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g Tho purnoae of the ma; m to develop treatnouba which omphaaiu

| certein upec‘ta of discovery toeching and to test thege trethente in
| thoir ahility 'bo impl'ove problan solving while main‘blini.ng echie‘ment
in uth-et.ics teaiing Thirty six Mathenatics 10 students were. |
divided into three tr-men; zroupé of twelve students each. ul three

=

: 'treetuont.s, tmght by t.he reseerchér, lasted eleven days, eighty ninutes .

per day, ‘with two days of tooting for P Lem aolving and achiovenerrb

~ The three aspecta or diacovery teaching exanined were: ‘1) Student

o interaction, with s'l’.udentif working independently as an expooitory aspect
‘and students vorkim in groups as a disco’nry a.apeCt, 2) Teacher |
’ guidance, with the teecher controlling the claaaroan leerning calpletely

anan expositon/cﬁpect and the teacher only ixrbrodncing problaus and

3 consolidating the lumim aa a discovery aspect, and 3) Integretion,

, uith practife oxerciees like those shidied as an expooi‘bory aspect and

probluno involving new hypotheoes ‘ae a disc\overy aopect. Three treet-

nents were developed- 1) Expository (E), containing all’ oxpository
aspects, 2) Diacovery I (m), containing discovery aapecta in student
: interact.ion and ‘teacher gu.idance end an expository aepect in integration,

and 3)- Discovery II (D), R containing all discovery aspects. The Student .

v Inventory of Teacher Behavior, involving a !‘ive-point preference scale

on thirt.y itens teoting teec.her u'miscience, int.rochxc’bion of generali-
sation, cont.rol of pupil interocbion, nebhoda of anawerim questiona,
s'buden'b responaes, .and me‘bhod o.f eliminating false ‘concepto,
given ‘bo the obudents following the treahents. T-t.eet resilts indictbe
a significant difference at .05 level between treatments. |



Cal mcea of problex sclvings underdim the problun, design,

pro»dnr', and soluti®h, nd h)

ere were significaub differences -

8 t'—tecb'bdbveen E.and D2 for scorim scheme 3, “and

: bdbm the groups using ANOVA for 8co ring scheme L in favor of D2:

o test achievement, the reaeo.roher dmreloped the Achievemnt 1n

Rational Bxpressions Test, cminin! farty tens similar to the T

prsc‘bico gxerciaes of E and Dl, covering the 'bopics of the unit. moﬂ

: resulta indicate no sipiﬁcan‘b d:\.:tference at .05 1level between groupa

- The researcher concl ndes t.h:b problan solving

mrovod using ‘the disocvery me\'ohod mvolv-mg problems m the

processes can be

£

Mﬁim phase, uhile mnbainiﬂﬂ ability o fi.nd the product .’m
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Chapter I -
( INTRODUCTION TO THE PROBLEM

Background and magﬁz the Problem‘ : A .' ,
o Many a’uthora hmi‘e saed themselyes to ‘the need’ for problem

fsolving in the curriaxlm. Futnrista agree that the coming curricul\m

needs to be based more upon process, in particular problen solving,
discovery, axperimentation, and evaa.uat:lon, and less upon content. |
(Baughman 1971) “The m'bure will bring new and more complex vproblem.
Their solu‘bioﬁ will depend on whether socliety reoognizes the need for
_ traim\n; people in problem aolving efforts," (Weir 197h, P. 16)
Cratchfield expands t.his idea by the contention that we cannot know
" the specific facts or even skills to teach in light of the knowledge
explosion and rapidly chmging state of the world. (Cru:bchfield 1965) 
'Shap:lro (197h) addsx
Creative problem aolv:lng--the processing and manipu-’
lation of information for affective and cognifive
goals--is believed by many educators to be the most
significant skill needed by children to cope with a
Mure gociety. (p.»
‘Brnner (1966) looks for an approach to leaming which allows the child
to leam the material presented in‘ such a way that he can use the
_. :lnfomation in problem solving. '"We teach a subject not to produce
little living libraries from that subject,, but rat.her to get a student
to think for himself, to take pa.rt in the process of knowledge-getting "
(Bruner 1966, P. 72)
Other authors have addresses themselves more spe_qifically to the

need of problem solving in the mathematics curriculum. The National -



L)
A

Co\mcil of Supervieore of nathmtice (1977) takes the poeition that
problem solving ie the principel .reason for etudying nathmttics. In ;
| eddition, the United States Gonference Board of the' Hatheeaticnl_
Sciencee etetee at the Internatimal cougreee of Mathneticiens
We regard. problu solving as the ‘basic mtbeuticdl .
activity. Other uthueticel activivies such as
generalisation, abetrection theory lding, and -

cmcept formation are beaed ‘on problen solving
(Roeenbloo- 1966, p. 130)

Decieion—uking in our aociety invqlvea the ability to think
rationally and objectively. Hietorica.liy, th:ls hae been the objec‘bive .
~ of mathematics teaching, which provides experiemces in gathering md
a.nalyaing intomation and uking deductiane from that ini‘orxlation.
(Cooney 1975) Troutman and Lichtenburg (197k) see mathematics problen |
adlving as critical to real life sitnations. After leaving /the class-
roon, students encmmter situations that can be interpreted from the
structure of a mathenatical model, . Polya (1965) also feels that one
.of the prrincipal aims of: the high school mathanatics curriculum is to
‘ develop the etudents' ability to aolve problems. Teaching problem
solving in the mathematlics class benefits al.l studenta, whatever their
i‘u‘bure occu.paticn may be. There is the opportunity to develop certain
| " concepts and habits of mind, which are important ingredients of the .

'v

gemeral culture., “"Problem solving qu.alifies as the ultimate Justifi-

c‘atiqn'for‘teaching mathematics ... Ultima_.tely, a student learns
| m&thénatics in order to eol‘ve a great. variety of problems." (Trg/ers
et al 1977, p. 121) | |

| The discovery method of teachi.ng and learning is also cited in
the 1iterature as an inportant part oi‘ the curriculum,’ Accord:mg to

Dewey (1933):



for the teachor or book to crem pupils with racta
vh;lch, ‘with little more trdhble, they could dis-
cover by direct m@m ‘48 to violate their

1::!’.0110 t1 and to culf.:lnte uni‘l

Young (1971) bolims that the effort oft discovu'y is ﬁport.nt,

successful or not s-plu (1968) agPees that only. through the proceae _

of d:lacavery w.lll a student leu'n to mke diacoveriea. Children
o shauld be prov:ldod uith problems that give them opportunitiee to make
.d:lacover:lea that m within their reach. (Ldler 1971) Accord:l.m to

ABrmer (1971)3. B | A
w:lth the active attitude that an. anphasis on discowrery
. ‘cam stimmlate, with greater emphasis on: intuition in
“%ur students, and with a courteous and :Lngenians
effort to translate o anizing ideas into the ~ .
. available thought form of our students, we are ina )
position to construct cti a that have cont
and dapth and that carry their own reward in giving
a-sense of increasing mastery. ovar\p.mrml jdeas -
‘and concepts that are worth knowing... (p. 177)

N (1965) calls learning by dscovery the “chiefw\a{for inteXlectual

prodnctivity and antonauy The student, through discov haﬁ ‘ .
mcmased abia.:lty to learn . in unknoun areas, to gather data, and -

" abstract frou new 1deas and ccncepts. .

.

"The role of axv 1tax of cantent or of procedure depends upon two

_' things, its po‘bential valne with reference to the goa‘Ls of mathematics

instruction, and the effectiveness with which the item is incorporated,
. bin'bo the clasaroan teaching process.” (Jonea 1966, p. 106) Since
problan solving in the mathematics curriculum and in the curriculm in
”gener&l aeaa to be such sn rtant goal, an effecbive nethod of
. teaching problem solving mst be round. A single unit on probla. ’
»solving does not seem to be the answer. ‘Problem solv:l.ng needs to be -
used coubimully in a.ll un:lts of mathaubics. .. One way to accoupliah

«

-

o



Y

this goal imeoovm .pproach o teaching mathemstics. As

. ehmn, diacdvery teechins is aleo cene:ldered an hportmt pu-t ot 'l'.he -
curr.lcnlum '!he use of diacovery in teaching to bn:lld the e'bndenb‘e
_canﬁd-nca in their own abildty to think and solve problm 18 ,‘,‘
cerbmly a highly cheirable gon. " (Horriaettt 1966, P. 178)

8. Hilli-a (1975) sees problu eolving sid1ls and creat:lve d.iecover':lee
both encouraged in the classroom. Hhen ‘children learn by diacoVery, :
‘they ure able to generelise their ekille to solve problene that exist
a\ttaide the claearocn. “agm ‘%66) Bruner reels t.het discovery m

| leo.mi.ng ie a neceaeu‘y conditim for learning the ve.r:lety of tech-
niq:.ee of problun solving. "Prn.ctice in d:l.ecoveﬁ.ng tor oneself
teachee one to acquire in.foma:tion in a m that makes that infmation
| vlore readily viehle in problem eolving (Bruner 1968, p. 161;)

o Law feele that teachere place ‘too much emphasis on skills, or
practicing a routine, and that once a technique has been danonetreted
Iand precticed, the student is no longer in a problem so;v:mg eitul'.ion.
He fea.re that repetitive exerciees will- result in a reduction of the
pupil's abilfty to cope in a new situation. He looks for the increaee ‘
in diecmry net.hods to enconrage a problem solving approach. (Lew 1972)
To sum up the mporbance of problem solving through discovery, Polya

o

(1957) has to say:

A great diacovery eolvas a great problem, but there .
is a grain of discovery in the. solution of any problem..
Your problem may be modest; but if it challenges :

. your curiosity and brings into play your inventive
faculties, and if you solve it by your own means;- you
may experience the tension and enjoy the triumph of
discovery. Such experiences at a susceptible age may
create a taste for memtal work and leave their imprint
on mind and cha:racter ror a lifetime. (p. v)



" The Sgt-ant of tho Problem

.

‘l‘he problun is to devolcp treat-enta which
, upocto of discovery toachinz and to Lest t.heae trea ents in. thoir

ability to mprove problen aolving whil.e maintaining

" Research eotions L I {
- _l. occpcaitory and discovery treatmen‘bs be developed on the
"same topic unit auch that a'budente will be able to disbin—

- N

guishbetweenthm R | L " L
" 2. Are there differencés in achievenent betw;en students taught |
| - by-a treatment. involving no aspects ‘of diacovex:y teacﬁing '
(expository) and treat,nents involving aspects of discovery
eaching? _ |
3. hre there differences in problem solving ability be%ween
 students taught by an expolltory treatment and discovery

treatmenta?

°

Lo Diacovery teach:Lng is a teaching strat,egy which involves:

‘1) an absence of teacher guidance exceptt.o .preSent and
consolidate a problem, 2) students working together in
pairs‘, -small groups, or a'is a class to exploi'e, hypothesize,

_and evaluate a problem, and 3) integrating the processes of

solving problems.
2. _Eltggsito_ry_teachigg is a teaching strategy which involves- .

© 1) total teacher guidance, 2) students working individually,
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and 3) pncticim ‘previously l,éarned algorithms. )

Problems are aitultions or ques'bions which contain an obatacle

or challongo that clnnot be overcane by any autamatic or

. previoualy 1nrned algoritrm.

Problem solv'.i.pg is the .prooeés of accepting the challenge of

' a problem and striving o resolve it.

Product of oblem sol is the’ answer to the problem. - m

Proceée of pro blem solving ‘is the approa.ch used to . solve t‘ne

problem, <

e

w
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Chapter II

. REVIEW OF THE LITERATURE

Theories of 'reachig‘_groblan SolvinLand Related Research =~ -

Differemt theoriee of teaching and i.nproving problan solving
ability have been offered. Kinsella (1970) gives the following
suggeations for improving problem solvi.ng 1) Before presenting
problenms, prrovide for recall and organizatimn of concepts, generali-
zations, theorems R and methods relevant to the problems to be presented,
2) Study the relations among the elements of problems and find the
connections between what is given and what is found and 3) Praise
difrergpt ways of aolvim problms, enoeurlge. easier and mre direct
ways of solving problans, have the students try one way" to solve v
‘different kinds of problems, and use open-ended probilelns. Enc_:onrage'
students to be alert ‘o neat solutions and alternative solutions. _
Point out that some eolu:tions .are mom aeethetic than others. Although
these suggentions are not contradictory , they contain different view-

mmae. ' //] |

The ﬁ.rst of Kinaella s theories deals with a hierarchy of

=

knowledge, as Gegne s emphasis on sequences and organization of

learning. I-‘or Gagne, the act of problen solving ia the highest level

. of nathmtical ‘endeavor, and comes after the content learning of facts,

concepte, and principles. (Shulman 1973) "o be an effective problem
solver, the individn&l mast sanehow have acquired masses of structornlly
organi:ed knowledge. Such knowledge is nade up of. content principles,

not heuristic ones.” (Gagne 1965, p. 170) Staats (1966) agrees.that

-
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in order to produce orginal problem solvers, the best experience is a
good education in the field comtaining the problems, Fine (1966) adda

' that the tfhe spent in teaching problem solving skills would be better

used in the systematic study of some important discipline, "Although

- courses can result in productive benefits to the students.

the development of problem solva.ng ability as an end in itself is 2
legitimate objective of edncation, it is less central an objective
than that of learning the subject matter."” | (Ausubel 1973, p. 151)

The spplication of instructional plaming techniques (s idemtifi-

, cation and prescription ‘or specific, behaviorally stated objectives, .

the diagnosis of characteria't.ics and previous lea.ming of studenbs, the
utiliwt.:lon of carernlly prog‘fmd and eequential inst.rnctional
activities, and n'eqnent evaluation) to creative problem solving

4

‘(Treffinger 1975) Brownell advocates problem solving based on under-

"stand:!.ng and gives preference to the form of instruction which enables

the lea(her to best organ:lze previous learning., (Brownell 1942)
Ma:ler (1930) studied the role of direction on reason:Lng and prob-
lem solving.. Providing additional information resulted in improving

. the problem aolving proceae. (Wittrock 1966) Scandura (1966) found

that prerequisite practice, u:i.th feedback, facilitated problem solving.

Exposure to information about 'bhe problems, together with related

practice, reliably :Improrve’d problem solving performance.” .

This method of improving problem solving emphasizes teach:l.ng

accmlacbed facts, concepts, and principles a8 needed prior to problem

- solving.

‘rhe secmd method of improvﬂng problem solnng as suggested by

Kinsella is‘an ana.lysis of the act of problen solving making students



I o | : ;

swvare of 'bhq processes 1nvolved 1n problem solving. Dewey, Polya, and
dther advocabes of step-by step heuriatica fall into this catdgor,y of
teaching problem solving. Students. are given a list of queutioms to
ask abaut the problq or a specific method of attacking the prob

Poat (1967) ga:ve six weeks of practice on a 1:|.at of proceasoq from
the literature on problal solving to ten Grade VII mathematics clasaea.
 He fmmd no s:l.gnifican‘t- difference betueen the experimental and control
gr‘qups. Brian (1967) also found no :unprorvanent in ability to cmsbruct
.mthmtical modela, to conjecture, to use axioms , theorems and
algorithns, but gale ﬂmprovm in ability to settle conjec‘hu‘es, among
college atudan‘bs trained in problen solving using a flow chart taken

cm Polya's heuristics. Similar results from. Lerch (1966) using

Grade V students, age ten to twalve, in a structured equation appro#gh
~ for the experimental group of 28 st_udexrbs and a traditional ’apprroach of
having students é.skc questions about the ‘probelm in the control group.
" Neither group grew more in complete problem solving ability, but the |
experimental group grew more in deteminins the. procedure to use in
solving problems. = " ﬂ

Wilson (1967) used e:l.gtrby Grade IV students in three groups to
test for cholce of correct operation in problem solving. The three
- groups differed in kind of sbmcture: 1) Action-sequence, 2) waxrbed- ’
given, and 3) Comtrol Hith practice only. After nine weeks of
ins'bmction, three hours per week, the wanted-given group performed
best on correct operation choice on one-step ve:ba.l problems.

" smith (1973) found th/at mibjecﬁs who received geﬁeral heuristic

" {nstruction did not~solve more transfer px;o‘dlexl;s and did ‘ndb solve them

 faster them did the subjects who received task-specific heuristic



instruction, Task-speoific heuristic instruction is more effective
that general heuristic instruotion.in improving problem solving
porforlsanco on some learning tasks. \ .

Yates (1976) trained students in -Luf.hod ulepted from :gly.'a
heuristics, Unlike Brian, who had no significant results, Yates
found that the t;ﬁn:l.ng improved sianiﬁoent];v the problem solving
of persons not‘notod for creativity. The abilities to deduce,

‘ cr:lt:lcise, s.nd orgmizo were improved, )(hile abilities to imagine
and invent were not improved, ’

'Crutchfield (1965) also had positive result.s in training for .
problem solving. Upper elunmtary‘ students were given lessons |
individually, eech, lesson a complete problem solving episode containing
all the principal steps and processes in creative problem solving. The
experimental group showed a uu-ked superior:lty in creetive problem
| solving over the control group, but not when the test problems were of
a pu.rely logical nature. RS

Covington (1968) used a general problem solving program of sixteen
lossons for Gr_ades V and VI, each lesson a nqst_erious _ocmujence or
unexplainable happening which gave training in creative thinking and
problem solving The treined gmup involved 267 students, and 21!4 were
in the control grorup. The performa.nce of instructed children was

‘significently better than the control group on tests of problem solving

and creative thinldng. A .retention test five months later also resulted

-4n the trained group scoring significantly better than the control
‘group in problem solving, but not creativity. ‘ |
Kedl (1964) used a method of improving problem solving which seems

-different from th'e‘ ones Kinsella recommends, The Gi'ade VI students who

10



Mndlolmm;mofihdrmmmﬂormmMm
probles solving sbility to the Grade VI students who solved Sexbbook
p.&.... Two hundred children ware used in the experimest, The

trestment lasted sixteen weeks, ane day per week, whils the rest of

w.u.mamwmm ) |

Trotﬁ.ngor(lﬂl) dnonhodtouoadu method from
K:Llnllc'othru ‘He used 739 papils inthirty six V classes
mthmw:rwpu 1)m W-miﬁlcbm

m«m«mu&nmm usm-@m, md sttempting
to teach mntin th:lnkl.n; and prohl- solving, 2) lm-diaéin:fon
truhu:ts in which the teachers Just dtctributed ut‘beriala and super-
vised, md 3) Control growp with normal classroom : :activities. . He
ecncludod thtt. md-:lvq f-h:l.nld.ng and problem solving abilities of
Grade V papils can ‘be inﬂmocl by inatructim e.fforta..

Kinsella's third method of improving problem solving ability
suggests discovery teaching. * |

Theories of Disccvem e .
‘I'he leln:l.ng Qt discovery teaching va.r:l.ea. Horrisett (1966),
-wemer (1975), Da.v:la (1973), snd Glaser (1966) believe that it chlnges

 from Hacipline to Hacipline. Strike (1975) adds that the meaning
‘also differs u:lth the level of difficulty within a discipline. There
are two kinda of skilla involved in the act of disco*verys 1) heuristic
skills 1.nvolving the foumltbion of hypotheses and 2) ep:l.stenic sidlls
involving the. verification of hypotheses. The differe:nt heuristic and

epis‘bm:lc rules are d:ltteren'b between disciplines and levels of diffi-
‘ cnlty within a diaciplipe. When considering the variables involved in

11



the concept of discovery, She verifipation skills are cemtral.
(8trike 1975)
. Weimer (1975) also believes there is no one common use of the

¢

term discovery. His definition of discovery is a teaching strstegy in
which the cbject of the lesson 1s not explicifly comeunicsted to the
learner. He has a taxomomy of discovery ‘m;:m; 1) Inductive, . . 5
guided or unguided, 2) Semi-inductive, 3) Mvo, guided or unguided,
and i) Unguided or pure dlscovery, where ml.y the problem is given.

‘;Gumo"’a position on discavery is an intervening process in which
the studemt is not told an snswer snd finds it for himself. (Shulman
md Keislar 1966)

Higgina' (1971) characteristics of discovery teaching are:
1) approaching the cantent through problems, 2) reflecting the problem
solving tecimiques Jl;stha logical construction of instructional
prodecures, 3) d‘-cnd:\x;g flexibility for uncertainty and alternate
approaches, and L) maximising student action and participation in the
teaching-learning process. ' |
| The common feature of theories of discovery is the change in roles
of teacher and studbnts. The studenmts actively participate to discover
the ‘object of the lesson, while the teacher presents the problem to the
students, but does not explicitly commnicate the object of the lesson.

A

.Research on Discovery Teaching

Breamx (1975) found that in inductive reasoning, the discovery
method had the highest mean error on a transfer task than either
deductive reasoning from discovary or presentation or inductive by

presentatim. In a guided-discovery method versus a convent.ional



] .

' /method in Grade x General Hethematics involving 290 students in

' tvalve cleseea, the conva:tional group performed signii‘icaxrtly better

: . on ‘one a.chievuent test (GHA‘.I‘) but not on the orther (S.l‘EPL There was

no eignificent di!ference in change of attitude. . (Howits 1965) In

,ettaprting to detem:lne the relationship of- the discovery method in
‘mat.henatics., to_creauve,ulmnng Studer (1971) studied Grade IV. and VI

students in cltpository and discovery treainents. _ Using the Torre:nce

Tests of Creative '!hinking, which measure fluency, flexibility,

. originality, and elaboretion, the Grede VI expesitory ‘and Grade IV

: diecovery wen more creative. ' \; .

Rougheed md ‘Scanﬂura (1968) were concemed with two qxestions

. 1) Can “uhat is learned" in mathalatical discovery be identified and,

if -so, can it be taught by exposition with equivalent .results? and

. 2) How doee "what is leamed" depend on pnor learm.ng. and oh the

neture of the d.iscovery treatment itself? The discovery subjects had

"to leern to derive solutions whereas solution-given subjects did not.

. The answer to cnestion (l) i3 that sanetimes "what is. lea.rned" during

guided discovery can sametimes be identified and taught by e:q)osition. \

'However, the d.iscovery subaects may have attained a higher order \,
‘ ability to dérive rules for discovery. In qiestion (2), the presen— /

N tation order is critical when the hints provided. during discovery }u/

» 'specific to formulee rather than a general stra.teg s and the presen-

taticn is nort criticel when the subjects 1earn derivation rules,

G‘agne and Brom ( 1961) also were looking for “what is learned,"

but were nnable to find the dif.ferences between the superior

placed in -three exp_eriment&l groups: lhlle ‘and Exsmple, Discovery, and

. : 9 /.: «
/-
/

)

v;iecovery groups and the rule-giveu groups. High school Students were Y

13

-



Guided Discovery. In transfer to new rules, the guided discovery
greupl'had the best perfonnmoe, then the discovery group, wit;l rule
and exanple the worst. The results. support a guided discovery procedure
for the teeching of the derivation of new bu.t related rules.

Another study on guided discovery with results in favor of cru:lded
discovery involved 135 Grade IX boys studying the micrometer caJ.iper
The three grou:gs were traditional, discovery, and control. On initial o,
learning and retention at oane ‘week, there was no aignificant difi‘erence g
between traditional and discovery. However, there were. significant /
differencemscovery in retemtion at six weeks, transfer

\
!

~at one week, and transfer at six weeks. - (Ray 1961) ’ : \

In a research study with Grade X General Mathematics students in \
three groups s, traditional, discovery, and transfer to probiems
real world, Price (1967) found that ‘the discovery group showed a - o Y
greater inc”rease in mathematicel reasoning then ‘the control group, and - ~
‘the transi‘er group showed significant increase in critical thlnking |
ability. |

Jordy (1976) had mixed results with two programs, Unified N

Mathematics II for Grade ‘VIII and Unified Mathematics ITI for Grade IX. "
The experimental groups had ten .'dis'co'very lessons, and the control
- groups used the textbook. In Grade VIII, the experimental group was

slightly lower in achievement and had a significantlir. po-siti@ttitude. -

The groups were equal on creetivity. The experimental group in Grade IX\\
had 5% of items correct on the achievement test, while the control

group had 50% of items correct on the achievement test. There was no
effect on attitudes. |

~Guthrie (1967) , Hermann (1969), and Rizzyto (1970)" found fewer
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errors on a transfer test for the discovery group than an expository

group.:
’ A descriptiwe stud.y on one mode of discovery teaching, the

_Mathanatizing Mode, was done by Johnston (1968).  He gives four stages:

1) Introduction of the Activity, during which the teacher presents the o
prgblan situation and the students explore relationships, pattems , and
possible solutions, 2) Breinetorming Session, dnring which the students
sha‘re all hypotheses generated with the group and the teacher records
the hypotheses without atta_npting to evaluate them, 3) Seminar Type
Discussion,_ during which the telacher introduces the necessary conven-
tions and definiticns, the students evaluate the hypotheses through
discussio:n, and the‘.teacher provides questions foi' practice to reinforce
the established hypotheees and to explore for the next activity, and |
L) Summary, during which the teacher introduces the precise mathematical
/description of the ideas already discussed, and the students apply. the
mathaneticﬂ.——principles to problems. J ohnston then applied thisAv-mode
‘of teaching to spetific units and describéd the results,

Tachofen (1973) did a ’follorw-\up'descriptive study on the
Mathematizing Mode. She also applied the mode of teachi.ng to a specific
unit and described the implenentation in the classroom. In trying to
classify her observations into Johnston's (1968) four stages, she
‘arrived instead at six -activities which teke place during a
| mathematizing unit: . 1) Introduction, during which the unit is
introduced briefly by the teacher, and the students are presemted with
the problem, 2) Eicploraticn of the. Problem,during which the students
redefine, reorganize, and uncover existing relationships of the problem,
3) Hypoth&sizing, du.ring shich students consider- possible solutions or

- . |
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relationshipe and present them to the class, without any effort at
evaluation, L), Evalua'b:lon, during which atudents check idess against
' mthmtical reality, and hypotheses are accepted re,jected or nltered,

5) Sunnary during uh:l.ch the teacher and students smarise the cmcepts :

and relationships, verbaligze the genera.lizations, and make known the

conventions, and 6) Pract:lce, during which stud.exrbs praotice techniques ‘

) and concepts they have lea.rned, either after the smary or during all

Co activ:lties, especia.lly evaluation. A1l activities are accomplished _

| throygh a personal-inmn.ry session or a group discussiozn.

Sigu.rdson (1971) 1ists four phases of the Ha‘bhanatizjng Hode:
‘1) Exploration, 2) Hypo‘bhesizing, 3) Evaluation, snd L) Closure, _
standardising, consolidsting, snd practice Students work in pairs
-lwhen not involved in a large group d:lscussion by the entire class,
" The anpha.sis is on process objectivesg well as content objectives.
To this end, all hypothéses are tolerated, correct or incorrect and
all students are actively involved. An open thinking atmosphere is
enc_orui'aged | | | | |

The last three researchers focused on student d:Lscovery a.nd
evaluation, ra:bher than teacher exposrbion. The teacher presemts the
ptroblem and consolidates the leaming students have been actively
involved in,

wnmhe Use of Discovery to Teach Problem Solvigg

Bruner (1968) believes that discovery in learm.ng is a necessary
.condition for 1esrning the .variety of techniques of problem solving.
| “Problen.solving si'bﬁations are usually _designed to require ‘discovery

on the 'part of the learmer. This is an inevitable part of their mekeups;

L
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otheruiee they would probably not. be called problem solving. R ¢

(Gagne 1966, P. 1b7) Trentnn and Lichtenberg (19U,Jndescﬂbing
the spec:[f‘ic abilities related to problm solving, say that the

| teacher helps students discover properties of mathanatical models
uhen they ﬁnd charecteristics of ob:jects or nathanatical ideas.
FStrickland (1968) reports & mrpriam sophistication and ability 4o
geﬁeralize by almost all students s regardless of . apparent acadanic
ability, when science teachers heve used a discovery approach to
| encmn'age critica.l thinking and problem solving Gray (1975), also,
in describing a program. where students use an inquiry method, cla.i_ms
,, that "this would seau to. link aspects of problem solv:mg and creativity
with a ddscovery method " (p. 2Ly | | :
Even Ausubel, who is generally considered to be an opponent of:i

discovery, - "oﬁillenges discovery te;ching and lea.ming as a unique

genera.tor and developer of motivation and problen solving ability.
_. (Ansubel 1973, p. 233) By h18 use of the word "uni que, " he implies )
’- the relationship betueen discovery teaching and problem solving
'abilitY- , ‘ L . SRR : * |

Although the fonowing articles do not directly refer to the s

| ccnnec'tion between discovery and problem solving, the underlying |

' assumption is that through ei‘i‘orts of problem solving one is lea.rning

- by discovery “According to Cra.ig (1956) ‘
Man;y have advocated relatively independent problem

solving in the belief that learning situations

mture discovery of principles will be t]
pen:gt problem solving, hence it is more like
: 1 self-discovery than directed discovery... -
The more direction of this kind available to the
learner, the more e.ffective his discovery on new



Andersm (l967) mkes a similar point ‘bhtb to develop efrective problem :
solving skills, the student must be trained, have practice, and have an

appreciatim of the value of beﬁg a problm solver. Polya ( 1957) ,
Brounell (1942), Krulik (1977) , Adler (1971) s Scandura (196L), and
{ttrock (1966) also believe tha‘b students 1earn to solve problans by
ing actively involved in a problan solving situation. ' |
: Bruner (1968) states: o S [
Tt is ny, hunch ‘that it is only through the exercise
- of problem solving and the effort of discovery that
‘one learns the working heuristics of discovery, and
_the more one has practice, the more likely is ome to
generalise vwhat one has learned into a style of
problem solving or inquiry that serves for any kind
.-of task one may encounter, or almost any. kind, of
task. (p. 169) | ‘ :
B Kagan supports Brnner, saying that when. children lea:m by discovery,
they are able to generalize their skills to solve problems that

- exist outside the classroom,

Research M riing the Use of Disccvegx to Teach Problem Solv:gg
In. Kersh's (1958) work with high school students, he concluded

- that the "discovery _group produc_ed the best performance on the accep-

) table methods of solving problems approxlmately ane mohth after
learning. N o o |

~ Ninth grade algebra students ‘taught by a discovery method showed

| significantly ‘greater improvelnent in problem solving per‘t‘omance tha.n
“a class taught by a textbook method. (Ashton 1962)

Scandura's (196&) three studies showed improved problem solving '

ability. Eventhaugh the treatments were only one day in length the '
indirect discovery instruction may have promoted learning hodg to attack

18
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problens. |
’ | !‘orby five high ability Grade VIII and IX students sm;ymg
mmber-sequonce concepts by programed materials in a one-day |
instructicn uere the subjects of a study by Meconi (1967). | They were.
 divided into three trestment, groups: ' Rule and mia, Guided dis-
_covery, and Pure discovery.;' While three sppcroieches ‘led to learning
: ‘and there were no signiticmt diffexL-emces on a problem solving test ‘of
‘imedie‘be 'bransfer, the pure discovery group was the most effective as
far a tim taken to learn and solve problems. | ‘

‘Wills (1967) detemined that students can significantly improve *
' their pu.‘oblau solving ability in addition to content les.med by _
discovery., The subjects were 561 high school students fran twenty
four Iutemediate Algelra classes. Two groups received two weeks of
= instructionz Covert group was administered i/nstructional matenals ,
and Overt p'oup used instmctional materials and received instructions |
from their teachers. The studemte in the covert group did as well on
the test designed to measure ability on "how to discover" as th‘:‘gro;up
'which was taught how to discover. ,

.Worthen (1968) studied Grade V and VI studexrt.s in the con'bent of
integers, the distributive principle, and the exponential notation. _
The aspect of discovery mcamined was the sequencing of the controlled
variable. Treatment D(discovery) del&ved the verbalization of the
cmcept gener'“alization until the end of the instructional sequence,
while trea'hnent E(expository) had the verbalization as the imtia.l step
in the instmc‘bion. Treatment D wae significexrbly-better (p .05) on a
written heuristic transfer test and (p .025) on an oral heuristic ~
transfqi'_'t;e&. ,g‘herei‘ore,' leamingiby discovery iechniq’ues

"



a uaigniﬁcantly :anreaaes mp:ll ability to use discovery problem solving
abproachea in new situations. However, when the class mean is used
‘a8 1 the unit of analysis rather than the pupil as a unit of analysis,
e written heuristic transfer teat had F-2 02 and the oral F=Q 29,
'Thereroro, there wag no aign:lﬁcant difference betueen the trea‘hnmts..
Sage (1971) found a significant difference in favor of the inquiry
method in problem solving perrmmance. F:lrby three college studemts
enrolled in ‘three soctiona of &n indlmt,rial technical edncation course
received eleven weeks of instruction, one section receiv-lng inqr.lry
«\'bra:lning and two. sections receiving lectures. Although there was-‘no
significant d:!_fferanco on knowledge, a problan solving cognition test,
_ or problem solving time, there was a sigxificant difference on problem
: solv:Lng perfomance and mmber of quiries made in favor of the inquiry
tr&'lned graup
Williams (1972) also used an inq:.iry method, in this case w.rbh
Grade VI students of m:lddle-reading ability, on mathematical verbal

problems. Three trea‘hnents were used: Inquiry, Taped formal-analysis, _

. and Conven‘bional - The students who received instruction in the inquiry
. method made signii‘icant improvement - over the ‘conventional classroan g

method group in mathematicd verbal problem interpretation.
The purpose of Leggette's (1974) study was to detemmine whether a 7

greater increase in. problem solving ability of college freshm

The problem salving skills of the experimental group increased more

than the control group.
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Volchansky (1968) worked with fifty six Grade VII‘I mathenaticg
studemta, thir'by in the control group and twemty six in the discavery
group. The students who were taught a mathematical concept through a
discovery approach did significantly better at .01 level m,aﬁmring
q;estions of an analytical nature, a similar process as probhn |
solving, | |
. Ballew (1965) looked at the effectiveneas of discovery teaching
m'critical thinking ability, another s:!.m:llar process to problem
‘so’lvingc He dafines critic&l th:lnking as a matter of interpreting -
facts s applymg generalizatzons , and reorganizing errors in logic,
| He used first year algebra students in two experimental. groups and one
' control group. Both experimental classes improved significantl.y in
critical $hinking ability, with mo sigmificamt difference in achievement

‘between the comtrol class.

Theory and Research Using Groups in Discovery Teachigg

Higgins (1971) believes t. oup processes should be used in .
' diacovery teaching, Students working together in a small group to
solve a p;coblan may result in much more involvement than struggling
to solve the problem individﬁally. Good.lad (1965), Cronbach (1966),
Shulman and Keislar . (1966), and Williams (1975) also recammend small

group mrk in the study of discovery teaching o ; T
'.l'he results of a s‘budy by Gagne and Smith (1962) lead them to \ -

conclude ‘that verba;izablon, wh;i.ch ,indicates}-_group problcm solving, )
helps students think of new respanses for their movgs in problem
solving, and thus facilitates both the discove “of/ general principles

v o

and solving successive problems,
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Davidson (1970) studied frestmen college studemts in Calculus in

?’ guided-discovery approach using small groups. The fou_r-ﬁa’nber groups:

! stated and proved theorems of calculus and developed tecﬁniques for
solvir:ﬁ:lassea of problems, The teacher gave hihts,' checked aolutioms,
and prov ded ma:t.hematical input in the fom of ques‘bion.e for investi-
getion as well as emncouragement. The discovery small-group m’e:bhod \
resulted in slightly bert'ber achievement scores than the comtrol group.
Additionally » there was a positive or non-negabive effect upon each

. studeu'rb‘s interest and estimate of problem solving skill | '

‘The purpose of a st.ucb' by O'Brien and Shapiro (1977) was to canpare
discovery learning in groups and individually with recept.ion learrdng
through the nse of addition and mﬂ.tiplication grids as vehicles for
developin‘g pattem-seeldng abilities, 'rhe mmber of patterns found in

| the grids on the init.ial achieveue:n'b retention, and transfer tests
are the dependent variables. The subjects were forty five full-time
teachers in an mtro;mctory research course required for the master's
degree. \Three groups of f£ifteen subjects each were given ame oflthre'e,
treaﬁneuté“ Group discovery, Individmal discovery, and Recep‘biorn
learning. 'J.'he group-discovary group performed s:.gnificanbly better on

, retention and transfer, while the reception group performed signifi- .

| cantly better on initial acheivement. ’

Olah (1976) also studied adults for the; effect of éroup processes

" on problem solving ability. Two groups were campared in response to
three problen solving exercises: 1) Traditional model, which featured
a s‘t-ruc'hired ech:.cational fomat, wnii ~directimal ctmmmnication pattern,
and instructor daninance over in-class activity, amd 2) mnovative
model, which featured opm discuss:mn, 'bwo-way cammnication, and



pa.i-ticipant cmtrblled in-class activ:lti)ea.. The participanté in the
Imovative model reipmded appropriately to the 'l;hree problem soiVng
exercises more frequemtly tgan the participamts in the Traditional
- model, ‘ ' . | | '

Hudgins and Smith (1966) examined thé productivity of mna.ll prdblan
solving groups of three studemts in @rades V to VITI, hen the most
able member of .the growp is of high sbatus; the mmber of problems _
solved cooperatively 1s mo greater than the mmber of problems solved
PV the most able nember, When the highest; ability student is of low
status, the group is more productive at solﬁng problenms tha:n the
individual high ability studemt. |

' The evidence from ﬁheae' ré'search“’,s'budies su;;gests the most
effective ‘discovery tegchiig methods involve group.discoveries to

problems, '

’rheox_'z of Using Practice in Discovg:_'z Teachi_n_g
According to Kersh (196L), what 1s learned by the discovery
Process is what is ’pi'actd.ced during the process. "'Kersh says:
The learner may acquire more effesctive ways of
pProblem solving through the discovery process

[—— another process simply because he -
has en oppo practice different tech-

o etatereen o T SO et ques
" Chambers (1971) almo agrees that the pro§esg of “diacovering principles
is probably best learned by practice, |

Using discovery methods » then, would be more valuable to students

than prac‘!;ic:l.ng the concepts or generalizations discovered,
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Sumary and Duplicsbions o '

The research presented °hau shom that p:roblan" solving can be
m@ﬁ,‘ and e of the methods used 1s discovery teaching, In’
discavery teach:lng, studm participstion in discoverinv the object
| of the lesson without teacher g'uidance, group work, and the process
of making more ctlacovd'ies are important fea'hn‘es of discovery

- experiences, / _ «
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CONCEPTUAL FRAMEWORK

Dimensions of Discovery Teaching

‘The term "discovery" cannct characterise adequately & type of

instruction. The term hu.Bm q.pooiM with any number or combi-
- nation of approsches. Research in the area of discovery teaching needs
better definition. "One obvious prerequisite 't;o further progress in.
this area is the replabu;ent of such general terms as discovery and
expoaitian with fdr more precise descriptors." ‘(”Shnlm?m?o, p. 68)
Shnlu.n d:lacuuea the d:lmeiona along uhich instructional types can
be cluaiﬁed.

The first dinenaion is degree of guj.dance. The two extremes are
tdul teacher guidance over the lel.rning situation and no guidance
from the teacher. o |

The second dimension is the sequence of ihatmcti&:, referring to
inductive seqnenées or deductive sequences. Inductive sequences begin
with specif:lc exmples or instances rolloved by a generalization of
the ru.le or principle which can be in.ferred from the examples.
Deductive sequences begin with principles »previously known. Additional
imowledge is then derived from them. |
‘ A th:lrd d:ilension is the contrast between a situation in which a
problem is givem to studgn‘ta, called prgblem solving, and a situation
infwh;ich t)he learner mﬁat formulate a problem, called inquiry.

_The fourth dimension under consideration is the didactic-Socratic
dimension. Didacfic 'rﬁfe;js to imparting facts rather than inspiring

3
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\
ideas, with an emphasis’ca rules, woapi./., standards of cendnct, and
Mhoriw" mdnlinu \Mﬂic method involves a dialogue between
the t«ohor sad ltudm in which the student ruchu the desired conclu~
sion through a carefully arranged sequence of @estiona, The main
feature of this dimension 1s the involvement of the learner.

Four other dimemsions along which instruotion can be classified q
are given by Crombach (1966). The fifth dimension is the chu'uct;r of
the guidance in the form of hint‘ givem or not given about the solution
of the problem.

The sixth dimaiop is the verbalised or nonverbalised rules.

Once a generalisation 1; found, the student can formulate the generali-
sation in words, -or he can use it without clearly stating it. )

A closely related seventh dimension is the criterion for deciding
when a atudeut. has reached a solution and can gb on te new work. This.
@innéiqn deals with the consolidation or practice aspect of a learning
* situation.

The eighth dimension is individual versus group instruction. "In
gr%u.p matmciion, students help each other face a problem together and
throw their partial insights :lnto the discussion.

- Three Aspects of Discovery Teaching In Detail g
Since a study whieh considers sach of the éight dimensions of

discovery teaching would become unwieldy, this study will focus on

_ thfee aspects of discovery teaching: 1) Student interaction as in

dimension eight, 2) Guidance as in dimension ane, and 3) Consolidation

or practice as in dimensioan sevem. Each lesson or activity has two

phases: 1) Developmental phase, in which the concept is devalopod, and

v



2) Integrative phase, in wh:lch the concept is :.ntegrated into the schema
_‘or e:d.sting lnowledge of student. The developnental phase can be "
thought of ss t.he a\nrmesk:\phese and the integrative phase as the

applica:tim phase, According to Piaget, there is assinilation when xiev‘

 informstion is taken into alrsechrnisting patteins and structures, and .

‘ eccanoda'bim vhen new s.ctivities are edded to:vari ‘organism's repertoire
or old activities a.re modif‘ied in response ’oo the impect of emviron-

mentsl eveubs. (Berlyne 195?) The degree of g-u:ldance will be rererred ‘

V-to as the indepenflent variable of the developmental phsse, and consoli-
datden or practice will be the independent variable of the imtegrative
~ phase. - Student :lnteractim is ps:rb of both phases, and for purposes -
of this stncv, will rems:in constant in both phases of learn:l.ng |
- The three independent variables of student interaction, guidance
v_v‘in the developmsarbal phese, and the integra‘bive phase were chosen as |
‘.inportant aspects of dsiscovery teaching Student interectiOn 1s very
 inportant according to Skemp. (1971). When speaking our thoughts to
| ‘anorbher, we are also cmmicating them 'bo ourselves. He also believes.
thtt. :mdible speech <£s superior to sub-vocal speech in bringing ideas
‘into consciousness nore clesrly and: mlly " d’hen a discusszon takes
‘ple.ce, we get this subjective effect on both sides, together with the °
' int-erection oi’ ideas which is the more conscions pu.rpose of those
taking perﬁ " (p. 98) In additim to making ideas clearer, other
- students in the group can guide the individual smdent (Shulman end
Keisler 1966) aner believes in instruc?ion providing incongmities |
or contrests, as uhen studants formulate éiifferent hypotheses. Higgins
(@71) says tha.t discovery shou.ld make g a'b use of group processes.
"One way to incresse the probability of altemate solution approaches

27



is to increase the input 6f ideas fed into the\problan situation. This

method argues, in turn, for involving as many differemt sources of ideas .

as possible.”" (p; 181)l $

~ The importganqe'_ of the guidﬁ.nce va.riable'in. the l_devalopnenfﬁ.al phase
is stated by Shulman {1970): "Those favorihé learning by disc;very N
advocate the teaching of broad principles and problem solving through
minimal'ﬁteﬁichér ‘guldance ancli‘maximal opportunity fo;- exploration and
trial—ﬁnd-error on the. part of the student." (p‘. 1:78“) Worthen (1968)
Ndistinguishes between guided and unguided d;lecorvery., Witty,\c (1966)
 distinguishes between guided discovery and pure discovery n his model,

shom in 'I‘able 1,

TABLE 1. WITTROCK 'S MODEL OF DEGREES OF GUIDANCE IN DISCOVERY (p. 187)

-

| Rule ’ Solution - Type of Guidance:
. Given Given Exposition °
Given ~ ®  Not Given . Guided Discovery (Deductive)
Nat\Givén . ' Given ‘ Guided Discovery (Inductive)
- Not (gen\ ‘ Not Given ' Pure Discovery

T—

The integrative phase of discovery teaching is illustrated by

~——

Bruner's position on. transferability. "For Bruner, one starts with
the éomplex and plans to learn the simple components in thek“contmt by
working with the complex." (Shulman 1971, p. 188)" He believeé both

motivation and transferability will be improved. He idemtifies six
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subproblems in teaching a child in such a way that he will use the
muterial s.ppropriately 'ruo of these are a.pplicable to this study.
The first is practice in the skills related to the use of infornation
and problem solviné "because it turns out that however, often you. may
set forth general ideas, unless the .stude:rt h':s an opportunity' to use
thun, he is no‘t going to be very effectiv‘eo in their use." (P. 103)

The second subproblem is discovering what it is tha.t you hav‘e been ..
doing and discovering it in such a wsy that has productive power to it.
(ansr 1966)

-

Descriptions of the Independent Variables

!

In considering each of the indopendmt varia.bles, the extremes will

o

" be used. Student interaction refers to the degree that studénts '
»-‘coummnicate with ‘one another. Open student interaction means tha.t
students are working together and comnunicating with one another at @
»least 80% of the class tine Students are work:x.ng in pairs, small |
groups, or large group discussions. The orther ex:treme, closed studerrt
interaction, means that the sbudexrba are working together and
~com:m.mica.t:’mg with one another for less than 20% of the class time.
Open student interaction is an aspeot oi‘ discovery

Guidance in the development phase refers to the degreg_;o which
the teacher controls vthe comtent and direction of lesxning Open
v' g-uidance means the t@er poses a problem, lets the students pursue
the problem, hypothesise, and evaluate s and controls the conversation
only during the evaluation and consolidattion phases of learning.
Closed developnent means the teacher controls the entire lea.rning

sequence, either by questions to students or didactica.'lly. Open
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guidance in the develomafba; phase is an aspect of discovery.
Conee*pt integration phase refers to the consolidation stage of
teaching. | After the studamts or teacher have made the ganeralization, |

| the practice or applica‘b:lm of that generalization can be open or
closed, Open integraticn means the students are presented a problem

and reapcmd to the following conditions as. defined by Merrill and wOod‘

- (1978) 1) Rule ﬁ.nding: given la.bele and ‘unencountered instances of
the dmain concepts and rmge concepts, the stud.exrb is a.ble to find or

/ invent an operatim that will canple‘be the ordered relationship between
domain and range. 2) Domain findd.ng given the 1abel and unencaunterod
' instances of the range cancept aﬂd the operaticn, the student is asked
to find dana.:Ln concep'bs with :Lnstances such that the operation will

produce the ingtance of the range given. 3) Operatiorn and range

o i_‘inding:v give:n labels or instances of dnma:m concepts R the student is

asked to find hl& own operation and define his own range. .h).Domain,
operatlon, and range !‘indingx givenb a e label, the dauain and
operatim are left to the, Btudexrb. Th;!ponse conditions as defined
here are also .applicable‘t&'ﬁhe open guidance of the developnental

, pha.se. . | a |

% Closed mtegra‘bim means the student responds to the i‘ollowing
‘conditions as defined by Merrill and Wood: 1) Discriminated recall,
2) Cla.sSifica‘bion, 3) Rule ushé‘ ‘given»ﬁnencourrber'ed insbances of .
damain concepts and the operation, the. s'tudent is able to prodnce or

_ 1dem'.ii‘y the resulting :ms'bemces of the range concepts.
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_Poasible Treatlents Based on Cmbinations of Indegendent Variables
An eocminntion of the cambinations of the three indopendent

variables aaaigned as open or closed will 1ead the reader 'bo eight

.combinationa of the independent variables, a8 shoun in Table 2.

CTABLE 2. EXTREMES OF THE INDEPENDENT VARIABLES

.vIn_d‘ep&xde;nt Variables - . Closed Open

Student Interaction . a . .B

1
Juidance in the Developuental Phase ‘ A2 B2>
- Integration Phase | | R Ay B,

The canbinations are then:

E'd
A

1) A Aé 3 : No elements of discovery teaching
7 2) ,B»l‘ A2 3 ‘Addition of open student interaction |

3) By 32’ Ay, Addition of open guidance in the development

L) Bl B, 33‘ Al elanents of discov_ery teachirjg

5) Al B2 A3 , Open g'\;id;a.nce in ‘theldevelopn‘lent

6) A, B, B 3 Addition ‘of open integroti-on -

7 A.lA B Open integration : |

8) B Az 3 Open interaction and integration
Although the atudant interaction conld be different in the develop~ ‘
» mental phase and the. integration phase, for purposes of this study,
' student interaction w:lll remain constant for both phases.

Group 1 has no elements of diacovery teaching. Students do not



\

\

work togsther, and the mly student interaction that occurs is outside

[N

of class, since thds cmot be controlled, and during the class discus-

sione with the teacheri&cader The teacher controls all aspects of
_the lea.ming situstion. The Jn'oblans assigned to: stu'&ents will be
dis_criminated recall, clsssification, or ruleusing

Group 2 introdnces the open student interaction variable of
discovery Stndcnts s.ctively work together on a problem presented by
the teacher. Sinco the guldance of the develomtel phue remains

to be worked on cmsists of caremlly selected exmples by the teacher.
The teacher also controls the direction the stu.dents are taking, 'FI'n
amall group work the teacher monitors caremlly the progress made by
the group, guiding the students back ontrack as soon as ,possible if
they are not going the " direction intended by the teacher. Also, “the
inte‘gratioh phase consists of 'discrinineted_ recall, classii‘ication,

b

and rule using.

Group 3 introdnces yet another aspect of discovery, open guidance

-4in the developnenta.l phase. The stud.ent interaction occurs as in

| Group 2. The teacher, instesd of lesding the students and guiding them

bsck to the direction desired by the temher, lets the students pursue

[

any direction. ' Lessons, instead of being ccmpleted ‘each day, could

last several days. To distihgdish;betweui a daily lesson .and these

‘lenger discovery l‘essons’, the word "activity" will be introduced to

refer to the longer 1esaons. Students in this group need to improve

their evaluation skills s a8 ‘most’ like]y many differexrt conflicting

'hypotheses u:lll _appear, At the end of the activity, to reinforce and

colnsolidate the generalizations discovered students are assigned

L

"clos'ed, there is a great deal of _g'uidance by the»tea.cher. The problem |
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exercises of discrm.im.ted recall, classification, and rule using.
Group k has all sspects of discovery tsanhing Students have
opsn intaraction and open gnidsnce of the devslopnental phase as in

C-rfup 3, and in additim, at the end of the activ:lty , studemts hsve

' open integra‘bion, that is, problems involVing ru.le finding, domain
f:l.nd;!.ng, operation and rangs finding, and domain, operation, and range
find:l.ng As Ong (1976) puts it:

' ‘In problem si'buations of this structure, one or
two of the parameter sets are given in quite
broad tems with many possible interpretations -
and implications embedded, and the students are
required to search for a variety of solutions or
solution sets for the remaining parameter sets.

- Flexibility is the key feabure of creative problem
situations. .(p. 58)

Group 5 involves closed studenb interaction, open development, and

olosed integration. The teacher presents the problem to the studente,
and the stﬁdmbs then work individunally, ma.king their own hypotheses :
and evaluating them 1ndiv:!.ch1ally Studsn'bs receive no guidance from
the. teacher, as in closed dsvelopuent, -or from each other, as in opem
’integration. Thererore, every student needs good evaluative skilla to
test ﬂlsir hypotheses. The problan w:lth this teach:!.ng method is the
possibility that studsn-bs will not evaluate their hypotheses correctly
and w:lll use incorrect generalizatiorns. Additimal teacher or student
guidance is needed in an individualized systan to guide those stndents
"with inadequate evaluative skills. Group.5 ‘then becomes Group 1 or
Group 2.

Group 6 has the same problem as Group 5 in that students work
individuslly on a problem mthout teacher guidance or studemt guidance,
This combination is closed sfudent i:ntersct;lq:z, open guidance in the

PY R .
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developmental phaee,‘ and open integration, For the same reaeongi" as in
Group 5, this is not a workable nethod.

, Gronp 7 has closed student interaction, closed guidance, and open
integratim. Here, Mdents vork individually with teacher guidance.
' The only difference between this group and'Group 1 is the nature of the
integration, Group 7 ha':s'prac.,ti‘ce probleina. which are open ended, The
response conditions are rule finding, domain finding, operation and
range f:lnd:l.ng, and dmain, operation, and range finding, This
cambination was the eaq)erinental treatment used by ong (1976) and
resulted in improved problem solving ability of Grade IX students in
| Geometry.
‘ Group 8 involves open student interaction, closed guidance, a.nd
" open integration. In this case, studmts are give:n a problem, work
together to solve it with a great deal of teadher guidance through .
care.’mlly selected examples. and contimioﬁs‘ help in keeping the direction
- desired by the teacher.' Students are receiving guidance from each other
anci from the teacher. Also, in open integratiom, students are working
on open-ended problans together. This is very similar to Ong's (1976)
study, the difference being students working together instead of

individually,

»Conclu.sion

Three independent varisbles of discovery teaching were choeen for
examination 'in this study: Stu.dexrb interaction, Guidance in the
. developnental phase, and Integratim phase. (hly the extremes: of these
varisbles sre comsidered: Closed, which gives expository aspects of the
variables, and Open, which gives ’oiscovery_‘aspects. The eight .
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cambinations of:the extremes of the three variables are discussed in
roups 1 to 8., Groups 1 to L are possible treatmentygroups.‘ Gfoups-Sx
and 6 are unworkable, while Groups 7 and 8 are similar to studies

done preV1ausly The final selection of treatments groups is discussed

in Chapter IV, Design of the Study. \\
\

Conceptual Framework for Measuring Problem Solviqg

. In measuring problem solving dbility, two aspects of problem
solving must be kept in mind: l) the Process, or set of behaviors or
activities ‘that direct the search for the solutlon, and 2) the Product,

or actual solution. (Kantouski 1977) Frequently, a correspondence
between processes and prodncts is assumed: ‘that the individual with
the largest nunber of oorrect responses possesses the best or most
desirable quality of mental processes. However, this emphasis on
accuracy of solutions‘undoubtedly gives a misleading impression of
- sbudents’ problan solving ability. (‘@loom 1950) In problem solving,
an individnally acquired set of processes is used in a situation that
confronts the individual. (Le Blanc 1977) In 8dd1t10n, problem
solving strategies are largely determined by the’structure of the task
environment. .Thus, a theory of problem solving most include a descrip-
t4on of how different kinds of problems are solved. (Shulman and
Elstein 1975) De Groot, Kleinmntz, and Clarkson agree that knowledge
of the process by which a problem is solved is at least as important
_as observing that it was solved.

Since processes of problem solving are important to consider,iasﬁ.
well as varied besween individsals and between problems, .a study

investigating problem'solving should include problem solving prooesses.
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The practical dilfﬁcultzlr in investigating problem <solving processes is
finding suitable instruments to measure problem scores and to depermine
‘the ,processes ueed. According to Kantowski ( 1977):
° Employing a scoring scheme that considers elegance »

and efficiency as well as correctness of result

would be desirable...A study shotld be undertaken

to find a valid and reliable method of scoring

problems so that process as well as product are

considered. (p. 17h) ‘
A method of analjsia of proceee in problem solving is to infer the
mental process from the observed product. By examining the studemts'
written solutiona to a problem, it is inferred how he must have
proceeded toward the solution. (Blocm 1950) The other technique ‘used
by many researchers is an interview with the subject while problen
- solving or immediately after. _ ,
| The view of problem solving significantly influences the selection
of problems and the interpretations of problem solving processes.
(Lester 1977) Problem solving can be measured in many ways: 1) whether
»a-solntion“is attained or n;t, . 2) the time required to find a solution,
3) the quality of the solution, L) the approach to fhe solution, as.
sahe exaiplea. ~All these :measures are related, but not perfectly.
(Newell and Simoh 1972) In constructing an ipétrwnent and de,w"risiﬁg a
scoring scheme which considers process as well as product the differing

appu'oaches to the resea.rch theories on problem solving are examined.

@

_A_Eroaches to Problem Solving Research

Current reeearch in problem Bolving stems from several differem;'
" historical streams of thought resulting in four approaches:
. 71) Classical Gestalt psychology, 2) Psychometric, 3) Laboratory study



of learning, and L) Inibnmﬂtion-prpéessing approach.FWClassical Gestalt
psychology deals with the anal&ais of internal processes, the cognitive
‘organiszation, and the ‘cavariauoh of tra.-xts. The psychametric
approach looks at the undarstanding of the nature of intelligence, the
additive components of general mental ability, and the end products of
problem solving activity. The laboratory study of learning contends
" that the canplei piocessea such as problem 301ving'obéy the same ldws
as elqmqntary;behavioral processes of stimulus-respopse behavior. The
inform?tion—processing approach examines the programming of computers
~ to solve camplex problems as theoraticalpmpdels of'human cognitive
processes. ' ( Forshand l966)>/.' l
The researcher, in examin;ng the literaturé‘availablé on problem

solving, decided on four scoring schemes to be used on the same set
.of problems to measure problem solving ability. Each scoring scheme
has supporting litersture focusing on different aspects of problem
solving. The fow?scoring schemes are 1)/ Correct Ansker, 2) Quality

of Ansuer, 3) Polya's Four Phases of Problem Solv1ng, and l) Quality of

‘Respanse Approaches.

ScoringrPgipciples for Correct Answer

Hayés‘(l966) lends support to the scoring of problems based only
on the final answer. "Some problems are solved suddenly and in a §
single step.. Others are solved in a éequence of well-défihed steps.h
.(p. 1h9) Wills (1967) decided that responses were to be Judged correct
only if they were equivalent to the keyed responses. Being close did
not count. Knifong and Holtan (1976), in analyzing written solutions

to uorg\problcms, also gave points only for the correct answer., This

a7
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' scoring acheme only considers the prodnct of problam solving. The
principle for this acoring scheme is to reward pointa only for the

corrqct answer,

Scoring Prinoiples for Quality of Answer

- Gagne (1966) 1:lsts six internal cond:ltiona for solving a problem
1)'Recall oflsubordintte rules, 2) Search and selection of relevant
‘rulés, 3) Combining subordinate rules to fomulate hypotheses,

L) Provisional rule selected from the hypotheses and matched to a
solution model to.give a general fom ‘of the answer, 5) Verification
of the provisional rule by applying to a specific example, and

6) Solution rule. The inldividual differences which allow same students
Yo ha\_re better answers :Ln problem soivinz .‘are the number of previpusly
learned rules, recalling previously leamed rules, distinguishing
relevént and 'irrele\}ant cues, fluency in making new cambinations or
hypotheses, retaining a solution model, and matching‘a specific answer.
to the retained ganeral solution model. |

" Kennedy, Eliot, and Krulee (1970), after examining the oral '\
responses of twauty eight Grade XI students, list the following five
steps in the act of solving algebraic uprd problans:A 1) Reads thep
problem étatenent and fp:ns a rougp hypothesis about the kind of prpb-
lem, i.e. assimilates thexproblam.étatenapt, 2) Looks. for information
requiring tramslation into mathematical symbols, 3) Aédbrtpins‘what
kind of relationships are negde& to form an appropriate equation,

-h) Incorporatgg unstated logical or physical inferences needed to solve
| .th§~pr0blan, ‘and S) Solves the equétion.

Hollowell (1977) lists seven cognitive grocpsses in mathematical
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problem aolving observed in thirty high school juniors who were acked
| to” think aloud while atwbing to solve three mathematical problms:
1) Learn or understand the problem, 2) Recall information from MemOTY,
3) Formulate an hypothesis or generul idea or how to solve the problem,
L) Attempt to find a proviaimal solution or develop & method of solu-
tiom, 5) Chock ugu.ntb aolubion model or gmeral form of answer, .
6) Verity wuhgt.her the proviaional solution is correct, T) Reject the
hypo;t«heus, merbhod of solution, or provisional solution.
S, Williams (1975)/1ist8 the following subtasks of problem. solving:
1) ‘Problem identification, 2) Hypothesidng, 3) Data collection,
L) Interpretation of data, 5) Analysis of data, and 6): Evaluat:\Lon.
Weir's (197k) stages of problem solving are: 1) Statement of the
problem, 2) Defining the Froblem by disbﬁguishing essential features,
3) Searching for and fornmlating an hypothesis, L) Verifying\:the -
solution. Weir, in listing the individnal differences unich affect the
| process of. problem solving, is similar to Gegne: 1) Amount of infor-
‘mation stored, 2) Ease of recall, " 3) Concept disﬁnctidn between
relevant and jrrelevant cuos, L) Fluency in making new hypotheses,
5) Re‘bention of solution m del, and 6) Matching instances to the
general class in the. verification stage. - Buswell and Kersh (1956) 5.
in exsmining the thcmght processes of high school and university s'bn-'
dents as they ab tmpted 4o solve six sets of pro blems R concluded that
" the failure %o solve a problem is the inability to separate relevant
grom irrelevant facts or recogniz.ing a need for further facts, | and the
ingbility to make a reasonsble estinste. | |
Fram these models of problun solving, the researchetr formxlated

the principles for a scoring schane based on the quality of ansuers.



Phe principles are:
1.‘swd¢uummrd.dt.hemmmorpomuutm
correct answer is given, and mlyucorrqct inawxjs receive
maximm points.
2, Students are awarded partial péints for work which could lead

to a correct salution but was incomplete or conh:l.nod an error,

3. Students are awvarded pu'bial points for shmd.ng an under-
standing of the problem. A
L. Students are awarded partial points for ‘making torrect state-

5.

RN i
ﬂ}&i’,“&‘. ‘
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Scoring Principles for Polja's Four Phases of Problem Solving

Polya's four phases of prbb'ian solving are: ' 1) Understanding
the problem, 2) Devising a plan, 3) Carrying out the p]\aﬁ, and
- 1) Looking back. (Polya 1957) Many other reeéarchers have used
similar maes of the problem solving process. Klein and Weitzenfeld
- (1976) 1ist three subsectioxishof the problem solving process:

1) Problem idéntification; 2) Gemeration of alternatives, 3) Evalua-
tim of alternatives, .

Kantowski (1977) uséd the following scoﬁng scheme to f£ind a
pProcess-product score to determine the probleﬁ sqlving ability of eight
Grade IX Algebra students. The students earned one point for each of
the follow:lng: 1) St:ggesting a plan of solution, 2) Persistence,

3) Looking back, L) Absence of stmctural errors, 5) Absence of
' ’ AN :

L0
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: edceoutiva' éfrorq, . 6) .Lbsence of superfluqus "dedn’é(tions, and'7) Correct
result, | o a » |
Troutman and Lichtenberg (197h) list the cauuon steps in models of

m'oblen solving: 1) Must be aware oi\m-oblem, 2) Must t.ranslate the
problem into terns that can be handled, 3) Must generate :Ln.fomation -
| and strategiea nocessa.ry for solung the problan, L) Mu.st implement
: strategiea neceuary for solving the problem, and 5) Must enluate _
| solutions for the Problem. The specific abilities related to solving
| problau are: 1) F:I.nd:lxg characteristics of objects or mathmtica.l
| ideas, %) Traslsting a mathemstical communication into differemt forns,
 ds words to rmbers, graphing, diagramming, sketching, original trans-
Hla_tvionfa, 3) mnd:lng ainilar:lties and differences, L) VDCbemin:Ing
sn.fticient, necessary, md equ.ivaleut conditiona and dist.ing'uishing
between easantial and nonessen‘lﬁal pmperbies, 5) Making generalj.-
N z@tions baaed on.the. obacrvation of specific ev:idence, as finding
pa%ems, , 6) Detemining altemative sbrategies, a.nd 7) Appro:dnating
- Almg sifilar lines, Johnscn and Rising (1971) list their objec- -
| tives for- prroblan solnng l) The student identifies the question to |
" be. a.nswered in the problan situation, 2) He ‘selects'relevmt'in.for-
: maticn needed to solve the problan, 3) He relates the problen to |
| analogous sitnationa td:ich supply clues or solutions, b4). ‘He draws a
. flow diagram of the relationshipa and processes involved 5) He finds

- _ the anmr to the question of the problen, 6) He generalizes the

o -solnt:l.on to other problana,' 7) He applies his lmowledgo of mathe-

;’ﬁ

| ',ut:lcal concepta and processeatto everyday: situationa, 8) He usesd w CoET
. 4deas abaut neusurenent An'a construction projes%l 9) He uses a mathe-
utical tool to solve a pmoblem, 1o) He %ifiés the role of

-
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mathauatica in a news statement,/ ll) He states a gqneralisation about
the pattcrn in a set of data.

Thorndike (1950) also lists phases of problem solving, attributed
- to Dewey, which' are s:l.ydlarto Polya: ' 1) Becoming aware of. the problexn,

2.) Clarifying ghe ﬂprolalem, 3) Proposing hypotheses for solution of the
problem,* L) Reasoping out the implications of the-hjrpotheses, and .
5) Testing ‘the hypotheses against experience.
| Bloan (1950), in analyzing problem solving processes of college
students, found the following difi‘erences in methods 'of problem solving:
1) Understanding of the nature of ithe problem, in ability to start the
work on avproblem, comprehe'naion of directions, understanding‘ the terms
of the directions ’ and ability to solve the problem as presented
E "‘2) Understanding of .the ideas contained in the problems, in applying
3 releVant knowledge to the problem and rea.lizing the implication of the:
‘problem, 3) General approach to the solution of the problem, in the
‘ extent, care, and systeln of thought and the ability to follow through
on a process of reasoning and L) Attitudes tow&rd the solution of the
problem, in reasonimg a.nd confidence in the ability_ to solve the probl_en.

The -informatiom—processing" researchers seem to use similar' .
pmcegﬁés as Polya. Paige and Simon (1966) 1ist the steps in a flow-
;chart for solving word problmsz 1) Input and print the problem, =
2) Maké mandatory substitutions, 3) Tag words ¥y function, L) Bresk
into a sequance of simple sentences, 5) Transfrom simple sentences
into a set of equations. In a later work, Newell and Simon (1972)
list the overall orga'nization of the problem solving process' 1‘) Input

transfomation or internal representation identifies problem solutions

as obviags, obscure, or unattainable, 2) Selecting'a préblem solviag

g sz
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~ method, 3) Applying the selected method, L) Termin.xian_or the nethod,
either accepting the solution, attempting another method, selecting a
different :ln‘t-ernal representation, or abandoning the attempt to solve
the problem, md 5) Prodncing new problems or. subgoa.ls.
The scoring scheme chosen on this aspect of problem solv1ng, which
emphasizes understand.‘ing of the problem, is one devised by Taylor-Pearce
~(1971) based on Polya's phases of problem solving The scoring prin-
-ciples for t.his scoring technique are: ‘v . | :
l. The student receives points for indicating an unierstand.ing
~ of the problem, < R -
.2'. The stndent receives points for shou:lng a design to sol:re the
problan.
3. The s—'budent receives points for showing a procedure for
solving the problem.
h;“,-The. student receives points for obtaining a solution. :
. N :

O

Scoring Pr:lnciplss for Cizslity ofRssBcnse Apﬁroaches

Researchers he.ve examjned the approaches sg.udents take in solving
pu:'oblems. Kilpatr:lck (1967) ana.lyzed 'I'.he solution of word problems in
\mathematics of fifj;y six. urade VIII, above-aversge ability, students.
He identiﬁed eight process variables and reported the intercoder
-reliabilities as follows: 1) Deduction processes ( 92), 2) Use of.
equs.tions (1 00), 3) Trialwgnd error processes (.96), L) Reading or
, re;ﬁr% ( 81), 5) Checking solutions (. 72), 6) Structural errors
(.91)," * Difficul‘ty,,in performance (.62), and 8) Stops without
‘s‘jolution (1. 00). From these, two ma,jor production processes, dednction

snd trisl and error, are used to. identify problem solving modes of

&
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. students. He combines setting up an equaticm and deducticn. .Four

grahps are identified: A) Begina trial snd error and uses. trial and

error to solve the problem, B) Between A and C, c) Infrequent use of

trial mqverror,_‘with a tmdency to-begi_n by another pr,oogg_s, |

E) Equation or deduction. The'tr:lal and error group (group A) was
more successful in solving prroblems than -groups B or C, but group E was
the most“ snccessru.l L ; o " : &

daproblem solving behaviors important in solving

‘&*’1) Drawing a diagram, 2) Approximsting and
verifying, 3) Conatructing an algebraic equation, L) Classifying
data, 5) Constructing a chart, 6) Recalling & formula, 7) Searoh':i\ng‘

for a"pa'ttem, 8) Construdting a physicai model, 9) Asking a missing

question, and 10) Trying to 501ve a related but simpler problem. -
Travera et a.l. (1977) lists twelva approaches to problem SOIW
. 1) Select appropriate notation, 2) Make a drawmg, figure, or graph,
3) Identiﬁ/ wanted, given, and needed infomsblon, h) Restate 'bhe
problem, 5) Write an open sen'bqpco, 6) Draw fram a cognitive back-
ground, 7) Constiuct a table, B‘)jGuess' and ~check,' 9) Systan#tizé,
 10) Make a simpler problem, ' 11) ‘Gonstruct a physical ‘modei, and
12) Work backwards. - - | .
Clanen‘b (1977) ‘interviewed third and fourth grade studemts as they
" attempted to solve quantitative story problems. The approaches they
\iged were: | 1) -Acted-ant solutions, 2) Cmmting-based solutions,
3) Soluﬁonévia a nmober sen‘bénce, h) Timediate solutions, ~'5) Solu-
tions via written symbollc algorit}nns, ~ 6) Use of diagrams, 7) Spon-
tmeous actlvitles related to inverse, camnrba:bive ’ associative, and

distrif;nrbiv.e principles, 8) Solving a problem in pieces, 9) Using



more than one approach, 0)' '

11) Convergent trial. and error approaches. v
Higgins (1971) lists ‘three patterns of problan solving: .

1) Guessing an answer, ‘ rking out the conseqﬁencee, comparing the -

" result with the original conditions of the problem, end inproving the

N

Ay

f.voriginal guess, 2) Finding a simpler relat.ed problem or part of the

original problem by i@oring certain conditions, 3) Decanposing and

"“recombixnng, focusing on details individually.

: 'approaches received a score of two, other correct approaches received

Lei‘ra.ncois (1972) lists four decision sequences on concept lea:ming
which also seem to apply to problem solving 1) Simxltaneous scamung,

zenera'bing a.ll possible hypotheses and nsing ea.ch successive selection

to eliminate all untenable hypotheses, 2) SuccessiVe scanning, or

trial and error, 3) anservative focusing, acceprbing the first

positive ins‘bance as t.he canplefbe hypothesis, then check and refine

g

"choices, a.nd ) Focus gambling, varying more than one value at a- time

Boychuk (l97h), developed a scoring scheme based of efficie.ncy “of

the problem respcnse. After listing t{'& possible gsolutions and

the. solubion in the easiest and quickest way. The most. straightforward

approaches, they were ramked according to which me'bhod res%lted in

a score of one, and incorrect approachea were scored zero.

In considering a scoring scheme focusing on the approaches to

- problem solving, selected elements ‘from ‘these .studies were considered ‘

-in the scoring principles of thé qua.lity of reepcnse approaches:

1. Response approaches are ranked according to the feuibility

to lead to a correct solution and mathematical competemce.



2. Approaches do not have to be cu'.ried’ out to a complete
 solution to be given top ranking. |

3.. No response gete bottom ranld.ng o |

ke Next rankinz is a guess withmrb veni.ﬁcation.
\ 5. Restating the problem gets next ranld.ng, including a dre.w:l.ng
\ | 6. Guess and verify gets middle ranking
| 7: Substitubing the infomatim into a known formula gets next
| rmkine .

8. Using a table or pittern has next to the top ranking.

9.k 'Dednctive reasming and mald.ng an equation gets top ranking
ADiffere:nt equations, depending on completeness and accuracy,
ge‘b difi‘eren‘t ran]d.ngs.

Conclusion

The principles for' each of the fou.r scoring schemes have been -
developed from the literature of problem golving, In Ghapter v,
Treatnents and Instr\mem;ation, the prin¢iples are developed into
~the four scoring schemes of Correct Answer, Quality oi‘ Answver, Polya'a‘
_Fcrur Phases of Problem Solving, and Qua;l;lty of Response Approaches,



Chapter IV

T DESI(RIOFI:HE&‘UDY

introdnction
The dsvolopnental ‘phase of the study involves the developnent of
-~ treatments for a unit in Hsthemstics 10, Rational Expressions. In
sddition, an achievasnt tost for the unit and a problem solving test
' relatod to the unit were doveloped by the researcher for use in the
experimental phase of the prrojoct. The treatments are described in
det&il in the Appendix, and the instments are discussed in Chapter V.
The experimental phase involves the application of the treatments
and administration of the tests.v The purpose of this chapter is to ,
speoify the seigction of treatments, the hypotheses, the population and
sample, the method of data coi]._ection, "and the analysis of the data.

Selection of Trestments for Study

ideali;, all eight combinations of the three independent variables
resultihg in the eight gronps dsscﬁbed in the’ Concsp‘tna.l Framework *
would be tested. Howover, for time fao'tors and managability purposes,
only i'.hrse groups will be sw:!.od. Groups‘s and 6 do not seem managable
as explained, and Group 7 has been tested by Ong. Group 8 is a _varietyf
of Ong's using open student interaction, and would be an i.nteres‘t}ing '

group to study if not for fb111ity considerstions. The first.four

groups make a progression of a&m one discovery variable to each treat- |

"ment sta.rbing with no discovery variables and ending with all discovery

L7



voriablea. However, since only three gronpo could be chosen for the

| 'study, ome of the first four groups had to be amitted. For greatest

contrast, Grcmp 1, with no discovery variables, and Group L, with all
discovery variables, were chosem as part of the study. Of the remaining
two groups, Group 3 has two discovery variables, open interaction and

| open guidance, while Grmip 2 has one discovery variable, open inter-
action. Since the researcher is interested in oiscov'ery teaching, the
group with the most aspects of diacmry teaching, Group 3, was chosen.
, Herea.t‘ter in tho a'tudy, ‘Group 1 arill be referred to as E (mpository),
Group 3 as D1 (Discovu'y I), and Group L as D2 (Discovery II)

Hypotheses

Question 1. Are studemts able o distinguish between expository
ond discovery treatments developed 'onzthe same unit topic of a mathe-
.matics course? e * | A
1A, Thdé is a significant dirférenr:e between the treatments of

Group E and Growp Dl. . |
1B, There is a significant difference between the treatments of
 Group E and Group D2. / -

1C. There is a significamt difference between the tretments of

Group DL and Group D2. - |

Queation 2. Are there differences in achievement between students

tsught by a dreatment involving no aspects of discovery teaching (E)

and trettaents involving aspects of overy teaching (D1 and D2)v?

2A. There is mo aignificant difference in the achievement scores
" of studemts in Oroup E and Group Dl. o



4‘2}3. ‘rhere is no aign:lﬁcant difference in ‘the achievement scores
\ofa‘bndontainarmpsmdoroupm. '
~ 2C, There is no aign:lﬁeant difference in the achievement scorea
of students in Group D1 and Group D2.

Question 3. Are there differemces between students taught by an
expository trestment (E) and discovery trestments (Dl and [2) in problem
solving sbility as measured by four differemt criterion varisbles?

3A, . There is a signincmt‘ difference in the ptroblen- solving

' ability of students in Croup § and Group DL. |

3B. There is a signiricaub difrermce in the problen solving

ab:llity of students in Group E and Group D2,

3C. There is a sign:u.‘icant d:!.fference in the problem solviu

ability of students in Graup Dl and Group D2. ‘

The three hypq‘_l’.‘neses above were 'besbed‘sei)érately for each of the
. .i‘our ériteribn‘.varzg,abies: 1) Correct Answer, 2) Quality of Answer,
3) Polya's Four .Phaaes of Problem Solving, and h) Quality of Re‘apcmse

Approaches,

Population and Ssmple

The subjects used in this research study were Orade x; M’athelnatics

10, students who are~attending Edmomton Public Schools, Three classes
* fram the same high qchool were involved in the experiment, Twelve

volunteers fram each class were selected by the classroom teachers. The .

teachers were asked to divide the class into high, medium, and low
achievement groups and select four volunteers fram each achievement
group. On the basis of thei:r most recent mathematics .gi'ade, a compu-
- tation for the analysis of variance resulted in an F-ratio of 1.47.

r
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, =,
Since the value of F required for aig;lificmce at the .05 level is 3.32,
. the conclusion is no significant difference between the groups on the

baais of mthenutics achievement

‘ Ssmple Attrition

The thirty six students remained in the trestments eleven days.
In Group E, one student was absent four days, another two days, and
four students one day each. Oxie dﬁy had three students absent, another
day had two students absent, ‘a-nd tﬁree days had one étudent absent.
These absences were not significant in the effect of the treatment.
In Group D1, one student was absent four days, three students were
absent two days, and two students were absent ane day each. One day
had three students absent, two days had two students absent, and five
days had one student absent‘, These absences were not signj:ficant in
the effect of the treatment.
In Group D2, one student was abgent three days, one student was
absent two days 5, and three atudenta were absent one day each. One day .
~ had three’ absences, one day had tuo absences, and three days had one
absence. These absences were not sign;lfi_cant’in the effect of the
treatment. '
’ Since all atudenta remained in the treatments the eleven days,
'with absences as reported not significant the sample size for
Hypothesis 1 was thirty six. |

%~ Two students were abceqt when the achievement; test was given, Oyge
student was from the lower achievement studemts of droup E and the oﬁher
student was from the iower achievement students of Group Dl. The Sample

size for- Hypoﬁhese_s 2 and 3-was thirty four. |



Administration of Trestmemts

The researcher voaéked wvith all three groups of twelve atud.enta.
Recognizing rosearcher bias, this procedure seemed the most managable,
in that a teacher or teachers uonld not need to be tra:med in the

- three trea‘hnents. A mmaller group of tualve rather than the antée
class was felt to redace diacipline as a fa.ctor of the research treat-
ments. A cmaa—sgctian of twelve s"budeuta fram one class gtill gives
the variety of ideas and roles needed in a discovery lesson.

The unit lasted thirteen .days, the same number of days that thee
regular teachers spent on the unit, S:ane two days were needed for
testing, t.he‘ instruction time was eleven days, elghty mimtes per day.
All three: treatments began on the same da;y The ‘same topics were
covered -in the three trea:hents, with the order differ:lng between

Group E and Groups Dl and D2, as expla:l.ned in de'bail in Chapt.er v.

Choice of Trea:hnent Topic o \

The unit on ra.tional expressions was chosen as the topic i'or the
treahnerrbs. It is one of the required units of s‘budy in the Mathe-
ma.tics 10 curricnl\m. Since the researcher took twelve students fram
‘ each of the coopera:bing claases, i‘b was fell thab the same topic as ‘the

res‘b of the class shoruld be used. Also, th researcher wmted to test

g gpprapriate for a
 giscovery. approach. The researcher 1is also interested in the adaptation
of ome wnit of study to three treatments, especially with a topic which
is parb of the regular curriculum, | |

N .
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Collection of the‘Da.ta

The instrument used to collect data fw‘Weia 1 is the -"

Student Invefrbory of Teacher Behavior, developed by Neciuk (1968),

The researcher smd one of the regular classroom teachers dqeloped

the achievenent test, A.chievement in Rational Phcpreseians, to test
Hypothee:l.e 2. The researcher developed the problem solving test,
Problem Solving 1h Rational Bxpressions, based on the content of the '
unit, to teat Hypotheeie 3. Four scaring schenes, Correct Answer, _
Que.lity of Answer, Pclya'a Four Phases of Problan Solving, amd Quality
of Responee Approaches, were used to collect data on probln solving |

- ability. The test items, in combination with each scoring e“é‘hane,
yields tour tesb of problem sol\r:Lng ability., In addition, at'bi'h:.de
interviews an t.he 'hree‘hnaxts were conducted by the researcher wi ‘
stndents in Groups D1 and D2,

Followim the eleven days of/trea'lznent the Student Inventory of
Teacher Behavior was administered on the tweli‘th day of the experimnt
The stndents were given tem -minates to canplete the inventory, The
'Problem Solving in Raticsial Expressions Test was administered in the
rena.:ining servazty mimites of the class period. The students were given
the entire eiahty mimites of the thirteenth day fcr the Achievement in
‘Rational Expressiomns Test, The attitude interviews were done on a one-
to-one basis with the researcher follmd.ng the last day of testing.
Students ,were taken fram the regular clasaroan for approximately three &
| nimtes o camplete the interview, |
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Analysis of tho Data

Hypotheaia 1. The Student Invantory of Tucher Behavior was used

I

to determine whether there is a- significant 1fference botvam the
three treataents. This is especially important since all three treat.-

i

ments were done by the same teacher, To determine the ditference, the
‘Significance of the mrrmiﬁ%é Be?weén Two Means was found,

Hypothesis 2. The computation for the Analysis of Variance, One-
way Classification, was used to determine the d‘lfi‘ermce between the
three groupa on the Achievenmt in Rational Expressions Test.

Hypothesis 3. 'rhe Problen Solving in Rational Ebt'pmeaaiona Test
was analyzeﬂ with the Analysis of Variance, One-way Classification.
Each scoring scheme was an&lyzed separately‘ The calculation of the
correlation coefficient from ungrouped data using devigtion scores
was used between each two scoring schemes of the Probl&n Solving in
Rational. &cpreasions Test.

Delimitations

were Mathanatica 10 atudents, generally the e : ' ,
. s ﬁﬂ R ' E Y' v'r

One school in the Ednambon Public Schools wat' Instead of, the

3 ;-rc'.' -2

entire class of approﬁmately thirby sbudenfw "Ltb‘tossqectlon of twelve
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- students were used as th:iptrutaont zroup for each olus.‘ .

The atud.y was delimited in length of treatment time. Ome unit
of study, Rational _Ix_Eouiona, laating eleven days or instruction.
time and thirteen daye total, coupnaed the trottment.

The study was delimited in the examipation of problem solving
ability, Inrormcea were nade about the atudsnt.s' ‘processes of
proplem solving fru their written solutions, rather than an interview
during or after the act ot Problem solving. Problems were chosen to
reflect the subJect matter covered in the unit rather than paroblen
solving ;ln orbher arus. Pour scoring schemes for problem solving were

It

devaloped. ’ .



Chapter v | '
TREATMINTS AND INSTROMBNTATTON - ¢
ﬁ | " The runroh‘r tmght three groupa of twelve atudent.a each for
N elmn cl:ua perioda of eighty, umm 1n 1cngth The mumber of class
"porioda spent on the unit was d.ebenined by the regular classroom o
tuchera. ‘ . | A , o
| The title of the unit s Retional E_erssiana. The top:lca covered.
uithin the unit are definition ot a. rat:loml expreaaion, pemiasible /
; ‘valuea, linplifying rat:lonnl expresaions, nnlt |

-add:l‘b:lon, and mbtraction of rational expressi ns, div:laion o.t poly)-

ication, division,

"na-:ma, dividing by, a nmanial dividing by ‘& |polynomisl, rationa.l |
auqn‘eaeiona :ln open amtmcea, word problm, ;nd conplex rational R
exproa!liona.» Group E covered thg>&apica in the order given. . |

i Gronn Di covered the fol;lowirg topica in the order/given:

. raticnal aqu&lities, ' rational equalitiea witl/ qzadrdtics, rational

' \_‘b_inoqualit;ea, word problm, canplex exproaaz{ons, énd’ dividing by a

polynmial, E&ch j'.opic was rolloved by practice exercises of the sme

- iind ss in the activity, B
o Group D2‘ covered the foll ing tbpiiés in the ordverigi‘\‘ryen:»
,ntioml oqualities, ntional , wor
N .axpressiono, md d:lvid:lng by a

e followd by problm mvolung

:Ltie'a > word bmbleu , complex _
llynmial. Ratioxial equalities was
v\auca, as was the toplc raticnal

| inecpalitiea. The problm .t'«'.»rl each topic led to nev discoveries,

f
L

rather than boing the aae type‘as in the activity.
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. Group E 18 based on Group 1l of the cmcepbuel framework. 'rhe

, teecher :Lnt.rodnced the. leeem, then lead the clees through ve.rioue

ea:enplee of the object of the leeeon. The etndente were then assigned -
prectice exnplee from their te
the e:lghty -mm pex'.lod. 'r N

s to: eolve for the raahder of
‘ ~ wae concluded eech day.

Group Dl is bma on Group 3' or the conceptual framework. The
etndente were given a list of problune to eolve. The teacher provided

" no guidence while the etu.dente attnp'bed to solve ‘the proble-s.' The

stndente worked in peire to eolve the Problems, then shared their
eolntion method with the reet of the group The teacher acted as

' recorder onJJ ae the students steted their hypothesee.’ At the conclu-

/‘'sion of the recording of all generated hypotheses, an evaluation by the

at this etege. L cohedlideti

4

Ry

etudente of the. hypoﬂ:eses oc ¢ 5 with ‘the teacher prov:lding guidence -.

per:lod followed, with exerciees given
‘vhich are like the Rroblems the students solved to make their ...
hypot-heeee. The activitiee lpeted a8 many daye as needed by the
etudexrbe. B /' . !,f
‘ : The caxplete 1eeeons ejea.r in the Appendix. "An example, from
Activity l, begins with al

were: 2., 3/x+5/x=h and/lh. L/x+2/(x43)=1/(x%3x). Ome of the
hypotheeee which .follmmd *u 'To solve equations involving rational

' st of nineteen problems. '.No of ‘these

expu-eseione, a) Croee-mltqiply, b) Guess, c) Hnltiply by a common
dmimtor, d) Combine fa‘actione on one side, then croes-lultiply.
Two exa-plee of the prectice exercises were: , : (a-l)/3 +(.e+2)|/6"

and 8. l/he.2+ 5/6a =2/34,

Gro'np D2 is based on Group h of the conceptunl framewrk. The

: student ac'tivitee are as. given ’:Ln Gronp m. The difference is in the
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integration phue. Graup D2 1s given problems uh:lch lead to new
"hypotp‘.a.‘a.' For ‘wxample, th:‘:m two problems from the list of nine-
teen from Activity 1 lead Gronp % %o a similar hypothesis as Group D13
To solve oquations involv:lng ratiofnl ea:preuiom, a) -ultiply by t.he

~ common dmcninator, b) croas-cultip]y, c) combine torns, thm cross-

| mltiply. Integratioa Mlms were like 1, 2/(n-3)+2/n-1, vhich
contained a aqu.ared tm vhen simpliﬁed. The studenta then )

hypotheaized about theae proglens: 1. . To solve equations with a

2 Therearetwo ansms when there iaaaquretm. 3. Check both

]

1

sqnaretem, getallmmbera on ane sido andse't t.he side equa.lto zero,

anmrs, as one may give a gero danominatorr.. The students from Group D2

-never practiced exarciaes like the problw they used to make the \ '

" hypotheses. . - - e S

Unlilce the Group E loasons, which were- introducod and cmploted

’ uit-hin the same eighty-nimtbe period the . activitiea of Graupo D1 and

-D2 ummny took more than one pecriod The begiming a.nd conclusion of

activities ‘was deteninod_‘by the progreas of the studemts, not by t.he

‘tm oons‘bra.int of the e‘&hty-mmte perdod. .
The ordor or p:resenbation opics :la d:lfferent for- Group E and

‘ Group&'«ﬂl and D2, Groups DL and nz ‘began- 1d.th a need, for simpummg, ‘-

ad.di.ng mb'bracting, multiplying, and dividing rational expressions

L through solving eqntbions involving rational expreasions. Gronp E

started with the !%eoic ideas about rational expressions which became
more camplex, . ( a need for the skills of manipulating rational
| expressions was ot apparemt until the seventh lesson. uroups Dl and A

‘D2 learned the ordina'be akills of manipuhting rational expressions
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by using than to solve equationa. The ren.ai.ning lessons” and_}activitie_g '
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followed the same order.
S

a

Instrumentation: Design, Validity, Reliability

S 1. Studant Inventory of Teacher Behavior (S]IB) '

__gg The SIIB, whcih appeara :ln the Appmdix, was teken ﬁ’m
a study by Naciuk (1968). “He derveloped the instrument "to assess the
ﬁextmt to -which the teachera were able ‘to. follow the expoaitory or
methmtizing models in their teaching,” (p. 50)- The SITB scores
represent general :l.npressims of classrocu activities and behavior.
All sbndenta rated the teacher on thirty 1tems using a rive-po:.nt
. scale of Almost Alms, ‘Of‘ten, Sanet:lnes,-» Seldom, and Almost Never.
The items were uorded for the expoaitory and mathenatizing methoda,_
8o the nve-point scale read fran 1e1't to right- for the expository
wrding and right to 1e£‘t for the methenatizing wording. In this way,
the choices to the extreme le.f.‘t indicated the idesl expository method
dnd those to t.he extreme right indicated the ideal mathenatizmg .
method, The ueighting factors for cach item vere then always in the
order 0, 1, 2, 35 b | B
___m ‘I‘he studente' responsea were counted for ea:ch item, and
: ~ the percentagee of the Ftudents answering the itans each uay were calcu- _f' |
leted. The percentages were the:n xmltip].ied by the weighting factors.
The weighted percentages were added and the suam was div:lde&by faur
This qnotiexrb is called t& cl%e coneeneus rati.ng for the item, uith
an ideal expository scor‘e of zero and an ideal nathanatizing score of .
one hundred To illuatrate, itul one fran Group E is shmm :Ln ‘I'able 3.

ﬁ? ! N P t _‘v x
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TON' OF THE SCORING OF THE STUDENT INVENTORY OF

TEACHER BEHAVIOR

1., Wwhen e’ﬁ anever is urong, our teacher talla us immediately,
Lﬂoat Alwa B. Often C. Sc-etinea D. Seldal E.- Alnout Never

Class Consensus Rating

rmlvestudemmapoudedtothoituincroupz. ﬁ '

. u.n?ost‘ Often Sometimes: Seldom Almost

. Kiways R . Never
" Frequency L 6 . 2 ‘/o 0
percént 33.33 50\_ ‘ 16,67 . 1‘()‘ .'o
Welght & 0 - 1 2 3 M
{T% - . o | ‘ : .
R duct 0 50 33.33 0 0

83,33+ = 20.83

There are six categories .for the :ltana: Teacher am:meience

(Items 1-5) ’ Introdnction of Generalizatim (Items 6-10), Gontrol of
Pnpil Ixrberaction (Iteus 11-15), ‘Method of Answering Questions '
(I‘bans 16-20), Uses of Stndexrt. Responsea (Items 21-25), and Method of

Eliminating Falao Cancepts. (Itema 26-30). 'The rating of the teacher's

behavior .f.'or each category was obtained by finding the mean of the

cla.aa ccnsenms ra:binga of each of the ﬁva items in the category.

In‘berpretatim of Catggories. Naciuk (1968) describes each of the

categcries of item for the axpository “model, which is s:htilar 'bo

Group E in t.hia atudy, and the na.thmbising nodel uhich ia similar to

Jrcups D1 and D2.

1
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( 1. ‘.l‘ea,cher (hn:lsoience: In the o::pository model 'l'.he t.eaoher is
tho mhhoriw o the nathuatice under diacnaaim. The teacher demon-
etro.teo appropriate prooodurea for solving problcma, direotly helps .
studarba solve p:roblela, and coa-recta Btudenb niatakes immediately.

!.'ho mthmtia:l.ng ‘teacher presents problue but allows the studemts to -
find methods of aol'n:bion. - Students determine the correctnees from

i

7 0°
it

ke

PR S
2

their knowledge of mathematics, rather than the teacher po:l.nting out
errors. | R | ﬁ ' |
2., Tntroduction of Generalizstion: -The expository teaoher pre-
sents a rule for 'solving problm,‘ﬁre”aeﬁ"ﬁs_ exampl‘es,“ and states a -
'generaiis’ation of'th.e rule, I.n the methahatizing model, students
genera'be hypotheses arber attalpte at p:roblem solutions. The generali-
zationa are fomlated from the lwpotheses “after class discussion and ‘
: ev&'l.ue:bion of hypotheses presen‘bed.
3, Control of Pu.pil Interacbion: The exposi'bory class focuaes on
’the cocrroct method of solv:i.ng a ‘problem, The method is broken into
cerbadn steps baeed on the rulea of the pm'oblan. The teacher directs
students to this precise soltrbion of the pwoblem. The mathanatizing
| class pursues a variety of’ methoda of solution to a problem, ' After
exploration of the prroblal, uhich involves no comtrol of p\xpd.l ,
interac'b:lon, the teacher guides the students to generalizatione. ,
| L. Met-hod of Answering Questions: The expository teacher answers |
| | queetiom directly, either by reetatemmt of the rule %eneralizatim
which applies to the problem or solving the problem for the studemt.
In the mathmtiaing model, the teacher is an advisor, omJ,y rewordim
S or. regrouping examplea e? stmdem'.s :

5 Use of Studemt aeap“&ses: |
\@x?‘.v,

Bository model, the teacher



(
uses sw.daub Yesponses aa reedback on nndorstanding of tbe 1esoon. '
C However, in a nathemativing lesaon, the student respanses are the main

‘ ot tho lessom, '.l'he teacher doeo not evalutt.e the responses,

ar the class evaluates reapmses.
‘6, Method of Elimina‘t:lng False Conceptsx The expository 'beacher ’
.warns sbu.daut-a of cawaon en‘ors. Incorrect reaponses are imed:lately
corrected. Students are given practice exan:plea that do not over-
generalise a ccncept. In the mubhenatizing model, the stndaubs are
_ givon problema de.'l.‘lberately to overgemeralize the rule, Also, studenmts
try a va.rieby of ncbhods to solve problems. The elim:ma'bion of false
concepbs comes fran the s‘tudextba and their knowledge of the mathematics
< in ‘bhe evail.nation stage at the end of the lesson.

b

Relatims 1ip of S]!l’B to Treatments of Grougs. E D1, D2. The six

categories of Naciuk's Sn‘Boorrrespcnd to the »three aspects of teaching
in this study. Categories 1, 2, L4, and 5 correspond wlth the guidance
in the d.evelopental phase, Category 3 corresponds w:lth the student
‘interaction, and Category 6 corresponda with the integration phase.
| ',t‘he Group E treatment correspands to the expository model descriptions -
in each o.fT the oix categories of \"i:.hq, SITB. Group D1 treatment corros/—

‘ponds to the mathenatia:mg model in Categories 1 to 5 a.nd the expository

model in Category 6, In particular, Ttem 27 of the STIB should have an
o ‘expository rating for Grouyp D1: In our- assigmments we are _givm

probleno which caxmot be solved using mlee discussed in class.

"y

.A.g'”' o5t Never :% Seldm C. sonafbimea D. often E. Almost Always.

%r Ostegory 6 ohould have a ma.thanatizing rating.

_ Tho‘othor i
"; uGronp D2 trea‘gnent correoponds ‘to the nthmtizing model

61
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consensus f rating ot. .ro:r all items, while Group D1 would have a class
consensus rating of 100 for all items except 27, which would have a
rating of 0, and Group D2 would (l‘mre a class consemsus rating of 100
for all items. | | |

n dity. The reaearcher has aod‘.abliahad the relationship between
the SITB and the tredlmta of the research project. The validi‘by of
the. instnmen'b 'waa established by Naciuk (1968) in four ways: 1) tace
validity, since the definitions ‘of each ca:begory deacribes the things
teachers do in the nathmtics glassrocn,‘ 2) inclusiveness of
cs‘tegories to cover ‘the total activitdes \of the leaaon, '3) content

: validity rrcn aeven qualiried Jjudges experienced in expoaitory and

. mubhematising teaching methods, and h) pilot study results showing
discriminatim between exposi'l'\.ory and mathematiging teachers on all
itans. |
| Reliabilitz.. Naciuk (1968) establiahed rel'lability t-hrough the \
test-reteat method in the’ p:llot study. The resulta yielded a
Spearman r_ of - .75 for the mathenstiging class. und an r of 9l for
- the expository class, which ia significant at the .05 level. WhiIe
the r of .75 was not sign:lficant at -05, Naciuk arg'ued that it was
sufficiently high to indicate a degree of reliability in light of
varistion in teaching method and a three week difference in testing

dates.

2. Achievement in Ra.ticnal Enggressiona Teat LARET)

aig The ARET of forty items (See Appendix) was designed by
t‘he resnrcher and the regular teacher of Groups D1 and D2, The :ltens

' wera or the type or exercises. found 1n the textbook on the unit Btndied



"'Ch.aptu' b ‘rhe Algebra of Rntiom Expreasionﬁ.“ . (Nichols, 1970)
~ The mnbu' of 11-.- fram each aection of the \m:lt m dc‘temined by a
coum o:t tho regular teacher and the resel.rcher, an at.t.upt being
made to keep the number of cuestions tron each section oqml Each
moation uaignod to the students in class vork had a representative
quoation o the mrr ' .

Validity. Since the test items were selected as representstive of
the questions in the textbook, the ARET has content validity. Table N .
ahmfthe percentage of the test which covers each'_ iegaon or activity.

TABIE L. PERCMAGES OF THE TEST COVERING E\ACH LESSON OR ACTIVITY

\
\\

Orouwp B N |  J

o
-~
o)
0

Lesson 1, 2 3 L .5 10

Percentage 6| 13 9411l 1 6 % 9 8 n

Growp DL

Activity 1 2 3 b 5 6 )

Bercentsge 38 39 9 8 33 | “
Group D2 T
~ Activity 1 2 3 4 5 \

Pprcentage 77 9 8 3 3

In Group E, the items are closely repredentatiﬁ, in type and proportion,
of the content pmaemed in the wnit. In gmpa D1 and D2, the first

' activities lasted most of the experimental tine, so the items are

&
8
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‘ .
representative, in type axid proporbion, of the conteht presented in thg/
course: \ i )
| Reliabilitx. The eplit-half nethod of estimating relisbility was
nscd.'; The test 1tuu were divided into two halves by odd and even '
oumbers of the items. The two reaulting scoree were’ correlated at .90&.
The Speu-an Brom extinate of reliability of the whole test was .9L7..

From these results, the ARET was Jjudged to be internally consistant.

o«

3. Problqn Solv:u_)i in Rational Exp;essions Test (PSRE'Q

\

Design. To test the effect of the a,spects of discovery teaching
on problem solving ability, a paper and pencil test of eight items -
was construc'bed by the researcher. The items were selected as

‘pertaining to the unit of study, Rational Expreseions. All of the /

jtems involve techniques of solution uhich were not covered in the unit,
thereby making them problems, not. merely exercises to which a rule 13
memoriged and applied. The problems have one answer, thereby involving
coqvergent thinking. The students were given instructions ‘o urite
everything sbout the problems they could think of, then to atbempt the
golution as far as possible. 'i'he_ test items appear in the Appendix.

'Correct Answers Scoring Scheme. The first method of scoring the

PSBEr copsidered only the- solution. Students who gave the correc'o
answer received one point,- and those. who gave an incomplete answer or
an incorrect answer received no pointe. This. scoring schane emphasizes
the purpose of problan solv'jng, to find a correct solntion.

Quality of Answers Scoring Scheme. In scoring the PSREr according
to the quality of answers, each item was usigned a maximm number of

points. Items 1, L, 7, and 8 were assigned ten points each, and items



~

items 2, 3, 5, and 6 were assigned fifteen points’each. Students were
awarded the maxdirum pointa if the correct answer was given, and only
‘correct answers were given the maximm points. Students were awarded®
partial points for work which could lead to a correct solution but was
incomplete or contained an error. Students also earned partial points
by making correct statements about the problem but not cliscovering a
mehtod of obta:lm.ng the correct 8solution. Students were awarded ho
points for incorrect statements about the Problem or no reaponse. The
| emphasis is on obtaining the correct solution and steps taken to find |
the solution. The acoring scheme appears in Table 5.

N

TABLE 5. QUALITY OF ANSWERS SCORING SCHEME -

Points Reason for Points Being Awarded
Awarded C
10 - Any correct answer A _
9 Would-be norréct answer, but a mistake in computation
‘ 8 Correct equation or pattern, but no or wrong answer
7 One correct answer or partial snswer which can be found
: ' samewhere in the students work _ ,
6 Correct explanation of the problem
‘5 Sta.rting correctly, but making a.n inco'rz'-ect assumption
L Attempting a solution using more than two correct steps,

Guess which comes close to the answer which indicates
understanding of the problem.

Any equation or. pattern with a correct statement
Any correct statement about the problem

Any response |

o L S T W

No response
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Itqa 2, 3, ;5, and 6 were award\ad fifteen points for correct answers &
and partial points corresponding to the citogoriea given in the table.
Polya's Four Phases of Problem Solvigg Scoring Scheme.

';‘aylor;Peaz-ce (1971) devised a marking scheme, see Table 6, for problem
~ solving based on Polya's four phases of problem solving: 1) Under-
standing the problem, 2) Devising a plan, 3) Ca.rrying out the plan,
and L) Looking back. From these broad areas, he We ‘ten yes or no ‘
questions for ‘the scorer to ask about each item of the test, Equal
weights were givexi to each yes, worth onek point, and each no, worth
zero éoints. The studemts score for éach item was "the sun of the ten

component scores.

TABLE 6. POLYA'S FOUR PHASES OF PROBLEM SOLVING SCORING SCHEME

 Understanding the Problem o ;
1. Did the student indicate expressly or implicitly that he had
at least a partial understanding of the problem? yes/no

5. Did the student indicate expressly or implicitly that he had
a camplete gpderstanding_‘ of the problem? yes/no

a.

Design

3. Did the student give evidence expressly or implicif;ly that he
had a design to solve the problem? Yyes/no o '

L. Was the design such as would possibly lead to a complete
solu_t.ion? yes/no - Lo ‘ " .

¢ . ' o

‘Procedure

5. Q#d the student show some mathematical campetence in the
-parsuit of his design? y;es/po 3 . - DT

- 6. -Did he discgver ) aignigipa;% relatiou‘iships/whichgcanld
‘effectively lead to a solution of the problem? Yyes/no

—



7. Did he: etfectively use those rel;tionahipa to obtun a
solution? yes/no : i

Solution | e
8. Did the studant cbtain a p.rual solution? . yes/no
9. Did he i.nd:lom that a camplete. solution exists? yea/no
10., Did he obtdn a mathematically complete solution? yes/no

N 3 »

e
>~

Quﬂ.itl of Rospcnse Approaches Soor_ig Schcne. In ordor to Soore ,
the problem solv:mg test using this method, all of the response

approaches for each item were recorded without slmdent name or treat-
ment group. The dirferem approaches were t&llied. One item . had five }
different reoponn upproaches, while another item had over twenty. The
approaches uero then ranked according to feasibility to lead to a 7
correct solution and mathmtical campetence. To detemine the ranking |
- of the approaches, the guidelines in Table 7 were uaed. The s‘budent

did not need ‘o conplete the approach to a correct solutiion to gain top‘~>
, ranking. The top ranking received a score of one hnndred percent and
_the bo‘btan ranking received a score of sero percent. The ramkinga
between were percentages of the ratio of the ranking -vto the highest
ranking. For mstance, Itcn 1 ‘had eleven approaches, u:lth the r anki.qgs
ranging from gero 'bo ten. A student u:lth a ranking of three then |
received a score of 3/10, or 30 percent. This method of scoring the

" PSRET emphasiged the approach students took to finding the solution to
the problem, or the process to the problan.

o The ,categories given in Table 7 are general categories for

approaches. ‘There may be different approaches within the same category,
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- especially Category 7. Each diat:l.not oqution vas canaiderod a

: ditfercnt M The ranking within the catogory dopcndad e
o@pleteness and acourasy of the oqut:lon. The categories of ruponﬁa
for each Problem appn.r in the Appond:l.x. ‘ o B ‘ \

¥ , #

TABLE 7. QUALITY OF RESPONSE APPROACHES SCORING SCHEME

Catekory ) Doacxfipbim of Category
. h’\g No .response ;

:r 2 ' 5 Gu’ésé without verification . i .

R Restating the problem (includes .drawings)
. ..h : '  Guess and verify (trial lnd error)
| 5 Substitute wq::mm{ into known formula |
_;a u, “ b E IEIs'e'qu«‘a table o:!i"‘ pattern | - | o e
. &fﬂ?; % i Deductivereasoxﬂng or ul/se‘of an equation o

: :';‘f! ;'iVﬁditI. Since the definition of p:mb'lem involves pu-eaefnting a

r challengp thut cannot be reaolved by some routine procednre known to

we s'h'gdent, the test :H'.m were chosen such that they’did not apply’ _{
ﬂirectly to an algorith taught in the unit, The researcher found !
| solnt:lona to the test items o endure that they were proble-s accord.ing
i3 to the doﬁn:ltion. Itcna l and 2 involve the seporationﬂ;of a rational .
e:xpmaaim, which uses difteront algebraic steps hv- add:lng or sub-
t.racti.ng an algebraic ea:presuicn, for which algor:ltma were tanght, ‘
TItems 3 and 4 involve rates. J.lthaugh the students worked with ques~ . :
tions which could be solved, using the distance formula (d-rt) R ‘l’-he :

%
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of thn m/in'olvc m ﬁbllT one applicatim of bhe distance
- / blm with mltipla applications
et the algorwu tor uork m-oblm
; _‘nman of place’ mm -ppuemm aad the a1ty to trmm.e word
| mm mco Mal mtanceL are two mml techniques for
aolﬂng Toem § mvolm thie recop.-mon of mmber petterns.
Upm w.nlbim of‘the tc‘bivitdes rpqu:l.red t-o anawar the :ltuns, ’the'
immbcchniﬁcdumblw rmr&mwmtm has face
Ll nudity in thet the students are u#aaf.oaolve;m tm. aro;n'ob-.. .
Im by daﬁn:ltion. ot L
: Thermiamutmdodtobemmhiwuttut,inm:;hthe

Ithmd6mvork

to solve thm. Tho recog-

al

mba m temd for um:t. appncation of a.lgor.ltlns tught or

diaooverod m the mm A high qorralat-ion betunn achievmt

——

acms and problq aelﬂng scoro: voul& mmc Iess cmtmct
Va‘lidity aincethem 13 mt-ondedt&dufer rrmthem

(Cupbell 1959) Homver, high achievefa wonld be expected to pu-fom
better m a probi:u solving: mﬁ. than iow aclrlevera.  (Thorndixe 1922,
x:umila 70, Ba.lw 196h, Mar‘b:l.n 19631‘ '- Therefnre, there shauld be a .

‘ Poaitive comltbion berbwaen mm 8c'

the bcnatncb validat:,on pracednre o:t group d:u.’ferences, Cronbach (1955)'}‘;“ !

— " - , - : ’VV\C

= 'lcn‘ly ooaroe co; vce batwen test and group
S T .j_das:l.gnntim is ocpec‘bed. “Poo great a correspondence
RO TR r,;-.-'ubmvthe two would indicate that the-test is to SRR
gree invalid, becense members of the groups Lt
m o:r.pec'hd to overlap mﬂm teat. (p. 287) L

mim Of 6183 -&39) 07’38, md ¢h75 betm the ARET
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Having established that the items u?a 'probmz and that the items
. are d:lftarent f‘rm the achia'ruent itema, the next step is t-o exm:lne v
 the proceasea uped by f.he students in solving the problens This will '
R :lmrolu mcnina'hion of the acor:l.m schemes. Helnstadar (1970) included
an mlyais of scor.lm ppocedm-es as a ncthod of esrchl:lshing constmct
; va.lictity. Crombach and Heehl (1955) also refear to studies of process
| and scoring procednrea as a Mhod of eata.bliahing ccmstmct validity.
‘ rho ﬁ.rsb seorlng schane, Comct Anauar, awards po:lnts only for
.correct nnswara, smce the itena ha\re.‘been eétablisﬁ‘ed 43 problens,

ot
}thooe uho arrive at the solution are success p:r

'z't

é‘olvers, whilc

“the ot.her stndecrba nre not, Since sncceaaﬁ:l problen solvera are .

f.-mrdad, constmcl‘.nlidityiammorbed. TR T TR

Gagne (1966) lists the :In‘boml proeesaea necessl.ry to problm o

. solving as: 1) Reca.’Ll of previmly lou'ned ru.les md concepts,

2) Seu‘q:h and aoloction of the reca.llcd rnlda which are relevant to

| bthe probla, 3) C@ining the mviona)y loarned rules and concepts, ’
Arrdys ‘ ,-ffj ',"simal rale believed to solve thqmou&. ’

.5) Veﬁﬁcatig ox the rule by can-yixg out. the operaticns suggest.ed,

N e 6) Arriv:i.ng at the solution, The Quality of Answers method of

i acor.l.ng applies to Gagne's' pmblen solv:lng s'beps.. Awar&lng 1 and 2
points Ior any respame or any correct statement about f.he problan

: i.ndica'bes recallo of previonsly lea.med rules and c)qfcepts. Three
,“pointa are a;warded for a cbrrect statmerb in an. equztion or pattem,
. ,which indicdbes a select:lon of a relevant rule. Awarding L, 5, or6

poinba far attunp'b:!ng sollrb:l.ons 011 guessing which indicates wnder- |

B N - u e \" N . :-\. . o - Lo T .-
etanding, or comctly ‘ explaindng .the; méble!nf indi-catesg *conbi
o e et | RS L VAN v
jonsly -;’earpp&-_.;-nlaa. Seven and e:ldrt points' .t“or a cmct pa&vbial Ag» o

. Y E
H -~ & . - : B Loel .. J - L . N : t» s :a'

‘: .
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equstion show arriving at a rule believed to solve
' the problem, :u;. points awarded for a vould;be correct m with a

o
» answer and a o '

ont the opea-xbicns Final]s, 'bm po:lnta fo:r the correct a‘hmver indi-
| /cabes thsr. the student has.carried mtb all of the previm_proceasea

)

- already been shoun to correapand with olya's problen olving pro 8ses,
thich are saleuh&t d:i..fferent n'cm Gagn Is problen solvi.ng proces
Therefore, conatruct validity is supp rted by this scoring proceﬂnre

 Scizmer, in his opermt 1yefs of problem salving, is inter-
- preted to be :l.ﬁt.erpreted“b’i ‘_ refg'ﬁ.ng %o response approaches to

problem solving ‘rather 'bhan fhe ac‘bivities within the solttbion. - .

(Skimer 1966) By evaluating thg Tespanse approaches?in the B‘bndehts' i

.solu:biom to the problems, the researcher was again support.:lng the .
construct validity of the problen solving test. T
" The abova discussion provides evidmce for supporti.ng validity

" for the. PSRE[' ftems and scoring techniques. o

Reliabilitz. Kmtmki ( 1977) reccluends :Lntercoder reliability
:m a teat of problan solving ability in wh:lch processes in problem
sol : are inveatigated as uell as product. In addition, the ' |
a cher used the split-half me'bhod o astimating thie reliability for
v -‘each dcoring 3cheme.~ | ’ . : .y
The Correct Anawer scoring schane only. considers the prodnc't. of ‘
- the atmdanta' effort in problen eolving To use gJin‘berra‘ber reliability

o o
T o . : | i i
. A . . o
: g
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o

| vith thie ecoring echue eqened trivial th the researcher, theretore,

vinterrtter reliability was not md‘ l‘he ruulte of the Speeman-

Brow es‘timnte of reliability ror sput-halr test:lng, using odd and

- eyen mnbered problma for the tvo ‘halves, m .637,. Singe the prob-

' lals uere conceptully d.ifferent and there uere only eight problme ,

the split-half eetin.te doea indicste scne reliability.

R

'l'he proceee of estimating test reliability by correlating two

‘sete of ecoree was md on the Qulity of Anvera scoring echene. l‘hree
'grednate etudents md two pmfeeeore in Mathematice Emcation scored a

%

'jrandan smple of ten teets, fonr itens from the eight-item test. Firet, |

each of three rutera .scored a different aaple ueing the ten—point

_ schene ’

)scori.ng echene d.ivised by the researcher. The scoreqnwere correla:ted

‘varcher'e scgres. ke ehoun in 'rable 8 Items 1,

en mde appropriate revisiene in the wording to agree with

: A‘the reeearcher'e concepticn of the ecoring scheme. The rgyised uording

of the ten-point sc‘anng scheme vas thed used by Ratere b and 5 on the

Tsame suples as Ratera 1 end 2. Ttem 6 still had a low reliability

W“* :

. : and acc@pted by the reeeareher. ’ '~_» '

eetimnte of 31;5, leas than the cr:lticd. valq.e of 632 for eignificance

" st .05. Thie can be explniaed sanewhat by the 1ov scores given due to
the difficulty of the problm. uso, the rtters 'were not trained by _
the researcher, qnly given the scorlng scheme end aeked to use it, 'rhe __
Areaeo.rcher choqe to accept the reliability estimates as reported. :

A eplit-half reliability en odd-even items was also used i‘e:r the

i

Quality or Anewere scoring acheue.v 'rhe Speamen-Brom est:unute vas .?80

=

\ N ) . : g ] . X e
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TABIE 8, - mmnum mwn.m FOR QmLm OF ANSWERS

N i

Ttem | Rater 1 BRater 2 Rater 3 Raber k (1) "Rater S (2)

R S R o
2 - .6k Y TR . o |
-3 a3 .f.»962j 629
e " s 66 |
5 | “'.793_ R Lo
6 a2k . L3l
A o & 913
“8_'”\; N e i em v‘ .
- N | n
-

Salving, &her raﬁer bes:l.glea :
scale developed by Taylor-Pea.rce (1963)

' researcher used t-he ten-po.tnt
‘The Q;ond rgser, a g'adnaté :

"‘h.

. simdent in- Elementary Cnrricnltm S'bud:les s uith mzbhanatics experieuce“

- scored a sample of ten papers on a]l eight tesb items, given only ghe

; acoring achaue and test ‘papers. As shoun in Table 9, only It.an 4 wa.é

) below the critical valu.e of 632 of the correl&bicm coefficiarb. '.l'he
: fj_researcher accepted ‘the reliability, S _ |

» ¥ The split-half reliabili'by on odd-even i'bans for Polya's Four
Phuea of Problux Solv:l.ng, Speannm Broun estimate, was. 816 and
' ccaptod by the researcher. o .

e |
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TABLE 9, INPERRATER RELIABILITY OF FOLYA'S FOUR. PHASES OF PROBLEM
o SOLVING L o | |
Ttem ¢ 12 o3 L 5 6 1 8
Reliability - o - N
Estimates .870 ,5.962 693 25 .953  .915. .03 4.833-' &
“ —i‘ : : . {‘ = : ‘
; - ‘ | | ,3. . CVELL
The Quality of Rosponse Approaches” sconty oMo required s .
maltiple-rater estimste of relisbility. "N o Mathematics
Bdngation, %g'four gradnate s'budent.s and g SO "vy;"“uhdl‘thg'#résurch'er

scor@l the sae smp N “testé on each AN ‘i?ban.

Each rater used, i Broint sca.le',‘ Tébles 10 o 12; of categories
¢« of approaches cons ,} - i the reaearcher to provide a simplified
vea-sion of the ranld.ng ofres’pmaes by ‘the researcher. Thrae seven-

poin'b scdes were naed, one for Items 1 _and 2, one for M 3, h, 5,

’ and 6 and e for Itan 8. . The simplified scoring schanes were used

.":l.n the reJiability eu'b:lma‘bea rnthﬁan the ‘pesearcher’ 8 scor:l.ng
.schanes to a‘.hlplify conditions ror\ihe raters. The raters were given .
].-fhe categoriu and sanpleﬁm withott 'braining ) L T Sl
© © The method of estinating the relisbility of ratings is based wpon g,
Ee th%mﬂ,vsie or vnriance. - (Bbél 1951) The forsmlae yield the relia- o
'bmty of average ratings and the relisbility of individual ra:b:l.ngs.
Bdbh est:lmates of reliabili%y are reported in Table 13, but since the
" raters. worked inﬁvidnally, and in practice anly me score woild be o

ohtaineﬁthe m,ume of reliability of 1ndi‘v:l.dnal ratings should be

ﬁ”



TABLE 10, QUALITY OF RESPONSE APPROACHES RELIABILITY CATEGCRIES 1 AND 2
LS ‘ o ! " & ’ o

. g
Categary naacnmon of Category v .
: ; : : RE N
1 No responae : ‘
. g Guess without veriﬁcaticn : -, |
g . .
3 | Reatating the problem | L .y
L Guess veq:ﬂy(tri.al and ‘error)
5 - F'\Separate the mnnersbor; keep the demaninator as Eg:iven‘ T
.
6 Division :Lnto equal parts { de. divide by 2 or 3)
1

| Deductive steps tq‘ggqgante the rmerator and dmominator

s .
¢ *-‘J’ ' :‘.‘ \
1!,‘ )

. .o . . T . » ' s e L
TABLE 11, QUALITY OF RESPQ{SEAPPRQ‘CHES RELIEBILITY CATEGORIES 3 TO 7

) *h' o /, e

. Caﬁegory ’ ‘Des'cr,iption of (Z-atggory

N

- No 'respo#se | .
S Guess "ﬁ:!.thoxrb veﬁ.ficati_dn . ‘: r
| Reatating the problem , |
:‘Guess and verz;kry (trial and error)
‘Substi‘huta informabion into kncwn fomula (eg. rate)
\ Table or pattern _
B Making an equlticm (deductive rea.son:ing)

N O VLW D

- L4
&
) S

75
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TABLE 12, QUALITY OF RESPONSE APPROACHES RELIABILITY CATEGORIES 8

Category Descript.ion of Category -
, — \W“:
DA | " No response R
2 _ Guess w:l.thout verifiqsbion )
. 3 Cqmta‘bion in one pm, no respcnse in other PRt
R AR Canwtttion 1n ‘both parta, no use of a pattem
5. No response first part, use of pattern in second part
) Ganp\rbation in first pcrt,) use of pattern. in second part.
7 Use of pa:btarn in both parbs ‘/ w R
TABLE 13 INTERRATER RELIABILITY OF QUALITY. OF RESPONSE APFROACHES
Item : Relidbility of Com’idenca L:lmits (5%) "Reliability of

‘Individual Ratings for Individual Ratings Average Ratings
Upper 56  Lower 5%

1 S T e 670
2 S W3 67 90k

3 o8 .60 208 628

L 679 818 JLiso e

5 . +588 785 .38L 909

6 s s 227 - .B28 i
7 " +360 6 W67 797

8

811 908 e 968




3}"1

- ;f interpre'bsbion oi‘ gu.easing and dednc'bive steps.

v Lrd
N

77

Itm 1, 3, 6, and 7 have low reliability eatima‘bes, yet the upper
is ‘
ocnfidonce 1inite of all but Ttem 1 are abcve 500. The lower

 confidence limits of all but Item 8, hauever, are below .500, but are

all posi'bive. Dii‘ricnltiee anong ‘the raters with Category 7 ’ na.king | ’
an equation, contributed to the low reliability. Since the categories ‘

,uqne hierarchical, many students uho made eque‘bione had actually poorer'

df;n'oechea than other studembs using a different approach. The
*l
ﬁeearcher had many levels of approechee within Category 3 to take this

ﬁ&%@n&iﬂwﬂioﬂ, but the einplified version of the rating scale that

; vy
‘the dbher rebere need allawed for no differences. Difficulty with
} v
seems to lie with Ge'begories 2, 5, and 7. Raters differed in

i
-~

<~ " Evemthough the reliability estimates ware low, the researcher

‘

: "accepted the results in considerstion o.f ‘the previous discussion and

»the fact thet the ratere were not tra.ined in using the scoring echeme./
- Tie Speaman—BroHn esbima‘be of the split—half reliability for odd
and even items is .787 and accepted by the researcher, '

L

Al

A d.escrip‘bim of 'bhe tree'hnents for Groups E, D1, end D2 was given.
The desig:n, scoring, validity, and reliabiliw was discussed for each’
of the three ins‘brmnenta: S'lmdent Inventory of Teachex Behmor,
Achievanent in Ratimal Expressicns Test, and Problat Solving in
Ra'bional Expressions Test. With same qualifica‘bions, the instrtments

were fmd to have validity and reliabili‘by.



Chapter VT -
RESULTS

'/ Student Mmven - of Teacher Behwior“

Hypbtheu‘is 1‘ There is a significant difference between the
treo:hunta of any two ph:lrs of Grorup E, Group D1, and Group D2.

Since the purpose of ac}unistaring the SITB was to show that the
_reaea.rcher used difteretrb treatmenta with the three groups, a
significant dii’fere:nce between class conaensue acores should exist
Table 14- showa that all the pairs of treai’nenta were sign:lficantly ‘_
different # the .05 level, and it can be stated that the researcher
used different teaching méthods in the treatments. To further illus-
trate the differences between the treatments, Table 15 shows_the class

conaensus scores, a.nd Figure 1 presents them graphically.
lﬁg} ‘

TABLE 14, sxm:mld;nc'n OF THE DIFFERENCE BETWEEN TWO MEANS FOR
INDEPENDENT SAMPLES FOR THE STUDENT INVENTORY OF TEACHER BEHAVIOR -

Treatment Pair ar t-ratio Level of Significance ( P=.05)
E and D1 | 58 4.075 1.671 "
E and D2 58 6.312 - 1.671 )
Dl andD2 - 58 2361 1.671

(I
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TABLE 15, CLASS CONSENSUS SCORES FRQ( THE STUDENT IN’ENI‘ORY OF 'I'EACHER

‘ BH{AVI(R
C?tegory - . Group E Group D1 Group D2
Teacher Omniscience 23,72 50,42 61.67
(Items 1 to 5) . A
Imtroduction of Gemeralization 20,40 = 61.25 .16
(Itena 6 to 10) | S L |
. Gonbrol of Pupil Interaction 54587 S1.67 - 63.33
2 (Items 11 to 15)®" T | |
Method of Answering Questions 33,93 597 77,08
(Items 16 to 20) = T~ '
Uses of Student Responaes 55.40 67.50 87.92
(Ttems 21 to 25) ‘ -
Method of Eiiminating Fallse | A~32.91 > 51,67 68.34 .
_ Concepts (Items: 26 to 30) % S o
@ ' N “ b

Achievement in Rational Expressions Test

.‘Hypothesia 2. There is no significant differonco in the achieve-

ment scores of students in A) Groups E and D1, B) Groups E a.nci Dé_, and
¢) Groups DL and D2. | - : 2

. The reeearche%ms interested in the achievement scores to deter-
mine whether students taught by discovery would maintain achievement
lev:;.s ecqual t.o Mdents taught by ‘an expository method. Using the
Calputation for the Am.lysis of Variation, ona-way classification, 'bhe
F-ratio is .195, and there is no signi%icant difference in the |

achievement scores of the three groups,‘ as shown in Table 16. To show

;'the effectiveness of the treatmenta, the mean scorea appear in Table 17.

@
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~ TABLE 16. ANALYSIS OF VARIANCE RESULTS FOR THE ACHm

umss:ws TEST
Source . Sums of Squares df
Between w28y 2
 Within “12347.73 n
F23,32 for p £,05. |

.« TABLE 17, MEAN SCORES FOR THE ACHIEVEMENT m‘“MTI_GI*L EXPRESSIONS TEST

+*

« Treatment Pair = E and D} ° E aild_ P2 °| Dl and D2
Mem'score | C6SAST e~ 69,50 .. | %y 6500

A

Problen SOlV:lE‘in Rational Expressiona Test, COrrect Anst;ers S"coril,gg‘
Scheme",' . L . ' '
Hypothesis 3. There is 3 aignif:lcant differgnce in the problem .

- solving scores of at‘ndenta in A) Graups E and D1, B) Grioups E and Dé, :

and C) Groups Dl and 1)2. .
| The researchcr eogpected Groups Dl and D2 to have bptter problem

.. ;,.\r,

BENE

a)‘“

“\ B . §;,~ \
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. . . A . '
. “ \ .
. \

, -ahm ' The Perebto was.1.020 for the Analyais of
Varietiom, au-w olmmcmoé  show in Tablés 17 and 18, and
Nm'-{u no sipnificamt difrmo :ln probl. oolﬂnc mean -om o S
m'&oﬂomcthmra-cormechm. ' ’ o

- mmnmnsmsmuamcmumscomomm

;- * . \

Souroe_ Sms of Squares ‘df Mean Squares. - FRatio. -
L * ‘ ) . . s ]‘ 4 ’ A, .

Between_ 3,863 2 1ems
Within B0 . s 1ey y

: “1.725’
. , 568 o oaam o
| m ax;dD2 L S L




- g?lving acoroa of studlnta 1n A) Gronp- l anh Dl, B) Groupe dnd ne,f .

' .‘ ror Gmnp T, u ehmn in 'l‘ables 19 and 20,

@

- Source - 'Sums of Squares

o

rye

1{ScI'f “Schulé“'u' a

Hypothssis 3. Thero\ia s aignificunt ditrhrence in tho prublam

shd C) Gwoupa Dl and Dﬂ. & o :
Fbr-the Qnalitw ot Ansunra aeoring lehune, tha naun scoros tor

Groups m md D2,vore not nigniﬁomtly‘bctm unn the nean accre o
|

"«4

SR

%\

TLBLE 20. ANLLYSIS 01" VARIANGB RMLS FOR THE PROBLB( SOLVIM IN '

RATIONAL HPBESSIGS 'mn' USING GIALHY OF ANSIIERS SCORING SCHRE

\

¢
NS

thin

Betyeeri -

10282

3

- 239, ‘?00

331 677

F23.32 for p=.05

~ -

‘I‘ABLE 2. SI(NIFICHCE OF ‘I'HE nmcn mwm TWO HEAHS FOR

) mnnmmm SAHPLES FOR PROBLEM SOLVI“G IN RATIQILL EIPRESSICNS 'rxst

QUAL]!'! OFANSIIKRB SCCRING SCHD(E

‘ Treatgant.Pair

ar

“vb-rtbio_ :

Lovs of siguiticmse (p*

™

E and-Dl |
"E and D2
© DL emd D2

-2l
21

.633

L6k

1.725
1.721
1.721

s

Ffatlo| .

05



, Hyvﬁthuia 3. : ‘rhm 1a a sigxiticnt ctiffqrence 1n t;he probleln R
‘ admm&\mnx)wnmnl}a) oroqpssmdnz, |
tndC) Oronpam.:ndm. Lo B !
‘l‘he F-rlt:loz of 2.207 tran Table 21 doos not indicm a aignim.cant
difterence in’ the mean scores using. Polya's !‘um.' tha of Problm
Sar:ux oconng ach-o. Hmver, \lhen erx-:lning pa:lr cﬁ.fferencea R
botm tho nuna, u in 'r\maz, there is a ai@iﬁcmt difference :
betuun the mean scores ‘of Grovps n\.@d D2 at .05 levels '

.

.)".

°

TABLE 22. MSIS oF VARIECE RK&IIIS FDR THE P'ROBIM SOLVING N |
B.ﬂI(llAL WSIOKS TESI USI'NG POLYA'S !'OUB PHASES OF P!KBLEH SOLVING

chﬁm“ scmm )  : -
\, Nt /./// K ;
Source ,_motsmea ' “ o !!eqn'_Sqmres (E?.R‘ﬁ_?:.m

E Bt - © ssl.ouo 2 us.s
v 68T, B . ;| 201850




rmx 23. sxmmcnc: OF. m pmcx Bm'm rwo ms m |
mnxmmu- a-mxsrmmonmsoz.vm nfmmur. mmssmsm,v ;
FOLYA'S O PiLES OF FROBLIM sm.vm sconm somex

s

. "

Tnm ent Pair Sdr t-rmo molﬁsimficlh“-(l‘*\o” Q

Badm g   . _1,?"~1.725 .
3 mm I N -»:’2',.‘.”é21_i C ‘“."»; 1.721 S
DL ndnz AL L®s- . L um

L N L - N o N

. v
*

Hypotboua 3.A ‘!‘haro u a u.gni.%cant dirf,rence in the problun . A :
: ,‘_'adlving: acorea of mdants n L) Groupa E and m, B) uraups E md D2, S
and c) Groups D1 md,nz, e o R AL
Using the ou.-#ty of Respaue Appro.enea scoring schems, the
analysis of varimce, in Tnble 23, showed aigniﬁcmt difterenc;éa ,
at .05’ level bcbuaen 'l'.he ﬁhm xMPs.’ " plir—u:lac exalinatim of the . o \
| aig:iﬁcmce ot the diff ce bct.ueen the ean acorea, 4in 'rable 2)4, | |
1ndicatos a signiﬁcult dirference at .05 lervel betvaayqroupe Dl o ‘
\n\m in favor of D2 and a significant difference at .01 level - | t
b«tmsroupszmdnzmravorornz.- S A ol |

e

\-'
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TABLE 2:.. _ Amxs:s or mmcn usufns m rm mm sox.vmc ™

. "&

Y

.

v.“Batu@qn”V N
e

. 103227.3 .

- $23.32 for p&

.05

]

9

_ .TABLE 2% - SICNII’ICANCE OF THB MGE Bm WO HEANS FOR :
mmnm SMPLES roa mxm SOLV]]IG N mmm. BPRESSI(NS TEST

e

‘

QUILITI oF nnsrunss Ar!aoncnzs scdnxno scnxnn

.

mmtpm |

t-ratio

‘ Lével' 61" S‘igx‘xifi_’c‘m(‘ce (p=.05)

,. .
. Eamd Il

E and D2

C DlemdBe

| .698 f

253

i 1.733'

1725

0
»

1721

N\am




l:lm ’rut Scoras -

‘ mmﬂmhmmmmdmawm
achmmmd, the oon'd.tbima between the problen solﬂu scores

rmd. Asahouinhblazg, thep-:lr-ﬂae comlatimaremll o

- ‘abm mmtamwnr .31:9 for S:lgniﬁ.dmoe ab the .05 1ern1

" The h-o utmn scorh‘ sch-ea, corrwt Annu'a, tmich noma mly m

M ‘and mty of Responu Amroachoa, which scmo mly cn
. proceas, had the lowost comlat.ion, althmuh still significant.

TABLE 26, - CORRELATIONS OF WCBLE SOLVING IN RATIONAL EXPRESSIONS TESY
. ) ‘ . N . | ‘ . (‘T..:” . . ) - ) - ) o - .

Lo __pedes . ’ “-\Corée’la:hions' i

§¢ . o o

916

Gorrect Ammor and Qnality o:t Answar
. ty‘or Answnr andPolya . , o
 Polya nd Quality of Respanse Appumches‘ N By
fQullity of Reaponae Appx'oachea .and Con'ec't A.nswerv ‘ 689
 Correct Answer md’fiolya At R . 808 .
| ’Qn&lity of Answe:‘ llld Reaponse Approachea S o WTTh

' The trod-mt gmﬂ&a were found to be significmtgy different
as Jndged by the shdmts 1n the grcups. Thm was no significmt

»:diﬁ‘erence in the achim scocrea of the three ‘treatment groups.

"There‘. w_gre no qign:lf.icant diffemeeg :lnfjthe problq solving-scores of |



. o | . . , @ . . o ‘. ’ ‘ v , . .

tho thr“ w m um\ﬂm Omoct\mmra and Q\lllity 'o.f
‘\ hmm'u lcotdng sch-u. Bamor, iuq u:lng Pol,va's Fanr Phuoa of
. \Pmblan Solﬂ.m md Quality of B.oepcnu Lppomf:hea sccrdng schnea,
| - which: -mluu the process of maolvm as un as u:e pu-odn.ct,‘*
the m'oblu solﬂng scorea mre a:lgniricunbly di.frm in favm‘ ?t

‘ » Chwpnz, ﬁxepmpuithmupwhotdiacovmtuchm
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The stnw ic ccncern,ed'ﬁi&xthe etrect o{ discovery teaching in
LA e
r\nm.'l'.hell.ﬂ'.ics on achievement end problul eolving ability of Grade X
nntriculetion students. Three dinensions of discovery teaching were |
"exu-ined to form three treet-ente The interaction dinension involved
Istudents working independsntly or together in’ gronps. Closed interec-
tion, students uorking indopendently, was an expository aspect while
ope;pinterection, studente working in gronpc, was-a discovery aspect.
The guidance dinanaicn involved the teacher ccntrol of the. classroan
'bleerning Closed guidnnce, the teacher controlling the classroom
lesrning completely, was an expository aspect, while open guidance,,
'the teacher introdncing the pmoblens og/study and cansolidating the
_ subject matter learned after student pursuit of the problems, was a-
discovery aspect. The integreticn dimension involved the exercises or'
problems students worked on after each lesson or activity. Closed
integration, prectice exercises sindlar to those demonstrated by the
'teacher or hypothesiged by the students, was an aspect of expository
teeching, uhile open integretion, pProblems leeding to new hypotheses,
wns an aspect of discovery teaching. The three treatment groups were:

l) Expository ), containing closed interaction, closed guldance, and

8 g
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’ ’ Tmtnonta for the three groupa were davoloped by the resnrcher
4cn the . top:lc, Micnal Expruaioua, from the regular Hathmatica 10
cnrriculnn. Thirty aix Hlthuo:t.ica 10 atudeats were di\d.dod into
three treatnont groups of twelve stidemts each. ALL three trempnt}
taught by t.he reaearcher, lasted elevan days, eighty minutes per day,
wi‘bh- ﬁo days ‘of ﬁsting for prcblu solving and achimt. Problm
}‘Solving in Rational Expressions 'reat vas ¢ g

-Ad'ditimlzly, studemts from Groups D1 and D2 were interviewed by the
. 'rveae‘n‘rch_er following the experiment. To insure fhat _bt‘.he treatments _
a were different, the, Student Inventory of Teacher Behavior #as given to
the students at the conclusion of the trutnénté; : TS

The Student Inventory of Teacher Behavior involved a five-point

scale on thirty itens testing teather omniscience, introdnctiom of
 generalisation, cantrol of pupil interaction, methods of answering - . . |
B du.estiorns, use of student responses, and method of eliminating ralse |

AN
concepts. o o

_ The Achievement in Rational Expressiona Test contained fort.y :ltems L
cover:lng the topics of ‘the un:lt, Ration&l Eb:presaions. The itema are

emerc:lsee similar to the pcracbice exeicises of Groups E and n.

The Problem Solving in Rational Etpressions Test contained eight.

Appu-oaches, were applied to the eight itena, with separate statistical



2
. :
iq.lyau reported for each scoring scheme. The Correct Answer acorinél
scheme awarﬁa~pointo ‘only o the correct answer, or product. The .
.”Qnality of Answers awards, full points only to the comct answer, but
) Apcrtial remlta or ‘errors ina poaaible aolution are also awarded
pnrtia.lpo:lnta. Polya'e Fou.r Phaaoa of Problcn Solving looks at all
atagea of probln -olvixg, understunding the nroblu, deaign, ptrocodure
and solgtion. The Qulit.y of Reapcnse Lpproachea scores cu the procesa /
of students' problem solving, All approaches to- -problems are’ ranked
“according to feaaib:llity to reach a correct solution and mathematical
) cc-petence. Scox;es are awarded according. to the ranking. Alternate
. scorfhg' schu\ea allov er dif_ferirg “antcmed of problem aolvihg- and
| results of broblen solving ability. ‘

Setiigg' and Design Quﬂi&ba’tions

Prior to the diacussicn of the results and concluaions, the setting

. and 1imitat:lons of the" experiment will be discussed. By setting, the
. Y e _
' researcher refers to the oba’ervations of the researcher while teaching

the three groupé and the réactions of the studemts %o the experimental
trea'hnenta. As Wittrock (1966) says: |

’ In a culture where children are custanarih tanght \‘ A
by reception rather than discovery, we should not - ;
. be surprised if their histories are more influential

than our brief treatments, Neither should we be

surprised if a new discovery procedure is interesting

?nd zaotiva'bing, at lea.st until ﬂae novelty wears thin,

(p. 68) | -

D

ﬂ . Students generally seemed o cooperaté with the feséarchér, '>
parbimzla.rly after being told that thay would be responsible for the
material covered in an achievament test following the ‘brems}tment and
report.ed to their regula.r teacher. The prime concernl- seemed t0 be the -



grado rocoivod and the .:rm of the unit on later work :Ln the course.
An out.sidbr entering a simtion as w.a is lmtod to. tho topics rrou
~ the oa‘hbli‘hod oun'lcul\- to ensure first, the ooopor.:b:lon of the
teochoro, and second, the cooperation of the otudmta. Another limita-
tion, sgain to ensure coopa'ﬂ.ion of students and teachers, was the use
of volnnboora. _ Hot.iv:uml of voluxrhewa are nost likaly not tho same
as thoae of a rindam smmple, but to be able to oarry out the ressarch
*.~ with the cooporatiog\l of the achool, teachers, "and students, volunteers
ﬁere‘ used. - | .\‘h\, \ | ' |

On the positivo oido,‘ those students who did ‘volon'toer‘ to cooperate
:ln the research seamed. 111ng to try something Yifferent. Perhaps the
time of year, the last three weeks “of April, had something to do with
the preference fom' ohango. - Even stndeute in Group E, vho were probably
given a strio't.er troo:hont than in thelr regulo.r class, seaed t:
welcane a change. The mdlor class size of twolve, with more |
individual attemtion available from ‘the teacher, 'was also probably &
factor in the positive attitudes of the students.

During the troatlenta, the resea*‘cher observed some differences
between the groups. The discovery groups were more easily motivated.

For instance, Group D2 spent fort.y mimutes arguing over one problem

(Problem 19 of Activity 1), with all s‘budenta actively involved in the

_discussion,. at timos gebting into a heated d.ebate. The enthusim
carried over into further discussions in the cla.sa. Group Dl also was ‘
enthusiastic about the disanssions of problem solu‘bions. Many students
in Groups Dl .and D2 appeared frustrated at t:Lmes, especially near the
beginning of the trea'hnerrbs, but later seened to be enjoying the ‘

discussions, especially when differing viewpoints created arguments.
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The studente also sppeared to enjoy working Sogether in paire, with
mly one student (in Group D1) who preferred to work alome, but did
cooperate by woriing in pairs. The ressarcher's sttitude may have
also been a factor, but the researcher made a special effort to show
oqual enthusiam for all growps. .
rn-mumlwmmﬁmtho teacher presen-

tatim of the lesson md volunteered snswers readily whenever asked by
}the teacher, ‘rh.w wanted to0 work togcthu', but were ncl'. allowed to,
‘creating same dissemsfon at first. They soca got used to working
individaally, but appuntly thoir regular teacher allowed them to )v
work togcbhar on exercises, They did uppra\:im the attention of the
teacher to answer any questions that arose mring the individual vork
on practice exercises, | |

One kig difference between Growp E and Grouwps Il and D2 was the
dependence on the teacher. Studemts in Graup E grew increasingly more
| dependent, as determined by the increasing mumber of questidns asked by

the students during the. teacher <planstion session and individaal work.

Smdents inGroupeDlandD‘Z grew more indspendent when they realised
that the teacti}r was, not go:lng to lnm,my questions about the prob-
lems they vere uorking on. _Hol_mrar, Qroup Dl'm dependent dm-!.ng the -
, imtegration phase of each activity, whem the teacher did amswer ques-
tioms abowt the practice exercises they were working on. It is likely
that the studemts in D1 were confused at times with their role in the
classroom, having to be altemately independent in the developtental
phase and dependent in the integration phase of the apt;;iues. This
may have had scme effect on their performance om the: PSRET.

' l.noﬁher ‘dﬂ‘femqe between (;roups D1 and D2 iu'in the type of
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integration each received. ommméodmmmwﬂ-
aresdy made by ibe cless in exercises wich wre similar'te She
problems wsed to make the generalisstions.. Growp D2 worked on prodlems
 whioh used the gehervelidstions made by Ahe cliss,: bub Whish also - . -
Mndmmmmmwhducovmd. GM&,M,
had-omwvtomrkmmblﬂ. and then had the additienal
Bev generalisstions $0 work with, vhich nedther Oroup D1 or Orowp B had.
bem exposed $cs umm.mnqormm'mnl:rmm
wnmumfagmdimm,ﬂwymnmhmhumm..
on the mathematical experiences of Group D2, allowing them to perform

[]

better on the tests, \

Attho mdotthotiratvuk, Groups D1 and D2 ao-odtobeuldng
faster progress tham Uroup E.\ Theuacher'n pacingottbcgroupo
probably led to $hat conclusion, since Growp E was totally dependemt
anthe teacher's assighmemts to begin the next lesson, ﬂ:ilooro\:ps
Dlagnd D2 controlled their own time in ompl«utianofthe activ:lttoa.
Bythomdorthetremm, ﬁemmhwmwceum
" Anothercqﬂmtumiathtbihoproblmgimtoﬁrmpanland
'D2 in the first few activitiesmo easier. Croup E did not receive

L

A

those questions unkil later in the unit.

The researcher noted observatimms of the studemts while taking
the PSRET. Group E had not been exposed to any problems during the
troatments, &nd the students probested sbot taking the test. Three
s'bu.dmbs in particular showed extreme frustration while taking the

- Yest, and one student left most of the problems unzttanpvted. Anorther
s'bu.darb tried to look at two students' answers, but were stopped.
Stademts often tried asking questions daring the test. The group was



mwmmwmm Mot obadembe lefV
m,mmhmmmmumﬂhm |
| mmmmwmmumumm
mmummummmmum. A
‘MMM”MO&MMWG*M“M
' mawmumm mmmumf~~
»a&mwmwmﬁnm ALl staderts worked
on the Sest for the antire seventy mimubes. mnwmsmn
n.mmm\mmwm”muum-
mmw.mmmmmmm,m
theb they 4id not understad. However, thex started voricing soon afber
without further casplaint. rwu-dmmdtommm They
a-omtwmtutmmmwmnm,mro:m
Mwnnmn,um:dmuammm
‘rmmudmmm-d. )
rhommanmbmm“xédw-mmMm -
the frastretion shown during the test, This is probably sccoumted for o
in the mind-Set crested by the trestments. erplmtbonoﬂnu-
traod,_ mmmwmmmw
‘mmmwnmwammdmua,
‘ﬁiloarmmmmdmw .
mmwmmumqmmmm
Mymmwmwnzmwm,m«ampzm >
mummuwutommamw Host |
stidents favored the treatmést, #5 explaimed by Wittrock's novelty 1dea,
the maller class sise, thesmnmuddlgcrmm, wd



| being map.d to m-k ﬁogabher.
s Inlm‘viowa \dth Group DQ&’

j "Barb:

I d:ldn't like- 11:. It seaod easy ‘gt first, but you lea.med
. afterward that you did it the wrmmg way.. I didn't leam

howtodoum'dproblaa Il:lkadworking:lnparbnera.

- Karen:

rot . James:

-mich time on same questions., It was tedious at times. *° = ..~ |

You should tell the nathod first, This way we have to sit
‘and suffer. I got evemything erxcept the pm-oblens. We .
always uurk in parhnera anym !

" It wam't bad, but T don't ldke to go imbo that mich | ¥ -
_ detail; the answer is good enough. It was not enjoyable .

at first, bu:b it picked up.  You learn more methods of

doing: things, = You try-different methods no matter how

crazy it looks, I probab:lq learned better in this class.
I learned by doing it on my lown, I would recommend it,
I pnt other things I legmec# in math to use, .o

I did nat uhat you were doing. We didn't geb any
fomlas, ai 't know if we were right. We spent too

I sort of know what to do om the test. Before the tes‘b,

'mv:!.n class, 1 didn“?mder&;md ui;ile we were doing jt, bubt

. I studled before the test and understood when you ‘went

over it. We had easier problems, then harder omes. Ve

- had ne formulas and no method of using formmlas. The word
_ p:roblens uere ‘hard. It was i\m thaugh. o

’?-_"‘JOAAmet It was ckay. I hked woﬂcing in groups and learning n

p

Ja.nice:

Debs It made you think, I learned as nmch a I would have in the
reg'u.la.r class. Scme things were unclear.

'_lems on the board. -

- different methods, I felt I. learned as well as in the’

i W class. The test was hard.

I cauldn't follow a anall part of it. I probably learned

- as mach as in the regu.h.r class, It was interest:.ng I

liked it when we helped each oth\er, and solved the prob-

I liked it, it seemad easier. - The learm.ng cmdit:.ons

- were easier. It was better because we tried oyr own ideas:

and where we made mistakes, it was a better way to learn.

You can figure Yt out., It was refreshing from the old
. waye l!bccellqnt and fun -

. Parts of 11; were better wWhen you learn by yourself, 11:.

sticks in your mind better. I don't remember formulas when .

‘given them. This way you make your own formula, Parts of )
_ it were too hard, - .

a

,/' |



Garrys I liked it. Whem doing the pu'obluu, I didn't know ‘
) whether I had good mra. It bothered me.

David: I cnjcyed the clua. Jb m m “More anmnra are needed. ’
Tt droggedon We spenttoomchtine on

-—

Intex m'w:lth Group Dl:

Marion: It was good except. for the behavioer of some sbndents. It
was %00 quick on some séctions. I learned well on the
parts we took time on. I emjoyed the class, good teacher.

* I'm not- sure it would work for the whole class, better
,' for a mmall group. Good students were having problems.

N 2N

.Ed': I liked it because you didn't have to sit and not say any-
. ~ thing. It helped because I did better on the test.

Lori:s It would have helped if we womld haVe had different ‘
students. It was noisy. I liked to work together., It
was a good way to learn because you think more, -don't

= daydream. It keeps you awake.

Gino: I didn't like the moise. It was okay. I learn more when
- it's quiet. . » =

Dwayne: Tt was fun. I fooled around bub still learned. At times
I didn't know Ihat I was doing, but when I ﬁgured it
~ out, Ireally knowwha:waas doing.

Ostap: I didn't understand. I .can't factor, so it hart in this
unit., I worked it out, but not the problems we didn't
N "spend much time on. I learned as well as the other
. MhOdo ; /

Kevini I liked it. Tt was easy. Things were. eécplamed.
Laurel: I didn't understand parts, it went too fast. I couldn't

concentrate. part was easy I d:ldn't see too much
.difference. .

| Lmtation's.

/éince the s&udy was done a'l'. only one school and with only one
',_course at one grade level, generalisability is reduced. The aasvmptim -
ia that the high school chosen is rq:reseut.ative of the Edmonton Public

Schools. It 15 asemned thttr each student cooperated and made an honest :

IS
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ecori.ng the problu eolvim teete, ly the urittm work of

the atudmte was avei]fble, and infemces about their problu solv‘ing

Processes had to be nade n-m‘,nm wrk.
. The researcher was an intruder into the claseroan, crea'b:l.ng bort.h
positiva and negetive effects. 7

~

M of Results and Conclusions |
. 1

' as expository teachi:ng

solving ability of shdente :Ln Graupe E, Dl and D2,

}_{Mesis . 'l'here is a significant difference betveen the

'v trea‘lneuts of the three aroups E, D1, D2,

The J;esulta mmorc this hyporbheais, as all, pair-wise analyses

uaing the Signif:l.cenco of t.he Difference Betmen Two Hema are

signifiednt at. the .05 level. |
The ccncluaion is that t.he trea‘hnents are different as perceived

by the s‘bndents, and Group E etudents rated the treatment as expository,
and Qronp Dl -and D2 atndmbs rated the. trethents as discovery, ﬁi‘bh the »

D2 rating a higher discovery rating than Dl.

l;lm}zesis . There is no significant difference in the achieve-~
ment scores of studezrbs in groups E, D1 and D2.

“The resnlts mmport this hypothesis. While expository teaching is
oi‘ten cmsidered to have better- resulta with achievement the results

!

here indicabe that discavery 'beaching can be as effective in athievement

kY

I_-.IMhesis . There is a sigiificant differemce in the problan

4
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. The result.s for this hypoﬂnlil are: -

1, Using Correct Ansvu'e scoring- aohme, there ia no ‘signiﬁc‘mt‘

d:l.ﬂ‘eruice at .05 level in problem colving ability of a‘budme in
'GronpsE, Dl,apdm. : L i Lo

'2. Us:Lng m;lity of Answers scoring schane, there is no signiﬁ.-
- cant cﬁ.ﬁ'erence tb .05 1evo1 in pu'oblem uolv:Lng abilétﬁy of atudeut.s in

Gron.ps E, nl,mdnz. » - S

3. :Lng Poiya's Four Phases of Prolglau Solv:l.ng scoring schane, -

there is a signiﬁ.cm‘b difference a‘l’- .05 level between Grou.ps E and D2,
in !lvar ot m m.‘ ‘THere: :Ea no aigniﬁcllt differcneo o f05 level
bcl'.reen Ma E-and Dl or Groups Dl and D2.

Lo - Using Qua.lity of Respom!e Approwhosv scoring scheme, there is
a aigniﬁcartb difference at .05 level between Groups E and D2 and /

Gronps Dl and 2, each time in favor of Group D2. mhere 18 no signiﬁ-‘

cznt difference at 05 level be'bueen Groups E and D1,

5. correlationa of scores from the four proolem solv-mg
‘scoring schemes are significant at .05 1ervel, with 'l'.he louosb correla-
tion between Correct Answers and leity of Respaxse Approaches s

‘o 1659 . | Sy
| The researcher ccncludes that the scoring schahes, designcd to
uunro difrermt ‘aspects of problan solving, do measure different !
aspects or problem aolving The Correct. Answers method was designe. :
to mea.snre prodncb, -while the Qudity of Respmse Approaches was .
dcsigned to neasu:re prrocaas. Since the correlations for these tuo
scoring schma wasithe lowest, and these two scoring schemes/ are

deaigled to measure differont aspect.s, it may be concluded that the

ea.rcher has achieved some upu‘d‘-iem ‘bcf.vecn the nemexrt‘,of-

e,
N

\»

°
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4

m-ooess aad prodnct in problsm golving
. ' Results difter bshleen scoring schenes. R csnnorb be stated
 conclusively uurt. discovery teaching inps'ov'es pmoblen solving sbility. R
- However, based on 'I'.he tindings Quslity of Respmse\ipprosches,

“ s'hndente tsught by a disconry spprosch scoro si@ificsntly highsr on |
| problem solving processes then stndeubs tsnght by “an expository | \J\“
approsch, uhile scorir& equslly uell on pn.-oblm solving prodnct. B
Purther, mdent.a who have :lnbegrthim prohlms which involve f‘ur‘ther ‘
f v,:-discOVeriea, ' Groop D2, perfon significs:rbly better on probleu §

solving processes then stti&en'bs tanght hry a discovery epprooch bn'b

’given prectice exercises involv:l.ng no new discovm‘ies, as Group D1. _

_;The Group D2 students solved only p:roblm lesding to new discoveries,

~)
i

k;f‘?poseibly improving their problen sol processes. Students in the‘
i R group w have relied on t.he exercises at@e end of each’ ectivity

to do most of the lesm:ing, rsther than concentra' ng on the problen

solving involved in the discovery sctivity itseli'. N
| Polya s Four Phases of Problem Solving also considers proc 8 of

' problan solv:Lng, as well ss product, and from the resulte, discovery 5\

teaching has & aigmficant effeet. ol problen solving | '

| When- -using the discovery approach dcveloped for- Grcmp 92 with open

: in’beraction, open gildance, ad open intergrstim, the students'

. problan solving ebili'by in tems of process can be significantly

improved, Hhile maintaining problan solving ability in tems of product. :

' The question rena:lns: The purpose of problem solving is +.o find the

mswer, or prodnct. W should\\scoring scheme eucsmine process? What

is the relationship’p’f prodnct and process in problem solving? From |

i ’the Conceptual Frmwork, Bloom (1950) s Le Blanc (1977), Kanbowski (1977)

R



e - 1
Sh'nlnsn shd mm:m (1975) bolisve thst knowlsdge of the prooess by
which a P‘Oblu is solved is st lem a8 inporbmt as the prodnct. |

| -. Tt 13 the belief of the rssssrcher thst the process of probla solving,
- uhich i-plies openess to new probl& situtions, willingness to ms.ks

an tbtupt at aoﬁr.mg promaua whioh look difficult, msking statmts

about proble-s, snd 1ooking tor patterns or equtiocns, precsdss ths :

Y

attaimeub of 'bhe prochlct, which implies persistence to fi.nd the ‘
.solu:tion. smden’es mst learn @m ot np]l.'olchinga prouau ‘before
" they can solve them. - '.l‘h:;ugh discovery: learning;/the researcher v
' believes that studenbs becous more open to try difrerenb problems and
develop good approaches to problems.' With longer periods of 1:.:11112W
using a discovery approach, studem'.s will also gain in the leaming of‘
persistence to £ind the solution, or produ.ot. Process preceeds |
.product, and imp:rovanent in problem’ solving process will lead to -
' improvunemrb in problem. solving product. '. -
. The students taught by a &lscovsry approsch with integration
involvi.ng problems leeding to new discoveries maint&in the ability to ‘
tind the prodnct inhproblem solving while improving in the process of
. p:roblsm solving. 'l'he resesrcher believes 'bhat a lmger exposure to a
discovery app:rosch ui]l also improve the prodnct of problen solv:rng
According %o Skinnier and the Laboratory study of learning, 'bhe B
'casples: process of problan solving obeys the same laws as elanentsry |
behuvioral processes of stinmlus-response behavior. This theory
suggested the Quality of Response Approaches, where the approach leads
A : to the prodsct. If indeed,. 1onger trea'hsen‘bs of dis_oOVery also lead
T o improve_ci»producf ofvproplem solving, this 'bheory is sspporbed,. .

¢
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,égti for Practice’ . M.

et

| M'. 'bhe losst, the discovery teaching _

_”mthod from the achimt redults nlom., T 'achers have a uernl

 alternative tuchmg method in Hacovery’ to
18 the anlygoal of the teagher, | "s-,‘?’ e

| Dopcading on the scor:lng sctue naed to ne#sure problaa solving

| 'obility, discmry tosching can be used to iuprove pi-oblem solv:l.ng -

s cvm 1£.§,-achisvemmt.

' procsss. : Through ths use o.f d:lscovery toaching, problan soaing can

. be taught uhile cover.mg prescr:l:bed cu.rnculum uaterial of t’he mathe-
_'matics progrm. e e A T ‘:""u.’
» A discovery mit was d.eveloped by t.he i'es&rcher on s topic not

gcnerlllv considered 'bo be a good. discovsry top:lc. It is the belief

of the researcher thsb m;y top:l.c of the ntbhans.t:tcs cun'iculun can be "

o

t 3

;devel.opedintoadiacom-y wit, . o ..
- m_xen ‘D.sing a d:lscoveryﬂjbegching m‘ethodu mvolﬁhg open integration, .
teachers can expect med psoblas solving jm‘:cesses in their ’
studenta. The Product in problem solving will be at least as good as
with an expository appcroach. 'I‘he results of th:Ls s'budy suggest that
/ 'boachers using s:“ﬁwscovery approach uith open integration can ma:intain
. the achicvemnt and product in problem solving in their students, while
" add:l.ng o :lmprovuent in problem solving process. .

o

- Mlications for F\n'ther Study

F‘ran 'bhe conclusion that prodnct and process of problem solving
can be measured separa:bely, the question sr:lses, "Is it reasmable to
: separate process and. prochxct?" Therevis ‘a need to stud_y more aborut
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the comecbiom or discomection of p#:dw:‘b and prooess “in problem
solving. There is a need to determine whioh should be enphasized
i‘irs‘l'-, or bdth eqully in the teaching of problem solving

In neasuring the prooess of problen solving using the Qusli-by of
' Response Approaches, inferences were made about the process which
’studexrbs were using to solve problems from ‘their wr‘ltten work. Inter-
' .,vieus ‘with s'budents while solving problems or stirmxlated recall a.il*ber .
a problu solving sossicn are nethods whiéh could give a closer . |
-' exmim:lon of students’ problen solving process. While the interview B
method has been used to s'bndy blan solving processes of studeubs, it

N ,has not been used following an experiment wi‘bh discovery and mcpository

groups. _

The researcher has dsveloped four scoring schemes for problan
| -solving and reported the results separately. Could an sverage be taken
- for the scoring schemes? What ‘are altemate ways ‘of roport.ing resu.lts ‘
from four scoring\ schanes? Are other scoring schemes possible from
‘. attempts to mess\xre different s,spects of problem solving?
| For this grade level and this topic, the problem solv;ing processes
of students were improved using discover, teaching ‘Furbher research
.'-d.th other topics and other grade levels needs o be ‘done.

Fur‘bher research involving a longer tres:tment period with a
discovery group simila.r ‘o Group D2 could. exmnine the researcher 8
belief thatb an ex‘bended discovery approach will also improve prodsct
in problem sol as well _as process. | B
" - In canpa.r:ing this stud;y with Ong's (1976) study, same further
questions arise. mg used an expository approach with Grade VIII
‘ s'budents in motion gecmetry, but gave them integration problems similar |

‘
4
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Groups 7 and 8 in the Conceptual l‘er of this .e'bp.dy are similar

to Ong's appu‘mch; The integration problems differed from Group D2
in that they were eiverge;xt, involving severgl 'ueera., rather than

~ convergent, involving one smswer. However, students in both studies
had to think ef a variety of approaches or processes to solve the
problems, so in that way the problems were similer. Ong's experimental
' students performed significantly better on a c,d;ve:'gent -,p_roblem selvi_ng-
'best than his ceﬁbrol stndents, who also were taught by an expository
method and practiced traditional exercises. |

The coxmon elumts of the two treatment groups vrith s:lgnifi;:antly v

‘better probla_: Bolving scores (Growp D2 of this study and the experi-
mgnt&l group of Ong's study) is not-the deveiopnemtal phase (one being
diseotery and one expository), but the integration phase. Perhaps
the integration phase has more impact on the students, and either

- discovery or expository teaching in the developmental phase will improve

problenm solving as 1ong as the integration phase involves problemsu

rather 1'.han exercises. The results of Group Dl,v with pract:@ce exercises

ra:bhe;' than problems, add enpperb_-:fto this conclusion. Further research

needs to bve‘_dme on the same populstion, independent variables, .
criﬁerion variablee, and topic, camparing Groups ? and 8 with Group L
(uroup D2) from the Gomceptual Framework. » |

‘ The resea.rcher adninistered the trestments in this study to avoid
the problems of ﬁnding teachers uill‘l.ng to leam t-he treatments and
then tra;ning the teachers. In this way, the researche:" has increased
the internal validity of the study by”'ens\u'itng that the students
received the treatments as conceptualiz‘ed by the researcher, but the
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ethtl va.lidity, or genarllinbility, hu bem decreaa&’ since the
trednulta wer*not used by randan claaaroan teachers, Other
researchere have attesmpted to solve this problem by uaing progrmd
ntt-criale in the discovery apprroach* so any random classrocn could be
nsod. The treatment then su.tferé, since difficulties of how to handle
open interaction of studants and the comolidxl'.ion and dvaluation ’
aspects of the develomen‘bal phase. Further research on the bes'b way
to administer a d.iacovery teaching method g.n the. classroan with mn:l.mum
internal md eurbern.ll Validity is needed. The researcher believes that
the study is acceptable for internal and exbernsl Jilidity, and that
th /gesults and canclusions made are signiﬁcant o the field of

" mathematics ednéation.
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Each

TREATMENT FOR GROUP E !

lesson followéd the same pattem The teacher spent

approodmiateh tesi -imrbel :lnhrodu.cing the leason. Tho introdnntion

involved definitions, examples, and proocripbioua given by the teacher.

A discussion period roilqnedf.m which the teacher warked exmmples on

‘the board with the studanta supplying steps when asked to by the

teacher. The shJ,detrba also uked oy qaast:lons they had regarding the

lesaon. The students were thm assigned problems to work individmally

“while the teacher helped indd vidnal students with amf questiona they

. At the end of the period, the problems uare corrected by demon-

' ct.rating the steps in the sol%ion\ithu by the teacher or other

Studeﬂts .

Each lesson took one eighty-n:lmte period to complete. Some

lgssona":l.ncluded more than ome topic. The topics covered in each

‘ lesson are listed.

‘

= , .

“4\
" Simplifying Rational Expressions; Multiplying

bivisim of Ra'bio_nél E:cpressicns ’

. Addition of Rational Expressions

Subtraction of Rational Expressilons

Division of Polynanials 3 Dividing by a Monamial; Dividing
by a Polynanial .

Rational Expressions in Open Semtences: Equations

> Rp:tional f:xpressidns in Open Sentences: Tnequalities

Word Problems . @

Complex Rational Expressions\

Review

BN
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{

TREATMENT FCR GROUP D1

Activity 1. Rational ties _ ' \
The students ware given the list of nineteen problems to solve.

The omly instructions given were to work in pairs to Mnd the valus

" of X, The first eleven problems were given to the students on Day 1,

and the rest of the problems were given to the students on Day 2.

'tr_oblana

1. 10 - ©1le X+2 _x - 1
. X S Bt s
23,5, o120 x-2_ _x

§+£_h N x ~x+3 b
3. x'x o 13. 2 3 1

wt =12 s+ = -

3 6 . x ;-2 2x

be 2 . - |

‘."5""%-2. o . b2 =gk

. x x+3 x4+ 3x

50 X 53(__2 )

LT T3 15. 3 __e - L
6, x-1+2x+1_3 X +3 X-?_xz-'} |
‘ Tk 6. 5 .2 _ L
7..-h.g_5 ) X2 x-l x°-6x+8
T | o

; 17 3. _ 2 _1

8. 1 3 _1 F - I %

T8 73

. 18. x_1_2-x

el ~anlte | |
\ . 19. j - 5 t
10, x-3_3x+2_h e N W

x O ox .
1eses ‘ o 2

(

1..' Combine (add or subtract) fracbimé using a camon denominator

N

oy
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2. To solve M«u involving rstional expressioms: .
s Oross-mltiply -
" b. ‘Guess o
A ¥ o <
' c. Multdply by & ocsmon demcminsbor
. d cuﬁm fractions cn ane side, then cross-mmltiply
3. You have to substitute -anevers back into the squation to find
;‘ontifyouhrtnauro_dqcum. ' .
4. Rational expressions with a sero dencminator do mot fit the
definition of rmm mmber: a/b, b#0, a,b Integers.

5. Dividing by O is ‘1npoa§1blh.

'Pra‘ct.i“oo-
l. n=-2 an 8. 1 .5 _.2
—~—=+3= = .
~ § 3 -h:z+6a -3-:! -
2, %*ﬂlf 1 % 3,6 __U

L n-2 n-%1 6 n-3
30 3 n- m- .
Ty "T2 10, Ix -9 3 __2

he & -1 a+2‘=2

3 + 6 1.1' ’gﬁ-t-z:n-l ’
5. 3,5 .3 Boon=
= m =m - 1. 4 _ L
: -3 3%-mn

6. -3-+ —o&- :

. = 13, 2a -3 . 'a-1
X a 3a° 3 T BTt Tl

7. 1

Activity 2. Ratiomsl Equalities with Quadratics
The stademts were instructed to solve the following squations.
. They could use the hypotheses from Activily 1 when necessary and formm-
" late new hypotheses as neededs |
]



v

a iE

////

L. 2 +2 =21 - 8. a+1 2
. m=37a°" \ IR a +1
232 | 9 h,§2_ a
FTT*‘_Z’Z ' 6 " a=2 -
3./ n_ 3. __n-.-2  0. a-2__a
m -6 m-6a+9 3m-y  B-1 2-2
g L 1. n_ 3.
4 =3 2 =ﬁ 0 T Y A
x_§ | 12, 2n'+.1'__n_n-h
T=5 n-1 27n-
"6.  "_‘.10.' 1 3. a5 2 _
.'.m.-iwl _ nt+?2 n2+'5n“'+6
x-3_2x_2x+5 - . nts
S X - -:3-" X =" L o T
" m esés ;

There are two possible answara uhen theré.is a square term

~

mtheproblen. L e .

24 !.‘o solva equationa with a square 'bem, ge‘b all members on one

sida of the equation 80 one side equals O. v

3.; You oan have only me answe.r when ome of the possible solutions
Wi‘im‘akes a zero denaminator in an ‘aquation with a square term. i
Prwti lce -
8 x 7Ytz =xC7
3 2 7. x+1 3
¥zl Sy =%
3, m+1°2m_n-3 .8 m-7.n_ 8
- n+L "3 "o+l Sm=3TITRCT
b 2a-1.a _at2 9, 3a+3 . a_a-bh
S Ee3tETE3 av3 T ¥a+3
5..3,._2_ _ 0, _1 -2 |
ToxtyozTd EFL T
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x+5__2 12,

.2.

3.
L.

5.

i 1 _x+3_ =3
4 x- . x x+5 e 5x
‘ ]
Activii;l‘B. Rdb:lonal Inaqualitioa
‘ Problans
10 2x xex-1. T _2 27 ‘
Tz T E3Th
2, x+1- 2x+3 8. X A2 |
. ‘T"‘T—>a€ ‘4—-‘-5——4:-1
W Ep2e3 9o Ei2 £ x . g
5.] x+ >2x"'2 . N nQv ‘
f e - L
6. x+2 - 12, 2 o
Exm el TEmn et
Hypotheses | |
1. then nmltiplying bahh sidas of an :lnequali'by by anegative,

change the sign of 'bhe inequality.
When yau c:ross-nmltiply with inequalities, you mus’b be carei\:l

which side ‘of the ineqnali'by the mmbers are on.

You can't use cross-multiplying when dealing with inequalities.
Short cut in rzbiaml expressions with inequalities:  °

a. Work ou.‘b the case with the posrbive dmoninator.
b. Take the negative denm:lntbor less than gzero -for the
other part of the answer.
You nm.st consider the &nditima of the denc-:l.na'bor be:lng

| positive or negative along vd.th the solut;ions of the inequality.

125



1 ! : 6

. )
'fake the more specitic (iubersection) of the dmomimtbor

. 'be:\.ng poaiti,ve and the result of the inequality when the sign

doesn't change as one answer. Take t.he nore speciﬁ.c (inter-
sectim) of t‘ne dmmimba' nzga:bive and the resuﬂ.t of the

‘inequality whan the sign cha:gea directicn. 'l‘here are two
‘parta to the solubion,

.C“_

A cnmamem———

The atudeurbs starbed work:ing the inequa:lities as they had

‘ equzbions. ~The. resulta were inoanplete or :anorrec‘b. The o

s'w.dents were satisﬁed with these answers tmbil the teacher

pointed out a nanber, of the solution set uhich“waS'Verj.ﬁed .

us:Lng mbsti‘hxtion but no'b part of the solution set obta.ine‘d by

s‘lmdm‘ks The sbudenba then used subs‘l':itubion 'bo f£ind the

126

sol'u:b:.on set until they .fcnmd pa:tterns The teacher direc'bed them -

to problans 3, 6, T md 9 for amall group work to find the

procednres for ﬁnding the solubion set.

In
H

Practice L

‘1. .%»_ l‘>2 \ 7 %}2 \%
*3-323 M E

 1;. Lﬁ}—_g “Ldbﬂﬁ 10', _}cgn»z 5
5"%-;3-;41& 1. i'%'TéB

6 T3 5y | N 12. SE%‘E
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© Activity L. [Word Problems S

Problems

1. .

2.

3.

e

Find a mumber such that the sum of two-thirds of the number

: a)nd three-fiﬁ.ha of the mber :la 38. ,
'Five-sixths of a mmber ia 6 more than one-half of the mnber. o |

-

' Pind the n\mber.

~Separate 174 into two mmborc uhoae quotient is 20/9.
One mmer is five t:lnes a aeccmd number, Find the numbers
i.f.‘ the reciproc&l o,f the lcsaor exceeds\the reciprocal of the,'

.great.er by 2/5 _ ‘ _
- Mr. Bemner drove 270 miles in the same amount of time tl;at it
took Mr, Sbraw, traveli.ng 10 nilea per hour .t‘as'ber, to travel i

330 miles, Pind the rate at which Mr. Bemmer drove. L

shawn braveled 12 miles in 2 hours. He walked hal.f the dis-
- tance and rode his bicycle 'bhe ma:lning disbance. If hie

 riding rate was 3 times his valking '. f:lnd the two rates
‘at which he travelod. ’

A bus ‘t.rip of - 180 milea wonld have taken fou.r-fif‘ths as long

' if the’ average speed hnd- bean increaaed by 9 miles per hour.

L F:I.nd ‘the'rate at \lhich the bus traveled.

A barge travels 36 niloa Qoun a river 4n the same time thact
it takea to travel 2h niles back up. The cnrrect 1 ows at

3 miles per hou.r. What is the ra:be of the barge in st.ill

.;l.,-"'9.

water?

‘ Al can paint a houae in 6 days. Write in fractions the pa.rt.
; canpleted in 1, 2, L, 6, and x days.
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| 10, Carol can clemn the house in 5 hours. David‘can do it in
| 8 hours,. Write in rractiona the parts’ done in 1 hour,
2 hours, 3 haurs, and p'd hunrs, if Carol md Dav:ld work
together. S
11, :Gareon's .crew can do the cmt work” for a new m.ilding ﬁn

‘  '6 doys. Groen 8 crew uonldneedB days. Hawmmy,daya '_w;lll N

1% take 1if the crews work together?
12, Tom can,m his_lmn in 5 hours. If Julia helps Tan, the
~ job is dome in 2 hmi. How many hours would it ‘take Julia
'work:l.ng'a.ione? | | .
- Hypo théaie - - | |
o Bach problem was discussed by the group A demonstration of
| d.itferent ms of aolvi.ng each problu was ‘shown and d:!.scussed.

Thia method was uaed ra‘t-fxer than general hypotheses to apply to i

‘all proplm. Ir equations or inequalities were uaed the
‘ “_ﬁypo‘bheaoa of the prev:lous a.ctivitios applied.
_'Puctice e |
L What mmber added to both ‘the merator and denaninator of the
| _ fract:lon L/7 reeults in a rractim eqluﬂ. to MS? |
2. One of two poaitive mmbers is. tﬂ:lce the cther, end their
~ veciprocals differ by 1/10, Find the mmbers.
3. A md'.orist drove 120 niles at a cerba:l.n rate. Qn:’the return.
| trip he dau.bled his ra:be I.f. the ronnd trip required 6 hours,
- find the rntes at which he traveled.
L. vSmel can carpet a floor in 10 hours. if Irene helps _him, .
~the :)ob is dome in 6 hours, How many hourswuld i_t’.fta.ke
Irene sm'king alone? . |
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5. Hachinc A can do a Job in 6 Hours, mchs.ne B can do the ;)o'b
~4n 8 honra.. How nany haurs will it take if both machi,nes
are workinc? _
6. _In a stron that ﬂm:b 3 miles per hqu:r, aagoy TOWS 9 m:lles
dovnstrean. and then back, His time return:lng was '3 times that
going dounutrean. Find the rate at uh:lch the boy rows :I.n ,

Activity 5. Complex Expressions

Problems ‘
- L f- +‘]lI e iz +‘2—
_ ‘ , ox
'2'+Iﬁ g.,. .
. 6x x
2, C = -]: - . *
e Se + 3
HI ...‘3 4 L. X - X :
2;) - : x + X =
o 3. .,_‘ + 2 ’
5%
"l;lzmeSes :
1. Hultiply the tt.or and delminator by the ccmmon denomi-
s o
nator of all fractions within the problem, then smpliiy
'Practice ‘
1.'§+_2_ 2 a-_1 3. 6 4

»
+1

P
]
Q
1

L]}

Lol . a*3 a-1

TTrET
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Activity 6, Dividiag a Polynanial

Problems - | N
1. (5:2-1;: 12)-*—(::-2)

2, (a-13a-12)—'(a+3)

3. (ﬁuz x+ 3O+ (x+5)

L, (2n lm3+7n 12n +9) + (n? +3) .
5. (34 2:3-81 weEn -
zgotheeea »

1 Set the Mlanuplike lng ctlviaion of aritmetic."

l

2. Arrenge the divisor “and dividmd in descend:lng powers, using
. gero coefficienta for m missing powers.
Pra.c‘bice/ o
| REEE (y+1) -/, |
2, (ux“.x v bx+T) 7 (2x+1)

3. (5x- sx2+u+1sx‘*).ecz v 3)
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TREATMENT FOR GROUP D2 - &

JActivit 1. Rational Equalities

The students me given the lisb on m.ne'been problems to solve.
The only matmctima g:lven were to. work in pa:lra to ﬁ.nd the value
of x. The first elq_ren problems were given to the stndenta on Day 1,
and the rest of the fmoblm were given to the studqubs m Day 2.

Problems
L. 3‘-9--.:2 . I x+2 x-1
x o . ""2"‘——3'—

.l2. 3 4_ 12. x_z_ x

3¢ X L X 13, 2.3 _1

| 378 T12 _ x ;-5 -
h..?-%x'=2 e b2 o 1

’ Cx x+3 X x

50 X 53‘_‘2

.E+E-—3 150 2 _ 2 =
6--xé‘i ox+1 _3 x+3 x=-3 x=-9
- —‘3"‘4"—-2-_,::

! 16, 2 + 2 = b

.4 _2:-3 x-2 x-1Lb x°- 6x + 8
0 % Tx 7

i 7..3__2 __1

8. 1 +3 =31 p 4 SE""-"I‘x

T2 1 . .

’ -" ’ 180 "’l 2

9 x+2+21'-1__ E "T—

SRR 5

.‘\. . ‘ 19.
'100 X-j k’fz— . —_§ r—i

' . " T x |

Hypotheses - .

1, Add or snb‘brac‘b tenns by f:md:l.ng a common denanmator.
2. To solve equations involv:ing rational expressims

a. I'Iul'biply by the common dmnnjnator

131
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3.

L.
5.
6.
e

132

b. Cross-mltiply
. Ce comb:im terms, 'bhen croas_-lnxltiply

The denaminator can't be zero, so when a solution makes the

denominator zero, the éoiubion is really the empty set.

'Verify your a%rs to check for gero denominators. -

Zero is nob thq same as udefined.

You can do the, snne thing to both sides of sn equation.
Two equtims are equinlem when the way they are worked
out and the solu:bion are equal.

Integration Problems

L _2_42=3 5 _n . 3 _n=2

=37 T | m-6 n-6t+9 Mm=9
.2..%_‘__&_%__7:2; : 6. L‘E"%:'{%ﬂ: |
b et | |

w2 hdis -—3 |
Hypotheses from In'b_e_gmticn Prot\»‘lems . o | T
" 1l,. To solve equations with a. s/qlure tem, get all members on one ’

side, set the equation equal to zero. o
2. There are two answers when there is a square term,

Check both answers, as one may give a zero denominator.

3.

-

Activity 2. Rsticnal Inaquli‘bies

" The s‘bnde:rhs sbarbed woriding the :lnequali‘bies as they had equations.

Lﬁ The results' were mcanplete or incorrect answers. The students were

satisfied with these answers umtil ome student produced a cor'xflicting

.answer which wvas correc'b when substit\tbim ‘was used, Students then



used substitution to find the solution set wrtil they found patterns.
The teacher directed them to problems 3, 6' 7, and 9 for mmall group -
work to find the procednna for ﬁ.nd:l.ng the solution serb.

Problema

1.

‘2.

3.

ho

5.

6.

2x
x+1l 2x+3
T T

=it

%Zl'.

x+<3 2X - 2
ek s

x+2 -
= <3

Hypotheses

1.

2,

30 Yon must confiider the conditions of the dmcminator being

&}

L.

' positive and 2) the result of the :lz&quality when the sign

In inequalities, you
30 you must have tvb cases for the denan:l.nator positive and

negat:lve.

The inequality sign does not change when multiplying both
sides by a positive, it does change when mltiplying both sides -

by a negarbive. ,
‘positive oxr negative along with the solutions of the inecp.ality.
doesn't’ change, as one answer. Take the more specific

(intersection) of the denominator negative and the result of
the inequa]ity when the sign changes direction. There are two

TrEAx-l

>2x

1.

I
T35

x+2‘x_l

-—j—-‘x

6
T <2

3
ix<?

X—T_- <1

‘.l

can't tell ilf x is positive' or na‘gativeA,

Take the 'nore specific (intergeotior_z) of 1) the denominator
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parts to the solutiom.
5. Test solutions by substitution.

Integration Problems

1. 10- 1 - 7. s, a-2 a

2. - 2x 2x+ 6. n 3 )
x-5- T >%= TaFY

3. a+l,. 2 7. 41 A _n-U
g “a+1l o n-T ~2°n-1

b n-2,.2" " 8..2n+5 2 (BtS
6 “n-1 SR ’

n+?2 n“+5n+6 n+3

.I_iypothea,es'(}emratod . From Integration Problems

l. You need only the posifive case in quadfatic ingqulitiés.

Activity 3. Word Problems

Problems »

1. Find a number such that the sum of two-thirds of the number
and three-fifbha of the number 1s 38.1' _

2. Five-sixths of a number is 6 more then one-half of the mmber,
Find the mumber. | - |

3. Separate 17L into two mumbers yhoé‘e quotient is 20/9.

4. One mmber is five times a second number. F‘.Lnd the mmbers if
.thé}reciprocal of the lesser exceeds the reciprocal of the
greater by 2/5, C

5. Mr. Benner drove 270 miles in the same amount, of tine that it
‘took Mr. Strow, traveling 10 miles per hour faster, to travel
330 miles. Find the rate at which Mr. Bemer drove.



6.

Te

9.

1l.:

12.

135

Shawn traveled 12 miles in 2 hdnrs. He walked half the A
d.is‘bmce and rode.his hccycle the remaining d:lstance. It
his riding rate was 3 tinee his walking rtbo, find the two
rates at which he traveled,

A bus trip of 180 miles would have taken four-fifths as long .

if the aVeraga speed had been _increaeaq by 9/ miles per hour,
Find the rate at which the bus traveled.

A bu'.ge‘ travels '36 miles down a river in the same time that
1% takes to travel 2l miles back up, The curremt flows at

'3 miles per hour. What is the rate of the barge in still

water?
Al can paint a house in 6 days, Write in fractions the. part
completed in 1, 2,,')4, 6, and x days.

‘Carcl eam cléan the house in 5 howrs, David cam do it in

8 'hours.. Write in fractions the parts done in 1 hour, 2 hours,
3 hours, and x hours, if Carol and David work together.
Carson's crew can do the cememnt work i‘or a new building in - |
6 days. Green's cm-.tould need 8 days. How many days will
ittakeirthemwawrktogether? | . .
Tom cem mow his lawn in § howrs. If Julia helps Tom, the job

. is dome in 2 hours., How many hours would it tal;b“Julia

1

M' eses

" 1.
2.

Studenits ménbered the fornmlae: d=rbt, t =d/r, r=d/t
Egch problem was discussed separately by the group. A
demonstratiom of different ways of solv:!.ng each problem was
shown and discussed.



. int_g_:;ﬁig Problens |
1. Machine A can m‘oduoo 1000 :ltm in 12 hours, Machine B ‘can‘
| do ‘hhia in 1? houra. I,tuachino B starts 2 hours lﬂ‘-er/A has
begun, how many hours td.ll it take to produce 1000 items?
2. Charles cmm paimh the gaTage in 9 hours. Rita cam do it in
" 6 howrs. If Chaxles helps Rita after she has pointed alome
Tor one hon.r, how many hours will it take to paint the garage?
3. A plane flies u:lth a tail w:Lnd of 30 miles pex hour for a

- ddstance of 2250 miles in five-sixths of the time 1t takes to

- fly 2400 miles into a head wind of 20 mph. Find the airspeed
of the Plane, | '

b Fred gave 13111 a riVe-yard head start in a 100-yard dash, and
Fred was beaten by me-qua.rber Yyard, In how meny yards more
'm.ld Fred have overba.ken Bil1?

Activity L, Complex Expreasions
Problems ‘
1. 2.1 2% el 3002 4o

[+

5+, . uva :
?3+é : a'f-d. ’\ ' l.-m

Hypotheses : .

1. Multiply the mmerator and denaminater by the comman

deum:inat.qr of al1 n'actions with:l.n the problem, then simplify,

Ibegration Probless

p
This activity did not include any integration problems.

- 136



6y D& ’ a
L (5 - 12) + (3 - 2)
2 (q-lBa 12) =+ (a +3) |
e ol tx-B)F RN ) :
W GTrD(rY |
8. (o x®+ 6x +7) + (2x + 1)
Bypotheses |

, ’ , . %
1. Sut. the problem uwp long division of aritmmetic. ’ >

\ror any missing powers.

137

mﬁim Probleins, ‘ S K B " a

z..&@Zan 1m3+9+7n _12n) + (n® +3)
| (Sx-5x+h+18xh)’«(2+31)

Mesw for f.he mw‘lm Problm
1. A.rrange the divisor amd d:lv:wand in descmdﬁhg powers, -
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139
STUDENT DIVENTCRY OF TEAHER BEHATIOR

. , Y

ﬁiocka -

. in mathematics classrooms, In this invemtory,. each of you

will te].l how often certain things are dene in your math classroom. e
. After your sheets have been scored, they will be destroyed. No one

~will know what anmrs you gave, There are no correct or wrong B
- answers,

- Read each of,the items ca.remlly and £111 4in the hlank the letter

of the comment on the answer sheet that most accurately dnacribes how

often the event takes place in your ma'bh class.

‘,Dir'ec,t'ionaé We wish '::Z?ow some of the kinda of th:lngs ten.chers and

)

1. Whea an answer is wrong, eur teacher ___ ‘tells us imedi'ately
nnost'uml ‘Be Ot'un Ce SM:lnu D. SQIdu E. Almost Never

¢

2, Our teacher shows us how to aolve typical problau.
A, Almost Alma B. Ort.en c. Sanetimes D. Seldan E. A.lnost Nerver

3. - When we ask the teacher how to solve a pcroblan, he - shows us,
© A. Almost uways B. Often C. Smet:l.meS‘ D. Seldam E. Almost Never
L. "When we ask the teacher how to solvé a prob}.Len;, he - givesus
only h:l.nta thatwemawnae. ’ N o

A. Almat'Never B. Seldom C. Sametines D Often E. Almost Always
5. In tlki* up work in class, the 'beacher . sees that we get S
‘ : correct mmra to all the problua and qnestions asked. -
unugm- B. Ortm C. Saetines D. Seldom E. nxmst Never

| /

6. Our tescher expla:lns each new rele before we are given
’ '_eatanplestoworkowb.,, _ ‘ '

A u.nost. Alqu B. Orben C. Smatimes D. Seldan “E. leost Never

ey



.7‘

- 80

9

" 10,

12,

We | work on a set. o.f. proba.ua u:lthont being given any definite
' ways of working them out.

k)

A. Alx(uosb Never _B. Seldon C, Smatimes D. Often . E. Almos'i'. Always

We takeupanﬁleprobhnsbotorewebegintoworkonasetof
. exerc aea.‘ ‘ '

A _Almost Alms B. Oﬁ'-cn C. Smot:lpes D. Seldm E. Almost Never‘

»

Our teacher - encouraggs .us to h'ypothes‘ise or'ns.ke‘ gne,éses at
',aolutims . ‘ ,

-

140

Alnoa'b levar B. . Seldm C. Souertimea D. Often E. Alnost Alms_ to

© ‘ : ‘ }

-When we. begin diacuasing work :Ln class we know wha‘b rules v%
'u:l.ll discuas. - BRI .

A, Almost Never 'B. Seldm c. Sometimes D. Often E. Almcet.' Alwws -

y .
o

. We seem to be discussiﬂg more than one thing a‘h)a time in

» claas. . ‘
| A.'lnost Never B, Seldm c. Sanetines D. Often. E. 405 uw'ay‘s‘

Ho) . : . g‘_\w_‘

We are . encouraged to try solving problens even if\ og‘r uethod
may not

A, Almost Never B. Seldom C. %anebimes %. Of‘ben E. Almost Alwaya

13,

_ @1 "

15;

\

~ dur teacher wou.ld = rather ask a quest.ion about the prroblen than
| give the comgt answer,

Llnos:b Never B..Seldan c. Sometihes "D, Often E. moat-.g-_imé‘

*

‘When one of us works problm out, for other class menbers, our.

teacher is unhwyf o
',“”’it Nerver B. Beldan c. Salert:l.mes D. Often E. Almost Alms

The t.eacher is | Hill:l.ng to discuss in;y math,problm in class
even if they are norb on the topic, Do e R

A, Almost Never B. Seldm. C. Sametimes D, Often E. Almost Alvays



17.

2.

23,

1 K“r .\ ‘ Sy

‘In mmm':lng quaatiom in clua, onr teacher BN “ﬂ;ﬂ, his gm

axuplaa rather than ours. ‘ S
A.'lnosb A.lma B. Orben C. Salatines D. Seldm E. Almos'b Nevar

In msuari.ng my questions, our 'beacharr refm back to the

rules rather than ﬂha'l'. Idid, = - *
. Almost uways "B, Of‘ben c. Smtmes D, Seldm “E. Almos'b Nevar '

'6

given a diract ansm to aur qua'ation or.

C. Sametines v'D‘."Sel'dmt ”E". mqscNev,e

)
i

A most um‘s : B Oﬁen c. smtams n_.a Seldom E.‘Almo'st Nevei;

‘When we ask questi&)a in class, the teacher ' would rather that

sameone n- 'I'.he clasa _answer 'bhan. ,

leosb Never B. Seldcn Ce Scnetimea D, Often E. AJmost m ,

We end up with two or 'hhrqe ms of aolving %he s-ne type of
prosl"a—i. o

‘v1h'1§

umost Never B. Seldam c. Sanetimes D, Often E. A]mos‘b Always:

Cmr tea.checr : givea yza chmce to try our own nethod before he
points out nis ue'bhod. o

. Almost Never B. Seldm C. Sunetimes D. Often E. Almost A.lways

When a student gives a urcng ansuer, our teacher appéars

‘_‘. most Alws Bc OM Co Smetmes Do Seldmn Be A.lmos‘b Never .

We are __ a.sked to solve problans in only one way

A. Almoa’b Alwayg B. Oﬁ'.en C. Scnet:imea ‘D Seldcm E. Almost Nevar‘

N B



o
. (26.

.

29, 0

30,

“When a rule won't apply to all pmoble-a, our tea.cher " warns us
_vmenno'btomit.- : :

A Alnost Alvays B, ort-.en c. Saetines D, Seldom E. Almost Neveu:?

We are - cautioned to think through our problens and solutions :
. "‘,carerulIy' Co , '

. "A. Alnost uways B. ort.en C. Sanetimes D. Seldom E, Q}mosb Nev

I fosl thet I cmn solye Ar “ﬁm _ _inamy w&v that yields &

correct solut:lon.
Alnost Nevor B. Scldm Ce sm:lmes D, Of‘ben E. Almoa'b Alma

fa

+

‘In owr assiginemta we are given problems which cannot be -

solved using Tules discuaaﬂn class., _
AJnoat Never B. Seldom - C. Suat:l.nea Do Ofbm E. Alnoat Alvays

When a new problm cma up, our teacher -shows us mq'gly

which rules to uae. » Lo
A Alnost Alua;ys B, Often C. imas D. Seldan E. Alqost Never_

our teacher ' le'u us try for auraelvas to use a rule on a

problm even when he hows it does not work.

Llnost Never B. wdcn c. smanes D. Often E. AJ.most Alws
. ﬁ( o . £ 9

wﬁ

U2



Nane

1.

/ﬁ"‘ R o y-I
(.fb %2 4 3% -2 (g) 24ly+2  (h) xPeloc+l
Loy sl x“=l . KA
2, Gives the valuss which are not peu.tlssabie replacenents for the
variables in the following? , : I -
(@) _ 16 . j (b) ot 2
»xz+3'x-28. - * | x°: 2.
(@) W@y (4) e+a
) ~¢fecd
(_e')- _x=h
(x +5x+6)(3x—6)
3. 8m° - B
létm3 .
e *
ho l)-l- _;" g
e =
5, o 2 3
w7 rlsmnp_\
6. Ikl

ACHIEVEMENT IN RATIONAL EXPRESSIONS TEST

_ Blook'

ES

Which of the i‘ollou:l.ng are rabiau.l ea:press:lms ir x-2 and y =1? “
Circle your answers, : ‘

(a), 23 (b)) '3 (c) x () 1/12+3 (e) x+2




T 7.

9

.10,

12.

f>c-cd

(13,

17.

18,

19.

20.

vy :7-20

kB)  2(5-k)

.

z- y-12

+ + + = Co
=3 ,qxﬂ’l fﬂ ’ -

3m-3p.. 2a2+ +2b°

'x +7x+10 -.25 < XEr2 _
- 2x -1 u- TTh

3p+ ;.6'._
w0 % T
"c+d

'T'!
x-9 x + 9

a +20b+b

x -3:-,28 x X -’2x-8 L X -16x +63  R

Yxﬁ; 16 ;?fex-s. ;xz*m;l

ek




21, 3x

22, __5 |

23, __ 2

8%-6

2h.
- a~3b

a~T

2a~b

25. 1

g+l 84-7

Sa_ +£_-_T__.;_;2.

2a°=Tab+3b

2

2.

X+

Ic+2

26, _ 1

4= +
x“t5x+6

+ i 1

xy=3x-3y +9

- s Dividex
(6x - 2x°-

2

3-y %3

2x +30) (3x+
LA :";«

28. (3x°- 5x- 30)+ (% 1) |

29.‘..' (1'0x3-J__lpc+8)'—:~(2x+h)

Solve the Followigg:

x2+ l;x+3 -

5) j

»

"-E*IE 5

'3i.,__3_._- 5 __;

* la -6;? 3a

32 54 6 - b
9-x2 x+3-

%= 3

15



3.

.

35.

39.

o

- |

3 _2
X¥FI "X
x+1l _ 3
T T x
2x- 9 5

./

x+2 _ o »
= <3 |

Paul can plant his wheat crop in tem days. His daughter can do
it in fifteen days. How many days will it take if they work

‘togethexr?’

/
;

A motor boat travels IIZS miles downstream in the same amount of

time it takes to travel 15 miles upstream. The current flows

at S miles per hour. Find the rate of the motorboat in still
_water, ' - : : S

N



PROBLEM SOLVING IN RATIONAL EXPRESSIONS TEST

Name ‘ Block

..

2.

3

_ .
5

6.

- T.

"~

Find two rational expressionavim_ose sum is 7x+9 _
B (x+1)(x +2) .
Express as the sum of three fractions: x4 2
- ' x(x~ 1)(x+2)

3

Two cars race on a 4-mile oval track, The sum of the rates at -
~which they travel is 200 miles per hour. Find the rate of each
if the faster car gains one lap in 4O minutes.

At what time between 3 and L4 o'clock will the hands of a clock be

, together? At vhat time will they be opposite each other?

A Jjob can be done by 8 men in 3 hours or by 15 boys in 5 houfs.
How long would it take 3 men and 25 boys together?

‘A man contracts to build a road in 72 days, a job requiring 60
men., The man hires 50 men who work for a while until he realizes
. that he mast hire 30 more to ﬁnish on time. How many daya do
theae 30 men work?

The digits of a three-ctlgit number are three conse(:u'bive integers.
The middle digit is the greatest and the first digit is the least.
If the mmber is divided by the sum of its digits, the quot:lent

35 229/70 Find ﬂle n\n‘hero I

. With certain fractions, you can obta:l.n interesting pattems by

breaking the numerator into two equal factors and at the same
time breaking the denaninator into an indicated sum. For example:

= 18l _ 22 x 22
ST TIFEFI
12321 _. _ 333, \ I
) +e+3+2 + i »
What is the value of _ m;u;x% e e
: . BV EIE TS N

Using the pattern, shat is a fraction for 1,23hL,567,65L,321 ?

147 |
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PABLE 2. CATEQORIES OF RESPONSES FOR PROBLIM 1 OF THE PSRET

i*

ie. 3x+3 + ex+h . 2x+2 ..
GrOx+2) T x+I(x+2) X+ (x+2)

Category o Description Sc%{o ‘
1. No reéponae- ?
e . !" ,’
2. Repeated the question 10
3. Multiplied the tema in the denan:lna.tor 20
k.. Saparated the mnnerator and denamiinstor as g:lven, 30
ie. + 2. ;
5. Used ccmplex fractioné, ie. 7x +9 - Lo
X+l |
6. Correct anawér by guessing - 50
7. Made an equation using 7x+9 : . 60
8. Separated the denaninator, as : xyItx32 and equated 70
the mmerator and denominator
‘9,  Used the dencminator (x+1)(x +2) and separated the 80
mmerator, ie. x 3 6x+9
!x-&-IHx‘kﬂ !x+IHx+§$
10. ATook half of _ 7x+9 90
) X+ X+
11, Separated the numerator into factorable parbs 100

- 1k9
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TABLE 28, CATEQGORIES OF RESPONSES FOR PROBLEM 2 OF THE PSRET

Omgory . ' Description - ' . Score
1. No response A 0
2. Sepl.rated tho mnqrator and d&aﬂn&tor as g:l.ven , 10
’ 1‘0 _ + :
(x I) (’-E ) :
- 34 Multiplied the demominator, then a.pu-am it ~+20
ie. Ix? .2
_3 I ""2 ox
. . : '7 &
. - {
L. Added additional terms keeping the mummerator and 30
denaninatdr as given, ie. . :
hx + 2 1
R +3 4 I
5. Factored the mmerator : ko
6. Used complex fractioms, ie, 2> + 2x°
. : Sx-l“rr?_! x(x+2
B 4 X, ﬂ‘
7. Correct answer by guasaing
' 8. Used the demaminator x(x-l)(x+2) 5 separated. tﬁe’
le. 2., N PN N 2 .
x(.x-IRx-r!I X(x-I)(x +2) * x{x-]
9. Divide x2+l by three
. x(x b & ; . s
- '10. Separatqd the denominstor, as X ' (x-I) (x+2), guesaed at. 90“ «,
the numerstors, then verified by multiplying i - a;p . -
11, Separated the numerator into factorable pa.'rbs S R “]:eo R

ie. 2::2+ X=X +2
x(x-1)(x + x(x-1){x+2) oo R ey



#

94BLE 29, OATEXRIES OF KESONENS FOR PRCBLEN 3 OF THE PSRNT

Osvegory \ Description

Soore
2, Ouess 7"
13

‘3. Incorrect formula

4 Correct formmls, d=r%, substibubed values fivm.the prsblem 20

directly into the fomlu, ie, d=lk, r=200, ¢ t=40

S, Correct formula, d rb, - subeti tuted: Teliibs frow-the prablem

27

, directly into the romu, chmged: A0 mimrtée to hours 1;0/60

. 6e Usodnpronrtion, ie. !' "!55 g_,_m

Te Correct formula, ¢ ‘h, r=201-x, +=U40 |

8. Comct formula with a (ﬂagr- . -
9. Nusber of lape 18 200/ =50 to get miles per hour
10, Changod 10 mimtes to hours  and used sum of rates 1; 2oo
11, Correct forimla, sum of ratga &%q:rosnd as h + §

) ‘uaedanequbion.}

. 12. Combination of Categaries L and 11, used two methods’ -4 o

13, Cambination of Categories 6 and 1
1, Made a chn'b for rtbe, distance, tino

15. Used the correct formmla with minutes changed to hours,

mdemoqud&ﬂuingrmperlapmdasttma equal

" 16. Changed mimutes to hours, cploulsted the difference in .
‘ apood ie. 4(2/3) =6 mph, an equation using the
‘ m ,ft the rates equlling 200 C : .

tap

3

2y
53

‘6o

“

" 67
13
80

87
93

100-



N o | R - 152

\ / : ’ o ’ . ) : L’T\

| uﬁwso. mmormmmmmhprrmm

K

.1, Cuess with no work shom 20

:"‘2.\?mapicbureofaclock s
&3 ;Usedrtboa o:u-miofnmm andhour hends 60
.l;."c”y‘-‘Used rates of travel qi‘ nimte and hour hands with a - | 80
oo ddegram : S A
(\5. Made _a*t.abie; of“t:lmé; fo:p nimrt.e lnd hour hands . o 100 :

e



B g o
‘TABLE 3i. CATEGORIES OF RESPONGES FOR PROBLEM S OF THE PSRET
a0 ‘ B

- Category ‘ R Descriptim DI [ Scorb‘_

0

1. No responsé

: “ .2. \Gueas ;, e £L :
'3. ,E‘.:mreasim 3/8+2/25, then ﬁvert.ed “ | o3
) Equetiom 8/3115/5=x S S 29
5. Beatlm 13157843 . e 25
6. Eqetion YBYUIXI4B o
7.’ Euation /3% 18/5 = sars B

3- PrOPOI'biwsa ie' }% 3! 2% 2:25 a0 A e

"X, R _.‘n

3 men-3 xhau.rs . L 50 -

o 9. Uséd mdnctiom 8 men—3 hours,
C _ ’ 25 bo'ys-S-x honrs

15 boys-5 Hour

. ld. Useddahlctionx lminB/B our, 1boyin1/3 hanr"’ . 56
. Then tr:led oq\utions: Sx(3)=15y(5) : :

" 11, ' Equation 3 25- R - i 6
e »161:73*1'-1- [ e
13, Bquation’ 3154002 | - L

< ' x . =1 A
', 15. Equation A6/ ma g, i‘! S 86

R

) .,.2‘:3"3} “boye 15 0 25 9
-6 12 9 5 215215



s 15k,
TABLE 3¢. CATEGORIES OF RESPGNSES FOR PROBLEM 6 OF THE PSRET

Ll [ A

| Cat.egqry“ R TENE Descripb:lm’“ . Soere

1. No response h KT oo R T
‘3. 'Rutmung the. proble- IR Coed o
| h Raﬁoa, ie. 72/60, 72/50, 150/5, 300/5 : AR 15
“\5.".Eqution. 60+72 * 50+72-x+30-x N o o 20
 6'.‘ gnquuam 2. @Hag | R 2

7. Equetdans 72-( (12 z)+(36 2) )= £ IR
8. Equguon, 72 29 = 30x RPN s

11, Formnlai job t:lme xnen, Equat:l.om x = soyn"{aom N .
'13. Eqmion- *72’3 ‘7! G ﬂ ’ oy &
‘e ,Equatim ?9; ‘72' T o - e ,65}‘

s, EMim:' 50 ao,_eo_f | R 70

16, Propor'biom: - 50 60 §_g o | 75

» 17. vKutiom (5 +30)(72+x) 1. 8o
.18, Equatdon: (5#-::)/60—1 SRR B 1

tonrs ioiindamini b b ST
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. TABLE 32, (Con'd) |

Comeoy | Derstaen

 Score

95

1855



|

f
|

: L o : o ‘ ‘
. TABLE 33. w#-ﬂﬁuw RMSES FOR PROBLEM 7 VQF THE PSREY

J ]

caicéuéy"".// I Description

Score:

‘Ratios 229/7 33 o -\»_. " . f,

Equa.tionx x x+1 x+2 _ 22
L , T".*'T' - "72

‘ ‘Expressimz (x+ 1) +(x -\—2) :\-jx +3)

No response e e

-—T_—x

: cm thlt the problu cannob be solved since three
‘consecutive :u:bcgers cannal'. hm the niddle miber largest

7/

. W
e . Y R Lo
\ - )

: Rsbio: X i

. x+2x +3x, x=1229/7

T |

Equationx 1x+2z +3 = o= 229/1

Expressd.mz (3x +3) 229/7

'-';Expressimf 22; x 3 _ 687
E _‘_5-‘&; . x ‘--ﬁ

- %
L3 .

| Equation: _Xye _ _ 229 No place value

. x+y+s

' Equations xsx.g.gzgx-,-n 229_.’ “‘No place value

' -EMidm 229/7 (x+x+1+x+2)ax

qna‘biona 229
r—m

’Table of 3E;aeum:lca values, trial and error:
: 4..123,23h, 8 .

‘»A'J_Equatiom * 229 ‘ a+b+c<2h, tr:lal and error

h56:567 ’ 673 789 .

* ‘5‘5 "

122
28
33
39

— 50

67

2

78

83

89

9k

156

61 . -



157

TABLE .. (Com'd) o v
. ‘ B - ' a ‘

Ctbegory | . Description | Lo Scove

19 Equactims 100(x-1)+10(x+ Lt x_ = 2722 0

© TABLE 3. CATEGORIES OF RESPONSES FOR PROBLDM 8 OF THE PSRET

1. No response

2. Cmmrba‘bioninboﬂlparbs . , e SRR ¥
3. Canpcba‘bion in first pa.rb, no answer :Ln second. part - 29

o

xh..‘,Norespmseﬁrsbparb, patternsecondpartgA . : L3

5, Compubation first part, ‘pattern second part venfied by .57
canpu'bation R '

6 ~Conwba:bion firs'b pa.rt, pa'btem second part. | e R
9 . Made a table 5how511_g the patte:m - _ | | 86
' 8. Pattern both parts L 100



