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Abstract

We address several related problems from convex geometry and geometric
tomography, which separate along two main themes. The content of this thesis

is based on five papers, either published or submitted.

The first theme concerns the origin-symmetry and unique determination
of convex bodies. A convex body K is a compact and convex subset in n-
dimensional Euclidean space with non-empty interior. We say K is origin-
symmetric if it is equal to its reflection through the origin, that is K = — K.
Makai, Martini, and Odor have shown that a convex body is necessarily origin-
symmetric if every hyperplane section through the origin has maximal (n —1)-
dimensional volume amongst all parallel sections. We prove a stability version

of their result.

Recently, Meyer and Reisner associated with every convex body K a new
set, which they call the convex intersection body of K. It follows from previ-
ously known results that two origin-symmetric convex bodies coincide when-
ever their convex intersection bodies coincide. Removing the assumption of
origin-symmetry, we show that Meyer and Reisner’s convex intersection body

does not uniquely determine a convex body up to congruency.

A convex polytope P is a convex body which is the convex hull of finitely
many points. We show that P must be origin-symmetric if every hyper-
plane section through the origin has maximal (n — 2)-dimensional surface area
amongst all parallel sections. This gives partial confirmation to a conjecture

made by Makai, Martini, and Odor.
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Our second theme concerns extensions of Griinbaum’s inequality, which
gives a sharp lower bound for the volume of each half of a convex body that
is split by a hyperplane through its centroid. In particular, we generalize this
inequality to the orthogonal projections of a convex body onto subspaces, and

the intersections of a convex body with subspaces through its centroid.
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Chapter 1
Introduction

This thesis considers several problems from the related fields of convex geome-
try and geometric tomography. The setting for both of these fields is typically
Euclidean space R”. In convex geometry, the properties of convex sets and con-
vex/concave functions are investigated. Classic references for convex geometry
are [2] and [49]. An excellent recent reference is [4]. In geometric tomography,
a set S C R" is studied via “lower-dimensional” data. This data could be the
volume of the intersection of S with a subspace, the volume of its projection

onto a subspace, etc. The standard reference for geometric tomography is [14].

Commonly studied sets are the star bodies and convex bodies. Call a set
S star-shaped if, for every x € S, S contains the line segment connecting x
to the origin. A star body is a compact and star-shaped set S whose radial

function, defined by
ps(x) :=max{a >0: ar e S} for xe R"\{o},

is positive and continuous. Evaluated at a unit vector £ € S"1, pgs(&) gives

the distance from the origin to the boundary of S in the direction &.

A conver body K C R™ is a convex and compact set with non-empty in-
terior. For every & € S™!, there is an € K so that the translated convex
body K — z lies within £~ := {x € R" : (x,£) < 0}; in this case, {z + £} is
called the supporting hyperplane of K with outer unit normal . The support



function of K is defined by

hi(x) := max(z,y) for z & R".
yeK
Evaluated at a unit vector £ € S" 1 hx (&) gives the signed distance from the
origin to the supporting hyperplane of K with outer unit normal &. Impor-
tantly, hx : R” — R is a positively homogeneous and convex function.
Now, assume the convex body K includes the origin as interior point. The
Minkowski functional of K is then defined by

|z||x :=min{a >0: 2 € aK} for ze€R"™

Note that || - || : R — R is a positively homogeneous and convex function,
with ||z]| %" = px(z) for z € R™\{o}. Convex bodies which contain the origin
as an interior point are also, in particular, star bodies.

My thesis is based upon the papers [52, 50, 51, 53, 43|, which separate
along two main themes. The first theme concerns origin-symmetry and the
unique determination of star/convex bodies, and includes [52, 50, 51]. The
second theme concerns extensions of Griinbaum’s inequality for convex bodies,
and includes [53, 43]. 1 properly introduce these topics in the following two

subsections.

1.1 Origin-Symmetry and Uniqueness

In convex geometry and geometric tomography, we are frequently interested
in subsets of R™ which have some type of symmetry. Of course, star/convex
bodies with symmetry have more structure, and the additional structure is
often useful in proofs. Origin-symmetry is particularly important. A set S C
R™ is called origin-symmetric if it is equal to its reflection through the origin,
ie. S =—5. Convex bodies are origin-symmetric exactly when their support
functions are even. Star bodies are origin-symmetric exactly when their radial
functions are even. More generally, S is called centrally symmetric if there is

an r € R” so that the translated set S — z is origin-symmetric.



Now, consider a convex body K C R"™. The parallel section function of K
in the direction ¢ € S"~! is defined by

Age(t) = vol, (K N {¢-+t£}), teR

Here, ¢+ = {z € R": (z,£) = 0} is the hyperplane passing through the origin

and orthogonal to the vector &, and {t& + ¢*} denotes the translate of &+

1
n—1

concave on its support. Therefore, the origin-symmetry of a convex body K

containing t§. Brunn’s theorem asserts that Ag ¢ raised to the power is

implies
vol,_; (K N 5L) — max vol, (K N {te + 5L}) VeesTl (L)

Using a particular integral transform, Makai, Martini, and Odor [33] proved
the converse statement: a convex body K which contains the origin in its
interior and satisfies (1.1) must be origin-symmetric. In fact, they proved a
more general statement for star bodies, but it is not as relevant to our current

discussion. See [47] for an alternative proof using Fourier analytic methods.

The result of Makai et al. can be restated in terms of intersection bodies
and cross-section bodies. The intersection body of a star body L C R" is the
star body IL C R™ with radial function

prr(§) = vol,_1 (LNEY), e s

Intersection bodies were first introduced by Lutwak in [29] in connection with
the Busemann-Petty problem [15]. See [25, 39, 40, 60] for more information
about intersection bodies and related concepts. The cross-section body of a
convex body K C R" is the star body CK C R" with radial function

pok (&) = r?e%{xvoln_l (KN{e-+1t}), es

Cross-section bodies were introduced by Martini [34]. See [10, 11, 30, 31]
for more information about cross-section bodies and related concepts. It is

immediately clear that TK C CK for any convex body K containing the



origin in the interior. By Brunn’s Theorem, the intersection body and the
cross-section body of an origin-symmetric convex body must coincide. The

result of Makai et al. is equivalent to the following theorem.

Theorem 1.1 (Makai, Martini, and Odor). If K C R" is a convex body
containing the origin in its interior and such that IK = CK, then K is

origin-symmetric.

Chapter 3 comes from my paper [52] with V. Yaskin. In [52], we proved a
stability version of Theorem 1.1. For star bodies K, L C R"™, the radial metric

is defined as

p(K, L) = Jnax, |pxc (&) — pr(§)]-

The notation BY(r) is used for the Euclidean ball in R™ with radius » > 0
centred at the origin. We proved the following: if K C R" is a convex body
such that B} (r) C K C B}(R) and p(CK,IK) < ¢ for small enough ¢ > 0,
then p(K,—K) < C - ¢? for some constants C' > 0, 0 < ¢ < 1. The upper
bound for € depends on R, r > 0, the constant C' depends on n, R, and r, and
q depend on n. See Theorem 3.1 in Chapter 3, or Theorem 2 in [52], for the
precise statement.

Yaskin and I also established a stability version of a unique determination
result due to Koldobsky and Shane [26]. Many classic problems in geomet-
ric tomography are concerned with the unique determination, possibly up to
congruency, of a star/convex body within some collection. Two subsets of R"
are called congruent if one is the image of the other under an isometry. One
well-known positive result is the Funk Section Theorem (e.g. Theorem 7.2.6

in [14]): whenever K, L C R" are origin-symmetric star bodies such that
VOln_l(K N §l> = VOln_1<L ﬂ§l> forall &€ S™ !, (1.2)

or equivalently /K = I'L, then necessarily K = L. Without origin-symmetry,
more information is needed besides (1.2) to guarantee uniqueness, even up to
congruency, and even in the case of convex bodies containing the origin as an

interior point. For examples, see [3, 9].
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Koldobsky and Shane have shown that if A ¢(0), Az¢(0) in (1.2) are re-
placed by fractional derivatives of non-integer order of the functions Ag ¢(t),
Ap¢(0) at t = 0, then this information does determine a convex body uniquely.
Recall that fractional derivatives are an analytic extension of classical differ-
entiation; see Chapter 2 for the formal definition. We call a star/convex body

m-smooth or C™ if its surface is an m-smooth manifold.

Theorem 1.2 (Koldobsky and Shane). Let K, L C R" be convex bodies con-
taining the origin in their interiors. Let —1 < p <n—1 be a non-integer, and

m be an integer greater than p. If K and L are m-smooth with
AP(0) = APL(0) V€€ s,

then K = L.

For p and m as in Theorem 1.2, our stability result is the following: if
K,L C R" are m-smooth convex bodies which contain BJ(r), are contained
in B}(R), and are such that

sup A%?g(O) — AW

Le(0)] <e forsome 0<e<l,
Sesn—l

then p(K,L) < C - &% for some constants C' > 0, 0 < ¢ < 1. The constant
C depends on n, p, R, and r, and ¢ depend on n and p. See Theorem 3.4 in
Chapter 3, or Theorem 5 in [52], for the precise statement.

Let K,L C R"™ be convex bodies containing the origin in the interior.
Considering Theorem 1.1 and the Funk Section Theorem, it is natural to ask
whether C'K' = C'L implies that K and L are congruent, without the assump-
tion of origin-symmetry. This question was first posed by Klee in [24]. Tt was
only recently proven in the negative in [16], where an explicit counter-example
was constructed. Subsequently, [44] and [45] gave alternative constructions. In
fact, a stronger statement was proven in [45]: the cross-section body does not
uniquely determine the Euclidean ball up to congruency amongst all convex
bodies.

Chapter 4 is based on my paper [50]. Following the spirit of Klee’s problem,

[ investigate in [50] whether Meyer and Reisner’s convex intersection body [37]
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uniquely determines a convex body. Before I present their definition, let me
provide their motivation. In general, intersection and cross-section bodies are
not convex bodies. Busemann’s Theorem implies that for a convex body K
containing the origin, I K is convex when K is origin-symmetric. If K is not
origin-symmetric, then 7K is not necessarily convex, nor is it necessary that
CK is so when n > 3; see [7, 41, 5]. Meyer and Reisner were interested in
associating with every convex body a new function which would be the radial

function of a necessarily convex body.

Let K C R"™ be a convex body. Let g = g(K) € int(K) be the centroid of
K, and let K*¥ denote the polar body of K with respect to the point y € int(K);
that is,

KY={zeR": (x—y,z—y) <1VzeK}.

The convex intersection body of K is the (a priori) star body CI(K) C R"
with

por(x)(§) = min {VOlnfl [(K*g‘fL)*y] : y € relint (K*g‘gL)} . e sl

Here, - |+ is the orthogonal projection onto the hyperplane perpendicular to
&+, and the polar body of K*9|&+

&, y is taken from the relative interior of K*9

with respect to y is taken within &+,

The main result in [37] is that C'I(K) is always a convex body. However,
they also demonstrate that the relationship between C'I(K) and I K parallels
the relationship between I K and C K, when the centroid of K is at the origin.
Indeed, if g(K) = o, then CI(K) C IK and CI(K) = IK if and only if
K is origin-symmetric. Convex intersection bodies were also studied in [12],
where it was shown that CI(K) is “close” to the Euclidean ball when K is in

isotropic position.

Is a convex body uniquely determined, up to congruency, by its convex
intersection body? If the convex body is centrally-symmetric, then the previ-
ously discussed properties of convex intersection bodies imply an affirmative

answer. A star body L is a body of rotation if its radial function is rotationally



symmetric about some axis; i.e. there is an w € S"~! for which

pu(€) = pu(n) whenever &pe S and (€w) = (n,w).

A convex body is a body of rotation if one of its translates is a star body of

rotation. I proved the following:

Theorem 1.3 (appears as Theorem 2 in [50]). Let n € N, n > 2. There
are infinitely smooth convex bodies of rotation K, L C R™ such that K 1is not

centrally-symmetric, L is origin-symmetric, and CI(K) = CI(L).

The convex bodies in the above theorem are necessarily non-congruent,
so Meyer and Reisner’s convex intersection bodies do not determine a convex
body up to congruency. I adapt the construction from [16] to prove Theorem
1.3; see Chapter 4.

Brunn’s Theorem and Theorem 1.1 together give nice conditions which
are equivalent to origin symmetry. Several other characterizations of origin-
symmetry are known. For example, Falconer [8] showed that a convex body
K C R" is origin-symmetric if and only if every hyperplane through the origin
splits K into two halves of equal n-dimensional volume. Ryabogin and Yaskin
[47] used the volume of conical sections to determine when star bodies are
origin-symmetric.

Makai et al. [33] conjectured a further characterization of origin-symmetry
for convex bodies in terms of the quermassintegrals of sections. The quer-
massintegrals Wi(K) of a convex body K C R" arise as coefficients in the

expansion

voln(KthBg) = G)W,(K) th, t>0.
=0

The addition of sets here is the well-known Minkowski addition

K +tBY = {:c+ty: r € K, yeBS},

and BY is the Euclidean ball with unit radius centred at the origin. Refer to

[49] for a thorough overview of mixed volumes and quermassintegrals. For any
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0<I<n-—2and¢&e S"", consider the quermassintegral W;((K — t&) N&*)
of the (n — 1)-dimensional convex body (K — t&) N &L in 4. If K is origin-
symmetric, then the monotonicity and positive multilinearity of mixed volumes

together with the Alexandroff-Fenchel inequality imply
W, (K N gL) — max V] ((K — )N gl> for all & e S, (1.3)

For [ = 0, (1.3) is equivalent to (1.1), as Wy ((K — t&) N &Y) is the (n — 1)-
dimensional volume of (K — t£) N &+, Makai et al. conjectured that if K
contains the origin in its interior and satisfies (1.3) for any 1 <1 < n — 2, it
must be origin-symmetric. Makai and Martini [32] proved a local variant of
the conjecture for smooth perturbations of the Euclidean ball.

The content of Chapter 5 comes from my paper [51], where I consider the
case of convex polytopes which satisfy (1.3) for [ = 1. A convex polytope
P C R"is a convex body which is the convex hull of finitely many points. It is
common practice to restrict unsolved problems for general convex bodies to the
class of polytopes (e.g. [42, 56, 57, 59, 62]), because polytopes have additional
structure. Up to a constant depending on the dimension, W ((P —t)nN {L)
is the (n — 2)-dimensional surface area of the (n — 1)-dimensional polytope
(P —t&)N&* in &, Letting vol,_o (relbd(P N {t€ +&*})) denote the (n — 2)-
dimensional volume of the relative boundary of P N {t£ + &4}, I proved the

following:

Theorem 1.4 (appears as Theorem 1 in [51]). Let P C R™ (n > 3) be a

convex polytope containing the origin in its interior, and such that
00l (relbd(P N1 €4) ) = maxvol o (relbd(P O {t€ +€)) (14)
€

for all € € S" 1. Then P = —P.

Most of Chapter 5 is devoted to proving Theorem 1.4 using techniques
similar to those developed in [56, 57, 59]. At this time, no other progress has
been made towards solving the conjecture of Makai et al. [33], other than the
local result of Makai and Martini [32] and my Theorem 1.4. However, in the

last section of Chapter 5, I describe how to characterize the origin-symmetry
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of O convex bodies using the dual quermassintegrals of sections; this is a dual

version of the conjecture for quermassintegrals.

1.2 Extensions of Griinbaum’s Inequality

An elegant inequality of Griinbaum [20] gives a lower bound for the volume
of that portion of a convex body lying in a halfspace which slices the convex
body through its centroid. The centroid of a convex body K C R" is the affine

covariant point

g(K) = m/[($dx € int(K).

It is perhaps surprising that there are still many natural and unanswered
questions about the centroid; see [22] for one recent and interesting result.
For convenience, we assume in this section that the centroid of K is at the
origin. Given a unit vector § € S"~!, we define 0" := {z € R" : (z,6) > 0}.
Specifically, Griinbaum’s inequality states that

vol,(K No*) > (
n —+

n 1) vol,(K) V6e s (1.5)

There is equality for a given 6 € S"! when, for example, K is the cone

-1 n
0+ Byt ——0
conv(n+1 + Dy ’n+1>

and By~ ! is the unit Euclidean ball in #+ = {z € R" : (z,6) = 0} centred at

the origin. This volume inequality was independently proven in [41].

From Griinbaum’s inequality, we can derive an integral inequality for log-
concave functions. A function f : R" — [0,00) is called log-concave if its
support supp( f) is a convex set, and log f is concave on supp(f). Consider any

integrable and log-concave function f whose support has non-empty interior,

9



and is such that [, 2 f(x) dz = o. For each € > 0, the set

fone = {(”) ER"XR™: f(z) &, |yh <1+ bgfz(x)}

is a convex body in R™™ for large enough integers m. Notice that for any

x € R" with f(x) > ¢ and large enough m, we have

vol,, (Kmﬁ N{(x,y): y € Rm}) = (1 + logi(x)>m Ko,

where k,, is the m-dimensional volume of the unit Euclidean ball in R™. Ap-
plying Griinbaum’s inequality to the shifted convex bodies K,,. — g(Kmf)
with centroids at the origin, and taking the limit as m goes to infinity and ¢

goes to zero, we obtain

1

fx)de >~ | f(x)dr VOes
9+ e R

We refer to this as “Griinbaum’s inequality for log-concave functions”. Refer

to Lemma 2.2.6 in [4] for an alternative proof.

Similar in spirit to Grinbaum’s inequality is an inequality, attributed to
Minkowski for n = 2,3 and Radon for general n, which bounds the distance
from g(K) to a supporting hyperplane of K. See pages 57-58 of [2], Section
6.1 of [21], and the references therein. For g(K) = o, Minkowski and Radon’s
inequality states that

hi(0) > (n i 1) (hic (=) + hic(0)) V0 e S, (1.6)

or alternatively

1
n+1

pK(Q) > ( ) (pK(—H) + /)K(Q)) Ve Snil. (17)

The correspondence between (1.6) and (1.7) follows from their equivalence to

the containment —K C nK. There is equality in (1.6) and (1.7) for a given
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6 € S"~! when, for example, K is the cone

—n 1
—0, ——0+ By ).
Conv<n+1 IR )
The sum hg(—0) + hg(0) gives the width of K in the direction § € S™1,

and pi(—0) + pk(0) gives the length of the chord of K which passes through
g(K) = o and is parallel to §. With this in mind, rewriting (1.6) as

1
vol, (K|E)Nn6*) > (%) voli (K|E) VEe€G(n,1),0eS"'nE
n

and rewriting (1.7) as

1 \!
vol, (K NE)N6) > ( 1) voli (KNE) VE€G(n1), 0S5 'NE

n
emphasizes the connection with Grilnbaum’s inequality. We always let G(n, k)
denote the Grassmannian of k-dimensional subspaces of R", with - |F giving

the orthogonal projection onto £ € G(n, k).

In the past few years, there has been significant progress in extending the
aforementioned inequalities. The first of these recent extensions was made
by Fradelizi, Meyer, and Yaskin [12]. They considered the following problem:
what is the largest constant ¢; := c¢;(n, k) > 0, depending only on integers
1 <k <n, so that

vol,(KNENOT) > ¢y -vol,(KNE) VEE€Gnk), €S 'NE (1.8)

for every convex body K C R™ with g(K) = 0? Let us emphasize that the value
of ¢; cannot be obtained from Griinbaum’s inequality because the centroid of
K N E is in general different from the centroid of K. Fradelizi et al. showed

there is an absolute constant ¢ > 0 so that

k—2
c1 > Cy = ¢ K
PR i—k+1)2 \n+1 ’

but they did not prove ¢; = co. We refer to (1.8) as “Griinbaum’s inequality

11



for sections”.

Following the result of Fradelizi et al., N. Zhang and I found an extension
of Griinbaum’s inequality to the (orthogonal) projections of a convex body
[53]. This paper is the content of Chapter 6 in my thesis. Consider a concave
function ¢ : K — [0, 00) which is not identically zero, and is supported on a
convex body K C R"™. Let p > 0. The centroid of the function ¢* : K — [0, 00)
is the point

P dx
97, K) fj‘ gy € nt(E)
K
We proved in [53] that
VOln(Km9+) Z (m) VOln(K) Voe Sn_l (19)

when ¢(¢?, K) is at the origin; see Theorem 6.6 in Chapter 6, or Theorem 8
in [53].

As a particular case of inequality (1.9), we get the following. For any
integers 1 < k <n and convex body K C R with g(K) = o, then
k k
voly, ((K|E) N 0*) > <?> vol,(K|E) V E € G(n,k), €S NE.
n
(1.10)

There is equality when, for example,

k ok -
chonv(—(l—n+1>9+B§ Y n—HeJrBQ ’f) (1.11)

0 € EN S, BS'is the unit ball in £ N A+, and By ™% is the unit ball
in E+. Observe that (1.10), which we refer to as “Griinbaum’s inequality
for projections”, provides a link between inequalities (1.5) and (1.6). Again,
Griinbaum’s inequality does not imply the result for projections because the
centroid of K|E is in general different from the centroid of K. See Corollary
6.7 in Chapter 6, or Corollary 9 in [53], for the proof of (1.10) and the complete
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characterization of the equality conditions. See Figure 6.1 for an illustration

of the minimizing shape for K.

We conjectured in [53] that the best constant in Griinbaum’s inequality

for sections would be ( the same as in Griinbaum’s inequality for pro-

ﬁ) )
jections. With this constant, Griinbaum’s inequality for sections would link
inequalities (1.5) and (1.7). Neither we, nor any of our colleagues to my knowl-
edge, have yet been able to prove inequality (1.8) as a consequence of inequality

(1.10) for 1 < k < n.

Subsequent to our work, it was shown by Meyer, Nazarov, Ryabogin, and
Yaskin in [36] that

/OO f(s0)ds > - /OO F(s0)ds ¥ 0 s (1.12)
0 € —00

for every log-concave f : R™ — [0,00) with a finite and positive integral, and
Jgn ©f(x) dz = o. This result can be seen as “Griinbaum’s inequality for one

dimensional sections of log-concave functions”.

With S. Myroshnychenko and N. Zhang [43], I adapted the methods of
[36] to prove a generalization of inequality (1.12) for y-concave functions. Our
resulting paper provides the content of Chapter 7 in my thesis. We say a
function f : R™ — [0,00) is y-concave for v > 0 if f7 is concave on convex

support. We prove

/f39 ds>( v+ )W/oof(sﬁ)ds VHes! (1.13)

yn+v+1

for every y-concave function f : R” — [0,00),v > 0, with 0 <[5, f(x)dz < oo
and [, 2 f(x) dz = o. This result can be seen as “Griinbaum’s mequahty for
one dimensional sections of «-concave functions”. See Theorem 7.1 in Chapter
7, or Theorem 1 in [43], for the precise statement and the characterization of

the equality conditions.

We prove two more important inequalities in our paper [43], using in-

equality (1.13). First, we establish “Griinbaum’s inequality for k-dimensional

13



sections of y-concave functions”:

k1
/ f(a)de > (ﬂ) ’ / f(x)dz ¥V E € Gn,k), 0 € S"'NE
ENo+ (n+1)y+1 E

for every y-concave f : R" — [0,00) with v > 0, 0 <[5, f(z)dz < oo,
and fR” xf(x)dr = o. See Corollary 7.7 in Chapter 7, or Corollary 7 in
[43]. Second, we verify that ¢; = (niﬂ)k is the best constant in Griinbaum’s
inequality for sections with equality when, for example, K has the form in
(1.11). The complete characterization of the equality conditions is given in
Corollary 7.8 in Chapter 7, and in Corollary 8 of [43].

Let me conclude this section with two observations. First, Griinbaum’s
inequality for projections can be proven using Griinbuam’s inequality for sec-
tions. See the final remark in Chapter 7 for more explanation. My paper [53]
with Zhang and the original proof of Griinbaum’s inequality for projections are
still included in this thesis as the methods used are different and interesting
in their own right. Second, note that inequality (1.9) can be stated in terms
of y-concave functions. Indeed if 1) : K — [0, 00) is concave and p > 0, then
P is p~l-concave. We did not use the terminology of ~-concave functions in
[53], nor is it used in Chapter 6.
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Chapter 2
Common Preliminaries

In the following sections, I present those notations and background materials

which are shared by several subsequent chapters.

2.1 Notation

The origin in R™ is given by o or 0. We use | - | and | - |2 for the Euclidean norm,
and (-, -) for the dot product. The Euclidean ball in R™ with radius » > 0
and centred at x € R" will be denoted by B (x,r). As shorthand, we write
B (r) := BY(o,r) or B"(r) := BY(o,r), and By := B%(o0,1) or B” := B (o, 1).
The affine hull and linear span of a set A C R" are respectively denoted by
aff(A) and span(A). We let Rz := span(z) be the line through = € R™\{0}
and the origin. The unit sphere in R is denoted by S™~!. For £ € "1, we
define £t :={z € R": (2,§) > 0} and ™ = {x e R": (z,&) < 0}.

Whenever we integrate over a k-dimensional subspace of R", we are in-
tegrating with respect to the appropriately scaled k-dimensional Hausdorff
measure on R™. Interpret vol,(A) as the k-dimensional Hausdorff volume of
the subset A C R". The constants

and Wy =N Ky,

give the volume and surface area of the unit Euclidean ball BY C R", where
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I' denotes the Gamma function. Whenever we integrate over Borel subsets of
the sphere S"~ 1, we are using non-normalized spherical measure; that is, the
(n — 1)-dimensional Hausdorff measure on R", scaled so that the measure of
S s w,.

Recall the definition of the polar body K*¥ of K with respect to the point
y € int(K); that is,

KY={zxeR": (x—y,z2—y) <1VzeK}.

If o € int(K), then we may variously write K*° = K* = K°; in this case, hy
will be the Minkowski functional of the polar body K*.

Let Z%, denote the collection of n - tuples of non-negative integers. For
a € 722, define

o = [o) =",

and the differential operator

glal ol ol olal

D* = = .
Jx® Oz  Oxf*---0xd»  Ox{'---OJxin

When differentiating a function f = f(x,y), (x,y) € R™ x R", the addition of
a subscript Dy f indicates we are differentiating with respect to y € R". The
Laplacian operator iterated k - times is represented by A*. When needed,
the addition of a subscript A, will indicate with respect to what variables the

Laplacian is taken.

2.2 Even, Odd, and Homogeneous Functions

A function f : R™ — C (respectively, f : S"! — C) is called even if f(z) =
f(—=z) for all z € R" (respectively, x € S"'). Similarly, f is odd if f(—z) =

—f(z) for all z in the domain.
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We say f: R"\{0} — C is (positively) homogeneous of degree p € C if

X

fo =l () veeRNQ),

||

For any f € C(S™ ') and p € C, the homogeneous extension of f of degree
—n + p is given by

T

hay= el p (5) e er0)

]

As usual, C*(S™1) is the space of complex-valued functions on the sphere
which are k - times continuously differentiable. It is easy to see that f €
C*(S™1Y if and only if f € C*(R™\{0}), and

lim ”fm - f”ck(Sn—l) =0
m— 00
for a sequence {f,,} C C*(S"71) if

lim sup [D*f,(§) —D*f(€)| =0 VaeZ with |a| < k.

m—0o0 EES’"’71

Here, f,., f: R"™\{0} — C are the homogeneous extensions of f,,, f of degree
zero, and the previous statements remain true if fm, f are replaced with the

homogeneous extensions of degree p € R.

The spherical gradient of f € C(S™!) is the restriction of V f (|i—|> to
Sl Tt is denoted by V,f. The spherical Laplacian of f € C*(S"!) is the
restriction of Af (;—O to S"71. It is denoted by A,f. For a homogeneous
function f : R"\{0} — C of degree m € C, there is the well-known relation

(AN)E) = (Aof)(©) +m(m +n—2)f(5), €8 (2.1)
this appears as equation (1.2.9) in [19].
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2.3 Fourier Transforms of Homogeneous Func-

tions

We follow the conventions of [25] regarding Fourier transforms and distribu-
tions. Refer to [17, 46] for more information.

Let . = #(R"™) denote the space of Schwartz test functions; that is,
functions in C*°(R™) for which all derivatives decay faster than any rational
function. The Fourier transform of ¢ € % is a test function .% ¢ defined by

Fo(x) = o(x) = | oW dy,  aeR"

The continuous dual of . is denoted as .%" = .’/(R"), and elements of .’
are referred to as distributions. The action of f € %’ on a test function ¢ is
denoted as (f, ¢). The Fourier transform of f is a distribution fdeﬁned by

~ ~

(f,9) =(f.¢), b€,

~

f is well-defined as a distribution because . : . — .% is a continuous and

linear bijection.
For f € C(S™1) and Re(p) > 0,
n x
) = lal 0 1 ()

]

is locally integrable on R™ with at most polynomial growth at infinity. In this
case, f, is a distribution on . acting by integration, and we may consider
its Fourier transform. Goodey, Yaskin, and Yaskina show in [18] that, for
f € C>=(S" 1), the additional restriction Re(p) < n ensures the action of ]/C; is
also by integration, with j/c; € C*(R™\{0}).

The spherical Radon transform R : C(S™ 1) — C(S™ 1) is defined by

Riw=[  fede  wes™,  fec(s)
Sn—lnyd
The following connection between the spherical Radon and Fourier transforms
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is well-known; for example, it appears as Lemma 3.7 in [25].

Lemma 2.1. Let f € C(R"\{0}) be an even homogeneous function of degree
—n+ 1. Then fe C(R™\{0}) is an even homogeneous function of degree —1
such that

-~

Rf(€) = /Snlw f(n)dn = % (& vEesh

The restriction R : C®(S™1) — C(S"') to the even and infinitely
smooth functions on the sphere gives a bijection, and we may consider the

inverse transform R~! on this domain; see Theorem C.2.5 in [14].

2.4 Spherical Harmonics

A detailed discussion on spherical harmonics is given in [19]. A spherical
harmonic @) of dimension n is a real-valued harmonic and homogeneous poly-
nomial in n variables whose domain is restricted to S"~!. We say @ is of
degree m if the corresponding polynomial has degree m. Any two spherical
harmonics of the same dimension and different degrees are orthogonal. The
collection M}, of all spherical harmonics with dimension n and degree m is a fi-
nite dimensional Hilbert space with respect to the inner product for L?(S™1).
If B,, is an orthonormal basis for H for each non-negative integer m, then
the union of all B,, is an orthonormal basis for L*(S™!). Given f € L*(S"!),
and defining

Y Q) Q= Qu e H,

QEBm

we call > Q,,, the condensed harmonic expansion for f. The condensed har-
monic expansion does not depend on the particular orthonormal bases chosen
for each H)! .

We make extensive use in Chapter 3 of the mapping I, : C*(S"7!) —
C>(5"1) defined in [18], which sends a function f to the restriction of ]/C; to
Sl For 0 < Re(p) < n and any non-negative integer m, Goodey, Yaskin
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and Yaskina show I, has an eigenvalue \,,(n, p) whose eigenspace includes all
spherical harmonics of degree m and dimension n. These eigenvalues are given

explicitly in the following lemma; refer to [18] for the proof.

Lemma 2.2. If 0 < Re(p) < n, then the eigenvalues A, (n,p) are given by

Wz (—1)2 ] (Tt
)\m(nup) - ]E\(m)+n—p() . )
2

if m is even,

and

Pri(-)"TT (M)
Am(n,p) =i NE=y 2 if m is odd.

2

2.5 Fractional Derivatives

Let m € NU {0}, and let o : R — C be an integrable function which is
m-smooth in a neighbourhood of the origin. For p € C\Z such that —1 <

Re(p) < m, we define the fractional derivative for h of order p at zero as

1 m—1  \kp (k)
h®)(0) :F(im/() tip (h(—t)— (1)+(0)t’“> dt
1 — (-

R 1 1)*a®)(0)
r(—p>/ TR T Y )

1 k=0

+

Given the simple poles of the Gamma function, the fractional derivatives of h
at zero may be analytically extended to the integer values 0,...,m — 1, and

they will agree with the classical derivatives.

Let K be an infinitely smooth convex body. By Lemma 2.4 in [25], the

parallel section function

Agce(t) = vol (K 0 {t +€7})
is infinitely smooth in a neighbourhood of t = 0 which is uniform with respect
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to & € S, With the exception of a sign difference, the equality

s A
A(P) — CoS ( 2 ) —n+1+4p . —n+1+p 29
Re(0) =5 = (el =l ) e 22)
. sin (%ﬂ) —n+1+p —nt+14p\"
igr 1oy (IR = =2l ) o),

was proven by Ryabogin and Yaskin in [47] for all £ € S"~! and p € C such
that —1 < Re(p) < n — 1. The sign difference results from their use of h(z)

rather than h(—z) in the definition of fractional derivatives.
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Chapter 3

Stability Results for Sections of

Convex Bodies

The content of this chapter comes from my paper with V. Yaskin [52]. All con-
vex bodies in this chapter are assumed to contain the origin in their interiors.

Our main result is the following:

Theorem 3.1. Let K be a convex body in R"™ such that

By (r) c K C By(R)

2
for some r, R > 0. If there exists 0 < ¢ < min { <6\/§[%> , 71"—2} so that

p(CK,IK) <e,
then
% ifn =2,
p(K,—K) < C(n,r,R)e? where q= m if n = 3,4,
oem Uz

Here, C(n,r, R) > 0 are constants depending on the dimension, r, and R.

Remark 3.2. In the proof of Theorem 3.1, we give the explicit dependency
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of C(n,r, R) on r and R.

Our Theorem 3.1 is a stability version of the result of Makai et al. [33],
which we stated in Theorem 1.1 in terms of intersection and cross-section
bodies. The following corollary is a straightforward consequence of the Lips-
chitz property of the parallel section function (Lemma 3.8) and Theorem 3.1.
Roughly speaking, if for every direction & € S~ !, the convex body K has a
maximal section perpendicular to £ that is close to the origin, then K is close

to being origin-symmetric.
Corollary 3.3. Let K be a convex body in R™ such that
By (r) c K C By(R)

for some r, R > 0. Let L = L(n) be the constant given in Lemma 3.8. If there

exists

0<c<mi T 3r3 r3
€< minq -, , —
2" LRr=1(6y/3rr + 327)" 16LR"!

so that, for each direction & € S™™1, Ak ¢ attains its maximum at some t = t(§)
with |t(€)] < e, then

p(Ka _K> < C(”? Ty R) el.

Here, é(n, r, R) > 0 are constants depending on the dimension, r, and R, and

q = q(n) is the same as in Theorem 3.1.

The proof of Theorem 3.1 is given in Section 3.3 and consists of a sequence
of lemmas from Section 3.2. The main idea is the following. If K is of class
C°, then we use Brunn’s theorem and an integral formula from [6] to show
that p(CK, 1K) being small implies that [, ‘A’K7§(0)|2 d¢ is also small. If
K is not smooth, we approximate it by smooth bodies, for which the above
integral is small. Then we use the Fourier transform techniques from [47] and

the tools of spherical harmonics similar to those from [18] to finish the proof.
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As we will see below, the same methods can be used to obtain a stability
version of the unique determination result of Koldobsky and Shane [26], which

we stated in Theorem 1.2. The following is our stability result:

Theorem 3.4. Let K and L be convex bodies in R™ such that
By(r) C K C By(R) and Bj(r)C L C By(R)

for some r, R > 0. Let —1 < p <n —1 be a non-integer, and m be an integer

greater than p. If K and L are m-smooth and

sup [A(0) — AY(0)| < e
£€Sn—l

for some 0 < e < 1, then

2 ifn <2p+2,
WKL) < Clnpr R)et where = {70 NS

Here, C(n,p,r,R) > 0 are constants depending on the dimension, p, r, and
R.

Remark 3.5. In the proof of Theorem 3.4, we give the explicit dependency
of C(n,p,r,R) on r and R.

3.1 Preliminaries

Let K be a convex body in R"™ containing the origin in its interior. The

mazimal section function of K is defined by
mg(§) = Iié%xvoln,l(K N{et +te}) = max Ak (1), ce s

Note that mg is simply the radial function for the cross-section body CK.
For each £ € S"1, we let tx(£) € R be the closest to zero number such that

Agelt(§)) = mi(§).
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Towards the proof of our first stability result, we use the formula

fr(t) = L /n_1 Age(t) d§

Wn

r(s / 1 ( 2 ) (3.1)
= = ey — 1= dx;
VAT (%51) Jrngalziy 7] EE

refer to Lemma 1.2 in [6] or Lemma 1 in [1] for the proof.

Given another convex body L in R", define

it )= ([ It - (o) dg)é

and

(L) = sup [hac€) = he(6)]

These functions are, respectively, the L? and Hausdorff metrics for convex
bodies in R". The following theorem, due to Vitale [54], relates these metrics;

refer to Proposition 2.3.1 in [19] for the proof.

Theorem 3.6. Let K and L be convexr bodies in R™, and let D denote the
diameter of K U L. Then

2lin_1Dlin

n+1< 2< 2'
i 1) Dol D)™ < B L) < o B (K L)

3.2 Auxiliary Results

We first prove some auxiliary lemmas.

Lemma 3.7. Let m be a non-negative integer. Let K be an m-smooth convex
body in R™ such that

By (r) C K C By(R)

for some r, R > 0. There exists a family { Ks}o<s<1 of infinitely smooth convex
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bodies in R™ which approximate K in the radial metric as & approaches zero,
with

By((1+6)"'r) C K; C BY((1—6)"'R).

Furthermore,

Age(t) — Ak, e(t)] =0,

lim sup sup
6—0 gegn—1 tl<z

and

lim sup
0—0 665"71

AP (0) = AZ(0)] =0
for everyp e R, —1 < p <m.

Proof. For each 0 < 6 < 1, let ¢s : [0,00) — [0,00) be a C* function with
support contained in [/2, ], and

/Rn os(|2]) d= = 1.

It follows from Theorem 3.4.1 in [49] that there is a family {Kj}o<s<1 of C™

convex bodies in R"™ such that
lell = [ o+ bl (12D =
and
fiy sup €l = liglh] =0
For each £ € S"~! and z € R" with |z| <, we have

1€+ 1€zl = 1€ + 2l = Ml = Minllx
for somen € S" ' and 0 <1 -3 < X\ < 1+4. It then follows from the support
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of ¢s and the inequality R~ < ||n||x < r~! that

el = [ N+ #lds(ll) d= < 1+ 0
and
el = [ T+ lwos(=) d > (1= R,
which gives
By((1+6)"'r) C K; C BY((1—6)"'R).

This containment, with the limit of the difference of Minkowski functionals

above, implies

lim sup |px, (&) — px(§)| = 0. (3.2)

6—0 565"71

Therefore, {Ks}o<s<1 approximate K with respect to the radial metric.

Furthermore, the radial functions {px; }o<s<1 approximate px in C™(S"1).
Let a = (aq,...,a,) be any n-tuple of non-negative integers such that 1 <

[a] < m, and consider the function

[a]

0
f(y,Z) = %HI + |x|zHK‘xy

Observe that f is uniformly continuous on
{yeR" 27 <yl <2f x {zeR" [z[ <27}

since K is m-smooth. Therefore, we have

olel olal
el = el = [ G e+ bl = el )| _ 0s(12D)
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for all £ € S"7! and 6 < 1/2, which implies

[a]

el — lell)|_| < s s [1te.2) — ree 0]

cesSn—1|z|<é

sup
565"71

Noting that |(£, z) — (¢,0)| = |z| < 4, the uniform continuity of f then implies

[o]

I = | |=0, 3.3
i s |52 el — Nl 33)
It follows from the relation px(z) = ||z||; that g:[:i pK‘ng may be expressed

as a finite linear combination of terms of the form

1Bl
d+1
o O] Gallals]

Jj=0

where d € Z=°, and each j; is an n-tuple of non-negative integers such that
[8;] > Land [a] = Z;.lzo [B;]. Of course, gc—ai,oKé | ¢ may be expressed similarly.
Equations (3.2) and (3.3) then imply

olel

lim sup |5 (px; = pic)

6—0 cesn—1

=0, (3.4)

x{‘

once we note that px and the partial derivatives of ||z||x, up to order m, are
bounded on S

Our next step is to uniformly approximate the parallel section function
Age. Fix £ € S"1) and define the hyperplane

3

for any ¢ € R such that || < r. Let S" 2 denote the Euclidean sphere in H;
centred at t£, and let pxnp, denote the radial function for K N H; with respect
to t& on S"2. Then, for |t| < r,

n—1

1
Ael) = — [ A 0)as (35
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For |[t| < r/2 and 0 < 0 < 1, Ak, ¢(t) may be expressed similarly. Fixing

0 € S" 2, and with angles  and 3 as in Figure 3.1, we have

sin (3

sin o

P, (0) — prcsn, (0)] < |pxc(m) — pic; ().

By restricting to |t| < r/4, a may be bounded away from zero and 7. Indeed,
if v < /2, then

r/2 —|t| r
tanay > —m— > —

R T AR’
and if o > 7/2, then

>r/2+|t| ST
- R — 2R

tan(m — «)
Therefore
0 < arctan (4—) < a <7 —arctan <—> < .

We now have

! sup |px(n) — prey(m)], (3.6)

sin (arctan (ﬁz)) pesn—1

|\ P, (0) — prynm, ()] <

where the upper bound is independent of ¢ € S™! ¢ with |¢| < r/4, and
0 € S™ 2. This inequality, the integral expression (3.5), and equation (3.2)

imply

lim sup sup AKf(t) - AK(;,g(t)‘ =0.

§—0 n—
gesnli|<;

Lemma (2.4) in [25] establishes the existence of a small neighbourhood of
t = 0, independent of £ € S"!, on which Ak is m-smooth. The following is
an elaboration of Koldobsky’s proof, so that we may uniformly approximate
the derivatives of Ax¢. Again fix £ € S"7! and fix § € S"2 C H,. Let pxg
denote the m-smooth restriction of px to the two dimensional plane spanned

by & and 60, and consider pgy as a function on [0,27], where the angle is

29



2

0
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l

17
Dé
Figure 3.1: The diagrams represent two extremes: when the angle o is small
(o < w/2), and when it is large (o > m/2). The point O represents the origin in R",
and ‘W‘ =t where 0 < ¢ < r/4. The points A and C are the boundary points for
K and K in the direction 6, with two obvious possibilities: either |TA| = pxng, ()
and ‘ﬁ’ = pksnH,(0), or the opposite. The point B is a boundary point for the
same convex body as A, but in the direction 7;. The point D lies outside of the
convex body for which A and B are boundary points.
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measured from the positive f-axis. A right triangle then gives the equation

t
2 0) + t* = p? (arctan (—)) ,
pKﬂHt( ) PK .0 preom (0)

which we can use to implicitly differentiate y(t) := prnm, (f) as a function of
t. Indeed,

t
F(ty) =y*+1° — pis (arctan (—)>

Y

is differentiable away from y = 0, with

2t t t
F,(t,y) =2y + —— arctan | — w0 | arctan | — ) ) .
y(,y) =2y P < (y)) P ( (y>)

The containment By (r) C K C BY(R) implies pg ¢ is bounded above on S"*
by R, and

Vi5r
4

prnm(8) =
for [t| < r/4. If

M =1+ sup |Vopr(£)| < oo,
gesn—l

and A € R is a constant such that

0 < ) < m 15v/1573 r
mn{ ——m— —
128RM "4 (°

then

V157
4

Ey(t, prnm, (9)) ‘ >

for |t| < A. Therefore, by the Implicit Function Theorem, y(t) = pxnm,(0) is

31



differentiable on (=, \), with

_ PK.0 <arctan (£>> Pk (arctan <£>> (y? + tz)*ly ¢
y+1ipke (al“CtaIl ( >> pKe <arCtan ( )) (y + tg) -1

Recursion shows that pxnpy,(0) is m-smooth on (—A, \), independent of ¢ €
S™~1and 6 € S"2. Tt follows from the integral expression (3.5) that Ag ¢ is

m-smooth on (—\, \) for every £ € S™~!. This argument also shows that A, ¢
is m-smooth on the same interval, for 6 > 0 small enough. Using the resulting
expressions for the derivatives of Ax ¢ and Ak, ¢, and applying equations (3.2),
(3.4), and the inequality (3.6), we have

lim sup sup A(k)g(t) — A%;E(t) =0
0=0 gcgn—1 [t|<\ ’ '

fork=1,....m

Finally, for any p € R such that =1 <p<mand p#0,1,...,m — 1, we

will uniformly approximate Aﬁﬁ?é(o). With A > 0 as chosen above, we have

1 A m— 1 kAII{f) (O)
AP (0) :—F(_p)/o ¢! ff’(AKg Rk ) dt

k=0

M

00 1 m—1 (_1)k>\k—pAg]§)§<0)
+ / P A o (—t) dt + ’
eI DU Sy 2 T )

The first integral in this equation can be rewritten as

/ t—l—p/ t—z)m Ydzdt,
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using the integral form of the remainder in Taylor’s Theorem. We also have
/ tP A e(—t) dt
p
-/ (v, &)V da

pr(n)
= / (n, =€)~ / " dr dn
Bic(©) An—)1

- / o (= ) = )

n—1—p

where

Bie(€) = {n€ 5" |(n.€) < 0 and prn) = Mn, ~€)"'}.
Therefore, with the set By, (&) defined similarly, we have

AL(0) = AP (0)] - [P(=p)]

<t (e - 4 [ ot o

(
7 n, _f —i=p
+{ sup |pi () — o P ()] / %dn (3.8)
nesn—1 Bic(©nBiy(e) M =1 =]

_¢\—1-p n—1-p _ )\nflfp _¢c\—n
Bic(§)\ B (€) n—1-p
o 1l—p n— 1-p o )\nflfp _\—n
N / (n,—&) " Prx, "(n) (n, =€) i (3.10)
Bics (€)\B () n—1-p
m—1

for 6 > 0 small enough. The integrals in expressions (3.7) and (3.8) are finite,

with
m—p
//t_l P( Y ldzdt = AT ;
m(m — p)
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since p is a non-integer less than m, and

R 1+p
/ (n,—&)"Pdn < (X) Wy
Br(©)NBi, (€)

Furthermore, the integrands in expression (3.9) and (3.10) are bounded above
by

1+p "
2
(2>\R) <2R)n—1—p + )\n—l—p (TR) 1fp <n-— 1,

and

14+p n_l_ 92 n
(?) (g) ’ + AP (TR) it p>n-—1,

noting that By (r/2) C Ks C By(2R) for § < 1/2.

It is now sufficient to prove

lim su dn =0,
6—>0§€S£1 /Sn—l XB(£76) "

where

B(¢,0) = Br(§)ABk;(€)

= {n e gt

px(n) = > prs(n) or pr,(n) >

<77a _§>

We will prove the equivalent statement

lim su _e5)dn =0,
6—>0£€Snp—1 /Sn1 XB( £9) "

where the sign of ¢ has changed, so that we may use Figure 3.1.

Towards this end, fix any # € S™ 2, and consider Figure 3.1 specifically

when £ = A. In this case,

[OA] = prc(n2) = A2, €)™ and [OC]| = pie; (m) = A, €)™
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or

|OC| = pxc(12) = M, )" and |OA| = pie;(m) = M, €)1

Any n € B(—¢,6) lying in the right half-plane spanned by ¢ and 6 will lie
between 7, and 7,. Furthermore, the angle w converges to zero as ¢ approaches

zero, uniformly with respect to € € S"! and 6 € S"2. Indeed, we have

2 sin 3 sinvy

0 <sinw < ‘PK(WI) - ng(ﬁl)}a

r sin «v

using the fact that both K and Ks contain a ball of radius /2, and with sin «
uniformly bounded away from zero as before. It follows that the spherical
measure of B(—¢&,d) converges to zero as ¢ approaches zero, uniformly with
respect to £ € S"7L, O

Lemma 3.8. Let K be a convex body in R™ such that
By(r) C K C By(R)

for some r, R > 0. If

L(n) =8(n—)r"s {r <n;1)}—1’

then
|Ake(t) — Axe(s)| < L(n) R r7t [t — s

for all s,t € [-r/2,r/2] and £ € S"71.

1
Proof. For € € S !, Brunn’s Theorem implies f := A;;jg is concave on its

I

support, which includes the interval [—r,r]. Let

Lo = max { ‘ / (7731") — fl=r)

= —(-7)

_ 3r
r=7

'f('f’) — /(&)
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and suppose s,t € [—r/2,r/2] are such that s < ¢. If

then

fEE) = 6 = F () f)~f()

T ST s

0 -16) _
t—s
then
) = £ () 1) =10 _ - 1) _,
r=3% - EZ ¢t T t-s
Therefore,
ARt — AL ()| < Lot —
for all s,t € [—r/2,r/2]. Now, we have
‘A[Qg(t) — AK,{(S)‘ S (TL — 1) (It{)léa]l)éAKzf(tO)> n—1 A;?g(t) — A[n?g (S)

by the Mean Value Theorem, and

r toER

4 T8 1
Lo< 22 (max deeltn)) = BARE (x(©))

Finally, since K is contained in a ball of radius R, we have

n—1

T 2

R
L=

Age(tr(6)) <
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Combining these inequalities gives

[Ake(t) — Are(s)] < L(n) Rt [t — |

for all s,t € [-r/2,7/2] and £ € S"L.

We now prove two lemmas that will be the core of the proof of Theorem 3.1

Lemma 3.9. Let K be a convex body in R™ such that

By (r) C K C By(R)

for some r, R > 0. Let {Ks}ocs<1 be as in Lemma 3.7. If there exists 0 < € <
% so that

p(CK,IK) < e,

then, for 6 > 0 small enough,

, 32
/S1 ‘Aké,g(o)‘ d§ < (67T+ \/_Tt’) Ve

9 R2n—4 RSn—3
/
/Sn1 ‘AKa,E(O)‘ d¢ < C(n) (\/E‘F . + o) ) Ve when n > 3.

Here, C(n) > 0 are constants depending only on the dimension.

when n = 2,

Proof. By Lemma 3.7, we may choose 0 < o < 1/2 small enough so that for
every 0 < 0 < a,

sup sup ‘AK@(t) — AK&g(t)‘ <e.
gesn1t|<r/4

We first show that for each 0 < § < a and ¢ € S"!, there exists a number
cs(&) with |e5(€)|] < /e for which

| A% ¢ (e5(9))] < 3vE.
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Indeed, if £ € S"~! is such that |tg, (€)] < v/z, then

Al]q;,{ (tKa (5)) =0,

and we may take c5(§) = tx,(&).
Assume £ € S"7! is such that |tx,(£)] > /€. Letting s denote the sign of

tx, (§), we have
| Ay e(5VE) = Ay e(0)| = Ak e(sv/E) — A, £(0)
= (AK,s(S\/E) - AK,§(0)> + <AK5,§(S\/5) - AK@(S\E))

+ (AK,s(O) - AK5,5(0)>

< sup |maxAge(t) — AK,g(O)‘—i—? sup sup ‘AKg AK&&@)‘
gegn—1 | teR gesn—1 |t|<r/4
< 3e.

It then follows from the Mean Value Theorem that there is a number c¢;5(¢)
with |cs(€)| < /e for which

AK& S AK(S,
I e Y

With the numbers ¢5(€) as above, for the case n = 2 we have

JRROIL:
Sl

0
< [ (Mstestnl = | Aica]) ae
Ve
< 67n/§—|—/s1 /ﬁ\Am(t)}dtdg. (3.11)

When 0 < § < 1/2, K; is contained in a ball of radius 2R, and contains a
ball of radius r/2. Lemma 3.8 then implies

2L(n) 2R)" !
sup sup ‘AK5£ ‘ < (n) (2F) )
gesn—t te(—ve,Ve) r
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So, when n > 3,

/S | Al ¢ (0)] dg
</ (\Am(c(g )\2+

< 9upet / / | A%, £(t)| dt d€ (3.12)
Sn—1

2l 1), 1) dt\) ¢

Considering inequalities (3.11) and (3.12), we still need to bound

\/g 1
/ / | A%, (t)] dt dg
sn-1.J /e

for arbitrary n. Rearranging the equation

[ —— d 1 2= .
ﬁA;ﬂs,ﬁ(t) dt ( AK5 5( )AK(;,g(t))

2—n Jn__QI" ’ 2 1 % "
= (n— 1)2AK5,§ (t) (AKg,ﬁ(t)) + 1 1AK5,§(t) Al (1)

gives

w2 2 n—Z(A’K (t))Q
" n_1 -1 s5:§
Ay lt) = (0= DAL T AT ) + e o

1
Brunn’s Theorem implies that the second derivative of Af{ ¢ 1s non-positive

for [t| <, so

N n—2 (A ((£)°
A 1_ Anfl t_An71 t 5§
A0 < (L= m) AR (1) T3 AR () + —— Ay ()

n— 2) (A, (1)
n — 1 AKg,ﬁ(t) '

= — Al ¢(t) +2 (
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Because K contains a ball of radius r/2 centred at the origin, we have

n—1

Arse(t) = F(L) (371?; ) 2

for [t| < r/4, and so

n—2 (A, () _ n—ZF(n—i—l) <2L(n) (2}::)"—1>2 ( 16 )_

n—1 Ag,¢(t) n—1 2 r 3mr?

z(n) R?n—2
,rn+1

for all |t| < /e, where z(n) is a constant depending only on n. Therefore,

[

B 4w, L(n) R?"=2
/S / — A e(t)) dtdg + T<n+)1 VE. (3.13)

Ay (1)t dg

We will bound the first term on the final line above using formula (3.1).

Letting

~ PK(;(g) 1 t2 5
o= [ [ <1 - —2) P dr d
Sn—1 Jt| r r
~ pK(;(g) n—3s
- C(")/ / r(r? =) 7 drdg
Sn—1 |t|

The derivatives of A, ¢ and (pk, (€) — %) *" are bounded on (—v/%, /) uni-
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formly with respect to & € S"1, so

n—3

) = [ Aty ==Ct [ (0 -#)F ae

n Sn—l

Observing C'(2) = 7%, and using that 0 < ¢ < r2/16 and r/2 < pg, < 2R for
d < 1/2, we have

[ Aadsvara
= wn | fie, (VR = CmywnvE [ (0% (6) =€) de

Sn—1

167 (V3r) 'VE  iftn=2

C(n)w? (2R)"3\/e ifn>3.

This implies

\/g "
[ i ara
Sn—l 7\/5

/Sn_l (A%, e(—VE) = A, (V7)) dE
327(\/§ )_1\/E if n=2,

~ (3.14)
2C(n)w? (2R)" 3/ ifn>3.
Noting that L(2) = 0, inequalities (3.11), (3.13), and (3.14) give
327
Al (0)dE < | 67 + —) €
[ 0] de < (om+ 22 ) 2
when n = 2. For n > 3, inequalities (3.12), (3.13), and (3.14) give
9 R2n—4 RSn—B
/Snl | A%, £ (0)|" dg < C(n) <¢E+ s ) Ve,
where C'(n) is a constant depending on n. O

Lemma 3.10. Let K and L be infinitely smooth convex bodies in R™ such that
By (r) c K C By(R) and Bjy(r)C L C By(R)
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for some r, R > 0. Let p € (0,n). If ¢ > 0 is such that

15 (&l = Il ), < e,

then when n < 2p,

—3n—142p 2

p(K,L) < C(n,p) R*r™ wt e,
and when n > 2p,

4
£ (n+2-2p)(n+1) |

n—22p
8n_1t2p RQ(n+1—p) (n+2—2p)(n+l)
p(K, L) < C(n,p) R*r~ (62 + T)

Here, || - ||z denotes the norm on L*(S™'), and C(n,p) > 0 are constants

depending on the dimension and p.

Proof. Define the function

F&) = llEl™™ — liel.™™"

on S"~1. Towards bounding the radial distance between K and L by || f||z,
the L*(S"!) norm of f, note that the identity

pr (&) — pr(&) = pr(©)pr (&) (€L — 1€]lk)

implies

[px() = pr(©)] < B[l ]1x — €]

By Theorem 3.6, we have

n—1

5o (K°, L%) < C(n) DFF (85(K°, L°)) 7,

where C'(n) > 0is a constant depending on n, and D is the diameter of K°UL°.

1

Both K° and L° are contained in a ball of radius r~" centred at the origin.
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We then have D < 2r~!, and

1
n+1

1-n 2
sup. [l — Iel] < Coor=t ([ (el el de)
£€Sn71 Sn—1
for some new constant C'(n). There exists a function g : S"~! — R such that

(€l = 1I€Nz)g(&) = &l = lI&ll™*™.

If ¢ € S" ! is such that ||]|x # ||€||1, then an application of the Mean Value
Theorem to the function ¢ "*? on the interval bounded by [|¢||x and |||,

gives

19(&)] > (n — p) (max {||¢]|x, ||§||L})’"’1+p > (n— p)ritior,

Therefore,

€k = Ellz] < (n = p)~ " HPI£(E)]-

Combining the above inequalities, we get

—3n—142p

s |o(&) = pulO)] < Conp BT, (319

for some constant C'(n,p).

We now compare the L? norm of f to that of I,(f) by considering two
separate cases based on the dimension n, as in the proof of Theorem 3.6 in
[18]. In both cases, we let >~ Q., be the condensed harmonic expansion
for f, and let A\,,(n,p) be the eigenvalues from Lemma 2.2. As in [18], the

condensed harmonic expansion for I, f is then given by >~ A, (1, p)Qp,.

Assume n < 2p. An application of Stirling’s formula to the equations
given in Lemma 2.2 shows that A,,(n,p) diverges to infinity as m approaches

infinity. The eigenvalues are also non-zero, so there is a constant C'(n, p) such
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that C(n,p)|An(n,p)|? is greater than one for all m. Therefore,

115 =D 1Qmll3
m=0
C A lQn)2=C L2 < C(n,p)e?
<) Y Pt )P 1Qull2 = ClopILIE < Cln,p)e
m=0
Combining this inequality with (3.15) gives the first estimate in the theorem.

Assume n > 2p. Holder’s inequality gives

1115 = Z 1Qmll3

[e.o]

_ QA npnMQ%anWHQ%) QA npﬂwz%nQWWHQM)

m=0

n—2p
n+2—2p

§<2”MWMWW”9 (Elammwéwmﬁ ,
m=0 "

where we again note that the eigenvalues are all non-zero. It follows from

Lemma 2.2 and Stirling’s formula that there is a constant C'(n,p) such that

—4

|)\m(n, P) } =2 < O(n, p)m?

for all m > 1, and
_—4
Xo(n,p)| "= < C(n,p).

Using the identity

o0

IVafllz =D m(m+n—2)|Qnl3 (3.16)

m=1

given by Corollary 3.2.12 in [19], we then have

1713 < Cnp) (I 7 (IQul3 + 17,713) 755
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The Minkowski functional of a convex body is the support function of the

corresponding polar body, so

Volléll™™ = (=n + p)El"™ " Vol (€).

1

Because K° is contained in a ball of radius ", it follows from Lemma 2.2.1

in [19] that
Vohie (§)] < 2r™"
for all £ € S"~!. We now have
[ValleliZ 15 < 4(n — p)2 B2,
This constant bounds the squared L? norm of V,|[¢]|."*" as well, so
HVofH; < 16(n — p)?R¥H1=p)p=2y,
Therefore,
n—2p

Hng < C(n,p)ew’ji—% (52 + RZ(nH*p)Tﬂ)m ’

where the constant C(n,p) > 0 is different from before. This inequality with

(3.15) gives the second estimate in the theorem. ]

3.3 Proofs of Stability Results

We are now ready to prove our stability results.

Proof of Theorem 3.1. Let {Ks}o<s<1 be the family of smooth convex bodies
from Lemma 3.7. We will show that p(Ks, —Kjs) is small for 0 < § < «, where
« is the constant from the proof of Lemma 3.9. The bounds in the theorem

will then follow from

p(K,—K) <lim (2p(K, Ks) + p(Ks, —Ks)) = lim p(Ks, — Ks).
6—0 6—0
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Figure 3.2: Kj is a convex body in R?, and & € S!.

We begin by separately considering the case n = 2. Let the radial function
Pk, be a function of the angle measured counter-clockwise from the positive
horizontal axis. For any ¢ € S!, let the angles ¢; and ¢, be functions of
t € (—r,r) as indicated in Figure 3.2. If £ corresponds to the angle 6, then the

parallel section function for K5 may be written as

Ags.0(t) = prs (0 + 1) sindy + pg,; (6 — ¢2) sin po.

Implicit differentiation of

t .
st = iy YUY
gives
do| (=)
dt li=0 ~ pr, (0— (—19%)
SO

/ f s / g —
AI1<5,9<0) = Nk ( i 2) L (9 )
2

Since f(¢) := pr,;(¢+7/2) — pr; (¢ —m/2) is a continuous function on [0, 7]
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with

F(0) = prs (m/2) = prcy (—=7/2) = = (pre; (—7/2) — prs (7/2)) = —f (),

there exists an angle 0y € [0, 7] such that pg, (6o +7/2) = px, (6o —7/2). With
this 0y, we get the inequality

Integrating the left side of this inequality, and applying Lemma 3.9 to the right

log PR V= 5] (0 — %
pK& ((9 -+ b

2
< [ 1,00 do.

[(alrh) st
0o

PKs (¢ + %) PKs (¢ -

s
2
s
2

side, gives

This implies

1 — exp {(67r+ \3/237» \@} < exp {— (67r+ 3%1) \/E] 1
S (0-3)
e (043)
con(or+ 2) v

It follows that
e[ ) ) reref-5) e 03)
<2 (ol (or ) v )

since K is contained in a ball of radius 2R. Viewing pg, again as a function

of vectors, we have

sup |y (€) — prcy(—€)] <2 (exp [(&r n 32;) ﬁ] - 1) R

gest
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The inequality e’ — 1 < 2t is valid when 0 < ¢ < 1; therefore, if

2
e < \/57“
6V3mr + 327 ]

then

s I, €)= (9] < (247 + 2 ) R

Consider the case when n > 2. For K with p = 1, Equation (2.2) becomes
L ([le] 2 = | = 2ll%72) (€) = —2mi (n — 2) Ak, £(0),

SO

I el = lell52) |, =200 - 2) ([ 1450, c0 )

_ R2nf4 R3n73 % 1
< C(n) (\/5+ + r”“) €

r

by Lemma 3.9. Finally, by Lemma 3.10,

1

R2 R2n74 R3n73 Py R

p(Ks, —K;5) < C(n)—s (\/E+ + = > e 2D
/,"n+1 T Tn

when n = 3 or 4, and

n—4
R2n—4 R3n—3 R2(n—1) m=2)(n+1)
p(Ks, —K5) < C(n) K\/E+ T ) et —03 ]

. 2 1
R2n—4 Rdn—3> =)+ R2c -2t D)

’ (\/24— + rnt+2 3n—3

r r n+1

when n > 5, where C'(n) > 0 are constants depending on the dimension. [J
We now present the proof of our second stability result.

Proof of Theorem 3.4. Apply Lemma 3.7 to K and L; let {Ks}o<s<1 and
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{Ls}o<s<1 be the resulting families of smooth convex bodies. For each 0,

define the constant

£5 1= Sup A%vf(O) — A%L(O)’ + sup

AP (0) — APLO)| + <.
gesn-t gesn—1

Defining the auxiliary function

F5() = llElly ™ = llellzy ™,

we have

cos (%) L (fs(x) + f5(—2)) (€) + isin ( 5 ) Ly (f5(2) = fs(=2))(E)
= 2r(n — 1= p) (AP (0) — AT (0))

from Equation (2.2). The function of £ on the left side of this equality is split

into its even and odd parts, because I, preserves even and odd symmetry.

Therefore,
%mp(ﬁs( )+ fi(—2))(€)
= (AR (0) = AP (0)) + (4F) () - A7) _(0))
and
%mp(ﬁs( )~ (=) (©)

— (AR ((0) = AP (0)) = (AL _¢(0) = AT _(0))

By the definition of e,

I (203)(6)] <

Iy (fo(@) + f5(—2)) (5)‘ + B (fo(2) = fo(—a)) (5)'
2r(n — 1 —p) 2r(n —1—p)

cos (/o) 0 sin (7))

€5,
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which implies

i (Fo)lly < 7/ (n = 1= p) (| sec (77 /2) | + | ese (7 /2) | ).

Both Kj and L are contained in a ball of radius 2R when 0 < § < 1/2, and

contain a ball of radius r/2. It now follows from Lemma 3.10 that

—3n+142p —2—

p(Ks, Ls) < C(n,p) R*r— nit ;'

when n < 2p + 2, and

n—2—2p

2(n—p)\ m—2p)(n+1) 4
o —sniitzp (5 R n=2p)(n¥D)

p(Ks, Ls) < C(n,p) R°r— it €5 + 2 &

when n > 2p + 2, where C(n,p) > 0 are constants depending on the dimen-

sion and p. Finally, the bounds in the theorem statement follow from the

observations
p(K, L) < lim (p(K, K5) + p(L, Ls) + p(Is, L)) = lim p(K, L),
6—0 6—0

and lims_,ge5 = €. ]
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Chapter 4

On Convex Intersection Bodies
and Unique Determination

Problems for Convex Bodies

The content of this chapter comes from my paper [50]. The main goal is to
prove that Meyer and Reisner’s convex intersection body does not uniquely
determine a convex body up to congruency. I do this by constructing two
convex bodies, one which is not centrally symmetric and one which is origin-

symmetric, whose convex intersection bodies coincide; recall Theorem 1.3.

First, in Section 4.2, T adapt the method of construction used in [16] so
that it generates counter-examples to a more general question of unique deter-
mination for convex bodies. Roughly, if we “smoothly” associate every convex
body K C R™ with an origin-symmetric star body K C R" such that K = IK
whenever K is origin-symmetric, then K does not uniquely determine K; for
the precise statement, see Theorem 4.2. In Section 4.3, I prove Theorem 1.3
by showing convex intersection bodies satisfy the hypotheses of Theorem 4.2.

Finally, I give some concluding remarks in Section 4.4.

o1



4.1 Preliminaries and Additional Notation

In this section, we collect those notations and background materials specific

to this chapter.

The Legendre polynomial of dimension n € N, n > 1, and degree three is

s0- ()= ()

equation (3.3.18) in [19] gives the general formula for Legendre polynomials.

given by

For f : S" ' — C, we will let f denote its homogeneous extension to

R™\ {0} of degree zero. We will say f € C*(S™~1 x §7~1) if

f ( Y ) € CHR™ {0} x R™\{0}).

2] 1y

Let r = r(¢) € C*(S') be a planar curve in polar coordinates. Its curvature

is then given by the well-known formula

2(r')? —r " 4 1?
3

; (4.1)
((7’/)2 + 7”2) 2

see, for example, formula (0.41) in [14].

The Santalé point s = s(K) € R™ of a convex body K C R" is the unique
point such that

vol,, (K**) = min {Voln (K™)

yeint(K)};

see [48] or [49].
In this chapter, 8™ is the collection of star bodies in R™, K™ is the collection

of convex bodies in R", and K]} is the collection of convex bodies with the origin
in the interior. The Hausdorff metric is defined on K" by

du(K, L) = A, |hic (&) — hr(€)

, K, LeKk".
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The following lemma appears as Proposition 1 in [23].

Lemma 4.1. The Santalo map s : (K", dy) — R™ is continuous. Furthermore,
for every convex body K, there ezist positive constants C = C(K) and § =
d(K) so that

[s(K) — s(1)| < Cdu(F, L)
whenever L € K™ and dy (K, L) < 0.
Using the Santalé point, the radial function of C'1(K) may be rewritten as

pCI(K)(g) — VOln_l [(K*g fi)*s(g)] ’

where s(¢) = s (K*9
its interior and a y € int(K), the volume of K*¥ is given by

§L). For a convex body K C R" containing the origin in

dx;

Vol (K*) = / !

n+1
K= (]' - <y7 I>)
see, for example, Lemma 3 in [38]. If the centroid of K is at the origin, then
#5(€)
(rrjety (1= (s(€),2))

1
-/ G

using the fact that (K*|¢+)* = K N &L (e.g. equation 0.38 in [14]).

perr)(§) = vol, 1 [(K *

4.2 The General Method of Construction

We can consider intersection bodies, cross-section bodies, and convex intersec-

tion bodies as maps from K to S™:

K—IK, K~CK, K CI(K) for K€Kk
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The questions of unique determination described in the introduction are equiv-
alent to asking whether these maps are injective. In [16], the constructed
counter-example is specifically for Klee’s problem, and the methods of con-
struction are not stated in general terms. However, these methods can be
applied to any map K K from K7 to 8™ which shares certain key proper-
ties with the maps above.

Suppose K — K has the following properties:

o K is always origin-symmetric.

e /K =K for all origin-symmetric K € K.

e There is a sequence {K,,,} C K7 of non-centrally-symmetric convex bod-

ies such that {K,,} are infinitely smooth, with

lim oz, = all guggury =0 YEEN,

m—r0o0
where a > 0 is a constant independent of k.

We can think of this last property as a type of smoothness for the map K — K.

The above three properties ensure K +—> K is not injective:

Theorem 4.2. There exists a non-centrally-symmetric convexr body K and an
(infinitely smooth) origin-symmetric convex body L such that K=1L. Namely,
take L = L,, defined by

_1
pr, = [(n=1)R ' pg |7,
and K = K,,, for large enough m.

At its core, Theorem 4.2 asserts py = is positive with non-negative curvature
for large enough m. The main idea behind the proof is that smooth conver-
gence of functions on S™ ! implies smooth convergence of the distributional
Fourier transforms of their homogeneous extensions. This intuition, clarified
in the following lemma and corollary, was used in [16]. For convenience, we
present proofs of these auxiliary results. Lemma 4.3 is a simple generalization
of Lemma 3.1 in [55].
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Lemma 4.3. Let f € C>®(S™Y). For any k € NU {0} and ¢ € R with
0<q<2k+1, we have

(7 (L) bl ) (x)

p
(<1)+in
. T(2k—
2F(2k—q+1) sm(%)

< fynes 1, PE1AR [ £ () lol 7] (€) dg if g is mot even,
o q)'{ Jona (2, €)% qlog‘< |,5>‘Ak [f(|y|> \y’_”ﬂ} (&) d¢
o708 [1 () ol hoelol] €] £ 4 s cven,

\

for all x € R™\{0}.

Proof. The formula for when ¢ is not even is given by Lemma 3.16 in [25].

Suppose ¢ is even. We will use the first formula in the lemma statement

ti o (7 () |y|-“+p)A (@) (43)

Indeed, as p approaches ¢, both the numerator and denominator of

to calculate

(4 ol O 2 [ £ (i) 7] )
2I'(2k — p+ 1) sin (@)

approach zero. This is clear for the denominator; we now prove this is also

true for the numerator. That is, we need to show

/ gA*hde =0,
Snfl

where g(§) = (z,£)*, with a = 2k — ¢, and h is the homogeneous extension of
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f of degree —n + ¢. Equation (2.1) gives

A*R(E) = A(AFR)(€)
= A (A*TR)(E) + (—n = 2k + g + 2)(=2k + @) A" IR(E), Ee ST

since A*~'h is homogenecous of degree —n — 2k + ¢ + 2. Recalling that the

spherical Laplacian is self-adjoint, we then have

/ gA*h de
Sn—l

:/ (Aog)Ak—lhd§+(—n—2k+q+2)(_2k+q)/ gAR dg
sn—1 -

But again by equation (2.1),
Dog(€) = Ag(€) — (2k — q)(n+ 2k — g —2)g(¢), €€ 5",
50
/S gA*hdE = - (Ag)AF1hde.

It is clear that we can continue, repeatedly reducing the iterations of the
Laplace transform on h by transferring them to ¢g. Continuing a/2 times, we

get

/ gAkh df _ (Aa/2+1g) Akfa/Zflh df
Sn—1 Sn—1

= / 0-AF9271p de = 0 (4.4)
Sn—l

because ¢ is a polynomial in & of degree a.
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Using I'Hospital’s rule, we find that the limit (4.3) is equal to

(—1)}

L [ . /5 (€ log| (. ) APA(E) de

[ s@at s lul)© ds] .

This expression is equal to the formula given in the lemma statement for even

q; use the identity

log [(z, )| = log [(z/]x],§)| + log ||

and equation (4.4) to verify. Finally, we note that

o (1 () i) @ =t ler (5 (L) i) o

this follows from Lemma 3.11 in [25]. (]

As a consequence of Lemma 4.3, we have the following result; it is a gen-

eralization of Corollary 3.17 in [25].

Corollary 4.4. Let {f,,} € C>(S™" 1) be a sequence of functions converging
to f e CX(S" ") with respect to || - ||crgn-1), for every k € N. Then for every
q>0,

()] -]

Proof. Observe that

2l—q
'CL"_ :L‘7_ ]'Og _7_
ly| Y| 2| |yl

extend to k - smooth functions on R™\{0} x R™\{0}, for large enough [ € N.

=0 VkelN
Ck(s’n—l)

2l—q
and
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For any a € Z%, with |a| <k, we can then calculate

o o (g ]t (5 ]
o B

using the formulas from Lemma 4.3, where the derivatives will pass through

the integrals. n

Proof of Theorem 4.2. We already know pz is even and infinitely smooth,
so R™'pg is well-defined. Extending pz to R™\{0} with its natural homo-

geneity of degree —1, it then follows from Lemma 2.1, Lemma 4.3, and the

identity
(pg, )" = (27m)"pg,,
that
R0, (6) = e PR, ) (O V€S
Since

lim |lpz, = alloxgn-1) =0
for every k € N, Corollary 4.4 implies

A

— (a]z|™ 0.

lim_||(o,) Mlezsnr, =

m

In particular, this shows (pz )" converges uniformly to a positive constant on
S™=L. Therefore, p;, = defines a star body for large enough m. We also see that
the first and second order angular derivatives of (p f(m)A converge uniformly to
zero; the same is true for py . It then easily follows from formula (4.1) that
the restriction of pr_ to any two-dimensional plane H has positive curvature,
which means L,, N H is convex; see the proof of Lemma 4.5 for a similar and
more explicit argument. We can conclude L,, is an origin-symmetric convex

body, for large enough m.

o8



Finally, from the definition of L,, and the polar coordinate formula for

volume, we have

02,6 = pr2al) = / P, () dn = pg, (§) V&€ 5"
Sn—ingt

n—1

4.3 The Construction for Convex Intersection
Bodies

Recall that CI(K) is origin-symmetric for every K € K7, with CI(K) = IK
whenever K is origin-symmetric. To apply Theorem 4.2 to the map K +—
CI(K), we need to find a sequence {K,,} C K of non-centrally-symmetric

convex bodies such that

nll—rgo HIOCI(Km) - aHCk(S”*U =0 Vke N7

where a > 0 is a constant independent of k. We do this through the following

series of lemmas.

Lemma 4.5. Define the function

€)= (14 eP((.er)

for & € S where P = P} and € > 0. For sufficiently small ¢ > 0, pg. is
the radial function of an infinitely smooth convex body K. which is a body of
rotation about the x1 - axis, whose centroid is at the origin, and which is not

centrally-symmetric.

Proof. Clearly, the homogeneous extension of pg. of degree —1 is positive and

infinitely smooth on R™\{0}, once € > 0 is smaller that the maximum value of

| P| on the interval [—1,1]. So, pk,. defines a infinitely smooth star body, K..
Given that (-,e;) is rotationally-symmetric about the z; - axis, K. is a

star body of rotation about this axis. It is then necessary that the centroid of
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K. lies on the x; - axis, with its z; coordinate given by

1 1 prce(€) .
vol, (K.) /sx1 du = vol, (K.) /Sn_l/o & drdg
! <1+5P(<§,61>)> & d€

(n+ 1)vol,(K,) /Snl

£

~ (n+ Dvol,(K.) /Sn1 P((§ e1)) (€, e) ds.

This last integral is equal to zero, because P((-,e;)) and (-, e;) are spherical

harmonics of different degrees. Therefore, K. has its centroid at the origin.
If we show that the restriction of K. to the zq, x5 - plane is convex, then
this will imply K. is convex, since it is a body of rotation. Letting # be the

angle with the positive x; - axis,

1

r(f) := <1 + eP(cos 0))nTl

gives the boundary of K. in the x1, x5 - plane in polar coordinates. Recall
formula (4.1). The restriction of K. will be convex if the curvature of r is
positive for all #, so we need to show that the numerator of (4.1) is positive.
This follows from the observations that r is bounded away from zero, every

term of r - r” is multiplied by a factor of ¢, and so
22 —r " 412>t —r 1" >0

for small enough ¢ > 0.
If K. has a center of symmetry, then it must lie on the z; - axis, and r

must have the same curvature at 0 = 0 and 0 = 7. Let

(n—1)4+ (n+2)t
(n—1)(1+t)wt

f(t) =

Using the facts P(+1) = +1 and P'(£1) = 3(n+1)/(n—1), it is easy to verify
that the curvatures at § = 0, 7 are, respectively, f(¢) and f(—¢). However,

there is some open interval containing ¢ = 0 on which f strictly increases, since

1(0) > 0. So f(e) # f(—¢) for small enough € > 0. O
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For ¢ € S"~! lying in the xy, x5 - plane, let
v=uv(¢) € S"! (4.5)
be the unit vector obtained by rotating ¢ counter-clockwise about the origin

¢t = K!|¢t is a body

of rotation about the axis in the direction v. The Santal6é point of a convex

in the xy, x9 - plane by 7/2 radians. It is clear that K9

body is affinely invariant, so we may uniquely define s. = s.(¢) € R so that

s (K?

¢ = s.v. (4.6)

We will show s, is an infinitely smooth function on S! with its derivatives
absolutely bounded by ¢ > 0. This is done with the help of the following

lemmas and corollary.

Lemma 4.6. Let f € C™ (S“‘l), and let F' be the homogeneous extension of
Rf to R"™\{0} of degree zero. Then, for any k € N and y € R"\{0},

P = s [ mpare [l ()] @

E

C > 0 is a constant depending on k. Furthermore, F is infinitely smooth on

its specified domain.

Proof. Let f¢ denote the even part of f on S"~!. For all y € R"\{0}, we have

Fw=rf (%)= [ o 1O dsA
)] )
= (5)] o
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using Lemma 2.1, and

Wy ()]
— e [ g [l (2] @

C / 2k+1 A k+1 [ - (Z ]
= , AR 2 ”+1 —
el L] A (G

using Lemma 4.3.

Combining these equations, we get the alternate definition of F' in the

|?k+1 is at least k - smooth on R?", and

Se)

is infinitely smooth on R™\{0}, it follows that F' is k - smooth on R™\{0}.
However, k € N is arbitrary, so F' is infinitely smooth. O]

lemma statement. Noting that |(y, z)

We will use Lemma 4.6 in the form of the following immediate corollary.

Corollary 4.7. Let f € C®(S™! x S"7), and define

o o (5 ()~ o /(5

for (z,y) € R™\{0} x R"\{0}. Then, for any k € N,

C
Flo) = g [ QP as Ly (25 @

C > 0 is a constant depending on k. Furthermore, F is infinitely smooth on

its specified domain.

Lemma 4.8. Let my,ms € Z>o, let H be a k - dimensional subspace of R",
let f:S" 1 — R be an odd function absolutely bounded by M > 0, and let
g: 8" — R be absolutely bounded by € > 0. If K. is the convex body defined
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m Lemma 4.5, then

pr. (&) ymi
/Snmf “)/0 (@ "= CF

for small enough € > 0. The constant C' > 0 depends on M, mq, mo, and n.

Proof. Because f is odd, the even part of

pr. (§) rm
") :/ a—rg@ym "

vanishes when integrating against f over S" ! N H. Recall
1
pr.(€) = (1+eP((& €)™,

where P is an odd polynomial. Let N be the maximum value of |P| on the
interval [—1, 1]. It follows that

M
[ semed <y [ e -n-old

M < (L+ Ngym*t (1= Neg)mH! ) ¢
= 2 Jonng \(m1+1)(1—=2e)m2 (my + 1)(1 4 2¢)™2
Muwy, <(1 + Neg)m+t (1 — Na)"““)

2my+1) \ (1—2e)m (14 2e)m

<g(e) =

The function g is smooth in a neighbourhood of 0 € R with ¢(0) = 0, giving
the desired result. O]

We are now ready to prove the smoothness result for s..

Lemma 4.9. Let s. be the function on S defined by equation (4.6), where S*
is the intersection of S™1 with the x1, x5 - plane. For small enough & > 0,

s. € C™(SY). Furthermore, for any o = (on, op) € Z2 with oq 4 ay =k,
|DY5.(¢)| < C(k,n)e VY EeSh (4.7)
The constant C(k,n) > 0 depends only on k and the dimension n.
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Proof. Again let N be the maximum value of | P| on the interval [—1, 1]. Define
the function g(t) = (1 + Nt)n%l. We then have the containment B"(g(—¢)) C
K. C B™(g(¢)); therefore

dy (Ko™, B"'(1)) = max

hK;\d,L(f) — 1‘ < max_ |hg:(€) — 1

cesn—1ngL Lesn—1
< Cmax{lg(e) — g(0)], |g(—¢) — g(0)[}
<C: Voe St

because g is smooth in a neighbourhood of 0 € R. With the observation that

the Santalé point of a Euclidean ball is always at its center, Lemma 4.1 implies

[s:()] = |s (K:

¢7) —s(B"M(1)| <Ce VoeS,

for small enough £ > 0.

Next, we show s. is infinitely smooth. The centroid of K. is at the origin,

so we may use equation (4.2) to get

dr, ¢e€S'cS" (4.8)

por(x.) (0) = / !

K.not (1= (scv,2))"

where v = v(¢) is the vector-valued function on S* defined by equation (4.5).

Since K. is contained in B™(2) for small enough £ > 0, the function

1
D= [ e T T

—(v,x
pr.(§) n—2

B /Sn—lm(bl 0 (1 — (v,rf)t)

= dr dé

is defined for ¢ € S* and —1/2 < ¢t < 1/2. Because v is infinitely smooth on
St and pg. is infinitely smooth on S™!, it follows from Corollary 4.7 that G
is also so on its specified domain. For small enough € > 0, we know that K}
contains B"(1/2), and —1/2 < s.(¢) < 1/2 for all ¢. The uniqueness of the

Santal6 point then implies s. is the unique real number with —1/2 < s, < 1/2
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and

e

0= %

By T
t=sc K:-Not (1 - <’U>$>S~€)n

For all ¢ € S, we have

1 2
:/ n(n + )<U,93>2dx>0’
ms.  Jronet (1 — (v, 2)s)"t

0’6
ot?

so the Implicit Function Theorem implies s. € C*°(S1).

We will now prove inequality (4.7) for the first order partial derivatives of
S.. From now on, suppose that € R"\{0} lies in the x1,z5 - plane. From

our application of the Implicit Function Theorem, we have

T

(0,9)

/Ksm(x/uw (1—(0,y)8.)""

where

B pre(€) =y, €)
reo= " g

Here, © and 3. are functions of # € R?, while v and s, are functions of ¢ € S*.
This function f : S* x S"~! — C is infinitely smooth. Using the expression
from Corollary 4.7 to calculate the partial derivative of F'(x,z) with respect

to x; (j = 1,2), we find that it is equal to

0 x (2k + 1)z, ( x )
— —, d§ — ———— —. & d
/swm(m/acnL Ox; [f (\1” 5)] : |z [? /S"lﬂ(oc/lx)l d 2] )k

P B[ e arseeesar (1 (£5)) @de

=] |z]
(4.10)

We will expand these integrals into several more terms; one term will be equal

to 05./0x; multiplied by a factor bounded away from zero, and the remaining
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terms will be bounded by an appropriate constant times s. or . With equation
(4.9) and inequality (4.7) for 3., this will imply inequality (4.7) for 05./0z;.
Any constants mentioned will be independent of £, when € > 0 is small enough,
and of the variables x € R and £ € S"~! when present.

Consider the first integral from expression (4.10). We have

0 T
- iy d
/Sn—lm(x/xnl Ox; lf (|9U| 5” :
ov prc.(§) yn—1
= —_— drd
/S"lﬂ(:p/h:)J- <31’j €>/o (1—r(0,8)8)"" e

o pr:(§) (D, ) 3
+ (n + 1) /Snlm(q;/|:c|)i <a_x]7 £> /0 (1 - 7’<1~),§>§5)n+2 dr d§ Se

pK. () niy ¢\2 <
+(n+ 1)/ / UL Y %. (4.11)
sn=1n(z/|z))~ Jo ( Zj

1- T<’D> €><§a)n+2

Now, restrict x to S'. By Lemma 4.8, the first term above is absolutely
bounded by a constant times € > 0. The second term consists of an abso-
lutely bounded integral multiplied by s.. For the final term, we have 05./0x;
multiplied by

PKE(f) n/s 2
(n+1)/ / ! {"”5{ —drd¢
sn=10(z/Jzl) - Jo (1—7(1,8)s:)

n+1 / /PKE € o
> (v, &) dr dg
22 Jsn-10a /el Jo

1 < 2t
— () d
2n+2 /Snlﬁ(m/mlh_ <U’§> PK. (5) §

1 / ~ Wn—2 ! 2 9\ n=4
> (9,€)? d¢ = / (1 —#*)"2 dt >0,
2n+3 STL710($/|I|)J‘ 2n+3 1

where the last equality comes from Lemma 1.3.1 in [19].

The second integral from expression (4.10),

2k + 1)z (ﬁ ) p 112
|z[? /Sn—lm(x/|x|)Lf |$|’f 3 (4.12)

is absolutely bounded by a constant times € > 0 by Lemma 4.8.
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Finally, consider the third integral from expression (4.10),

Chrme [ et engase (1e0oir (5.5 ) @
(4.13)

Observe that |(z, £)|**sgn((z, £))&; is even with respect to &; in fact, all further
partial derivatives of |(z,&)|**sgn({z,&))¢; with respect to z; (j = 1,2) will
be even with respect to £. Now, we need to determine the (k + 1)-iterated

Laplacian of

prc. (2) n—1
P 7i> _ (v,2) [P r dr.
@)= (o) = (1= rloz/ls) ™

Letting ¢« = 1,2,...,n, we have

oh ( 0" [<@,Z>D /W) " dr
022 \022 | |z 0 (1=r(v,2/|2)s)""
Pr.(2) n—1
+2<a {(ui)D 0 / . o dr
azi ‘Z| 8Zi 0 (1 _7’<U’Z/|Z’>Se)

L (02) 0 /ﬁKS(Z) ! d
r.
EERCENS (1—r(v,z/|z|)sg)n+1

Note that partial derivatives of (v, z)/|z|" of even orders are odd with respect

to the variable z. Also,

Pr.(2) n—1
0 / i L dr (4.14)
0z Jo (1 —r(v, z/|z|>s€)

~n—1

PK. aﬁKg
~ n+1 )
(1= pr. (v, z/|2])s:) 0z

) (/oﬁKE(Z) (1- r<v,Z;\zy>sg)"+2 dr) (c‘fzi {@\};)D -

Again, we know that s. and the derivatives of px_ uniformly converge to zero
with €. Observe that all further derivatives of (4.14) (with respect to z) are
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similarly bounded. Given the even and odd symmetry mentioned above, it is

clear that

[ o€ Fsn(e, )6 4 hie) de| < .

We have finished bounding the integrals in expression (4.10); with equation
(4.9), these bounds give inequality (4.7) for the first order partial derivatives of
S.. Recursion gives inequality (4.7) for the partial derivatives of higher order;
let us make some additional comments on this.

The first term in equation (4.11) is of a similar form as the right hand
side of equation (4.9); differentiating this term with respect to x; proceeds in
a similar way. Further derivatives of the remainder of equation (4.11) result
in appropriately bounded terms multiplied by derivatives of s.. Expression
(4.12) is also of a similar form as the right hand side of equation (4.9); its
derivatives are treated correspondingly. Derivatives of expression (4.13) may

be bounded using the identity

pe ar (g (5| = o (e [ (5 5)]).
ENE ENE

where o € Z2,. Indeed,
oz | ()]
x| |z]

will consist of terms which are multiplied by derivatives of 5. of degree not

greater than ||, and a term of the form

a <DO‘17,Z> Prc.(2) yn—1
hale) = /0 (1—r(

|z|™ v,z/|z|>§€)n+l

We can then bound
[ Mo € Psen( (o DG A hale) de

in the same way (4.13) was bounded. O
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Lemma 4.10. Let K. be the convex body defined in Lemma 4.5. Define

Wn—1

- = — , gn—t
9:(&) 1= pora)(€) = ——7, €€
For small enoughe > 0, g. € C*(S™™1). Furthermore, for any a = (ay, ..., a,) €

7%, with |af =k,
|D*G.(&)| < C(k,n)e VEe st
The constants C(k,n) > 0 depend only on k and the dimension n.

Proof. 1t is clear that g. is rotationally symmetric about the x; - axis, because
pci(k.) is so. We will show that the restriction of g. to the z1,z; - plane is
infinitely smooth with bounded partial derivatives; the general result will then
follow from the rotational symmetry.

From now on, suppose = € R"\{0} lies in the x;, x5 - plane. Using the

representation of pc(k.) on the 21, x5 - plane given by equation (4.8), we have

} 3 W x
9e(%) = per.)(x) — - _11 = /Sn_lm( - f (m»f) dg

where

dr.

pse® [ E) — (1 — r(0,6)s.)] 2
f(#,6) = / (O = (o, Eyse)”

This function f : S x S"~1 — C is infinitely smooth (for small enough & > 0)

because pg. and s. are so. Observe that for all ¢ € S' and & € S"7!, we have

pre (&)
1£(6.6)] < /O

(1+ Ne)n2
(1 =Ne)»1(1—-Ce(l+eN
< h(e),

[P (€) — (1 — (v, §)se)" "~
P (€)1 —7(v,€)s:)"

o / ) — (1= r(v,€)s)" | dr

dr

IN

where C' = C(0,n) is the constant from Lemma 4.9, N is the maximum value
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of |P| on the interval [—1, 1], and

(1+ Ne)m!
(1= Ne)» (1 —Ce(l+¢eN))

(1+ Ne)rt
(1=Ne)»" (1 —-Ce(l+eN

h(e) : =

_ [(1 N (1 - Ce(1 + Ns))”]

_|_

> [(1 +Ce(1+ Ne))" — (1 — Ng)nfl} .

The definition of A is independent of ¢ and &, and it is smooth in a neigh-
bourhood of 0 € R with h(0) = 0. Therefore, there is another constant C' > 0
such that |f(¢,€)| < Ce for all (¢,£) € S* x S"7!, and which is independent
of small enough ¢ > 0.

For any o = (o, 0) € Z%; and = (b1, ..., [Bn) € Z2, it is easily seen

220t |1 (G ).
ENE

is multiplied by S. or one of its derivatives, or by a derivative of px.. Using

that every term of

Lemma 4.9, such partial derivatives of f can be absolutely bounded by € > 0
multiplied by a constant depending only on the dimension and the order of

the derivative.

Using Corollary 4.7 to calculate the partial derivative of g. with respect
to x; (j = 1,2), we obtain the same expression as (4.10). Given our previous
remarks, we can appropriately bound this derivative of g., as well as all partial

derivatives of higher orders. ]

We can conclude from the previous lemma that

Wp—1

=0 VkelN.
Ck(s’n—l)

PCI(K, ) —

lim
— 00

n—1
Theorem 1.3 now follows immediately from Theorem 4.2.
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4.4 Concluding Remarks

The authors of [45] proved that cross-section bodies do not uniquely determine
the Euclidean ball in any dimension. It is natural to ask the corresponding
question for convex intersection bodies.

Our construction for Theorem 1.3 does not show that the origin-symmetric
convex body L can be taken to be a Euclidean ball. However, this is possible
with a simpler construction in two dimensions. Consider K € R% For any

¢ € S, K*9|¢"t is a line segment with length

R (0(P)) + hices (—0(9)),

where v € SO(2) again denotes rotation about the origin by 7 /2 radians. With
the simple observation that the Santal6é point of a compact line segment is its

center, we have

¢J_>*5(¢):|
B 4
 hieea (0(8)) + haees (—0(0))

perx)(¢) = voly [(K*g

»e St

Let L C R? be a convex body of constant width which is not centrally-
symmetric, and put K = L**. It is a property of the Santalé point that
g(K) = s(L) (see [49], page 420), so CI(K) is necessarily a Euclidean disk.
Finally, we have CI(K) = IB = CI(B) for some disk B C R? with appropri-
ate diameter.

This counter-example should be compared with the two dimensional case
for cross-section bodies. Indeed, the cross-section body of a convex body in R?
of constant width is always a disk (see, for example, Theorem 8.3.5 in [14]).

Given the preceding comments, we ask the following:

Question. Letn € Z, n > 3. Is there a convex body K C R™ which is not

centrally-symmetric, and whose convez intersection body C'I(K) is a Euclidean

ball?
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Chapter 5

Maximal Perimeters of Polytope

Sections & Origin-Symmetry

The content of this chapter comes from my preprint [51]. The main goal is
to prove that a convex polytope P, containing the origin in its interior, must
be origin-symmetric if every hyperplane section of P through the origin has
maximal (n — 2)-dimensional surface area amongst all parallel sections. This
was stated as Theorem 1.4 in the introduction.

I introduce some notation and simple lemmas in Section 5.1 which are
specific to this chapter. The proof of Theorem 1.4 is presented in Section 5.2.
Finally, in Section 4, I explain how to characterize the origin-symmetry of
O! convex bodies using the dual quermassintegrals of sections; this is a dual

version of the conjecture of Martini et al. [33].

5.1 Some Notation and Auxiliary Lemmas

We let S"71(&,e) := S" 1N BY(&, ¢) for small € > 0. The geodesic connecting
linearly independent &, & € S™ ! is given by

[€1,&) == S""'N{ak + B& : a, 8> 0}

For any (n — 2)-dimensional polytope G C R"™ which does not contain the

origin, define ng € S ! to be the unique unit vector for which
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Figure 5.1: The geometric meaning of reflec(G, t).

e the line Ry and aff(G) intersect orthogonally;
o GCng={reR": (z,n5) <0}.
For each t > 0,
reflec(G,t) := {z € R": (z,1¢) =t and the line Rz interesects G}

is an (n — 2)-dimensional polytope in R"; see Figure 5.1. In words, reflec(G, t)
is the homothetic copy of —G lying in {tne+ng}, so that every line connecting
a vertex of reflec(G,t) to the corresponding vertex of G passes through the

origin.

Lemma 5.1. Let Q C R™ be a polytope for which the origin is not a vertex.
Let S"1(0y,¢) be a spherical cap of radius € > 0 centred at 6y € S™ 1. There

exists 0 € S"(0y, €) such that 8+ does not contain any vertices of Q.

Proof. If uy, ..., ug are the vertices of (), choose any # from the non-empty set
S o, )\ (uf, ..., ug). O

The proof of the following lemma is trivial.
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Lemma 5.2. Let I C R be an open interval. Let {f;}7_, be a collection of
differentiable R"-valued functions on 1. Define F(t) := det (fl (t),..., fn(t)).
Then F' is differentiable on I with

() =3 det (£i(0, o, 50 0 Falt), o FalD):

5.2 Proof of Theorem 1.4

Let P be a convex polytope containing the origin in its interior and satisfying
(1.4) for all £ € S™~1. Our proof has two distinct parts.
We first need to prove that

reflec(G, t) is an (n — 2)-dimensional face of P for some t > 0 (5.1)

whenever G is an (n — 2)-dimensional face of P. To the contrary, we suppose
Gy is an (n — 2)-dimensional face of P for which (5.1) is false. We find a
special spherical cap S" (&, ). For every & € S" (&, ), £+ misses all the
vertices of P, while intersecting G and no other (n — 2)-dimensional faces
which are parallel to Gy. We derive a “nice” equation from (1.4) which is valid
for all £ € S"1(&y,e). Forgetting the geometric meaning, we analytically
extend this nice equation to all £ € S"!, excluding a finite number of great
subspheres. Studying the behaviour near one of these subspheres, we arrive at
our contradiction.

We conclude that for every vertex v of P, the line Rv contains another
vertex v of P. In the second part of our proof, we prove that v = —v. Hence,

P is origin-symmetric.

5.2.1 First Part

Assume there is an (n — 2)-dimensional face G of P such that reflec(Go, t) is
not an (n — 2)-dimensional face of P for any ¢ > 0. By the convexity of P, the
intersection of aff(o, Go) with P contains at most one other (n—2)-dimensional

face of P (besides Gy) which is parallel to Gy. If such a face exists, it must lie

74



in {tng + ng} for some ¢t > 0 because P contains the origin in its interior. We
still allow that reflec(Gy,t) may have a non-empty intersection with another
(n — 2)-dimensional face of P for some ¢t > 0. However, we can additionally
assume without loss of generality that reflec(Go,t) is not contained within an

(n — 2)-dimensional face of P for any ¢ > 0.
Lemma 5.3. There is a & € S™! such that

(i) the hyperplane & does not contain any vertices of P;

(ii) & intersects Gy but no other (n — 2)-dimensional faces of P parallel to
GO;

(iii) there is exactly one vertex v of Go contained in & = {x € R™ : (x,&) >
0}.

Proof. Choose § € S™! so that 0+ = aff(0,Gy). Let n := ng, be the unit
vector defined as before.

There are two possibilities: either {x € R™ : (x,n) = t} N 6+ does not
contain an (n — 2)-dimensional face of P for any ¢ > 0, or it does for exactly
one to > 0. If the first case is true, we can of course choose an affine (n — 3)-
dimensional subspace L lying within aff(Go) which does not pass through any
vertices of GGy, and separates exactly one vertex v € Gy from the others.

Suppose the second case is true, i.e. H 1= {z € R : (x,n) = to} No+
contains an (n — 2)-dimensional face G' of P. By definition and assumption,
reflec(Gy, to) lies in H and is not contained in G. We can choose L C H to
be an (n — 3)-dimensional affine subspace which, within H, strictly separates
exactly one vertex v € reflec(Gy,ty) from both G and the remaining vertices
of reflec(Gy, tp). Let v be the vertex of Gy lying on the line Rw.

Regardless of which case was true, set L := aff(o, L) C §+. The (n — 2)-
dimensional subspace L intersects Gy but no other (n — 2)-dimensional faces of
P parallel to G, and separates v from the remaining vertices of GGy. Perturbing
L if necessary (see Lemma 5.1), L also does not intersect any vertices of P.
Choose ¢ € S" 1N+ N L+

Define the slab 0% := {z € R" : |(x,0)] < a}, with a > 0 small enough

so that 61 only contains vertices of P lying in 6+. Necessarily, 6+ also only
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contains the (n — 2)-dimensional faces of P parallel to G which lie entirely
in 0+. Choose B > 0 large enough so that the slab ¢§ contains P. Let
& € S™! be such that & = aff(o, af + Bo + L) and (v,&) > 0. We then
have ¢ NP C 0+ and & NG+ = L. Tt follows from the construction of §+ and
L that &, has the desired properties. O

Let {E;}ier and {F}};je; respectively be the edges and facets (i.e. (n —1)-
dimensional faces) of P intersecting & . Consider a spherical cap S" (&, ¢)

of radius € > 0 centred at &. For € > 0 small enough, the set
{z e R": [{z,€)| < e for some & € S(&,¢)}

does not contain any vertices of P. Consequently, the map

o Vol o (relbd (P 0 {16+ €43) ) = 3 vol o (Fy 0 {t€ + €4})

jedJ

is differentiable in a neighbourhood of ¢t = 0 for each £ € S"7!(&;, €). Therefore,
(1.4) implies

Z %VOln_Q (F5n{te+¢y)

jeJ

=0 (5.2)

t=0

for every € € S"1(&,e). We need to find an expression for this derivative.
For each i € I, let u; + ;s be the line in R™ containing E;; u; is a point on
the line, [; is a unit vector parallel to the line, and s is the parameter. Clearly,
{t& + &} intersects the same edges and facets as & for every £ € S"1(&, €)
and |t| < e. The intersection point of {t + ¢} with the edge E; is given by

pieh =i ().

Note that & intersects exactly those edges of Gy which are adjacent to the
vertex v. Whenever F; is an edge of GGy adjacent to v, we put u; := v and
choose [; so that it gives the direction from another vertex of Gy to v; this

ensures (l;, &) > 0.
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For each j € J, there is a pair of vertices from the facet I} such that the
line through them does not lie in a translate of aff(Gy), and with one of the
vertices on either side of & . Translating this line if necessary, we obtain an

auxiliary line w; + m;s which
e lies within aff(#}) and intersects the relative interior of Fj;
e is transversal to £+ for every & € S"71(&, €);

e does not lie within an (n — 2)-dimensional affine subspace parallel to
aff(GO)

Again, w; is a point on the line, m; is a unit vector parallel to the line, and s
is the parameter. The intersection point of {t¢ + &1} with w; +m;js is given
by

t— (wj,§>) .

Qj(gat) = Wy +mj ( <mj 5)

Note that we necessarily have §, £ m; for all j € J.

Consider a facet Fj, and an (n—2)-dimensional face G of P which intersects
& and is adjacent to Fj. Observe that GN{t{+¢&*} is an (n — 3)-dimensional
face of the (n—2)-dimensional polytope F; N{t&+&*}, for each & € S"71(&, €)
and |t| <e. Express G N {t& + &1} as a disjoint union of (n — 3)-dimensional
simplices whose vertices correspond to the vertices of G N {t& + &*+}; that
is, each simplex has vertices p;, (§,1),...,pi, (&, t) for some iy,... 1, o € I.
Triangulating every such (n — 3)-dimensional face GN{t&+£1} in this way, we
get a triangulation of F; N {t& +¢&*} by taking the convex hull of the simplices
in its relative boundary with ¢;(&,t).

Remark 5.4. The description and orientation of a simplex A in the triangu-
lation of F; N {t& + &4} in terms of the ordered vertices

{pi1 (57 t)v coy Pip_s (57 t)? Qj(fa t)}
is independent of £ € S(&,¢) and [t] < e.
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Setting n; € ™! to be the outer unit normal to F}, vol,_o (F;N{t& +&4})
is then a sum of terms of the form

det <pi1(€7t) - Qj(ﬁat)v s 7p7:'n72(€7t) - QJ<§7t)7nj7§>
(n—2)Iy/1 = (n;,&)?

vol, o(A) = ;o (5.3)
see page 14 in [14], for example, for the volume formula for a simplex. We
assume the column vectors in the determinant are ordered so that the deter-

minant is positive. Differentiating (5.3) at ¢ = 0 with the help of Lemma 5.2

gives
1 n—2 "
det Xilga"'aXi»y f)a"'?Xin—Q 6)7 j?g ) 5.4
(n—2)! 1—(nj,g>2;e< (©) ( (&) n > (54)
where

X, (€) =i, (§,0) = ¢;(£, 0)
N

m;

t=0 <liw€> <mj7€>'

%o (€)= (60 - w(60)

The left hand side of equation (5.2) is a sum of expressions having the form
(5.4). That is, (5.2) is equivalent to

Zz;f det (Xil (5)7 s 7551?, (5)7 s 7Xin72 (5)7 nj, §>

2 CEDIV e =0 B9

where the first summation is over all appropriately ordered indices

{i1, .. in_2,7}

corresponding to vertices of simplices A in our triangulation of PN¢&y. Forget
the geometric meaning of equation (5.5). Clearing denominators on the left

side of equation (5.5) gives a function of ¢ which we denote by ®(&). Because

78



® is a sum of products of scalar products of £ and terms /1 — (n;, £)?, we are

able to consider ® as a function on all of S"~! such that ® = 0 on S"7'(&, €).
Lemma 5.5. ®(£) =0 for all £ € S™71.

Proof. Suppose ¢ € S"! is such that ®(¢) # 0. We have ®(n;) = 0 for
all j € J, so ¢ # n;. There is a (; from the relative interior of S" (&, ¢)
which is not parallel to ¢, and is such that the geodesic [(;,(] connecting (;
to ¢ contains none of the n;. Choose ¢, € "' which is perpendicular to (i,
lies in aff([Cl,C]), and is such that ((5,¢) > 0. Let ® be the restriction of
® to £ € [(4,(], and adopt polar coordinates £ = (; cos(¢) + (asin(¢p). As a
function of ¢ € [0, arccos({¢i, ()], ® is a sum of products of cos(¢), sin(¢),
and /1 — (nj, i cos(¢) + (o sin(¢))?. The radicals in the expression for d are

never zero because [(y, (] misses all of the n;, so D is analytic. Consequently,

® must be identically zero, as it vanishes in a neighbourhood of ¢ = 0. This

is a contradiction. O

Lemma 5.5 implies that the equality in (5.5) holds for all £ € S™ !\ A,
where A is the union over i € I and j € J of the unit spheres in /- and mj
Of course, we have +n; € S ' N mjl for each j € J, so {£n,;}jes C A. We
will consider the limit of the left side of equation (5.5) along a certain path in
S™ 1\ A which terminates at a point in A.

The (n — 2)-dimensional face Gy is the intersection of two facets of P be-
longing to {F}} ey, say Fy and Fy. The normal space of G is two dimensional

and spanned by n; and no, the outer unit normals of F; and F;. Consider the

Ogsgl}

in S""'NGy =2 S'. This arc is not contained in the normal space of any other

non-degenerate geodesic

EFRTAD P (1 —s)ng + sno
’ |(1 = s)n1 + sna|,

(n — 2)-dimensional face of P intersected by &, because & does not intersect
any other (n — 2)-dimensional faces parallel to Gg; nor is [ni,ns] contained
in mj for any j € J, because m; is not contained in a translate of aff(Gy).

Therefore, we can fix 0 < sy < 1 so that
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e 1 := Ny, is not a unit normal for any (n — 2)-dimensional face of P
intersected by &, besides Go;

e n )/ m;, hence n # +n;, for all j € J.
We additionally select sq so that it is not among the finitely many roots of the
function

—s 1—s5
— + —-
VT2 /1= (ng, a2

Observe that (v,n) > 0 because (v,ny) > 0 and (v, ng) > 0.
For § > 0, define the unit vector

0,1)3 s — (5.6)

n 4+ 6&

SERT AR

Clearly,

lim &=ne ST NG c| |s™init c A.
§—0t 55 0 g ’

We have (&5,1;), (§5,m;) # 0 for all i € I, j € J whenever

[, )] [, my)

(S0, )] (S0, m;)]|

0<5<min{

i € I such that (n,l;) # 0, jGJ}.

The previous minimum is well-defined and positive, because &, [ l;,m; and
ntLm;foralliel, jeJ So& e S™1\A for small enough ¢ > 0.

Now, replace £ with & in (5.5), multiply both sides of the resulting equation
by 6"72, and take the limit as § goes to zero. Consider what happens to the
expressions (5.4) multiplied by 4”72 in this limit. We have

% a~ d j o n
(SliI(I)1+ (5)(1,y <§5) = 5ui7 — (5 (—<u 7 i + §0>> li“/ — 5111]‘ + (5 <—<w] i + 5€0> ) mj
ﬁ.

(li,,n + 0&o) (mj,n + 6&o)
0 if ntLl;
I o
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and

~ . m
li X. — 5n B, P
6i>r(r)1+5 iy (&5) 5|n+5§o|2<lwﬁ+5§0> 5|n+5€0|2<m]~,ﬁ—|—(550>
o if ﬁj_liy;
= L, oo~ .
m if TLJ_ZM,

because &y L [; for all « € I and n £ m; for all j € J. Therefore, expression

(5.4) vanishes in the limit if at least one index ¢, in (5.4) corresponds to

an edge direction /; which is not perpendicular to n. If ;... [;, _, are all
perpendicular to 7, then expression (5.4) becomes
(_1)n—3 det (lz sy lin, N ﬁ) n—2 n—2 )
IS (e T 6
(n—2)!\/1— (n;,m)? ot o (s o)
If the determinant in (5.7) is non-zero, then [;,...,l; , are linearly inde-
pendent. Therefore, I;,,...,l; , span an (n — 2)-dimensional plane which is
parallel to the (n—2)-dimensional face G of P to which the edges E;,, ..., F;,

belong. Necessarily, n will be a unit normal for G, so G = G, by our choice
of n. We conclude that the limit of (5.4) only has a chance of being non-zero
if (5.4) corresponds to an (n — 2)-dimensional simplex A; in our triangulation
of F;N& -, j=1orj =2, with the base of A; being an (n — 3)-dimensional
simplex in the triangulation of G N &7

If (5.4) comes from such a A; in the triangulation of Fy N&F, then its limit

is given by (5.7), and simplifies further to the non-zero term

(_1)71—3(1)’ ﬁ>n_380 det (lil, ce lin72, ny, n2>

— # 0.
(n — 3)'<l“,§0> X X <lin,2; 50)‘(1 — so)m + Son2‘2\/ 1— <n1, n>2
(5.8)
The distinct indices i1, ..., %,_2 correspond to the vertices of a simplex in the

triangulation of GoN&, ordered so that the expression in (5.3) for the facet F}
is positive. The important fact that (5.8) is non-zero is clear once we observe

that the determinant is non-zero. Indeed, the unit vectors [;,,...,! are

In—2
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necessarily linearly independent and perpendicular to both n; and ns, because
they give the directions for distinct edges of Gy with the common vertex v.
Similarly, when (5.4) comes from such a A, in the triangulation of F, N &y, it

has the non-zero limit

(=) 3 (v, n)"3(1 — s0) det (lk17 R P n1>

— # 0.
(n = 3) iy, &o) X -+ X {lp,_y, &0) | (1 = s0)m1 + s0ma, /T — (g, 1)
(5.9)
The distinct indices k1, . . ., k,_o correspond to the vertices of a simplex in the

triangulation of Gy N &5, ordered so that the expression in (5.3) for the facet
F; is positive.

We will now consider the signs of the determinants in (5.8) and (5.9).
Lemma 5.6. The determinants det (I;,,..., L, _,,n1,n2) in (5.8) have the
same sign for any collection of indices iy, . . ., 1,_o with the previously described

properties. The determinants in (5.9) also all have the same sign. However,
the signs of the determinants in (5.8) and (5.9) may differ.

Proof. Let y € Gy N &r. Consider the (n — 3) - dimensional subspace L :=
span(Go N & — y), which is orthogonal to span(ny, ng, &), and the (n — 2) -
dimensional subspace L = span(ny, L). The projections no|ni and &|ni are
non-zero and orthogonal to L. Let T : R* — R" be the special orthogonal
matrix which leaves L fixed, and rotates na|ni through the two - dimensional
plane span(ns|ni, &|ni) to a vector parallel to, and with the same direction as,
&o|ni. We have (no|ni) L (v—1y), because ny,ny L (v—y). Since orthogonal

transformations preserve inner products,

(&olnt, T(w —y)) = |&nt|,|T(na|ni)|, (T(nalnt), T(w - y))
= |&lni [, T(naln )|, (nalni, v — y)

=0,
and
(nm,T(v—y)) ={(T(n1), T(v—y)) = (n,v—y) =0.
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We have (£o|ni)* Nnt- = span(F;NE —y), because ny, & L span(FiN&F—y).
Therefore, T maps v—1 into span(F1 N&G —y), which also contains ¢, (§o, 0)—y.

The subspace L splits span(F1 NEF — y) into two halves. If T'(v — y) and
¢1(&,0) — y lie in the same half, let T : R® — R™ be the identity. If T'(v — y)
and ¢ (&0, 0) — y lie in opposite halves, let T be the orthogonal transformation
which leaves L and span(ﬂ N&s — y)L fixed, and reflects T'(v — y) across L.
In cither case, set u := TT(v — y) +y € aff(F; N &). We have that u and
¢1(&,0) lie on the same side of aff(Gy N &) in aff(Fy N &X). Also, Tny = ny
and T'(&nt) = &|ni-

For any indices iy, ..., i, from (5.8), we find that

det <li17 Ce 7lin_27 ny, 712)

U — Piy (SOaO) U = Di,_y
—q
“ (|v @0k o= P (€0, O]
— O'det (’T”T(v —y) = TT(pi, (&,0) — y), ...

, 1, Ny — (nl,n2>n1)

T = y) = T, (6,0) = 9), TTny, TT(nalni) )

1
n
- {2 det <p11 (&)7 0) U, 7pin72(§07 0) —u, n17§0|n%>

nQ‘nlLMQ

1
J_)|n1 |2 det <pi1 (SOa 0) U5 Pigs (&)’ 0) %, €0>7 (510)

n—2 -1
C==+ (H v = pi, (&, 0)|2> :
y=1

The sign of C' depends on the definition of T. Importantly, the sign of

C(=1)"|&lni |,
| T (nalny),

is independent of any particular choice of appropriate indices in (5.8). The
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function

e det (piy (€0,0) = (1= Du+ 101(5,0)) -

o Pinca(60,0) = (1= u+ 101 (60, 0) o)

is continuous for ¢ € [0, 1]; it is also non-vanishing for such ¢ because the line
segment connecting u to ¢ (&, 0) lies in F;N&; and does not intersect GoNé&q.
By the Intermediate Value Theorem, the determinant in (5.10) must have the

same sign as

det <p11 (607 O) - CI1(§07 0)7 s 7pin—2(£07 O) - Ch(fo: 0)7 ni, 50) .

Recalling formula (5.3), we recognize that the previous determinant is positive.
We conclude that the sign of det (lil, ool oy, n2) is independent of the

choice of appropriate indices in (5.8).
A similar argument shows that the sign of the determinant in (5.9) is also

independent of the choice of appropriate indices k1, ..., k,_o. O

In view of Lemma 5.6 and the expressions (5.8) and (5.9), we see that

e Yt det (X (60)s - Kiy () Xy a(69) i )
§—0F (n —2)Iy/1 = (n;,&)?
(—1)”_3<v, ﬁ>n_380 det (li17 . 7lin,27 ny, ng)
N <(” = 3Ly, €o) X -+ X (liy_y: €0) | (1 = s0)m1 + s0ma|,/T = (n1,7)?
(=130, 7)™ 31 = so) det (L, by, 2,11 )

i (n - 3>'<lk17€0> X X <lkn727§0>|(1 - 80)?7/1 + 50n2|2 V 1-— <n2>ﬁ>2

= (=1)" (v, )" 50 1—sg
~ (n=3)!(1 = so)n1 + sonal, <\/1 ~ (1, 7)2 * o <n2,ﬁ>2> (5.11)

det (li17 Ce 7lin,2> ny, n2>
(Liys &o) % - % (li,_y, 60)

The third and fourth summations are taken over indices i1, ..., 4,2 € I corre-
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sponding to the vertices {p;, (£0,0),...,pi, ,(&0,0)} of simplices in the trian-
gulation of Gy N &, ordered so that the expression in (5.3) is positive for Fj.
For each set of indices i1,...,%,_9, k1,..., k,_o is a suitable rearrangement so
that (5.3) is positive for F». The £ in (5.11) depends on whether or not the

determinants

det (li17 e lin727 ny, TLQ)

have the same sign as the determinants

det (lkl, ol 5y Mo, n1>.

We see that (5.11) is non-zero because (v,n) > 0, so is not a root of (5.6),
(l;,&) > 0 for all edges E; of Gy intersected by &, and by Lemma 5.6. The

limit being non-zero contradicts the equality in (5.5).

5.2.2 Second Part

Therefore, for every (n—2)-dimensional face G of P, reflec(G, t) is also an (n—
2)-dimensional face of P for some ¢ > 0. From this fact, we can immediately

conclude the following:

e [f v is a vertex of P, then the line Rv contains exactly one other vertex
of P. This second vertex, which we will denote by v, necessarily lies on

the opposite side of the origin as v.

o If w and v are vertices of P connected by an edge F(u,v), then u and v

are connected by an edge E(u,v) parallel to E(u,v).

We prove P = —P by showing v = —v for every vertex v.

To the contrary, suppose there is a vertex v for which |v]s < [0]5. Let {v;}5,
be a sequence of vertices of P such that vg = v, v, = v, and the vertices v; and
v;41 are connected by an edge E(v;, v;41) for each 0 < ¢ < k—1. It follows from
the previous itemized observations that the triangle T'(o,v,v;) with vertices
{o, v, v1} is similar to the triangle T'(o, v, v1); see Figure 5.2. Given that |v]y <

|02, we must also have |vi|s < |01]2. Continuing this argument recursively,
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Figure 5.2: The triangle T'(o,v;, v;41) is similar to the triangle T'(o,v;,v;41) for
0<i<k-—1.

the similarity of the triangle T'(o,v;,v;11) to the triangle T'(o, v;, v;+1) implies
|U¢+1|2 < ‘ﬁi+1|2 for 1 <¢ <k —1. But then |5|2 = |Uk’2 < ‘@Jk|2 = |’U|2, which

is a contradiction.

5.3 Dual Quermassintegrals of Sections

Throughout this section, let K C R"™ be a convex body containing the origin

in its interior. We consider the radial sum
K+ B} (0,1) := {o} U {z € R"\{0} : |z|> < px(z/|z]2) + t}, t>0.

The set K +tB%(o, 1) is the star body in R” whose radial function is the sum
of the radial function of K with ¢ times the radial function of B} (o0,1). The

so-called dual quermassintegrals /V\V/I(K' ) arise as coefficients in the expansion

vol, <K—T—tB§(o, 1)) - Zn: (7)17/1(1() )

=0

Dual quermassintegrals (and, more generally, dual mixed volumes) were in-
troduced by Lutwak [28]. See [14, 49] for further details. There are many
parallels between quermassintegrals and dual quermassintegrals, so it is natu-

ral to consider the conjecture of Makai et al. [33] in the dual setting. We pose
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and solve such a question.

For each integer 0 <[ <mn — 2 and £ € S"!, we define the function
Wielt) = Wi((K =€) n€t), —pr(=€) <t < pxl8),

where W, ((K —t&)N&r) is the dual quermassintegral of the (n—1)-dimensional
convex body (K —t&) N &L in &4, Tt follows from the dual Kubota formula
(e.g. Theorem A.7.2 in [14]) and Brunn’s Theorem that

W(KNEY) =Wie(0) =  max  We(t) forall £eS™'  (512)

—p (=§)<t<pk(£)
whenever K is origin-symmetric. For [ = 0, (5.12) is equivalent to (1.1).
We prove the converse statement when K is a C! convex body; that is, the

boundary of K is a C! manifold, or equivalently px € C*(S"1).

Theorem 5.7. Suppose K C R" is a C* convex body containing the origin
in its interior. If K satisfies (5.12) for some 1 <1 < n — 2, then necessarily
K=-K.

The proof of Theorem 5.7 follows from formulas derived in [58]. These
formulas involve spherical harmonics, and the fractional derivatives of fVVl,E at
t=0.

The definition of fractional derivatives that was used in [58] differs slightly
from our definition in Chapter 2. Let h be an integrable function on R which
is m times continuously differentiable in a neighbourhood of zero. Let ¢ €
C\{0,1,...,m — 1} with real part —1 < Re(q) < m. In [58], the fractional

derivative of h of order ¢ at zero is given by

> 1 = 1 &
t9h(t) dt + —h(t
J o 2 ik — gy ")

I

t=0

—

see, for example, [25]. Defining 2*)(0) by the limit for & = 0,1,...,m — 1
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gives analytic function ¢ — h(@(0) for ¢ € C with —1 < Re(q) < m, and

dk
F_—_h(t) for k=0,1,...,m—1.

W(0) = (-1 ezh(t)]

In the following, we use the definition from [58] for fractional derivatives, rather

than our definition in Chapter 2.

Note that /VIZ@ is continuously differentiable in a neighbourhood of zero
when K is C'', so we can consider the fractional derivatives of fV[71,5 at zero of
order ¢, —1 < Re(q) < 1.

Proof of Theorem 5.7. 1t is proven in [58] (at the bottom of page 8, in their
Theorem 2) that

—~(q n—1—10A,
HI(6) WD (0)de = — JAn(q)

n n—1—q—l
gn—1 ’ (n—=1=q¢g—0n—-1) Jgu Hiu(©) pic (&) d

(5.13)

for all —1 < ¢ < 0 and spherical harmonics H]’ of dimension n and odd
degree m. The multipliers \,,(¢) in (5.13) come from an application of the
Funke-Hecke Theorem. Let P denote the Legendre polynomial of dimension
n and odd degree m. It is shown in [58] (on page 7) that, explicitly, \,,(q) is
the fractional derivative of f(t) = P"(t)(1 — t?)(»=2=0/2 of order ¢ at t = 0.
Therefore, ¢ — A\,,(q) is analytic, and (5.13) can immediately be extended to
—l<g<l,g#n—-1-1.

Observe that for odd integers m and [ =n — 2,

lim H (&) phe 7€) dg = H(€)dé =0

qﬁl Sn—1 Sn—1

because of the orthogonality of spherical harmonics with different degrees.
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Taking the limit as ¢ approaches 1 in (5.13), we get

= [ HR@WiO)dt = | HL©OWE(0) dr
e e H© T de i T#n -2 _
Aall) [ H™(€) log (pxe(€)) d€ i l=n—2

for all odd integers m. We use L’Hospital’s rule to evaluate the limit for the
case [ =n — 2.

Calculating

d d
Am(1) = f1(0) = =P (1) (1 — t3)("=20/2 = ——pr(¢
(1) = 100 = —TPaw e = L)
it then follows from Lemma 3.3.9 and Lemma 3.3.8 in [19] that A, (1) # 0 for
odd m. As (5.12) implies W’g(O) =0 for all £ € S, we conclude from (5.14)

and A, (1) # 0 that

e if [ # n — 2, the spherical harmonic expansion of p?{%l does not have

any harmonics of odd degree;

e if [ = n — 2, the spherical harmonic expansion of log(px) does not have

any harmonics of odd degree.
Consequently, px must be an even function, so K is origin-symmetric. m

Remark 5.8. It can be seen that Theorem 5.7 is actually true for C! star
bodies, i.e. compact sets with positive and C! radial functions. However, it is

not necessary for origin-symmetric star bodies to satisfy (5.12).
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Chapter 6

Grunbaum’s Inequality for

Projections

The content of this chapter comes from my paper with N. Zhang [53]. In
Section 6.1, we prove some auxiliary lemmas. In Section 6.2, we present our

main results (Theorem 6.6 and Corollary 6.7) and their proofs.

Theorem 6.6 says the following: for a convex body K C R", p > 0, and a

not identically zero concave function ¢ : K — [0, 00) with

v '_f xyYPdr B
g<w ,K) -—WEIHJC(K)—O,

we have

n

+ -
vol, (K N¢Y) > <n+1+p

)nvoln(K) VeEe s

As a particular case, we get Griinbaum’s inequality for projections (Corollary
6.7): for integers 1 < k < n and convex body K C R" with g(K) = o,

k
volk((K|E) m5+> > (%H) voly(K|E) V E € G(n,k), £ € S"'NE.
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6.1 Auxiliary Lemmas

We associate with a convex body K C R", z € int(K), and £ € S"! the

unique cone
G =G(K,z¢&) =convi{af + B,b¢}
in R™ for which

. B C ¢tisan (n — 1)-dimensional Euclidean ball centred at the origin;
. a,be R and a < b;
. vol, ((K —2)N {’L) = vol,_; ((G —2)N f’l);
. vol, ((K — )N 5+) - voln<(G’ )N 5+);
. vol,(K) = vol,(G).
We summarize some simple properties of GG in the following lemma.

Lemma 6.1. Let K be a convexr body in R", z € int(K), and ¢ € S"'. Let
G =G(K, z,€) be the previously defined cone. Then

ha(—=§) < hg(—=§) and hx(§) < ha(§).
Furthermore,
vy ({r € K+ (2,6) > 1}) <voh({r €G: (,6) >1}) VieR (61)
if there is equality for all t € R, then K = conv{y, + L, ys} where

L C &t is an (n — 1)-dimensional convex body;

(y1, =€) = ha(=§) and (y2,€) = ha(§).

Proof. Assume without loss of generality that z is the origin. Let K be the
Schwarz symmetral of K with respect to the direction £ (see e.g. [14]). That
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is, K is the convex body in R” for which (K —#€)N&L is an (n—1)-dimensional

Euclidean ball centred at the origin in £+ with
vol,,_; ((i& )N gL) = vol,_1 ((K )N 5¢) Vie [—hr(—€), hie(€)].
It is easy to see that
hi(£6) = hi(£6), G =G(K,0,6) = G(K,0,¢),
and

voln({xef(: (z, &) 21&}) :voln({xeK: (2, &) Zt}) VieR.

Suppose hz(&) > ha(§). We then have
GNET = conv{GNEL hal€)e} © com{GNEL hg(§)e} € K e,

which implies vol, (GNET) < vol, ([~( NET). This is a contradiction, so hz(§) <
ha(€). Now, there is a ty € (0, hx ()] for which

{zeG: 0<(z,&) <t C{reK:0< (x,6 <t} (6.2)
and
(reK:ty<(r,6) <hz()} c{reG:ty<(x,6) <he€)};  (63)

otherwise, we will get a contradiction of the convexity of K , or find that
vol, (f(ﬂ{*) < vol,(GNET). The convexity of K, the containment (6.2), and
KN&t =G negt together imply

KEn{te+ety canfte+et} vie|[-he),0]. (6.4)
Suppose ha(—§) > hzp(—¢§). With (6.4), we then get
{reK: —hg(=€) < (2,6) <0} C{z € G: —ha(—€) < (2,€) < 0}
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and

vol,, ([?) — vol,, (f( NEY) < vol, (G) — vol, (GNEY),

which is again a contradiction. So hg(—§) < hz(=¢). Finally, we see that
inequality (6.1) follows from the facts vol,(K) = vol,,(G) and vol, (I? NEr) =
vol, (G NET) combined with (6.2), (6.3), and (6.4).

If there is equality in inequality (6.1) for all ¢ € R, then there will be
equality in (6.2), (6.3), and (6.4). This shows K = G. Because its Schwarz
symmetral is a cone, K itself must be the cone given in the lemma statement.

]

Note. The concave functions in this chapter are always assumed to be con-
tinuous on their supports. Of course, the concavity of a function guarantees

its continuity on the interior of its support in general.

Lemma 6.2. Let K be a convex body in R™, ¢ € S™ ' andp > 0. Let : K —
R* be a concave function, not identically zero. Put G = G(K,g(¢?, K),§).
There is a unique function ¥ : G — RT for which

U= f(({-,&)) for some non-decreasing [ : [—ha(=£), ha(§)] — RT;
voln<{m e K:y(x)> T}) = Uoln<{:c eG: Y(r) > T}) vV rekR.

This V is concave. Furthermore,

(9(¥", K), &) < (9(¥",G),&);

if there is equality, then

K is the cone from the equality case of Lemma 6.1;

U(x) = f((z,€)) Vrek

Proof. Put

m := min(z), M := max(x).

zeK zeK
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Define functions w : [m, M] = [—hg(=¢&), hg(§)] and W : [m, M] — R* by

W(r) := vol, ({x € K:yYzx)> T}) = vol, ({x eG:(x, & > w(7)}> (6.5)

for all 7 € [m, M]. Note that |K| = |G| ensures w is well-defined.

. 1. . . .
The function W= is concave and strictly decreasing. As 1 is concave, we

have

MreK:Ypx)>nt+ 1 —=-MN{zeK: (x) >n}
Cl{re K: Yx)> I+ (1-Nn}

forall A € [0, 1] and 71, 75 € [m, M]. Applying the Brunn-Minkowski inequality
to these level sets shows W# is concave. The connectedness of K and the

continuity of ¢/ guarantee W is strictly decreasing.

The function w is convex and strictly increasing. Let H > 0 denote the
height of the cone GG, and let V' > 0 denote the (n — 1)-dimensional volume of
its base. The set

{r eG:{(x,&) >w(r)}

is a cone homothetic to G, with height hg(§) — w(7) and a base of some

(n — 1)-dimensional volume v > 0. It is necessary that

= Wi(r),

v (ha(§) —w(r)\" v(ha(§) —w(7))
v (T) and -

SO

u(r) = et - (“5—) W)

As W is concave and strictly decreasing, w is convex and strictly increasing.
It is then necessary that w has an inverse w™! : [~hg(—¢), 8] — [m, M] which

is concave and strictly increasing, where ¢ := maxw < hg(§).
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Define f : [~ha(—=¢), ha(€)] = RT by
ft):=w () Vte[-hg(—=£),8), and f(t):=M Vtels hg(é).
By construction, f is non-decreasing with

vol, ({x € K: ¢(x)> 7‘}) = Voln<{x eG: f({x, &) > 7'}) V71elkR

1

The uniqueness of f is easy to verify. As w™" is concave and increasing, f is

concave.

Although the upper level sets for U := f({-,&)) have the same volume
as the corresponding sets for v, they are “pushed” further in the direction &.

More precisely, by equation (6.5) and Lemma 6.1,

Voln<{x cK: @) >1in{zeK: (x,6)> t})

< min {voln({x € K : ¢(z) > T}),V01n<{x e K : (1,6) > t})}

< min {Voln({x G U(r)> T}),Voln ({x €G: (1,6 > t})}

- Voln({:c €G:U(x)>rIn{zeG: (2,6 > t}) (6.6)

for all 7,t € R. We have

/wpd:r:p/ Tp_IW(T)dT:/\I/de
K 0 G

using the “layer cake representation” for the L,-norm of a function (e.g. The-

orem 1.13 of [27]). The obvious generalization of Theorem 1.13 to products of
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functions, and inequality (6.6), give

R
K
:p/ / Tp_lvoln<{.7c eK:yYx)>rin{re K: (x,& > t}) dtdr
o Jo
< p/ / Tp_1V01n<{I eG: V(@) >1in{reG: (x,& > t}) dt dr
o Jo
- [wgvrar (6.7
€
where we now assume without loss of generality that hx(—¢) = 0.

Observe that equality in (6.7) implies equality in (6.6) for all 7,¢ € R.

Choosing 7 = m gives
Voln<{x e K: (1,6 > t}) - Voln({x €G: (1,6 > t}) VieR, (6.8)
so K is the cone from the equality case of Lemma 6.1. We need to show that
() = f((z,6) Vzek;

this is obvious when m = M, so assume m < M. Now, choosing ¢t = w(r) for

T € [m, M| gives

v01n<{x eK:yYx)>rin{ze K: (x,§) > w(7)}>
= vol,, ({x €G: (x,&) > w(T)}>7 (6.9)

because
{reG: V(x)>71}={reCG: (2,6 >w(r)}.
Equalities (6.5), (6.8), and (6.9) show, respectively, that the sets

Ay ={eeK:¢@)>71}, Br={reK: (z,§) >w(r)}
={reK: f({z,6) > 7},
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and A, N B, each have the same volume as
Cr={reG: (z,§) >w(r)}

for 7 € [m, M]. Therefore, A, and B, must coincide up to a set of measure

zero. We also have

A ={x e K: ¢(x)>7} =1int(4,) and B, = int(B;) (6.10)

for all 7 € [m, M), because 1 is continuous and concave, and B, is always an
n-dimensional cone for 7 < M. If A, # B, for a given 7 € [m, M), then (6.10)
contradicts the fact that A, and B, only differ by a set of measure zero. It
then follows that

Ay = ﬂ A = ﬂ B, = By,.

mT<M m<T<M

Because the upper level sets for 9 coincide exactly with those for f((-,¢)), we
must have ¢ = f(({-,£)). O

Remark 6.3. An inspection of Lemma 6.2 and its proof shows there is also
a unique function U : K — R* whose upper level sets have the same vol-
ume as those for ¢, and which has the form U = f((-,¢)) for some non-
decreasing f: [—hk (=€), hk(§)] — RT. However, it is interesting to note
that this ¥ is not concave in general. For a specific example, take K =
conv{(0,0), (1,0), (1,1)} C R? ¢ = (1,0) € S*, and

U(x) :=1—(x,§) VaoekK.

One will find that

which is in fact convex.

Lemma 6.4. Let K be a convex body in R™, £ € S™1, and p > 0. Consider
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functions ¢, ® : K — RT defined by

¢(x) = h((z, )  and  (z) = (2,§) + hx(=E),

for some concave function h : [—hx(=&),hk(§)] — RT, not identically zero.
Then

(g(¢", K), &) < (9(P?, K),&);

if there is equality, ¢ =71 - P for some 7 > 0.

Proof. As ® is not identically zero, there is a unique 7 > 0 so that

/K#da::Tp/KWda;:/K(T-é)pdx.

Assuming without loss of generality that hy(—§) =0 and b := hg(§) > 0,

/0 b hP (1) voln_1<{1: eK: (x,6) = t}) dt (6.11)
= /Kgbpdx = /K(T - Q)Y dr = /Ob(T . t)pvoln_1<{x e K: (x,§) = t}) dt.

There exists ty € (0,b) such that h(ty) = 7 - to; otherwise, equation (6.11) is

contradicted. Because h is concave with h(0) > 0,
ht)>7-t Vtel0t), hit)<rt-t Vte [ty
We then have

/Ob(t — to)(h”(t) — (7 t)p) vol,,_1 ({x e K: (2,6 = t}) dt <0,
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with h(t) = 7 -t when there is equality. That is,

/Obthp(t) Voln_1<{x eK: (x,6) = t}) dt
< /Obt (1-t)P VOln_1<{ZE € K: (x,& = t}> dt,

or rather
Jelw 3 dr _ [ e, (- ®Pdr [ {n, 0@ dr
[eorde  — [ (T-P)Pdx Je@rdz
with ¢ = 7 - ® when there is equality. [

Remark 6.5. If we alter the statement of Lemma 6.4 so that ¢ : K — R" is a
concave function without necessarily having the particular form ¢ = h((-,¢)),

then it is possible that

(9(¢", K), &) > (g(P", K), §).

For example, consider the closed curves

C1 = {(21, 22, 3) eER’: 7, € [—1,1], 2o =1—4/1 — 22, 23 =0},

which are arcs on a sphere in R? of radius one and centred at (0,1,0). Let
E,H € (G(3,2) denote the x1,z5 - plane and the xo, x3 - plane, respectively.
Then K := conv{C,} is half of a Euclidean disk in E, L := conv{C;,Cs} is a
convex body in R? and K = L|E. For (1, zs,73) € K, define

o(x1, 9, 3) 1= voly (L N A{(x1, x9, 23) + EL) and  ®(xq, x9, x3) 1= To.

By the Brunn-Minkowski inequality, ¢ is concave. It can be shown for each
t € [—1,1] that

LN{(t,0,0) + HY = conv{(t,1 — VI — 2,0, (£, 1,0), (t,1,v/1 — )},
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which is a right-angled triangle. With this more explicit representation for L,

we can calculate

[z dde
quﬁdac

foq)dx

~ (0, 0.705, 0 d ——
( ) 9 ) an qu)dx

~ (0, 0.697, 0).

6.2 Main Results

Theorem 6.6. Let K be a convex body in R™, and p > 0. Let ¢ : K — R* be

a concave function, not identically zero, with g(¥?, K) at the origin. Then

vol, (K NET) n " 1

> n=s

vol, (K) n+1+p vEeST
there is equality for some & if and only if

(

K = conv{y, + L,ys};

L C &t is an (n — 1)-dimensional convez body;

yi,y2 €R™ with (y1,€) <0 < (y2, &);

(z) =7[{2,8) + hx(=¢)] YxeK, forsomert>0;
L9, K) = 0.

Proof. Put G = G(K,0,§). Define ® : G — R* by
O(z) := (x,&) + ha(—E) VaedG.

By Lemma 6.2 and Lemma 6.4,

0 [, EyP du _ Jolz, P de .
 feurds T [ Prde

(6.12)

equality implies K and 1 satisfy the equality conditions given in the theorem
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statement. Given the definition of G and Lemma 6.1,

vol, (K N€7)  volo (GNEr) Vohz({xEEC?:<w,§>2iC})'
vol,(K)  wvol,(G) ~ vol,, (G) ’

equality implies equality in (6.12).

Now suppose K and 1 satisfy these equality conditions, but without the
requirement that the centroid of ¥? is at the origin. Assume without loss of
generality that hx(—¢&) =0 and b := hg(€) > 0. For some 7 > 0, we have

/K(x,gw,p dr = /Obt(r )P (Volnl(L) (1 — %)n_1> dt

I'(2+p)I'(n)
I'(n+2+p)

[;¢de::j€27-ty’<wﬂw4(L)(1-£)nrl> dt

I['(1+ p)I'(n)
I'(n+1+p)’

= b**PrPvol, (L)

and

= b"*P7rPvol,_ (L)

where I' is the gamma function. So

_ Sl Oyrde ( 1+p )b

d:=
wapdx n+1+p

We can then calculate

Vdﬂ({xez(;<%5>zcn) ::< . )n.

vol, (K) n+1+p

Corollary 6.7. Let K be a convex body in R™ with its centroid at the origin,
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LQCEL

K|E C F € G(n,k)

Figure 6.1: The equality conditions for Corollary 6.7.

and let k € Z be such that 1 < k <mn. Then

vol, ((K|E) N ET) S < k

k
VEcG(nk), VéEeSINE,
voly,(K|E) n+1> (n, k) ¢

there is equality for some E and & if and only if K = conv{yys + L1,y2 + Lo}

where
.
Ly C & and Li|(EN &) are (k — 1)-dimensional convex bodies;

Ly C E* is an (n — k)-dimensional convex body;

Y1,Y2 € R™ with <y17£> <0< <y2a§>7
(9(K) = 0.

See Figure 6.1 for an example of the equality case.

Proof. Suppose 1 <k <n. For E € G(n, k), define ¢ : K|E — R" by

1
n—k

W(w) = [voln,k (K N{z+ Eﬂ»)]
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By the Brunn-Minkowski inequality, 1 is concave. For all £ € S" ' N E

[aple, € de [ (,€)da
S dz ~ vol,(K)

=0,

so the centroid of 1" is at the origin. Therefore, by Theorem 6.6,

VOlk((K‘E) N §+> L k N .
voly (K| E) Z(k—i—l—l—(n—k)) :<n+1) VEe ST NE;

there is equality for some ¢ if and only if

(K|E = conv{y; + L, y2};
Lc EnéteG(n,k—1)isa (k— 1)-dimensional convex body;
y1,y2 € B with  (y1,£) <0 < (yo,&); (6.13)
U(x) =71z, &) + hxg(=§)] Ve K|E, forsomerT >0;

L 9("F, K|E) = 0.

The conditions (6.13) are equivalent to the equality conditions in the corollary

statement. ]
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Chapter 7

Grunbaum’s Inequality for

Sections

The content of this chapter comes from my preprint with S. Myroshnychenko
and N. Zhang [43]. Our main result, Theorem 7.1, is formerly presented and
proven in Section 7.1. We then state and prove Corollary 7.7 in Section 7.2,

and Corollary 7.8 in Section 7.3.
Theorem 7.1 says the following:

Y41
1o\ e
/ F(s0)ds > (7n7++7+1) / fls0)ds V05!

for every y-concave function f : R* — [0,00), v > 0, with 0 <[5, f(x) dz < o0
and [, 2 f(x)dr = o. From Theorem 7.1, we get Corollary 7.7:

ky+1
ky+1 I 1
f:vde(—) /fxdeEGGn,k,HES" NE
Jou 702 (Gmrn) - J S v B e
for every ~-concave f : R" — [0,00) with v > 0, 0 < [, f(z)dz < oo, and
Jgn @ f(x)dz = o. Corollary 7.8 is Griinbaum’s inequality for sections: for
integers 1 < k < n and convex body K C R" with g(K) = o,

k
vol,(KNENHT) > ( i 1) vol,(KNE) YEeG(nk), S 'NE.

n —+

104



7.1 One Dimensional Sections of 7-Concave Func-

tions

A function f: R™ — [0, 00) is y-concave for v € (—00,0) U (0, 00) if

2=

O+ (1= Ny) = [Mf(2) + (1= N f(y)] (7.1)

for all 0 < A < 1 and all z,y € R™ such that f(z)- f(y) # 0. We say f is
~v-affine if inequality (7.1) is always an equality. These definitions are extended
to v = 0, 00 by continuity, and log-concavity corresponds to the case v = 0.
The support of a function f will be denoted by K; := supp(f). If f is o-
concave, then Ky is a convex set. If f is y-concave for some v € (0, 00) with a
positive and finite integral, then K is a convex body in R" (see Remark 2.2.7
(i) in [4]); in this case, we define the centroid of f by

g(f) = /Rn xf(x) dx/ R"f(:r) dx € int(Ky).

Note. We will always implicitly assume that a y-concave function is contin-
uous on its support. This does not lead to a real loss of generality in our
results. Indeed, a y-concave f must be continuous on the (relative) interior of
Ky; assuming f is continuous on Ky at most requires a redefinition of f on a

set of measure zero.
Our main result is the following theorem:

Theorem 7.1. Fiz § € S" ! and v € (0,00). Let f : R" — [0,00) be a v-

concave function with 0 < fR” f(z)dx < oo and centroid at the origin. Then

fo°°f<se>ds>( 141 )
2 f(s8)ds = \yn+vy+1 '

There is equality if and only if

1

o f(x)= mXKf(a:)< —(x, &) + T(0,§>> " for some constants m,r > 0 and
a unit vector £ € S*1 such that (0,&) > 0;
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ny

o ;= conv(—( 1
body D C &+ whose centroid (taken in £*) is at the origin.

> rd, rd + D> for some (n — 1)-dimensional convex

For the remainder of Section 2 we fix § € S™ 1 ~v € (0,00), and a ~-
concave f : R™ — [0,00) satisfying the hypotheses of Theorem 7.1. We
prove Theorem 7.1 in subsections 2.1 to 2.3 by transforming f into a func-
tion having the form from the equality case, while showing that the ratio

f&f) 0) f(s0)ds/ [7° f(s8)ds can only decrease.

7.1.1 Replacing y-Concave Slices with v-Affine Slices

For each z' € K|6+, define f» : R — [0,00) to be the one dimensional
restriction f,/(s) := f(a’ + s). We will transform each slice f,s into a vy-affine

function of the form

4\H

Fo(s) = Xy ] (5)(— 55 + H(@)?. (7.2

where U, H : K;|0+ — R are functions and § > 0 is a constant. As the first

step in constructing F, choose

)
TN AP
so that
/ £.(s) ds —(”C ”)%zfo (—Bs+ f10) ds.  (1.3)

Before describing H, we introduce the auxiliary function H:K ot —= R
defined by

H(z"):= max H(z';a) for o' € K0+,
aeSuUpPpP(f,)
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where
NI‘/'CL = M - S S:|’Y11 a
f('a) [ U T pas] e

The function H is well-defined with H(2') € R for every 2’ € K 7|0+, because
supp(f.) is a compact interval and H (’;-) : R — R is continuous. For the
moment, fix a € supp(fy) and h > H(x'). It follows from the definition of H
that h > fa. Furthermore,

h

) ’ o (B ds
/a ol ds < s (=Ba+ 1) _/a (—Bs+h)+d (7.4)

if and only if h > H(z') or h = H(z') > H(2';a), and

|=

h = (—Ba == [ (s ¥ ds
| tetsris = g pae S = [Cpsemias (75)

if and only if h = H(2') = H(2';a). More generally,

B

/Oo fols)ds < /OO (o) OB+ )7 ds (7.6)

for all a € R and h > H(a').

We now prove that H (o) = £7(0). The function f) : R — [0, 00) is concave

on its support,
l(s) := oo 30] (s)(=Bs + £(0))

is affine on its support, and f)(0) = {(0); these facts and equality (7.3) imply
there is some 0 < s' < f7(0)/f for which

fo(s) < (—pBs+ f(?(O))% whenever s < 0,
fo(s) > (—PBs + fOV(O))% whenever 0 < s <,
and  f,(s) < (—fs+ fJ(O))% whenever s < s < fgﬁ(())‘
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It follows that supp(f,) C (— oo, f7(0)/5] and

/00 (l%(s) - fo(s)> ds >0 forall a€R.

Therefore, if H(0) > f7(0), then

H(o) f;’(0>

| s dioptass [ ps s o) sz [

for every a € supp(f,). Choosing a € supp(f,) so that H(o) = H(o,a), this
last inequality contradicts (7.5). On the other hand, if H(o) < f(0), then
equation (7.3) contradicts (7.4).

We claim H is concave on K 7|0+, Indeed, let 0 < X < 1 and z, 2, € K;|0*.
For j = 1,2, choose a; € supp(fy;) so that [:T(:c;) = Ig'(:c;;aj). The Borell-
Brascamp-Lieb inequality (see, for example, Theorem 10.1 in [13]), equality
(7.5), and inequality (7.6) then imply

m} T (B0 (1 - Na) + H (O + (1 - N)a5)

)\zl+(1 Az )

= / Bs—i—f[()\x'l—l—(l—)\)a:/g))%ds
Aai+(1—A)az

-
T+

OO

v

T
FO] + (1= Ny, + s0) ds}
a1+(1 A)az

)\{ Oofxl—l—se 1++1— [/ f(xhy + s0)d 1“

’Y+1 H(Ig) y+1

(s + B ds|  +(1-2) / (B + H(al))F ds

a2z

B

>/

-

T (CBay 4 H@) 4 (L= ) || (—Bay + H(a}))
[ﬁw >] {ﬁmn}

— [L} o (—B(Aal + (1= Nag) + AH(2h) + (1 - A)ﬁ(x’2>) :
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Therefore, we must have

H(\ + (1= N)ah) > NH () + (1 — X H ().

As H : K 7|0+ — R is concave, there is a linear function L : §+ — R such
that H(z') < H(o)+ L(2') for every 2’ € K|0*+. Recalling that H(o) = f7(0),

we now put
H(x') := f7(0) + L(2') for all 2’ € K|+,

so that H is an affine function on Ky|6*.

Having defined 3 > 0 and H : K¢|0+ — R, we finally choose ¥(z') € R so
that W(2") < H(z')/ and

/Z Fr(s)ds = /Z Jar () ds, (7.7)

where F,/(s) is defined as in (7.2). Then,

H(z")

v / 3 o s z . 5 — > o 4s S
T @) ) E = [ T s s [ )

which gives

V(') = % [f“*(o) + L(2') — (M /_Z f(a' + s0) ds> WL] :

Since L(2') is linear and 2’ — [, f(2' 4 s0)ds is ~I7-concave (again by the

Borell-Brascamp-Lieb inequality), we have that ¥ : K|+ — R is convex.
Now, define the function F': R" — [0, 00) by
1
F(z) == XKF(x)< — Blx,0) + H(x — (, 9>9)) T for zeR.  (7.8)
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Here,

H /

Kp = {x ER": 2/ = (z— (z,0)0) € K;|6" and ¥(2') < (z,0) < %},
and (8, H, U are as previously constructed. The set K is a convex body in R"
with Kp|0+ = K]0+, because W, H : K;|6+ — R are, respectively, convex and
concave with U < H/f3 on the relative interior of K6+, and ¥ < H/f on the
relative boundary. Therefore, it is clear that F'is y-affine with supp(F') = Kg.

Also note that F(2' + s0) = F,(s) for each 2’ € Kp|0+, where F,, is the
v-affine slice defined in (7. 2) Equality (7.3) remains true if the right-hand
side is replaced with [ F,(s) ds because of H (o) = f7(0) and the choice of

V(o) in (7.7). Similarly, (7. 6) is still valid when the right-hand side is replaced
with [ F,/(s)ds. When we reference (7.3) and (7.6) in the proof of the next

lemma, we Wlll be referring to their altered forms.

Lemma 7.2. The centroid g(F) lies on the 0-azis and (g(F),0) > 0. Fur-

thermore,

f(O?F) 0) fo (s0)ds fo f(s0)ds

2 F(s ds - f F(s0) ds ffoof (s0)ds’ (7.9)

with equality if and only if Kp = K¢ and F' = f.

Proof. Because the mass of F' along lines parallel to R is the same as for f
(see equation (7.7)), g(F') will lie on the #-axis. Integration by parts, the fact
that H(z') > H(a'), and inequality (7.6) together imply

/_ $(Fa(3) = furls ds_// fuls))dsdt >0 (7.10)

for all 2/ € K;|0+. Inequality (7.10), equation (7.7), and Kp|6+ = K |6+ now
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_ Jen(@, 0)F(x) de fKFwL [ sFu(s)dsda’
Jon F(2) dz fK m foo F.(s)dsdz’
foIGLf fur(s) dsda’

a fo\eif o (s) ds da’

=(9(f),0) =
(7.11)

Inequality (7.11), equation (7.3), and equation (7.7) immediately give (7.9).

Suppose there is equality in (7.9). Equality in (7.9) is only possible if
(g(F),0) = 0, which implies equality in (7.11). It then follows from inequality
(7.10) and the equality in (7.11) that

/ngi /_OOS( (s) = fur(s)) ds
R

With continuity, we necessarily have

/00 s(Fw(s) = fu(s))ds=0

—00

dz’

for every 2/ € K(|6*, so there is equality in (7.10). Inequality (7.6) and the
equality in (7.10) imply

/_Z/t( /(8) = for(s ds dt = // fx'())dsdt:()_

Again invoking continuity, we get that

/t " fuls)ds = / " Fu(s)ds

for all 2/ € K]0+ and ¢t € R, so the supports of F' and f must coincide.
We conclude F' = f, after differentiating both sides of the last equation with
respect to t. ]
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7.1.2 Replacing the Domain with a Cone

Let ¢ : R" — [0,00) be a v-affine function with centroid at the origin, and

having the form

2=

a(x) = e, (@) — ol 0) + Ga — (2,0)0) )
a > 0 is any positive constant, and K, = supp(q) is any convex body such
that

o {“' €R": o' = (v~ (,6)8) € K,|0" and &(z') < (z,6) < GS/)}

for some respectively convex and affine functions ®, G : K,|0+ — R. Distinct
level sets of ¢ lie within distinct but parallel hyperplanes, because q is -
affine. Also, the set {¢(x) = 0} N K|, lies entirely within the boundary of K,
and intersects the positive f-axis, because of the particular form of ¢q. Let
n € S"! be the outward facing unit normal to {g(z) = 0} N K, (see Figure
7.1). We then have

{a(x) = 0} N Ky = Ky 0 {hue, () n+ 0}

and (6,7) > 0.

RO

Figure 7.1: The construction of cones C' and Kg.
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Let C be the n-dimensional cone with vertex —pg, (—0) 60 € K, base lying
in the hyperplane {hg,(n)n + n*}, and for which C' Nyt = K, Nn*. Note
that

—hi,(=n) < —hc(—n) = —px,(=0){0,m) <0 < hc(n) = hx, (1)
The “section volume” functions
Acy(t) =vol,_1(Cn{tn+n"}), Ag,.t) =vol,_i (K, N {tn+n"}), teR,

are 1/(n — 1)-concave by the Brunn-Minkowski inequality. In fact, an explicit

calculation shows A¢, is 1/(n — 1)-affine. As we also have
Acy( = he(=m) =0 < A,y ( = ho(=n)) and  Acy(0) = Ax,y(0) >0,
it is necessary that

Acy(t) < Ak, n(t) forall t <0,
Acy(t) > Ak, n(t) forall t>0. (7.12)

For convenience put a := —he(—n), b := he(n), and define

Clt]:=Cn{tn+n*t}, teR

For each t € (a,b], C[t] is an (n — 1)-dimensional convex body whose centroid

within the hyperplane {tn + n*} is given by

9(CTt) = <m /Cmﬂ?dfc> € {tn+n"} CR",

in terms of the ambient coordinates of R™.

Now, define the cone
K¢ = conv (_qu(—H) 0, Clb] — g(C[b]) + 9) '
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The cones K and C' have the same vertex, they have the same width in the
direction 71, and their sections Kgl[t], C[t] are translates lying in the same
hyperplane {tn+n*}. Therefore, the inequalities in (7.12) are valid for A Kom
in place of Ac,. We also have

ool = (=) (= e (-000) + (1= =1 ) alalt)

- (575) (om0 + (=2 ) atitol) (713

for all ¢ € [a,b], because Kglt] is a dilated and translated copy of K¢[b] with

Kol = (=2 ) (= pm(-000) + (=2 ) Kolt

Define the y-affine function @ : R® — [0, 00) by

Q) = Xicy(2) q (iggi 9) |

The support of @ is K¢, () is constant on the sections Kq|t], and

Q(t0) = q(t0) forall teR. (7.14)

Lemma 7.3. There is a 0 < A\g < 1 so that

9(Q) = Mo ( — pr, (—0)0) + (1 — o) g(Kqlb])

Proof. First, note that

cQwde= [ [ yowdyda= [ ¢ (1) Awyn®a(Kalt) .
Kq a JKqlt] a (0,m)
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because () is constant on the sections Kq[t]. Integration by parts then gives

[ e ([ () s
<// ( )AKQ,n(s)dsdt) (Q(KQ[’?DZ:ZKQ(—G)Q)

where we use the representation of g(Kglt]) in (7.13) to its derivative. Dividing

both sides of the last equation by

. Q(z)dx = /ab o Qy) dydt = /abq (%) Ako(t) di

and then rearranging the right-hand side shows

fKQ rQ(x)dx
9(Q) = W = )\0( — qu(_e)e) + (1 = Xo)g(Kqlb]),

where

Sy i a(s0/40,m)) Arg(s) ds dt .
(b—a) [ q(t0/(0,n)) Axcyn(t) dt

0< Ao

O

Remark 7.4. It can be seen from the proof of Lemma 7.3 that any function

which is
e integrable with a positive integral;
e supported by a cone;
e constant on hyperplane sections of the cone parallel to the base;

will have its centroid on the line connecting the vertex of the cone to the

centroid of the base.

Lemma 7.5. The centroid g(Q) lies on the 0-axis and (g(Q),0) > 0. Fur-
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thermore,

Jaiaro @0 ds [ Q(st)ds _ [* a(s0) ds
f_oo@ (s0)ds — [ Q(s0)ds [~ q(s0)ds’

(7.15)

with equality if and only if Ko = K, and () = q.

Proof. Both the vertex of K¢ and the centroid g(K¢|[b]) lie on the f-axis, so
9(Q) = tob for some ty € R by Lemma 7.3. We have

0:/ {z, mq(x) dl’:/ / {y,maly) dy dt (7.16)
Ky —oo J Kq4lt]
< [T wmamayar= "o () Axator
a Kq[t] a <9577>
because g(q) = 0, —hg,(—n) < a := —hc(—n) < 0, and ¢ has the constant

value ¢(t0/(6, 7)) on the section K,[t]. Similarly,

/ () Qlw) do —/ /KQ[t] p QL) dydt = /aOth (<9t977>) Arcgn(t)di,

because @ has the constant value ¢(t6/(6, 7)) on the section Kqlt]. Therefore,
| @@
Kq

> [Tt () (Aanlt) = Ara(o))
= [0 () (Aot = A0

n /Oootq (%) (AKQ,n(t) - AKq,n(t)) dt

>0 (7.17)

Y

using inequality (7.12) and the fact that Ak, ,(t) = Ac,(t). This shows

0< <9(Q)777> = t0<9777>a



which then implies ¢ty > 0 because (0,n) > 0. That is, (¢(Q),0) > 0. We get
(7.15) from (¢(@),0) > 0 and (7.14).

Suppose there is equality in (7.15). Necessarily (¢(Q), #) = 0, so there must
also be equality in (7.17) and (7.16). Therefore, —a = hg,(—1) = hx,(—n)
and Ag,, = Ak, This means Ak, , is y-affine and increasing from zero on
[a, b], which is only possible if K is a cone with vertex —pg, (—0)f and base
K,[b] = K, N {hk,(n)n+ n*-}. Recalling the construction of the cone C, we
see that C' = K. Because the centroid g(q) and the vertex of K, are on the
g-axis, Remark 7.4 implies g(K,[b]) = g(Cb]) is also on the #-axis. The choice
of vertex and base for K¢ now implies Ko = C' = K,. Since for each ¢ > 0,
{q(z) = ¢} and {Q(z) = ¢} lie in the same translate of n* and the supports

of both functions coincide, we must have () = q. ]

Remark 7.6. By applying the argument in this subsection to the function
q(z) = F(z + g(F)) (where F is defined in (7.8)), we can conclude

i f(s0)ds - Joir.a F(s9)ds y Jiione Q(s0)ds
[ f(s0)ds = [Z_F(sO)ds —  [> Q(s0)ds

7.1.3 Equality Case

We will evaluate the last of the integrals in the previous remark. Fix any unit

vector € € S"7! with (0, &) > 0. Consider any n-dimensional cone
Kr = Conv(r()@, r0 + D),

where rg, r; € R with ry < ry, and D is an (n — 1)-dimensional convex body
in &+ with g(D) at the origin. Let T': R® — [0, 00) be any ~v-affine function

having the form

2=

T(l‘) = mXKT(x)( - <33’,€> +T1<9>€>) )
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where m > 0 is a constant. We now determine the coordinates of g(7').

Compute

/K (T

r1(0,€)
/ s-m-(—s+r1(0,6))7 Ag, e(s) ds
r0(6,8)

r1(0,&) . o r0<9’€> —
/ro<9,5> some (s k4 (W) voln-1(D) ds

1
vol, 1(D) / (1= 1) dt
0

1

() 0.9) "

L1

g (6, €) ((m - r0)<9,§)) " Vol,_1(D) /0 1 11— 0)7 dt

and
/ T(x)dx
K
— r1(0,§) 1 s — 7”0(9, €> n—1
_/m(a,@ m(—s+11(6,&)) (m) vol,,_1(D) ds

L1

= m((rl - T0)<0,§>)7+ vol,—1(D) /1 "1 — t)% dt

0

using the change of variables ¢ = %. Combining these calculations

gives

Sy, (@, 8T () de L Jhn(1—t)7 dt )
0().6) = 25 S = (=69 ( foltn_l(l_mdt) Frol6.6)

= (r1 —10)(0,¢) (#) +70(0, ),

where we use the fact that for the Gamma function I'(z) one has

1 I'u)
/ tu_l(l _ t)v_ldt _ M for all u>0, v>0.
; ['(u+wv)
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Both the vertex of K+ and the centroid of its base are on the #-axis, so

o)== (i) +] - [

by Remark 7.4. Note that the centroid g(7") will be at the origin if and only if

ny
rg = — 1.
0 v+1 !

Finally, calculate

/< T(s) ds :/< . (—s<075> +r1(¢9,£>>;ds

9(1),0)

and
/ T(s6) ds = / 1 (— s(0,€) + T1<0,§>);ds — (0,) (#) (11 —10) >
to see that

[un

f(Z?T),9> T(s6)ds B v 41 D
[ T(s0)ds — \ny+~v+1 '

This concludes the proof of Theorem 7.1.

7.2 k-Dimensional Sections of v-Concave Func-

tions

Recall 7 := {z € R" : (x,0) > 0} for § € S"'. We have the following

generalization:

Corollary 7.7. Fiz a k-dimensional subspace E of R*, 0 € ENS™ !, and v €
(0,00). Let f : R™ — [0,00) be ay-concave function with 0 < [, f(z) dzr < oo
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and centroid at the origin. Then

kEv+1

fEm9+ f(z)dz ky +1 K
I, f(@)dz >(m+¢m+1)

There is equality when

2=

.ﬂ@:x&@(—@m+g;

o Ky = conv (—(n —k+1) (L> 0+ 6B5t 0+ B;*) where By is

v+1
the centred Euclidean ball of unit radius in E+, By~ is the centred Eu-

clidean ball of unit radius in E+=FEn 0+, and

—1

5= ((n — k1) <#) + 1) [volk1 (B |7

Proof. Put E = span{E+, 0}, and define the function F : E— [0,00) by

Fly)= | [flz+y)d=
EBL
We claim F'is a 7 := m—concave function on the d := (n — k + 1)-

dimensional space E. Fix any y;, y» € E with F(y1)-F(y2) #0and 0 < A < 1.
The v-concavity of f allows us to apply the Borell-Brascamp-Lieb inequality

to the functions
2 fz+ A+ (1= Nw), 2= flz4+wn), 2z flz+y)
on EL € G(n, k —1) to get

f(z + Ay + (1 — )\)yg) dz

E

(A( : f(Z—i-yl)dz)(k‘l”“_{-(l—)\)( i f(2+y2)dz)(k_m“>
EL -

(k—1)v+1

= (WFT () + (1= N F &7 (1))

FAyr+ (1= Ny) = /

(k=1)7+1
vy

v
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Observe that g(F') = o. Indeed,

/E?JF(?ﬁdy:/Ey/Elf(z%—y)dzdy

~ [ (alB)sla)dx = (/nxf(:c)dx) ’E: 0

By Theorem 7.1, we have

ky+1

fE09+f(x)dx_foooF($9)dS>( F+1 >ﬁ+1)/a_< ky + 1 )“/
Jp fx)yde — [Z F(s8)ds = \(d+1)7 +1 "\t )y +1

2=

Assume f(z) = X, (x)( — (z,0) + 1) and

g k—1 n—k
K, = —(n—k+1)| ——)0+6B 0+ B .
§ = conv ( (n +1) (7 n 1) T 0Dy ~, U+ Dy )

Let y be any point lying in the (n — k 4+ 1)-dimensional cone

K/|E = conv (—(n —k+1) (#) 0, 0+ Bg—k)

in E. There is a point v; in the base § + By~ of Kf|E so that y lies on the
line segment connecting vy to the vertex vy := —(n — k + 1) (%) 0 of Kf|E.
Then

Ky naft (vo + EL, v1> = conv (vo + 6By, vl) ,
and so

vol,_; (Kf N {y + EL}> = volg_1 <conv (vo+ 6By, vi) N {y + EL})

= (%)H vol_1 (§BE™)

= (— (y,0) + 1>k_1.
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The function F : E — [0, 00), defined by

1

Fly)= [ flz+y) dz—/ X, z+y)(—(z+y,9>+1>wiz

:<_<y,9>+1 /~ Xi, (2 +y)dz

1
)WVOIk 1 <Kf N {y—i—El})
k—

(-~
:< +1>i Xy 5y ( (y,9>+1>
X

1

(k—1)y+1

f|E<>( W +1) T

is then 7-affine with support
T Y n—k
K¢\ E = —(n—k+1)|——1)0, 0+ B .
fl COHV( (n + )(74_1) ; U+ Dy >

The centroid of f must lie in E , because f is symmetric with respect to E.
Also notice that F' satisfies the equality conditions of Theorem 7.1 in dimension
n—k+1 for # =& and r = 1. Therefore, the centroids of F' and f are at the
origin, and

kvy+1

fEm%f r)dr J" F(s0)ds _< ky+1 ) &
[o f@)de [ F(s0)ds (n+1)y+1

7.3 Sections of Convex Bodies

We have the following corollary to Theorem 7.1:

Corollary 7.8. Fiz a k-dimensional subspace E of R", and 0 € ENS™ . Let
E be the (n — k + 1)-dimensional subspace spanned by 0 and E*+. Let K be a

122



convez body in R™ with g(K) € E+ = EN6+. Then

vl (KNENGY) _ (& g
vol,(K N E) n+1) °

There is equality if and only if

— 1
K:conv(— (%)quDg,z—i—Dl),

where
o 2 € F with (z,0) > 0;
o Dy is a (k — 1)-dimensional convezr body in E=*;

e Dy is an (n — k)-dimensional convex body in an (n — k)-dimensional
subspace F' C R™ for which R" = span(E, F), and g(D1) is at the origin
(see Figure 7.2).

EL

m

S = RO
by % s
A Y z+D1 ‘§

Figure 7.2: The equality case.

Proof. Define the section function
AK,E(Q) = voly_y (K N{y+ EL}) , Y E E.
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It follows from the Brunn-Minkowski inequality that Ay 7 : E —[0,00) is a
.= 1/(k — 1)-concave function on the d := (n — k + 1)-dimensional space E.

The centroid of A k.5 18 at the origin; indeed,

B fK\EyAK,E(y) dy _ fK(x|E) dx

o) = = ey~ EIE=o

From Theorem 7.1,

volp(KNENOT) Jo A p(s0) ds - v = ok k
volu(KNE) [ Agp(s0)ds = \vd+7+1 “\n+1

with equality if and only if
1

o Apzly) = mXK|E(y)< —(y,&) + r(@,@)g for some constants m,r > 0
and a unit vector &€ € EN S"! such that (0,&) > 0;

o K|E = conv (— (%) rf, ro + D) for some (d — 1)-dimensional convex
body D C EN &+ whose centroid is at the origin.

These equality conditions are equivalent to the ones given in the corollary
statement, where m is the (k — 1)-dimensional volume of Dy, r = (z,6), E N

¢t = F|E, and D = D, |E. O

Remark 7.9. Observe that the inequality in Corollary 7.8 is the limiting case
of the inequality in Corollary 7.7 as v goes to infinity. This corresponds to
the fact that co-concave functions, defined by taking the limit in (7.1), are the

indicator functions of convex sets.

Remark 7.10. We are able to recover Griinbaum’s inequality for projections
from Griinbaum’s inequality for sections. Consider any convex body K C R"
with its centroid at the origin. Let K be the Steiner symmetrization of K with

respect to the k-dimensional subspace £ C R". Specifically,

1
1 n—k
[y y+<voln—k<K“{y+E D) Byt

yeEK|E VOl (Bgik)
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where BYF is the centred Euclidean ball of unit radius in £+, Now, K is a

convex body with its centroid at the origin, and

KNENOT = (K|E)N6 forall e EnS"
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Chapter 8
Conclusion

We answered several problems from convex geometry and geometric tomog-
raphy. In Chapter 3, we proved two stability results. According to our first
stability result, if the intersection and cross-section bodies of a convex body K
are sufficiently close to each other with respect to the radial metric, then K is
approximately origin-symmetric (cf. [33]). According to our second stability
result, if K and L are smooth convex bodies so that the difference between
Ay&(O) and A(Lp%(()) is small enough for all £ € S"~! (for some non-integer p),
then K and L are close with respect to the radial metric (cf. [26]).

I showed in Chapter 4 that a convex body K is not uniquely determined
up to congruency by its convex intersection body CI(K), as defined by Meyer
and Reisner [37].

In Chapter 5, I proved that a convex polytope P C R™ with the origin in
its interior must be origin-symmetric if every hyperplane section through the
origin has maximal (n — 2)-dimensional surface area amongst all parallel sec-
tions. This gives partial confirmation to a conjecture made by Makai, Martini,
and Odor in [33]: a convex body K containing the origin in its interior must
be origin-symmetric if the quermassintegral W;(K N &+) of every hyperplane
section through the origin is maximal amongst all parallel sections. My result
provides some hope that the conjecture is true, and I will continue to work on
the general problem. However, some questions with positive answers in the
class of convex polytopes have negative answers for the class of convex bodies,

of. [42, 61].
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We established Griinabaum’s inequality for projections in Chapter 6. In
Chapter 7, we proved Griinbaum’s inequality for one-dimensional sections of
v-concave functions when v > 0 (Theorem 7.1), which gave Griinbaum’s in-
equality for sections as an immediate consequence. As future work, I will
investigate whether Theorem 7.1 extends to v < 0. I am also interested in
developing a “Griinbaum’s inequality for surface area”. For a given function
F(K) = xx mapping each convex body K C R" to a point xx € R", what is
the largest constant C' = C'(n, F') > 0 so that

voln_l(a(K —xE) N §+) > C'vol,,_1 (8K) VeEe st

for all convex bodies K C R"? Several choices of F' provide reasonable con-
jectured extensions for Griinbaum’s inequality, including F(K) := g(K).

There is one final problem concerning the centroid which I wish to advertise.
Informally, how far apart can the centroid of a convex body be from the
centroid of the body’s intersection with a subspace? Formally, what is the
smallest constant C' = C'(n, k) > 0 such that

l9(K N E)|, < Cvol, <K NRg(K N E))

for all convex bodies K C R™ with centroid at the origin, and all k-dimensional
subspaces E' C R"? Here, g(KNE) is the centroid of the k-dimensional convex
body K N E taken within £, and R g(K N E) is the span of g(K N E). This
is a fundamental question concerning the centroid, but I believe it has gone

unnoticed and is entirely open.
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