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Abstract

We consider the category of modules over certain subalgebras of the unrolled
restricted quantum group associated to any reductive Lie algebra and show
some progress towards the proof of an equivalence of categories of this with the
category of local representations of a simple current extension.
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1 Introduction

Motivation

Conformal Field Theories in two dimensions are rare examples of interacting
and exactly solvable quantum field theories [I], this is due to its rich structure
of symmetries, which is usually infinite dimensional, in contrast to the finite
dimensional space of symmetries of other conformal field theories. However,
higher dimensional CFTs have lately attracted much attention due to the
Maldacena duality (or AdS/CFT correspondence), which relates quantum
gravity formulated in the language of string theory and CFTs that include
theories similar to Yang-Mills theories, which describe elementary particles.

In 1989, Moore and Seiberg axiomized Rational Conformal Field Theory,
which is a special type of two-dimensional CFT (it is worth noting that 2dCFTs
provide a way of constructing string theories in less than twenty-six dimensions
[2]). Consider a block, that is, a punctured Riemann surface where every punc-
ture has a label corresponding to a representation space of some chiral algebra
(a Virasoro algebra or any of its extensions, namely W-algebras, WZW-theories
(or current algebras), etc [3]) and a vector space assigned to it; a Rational CFT
arises when the underlying vector space is a strongly rational vertex operator
algebra, that is, a Z-graded, simple, CFT-type, self-contragredient rational
and Cy-cofinite VOA. This Riemann surface can be formed by glueing together
three holed spheres (also known as pairs of pants); however, different ways of
glueing the same surface (see image below) give rise to different direct sums
over the intermediate states passing through the glued holes; the assumption of
duality states that every vector space spanned by these blocks is independent of
the way the surface was obtained [4]. Some quantum groups will be introduced
later, but these are basically modifications of the universal enveloping algebra
associated to a Lie algebra. For now, it is worth noting that solutions of
Rational CFTs are given by representations of quantum groups at roots of
unity [5], and although the category of quantum group modules at a root of
unity frecuently contains infinitely many simple objects and not every short
exact sequence of morphisms splits (so it is non-semisimple), it decomposes
into blocks with finitely many simple objects. Additionally, the category of
finite-dimensional modules over any quantum group is abelian, and so the
derived category can be constructed by considering the homotopy category
H(C) whose objects are chain complexes of objects in C and the morphisms are
chain maps modulo homotopy. Then one deems equivalent any two objects
related by a morphism that induces an isomorphism on their cohomology.
It can be shown that H(C) becomes a differential graded category, which is
necessary to connect with topologically twisted QFTs. This is desirable since
only differential graded categories (which are tipically non-abelian) make sense
physically and behave well under dualities such as 3d mirror symmetry [6].



The same surface obtained by glueing in two different ways

The same year, in [7], Witten showed that the expectation of a collection of
Wilson loops in the Chern-Simons theory (which is a 3-dimensional Topological
Quantum Field Theory) is related to the Jones polynomial of the corresponding
link and also gives link invariants [g].

Later on, in 1991, Turaev and Reshetikhin described quantum invariants of
3-manifolds inspired by Jones polynomials. Schematically, consider the subal-
gebra U of U,(sl(2)) defined by setting E” = F" = 0 and K" = 1. Consider
the quotient of the category of finite dimensional U-modules by those with
zero quantum dimension; this is a modular category D, which means it is a
semisimple ribbon category and is characterized by having a finite number of
isomorphism classes of simple objects satisfying a series of axioms [9]. It is very
well known that one can reduce the topology of any 3-manifold to the theory
of links in S since there is a one-to-one correspondence assigning a closed, ori-
ented, connected 3-manifold My, to a link L by surgering S® along L and each
closed, oriented, connected 3-manifold M is homeomorphic to some My by a
degree 1 homeomorphism [I0]. Let M}, be a manifold and assume that the i-th
component of L is coloured by some simple module V; of D then define the
weighted link invariant

H qdimp(V;) | F(L)

where F' is the Reshetikin-Turaev invariant associated to D. The invariant
of My, is then the finite sum of these weighted link invariants over all possible
colourings of L [9] [I0].

Now, let us see a link invariant computed by Jones which involves U, (sl(2)),
where its Hopf algebra structure plays a fundamental role. Consider a link L
colored by an object in U,(s[(2))-mod, that is, an embeding of circles into R3
where each circle has the same element V' of U, (sl(2))-mod assigned to it. Define
the positive and negative crossings as
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Then define the writhe of L, denoted by w(L), as the total number of possi-
tive crossings minus the total number of negative crossings. Now, let L be the
blackboard framed link associated to L

S W

Examples of Blackboard Framing

then, the link invariant of L is

94‘;(L)FV (Lb)

where FV(L) is the invariant of ribbon tangles described in [II]. Tt is
worth noting that the Jones Polynomial can be recovered from this construction.

Surprisingly, there is an interplay among three perspectives on quantum
invariants related by braided tensor categories: topological quantum field
theory, quantum groups and vertex operator algebras that has played an
important role in both mathematical physics and mathematics. A fundamental
object in these perspectives, which contains all the necessary data to construct
invariants of 3-manifolds and links is the category C of line operators in 3d
QFT, which corresponds to categories of modules from the quantum group
and VOA perspectives [6]. This equivalence can be exemplified with the fol-
lowing diagram, where each vertex corresponds to the semisimplified version of C

CSi-n(G)

— TN

Us*(g) ~mod V(g)




Where C'Sj_j, is the Chern-Simons theory with compact gauge group G at
level k — h, V*(g) is a simple quotient of g, and U;*(g) is the semisimplifica-
tion of modules for U,(g) at a 2k root of unity.

Most of the research on quantum invariants has been based on semisimple
categories and most of the non-semisimple work has been done primarily on
quantum variants of s[(2) []. The current goal is to extend the diagram above
to the non-semisimple case and get a diagram of the form

non-semisimple TFT

equiv

QG — mod VOA — mod

Examples of this type of equivalences are conjectures 1.2 and 1.4 in [12],
relating the categories of modules over a modification of the restricted quantum
group and the triplet vertex operator algebra, namely

T (s1(2)) — mod = W (p) — mod
q
and

—H
RepyiU, (s1(2)) = Rep s M(p)

where these are equivalences of ribbon categories [13] [14].

This thesis studies primarily the category C of weight modules over the
unrolled restricted quantum group associated to any reductive finite dimensional
Lie algebra, UqH (g) (as well as some subcategories of it), which has generators
X4, H;, K, and non-trivial relations

Ko =1, Xilz =0, K’YlK’YQ = K’Y1+’Y27 K’yX:I:ij'y = qi<%aj>XUjv

Ko, —K;!
[Hi, X1j] = *a; Xay, [Hi, K\]=0, [H;,Hj]=0, [X;,X j]= 51',;'#
1—a;; 1
— Q45 l—a;;—k ep - .
> (—1>k< k U) XE X X " =0ifi £
k=0 4
Let G be a simply connected complex Lie group, let the central elements of
Uy,(g) act by fixed constants on any indecomposable module and let there be no
morphism between modules with different values of the center, then C = U,(g)-
mod decomposes as

C= @ Uy(g)g — mod

geG

where Ug(g), is the quantum group with the Frobenius center set equal to
g € G [6]; for example, see conjecture [d] or more generally, conjecture [6]



Results

In general terms, we have made significant progress towards the proofs of the
commutativity of the following diagram

—ﬁ> Rep'o¢(A)

1

—

Q

as well as the, presumably, equivalence of categories F.

To understand what this all means, we need to first introduce some
terminology.

Consider a set of indices A € I in the abelian group I and a set of simple
objects {Cx|A € I,C, invertible ,Cy ® C, = Cyy,} such that this is closed
under tensor products and duals. Define the simple current extension A, which
can be given the structure of a commutative associative algebra in C:

A=Epc,
Ael

The monodromy My,w : V® W — V @ W of two elements in a braided
tensor category, V and W is equal to the doble brading cy,w o cw,y, where
cx,y corresponds to the usual braiding map cxy : X ® Y — Y ® X. This
monodromy corresponds to the picture

vV W

Now, Rep!®(A) is the braided tensor category of representations of A that
have monodromy with A equal to 1.



In the diagram, C is the subcategory of C of Z/L-modules, with Z being
the algebra generated by X4, H;, K, and L = (¢*** — Idz|\ € I), and C is
the subcategory of Z;/L-modules, where Z; is the Z-subalgebra generated by
X4, Anng(I), K. Additionally, F and Forg are the induction and forgetful
functors, such that F(X) = X ® A and Forg forgets the action of the
complement of Anng(I).

Creutzig and Rupert made some advances in the treatment of the induction
functor in [I5]. Now, most of our important results are about the forgetful
functor; these are:

1 Let P € C be projective, then Forg(P) is projective (CorollaryE[).

2 Let P € C be projective, then there is a projective P e C such that
Forg(P) = P (Corollary .

These two corollaries give a correspondence between projective modules.
Furthermore, we have a correspondence between projective covers of sim-
ple modules given by the next two lemmas

3 Let Ly € C be a lift of the simple module Ly € C, then Forg(Py) is
isomorphic to the projective cover of Ly, where Py is the projective cover
of Ly (Lemma.

4 Let w: Py; — M be the projective cover of M € C, then Forg(Pyr) is the
projective cover of Forg(M) (Lemma [20).

The next lemma guarantees that any simple module can be lifted under
the forgetful functor

5 Let S € C be simple, then there is a simple S € C such that Forg(S) = S
(Lemma .

Remark 1. It is worth noting that the respective statements for 1-5 hold for
the induction functor F [15].

Additionally, we have the following results:

6 Let X,Y € C, then Forg(X) = Forg(Y) if and only if F(X) = F(Y)
(Corollary [2).

7 We have a bijection Homgs(Forg(X),Forg(Y))
Hompeproeay(F(X), F(Y)) (Corollary @

1

These two results are a significant step forward towards the proof of the
commutativity of the diagram above and the equivalence F since 6 ensures
that two induced modules are isomorphic if and only if the forgetful of their
preimages are in C and are isomorphic, which is a necessary condition for the



diagram to commute and for F to exist. Additionally, 7 supposes some progress
in light of proposition

To prove the equivalence F, one needs correspondences between simple
modules, projective modules and extensions of modules. The first two were
adressed in this thesis and the last one was not possible to be proved due to
time constraints.

Finally, we have the following conjecture:

Conjecture 1. Let L = (Ly,...Ly,) and py, ...t € C, then if

L i = Z1 /(L1 — py oLy — fim)
and C(p1, ...bm ) @8 the category with objects

Obj(C(pt, - -pim)) = {(V,uv) € Rep(A) : My,s, = pildvgs,,...Mv,s,, = pmldves,,}
For S; = Cy, and I being generated by the ;.

Then, we have an equivalence of module categories

Zyy sy, — Mod = C(1, . fin,)

If it can be proven that C 2 Rep'°¢(A), the proof of the conjecture would be
analogous.



2 Basics

Here we give some basic notions on category theory and algebra which are
fundamental to understand this work.

2.1 Category theory

Categories are natural generalizations of algebraic structures, for example, a
monoidal category is a category with a product where associativity holds, which
is the analogue of a monoid. Loosely speaking, a category is the generalization
of a set with arrows between objects; these have become ubiquitous in modern
mathematics and have shown importance as an abstract structure. For example,
if we consider the categories of Lie groups and Lie algebras, there is a functor
(intuitively, a morphism between categories) from the subcategory of simply
connected Lie groups to the category of Lie algebras that assigns the tangent
space at 1 to the underlying Lie group; furthermore, this functor is an equiv-
alence of categories, which gives us a dictionary to translate properties from
simply connected Lie groups to Lie algebras and viceversa.

Definition 1. A category C consists of the following data:

e A collection of objects, denoted by Ob(C).
e [or every pair of objects X, Y € Ob(C), a collection of arrows Hom(X,Y).

e A composition rule

(f,g9) = fog:Hom(Y,Z) x Hom(X,Y) = Hom(X, Z)

o An identity morphism 1x € Hom(X, X) for every object X.

such that composition of morphisms is associative and the identity morphism
1x is a two-sided identity for compsition of morphisms.

Example 1. Some examples of categories are the following:

* The category Set of sets, where the morphisms functions.

* The category Top of topological spaces, where morphisms are continuous

maps.

The category Group of groups, where morphisms are homomorphisms of
groups.

The category Veck of vector spaces over K, with morphisms being linear
maps.

The category @(g) —mod of Uif(g)—modules, where morphisms are
morphisms of modules.



* The category Rep(A) of representations of an associative algebra A, where
morphisms are homomorphisms of representations.

Now, like homomorphisms of groups, rings, etc, it is desirable to define mor-
phisms between categories; these are called functors and are defined as follows:

Definition 2. Let C,D be two categories. A functor F : C — D consists of the
following data:

o A map F : Ob(C) — Ob(D)

o For every X,Y €C, amap F : Hom(X,Y) - Hom(F(X), F(Y))
subject to the following axioms:

o F(lx) = 1px) for every X €C

e For all composable morphisms f,g € C , one has F(fog) = F(f) o F(g).

Example 2. Some well known functors are:
* The power set functor P : Set — Set that sends X to P(X).
* The forgetful functor Forg : Group — Set.

* The fundamental group m : Top — Group and more generally, the n-th
homotopy group T, .

* The n-th homology H, : Top — Group and cohomology H™ : Top —
Group.

* The Lie functor Lie : LieG — LieA.
* For any module N, the Tor™(_, N) functors and the Ext™(_, N) functors.

Definition 3. Suppose that C and D are categories and let F,G : C — D be
functors. We define a natural transformation as a rule v : F — G which assigns
a morphism vx : F(X) — G(X) to every X € C . This rule must satisfy that,
for every morphism f € Hom(X,Y), the diagram

Fx) 29 Fy)

lVX vy

g(x) Y% g(v)
commutes.

If every vx is an isomorphism, v is called a natural isomorphism and we

denote F &, G.



One could have several notions of two categories being "equal", but following
the generalization of algebraic structures logic, we define two categories to be
equivalent if the following is satisfied:

Definition 4. Let C,D be two categories. An equivalence of categories is a
functor F : C — D such that there is another functor G : D — C such that
FoG=Id and Go F = Id.

Example 3. Some equivalences of categories are the following:

* Let C be a category and S C obC be a subcollection of objects such that
every object of C is isomorphic to some object in S. Let S denote the
full subcategory of C spanned by S. Then the inclusion I : S — C is an
equivalence.

* LieGgimply = LieA
* Vecfln =~ Mat(R)

Definition 5. A functor F : C — D is called full resp. faithful if for all
X, Y eC, the map

F:Home(X,Y) = Homp(F(X), F(Y))

s surjective resp. injective. A fully faithful functor is a functor which is

both full and faithful.

The following proposition characterizes the equivalences of categories:

Proposition 1. (Theorem 1 of subsection IV.4 in [16]) Let F : C — D be a
functor. The following are equivalent:

e F is an equivalence of categories.

o F is fully faithful and essentially surjective, i.e. for every object Y € D
there exists an object X € C such that F(X) 2 Y.

Definition 6. A tensor category or monoidal category is a quintuple
(C,®,a,1,i) whereC is a category, ® : CxC — C is a bifunctor, a : (—®—)®@— —
- ® (= ® —) is a natural isomorphism called the associativity constraint and
1:1®1— 1 is an isomorphism, subject to the following axioms:

e The pentagon axiom. The diagram

(WeX)®Y)®Z
AW RX,Y,Z
mfdz \
We(XeY)eZ WeX)®((Y®2Z)
law.xg)y,z law,x,y®z

Wae(XeY)o2) fwlax e We(XeYo2)

10



is commutative for all objects W, X, Y, Z € C.
e The unit axiom. The functors
L: X—=>1X
rm: X —-X®l1

of left and right multiplication by 1 are autoequivalences of C.

Let C be a tensor category. A simple current is a simple object J € C which
is invertible with respect to the tensor product, that is, there is another object
J~1 € C such that J ® J~! = 1. An element which is its own inverse is called
self dual.

Let C be a monoidal category. Let VW € C, then their braiding is an
isomorphism cyw : V@ W — W ® V satisfying the hexagon diagrams below.

U (VeWw) Y VeW)eoU

GV m@[drj

UeV)eWw WeV)eU

-1
ww GV

W e (U e V™Y o (v o U)

CuUVv,w

UV)egW — W UeV)

—1 —1

U (VeW) WelU)eV

Idy®cy,w CU,W‘gl‘i/7

Ue(WaV) 2 vew)eV
where as pc: (A®B)®C — A®(B®C) is the associativity isomorphism.

This braiding can be represented as

\

11



this kind of representations are read from bottom to top, where each strand
is coloured by an element in C.

Definition 7. A left module category over C is a category M equipped with
an action (or module product) bifunctor: @ : C x M — M and a natural
associativity isomorphism such that the usual pentagon diagram commutes.

Suppose C is a locally finite k-linear abelian rigid monodial category, if the
bifunctor — ® — : C x C — C is k-bilinear on morphisms, then we call C a
multitensor category.

Definition 8. Let C be a multitensor category. Let M be a C-module category
and fix objects My, My € M. Consider the functor

X — HomM(X®M1,M2)

This functor is representable, i.e., there exists an object Hom (M, Ms) € C
and a natural isomorphism

Hom (X @ My, Mz) = Home(X, Hom(My, M))

2.2 Algebra

Now, we introduce some algebraic notions that are used throughout this work.

Let (A,p,t) be an commutative associative unital algebra in a braided
monoidal category C, with product given by g and unit ¢ : 1 — A.

We denote by Rep(A), the category whose objects are given by pairs (V, uy )
where V € Obj(C) and py € Hom(A ® V,V) satisfying the following assump-
tions:

® Ly O (IdA ®,UV) = v o (/~L®IdV) oa;‘,lAqV'
o pyo(t@ldy)oly' =Idy.

Where axyz: (X®Y)®Z —- X®(Y ®Z) is the associativity isomorphism
and ly : 1® V — V is the left unit isomorphism.

Define the induction functor F : C — Rep(A) by F(V) = (AQ V., urw)),
where p1rvy = (p® Idy) o a;l’lA’V, and F(f) =I1da® f.

Define Rep’(A) or Rep'®(A) to be the full subcategory of Rep(A) whose
objects (V, uy) satisfy

wy o May = py

12



with Mgy =cyaocay andexy : X ®Y — Y ® X is the braiding in C.

Definition 9. (Essential epimorphism) An epimorphism f : M — N is
called essential if no proper submodule of M is mapped onto N.

Definition 10. (Simple current) A simple current is a simple object which
s invertible with respect to the tensor product. Objects which are their own
inverse are called self-dual.

Definition 11. (Simple currents extension) Consider a set of indices A € 1
in the abelian group I and a set of simple objects {Cx|\ € I,Cy invertible ,C\®
C, = Cxip} such that this is closed under tensor products and duals. Define
the simple current extension, associative algebra A as:

A=Epc,

el

Proposition 2. (Frobenius Reciprocity) Let G : Rep(A) — C be the forgetful
functor sending (V, py) to V. Then the induction functor F and G are adjoint,
that is

Hompepa)(F(V), W) = Home(V,G(W))

Proposition 3. Let A be a simple algebra, then F(X), the induction of X, is
simple if X is simple.

Proof. Let X,Y be simple modules, then by Frobenius reciprocity, we have

C X=C\RY

Hompgepa)(F(X), F(Y)) = Home(X,AQY) = {0 otheruise

if the first case holds, then
F(Y)=F(Cro X)=F(Cy) ® F(X) = F(X)
where the last congruence holds since

HomRep(A)(‘F((CA)v A) = Home ((C>\7 g(A)) =C
by Frobenius reciprocity and as A is simple, F(C,) surjects onto A. As

HomRep(A)(]:((C,\),A) = HomRep(A) (.F(CM ® (C)\), A) = Homc((cu_,_)\,A) #0

13



Hence, F(C,) is a summand of A; therefore F(C,) = A. Now, to see that
this implies that F(X) is simple, consider Z C F(X), then there exists A such
that C, ® X is a summand of Z and

Hompgepa)(F(X), Z) = Hompepa)(F(Cr @ X), Z) = Home(Cr @ X, Z) # 0

Then F(X) is a direct summand of Z, which implies F(X) = Z and
therefore, 7(X) is simple.

O

Theorem 1. (Schur lemma) If M and N are two simple modules over a
ring R, then any homomorphism f : M — N of R-modules is either invertible
or zero.

Loewy diagrams

Definition 12. The socle of a module M over a ring R is defined to be the
direct sum of the minimal nonzero submodules of M, that is,

soc(M) = @ N
NCM simple

Equivalently, soc(M) is the unique mazimal semisimple submodule.
Let a module M have a filtration

O=MyCcM,C.Mi_1CM=M

such that each subquotient M;/M;_1 is the socle of M/M;_1, The Loewy dia-
gram of M is then constructed by piling up with the i-th pile consisting of the
direct summands of the quotient M;/M;_1.

BGG Reciprocity

Definition 13. (Verma module) Recall that for a Lie algebra g we have
the triangular decomposition ¢ = n~ ® h ®nT. Any X\ € b* defines a 1-
dimensional b = h & nT - module with trivial nt action, denoted by Cy. If we let
My = U(g) ®u(e) Ca, it has a natural structure of U(g)-module; this is called a
Verma module.

For each Verma module My there is a unique simple quotient Ly such that
every simple module is isomorphic to a Ly (section 1.3 of [177)]).

14



Definition 14. (Projective cover) Let M € C. The projective cover of M
is a pair (Ppr,mar), with Py a projective object in C and wpr © Py — M an
essential epimorphism, that is, no proper submodule of Py; is mapped onto M.

The projective cover is unique up to isomorphism having this property
(Proposition 6.20 in [18]); furthermore, every indecomposable projective module
is isomorphic to some projective cover Py (Section 3.9 of [Il]). For any \ € h*
denote by my 1 P — Ly a fized projective cover and by the projective nature
of Py, we have the epimorphisms Py — My — Ly, which in particular implies
that Py is also the projective cover of M.

Definition 15. (Standard filtration) Let M € O, the BGG category
defined in [I7]. A standard filtration of M is a sequence of submodules
0 =My C M\ C My C ..M,, = M for which each M* = M;/M; 1 is
isomorphic to a Verma module.

By Section 3.7 in [I7], the multiplicity with which each Verma module
occurs as a subquotient is well defined and is denoted by (M : My).

Theorem 2. (BGG Reciprocity, Section 3.11 of [17])
For any A\, i € b*, then
(Px: M) = [My : Ly]

where [M,, : Ly] is the multiplicity of Ly in a Jordan-Hélder series of M.

15



3 Quantum Groups

Quantum groups where originally developed to provide solutions to the
Yang-Baxter equation [I9] that first appeard in statistical mechanics and
then in confrmal and topological quantum field theory, knots and links
and braid groups. It was well known that semisimple Lie algebras are
rigid objects and cannot be deformed. Quantum groups appeared as equiv-
alent but larger objects where a quantization (a modification) can be performed.

There are different quantizations of s[(2) depending on two main features,
namely if the quantum parameter ¢ is a root of unity or not, and the part of
the center of U(sl(2)) that is being killed. In this section, we will consider an
intermediate quotient between the small quantum group and the non-restricted
quantum group called the unrolled restricted quantum group Uf (s1(2)) as well
as its generalization to any reductive finite dimensional Lie algebra. This has
shown to be useful in the construction of links and 3-manifold invariants as
introduced in the motivation section.

We will see that Uf (sI(2)) has an additional generator H with respect to
the Concini-Kac quantum group that acts as a kind of logarithm with respect

to K and is used to define a braiding on UqH (s1(2)) — mod; and unlike the small

quantum group does not restrict K”, which allows modules in Uf (s1(2)) —mod
to have non-integral weights; additionally, the restrictions EP = 0 = FP force
modules to be highest weight modules.

3.1 The unrolled restricted quantum group of g

This section is primarily based on [20)].

3.1.1 Definition of ﬁf(g)

Let g be a reductive finite dimensional Lie algebra with Cartan subalgebra b.

We know that the restriction of the killing form k(—,—) of g to b is
non-degenerate (Corollary 8.2 in [21]), which allows us to identify h with h* by
sending ¢ € h* to ty € h such that ¢(h) = k(te, k) for all h € b.

Additionally, we know that the killing form in h may be used to define a
symmetric bilinear form in h* by letting (X, v) = k(tx, t5).

We follow [15] and [22] to define the unrolled restricted quantum group

associated to g, UqH(g) =Z.

Let h C g be the Cartan subalgebra of g, C = (ai;)},;—; its Cartan matrix
and A := {aq,...an,} C b* be the set of simple roots of g. Let {Hy,...H,} be
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the basis of h such that o;(H;) = a;; and d; = (4, a;)/2. Define the root
and weight lattices @ = @;_, &;Z and P = @, w;,Z, respectively, where
{w1, ..wn} C b* is the dual basis of {dy Hy,...d, H, }.

Now, let I > 3 such that r = 21/(3 + (—1)!) > max{g1,...gn}, Where

gr = gcd(dg,r). Let ¢ € C be a primitive [-th root of unity and let ¢; = g%
Recall the definitions

{z}=¢" =g (= {nn-131}  [al= {231} (}) = mppem
The unrolled restricted quantum group associated to g at root of unity ¢,

Uf(g) is the C-algebra with generators Xy;, H;, K, with¢ =1,2,..nandy € R
with @ C R C P, and relations

Ko =1, X;Lz =0, Ky Ky, = Ky 4, Ky XKy = q:t<’y7aj>X<7j7

K 1
[HUX:E]] = ia‘in:tj7 [HZ7K"/] = 07 [HZ7H]] = 07 [Xqu]] - 57,] Py _q
1-ay; 1
— Qs
> <—1>k( k Zj) XE XX =0t # ]
k=0 qi

There is a Hopf-algebra structure on Uf(g) with coproduct A, counit e and
antipode S defined by

AK,) =K, ®K, (Ky)=1 S(K,)=K_,
AX) =10X, + X, 01 (X)=0 S(X;)=—-X;K_q,
AX_)=K 0 ®X_ i+X_;®1 eX_;)=0 S(X_;)=-KoX_;
AH) =19 H;+ H; 1 e(H)=0 S(H;)=—H;

Denote the category of UqH(g)—modules7 Uf (g)-mod, by C.

3.1.2 Representation theory of Uf (9)

The Verma modules have the following form:

If I, is the ideal of Uf (g) generated by the relations

H;1 = \(H;) Ky =] q"* A X;1=0

i=1

for each v € R and ¢ € {1,2,...n}.

Then M), = ﬁf(g) /I, which means that M) is generated as a module by
the coset vy = 1 + I, with the relations
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n
Hivy = A(H;)vx Koy = qu"’k"’k(H"’)w Xiva =0
i=1
for each v € R and ¢ € {1,2,...n} and that the set {X_; : i € {1,2,..n}}
acts freely on M.

Let V € UqH(g) and A € h*. The weight space of weight A is the space
V(A) ={veV:Hpuw=\H;)v} and any element of it is called a weight vector
of weight .

As noted in [20], we can unambiguously write Ny and Ly for the unique max-
imal proper submodule and unique irreducible quotient of weight A, respectively.

Definition 16. (Weight module) We say that a UqH(g)—module V is a weight
module if K, = [\, qdcifli as operators on V for all v = ®"_,cio; € R and
V' decomposes as a direct sum of eigenspaces

V=P wn
Aeb*

where Vy = {v € V|Hv = A(H;)v}. We denote the category of finite dimen-
sional weight modules by C.

Example 4. Recall that the projectives in ﬁf% (s1(2)) are of the form Py@CE
where Py has the form

H
0

1U2K///// u} \\\\\N1U2
NS

Consider the module M = Py ® Py ® Ci%, then the weight decomposition of
2
M as Z1-module is of the form

E E E E E
0 M_ 4122 M 2125 Moy Mooy Myyon
?F\/ e~ <~ ~_ ~_
F F F

where both M_449x and Myion have dimension 1 and are generated by
W_o ® w_g ® v and wy ® we ® v, respectively; M_o 0y and Msioy have
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dimension 4 and are generated by {w_o @ wf ® v,wE @ w_o ® v} and
{we @ Wi @ v, wg @wa @v} (with X = H, L), respectively; May has dimension
6 and is generated by w_o @ wo @V, Wy ® W_s v and the remaining vectors of
the base of M.

Simple Uf(g)-modules
From [20] we have the following characterization of simple Uf(g)—modules

Proposition 4. V € Uf(g)-mod is irreducible iff V= Ly for some X € h*.

Now, according to Remark 4.7 of |20], the simple currents in C are the 1-
dimensional modules given in the set

{L)\|/\ S ﬁ}
where £ = {\ € h*|\(H;) € 5i-Z}.

We adopt the notation Cy = L) when A € L.

3.1.3 Monodromy

Recall that the monodromy is defined as the doble braiding, that is,
Mxy =cy,xocx,y, where cxy : X ® Y =Y ® X is the usual braiding.

According to [I3], for any vector w, € X € C of weight v € h* we have that
the monodromy Mg, x is given by

Mg, x (vx ® wy) = ¢** (vy @ w,)

3.2 The unrolled restricted quantum group of s((2)

This section is primarily based on [23].

3.2.1 Definition of 35(51(2))

Let p € Z and g = e™/?, that is, q is a 2p-th root of unity. Define the unrolled
quantum group U(fl (s1(2)) as the C-algebra generated by E, F, H, K, K~!, sub-
ject to the relations

KK '=1=K 'K KEK '=¢F KFK '=¢?F HK™=K*H

K—-K!

[H,E] = 2E [H,F] = —2F [E,F] = p——
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We have that U} (s[(2)) has a Hopf algebra structure, where the coproduct,
counit and antipode are given by

AE)=1E+E®1 e(E)=0 S(E) = —EK !
AH)=19H+H®1 €H)=0 S(H) =
AF)=K'9@F+F®1l €F)=0 S(F)= fKF
AK)=K®K e(K)zl S(K)=K
AKY=K1loK ! K Y)=1 S(K)=K
The unrolled restricted quantum group of sl(2), Uf (s1(2)), is then obtained

by imposing the additional relations

EP =0 =F?

Let V be a finite dimensional ﬁf (s1(2))-module. A vector v € V is called
a weight vector if Hv = Av for some A € C, where X is called the weight of v;
a weight vector v is a heighest weighty vector if Ev = 0. V is called a weight
module if it is the direct sum of its H-eigenspaces and K = ¢ as an operator
on V, that is, if v is a weight vector, then Kv = ¢*v.

3.2.2 Representation theory of Uf (s1(2))
Simple and projective U;{ (s1(2))-modules
A classification of simple and projective Uf (s1(2))-modules is given in [23].

For each n € {0,1,...p — 1}, let S,, be the usual (n + 1)-dimensional simple

highest weight Uf(s[@))—module, that is, the module with basis {sg, $1,...85}
and actions

Fs; = si11 Es; = [i][n— (i —1)])si—1 Hs; =(n—2i)s; Esp=0=Fs,

where [m] = q::qq__lm.

Now, for k € Z define (C,gj to be the one dimensional module where E, F'
act as 0 and H acts as multiplication by kp.

Finally, for a € C define the p-dimensional heighest weight module V,, of
heighest weight vector vy with weight oo 4+ p — 1; where the action is given by

Fo; = vy Ev; = [i][i—a]v;—1 Hv; = (a+p—1-2i)v; Evg=0= Fv,_

Theorem 3. (Lemma 5.3 in [23]) Given a simple ﬁf(s[@))—module, it is iso-
morphic to one of the following:
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1. 8, ® (Cka, with n € {0,1,...p — 2} and k € Z, which has heighest weight
n + kp.

2. Vg for some a € (C — Z) U pZ, which has highest weight o+ p — 1.

A weight vector v is called dominant if (FE)?*v = 0. In [23], the authors
prove the following theorem.

Theorem 4. (Proposition 6.1 in [23]) Let v € V be a dominant vector of weight
i €{0,1,...p — 2}. Consider the following 2p vectors of V, defined by

H _ R _ H s _ H L _ i+l H
w; =v Wi o = Bw; wy = Fwjy, w,_o = F'"hw;
wh ,, = Frwl! and wy o = FFw? for ke {0,1,...i}
R _ kR L _ ok, L ,
Wikorop = EMw;isy and W, _g_op = F wZ,_4 for k€ {0,1,...i}

Then the vector space they generate is a submodule of V' and the following
relations holds in V' (whenever the involved vectors are defined):

Hwj = kwiX and Kwy = ¢*w  for X ec{L,R H,S}
Ew = wi, Fuwy =wy o, for X e{L,H,S}
wali = wfi,Q wai,z = wi Ew%gﬂ-f2 = wa = Fwi- = FwiL“,Qp =0
Ewll g = vigw! oo+ wizkw Ew} 5, = %,kw?ﬁ%w
wak+i+2 = —%‘,kwé%kﬂ‘ Ew£2k7i72 = —%‘,kuﬁzkﬂ‘

where v, = [k][n — k + 1] (m] as previously defined).
Graphicaly, one would get something like

E
wh, ywll = v EEE—

L L
Wita_2p P W

e
N
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Where the marked arrows indicate when the action is given by the previous

formulas and is different from the usual actions Ew]X = wj}i_z and FwJX = w]X_Q.

It is straightforward to check that there are 2p vectors of the form ij mn
the previous construction.

Now, let i € {0,1,...p0—2}. Denote the vectors of the canonical base of C* by

L L L H , H H , S .8 5 ,,R R R
(wi+2—2p7 Wi—gpy - Wi, W4, Wiy g, - W, , W2y, WZj 49, - Wi, Wit 9, Wity "'w2p—i—2)'
Then the formulas of the previous theorem endows C? with a structure of
weight module, which is denoted by F;. We let P,_; = S,_1 = V.

We have the following theorem, which characterizes the indecomposable
. .., —H
projective weight U (s[(2))-modules.

Theorem 5. (Proposition 6.2 in [23]) Any projective indecomposable weight
module P with heighest weight (k + 1)p — i — 2 is isomorphic to P; ® Cka.

Lemma 1. ([Z])]) For any k € {1,...p — 1} there are short exact sequences of
modules

0— Spflfk ® (Cg — Vk+lp — SEp_1 ® (Cg+1)p —0
0= Voci—itp 7 B ® (Cg — Vidi—p+ip — 0

Example 5. The Loewy diagram of P, ®Cka (the projective cover of Sy, ®(Cka)
is given in [Z4|] by

S, ® (Cka
P ® (Cka Sp-n—2 ® (Cgcfl)p Sp-n—2 ® Cgﬂrl)p
Sn ® CiL

Let S =5, ® (ij be simple. Let us find a projective resolution for S.
First, let
B,=85,® Cg‘;

Ck = Sp7n72 & (CZD

and Pp,, Pc, be their respective projective covers. These projective covers
have the form



N

PBk Ck—l Ck+1

and

PCk Bk*?

/NN

/
By,
Cr-1
\
By,
/
Ci—1
The kernel of the map Pg, — By is given by the diagram

Ckfl CkJrl

~N

By,
which has projective cover Pc,_, ® Pc,_,. Now, The kernel of the map
Cl,1 / Cl
By Bie B Biyo —— Ci1 Ci
Ci

~ NS

1 B
has the form

B »

NSNS

this has projective cover Pp,_, ® Pp, ® Pp,,,.

Inductively, we have that

— PCl,g@PCL,l@PCHAEBPCHg — PBZ—2®PBI@PBH»2 — Pcl71®PCl+1 — PB[ — B

is a projective resolution of S = Bj.
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3.2.3 Twist 0

Let V be a Uf(s[(?))—module. We want to define the twist 8y : V — V; to do
so, let us first define the operator 0 as

§— Z {{1};1 n(n— 1)/25(Fn)q7H2/2En
where {j} = ¢/ —q77, {n}! = {n}{n — 1}..{1} and S is the antipode of
T, (s1(2).
Define the twist 0y as 6y (v) = 0~
Now, let us explicitly calculate the twist on simple modules.

Let S € Uf (s1(2))-Mod be a simple module, then by Schur’s lemma the
twist must act as scalar multiplication, that is, 835 = 05, for some 6° € C. If
vy is a highest weight vector (Evy=0), then

- {2 2 .
Ovy = Kpfl Z n(n 1)/25(Fn) —H /QEnU)\ _ KpfquH /2’0)\

As K = ¢" as operator and Hvy = vy, then
vy = PP=D=N/24)
Hence,

vy, = q>\2/2*>\(p*1)v>\

A2 /2-X(

The twist 6 acts as multiplication by ¢ »=1) on simple modules with

weight A.

3.2.4 Tensor products

Let us consider the tensor products S ® Cka for all simple and projective
modules S.

fSs=s5® (Ck/p, then

S ® (Cka = Si ® C(k+k/)p

ISP ® (Ck/;m then
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S® (Cka =2F® (C(k+k’)p

Ifs=Vv,

Let w, € (Cka and v, € V, be highest weight vectors with weights kp and
o+ p — 1, respectively. We have that

E(vy ®@wy) = A(E) (0o @uws) = (1 E+ E® 1) (v, @ w,) =
Vo @ Fwy, + Fvg, @ we =0

H(vo @ wy) = A(H)(va @uwy) = (1@ H+ HR1)(vy ® wy) =

Vo @ Hwe + Hug @ Wy = 04 @ kpwe + (@ +p — vy @ wy =
(a+p+kp— 1w, @ vy

Hence, v, ® w, is a highest weight vector of weight oo + p + kp — 1.

Thus, if « € C — Z, then V, ® (Cka = Vatrp since V, ® Cka is also p-
dimensional.
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4 Vertex Operator Algebras

Vertex operator algebras were first introduced by Borcherds in an attempt
to formalize conformal field theories. These provide a mathematical aproach
to string theory and 2d-CFT by a formulation for chiral algebras. VOAs
have shown importance in connecting seemingly unrelated areas of mathemat-
ics and has also applications in Lie theory, algebraic geometry and topology [24].

As mentioned earlier, there are interactions between VOAs and quantum
groups; in this section we will present the definition of a VOA, some funda-
mental examples and a sample of such interactions that are used to consider
the motivating examples for this work.

Let V be a complex vector space, and End(V') the collection of linear oper-
ators f : V — V . The formal power series

A(z) = Z Apz 7t

ne”Z

with coefficients A,, € End(V) is called a field if for all v € V |, A(z)v is a
Laurent series, that is,

A(z)v = Z ApvzT" e V((2))

nez

Definition 17. Two fields A(z), B(w) are said to be local to each other if there
exists an N € Zy such that

(2 — w)VA()Bw) = (= — w)V B(w)A(2)

Following [25], a Vertex Algebra (VA) is a Z,-graded vector space V =
EBneZ>o V., where dim(V,,) < oo equipped with the following data:

1. A vacuum vector |0) € V.
2. A translation linear operator T : V — V.

3. A linear operator (vertex operators)
Y(.,2):V = End(V)[[zF]]

given by
Y(4,z) = Z A(n)zinil
nez

acting on V. Where for each B € V' there is ng such that A,)B = 0 for
any n > ng (this is equivalent to the locality axiom below). The element
Y onez A(n)z_"_l is called field.
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These data are subject to the following axioms:
o (Vacuum azxiom) Y (|0), z) = Id. Furthermore, for any A € V, we have

Y(A,2)0) € V[[=]]

e (Translation axiom) For any A € V
[T,Y (A, 2)] =0.Y(A,z)
and T|0) = 0.

e (Locality axiom) For any u,v € V, there exists a positive integer N such
that
(z—2)NY (u,2)Y (v,2) = (z — 2)VY (v, 2)Y (u, z)

that is, Y'(u, z) and Y (v, x) are local to each other.

A wvertex operator algebra (VOA) is V endowed with a vertex algebra struc-
ture (V,]0),T,Y") together with a vector w (conformal vector) such that

Y(w,z) = Z L,z" 2| = Z wpz "L

nez nez

and satisfy the following axioms:

VOA1 The Virasoro modes L, form the Virasoro Lie algebra

(L L] = (= 1) L+ 152 = Doy Ty
Where cy is called the central charge, or rank of V.
VOA2 Lov = wt(v)v
VOA3 T'=L_;

Proposition 5. (Theorem 5.5 in [26]) Suppose U and V are locally finite
abelian categories, one of U and V' is semisimple, and the other is closed under
submodules and quotients. Then C is braided tensor equivalent to the Deligne
product category U XV .

4.1 The Heisenberg VOA

The Heisenberg Lie algebra h has vector space basis ¢, b, for n € Z and relations

[bns bin] = Optmonc [c,b,] =0=[c,C]

where §; ; is the Kronecker delta function.
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Consider the infinite-dimensional representation of h called the Fock space
. As a vector space, % is the polynomial ring in the variables b_1,b_o, ...
which we denote by

9 = (C[bfl, b,Q, }
The action of the Heisenberg algebra on .% is given by

CZIdg boZO

If n < 0, we let b, act as multiplication as a monomial on % and if n > 0
we let b,, act as the operator

0
"o,

Proposition 6. The representation % is an irreducible h-module.

Now, consider the following variant of the above representation of . Take
A € C* and let the representation %) be the representation with the same
underlying vector space as .# and actions given by: ¢ = aldg, by acts as
multiplication by A, b, as multiplication as a monomial for n < 0 and b, as

0

An@b_n

for n > 0.

Definition 18. A graded h-module M is by definition equipped with a grading

M =P M(d)

deZ

such that M (d) = 0 for d sufficiently small, and such that b,, is an operator of
degree —n (b, : M(d) = M(d —n)).

Proposition 7. Fach %) is simple. Furthermore, any irreducible graded mod-
ule of h whose grading is bounded below is isomorphic to Fy for some A € C*.

Definition 19. The Heisenberg Vertex Operator Algebra, H= (.#,1,T,Y,w),
has underlying vector space the Fock space F of the Heisenberg Lie algebra and
has the following data:

o A Z-graduation deg(b_;,...b_j,) = E?Zl Ji
e |0)=1

e T(1) =0 and [T,b_y| = kb_j—1, where T : F — F is a derivation.
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o Y(—,2) defined by

D0 1p(2)... 00 1b(2) ¢
Ybogibiel0)2) = = _(1))!...(jk = 1()!)

nez bnz™" 1 and : X(2)Y (2) : denotes the

where b(z) =Y (b-1]0),2) = >
normally ordered product.

e a conformal vector w = b? of central charge 1.
Consider the expression

L—l = % Z bmb—m—l

meZ

Lemma 2. As operators on % and Fy we have T' = L_1, that is,

T = Z nb,n,1%

n>0

And the remaining Virasoro modes are

L= % Z binbr—m

Lemma 3. [L,,,b,] = —nbpim

Proof. A proof can be found in [27].

O

Now, let H® denote the category of C-graded vector spaces of finite or
countable dimension and V = @UEC V, € H®. Define the degree map Hy :
V-V by HV|VU = ’UIdVU.

H® can be endowed with a (non-unique) ribbon structure by defining the
braiding ¢ and the twist 6 by

cuy =Ty 0 em vy

9\/ = en-iH?, Idv
where 7 is the usual flip map. The full subcategory ”H&% of purely
imaginary indexes is isomorphic to the category H-Mod and whose simple
objects are the one dimensional spaces C;,., with z € R.
In ’Hiﬁ%, we have the properties
C;ka, = (C—’i’ﬁ
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4.2 The Virasoro VOA

The Virasoro algebra has generators {L,, : n € Z} U {C'} with non-trivial rela-
tions

m3—m

[Lma Ln] - (m - n)LnL+n + T5m+n,00
It has a grading given by
Lo=CLy®CC L,=L_,

such that

L=Pc.

neZ
The Verma module of highest weight h and central charge c is

V(h,c) = U(L) ®@u(£,) Clh,c)

where C|h, ¢) is the module with actions

C|h,c) = clh,c) Lolh, ¢y = hlh,c) Lylh,c)y =0forn>1
The VOA structure for the Virasoro algebra is given by

T=L, w(z) = Z Lz~ "2
neZ
w = L_slh,c) |0) = |h,c)

4.3 The singlet VOA M(p)
The following is primarily based on [28].

M(p)

Let Vir be the Virasoro algebra and consider Vir modules of central charge

cp1 =13 —6p—6p~*

with p € Z>1. The Verma module V}, for h € C is the module

= U(Vi?”) ®U(WT’20) Cuy,
where Cvy, is the one-dimensional Virsg-module on which ¢ acts by the

central charge cp 1, Lo acts by h and L, by 0 for n > 0. The module V}, is
reducible if and only if h = h, 5, where

(pr—s5?-(p—-1)*

hrs -
El 4p

for some r,s € Z,. We let V, ; :=V),

r,s*
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Proposition 8. The unique irreducible quotient of V; s is

L. . = Vis/Vegip-s f1<s<p-1
r,8 VT,S/VT+27P ’Lf S=0p

As a Vir-module, we have

M(p) = @ Lony1,1
n=0

and as a vertex algebra, M(p) is generated by
1 p—1
= _h(=1)*1 + =—=h(-2)1
w = Gh-1P1+ Loh(-2)

together with a Virasoro singular vector H of conformal weight hz ; = 2p—1.
That is, H generates the Vir- submodule £31 C M(p).

Alternatively, M(p) can be defined as the kernel of the screening operator
[29] [30]

ker ( }{ Q_(2)dz : Fo — ]-"a+>

where an explicit formula for @_ can be found on [31], ay = +/2p and the
F are Fock modules.

We have a one-to-one correspondence between irreducible M(p) — modules
and Heisenberg Fock modules, so that the following are irreducible M(p) —
modules:

o F, for X\ € C — L°, where L° is the lattice Z% and a_ = f\/%

o M, = Soc(Fa,,) for r,s € Z and 1 < s < p, where a, s = 1550y +
1—s ’
o_.

2

and these are such that

o M,p,=F,

P

e For 1 < s < p—1, there is a non-split short exact sequence

0> My s = Fa,, > Miy1p-5s—0
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Crm(p) and Opyp)

Definition 20. (Generalized V -module)

Let 'V be a vertex operator algebra. A generalized V-module W = @, .c Wiy
is a graded vector space such that each Wiy is the generalized Lo-eigenspace
with generalized eigenvalue h.

A generalized V-module is grading resticted if each Wy, is finite dimen-
sional and for any h € C,Wy,_,) =0 for alln >> 0, n € Z.

Consider the quotient space

V=V &C[tt']/D(V&C[t,t 1)

with D being the operator L_1 ® 1+ 1 ® %. We have that V is Z-graded
by defining the degree of v & t™ to be wt(v) — m — 1 for homogeneous v; and
denote the homogeneous space of degree m to be V(m) We have a Lie algebra
structure on 'V with bracket

o), = 3 (7 Jusotom -1

i€Z>0

From here we have that V(Q) is a Lie subalgebra. Consider a V(0)-module
U; it can be viewed as a @,~, V (i)-module W by letting V (i) act trivially. The
module B

F(U) = U(V) @uw) U)/J(U)
_ where J(U) is the intersection of all ker(a) for alpha running over all
V-homomorphisms from U(V') @ywy U to V-modules.

Then F(U) is a V-module called generalized Verma module.

Denote the category of finite-length generalized M (p)-modules by Caq(p)
and the category of Cj-cofinite grading-restricted generalized M (p)-modules
by Oaqp)- Let us see that these categories are equal and admit the vertex
algebraic braided tensor category structure of Huang-Lepowsky-Zhang.

Conjecture 3.3.1 in [32] states that for a VOA V such that all irreducible
ordinary V-modules are Cp-cofinite, then W is a lower bounded C;-cofinite
modules if and only if W is a finite length generalized module.

Now, we state theorems 3.3.5 and 3.3.4 in [32]

Theorem 6. Let V be a vertex operator algebra such that all the irreducible
ordinary (W) is an ordinary eigenspace for all n) V-modules are Cy-cofinite.
If all the grading-restricted gemeralized Verma modules for V are of finite
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length, then Conjecture 3.3.1 holds.

Theorem 7. Suppose conjecture 3.3.1 in [32] holds, then Caqpy has a braided
tensor category structure of the type HLZ.

From theorem 13 in [33], we have that all irreducible M(p)-modules are
Cy-cofinite. Now, by theorem 3.6 in [28], for r € Z and 1 < s < p, the
generalized Verma M (p)-module G, , is a finite-length M (p)-module in Cxyp)-
We then conclude from theorem |§| that conjecture 3.3.1 holds and then Cq(y)
has a braided tensor category structure of the type HLZ by theorem [7]

We also conclude that Cpq(,y and Opy(p) are equal.

Let K = {aont1.1/n € Z} and define

T = C/2K°

for t = g+ 2K° € T define (’)j\/l(p) to be the full subcategory of Oy (p)
consisting of M(p)-modules M such that the monodromy satisfies

2 _ —27‘1”L‘O¢2}1ﬂ
/’I’Mgﬁl,M =e

and define O/?/t(p) to be the direct sum
@ 05\4(1?)
teT

By theorem 3.13 in [28] we have that O%(p) is a full subcategory of Oy (p),
it is abelian and a tensor subcategory of Oy (p)-

Projective M(p)-modules

Theorems 3.19 and 3.18 in [28] tell us what the projective covers of indecom-
posable modules are:

Theorem 8. For A € C — L° U{a,,|r € Z}, the irreducible M(p)-module Fy
18 its own projective cover. In particular, it is projective.

Now, define the M(p)-module P, ; by:

o Prpi=M,,(=F

Qr,p

) for all r € Z.

o For 1 < s <p-—1, P has length 4, is indecomposable and has Loewy
diagram:
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M s
Mr—l,p—s Mr—i—l,p—s
T8

~

By theorem 5.1.3 in [30], the P, s are projective; furthermore, they are a
projective cover for M, ; (by theorem 1.2 in [28]).

By theorem 1.2 in 28], these are all the projective indecomposable modules
in 03\1/[(]))'

Theorem 9. For 1 < s < p — 1, the indecomposable M(p)-module P, s is a
projective cover of M, s in Oifl(p)‘

Fusion rules

By theorem 5.2.1 in [30] and section 4 of [28], we have the fusion rules for the
previous indecomposable and/or projective modules given by:

e Forrr"€Zand1<s,s <p

min{s+s’'—1,2p—1—s—s"} P
Mr,sﬁMr’,s’ - @ MrJr'r"fl,l © @ ,P'H»r’fl,l
l:\s—s/H—l 1=2p+1—s5—5s"
l4+s+s'=1 mod 2 l4+s+s'=1 mod 2

e ForrreZ,1<s<p—1land1<s <p

min{s+s’—1,p} p
7)1',3 X MT’7S’ = @ Pr-i—r’—l,l @ @ 7Dr-l—r'—Ll
I=|s—s'|+1 1=2p+1—s—s'
l4+s+s'=1 mod 2 l4+s+s'=1 mod 2
p
@ @ (Pr—i-r’,l S2) PT+T/—27Z)
l:p+sfs’+1

l+p+s+s'21 mod 2

e Forr,r"€Zand 1<s,8 <p-—1
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min{s+s'—1,p} P

’Pr.,sgtpr’,s’: 2. @ ,PrJrr’fl,l | 2. @ ,PrJr'r"fl,l

l:|s—s/|+1 1=2p+1—s5—s'
l+s+s'=1 mod 2 l4+s+s'=1 mod 2
p
D 2. @ (PrJrr’,l 2] ,Pr+r’72,l)
I=p+s—s'+1

l4+p+s+s'=1 mod 2
min{s—s'+p—1,p}
&b @ (Pr+r’,l 5] ,Pr+r’72,l)

I=|s+s"—p|+1
l+p+s+s'£1 mod 2

p
2] @ (Pr+r’,l 2] ,Pr+'r’72,l)

l=p—s+s'+1
l4+p+s+s'=1 mod 2

P
® @ (PT+T’+1,l 2] 2~7DT+T'—1J D PT+T'_371)

l=s+s"+1
l4+s+s'=1 mod 2

e ForreZ,1<s<pand Ae C—-L°

s—1

M, B Fy =P Fata, . tia
=0

e ForreZ,1<s<p—land AeC-L°

Pr,s X ]:A = (Mr—i-l,p—s X f)\) S 2-(Mr,s X f)\) &) (Mr—l,p—s X .7:)\)
p—1

[as3

(-7:/\+ar,s+la7 S3) f)\+a7‘—1,p—s+la—)
=0

For the case F\XF, for A\, u € C— L° we must consider two cases:A\+p €
L° and A\+v e C—L°.

e For A\, ;p € C— L° such that A+ = ap + a5 for some 1 < s <p

P
FARF, = @ Prsr @ @ Pro1

s'=s s'=p+2—s
s'=s mod 2 s'=p—s mod 2

35



e For A\, € C— L° such that A\+pe€ C— L°

p—1
FANF, = @f)\+u+la_
1=0
Computations for the case p=2
If p =2, then @y = 2 and o = —1, which implies that L° = Z(f%) and
__ 1+s
Qpg = =3° —T.

Then, we have the following indecomposable M (2)-modules

e 7, where A € C — Z(5) which is its own projective cover.

1

2

o M, 1 = soc(Fi_,) for r € Z with projective cover P, 1, which has Loewy
diagram

M,

/ \
M1 Miiaa
\ . /

1

o M, o= ]-"g_r for r € Z, which is also its projective cover.
® /Fr1

® Fr2

The tensor products among these are then given by

o M1 WMy =Mpyp11

Mgt ’Mr o = My 12

Mo W Mr o =Prip—11

Pra @ My = Pryrr 11

M1 WP =Pryr—1,2

Pr,l X Pr/,l = Pr+r/—1,1 b Pr+r’—1,1 D Pr+r’,l 2 Pr+r’—2,1
PT,Q X PW,Q = Pr+r/—1,1
Mr,l X Jr)x - -FA—i-l—r
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o Mpp®FN=Fyis D a1,
° Pr,l x]:/\ - ]:)\Jrlfr EB]:)\jL277‘ ©® ]:)\71" 69]:)\+177’
o r,2 g]:/\ - ‘7:>\+27T EB]:)\+177‘

Rigidity and Ribbon structure

Lemma 4. The modules Map41,1 for alln € Z and Ms 1 are simple currents,
i.e., they have inverses under the tensor product.

Definition 21. We say that a module V' with a right dual V* is rigid if
Idy ® ey oiy @ Idy = Idy

and
ey ®Idv* OIdv* ®’LV = Idv*

where ey and iy are the evaluation and unit morphisms.

Definition 22. A ribbon category is a rigid braided tensor category with func-
torial 1somorphisms
(SV V=V
such that

dvew = ov @ dw
01 =1d
S+ = (dy,) 7
for all objects V., W in the category.

In subsection 4.2 of [30], the authors show the rigidity of Mo for all

p > 2. Additionally, by proposition 4.3.2, they show that C () is closed under
contragradients.

We have the following standard lemmas

Lemma 5. If V; and V5 are rigid objects in a tensor category, then Vi K V5 is
also rigid with dual V5 K V*.

Lemma 6. IfC is a braided tensor category of modules for a self-contragredient
vertex operator algebra V that is closed under contragredients, then any direct
summand of a rigid module in C is Tigid.
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Theorem 10. Every simple module M,. s in Cpqp) is Tigid.

The proof uses the fact that Mgy, 411 for all n € Z and My ;1 are simple
currents (and therefore rigid), which implies that Mo, 1 & Mg B Mg,_11 is
rigid by lemma [5| Additionally, rigidity of M, > implies rigidity of M; ; and
the fusion rule M, ; = M, ; ¥ M, ; helps conclude the proof.

By theorem 4.4.1 in [30], below, C ) is rigid.

Theorem 11. Assume that V is a self-contragredient vertex operator algebra
and C is a category of grading-restricted generalized V -modules such that:

e The category s closed under submodules, quotients and contragradients,
and every module has finite length.

o The category has braided tensor category structure as introduced by Huang-
Lepowski-Zhang [37)].
o FEvery simple module is rigid.

Then C is a rigid tensor category.

Theorem 12. The tensor category Oy is rigid and ribbon, with duals given
by contragredient modules and ribbon twist § = Lo,

Theorem 13. The tensor category Oﬂ(p) is Tigid and ribbon.

Proposition 10 in [35] gives a bijection between representatives of equiv-
—H
alence classes of simple U, (sl(2))-modules and simple M (p)-modules up to
isomorphism, which is fundamental to the motivating examples.

Theorem 14. For a € (C—Z)UpZ, i € {0,1,...p — 2} and k € Z, the map

P : S; ® (Cg, — Ml—k,i+1

Q: Vo — Fair/%:l
between simple Uf(ﬁ[(?))—modules and simple M(p)-modules is a bijection
of the sets of representatives of equivalence classes of simple modules up to
isomorphism.
Based on this theorem, it is expected that M(p) = ﬁf
and perhaps braided, categories.

(s1(2)) as monoidal,

Example 6. Let us see the correspondence in the case p = 2.
Ifp=2, thenq:e%.

The simple ﬁf% (s1(2))-modules are of one of the following forms:
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o V,, with a € (C —Z)U2Z and highest weight o + 1.
o So®CH = CE with k € Z with highest weight 2k.

The simple M(2)-modules are of one of the following forms:
L] Z‘TO‘n2 = F3/2—’r with r € Z.
o M, = soc(F,, ) = soc(F1_,) with r € Z.

According to the previous theorem, we have the bijective correspondence:

H

U iz (s1(2)) — Mod M(2) — Mod
(CgC Mi_y1 = soc(Fy)
A Four
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5 The motivating examples

Before we proceed with the examples, we will take a look into the strategy we
follow. This strategy can be split into the following steps:

1. Take a quantum group or quantum groups and consider the categories of
modules over them. Now, consider the category ’H%—Mod, which is the
full subcategory of H® (the category of C-graded complex vector spaces
with finite or countable dimension) with purely imaginary indices.

2. Consider the Deligne product of the categories above. This product will
be our base category C. The tensor product on C is componentwise and
the brading, twist and rigidity morphisms are given by the product of the
corresponding morphisms.

3. Take an abelian group I of indices and a set of simple objects coloured by
these indices such that the set {C, invertible|]A € I,C) ® C, = Cyy,} is
closed under tensor products and duals and consider the simple currents
extension associated to it, call it A.

4. Require A to have the structure of commutative associative unital algebra
in C so we can consider the category Rep(A) and the induction functor
F :C — Rep(A).

5. Find the full subcategory of Rep(A), Rep®(A) = Rep'®“(A) of local rep-
resentations, that is, those where the monodromy with A is the identity.
This is a braided tensor category.

6. Take the quantum groups chosen above and take their tensor product
along with X = C under the action XC, = ¢C, and call this product Z.

7. Define a subalgebra Z wisely so that a Z-module is a Z-module iff it is
local and that F(X) = F(Y) implies that X,Y are shifted by a simple
module, that is, X = C) ® Y for some A € [.

% _H

Steps 1-2

5((2))-Mod

Let C =HE K UqH (s1(2))-Mod be the Deligne product. Notice that

Ciw MCH®C_;; RCH, =CoRCY =1c

Hence, C;, X (Cf is a simple current.

From now on, let A\, be fixed such that )\127 = —£. Additionally, let Cq be as
in [36], which is an extension of C that allows infinite direct sums.
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Steps 3-4
Now, define the object A, € Cg as

A, = @(CMP X CH)®r = EB Cikr, X Ci,

kez kez
The B, — algebra is the HOM (p)-module defined by

B, = P Ciry ® My,
kEZ
which is the image of A, under the correspondance ¢ of theorem @
B, = P Cirp, B p(CH)
kEZ

The Bp-algebras are interesting in physics because they are the chiral
algebras of certain four-dimensional superconformal field theories called
Argyres-Douglas theories of type (A1, Azp—3)[28]|37][38] [39].

In [40], it is shown that A, has a unique (up to isomorphism) structure of
commutative algebra in Cq with a non-degenerate invariant pairing. This fact
is used along with the definition of the induction functor to characterize simple
objects X in C such that M, x = Ida,0x-

Step 5

We want to see when My 4, = Idyga, occurs. According to [35], this equation
holds if and only if MV,CMP oCH = IdV®<CMp®<Cf and we have the following:

If V =Ciy ®Va, then Myc,, ocr = emiatp—14227)
If V = Sj [ Cg, then MV,Ci/\p ®C£I = eﬂi(j+lp+2)\p’y)_

Hence, the simple objects X in C such that M4, x = Id4,gx (induce to
Rep'©¢(Ap)) are of one of the following forms:

1. Ciy RV, with a+p — 1+ 2\, an even integer.

2. Ciy W (S; © Cfl) with j + Ip 42X,y an even integer.

Now, we want an operator L = e “1H1iF22M2) quch that L(V) =
My, eca(V®Ci, ® C/T) for all simple (hence all) modules.
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Steps 6-7

If we let 1 = 2p)\, and x2 = p, we get such an operator.

Now, define the algebra Z = X X Uf(ﬁ[@)), where X = C with action
XC, =o0C,.

Define the quotient algebra Z = Z/{(L —Idg).

Now, we want to find a Z—subalgebra in which all the Z-modules having
isomorphic images under the induction functor are isomorphic; to do so,
suppose that F(V) = F(V').

IV =Ci, ®V, and V' = Ciyr ® Vi, then one must have that o/ = a+mp
and 7' = v +mA, for some m € Z, that is, V =V' @ (Cpx, @ Cppyp).

Now, we then need some linear combination x1 Hy + x5 H that acts equally
on V and V', that is:

(x1Hy + 29 H)V = (21 Hy + w9 Hy) V'
a1y +xg(a+p—1) = x1(y +mhy) +z2(a+mp+p—1)
0=x1Ap +22p
Similarly, if V =5, ® Cg and V' = S/ ® Cf,[p, then j/ = j, I’ =1+ m and
v =~ 4+ mA, and as before, we get
(x1Hy + 22Ho)V = (1 Hy + 22 Ho)V’
217 + 22(f + Ip) = 21y + mAp) + 22§ + (1 +m)p)
0=z, + x2p
We conclude that if z; = p and x2 = —\,, the equation hold.

We know that Z = (Hiy,Ki,Es, Fy, Hy, K3). Define the Z-subalgebra
Z1 = <K1,E2,F2,K2,H>, where H Zle - APHQ.

Now, define the Z-subalgebra Z = Z1 /(L — Idy).

Conjecture 2. There is an equivalence of categories
Z — mod = Rep'®®(A,)

under the induction functor.
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5.2 Uy (sl(2))-Mod R U (s1(2))-Mod X H&-Mod
Steps 1-2
Consider the Deligne product C = T i (s1(2))-Mod K T (s(2))-Mod K HE-

Mod; according to theorem [[4] this corresponds to M(2)-Mod K M (2)-Mod X
H-Mod.

Step 3

Denote the simple module C¥ X CI X C,asn by S, and let
I ={(a,b) € Z*|la+b € 2Z}.

N

We have that any S, ; is a simple current since

Sap®S_q,—p = CELRCHXC, ®C§QQ&C§%&C¢(7%) =Circlirc, = 1.

a+b
72
Step 4

Consider the algebra

A= P CLRCENC.on = D Su
a,bEZ,a+be2Z (a,b)el

According to [A0], we have that the algebra A is commutative if and only if
0% , = Ids,, for all (a,b) € I.

Now, we have that
a,b

esayb = 9(;5{1 & ecgfb ®0({jim = Ildg
V2

Since

e im ((2a)?
® Ocp acts as multiplication by eF (35 —2a),

inlicati im ((20)%
° Gcgb acts as multiplication by e (55 —20)
iplicati i lat)?
e Oc ,,, acts as multiplication by e el
Ve

As a+b = 2n for some n € Z, then a® + b? = 2(2n? — ab) and % = 2n2.
Thus,

im (2a)®+20)% _inlat®)? img(2n?—ab—n) —2min?
HSa,b — 2 ( 3 2(a+b))e i IdSa,b —e3 4(2n*—ab n)e 2min IdSa,b _ IdSa,b
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Hence, A can be endowed with a structure of commutative associative
unital algebra in C and we can consider the category Rep(A) and the induction
functor F : C — Rep(A) and the full subcategory Rep’(A) = Rep!®¢(A).

Step 5
We have that a simple object V € C induces to Rep!°“(A) if and only if

My a = Idyga, where My, 4 is the monodromy.

Recall the balancing equation 2.2.8 in [41]

Oxgy =0x @0y o Mxy

Therefore
Mxy = (0x ®0y) ' obOxgy
Recall that if S € Uf%r (s1(2))-Mod is simple with weight w, then fg acts as

multiplication by e%r(w;’w) and 2if S is a simple H-module with weight w, then
05 acts as multiplication by e™".
Let V be a simple C-module of the form CZ X (ij X (Ci%. We have
2
H H
VeaAd= @ Cll,.,)RCY,, ;)R C;asta
a,bel
We have that My,a = Idyga if and only if Mys,, = Idygs,, for all

(a,b) € I. Let us calculate My,s, , .

hd asa,b = Idsa,b

. 2 .2 . Y .
o Oy = ™K +i"—k=9)o=7i% [, since

* Ocn = ez
Cik ;
% Oon = e F (P20 1q
CL CL
* Oc , =€ ™7 Ide N
V2 V2

; 2 N2 p_ iy e (atbtn)? .
° 9V®Sa,b = eim((a+k)"+(b+j)"—a—k—b—j) o —i Z IdV®Sa,b since

_ e%(z(wk)%z(aw))mw

* Ocn =
C2(a+k) 2(a+k)
O = e QO 2040)) [q

2(b+3) 2(b+3)
- (at+b+A)2
— —Ml—F
* ec,ia+b+)\ =€ 2 Id([:ia+b+%
V2 V2
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Hence,

. 2,2 3 o ﬁ _
MV,S,,,;] _ (ezTr(k +j°—k ])e T 5 IdV@Sab) lg

(a4b+2)2

(e (@t bt  —amhoboi) o= miETEE 1y g ) =

. 2,2 4 ﬁ
(e mIHTTRDE Tdy s, , )0

(P (@R (b) —a k) i (A

—wr(k2 +5%—k—j)+mid- +z7r((a+k) 24 (bt+g)?—a—k—b—j)— ﬂzMI

. (a—b)2
e—ur(i( 5 )

—(a+b)(1+>\))]dv®s \

dvgs,,) =

dV®Sa b =

as a + b = 2n for some n € Z; then it is sufficient and necessary to have

A € Z so that M\/’Sa,b = IdV®Sa,b'
Hence, for any such module V', we have My 4 = Idyga.
Now, suppose that V =V, X Vg K (Ci%, then
2

VA= @ Vatoq X V5+2b X (Cz a+jj/\
2

a,bel
b asu. b Idsa,b

laa1)? 2 32
(I —(ab146+1) =7 [y, since

e fy=e
* Oy _ piz(letn? —(a+1) 1y,
+1
% Oy, = TG g
22
J— — Tl
*0@1’4—6 2Id(cii
vz vz
o a 2 2
o Oygs,, = eF(EETEEEE—(api2(atbD) o
since
 (at2a41)2
% 9V I e%(%-(aﬂﬂa-ﬁ-l))ldVQJ&a
in ((B+2b+1)2
* Oy, = e%(f—(ﬁ-ﬁ-?bﬂ))]dvﬂ%
<a+b+x>
* GCia+b+/\ = Ide. Latber
V2 V2
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Thus,

im (e D24 (B+1D)2 a2 _
MV7Sa.b _ (6 7 = (a+1+5+1))6 > IdV®Sa,b) 1,

. 2 2 2
(e%( (a+2a+1) ;r(ﬂ+2b+1> 7(a+ﬁ+2(a+b+1)))677ri (a+b2+>\) IdV®S b) _

e%(—w-‘r(a-&-l-&-ﬂ-&-l)ﬁ-w—(a+[3+2(a+b+1)))+>\2—(a+b+/\)2)1dv®sa’b
After some cancellations and noticing that a? + b*> — 2ab = 0 mod 4, then
the last expression becomes
e%(2“(‘1“”%(5“)_2(“+bmIdv(@sa,b (-1)
Now, we must have that
2a(a+1)+26(8+1) —2(a+ b)X € 4Z for all (a,b) € I
which happens if and only if
a(la+1)+b(B+1) — (a+b)X € 2Z for all (a,b) € I

In particular, for all (a,b) € I such that a + b = 0, the last expression
becomes

alae —p)€2Z foralla € Z

This holds if and only if « — § € 2Z.

At this point, @ and 8 could have a non-zero imaginary part, but as A € R
and counsidering (a,b) = (2n,0), one gets that o must be a real number;
analogously, 8 must also be a real number.

Now, for (a,a) € I, one must have a(a 4+ 8 — 2)) € Z, which must hold for
all a € Z; this implies that a + 8 — 2\ must be even.

We conclude that the three conditions
e a—fe2Z

e ,f€R

e a+ 3 —-2\e2Z

are necessary for V' to be such that My,s, , = Idvygs, ,; now, let us show
that these are sufficient.

Suppose that V is such that the contidions above are met, that is, a—§ = 2n
and a + 8 — 2\ = 2m. Hence

ala+1)+b(B+1) - (a+b)A=
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ac  af ba  bB

aa+a+bﬂ+b7?f7+am—?f?+bm:
ax b3 af ba B
2+a+2+b—2+am—2+bm—
-2 2
%+a+%+b_a(a n)+am_w+bm:

2 2 2 2
a+b+(a+bm+ (a+b)n
Asa+be2Z,

a(a+1)+b(B+1) = (a+b)A=0 mod 2
and therefore My, , = Idvgs, ,-

We conclude that My 4 = Idyga with V =V, K V3 X Ci% if and only if

%)

the three aforementioned conditions hold.

Finally, we need to consider the mixed cases, that is, if V is of one of the
following forms
1. CERV;RC

2

S

2. Vo RCEH XC,
V2
with a, 8 € (C—Z)U2Z, k € Z and A € R.
Let us only do case 1 since case 2 is completely analogous.

As

° HSa,b = Idsa,b

im ((2k)2 B+1)? 2 .
o Oy =ez (7 2kt ——(B+1)=2) 14, since

2k)2
E =20 I d o
2k

(CEE—(B+0) [ gy,

* 0C51k =e7l(

(2(a+k)2—2(at+k)+ BE2ED2 (51051 1) (atbiA

“‘:l

2 .
) )IdV®sa,b since

% Ocm — T (2(atk)?=2(atk) T4 .
2(a+k) 2(a+k)

2
(LEE2ED- —(42b+1))

.
t\:‘:‘

Idy,,,,
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- (atb+N)?
* O¢ =e ™ 2

jatbix C,atbra
V2 V1
Hence,
i (@02 _op, (BHDZ 310y 52 1
Mys,, =(e>" 2 2 Idygs,,) o

(e%”(2(a+k)2—2(a+k)+w—(5+2b+1>—(“+b“)2)1d\/®s 0)
¢ F BN =2 gy o6

We must then have b(8 + 1) — (a + b)A € 2Z for all (a,b) € I, in particular,
for (a,b) = (2n,0), which forces A € Z and therefore b(5 + 1) € 2Z, which
implies that 5 must be odd.

We conclude that My 4 = Idyga with V = C& XV K C;, if and only if
[ is odd and \ € Z.

N

As V, is not defined for ¢ odd, no such V exists.

Let G : Rep(A) — C be the forgetful functor sending (V,uy) to V. The
Frobenius reciprocity tells us that F and G are adjoint, that is

HomRep(A) (‘F(V)v W) = HomC(‘/v g(W))

Denote V, K Vg X Ci% by Vagx and let My g =A@ Vapgr=FVan).
2
Therefore, we have

Hompgep(a)(Mar,gr, 3y Ma,gx) = Home(Var g3, G(Ma,p0)) =
Home (Vg v, A® Vaga) = Home(Var g7 v @ Sab ® Va,g,1)
(a,b)el

This last is trivial unless there is (a, b) € I such that Vo g/ x = S0 @V g2,
in which case it is isomorphic to C.

We then have Home (Var,pr x', @ (4.0)e1 Sab @ Va,8,2) = C if and only if

eI
a—ao €27
B—p €27
a—o p-p
—A- N
2 + 2

and Home (Var,p/,x @ (4 pye1 Sap ® Va,p,2) 1s trivial otherwise.
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By proposition 4.4 in [42], we have that the M, g are simple in Rep(A)
since each Sg; is simple and Sgp @ Vo g x 7# Sarpr @ Vo ,x unless a = o’ and
b = . Moreover, by proposition 3.4 in [I5], each simple in Rep(A) is the
induction of a simple module in C.

Now, let U; = Uf%r (s1(2)) for j € {1,2} and X = C, with action on C,
given by XC, = 0C,.

Step 6

Define the algebra
Z=U1 XU, XX

We want to see when the action Ki' K K32 K e*sX is trivial. First, recall
that K,;V, = ¢"iIdy, =30tV 14y, .

We then have

KM RKE R e™ XV, 5, = ez‘g(m(oc+1)+acz(B+1))+m%IdvmM =

ei%(zl(a+1)+z2(,8+1)+w3>‘7‘/§)1dv
o, B,

Let
A, 3 )\((l, b) _ ei%(2a(a+1)+2b(6+1)—2(a+b))\)
and

Ba,p (21,72, 33) = '3 1@ DHea(BH1) 4w 20%)

We know from equation that Vi g, induces to a local module if and
only if A, g x(a,b) =1 for all (a,b) € I.
27

Now, if we let 1 = 2a, o = 2b and z3 = —ﬁ(a +b), then we have that

Va,3,» induces to a local module if and only if By ga(z1,22,23) = 1 for all
(a,b) € I.

Step 7

Let L be the ideal of Z generated by K%“Kgbef%(a%) with (a,b) € I. Define
Z =2Z)(L— Idy).
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We know that a Z-module V is a Z-module if and only if V is a trivial
L-module.

Lemma 7. A Z-module V restricts to a Z-module if and only if V is local.

Proof. Suppose that V restricts to a Z-module, then it is a trivial L-module,
27
that is, K2eK2be V2" = 14y, for all (a,b) € I. As

My, Sap = KXK2e B 1dyog = Idves,

then V is local.

Conversely, suppose that V' is local, that is My,S.,p = Idvgs,, for
27
all (a,b) € I, but as My, S, = K2K2e V2t dygg . se have that

KfaKgbef%(aM) = Idy for all (a,b) € I, which implies that V is a trivial
L-module, and therefore, a Z-module.

O

Hence, the Z-modules are the local modules, that is, those of the form
Va,8,x such that « — 8 and ae+ 3 — 2\ are even, and a, € R.

Lemma 8. Let My gy = F(Van) be the induction of Vo ga. If Vo g r and
Vargra are simple Z-modules, then Mo g x = Mar g x if and only if Vo g\ =
Vo prx @ Sap for some (a,b) € I.

P’I’OOf. If Maﬂ’)\ = Ma/ﬂ/7)\/, then HomRep(A)(Ma’57A,Ma/ﬁ/,x) is not trivial
and we already saw that this implies the existence of (a,b) € I such that
Va,sx = Var, g3 ® Sa .

Conversely, suppose that Vi, g x = Vo g/, x @ Sy for some (a,b) € I. First,
notice that Se § ® Sqp = Seqa,f+b- Now, we have

Moz,ﬁ,)\ = @ Voz,ﬁ,)\ ® Sc,d

(c,d)el
and
Moy = P Vargn®Ses= @B Vapr®@Serasiv = P Vapar®@Sea
(e,f)el (e,f)el (c,d)el

Where the last equation holds since S, is a simple current.
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We know that the algebra Z is generated by
Ey\, F,H,K ,E5, F», Hy, Ko, H3, K3. Now, define Z; as the subalgebra
of Z generated by El, F1, K17 Eg, FQ, Kg, Kg, H, where H = H1 —|—H2 —|—7,2\/§H3,
and let Z = Z,/(L — Idz). Denote the category of Z-modules by C.

Lemma 9. If M = Vo and N = Vi g x are Z-modules such that M =
N ® Sqp for some (a,b) € I, then M = N as Zy-modules.

Proof. Notice that V, = C,41 6 Cy—1, hence
Vo, x = Cat1,8410 D Cam1,811.0 D Cat1,8-1,1 D Ca—1,5-1,2-

As we need M = N as Z;-modules, we must have

HM =HN
that is,
(a4+2a+t1)+(B+20£1)-2(a+b+A)=(a£1)+(f+1)—2A
As the last equation holds, M = N as Z;-modules.

O

Exarr}ple 7. Let ¢ be the golden ratio and W = V43 ,_9 ,42. Notice that
W e C since
(p+3)—(p—9)=12€2Z

v+3,0p—9€R
(+3)+(p—9) —2(p+2)=-10 € 2Z
and for any (a,b) € I we have

K%aKgbe—%(a‘i‘b) _ ewi(aga+4a+bga—8b—azp—2a—b<p—2b) — eTri(Qa—lOb) =1

note that the second equation follows from (a,b) € I. By lemmal] we have that
W is a local representation of A.

Now, if w € W is a highest weight vector, then we have

(o + 2
Hw:(4,0+3+1+g0—9+1+i2\@w)w:—8w

V2

Now, consider W & Sqp = Vipy-342a,0—942b,p+2+a+b for some (a,b) € I, then
we have the action of H given by

ilp+2+a+0)
V2

That is, W 2 W @ S, as Zi-modules for any (a,b) € I (which was known
Jrom lemmal[9) and therefore F(W) = F(W & Sa) by lemma[d

Hw=(p+3+2a+1+¢—9+2b+1+i2V2 Jw = —8w
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Conjecture 3. There is an equivalence of categories
Z — mod = Rep'®®(A)

Lemma 10. [ is an abelian group under component addition and is generated
by ((1,1),(1,-1)) as Z-module.

Proof. Let (a,b) € I, then a + b = 2n for some n € Z, and therefore
(a,b) = (a—n)(1,—1) +n(1,1).

O
Lemma 11. Let Ly = K2K5;? and Ly = K2K2e=*"/V2  then L = (Ly, Ly).
Proof. Let K2 K2e™ 5+ with (a,b) € I, then a + b = 2n.
We have that
Kt K3e A = (KPK, ) (KK e /Y2
O

Notice that both L; and Lg act trivially on any simple current S, ;, which
is expected since they must act equally on all the orbit.

Define the category C(u1, u12), where the objects are
Obj(c(ul.,uz)) = {(V /LV) € Rep(A) : AIV,SL—1 = ezﬂiulld‘/@Sl,—UA[V,Sl.l = EZWi‘LQIdV@’Sl.l}
and the morphisms are morphisms of representations; and the algebras

Zuuua =Z/(L1 — > 1dy, Ly — €™ 1dy)

Dy iz = 20/ (Ly — €T 1d g, Ly — €742 [ d )
Where Z; = (Ey, [y, Ky, By, Fo, Ko, K3, H), where H = Hy + Hy +i2+/2Hs,

as before.

We know that V restricts to a Zﬂl’ug—module if and only if L; = 2™ [dy
and Ly = e2™#2 [dy,.

Lemma 12. A Z-module V restricts to a ZM’HZ-module if and only if
MV751,71 = egﬂlulld‘/@Sl,fl and MV;SI,I = 627‘—1”2[03‘/@31,1

Proof. First, suppose that V restricts to a Z,muz—module7 then L, = e?™1 [dy,

and L, = €2m“21dv, but MV,S1,71 = L; = eQﬂwlde@Slﬁl and
MV7S1,1 =Ly = 627”#2[dv®51,1'
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Conversely, if My, , = €™ [dygs, , and My, ,

]\4\/751771 = Ll and MV7S1,1 = LQ, V iS a A

111, ue-odule.

Conjecture 4. There is an equivalence of categories

ZAHI’HQ — Mod = C(u1, p2)

33

= 62‘““21(1‘/@51,1, as



6 General Case

6.1 The setup

The desired result is to have a commutative diagram of the form

C
lFN
¢ —L— Reploc(A)
where F is an equivalence of categories. The purpose of this section is to
present all the elements of this diagram and some results relating them.

To begin with, let I € £ = {\ € h*|A(H;) € ﬁz} so that {Cy|\ € I}
is closed under the tensor product and duals, and such that for any
Cx,C, € {Ci|X € I}, Mc, ¢, = Idc,sc,. Existence of such an I is guaranteed
by theorem 3.1 in [I5].

Now, recall the identification ¢ € h* to t4 € h mentioned earlier and consider
the operators ¢?** for A € I. If we apply this operator to a weight vector w., of
X € C, then we get

¢ (wy) = VN (w,) = #HN (w,) = POV (w,y) = N (w,)

Define the subalgebra L = (¢*** — Idz|A € I) of Z and let Z = Z/L.
Now, we have that Z has generators Xi;, H;, K, with ¢ = 1,2,..n
and v € R; consider Z;, the Z-subalgebra generated by X4, K,,

Anng(I) = {H € h|HC) =0 for all A € I} with ¢ = 1,2,..n and v € R, and
define Z = 7, /L.

Let C denote the category of Z-modules and C denote the tensor subcategory
of C of Z-modules. Notice that have the forgetful functor Forg : ¢ — C that
forgets the action of the complement (the choice of the complement does not
matter) of Anng(I) in b.

Finally, denote by A the algebra

A=Epc,

el

6.1.1 Induction functor

Recall that the induction functor F : C — Rep(A) is defined by
F(V) = (A®V, ury), where pr) = (n@Idy)oay'y v, and F(f) = Ida® f.
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Lemma 13. Let X € C, then F(X) € Rep'®(A) if and only if X € C.

Proof. First, suppose that F(X) € Rep'°°(A). By lemma 4.1 in [I5], for any
w~ € X of weight v € h*, we have that

Me, x(va ® wy) = ¢*M Ide, g x

Now, as F(X) € Rep'®(A), Magx.a = Id agx)@4, but by theorem 2.11 in
[40] we must have that ¢>*7) =1forall A € I and therefore X has a structure
of Z/L-module, that is, X € C.

Converselly, suppose that X € C, then ¢**?) =1 for all A € I, then by
lemma 4.1 in [I5] Mc, x = @M de, ox = Idc,gx and by theorem 2.11 in
[40], this is enough for F(X) € Rep'©¢(A).

O

By the previous lemma, we can consider the induction functor (abusing of
the notation) F : C — Rep'®®(A), and we have the following propositions.

Lemma 14. Let A be a simple commutative associative unital algebra in C

A=

el

where Jyx € C is a simple current and I is an indexing set (closed under
tensor product).

Let V.V’ be simple Z-modules. We have that F(V) = F(V') if and only if
V=V & J for some simple current J € I, where F is the induction functor.

Proof. First, suppose that F(V) = F(V'), that is,

Pven=@Vv e,

xel el

Particularly, for any o € I we must have that

Pven=vel

el

for some I' C I. As J, is a simple current, we have

Pven=Pvehel =Vl =V
Ael* NI

for some I* C I’ As V' is simple, then there must be a A € I such that
Ved =V,
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Conversely, suppose that V' = V®.J, then we have the Frobenius reciprocity
Homf P (F(V), F(V')) = Hom®(V,V' @ A) = C

since both V, V' are simple. Hence, F(V) = F(V').
O

Corollary 1. Let V,V' € C be simple, then F(V) = F(V') if and only if
V=V ®C, for some A e I.

Proof. Notice that any Z-module is a Z-module. The result follows immediatly
from lemma [[4

O

Theorem 15. Let X,Y € C, then X =Y as Z;-modules if and only if F(X) =
F(Y).

Proof. First, suppose that X =2 Y as Z;-modules, that is, there is an isomor-
phism f: X — Y of Z;-modules.

Define f : F(X) — F(Y) as f(®I 2 @ vy,) = B, f(x;) @ vy, and extend
it linearly.

Let us see that f is an homomorphism of Z;-modules. Let Hy, Hy €
Anny(I), then we have (using the Hopf algebra structure)

FHU(B 17 @vy,) + Ho (@)L 25 @ vy)) =
@1 Hi(z;) @ v, + Ty Ha(z)) @ vs,) =
F@p Hy(x:) @ va,) + F(@) Haw)) ® vy,) =
@i f(Hi(2:) ® v, + OFL f(Ha(2))) ® vy; =
i Hi(f(20) ® va, + &L Ha(f () ® vy, =
Hi (@2 f (i) @ va,) + Ha(S]1, f(25) ® vy,) =

Hi(f(@1y (25 @ 0x,)) + Ha(f(8]1125 @ 0y)))

The Z; linearity is similarly shown for the other elements in Z;. Hence, f
is an homomorphism of Z;-modules.

96



Let ®}L1y; ® vy, € F(Y), as f is an isomorphism, there are x; € X such
that f(z;) = y;, then f( BYL1T; ®vy;) = BJL1yj ® vy, thus, f is surjective.

As we are taking a restriction of an isomorphism so it has to be injective.
We conclude that f is a linear isomorphism and therefore F(X) = F(Y).
Conversely, suppose that F(X) = F(Y).

For any X,Y € C we have the Frobenius reciprocity

HomPer)(F Y®@C>\ >~ Hom® (X, G( Y®@C,\
xel Ael

which can be written as
Hom™r™ (F(X), F(Y)) = Hom®(X,Y ® (P Cy)
el

Let f : F(X) — F(Y) be the aforementioned isomorphism, then there is an
isomorphism f: X =Y ® @,,;Cy inC.

Now, let H € Anny(I). As X 2Y @@, ; Cy in C, then the action of H on
X and on Y ® @, .; C\ must coincide; therefore we have that

HX)=HYo@C\)=HY)e@Cr+Y @ HEPCy) = HY)2PCs

A€l el Aerl Aerl

Where the last equation follows from H € Anng(I).

As the action of H on Y ® ,; Cx only depends on how it acts on Y, we
must then have that the action of H on X and on Y coincide, that is, X Y
as Z1-modules.

Here we restate proposition 3.4 and theorem 4.2 of [I5] in our context.

Proposition 9. Suppose every indecomposable object in C has a simple
subobject. Then N € Rep'®°(A) is simple if and only if N = F(M) for a simple
object M € C.

Theorem 16. We have:

e Let X and Px in C be the projective cover of X. Then F(X) € Rep'®¢(A)
if and only if Px € Rep'¢(A).
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o F(Py) is the projective cover of F(Ly).

e The distinct irreducible objects in Rep'°(A) are given by the set
{F(Lone br /(b n ).

6.1.2 Forg functor

The forgetful functor Forg : C — C forgets the action of the complement of
Anny(I) and take restriction of morphisms.

Lemma 15. Let X,Y € C, then Forg(X) = Forg(Y) if and only if X =Y as
Z1-modules.

Proof. Suppose that X = Y as Zj-modules, then the actions of Anny(I)
on X and Y are the same, then Forg(X) = Forg(Y). Now, suppose that
Forg(X) = Forg(Y), then the action of Anny(I) on X and Y is the same,
then X 2 Y as Zi-modules.

U
Corollary 2. Let X,Y € C, then F(X) =2 F(Y) if and only if Forg(X) =
Forg(Y).
Proof. Tt is clear from lemma [T5] and theorem [T5]

O

Lemma 16. Let W € C be a highest weight module. There exist an element
W e C such that W = Forg(W).

Proof. We have well defined actions of X;, K., Anny(I) for i € {1,2,...n} and
vy€ Ron W.

Let w, € W be a generating highest weight vector of weight 0. For o] =
0®..a;d...0 € R, we have

Ai+lm;

Ko:we =q We

for some \; € C and any m; € Z.

Let W = W as vector spaces and let X4;, K, for i € {1,2,..n} and v € R
act on W as they do on W. We can define the action of H; on w, by

Ai 4 Im;
Hiw, = —;‘m We

We have that W € C since it is clearly finite dimensional and for any vy =
@ ;s;a; € R we have that
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n
_ IS Sn _ si(Ai+lm; _ disiH;
Kvwa—Kali...Ka:LwU—Hq ( )wG—Hq W
i=1 i
Now, notice that we have the decomposition

bh = Anny(I) ® Anng (1)

Let a = dim(Anny (1)), b = dim(Anny(1)*) and (A; = a;1Hy + ...a; n Hy
i €{1,2,..a}) a basis for Anny(I).

Additionally, notice that if A € I, then t), € Anny(I)t since
A(ta) = (A, A) # 0 and therefore dim({ty : A € I)) <b.

We want to get a Wec by showing that there is a choice of m1,...my such
that W with the actions defined above coincides with W. We have that W also
needs to suffice the relations ¢*** = Id, for A € I, that is ty, = Im, for some
my € Z.

Hence, we have the following system of equations on the variables
my, ..My, my for A € 1.

Aiwg = ai’lleU + ...ai’anwU
thwgs = Imywy,

fori=1,2,...aand A € I.

This system has a solution in Q since dim((tx : A € I)) < b and therefore a
solution in Z.

Define W as any of these solutions, which by construction has the same

action of Anny(I) as W and therefore W = Forg(W).
O

Example 8. Let us revisit ezample [7 Recall that if we let ¢ be the golden
ratio and W = V13 ,—9. 042, then W € C.

Let w € W be a highest weight vector, then

Hw = —8w
Kijw = e (pHatdmi)y,
Kow = 2 (p=8+ima),,

i (i(p+2) .
2( 3 +4m3)w

Kyw=e

Then, following the proof of lemma |16, we must define
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Hi(w) = (p+4+4mi)w
Hy(w) = (p — 8+ 4dmg)w

Hy(w) = (22D 4 dmgyw

V2

Now, if we want to lift W to some W € C, we have to solve the system of
equations in the variables my, mo, m3

K%aKgbe_%(aer) =1 forall(a,b) el
H=-8

that is

i mi _ 2z (ilet2)
e5 (p+a+4ami)2a 5 (p—8+4m2)2b =% (55— +4m3)(a+b) _ 1 for all (a,b) el

H = @+4+4my + ¢ —8+4ms +i2v2(1EED 1 dmg) = -8

which turns into

eﬂi(goa+4a+4am1+gob—8b+4bm2—gaa—Qa—gob—2b)e—27%(4”13(‘14‘!’)) =1 fO’I” all (a’ b) cl
H = 4(mq +my) — 8 +i8V/2m3 = —8

and finally becomes

ewi(Za—10b+4(m1+m,2))€*%(4m3(a+b)) =1 f07’ all (a,b) cJ
H = 4(my +my) — 8 +i8V/2m3 = —8

It is clear that the solutions are mq + mo = 0 and msz = 0.

Then, for example, if we let m1 = —2, then W = Vo—s5,0—1,p+2. Let us check

that W = Forg(W), that is, the action of each element in Zy is the same in
both modules. We have the action of H, K1, Ko, K3 on W given by

i(p+2)

V2

Kiw= e (PH4=8)y, — o5 (P14,

Hw=¢—5+1+¢—1+14i2V( Jw=(2p =4 —=2p - 4w = —8uw

T i (e
Kow = 2 (#78F8)y = 5 (¢#=8)y,

Lii(</9+2))
Ksw=e2' v2 'w

Which clearly coincide with the actions on W.
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By lemma Forg(Voys,p—9,0+2) = Forg(Vo—s.e—1,0+2) since
Voospo—1,042 = Voyso—9.0t+2 as Zi-modules, which was known by ex-
ample [ and corollary [4 and also by corrollaries and [3,  provided
Vo—s5,0-1,0+2 = Voi3,0-9,0+2 @ S_gs-

Lemma 17. Let M € C be a Verma module, then there is a Verma module
M € C such that M = Forg(M).

Proof. As M is a Verma module, it is a highest weight module; let v, € M € ¢
be a maximal weight vector of weight o, then following the same construction
as in lemma define M € C. As M is a Verma module, we have

Kyvo = [T a0,
i=1
for v € R.
Awe = 0(Ay)vs
Xi’l.}a' =0
for A; € Anny(I) and the action of the X_; is free for i = 1,2...n.

By construction, M has the same properties and action of Anng(I), and the
additional relations

Hiv, = o(H;)v,
which implies that M is a Verma module and M 2 Forg(M).
O

Lemma 18. Let My € C be a Verma module. Then Forg(M)) € C is a Verma
module.

Proof. As Forg only forgets the action of Anngy(I)*, the actions of X4;, K,
and Anny(I) are the same (free on X_;), which is exactly the definition of a
Verma module. Hence, Forg(M,) is a Verma module.

O

Notice that Forg is exact and therefore Forg(M/N) = Forg(M)/Forg(N).
To see this, let us consider an exact sequence

0->N—-M-—->Q—0

as Forg only forgets the action of Anngy(I)t, kernels and images remain
untouched, which implies that

0 — Forg(N) — Forg(M) — Forg(Q) — 0
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is exact. Hence Forg(M/N) = Forg(M)/Forg(N).

In particular, all this together with lemma implies that Forg sends
standard filtrations to standard filtrations.

Additionally, proposition 4.12 in [20] guarantees that BGG reciprocity holds
in C, which is fundamental in the proof of the following lemma.

Lemma 19. Let Ly € C be a lift of the simple module Ly € C, then Forg(Py)
is 1somorphic to the projective cover of Ly, where Py is the projective cover of
L.

Proof. Let M, € C and denote by M one of its lifts, then by Corollarles
and 1] I we have that any other lift of M, is of the form M ® C, it
Let S ={veh | (Pn: My, = 3,, # 0 and Forg(M,H,,) M } and
T={veh | [M,:Lr,]:=t,#0and Forg(Lx_,) = Ly}.

By Corollaries 2] and [T} and BGG reciprocity, we have the equation

(Pt Myt) = Mg, 2 Ln] = [My, : Ly
that is, s, = t,, and therefore S =1T.

‘We then have that

(Px: M) = (Py: Myuy,) =Y [My: Ln_] = [M, : Ly]
ves veT
where the first equation holds since by lemma [I7 there is a lift of any
subquotient isomorphic to M, which is a Verma module and by corol-
laries I and I we have that it must be of the form M,H,, and therefore
(Pr : M,) < Zyes(PA : M,.,); now, as every Z-module is a Z;-module
and Forg(Mqul,) M,,, we must have that any filtration of Py descends to
a filtration of P, and clearly any appearance of ]\;[,H,, as a subquotient of
P, translates to an appearance of M,, as a subquotient of Py and therefore

Yoes(Pri Myy,) < (P M)
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M,

7NN

P)\ .Z/)\ C
MH BFOTQ
P, M, L ¢

The last equation holds by a similar argument, using lemma [I6] and the
fact that every simple module in O is a highest weight module (Theorem 1.3
in [I7]) and the second equation follows from BGG reciprocity.

Now, let Py be the projective cover of L. Let us see that Py = Forg(]%\).
Notice that we have the surjective morphisms Forg(p) : Forg(]%\) — Ly and
m: Py — Ly; as Py is projective, then there is d : Py — Forg(]%) such that
Forg(p) od = w. Notice that Forg(p) is essential since otherwise there would
be N C Forg(M) surjecting onto Ly, but N must be of the form Forg(N)
and therefore p would not be essential, provided that N would surject onto
Ly. Then we must have that d is surjective since otherwise im(d) would be

surjected onto Ly, contradicting the fact of Forg(p) being essential.
We have the diagram
15)\ # .Z/)\

Py 4(1) FO?"g(P)\) Forg(p>) Ly

T

We conclude that d is an isomorphism since Py and Forg(Py) have the
same composition factors.

O

Corollary 3. Let M € C and a2 Py — M be the projective cover of M, then
Forg(Par) is projective in C.

Proof. In O, any projective module is the direct sum of copies of various
Py, that is Py; = @ Py (Theorem 3.9 of [I7]). Using each Ly in lemma
and clearly having Forg(@ Py) = @ Forg(Py), then we have Forg(Py) is
projective since each F' org(PA) is projective.

O
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Corollary 4. Let P € C be projective, then Forg(P) is projective.

Proof. As P is its own projective cover, it is projective by corollary

O

Lemma 20. Let 7 : Pyy — M be the projective cover of M € C~, then Forg(Pyr)
is the projective cover of Forg(M).

Proof. By lemma[I9] we have that the statement is true for any simple module.

Suppose that Forg(Par) is not the projective cover of Forg(M); then let
Ry be it.

Now, let M be any module and consider the short exact sequence 0 — A —
M — B — 0, with A, B simple, then we have the following diagram

0 0 0
l l

0 —— Forg(Pa) Ry Forg(A) —— 0
| |

0 —— Forg(Pu) Ry Forg(M) —— 0
l l

0 —— Forg(Pg) Rp Forg(B) —— 0
| |
0 0 0

where Ry = Forg(Pa)N Ry and R = Forg(Pg)NRys. By the five lemma,

we must have Ry = Forg(Py) since R4 & Forg(Pa) and Rp = Forg(Pp)
(since A, B are simple).

Let us argue inductively on the length of M; suppose that the statement is
true for any length up to n and let M have length n + 1, then if B is simple,
A has length n and therefore Forg(Py4) is the projective cover of Forg(A) by
induction hypothesis, and by the previous diagram and the five lemma, we
have that Ry 2 Forg(Pay) since Rg4 = Forg(P4) and Rp = Forg(Pg).

O

Lemma 21. Let S € C be simple, then there is a simple S e C such that

Forg(S) = S.

Proof. As S is simple, it has a highest weight A (since every simple module is a
subquotient of a Verma module) and a morphism M, — S. By lemma there
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are a Verma n}Odule MA € C and a morphism MA — iA (Proposition 4.1 in
[I7]); as both Ly and S have highest weight A, the following diagram commutes

M)\ >[~/)\
L
M, —— S

we have that Ly is simple, then let S = Lj.

O

Corollary 5. Let P € C be projective, then there is a projective P € C such

that Forg(P) = P.

Proof. We know that P = @ Py (Theorem 3.9 of [17]) and that for each A there
are a simple L) and a morphism P = Ly. By 1emma~x there is a lift Ly of
Ly and by lemma we have Forg(Py) = Py (where Py is the projective cover
of L)\).

P)\ > i/\

]

P)\4>L)\

Let P =@ Py. Clearly Forg(P) = Forg(@ P\) = @ Forg(Py) = P.

Lemma 22. Hom(1,1)= A

Proof. Let X € C. We have that C is a C-module category via X @ M =
Forg(X)® M, then

Homgs(X,1) =2 Homs(X, Hom(1,1))
and

C ifX=C,forsome el

Homgs(X,1) =
C( ) {O otherwise

We then have that A <  Hom(1,1) since for any C,,
Homs(Cy, Hom(1,1)) = C.

Now, suppose that there is an m € Hom(1,1) not in A, and consider N, a

direct summand of (m) not contained in A, then if Py is its projective cover,
we have
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Homgs(Forg(Py),1) = Homgs(Py, Hom(1,1))
but

C if Forg(Py) = C) for some A € I

Homé(Forg(PN), 1)= {0 otherwise

Hence, Hom(1,1) = A.

1%

Proposition 10. We have a bijection Homgs(X,Y ® A)
Homgs(Forg(X),Forg(Y))

Proof. We have that C is a C-module category. Let X,Y € C, then
Homs(X ®1,Y) = Homs(X, Hom(1,Y))
By lemma 7.9.4 in [43], we have that

Hom(1,Y) =2 Hom(1,Y ®1) 2Y ® Hom(1,1)
By lemma [22]

Homs(X,Y) = Homs(X,Y ® A)

Example 9. Let us revisit example [5 in the case p = 2.

Let

A= P Cim

mEeEZ

then Oc,, = Idc,, and A is a commutative algebra.

Let Y be the kernel-type module used in example 5
Cor—o Cakt2 Cak+s Cokrats)

N NN

thenY ® A is

DPrnez Copyam—2 Coktam+2 Coktamt214+1)

SN

Coktam

C2k+4

By corollary[2, we have that
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Forg(Z) := Forg(Cax—2) = Forg(Carq2) = Forg(Corye) = ... = Forg(Coprraiy1))

and

Forg(Cay) = Forg(Cogya) = ... = Forg(Cy(itar))

If X = Cy(jtaq), then Hom(Forg(X), Forg(Y)) = C**! since Forg(Y') has
the form

Forg(Z) Forg(Z) Forg(Z)

Forg(X) FOTQ(X)

-

2l+1 times
and X appears in exactly 21 + 1 direct summands of Y ® A, which implies
that Hom(X,Y ® A) = C2/+1,

Analogously, if X has the form

Co(ky2qg-1) Co(ky2g+1) Co(krag+apr1)

\ / ) /

Co(kr2q) Cothr2g+2p)

with p < 1. Then Hom(Forg(X), Forg(Y)) = C?=2r*tl = Hom(X,Y ® A).

Corollary 6. We have a bijection Homgs(Forg(X),Forg(Y)) =
HOmReploc(A) (]'-(X), f(Y))

Proof. Recall that we have Frobenius reciprocity, namely

Homg(X,Y ® A) = Hompeproe(a)(F(X), F(Y))
The result follows from proposition

Conjecture 5. There is an equivalence of categories

C Reploc(A)

Conjecture 6. Let L = (Ly,...Ly,) and py, ...ty € C, then if

Z,ul,;Lg,...;Lm - Zl/<L1 — M1, Lm - ,U/m>
and C(p1, ...bm ) s the category with objects
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Obj(C(pr, --pm)) = {(V, ) € Rep(A) : My,s, = pldvgs,,
For S; = Cy, and I being generated by the ;.

Then, we have an equivalence of categories

2y iz — M0d = C (1, - fim)
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