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Abstract

In this thesis, we investigate Riesz bases of wavelets and their applications

to numerical solutions of elliptic equations.

Compared with the finite difference and finite element methods, the wavelet
method for solving elliptic equations is relatively young but powerful. In
the wavelet Galerkin method, the efficiency of the numerical schemes is
directly determined by the properties of the wavelet bases. Hence, the con-
struction of Riesz bases of wavelets is crucial. We propose different ways
to construct wavelet bases whose stability in Sobolev spaces is then estab-
lished. An advantage of our approaches is their far superior simplicity over
many other known constructions. As a result, the corresponding numeri-
cal schemes are easily implemented and efficient. We apply these wavelet
bases to solve some important elliptic equations in physics and show their
effectiveness numerically. Multilevel algorithm based on preconditioned
conjugate gradient algorithm is also developed to significantly improve the
numerical performance. Numerical results and comparison with other ex-
isting methods are presented to demonstrate the advantages of the wavelet

Galerkin method we propose.
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Chapter 1

Introduction

1.1 Preliminary

Wavelets have been proven to be a powerful tool in signal and image pro-
cessing such as image compression and denoising. In recent years, the
wavelet method for numerical solutions of partial differential equations
(PDEs) has been developed. For the numerical treatment of elliptic equa-
tions, the efficiency of the wavelet preconditioning techniques is directly
determined by the properties of the wavelet bases. Riesz bases of spline
wavelets are more suitable for numerical solutions of PDEs than the classi-
cal orthogonal or biorthogonal wavelets. Spline wavelets with short support
were investigated by Jia, Wang and Zhou in [26] and by Han and Shen in
[21]. Jia [23] constructed spline wavelets on the interval [0, 1] with ho-
mogeneous boundary conditions. For polygonal domains, Riesz bases of
C! spline wavelets were constructed by Davydov and Stevenson [17] on
quadrangulation, and by Jia and Liu [25] on arbitrary triangulations. The
rigorous wavelet theory provides us a guide to design reliable algorithms

for solving elliptic equations. In this thesis, we focus on constructions of



spline wavelet bases which provide efficient preconditioners for numerical
solutions of elliptic equations. The numerical schemes based on our wavelet
bases are simple, efficient and reliable. We implement our algorithms in C
and use gce to compile them. Numerical results are provided to demon-
strate the efficiency and effectiveness of the wavelet Galerkin method we

propose.

We use N, Z, R and C to denote the set of positive integers, integers, real

numbers and complex numbers, respectively.

For s € N, the s-dimensional Euclidean space is denoted by R®. The inner

product in R?® is defined by
T Y =Ty + Doy + -+ Tls,

for v = (x1,29,...,25),y = (y1,92,...,ys) € R*. Let Ny := N U {0}.
An element of Nj is called a multi-index. The length of a multi-index
o= (1, po, ..., ps) € N§ is given by |p| = p1 + po + -+ + ps. For
o= (p1, ploy ... ps) € N§ and z = (x1,29,...,25) € R® define 2t :=
zi'ay? - xls. A polynomial is a finite sum of the form »_ c,a# with ¢,
being complex numbers. The degree of a polynomial ¢ = > L Cut s de-
fined to be degq := max{|u| : ¢, # 0}. We use II; to denote the linear

space of all polynomials of degree at most k.

Let € be a (Lebesgue) measurable subset of R®. Suppose f is a complex-

valued (Lebesgue) measurable function on Q. For 1 < p < oo, let

1/p
1l = ( / |f(:c)|pd:c> |

and let || f]|z. () denote the essential supremum of |f| on . We omit
the reference Q) if there is no ambiguity. For 1 < p < oo, by L,(€2) we

denote the Banach space of all measurable functions f on {2 such that



| fllz,@) < oo. Forp =2, LQ(Q) is a Hilbert space with the inner product
given by (f,g) == [, f(x)g(x)dz, f, g € La(R).

For a vector y = (y1,¥2, ..., ys) € R®, let D, denote the differential operator

given by

Do) = iy JEEWIE) e
Let e1,€9,...,es be the unit coordinate vectors in R*. For j = 1,2,...,s,
we write D; for D, . For a multi-index p = (p1, pia, . . ., fts), we use D¥ to

denote the differential operator D" D4? - - D¥s.

Suppose € is a (nonempty) open subset of R*. Let C(€2) be the linear space
of all continuous functions on Q. By C.(€2) we denote the linear space of
all continuous functions on €2 with compact support contained in €). For an
integer r > 0, we use C"(€2) to denote the linear space of those functions
fon Q for which D*f € C(Q2) for all |a| < r. Let C®(Q) := (2, C" ()
and C°(Q) := C.(Q) N C>=(RQ).

For m € Ny, the Sobolev space H™({2) is defined by
H™(Q) :=={u € Ly(Q) : D € Lo(R2) for all |a|] < m},
where D%u exists in the distributional sense, i.e.,
(D%, ¢) = (=1)1*(u, D*¢)
for all ¢ € C°(€2). H™(Q2) is a Hilbert space with inner product given by

(u,v)gm := Z (D%, D) for u,v € H™(Q).

laj<m

We define the norm and semi-norm in H™(2) by

||l gm =/ (u, uygm for u e H™(Q)



and

|u|gm = Z (Dou, Du) for u e H™(2),
|a)l=m
respectively. Let H{J*(€2) be the closure of C'2°(Q2) with respect to the norm
| - || gm in H™(2). The norm and semi-norm in H}"(§2) are inherited from

Now suppose that €2 is a bounded and connected open subset of R®, and
its boundary 02 is Lipschitz continuous (see [20] for details). By Poincaré-
Friedrichs inequality (see, e.g., [19]), the norm and semi-norm in H{'(2)

are equivalent in the sense that
Chlulgm < ||ullgm < Calu|gm

for u € HJ*(§2) and some positive constants C; and Cy independent of w.

Consider the elliptic equation of order 2m, m € N, with homogenous bound-

ary conditions given by

{ Lu=f in : )
1.1.1
ou O mo1
U—O,%—O, ,(%) u=20 on 09,

where

L= Y (-1)"D(ans(x)D"),

laf,|B]<m

and (2)™'u denotes the (m — 1)" derivative of u in the direction normal
to the boundary 0. We assume that a,g € C(Q2), f € Ly(Q2) and there

exists a positive constant A independent of z and £ such that

S ap(a)€ 2 NP,z e Q€ R

|| =[B|=m



In fact, the last assumption defines the ellipticity of the deferential oper-
ator L. We will develop the wavelet Galerkin method for solving (1.1.1)
efficiently.

1.2 The Galerkin Method

Let us consider the variational formulation of equation (1.1.1):
find w € Hi'(Q) with a(u,v) = I(v) for all v e H(2), (1.2.1)

where

a(u,v) = > /Q tap(2)(Du(z))(DPv(z))da

.| B]<m

and
[(v) ::/Qf(:c)v(x)dx.

If there exists a unique solution to equation (1.2.1), this solution is called
the weak solution. Note that the classical solution satisfies (1.2.1), and the

weak solution satisfies (1.1.1) if it lies in C?™((Q).

The bilinear form a(u,v) is continuous if
a(u,v) < Cy||ul|gm]||v] m (1.2.2)

holds true for all u,v € HJ*(€2) and some positive constant C; independent

of v and wv.

a(u,v) is called coercive if for u € H{"(§2) there exists a positive constant

C5 independent of u such that

alu,u) > Col|ul|3m. (1.2.3)



Suppose a(u,v) is continuous and coercive, by the Lax-Milgram theorem

(see, e.g., [5]), the unique solvability of equation (1.2.1) is guaranteed.

Now we assume all functions are real-valued and the bilinear form a(-, -)
is symmetric. To apply the Galerkin method to solve equation (1.2.1) nu-
merically, we take a finite dimensional subspace V,, to approximate H{"(2)

and seek u,, € V,, such that

a(uy,v) =1w), YveV,. (1.2.4)

The dimension of V,, increases as n increases. Suppose dimV,, = d,, where
d, is a positive integer and ®,, = {¢n1,...,Pna,} is a basis of V,,. Then
for each positive integer i, 1 < i < d,,, (1.2.4) holds true, i.e.,

a(un, ¢n,z) = l(¢n7z), 1= 1, 2, ey dn (125)

Since u,, € V,,, we seek ¥, 1,...,Ynq4, € R such that u, := Zf;l YniPni
satisfies the linear system (1.2.5). Thus we can write (1.2.5) in the following

matrix form:

where A, = (a(nis $nj))1<ij<dns Yn = Uni)i<iza, a0d & = (U(Pni))i<i<d, -
A, is called the stiffness matrix. By solving (1.2.6), we obtain an approxi-

mate solution to (1.2.1).

The condition number x(A,) of A, usually deteriorates as n increases.
Hence A,, becomes ill-conditioned when n is large. An ill-conditioned ma-
trix usually results in very slow convergence for classical iterative methods.

This motivates us to propose the wavelet Galerkin method.



1.3 The Wavelet Galerkin Method

In brief, the wavelet Galerkin method proceeds by choosing a proper basis,
called a wavelet basis, of the approximate space V,, such that the condition
number of the stiffness matrix associated with this basis is relatively small
and uniformly bounded (independent of the level n). This leads us to study

Riesz bases in Hilbert spaces.

Let H be a Hilbert space. The inner product of two elements u and v
in H is denoted by (u,v). The norm of an element u in H is given by
Jull == /{u,u). Let J be a countable index set. A sequence (v;);cy in the
Hilbert space H is said to be a Bessel sequence if there exists a positive

constant C' such that the inequality

H > el < C(Z |Cj|2> v

jedJ jed

holds for every sequence (c;);e; with only finitely many nonzero terms.
A sequence (vj)jes in H is said to be a Riesz sequence if there exist two

positive constants C; and Cy such that the inequalities

Cl(Z |Cj\2)1/2 < H > e < C?(Z \01\2)1/2
jeJ jeJ jeJ

hold for every sequence (¢;);e; with only finitely many nonzero terms. We
call 7 a Riesz lower bound and Cy a Riesz upper bound. If (v;);e; is
a Riesz sequence in H and the linear span of (v;);cs is dense in H, then
(vj);es is said to be a Riesz (or stable) basis of H. If (v;),c; is a Riesz basis
of H, then the condition number of the matrix ((v;,vx));kres is no bigger
than C3/C?. See [42] for details.

Note that H{*(2) is a Hilbert space with the inner product given by (u, v) gm

for u,v € HJ*(Q2). In order to solve equation (1.2.1) using the wavelet



Galerkin method, we first formulate a sequence of finite dimensional sub-
spaces (V;,)ns>n, of HY'(Q) such that V,, C V41 for all n > ng and U2, V,,

n=ng
is dense in H{'(Q2) where ng is a positive integer. In general, we choose
an appropriate basis @, := {¢! ..j € Ji.1 < i < r} for V,,. Here r is a

n7] ’

positive integer, whereas {¢!,..., ¢"} are real-valued functions, and
O (1) = ¢'(2"x —j),j € Jp,1<i<ra e

for some index set J' 1 <7 <.

Then we construct a suitable subspace W, of V.1, called a wavelet space,
such that V1 is the direct sum of V,, and W,, for n > ng. Similarly, W,
is constructed by a number of functions {1, ... ¢!} where ¢ is a positive

integer. Specifically, let
(1) =0 (2" — k), k€ K, 1 <i<tzeQ

for some index set K',1 <i <t,and ', := {@Dfl’k, ke Ki,1<i<t}forms

a basis of W,,. ¢!, ... "1 and ! are called wavelets.

By the construction, we have
Vn:Vno+Wno+"'+Wn—l-

Therefore ¥,, := &, |J( Z;Tlm I'y) forms a basis of V,, other than ®,. Let
U= 0, UL, Tk). We normalize W,, and ¥ with respect to the H™
norm in the sense that the H™ norm of each basis function is a constant
independent of n. And we use U™ and ¥""™ to denote the normalized
U, and W, respectively. Under certain conditions, W™ forms a Riesz

basis of HJ"(€2).

An application of a general result in chapter 4 of [42] gives the follow-

ing proposition, which relates the Riesz basis of HJ(€2) and the condition



number of the associated stiffness matrix.

Proposition 1.1. If U™ s a Riesz basis of H*(S2) and a(u,v) is both
continuous and coercive, then the condition number of the stiffness matrix

assoctated with W i.e., By, = (a(X, V))ypewnorm, is uniformly bounded.

Proof. For n > ng, let A\yae(By) and Ay (By) be the maximal and minimal
eigenvalues of B,,. Then the condition number x(By,) = Anaz(Bn)/ Amin(Bn)-
For any eigenvalue A\(B,,) of B,,, there exists a column vector z = (ay)ypewnorm
such that A\(B,) = 2T B,z/2"2. ¥ is a Riesz basis of HJ"(f2), then there

exist two positive constants C; and Cy such that

Ci2tz < H Z (%@D)Hzm < Cye'z.

we\Ijnorm
n

The fact that a(u,v) is continuous and coercive implies

a| T @, <o T @) ¥ @)

/Ll}E\I[:iOT"”L /Ll}E\I[:iOT"”L weqjgo’f"fﬂ
2
< a
<G|l Y (agy) -
/Ll}E\I[”;%OT"UL

for some positive constants C'5 and C4 independent of n. Therefore,

Cngsz§a< Z (apt)), Z (a¢¢)>§CgC4ZTz.

we\y%orm we\y%orm
Note that
TBiz=a( Y (aw), Y (aw0)).
we\p%orm /ll}E\I[:iOT"UL
We have
C1C5272 < 2TBz < CyCy2T 2.
Thus

0103 S )\(Bn) = ZTBnZ/ZTZ S 0204.
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Consequently &(By,) = Amaz(Bn)/Amin(Br) < (C2C4)/(C1Cs), ie. k(By,) is
uniformly bounded. !

In order to solve equation (1.2.1) efficiently, this proposition guides us to
construct a Riesz basis of HJ"(2) since the condition number of the stiffness
matrix associated with Riesz basis is uniformly bounded. Therefore, our
goal is to construct a Riesz basis of H["(§2) such that the condition number

of the associated stiffness matrix is as small as possible.

1.4 Organization of this Thesis

Here is the outline of this thesis.

Chapter 1 gives an overview of the wavelet Galerkin method for numer-
ical solutions of elliptic equations. The elliptic equations with ho-
mogeneous boundary conditions and the Galarekin method are intro-
duced. In order to apply the wavelet Galerkin method to solve the
corresponding variational problems, we relate Riesz bases in Sobolev
spaces and the condition numbers of the associated stiffness matrices.
Thus we make clear that our goal is to construct proper Riesz bases

of wavelets in Sobolev spaces.

Chapter 2 discusses wavelets on the interval. We formulate approximate
subspaces (V;,)n>1 of HZ(0,1) based on Hermite cubic splines. By
orthogonality with respect to (u”,v”), wavelet spaces (W,),>1 are
constructed. We analyze the properties of the finite element bases of
(Vu)n>1 and establish the stability of the wavelet bases in HZ(0,1).
These wavelet bases are applied to numerical solutions to the Euler-

Bernoulli equation.
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Chapter 3 studies the wavelet Galerkin method for the second-order ellip-
tic equations with variable coefficients in the two-dimensional space.
We first construct stable wavelet bases in H{((0,1)?), and then ap-
ply the associated preconditioning technique in the finite difference
method, instead of the finite element method, for solving general
second-order elliptic equations with rough variable coefficients. The
numerical results and comparison with classical multigrid algorithms

are provided.

Chapter 4 investigates Riesz bases of wavelets in HZ((0,1)?) and their
applications to numerical solutions of the Biharmonic equation and
general elliptic equations of fourth order. Stable wavelet bases are
constructed in the one-dimensional case and then extended to the two-
dimensional case by tensor products. The characterization of Riesz
bases in Hilbert spaces is proposed. Automatic multilevel algorithm is
developed for solving the Biharmonic equation with error estimates in
the energy norm. We compare our method with many other popular
numerical methods from different point of view such as number of

iterations, relative residue reduction and computational cost.

Chapter 5 highlights our main contributions and indicates possible direc-

tions for future research.



Chapter 2

Wavelet Bases on the Interval

and Applications

2.1 Introduction

In this chapter, we investigate stable wavelet bases of Hermite cubic splines
on the interval. These wavelet bases are suitable for numerical solutions of

differential equations of the fourth order.

Orthogonal wavelets were constructed by Daubechies in [16], while biorthog-
onal wavelets were investigated by Dahmen and Micchelli in [15]. Chui and
Wang [12] initiated the study of semi-orthogonal wavelets. In order to deal
with problems with bounded domains, Daubechies wavelets were adapted
to the interval [0, 1] by Cohen, Daubechies and Vial [13]. Chui and Quak
adapted semi-orthogonal wavelets to the interval [0, 1] in [11], and the Riesz
basis property was established by Jia in [22]. Dahmen, Han, Jia and Kunoth
[14] constructed biorthogonal multiwavelets on the basis of Hermite cubic

splines and adapted them to the interval [0, 1].

12
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However, in order to solve differential equations, the orthogonality in the
energy norm is more desirable than that in the Ly norm. The orthogonality
with respect to (u',v’) instead of (u,v) were considered in [10] and [24].
Christon and Roach [10] discussed wavelets on the basis of linear finite
elements. Jia and Liu [24] constructed wavelet bases using Hermite cubic
splines and applied them to numerical solutions to the Sturm-Liouville
equation with Dirichlet boundary conditions. In [9], Chen, Wu and Xu
proposed a general construction of wavelets according to the orthogonality
with respect to (u™, v(™) where m is a positive integer. Based on these
wavelet bases, the multilevel augmentation methods provided a very fast
solution for a class of differential equations whose highest order term has a

constant coefficient.

Here we consider the fourth-order differential equations of the type

{ (a(z)u”)"(x) — (b(x)u') + c(x)u(z) = f(x) for z € (0,1), (2.1.1)

u(0) = u(l) =u/(0) =u'(1) =0,

where a(x) is a positive continuous function satisfying K; < a(x) < K,
for all x € [0,1] and positive constants K; and Ky. b(z) > 0, ¢(x) > 0
and f € Ly(0,1). Hence we use the orthogonality with respect to (u”,v").
For simplicity, we apply the wavelet bases to numerical solutions to the

Euler-Bernoulli beam equation, i.e.,

{ (a(z)u")"(z) = f(z) for = € (0,1), (2.1.2)

u(0) = u(1l) =4/(0) =/(1) = 0.

To solve the Euler-Bernoulli beam equation by the Galerkin finite element
method, we must use at least a cubic polynomial expansion over the indi-

vidual elements, and require a C'' solution. Therefore, we choose Hermite
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cubic splines which have good interpolation property. Although the asso-
ciated wavelet bases are the same as those in [9], the constructions were
independent and the numerical schemes are different. The aim of this chap-
ter is to illustrate classical constructions of wavelets and relevant numerical
schemes by solving relatively simple examples and help further understand-

ing the wavelet Galerkin methods in more complicated cases afterwards.

2.2 Wavelets on the Interval

Recall that Ly(0,1) denotes the space of all square-integrable real-valued
functions on (0,1). The inner product in L9(0,1) is defined as

(u,v) ::/0 u(z)v(x)de, u,v € Ly(0,1).

H?(0,1) is the space of all functions u in L,(0, 1) for which (the distribu-
tional derivative) u” € Ly(0,1). The norm in H?(0,1) is defined as

1/2

e = ([ [ + (@) + (@) i) we )

and the semi-norm is given by

|u| gz = (/01 (u”(x))2d:)s) 1/2, ue H*0,1).

HZ(0,1) is the closure of C'°(0,1) with respect to the norm || - |gz2 in
H?(0,1). The norm and semi-norm in HZ(0, 1) are inherited from H?(0, 1)

and equivalent.
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For n > 1, let V,, be the space of those cubic splines v € C*[0, 1] for which
v(0) = v(1) ='(0) =2'(1) = 0 and

'U|(j/2n’(j+1)/2n) € H3|(j/27l7(j+1)/27l) fOI' ] = 0, ey 2" — 1.

The dimension of V,, is 2"+ — 2.

Moreover,

e V. ’s are nested, ie., Vi C Vo C---CV, C---;

o U V,, is dense in HZ(0,1).

n=1
We first find a basis for V,,.

Consider the Hermite cubic splines given by

p

(r+ 1)%(1 — 22) for —1<z<0,

o) =9 (1-2)2Qz+1) for 0<az<1,

0 for R\ [-1,1],

\

and
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FIGURE 2.1: Hermit Cubic Splines

¢ and ¢9 satisfy the following refinement equations:

61() = 5020+ 1) + 3020 + 1) + 6n(20)
+%¢1(29§ -1) - Z@(% - 1)

2 ! 1 (2.2.1)
o) = —§¢1(2x +1)— §¢2(2x +1)+ §¢2(2x)

+%¢1(2x —-1)— %¢2(2x —1).

Note that ¢ is an even function, and ¢, is an odd function. Moreover, ¢,

and ¢, have continuous first derivatives on R satisfying:

(bl(O) = 17¢/1(0> = 0,¢2(0) = 07¢,2(0) = 17
$1(3) = 0,81(4) =0, ¢2(5) = 0, 95(j) = 0,
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for j € Z\ {0}. Thus, for f € C'(R),

u= o =5)+ Y F Gl — )

= JEZ.

is a Hermite interpolation of f on Z, i.e., u(j) = f(j) and «/(j) = f'(j) for
all j € Z.

For 0 <x <1 and n > 1, define

612"z — (j+1)/2) for j=1,3,5,...,21 _3,
P j(T) =
do(2nz — 5/2) for j—2,4,6,... 271 _2

Let @, := {¢nj,j = 1,2,...,2"" — 2} Tt is easy to check that @, is a
basis of V,,.

Next we construct wavelet space W,, C V,, .1 such that
1
/ V' (z)w"(x)dx =0, Yo €V, and w € W,,. (2.2.2)
0

Then V4, is the direct sum of V,, and W,,, and the dimension of W, is
dim(V,41) — dim(V},) = (272 — 2) — (27! — 2) = 2n+l,

Suppose 1 € W,,, then there exists a sequence (b(j)) =12, an+2_o such that

ant+2_2

Y =72 b(j)Pnt1; on [0,1] since W, C Vi1 and P44 is a basis of
Vas1- By (2.2.2), we have

1 27+2-2

/ (> b()usry) (@) p(x)dz =0, for k=1,2,...,2" —2,
0 =1

This linear system can be written in the following matrix form:

Th =0, (2.2.3)
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where T' = ((¢) 1> Prny1.))1<k<on+1_21<j<on+z_o and b is the column vector

(b(1),b(2),. .., b(2"*+% — 2))7. Note that

;

—122 — 6 for —-1<z<0,

1(x) =4 120 -6 for 0<az<l1,

0 for R\ [-1,1],

\

and

6z + 4 for —1<x<0,

5(r) =19 62 —4 for O0<uz<1,

0 for R\ [-1,1].

\

The (2! — 2) x (272 — 2) matrix T has the following form by direct
computation,

T:<0707*7*70707*7*7'” 7*7*7070)7

ie., for 0 <1 <2"—1, the 4+ 1 and 4/ + 2 columns of 1" are zero vectors,
and * stands for a non-zero vector. Therefore, (2.2.3) has 2"™! linearly
independent solutions ey and egyio for 0 < [ < 2" — 1, where e; is the

2

ith unit vector in R?"°~2. Correspondingly, Ont1.41+1, Pntr1.4142 € W, for

0 <1< 2"—1, and they form a basis of W,, by their linear independence
and dim(W,,) = 2"*!. Let

1 (z) = 12z + 1) and Yo(z) = ¢2(22 + 1) for z € R.
For 0 <z <1 and n > 1, define

(2 — (j+1)/2) for j=1,3,5,..., 201 _ 1,
V() =
bo(272 — §/2) for j—2,4,6,... 2"
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Then T, := {t,;,7 =1,2,...,2""} is a basis of W,,.

To avoid treating the term V) every time separately, we define Wy := Vi,
o1 = ¢1(2x — 1) and g9 := ¢2(22 — 1). Since V,,4; is a direct sum of V,,

and W,,, we have the following decomposition:
Vn+1:WO+W1+"'+Wn-

Note that V,, is orthogonal to W, with respect to (u”,v”). Thus W, is

orthogonal to W,, with respect to (u”,v"”) for m # n.

Moreover,

(W) =0 for 1< j, k<2 and j# k. (2.2.4)

n,j3’

Indeed, if |j — k| > 2, supp(+,, ;) Nsupp(yy, ;) = 0. If j is an even number,
supp(¢, ;) Nsupp(¢, ;,) = . Thus in these two cases, (2.2.4) holds. If j

is an odd number, (2.2.4) is true because (¢7, ¢5) = 0.

Consequently, (72", is an orthogonal basis of H3(0,1) with respect to
(u",v"). Similarly W, := J;—} T\ is an orthogonal basis of V,, with respect

to (u”,v").

2.3 The Finite Element and Wavelet Bases

In this section, we discuss the properties of the finite element bases (®,,),>1

and the wavelet bases (U,,),>1.

Proposition 2.1. Forn > 1,
22, = {22, 5, =1,2,..., 2" 2}

is a Riesz basis of V,, in the Ly space.
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Proof. Let ps(z) be a cubic polynomial defined on [z, xy + h] satisfying:
p3(wo) = ao, p3(zo + h) = ay,p3(o) = bo,and pi(zo + h) = by,
where xg, h, ag, a1, by and b; are real numbers. Then

pa(z) = az® + ba* + cx + d,

where
. 2(&0 — 0,1) b() + bl
N & W2
3(&1 — CL(])(QZ’O + h) (32150 + 2h>b0 + (32150 + h)bl
b = E - 12 ’
P 6(0,0 - &1)1’0(1’0 + h) (ZL’Q + h) (31’0 + h)bo + 1'0(3113'0 + 2h)b1
a h3 - h? ’
P ao(o + h)*(h — 2x0) + x3a1(22¢ + 3h)
= E
ZL’Q(ZL’Q + h)2b0 + (l’o + h)l’%bl
h? '
Therefore,

zo+h h
/ pa(x)dr = 210(54a0a1 + 22aphby — 13aphb, + 13a,hby + 78a2

xo
—22ayhby — 3h%boby + T8a2 + 20262 + 2h2b2).

(2.3.1)
2n/2xn,j¢n,j, g = 25111_2 Z'm]ﬁbmj and h = 1/2“, then

2”+1—2

Suppose f =}

2" —1

1
1f1I7, =2" / x)dx + Z 2"/ x)dx + 2"/ g*(x)dz.
(

27 —1)h
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Note that ¢g(0) =0, g(h) = 2,,1,4'(0) = 0 and ¢'(h) = z,,2/h, by (2.3.1) we

have

h
1
2" / G (x)dr = ——=(T8x2, + 222 5 — 221, 1Tp2)
0 210 ’ ’ o
13 11
o o T 1
- ( Tn1 Tn2 ) 3{)1 2110
210 105 fn2
Since the maximal and minimal eigenvalues of the matrix
13 11
35 210
11 1
210 105
are 4/21 +1/1565/210 and 4/21 — +/1565/210, respectively,
h
Cilad, +a2,) <2 [ Plo)de < Calal, + a2, (232)
0

where C) = 4/21 — \/1565/210 > 0 and Cy = 4/21 + v/1565/210 > 0.

An analogous argument gives

1
03(1'2,2%1—3 + fi,zn+1—2) < 2n/ 9*(x)dx < 04(1'2,2%1—3 + fi,zn+1—2)

(2n—1)h
(2.3.3)

for some positive constants C5 and C4 independent of n.
For j =2,3,...,2" — 1, we have g((j — 1)h) = xp2j-3, g(jh) = Tp2j_1,

g ((j —1)h) = xp9j-2/h and ¢'(jh) = ,,9;/h, hence by (2.3.1)

jih
2"/ g*(x)dr = ff,jan,j,
(—-1h
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where 7, ; is the column vector (2, 9i—3, Tn.2i—1, Tn2i—2, Tnoi) . and
7] b j ? b j Y b ] Y b ]

13 9 11 13
35 70 210 420
9 13 13 11

vl ™ B @ T
11 13 1 1

210 420 105 140
13 11 11

420 210 140 105

Since the maximal and minimal eigenvalues of M are 31/120 + 1/941/120
and 103/840 — +/421/168, respectively, we have

05(2572172‘]‘—3 + 56%,23'_2 + x%,2j_1 + x?zgj) <2 f(]j—l)h g*(x)dx (2.3.4)

2 2 2 2
< 06(%,23'—3 T Ty 050 T Tpojq T xn,2j)7

where Cs = 103/840 — v/421/168 > 0 and Cg = 31/120 + 1/941/120 > 0.

Consequently, by (2.3.2), (2.3.3) and (2.3.4),

2ntl_p antl_p
Cr Y an; <IfIE, <Cs Y ahy
j=1 j=1
where
07 = IIliIl{Cl + 05, 205, 05 + Cg} and Cg = maX{C'Q + C@, 206, Cﬁ + 04}
This completes the proof. O

The stability of the finite element basis in Ly leads to the uniform bound-
edness of the condition number of the mass matrix. However, if we dis-
cretize (2.1.1) using the finite element basis, the resulting linear system is
ill-conditioned. In fact, we need to look for a basis such that the condition

number of the stiffness matrix is relatively small and uniformly bounded.
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The following theorem and proposition 1.1 indicate that the wavelet bases

constructed in the previous section meet our need.

Theorem 2.2.
U 2n/2—2n1—\n — U {2”/2—2n¢n7j’j — 1’ 2, RN 2n+1}
n=0 n=0

is a Riesz basis of HZ(0,1).

2n+1

Proof. Suppose f = .07 2n/2=2n > et Tnjtn. Since (Jp— (T, is an or-

thogonal basis of HZ(0,1) with respect to (u”,v"”), we have

oo 2ntl
2 2 -2 -2
[flie =D > wn 227 5, 27 ).
n=0 j=1

If 7 is an odd number,

2n<2—2nw1/ 2—2nw;;j> = 1992.

n7]’
If 7 is an even number,

2n<2—2nw// 2—2nwx7j> — 64

n?]’

Therefore,
0o 2n+1 0o 2n+1
1) 9) SENSIVTEIE) 3) Sl
n=0 j=1 n=0 j=1

This in connection with the equivalence of the H? norm and semi-norm

gives the desired result. O
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2.4 Applications

The variational problem of equation (2.1.1) is to find u € HZ(0,1) such
that
a(u,v) = (f,v) Vv e H}(0,1), (2.4.1)

where a(u,v) = (a(z)u”,v")y + (b(z)u',v") + (c(x)u,v). We assume that
a(z), b(x) and c(x) are continuous functions on [0, 1] satisfying a(z) > 0

and b(x),c(x) > 0 for all z € [0, 1].

For w,v € HZ(0,1), by the Schwarz inequality,

la(u, v)[ < Crlllu” |z, 1ol 2o + [l l|zo 1|2, + llullzs 0] 2,)

< Cillullazlvl 2,

where C) = max,cp{a(z),b(z),c(x)}. On the other hand, a(u,u) >
Colul?, where Cy = mingeoq{a(z)}. The equivalence of the H? norm
and semi-norm gives a(u,u) > Csllul|%, where Cs is a positive constant
independent of u. Hence a(u, v) is continuous and coercive, and by the Lax-

Milgram theorem, existence and uniqueness of the solution are guaranteed
for (2.4.1).

The corresponding Galerkin approximation problem for (2.4.1) is to find
u, €V, such that
a(un,v) = (f,v) YveV,. (2.4.2)

Note that we have two bases for V,,. One is the finite element basis ®,, and

the other one is the wavelet basis ¥,,. We normalize these two bases such
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that the H? semi-norm of each basis functions is 1 as follows.

1 1
prorm . {—2-3"/2¢n s odd}U{—2_3"/2¢n s even}-
n 2\/6 3]0 2\/§ 5] ’

n—1
norm  .__ 1 —3k/2 . - 1 —3k/2 .
wr = U <{8—\/§2 Yy, J 1s odd} U {§2 Yy, J 1s even} .

k=0

Suppose un, = ) scpnorm Ypd- Let A, be the matrix (a(0, ¢))sgeanerm, and
let &, be the column vector ((f, ®))gscaprorm. Then the column vector y, =

(Yg) pcanorm is the solution of the system of linear equations

Aptn = &n. (2.4.3)

This linear system is ill-conditioned, i.e., the condition number x(A,) of
the matrix A, increases rapidly as n increases. Hence, it would be very

difficult to solve (2.4.3) when n is large.

Now we employ the wavelet basis W' to solve (2.4.2). Suppose u, =

Zwewzm zy1). We obtain the following linear system:
Bz, = 1y (2.4.4)

Here B, is the matrix (a(x,v))y,pewnorm, whereas 7, is the column vector

((f,))pewnorm, and z, is the column vector (zy)ypegnorm.

We use Aoz (By) and Ay (B,) to denote the maximal and minimal eigen-
values of B, respectively. Then k(B,) := Anaz(Bn)/Amin(By) gives the
condition number of B,,. An application of proposition 1.1 and theorem

2.2 gives the following theorem.

Theorem 2.3. The condition number of the stiffness matriz associated with

wrerm Siee., By i= (a(x,¥))ypewnorm, is uniformly bounded (independent of
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For the model problem, i.e., (2.1.1) with a(x) = 1, b(x) = 0 and ¢(x) = 0,
the condition number of A,, increases like O(2%"). However, the condition
number of B, is always 1 since U]’ is an orthonormal basis of V;, with

respect to the H? semi-norm.

Note that &7 and W™ are two bases of V,,. There exists a unique trans-
formation between ®7"™ and W7°". To find the matrix representation of

this transformation, we define

1 1
[rorm . {—2—3’f/2¢k s odd} {—2—3k/2¢k s even}.
k 8\/§ 5J U 8 5]
Then Wrorm = Z;é [per™. We use the same notations @™, Wre™™ and
[ to denote the column vectors (¢)gcanorm, (¥)pewnorm and () ernorm,
respectively. Let I, be the n x n identity matrix. Define

23 0 VR N AV A

o w3l V6o v2 )T V6 V2
4 4 4 4

For fixed n and 2 < k < n, by the refinement equations (2.2.1), we have

norm

(I)k_l o P (bnorm
— Ly )

norm

F19—1
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where Py is a (287! — 2) x (2¥*! — 2) matrix in the form

E F D 0 0 0
o 0 E F D 0
0 0O E F D
L 0 0 0 - - 0
0 0 Iy O 0
[ R 1

In this matrix, there are 2°=! — 1 blocks of D, E and F, respectively. And

there are 2¥~1 blocks of I,.

Therefore, the matrix representation S, of the transformation between

ororm and W satisfies
norm norm
yrerm = 5, orer

where
P 0 Py 0 P, 0
0 Ip, 0 Ip, 0 Ip,

for identity matrix Ip, of size (27F1 — 2FF1) x (2nF1 — k1),

Consequently, the linear system (2.4.4) is equivalent to
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since B, = S,A,ST and 1, = S,&,. If we use conjugate gradient (CG)
algorithm to solve SnAnSg Zn = Spé,, the iterations needed to reach a fixed
tolerance 7 would not increase as the mesh size decreases since the con-
dition number of B, is uniformly bounded. By letting vy, = S.z,, the
CG algorithm for solving S, 4,5z, = S,&, is equivalent to the precon-
ditioned conjugate gradient (PCG) algorithm for solving A, y, = &, using

preconditioner .S,,.

The CG and PCG algorithms for solving A,y, = &, are introduced as

follows.

Algorithm 2.1 CG Algorithm for A,y, = &,
1: Given initial guess y°, ro « &, — A,3°

2: po < To
for k=1,2,...do

T T
Q1 < Tk_lpk—l/pk_lAnpk—l

3:

4

50 yk e~y b g

6:  Tp o Tpo1 — Q1 Anpr

7. If ||rg]|2 < 7, stop
TgAnpk—l

8  else pp «— 1) —
p;;F_lAnpk—1

Pk—1

9: end for
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Algorithm 2.2 PCG Algorithm for A,y, = &, with preconditioner S,
1: Given initial guess y°, ro « &, — A,3°

2: po < To

3: for k=1,2,...do

Op—1 T;{_lpkq/pg_lflnpk—l
yh —yn 4 e

Tk < Tho1 — Qp_1Anpr1

If ||rgll2 < T, stop

else

Sk — S,CfSnrkT
s, Anpr—1

10:  pp — Sp — ———
pg_lAnpk—l

Prk—1

11: end for

Now we apply the wavelet bases to numerical solution to the Euler-Bernoulli

bean equation (2.1.2).

Example 2.1. Consider equation (2.1.2) with a(x) = 14 0.5sin(x) and
right hand side f given by

f(z) = =627 sin(z) + 242 cos(z) + 6xsin(z) + 11sin(x) — 12 cos(z) + 24.

In this example, the exact solution u(z) = x*(1—x)%. We first use the finite
element basis ®7°"™ to discretize the corresponding variational problem and
solve the resulting linear system A, y, = £, by CG algorithm (2.1). Next,
we employ the wavelet basis W7 to solve the same problem, i.e., solve
Apyn = &, by PCG algorithm (2.2) with preconditioner S,. We set the
tolerance 7 to be 1le — 10 and use the zero vector as the initial guess. Ngog

and Npcg denote the number of CG and PCG iterations, respectively.
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TABLE 2.1: CG vs PCG for Example 2.1, 7 = 1le — 10

Level n 6 7 8 9 10 11
Nea 255 807 2900 11024 44215 180897
Npca 10 10 9 8 8 7

In this table, the first row gives the level. The second and third rows
give the number of iterations to achieve the tolerance le — 10 for CG and
PCG algorithms, respectively. Since the linear system A,y, = &, is ill-
conditioned, the CG iterations increase rapidly as the level n increases.
However, the system S, A, S%z, = S,&, (or B,z, = n,) is well conditioned.
The condition number of B, is uniformly bounded, which guarantees that
the PCG iterations would not increase as mesh size decreases. This is
confirmed by our numerical results. In fact, more is true. We see from the
last row of table 2.1 that the PCG iterations decrease as n increases. From

this table, it is clear that the preconditioning technique is effective.

Let y, and y! be the numerical and exact solutions of A,y, = &,. Then

Uy = Y, pednorm Yp® is the numerical solution of example 2.1. Let e, :=

"

" —u"||, be the error estimated in the H* semi-norm. Suppose u’ =

[
D peanorm Yp®, then e = [|(u*); — u”||1, is the discretization error in the
H? semi-norm. We list the number of PCG iterations needed to achieve the
discretization error in the H? semi-norm in the following table. In order
to compute the discretization error, we simply perform sufficiently many
PCG iterations to get y*. The rate of convergence in the H? semi-norm is

6’2;1). Note that ef = 8.73e — 4.

computed by log,(
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TABLE 2.2: Numerical Results of Example 2.1

Level n 6 7 8 9 10 11
Npca 7 7 8 8 8 8
er 2.18e-4  5.46e-5 1.36e-5 3.41le-6 8.54e-7 2.13e-7

n

log,(2=2)  2.00 2.00 2.01 2.00 2.00 2.00

€n

It is well known that the convergence rate provided by cubic splines is 2
in the H? semi-norm. This is confirmed by our numerical results. We also
notice that the number of PCG iterations needed to achieve the discretiza-
tion error remains stable under mesh refinement. Therefore, the wavelet
Galerkin method may have advantages over many other methods if the
problem needs to be discretized on a mesh with small size. For instance,

the problem has a highly oscillating solution.

Example 2.2. Consider equation (2.1.2) with a(x) = x+ 1 and right hand
side f given by

f(z) = =8k37® sin(2k7x) — 8(x + 1)k*n* cos(2knz),
where k = 37.

In this case, the exact solution u(x) = (1 — cos(2kmx))/2. Note that e}, =
2.29.
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TABLE 2.3: Numerical Results of Example 2.2

Level n 13 14 15 16
Npce 11 10 11 12
et 5.73¢-1 1.43¢-1 3.58¢-2 9.08e-3
log, () 2.00 2.00 2.00 1.98

Since the exact solution has a high-frequency component, we need to solve
the problem at a high level n to get an approximate solution with small
error. We see that the rate of convergence is 2 from the last row of this
table. For large n, the convergence of CG method is extremely slow. But

the PCG method has good performance.

In fact, to further improve the numerical performance, we may use the

multilevel PCG method which will be discussed in the next two chapters.

For the model problem, i.e.,

f(z) for x € (0,1),
u(l) =4/(0) =/(1) =0,

(2.4.5)

—

= =

e 3
8

Il ~—
I

we know that the stiffness matrices associated with the wavelet bases are
identity matrices. Hence no other preconditioning techniques could be bet-

ter.

Bramble, Pasciak and Xu [3] proposed the BPX method for precondition-
ing. Based on their work, Liu constructed additive Schwarz-type precondi-

tioners using Hermite cubic splines in [29], which is suitable for the following
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problem.

{ u””(fb’) —|—u(x) = f(([;) for z € (07 1)7 (246)

u(0) = u(l) = u/(0) = u/(1) = 0.

The condition numbers of the corresponding preconditioned matrices are

listed as follows:

TABLE 2.4: Condition Numbers of Liu’s Preconditioned Matrices

Level n 6 7 8 9 10 11

K 7.57 7.75 7.88 7.98 8.06 8.12

However, using the wavelet preconditioning technique, the condition num-

bers of the preconditioned matrices are only about 1.002 for 6 < n < 11.

In the one-dimensional space, the orthogonality to the energy norm results
in orthonormal wavelet bases in the Sobolev space H*(0,1), where m is a
positive integer. However, this way of construction cannot apply to the two-
or higher-dimensional cases. Therefore, we propose different constructions
of Riesz bases of wavelets in the Sobolev spaces to deal with second-order

and fourth-order elliptic equations in chapter 3 and 4.



Chapter 3

The Wavelet Galerkin Method
for Second-order Elliptic

Problems

3.1 Introduction

Throughout this chapter, we will consider the second-order elliptic equation

with Dirichlet boundary condition,
0y (3.1.1)

where Q = (0,1)%. a and b are two real-valued continuous functions on
[0,1]? satisfying a1 < a(x,y) < ay and by < b(x,y) < by, where ay,as, by

and by are positive constants.

34
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For the Poisson equation with Dirichlet boundary condition (i.e., problem
(3.1.1) witha = b=1)

Pu  0u
A )

Ox?  Oy? (3.1.2)
u=2>0 on 052,

and on uniform discretizations, wavelet preconditioning techniques are kno-
wn to be less efficient than multigrid algorithms. But the classical multigrid
methods are usually not effective when the coefficients a and b are rough.
For instance, a and b are anisotropic or highly oscillatory (see, e.g., [39],
(6] and [18]). Line Gauss-Seidel (see, e.g., [4]), semi-coarsening (see, e.g.,
[33]) and algebraic multigrid (see, e.g., [2]) are designed to deal with some

of these cases.

An advantage of the wavelet Galerkin method is that, as long as wavelets
have been constructed such that the condition number of the associated
stiffness matrix of the model problem is relatively small, these wavelets are
applicable to a class of general elliptic equations. In particular, if proper
wavelet bases have been constructed to solve the model problem (3.1.2)
efficiently, to solve (3.1.1), we can still expect fast convergence of the nu-
merical scheme based on the same wavelet bases without modifying our
algorithm according to the properties (oscillation, anisotropy, etc.) of the

variable coefficients a and b, given max{as, by} / min{a,, b} is not too big.

We relate the finite difference and finite element methods for solving the
Poisson equation, and show that our wavelet bases constructed in section
3.2 are also applicable in the finite difference method for numerical solutions
of equation (3.1.1). As a result, the associated numerical scheme becomes

simpler and more efficient because numerical integrations are avoided.
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3.2 Construction of Wavelets

In this section, we construct wavelets on the unit square on the basis of

bi-linear splines.

Let ¢(x) be the hat function, that is,

¢ satisfies the following refinement equation:

() = %qﬁ(Qx + 1)+ ¢(22) + %gb(Qm —-1), xeR. (3.2.1)

For n > 1, consider the following set,

Dy = {n,1.5o) (@, Y) 1 (J1,J2) € Jn, (2,9) € QF,

where
Jn = {(jlan) :jl = 1a2>2n_1a]2 - 19272n_1}

and
On,1.go) (T, ) = 2"0(2"x — j1)0(2"y — J2), (2,y) € Q.
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For (j1,j2) € Jn, ®n,(j1.j») 1s supported on [0, 1]? and by (3.2.1), we have

 Pnt1,(271.2))

¢n,(j17j2) - f"'
(Pnt1,@71-12j2) T Prt1,21,22-1) T Prt1,2i1.25041) + Prt1,251+12)2)) n
4
(¢n+1,(2j1—1,2j2—1) + Png1,(251-1,2j241) T Prt1,(2j1+1,2j2—1) T ¢n+1,(2j1+1,2j2+1))
S )
(3.2.2)

Let V,, be the linear span of ®,,. ®,, has the following property:

Proposition 3.1. @, is a Riesz basis of V,, in the Ly space for n > 1.
The dimension of V, is (2" — 1)%. By (3.2.2), we have
%C‘/QC"‘CVnC"‘-

Moreover, | J77, V, is dense in H} ().

Let Qg : L2(2) — Vi be the Lo-orthogonal projection onto Vi (k > 1) with
(Qru,v) = (u,v),u,v € Ly(Q) and @y := 0. Several authors (see, e.g., [40]
and [43]) have proved that there exist two positive constants C; and Co

such that

Ch| flin < Z4k||(Qk — Qk—l)f”%z < Oylf3, fEV,. (3.2.3)
k=1
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Now, we construct subspace W, of V., such that V., = V, + W, for

n > 1. First we introduce the following seven index sets:

K2:= {(k1,1): by =2,4,..., 2" — 2},

K= {(k, 2" = 1)1 ky =24, 27 —2};

K5 = {(1>k2):k2:274a"'a2n+1_2};

Kli= {27 =1, k) hy =2,4,...,2" — 2},

They are subsets of J,, 1.

Correspondingly, define

L) = {wn,(lﬂ k) = Pntd, (ki o) s (B, ) € K, }

Kl = {(klakQ):kl:1a37"'72n+1_1’k2:1’3""’2n+1_

K3 = {(klakQ):kl:2a47"'72n+1_2’k2:3""’2n+1_

K6 .= {(k17k2):]fl:37...72n+1_37k2:2747"'72n+1_

1};

3};

2};

I = {¢n,(k1 ka) = Pnet,(ka kz) 1¢n+1 (hu kot 1)s (K1, o) € Kz}

3 .= {wn,(lﬂ,kz) = _§¢n+l,(k1,k2—1) + Pt 1,k k) — %¢n+1,(k1,kz+1)v
(ki ko) € Kg}-

.= {wn,(kl,kz) = ——¢n+1 (ki ka—1) T Prt 1, (k1 ko) (B, ) € K4}

.= {@b (kiko) 2= Ont,(ki,ko) 1¢n+1 (ki+1,k2)s (K1, ko) € KS}

6 .= {wn,(kl,;@) = —lqbnﬂ (k1—1,k2) T Pnt1, (k1 ko) 1¢n+1 (k1+1,k2)>
(K1, ko) € KS};

7= {wn,(kl,kQ) = _1¢n+1 (ki—Lka) T Pt (k1 ko), (K1, K2) € K7}

(3.2.4)
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Let K, ==, K, T, :=J_, T, and W, be the linear span of T',.

It is easy to show that the functions in ®,, and I',, are linearly independent

and W,, C V,,41 by definition, hence V,,,; = V,, + W,, and
dimW,, = dimV,,4; — dimV}, = 2"(3 - 2" — 2).

Consequently,
Vn—l—l :‘/1+W1+W2—|—+Wn

To avoid treating the term V) every time separately, we define Wy := Vi,

Ko = Ji, I'y := ®; and ¥y (1,1) := ¢1,1,1)- [’y has the following property:

Proposition 3.2. Forn >0, I',, is a Riesz basis of W,, in the Lo space.

Proof. 1t is easily seen that I'y is a Riesz basis of Wy. For n > 1, suppose

f = Z(lﬂ,kz)EKn (o1 ko) U, (1 ko) WheTE ap, ) k) € R. By the construction

of I',,, we have

f = Z an7(k1,k2)¢n+17(k17k2)_

(k17k2)6K'n
Z (an,(kl—l,kg) + G, (ky+1,k0) T Ay ko —1) T+ an,(kl,k2+1))¢n+1,(k1,k2)
2

(k1,k2)€Jnt1\Kn

Note that ®,,, is a Riesz basis of V,, .1 for n > 0, thus

12 zcl( S @t

(k1,k2)E Ky

Z (an,(kl—l,kg) + O (k1 +1,k) T Qn,(ky ko —1) T an,(kl,k2+1))2)
4

(k1,k2)€Jnt1\Kn

2
> Gy Z U, (k1,k2)>

(k‘l,kz)EKn
(3.2.5)
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where (] is a positive constant independent of n. On the other hand,

12 s@( S @t

(k)l,k)Q)EKn
Z (@, (k1 —1,k9) F Oy (ky+1,k2) T O (ler ko —1) + an,(kl,k2+1))2)
4

(k1,k2)€dnt1\Kn

S CZ Z a’i,(khkz)_l_
(k‘1,k)2)€Kn

2 2 2 2
Cs § , (@ k1 k) T O (a4 1k) T T ea—1) F Ty 1))
(k1,k2)€n+1\Kn

2
<G Z (k1 ,k2)>

(k1,k2)EKn

(3.2.6)
where Cy, C5 and Cy are positive constants independent of n. Combining

(3.2.5) and (3.2.6), we have

Ch Z ai,(kl,kg) < ||f“%2 <Cy Z ai,(kl,kg)‘

(k1,k2)EKn (k1,k2)EKn

Therefore, I',, is a Riesz basis of W,,. O

3.3 Stability of Wavelets in the Sobolev Space
H;

In this section, we establish the stability of the wavelets constructed in the

previous section in the Sobolev space H] (). Let

Hi = {Tk,(kl,kz) t (K, ko) € Ek}u
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where Fj, := {(kl,k2) ki =1,2,...,2F by = 1,2,...,2k} and

k‘l—l k’l k’2—1 k2
2k 7ok |”

Tk, (k1,k2) = [T, ok

Consider the following bilinear form:

(fr 90 = Z <f|7'k,(k1,k2)7g|7'k,(k1,k2)>Vk+177—k,(k1,k2) for f,g9 € Vita,

Tk, (k1 ko) €5k

where
<f|7'k,(k1,k2)7g|7'k,(k1,k2)>Vk+1ﬂ'k,(k1,k2)
272D e 2k 2k 2k 2ks
- 4 [ <2k+1’2k+1) <2k+1’2k+1)
Oy — 2 2y — 2\ 2k — 2 2y — 2
(G )G )
2k — 2 2k, 2k — 2 2k,
+f( k1 ’2k+1)g( ok+1 ’2k+1)
2k, 2ky — 2\ 2%k 2y — 2
+f Ok+17 " 9k+1 )g(2k+1’ 9k+1 ) (3.3.1)
Oy — 1 2%y — 2\ 2k —1 2ky —2
+2f (S e )9 (G o)
2k, 2y — 1\ 2k, 2k, — 1
+2f<2k+1’ k1 >9<2k+1’ ok+1 )
2%y —1 2%y 2k —1 2k,
+2f< okt ’2k+1>9< k1 ’2k+1>
Oy — 2 2y — 1\ 2%k —2 2ky — 1
+2f< ok+1 7 gktl >9< ok+1 7 gktl )}
Indeed,

_ ki ke ki ko
{ g>Vk+1 = 270 Z f<2k+1’ 2k+1)g<2k+1’ 2k+1> (3.3.2)

(kl,kz)EJk+1\Ké
for f,g € Viur.

Let BL(7) be the space of bi-linear polynomials on a square 7. If we assume
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that there exist two positive constants C3 and C4 independent of k£ and z

such that

2 2
Ol < 2 i € Ol (333

for z € BL(7k (k) k), & > 0 and (ky, ko) € Ej at this moment, then it is

easy to see that

CillflIZ, < F Fvi, < CallflI7, on Vi, (3.3.4)

where C and Cy are two positive constants independent of f and k.

For f € Vk-i-la we write ||f||%/k+1 and ||f|7'k:,(k1,k2)||%/k+1,7'ky(k1,k2) for <f> f)VkJrl
and (flr, o0 T oy ko) Vit kg » TESPECEIVEly. By (3.3.4), we know

that || - | is a norm on V. Hence we have the following multiscale

|Vk+1

decomposition

where VIA/JO = V] and Wk =19 € Vit1: (9, )vi,, =0 Vf € Vi)
The following lemma implies (3.3.3).

Lemma 3.3. Suppose z € BL(Ty, (i, ks)), then

ZHZHLZ(T’C’(M»’Q)) < <Z’ Z>Vk+1"r’c’(k1vk2) = ZHZHLQ(Tk,(kLkz)) (335)

Proof. A simple transformation of coordinates shows that it is sufficient to

prove
32 2
ZHZHLQ(TO,(LD) < {2, 2)im 0 < Z||Z||L2(TO,(1,1))

for z € BL(T07(171)).
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By definition, 7011 = [0, 1]%. Suppose z(0,0) = a, 2(1,0) = b, 2(0,1) = ¢
and z(1,1) = d, where a,b,c,d € R. Since z € BL([0, 1]?),

2(z,y) = (b—a)r+(c—a)y+ (a+d—b—c)xy+a for (z,y) € [0,1]%
On one hand,
1
12012 1.0 = 1—8(2a2 + 20% + 262 + 2d° + 2ab + 2ac + ad + be + 2bd + 2¢d).

On the other hand, a(0,1/2) = (a+¢)/2, a(1/2,0) = (a+0b)/2, a(1,1/2) =
(b+d)/2 and a(1/2,1) = (¢ + d)/2. Hence,

<Z7 Z>V177'0,(1,1) =

lot o e v 2 () () 4 (557) + () T}

1
:1—6<2a2+2b2+202+2d2+ab+ac+bd+cd).

Consequently;,

2
M _
<Z, Z>V17TO,(1,1)

16a® + 16b% + 16¢? + 16d? + 16ab + 16ac + S8ad + 8be + 16bd + 16¢d
18a2 + 18b2 + 18¢2 4 18d? + 9ab + 9ac + 9bd + 9cd ’

(3.3.6)
Let
s 3 3 3
9 2 2 2 2 “
Yo 3 0 0 3 b
y = = :

Ys 0 -3 3 0 c
. 3v3 3v3 3v3 3V3 J
4

2 2 2 2
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then
1 1 0 1
a 6 6 6v/3 Y1
1 0 1 1
b G 6 g /2 Yo
6 6 63
— ) 3.3.7
1 0 1 1 ( )
C —_— — [R—
1 1 1
d - = 0 —= Ya
6 6 6v/3
Substituting (3.3.7) in (3.3.6), we have
||ZH%2(707(1’1)) _ yT Ay
<Z) Z>V1,T0y(1’1) yTy ’
where
4
— 0 0 0
9
2
0 - 0 0
A= 3
2
0 0 = 0
3
4
0 0 0 =
3

The maximal and minimal eigenvalues of A are 4/3 and 4/9, respectively.

Therefore, (3.3.5) holds true. O

Although we define va and Wy in different ways, they are exactly the same,

ie.,

Proposition 3.4. va = Wy for k> 0.

Proof. If k =0, VVO =Vi=W,. For k > 1, Wk and Wy are both comple-
ments of V} in Vi1, thus dimI/IfZC = dimW,. It is sufficient to prove I'j, is

orthogonal to ®; under (-, -)

Vit1-
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For ¢ € UZ:2 It and ¢ € @y, by simple computation, we know

Z ¢<2]Iji1’ inl)¢<2]:i1’ 2]/:.?.1> = 0.

(k1,k2) €Tk 41

Note that 1 is zero at (ky /251 ky/28+1) for (kyi, k) € K}, therefore

<w7 ¢>Vk+1 = 2_2(k+1) [ Z w(Qlljj—l’ 2fi1>¢(2fi17 2533—1)

(k1,k2) €Tk 41

- Y (g g)e(a g)] =0

(k1,k2)eK}

For ¢ € T}, ¢ is zero at (ki /25", ky/281) for (K, ko) € Jpyr \ K. Thus
<¢>¢>Vkﬂ =0 for ¢ € ¥

Consequently, T’y = (JI_, T'i is orthogonal to ®;, under (-, ) O

Viy1-

For k > 1, the mapping Py, : Vi1 — Vi satisfying (I — Py) Vi1 = Wy is then
the linear projection onto Vj, that is orthogonal with respect to (-,-)v, ..
And Wy, is the kernel of P,. Let Py := 0. Fix n € N for the time being. For
each integer k with 0 < k < n, let T}, := Py --- P,_1 and T,, be the identity

operator on V,,. Then T} is a linear projection from V,, to V.

According to theorem 4.9, to verify the stability of our wavelet basis, we

only need to check whether the four conditions of theorem 4.9 are satisfied
by taking H, = H}(Q2) and H = Ly(9Q).

It is easily seen that the first two conditions of theorem 4.9 are fulfilled be-
cause of (3.2.3). Proposition 3.2 implies that the last condition of theorem
4.9 holds true. The following lemma indicates that the third condition of

theorem 4.9 is satisfied.

Lemma 3.5.
T fllz, < C22U P f1, for feV; (3.3.8)
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where k,7 € N with k < j <n, A\ <1 and C is a constant independent of
k,j.

Proof. For k < j <n with k,j € Nand f €V},
1Tk f 22 = |1 PePrtr -+ Pioa fllLo-

By (3.3.4), we have

| PuPrs1- - Piciflle, < Cil|PuPrgr - Pioa f v,
| PrPrt1 - Pim1 f vy, |Pi—1fllv,

= C 1 1v;
[Pes1 - Pioa fllviys 111V o
S CHPk‘Pk‘-i-l e Pj_lfHVkJrl . HP]_lfHVJ ||f“L2,
HPk+1"'Pj—1fHVk+2 Hf||V}‘+1
(3.3.9)
where C' and C are positive constants independent of j and k.
If we assume that
1Pigllvi,, < V3lgllvi,, for I € Ny and g € Vi, (3.3.10)
then
- 3
1PePrss - P fll < CV3 | fllz, = C22079| £ 1,
where \ < 1, we are done.
In order to verify (3.3.10), we follow the method used in [36].
For each 7, € =, note that BL(7) is a subspace of Vi;4|,. Define
BLY(7) := {h € Visaln : (b, flvy,, =0 Vf € BL(n)}.
Recall that (-,-)v;,,  is not an inner product on Vii[r, but || - [[v;,,  is

a norm on BL(7). Hence, the mapping P, : V11|, — BL(7) satisfying
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(I — P,7,)Viq1]r, = BL%(7) is then a linear projection onto BL(7;) that is

orthogonal with respect to (-, )v;,, -

Letting w = g|,,, we have

1Pgl%,, = lalls;,, — 1T = P)glli;,,
= > {llghll, = gl = (Pl 3, )
TIED]
< Y Al m = e = Pawllfy,, o )
TIED]

On the other hand, by the first inequality of Lemma 3.3

oz, = S > Mgkl

TIEE;  TI41€5141,m141CT

S Tl B

TI41€8141,T14+1CT

3 2
> el )

TI41€8141,T4+1CT

7'16_1

v
— — —

Therefore,

1213, — s lwll¥i,, - = llw = Pawlli,, -
3

ZH@UHi(n)

(3.3.11)
||gHVl+2 Tleul
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A simple transformation of coordinates shows that, to estimate the right

hand side of (3.3.11), it is sufficient to consider the case 7, = [0, 1]* and

Vitiln = {w € R([0,1]*) w is bilinear on [0,1/2] x [0,1/2],
[0,1/2] x [1/2,1],[1/2,1] x [0,1/2] and [1/2,1] x [1/2,1]}.

Suppose

w(0,0) =a;, w(1/2,0)=ay, w(1,0) = as,
w(0,1/2) = ay, w(1/2,1/2) =as5, w(1,1/2)= as,

w(0,1) =a7, w(1/2,1)=as, w(l,1)=ay,

then ||w||2L2(Tl) can be found to be

1r1 1 1 1 2 2
Z [—CL1(L5 + =102 + =104 + —=0Q204 + =A502 + =504

18 9 9 18 9 9
1 1 1 1 2
+Ea2a6 + §a2a3 + Ea?ﬂs + §a6&3 + §a6&5 + Ea4a8
1 1 2 1, 2 5, 25
+gaa0r + 750507 + 50805 + gag + gay + a5 + a3
—i—gai + gag + lag + —ag + —a% + —agar + —asag
9 9 9 9 9 9 18
1 1 1
+Ea6a8 + §CL96L6 -+ §(L9a8 .
Hence
3

1
SR R
Z”wHLg(n) =16 Ba,
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T _
where @' = (ay, as, as, ay, as, ag, ar, as, ag) and

1 1 1 1
-2 S — 0 0 0
360612
1 2 1 1 1 1
6 3 6 12 3 12 0 00
011011000
6 3 12 ©
1 1 2 1 1 1
s 2 Y 3 3 % §5 o
p—| L 1 1 1 4 1 1 1 1
12 3 12 3 3 3 12 3 12
1 1 1 2 1 1
O 55 Y 3 3 % 13 %
1 1 1 1
- = =20
000612036
1 1 1 1 2 1
00 0 5 3 135 3 6
1 1 1 1
000056065

Next we calculate the numerator. By (3.3.1), we have

1
||w||%/l+1,n T (af + a3 + a2 + ag + 2(a3 + aj + ag + a3)) (3.3.12)

BL(7) is equivalent to the linear space spaned by (1,1/2,0,1/2,1/4,0,0,0)%,
(0,1/2,1,0,1/4,1/2,0,0,0)T, (0,0,0,1/2,1/4,0,1,1/2,0)T

and (0,0,0,0,1/4,1/2,0,1/2,1)T since every w € BL(7;) is determined by
w(0,0), w(1,0), w(0,1) and w(1,1). (1,—1,1,0,0,0,0,0,0),
(0,0,0,0,1,0,0,0,0), (1,0,0,-1,0,0,1,0,0), (0,1,0,—1,0,—1,0,1,0)

and (—1,1,0,0,0,—1,0,0, 1) are orthogonal to the above linear space with
respect to (-, )y, . and all these nine vectors span the linear space equiv-
alent to Vi41|r,. Therefore the representation of P, ., denoted by the same

notation P, ,, satisfies the following linear system:

Pl,TlX = Y?
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where

0

1

10 0 0

-1 0 O

0

0

— |

— |

e}

-1

—1

—

0 O

e}

S —H I

—1

0

o

o

— N O

S —H I

— N[ O

0

— |

— |

0

0

0 0 0

I
=

and

10 0 0 0O0O0O0O0

0 000O00O0

— |

— |

00 00O0O0O0

e}

00 00O

o

0000

e}

— < —

0000

o

— N O

S I

— N O

1 0000O0O0

0 O

0000

0

— |

— |

1 0000O0

0 0 O

I
S~
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Solving this linear system, we get

75
12 12
3 3
24 12
1 o
6 12
3 1
24 6
Pl,Tl = i 1
12 6
1 1
246
1 1
6 12
1 1
24 12
1 1
12 12

Consequently, a straightforward computation gives

lw = Prrwll¥y,,

1 5) 1 1 1 1
% o1 ' Tk 5 o
5 1 1 1 1 1
2 6 ) 6 24 12 2
Tl 5 111
12 12 12 12 12 6
1 5 1 5) 1 1
o2 YT ou 5
B L S S |
12 6 6 12 6 12
5 1y 5 1 1 5
24 12 12 24 6 24
1 5 1 7 5 1
2 o1z " e o1 1 6
Ll gL 555
24 6 6 24 12 24
B O T . A
6 12 12 6 12 12
1 5 1 5) 1
T [ — 6&1@2 + galag — 6a1a4 + 6a1a6
1 1 1 74 5
§a1a7 + gﬁlag — 6&1@9 + 6a2 — 6&2&3
2 2 1
§a2a4 — gagaﬁ + 6a2a7 + gagag + 6@2@9
5 5 1 ) 1 1
Ea?) + 6a3a4 — 6a3a6 — 6a3a7 + aagag
1 7T, 1 ) 2
gagag + 6a4 + §a4a6 — 6&4&7 — §a4a8
1 7T, 1 2 )
6a4a9 + gaﬁ + 6&@&7 — gaﬁag — 6@6&9
5 5 D 1 5 D
Ea7 — 6a7a8 + §a7a9 + 6@8 - éagag
%aé + %af].

(3.3.13)



52

Combining (3.3.12) and (3.3.13), we have

]' — —
Hw||%/l+1,Tl - Hw - Pl,le||%/l+1,’Tl = E TAa/? (3'3'14>
where
7 5 1 5 0 1 1 1 1
12 12 6 12 12 6 12 12
5 5 5 1 0 1 1 1 1
12 6 12 3 3 12 6 12
1 5 7 1 0 5 1 1 1
6 12 12 12 12 12 12 6
5 1 1 5 0 1 5 1 1
12 3 12 6 6 12 3 12
A= 0 0 0 0 0 0 0 0
1 1 5 1 0 5 1 1 5
12 3 12 6 6 12 3 12
1 1 1 5 0 1 7 5 1
6 12 12 12 12 12 12 6
1 1 1 1 0 1 5 5 5
12 6 12 3 3 12 6 12
1 1 1 1 0 5 1 5 7
12 12 6 12 12 6 12 12
Therefore,
% < sup C_LT_AC_L»_
1913, ~ aere @’ Ba

The eigenvalues of the matrix \/E_TA\/E_1 can be found directly to be
3,8/3,2,2,0,0,0,0 and 0. Hence

2
1Pigllv,,, <3

lgll%;..,

which implies (3.3.10). This completes the proof. O
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Suppose S is a nonempty set of complex-valued functions and a € C, we
define
aS:={af: feS}

Let W, := [JpZy 27Ty and W := ;2 , 27" T
Consequently, by theorem 4.9, we have

Theorem 3.6. VU is a Riesz basis of Hi ().

3.4 The Finite Element and Finite Differ-
ence Methods

If we use the finite element method to solve (3.1.2), we are secking u €

H} () satisfying the variational form
(Vu, Vo) = (f,v) Yo € Hy(Q).

The corresponding Galerkin approximation problem is the following: find

u, € V,, such that
(Vu,, Vv) = (f,v) Yv€eV,. (3.4.1)

Note that ®,, is a basis of V,,, so is 27"®,,. Thus we are seeking u, =

Z(j)Eanq)n y¢¢, such that
(Vun, Vo) = (f,6) Vo €27,
This linear system can be written as:
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Here A, is the matrix ((V¢,V0))yse2-ns,, whereas &, and y, are the
column vectors ((f, ¢))sca-—na, and (ys)sea—ns,, respectively. Therefore,

solving (3.4.1) is equivalent to solving (3.4.2).

Note that W, is another basis of V,,, we may also seek u, in the form

> pew, Zp¥ such that

Similarly, we can write this linear system as follows:
Bnz, = np. (3.4.3)

Here B, is the matrix ((V4, VX))yyew,, whereas 7, and z, stand for
the column vectors ((f,v))ypew, and (2y)pew,, respectively. Then solving

(3.4.1) is also equivalent to solving (3.4.3).

We consider the relation of the above two equivalent linear systems (3.4.2)
and (3.4.3). By (3.2.2) and (3.2.4), we know that there exists a unique

matrix S, transforming the basis 27"®,, to the other basis V,,, therefore,

This shows the linear system (3.4.3) is exactly

SpAnStz, = S, (3.4.4)

In the previous section, we established the stability of ¥ in H}(£2). Thus the
condition number of B, i.e. S,A,ST, is uniformly bounded. S, is called

the preconditioner of A,. Without preconditioning, the condition number
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of A, increases like O(2?"). The uniform boundedness of the condition

number of B, is also confirmed by the following numerical results:

TABLE 3.1: Condition Numbers of (B),)2<n<g

n size of B, Amaz(Bn) Amin(Bn) K(By)
2 9%x9 4.54 2.49 1.82
3 49 x 49 5.16 1.73 2.98
4 225 x 225 5.40 1.40 3.86
) 961 x 961 5.50 1.25 4.40
6 3969 x 3969 5.76 1.19 4.84
7 16129 x 16129 5.93 1.14 5.20
8 65025 x 65025 6.07 1.11 5.47
9 261121 x 261121 6.19 1.10 5.63

where Aoz (Bn)s Amin(Bn) and £(By) = Anaz(Bn)/ Amin(B,) are the maxi-
mal, minimal eigenvalue and condition number of the stiffness matrix B,,

respectively.

Stevenson constructed wavelets on the basis of bi-linear splines in [35]. If
(3.4.1) is discretized by Stevenson’s wavelet bases, the condition numbers

of the stiffness matrices, (B5%)y<, <9, are listed in table 3.2.
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TABLE 3.2: Condition Numbers of (B5")s<, <9

n size of B3 A naz (BEW) Amin(B5™) K(BJY)
2 9%x9 7.16 2.26 3.17
3 49 x 49 11.96 2.08 5.76
4 225 x 225 13.71 1.83 7.50
) 961 x 961 14.20 1.69 8.38
6 3969 x 3969 14.71 1.60 9.19
7 16129 x 16129 15.55 1.55 10.02
8 65025 x 65025 16.04 1.52 10.53
9 261121 x 261121 16.46 1.51 10.93

We see that the condition numbers of the stifflness matrices associated with

our wavelet bases are much smaller than those provided by Stevenson.

As we know, the numerical integration consumes lots of CPU time to solve
the general second-order elliptic problem (3.1.1), if finite element method
is applied. To avoid numerical integration, we consider the finite differ-
ence method, whose performance could also be improved by our wavelet

preconditioning.

We first discretize the Poisson equation (3.1.2) on the uniform grid with
h=1/2"
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For a function ¢, let g;; = g(ih,jh),1 < 4,7 < 2" — 1. A second order

scheme is given by the 9-point stencil

1 1 1
1
WlSl,
1 1 1

i.e., we discretize (3.1.2) as follows:

— (Wi + Wigr g+ w1+ wi i — Su it (3.4.5)

Ui—1 -1+ U1 j—1 + Uj—1541 F Ui+1,j+1)/(3h2) = fij>

where 1 < i,5 < 2" — 1. This linear system could be written in the matrix

form:
AU, = W*F,, (3.4.6)
where
Un = (Ul, c. ,UQn_l)T with U; = (Uj’l, ey u]'72n_1), 1 S ] S 2" —1
and

o= (froes frct) T with 5 = (fiar o fiz) 1S5 <20 - 1L

Note that A, in (3.4.6) and A, in (3.4.2) are exactly the same by straight-
forward computation. Hence to solve (3.1.2) numerically, we may solve the
linear system (3.4.6) with S, being the preconditioner. Furthermore, S,
is also a good preconditioner for proper difference scheme of the general
second-order elliptic equation (3.1.1) if max{as, by} / min{ay, b1} is not too

big.
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3.5 Numerical Schemes and Algorithms

In this section, we will show the efficiency of our wavelet preconditioning
on solving general second-order elliptic equation (3.1.1) using the finite

difference method.

A second-order difference scheme for discretizing (3.1.1) is

[(bi,j—1/2 +bijr12 + Aic1/25 + Qiv1)2,

@i—1/25-1/2 + bi—1/2,j-1/2 n ai—1/2,j+1/2 + bi—1/2,j41/2

2 2
Qiv1/2,5-1/2 T biv1/2-1/2  Qiv1/2,5+1/2 + bit1/2,54+1/2
+ + ) i,
2 2
@i—1/2,j-1/2 — bi—1/25-172  Qi—1/2,54172 — bi—1/2,541/2
_(ai_lm /2,j-1/ . [2-1/2 | G121 . /2,j+1/ )ui—l,j
@ip1)2,5+1/2 = Div1/25+1/2  Qixr/2,j—1/2 — biv1/2,-1/2
—(am/z,j +/y+/2 1254172 Gil/2 /2 +1/2,j />ui+1,j
—@i—1/2j-1/2 F bi—1/25-1/2  —Qitx1/2-1/2 + bit1/2,-1/2
_(bi,j—1/2+ /2. /2 [25-1/2 | TGi+1/2 /2 +1/2,4 /)m__l
—@iy1/2,541/2 T bit1j2 5412 —Qim1j254172 T bic1/2,541)2
_ bz’,j+1/2 + 5 + 5 i,j+1
ai—1/2,5-1/2 + bi—1/2,5-1/2
- 5 Uj—1,5-1

@i—1/2,5+1/2 T bic1/2,j4+1/2
- 5 Ui—1,5+1

@iy1/2,5-1/2 + biv1/2,5-1/2
- 5 Uit1,5-1

a; ir1/2 + bi j 1 -
_ Bit1/2,5+1/2 - +1/2,]+1/2ui+1’j+1] /3 _ ﬁfm for 1<i,j<2"—1,

Up,; = Un j = Uj 0 = Uj2n = 0, for 0 S Z,j S 2™,

(3.5.1)
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Here we take the values of a and b as follows:

Ai—1/2,j-1/2 = a(l'i—l/2>yj—1/2), bi—1/2,j—1/2 = b($i—1/2>yj—1/2),

A 5-1/2 = G(Ii,yj—yz), bi,j—1/2 = b(ﬁfi, yj_1/2),

Aj—1/2,j = a(Ii—l/m yj), bi—1/2,j = b(xi—1/2>yj)a
where ;1o = (1 —1/2)/2" and y,;_1/0 = (j — 1/2)/2" for 1 <i,j < 2",
Note that if a(z,y) = b(z,y) = 1, (3.5.1) reduces to (3.4.5). We write
(3.5.1) in the following matrix form:

. 1
AL, = o3 I (3.5.2)

The condition number of S, A, ST is uniformly bounded, so is the condition
number of S, A%*ST given 0 < a; < a(z,y) < ay and 0 < by < b(z,y) <
by. Hence (3.5.2) can be solved by PCG algorithm with S, being the

preconditioner.

In order to further improve the numerical performance, we use the multi-

level algorithm based on the PCG algorithm.

We first introduce some notations to describe the accuracy of our numerical

solutions. For n > 2, let
Uy = (uf, ... ub_y)" withul = (ul'y, ... ulgny),1 < j <20 — 1,
be the approximate solution to (3.5.2). Similarly,

* n,* n,* T n,*k n,* n,* . n
Up = (uy™, . ugn ) withu;™ = (ujy, .. ujpe ), 1 <j<2" =1,
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represents the exact solution of (3.5.2). Suppose u®** is the exact solution
to (3.1.1). Let w7 :=u(i/2",5/2"), 1 < 4,5 < 2" — 1. We define

n_19on__
2n—12"-1 1/2

oy = (D0 D Gy —ui?)

i=1 j=1

len

2m—12"—1

||€*|| o h ( nx ) M,era 2 1/2
wllog =h( D2 D (i —uli™)?)

i=1 j=1

Indeed, || - |[py is the discrete Ly norm of functions defined on €2, where

h =1/2", i.e., given a function f: Q, — R,

17los=n( Y rew)”

(see, e.g., [6]). Then |le

crete Lo norm.

pp represents the discretization error in the dis-

l
n

If flen|

error of an approximate solution U,, achieves the level of discretization error

pp < Klle

py, where K is a constant close to 1, we say that the

"l
n
in the discrete L, norm.

For k > 3, let I}, and ;" be the bilinear interpolation and full weighting
operators, respectively. These two notations agree with the notations %,
and I?" in the case h = 1/2% in [6].

In order to solve the linear system A%‘U, = ?%Fn, we apply the following
multilevel algorithm. Note that A%’ is a matrix of size 9 x 9. We first
solve the equation Ag’bU2 = %Fg exactly and get the solution Us. Then for
3 < k < n, perform my, PCG iterations, with initial guess I¥ U, for the
linear system AZ’bUk = 2%Fk to get Ug. Finally, the U, is the approximate

solution we want.

Note that my, (3 < k < n) iterations at level k are equivalent to my,/4"~*

iterations at level n. Thus, the total number of equivalent iterations at
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level n is computed by the following formula.

n

M
Nu=>_ T (3.5.3)

3.6 Numerical Examples

In this section, we apply our algorithm to solve (3.1.1) with coefficients
a(x,y) and b(z,y). In comparison, we also solve the following examples
by multigrid V' (2, 1)-cycle and full multigrid (FMG) algorithms based on
V(2,1)-cycle since these two algorithms are commonly seen in multigrid
books. For the multigrid algorithms, we choose usually used Gauss-Seidel
relaxation, bilinear interpolation operator, full weighting restriction opera-

tor and grid 4 x 4 as the coarsest grid. See [6] for details.

Example 3.1. Consider the Poisson equation, i.e., (3.1.1) with
a(,y) = bz, y) =1
where (x,y) € Q2. Let the right hand side

flx,y) = 30(22° — 220 4+ 2y° — 2y) (z,y) € Q.

In this case, the exact solution is

u(z,y) = 30(x — 2%)(y — ) (2,y) € Q.

Note that || f||z, = 1. The numerical results are listed in the following

table.
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TABLE 3.3: Numerical Results of Example 3.1

Level n Grid 2" x 2" N; lenlpg lex |l by
d 32 x 32 3.94 1.63e-4 1.61e-3
6 64 x 64 3.98 4.17e-4 4.03e-4
7 128 x 128 4.00 1.03e-4 1.01e-4
8 256 x 256 4.00 2.66e-5 2.52e-5
9 512 x 512 4.00 6.51e-6 6.30e-6
10 1024 x 1024 4.00 1.73e-6 1.57e-6
11 2048 x 2048 4.00 4.12e-7 3.94e-7

In the above table, the first column lists the level. Given n, the size of
the matrix A% is (2" — 1)2 x (2" — 1)2. For example, at level 11, A% is a
4190209 x 4190209 matrix. The second column gives the grid to discretize
(3.1.1).

The total number N;; of equivalent iterations at level n is computed by
(3.5.3) and listed in the third column. For instance, for n = 11 and 3 <
k <n, mg = 3. By (3.5.3) we have

= 4.00.

QO W~

Nit:ZZLT—kk%gx

We compare our approximate solution with the exact solution on the grid
points and list the error |le,|[py in the fourth column. In comparison,
the fifth column gives the discretization error in the discrete L, norm.

In practice, we simply perform sufficient PCG iterations to get U}. For
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5 <n <11, we have
lenllpy < 1.11]Je; |

D3

which shows that the level of discretization error is achieved. Moreover,

lersallpoei/llen oy & 1/4 for 5 <n < 10.

Hence the rate of convergence is 2.

In comparison, we use both multigrid V' (2, 1)-cycle and FMG V' (2, 1)-cycle
to solve the linear system AZ’bUn = ?%Fn We measure the computational
cost of multigrid algorithm by work unit (WU). A work unit is the cost
of performing one relaxation sweep on the finest grid. For instance, we
estimate one V(2,1)-cycle by (3 + 0.5) x 3 ~ 4.67 WU. In the bracket,
3 WU denotes the computational cost for the three relaxation sweep on
the finest grid. And the restriction and interpolation operations on the
finest grid cost 0.5 WU. Since the algorithm is multilevel, a factor 4/3 is
multiplied to the computational cost on the finest grid. Similarly, one FMG
V(2,1)-cycle costs 4.67 x 4/3 ~ 6.23 WU. Since our wavelets are simple,
the computational cost of one PCG iteration is about 2.5 WU according to
the PCG algorithm (2.2) introduced in the previous chapter. In fact, we
run the PCG and multigrid V' (2, 1)-cycle algorithms on the same computer.
At level 10, one PCG and one V' (2, 1)-cycle consume 0.16 and 0.31 seconds,

respectively. This confirms that our estimation is reasonable for the PCG

algorithm.

At level 11, 5 V(2,1)-cycles are needed to achieve the discretization error,
which costs 5 x 4.67 = 23.35 WU. Only 1 FMG V(2,1)-cycle is required
to reach the discretization error, and the computational cost is 1 x 6.23 =
6.23 WU. From the above table, it is easily seen that our algorithm costs

4.00x 2.5 = 10 WU. Therefore, on solving the Poisson equation, our wavelet
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algorithm is less efficient than FMG algorithm, but more efficient than
multigrid V' (2, 1)-cycle.

Example 3.2. Consider (3.1.1) with

a(z,y) =1+ 0.95sin(kx)
and

b(z,y) =1+ 0.95sin(ky)

where (x,y) € Q and k = 610. Suppose the exact solution of the equation
18

u(z,y) = tsin(r) sin(my) (2 + %), (v,y) € Q,
where t > 0 is so chosen that the f obtain from (3.1.1) with a, b and u

given above satisfying: || fllr, = 1.

TABLE 3.4: Numerical Results of Example 3.2

Level n Grid 27 x 2 N lenllpg lex o
8 256 x 256 17.32 3.07e-4 3.07e-4
9 512 x 512 17.33 6.82e-5 6.48e-5
10 1024 x 1024 17.33 1.81e-5 1.60e-5
11 2048 x 2048 17.33 4.45e-6 3.96e-6

In this example, the coefficients a(z,y) and b(z,y) are different. They

oscillate significantly along x and y axes, respectively.
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The approximate solution obtained by our algorithm achieves the level of

discretization error since

lenllpy < 113, || py for 8 <n <11,

Note that
lentallpper/llenlipg = 1/4 for 9 < n <10,

which indicates that the rate of convergence is of order 2 when n is large.
This is reasonable because we have to discretize (3.1.1) with very small mesh

size h = 1/2" to obtain an effective solution when a and b are oscillating.

In comparison, at level 11, 25 V(2,1)-cycles are needed to achieve ||e11||py =
4.49¢ — 6, and the computational cost is about 116.75 WU. Our algorithm
costs only about 43.33 WU. The multigrid V' (2, 1)-cycle algorithm diverges
for 5 < n < 8, hence the FMG V/(2,1)-cycle is not applicable. In order
to apply FMG algorithms, one has to increase the coarsest level, raise
the number of relaxation or change the coarser grid operator. Further

discussion on this issue is beyond the scope of this thesis.

Example 3.3. Consider (3.1.1) with

a(z,y) =1+ 0.95sin(kx)
and

b(z,y) =1+ 0.95sin(ky)

where (z,y) € Q and k = 1000. Suppose the exact solution of the equation
18
u(z,y) = tsin(r) sin(my) (2° + %), (v,y) € Q,

where t > 0 is so chosen that the f obtain from (3.1.1) with a, b and u

given above satisfying: ||fl|r, = 1.
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TABLE 3.5: Numerical Results of Example 3.3

Level n Grid 2" x 2" Ny lenlpg len ] pa
9 512 x 512 18.67 1.19e-5 1.19e-4
10 1024 x 1024 18.67 2.87e-5 2.66e-5
11 2048 x 2048 18.67 7.17e-6 6.48e-6

Here we raise the number & to 1000. The variable coefficients a(x,y) and
b(x,y) are more oscillating than those in example 3.2. Both the multigrid
V(2,1)-cycle and FMG V' (2, 1)-cycle diverge. Thus other techniques should

be used in the multigrid algorithms to achieve convergence.

Note that

||6n| Dy S 111||62HD£L for 9 S n S 11.

This shows that our wavelet algorithm still works well, and the compu-
tational cost does not increase much to achieve the level of discretization

error.

Example 3.4. Consider (3.1.1) with a and b given by
a(z,y) = b(z,y) = 1.0+ 0.95sin(50.77(z — y)), (x,y) € Q.
Suppose the exact solution of the equation is
u(z,y) = tsin(mz) sin(my) (2 + y?), (z,y) € Q,

where t > 0 is so chosen that the f obtain from (3.1.1) with a, b and u

given above satisfying: || fllr, = 1.
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TABLE 3.6: Numerical Results of Example 3.4

Level n Grid 2" x 2" Ny lenlpg len ] pa
7 128 x 128 10.63 1.72e-4 1.72e-4
8 256 x 256 13.32 5.22e-5 5.04e-5
9 512 x 512 13.33 1.43e-5 1.30e-5
10 1024 x 1024 13.33 3.45e-6 3.24e-6
11 2048 x 2048 12.00 8.08e-7 8.08e-7

In this example, the coefficients a(x,y) and b(z,y) are the same and oscil-
lating diagonally. This table also indicates that the level of discretization

error is achieved and the convergence rate is 2.

At level 11, 25 V/(2,1)-cycles are needed to reach [le11py = 8.08e — 7,
whereas 13 FMG V/(2,1)-cycles are required to achieve the same error.
Hence the computational costs of multigrid V' (2, 1)-cycle and FMG V (2, 1)-
cycle are 116.75 WU and 80.99 WU, respectively. From the above table, the
level of discretization error is achived by 12.00 equivalent PCG iterations
which costs 12 x 2.5 = 30 WU. This shows that our algorithm is much more
efficient than both multigrid V'(2, 1)-cycle and FMG V(2, 1)-cycle.

From the above examples, we observe that classical multigrid algorithms
are not efficient on solving (3.1.1) when the coefficients a and b are rough.
Special techniques need to be applied according to the properties of these
coefficients. But the wavelet Galerkin method has good performance, and
the convergence of the corresponding numerical schemes is always guaran-

teed.



Chapter 4

Riesz Bases of Wavelets and
Applications to Fourth-order
Elliptic Equations

4.1 Introduction

Many practical problems in elasticity and fluid dynamics are modeled by
biharmonic equation. Here we consider the bending plate problem in the
case all edges are built-in [38]. This problem is modeled by the two dimen-
sional biharmonic equation with homogeneous boundary conditions. That
is,

{ A?u(z,y) = f(x,y) (r,y) € Q,
(4.1.1)

0
U(.T,y) = a_nu<x7y) =0 (x,y) S 897

where v and f denote the deflection of the plate and distributed load,
respectively, and €2 denotes the unit square (0,1) x (0,1). As usual, A

68
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stands for the Laplace operator: A = 88—; + 88—;2, and % represents the
normal derivative.

Many numerical methods have been employed to solve the biharmonic equa-
tion. Altas et al [1] introduced a vector difference scheme of fourth order
and solved the resulting linear system by geometric multigrid method. Al-
gebraic multigrid method was used by Chang and Huang in [7] and Chang,
Wong and Fu in [8] for the linear system arising from a second-order dif-
ference scheme. To apply the finite element methods, Oswald [32] designed
multilevel preconditioners for the biharmonic equation discretized by bicu-
bic C! splines, while Sun in [37] considered preconditioning techniques for
the linear system based on quadratic splines’ discretization. In the litera-
ture, (4.1.1) is often decoupled into two Poisson equations as follows:

—Au=w ou
on

in Q, u=— =0 on 9. (4.1.2)
—Aw=f

Silvester and Mihajlovic [34] applied multigrid preconditioning to the linear

system resulting from discretizations of the above decoupled system.

As is well-known, the linear system arising from usual discretizations of the
biharmonic equation is ill conditioned. Under mesh refinement, the condi-
tion number of the stiffness matrix deteriorates rapidly like A% in general.
Thus, it is a challenging problem to efficiently solve the large linear system.
In this chapter, we investigate stable wavelet bases in Sobolev spaces. We
will show theoretically and numerically that the condition numbers of the
stiffness matrices associated with our wavelet bases are uniformly bounded
and relatively small. Thus, classical iterative methods could have good per-
formance on solving the resulting linear system. By the use of multilevel

idea, we further improve the efficiency of our algorithms. These wavelet
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bases are also applicable to numerical solutions of general fourth-order el-

liptic equations, and our numerical schemes still have superb performance.

Suppose € is a (nonempty) open subset of R*. In the first chapter, we
defined Sobolev spaces H™(2) and HJ*(2) for m € N. Here we introduce

Sobolev spaces H*(Q2) and H}'(€2) where p is a nonnegative real number.

The Fourier transform of a function f € L;(R®) is defined by

J©) = | f@e e, feR,

where ¢ denotes the imaginary unit. The Fourier tansform can be naturally
extended to functions in Ly(R®). By Plancherel theorem (see, e.g., [41]),
we have || fl|z, = (27)*/?| f] ..

For > 0, we denote by H*(R®) the Sobolev space of all functions f €
Ls(R?) such that the semi-norm

1
(2m)°

. 1/2
flameer = [ [ FOPIEPag

is finite. The space H*(R®) is a Hilbert space with the inner product given
by

(s = s [ FOTE0+ P, f.9.€ HR)

The norm in H*(R?) is given by || f||gurs) = ((f, f) muws))*?. This newly
defined H*(R®) for p € Ny agrees with the Sobolev space defined in the

first chapter. For a (nonempty) open subset  of R* we use H} () to
denote the closure of C°(Q2) in H*(R?®).
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4.2 Wavelets in the One-dimensional Space

In this section we construct stable wavelet basis of HZ(0,1), and then in
the next section adapt it to the unit square (2 by tensor product so that we

obtain a stable wavelet basis of HZ(2).

For a positive integer m, let M, be the B-spline of order m, which is the
convolution of m copies of x[,1], the characteristic function of the interval

[0, 1]. More precisely, M; := x[o,1) and, for m > 2,
1
M, (z) = / M1 (x —t)dt, = €R.
0

We use cubic splines to construct the approximate space V, of HZ(0,1).

Consider the B-spline of order four

(1
gx?’ for 0<z<1,
—593 + 2z —2x+§ for 1<z<2,
M. = L g 2 22
4(z) = 5o = 2%+ 10w — = for 2<uz<3,
1 32
—6x3+2x2—8x+§ for 3 <z <4,
0 for R\ [0,4],
and the boundary element
(1
E(—11933 + 182%) for 0<uz<1,

1
E(?:c?’ — 3627 + 54x — 18) for 1<xz<2,
1

6(—:63 + 92% — 27z + 27) for 2<ua<3,

0 for R\ [0,3].
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0.8 T T T T T 0.8

-0.1f B -0.11

_0_21 I I I I I -0.2

FIGURE 4.1: B-spline of Order 4 and Boundary Element

Note that
op(1) = 7/12, (2) = 1/6.
Furthermore,

by(x) = 1—16 (4p(2) + 11M, (22) + M, (20 — 1) + 2M, (22 — 2)).



73

These two refinement equations guarantee that the following approximate

subspaces ‘7”’8 are nested. For x € [0, 1], n > 3, define

(
272 ¢y (271) j=1,
Pnj() = 2720\ (270 — j +2) j=2,...,2"—2
| 2"%y(2"(1 - ) j=2"—1.

Let @, := {gw-,j =1,2,...,2" — 1} and V, = span{zlgn}. Note that
op € HM(R) for 0 < p < 5/2, My € H*(R) for 0 < p < 7/2, and both ¢,
and M, are compactly supported. Hence V,, C H{(0,1) for 0 < p < 5/2.

It is easily seen that

e VaCViCVs-;
o U V,, is dense in HY(0,1) for 0 < pn < 5/2;

n=3

o dim(V,)=2"—1.

Moreover,

Proposition 4.1. Forn > 3, a)n is a Riesz basis of ‘7” in the Lo space.

Next we need to construct suitable wavelet space Wn such that ‘7”+1 =
V, + Wn for all n > 3. For this end, let P, be the linear projection from
‘7”+1 onto ‘7” given as follows: For f,,1 € ‘7n+1, fn = ﬁn fna1 1s the unique

element in V,, determined by the interpolation condition

fu(k/2") = fup(k/2") k=1,2,...,2" — 1.

Then the following proposition holds.
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Proposition 4.2. For 3 <m < n, ||ﬁm . -ﬁn_1|| < C2=m)/2 where C' is

a constant independent of m and n.

See section 6 in [27] for the proof.

Let Wn be the kernel ker(]sn) of P, in ‘7”+1. Wn is generated by the following

wavelets:
1 1
() = —ZM4(2:C) + My(2x — 1) — ZM4(2$ —2),

Do(x) = d(2x) — %M4(2x).

0.8 T T T T T T T 0.8

0.7 b 0.7

-0.2 b -0.2

FIGURE 4.2: Wavelets ¢ and 1y,
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In other words, W, = span{fn} = span{{bvn,j,j =1,2,...,2"} where

(
27/ 24), (27 j=1,
Unj(@) = q 2m/2)(2m2 — j + 2) j=2,...,2"—1,
| 220 (1 —x) =2

for x € [0,1] and n > 3. Indeed, {@Zn,j,j =1,2,...,2"} is linearly inde-
pendent. By (4.2.1), we know that ¢ (i) = ¢3(i) = 0 for all i € Z, thus
ﬁn’l’/jn,j — 0

Furthermore,

Proposition 4.3. Forn > 3, fn is a Riesz basis of Wn i the Ly space.

An application of theorem 4.9 gives the following result.

Theorem 4.4. For 1/2 < u < 5/2, the set
{273} ({27 T}
n=3
forms a Riesz basis of H{'(0,1).

Since 1/2 < 2 < 5/2, in particular, {275®3} J U™ {272"T,,} is a stable
wavelet basis of HZ(0,1).

4.3 Wavelets in the Two-dimensional Space

In order to obtain a stable wavelet basis of HZ(£2), we use the tensor product

denoted by ®. For two functions v and w defined on [0, 1], we use v ® w to
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denote the function on [0, 1]? given by
vRw(r,y) =v@)w(y), 0<zy<l1.
Forn >3, let J, :={j = (j1,72) € Z* : 1 < j1, jo < 2" — 1}. Define
Onj = Onjy @ G J € I

O, = {¢nj.J € Ju}; (4.3.1)

V, = span{®,}.
V,.’s have similar properties as their counterparts Vn’s, ie.,

e VsCVyCVse-vy

o U V,, is dense in H () for 0 < p < 5/2;

n=3
e dim(V,)=(2"—-1)(2" = 1).
Furthermore,
Proposition 4.5. Forn > 3, ®, is a Riesz basis of V,, in the Lo space.
Let P, be the linear projection from V,,.; onto V,, given as follows: For

fri1 € Vi1, fu = Pyfns1 is the unique element in V,, determined by the

interpolation condition

fu(k/2") = fui1(k/27) k€ J,.

Similarly, the following proposition holds.

Proposition 4.6. For 3 < m < n, ||Py, - P,_1| < C2"=™) where C is

a constant independent of m and n.
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The wavelet space is constructed as W,, := ker(FP,). Let

F;L = {gn,jl ®7~Zn,k2 1< <2"=-1,1<k < 2"};
T o= { g ® gy 1< G <20 —1,1 < ky <27}

L, = {Jnkl ® Jn,kz 11 <k ko <27}

Then

Proposition 4.7. Forn >3, T, := I, JT, JT, is a Riesz basis of W,

in the Ly space.

An application of theorem 4.9 gives the following result.

Theorem 4.8. For 1 < u < 5/2, the set

{2745} ({27}
n=3
forms a Riesz basis of H{ ().
In particular, {27%®3} (JU 2 ,{272"',} is a Riesz basis of HZ(€2). This
wavelet basis will be used to solve the biharmonic equation on (2.

Note that the upper bound of ||P,, --- P, || is C2"™™) which is slightly
different from the upper bound C2=™/2 of |P,,---P,_,| in the one-
dimensional case. This results in the difference of the lower bound 1 of

i in this theorem and the lower bound 1/2 of p in theorem 4.4.

4.4 Stable Wavelet Bases in Hilbert Spaces

In this section, we give a characterization of Riesz bases of Hilbert spaces

equipped with some induced norms.
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Let H be a Hilbert space equipped with norm || - [|. Suppose that Vi = 0
and (V,,)n=12,.. is a nested family of closed subspaces of H, i.e., V,, C V,,44
for all n € N. Assume that | J -, V}, is dense in H. Fix g > 0 and let H,
be a linear subspace of H. Suppose H,, itself is a normed linear space with
norm || - ||g,. For n € Ny, let P, be a linear projection from V,,;; onto V;,,
and W, be the kernel space of P,. Then V,,,; is the direct sum of V,, and

W,,. The following theorem characterizes the Riesz basis of H,.

Theorem 4.9. If the following four conditions are satisfied:

e If f € H, has a decomposition f = " f, with f, € V,, then
° 1/2
171, < 4 (2 150P)
n=1
where Ay 1s a positive constant independent of n;

e For each f € H,, there exists a decomposition f = > 7 f, with
fn €V, such that

[e.e]

A7) < 1l

n=1

where Ay 1s a positive constant independent of n;

e Suppose that 0 < v < u and there exists a positive constant B such
that
|Py - Py || < B2V

for all m,n € N with m < n;

o {Yny: ke K,} is a Riesz basis of W,, in H.

Then {274, 1, = m € No, k € Ky, } is a Riesz basis of H,,.
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See section 5 in [27] for the proof of this theorem.

Let Q, : Ly(0,1) — V,, be the Lo-orthogonal projection onto V,, (n > 3)
with (Q,u,0) = (4,0),@, 0 € L(0,1) and Qo := 0. Similarly, in the two-
dimensional space, let @, : Ly(€2) — Vi be the Ly-orthogonal projection
onto V,, (n > 3) with (Q,u,v) = (u,v),u,v € Ly(2) and Qy := 0.

The following inequalities have been established in section 4 of [27].

O F 3ul ) £ 2 - nul| () A 7 2 1/2 ~ T
Coll flle < (1271Qs Flleal® + 32" (@n = Qo) fllal?) ™ < Coll Flan
n=4
(4.4.1)
hold for all fv € ‘7” with 0 < p < 5/2 where C, and Cy are two positive

constants independent of ﬁ

3 2 - L 2 1/2
Cull flle < (1271Qs flleal® + 32" (@0 = Qu-)fllal?) ™ < Coll
n=4
(4.4.2)
hold for all f € V,, with 0 < p < 5/2 where C; and Cy are two positive

constants independent of f.

For 1/2 < pu < 5/2, we take H, = H}(0,1) and H = Ly(0,1) in the

one-dimensional case. Let us check the four conditions of theorem 4.9.

The norm equivalence (4.4.1) and its proof in [27] indicate that the first two
conditions are satisfied. Proposition 4.2 gives the third condition with v =
1/2. The last condition holds true because of proposition 4.3. Therefore,

theorem 4.9 implies theorem 4.4.

Similarly, in the two-dimensional case, we take H, = H{(Q?) and H =
Ly(2) for 1 < p < 5/2. Then an application of theorem 4.9 with v = 1
gives theorem 4.8 since the four conditions are fulfilled because of the norm

equivalence (4.4.2), proposition 4.6 and proposition 4.7.
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4.5 Condition Numbers of the Stiffness Ma-

trices

In this section, we apply the wavelet bases constructed in the previous sec-
tion to numerical solutions of the biharmonic equation (4.1.1). We always

assume n > 3.

The variational problem of the biharmonic equation (4.1.1) is to find u €
HZ(Q) such that
a(u,v) = (f,v) Vv € HZ(Q), (4.5.1)

where a(u,v) = (Au,Av). For u,v € HZ(Q), it is easy to verify that

2
HE(Q

independent of u. Hence a(u, v) is continuous and coercive, and by the Lax-

a(u,v) < |lull g2)llvll a2(0) and a(u,v) > Cflul ) where C'is a constant

Milgram theorem, existence and uniqueness of the solution are guaranteed

for (4.5.1).

In order to solve (4.5.1), we take the finite dimensional subspace V,, to

approximate HZ () and seek u, € V,, such that

(Au,, Av)y = (f,v) Yo eV, (4.5.2)

Recall that @, = {¢,;,j € J,,} is a basis of V,,. The argument in the first

chapter guides us to look for the column vector v, = (Ys)sce, satisfying

AnYn = &ns (4.5.3)

where A, = ((Ac, A@))y e, and &, is the column vector ((f,®))sca, -
Then we obtain an approximate solution w, = »_ sca, Y@ 0 V. The
condition number x(A,,) of the matrix A, is of the size O(2%"). Hence, it

would be very difficult to solve the linear system (4.5.3) when n is large.
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Now we employ the wavelet basis W, := {279®5} JUr_3{2 2T} of V,,
constructed in the previous section. Similarly, we are looking for the column

vector z, = (zy)yew, satisfying

where B, = ((Ax, A¢))ypew, and n, is the column vector ((f,v))yew,

Then the approximate solution in V,, is u,, = Zd}@,n 2.

Note that ®,, and ¥,, are two bases of V,,, there exists a unique matrix S,,,

called wavelet transform, which transforms ®,, to ¥,,. Therefore,

Hence linear systems (4.5.4) and (4.5.3) are equivalent if we set y,, = S7 z,.

Actually, we will use multilevel algorithm based on the following modified

PCG algorithm.
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Algorithm 4.1 Modified PCG Algorithm
1: Given initial guess y°, ro « &, — A,3°

2: po < To
3: for k=1,2,...do

T T
(077 T Tk_lpk—1/pk_1Anpk—1

5 yp — Y+ ipea

6: TR o1 — 1 Anpr

T Sk — STk

8 If [[sk|l2 < T, stop

9: else

10: s «— STy, .

11: pr < Sk — Mmq
D1 Anbr—1

12: end for

The difference between this modified PCG algorithm and the former PCG
algorithm in the second chapter is the stopping criterion. This modified
PCG algorithm stops when the Iy norm of the residue of equation (4.5.4) is
less than some tolerance 7. Whereas the former PCG algorithm stops when

the I, norm of the residue of equation (4.5.3) is less than some tolerance 7.

Since {27%@3} JU,—,{272"T,} is a Riesz basis of H3((2), the condition
number k(B,) of the matrix B, is uniformly bounded by proposition 1.1.
This is also confirmed by the numerical computation. The condition num-

ber k(B,,) is computed for 4 < n <9 and listed in table 4.1.
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TABLE 4.1: Condition Numbers of the Preconditioned Matrices

n size of B,, Amaz(By) Amin(Bn) k(By)
4 225 x 225 2.7160 0.07996 33.97
) 961 x 961 2.7883 0.07995 34.88
6 3969 x 3969 2.8082 0.07994 35.13
7 16129 x 16129 2.8259 0.07994 35.35
8 65025 x 65025 2.8434 0.07994 35.57
9 261121 x 261121 2.8489 0.07994 35.64

A multigrid preconditioner was proposed in [34] for the decoupled bihar-
monic system (4.1.2). From tables 1, 2 and 3 in [34], we can see that the
condition number of the preconditioned matrix grows like O(h™!), where h
is the mesh size. In particular, for piecewise linear approximation on the
48 x 48 grid, the condition number already exceeds 80. In comparison, the
condition number k(B,,) of the stiffness matrix associated with our wavelet

basis is uniformly bounded. For the 512 x 512 grid (n = 9), k(Byg) < 36.

To estimate the accuracy of our numerical solutions, we introduce the fol-
lowing notations. Let 2 := (z},)yew, be the exact solution to the equation
B,z, = n, and u;, = Zwe% zy¥. Suppose u is the exact solution to the
biharmonic equation (4.1.1). Let e :=wu} — u. Then ||Ae! |1, and ||e} ]|,
represent the discretization errors in the energy norm and Ly norm, respec-
tively. Suppose u, = )y, 24, Where 2z, := (2y)yew, s an approximate
solution to equation (4.5.4). Let e,, := u, —u. Similarly, let &} = u’ —u 4

and €, := u,, — U,y1. Then

Proposition 4.10. ||Ae}| L, < [|Aen] L,
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Proof.

[Aenll, = (Alun —u), Alu, —u))
= (A(u, —ul +ul —u), Au, —ul +ul —u))
= [[Aun — )L, + 2(A(u;, — u), Aun — uy,)) + [|Aey ||z,

Note that u,,u; € V,,, so is u, — . Since u and wu satisty the variational

formulation (4.5.2), we have

(A, Alun = up)) = (f un = up) = (Au, Alun — uy,)).

Thus, (A(u! —u), Alu,, — u})) = 0. Consequently,

1Aen]lL, = 1A(un = un)llL, + [|Aen]lL, > [|Aes]|L,

O

If ||Aey||r, < K||Ae||L,, where K is a constant close to 1, we say that
the error of an approximate solution u,, achieves the level of discretization
error in the energy norm. Similarly, the error of u, achieves the level of

||, for K is close to 1.

discretization error in the Ly norm if |le,||r, < K|le

4.6 Numerical Examples: Error Estimates
in the Energy Norm

In physics, Au has its own meaning where u is the solution of (4.1.1).

For example, in fluid mechanics, —Auwu represents the vorticity of the fluid

where u describes the stream function. In many cases, people only need

to look for an approximation of Au. Thus, it is important to design the
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efficient algorithms for computing approximate solutions that achieves the
level of discretization error in the energy norm ||Ae,||r,. In this section,
we will provide such algorithm and give sufficient examples to demonstrate

its efficiency.

For k > 3, let &, be the linear mapping from R¥*1 to R¥* that sends

(aw)wewk,l to (bqp)qpe\pk, where

a, for e V_q,
by ::{ v Ll (4.6.1)

0 for ¢ e W\ V.

We use Py to denote the mapping from R¥* to Vj that sends (ay)ypecw, to
Zwewk apy.

We wish to solve the linear system (4.5.4), i.e., Bz, = n,, and then obtain

an approximate solution u,,. For 4 < k <n, let z,(j) be the approximate so-

lth

lution to Byzr = n when ["* PCG iteration is performed. Correspondingly,

the residue r,(cl) =N — Bkz,(cl). We apply the following multilevel algorithm.

Algorithm 4.2 Solving Bz, = 1,

1: Solve Bs3z3 = n3 exactly and denote the solution by zém?’). Then uz =
szém)

2: Perform 2 PCG iterations for Byzy = 7, with initial guess 54z§m
get 217 | Aésn, — 1A (us — Pazt?)ln,

3: for k=4 ton do

3) to

k|| Aés|L,
Enk E 22n—>5

5:  Perform my PCG iterations for Bz, = 1 with initial guess 5%,@’{’”

to get 2™ such that [[r™ ||y < €.

6: end for
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)

Hence, 2™ is the approximate solution to B, z, = N, and u, = P, o

is the approximate solution to the biharmonic equation. Set r,, = rimm),

Remark 1. The size of B3 is only 49 x 49. We can solve B3zz3 = 13
exactly. In practice, we could perform sufficient CG iterations with initial

guess vector 0. Therefore, the initial residue for B, z, =n, is 10 =n,.

Remark 2. Since our numerical scheme is efficient, 2 PCG iterations are
good enough to obtain an approximate solution to B4z, = 1, with initial

guess 42" for computing || A& L,.

Remark 3. The factor k/n in the threshold €, ; comes from the fact that
more iterations performed on coarser grid lead to less iterations on finer

grid. In practice, k/n could be replaced by a positive increasing function
a(k) with a(n) = 1.

Remark 4. Recall that the error of an approximate solution w, achieves
the level of discretization error in the energy norm, if ||Ae, ||z, < K||Aek ||,
for some K close to 1. Since the rate of convergence is of order 2 for
the energy norm, i.e., ||Aek||L, < M;272" for some positive constant M,
independent of n, then ||Ae,||z, < M27%" for some positive constant M
independent of n. ||Ae,||z, < M272" holds if the residue ||r,|s < My272".
This motivates us to choose the factor ||Aésl|z,/2**~® in the threshold €, .
Indeed, recall that z, and z; are the approximate and exact solution to
B, z, = 1, respectively. Since {27®;} | Uzozg{Q_%Fk} is a Riesz basis of
HZ(S2), we have

Cillzn = zpll2 S AP (20 = 22)) |2, < Callzn = 2,2,

ie.,

Cillzn = zpll2 < Aun — up)llz, < Callzn — 2]z, (4.6.2)
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Let the residue r, = n, — Bpz,. Then B,(z, — 2}) = Bpz, — 1lh, = —T'p.
Since the condition number of B, is uniformly bounded, there exist two

positive numbers C5 and C4 independent of n such that
Csllzn — zpll2 < Irallz < Callzn — 23 ll2,

This in connection with (4.6.2) gives

C . C
éllrnllz < |A(un =)z, < éllrnllz-
Note that e, — e} = u,, —u;, thus
|1Aenllz, = [A€ll, < JlAlen = €)lles = [A(un = wn)ll < Zollral-

This shows

. Cy
|Aen|[z, < [|Ae]z, + 5||7”n!|2-
3

Consequently, ||[7,]|a < My27%" leads to ||Ae,||n, < M272".

Note that my, (4 < k < n) iterations at level k are equivalent to my,/4"~*
iterations at level n. Thus, the total number of equivalent iterations at

level n is computed by the following formula.

n

my
Ni=D  rr (4.6.3)

k=4

We are in a position to give numerical examples to show that the above
algorithm is efficient. The following computation is conducted on a Lenovo

desktop with 2 GB memory and an Intel Core 2 CPU 6400 at 2.13 GHz.

Example 4.1. Consider the biharmonic equation (4.1.1) on Q with f given
by

f(z,y) = tr'[4 cos(27mx) cos(2my) — cos(2mx) — cos(2my)], (z,y) € Q,
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where t > 0 is so chosen that || ||z, = 1. The exact solution of the equation
18

u(z,y) = t[l — cos(2mx)][1 — cos(27my)]/16, (z,y) € Q.

TABLE 4.2: Numerical Results of Example 4.1

Level n|Grid 27 x 2| Nig | |00l | llrnllo |1 2€nllz, |1 A€2 |11, | Time(s)

b} 32 x 32 |1.75]5.64e-3]1.01e-5| 2.23e-5 | 2.00e-5 | 0.001

6 64 x 64 |1.81]5.64e-3|1.72e-6| 5.21e-6 | 4.99¢-6 | 0.002

7 128 x 128 |1.885.64e-3|3.02e-7| 1.28e-6 | 1.25e-6 | 0.007

8 256 x 256 |1.80(5.64e-3|7.25e-8| 3.22e-7 | 3.11e-7 | 0.029

9 512 x 512 |1.81|5.64e-3|1.32e-8| 8.02e-8 | 7.79e-8 | 0.133

10 1024 x 1024 |1.50|5.64e-3|9.31e-9| 2.12e-8 | 1.95e-8 | 0.531

In the above table, the third column gives the total number N;; of equivalent
iterations at level n computed by (4.6.3). For instance, for n = 10 and
4 < k < n, my iterations are required for the equation Byzp = 7, where
my = 15, ms = 13, mg = 8, m7y = 5, mg = 2, mg = 1, and m;p = 1. By
(4.6.3) we have

n

my 15 13 8 ) 2 1
N, = = — + —+—=+-+1~1.50.
! ; 4n=k 4096 i 1024 * 256 * 64 * 16 i 4 *

The fourth column of the above table lists the initial residue, and the fifth
column lists the residue when the algorithm terminates. Note that [|r2]|

depends on n. But the first three digits of ||r?||; are the same for n > 5.

The sixth column gives the err ||Ae, |1, of the approximate solution in the

energy norm. For the purpose of comparison, we lists the discretization
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error ||Ael ||z, in the energy norm in the seventh column. Recall that

* % *
er = u, —uand u) = Pz

(4.5.4), which is obtained by sufficiently many iterations. We find that

*
n?

where 2 is the exact solution to equation

1Aen]|z, < 1.12]|Ae% L, for 5<n < 10.

This shows that the approximate solution obtained by our algorithm achieves

the level of discretization error. Moreover, we see that
|Aer ]z, /|| Aep|ln, < 0.2506~1/4 for 5 <n <9

which indicates that the rate of convergence is of order 2.

The last column gives the CPU time in seconds for solving the linear system
of equations B, z, = n,. At level n = 10, the matrix B, has size 1046529 x
1046529. Our algorithm takes only 0.531 second to solve the equation

Biozi0 = n1o-

Example 4.2. For (z,y) € R?, let 2 := (v — 1/2)* + (y — 1/2)* — 1/4.
Consider the biharmonic equation (4.1.1) on Q with f given by

f(z,y) = t[(4z + 1)?sin z + 16(42 + 1)(1 — cos z) + 32(z — sin 2)]

for z < 0, and f(xz,y) = 0 for z > 0, where t > 0 is so chosen that
| fllz, = 1. The exact solution is given by u(wz,y) = t(sinz — 2z + 23/3) for
(z,y) € €.

The following table lists the numerical results. Note that in this example,
we have

|AenlL, < 1.11]|Ae) ||z, for 5 <n < 10.

Thus the level of discretization error in the energy norm is achieved.
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TABLE 4.3: Numerical Results of Example 4.2

Level n|Grid 2" x 2™ | Ny | |22 | lI7nll2 |I|Aen]|L,

|Ael ||, | Time(s)

b} 32 x 32 12.00/5.19¢-3]9.35e-6| 2.89¢e-5 | 2.77e-5 | 0.001

6 64 x 64 |1.81]5.19e-3|2.32e-6| 7.47e-6 | 6.78e-6 | 0.002

7 128 x 128 |1.9215.19e-3|3.72e-7| 1.76e-6 | 1.69e-6 | 0.007

8 256 x 256 |1.60(5.19e-3|1.35e-7| 4.50e-7 | 4.21e-7 | 0.026

9 512 x 512 |1.51|5.19e-3|2.95e-8 | 1.16e-7 | 1.05e-7 | 0.122

10 1024 x 1024 |1.43(5.19e-3|9.61e-9| 2.84e-8 | 2.63e-8 | 0.523

Example 4.3. Consider the biharmonic equation (4.1.1) with f given by
f,y) = e (z,y) € Q,

where t > 0 is so chosen that || f|z, = 1.

In this case, the exact solution is unknown. We list the error ||Aé,||r,
of the approximate solutions between consecutive levels and ||Aé* ||, for

comparison.
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TABLE 4.4: Numerical Results of Example 4.3

Level n|Grid 2" x 2™ | Ny | |22 | lI7nll2 |I|1AE| L,

|A€X ||, | Time(s)

b} 32 x 32 |2.75]1.15e-3|7.02e-6| 3.58e-5 | 3.58e-5 | 0.001

6 64 x 64 |3.13|1.15e-3|1.83e-6| 8.89¢-6 | 8.87e-6 | 0.002

7 128 x 128 |3.25|1.15e-3(4.20e-7| 2.20e-6 | 2.20e-6 | 0.009

8 256 x 256 |3.31|1.15e-3|8.23e-8| 5.51e-7 | 5.51e-7 | 0.048

9 512 x 512 2.27|1.15e-3|4.98e-8| 1.38e-7 | 1.38e-7 | 0.157

The sixth column and seventh column are almost the same. Hence, the

approximate solution achieves the level of discretization error.

Example 4.4. Let (¢, i,)o<iy.is<210 be a random array of real numbers be-
tween 0 and 1. Consider the biharmonic equation (4.1.1) with f being a

piecewise constant function given by

i i+ 1 o iy + 1
f(z,y) = tei i, forﬁ<$< 510 andﬁ<y< 910 -

where t > 0 is so chosen that || f||L, = 1.

In this example, the exact solution is unknown. We list ||Aé,|[r, and

|AéZ ||, in the following table showing the numerical results.
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TABLE 4.5: Numerical Results of Example 4.4

Level n|Grid 2" x 2™ | Ny | |22 | lI7nll2 |I|1AE| L,

|A€X ||, | Time(s)

b} 32 x 32 |2.75|5.55e-3|8.78e-6| 3.31e-5 | 3.31e-5 | 0.001

6 64 x 64 |3.06]5.55e-3|2.01le-6| 8.29¢-6 | 8.29¢-6 | 0.002

7 128 x 128 |1.98|5.55e-3|9.55¢e-7| 2.08e-6 | 2.08¢e-6 | 0.006

8 256 x 256 1.99|5.55e-3|2.04e-7| 5.35e-7 | 5.35e-7 | 0.032

9 512 x 512 1.93|5.55e-3|6.20e-8| 1.42e-7 | 1.42e-7 | 0.139

For relative residue reduction in the /5 norm, the above numerical examples
show that our algorithm requires considerably fewer iterations than those
reported in [32] and [37]. Let us discuss relative residue reduction in /.
norm given by the quantity 7, := ||7||c/||7%]|c- In the following table, for
e = 107% 107° and 1079, we list the average number of iterations needed

for 7,, < € in the above four examples.

TABLE 4.6: Relative Residue Reduction in [, Norm

Level n Grid 2™ x 2™ T, < 107 T, < 107° T, < 1076
8 256 x 256 1.8 3.0 5.0
9 512 x 512 1.4 2.0 2.9
10 1024 x 1024 1.3 1.5 1.9

The relative residue reduction in the l,, norm was discussed in [34] for
the 258 x 258 grid discretized by piecewise linear elements. It required 4
BICGSTAB iterations to get 75 < 6.2 x 107 and 20 BICGSTAB iterations
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to get 75 < 1.2 x 107%. Further, 3 multigrid V(1,1) cycles per iteration
were performed for preconditioning (see Table 4 iii in [34]). The algebraic
multigrid method was used in [7] and [8]. It was reported in Table 10 of [7]
that more than 40 iterations were needed for the relative residue reduction

in the I, norm to be less than 1075.

We remark that residue reductions are not fully comparable, because the
corresponding matrices are different in different contexts. We think that
it is more appropriate to compare the efficiency of numerical algorithms to
achieve the level of discretization error. The wavelet Galerkin method we
propose has the advantage that the number of iterations needed to achieve
the level of discretization error will not increase as the mesh size decreases.
In comparison, in most of the aforementioned papers, the number of itera-

tions would increase as the mesh size decreases.

4.7 Numerical Examples: Error Estimates

in the L, and L., Norms

In this section we investigate numerical solutions of the biharmonic equa-
tion and estimate errors of the approximate solutions in the L, and L.,
norms. We simply perform more iterations to achieve the level of discretiza-
tion error. For the examples considered in this section, about 7 equivalent

PCG iterations based on our wavelets will be sufficient.

The following example was considered in [1]. We define
|enlloo := max{|e,(i1/2",15/2")] : 0 < idy,iy < 2"}

which agrees with the one given in [1].
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Example 4.5. Consider the biharmonic equation (4.1.1) with f given by
f(z,y) = 167[4 cos(2mx) cos(2my) — cos(27mx) — cos(2my)], (z,y) € L,
The exact solution of the equation is

u(z,y) = [1 — cos(2mz)|[1 — cos(2my)], (z,y) € 2.

The numerical results are listed in the following table.

TABLE 4.7: Error Estimates in the Maximum Norm

Level n | Grid 2" x 2" | ||e?]|» | Time (s) | ||eLP]|o | Time (s) | |l€X|lso
) 32 x 32 6.28e-6 | 0.003 6.28e-6 0.004 6.28e-6
6 64 x 64 3.90e-7| 0.007 3.90e-7 0.013 3.90e-7
7 128 x 128 | 2.44e-8 | 0.026 2.44e-8 0.047 2.44e-8
8 256 x 256 | 4.19e-9 | 0.110 1.52e-9 0.198 1.52e-9
9 512 x 512 | 4.27e-8 | 0.507 |8.34e-11| 0.885 |8.31le-11

In the above table, the third column gives the error |[e? ||, by using the
double precision arithmetic, and the fourth column lists the corresponding

CPU time in seconds. The fifth column gives the error ||eZ

Pllee by using
the long double precision arithmetic, and the sixth column lists the corre-
sponding CPU time in seconds. The last column provides the discretization

error ||ef || in the l,, norm for comparison.

We observe that, starting from level 8, the accuracy of the approximate
solutions is affected by the roundoff errors if the double precision arithmetic

is used. But the long double precision gives the desired accuracy at levels
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8 and 9. We also find that ||e};||co/]|€}:41]|00 < 0.626 ~ 27* for n =5,6,7,8.

Thus, the rate of convergence is of order 4.

A vector difference scheme of order 4 was used in [1]. The matrix obtained
from discretization using their scheme has size 3(2" — 1)% x 3(2" — 1)? at
level n. In comparison, the matrix B, has size (2" — 1) x (2" — 1)2. But
our discretization error ||€} ||~ is smaller. For instance, for n = 7 we have
€3]] A2 2.44 x 1078, while the corresponding discretization error in [1] is
4.2x1078. Tt was reported in [1] that 3 FMG (Full Multigrid) W (3, 2)-cycles
were used to achieve the level of discretization error. We estimate that a
multiplication of their matrix with a vector costs as twice as much as a
multiplication of our matrix (B,) with a vector (see the above comparison
of the matrix size). Consequently, we estimate that a multigrid V/(3,2)-
cycle costs as much as 5 PCG iterations of our scheme. The computational
cost of a FMG W (3, 2)-cycle is about twice of the cost of a simple V' (3, 2)-
cycle (see [1]). Thus, the computational cost of 3 FMG W(3,2)-cycles is

about the cost of 30 PCQ iterations of our scheme.

Example 4.6. Consider the biharmonic equation (4.1.1) on Q2 with f given
by
flay) = e (z,y) € Q.

In this case, the exact solution is unknown. In the following table we
list numerical results of the approximate solutions that achieve the level
of discretization error in the L, norm. The numerical computation shows

that the rate of convergence is of order 4.
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TABLE 4.8: Error Estimates in the Ly Norm

Level n | Grid 2" x 2™ | ||€P]|,, | Time(s) | ||€£P||L, | Time(s) | [|€X]|L,
) 32 x 32 7.18e-7 | 0.003 | 7.18e-7 | 0.004 | 7.18e-7
6 64 x 64 4.18e-8 | 0.007 | 4.18e-8 | 0.013 | 4.18e-8
7 128 x 128 | 2.54e-9 | 0.026 | 2.54e-9 | 0.047 | 2.54e-9
8 256 x 256 | 1.67e-10| 0.110 |1.59e-10| 0.198 | 1.58e-10
9 5912 x 512 1.20e-9 | 0.507 |1.00e-11| 0.885 |9.92e-12

4.8 General Fourth-order Elliptic Equations

In this section we extend our study to general elliptic equations of fourth
order. If the Dirichlet form of a fourth-order elliptic operator is strictly co-
ercive, then the wavelet bases constructed in this chapter are still applicable
to numerical solutions of the corresponding fourth-order elliptic equation
with homogeneous boundary conditions. For simplicity, we consider the

following elliptic equation,

{ Ala(z,y)Au)(w,y) = f(z,y) for (z.y) €L, (4.8.1)

u(z,y) = a%u(m, y)=0 for (z,y) € 09,

where a(x,y) is a continuous function on 2 and there exist two positive
constants K; and Kj such that K7 < a(x,y) < K, for all (x,y) € Q. The

variational form corresponding to this elliptic equation is

(aAu, Av) = (f,v),Yv € H(Q)



97

We use our wavelet bases to discretize this equation and obtain the following

linear system:
Bz = 1y, (4.8.2)

where B} = ((aAx, AY))y.pew, and 1, is the column vector ((f,v))ypew, -

Then the approximate solution in V,, is u,, = Zwemn 2.

Note that Ky < a(z,y) < Ks, then (aAu, Av) is continuous and coercive.

An application of proposition 1.1 gives the following theorem.
Theorem 4.11. The condition number k(B2) is uniformly bounded.

Example 4.7. Let a(z,y) == (1 +x)(1 +y) for (x,y) € Q. Suppose f is
obtained by (4.8.1) with ezxact solution u given by

u(z,y) = [1 — cos(2mz)|[1 — cos(2my)] /4, (z,y) € Q. (4.8.3)

The numerical results are listed in the following table.

TABLE 4.9: Numerical Results of Example 4.7

Level n Grid 2" x 2™ lenll L, llex |l L, Time (s)
5 32 x 32 7.38e-7 7.38e-7 0.017
6 64 x 64 4.57e-8 4.57e-8 0.053
7 128 x 128 2.85e-9 2.85e-9 0.196
8 256 x 256 1.78e-10 1.78e-10 0.806
9 512 x 512 1.10e-11 1.10e-11 3.524

Example 4.8. Let a(z,y) := 140.5sin[10.8(x—y)] for (z,y) € 2. Suppose

f is obtained by (4.8.1) with exact solution u given by (4.8.3).
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The numerical results are listed in the following table.

TABLE 4.10: Numerical Results of Example 4.8

Level n Grid 2™ x 27 llenlL, lleX | L, Time (s)
) 32 x 32 8.25e-7 8.25e-7 0.017
6 64 x 64 5.11e-8 5.11e-8 0.053
7 128 x 128 3.21e-9 3.18e-9 0.196
8 256 x 256 2.04e-10 1.99e-10 0.806
9 512 x 512 1.26e-11 1.21e-11 3.524

From the numerical examples, we see that our numerical schemes also have

superb performance on solving general elliptic equations of fourth order.



Chapter 5

Conclusions and Future Work

In this thesis, we present new constructions of spline wavelet bases, establish
their stability in Sobolev spaces and demonstrate their effectiveness for

numerical solutions of elliptic equations.

We provide different ways to construct wavelet bases. All of these construc-
tions are simple. Consequently, the corresponding numerical schemes are
easily implemented. On one hand, we prove that the condition numbers
of the stiffness matrices associated with our wavelet bases are uniformly
bounded. This guarantees that the number of iterations needed to achieve
the level of discretization error will not increase under mesh refinement.
Therefore, the wavelet Galerkin method is suitable for large scale computa-
tion. On the other hand, we compute the condition numbers numerically.
Numerical experiments confirm our theoretical results, and indicate that
the condition numbers are relatively small compared with those provided
by other preconditioning techniques. Thus our methods are efficient and

competitive to the existing methods.

These wavelet bases are then applied to solve elliptic equations with ho-

mogeneous boundary conditions. Since our preconditioning techniques are

99
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effective, classical iterative algorithms have good performance. To fur-
ther speed up these algorithms, we use the multilevel idea in the wavelet
Galerkin method. In particular, we design extremely fast automatic mul-
tilevel algorithms based on PCG algorithm for computing approximate so-
lutions that achieve the level of discretization error in the energy norm.
Numerical examples demonstrate the advantages of the wavelet Galerkin

method we propose over many other popular numerical methods.

Based on the theoretical and numerical results obtained in this thesis, we
believe that the wavelet method has great potential in numerical solutions

of partial differential equations.

In [30] and [31], Liu and Xu developed Galerkin methods for solving high-
order singularly perturbed problems of reaction diffusion and convection
diffusion types, respectively. They used Hermite splines with knots adapted
to the singular behavior of the solution of the problems. In particular,
fourth-order singularly perturbed problems were solved using Hermite cu-
bic splines. We may consider employing wavelet bases on the adaptive
mesh concentrated in the layers to improve the numerical performance.
Kumar [28] applied the wavelet optimized finite difference method based
on an interpolating wavelet transform using cubic spline to solve the singu-
larly perturbed reaction diffusion equations of elliptic and parabolic types.
Our wavelet bases constructed in Chapter 2 may also be used to generate

adaptive mesh.

It is known that finite element methods have advantages over finite differ-
ence methods in solving high order PDEs on irregular domains. But for
second-order problems on regular domains, especially with variable coeffi-
cients, finite difference methods could have better performance since they

don’t have to do numerical integrations. Let us consider using the general



101

9-point stencil

0 < a < 1, to discretize equation (3.1.2). Note that the standard 5-point
stencil is obtained with a = 0. The 9-point stencil with oo = 2/3 is used in
chapter 3. And we construct stable wavelet bases which provide efficient
preconditioners for the resulting linear systems. In fact, more is true nu-
merically. If we discretize the Poisson equation using the 9-point stencil
with « other than 2/3, those preconditioners still work well. For instance,
the condition numbers of the preconditioned finite difference matrices are
uniformly bounded by 13, 10, 9, 8 and 7 as o = 0,1/4,1/3,1/2 and 3/4,
respectively. But for o = 1, it seems that the condition number grows as
the mesh size decreases. From the numerical experiments, we guess that
our wavelets are applicable in the case 0 < o < 1. How to prove this
theoretically is a specific problem I will work on. This work will broaden
the applications of our wavelet bases in general difference schemes. In the
long term, the application of wavelet preconditioning techniques in finite

difference methods will be studied.

On regular domains such as rectangular domains, we have successfully ap-
plied the wavelet Galerkin method to numerical solutions of elliptic equa-
tions and presented numerical results to demonstrate their advantages. Sta-
ble wavelet bases on general meshes have been studied by many mathemati-
cians (see, e.g., [17] and [25]). However, numerical schemes have yet to be
implemented. On general domains, how to construct stable wavelet bases
which are both easily implemented and effective still needs to be further

investigated.
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