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Abstract

In this thesis, we establish some ergodic theorems related to A,(G), the Figa-
Talamanca-Herz algebra of a locally compact group . This thesis is divided
in two main portions.

The first part is primarily concerned with the study of ergodic sequences
in A,(G) and with a newly introduced notion of ergodic multipliers. After
presenting a full description of the non-degenerate *-representations of A,(G)
and of their extensions to the multiplier algebra MA,(G), it is shown that, for
all locally compact groups, the weakly ergodic sequences in MA,(G) coincide
with the strongly ergodic ones, and that they are, in a sense, approximat-
ing sequences for the topologically invariant means on some spaces of linear
functionals on A,(G). Next, motivated by the study of ergodic sequences of
iterates, we introduce a notion of ergodic multipliers, and we provide a solution
to the dual version of the complete mixing problem for probability measures.

The second part is of a more abstract nature and deals with some er-
godic and fixed point properties of ¢-amenable Banach algebras. Among
other things, we prove a mean ergodic theorem, establish the uniqueness of
a two-sided ¢-mean on the weakly almost periodic functionals, and provide a
simpler proof of a fixed point theorem which is well known in the context of
semigroups. We also study the norm spectrum of some linear functionals on

A,(G) and present a new characterization of discrete groups.
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Chapter 1
Introduction.

In the first half of the twentieth century, many researchers in harmonic anal-
ysis were working with locally compact Abelian groups, especially with their
group algebra L'(G) and their measure algebra M(G). However, as many lo-
cally compact groups are not Abelian, it was desirable and natural to look
for non-commutative versions of the classical results available in commutative
harmonic analysis. Thus, a new direction of research was instigated by P. Ey-
mard [28] in 1964, when he introduced and pioneered the study of the Fourier
algebra A(G) and of the Fourier-Stieltjes algebra B(G) for all locally compact
groups. Many analysts then became interested in these new algebras since, in
the case when G is Abelian, A(G) can be identified with Ll(CAJ) via the Fourier
transform and B(G) with M(G) via the Fourier-Stieltjes transform, G being
the dual group of G.

In 1965, A. Figa-Talamanca [31] introduced an LP-version of A(G) for lo-
cally compact Abelian groups, which he reasonably denoted A, (G) as Ay(G) =
A(G). But Figa-Talamanca was mainly concerned with the study of multipli-
ers of LP(G) and so did not prove that A,(G) is an algebra. Indeed, it was
only a few years later that C. S. Herz [48| realized that A,(G) is closed un-
der pointwise multiplication via an application of the theory of Banach space
tensor products. Since Herz’s seminal paper, the algebra A,(G) is known as
the Figa-Talamanca-Herz algebra, and A,(G), as well as its multiplier algebra
MA,(G), have enjoyed a great deal of attention and are still under current
investigations. See [48, 24, 43, 45, 77, 17| and the references therein.

In this thesis, we establish several theorems related to A,(G), all of them



being of an ergodic nature. They are discussed independently in different chap-
ters, which are organized as follows:

In Chapter 2, we collect the necessary definitions and preliminary results
needed in the sequel. In Chapter 3, we describe all the non-degenerate -
representations of A,(G), and we show in Section 3.2 that they are defined,
up to unitary equivalence, by pointwise multiplication on some L2-space. In
Section 3.3, we prove the existence of a unique extension of any such represen-
tation to the multiplier algebra MA,(G).

In Chapter 4, we apply the results of the previous chapter to study ergodic
sequences in MA,(G). In particular, we show in Section 4.1 that for all locally
compact groups, the weakly ergodic sequences coincide with the strongly er-
godic ones, and that these sequences approximate, in the weak* topology, the
topologically invariant mean on some spaces of linear functionals on A, (G).
Some functorial properties are considered in Section 4.2, and examples of er-
godic sequences are given in Section 4.3 using a notion of well distribution.
In Chapter 5, motivated by the study of ergodic sequences of iterates, we in-
troduce a notion of ergodic and mixing multipliers of A,(G). We show in
Section 5.1 that the ergodic multipliers coincide with the mixing ones, and
this provides a solution to a dual version of the complete mixing problem for
probability measures. We also characterize the existence of such multipliers. In
Section 5.2, we solve a similar problem in the more general context of a Taube-
rian regular semisimple commutative Banach algebra, in which the multipliers
are ergodic (respectively mixing) with respect to a set of spectral synthesis.
In the second part, we deal with some ergodic and fixed point properties of
p-amenable Banach algebras, a class of Banach algebras which include the
left amenable Lau algebras as well as the Figa-Talamanca-Herz algebras. As
a tool for the next sections, we present in Section 6.1 a new characterization
of left amenability for semigroups in terms of certain Hahn-Banach separation
properties. In Section 6.2, we present new proofs of several known results (see
[58, 96, 67]). In Section 6.3, we prove a mean ergodic theorem in the general
setting of p-amenable Banach algebras, and we also show the uniqueness of a
two-sided p-mean on the weakly almost periodic functionals. As an applica-
tion, we obtain in Section 6.4 a direct sum decomposition for some subspaces of
weakly almost periodic functionals. In Section 6.5, we consider various fixed

point properties which characterize p-amenability. Among other things, we



prove an analogue of a fixed point theorem which is well known in the context
of semigroups |79, Theorem 3.], and our proof greatly simplifies the original
one.

In Chapter 7, by means of some of our previous results, we describe the norm
spectrum of any weakly almost periodic functional on A,(G) in terms of the
topologically invariant mean. In particular, this leads to a new characteriza-
tion of discrete groups.

A list of the main results of this thesis goes as follows:

Theorem 4.1.3. Let (v,) be a sequence in SY;. The following assertions are

equivalent:
(i) (vy,) is strongly ergodic.

(i1) (vy,) is weakly ergodic.

(11i) For every x € G, x # e, v,(z) — 0.

(iv) For every T € Cs,(G), (vn, T) — (¥, T).
(v) For every T € M, (G), (v,, T) — (¥, T).

A~

Theorem 5.2.1. Let T' € M(A) such that ||T|| =1=T(p) for all p € F. If

F is a set of spectral synthesis, then the following statements are equivalent:
(i) T?L(fy) — 0 pointwise for all v € A(A) N F.
(ii) |T(y)| < 1 for all v € A(A) \ F.
(15i) T is completely F-mizing.
(iv) T is F-mizing.
(v) T is weakly F-mizing.
(vi) T is F-ergodic.
(vii) It = k(F).
(viii) {f € A* - T*f = f} = span(F)"

(iz) F = Fp, where Fp:= {y € A(A) : T(y) = 1}.



Corollary 6.3.7. Let C be a non-empty closed A-invariant subset of wap(A)
such that Co C C. Suppose that A admits a two-sided p-mean of norm one.
Then there exists a unique non-expansive retraction P from C onto Fiz(S,)
such that PT, =T,P = P for each p € M,, and Px € {u-x : u€ S,} for
each x € C.

Moreover, if (1) is an ergodic net in M., then there exists a subnet (ug) of
(ta) such that T, converges to P in the weak operator topology.

Theorem 6.5.5. Let X be a topologically left invariant subspace of A* with
v € X, and such that condition (6.6) is satisfied. The following assertions are

equivalent:

(i) There exists a o-mean VU on X with ||¥|| = 1.

(it) For each v € X, there exists A\ € C such that \p € {u-x : ue S,} .

Theorem 7.1. Let G be a discrete group, and x € G be arbitrary. The

following assertions hold:
(a) For any T € PM,(G), T # 0, x € 0.(T) if and only if (V,,T) # 0.

(b) For any T € WAP,(G), T # 0, x € o(T) if and only if (¥,,T) # 0 if and
only if T = c\,(x) + Ty for some c € C, ¢ # 0, and Ty € {S € WAP,(G) :
U,(S)=0}.

(¢) For any T € AP,(G), T # 0, x € o(T) if and only if (¥, T) # 0 if and
only if T = cAy(z) + Ty for some c € C, ¢ #0, and Ty € {S € AP,(G) :
v, (S) = 0}.



Chapter 2

Preliminaries.

2.1 Analysis on locally compact groups.

Given a Banach space X we denote its dual space by X*. If Y is a subset of
X*, the o(X,Y)-topology is the weakest topology on X such that every linear
functional ¢ € Y is continuous. Given a dual pair (X,Y), by ¢(z) or (¢, x) we
will usually denote the value of ¢ at x.

For a locally compact Hausdorff space X, we denote by CB(X) (respectively
Co(X), Cpo(X)) the space of all complex-valued bounded continuous functions
on X (resp. which vanish at infinity, with compact support), equipped with
the sup-norm ||.||sup-

A locally compact group is a pair (G, 7), where G is a group and 7 is a locally
compact Hausdorff topology on G, such that the map G x G — G, (z,y) —
xy~! is continuous when G x G is equipped with the product topology. The
identity element of the group will be denoted e.

Following Bourbaki’s terminology [8, Chap. 3|, we call an element p € Cgo(G)*
a (compler) Radon measure on G. Since the space Coo(G) can be viewed as
the union of Cyy(G, K), where K runs over all compact subsets of G and
Coo(G, K) :={f € Coo(G) : supp(f) C K}, we may define an inductive limit
topology on Cgo(G). Applying the criterion of continuity in inductive limits,
we may as well describe a Radon measure as follows: a linear functional
on Cyo(G) is a Radon measure on G if for every compact subset K of G,
there is a positive constant cx such that |(u, f)| < cx sup,ck | f(z)| whenever
f € Coo(G, K). We say that p is bounded if there is C' > 0 such that |[(u, f)| <



C||f|lsup for all f € Cyo(G), and we say that p is positive if (u, f) > 0 for
every f € Cfy(G), where Cj,(G) stands for the set of all real-valued functions
in Coo(G) which are non-negative. We write M(G) for the space of all bounded
Radon measures on G, and M*(G) for the positive bounded Radon measures
on GG. Unless otherwise stated, by “measure” we always mean a bounded Radon
measure, and for any f € Coo(G) we may write (i, f) = [ f(x ). By the
Riesz representation theorem, there is a one-to-one correspondence between
positive Radon measures on GG and positive regular Borel measures on G. For

a complex-valued function f on GG we will use the following notations:

Gf(y) = floy), rofly) = f(yx), for x,y €@,

JE(I) = f(x_l)a f(m) = f(z71), for x €@,

A non-zero positive Radon measure m on G is called a left Haar measure on
G if m is left invariant, i.e., (m,l,f) = (m, f) for all z € G, f € Cyp(G).
The most remarkable feature of a locally compact group G is certainly the
existence of a left Haar measure on G, which is unique up to multiplication
by a positive constant. Thus, measure theory and functional analysis may be
used as important tools for the study of locally compact groups.

Let G be a locally compact group, and let m be a fixed left Haar measure on G.
For f € Coo(G) we write (m, f) = [ f(z)dz. For each 1 < p < oo, the space of
all p-integrable functions on G is denoted by Z?(G), and (LP(G), ||.||,) will de-
note the Banach space of all equivalence classes of p-integrable functions, where
two functions f, g € £*(G) are said to be equivalent if [ |f(x)—g(x)|P dz = 0.
For p = 00, (L™®(G),||.]|) is the Banach space of all equivalence classes of
(Haar) measurable functions which are uniformly bounded outside a locally
negligible set, i.e., a set A such that m(A N K) = 0 for every compact subset
K of G). For [f] € L>(G),

[|[f]lloe = inf{C >0 : |f(z)| < C for locally almost all x € G}.

Let WAP(G) (resp. AP(G)) denote the space of all weakly almost periodic
(resp. almost periodic) functions on G, i.e., all f € L>(G) for which the left
orbit Ly :={l,f : x € G} is relatively weakly compact (resp. relatively norm



compact). In general, the following inclusions can be verified:
AP(G) @ Co(G) € WAP(G) C CB(G) C L™(G).

For a continuous function, we identify the function with its equivalence class.
Furthermore, the spaces Cy(G), CB(G) and L*°(G) are commutative C*-
algebras with pointwise multiplication and involution given by conjugation. In
order to define a structure of involutive Banach algebra on L!(G) and M(G)

one must consider the convolution product
/ F(2) d(yu = v) () = / / Flay) du@)dv(y), for f € Coo(G). 1. € M(G):

/f zy) gy~ ) dy, for f,g € Z*(G), and almost all z € G.

Equipped with these products and the following involutions

/f ) du* (x /f dfi(x), for f € Coo(G), 1 € M(G):

(@) = Ag(z™h) f(z), for fe LYG), z € G,

where A¢ is the modular function of G, M(G) and L'(G) become involutive
Banach algebras. For each 1 < p < oo, the left regular representation of G
(resp. M(G)) on LP(G) is given by

Ap 2 G = BP(G)), Ap(@)([f]) = (o f]

(resp. Ay : M(G) = B(LP(G)), Ap()([f]) = [ f1),

where Z(LP(G)) is the Banach algebra of all bounded linear operators on
LP(G). A crucial property of the convolution product is the following: if
1 <p<ooandp =Ly, then for any f € Z7(G), g € LP(Q), f*g(x) exists
everywhere and defines a function in Cy(G).

References: (8], [50], [33].



2.2 The Figa-Talamanca-Herz algebras and re-

lated spaces.

From now on and throughout this thesis, we let G be a locally compact group
with a fixed left Haar measure m = dx, and 1 < p,p’ < oo such that %+ﬁ =1
Let A,(G) denote the space of all continuous functions u : G — C which can

be represented as

(2.1) u=>3 l,xk, forsome k,€.2"(G) {, € L7 (G),
n=1
so that ZNp(k‘n) Ny (l,) < oo, where N,(f) = ||[flll;- Then A,(G) is a
n=1

dense linear subspace of Cy(G). Under pointwise multiplication and with the

norm given by

Julla, = inf > Np(kn) Ny (£0),
n=1

where the infimum runs over all the possible representations of u as in (2.1),
A, (G) is a Tauberian semisimple regular commutative Banach algebra, nowa-
days known as the the Figa-Talamanca-Herz algebra of G, or sometimes called
the generalized Fourier algebra of G.

Let PM,(G) denote the w*-closure of A\,(M(G)) in Z(LP(G)), where the w*-
topology is the o(Z(LP(G)), LP(G)RLP (G))-topology, ® being the completed
projective tensor product. The elements in PM,(G) are called p-pseudo-
measures, and they form a Banach algebra when endowed with the opera-
tor norm. Moreover, PM,(G) is isometrically isomorphic to the dual space
A,(G)* and the w*-topology o(B(LP(G)), LP(G)RLY (G)) is carried over to
the w*-topology o(A,(G)*, A,(G)). In particular, the measure algebra M(G)

can be viewed as a subset of A,(G)* via

Oulisn) = [ulo)du(o), for w € A(G), 1 € M(G)

Let PF,(G) denote the norm-closure of \,(L'(G)) in Z(LP(G)). The elements
in PF,(G) are called p-pseudofunctions, and they form a closed subalgebra of
PM,(G). Under pointwise multiplication, the dual space W,(G) := PF,(G)*



is a commutative Banach algebra of continuous functions on G.

Remark 2.2.1. In case p = 2, Ay(QG) is the Fourier algebra A(G), PMy(G) is the
group von Neumann algebra VN(G), PFy(G) is the reduced group C*-algebra
C#(G), and Wy(G) is the reduced Fourier-Stieltjes algebra B,(G). See [28, 30].

A multiplier function of A,(G) is a continuous function v : G — C such
that vu € A,(G) whenever u € A,(G). We write MA,(G) for the commu-
tative Banach algebra of all multiplier functions of A,(G), equipped with the

multiplier norm
[Wllar = sup{[lvulla, = v Ap(G), [[ulla, < 1}.
In general, the following inclusions hold:
Ap(G) © Wy (G) © MAL(G),

and
ullswp < [lullar < Jlullw, < llulls, for u € Ap(G).

If G is amenable (see definition below), then W, (G) = MA,(G).
References: 29|, [48], [13], [85], [23].

Arising from the theory of Banach algebras, A,(G) naturally acts on its
dual space PM,(G), and this action is even well-defined for the multiplier
algebra MA,(G). Thus, the Banach spaces PM,(G) and PM,(G)* are both
MA,(G)-modules under the actions

(v-T,u) := (T,ou), and (v-®,T) := (P,v-T),

for v € MA,(G), u € AL(G), T € PM,(G) and ® € PM,(G)*.
Next, we list four closed subspaces of PM,(G) that are of interest to us. We
follow the notations of [24].

C‘SvP(G) = Span{/\p(x) = G}H'HPMD;

M,(G) = Th(0) - e MG)) e,

Ap(G)—=PM,(G)
AP,(G) = {T € PM,(G) : u—u-T is acompact operator} :



Ap(G)=PM,(G)
WAP,(G) = {T € PM,(G) : w—u-T isa weakly compact operator} :

In general, the following inclusions are satisfied:
Csp(G) € Mp(G) € WAP,(G) C PM,(G) and C;,(G) € AP,(G).

Moreover, C5,(G), PF,(G), M,(G), AP,(G) and WAP,(G) are norm-closed
MA, (G)-submodules of PM,(G) [43|, and Cs,(G) contains the identity \,(e)
of PM,(G).

Remark 2.2.2. If G is Abelian and G denotes its dual group, then Cs2(G) =

AP(G) = APy(G), PF4(G) = Co(G), My(G) is the ||.||co-closure of the Fourier-
Stieltjes algebra B(G) in L(G), and WAPy(G) = WAP(G) [26]. If G is not
necessarily Abelian, then Cs5(G) is sometimes denoted Cj(G), as in |65] and

[70] for instance.

2.3 Amenable groups and topologically invariant

means.

Let G be a locally compact group, and let X be a translation-invariant sub-
space of L>°(G) containing 1g, the constant one function. A linear functional
m € X* is called a mean if ||m|| = 1 = m(lg). If X is a C*-subalgebra of
L*(@G), then m is a mean if and only if m > 0 and ||m|| = 1. A mean m € X*
is said to be left invariant if (m,l,f) = (m, f) for all f € X, a € G. If X is
topologically left invariant, i.e., p x f € X for all ¢ € L}(G), f € X, then a
mean m € X* is said to be topologically left invariant if (m, o * f) = (m, f)
for all p € LY(GQ), » >0, ||¢|l1 = 1, and all f € X. In particular, on L®(G),
the existence of a left invariant mean is equivalent to the existence of a topo-
logically left invariant mean, and in case such a mean exists, then G is called
amenable. The class of amenable groups includes all solvable groups and all

compact groups. However, the free group on two generators is not amenable.

Remark 2.3.1. 1t is known that a locally compact group G is amenable if and
only if A,(G) admits a bounded approximate identity [48]. Other character-
izations of the amenability of G in terms of the algebras A,(G) are given in
[38] (see also [34]).

10



References: 47|, [84], [85], [92].

Analogously, a mean on PM,(G) is defined as a linear functional ¢ €
PM,(G)* such that [|®|| =1 = ®(\,(e)). In addition, if v - ® = v(e) P for all
v € MA,(G), then we say that ® is topologically invariant. E. E. Granirer [43]
showed that the set of topologically invariant means on PM,,(G) is never empty,
and also that such a topologically invariant mean on WAP,(G) is unique.

By restriction, there is a unique topologically invariant mean on Cs,(G) and
M, (G) |44, Proposition 3.].

11



Chapter 3

Non-degenerate x-representations

of Ap(G) and MA,(G).

In this chapter, we shall describe all non-degenerate *-representations of A,(G)
along with their extensions to the multiplier algebra MA,(G). The main results
are Theorem 3.2.4 and Theorem 3.3.3. Our study of *-representations of A,(G)
was motivated by the lemmas presented in section 2. of [70], where Theorem
3.3.3 is proved for the special case p = 2, under the additional assumption that
G is amenable. We repeat these lemmas in section 3.1 below, but since their
extensions to the case 1 < p < oo do not require any major transformation of
the proofs given in [70], we omit their proofs.

Throughout this chapter, let 1 < p < co and G be a locally compact group.

3.1 Two preliminary lemmas.

Lemma 3.1.1. For any positive bounded Radon measure u € MT(G) we define
the linear operator S, : A, (G) — B(L*(G,u)) by

S,(u)([h]) = [uh]  for u € A,(G) and [h] € L*(G, p).

Then the map u — S,(u) is a cyclic x-representation of Ay(G) as bounded
linear operators on L2(G, ), with cyclic vector [1] € L2(G, u).

Furthermore,

(w, ) ap@ @) = (Su(u)([U), 1) for any u € Ay(G).

12



For a locally compact Hausdorff space X, it is known that every cyclic
s-representation of Cy(X) as bounded linear operators on a Hilbert space ¢
is unitarily equivalent to a representation of the form {S,,L*(X,u)} for a
positive bounded measure p on X [50, Theorem (C.36)|. A similar result for
the Fourier algebra A(G) appears in [70, Lemma 2.2.]. The analogous version
for A,(G) is:

Lemma 3.1.2. Let {T, 7} be a cyclic x-representation of A,(G). Then there
exists a positive measure p € MT(G) such that {T, 7} is unitarily equivalent

to {S,, L2(G, )}, i.e., there exists a surjective linear isometry W from S
onto L2(G, p) such that WT(u) = S,(u)W for all u € A,(G).

3.2 Description of the *-representations of A,(G).

By means of the lemmas presented in the first section, we completely char-
acterize all the s-representations of A,(G), up to unitary equivalence. Before

stating the main results, the following preliminary lemmas are needed.

Lemma 3.2.1. Let o, g € MT(G) be such that supp(pa) N supp(pg) = 2.

Then we have:

L*(G, na) VLG, 1g) = {[0]}-

Proof. Let [f] € L?(G, po) NL*(G, up) and assume that [f] # [0]. In particu-
lar, |f(x)|* # 0 almost everywhere. Then it follows that [|f(2)|* dua(z) # 0
and [ |f(x)|?dps(x) # 08, chap. IV, §2, n° 3, Theorem 1|. Therefore, |f|* #
0 in supp(ps) and |f|* # 0 in supp(ug), hence |f|? # 0 in supp(pa) N supp(pg)
|8, chap. III, §2, n® 3, Proposition 8]. So there exists x € supp(fia) N supp(pp)
such that |f(z)|*> # 0. Contradiction.

]

Lemma 3.2.2. Let (fto)acr be a summable family of positive bounded measures
on G and assume that the supports of the measures . are pairwise disjoint.

If p is the sum of the measures o, then L2(G, u) is isometrically isomorphic
to S0 LHG, pa).

Proof. Let [h] € L?(G, u). Then |h|? is p,-integrable for each o € T |9, §2, n°
2, Proposition 3]. By Lemma 3.2.1, [h] € L*(G, p,) for a unique o € I unless

13



[h] = [0]. In every instance,

&

LX(G,p) €Y LG, o).

ael

Now using the definition of the direct sum of Hilbert spaces, and by |9, §2,
n° 2, Proposition 3|, the conclusion follows from an argument similar to that
used in the proof of [50, Theorem (C.37)].

[ |

Proposition 3.2.3. For any positive Radon measure p on G, p not necessarily

bounded, we define the linear operator S, : A,(G) — B(L*(G, 1)) by
S,(u)([h]) = [uh]  for u € A(G) and [h] € L*(G, ).

Then the map u — S,(u) is a non-degenerate *-representation of A,(G) in

BL(G, ).

Proof. Let u be a positive Radon measure on GG, and let %5 denote the set
of all compact subsets of G. Since J; is a u-dense set for G [8, chap. IV, §5,
n° 8|, by applying [9, §2, n° 3, Proposition 4.] we may write p1 = ) ;o for
a summable family (114)aecr of positive bounded measures on G, such that the
supports supp(pe) are pairwise disjoint. It is then straightforward to verify
that S, is a *-representation of A,(G) in B(L*(G,u)). To prove its non-
degeneracy, we will show that S, is a direct sum of cyclic x-representations.

By Lemma 3.1.1, the operators S, are cyclic x-representations, and for any
(W] =Y kel € 35, 12(G, j1a) we have by Lemma 3.2.2 that

ael

> Sua () (hal) = D Tuha] = [ub] = Su(u)([A).

acl

That is, {S,, L*(G,u)} is the direct sum of {S,, ,L*(G, ua)}, and it follows
that {S,, L*(G, p)} is non-degenerate by [100, Proposition 9.17].
|

The main result of this section is the following:

Theorem 3.2.4. For any non-degenerate x-representation {T, 7€} of A (G),
there exists a positive Radon measure 1 on G, possibly unbounded, such that
{T, A} is unitarily equivalent to {S,, L*(G, u)}.

14



Proof. By [100, Proposition 9.17] we may write {7, 5} = >0 _ {T,,, 7} for
some cyclic x-representations {71, .7 }. By Lemma 3.1.2, each {T,, 7} is
unitarily equivalent, for some 1, € M*(G), to {S,.,L*(G, pta)}. We now claim
that the family (fa)aes is summable. Indeed, for ([ha])acr € S5, L2(G, 1ta)

> [ Iha@) duota) <

ael

we have

In particular,

B0 X [ @) < . forany [ € C(G).

ael

Thus, applying the Cauchy-Schwarz inequality for any f € Cg,(G), we obtain

> [ 1@l diaa > (/ (@) dpa )) (/m%(x)f

acl
suplia (@5 Y- ( [ 1700 )) < o,
o€l acl

after making use of the boundedness of each p, and by (3.1). Hence (a)acr

IN

IN

is summable 9, §2, n°® 1. We set p = > ., fla, SO that p is a positive
Radon measure, which is not necessarily bounded [9, §2, n° 1]. Therefore, by

Proposition 3.2.3 we get

(L) =3 (Lot} =3 {5, L2(Cpa)} = {5, LG},

3.3 Extension to s-representations of MA (G).

We start this section by developing a general process for extending any non-
degenerate x-representation of A,(G) to a unique non-degenerate x-representa-
tion of MA,(G). This work was inspired by the comments after Lemma 2.2
in [70], where our next lemma and proposition were proved for the case p = 2
and G amenable. We here give an improvement of these results since we are

able to get rid of the assumption of amenability.
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Lemma 3.3.1. Let {T, .77} be a non-degenerate *-representation of A,(G).
For any v € MA,(G) and any v € Ay (G), the following inequality holds:

T (wu) £l < [lollar [IT(u) €Nl for every € € .

Proof. We first consider the representation {S,,, L*(G, 1)} as defined in Propo-
sition 3.2.3. Let v € MAL(G), u € A,(G) and [h] € L*(G,u) be arbitrary.

Then we have

1S o) (]2 = / oz )u(x) () dyu(z)
oll2, / u()h(z) Pdu(z) < |0l [1Sa(a) ()]

IN

Now let {7, ¢} be an arbitrary non-degenerate x-representation of A,(G).
By Theorem 3.2.4, {T, %} is unitarily equivalent to {S,,L*(G, )} for some
positive Radon measure o on G. Let W be the corresponding linear isometry
from % onto L?(G, ). Thus, for any £ € 2,

[T (ou)]] = [IW*S,(vu)WE]|
< WIS (vu)WEl] = [[Su(vu) WE]]
< ol [[Su()WEl = [[olla [WT(w)E]|
< Aol [IWIHIT )l = olla 1T (w)é]]-

Proposition 3.3.2. For any non-degenerate x-representation T' of A, (G) and
any v € MAL(G), there exists a unique bounded linear operator on €, denoted
S =T(v), such that

(3.2) SoT(u) = T(vu)  for every u € Ay(G).

Furthermore, T(u) = T(u) for all u € AL (G).

Proof. First we consider T cyclic, with cyclic vector { € . In this case, it
suffices to define S on span(T(A,(G))&o) since span(T(A,(G))&y) = . Then
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for any v € MA,(G) we may define
S(T(uw)é&) == T(vu)éy  for u e A,(G).

Fix v € MA,(G). We notice that S is linear since T is a homomorphism,
and by Lemma 3.3.1, S is a bounded linear operator on (T'(A,(G))&) with
S]] < ||v]|a. As span(T(A,(G))E&o) is dense in 57, S may be extended
uniquely to a bounded linear operator on ., which we also denote by S.

Moreover, by a similar density argument, it suffices to verify (3.2) for a vector
of the form T'(¢)&, ¢ € Ap(G). In fact, for u € A,(G) we have

SoT(u)(T(9)6) = S(T(up)éo) = T(vug)éo = T(vu)(T(¢)S)-

Next, let {T', %} be a non-degenerate s-representation of A,(G). Again,
we may write {T,5¢} = S0 {T,, )} for some cyclic xrepresentations

{T.., 7¢,} |100, Proposition 9.17|. For any v € MA,(G) we define

5= Zfel Sl

where S, is the bounded linear operator on J#, associated to {T,, 7.} as

above. Thus, for any u € A,(G) we have

SoT(u) = @ISaoTa(u) AN

ac

el To(vu) = T(vu).
Finally, we observe that S is uniquely determined by T using (3.2).
|

Remark 3.3.1. We observe that the procedure developed in Lemma 3.3.1 and
Proposition 3.3.2 apply similarly to W,(G) or to any *-algebra .7 which satisfy
AL(G) C &7 C MAL(G).

A well known result states that every non-degenerate x-representation of
L'(G) admits a unique extension to M(G). Our next theorem, which is the
main result of this section, presents an analogue of this result in the “dual
framework” of the Figa-Talamanca-Herz algebras. Although the proof for
L!(G) makes use of an approximate identity, we do not require the group G to

be amenable in our setting, thanks to Lemma 3.3.1 and Proposition 3.3.2. We
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recall that a locally compact group G is amenable if and only if A,(G) admits
a bounded approximate identity [48, Theorem 6.].

Theorem 3.3.3. For any non-degenerate x-representation {1, 7€} of A,(G),
the map T - MA,(G) — AB(H) is a non-degenerate x-representation of
MA,(G) in B(H).

Proof. We start by verifying that Tis a homomorphism. Let v,w € MA,(G).
We have, for any u € A,(G):

(3.3) T(0)T(w)T(u) = T(v)T(wu) = T(vwu) = T(vw)T(u).

By non-degeneracy of T', i.e., span{T(u)¢ : u € A,(G),§ € A} is dense
in 27, (3.3) shows that T is a homomorphism. Next, for any v € MA,(G),
u € A (G), and &, n € S, we establish the following identity:

(3-4) (T(O)T(u)é,n) = (T(W)T(v)"En).

Indeed,

(T(O)T(w)E,n) =
&m) = (& T(va)n)
0T (@)n) = (T(v)*E, T(u)*n)

where we used the fact that T is a s-representation of A,(G). Since A,(G)
and MA,(G) are commutative Banach algebras, and since 7" and T are homo-

morphisms, it follows that
T(uw)T(v) = T(v)T(u) for every u € Ay(G),v € MA(G),
and via (3.4)
(T(@)T(w)é,n) = (T(W)T(@)¢,n) = (T() T (W), n).

This shows that T preserves involution, hence is a *representation of MA,(G)

in (). The non-degeneracy of T is an immediate consequence of the non-
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degeneracy of T'.
[ |

Corollary 3.3.4. Let {T, 7} be a *-representation of MA,(G). Assume that
the restriction, denoted Ta, of T to A,(G) is non-degenerate. Then ﬁ =T,

and T is non-degenerate.

Proof. For any v € MA,(G), u € A,(G), we have:
Ta()Ta(u) = Ta(vu) = T(ou) = T(0)T(u) = T(v)Ta(u).

By non-degeneracy of {Tu, #}, this shows that Tx(v) = T(v) for all v €
MA,(G). Hence T, = T. By Theorem 3.3.3, {T', 7} is non-degenerate.
|

Corollary 3.3.5. Let {T,5¢} be a x-representation of MA,(G) such that
the restriction of T to A,(G) is non-degenerate. Then {T, 7} is unitarily

equivalent, for a positive Radon measure i on G, to the non-degenerate x-
representation {:S'\;, L%(G, )}, defined by

SM(U)([h]) = [U h]? for ve MAP(G)v [h] S LQ(Ga M)'

Proof. Let y be a positive Radon measure on G and {S,,, L*(G, 1)} be the non-
degenerate *-representation of A,(G) defined as in Proposition 3.2.3. Then
the extension :S*:, defined on MA,(G), is given by g,:(v)([h]) = [vh] for all
v € MAL(G), [h] € L3(G, p). Indeed, for any u € A,(G) we have

Su(0) Su(u)([h]) = Su(vu)([h]) = [vuh] = [v] - Sy(u)([R]).

Now the corollary follows from Theorem 3.2.4 and Corollary 3.3.4.
[ |

Remark 3.3.2. (a) Through all this section, we may replace MA,(G) by W, (G),
or by any *-algebra ./ which satisfy A,(G) C & C MA,(G), without any
transformation in the proofs. For the case p = 2, MAy(G) may be replaced by

the Fourier-Stieltjes algebra B(G) or by the reduced Fourier-Stieltjes algebra
B,(G).

19



(b) In the previous two corollaries, we note that the condition “the restric-
tion of T' to A,(G) is non-degenerate” cannot generally be dropped as the
following example vindicates: Let G be a non-discrete locally compact group,
identify L'(G) with the subalgebra of M(G) consisting of the measures that
are absolutely continuous with respect to the left Haar measure, and let 7 be
a continuous unitary representation of G. Then the representation 7" of M(G)
given by T(v) = > .o v({z})7(x) is non-degenerate but will be identically
zero when restricted to LY(G). In this case, T is not unitarily equivalent to a

representation of the form :SZ

The next result is analogous to Theorem (22.11) in [50], where this result

is proved for the measure algebra.

Corollary 3.3.6. If A\ denotes the left Haar measure on G, then the non-
degenerate x-representation {SN,\, L2(G,\)} of MAL(G) is faithful.

Proof. Let u € MA,(G) such that v # 0 and let € G such that u(z) # 0.
Let h € Cy(G) such that h(x) # 0. Then uh(x) # 0 and wh is continuous
with compact support so that |uh|*> € Cdy(G) and |uh|* # 0. Therefore, by
the property of the Haar integral [50, Theorem (15.5)(i)] we obtain:

/ uh(z) 2 di = [|[uh]|2 > O,
G

hence [uh] # 0.
|

This leads us to the following interesting observation concerning the (mul-

tiplier algebra of the) Figa-Talamanca-Herz algebras:

Corollary 3.3.7. For any 1 < p < oo and any locally compact group G,
MA,(G) is embedded in a self-adjoint subalgebra of B(L*(G)).

Remark 3.3.3. Along with the results of N. J. Young [108], Proposition 3.3.6
implies that WAP,(G), the weakly almost periodic functionals on A,(G), form
a separating set for A,(G). Similar statements can be made for the weakly
almost periodic functionals on MA,(G). This result is new even in the case
p = 2 and G non-Abelian, or when G is non-discrete, in which case A,(G) is
not Arens regular [36, Theorem 3.2 (see also [37]). For related material, we
refer the reader to [16] and [24].
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Chapter 4

Ergodic sequences in Ay(G) and
MAL(G).

Let G be a locally compact group and let P;(G) be the set of continuous
positive definite functions ¢ on G such that ¢(e) = 1. Improving results of
J. Blum and B. Eisenberg [7] and of P. Milnes and A. L. T. Paterson [78], A.
T.-M. Lau and V. Losert [70] proved that if G is amenable, the following are

equivalent for a sequence (u,) in P;(G):
(i) (un) is strongly ergodic.
(ii) (u,) is weakly ergodic.

(iii) For each x € G, x # e, u,(x) — 0.

(iv) For each T € C}(G), (un,T) — (V,T), where ¥ is the unique topologi-

cally invariant mean on C}(G).

In this section, by means of the results proved in Chapter 3, we shall extend
Lau and Losert’s theorem to the setting of A,(G) and MA,(G): we shall give
an improvement to condition (iv) above by replacing Cs,(G) by M, (G), and
we also remove the assumption of amenability (Theorem 4.1.3).
Throughout this chapter, we let 1 < p < oo, GG be a locally compact group,
and ¥ be the unique topologically invariant mean on WAP,(G).
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4.1 The main result.

In order to allow the discussion of ergodic sequences in A,(G) and MA,(G),

we introduce the following notation:
Sk = {u € Ap(@) : ulla, = 1 = u(e)},

S, = {v € MAL(G) : [lollar = 1 = v(e)}.

SR and S}, are commutative semigroups with pointwise multiplication and are
convex sets |43, Proposition 1.].
A typical example of an element in S} is the function ¢y, U being any

compact open subset of GG, defined by

m(zUNU)

1y * 1y(z) = (D)

pu(z) = W

Indeed,

0<yu(x) <1 = wpule) < |lovll

< lleulla, = if {3~ kallo Wully = 00 =D fux Ko}
1

< WHlUHleUHp'
1 1 b

= o ) )7 =1

Lemma 4.1.1. For every x € G, x # e, we have
(W, Ap(2)) = 0.

Proof. Fix z € G, x # e. By semisimplicity of A,(G) and since the spectrum
of A,(G) is identified with G [48, Theorem 3.|, the Gelfand representation
theorem [62, Theorem 3.1.1] insures the existence of some u € A,(G) such that
u(z) # u(e). In fact, there exists u € A,(G) such that u(e) = 0 and u(z) # 0
(see the proof of Lemma 6.2.3). Then (u- VU, A\, (z)) = u(e)(¥, \,(x)) = 0. But

(-0, 2 (2)) = (U, u- Ap(2)) = (W, u(@)Ap(2)) = u(z) (W, Ap(2)),
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so that w(x)(U, A\, (z)) = 0. Therefore, (U, \,(z)) = 0 since u(z) # 0.
|

Lemma 4.1.2. Let (v,) be a sequence in MA,(G). The following are equiva-

lent:
(a) v, — 1{y pointwise, where 1y is the characteristic function of {e}.
(b) For every ¢ € Cs,(G), (vn, @) — (¥, ).

Proof. (a) = (b): Let x € G. If © # e, then (¥, \,(z)) = 0 by Lemma 4.1.1.
Since v,(x) = (vn, Ap(z)) — 0, we obtain that (v,, \y(z)) — (U, A\, (2)). If
x = e, then v,(e) = (v, A\p(€)) = 1 = (U, \,(e)).
(b) = (a): Let x € G. If v = e, then (U, \,(z)) = 1, and v,(€) = (v,, Ap(e)) —
(W, \p(e)) = 1. If x # e, then (¥, \,(x)) = 0 by Lemma 4.1.1, and v,(z) =
(10 M) = (W, Ap(2)) = 0.

|

With the notation of Proposition 3.3.2 and Theorem 3.3.3 we introduce the

following;:

Definition 1. Let (v,) be a sequence in Sy;. We say that (v,,) is strongly (resp.
weakly) ergodic if for any non-degenerate s-representation {m, 7} of A (G)
and any £ € J, the sequence (7(v,)€§) converges strongly (resp. weakly) to
some ¢ € J¢;, where

H; = {0 e w(u)d =9 forall uwe S}

Example. In view of Theorem 4.1.3 and Proposition 4.1.5 below, if G is first
countable and {U,} is a collection of compact symmetric open neighborhoods

of e such that U?,, C U,, then the sequence (py,) is ergodic in S§, where
Yu, = mlUn * 1&n

The next theorem extends |70, Theorem 3.3] to all locally compact groups,
and is viewed as the main result of this section. We also consider an additional

condition (condition (v)), which turns out to characterize ergodicity as well,

and which seems to be new even for the case p = 2 and G Abelian.

Theorem 4.1.3. Let (v,) be a sequence in SY;. The following assertions are

equivalent:
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(i) (vy,) is strongly ergodic.
(i1) (vy,) is weakly ergodic.
(iii) For every x € G, x # e, v,(z) — 0.
(iv) For every T € Cs,(G), (vn, T) — (¥, T).

(v) For every T € My(G), (v,, T) — (¥, T).

Proof. The implications (i) = (ii) and (v) = (iv) are obvious, whereas the
equivalence (iii) < (iv) is proved in Lemma 4.1.2.

(ii) = (iii): Fix z € G, © # e, and let {m, C} be the *-representation of A,(G)
given by 7(u)(2) = u(z)z, for u € A,(G), z € C. By (3.2) of Proposition 3.3.2,
there exists a unique extension 7 with 7(v)(2) = v(z)z for all v € MA,(G),
z € C. The fixed point set of 7 is

ANeC :m(uyN)=Xforallue St ={\AeC : ulx)\ =\ for all u e S}
A A
= {0},

where the last equality follows since A,(G) is semisimple with spectrum G.
By weak ergodicity of (v,), it follows that (7(v,,)(z1), 22) = va(z)2122 — 0 for
all z1, zo € C, hence v,(z) — 0.

(iii) = (i): Let {m, J#} be a non-degenerate *-representation of A,(G). We
first consider the representation {S,, L*(G, u)} of Proposition 3.2.3. By Propo-
sition 3.3.2, S, extends uniquely to MA,(G), and S;(U)([h]) = [vh] for all
v € MAL(G), [h] € L3(G, ). For any [h] € L*(G, ) we have:

15 (vn) ([(B]) = Su(wa)([ADI3 = /Gl(vnh — U ) (@) dpu(z)

- /G 0(2) — v ()2 [(2) P ds(z).

As n,m — oo, v, (x) — v (x)|? |h(2)]?* — 0 by (iii). Moreover,

[on(x) = vm(@)* [B(@)]* < (Jon(@)] + [om(@)])* [A(2)[?
< (lloallsup + [vmllsup)* [A(2)]*
< (loallar + llomllar)® [h(z)*
< 1+ 1A = 4[h@)]
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Since the function 4|h|? belongs to £ (G, i), we can apply the Lebesgue dom-

inated convergence theorem, and we obtain that

Jim 150 (=S, o) (DI = [ tim_[ou(e)=um @) o) ditz) = 0.

That is, (E(vn)([h])) is a Cauchy sequence in L*(G,u), and consequently
converges to some [f] € L?(G, ). Another application of the dominated con-
vergence theorem yields that, for any v € Sy, [h] € L2(G, p),

(4.1)
115, (0) (S, (0) ([1])) = Spu(wa) ([R])][3 = /G [0(2)v, () —va () [*|h(2) Pdp(z) — 0.

Hence the limit [f] is a fixed point of {S,, L*(G, u)}.

Now take an arbitrary non-degenerate s-representation {mr, #°}. For all u €
A, (G), it follows by Theorem 3.2.4 that m(u) = W*S,(u)W for a linear isom-
etry W from J# onto L?(G, ). Then, for any u € S}, v € SY, £ € A, we

have

17 () (Fwa) (7)) — T () (w(w)€)]| = [|m(vvnu)€ — w(vau)é]]
= WS, (o) WE — WS, (vau) WE]|
= |IW*(Su(vva) WE = S, (vau)WE)|
< WS (vvau)WE = S, (v,u) WE|l5
= S, (00, ))WE — S, (vau) WE||3
= [18u(0)(Su(vn) (Su(W)WE)) = Syuva) (Su(w)WE)| |5
- 0 by (4.1).

Therefore, by non-degeneracy of 7 it follows that, for all £ € 7, (7(v,)§)
converges to a fixed point of w. Indeed, (7(v,){) converges to an element in
{€ e : T(v)¢ =¢ for all v € S§;}, which is contained in .#;. Thus, (v,) is
strongly ergodic.

(iii) = (v): Assume that (v,) converges pointwise to 1iy. In particular,
[on ()] < [Jvnllsup < ||vnllme = 1, dee., |on| < 1. Let p € M(G). Since pu
is bounded, 1¢ € ZY(G, ). Thus, the dominated convergence theorem is
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applicable, and we obtain

lirrln (Un, 1) = lign/Gvn(:U) du(x) = /Glimvn(x) dp(x)

n

_ /01{8}(95) du(z) = p({e}) = (U, ),

where the last equality follows by [43, Proposition 10.].

Next, let T € M,(G) and let (p1,) C M(G) such that ||T"— py||[pam, — 0. Then
we have:

[, T) = (O, 1) < [{on, T) = (vn )| + [(Vns pin) = (¥, i)
+ (W pn) — (W, T
< Nonlla [T = pnlleng, + [(on, pin) = (¥, 1) |
I 0 = Tlpn,
— 0.

Therefore, (v,,T) — (¥, T).
|

The next corollary is now immediate and provides an analogue of |70,
Theorem 3.1].

Corollary 4.1.4. Let (u,) be a sequence in Sk. The following assertions are

equivalent:
(i) (uy) is strongly ergodic.
(i) (uy,) is weakly ergodic.
(iti) For all x € G, x # e, u,(z) — 0.
(iv) For every ¢ € Cs5,(G), (un, @) — (¥, ).
(v) For every T € My(G), (u,,T) — (¥, T).

In regards to the existence of ergodic sequences in MA(G), the proof of

the next proposition may be patterned after that of |70, Corollary 3.2], and so
we omit the details.

Proposition 4.1.5. Let G be a locally compact group. Then MA,(G) contains

a strongly ergodic sequence if and only if G is first countable.
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4.2 Functorial properties.

Proposition 4.2.1. Let G be a locally compact group and H be a closed sub-
group of G. If (uy,) is an ergodic sequence in S} (G), then the sequence of

restrictions (Resg u,,) is ergodic in S} (H).

Proof. Let u € S} (G). By [48, Theorem 1.] we have
1 = Resgu(e) < [|Resgullswp < ||Resgulla,my < |ullay@) = 1,

hence Resyu € S} (H).

Now let (u,) be an ergodic sequence in S§(G). By Corollary 4.1.4, u,(z) — 0
for each z € G, x # e. In particular, for each y € H, y # e, (Resy u,)(y) =
un(y) — 0, hence (Resy u,) is ergodic in S} (H).

Proposition 4.2.2. Let G be a locally compact group and H be an open sub-
group of G. If (u,) is an ergodic sequence in S} (H), then the sequence (u,) is
ergodic in SK(G), where for any h € A,(H) the function he AL(G) is defined
by h(z) = h(z) if x € H, and h(z) =0 if v & H.

Proof. Let u € S} (H). By [48, Proposition 5.] we have

L =a(e) < ||Ulswp < [0lla,e) = lJullay@ = 1,

hence u € S} (G). The conclusion now follows from Corollary 4.1.4.
|

4.3 Examples via well distributed sequences.

V. Losert and H. Rindler [75] introduced a notion of well distributed sequence
in semitopological semigroups and showed the existence of a well distributed
sequence generator. After recalling their definition, we will adapt it to get
a notion of well distributed sequences in the Figa-Talamanca-Herz algebras,

which lead to some examples of ergodic sequences.

Definition 2. A semitopological semigroup S is an (algebraic) semigroup

equipped with a Hausdorff topology 7 for which the multiplication in S is
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separately continuous, that is, for any fixed s € S, the mappings ¢t — st and

t +— ts are continuous (with respect to 7).

Examples. 1. Let A be a Banach algebra, and let S denote its (closed)
unit ball. Then S, equipped with the (induced) norm topology, is a
semitopological semigroup. In this case, the multiplication in S is even
jointly continuous, that is, the map S x S — S, (s,t) — st, is continuous
when S x S has the product topology.

As a consequence, if A = A,(G) (resp. A =MA,(G)), then S} (resp. SY;)

is a semitopological semigroup whose multiplication is jointly continuous.

2. Let G be a locally compact group, A = PM,(G), and S denote the
(closed) unit ball of A. Then S, equipped with the weak* topology, is
a semitopological semigroup. However, if G is not compact, then the

multiplication in S is not jointly continuous; the reverse is also true. See
|69, Theorem 8.8].

Definition 3. Let S be a semitopological semigroup. A sequence (z,,) in S is
said to be well distributed (respectively uniformly distributed) if the following
condition is satisfied: for any ¢ > 0, whenever {T', 5} is a continuous repre-
sentation of S as contractions on a Hilbert space 77, and n € J¢, there exists
Ny € N such that for all N > Ny,

R
~ > T(xa)n — P|| < e forall keN
n=k+1
LN
<respectively ‘N ZT(xn)n — P < 5) :
n=1

where Py denotes the orthogonal projection from 7 onto the fixed point set
G of T

Theorem 4.3.1. |75, Theorem 1.| There exists a sequence of integers (r;) with
the following universal property: if S is any semitopological semigroup and (a,,)
any sequence in S generaling a dense subsemigroup of S, then the sequence (z,,)
15 well distributed, where x1 = a,y, Lo = Qpy * Qpyy ooy Ty = Qpy == Ay sy oo

Such a sequence (r;) is called a well distributed sequence generator (w.d.s.g.).
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Definition 4. A sequence (u,) in S} is said to be well distributed if the
following condition is satisfied: for any £ > 0, whenever {7, 7} is a non-
degenerate x-representation of A,(G), n € €, there exists Ny € N such that
for all N > N,

k+N
1

N Z T(un)n — P

n=k+1

< ¢ forall k€N,

where P; denotes the orthogonal projection from J# onto ;.

Remark 4.3.1. Let (u,) be a sequence in SX. If (u,) is well distributed, then
ket N
1

the sequence <N Z un> is strongly ergodic for all k£ € N.
N

n=k+1

Lemma 4.3.2. Let u € Ay(G) with ||u||a, < 1, and let {T, €} be a cyclic

s-representation of A,(G). Then T'(u) is a contractive operator on .

Proof. First consider the representation {S,,L*(G,u)} as in Lemma 3.1.1.
For any u € A,(G) with ||u||a, <1 and any h € L*(G, i) we have

1Su(@)(W)ll2 = [fuhllz < [lulla, [IAll2 < [[A]]2-

Hence S, (u) is a contraction on L?(G, ).

If {T, ¢} is an arbitrary cyclic *-representation of A,(G), then by Lemma
3.1.2, there exists an isometry W from ¢ onto L*(G, i), for some u € MT(G),
such that T'(u) = W*S,(u)W for all u € A,(G). Thus, for any u € A,(G)
with ||u|[a, < 1 it ensues that

T = [WSu(@)WI[ < WS W] = [[Su(u)]] < [lulla, <1,

hence T'(u) is a contraction on JZ.
|

Lemma 4.3.3. Let S be a subsemigroup of Sk, (u,) be a sequence in S such
that (u,) generates a dense subsemigroup of S, and let (r;) be a w.d.s.g.. If

(x,) denotes the sequence of Theorem 4.3.1, the following condition is satisfied:
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whenever {T, 7€} is a cyclic x-representation of A,(G) the equation

k+N
1

lim N Z T(z,) = Py

N—oo
n=k+1

holds uniformly in k with respect to the strong operator topology of B(FH).

Proof. It is a consequence of Theorem 4.3.1 and Lemma 4.3.2.
[ |

Theorem 4.3.4. Let S be a subsemigroup of SR, (u,) be a sequence in S
such that (u,) generates a dense subsemigroup of S, and let (r;) be a w.d.s.g..
Then the sequence (x,,) is well distributed in the sense of Definition 4, where

T1 = Upyy T = Upy *Upyy e ooy Ty = Upy = Up sy oo

Proof. Let {1, 7} be a non-degenerate *-representation of A,(G), and let
{T., 7} be cyclic x-representations of A,(G) such that T'= " T, and ¢ =
@, 7. For each a, let P, ; be the orthogonal projection from J%, onto the
fixed point set J7, f, and let P; be the orthogonal projection from # onto
;. Then we have:

jff — {geﬂ;T(u)gzgforalluESR}

_ {@a) e (Z Ta<u>) (6a) = (&a) for allueSi}

= {(fa) € @«% : To(u)és = &, for all w € S} and for all a}

= {(5@) e@% : &a € Aoy for all a} - @’%ﬂa’f'

Hence Py =) P, . Moreover, by Lemma 4.3.3,

1 k+N
lim — Y T,(x,) = Pay forall o and all k € N.

N—o0
n=k+1
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So we conclude that

1 k+N 1 k+N
Jim Y T = ]&E&T<N Zk;f)
. 1
= Jm > T (N 2 o
1 k+N
=2 Jm T (N 2. 1‘)
= Y Puy =Py

that is, (z,,) is well distributed in the sense of Definition 4.
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Chapter 5

Complete mixing problem for

multipliers.

The motivation for this chapter is the following question: For a fixed u € Sy,
when is the sequence (u") of iterates of u strongly ergodic? In considering this
problem, we are led to introduce a natural notion of ergodicity for multipliers,
as well as various notions of mixing, all reflecting the well known theory of
ergodic and mixing probability measures on locally compact (Abelian) groups
[10, 32] (see also [86, 90, 39, 53, 54, 2, 1, 74, 14, 4]). In particular, using the
theory of random walks and boundaries on groups, W. Jaworski [53] shows
that if G is a locally compact Abelian group, a probability measure on G is
ergodic if and only if it is completely mixing. In this paper, we shall not
only provide a different proof of Jaworski’s result, which is very transparent
from the point of view of harmonic analysis, but we shall also extend it to
all multipliers of any Tauberian, semisimple, regular, commutative Banach
algebra, hence to the algebra MA,(G) of any locally compact group (Theorem
5.1.1). Thus, we provide a solution to the dual version of the complete mixing
problem, which states that ergodicity and mixing are equivalent notions, and
in doing so, we unify the Foguel type theorem and the Choquet-Deny type
theorem recently considered by E. Kaniuth, A. T.-M. Lau and A. Ulger in
[56] (Theorem 5.2.1). In addition, we also get rid of the assumption that the
algebra admits a bounded approximate identity in [56, Theorem 3.4].

Lately, the complete mixing problem for measures has been definitely solved in

the case of [SIN] groups [54| and in the case of locally compact motion groups
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|2]. However, the problem seems to be still open in the case of o-compact
locally compact groups. See [54, 2| for more information on this problem.
Finally, we want to mention that it is Jaworski’s papers [53, 54|, Kaniuth et al.
paper [56], and Lemma 3.2.6 in [11] that gave us the impetus to study these
notions in our context.

Throughout this section, we let A be a Tauberian, semisimple, regular,
commutative Banach algebra. We denote its Gelfand spectrum by A(A) and
the Gelfand tranform by a — @, where a(¢) = ¢(a) for any ¢ € A(A). For
any closed subset F' of A(A) we write

J(F) = {a € A : supp(a) is compact, supp(a) N F = o},

and
E(F) = {a€ A : a(p) =0forallp € F}.

If F'is a singleton, say {¢}, we write k(¢) instead of k({¢}). We say that F is
a set of spectral synthesis if j(F) = k(F'). See [62, chapter 8.] or [55, chapter

5.] for more information. Our notation here agrees with the one used in |56].

Remark 5.1. We recall that A,(G) is a Tauberian, semisimple, regular, com-
mutative Banach algebra [48, Proposition 3.] and that the group G may be
identified with the Gelfand spectrum of A,(G) [48, Theorem 3.|. It is known
that singletons in G are always sets of spectral synthesis [48, 29| and so are
the closed normal subgroups of G [48, Proposition 2.] (see also [20, Corollary
4.] and [22]).

A linear operator T': A — A is called a multiplier of A if T'(ab) = aT'(b)
holds for all a,b € A. We write M(A) for the unital commutative Banach
algebra of all multipliers of A. For each T" € M(A) we let T denote the
unique function in CB(A(A)) such that 7{(;)(@ = T(p)a(p) for all a € A
and ¢ € A(A) |61, Theorem 1.2.2]. The book of R. Larsen [61] is a standard

reference for multipliers.

Remark 5.2. 'T. Miao |77, Proposition 3.1] showed that MA,(G) = M (A,(G))

for any locally compact group G.

We now introduce the notion of ergodicity and mixing for multipliers. Com-
pare with [90] and [54].
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Definition 5. Let I be a closed subset in A(A), and let T € M(A) such that

A~

|T|| =1="T(p) for all ¢ € F. We say that T is F-ergodic if

LS THa)

lim
n—oo

= 0 for all a € k(F);

T is weakly F-mixing if

1
lim —
n—oo N,

> [(T*(a), )| = 0 for all a € k(F) and all f € A%;
k=1
T is F-muixing if

lim [(T"(a), f)] = 0 for all @ € k(F) and all f € A™;

n—o0

T is completely F-mizing if

lim ||7"(a)|| = 0 for all a € k(F).
n—oo

5.1 Ergodic multipliers of A,(G).

We first consider the case when A = A,(G) and F = {e}. Write A,(G)y :=
{v e A,(G) : v(e) = 0} = k(e), and for u € MA,(G), let I, be the norm
closure of {uf — f : f € A,(G)}. According to [11], the elements of the
annihilator - are called u-harmonic functionals. In the sequel, we shall say
that w is “ergodic” instead of “{e}-ergodic”, and so on.

Then the complete mixing problem for multipliers of A,(G) is solved in the

next theorem.

Theorem 5.1.1. Let G be a locally compact group and let uw € SY. The

following statements are equivalent:

(i) (u™)nen is strongly ergodic.

(ii) For any neighborhood V' of e, u"(x) — 0 for allz € G\ V.
(iii) |u(x)| < 1 forallz € G, z #e.

(iv) u is completely mizing.
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(v) w is mizing.

(vi) u is weakly mizing.
(vii) w is ergodic.
(viti) I, = Ap(G)o.

(iz) I} = C),(e).

Proof. (i) < (iii): Assume that (i) holds. We recall from Theorem 4.1.3 that
(u™) is ergodic if and only if u"(z) — 0 for all x € G, x # e. Since ||u||y = 1,
it follows that |u(z)| < ||ullsup < |Jullar = 1 for all z € G, hence |u(z)] < 1
whenever x # e. The reverse implication is trivial.

(ii) < (iii) is a consequence of (i) < (iii).

(iii) < (iv): If (iii) holds, then lim, ||[u"v||s, = 0 for all v € j(e) by [56,
Theorem 2.1]. Let a € A,(G)o. Since {e} is a set of spectral synthesis, for any
e > 0 there exists b € j(e) such that ||a — b|[a, < . Then

lu"alla, < [lu"(a =0)[|a, + [[u"b]a,

< lu"lmlla = bl|a, + [lu"blla, <&+ [[u"b]]a,-

Therefore, lim, [|u"a|[a, = 0 for all a € A,(G)o. The reverse implication also
follows from [56, Theorem 2.1].

The implications (iv) = (v) = (vi) and (iv) = (vii) may be proved with
standard calculations.

(vi) = (ix): Clearly, C\,(e) C I;}. To prove the reverse inclusion, let 7' € I;-
and a € A,(G)o. By assumption,

Lk
(5.1) lim — ;Hu a,T)| = 0.
Since T € I}, it may be seen that (T,v) = (T,uv) and that v -T € I, for

all v € A,(G). Hence, (u*a,T) = (a,T). By (5.1) we have (a,T) = 0, and
a-T = 0 (using the fact that A,(G) is a closed ideal). Thus, by the definition
of the support of a p-pseudomeasure ([48, p. 119], [23, Chapter 6.]), it follows
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that
(5.2) a(z) = 0 for allz € supp(T'), whenevera € A,(G)o.

If supp(T) # {e} and x € supp(T'), x # e, by regularity of A,(G) there exists
v € A,(G) such that v(z) = 1 and v(e) = 0. But this contradicts (5.2).
Therefore, supp(T) = {e} and by the “Lemme de contraction des supports”
[29, p. 63] we then conclude that T € CA,(e).

(vii) = (ix) Let 7' € PM,(G) such that v -7 = T, and let a € A,(G)o. By

assumption, £ S°7 wula converges to 0 in norm, hence weakly: in particular
’'n =1 ’ 9 ’

1<~
<—§ u’a,T>‘—>0 as n — oQ.
n

i=1

However,

) (e
i=1 i=1
— <a7%iui_l -T> = (a,,T).
i=1

Thus, (a,T) =0, and (5.2) holds. The rest of the proof is now similar to (vi)
= (ix).
(viil) < (ix) follows by [62, Theorem 7.1.2] since A,(G) is regular.
(ix) = (iii): We will show that {e} = {# € G : u(zx) = 1} and the desired
conclusion will be immediate. Since u € Sy;, we only need to verify that,
if u(z) = 1 for some x € G, then z = e. To that matter, let v € A,(G)
be arbitrary. Then we have (v — uv, \,(2)) = v(x) — u(x)v(z) = 0, hence
M(z) € IF = C)y(e), and as u(x) = 1, it ensues that \,(x) = \,(e). But by
semisimplicity of A,(G), the map A, : G — PM,(G) is injective, and therefore
r=e.

|

Remark 5.1.1. We obtain Jaworski’s result, mentioned in the introduction, by
assuming G to be Abelian and by taking p = 2 in Theorem 5.1.1. Indeed, it
is well known that the multipliers of L!(G) are in one-to-one correspondence
with the bounded Radon measures on G [61].
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We now turn to the question of the existence of ergodic multipliers. The
next lemma is certainly well known and is presented here without proof. The

case in which p = 2 is the content of [40, Corollary 6.9).

Lemma 5.1.2. Let G be a locally compact group. Then A,(G) is separable if

and only if G is second countable.

Following the notation introduced in [105], we let ¢ :={I, : ue S}}. 7
is a set consisting of closed ideals in A,(G), which we regard as being partially

ordered by inclusion.

Theorem 5.1.3. Let G be a locally compact group. The following statements

are equivalent:

(i) G is first countable.
(ii) There exists an ergodic u € SK.
(1it) There exists an ergodic v € Sy;.

(iv) 7 has a unique mazimal ideal, namely Ay (G)o.

Proof. We start by noticing that (ii) < (iii) holds once we know that, if
v € S}y is ergodic, then vu € S§ is ergodic for all u € SY.

(ii) © (iv): If u € S} is ergodic, then A,(G)y = I, € #, and A,(G)
is clearly the unique maximal ideal in ¢#. Conversely, if # has a unique
maximal ideal, say I, for some u € S§, then [, = A,(G)y and u is ergodic
given Theorem 5.1.1. Indeed, using Lemma 6.2.4 in Chapter 6, one can show
that A,(G)o = span{l, : o € S}} (see [11, Lemma 3.2.3| for the case p = 2),
and it then follows by maximality of I, that A,(G)o C I,,.

(iii) = (i) is a consequence of Theorem 5.1.1 and Proposition 4.1.5.

(i) = (ii): Let us first assume that G is second countable, and let ¢ > 0,
fisooos fo € Ap(G)o. By Lemma 5.1.2, A (G)o is separable, and by Lemma
6.2.5 in Chapter 6, we have for each i =1,...,n,

0 = |fi(e)] = inf{||ufilla, : veSK} < e
Let u; € SY such that [|u; fi|]| <€, and set u = uy ---u, € SX. So we have

d(fi, 1,) = inf{||fi = || - v e L} < ||fi = (fi—ufi)]| < e
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Therefore, applying [105, Lemma 1.1 and Remark (3), p. 210] we obtain the
existence of some vuy € S} such that I,, = A,(G)o, that is, ug is ergodic.
Now let {U,} be a countable basis of compact symmetric open neighborhoods
of e such that U2, , C U, and assume that G is o-compact. By the Kakutani-
Kodaira Theorem [50, Theorem (8.7)], there exists a compact normal subgroup
K of G such that G/K is second countable and K C (>°, U,,. By above, there
exists an ergodic u € S} (G/K), i.e., u"(zK) — 0 for all z € G, 2K # eK.
Given |48, Proposition 6.], u o ¢ € S} whenever u € S} (G/K), where ¢ : G —
G/K is the quotient map. And if V' is an arbitrary neighborhood of e and
r € GNV, then 2K # eK since () _, U, C V so that x ¢ K. Therefore,
(woq)"(z) =u™(xK) — 0 and wo ¢ is ergodic in S§ by Theorem 5.1.1.
Finally, in the general case, pick an open o-compact subgroup H of G [50,
Theorem (7.5)]. Then there exists an ergodic u € SY(H), and u € S§ is
ergodic by Proposition 4.2.2 and Theorem 5.1.1.

|

Remark 5.1.2. a) In the context of the group algebra L!(G) of a second count-
able locally compact group, properties (iii) and (iv) were shown to be equiv-
alent to amenability of G by J. Rosenblatt [90] and G. A. Willis [105] re-

spectively.

b) For the case p = 2, Theorem 5.1.3 was proved in [83, Proposition 2.4]. See
also [11, Proposition 3.2.7]|.

Corollary 5.1.4. If G is a first countable locally compact group, then A,(G)o

is always of the form I, for some u € SK.

The next corollary displays an interesting connection with fixed point prop-

erties of p-pseudomeasures.

Corollary 5.1.5. Let T € PM,(G) and let ug € S be ergodic. Then T is
a ug-harmonic functional if and only if T is a u-harmonic functional for all
u € Sk. In other words, T is a fized point under the action of ug if and only

if T is a common fized point for all u € S§.

Proof.

I- = C)\(e) = {TE€PM,(G) : u-T =T forall uecSh}.

uo
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(See Lemma 6.2.4 in Chapter 6.).

5.2 F-ergodic multipliers.

In this section, we show that Theorem 5.1.1 is still true for any Tauberian,
semisimple, regular, commutative Banach algebra A, and for any closed subset
F C A(A). This leads to an improvement of |56, Theorem 3.4] where the
algebra was assumed to have a bounded approximate identity, and it also
shows that Theorem 2.1 and Theorem 3.4 in [56| are mutually equivalent if F
is a set of spectral synthesis. Nevertheless, the properties (ii), (iii), (vii), (viii)
and (ix), in Theorem 5.2.1 below were first considered by Kaniuth, Lau, and
Ulger in [56].

We now fix a commutative Banach algebra A which is Tauberian, semisim-

ple and regular, and we let F' be a closed subset of A(A).

Theorem 5.2.1. Let T € M(A) such that ||T|| = 1= T(p) for all p € F. If

F is a set of spectral synthesis, then the following statements are equivalent:
(i) ﬁ(w) — 0 pointwise for all v € A(A) N F.
(ii) |T()| <1 for all v € A(A) N F.
(iii) T is completely F-mizing.
(iv) T is F-mizing.
(v) T is weakly F-mizing.
(vi) T is F-ergodic.
(vii) Iy = k(F).
(viii) {f € A*: Tf = f} = span(F)"~
(ix) F = Fp, where Fp:= {y € A(A) : T(y) = 1}.

Proof. The implications (i) < (ii) < (iii) = (iv) = (v) and (iii) = (vi)
follows similarly as in the proof of Theorem 5.1.1. (ix) = (ii) is obvious, and

(vii) < (viii) is a consequence of the regularity of A (see |62, Theorem 7.1.2]
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and |56, Lemma 3.1.(v)]).

(viii) = (ix): By our assumption on 7', we only need to show that Fp C F.
Let v € Fr and assume that v € F. Since A is regular, there exists a € A such
that a(y) = 1 and @, = 0. Moreover, (a — T'(a),y) = a(y) — T(y)a(y) = 0,
hence y € I+ = {f € A* : T*f = f} = W*. So there exist ¢; € C and
v; € F' such that

Na

w*
g Ci%i — -
=1

In particular, >~ ¢;(vi,a) — (7,a) = 1. But since ; € F, (y;,a) = 0, which
is a contradiction. Therefore, v € F.

(vi) = (viii): Let f € A* such that T*f = f. As in the proof of Theorem
5.1.1, we have for every a € k(F):

(5.3) <% ZT’“<a),f> = {a, ).

By assumption, lim, . ||2 Y}_, T"(a)|| = 0, hence we obtain that

<% ZTk(a),f>' = 0.

lim
n—oo

Therefore, (a, f) = 0 by (5.3), so that f € k(F)! = span(F)w* [56, Lemma
3.1.(v)].

The proof of (v) = (viii) is similar to (vi) = (viii).
|

Corollary 5.2.2. Let T € M(A) with ||T|| = 1. If Fr is a set of spectral
synthesis, then T is Fp-ergodic.

Remark 5.2.1. a) In Theorem 5.2.1, the assumption that F is a set of spectral

synthesis cannot be removed, as Example 3.5 in [56] vindicates.

b) If G is an amenable locally compact group, then every u € B(G) with
l|u||g(c) = 1 is Fy-ergodic. |56, Corollary 4.6].

c) If G is a non-discrete locally compact group, then there exists u € B(G)
such that ||ullssp = 1 and F), fails to be a set of spectral synthesis |56,
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Corollary 4.4]. Moreover, if G is also amenable, then u cannot be power
bounded [56, Theorem 4.1]. In every instance, there is no closed subset

F C @, which is of spectral synthesis, such that u is F-ergodic.

Proposition 5.2.3. Let A be a Tauberian, semisimple and reqular, commu-
tative Banach algebra and ¢ € AN(A). Assume that the following assertions
hold:

(i) {p} is a set of spectral synthesis.

(11) Sy == {u € A : ||u|]| = u(¢) = 1} is not empty and acts ergodically on
A* e,

{Pe A" : @ u= forall ue Sy} = {\¢ : A e C}.

(iii) A is separable.
Then there exists a ¢-ergodic multiplier in Sy.

For ease of notation we write Ay 4 := {a € A : a(¢) = 0}, which is clearly
a closed subspace of A, and for T € M(A) we write I := (I —T)(A).

Proof. Let ¢ > 0 and f1,..., f, € Aygy. By Theorem 6.2.1 in Chapter 6. we
have

0 = [{o, fi)| = inf{||ufi|]| : we Sy} <e,  foreach i=1,...,n.

Let u; € S, such that ||u; fi|| < e, and set w = uy - --u, € Sp. Then ||ufi|| <e,
and f; —uf; € I, for each 2 = 1,...,n. Therefore,

d(fi, I,) = nf{||fi =v|| - v e L} < |[|fi—(fi—ufi)]| <e.

Since A is separable, so is Ag,. Thus, we can now apply [105, Lemma 1.1 &
Remark (3), p. 210] to obtain the existence of some u € Sy such that I, = Ay 4,

that is, u is ¢-ergodic given Theorem 5.2.1.
|

Corollary 5.2.4. Let A, ¢ and Sy as in Proposition 5.2.3. Let T € A* and
let ug € Sy. Assume that v is ¢-ergodic. Then T is a fived point under the

action of ug if and only if T is a common fizred point for all u € Sy.
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Proof. It is an immediate consequence of Theorem 5.2.1.(ix) and of the hy-

pothesis on S,.

We end this chapter with a list of Banach algebras for which the content of

Theorem 5.2.1 is applicable:

1.

2.

A = LYG) for any locally compact Abelian group G.

A = A(G) for G = SL,(R), or for any connected semisimple non-compact
Lie group with finite center. In this case, Theorem 5.2.1 seems to be
a new result since such groups do not admit a bounded approximate
identity for A(G) [21, section 4.]. More generally, Theorem 5.2.1 applies
to the Figa-Talamanca-Herz algebra of all non-amenable locally compact

groups, and for any 1 < p < oc.

Let 1 <p<ooand 1 <r <oo,and A= A}(G) := A,(G)NL(G) be the
Figa-Talamanca-Herz-Lebesgue algebra of a locally compact group G, as
studied by E. E. Granirer [45]. If there exists an approximate identity
(o) in Ap(G) which is bounded in the multiplier norm |||y, and if
(ua) is in AL(G), then the conclusion of Theorem 5.2.1 is also verified
for any multiplier T of AJ(G) with [|T]| = 1 = T(e). Indeed, this is a
consequence of [45, Theorem 1., Corollary 2. & Theorem 11.] and of
Theorem 5.2.1.

A = LP(G) for any compact Abelian group G and any 1 < p < oo, where
the multiplication is given by the convolution product. In this case,
every singleton in @, the dual group of G, is a set of spectral synthesis.
In addition, if p = 1, then every closed subset of G is a set of spectral
synthesis [62, Corollary 8.3.2].

A = Cy(X) for a non-empty locally compact Hausdorff space X. In this
case, every closed subset in X is a set of spectral synthesis [15, Theorem
4.2.1].

. A =SYG), any Segal algebra of a locally compact Abelian group G [87,

§6.2]. In this case, every singleton in G is a set of spectral synthesis.

Examples of such algebras include
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(a) A=LYG)NLP(GQ), 1 < p < oo, with the norm ||f]| = [|f]|1 + [|f]],-

(b) A = the algebra of all functions f € L'(G) whose Fourier transform
7 belongs to LP(G), 1 < p < oo, with the norm ||f|| = |||l + || f]l,.

. A =BVCy(R), the algebra of all complex-valued continuous functions on
R which are of bounded variation and which vanish at infinity, endowed
with pointwise multiplication and the norm ||f|| = || f||sup + Varg(f). In
this case, every singleton in R is a set of spectral synthesis [80, Proposi-
tion 2.6].

. Let (K, d) be a non-empty compact metric space, and let 0 < a < 1.

(a) A = Lip,K, the algebra of Lipschitz functions of order «, endowed
with pointwise multiplication and the norm || f||o = || f|lsup + Pa(f),

where

[f(x) = f(y)]

: x,yEK,x;«éy}.
d(z, y)

palf) = Sup{
In this case, every clopen (i.e., open and closed) subset of K is a set
of spectral synthesis [15, Theorem 4.4.24, Theorem 4.4.31].

(b) A = lip, K, the subalgebra of Lip,K consisting of all functions f

such that
|f(z) = f(y)]

d(z,y)~
In this case, every closed subset of K is a set of spectral synthesis
|15, Theorem 4.4.30].

— 0 as d(z,y) — 0.

43



Chapter 6

Ergodic theorems for p-amenable

Banach algebras.

In this chapter, after proving a new characterization of left amenability for
semigroups, we consider various ergodic and fixed point properties which char-
acterize p-amenability of Banach algebras. Among other things, we prove a
mean ergodic theorem in that setting, and we establish the uniqueness of a

p-mean on the weakly almost periodic functionals.

6.1 Left amenability of semigroups.

Let S be a semitopological semigroup. We denote by CB(S) the space of all
continuous bounded functions f : S — C. For s € S and f € CB(S), the left
translate of [ by s is defined by ¢, f(t) = f(st) for t € S. Then f is said to be
left uniformly continuous if the map s +— £, f is continuous with respect to the
norm topology of CB(S). We write LUC(S) for the space of all left uniformly
continuous functions on S. In particular, LUC(S) is a norm-closed, conjugate-
closed, translation-invariant sub-C*-algebra of CB(SS) containing the constant
functions.
Let m € LUC(S)*. Then m is called a mean on LUC(S) if m(1lg) =1 = ||m|],
where 1g denotes the constant one function. We say that m is left invariant if
m(lsf) =m(f) for all s € S, f € LUC(S).

The notion of amenability for semigroups was first studied by M. M. Day

[18, 19]. Since then, the subject has attracted many mathematicians (see [84,

44



85| and the references therein). The following definition is due to I. Namioka
|81].

Definition 6. A semitopological semigroup S is called left amenable if LUC(.S)

admits a left invariant mean.

Remark 6.1.1. It is well known that every Abelian semitopological semigroup

is left amenable.

A. T.-M. Lau [63, 68] studied various Hahn-Banach type properties which
characterize left amenability of semitopological semigroups. See also [35].
In this section, we add two other Hahn-Banach separation properties to the
list of properties characterizing left amenability. As an application, we will
obtain in the next section some properties of A,(G) which are “of an ergodic
nature”.

From now on and for the rest of this section, let S be a semitopological semi-

group.

Definition 7. By a continuous anti-representation of S on a normed linear
space X we mean an anti-homomorphism 7" : S — Z(X) such that T is
continuous with respect to the strong operator topology, -Z(X) being the
algebra of bounded linear operators on X.

For any x € X we define the orbit of = as the set Og(x) := {Tsx : s € S},
and we write K (x) :=coOg(x).

Definition 8. S is said to have the Hahn-Banach separation property I (HBSP
I) if the following is satisfied: for any continuous anti-representation 7" of S as
linear contractions on a normed linear space X, and for any closed invariant
subspace Y of X such that X 'Y contains an invariant element x,, there
exists an invariant linear functional ® on X such that ®(zy) =1, ®(y) = 0 for

every y € Y, and |[®[| < d(xi v)

Definition 9. S is said to have the Hahn-Banach separation property II
(HBSP II) if the following is satisfied: for any continuous anti-representation
T of S as linear contractions on a normed linear space X, any closed invariant
subspace Y of X, and any f € X such that d := d(K(f),Y) > 0, there exists
an invariant linear functional ¥ on X such that ¥ =0 on Y, ¥(f) = 1, and
o)l < 4.
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Remark 6.1.2. (i) If f is invariant, then K(f) = {f}, so that the HBSP 1T is
clearly stronger than the HBSP I.

(ii) By [63, Theorem 1.(b)| and [12, Corollary 6.4, p.78|, if S is left amenable,
the following Hahn-Banach extension property is satisfied: for any right linear
action of S on a topological vector space F, if p is a seminorm on X such that
p(s-z) < p(x) forall s € S, x € E, and if ¢ is an invariant linear functional on
an invariant subspace F' of E such that |¢| < p, then there exists an invariant
extension ¢ of ¢ to E such that |¢| < p.

The next theorem generalizes Theorem A. in [91].

Theorem 6.1.1. Assume that S has an identity. Then the following state-
ments are equivalent:

(i) S is left amenable.

(ii) S has the HBSP 1.

(iii) S has the HBSP IIL.

Proof. (i) = (iii): Let 7, X, Y, and f as in the HBSP II. We may assume
that S has an identity e such that T, is the identity transformation on X. Let
W be the linear span of Y and K(f), i.e., any w € W is of the form

(6.1) w=1y+ > a; Y NI, [ with yeY.
j=1 i=1

For such w, Ts2w = Tyy + Zaj Z)\@jTSi’jsf, and T,w € W since Y is
invariant. Hence W is invariant. Now we define a linear functional ¢ on W
by:

¢(’LU) = ZO&jd if w = Yy + Zaj Z)\i,jTSi,jf7
j=1 J=1 =1

where d = d(K(f),Y) > 0. Clearly, ¢ is invariant, ¢(y) = 0 for every y € Y,
and ¢(f) = d. Set p(x) = ||z||, for x € X. Then |¢(y)| = 0 < p(y) for every

y € Y, and for every w of the form (6.1) with Zaj £ 0,

j=1

d <

|p(w)] =

m
>
j=1

m
2
J=1

Z” —y
)\i, 4Ts~; f -
D DL
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Since S is left amenable, we may apply [63, Theorem 1.(b)| to obtain an
invariant linear functional ¢ on X with ¢(w) = ¢(w) for all w € W, and

|6(x)| < p(a) for all z € X. Thus, the invariant linear functional ¥ :=

SHESH

meets the requirements for the HBSP II.

(ii) = (i): Consider the continuous anti-representation of .S given by left trans-
lation on LUC(S), i.e., Tsf = {sf for s € S, f € LUC(S). For each s € S,
T is obviously a linear contraction. The constant function 1g is (translation)
invariant, so that K(1g) = {ls}, and {0} is a closed invariant subspace of
LUC(S) which does not contain 1g. By assumption, there exists an invariant
linear functional ¥ on LUC(S) such that U(0) =0, ¥(1g) = 1 and ||¥|| < 1.
So ||¥]| =1, and ¥ is a left invariant mean on LUC(S).

|

We recall that S} = {u € Ay(G) : u(e) = 1 = ||ul|a,} is an Abelian
semitopological semigroup, hence is left amenable. A first consequence of

Theorem 6.1.1 is the following

Corollary 6.1.2. Let1 < p < oo and let G be a locally compact group. For any
closed S -invariant subspace Y of PM,(G) which does not contain \,(e), there
exists a topologically left invariant mean U on PM,(G) such that U vanishes

tdentically on 'Y .

Remark 6.1.3. We may replace PM,(G) by any topologically invariant closed
subspace of PM,,(G) containing \,(e).

6.2 FErgodic characterization.

As a consequence of Theorem 6.1.1 we find an ergodic property which is equiv-
alent to a unital Banach algebra, or a semisimple commutative Banach algebra
being p-amenable with a ¢p-mean of norm one.

We start with the definition of p-amenable Banach algebras |58, 57, 98, 52].

Definition 10. Let A be a Banach algebra, and let ¢ be a non-zero multi-
plicative linear functional from A into C. A is called p-amenable if A admits
a @-mean, i.e., a continuous linear functional m € A™ such that (m,¢) =1
and (m, f-a) = ¢(a)(m, f) for all f € A* and a € A, where (f-a,b) = (f,ab),
be A
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The property we mentioned above is defined next.

Definition 11. Let A be a Banach algebra and let ¢ be a non-zero multiplica-
tive linear functional from A into C. Set S, :={u € A : |ju|]| =1 = p(u)}.
We say that S, acts ergodically on A* if

Fix(S,) ={f€A" tu-f=fforall ue S,} = {Ap : AeC},

where (u - f,a) = (f,au), v € Sy,,a € A, f € A*. In other words, S, acts
ergodically on A* if the only common fixed points (for S,) are the constant

multiples of .

Remark 6.2.1. Equipped with the relative norm topology of A, S, is a semi-

topological semigroup and a convex set.

Let A be a Banach algebra and let ¢ be a non-zero multiplicative linear
functional from A into C such that S, is not empty and left amenable as
a semigroup. Consider the antilinear action of S, on A given by the usual
reverse multiplication of A. Then this antilinear action of S, on A defines a

continuous anti-representation of S, as linear contractions on A.

Theorem 6.2.1. If A is unital, then the following assertions are equivalent:
(i) A is p-amenable with a p-mean of norm one.
(ii) S, acts ergodically on A*.

(iii) For every f € A we have:
{0, NI = if{[[ful| - we S}

Proof. The equivalence (i) < (iii) is a consequence of [57, Theorem 2.4].

(ii) = (iii): As S, is not empty, we first notice that ||| = 1. Let f € A with
d=d(0,K(f)) >0, where K(f) = {fu : we S,}. By Theorem 6.1.1 there
exists ¢ € A* such that (@, f) =d, ||®|| <1,and u-® =P for all u € S,. By

assumption, & = Ay for some A\ € C. Then we have:

Al =1l = [®]] < 1 and d=[(®, )] = (A, /)] = [A [{e, /)] < [, -
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Since d = if{|[full : u € S,} and (g, )] = lp(w), A < [lful for al
u € S,, we conclude that |(p, f)| < d.

(i) = (ii): Let ® € Fiz(S,). Then {u-® : ue 5.} = {®}. By [57, Corol-
lary 2.3|, ® € span(yp), hence S, acts ergodically on A*.

In Theorem 6.2.1 we assumed A to be unital in order that S, has an iden-
tity and that Theorem 6.1.1 is applicable. It is natural to ask what happens in
case A is not unital. As a partial answer, we present below an argument such
that the conclusion of Theorem 6.2.1 is still valid when A is commutative and
semisimple.

From now on, unless otherwise stated, let A be a semisimple commutative
Banach algebra, M(A) be its multiplier algebra, and ¢ be a non-zero multi-

plicative linear functional from A into C, abbreviated ¢ € A(A). We write
Sa=H{ue A lull =1 =)}
and
Sy = {T e M(A) : ||IT|ly=1=¢(T)}.

We note that ¢(T), also denoted T(¢), is well defined by [61, Theorem 1.2.2],
and by [61, Theorem 1.1.4] we may identify any u € S, with the multiplier
L, € Sy where L,v := uv for any v € A. Also, since M(A) is a unital com-
mutative Banach algebra, Theorem 6.2.1 holds for M(A) and ¢ € A(M(A)).

Remark 6.2.2. By an easy application of [57, Theorem 2.4|, the following as-

sertions are equivalent for any semisimple commutative Banach algebra A and
any ¢ € A(A):

(i) There exists a ¢p-mean m on A such that ||m|| = 1.

(ii) There exists a net (vg) in M(A) such that p(vg) = 1 for all 3, ||vs|| — 1,
and ||vgal| — |¢(a)| for all a € A.

By Remark 6.2.2 and by the proof of Theorem 6.2.1, if S4 acts ergodically

on A*, Sy also acts ergodically on A*, and for any f € A we then have:

(o, O = if{{[uf]| : we Su} = mf{{Juf]] : ue Sa}.
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Consequently, we obtain:

Theorem 6.2.2. The following assertions are equivalent:
(i) A is p-amenable with a @-mean of norm one.

(ii) Sa (= S,) acts ergodically on A*.

(iii) Sas acts ergodically on A*.

By Theorem 6.2.2 we can now deduce that A,(G) is p-amenable with a ¢-
mean of norm one for any ¢ € A(A,(G)), an assertion that was first obtained
by M. Sangani Monfared |96, Lemma 3.1].

The next lemma is certainly well known, but we repeat it here for the sake of

completeness.

Lemma 6.2.3. Let G be a locally compact group. For any x € G, x # e, there

exists u € SR such that u(x) = 0.

Proof. Let x € G, x # e. Let U C GG be an open neighborhood of e such that
x € U, and let V C G be a symmetric compact neighborhood of e such that
V2 C U. We set:

1 AzV NV)

u(z) = va*XNv(x) Y

Then u belongs to S} and u(z) = 0 since 2V NV = .
|

Remark 6.2.3. For the definition of the support of an element 7" € PM,(G) and
its properties, we refer to [28, Propositions (4.4),(4.6),(4.8)], [48, Proposition
10.], [29, §6], [97, Lemmas 3.7, 3.8] and [23, Chapter 6.].

Lemma 6.2.4. Let G be a locally compact group. Then S} acts ergodically on
PM,(G).

Proof. Let T' € PM,(G). If T' = c\,(e) for some ¢ € C, then it is clear that
T € Fix(SY).

On the other hand, if 7 # 0 and w - T = T for all u € S}, then by [48,
Proposition 10.],

supp(T) = supp(u-T) C supp(u) N supp(T),
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hence

supp(T) C supp(u)  for all u € SK.

So if x € supp(T) and = # e, then = € supp(u) for all u € S}, but this is
impossible by Lemma 6.2.3. Therefore x = e, supp(T) = {e}, and it follows
by the “Lemme de contraction des supports” [29, §6.] that 7' = cA,(e) for some
ceC.

n

Corollary 6.2.5. For any locally compact group G, and ¢ € A,(G), we have:

(6.2) |6(e)| = inf{||¢ulla, : u € SL}.

Corollary 6.2.6. |96, Lemma 3.1| For any locally compact group G and for
every ¢ € A(AL(G)), Ap(G) is p-amenable with a p-mean of norm one.

Remark 6.2.4. A. T.-M. Lau [67] introduced the notion of F-algebras, nowa-
days known as Lau algebras, as follows: an F'-algebra is a pair (A, M), where
A is a Banach algebra and M is a W*-algebra, such that A is the predual of
M, and the identity of M is a multiplicative linear functional on A. Examples
of Lau algebras include the Fourier algebra A(G), the Fourier-Stieltjes algebra
B(G), the group algebra L'(G) of a locally compact group G, and the measure
algebra M(X) = Cy(X)* of a locally compact semigroup X. Then, resulting
from the study of these algebras, Lau |67, Corollary 4.9] showed that equation
(6.2) holds for the Fourier algebra A(G) of any locally compact group. Earlier,
H. Reiter showed that the validity of equation (6.2) for L'(G) is equivalent to
the amenability of the group [47, §3.7].

6.3 A mean ergodic theorem.

Providing a non-linear version of the celebrated von Neumann mean ergodic
theorem, J.-B. Baillon [3] proved a mean ergodic theorem for a non-expansive
mapping on a Hilbert space. Generalizing Baillon’s theorem, W. Takahashi
[99] and G. Rodé [89] established an analogous result for a semigroup of non-
expansive mappings acting on a Hilbert space. Finally, A. T.-M. Lau, N. Shioji
and W. Takahashi [72] extended these results to semigroups of non-expansive

mappings acting on some Banach spaces. In this section, we shall obtain a
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similar mean ergodic theorem in the setting of p-amenable Banach algebras,
and in passing, we shall also prove the uniqueness of a two-sided ¢-mean on
the weakly almost periodic functionals.

Throughout the rest of this chapter, let A be a Banach algebra and ¢ be a

non-zero multiplicative linear functional from A into C. Set
Spi=fue A flull = 1=p(w)} and A, = (e A™ : |jul] = 1 = u(p)}.

It follows by the Banach-Alaoglu Theorem that .Z, is a w*-compact convex
subset of A**. In the sequel, we assume that S, is w*-dense in .Z,. In partic-
ular, this is satisfied if A is the predual of any W*-algebra [41, Proposition 3.]
orif A=A,(G) |76, Lemma 1.1 & Remark 1.2|.

Let wap(A) denote the space of all weakly almost periodic functionals on
A. We recall that a continuous linear functional f on A belongs to wap(A) if
and only if the map Ly : A — A*, a — f-a, is weakly compact, or equivalently,
if the map Ry : A = A*, a — a - f, is weakly compact. For more information,
see [16] and the references therein.

Let C be a non-empty A-invariant closed subset of wap(A) such that Cy
is contained in C. Clearly, the action of S, on C is non-expansive, that is,
u- -z —wu-y|| <|lz—y|| forallue S, z,y € C.

For any x € wap(A) and ® € A* we define a mapping I, 4 : A — C as
follows: for a € A,

I, e(a) == (a-z,®).

Then II, ¢ is a continuous linear functional on A, i.e., II, ¢ € A"

Lemma 6.3.1. For any p € M, there exists a map T, : C — C such that
(T, ®) = (1, 0)  forall x € C and & € A™.

Proof. Let p € #,, © € C, & € A* be arbitrary. Let (u,) be a net in S,

such that pu = w* — lim, u,. Then
(63) <Ua - T, (I)> = (ua, Hz@) — <IU,7 Hz7<1>>.

Let v be a weak cluster point of (u, - x); such a point exists since the weak

closure of {u -z : u € S,} is weakly compact. So there is a subnet (ug - z) of
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(uq - ) such that (ug-x) converges weakly to v. Observe that v € {ug -z} C
{vz:uel,) ={u-z:ue Sw}‘l'H C C by Mazur’s theorem and since C

is closed. Therefore,
(ug -2, ®) = (ug, o a) = (v, ),
and (6.3) implies (v, ®) = (u, I, 4). A fortiori, v depends on p and x, and
(Uoy iy 3) — (v, D).

Thus, we may define 7), by setting T,z := v.
[ |

Remark 6.3.1. The map T, may be seen as an analogue of the Bochner integral
defined in [89, II(f)].

We recall that the set of all common fixed points for the action of S, on
A* is denoted by

Fix(S,) = {fe A" tu-f=fforal ueS,}

For the rest of this section, we assume that A is ¢p-amenable with a p-mean of

norm one, so that Fiz(S,) = Cy. See the proof of Theorem 6.2.1.

Lemma 6.3.2. Let U be a p-mean on wap(A) with ||¥|| = 1.
(i) For all x € wap(A), Tyx = (U, ) p.
(ii) Ty is a (linear) projection from wap(A) onto Fixz(S,).

(iii) Ty is a non-expansive retraction from C onto Fix(S,).

Proof. (i) Let x € wap(A) and let (u,) be a net in S, such that w* —

lim, u, = V. For any ® € A** we have
<uoc - X, (I)> = <ua7Hx,<I>> — <\I[aHac,‘I>> — <T\le7 (I)>7
that is, u, - * — Tyx in the weak topology. In particular, for any ¢ € A,

(to -2, 0) = (Twz, d).
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But

(o - 2,0) = (U, - @) = (¥, 2-9),
and since U is a p-mean, (¥, z - ¢) = ¢(¢)(V,z). Therefore, Tyr =
(U, z) p.

(ii) Let A € C and z,y € wap(A). Then for any ® € A*, Il \,4y0 =
M1, ¢ + 11, 6. Thus, for each p € A, T,(Axv +vy) = N[ ,(x) + T, (y), and
T, : wap(A) — wap(A) is linear.
It remains to show that Ty is an idempotent. Using the fact that U is a

p-mean, we have for any x € wap(A):

Ty(Tyx) = (U, Tyx)p = (¥ (U, z)p) e
= (V,2) (¥, ) p = (V,2) p = Tyx.

(iii) We first notice that Ty : C' — C is not linear since C is not a subspace.
Then, similarly as in (b), it follows that Ty is a retraction from C' onto

Fiz(S,). Moreover, for any z,y € C' we have
| Twe = Tyl = (¥, 2 = y)l[lel] < [V{lz =yl = [lz = yll,

which shows that T is non-expansive.
[ |

Definition 12. Let U € A**. Then V is called a two-sided @-mean (on A*)
of norm one if ¥V € A, and (U, f -a) = p(a)(¥, f) = (¥,a- f) for all a € A,
f € A*. Obviously, if A is commutative, any p-mean is automatically two-
sided.

The next lemma is an analogue of |60, Lemma 2.].

Lemma 6.3.3. Let U be a two-sided p-mean on wap(A) with ||¥|| = 1.
(i) For any u € S,, x € wap(A), we have:

Ty(x-u) = (Tyzr) v =u-Tyr = Ty(u-z) = Tyx.
(ii) For any p € M,, x € wap(A), we have:
T\I;T“I = THT\IJJ: = T\pl’
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Proof. (i) Let u € S, and x € wap(A). By Lemma 6.3.2, and since V is a

two-sided -mean, we have:

Ty(x-u) = (V,z-u)p = @ou)(V,z)p = Tyx
= (V,u-z)p = Ty(u-x).

Also, by multiplicativity of ¢,

(Tyx) -u = (¥, z)p-u = ou) (V,z)p = Tyx.
Similarly for u - (Tyx).

(ii) Let p € A, and x € wap(A). For any ® € A** and a € A we have:
(6.4) Hryze(a) = (a-Tyx,®) = p(a) (Tyz, );
and since V¥ is a two-sided (p-mean,
(6.5) I, e(a) = (a-z,¥) = p(a) (V,z) = (Tyzx,a).
By (6.4),
(T, Tyx, @) = (u,Urpee) = (Tuz, @) u(e) = (Tyz, D);

and by (6.5), Lemma 6.3.1, Lemma 6.3.2 and the Goldstine Theorem,

<T\pTM(£,(D> = <<1117Tum> 907(1)> = <<MaHJf,‘P> QO’(I)>
= <HJ7 Q0> <\I]>$> <907 (I)> = <T\I/$aq)>

Remark 6.3.2. We recall that a closed subspace X of A* is topologically left
invariant if x-a € X for all a € A, v € X. Then we observe that in the
above two lemmas, we may replace wap(A) by any topologically left invariant
subspace X of wap(A) containing ¢. We will show in Section 6.5 that Lemma
6.3.2 and Lemma 6.3.3.(i) actually characterize the existence of a p-mean of

norm one.
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Now, as a consequence of Lemma 6.3.2.(i) and Lemma 6.3.3.(ii), we obtain

the uniqueness of a two-sided p-mean on wap(A) of norm one.

Lemma 6.3.4. Let ¥, Uy be two two-sided p-mean on wap(A) with ||¥,|| =
||‘I’2|| = 1. Then qul = T\IJQ.

Proposition 6.3.5. Let A be a Banach algebra, and suppose that A admits
a two-sided p-mean VU of norm one. Then the restriction of ¥ to wap(A) is

unique.

Definition 13. Let (u,) be a net in .Z,. We say that (p,) is left ergodic if
w* —limg(a - o — p(a)ps) = 0 for all a € A. We say that (u,) is ergodic if

w* —lim(a - po — @(a)pe) = w* —lim(p, - a — p(a)ps) = 0, for all a € A.

Remark 6.3.3. It follows from |58, Theorem 1.4| that A is ¢-amenable with
a p-mean of norm one if and only if there exists a left ergodic net in ..
Similarly, A admits a two-sided p-mean of norm one if and only if there exists

an ergodic net in ..

Theorem 6.3.6. Let X be a topologically left invariant subspace of wap(A)
containing o, and let (f1,) be a net in M,. If (1) is left ergodic, then there ex-
ists a subnet (pg) of (ja) such that T, converges in the weak operator topology

to a linear projection from X onto Fiz(S,).

Proof. Let U be a weak* cluster point of (1, ), and let (ug) be a subnet of (1)
such that jg w U; such W exists since .#,, is w*-compact. By assumption,
(a- po —@(a)ia, f) = 0 for all a € A, f € A*. So in particular,

(g, f-a—wpla)f) — 0 forall a € A, f e A"

Then, (¥, fra—p(a)f) =0foralla € A, f € A*, so U is a g-mean. Moreover,

*

Ve {us} C M, = M, since M, is w*-closed. Hence U is a @-mean of

norm one. Finally, by Lemma 6.3.2.(ii) and Remark 6.3.2, Ty is a projection

onto Fiz(S,), and by Lemma 6.3.1 we have, for any z € X and any & € A™,
(T2, @) = (ug, Hew) = (¥, 1 0) = (Tyz, ®),

that is, T),, — Ty in the weak operator topology. [ |
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The next corollary follows from Lemma 6.3.1, Lemma 6.3.2.(iii), Proposi-
tion 6.3.5, and from the proof of Theorem 6.3.6.

Corollary 6.3.7. Let C' be a non-empty closed A-invariant subset of wap(A)
such that Cp C C. Suppose that A admits a two-sided p-mean of norm one.
Then there exists a unique non-expansive retraction P from C onto Fiz(S,)
such that PT, =T,P = P for each p € M,, and Px € {u-x : u€ S,} for
each x € C.

Moreover, if (11o) is an ergodic net in M, then there exists a subnet (ug) of
(fa) such that T, converges to P in the weak operator topology.

Remark 6.3.4. (a) Theorem 6.3.6 and Corollary 6.3.7 may be compared with
[72, Theorem 1. and Theorem 2.], [60, Theorem 1.], [89, Theorem|, [99,
Theorem 1.], and [27, Theorem 4.1].

(b) In Corollary 6.3.7, if C' is convex, then the retraction P is an affine map,

and if C is a linear space, then P is a linear projection.

(c) Let C be anon-empty closed A-invariant subset of wap(A) such that Cp C
C. Then for every z € C we have {u-z : u € S,} N Fix(S,) # & by

Lemma 6.3.1 and Lemma 6.3.2. Furthermore, a two-sided ¢-mean ¥ on

wap(A) with |[|¥|| =1 is unique by Proposition 6.3.5. In this case,

{u-z :uwe S,}NFix(S,) ={(¥,z) p}.

Indeed, if v € {u-2z : we S,} N Fix(S,), then v = Ap for some A € C
since S, acts ergodically on A*, and there is a net (u,) in S, such that
Uq - & — v in norm, hence weakly. Now let ;1 € .#, be a weak™ cluster
point of (u,), and let (ug) be a subnet of (u,) such that ug % 4. Thus,
from the proof of Lemma 6.3.1 we deduce that v = T,z, hence T,,x = Ap.

So we have:

A= (U Ap) = (U, Tyr) = (1) = (1, (¥, 2)0) = (¥, 7)

since (IL, g, a) = (a-z,¥) = p(a)(V,z) for all a € A.

Compare with [27, Theorem 5.3] and [60, Lemma 4.|.
Examples. 1. Let G be an amenable locally compact group, A = L}(G)
and ¢ = 6, € L>®(G), the evaluation functional at e. In this case, the
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p-means of norm one are nothing but the topologically invariant means
on L*(G) = A*. Therefore Proposition 6.3.5 provides a different proof,
in the amenable case, of a famous result due to C. Ryll-Nardzewski [95,
Theorem 4.(3)], which asserts the uniqueness of a topologically invariant
mean on the space WAP(G) of all weakly almost periodic functions on
G. We recall that wap(L'(G)) = WAP(G) by [102, Theorem 4.]. Note

that Ryll-Nardzewski’s result is true for any locally compact group.

. Let G be a locally compact group, A = A,(G) and ¢ = A,(e). Here
again, the p-means of norm one are nothing but the topologically in-
variant means on PM,(G) = A*. Then, Proposition 6.3.5 yields the
uniqueness of a topologically invariant mean on WAP,(G), a result that
was first established in [43, Proposition 9.]. Also, we obtain the existence
of a projection P from WAP,(G) onto Fiz(S}); this may have been de-
duced from [42, Theorem 6.] but we here obtain a precise definition
of P (Lemma 6.3.2.(1)). Furthermore, with the terminology of [73] and
by Remark 6.3.4.(c), if (u,) is an ergodic net in S§, the conclusion of
Corollary 6.3.7 is equivalent to saying that the representation of S} on
WAP,(G), given by the usual module action, is averageable. Thus, for
X = WAP,(G), Corollary 6.3.7 may be regarded as an analogue of a the-
orem due to C. Ryll-Nardzewski [94], who established the averageability
of the representation given by left translation on the weakly almost peri-
odic functions on a locally compact group. For X = AP,(G), Corollary

6.3.7 may be seen as an analogue of a theorem of J. von Neumann [104].

. Let A be an F-algebra as introduced in [67] (see Remark 6.2.4). If there
is a topologically (two-sided) invariant mean on A*, which is the case
if A is commutative, then a topologically invariant mean on wap(A) is
unique by Proposition 6.3.5. In particular, this applies when A is the
measure algebra of a locally compact commutative semigroup, and when
A is the measure algebra of an amenable locally compact group. In this

case, these results are new.
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6.4 Decomposition of subspaces of wap(A).

Let X be a topologically invariant subspace of wap(A) containing . Assume
that A admits a two-sided ¢-mean of norm one, which we denote by . Then
Lemma 6.3.3 and the second statement of Corollary 6.3.7 assert that Ty is the
zero of the semigroup {7}, : u € S@}Mt, where T,z :=u-x, x € X. Moreover,
for each x € X, the closure of {u-x : u € S,} contains a unique common
fixed point for S, by Remark 6.3.4.(c). Thus, an application of [6, Theorem
3.6, Chapter 6.] yields the following decomposition of X:

Theorem 6.4.1. The following statements hold:

(i)
Xy = {zeX :u-x=x foral ueS,}
= {Tyx :ze X} = {(V,x)p : x€ X} = Co.
(ii)
Xq = span{u-r—x : u€ S,z e X}
= {reX:0e{u-z:ueS,}} ={reX (V) =0}
(iii)

X = X; & X,

Remark 6.4.1. Let G be a locally compact group and let x € GG. The set of
topologically invariant x-means on PM,(G) is denoted by TIM,(z). Recall
that ¥ € TIM,(z) if and only if ¥ € PM,(G)*, ||V]| = 1 = (¥, \,(2)),
and (U, T - u) = u(z)(¥,T) for all u € A, (G), T' € PM,(G). In particular,
TIM,(e) = TIMp((AJ) is the set of all topologically invariant means on PM,(G).
Furthermore, for all x € G, the following can easily be proved (|51, p. 216],

[24, Proposition 5.2|):
TIM,(z) = {.m : m € TIM,(G)},

where (,m,T) = (m, . T), (,T,u) = (T, u), and ,u is the left translate of
u by z, for u € A (G), T € PM,(G). In particular, for any x € G there exists
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a unique topologically invariant xz-mean on WAP,(G) by Proposition 6.3.5.

Corollary 6.4.2. Let G be a locally compact group, x € G, X be a topologically
invariant subspace of WAPL(G) such that M\y(z) € X, and Y, be the unique
topologically invariant x-mean on WAP,(G). Then

X = Ch\(z) & {T € X : U, (T) =0}
In particular, (V,, A\,(2)) =0 for every z € G, z # x, and

WAP,(G) = CA(z) & {T € WAP,(G) : W, (T) = 0}
— AP,(G) + {T € WAP,(G) : W,(T) = 0}.

The third statement of Theorem 6.4.1 may be compared with [101, Theo-
rem 2.11.(iii), p.23] whereas the second statement of Corollary 6.4.2 may be
compared with [43, Proposition 10.], [51, Lemma 3.14.(a)], and Lemma 4.1.1

of the present thesis.

6.5 Fixed point characterizations.

Let X be a topologically left invariant subspace of A* with ¢ € X, and such
that

(6.6) foreach z € X, {u-x:ue€ S¢}w* C X.

Let #(X) denote the space of bounded linear operators from X into itself.
Forany z € X, a € A if I, o(T) := (Tz,a) for T' € A(X), then I, , defines a
seminorm on (X ), and the locally convex topology generated by the family
{II,. : © € X,a € A} is called the weak* operator topology, abbreviated w*ot.
In particular, if we regard S, as a semigroup of bounded linear operators on X
- via the usual module action of A on A* - then W*Ot is w*ot-compact since
so is the closed unit ball of Z(X). See [93].

Remark 6.5.1. We recall that a topologically left invariant subspace X of A* is
topologically left introverted if my(z) € X for any x € X, where (mp(x),a) =
(m,z -a) for a € A, v € X, m € X*. Then, by |71, Lemma 1.2|, any

topologically left introverted subspace of A* satisfies condition (6.6) above. In
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particular, this is the case if X = A- A*, X = wap(A), or if X is any norm
closed topologically left invariant subspace of wap(A).

Lemma 6.5.1. For every r € X, Sspsz 18 w*-compact, and

el peb
Proof. Let x € X be fixed. Observe that the map ¢, : Z(X) — X, defined
by ¢.(T) := Tx, is w*ot-w* continuous. Then, since S_gaw*me is w*ot compact,
S_@w*o x is w*-compact as the continuous image of a compact set. Now let
a € @w*. Then there is a net (u,) in S, such that u, - = " 4. Let v be
a w*ot cluster point of (u,) and let (ug) be a subnet of (u,) such that (ug)
converges to v in the weak® operator topology, i.e., Iy (ug) — Ilp,(v) for all
T € A*, b € A. In particular, (ug - z,b) — (va,b) for all b € A. Hence a = vz,
and a € gw*mx. It also follows that W* is w*-compact.
On the other hand, if a € W*Otx, there is U € S_pw*Ot such that a = U,
and there is a net (u,) in S, such that u, Y% . In particular, (Ug - T,b) —
(Uz,b) = (a,b) for all b € A, that is, u, - x s 4. Hence a € %w*.

[ |

Imitating the proof of Lemma 6.3.1 and Lemma 6.3.2, the next lemma is

easily verified.
Lemma 6.5.2. For any 1 € M, there exists a map T, € B(X) such that

(Tyx,a) = (p, 1 0) = (p,a-x) forall € X and a € A,

*

and T,z € S,z . Moreover, Tyx = (V,z)p for all x € X, if ¥ is a ¢-mean

on A* of norm one.

Theorem 6.5.3. Let X be a topologically left invariant subspace of A* with
¢ € X, and such that condition (6.6) is satisfied. Assume that S, is left
amenable as a semitopological semigroup and span S, = A. Then the following

assertions are equivalent:
(i) A is p-amenable with a p-mean of norm one.

(ii) There exists a @-mean of norm one on X.
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(iii) For any topologically left invariant subspace Y C A* with ¢ € Y and
such that (6.6) is satisfied, there exists P € S_ww*()t such that P(y - a) =
(Py)-a=¢(a)Py foralla € A, y € Y, where w*ot designates the weak*
operator topology on B(Y).

Proof. (i) = (iii): Let ¥ € A* be a p-mean of norm one. Then P := Ty €

S_Sow*Ot by Lemma 6.5.2 and Lemma 6.5.1, and the remaining assertion follows

from Lemma 6.3.3.

(iii) = (ii): Let P € W*Ot such that P(z - a) = (Px) - a = ¢(a)Px for all

a € A, x € X. By Lemma 6.5.1, W*Otx = &,710* for all x € X. So for every

x € X, there exists a net (u,) in S, such that u, - “s Pz. Let p € M, be a

weak* cluster point of (u,) and let (ug) be a subnet of (u,) such that ug Y

In particular, (ug, z) — (u,x) for all x € X. Then, for every a € A we have:

(ug - z,a) — (Pz,a)

= <u5,x-a) — <:u7$'a> = <u-x,a),

hence Pz = p-x for all z € X. By assumption, p-(x-a) = (u-x)-a = p(a)p-x
for all x € X, a € A. Therefore, for every u € Sy, u - pu is a ¢-mean on X of

norm one. Indeed,

(w-pow-a) = (po-a-u) = (p-2a) = (u-x- au)
= p(a)(u-z,u)y = pla)(u-p,x)y, foralzxe X, a€ A

(ii) = (i): Let ¥ be a p-mean on X with ||[¥|| = 1. By the Hahn-Banach
Theorem, there exists an extension V; € A** of ¥ which preserves the norm.
Furthermore, since ¢ € X, ¥y(p) = ¥(¢) = 1, hence ¥; € #,. Now let
M € (7°(S,)* be a translation invariant mean and define ¥, € A** by (¥, f) =
M(Ilyy, ), where Iy g, € £2°(S,) is given by Il; g, (u) = (Vy, f - u) for u € S,,.
Then it is straightforward to see that ¥y € .#,, and for all f € A*, u € S,

we have
<\1107f'u> = M(Hf'%‘lfl) - M(&LH]”,‘IH) = M(Hf,‘lﬁ) = <\Ij07f>‘

Therefore, since span S, = A, we conclude that ¥ is a ¢-mean on A* which

is of norm one. [ |

62



Remark 6.5.2. 1. The equivalence (i) < (iii) holds even without the as-
sumption that S, is left amenable and that span S, = A.

2. For left amenable F-algebras, a fixed point characterization of a similar

nature can be found in [82].

Corollary 6.5.4. Let G be a locally compact group. For any topologically
invariant topologically introverted subspace X of PM,(G) containing A,(e),
there exists P € @w*m such that P(x -u) = (Px) - u = u(e)Px for all u €
AL(G), z e X.

Next, by means of Lemma 6.5.2 and [64, Theorem 2.1|, we are able to
obtain an analogue of a famous fixed point theorem due to T. Mitchell |79,
Theorem 3.]. It may also be compared with the main theorem in [46] and with
[106, Theorem 5.4].

Theorem 6.5.5. Let X be a topologically left invariant subspace of A* with
v € X, and such that condition (6.6) is satisfied. The following assertions are

equivalent:

(i) There exists a o-mean U on X with ||V|| = 1.

(ii) For each x € X, there exists A € C such that \p € {u-z : we S,} .

Proof. The implication (i) = (ii) is a direct consequence of Lemma 6.5.2. For
the reverse implication, let X = A* and set F' := Cp. By [64, Theorem 2.1],
there exists an F-stationary operator P on A* and P € W*Ot. Let (uq) in
S, such that u, g P, that is (u, - f,a) — (Pf,a) for all f € A* a € A.
Now, for a fixed ug € Sy, we define V(f) := (Pf,up) for f € A*. It is then
straightforward to verify that ||¥|| = 1. For any f € A*, we denote by Ay the
complex number that satisfies Pf = A;p; such A\; exists by the definition of
stationarity [64]. So for any f € A* a € A, we have:

(ug - (f - a),up) = (uq - fraug) — (Pf,aug) = (Arp, aug)
= p(a)Ay = @(a)(Pf,u0) = ¢(a)¥(f)

and

(Ua - (f - a),uo) — (P(f-a),u0) = Asa
= U(f )
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Therefore, U(f - a) = Ay = p(a)Af = p(a)V(f), which shows that U is a
p-mean on A*. By restriction, ¥ is also a ¢-mean on X, and this completes

the proof.
[ |

We conclude this section with one last fixed point characterization of -
amenability. First, analogously to [25, Lemma 7.1], we need the following

lemma:

Lemma 6.5.6. Let X be a topologically left invariant subspace of A* with

p € X. The following assertions are equivalent:

(i) There exists ¥ € X* such that ||¥V]| =1 = ¥(p) and (¥, z - u) = (¥, x)
forallz e X, uesS,.

(1t) There exists a net (uq) in S, such that, for each u € S,, Wiy — uq — 0
in the weak topology o(A, X).

Proof. Assume that there exists U € X* as in (i). By the Hahn-Banach
Theorem, ¥ has a norm-preserving extension to A**, which we also denote by
U. Let (u,) be a net in S, such that wu, “3 W, Then, for any = € X, u € Se,

we have:
(UWUy — Ug, ) = (Ug,x-u—u) = (V,x-u—1z) = 0.

Conversely, assume that there exists a net (u,) as in (ii), and let p € ., be
a weak® cluster point of (u,). Denote the restriction of x to X by W. Then,

for any x € X, u € S,, we have:
(W, -u) — (¥, 2) = lim(ug, 2 - u) — lim(u,, ) = lim(uu, — g, z) = 0.

Theorem 6.5.7. Let X be a topologically left introverted subspace of A* with
¢ € X. Assume that S, is left amenable as a semitopological semigroup and

that span S, = A. Then the following assertions are equivalent:
(i) A is p-amenable with a p-mean of norm one.

(ii) There exists a o-mean on X of norm one.
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(iit) Whenever S, acts on a compact convex subset K of a separated locally
convez space E, and the action is linear and o(A, X)-separately contin-

uous, then K contains a common fized point for S.,.

Proof. The implications (i) = (ii) is trivial.

(ii) = (iii): Let £ and K as in the hypotheses of (iii), let 2 be a family of
continuous seminorms on E which determines the topology of £/, and let s € K
o(A,X)
— 0

for each u € S,. Since K is S-invariant, u, - s € K, and by compactness of

be fixed. By Lemma 6.5.6, there exists (u,) in S, such that uu, — u,

K, we may assume, after passing to a subnet if necessary, that u,, - s converges
to some sy € K, i.e., p(uy - s — so) — 0 for all p € 2. Therefore, for any
u € S,, p € 2, we have:

plu-so—350) < plu-(sg—tq-35))+ p((uthe — Uqy) - 8) + p(t - s — s9) — 0,

hence u - sy = 5o for all u € S,.
(iii) = (ii): Let E = X* endowed with the weak* topology. Then the action
of A on E| given by the usual module action, is obviously linear. Moreover, if

o(A R
(g (—’)f)amA,mEEandxeX,then

[{aa-m,z) = (a-m,2)| = [(m,z- (2, = a))]

= [(mL(z),a0 —a)] =0,

since X is topologically left introverted. Also, if mg % min E, a € A and
x € X, then

[{a-mg,z) = {a-m,z)[ = [(mg,x-a) = (m,z-a)|

= |(mg—m,z-a)] — 0.

Therefore, the action of A on E is 0(A, X)-separately continuous.
Now set K := {u € X* : ||u|]| =1 = pu(e)}. Then K is a compact convex
subset in E and, by assumption, contains a common fixed point for S,, say
V. Thus, (V,z-u) = (u-V,z) = (V,z) for all z € X, u € S,, hence ¥ is a
¢-mean on X, of norm one, as span .S, = A.
The proof of (ii) = (i) is similar to that of (ii) = (i) in Theorem 6.5.3.

[ |
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Remark 6.5.3. The equivalence (i) <> (iii) was obtained in [107] for A = L}(G)
and in [25] for F-algebras.

Corollary 6.5.8. Let G be a locally compact group. For any topologically
introverted subspace X of PM,(G) containing \,(e), if S} acts on a compact
convex subset K of a separated locally convexr space E such that the action
is linear and o(A, X)-separately continuous, then K contains a common fized

point for S§.
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Chapter 7

Spectrums in PM,(G) and

discreteness of .

Definition 14. Let A be a commutative Banach algebra. For f € A* we
define

o(f) =={{a-f:ac€ A}H'H NA(A),  the norm spectrum of f;

o.(f) ={{a-f:a€ A}w* NA(A),  the weak™ spectrum of f,
where A(A) denotes the Gelfand spectrum of A.

The norm spectrum has been studied in [51| and [103], and recently in [80].
The weak* spectrum is partly studied in [56] and is denominated as the support
in that paper. In particular, it is proved in [56, Lemma 3.1.(i)] that if A is
regular, Tauberian and semisimple, then o, (f) # @ for all f € A*, f # 0. See
also [49, §40] and [59, chap. VI, §6] for the case when A = L'(G) of a locally
compact Abelian group. However, the norm spectrum o(f) may well be empty
even if f is a non-zero function in L>°(R), as is the case if f € Cy(R). But it
is known that o(f) # @ for every almost periodic function f on R [59, chap.
VI, 85|, and also for every almost periodic function on any locally compact
Abelian group [5, Theorem 2.2.3, p. 110]. For the case when A = A,(G), Z.
Hu [51] showed that o(T") # @ for all T € C;s,(G), T # 0, whenever G is
discrete or amenable as discrete.

In this chapter, we consider analogues of the aforementioned results, and using

the decomposition of WAP,(G) (Section 6.4) we obtain, in case G is a discrete
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group, a criterion for the non-emptiness of the spectrum of non-zero elements
in WAP,(G) in terms of topologically invariant means on PM,(G). As a
consequence, we show that the norm and weak* spectrum coincide for non-
zero weakly almost periodic functionals, and this, in turn, characterize the
discreteness of G.

Throughout this section, let G' be a discrete group, and for any x € G, let
U, be the unique topologically invariant z-mean on PM,(G), that is, ¥, €
{U € PM,(G)* : ||[¥|| =1 = (U, \(2))} and (Vy,u-T) = u(z)(¥,,T) for
all w € AL (G), T € PM,(G). Since G is discrete, U, (T) = (T,4,) for all
T € PM,(G), where 6, € A,(G) is the point mass at x (see |88, Theorem 1.|
for the case p = 2; the proof is similar for the general case).

The next theorem may be compared with [51, Lemma 3.14.(a)].

Theorem 7.1. Let G be a discrete group, and x € G be arbitrary. The

following assertions hold:
(a) For any T € PM,(G), T # 0, x € 0.(T) if and only if (¥,,T) # 0.

(b) For any T € WAP,(G), T #0, x € o(T) if and only if (¥, T) # 0 if and
only if T = c\,(x) + Ty for some c € C, ¢ # 0, and Ty € {S € WAP,(G) :
v, (S) =0},

(¢) For any T € AP,(G), T # 0, x € o(T) if and only if (¥, T) # 0 if and
only if T = cAy(z) + Tp for some c € C, ¢ # 0, and Ty € {S € AP,(G) :
v,.(S) = 0}.

Proof. (a) Let ' € PM,(G), T' # 0. First assume that x € 0.(T"). Then, by
definition of 0, (T), there is a net (f,) in A,(G) such that f, - T converges
to A\p(x) in the weak® topology of PM,(G). In particular,

<fa'T>5x> = fa(x)<q]a?’T> — <)‘p(m)a5:c> = 17

hence (W, T) # 0.

On the other hand, we assume that (V,,T) # 0, and we let (V) be a
basis for the neighborhood system of z, directed by inclusion. Proceeding
as in [48, p. 100], we choose K = {z} and F, = G \'V,, and we let
U, be a symmetric compact neighborhood of the identity e in G such

that KU? N F, = @. Then we define u, = l,u, * 1p., so that

1
m(Ua)
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o € {u € AYG) : ||ulla, = 1 = u(x)} and us(z) = 0 for all z €
F,,. Moreover, since [, Vo = {z}, it follows that supp(u.) | {z}, hence
ua(z) — 0 pointwise for all z € G, z # z. Now, with an argument
similar to the proof of Lemma 4.1.2, we conclude that for any ¢ € C;,(G),
(Ua, ) = (U, @), where W, is the unique topologically invariant z-mean
on PM,(G). Since C;,(G) = Ap(G) - PM,(G) [43, Proposition 15.(a)|, we
have for all u € A,(G),

(Ug - Tu) = (U, u-T) = (Vy,u-T) = (U, T\, (2),u),

that is, u, - T converges to (V,, T)\,(x) in the weak* topology of PM,(G).
Since (V,,T) # 0, we may set v, = ﬁua. Then v, T Ap(7), hence
x € 0.(T).

(b) Let T'e WAP,(G), T #0. If x € o(T), then = € 0,(T), and (¥,,T) # 0
by (a). Conversely, if (¥,,T) # 0, then similarly as in (a), there exists
a net (uy) in {u € Ap(G) : |Julla, = 1 = u(x)} such that u, - T SCIN
(W, T)A\p(x). Since T is a weakly almost periodic functional and the net
(uq) is bounded, we conclude that the convergence is in the weak topology,

hence

M) eTu T ued @) = uT ueh,))",

where the last equality holds by Mazur’s Theorem.

The last assertion is a consequence of Theorem 6.4.1.

(¢c) The proof is identical to (b).
|

The next corollary is an immediate consequence of Theorem 7.1 and [56,
Lemma 3.1.(a)]. Tt generalizes [51, Corollary 3.15.(c)].

Corollary 7.2. Let G be a discrete group. Then
o(T) = 0.(T) # @ forall T € WAP,(G), T # 0.

In combination with results of A. Ulger [103] and B. Forrest [36], the next
corollary is an application of Corollary 7.2 and of [51, Corollary 3.15.(b)]. It
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is actually an improvement of |51, Corollary 3.15.(b)| since we replace C;s,(G)
by WAP,(G). Below, the equivalences (a) < (b) < (d) were proved in [103,
Theorem 3.6, whereas the equivalence (¢) < (d) was proved in [36, Lemma
3.3]. For the case p = 2, (c) < (d) is due to A. T.-M. Lau |66, Theorem 3.7].
The properties (e) and (f) are new.

Corollary 7.3. Let G be a locally compact group. The following assertions

are equivalent:

(a) For each u € AL(G), the (left) multiplication operator t,, defined by
T.(v) = wv for v € A (G), is compact.

(b) For each u € A,(G), the multiplication operator 7, is weakly compact.
(¢) AL(G) is an ideal in PM,(G)*.

(d) G is discrete.

(e) For all T € AP,(G), T # 0, o(T) = o.(T).

(f) For all T € WAP,(G), T #0, o(T) = 0.(T).
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Chapter 8
Open problems

1. Is it possible to find an LP-version of the results of Chapter 37 More
precisely, could we find a description of the representations of A,(G) as
bounded operators on a QSL,-space? Where a QSL,-space is a Banach
space that is isometrically isomorphic to a quotient of a subspace of an

LP-space.

2. Given any -amenable Banach algebra, is it possible to introduce a no-
tion of ergodic sequence? Could we find a characterization of such se-

quences similar to that of Theorem 4.1.37

3. In order to solve the complete mixing problem for the measure algebra of
a o-compact locally compact group, could we adapt our approach used

to solve the dual version of this problem (see Chapter 5)7

4. Do any of the results of Chapter 6 yield some interesting properties
of (non-commutative) left amenable F-algebras? For instance, given a
left amenable F-algebra (A, M) and a left Banach A-submodule X of
wap(A) containing the identity 1 € M, is it possible to establish the
uniqueness of a projection P from X onto C1 such that for each z € X,

Pre{u-xz:ue YA}LU, where .74 denotes the set of all normal states

on M (see Corollary 6.3.7)7 Furthermore, is it possible to find a direct

sum decomposition for X similar to that of Theorem 6.4.17
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