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In this. thesis we are c?&cerned vitn‘the wedak coavergence of “
generalized emﬁ}rical procqggg;xfor non—station:}y strong mixing (s.ﬂk)
. sequences of random variablea (rv 8) and theit apngwcation to the aaymp- :

\ totic normality of simple liﬁear rank statistics introduced bylﬂajak [Anﬂ.%b

o

Mhth. Stattst. (1968) 39 325-346). | . . ' .

Let {Y } be a sequence of s.m. rv's and {C } an atbittary'

(non-null) sequence of constants. Using the techniques developed by Bill-
N ».,
ingsley [Cbnvergence of Probabtlzty Msaaurss, Johy Wiley (1968)] we prove,

'under certain' regulatity conditions, the weak convergence of {V (t)/q(t) R

0<t<1, N > 1), ;;Lre V (t) = N [HN(t)-EHN(t)] . HN(t) =

Zc I[F(Y )<t],F(x)-N ZP(Y < x) and q 1is a real:.
'valued £unction defined on [0,1] . - For stationary ¢-mixing sequences this
-was proved by Fears and Mehra [Ann. Statzet. (1974)2 586—596] in the

qupial case CiN

Mehra and Rao [dbs. fNo. 73,;-69.1743 Bull.’ 2 (1973), and Abs. No. 144-3 IMs

Bull. 3 (1974)] to stationary stroné mixing sequences with more: general' q

functions. L ‘ .

~

Utilising‘ghe weak convergence tesults.for non-stationary stto g
.

'mixing sequences proved in this thesis, -the asymptotic normslity of a

I

R
‘simple linear rank statistic Ty Z c wN N+1% is established for gen-

eral alternatives, where wN denotes a scores-generating function and

RiN = rank (Y ) »1 <1 <N. The conditions imposed on. w are suffi-

\
ciently general in that they are satisfied by ‘the Normal scorés; Wileoxon,'

AT s

‘1 and ‘q(t) KLt(l-t)] \and,-has been.extended'ﬁy_.

. %
:



-’ and Hedidn test statistics. Theauﬁaultl covﬁoth
ol . -
. problems and are baqed on a nm;‘e»‘roach to Charno_

Ca developed by Pyke and Shorack [Ann. Math, Sta'btst.

4

’l)he results of Pyke and Shotack were for the two aampp P

case of independent rv's end were-extended subsequently A

\

 Mehra. The one eample problen has been recent‘!ly studied by Mehre c[C'anad ﬂ(
Math. Bull. (to appear) ] and ‘Sen and Ghosh [Sankhya (1973) Ser. A 353 153-: ? '
. N

~
Pl
K

. . y . S e

172] for stationary. ¢-mixing sequences. : ))

' - ‘Finally, we)coneider the regression alternatives YiN ‘diN B+

3. s
‘{ vy ne « xm N where {X } is a etatiqnary strong mixing (¢-mixin9) eéqnence

b
4
¥
,/
-l‘

' Q%th * max d -0 as N +> o Under certein regularity corgitiona\on R
3 EEEA . : 1<N . ., N
DR

. {xiN} , we. derive the asymptotic relative efficiency. _o£-~ Ty .telative. &o ST

oo ‘the classical. t-test for teeting t B=0 against’ ﬂ : £> 0. 'me | “

. ) s _
' regularity conditions assumed . on {x .} are shown to be satisfied for
: " SO stationary strong mixing Gauesian aequencea. For thia case, the effi-

clency expressioﬁe agz explicitly obtained. ~ .' b -

F e
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I 1 INIRODUCTION.’. Ths‘ijsct of this work is to study the ssymptotic

oty

C - normality and'efficiency of finesr rank statistics using weak convergence :

‘@

.imethods, when the underlying random vlriableh (xv's) form a non—stationary
_strOng mixing sequence. The study of non-parametric methods under ﬁixing i
Tand other types of dependence has gained considerable attention recently. |
The papers by Serfling (1968), Hoylsnd (1968), Gastwinth and Rubin (1969).
Fears and Mehra (1974), Sen and Ghosh (1973), and Mehra and Rao (1973) '
'snOuld:be'pentioned in this c}pnectioh. AR

/.

a N R  As observed by Pyke (1970), nuch of the preseng research in '

N

'distributions of test statistics aré usually intractable. In the case of .

- ‘rank theory is concerned with asymptotic results, since the exact non-null

Ene u»w )

5ndependent rv s, the asymﬁtotic normality,of ‘a general class of rank

statistics_for‘the two-sample problem was estaolished by Chernoff and
‘Savage (1958). Their results apply to some importsnt test~statistics, such -
: . ' . S, 4

'as the Normal scores and the Wilcoxon, but do not cover statistics whose
scores-generating functions either are discontinuous, or do not satisfy
e . their . stringent differentiability conditions. The:Hedian test and the

Ansari-Bradley test are examples of the lattet type. The smoothness-eondi-

oL 3 ,
Q tions imposed by Chernoff and. Savage on the scores generating function are”_
R N zet
' : greatly relaxed by Govindarajulu et a1.(1967), who msde use og some deeper

s

. . . properties oﬁ empirical process;s. Using siﬂilar prOperties of empirical '_



sufficiently 8 eral Chernoff-Sava e theorems for the two and c-sample

problems. Hajek (1968) studied the problem of linear rank‘tests under

"/ .
’complete non=

- results were further extended by Hajek and Dupac (1969).
’ . . .

. approach. This apptoqph has retently been used by Fears and Mehra (1974)

‘.- to”study the tyo—sample'problem in the case of ¢-mixing,rv's. Referring

The methods adopted in this thesis are based on the Pyke-Shorack

-+*o Ryke and Shbraokfs.method for the case‘of independent but’ non-stationary

rv! s, Hajek (1970) remarked LP at present'ﬁt does not extend to*

~ cases when each observati T Ray hnve a different distribution, «+e3 there

’ is no sign, however, that by further development the method could not be

_extandedvto such cases, too”. We’ believe; -our- contribution is—a«step—

tically distributed :nd also of the cases where they are dependent. The

.

. class of rank.;ests cbnsidered in this work include, among others, the two
and c-sample(tests,_and tests for,the regtession parameter. The one-sampl
problem is not touched upon here, we refer to Mehra (1973) and Sen and Gho

(1973), who have studied it in the stationary ¢-mixing case.‘

~ -
¢

" . »
.

.

.

towards the soiution of such cases, where - the underlying rv's are.not iden- -

e

sh

L
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In the Pyke-Shoreck epp)roech, rank stetietics are repre‘xted

by certain functionels pf epproprietely defined empirical procesees. The
4

asymptotic normality is established by approximating a given rank statis-

tic by a functionel on the limiting process of the corresponding empiricsl

ne

process. The weak convergence of such a procelo relative to a stronger

e

..crucisl'to this approach. For the one and two-sample problems; the

" appropriate process turns out to be the‘uaual empirical pr ess based on

Yokoyamﬁ’(1973) wégd

metric .dq (sae ‘Section 1.3), in conjunction with the Skorohod construc- .

v . "
tion, is used to justify this approximating procedure. Consequently, the

weak convergence of certain empirical processes in st¥onger metricp is

stationary rv's. The weak convergence of such progesses, rels ve to

stronger‘metrics dq , was studied in the case of independent and identi- :

cally distributed rv's, by Cibisov (1965), -and .Pyke and, Shoreck (1968)
For stationary ¢-mixing processes, similar results were proved by Fears
LY

and Mehra (1974), and M@h;a and Rao. (1973). In,the case of stationary

\htrong mixing rv' s, the w%V convergence of empirical processes relative

4

to the usual metric :ggtzgéﬁ been independently proved by Deo (1973),

Me@ga and Rao (1973) Recently, Mehra and Rao (1974)

J

‘fr‘ l -
ized empirical process (see Section If3 below). 'The weak convergence,

relative to d‘,;of such processes, in the case of independent rv's, was

considered by Koul (1970).° With & view to adopting the Pyke-Shorack

’ .
L%
g £
v ;




approach to tha case of non-atationary atrong mixing rv's,'we have d%ﬁdied v

L 4
.

the weak convergence of generalized empirical procelnea, relative’ to, stron- e e
‘. ger metrica 'dq . These resulta are then. applied to the atudy of aaympto-
’ \

tic normality'and efficiency of,linear rank tests, whoae scores-ganerating

functions ‘could be unbounded with at most a finite number of discontinuities.

' ] ] T - -
It may be mentioned that the weak convergence reaulta provedein

this thesis can alao be used for studying the asymptotic normality.of

linear combinationa of order statistics urnder strong mixjng., Thia can be . {
/
geen from the corresponding gork, in the case of independent rvls, by

Bickel (1973), and-Shorack [(1972), (1973)], and in khe stationary ¢ -

l mixing case by Mehrd ahd Rao (1973). ‘However, we do n%tpursue;his matter

< -

here.
. - '. ‘ . .
1.2 A BRIEF SUMMARY OF THE RESULTS. Let {Y iN} be a sequence of non- .

stationary strong mixing rv's and {CiN}’ an arbitrary sequence of con-

stants.- Let RiN denote the rank of YiN in the combi d ranking (aacen- 0

ding order of magnitude) of YIN""’XNN"“’Lgt‘”g"—ég
O]

cqefficie&s. - i v 4

¢ - denote miningv

In chapter 11, we study weak convergence:relativg to'the—demetric.

J\ ..

Mixing inequalities are discusaed in Section 2.1 and in Section 2 2, a cen-

tral limit theorem for {C iN} e where {EiN} is a sequence of uni-

formly bounded non-stationary strong mixing rv s, 1s proved. In Section

1

.2.3, this result is utilised in the’ proof of the weak convergence, relatire

to d-, of a generalized empirical prdcess defined py ' “.

s . K " %

R



e @ ané {YiN}"

»

o iy Ll - . :
' c, . . ) . . _— ‘
. - .
. ' - ' : LW R v ,

= B A(Y ,--‘Nflzll_*_uﬁ(”““*ul(?’” oogesld, \
- ; . ‘L ' g '; ' $

where HN(t) a N Z C I(F(Y ) £ t) , and F(x) - N Z B(Y X)‘y

-The‘above*results are derivel undeYr certain regularity conditions on C's ,

kY ‘ ' *
e o . o ™~

v/

LS

’ { Chapter II1 is concernad with ‘the weak convergence “of proceases
{V (t)/q(ﬁo 0 <t< 1}, relative to the metric d. The Yass of
functions q » for which the results hold, include those functione having

. unbounded growth on [0, 1] (see Section 3. l)
S S L
’ “ .' s o .r - . '
'In Chaptef 1V, we use the Pyke-Shorack abproach to'prove the -
Id

as?m‘[otié‘hormailty of a class of"linear renk statistics repreaented by

N +%
scores. -
Chapter V is devoted to the‘study of asymptotic relative effi-
. ciencg.' The first two sections are cdlcerned with a Chernoff—Savaée ;

R
T. =N Z o~ ¢N , where wN (ﬁ:ﬁ) for 1 < i < ﬁ' denote certain

theorem and- its application to regression alternatives. In the remainder -

- of this chapter, the relative efficiencies (with respect to t-test)wof the

"Normal scoras; the Wilcoxon, and the Median tests are’ derived when ‘the

o sequences YiN is Gaussian. Some general remarks are also included.
. 1.3 NOTATION AND nznnmomcv. ~ Mosty of %he nogation 13 int-rodbced-in
the text as and when necessary e have tried to use standard notation

:..

whenever there is one. The following items should be noted, as they

appear more frequently in the text.
' ¥

-



S o R .
‘,J:' (i) The gener!l terminology on rank- tests for such as the two/, - P\;x;ﬂ”

8. ) . v 1 . . '
‘ sample problem, the- tegression problem, the Normal’ acores, ete., .

N

B

Voo is’adopted from'Hajek and sidik (1967). . - o4 ¢

S . . C
® 1

(ii) The function spaces. C[O 1] with the uniform metric P, and
D[0~1] with the Skorohod metric d , are as defined: in Billing—

;! sley [(1968), 54, 1o9] We define p (x,y) p(x/q,y/4) for -

(

. . elements qu , y/q in G[O 1] ;0 d (x,y) 1s similarly

s
e .
--weak- con@ergence relative -to 4 _metric s .
Q(\.'\\ o . . _,vw. . ",':-

~ ~
-l

defined. The standard notation a> is used to indicate the

o

) \"' . ) ,)\. Sl
’ . (iii) Kl ’ K2 etc.c5 denoté~abeolute positive constants, not necessar;

ily representing the same value in each appearance. Alao,' K@) ,
’ ’\’s .

»

" K(a §) etc., represent generic constants, depending only on

~-

a

 .their arguments. _ - S S &- o

(iv) The inverse of a func%ion is. defined to be 1eft continuous. -

¢ -'. * ‘n‘».y -
: ,r;,g/J.u

-~

C e ' C ,Tffﬁ" G (t) = inf {x t‘h(x) > t} ;

¢

(e N N . - l“

(v) The ! sequence {C } represents a’ non-null sequence of . regression
\ s .
constants [Hajek - and sidak (1967), 100], and is used only in IR

this sense throughbut. We also ‘use ;.

L . ) . . . L

S _ A(N) = max |C | R
EEE o AN A
¢(x) = 'sup- Z |C Il/x .for‘ x $0 Lo

N>1 ) ) L. - . -

7 o0
7 &

~ (vi) The symbol' + 1s used as an abreviation to 'non-decreasing'.

. \ i . . v N . . %
- LRI [ N . . i L

>



I(A) denotes the indicator function of set A, and [ -

signals the etrd‘*of~a-»~proof.—dl—'n\e—follov'lin;_a,b;:évia'tior'ls are

also used:
e

' FH 2 FoH (composition) e ;0:"”\
& . . ) . ’
N , .
n $ ZE § . unless, otherwise specified.
"ty ‘ .



\' ' ' N CHAPTER II ° :

. WEAK CONVERGENCE RELATIVE TO EHENOD METRIC d ‘ -
: : . P B

Y, ’ . - L -
. . . . . ‘ ) e

| This ohspter deals with the weak“converéence of generalized
empirical processes (see (2 3.2) belowT, relative to the Skorohod metric
d , when the underiyingnrv 8 are ‘strong mixing. The ‘main results are .
proved in Section 2.3. ' N : : d o
2.1'. MIXING INEQUALITIES In this. section, a.brief summary of mixing
conditions and corresponding inequalities are given. These will‘Pe

o

referred to in the subsequent chapters.

Let {YiNl be a double‘sequenee of;random variebles; defined
on a probability space Q,A,P) . Let B(Y). denote'the sub -g~-algebra
-generated by a random function Y, defined on ‘Q ..'We'shall‘drop N
~.from the double subscript throughout below for notational convenience._~
The sequence {Y } is said to be ¢—m1x1ng if theré exists a seqﬂence of

non—negative, monotone non-increasing funetions {¢N} s defined on

-{0 1, 2,ow)l for which ~“‘.~ -

) -‘.tpN'(m‘) -r.',O'A 8s mo e uniformlyin N 3

and

(2.1.1) ) - |,1_’(A|1'3) = ﬁ,p»<A)|:‘_<“¢N<'.m-> ,mz 1
] DU | v

for all A € B(Y;ywees¥)) ) Be 'B(Ym,...'_) . Ve set: ¢(0) =1 ,and

PR WS



.‘i‘.n" A.

\

- said to be 3tnong mmxmng i

|P(A|B) - P(A)l - 0 for P(B) = 0 . Similarly, the sequence {Yi}' ishsl

Mere exists {GN} for which

for all a,b _>__"l ,%‘- %

(2.1.2) o fﬁAnB)_ - PP < oy , n21 ,

and satisfying all other properties of ¢N as defined above. Clearly;

| ¢-m1xing implies strong mixing._ ‘ .

' The concept of ¢-mixing was introduced by Ibragimov‘[17], and.

-

that of strong mixing by Rosenblatt [30] There are  several other types

v

of mixing conditions in the literature (see for example [25], section 2),

‘_'but they are more restrict

DT

Y

er than the two types described above.

\‘By defining ¢(kj - sup {¢ (k)} and a(k) -/sup{aN(k)}

is easy to see that the functions ¢N and aﬁ of (2.1. ) and (2. 1 2)

can be replaced by ¢ and

coefficients_ ¢ and’ a a

o respectively. Throughout below, the mixing

re used in this sense without further mention.

. The following mixing inequalities will be needed for our work in later

sections:

- Suppose E € B(Y

1)

Elnlb Ko 'where m  is ‘an integer 0. Then, ij*;f

o~

,(2.1,3)*"\;[ 'Icov(E;n)I

(2.1.4) Icov(E ml <

"< 2<_r‘5|EI"")”‘E‘CEInIb ”"w(m)]

/

i/c

i<k) , N e B(Yi,i>ld-m) ,_Elgl , and * °

o

il

>



. ' \ (th ' - . ' . 3 ) . . 10 N
Y ' o i - . ) . . ' . ‘
[ [ . . .o . . 3 . .
\\\ . . ‘. . .. ‘ . '.:' . , o, °‘ . ..
A ) i}l‘ e _ | : ,
for all la,b,c > 1, %-&- %— + % = 1. We refer to Ibragimov (17}, and.

\
e :Davydov—[8} -£0r- theproofs-of(2+1.3)—and (2.1.4) anecri\lellc—“e--ii-?—-s

._Qef&'an elementary result whose proof is omitted.

‘: 3 “ A. .. ) ! N d ) .' # * ’
LEMMA 2.1.1.  If f <8 a non-negative and non-increasing function.

defined on \\\\{0,1,2,..;_}' s Bhen, g .
T m‘\“/2 N 2 S 8 N
. (1), ) f\"\L' (m) < © => n°f(m) >0 as m>> , and Z'mf(m) <w
N : \\ I : : 1
(11), [ o°[f@] <o = ] [£(m \< @, for 0<8<1.
’ l l., i
o | e
2.2 A CENTRAL LIMIT THEOREM We shall apply a theorem of. Philipp [25]
to prove a central imit theorem for non—stationary strong mixing v’ s.
- . Firs_t, we -describe th theorem of Philipp.
) " Let {xiN} be a sequence of rv's with E x,.'= 0 and finite
' eecond moments. Let.. e C - - o
‘E ' . .’ - ' . ) “ - ’ ' .
‘o2 | 2
Iy =BQxy” 7
D(NY = a.s. sup {x,o| « ° C e
"\ 1<N . iN
Throughout- Z denotes summation 1 to -N pnless, etherﬁise' epecified. ‘
- . ) . s . . . '
'_'a.s.,_' is the abbreviation to 'almost surely'. Suppose
- . Y © a ' .
C(2.2.0) L . o la °
o ' - . . 1 -
s ~ . ’

. B



- -
" v.‘ . . . B
¢ TR 1
. s - “’3
[ | v : o
sup 2 < ‘a
N N . i
{ ’ D(N) *0 as, 'N+w
| v . . . 13
k | | ZN/,D(N) + o :
‘be real sequences satisfying )
' I .
) . . P ,S .
' pN-ro,;N.-'g"N-»co
- D (N) o ;
2.02l o .\' : . o * . 88 N~_“ o
( 3)( ™, A 22 . ZZ - e e -’ ®
o . N . ' N ‘ ; “- ’ .
A g 3 + o a([KN])' 'é_," 0 . . .
) V- Sy " o
. .. " o ‘ v "i .
A pair (Pg,5y) 1is said to be admissible for the sequence {x:LN} if
(2.2.1), (2.2.2), and (2.2.3) are satisfied. | Y
PROPOSITION (Philipp): If conditions (2:2.1) and (2.2.2) hold, and
A'_'(ID’N,'SN) i 'any admteeible pair for . {xﬁ} then, we can Pepresent >
. n+1 . . L \ ‘.-
[ .+ z ,
3 4=l .'J :
where (N|is 3uppres'a_'ed in th.é'double subseript) /
21 % +1 + LN ) + %K
‘ Bl 1
z x + .00 t X
2 Oz'f'hz-l'l 'p 2+h2+K
Z X . + M X N + X : -
I n P +hn+1 . pn+1



la: N -
* o v ‘ﬁ"’ .v
‘{;,;,
° T T
. ' i+l Patr? w 3 ‘
p. = T (h4K)7, § = 2,3,0..,m¢1 , and 0y =0
e BT IR | e .
¢ {/; such that B '
(..
. \;; a
Cr(2a2.8) \ Ey) =5y (o) o K
2' : Y ) . X
\ IyonSyto@Sy) o - I
* ] 2 . ’ . N . 'r i !"' Q ‘
Moreover, if. ZN + 1. 'as N+« then, N .
L x) FROD .
- . . S e
. ‘ ) - ' o r
provided for every € > o - L .
‘ . - o ,‘."
- (24245) 1 [ .'"‘yz dFﬁ"-FOQ'&‘ NF™. T !
. RN . < ' . . . K K s .
o = |}’|Z_€ I P
'v\. - ' o | © . S ,'.. - 4
. "“where FjN' i8 the d_iatributian\ ﬁmction of ¥y . %
A p'roof of the above proposition is given in Philipp [25] (see his Lemma .
4, and ‘Theorem 3) Now, we shall apply this proposition to a specialg ’
case. . Let {E iN} be a sequence: of strong mixing random variables with

numbers. ‘We suppress&the dependence on: N* as before. ﬂet

'E E:LN =0 \IEml <1 almost surely. Let {C } Pe a sequence of real



momm 2: 2 2. ;f lin addztwn to (2 2.7)). Z 0.1/2(1) <'w and

- ®

-

6oi(m)-mzl‘s-ro as m+°° ' for some 0<6<1,c}.nd

.-'>“. . .i mIXC .‘-;6

-aisu
, ZC : | .o- #OT

s e

?)en, ZN dorwerges in dwtmbutwn to N(O 1) . "; L o ) B

o L. ‘
-

«

In general, the hypothesis of 'rheorem 2.2, 2 is stronger 'than‘that of -

2” = O(N °) f‘or some 6 >'—-5 as" N ,-+.°5..f-,.._.~

Theorem 2. 2 1! However, if the conotants Ci g are unéformly bounded, then L, A

NE

the second theorem is more .general than the f:l.rst.' In this' case, the asy-

. mptotic normality of .7.N holds ‘under Theorem 2. 2 2 :I.f, f allz(j) < & R ’

,:-’ ’: 2. \ ) ' v . 13.. . o ." *, .'
3 . “ - . _. ‘.,‘.
. { . , . “
) \ ’ ' *“ -~ ‘
gl ©a< whyar (2 c R o S
. v ‘ L - N ‘;yf f‘ - {
N y ) R = - 2
" ' R -; }3‘4 - C E . ) N
' (2-2.6) * ' ZN L‘ x 4‘%here xi‘. "'—i . . - o
- - L :
. : . 't 'x; ‘,, s ﬁﬁ, '
Throughout below we;ij‘ase.p;me‘ SRR v
(2.2.7) ' S 4 Umgnf 520 , Ty
TET . T e T N
0 . . R ) . ‘. ‘ . e M i'///‘ ' o o . P
T : ‘ ‘n ‘ - R N C
“ which enaured the non-degen&acy c‘ the limit:l.ng variance. \ t ' '
g O [P -4 . ﬁ "y . ;’ ; . :
5:-' ' ‘ .' ,' . . \\':' ,
- g}mzonm-z.'z.l. If (m addzt:wn to (2 2.7)) X j a(]) < =, and .
< i ﬂax C : . ’
. o . g 2 Ci A '
;f’,.- o 5 & o
. ’ ) ' -9 _ .
tgen, »ZN mnvergea in c;tstmbutwn to N(,1) as N+, T
' ‘5:- - ‘_,‘ N . - ° - . sy
, f S ~ i



.

(see also 'I’heorem 18 5.4 of [18]), whereas, Theorem 2.2.1 still req ires

/‘the stronger mixing ),1 j a(g)y <w ., It ;Tb_uﬁnttoned—that—th con———

s S -
dition (2.2.8) 1s thd‘ same as that: usually 1mposed on Ci s in thei case
| of 1ndependent rv's (see [14], Chapter V) {
/ ’ [ 4
1 / 4 . . . Q ' ._ .
" Before proving.the‘ theorems, we obtain- some auxiligry results.

’

" 14

* ‘_. -] H , . .
LEMMA 2.2.1. If-.} a()) < -and |£1L< 1.a.8., then

) ' Var( ] 'C,E,)) = 0(}) C)) . —
L Coow Y T Y | o

where M “and m are arbitrary non-nega-ti:ve intégéi's. I

.. PROOF: Note thaﬁ Q-- : ,' : | ) ; | e
. . ‘ P ‘ "‘
‘. Var(z 8, ) - Z el T 6t covE 6, S
' . 1 i<j_*:|:c'j’7.c 1. R "y
\ coc 1 e 2% Z [eye, [ as-1) , ustag {§;] <1
SR 7 TR U H T P
AR . o - and (2.1{4)
‘ - ] .cp+26 L a(®)) .Y | :uﬂl
1 . CML s /\‘jal . A=MHL - i -
-. . . - . . " '/"'-' .
\By~Schwarz'é‘_ihequality, we have
.  Mim-j - L M - Mim ‘
S AL AN c? /
. M+1 . MFl . M{j+1
R - 1 M+m- 2.2
<G I cpeo.
: ML



g o , .

' .PROOF: We have

T A
\:3 ‘, ; .
28 N
- ' & Mim-J " M‘Hﬂ . ¢
. , S Y i+j ﬁz
: o M
; % q‘,.‘ © L ' ‘
_and hence from aBbvs\\ .
var( ] GEN< ] i li+2]a@r , s h
' M+l MH1 ; L
which proves the asseftidn.of the lepma. O | ' .
.._.‘ » v' ) P 2 » B . . . '. . . . A ‘ ‘
LEMMA 2.2.2. If ! 3°a(j) <= and Mm <N, them - | g
, : 2 2 , , :
EC] CEDY k@ (] ¢ H24 (] Dy, .
M+l - MH COMEL T

where A(N) = max |C | and K(a) <. i a constant depending only on . o .
' 1<N ’ ' : : . . A-

o ‘ A 3
(2.2.9)  (f cE)) 5qu+4 ZC Ny

T

e o , . o 2 2 v
_ . . , o + 6 ge; +12 ¥ cZc,c ggg _
' T - 1§j j 17377 geyp K13 TR
. . ) .}.‘ . “ . ,‘ . - ) o . . ,:~ . o ( ..
o+ 24 Y c,c.C.C gg.g“’?j“
_ i<§<k<2, 1757k L 1.4;1 K52 SR
Noting that (under the'hypothegis) .
(2.2.10) ) 1? a(§) <= for p ?‘.0,-1;2, A

' : ) : : ,
we estimate the expected values of terms om the right hand gidg»of (2 2_9). )

A ’ ’ . '
- . . . .‘g‘-



: R '16 .
T LT o ~ |
For,the convenience of:-notation, we write Z in place of X from -
: , " ‘ TN \ T ML ' -
' (2.2.11) through (2.2.16). | !
. . X " ) ‘, Do 4 ~4 .2 e “ . 2 ) . LA . -
'-~<2-23112\. £(§ cje) <A (N).Z €; » since lail <1 a.s.
o 3. .3,y 3. 3,
2.2,12) 'E( )" C.C = ) C,C, cov({ s ‘

143

CLo< 12 A% 7 #c.c,]| a( 3-i]) ﬁsing (2.1.4)
- 173 _
1% , o

. } |
\\__./.“‘ y2 o . o
®< 24 A*(N) ) |c.c.| a(3-1)
s T » 't:".j?'i,'ij
o 2 | - .
. Ly 26t ) (F ) a@) -
T <k am) D, ueing (2.2.10),

4

’

(2.2.13)  E( ] cici'g:g§)'= ) 'éici [E €5 E £§ + cév(si;ai)]
' 1 kR : .

= (Z.Ciyz *12 AZ(N),iEj lcicjl d(j-i)‘,;'

f_Kz(d)-[(Z'ci52 + AZ(Ni(Z"Ci)] o

L g 2 2 . L 2

= cov(E 3660,



S 17.

' we have L ‘
s lczc;: | |E £:€,£2] l<ZC'2E'€2 I lccoh |EEE, | o ‘ |
1444k ki) Rt} j k j-_' k.. ‘A 18y i j ﬂ! : i ¥
| N i<§<k ¢ Ic«;}l min{lcov(ai,a E;k)l lcov(ﬁiéj 3 >|}
Y . . : - ‘ : o 4 ‘
— _5,12(2 Ci?z z o) + 12828 I ¢ min{a(j-i) a(k-j)}
: . 1<j<k “ » _ S

But, the second sum on the right is dominated by

I ci Z ata{a(i-1), a(k—j)}< ch( Z" min{a(3'),a(k"}
PERECE S - 3'#K' sm '

<2]¢ ﬁZ\j a .

" Hence from above. and (2.2,10);

(2.2.14) e ] c,C. E.E:5 f<1< (@ [ cH°+a @ Fcil v
st U G g 1) "7k = 73 o ? B ‘ :

 ‘similarly, it cén'Be sﬁown_that ‘the expectations of

e; éndj"z. c,c,c a‘ae:

) ¢ c.c2 & 4&
ke L3k K ickeg TAE _

;are dominated‘by»the same term on the right h#nd-side_of_(Z.Z.l&).- Finélly,fJ'

- we have | .Czﬁ
(2.2.15) Y e, |BEEEE
. - . 1<j§k<£| j K Cy | '7‘.1 i k‘i| ~
o I N . ! ' ‘
- ) ’ ‘ =~ ’



R / R T -

1§j lc ANt .Eiejl k{,ﬂ"k%”E gkg"“jl“'

'“ .

: Thus;;QSing‘thesé boﬁhdsbin (2.2.15), we see

i

2216 ¢,

. . O .
. ' —_ .‘.._‘\.;4.2.{_,":__ S

u
-

+ 1 Icicjckczl minf{] cov(&i;ajskag) BENFENHIN doviE E B e}

i<J<k<2. - : v . o ‘ .

< 144(2*«: y (Z a(j))2 +12 1. lcicjckczl min{a(§-1) ,a(k=3) ,a(L-k)} .
1<j<k<t . S

Now, the second term on the right is dominated by

L, CoL e,
‘12 i—{-j-{k-}-ﬂ&mlCmicwi+jcmi+j+kcwi+j+l-c+2l mn{a(i_),a_(k),a(n)}
- R .“, R Al ) . ) \ | v
: 2 S .
<0 Ny | [min{OL(j) a(k), aQL)} )X o A | I
o< 1<ty MrLMRH D
But, by Schwarz's inequality : o T
2 -
N L VPL-W /0 B NN - '
1<i<m-j T .
N N : . o
. - .; - Iy ) / A
. and - ,

F minfa(,e®,e®P< I a@ + I at-+. ] %@

j+HkH<m : TR k3G, 23,0
o <31 4@ . N
- 1 . A

‘. “ . -, ) ‘ -

?

jkll\ﬁaaaazwua)[dc) +a2m ZXJ

L,

) i<j<k<2,

F .

o Combining (2 2 11) to (2 2. 16), and substituting them in the expectation of

(2 2 9), we get the assertion of the lemma &

L



. T e i : Lo
. . S N ) LTE e R !
e ' - A
~ : . (",' . . bi‘ T ."“
* ' "..'T‘M'.;z ‘. . , ' [ D -'
) REMARK‘Z 2,167 From the above proof, it is cleqx that the assertion of
.,__A,___,‘_A'f " Lerma. 2.2 Lcar.L be_ statadJs___. S 3 e . '
: ' A o N c W
C(2.2.17)  EC Z cisi) < R(@) ¢ Z c2)2 + AZ(N) Z c [K(qo + Am] , ]
. m . ML .
L “p
o : . ) oo : :‘.‘ . o S m 2 * *
~where K(0) <® if } ja(§) <=, and A=A (o) = KT 3°a@) 4K
- ‘o . 1 . . l ’ " w
being‘an absolute cénstant. ‘ i ;
o . w, ’ ‘ . - ' //\
LEMMA 2.2,3. If J.§ a(§) <o, then," L
. L 1 - . o °
Mt R T &
ECL CE, )* <k wlstay .
i o
PROOF3, ‘The only major changgTreqnifed in the proof of Lemma 2.2.2 1s
in;the eéqimaté.(2.2.15). 'Nétice that from (2;2.15)'
~ S a e
- IO S B : o
. (2.2.18) I legc kc21 IE £, E £ Szl » ‘ S
. B : i<j<k<2 ‘ i
: <At (7 e £,8 l) + 12A4(N) ~ min{a(j#1),a(k-1),a(2~k)}
: i<j o i<j<k<£ : ; : .
. ' . “‘ . - “\;
< 144A (N) 5 G(j-i)) +ij a(:m - - f\ -
e - 1<J - LR
: , .7
R e, oamoo T o ‘. |
_ <14 12 a2 + 2] 1 a] . . :
5 o 1 - -1 . .
<K@ ot o?l L ”
S .y

All the other terms in the expan
2,2

a constant multiple of n A (N) ,-as seen from (2 2 11) to (2 2. 14).

pansion E(Z €&y )

are clearly dominated by
Thus, ..

-*



(2.2.18) completes the prbovf. |

?mp§£pnm¢mulen

.have from (2.2.6),

. We check the conditions of the proposition.

v ‘20."

* We

' . L 'ZN'=.Z xi'-

Pt
"

I cEy e

',SN

‘.
.

R Zé = Var(z) =1 , .

. '
and .3.{,:,___,, T
v . Co '
oo D(N) ="a.s. sup Ixil < ﬂ‘l . .
1<N N |

o .

‘But, froh (2.2.7) and Lemma 2.2.1, there exist constants. K, and.

.and abOVe, the hypot:heses of, t:he theorem imply (2 2 1) and (2.2.2)..

t

' 1/2 -
.PN BN ’ and SN b ' Clearly P
Moreover, since D (N) < Kll
R - 3/ 2
> .
Py Sn K1 by

1/D(N)~+‘¥"as'-N'+ o .

b;'., we have -

- (>0) su¢h.",that: L o
. ' 2
) SN t
ZC -
. Hence, - Fes .
. 2,1/2°
@) ¢ cH?
D(N) < = b s ’.bN s
ST SN -
and conse‘quér;t:iy, Z /D(N) =

for sufficiently large N .

g -

2

D’(N) @by

e

..

..1/2u f

Kl b"O as N'*oo from(228),

o

Thus, - by Lemma’ 2.1.1 ‘
t’

N+0 and ZN/S 'V°°,‘88 N+°°-,.' -

~

=X .b-’°]'/2 +® ag N+,
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"

Set v = [K'l b;-llzl , where [x] 'denotés the im:ég:al part of . x . .Then,

":due“oo'monotonicity of a() , - T
. . S b
-, C w2 ) ,
B . 1
o (—[-C-ﬁ-]-)—.»;g'—£~a-(»~) . e e
- N o PN '
T ~1/2y2 | =2 o
o o G(V)(Kl b ) * K

<aw) (oH1)?2 K72

+0 as N+» ,

' by the assumption Z:jz a(j) <= ., hhus,\the‘conditions (2.2.3) ‘are sat-
T - X ' : . oo
isfied so that (P S ) is an admissible pair'for {x } . Note thap_frod

"the decomposition given by the proposition, [pj,pj+h 1+ fox 1 § j<n

are disjoint so that -

- o ' n pj j 2 N 2 . S
€2.2.20), ci § cy * L S

j=1 pj+1

Also, from (2.2.4) .Zs# nS. + o(n 5.) . Since 2 = 1 1in our.case, we
RS ;. CN N - N ' N T
. , PR & .

have

A
[

(2.2.21) R ""ﬁ;=IS§l'(1‘+ o(1))
G =bm (L+o(D) ..,
+~ PN . e
_ R
Now,'wé'ﬁgrifyf(z.i.sf-of the proposition which comoleteg the{broof."Leto"
€ >0 be arbitrary. . Then, . ‘ B
X f ¥y dFy X E[Yj I(yj > a)] RPN
B £33 |y|>€ R j<n

Ay



< K"(aj b1/2(1 + 2 b ) > 0 ~as N+« ‘ from (2.2.8) . B i]

! " R . » ’ : :1_:-.7"‘ .

_ o o . .
COROLLAR 2.2.2. The assertion of Theorem 2 2 1 holds u_der a weaker condi—

. . 22,
’r
Y S
R : 2 ‘ C
L) (E Y4 1/2[P(Y >€)] 1/2 , iby Schwarz's inequality,
" i<n j 3 3 T
S g 1/2 - B
5__24 (E g 1/2 —-——1———- s by Markov's inequality.
L N . R o
Now, from.thevprdpesition; !
E yj»= SN 1+ o0() = bN a+ o(l)) 5 -
‘and,ffbm Lemma 2.2.2, . ‘
‘..‘ ’ ¢ ) +h - K . ‘\A\ . - "
S Yj'" LB Z BN ~ |
L oL TN
| ' o pj+hj
T —(—[h +th(N)] , whei'evh;= R ci»
. B 'SN e L A
-—’“512—2 *2 + 1* 2207 , from (2.2.19) .
K(Zc i3 o o
‘ Hehee;'from ebOQe - i“ h : L S 3§j Gi?
o “ . - - _ . ’ ) ) ' ‘ '1‘ ° - \[_
(2.2.22) ¥ J  y 4w Py -el- 7 b l/2(1+o(1)) -——S—l (h + 47 ™)
o 3 yl2e i kT ep S |
2 - S
<K@ b1/2(1+o(1)) 1+ BEMG | fron (2.2.20).
- Ci " . o .,' . R
2 IR ' g
< K'(u) b (1+0(1)) [l + bﬁ-(l+o(1))bNJ from (2 2. 21)

¢
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23,
. \ T‘ . ‘ ) L | ot .
tion on the mixing coefficientt The condition Z j (j) < o can be"
- 1.
e 1/2 :
replaced by Z o™ 7 (4) < o » and AN = K 13 a(j) = O(b ) , for some
- ~»0'-ﬁ~9-~<‘~’§‘ . ‘ 2 ' . / . : o o .:

2 . - -

‘PROOF: Since Z allz(j) < o implies n? o(m) +0 as m> o (see Lemma

1 pa
-~ ' ‘ '1> 1/2 ‘
2.1.1(1)), the pgir' (PN,SN)<,_where PN b | and SN bN , is admis

. Sible_for'"{xi} as shownfbefére.' Using (2.2. 17), we have as in (2 2. 22)

N
Y

) fyzd F % E bl/2(1+o(1)) _____{_2_ (b
n

© j<n o OWTE G K, (§ ci) J J
lyl>e © e
where - :
) _ 5+h'j_ SRy e '
) * ' : T R
: h‘? = I Ci SRV 1% a(1) , and K(®) < ST T,
1 h, +#1 - .
k| : 3-1
K(a). dgpeﬁds<qnly‘bn . Z al/Z(i)

-

-

- Proceeding as in  (2.2.22), we see that the right hand side of the' above

N inequalify is dominated by :

a | n
_ x'(a) [b1/2(1+ 2 by) bN 3/2 ) A;]
1

[

ki@ (o + b3/ 2 I 5% a]

IA

K@ oW *"‘jbn r.gNl |

K"(a) [o(l) + b

'6(1)-'38 N-+o, under the hypotheses. oo -

+(1+A) A2 ™)} .' 



PROOF OF THEOREM 2.2,2% We'prOCeed as in Theorem 2.2.1 by setting
-8/p . B '

“and Sﬁ =N~ , where B and p are chosen to satisfy

L A ) | 5, :
2(1—5 ). < B <'——%', and p > max {6—2 -pt , [6 O—— - 1) l] 1) (such

PN = N

a choice is possible under the hypotheses of the nheorem) ' Then the con-.
ditions (2.2.1) and (2.2,2) are satisfied s that (PN’S ) is ‘an admia-
sibleopair? We verify (2.2.5). As in the proof of,Theorem 2.2,1' (now

using Lemma 2.2.3), we have for every € > 0

—

o 82 S o
) f g <K (@] L '3/2 A+ o) . .

wy

A KR .
jﬁ Ké(d)‘N_ ? N-B{?. E for large N
e S [2(1-6 )=B1/2 o g
w ' ' ' = K () N +0 as N>,
. o A _ , .
: 5:&nce 2(;_80).256 by ougdchoice of B‘°/.f o

1

. - . 3 ‘
REMARK-Z.Z.B.. If the sequence {E } is ¢—mixing, the mixing condition

of Theorem'Z;Zjl can be improved. Infact the conditions Z ¢1/2(j) <

and- (2 2. 8) lmply the conclusion of Thsorem 2.2.1 in the ¢—mixing case.
. The proof is much simpler and follows ‘from Theorem 2. 1 %T Bergstrom [1]
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"2 3 GENﬂﬁALIZED EMPIRICAL PROCESSES FOR NON-STATIONARX SEQUENCES UNDER

- . .
1 : . . . R A

STRONG MIXING. S A A

Let {Yinl be a'sgquﬁéé bf-}x:e wichlcorresponding'distribution

functionsf'{FiN)} which are eontinuous, Let
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We define generalised empirical processes by : -

-

(2.3.2) B A (c) =N -1/2 ) o, [-I(i;m <) - Ly (8] ,

.
v

where ;{CiN} is a sequence:of'arﬁitrary cohstants, 'The'uSpal empirical -

. VR :
process is given by

T N O R RLUNE L Lj:N(..t)._] :

Note that’ VN € b[O 1] for all N.>2 1. We shall denote by ‘V and U,

the 1imiting processes of VN and U respectively, whenever they exist.'
lThroughout below, we shall drop N from the double subscript for notat- :

ional convenience- 'Define

@:3.4) 0y (s,0) =N Z c2 o (sl\t) RN (s)]

N
. S o : :
. . . N : —1 o . N
i - . < < - 2
S N I cicj [P(ni t, nj s) L (t)Li(s)] o

- A el 3 s
(2.3.5) _ t.i 0 (s t) = lim Oy (s, t)

' . o SN N -

. ’ - T . » » b ' : . £ \_ . PR
whenever the.limit'exists for 0 <s,t <1, QU' -and - GU._are similarly *
defined. ’

. (2.3.6) ‘ .+ T(x) = sup (N z Iqil , for x#%0 .
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‘ We state the main results: . T ) ‘.
.7 'THEOREM 2.3.1. ° Suppose J3°a’@) <o, 1(8/4) <=, and <
B ) |‘~‘ o . 1 . ! ._ e ,. . .
o —a#d /e | o
(2.3.7) -—AS%? =oN . -° ) , for some ,50 > —4-%-2— , 0<8 < 1.

QC> R |

If also 0 (s t) defmed by (2.3, 5) emsts for aZZ 0 < s t < 1 thén

SV, =>, Vuwhete V 18 a Gausszan random fwzctwn (twd doum at 0 and 1)

N. .d
defined by~ ' ' . - ST e
N c . EV() = 07 | | | ’
©(2.3.8) T | o '
‘ ‘ 4 ;:'EV(t) V(s)\fmgjis,t)

Moreover, 'P(V»e C["O,'l]) =14

THEOREM 2.3.2. If. ) 32 $(3) <=, T(8/4) <= , .‘fox' gome 0<§<1,
. _-1, ' o . : Co . ’ N
S @39 " e- “‘)1/2— ofl) as N+ew ',

~

and ’Lf the ant o] (s t) exist,s for all 0 < s,t <1, them, the conclu-
v - . s Saty

Lo

sion of Theorem 2, 3 1 holds

' In the case of stationary sequences, the conclusions of both the theorems
are. known when C g = =1. In this case, the conclusion of Theorem 2.3, 2

- was, proved by Biliingsley ([4], Theorem 22, 1) under the mixing condition
. . \

13 2 ¢1,2(j) <o, §en [32] showed that the condition Z 3 ¢
\N l ) ‘
isﬁsuffiéient for“Billingsley s‘theorem. For strong mixing stationary ’

l/z(j) <o o

&
°
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sequences;,the cohclusion‘of Theorem 2.3.1, when 'CiIE 1-, has beenAinde-

7 -
A 6 R
pendently proved by Deo 91 under the mixing condition Z jz /z(j) <™,

N .
e

.‘n < 8. <—1 s by—Yokoyama [36] under Y j aB_(;j) <® ., 0 <_B <_3_-,, ‘and .by

. Meh? and Rao [22] under Z j 0‘ (j) <= O < 5 <1 .71IE marbe-'ragted- S

’ﬁﬁ ‘,ig} th‘!‘the last mixing condition, of Mehra and Rao, is weaker than the other '

tﬁo;f Recently, Mehra and Rao§I23] have shown that the above result is

]

.;ﬂﬁ%%; . walid&for generalized empirical processes also, under certain conditions ’

.. on Ci s . Our theorems here,_while weakening the above mixing conditions,

f'ii- caver the generafized empirical processes for non—stationary mixing ‘rv's.

\ . . L
: First;‘we‘prove-some’lemmas. Let C - . .
SR ’ ,
~- v E (N)

. p (t) i I(ni < t) L (t) . where L (t) = F F (t.)
G o o

R gy <c) £ .
" - o #

LEMMA 2.3.1, Bor 0 <6 <1,0<8 <1, ad s<t, vehae

@ VlJi@e=c, fral 0gtsl,
. ‘. . ¢ ; ;_ . . ‘ . A, . l—§1 . .‘ ¥
@ﬂ.zpiElﬁjisz@f(bﬂ R |
Sl T _,...rrf. 1-51 o | |
i)' ZC E |u | SN (c /2)(:-3) ' L e
e | T RN = T T ‘
S(Lit) Zf |c C E ugu | < 1Nt (——) (t-s) Z a “@ .,
where 8, can be_‘ taz_c__én as 0 in (11) and (AV' if € T1 . ¢
(\‘ . : o . . . . .
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. |
e (1) foll - . (N) “eor
RROOF: -, (1). follows by the coptinuity of Fi fgr 1 =1,2,...,N .
; Also, for s <t,
| - .‘ . ul l
ra e L
| Eluyf< 1(L (t)y= =Ly (S)) “““
. : MEC T '
Z. . > - “’\ ~
(‘ 3.11) . \\_\m? ’
Bl (©); ‘i (s)) y
Henée _ "" ’ -
v . . . &\ -
Doy B gl <21 feg] @(e) - 1,0)
. o X . - 1-8
<N ()N T Y @ (t) ~ L, () 1 '
- ! oo R |
S 1-8 o
< 2N T(Gl)‘(;-s)_ ~, using (i).
) : ¢ * 2/1— 2 u‘
' The proof (ii)' is similar. Finally, writing ui = E(Iuil ) s wie :
have from (2.1.4) | e > SR
| . N T 16, . 1-6, |
| T ez S
) ic 1% Eu uu j <12 ] |esc |; Qo) (uj) o “(3-1) -
i<j el i<j - L RN P S )
S 1’6 5, ¢
'-<-'12-ch-i (ui) Z o (j) , as in the proof of
e,  Lemma (2.2.1)
Vo 6 128, 8y
: vwglzr()(n ZEU)' Za.(j)~
. , 8 1= 52 s, SR
<121 (——)(t -e) Z o (j) » ‘using (1) .
If Gy =1, clearly ve dould take 8, =0 ',1;i.'view of (1) 'and (2.3.11). O



. LEMMA 2.3.2.

. .
° X s\

T 29,

(1) IFf 3 32 a‘s(j)_< o ',‘v"r“(S/z.) <o for some 0 <8 <1, then for

S s <t,

)

) Ir ]8T ew)

1

s <t,

B cupt < k0,8 (9?0 + i)

where K(a,6) , K($,5)
. max |C,| .

i<N T
.. PROOF: We will make us

'_bOunas. We have

C Rt e nien™ + mie e-)"%1

v',
.

[

<_°°", 1(8/4) <= . for _s_o'me' 0 <6 <1 ,l-then for
s o . -_ , o .

. R . " 19
denote generic finite constants, and HN) =

Tt

. “ . 'i ) . ' . . L ;0 . A o .
e of the expansion given in (2.*2._9) to obtain the

o

'(-2."3.142)"' » 2 Cil;, u4 < AI‘(N)._'VZ'E'- ui , since -Iuil 4—_<_ 1 a.s.,.. ‘

i-

Cemtayes) from (2.3.11) and (). .

S a9 22 o a2 4 2 2,
@A F e Bl s @G BT L |covteiy»y) |

using Lemma 2.3.1 with

< N2 ,Tfi,'(%)(:-g)z"s + I’Z.AZ‘(N)V(t-s)':l-GN‘ZZaG 4 ,

51 _—_% and 62 = -6 .  Sim.jll_arly, we get

o

a1 ] ooy £ udyl < zeta) NGO ] 2@

. s



. gﬂ' | '~f\§;,iz ) min{a (k—j) a (j-i)}(EIu |

| (2 3.16) | ¥ c cjckih uu ukl < 367 c—) N (c &) 2  6/2(3)

30.

@.3.15) | I c,c.c? E uu w? < J le,c | IEu | D) c 'E ui

1<j<k 1] k. 1 3 k 1<y - k=1
)ltlégyﬂg u )l}

.;w;MAj;;M_A ‘)Y min{lcov(
: 1<4<k

J

Now, in veiw of Lemma 2.3.1 ﬁith-éi"= 62 =jg-; the first term on.the ,

right is dominated by .

48 2 2.8 v 8/2 -
‘12'[4-(7‘-) NZ(C-S):Z Z o /z(j) IR

and?§ince"Lui|'§_l a,s., the. sum in the second term is dominated by

1/1-6 1—5-

1<j<k

Sl
AL - ¥
)

R < Z(EI‘u{I") I minte e, (j-iﬂ AR
SR < 1 ot S

k>J>i

IA

Elu,] ‘ | .
128 (Z 1518 7wl p,0f @)
'@f ' k+ij - : S
“E . ‘. ’ . " . . . . - .
48(§js) N Z j 0 (J) P Gsing;Leyma.2,3;1ﬁwith; c, = 1

1A

7§§=n

‘Similary, ;he'sqms 9 and ] are bounded by ﬁhe same terms abow

o
so that

Ck<d<d o Agk<y
o } .

-

A

® i<j¢k 1 {., _ 4 _ - o

+ 16604 @) (e-e) 18] 3 o) .

. c'
Finally, R~
.. B : . :",.li:‘." : - X :



A= ,'.“' v N > J-L-‘-~ -
' : %
*, ) ccc Euu l (I cc E'uu)
i i<j$k<2: i k& i3 k 2' : i<j i’y | j \ - U
* . % AA(N) )  ‘ min{lcov(ui u Ukuz)l Icov(u u ’uk l)'
R R Ok o T t o

e Y R VDU A S

|°°"(u1 3 k; z)l‘},ﬁ' L .?, Ce !

" Now, ‘the first term on the right is dominated by

Do .14'41 ( ) N (t' ) (Z'a‘s/z»).z,: .v : ,
'us}ng'Lemﬁa.2;3.l wi%h- 8, %-%:, and the sum inlfhe‘Séédnd £éfm'By5.f
,12 ] win{e® (9,-k) & (k-j),a (j-i)}(E|ui|l/1 ~8y1-8
‘1<j<k<£ ' _
CTEl s
g1 c-—-—i—ol Sy g info’ (j) o (k),a (z)}
. ' j+k+2<N |
o <72 N(t—é>1*6‘Z‘J2fa5(j>f.;
' »Thusg . e
T S N T 6/2
: . : C C, E 1447t ()N (t-
S -‘(,2 .3. 17;_ l1<J§k<z 6,GCy | uiujukuzlf_ M ik
C V ) ' a, B T . : ‘ \\v“-“ﬁ;uv"f TN
| BEREE.TY ON(e- )18 § 32 o8 *@)

. ,‘"-?f' D
N - f

’?}’Now, the aésertion (i) follows from (2 3 12) to (2 3. 17) above. The proof

3} S iof (11) is similar, using the inequality (2 1. 3) and thf fact

Doyl E gy l <2 1 legc I (Elu |)”2<EI I“’2 ¢1’2<3 n
- i<j A : i<j B ‘

-
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ST £ 18 odr2,.c T |
BPIEEEEE  Lo S RN
. LEMMA 2.3, 3. Under the condwwns of Theorems 2 3.1, or Theorem 2. 3 2,
. the f.zmte dmenswnal’ dzstmbutwns of VN oonverge to those of V ‘ [’
L which ig Gaussuzn mth the wvamance functwn 0 defmed by (2 3 5). |
L . o ;: '3 ‘ . \ . o
PR00§ Suppose the conditions of Theorem 2. 3 1 are satisfied. Then, . -
clearly the . condit:iOns‘, of 'I‘heorem 2. 2 1\hold for the sequence . VN(t)
defmed by v (c) 1/ Z Z (t) , where_ t is .fixed. Since 'thelimit :
'_U (t) exists by hypothesi’s, we may assume Ov(t) > 0 (for, otherwise theh'
: limfting distribution WOuld be the degenerate normal N(O 0)). Hence by
o
Theorem--2.2.l, V- t) is asymptotically N(O,G (t)) .' Let . )
) '“;.x‘ 0 < tl < t2 <’ ose <. tm <1, -and Al,)\z,...,km (not al;. zero) be fixed
s ‘ .Consider | - RE
,ZNf= Z Aj VN(tj) "
' Since ZIAjl > 0., we have ~ = - R -
: S ! '-1/2
NN W P ):cg(t)..(lxl)
e A 1 EoS 1% a5ty Z
where S . ,

(t) Z A gi(cj) [2 IA l] .
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CERT) E‘IVN&).'— vy ,<;:K<a,.6'>' tlc-él‘ 28

®

Note that |E. | <1, and they are mixing with the same mixing coefficient

- a8 _'Ei'"‘_‘ Consequently, by Theorem 2 2 15 N 13 aaymptotically normal.

The result now follows from Theorem 7 7 of Billingsley [6]

C e . . « ? . N
s .

RS a L)
QA " . Y » Y ) ‘.
PROOF OF THEOREM 2 3. 1 FirSt we, assume Ci > O . "Since the finite dimen-

P

sional convergence has been established in Lemma 2.3.3, we need only prove

' the tightness of the sequence {V } (see Theorem 15.1 of [4]) From}

(2 3. 2), (2 3. 10), and Lemma (2 3 2) (i), we have

3

A 115——@1

C (14 ) . ,
z Cz) 2 KN o.‘ for N large, where
-§ -1
K isf a constant, and § ' o> 26/(4—6) . This implies A (N) < Kt (—)N °

and since 'r(—) < ‘, we have I o T

From (2.3.7), ve have A4

IR "g' y -5 - S L
" . - . . . . A N . g ”0 . 26 .:'&_:‘> : . '))‘ «
'(2,-3-_1.7?) e e O(Tl‘_ ) - ifor 6 4-6 . »‘s. -

“ [l ’ : T {
. : \,‘.

Let 0<e<1l. - Since Al'(N)/N +0 .as N=+o, we can 'choose; N iarge

, ¢ . (e

so that R \ o o : ’\__ |
. ) o € A l \J X .
© (2.3.20) co _:(__Tq_g_«_)_) 8 < fems] ,
-w'here! 8' . satisfies the inequality, .- = o ‘
s 28 28 o
’(2.3._,21)~ o ywr < s < 50 ..

=

/.



o Note'that 5 - -—Eg (under the. hypotheses of. :he theorem) so that s egu

¥

Asatisfying the above inequality, does exist, For s < t and N 6" satis-

' fying (2. 3, 20)\, (2.3. 21), £rom (2 3.18) we have

T o 1-545"
@22 - Elvg©-Yy (s)l“ < k@8 (02 —“—ﬂ————l

n : o
_JSQE;QL (- )1+ -, ‘where §" = §'-6>0.

%

;‘LEt p be ‘a number satisfying - ; ' B . 5

. . : . he ‘N . . .
2.3.2 . (____j_)_)l/G <pt [_%%7]4/(4-6) GO N
' ' AT G o ,
B2 _ ‘ . ,

Consider V (s+ip) - V (s+(i-1)p) for 1 5-1 2,000,M & From (2.3}%2)land

: ,Theorem 12 2 of Billingsley [4], we get for A”> 0'.

< »
-~ -

(’2,3’.22.)., P[max |v (s+ip) - v (s)l 2 k] h M (mp )1+6" . -
‘ . o i<m ’ - ) | : ",
_léléo,,for s s_éﬁf_é+p', . L - c

g ()Y@ | = w2 IZ c {[I(ni«)-n (c)] - [I(ni<8) SO \

.V

(:'

< _1/2 |E C [I(n <t)-1(ni<s)ll+ N 1/2|Z Cy (L (£)-L (s\)l

: .‘|-.
u

_<__n“1/2 1e [I(ni<8+p)—1(ni<8)]|+ N 1/2|Z Ci(Li(t)’L (s))|

< |.vN(s+g).:;‘vN._(§)' 1,’+'.,zu'.1’ 2 |z C'i‘(Li(s-*'p)-Li(IS))l:

= [y |+t x PO



CORER : DR N

Henceé,.
. .
sup IV (t)—V (s)| <3 max IV (s+ip)-V (s){ 4+ 2N1/ T (%) P “

_satisfying (2.3, 23)\€xists if

oy

- < 3 max |V (s+ip) V (8)| + —' s
) i<m - .

from'(2;3:23), Conseqoently:'from'(2.3.24) with A= %-, and above we

have _ !
. [ : N,

e

RIAGES (s)l sers _Lﬁlgz (ap )1+a"

P[ sup .
. 8<t<s+mp -

Now, the assertion of the theorem follows as in Theorem 22.1 of Billing--

D

.sley [41, provided we show that the choice of p ,. satisfying (2.3. 23),

is. possible under the hypotheses of “our theoremr Clearly, the number p

J

v T, v . y - p ) ! ' : L
'(2-3-25) (A (N))I/G _2((4 Voo 'as N>=
since all - other quantities involved in .that inequality are finite, and

.;r. *i.

~CE

-

do not depend on N .- But,. from (2 3.19) and, (2 3 21), we: have

[A“(N)/N] O(N_G): . 2_6' .' :
and _60 ><z:3v,_so.that

e - 8 4;'.‘f'ﬂ TR
' A‘*m 1/8" -2/ (4=8) = '5‘?'*‘-'43—5 ’ S
¢ N ) N = 0(N . ' ).v=,;o'(1)l. as N>w

”This complete the proof when C > 0 . For general Ciﬂsﬂ, consider

§ = - ¥, where v(t)=N1/22C1£ () ,V(t)aNllzfcgqt) .

N .NT N

-+ and Ci and_.Ci .are being the‘positive and negative parts of Ci o« The

v

a<t<a+mp e i%m Alh“u_“_h_l_tmum_Ml;wwt,u___l.
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R O -
<‘ ‘B
- tightness of Vy follows from that of :V; and ;Vﬁﬂ.” o o '
PRQOE OE:THEOREM.2.3.2:. The proof runs parallel to that given.abpve,

making use of Lemma 2.3,2 iii)Din.the place of Lemma 2.352 i). The

T e

details are omitted.  [J

P



HABTER III -

S WEAK CONVERGENCE RELATIVE TO d , METRIC. :

[ SO - . . . C- . . : I :
[ . . . : . b : .
B

-
5

In this chapter we prove the weak convergence of v /q}
relative to the Skordﬁod metric on D[O 1] . whe:e VN is as defined by
(2 3. 2) " and q to be deﬁiged below. For stationad! ¢-mixing ard. a class
of strong mixing sequences, ‘such’ results were obtained*by Fears and Mehra
[11] and Mehra and Rao [22] in the case CiN lj. Similar results were
e . obtaired recently,.for general Cin s', by .ra ans Rao [23] in the case 3
1of stationary strong mixing sequences; The results of the present chapter
:extend those of [23] to. non—stationary‘sequences, and can-be agplied to
'study the limiting distributiona of. test statistics, appropriate for |
regression and other problems, under‘mixing type of dependence (see
hapter-IV) ‘The main results-are contained in Section 3. 2. The asser-

tion of Lemma 3.2, l is basic for the proof of Theorem 3.2, 1, however, ic .

is not needed for Theorem 3. 2 2.

3.1 .THE gq. FUNCTIONS : gLr a fixed r > 0y let [Q(r)f] 'denote the = ..
cIass'of‘functions q defined on . [O,l], and satisfying:
(1) q.(t) A is 'continuous with - q(g) 20 ‘and q(t) > 0 for
T @D q(te and t g (Ot

a

‘Let ‘[Q(r)] denote the class of functions q such that q(t) = q(l—t) =

q(t) » 0 <t <'l' for some_'q e.[Q(r)+] . If the prOperty (ii) above is

2 C ‘

’
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¥
repieced'by." A .
- (11) q(t) " strictly ‘and t.q t) + strictly,
) e 8
then, the’corresponding classes are denotéd by [Q (r)*]ﬂland [Q (r)]'.
. .o * ) . . . - * . _ . . J‘ . . .
Clearly, [Q ()] < [Q(r)] and  [Q(s)] c [Q(r)] for 1<s<r. An
. important example of q ¢ [Q.(r)] 18 given by - | _
) . " .' % -9 1
. q(t) = K[£(1=-t)]" <8< T
. where K is a con:staflt. .‘ C .
LEMMA 3.1.1, - For every q € [Q(r)] with  r>2 and 0 <8 <r.
3 I q 2(t)dt <= and J [+]l/rdt <w
o _— 0 tq () ' )
PROOF: By the symmetry of q it is enough to show that both the integrals, )
inxthe:renge (0 n) with n < ; ; are finite. Now, 1._ o _e o -

dt 'j‘ —hl—f -45—791 6dt where 5 (1 - —9

' R T
R =
: . SE U q. (t)

—D-——_q[_gj?ft‘sfldt- . since/'qe [Q(D) ] 7

. 2=
e - ) 'q (n)
<o , as
- Similarly, |
iL dt M o1 e 1Yr
g - 1/r 2/[r E ] dt
’ o ¢ (t) o e gt

L 23
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1/r n T : . B g
VI tZ/r‘ " gince  q ¢ [Q(r)]
. <" ag .r > 2 B .1
- S RN i g eg e ~. - - N ¥
‘The fo;lpwing.iémma'is needed for thc'next'chapcer,x"

'S

LEMMA 3.1.2. Let . q .be defined on [0,=) and satisfy (1) and '(’1'1)'.‘
of (3 1.1) wzth r> 2. PFor fixed'ic >0, aﬁd. b > 0 there exzsts a
"functzon;vq satpsfyzng (;)fand (ii)f withytrﬂ.g ; and fbr which

(3.1.2) T =T wex @ L

B 'PROOF: Define Q(y) = c R(y) +b y[R(y)] /' » where R = q*l . Then
Ei= Qul, sétisfies_k3.}.2). Note that r' = §-+ 1 < r , and by hypothesis‘p -~
x/gr(x)v+ strictl&.;'Fron'chg fact that .R(y). is strictly increasing in L
y - it follows then that R(y)[yr_ and R(y)/y are strictly increasing
_'in,‘ﬁ . But, : . _ N .

' ;,_\} o
o -5111 * b[R(y)] sy T
R o e R
.c[—é?él}f,b[;—%l]_ .

. R . . . i .
N Y_ : o . . oo

ay -
s e . . . : e N

B SRRt
L]

Thus, QW /y" , “and consequently y/— (y) are stricclyiincteasing'iu

;’I'}-"? )
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' ~'3.2f; WEAK CONVERGENCE OF {v /q} . We continue to use the notation
introduced in Section 2 3.- We. state the main results first. | '

" ~— o ’
[ A . 2 " A i W - 2 6 6 P . ‘L "-‘ ' S
R THEOREM 3.2.1. - Suppose Z j a (J)<=, 'r(z‘)",<.°° s forrsome 0<6< l’{ Lo
and L _ L
. ke
(3.2.3) _A(ﬁz_ O(N ~(400)/4y - here 8§ > 6 qe N+w . op
o 1/2: o © 0. ' v .
(qc ) o TR o
If aZso, the Zum,t oV defmed by (2 3. 5) e.msts, ‘then, for every ,
, ':_ q € [Q(l 6)] ,i/q => V/q host, where V w the Gaussz&n mndom &

R 'functwn defmed by . (2 3. 8) AZso, P(V/q ; c[o 1]) =1

e
| Tﬂsom '3'.»2'_,2-'.1 Suppose Z j (¢(j))(1+6)/%‘1< - T’(%), <"c; , for some.

0<8 {,jc, aﬁ&k@@,‘

SR R g __AQ“_L;=O(1) as N"°° .
e g 172 .
! ; Ll _7@,.\' ‘ (z C)

-.vaozso; 0. defined by - (2 3. 5) eq&sta, then, fbr every q € [Q( 6)] ,.;

- o V
vy/la =>¥d viq host with P(V/q € c[o 1) =1
'REMARKS 3.2.1. :
',(i),'The conditions of Theorem 3 2 1 imply those of Theorem 2 3 1. ;f
'.}Similar too is the case with Theorem 3 2, 2 and Theorem 2 3 2
’;- C(di). 1If Ci 1 ' Theorem 3 ﬁ 2. has an’ improved version, in this case;::
its conclusion holds for every q € [Q(Z)] satisfying .
. [ q < L under the mixing condition Z j (j) < , This -
s "



:result is not a corollary t"lheorem 3.2, 2, but its proof is

oo

10‘

'simiiar to that of the latter.

¢ A ]

v (iii) The conclusions of both ‘the theorems are valid with any function
g implace of q s provided there is(a q € [Q( )] for which
”q(t) < g(t)., for all ¢ €. [0 1] and all other conditions remain

unchanged. E In particular, the results hold for uniformly bounded
i : . ‘

| real functions -on [O,L,!] . f
‘ N "We recall the notation of Section 2 3 Ei(t) = l(ni A t) -
Ly (t) > T(x) = sup (N‘l Z IC:LIJ'/x Define ' ‘ IR
SRR s (t) s <s> RN R
(3.281) 0 L v = 08t <1
GeZel) © e IORNION 0.28t21 .,

 where 5 (x)/q(x) is defined to be mero if x = 0 or ‘1. As before, all ‘_
. - \ . . s ‘,- -

s‘ummati ns run from l to N unless, otherwise specified.

AN

LEMMA ‘3'.-'2.1.-1 Suppose q € [Q(r)*] for a fzxed T > 1. Thenfor R
”o<s<t<1 l<m<r ' |

e L (t) -1, @ L (s)

@ B lv l - tt‘“)l
ST =1 EECIER HORN
(11) Z E | l l—(n(—l'f—"ﬂ N ., |
\~ q (t) . T v—J" cL P S

,-”where K = K(m) denotes a genemc constcmt depend‘mg onZy on m & Lo
.PROOFﬁ-,' First note that (ii) can be obtained by summing both sides of (i)
' »r,from l to. N , and using N Z L (x) = x (0 < X < 1) and- the fact '

,s/q (B) < t/q\«m(t) fle prove (i).-_



~ Since I(n < t)
@o
with probabilities L (t) or 1=-1L, (t:)

a

42,0

is a Bemoulli v taking on values 1 or 0

-~
BN

respectively, we ha\re :

.-

P —_3 ___'._

L S

[

: -_,‘(3,2,4)i7f

m’ 1-L (t) ‘1~

L (s)lm

. ' .q(t)

v,

SRR
;gpﬁw, N

T q(S) ‘l‘

L (s)

L (8) +

/

4 a

R o

Li (s) m
q(s) |

L, ®
i ‘ e

\J)"-e q(t)
9 : a 4 '. ._

_ Note that P [Q(;j+]_,ir1§ 1 .iﬁplies
(3.2.3) A_ q(e)/q(.t);, 2_

Hence

Iq(t) q(s)ll"‘q(s)xfl

using,,>(3-.‘é.3) ,.: S'linvxi:]_.arly; ' |

Li<t> R (s) L <c) L (s)

f; q(S)

_s/.t, . .

[L (t)

LS

1 —_Li(tjl";

q(s) 13 )' R

_q<c)’ =9@ a-

-

Q(t) q(s) q(t)

L (t) L (s)

\ .

+LQ9 Ha) q@)'ﬁ

. L (S) 1:. ','ft‘ ' 4;,2}.""

B —<- .q(t) .

from (3.2.4). Now, using the fact

s

- m>1, we have . -

.

a2

zm'li [ |a'|,_m + |B]™1 for
WU



' l—L (c) ALy (s) m L ‘m-l‘ < J : Li(t) L (s)
q(t) q(s) ' Rt (S) 22, [lq(t) q(s)ImL o) + \I q(t) q(sTImL (s)]
N ST O I B ' § (E)M i o : _ q (t) T ‘“‘“'"'”“"_ T ..,.__,_‘~_‘.__._._m

" from (3.243), '.(S;Zs-é),_'gnd;.ﬁhé'.facc_ og L(x) < 1 for all < |
~Similarly, tlsing tﬁe ébove mentioﬁed inéquality, 1t 18 easy to seé‘ that
-vthe ‘second’ and third terms on the right of (3 2, 2) are ‘also bounded by ‘the i

same quantity as above. Thi.s proves (1), o o o o

-

’ ' . . A L . -~ " . . ‘ ’ " ] 5! - A‘
LEMMA 3.2, 2. Supposé- 'q"e [Q(r)‘l"]_ and' 0 <s<t<l. T)‘en R

(1) Zc B <2NT(5/2)5-"—"1—— , for _-rgl'—_§-’
) 1.

L " 15 Co Cen e
Evv|<xrca/z)—§t—92——-—-za (j),for R

(i1) bR 1c c,

P .T_j
v R . . L . - ‘ ‘
. ) T 1-61 L !‘ S ' ::-. \\
i) Z ICiC Ev v--| < 4N T (6 /2)-“—92—2 ¢(1+ 1)/2(:]) for
. 1<3$:_j q(t) .‘i,: L
wor § e " jl < 2““‘5’ h“z for S
1<3 q 2er T o T

P

 where 0 < -61‘< 1 ﬁs-,-’a&*bitrary,’ and K= K(Gl)_ < o,



R T e
O T

R ‘ \ w - o 2% . ' AR _ ' .
PR(?OF. ¢ By 1e:;1ng a=b =3_-SI vand ¢ .=.1/61‘ in ‘(2.1.4), we:hhave o

R o S U S S S
S lcicj ARSI lc l(Elvil“il’awlvjla)”a{a(j—_i)*] 1, :
: 1< . 1<j ) S S ‘ . o
=12 J aa, o 1(3-1) , where ay lc I(El | 2
. 2 . 6 b | ' ’ L . o ‘n .
<1 fal Tetgy . -
| Rt -
~ But. - o

| - | N N o -
e 2 2, a : R co ' O
B Z ai; Z Ci(Elvil‘) ' S - .

S8, N . 1-6

. ‘:;»_. - "'i.‘ f_N‘Tz(?;Q C% ) Elvita)ﬁ '; s by Holder's ineqﬁality 5
o ) -5
' 61 (t-s)l Lo TR S U
) - i K N T ( ) 7]?:5-—)— , from (:Li)_Lemma 3.2.1, s_:lnc.:e"'a'?jl-,
. , e . s
; 1
( 1) (t-8) .

-qz(t)

'. By substituting this in the: above, we get (ii) . The ptOOfs:of (1d1) and LTV

(iii)' are simllar to above using the: ﬁ-mixing inequality. (2 1. 3).- Finally, . .

to prove (i) note that from Lemma’ 3 2 l(i), we have _ ,'»‘ C
. T, : L (t)-L'(S) ) L (s)
o IcdiE vi < K'Z ci{‘ L -y (tts)}
. . . _ T q () : q (8)
;;i' ' . -j » f . o ' ' 1/(1_81) 1_
- : '  <NKT ( ) [ { Z (L (t) -L,(s)) i A
q (F) , I



e

{1 X L ; '(8)}" 1 iEigL] ,?u.,k

s 1a8. 128,

1 B
2 1 {(t-s) ~_>.+ sv . (t:sﬂ

q (t) - g (8)

17'5' ’  arass). <1—6 )
s “2(s) = IS(q(s)) | ]_.

—2/(1-51) (1—61),

' o ‘ "_ fr[t(Q(ﬁ)) S T ;‘lsincg. ig%;‘i r“d-' .
: s ) l LT

el . Co 1_61.‘ ' _1;61 . . '
. Using this, and the fact t - T(t=s) < (t=s) , for 0 <s<t<1, . .

we get 1) from above. ' .D

B - A . . B iy ) ‘ . . .
" LEMMA 3.2.3. Suppose q € 4[.Q'(.r')+]f;‘ gm_d" 0<s<t<1

@ If 2'32.a§<j>‘<°°. T<4> oo and T2y, 08 <1, then.

82" N(t— )1 6A4(N)]“

'E(Z'c v ) < K(a 8) [(t 2?

»q ' (0) .' (t) a(s)

an & sle1 2 <~w~;'r<z>,-<_'w , and x 21—33 0<é<r,

- them - - ‘&.. ca N R - : H@'vg
. . . \J R o

- ‘4
(t s) N(t s)A (N)
EQ Civi) SK9,8) 1

.mhi:‘ o B o - , q (p) RO (s) | f;i

where K(a 6) and K(di 8) are 'both'finite; they depend o;i' T dlso,ﬁ_bdt.

thzs dependence ig suppressed for convenience, If ' Ci' =1, § in (1)

can be taken .as zero. - o



Sh

: '_ -“
w Y

;‘We estimate the expectations term by term.

. pr’.“- o

L,<3;2.6)amv.f',ﬁe,z‘c;bg v4 < Aa(ﬁ) z Elvi

' using (3 2 5) and - (ii) of Lemma 3 2 1.

S N T

N

We use the expaﬁqion' KRS
- a e

' '3 ) 2 2 R |
2 1 v NAE 1#3 ﬁ'j iv» f ¢ 1§j 9 173 i 3

P (Z C—V)
| re
t . .
o \ e g = : o : i - . ' e .

SR *“ - -."x.+{12 :Z' CZC v,V v + 24 . Z" ‘C C.C, G, V.V, V.V
| ! R ki°jijk aegdean 11 2ijk2

e e’ ' i . .
. . R

TR
First note that

- .”»’5 ‘. ”I :"' .
v L ' o . SR
(3.2.5) . - 'E'vi =0, lv. |2 —-3——, 1<1 <N .-

Ta

‘;? K A (N)(t—s)N o
< .

- q(s)q (t)

'Again, usihg_k251.4), (3;2.5)'énd

(ii)ofLemma321 R
] . .'. . ‘ . ’ ) ":‘ . . .." _)

‘ : R SRR 4A N) 3 1 6 S -
VS?.Z.j)‘ igj ,CiCjHE vivjl = q(s) [ Z ' (j i)

-

a o R ”~e: ;.';“’Z i_g 1-8 6

"o (1-j>1 R
j<1 - BEERANE
P Rl N(t_.sf ) .oﬁm L }

7

Further,'} : ‘ :
L X cicsz 'vi j < (X c E v2)2 + 7 ci jlcov(vio,v )I A
B i<j - _ RS I L °

,



4

.Noting that 13:§~§ 15

1Y

_have - (. c Ev )2 < 4N

and Lemma 3 2.1 (11) “we have o vf‘" I AR X

Craa eyt p a22
(3.2.8) ng. CiCj

o e e
Lo -Hﬁ)

. + 4N , .
.’)_ - / 4 K
Sy 4 q (t)
' ) ,~.‘@ Jij ’
Now, consider ’, - ' y
. : o N T
) ] ) . 2 .. ) B .
A= ] . min {lcov(v 3V )I s |eov(vsv.vi)|Y , -
i i<j<k i3 1k LSRR A k‘ |
and | P s
B=7 ﬂin{lcov(v VvV )] |cov(v ARy )l |cov(v v, v )l}
i<j<k<z i 1737k 13k
¢ ‘,’ ‘ § .
| . CAR § N ’
. -.'.'“ - '

u>Wé.hévé f

]cov(v ka)l

‘l.'

24K A (N) 16 BT - L

E

—“A—@lz | %ll 5 -8 5 84 _.'
i

A?if

3 (0 < 6 < 1) ., from Lemma 3 2.2 (i) we ;

2 4(6)(t 8)2"(5 4(t:) . Also, from Sgl%féziuféiglé?iémm;

v, 1T
Ty

q(S)

N(t-8)™

-, q(s)q.(t? v
) .l ) ; - . / ta
‘Therefore, .= ey .

" atan o
vajzr < —l‘-—3—-—N<c-s)1 ~S Z‘a (1) g R
e L

2 4(6) ‘t-é B

3 =5 "3 2(1~5)

) (EIVJ .)‘3, (EI kJZ(l el 3_ a,(l;. j_) "-

[td



o L
. 3 1-6 3 2(1-8) . . hiid
T gl kl2(1 3)) g .

lgév(v jvk)l ( ) (El l
DT S ._gg |
o . By letting 'ai = Elvif;r. y -WE have"A,," I %

_’J . o . v ' 1_8 2%1—§)

» R DU TR S S o
I q(s) 1<§ S L
18 2(1-52 L N

3 | min{ofa(k) o (j)}

B4 o i+j+k

S 'i“ﬁl L 18 §1-62
8, By T3 s ‘
0) jHZ((N min{o (k) 0 _(J').} 1<N§k;j a; i+j+k .

S ‘Also, S : JRYE . L ¢
W 1—6 (1- 2 | 2g1—62 a8 R

SR B i(za_ 2o
.i_<_NPk-j i i+j+k i L to- o o ) : NI

R oo (1-62 Caasy L

@ . b ‘ st
; v | < KN —5291——— ; 1
y .q (t) R
» :‘ "
) ’ . A . s & - . . Tar
v . Los , ™ . . . ‘ )

-+ from Lemma 8,2.1 (41).- Thus, .. .o & oo

o _(3.2}9) o 3 min{|cov(v 'v )||cov(vi,v vi)l} - S
oo sk e TR e T

€ * : ] ‘
[ . < K6'N l___ .Z j - (j) AR , . - R
£ o . TR q(s)q (t) j-l e T o -
L e E . S . .
e i |
R R ‘ . t




-

: Now by the’ mixing inequalit:y (2 Lo 4) and Holder' s inequality, we have
&-‘af“ . S e : . .
o - 24 s, . -8 o -
pel 10 Gaap el @0,0%enl00),
-~ - . w1 3/(1=6) : e R o
where - a = Ejv i.l , ( ) S - _, e S
26y ‘oS ¢ 8, : - ’
< min{a” (2),0° (k)50 (3) . J .. (a,a a <)
a(s) j+k+2<N , o ANk L A
".-. . . ‘ . : o T} o .- ! s
' “Further, -by the: gener?._],ized Holder's inequality = = =
. .A-qu » ( .:' : . l‘ | ' k—d- -:-L_ o . I' | l .
Lo (a )T < a™ <Z <Z
1<N—2J-k j 1 i+_]+k i+J+k+2: -5 i :l.+j+k 1+j+k+JL
4y -f- Ea:]f:—s ) . i z . M
. ' .0 . . ‘,‘:'.:"%5';'
: ) 1 18 L
A e s) e
. R -_r AERSUNTE .N\_K7 o '
’ ]‘.t” ‘) ‘ .' . R o q (t)
,w,:a_ : : .

-'from Lemma 34 4 .1‘.(1'.'_1)‘.", Thus, from above =

‘é -

- 3. 2. 10) Z anin{lcov(v ‘v v vg')l Icov(vi j;"’k 2)| |cov(vi f k,v’?’)l}

1<j<k<z .

’ g

-From (3 2 9), (3 2 10) Lemma 3 2. 2 and using similar arguments as for

the first t&m ‘on the right of (2 3.15) andG(Z 3 17), :

RN . . X . -




’l‘ (—)N (t s) - ‘
: Z ®/2(3)

(3;2.11), ¥ e.c.c? B vv.v?
Cacgp IR T Tk q(o.
(N)N(t"s) z j a (j)]

q(s)q (t)

and S _ o SR

, . e - | 4 $ ‘ 2 2-6
| ‘ Foo T N (=) )
»(3‘.2.12_)' i,<j§k_<z,¢icjckc’% E vivjvkvd <K ['.1‘4(14(1;)' —q aé/’f(j))z

(N)NL—s) Z ,jz'a.s(j)]'
. a q(s)q (t) : :

Thus (i) follows by combining (3.2.6) to (3 2., 12) The proof of. (11) is L

similar to abOVe making use of (iii), (iii) L of Lemma 3.2, 2 in place of

(vi)'.‘ We omit the details. O
PROOF OF THEOREM 3.2.1% Without loss of generality, we assume ]
C; 2 > 0 and "6 < l . First, we will show that under the hypothesis of the .

’Lo ‘ ' B
theorem, there exist 6 = 6(e ®,8,q,T)" >0, 6' =0"(e,0,8,9,7) <1 , and

‘.n'o =’no.(,§?l(5-,q sT) such that

. C . ] S
(3.2.13) P[ sup (t:) <el < 2 ,

e - {0<t<6}U{l-6 <t<1} 9 Tow S
for N L no_‘, where € > O is arbitrary. Consider the. supremum of'

it V"(-t)/q(t) ‘over 0 < t <0 . In this cise, there is no loss of generality" "

in assuming Qe @( H] , Then, for s < & from the definj.tion of

N , Lemma 3 2 3 (1), and Lemma 2.3.2 (i), we have,-



.5130' o..,. ‘

CG2ae k|- A )l" < K(,6) &2+ ("'s) iy éN)]
o . . » q. ' _q, S g i ' q (t) . q (t)q(s) '
and-gimilarly,ﬁ7' o
: e Ny R () R
(3.2..,}5.) - E l——-—g(t) |* < [cm. N _t‘ ]
(e=?° (c—s) ° M.
. < K(,8) K >y A,
B 'HON q (t)Q(S)
since for - s “< t, q(s) < q(t) . .‘vSinAée 6 > max {6 } under the. o

hypbtheéis; thérq‘éxiéts 8" .satisfying
0 sax {0, 1'4 5 5 5' < a -5 .

»

~ Then, 4(+$")7! < 301-6)"1, so that

." (t;;)$+§' - (c) =v[<§-s)<q<c>> 4/146" 11+6““ _,
‘ = (f Ay 9O7
[S(s 01" : B
j;where thé‘integrai s (s.t)‘is‘fi?;té;from Fe?ma 3. }V;A ‘Algo, Siégghséz

f q e [Q( )+] , for '$1< e
o sy,
Q(t) [q(s)] 1 < (tes 1)(1 )/3
"ﬁen¢é”froﬁ above and‘(3?2114);ﬁwe ge£ _.,;

[P T



D
R
BRSO WO e,
( 2516) . o E I q(t) q(s)l A
t < K[l +—5—)- (t- )"(6""S )(;)(1 )/31[3( 8yt )]
ﬁnete_AK;mdenotesqu(a 8)._ for short. . Note that._S(O l) A+~;Twsb7;hat¢;~¢wm;5‘ﬁ_

360;6)'*,0 as. 8.+0 ..-We«choese '0< @ < i- “to ‘satisfy -

N
S : L
P 16“1( | 1+6 e -
o ) - . e >
'where K'< o > is a'constant (see (3.2.23){ (3.2.26))‘depending only/env-.
a‘;‘é-;-S; R and T .4 Throughout belag, we: use, 6 ‘as a fixed value ‘satis-
‘ . d-l . . . - .
fying.(3.2.17). Since’ t/q3/1 6(t5 +t, we have
e t(l“”” |
.(3.2.18) - t - S
.'(A '5’)‘ R q(t) > m"q—)_, .  \ |
.:fO:- t fﬁ%;;kwhere K(G;qj is a- finite constant, depending only on 6
and. q. I}et.‘no = o (e G,Q,T) be such that - . - L Lo D
(3.2'.19) . o 8 22 (__) K((S, ) N (1 G)/G (2+8)/6

» forb‘N >0, where K(6,q) is as given in (3 2. 18) ~For a fixed

.‘ Nz '-‘5 Of . (3 2, 19)’ and e given by (3 2 17), choose an integer M sat—-.

L8
nisfying . -

(3.2.200 . y<F <3 -

£

| Clearly M = M(N,8,€) , and it is of the same order as N .(as N+ %) , -

o
N .

R . .
;éi; '. ‘ ’ . _’ ’ . R o ) . v.‘ C i ."" ° ' - . : . : " ’




. ' V . - 0 . ’ T ' . ks 'g . . . | R L {. . ‘ v.ﬂ‘.

| since € and 9 .are fixed posltive numbers. For‘letet use, we nbte
thatAif 9 » Dy and M are as defined above, then, for tixed N

Q;:no), R

£ ’

(32021 2- Nl’ 2 2<2>< >~ [q( )17t —z(“e)l»’z«rz(ﬁ)(e}_— S

Lan

' e
<23 1/2 (2>x16,q><§-) 6T

, . . L . bR

1/2

from (3.2.18), ~ - -y e SR
N . o ) o ‘ 1-6 S . 1._6 .

2656 2 &e@,on © -,

"<2(2)

' from (3.’2@)/ Tl

#lo
-

: : C . L ‘ 28 : SRR
from (3 2, 19) Now, lét . O < 81 < sz"< ;f' <’SM = 6-, 82 ='Tr ,'Vhere‘ 9'..:;:<:>

and M are as defined in (3. 2 17) and (3 g 20) . respectively. For

RN
W,

A i<j<k<ﬁ,wehave_‘ o
N ~,(skf-sj>'"“5*§f'~’.._(';;%) 3o j)““*‘s > « )"5‘”_‘? ) (j) B

1—6

(5+6 )

.{f:, ‘ But, from onr éhoice of 6" l§§d<:5d+'5; ;'andv\k[j(k—jjl-l <2 forf'

' 1 < j < k < M , SO that the right hand side of the equation above is R
dominated by - ;» : S :‘3:.__‘.‘Af‘ : d v\\ oo .
. | 1568 S el




-

L N . W
o ' : T CLd

.Furlt‘her.,-' from the hypbtheaes (3.2.3) and T (%) <o it can be seen that

'(3,3',22)’“'- é_N(EZ., O(N %y, where 6°>_max,’{6.,'%-3£}i .

«
.

‘ _ Hét”ice.,‘ from (3.2.16), VQ_:Z.ZZ) , and the fé.c_tA &+ 6" < 50, we»'hgvé ‘

v »: V 8 . a xy. :
E ﬂi:i; - qis ,I“ K[l + 2<§§>6+5 ] [S<s5}§k)j?*6 e
I o S LT,
© ‘Similarly, from (3.2.15) we get N
ST T L ny

N CR ‘.f?sl
E I G )I < K[l + 2<Ne> 1*&8(0 s )1 B

L e

‘ ‘Now, an applicéﬁion_ of Ihéqrein 12.2,61f 'Billingéley [20'] yié']_.dé; for > 0 : N

e o«
v .

R Y | -
e N8 m 6+6 o
ECEELRY P[mai x |- ‘_1(81)'I 225 ’* [1 +‘x -é- i [S(o e)] 4 ,

| where K= K(®,8,6') = K(®,8,8)) <= . Further, for sy ¢ X e
have | = | |
| S 17 ¢y [T(ny<e), »Li-('-‘)]l

13 ¢ytatn sty e)T + ) ci_[¢_<n1;s.i>fpi<s>'1ﬁ‘ - ,2 o l-L;.(é'?-,_Lﬁs):]J o

";1" v . o BT » ]

-

IZ c [I(ni<si+l) I(ni<si)]l+ N1/2|V (s )| ¥ X c [L (si+1)—L (si)]

- | : 5 <
| + 2N1/2|V“(si)‘]*.-i_-’2'r ( )(81+1 1)(.2 _)/2 N

A

.-1/2
N | IV (si-i-l

. N .o Q;_: V= : BV AR S . C e L o .
Also, sy tiosy = OM oamd S e e

L em .o



Ly, ‘\".*w’._ oo q(.si+l

' Hence from above, for s

L]

‘ ‘ ! . .
) s, v

. - < i+1,=1+1<2,fora11 1>1.-

". oo qsi) —. 8 i , , .

e N : Fao - "’v_ o : 4

A

-

. oo - .
< £ < L
‘ g~ F 2844y 7 Ve get

: v (t) N-1/2 o _ L ,'j

B T U (si) oy

A éonseqﬁently;_ . o “'fi_. e

‘,-‘.(3 2. 24) sup

;Z <y I(ni<t) =0, 80 that,_{ }'

Sz Pl se <t>' )

q(t)l IO IZ C [I(T] <t) - L ( ”

lv (si+1 '

IV (s,) | /2 2@ o (2:6)12
2@

-

NG IVN(Si) G 0. (2-6)/2 . -
5 ';a" 1)) &, W
Zr<e IR T

RIS L < .
R e _‘q(s )I »

<

from (3 2 21) Finally, observe that I(ni<t) = 0 for i = 1 2,..., =>f,'

~

v<t>

Sl
e . .

0 < t. < M

~ Lk

.>‘P[{ q(t) b2 {z ¢ I(ni 0}1

0<t<

'Ekﬁﬁf

o S 1/2 2(e)t(216)/2 1;_3 Nfa , SN
ZP;{ s Aq(t) = 2} ..n {iixl{l(ni ) 0}}1 L
0 < £ < M. Do . _

| 1/2T2(6)(6)(2-6)/2 L o
2 Pl <$lo. o (I <p =0
;q(ﬁ) o T if1  e

-

-t
.
d
24

M;‘,: | :-1/262 C,L (t)v'x C | ‘e .A'j} 7;r' ,' 



E LN é' ‘ ‘ o R L
- P[izi{l.(ni. %" 9}] » from @.2.21), ¥

21-Try <yl

- Now,” £rom (3;2.54) éndv(3;2.25):i

fram‘(5;2;23)r: ..‘:--:‘ | . . ,?¢’ .1M;   ? R _”_Y .“
EE S - % | [1 + 2( ) 1‘ 186,014 +

* from (3.2.201;;3

'fying

' === Jfrqm Lem@g 2.3;1”(1J ;, 

>[1-5 , from (3.2.20).

S o c Do IV (t)I L
(3.2.26) - . P[ > 5]
R T 02:26 a(t) B
' e :
T

<Pl m l” e
--.<1>[4 )]+—~
Pl eyl 7 @@

L <Mk 2(;46)‘S+5 1 [S(o 01+ -
LT _€ B L .y ) : A”

bﬂm o

4

e

173
e .

. » .b,'  S - e : j'
. L §'+ %'=;€ v ' e,

 ffom-(3-2 17). By similar arguments as. above, it canfshown (by

yconsidering V (t) v (1't) process) that there exists a 6' < 1, satis-'.“x‘;
N , ' _ . ‘

‘ ) Vﬁ(t) . s ,“ R o
. Pl sup ‘I (t)l > e] } . foE N> nb,r
:l _— o ‘1—6'<t<l < . PR

-

. 4 o
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1

It is also clear from (3 2 17) to (3 2 19) that the choice’of 9 (and

p‘similarly of ' ) is independent of N . This completes the proof of

(3 2. 13)' Since’ the rest of the PrOOf is similar to that of Theorem S
2. 1 of [11], we omit it. - D'- o N - o
L R . . . ‘ .

Y

PROOF OF THEOREM 3. 2 2: The’ proof is similar to that of Theorem 3 2,1
and makes use of Lemma 3 2 2 (iii) and Lemmas 3 2 3 (ii) It may‘also
‘ . be noted that Lemma 3.2, 2 (iii)' and the special case of Lemma_ '3,2.3 (11) -

for Ci =1, are needed for the proof of Remarks 3.2.1 (ii). The detailSas

are omitted. 1D“

3.3 JOINT WEAK CONVERGENCE OF U AND VN . Let Dk[O 1] sdenote the k- -
fAv:'r : fold" cﬁrtesian product space of ' (D[O, 1] d) with the usual product topol—
" ogy. Let F be a family of probability measures ‘on DX (o, 1] and F(i)

i the family of corresponding marginal measures on D{0,1] . The following

proposition is wellrknOWn (see [4] problem 6, p. 41), but for completeness o

we include a proof. , 1_ .

" PROPOSITION. F is tight if and only if F)  is tight for 1= 1,2,..,k..
~5PROOF Suppose F( ) is tight for . each. i .,,Fdr\‘euzjo., there is a’
Ké;)- compact such that P(i) (K(i)) > 1 E- for all hpgi) € F(i) .

]

et

Setting. K€_= Ké;)'x ves X Kék) we’see_thatf Ke is compact in 'Dk‘rand

T I
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Lo - B

”~~ .
= o
¢ :

. e
P(K) €’ s
. + k c

> 1 - P[ u (D X soe X Kéi) X eee D) P
(_J, k (1) R
\_\_/’/_ : 1 z_‘P(i) (Ké—-»—-—A) ------ ~ B ~ N

1. <
>1 =€, ‘

for all P e F, where c denotes complementation. re F is tight
then for € > 0 there exists KE such that P(K ) > 1-€ for all
S Pe Fo Since the projection is cOntinuous in the product topology the

jprojection of-,KE on D say K is compact in D. Moreover

’

- o) ' I G
AN = P (KE) P(Dx..o\xxex oo XD)

[v

P(K.) >1-¢  for a1l 4. . .. @

THEOREM. 3: 3. 1. Under the condztwons of Thaorem 3 2.1 or Theorem 3.2, 2

(UN,V ) = (U,V)', mhere U's and V's are as def%ned in sectzon 3.2.

-d xd
q q

; Moreover. P{(U/q,V/q) € C [0 11} =

PROOF: " Assume q = 1 ‘for simplicity since the proof ig exactly the

same for general q . . First note that the tightness of the sequence

{(U »Vy r} follows from the tightness of the marginal sequences {U } and.

~:{N.
it;is.sufficient'to(ghow that the finite dimensional convergence holds.

_ In fact from (2.3.10)

—fioted in the proposition above. Now, s in Theorem 15 1 of [4], T



s, ~ , Dyo

G L m1/2 a2 w e s
A Uy(®) + Ay V() = A N ’Z'Ei(t') + N0 T e g (e
-1/2 v g
| =N _Z cjE ()
- ‘b. » : ‘,

v - g
Where c} - 3 Al Sincec,,.h oond 1y Care fixed constants, o'
satisfy the .same conditions as »Ci's . Consequently, by the same argu-

: - <
‘ ments as- in Lemma,2.3.3,. Al UN{t?.+ Az vN(c)‘=>/A1 U(t) +.A2 Y(t)} for:

each fixed' t ;i’By en extension of this. argumeﬁt as in.Lemﬁa 2.3.3,'we»'

.see that the finite dimensional distributions of ( V ). converge to-

those of ' (U‘V) This completes the first part of the Theorem. The

second assertion follows from the fact P(— €. C[O 1]) = PG— € C[O 1]) = 1 .
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N} . . . ‘.
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- o . CHAPTER IV
. ASYMPTOTIC NORMALITY OF SIMPLE LINEAR RANK STATISTICS ' A

S . .
s . . . . . . - T/
IR

e s This -c‘hap'cer 13 devoted o the. asymptotic normality of a simple.  ,
) in‘the case of non—stationary strong

‘_\g;

Ry
linear rank statistic Z Cy w (N+l

3 m mixing rv's. For the independent not identically distributed rv's, the

v 4

J~asymptotic normality of such’ statistics was established by Hajek [15]

This*chapter is based on the -ideas developed by'Pyke and Shorack
[26] (see also [29]), and in particular, the basic idea underlying Lemma
:4 4 2 1is due to them._ All the results that are obtained here are valid
-’T'_for both the strong mixing and'¢—mixing rv's - the only difference beingv~- f;,

’Ain terms of the conditions, under which the weak convergence results of . e

- Chapter 1II are valid. It shOuld be noted (see Section 4.5 below) that -

€,

: the two and c—sample problems fall as special cases of our results.. How-

- N~' ,b v

—_— ‘ever, these are not strictly genéralization° of Pyke and Shgrack'gnresults,'
’ . i . . - . l . . . .»'4
IR :since their class of q functions is larger than ours i’Allso, ‘we have not )

';ﬁ .attempted to formulate different vggsions of the main theorem a in [26] f‘l
. _ :and [27], but it is clear that this can be done with the tools ‘e.have -
PR develOped 1n Chapters II and III , ".‘ ~’ : *‘L.: "‘_j' |
Te T o | o ‘
- e The main results of this chapteF are contained in Section 4.4

4.1\ 'NOTATION AND PRﬂLIMINARIES Ve recall from: SectiQn 33 that {y w
. ‘ ,
R is a segaence of rv's; havinghcontinuous distributions {F& } Through-

e I

o ogs”below, we assume khat the,finite dimensional joint-dis ributions of

\
{Y } -are- absolutelf continuous with respect to. Lebesgu' meaSuret

: : . Dl . 4 B oo

This -
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. . '.‘- a N
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1 . “,
A . . . . DA -
.- P 4 . ‘,, . . . . ...
. . - . . ' . - T R
co S : N

assumption is needed in ordergto makeethe ranks of YiN unique (uptoa
L N .
: z F(N)

measure ;ero) We recall also from Section 2 3 that F = N

o . v , ‘r‘
. . e '. - N l . .A .
, --‘Li'-"Fi\)F ey -F(v).‘anc)-nllchlHMt)Lct)I,v&t\ :
! A 'Y .
. Uy (t) = N %/2 Z[I(n <@ -L (t)l > where N is huppressad in the ‘double
- :“:,'.."_.:.A.o,‘..' e RS ,1 S — et
SR : subscript as before.v We need some additional notation. -f, , S~
o : ‘ - . Sy
(L F, v(x) -1 ZLI'QY -'<.n) o o N
N N &L =70 B
; (4.1’1) ' ) ',. - \“ ~ ’ | | | ’ B
' & . HN(X) = e : bl
. P ‘ ‘( ; - ,“
- “ N . A
. 7 )c ) - .

: .‘~ ,;':;, ‘ . V 'ng L ’,l‘ “? v - . ) | w"""’[) ’
| ' OEN |

forithe con-

i place ot ¥®

Ve write‘ F" in place of F ,~and . H in. place of H

n ‘ .
}:," venience of notation, whenever this doés not 1ead to misunderstanding..
- Define, N = . e ST o o o
- . . . ) oy ) w o ..
T : ' . . R .
‘ ST Y T3 JIPRRTDI § T -
- .54'-1'3); . S Y Lo W N
. where- ki" is t e'rank of Yi in the combined ranking of Y s :
=1 2;:..,N [ and. w (N+1) denote certain scores. Let E '
\ T .
v 4 » L .o X
s - . } .
..’t’.: 4 — » ¥
Ty = WeH

,l NS ) .*»—,,—:. - ' ";'
GLB < L T T TRy p TSN
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e . . . My 1

Tl Lét‘ “N be the signsd measure.’ giving maas ,rI to i/N ; for
f‘ Q%ﬁ zero elsewheret ¥Then from (4 1 4), we. have
Q“.‘c 4, ‘ ) " -

. fi ¢ . :,.‘.6 ~ . : . -‘ ’ .,“_‘_ .{:b«..b‘ .. ;_..—..' . | } fl
s -fi (ﬁ l 5) _".', | g | N

©
-l-'l . a

5 Jer e AR '
. > oo ' . A .

. , . ‘ "

' » ° [ o &
- ~ o, ‘4.";‘ | . = I’i ’ cl < i iN

i?", " _'1__:. .\.
W

..'

' = z B t‘._ ’ C , RN . \‘ A l“ .\y . B
oL oo v {sz:<Y(i)} 3 B el
. where -Y'' = ith order statistic of Yi

gn . .Then, we see“thafquy

. .

: R (R >4 N . :
o Al e o . : A ’ . [ !
AR S *-'—'———‘—‘f-*»'_“r.!* : ' } L -
and hence, - ‘' ' o . L -
e " * e H LW

C(41.6) v




| ) . / e, . . .
I
R Ny RO, s
L4 1 = ) . } ‘ " . * ! L ‘ ',~ Y
?f HNF-l(t)'dvf(t) P S :
, N N e . -
':Define' v o . g ‘ A : g .
s F (-t-)dYN(t)e

S *j wlz. R
| . (e }Z:’g_;. < N'N/ e “
: . . < = ) : o

IR N - a

Jben, from above we have - : _ - o T
e

. T o L

) . e . * - L ) <
o N o B s . . ‘ =.1. N & ’ . . 54 . .
B o @O o Ty f‘b N @y CoEr

. ” . Our main concern in the following settions will be studyingr ﬂge asympt\tic
ML L AN -
- . --:,ndistribution of . T , via t’a‘e Weak convergence of l'[N y u81n‘g)rt§i{e &{ch— :

' A',-'—niques developed in Chapter ?I. . :_ e

. L P
‘- SR

~ T "“" ’
" For an - f -defihed ot [0,1] we set .

> n‘,‘:‘ . _. . ."v : SN . ‘- “ ;‘ ., ° :ﬂ. . ’ K ‘.
, -(4.11.9’)‘» L £° (c) f(t) Fitl-g

D o . =0 ‘.. s 'otherwise.
| . Py '&' )




" . - :' 'i.'..
, o R T PR . R
'0 . . ' - e 'i .
Since L (t) -’ F(N) F (t) is abSolutely continuous (note that
IL (t) L (s)| < Nlt-sl) s 2 (t) = d L (t)/dt exiags a, e:~ We set
e da0) e ,A<_t_)_.‘_1,_;z;c_;¢ PR
. " : bl . — ‘ a.N ..' . N : i 1 L ’.. s
v . s : \-_. - o e r
v o (Ea1a1) co A= ,11m-a§(«t)' s Tt T
. . ' - [+ N B . ! .
° whenever the limit exists, ‘
| ,(4.1_:12) o fHoN(“ = V(t) - ay(e)u(t)
Mo s ;- o R PR .
. and . »’_‘\':‘-,‘ i o . . . . .. o e | - v.’ -
- \\\4 ) i . ) . v v - . . -
(4.1:13) - n (c) = V(t) Ay U(t) _
~where ,V.“gnd}:U, are as defined in Section 2.3. ] l SR
o oi . ‘ . L o
4:2 A GLIVENKO-CANTELLI LEMMA Yo Let {Yi} be a sequence of strong
mixing rv's wi!h correSponding continuous distribution funcﬁions {F( )}
L HN(x) =N Z c, I(Y < <. k‘N)(xj:} EH.N(x) as’ defined in (4 L1).,
s ee‘ we need the following o ,
! / k ‘DEF}.NIJ:ION 4 2 1 ' A sequence of non—decreasmg rzght contmuous fz,mctwns
SR R . » i

o
IS TR '_
phzen ; buttpe ued) if for every € > 0, thef'e eansts N s and a poaitwe _

R et |
- \ k:fz',r:zteger;‘u- P’?th‘_PO-?ntS xl < x2_< < xM ot dependmg on N, such
‘e - : - N _‘. _::- o : . . ..

N , ot e
i'L“ N ;//(‘;j‘ - -
S’f ‘n“;&n R3 -:‘ . ﬁ '///_., R ’ " / .\' ‘

' {GN(x) ,. N>1'} defmed on. (-m oo) s 8 sazd to be umfomly equz-d'bstm-x.‘. '

- o
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» " . _‘ O ‘O“..', .T .
. . .
e [

GN(x "') GN(xj 1) <€ fO.’Z‘ N 2 N - %b. 1 2’...’M+1 s uhepe xo = _co ’.. L

X0

":" —
\

. xM+1- +co s and GN(-f-oo) =. 1lim GN(x) .

)ﬂﬁ REMARK 4 2010 Some examples of ued tamIItES.’;‘»-

v (1) If GN = G , where G is a non-decrea g right continuous ' "
rfunction with G(Jw) = 0 and GC”) < K < w.; then {ir} is ued R -
. U /. |
(ii)' If a sequence of non-decreasing pontinuou%ffunctions {G } e
. " . 4 . N
with'-G (dw) = 0 ‘and G C”) X K < @ for a11 N, converges uniformly
.‘~;i“7“‘ ‘to a function G ,. then {G } is ued. f;*'-> U j“i° o : \1.,:.7
“functions and that of (ii) follows from (i), and the fact that the limit ',‘ \‘
_'~ ‘of a uniformly convergent sequence of continuous functions is continuous.;‘ .
~fi1_The following is a ve&sion of Glivenko—Cantelli lemms fou'non—statiOnary
rv's. Let ur (x) =N~ Z Cy tr (N) R H (x) = N z C _ iN) y where Ci+
s _ andei ‘are the positive and‘negative parts of Ci -respectively. -ﬁepill .
' SRR ; O
T '--hé?eiwritten H in'place of ;H‘N) for notational convenience. . L
- . Ly » . . . N . . C - e ’
. » : § e T ' PRI PO _.ﬁ” .
LEMMA 4.2.} - . ~<‘m and T(—) = sup (N X~Ci)l/2 < ® ,gtﬁén
S . Y ) Nz.l b - aA R ‘ N
- S '
wzth pnobabtlzty 1 . e
then B . ,_' 'f { , ’fw "' ‘_5 ” . SRS
x‘a’.—,’-‘ Tt T “1‘ ":"__'_'.
. .‘ -_S“M’ 1 . - N
.; -\".".““' ?
, . : )

[
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.PROOF Without loss of generality, we éhsume Ci > 0 . Setting

e [I(Y < %)% (N)(x)] ;ve see that H(x) - u‘“’(x) - 1ic, s

'?Following the method of prooﬁ of Lemma 2 2 2 and using strongwhixing
) - -

o

inequality(Z l'ﬂL ve. get under the hypotheees
R X TEIEL

L

L“ . . B, \. ; .'. ... s .. .\‘—. ‘.'

.l“' o where K is a: constant depending en o and T only (This bound is not_{

-

e T‘-l‘a,5as sharp as that of Lemma. 2 2 2, but this is derived under a Weaker mixing '

AN

kﬁ_: jn~;f5condition, and is en0ugh for the present purpose ) The above inequality )

.gyxe.‘

AR Yy equivalent to "N ? SRR T A ’~u‘ T q‘ﬁ(l: L
AN G2 S E luN(x)-- H(N) (x)l" <KW 2o
‘ o i ‘- .v‘ '-.., ) . A . - . Q. vl‘, » ,
R Hence,. by Markov'g-inequality, for n > 0 we have
o o L N, L
N | L0 .Elﬂn"‘) i )< )l AR
S P P[IHN(X)-- H (x)|>n] < K3 %
g ‘3’2 e e
Lonor
v from (4 2. l) { Since z Nﬁ3/2 6,, the Borel—Cantelli Lemma- ndw implies
P[lim.sup | (x) - H(N)(x)] = 0] = 1 for each X .p ?pisfﬁ?gvhe.the first
, h‘”.lkpartlof"the emma, = _"” N ‘"4 - | R
- Lpt] §f§ 0 ibefarﬁitrarv,':Sinee‘ < L(x)} 1s eud, there
| - R s . ) .

'"w§7net,depending on Nv; such.fhat .

R
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where. x = <o, - 4o o , ) , T
he,é o = ’ xM"'l . . o . . o v. O . o

. Also, from the first parﬁ.oﬁ theﬂlémma,-wé have4.

e g 2 e
S . (4\? .3). '_f;fuéfffij)-u (x )l .4( for gﬂ? N. (xl,...,xM,S) _f‘

L
b

_except on aﬁP-null’sét. Note that for’ each X:, xi 12 < x < xi s
V. . S .
: R o - .»"~°,"q¥ ‘ _sm.rﬁ : ’ oy
Iy co- u‘“’(::)l < 'HN(x - ’cxm)J IHﬂCx1 3 -H“”(x )l

: SLR
TNy //<|H\N(x ) H‘N)(x >IE+ IHN(xi 1 -H‘”( % Pl
) i T P . ) ‘"'L ) o i .

%
e . .

s . - . .
e L i e

B - +2|H(N)( 5u‘“’( )| 7_‘#'

. | ' ® w,
: ( _H <2 -H +2 H 2o (
_;::BJ*‘.N o-scol <2 “’u‘*’ ‘xj' :'“,Ll e “N

" S
2

.Nlm‘
it
™

for N max(Nl,N ) from (4:2,2)3and‘(4,253);"1ﬁis'p:§vés'thglfétoﬂa. o

Q?rt of the lemma. -0 Lo "_ . ‘:.:.'1“};1}  EAR

. whére p denotes thée. supremum metric.
T - : o ’ "_‘ "

Q. . . .
A ' I ‘ K Co ’ . o .
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~ PROOF: We have, R

D(HHN HH ) < o(HHN H‘NHN ) + p(ﬂNH.N m{ ) *

/ . .'."'..“L(D(HNH)'*'JJ ,‘ where A(N)-max ICI

Lo 5.0 5’.
-4 a.s. -

és N +'A°° ' because of Lemma 4.2 1 and the fact that ‘r(—-) < o implies

I S

A(N)/N + 0 as. N - w .: Th:(.s p_ro,ves_ the_»fir_st part, a_x_1d the.seco_n_d_ ‘fo]._]_‘ows-_.j.'."':'"'.:

from this. . ‘-‘EI

o [ ' -

\

- ,NOTE' | Si“Cé H Z Ci F(N)-. and F = N Z F(N). B the continuity of

N—)OO

- F (N) implies that HH (t) FF (t) = t Y In thiB case ]_im p(HHN ’t) =

“ ) ; ‘u. :

. 1_:51: p(FF »t ) = 0 a.s., undei‘ the’ conditions of the above lemma.

Cwhay

9 .

-,‘.l__I.‘rom‘ (ﬁ;ai.,l); :é.l'.ld'(‘&...l.?)‘ We‘i /then’." ﬁ'ave.'

JA\:'...‘. . 8-..8. 1/2

.
.

{[HNF (FF (t))- HF (FF (t))]} B

i
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G

8 + | [HFEL'E;;;)_‘- HF"?(ﬁ.’)"J }

. Cais. o CHFT (FF (:)) - HF Leey 1/2 ,;‘_
- L= {FF‘ (t)) + —y [FF (t) t] :
; J,‘he ratio on’ the right side of the last equation is defined by 1eft contin— .
o " -uity, at those points (at most a. finite numbet' of them) where FF (t) v
te Mo by lecting T TR z
et , Cole 6 () = N / [ Fl(t)-t] : B
B TR
‘we have, . i, Tt - o
(4033 N / [FF (:) t] Uzm (t) (c)] * 6 (c) S
o .//, - h/; S "\--., o 4 / RS
L a;s;Nllle F-l(FF_l(tf).;.ff;lzt)i{+ S*ft)- Coom
T BERIO) + 5 ot
-'Substi~tixt_ing_ (4.37.3)_ 'in (4.3.2)',‘ we ‘have'; SR '1 O PR
I3 - & e - : ’ e ol . A . . ‘" : ( . ! -
(4 3. 4) nN<c) Yy (m’ (c)) - AN(t) uN(FF (t)) + aN(t) o ,, o
"’_qﬁ’e.r.‘ve . f‘ o _ e
- _'\ N HF (h ),.. HF (t:) a E R
st - S e e
LA - ' .
“m, . ) 5 el

B

e

. . . . . . . ] . . E st ! B
X . ) - . . . * B . oo - i . R
‘ Lt . \ . . R ) T S _7/-:_ E X
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‘For later use we note that
1/2 1 N1z

UZI F &)cl<N , .

.'(_4.‘3.‘63 o ]6 (t)| < N

. We recall the class of funct:ions [Q (r)] defined in Section 3.1. Note .

enar QM1 € 0] L

’ LEWA43-i. If ci”e [Q(r)]’r,>'i_5' and't(—)<°°,forsome 6 °

(O<6<l) , “then mth pmbabv,uty 1 Sl ,

N T %(t) o o ke
‘ + 0 sN-*"
> : o : _TUP Tq(t) @ ’

I T 1'ﬁit<1 L

- PRQOF:. For =< t < 1 we have Y, ¢ F/ (t) so that-

gt -y o s <R

o>
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>
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1/2 4 R R : .
aw/ A <4><1 SRR < A
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by ‘the symmetry of q . Now,

! . bl;
l/N —‘5
R —-——7.—1——_<_f ¢ % dt-*O
b .
b N (N)
t 1
" as N ol by Lemma 3 1.1, .Hence frogf above ' T
¢ - o R L iy -
Y . sup I I ()-——,—-—-—— >0 as N+ ., ;¢ [ -
1) R T
--—< < . - 2-8 o S . T .
Trgsesle o -0 0 Ty <i) ' B S
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‘4;4 ASYMPTOTIC NORMALITY OF T N . In this section, we adopt the Pyke
."and Shorack [26] approach making use of equivalent processes pﬁ ’ 75' .
in the sense .of Item-3 1.1 of Skorohod [35] have al;kady éhown

c'e

(Theorem 3, 3. 1) that Xy = (U /q,&Nii); conVerg eakly to r*:%.ﬁifi'a) o
‘ and D [0’1] is separable, there exist equivalent proceSses (see‘COrol—‘

lary 2.1 of’ [11]) xN = (U /q,V /q) and x = (U/q,V/q) for which
QqﬂxN,x) f a.e, ;eince ’Pfxle C.[O,l])f= s P, (xN, ) > 0 a.s. Consequente;

1y, we also haoe' pq(~ ﬁ) > 0 ,‘p (~ 3) > 0 ‘a. s.“ We defihe«:

CEeawt? Ty(e) ¥ and - S 1/ T (F) +H . It should be noted that {
h_and ‘FN have the same probabilistic Properties, since UN “and Uﬁ

z’ﬁl.
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are equivalent. Similar remarks apply to EN and HN We ‘also define -

" and ’ﬁ.o- of (. 3,4) and (4 3. 7) similarly, by replacing Uy and vN

by U, anci V . réspe,ct-ively.“ In what follows (in this section) we shall
N ‘ S

‘ t:ional simplicity. :

'deal with these equivalent processes only - though '~' is omitted for nota~

# " We use the notation previously introduced.

LEMMA 4.4 1. If T(-) < o and q € [Q (r)] 3 1-2-6.‘ ]%I‘ some ' L

o

0<6<1, then I '.;"» B e

8 ?t) o B o
. ‘sup- w > 0 ag N =+ o, .
¥ ;" N 0<t<1 q a.S. . . . L

2 .

) y_Jheré | o - notaﬁ“i'o_n ia given byﬁ _(4. 1.9). S

Y

- ST ,,‘ j .

1

_ gl - .|6;‘-<'t> WOl T
N1/2 ]AN(t)l ‘
TR B i
~4lso from (4.3.5), : :
L ""'J,ﬁ HE (h ) - . 6t) !

AN(t) = - 2 hc f;t‘;

Gl n®@

1
. _ , "ﬁ',zﬂcil.[‘ " h -t
T - -'_'f-— A(N) v where A(N) = max Ci st
,\:.-,. ,. . . § ‘.& . N a.S. . . 1<N



since Z L (x)i Nx , 0 <x <'l . Moreover,‘ T

O(N 4) .as N+ Hence from above, . - a_ ;
. 3 ”» ‘ E . SR - B Q\"' S - K S

3 Lo A . o : T - 'd - . o
. . : o R sup (t) sw - ’ '(t) - - . ' ; ‘
. oosesr @ _1_<t<1’_ L9 |
. ' N~ =T N
H ~ ’ . : %

N {asbtnlﬁémme 4.3.1.“ o I

Now, we introduce the fo%&uwing assumptions on F(N) = N-IE;ngﬁy

and aN(t) Z C; i(t) defined by‘(4.l.10). o

Lo

. L . .- .
. :4.. >

.daN(t) exists at each point in (O 1) With finite one sided

ufiimits'at- 0 and I., and for every e >0 there exists a &. > O sucn_

" Uy
. -'“",’ L

et T Ty e v e
A e S0
> " W L EETE e ) e . . . ': ) - ’ .

et

A sequence of functions satisfying (i) is “called unszzwdy equz- v
: ;~<“contmnuous (or, uec, see condition (C4) of-[27]) ..f' ..""Td‘ | 7ﬁjf R

N

(i)' aﬁ(t) exists at each point in (0 1) ‘and is unifofmly bounded ‘; '

With finice one sided. limits at 0 and 1, and satisfies "

“ .

i

a;(ﬁ-j - XO . upi‘folll'mly in t ..’ _.as N> :
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Cov X . 3 ) -
(1) Thefamily . FM (x)} 1 ued’ (see Definition:4.2:1).
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LEMMA 4'4 2 Suppose the condztwns of Theorem 3 i l and Assumptwn .

- 4, 4 1 (ii) are satzsfzed . Then, fo‘.every g € [Q (r)] , r >/_2_§_2_-:§-_6_l .
‘ the oondztwns of Theot-em 3. 2 2, hoZd

| o

: . o 2(148) . |
the abo‘v .‘ concluswn host for: eéery L9 € [Q{ (r)l o2 2TI800 : ‘

ST e e T T T g R J ST
"\ -BROOF: L&t q be the function as given by Lemma 3.1.2 with r' f= 5+ 1L,

B

i o((vN'.F ° v>+o as N+,

v

:b" = 1' , and e =2" As iﬁf t:he prt{df of Theorem 3. 2 1 (see also the ptoof

large, L,

e L Rosw

.‘t P .,

;.l

i :
there 0 §/9"<'.-§'. Since | _qie [Q "]’

* . " : . ‘
1 6 s We hava, from (3. 2 13) . 8. (independent of N)/ > and
. -.:‘ PO | R J 7"'}‘{---.!"' .
I: e 1o %
~An®] <A® e o] <G® :f:e}

L e L“_.,'."\";r.“.' R /

l .
v Corollary 4.2, 1, sup |FF (t)/- t| - 0 a.8.. ia's . ‘Hence S thete
AT t W e / L
. R "‘ I » 'v.:
, . for N. large, . ... . o0
¢ ¢ ~ FR
‘1 hd
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. .L:,Whefe"‘- sy = {FF'I'(t)'< 8% for 0<'t <6} . Now, noting that FF

. N
-1/2 U (EF )+
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o ~ . . Lot : . .
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o «: . L ) Ve - ) : LT 5 L B .
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“M . |‘ . 2 . .
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445 -.'ON THE MAIN -'ASSUMPTIONS Ino section we - discuss qpme condition,s

o

BN AT
b T under which Assumption 4 4.1 is valid.- We start wi.th Assumption 4 4 1

(ii), which requi - (Definit}g(l‘:Z 1) property* of the sequence a S TN

. % im‘ Z F(N) ‘ Y o E

: {F(N) (x)} wher
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: .“.’ R uatzue, and max d. +0'as N+w. * ,"-

: . r s . a

7
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which Assumption 4, 4 1(1) is valid

(N)(x) =F (x). ; where F ié‘continuousf.’fﬂ thi

Z F(N)(x) =F (x) , L (t) = F(N)F (t) = t,.0 gtﬁl

L 4 . |
'This“cOrreSPOnds to. the nulf hypoth-

- .‘84“; . k
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Consequently,‘ i

- f(t) - N Z c dAI » C B
2y bt

. Satisfies Assumption-ﬁ. .1 (1)f’if N~
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}‘o < oos ‘ag N +'» .
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B e . “ 5 o \
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R < - L
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In this chapter some appl cations of the theory developed in

Chapters II to Is are given. In Sec ion 1 we developka Chernoff—Savage B L

[

: theorem for TN , and in Section 2 this is used to obtain the asymptotic ‘

[N

re

relative effic1enc, (ARE) of TN relative to the classical t-test based .

.

~

'on the sample regte sion coefficient. “In Section 3, the important Special

[

- -

P

tase of Gaussian seq ences is trégsed//and explicit expressions for AKE"

.o . of some standard ran' tests relattﬁe to t-test are obtained
.~ 5.1 A CHERNOFF-SAVAGE \THEOREM. Let ¥y = J° and define (see (4.1.4)),
A ‘ i-1 i -
.o : i - . 2n ’
- 3 - e S , —t— < — 3 = '
JN(t) r, J(h+l)' for.- T t g 1 =1,2,0.0,N
no . . . N . R LY
7 . '. e v - . ‘\’k‘A ) . o . e . . ‘:,
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' where J is a n0n-constant function of bounded variagﬁon‘inhide (0 1) _Vf .
.y ce;by letting . f?;“:
PR ¥ e oL S
-1 . (~5..l. l) { p - .n ) -
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RS T T T

‘(4 1 4) and the definitiou of J above tha B e e
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',THEOREM 5. l" .1 Suppose the oondztwns of Theorem 3 2. 09

.vQL, hoZd Fu.rther suppose
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(11) there exists a q;<|[Q(r)] for which f q dfy| <

.

ol R ¥
Tl Sl

(iii) f llNd(\) -\)) = op(l) - - ’ .

v
kS

7‘ where aZZ the order terms above are to be understood as N +®, and,_' .

s =max e 6 o s

SR
;<N R . co . b e

‘»lNl/z(u u)‘j < Nllzr IJ “(F)-J(E)I dIHI AR

o 1/2A(N) r-'IIJN(F.)rJ(F)‘[.’ldF‘

o =o(l) by (5.1.8) . Twesd Ty

M - - B A e

AR o

. Sipe e
To prove (il), tgkfng q [t(l—t)] t ﬁ 2 “we see that

o

SR S SRR

1 “f Q.dlvl f q lel <o ‘by (5 1. 4) Finally from
o o s |

easy to see - -

) °(N E ’Kf) > Iy (1) TCHN gt < e .

- : RN - —<
l N<t<l DR e, 1, N—




:*Hencg;.frgﬁt((

. where-

Q. is és'defiﬁéd‘ahoﬁ .

NOw from Lemma 4 3 1 and (5 1 7) the last

two terms on the right abov are o (1) asmlN + w'. Also the first term

But,

i
“

i :

i Lt

v,

. This completes ‘the proof. ;0.
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MMM 5,11, The condition (S 1. (;) above is sat'isfied 1f the following

- J:: ‘on (0 al),...,(a 1) safisfying L

. y _
- of' Theorem 3. 2 l are satzsfwd If aZso, the oondztwns of Theorem 501,

.“ -

L
L

| where Jd ,is ‘a jump function \i‘th finite number of

2
holds' J=J +Jd,

..._.jumps at a- < az__<i-...r.< as_,; and .. J o -has a continuopa _de,t_i_yaﬁ_i_ygt ‘_".,1;-.;_.,‘__:.__:,.
- ) ? . . N )

L

LT e e e

(5.1.10) - . ;I‘.J;(‘c)-l <kiea-o1 L e, L Tm e
. > ) R . . TN . . . el . . : ‘- : e e o .‘
for. t # dy .,ana I, 6 are as given in, (5 1 4) O St

e - . .
(2 . . . [ L

-t . S -

«.PROOF JThe proof is similar to corollary 5 1 of [26] and hence is

omitted.
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COROM.ARY 5.1, l. Suppose Asstmtwn 4 4, 1 (i)j', (ii) and the aondztwns
“ e

f 5
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~'~’and Var(X ) =1. In (5 2 l), the constant B is’ unknom regression

where {X } is a stationary strong mixing soquence offy sdi,t‘n EXi & 0

>

. \ -
coefficient and {d } is a sequence of knoﬁm constants. Following Hafek

R o RS S N @
(see [14}, 267), we. consider the following regression alternatives- ﬁor 2
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9 ‘ 0. ] . .
e !
o R
) 4
g H :8B=0 ’ ’
s * ‘ ~ . - " o )
.7: (5\‘.2.2) . . L. . R . . '_ ¢
-I, . - > . ,-, _a ) < -1- . ‘; |
Hio ﬁ 0 , max din ~0(N. ) fot some 0.<ag3 .. e
. .. 1sN _ ) .
' * . b . . >° ‘ . . .. ’
. We need the following assumptions as .N + ® :
N I TR |
“ -1 X ‘2 . o .
(5.2.3) N chi A ; -
. B <32 5350 - S = -1 )
L‘R} I | ) (d;=d )" > 1,20 ; juhere dy =N ) dyy 3
N Il _l..f . i e . »l "
‘v‘: - :‘ . ~. . . » —1 Z B _ ‘ - M .
= ] ' ) (Cr.C )(Cj C ) pUI-L) " — L <
. R A I S . '
| S . _ \
-canveféés,ﬂwhere ped) is a’ sequence satisfying Z |D(i)| <o, Similar
—conditions hbld for d also, . :
N1/2 Sl To@-ay . T
v dmdy) ) ‘
converges. "Also, denbting by - uo the value of ‘M under Hy , we assume
ST, O ‘ e . e
(5.2.4) . B = ua N ey T ;T
A . Nowo- o : - 4 ’
. . ] 1/2 - ..‘ ’.‘ “ ,‘\ l . ES
= 1im N7 7[ J(F)du -‘Ag- J(t)del .
N -0 . y 40 : . E
. exists and 1is finite under Hl‘ Now, for.the classical 40de1 (5.2. 1), the

[

_ t-test (for testing H ) is based on the sample regressioh coefficient

[N S S
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*By letting 'EN :~B Z(hiiaﬁ) , we have under-_H1 .

.‘\(5.2.-5) E gy Z(dizqu)aiB

e

| C o= Z(d 5 B

.. % ' '
+*B , as N+ o ,  where B* = AZB .

\ Further,

Ll

, ) - . '
(5.2.6) - ) Var(tN) = AZ + A ; where - . .

A% = 1ig (d “Tp dN) p(3-1)
. N-)oo' j .

p(1) being the correlation between X, and X;., . We assume
ot .- R SR

o(5.2.7)v,,fﬁ - ' Ac&' is asymptotically normal with the .

N = ) paramecere given by_(5:2;5) and (5.2.6).

S
b3 .
1o

The following theorem is an immediate consequence of the assumptions made

) /and hence its proof is omitted We refer to [11] for the definition of ,ARE
/ in the regression model. _ | : |
[ 2NN . ) » o~ ’ S

~

: ‘ "‘ . ' : ) .‘ y i - . : ~ -
‘THEOREM 5.2.1. - Suppose, for the model givep'by~($.2.1),_the conditéons,;ji
. of Corollary 5.1.1.are satisfied, If also, the limiting variance of ‘T,
v'ia the eame as 02 given by (4.4.10) under H &hd the assufptions

(5. 2. 3), (5.2, éQé and (5.2.7) notd, then the ARE of TN. relative to t.

i is gzven by

° - . ., N . . .
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o : . : At ' °
‘ = B .2 2% ~ Y
: (5.2.8) \‘. . e(TN'tN) ('-BT) » —7‘. » 'J
. ) N (o}

y

'where B,38%, %, , and a* ‘are given by (5.2}4), (5.2.5), (5.2.3), and

(5 2,6) reapect‘bvely. - . ' . oo

. .
s (3 2,1), where X,'s are stationary strong mixing Gaussian rv's with

" E xi = 0 and Var(x ) = 1 « We use the following notation.

. L/

5‘.3 GAUSSI.AN SEQUENCES AND SOME STANDARD RANK TESTS, Cbnsider the model

i

~

| ’_ - £ T an? -(I[Z)X N "{
- . J . ' |
.‘ . X C
! . O(x) = f £(8) dt . ) tad
‘ -0
(5.3.1) ’ | .
't (x,y) = (1 .2) -1 M k) { 2 " '2}‘ ‘
‘ k(0y) = [ (-Qk:] ex.p[_' 3 x = x}:ok yiroo-
) - ’ fy (% S . ' <
- s .d>k(x,y) = J_mf-m £.(x,y) dx dy "..‘ . 8

First ve prove some auxiliary results showing thatythe assumptiona made in

i \
Theorem 5.2, 1 are satisfied in the present case, ‘The aasertions of the fol-

lowing lemmas seem ‘ knowu, but for - lack of a reference we include their .

N\

proofs. \
‘D' . » » o . - N ’ , .. ‘.'\\“»
LEMMA 5.3.1.  For all te [0,1] o " .
- |¢'1(t)|'§ K[t(l—c) i, )
_and



Kl - C B ” . ,.“ e A
e ) £ 93,
- ' W . 'S
{ i »
] i . s . “1 ~ J .
| v 2] <riet-o™ , & .
where n >0, is arbitrary a:g K 18 a generic constant.
PROOF: "From the relation . - -A_état)—,—ciearly—it——suffiees—to
| i 'prove tl;e'assettions for t&z.‘ #ppoae then t >-%- . We use the £ol—- .
| .
‘ 1owing two elementary inequalities Ise!t[?’i; 266, 291): For every m > 0,
- ' o
x>0 e - ' SR -~
R “ : ’ ' .. B . 1,." S , s .‘- 4 .
~log x < —Fr= |
' : . ' em .x '
and : , S 53
0 1cem e T -,
Both of these can be easily ?:’ved by differentiation. Now,*by letting 3
\ o (t) =Xx, we have t = ¢(x) and from above _ , .
. ‘ E g - X '
o)1~ ¢(x)] <e ? |
. ‘ =1, 12
v = t£(1-t) i< e[ T(BD)17/2
r.,'\ .o : : ) S
\ o =>-¢"1(t) < {-2 1og [e(1-t)]}1/?
\\ . » 1/2 1/ - . |
s < 2% @em ™M e, .
| . . . . '

¢

with® = =n . This proves the first inequality of the lqma. To prove the
.2

. 1D
second obserye that . N -
i -1 . - . . v : A
\ , - . : .
('ﬂdt(f) = _i ==c.(21r)l/2 exp[+[® l(t)]2/2], SRR
R {C X)) e _ -
\\ / |
\\ . )
L




) . y .
x, . o | | - . . , . -
S Y T e i < (gn)llz[c(l-t)]’1 "from above. . O .
) ' nl.“ . . . . . . . " N | ' .
o e
v ¢ ' . : N ]
e LEMMA 5.3.2. Suppose (5.2.3) holds.. Then, under H, &f .(5.2.2), !
Aasumptwn 4401 (1)' and (41) are aausﬁed |
. s ’ .
PROOF: Lemma 4 5.1 (11) shows. that Assumption 4,4.1 (11{ is an obviOue
- o S
" T corollary in‘che present case. To prove the first part of_the'lemma, we
recall.from Chapter v, ‘ . e .y h S
o, o \v' o . ’ 5
. . FeNE Z-F(N) , L, (t) = p® F'l(c) >
_ ‘ _ i " 4 E
.. a -1 . . Y | = . y ‘ : '.‘
_-"and ay(t) N Zci 21‘(;) s "".'{‘.'f "A’;i(t) d L, (t)/dt . - Under (5.2.1),"
. - : St . B
D e S F g, - a2
. . E(F 7(e)-d)) e i1 :
. - (t) = — — = = s
' , . 1 N Je -3
.8 - | - .
where we have‘set B = 1 for cdnvenience; Hence, By writing . f
. 'dﬁ = max ldil - idn ld | , we see that | _ T
» L. 1N 1N T . ' : .

qzi(t)_e [:ap{-gﬁ.- lFalct)l;N} . e:_:p{sN + [F-l‘;)]gN}] :.

) for. 1 < i < N . Now, since ¢(x - maxld h < F(x) < ¢(x - minld I) , We

have IF (t) - 0 (t)l < max Id l Using thia, the bound on ¢ -1 given .
i<N L
_byiLemma 5.2.1, and the fact max di - O(N ) , a>0 , we see that

i<N
li(t) + 1 uniformly in 1 and t . Since by (5 2. 3) N -1 ZE -+ A as

N+, and aN(t) =VN X Cy 2 (t) § 1t follows from.above that

a§(t)_+ Aa ﬁniformly in t as N+ =, This proves that {7aumption 4.4,Y

.’ '. v. . ‘

e . N \
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. (i)' i's satisfied for the u!odel under é'gggderation. U’
e .
s AT I N
. LEMMA 5.3.3: 4St.¢ppoae, in addition 1}3 (5.2.3) xthe Qﬂd‘ttwﬂ crfwlwrem.nh
. . ) . A ‘“ _» ¢ o - o 5
2:3.1 hold._ Then, wider (5.2.1) and R, the Limit in’(4.4.10) et s and
. K . . [ v L.- .
18 equal to’ t'he .f:m‘{:'\unde:r: L ,.' /' ' ny | ’.
/I Al /’ . ” - R
" ' e . L RS ' . : : )
, PROOF: Under (5.2.1), we have - A L
| ) | o .
?\ SRR L,(t) = ¢(F"1~(t);-d B) 3 | - -
..1_ . R 1 i i »
\ where o :' ' o ) ‘
. .'.’ - 1 : . " 4-‘?' . N
s R CORCR il A TC W YR P
o , Setting B ='1 for”convenlence, we have fqr s<t, n :
L, (sAE) - L, (O)L, (s) = ¢(1¥'1(s)-d“) - oF L (e)-a )8 (e)-4,) .
! 1380 To\8)mgyd 1774 1

Nét:i.ng that IF (t) - % (t)l < max Id l and max fd | + 0 , we see from

1< AN
uniform continuity of ¢, S \
. , c a
(5.3.2) : , [Li(v‘s)-Li(t)Li(s)] +g-18t",
unifdrmly; in 1 as N-f“; . Further,
(5.3.3) S P[ni%t,-r.]jf_s_l.-, Li_(t)_'Li(s)v . <
T . B _Z(v'?. . ' » » )
o (Fl(e)-d, , Fl(s)-d,) o L(e)-d, Yo (F L(s)-d,)
e SO 1 e ]
(¢ (t),‘l" -(8)) - st .y . - A L
j -1 . . / - . Saa
EE M ' B FAR : ‘G .
- . o - -
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’ el op | R
\ . unifomly in 1 and j (for fixed s and t ) as W+ *®/'
‘I\{om (bt 10) that -~ S, .//— . ‘
. v ] - -,’.. - ; .

\~ ~’ ’ ' . e . B .
" o? _,f‘*r £ 1 (o (a)d3(®) dJ.(s.‘) |
e : ‘é - Al» Vo ' ' o \f/'" 5 ;)—:
Since, unhr t'&icbﬂ#ions of ‘l’heotem 2.3, 1 and (5 2. 3) VN Cﬁﬁs'--?‘f:‘.,;
. @ M (e) , we ha 7’m<234)md(238). ' )/“ i
.:' ) : . ' BRI A . 4 ',/// é:"
S
, ET, (c)n (s) = lim (N1 Z(c G2, (ehe) - Ly (e L (e),] S
'.‘ . | . - ' ' * __-/' . n ,f - N Al
\ Y N . - ¥l
D N e .z (c -cN)(c c‘N)IP(n;c n <s)-L (t)L (s)]} v
: .. . EE T I
v . [P _.'AV:..“: . . ) .'- . ¢ ‘ y
Under H1 » we have from (5.3.2), (5.:3.‘-3) and (_5.‘.2'.3),- - '
S o ’o(t)_of,s') 17 % [sAt ~'st] + (s-,t) 2
I_i . \' ’ : /’ . 4‘;‘.‘ R L . ] =
where o T S t , . P
‘. . . * - e v Lo e . - .
» "’“ - \ - 1 ; ' _. - -1 . ..1" 7
(5.3.4) l(s,t) = lm N ] (ci-cN).(cj--c.N) Wj-f@ (t),% “(s)) - ts] .
: R -1 N—rbo 'i"j " o S
' ‘ Since the last expression for EI (t)II (s) under H; 1s the same as thet‘
'”"""’T, .under H ‘ » the assertion of the lemma follows. : U] . .
. e . t, ’ ( —
l e . : ' )
LEMMA 5.3.4, Suppose J = ¢t If Cy 's ' satisfy the condttwne of
- Theorem 3#2.1, then-(5.1.4), (5 1. 5) and (5.1.6) of Theorem 5.1.1 hold..
) . ’ ;’. . : ‘vv~~ —~ : " ’
P_RdOF: The conditions (5.1. 4) and, (5.1.6) follow from Lemma 5. 3’ 1 and

Remark 5.1.1.» It remains to prov& (5. 1 5) We have
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co T N2 a f |3.(t) - J&e=)| d F -1 {e s
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/ t .
)} * -“ﬂ N-1 f‘: . -1 "'
7 - =1 10 € . d° I'\i\'
A2 ) Z—*E [, max e ®
1N — <y < - ‘ ;
~1/2 N°1. - i =1
/ A(N) [2 -—{-Néi -.f.l.)'}-~] ', « from Lemma 5.3.1,
! - ST 1/2, ‘N+'”2 T I | - |

RS S R YONC Z‘Njw , a8 N+@ ., 0

. - ' : 1 ) ‘\‘ e : .

. . ' h‘ .é,. o 4‘ ‘ n . "
THEOREM 5.8.1.  Suppose’ {xi} .0f (5.2.1) ig Gaussian and the conditions

‘of Theorem 3.2.1 are satisfied. ‘If J eatisfies ‘the conditions of Theorem

5.1.1 with r.112(2+§)/(1-6) , then the ARE of Ty reZ&tive to by is

N

givenby T S ‘ -
B X, + A%
. : B 2. 2 .
(5.3.5) " - e(T,,t.) = (<) "
2 | L R (Agi)b +A
where‘ , Lo | IR ' /
(5.3.6) A= 1a ¥ ] (c, CN) (c Cu)[” (x,y)aJ(wx)i;.w(y))-{f I(wau)?]
: Neo  d4f) - -
, o A, 1 "2
(5.3.7) ‘ D -‘,f J“(u)du - (I J(u)du) .
Ai » A » B, B* , and A" are given by (5.2.3) to (5.2.6). ..
. ’ h .' ) ‘u

PROEJF- When {X } is Gaussian, it followa from Lemmaa (5 3. 2) and (5 3.3)

..
ES .
e

t:hat the conditions of Corollary (5.1. 1) are satisfied.
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T <

. ad « f : .
Since the congditions of Theorem’ 3.2.1 and Theorem 5.1.1, with

a .

r > 2(cf6)/(1-6) , are Wutdsfied, we have frem (5.218) o
\ ", v e ’ ‘ ) , ¢ ! L ’ \-
' - L - 74{' ¢ ‘ .
. oL SR R 'B"" A, + A -
R - e(fpy) = =" —‘—2—'— . ]
* - B \ g ‘ v .o ~
. . . : o
: N v - ' ; '\.“ .. -\
,}?utyifrom“(4;4.10)§pnd (5 3.4), weihadé B J ?
L o . ' &
o, 2 st 1 ) ' . o
v . . 0 = f f EIl.(e) (s) dI(t) dI(s) S : ,
. o . o o : - : -
. ‘0’0 LN . . - -
. . : A , A
2 1 '1. L . ‘ . . ;\
' - = (Al-X ) I f (sAt™= st) dJ(t) dJ(s) . ’ :
. . (o} . .
" w0 O 4 ‘ . ) -
1 Lo .
S+ I f ‘A(s,t) dJ(t) dJ(s) - . . R _
< o . : . . 0 0 - ' & ' - .
;.”. . ] . . = hz: A ) \, ‘ d. ) . " ' » -., »." .
" L (A1:3g16~+ AN L o
. . . " - ) ) ) V

SOME STANDARD RANK TESTS:

 I. NORMAL SCORES TEST. Here J = ¢ . From Lemma 5.3.4, it follows: that

J satisfies the conditions of Theorem 5.3.1. From (5.2.4) it can be seen

thdt ’ T

| B = lim {Nl/z r [JEF)~T(®) 1dH + /2 r J(®)ad} ,.
. N-+oo ‘w00 ' . : =0 .

15 i S _ : /

¢ “(t) dt = 9 . Expanding the fifst_integrand in Taylor series

¢

since I
: 0 - . . _ ) _
and noting that F = N-l Z ¢(x—d;lB) , H -J-l Z Ci ‘Q(x-diB) , 1t can be



dNB +0(1)

Similarly, the - second term .is equal to ‘N ‘1/2 Z C iB +0(1) . Hence, |

I
L. e R

" . - - [ ! 3
. . -

. / :?,/_ : o -
S SN '1/2.2(01'%)(‘11"11«)8 -

. . /. ’« ,, . - |
Further from (5.3, 7)/And (5.3.6) - / ‘ .
Cm O S SN R ¥
oo L f @1 (w))24u -_<f ¥ (u) du) 2 .
. ‘ . 0 . - o Y . :
. o b e - ! ) , Tt
and { ' - ‘ . . .
. B o '—]: . _ — ' :‘ o .
. . A=lmN ] (C,C,)(C,~C.) [Frq’ L (x,y)dx dy] 7,
S e L, gy i,CN-J,N g oo T
< | T . 1 .-l e . L4 . .
° * since ' f -3 (u) du = b“’. But; it is well known (see [20] Lemma 2) that
v - - . o .
. 3. . ) -
i the douwble integral in A is equal to corr(xi,xj) - D(j-i) . Hence .
, a'=1in N° JC T )(C,~C.) p(§-1)
w=tn W, T, |
Thus, by substituting these in (5. 3 5), we g the relative efficiency of
=. _Normal scores test relative to t-test as
o n N2 7 (c,C) (d,-F )72
. . ' Nowo - 1N .
o ' (5.3.8) - e(NS,t) =|. - z - — ' x o
- ' ' L Um ) (d.-d) S .
4--.»‘., o ‘ . Y VidN-
DA+ lm J(d,-d)(drd) p(i-1)° )
2 N gy 1 R B S
P 2. -1 —_ —_ - .
AT Um N L (G- (C,-Cp(d-1)
o T gy By _j«CN S
. .whelfe . :
K - . . ; . "V? .
| - T \




-\ ‘ : - : ' ’
e " : . .o . N

A, - lim Z(di dN) o ' K

o .- Y -A - n N J(c,- '. R
. Nm I( CN) B

o

hid

. If we take di = N-l/2 C1 » the conditions on di 8 are sat:l,sfied and in

v : . . ..

thié case A Az = Az , so that " from (5 .3.8) it is easy to see that

e(NS t) = l as should be expected ' The same is true in the two sample‘_'
. casa whether the variables ere "inde endent or not’ (in this case, ACi =1, "
L : L S mon o, e w2,
i f. 1,25...,m., Ci-= 0, 1=ml,...,N, where fi+ }‘o .end. div- N _C‘1 ).
~ , A
' II. WILCOXON TEST. \JHe: () * u. $ince J'(u) = 1 all the condi-
tions “of Theorem 5.1,% are SQtisfiecf. Wéhaye from (5.2.4)
. o . el ’ ]
i % < FdH-ENf t de]
. ( . » 0 1

where - F = —Z %(k—d Bé) ;} -1-'32; C; <I>(x-d B).. .Using tl';e Taylor series
v expansion to%' Iel .

o s .".\ . BN . . .
S - g )
£+ ﬁ Z(C N) (dide) J‘:o f (x)dx + oh(l). y

{f £ () dx] 11m N2 LG @,=T) 8 |
3 i
From (5.3.7) and (5.3.6),
N 1 ° (1 - 0’1 ¥ .
D=.f__u du-'(j»udu) 13
0 o 12



v o I S S
- : . o P N T T

h » , ’ . [} ) - '\
. - . '
' and t Tt . [ ’
L . . ‘ gt . - -
. . : . ..‘-1' PR _. EENE N - '- ' . 1-» . '
A 1:I.m 'N- Z(CCCN)(_CJ'CN)» [rr‘i’j_i(x,y)dﬂx)_- ab(y) = 3% -
T Now, “folYowing the method of proof of Theorem 5:27in" Bickel -f2}- and ‘Séiﬂg_“““‘““
]
t:he result of Cramer [7] page 290, it ,can be seen that the double integral -
above 1is” equal to i-’- 21—.“.‘81 P(3j-1) « Hence, ) S Lo -
"0 ' A - 1im -—-—N_l Z.(C —_A:S"(C f_ ) ‘sin-:]' p( -i) o .
! . o | N 2m i CN JCN ,j O : T
’ # v oo s C . . . ’ e
. 1‘/' - . e e T S ‘ - ) . <" . ‘/‘l::
By substiTu ng these in (5.3.8) and using I f2 ;m(fﬁ)‘-l , we gete . _ -
. . ' " ‘ ’ - [ i :
. ’ .. o .. . ! ‘s ‘- > )
(5.3. 9 . A\ L { e(w t) S
lim N 1/2 Z(ci (}N) (d dN) ' }\ +'1m Y (di dN) (d -dN) D(J-:I.) ‘
- L N-roo , . N+ ig] .
S fama?t xl-xg o
o N - S - 17 + ;ma—-— chi CN) (Cj CN)sin . (3-1)

a'.

S ,. 4 . ’ ' | '.‘A’. . s | v
: 1/2 AP ¢
T (d . ~d-)-2 o |
L L Lin N RICH cN>(dj R T
: (5.3.10) (w t) = 75— _ —5
e cvf..,,...,,‘r.,,_ 11 Z(di dN) ‘ R
N PR ) ’ ) . \\
" -and ,taking d = N-lf2 C. , we see that ' -
a % %y R S T L
‘ S ,
. ' R s - " :
. e(W, t)=%~ ' . -
‘This result is well known in"th’ggt’wf sample case (see [141, 278).
. . . -, KK ) . _ . . \

',-iy- ;. ‘. : }_A. . e - )
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- S : . L\ =1/2 . )
-Dependent Case: Taking \ii = N (.71 » We see from (5.3.9)
A P ) Q, . . * - : ’ Y,
. - - o | L lim N1 ) (c )(c - ) o(j-Q
- T 1% <-“‘N CN
_ . Y N+ 1.“
A (5. 3?11) _e(w, t) ————— ——————
T et AT Y J ,
Co _ ’ l o L“{ 1 ' = - »-1 [
o » | . oo b2l T (c,- )gc-->q1n- £
S oo TR g G CN ©y~Gyletn
. ' :
] : where Al. - }\ = 1im N.. Z(C CN)?' . For tlre two, 8ampZe pmblem
i = 1 2,...,;n ~and 0 othelﬁse, where 1lim ﬁ = A > 0. Hence
N -7 Neeo
. A - )\O = Ao(l.-xo)'- ,'eo,th'at from above . v
- ’ . ., $ w' .
- ' O 1427 (D)
. . (5.3.12) e'(»h*) -5 - 1 - \
* C Co ‘ 1 .1 -1 p(d "
' . ) C ﬁ *a Z sin. RZLL
L4 ' - 1
. o l+2Xp(i)- A
. - . - é i . {
m 123 -1 (1 B
: 1+= Z L—l |
T 1 -

\

Hence if {x }  forms a fwst ordez' auto regressive (FOAR) pmoesg'

S 4 pxtl+et,where 0<p<1,then ([121, . 14)

e 21

a(i) <Kp ’
T ' .80 that .our strong mix:lgg conditions are satisfied. “In this- caBe
‘, Corr(Xl,Xl+i) p-, congequeptly,. :
- ("5.3.13) | ‘ o é(w)'t‘:) - 3(1+D°)°/(1-p) — . (
) o ) . I ' . . ) 12 -1 . .
} . G ’ (1l + ry X sin %)
: _ : 1 :
b ‘Now, x,ivsin‘-,"lx <Ix , for 0-< xﬁ% so that Y

< =3



,"/:‘:‘ . . . . - . . »_ S ‘ . ’ 103-

i

o Hence from (5.3;13),-1; fdllowé,thét for "the fOAR Gaussian brocess

6.
(2-;’) o

S (5114 (W, t) <3+ —
o o ' S 1+'(':,; - e

. /, A Y

E 1w
| A
\®
~~
-
ot
S’
A
H]w
[ ]
Ilw

Generally, from (5. 3 12) it is clear that 1if p(1) > 0 for all i , ‘then

Cae -

- 1 e(W,;) >-1:% . The inequality is'“reversed“if p(i) <0. (This can be seen

3

‘

oL by’uéing 'x_j sin lx j_E-x ’ Olj.x j. ) The sdme, is true with (5.3. 11)
f :' L ‘ N—j ' _ L _.’_:‘. . - ) o . ..
. N _ 151' (Ci',CN\),((.:i}j - Gy ;o f01': all.j S -

NEZREN

. R v i .
7] e
.- P

III.. MEDIAN TEST.  In this case

oy e / ;
=1 , for E-<,u_5 1 .
\ : P -‘ ' » A ,. 1) ',"» ’ ' '. T ’ <

Here J satisfies the condition of Remark-5.1.l_ahd is bounded, so that'.

:the conditions of fhgorgm”S.l.l'a;e sétisfiéd. ‘We have from (5.2.4) *~
e .-»B-NI/Z,[J’ g @ -;.CNT‘I Y Lo
. WS €0k S . R



;"‘aﬁé‘r‘é’ H= — §1 c ¢(x-d B, F -;’ 1 oGea By

-

L . o ) \ ' =
\ . ‘ 1/2r'¢l -1-1- - . i
o s B=N [N,M(F 3)-4,8) -3
) S N ‘ ‘
Now, using the Taylor seriffs expgnsion of ¢ and"F ,
the right hand sidekis.équal tpv o
B Z c,d, ) ‘_ -
w22 g 8 TA ) + —28 BFl + o
"2
Siﬂce, £(F (—) + (¢ (0)) = -!;w we see that
‘ ) /E’I—T- ) o -
) » .B = N'1/~2 z (Ci—EN) (di_'aN) (2_")_11/2 8
Also, -from (5;3.7)\hnd'(5.3:6), ' o;’ o | ,
’ V L . . : 1 ) ;— _ £ 1 . . |
D= f du’ - ([ du)? -% |
o Y1/2 1/2
and ' _
o : -1
VTR A= LN ) (c ) (cy- [J‘T ,y) d
b R CN CN‘) ¥yt
v . | ,v
' -1
= 1dm N ) (c, )(c ) [— sin" L p(j-1)
‘ Fait) BT, toumn

uéing an identity of Cramer ([7],~290); " Hence, from (5.

L4

it can be seen that

¢

12y %1

x dy - —4

],

3.5) we have ;



JTT - Bt . = 2t :
. ' ‘ - . v " . ‘ )
=1/2"v - - 2 : N - —
lim N ¥(c,-C,)(d,~d) A+ Um ] (d~d)(d~dy) p(3-1)
oL N G0 {4y 2 Nwo gy 1 ik 3 h '
27 = .2 ' 2
1im  )(d,-d.) A= ' - = -
N+ 1% -31-2‘+ 11m-§%§ Z(ci-cN)(cj-cN)ain ;'p(jei)
N , ' | -
4 . _' | . | , . : \

. Independent Case: In this case, clearlyv

.

(Ci CN)(di dN) 42y

1
' em’t) .
Al ’ . 21T . - 2
S ~ Lm 2“‘1 "u) 1 n%
AN B :
_ 172 -
.1f, we take"di=N C, s
.e.(.M’t) =T s
‘which[is well known..
. ) R ]
Dependent Case: _ 1f.we take d = N-l(z C; » we gee from (5.3.15)
| R W T ) (6 E.(C. T p(j-i)
' 1M 1752 % CN . :
e(M t) _ . :
2 A >\2 ,
=t 1 2ﬂN Z(c cN)(c CN)sin YeED) .

'In particular, for the o sample pmblem

s o 1+ 2 Z p(i) )
o 1
L : : ' 1,1 .
T S T4 n{ Fowd



. 106..

:sgzc)?.o(i)' : 117%

1 +'% ) sin-.1 p(1)
L 1

Since x < sin lx.ieg x for 0<x<.1, it can be seen from above

2
-

if fk } forms a FOAR process with 0<p<1 it can be seen (as in’

e(M t) > for D(i) 20 and e(M.t) < %- for O(i) <0. In particular,

JECHE 14)). |

. 2 . A"V ," B

: - ' 4p(1.- =) . L
(5:3.16) . %: é(M’t)f%( . . . .
' ST+ - D],
FA C e - J
Y
GENERAL RE The expressions for ARE derived in this section show

a

that the usual rank tests for the regression problem (for Gaussian sequences)
retain approximately the same relstive efficiencies relative to t- est as in
the independence case, whenever the correlations-between suCcessive obsenva-

tions are small. Furthermore, if the variables are positively coxgelated,

" their relative efficiencies are better than those in. the ‘case of independence,;

Indeed, for the first order suto—regressive Gsussian process with grade

correlation coefficent p(O <pc< 1) » we have from (5 3 14) and (5.3. 16)

e(H, t:) > -3-'~ 0.95
T

e, >Z~0.64 |, T
o .
‘ . T . ’ L i - > ’ T
with equality in theVindependence case (p-g). Moreover, .\
'.lime(w erh =1 S
L .
,"i’;;;- s

/’llim e(M,t)4 = 1 .
Pty
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