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© ABSTRACT - -

The purpose of this thes1s 1s to exam1ne the distr1but1on of the;

. square of the T . stat1st1c,'under the assumpt1on that the data are

t

: samp]ed ‘from. a stat1onary f1rst order autoregress1ve Gau551an process.

7‘For a samp]e cons1st1ng of two observat1ons the exact probab111ty

71” dens1ty of - F = T2. 1s der1ved while for 1arge samp]es asymptotlc

“~5approx1mat1ons to the probab111ty dens1ty and @oments of F are

, obta1ned,l t
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 CHAPTER I

INTRODUCTION
Consider two times series
X(t) = ult) + e(t)
- and b
Y(t) = v(t) + n(t) S
Q

for all times te T, where s@t) and n(t) are random error terms.
& . v )
ty) ¢ oo <t bea finite set of time points and let

A

Let_ tl
(x(t1),y(t))s (xpeyp) = (x(tg),y(2)),eeslxXpuyg) =

(x1,¥7)

(x(t,),y(ty)) be n pairs of‘ébsetvatidns from the two timeYseries.

#
//
“

‘We wish to test the null hypothesis - C

. - - .__\

against thé‘a1;ernatiVe '

I

S Hproop(t) # wit) ,. terT | o N

| [
~on the basis of ﬁhe’ n differences

v diH= xi - yi:’,;i = 1,2,...,n -,

CIf HO- 1s9tr§é then



d1 =E(t1)"'n(ti)3Y1 ’ 1"1,2,‘--,”

If, furthermére,‘the [yi} are independent N(0,1) random variables

then the statistic

- n di
where d'= ) —and S
: i=l n : ,
d1str1but10n with n-1 degrees of freedom, and ‘the statistic

has a Student's t-

JF=T2"

has an F- d1str1but10n w1th 1 and n-1 degrees of freedom. However,
if the {yi} follow a stat1onary first order autoregressive-Gaussian
'prbcess
Yy T eY tE
'then'the-distributions of T and F are unknown.
Chapter II surveys the literature dealing with the effects of -

dependent data upOn«the d1str1but1ons of the T and F statistics..
'Var1ous types of dependence are cons1dered o
In Chapter III we examine .the d1str1but1on of the F stat1st1c o

'when.the data are .sampled from a stationary first order autoregress1ve

= -~



3“
Gaussian process. For a sample of size n = 2, the exact probdbility

density of F 1s shown to be

/

- - o(F) = v(I"pHI“})i N , 0 <F <¢m,
' all + p + (1-p)FI/F .

It is also shown that for large n, the probgbility density of F may

be approximated by

a(F) = n {1 +§o(n“’1)} , 0<F<w
(=T \/r (1-p%8,) o :
CWithe
1+ 2) ' R p) 2/ (1) ~\/[(1+p + Fli-p) Z/(n- 1)] - 4%
B1 - szZ ‘ .

and ' . : o ‘ : e

_ (1-p)T(n/2) <3 -1 n . 2) plr-1) < ntl, n42 2>
Kn = F s ’ y P F i SR R
R r[(h-l)/Z][ \Z>Zm T zr T

-

v

a 2(n 1)(n+l) (3  n#3 . n+d 2) o /
n{n+Z] 2' Z "Z' ~

, ;'1
p (n 1)(n+2)(n+3) n+5 . n+6 . g>
+ AnF n+ F(‘Z T‘Q "2— s P ]

‘where Fla,B3y;z) is the hypergeometric fuhctiqp;,»Fiﬁéi]y,\1arge

sample approximations for the momentsij//Frare obtained. = \\\\\\



CHAPTER 1
LITERATURE REVIEW .
If X = (xl,xz,;..,xn)‘ is a vector of n 'indepﬁﬂdeﬂt fdentically -
distributed normak random v§rdab1es, each with mean 1 and varifance

N . \ . -
02 , and 1f '

n N T2
X = L and S =4 e

then the statistic

=X
S//m

has a Stlident's t-distribution with n-1 degrees of freedom, and

F=12= n(X-u)°
) —Z

has an F-distribution with 1 and n~i 'degrees of freedom.
'Independence of the {Xi} is a major assumption used in

- determining the distributions of the T and F statistics. Thus it is

',of ;onsiderable impqrtancé to examine the sens{tivity of these

Q

statistics to conditions of dependence. In this section we review the

relevant Titerature.

Let- {o,} be a sequence of st%;istics'SUCh that

”

en‘ - E(en_) ‘ a)
‘ en



LI O ‘ : ) ’ o ST ‘
cooT oy T .o b,
Lo Y . . o . . T e e
[} -

1s asymptot1ca11y distr1buted as a standard normal random var1ab1e, and

con31der test1ng‘the nu1] hypothe51s Ho E( ) 0 . The cr1t1ca1
: po1nt Ka correspond1ng to a r1ght ta11ed test of size a ie if
t;. detemi ned by the re"at"on :[ "","::‘v: [_.:: ? ' “"‘V’V\‘\Dai ” . jl ‘g‘.‘! (

N e
R T T ,..,‘;-*
A 5 -

(YN R

L . - o =z
where @ 1s the standard norma1 distr1but1on funct1on., If we denote

by D the asymptot1c var1ance of eﬁi 1n the case of dependent

observat1ons frmn a stat1onany process 1ts va]ue 1n the caSe of

1ndependent 1dent1ca11y d1str1buted observat1ons by V and the rat1o

8

| D/V by Ty then as shown by Gastw1rth and Rub1n (1971), the cr1t1ca4

reg1on,determ1ned under the assumpt1on of 1ndependent observat1ons, ;i”_.

q _nt name'ly Co ) .‘ A‘ | \ . :;LL\. | w . / 7 .

0 B8] T e g

e k |
P . -
Lo R ’ . n E
Rt . _;. “; o
) . : s g
L ad? 0

Fo110w1ng these authors we def1ne a* to be the asymptotwc 1eve1 of the
u;T rlght ta11ed test based on e when the observat1ons are dependent :

Scheffe (1959) cons1dered the mode1 where X z (Xl Xz,-.g,X”)f“ﬁhgehf

a multivar1ate norma1hd1str1but1on W1th mean vector E -‘?u,p,.;;fgtfdfh

EREE



.. -and covariance matrix. .} , ‘where P PR

O —~D .-

> -

I T (0 - 1

(o

TN

To ensure that 2 1s p051t1ve def1n1te he 1mposed the necessary and
o suff1c1ent restr1ct1on el ",}_f;%;,, jﬁ;f;f “fZVi 4’jd5 jti e

. VFQ{Z[tqs;Tﬁ§f§}}_f <p< {2 COS[TE?Tf] } i
Under these cond1t1ons he showed that T s asymptot1ca11y
e as
B N(O, 1+2p) and that the asymptot1c 1eve1 of the r1ght ta11ed T test
Jf; Qf'_H03j P 5:0 1s ngen by 7f_tv“hv*}fuiveﬂf 'vh E ;?=5 7d~t}’y'we/m

R v . Y L S ERREEE LW B o N . - o .
o R T T T L : A

e sleel (VO L

Let X = (Xl Xz, .. X )" have a mu1t1var1ate norma1 d1str1but1on

-‘;f.w1th mean.vector 0 -~(0‘0’“" 07'\ and covar1ance matr1x Z Let

i

t‘ﬁ._* |

. B - ,’

i xx:12f¥/ and 1et By iy’ denote the e]ement 1n the i h row and

f'jcdluﬁniefvtﬁe..,Hotellnng,(lQGI) demonstrated that for large t, the h 3

- statistie o

e N U L e

T



_approximates the ratio

0

-
[

where 1 is the nxn

Tt

'; | ,P(i>tl2i}“

‘ \ .
T

11
1—
. b\,
I

- .

Jaen

le ol

a8

n-l

"r"o- A, Yo .

§7~Jﬁijﬁ9!ﬁd 1Rnth6ibé’"f

. while for

1;:”Q{£hfp;;};gn;ilf}

.,.:-‘R"'v=~ i
- T2

b

{1-p)

n-2
P -

) : . R
P
o/
/"‘"/ : .
—

0 Ceeeop

2 oAl
. S n=2
SR e e P

L

Y

B TSE

A

et T e e

13 L

l

)

e
P
e

, he shwad*#hat}f" a)f'  

n-l/z

Tl e

b O ; )

e R

{

identity matrix.. For-the covariance matrix
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‘In this latter case ATi (1973) proved that the exact probability

.~ density functfonaof‘*T is

9
g(t) =

[}
4

zﬂ , o EINT
TV L o7 ——1 7
) {nl % o :- (1+ T‘EJV | ‘>[(1+ Tg , T"ETT + 1T

-

He a]so showed that the ta1ls of the t dwstr1but1on for p'> 0 are

v th1cker than those of the standard t- d1str1but1on (p O)/, while for

p < 0 the ta11s “are th1nner than for the: standard case.

Gastw1rth and Rub1n (1971) exam1ned ‘the behav1our of the asymptotic

3 1eve1s_of
processes.

nn  €’ee

the's1gn w11coxon and t tests for var1ous dependent
They showed A .;‘f.» 2 ,'f S '_f_g,;

If Xl Xz, ‘e an are from 2 completely regu]ar Gauss1an

’7: process whose autocorrelat1ons satisfy 2 Pk . and,_}. |

P
'fisenszt1ve to the dependence than uhe 1eve1 of the W11coxon

> 0 for a11 k then the 1eve1 of the s1gn test 1s 1ess

Yo !

“'test wh1ch 1s 1ess sens1t1ve that gf the t test In each case

"‘sl-ithe 1eve1 exceeds the correSpond1ng va1ue for 1ndependent /

',ffobservat1ons fn‘:;hfﬂt"s;."i SRR ;1f _','“" L /f“

‘ ii)ﬁh

If Xl Xz, ..,X - are from a f1rst ordeqﬂautoregress1ve

1an process w1th negat1ve autocorre]at1on coeff1c1ent =

-ibhen the 1eve1 of the s1gn test changes 1ess w1th the o

h_ependence than the 1eve1 of the w11coxon test wh1ch changes

'_v1ess than that of the t test



A]bers (1978) stud1ed the model in wh1ch the\random vector
X = (Xl,Xz,.. X ) a. has a mu1t1var1ate normal distr1but1on w1th mean
vector p = (p,p,a..,u)“, and ‘the {X;} are m- dependent ‘that is, the

ﬁ,eégiarianﬁe;matrixfWE”_has_e1ements

. %) = oo,
= vafxi,xj) = 9py; -Jl -1 < li <Jl < m

95 ‘
' o - lw-—J|>m,~

for i,i = 1,...,n, where'm is a‘positive integer and- o ,
Tk =,1,t..,m"are constants Sychﬂthaf 7 is positive definite and
,“22 pk\ L

RANY

,Uhden_the-giVEn”mode1,nhe showed;that' T fﬁl'aSymptotica11y :

" N[0, 1+ 2~'k2_ pp(l- 7)) -

and that the asymptotic level of the right-tailed T-test of =

=1 - <1>(K {1 v2 g k(l— ~)‘} 1/2_) ¥ o(l)

Th1s same paper also dea]t w1th the s1tuat1on in wh1ch the {X };>afé';'

from a stat1onary autoregrea\\ne process of order m, that 1s,



B k = 0 1,

| 10.
m ..‘ | “ ’ . ‘ “':-:‘: B
LoaKyoel= 2y T Emrdenn N

ORI - k=0

where Zm+1: .;ii;“ are’ 1ndependent N(O,YZ) “hahdbm“var+a51es;f ag 5‘1:f-

| and, apy e .,ap Are constants such that all. roots of the equat1on

S LU o
k=0 - Lo

Lo

A‘;11e 1ns1de the unijt c1rc1e | Uhger-phese«eonditions'he sthed-that5,T'

is. asymptot1ea11y o R ‘ R ,‘7 L 'i B
e - CON(O, Y agpe, f(Y a,) o+ O())
N A o k=0frg, ',keo' k R n o

’e*where pk 1s the autocorrelat1on coeff1c1ent at 1ag k for ’f

For each mode] A]bers proposed a robust mod1f1cat1on of the t-

"7etest. He demonstrated that under 1ndependence both of - the DPOPOSEd

"tests wou1d requ1re asymptot1ca11y, mk2 add1t10na11y observat1ons to

/’obta1n the power of the t test.. h_' : fL:“”ff G "A L 1,
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CHAPTER 111
. THE ASYMPTOTIC DISTRIBUTION OF THE SQUAR OF THE T STATISTIC
R FOR A FIRST ORDER AUTOREGRESSIVE GAUSSIAN PROCESS

3.1 F1rst Order Autoregress1ve Processes

Cons1der a f1n1te subset of time po1nts t) <ty <. &ty and
1et F[X(tl) X( 2) (tk)] denote the Jo1nt d1str1but1on function of
the raridom var1ab1es .X(tl) (t2) X(tk)' A time ser1es or ~

stochast1c process 1s sa1d to be str1ct1y stat1onary 1f
, F[X(tl) X(tz), cees (tk)] = F(x (tl- T)s X(tglr);-;-,X(tk-r)]~

for a11 nonempty f1n1te subsets tl < tz'(‘,.. < tk and»alf T ; that
s, 1f the Jo1nt d1str1but1on is- 1ndepenq5nt\pf the t1me or1g1n

t A process is def1ned to ‘be weak]y stat1onary 1f for al] t, t s
ELX(t-7)1,

V[X(t-7)] , and

W

sy EEX( 1
) (1)
1) CovEA(E) K(E¥)] = ContX(emn) X(e-)] +

N

: : . x

That 1s, for a weak]y stat1onary process the mean and var1ance are
r1ndependent-of-t1me: and the covar1ance 1s 1nvar1ant under a change of i
t1me or1g1n.

Cons1der the f1rst order autoregress1ve process

(3.141) S é.pxt';'l‘+ ‘?i N " t =0, 5:1_,4 +2,0.
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/

12.
where the <{et} are uncorrelated random variables, each with mean O and
variance 02 . - Following Fuller (J976§, it may be seen by repeated

application of (3.1.1) that

pPXyg + peplyt et
N

u

i

p3xt_3‘+ p eg.2 * Pet_y + ey -
o k-1,
Kpok + L eley
-i=0

o

Assume ‘that A{pl <1, -Then

I = R
Xt ‘= Jim. (p X_t-k + 2: .p et> |

J

ke \ i=0 “
: . ® i
o= ] ee
,,\\ T .
almost surely, and thus
a2 E(X) = E(Tele) =0
and ¢
- Cov(Xg Xeen) = EL(Xg-E(Xg)) (Kean-E(Xean)) ]
= E(Xyhep) = E [( Jole -) (-2“bj9-\ -)]
DS SV M VA = A
2.9 i+h" ‘2v %
=6 ) pog = g¢ L.

1.

pe . S 5P
0 ' 1-pzti]



13.

fz]most surely. Thus, for |p| <1 the first order autoregressive
process (3.i.1) is weakly staiionary. Suhpose in addition that the

{et} are,Uncorrelated' N(O,cz) random variables, so that any finite

‘subset- of the ~{X has a multivariate normal distribution. Then,

i}
since a multivariate normé] distribution is determined by its first two

moments, the modified process is strictly stationary.
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!

3.2 The Joint Distribution of Xy,Xp,...,X,

Let Xl,XZ,...,Xn beﬂ%ampTe observations from the statiqnary first

order autoregressive process *

(3-2.1) ‘ Xt = pXt_l + e-t‘I > . t = 0 ’ tl Py tz ge s .

where |p| ¢ 1 and the {et} are independent N(0,1) random

F'Ivariables. From -equation (3.1.2) we have

E(Xg) =0 and Cov(Xy,Xgyn) = —13? .

Thus * X = (Xl,XZ,;..,Xn)"has‘a mu]tivariéte'norma1 disffibutioh with

‘probability: density - 4

fw = (™AL e [ 0]

where § s the hxn'covériéhce matrix ’ . T
B S S \
E_ 1.-92" 102 T 1
{ ’ SRR n-2
1-p7 l—p2 oo 1-p
n-1  n-2 1 ‘
-2 1% 1-p2
— o | —
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4

The following method of evaluating || is due to Patton (1961).

3] = 0 S - N e
2 2 : 2
— - l-p 1-p 1-p"™ |
2 2 " 2
1-p 1-p 1-p
n-1 nzn ';
“ E 2 2 . . .« 2
l-p7  1-p 1-p°

)

Multiplying the sécond column by p and subtracting from the first

column, we obtain..

A » n-1 1 : n-2
: 2 2 2 2 yo 3
— 1-p 1-p 1-p 1-p 1y
0 — T3 — —
1l-p 1-p 1-p 1l-p 1-p
Toal2. . h-2 | n-3 X
0o £— . e e, =
2 v 2 1 1 .2 2 " 2.1
2o ol P e 1 10"t

1 1 '
|zl = £l =
fo—- l-p 1-p 1-p
L -_l_E .
108 1-6°
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We wish to determine an expression for }fﬁ'lg . ‘F011ow1ng

Routledge's (1972) derivation of X‘l , we define the nxn matrix 'J
by
g' = {1 -p ' \
. 1 -p o (0)
1 -p.
(0) 1 -p
)\

Then § = JJ is the nxn lower triangular matrix

—
-

“Z'=' |
- 1 ,
_p !
3 ’ “n):
n-3 ' n-4
P
n-2 - n-3
P P
. 2

To obtain the n x n identity matrix I from J  we perform the,e1émeptary

column Qpera%ibné-' -pC, + C) Ty 4 Cyoaenes 40Cn‘+ Cn_lv»

‘ (l—pz)CA', Applying these Same'linéaf transformations to 1 we’'see

o . \ l
\

that M_ ) o ' \ . i ' S



Thus

and

X

1727273

B | "
-p. .1 (0)
-0 1
o 15 )
L -0 1“’[’) ,J
1
2
-p l+p -p . (0)
-p 1+p2 -p
(0) . ©-p ‘l+p2
5 -p
_ y2 2 2\,v2,. 2
= Xy +.X o+ (14p )(X2+.,.+Xn_1)v
- 2o (X  Xot X Xate oo #X XL 14X g K

)

i

—p.

N}

l7.
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3.3 The Exact Probabtlity Density of V' for a sample of nize n = 2

 In this section we determine the exact probability density of the
Fstatistic for the case fn which the sample consists of 2
ohservations. o =

Let Xy and X2 be sample observations from the stationary first
order autoreqressive process (3.2.1). Then ‘xl and  Xo have a joiné
bivariate normal distribution with mean vector 0 = (0,0)' , covariance

matrix

and probability density

f(Xl,XZ) = exp[ﬁ%(X%-ZpX1X2+Xgﬂ .

by

In addition we Mave

where

- ety 2 " Y
“’;‘ _ (X1+X2) _ 2 :

U
F = =
(X1‘Xz)2 Ve

where we have introduced the transformation



?;v(é,3,1)jf‘ Lo

\ L.
RIS I PO A R PR

j’ﬁ*i:;ZU+VT B 5

N w1th <o < U < @ and-';w < Vs ThevJoiﬁt’prpbabj1ffyldehsity of
';:U'4and V ‘is g1ven by 'n@‘f _,‘ ;1_ A

°'-'g(u v)

f[X u V) X2(u v) ]lJl
where B e SR

[ b
AT
5o

a(x X)

6(u Vi

1/2

1/2

1/2

l i ; S
—1/2

'Z

‘Abgﬁhdsi;¢fk";"”‘ BN

w1th mean:~9;$ (0 O)

wh1ch 15 the probab111ty dens1ty of a b1var1ate norma] random vector
*T;T (U V)" o and covar1ance matr1x

J’ﬂ1nverse oy

—

Ey ‘w1th

By inspéctjon wéfobtain

S



‘,ﬁ,énd _‘tvhe'r»ef‘org" u’ a)nd | S

o

It follows that

T ey

hfiaref{ndépéndent?Sandafd,nQFhéifrandomvVariables;anqj.:‘ e

-('l?g')'U aﬁd .(._1.;9,).

xigfjare 1ndependent ch1 square random var1ab1es eaCh"WithLl'deéreé{bffuf' 

..‘-‘freeﬂom . ThuS the Stat15t1c v”; 

. Sl

has an F d1str1but1on w1th 1 '71fand' vy =‘l‘ degrees of‘freedOmﬁu_”
Let ¢ and ¢* denote the probab111ty den51t1es of F andkiF*,‘

q .

eSpective1y Then



- TL{v, +v2)/2](v1/v2)

21.

U

e 'f(i)
, - T TI72IT

” "

e ;]&(FQ

f;tné'eXAg?!bfdbéb‘Tity

I'Fv 77271‘(\) /2}

B : (1+V F*/Vz) .
,;TI%FFT"T | |

o

TR0 o ; \ -

"'T» o V' f'.7v' (l p)

- ﬂ[1+(1~paF/<1+p J/II 5F7(I 5 'f»ﬁ(J”

o

den51ty of Ehe F stat1st1c 15

¢<F) =

0(F<ab . L
n[1+p+(1—p)F]/F‘ FRIRIE D I
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3 4 The Cramér- Geary Invers1on Formula =~

Dan1e1s (1956) out11ned a proof of the Cramer Geary 1nverswonn
i .formula The f0110w1ng der1vat1on is based upon . that presented by -
‘Patton (1961) | |

Con51der!ak3tatisticf0f the form -

r =.~_1_,

N) ¢

| 0
_whene Co 1s a]most sure1y pos1t1ve Let f(co,cl) denote thezjoint .
"probab111ty dens1ty of CO and - We. w1sh 10 obta1n the d1str1but1on v'e
',}of; r from f(co,cl) . | o

| “The.transfprmatjpn

Lo
S

a(co,c )
lco,ri

T _éso that the- Jo1nt probab111ty dens1ty of end'frffis B
.~‘ _?°cOf(§0%T§@).
::1"(3.4;1),‘fi.-.. tn_:t : ,“h(r).=i£ cof(co,rcg)dco ,_'

- _fwh1ch is the probab111ty dens1ty of f.

Let M(To,Tl) denote the Jo1nt moment generat1ng funct1on of"»édi"

and Cl . Then ?*4"{;*:*j;ﬂ”t- L ~;‘fh jt e /yﬁf»J*v
' IR f'st A *? .'I'}»'/”. .

M(T T ) C) -

T

T FTC - eew TocATiCl N
< 0" ot 1) ff 0 0L 11’(c ,c )dc de
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" By the Fourier inVersion formula, it follows that _ "7
R : : v -
. ¥ . ~{Tge o+T1° )
f(c c)‘--——-2-ffMT0T)e . dTOdTl.
. (21r1) S

* The ihfegratjon-ﬁsxalong thé Thaginahy-aXes in then foﬁ and 'Til b]anes‘

afrom ;im' fo tiw ', or a1ong any a11owab1e deformat1on of these paths;
‘f'that is, along any paths from 51 i?; to 52 e such that no | e
;,s1ngu1ar1t1es of M(TO T ) 11e on the new paths of 1ntegrat1on, or
betWeen them and the 1mag1nary axes Sub§t1tut1on~of rcO ‘er‘vc1 . .
;; ‘ gives: :;  ~::‘ ! o | BRI
: SR R g ~“.*‘*C0(To+r‘T1)
4  "(3‘4‘??f 'w"._;,,f‘f(cofrco) ?~—:72-ff M(T _1}e_ B dTOdTl
Under the ]1near transformat1on RS,

‘ ?'wj£hngcobfénf

a(TO,T )
(u,lli

equation (3,4;2};be¢ome§”f; ; o
L , f(c ,rc ) -'?4~—~?-ff M(u rT1 Tl)e 0 dudT1
B R : 21r.'l) - ,

“fﬁiThe 1ntegrat1ow of fu 1s a1ong a path 1n the u= p]ane correspond1ng to,v;
% :qthat of TG 1n the TO plane. Thus | v | g



" fle, Acu"‘ﬁ " H ' g Y Sl
= M(u rT,,T,)e dudT ée“ dc
.o((zm)2 o 1_‘ B

—
-

O

[en]

-
3 :
a .
o

L

1]

o

(9]

o

\

(yz fE L
® o

] ! [?EY_I*M(“frTI’TI)e_ du e’ dcoidT1

&
By the Fourier inversion formula,

!

. s ’ ' ..cou "COU 4
M(u-rT. 1T ) = {Z" I M(“ rTl’T e Tdue " deg -

so that
,:(3.4f3);,~ S "°“-,‘é' f(po,rco)e | g¢0:=fYETVI-MQU'“Tlle)dTI

1

When d1fferent1at1on under the 1nte9?‘a1 519" WTth "espeCt to 'ui.ié |

'-perm1ss1b1e, we have

Létting q § O',3we,§btain,‘byfeqddtion:(3}4;1).'f

.;,. n(r) ? lf [M(u rT T )]l

Often 1t is de51rab1e to transform Tl to another var1ab1e z :

w ,by Tl Tl(z u) where Tl(z 0) maps the Tl plane onto some reg1on of

the z p]ane In th1s case ,1u “. "[: ‘jf*’. 'j>”  f, _ \-~" SR

. I
/

aTl(z u)
IZU)T(ZU)JT

A Lg

M(u rT )dTl = M[u T qz,,“"”
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“which, for notational ease, we!express as

| 5T1 o S
Ttu-rTl,Tl)'SE~ dz . : _

. From equation (3.4.3) it follows that -
o ‘ "COU‘. 1y aT1
.é gf(co,rdo)e ch = o i M(u rTl, l) dz

The 1ntegrat1on is a1ong the transformed path in the z- p]ane. Once

again. d1fferent1at1ng w1th respect to u. under the 1ntegra1 swgn and

' letting u = 0, we obta1n jﬂ»

dz
u =0

. (3.4.4) o . h(r) --Z—r f SU M(u rT Tl) 5
| , Th1s equat1on is known as the Cramer Geary 1nvers1on formula and w111 be

2 used 1n the work to fo]]ow.
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3 5 The Joint Moment Generat1ng Funct1on of ¢q and €y - - T

Lo - - 26,

Let  XaXpsee ¥

be samp]e observations from the stat1onary first

‘order autoregressive Gaussian process (3.2.1) and let

anxz e
5
. S
- where* “ - T “\
P 2x1 S
X = —— < and §
n. _
Then o
. F = (n-1)
;f;wﬁere
n(EX].)2

‘ 'r-=:f*—7T—————-zl;“

n{Xi—(ZXi)

" Let' g and h_‘denotéfthe probability densities of, .F

E ;heépgct?Vely."Thén"g 3ﬁd )
;‘(?:s;ly |
'ahdn '
. "4i3.$;2X.1 | h(r)!w»

o

1 summat1ons in section 3. 5 are. from
d1cated B I T

g(F) = h(r)‘%§ -

. "2
s LXK

_2%? - (EXi)Z/n
=" ~ n_T- = .

n-1

and. r,

are re1ated by

. ! \\\ . ‘/
dF . (n-1) [(ﬁ-li' ]_»~.
g(f) — g|——r
di=1 to 1“; h‘1UnTes$‘otheEwisé

§



We may express r as the ratio S

C
r=,€.1.,
5
© where .
e = (n 1 +x2+ Ax%) - 20X
0 172 n’ ~ 172
and | R fﬁ ' o
¢y = n(X2+X2 +x )+ 2n(X X, +X
! ? 172

e g

we sha11 use the Cramer Geary 1nvers1on techn1que to obta1n an

SR

X3+...

X+, atX

+Xn4i n

el

n-1xn)_

asymptot1c approx1mat1on of h(r) from wh1ch we shall approx1mate

g(F). In th1s section we der1ve an express1on for

m0ment;generat1ng functjon of CO and - Cy-
By definition,  ° |

3

_ B : T cqtT.C
(3:5:3) MG = Ele 0

e e TeadTic

the Jo1nt

' 1 o T ."’1 “ o
e v 111 exp\: X 37X )]dx,...,dx .
- ; O e [ 0o e

1 - ;
& (2,;) ® - \ :
where . .
1= o e (v 20202 "

f 2p(X1X2+X2X3+ Xnﬁzxn-1+xnalxn)
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Since

. ! : 1y =l
Toco + Ticp -7 X 10X

"

OB LD T T = 51+ (G X2 DEn=1)TgT, - 3(1469)]

(X, Xo#X X, +.

+ 1% ™3 etk 2Xn 1 ¥n- X [-2Tg#2nT 4p]
+ <x1x3+x1x4+.;.+xlx +x2x4+x2x5+ +X2X +. x )[ 2T +2nT ]
we have that
(3.5.4) T+ T, 3o = Lixex)
- 0°0 _11 ?-,_~— A ’

|

where B is the nxn matrix

a . b (c). \ v
b a b
(c}) SK  é’ b

I : ::] b f

| L - -

wiih ’ EORERS .
a1+ - 2n -1)Tg - 2nT1\ y
‘b 2T0-2nT1-p,.
‘c'? 2Tg - anTy , and
Cfel-2An-1Ty - 20Ty

Combining equations (3.5.3) and (3.5.4), we obtain

, .
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- ' _ -1 ' .
. : 2.1/2 @ o (X BX)
Mt T, ) = Lb-es) R A
001 N ‘ v 1
(2n) mo —eo .

'which, by the thebry of the md]tivariate normal distribution, feduces to
]
2,1/2

' B o {1-p")
(3.5.8) MTTy) = b

From equation.(I.QB) of Appendix'l we ‘have
- pelr
L e

(u-v)(2e+d)

[u+(f—a)]2[(2e+d)2-c((u—v)fn(2¢+d)J]1 :

relzerd)[ul-(F-2) 21} L~

Vi [fv+(f )]2[(..2—.+d- 2} | 7 ) (2e+d ],
- — —74 -3 (2e+d)“+c((u-v)+n{2e+ ))
- (u-v)(2e+d) ™" ; v

+c<ze+d)tv2-(f-a)2]}

e | o
p2eloe) e (roa)1? - e
(2e+d)™ o -

"wheré u and v are roots of the equation -

x2 - dx + e? = 0

with, | |
d=a-c¢c=1 +.p - ZnTO
 and . o |
‘ e ;/b -C=.-p .



: | : | |

Y

This expression for |B| 1is symmetric with respect to u and v .

Also, the roots of

x2 - dx + e2 = 0
aré'

|
|

' \‘d f /d2#4e2
_ R

so that ' , L

Gy o we S .

i e
7
~_ .
~
N
-
“
] L :
s .
: LN . s
- ~
.
NS
/
' i
&
\,
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!

3.6 An Asymptotic Approximation for' |B|

Setting u = 21 we obtain, from equations (3.5.6) and (3.5.7),
(3.6.1) 272 - dz-l + e = 0

and
vV = ezz = pzz . ,
let =Ty +rT, . Then from equations (3.6.1) and (3.5.6) we have
’ ° = | ‘ o ’

I

z‘1 +'e22 d

or

1+ % - 2nT

i

(3.6.2) ST SR

2
0= 1+p" - 2np + 2an1 .

When =0 equation (3.6.2) becomes
(3.6.3)  zheola =140+ 2neT

and

o ' (Aé Q P
»lof" o vika ; “ -
o (1-2)[1 2],
(3.6.4) . Tl —‘\ nr —Z—- P -
The mapping'(3.6.3) consists of the‘mappings
A 27+ pTz =W

and
L2 TR
-B: w=1+p + 2nrTy -

SO



32.
A s a simple modification of the Joukowski transformation

z‘1 vtz o= wW

which is discusﬁed in Appendix [T. By arqguments similar to those
presented in Appendix II, it may be shown that A maps the w-plane, cut

along the rea1;iilg"7rom -2lpl to 2lpl, inclusive, onto the interior

of the circle |z| = T%T . %
. ‘\of

Under the second mapping, if w = -2[p| then

oL Rlpled) (e’
1 2nr 2nr ’
and if w = 2|pl then
oL 2lpled) | (-6
1 2nr 2nr :
) | | (1+1p])°
Thus, B maps the Ty-plane, cut along the real axis from - el -

nr
to - (1-1 l)z onto the cut w-plane For |p| < 1 and all positive
T Tenr ’ : e P

‘n and r, the endpoints of the cut in the T{-plane are negative.
Of particular interest is the transformed path of integration, that
is, the path in the z=plane into’which the imaginary axis in the T;-

plane is transformed. Llet z= XN iy. Then equation (3.6.4) becomes

>

-

(1—x—iy)/x—{y~; ’,2>
Tl =, - p
2nr \;2+y?

3

e

]

x“+y x+y



X+,Y

L i e
i ;;Re‘Tl)‘f'z'“[?l x’("z'*z"'P > s B

o

'C_The 1mag1nary ax1s 1n the Tl p]ane has equat10n Re(Tl)‘— 0 and thus,"‘

“on the transformed path of 1ntegrat1on

e T R S W2 ; el :2'>-
S S X - X 2 oy
coe i ,u,’-°\v.rir“fz~- S 3 *.*p e

c ,x~+yr' X +y S xTRyT

0,

+
DN
N~

L}
;I
+
"O

. It’follows that.

,';' ? .(3;5f5) ", ;_ 2 K y2 X _,«t;

eI N
l’*‘p?( ~X)

1+p (1 X) |

si—

R ‘J;(l Y —ézx),f‘f_ﬁjlji”-liﬂ5'}f°'ifa. G
B s I

. Since 'y - is rea1;ﬁwé‘”havé"j;,'~~ﬁ

e e

x(l-x)(l—p x5 0
1+p (l—x) '

~oeut <.1%~ahdlfr¢l"<:‘1\.;'andf

[

e st have 0 € x ¢ 1. We



R o o = o o
. ) P . R o " »' v f RS o o~ ' L . ' ‘,'} A
wh1ch 1s max1m1zed when p=0. In th1s case |y1 = VX (I xi s which :
‘ B

o has max1mum va1ue 1/2 when ' x =a1/2.~sThgs 0 < lyl < 1/2 on the
~transformed path of'integratiOnf jﬁrom»éouatwon (3,§¢5);1t*follows that:h‘
Izl / 2 2 0 <X < 1 '
1+p lx)

-)‘ A

- wh1ch 1s an 1ncreas1ng funct1on of xt and has max1mum va1ue 1 when .

»]x"’ 1 Thus Izl < l on the path of 1ntegrat1on Add1t10na11y, we
V'h see frdm equat1on (3 6 4) that as - T1 »0, z 3 1 and as Tl >t 1m',d“:
z + 0. Therefore as Tl traverses the 1mag1nary ax1s from }tw to
geo;fzn moves c]ockw1se a]ong a path 1n quadrant I from (0,0). to (1 0)
and as’. Tl goes a1ong the 1mag1nary axis- from 0 to +i1w;:, ‘Zgiﬂ i
travels c]ockw1se 1n quadrant w from (1 0) to (0 O) R
| | Subst1tut1ng e Lp;;Qg g:z L, and v 2 1nto the expresswon
(3 5 6) for IBI we see that the second term (that 1s the term w1th
" 1) 1nvo]ves a factor‘ pz(ﬁ 1 n ; and the th1rd term (that 1s,,the ::3 f
“n- 1 ¥ i

term w1th ( e)" 1) 1nvo1ves a factor P ' S1nce Ipl <1 and

Izl < 1 1t fol]ows that both terms w111 make contr1but1ons wh1ch are
exponent1a11y sma11 for 1arge "nQ' Furthermore, in the case O they

make no contr1but1on at all. Thus we may neg]ect these terms and ‘vf

- approx1mate IBI

i % In fact lzI < 1 on the transformed path of 1ntegrat1on except at the
",.po1nt z= (1 0) o . o



S SRS

) 1B -

(u v)(2e+d)‘2

(u- v)

o

i In‘the spe¢ié1’ca§e

W™ urfoa)

(2e+d)

E o

: ,('p=o>;

. 7~

el ze«_id):[u?-(f-a)'?;]} i

{[u+ (f~ a)][(2e+d) —c((u v) n(2e+d))]

‘c(2e+d)[uaf+a]}v4

(3 6 6)

. ©

Q

1s an“exact express1on for

38,

{[u+ —-a)’j»zA[_(_'Zefd’)‘2~'.C((;u—'V‘)'v-_n(Zeﬁ)')]" o

1B}
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3 7 The Spec1éﬁ Case (0—0)

. Later we shé]1 use the Cramer Geary 1nvers1on formu]a to obta1n the'

asymptot1c d1str1but1on of the r. stat1st1c To 111ustrate the method

: we der1ve the exact d1st;$§ut1on of . for the SpeC1a1 case (p Q) .

et p.~ 0. From, equat1ons (3.5, 4) (3.5. 6) and (3 6. 6) we have .

sl o= (u£-2) {[u+(f a)][ 2e+d )—c((u v)—n(2e+d))]
: '(u v)(2e+d ST

o+

3

. Solvirg for. T1> iﬁ'equ§tfph (3,6;2) wegobtain”
b SRR T nr ” b
, ff}Frbm (3 5 4) we have | A
§ | 2T0 - znT1 2 - Z(n+r)T
5o that o | |



o
{
o
R

2(n+r)
‘Tﬁﬁ;;{

; 2(n+r) -

1+2nu]

(n+r) (1-z)

—an

T

Twr . Tz

(n+r) (1 z)f;

r nr

“‘ItffOT]ows;ffom,eqUation (3;7.15 that .
e AT e RS

: éhd_id}'by’quatién;(

. v
TN
R

.\'

~Z

f  .

el ‘@~‘=;a{l -

( “pe)

3;55);jl -V

1/20  > L e

- _M('To,éTl)n- ’

s lwe obta1n

e

vl
3z

4 1'$oﬁthat 1 1:>i'f¢,‘Z

'aTl |
M(TO,Tl).~~~ as

dz

"‘lénd3~77'

JB

53’1  » = n/z{

D1fferent1at1ng both s1des of equat1on (3¢7.2) wih4féspé¢j ;Q1sz -

v . 1311/2

(n 4)/2 1' 2n2pz
;an'L;{‘ , o 7 AIp‘

(n+r)'

(n+r) (1 z)} = "; i

2 | /2
Zn uZ (n+r)
| " Y (12)}»_~

37,

(1- 2)}i}/2';'
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o o
o M(T, ,T,) - -
dou Q N Y2 4=0

@V 2e a2 ye3g2 25|
TS . 2n"puz  (htr) o 1\(-2n"z
= T - B -‘1"‘)} . (”Zx r>

\ . .p.=0 .
(n-2)/2 ~3/2 ) |

nz (n+r)
P {1 fﬂ F (- Z)} o

ll

L 2
(n+r)r . r
ZrZ.u j,?r [("f”SL- b Z]} B

e

(n 2)/2

n

2»/3?'(1+r/n)3721 G\

-
=

"-",,] s ‘_3/2 ”
(n 2)/2 o, y} .

| !‘3 7. 3’ S o rf 2 [M(u rTl,T ) ”1}

‘YT\; ’. f1:;v v 'bl.'v .V. (n 2)/2 g hJ"fa/2 ‘ 
‘ zZ - S oodz
: 4ﬂ1/“”(1+r/n) 32 j ‘ {"7 ["+rj} s

“””?fﬁs7‘pf | l’i.[; '-?zf” (n- 2)/2(Z B) 3/2

o axi/AR(Lee/m) Y8 r

dz ,‘vf‘

where z = x + iy b*< B*% n/(n+r) <1, and. T is the path of

,1ntegrat1on   _§
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wh1ch is a C1rc1e of radius 1/2 centred at (1/2 0)
For p = 0 . we know that the fF, stat15t1c has an F distribution

With vy = 1 and Vo = N - 1 degrees of freedom It foi19ws that F»;

'.‘.‘ has- probab111ty dens1ty

| r[(v1+v2)/2](vl/v2)-1 S/t
Q(F) = - FTV]./Z)F(\)27Z) g —(v1+v2)/2
‘ o 3 : : “(1+v1F/v2) _
n/2)[1/(n 1)]1/2 gz .

T r(l/ZTPITh-ifyzilj T e

rn/2) ‘, 1
/TTIF r[(n 1 /21 E1+F/(n 1)]"/2

From equat1on (3 5 2) we have

(n Vo fn-1].
{0,

S

: (3{7,4) htf)' .

(n 1) 1[-' F(n/2) ,L' | ‘." | l'1
‘_“ /(n l)ﬂ(n—ITP/n r[(n 1 /2] {1+(n l)rf[n(n 1)]}

Wz

rln/2) *.7,' 1
¢"“r[(n 1)/2] (1+r/n)n/2

| wh1ch to ver1fy our. method we must obta1n from equat1on (3 7 3)

Cons1der the path of 1ntegrat1on T wh1ch we may express as

fo11ows s : ‘
. ' 'I‘. z ~2' ~2— e .
’ Start1ng from z 0 s as Z descr1bes the c1rc1e 1n the cJockw1se '
_ d1rect1on e ranges from 5@ through an ang]e of 2 -t ‘;~+n .
L Lett1ng s B
| ";I- . SR Lo
- ' 1(9+2kn) R =
Z'
“( B) Roe |
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" ‘wezhave

(z-B)

\-3/2 ==§;3/2'e—1(§e/2+3kn)

‘ which y1e1ds two so]ut1ons

(z- B)'3/2 = é3/2 '361/? (principle determination)

‘and’ ' /‘

(z B) 3/2 siRQB/Z.e'(3e/2+3“)i v(secondary_determination)L

vTo make ‘( ) 3/2 s1ng1e -valued we take it to be the pr1nc1p]e :
determ1nat1on and cut the z-plane from = to B so‘that the secondary

determ1nat1on is unab]e to cross the cut. This proceduhe'a1sc makes
| (” 2)/2 ks1ng1e va]ued because 1n cutt1ng the z-plane from -5 to

ﬁ , it is automat1ca11y cut frpmv ~= 10 0

{Censider;the closed path’ P -consisting-of the‘pathS' T, L Y s
and‘Lé.defined by | |

o'z %+% e'® s mme 20wt e

=8 +vrei(f“+€5

. . :
N
"

, r(e) >t > 6,

"Y::’b vz = B+ 6e1e y ';n +€ < 8 <11;.. €

‘where ¢ is an arbitcbri1y’sma1T angle, rle) is the distance from

(a 0) to the po1nt of 1ntersect1on of L1 and T, and 5 is
"_arb1trar11y chosen such that 0.< 5 < m1n(a 1 B) s dep1cted in _'

F1gure 1.7
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Since z(”‘?)/z(z-ﬁ)’3/2 is sing]e»va1uéd»and analytic on and
Wwithin the closed path. P we have ‘

| | : [ : (n -2)/2 ; »
{Pﬂl Y j } (z- 8)3;2 ’ ~‘9 ?

so that

Z(n—2)/2 ‘ : } Z(n-2)/21

i dz = -{f dz .
(g .{L (z-)372

On Ll , dz = e1( -whe) de oh~ Lé,‘dz = e1("'€)dfv;'and, on

16 ‘ B 4 . v’»' ‘ /,

-y, dz.'= b&ie qe . Thus - C /

bf” 7 d 1( ~nte ))
PR 7 Z =
T {z-p)]

(n-2)j2 . {jé-v e (n-2)/2
o 377 le
r{e) - (Te1(-ﬂ+g)) 4

j ;(a-z>/z

¥ R—€(5+6e
-nte (6e

’

sie'®o

4

(n-2)/2

1(ﬂ'€))3/2

(5) (B+ e
b (=

o o (n=2)/2

_{fé (reeiomtely

. Ms)lxyzgiqﬁsn2‘ - ;
16)(n;2)/2 L -.' g o

18)1/2 ;vqe

K

C =g
1f (ﬁ+6g
~te '-_(5

+

) o T(E) ($+Te1(ﬂ'€))(nf2)/2
M v = dj
v, i : R

.””}-

42.
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(n 2)/2 ’
Letting e + 0 and I = f -—-—-372- dz we- obtam
. (n- 2)/ (n-2)/2
(S -im 19
_ . (g+1e”' ™). (;3+5e )
I =/ dt + i de P
‘ {{3 T ve-m ' f (6 19)172 \ o
s (n-z)/z ) " )
b0 leme ) d'l:} |
5 ‘$3/’Zem/2 -
| YPU . (n-2)/2.
=_,{-if6 (B_T)(n-Z)/Z i +__1__ fﬂ'(ﬁ*éeie) do
B-t)
-1 T d"}
or - o
v e »
(3.7.5) . I =142, - —1 .
L ety
where . . : ‘
' .. (n=2)/2
,11. ({ S & and I, =/ 5 e
Consider S -
Va - . . .
1 \l-3)
5 N ¢
_ .
Let u = /B - .The'n T = BU _and‘ .dr_ =B /du s givin‘}g
. . ' <S/B :
://' .’



g
1 \ /o -
ﬁn'3)/2 I‘ (1'“)(n-2)/2 u‘3/2du R

=,B

! App1yfng the general binomial formula, we see that

-]

k . r(n/2) K
'kZo 1" spemyrtzzRT Y

| convergés uniformly to '(l—u)(.“*zv)/2 for 0O <cu<l. Thus

; - o 1 _
_ q(n=3)/2 5 k  r(n/2) k=3/2
e (0" remrzzRT L, 0
. !  kZ0- ' rik+1T(n &= 6/5 |
4 "‘ N N . ,-v‘ ' v l .
= B(n—3)/2 E (’l)k S T(n/2) Uk.',l'/z ] o
S0 ko F(F*TTFUTZZJFA'UZ?EEB- o
,gan.d sP- o ‘ | ‘k -
:(3-7.6), ZI. = ZB(U-3)/?F(n/2) ‘2 ‘ (’]) C

17 TIKFDT(n/2KT(K-172)

k=0
25(n-2)/2 o M

-2 ——r(n/2) § — .
s ! &y TORTITT/Z-RTTR172T

Now consider
w22
I, = B(n—2)/2f (} + g.eje> e~10/2 4o
‘ ’ A} . =T . : : '

R

\‘

. V R I Ny \ “" . ‘ ‘ . . L. . .
“Since Iéeje/BI < 1", we have, by the general binomial formula, that

' E : f(n/?) ' (§_ e19>k
k=g DIKHLIT(n/2-kINE = /.
ig)(n-Z)/Z .

converges .to (1 + B-e uniformly in. e . Therefdre

a4,
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: (5/p)K [ Jio(k-1/2) ]
o TOEFITTR/Z: X7 LTTR=172)

(n—2)/2r(n72)

“w

=P

gt 1

(n-2)/2 K (5/8) 2
p1=21/2p(n/2) o TTk+1)F%n/2-k) Te=yygy Sinte(k-1/211 -

k+1l

Noting that sin(n{k-1/2)1 = (-7, wéiobtain
‘ : *
/ -
= | - (n-2)/2 K |
' RS (-1)%(5/8 8)
7.0 =g~ “E“j%fi“"?‘"/?) 2 TORHTTTTR/ 2K TTK= 72y -

Combining equations (3.7.5), (3.7.6) and (3;7.7) we have

. (n-2)/2 ,
7 . 2iB (- ) (6/8) , g
= "/2)[ ) I‘W’fﬂm/TkY(k_l/Z) |

i 2 ( (5/5)
' r1k+1)r(n72-k7(k;1/27j |

ea(n=3)/2. (-n*

+ 2ig' P(q/2)k§ prg+17f1h7z*k71k 1/2)
,  (n=3)/2

}‘21 o

Whe"evKn =,pSn/2) 2 ‘Tk+I)£1§%2'E)(k 77T From equatiovv(3.7j3)._f

-

: obtain
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h(r) =~ - I
D and /ARt /n) e
- ! <?+r>—(n—3)/2K
2n/iF(Lar/n)> €\ f
and thus
. K
: - 1 n
(3.7.8) - hir) = : — .
. o /rrn (l+r‘/n),n/2 2/n B
oL

Compaf1ng equations (3.7.4) and (3.7.8), we see that it remains to show :

that , N e

.Renorma]izatfd j}fe]ds:fhis result since h{r) is a probability density

function.
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- -\“ R TR ‘;47. _~:-.‘
Tl % y .

3. 8 An Asymptot1c Approx1mat1on for hir). I

, ln th1s sect1on we obta1n an asymptot1c approx1mat1on for h(r) forl
.the ‘general case 'O,<u|pl < 1. .From;equat1ons (3.5.4), (3 5. 6) and

©(3.6:6) we have.

2[

gl ~ U _(urf-al f(u+f a)[(2e+d) -c((u v) n(2e+d) )] s c(2e+d)(u f+a)}
e (u V)(ZE*d) e - . , o

"whefe u o= z7 -1 ;. f -as= _?2' s V ='p22,; e”= -, and

o dv%‘z‘l f;pZZ . Ittfollows‘fhaf |

et L
a2 1+vp2‘7v_)zi_’1_'. 5 i

(1-p2)(1vp)zt

o o u+f

L]

2

1]
NN
+ 1
e ke
it 1]

1]
~N
e
o

TR

2 ' T ) ¢

’ .un'l(u;f4é)”J; iy (nrl)(l 622)z -1  _:;:- '(1-§2z) o

‘,(Q—v)(2é+df (1 pz)(1+pz)z It(l pzﬁ2 1j2‘- n=3(1- pz) (lfpz)'

cand o,

_U1 *P'ZY _ {(1 %) RICETIM c/ii#pz)(1+§zi';;5](1-5z)2>1f?§v‘»i"

5

~|"B‘.| _’;

| ¢°(14¢i)2;(1+pi5?;1»" |
A }‘
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. (-p 22) = (1~ 2, H-p2)” _ ¢ 1+pz-n(1-p2)) '
2" 1(1 pz) (1+pz){ i [ 2 p ’ L i \ ]

"';+c(1-pz)(l+pzz%?'
By equation (3:5.5) . we have
, (vl._‘pz)l'/z' T

2 ”2[ %) 1{(1 ’ z)[——~———~“ 92) . cl1vozontnpz)]

(l pZ) (1+pz)
“+C(l pZ)(l+p z)}] 1/2 . *
 From Equation (3.6.2) we obtain i

 ‘_x:1af 1 2 1 ’ (1;2)(I;b2Z)

B . o ‘> B ‘ ‘ . B ‘ . T 1 »
 j‘$3r8'l)f T1 . 7ﬁFf[2f‘ e
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1 ,=- 2 1/2 ST I 31
o )(% . .1(;—p Z; ' ‘J(l [(1 pZ) - c(1+pz-n+hpzﬂ
2nrz® [ e ST

| (1 pZ)(1+p z)}] -3/2 (= 1/2) |

u (1 -of2) J.(l : 2 :]ac: .
. -p° Z)(l+pz n+n Z) + (l-pz)(l+p z2)) | == .
[ -1(1- pZ)4k1+pZ) U ‘ ° R okt =0

.”Combining_equations (3.5}1);and (3.8. l) we f1nd that

.

‘ 2T0 = ZnTl

)

Zu - 2(n+r)Tl

(n+r) (1-2)(1-p z) Do
A Tor

() (e2)(1sp%) S
B 2 R T

(PN

e U S
o}

e



| S T ‘ v‘ o éo;r” R
(3.8.2) ~M<T )az o e , s

g’(i )(192 1/2r k (1pz) L
4nr22>‘ 2" I(l pZ) (l+pZ) f

{ +r) (l z)(l -p z)

e 3 \
%1*9 7) {(1 DZ) . (l+pZ n+npz)]

_ : , | 2 o .
_“(g;r‘) f»l-Z)(zl—f) Z) (1 pz)(l+p 2)}] -3/2

i R S
““/ : . . .

g : v*., S L TN
1‘1 B2} <- (15 Z)(l+pz n+npz)+(1—pz)(1+p2z))](€ﬂ>
- (l—pz) (1+pz) U P RSN

0
1

R “ 1 D ‘ R, S
= ;'( Z'n)§} o ) 2((1 . Z) [- (1 p z)(1+pz n+npz) +.(1- pz)(1+p z)]Q
coo2rtz (1 oz) (1+pz) S A _ |

)

LWnere"'
- (1-p Z) x ;( [11 PZ) ("+r) (1,2)(1 o’2) (i+pz n+npl{]1 .:
-!Q [;" IVl -p2) 4(1+pz) { - e ff A 2 PR :

B v S J:_“ 3 5
- foen) (- )(1 P Z”'}(1 pZ)(l+p22) H (~ »

" Tar Tz

~ Consider




(1~p22)

Q= |
o

(1—pZYé(l+pZ)

2 {(14§ 3

(n+r)

z) (1- z)(l -p z)(1+pz n-npz)

R N L V2 o
e A(l—z)‘l.-pl)v(lﬁ'pz.Z).}]v B

w22

- {1- -0 Z)

- [z (1—pz) (l+pz)nr

Observing thdt]

(1-p Z’

S BRI V7.
- nl1-pf2)(1-p2) - (4*pz)<1*pzz’]£] I

Q’=[
Z
L ERENE 372
s (n+r)(1 z)tzpz(l-p) < (1 L)<1-pz)] }] L

* Neglecting 2ez(1-p)

, err§ﬁ:whi§p is réTatTve]y -0(n;1) and thus

(1 pz)4kl+p1)

(1 ~p 2)2

' _j

o"~[
Z

'(l—p'z),

(1 pZ) (1+pZ)

]

. where .

vfnf(l pz)j‘

P

o

{nr(l pz) + (h+r)(i—z)[(i¥pzz)(1+pz)

(1-p22)(14p2) - (1-p2)(1+p%2) = 20z(1=p) , we obtain’

-

in_comparison with n(1 p z)(l pz) ‘we dncur|an .

nr(l PZ) - (n+r)(l Z) (1 % Z)(l DZ)}]'_ ’“

' B ;3/2._.;'>,j
———p L Lo
'z“(l;pzfa(l%pz)rf ]' L

51



o expre551on under the rad1ca1 s1gn, j,f, -

52.

-
[}

r(1p2)2 - (n+r)(1:2)(1-p%2)

RN

i}

/[rv-f(n+r)] f‘;[—érp + (n+f)(1+92)]‘+‘2292[r - (n+r)]
;nff,ztn(1+p2) + f(l—b)zj.f n@?z?‘}

i}

Letting alf, and. Bz denote the roots of L =0, we may express L as L

L= - e 2(2- Bl)( ):%,so that ‘_‘. o . ST ‘,V N
S | d 2 g ’)( ) -3/2 . T
L np 1-0%2)%(z- 5 z- a T R

z (l pz) (l+pz)r CL

: Wheré'0:<=lp1 <1,

'nk1+p

2) + r(l‘p /fn(1+pz) +r(1- p)zl2 2 &

i |
B B 2n52

Y

: an¢ 

; n(l+p2) + r(l p); /fh(1+p2) F s p)7]2' sz2 B
. 2 | | )

B
.i?' '.2np

Let us d1gress brwef]y to exam1ne the roots ﬁl and 32 . The

\

[n(1+pz) * r(l p)ia ~ 4n2 2 |
QH¥F+2muw)umﬂ+r%1m 1n2y?

= n2(1-p2)2 + 2nr(1+p2) (1-p)% + rE(1-0)*



\
’

is real -and positive. ThUS’bth‘ 51 and xBZ "ére real and 32 >

- Furthermore,

[n(l+p +r‘(lpz] L 1+p v+r(1 pz] ZZL
. 4n2p2 = 1

W 2

e p p wf

Y

and so, ﬁ1;7:0 . Also, éih;e,

. nZ(l‘ba)z f 2nr(1+92)(1;p)? +’r2(1;5)4

- n2(1~p2)2 v 2nr(1-p%)(1-p)% + r2(1-p)* + anrpf(1-0)%

">_n2(1~§2)2 +'2nr(l—p2)(14p)23%'rz(lép)? E

)

= [n(1~p ) + r(l p) 212

L’ we have that )

Ry

#y

53.

T nl) + 12p)? /’n(l 1)1
. an L
S T
R

o

_ n(1#p?) + r(l-p)?f;17ﬁf(1;p Ziénr(1+pzﬂ(1 p) (1-p§4j J

S
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" Thus 0 <\Bl <1 and Bo ='1/(p251) > l/p2 > 1

From equations (3.8.2) and (3.8.3), we obtain

ol
STy o | /
3 00 ] ) | - (

dz

(1022 (102 2

2’n+1(1 pZ)¢(1+p

1-p 2) [-(1-p z)(1+pz n+npz) + (1‘92)(1+922)]

\ [-npz(lﬂp z) (z-al)(zesz) ']’?/2

"(1-pz)3k1+pz)r .

2 2 2 1/2, '
L (%2R0 s (1-¢ Z’ {(1-p Z)(l+pz) - n{1-p%2)(1-p2) - (1 pZ)(l+p22)]

ot n<1(1 0z) "(1%pz) |

[np (1 -p z) (z Bl (z~ 52)13/2

2" ( 1- pz) (l+pz)r J “4

,Ohce_again, we'oberVe'that by négiééting the terms -
(lfpz)(1+p2) - (1-pi)(1+p21) in comparisan withi.n(14pzz)(1—pz) we

_ introduce an error which'is‘relative ’O(n;l)- ‘Thus o

|
L | "oy
B 1)[3“%] :
. : . IJ=0
_(1-pt2 2)(1- p2)1/2(1 oo Z)r L g
-p z)(l- ) BV
, 2;?’n‘1(1 PZ)4kl+pZ) v | P o &d

3/2 ¢

B [nz (1- 02)3(1+p2)r = ] B | EA :
zkl pzz) (z- al)(z 32) o : ' IR

Vi
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which uBon simplifica£1on becomes

(3.8.4) S M(T,,T )[6T£]L_ 1Py A2 e 02)%/2(1+p2)3/2
T Bk 37 |, Z 3/2 372 '
0 2p/nr(l-p z)(z Bl (z-B,)

It\fo]]qwsvthafﬂ
o - 2T .
(3.8.5)  h(r) 271“4’} %U[M(u-rTl,T ) azl]\ dz
o . F* p=0
2)1/2 (n- 2)/2( )5/2(1+pz)3/2

RATREL

1, i1-
2 ™ 2p3/ﬁF (1 z)(z Bl

dz

N ‘ = . 2)1/2 (Z)

(1-p
)3/2

, , - dz’
4ﬁp3kﬁF T (2- Bl

WHere
51211522

(n- 2)/2(1 -o2)
f372 o

(1-p 2)(z- B

YA

£(2) =

[
.

zZ =X+ iy,'lzl <1 7 and T* is the path ofyintegrqtidn -

r* : |_Y| = X(le’X)(%fP X) .
co 1+p°(1-x)

From the ana]ys1s of the path of 1ntegrat1on presented in sect1on 3.6,

“we: know (i) r* . 1s a closed- path wh1ch is symmetr1c about y = OPV
(11) 0 ¢ x < 15 (i11) 0 < lyl < 1/2 (iv) “as ATl trave]s along ‘the

‘~1mag1nary axis from -i= 10 O, z moves in a c]ockw1se d1rect1on in

o
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quadrant I from (0;0),fo (1,0) ; and (v) és T, goes along the
iméginary axis from 0 to +iw , z proceeds clockwise in quadranﬁ IV
form (1,0) to (0,0). The path I* is shown in Figuke 2;

iConsider’the.integrand

flz) - 2121 47)5/2(1457) 2

(2% (1p%2) (2- 511372(z 32)372

4w .
ey

of hi(r). There are branch po1nts at z = 51 » Bo s 1/0, -l/pf, and,

if n 1is odd, at' z =_O. Lett1ng

(Zfﬁl) R(e Bl) 1(9+2kn)

we have
N

3

(2- Bl -3/2 [R(e B1)]—3/2 ~1(30/2+3kﬂ)

-

which gives two solutions

(z Bl) ~3/2 [(R(e Bl 3" 3/2 "138/2 <(princip1e determination)

pe

and

{20072 = (R0, 17 27 B/EET (secondary cesermination).
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i)

-
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-3/2 '

To make (z-B;) single-valued we take it to be the principle

determination and cut the z-plane from =-= to By so that we are

- unable to cross the cut and reach the second detegminatidn.

SimiTér]y, to ensure that z‘?‘z)/z ‘is single-valued, we take the

principle determination ‘ : : '

D 2 e gy ynRl2gie-2)2 N

Note that in cutting the i4p1ahe from -= to By , it is automatically-

)3/2

cut from -« to 0, as required. Also, to make -(1+pz single-

-

© valued we take-thebprinéiple determination
(1+pZ)3/2 = [R[6,-1/p)1%/2e130/2

the z-plane is already cut from -= to -1/p .

F1na11y, we wish to be ab]e to Cross the x- -axis between 51 and

1. Not1ng that 1/p < l/p < By s we cut the Z- plane from l/p‘.tO @

and take - the secondary determ1nat1ons of (1- pZ)5/2 and (Z;Bé)‘3/2 .
Takjng A '
(1—pz)5/2 - [R(e 1/p )]5/2 1(59/2+5n)
'and ' B
o e

- we make (1- pz)s/2 and ‘(z~62)‘3/2' single-valued, ahd avqid‘the




»

singularity of the integrand at z = l/pzr.

Consider the closed path px consisting of the paths I'*', L{ s Y¥

and L2 defined by . i

L{'.z By * re1(““+8) , rle) > > 6 A
Y* Z = Bl + 5916; , -x + e < 8 < ’It - €
L§. z.= By * 11(n-€) , &< 1<r(e)

. where & 1is an arbitrarily sm§1]-ang]e, r(e) 1is the’distahce from-

(al,O) to -the point at which Y and - T* {ntersect, and & is-

‘ arbitrari]y,choseh such that 0 < 8 < min(g,,1-8,) . P*"ﬁs F1lustrat
: . A 1°7F1° T S :
)-.3/2

in Figure 3. On and within ;P*,' f(z)(z—BI is single~v§iuéd”§ﬁ'

3

S

analytic. Thus ‘ .

{j Cr oAl *} f(z)
ooty ()
- or s
(3.8.6) - Hz) oz - {f + ]
R I (z-8) My




z-plane
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Figure 3: The path of integration

pP*

»




" on Lifg d;'= ei(’#+5)dr. $0 that

f(2) R f‘ﬁf v

' d .
)372 \5\ f( ) el T

1( -T E)) ( ‘I’I+e)'
-  L1 (z- 51

dt

f(Bl+ e1('”+€))

N R

( n+s)/2‘7

CAs e > 005 rle) > By,

7'  : '-', ,’;L{ (Zfﬁl); o Hi' « Bi. o

 Since e 1“/2 cos n/Z + 1 s1n n/2 "*énd' R »‘1'u S
:"'Efiﬂ  cos( ) + i s1n( n) 1 , We:see that 1n the 11m1t aslle;svoj;/
: ~ N "‘ ; 1‘ / ‘
s N \ j 5 f(B —1) \)
(e ) I ————*7— 1 gy 4T
- Y (Z Bl ‘.‘b . Bl,,:[) T -
tc ‘ ' :

B . PR o ';; .f\ ?I
~ Similarly, along LEQde = e}(n—s

(ﬁ e)) {OQFQ).H

(e) f(61+1e _

o
o
" E

TEUTRLL T e ,(ﬂ IR
ST T P RS ,sié-i(n—e)/z.f (E) f(31+ e 2¥;d¢ R e

Yo L,
]

1n/2

- Observ1ng tha = cos( n/Z) + i sin(- ﬁ/Z) 4énd1  RfL

"elﬂ'; cos(ﬂ) + i sin n = -1 5 we obta1n,}1n the ]1m1t as e:> 0,

R ,=_”, .f}' “ 5 5 =)
& ST f(z) /f/ 1 o
B {* {z- 51)3;2», .'; .Vé S 3;2}' i

T



ca

3 -
o

on y*, dz‘_{=_-1'843:1ed‘e"f.and'so‘~

]

ZBl

fr“%m“‘

~ which, .in the limit as - 50 becomés

19/2de

Ho=l L f f(ﬁ +6e )
/-5" -7 1 ‘

‘Consider thelcircle. |- S R

' w1th centre (ﬁl, 0) “and ra&1us S1nce 81 + 6 < 1 < 1/p < 52 ,> t

does not conta1n the pOTnt (1/p ,0 6r- (32, ) . Thus f(z) is

Tanalyt1c on»and w1th1n C; and We may eXpand f(81+6e16) 1n a. Tay1or L

‘series about si' It fo 1ows that - *4;§;,~‘1'1j;~" ,’:-;\

“‘)(a )y | e

o , f(k}(51)"k .ie(kl1/2)'f “;g'
o % 172 :

T

[e1n(k 1/2)  €~1¢($-1/2)jv;

S1nce he. (k-l/2);= e ™e '1“/2 ( l) ( 1), and WQ‘} e
) k, ,\J < 8 Sy

—1n(k 1/2) ' *Tﬂkefﬁ/2;= (-1)ki - we havee



‘we obtain

"Butdthe Tay1qr series

AL

(51 xé) = f(Bl) + 2

and so, in the limit

@ . ‘ 1)
--——[2f(31) + 7 —-—'E'r—-*'— -
.l, S
Ix

éXSdnsjon\df"f(Bi—xé)u aDOu;_ By. is

yome

"
- ™~ .
S R

+

(-%a)gm

as @"’-)- 0: s _ - . ,.ﬂ‘/‘ W :

63.

~dx-, .
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y 5 - S . s 64,

~Observing that as e » 0, I* > T, 'qnd,COmbining equations. -

(3.8.6) through (3.8.9) we obtain’

4

By FBy7) g

S ¢ BT s
(3.8.10) - ) dps 2 [ g dr - = flpy)
A f:é* (z-p;) o P e

- a ‘3/2[f(51-><6) -m Hdx .
. 0 n

~Consider-

- Hy f 2i g 37z dr .

P

SLetting y = </By we have r';-slyjsf'df ;1ﬁ1dy‘, énd‘. 5

SR R e E R
_ A f“.&y’3/2f(81+ﬁiy)»dy s

|

I
1=
-
—

3/2[f(B Bly f(Bl)]dy e
.Now  o

1 G R e
L 3/2[f(5 ) - f(Bl)]dy W
.. 5/31' N . - e

: "i  H | _". ey zﬁ,~' Sl
=c£. YT?ZZ{f(Bifﬁggg'j;$‘ﬁl)]dy - Hé )

. Where s e S L R T

S _‘: ‘}:}l

/B R . .
L ‘3/2[f(B Bly) f(Bl de

=
2 ‘0



SUbstitutjﬁg X = B¥/6 " we see that y = 8X/By dy = (5/31)dx', and )
o i ‘ i n : . L ’ , o

" -‘.H' e a : : 1 .
L , o 5xy=3/2 _ - )
L QEI) | "Lf(By-8x) f(Bl T2 5 dx‘ L

x
no
oot
O

S A | ‘
S L ‘3/2[f(sl 5x) - f ()] dx -
0 1

[

5

‘FﬁrfheEmOre,‘
J, i y dy —J ‘(iZy v ‘= _2 - — = 2 - 2 y : " o
6/61 : o Lo G/ﬁl : .

and thus

: 1
H1=

r-"ﬂ”

 %%; é'y’3/2[f<al Bly) - flsp) ]dy
M1 o

w

ST s A C2if(p) [2AT
21y ‘3/2[f(a -6x)'- f(Bl)]d;} P [ Lo é}"

\I

-

";';‘From°éqq§tioﬁ,(3.8-10Y‘it_fol1ow$vthéf R

S «0. B Z = ~— o
v g o "’”‘tPtq‘Z-Bl) : .;‘ f, /EI'H

o 31—-é y'3/2[f(B1-Bly) - Bl)ldy

1

~ ‘Consider

(3812 1= é y'3/2[f(61 aly) f(ﬁl)]dy L
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Fromvequationv(3.8.5) we have

£(8,-8,Y)

ﬁ~ﬂgiu¢yn
o 5/2 3/2
) (n 2)/2(1 y)(n 2y [ F’51‘1 )] [1*9ﬁ1 Ly
TPy Loy) 108, (1-y)-8,0%%
"'avnd'
| ; 5/,2:.‘”;_ e '3/2 .
- G- p‘25‘1)(@1‘32)372 o

5o that
oy ppy) - Floy) - agn 2 /2[(1 NS 2’/zg<y) g(0)]
. dnd

o o |
1»=,£ (n- 3)/2 -3/2[(1 _y)tn- 2)/2

ﬁl ]dy ,

where 7.

- psl(l-y)15/2[1+pa1<1 y)]3/2

gly ) .o
1372' s

Expand1ng g(y) inda'Mac1aurTn seﬁies,'which'haéﬂradius-of convergence
17'> 1 we obta1n ‘f' |

= . (k) (k) R
- Bin 3)/2 f y 3/2‘31 y)(n 2)/2 2 g (O)y 9‘°’]:¢¥
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“or
, ,)U o '
. = = (k)
,,-(3;3;13) g)/z[g(O)x . ; E_ETin.Ik] ,

"~ where

and’

1 - j yk 3/2(1 y)(n 2)/2

Now for k= 1,2,...
1 (k21
A TVl

—
W\

whith'is'a beta ‘function with‘paramete$év (k—1/2)'an€ n/2. Thus

LG

B(k-1/2,n/2) = LkL/2T(n/2) g ym 12,

(3.8 1y = TR=I/2%072) :

k-
" Jie may integrate by parts to;évd]uaté’ LO;“‘Letting' R o \

SRR 1 e Y2y

~ we have T

e N
LY o




Ca

|
{

du. = - ( ) (1 y)(n 4)/2 and v = ‘2¥-1/2
so that
| (22 |1 SR
2((1 -y) -1] : 1/2 (n-4)/2
11 - (n-2) j (1-y) dy .
O e-+0 yl/r .5 0 S '\?,‘
' Now-
lin _2[(1-y) (n 2)/2 ljll i 2L E)(n -2)/2 _ S
. /2 l fan 1/Z ’
e+0 y £ s->0" : € '
which upon\app]icat1on of L'Hopital's rule beques
, {n-4)/2 .
o - im (n—Z)E%}g)‘ -9 .
&0 e /2
' Fdrtherﬁoré~
-y , ‘
[y 1/2(1 y)(n 4)/2dy B f y1/2 Ly y)(n z)/z ly ,

0

o

which is a beta function with parameters 1/2 ahd (n-2)/2. Thus

. , - ‘ . .
0. , [I72 ‘ 2’72]

and

R "; G r(l/zirt(n 2)/2]
lo = 2 - (0-2) "Rz
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“Recalling that r{a) = (a-1)T(a-1) , it follows that

(ngy DW/2)TL-2 /2]
TLTn-1)/2]

1

(3.8.15) 1y - 2

- 2(n- 2) r(1/2) F[(n 2)/2]) -
ST TTL(n-

-P(1/2)F(n/2) .

-2 TL(n-

Using equations (3.8.]4) and (3.8.15), we obtain

. cy/2el2) . r/2n2) | oL L
0 073 Bl IXE?IW7???ITE?IT7?J’ e o) s

s F(3/2)r(0/2) (/22 2) | - a1 (Ih;z)
2 = TUARII/ZT t&ﬁ:IT723ftTﬁ:177zj' ra:rr " TR-TITReT 0
=y L r(s/2)r(n/2) (3/2)r(3/z)r(n/2) K
3, I‘[(n+5572| n+ 1" n+

3 1.3 |
S weT 12 T =TT{n+1)(n*3) (15-2)

and, in general, for ‘k = 1,2,00. .

_ . —1ele3ese(2K- N -2
k (n-lTTh+IITn+31-3"Tn+2k i

R ‘ P

i':'-ZP(l/Z)r(n/Z) _ —2/{ P(n/2)

were (1,2) < SEWREWA - ZETNL . Fron equation (§0:

' follows that
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(n-3)}/2

(3.8.16) 1 =g~ '7{al0)],
= Ky (1)L (2-3)(1p-2)

= E 'TTF'“"'Tﬁ—I)(n+1)1n¥3) TREIRITS

Coﬁbihing‘equations (3.8.5), (3.8.11), (3.8.12), and (3.8.16) we

- obtain : ‘ S . : .

2,1/2 {f4if(gl) |

- R e Ky (D) Jeve(2K-3)(1, 0-2) ].
[ (n=31/2( gy (0)

' 2‘[?1. (9‘0’1 2 R (A=A (3T 1n+zk ?)> b

‘h(r) -
' 4np /_F

\

2,1/2 - y ‘ '
i(1-p7) (n—3)/2
= ——-——3——~——~— -28+ -1 %g(0)
2np~v/nr { o

- | / b o . (k) .
-, pln=3)/2 : (0) J=1)e1e30e0(2k-3)€102)
' Bl , {3(0)10 * z okt Thr1Y1n+1)Tn37---1n+2%-3£]}

20172 g
N 1(1 ) ("‘3’/2[10-2]{9(0).
an H’l!’ 1

R S 'T‘?l)(h+IY(n+3)---(n+2k =

' Sﬁnce 'g(k)(O)'vdepéﬁds on n on]y through BY s Wh1¢ﬁ is bounded
betweén O and 1, it follows that
B T

() (-1)-1+3+++(2k=3) ot

a kzl'jq TR=TTAF T (R3] =+ (2K=3)

-

-
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Furthermore, in approximating |B| we incurred errors which are

- relatively O(n‘l).‘ ThUs

2,\1/2.
h(r) = 10 ALY 3)/2[1 2]9(0){1 somhy,
2np~/r . \
where
(1-p8 )5/2(1+ g )3/2 (1-08 )5/2(1+ g )3/2
5(0) = 1 1 . ! 1
and.
o 2/ET(n/2)
Flofz] © T TI(n- ’
‘.Noting‘that - | - _ |

(p,-8,) /2 = %._._’ 5 _;_zi___ S pEe SN

p 51 p Bl 1-p Bl
we see_that
. o 9383/2(1 -0f )5/2(1+ 51)3/2 | 3 3/2(1 951) |
gior = “"""7?’“’”“7?7T7§RT'*“'"; T T B
. 1(l-p Bl)(l‘P Bl) , B ‘ . i(1-p Bl)

Therefore, for 0 < lpl <1, we have the fo]]owing first approx1mat1on to

the probab111ty dens1ty of r:

o ‘ . , ' /2‘v  “ L .‘ '
| 2yl/2 B¢ (1-p8y) -
(3.8.17) h(r)xs[ll;fllea- r'n/2) ] 2 771 nsonhy,

m } P‘(H‘IUZI

Ry
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where - = \ _ - o

2102 + r(1-0)? < An(i4p?) + r(1-p)21% - an%p?

B =

In this approximation for h{r), each omitted term 1nvd1ves'3
factor of o . Also, by twice applying L'Hopital's rule it may be 5howh

that

Tim B, = ey o | o,
p~0 1o Iovr o o - o /,
-It_foT]ows that

| v n > n/2 '
Tim h(r) = —Lfo/2) - v.(ﬁiF - . __Tiva) 1
g0 J/mmcrln-1)/2] A /mEr rl(n-1)/21 (14e/m™*

which, as shown in section 3.7, is the exact distribution of h(r) in the

special case p = 0 .



:
Lo
IR
W e

N

3.9 A Renormalized Asymptotic -Approximation for _h(r). The Approx1mate
' - i i
¢

Moments of h(r). . | | "y

From the approximation (3.8.17) we see that for 0 < lpl <1 |

1/2 (1- pﬁl)

-1
'"“’7?"" {1 +0(n )},
/v (l-p 51 }

(3.9.1) Ch(r) = Ky —=—
where. Ky s a normalizing constant. The value of K, may be
determined by studyingi ¢(Bl) , the probability density of 'sr .

By equation (3.8.3) we have

_n1ag?) + r1-p)? < AIn(14e?) + r(1-p) 2T - tnp

B L
1 ZnEZ
and
;< L) + r(l—p)2 ‘J—N(1+p |+ r(1-p)%1% - 4n%°
2 n p
s0 that.

n(1+p2) + r(1-p)2
7
ne )

Bl.+ 32 =

But}sincé By = (ézﬁl)fl ) We also héye,
9231 + 1.
ST R S

it follows that-;

v

N



ey
) K
Q"jm . ...\ /4.
F : npz(ﬂl*ﬂz) - ki’ [ (Pﬂ%2+1 (1+52) //(1 2 g
N Cop= " = Inp [ —y——]- nll+p ] A-p)" ¢
(‘1—p)ﬁZ 0 By | b
which, upon simplification, becomes
n(1-8,)(1-8 ) °
(3.9.2) roE 5
(1'9) 51
Furfhermore, , | , - ' ' 7
2q ‘ 2, 2
d L- n(l -p Bl) + n(1- 81)( p ](1 )78y - n(1-, }(1-p Bl)(l—p) -
a"’- 4 2 ’
By S (1 -p) 78y o : ‘

which reduces to, 7 ¢

e
AR

) (3.9.3)‘ s ”%% _

n(1-0B,) (149
¢ Tl (1-e)7 |

Z 2

5
, RO

The probab111ty dens1ty ¢(ﬁ1)g is re1ated to h(r) ~by' )

w4
“u

(1, (1+pal) .h[ﬁ(léal)(l—p?sl)]

(3. 9 4) ¢( h(r)
. AN Sl | \ (l'P ﬁl .61‘9)251

Comb1n1ng equat1ons (3 9 1) and (3.9.4) we obtain

‘ ?;t:ﬁii-bbly(l¥951): : n/?2 ﬂ(i‘Bl)(l—pzﬁl) -1/?(1:p51)
L U Ty A A [ —] z
o d-e) By (1-p)°8, (1-0%p))

'
i

1 +'b§n’1;}

Ao (1-p5)E(10p 01" 22 il + o)
o7 "(1ﬁlﬂ7ﬁ1;>s)”7 T

)



or

e ' | A

22 33(n3)/ .
- +0°p7) omhy

i 08, -0 B3+ 81081 {1 #o(n™h}

1- p)_vy (1 B1)1/2(1 o 31)3/23 .«‘

(398 ¢(61) -1

for o*< 51~< L.  ' EEREE

-

Cons1der

e jl (1: PBl'Pzﬁi 3 3)B(n 3)/2 it 'léJ SET
JUF ' : = - pd, = p tpdy s
0 :<‘1-31>1’2(1-92B1>."?‘_0-.' b bR A

. ';iwhéFe]‘ .; . _ . .w, L .‘yw,' ‘;, PR S ey

.,_‘Q_fl 0 (1- 61)1/2(1_ 3(2. . e ,__2»_ 9 (1 61)1/‘2‘( _9:51) Tléi

e 7J3‘= f 1/2(1 3f2 dBl ’ a"§ ¢';’

B )

(n+3)/2 LfA°;?'?% 7  N
1 CEMNE e e ey
1/2(1

4 (1 Bl) 1)3]2 : x. _5' ”ﬂf‘;  {3.“',   ﬁj‘¢”

(- .o . SR _‘,. X
. o

From equat10n 3 of sectlon 3 197 on: page 286 of Gradshteyn nd Ryzh1k »

(1980) “we. have, for Re(a) >\0 Re(b) > 0 and ldl < 1 ﬁh t
S vl a- 1, bl
S (3.9.6) v o f oy (l-y) (1 dy) dy B(a b)F(a c; a+b d)

(NI

o veoa ’-/ ¥

KRR 0 : R S

:wqéf$543(d;3) 1s the beta funct1on and F(Q’B’Y z) iEQtHEf' 



hypergeometric series i

aBZ a(a+1)B(B+1)

2"

o Fla,Biysz) =1 Y+ - 12

_ Y el

. a(a+1)(a+253(a+1)(5+2)z3
Y(Y+1)(Y+2):1f?f3>

Thus -

,
hat
—

1

/-\

=
ﬂ4k4
iﬂ::;

. N
m| w

n

1

~ Furthermore |
i} & " ., . -

-+

in-1)/210(172) _

76,

Y SR
: # ) G R
L %,

n+2,ff'
'?Ta

SN . . :
) . S . .
B, g o
g

‘ =vf(ﬂ/2) i

'f;f[(n;iy/zlfklfé)_

/’T[(n 13 /2] "
= F(n/ZT -2

(n 1) /"T[(n l)/2]

Y

w

TT(n+2)/2]

R OV I

_V(n-l)(n+1)’/ET[(n-l)/Zl'

2

]

cand

wvf‘ é(“+ : i) _ rl(n3)/2]0(1/2)

I vﬂn/ﬂ)f? 

Ri



>

27. |

e ms 1 Il(ne8)/230(1/2)
S 707 T T TIneeI /2]

s - L {n-D(neD) () Jarl(n-1)/21.
R g ' n(n+2](n+d) - T(n/2) )

From equation (3.9.5) it follows that

n -

3.9.7) 'e Ky ‘1‘9) J

Q) nw2) [F< | 2) :
S 7o CH B
o /“r[(n 1)/2] )
p(n 1) ol 2 j' 2 '-,ﬁ)'.
?’ _E' TR

-2 (n 1) (n+l) F 03 n+4.:' A
P n(n+Z 7’ '?" '2*‘*_93

v o 3 (n 1)(n+1)(n+3) F 3 n+5 L n+6 . _1 (o
- P " nTn+7)T+4) T Tl i

gy

o + g a4’ -

S

Mot that for o
"o rt(n-i)/z] L R

"wh1ch 15 the norma11z1ng constant of the exact d1str1but1on of rodAn
the speq1a1 case (p 0). |

Leﬁ'

S o h/Z(l_pBI)fv - yﬁf : o SIS g,;‘s e Q;“‘
©(3.9.8) " h*(r) R T e SR
L /“'(1 - ﬂl)

| f»z?/f PR ';f-7*' j"' ”'“’ SRl




It foHows from equat1on (3 9. l) that the moments of h*(r) are

asymptot1c approx1mat1ons for the moments of h(r‘) Thus

) o~ e o

T 4 dr o

= [ ri*(r)
S

dsy

“which,by equations'(3.9.3),,(3{9;3);”aﬁdﬁ(3,9.8)1bec8mes
R (15,1 ‘ )’ Yo b( ) (;,. Y )
Irn(1-g)) (1-p° s 1=pp n"l—dﬁ 1+pB i
. ?[ 1 1’ %%g g2 o el I
0% - p)? sl o A (1 =p gl) (1- p) e

E(r)

SR

dBl;

i
o N .
\R e
S B
xe) L -f,‘.
o e
-
L
9.
N

1 pBl 926§+p3 Bi)

PSR S UL

W’

B ’éqhati-o.h" (3.9.6) we'"obrtain ‘ o

R 3y o 3,‘1 T U S
”;"’E(r) L fg(ns 3 F(l =3 . n é) S
Rl .

e

i ‘“B(T %>F ~r‘(" bt ?’2);

- ’ZTTQ B

3<n+3 , ‘3,-;)'__(1, ;»“n+3 g n+6 : pZ\

\z: 77 e -  A",'7  .



In general we see that

Erd) = [ rIhe(r) dr
0 -

79..

L J o . -

et (23-1)/2 TR
. [n(l Bl)(l- sl)] Bn/z_(l-pal)_ n(1-pp;)(1+pg;)

"0 T (1% . (10075

(1‘9) Bl

Y

ﬁ;éj%3)/2:(1;§1)$2j—1)/2 (1;9251)
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] (~3..9.‘9)'_.g(r:)' | o S
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: é n-2j-1" 23+l 23+3 45n<2j-i .
(1~ 9)23+I Z o2

N R e
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dai
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C2gfne24+3 23+]) ?2j+3f n-24+3 ned ;"2"
- 0B, ¥ F

Yo AT

-

o 3 (n2ges 23+l 42j+3‘5'n-zj+5;yn+6j;sﬁé>";_,
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3.10 The Aggyox1mate Probab111ty Dens1ty and Moments of - F

By equat1on (3 5 1} we see “that the stat1st1c

i e

(1) SR

F = : -
" | :

~ has probability density

A

e [

‘ :5 gz
From equat1on (3 9 1) it fo]]owsu

&

where K, -is g{ven,by equation (3.9,7) and -

- n(1+p2) + r(1-p)% = Mn(14p%) + r(15p)5] 5
LT gt L

_ nil+e?) + aF(1=p)%/(n-1) - gfn(i#é?) FoF (1) /(0-03% - P

2mpt ~ o

3 Qo 1) ,. Og(F) v +f0('-n"_1)}

“ where



N

o (-‘E) P(n/2) ,ﬁ<3 vn—l .‘n . %
K F MR
" AE l(n-1) /2]L AR ?

b (n 1) n+l . n+2 . 2 .
olit) {3, ks o ’.p_x |

2(n 1)(n+1) o3 w3 v 2
A(n+2) N 7»"?*f Z P A@

40 (n 1)(n+1)(n+3) '?<3 n+5'; n+6 | %ﬂ"l
TalneeN(ned) T2 Tz T 0 PYL

) . ’ . : : . ] ] T
and - : ’ g ’ . . h Ny
A : : B : AR

Bu‘i%£1fpz)f F(1-p)2/(n=1) -'/{(1+p25 +.F(1;p§%/(n—1)j2 ,“457 ,
1 " ' . . 2 I ,;,\‘1 - - ~— .
N e

 Since S
TR A R TN
4 E(FJ_) =)= E(rj) A

o

R we obtain, from équaiioh (3'9 9); that the“jt'jh moment Gf F s given by -

B V/ R iy
£ (n-1) ans n-2-1 23+1 243 ne2ilon 'é}%xA'
% (1-p) SN Z>T7 e P

. ofn-2j+1 zj+1> (;2j+3 5"'25+1;ign+2 .f;2>7
a2 gt )

o (n-2i+3  2dl\p(-2143 n-23+3 . ns4 . 2) -
- 3(7"2" Tl >F< T2 ]j,p.>*' .

, p(neairs zin (293 ne2ps w6 2\] o
CTPNTT TN T AE0 ) LR

 fob § such that n-2§-3>0. .

A e ey ) . . o . : o . L .
. : . o . B . L G . 2
R R Ea . o - ' DI ) PR L . .
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" 3.11 Areas for Further Research

By analogy to’Dahie1s (1956) work on the approx1mate d1str1but1on
of ser1a1 corre]at1on coeff1c1ents it may be poss1b1e to refine
approx1mat1on (3.10. 1) so that the error is re]at1ve1y 0(n~ 3/2 . It

- may also be poss1b1e to bound the terms omitted in approx1mat1ng
g(F}. The express1on for. K, cgu]d‘be put in a series form and studied

[

"’:further
: ._ e g.‘(\m

3] For se]ected values of n and p 3 numer1ca1 1ntegrat1on

techn1ques could be used to obta1n the approx1mate d1str1but1on funct1on '
e 7

of F. This could then be compared w1th a computer~s1mu1ated emp1r1ca1

! 'distr1but1on, and with the Timiting di@tr1but1on of F.

—
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(1.1)

APPENDIX -1

EVALUATION OF A KEY DETERMINANT

We wish to evaluate a determinant of the form

A

n

-
=

f
b

b
a b (c)
b a b
(c) 5 a b
b f . n

The following method of evaluating A, is based on the ‘work of Dikon'

(1944) and patton (1961)+ ¥ "

Replacing f by°[a+(f—a)]7‘in_ (I.1), we obtain

" Jat(f-a)
v/? b.

|

™

- Jéﬁ s :
b a b C ,
b a+(f—a)§ n
(e}
a b |
b a+(fra)wh_1
b
at(f-1)| n
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Sim{]ar]y%

b
b

a
b a
b a b

(e)
= (f-a)la b
N « b a
b
(c)
Thus, .
@y ‘
(1.2)
‘\where.
B = a b
" b a b
b’, fa‘
(c) .
Now, -

In-1
Ay = By + z(f’i)Bn-l +

Ac)

~{c)

2%
(f*a) Bn_z s |
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« OO =

—ch

‘Letting d = a

B = |d
| "ole
Hence
(1.3)
where -

+R

oo

(c)

e
d
e

(0)

« T —

20

\

(c)

O

n+l

"CR1+R3, e o ,"CR1+Rn+1

-G

and e
- (0)
e
i a

e

-C
-C

+ 0 1
~C d.
~C e
e . (0).
d ~C
n .
Q)
”él N-RE
e di,
| o

b - ¢, we obtain

n+l
g T ///
- .
1
- .{0)
e d e
e dlpn
'J.
t
o
- Y
.
R !
o



fed,
Y

and Y

., .n‘—l S )

or

(1.8 Cpez - QCppy + €2C =0 o

o b . |

‘fihfte differences, defined by ‘=,,”<j§f' L o

R T A A
D U <L . . " " _ T . g
X R - s \ T P ) ’ T _— . / ) o

VLR = I

- : T 8 v e ' :
.o - A . v

4

équatibn‘ji;4)‘mayfbg\éxpréssed as

[ . . e | EE R

Prd

e S A J M
o L e | Ly ‘ D
Letting v be the forward difference operator of the calculus 0/

88.

n-1



.’”EJS1nce (I 5) 1s @ second order homogeneous d1fference equat1on whoseﬁ"‘

‘. _Using'the initial conditions . ..

e obtaim o e

: aux311ary equat1on has d1st1nct roots, and ;v, it fo]]ows that the

' 3genera1 soiut1on of (I 5) 1s

) o

g

o \ﬂ R

N, o ‘ ! '

’?';fCi'??Ki?.f}Kini'd'? Cz = Kluz +. szz *d?%-,é?f,f-

L
A

e AT

B | f 2-u2v _TV-u)




s

PR

" Now, expanding. D, - by the Tast row, we obtain .

&




=3
a

i 1) Ql?-‘

0




'ﬂmExpéndﬁﬁg} Fri 5§ tHg last column, we get S

cor -

‘ ifComb1n1ng equat1ons (I 9) and (I 10) we obta1n /

Felp Lol B e
, "’1 '
1

”f Expahd1ﬁg=;Eh ,bylthgl]ast’rqw;fwe:obtaﬁh‘;v

F = (DT

J

o
i
®
Q..

S "i,-’~ »;f Bt I (S S
.v:H(I.IO)_ o Fa (= 1) E -1 + eDn SR

i I’Q

B .,_‘a_" ) ,”' [ S “o"-

,p.:f~é?{;rh§1¢'f '7 -.( 1)”‘15 -1 -:e[‘ 1) ZE 2+e° 23 * d“n~1_;fﬁi

o g;_ﬁ, -

":ﬂlélri!'inf':"»,  n - dp 1 + ean 2"”‘ 1’" 1( Bn- 1+eEn 2)

ER R Lt
. : -

Sl e . e FURRROE

&



“or

s

s fﬂ(i.is):]'y

n o

B

n

LN

1

- eEn;le (=

* From equations (1.8) and (1.12); we get

" the solution of which is

ot

~- .

A

 :.€’(1;14):;.f ‘ 1 f

o\
S ]

el

25131* (Tl)

~ From equation (I.11) it follows that .

In-1

-

e

nfl _'vn+1

a-1fe(u"=v") +u

93,

i “EQuatién KI.13)vmay_be eiprééﬁed'as_a secohd‘ckdér difference edUétibn,

o L . ..m-v) (2e+d)

he

I 3
]‘ :
.
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o - 8 2 2 [ n‘l ' - \y . ‘ "v- L -' . ' e
’(1;15) e (V‘-§V+e 10, ~‘(;1)1 (EpppteEpl 0

.

.
o

' From equation (I.14) it may be éhown that

Co : _ n+l’ o :n+lA n+l,y. -
- S -t S O R ATt I .
(1.16) - Epay ey - e L e

.Compining equaﬁions‘(1.15)‘qnd‘(1.16); we obtain - m'i“,ﬂa T

2 - 2(-e)n+1‘—(un+l'+\}"+1) RS .
. ce+d ol

PR Wy . " N

)
)Dn

R

-dv+e

»

(an . .

. ‘o
. J._ ‘, A ' 0 oa,
- -
v 7

fsequation (1.17), we consider the .
Qé % B K AR “{’ -

i

| Tb‘ob;aih'the’comp1emehtarykfunctiOnF

.homogenéQus,differéncé equation

2)0 = 0 .« S - e N d t b_vi’ ’

: (v’-dv+e, O = R .

‘The corresponding auxiliary equation; -

“has roots u and V. Thus

D, = gl + A"

e



o - . y .
Y o R
Lol R :

fi 0Js the comp]ementary functien of the comp]ete so]ution “of equat1on

! (I 17) To obta1n ‘a ‘particular so]uti‘?ﬁ we assume a so1ut10n of the
- formﬁ . : | |
2 (1.18) D, Qru”? + Aoy
o Then i ‘ :
A S ‘

T eRavediD, = pl-e)™ + qlne2)u™?

+VR(n+2)Vn+?;”

| . o P y
,’,; g ‘l\»‘e Q,;_ L" ‘+2 - . :+1 ‘-~ . +1
L . . i e ) 5. . : n o S n :
LT ey, s e Zo=-d[P(-e) " " + Q(n+1)u"T # R(n+L)v ]
-, W ‘ , . s,_,““. Wt - . . \ ‘ . S Ty
.2 )7- ' :-. ”‘(‘ Z\ : . ' B ) ‘ . o . . L
., 1 - '+ '
“e T '+ e2[p(-e)" ; +qnu" + Rov"1
L ) " ‘- . ‘ » U’ .
,{‘ b R - 'k » 'r'.‘ » , ‘ -
"« "from which it may be shown that . |-
. . . - A“ ot '.v‘

(1.19) f,,(vzfdv+e?fﬁﬁ‘='-P(2e+d); e)”+2 ¢ Qlu-v)u 1 - Rlu- v) ntl

" ﬂthat1ng7éoeffic1gnts~in'equat§ons (1.17X‘aﬁd (1.19), we obtain

.

(2e+d)2 Q ( ’(Z T 5(26+dj

‘and.equation:(l;la)‘bécomps_'
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"D 2( e)"Jfl nu" v

n e(2e+d) Tu v)(2e+d) * s v)(2e+d)

2(-1)" -1gn '- ) UL ] /
'tl‘ (2e+d) T2e+d)m V)_I

Thus the éomplete so1utioh'of‘equatioﬁ.(1.17) is

' 1 N Rl
. | . 2(-°1)" * -
(1.20). Dy I x2 [(2e+d)(u v)]
: , (2e+d)
- - \
Where we may use~the initial conditions to sdlve for xl'and_fxz . By
definition |

AR 1] :
Dl = lOI = 0 vand D2 " |1 d\ = -1,

-

~and, from equation (1.20),

| | e u) o S uw)
Dy = Aqu +Agv + = AU+ AoV -
. 1 1 2 (2e+d) We+dﬂu V) 1 | 2 W
-and ‘ ’
oo = ¥ Qz“; 2 - | 284 2(u?v?) ﬁ-ix 2 +.x 2 2;v )y ;
2 e S 2 (2e+d) T2e+d)(u V) I 2 (2e+d)

: _By_inspéétion'we have

v
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so that equation (I.20) becomes
| ué\\\\\__~d
. D _ ‘un*vn_*_z(_l)n"len n(un_vn)

(1.21) . . -
: Lt . B - (2e+d)2 “ {u-v)(Zé+d)

Combining equations (1.3), (1.8), and (I.21) we obtain

. Mo+l ) e{un+1 +2( 1)n n+; ) (n+1) (u™ +1 n+1)} '
j oL Uy C (2e+d)® (u—v)(2e+d) ’
or
B o un+1 ‘
(1.22) - B, = s {(2e+d) - c[(u -v) n+1)(2e+dﬂ}
o (u-v)(2e+d) , o
M f(z 02 + ¢ [(u-v)+(ne1) (26w}
e+d) + ¢ [(u-v)+(n+1)(2e+
(u- v)(2e+d) !
N 2c(-e)n+l
L (2e+d)

~ Substituting this value of B, 1in equation (1.2) we find that

. n+l
A 4 2{(2e+d)
' (u- v)(2e+d) :

lu-v) - (1) (2e+d) T} 9

3

et {(ze+d)2

el (u=v) -1n(2e+d)]}
(u- V)(26+d) : T

(f a)2 n-1

(u-v)(2e+d)2

{(ze+d)2 cLlu=v) = (n-1)(2e+a)1}

n+1 '
v
- (2e+d)
(u- v)(2e+d§2{

+

c[(uav)_+ (n+1)(2e+h)]}

3
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_o2(f-alv *2<‘2e+d)2 + c[(u-v) + n(2€+d)]}
(u=v)(2e+d) . o

\ .

. 2on-l ' |
(foa) v —{(2evd)? + cl{u-v) + (n-1) (2e+d) 1§
(u-v)(2e+d) .

2c(-e)™! | a(f-a)c(-e)” |, 2(f-a)?c(-e)"!
: 7 7
(2e+d) (2e+d)

Collecting terms and‘simp]ifying we obtain

v S ' n—lx . o
(1.23) A, = »——*E—-——J+—2- [u+(f-a)]2[(2e+d)2 - cftu-v)-n(2e+d)}]1
- (u=v)(2e+d) { { : !

+ c(2e+d)[u24(f~a)2]}

n-1 - e ' . : |
S ; i[v+(f—a)]2[(2e+d)2 + c{(uev)+n(2e+d) }]
(u-v)(2e+d) ~ ,

o+ c(2eﬂ€)[92-(f-a)2]}
o -l o
el e (a1
(2e+d) : ,
Qhere u and v are roots of the egu;tioni | ‘ o \\
. | SRR o | .

x2 #_dx + e2 =0

o
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d=a-c,e=b-c.

It is easily shown that An ”15 symmetric jn U and v.

e.

I “



APPENDIX 1
THE JOUKOWSKT TRANSFORMATION ’
Consider the complex-valued mapping
(11.1) | Wbt
which 1is known as the Joukowski transformation. Letting z = re‘” we
have that

W = r'e°10 + rﬂye'jg

= r{cos 0 +lisiﬁ)o) + r*l(cos(-o) + {sin(-0))

or
w = (r+r'1)cos o + i(r»r‘l)sin 0, .
which is a more convenient expression to study.
If r‘= 1 then w = Zcos 8 . Thus, as z 'proceeds
counterclockwise along the unit circie from (1,0) to (-1;0) to (1,0),
W moves a]onglthe rgfl axis in the w-plane from 2 to -2 and back to 2.
If z movés bn a circle bf'radius f # l'centred at the origin,

then the locus of w = u + iv is the ellipse

=T =
no
+
o i<
(AN
i
—

-~

with a=r+r! and b=r - r‘l, It follows that if lz] = r > 1,
then: (i) as r>+o , a and b » + ; (ii) as r‘¥ﬁi, a > 2 and
b »0; (iii) a>2 and_b>0; (iv) r>rli (v) for 0

<o <, w lies iﬁ'thélupber half of the w-plane; and (vi) for

it
P

T n <0< 2n , w lies in ;héf1ower half-plane. Thus the Joukowski
transformation maps the w-plane, cut along the real axis from -2 to 2,

" inclusive, onto the exterior of the unit circle |z| = 1. Furthermore,
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the upper half of the w-plane {s mapped onto the upper half of the
exterfor of 1zl = 1, and the lower half onto the lower half extertor.

Similarly, if lzg = p <1, then: (1) as r » 0, a » v and
b o»ocws (1) asr s« 1, a»2andb »0; (1) a> 2 and b < 0;
(iv) r <’P*1; (v) for 0 < 0 <« ¢, w lies in the lower half of the
w-plane; and (vi) for = <0 < 2x , wlies in the upper hal f-plane.
Thus, the Joukowski transformation also maps the cut w-plane onto the
interior of the unit circle |zl = 1, with the upper half of the w—b?ane
going to the lower half interior and the lower half of the w-plane
mapping to the upper half interior.

We may also express equation (II.I) as the quadratic equation

22 - wz +1=0

with roots '

i - L

W - i

w o+ /w2-4

z) = and 2, = —y— -
‘ .
Observing that 2z;z, = 1 we obtain
lzyllzol = 1.
It follows that for given w either oﬁe soJutidn of equation (If.l)
lies inside the unit circle and the other outside, or both solutions lie

on the unit circle.



