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Abstract

This thesis is based on four papers. The first two papers fall into the field of approximation of
one-dimensional probabilities, the third into uniform distribution theory, and the last paper
relates to ergodic theory.

The first paper (joint with Arno Berger), studies best finitely supported approximations
of one-dimensional probability measures with respect to (w.r.t.) the L™-Kantorovich (or trans-
port) distance, where either the locations or the weights of the approximations’ atoms are
prescribed. Special attention is given to the case of best uniform approximations (i.e., all
atoms having equal weight).

In the second paper (joint with Arno Berger), for arbitrary one-dimensional Borel prob-
ability measures with compact support, characterizations are established of the best finitely
supported approximations, relative to three familiar probability metrics (Lévy, Kantorovich,
and Kolmogorov), given any number of atoms, and allowing for additional constraints regard-
ing weights or positions of atoms. As an application, best (constrained or unconstrained)
approximations are identified for Benford’s Law (logarithmic distribution of significands).

The third paper studies the distributional asymptotics of the slowly changing sequence of
logarithms (log, n) with integer base b > 2. An upper estimate (N_1 (log N)1/2> is obtained
for the rate of convergence w.r.t. the Kantorovich metric on the circle. Moreover, a sharp
rate of convergence (N~!log N) w.r.t. the Kantorovich and the discrepancy (or Kolmogorov)
metrics on the real line is derived.

The last paper proves a threshold result on the existence of a circularly invariant and
uniform probability measure (CIUPM) for non-constant linear transformations on the real line,
which shows that there is a constant ¢ depending only on the slope of the linear transformation
such that there exists a CIUPM if and only if the diameter of the support is not smaller than
c¢. Moreover, the CIUPM is unique up to translation when the diameter of the support is

equal to c.
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Chapter 1

Introduction

This thesis provides an in-depth study of approximation and invariance properties of one-
dimensional probability measures, a topic that touches on three important areas of math-
ematics: quantization of probability distributions, uniform distribution theory, and ergodic
theory.

This introductory chapter gives an informal overview of some main results of the thesis,
motivated by classical facts and recent developments in these areas.

Let us first have some basic understanding of quantization of probability measures by
directly quoting from [40]: “The term ‘quantization’ ... originates in the theory of signal pro-
cessing. It was used by electrical engineers starting in the late 40°s. In this context quantiza-
tion means a process of discretising signals and should not be mistaken for the same term in
quantum physics. As a mathematical topic quantization for probability distributions concerns
the best approximation of a d-dimensional probability distribution P by a discrete probability
with a given number n of supporting points or in other words, the best approzimation of a
d-dimensional random vector X with distribution P by a random vector Y with at most n
values in its image. It turns out that for the error measures used in this book there is always a
best approzimation of the form f(X), a ‘quantized version of X The quantization problem can
be rephrased as a partition problem of the underlying space which explains the term quantiza-
tion.” In fact, the same mathematical problem arises in various other contexts, for instance, in
cluster analysis, machine learning, numerical integration, stochastic processes, mathematical
finance, convex geometry, optimal transport, and kinetic theory [15,18-20,40,45,74,78,90,97].

To be more concrete, let us describe the quantization problem on the m-dimensional Eu-
clidean space R™ with the L"-metric as a numerical measure of the quantization error. This
problem has been extensively studied in the literature; for a systematic review, the reader is
referred to the excellent monograph [40].

To fix notation, let R, Z and N be the set of all reals, integers and positive integers,
respectively. Let m € N, || - || an arbitrary norm on R™, A™ Lebesgue measure on R™
(with R := R, X\ := Al for simplicity), and P(R™) the space of all Borel probabilities on
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R™, endowed with a complete and separable metric as needed. For any p € P(R™), let
supp i denote the support of u, that is, the smallest closed set with full y-measure. Let 4,
denote the Dirac (probability) measure concentrated at a € R™. For any non-empty Borel
set A C R™, #A stands for its cardinality, diam A := sup, ¢ || — y|| its diameter, and 14
its indicator function; also, #& := diam @ := 0. Write I for the compact unit interval [0, 1].
For r > 1, let P.(R™) C P(R™) be the set of all probabilities with finite -th moment (that
is, [ [l2ll"(de) < +oc).

With these notations, let X be an R™-valued random vector with law p € P.(R™). Note
that E||X||" < 4o0. For every n € N, let F, be the set of all Borel measurable maps
[ R™ — R™ with #f(R™) < n. The elements of F, are called n-quantizers. The n-th

quantization error for p of order r is defined as
Vor(p) = infrer, B[ X — f(X)[".
A quantizer f € F, is n-optimal for p of order r if
Vor(p) = E X = f(X)]"

The following property shows that indeed the quantization problem can be interpreted as an

approximation of probability measures problem; recall the L"-Kantorovich metric on P.(R™),

1/r
dy(p,v) = inf, (/ |z —y||"y (dz, dy)) :
R™ xR™
with the infimum taken over all v € P.(R™ x R™) with marginals p and v.

Proposition 1.1. Assume pu € P.(R™) for some r > 1. Then, for every n € N,

Vn,r(,u) - inffe]—‘n d'r‘ (M? o f_1> = infl/EPT-(Rm)7 #suppr<n dr(,ua V>T'

Thus f is an n-optimal quantizer for i (of order r) if and only if po f~1 is a best approximation
of pu (w.r.t. d,), and to study the optimal quantization problem (w.r.t. the L"-metric) means
to study the best approximation (w.r.t. the d,-metric) of a probability by finitely supported
probabilities. The main focus then is on the characterization of best approximations (or
equivalently, optimal quantizers) and the rate of convergence of best approximations as the
number of atoms goes to infinity, i.e., the study of the asymptotic quantization error [40,43].

Let us get some basic sense of the two topics by a simple example, namely the standard
exponential distribution p with distribution function F,(x) = max {0,1 —e "} for all z € R,

with the underlying complete and separable space (R, | -|), where | - | is the absolute value on
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R. As it turns out, for every n € N, there exists a unique best d,-approximation of u for each

r > 1. In fact, the best d;-approximation' 5" is given explicitly by

"2 1—1 1—1
5:7n — ZM&“ with T,; = —QIOgM, Vi=1,---,n,
= nh+1) & n(n+1)
and d (1, 00™) = log (1 +n~'). While, by contrast, there is no explicit expression for the

unique best approximation for r > 1, nevertheless, it can be shown that
lim nd, (@, 00") = (1+7)/2, Vr=>1

Thus the rate of convergence for best d,-approximations of y is (n™!). Indeed, convergence
at rate (n~!) turns out to be universal for all probabilities under a mild moment condition
(see Proposition 2.50, also stated below in Section 1.1). This is one of the celebrated results
regarding the quantization of probability measures. It is worth noting, though, that there
are probability metrics where the rate of convergence for the exponential distribution differs
from (n~') [43, Ex.5.1(d)], which shows that the best approximations depend, presumably in
a nontrivial way, on the underlying probability metric.

As a stochastic version of the approximation problem, consider a sequence of independent,
identically distributed (iid) random variables (X,,),>1 with common law p. The random
empirical measure fi, ‘= %2?21 dx;, and in particular the (almost sure or mean) asymptotics
of (d.(p, itn)), have attracted much interest recently [11]. Typically, (d,(u, p,)) decays much
more slowly than (n=1).

The above results for the exponential distribution motivate several aspects of the investi-
gation carried out in this thesis. First, the dependence of all approximation results on the un-
derlying probability metric will be emphasized, for instance by highlighting the r-dependence
for d,-related results (in Chapters 2 and 3) and by considering qualitatively different metrics
such as, e.g., the Lévy and Kolmogorov metrics (notably in Chapters 4 and 5). Second,

the deterministic analogues of random empirical measures, that is, uniform approximations

1<
=1

d,; will be considered in detail, as an important special case of a more comprehen-
sive theory of best constrained approximations, developed in Chapters 2-5. Third, although
best (or best uniform) approximations exist practically always, often even uniquely, they very
rarely can be computed explicitly. This motivates the construction of easy-to-determine ap-

proximations that are best (or best uniform) approximations asymptotically, i.e., as n — oo,

'From now on, the symbol d¢"" is used to denote a (or the, if unique) best approximation of a probability
measure (w.r.t. a metric clear from the context).
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a problem considered repeatedly in Chapters 2-5.

Beyond these basic motivations, we mention four general aspects of the quantization (or
approximation) problem that allow us to put the results of this thesis into perspective. The
first aspect pertains to the method used to study the quantization problem. The classical
method, known as the Voronoi partition approach [40] will be reviewed briefly in Section
1.1. Roughly speaking, it is based on the geometry of the underlying metric space (say,
the Euclidean space R™) as well as the given probability measure. Another method, the I'-
convergence of functional analysis [14,15,72], is used to establish the rates of convergence of
best approximations in a different setting (optimal location problem). A recent dynamical
system approach, the gradient flow approach, is proposed to study quantization of measures
from the viewpoint of kinetic theory [18,19,57,58]. In this thesis, in Chapter 2, a new
elementary approach, based on approximation of monotone functions by step functions, is
proposed to study best constrained approximations of one-dimensional probabilities.

A second important perspective is the underlying space. The classical quantization
problem is formulated in finite-dimensional Euclidean spaces. Recently, the quantization
problem has been generalized to Riemannian manifolds with a complete Riemannian metric
[57,61]. Asymptotics of the quantization error of absolutely continuous probabilities on a
compact Riemannian manifold has been investigated in [61], and a generalization (in the
spirit of Proposition 2.50) to all Borel probabilities on a (not necessarily compact) Riemannian
manifold has been proved under a mild integrability assumption [57].

A third important aspect is the metric for the quantization problem, or correspondingly
the underlying probability metric for the approximation problem. Though classical results are
relative to the L"-Kantorovich metric for 1 < r < oo [40], quantization of probability measures
on R™ w.r.t. the L>*- and Ky Fan metric, as well as the Orlicz norm, has also been studied
26,40, 43]. As mentioned earlier, beyond an extensive analysis of d,-approximations, this
thesis also studies, in Chapters 4 and 5, best (constrained or unconstrained) approximations

of one-dimensional probabilities w.r.t. the Lévy metric
di(p,v) =inf{y >0: F,(-—y) —y < F, < Fu(- +y) +y}
and the Kolmogorov metric
dk(p,v) = sup,ep | Fu(r) — Fo(z)],

among other metrics; here F},, F, denote the distribution functions of u, v € P(R).

A fourth and final aspect is randomness. There now exists a sizable literature on the
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random quantization problem, see, e.g., [40, Sec.9] and [42], as well as on the approximation
by empirical measures [11]. Rates of convergence for empirical measures, in particular, have
become a hot topic recently, due to their many applications in such diverse fields as propagation
of chaos, partial differential equations, and interacting particle systems [11,13,33,34,96,97].
A main focus of research is on the rate of convergence for the empirical quantization error, or
equivalently, the speed of convergence of empirical measures, in terms of either non-asymptotic
estimates or concentration inequalities [11,25,33,42]. An in-depth study of one-dimensional
empirical measures w.r.t. the L"-Kantorovich metrics is provided by [11], where the explicit

formula )
diwv)y = [(1F(0) = B @F A,V v € PR),
0

plays a crucial role; here F~ L Fr L are the (upper) quantile functions of p, v; see Chapter 2
below for precise definitions and details. For instance, it is known [11] that for the standard
exponential distribution y considered earlier, (Ed,(u, ftn)) with g, = + 3" dx, decays like
(n‘l/Q) for 1 < r < 2, but decays only like (n_1/2(log n)l/Q) for r = 2, and like (n‘l/r) for
r > 2. By contrast, the theory of best uniform approximations developed in Chapters 2-3
yields that (d,. (g, %)), with

1 n
dy (p1,04") = infy < <a,er dr (/% n ) 5%‘) ’
j=1

decays like (n"'logn) for r = 1, and like (n_l/ T) for r > 1. Thus randomness leads to a
poorer rate of convergence precisely if 1 < r < 2.

Finally, quantization of probability measures also relates naturally to fractal geometry,
notably via the quantization of singular probabilities supported on fractals generated by con-
formal IFS in R™ [67]. A classical moment condition guarantees that the quantization error
decays faster than (n~!). Theorem 2.56 below complements this by showing that without a
moment condition, the quantization error may in fact decay arbitrarily slowly. Two important
numbers describing the asymptotics of the quantization error are the quantization dimension
and the quantization coefficient; see Section 2.4 for precise definitions. These numbers are of
special interest for singular probabilities, with their relations to various concepts of geometric
measure theory, notably dimension, continuing to be the focus of much research [22,23,40,69].
A popular example of a continuous singular probability is the Cantor distribution, i.e., the
uniform distribution on the classical Cantor middle-thirds set, where d,-quantization coeffi-
cients do not exist [64, Rem.5.4]. In Chapters 2-3, a detailed analysis is presented of best

constrained approximations of the Cantor distribution, as well as of its inverse. The latter, a
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discrete distribution with support I has many interesting properties but has rarely appeared
in the literature so far.

As mentioned in the beginning, another important area of mathematics related to the
investigations herein is uniform distribution theory (UDT). Historically, UDT originated from
the study of the distribution of fractional parts of real sequences, the key classical concept
being that of a sequence wuniformly distributed modulo one (u.d. mod 1; see Definition 1.17
below). Let us first quote from [65]: “The development of this theory started with Hermann
Weyl’s celebrated paper of 1916 titled:‘Uber die Gleichverteilung von Zahlen mod. Eins.” Weyl’s
work was primarily intended as a refinement of Kronecker’s approximation theorem, and,
therefore, in its initial stage, the theory was deeply rooted in diophantine approrimations
... Today, the subject presents itself as a meeting ground for topics as diverse as number
theory, probability theory, functional analysis, topological algebra ... ”. Let us also quote from
the preface by H. Niederreiter to a new edition of [65], speaking to the prominence of UDT in
various applications : “These dynamic research activities on uniform distribution in concrete
settings, and in particular on discrepancy theory, are driven by demands from applications
... the study of the discrepancy of sequences in unit cubes plays an important role in quasi-
Monte Carlo methods for scientific computing. Other areas where discrepancy theory has made
an impact are pseudorandom number generation, computer graphics, cryptology, and various
part of number theory.” For an authoritative monograph on discrepancy, a key concept in
quantifying distributional convergence of u.d. mod 1 sequences, the reader is referred to [28].

Although much emphasis has been put historically on u.d. mod 1 sequences, the distribu-
tional behaviour of sequences that are not u.d. mod 1 continues to attract attention also [65,93].
Traditionally, the behaviour of such sequences has often been studied using asymptotic dis-
tribution functions. However, many asymptotic distribution functions may correspond to the
same element in P(T), the space of all Borel probabilities on the unit circle T = R/Z endowed
with the topology of weak convergence. A more transparent and conceptually satisfying ap-
proach, advocated in Chapter 6, is to work directly in P(T), making use of basic dynamical
notions, specifically Omega limit sets [98]; see Section 1.2 for details.

One particularly interesting class of sequences that in general are not u.d. mod 1 consists
of logarithmically uniformly distributed (l.u.d.) sequences [95] which have recently found ap-
plications in machine learning [9]. The very simplest L.u.d. sequence is (log,n), with some
integer b > 2. The distributional asymptotics of these sequences is well known: The Omega
limit set is a closed loop in P(T) consisting entirely of rotated versions of one exponential

distribution whose parameter depends on b [59,99]. Though [99] studied a wider class of
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sequences that include (log,n), the precise rate of convergence to the Omega limit set does
not seem to ever have been analyzed. Chapter 6 provides this analysis. We point out that
shortly after [100], on which Chapter 6 is based, [77] addressed a similar problem in terms
of asymptotic distribution functions, deriving (N~'log N) as an upper bound on the rate of
convergence w.r.t. the discrepancy metric. As will be seen in Chapter 6, this bound can be
strengthened to (N_l (log N)1/2> for the L'-Kantorovich metric dr on P(T), but is in fact
sharp for both the discrepancy metric and the L!'-Kantorovich metric on Py (R).

Given any map T : R — R, a classical question in UDT is whether T preserves uniform
distribution in the sense that if (z,) is u.d. mod 1 then so is (T'(x,)); see, e.g., [65]. This

question allows for a natural variation:

Question 1.2. Given a (continuous) transformation T : R — R, does there exist a u.d. mod

1 sequence (x,) such that (T'(z,)) is also u.d. mod 17

It is easy to see that for many convex maps 1" the answer to Question 1.2 is YES. For example,
if T'(z) = €” then (an) and (T'(an)) are both u.d. mod 1 for all but countably many irrational
numbers « [65, Cor.1.4.1], notwithstanding the fact that it remains an open problem whether
(T'(an)) is u.d. mod 1 for specific irrational a such as log 7 or, in fact, log 3/2.

In the context of Question 1.2, notice that if the (non-random) empirical averages py =
% ZnNzl d,, were to converge in P(R), to u say, then both p and po T~ would project onto
Lebesgue measure on T. As explained in Section 1.3 below, Chapter 7 analyzes in detail a class
of (convex) maps T for which this situation does indeed occur. In particular, if g and poT!
are supported on an interval of length 1 then poT~! = p, i.e., p is an (absolutely continuous)
invariant probability measure for T'. Recall that invariant (probability) measures arguably are
the most fundamental objects in ergodic theory and continue to be studied extensively. Thus
let us conclude this general introduction by quoting from [21]: “Ergodic theory is one of the
few branches of mathematics which has changed radically during the last two decades. Before
this period, with a small number of exceptions, ergodic theory dealt primarily with averaging
problems and general qualitative questions, while now it is a powerful amalgam of methods used
for the analysis of statistical properties of dynamical systems. For this reason, the problems
of ergodic theory now interest not only the mathematician, but also the research worker in
physics, biology, chemistry, etc.”

In the three sections that follow, we describe in detail the respective contents of Chapters

2-7 in a relatively broad context.



Section 1.1. Best finite constrained approximations of one-dimensional probabilities

1.1 Best finite constrained approximations of one-

dimensional probabilities

The classical method for the optimal quantization problem is the Voronoi partition approach

[29], based on the following equivalent representation.

Proposition 1.3. [40, Lem.3.1]. Assume p € P.(R™) for some r > 1. For every n € N,
Vir(p) = infacgm ga<n Emingea || X — af|”.

Let us briefly recall the notion of Voronoi partition. Assume a non-empty set A of R™ is
locally finite, i.e., the number of elements of A within any bounded subset of R™ is finite. The

Voronoi region generated by a € A is
W(alA) = {x € R" : ||z — a|]| = mingeq ||z — d||},

and {W (a|A) : a € A} is called the Voronoi diagram of A. A Borel measurable partition
{U, : a € A} of R™ is called Voronoi partition of R™ w.r.t. A and p € P(R™) if

u(WalA)\U,) =0, VacA.

We comment that the Voronoi partition depends on the geometry (in terms of the norm
| - |l) of R™. This shows that optimal quantizers are metric-dependent also; or, from the
viewpoint of approximation of probability measures, that best approximations may vary from
one probability metric to another [40,43]; see also Chapter 4.

Let € P.(R™). If A C R™ is an n-optimal set of centers and {W, : a € A} is a Voronoi
partition of R™ w.r.t. A and p, then f =Y ,c4aly, is an n-optimal quantizer. In fact, the

classical optimality conditions are often presented in terms of Voronoi partitions.
Proposition 1.4. [40, Thm.4.1]. Let p € P.(R™), A C R™ an n-optimal set of centers and
{W, :a € A} a Voronoi partition of R™ w.r.t. A and p. Assume that #supp p > n. Then

#A=n, u(W,) >0, VacA,

, for every B C A and #B = m. In

UaEBWa
particular, pn(W,) > 0, and a is a 1-optimal set of center for u

and B is an m-optimal set of centers for

w of order r, for everya € A.

Note that there are two quantities that together determine a finitely supported probability
w: the location vector storing the information of the support of p, and the weight/probability

8
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vector recording the relative mass of each atom in the support. Based on this consideration, we
introduce, in the arguably simplest, one-dimensional setting, a notation for finitely supported

probabilities: For n € N, let
n
65 = Zp,j(st’ Xr = (x,lv e 7x,n) S En; pP= (p,la T 7p,n) S Hna
j=1

where =, '={y € R" : y; < yo <--- < y,} is the cone of all (non-decreasingly) ordered
n-dimensional (location) vectors, and I, := {g € R" : 32%_,¢; =1, ¢; 20, Vj=1,--- ,n}

the simplex of all n-dimensional weight /probability vectors.

Question 1.5. Given p € P(R), what is a best (constrained) finite approximation of u with

prescribed locations (respectively, weights)?

Naturally, Question 1.5 may be divided into several specific questions. As mentioned earlier,
one of the fundamental research interests in quantization is the existence and characterization
of the optimal quantizer (or equivalently, the best approximation). Existence and necessary
conditions for optimality are derived in the literature in terms of Voronoi partitions for the
L7-Kantorovich metric [40, Thm.4.1&Sec.5.2] and for the Prokhorov metric [43, Thms.2.1-2].

Analogously, we ask:

Question 1.6. Given u € P(R), do best approximations of p with given locations (or weights)

exist, and if so, can they be characterized in a simple way?

This question is addressed in Sections 2.4, 4.3 and 4.5, where existence, as well as necessary
and sufficient conditions for best approximations of probabilities on R, are derived, w.r.t.
three types of probability metrics, the L"-Kantorovich metrics (1 < r < 4o00), the Lévy
metric, and the Kolmogorov metric. These results are given, respectively, in Theorems 2.25
and 2.29 for the Kantorovich metrics; in Theorems 4.4 and 4.5 for the Lévy metric, and
in Theorem 4.20 and 4.23 for the Kolmogorov metric. Note that the method employed for
these necessary and sufficient conditions w.r.t. the L"-norm is based on an approach different
from the classical Voronoi partitions, namely best approximation of monotone functions by
step functions (see Section 2.2). For Lévy and Kolmogorov metrics the analysis is also based
on specific characteristics of these metrics. Moreover, as a byproduct, necessary conditions
for optimality w.r.t. Kantorovich metrics are derived (see Theorem 2.47), and necessary and
sufficient conditions for optimality w.r.t. Lévy and Kolmogorov metrics are presented (see
Theorems 4.9 and 4.25, respectively).

As n, the number of atoms of an approximation, goes to infinity, convergence to p of the

n-atom best approximations w.r.t. the L"-Kantorovich metric is guaranteed [40, Lem.6.1]; see

9
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also [43, (4.1)] for the Prokhorov metric, and [11, Thm.2.14] for the mean convergence of

empirical measures. A natural analogous question therefore is:

Question 1.7. Do best approximations of u € P(R) with a sequence of prescribed locations

(respectively, weights) converge to pu?

We answer this question by establishing necessary and sufficient conditions for the convergence
of these best constrained approximations; see Theorems 2.27 and 2.33. We mention that our
approach to establish these necessary and sufficient conditions is rather different from the clas-
sical one for unconstrained best approximations. The simplest and arguably most interesting
special case of our analysis concerns the best approximation with identical weights, or more for-
mally, the best approximation within {§%" : x € =,}, where u, = (n™!,--- ,n~!) € II,,. Such
best uniform approximations may be considered deterministic analogues of approximations by
empirical measures, with the iid. random variables X; replaced by the deterministic points
x j. A substantial portion of Chapters 2 and 3 is devoted to best uniform approximations.
Once convergence is guaranteed, rates of convergence become the next concern. A
celebrated result on asymptotics of the quantization error (or equivalently, the universal rate

of convergence of best unconstrained approximations) already alluded to earlier is as follows;
see also [40, Thm.6.2], [43, Thm.4.2].

Proposition (2.50).* Assume p € P.(R™) for some r > 1. Then

dptg
lim inf n’"/deﬂ(,u) > Q-([0,1]™) | Mm :
n—00 ANl (asr)
If uw € Py(R™) with s > r, then
. r/d m d'ua
nh—>nolon Vn,r(,u) - QT([O’ 1] ) dm ’
d/(d+r)

where p, is the absolutely continuous part (w.r.t. A™) of u, and Q. ([0,1]™), the quantization

coefficient of the uniform distribution on the unit cube [0,1]™, is a positive constant.

The proof of this classical result is quite involved and based on the variational repre-
sentation of the quantization error (Proposition 1.3). Analogous, weaker results w.r.t. the

Prokhorov metric are obtained in [43, Thm.4.3&Prop.4.1]. As mentioned earlier, Proposition

2From now on, if a Proposition (or Theorem, Lemma, etc.) is shown with its label (2.y) in parentheses then
this indicates that the same Proposition (or Theorem, Lemma, etc.) is restated verbatim at the appropriate
place in Chapter z, typically with further detail or proof.
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Section 1.1. Best finite constrained approximations of one-dimensional probabilities

2.50 has been generalized to compact Riemannian manifolds for absolutely continuous mea-
sures [57, Thm.1.4], and to the non-compact case for all probability measures [61, Thm.1.2].
Again, in the random setting, rates of convergence of empirical measures are intensively in-
vestigated, motivated by various applications [11,33,97].

In light of these, a natural analogous question for best uniform approximations is
Question 1.8. How fast do best uniform approzimations of p € P(R) converge to u?

This question is fully discussed in Subsection 2.4.2. Tt turns out that unlike for best (uncon-
strained) approximations, the rates of convergence of best uniform approximations may vary
drastically, a phenomenon that has been observed for empirical measures also [11]. As one
of the main results of Chapter 2, we show that nevertheless, a universal rate of convergence
(n™1) can be guaranteed under mild conditions. To formulate this result, we need the following

definitions.
Definition 1.9. [11,102]. Given u € P(R), the positive Borel measure ;! on |0, 1[ with

pt(Jtu]) = F N (u) — F N, 0<t<u <1,

is called the inverse measure of .

Definition 1.10. The sequence (5;‘2) with z,, € Z, for all n € N is a sequence of asymptoti-

cally best uniform r-approximations of p € P.(R)\ {0% : i e N, z € E;} if
- d, (u, 5;‘,’5)
lim ———£ =
=00 dy (1, 04m)

Note that finding asymptotically best uniform r-approximations is as important as finding
asymptotically best r-approximations, simply because most best uniform r-approximations

do not have closed-form expressions.

Theorem (2.39). Assume that u € P,(R) for some r > 1. If p= is absolutely continuous

(w.r.t. \) then
| L ] dlu_l r\ 1/7
Hing, el (11,02 >—2<r+1>w</ﬂ< dA ) ) |

Moreover, if dﬁij\l € L"(I) then (5;‘2) , with x,,; = Fu_l (2;;1) for 1 <i < n, is a sequence of

asymptotically best uniform r-approximations of u, unless i is degenerate, i.e., unless i = 0,

for some a € R.

11



Section 1.1. Best finite constrained approximations of one-dimensional probabilities

We point out that in contrast to Proposition 2.50, the proof of Theorem 2.39 is neither
straightforward nor directly amenable to the classical Voronoi partition approach, because the
latter fails when, as in Theorem 2.39, the weights rather than the locations are prescribed.
We also mention that the two assumptions, absolute continuity and integrability, are crucial
in Theorem 2.39; see Examples 2.40 and 2.41 for details. Finally, it is worth noting that
rates of convergence of best countable (possibly infinite) approximations (with constraints on
the weights) of a compactly supported absolutely continuous probability on R™ have been
investigated in [15], using the I'-convergence approach.

As indicated earlier, one current line of research focuses on the quantization of singular
probability distributions. Two important notions in quantifying the rate of convergence are
quantization dimension and quantization coefficient [40, Ch.3]. The quantization dimension
of a singular probability distribution, in particular, is studied for its relations to other notions
of dimension, such as Hausdorff, boz, and packing dimensions [40,67]. The quantization
coefficient measures the homogeneity (or the lack thereof) of convergence. To state a classical
result on the quantization of the Cantor measure pu, let us recall these two notions more

formally; see [40, Def.11.1]. For every p € P.(R), let 62" be a best d,-approximation of .

Definition 1.11. D, (p) := liminf, ﬁ(;é"") is the lower quantization dimension of u
of order r; and D, () := limsup,, ., ﬁ(zé"") is the upper quantization dimension of p

of order r. If D,(n) = D,(u), then the common value, denoted D, (), is the quantization
dimension of ju of order 7. If lim,,_o n™/PrWd, (u, 63™)" exists, and is both positive and finite,

then this limit is called the r-th quantization coefficient of .

The quantization dimension and non-ezistence of quantization coefficient for the Cantor

distributions are known in the literature.

Theorem 1.12. [64, Prop.5.3&Rem.5.4]. Let p be the Cantor distribution and r > 1. Then

D, (u) = }ggg, but the quantization coefficient of u of order r does not exist.

The inverse Cantor measure is also singular, in fact discrete, and has rarely appeared in

the literature before. We ask

Question 1.13. With u denoting the Cantor distribution, what is the quantization dimension

of p=1? Does the quantization coefficient exist for p=* ?

Both parts of this question are addressed in Example 2.54, where it is shown that D, (u ') =

-1
((1 — %) + %}gég) for all » > 1. For reasons explained there, it remains an open problem

whether the quantization coefficient exists for =1

12



Section 1.1. Best finite constrained approximations of one-dimensional probabilities

Uniform quantization dimensions and coefficients can be defined analogously. For every

i€ P.(R), let §¥» be a best uniform d,-approximation of p.

Definition 1.14. D¥(u) := liminf,,_, ﬁ(zéun) is the lower uniform quantization dimen-

sion of y of order r; and D, () := limsup,, ., logn

- IOg dT(/“Lv(Sgn)
dimension of p of order r. If D*(u) = D%,.(p), then the common value, denoted D“(u), is the

is the upper uniform quantization

uniform quantization dimension of p of order r. If lim,_o n"/P7Wd, (u, 6n)" exists, and is

both positive and finite, then this limit is called the r-th uniform quantization coefficient of
L.
We complement Question 1.13 by asking

Question 1.15. What are the uniform quantization dimensions of i and p=*? Do uniform

quantization coefficients exist for yu and p='?

As will be seen in Section 2.4,

log2 _ 1 1\ log?2 -
=% Dw=r D (uV)=(- (1—) > 1
log 3’ () =1 (M ) <7’ + r/ log 3) o vrzl

and the first and second uniform quantization coefficients of y~' do not exist; see Exam-

D, (1)

ples 2.40 and the comments following Remark 2.42.

Next, let us further discuss the rate of convergence for best (unconstrained) approxima-
tions. Recall from Proposition 2.50 that (d, (i, ds™)) decays not slower than (n~!), provided
that p € Ps(R) and p, # 0.

Question 1.16. What if the moment condition p € Ps(R) is not satisfied?

As shown in Chapter 2, the quantization error can decay arbitrarily slowly without the

moment condition. More precisely, we prove

Theorem (2.56). Given r > 1 and any sequence (a,) of non-negative real numbers with

lim,, o a, = 0, there exists i € P.(R) such that d, (u,d3™) > a, for every n € N.

Naturally, one may also ask how all the results mentioned in this section so far are affected
by a change of the underlying probability metric. This question motivates much of the analysis
in Chapters 4 and 5. For instance, it will be shown that universality of the rate (n™!) is not
specific to the Kantorovich d,-metrics, but rather prevails under more general circumstances;
see Proposition 4.30. To illustrate many of our results in these chapters, we use one particular
probability distribution, Benford’s Law, as a recurring example, a choice that will be explained

at the beginning of Chapter 4.
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Section 1.2. Distributional asymptotics of slowly changing sequences

1.2 Distributional asymptotics of slowly changing sequ-

ences

Given a sequence (x,) of real numbers, associate with it a sequence (vy(z,))n>1 of finitely

supported probability measures on T = R/Z,
1 N
where (a) = a + Z for every a € R. Let Ar (respectively, Aj) denote the uniform probability

measure on T (respectively, I). Also, denote by ((a)) € [0, 1] the fractional part of a. With
this, ¢ : (a) — ((a)) establishes a bijection from T onto [0, 1].

Definition 1.17. [65, Def.1.1.1]. A sequence (x,) of real numbers is uniformly distributed

modulo one (u.d. mod 1) if, for every pair a, 8 of real numbers with 0 < o < g < 1,

i PSS N:a< (@) <}
N—oo N

=p—-a.
First, let us recall some equivalent definitions of a u.d. mod 1 sequence.

Proposition 1.18. [65, Ch.1]. The followings are equivalent for every sequence (x,) of real

numbers:

(i) (zn) s u.d. mod 1.

(ii) The sequence (vn(ryn))ys, converges weakly in P(T) to Ar.
(iii) impy oo dx(vy 0 71 M) = 0.
(

iv) Every real-valued continuous function f on [0,1] satisfies

lim —Zf Tn)) = /01 f(s)dx. (1.1)

N—o0 N

(v) Every complex-valued continuous 1-periodic function f on R satisfies (1.1).
(vi) Every real-valued Riemann-integrable function f on [0, 1] satisfies (1.1).
(vii) Weyl’s Criterion: (z,) satisfies impy_yo0 & Son_; €2 =0,V h € Z \ {0},

In the literature, any finer, quantitative analysis of u.d. mod 1 sequences is based on the

fundamental concept of discrepancy. Specifically, given any sequence (), for every N € N,

14



Section 1.2. Distributional asymptotics of slowly changing sequences

the discrepancy Dy(x,) is defined as

Hl<n<N:a<(u)<B)
N

(6 — ).

Dy(zn) = SUPp<a<p<1

With this, it is easily checked that (z,) is u.d. mod 1 if and only if limy_, Dy(z,) = 0. To

tie this classical concept in with the tools employed elsewhere in this thesis, note that
dK (VN<In) o L_l7 )\]1) S DN(IH) S QdK (VN(.I‘n) o L_l, )\]1) .

Thus the two sequences (Dy)n>1 and (dk (vy ©¢™', A1) y5, have the same asymptotics, and
we will state our results in terms of the latter, for consistency and convenience. (Often,
dk (vy o171, A1) is denoted DY in the literature [65].) There is a vast literature on the estima-
tion of discrepancy for u.d. mod 1 sequences, i.e., on the rate of convergence of (Dy) N>1; See,
e.g., the two authoritative monographs [28, 65], as well as the more than 2500(!) references
therein. In general, two important methods, attributed, respectively, to K.F. Roth and W.
Schmidt, provide lower bounds for Dy, whereas LeVeque’s inequality and the Erdos-Turan
Theorem yield upper bounds. A restriction to special classes of sequences naturally leads to
more accurate estimates. A prominent example in this regard are almost arithmetic progres-
sions (an), where « is irrational (and may satisfy further, number-theoretical assumptions).
Precise studies of (Dy(an)) play an important role in Diophantine approximation. As one

basic result, let us mention [65, Thm.2.3.4] which asserts that
dk (VN(om) o7t AH) =0 (N’1 log N) , (1.2)

provided that a has bounded partial quotients; estimate (1.2) also holds for the Van der Corput
sequence [65, Thm.2.3.5]. For a comprehensive study of discrepancy, the reader is referred to
the two monographs mentioned earlier.

Notice that (x,) is u.d. mod 1 precisely if

lim jlvglﬂ[o,ﬂ(«xn») —t Vitel (1.3)

N—o0

A simple example not satisfying (1.3) is (z,,) = (logn). However, it is well known [95], and in

fact easy to check, that the latter sequence satisfies

. 1 X1

Note that (1.3) implies (1.4). Any sequence with (1.4) is referred to as logarithmically uni-
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formly distributed (1.u.d.) or as uniformly distributed w.r.t. the logarithmic mean. In analogy

to Dy, when dealing with l.u.d. sequences one may consider the logarithmic discrepancy

Bv(n) = de [ S~ Lsi ) =« LS L)) —t
Tn) = > — = su — ) - o)) —t|.
N{Ln K log N — n {(zn)» N p0§t<1 log N n:1 n [0,¢] n

For example, for the L.u.d. sequence (an + Slogn) with real a and 5 # 0, which are relevant,
e.g., for binomial and hypergeometric series on the periphery of their disc of convergence, it
has been shown in [49] that

Dy ((an + Blogn)) = O((log N)~/?),

and this has later been improved to O((log N)™'); see [75,94].
Our analysis of the distributional asymptotics of sequences is motivated by a treatise by
J.H.B. Kemperman [59], who, more generally and in fact prior to [49], studied the class of

sequences (z,) that are slowly changing in the sense that
lim,, oo n(Tps1 — ) =€ € R.

For example, (logn) is slowly changing, with £ = 1, and so are (logp,) and (p,/n), with p,
denoting the n-th prime number. As shown in [59], no slowly growing sequence is u.d. mod

1. Rather, the Omega limit set
Qz,) = {V € P(T) : vn, () 222 v weakly for some subsequence (N) of N}

consists of a 1-parameter loop in P(T) of rotated exponential (if £ # 0) or Dirac distributions
(if £ = 0). This may be seen as a complement to the even earlier result [65, Thm.1.2.6] that
limsup,, ,. 7|Tp11 — Tn| = +o0o for every u.d. mod 1 sequence (x,).

As the analysis in [59] is purely qualitative, our goal is to supplement it with precise
quantitative estimates. In complete generality, this is a challenging task, and for much of our
analysis we focus on one particular family of sequences, namely (log,n) with b € N\ {1}.
Some aspect of these sequences have been studied in [77,94,100] already, but sharp estimates
and rates of convergence have been elusive so far. Note that (log, n) is both l.u.d. and slowly
changing, with & = (logb)~1.

To formulate one of our main results in this regard, for every a > 0 denote by —Exp (a)

the negative exponential distribution on R with parameter a, with distribution function

F_gxp@)(2) =min{1,e"}, VazeR,
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Section 1.3. Circularly invariant and uniform probability measures

and let £, = —Exp(a) o 7!, where 7 : R — T is the natural projection. Also, denote the
rotation (z) — (z + a) of T by R,. In Chapter 6, we will establish the following estimate

regarding the distributional asymptotics of (log, n) w.r.t. the Kantorovich metric dy on P(T).

Theorem (6.3). Assume b € N\ {1}. Then, with x, = (log,n),

N
li —d Fieepo R7L ) < .
g Tog N (VN’ logd © —ffN) Fo0

As seen earlier, the metrics d; and dx may also be utilized to describe this asymptotics. In

fact, we prove even stronger quantitative estimates w.r.t. these metrics.

Theorem (6.5&6.6). Assume b € N\ {1}. Then, with z,, = (log,n),

1
d; (VN 01t Elogpo RZL o L_l)

li = —
o TN 2logb’

N—oo log N

and the sequence (%dK <1/N o fl,Elogb o R:;N o L*1>>N>2 is bounded above and below by

positive constants (which may depend on b).

1.3 Circularly invariant and uniform probability mea-

sures

Recall from the informal discussion accompanying Question 1.2 that, given a u.d. mod 1

sequence (z,) and a convex map T : R — R, the sequence (T'(x,)) may be u.d. mod 1 as

well. For example, (7n) is u.d. mod 1, and so are (T'(7n)) with T'(x) = 2z or T'(x) = 2. In
general, consider the sequence (un(7y,))ys; in P(R) with
1 N
n) = — Y Oy .
pin () N; .
Note that pux(z,)omr ™! = vy (z,) — Aras N — oo, but also py (z,)oT o™t = vy (T(x,)) —

Ar, provided that (z,) and (T'(x,)) both are u.d. mod 1. (Recall that 7 : R — T denotes
the natural projection.) Now, suppose that (ux)n>1 converges in P(R), to u, say. Then
pom 1 = poTtor™! = Ap, that is, the probability measures p and poT~! both are uniform
when pushed forward onto T via 7. As this seems to be a fairly strong invariance property

that p € P(R) may have, we ask
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Question 1.19. Given a convex map T : R — R, does there exist i € P(R) with the property
-1 __ -1 -1 _ 9
pom - =poT rom " = At (1.5)

For convenience, call any p € P(R) satisfying (1.5) a circularly invariant and uniform
probability measure (CIUPM) for T, and write Cp for the family of all CIUPM for T, i.e.,
Cr = {u € P(R): (1.5) holds for u}. Note that every element of Cr is absolutely continuous
(w.r.t. A).

Simple examples show that the answer to Question 1.19 often is NO, that is, Cr = &,
especially if T' is strictly convex. In general, it appears to be a very challenging problem to
decide for which maps T exactly Cr # @. As outlined below, in Chapter 7 we provide a
partial, positive answer for the simplest class of convex maps, namely linear maps. We expect
our results to be helpful for tackling Question 1.19 in greater generality in the future.

For every a, 3 € R, consider the linear map T3, (z) = Sz + «, and let Cso = Cr,, for
convenience. Clearly, Cy, = &, so henceforth assume 5 # 0. It is not hard to see that in fact

Cs,o = Cgsyp; see Proposition 7.4. Moreover, since

pECpas poTsn €Csapr & poT g €Copa,

it suffices to consider the case of § > 1. Thus, when specialized to the family of linear maps

T34, Question 1.19 really reads
Question 1.20. Is Cgg # & for every p > 17

The following result completely answers Question 1.20. In a way, it also provides a lower

bound on the “size” of every CIUPM for T}, and hence also for Tj .

Theorem (7.9). Assume § > 1. Then Cso # @, and there exists cg > 1 such that
diam supp p > cg for every pn € Czo. Moreover, there exists jig € Cgo with diamsupp p = cg,
and pg s uniquely determined up to translation, i.e., if p € Cpo satisfies diamsupp p = cg3

then p = pg o Tfolé for some a € R.

In Chapter 7, the value of the threshold length cg will be determined explicitly. In particular,
it will be seen that 1 < ¢g < 2 unless B € N, in which case ¢ = 1. Note also that g
automatically is absolutely continuous (w.r.t. ).

Let us finally relate the topic of this subsection to a classical theme in ergodic theory. For
this, notice that every linear map 7}, induces a measurable map (Ts,) : T — T, via (T3,) =

moTsq 0t (Recall that ¢ : T — R denotes the natural inclusion given by ¢({x)) = ((z)).) The

18



Section 1.3. Circularly invariant and uniform probability measures

map (13,) is continuous precisely if 3 is an integer. In this case, (IT,) o™ =m0 Tp,, and Ar
is (T )-invariant. This shows that simply C,, o = {u EPR):pon !t = )\T} for any n € N.
In general, for # > 1 the dynamics of (Tj,) is very complicated, and unlike anything the
simple dynamics of T, may suggest. In fact, the detailed study of (T,), and in particular
of the maps (Tj) often referred to as S-transformations, has been an important topic in the
development of measurable dynamics and ergodic theory. It is now well known that, for every
a,p € R with |B| > 1, the map (Tj,) preserves a unique absolutely continuous probability
measure on T. The latter is the unique measure of maximal entropy log|3|, is supported
on a finite union of arcs, and allows for an explicit representation via Parry’s formula; for
these and many other interesting dynamical properties of (Tj,), the reader is referred, e.g.,
to [16,46,50-52,56,80] and the references therein. Note that if 5 is an integer with |5 > 2
then the unique absolutely continuous (7} ,)-invariant probability measure simply is Ar. This

is consistent with the particular structure of Cg, noted earlier for integer 3.

Organization of this thesis

The thesis is based on four papers. Chapters 2 and 3, as well as Chapters 4 and 5 are based
on two joint papers with Arno Berger that have been submitted for publication. All results in
both papers were obtained jointly, which makes it impossible to separate individual contribu-
tions item by item. My co-author has given permission to include these papers in the thesis.
Chapter 6 (respectively, Chapter 7) is based on a submitted (respectively, published) paper
by Chuang Xu. The bibliographical details for these four papers are as follows:
1. C. Xu and A. Berger, Best finite constrained approximations of one-dimensional probabil-
ities, preprint (2017), arXiv:1704.07871.
2. A. Berger and C. Xu, Best finite approximations of Benford’s Law, to appear in J. Theor.
Probab., 2018.
3. C. Xu, The distributional asymptotics mod 1 of (log, n), to appear in Unif. Distrib. The-
ory., 2018.
4. C. Xu, Circularly invariant uniformizable probability measures for linear transformations,
J. Math. Anal. Appl., 455 (2017) 778-791.

Since the thesis is based on individual papers, some notational inconsistencies and redun-

dancies are unavoidable, however, efforts have been made to keep them to a minimum.
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Chapter 2

Best finite constrained approximations

of one-dimensional probabilities

Finding best finitely supported approximations of a given (Borel) probability measure p on R
is an important basic problem that has been studied extensively and from several perspectives.
Assuming for instance that [ |z|"du(z) < +oo for some r > 1, a classical question asks to
minimize the L"-Kantorovich (or transport) distance d,.(v, 1) over all discrete probabilities v
supported on at most n atoms, where n is a given positive integer. A rich theory of quantization
of probability measures addresses this question, as well as applications thereof in such diverse
fields as information theory, numerical integration, and optimal transport, among others; see,
e.g., [15,40,78] and the many references therein. As is well known, a minimal value of d,.(v, i)
always is attained for some discrete probability v = 62" which may or may not be determined
uniquely by this minimality property. Moreover, d,.(63™, 1) — 0 as n — oo, and the precise
rate of convergence has attracted particular interest. A celebrated theorem (see Proposition
2.50 below) asserts that, under a mild moment condition, (ndr(é:’", u)) converges to a finite
positive limit whenever p is non-singular (w.r.t. Lebesgue measure). Results in a similar spirit
have been established for important classes of singular measures, notably self-similar and
-conformal probabilities [41, 60, 84]. While these classical results crucially employ Voronoi
partitions (as developed in some detail, e.g., in [40]), alternative tools and extensions to other
metrics have recently been studied as well [15, 18, 26].

A second important perspective on the approximation problem is that of random empirical
quantization [12,25]. To illustrate it, let (X;);>1 be an iid. sequence of random variables with

common law 1, and consider the (random) empirical measure f, = =37,

dx,; here and
throughout, 4, is a Dirac unit mass at a € R. Then d, (p,, 1) — 0 with probability one as
n — oo, and lim, o, Ed, (pn, ) = 0. A comprehensive analysis of the rate of convergence
of (Edr (un,,u)) is provided by the recent monograph [11] which, in particular, identifies
necessary and sufficient conditions for decay to occur at the “standard rate” (n_l/ 2), that

is, for (nl/ 2Ed, (fin, u)) to be bounded above and below by finite positive constants. Beyond
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these one-dimensional results, rates of convergence for random empirical quantization have
lately been studied in higher dimensions and other settings also; see, e.g., [12,25,33].

The purpose of the present chapter is to develop a third perspective on the approximation
problem that in a sense lies between the two established perspectives briefly recalled above.
Specifically, we present an in-depth study of finitely supported approximations that are non-
random yet constrained in that either the locations or the weights of the approximations’
atoms are prescribed. To the best of our knowledge, such approximations have not been
studied systematically in the literature, though the recent papers [2] and [15] do consider
(uniform) “U-quantization” and discrete approximations of absolutely continuous probabilities
1, respectively. The necessary and sufficient conditions for best constrained approximations
presented in this article make no assumptions on p beyond [ |z|"du(z) < +00. They follow
rather directly from elementary properties of monotone functions and exploit a certain duality
between locations and weights of atoms. (In contrast, Voronoi partitions appear to be far less
useful if weights, rather than positions, are prescribed.) Arguably the simplest special case
where our results apply is that of best uniform approximations: Given p and a positive integer

n, for which v = 1% . § ; is d, (v, ) minimal, where x; < 25 < ... < 2,7 Theorem 2.29

n 2ej=10z

below characterizes the (often unique) minimizer 0¥». This special case is of considerable
interest in itself, as practical considerations often demand that all atoms have equal weights,
or at least be integer multiples of one fixed unit weight [6]. Just as for the best unconstrained
and the random empirical approximations mentioned earlier, d,. (0¥, 1) — 0 as n — 0o, which
again makes the rate of convergence a natural object of study. Presented in Subsection 2.4.2,
our results in this regard are quite similar to those of [11], despite their obviously different
context. As a simple illustrative example, consider the standard exponential distribution, i.e.,
let p(] —oo,z]) =1 —e® for all z > 0. From Proposition 2.50 below, it follows that in the

case of best (unconstrained) approximation, for all » > 1,
d, (03", 1) = (’)(n‘l) as n — 0o,

whereas in the case of random empirical approximations, [11, Sec.6.4] shows that

(’)(n‘l/Q) ifl1<r<2,
Ed, (ptn, ) = O(n_l/Q(log n)1/2> if r=2,
(’)(n‘l/T) ifr>2.
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In contrast, the reader will learn in Section 2.4 that, in the case of best uniform approximations,

O(n~tlogn) ifr=1,

dy (64", 1) = O(n ) itr>1.

Moreover, all rates displayed above are sharp. Not too surprisingly, therefore, the rate
of convergence of (dr(éﬁ‘”, ,u)) is slower than that of (dr(dz’”, ,u)), but faster than that of
(Edr(,un, ,u)), at least for 1 < r < 2; based on our results, it is tempting to speculate why
for r > 2 optimal (non-random) and random empirical approximations on average exhibit the
same rate of convergence. Due to the nature of the underlying approximation problem for
monotone functions, our approach is not restricted to d,, and results in a similar spirit can
be established for other important metrics and for discrete approximations with countable
support. One-dimensionality, on the other hand, is crucial, and multidimensional analogues
for our results may prove more challenging than for best (unconstrained) or random empirical
approximations (with some caveats; see [11, p.8] and [33, p.709)]).

This chapter is organized as follows. Section 2.1 introduces the notations used throughout,
and recalls definition and basic properties of the metric d,. for the reader’s convenience. Section
2.2 reviews several elementary facts about monotone functions and their quantile and growth
sets, as well as the notion of a balanced function, to be used subsequently in Section 2.3 to
characterize best approximations of (monotone) L"-functions by step functions. While they
may also be of independent interest, these results crucially serve as tools in Section 2.4, the
main part of this chapter. In that section, necessary and sufficient conditions for best finite
approximations with prescribed locations (Subsection 2.4.1) or weights (Subsection 2.4.2) are
established. Much attention is devoted to the special case of best uniform approximations
0¢n, and in particular to the rate of convergence of (dr(éﬁ‘" u)) Convergence theorems and
finite (upper and lower) bounds for such sequences are provided. All results are illustrated
for simple examples of p which include absolutely continuous (exponential, Beta) as well as
singular (Cantor, inverse Cantor) probability measures.

For the reader’s convenience, the proofs of all propositions in this chapter are assembled

in Section 3.1.

2.1 Notations

The following, mostly standard notations are used throughout. The natural and real numbers

are denoted N and R, respectively. The extended real numbers are R = R U {—o0, +00}. For
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any a € R, sgna=1ifa > 0,sgn 0 = 0, and sgn a = —1 if a < 0. The indicator function
of any set A C R is denoted 1,4, and log symbolizes the natural logarithm. For z € R, let
|z| be the absolute value, |z] the floor (i.e., the largest integer < z), and (z) = = — |z] the
fractional part of x, respectively. Lebesgue measure on R is symbolized by X, and §, stands
for the Dirac measure concentrated at a, i.e., ,(A) = 14(a) for all A.

The usual notations for intervals, e.g., [a,b] = {ac ER:a<x< b} are used. When en-
dowed with the topology {[—oo,a[ UUU]Jb,+oo]:a,beR, UCR open}, the space R is
compact and homeomorphic to the unit interval T = [0, 1]. Throughout, I C R always denotes
a closed (and hence compact) interval that is non-degenerate, i.e., A(I) > 0. For A C R,
denote by # A, ;1 and A the cardinality (number of elements), interior and closure of A,
respectively. Every non-empty A has an infimum inf A and a supremum sup A; if A is closed,
then inf A = min A and sup A = max A. If A C R is an interval and f : A — R is monotone,
then f(a—) = lim. o f(a —¢) and f(a+) = lim. |y f(a+¢) both exist for every a € Al For any
set A C R and any function f : A — R, the image of A under f is f(A) = {f(a):a € A},
while the pre-image of B C Ris f~Y(B) = {a € A: f(a) € B}. Also, for every b € R, let
{f <b} = f1([-00,b]); the sets {f >0}, {f <b}, {f >0} and {f = b} are defined anal-
ogously. Denote by essinf4f and esssup,f the essential infimum and supremum of f on A,
respectively. For 1 < r < 400 and any (closed) interval I C R, let L"(I) be the space of
all measurable functions f : I — R that are (absolutely) r-integrable with respect to A, and
L*>(I) the space of all functions bounded A-almost everywhere (a.e.). For f € L"(I), let
ft=max{f,0} and f~ = (—f)", hence f = f* — f~.

Let P be the family of all Borel probability measures on R with u(R) = 1. For every
p€ P, F,: R —=Twith F,(z) = p([—00,x]) is the associated distribution function, F' the
associated (upper) quantile function, i.e.,

E ' (t) =sup{F, <t}, Vt€0,1], (2.1)

”w

and supp p the support of i, that is, the smallest closed set of y-measure 1. Both F, and F !
are non-decreasing and right-continuous. As a consequence, F,° I generates a positive Borel
measure ' on ]0, 1] via

pt(Jtu]) = F N (u) — F N, 0<t<u< 1.

Note that p~!, referred to as the inverse measure of u, is finite if and only if supp p is

bounded, since in fact g~ (]0, 1[) = max supp g — min suppy; see, e.g., [11, App.A] for further

Note that without causing any confusion, we also write fi(a) for f(a#), notably in Chapters 4-5.
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basic properties of inverse measures.
For every r > 1, the set of probability measures with finite -th moment is denoted P,,
ie.,
P, = {u eP: / lz|"dp(z) < —I—oo}.
R
Thus p € P, if and only if F/f € L"(I). On P,, the L"-Kantorovich distance d, is

v

)" = |- w7

d. (1, v) = (/H\F;(t) _F) L YureP. (22

For r = 1, by Fubini’s theorem,
dy (1, ) = /R | (2) — Fy(x)|dz, Y p,ve P

When endowed with the metric d,., the space P, is separable and complete, and d,.(,,, 1) — 0
implies that p, — p weakly. Note that P, D Ps and d, < ds whenever r < s. On Ps, the
metrics d, and d; are not equivalent, as the example of p, = (1 — n=*)dy + n~*¢, shows, for
which dg(pn, 00) = 1, and yet lim,, o d-(fin, o) = 0 for all r < s, and hence p,, — Jy weakly.
The reader is referred to [30,88] for details on the mathematical background of the Kantorovich
distance, and to [40, 88] for a discussion of its appropriateness for mass transportation and

quantization problems.

2.2 Monotone and balanced functions and their inverses

Quantization, as informally alluded to in the Introduction, may be understood as the approxi-
mation of a given probability measure by finite weighted sums of point masses. Every quantile
function is non-decreasing; in particular, the quantile function associated with a finitely sup-
ported probability measure is a monotone step function. Therefore, it is natural—mnot least
in view of (2.2)—to formulate the ensuing approximation problem more generally as a prob-
lem about the best approximation of monotone L"-functions by step functions. Towards this
goal, we first present some relevant properties of monotone functions. For ease of exposition,
the focus is on non-decreasing functions, but all subsequent arguments hold analogously for
non-increasing functions as well.

Given an interval I C R and a non-decreasing function f : I — R, define the t-quantile set
Q{ of f as

Qf =[inf{f >t} ,sup{f <t}], Vt€R;

here and throughout, inf @ := max [ and sup @ := min /. Also remember that [ is closed
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and non-degenerate, by convention. As a generalization of (2.1), the (upper) inverse function
f~':R — R associated with f is

fHt) =sup {f <t} =maxQ/, VteR.

Some basic properties of inverse functions are summarized below.

Proposition 2.1. Let f : I — R be non-decreasing. Then f~! is non-decreasing, right-
continuous and, on f(I), coincides with the ordinary inverse of f whenever f is one-to-one.
Moreover, (f£)™ = f~' and (f)'(x) = f(a+) for all z € I; in particular, therefore,

(f’l)f1 equals f a.e. on I, and in fact everywhere if f is right-continuous.
A few other elementary properties of quantile sets are as follows.

Proposition 2.2. [6, Lem.2.7]. Let f : I — R be non-decreasing. Then, for everyt € R, the
set QI is a non-empty, compact (possibly one-point) subinterval of I, and f(z) =t whenever
min Qf < r < max Q{. Moreover, the following hold:

(i) If t < u then x <y for every x € Qf and every y € QF, and the set Qf NQI contains at
most one point.

(i) For everyz € I andt € R, x € Q! if and only if t € Q:J;_l.

For any non-decreasing function f : I — R, call x € I a growth point of f if f(y) < f(z)
for all y € I with y < z, or f(y) > f(x) for all y > z; see also [11, p.97]. Define the growth
set of f as

G ={x € I:xis a growth point of f}.

Thus for example, G'* = supp u for every u € P, and {0,1} C GF«' C I An elementary

relation between growth and quantile sets follows directly from the definitions.

Proposition 2.3. Let f : I — R be non-decreasing. Then G7 is a closed subset of I, non-

empty unless f is constant, and G'\J {min [, max I} = Uﬁ{min Q7 max Q{} :
teR
Next, we recall a useful terminology from [17]: Given a bounded interval I C R, call a

measurable function f: I — R balanced if

A{F >0 = A({f<0p|<Aa{F=0}),

and denote by B/ := {t € R : f —t is balanced} the set of all balanced values of f. To establish
a few basic properties of BY (in Lemma 2.7 below), consider the auxiliary function ¢; : R — R
given by

(1) = ; (min ] +max T+ X\({f < £}) = A{f > ).

27



Section 2.2. Monotone and balanced functions and their inverses

The following properties of ¢; are straightforward to verify.

Proposition 2.4. Let I be a bounded interval and f : I — R a measurable function. Assume
that f is finite a.e.. Then the following hold:

(i) ¢; is non-decreasing;

(i) For every t € R, {p(t£) = l;(t) £ IN({f =1t}), and hence {; is continuous at t if and
only if X({f =t}) = 0. Moreover, X ({6;1 < t} N I) = A{f <t}) and X ({6;1 > t} N I) =
A{f> 1)

(ili) limyy o €4(t) = Lp(—00) = min I and lim;_, o {;(t) = {;(+00) = max [;

(iv) If f is non-decreasing then

(') + 7)), VEeR,

and also

Gy = (1) @) = flad), ' @) = fla-), Vo e I;

(v) If f € L"(I) for some 1 <r < +o0, then HE;l - tH = ||f —t||, for everyt € R.

1 — 322 if0<a<1/3,

Example 2.5. Let I = T and f(z) = {1/2 if 1/3 <2 <2/3, Here the functions
Bz —2)%/3 if2/3<xz<1.

Uy, 6]71 :R — R are given by

t+/3 ift <1/3,

1/3 if 1/3<t<1/2,
0i(t) =41/2 if t =1/2,

2/3 if 1/2 <t <2/3,

1— /(1 =t)*/3 ift>2/3,

and
—00 if x <0,
322 if0<x<1/3,
O (x) =4 1/2 if 1/3 <z <2/3,
1-3(1—2)? if2/3<x<1,
+00 ifx>1,

respectively. From Figure 2.1, it is clear that indeed HEJ?l — tH = ||f —t||, for all ¢, as asserted
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by Proposition 2.4(v).

s Lt o'
L. 1.0p 1.0
0.8 t=08 0.8 / 0.8 ‘t =0.8
06 0.6f i 0.6
0.4 0.4¢ 1 0.4
0.2 0.2r 0.2

0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0 ! 0.0 02 04 06 0.8 1?0

(a) (b) ()

Figure 2.1: Graphing f, ¢; and E;l; see Example 2.5.

Remark 2.6. By Proposition 2.4(v), minimizing ¢ — || f —¢||, for f € L"(I) is equivalent to
for the monotone function ¢;'. Note also that if f € L7(I) is

minimizing ¢t +— HE;I —t
non-decreasing then f and E;l coincide a.e., by Proposition 2.4(iv).

Utilizing Propositions 2.2 and 2.4, we now establish a few basic properties of the sets B/

that will be used in the next section.

Lemma 2.7. Let I be a bounded interval and f : I — R a measurable function. Assume that
0

f is finite a.e.. Then BY = Q;

5 (min I+max I)

(i) For everyt e R, AN({f > t}) > A{f <t}) ift <min BY, and A\ ({f < t}) > X({f > t}) if
t > max B/;

(ii) A (f—l <§f>> = 0;
(i) A ({f <min Bf}) = A

. Moreover, the following hold:

({f > maXBf}) .

Proof. For convenience, let £ = %(minl + max ), and note that, by definition,
1

B ={t: 10— 6 < A (UF =D}

Define a = inf {{; > £}, b=sup {¢; < &}, and hence [a,b] = Qﬁf. It is easy to see that a and
b are finite, with a < b, and

lila—) <& < Ly(at), (=) <E<Ly(bt),

which implies that a, b € BY, by Proposition 2.4(ii). For every t €]a,b[, {;(t) = &, thus
t € B/, and hence [a,b] C BY. For every t > b, {;(t—) > £, so again by Proposition 2.4(ii),
Cr(t) — & > A ({f =t}), which implies that t ¢ B/ and A ({f < t}) > X ({f > ¢}). Similarly,
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t¢ B and A ({f >t}) > A({f < t}) for every t < a. This proves that B/ = [a,b] = Q?, and
also establishes (i).

To prove (ii) and (iii), assume that é)f #+ &, i.e., a < b. For every t € Bof, le(t) =&, e,
AMAf >t}) =X{f <t}). Hence for all a < t; <ty <D,

A <td) S A <) = A{f > 1)) SA{S > 0)) = A{f <h}).

Thus A ({t; < f <t2}) = A({t1 < f <t2}) = 0. Letting ¢t; | a and t5 1 b, properties (ii) and

(iii) immediately follow from the continuity of A. O

Remark 2.8. If, under the assumptions of Lemma 2.7, the function f is non-decreasing, then
B =0l

%(min I4max 1)’

2.3 Approximating L"-functions by step functions

This section characterizes the best approximations of a given function by step functions. Two
main results (Lemma 2.9 and Theorem 2.11) will be used in Section 2.4 to identify best
finitely supported approximations of a given probability measure u € P; they may also be of
independent interest. Throughout this section, we assume that the closed interval I C R is
bounded. (For unbounded I, most statements become either trivial or meaningless.)

First, we give a result on the best approximation of a monotone function by a (monotone)

step function with a prescribed range and a single jump at a variable location.

Lemma 2.9. Assume that f : I — R is non-decreasing, and f € L"(I) for some r > 1. Let
a, b € R with a <b. Then the value of

Hf - (@ﬂ[minl,g[ + bﬂ[&,max[})‘ , v f € [7
is minimal if and only if £ € Q’f )

Proof. Given f € L"(I) and a < b, define ¢(§) = Hf — (aﬂ[minLﬂ + bIL[&maxI]) HT for all £ € I,

and let ¢ = %(a + b). Clearly, the function 9 is non-negative and continuous, and so attains a

minimal value. If £ > f~!(c) then there exists 0 < ¢ < & — f~!(c) such that f(z) > c for all
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x € [£ —¢e,&]. Hence

W =0 (77@) = 7, (5@ =l () =) s
= [ (@) = 0 = () = ) 1oy
g I8 I
L (@) =) = (b= F@)) T
> [ (b—a) Tissp d:c—l—/5 2f(x) —a—"0b)" 1yjeppda
> J. {£20) - {f<b)
>emin{b—a,2(f(§—¢)—c)} >0,

ie., (&) > ¥ (f(c)). Similarly, (&) > ¢ (f~!(c)) whenever £ < inf{f > c}. Therefore
¢ attains its minimal value on the interval [inf{f > c}, f~!(¢)] = @I, and the proof will be

complete once it is shown that in fact v is constant on Q. If Q7 is a singleton, then, trivially,
this is the case. On the other hand, if £, n € 655 with & < n, then f([¢,n]) = {c}, by
Proposition 2.2, and
U U
v =) = [ (@) b~ /(@) —a)dz = ["(je— bl ~ e~ a)dz =0

Thus 1) is constant on Q/, as claimed. O
Remark 2.10. (See Section 3.2 for details.) The monotonicity of f is essential in Lemma 2.9.
To see this, take for instance I = [0,5] and the (non-monotone) function f = 16 - Iy ; + 8 -
Lo +18-1g31+9-1j35. For a = 0, b = 24, it is straightforward to verify that Hf —24- 15 Hr
is minimal precisely for £ € {0,2,5}ifr=1orr=2,for{ =5if 1 <r < 2, and for £ € {0,2}

if » > 2. In general, therefore, the set of minimizers is not an interval and may depend on r.

The remainder of this section deals with a problem dual to the one addressed by Lemma
2.9, namely the best approximation of an L"-function f by a step function with prescribed
locations but variable jumps. By considering intervals of constancy individually, clearly it is
enough to consider the approximation of f by a constant function. Remember that the closed,

non-degenerate interval I C R is assumed to be bounded throughout.

Theorem 2.11. Assume that f € L™(I) for some ro > 1. Then for every 1 < r <y, there
exists 7§ € R such that

-+

<Nf-tl,, YteR

Moreover, the following hold:
(i) 7/ € [essinf; f, esssup; f];
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(i) | f—tll, = Hf — 7‘1fH1 if and only if t € BY;

(iii) For 1 <r <y, the number 7 is unique, and r — 7 is continuous.

Proof. Given f € L™(I), recall that f € L"(I) for every 1 < r < r¢, since I is bounded.

Hence the auxiliary function ¢, given by
& (t) =MD f — 1, YtER, (2.3)

is well defined and real-valued. Note that limy 4 ¢r(t) = +00. Since ¢, is convex, there
exists 7/ € R such that ¢, (7) < ¢, (t) for all t € R.
It remains to prove assertions (i)-(iii). To establish (i), let b = esssup,f for convenience,

and observe that, for all ¢t > b,

M) (608 = 6,0)) = [ ((t = F(@)) = (b= F@))de = [(t=byde = NIt =) >0,

hence ¢,(t) > ¢,.(b). Similarly, ¢,.(t) > ¢, (essinf;f) whenever ¢ < essinf;f. This shows that
74 € [essinf; f, esssup, f] .

To prove (ii), given ¢ > max B/, pick any u with max B/ < u < t. Then,

M) (61(8) = 61(w) = [ (1f(x) =t = |f (@) —ul) da
> [ = J@) = fe) et [ (@) 1= ()~ w)da
= (=W ({f <u}) = A({f = ub) >0,

by Lemma 2.7(i), and so 7{ < max Bf. Similarly, 7{ > min B/. On the other hand, if ¢, u €
BY, then

D@ =) = [ 0= J) = (= S@))do+ | (i) (1f(z)—u
@) —thdek o @) = u (@) - ) da
= (u—1) ()\ ({f < mian}> —)\({f zmaxBf})) =0,

by Lemma 2.7(ii) and (iii). Thus ¢ (¢) is minimal if and only if t € B/.

Regarding (iii), we claim that the number 7/ is unique for 1 < r < ry. Trivially, this is
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true if f is essentially constant. In any other case, note that ¢/ is differentiable w.r.t. ¢, and

S / F(a) — " s ¢ — f(2) d

{r<t} (t = f(x)" do - /{f . (f(z) —t) ' da o
:/{fﬁmian} (t = f@) do - /{f>maXBf} flz) =) dz

is increasing in ¢t. Thus ¢’ is strictly convex, and 7 is unique.

To show that r — 7/ is continuous on |1, 7], pick any 1 < r < ry and any sequence (7,) in
|11, ro] with lim,, o 7, = 7. Given € > 0, by the strict convexity of ¢,, there exists 6 > 0 such
that ¢, (Tf + 5) > o (Trf) + 30. On the other hand, lim, . ¢, (t) = ¢.(t) for every ¢ € R,

by the Dominated Convergence Theorem. Hence for all sufficiently large n,

Or, (7{ 22) > 0, (/) +26 and ¢, (7]) < &, (7)) +6

r — 7/ is continuous. [

For monotone functions, Theorem 2.11 takes a particularly simple form.

Corollary 2.12. Assume that f : I — R is non-decreasing, and f € L™ (I) for some rq > 1.
Then for every 1 < r < rq, there exists T,f € R such that

-

Moreover, the following hold:

(i) 7/ € [f(min I+), f(max [—)].

(i) | f —tll, = Hf — 7 H if and only if t € Qf (min T+ max T)’

(iii) For 1 <17 < rg, the number 7/ is unique and r— 1) is continuous.

Remark 2.13. (i) If f € L*(I) then simply 7 = ﬁ [; f(z)dx

(ii) For r = 1, Corollary 2.12 immediately yields Lemma 2.9. Indeed, under the assumptions
of the latter, f=!

i
g=/f"

Given r > 1, the number 7/ depends on f in a monotone and continuous way, as the

wp) € L* ([a,b]) , and Hf — (aﬂ[minl,g[ + bﬂ[f’ma"”)H1 is minimal if and only

ap — & H is minimal. By Corollary 2.12, this is the case precisely if £ € Q‘%_(; ) with
[a,¢] » Which by Proposition 2.2 is equivalent to § € Qf

5 (a+bd)”

following two simple observations show.

Proposition 2.14. Assume that f, g € L"(I) for somer > 1, and f < g. Then 7/ <79, and
i =719 if and only if f =g a.e..

33



Section 2.3. Approximating L"-functions by step functions

Lemma 2.15. Assume that f, f, € L'(I) for some ro > 1 and alln € N. Iflim, o f, = f

in L™ (I), then lim,, o 7i» = 7/ locally uniformly on |1,70).

Proof. Since f, — f in L (I) and I is bounded, sup,cy || fxll,, < +o0c and, for all r € J1, 7]
and n € N,

fn
Ty

In
Ty

= A\ <MD (|| =7
<20 full, < 20XV fall,

)

by Hélder’s inequality. This shows that (Tf”) is uniformly bounded on |1, o).

Fix any 1 < s < rg. To prove that lim, o, 7/ = 7/ uniformly on [s, o], suppose by way
of contradiction that there exists €y > 0, a sequence (r;) in [s, ro] and an increasing sequence
(n;) in N such that
>e0, VjeEN

f o fnj
T~ Tr

Assume w.o.l.g. that r; — r* and, by the uniform boundedness of (Tf”), T,f;"j — 7 € R.

Since 7 + 7/ is continuous at 7*, it follows that

7{* — T* 2 £€o- (25)
On the other hand,
7=l | <l =tull, [t = | <2 gl + 1 =)
rj J Tj J J
<2|f = £, +F =),

and letting j — oo yields, ||f — 7,. < Hf — 7l )
Theorem 2.11(iii), 7* = 7., which clearly contradicts (2.5). O

since (r,t) — || f —t||, is continuous. By

Remark 2.16. In Lemma 2.9, the convergence 7/» — 7/ in general is not uniform on |1, 7] .
To see this, take for example I = [0,2] and f,, = 2 Ly9-n for all n € N. With f =2 1p g,
clearly, f, f, € L°(I) and lim,, .o, f, = f in L"(I) for every r > 1. Still, lim,|, 7/» = 0 for
every n, whereas 7/ =1 for all 7 > 1.

Note that if f : I — R is affine, i.e., f(z) = ax + b for all x € I and the appropriate
a, b € R, then 7/ = f (% (min / + max I)) for all » > 1. In this context, Lemma 2.9 can be

given a slightly stronger, quantitative form.

Proposition 2.17. Assume that f : I — R is measurable, and let & = %(min] + max I). If,
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for some a, b, c € R,
|f(z) = (azx + b)| <clz—¢], Vael,

then f € L>(I), and

f— f(g)‘ < LeA(I) for every r > 1.

The remainder of this section studies how, given f, the number 7/ depends on r. First, this
dependence is illustrated by an example, where for simplicity f € L*°(I) is a non-decreasing

step function.

Example 2.18. Let I = [0, 8].
(i) Consider the function f = (—4) - Ljpi+ 4 - Ljz g, for which B/ = {0}. By (2.4), for every
r>1,

(Tf+4>r_1 —|—4(T,f)r_l = 3(4—T7f)r_1, (2.6)

and using (2.6), it is readily deduced that 7{, := lim, ; 7/ = 0, but also 7 := lim,_, ;o 7/ = 0.
On the other hand, 7'2f =1, and hence r + 7/ is not monotone; see Figure 2.2. Note that in
order for r — 7/ to be non-monotone, a step function f has to attain at least three different
values.

(ii) Consider the function f = (—a)lj i + (=1)Lpa; + Ly + bls g with real parameters
a, b > 1. In this case, B/ = [~1,1], and (2.4) yields, for every r > 1,

r—1 r—1 r—1 r—1
(Trf—l—a) +3(7‘7f+1) :(1—7'Tf) —|—3<b—7’7f> ,
from which it is straightforward to deduce that Tlf ., exists and equals the unique real root of
Gap(T) == (3b+a+4)7’3—3(b2+b—a— 1)7’2+ (b3+362+3a+1)7—b3+a20. (2.7)

Given any 7 €]—1, 1[, note that lim,_, o gas(7) = +00 for every b > 1, and limy_, o gop(7) =
—oo for every a > 1. By the Intermediate Value Theorem, there exists @ = a(7), b = b(7)
such that g;3(7) = 0. Since the real root of (2.7) is unique, 7. = 7. This shows that with
a, b > 1 chosen appropriately, 7i + can have any value in |—1,1[. Note that, similarly to (i),
7L =10b-a).

As seen in Example 2.18, the number 7/ may depend on r in a non-monotone way. In both
cases considered, however, the limits Tlf 4+ = lim,; 7'7f and TC{O = lim, ., 7’7f exist. Also, by
modifying Example 2.18(ii) appropriately, it is clear that, given any compact interval J C R
and any 7 € J, one can find f € L*®°([) with B/ = J and 7'1f+ = 7. In fact, one can choose f

to be a non-decreasing step function.
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r

A

0.5}

¥— 4 6 g

Figure 2.2: Profile of 7/ for f = —4- Lo +4- 1585 see Example 2.18(i).

This section concludes with a demonstration that, just as in Example 2.18, Tlf 4 exists

always (Theorem 2.19), whereas, unlike in Example 2.18, 7/ may not exist (Example 2.23).
Theorem 2.19. Assume that f € L™ (I) for some ro > 1. Then 1{, exists, and 7{, € BY.

Proof. We first show that
[lim inf,,; 77, lim supr“Tﬂ c B/, (2.8)

and then that lim,; 7/ exists. For any 1 < r < ry, let ¢, be defined as in (2.3). Recall that ¢,
is convex, and r +— ¢,(t) is continuous and non-decreasing for any ¢t € R. Assume that r, | 1
with 7/ = 7. Then ¢, (7)) < o, (7,) < @1, (), and hence ¢;(r) = lim, o0 ¢ (77,) <
lim,, so0 ¢r, (t) = ¢1(t). Since t € R was arbitrary, Theorem 2.11(ii) yields 7 € B/, which in
turn establishes (2.8).

It remains to show that lim,; 7/ exists, which is non-trivial only if B/ is non-degenerate.

In this case, define ¥ : B/ — R as
_ _ _ N o
0 /{ fgmme}log (t — f(z))de /{ fzmaXBf}log (f(z) —t)de, ¥ t € BY.

Note that U is well-defined and continuous. Moreover, if ¢, v € B/ with ¢t < wu then, as
BY#1,

t— _
U(t) — V(u) = / log ﬂdx +/ log de <0,
{f<minBs} " u— f(v) {f>maxBr} ~ f(x) —1
showing that W is increasing. By (2.4), t @%t(t) is a real-valued increasing function. To

compare the latter to W, notice the following elementary inequality:

Y= 1= (r=1logy| < (r— 1% vy >01<r<2 (2.9)
With Lemma 2.7 and (2.9), for any fixed 0 < & < min {1, A (Bf)} , there exists C. > 0 such
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that

)\Ea[)mzzt(t) —(r=DY@)| <C.(r—1)2 V1i<r<2 tec [mian + &, max B/ — 5} . (2.10)

Since W is increasing, three cases have to be distinguished:

(i) ¥(7) = 0 for a unique 7 € BY. Pick € > 0 so that min B/ + ¢ < 7 < max B/ — . Then for

every § > 0, (2.10) implies % (7 + ) > 0 and %= (7 — §) < 0 for all r > 1 sufficiently small.
It follows that 7/ € [r — 4§, 7+ ] for all r > 1 sufficiently small, and since § > 0 was arbitrary,
lim,; 7/ = 7.

(ii) U(r) > 0 for all 7 € éf. Similarly to case (i), for every 6 > 0, (2.10) yields
% (min BT + 5) > 0 for all r > 1 sufficiently small. This implies that 7/ < min B/ 4§
for all r > 1 sufficiently small and hence limsup,; 7/ < min B/. By (2.8), lim,;; 7/ = min B7.
(iii) U(r) < 0 for all 7 € Bof . This case is completely analogous to (ii), with lim, ; 7/ =
max BY. [

Corollary 2.20. Assume that f : I — R is non-decreasing, and f € L™(I) for some ro > 1.

f : f !
Then t{, exists, and i, € Q%(min I tmax )"

Recall that in Example 2.18 the limit 77/ also exists. This is a consequence of the fact that

f is bounded, together with the following simple observation.

Theorem 2.21. Assume that f € (\ L"(I). If f~ € L>®(I) or f* € L*°(I), thenlim, ., o, 7/ =
r>1

1 (essinf; f + esssup, f) .

Proof. Let f be non-constant (otherwise, r + 7/ is constant, too), and assume that f~ €
L>(I), that is, essinf;f > —oo. (The case fT € L*(I) is completely analogous.) Let u =
% (essinf; f 4 esssup; f) for convenience, fix any essinf;f < ¢t < u, and let § = ¢t — essinf; f. For
T < t, note that 7 — essinf; f < ¢ and A ({f > 74 0}) > 0, and hence, with (2.4),

AI) dei(r) T—fl)\ fla) -7\
ror=t dr _/{f«} <5> dx_/{f>f} <5> o

7 —essinf; f\" flz)—71 !
=) ()

r—1
(f(fv) - ) ,
{r<f<r+5} )

T — essinf; f

< \(0) <5> A{f T4 <0,
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for all sufficiently large r. Thus liminf, ., 7/ > 7, and since ¢t and 7 < t were arbitrary,

liminf, 7'1f > u. A similar argument shows limsup,_, T,f < u. ]

Corollary 2.22. If f € N L"(I) is non-decreasing and f(minI+) > —oo or f(maxI—)
r>1

< 400, then lim, 4o 7/ = 3 (f(min I+) + f(maxI—)).

The final example shows that, unlike in Example 2.18, lim,_, ., 7/ may not exist if f is

unbounded.

Example 2.23. Consider the function f: I — R given by

f = Z 2,',1/(_1)717111” )
n=0

where [ := G I,, and Iy, I;, --- are pairwise disjoint, contiguous half-open intervals, with
I; to the riéﬁo of Iy, and generally I5,.; immediately to the right of Iy, 1, as well as I5,19
immediately to the left of I5,. (Clearly, f is non-decreasing on I .) The lengths A, := A\(1,,) > 0
will be determined by induction shortly, subject to the requirement that A\,,; < %An for
all n > 0. Thus I is a non-degenerate, closed interval of length >, 50 A, < 2Xg, and f €
N L"(I) but clearly f ¢ L>®(I). For each N € N, let fy = >N 2n(—1)""'1;, and note that

r>1
lim,, oo 7/¥ = (=1)¥~1, by Theorem 2.21. Moreover,

I fver — full, =2(N +1)AYT,, Vr>1, NeN. (2.11)

Let \g = 1, 1o = 1, and assume that \;, A9, -+, Ay with A, < %)\n—l as well as rg < 11 <

- < ry with r, > max{r,_1,n+ 1} for n = 1,--- | N have been chosen in such a way that,
for every 1 < n < N,

Tl (-1 <2t -2 V<< (2.12)

For N = 1, clearly such a choice is possible. By Lemma 2.9 and (2.11), choosing Ay;1 < %)\N

sufficiently small guarantees that
’TXN“ — TfN‘ < 2*(N+1), Vorelr,ry|,

and consequently

Nt — (—1)j_1‘ < ‘7‘7{“1 — 7‘7{.]\7’ +

T35

TN — (—1)j_1‘

< 27(N+1) + 217‘7‘ . 271\7 _ 217]' . 27(N+1) vj _ 1, .

?
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Also, choose ry41 > max {ry, N + 2} such that

e — ()N < 270,

Thus (2.12) holds for n = N + 1, and in fact for all n € N, by induction. Furthermore, note
that, given any r > 1,

1/r 1/r
Ifv—fll, = (Z (2n)T)\n> < 2)\é/r (Z nr2"> —0 as N — oo,

n>N n>N

and so in particular limy . || fx — f||Tj = 0 for every j7 € N. By Lemma 2.9, TTfJN — 7‘72;‘ <277

for all sufficiently large N, which, together with (2.12), yields

Tj

h = (-1 <327,

Since j € N was arbitrary and r; 1 +oo, this shows that liminf, , . 7/ < —1 and
limsup,_, ., 7/ > 1. On the other hand, using (2.4), it is readily confirmed that ¢ || f — ¢ >

< 1. Thus liminf, Trf = —1 and

i

0 for t = 41 and all » > 1, and consequently

limsup,_, 7/ = 1.
By modifying Example 2.23 appropriately, it is straightforward to establish

Proposition 2.24. Given any (bounded) interval I C R and —oo < a < b < +o00, there exists

a non-decreasing function f € (\ L"(I) such that liminf, - 7/ = a andlimsup,_, . 7/ = b.
r>1

2.4 Best constrained approximations

In this section, we apply results established in previous sections, notably Lemma 2.9 and
Theorem 2.11, to investigate best constrained approximations of u € P,., i.e., approximations
of p by finitely supported probabilities for which either locations (Subsection 2.4.1) or weights
(Subsection 2.4.1) are prescribed. We establish existence of best constrained approximations
and study their behaviour as the number of atoms goes to infinity. Finally, in Subsection 2.4.3
we relate these results to the classical theory of best (unconstrained) approximations.

First, we fix a few notations specific to this section. Given n € N, let =, =
{reR":z;<---<z,}tand Ill, = {peR":p;, >0, 37" p;=1}. For any = € E,, the
conventions g = —oo and z 41 = +oo are adopted, and for any p € II,,, let P; = Z§:1 D.js

i=0,1,--- ,n; note that Py =0 and P, = 1. Given x € =, and p € II,,, let 0 = > 1" | p 0, ,.
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Throughout, usage of the symbol §? tacitly assumes that x € =,,, p € 1I,,, with n € N either

specified explicitly or else clear from the context.

2.4.1 Best approximations with prescribed locations

Let p € P, for some r > 1, and n € N. Given z € =, call 0 with p € II, a best

r-approzimation of u, given x if

dy (07, 1) < dr (63, 1), V q € 1L,

Denote by d2 any (possibly not unique) best r-approximation of y, given z. (Note that 3 also
potentially depends on 7. In the interest of readability, this dependence is made explicit by a
subscript only when necessary to avoid ambiguities.)

The existence of best r-approximations with prescribed locations can be established using
the results of Sections 2.2 and 2.3.

Theorem 2.25. Assume that y € P, for some r > 1, and n € N. For every x € =,, there
exists a best r-approximation of u, given x. Moreover, d,. (02, u) = d,. (63, 1) with p € 11, if

and only if, for everyi=1,--- n,
. . Ft
x; < x41 tmplies P; € Q%(x,i+x,i+1). (2.13)
-1
Proof. For convenience, let A; = Qf‘(‘z i) for 0 < i < n; note that Ag = [—00,0], A,
5 \L,i N

= [1, +0o0], and every A; is a compact (possibly one-point) interval, by Proposition 2.2. Since
the theorem trivially is correct for n = 1, henceforth assume n > 2. We first establish (2.13),
as the asserted existence of best r-approximations will follow directly from it.

Labelling z € =, as
Tijgpl = o+ =Ly <L =00 =Ly <Tjgqr =+ <o <L 1= =T, (2.14)

with integers j < i; < n for 1 < j <m <mn, and iy = 0, i,, = n, note first that d, (6, u) =
d, ((52, u) , where T € =, and p € Il,,,, with T ; = x;, and P,= P;, for 1 < j < m. Moreover,
(2.13) reduces to P € Qg{;’jﬁﬁl) for all 1 < j < m — 1. To establish (2.13), therefore, it
can be assumed w.o.l.g. that z; < x4, for all <.

To prove that (2.13) is necessary, let 02 be a best r-approximation of u, given x. Given
any 1 <i<n-—1,letpell,satisty p, =p;forall j #4,i+1,and 0 <p; <p,+p,s1. Note
that P;_; < ]51 < Pi1.
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If P,y < P41, then d, (02, 1) < d, (55, u) implies

Y
T

Ji— (iUJ]l[PJ,l,P,,.[ + 17,i+1]1[P,i,P,¢+1]) HT < | fi (517,11[13’1,71713’1,[ + xv"*lﬂ[ﬁ,i,lﬁﬂ])

with f; = Fu_l ‘[pj_l’p’iﬂ] . Since f’, € [Pi-1, P;+1] was arbitrary, Lemma 2.9 and Proposition
22yield P € QY ., )=

If P,_y = P;i1, let i~ and " be the minimum and maximum, respectively, of the (non-
empty) set {0 <j<n: P;=P;}.Clearly, 0<i~ <i—1,i+1<4t <n,and it —i~ > 2.
Assume first that i~ = 0, in which case i* <n —1and P; = P;+ = 0. Lemma 2.9, applied
to f;+ yields 0 € A;+. Recall that A; C T and max A; < min A;+, by Proposition 2.2. Thus
0 < minA; < min A;+ < 0, and hence 0 = P; € A;. By a completely analogous argument,

7.

the case of it = n, where i~ > 1 and P; = P;- =1, leads to 1 = P, € A;. Finally, assume
that 1 <¢~ <4t <mn — 1. In this case, Lemma 2.9, applied to f;- and f;+ yields P;- € A;-
and P+ € A;+, respectively. Thus P; = P,- = P;+ € A;- N A+, Since j — %(xJ + T j11)
is increasing, Proposition 2.2 implies that A; = {P;}, and hence trivially P, € A;. This
completes the proof that (2.13) holds whenever d, (67, i) is minimal, i.e., (2.13) is necessary.

To see that (2.13) also is sufficient, let p € II,, satisfy (2.13) and consider § € II,, with P, =
max A; for all ¢. It suffices to show that d,. (02, u) = d, (55, u) . To see the latter, note that by
Proposition 2.2(i), P; < P; < Py, forall1 <i<n—1, and ’x, - Fljl(t)‘ = ’xﬂl — Fljl(t)‘
for all P; <t < P;. Consequently,

n P; B
d, (67, )" :Z/p o~ F@)[ at
i=17 i1
n P;_1 = r P; 1 r
:; (/P ;- F)] dt+/§“ = F)] dt)

v — F7M)| dt)

T P
ZL‘7Z‘_1—F#_1(75)‘ dt‘i‘/,ﬁl

, 1 r i 1 r
o~ F ()| dt + /]3 ro— F\(®) dt)

S

P;_1

vi— F ()| dt =d, (o7, 1)

As indicated earlier, the asserted existence of a best r-approximation of u, given x, is a
direct consequence of (2.13). Indeed, when z € Z,, is written as in (2.14), Proposition 2.2(i)
guarantees that the m intervals A; 1, A;,—1, -+, A;,—1 C I are arranged in such a way that
t<wuforallt e A;,_; and u € A, 1. It is possible, therefore, to choose p € II,, satisfying
(2.13). 0
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T

Given u € P, and x,, € =, for all n, it is natural to ask whether d, (5'n, u) — 0asn — oo.

The following example illustrates that this may or may not be the case.

Example 2.26. (See Subsection 3.3.1 for details.) Let u be the standard exponential
distribution with F,,(z) = 1 — e ™ for all x > 0. Note that p € N P,. Given z, =

r>1
(1,2,---,n)/y/n € Z,, Theorem 2.25 yields a unique best r-approximation of u, name-
ly, 62» with P,; = F, (32\%1) =1 — e HD/CV) for 1 < i < n—1. It is readily con-

firmed that lim,, . /nd, (5;n, u) = %(r + 1)7Y" for every r > 1; in particular, therefore,
lim,, .o d, (552, u) = 0. On the other hand, consider y,, = (0,2,---,2n — 2) € =,, for which
lim,, oo d, ((5;n, ,u) =d, (v,p) > 0with v = (1 —e™1) dp+2sinh 1 352, e ?'d;. Note that while
every point in supp p = [0, +00] is the limit of an appropriate sequence (z,,, ), this clearly is

not the case with (y,).

As Example 2.26 suggests, a condition has to be imposed on (z,), with x,, € Z, for all n,

in order to guarantee that lim,, .. d, (5;n, u) =0.

Theorem 2.27. Assume that i € P, for some r > 1, and z, € =, for every n € N. Then
lim,,_,. d, (592”’ ,u) = 0 if and only if

lim miny i<y, |z —z,,;| =0, V 2 € supp p. (2.15)
In particular, (2.15) holds whenever

lim (FM (xn,l) + L max (xn,i-i-l — xn,i) +1- FH (-Tn,n)> = 0.

n—00 <i<n—1

2
as well as A = [\ {P,;: neN, 0<i<n} and f, = Fypn. Note that ‘Fljl(t) — Ty

ming <j<p ‘Fu_l(t) — a:w‘ whenever P,; 1 <t < P,;, and hence

Proof. For convenience, let P,; = F), (1 (xn7i+xn7i+1)> for all n € Nand 0 < 7 < n,

F () = £ ()] = minigjen |[F (1) = 2ag], VEE A (2.16)

We first show that (2.15) is necessary. To see this, assume that (2.15) fails. Then, with
the appropriate € > 0, x € supp p and sequence (ny),

minlgignk |I — xnk,i| Z 25, vV keN.

Since f, is constant on [x — ¢,z + ] whereas F), is not,
dy (4 dy (80 1) > minges [ d k
1 (03, 1) =dy (0%, 1) > minger [ [Fu(y) —cldy >0, VE €N,

r—¢€

42



Section 2.4. Best constrained approximations

and so limsup,,_, . d, (5;n, u) > 0 as well.

To see that (2.15) also is sufficient, note first that if F, ' is continuous at ¢ € A, then
FH(t) € supp p, and hence f,'(t) — F,'(t), by (2.16). Since F;' is monotone, f,' — F
a.e. on L. If supp p is bounded then f, ! — F;l in L"(I), by the Dominated Convergence
Theorem, i.e., lim, . d, (5{5’2,@ = 0, and thus lim,_, d, (5;n,u) = 0. If, on the other
hand, supp p is unbounded, then, given any € > 0, choose v € P with bounded support and
d, (1, v) < €. Then d, (5;717 ,u) <d, (g;n, u) <d, (g;n, 1/) + d,(v, 1), where 0% denotes a best
r-approximation of v, given z,,. By the above, limsup,,_, . d, (5;n, u) < g, and since € > 0 was

arbitrary, lim,,_, d, (5;n, ,u) =0. O

Example 2.28. (See Subsection 3.4.1 for details.) Let p be the Beta(2,1) distribution,
ie., F,(z) = 22 for all z € I, and consider z, = (1,v2,--,y/n)/v/n € Z,. By Theorem

2.27, lim, o d, (5;n, u) = 0 for every r > 1. Unlike in Example 2.26, however, the rate of

1
max{2,r}

convergence depends on r: With v, = % + and the appropriate 0 < CN’T < +o00,

i e (12,.0) = €,

whenever r # 2, whereas

: . 1
fin s (85,) =

Thus (dr (5;n, u)) decays like (n™7") and (n’l log n) if r # 2 and r = 2, respectively.

2.4.2 Best approximations with prescribed weights, notably equal
weights

Let po € P, for somer > 1, and n € N. Given p € I, call 6? with x € =, a best r-approzimation
of u, given p if
d, (6°, 1) < d, (55,@ , Vy€EZ,.

Denote by % any best r-approximation of yu, given p. (Again in the interest of readability, the
r-dependence of 0¥ is made explicit by a subscript only when necessary to avoid ambiguity.)
An important special case of p € II,, is the uniform probability vector u,, = (1,---,1)/n. Best
r-approximations of u, given wu,, will be referred to as best uniform r-approximations, and
denoted 0. As in the case of prescribed locations studied in Subsection 2.4.1, the existence
of best r-approximations with prescribed weights follows from results in Sections 2.3-2.4. Due
to the nature of (2.1), the proof of the following theorem even is simpler than that of its

counterpart, Theorem 2.25.
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Theorem 2.29. Assume that p € P, for some r > 1, and n € N. For every p € I1,,, there
exists a best r-approzimation of u, given p. Moreover, dy (68, u) = dy (68, ) if and only if, for

everyi=1,---,n,
P,y < P; implies x; € Ql(Pl Py (2.17)
and forr > 1, d, (6%, u) = d, (68, ) if and only if, for everyi=1,--- n,
P, 1 <P, implies x ; = Tr , where f; = M_l ‘[pyiil’pyi] ) (2.18)

Proof. As in the proof of Theorem 2.25, existence follows immediately, once (2.17) and (2.18)
are established. Labelling P as

P, :"‘:P,1‘171<P,i1:"':P,2'271<P,i2:"'<"'<P,im,1:"':P,imfl

10

with integers j < i; < n+1forl1 < j < m < mn, and iy = 0, %, = n + 1, note that
d, (62, u) = d, (52, u), where T € Z,, and p € Il,, with T; = z,,, and P, = P;, for

1 < j < m. Moreover, (2.17) reduces to T ; € Qf‘&f ) for all 1 < j < m, whereas (2.18)

Pj71+ﬁ i

reduces to T ; = 7 with fi=F" ‘[ Thus, to establish (2.17) and (2.18), it can be

~1,P, ]
assumed w.o.l.g. that P,_; < P, for all 1.
Given p € II,,, it is clear from d, (62, )" = Y1, ||z; — fi||| that d, (2, 1) is minimal if and

— fill, is minimal for every i. By Corollary 2.12, the latter is the case precisely if

T EQ1 Py QI(PZ, +P)f0r7’:1, and if x; = 7/t for r > 1. [

Remark 2.30. (i) For r = 1 and p = u,, Theorem 2.29 reduces to [6, Thm.2.8]. In particular,
Lso 5FJ1(2221) is a best uniform l-approximation of y € P;. For n = 1, (2.17) yields the

n

well-known fact that d;(d,, ) is minimal if and only if a € R is a median of pu.
(ii) For r =2, if 4 € Py and p € 1I,, with p,; > 0 for all ¢, then by Remark 2.13(i), the unique
best 2-approximation of p, given p, is 62 with z; = p;' f Py o !(t)dt. In particular, dy (04, 1)

is minimal precisely for a = fj F},(¢)dt.

Example 2.31. Given pu € P, and p € II,,, Theorem 2.29 can also be utilized to minimize
d, (E?:l P.i0z.,, ,u) where z € R™ but not necessarily = € =Z,,. For instance, with ;1 = Beta(2,1)
as in Example 2.28 and p = (2/3, 1/3) as well as ¢ = (1/3, 2/3), for r =1,

2 1

Since dy (0%, p1) ~ 012154 > dy (04, 4) = 010677, it follows, that minep> di (20,
+300,, u) =d; (62, 1) . In general, this minimizing problem can be solved by applying Theo-
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rem 2.29 to (p,g(l), e ,pﬁ(n)) € 1I,, for all permutations o of {1,---,n}. The permutations
yielding the minimal value may depend on r. Often, not all n! permutations ¢ have to be
considered. For instance, if F° Lis concave on ]0, 1] as in the above example, then only the

(unique) non-decreasing rearrangement of p is relevant.

Given p € P, and p, € II, for all n, it again is natural to ask whether d, (62", u) — 0
as n — 00. As in the dual situation of Subsection 2.4.1, this may or may not be the case, as

illustrated by the following example.

Example 2.32. (See Subsection 3.3.2 for details.) Consider again the exponential distribution
p of Example 2.26. By (2.17), the unique best uniform l-approximation of y is 6 with
i=F; (2Z 1) log 5—=0— 2Z+17foreverynel\land1<z<n and

(2n)!

—1 + lo =
o8 22nplnpn 4

ndy (0, = —QZzlog

logn+ O(1) as n — oo.

By Remark 2.30(ii), the unique best uniform 2-approximation of u is d," with y,; =
en(n — )"

i/n -1 _
n fiio1yn F (H)dt = log CETES = and
n—1 i 2
Vinds (807, 1) = \[n— Y i(i+ 1) (log Py 1> =Cy + (9(71_1) as n — 0o,
i=1

where C3 = 1+ >, <1 —i(i+1) (log 2+1>2> ~ 1.0803. In fact, it can be shown that
lim,, ;00 n'/"d, (687, 1) = C, whenever r > 1, with the appropriate 0 < C, < +oo. Thus
d, (64", u) — 0 as n — oo, but the rate of convergence evidently depends on r, and is slower
than (n'). On the other hand, consider p, € II, with p,; = zn 7 for 1 <4 < n. Then
lim,, o0 d, (62", 1) = d, (v, 1) > 0 with v = 32, 27%,., and a; = Fu (3-27"1)if r =1 and

-1
Fu | [a—i =i+

a; = Tr if r> 1.

Example 2.32 suggests a simple condition that may be imposed on (p,), with p, € II,, for
every n, in order to guarantee that lim,, ., d, (62", ) = 0. The following result is a counterpart
of Theorem 2.27. Due to the nature of (2.1), the proof is similar but not identical; recall that

GF' C 1 for every pu € P.

Theorem 2.33. Assume that p € P, for some r > 1, and p, € I, for every n € N. Then
lim,, . d, (027, 1) = 0 if and only if

lim ming<ien [t — P =0, ¥ 1 € G (2.19)
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In particular, (2.19) holds whenever lim,,_, o maxy<i;<p Pn; = 0.

Proof. For every n € N, let 62" be a best r-approximation of y, given p,, and also f, = Fson
for convenience.

To see that (2.19) is necessary, suppose that
minlgignk ’t — Pnk,2| > 25, Vke N,

for some 0 <t <1, 0 < ¢ < min{t,1 — t}, and the appropriate sequence (ny). (The other
cases, t = 0 and t = 1, are analogous.) Since f, ' is constant on [t — &, + ] whereas Fr Lis

not,
w

e (037, p) = dy (0535 p) 2 minces /tH

and hence limsup,,_, .. d,. (62", u) > 0.

FH(u) —c‘rdu >0, keN,

To show that (2.19) also is sufficient, assume that ¢ is a continuity point of F- LIft e
GFi" then, given € > 0, there exist t1, t, € GF«  with ’Fgl<t172) — Fﬁjl(t)’ < ¢ and either
t <t <tyort) <ty <t Assume w.ol.g. that ¢t < t; < t. (The other case is similar.)
By (2.19), t < P,;, < Pni,+1 < to for all sufficiently large n and the appropriate 1 <4, <
n. Since f; ! is constant on [P,;,, Pyi,+1] with a value between F'(P,;,) > F,'(t) and
E N (Puj,41) < EJNt) +¢, clearly f7'(t) — F7'(t). If, on the other hand, ¢ ¢ GFi' | then let
Ja, b[C T be the largest interval that contains ¢ but is disjoint from GF ", Assume w.o.l.g. that
0<a<b<1 (The cases a =0 and b = 1 are analogous.) Then a,b € GF«" . Given ¢ > 0,
since F;'—F,'(t) € L"(I), there exists > 0 such that [, ‘Fﬂ_l(u) — Fljl(t)r du < € whenever
MA) < 6. Leti, =min{l <j<n: B,; >t}.Notethat P,;, 1 <t < P,;, . lfa<P,; 1<
P,i, < b, then f,1(t) = Fu_l(t). If P,;,—1 < a, then |P,;,_1 —a| = minj<;<, la — P, |,
max {b, P,; } —b < miny<;<, |b— P,;|, and (a — P,;,-1) + max{b,P,;,} —b < 0 for all
sufficiently large n, by (2.19). Hence

T P’ﬂ»in
S /
P

T P”Vlyin
F~Yu) — 74t du</
R CREF ()] du < -

r max{b,Py i, }
du + /
b

(t—a) |F, 1 (6) = £, (1)

/a
Pri

yin—1

F (u)— F ()

FNu) — FL(t) "du < e.

J j

FH(u) = F (1)

I

For P,;, > b, an analogous argument applies. In summary, f, ' — F o La.e. on I, and the

remaining argument is identical to the one in the proof of Theorem 2.27. ]

Since d? is a best approximation of y € P, w.r.t. the metric d,., given weights p, it is natural
to ask whether 67 reflects any basic feature of pu. Most basically perhaps, how is supp o?

related to suppp 7 As the following example shows, it may not be possible to guarantee
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supp 02 C supp p.
Example 2.34. Let p be the Cantor probability measure, i.e., the %—dimensional Hausdorff
measure on the classical Cantor middle third set. Using the fact that Qf“ is a non-degenerate
interval for every dyadic rational 0 < ¢ < 1, it is readily seen that 62" is not unique for any
n € N whenever r = 1. For instance, % ((51/5 + 54/5) and % (51/9 + 58/9) both are best uniform
l-approximations of y, and {1/5,4/5} Nsupp p = @ whereas {1/9,8/9} C supp p. For r > 1,
on the other hand, §*» always is unique. In fact, do2° even is independent of r > 1, due to
symmetry, and supp d¢2° N supp i = @. For example, §%* = % (51/6 + 55/6> for all » > 1, and
{1/6,5/6} N supppu = .

To formalize the observations in Example 2.34, note that if é? is a best 1-approximation

of p, given p € I, then, by Theorem 2.29, z; € Qf‘(‘ ) whenever P;_; < P,. Since the
2

P; 1+P;
endpoints of all quantile sets Qf " belong to supp p, by Proposition 2.3, it is possible to choose
y € 2, with d; ((55, ,u) = dy (6%, ) and supp 68 C supp p. Similarly, if > 1, then x ; = 7fi with
fi=F" ‘[pﬂ._ljp’i], and consequently x; € [Fu_l (Piy), F! (Pl—)} . By Corollary 2.12(i), it

L
follows that

)

min suppp = F, ' (Po+) <z; < F, ' (P,—) =max suppp, Vi=1,--- ,n.

This establishes

Proposition 2.35. Assume that € P, for somer > 1, and n € N. If r = 1 or supppu
is connected (and hence an interval), then there exists a best r-approximation d? of u, given
p € 11,,, with supp é¥ C supp p.

Among the best approximations of pu, given p € 1I,,, the case of uniform approximations,

i.e., p = u,, arguably is the most important. In this case, Theorem 2.33 has the following

corollary.

Corollary 2.36. Assume that p € P, for some r > 1, and 1 < s < r. For every n € N,
let 52’; be a best uniform s-approximation of p. Then lim, . d, (53”;, ,u) = 0. In particular,
lim,, ;00 d- (6;;:,@ =0 for xn; = F! (%) :

Remark 2.37. For r = s = 2, Corollary 2.36 yields [2, Thm.3.6]. In [2], a conver order
on P is considered, shown to be preserved by best uniform 2-approximations (termed U-
quantization), and applied to the numerical construction of martingales. We conjecture that
best uniform r-approximations preserve this order for all » > 1. By contrast, best (uncon-
strained) 2-approximations, considered in Subsection 2.4.3 below, do not in general preserve

the convex order; see [2, Thm.2.1].
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The remainder of this subsection is devoted to a study of d, (¥, 1) as n — oco. Since best
uniform r-approximations may be hard to identify explicitly, we will also consider asymptoti-
cally best uniform r-approximations. Formally, (5;”7’;) with z,, € =, for all n € N is a sequence

of asymptotically best uniform r-approximations of p € P\ {0% : i e N, z € Z;} if

lim L <5;LZ : H)

=1.
Nn—00 dr ((an’ u)

To illustrate a possible behaviour of (d, (d¢~, 1)), as well as the practical relevance of asymp-

totically best uniform approximations, we first consider a simple example.

Example 2.38. (See Subsection 3.4.2 for details.) Let ;1 = Beta(2,1) as in Example 2.28.
Theorem 2.29 yields a unique best uniform r-approximation of u for every » > 1. For r = 1,

a short calculation shows that
1
ndy (9", 1) = 1 + O(n_m) as n — oo,

whereas for r = 2,
1
ndy (03", 1) = m\/lognjL O(1) as n — oc.

For 1 < r < 2, however, 0" is not easy to calculate explicitly. This not only makes the

rate of convergence of (d, (64", 1)) hard to determine, but it also emphasizes the need for

simple asymptotically best uniform approximations. In fact, Theorem 2.39 below shows that,
. 1-2r 1/r . —

for every 1 < r < 2, lim,_, nd, (00", 1) = ((Tfl)m) , and (5;:) , with z,;, = 2;n1 for

1 <1 < n, is a sequence of asymptotically best uniform r-approximations. By contrast, it

turns out that lim,, . n'/2¥1/7d, (6%, ) is finite and positive whenever r > 2.

The observations in Example 2.38 are a special case of a general principle: If the quantile
function of u € P, is absolutely continuous (and not constant), then (nd, (d¢", 1)) converges
to a positive limit. This fact may be seen as an analogue, in the context of best uniform
approximations, of a classical result regarding best approximations; cf. Proposition 2.50

below.

Theorem 2.39. Assume that u € P, for some r > 1. If u~' is absolutely continuous (w.r.t.

A) then
. . B 1 d,u_l r\ 1/7
lim nd, (03", p1) = 2+ ) (/H <d)\> ) : (2.20)

Moreover, if d’é—:\l € L"(I) then (5};2) , with ©,,; = F;l (%) for 1 <i <mn, is a sequence of

asymptotically best uniform r-approximations of u, unless j is degenerate, i.e., unless p = d,

48



Section 2.4. Best constrained approximations

for some a € R.

Proof. For convenience, let f = F;1|]0,1[7 as well as J,,; = [%,ﬂ and z,; = f (Qan) for

n € Nand 1 < ¢ < n. Note that the non-decreasing function f is absolutely continuous,
by assumption. For the reader’s convenience, the following proof is divided into four steps:
First, (2.20) will be established assuming that f has a C'-extension to I; then (2.20) will be
shown to hold in general, regardless of whether both sides are finite (Step 2) or infinite (Step
3); finally, the assertion regarding asymptotically best uniform approximations will be proved
(Step 4).

Step 1. Assume f can be extended to a C''-function on I. Then

i (5527M)T:nTi[7 ’f(t)_xn,irdtﬁnri(mamn,i f/)r/ t— 2i— 1)
=1 " In,i =1 »
1 1y )
=51 w2 )

Since (f’)" is Riemann integrable, A(J, ;) = 1/n, and similarly

r 1 &
n'd, (5;’;, ,u) =z 27"(7“ +1) n Z (mann i )

i=1

it follows that lim,,_,., nd, (0¥, u) = (i F/()rdt)" < 400. Moreover, f' is uniformly

1
2(r+1)1/7
continuous, hence given € > 0, there exists N € N such that

1
1) = flw)] <e, Vtuel |t—ul< NG

Whenever n > N, therefore, the Mean Value Theorem yields

F(t) = @i — <2i2; 1) (t - %zq_z 1)‘

: o .
and consequently, with y,,; = 7 IJ,“’

21 —1

, Ve Jng,
8 .
|yn,i—flfn,z'| < o Vi<i<n,

by Proposition 2.17. It follows that

n'd, (5,80 = nrd, (50, 6m) —nZ/ Wi — al” < €7,
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and since € > (0 was arbitrary,

lim sup
n—oo

e ) VTn

n'd, (00, )" — nd, (3%, 1) | < lim n'd, (827,08 )" =0,

which establishes (2.20), with the same finite value on either side.

Step 2. Let the non-decreasing and absolutely continuous function f be arbitrary, but assume
that f € L"(I). Similarly, let /i € P, be such that fi~* is absolutely continuous, with f := F !
and f" € L"(I). For n € N and 1 < i < n, pick any t,, € J,; and define z,; = f(t,.),
Zni = f(tm) Below, it will be shown that, for any » > 1,

" ¥YmeN  (221)

= \r+7

n'd, ((52‘7’;, u)r —n"d, ((5;:, ﬁ)r

<2

To see that (2.20) follows easily from (2.21), at least under the current assumption that
fle L), ix r > 1 and wolg 0 < e < ||f|,. There exists fi € P, such that f has a
C'-extension to I, and ||f — f||, < e. With the appropriate t,, let d¥" be a best uniform
r-approximation of x4, and ¢;" a best uniform r-approximation of fi. For all sufficiently large
n, Step 1 and (2.21) yield

IN

n'd, (60 1) < n'd, (65,1) + 26 (e +20|f)
1
2(1+7)

i (5.)

(fIl-+)" +e+2e (e + 20 £

IN

but also
w'd, (8t )" = wd, (00 1) =2 (e -2 f,)

1 \ -
(IF], =) —e=2e(e+2] /1)

> -
= 2r(1+7)

Since £ > 0 was arbitrary, this establishes (2.20).
It remains to verify (2.21), which only requires the elementary inequality, valid for all
r2>1,
ja" =t < rla—b (¢ +b), Ya, b>0, (2.22)

together with a repeated application of Holder’s inequality, as follows: Note first that

d, (50,p)" = f:l ( /(t_l)/n ( /t " f’(u)du)Tdt L < / t f’(u)du)r dt) , (2.23)

tn,i tn,i
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and consequently

& (0k) = - (02 0)

With (2.22), therefore,

/tn,i
(i—-1)/n

(/t " f’(u)du)r — (/ttn f’(u)du)r dt
<r /(Zt:)/n /ttm (f’(u) — f/(u)) du’ ((/ttm f’(u)du)r1 + (/ttm f/(u)du)rl> dt
<or [ [ (@ - Py an] ([ (70 + P ) a

<2r(a; )" (b)),

where, using Holder’s inequality again

[ (7 = Fw) du

tn,i

a/,i—

(i—-1)/n

T ]_ tn,i
a<— [ |f
rn” J(@i-1)/n

= [0 ([ (e Fw)e) ar< o [T (r0+ Fo)

rn’" J(i-1)/n

By a completely analogous argument,

= [

dt < 2r (aj)l/ ’ (bf)(’”*”/ "

where

T

1 i/n
dt < /

rn”

[ ()~ Fw) du

tn,i

f'(t) = 1)

tn,i

= [" (/tii(f’(u)Jrf’(U))du) at< [ () + Fo)

rn"

tn,'i

In summary, therefore,

n

< o’ Z ((a;)l/r (bi_)(r—l)/r n (a:_) 1/r (b;_)(r—l)/r>

=1

saot (S o) (B o))

n’/‘

d, (8% )" — d, (6%, i)’

Zn

3

=1
<ot (1 [ - 7ol dt)l/r (o [0+ F ) @) o
=2||f 7| |lr+ 7
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which is just (2.21).

Step 3. To establish (2.20) in case the value on the right is +o00, assume that f’ ¢ L"(I). For
N € N, let gy = min{f’, N} and, given C' > 0, choose N so large that ||gn|; > 2"(1 +r)C.
Let puxn be a probability measure with (FJA})/ = gn. By (2.23),

n

d, (ﬁf[w)r >y </(:i1)/n (/tt QN(U)dU)T dt + /tz/n (/tt gN(U)dU)T dt) > d, (03", pun)"

i=1
and since Step 2 applies to uy,

1

—_— > C.
27,(7, + 1) ||gN||r =

lim inf n"d, (e, )" > lim n"d, (00, un)" =
As C' > 0 was arbitrary, n"d, (6%, u)" — 400 whenever f' ¢ L"(I), i.e., (2.20) is valid in this
case also.
Step 4. Finally, to prove the assertion regarding asymptotically best uniform approxima-
tions, assume that f' € L"(I). Note that [[f’||, > 0 whenever u # 9§, for all a € R.
In this case, given ¢ > 0, pick i € P, such that f = Fil has a C'-extension to I and
’f’ — f’ < €. By Step 1, lim,,_, n"d, (5%",ﬁ)r = 2U{7~J|r’§)’

lim,, oo n"d, (627, 1) = 21'{7:1:1), and (2.21) yields

whereas Step 2 guarantees that

n'd, (60, i) —n'd, (0k, ) | < 26 (14 2] 1)

Tn

Combining these three facts leads to

dr (6527 :u)r

: . n'd, (3, )" + 22 (1+2]|7),)""
lim su — <limsu : - r
nnel dy (00 )T T mseet 2 [ (r 1)

e\ (L+2]/0,) "
< 1+> + 2" (r 4+ 1)e —
< 111, 11

o F RO .
as well as to an analogous lower bound for liminf,, .. %. Since € > 0 was arbitrary,

lim,, o0 % =1, ie., (5;‘;) is a sequence of asymptotically best uniform r-approximations

of i, as claimed. O]

The following examples highlight the importance of the absolute continuity and integra-

bility assumptions, respectively, in Theorem 2.39.

Example 2.40. (See Subsection 3.6.1 for details.) Let p be the inverse of the Cantor prob-
ability measure in Example 2.34. Explicitly, p is purely atomic, with p ({j27™}) = 37™ for
every m € N and every odd 1 < j < 2™. Note that F} ! ‘]0,1[ simply equals the classical Cantor
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function, hence is continuous, in fact, }zg g-Hélder, and dg—;l = 0 a.e.. While Theorem 2.39, if
it did apply, would seem to suggest that lim, . nd, (6¥", u) = 0, a detailed but elementary
analysis shows that this is not the case. In fact, (n%d, (4", 1)) may not converge to a finite

082 for r > 1.
log 3 —

positive limit for any » > 1 and « > 0. More specifically, let «, = % + (1 — %)
With this, 3*d,. (6¥3", ) = d,. (64, ) for all n, and hence

LY " e "
d, ((51/2,u) - (9) < liminf n*d, (63", pn) = 1n§n "dy (04", 1),

4 n—00 ne

as well as

lim sup n®d, (6%, ;1) = sup n®d, (8, ) < 247

n—00 neN

For r = 1, for instance, a; = 1, and

dl ((ﬁnnu“) = 1/67 dl (532,/40 - 2/157

whereas for r = 2, ay = % (1 + igég) , and

1 1
d 6u17 = —F, d 5?27 = T =
which shows that (n*d, (0¥, 1)) is not constant when r = 1, 2, and hence divergent. (It
is conjectured that (n®d,. (0¥, pu)) is divergent for every r > 1.) This illustrates that the

conclusion of Theorem 2.39 may fail if ;! is not absolutely continuous.

Example 2.41. (See Subsection 3.3.3 for details.) The integrability assumption also is crucial
(for the second assertion) in Theorem 2.39. To see this, consider p as in Examples 2.26 and
2.32, where 3—’; ¢ L'(I), and (2.20) yields lim,, o nd, (537’;,#) = +oo for all » > 1, in perfect

agreement with earlier observations. Deduce from a short calculation that

Vndsy (5:‘3#) = D, + O(nil) as n — 0o,

where D2 = 1+ 23, (1 —i (1 + log V4Z’1) log gii) ~ 1.1749. Recall from Example 2.32
that \/nds ( o5 u) = Cy + O(n™!) with C% ~ 1.0803. Thus while ( fﬁ) identifies the correct
rate of decay for (dg (5:‘3, ,u)) , namely (nfl/ 2) , it is mot a sequence of asymptotically best
uniform 2-approximations of y, since
dy (07, 1t) D
lim M -2 o1
nee d2 ( :L,Té’ M) 02

Un

Similarly, for any > 1 it can be shown that lim,,_,. n'/"d, ( o u) = D, with the appropriate
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constant D, > C,., and C, as in Example 2.32.

Remark 2.42. For any (non-degenerate) pu € P, [11, Prop.A.17] asserts that u~! is absolutely
continuous if and only if supp g is connected and %ﬁ > 0 a.e. on supp u, where p, is the

1-—r
absolutely continuous part (w.r.t. A) of y; in this case, moreover, [; (d ) = fsupp " (d“ “) )

If £, ! not even is continuous, then the decay of (d, (6", 1)) may be less homogeneous
than in Example 2.40. For instance, for the Cantor measure of Example 2.34, for any r > 1,

both numbers
lim inf nioe2 d, (6% p) and limsupn/"d, (6, )

n—00 n—00
are finite and positive; for verification of this statement, see Section 3.5.1. Thus, in general it
cannot be expected that for some «,. > 0, the sequence (n® d, (0", 1)) is bounded below and
above by positive constants, let alone convergent. Still, it is possible to identify a universal
lower bound for (d, (0y",p)) with u € P,: But for trivial exceptions, this sequence never

decays faster than (n™!).

Theorem 2.43. Assume that p € P, for some r > 1. Then

lim sup nd,. (64", 1) > 0, (2.24)

n—oo
unless = 0, for some a € R.

Proof. Denote F L' by f for convenience, and for every n € N, let a; = f (QZ 1) and b; =

f(#55) for 1 << 2n. Then by < ay < by < az-+ < by < izy < bgy, and

2ndy (51, 5uan+)

a0 (g 5 - ()

2n

1
=2n+1;((2n+1—z>( = ;) + i(bis1 — ay))
1 n
> ((2 1—2)(a; — b, (b — b
_2n—|—1{;l( itl — +1%1 n —+ i)(a; — b;) + (b1 bz))}
1 n
2n+1 | i i n+1
1 n 2n
> (b1 — b; —\X(b: 1 — b
2 5 ;me bz)+i§+1(2n+1 i) (bis1 — by)
_2%1 bz i bz
T+l S+l
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Since f is locally Riemann integrable on |0, 1], it follows that

1/2 1
lim sup 2nd; (632", 0427+1) > /0 <f <t + ) - f(t)) dt,

n—oo 2

and consequently

1
lim sup nd, (69", ) > limsup nd; (69", ) > = limsup 2nd; (67", 632"+1)

Nn—00 n—00 n—00
1 12 1
=3 (f(t+)—f(t))dt>0
2 Jo 2
unless f is constant, i.e., unless y = ¢, for some a € R. O

It is natural to ask whether Theorem 2.43 has a counterpart in that there also exists a
universal upper bound on (d, (0%, ). In general, this is not the case: As an immediate
consequence of Theorem 2.56 below, given r > 1 and any sequence (a,) of positive real
numbers with lim,, . a, = 0, there exists u € P, such that d, (6¢", ) > a,, for all n € N.

Under additional assumptions, however, an upper bound on (d, (6¢", u)) can be established.

Theorem 2.44. Assume that p € P, for some r > 1.
(i) If p € Py with s > r then lim,_o n*/"713d, (6%, 1) = 0.
(ii) If supp p is bounded then limsup,, .. n'/"d, (6%, 1) < +o0.

Proof. Again, for convenience, let f = F‘jl, and x,,; = f (2’ 1) foralln e Nand 1 <7 < n.
With ¢y = F,(0), assume w.o.l.g. that 0 < ¢, < 1. (The cases t; = 0 and ¢, = 1 are completely

analogous.) Recall that f is non-decreasing and right-continuous, (t —t¢)f(t) > 0 for all t € I,
and 0 < f(ty), —f(to—) < +o0. For all sufficiently large n, therefore,
dp (320, 1)” < dy (322, Z[

(:pm— (t))r+<f <t+21n> —xn)> dt
NS
—/m(\f(f—)l (g @
AU )Td” () (- 5))
< [ Firora- [oras e [T e [ sora- O or

2n

=a,+ (27" = 1) by,
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where the numbers a,,, b, are given by

2n t0+%
_/ Ol dt+/ @ dt  and bn:/ IR at,
respectively. Note that
1 1\)" .
0<nb, < max{f <t0 - 2) ,—f (to - 2)} — max {f(to), —f(to—)} asn — oo,
n n

and hence (nb,) is bounded.

(i) If u € Pg for some s > r then, by virtue of Hélder’s inequality,

1 r/s r/s
og%g(@”www)+(ﬁlwwm))wWwa

2n

which shows that lim,,_,. n'~"/*a, = 0. It follows that
0 < n="/5d, (6%, 1) < n'""*a, + <2T_1 — 1) n'7/%b, = 0 as n — oo,

and hence lim,,_,o, n'/""V/*d, (6%, 1) = 0, as claimed.

(ii) If supp p is bounded then esssupy|f| is finite. In this case, (na,) is bounded, and so is

(nl/’"dT (0um u)) :

Remark 2.45. (i) Boundedness of supp p is essential in Theorem 2.44(ii), as evidenced, e.g.,

by Example 2.41 for » = 1. Notice, however, that the conclusion of Theorem 2.44(ii) remains

valid in this example whenever r» > 1.

(ii) If supp p is disconnected, and hence F ! is discontinuous at some 0 < ¢ < 1, then there

exists (ng) such that (nit) € [1/3,2/3] for all k. For all sufficiently large k, therefore,

o . (It +1)/m
nyd, (5. k,,u> > nkmlnceR/

Lnkt] /n
Smin, (1) 3 (B 0) =)+ (= £0)))

> 2 (F) - Ft-)

= 3 jz j

Hence (2.24) can be strengthened to lim sup,,_,. n'/"d, (6%, 1) > 0 whenever supp y is discon-
nected. In fact, by Theorem 2.44(ii), (nil/r) is the sharp upper rate of (d, (i, 1)) in case

supp i is bounded and disconnected, a situation observed for instance for the Cantor measure

of Example 2.34.
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2.4.3 Best approximations

This final subsection relates the results presented earlier to the classical theory of best (un-
constrained) approximations. Let pu € P, for some r > 1. Given n € N, call the probability

measure 0P with x € Z,, and p € II,, a best r-approximation of p if
d, (6, u) < d, ((55,/0 , Vyez,, qell,.

Denote by 62" any best r-approximation of y. (As before, the dependence of §2" on r is made
explicit by a subscript only where necessary to avoid ambiguities.) It is well known that best

r-approximations exist always.

Proposition 2.46. [40, Sec.4.1]. Assume that p € P, for some r > 1. For every n € N, there
exists a best r-approximation 03" of p. If #supp pu > n then #supp 03" = n.

By combining Proposition 2.46 with Theorems 2.25 and 2.29, a description of all best

r-approximations is easily established.

Theorem 2.47. Assume that p € P, for somer > 1, and n € N. Let 6? with x € =, p € 11,

be a best r-approximation of p. Then, for everyi=1,--- ,n,
. y )y F_l
(i) z; < 41 implies P; € Q%fz,i+z,i+1); and

. o . i . . _1 .
PP ifr=1orz, = Tf with f; = Fu ’[Pyiihpyi} ifr > 1.

Moreover, if #supp p < n then 02 = u, whereas if #supppu > n thenx,; < x ;41 and P;_y < P;

(ii) P,-1 < P; implies x; € Qf‘(‘
2

foralli=1,--- n.

Proof. Note that 6P is both a best r-approximation of y, given p, and a best r-approximation
of p, given x, and thus conclusions (i) and (ii) follow directly from Theorems 2.25 and 2.29,
respectively. For the non-trivial case where #suppp > n, Proposition 2.46 implies that
#supp 0 = n, or equivalently, ; < x;1; and P,_y < P; foralli=1,--- ,n. n

As an important special case of Theorem 2.47, assume that p € P, is continuous. Then
QaF“_ 1 is a singleton for every a € R, and Theorem 2.47 asserts that every best 1-approximation

0P of p satisfies

Ti+ i1 P, 1+ P, ‘
FN (2—"_) = Pﬂ’ and FM(Z’J’) = f’ VZ = 1, ,n,
and hence in particular
2F () = F, (“"‘1;‘”) +F, (T)  Vi=1,-,n. (2.25)
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Similarly, every best 2-approximation of u satisfies

. . P,
F, (T) — P, and (Py— Py 1), = /P Fo()dt, Vi=1,--- n,

and consequently

, . . ; L@ ite,it1)
s(T i1+

Note that (2.25) and (2.26) each yield n equations for « ,- - - , x,,. These equations are exactly

the classical optimality conditions, derived, e.g., in [40, Sec.5.2] by means of Voronoi partitions.

Example 2.48. (See Subsection 3.7 for details.) Let u = %/\’[071] + %51. While p is not
continuous, and hence not directly amenable to the classical conditions (2.25) and (2.26),
Theorem 2.47 applies and yields, for instance, 6372 = £(r)d¢(y + (1 — £(r)) ¢y for all 7 > 1,

where 7 — £(r) is smooth, decreasing, with

£(1) = ; £(2) = 5 \/37 and lim £(r) = L

4 r—-+o00 4
If (i) and (ii) in Theorem 2.47 identify only a single probability measure 62 then the latter

clearly is a best r-approximation. In general, however, and unlike in Theorems 2.25 and 2.29,
the conditions of Theorem 2.47 are not sufficient, as the following example shows. Moreover,

best r-approximations in general are not unique, not even when r > 1.

Example 2.49. (See Subsection 3.8 for details.) Consider p = %)\[,171] —i—%cso and let n = 2. For
r = 1, Theorem 2.47 identifies exactly three potential best l-approximations &85, j = 1,2, 3,

(50)- = (5)
r=|—= ===
1 37 , P1 979 ’
_< 11) _<1 1)
T2 = 474 , P2 = 272 9
2 7 2

=1(0. - = (- —).
s (’3>’p3 (9’9)

a3 ) =y (2, 0) = & < 5= b (22.0)

that the two (non-symmetric) probability measures 62, %% are best 1-approximations of f,

namely

It is clear from

whereas the (symmetric) 022 is not. Similarly, for r = 2, Theorem 2.47 yields three candidates

q;j
5yj ;

8 12 7 12

y1_<1—8\/§’19—3\/§>’ ql_<9—\/ﬁ 3+\/§>,
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_( 1 1) _ (1 1)
Y2 = 373 , Q2 = 272 )

3v33—19 V33 -1 3++v33 9—+v33
Ys = 3 ) R , 43 = 12 5 12 )

where again only 0% and % turn out to be best 2-approximations of .
& Y Y1 Y3 H

Since d, (62", 1) < d. (0%, p) for every p € P, and n € N, it is clear that
lim, 00 dy- (03", ;1) = 0. The rate of convergence of (d, (03", 1)) has been, and continues to be
studied extensively; see, e.g., [40,44,60,61,64,79] and the references therein. Arguably the
simplest situation occurs if u € P, has a non-trivial absolutely continuous part and satisfies a

mild moment condition. In this case, (d, (60", i) decays like (n~1) for every r.

Proposition 2.50. [40, Thm.6.2]. Assume that p € P, for some r > 1. If p € Ps with s > r
then

r+1

. o.n 1 d,ua ﬁ '
T}LI{}Ondr (5.7 nu) = W (/]R < dA ) ) ;

where p, is the absolutely continuous part (w.r.t. X) of p.

It is instructive to compare Proposition 2.50 to Theorem 2.39. To do so, assume that
pu € Py for some s > r and that p=' is absolutely continuous. Then lim, . nd, (63", 1)
and lim,,_, nd, (0%, ;1) both are finite and positive, provided that p is non-singular and
% € L"(I). Thus (d, (03™, 1)) and (d, (64", 1)) exhibit the same rate of decay, namely
(n~1). Note that while the latter rate is a universal upper bound on (d, (62", 1)), at least
under the mild assumption that p € Ps for some s > r, it is a universal lower bound on
(d, (04, 1)), by Theorem 2.43. Even if both sequences decay at the same rate, however,
limy, 00 nd, (037, 1) < lim,, oo nd, (647, 1) , and equality holds only if either u = ﬁ/\ |; for
some bounded, non-degenerate interval I C R or else p = d, for some a € R. Thus only in the

trivial case of a (possibly degenerate) uniform distribution p does (6¢") provide a sequence of

asymptotically best r-approximations of y (as defined below).

Example 2.51. (See Subsection 3.3.4 for details.) Let u be the exponential distribution of
Example 2.26. For r = 1 and every n € N, (2.25) identifies a unique best l-approximation
0br with

L—i (o 1 — i
tns = —2log n+ i p _i(2n+ i)

\/n(n+ 1)’ " n(n+1)

, Vi=1,---,n.
Here 63" is unique, and
. 1 -1
ndy (09", 1) = nlog (1 + ) =1+ (’)(n ) as n — 0o,
n

29
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in agreement with Proposition 2.50. For comparison, recall from Example 2.32 that
lim,, o0 @ dy (04, pu) = i. For r > 1, no explicit expression seems to be known for §2",

not even for r = 2. However, in a sense made precise below, (55;) with

r+1

n+1 = (n+1—=d)(n—1i)\ 2 ,
ng — 1)1 R pnzzl_ 7v :17"'7
Yni = (r+ )Ogn—z+1 ’ ( (n+1)2 ! "

yields a sequence of asymptotically best r-approximations of u for any r > 1.

Example 2.51 illustrates that even in very simple situations it may be difficult to compute
os™ explicitly. Not least from a computational point of view, therefore, it is natural to seek r-
approximations that at least are optimal asymptotically. Specifically, call (552) with x,, € =,,

pn € 11, for all n € N a sequence of asymptotically best r-approrimations of p € P, with

#supp pu = 00, if

dy (o)
L (0", 1)

There exists a large literature on asymptotically best approximations. Specifically, mild con-

=1.

ditions (such as pu € P, being absolutely continuous with j—‘; Holder continuous and positive
on supp 4, among others) have been established which guarantee that (5;n) is a sequence of

asymptotically best approximations of u, where

xn7i:Fl;1<nil),Vi:1,---,n (2.27)
1
du 7
with ‘ii“; = fd% i; see, e.g., [66,85] and the references therein.
dp 71
R dXA

Example 2.52. (See Subsection 3.4.3 for details.) Let u = Beta(2,1) as in Examples 2.28
and 2.38. While for arbitrary n € N the author does not know of an explicit expression for
oo™ for any r > 1, (2.27) yields a sequence (5%) of asymptotically best r-approximations of
W, with

r+1
)”2 . For instance, for » = 2 this specializes to

n

and Tnn = (TH

x ._< ! )3/4 p,—_ (@'3/4+(¢+1)3/4)2 Vi=1,--,n—1
n, n+1 ? mn,? 4(’]’L+ 1)3/2 ? Y ? Y
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n

4
TH) / , and a short calculation yields

and x,,, = (

nds (552,,u) = + O(n‘1> as n — 0o,

3
8v/2
which is consistent with Proposition 2.50.

If 4 € Py with s > r is singular then Proposition 2.50 only yields lim,, ., nd, (62", p) = 0.
The detailed analysis of (d, (03™, 1)) in this case is an active research area, for which already
a substantial literature exists, notably for important classes of singular probabilities such as
self-similar and -conformal measures; see, e.g., [40,41,60, 83,84, 88]. A key notion in this
context is the so-called quantization dimension of u € P, of order r, defined as

B logn
n=oo —logd, (62", 1)’

provided that this limit exists. For instance, Proposition 2.50 implies that D,(u) = 1 when-
ever p, # 0. The relations of D,(u) to various other concepts of dimension have attracted

considerable attention [40, 60,83, 88].
Example 2.53. For the Cantor measure p of Example 2.34, [64, Cor.4.7,Rem.6.1] show that,

for every r > 1,

0 < liminf nlos3/1082 (5o 1) < limsup n'°83/1°82q, (527 1) < 4-00.

n—oo

From this, it is clear that D,(u) = izgg, which is independent of r and coincides with the

Hausdorff dimension of supp p.

Example 2.54. (See Subsection 3.6.2 for details.) Let p be the inverse Cantor measure
of Example 2.40. Note that p is not a self-similar, and hence the classical results for self-
similar probabilities do not apply. Still, p is the unique fixed point of a contraction on
P1, namely v — 3 (1/ ol + 619 +vo0 TQ_l) , with the similarities 7 (z) = iz and Ty(z) =
£ (1+z). This property enables a fairly complete analysis of (d, (63, ;1)) which will be presented

elsewhere. Specifically, with 3, = (1 — %) + %izg g, it can be shown that, for every r» > 1, the

numbers lim inf,,_,o n%d, (6™, 1) and limsup,, .. n” d, (62", 1) both are finite and positive.

In particular, D,(u) = 1. Note that, unlike in the previous example, D,(u) depends on 7,

r

and }25?,} < D,() < 1. Thus D, (p) is larger than 0, the Hausdorff dimension of yx, but smaller

than 1, the Hausdorff dimension of supp u = 1.

Proposition 2.50 guarantees that under a mild moment condition, (dr((s:’”, p,)) decays at

least like (n‘l), and in fact may decay faster, as Examples 2.53 and 2.54 illustrate. Even

61



Section 2.4. Best constrained approximations

for purely atomic p, however, the decay of (d,. (62", 1)) can be arbitrarily slow. This final
observation, a refinement of [40, Ex.6.4], uses the following simple calculus fact; cf. also [11,
Thm.3.3].

Proposition 2.55. Given any sequence (a,) of real numbers with lim,,_,, a,, = 0, there exists
a decreasing sequence (by,) with lim, . b, = 0 such that (b, — b,41) is decreasing also, and

b, > a, for all n.

Theorem 2.56. Given r > 1 and any sequence (a,) of non-negative real numbers with

lim,, o a, = 0, there exists u € P, such that d,. (62", pn) > a, for every n € N.

Proof. In view of Proposition 2.55, assume w.o.l.g. that (a,) and (a; - a;H) both are de-
creasing. Pick ag > a; such that a—a’ > a}—aj, and let ¢, = S50, 2~ (k=1r (az_l — aZ) . Note
that ¢, is finite and positive. Consider p = 3% pp6,,, where p, = ¢, 12~ *=1r (az_l — ai)
and x, = 3 - 2F"1cl/" for all k € N. Since S22, prh = 37afy < +o0, clearly u € P,. For every
n € N, define K,, C N as

K, = {k; e N:suppdy™ N [ch},/rﬂkﬂciﬁ[ = @} .

Since #supp d0" < n and the intervals {[2’“0&”, 2k+1cl/r [} , k € N, are disjoint, # (N\K,,) < n.

Moreover,

mingcsuppsen [T — yl" > 2h=brefor every k € K,,.

Recall from [18, (ii),p.1847] that d, (63", p)" = [z min esuppsen| — y["du(z); see also [40,
Lem.3.1]. It follows that, for every n € N,

d, (63", )" = Zpkminyesuppézvnmk —yl"=> > pr2" e, = > (aifl - GZ) :
k=1 ek, kEKy,

n—1 n

Moreover, recall that (ar - a”) is decreasing, and # (N\ K,,) < n. Thus

GO 2 Y (o, —ap) =,

k=n+1

and hence d,. (63™, 1) > a, for every n € N. O
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Chapter 3

Supplements to Chapter 2

In this chapter, we mainly provide supplementary details omitted in Chapter 2. Section 3.1
provides elementary proofs of propositions as well as justifications of the statements in the
remarks of Chapter 2. For the reader’s convenience, we will restate the propositions before
proceeding to their proofs. Sections 3.2-3.6 are devoted to computational details regarding

remarks and examples in Chapter 2.

3.1 Proofs of propositions

In this section, we give proofs of propositions in Chapter 2. First, we establish some basic
properties of the quantile functions. Recall that I C R denotes a non-degenerate closed
interval throughout.

Proposition (2.1). Let f : I — R be non-decreasing. Then f~' is non-decreasing, right-
continuous and, on f(I), coincides with the ordinary inverse of f whenever f is one-to-one.
Moreover, (f2)™ = f onR and (f )" (z) = f(a+) for all x € }; in particular, therefore,

(j’*l)_1 equals f a.e. on I, and in fact everywhere if f is right-continuous.

Proof. We first show that f~! is non-decreasing and right-continuous. Since
{f<tyc{f<s}, vt<s,

f~1 is non-decreasing. Suppose by way of contradiction that f='(t.) # fi'(t.) for some
t, €R, ie., f7Y(t,) < fi'(t.). Then for all sufficiently small g; > 0 for i = 1,2,

FHE) +er < fHtE +e2),

which implies that f (f1(t,) +&1) < t.+e2. Letting g5 | 0 yields f (f~'(¢.) + €1) < t., which
implies by the definition of f~! that f~'(¢.) +&; < f~!(t.), a contradiction. This shows the
right-continuity of f~!. Moreover, since f is one-to-one, {x € I : f(x) = t} is a singleton.
Hence sup{x € I : f(z) =t} =sup{z € I : f(z) <t} = f71(t), i.e., [~ coincides with the
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ordinary inverse of f on f(I).
Next we verify (f1)™' = f~': On the one hand, note that for every ¢ € R, since f < f,,

(f+) () =sup{z € R fu(a) <t} < f71(1).

On the other hand, given any € > 0,

F(UFD7 O +2e) > Fo ()7 O +2) > 1,

which implies that (f+) Y(t) + 2 > f7U(t). Since € > 0 was arbitrary, (f,)7'(t) > f(¢).
Thus (f1)7'(t) = 7). Analogously, one can show that (f_)~! = f~1
Finally, we prove ( D' = f.: Fix z € R, then

() @ =) @ =sw{re R 7 0) < ) (3.)

(¢
=sup{t e R:sup{y e R: fi(y) <t} <=z}.

Note that given any ¢ > 0, it follows from (3.1) that f.(z) —e < (f~)"' (). Since f; is

non-decreasing and right-continuous,

z<sup{y € R: fi(y) < fi(z) + e},

which implies that (f™1)" (z) < fi(z) +e. Hence () ' (z) = fi(z), as ¢ > 0 was
arbitrary. O]

Next, we present the proof for the asserted properties of the quantile sets.
Proposition (2.2). Let f : I — R be non-decreasing. Then, for every t € R, the set
Q{ is a non-empty, compact (possibly one-point) subinterval of I, and f(x) = t whenever
min Q{ < r < max Q{ Moreover, the following hold:
(i) If t < u, then x <y for every x € Q{ and y € QI and the set Q{ N QI contains at most
one point.
(i) For everyx € I and t € R, z € Q] if and only if t € QI

Proof. Fixt e R, let a=inf{zx € I : f(x) >t} and b=sup{z € I : f(z) <t}. Forall x > b,
f(x) > t and thus = > a. Since & > b was arbitrary, b > a. This shows Q] is non-empty. By
definition, Q,{ is closed and thus compact in . For all x > min Q,{ , f(x) > t. Analogously, for
all z < max Q{, f(z) <t. Thus f(z) =t if min Qf <z < max Q.

(i) For allmEQ{, y € Q/,
flr—e)<t<u< f(y+e), Ve>0. (3.2)
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Thus z < y. (Otherwise, if x > y, then f (:v — “””—;y) = f (y+ L;”), a contradiction by

choosing ¢ = “5¥ in (3.2)). Hence max QJ < min Qf ie., Q{ﬁ@{j contains at most one point.
(i) Note that € Q] if and only if

flx—e)<t< f(z+e), Ve>0. (3.3)

If z € Q/, by the definition of f~', x —e < f~'(t). Since & > 0 was arbitrary, f~*(t) > z, i.e.,
t>min Q! . On the other hand, we claim that

fft—o)<z, Vo>0.

To see this, note that otherwise there exists og > 0 such that f~1(t — 0¢) > z, and thus there
exists g9 > 0 such that z + ¢y < f~1(t — 0¢), yielding f(z +&¢) <t — 09 < t. This contradicts
(3.3) with & = gy. Conversely, if t € Q"

fft—e) <z < flt+e), Ve>0.
By the definition of inverse function,
flr+o)>t—e, flx—0)<t+e Vo>0.

Since ¢ were arbitrary,

flx—0)<t< f(x+0), Vo>0,

and so, by (3.3), z € Q7. ]

Now we prove some elementary properties of the auxiliary function ¢;. Recall that

) :;(minl—f—max]nL/\({f <) = A{f > 1)), (3.4)

Proposition (2.4). Let I be a bounded interval and f : I — R a measurable function.
Assume that f is finite a.e.. Then the following hold:

(i) ¢ is non-decreasing;

(i) For every t € R, lp(t£) = Lp(t) £ IN({f =1t}), and hence {; is continuous at t if and
only if \({f =t}) = 0. Moreover, A ({E;l < t} N I) = A{f <t}) and A ({f;l > t} N I) =
A{Sf > 1)

(iii) limy—y—oo €4 (t) = £f(—00) = min I and limg ;o (f(t) = £4(4+00) = max I;
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(iv) If f is non-decreasing then

and also

(v) If f € L"(I) for some 1 <r < +o00, then Hﬁ;l — tHT = ||f —t||, for everyt € R.

Proof. (i) The result follows directly from the monotonicity of A({f > t}) and A({f < t}).
(ii) This follows directly from

(inf I +sup I + N{f <t}) = X{f >1t}))

DN | —

ly(t+) =

and
(=) = 5 (T +sup T+ M({F < 1}) = A(LF = 1)),

Next, we show A ({6;1 < t} N I) = A({f < t}). It suffices to show
A ({K}l < t} N I) =/{s(t—) —min/,
ie.,
Jinf I, 6p(t=)[ € {¢;" <t} NI C[infI,44(t-)].

On the one hand, V z € Jinf I, ¢;(t—)[, by the definition of ¢;', ¢ > ¢;'(x). On the other
hand, V « > ¢;(t—), again by the definition of 6]717 t < ¢7'(z). Note that \ ({E;l > t} N I) =
A({f > t}) can be proved analogously.

(iii) By continuity of A,

A{f <—00})=0 and A({f > —o0})=AI)=max] —min/,

yielding lim; o ¢f(t) = £;(—00) = min I. The other statement can be proved analogously.

(iv) Since f is non-decreasing, by the definition of f~!,

i =x{f<th) =maxI —minl —X{f>1t}), [ {t-)=r{f<t}).

Thus
() = 5 (F 0+ 0-), ViR
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follows from (3.4). To establish the remaining identities, it suffices to prove

GUa) = (@), Ve el (3.5)

and the other part follows directly from a limiting argument. To see (3.5), note that ¢;(t4) =

f7Y(t). By the definition of inverse function, it suffices to show
sup {t eR: (1) < az} = sup {t eR: ((t+) < x}
By (1),
gf(lf—f—) > gf(lf), Vite R,
and thus
sup {t eR: (1) < x} > sup {t eR: L(t+) < x} :

To show the reverse inequality, note that ¢¢(¢) < x implies that (;((t—e)+) < x, Ve > 0. Thus
sup {t eR: (1) < x} < sup {t eER: (p(t+) < x} + . Since £ was arbitrary, the reverse
inequality holds.
(v). By (ii) and

lgll; = [~ "Alg] > shds, g € L'(D)

letting g = f — t yields
I =t =r [T OGS = > sh) +A{S — £ < ) ds

= [Tt (({gt = sp) A ({et < —s)))as = g -

r

r

O

The following two propositions address some properties of 7/. First, the monotonicity of
7/ wat. fis addressed.
Proposition (2.14). Assume that f, g € L"(I) for some r > 1, and f < g. Then 7/ < 79,
and 77 = 79 if and only if f = g a.e..

Proof. Recall that ¢,(t) = ||f — t||,. To stress the dependence of ¢, on f, denote ¢, by ¢y,.
By (2.4),

Jioy U =) e =y (= g@) e =0
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Then

d¢g ,

r—1

f_ x T ! — N de
/{9<Tf} ( a /{} ~ f()) d
_/{g>-rrf2f} giU)_Tr x_/{'rf<f} ga: —Tf) dz
- /{9<T[} <T7f ) f<x)) o /{L‘KTZ} (9(@) = fla)) " do - A{gw I>f) I) - va) dz
A
:/{f<7'rf} (T[ B f x dx - /{f<7'f<g} T f([)?)) dz — /{T,f<f} (f(:(]) - va) dz
- /{Mf}u NCCRN GRS /{sz} (9() ) " da
= ety 0@ IO = o (= 1@) T o) b <0

and the equality holds if and only if g = f on I a.e.. O]

Next, the zeroth order (constant) approximation of 7/ is considered.
Proposition (2.17). Assume that f : I — R is measurable, and let & =
If, for some a, b, c € R,

+(minJ + max I).

|f(z) — (ax +b)| <clz—¢|, Yo el, (3.6)

then f € L>(I),

7/ _f(f)‘ < Led(I) for every r > 1.

Proof. Notice that f(£) = a{+b. Assume w.o.l.g. that f is non-decreasing. Otherwise consider
Ejl instead. It follows from (3.6)~that fer>)and |(f(z)— f(&)—at—¢&)| < clx—E|. Let
€ be such that f(é—) <7/ < f(€). Suppose by way of contradiction that 7/ < f(£) — %c)\(I).
Note that £ < & by (3.6). Also note that dqﬁt() is increasing in ¢ for every r» > 1. Then, by
(3.6), for every r > 1,

0= /1ij (Trf — f(x))wl dr — /;up[ (f(x) - Tf)wl dz

< [0 (@t - 30m) w0+ jan - 5©)  a

< /6 max {(a +c)(&—1x)— ;CA(I),O}T_l dr — /:uplmax {(a —o)(z—¢&) + ;CA(I),O}T_l dx
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13 1 r—1 sup [ 1 r—1
< max{(a—i—c)(ﬁ—x)—c)\(f),()} dx—/ max{(a—i—c)(m—{)—c/\(f),O} dr =0,
inf J 2 ¢ 2
a contradiction. Thus 7/ > f(€) — 2eA(1). Similarly, 7/ < f(€) + 2cA(I) and thus
o~ O] < JeAD), V>
[

Finally, a preparatory proposition on the construction of a decreasing sequence used in the
last proof of Chapter 2 is verified.
Proposition (2.55). Given any sequence (a,) of real numbers with lim, . a, = 0, there
exists a decreasing sequence (by,) with lim,, . b, = 0 such that (b, — b,11) is decreasing also,

and b, > a, for all n.

Proof. Assume w.o.l.g. that (a,) is decreasing, and also that integers 1 < N3 < Ny... < Ni

as well as real numbers b; > by > --- > by, have already been constructed such that

anan, \V/n:L...,Nk; ij = an;, ijl,,]{?, bl—bg>b2—b3>...>ka_1—ka,
(3.7)
with Ny =1, Ny = 2, and b; = ay, by = ag, clearly (3.7) holds for k = 2. Letting

. 1 .
Niy1 = min {n > Nj : by, — §m1n{ka —an,+1,0n,—1 — by, Jy/n — N < an}

as well as

ka — %min{ka — aNkH,ka_l — ka} vV — Nk ifn= Nk + 1, ce >Nk+1 — 1,

an,,, it n = Nitq,

b, =

it is readily confirmed that Ny,1 > N + 2, and (3.7) holds with k£ + 1 instead of k. By

induction, therefore, the sequence (b,) thus constructed has all desired properties. O

3.2 Details of Remark 2.10

Let ¢.(§) = |f—24-Te5
section, we show that

|, and Argmin ¢, = { €R: $,(€) < ¢(n), ¥n € R}. In this

{0,2,5} ifr=1,2
Argmin ¢, = { {5} ifl<r<?2, (3.8)
{0} if > 2.

69



Section 3.3. The exponential distribution

It is straightforward to verify that ¢ = 0,2,5 are the only three local minimizers of ¢,. Thus
it suffices to compare the three values: ¢,(0), ¢.(2), ¢.(5). Note that

$,(0) = ¢, (2) =8 + 16"+ 6"+ 215", ¢,(5) = 16" + 8" + 18" +2- 9",

and hence

10):= @9 @0 -0 = () —1+3{(5) -2}

It is easy to deduce that f(1) = f(2) = 0. Hence, to verify (3.8), it suffices to prove
f(r)y>0, Vi<r<2; f(r)y<0, Vr>2. (3.9)

Direct calculations yield

Loyt 2 /5\" 5 1,
f/(r):2<3> 1Og§—|— (3) 10g§—§2 10g2.

Consider the auxiliary function g(r) := 217" f(r) = (%)r log % +2 (%)T log g —log 2. Obviously,

g is decreasing. If
9(1) > 0> g(2), (3.10)

then there exists 1 < r, < 2 such that f is increasing on [1,7,] while decreasing on [r,, +o0],
which yields (3.9). A straightforward calculation reveals that (3.10) indeed holds:

1 3125 1 1220703125
=11 9) = & Jog L2DMA1L0
9(1) = 3log o5re >0, 9(2) = e log 10 o061 <

3.3 The exponential distribution

In this section, we provide computational details for statements on approximations of the

standard exponential distribution p. Denote f = F ! for convenience within this section.

3.3.1 Details of Example 2.26

Recall that x, = (1,2,--- ,n)/y/n € E, and y, = (0,2,--- ,2n — 2) € Z,.
Yn,it¥n,it1 —(2i-1

First, it follows from Theorem 2.25 that (5;12 with @, =1—e 2 =1-e¢ ) for

all 1 <i <n—1, or equivalently, g,; = e”?73) — e=(=1) = 272~V ginh 1 for all < i < n, is

70



Section 3.3. The exponential distribution

the unique best r-approximation of p given y,,, which simply yields
5;n — V= (1 — e_l) 0o +2sinh 1 Z ey
i=1

It remains to study the asymptotics for 627, the unique best r-approximation of u given z,

(due to Theorem 2.25) with

PP, <22+1> Syl <i<n 1,
, 2 /n

By virtue of (2.2), i.e., the formula for d,, straightforward calculations yield the following

. X r r+1
recursive relation between d,. (552, u) and d, ((552,@ :

_2i41
l—e 2Vn

n
'
dt = / 2i-1

2041

l—e V7 7 T l—e 2Vn
2ic1 | —= +log(l — ¢ dt + i
/ (ﬁ g( )> l—e vn <

2i—1 3

e 2vn i T 1—e V7 i
/ _ i log (teﬁ) dt + _2it1 (—log (teﬁ
vn l—e 2Vn

T

—log(l —t) — | a

N

& () = [0 - Fgho

—log(1 — t))r dt
>Tdt

. L eV r ! r
:Ze n /1 (logt) dt—/e,# (—logt)" dt (3.11)

-

N————

i=1
_1_ _1_

i:** ! ﬂltY“eQn /ﬂﬁ(ltY“dt t( ltY“l
= r+1 & 1 1 & & e

1 +1
+/ 1 (—logt)" dt}
e vn (1 — 6_%) 1 1 1

(e
l—e V& r+1 n

e v (1 - e_\/ﬁ) (6_21ﬁ + e;ﬁ)
2rtl(r +1) 1—

N T
r/2 (1 —e_‘/ﬁ) (e 2/ 4 e 2 n) 1

1 1 € r+1
== — dyiq (0P, :
27(r+1) <n> 2@(1 - e_fln) r+1 (%21)

r+1
(r) )}

1) _ri1¢“(&?“yﬂ
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Section 3.3. The exponential distribution

With

1 1

e2vn 1 1 e 1
/ (logt)" ' dt — /_L (—logt) ™ dt < —— / (logt)" dt — /_% (—logt)" dt |,
1 1 e 2

e 2vVn 2\/n

IN

it easily follows from (3.11) that

which further yields

r 1 1
() =5 (1)
( Tn ,u) 2'(r+1) \n
Note that

o) st ) ot
3

-1 N o(n'),

from which it is clear that

1
: Pn I
Y, e (5%:,14) = 0y

3.3.2 Details of Example 2.32
In this subsection, we present the asymptotics of (d, (0¥, u)) and (d, (62", u)), with

2i—1
o]

DPnji V1§Z§na

for all » > 1. First, by Theorem 2.29, 62" = 6L is the unique best r-approximation of u given

P, With
-1 (32712 . .
F, <71_2,n ) ifr=1,
Tpn—i —
’ F F“ on—i—1_1 on—i_1 FH 9—i—1_9—n 9—i_g9—n
. [Pn,nfiflvpn,nfi] 2n—1 21 1—2—n O 1—2—n | |
Tpp—i = Tr =T =T if r>1.

72



Section 3.3. The exponential distribution

This yields ‘ '
2" —1 27t —=27" i
Pnn—i = = — 2
’ 2n —1 1—-2-n

and
F7U(3-277Y) ifr=1,
xn,nfi —

F, g—i—1 g—i
Tr [ ) if r > 1.

: ) Fulig—i g—i .
Hence 02" — v =32, 279, with a; = F}jl (3-27Y)ifr=1and a; = Tr”|[2 2T e > 1
The remainder of this subsection is devoted to the asymptotics of (d,. (0", 1)). Note that
for all » > 1,
(i-1)/n

1 i ; 1 i
=— minCGR/ llogt —logn — c|" dt = —/
n i—1 nJi-1

dt = min.eg /( ) llogt — c|"dt

71—

e sy/mam|”
log t — 77 N6=/mi/

r

dt.

[i—1,4]

logt — va

This implies for all r > 1,

(i—1)/n
/ (3.12)
_ Flii=1)/n,i/n] /
1 t - r 1 t - dt,
Z /z 1)/n o8 i Z i—1 o8
from which it follows that lim,, ., nd, (6", 1 Z / logt — “Hdt =: CT. To obtain

the finiteness of the positive constant C,., it sufﬁces to show the convergence of

& 7 1\
=S [ flogt—1 (—>
il/i—l og og (i~ 3

Note that then C, < D, < +o0.

Indeed,
1 1 1 2
logt — log = —f/ log t|"dt
/0 08 Og(z) 5 J 1ost

o 1 400 1 1 [log2
e —/ e tt'dt = =T(r +1) + —/ et"dt < +oo, V1> 1,
2 —log2 2 2 Jo

dt, Vr>1. (3.13)

T

and
/i logt —1 ( 1) dt < {1 <1+1> 1 (1—1)}T
| log og(i—5 max 1 log 5T og 5T

:{1og<1+2(i1_1)>}r~m1_1y, Vi,

73




Section 3.3. The exponential distribution

which implies that D, < +o0, as claimed. Having established the convergence of (nd, (02",

for all » > 1, we now consider the special cases r = 1, 2. First observe that

i 1 1\ [z
/i—l logt — log (z - 2>’dt = <z - 2) /;_; | log t|dt

1 2 2 2 — 2
B <’ - 2) {t(logt =1 =(t(logt — 1) 1} = ilog -+ (i — 1)log =~
2i—1

2 — 1 2 —1’

which yields
ndy (02, ) =Y [
- 21 21 — 2
:Z{ilog - + (i — 1) log ! }

2 2i— 1 2i— 1
L 20— 2
:—QZzlog —Z{zlog —(i—1)log Z }
= 21 —1
n 20 —1 1
=—2) ilog L —{nlogn—Zlog(i—)}
i=1 20 i=1 2
nooo9i—1 (2n)!

=—2) ilo lo '
Zl ® i s 22nplpn
Applying Stirling’s formula,
V2t ie e < pl < Vo tie et

as well as the asymptotic expansion

it follows that

1
zilogn—l—(’)(l), as n — 00.

" 21 —
—2) il
;z 0g —
Finally, we deal with the case r = 2. By Remark 2.30(ii) and (3.12),
TLCZQ

(923,
=i{

i=1

t((logt —1)* +1) |1,

— (t(logt —1)|,

)}
=n+ Y {(i(logi — 1)> = (i — 1) (log(i — 1) = 1)) — (ilogi — (i — 1) log(i — 1) — 1)*}

=1
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Section 3.3. The exponential distribution

n

=n+n(logn —1)* =Y {(ilogi — (i — 1) log(i — 1))* = 2 (ilogi — (i — 1)log(i — 1)) + 1}

=n(logn — 1)* + 2nlogn — Ti ((i + 1) log(i + 1) — ilogi)®
=n + Z { ) (log(i +1))* — i (logi)® — ((i + 1) log(i + 1) — ilogz')2}
=n + Z { 1)(log(i +1))* —i(logi)® — (i + 1)*(log(i + 1))?

—i*(logi)? + 2i(i + 1) log i log(i + 1)}
n—1

=n+ Y i(i+1) {210gi10g(z’ +1) — (logi)* — (log(i + 1))2}

=1

n—1 : 2
=n—> i(i+1) (logij_1>

i=1
n—1 i 2 n—1 i 2
=n — (i 4+ 1) (1 =1 1—i(i+1)(1 )
n ;z(z—l— )<ng’+1> +;< i(i + ><Ogi—|—1>>

A straightforward but tedious calculation yields the elementary asymptotic expansion:

i\ )

1—e(e+1) (1 =0~

iti+1) (log < ) = 0G7)

which implies that

i
1—iGi+1)(1
Z{ i <Ogi+1

2
which again shows C% =1+ 33, {1 —i(i+1) <log 14%1) } < 400. Moreover,

Vinds (307, 1) = Cy +O(n™1),

3.3.3 Details of Example 2.41

As in the previous section, it is readily verified, again by virtue of (2.2), that

lim n'/"d, (343, ) = D,

n—o0

with D, being defined in (3.13).

Since it has already been established in the previous subsection that

lim nd, ((5?3, u) =D, < C, = lim nd, (00, 1),

n—oo
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Section 3.3. The exponential distribution

this subsection only contributes to the proof of
Vnds (523, p) =Dy +O(n™")
with D3 = 142552, (1 - (14 log Yi=1) log Z+1).

Analogous to the calculation of ds ((53", ),

SN 2i — 1\ n it t\
o (325.m)" =2 [7 (“toat =) +10g (1= = =) ) e =3 [ <log1_22._1> dt
] =1 “n

=1 2n
t\? 1 & o2
%1, . 9
<log 2¢—1> dt = m Z/zi,g (2 — 1) (log )" dt

n
2n i=1" 2i—1

> )

=1

Sl 3

L& 2 212—i1

%;22—1 ((logt —1)°+1) i

1 & 2i 2 2%—2

— 1 —1) 4+1)—(2i—2)( (1 —1) +1
QnZ{ ((Og2 1 > - ) (2 )<<0g2 1 ) - )}

=1

and hence

nds (521, )QZZ{i<<log 2@2—i1 —1)2+1> -1 <<10g ;:f 1)2+1>}

i
(loganZl_l) +1}+Zz{<log 2i1—1>2—(10g2¢2j_1_1)2}
<10g 2n2?—1>2 ~2log QnQZl} +é{2+“0g izi—i <log 4zjii 1 _2>}
n{log(1+21n>}2+2n{lg<1+21n)_21n}
+2:L {1—i<1+log 42;7;—1)1%;24:1}
:1+2§{1—i<1+10g 42;_1)10g§§i}+”{10g(”21n>}2
{1—i<1+logm>10g2lj+l}'

1
ondlog (14 —)— =1 _9
+ n{og( +2n> } Z 2 9% — 1

i=n+1

It remains to determine the asymptotics of this sum. First, a direct calculation shows

n{log (1 + 21n> }2 +2n {log (1 + 21n> - 2171} —0(n?).
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To see the asymptotics of the remaining terms, it suffices to obtain the asymptotics of

W1\, 241
1—i<1+logl2i> 1og22f1.

7 7
1=} =5 {os (14 5;) —tom (1= ) pros (1- 35)
2 2" 1'% 2i) 8 2 )8 472
11

which implies that

) D : 00
-2 > {1—i<1+10g4122,1> loggz—ii}——llz > l—l—(’)(rfg‘):—il—i-O(n’Q),

72
i=n+1 i=n+1 t 12n

thus yielding the convergence of Z
i=1

nds ((5?3,/1)2 =1+ 2§: {1 —1 (1 + log 4i2,_ 1) log 20t 1} + O(n‘l) :

= 2 21—-1

VAZ T\, 2i+1
{1—i<1+10g2>1 Lt

: 0g — as well as
21 21 —1

3.3.4 Details of Example 2.51

Finally, we investigate the best r-approximation of p.

Let 02" be a best 1-approximation of p. By Theorem 2.47,

Ty, i— Tn,i+1 Tn g

=1 )

e~ "2 +e 2 =2 72, V2<i<n-1
Tp,11+%p 2

(1—6_2 =1—e 1

Tp,n—11tZn,n _
;<1+1—e—2) )

N =

Ty it Ty 41

and P,; =1—e¢e" 2 ,1=1,---,n—1. It is straightforward to deduce that

n+1—i _i2n+1—1)

\/n(n—l—l)’ M 1)

T, = —2log Vi=1,---,n.
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By the variational representation of the quantization error again [40, Lem.3.1],

Tp,1+%n.2 Tn, 1+xn i+1
ndy (63", 1) :/0 Ty = aaaleVdy + Z/ S ly — pile”Vdy
T Tn,2— zn ll ’
:/0 ye! " Intdy + / ye YTImidy

n Tn i~ Tn,i—1 Ty i4+1 " Tn,i
+ Z (/0 2 yey Tnidy +/0 2 ye_y—l'n,idy)

Tn,27Tn,1
= Il {(y —1)eY On’l—(l + y)e’y‘o ° }
n Tn,i~Tn,i—1 Tn,i+1"Tn,g
—Tn,i _ ) 2 _ ) 2
+3 e fy - e, e,

Tp2 — Tp1 _“nltin2 _n, 1102 _
:—1+$n71—#e p) —e 0 + Qe %n1

n
Lpi — Lpi— Tn,i~Tni—1 Lyi — Lni Tn,i " Tn,it1
+zkaw{2+<nﬂ7wl_1>_<"ﬁl nﬂ+0€jz}
i=2 2 2

:_Z (Q—W Te In1+$n2+1) +22€ Tni ( QM) e_m
=2 5
n Tni — Tpi—1 _nitTni-1 Tpitl — Lo it Ton,i

Fan L (P B ey )

- “ Tn,i—1T%n,q 1+1nz

226 _226 +xp1 — 1

1*1

e - Ly

) (n+1—1)? ( 1)

221 n+1 o8 n(n+1) og {1+~

Next we construct a sequence of asymptotically best r-approximations of u, for all » > 1.

Define an auxiliary probability measure y, on R by its density:

F 1 .
F (x) = <> = e, Ya>0.
i Fly) iy T

Note that F), (z) = 1—e~ 71, This implies FH(t) = —(r+1)log(1—t). By [85, Prop.5], (652)

is a sequence of asymptotically best r-approximations of p for any r» > 1, with

147

- ' +1 5 Ynji + Yn,it1 (n+1—=d)(n—1)\ *
m B () o L (Bt ey
Yr, Br\n+1 (147) ity : 2 (n+1)2 ’

forevery i =1,--- ,n.
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3.4 The Beta(2,1) distribution

In this section, we present computational details for © = Beta(2, 1), and denote f = F; L

3.4.1 Details of Example 2.28

In this subsection, we investigate the asymptotics of d, (592”7 ,u) with =z, =
(1,4/2,--- ,y/n)/+/n. Note that 0P» is the unique best r-approximation of x4 given x,,, with

2
. T
pm:<M> L 1<i<n-—1.
’ 2y/n

]

Analogous to Subsection 3.3.1,

n—1 fwﬁ

dr (5pn Z/ﬁ+\f ‘\/_

First, observe that

—t)dt.

()| il
/<mm)2 Vit — \/; dt =2 @ﬂ tt—\/; dt

~

+\/i+1 /L'r 2 r
=2 v t—\/7 dt+/ — —t| de
{ ; ( ”) e\ U
- - - T - r+1
n (4 7 1
[ L= = =t] ==t dt

Al

S )

Similarly,

T

dt

1+\/§>2
2vn

( 1 r l;ff
/ dt:2/
0 n 0

2
n
T+ 2

1
t|t— —
| N

2 (Va+1)" 4 j e (V1)
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Section 3.4. The Beta(2, 1) distribution

/{VT%JE)Q (1-vt) dt = 2/jﬁ+ﬁ t(1 —t)dt
(\/_ \/nT)rJrl 2 n7%277472 (\/ﬁ— m)wz.

2
N r+2

T—|—1

Hence

dr <5£Znu)r :7, 2

+1n_ Z(\/F— i)rﬂ

+ ir1(Viti- i)”l

(TR ()
_QH"T;Q . (\/5+1)r+1 21 . lf(f_m)rﬂ

wiff%Q__(V§+ - r+2< V%t_>

= { 7]

2—7" =

+
r

+

4 Z(W—\/) o {(\/5—1)H2+(\/§—1)T+1},
+ T 1 r42 r42
20 d, (3% 1) :M{Wﬁ—l) - (v2-1) }

1 1 1 n-1 (3.14)
+7’+1{(\/§_1> +(va-1) } 7“—|—1Z(\/‘+\/_)

By the Euler-Maclaurin formula,

- 1 2 1) if1<r<2,
> Tlogn+ O(1) if r =2,

i=2 (\/5-1- \/Z—I——l)T -

¢ +o(1) if r> 2,

where ¢, is some positive (finite) constant. It then follows from (3.14) that, with v, =

3+ W and the appropriate 0 < C, < 400,

lim n""d, (5;n,u) =C,

n—00
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Section 3.4. The Beta(2, 1) distribution

whenever r # 2, whereas
1
lim ) = —=.
n%oq/— > (32,1 13

3.4.2 Details of Example 2.38

In this subsection, we present the asymptotics of (d, (64, u)) for r = 1, r = 2, and r > 2,
respectively. For every n € N, let

n="22 =

n n

Note that

(08 u Z / ’\/— — rfi
By the minimality and homogeneity, for every ¢ = 1,--- ,n,
J =

"t = mmceR/ ‘\/_—c dt mlnceR/ ’\/E—\/ﬁc‘Tdt
-1
— 1 ‘ f|[’L 1,i]
~patl /i—l View

(7 T 1 - ¢
dy (037, 1) = ngﬂzg/i_l Vit

First, consider the case 7 > 2. To show the limit lim,, o, n'/2*Y/7d, (§un, ,u)r exists and equals

dt,

"t

which yields

Flii=1,4

dt, Vr>1.

—1,3]

a finite positive constant, it suffices to obtain the convergence of X%, [/ | Tr

for r > 2. Analogous to Subsection 3.3.3, note that

S [V

which follows from the fact below:
t—(i—1/2) | i
i1

/ - /11\/+\/71/2
<97 (ﬂJm/i—l/Q)T, VieN.

T

dt <400 Vr>2,

i—1/2] ot

i—1/2

Next, we show that

1
ndy (63", 1) = m\/lognjL O(1) as n — oc.
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Section 3.4. The Beta(2, 1) distribution

By Remark 2.30(ii), dy» is the unique best uniform 2-approximation of ; when

i/n 2'3/2_ '_13/2
:Em-:n/ \/I?dt:fZ (i ) , V1<ii<n,
’ (i-1)/n 3 nl/2
which yields
n o ifn 2§32 — (i — 1)3/2 2
dy (82m, p1)* = / t—= dt
2( . 7#) ; (zl)/n( 3 n1/2
nfoio1 4@ o pra@r o 4 (B2 - - 1))
B 12::1 om? 3 nl/2 3 n3/2 * 9 n?
IR FENR S NV 3/2\2
= {ioy g (-0
L [(1/24n=1/2)n 4/ 3pn . 3/9 2}
=— D Dl e (i
n? 2 9i1( )
14 B3+ 1 4 L i(3-3)i+1/d)
=5~ -

2 2°
MS e (-1 2 S 1+ (1 -1/)"7)
From the elementary asymptotic expansion as x — 0,

1 1 3 3, ,
- - @z = = O 3) 1
1+ (1 — )32 SR R TR (x)

it follows that

W:(3_3x+x2){;+29€+136I2+(9(x3)}:z—:x—llijf—l—@(w?’),

and

B3-3z+2%> (3 3 1, AV 9 9 3, ,
(b g o) - o)

This expansion further implies that

1 4.2/ 9 31 1 49, 1
dy (500 )2 = = — 2 ( _____ O ~—2):_2 1 o(1
20 =g g 2 3 s T (7)) = 5~ Gag™ + g s + O,
ie.,
1
1 do(627, 1) = —=.
e 204" 1) i3

'Here (and analogously throughout) this asymptotic expansion should be interpreted as

1

T — (24 3z+ %xQ)‘ < C|23| for some positive constant C' and all |z| < 1.
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Section 3.4. The Beta(2, 1) distribution

Finally, we show that
1
ndy (6, p) = 1t O(n’1/2> as n — 0.

To this end, note that

2i — 1
2n

< T [ [2i=1 . 2i — 1
DR D Ry +/ftt— d
-1 VS 2n VS 2n

dt

SE{G)7 ()05

B (EE) ()

R e

Qi{(nnf% f+¢+;>ff+f+}
$§Kw+/—% v M v el

3n1+m

For all 1 <17 <n,

TR VT %wwvif>
N n&;+ﬂa2«@%@%

L fi, 1 3atioa (3.15)

~ 16n +32n2\/’(\/7+ l‘_%f”

analogously,

" - S
\/gij \/%+\/% 16n\ n 32n2\/%(\/%+ %—F%)S
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Section 3.4. The Beta(2, 1) distribution

Egs. (3.15) and (3.16) together with
1 1

1+\/@:§

+0((m™) asn — oo,

n 1 ° HLL — + n1/2 g \/E + n .

With the elementary estimate ’Z —2y/n ‘ < 2 for all n € N, it follows that

zl\[

1
ndy (93", 1) = ) + O(n1?).

3.4.3 Details of Example 2.52

This subsection is devoted to the proof of

3

nds (5527 :U') = @

+ O(nil) as n — 0o, (3.17)

where

. .:< i )3/4 Pri= e (4 G+ 1)) Vi1, =1
n,t n+ 1 ) n,r 4<n+ 1)3/2 ) Y Y Y

3/4
and ,,, = (#) / . By virtue of (2.2),

Z/ " —xn,i)Zdt
1 (Tn,14Tn ?
_Z/ xnz+xnz+1 (\/%—:L'nl dt+/ 3 (@n,1+ 72)) (\/Z—l'n,l)2dt (3.18)

(Tn,i— 1+:Em
+/;mnn ean) (\/E—xn,n) dt.

In the following, we provide the asymptotics of the summation in (3.18) term by term. First,

let us estimate the last two terms:

l(xn, +73n,2) ? 2 1
/0(2 1 ) (\ﬁ — an) dt < a7, - 1 (Zpo + Tn1)” < Tpy=0 (n_3) ;
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Section 3.4. The Beta(2, 1) distribution

1 1 2
/(1( N ))2 (\/7_5 — «rn,n)Z dt S (1 — xn,nfl)Q {1 — (2 (,In’n,1 + 1:7,””)) }
- ( o xn’n_l) I - 5 (x"v"_l + xnv”) — 2 <1 - xn,n—l) - 5 (xn,n—l + xn,n)

2 3 2 34 ’ -3
<2(1 = Tpp1)? (1 = Zppt) =2(1 = 2ppy)® =2 (1 - (1 - 1) ) =0(n?).

n

Next, we present the asymptotics of the first summation term in (3.18). To this end, notice

that

n—l (%($n,i+$n,i+1))2 3 (@nit1=2n,3)
/( » (Vi dt_QZ/ £t + )t

%(In,i—l'i_m'%i)) xnl 1—%n, z)

(l(1 1
= Z {2 {24 (*In,z'—l—l - 'rn,z')4 - 24 (xnz 'Tn,i—1>4}

=2
2 1 1
_I'gxnz {23 (xn i+1 Tp 2)3 + ? (xnz Tp 2—1)3}}
1 1 n—1
? {($nn 'Tn,nfl) - ($n2 — Xy 1)4} + ﬁ 2 {xm (.an i1 Tn z) + X (SL’nz Tni 1) }
1 1
=55 {(xnn Tpn1) — (Tpn2 — Ty 1)4} + T2 2 {:L'm (Tniv1 xm)3 +Zpi1 (Tpi — Tpio1)

+ (xnz In,i71)4}
1
:% {(«/En,n - In,n—1)4 - («rn,Q - xn,1)4} + — Z Tnyi (./L'nﬂ'_;'_l — '/L‘n,i)3
1 4 1"z 1 5
=5 {(a:nn — Tnn-1) — (Tna — Tn1) } + 5 Zz; Tri (Tpit1 — Tni)
1 n—1 A 5 ;
+ E Z {(xnz Tni— 1) — Tnn—1 (flfn,n - l'n,n—l) + Zp1 (l'n,2 - flfn,l) } .
=2

Observe that

(xn,n - xn,n71)4 - (xn,Q - xn,1>4

e e [ e e I

11 3—34 1 ' (23/4—1)4

:(n—l-l)?’ﬁ (1+ (1_711)3/45(1+ (1_71)3/2)  (n+1)3

Similarly, one can show

=0 (n’g) .

Tnn—1 (xn,n - xn,n—1>3 - O (n_3> ’ Tn,1 (5571,2 - xn,l)g - O (n_3) .
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Section 3.4. The Beta(2, 1) distribution

It remains to estimate Y100 @, (T i1 — T, Z) and Y1) (w5 — 1), Tespectively. Substi-

tuting

i 3/4
xm-:( ) , V1<i<n,
' n+1

we simplify these two summations as follows:

n—1 , "l i 3/4 i+ 1\ /4 i 3/4Y3
Z T, (xn,iJrl - xn,i) = ( ) ( ) - ( )
= —\n+1 n+1 n+1

=(n+1)" 223/4(2—1—1)3/4 3/4)3

L

302+ 3i+ 1 s
1 -3/4
n + Z 1 { Z + 1)3/4 + ’i3/4) ((Z + 1)3/2 + 23/2)}

Z 34+3/i+ 1/ v
n+1 3 (1+ @+ 1) 1+ @ +1/0)*%) |

<
Il
[\
—
S
—
~—
w
/N

. . nel /. . 4
1(:5 B 1 1 i3/4—(i—1)3/4)4= 1 i i2 — (i — 1)3/2
, n,i n,i— . (n i 1)3 P 33/4 + (Z _ 1)3/4

{ @ — (i — 1) }4
(n+1)3 = L@+ (= 1)) (2 + (i = 1)°2)

1 ”2—:11 3—3/i+1/i? !
P | (ra-y)) -1 )

Utilizing the asymptotic expansion for « > 0 as x — 0

1 1 «
AT -zt o),

one concludes that for small z,

3—3$+ZL’2 —§—|—ix—|—0(:ﬁ2)
(14 (1—2)34) 1+ (1 —-2)32) 4 32 '

This further implies by tedious calculation that

’ ((1 1+ 2);4?):5(1? (1+ x)3/2)) +((1 + (- f;);/f)x(ffz - @3/2)) -7 (i)gw ()
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Section 3.5. The Cantor measure

With this, finally, the asymptotics of (dg (552, ,u)) can be established:

ds (552, ,u)2 = Z {an,i (Tnit1 — xm)?’ + (Tni — xn,i,1)4} + O(n’S)
=2

1 2 3+3/i+1/i ’
12| (n+1)3 & (14 4+ 1/0)*) (14 (1 +1/0)?)

1 = 3—3/i+1/i? !
MCESIE ; i ((1 +A=1) 1+ - 1/@)3/2))

s 51> (1) +00)f =m0,

which yields (3.17).

3.5 The Cantor measure

In this section, we investigate best uniform r-approximations of the classical Cantor measure

. 71 . . . .
p. Let f = F within this section.

3.5.1 Inhomogeneity of decay of the best uniform r-approximations

In this subsection, we verify the comments following Remark 2.42 by showing that for all
r>1,

log 3
linl)infn@ d, (6%, 1) and limsupn'/"d, (6%, 1) are both positive and finite.
n—oo n—oo

We first establish bounds for liminf. To begin with, to state some useful facts of f, let us

introduce some handy notations: For every n € N, let k = |log, n| + 2,
L=[G -2 527, and f; = fls, ¥Y1<j<2

Note that (I;) is an equi-partition of [0, 1] with A\(I;) = 27 for all 1 < j < 2¥. By the

self-similar property of f,
HO=f(-0G-102")+f(G-12"%), vi<j<2h o) =3"f(2%). (319

Let us identify all the pieces of subintervals where F! 5231 remains constant, and denote the

index set by J = {1 <7< 2k . F(;Zi

, is constant}. Since F 52,11 has at most n — 1 jumps,
j .
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Section 3.5. The Cantor measure

#.J > 2% —n+1. By (3.19),

(8% /‘f 5un ‘dt>z mmceR/ |fi(t) —¢;|"dt

:#JmincleR/ |f1(t) — c1|" dt > (2k —n+ 1)2_1‘33_’”/0 ’f(t) — Tf

_21971 iggd (51/2,M)r7

T 1 T
where we employed d,. (51/2, u) = / ‘f(t) —7f
0
ately yields
iminf n¥5¥d, (50, 1) > —~—d, (5
hq{ggol nlos2d, (3", u) > 9 i r( 1/2,M)-

On the other hand, again by self-similarity of p,
Bmdr ((ﬁbzmnu) =d, (51/27/L) ) Vm e N7

which in turn establishes the upper bound:

log 3

liminf nle2d, (62", pu) < d, (51/2,,u) )

n—oo

"dt

To construct the bounds for the upper limit, we use a new equi-partition of |0, 1[, namely

Z:y_l,z[, V1<i<n.
n n

For every n € N, let k = |log, n|, and

A%:{mZ 1<m<2k—1}:{j2l 1<1<Fk, 1<j<2’odd}

By self-similarity once again,

Since%§2_%
#(LnA;) <1, Vi<i<n

In the following, we distinguish two cases: (i) I; N Az = 0; (ii) LN Az is a singleton.

38
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Section 3.5. The Cantor measure

Denote J = {1 <i<n: fz N Af]; = (Z)} for convenience. If i € j, then either

gt < T gt gk
n n
or 4 '
j2—l_2—k§l_1 £§j2l
n n
holds for some 1 < j < 2' oddand 1 <1 < 7%; by (3.21), in either case, the following inequality

holds:

(o)) =
n n
If i ¢ J, then I, NA; = {j2_l} for some 1 < j < 2! odd and 1 < < k, and therefore

~ i —1
joot ok !

<j-2t< = <] 27! +2

by (3.20) and (3.21),

()5

<t((G2tee®) ) p (2 )+ (G2 = f (G2 e) Hp (o2e) - (e -2 )

_3-l49.3°F

This shows that

b e =3 [

1) -1 (%)

3’“’“+§k: 3 <3—’+2-3—E>T)

ied [=11<5<2! odd

—mk
L a 3(*l+1):i377;l;_‘_ 1 1_<23 )

2r 2rn 1—2-37"

n I=11<3j<2! odd
which implies that

: 1/r U 1 —r —1/r
limsupn dT(5.",u)§§(1—2-3 ) .

n—oo
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Section 3.6. The inverse Cantor measure

The lower bound
1
lim supn'/"d, (0em, ) > 6

n—oo

is readily obtained by Remark 2.45. Indeed, consider the subsequence (2™ + 1) of (n).
f ’IO
_

Iy

GGG e

3.6 The inverse Cantor measure

Note that l is the midpoint of Iy := [%, %}, by symmetry, Fg_g}nm+1
é(f(% )+f( )) Hence

(62

flro
T

In this section, we study best r-approximations and best uniform r-approximations of the
inverse Cantor measure p. Let f = F 1 ie., f equals the distribution function of the Cantor

measure, within this section, and recall that o, = % + (1 ) }gg g, B, = (1 — %) + %}2%.

3.6.1 Details of Example 2.40

We first consider the rate of decay of the best uniform r-approximations, i.e., we establish
estimates for d,. (0¥, ).

To bound liminf,,_,,, n® d, (64", 1) from below, let k = |logsn| + 1 for every n € N, and
Ij:}fil((j_1)27k)7f71(j27k_>[7 V1§]§2k
Note that A(I;) = 37, for all 1 < j < 2*. Since = > 37",
1 . k
#(nnoz) <1 vi<j<o
n
which implies that Fr.. sun 1S constant either on I; 1, or on I; g, where for every j =1,--- 2~
L= (G-02"), 7 (G-027) +875 [ Le=|f"(G2h=) =3t G2k [
From self-similarity of x~! and symmetry, it follows that

minger [ |f(5) = ol At = miner [ 1F() =l dt = 3727607, (0y0,0) L (3:22)
L I

I;, JR

which further implies that

/ ‘f 611,” ‘ dt>3 k= 12 (k+1) Td (51/2,M)r.
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Section 3.6. The inverse Cantor measure

Therefore

d (03", )" >Z/‘f 5% ’Tdt

ok

0 = e at) = 30 2) 7, (s

Jj=1

ok
> (minen | 170) = "t 4 mine |
I I

j=1 J» J,R

where (3.22) was employed. This establishes the lower bound,

n—oo

e su L2\
liminf n®d,. (6", u) > ) <9> d, (61/2,,u) )

To bound limsup,_,._ n® d, (6, 1) from above, for every n € N, let k = |loggsn|, and

A = {f—l <m2—5—> f! (mZ_%> 1<m<2F— 1}

{2, (2t -) 1< <2 odd, 1< <k}

Again by self-similarity of p=1,

Milg ye A, azy lz —y| = 3_%; ! (m . 2_%—> — f! ((m — 1)2_};) =37k

Let J = {1§i§n:f‘1<m'2_’“—)§"’l<i Sf_l(m'Q_k) forsomelgmgﬁ}. If
1 € J, then

If i ¢ J, then

I B S IO CRURS PRI

for some 1 <m < 275, which further yields

o= 1(1) 5 (50

Since 37 < %,

S B (R RAICERS) | B

forall 1 <m < 275, which implies that n — #.J < 275 -4. Hence

(50 Z/ "t = Z/

Fyun (1) ‘r dt

6“"
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Section 3.6. The inverse Cantor measure

<;/ =3l G G s G (50}
< 22 h_ __— (n—#J) < ﬁ < 22(E+1)(1—r) <9.prer,
2T it 2(’““)% o(b+1)r,, — n

which implies that
lim sup n® d, (62, 1) < 247,

n—oo

Putting things together, for every r > 1,

1 /92 1/r
de (o) - (5) < timinfnd, (627, ) < limsupned, (327, 1) < 2/

4 n—oo

Finally, we show that the sequence (n® d, (6¢", i) is not constant for » = 1, 2. Obviously,
5?} = 01/ for all > 1. Observe that

1/4=2%"3"% f (i) =y 2% = ;’
=1 =2

which implies by symmetry that 6,3 = % ((51 /3 + 02 /3>.
By self-similarity of g~ and symmetry,

) =2 (3-9)

{ TGN G LG
2{/”“ GG LD
{
n) =

2

2 3 i :1)) d1(51/27,u)}a

yielding d (51 /2, /t) = 1/6. Analogously,

i () =2 [ s

_l’_
\

I c)
+/;“< >+ (23 )

1 1 pu/3 1
dr<51/27 >+3/1/6 3’ 3}

1/6

q>\>—l Kh
l\DM—t N~ —




Section 3.6. The inverse Cantor measure

yielding 2% d; ( i ) = 4/15. Thus (n*d; (6¥~, 1)) is not constant.

Next we deal with the case r = 2. Since

1/2 1/3 1/2 | 11 1 1 1 1 1/2 1 1 9
2 —9 / / - :2(- -):, 2 —9 S =2

0 / (0 U 1/3 2) 3 4+6 2 3 1/2f 0 f+3 2 3
it follows from Remark 2.30(ii) that 62 = $(d1/3 + d2/3). Like r = 1, straightforward calcula-
tions yield:

wma) =2 [ (-0 =2 [ () <3 (G- (-1 )
sl "G LG
:2{418 + 0+ ; <;>2/01 <f—;>2} 214+ ~dy (51/2,M)2,
ie., dy (51/2, ) 7 Hence

o =2f (-5 =2{["G-0"-3L" G-+ 1 5]

2 1 1 1
=dy (51/27,M) - §d1 (51/27/1) + 36 45
i.e., 292dy (602, 1) = 21026;/[10%9 Thus (n®2dy (0¥, 1)) is not constant either.

For r =1, 2, therefore, (n®d, (§i~, 1)) is not constant, and consequently
lim inf n®d,. (62", u) < limsup n®d,. (62", u) ,

n—0o0 n—00

i.e., the d,-uniform quantization coefficient of p does not exist.

3.6.2 Details of Example 2.54

In this subsection, we investigate best r-approximations of y, and show that (nﬁ"dr (0™, ,u))
is bounded above and below by positive constants.

To estimate a lower bound, for every n € N, let k = |log,n| + 2, and

L= (G-027%), 1 (5275 =) and f; = fls,, V1<j<2h

Note that A(I;) = 37%. By self-similarity of x~*,

HO=f(=r(G-02")+G-1n2F vi<j<oh
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Section 3.7. Details of Example 2.48

LetJ:{1<j<2k Fal

#J>2F —n+1> 281 Again by self-similarity of ;! and symmetry,

d, (53 11) >Z/‘f] ’dt>2m1nc€R/\f] ) — ;| dt

jeJ
=#J - minmeR/I |f<t) - Cl‘rdt = #J - (2r : 3)7 dr((sl/%u)r

> (2k —n+ 1) (27 3) 7", (612, )" = 02T AL (6 g, )

s constant}. Since Fg.,ln has at most n — 1 jumps on [0, 1],

which yields
liyxgglf nPrd, (637, 1) > 2772 d, (51/27 ,LL) -

To establish an upper bound, first pick a subsequence (2™ —1) of (n): For every m € N let

=ymtae ZQZ ) O(2j—1)2-t + 3~ m+1 sz ) d(2j—1)2-m. By similarity of ;' and symmetry,

d, (umH,,u) =2-27"37'd, (U, p)". Thus d, (v, p)" = 2% 0=m)q, (51/2,u)r, for all m € N.
Now for every n € N, let k = |logy(n + 1), and thus

n>2oF 1 9Ml> 49

)

By monotonicity,
4 (027, 0) < dy (82770 ) <y (v ) = 2700, (510,1) < 470 d, (8172.).
which yields

lim sup n”rd, (62", 1) < 4°d, (51/27 M) .

n—o0

3.7 Details of Example 2.48

Recall that p = %)\’[0 1}+%51. Let n = 2, and d? a best r-approximation of y1. By Theorem 2.47
as well as (2.2), 0 < x; < x5 < 1. By virtue of the variational expression for the n-th

quantization error [40],
1 1t 1
4,05 0" = [ minly =il p(dy) = 5 [ minly 2. dy+ Jmin 1 -]
0 i= 2 Jo =12 ’ 2i=12 ’

1 x1 %m1+9€,2) .,
=5 / (1 —y) dy+/ (y— 1) dy+/ (z2 —y)"dy
0 5(x1+22)

1
# [ = aoran s (- o]
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Section 3.7. Details of Example 2.48

it [ Qo) s G 0w} -}

L+r
1 1+ 1 1+ 1+
— r - . T - (11— r
TR R T T L T TRy L

Since 0% is a best r-approximation of y,

V.d, (557M)T =0,
ie.,

T

507 — i (2 —x1)" =0,

2

21%(35,2 - iU,l)r - %(1 - x,z)r - %(1 - w,z)r_l =0.

Let z; = £(r). By (3.23), o = 3¢, and
€ = (1 3¢y +r(1 -3¢
Note that € €]0,1/3[ for all » > 1. By Theorem 2.47(i),
022 = &(r)0e(ry + (1 — £(7)) 3¢
To simplify (3.24), let n = ¢~' — 3. Then (3.24) is equivalent to
1= (147" +3rm "
Obviously, n €]0, 1] and 1(2) = 2% — 1. Observe that

3

dy _ w30
dr logn

1
(1 — 13?2)74.

(3.23)

(3.24)

(3.25)

which shows that n = n(r) is increasing on |1, +o00[, and thus n(1+4) := n; and (+00) = N
both exist. Suppose 11 > 0. Letting r | 1, it follows from (3.25) that n = —1,, which

contradicts 71 > 0. Hence n; = 0. Analogously, one can prove 7, = 1. In sum, converting 7

back to &, it is clear that r — £(r) is smooth, decreasing, with

— 1
_3 \/3, and lim &(r) = 1

1
g 4 r—400
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Section 3.8. Details of Example 2.49

3.8 Details of Example 2.49

Recall that u = %)\’[ —i—%éo. In the following ,we characterize all §? satisfying Theorem 2.47

for n = 2. Analogousl‘éltl the previous section, —1 <z ; <z < 1.

First, consider the case r = 1. By symmetry, it suffices to consider only the four situations
below.
(i) Assume that 7 <0 <z and 27 + x5 < 0. Then Theorem 2.47 yields

tat+z)+1l  xp+1 1 ro+2 1

_ — = (1 . 2
P 3 ; 3 217,1, 3 2( +p1) (3.26)

The unique solution to (3.26) is
Ty = —3/4, To = —1/4, P1= ]_/6

This yields a contradiction with the assumption that x5 > 0.
Analogous arguments also verify that contradiction occurs as long as z; < 0 < x5 and
x 1+ 22 > 0 are assumed simultaneously.

(ii) Assume that z; <0 < x5 and z; + 2 = 0. Again by Theorem 2.47,

IL‘71+1_1 $72+2 ]_

p,l € [1/372/3]7 3 §p,17 3 = 5(1 +p,1)7

whose unique solution is
l"l = —1/47 5(772 = 1/47 p71 = 1/2

This corresponds to the second candidate 002 := %5,1 /4t %51 /4 in Example 2.49.
(iii) Assume that 1 < x5 < 0. Similarly, one concludes that

%($71+$72)+1 x’l_’_l—lp I72+1_
= -pi, =

3 ’ 3 2 3

p1= (1+pa),

N | —

and hence
r1= —1/4, To = 5/4, P11 = 1/2

This contradicts the assumption that xo < 0. A similar contradiction will appear if
0 <2, <y is assumed.

(iv) Assume z; < 0 = z 5. One obtains

i+l x4+ 1 1

- - S0+n0)€[53]
b1 = 3 ; 3 _2p,17 9 P 373 )
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Section 3.8. Details of Example 2.49

and thus
ry=—2/3, p1 =2/9.

corresponds to the first candidate 62! := %5_2 /3 + géo in Example 2.49.
By symmetry, 653 := %50 + %52/3 is the third candidate.
Now we compare d; (6%, p) for i = 1,2, 3. Straightforward calculations yield

7

(00, 08) = i (3, ) = 5 < 57 =i ().

and thus only the two (non-symmetric) probability measures 62!, 622 are best 1-approximations
of u.
Analogously for r = 2, consider the following three cases.

(i) Assume 21 + x5 < 0. Then Theorem 2.47 yields

Mra+ma)+1 1 s 3
o\l ,2 p,l
= < 1/3, = — 3t—1dt=—>-1
Pa 3 <1/3, x, P ( ) 9 )
1/3 1 _3
Ty = (/ (3t —1)dt+ [ (3t — 2)dt> PP

1—]91 P, 2/3 1—pa

and thus
1—+/33 19 — 3v/33

xal = - 8 Y ‘r,2 = 8 P p,l = 1/6

This corresponds to 5q1 = g_mél_m + 3+‘/§519_3\ﬁ.
By symmetry, 0 := 3+1\§§53JE—19 + 2 1‘[5r , is also a candidate.

(i) Assume z; + 22 =0. It follows from Theorem 2.47 that

€ [1/3,2/3], 1 — — /1/3(315 1t = -
p,l ) ) x,l - p,l 0 - 6p,1’
1 g |

3t—dt = —
1—p, 2/3( ) 6(1—p1)

I’Q =

and thus
Tr1= —1/3, To = 1/3, P1= 1/2

This corresponds to 62 := %5 3v33_10 %5 v33-1- Tedious but elementary computations yield
8 8

(3v/33 —11)3 +3(9 — /33) (19 — 3/33)?
9 -183 HENE

§.

do (03, 1)* =d2 (02, 1)* =

y37

~0.0912788 < d, (5q2, u) =

Thus again only §/! and 6 are best 2-approximations of y.
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Chapter 4

Best finite approximations of Benford’s

Law

Given real numbers b > 1 and z # 0, denote by S,(x) the unique number in [1, b[ such that
|z| = Sy(x)b* for some (necessarily unique) integer k; for convenience, let S,(0) = 0. The
number S,(x) often is referred to as the base-b significand of x, a terminology particularly
well-established in the case of b being an integer. (Unlike in much of the literature [3,5,47,89],
the case of integer b does not carry special significance in this chapter.) A Borel probability

measure ;4 on R is Benford base b, or b-Benford for short, if

p({z € R: Sy(x) < 5}) :Eiz, Vse(Lb[; (4.1)

here and throughout, log denotes the natural logarithm. Benford probabilities (or random
variables) exhibit many interesting properties and have been studied extensively [1,32,48,70,
82]. They provide one major pathway into the study of Benford’s Law, an intriguing, multi-
faceted phenomenon that attracts interest from a wide range of disciplines; see, e.g., [5] for
an introduction, and [70] for a panorama of recent developments. Specifically, denoting by

the Borel probability measure with

log s

Bo([1, 5]) =

_ b
gy oL

note that u is b-Benford if and only if o0 S, ' = 3.
Historically, the case of decimal (i.e., base-10) significands has been the most prominent,
with early empirical studies on the distribution of decimal significands (or significant digits)

going back to Newcomb [73] and Benford [3]. If x4 is 10-Benford, note that in particular

log(1+ D 1)

,u({x € R : leading decimal digit of x = D}) = 1oa 10
0

., VD=1,...,9. (42

For theoretical as well as practical reasons, mathematical objects such as random variables or

sequences, but also concrete, finite numerical data sets that conform, at least approximately,
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Chapter 4. Best finite approximations of Benford’s Law

to (4.1) or (4.2) have attracted much interest [27,62,89,91]. Time and again, Benford’s Law
has emerged as a perplexingly prevalent phenomenon. One popular approach to understand
this prevalence seeks to establish (mild) conditions on a probability measure that make (4.1)
or (4.2) hold with good accuracy, perhaps even exactly [8,31,32,35,82]. It is the goal of this
chapter to provide precise quantitative information for this approach.

Concretely, notice that while a finitely supported probability measure, such as, e.g., the
empirical measure associated with a finite data set [6], may conform to the first-digit law
(4.2), it cannot possibly satisfy (4.1) exactly. For such measures, therefore, it is natural to
quantify, as accurately as possible, the failure of equality in (4.1), that is, the discrepancy
between p o S, ' and 3,. Utilizing three different familiar metrics d, on probabilities (Lévy,
Kantorovich, and Kolmogorov metrics; see Section 4.1 for details), this chapter does this in a
systematic way: For every n € N, the value of min, d,(5, V) is identified, where v is assumed
to be supported on no more than n points (and may be subject to further restrictions such as,
e.g., having only atoms of equal weight, as in the case of empirical measures); the minimizers
of d.(By, V) are also characterized explicitly.

The scope of the results presented herein, however, extends far beyond Benford proba-
bilities. In fact, a general theory of best (constrained or unconstrained) d,-approximations
is developed for probabilities with compact support. As far as the author can tell, no such
theories exist for the Lévy and Kolmogorov metrics — unlike in the case of the Kantorovich
metric where it (mostly) suffices to rephrase pertinent known facts [40,102]. Once the gener-
al results are established, the desired quantitative insights for Benford probabilities are but
straightforward corollaries. (Even in the context of Kantorovich distance, the study of 3,
yields a rare new, explicit example of an optimal quantizer [40].) In particular, it turns out
that, under all the various constraints considered here, the limit Q, = lim,,_,,, n min,, d, (5, V)
always exists, is finite and positive, and can be computed more or less explicitly. This greatly
extends earlier results, notably of [6], and also suggests that n~'Q), may be an appropriate
quantity against which to evaluate the many heuristic claims of closeness to Benford’s Law
for empirical data sets found in the literature [4,70,71].

This chapter is organized as follows: Section 4.1 reviews relevant basic properties of one-
dimensional probabilities and the three main probability metrics used throughout. Each of
the Sections 4.2 to 4.4 then is devoted specifically to one single metric. As indicated earlier,
in each case the problem of best (constrained or unconstrained) approximation by finitely
supported probability measures is first addressed in complete generality, and then the results

are specialized to . Section 4.5 summarizes and discusses the quantitative results obtained,
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Section 4.1. Probability metrics

and also mentions a few natural questions for subsequent studies. For the reader’s convenience,

proofs of propositions and informal claims in this chapter are assembled in Chapter 5.

4.1 Probability metrics

Throughout Chapters 4-5, let J C R be a compact interval with A(J) > 0, and P' the set
of all Borel probability measures on J. Associate with every u € P its distribution function
F,:R — R, given by

Fulz)=p({y€J:y<a}), VzeR,

as well as its (upper) quantile function Fu_l : [0,1[ = R, given by

Fl() = min J if 0 <z < p({minlJ}), (43)
sup{y € J: F,(y) <z} if p({minJ}) <z <1.
Note that £}, and F, 'both are non-decreasing, right-continuous, and bounded. The support
of u, denoted supp p, is the smallest closed subset of J with py-measure 1. Endowed with the
weak topology, the space P is compact and metrizable.

Three important different metrics on P are discussed in detail in this chapter; for a panora-
ma of other metrics the reader is referred, e.g., to [36,87] and the references therein. Given

probabilities p, v € P, their Lévy distance is
di(p,v) =winf{y >0: F,(-—y) —y < F, < F,(-+vy) + v}, (4.4)

with w = max{1, \(J)}/A\(J); their L"-Kantorovich (or transport) distance, with r > 1, is

1 - 1/r
by =20 ([ 570 - 6] ) = @ R - E @)

and their Kolmogorov (or uniform) distance is
d (1, v) = sup,eg [Fu(x) = B, (2)] = [[Fl = Foloo -

Henceforth, the symbol d, summarily refers to any of d, d,., and dk. The (unusual) normalizing

factors in (4.4) and (4.5) guarantee that all three metrics are comparable numerically in that

!'Note that this usage of P is different from the one in Chapters 2 and 3, where P denotes the set of all
Borel probability measures g on R with pu(R) = 1.
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Section 4.1. Probability metrics

sup,, ,ep d« (11, v) = 1 in either case. Note that
i1, v) = MO [ Fuf@) = Be)| de, ¥ pv e P,

by virtue of Fubini’s Theorem. The metrics d| and d, are equivalent: They both metrize the
weak topology on P, and hence are separable and complete. By contrast, the complete metric
dy induces a finer topology and is non-separable. However, when restricted to Pus := {u €
P:u({x}) =0 VzelJ}, adense Gs-set in P, the metric dx does metrize the weak topology
on P and is separable. The values of d, d,, and dx are not completely unrelated since, as
is easily checked,

14+ M(J)

di < wA(J)

do, di<d,, d <dg, d<wdk, (4.6)

and all bounds in (4.6) are best possible. Beyond (4.6), however, no relative bounds exist
between d|,d,, and dk in general: If x # 1, x # o, and (*,0) # (L, K) then
di(p, V)

SUD, veP:ptv m = +00.

For a detailed verification of the relations among these probability metrics, the reader is
referred to Proposition 5.1. Each metric d,, therefore, captures a different aspect of P and
deserves to be studied independently. To illustrate this further, let J = [0,1], p = &y € P,
and py, = (1 — k1) 6y + k7102 for k € N; here and throughout, recall that §, denotes the
Dirac (probability) measure concentrated at a € R. Then limy_, o di(, pi) = 0, but the rate

of convergence differs between metrics:
di(p, ) = k72, dp(p, ) = k7277 de(pyp) = k7', VEEN.

The goal of this chapter is first to identify, for each metric d, introduced earlier, the best
finitely supported d,-approximation(s) of any given u € P. The general results are then
applied to Benford’s Law. Specifically, if © = 3, for some b > 1 then it is automatically
assumed that J = [1,b]. The following unified notation and terminology is used throughout
Chapters 4 and 5: Foreveryn € N, let =, ={z e J":2; < ... <z,}, I, ={peR":p; >
0, X% p; = 1}, and for each x € Z, and p € II,, define 6% = >-%_, p ;6. ;. For convenience,
To:= —00 and T 41 := 400 for every x € Z,,, as well as P; =37, p; for i = 0,...,n and
p € II,,; note that Py = 0 and P, = 1. Henceforth, usage of the symbol ¢? tacitly assumes

that x € =, and p € II,, for some n € N either specified explicitly or else clear from the
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Section 4.2. Lévy approximations

context. Call 62 a best d.-approximation of p € P, given x € =,, if
dy (p,07) < di(p,03), Vqell,.
Similarly, call 62 a best d.-approximation of u, given p € 11, if
do (1, 08) <dy (n,08), Vy€E,.

Denote by 6% and 02 any best d.-approximation of u, given x and p, respectively. Best
d.-approximations, given p = w, = (n~' ..., n7!) are referred to as best uniform d,-
approximations, and denoted 0¢". Finally, 02 is a best d.-approximation of pu € P, denoted
oo if

d. (1, 07) < d. (u,ég), Vye=,,qell,.

Notice that usage of the symbols 47, 67, and 03" always refers to a specific metric d, and
probability measure i € P, both usually clear from the context.

Information theory sometimes refers to d, (i, d3™) as the n-th quantization error, and to
limy, 00 ndy (1, 62™), if it exists, as the quantization coefficient of u; see, e.g., [40]. By analogy,
dy (e, 60) and lim,, o nd,(p, 04), if it exists, may be called the n-th uniform quantization

error and the uniform quantization coefficient, respectively.

4.2 Lévy approximations

This section identifies best finitely supported d -approximations (constrained or uncon-
strained) of a given u € P. To do this in a transparent way, it is helpful to first consider
more generally a few elementary properties of non-decreasing functions. These properties are
subsequently specialized to either Fy, or F; L

Throughout, let f : R — R be non-decreasing, and define f(do00) = lim, ,+o f(7) € R,
where R = RU {—o0, +00} denotes the extended real line with the usual order and topology.
Associate with f two non-decreasing functions fi : R — R, defined as fi(z) = lim.}o f(z +
g). Clearly, f_ is left-continuous whereas f, is right-continuous, with fi(—oc0) = f(—00),
fe(+00) = f(4+00),as well as f- < f < fi, and fi(z) < f_(y) whenever < y; in particular,
f-(x) = fi(z) if and only if f is continuous at x. Recall that the (upper) inverse function
f~': R — R is given by

fit) =sup{z €R: f(z) <t}, VteR;
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Section 4.2. Lévy approximations

by convention, sup@ := —oo (and inf @ := +o00). Note that (4.3) is consistent with this

notation. For what follows, it is useful to recall a few basic properties of inverse functions.

Proposition (2.1). Let f : R — R be non-decreasing. Then f~1 is non-decreasing and
right-continuous. Also, (f+)™' = f=1, and (f71)™1 = f,.

Given two non-decreasing functions f,g : R — R, by a slight abuse of notation, and
inspired by (4.4), let

di(f,g)=inf{y >0:f(- —y) —y < g < f(- +y)+y} €0, 400].

For instance, dy (p, v) = wd (F),, F,)) for all pn, v € P. It is readily checked that d| is symmetric,
satisfies the triangle inequality, and d(f,g) > 0 unless f_ = g_, or equivalently, f, = g,.

Crucially, the quantity d| is invariant under inversion.
Proposition 4.1. Let f,g: R — R be non-decreasing. Then dy(f~1,g7') = d.(f, g).

Thus, for instance, dy (u,v) = wd (F, ", F, ") for all 4,v € P. In general, the value of
d (f,g) may equal +o0o. (For instance, take f(zr) = = and g(x) = 0.) However, if the set
{f #g}:={z eR: f(z) # g(x)} is bounded then d(f,g) < +oo. Specifically, notice that
{F,# F,} CJand {F'# F; '} C [0, 1] both are bounded for all u,v € P.
Given a non-decreasing function f : R — R, let I C R be any interval with the property
that
f-(supl),—fi(infI) < 400, (4.7)

and define an auxiliary function fy; : R — R as
lpi(r) =inf{y >0: f(supl —y) —y <z < fi(inf I +y) +y}.

Note that for each x € R, the set on the right equals [a,+o00| with the appropriate a > 0,
and hence simply ¢;;(x) = a. Clearly, ¢;; < {;; whenever J C I. Also, for every a €
R, the function {54} is non-increasing on | — oo, f_(a)], vanishes on [f_(a), f1(a)], and is
non-decreasing on [f4(a), +oo[; see Proposition 5.2. A few elementary properties of ¢, are

straightforward to check; they are used below to establish the main results of this section.

Proposition 4.2. Let f : R — R be non-decreasing, and I C R an interval satisfying (4.7).

Then Ly is Lipschitz continuous, and

0</lpi(z) < |o|+max{0, f_(sup]), —f+(inf 1)}, VazeR.
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Moreover, U attains a minimal value
= mingeg {5 7(x) =min{y >0: f_(supl —y) —y < fo(inf I +y)+y} > 0
which is positive unless f_(sup ) < fi(inf I).

For yu € P, note that (4.7) automatically holds if f = F,,, or if f = F,;" and I C [0,1]. In
these cases, therefore, £y has the properties stated in Proposition 4.2, and £} ; < %
When formulating the main results, the following quantities are useful: Given u € P,

n €N, and x € =, let

L*(z) = max {EFM[_OOM](O), Cotonaals s oo v er[%m](n} :

similarly, given p € II,,, let

Le(p) = maxj_; (.

w lPj-1,P5]"

To illustrate these quantities for a concrete example, consider . = 5, where @L,[z ] is the
unique solution of

b%:ix’jﬂ_g, j=1...,n—1,
x4+ L

whereas (g, [—o02,)(0) and lp, 5, +o0(1) solve b = 1 — € and b* = b/(z,, + (), respectively.

(Recall that 1 <z, <... <z, <b.) Similarly, 0 is the unique solution of
n

7[P,J'*17P’j}

20 = b=t —pPiFt =1, n;

in particular, j — £}, is increasing, and hence Lo(u,,) is the unique solution of

wolG=1)/n.5/n]

oL = bl =L — piHi-t/n, (4.8)

By using functions of the form ¢y, the value of di (i, v) can easily be computed whenever v

has finite support.
Lemma 4.3. Let n € P andn € N. For every x € Z,, and p € I1,,,
d (p,0}) = wmaxj_olp, 2 ;.0 ,,.)(Pj) = wmaxj_, gFgl,[P,j,l,P,j]@,j) - (4.9)
Proof. Label z € Z,, uniquely as
Tjop1 = . =L j < Tji41 = ... =Tj, < Tyl =-..

< =T < T 41 = =D,
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with integers ¢ < 7, < n for 1 < i < m, and jo = 0, j,, = n, and define y € Z,, and
qell, asy; =z, and q; = P;, — P, ,, respectively, for ¢ = 1,...,m. For convenience, let

’

[j = [.f,j,l”j_H] for j = 07 .o, N, and Jz = [y,zﬁy,i—&—l] = Iji for i = O7 e, M. With thiS, (55 = 5?;,

and

wtdy (p, 08) = di(F, Fyg)
=inf{t>0:F,_(yiy1—t)—t<Q; < F,(y;,+t)+t Vi=0,...,m}
= max;’, (F, 5,(Q.)

S max?zo éF;qu (R]) .

To prove the reverse inequality, pick any j = 0,...,n. If 2 ; <2 ;41 then I; = J;and P; = @Q ;,
with the appropriate 7, and hence (g, 1,(P;) = {F, 5,(Q:). If x; = x ;11 then I; = {y;} for

)

some . In this case either P; < F,_(y;) and Q;_1 < P;, and hence

U1, (Pj) = lr, 1y (Pj) < lp, 1y (Quic1) < lr, 0, (Qic1) s

or Fl, (y:) < P;j < Fu(ys), and hence (g, 1,(P;) = (g, (y1(P;) = 0; or P; > F,(y;) and
Q> Pj, and hence

Cp, 1, (Py) = Le, 1y (Py) < e, 1y (Q4) < Up, 5 (Q) -

In all three cases, therefore, w'dy (u,d?) > max}_y {r, r;(P;), which establishes the first
equality in (4.9). The second equality, a consequence of Proposition 4.1, is proved analogously.
m

Utilizing Lemma 4.3, it is straightforward to characterize the best finitely supported d, -

approximations of u € P with prescribed locations.

Theorem 4.4. Let p € P and n € N. For every x € =, there exists a best d-approrimation

of i, given x. Moreover, d (u,d?) = d (,u, 5;) if and only if, for every j =0,... n,

r; < xjp1 implies bp, o o (P;) < L%(x), (4.10)

and in this case dy (p, 0F) = wlL®(z).

Proof. Fix p € P, n € N, and € Z,. As in the proof of Lemma 4.3, write I; = [z, Z j11]

for convenience. By (4.9), for every p € I1,,,
d (:ua 55) = Wmax?:o gF;qu (RJ) 2w maX{éFu,Io (0)7 g}kﬂ“hv SRR ;M,In,lngpJn(l)} = WL.(:C) :
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As seen in the proof of Lemma 4.3, validity of (4.10) implies (f, [ ; 2, (P;) < L*(z) for all
j =0,...,n. Thus & is a best d_-approximation of u, given x, whenever (4.10) holds, i.e.,

the latter is sufficient for optimality. On the other hand, consider ¢ € II,, with

Q,j:;(Fu_<x,j+1—|-°($))+F#<I,j+|-.(x)))v Vij=1,...,n—1.

Note that ¢ is well-defined, since j — @ ; is non-decreasing, and 0 < @) ; < 1 for all j =
1,...,n — 1. Moreover, by the definition of L*(z),

Ur,1; (Qg) <L*(z), Vji=0,...,n,

and hence di_ (84, u) = wL®(x). This shows that best d| -approximations of y, given x, do exist,

and (4.10) also is necessary for optimality. O

Best finitely supported d-approximations of any p € P with prescribed weights can be
characterized in a similar manner. By virtue of (4.9), the proof of the following is analogous

to the proof of Theorem 4.4 above, but included for the reader’s convenience.

Theorem 4.5. Let p € P and n € N. For every p € 11,,, there exists a best d -approrimation
of w, given p. Moreover, d (u,0F) = d (i, 68) if and only if, for every j =1,...,n,

Pj < Pj implies {p p | p(7;) < Lo(p), (4.11)

and in this case dy (p, 02) = wle(p).

Proof. Fix p € P, n € N, and p € II,. As in the proof of Lemma 4.3, write J; = [P;_1, P;]

for convenience. By (4.9), for every = € Z,,

= wl(p) .

di(p, 67) = wmaxi_y £p () > wmaxi, 6};1 7,

Thus 62 is a best d -approximation of p, given p, whenever (4.11) holds, i.e., the latter is
sufficient for optimality. On the other hand, consider y € =,, with

17 _ .
vi= 5 (F2 (Pa= L) + B (Pt + L)), Vi=1m,

Note that y is well-defined, since ¢ — y; is non-decreasing. Moreover, by the definition of

L'<p)7
Cor g (W) <La(p), Vi=1,...n,

and hence d (55 , ,u) = wle(p). This shows that best d -approximations of yu, given p, do exist,

and thus (4.11) also is necessary for optimality. O
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Remark 4.6. (i) With f, I as in Proposition 4.2, for every a € R the set {{;; < a} is a (possibly
empty or one-point) interval. Thus, conditions (4.10) and (4.11) are very similar in spirit to
the requirements of Theorems 2.25 and 2.29, restated in Proposition 4.12 below, though the
latter may be quite a bit easier to work with in concrete calculations.

(ii) Note that if n = 1 then (4.10) holds automatically, whereas (4.11) shows that d| (1, d,)

is minimal precisely if the function ¢ Frl 0, attains its minimal value at a.

As a corollary (for a proof, see Section 5.2), Theorem 4.5 identifies all best uniform d,-
max{b,2} —1
b—1 B

approximations of 3, with b > 1. Recall that J = [1,b], and hence w = D Wp

in this case.

Corollary 4.7. Let b > 1 and n € N. Then 64" is a best uniform d,-approximation of By if
and only if
Yk L <gy <pUTVMHL L V=1, n,

where L is the unique solution of (4.8); in particular, #supp di» = n. Moreover, d. (S, di™) =

wyL, and
max{b,2} —1  blogb

2b — 2 1+0blogh’

hmn—)oo ndL (Bba 5?n> =

By combining Theorems 4.4 and 4.5, it is possible to characterize the best d,-
approximations of ;1 € P as well, that is, to identify the minimizers of v — di (u, ) subject
only to the requirement that #suppr < n. To this end, associate with every non-decreasing

function f: R — R and every number a > 0 a map T}, : R — R, according to

Tta(z) = ft (f_l(x—l—a) +2a> +a, VrxeR,

For every n € N, denote by T][cnj the n-fold composition of T}, with itself. The following

properties of T}, are readily verified.

Proposition 4.8. Let f : R — R be non-decreasing, a > 0, and n € N. Then T}"j 18
non-decreasing and right-continuous. Also, a > T["g(:v) is increasing and right-continuous for
every x € R, and if x < a+ f(400) then the sequence (T}ki(x)) is non-decreasing.

To utilize Proposition 4.8 for the di-approximation problem, let f = F,, with u € P. Then
(nga((})) is non-decreasing; in fact, limy_, T}T,G(O) = a+1. On the other hand, given n € N,
clearly T }Z},Q(O) > 1 for all a > 1, and hence

LS™ := min {a 20: TR],G(O) < 1} = oo
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Note that L™ only depends on g and n. Clearly, the sequence (L") is non-increasing, and
nLy™ < % for every n. Also, L™ = 0 if and only if #supp u < n.

For a concrete example, consider u = 3, with a < %(b — 1), where

a itr < —a,
Tr,o(x) =1 a+log, (b +2a) if —a <z < —a-+log,(b—2a),
a+1 if © > —a + log, (b — 2a),

from which it is easily deduced that L™ is the unique solution of

2L + b(bE — b7L)

b2nL —
2L + bl — b= L

(4.12)

As the following result shows, the quantity L3™ always plays a central role in identifying best

(unconstrained) di-approximations of a given p € P.

Theorem 4.9. Let p € P and n € N. There exists a best dy-approrimation of u, and

dy (p,09™) = wLe™. Moreover, for every x € 2, and p € 11,,, the following are equivalent:
(i) du(p,0%) = du (p, 637);
(ii) all implications in (4.10) are valid with L*(x) replaced by Le™;
(iii) all implications in (4.11) are valid with Le(p) replaced by La™.

Proof. To see that best d|-approximations of p do exist, simply note that the set {v € P :
#suppr < n} is compact, and the function v — d (i, v) is continuous, hence attains a
minimal value for some v = 02 with = € Z,, and p € II,,. Clearly, any such ¢? also is a best

approximation of yu, given p. By Theorem 4.5, therefore, di (p, 0%) = wle(p), as well as

E2(Py = L) — Lo(p) S5 < M (Pyor + La(p)) + La(p)

whenever P;_; < P;, and indeed for every j = 1,...,n. It follows that P; < Tp ) (Pj-1)

for all j, and hence 1 = P,, < T}Z{L.(p)(O), that is, L™ < L¢(p). This shows that dy (u, %) >

wLy™. To establish the reverse inequality, let

— in s . plil
m = min {z >1: TFWL:,n(O) > 1} .
Clearly, 1 < m < mn, and L™ = L3". Define ¢ € II,, via

Qi=TH 11:(0), ¥i=1,..,m—1.
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Note that i — (), is non-decreasing, and 0 < @,; < 1, so ¢ is well-defined. Also, consider
Yy € Z,, with

1 _ m _ om .
Z/,i = §<FME(Q,I_ L.7 )+FM1(Q,’L'*1+L.’ ))7 vz: 1""7m'

By the definitions of L™, ¢, and v,
KF;Tl’[Q’i_l’Q’i](y’i) <Ly™ Vi=1,...,m,
and hence
dy (p, ) <d_ (u, 55) = wmax_, EFgl,[Q,i_l,Q,i](y,i) <wly™ =wld™.

This shows that indeed di (u, d?) = wlLy™ and also proves (i)=-(iii). The implication (i)=-(ii)
follows by a similar argument. That, conversely, either of (ii) and (iii) implies (i) is evident from
(4.9), together with the fact that, as seen in the proof of Lemma 4.3 above, validity of (4.10)
Pj) < L*(z) and max}_, gFgl,[P,j_l,P,j](x,j) < La(p),

respectively. O]

and (4.11) implies max}_q lr, [z, 4)(

Remark 4.10. (i) The above proof of Theorem 4.9 shows that in fact
Le™ = mingez, L*(2) = minyep, Lo(p) .

(ii) Theorem 4.9 is similar to classical one-dimensional quantization results as presented, e.g.,
in [40, Sec.5.2]. What makes the theorem (and its analogue, Theorem 4.25 in Section 4.4)
particularly appealing is that its conditions (ii) and (iii) not only are necessary for opti-
mality, but also sufficient. By contrast, it is well known that sufficient conditions for best
d.-approximations may be hard to come by in general; see, e.g., [40, Sec.4.1], and also Propo-

sition 4.12(iii) below, regarding the case of * = 1.

When specialized to y = [, Theorem 4.9 yields the best finitely supported d-

approximations of Benford’s Law.

Corollary 4.11. Let b > 1 and n € N. Then the best di_-approximation of By is 6%, with

x ;= b DL QLLL o
J T b2L _ 1 - 9
1 : vl —1 log(x; + L)
P.=_—1] p2i-LL 4 or I — J I
7~ Togb 0g< T )t logh

forall j =1,...,n, where L is the unique solution of (4.12); in particular, #supp d3™ = n.
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Section 4.3. Kantorovich approximations

Moreover, dy (B, 02") = wpL, and

max{b,2} — 1 log(1+ blogb) — log(1 + logb)
2b— 2 log b

limn%oo ndL (ﬁb, 5:’”) =

To compare this to Corollary 4.7, note that P; # j/n whenever n > 2, and then the n-th
quantization error di (B, 09™) is smaller than the n-th uniform quantization error di (5, 04™).

The di-quantization coefficient of 3, also is smaller than its uniform counterpart, since

log(1 4+ blogb) — log(1 + log b) _ blogb

, Vb>1.
log b 1+ blogb
Y b=10n=3 ~
==
//// ank : ==
2 ] = —l =
3 =
2 h
7 ]

di(B10,69%) = Le® = 1.439 - 101

w]—
RN
A\
A\
\)

o
ye

1 10

Figure 4.1: The best d-approximation (solid red line) of ;g is unique, whereas best uniform
d -approximations (broken red lines) are not; see Corollaries 4.11 and 4.7, respectively.

4.3 Kantorovich approximations

This section studies best finitely supported d,-approximations of Benford’s Law. Mostly, the
results are special cases of more general facts taken from the study on d,.-approximations in
Chapters 2 and 3.

4.3.1 d;-approximations

With d, replaced by d;, the main results of the previous section have the following analogues,

stated here for the reader’s convenience; see Chapters 2 and 3 for details.

Proposition 4.12. Let u € P and n € N.

110



Section 4.3. Kantorovich approximations

(i) For every x € Z,, there exists a best dy-approximation of u, given z. Moreover,
dy (p,0%) = dy (i, 62) if and only if, for every j =0,...,n,

T; <xjy1 implies F,_ (%(:L'j - :CJH)) <P;<F, (%(:c] + x,jﬂ)) : (4.13)

(ii) For every p € 1II,, there exists a best di-approximation of p, given p. Moreover,
dy (p, 6%) = dy (p, 68) if and only if, for every j =1,...,n,

Pj 1 < Pj implies F, ( (Pj—1+ P; )) <wz;<F’* (%(P,j_l JFP,j)) . (4.14)

m

(iii) There exists a best dy-approximation of u, and if dy (p,0%) = dy (p, 62™) then (4.13) and
(4.14) are valid for every j =1,...,n
Remark 4.13. Though the phrasing of Proposition 4.12 emphasizes its analogy to Theorem 4.4
(and also to Theorem 4.20 below), there nevertheless is a subtle difference: While in (4.10)
and (4.17) it can equivalently be stipulated that, respectively, {r, [z ;o ,,,)(P;) < L*(2) and
F, (xjn)—K(z) < P; <F,(x;)+K*z) for all j =0,...,n, simple examples show that
the “only if” part of Proposition 4.12(i) may fail, should (4.13) be replaced by

F,_ (%(x7j+x7j+1)> < P;<F, ( (x; +x]+1)) Vji=0,...,n

Similar observations pertain to Proposition 4.12(ii) vis-a-vis Theorems 4.5 and 4.23.
Proposition 4.12 immediately yields the existence of unique best uniform d;-

approximations of f,; see also [6, Cor.2.10].

Corollary 4.14. Let b > 1 and n € N. Then the best uniform dy-approzimation of [, is
§un with x; = b2=D/Cn) for all j = 1,...,n, and #supp 6% = n. Moreover, dy(S3y, %) =

117 log b
tanh (f) , and lim,, o, ndy (B, 04m) = i.
n

Proof. By Proposition 4.12(ii), z j = b=/ for all j = 1,...,n, and

i/n
ndy (By, 03 ——Zj 1/ l/n By — p2i—1)/(2n) ‘ dy

2
1/(4n) _ 3,—1/(4n)
_n( bHm) S g0/ - ", (bgb> o L
j=1

(b—1)logb log b
[l

Best (unconstrained) dj-approximations of /3, exist and are unique, too, by virtue of Proposi-

tion 4.12 and a direct calculation.
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Section 4.3. Kantorovich approximations

Corollary 4.15. Let b > 1 and n € N. Then the best dy-approzimation of By, is oF, with

<1+‘7 - (61/2 )) (1+i(bl/2—1)> ,
P, = ﬂigglog (1-+ (b2 )) ,

for all 7 = 1,...,n; in particular, F#suppods™ = n. Moreover, dy (B, 09™) =
1 log b
tanh .
nlogbh 4

Proof. Let 62 be a best dj-approximation. Then, by Proposition 4.12(iii),

Tj+ T

bhi =
2 )

Vi=1,...,n—1,

but also x; = bFa-1+P3)/2 for all j = 1,...,n, and hence 2b"i/2 = pPi-1/2 4 pFi+1/2 Since
Py =0, P, =1, it follows that b"#/2 = 1 + j(b"/? — 1)n~! for all j = 0,...,n. This yields the
asserted unique 67, and

b—x,—(x;—1) 1 log b
’5. / _ . d — ) ) — t h ’
d (B Z] 1 vl dy (b—1)logh nlogb o (

via a straightforward calculation. O

11 b=10,n=3 - -

1 Fs1o (@)

wln
I

N d1(B10,0¢3) = 8.232- 102

d1(Bi0,58°) = 7.520 - 10~2

wl=
.

LS

1 10

Figure 4.2: The best (solid blue line) and best uniform (broken blue line) d;-approximations of
[B10 both are unique; see Corollaries 4.15 and 4.14, respectively. Coincidentally, best uniform
di-approximations of 31y are best dk-approximations as well; see Corollary 4.28.

Remark 4.16. (i) Due to the highly non-linear nature of the optimality conditions (4.13) and
(4.14), best dy-approximations are rarely given by explicit formulae such as those in Corollary

4.15. Aside from Benford’s Law, the author knows of only two other families of continuous
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Section 4.3. Kantorovich approximations

distributions that allow for similarly explicit formulae, namely uniform and (one- or two-sided)
exponential distributions.
(ii) A popular family of metrics on P closely related to dy are the so-called Fortet-Mourier

r-distances (1 < r < +00), given by

dew () = [ max{1, yl} ! Fuly) = B (0)] dy.

Like the Lévy and Kantorovich metrics, the Fortet—Mourier r-distance also induces the weak
topology on P. The reader is referred to [81,86] for details on the mathematical background
of dem, and its use for stochastic optimization. Note that if J C [1,4o00[ then

MT())

dem, (1, v) = le (M oT ' vo T_l) ;

with the homeomorphism 7' : z — 2" of [1, +oo|. For instance, 8,0 T~! = 3,4, and hence best

(or best uniform) dgm,-approximations of /3, can easily be identified using Corollary 4.15 (or
4.14).

4.3.2 d,-approximations (1 < r < +00)

Similarly to the case of r = 1, Theorem 2.29 guarantees that, given any n € N, there exists
a (unique) best uniform d,.-approximation 0 of 3. Except for r = 2, however, no explicit
formula seems to be available for 6¢~. It is desirable, therefore, to at least identify asymptot-
ically best uniform d,-approximations, that is, a sequence (x,) with z,, € Z, for all n € N
such that

d, (ﬁb, ogn )
dy (Bp, 04m)
Usage of Theorem 2.39 accomplishes this and also yields the uniform d,-quantization coefficient
of . (Notice that, as r | 1, the latter is consistent with Corollary 4.14.)

limn_N)O - 1 .

Proposition 4.17. Let b,r > 1. Then (5;‘2), with x,; = b&~Y/C for all n € N and

j=1,....,n, is a sequence of asymptotically best uniform d,.-approximations of B,. Moreover,
_ 1/r
, (logb)' =V [ b —1
1 n— 00 dr 757:n == .
Moo ndr (B 00%) = = 0=y \ o)

The remainder of this section studies best d,-approximations of 3,. In general, the question
of uniqueness of best d,.-approximations is a difficult one, for which only partial answers exist;

see, e.g., [40, Sec.5|. Specifically, 3, does not seem to satisfy any known condition (such as,
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Section 4.3. Kantorovich approximations

e.g., log-concavity) that would guarantee uniqueness. However, uniqueness can be established

via a direct calculation.

Theorem 4.18. Let b,r > 1 and n € N. There exists a unique best d,.-approzimation 03" of
By, and F#supp 03" = n.

Proof. Existence follows as in Theorem 4.9; alternatively, see [40, Sec.4.1] or Proposition 2.46.
To avoid trivialities, henceforth assume n > 2. If d,. (5, 02) = d,. (B, 03™), then by Theorem
2.47,

S Rk R N S S|
2 ) P ) Y
but also
log, z ; r—1 Py y r—1 .
/ (x; —bY) dy:/ (Y —z;) " dy, Vji=1,...,n. (4.15)
P4 logy, 5
Eliminating P and substituting z = b¥/x ; in (4.15) yields n equations for x 1, ...,z ,, namely

z, d
[ < e (22
1 z T1

Lj—1 L j

Tn 2b — Ln
9r = go\——— | >
m,nfl 'T,n

where the smooth, increasing function g,, with a € R, is given by

ga(x)z/lx%dz, r>1.

Assume that T € =, also solves (4.16). If ; > x; then 7 ;1,/%; > x 41/ ; and hence
Ty > x4 forall j =0,...,n—1, but by the last equation in (4.16) also 2b/% ,, > 2b/x ,
an obvious contradiction. Similarly, ; < x; leads to a contradiction. Thus, ; = z, and

consequently 7 = z. (If n =1 then (4.16) reduces to

z, d 2b —
[t gy (22,
1 zZ T

which also has a unique solution since, as x; increases from 1 to b, the left side increases

from 0 whereas the right side decreases to 0.) In summary, therefore, x € Z,, and p € II,, are
uniquely determined by d,. (B, 02) = d,. (Bp, 03™). ]

As in the case of best uniform d,-approximations of 3, no explicit formula is available for

0s™ not even when r = 2. Still, it is possible to identify asymptotically best d.-approximations,
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Section 4.4. Kolmogorov approximations

that is, a sequence (552) with z, € Z, and p, € II, for all n € N such that

d'r (ﬁbu 652)
dr (Bp, 63™)

In addition, the d,-quantization coefficient of /3, can be computed explicitly; for details see [102,

=1.

limy, o0

Prop.5.26] and the references given there. Notice that, as r | 1, the result is consistent with

Corollary 4.15.

Proposition 4.19. Let b,r > 1. Then (5’;2), with

J T+ Tnj+1
i =14+ —— pr/r+1) ) P, = 1 J J
$ N < + n + 1 < ) bl 5] logb Og 2 )

1+1/r
forallneNandj=1,...,n—1, and x,, = (1+(b7”/(”+1)—1) ° ) o

Pl , is a sequence of

asymptotically best d,.-approximations of (,. Moreover,

Pl <b"/(”+1) - 1)1“/7"

limy, o0 nd,- (Bp, 03") = 2(b — 1)(log b)V/r

r

4.4 Kolmogorov approximations

This section discusses best finitely supported dk-approximations. Though ultimately the re-
sults are true analogues of their counterparts in Sections 4.2 and 4.3, the underlying arguments
are subtly different, which may be seen as a reflection of the fact that dx metrizes a topology
finer than the weak topology of P. (Recall, however, that dx does metrize the weak topology
on Pys.)

Given o € P and n € N, for every x € =, let

K*(z) = max {F# (1), ;max;;f (Fue(g01) = Fulay)),1— Fu(x,n)} .

Note that K*(z) = dk (,u, (5:7;(“*’)) with II(x) ; = %(Fu(ajj) —|—F”,(x7j+1)) forall j=1,...,n—1.
Existence and characterization of best dkx-approximations with prescribed locations are anal-

ogous to Theorem 4.4.

Theorem 4.20. Assume that p € P, and n € N. For every v € Z,, there exists a best
dg-approzimation of p, given x. Moreover, dg (i, 0?) = dk (i, 62) if and only if, for every
7=0,...,n,

x; < x4 implies F,_(xj41) — K (z) < P < F,(z,;)+K*(2), (4.17)
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Section 4.4. Kolmogorov approximations

and in this case dg (p,03) = K*(z).
Proof. Given x € =, and p € I1,,, let y € =,, and ¢ € II,,, as in the proof of Lemma 4.3. Then

dK (lu’ 55) = maX?;O Supte[y,i,y,i+1[ |FH (t) - Q7Z|

1 -
> max { By (52), 3 max? (B (i) = Fu(ws)) 1= By}

This shows that §7(®) is a best dk-approximation, given x, and dk (i, 9%) = K*(z). Moreover,
dg (u,0P) = K*(x) if and only if

maX{|FM—(y,i+1) - Q,Zl ) ‘Fﬂ<y,l> - Q,z|} S K.($), \V/ 1= 17 cee, M= 17

that is,
F, (yir1) —K(z) <Q,; < Fu(y;) +K(z), Vi=0,...,m,

which in turn is equivalent to the validity (4.17) for every j. O

To address the approximation problem with prescribed weights, an auxiliary function
analogous to f;; in Section 4.2 is useful. Specifically, given a non-decreasing function f :

R — R, let / C R be any bounded, non-empty interval, and define r;r: R — R as

Y

Ker(x) = max{‘f_(x) —inf ]

fi(z) — sup[’} .
A few basic properties of r are easily established.

Proposition 4.21. Let f : R — R be non-decreasing, and @ # I C R a bounded interval.
Then, with s := f~1 (%(inf]—i— sup I)), the function kg is non-increasing on |—oo, s|, and
non-decreasing on |s, +ool. Moreover, kg attains a minimal value whenever inf I < %(f_ (s)+
f+(3)) <sup/.

It is worth noting that k;; may in general not attain its infimum, as the example of
f=15F,, with p = 1—15)\ ‘[075] + %55, and I = [6, 8] shows, for which s = 5, and ks (5—) = 3,
k(D) =7, kpr(5+) = 9; correspondingly, %(f,(5) + f+(5)) ¢ 1.

By using functions of the form ks, the value of dk(p,v) can easily be bounded
above whenever v has finite support. For convenience, for every n € N let =t =
{reZ,: z1<...<z,}. The proof of the following analogue of Lemma 4.3 is straight-

forward.
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Proposition 4.22. Let p € P and n € N. For every x € =, and p € 11,,,
di (1, 07) < max_, ki, (b, p,)(7,5), (4.18)

and equality holds in (4.18) whenever x € = .

Consider for instance pu = é)\ ‘[072] + %51, and x = (1,1). Then, for every p € Iy, clearly
di (11, 08) = &, whereas max>_, kg, (p,_, p,)(2;) = 5 + ‘pJ — %’ > 5. Thus the inequality
(4.18) may be strict if © ¢ =t. This, together with the fact that a function k;; may not
attain its infimum, suggests that dk-approximations with prescribed weights are potentially
somewhat fickle. Still, best approximations do exist and can be characterized in a spirit similar
to Sections 4.2 and 4.3. To this end, given p € P and n € N, for every p € I, let

: (1 .
Ko(p) = dK (”7 5?@)) with g(p),] = Fp, ! <2 (-P,j—l + P,])) ) v J = ]-7 sy T

Note that Ke(p) < %max?zlp,j, and in fact Ke(p) = %max?zlpJ whenever 1 € Pes.

Theorem 4.23. Assume that u € P, and n € N. For every p € Il,, there exists a best
dg-approzimation of u, given p. Moreover, dk (i, %) = dk (i, 6%) if and only if, for every
7=1,...n,

P;y < Py implies F,'(P; = Ka(p)) <2, < FH (P + Ko(p)), (4.19)

and in this case dg (1, 0F) = Ke(p).

Proof. Note first that deleting all zero entries of p does not change the value of K,(p), and
hence does not affect (4.19), nor of course the asserted existence of a best dkx-approximation,
given p. Thus assume min7_, p; > 0 throughout. For convenience, write § (p) simply as &,
and for every x € Z,, write F» as G. To prove the existence of a best dk-approximation of

i, given p, as well as dg (p, 0F) = Kq(p), clearly it suffices to show that
di (11, 08) > i (1, 07), YV x € Zp. (4.20)
Similarly to the proof of Lemma 4.3, label £ uniquely as

571:"':§aj1<£7j1+1:"':€7j2<€aj2+1:”'<"':§7jm71<§7jm71+1:"':£7jm7

with integers i < j; < m for 1 <i < m, and jg =0, j,, = n, and define n € =, and ¢ € 11,
as n; =, and q; = Pj, — Pj,_,, respectively. With this, f = 0f, and by Proposition 4.22,

Ke(p) = di (11,08) = max(™, r, (0. 1 0.0 (03)
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Pick 7 such that KELQ.i1,Q.4] (1’]71) = K.(p)’ that js’

max {|Fy,— (n:) — Qi-1|, |Fu. (n:) — Q.l} = Ke(p).

Clearly, to establish (4.20) it is enough to show that

max {[F,— (1:) = G- (n4)], [Fy (n:) = G (n4)]} = Ke(p) (4.21)

and this will now be done. To this end, notice that by the definition of 7,

1 1
5 (Pyjiflfl + Py.jifl) < F#* (77,1') < 5 (Rjz‘& + P,J'z‘—1+1) ) (4'22)
but also
1 1
5 (Rji—l + Rjz) < F,LL (77,2) < 5 (Rjz + Rjri—l) ) (423)

with the convention that P_; =0 and P, = 1.
Assume first that Ke(p) = [F,—(1,) — Q1] If n; <z, , then G_ (n,) < Pj,_,_1, and
hence F,_(n;) — G- (n;) > F,— (n;) — Pj,_,, but also, by (4.22),

FH* (77,7:) - G- (77,1') > FH* (7],1;) - Pyjifl - (QFM* (77,2‘) - P7ji71*1 - P7ji71) = P,]'¢71 - FH* (n,i) )
and consequently

Fy (n3) = G- (n3) > |Fue (n) = Py,

= [Fu— (i) — Qi—1| = Ko (p).
Ifz; , <n; <z, ,+1 then G_(n,;) = P, , and hence
|[Fue (1) = G- (n3)| = Ke(p)-

Finally, if n; > xj, ,+1 then G_(n;) > P, ,+1, and hence G_ (n;) — F,— (n;) > P,,_, —
F,— (n,), but also, again by (4.22),

G- <77»i) - FM— (77,2') > P7ji71+1 - FM— (n,i) - (P,jzel + P7ji—1+1 - 2FM— (n,i)> = F,u— (77,1') - P7jz‘717

and therefore

G- (n:) = Fu (n3) = |Fu () = Py = Ka(p).
Thus (4.21) holds whenever Ko(p) = |F,,— (1;) — Q-1

Next assume that Ke(p) = |F), (n;) — Q4. Utilizing (4.23) instead of (4.22), completely
analogous arguments show that |F}, (n;) — G ()| > K¢(p) in this case as well, which again

implies (4.21). The latter therefore holds in either case. As seen earlier, this proves the
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existence of a best dk-approximation of y, given p, and also that dg (i, 07) = Ke(p).

Finally, with y € =t and p € II,, as in the proof of Lemma 4.3, observe that dk (u, 02) =
Ke(p) if and only if maxj’, kp, (0, 1,0, (%) = Ke(p), by Proposition 4.22. As seen in the proof
of Theorem 4.20, this means that

Fi(yit1) —Ke(p) Qi < Fu(y,) + Ke(p), Vi=0,...,m,
or equivalently,
F(Qi—Kep) <yi <F ' (Qici +Ki(p), Vi=1,....,m,
which in turn is equivalent to the validity of (4.19) for every j. O

Corollary 4.24. Assume p1 € Pus, and n € N. Then dg (i, 6%%) >
equality holding if and only if

_ 2j—1 _ 2j—1 .
1 1
FM ( - ><$7j<FM ( on >, V]—L...,n.

%nfl for all x € Z,,, with

By combining Theorems 4.20 and 4.23, it is possible to characterize best dx-approximations
of 1 € P as well. For this, associate with every non-decreasing function f : R — R and every

number a > 0 a map Sy, : R — R, given by
Sta(z) = [y (f_l(a: + a)) +a, VzeR.

This map is a true analogue of 7%, in Section 4.2, and in fact, Proposition 4.8, with T,

replaced by Sy ,, remains fully valid. Identical reasoning then shows that
on .__ ; . ¢l .
K™ := min {a >0:5p,,(0) > 1} < 400}

again, (K$™) is non-increasing, nK$" < % for every n, and K™ = 0 if and only if #supp p < n.
Notice that if pu € Pes then

a ifr < —a,
Ska) =1 2a+z if —a<z<1l-—a,
a+1 ifzx>1-—a,

from which it is clear that K" = %nil.

Theorem 4.25. Let 4 € P and n € N. There exists a best dk-approximation of u, and

dg (1, 02™) = Ko™, Moreover, for every x € =, and p € Il,,, the following are equivalent:
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(1) dk (:uv 52) = dk ([% 5:,n)},
(ii) all implications in (4.17) are valid with K*(z) replaced by K™;
(iii) all implications in (4.19) are valid with Ko(p) replaced by K™,

Proof. Note that once the existence of a best dx-approximation of u is established, the proof is
virtually identical to that of Theorem 4.9. Thus, only the existence is to be proved here. To this
end, let @ = inf ez, perm, dk (1, 62), and pick sequences () and (pg) in =, and II,,, respectively,
with the property that limy_,., dk (,u, 55’;) = a. By the compactness of =Z,,, assume w.o.l.g.
that limy o 2 =1 € Z,. Since a < K*(z) < dk (/L, 55:), it suffices to show that K*(n) < a.
To see the latter, assume that n; < n 4 forany j =1,...,n — 1. Then x;; < x4 41 for all
sufficiently large k, and hence by Theorem 4.20, F,_(xy j11) — Fu(zg;) < 2K*(xy), which in

turn implies

Fy-(mjr1) — Fu(ng) < liminfy oo (B (Th41) — Fu(n,)) < 2a.
Since, similarly, F),_ (n1) < a and 1 — F), (n,,) < a, it follows that K*(n) < a, as claimed. O

Corollary 4.26. Assume i € Pus, and n € N. Then K" = K(u,) = %nfl, and 6% with
x € =,, p € I, is a best dk-approzimation of p if and only if it is a best uniform dg-

approzimation of .

Remark 4.27. (i) By Theorem 4.25, K3 = min ez, K*(z) = min,eq, Ke(p).

(ii) If 1 has even a single atom, then K™ may be smaller than K,(u,), and thus a best
uniform dg-approximation may not be a best dx-approximation. A simple example illustrating
this is p = 260 + i)\‘[gy”, where K™ = 1(2n — 1)7! whereas K,(u,) = 3 max{n,2}"!, and
hence K™ < K, (uy,) for every n > 2.

For Benford’s Law, the best dk-approximations are the same as the best uniform d;-

approximations; see also Figure 4.2.

Corollary 4.28. Assume b > 1, and n € N. Then 6" with x,; = b®=D/C) for qll j =

1

-1
5 .

L,...,n is the unique best (uniform) dg-approximation of By. Moreover, dy (B, 03™) = sn

4.5 Conclusion

The general results in this chapter have been motivated mainly by a quantitative analysis of

Benford’s Law, and the precise statements regarding the latter are but simple corollaries of
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the former. In particular, Sections 4.2 to 4.4 show that the quantization coefficients @), =
lim,, o0 ndi(Bp, 03™) and their uniform counterparts Q. , = lim,_,o, nd. (B, 0¢) all are finite
and positive for each metric d, considered. Clearly, Q). < Q.. for all b > 1. Also, note that
(nd* ( By, 6}”)) is non-increasing, possibly constant, whereas (nd*(ﬁb, 5:‘")) is non-decreasing;
for a proof of the latter, see Proposition 5.8. Figure 4.3 summarizes the results obtained

earlier. The dependence of @), and @), , on b is illustrated in Figure 4.4. On the one hand,

* Qx« Qs ,u
. max{b,2} —1 log(l+ blogb) — log(1 + logb) max{b, 2} — 1 blogb
2b — 2 logb 2b — 2 1+0blogbd
1+1/r
r>1 r+1 pr/(r+l) _q e (logb)—1/7 ( br—1 >1/T
- 2(b — 1)(log b)/" 7 20b—1) \r(r+1)
1 1
K - il
2 2

Figure 4.3: The quantization (Q).) and uniform quantization (Q.,) coefficients of 3, for d.;
see also Figure 4.4.

QL and @, tend to % as b ] 1, but also as b — +o00o, both attaining their respective minimal
value for b = 2. On the other hand, @), and @, , both tend to %(7‘ +1)7" as b | 1, whereas
limp 0o (log0)V7Q, = L(r + 1)r="+V/" and limy 1 00(logb)/"1Q, = 2r7 V7 (r + 1)71/7.
Finally, Qx = Qk.u = 3 for all b.

o=
1
|

|

1 10 100 1000

Figure 4.4: Comparing the quantization coefficients @, (solid curves) and uniform quantization
coeflicients ()., (broken curves) of f, for * = L (red), * = 1,2 (blue), and * = K (black),
respectively; see also Figure 4.3.
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Remark 4.29. In the context of Benford’s Law, J = [1, 0], and since S, < b always, it may seem
more natural to study the approximation problem not on all of P, but rather on the (dense)
subset P = {,u € P:u{b}) = O}. Clearly, dy and d, both metrize the weak topology on
P but are not complete. (By contrast, dk is complete but not separable, and induces a finer

topology.) Since P is a Gs-set in P, a classical theorem [30, Thm.2.5.4] yields, for instance,

. 27| [t (G = Go)
e G G+ [ (G = G)

)

)= [ 16, = Gl + 3

with G, = b—F ', G, = b—F !, as an equivalent complete, separable metric on P. However,
d appears to be quite unwieldy, and the author does not know of an equivalent complete metric
on P for which explicit results similar to those in Sections 4.2 and 4.3 could be established.
Also, it is readily confirmed that, given any u € P, there exists a best (or best uniform)
d.-approximation 03" € P (or 0¥ € 75), i.e., these approximation problems always have a
solution in (75, d*>, notwithstanding the fact that the latter space is not complete (if * = L, r)

or not separable (if * = K).

In the case of Benford’s Law, as seen above, all best (or best uniform) approximations
considered converge at the same rate, namely (n~!). This is not a coincidence. Rather, for
many other probability metrics n~! turns out to yield the correct order of magnitude of the

n-th quantization error as well. Specifically, consider a metric d on P for which

arl|[F5r = F s < d(u,v) < az (el F3? = F2lloe + A= O F = Fy o), Vv €P,
(4.24)
with positive constants ay,as, s1, 2, and € € {0, 1}; see, e.g., [10,86,87] for examples and
properties of such metrics. Note that validity of (4.24) causes d to metrize a topology at least
as fine as the weak topology, and clearly (4.24) holds for any d = d,. The latter fact, together
with [40, Thm.6.2] yields a simple observation regarding the prevalence of the rate (n™1).

Proposition 4.30. Let d be a metric on P satisfying (4.24). Then, for every u € P,
lim sup,,_, ., ninf ez, pem, d(u, 5£) < +o00,
and if u is non-singular (w.r.t. \) then also
liminf,, o ninfez, pem, d(,u, 5@) > 0.

Remark 4.31. (i) Apart from d,, examples of familiar probability metrics that satisfy (4.24)
include the discrepancy distance sup;-g (1) —v(7)| and the L"-distance ||F,, — F, ||, between
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distribution functions [86]. For the important Prokhorov distance, validity of the right-hand
inequality in (4.24) appears to be unknown [36], but best approximations are suspected to
converge at the rate (n_l) regardless [43, Sec.4]. Also, (n™!) is established in [26] as the
universal rate of convergence for best approximations under Orlicz norms, which contains d.,
as a special case.

(ii) In [87, Sec.4.2], for any a > 0, the a-Lévy distance

di,(pv)=inf{y >0: F,(- —ay) —y < F, < F,(-+ay) + y}

is considered. Every d|, satisfies (4.24), and d\, = dx, d., = w™ld,. Usage of a-Lévy distances
may enable a unified treatment of the results in Sections 4.2 and 4.4.
(iii) Under additional assumptions on pu, the value of ninf,cz, d(u,d%") can similarly be

bounded above and below by positive constants; cf. Theorem 2.39.

Finally, it is worth pointing out that, though motivated here by Benford’s Law, compact-
ness of the interval J was assumed largely for convenience, and can easily be dispensed with
for many of the general results in this chapter. For instance, if J is (closed but) unbounded
then (4.4), with w = 1, still yields d_ as a complete, separable metric inducing the weak
topology on P, though the latter no longer is compact. Clearly, Theorem 4.4 is valid in this
situation, as (4.7) holds for f = F, and any interval I C R. Even though (4.7) may fail
for f = F; ! when supp p is unbounded, it is readily checked that nevertheless the conclu-
sions of Proposition 4.2 remain intact for {51 ;, provided that I C [0,1] but I # {0} and
I # {1}. With E};}Z =0

Loy T Ry
Theorem 4.9. Analogously, Theorems 4.20, 4.23, and 4.25 all can be seen to be correct,

= 0, then, Theorem 4.5 holds verbatim, and so does

with the definition of Ke(p) understood to assume that p;p, > 0. By contrast, the classi-
cal L'-Kantorovich distance di(p,v) = ||[F, ' — F, || is defined only on the (dense) subset
P = {/L eP: [yle|du(z) < +oo} where it metrizes a topology finer than the weak topolo-
gy. Still, with P replaced by P;, Proposition 4.12 also remains intact; see Subsection 2.4.3.
Note that the sequence (nd*(,u, 5:“)) is bounded when *x = L, K because d. < dk, whereas
(ndl (i, 5:’”)) may decay arbitrarily slowly, by Theorem 2.56. For a simple application of these
results to a probability measure with unbounded support, let p be the standard exponential
distribution, i.e., F,(z) = max{0,1 — e *}. Calculations quite similar to the ones shown

earlier for Benford’s Law yield (for details, see Propositions 5.10 and 5.9)

log 2 1
lim-sog mdy (11,037 = =55 it mdy (1, 017) = 5
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whereas
1

limy, oo ndy (1, 69™) =1 but  lim, e 1 di(p,05") = 41’

ogn
and clearly ndg(p1,03™) = ndg (i, 647) = 3 for all n. Even though x has finite moments of all
orders, there exist probability metrics for which (nd(u, 5:’”)) is unbounded; see [43, Ex.5.1(d)].
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Chapter 5

Supplements to Chapter 4

In this chapter, we provide supplementary details to Chapter 4. More precisely, Section 5.1 is
devoted to the proofs of propositions and informal claims in Chapter 4. Section 5.2 provides
details regarding computation of approximations of Benford’s Law, and Section 5.3 for the
Lévy approximations of the standard exponential distribution. For the reader’s convenience,

we will restate each proposition and claim before proceeding to the proof.

5.1 Proofs of propositions

Recall that J denotes a compact interval with A(J) > 0, and P the set of all Borel probability

measures on J. Given probabilities u, v € P, their Lévy distance is
di(p,v) =winf{y 2 0: Fu(- —y) —y < F, < Fu(- +y) +u},

with w = max{1, A\(J)}/\(J); their L"-Kantorovich distance, with r > 1, is

1 - 1/r
4 (i) = 2O ([ |F W) = B )] dy) =27 IE - F

and their Kolmogorov distance is
dk(p,v) = supyer [ Fu(x) — Fo(2)] = [|F) = F)lloo -

We first address the inequalities among the three probability metrics: d, dx and d, for r > 1.

Proposition 5.1. Let J be a non-degenerate compact interval. Then

L+ A(J
dl(:uul/)<w)\(q]§))dL<M’V)7 dl(ﬂ?”)gdr(u7y)7 dl(M7V)SdK(N7V)7 VM%V,,U,VGP.
(5.1)
Moreover, if x # 1, * # o, and (*,0) # (L,K) then
d.(p,v)
Supmuepzuﬁ, m = +0. (52)
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Proof. Note that the inequalities

dl(ﬂa”)ﬁdr(M7V)7 dl(,u7y)§d|’<<:uay)a VM#%U?VG/P

are readily deduced from the definitions of the related probability metrics. To prove the first

inequality in (5.1), we first show that

1+ A(J)

dl(”?”) < w)\(J)

dy(p,v), Y u,vepP, (5.3)

then we prove this inequality is strict.

Define the following three axillary (distribution) functions on R :
F(x) :=max {F,(z),F,(2)}, F(z) :=min{F,(z),F,(2)} ,

G(x) ::inf{y: F($+E(az)—y)—y§0}:inf{E(az)ij:F(a:—y)gE(x)—i—y}.

It is straightforward to verify that F,F are distribution functions on J, that G is non-

decreasing, and that
G(x)=0, Vaz<minJ] and G(z)=1, Vaz>maxl.

Now we show that G is also right continuous by way of contradiction. Suppose G is not right
continuous at some x, € R. Then there exist G(z.) < t; < ty < G4 (x,). Hence given any
e >0,

F(2.4+F)—t) <t, F(r.+c+F(w.+e) —ta) > b,

which, letting € | 0, yields
E(r.+F(z) —t2) >ty > 0y 2 F (0. + Flw.) =) = F (2. + Flx.) —ts)
a contradiction. Moreover,
F(z) <G(z) < F(z), VzeR,

and thus
F')<G ') <E't), Vteo1].

Define
g(x) :zinf{y:ﬁ(z—y) SE(m)—l—y}, Vazek

It is easy to verify that G(x) = F(z) + g(x), and g is right-continuous and has left limits on
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R; moreover,
wltdi(pu,v) =inf{y : F(- —y) < E() +y } = sup,ep 9(z).

In the following we show that
G0 ~F () < g (670) < w i), (5.4)
By the definition of G~! and g, given any &; > 0 for i = 1,2,
t>G (G_l(t) — 61) =F (G_l(t) — 51> +g (G_l(t) — 81> + &9 — &9
SF (G (1) —ei— (9(G7H (1) — 1) +e2)) — e,
which implies by the definition of £~! that

G(t)—e1—g (G () —a1) SF '(t+2) + o,

and letting ¢; | 0 yields (5.4). By Fubini’s theorem,
Ddi(v) = [ |Fy(a) nm-/(ﬂm—ﬂwnm

:/J (x) — d:l:—i—/ ) dx (5.5)

:/1 (G-l(t) ~F) de+ /g(x)dm < w (14 AD)) du (o, ),
0 J

i.e., (5.3) holds.

Nest, we show by way of contradiction the inequality in (5.3) is strict whenever p # v.

Suppose di(u,v) = 1;;(%) dy (p,v) for some pu # v. Then by right-continuity, it follows from

(5.5) that

——1

G'—F =d(u,v) on]0,1] (5.6)

and

g=d.(p,v), Vtée min]J, max]J|,

which implies that
G(minJ) > g(minJ) = d (u,v). (5.7)

Since
F'(t) >min] on €]0,1],

by the definition of G~! and (5.7),
Gl ) <min] <F '(t), VO<t<d(uv).
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This yields
G'—F '<0 onl0,d(uv)

contradicting (5.6).

To establish (5.2), w.o.l.g. let J = [0,1], and consider u = § and pp = (1 — k1) +
k15,2 for k € N. It is straightforward to verify that

di(pi, i) = k72, de (e p) = k7277, di (e, ) = k71,

which immediately yields

dK(M?”) dL(:U’a V) dK(:u7 V)
SUp,z, ——— = SUp,», ——— = SUp,,, =400, Vr>1;
Pete () P A ) T ()
dT(:ua V)
SUp,,£y m =400, Vr>1.

To establish (5.2) for the remaining possibilities of (x,0), consider: fix = (1 — k™) 6 + k16,
for k € N. It follows from direct calculation that

dL(M?ﬁk) = dK(/La /jk) = kila dr(,ua /jk) = kil/ra

and hence 0.( ) 0.( )
(1, v (v
SUp,,, ———~ = SUp,», ———~ = +00.
P 4 v) P G

]

Next we consider basic properties of d . Recall that given two non-decreasing functions
f,g: R =R,

du(f,g)=inf{y >0:f(- —y)—y<g < f(- +y)+y} €[0,+00].

Proposition 5.2. Let f,g: R — R be non-decreasing. Then

(i) (Symmetry) di(f,g) = du(g, f);

(ii) (Triangle inequality) di(f, g) +di(g, h) > di(f, h);

(iii) (Positive semi-definiteness) dy(f,g) = 0 if and only if f- = g_ if and only if f+ = g,. In
pG,TtZ'CUZ(LT’, dL(f7 g) = dL(f*?.g*) = dL(f+7g+>‘

Proof. (i) For all y > 0,
fe—y)—y<g<fl+y+tyegl—y) —y<f<g(-+y) +y,
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which yields that d, (f, g) = d (g, f).
(ii) Given any y;, y2 > 0 such that

Fe=m) =y <g<fl-+v)+y, 9(-—1)—y2<h<g(-+y2)+ v,

it follows that

JC=n4u2) = +42) <h < f(+ (1 +92) 91+ w2,
which, by the definition of d, implies that d\ (f,g) + d.(g,h) > d.(f, h).
(iii) Note that d\(f,g) = 0 if and only if

fe—y)—y<g<f(+y+y, Vy>0.

In particular, d\ (f, g) = 0 implies

fe-2y)—y<g(-y), Vy>0,

and thus f_ < g_ by letting y | 0. By (i), g- < f_, and hence f_ = g_. Conversely, f_ = g_
implies that

fl=y)—y<f-=g-<g Vy>0 (5-8)
Again (i) yields
9< f(+y) +y. (5.9)
With (5.8) and (5.9), it follows from the definition of di that d.(f,g) = 0. Analogously,
f+ = g4 also is equivalent to d(f, g) = 0. Finally, by (ii),

’dL<f7 g) - dl—(f—ag—)‘ < dL(f> f—) + dL(gvg—> = 07
which implies that d\ (f, g) = d.(f_, g_). Similarly, d_(f,g) = di.(f+,9+)- O

Finally, we show the invariance of d| under inversion.

Proposition (4.1). Let f, g : R — R be non-decreasing. Then di (f=1,g7%) = d.(f,g).

Proof. We first show d(f, g) > d. (f~,g7'). By Proposition 5.2(iii), given any y > d(f,g) =
dL(f—7g—>7
f-(=y)—y<g-. (5.10)

If t < g(—o0) or t > f(+00) — y, then it holds trivially that

g ') < [T+ y) +y (5.11)
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If t > g(—o0) and t < f(+00) — y, then it follows from (5.10) that

f (o'W -y)—y<g (97'1) <t,

which also implies (5.11), by the definition of f=! and Proposition 2.1. Analogously, one can
show that

=) —y<g ). (5.12)

Combining (5.11) and (5.12) yields d| (f~1,¢7') < y. Since y > d.(f,g) was arbitrary,
di(f~', 97" < di(f,g). From this, Proposition 2.1 and Proposition 5.2(iii),

dL (f_lag_l) 2 dL ((f_l)_l ) (g_1>_1) = dL(f+7.g+) = dL(fa g)
This shows d\(f,g) =d.(f,g7!). O

Next, we investigate some elementary properties of the auxiliary function ¢ ;. Recall that

for a non-decreasing function f: R — R, and any interval I C R with the property (4.7),

R — R,
gﬁ[i
y—=inf{y =2 0: fo(sup/ —y) —y <o < fi(infl +y)+y}.

Proposition 5.3. Let f : R — R be non-decreasing. For every a € R, the function Ciiay 18

non-increasing on | — oo, f_(a)], and is non-decreasing on [fy(a), +ool.
Proof. Let 1 < x5 < f_(a). By the definition of £} (4,
f-(a=Lrap(a1)) = bpqap(mn) <21 <22 < f(a) < fi (a+ Loy (31)) + Lpgap(21),

which implies that £y 4} (22) < €5 (a3 (21). This shows 4 (4} is non-increasing on | — oo, f_(a)].
Analogously, ¢y ¢} is non-decreasing on [f(a), 400l O

Proposition (4.2). Let f : R — R be non-decreasing, and I C R an interval satisfying (4.7).

Then {1 is Lipschitz continuous, and
0 </ls(x) < |z|+max{0, f_(sup!), —f+(infI)}, VazeR.
Moreover, Uy attains a minimal value
O p = mingeg £y () =min{y > 0: f (supl —y) —y < f(inf I +y) +y}
which is positive unless f_(sup ) < fi(inf I).
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Proof. We first show that ¢ is Lipschitz continuous with Lipschitz constant 1.

Define the auxiliary functions f and f as

f)=y—f-(supl—y) fy)=fy(infI+y)+y.

Note that f and f both are increasing and right-continuous; moreover,

Cra(x) = max{inf{y >0: f(y) > —xf,inf{y>0: fy) > x}} = max {f (=), f_ (2)} .
It is easy to verify that

fla)—e<fl@-a) <), Fo@<F (e+e)<f_(x)+e VYe>0.
Thus, given any € > 0,

lpj(x4e)= max{f_l(—:v — o), (x —|—5)} < max {i:l(—x) +e,f

Similarly, 7 (z +¢€) > £;(x) — . This shows that

(s (1) — Ly r(22)] < |o1 — 2],

i.e., {; is Lispschitz continuous with Lipschitz constant 1.

Obviously ¢ ;(x) > 0, and thus we only need to prove
Upr(z) < |z| 4+ max{0, f_(sup ), —f+(infI)}, Va2 eR.

For convenience, let ¢ = max{0, f_(sup ), —f,(inf I)}. Note that from (4.7) it follows that
0 < ¢ < 400, and for every z € R,

r<|r|+c+ fr(infI) < f(inf I + |z] +¢) + |z| + ¢,

and

vz —=|e] —c+ f(supl) = —|z| —c+ f-(sup ] — |2| = ¢),

which implies {7 ;(z) < |z| + c.
Let a :=min{y >0: f_(supl —y) —y < fo(inf I +y) + y}. It is easy to verify that

-1

a= (i—l—?) (0) < 451(0) < ¢ < +o0;

ler(z) >a=1Lri(s), VxzeR, se [—i(a),f(a)} :
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Hence (5 ; = a, and a = 0 if and only if —f(0) < f(0), which is equivalent to f_(sup ) <
fi+(inf 7). O

Next, we prove some basic properties of T} ,. Recall that for every non-decreasing function

f:R — R and every number a > 0,

R — R,
Tfﬂ:
r— fi (fYz +a)+2a) +a.

Proposition (4.8). Let f : R — R be non-decreasing, o > 0, and n € N. Then Tj[c"i is
non-decreasing and right-continuous. Also, a > T["J(:U) is increasing and right-continuous for

every x € R, and if v < a+ f(+00) then the sequence (T}ki(a:)) is mon-decreasing.

Proof. The monotonicity and right-continuity of T' % come from the corresponding properties

of fi, f~1 and the identity mapping a — a. If x < f(+00) — a, then
Tio(z) = fo(f(z+a)+2a)+a>z+a+a>z.
If f(+00) —a < < f(+00) + a, then
Tto(x) = f(4+00) +a > .

In sum, T ,(x) > x whenever x < a + f(400). Since Ty,(x) < a + f(400) for all z € R, by

the monotonicity of 7%, and induction, the sequence (T }na](x)) is non-decreasing. O

Next, we study some properties of the quantity
o . __ . ln]
Le" :=min{a >0: Ty, (0) > 1}. (5.13)
Proposition 5.4. Let p € P, n € N, and LY™ be defined in (5.13). Then

nLy™ <

)

N | —

and Ly™ = 0 if and only if #supp pu < n.

Proof. We use the properties of Ty, to provide an upper bound for Ly". To see nLy™ < %, it

suffices to show by induction that

7l

Fat (0) 2 Vi<i<n (5.14)
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Note that ' . . .
1 1
T. 1(0)=F F1(> ) — > —+ —=—,
F“ﬁ(> “(“ 2n +n +2n_2n+2n n
and assume Tlgfi’ﬁ(O)2%.1fTEi7%(O)+%<1,then
[i+1] . _1 li] 1) 1) 1 [i] 1 1 Z'—l—l'
T "50)=F,(F T 1 (0)+ — — —>T"7 ,0)+ —+— > :
Fw%() ”(“ (Fuv%()+2n +n +2n_ Fuv%()+2n+2n_ n
if Tf[fi,i([)) + oL > 1, then
; 1 1 1 1+ 1
T“*%O:F( ) 14—
Fu%() ’ +OO+2n +2n +2n_ 2n

By induction, (5.14) holds.

Next, we show the equivalence between L™ = 0 and #supp p < n.

Assume that #supp p < n. Then there exist x € =} and p € I} for some 1 < m < n
such that p = 62. It is straightforward to deduce by induction that Tl[g?lyo(O) =min{l, P;},
for 1 <i < n. In particular, L™ = 0.

Conversely, assume L3™ = 0. This simply yields T,[TZ{O(O) > 1. Suppose by way of contra-
diction that #supp u > n. Then there exists y € Z,; such that

0 < Fu(ys) < < Fuyn) < Fu(yni1) <1,

which implies that F;'(0) < y,. Similarly, it is readily proved by induction that TI[;;LO(O) <
F,(y;) for all i = 1,...,n; in particular, T}Z},om) < F,(y,) < 1. This contradicts T}Z},om) >
1. O]

As for {1, we now establish a few basic properties of the function ;. Recall that, given a
non-decreasing function f : R — R and any bounded, non-empty interval I C R, ;7 : R = R
is defined as

wyr(r) = max {‘f,(a;) —inf [

f+(x) _SUPI’}-

Proposition (4.21).Let f : R — R be non-decreasing, and @ # I C R a bounded interval.

Y

Then, with s := f~1 (%(inf]—l— sup I)), the function kg is non-increasing on |—oo, s|, and
non-decreasing on |s, +ool. Moreover, kg attains a minimal value whenever inf I < %(f_ (s)+
f+(3)) <supl.

Proof. Let a = inf I and ¢ = sup I for convenience. For any = < s,

(a+c) <c,

DN | —

f(x) < f-(s) <
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and thus

|f+(x) —c|=c— fi(x) = f-(2) — a,
which implies that

kra(x) = max{a — f_(z),c— fi(z)},

is obviously non-increasing on | — 0o, s[. Analogously, for any x > s,

kyr(r) = max {f (z) — a, fr(x) — c},

is non-decreasing on |s, +00[.

Note that the infimum inf,cg k7 (x) is attained whenever min{xy(s—), l'if’ (

) +)} >
kyr1(s), that is, if a < 2(f-(s) + f4(s)) < cand f_(s) < %€ < fi(s). Since s = (ﬁ)

the inequalities
a-+c
fs) < < 1

are always valid. Thus the infimum is attained whenever inf I < L(f_(s)+ fi(s)) <supl. O

Next, we present a general result on the universal rate of convergence for best approxima-

tions w.r.t. a probability metric. Consider a metric d on P for which
wll g = F < d(v) < oo (| F? = B2l + (L= QIF = B lw) . Vv € P

with positive constants as, as, s1, 2, and € € {0, 1}.
Proposition (4.30). Let d be a metric on P satisfying the above inequalities. Then, for
every |1 € P,

lim sup,,_, o ninf ez, pem, d(u, 55) < 400, (5.15)

and if p is non-singular (w.r.t. A) then also

liminf, o ninfiez, pem, d(u, 55) > 0. (5.16)

Proof. Note that for every s > 0, F} defines a probability measure ps via its distribution
function,

F,(z)=Fi(r) YzeR

Let 037 (1) be a best d.-approximation of y for x = K, 1. To see (5.15), first consider € = 1.

134



Section 5.1. Proofs of propositions

In this case, with Theorem 4.25,

= a2dK (M827 6::& (:u82>> <5

[e.e]

@ (1100 (1s2) 1) < 02 |2 = Fi2

o.K (#82)551

which yields (5.15). Analogous arguments apply to the case € = 0. To prove (5.16), note that

d (U? 5::? (:U’Sl)sl_l) 2 a F/jl - F;-l,;z(MSJ . = a1d; (/’L517 (6::? (:U’Sl)) : (517)
’ s
Since p is non-singular, (5.16) follows from (5.17) and Proposition 2.50. O

Finally, with J = [1,b] and b > 1, we show the existence of best and best uniform approx-
imations restricted to the space P := {u eP:u{b}) = O}.

Proposition 5.5. Assume that p € 75, andn € N. Let x = L,K, orr > 1. Then there exists

a best uniform d.-approrimation of p as well as a best d.-approrimation of u in P.

Proof. We only prove the existence of a best d,-approximation in P. Entirely similar argu-
ments apply to best uniform approximations. Let 62 be a best d.-approximation in P of p.
Assume w.o.l.g. that #supp u > n, i.e., d, (i, 08) > 0. It suffices to show that it is possible to
choose z ,, < b, which we prove case by case.

First consider * = L. By Theorem 4.5,

F(P) =L <a; <F ' (Ppy)+LJ" Vi=1,--,n.

-
Since F1(Pn) < band L3" = w™tdy (p,62) > 0,

F(P) — L <,

—

which shows that =, can be chosen to be smaller than b.

Similarly, for the case * = K, by Theorem 4.25,

FA (P — K™ <a; < F7U(Puoy + K, Vi=1,--,n.

p—

Since K{™ = dx (u,0%) > 0, F, ' (P, — K™) < b, and x,, can again be chosen to be smaller
than b.

Finally, we study the approximation w.r.t. the L"-Kantorovich metric. Theorem 2.47 yields

for every i =1,--- ,n,
P,y +P P,y +P o
EF! (1_121> <z;<F* <1_121> forr=1 and z;,=7 "% forr>1,
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Section 5.2. Approximations of Benford’s Law

and #supp 02 = n which implies that w < 1. For x =1, Fgl (M> < b and hence

2
T, <b Forx=r>1, letf:F/jl’[P Pl Note that
,n—1,n

Jpeary (7 = 00) =y (=) s

which implies that x,, = 7/ < b. Indeed, if 7{ = b, then {f > Tf} = ¢, and thus f = b on

|P 1, Py[, which contradicts F}, ! (W) < b. O

5.2 Approximations of Benford’s Law

The following proposition summarizes some properties of best uniform d;-approximations of
Benford’s Law, that is, for 4 = 3, and J = [1, ] with b > 1; recall that w = mel{)b’zl}_l =:
wp. The following proposition covers Corollary 4.7. N
Proposition 5.6. Let b > 1 and n € N. Then 6" is a best uniform dy-approximation of [y
if and only if

pinl L <g, <pUTVMHL L V=1, ,n, (5.18)

where L is the unique solution of

27 — bl—T . b1+T—1/n .

- )

in particular, 1 <xy < --- < x, <b for everyx € R™ satisfying (5.18), and thus #supp 0y =

n. Moreover, j v~ (7, is increasing, and d (Bp, 04") = wpL. In addition, (Le(u,))
5

b

(G—1)/n.j/n]
is decreasing, and

max{b,2} —1  blogb

ity o0 ndy (By, 007) = . 5.19
iMoo . (6,027) 2%b—2 1+ blogh (5.19)
Proof. We first show that for any x € R”, (5.18) implies that
l<zy<---<z,<b

To see this, let f = Fj ! for convenience. It suffices to show that

L<bnb—L, Wt L<, (5.20)
il i+l .

bn "+ L<bn "—L, i=2---,n—1 (5.21)
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Section 5.2. Approximations of Benford’s Law

Note that b~ =X + L = b~L — L < b. In the following, we first prove (5.21) and then the first
inequality in 5.20.

Since f is convex in |0, 1], (f (% — L) — f (% + L))1<i<n_1 is increasing. Hence (5.20)
follows from

F(3-1) -1 >or,

ie.,

f@—L)—f@)> 1
2(L-1L) a1

By the Mean Value Theorem, (5.22) is obtained from logb = f'(0) > ﬁ, equivalently,
L

n

(5.22)

log b

L< 980
< 1+ logh)n

(5.23)
Define the auxiliary function g(7) = 27— b7 +b'"= 7. Note that ¢ is increasing and g(L) = 0.

To prove (5.23), it suffices to show ¢ ((pi‘ffgbb)n) > 0, ie.,

logb 1 (log b)2 logb

2logb ___logb 1 _ _
8 > b Tfloghn — hTFloghn n — ¢ (tloghn — ¢ (1+logb)n (5.24)

b(1 +logb)n

To show (5.24), we only need to verify that

log b
h| ——— 0
((1 —|—logb)n> ”
with A(7) := 27 + ™7 — e 718 Observe that
2
h(7)257'>0, V7>0

holds as long as b > e. It remains to consider b < e and show that h is increasing, with
h(0) = 0. A direct calculation yields

2
B (r) = 5 e T +e T8l ogh.

Notice that

2 1 1
0)=2-1-log~ > -

due to the simple fact

1 1
log— < -—1 b>1.
ogb<b , Vb>
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Section 5.2. Approximations of Benford’s Law

Thus h is increasing if h”(7) > 0 were true. Note that
h”(T) —e T — (log b)ze_Tlogb.

For each fixed 7 > 0, let K(s) = s%¢7*7. It is easy to verify that K is increasing on |0, 1[. Since
0 <logh<1, K(logh) < K(1) = e 7, which yields A”(7) > 0, and thus (5.23) is confirmed at
last. From employing (5.23), the first inequality in (5.20) follows directly:

log b logb log b

1 L 1 logb
Tt — > brn GFlogbyn — 2 — o(i+logb)n —

— > 1.
(1+logb)n (14 logb)n ”

Fg U [(G=1)/n.j/n]
function 7 = 7(x) implicitly by

Next, we prove j — / is increasing. For this purpose, define the auxiliary

27 = b*tu T — T, Yz > 0. (5.25)

Obviously, 7(x) > 0 for all > 0. To prove the asserted monotonicity, it suffices to show that
7 = 7(x) is increasing. From (5.25) it follows that

. {d d
2 — b+ (X 1) logh — 577 [ S2 4 1) logb,
d dr

-
which indeed yields

dz 24 (a7 b ) logh 24 (bR 4+ 57T logb

= = = > 0.
dr (ber%fr _ bx+7’) log b 27 log b

Finally, to show (Le(u,)) is decreasing, it is sufficient to prove the monotonicity of the

following auxiliary function 7 = 7(z) implicitly defined by
WF=bT -, V>0
Indeed, 7(x) > 0 for all x > 0, and

dz 2671 4+b771
;ff _ b ~—i—b ogb+1 -0,
d7 b—=logb

via straightforward calculations. Recall that 26'L = b=% —bL=# and (5.19) follows from the

asymptotic expansion:

! 1\?
QU?LZ—Lkgb—(L—)mgb+o<L%<L—)).
n n
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Section 5.2. Approximations of Benford’s Law

[]

Corollary (4.11). Let b > 1 and n € N. Then the best d\ -approzimation of By is 6P, with

r = p-HL 4 2Lsz147_1 =L _p (5.26)
J = p2L _ 1 - ’ ’
1 . b2l — 1 1 i+ L
P;= 7logb log (b@]_l)L + 2L o ) + L= Og(i;’]gb) +L, (5.27)

forall j = 1,...,n, where L is the unique solution of (4.12); in particular, #supp d3™ = n.
Moreover, d (B, 03™) = wpL, and

max{b,2} —1 log(1l+ blogb) — log(1 + logb)
2b — 2 log b

limn_mo nd._ (ﬁb, 5:’”) = . (528)

Proof. We first verify the formula for the unique best d -approximation. Recall that given

any p € II,,
L.(p) - manlzl g;‘u,_lv[P,j—lvp,j}
with ¢ FoLP, 1P, being the unique solution of

20=0b"7F bl Y =1 n.

This implies that
Lo(p) > bPote®) _pPumatle®@ vy 5 — 1 n.

Moreover, by Remark 4.27(i), L™ = min,eyy, Lo(p). Hence it is easy to see that L := L3™ is

the unique solution to the set of equations
oL = bPi=k —pPiitk =1 . n, (5.29)
for some p € II,,. Rewrite (5.29):

pPi=%L = pPi1=20-DL 4 o p(1-2)L j=1,...,n,

from which it immediately follows that L must be the solution of (4.12), and thus p is uniquely
determined by

bPt —1
b2l —1

1 .
P;=—"log (b@J-l)L + 2L

= L, Vj=1,...,n.
p logb >+ ) j ) y 1

By Theorem 4.25, the unique best d-approximation is given by (5.26)-(5.27).
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Section 5.2. Approximations of Benford’s Law

Note that L "= 0 follows from b**F = %, and thus by asymptotic expansion,

pnl _ 2L +2Lblogb+ O(L?*) 14 blogb+ O(L?)
2L +2Llogh+ O(L?)  1+logh+ O(L2)’

namely,
1 1+blogb 1
L= "log, — "5~ :
n 8 1+ logh o(n )

This directly yields (5.28). O
Next, we compare the quantization coefficient to its uniform counterpart.

Proposition 5.7. Let b > 1. Then

110 1+ blogb - blogb
9 OB 14+1logb ~ 2(1+blogh)
Proof.
10 1+blogb< blogb
9 OB 1+1logh  2(1+blogd)

14 blogbd - 1
ogb 1+ blogbd
b+ blogb log b

— 1 >
Og1+blogb 1+ 0blogbd
a= a 1 a
&M_elﬁ-aea >O
1+ ae®
et —1 a < ok 1
=1 -1- -y >0
+1—|—ae“ 1+ ae® gk! (1 + aea)k

0o k 1

a >, a” 1
—e'—1—a— —_————— >0 = — (1= ———=—]>0.
‘ ¢ kz:; k! (14 ae®)k—1 ];::2 k! (1 + aea)r=t

]

For r > 1, best d,-approximations (of ;) cannot be computed explicitly, and hence asymp-
totically best d.-approximations are of interest.
Proposition (4.19). Let b,r > 1. Then <5£Z)> with

r+1

J r_ r 1 Tnj + Tnjt+1
_— 1 br+1 — 1 , Pn: 1 ) ) ,
g ( +n+1( )) T logh 2T 2

foralln €N andj=1,....,n—1, and zp, = (1 + (/) 1)L)1+1/r

—u] , is a sequence of
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Section 5.2. Approximations of Benford’s Law

asymptotically best d,.-approximations of (,. Moreover,

hmn—)oo ndr(ﬂba (5:77]) = 9

r+ 1 (br/w - 1) e
- .

(b— 1)(log b) 7

Proof. Recall from [85] the probability measure 3, with density

_1 1
d By w1 rooox T
bor _ — = —— l<z<b.
dA fb dBs, 41 r+1pm —1
1 ~dx

With this, asymptotically best d,.-approximations (552) are given by

x”’j:FB_b,lr( J >, Vi=1,...,n; Pn’j:FBb(L"“J‘_'—m”’j"'l)7 Vi=1,...

n—+1 2

The r-th quantization coefficient follows directly from Proposition 2.50:

1 1 b (B, 1/(r+1) 1+1/r
_ —_— dA
Wy 2(T+1)1/r /1 (d)\)

1 b 1\ VoD 1+1/r
- S d
2(b—1)(r+ 1)\ (/1 (xlog b) ;1:)

1 1 1 1+1/r
20— 1)(r + 1)1/7 (log )1/ (@ 1/ (e 1))

r+ 1 bT/(T+1) _1 1+1/r
~2(b— 1)(log b)/r ( )

r

]

Finally, we show the monotonicity of the sequences (nd. (5, 0¢")) and (nd. (Bp, 62™)) men-

tioned in Section 4.5.

Proposition 5.8. Let b > 1. Then
(i) (nd, (Bp, 04)) is increasing for x = L, 1,2, and is constant for x = K;

(ii) (nd. (By, 03™)) is decreasing for x = L, and is constant for x = 1,K.

Proof. We only show the strict monotonicity; the cases of constant sequences are obvious from

the formulae for the respective probability metrics given in Chapter 4.

(i) First, consider x = L. Recall that Le(u,) = w™'d (B, 0") is the unique solution of

2], = bl*L - blf%+L'
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To see that (ndy (8, d4™)) is increasing, it suffices to show that z — 7(z)/z is increasing,
where

7=1(z) :=1+2—log, (b — 2u).

Note that 2z = b'=% — b1=7*, Obviously T is increasing, and in fact,

T/r =1+ i, (1—log,(b' " —22) =1+ i (1= (1= +1log, (1 —220"")))
1 z— 1 > (2 bmfl)k opr—1 (2 b:vfl)k
:2—;1Ogb(1—2xb 1):2+x10gbk§:1 xk :2+10gbk§::0 i—i—l ’

which clearly is increasing. Hence (nLe(u,,)) is increasing.

Next, we consider the case x = 1. Recall that

n logb
ndy (By, 60n) = logbtanh< 4i ) .

z _ 1e*—1
2 7 rer+l

is decreasing on ]0, +00[. Observe that

, 2re* + 1 — e**
g(z)=—73 2
z2(1 + e?)

and via a straightforward calculation, ¢'(x) < 0, for all x > 0, which shows that g is decreasing
on |0, oo, as claimed.
For the case * = 2, note that

b—1 n? 2n log b
2d §un)t = —— l———tanh [ —— | ].
a5y, 07) b+1210gb< log b an <2n ))

To show (nds (83, 64™)) is increasing, it suffices to prove h(z) := = (1 — 2 tanh x) is decreasing

on ]0, +oo[. To see the latter, notice that

2 (1= (secha)?) = 3(z — tanha) (3 20)et — 8pe? — 20— 3

W(x)= " - 24 (2 + 1)2
By Taylor expansion,
(3 — 22)e™ — 8xe* — 2z — 3 = fj (2;)k (2"°'(6 — k) — 4k) <0, V>0
k=5 .
It then follows from
(26— k) —ak)| _=—4<0, 2"(6-k)—4k <4k, VE>6
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Section 5.3. Lévy approximations of the exponential distribution

that h/(z) < 0 for all z > 0, as asserted.
(ii) To show (nLg™) is decreasing, recall that L™ = w™'d| (B,,02™) is the unique solution of

Note that
2L+ (b5 —bt)

2L+ bl — L

It suffices to show that the function 7 = 7(x), determined by

2nL

pr 204+ b6 (0" —b77)
2z 4+br—b

is increasing on |0, +oo[. This, however, is obvious from

b—1 b—1

- =}b— .
b —p— 00 I2k(10 b)2k+l
1+ 2z L+ Zk:o (2kg+1)1

VT =b

5.3 Lévy approximations of the exponential distribu-
tion

In this section, we calculate the best and best uniform d-approximations of the standard
exponential distribution p, with F,(z) =1 — e for all # > 0. First, let us address the best

uniform d, -approximation.

Proposition 5.9. For every n € N, 02" is a best uniform d-approzimation of j if and only
if
i i—1 ,
_10g<1—+L> —Lgxﬂ»g—log(l——[,)-k[, Vi=1,---,n,
n

n

where L is the unique solution of

1
—=L(e*+1); 5.30
= L) (5.30)
in particular, #supp 0¢» = n. Moreover,
) u 1
limy, 00 ndy (11, 03™) = 5 (5.31)

Proof. By (the appropriately generalized version of) Theorem 4.5, with w = 1, 0¥~ is a best

uniform d) -approximation of y if and only if

. 1
—105-’;(1—]—l—Ln)—LnSy,jg—log(l—j—Ln>+Ln, Vi=1---,n,
n n
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where L, := di (p1,0,") = maxj_, 7;, and 7; is the unique positive solution of

J

Jg—1
n

l—— =7+4¢€7 <1

—|—T>, Vi=1,--n.
n

Note that, L, = 7,, and hence L,, is the unique solution of (5.30) as claimed—provided that
<< Ty
To see the latter, let z = z(x) be defined by
1 2z
l—x+—=z+4+e*(1—z+2).
n

With this, in order to show that ¢+ 7; is increasing, it suffices to prove ‘;—’Z” >0, for

. . . 1 2z 2 2z 1 _
0 < z < 1, which, however, is evident from % = 1te +efz7(1 t2=2) 5 .

Finally, a straightforward asymptotic expansion yields

and hence establishes (5.31). O
Finally, we address the best di-approximation of .

Proposition 5.10. For every n € N, the best d\-approximation of p is 62, with

1—e 2
Pj=1—omn %i=-lgl-FP;+L1)-1L
forall j =1,...,n, where L is the unique positive solution of
tanh L
14 22 el (5.32)
L
in particular, #supp 03™ = n. Moreover,
log 2
lim,,_ o0 ndy (1, 00™) = Og . (5.33)

Proof. Since p is continuous, T (0) = 1, and hence, by the generalized version of Theorem

Fu Lo
4.25 alluded to in Section 4.5, 02 is a best d -approximation of u if and only if, for every

]:17 , 1,

P =P;e* +1-L—-(1+L)e**, z;=-log(l-P;+1L)—L. (5.34)

)
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Solving (5.34) with Py =0, P,, = 1 shows that L is the unique solution of
ol net),

which is equivalent to (5.32), and for every j =1,--- ,n,

62Lj -1

P;=((1+L)e*+L-1)

as well as
r;=—log(l—P;+L)—L.

Finally, from (5.32) it is clear that L — 0 as n — oo, and

1 tanh L log 2
L=-1 1
n 5 og< + 7 >—> 5

estabishing (5.33).
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Chapter 6

The distributional asymptotics mod 1
of (logyn)

Given a sequence of real numbers (x,,), associate with it a sequence (vy(z,))n>1 of finitely

supported probability measures

1 N
UN(Zn :Ng (zn)s

where 0,y stands for the Dirac measure concentrated at (z,), the natural projection of z,
onto the circle T = R/Z. Here and throughout, we write vy for vy(x,) when (z,) is clear
from the context. Note that (vy) is a sequence in the space P(T) of all Borel probability
measures on T. As a set, P(T) can be identified with the subspace {u € P(I) : p({1}) = 0} of
P(I).! Lowercase Greek letters p, v are used henceforth to denote elements of both P(T) and
P(I), but it will always be clear from the context which space of measures is meant. Recall
that a sequence (x,,) in R is uniformly distributed modulo one (u.d. mod 1) [65, Ch.1] if vy
converges weakly in P(T) to the uniform distribution Ay on T. (Recall our convention that Ap
denotes the uniform distribution on I.) Let dk denote the discrepancy (or Kolmogorov) metric
on P(I), i.e
di(p1;v) = supep ([0, 2]) = v([0,2])], ¥ p, v € P(I).

Recall from [65, Cor.2.1.1] that (z,,) is u.d. mod 1 if and only if limy_,o dx(vy 0 t™1, A1) = 0,
where ¢ : T — I is the natural inclusion; see Section 6.1 for details. It is well known [65,
Cor.2.1.2&Thm.2.2.2] that dy(vy o™t Ap) > ﬁ for every positive integer N; in fact, given
any (z,) there exists a constant ¢ > 0 such that dx(vy o ¢™', \;) > clog N/N for infinitely
many N.

There is a vast literature on the estimation of discrepancy, especially for u.d. mod 1

sequences. For instance, for the sequence (an), where a € R is irrational with bounded partial

1Recall that T always denotes the compact unit interval [0, 1].
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quotients, [65, Thm.2.3.4] asserts that
dix(vn o™t ) = O(log N/N), (6.1)

and (6.1) also holds for Van der Corput sequence [65, Thm.2.3.5]. However, much less research
seems to have been undertaken on sequences that are not u.d. mod 1, for example, on slowly
changing sequences [59)].

Given a sequence (z,,) in R, an improved notion with regard to the distributional asymp-

totics of x,, is the Omega limit set Q[z,], defined as
Qlx,] = {,u € P(T) : vy, () £20% 11 weakly for some sequence (N,) in N}.

It is not hard to see that Qx,] is non-empty, closed and connected [98]. For sequences (x,,)
that are slowly changing in the sense that

Ji_g}on(l?nﬂ —x,) =§ €ER,

it has been shown in [59] that (x,) is not u.d. mod 1; moreover, the elements of Q[z,],
have been described in terms of asymptotic distribution functions. Similar results for slowly
changing sequences in the literature include logarithms of natural numbers or prime numbers,
iterated logarithms, and monotone functions of prime numbers [37,59,65,68,76,77,92,98,99].
As far as the author knows, however, there were virtually no results, in the case of slowly
changing sequences, on the rate(s) of convergence for subsequences of (vy) to Q[z,], not even
for very basic sequences such as (logyn) with b € N\ {1}, prior to [100]. Only recently
did the author learn that [77] establishes an upper bound (log N/N) for the latter, as well
as their asymptotic distribution functions. Even there, however, the specific nature of limit
points as well as the sharpness of the bound (log N/N) remains obscure. This chapter aims
at resolving these obscurities. Specifically, for sequences (log, n), every limit point in Q[xz,] is
clearly identified, and (log N/N) is shown to be the sharp rate of convergence w.r.t. dg.
While the discrepancy metric (on P(T), as induced by dk) has been used in UDT for
decades, its usage for sequences that are not u.d. mod 1 appears debatable. In fact, when
analyzing such sequences, it may be more natural to study Q[z,] with a metric metrizing
the weak topology of P(T) such as, for instance, the Kantorovich (or transport) metric dr.
In a recent note [101], the author obtained several results in this regard, including an upper
bound (log N/N) for dr-convergence. As is shown in this chapter, however, this bound is not
sharp, and better bounds are provided to replace it for (z,) = (log,n). From the arguments

presented, it will also become evident that finding a good lower bound remains a formidable
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challenge, even for sequences as simple as (log, n).

6.1 Preliminaries and notations

Let R, Z, and N be the set of real numbers, integers, and positive integers, respectively.
Recall that T = R/Z can be thought of geometrically as the unit circle {e*™* : x € R} in the
complex plane, with its usual topology. For —oo < a < b < oo, let [a,b[={y € R:a <y < b};
intervals [a, b], |a,b], |a,b] are defined analogously. Let |z|, [z], and {(z)) = x — |z]| be the
floor (i.e., the largest integer < x), the ceiling (i.e., the smallest integer > x), and the fractional
part of x € R, respectively. In what follows, it will prove useful to denote by 7 : R — T,
with 7(z) = () = x + Z, and by ¢ : T — [, with «((z)) = ((x)), the natural projection and
inclusion, respectively. Arguably the most fundamental maps on T are rotations: Given any
6 € R, let Ry be the (counter-clockwise) rotation of T by 276, that is, Ry({z)) = (x + ) for
all (z) € T. With this, clearly R = Ry = Ryrpy for all @ € R and k € Z.

Let (X, px) be a compact metric space, and P(X) the space of all Borel probability
measures on X, endowed with the weak topology. Recall that P(X) is compact and metrizable.

The Kantorovich distance on X is

dx = inf / (z,y)dy(z,y), ¥ p,veP(X),

where the infimum is taken over all Borel probability measures v on X x X with marginals
and v. Note that dx metrizes the weak topology of Px. For X =T and X =T, let p; = |z —y|,
and pr(z,y) = min{|e(z) —c(y)|, 1 —|(x) —c(y)|}, V 2,y € X, respectively. Note also that p +—
por~" maps P(I) continuously onto P(T); when restricted to P(I) := {u € P(I) : u({1}) = 0},
a dense Gys-set in P(I), this even yields a continuous bijection, but not a homeomorphism, as
75(]1) is not compact. In the opposite direction, j +— po ™! establishes a measurable bijection
from P(T) onto P(I). Note also that p +— o Ry ' defines a homeomorphism of P(T).
Recall from Chapter 4 that dy can be expressed explicitly as

/ |Eu(2) — Fy(2)|de, ¥ v e P(I). (6.2)

A method of computing dr has been developed in [17]; only the following simple upper bound

will be used here.

Proposition 6.1. [17, Cor.3.8]. Assume that pi, v € P(T). Then

1
dr(p,v) < infyeﬂ/o ‘(FHOL_1(:L') — Fo1(2)—(Fuo1(y) — FVOL—l(y))‘d:c < dk (u o1l vo rl) .
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For every a > 0, consider the negative exponential distribution —Exp(a) on R with pa-

rameter a, that is,
FExp(a)(I) = eax, vV x < 0,

and let E, = —Exp(a) o' € P(T). Thus

e —1

FEaOL_l (IE) = 1 s Vel

er —

Rotated versions of E,, that is, probabilities F, o R, with # € R, play an important role in
this chapter. For such probabilities, observe that

e{on (47 -1)
_ a1
F -101¢ 1 = c a(z—
EqoR, e«e»(e ( 1),1)

er—1

if 2 €[0,1— ()],
if v € [1— (0),1].

Henceforth, our analysis focuses on the sequences (z,) = (log,n) with b € N\ {1}, and the

associated discrete measures vy = vy (logyn) € P(T). A simple calculation yields an explicit

formula for the distribution function of vy o ™1 .

Proposition 6.2. Assume that b € N\ {1} and N € N. Then, with L = |log, N|,

L+1+ 3k, (lib7] — bt
N

. 1 1+ 1
ifx e {bgb valOgbbL|:7

i=bl,... N—1,

LA+1+37 (LINo o] = o2 ) N bIND| +b
F’VNOL’1 (ZL’) =491+ d ( N ) Zf S [logb ij 1Ogb LbLJ [7
L+1+3%0, ([Z’b‘jj — bL‘j) . bi b(i +1)
1+ N ifx € [logbbL,logbbL [,

i=|Nb'+1,... bk —1.
(6.3)

6.2 Rates of convergence

In this section, we study the rate of convergence for subsequences of (vy)y~, W.r.t. dr, di,
and dk. Throughout, for ease of exposition, all proofs are given for b = 10, but all arguments

can easily be adjusted to any other base b € N\ {1}.
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6.2.1 Upper bound for the rate of convergence w.r.t. dr

We first present our main result regarding an upper bound for the rate of convergence w.r.t.
dr.

Theorem 6.3. Assume b € N\ {1}. Then

- -1
hzr\?—?olip md'ﬂ‘ (VN, Eiogp 0 R” long) < 4o00. (6.4)

Proof. Recall that b = 10 is assumed throughout; for every N € N, let n = [log,, N | + 1 for
convenience, and thus 10”1 < N < 10" —1, as well as ny = Ejog, v € P(T)0 R} log, v € P(T).

By Proposition 6.1, it suffices to estimate

1
J
for an appropriate 0 < y < 1. Utilizing Proposition 6.2 we first simplify the latter expression

as follows: For every y € [0,log,q N —n + 1[, let 49 = [10¥™~!]. Then 10! <ig < N — 1
and y € [logygio — n + 1,log(ig + 1) — n + 1[. Similarly, for 10! <7 < 10" — 1 and z € T,

dz,

(Foyort () = Foyort () = (Fuyor1(y) = Foyorr (1)

€ [loggi—n+1,log,(i+1)—n+1] < i=[10""""] (6.5)
With this, it follows from Proposition 6.2 that

/‘ o (7 _FﬂNOL*(fU))—(FuNorl(y)—FnNm—l(y)) d

—L plogyo(i+)—nt1 [ S8 (141079 | — [ig1077])  10™ (10* — 10¥)
= / — dx
i=10n—1 loggi—n+1 N 9N
/logm(LN/loJ+1>—n+2 Zo (LLNV/10J1077] — [ip1077]) — 10°(10°! = 10%)] |
10g10(N/10)—n+2 N 9N o
1077 -1 rlogyg(i+1)—n+2 i1077 ] — [igl077 10"(107~1 — 10v
Ly / 0 05 (1 ]\Jf Li01077]) 107 = )| 4y
i=|N/10]+1 10810 =42 9
N-1 /1ogm(z+1>—n+1 Sy ([11077] = [in1077))  107(10° — 10) |
= — x
i=|N/10)+1 710810 7=+ N IN
+/loglo(LN/10J+1)—n+1 352 (LLN/101077) — [i92077]) — 10"(10° — 10)]
logyo(N/10)—n+1 N 9N -
Since |F)o-1(2) — Fyo-1(2)] < 1 for all € I, it easily follows that
logy(|N/10)+1)=n+1 | S~ ([ | N/10] 1077 ] — [ip1077 10™(10* — 10v
/ 0 250 ([IN/10]1077] — |ip1077]) 10" ) dr =0 (N1,
log;o(N/10)—n+1 N 9N
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From (6.5) and 49 = [10v*™~1 |, it is readily verified that

"0 (111079 | — [ig1077 ) _ 107(10" — 10Y)

N 9N
_Z;Z& ((01077 — |3p1077]) — (41077 — [41077]))
N N
10 (([10%+=t] — 107tn=1) — ([10vTn=L | — 10v+ 1)) B 10 ([ 10t — [10vtL])
9N 9N ’
Since also
10 ((Llox-i-n—lJ _ 10x+n—1) _ (Lloy—&-n—lJ _ 10y+n—1)) B 101—n<“0x+n—1j _ on-l-n—lJ) _o <N71>
IN IN N ’
for y € [0,log,y N — n + 1], we obtain
/1 (Fuyor1(x) = Fypyor 1(2)) = (Foer1(y) = F, OLl(y))‘dx
1 N-1 1 n—1 ) ) ) ]
=— Y logy (1 + ) 3 (601077 = [ip1077 ) = (11077 — [i1077]))| + O (N7") .
Ni:LN/lOJ-H L7 izo
(6.6)

In the following, we further estimate the right hand side of (6.6). The elementary inequality
r—2°/2<log(x+1) <z, Yr>0

yields

1 1 <1 <1 n 1> 1
0
ilog 10 22 log 10 — 810 ~ 4log 10’

and we also have

1 N-1 1 n—1 ' ' ' '
— Y =D ((1077 = [41077]) — (41077 — [41077]) | =O(N?logN).
N i=|N/10] 11 2i*log 10 | ( ) ( )
Hence
1
/0 (FI,NOFl(x) - FnNoﬁl(x)) - (F,,Noﬁl(y) — FnNOL71<y)> dz
o 2 S (0 - Lo - 0 - L0 )) 0 (57
= S =D (401077 = [ip1077]) — (11077 — [i1077))) |+ O (N 7).
Nlog 10 i=|N/10)41 ¢ |70
From
1 1| ; ; - 2n
- 01077 — [ig1077]) — (11077 — [i107/
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for i = |[N/10] and i = N, it follows that

dx

/01’ (FVNOL_l(x) - F’I7NOL_1 (‘/E)) - (FZ/NOL_I (y) - Fm\;orl (y)>
S

Nlog 10, _[No)

(6.7)

1
)

2 (01077 = [ig1077 ) = (11077 — [i1077]))

+O (N7,

Completely analogous arguments show that (6.7) holds also for y € [log;, N — n + 1, 1[ with
ip = [10¥""~2]. Thus it suffices to determine the constant order of amplitude of

N
LN/

i= IOJ

Z (01077 = #1077 ]) — (i10~ — Lz’lo—jj))‘ .
To get rid of the absolute value, one can use the Cauchy-Schwarz inequality:

} (6.8)

(01077 = [ig1077]) = (1077 — [i1077))

2
N 1 N n—1 ] ) )
< Y 5 ¥ { (01077 = [ig1077 ) = (1077 — mou))} .
i=|N/10) ¥ i=[N/10) | =0
Note that
al 1 1 2
Y. 5 =9INT+O(NT?). (6.9)
i=|N/10)

2
Hence it remains to estimate SN, (2;?;5(@010—1 — 301077 ]) — (11077 — [§10~7 J))) , which

can be rewritten as

;) {nz:: (101077 = [ig1077]) — (1077 — LileJ))} =(N+1) (2(2'010]' - Liolojj))

+Z ("21 (11077 — [i107 ) - 27121 (101077 — |igl0~ J)ivjnf(noﬂ — |i1077]).

=0 \ =0 7=0 =0 5=0

(6.10)

In the following, we consider each term on the right-hand side of (6.10) individually.

n

First we consider 31, 37~ (1077 — i[1077]), by switching the order of the summations.

For every + = 0,--- ,N and 7 = 0,---,n — 1, there exist nonnegative integers k, [ with
[ <10’ — 1 such that i = k10’ + [, and hence 11077 — [i1077 | = [1077. Therefore

{i:0<i<N}y={kI0/+1:0<k<[N107]-1,0<1 <107 -1}
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U{[N1079 107 +1:0 <1 < N — [N1079 10} .

Let N =@, 1" =375 1a;107 with 0 < a; <9 for all 0 < j <n — 1. Notice that

|IN1077] = N1077 — Zam” Vi=1,---,n—1 (6.11)

From the simple observations

n—1 n—1 j—1
>(1-107)=n+0(1) and > 107 a10"=O(n),
=0 j=1 r=0

it is tedious but straightforward to deduce that

%HZ_I(HOJ lejJ):;<n 190>N—1T§§ar1or+ Zm](Zarm’“) +O(n).

=0 j=0 j=1r=0
(6.12)
Next, we deal with 3N ( "5 (11077 — LilO‘jJ))z , which can be expanded as
N [n-—-1 ) ) 2
Y oD o077 —[i1077]))
i=0 \j=0
N n—1 j—1 N n—1 ' 4
=2 (11077 — [11077 ) > (4107 — [4107"]) + > > (11077 — [i1077 )% (6.13)
=0 j=1 r=0 i=0 j=0

For every 1 < j <n—1,let K; = N—|N1077]10/ for notational convenience. Then similarly,

{(i:0<i <N}y ={k10/ +p10" +1:0< k< [N10V| - 1,0<p<1077 —1,0<1<10" -1}

U{IN107J107 4 p10" +1: 0 < p < [K;107 | = 1,0 <1 < 107 - 1}
U{IN107J107 + [ K;1077] 107 +1: 0 < I < K; — [ K;1077] 107},

from which it follows that

N n—1 j—1 n—1j—1 (|N1079]-1105-"—110"—1
SN (1077 — [41077]) > (1077 — [i1077]) = >0 > ( oY Y (p10m+1)- 10771
i=0 j=1 r=0 j=1r=0 k=0 p=0 =0
[K;107"]—110"—1 Kj—|K;107" 10"
1077+ > > (pl0"+1)10771107" + > (LKle‘leor + z) 10—J’z1o—7") :
p=0 1=0 =0

(6.14)

From (6.11) and (6.14), a lengthy but elementary calculation leads to
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Z&(no—j - mo—jj)jz_%(uo—r — [i107"])

2 g5 1ot it
:<";_2176’> Z]ZallO—i— ZJIOJ(ZMO) O(N).
J 1 1=

Analogously, one obtains also >>/¥( "= (i1077 — [i1077])? = %Y + O(N). Note that (6.13)

immediately leads to

> (nz_j(ﬂoj — mo%)

i=0 \ j=0

1711 j—1

:<7f_14098> _232a110+ Z]lO”(Zallo) + O(N). (6.15)

The rest of the proof consists of choosing an appropriate iy (or equivalently, y = {(logyq o))
to obtain a sufficiently precise bound for (6.10): Let i = 107~ — 10/2/=1 4 1 if 107! <
N < 10" — 102 and iy = 10™ — 10%/2) if 10" — 101/2) < N < 10" — 1. Note that
|IN/10] + 1 <4y < N — 1, and it is straightforward to verify that

n—1
S (101077 — [ig1077]) = g +et O (N, (6.16)
=0

for some finite constant ¢. Combining (6.12), (6.15) and (6.16) yields

> {Z (1077 = [1107]) — (io1077 - mmm)}

i=0 | j=0

11 1= 1 j—1 j—1 ‘
108nN+ Stn—4) | Y a@l10"] (1= @107 | + O(N).
1=0

7=0 =0

Next, observe that

;nzl (n—j) (Z aﬂO) (1 —jfalml—j) = O(N).
i =0

which implies that

ZO {nz:: ( (11077 — [i1077]) — (ig1077 — Uolojj))} 11018nN + O(N),
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and hence
% by (11077 = [11079]) = (01077 — [ig107])) 2 < W8N o). (6.07)
i=|N/10) | j=0 ’ ° ~ 108log 10 ’ '

Let y = {(logyq %0)). Combining (6.7), (6.8), (6.9) and (6.17) yields

/OI’(FVNOLl(ZE) - FnNoLfl(l"D - (FVNOL*(?/) - FnNOLfl(y)) dx

< 1 33 +/log N
~ 6logl0\ logl0 N

+O(NT);

and hence with Proposition 6.1, it follows at long last that

1 33
dr (VN, 77N) <

I .
P = 61og 10\ Tog 10

N—oo 1Og N
]

Note that Theorem 6.3 describes the asymptotics of (vy(log, n))y~,, in that it not only
gives the rate of convergence, but also identifies the exponential distribution with specific

rotation that (vy) asymptotically approaches.

Remark 6.4. (i) It follows from a general result in [101] that

.
N log N

d’]r (VN, Elogb o R:}Ogb N) < 400

for every b € N'\ {1}. Obviously, this is weaker than (6.4).
(ii) From Zador’s theorem on asymptotic quantization errors in P(T) [57, Thm.1.4], it follows
that

lim inf Ndr (vx, Erogs © R g, ) > 0.

This shows that (d’]r (I/N, Eiogp © Rjogﬂ\’))]\/g
Cor.3.8] suggests that it may be challenging to improve this lower bound.

cannot decay faster than (N~!), and [17,

(iii) Even if the inequality (6.8) is replaced by the following Hoélder inequality,

0 : Z:% (0107 = [i01077)) = (1107 — 11077 J)>‘
N 1 3/4 N - o
< (—Lz/: | z'4/3) '_Lz; | (Z_(:) ((iolO*j _ Lz‘ol()*jj) _ (Z'l()fj . LileJ))) |

the upper bound for the rate of convergence does not improve. Indeed, a tedious computation
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similar to the one in the proof of Theorem 6.3 yields

. N _
lljr\?jolip TgNdT (IJN, Elogp © R_}Ong) <cg, (6.18)
1 33 a1 . .
where the constant ¢ may be smaller than but still is positive. From this, one

6log 10\ log 10
may optimistically conjecture that for all b > 1 (not necessarily integers), the sequence

N _
DT

is bounded above and below by positive constants. Especially for non-integer b, this is specu-

N>2

lation only, since many of the explicit calculations and estimates leading to (6.4) do not apply

directly.

6.2.2 Sharp rates of convergence w.r.t. dj and dg

In this subsection, we complement the results of Subsection 6.2.1 by characterizing the sharp

rate of convergence of (vy(log,n))ys, W.r.t. both dr and d.

Theorem 6.5. Assume b € N\ {1}. Then

1

li = :
o 2logb

N—oo log N

-1 -1 -1
dﬂ(VNOL s Elog © R0, n O L )

Proof. Recall that b = 10. As in the proof of Theorem 6.3, by formula (6.2), it is easy to
verify that for 10"t < N < 10" — 1,
1 1 n—1

N
dy (VN 0™, Elogy 0 Rjong o L—l) — Nlogl()i_wz/loj H jgo (ilO_J — LilO“’J) +0 (N_l) :
(6.19)

Like the expression for >>/X; 377 (11077 — [i1077|) as in the proof of Theorem 6.5, it is readily
checked that

N 17! 4 ' n—1 107 -1 110~7
S =Y (61077 — [i1077]) = 3 —
i=[N/10) * j=0 3=0 \I=|N/10|—[|N/10]107 |10 LLV/10]1077 109 +1
NI0T7]=1 1071 y0-d N—|N1077]107 110~ )
+ Z Z i + Z —q 1 )
k=||N/10]10-7 [+1 1=0 k107 +1 1=0 [N1077 107 +1
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which implies that

SO CLERITURIES f [ LU
(11077 — |i1077]) > — - (6.20
i=[N/10 * §=0 \i=|N/10|—|[N/10]10~7 |10 LLN/10]1077]107 4 107

R DR Sl e TP PR

[N10—7 |1 109 -1 1107 N—|N1077]107 llO_j)
k=[|N/10]10—7]+1 =0 1=0

1 "Zl (1—1077 + | N/10]1077 — [|N/10J1077]) (1 — [ N/10]1077 + [ [ N/10/1077])
|[[NV/10]10—7] + 1
N10~7 — [N1077|) (N10~7 — [N10~7| + 1) 107 ooemet oy
N NI V07 = N 0107 gy L
k= N/10]103 [+1 © T
Note that
EZ (1—1077 + [N/10]10~9 — || N/10]107])(1 — | N/10]10~7 + || N/10]1077])
2:3 |[V/10)10=7| + 1
N1077 — |[N1077|)(N10~7 — | N10~7 1)107
N V1077 ) [N1079) + 1) ):0(1).
N
Moreover, it is tedious but straightforward to confirm that
= _ [N1077 |1 1 1
=> (1-107) > —— =—log N +O(1),
2 Jj=0 k=||N/10]10—7 ] +1 k+1 2

with which (6.20) takes the form

log N + O(1). (6.21)

l\D\»—t

Z Z i1077 — |i1077]) >

i= I_N/IOJ

Analogously, one can also show that (6.21) holds with > replaced by <, and hence

Z Z (11077 — |i1077]) = logN—i-C’)( ).

=|n/10)
The conclusion now follows from (6.19). O

The following corollary is immediately obtained from Theorem 6.5, together with [77, Thm.5]
and the fact that dy < dk.

Corollary 6.6. Assume b € N\ {1}. Then

0 <hmlnf1

d (V o1V F oR} ofl)
Nosoc OgN K N y log b —logy N
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<limsup dg (l/N oL, Eiogp © R:llong © L_l) < +00.

N—oo log N

Comparing  Theorems 6.3 and 6.5, as well as Corollary 6.6, no-

tice  how (dqr (I/N, Elogp 0 R:}Ogb N))N>1 decays  somewhat faster than  both

—1 -1 -1 -1 -1 -1
(d]I (l/N oL ,E]OgbOR_long oL ))Nzl and (dK (VNOL >ElogboR—long oL ))Nzl'
Moreover, the ratio

—1 —1 —1
du(VNOL s Elogh © R Jg5, N O L )

_ -1 _
dK (VN ol 1al?logb o R—long ot 1)

is bounded above and below by positive constants. This is remarkable since

di(povtvort) 0

inf‘uﬂéy, u,VGP(T) dK (/’I’ o [/_1 V O L_1>
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Chapter 7

Circularly invariant and uniform prob-

ability measures for linear maps

This chapter investigates a somewhat unusual form of invariant probability measures for linear
maps on the line. Recall that A and Ar denote Lebesgue measure on R and T, respectively; A
denotes the Lebesgue measure on the compact unit interval I. Note that diam A > A(A) for
every set A, and equality holds if and only if A\(A) = 400 or A is an interval up to a Lebesgue
measure zero set (i.e., A([inf A, sup A] \ A) = 0).

Given a u.d. mod 1 sequence (x,) and a convex map 7 : R — R, the sequence (T'(x,))

may be u.d. mod 1 as well. In this case, consider the sequence (un(y))ys; in P(R) with

1 N

and note that ux(z,) o 7' = wvy(x,) — M. (Recall that 7 : R — T denotes the

natural projection.) Now, suppose that (uy)ny>1 converges in P(R), to u, say. Then
pomt=poTtor™! = Ap. As this seems to be a fairly peculiar invariance property that

w € P(R) may have, we ask

Question (1.19). Given a convex map T : R — R, does there exist ;1 € P(R) with the
property pom ' =poT log ™t = Ap?

Given T, call any pu € P(R) satisfying the property in Question (1.19) a circularly invariant
and uniform probability measure (CIUPM) for T, and write Cy for the family of all such
CIUPM, ie.,Cr ={p € P(R) : pom ' =poT or™! = Ar}. Note that every element of Cr
is absolutely continuous (w.r.t. ).

While the answer to Question 1.19 may often be negative, in this chapter we provide a
partial, positive answer for the simplest class of convex maps, namely linear maps. For every
o, € R, consider the linear map Tp.(v) = Bz + a, and let Cz = Cr,
Clearly, Cyo = @, so henceforth assume 3 # 0 throughout this chapter. It is not hard to see

., for convenience.
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that in fact Cz o = Cp,0; see Proposition 7.4 below. Moreover, since
1eCpo e pho Tﬁ_,é €Cp-1_qp1 & 11O T__1170 €C p_a

it suffices to consider the case of § > 1. Thus, when specialized to the family of linear maps
T30, Question 1.19 takes the form of

Question (1.20). Is Cso # & for every > 17

Below, we answer Question 1.20 in the affirmative, and provide further information regarding
the structure of Cgy. Let us mention in passing that for nonlinear convex maps like, e.g., the
exponential map T'(z) = e*, answering Question 1.19 may be much more difficult. For such
maps, the density of any CIUPM, if it exists at all, cannot be found explicitly, unlike in the
linear case. In fact, even for piecewise linear maps such as, e.g., T'(x) = x1j_o o + \/§x]1[0,+oo[
the situation is considerably more involved than in the linear case. This will become apparent

from solving the equations of a CIUPM in the proof of the main theorem.

Let us also mention some related work on invariant measures for “almost” linear transfor-
mations on I. Kopf [63] gave a formula for the densities of invariant measures for piecewise
linear transformations on I. Géra [38,39] found an explicit formula for the densities of in-
variant measures for arbitrary eventually expanding piecewise linear transformations whose

slopes are not necessarily the same on I.

7.1 Preliminaries

Let A4z ={y+x: ye A}, for every z € R and A C R, and denote by Q be the set
of all rational numbers. Recall that two integers p, ¢ are coprime if they have 1 as their
greatest common divisor [55, p.5]. For every 8 € Q\ {0}, let (pg, gs) be the unique pair of
coprime positive integers such that |3| = pg/gs and let sz := ¢z((|5])). Note that for 5 ¢ N,
1 < s < gg—11is an integer coprime with gg.

For any complete metric space X, let P(X) be the family of all Borel probability measures
on X. For convenience, write P(R) simply as P throughout this chapter. For every absolutely
continuous u € P (w.r.t. A), denote by p, its density. Note that pox~' € P(T), and
portor € P(I). Let S. = {u € P : diamsupp p = ¢} for every ¢ > 0.

As a quantitative refinement of Question (1.20), in this chapter we answer
Question 7.1. What isinf{c: CsoNS. # T} ?
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More specifically, we prove a threshold result on the existence of CIUPM for Tp,: For
every 3 > 1, there exists cg > 0 such that Cs, NS, # @ if and only if ¢ > c5. Moreover,
CpaN Sey = {,[,Lﬁ o Tf’"l}ne]R for some pg € P, and for every ¢ > cg, there exist g, 1o € CgaN S
such that p; # o oTl_Wl, for all n € R. In other words, by Proposition 7.4(i) below, CIUPM are
unique up to translation in Scﬁ,
CIUPM into perspective, recall that T , induces the measurable map (Tj,) = 70oT3,0c0n T

but are not unique in S, for ¢ > cg. To put this abundance of

which for || > 1 allows for exactly one absolutely continuous invariant measure. In general,
the fact that p € Cg,, does not imply that go 7=t is (Tj,)-invariant. Such an implication is
valid only for integer 3, in which case po 7! = .

Now we state several preliminary facts needed for the proof of our main result in the next

section.

Proposition 7.2. Assume yp € P. If pon~t = A, then u is absolutely continuous (w.r.t. \),
with 0 < p,, < 1. In particular, every CIUPM is absolutely continuous with density bounded
by 1.

Proposition 7.3. For every pu € P,
Fromioi(t) = 3 {FH@ VR - Fk)], vie 1]

keZ

If pu is absolutely continuous then so is pom o™, and

Puor—to—1(t) =D pu(t + k),  a.e on[0,1]
keZ

The following properties of Cs, are easily checked.

Proposition 7.4. Assume 8 # 0. Then:
(i) For every a € R, Cgo = Cpo (translation invariance);

i) If p; € Cgo forallj=1,---.n, then Y."_,p.iu; € Cgo for all p € I1,, (convexity);
J 187 ] 1,9 :87

(ili) p € Cp if and only if poT—y € Cso (symmetry);

(iv) p € Cayp if and only if po Tﬁfé € Cp1yp.

A straightforward consequence of Proposition 7.4 is

Corollary 7.5. Assume (3 # 0 and ¢ > 0. Suppose Czo N'S. # @. Then for every ¢ > c,
Cs.a NSy # T; moreover,

{noTiy} G CranSa ¥ €CanS:,
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Proof. We prove it by construction. Let v € Cg, N S.. It follows from Proposition 7.4(i) that
voTlil, € Cso. Let v = Jv+ tvoTy, .. Then v € Cg, by Proposition 7.4(i) and (ii).
Moreover, diamsuppv = diamsuppv + ¢ — ¢ = ¢. This yields v € Cz, N Sz. Analogously,
L = %V + %V o T;(E_C)/Q + %V o Tlfél,c € Cg,o N Sz This yields {,u OTl_’nl}neR # Csa NS,
for all 4 € Cgq N Sz On the other hand, it trivially follows from Proposition 7.4(i) that
{1o Tfﬂ}}neR C Cpa NSz, for all ji € CaNSs. 0

Recall that two real numbers = and y are rationally independent if one is a rational multiple
of the other, i.e., the equation r1z + roy = 0 only admits the trivial solution r; = r9 = 0 in

Q. The following is a version of Kronecker’s theorem.

Proposition 7.6. Two numbers x, y € R\ {0} are rationally independent, if and only if the

set {mzx +ny : m,n € Z} is dense in R.

7.2 An Answer to Question 7.1

In this section, we give an answer to Question 7.1 via a threshold result on the existence of
CIUPM for linear maps T3 ,. Before stating the result, let us look at two simple examples,
which may give some intuitive picture of a “slimmest” CIUPM. Consider first a linear map

with an irrational slope.

Example 7.7. Let T 5 (7) = V/2x. Using Proposition 7.3, it is easy to verify that p with
density

V2t if ¢ € [0,1/v2],
1 if ¢ € [1/v2,1],
—VEt+14V2  ifte |11+1/V2],

0 otherwise,

Pu(t) =

is a CIUPM for T' 5 ;. Notice that supp p is an interval and diam supp u = A (supp p) = 1+%;
see also Figure 7.1(a).

Now we turn to a linear map with a rational slope.

Example 7.8. Let T5/5(x) = 3x/2. Also Proposition 7.3 yields p with density

1 ifte0,1/3[U[L,4/3[,
pu(t) =131 ifte1/3,1],
0  otherwise,
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is a CIUPM for T3/, . Note that supp j is an interval and diam supp pt = A (supp ) = 4/3 <
1+ 5.
3/2

Pz p3
10 10
0.8 0.8
0.6 0.6
0.4 04
02 0.2
0.0 05 10 15 ' 0.0 020406081012
(a) (b)
P_yz P2
1.0
0.6
08 05
0.6 0.4
04 03
02
02 ol
t 15
0.0 05 10 15 0.0 05 10 15 20
(c) (d)

Figure 7.1: Profiles for pg.

From the above two examples, one may expect that there always exists a CIUPM for a
linear map with a non-zero slope. In fact, as illustrated by the following main result, the
two CIUPM in Examples 7.7 and 7.8 are the “slimmest”, in the sense that their support has

minimal diameter.

For every [ # 0, define

1 1
cﬂ: 1+W_% lfﬁGQ,
1+ if € R\Q,
and a probability measure g by its density pg :
(1)
St ift €[0,1/0],
1 ifte[1/6,1],
ps(t) = (7.1)

—0t+1+p iftell,1+1/6],

0 otherwise,

if g€ [1,+oo[\Q;
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(i)

Loifte [HL UL+ 2t 14 2] =1 g1,
pat) =41 ifte [t 1],

0 otherwise,
(7.2)
if B €[l,400] N Q;
(it}) ps(-) = Bps-1(8) if B €10, 1]
(1) ps() = p-s(-) i B €] — 00,0
The following result completely answers Question 1.20. In a way, it also provides a lower

bound on the “size” of every CIUPM for T}, and hence also for Tj .

Theorem 7.9. Assume > 1. Then Cgo # O, and there exists cg > 1 such that
diam supp p > cg for every pn € Czo. Moreover, there exists jig € Cgo with diamsupp p = cg,
and pg s uniquely determined up to translation, i.e., if p € Cgo satisfies diamsupp p = cg3

then p = pg o Ty, for some o € R.

Proof. Throughout the proof, write Ty and Cg simply as T3 and Cg, respectively. Also, read
all equations and inequalities for densities as holding a.e.. Note that all assertions clearly are
correct for § € N, with 85 = 1, and hence it suffices to prove for every § €]1, 4o00[\N that:
(i) Cs NS, = @ for ¢ < cp;

(i) CsN S,y = {ns o Tiy} -

Note that ¢ > 1 whenever Cs NS, # &. In a first step, we establish the equations for
density of a CIUPM for T which will be used throughout the proof. By Proposition 7.4(i),
it suffices to consider p with supp i C [0, ¢], and hence diam supp u < ¢. By Proposition 7.3
and the definition of a CIUPM, n € Cp if and only if p, satisfies the following equations:

Le]

>t + ) =1, 1€ 0.4l 73
le]—1
> 0 =1, tele). 1), 74
|Bc) :
S3 () =1 e 79
[Be] -1 ;
53 ()= e 76
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By (7.3) and (7.4), 0 < p,(t) <1 for t € [0, c|. Note that for ¢ <14 1/8,

{(Beh) < B+1—|Bcl,

and thus
(t—i—j)/ﬁE[C—l,l], Vt€[07ﬁ+1_tﬁcﬂ7 j:17"'7LBCJ_17

from which it follows that (7.3)-(7.6) are equivalent to

pu(t) +pt+1)=1,te€[0,c—1], (7.7)

pu(t) =1, t€[c—1,1], (7.8)

P (t/B) + pu (¢ + [Be) /B) = B — | Be] + 1, t € [0, (B, (7.9)

pu(t/B) = B — Be] + 1, t € [(Bc)h), min{l, 5 +1—[Fe]}], (7.10)

pu(t/B) + pu ((t+ [Be] = 1) /B) = B — [Be] +2, t € [min{l, 3 +1—[fc]}, 1], (7.11)

By change of variables, (7.9)-(7.11) are equivalent to
put) + pu (t+ |Be]/B) = B — | Be] + 1, t € [0, {(Be))/B], (7.12)

pu(t) = B —Bec] +1, t € [((Be)) /8, min{1/,1/5 + 1 — [ Bc] /Y], (7.13)
pu(t)+pu (t+ ([Pe] = 1) /B) = f—[Pe]+2, t € [min{1/5,1/6 +1 — ||/}, 1/5]. (7.14)

In the following, we first prove Cs NS, = @ for ¢ < cg.
Suppose by way of contradiction that there exists i € Cs N S,. Then its associated density
satisfies (7.7), (7.8), (7.12)-(7.14). Since 1 <c<cg=1+1/F and § ¢ N,

min {1/8,1/8+1—|Bc|/B} > (Bc)/B.
By (7.13) and p, < 1,we have < |fc], yielding that
min {1/5,1/6 +1 = |Bc]/P} = 1/B+ 1= (Bc) /5.
Hence (7.13) and (7.14) are equivalent to
pu(t) = B = [Be] +1, te [(Be)/B,1/8+ 1= [Bel/B],
pu(t) + pu (t+ [Be] =1/8) = B = [Be] +2, t € /5 +1 = [Be]/B,1/5].

Since ¢ N, by 1 <c¢<1+41/F and 5 < |Bc|, we have |fc|] = | 8] + 1. This further implies
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that (7.7)-(7.11) are equivalent to

put) + put+1) =1, t €[0,c— 1], (7.15)

put) =1, t €lc—1,1], (7.16)

pu(t) +pu (t+ 1+ (1= (B))/B8) = (B), t€[0,c=1—-1/8+(B)/B], (7.17)
pu(t) = (B), t€le—1-1/8+(B)/B,(B)/5], (7.18)

pu(t) +pu (t+1—=(B)/B) = (B) +1, t € [(B)/B,1/5]. (7.19)

If c— 1< {(B)/5, (7.16) contradicts (7.18) simply because the corresponding intervals have
a non-trivial intersection. For the rest of the argument, we assume ¢ — 1 > {(5))/3. Now we
aim for a contradiction case by case.

Case I: ¢ Q. Let Ly :==[c—1—1/8+ (B)/5, (B)/B]. Note that A(L1) =1+1/5 —c> 0.
By (7.15), (7.16) and (7.18), we have

pu(t) = {B), t € Ly,

pu(t) =1—=(B), t € By := Ly + 1.
Since
(Ar+ T+ 1= (80 /) U (A2 + (1= (B)/8)) = [1.
with Ay = [0,c— 1—1/8+ (B)/8] and As = [((8)/8,1/8], by either (7.17) or (7.19), 0 <
pu(t) <1, as well as 3 ¢ Q, we deduce

pu(t) = (pu(t)) = (2(B)) = (26)), t € Ly C[0,¢ = 1],

where Lo is a union of at most two subintervals of [0,¢ — 1] with A(Ls) = 1+ 1/8 — ¢. By
induction, we can show that for every k € N, there exists L, a union of finite subintervals of
[0, ¢ — 1] with A(Ly) = 1+ 1/5 — ¢ such that

pult) = (kB), t € Ly. (7.20)

Since 5 ¢ Q,
(@) # (b)), Vi#Jj, i,j €N,

and thus by (7.20),
ANLiNL)=0,Yij, ijeN
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Hence
MULL) =k(1+1/8—¢), YEEN.

On the other hand, since U_, L; is a subset of [0, ¢ — 1], we have A (U?Zle) < ¢ — 1. Taking
k= L ﬁﬁ%J + 1, we arrive at a contradiction.
Case II:5 € Q. Similarly to case I, for k = 1,---,gs — 1, there exists L, C [0,c¢ — 1] with

A(Lg) =1+ 1/ — ¢ such that

pu(t) = (kK (BD) = (kss/as), t € Ly

Since sz and ¢g are coprime, by [55, Thm.1.5.1],

({isp/as) # (dss/ash), Vi#j, 1<4,j <qs—1,
which implies that
MLiNLy) =0, Vi#j 1<ij<gs—1L

Hence A (UZ’ZILk) =(gg—1)(14+1/8 —¢). On the other hand, since UZB:_llLk C [0,c—1],

(g =D A +1/f-c)<c—1,

ie.,c>1+1/8—1/ps = cs, contradicting the assumption that ¢ < cg. This completes the
proof of (i), i.e., Cs NS, = & whenever ¢ < cg.

It remains to prove (ii). For this, we first verify that pus € Cs N S.y, i€, pusor-—to1 =
PugoTy Lon—to-1 = 1, treating the cases of irrational and rational /3 separately as before.

For 5 ¢ Q, by (7.1),
Pugor—to—1(t) = Bt + (=Bt +1) +1+8) =1, t € [0,1/8[; pusor—10-1(t) =1, t € [1/5,1],

i.e., Pugon-10,-1 = 1. Note that

%(5%) if t €[0,1[, g ift €[0,1],
0 5 iftel1,p], 5 ift € [1,p],
P ot = =
"” Y(=Bp+14p) ifte[gar1],  |-f+l4d ifte[s A+,
0 otherwise, 0 otherwise,
and hence
t 1 1 t+|B]+1
Pugors tor—10-1 (1) = 5 5] Grltg——p5 ~Li€ [0, {(BN;
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om0 = £ +(18) -1 g+ 15 - e

i.e., pugOTEIOW710L71 = 1. Thus ug € CB N SCB‘

For § € Q, by (7.2) and induction, it is easy to confirm that

‘ o 1 .
pp,ﬁOﬂ'*lOL*l(t) - i_’_M = 1a te jvj[7 J = 17 »QB_L
4 dp bs  Pp
45— 1
P 07r*10f1(t) =1,te o1 [7
1p s
i.e., Puzon-10,-1 = 1. Again by induction, one can show for j =1,--- s,

ps as
Puory () =2 ifte b+ ik L] k=1, 8],
ol itte 1] F 1+ LB+ 1+ L
and for j =sg+1,---, g,
2 =1 J
o5 1ft€[£,q5[,
Psors () = 2 ifte b+ 2+ L[ k=1, 81,
48+s8—J j—1 r
o)t e |8+ S 18]+ £
yielding
J 45 | 58 —J j—1 3 .
PugoTTlonr—1os— t)=—+ B i —1,t l’[’forj:la"'ysa
etstentani(t) = L 18] L P > .
p# onlofr—loL—l(t) = i (LBJ_l)%_f_M - 1’ te |:7_17 j|" fOl"j = Sﬂ_’_lv' © 4B,
e ps Ps s 4% s

ie., PugoTslon—10,-1 = 1, and again pg € Cs NS,

To complete the proof, therefore, it suffices to establish
Claim 7.10. If i € C3 N S,, with supp p C [0, cg], then p = pg.

In the following, we prove this claim, distinguishing cases as before.

Case I: § ¢ Q. In this case, it is not enough to only deal with equations and inequalities for

the density (which only holds in the almost everywhere sense); we instead need to consider
the distribution function. Recall that F), is continuous for all © € Cg, by Proposition 7.2.
It follows from (7.7), (7.8), (7.12)-(7.14) together with the continuity of F}, that, for ¢ =
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1+ 3,
F,(t)+ F,(t+1)=t+ F,(1), t€0,1/8], (7.21)
F,(t)=F,(1/p)+t—-1/8, te[1/8,1], (7.22)
Fut) + B (t+ 14+ (1= (B)/8) = (Bht + Fu (1+ (1= (B)) /8), t € [0,{B)/p], (7.23)
Fu()+F, (t+1=(B)/8) = ((B)+1) (¢ = (B)/8)+ Fu ((B)/B8)+ Fu(1), t € [(B)/5,1/5].

(7.24)
By (7.21) and (7.23),
Fy(t+ (1= (B0 /8) = Fu(t) .
(1-(8)) /B —pt=C1, te[0,48)/8), (7.25)
with C} = 1/(51) <€‘>§§</<ﬂ>>)/ﬁ) _ (). Similarly, by (7.21) and (7.24),
Fu(t+ (480 /8) - Fult) . _ )
(B)/8 Bt =Ca, t€[0,(1—(B)) /8], (7.26)
with Gy = 7N,

Furthermore, by (7.25) and (7.26), we can show by induction that for all m, n € Z satisfying

m{(B)/8 +n(1-(B)) /8 €0 4],

Ey (m((B) /6 +n (1= (8))/5)

/ot = o7+ (e - I gy (o= ) o
(7.27)

By Proposition 7.6, {m{B)/8+n(1—{(B))/5:m,neZ}N]0,1/5[ is dense in [0,1/0].
Thus, for every ¢t € [0,1/8]\{m{(B)/B +n (1 —{(B)) /B : m,n € Z}, there exist two sequ-

ences (myg)ken and (ng)gen such that

i (85 + e (1= (8)) /8 =

It is easy to see that limy_, [mg| = limg_,o0 1| = +00. Otherwise, both (my)ren and (1) ken
are bounded, and thus ¢ € {m{B)/8+n (1 —(B)) /5 :m,n € Z}. Substituting (m,n) in
(7.27) by (mg,ny) and letting k — oo on both sides of (7.27), by the continuity of F),,

1 - (6) (8)
e B T
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From (7.27) it follows that
E,(t)=pt*/2+Ct, Vtel0,1/8], (7.28)
where C' = C) — % Hence it follows from (7.28) that
Fi(t)=pt+C, Vte]o,1/p[.

Since F), is non-decreasing in ]0,1/8[, limyo F},(t) > 0 implies that C' > 0. By (7.21) and
(7.28),
F,(t)=-Bt—-1?24+1-C)t—1)+F,(1), Vte[l,1+1/4].

Similarly, img141/) F,(t) > 0 yields C' < 0. Thus C' = 0.
By (7.22), F), is given by

Bt2/2 if ¢t € [0,1/0],
Fu(t) =yt —1/(28) if t € [1/8,1],
—Bt—1)2/2+t—1/(28) ifte[l,1+1/5],
equivalently, p, = pg and thus p = pg.

Case II:5 € Q. Recall the definitions of pg, gz and sz for every § € Q\ {0} from the previous
section. We know |3] = {%J for 3 ¢ N. Hence

1
pult) + pult+1) = 1,t € [o, %] , (7.29
s
—1
bt =1, 1 € [qﬂ ,1] , (7.30)
Ps
_ 1
pa(t) + Py <t+ 1+ M) — ¥ e lo, % ] , (7.31)
Y2 qs pgs
Sg 85 -1 85
pult)=—, 1 [ , — 7.32
u(8) qs ps Dp (7:32)
5B Sp Sg 4p
pult) + p <t+1—>:1+,te ] 7.33
(8) s qs ps g (7:33)

It follows from (7.31) and (7.33) that,
1 . 1
O R e U (A B ) R B
Ds Dp bs Pp Ds Dp
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Using (7.29), (7.31) and (7.33),
&%_%L

58 58
p t—l—)—p )=+, te
“( Pg il qs qs

— S S sg—1
mG+%5)—m®=1—6JeF,ﬁ ]

Dp ds 4s
Similarly to (7.27), we can show by induction that
s —s s s
Py (t +m=L 4+ nqﬁ5> = pu(t) + m=2 4 n <1 - 5) : (7.34)
Dp bs 4s 4p

for m,n € Z, t € {0, %} a.e. satisfying ¢t + m —i— R ;ﬁ € [O qBB } Since sz and ¢z are

coprime, by [55, Thm.1.4.4(i)] there exist mq, ng E Z such that mgsg 4+ no(gs — sg) = 1. Then
it follows from (7.34) that

J J
t+— | = t)+ —, 7.35
Pu( pg) Pu() a5 ( )

for j € Z, t € 0,22 ae. satisfying ¢ + L € [0, 2] . By (7.30), (7.29), (7.32) and (7.35),
we can prove by induction that p, = pg and thus p = pg. O]

Remark 7.11. (i) For 8 # 0, o € R, it follows from Theorem 7.9 that there exist CIUPM
for Tp , with arbitrarily long support. Moreover, from the proof of Theorem 7.9, one easily
observes that if 5 € QN [1, 4+o0[, then fig with

I513 iftG[O,l/B[,
. if ¢ € [1/8,1],

Piis(t) =
—Bt+1+4 ifte[l,1+1/4]),

0 otherwise,

is another CIUPM for T} o, but with diam supp fig > cg.

(ii) Notice that Cg N S,, may not contain every “slimmest” CIUPM for T}, in the sense that
A(supp ) = cg may hold for some p € C3,NS, and ¢ > cg. For instance, pu := Ao1/2+A|i3/2,2]
with A (supp i) = 1 = ¢, is a CIUPM for every linear map Ty, with « € R and k € Z \ {0}.
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Concluding remarks

In this thesis, three different directions have been pursued. Chapters 2-5 investigate best finite
approximations of probability measures on the real line, relative to three familiar probability
metrics (Lévy, Kantorovich, and Kolmogorov), for any given number of atoms, and allowing
for additional constraints regarding weights or positions of atoms. Chapter 6 provides a
sharp upper bound for the rates of convergence of the slowly changing sequence (log, n)
w.r.t. the L"-Kantorovich metrics on the circle and on the real line, respectively, as well as
the discrepancy metric. Chapter 7 characterizes “slimmest” circularly invariant and uniform
probability measures for non-constant linear maps on the real line.

All the results are concentrated around the topic of one-dimensional probabilities, their
finite approximations and invariance properties. Most observations originate from, and are
explored beyond explicit calculations of simple examples due to, the one-dimensionality. How-
ever, the questions considered in this thesis can be extended and pursued further in many
different directions. Below, we list a few possible starting points for future investigations.
This list, which is not meant to be exhaustive in any way, is loosely arranged in accordance

with the general aspects of the thesis outlined in the Introduction.

Quantization/Approximation of probability measures

First, from the perspective of the underlying space, it is interesting to extend the results

to the unique compact connected one-dimensional manifold — the circle.

Question 8.1. Do best (constrained or unconstrained) approzimations of u € P(T) exist?

Are they unique? How can they be characterized and computed?

The problem of optimally matching circular distributions appears in a variety of applica-
tions, including image processing and computer vision, with image matching techniques for
retrieval, classification, or stitching purposes as prominent examples [24]. These and other ap-

plications motivate a careful analysis of finitely supported approximations in P(T), in a spirit
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similar to this thesis. Such an analysis may have a random counterpart as well. Motivated by

our study on rates of d,-convergence of empirical measures for ;1 € P(R), we also ask

Question 8.2. [s there a universal rate of d,.-convergence for empirical measures for u €

P(T)?

Another natural though challenging direction is to consider higher dimensional spaces,
where distribution and quantile function techniques, essential tools in Chapters 2-5 of this

thesis, are not available. Nevertheless, one may ask

Question 8.3. Do best constrained approximations of p € P(R™) with m > 2 exist? Are they

unique? How can they be characterized and computed?

In a similar spirit, given an R”-valued random variable X with law p € P.(R™), for any
n €N, let
Fip) = {f € Fp:po f=t = 4" for some z € En}.

We ask

Question 8.4. Does there ezist f € F*(u) such that
ENX - f(X)I" <E[X —g(X)[" VgeFin)?
If so, how to characterize all functions f with this property?

In the one-dimensional setting, the following question connecting best constrained and best
unconstrained approximations may be relevant for both theoretical and practical purposes:
Fix r > 1, and given p € P.(R) and n € N, let p; = u,, and define a sequence of best

constrained approximations (vy) of u as

Pyp— — Pyp— p— o —
Vo1 - — 6£Z = (ka, Vop - — 5££+1 = 5xk7 k= 1, 2, LR

With this, it is natural to ask

Question 8.5. Under what condition(s) does limy_,o d, (v, 00™) = 0 hold? If it does, what

is the rate of convergence?

Second, future investigations may study in more detail the role of probability metrics.
Let d be any metric on P(R) inducing a topology at least as fine as the weak topology. A set

of rather open-ended questions then is
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Question 8.6. Do best (constrained or unconstrained) d-approzimations of u € P(R) exist?
Are they unique? How can they be characterized and computed? What specific properties of d

guarantee certain rates of convergence?

Slowly changing sequences

In Chapter 6, an upper bound is established for the rate of dr-convergence for (log, n) with
integer base b > 2; however, it remains an open question whether this upper bound is sharp

or not:
Question 8.7. What is the sharp rate of convergence for dr (VN(logb n), Eiogp 0 R:llogb N) ¢
Beyond (log, n), it is natural to ask more generally

Question 8.8. Is it possible to provide upper (and lower) bounds on the rate of convergence

for a wider class of (or perhaps all) slowly changing sequences?

Circular invariance for continuous maps

As explained in Chapter 7, the analysis there has been motivated mainly by Question 1.19.
While Chapter 7 answered the latter in the affirmative for linear maps, a final general answer
seems to be elusive. As a first potentially important step towards an answer beyond Chapter

7, we ask

Question 8.9. Given a piecewise linear convex map T : R — R, under what condition(s) is
Cr # 9, i.e., does there exist a CIUPM for T ¢
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