level set

distribution of the form:

φ (x) = y + 0.3 exp
(
−9.6

(
x2 + z2

))
(9.8)

In addition, the initial vertical position of the sphere is sufficiently varied so as

to realize very different initial contact angles. It is seen from Table 9.8 and Fig-

ure 9.21 that such diverse perturbation of initial conditions results in markedly
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different equilibrium states for the same non-dimensional parameters. As shown

in Figure 9.22, in both cases, the vertical sphere velocity is intialized to 4 non-

dimensional units, and eventually approaches zero at equilibrium. This initial

upward velocity was provided to assist the floatation of the sphere in the early

stages of the simulation, so as to keep it at the interface. While this was probably

unnecessary for the latter case (i.e. when yi = 0.19), it was nevertheless retained in

order to maintain the number of initial conditions being changed simultaneously.

Besides the obvious differences in floating height and interface deformation, one

can see that the fluid-fluid interface curvature varies significantly in order to main-

tain the prescribed static contact angle (α = 135) at the three-phase line. This

naturally results in distinct pressure jumps across the interface that appropriately

modulate archemedian contributions to the buoyancy force such that equilibrium

is ensured for the extant capillary line force. In addition, given such different (al-

beit constant) interface curvatures that extend all the way from the contact line to

meet the domain boundary at an arbitrary contact angle, the notion of interfacial

deformation (zc

R
), now has little meaning. Consequently, it is reasonable to expect

that such terminal configurations will necessarily differ from the predictions of

Eqn. 9.3. Clearly, the current problem exhibits multiple (metastable) equilibrium

states17 that can be triggered by appropriate choice of initial conditions. In other

words, mathematical uniqueness of the numerical solution cannot be guaranteed

for such constrained nonlinear problems.

Before concluding this section, we once again demonstrate the relative insen-

sitivity of predicted equilibrium states to small variations in the slip coefficient

(See Figures 9.23(a) and 9.23(b)). Finally, Figure 9.24 shows the initial and final

equilibrium states obtained for β̃ = 0. A comparison with Figure 9.19(b) reveals

that the two equilibrium configurations are practically identical. Also evident due

to reduced opacity in Figure 9.24 is the smooth extension of the Level set field

into the particle domain.

9.3.3 Closure

In all cases considered thus far, particle velocities in directions other than the

vertical were negligible, as were all components of the angular velocity owing to

symmetric domain extents and small Reynolds numbers. It is evident that for

17Similar behavior has been documented for capillary rise in a tube with a periodic non-uniform

bore [78], and more recently for spheres straddling a deformable interface [62].
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(a) Re = 0.128, Fr = 0.00209, We = 0.000512, Initial and Final

positions: yi = −0.0184 → yf = −0.0475

(b) Re = 0.128, Fr = 0.00209, We = 0.000328, Initial and Final

positions: yi = 0.05 → yf = 0.0215

Figure 9.20: Final equilibrium states for the heavy sphere (β̃ = 0.67).
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(a) Initial position (yi = −0.3) (b) Final position (yf = −0.172)

(c) Initial position (yi = 0.19) (d) Final position (yf = 0.0688)

Figure 9.21: Initial and final (metastable) equilibrium states (Re = 0.128, Fr =

0.00209, We = 0.000512, β̃ = 0, Initial sphere velocity: (0,4,0)).
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Figure 9.22: (Re = 0.128, Fr = 0.00209, We = 0.000512, ρs = 1050, β̃ = 0).
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Figure 9.23: Graphs illustrating the effect of dimensionless slip coefficient for the

heavy sphere (Re = 0.128, Fr = 0.00209, We = 0.000512, ρs = 1050, yi = 0.05).
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(a) Initial condition (yi = 0.05)

(b) Equilibrium position (yf = −0.0185)

Figure 9.24: Initial Level set distribution and final equilibrium state for the heavy

sphere (Re = 0.128, Fr = 0.00209, We = 0.000512, ρs = 1050, β̃ = 0).
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the constrained case, nonlinearity in the governing equations can admit solutions

corresponding to local ‘total energy’ minima, which cannot be readily predicted

by analytical means. In this regard, the present results support the notion held

by McCuan and Treinen [85], which asserts that for finite domain extents, the

local interface curvature near the contact line is influenced by the contact an-

gle maintained at the surface of the container. Consequently, for a restricted18

wall-bounded domain and a given initial Level set distribution, equilibrium states

are bound to display a remarkable sensitivity to initial conditions. Experimental

confirmation of such behavior, although desirable, will undoubtedly be challeng-

ing given the practical plausiblity of hysteresis and partial contact line pinning

stemming from surface heterogeneities.

9.4 Attraction between identical spherical particles

We conclude this chapter with some results showing hydrodynamic (capillary-

driven) agglomeration of particles at fluid-fluid interfaces. Once again, using the

base case from Section 9.3.1 as a template, we envision a three-phase system

featuring two initially separated rigid spherical particles straddling the interface.

To reasonably accomodate the second particle, the base domain is extended by

doubling the length in the x-direction. The particles are then positioned symmet-

rically along this direction with an initial centroid spacing (= 3.2R). The initial

Level set distribution is primarily specified using the same gaussian function as

before (i.e. Eqn. 9.7). However, as shown in Figure 9.26(a), the Level set field

between the two particles is slightly depressed in order to provide a realistic initial

interfacial profile19. Cross-sectional views of the computational grid used in this

example are shown in Figure 9.25.

Figure 9.26 shows the relative position of both spheres and the corresponding

interface profile with time. As expected, both spheres move toward each other af-

ter being released from rest. The driving force for such behavior can be attributed

to asymmetric filling angles that typically result when convex meniscii between two

spheres overlap (see for e.g. Figure 9.28). When the meniscii overlap, the three-

18i.e. no-slip or pinned outer contact line.
19It should be noted that such depression would inevitably result when the two menisci even-

tually overlap. However, if the particles were to be placed farther apart initially, it would take

relatively much more time before numerical errors triggered an evolution to the aforementioned

(depressed) initial configuration.
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(a) Front view (XY-plane)

(b) Side view (YZ-plane)

Figure 9.25: Computational grid for the capillary attraction problem (2,460,347

nodes, ∆t = 0.0001)
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(a) t = 0

(b) t = 1.36

(c) t = 2.32

Figure 9.26: Initial, intermediate and final positions of both spheres at the inter-

face (Re = 1.5, Fr = 0.00058, We = 0.00555, β̃ = 2)
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Figure 9.27: Graphs illustrating dynamics of the spheres. The approach velocity is

defined as the difference between the horizontal components (Ui,x) of both spheres

i.e. ‘U2,x − U1,x’. (Re = 1.5, Fr = 0.00058, We = 0.00555, β̃ = 2)
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phase system attempts to maintain a constant albeit minimum interface curvature

between the spheres subject to the contact angle constraint. As time progresses,

this leads to a continually increasing interface depression between the spheres,

which simultaneously translates to an increasing horizontal attractive force. This

dynamic behavior can also be inferred from Figure 9.27(a). Here, the relative (ap-

proach) velocity is seen to increase after the initial vertical (pseudo)equilibrium

transients have dissipated (i.e. after t ≈ 0.4). This approach velocity eventually

begins to decrease (around t ≈ 1.3) due to lubrication forces once the gap be-

tween the spheres becomes relatively small. The resulting horizontal separation

between the surfaces of both spheres is shown in Figure 9.27(b). Clearly, the

spheres would just touch each other when two curves in Figure 9.27(b) eventually

intersect. Whether or not such intersection would take place exactly at the domain

centroid is a function of the initial conditions. Unfortunately, due to exceedingly

long computational times, it was not possible to simulate the evolution to such a

terminal equilibrium state for this system.

Figure 9.28: 3D front view (XY-plane) of the interface at t = 1.36 (Re = 1.5,

Fr = 0.00058, We = 0.00555, β̃ = 2)

Finally, Figure 9.29 shows the evolution of average contact angle with time

for both spheres. A non-monotonic trend similar to the single sphere case is

observed. Since both spheres were identical, and were released from the same

vertical height (yi = 0.05), it is expected that dynamic contact angles display very

similar trajectories. In closing, we once again note that the mass loss for this

problem was inappreciable (≈ 1%) due to the use of a very refined grid in the
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vicinity of the fluid/fluid interface.
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Chapter 10

Conclusions

The separation challenges posed by the so-called rag layer typically encountered

when processing slop-oil emulsions serve as a means to motivate the present study.

Relatively strong capillary forces that govern the formation of tight clusters of

floating particles are known to promote such interfacial particulate layers. Field

observations indicate that the rag layer settles once its buoyant weight can no

longer be supported by interfacial tension forces. From a hydrodynamic perspec-

tive it is possible to analyze the factors favoring the formation and stability of

such floating clusters through direct numerical simulations. However, one of the

foremost challenges toward realizing the same is a consistent numerical implemen-

tation of a physically realistic boundary condition for the moving contact line.

Toward this goal we first present some of the noteworthy contributions from this

thesis and subsequently conclude with recommendations for future work.

10.1 Major contributions

• We have extended the capabilities of a fictitious domain formulation [30,

142] to accommodate multiphase flows featuring moving contact lines. In

particular, a two-fluid method based on the idea of Level sets is used in

conjunction with the recently proposed [51] continuum form of the MCL

boundary condition (GNBC) to study the dynamics of interfacial particulate

flows.

– Using implicit regularization techniques to smooth interfacial discon-

tinuities, and a piecewise-linear approximation for the fluid-fluid in-

terface, we balance the simplicity and elegance of the original Level
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set method with accuracy in approximation of surface and line forces.

Furthermore, the need for assembling a variable coefficient stiffness ma-

trix in the pressure-correction poisson equation is obviated using the

penalty-coefficient technique proposed in [59]. The accuracy and effec-

tiveness of the implemented method is then successfully demonstrated

using relatively sophisticated test problems.

– The recently proposed Generalized Navier Boundary Condition [97] is

then incorporated into a combined fictitious domain Level set formula-

tion. The effectiveness of the so-called uncompensated Young’s stress

to drive a given system toward equilibrium is then favorably tested us-

ing the pendant drop problem. It is quickly seen that mass conservation

is no longer the only problem for such two-fluid flows. The added com-

plexity comes from having to ensure a relatively robust and consistent

slipping mechanism that can work in unison with the MCL boundary

condition.

– We therefore introduce a numerical slipping strategy that preserves the

smoothness of the Level set field inside the extended fictitious (particle)

domain. This helps contact line normals remain accurate even after

relatively significant interface advection while simultaneously relieving

the stress singularity that would otherwise arise from the use of a no-slip

boundary condition at the contact line.

– The usefulness of the developed code is then illustrated through a se-

ries of examples that demonstrate the floating behavior of both light

and dense spherical particles at fluid-fluid interfaces. Favorable vali-

dation with experimental data and/or theoretical solutions attests to

the capability of the current method to capture nonlinear contact line

dynamics.

– Finally, we conclude the thesis with a demonstration of capillary at-

traction between two floating particles.

10.2 Future work

Experience gained from the current study suggests that the MCL problem not

only inherits most of the complications encountered in numerical simulation of

two-fluid flows, but also brings a few more to the table. Noteworthy among these
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is the requirement of a refined1 base (starting) mesh2, and the need for a consistent

slipping mechanism in the vicinity of contact lines. The current implementation

employs a ‘global’ slip velocity for advection of the Level set field inside the particle

domain. This is a reasonable and cost-effective strategy when dealing with axisym-

metric moving contact lines. Nevertheless, for more generic situations, computing

a ‘local’ slip velocity would seem more appropriate from an accuracy perspective.

The current work was also primarily geared toward studying liquid-liquid sys-

tems. As a result, implicit regularization was found to be quite sufficient in pro-

viding accurate solutions for problems featuring low to moderate density ratios.

While the current strategy has the potential to yield qualitatively acceptable re-

sults at higher density ratios, numerical stability and quantitative accuracy can no

longer be guaranteed. Furthermore, being an exploratory numerical study, the slip

and contact angle BC on the outer walls of the container were neglected. A more

realistic description of floating particles should necessarily generalize to allow for

contact line slipping and variable contact angles at confining walls. In addition,

the ability of the implemented MCL model (GNBC) to account for hysteresis and

stick/slip behavior of the contact line is still untested. Prospective work should

therefore first focus on these aspects.

No experiment is perfect. Generally speaking however, for most cases, without

the experiment itself, one cannot be completely sure that the results obtained are

a true representation of reality. The problem of a particle floating at an interface is

argubly one of the simpler commonplace scenarios, yet it is seen that its consistent

numerical treatment and resolution is surprisingly elusive. As a result, even if a

numerical solution is obtained, the lack of comprehensive experimental data for

such problems has the potential to cloud our understanding of associated non-

linear capillary dynamics and increase speculative reasoning. This is especially

true when studying systems that can feature metastable equilibrium states. It is

therefore imperative that future work balance numerical studies against meticulous

experimental investigations.

Finally, a note on the computational cost involved. All simulations presented

in this work were performed serially on GNU/Linux compute nodes powered by

2.5 to 3 GHz Intel R© Xeon R© X5*/E5* series CPUs featuring 256 KB of L2,

and 6 − 8 MB of L3 Cache. The ‘C’ code was compiled using the GNU C Com-

1And preferably unstructured.
2This implies additional refinement when performing grid independence studies.
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piler with third-tier optimizations3 (i.e. using the −O3 switch) and a few other

tweaks4. For cases featuring coarse to moderate computational grids, typical CPU

walltimes spanned a few days to a week. The fine grid cases however took much

longer (∼ 2 − 3 weeks). The most expensive simulation was the case with two

floating particles which clocked at roughly 8 weeks. Although quite cumbersome

(especially for unstructured grids), scalable parallelization of the current serial

code would immensely reduce computational wallclock time, thus enabling one to

study the hydrodynamics of large clusters of floating particles. While the forma-

tion of thick particle clusters in a rag layer is known to be promoted by attractive

capillary forces, the effect of particle size and concentration on its stability remain

unexplored. The DNS code, once optimized, will prove useful to fill such gaps in

existing literature.

3Without any optimizations, the code was found to run roughly three times as slow.
4These include fast math, loop unrolling, peeling and unswitching, tree vectorization etc.
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Appendix A

OpenFOAM geometry and

mesh definition: 1

/*---------------------------------------------------*\

| =================================================== |

| \\ / F ield | OpenFOAM: The Open Source CFD Toolbox |

| \\ / O peration | Version: 1.4 |

| \\ / A nd | Web: http://www.openfoam.org |

| \\ / Manipulation |

\*---------------------------------------------------*/

FoamFile

{

version 2.0;

format ascii;

root "" ;

case "" ;

instance "" ;

local "" ;

class dictionary;

object blockMeshDict;

}

// * * * * * * * * * * * * * * * * * * * * * * * * * //

// Franke et al. 2D GEOMETRY with symmetry B/C

// COARSE (CONFORMAL i.e. ORTHOGONAL)
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convertToMeters 1;

vertices

(

( -0.0125 -0.015 0 ) // 0

( -0.00125 -0.015 0 ) // 1

( 0.00125 -0.015 0 ) // 2

( 0.0375 -0.015 0 ) // 3

( -0.0125 -0.00125 0 ) // 4

( -0.00125 -0.00125 0 ) // 5

( 0.00125 -0.00125 0 ) // 6

( 0.0375 -0.00125 0 ) // 7

( -0.0125 0.00125 0 ) // 8

( -0.00125 0.00125 0 ) // 9

( 0.00125 0.00125 0 ) // 10

( 0.0375 0.00125 0 ) // 11

( -0.0125 0.015 0 ) // 12

( -0.00125 0.015 0 ) // 13

( 0.00125 0.015 0 ) // 14

( 0.0375 0.015 0 ) // 15

( -0.0125 -0.015 0.000043 ) // 16

( -0.00125 -0.015 0.000043 ) // 17

( 0.00125 -0.015 0.000043 ) // 18

( 0.0375 -0.015 0.000043 ) // 19

( -0.0125 -0.00125 0.000043 ) // 20

( -0.00125 -0.00125 0.000043 ) // 21

( 0.00125 -0.00125 0.000043 ) // 22

( 0.0375 -0.00125 0.000043 ) // 23

( -0.0125 0.00125 0.000043 ) // 24

( -0.00125 0.00125 0.000043 ) // 25

( 0.00125 0.00125 0.000043 ) // 26
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( 0.0375 0.00125 0.000043 ) // 27

( -0.0125 0.015 0.000043 ) // 28

( -0.00125 0.015 0.000043 ) // 29

( 0.00125 0.015 0.000043 ) // 30

( 0.0375 0.015 0.000043 ) // 31

);

blocks

(

hex ( 0 1 5 4 16 17 21 20 ) ( 720 880 1 ) simpleGrading ( 1 1 1 )

hex ( 8 9 13 12 24 25 29 28 ) ( 720 880 1 ) simpleGrading ( 1 1 1 )

hex ( 4 5 9 8 20 21 25 24 ) ( 720 160 1 ) simpleGrading ( 1 1 1 )

hex ( 1 2 6 5 17 18 22 21 ) ( 160 880 1 ) simpleGrading ( 1 1 1 )

hex ( 9 10 14 13 25 26 30 29 ) ( 160 880 1 ) simpleGrading ( 1 1 1 )

hex ( 2 3 7 6 18 19 23 22 ) ( 2320 880 1 ) simpleGrading ( 1 1 1 )

hex ( 10 11 15 14 26 27 31 30 ) ( 2320 880 1 ) simpleGrading ( 1 1 1 )

hex ( 6 7 11 10 22 23 27 26 ) ( 2320 160 1 ) simpleGrading ( 1 1 1 )

);

edges

(

);

patches

(

symmetryPlane ChannelWalls

(

( 0 1 17 16 )

( 1 2 18 17 )

( 2 3 19 18 )

( 12 13 29 28 )
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( 13 14 30 29 )

( 14 15 31 30 )

)

wall ObstacleWalls

(

( 5 6 22 21 )

( 6 10 26 22 )

( 9 10 26 25 )

( 5 9 25 21 )

)

patch vinlet

(

( 0 4 20 16 )

( 4 8 24 20 )

( 8 12 28 24 )

)

patch poutlet

(

( 3 7 23 19 )

( 7 11 27 23 )

( 11 15 31 27 )

)

empty frontAndBack

(

( 0 1 5 4 )

( 1 2 6 5 )

( 2 3 7 6 )

( 4 5 9 8 )

( 6 7 11 10 )

( 8 9 13 12 )

( 9 10 14 13 )

( 10 11 15 14 )

( 16 17 21 20 )

( 17 18 22 21 )
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( 18 19 23 22 )

( 20 21 25 24 )

( 22 23 27 26 )

( 24 25 29 28 )

( 25 26 30 29 )

( 26 27 31 30 )

)

);

mergePatchPairs

(

);

// ************************************************************************* //
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Appendix B

OpenFOAM geometry and

mesh definition: 2

/*---------------------------------------------------*\

| =================================================== |

| \\ / F ield | OpenFOAM: The Open Source CFD Toolbox |

| \\ / O peration | Version: 1.4 |

| \\ / A nd | Web: http://www.openfoam.org |

| \\ / Manipulation |

\*---------------------------------------------------*/

FoamFile

{

version 2.0;

format ascii;

root "" ;

case "" ;

instance "" ;

local "" ;

class dictionary;

object blockMeshDict;

}

// * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * //

// This geometry and mesh definition file corresponds to Grid B.
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convertToMeters 1;

vertices

(

// **************** //

// Inner face begin //

// **************** //

// Bottom Line

( -0.693 -0.005 -0.05 ) // 0

( -0.0125 -0.005 -0.05 ) // 1

( -0.00125 -0.005 -0.05 ) // 2

( 0.00125 -0.005 -0.05 ) // 3

( 0.025 -0.005 -0.05 ) // 4

( 0.191 -0.005 -0.05 ) // 5

// First Line above the Bottom

( -0.693 -0.003125 -0.05 ) // 6

( -0.0125 -0.003125 -0.05 ) // 7

( -0.00125 -0.003125 -0.05 ) // 8

( 0.00125 -0.003125 -0.05 ) // 9

( 0.025 -0.003125 -0.05 ) // 10

( 0.191 -0.003125 -0.05 ) // 11

// Second Line above the Bottom

( -0.693 -0.00125 -0.05 ) // 12

( -0.0125 -0.00125 -0.05 ) // 13

( -0.00125 -0.00125 -0.05 ) // 14

( 0.00125 -0.00125 -0.05 ) // 15

( 0.025 -0.00125 -0.05 ) // 16

( 0.191 -0.00125 -0.05 ) // 17

// Third Line above the Bottom

( -0.693 0 -0.05 ) // 18

( -0.0125 0 -0.05 ) // 19

( -0.00125 0 -0.05 ) // 20

( 0.00125 0 -0.05 ) // 21

( 0.025 0 -0.05 ) // 22

( 0.191 0 -0.05 ) // 23
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// Fourth Line above the Bottom

( -0.693 0.00125 -0.05 ) // 24

( -0.0125 0.00125 -0.05 ) // 25

( -0.00125 0.00125 -0.05 ) // 26

( 0.00125 0.00125 -0.05 ) // 27

( 0.025 0.00125 -0.05 ) // 28

( 0.191 0.00125 -0.05 ) // 29

// Fifth Line above the Bottom

( -0.693 0.003125 -0.05 ) // 30

( -0.0125 0.003125 -0.05 ) // 31

( -0.00125 0.003125 -0.05 ) // 32

( 0.00125 0.003125 -0.05 ) // 33

( 0.025 0.003125 -0.05 ) // 34

( 0.191 0.003125 -0.05 ) // 35

// Sixth Line above the Bottom ( i.e. Top Line )

( -0.693 0.005 -0.05 ) // 36

( -0.0125 0.005 -0.05 ) // 37

( -0.00125 0.005 -0.05 ) // 38

( 0.00125 0.005 -0.05 ) // 39

( 0.025 0.005 -0.05 ) // 40

( 0.191 0.005 -0.05 ) // 41

// ************** //

// Inner face end //

// ************** //

// ****************** //

// Central face begin //

// ****************** //

// Bottom Line

( -0.693 -0.005 0 ) // 42

( -0.0125 -0.005 0 ) // 43

( -0.00125 -0.005 0 ) // 44

( 0.00125 -0.005 0 ) // 45

( 0.025 -0.005 0 ) // 46

( 0.191 -0.005 0 ) // 47
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// First Line above the Bottom

( -0.693 -0.003125 0 ) // 48

( -0.0125 -0.003125 0 ) // 49

( -0.00125 -0.003125 0 ) // 50

( 0.00125 -0.003125 0 ) // 51

( 0.025 -0.003125 0 ) // 52

( 0.191 -0.003125 0 ) // 53

// Second Line above the Bottom

( -0.693 -0.00125 0 ) // 54

( -0.0125 -0.00125 0 ) // 55

( -0.00125 -0.00125 0 ) // 56

( 0.00125 -0.00125 0 ) // 57

( 0.025 -0.00125 0 ) // 58

( 0.191 -0.00125 0 ) // 59

// Third Line above the Bottom

( -0.693 0 0 ) // 60

( -0.0125 0 0 ) // 61

( -0.00125 0 0 ) // 62

( 0.00125 0 0 ) // 63

( 0.025 0 0 ) // 64

( 0.191 0 0 ) // 65

// Fourth Line above the Bottom

( -0.693 0.00125 0 ) // 66

( -0.0125 0.00125 0 ) // 67

( -0.00125 0.00125 0 ) // 68

( 0.00125 0.00125 0 ) // 69

( 0.025 0.00125 0 ) // 70

( 0.191 0.00125 0 ) // 71

// Fifth Line above the Bottom

( -0.693 0.003125 0 ) // 72

( -0.0125 0.003125 0 ) // 73

( -0.00125 0.003125 0 ) // 74

( 0.00125 0.003125 0 ) // 75

( 0.025 0.003125 0 ) // 76

( 0.191 0.003125 0 ) // 77
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// Sixth Line above the Bottom ( i.e. Top Line )

( -0.693 0.005 0 ) // 78

( -0.0125 0.005 0 ) // 79

( -0.00125 0.005 0 ) // 80

( 0.00125 0.005 0 ) // 81

( 0.025 0.005 0 ) // 82

( 0.191 0.005 0 ) // 83

// **************** //

// Central face end //

// **************** //

// **************** //

// Outer face begin //

// **************** //

// Bottom Line

( -0.693 -0.005 0.05 ) // 84

( -0.0125 -0.005 0.05 ) // 85

( -0.00125 -0.005 0.05 ) // 86

( 0.00125 -0.005 0.05 ) // 87

( 0.025 -0.005 0.05 ) // 88

( 0.191 -0.005 0.05 ) // 89

// First Line above the Bottom

( -0.693 -0.003125 0.05 ) // 90

( -0.0125 -0.003125 0.05 ) // 91

( -0.00125 -0.003125 0.05 ) // 92

( 0.00125 -0.003125 0.05 ) // 93

( 0.025 -0.003125 0.05 ) // 94

( 0.191 -0.003125 0.05 ) // 95

// Second Line above the Bottom

( -0.693 -0.00125 0.05 ) // 96

( -0.0125 -0.00125 0.05 ) // 97

( -0.00125 -0.00125 0.05 ) // 98

( 0.00125 -0.00125 0.05 ) // 99

( 0.025 -0.00125 0.05 ) // 100

( 0.191 -0.00125 0.05 ) // 101
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// Third Line above the Bottom

( -0.693 0 0.05 ) // 102

( -0.0125 0 0.05 ) // 103

( -0.00125 0 0.05 ) // 104

( 0.00125 0 0.05 ) // 105

( 0.025 0 0.05 ) // 106

( 0.191 0 0.05 ) // 107

// Fourth Line above the Bottom

( -0.693 0.00125 0.05 ) // 108

( -0.0125 0.00125 0.05 ) // 109

( -0.00125 0.00125 0.05 ) // 110

( 0.00125 0.00125 0.05 ) // 111

( 0.025 0.00125 0.05 ) // 112

( 0.191 0.00125 0.05 ) // 113

// Fifth Line above the Bottom

( -0.693 0.003125 0.05 ) // 114

( -0.0125 0.003125 0.05 ) // 115

( -0.00125 0.003125 0.05 ) // 116

( 0.00125 0.003125 0.05 ) // 117

( 0.025 0.003125 0.05 ) // 118

( 0.191 0.003125 0.05 ) // 119

// Sixth Line above the Bottom ( i.e. Top Line )

( -0.693 0.005 0.05 ) // 120

( -0.0125 0.005 0.05 ) // 121

( -0.00125 0.005 0.05 ) // 122

( 0.00125 0.005 0.05 ) // 123

( 0.025 0.005 0.05 ) // 124

( 0.191 0.005 0.05 ) // 125

// ************** //

// Outer face end //

// ************** //

);

blocks
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(

// ****************** //

// Inner blocks begin //

// ****************** //

// Below cylinder

hex ( 0 1 7 6 42 43 49 48 ) ( 991 10 84 ) simpleGrading ( 1 2 5 )

hex ( 1 2 8 7 43 44 50 49 ) ( 41 10 84 ) simpleGrading ( 0.1 2 5 )

hex ( 2 3 9 8 44 45 51 50 ) ( 25 10 84 ) simpleGrading ( 2 2 5 )

hex ( 3 4 10 9 45 46 52 51 ) ( 87 10 84 ) simpleGrading ( 10 2 5 )

hex ( 4 5 11 10 46 47 53 52 ) ( 241 10 84 ) simpleGrading ( 1 2 5 )

hex ( 6 7 13 12 48 49 55 54 ) ( 991 13 84 ) simpleGrading ( 1 0.19427 5 )

hex ( 7 8 14 13 49 50 56 55 ) ( 41 13 84 ) simpleGrading ( 0.1 0.19427 5 )

hex ( 8 9 15 14 50 51 57 56 ) ( 25 13 84 ) simpleGrading ( 2 0.19427 5 )

hex ( 9 10 16 15 51 52 58 57 ) ( 87 13 84 ) simpleGrading ( 10 0.19427 5 )

hex ( 10 11 17 16 52 53 59 58 ) ( 241 13 84 ) simpleGrading ( 1 0.19427 5 )

// Alongside cylinder

hex ( 12 13 19 18 54 55 61 60 ) ( 991 9 84 ) simpleGrading ( 1 3.6 5 )

hex ( 13 14 20 19 55 56 62 61 ) ( 41 9 84 ) simpleGrading ( 0.1 3.6 5 )

hex ( 15 16 22 21 57 58 64 63 ) ( 87 15 84 ) simpleGrading ( 10 1.53371 5 )

hex ( 16 17 23 22 58 59 65 64 ) ( 241 15 84 ) simpleGrading ( 1 1.53371 5 )

hex ( 18 19 25 24 60 61 67 66 ) ( 991 9 84 ) simpleGrading ( 1 0.2778 5 )

hex ( 19 20 26 25 61 62 68 67 ) ( 41 9 84 ) simpleGrading ( 0.1 0.2778 5 )

hex ( 21 22 28 27 63 64 70 69 ) ( 87 15 84 ) simpleGrading ( 10 0.652 5 )

hex ( 22 23 29 28 64 65 71 70 ) ( 241 15 84 ) simpleGrading ( 1 0.652 5 )

// Above cylinder

hex ( 24 25 31 30 66 67 73 72 ) ( 991 13 84 ) simpleGrading ( 1 5.14741 5 )

hex ( 25 26 32 31 67 68 74 73 ) ( 41 13 84 ) simpleGrading ( 0.1 5.14741 5 )

hex ( 26 27 33 32 68 69 75 74 ) ( 25 13 84 ) simpleGrading ( 2 5.14741 5 )

hex ( 27 28 34 33 69 70 76 75 ) ( 87 13 84 ) simpleGrading ( 10 5.14741 5 )

hex ( 28 29 35 34 70 71 77 76 ) ( 241 13 84 ) simpleGrading ( 1 5.14741 5 )

hex ( 30 31 37 36 72 73 79 78 ) ( 991 10 84 ) simpleGrading ( 1 0.5 5 )

hex ( 31 32 38 37 73 74 80 79 ) ( 41 10 84 ) simpleGrading ( 0.1 0.5 5 )

hex ( 32 33 39 38 74 75 81 80 ) ( 25 10 84 ) simpleGrading ( 2 0.5 5 )
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hex ( 33 34 40 39 75 76 82 81 ) ( 87 10 84 ) simpleGrading ( 10 0.5 5 )

hex ( 34 35 41 40 76 77 83 82 ) ( 241 10 84 ) simpleGrading ( 1 0.5 5 )

// **************** //

// Inner blocks end //

// **************** //

// ****************** //

// Outer blocks begin //

// ****************** //

// Below cylinder

hex ( 42 43 49 48 84 85 91 90 ) ( 991 10 84 ) simpleGrading ( 1 2 0.2 )

hex ( 43 44 50 49 85 86 92 91 ) ( 41 10 84 ) simpleGrading ( 0.1 2 0.2 )

hex ( 44 45 51 50 86 87 93 92 ) ( 25 10 84 ) simpleGrading ( 2 2 0.2 )

hex ( 45 46 52 51 87 88 94 93 ) ( 87 10 84 ) simpleGrading ( 10 2 0.2 )

hex ( 46 47 53 52 88 89 95 94 ) ( 241 10 84 ) simpleGrading ( 1 2 0.2 )

hex ( 48 49 55 54 90 91 97 96 ) ( 991 13 84 ) simpleGrading ( 1 0.19427 0.2 )

hex ( 49 50 56 55 91 92 98 97 ) ( 41 13 84 ) simpleGrading ( 0.1 0.19427 0.2 )

hex ( 50 51 57 56 92 93 99 98 ) ( 25 13 84 ) simpleGrading ( 2 0.19427 0.2 )

hex ( 51 52 58 57 93 94 100 99 ) ( 87 13 84 ) simpleGrading ( 10 0.19427 0.2 )

hex ( 52 53 59 58 94 95 101 100 ) ( 241 13 84 ) simpleGrading ( 1 0.19427 0.2 )

// Alongside cylinder

hex ( 54 55 61 60 96 97 103 102 ) ( 991 9 84 ) simpleGrading ( 1 3.6 0.2 )

hex ( 55 56 62 61 97 98 104 103 ) ( 41 9 84 ) simpleGrading ( 0.1 3.6 0.2 )

hex ( 57 58 64 63 99 100 106 105 ) ( 87 15 84 ) simpleGrading ( 10 1.53371 0.2 )

hex ( 58 59 65 64 100 101 107 106 ) ( 241 15 84 ) simpleGrading ( 1 1.53371 0.2 )

hex ( 60 61 67 66 102 103 109 108 ) ( 991 9 84 ) simpleGrading ( 1 0.2778 0.2 )

hex ( 61 62 68 67 103 104 110 109 ) ( 41 9 84 ) simpleGrading ( 0.1 0.2778 0.2 )

hex ( 63 64 70 69 105 106 112 111 ) ( 87 15 84 ) simpleGrading ( 10 0.652 0.2 )

hex ( 64 65 71 70 106 107 113 112 ) ( 241 15 84 ) simpleGrading ( 1 0.652 0.2 )

// Above cylinder

hex ( 66 67 73 72 108 109 115 114 ) ( 991 13 84 ) simpleGrading ( 1 5.14741 0.2 )

hex ( 67 68 74 73 109 110 116 115 ) ( 41 13 84 ) simpleGrading ( 0.1 5.14741 0.2 )

hex ( 68 69 75 74 110 111 117 116 ) ( 25 13 84 ) simpleGrading ( 2 5.14741 0.2 )
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hex ( 69 70 76 75 111 112 118 117 ) ( 87 13 84 ) simpleGrading ( 10 5.14741 0.2 )

hex ( 70 71 77 76 112 113 119 118 ) ( 241 13 84 ) simpleGrading ( 1 5.14741 0.2 )

hex ( 72 73 79 78 114 115 121 120 ) ( 991 10 84 ) simpleGrading ( 1 0.5 0.2 )

hex ( 73 74 80 79 115 116 122 121 ) ( 41 10 84 ) simpleGrading ( 0.1 0.5 0.2 )

hex ( 74 75 81 80 116 117 123 122 ) ( 25 10 84 ) simpleGrading ( 2 0.5 0.2 )

hex ( 75 76 82 81 117 118 124 123 ) ( 87 10 84 ) simpleGrading ( 10 0.5 0.2 )

hex ( 76 77 83 82 118 119 125 124 ) ( 241 10 84 ) simpleGrading ( 1 0.5 0.2 )

// **************** //

// Outer blocks end //

// **************** //

);

edges

(

);

patches

(

wall ChannelWalls

(

// **************** //

// Inner face begin //

// **************** //

// Below cylinder

( 0 1 7 6 )

( 1 2 8 7 )

( 2 3 9 8 )

( 3 4 10 9 )

( 4 5 11 10 )

( 6 7 13 12 )

( 7 8 14 13 )

( 8 9 15 14 )

( 9 10 16 15 )

( 10 11 17 16 )
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// Alongside cylinder

( 12 13 19 18 )

( 13 14 20 19 )

( 15 16 22 21 )

( 16 17 23 22 )

( 18 19 25 24 )

( 19 20 26 25 )

( 21 22 28 27 )

( 22 23 29 28 )

// Above cylinder

( 24 25 31 30 )

( 25 26 32 31 )

( 26 27 33 32 )

( 27 28 34 33 )

( 28 29 35 34 )

( 30 31 37 36 )

( 31 32 38 37 )

( 32 33 39 38 )

( 33 34 40 39 )

( 34 35 41 40 )

// ************** //

// Inner face end //

// ************** //

// **************** //

// Outer face begin //

// **************** //

// Below cylinder

( 84 85 91 90 )

( 85 86 92 91 )

( 86 87 93 92 )

( 87 88 94 93 )

( 88 89 95 94 )

( 90 91 97 96 )
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( 91 92 98 97 )

( 92 93 99 98 )

( 93 94 100 99 )

( 94 95 101 100 )

// Alongside cylinder

( 96 97 103 102 )

( 97 98 104 103 )

( 99 100 106 105 )

( 100 101 107 106 )

( 102 103 109 108 )

( 103 104 110 109 )

( 105 106 112 111 )

( 106 107 113 112 )

// Above cylinder

( 108 109 115 114 )

( 109 110 116 115 )

( 110 111 117 116 )

( 111 112 118 117 )

( 112 113 119 118 )

( 114 115 121 120 )

( 115 116 122 121 )

( 116 117 123 122 )

( 117 118 124 123 )

( 118 119 125 124 )

// ************** //

// Outer face end //

// ************** //

// ************** //

// Top face begin //

// ************** //

( 36 37 79 78 )

( 37 38 80 79 )

( 38 39 81 80 )
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( 39 40 82 81 )

( 40 41 83 82 )

( 78 79 121 120 )

( 79 80 122 121 )

( 80 81 123 122 )

( 81 82 124 123 )

( 82 83 125 124 )

// ************ //

// Top face end //

// ************ //

// ***************** //

// Bottom face begin //

// ***************** //

( 0 1 43 42 )

( 1 2 44 43 )

( 2 3 45 44 )

( 3 4 46 45 )

( 4 5 47 46 )

( 42 43 85 84 )

( 43 44 86 85 )

( 44 45 87 86 )

( 45 46 88 87 )

( 46 47 89 88 )

// *************** //

// Bottom face end //

// *************** //

)

wall ObstacleWalls

(

// Walls facing channel inlet

( 14 56 62 20 )

( 20 62 68 26 )

( 56 98 104 62 )
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( 62 104 110 68 )

// Walls facing channel outlet

( 15 57 63 21 )

( 21 63 69 27 )

( 57 99 105 63 )

( 63 105 111 69 )

// Walls facing channel top wall

( 26 68 69 27 )

( 68 110 111 69 )

// Walls facing channel bottom wall

( 14 56 57 15 )

( 56 98 99 57 )

)

patch vinlet

(

( 0 42 48 6 )

( 6 48 54 12 )

( 12 54 60 18 )

( 18 60 66 24 )

( 24 66 72 30 )

( 30 72 78 36 )

( 42 84 90 48 )

( 48 90 96 54 )

( 54 96 102 60 )

( 60 102 108 66 )

( 66 108 114 72 )

( 72 114 120 78 )

)

patch poutlet

(

( 5 47 53 11 )

( 11 53 59 17 )

( 17 59 65 23 )

( 23 65 71 29 )

( 29 71 77 35 )
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( 35 77 83 41 )

( 47 89 95 53 )

( 53 95 101 59 )

( 59 101 107 65 )

( 65 107 113 71 )

( 71 113 119 77 )

( 77 119 125 83 )

)

);

mergePatchPairs

(

);

// ************************************************************************* //
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Appendix C

Derivations

C.1 Boundary treatment for fluid/fluid interfaces

The basis functions (v) used in the variational form, can always be resolved into

three mutually perpendicular components as follows:

v =
(v · nf1)

|nf1|
nf1 +

(v · t1f1)

|t1f1|
t1f1 +

(v · t2f1)

|t2f1|
t2f1 (C.1)

Where, ‘t1f1’ and ‘t2f1’ are two mutually perpendicular unit tangent vectors

to the interface (Σ). Now, using Eqn. C.1 and noting that the magnitudes of all

three vectors (nf1, t1f1, t2f1) is unity, the RHS of Eqn. 8.97 now becomes:

∫

Σ

(σf1 − σf2) · nf1 ·
[
(v · nf1)nf1 + (v · t1f1)t1f1 + (v · t2f1)t2f1

]
dS

(C.2)

Which, after rearranging the order of dot-products reads:

∫

Σ

nf1 · (σf1 − σf2) ·
[
nf1(v · nf1) + t1f1(v · t1f1) + t2f1(v · t2f1)

]
dS

(C.3)

Assuming constant interfacial tension (i.e. ∇Σγ = 0) and noting that n =

nf1 = nΣ in Eqns. 8.16 and 8.17, we can use the interfacial boundary condition

in the momentum equation (Eqn. 8.1) after simplifying expression C.3 to get:

∫

Σ

(σf1 − σf2) · nf1 · v dS =

∫

Σ

γκ nΣ · v dS (C.4)

The tangential stress balance (Eqn. 8.17) is thus implicitly enforced in the

above variational form.

167



C.2 Boundary treatment for solid/fluid interfaces

Fluid velocity at all external wall boundaries is subject to non-penetration condi-

tions: (u1 − uΓ) · nΓ |Γ = 0. If we also assume uΓ · nΓ |Γ = 0, then in the finite-

element method, non-penetration can be strongly enforced by setting v ·nΓ |Γ = 0.

As a result, the remaining surface term from the RHS of Eqn. 8.96 can be further

simplified as shown below.

First, splitting the total stress tensor (σ1) into the viscous (σ1v) and pressure

contributions, we get:
∫

Γ

(σ1 · n∂Ω1
) · v dS =

∫

Γ

[(−p1δ + 2µkD[u1]) · n∂Ω1
] · v dS

=

∫

Γ

[(−p1δ + σ1v) · n∂Ω1
] · v dS

(C.5)

Once again, after resolving the basis functions into one normal (n∂Ω1
|Γ = nΓ)

and two mutually perpendicular tangential components (t1Γ, t2Γ) at the external

boundary, we can treat both contributions individually. Referring to Eqn. C.6,

we see that (−p1δ · nΓ) is a vector with non-zero contributions only in the nor-

mal direction (i.e.nΓ). Furthermore, as mentioned earlier, non-penetration at the

boundary is strongly imposed using (v · nΓ = 0). Consequently, the pressure

contribution at the external boundary is zero:
∫

Γ

(−p1δ · nΓ) · [(v · t1Γ)t1Γ + (v · t2Γ)t2Γ] dS = 0 (C.6)

We now proceed to treating viscous contributions in a similar manner:
∫

Γ

(σ1v · nΓ) · [(v · t1Γ)t1Γ + (v · t2Γ)t2Γ] dS =

∫

Γ

(σ1v · nΓ) · vτ dS (C.7)

The above expression can be further simplified using the ‘Navier-slip’ boundary

condition which states that for any vector ‘τ ’ tangent to the boundary of interest

(in this case, Γ), we have: (u1 − uΓ) · τ = − [(σ1v · nΓ) · τ ] /β. Here ‘β’ is the

user-specified slip coefficient.

Several Molecular Dynamics studies have shown that there actually exists finite

slip at solid boundaries even in single-phase flows [see for e.g. Ref. 98, page 335].

However, the coefficient ‘β’ is typically very large in practice which explains why

imposing no–slip (u1 = uΓ) is a good approximation in most cases [51]. Thus,

in the no–slip limit of the Navier boundary condition, viscous contributions (i.e.

RHS of Eqn. C.7) are reduced to zero as well. In the context of Newtonian fluids,

it is noteworthy that the same argument (i.e. very large β) is equally applicable

to fluid/fluid interfaces [76].
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Appendix D

Procedure for evaluating

intersection points

Computing surface/line integrals on fixed three-dimensional grids typically require

one to determine the explicit intersection points of the surface/line in question

with a tetrahedron element. Once this is done, a piecewise-linear approximation

of the required topology can be effortlessly constructed followed by evaluation of

the associated integral.

11
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33 44
55

66

77

88

99

1010

ξξ

ηη

ζζ

Figure D.1: Three (left) and Four (right) point intersections with a tetrahedron

Figure D.1 shows two scenarios typically encountered when an arbitrary sur-

face (shown in blue) intersects a tetrahedron. Our objective here is to obtain

the local (ξ, η, ζ) coordinates of all intersections points (shown in red). It is of
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course assumed that the surface in question can be resolved on this tetrahedron to

begin with. In other words, although certainly feasible, any surface that exhibits

more than four common points when intersecting a tetrahedron is considered to

be poorly resolved. In this case, it is recommended to refine the characteristic grid

size in the vicinity of the aforementioned surface such that any intersection would

inevitably result in an almost planar surface intersecting the element. This planar

patch is now our piecewise-linear approximation of the actual surface. Mathemat-

ically, this translates to solving for four unknowns (ξ, η, ζ, k) using four unique

equations. Eqn. D.1 is the FEM quadratic interpolation formula, while Eqn. D.2

represents a general line in three-dimensional space:

l1ξ (2ξ − 1) + 4l2ξζ + l3ζ (2ζ − 1)+

4l4ηζ + l5η (2η − 1) + 4l6ξη + 4l7ξ (1 − s)+

4l8ζ (1 − s) + 4l9η (1 − s) + l10 (1 − 2s) (1 − s) = 0

(D.1)

ξ = ξ1 + k (ξ2 − ξ1)

η = η1 + k (η2 − η1)

ζ = ζ1 + k (ζ2 − ζ1)

(D.2)

Here, (ξ1, η1, ζ1) and (ξ2, η2, ζ2) are local coordinates of end points that define any

of the six lines that make up the tetrahedron element, and l1 through l10 contain

nodal values of the Level set function that embed the blue surface. Finally, ‘k’

is a slope parameter that is unique to each line and s = ξ + η + ζ. As the Level

set at all ten nodes is utilized, the above system of equations will yield a second-

order accurate approximation for the intersection points. For an inadequately

resolved surface though, the above procedure can sometimes yield more than four

intersection points. Such cases are typically encountered when using coarse grids,

and it is generally useful to have a fallback strategy that computes a first-order

accurate approximation instead. To do so, we merely solve Eqns.D.2 against the

FEM linear interpolation forumla (Eqn.D.3):

l1ξ + l2ζ + l3η + l4 (1 − s) = 0 (D.3)

A similar approach can be used to compute the end points that form a piecewise-

linear approximation of the contact line. In this case however, we use the existing

piecewise-linear approximation of the surface and solve the lines that make up this

surface against a quadratic FEM equation that represents the solid boundary.
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Finally, when computing surface integrals for cases with four intersection

points, it is easier to split the surface into two non-overlapping triangles and

proceed thereafter.
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