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Abstract

A well known result in probability is that convergence almost surely (a.s.) of
a sequence of random elements implies weak convergence of their laws. The
Ukrainian mathematician Anatoliy Volodymyrovych Skorohod proved the
lemma known as Skorohod’s a.s. representation Theorem, a partial converse
of this result.

In this work we discuss the notion of continuous representations, which
allows us to provide generalizations of Skorohod’s Theorem. In Chapter 2,

we explore Blackwell and Dubins’s extension [3] and Fernique’s extension
[10].

In Chapter 3 we present Cortissoz’s result [5], a variant of Skorokhod’s
Theorem. It is shown that given a continuous path in M(.S) it can be associ-
ated a continuous path with fixed endpoints in the space of S-valued random
elements on a nonatomic probability space, endowed with the topology of
convergence in probability.

In Chapter 4 we modify Blackwell and Dubins representation for partic-
ular cases of S, such as certain subsets of R or R™.
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Chapter 1

Preliminaries

In this chapter we recall some of the basic tools and results needed in prob-
ability theory. We recommend [1], [7] and [12] for further details in these
topics.

1.1 Topology and Metric Spaces

1.1.1 General Topology

One of the most important concepts in this work is the concept of conver-
gence. Because of that, we include a section to discuss the basic notions of
general topology. The easiest and most common example of convergence is
the convergence of real numbers. Intuitively, one can imagine a sequence of
numbers, getting closer and closer to another number. But, if we are talking
about probability measures, how can we define convergence in such spaces?
For that reason we need a more general definition of convergence, continuity
and open sets.

Let X be a non empty set, a class .7 of subsets of X is called a topology
if

a) 0, X are elements of .7,



b) for any U,V € .7 we have UNV € .7, and

c) foranyz c 7, U Ue 7.
Uew

The elements of .7 are called open sets and their complements are called
closed sets. The pair (X,.7) is a topological space. The interior and
closure of a set A, A C X, are defined as follows

intA := U{UG T U C A},
A m{V : Vis closed and A C V'},

and the boundary of A is the set 9A = A\ int A.

Let x be an element of X and V' C X, V is a neighborhood of z if
x € intV, in other words, if there exists an open set O containing x such
that O C V. A basis for a topology 7 is any collection %7 C .7 such that,
forall V e 7,

v=J{vez :vcv}.

So, any open set can be expressed as the union of open sets in its basis.
Indeed, if the collection % satisfies

1. % covers X, ie. X = {U:U e %},

2. If Uy, U, are elements of %7 with non empty intersection and for each
x € Up N U, there exists Us € % containing x such that Us C Uy N Us,

then % is the basis for some topology 7.

We say that X has a countable basis at the point z if there is a countable
collection %, of open sets containing x such that any neighborhood V' of
x contains at least one element of %,. A space that has a countable basis
at each of its points is said to satisfy the first countability axiom, and it
is called a first countable topological space. On the other hand, (X, .7)
satisfies the second countability axiom if it has a countable basis. A space
that satisfies this axiom is called a second countable space. Clearly, any
second countable space is first countable. A subset D of X is dense if D = X.
(X, .7) is called separable if there exists a countable dense subset of X.
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A subset V' of the topological space X is called compact if any open
cover (a collection of open sets whose union contains V') has a finite subcover
of V. If for every & € V there exists an open set O containing x such that
O C V', where V' C V is a compact set, then V is called locally compact.

Let {,}nen be a sequence of elements of X. We say that x,, converges
to x € X, in symbols x,, — =z, if for every open set U containing x, there
exists a N € N such that x, € U, Vn > N.

Given two topological spaces (X, .7) and (X', .7”), a function f : X — X’
is continuous if, for every U’ € J', f[~Y(U') € 7.

A function d : X x X — [0, 00) is said to be a metric if

a) for all z,y € X, d(x,y) = d(y, z),
b) for all z,y,z € X, d(x,z) < d(z,y) + d(y, z), and

¢) d(z,y) =0iff x = y.

(X,d) is called a metric space. Notice that, given a metric space, it is
possible to construct a topological space. Denote by B(z,7), x € X, the set

B(x,r) ={y € X :d(z,y) <r},
and call it the open ball with center at x and radius r. Then, the set
U ={B(x,r) :x € X,r >0}
is a basis of a topology, the topology induced by the metric d. In fact,
U, ={B(x,r):x € X,r>0,recQ}

is a countable basis at x. Hence, any metrizable space is first countable.
Moreover, if the metric space is separable then it must be second countable.
Let D = {x,}22, be a dense subset of X, then

U = D .,
n=1

is a countable basis of the topology.



In a metric space (X,d), x, — z iff for every € > 0 there exists a N € N
such that
d(x,,x) <e, foralln>N.

A sequence {x, }nen satisfying

lim [sup d(a:n,:):m)] =0

n—00 | m>n

is called a Cauchy sequence. The metric space (X, d) is complete if for
every Cauchy sequence {z,,}22, there exists a © € X such that z,, — x.

In metric spaces some topological concepts seem to be easier to visualize
and work with, for example if (X, d) and (X', d') are two metric spaces and .7,
" are the topologies induced by d and d’ respectively, a function f : X — X’
is continuous at z if for every € > 0 there exists d > 0 such that

d(z,y) <o implies d'(f(z), f(y)) <e.

Then, f is a continuous function if f is continuous at z for all z € X. So,
we do not have to worry about the inverse images of all open subsets in X',
we just verify this new criteria, which in some cases may be easier to check
or simply easier to imagine.

Notice that this definition allows us to have a particular ¢ for each point
x, in other words, § may depend on x. If there’s no such dependence, i.e. if
for every e there exists 0 such that d'(f(z), f(y)) < eif d(z,y) < 6 Va,y € X,
then f is called uniformly continuous from (X, d) to (X', d').

Remark: In a metric space the following can be proved

e [ is continuous at z iff for every x, — x one has f(x,) — f(z).

e If /: X — X’is continuous and V is a compact subset of X, then
f(V) is compact in X'.

Compact spaces have desirable properties, that is why there exists some
“methods” to enlarge a topological space in such way that the result is a
compact space. This process is called compactification. We only study one
of this methods, the Alexandroff one point compactification. We start



with an example: the real line with its usual topology. We know that every
closed bounded subset of R is compact. When we have an unbounded set
it is possible to construct a divergent sequence, a sequence that somehow,
escapes from the real line. So, naturally one may think about a solution:
adding two new points oo and —oo. However, it may be enough to add only
the point co and make any sequence with unbounded absolute values go to
this point.

In general, for a topological space (X, .7) the one point compactification
X' of X is obtained by adding one extra point called infinity and denoted by
0o. Then, define a new topology .7 as follows

T':= T U{0OU{ooc}:0 e 7, X\O is closed and compact} .

It can be easily verified that .7’ is indeed a topology and that (X', .7") is
compact.

1.1.2 Order Topology

To simplify some of the proofs in Section 2.3 we present some basic definitions
and facts about a particular topological space that can be defined in a totally
ordered space: the order topology. We also discuss ordinal numbers and
ordinal spaces but we only work with countable ordinals.

Let A be a non empty set. A relation C' C A x A is said to be a total
order relation on A if

1. (Comparability) For all z,y € A such that x # y either zCy or yCx.

2. (Non reflexibility) For no z € A does xCz hold.

3. (Transitivity) If zC'y and yC'z then zC'.
If such relation exists A is called an ordered set with respect to C. Commonly,
we denote C' by “<” and we say that x is smaller than y if < y. A subset
B of A is bounded if there exists a € A such that b < a holds for all b € B.

This element a of A is called an upper bound of B. The set A has the least
upper bound property if for every bounded nonempty subset of A there



exists an upper bound a € A such that if ¢ is another upper bound of the
set, then a < ¢. If every nonempty subset of A has a smallest element, then
A is a well ordered set.

Some examples of totally ordered sets are R and Q with the usual “<”.
Any finite set is well ordered, indeed N = {1,2,...} and any subset of it is
well ordered.

In a totally ordered set (X, <) the following subsets of X are called in-
tervals

(a,b) = {reX:a<xz<b}
(a,00) == {reX:a<uz}
(—00,a) == {re X :z<a}.

If (a,b) = 0, then a is the predecessor of b.

Consider the class .7 of all such subsets of X, it can be easily verified that
# satisfies all the properties to be a basis of a topology in X. The topology
generated in this way is called the order topology of X, with respect to
< . Standard topologies in R, N, Q and Z are order topologies.

Lemma 1.1.1 Let X be a totally ordered set having the least upper bound
property. In the order topology, each closed interval in X is compact.

1.1.3 Additional Topics

In this section we discuss the concept of ordinals number, which in plain
words is a generalization of the natural numbers. We also introduce the
functions called partition of unity. Both topics are a key factor for Fernique’s
extension of Skorohod’s a.s. representation Theorem ( Section 2.3).

Formally an ordinal number is a well ordered set. In fact every well
ordered set is uniquely order isomorphic to an ordinal number. A standard
definition says that a set S is an ordinal if and only if S is well ordered
(with respect to set membership) and every element of S is also a subset
of S. The first infinite ordinal is w, the set of all natural numbers. There
are three usual operations defined on ordinals: addition, multiplication, and



exponentiation. Let’s define the addition. The union of two disjoint well
ordered sets S and T is also well ordered if we define the following order
relation: the well ordered set S is written “to the left” of the well ordered set
T and every element of S is smaller than every element of 7. The sets .S and
T themselves keep the ordering they already have. If the ordinal numbers are
finite then we get, somehow, the usual addition in N. If we try to visualize
the ordinal w + w, two copies of the natural numbers ordered as described
before, this is what we get:

0<1<2<3<---<0<1 <2<

This is different from w because in w only 0 does not have a direct predecessor
while in w + w the two elements 0 and 0’ do not have direct predecessors. On
the other hand 3 +w =w :

0<1l<2<0 <l <2<,

while w +3 # w:
0<l<2<---<0<1<?2.

The product of two ordinal numbers is given by its cartesian product. S x T
is a well ordered set with an order that puts the least significant position
first. This is (s1,t1) < (S2,t2) iff t1 < to (in T') OR if t; = 15 and s < so.
This operation is associative and generalizes the multiplication of natural
numbers. For example w - 2 would look like

(0,0) < (1,0) < (2,0) <--- < (0,1) < (1,1) < (2,1) < ---
Notice that w -2 = w + w. On the other hand 2 - w = w:
(0,0) < (1,0) < (0,1) < (1,1) < -+ < (0,k) < (1L, k) < -~

Finally we only define exponentiation of well ordered sets when the expo-
nent is a finite set. In this case,

a"=q-a -,
——
n times

and the power is the product of iterated multiplication. For instance, w? =

W - Ww.



Let A be an ordinal number, one can consider the spaces
0,A) ={a:a <A} and [0,\] ={a:a <A}

endowed with the order topology. Such spaces are called ordinal spaces.
If A is a finite ordinal then the spaces [0,\) and [0, \] are discrete spaces.
When A is a limit ordinal (it has no predecessor) [0, ] is the one point
compactification of [0, \). Another way to see that [0, A] is a compact set, is
using Lemma 1.1.1.

Let X be an ordinal space, a function F' : X — Y can be seen as an
ordinal indexed Y-valued sequence. F' is continuous iff for any limit ordinal
A € X, F()) takes the value of the limit of {F(«a), a < A}.

Now we introduce the concept of partition of unity. As usual, let (X, .7)
be a topological space. A collection of functions {¢,}%, is said to be a
partition of unity if

1. for all n =1,2,..., the function ¢, : X — [0, 1] is continuous, and

2. for all z € X one has > ¢,(z) = 1.

n=1

The partition is locally finite if for every z € X there exists a neighborhood
V.. of = such that

{n € N:V,Nsupp (p,) # 0} is finite,
where supp (), the support of ¢, is the closed set
{r € X :p(x)#0}.

Let {U, }5°, be a countable collection of open sets covering X, if supp (¢,,) C
U, for every n, then the partition is dominated by the cover {U,}>,. The
existence of such functions is guaranteed for metric spaces (see [9]).

Theorem 1.1.2 Let (X,.7) be a metrizable topological space. Let {U,}2%,
be a countable open cover of X, then there exists a locally finite continuous
partition of unity {p,}oe, dominated by {U,}2 .



1.2 Polish Spaces

Polish spaces arose as a topological concept, but they have been used in
probability theory as a natural generalization of spaces such as the real line
or the interval (0,1). If the topological space (S,.7) is metrizable, separable
and complete (with respect to this metric), then it is called a Polish space.
Notice that a Polish space is both first and second countable. The term
“Polish space” was first introduced by French mathematicians and illustrates
the work of Polish topologists and logicians like Sierpinski, Kuratowski and
Tarski, who extensively studied this kind of structures.

Example Any finite or countable set with the discrete topology is a Polish
space.

Example The real line with its usual topology .7 is a Polish space, since
the euclidean metric d generates the topology and (R, d) is complete. Notice
that Q is a dense subset of R, i.e. (R,.7) is separable.

A topological space (S,.7) may be generated by more than one metric.
If for one of these metrics (S, .7) is not complete, it does not mean that we
cannot find another metric for which the condition of completeness is satis-
fied. For instance, the interval (0,1) with its usual topology is not complete
for the euclidean metric. However, before we disqualify it as a Polish space
we provide the following example.

Example The open interval (0,1) with its usual topology is a Polish space.
Consider the functions f : (0,1) - R and d : (0,1) x (0,1) — [0, 00), given
by

f@)=tan (rz = 2) . dle,y) = |f(@2) = [()

The first graphic below shows how the function f behaves in (0, 1) and the
second is the graphic of d (%, x) , € (0,1). Clearly d is a metric on (0,1).



10

(x)
0

d(0.5, x)

-10

-15

Moreover, if r > 0

{y:d(w,y) <r}={y:|f(x) = fy)l <71} = (a,]),

where a = f7!(f(x) —r) and b = f~'(f(z) +r). Therefore, d generates
the usual topology in the unit interval. In addition, (0,1) is separable and
complete with respect to this metric (there is no Cauchy sequence converging
to 0 or 1).

Now, we give some examples of topological spaces which are not Polish
spaces. The statement “(S,.7) is not a Polish space” is quite strong. To
say this, we must show that for any metric d generating 7, (S,d) is not
complete. On the other hand, separability does not depend on the metric, it
is enough to find a countable D C S such that D = S.

Example Q with its usual topology 74 is not a Polish space. The Baire
category Theorem states that in a complete metric space a set with non
empty interior is of second category (it cannot be written as a countable
union of nowhere dense sets). A set E is nowhere dense if int £ = (). In this
example,

Q= U{qn}7

10



where (in the usual topology) int {g,} = int{g,} = 0, while intQ = Q.
It follows that Q is of first category, which contradicts the Baire Category
Theorem. Therefore (Q, Jp) is not a Polish space.

Example Upper limit topology. This is a very interesting topology defined
in the set R of real numbers. This topology is generated by

U ={(a,b] : a,b e R,a <b}.

Clearly % covers R. If Uy, U, are non empty elements of %, say Uy = (aq, by
and Uy = (ag, by] then Uy N Uy = (max(aq, az), min(by, by)] € % . Hence % is
indeed the basis of some topology, which we denote by Z,. Since

(a,b) = G (a,b—ﬂ

n=1

the upper topology is finer than the usual topology. .7, is disconnected,
because the intervals of the form (a, b] are both open and closed sets. To see
this, notice that

(a,b] = ((—00,a] U (b,00))", and

(—OO,CL] = U(_nv a]a (ba _OO) = U(b7 Tl]
n=1 n=1

It can be proven that the upper limit topology is first countable and separable
(indeed Q is dense in this topology) but not second countable. Therefore,
7, 1s not metrizable, thus (R, .7,) is not a Polish space.

1.3 Probability

In this section we include some results in probability theory that may be
used in the next sections.

1.3.1 Measurable Functions

Let F be a g-algebra of subsets of €, then (€, F) is said to be a measurable
space. If (X,.7) is a topological space, in order to obtain a measurable

11



space, we define B(X) = o(.7), the o-algebra generated by 7. B(X) is
called the Borel o-algebra of X.

Let (Q,F) and (€', F') be two measurable spaces, a function f: Q —
is a measurable function if

STHF)={f'(B):Be F}CF.

Moreover, if the o-algebra F’ is generated by the class of sets A, i.e. F' =
o (A), then
A CF

implies the measurability of f. As a consequence, we obtain the next lemma

Lemma 1.3.1 Let (S,d) be a metric space. The function f : (Q,F) —
(S, B(S)) is measurable iff
fUB)eF

for all open balls B.

Example A widely used probability space is (U, B, A\) where U = (0,1), B
the Borel sets, and A is the Lebesgue measure. We will refer to this as the
Lebesgue probability space.

We state, without proof, a very useful result in probability: the Borel
Cantelli Lemma. It will be used in Section 2.1.

Lemma 1.3.2 (Borel Cantelli Lemma) Let {A,}7°, be a sequence of mea-
surable sets and p a probability measure. If

> u(A,) < oo,
n=1
then

I <lim sup An> =0, which is the same as (lim inf AZ) =1,

n—oo n—oo

where

limsup 4,, = ﬁ O A; and liminf A, = [j ﬁ A;.

n—00 ) n—0oo .
n=1i=n n=11i=n

12



Sometimes we initially work with the two measurable spaces (2, F) and
(@, F'), but become interested in the product space 2 x 2. A way to define
measurable subsets of this product space is defining F ® F', the o-algebra
generated by the class of sets of the form Ax B, A € F and B € F’, which are
called rectangles. Then we consider the measurable space (2 x Q', F @ F').
If fis a function from 2 x € to a third measurable space (Q*, F*), f is
jointly measurable if

FUFY={fYB):BeF}Cc FaF.

When proving joint measurability for a function, things may get complicated.
Luckily for us, there are results that can help us to verify this property, like
the next theorem

Theorem 1.3.3 The map f : Q X [a,b] — R is jointly measurable if:

1. fi: Q — R is measurable for all t € [a,b], where fi(w) = f(w,1).

2. fu:la,b] = R continuous for all w € Q, where f,(t) = f(w,t).

Proof. For each n € N, let

0
ai,n:a+u7 foralli=0,1,....n.
n

Now, for ¢ € [a, b], let 7,,(t) = min{a;,, : a;,, > t}. Then we have
To(t) =t as n — oo,

so that f(w,7,(t)) — f(w,t), by hypothesis. Since the limit of measurable
functions is measurable, we only need to show that f(w,7,(t)) is (jointly)
measurable for all n.

Take any B € B(R), then the set {(w,t) : f(w, 7,(t)) € B} may be written
as

n

({w: f(w,a) € B} x {a})U U({w c fw, ain) € B} X (-1, Gin] )| »

i=1

which is a union of rectangles in F ® Bla, b]. It follows that (w,t) — f(w,1)
is a measurable function. ]

13



Remark: Clearly the proposition is still true even if we only have right or
left continuity and the proof is similar.

Let X be a measurable function from (2, F) to (€', F’). Such function is
called a random element in Q. If ' = R, then X is said to be a random
variable. If the domain of a random element is endowed with a probability
measure P, then X induces a probability measure in its range (', 7). The
distribution of X, Px : 7/ — [0, 1] is the probability measure given by

Px(B) :=Po X '(B)=P(X Y(B)).

Sometimes Py is also called the law of X. We write X 2 1 to say that the

distribution of X is equal to u, or X 2y meaning that the law of X is equal
to the law of Y.

When €' = R we can exploit some of the properties of the real numbers,
like its order structure. In the next section we study the cumulative distri-
bution function of a random variable, which is a function that characterizes
uniquely its distribution.

As we saw before, we can relate a probability measure to each random
variable, of course this relation is not one to one. In fact, there are infinitely
many different random variables with the same distribution. So, given a prob-
ability measure in S it is natural to ask ourselves if there exists a S-valued
random variable X having this distribution. The next theorems, stated with-
out proof, answer this question. (See Section 1.3.4 for a definition of Borel
space.)

Theorem 1.3.4 (Ezistence, Borel) For any probability measures {, 22, on
some Borel spaces S1, 5, ..., there exist some independent random elements

{X,}2, on the Lebesgue probability space with X, L L for all n.

Theorem 1.3.5 (Ezistence, infinite product measures, Lomnicki and Ulam)
Consider a collection of probability spaces (Sy, Fi, pu) indezed by some nonempty
set T. There exist some (independent) random elements X; in S; with dis-
tributions g for allt € T.

The first theorem can be found in [11] (Theorem 2.19, p. 33) as well as
the second one (Corollary 5.18, p. 93).
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To finish the section we define two types of convergence of random el-
ements, which are the central topic of the following chapters. Let X and
{X,}22, be random elements from the probability space (2, F, P) to the
Polish space S. We say that {X,,} converges almost surely (a.s.) to X if

p ({w :lim X, (w) = X(w)}) =1.

n—oo

On the other hand, {X,,} converges in distribution to X (X, 2 X) if for
every continuous and bounded function f: S — R

n—o0

lim | f(X,)dP = / f(X)dP.
Q Q

In Section 1.3.4 we will see that there is a simplified and equivalent defini-
tion for convergence in distribution in the particular case S = R. Also, in
Theorem 1.3.19 we show that convergence a.s. is stronger than convergence
in distribution.

1.3.2 Pseudoinverse of a c.d.f.
Let X be a random variable, its cumulative distribution function (c.d.f.)
is the function F': R — [0, 1] given by

F(z):=P({w: X(w) <z}) = P(X <ux).

Some properties of F' are:

e F'is nondecreasing and right continuous,

e lim F(zx)=0and

T——00
e lim F(z)=1.

T—r00

Since the cumulative distribution function (c.d.f.) may not be an injective
function we are not able to define its inverse function, however, we can define
its pseudoinverse. The pseudoinverse F(~V) of a c.d.f F is a function from
(0,1) to R given by

FOY() = inf{z : F(z) > u}.
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This definition can be found in [1] (Theorem 7.7.2, p.334).

Remark: If F is strictly increasing and continuous then F-Y = F~1 the
ordinary inverse.

Since F' is a right continuous function, the set {z : F'(x) > u} is of the
form [7*, 00) and F(-Y(u) = inf[z*, 00) = z*. Hence F~Y(u) belongs to the
set {2 : F(z) > u}, which implies u < F[F (u)].

Now, suppose that F(-V(u) < a, then F[FY(u)] < F(a) because F is
nondecreasing. By the previous line, we can conclude that « < F(a). On the

other hand, if u < F(a) we must have F~Y(u) < a, because a is an element
of { : F(z) > u}. We just proved

Lemma 1.3.6 FCY(u) <a iff u < F(a).
Using this fact we can prove the following

Theorem 1.3.7 Let F(" be the pseudoinverse of a distribution function F.
Then

1. F&Y s an increasing function.

2. FU s left continuous.

Proof. The first statement is just a consequence of the previous lemma.
To prove the second statement let u € (0,1) and {u,}, be any sequence
such that {u,} 1 u, then {FV(u,)} is also an increasing sequence and
FED(u,) < FED(u) for all n (because u,, < u). Then,

lim FCY(u,) < FEY(u),

n—oo

On the other hand,
: (-1) < ( im FCD )
Jim FIE 5 (ug)] < F (T B2 () )

because F'~V(u,) is an increasing sequence and F' is an increasing function.
Since u, < F[FY(u,)] we have

w= lim u, < lim FFCD(u,)] < F ( lim F(_l)(un)) ‘

n—00 T n—oo n—o00
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Then, since FV(u) < a iff u < F(a), we have
FY(w) < lim FEY(w,).
n—00
It follows that
FY(w) = lim FEY(w,),

n—oo

which means that F' is left continuous. ]

In the last example of Section 1.2 we talked about the upper limit topology
7, in R. Before we discuss the relationship between .7, and the pseudoinverse
of a cumulative distribution function, we recall some of its properties:

e 7, is finer than the usual topology: (a,b) € Z,.

e 7, is first countable: the intervals (p,z] (where p € Q, p < z) form a
countable basis at z.

e 7, is separable: Q is a dense set.

e .7, is not second countable thus not metrizable.

Lemma 1.3.8 .7, is strongly Lindeldf, this is, every open cover contains a
countable subcover.

Proof. Let {U,}, be a collection of open sets in .7, and V,, be the interior
of U, in the usual topology. Then, let

U:UMX and szn.

We claim that A = U\V is countable. To see this, take 2 € A. Find y so
close to z that (y,z] C U. Then (y,x) C V, which implies

(y,z) N A=0.

Now we can conclude that A is countable because the elements of A are
“separated”: for every x € A there exists y, such that (y.,z) C A°. Finally,
since the usual topology of R is strongly Lindeldf, we may rewrite

V=JVa.
i=1
and notice that U = AU V. 'l
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The range of F(-Y, Ran F-V) | is the set
{FY(w) e R:u e (0,1]}.

Notice that we included F(=V(1) in its range, provided that the value is a
real number. In case 1 is not attained by F in R we assign F"Y(1) = oo
but co ¢ Ran F-Y. Clearly FY(u) 1+ F(-Y(1) whenever u — 1. The next
theorem gives a relation between Ran F(=Y and the upper limit topology.

Theorem 1.3.9 Let F be the cumulative distribution function associated to
the probability measure p, that is, F(x) = p(—oo,z|. Then

Ran FY = ﬂ{C CR:u(C)=1, C is closed in T},
and

I (RanF(*l)) =1.

Proof. In this theorem what we see is that the range of F(=Y is the smallest
closed set with full probability. First we show Ran F(=1) C C, where

C= ﬂ{C’ CR:u(C)=1, Cis closed in 7,}.
Let 2 = FCY(u),u € (0,1], 2 # 0o, then we have
p(—oo,z] >u and p(—oo,z —e€ <u Ve>0,

which implies pi(z —¢€,z] > 0. Let C be a closed set, if ¢ C then (z—¢,z] C
C¢ for some ¢ > 0 (x belongs to the open set C¢). Then we must have
pu(C) < 1. Thus z € C.

On the other hand, let x € C. Then p(x—e,z] > 0 for all € > 0 (otherwise
x would not be in C). Let u = F(x), we claim

FY(u) =z

Since p1(—o0, ] = u we know for sure that F("V(u) < z. If FY(u) < o
then
p(F D (), 2] =0,

which is a contradiction.
To prove p (Ran F (*1)) = 1 use the fact that .7, is strongly Lindel6f, then

rewrite the intersection as a countable intersection. B
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To finish the section we present a straightforward consequence of the last
theorem, but first we define B’ to be the closure of B C R in .7,.

Lemma 1.3.10 If X is a random variable with P(X € B) =1, B € B(R),
distribution p and cumulative distribution function F then

Ran FY c B'.

1.3.3 Functional Monotone Class Theorem

Before we introduce the Functional Monotone Class Theorem, which will be
used in the next section, we state without proof Dynkin’s 7, A-systems
Lemma. To do so, we need some definitions.

Let Q be a non empty set. A w-system is any class of subsets of {2 that
is closed under finite intersections. Similarly, a class D of subsets of €2 is a
A-system if

e QeD,
e if A,Be€Dand AC B, then B\A € D.

e for any increasing sequence { A, } of elements of D, we have lim A,, € D.

It is clear that any o-algebra is both a m and A-system. Define 7w(Z) to be
the smallest 7-system containing Z. Similarly, we define A\(Z) and o(Z).

Lemma 1.3.11 (Dynkin’s 7, A-systems Lemma) If Z is a 7-system, then

\NT) = o(2).

Theorem 1.3.12 (Functional Monotone Class Theorem) Let H be a collec-
tion of bounded real valued functions from Q satisfying the following condi-
tions

a) H is a vector space over R,
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b) H contains the constant function 1 (hence every constant function),

c) if {fn} C H is an increasing sequence with supsup | f,(w)| < oo, then
lim f,, € H, and
n

d) H contains the indicator function of every set in some mw-system I.

Then H contains every bounded o(Z) measurable real valued function on .

Proof. Let D be the class of subsets I of €2 such that Ir € H. Since 1 € H,
QeD. IfABeDand AC B, thenllg_4, =1 —14 € H, by condition a.
On the other hand, let {A,} be an increasing sequence of sets. Since

]Ilim A, = hHl I An

(and, by condition ¢) we can conclude that D is a A-system. It means, by
the previous lemma, that o(Z) C D.

Now, let f > 0 be a o(Z)-measurable and bounded function. As a matter
of fact, f may be approximated as an increasing sequence of simple func-
tions, which are nothing else than linear combinations of indicator functions.
Therefore f € H. Finally, if f is bounded but not necessarily non negative,
we can always rewrite f as fT — 7, where

ff=f-Iysp and [~ =—f I

Clearly, f* and f~ are non negative and bounded. It follows that f*, f~
and f are elements of H and the proof is complete. ]

1.3.4 'Weak Convergence

From now on S and S’ are used to denote Polish spaces. As before, B(S)
denotes the Borel o-algebra of S, and the elements of B(.S) are called Borel
sets. A measurable space that is Borel isomorphic to a Borel subset T of [0, 1]
(there exists a bijection f : S — T such that both f and f~! are measurable)
is called a Borel space. It can be proven that any Polish space endowed
with its Borel o-algebra is a Borel space. A measure on the measurable space
(S, B(S5)) is called a Borel measure.
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Define
M(S) = {p: p is a probability measure on (S, B(S))}.
Let ® be the function from M(S) x By(S) to R given by

(u, f) = /S fdu, (L1)

where By (S) is the set of all bounded measurable functions from S to R.
Similarly, Cy(S) C By(S) denotes the set of all bounded and continuous
functions. Clearly each element of B,(S) is integrable, so that ® is well
defined. As usual, the f-section of ® is given by

O M(S) = R, @p(p) = @(p, f).

Similarly, we define the p-section of ®, ®,. Let 7 (g) be the smallest topol-
ogy that makes ®; a continuous function for every f € C,(S5), this is, the
smallest topology containing

¢ :={®;'(0) : f € Cy(S), O C Ris an open set}.
Indeed, F(s) is generated by the smaller set
C = {(I);l(O) fe Cb(S), (OXS %]R}»
where % is a countable basis of the topology in R. As before, we can also
define the Borel o-algebra of M(S), denoted by B(M(S)).
Example 1 The map ¢ : M(S) — R, given by
() = u(0), O is an open set,

is measurable since it can be written as the limit of continuous (hence mea-
surable) functions. Set

fo(x) = min{l, nd(z, 0%}, where d(x,0°) = inf d(z,y).

yeOe°

Clearly, f, € Cy(S) for all n. Then
o0 = [Lodn =t [ fudn
because 0 < f,, 1 Ip.
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Example 2 The map p — u(A), A € B(S) is also measurable. It is
important to note that we can no longer use the approximation argument.
However, we use the Functional Monotone Class Theorem (Theorem 1.3.12)
with
IT={0OCS:0Oisopen} and H ={f:pur ®s(p) is measurable },

since (by previous example) every indicator function of an open set belongs
to H. The first and second condition of Theorem 1.3.12 are clearly satis-
fied, while the Bounded Convergence Theorem proves that H is closed under
increasing sequences of functions, which is the third condition. Therefore

By(S), the set of all measurable and bounded functions from S to R, is
contained in H. In particular u(A) = [ I, dp defines a measurable map.

Example 3 In the previous example we explained how to prove that

uH/fdu

is measurable if f:S — R is measurable and bounded.

A subbasis . of a topology is a collection of sets that cover the entire
space. From a subbasis we can create a basis for a topology as follows

%:{ﬁVi:V;eY,neN}.

i=1

Consider the following open neighborhoods of p € M(S5)

Sy = { /fdu—/fdu <€ feCS )}

Sy = {viv(F) < u(F)+e F closed set}
Sy = {v: V(G) > u(G) — €, G open set}
Ty = {v:|v(4) —p(A)| <e, A p-continuity set},

where a p-continuity set A is such that p(0A) = 0.

Then, let ., for i € {1,2, 3,4}, be the subbasis obtained after taking the
union of the neighborhoods at p for all ¢ € M(S). Similarly we define the
basis %;, i = 1,2,3 and 4, generated by the subbasis .7;. In the following
theorem we show that the four bases generate the same topology, Z(s)-
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Theorem 1.3.13 The topologies generated by each U, Us, Us and U coin-
cide and are equal to Tpy(s).

Proof. Let .7, be the topology generated by %;. Choose any f € Cy(S)
and € > 0. Let I be the open interval ([ fdu —e€, [ fdu+€), then

ol fru 10

It follows that 7 = Js), (P as in (1.1)) On the other hand, it is easy to
see that a set in %5 coincide with a set in %5 (just take F' = G°). So, we
only have to show

< e} = o 1(I).

o N =29. LetUe Sy, sayU ={v:|v(A)—u(A)| <e, A p-continuity set}
and let

V={v:v(A) < u(A) +e} n{v:v(A°) < u(A¢) + €} € %.

Notice € V. We claim that V' C U, i.e. any set in .}, contains a set
in %,. Take v € V| then

V(A) <v(A) < w(A)+e=p(A) +e¢

and
V(A%) < V(A7) < u(A) + € = p(A°) + o,

which implies v(A) > u(A) — e. It follows, as we wanted to show, that
V(A) — p(A)] <.

< (F) + € F closed set} € . Find
s, F) < 0} is a p-continuity set and

»

m

wn
=

B

d such that Fy = {
p(Fs) < p(F) + 5. Let

clearly if v € V then v(F) < v(Fs) < u(F)+e. In other words, V C U.

23



S = 5. First we show that every set in /5, contains a set in
1, and then we show the other direction. Let U = {v : v(F) <
W(EF) +¢€, F closed set}. Take Fs such that p(Fs) < u(F) + 5. Choose
f € Cy(S) so that

1 if sekr,
f(s) = 0 if s¢Fs,
te0,1] if se€ F5\F

V_{u:’/fdu—/fd,u <;}

To show V' C U take v € V, clearly
v(F) < /fdu <p(F)+e ie vel.

Finally, let U = {v: dey—ffd,u’ <2 feCy(S)}. We may
assume 0 < f < 1, otherwise transform by adding and multiply-
ing by appropriate constants. Pick & € N such that % < €. Define
Fy={z:% < f(z)}. One can show that for m € M(S)

We define i

v:Q{u:wFi)me;} e %,

Our claim is that V' C U. Take v € V, then

1 1
/de < E+E

< /fdu+26.

The same argument applied to 1 — f will show [ fdp —2e < [ fdv,
which completes the proof. B
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In fact, it is possible to reduce the subbasis .%5 and .5 and still generate

the same topology T (s)-
Lemma 1.3.14 The topology Ts) is generated by the subbasis

Ty ={v:v(G) > u(G) e}, peM(S), Geu'},
where %' is the set of finite unions of elements in the countable basis {G;}52,
of S.
Proof. Clearly 7)) is finer than the topology generated by this subbasis,
hence we only have to show that any set of the form

U={v:v(G) > u(G) — 2}, G openset, uec M(S)

contains a set in V in .7, with € V. Let G C G be a set in %’ satisfying
u(G\G') < e. Then we show that

V={v:v(G)>uG)—e CU.
To see this, take v € V|, then
v(G) > u(@') — e > p(G) + p(G\G') — 2¢ = p(G) — 2e.
It implies v(G) > u(G) —2¢,ic. veU. g

Now, let p, and p be probability measures on (S, B(S)). We say that j,
converges weakly to u, in symbols p,, = p, if

lim [ fdu, = / fdp, forall f e Cy(S).
s S

n—oo

Clearly, the previous definition is closely related to the definition of conver-
gence in distribution, in fact one can see, using change of variables, that

Xn B X iff 1x, = [tx, where X, 2 tx, and X 2 X

As one can imagine, the definition of convergence we just gave is consistent
with the topological space (M(S), Zns))-
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Lemma 1.3.15 Let {1, }22,, i be a sequence and an element of M(S) re-
spectively. Then i, = p iff {{tn} Trs)-converges to pu.

Proof. Suppose {1t} Ts)-converges to p, and let f € Cy(S). Plugging
into the F(s) continuous function @y, we get [ fdu, — [ fdu.

On the other hand, suppose [ fdu; — [ fdu, for all f € Cy(S). Let V
be a neighborhood of i. Find a set of the form

U= ﬂCI)]Til(UZ-), fi € Cy(S), U; open in R

i=1

satisfying p € U and U C V. Let k;, ¢ € {1,...,m}, be such that for all
n > k; we have pu, € <I>71(Ui). Then take the maximum of this numbers,

ie. let k = max{ki,...,kn}. Clearly, if n > k then u, € ﬂ o N (U;) C V.

We just proved that for every neighborhood V' of u there ex1sts k so that
{,un}nzk cV. [ |

Example Let x € S. Let 0, : B(S) — {0,1} be the probability measure
given by
0 if z¢A
%(4) = { 1 if zeA (12)

Let {z,}22, be a sequence in S converging to z, then d0,, = J,.
The following theorem give us alternative definitions of weak convergence.

Theorem 1.3.16 (Portmanteau Theorem) For probability measures p,, and
poon (S,B(S)) the following are equivalent:

1. h_}m [ fdun, = [ fdp, for all f in Cy(S)

2. For any open set U we have liminf u,,(U) > u(U)

n—oo

3. For any closed set F we have limsup pu,,(F) < p(F)

n—o0
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4. For any continuity set A of u we have lim pu,(A) = u(A)
n—oo

Proof. 1. = 2. Let U be an open set and F' its complement. Define
fr(x) = min{1, kd(z, F)}, where d(z, F) = inlfw d(x,y), and notice that 0 <
ye

fr T Iy. Moreover, every fi is a bounded and continuous function from S to

R. Hence
Jim / fodpn = / e

On the other hand, since p,(U) > [ fi dpn,, we have

lim inf p, (U) > liminf/fk dj, = lim /fk dp, = /fk dj.
n—oo n—oo

n—oo

Finally, letting & — oo gives
w(U) = /I[U dp = lim /f;c dp < liminf u, (U),
k—o00 n—00

since [ fi dp < liminf p,(U).
2. & 3. It is easily verified taking complements.

3. = 4. Let A be a continuity set of u, this is u(0A) = 0. Recall:
int AC AC Aand 94 = A\ int A. Then,

p(int A) < liminf p,(int A) < liminf u, (A)
n—oo n—o0

< limsup p,(A) < limsup p,(A)

n—oo n—oo

n(A),

since int A is an open set and Ais closed. Moreover, A = int AU A implies
pu(A) = p(int A) + u(0A). Since pu(0A) = 0, then

IN

lim p,(A) = pu(A).

n—oo

4. = 1. Let f € Cy(S), define F, := f~'({y}). Notice that if y; # v, then
F, NF,, =0. Also, p(F,) > 0 for at most countably many values of y. In
fact, without loss of generality, we may assume p(Fy) = 0 (otherwise add an
appropriate constant).
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On the other hand, for every € > 0 and all & € Z define

Bje = 7! ([ke, (k + 1)6)).
It follows that 0By . C Fe N F{j41)e, which implies

/‘L(aBk,e) < M(er) + ﬂ(F(k+1)e)

If £ =0, we have p(0By ) < pu(F,), since u(Fy) = 0. Now, let {y1,v2,...} be
the set of points such that p(F,,) > 0. Define C' as the set

i

{636:%, kGZ—{O},izl}.

Notice that p(Fye) > 0 for some k, if and only if e € C'. Clearly C'is countable
and, if ¢ € C¢ ¢ > 0 then

p(0By) =0, for all k € Z.

There exists a sequence {¢;} convergent to zero so that {¢;} C C¢¢; > 0
(otherwise C' would not be countable). Hence By, is a continuity set of p
(for all k£ and all j) and fu,(B.;) — p(Br,,) as n goes to infinity.

Since f is bounded, for a given €, By = 0 for all but finitely many &'s.
Now, for a fixed ¢;

Zker(Bk,Ej) > /fdu — €j,
k

where the summation is taken over all those (finitely many) &'s such that
By¢; is not an empty set. Clearly,

Z kﬁj,u(Bk,ej) = nlggo Z kﬁjﬂn(Bk,ej)a
k k
and
JLH;O;kEjMn(Bk,Ej) = hrrbgg)lf; kejpin(Br,e;) < h}gg}lf/fdun.
On the other hand

lim sup/fdun < lim sup Z(k+ 1)€;jpin(Brye;) = li_)m Z(k—i— 1)€jftn(Br.e, )-
k k

n—oo n—oo
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Moreover,

n—r00
k

lim Z(k + 1)€jpin(Br,e;) = Z(k + 1)eju(Brye,) < /fdﬂ + €.
k
Then, putting everything together,

/fdu—ejSliminf/fdunSlimsup/fdunﬁ/fd,u—l—ej.

n—oo

Finally, make €; — 0, to conclude

lim [ fdu, = /fdu.
n—oo
[ |

In fact we can relax the first condition in the previous theorem, it is
enough to verify if [ fdu, — [ fdu for just countably many functions f.

Lemma 1.3.17 Let % = {U, : n € N} be a basis of the topology in S and
U = {UUZ-:ICN, 1 isﬁnite}.
icl
If [ fdp, — [ fdp for every function f: S — R of the form
f(x) =min{l, kd(z,U°)}, keN, Ue U

then i, = .

Proof. First of all, we want to emphasize that the U is countable. As
part of the proof of the previous theorem (1. = 2.) we proved that the
hypothesis of the lemma implies lim inf p,,(U) > p(U) for all U € % .

n—oo

Let V' C S be any open set. Let {U,}32, C % be such that

V =limsupV;, where V; = U Us.

1—00 k=1
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Clearly 1,(V;) < pn(V), hence

lim inf g, (V;) < liminf g, (V).
n—oo

n—oo

By hypothesis p(V;) < liminf p,(V;), therefore pu(V;) < liminf p, (V).
n—oo n—oo

It implies
p(V) = lim pu(V;) < liminf i, (V).
11— 00 n—oo

Therefore, by the Portmanteau theorem, p, = u g

Let .
F=A{f:f(z) =min{l, kd(z,U°)}, ke N, U e %}, (1.3)

where % as in the last lemma. Using the previous result and Lemma 1.3.13
we can obtain a simplified version of one of the subbasis that generates the
topology T s) in M(S).

Lemma 1.3.18 J)gs) is generated by the countable set

{0,1(0): f e F, O € U},

F asin (1.3), and U denotes a countable basis of R.

The next theorem shows that convergence almost surely is stronger than
weak convergence, in the sense that if a sequence of random variables con-
verges a.s., then the sequence of measures induced by them converges weakly.

Theorem 1.3.19 Let {X,,} and X be random elements from (2, F, P) to
(S,B(S)). Suppose that X,, — X a.s. and let p,, p be the distributions of
X, and X respectively. Then (i, = .

Proof. Let f € Cy(S), we need to prove

ti [ o = [ fan

Since p, = Po X', we can write [ fdu, = [ f(X,)dP. Similarly, [ fdu =
J f(X)dP. On the other hand, since f is a continuous function we have that
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f(Xn) = f(X) as. and the fact that f is bounded implies that f(X,) and
f(X) are also bounded. Hence, by the Bounded Convergence Theorem we
have

lim | f(X,)dP = / F(X)dP,

n—oo

which means that u, = p. B

In particular, if u, and p are probability measures on (R, B(R)) we have
an alternative and easier way to define weak convergence. In the next lemma
we only prove that our original definition implies this new one. Later, in
Section 2.1, we prove the converse of this result.

Theorem 1.3.20 Let u,, and p be probability measures on R and F,,, F' their
respective c.d.f. Then, w, = u implies F,(x) — F(z) for every continuity
point x of F.

Proof. By the Portmanteau Theorem

limsup F,,(z) < F(z) and limsup u,([z,00)) < u([z, o0)).

n—oo n—oo

However, if = is a continuity point of F', then we must have

limsup[l — F,(z)] < limsup p,([z,00)) < p([z,00)) =1 — F(x),

n—oo n—oo

which is the same as
liminf F,,(z) > F(x).
n—oo

It follows that

F(z) <liminf F,(z) < limsup F,(x) < F(x).

n—00 n—00

Clearly, F,,(z) — F(z), whenever z is a continuity point of F. ]

In the following theorem, taken from [2] (Theorem 5.1, p. 30), S and
S’ are Polish spaces, but is easy to see that it would be enough to work in
metric spaces and the theorem would remain true.
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Theorem 1.3.21 Let {1, },, and p be probability measures on S, let X be a
measurable function from S to S’. If u, = p and p(Dx) = 0, then

ppno X P = po Xt

where Dy is the discontinuity set of X.

Proof. We shall show that for any closed subset of S’, lets say F', we have

limsup pi, X~ (F) < pX 7 (F).

n—oo

Since p, = p we have

lim sup 2, (X (F)) < lim sup i, (Xfl(F)) Sp (Xfl(F)) )

n—oo n—oo

because X ~'(F) € X~1(F). Therefore it is enough to prove that u (X’l (F)) =
“ (X—l(F)>. Notice that

X-YF)C Dx UX YF),

By hypothesis p(Dx) = 0, which means that u(X1(F)) = u (X*I(F)) , as
we wanted to prove. B

The following theorem will be used in Section 2.2.2. Let {f,}52, be
the countable subset of C,(S) defined in Lemma 1.3.17. This set contains
functions of the form

f(z) = min{1, kd(z,U°)},

where U is a certain kind of open set and k£ € N. ® as defined in (1.1).

Theorem 1.3.22 Let S, 5" be two Polish spaces and X a function from
(M(S"), BIM(S)]) to (M(S), BIM(S)]). Then, X is measurable iff &y, 0X :
M(S") = R is measurable for all n € N.

32



Proof. Because of the fact that J)(s) is generated by a countable subbasis,
the o-algebra B(M(S)) is generated by the same set, say

S ={0.10): f € {fa}), O € U}

(%w is a countable basis of R). If X is measurable, clearly @, o X is mea-
surable, since it is the composition of two measurable functions.

On the other hand, suppose ® o X is measurable for all n € N. Then,
for any O € % C B(R), the set

(@5, 0 X)71(0) = X (9;1(0)).
is measurable. In other words, if B € .% then X ~!(B) is measurable, i.e.
XN C BIM(S)).
Since .7 generates the o-algebra B(M(S)), we can conclude that X is a

measurable function. B

1.3.5 Prohorov Metric

So far we have defined the topological space (M(S), T (s)). It can be proven
that it is metrizable. Let’s define

F.={xeS:dxF) <€}
If u, v are two elements of M(S), we set

dp(p,v) =inf {e > 0: for all closed sets F,u(F) < v(F.) +¢€}. (1.4)
Lemma 1.3.23 dp : M(S) x M(S) — [0,1] is a metric in M(S).

Proof. Let
Ey={e>0:pu(F) <v(F.)+e for all closed sets F'}

Ey={e>0:v(F) < u(F.) +e€ for all closed sets F'},
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Then we show E; = Fy. Take any € € E; and let I’ be any closed subset of
S, let G = S\F.. Clearly, G is a closed set and F' C S\G,. It follows that

W) = 1= p(G) = 1 - v(G) — e = v(F) —
This is,
v(F) < u(F.) +e.
Hence, Fy C FE5. Similarly, we show Fy C Ej. It follows immediately that
dp(p,v) = dp(v, p).

To prove the triangle inequality let p, v, A € M(S) and suppose dp(u, v) <
0 and dp(v,\) < €. Then, for any closed set F'

wE) < v(Fs)+0<v(F)+0
< A((Fo)e) +0+e< AFope) + 0+,

A

which implies
dP(Mv )‘) S dP(H’a V) + dP<Va >\)

Finally, suppose dp(u,v) = 0. It means that u(F) = v(F) for every closed
set F. Let D = {B € B(S) : u(B) = v(B)}. In order to prove u = v we
must show B(S) C D. Notice that

1. S €D,

2. if A,BeDand AC B,

p(B\A) = p(B) — (A) = v(B) — v(A) = v(B\A),
ie. B\AeD

3. if {B,}, C D is an increasing sequence then

1 (nh_{glo Bn) = nh_{{.lc w(By) = lim v(B,) =v (lim Bn> )

n—oo n—oo

ie. lim B, € D.

n—oo

In other words, D is a A-system. Moreover, F C D, where F is the set of all
closed subsets of S. Since F is a m-system, by Dynkin’s 7, A\-systems (Lemma
1.3.11) we have

B(S)=0(F)=AF)CD.

Therefore p = v. B
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The metric dp is called the Prohorov metric and it can be proven that
the metric space (M(S),dp) is separable and complete. For instance, if
D C S is a countable dense, then

N N
D—{MEM(S):M—Z%(SM, Zan:l, a, € Q, xneD},

n=1 n=1
is a countable dense subset of M(S).

We close this chapter with a probabilistic interpretation of the Prohorov
metric, provided in [8] (Chapter 3, Theorem 1.2). This interpretation will be
used in Chapter 3.

Theorem 1.3.24 Let u,v € M(S). Define P(u,v) to be the set of all prob-
ability measures m € M(S x S) with marginals ju and v. This is, for all
A € B(S) one has m(A x S) = u(A) and m(S x A) = v(A). Then

dp(p,v) = meipn(fw) inf{e > 0: m({(z,y) : d(z,y) > €}) < €}.

It is known that the Prohorov metric gives the same topology on M(S)
as the topology of weak convergence.
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Chapter 2

Skorohod’s Theorem and
Extensions

2.1 Skorohod’s a.s. Representation Theorem

In Section 1.3.1 and 1.3.4 we introduced the concept of convergence a.s. and
convergence in distribution of random elements as well as weak convergence
of measures. We also proved, in Theorem 1.3.19, that convergence almost
surely implies weak convergence of the distributions of such random elements.
Skorohod’s almost sure representation theorem establishes that there exist
random variables for which weak convergence of their measures and conver-
gence a.s. hold simultaneously.

In 1956 A. V. Skorohod published his paper “Limit Theorems for Stochas-
tic Processes” [13] containing the proof of this converse result for a complete,
metric and separable space. Later, in 1968, R. M. Dudley weakened the ini-
tial hypothesis and prove this result without completeness [6]. In this section
we include both results.

Before exploring a more general space S let’s begin with R. Suppose we
want to prove the previous statement: “if p,, u € M(R) and p,, = pu, then
there are X,, — X a.s. having distributions p, and p”. The first thing we
should notice is that, given the structure of B(R), instead of looking at the
measures p, and g we can study their cumulative distributions functions,
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say F,, and F. Then, we have to construct X,, X : (0,1) — R with the given
distributions.

Naturally, the first candidate we have in mind are the pseudoinverses of
F, and F (see Section 1.3.2)
FYw) = inf{z: F,(z) >u}, wue(0,1)
FYw) = inf{z: F(z) >u}, we(01).
Since F,(x) — F(z) for all but countable many values of z one can imagine
that F\ " (u) — FY(u) hold for almost every u € (0,1). It would imply

that following this method we can find the random variables we are looking
for. In the following lemma we prove this statement.

Lemma 2.1.1 Suppose ji,, p € M(R) and p, = p. Let X, X,, : (U, B,\) —
R be given by X (u) = FY(u) and X, (u) = F,E_l)(u). Then X has distri-
bution p, X, has distribution p, and

X, —> X as
Proof. To show that the law of X, is u, it is enough to show that the

cumulative distribution function of X, is indeed F,, (similarly with X). In
Lemma 1.3.6 we proved that FV(u) < a iff u < F(a). Therefore,

MX, <z) = Mu: Xo(w) <)) =A{u: Y (w) < z})
A < Fa(@)}) = MO, Fa(2)]
= F.(x).

It shows that X,, and X have right distributions.

Now, to show X,, — X a.s. consider the functions Y, and Y from (0, 1)
to R defined as follows

Yo(u) =inf{z: F,(z) >u} and Y(u)=inf{z: F(z)> u}.

We can see that Y, is quite similar to X,,, the same happens with Y and X.
Indeed, is easy to see that

AX,=Y,)=AX=Y)=1,
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since the discontinuity points of X,, and X are countable. Now, fix any
w in the set {Y(u) = X(u)}. Let v be a continuity point of F' such that
F(v) > u. As proved in Theorem 1.3.20, F,(v) — F(v). It implies that for a
large enough n we must have Y,,(u) < v. Therefore
limsup Yy, (u) < v.
n—o0
Then, choose v | Y (u) (it is possible because all but countably many v’s are
continuity points of F'). It follows that
limsup Yy, (u) <Y (u).

n—oo

By similar arguments
X (u) < liminf X, (u).

n—oo

Since X, (u) < Y, (u), we have

X(u) < liminf X, (u) < limsup X, (u) < limsup Y, (u) < Y (u).

n—0oo n—00 n—00

Since X (u) =Y (u) we have X,,(u) — X (u) for such u. Again, since \(X =
Y) =1, we can conclude

M{u: Xy (u) = X(u)}) =1,

which proves our claim. B

Using the properties of R, like the order of its elements, we were able to
find X,, and X relatively easily. Using this result we can complete Lemma
1.3.20.

Lemma 2.1.2 Let {1,}52, and p be probability measures on R. Let F,, F
be their cumulative distribution functions. Then w, = p iff F,(z) — F(z)
for all continuity points x of F.

Proof. Half of the lemma has been proved in Lemma 1.3.20. We only need
to show that F,,(z) — F(x) for all continuity points = of F' implies j, = p.
By the previous result take X, = Fy(b_l) and X = FOU, then X, 2 Lons
x2 wand X, — X a.s. Since convergence a.s. is stronger than convergence
in distribution (Theorem 1.3.19), we must have p, = p, which completes
the proof. ]
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When we change from R to a more general space S it is not so clear
how can we produce random elements with the required properties. For
instance, we can no longer rely on cumulative distribution functions or their
pseudoinverses. In the following theorem we explore Skorohod’s proof for a
complete, metric and separable space.

Theorem 2.1.3 ([13], 3.1.1, p. 281) Let S be complete, metric and sepa-
rable. Assume that the probability measures in S {u,}22, converge weakly
to po. Then there exist S-valued random elements {X,};°, on the Lebesque
probability space, having distributions pu, n = 0,1, ..., such that

X, — Xy a.s.

Proof. We construct Borel sets S; i, ..., ij,k € N in the following way.
Let {zF}2°, be a sequence of points such that every point of S lies at a
distance no greater than 2~**1 from at least one point of the sequence. As
before B(x,r) is the open ball with center at = and radius 7. We can choose
an r € (%%, 2%) such that

1 (0B(zf,ry)) =0  for all i, (2.1)

which can be done because there is at most a countable set of r where (2.1)
is positive for each 7. Let

ot = ataton (U stehow).

1 2 k
w=D; ND;N---NDE.

It is easy to see that the sets we obtained satisfy the following properties

Siti,in N St i

ey . .
(il = 0 if i; # 4 for at least one j,

o0 oo
U SilviZ’nwik—lﬂ;k = Si17i2w~7ik—17 U Si =35,
=1 i=1

U=

e The diameter of each S; is less than 27,

1,82,.00y0k

o 11(0Si 45, ix) = 0.
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We denote by A}, . (n = 0,1,...) intervals of the segment [0, 1]
defined as follows.

n n . ey
o A}, and A7 i have no intersection if iy # 7},
e the union of {Aihim_“’ik}ik:l is the interval Ai17i27-~-7ik—17 which implies
n n
Ai1,i2,-~-,ik - Ai17i2a-~-,ik—17
n . n ; ]
o A7, ;. lies to the left of Ail,z‘z,...,i; whenever i), < 7},.

e the length of A? . is equal to 11, (Si, iy.....i1.)-

11,02,00050

From each set S;, 4, We now choose one point x;, € S. Forn =

0,1,... we define the functions X" : [0,1] — S by

12500 nik

X;Z’L(t) = T4y i, im fort e AZJ%“_JT”.
It is easy to see that d(X[(¢), X"*7(t)) < 27™. Since S is a complete space,
the limit X, of {X]"},, exists. Since the length of A}, . tends to the

length of A? ;. for all interior points ¢ of the intervals A? ; . we have

lim d(Xo(t), Xa(t) <27™,

n—oo

and therefore for all ¢ € [0, 1] except possibly a countable set (the boundaries
of the intervals), we have

lim X,,(t) = Xo(t).

n—oo

To complete the proof we must only show that the distribution Py, of
each X, is indeed p,. By construction Py, and p, coincide for all sets in

C - {Sh,iz,...,ik, k S N}

In fact C is a w-system because the intersection of two sets is either empty or
the “smallest” set (in case one is contained in the other). Hence A\(C) = o(C).

Also notice that the class of sets where Px, and p, coincide is a A-system,
thus, if we show A\(C) = B(S) we are done.
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To do so, we show that for every open O C S there exists a set in the
(countable) class C inside O: take x € O and find k € N so that B(z,27%) C
O, then we can certainly find 5;, ;, ., that contains x and so is completely
contained in O. Then, it is easy to see that

O=|J{aec, Aco}

(prove by contradiction). It follows that O € A(C). Therefore we can con-
clude that o(C) = B(S), and the proof is complete. g

Now, we prove the same result without completeness in the space S.

Theorem 2.1.4 ([6], Theorem 3, p. 1569 and [11], Theorem 3.30, p.56) Let
fiy o, - .. and p be measures in the separable metric space (S,d) such that
tn = p. Then on the Lebesque probability space there exist some random
elements { X, }, and X, from (0,1) to S, with induced measures y, and
respectively, satisfying X, — X a.s.

Proof. For this proof we start with a random element X : (U, \) — S
with distribution p. The existence of such random element is given by the
existence theorems (see Section 1.3.1, Theorem 1.3.5).

First we prove the theorem when S is finite. Without loss of generality,
assume S = {1,...,N}. Let p; = N(X =1i) = pu({i}) and p;,, = . ({7}).
Clearly, pt,, = p iff p;,, = p; foralli=1,...,N. Let U : (0,1) — (0,1) be
uniform and independent of X. We now construct some random elements
X,, so that X, L 4. Notice that

Thus we may construct X,, satisfying

{X—z}m{Ug?}c{Xn—z}.

7

Since p;,, — p; for each 7, we get X, —» X as.
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For general S, fix any p € N and choose a partition of .S into p-continuity
sets By, By, ... € B(S) of diameter less or equal than 277. Next choose k so
large that u(By) < 277, where

By - (UB)

This is possible since |JB; T S. Let I = {0,1,...,k}. Define h,, : (0,1) — I

so that AN({h, =i}) = pn(B;) and put h = Z il(xep,- It’s easy to see that

Aoh, = Aoh (B, By,..., By are - contlnulty sets). Moreover, since [ is a
finite set, we may assume h — h a.s. (by the previous case).

Let us further introduce some independent random elements Y,! : (0,1) —

B;, v =0,1,..., k with distributions given by
pn(B N By)
A Y’ B _

(neB) == B

Then define
YOo(u) if we {h, =0},

XP(u) — Y, (u) i.f u € {h, =1},

YE(w) if we{h, =k}
To prove that X? has distribution pu, notice that, for any B € B(S5),
k k
{x2e By = J{xr e Byn{h, =i} = J{v; e B} n{h, =i},
=0 =0

hence

MXPeBY = ZA{Y@eB}m{h =i}) _iA{YZeB} IN{ A = i})

_ Z”"Migf)un(a) in(B).

From the construction is clear that

{hn, =h} N{X ¢ By} C {d(XE,X) <27P}, forall n,p.
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Since h,,, h have finite range, h, — h a.s. and P(X € Bj) < 277, there exists
for every p some n, € N with

P J{dxn,X)>27} | <27, forallp,

n>np

which is equivalent to P(d(X2, X) > 277, n > n,) < 27P. We may further
assume that ny < ny < ---. By the Borel Cantelli Lemma we get that

P (Sup d(X?, X) <277 for all but finitely many p) =1.
n>ngp

Now define X,, = X? for n, < n < ny41, and note that X,, has distribution
fn. Moreover X,, — X a.s. 'l

2.2 Extensions

In the rest of the chapter S is a Polish space, M(S) the space of all prob-
ability measures on (the Borel sets of) S endowed with the weak conver-
gence topology and (U, B, \) is the Lebesgue probability space. A function
p: M(S)x U — S is a representation of M(S) if

1. p is Borel measurable, and
2. for every p € M(S) the function p, : U — S, defined by
pulu) = p(p, ),
has distribution y (with respect to A on U = (0, 1)).
In 1983, Blackwell and Dubins published a paper claiming the existence
of a representation satisfying specific conditions. The main property of such
representations is related with a “particular” kind of continuity. Notice that,

when we say p(-, u) is continuous at p we mean that p,, = p implies p(fi,, u)
converges to p(p, u) in S.

In my thesis we study this and other types of continuity, we name them
for simplicity:
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e (C1) There is anull set N so that for u ¢ N, p+— p(p,u) is continuous.

e (C2) For each € M(S) there is a null set N, so that for u ¢ N, the
map m — p(m,u) is continuous at p.

e (C3) For each p € M(S) and sequence p, = p there is a null set
Ny gpiay S0 that for u @ Ny gy, p(pm, w) = p(p, u).

Clearly (C1) is the strongest type of continuity and (C3) is the weakest among
the three of them. However, a representation with any of this continuity
properties is a generalization of Skorohod’s result by taking X,,(u) := p(ji,, u)
and X (u) := p(p,u). Moreover, p is defined in the whole space M(S), so
that the limit random element with distribution p does not change if we
change the sequence {u,} converging to .

For instance, the existence of a (C2)-continuous representation for S = R
can be easily verified, we just let pj be the pseudoinverse function of the
cumulative distribution function of p.

Theorem 2.2.1 Denote by M* = M(R). Let p* : M* x U — R, be the
function defined by:
o) = i+ p(—o0,2]) > u}, € (0,1).

Then, p* is a (C2)-continuous representation of M*. This is,

1. p* is a measurable function,
2. p;, = p*(u,u) has distribution p (with respect to A on U) and,

3. except of a null subset N, of U, p*(-,u) is continuous at j.

Proof. First of all notice that we can write

p*(p,u) = FD ().

To prove measurability we use Theorem 1.3.3. Since F,Sfl)(u) is left con-
tinuous, we only need to prove that pf(-) is measurable for all u. Notice
that

A = g N(~ooa)) = {ne M pi(n) < a)
= {pe M :p(uu) <a) = {ue M F V() < a}.
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In Lemma 1.3.6 we proved Ffl)(u) < a iff u < F(a). Therefore,
A = (e M Fya) 2 u} = {ue M p((—o0,a]) > u}
= {uert: [ranzuf =07 o

where f = I(_ 4 is a bounded function from S to R and & is given by 1.1.
By the second example in Section 1.3.4, 1 — ®;(p) is a measurable function,
which means that the set A is measurable. Therefore p! is measurable and
we can conclude that p* is a measurable function.

To complete the proof, we refer to Lemma 2.1.1. ]

2.3 Blackwell and Dubins’s Extension

Blackwell and Dubins sketched a proof for the existence of a (C2)-continuous
representation of M(S), where S is an arbitrary Polish space, moreover,
they constructed and gave an explicit formula for such function p (see [3]).
A question we had in mind when we first studied the paper was a mistake my
supervisor found, the function p was not well defined: one of the functions
that defines p was evaluated outside its domain. Our goal was to fix this
problem redefining the function. In this section we explain and prove the
statements claimed by Blackwell and Dubins, while studying the representa-
tion introduced by them.

For the general case, we add a new parameter a so that our probability
space is A x U, where A = [1,2] and U = (0,1). Let D be a countable dense
subset of S and let

{Ho}no (2.2)

be an enumeration of all open spheres with centers in D and with rational
radius. Fix a € A and denote by H¢ the open sphere with center equal to the
center of H,, and with radius equal to the product of a with the radius of H,,
so that the sequence H{, HY, ... also determines the topology of S. This is

because, if O is any open set, we have O = |J H{, where C = {i : H} C O}.
iec
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For (a,z) € A x S define

Lemma 2.3.1 ¢: Ax S — [0,1/2] is an injective function.

Proof. Suppose c(ai, z1) = c(az, x2), then

iﬂH'ﬂ (.I'l) HY? (172 i

n=1 n=1

°§\§'

where i,, = Iy (x1) — Iy (22). Suppose that 4, # 0 for some n € N. Let
n* be the first number such that 7,- % 0. Without loss of generality suppose
i+ = 1. Then,

[e'S) i n*—1 . [e'S) i

‘n n

o Z bt Y -0
n=1 n=n*+1

If we multiply by 3" we get

1+ZZ”+" =

But —= < S 3 lntn® S . This contradiction shows that there is no such n*
therefore 1, = 0 for all n € N.

Suppose 1 # x2 and, without loss of generality, a; < as. Find H?? in
{Hg*}, so small that xo € H? but 2y ¢ H2?. Since H* C H® we get

Iy (21) =0 while Tyee(2y) =1,
which is a contradiction. Therefore z; has to be equal to xs.

Now, assume a; < ag and let x = x1 = x,. Take y € S, a center of one of
the open balls {H,},, such that d(z,y) = § # 0. Then, find r € Q so that

0
ap < — < as.
r
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Let Hj be the open ball with center y and radius r. Clearly ¢ H;* but
x € H;?. Again this is a contradiction since, by hypothesis, we must have
Iy () = Iz (2) for all k. It follows that a; = ap and the proof is complete.

Lemma 2.3.2 The function c,, given by x +— c(a,x), is continuous in the
complement of | JOHZ.

Proof. Let {z;} be a sequence in S such that z, — z, with = ¢ JOH?.

Our claim is that ¢,(xg) — ¢,(z) as n — oco. Fix any € > 0. Let N € N be

such that Y 5 < e Then,
n=N-+1

N

]IH%(.QT]C) - HH% (JJ) - 1
calon) — cale) =[S0 0y L
n=1 n=N-+1
N ]IHa(fk) - ]IHa (.’L’)
< Z - 3n - te
n=1

We claim that for a large enough &, Iye(xy) = Iye(x). Since z, — x the
equality is true if x € H?. On the other hand, suppose x ¢ H?. The fact
that = ¢ (JOH? implies © ¢ OH?. Hence z € int [(H?)¢]. It follows that
eventually x;, € (H)® and Iga(xy) = Iga(x) = 0. Hence, for all n € N exists
a kj, such that Iye(xy) = Iga(z) for all k > k. Let £* be the maximum of
{k\, Ky, ... K} Tt follows that

i Lrg (2x) — Lng (2)

3n

207

n=1

for all £ > k*. As a consequence |c,(xy) — ¢, ()| < €. So that c,(xr) — c.(2),
as we wanted to prove. g

Moreover, ¢, is a measurable function because it may be expressed as the
limit of measurable functions, namely

k
. ]IHa
Cq = lim g o
k—c0 3n
n=1

47




Hence, we may define J,(1) € M(R) to be the distribution of ¢, on the
probability space (S, B, i), that is, J,(u) = poc,t.

Lemma 2.3.3 For a fized x € S the function a — c,(x) is left continuous.

Proof. Fixanyz € Sanda € (1,2]. Let {a,}2, be an increasing sequence
converging to a. We need to prove that, if € > 0, then there exists N* € N
such that

|ca, () — co(x)| <€ foralln> N*.

Let N be an integer such that ) % < €. Then,
=N

1=

=
L

o) — @] =12 33 [T () = Lo ()] +§;§ [Leen () —HHg(xﬂ‘
< ]j__:;[ﬂﬂgwx)—ﬂffg(:c)} + f;; [Hﬂan(f)—HHg(fC)]‘
< ]j_:;[ﬂff;n@)—m(x)] +iv e () T (2)
< ]j_: 33 [Lygon () — Ipa(2)] | + €.

Now

_ o it dx ) = ar,
Tp (z) = { it d(z,y) < ary,

where y; and r; are the center and radius of H;.

Suppose lga (x) = 0, since a, T a, we have a,r; < ar; and

If Tya(x) = 1, define ¢; = ar; — d(x,y;) > 0. Since a, T a, there exists m;
such that |a, —a| = a — a, < & for all n > m;. Hence a, > a — & and

i

anr; > ar; — €, = ar; — ar; + d(z,y;) = d(z, y;),
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it follows that Iyen(x) = 1, for all n > m;. Thus, for large n, we have
Iyan (2) — Iy (x) = 0 for all i < N, which give us

|Can (2) = ca(2)] <é,

as we required. ]

Since c is injective, it possesses an inverse ¢! : ¢(A x S) — A x S. Define
h to be the projection of ¢! on its second coordinate. By Kuratowski’s
Theorem ([8], Theorem 10.5), the image of ¢ is a Borel subset of [0,1/2] and
the inverse map ¢! is Borel measurable. It follows that 4 is a Borel function.

Lemma 2.3.4 Let {y,}5°, be sequence converging to y, where y,,y € c¢(A x
S). Then h(yn) — h(y). In other words, h is continuous in c(A x S).

Proof. Let {(an,z,)}>2, be the correspondent sequence in A x S, this is
c(ap,x,) = yn. Let (a,x) be such that c¢(a,x) = y, notice that h(y,) = z,
and h(y) = x. Define {i}}72, and {i,x}72,; to be the ternary representation
of y and y,, so that

o i, s
y:Z@ and y":Z§’ Vn € N.
k=1 k=1

We can also see iny, as Iyon (zn) and iy as Iye(z). The fact that y, — y
must imply that, eventually these first “ternary digits” of the elements in
the sequence are equal to the digits in y. To prove it, let N be the first
integer such that 7, # iy, then

> (inkSZ k)‘ -

Sy (B

|yn - y| =
k=1 k=N-+1
InN — IN —  (ink — ik 1 Unk — Uk
> [ ) 5 (B - - | 3 ()
k=N+1 k=N+1
- 1
- 2 . 3N7
because Y. g5 < g3w. Since |y, — y| — 0, we have N — 00, so that each
k>N+1

term in the ternary representation of y, and y will eventually be the same.
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Now, we will prove that x,, — z. Fix any € > 0. Take z € S, the center of
one of the open balls in {H,};2,, such that d(z,z) < . Let k € N be such
that £ < £. Let N € N be the index of B (2, ¢) in {H,},. It follows that

1 /
Hy =B <z, I<:> C HY, C B(z,¢), foralld € A.

Since [ g (v) = 1, we have that exists a large enough n* such that z,, € Hy'
for all n > n*. It follows that z,, € B(x,¢), which implies

d(z,,z) <e, foralln>n"

Thus,
h (fm ) = Hl) = = Jim 2=l ),
as we claimed before. ]

Finally, we introduce a variation of the function p constructed by Black-
well and Dubins. Define p, thus:

p(,u, a7u) = E[p*(Ja(ILL),U)], (23)

where the subscript @ indicates the dependence of J on a, and h is given by

= [ hly) if yec(AxS)
hy) = { it yédce(AxS).

where z* is any element of S.

The change made to the original Blackwell and Dubins p consists in ex-
tending h, using h instead. This is due to the fact that the range of p* may
be larger than ¢(A x S), see Section 1.3.2.

In the following sections we show that the new p is a (C3)-continuous
representation of M(S), but may fail to be (C2)-continuous.

2.3.1 Properties of p

As before, p: M(S) x A x (0,1) — S is given by
P, a,u) = Blp*(Ja(p), w)).
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Since p is a composition of several functions, it is enough to prove that the
functions h, p*, and J, are (jointly) measurable to prove that p is indeed
measurable. Recall that the measurability of p* and A has been already
proved.

Lemma 2.3.5 J: M(S) x A — M(R) is jointly measurable.

Proof. By Theorem 1.3.3, it is enough to prove that J, : M(S) — M(R)
is measurable for all a € A, and J,, : A — M(R) is a left continuous function.

e J, is measurable. By Theorem 1.3.22 we only need to verify the mea-
surability of ¢y : M(S) — R, where @;(u) = [ fdJ. (1), f € Co(R).
Recall the definition of J,(x): the distribution of ¢, under the measure
. Then

‘W(N)Z/Rfdja(ﬂ):/sf(ca)d#.

Since f € Cy(R), f oc, is a bounded function from S to R. By the
second example in Section 1.3.4 it is clear that ¢; is a measurable
function.

e J, is left continuous. Let a € A, take {a,}, any increasing sequence
that converges to a. Our claim is that J,(a,) converges to J,(a), in
the topology of M(R). Recall Theorem 1.3.19, which establishes that
if fo,f S — R are random variables such that f, — f a.s. then
its distribution functions converge weakly. Lemma 2.3.3 shows that
Ca, — Cq @.8., which implies J,(a,) — J,(a).

This completes the proof. ]

In summary, we have that all components of p (h, p* and J,) are measur-
able functions, which implies the measurability of p.

Now, we analyze the distribution of the random element p, : Ax U — S.
As usual, the a-section of p is defined as the function p, : M(S) x (0,1) — S
determined by p, (1, u) = p(p, a,w). First, we will prove that for any a € A
pa(ft, +) has distribution pu.
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To analyze the distribution of p,(y,-) define Y, : (0,1) — S as the func-
tion given by Y, (u) = pa(p, u). First of all, notice that Y}, is a Borel function
since it is a section of a measurable function, so it is a random element from
(0,1) to S. Then its distribution My, is given by

Ay, (B) = M{u : Yy (u) € BY) = A(Y,7(B)), B € B(S),
where, as usual, A is the Lebesgue measure in (0,1). The class
C={BeB(S):z2" ¢ B}

is a m-system that generates B(S), so if we show that A\(Y,'(B)) = u(B) for
all B € C it would imply that A oY, ~' =y in B(S).
Let B € C, then
YU(B) = {u:V,(u) e B)
= {u:h|
= h] p),u) € (A x S)}

(1), u) & (A x S)}
= {u:h|

— {u:p(Jul),u) € (A x B)}.

Notice that, by Kuratowski’s Theorem ([8], Theorem 10.5), ¢(A x B) is a
Borel set.

On the other hand, since p* is a representation of M(R), we have

MY, H(B)) = Ju(w)[e(A x B)].

I

Moreover,

LA x B)] = (woes)e(A x B))
p({z : ca(x) € (A X B)})

where the last equality is justified by ¢ being an injective function. We may
now conclude that the distribution of Y), is actually u.

Finally, since the conditional distribution of p given a is u for each a, its
unconditional distribution is pu.
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2.3.2 (C3)-continuity of p

We start with an additional assumption, then we’ll show that such assump-
tion holds almost surely.

As before, let a be any number in A. Suppose that pu(0H?) = 0 for all
n € N, our claim is that p, is (C3)-continuous at u, i.e. if p = p, then there

exists N+ with A(Nj . ) = 0 such that p,(pe, ) converges to pa (s, u)

for every u & Ny . ,.

Now, just for a moment, lets suppose that J,(ux) = Ju(u), then it
would imply p*(Ju(px),u) — p*(Ja(p),u) for almost every u since p* is a
(C2)-continuous representation of M(R). Define the null set N = {u :

p*(Ja(pw), w) 7> p*(Ja(p), w)}-
Ifu¢ N and p*(J, (), u), p*(Ju(p), u) € ¢(A x S) then
Palpii, w) = h[p"(Ja(pr), )] = hlp"(Ja(p), w)] = palp, u),
by Lemma 2.3.4. It is important to see that
A s 5 (Jal) w) € (A X S)}) = Jalpu)le(A x S)
= ({7 : calz) € (A x 5)})
= w(S) =1,
for all k. Hence N({u : p*(Ja(r), w), p*(Jo(p1),u) € c(A x S)}) = 1. Now let
iy = N UL p"(Ja(pw), w), " (Jalp), u) & c(A X< S)}.
Then, it is easy to see that p,(ug,u) converges to p,(u,u) for every u ¢

N (yny- In conclusion, if we prove that py, = p implies Jo(pu) = Ja(p), for

Lebesgue almost every a € A, then we are done.

As proved before, in Lemma 2.3.2, ¢, is continuous in the complement of
(JOH? and, by hypothesis,

p (U aH;) <> udH;) = 0.

Therefore, we can apply theorem 1.3.21 to get ux o c;' = poc,'. In other
words,

Ja(p) = Ja(p)-
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It follows that, under the condition pu(OH?) =0 Vn, the conditional proba-
bility given a of the discontinuity set of p, for p and {p,} is zero.

If we prove that, for any p, the measure of the boundaries of H¢ is zero for
all but countably many a, we are done, since the unconditional probability
of the discontinuity set of the map p — p(u,a,u) for u, {p,} will be zero. It
implies that the representation is (C3)-continuous at each .

To prove this initial hypothesis notice first that H N dH? = () for
ai # ay. It implies that for a fixed n, the set of {a : u(0HZ) > 0} is indeed
countable. Then, the equality

{a: w(0H?) > 0,n € N} = J{a: n(0H]) > 0}

n

shows that it is possible to rewrite the first set as a countable union of
countable sets, which proves our claim.

2.4 Fernique’s Extension

In 1988 a paper was published by X. Fernique ([10]) giving an explicit way to
construct a (C2)-continuous representation of M(.S), for any Polish space S.
We start with some definitions and notation. As before, S is a Polish space
with metric d. Recall that for e >0, I C S

F.={xeS:dxF) < e}
The Prohorov metric on M(S), denoted by dp, is given by
dp(p,v) =inf {e > 0 : for all closed set F, u(F) < v(F.) + €},

see (1.4), Section 1.3.5. In this section we explain Fernique’s (C2)-continuous
representation of M(S). Blackwell and Dubins representation uses a function
from Polish to a more particularly studied space, the interval [0,1]. Such
construction is too “discontinuous” and fails to capture the structure of S.
Fernique regularize it using continuous partitions of unity, (see Section 1.1.3).
Actually, this representation does not use a second parameter as the first
representation where the domain of p is M(S) x ([1,2] x [0, 1]).

54



In this section (U, F,\) denotes [0,1) with its usual topology and the
Lebesgue measure. For any integer n > 0, let

To={0ni, k=0,1,2,3,...}

be a sequence, ordered by k, of open sets of diameter less or equal to 27"
covering S. Let F,, = {f;,t € T,} be a continuous partition of unity domi-
nated by 7, (existence is given by Theorem 1.1.2), provided with the order
induced by its index. The partitions F), are in general not comparable, in the
sense that there is not a clear relationship between the sets in 7, for different
values of n. Let

G'=F x---xF,.

For simplicity, sometimes we write (ai,...,a,) = (fa,,---, fa,), Wwhere f,, €
F;. We equip G" with the dictionary (or lexicographic) order associated with
the orders of its factors: (a1, as,...,a,) < (b1, be,...,b,) iff any of the fol-
lowing is true

o a1 < b1

e a; = b; and as < by

° alzbl,agzbganda3<b3

e a;=>0;fori=1,....,n—1and a, < b,.

We may identify G" with the ordinal space [0,w™) as follows,

(0,0,...,0,0,0) = 0
(0,0,...,0,0,1) =
(0,0,...,0,0,2) = 2

(0,0,...,0,0,k) = k

(0,0,...,0,1,0) = w
0,0,...,0,1,1) = w+1
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(0,0,...,0,1,2) = w+2
(0,0,...,0,2,0) = wtw=w-2

(0,0,...,0,k,m) = w-k+m

and, in general

n
(a1,az,...,a,) = Zw”_’ - a.
i=1
At any element g of G", we associate the product

p(g) = ftl1 : fa2 o ’fan-

As in Section 1.1.3 the support of p(g) is the set {x € S : p(g) (x) # 0}. De-
note by t(g) an element in the support of p(g). Notice that

suppp(g) C B(t(g),27"), (2.4)

where B(t(g),27") represents the open ball with center at #(g) and radius
27", For every pair (m,n) of integers larger or equal to 0, let ¢/™+™™ be the
projection of G"*™ on G", i.e.

q("+7”7")(fal,fa2, S 1fan+m) = (falvfaza .. '?fan)? fa; € B

Lemma 2.4.1 For any n € N the set {p(g),g9 € G"} is a continuous par-
tition of unity. Moreover, {p(g),g € G"™'} is finer than {p(g),9 € G"},
meaning that

plg) =Y {p(h) : h € g™ ¢ (h) = g}, Vg€ G". (2:5)

Proof. Clearly, p(g) is continuous and has range in [0,1]. Fix any = € S,
since F} is a partition of unity f(x) = 0 for all but finitely many f € Fj.
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The same is true for k = 1,...,n, therefore p(g) (x) = 0 for all but finitely
many g € G".

To prove (2.5), let g = (fa,,-- -, fa,) € G" where f,, € F;, then

{he g™ ¢ (h) =g} ={(fars- -+ fans Bi) : hi € Fpia}.

It follows that

S Ap(h) he G ") = gb = Y p(fars- s fans i) (2)
i=0

= D (@) fan (@) hi(2)
= fa1(x>fan(x)zhz(x)
= fa1(33)"'fan,<x)'1:p(g) (x)

Finally, to show > p(g) (z) = 1, notice that

gegn
doplg) @) = D Y p) @) flx)= D plg)(x), by (25)
gegn gegn-1 feF, gegn—1
= > ) pe @) fl@)= > plg)(x)
9egGn—2 fe€Fn 1 gegn—2
= = plg) (@) =) glx) =1,
geg!h geFR)

which completes the proof. ]

For any element g of G", set

Salg)= > p(h).

hegn, h<g

Clearly, %, : G" — [0,1) is an increasing sequence (recall that we equipped
G™ with the dictionary order).
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Lemma 2.4.2 For any integern > 1 and all g € G", it is possible to simplify

Sal9) =Saa(d) +0) Y, f (2.6)

fEFn, f<gn

where ¢ = ¢V (g) and g, is the n'" entry of g.

Proof. Suppose that g has no predecessor in G", i.e. ¢ is of the form
n—1

> w'-ay, a; # 0 for at least one ¢. In that case

i=1

9= (fam' . 'afan_me) = (g/7f0)a
%/

and the equation (2.6) is trivially satisfied.

Now, suppose that g has predecessor in G", i.e. g is of the form (¢, k).
Notice that, by g = (¢', k) we mean that the n'" entry in g € G" = Fyx---x E,
is the function fi, € F,, = {f;}32,. In this case

k—1
Salg) = Y. p(h)= > ph)+> pl(g.i)
hegn, h<g h<(g’,0) =0
k—1
= Y pW+DY pld)fii fi€F
hegn—1 h<g =0
k-1
= Zaalg) +pld) )i
=0
as we wanted to show. ]

By induction, this implies in particular that the functions %, (g) are con-
tinuous and bounded on S. As we mentioned before, some elements of G"
have no precedent, but every element g has a successor g*. Let u be a prob-
ability measure on S. Fix an integer n > 0 and denote by pu, € M(S) the
probability measures defined by

o= ( / p(9) du) Ox(g)-

gegn
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Our claim is that the sequence in M(S) constructed in this way converges
weakly to p.

Lemma 2.4.3 For all n, dp(pu,, ) < 27"

Proof. Let F' C S be a closed set, in order to prove the lemma we must
show 1, (F) < pu(Fy-n) + 27", Define the following sets

Ap = {geg":tlg) € F}
Br = {g€§":suppp(g) N F # 0},
clearly Ap C Bp. Then
m(F) = (/p(g)du> <y </p(9)du> =/ > plg)dp.
gEAR gEBF gEBFR
By (2.4), g € B implies supp p(g) C Fo-n. Then

/ZP(Q)CZMZ / Zp(g)dué / ldp = p(Fy-n).

geEBF n gEBF F2—n
In summary
pn(F) < pu(Fo-n) < p(Fo-n) + 277,
for all closed set F'. B

A simple recurrence, based on (2.6) after integration and the fact that,

as g increases X,(g) T 1 (because Y. p(g) is the constant 1 in S), show that
gegn
for every z € [0, 1) there exists a unique element g of G", denoted by g, such

that

/En(gx)du <z< /Zn(gi)du~

Define the function X,, from [0, 1) to S by putting X,,(z) = t(g,) for all  in
[0,1).

Lemma 2.4.4 X, is a well defined measurable function. Moreover X, 2 -
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Proof. First notice that {t(g) : ¢ € G"} is a countable set and

X, M)} ={z €[0,1): Xu(@) = t9)} = So(h) dp, | Sa(h)du)
[het(h)=t(o)} U / )

( S (hT)dp — /En(h) du)
/ N — S, () d
/

therefore

/\(Xn = t(g)) =

[hit(
{h:t(h)=t(g
{hat(

Lemma 2.4.5 For every x € [0,1) the sequence {X,(x)}y>, is a Cauchy
sequence in the complete space (S,d). Then it converges to a limit X (x),
satisfying

d(Xn(x),X(x)> <2 VWrel0,1),¥neN.

Proof. Suppose X,,(z) = t(g) and X,,41(x) = t(h), then

[s@dnze< [sigan md [samdize < [Soa0)da

Let
hl:(gafi):<ga17"'7ganafi)7 fiEFn-Q—l:{fi}?i@
———
g
By (2.6), X,41(ho) = B0(9) < z and .41 (i) = X,(9)+p(g) - f;- Tt follows

J<i

that
kll_{{)lo Y1 (hi) = 3,(9) +p(9) ij = En(ng)
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Since x < 3,(g"), there exists k so that
Snr1(he) < 2 < S (B),

which implies ¢+ (h) = g. Hence suppp(h) C suppp(g) C B(t(g),2™™").
Notice that the last contention is given by (2.4). Therefore

d(t(h), t(g)) = d(Xn(2), Xnpa(2)) <277
Similarly, if X,,4o(x) = ¢(h’) then
q(n+2,n)(h/) _ q(n+1,n) [q(n+2,n+1) (h/)] _ q(n+1,n)(h) =yg.
In general, d(X,,(2), Xpim(z)) < 27" Finally, let
X(x) = lim X, (z).

n—o0

It follows that d(X,(z), X(z)) <27™". g

The function X : [0,1) — S defined above is measurable, and because
of the relationship between its law and the sequence {p,} (which converges

weakly to ) we know X Z . We set X = X(p) and X,, = X (p,n).

For any integer n > 0 and any probability measure p on S, let

N(p,n) = {/En(g)durgegn},

Lemma 2.4.6 The set N(u,n) is a closed subset in [0,1) and

N(w) = J N(g,n)

neN

is a countable null subset of [0,1).
Proof. Let ¥:G"U{w"} — [0,1] be the function defined by

U(g) = / S p(f) dp = / Su(g)du, g eGn,

f<g

V(w") = /Zp(f)du=1~

fegn
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Since p(g) > 0 in S for all g € G", the function can be interpreted as an
increasing ordinal indexed sequence. In order to prove continuity of ® we
only have to show ®(g) 1 ®(f) whenever g T f, where f is a limit ordinal.
Notice that f must be either w” or an element of G" of the form

n—1
(fm,-.-,fan_lv f() ):(ah...,an_l,O):;wn—i'ai

€r €F,_; first in Fyy
when a; # 0 for at least one i. Suppose f # w™. Take any g < f, then
()~ Zalg) = 3 plh).
helg. f)

Fix z € S, since {p(g) : g € G"} is a continuous partition of unity we have
that p(g) (x) = 0 for all but finitely many g. It follows that if g is close enough
to f then [X,(f) — £,(¢9)](z) = 0. In other words, £, (f) — £,(g) decreases
pointwise to zero as g T f. Then

B(f) — B(g) = / S0(f) = Sulg)] di = 0, as g1 1.

Similarly, it can be proved that ® is continuous at f = w™. We use the fact
that [0,w™] is a compact set to prove that the direct image of ® is compact,
thus closed, in [0, 1]. That is,

v@ oy = {[ageo}un
= N(p,n)U{l}
is closed, which implies that N(u,n) is closed in [0, 1).

Finally, it is immediate that N(u,n) and N(u) are countable null sets.

Let p be an element of M(S) and let {p;}°, be a sequence converging
weakly to . Take any x ¢ N(u) and any € > 0. Then choose an integer n
such that 27! < e. In particular z ¢ N(u,n), therefore there exists § > 0
and g € G" such that

/En(g)d,u<a:5<x+5</2n(g+)du.
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The sums ¥, (g) and X,(¢g") are bounded continuous functions, therefore

pi = p implies [3,(g) dpi — [ Xn(g) dp and [ 3,(g7) dp; — [ B (g") dp.
Then, there exists k € N so that

/En(g) dp; <x < /En(g+)d/,ti for all i > k,
which give us the equality X (p;, n)(z) = X (u, n)(x). Moreover,

A(X () @), X (@) < (X () @), X i, ) () ) + (X (s, m) (@), X (1) (2))
= d(X (@), X (i) (@) + d (X (1,m) (@), X () (2))
= 27427 =2""" e

It shows that the sequence {X (u;)(z)}52, converges to X (u)(z).

Finally, Fernique’s (C2)-continuous representation p : M(S) x [0,1) — S
is given by
plp, x) = X (p, ).

The previous lemmas confirm that p has the properties required to be (C2)-
continuous. The only thing we must show is the measurability of p.

Lemma 2.4.7 The function p: M(S) x [0,1) — S is jointly measurable.

Proof. Since p(p,z) = lim X, (u, ), where X, (u,x) = X (p,n)(x), it is
n—o0

enough to prove that X,, : M(S) x [0,1) — S is jointly measurable for all n.
Fix any n € N and, for simplicity, let p(u, ) = X,,(¢, ). Then we show

e p,: M(S) — S is measurable,

e p,:[0,1) = S is right continuous.

By Theorem 1.3.3 the joint measurability of p is implied.

To show the first part recall p(u, ) = t(g.), where g, is the unique element
of G"™ such that

/En(gz)du <z < /Zn(gi)dw
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Since the range of p, is a subset of {t(¢) : g € G"} C S, we can conclude that
p. only takes countable many values in S. Hence, to verify measurability,
we only need to check whether or not the set p, '{t(¢g)} is measurable for all
g € G". Notice that,

DY) = (ne MUS) : puu) = tg))
{MEM(S): [opanse< [5.0%)am t(f)—t(g)}-

On the other hand, the set
{nem®): [snansa< [s0m)
can be rewritten as
{uems): [snasafN{nems)o< [s0m}.

the intersection of two measurable subsets of M(S) (example 3, Section
1.3.4). This proves that p, ' is measurable.

Now, we prove the second part. Take any p € M(S) and fix z € [0, 1),
we must show that for any decreasing sequence {z;}32, converging to = we
have p,(z;) = pu(x). Let

e:/En(gj)du—x>0.

Find k* such that |z — 2| = 2, — 2 < e for all k > k*. Since [ X,,(g,) dp <
x < xp, we can conclude

/En(gz)du <y < /En(gi)du for all k > k*.

The fact that x — g, is uniquely determined implies g,, = g, for all £ > k*.
That is, p,(x,) = p.(x) for a large enough k, and the proof is complete. g
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Chapter 3

Liftings with Fixed Boundary
Values

3.1 Construction of Liftings with Fixed Bound-
ary

In this chapter we present another variation of Skorohod’s theorem by Jean
Cortissoz (see [5]). We begin with some notation: let L°(€, S) be the space
of S-valued random elements from €2, where S is a Polish space. Suppose «
is a continuous path from [0, 1] to M(S), then we ask ourselves: is it possible
to find a continuous @ : [0,1] — L°(£2, S) so that the distribution of @(t) is
a(t) for all t € [0,1]7 Notice that we ask continuity for the path @ but we
have not yet specified a topology in L°(Q,S). If by “continuous” we mean
that whenever ¢, — ¢t we must have @(t,) — @(t) a.s., then knowing the
existence of a (C2)-continuous representation p and putting Q = [0, 1], we
can easily take

a(t) = pla(t), -) (3.1)
to obtain the desired result. Indeed, there is no need to restrict ourselves to
the case Q = [0, 1]. It is possible to generalize equation (3.1) when (Q, F, P)
is a non atomic probability space. A subset A of 2 is an atom if VB €
F,B C A we have either P(B) = P(A) or P(B) = 0. If there is no atom
then the probability space is said to be non atomic.
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Lemma 3.1.1 Let (0, F, P) be non atomic. For any t € [0,1] there exists
E, € F satisfying P(E;) = t.

A proof for the lemma above can be found in [4] (Corollary 1.12.10, p.56)
or [14].

Lemma 3.1.2 If Q is non atomic then there exists a [0, 1]-uniform random
variable X from Q. That is, the distribution of X, P o X1, is equal to the
Lebesgue measure A in [0, 1].

Proof. Let {¢,};>, be an enumeration of Q N (0,1). Inductively we con-
struct Fg,, Iy, , ... so that

P(Es)=s and F,C E; iff s <t.
To do so, start with E,, satisfying P(E,) = ¢1. If ¢o < ¢ take E,, C E,,
with P(E,) = ¢. If ¢ > ¢ find A C Q\E,, with P(A) = ¢ — ¢; and

take Ey, = E, U A. Following that method we can get sets with the desired
properties. In addition we ask Ey = 0 and E; = Q.

Define X : Q — [0,1] as
X(w) =inf{qg:w € E,}.

The set X 10,q] is given by (] FE;. It follows that X is indeed a mea-
t>q,teQ
surable function with distribution A, because for all s > ¢

E,c () EcCE,

t>q,tcQ

then P (| Ei|=q¢ =
t>q,t€Q

As a consequence, (3.1) can be transformed into

a(t) = pla(t), X ().
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Clearly it meets the requirements described in the first paragraph. From now
on {2 is non atomic.

Another question that rises when looking for a path @ is if one can fix
the endpoints at t = 0 and ¢ = 1. The previous path does not satisfy this
extra condition, because once we evaluate p at a(t) € M(S) we get a random
element whose law is indeed «(t), but we do not get to choose the random
element we wanted from all possible X € L°(€2, S) having this law. It makes
us wonder if convergence a.s. in L°(€,S) is too “strong” and if we should
consider other topologies in this set.

Let X,,, X : (Q,F, P) — S, we say that {X,,},, converges in probabil-
ity to X (X, KA X) if for every € > 0
lim P{w : d(X,(w), X(w)) > €} =0.

n—oo

As before, let a : [0,1] — M(S) be a continuous path. A lifting of «
is a continuous function @ : [0,1] — L%, S) (L°(Q,S) endowed with the
topology of the convergence in probability) such that, for all ¢ € [0, 1], the
law of @(t) is «(t).

Cortissoz was able to prove the existence of liftings with fixed endpoints
at 0 and 1. That is, if Xy and X; are S-valued random elements defined
on (2, F,P), a non atomic probability space, with distributions «(0) and
a(1) respectively, then we can construct a lifting @ for which @(0) = X, and
@(1) = X;. This chapter is devoted to proving this statement.

Let d : L°(Q2, S) x L°(€2, S) — [0, 1] be given by

d(X,Y)=inf{e>0: P{w:d(X(w),Y(w)) > e} <e}.
The metric d is called the Ky Fan metric, [7] (p. 226).
Lemma 3.1.3 Given a sequence {X,}2°, and X an element of L°(12,S)

X, 5 X iff  lim d(X,,X)=0.

n—o0

Proof. Suppose d(X,,, X) — 0. We must show P{d(X,, X) > e} — 0 for
any € > 0. Take € € (0,¢), since lim d(X,,X) = 0 there exists N € N so
n—o0
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that P{d(X,,X) > €} <¢ for all n > N. Then
P{d(X,,X)>¢e} < P{d(X,,X) >} <€, VYn>N.
Therefore,

lim P{d(X,,X)>¢e} =0,

nesoo
which implies X, 5 x.

On the other hand, suppose X, £ X and fix any €* > 0. Since P{d(X,, X) >
€'} — 0 we can find N € N so that Vn > N

PAA(X,, X) > €} < €
Hence,
A(X, X) = inf{ e > 0: Pl d(X, (), X(@) = } < e} < "

It follows that d(X,,X) = 0. g

The Prohorov metric dp in M(S) and d in L°(€, S) are related through
Theorem 1.3.24, which establishes

dp(p,v) = mGiPn(]EL,V) inf{e > 0:m{(z,y) : d(z,y) > €}) < e}.

The relation looks more evident in the equality
dp(p,v) = inf{d(X,Y) : law of X =y, law of Y = v} (3.2)

As a consequence, convergence in probability of X,, to X implies weak con-
vergence of their distributions. So, if we see “law” as a function from L°((2)
to M(S) this function is continuous.

We say that € M(S) is finitely supported if it can be rewritten as
= Zciéai . ¢ >0, {a;}r, CS.
i=1

Let {A;}!, be a measurable partition of €. The random element X that
assigns a; for all elements of A;, written as

X = zn: ai]IAi,
i=1

is said to be a simple S-valued random element.
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Lemma 3.1.4 Let p and v be finitely supported measures. Let
0<dp(p,v)<e.

Then, given X a random variable such that law(X) = p, there exists Y
whose law is v satisfying

d(X,Y) <e.
Proof. Since p and v are finitely supported, by (3.2) we can find

m m
X/ = E CLiHA; and Y/ = E CLiHBl{,
i=1 i=1

where {ay,...,a,} is the union of the supports of 1 and v, so that law (X') =

i law (Y') = v and d(X',Y’) < e. Write X = " a;l4,. By Lemma 3.1.1, we
i=1

can find measurable sets {B;;}7.,, 7 = 1,...,m, such that
By C A, P(A;N By;) = P(A;NB}) and A; =B
j=1
Then, take

B]:UB”, Y:Zaj]IBj.
A =1

Since P(B;) = P(Bj), we must have law (Y) = v. Moreover dX)Y) =

dX'Y)<e m

Lemma 3.1.5 Assume dp(law (X),law(Y)) < €, for a given e > 0. Then
there is Y' such that law(Y') = law (Y') and d(X,Y") < e.

Proof. The proof will be split in three cases:

e X and Y are simple. Already proved in previous lemma.
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e X is arbitrary and Y is simple. Take § > 0 small enough so that
dp(law (X),law (Y)) < e — 4.

Since the set of simple random variables is dense in L°(Q, S), and the
function “law” is continuous, we can choose X’ a simple random vari-
able such that

d(X,X')<d and  dp(law (X'),law (V)) < e—4.
By the previous case, we can find Y’ 2 Y so that d(X",Y") < e— 0.
Therefore

A(X,Y) <d(X,X)+d(X"\)Y)<6+e—05=e

e X and Y arbitrary. Let 6 > 0 be such that
20 < e —dp(law (X), law (Y)).
Find a sequence {Y},},, of simple random elements converging to Y such

that

- 1

dY,, Y1) < onii and  dp(law (Y,),law (Y)) < 6.

This can be done because the continuity of the function law. Let N € N
so that 27V < § and, at the same time, d(Yy,Y) < 8. Construct a new
sequence {Y]'};>y as follows:

when j = N, choose Y} such that

law (Yy) =law (Yy) and  d(Yy, X) < dp(law (X),law (Y)) + 4.
which can be done because

dp(law (Yy),law (X)) < dp(law (Yy),law (Y)) + dp(law (), law (X))
< dp(law (Y),law (X)) + 4.

Once {Y] };V: V" have been chosen, pick Y}, satisfying

1

law (Yo imi1) = 1aw (Yypmin) and  d(Yyimi1: Yiim) < SNl
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The existence of such random elements follows from

dp(law (Yn4mt1), law (Y]</+m)) = dp(law (Ynymt1), 1aw (Yaim))
1

< IN+m+1 .

By construction, the new sequence {Y;’} is convergent, and for its limit
Y’ we can verify law (Y') = law (Y). Moreover

d(X,Y') < d(X, V) +d(Ya,Y) <d(X,Yy) + Z%
J
< dp(law (X),law (Y)) +0 4+ 0 < e.

This completes the proof. ]

As part of the proof of Lemma 3.1.2, it has been shown that there exists
a family of measurable sets {At}te[o,a] so that A, C A, whenever s < ¢t and
P(A;) = t. Such family is called a [0, 0]-family and it will be very useful when
proving the existence of liftings with fixed endpoints.
Let X = > a;l4, and Y = ) a;l; be two simple random elements. We
=1 i=1

J= J
set

Let {[Ejj]:} be a [0, e;;]-family of E;;. A segment joining X to Y is defined
as axy : |a,b] — L°(2,9) given by

m m
_|_Z Z ai]IEij\[Eij](t—a)eij.

Eril/e_ X . ‘. =
k:Pk;ez‘[ kl](ii)%i) i=1 j=1,j#i “

m
axy (t) = a;l
Next we describe some important properties of these segments.

Lemma 3.1.6 @ := axy thus defined is a continuous function with ax y(a) =
X and axy(b) =Y. Moreover,

alt) = law(@(t)) = (gt) law (X) + <z“> law ().

—a —a
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Proof. Let € >0 and s < ¢. Then we have
P( d(a(t),a(s)) > 6) < Z P ([Eik](t_s)eik)
{(i,k):d(ai,a)>€}
< (t—s) Z eir <t—s.
{9}

An immediate consequence of the inequality is the continuity of ax y.

Now we show that law (@) = . Without loss of generality we may assume
a =0 and b = 1. In order to prove the last statement we only have to show
that the coefficient of d,, in law (@) is (1 —t)P(A;) + tP(B;). Let’s fix i = 1.
Then

m m

P@=a) = P(Eu)+ Y P([Epley) + Y P (Ej\[Eyjlie,)

=2 =2

m m
= €11 + Zteﬂ =+ Z(l — t)elj
j=2 j=2

= ti€j1+(1 —t)ielj
= tlj;(Bl) + (1 —t)];(Al).

The same can be shown when i =2,...,m. B

To help us find liftings with fixed endpoints, continuous maps from [0, 1]
to M(S) will be approximated using a special family of paths we call polyg-
onals. 3 :[0,1] — M(S) is called a polygonal with vertices at pg, ..., fni1
if there is a partition tg = 0,11, ..., tn, tne1 = 1 of [0, 1] such that S restricted
to [t;, ;1] is given by

tiy1—1 t—1;
t) = ()
B(t) (ti+1 — ti) i + (ti+1 — ti) Hit1

The function defined as above is called the segment (with domain [t;,¢;41])
joining p; to fliy1.

An easy consequence of Lemma 3.1.6 is the following fact about polygo-
nals.
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Lemma 3.1.7 Let v : [0,1] — M(S) be a polygonal with vertices at mea-
sures of finite support. Given Xy and X; such that law(X,) = «(0) and
law (X1) = (1), there is a lifting @ : [0,1] — L°(Q, S) such that a(0) = X,
and a(1) = X;.

To show that polygonals can be used to approximate continuous maps
from the unit interval to M(S) we will show that they form a dense set in
such space. To make the proof of this statement easier, we make the following
observation

Lemma 3.1.8 Let p,v € M(S). Fort € [0,1] we have

dp(v,tp+ (1 —t)v) < dp(v, p).

Proof. Let ¢ > dp(v, u), then u(F) < v(F.)+ € for all F C S closed. Then
we have

t(F)+ (1 =tv(F) < tw(F)+te+ (1 —t)v(F)+ (1 —1t)e
= v(F.) +e.

It means that dp(v,tpu+ (1 —t)r) < e. Since this is true for any € > dp(v, u)
the statement of the lemma follows. ]

Now we prove the density property of polygonals.

Lemma 3.1.9 Given « : [0,1] — M(S) a continuous function and € > 0,
there is a polygonal B with vertices at measures of finite support such that

sup dp(a(t), 5(t)) <e.

te(0,1]

Proof. Let e > 0 be given. Since « is continuous and [0, 1] is compact, we
can find 0 > 0 such that whenever |s —t| < ¢ we have dp(a(t), a(s)) < ¢ (by
the uniform continuity of o). Let N € N be large enough so that % < 9, and
define a partition of the interval [0,1] by ¢; = « for i = 0,1,..., N. For each
7 pick a finitely supported measure p; such that

dp(pi, a(t;)) <

[S28s
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Let 5 be the polygonal defined by the segments 3 : [t;, t;11] — M(S) with
endpoints p; and p;11. For each t € [t;,¢;41] we have

dp(a(t), B(t)) < dp(a(t),a(t:) + dp(alti), mi) + dp(pi, 5(t))
< dp(a(t), a(t;)) + dp(a(ti), p) + dp(pi, pis)
< dp(a(t), ati) + dp(alti), pi) + dp(pi, at;))

+dp(a(t:), ativr)) + dp(a(tiv1), tiv1)
< §+§+§+§+§:e.
Clearly
s dp(a(t), B(t)) <,
as we wanted to show. ]

Lemma 3.1.10 Let p and v be two finitely supported measures. If
m m
Xy=> aly, and X, =) alg
Jj=1 j=1

are such that law(X,) = p and law(X,) = v then

A~ A~

(X, a(t)) < d(Xy, Xo),

where @ = ax, x, s the segment joining X, to X,,.

Proof. Given ¢ > 0 we have

Pd(X,, X)) =2 €) = > P(Ey)

{(4.5):d(ai,a;)>€}

> > P(Eihe,)
{(6.9):d(ai,a;) =}
= P(d(X,,a(t)) >e).

The conclusion of the lemma follows. ]

Using the previous lemma we can now show

74



Lemma 3.1.11 Let o : [0,1] — M(S) be a continuous path. Fiz any € > 0
and let B be an arbitrary polygonal with vertices at measures of finite support
and such that

sup dp(a(t), 5(t)) < e.

te(0,1]

Then, given any continuous lifting @ of a, there is a lifting B of § such that

sup d (@(t),B(t)) < 5e.

te[0,1]

Proof. Let @ be a continuous lifting of «. Take a partition to = 0 < t; <
o+ < tpep = 1 of the unit interval, in such a way that

d(X;,a(t)) <e where X;=a(t;), forallt; <t <ti.

Choose Y; for i = 0,1,...,n + 1 so that law (Y;) = 5(¢;) and CZ(XZ-,Yi) < e,
which can be done by Lemma 3.1.5. Then we have

d(Y;,Yier) < d(Yi, Xi) + d(X;, Xinr) + d(Xig, Yigr) < 3e.

Construct a lifting B of 3, such that @restricted to the segment [t;, ;1] is
a lifting of 3 : [t;, t;11] — M(S) with 3(t;) = Y; (use segments joining Y; to

Yit1). Then f§ is continuous and for t € [t;,¢;41) we have

d(@(t), B(1)) d(@(t), X;) + d(X., Y;) + d(Y:, B(1))
d@(t), X;) + d(X;,V;) + d(Y;,Yiy1)  (by Lemma 3.1.10)

€+ €+ 3e = Se. B

IN NN

Finally, we prove the existence of liftings with fixed endpoints.

Theorem 3.1.12 Let « : [0,1] — M(S) be a continuous function. Let X,
and X; be two elements of L°(Q, S) such that law (Xy) = «(0) and law(X;) =
a(1). Then, there exists a continuous path @ : [0,1] — L%, S), (L°(Q,S)
endowed with the topology of the convergence in probability) such that

a(0)=Xo, a(l)=X; and law(a)=a.
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Proof. Let {X?} and {X}} be two sequences of simple random elements
in L°(2, 9) satisfying X? — X, X! — X,

R 1
and d(X}! X}

d(X27X2+1) < n+1) < ﬁ

5n+1

Take a sequence of polygonals {a, }, with vertices at measures of finite sup-
port, in particular a,(0) = law (X?) and a,,(1) = law (X}), such that

1
pn+l !

an—a and  sup dp(an(t), ana(f)) <
te€(0,1]

Now, by induction we construct the liftings {@,, },. At the n'" step, by Lemma
3.1.7, we can find @, associated to a, with @,(0) = X? and @, (1) = X,
Then, by 3.1.11, we can find @, associated to «a,.; so that

A 1
sup d(an(t)7an+1(t)) < n
t€(0,1] 5

which can be done because sup dp(an(t), oan41(t)) < zr. In fact, we can
te[0,1]

even take @,.1(0) = X and @,41(1) = X because d(X9, X9, ) < L7 and

d(XiaXiH,l) < W Hence
a,(0) = X and @,(1) = X.

It is clear by construction that {@,} is a convergent sequence. Let @ be
its limit. Then, since the convergence is uniform, @ is continuous. By the
continuity of the function law we must have

law (a(t)) = a(t), Vte|0,1].

This finishes the proof. B
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Chapter 4

Results

4.1 (C1l)-continuity

In this section we prove that there is no (C1)-continuous representation unless
S contains only one point.

Theorem 4.1.1 Let S be a Polish space containing more that one element.
Let p be a representation of M(S). Then p cannot be (C1)-continuous.

Proof. Let x1, x5 be two different elements of S. Define £ C M(S) as
L ={la fta = by, + (1 —a)d,,, a €[0,1]},
where 6,,,0,, € M(X) are given by (1.2), Section 1.3.4.

Suppose that p : M(S) x U — S is a (Cl)-continuous representation.
Without loss of generality, we assume that p, : M(S) — S is continuous for
all u € U. It follows that p(ia,-) : U — S has distribution pu, and the set
{u: pu.(u) € {z1,22}} has A-measure equal to 1. However, it may be false
that

A{u: pp,(u) € {z1, 22}, a€0,1]}) = 1.

In contrast, since Q N [0, 1] is countable
U'={u:pu,(u) € {z1,22}, « € QN[0,1]}
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satisfies A(U') = 1.

We want to analyze how many u € U" C (0, 1) are mapped to x; and how
many to x, for each u, € £, but more importantly, how the transition from
one point to the other is going to be. Fix u € U’, then consider the sets

Ay =A{a: pu(pta) =21, . € QN 0, 1]},

Ay =A{a: pu(pia) = x2, €« € QN[0,1]}.

Clearly A; U A3 = QN [0,1] and A; N Ay = (). In addition, it is easy to see
that A1 U Ag = [0, 1]

Now, consider the sets
B, = {a : pu(,ua) =1, @€ [07 1]}

By ={a: py(pra) = x2, v € [0,1]}.

It’s also clear that Ay C By, Ay C By, By U By C [0,1], and By N By = ().
In order to prove that By U By is indeed the interval [0, 1] we are going to
show that A; C B;. Take any o € Aj, then there exists {a,,} C A; such that
liyrln o, = a. As a consequence ., = [, and, since p, is continuous,

Jim pu(pta,) = pultta)

Notice that the fact that p,(pa,) = @1 for all n € N (because oy, € Ay),
implies p, () = 1. Hence o € By.

Similarly we can prove Ay C By, so that
AiNAy=0, Bi=A4, and B, = A,.

It is important to see that B; and By are both closed (and open!) disjoint
subsets of [0, 1] whose union is [0, 1] itself. Since this interval is connected
either By or By is an empty set. In other words, p, : M(S) — S is a constant
function. However, since p,, must have distribution p,

A({u : py is constant }) = 0.

In conclusion, the hypothesis of p, being (C1)-continuous is false when S has
more than one point. ]
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4.2 (C2)-continuity

4.2.1 A Counterexample

As stated before, our version of p, given by (2.3), may fail to be (C2)-
continuous. Consider the following counterexample: let S be the infinite
dimensional Hilbert space

S = {x—(ffl,fvza--«) :xiER’Zx?<OO}

i=1
with orthonormal basis {e;}°, €; = (0;;); where ¢; ; = 1 iff i = j. Let D be
a countable dense subset of S given by

D={y=(y1,vy2,-.-.): 4% €Q, yy =0 Vi >n, for some n € N}.

Let m : N x N — N give the enumeration of the spheres Gy, Gs, .. ., that is
Gmij) = B(y;,1:), where y; € D and r; € Q. Then the function ¢, can be
expressed as

1
ca() = Z Wﬂd(%wkan-

i,
For any a > 0,2 € S we have

l|lae, — :1c||2 =a? - 2ax, + ||yc||2 S a’+ ||x||2

Now, define the function f given by
1
fla) = Z Wﬂa2+\lyj\\2<azrf’
i,J

and compare with

1
Ca(aen) = Z 3m(ij) Ha2+||yj\\272ayj7n<a2ri2)

1,J

where y;,, is the n'™ term of y;. Notice that every y; contains only a finite
amount of non zero elements. Hence for a fixed m we can find a large enough
n so that 2ay;, = 0 for all j =1,2,...,m. It follows that

nh—{& colae,) = f(a).

79



It’s easy to see that, for a > 0, f(a) € c,(S). Otherwise, because ¢, is
continuous on ¢,(S), we would have that the sequence {we, }, is convergent,
which is a contradiction. However, f(0) = ¢,(0) € ¢,(5).

The function f is right continuous and strictly decreasing. To see this,
take any sequence «,, | «, for a large enough n

2

o + ||y;||> < @’} implies ol + ||y H

||2 i

<a’r
o + ||yl > a®rf implies o, +||yl|* > a*r7,

in other words I,2¢ ;2 = a2z 4,2 Then choose an appropriate (finite)

amount of 7,4 in .J so that

1
o) = fl@) =D TG (]1012+Hyj||2<a27'3 - Ha%+\|y]H2<a2ri2) <e,

52

for any € > 0. In other words f(a,) — f(«). We have shown that f(a,,)
increases strictly to f(a) and f(o,) € ¢,(S) for all n. Thus, for every o > 0
there exists an increasing sequence {w,} C ¢,(X) whose limit is f(a). Let
x, € S be such that ¢,(x,) = wy,, i.e. x, = h(w,). Without loss of generality
we may assume ||z,|| <2« and w, < f(2«) for all n.

Fix u € (0,1) and define the probability measure

=1
fho = U (Z 2nt5xn> + (1 — u)do,

n=1

where 4, is given by (1.2), Section 1.3.4. Notice that p, = dg as a — 0. Also
notice that

[e. o]

Ju(ha) = u (Z 216> (1~ u)d, -

n=1
We arranged things so that p*[J,(ua), u] = f(a) ¢ c¢.(S). This means that

*

palttasw) = hlp*(Ja(pa), w)] = @7,

which does not converge to p, (8o, u) = hlp*(J.(d),u)] = 0 as a — 0, for this
we require x* # 0. In other words, every value of u and a is a discontinuity
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point for some sequence converging to dy. This proves that our new version
of p fails to be (C2)-continuous.

Remark: In a similar way we can take w = (1,0,0,...) instead of 0 and
get a sequence of measures converging to d,, for which the representation is
not continuous at u for any w.

4.2.2 (C2)-continuity on R

(C2)-continuity seems to be a very strong kind of continuity for a represen-
tation of M(S), however when S = R, p* has this property. If, instead of
taking the complete real line we only take a Borel subset B of it, we would
like to know whether or not is possible to construct a (C2)-continuous rep-
resentation of M(S). Then, our intuition will probably lead us to try with
p* restricted to the set B. The first problem we find is that the values taken
by p*(u), the pseudoinverse of i, may be outside B, (see Section 1.3.2). So,
it will be necessary to modify the function in order to get a well defined
representation. Still, the way we redefine p* outside B has to somehow pre-
serve continuity. In the next two lemmas we show the existence of such a
representation of M(B) when B satisfies certain properties. Before that, we
recall that B’ represents the closure of B C R in the upper limit topology
T, while B represents the closure in the usual topology.

Lemma 4.2.1 Let B a Borel set such that (B’\B) N B = 0. Then the
function p* : M(B) x (0,1) — B given by

() = B (u)l

© B<|>b*]I

F{ Y (w)e F{ Y (w)eB\B’

where b* is an arbitrary element of B, is a (C2)-continuous representation

of M(B).

Proof. First of all, notice that joint measurability of p* follows from the
measurability of its components. Now, take any u € M(B) and define

N,={ue(0,1): Fﬁfl) (u) is discontinuous at u} U {Flsfl)(u) € B'\B}.
Lemma 1.3.10 guarantees that Ran Flgfl) C B'. Clearly A\(N,) = 0.
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We claim that for a fixed u ¢ N,
(s 0) = P7(1,u) whenever i, = i
Before we prove this, recall that F(;l)(u) — F V() for every u ¢ N,. Let
Ci={neN:F Y(u)e B} and Cy={neN:F(u) € B\B}

Clearly C1; N Cy = 0 and C; U Cy, = N. Suppose that C5 is an infinite set.
Then, let’s rewrite Cy = {n(k)} so that n(k) < n(k+1). Then

lim FY (u) = FCY (u),

k—oo Hn(k)

k)

but FP(L;(D (u) € B\B and F\ "(u) € B, hence F,S_l)(u) € (W) N B,
which is a contradiction. Therefore Cy must be finite. Note that no matter
what sequence {1, } we take, this set is always finite. This means that there
exists N such that p*(pn, u) = F. " (u) for all n > N. Hence

- — i F T (-1)
Jim p* (g, w) L p*(n, w) = lim F, 2 (u)
= FED) = o

- F,u (U) =p (/L,U),
and the proof is complete. ]
The previous lemma give us a construction of a (C2)-continuous repre-

sentation of M(B), when B satisfies an additional property. For instance, if
B is an open set then

B\BCdB and (W) NB=0.

Similarly, when B is closed then we have B’ = B = B (.7, is finer than the
usual topology) and B"\B = (), in which case pj is just F&Y restricted to
the set B.

In fact, the last lemma can be generalized to the next lemma

Lemma 4.2.2 Let B a Borel set such that

(B’\B) NB s a closed set.
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Then the function p* : M(B) x (0,1) — B given by
) = B + F(F@) on pepns (A1)

(where f : R — B is the projection in (B’\B) N B) is a (C2)-continuous
representation of M(B).

Proof. First of all, let’s define the function f: R — B so that
|z — f(x)] = inf{ v —yl:y € (B’\B) ﬂB} :

In plain words, f(x) is the closest (or one of the closest) point in <B’ \B> NB
to x. Since (B’\B) N B is a closed set, the function is well defined. Clearly,
if {x,}r°, C B'\B, z € B and z, = « then x € (B’\B) N B. Thus

|f(xn) - $| S |f(xn) - xn' + |!,E - xn‘ S 2‘33 - xn| — 0:

implying
lim f(z,) = x. (4.2)

n—oo

Take any sequence {u,} C M(B) converging to p € M(B) and p*(p, u) as
n (4.1). Let

N,={ue(0,1): Flfl) is discontinuous at u} U {Flsfl)(u) € B'\B}.

Again, A(N,) = 0. We claim that, for a fixed u ¢ N, p*(pn,u) = p*(p, ).
To prove this, define

Ci={neN: Fﬁ;l)(u) € B} and Chy={neN: Fﬁ;l)(u) € B'\B}.
Clearly Ci;NCy =0 and C; U Cy = N. If C5 is a finite set then
lim (e u) = lim_ 7 u) = lim FCD ()

n—00 n—o0,n€C1 n—00

= V() = 5 ().
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Let’s suppose now that Cy is an infinite set. Then for n € C5 we must have
Fi7Y () € B\B and F{™"(u) € B. Recall that £\, (u) — F\ " (u). Hence
Fi ) e (B’\B> N B, and by (4.2)

; -~ _ 1 (=1 — (=1 _ Tx
ol ¥, u) = lim, f(FM (U)) =Fy(u) = p*(p, u).
Since F\. " (u) and f (Fﬁ;l)(u)> both converge to F\ " (u) = p7(1, u) the

representation is (C2)-continuous.

Finally, joint measurability follows from the measurability of the compo-
nents of p*. g

4.2.3 (C2)-continuity in a Locally Compact Polish Space

In Section 4.2.1 of this chapter we modified the original Blackwell and Dubins
representation but we lost (C2)-continuity. However, in Section 4.2.2 we
prove that under some conditions of B a Borel subset of R we may redefine
p*(p,u) = FV(u) to get a (C2)-continuous representation of M(B).

In the rest of the section we prove that if S is a locally compact Polish
space, then we can find a (C2)-continuous representation. Before we prove
this, we show some other results. In the next lemma {H, },, is an enumeration
of open balls with centers in a countable dense subset of S and rational radius,
as in (2.2).

Lemma 4.2.3 Let S be a locally compact Polish space. The basis {Hy}n
of the topology in S may be reduced to a collection {Hyxy}, where Hz(k) 18
compact for all k and all a € [1,2].

Proof. First of all, notice that if ?EL is compact, then it remains true for
He¢ when a € [1,2]. As usual, let D = {x,}, be the (countable dense) set of
all centers of {H,},. Let

1/ 2\
s(n) = sup { z . B (acn, k:) is compact, k € N} .
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Clearly, s(n) > 0 because S is locally compact. Then define
C,={B(xn,r):r<s(n),reQ}.

It is very easy to see that

UG c {Hu}n

Then we take {Hpnx)}r = [JCp. We must show now that this is a basis of
the topology in X.

Take any open set U and choose z € U. Let r € R be small enough to
make the the closure of B(z,r) compact and B(z,r) C U. Because D = {z,}
is dense, we can find x,~ € D such that d(z,z,-) < 7. Then x € B(x,-,7")

where r* € (%, %) and r* € Q. Clearly

B(zy+,7*) C B(z,r)

as a consequence, r* < s(n*) and B(zy+,r*) € {Hp ) tx. We just proved that
for any x € U there exists an element in {H,)}, contained in U and at the
same time containing x. B

For simplicity, in this section {H,) }+ will be denoted just by {H,}, but
it is important to keep in mind the the closure of this sets are compact sets.
Now, we redefine the function ¢ introduced in Section 2.2, let ¢ : [1,2] xS — R
be given by

— 1
C - 7]1 a
o) = 3 el )
where, as established before { H¢} is based on the “reduced” basis. Because
{H,}, is a basis of the topology in S ¢ has all the properties that ¢ has. For

instance, ¢, is an injective, continuous function in the complement of | JOH?
n
and measurable.

This slight change in ¢ will allow us to obtain an continuous extension of

the (already continuous in ¢([1,2] x S)) inverse of ¢.

Lemma 4.2.4 There exists a continuous function g : ¢(A x S)" — S such
that
gle(a, )=z forall z€8, ac]l,2].
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Proof. In this proof h represents the projection in S of the inverse of ¢. In
Lemma 2.3.4 we showed that such function is continuous in &([1,2] x S). So,
we only need to find a way to extend h outside ¢([1,2] x 5).

Let y € ¢(A x S)\¢(A x S). Then, there exista a sequence {y,}, in
c(A x S) converging to y. Let (a,,x,) be the (unique) pair of numbers that
give us é(ay, T,) = y,. Denote by {a;}2°, and {a,;}°, the ternary expansion
of y and vy, respectively, that is

o0 o0

Q; Qi '
y= Z ?’ Yn = Z 371 , O, Oy i = O, 1 for all 2, N.
i=1 i=1

To see that «; cannot be equal to 2 for any 4, notice that ¢(A x .S) is a subset
of the Cantor-like set

C:{yER:y:Z?,Bn:O,LnGN},

which is already closed. Hence ¢(A x S) C C (the upper limit topology is
finer than the usual topology).

Now, since y,, — y, we must have a,; = «;, for all n,, in fact a,,; = oy
for all sufficiently large n. The fact that y ¢ ¢(A x S) implies that, for any
aeA

DX

(qu)ai = (D’

1

.
Il

where .
wer [ HE i ;=1
(H7) { (HSe if ;= 0.

However, for any n € N, there exists a large enough m so that

v € [V (H™)™ c (\(H)™, forall k >m,

i=1 i=1

where HY = H? if ; = 1 and Hf = H} if o; = 0. Since ¢(A x 9) is

contained in (0,00), which is closed in the upper limit topology, we have

¢(AxS) C (0,00) and soy # 0. Thesets [ (H;)* are closed and eventually
i=1
compact. We say eventually compact because y # 0 implies the existence of
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k such that oy, = 1, and Hj is compact. Hence, these compact sets have the
finite intersection property. Therefore

lim () (H7)™ = () (H)™ #0.

i=1 i=1

Suppose that z; and x5 are both elements of this set. If 21 # x5, find H; so
that xy € H} C H? but x5 ¢ H?. So, if a; = 1 then z; € (H})™ = H? while
zy ¢ (HF)* = H?. On the other hand, if o; = 0 then x; ¢ (H})* = (H})®
while x5 € (H})* = (H})°. This contradicts the fact that both x; and z
belong to () (H;)™. Therefore we may take the unique element z of this set

and define zg(y) = x, while g(y) = h(y) if y € ¢(A x 5).

The function g : ¢(Ax S)" — S can be seen as an extension we are looking
for. Of course ¢(g(y)) may not be equal to y, but we claim that if {z,}, is a
sequence in ¢(A x S)" that converges to z € ¢(A x S)" then

lim g(z) = 9(2).
n—oo

To prove our claim, let {f;} and {3,,} be the ternary expansion of z and z,
respectively. Then

similarly,

{o()} € () (H P,
i=1
and (3,; — fB;. Fix any € > 0, we must show d(g(z,),g(z)) < € for a large
enough n. Since {H?2},, is a basis of the topology in X, there exists H? such
that g(z) € H? and the radius of H7 is less than e. Then, find m € N large

enough so that
k

{9z}, () c HE.
i=1

Therefore
d(g(z0),9(2)) < €, Yn > m,

which proves ¢(z,) = g(2). =n
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Lemma 4.2.5 Let S be a locally compact Polish space, in particular S may
be R™. Then there exists a (C2)-continuous representation of M(S).

Proof. Define p: M(S) x [1,2] x (0,1) — S as

p(m,a,u) = g(p"(Ja(m), w)),

wher Jo() is the distribution of ¢, : S — R in the probability space
(S,B(S), ). Notice that J, has the same properties of .J,, as in Section
2. 2

Suppose p, = 1, then if p { |JOH? | = 0 (condition that holds for almost

every a), Jo(pn) = Ja(u). Since p* is a (C2)-continuous representation of
M(R), for any u ¢ N, where

NN = {u : p*(ja(,un)au) - p*(ja(ﬂ)’u)}cv

we must have B B
900" (Ja(pn), w)) = 9(p* (Ja(p), w))
Clearly A(N,) = 0, moreover N, is a countable set.

On the other hand, notice that all the components of p are jointly mea-
surable. Overall, we can conclude that p is a continuous representation of

M(S).  n
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