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retrleval performance is analysed

Abstract “ >

The purpose of this ,thesis is to construct .optimal

2 . . . . . A )
feedback queries in 'information retrieval systems. An
optimal retrleval rule 1s derived u51nq -the Neyman-Pearson

decision rule. Three probablllstlc models and the opt1mal

queries to:be used in the models\are presented 'Darameters

whlch arorrequ1red to construct these querles ‘are’ estlmated

based _ on releVance 1nformatlon from the user about the
. L) . T . . '

retrieved documents.',Flnally, the effect of deletlng a +erm

from the optlmal query in one of +the three models on

o

o
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‘Chapter 1
o Introduction -

\Tﬁeﬁpu}pose of constructing feedback queries [14] is to

give the wuser more ;r. ant documénts. Documents and
queries . in {nformation etrreval .systems )are‘ usually
rep}esented by n—dimensional veCtors whose .compobeots are
the keyWOrds kaeywords, indek tefrms and terms will be used
1nterchang°ably) An example is the SMART System [15] In:.

response. to. aruser.query Q, the system retrleves documents. {,/

that are "close" to the query .o, A ‘simple way to measure the

"closeness" or "retriéval status value™ of,a' document w1th
respect to a query is the number of keywords or terms in .

common-between them. The terms may be welghted w1th respect

to their 1mportance in ‘the’ vector. So we can also consgider .
' .

a document_or.a query as-a set-of weighted terms.

’;u' Since what the user . wants,can seldom be fully expressed
. §

‘fby"aﬂAset of keywords' (1 e. hlS query) and*the notlon of

cJosenéss may not be exactly represented by “the measure -
indicated above, it is usual that only some, of the retrleved
documents are found to be of“interest to him.” If the user -

. . Y “ \ ' ) r

is not satisfied with = the retrieved documents, he may
. . oy

/request‘ the ’system to reformnlat\ the query by lndlcatrng

.whlch of the retrleved documents are relevant to him. Thef

- s

«".



T,
T . /' T . . ! ‘
»sybtem_then attempts to make use of the .feedback information

to obtain better retrieval performahce.g

Rocchio“ and Saltdn (14] suggeét a practical method for

modi fy queries to achieve better ‘performance. ‘ The ' new

gue

,Q! = Q + a * Z x'§_<_‘b.:.* . Z Lt xl
x€Q (R) - oxeQ(I) T

where a > 0, b > 0 are parameters to béhdetermined and
Q(R) and Q(I) are respeétively the set of ‘relevant docRmeﬁts

and fr:elevaht'dQCUments‘reprieved by the 'initial query, Q.

‘Yu, Luk and_,CheUng [18]u: analyse - neéessafy-. and

sufficient conditions ‘urnder which the parameters a and b

make Q' a‘bettér querylthén Q. The exact values of a and b
to produce - optimal  results are not located. ' Their
experimental'resﬁlts indicate that'chbbsing 'a;l/TQ(R)I and -

‘b:l/IQ(I)I works well in practice. » °

The focus of previous resea;ch Il3,17]f£s‘mainly on thev.'
optimality of: qdefies‘of modelil_¥reéenﬁed‘in'chapte: 3 of
‘thié theéis.' Robertson and .Sparck Johés [i3] report én
optimal. Queryl by -the.BaYes' the: 1. Van Riijergen {17}
usestayés decision rule tb'derivewsimilar results of [ijl

and he,~£df;§e:;¢xtéhds the‘modél_to ajspecia1,ca§e of term
' frdépendén¢é.ka:é%ﬁland'Bookgtéin‘[91 ﬁsé fhéﬁ:Neymghf?ea;son'
[10],11em¢a btb determine the optima1  range‘bf refgiévaif:

,status value. A



‘This thesis afalyses ‘?ptimal ‘queries in informdtion
’ Y . : & .

retrieval systems. In Chapter 2, .an optimal.retrieval rule

v

‘1s derlved usxng the Neyman Pearson Decrs1on:Ru1e “[6]. In

chapter 311 th1s opt1ma1 retr1eva} rule 1s applled to three

rather. common models in information . retrieval. ' In each

oy

case, an ’optimal ‘query is derived. ‘In chapter 4, the

necessary parameters ‘required to construct the, optimal

querles -in ‘thet three models are estimated, based on
relevance information supp11ed bygthe ‘user. In reference

(13,171 an attempt is  made to estimate the parameters\in

-model }-based on relevance 1nformat10n of random ddcuments.

" However, the estimations in chapter 4 make use of retrleved

documents, In chapter»S, the effect of deleting a term from
the . optimaf querx'in model 1 is analysed‘ A scheme to rank
< .

the usefulness of the terms in retrleval is proposed It is

=]

‘hoped that the same approach can bé generallzed to the case

of deleting more index terms ~and *to_other models;.’The

deletion of - terms ,from feedback queries or queries

gontalnlng too many " index terms is necessary in order to

speed up the process of retrleval : /



b | & . '/(\‘z
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. '~ . Chapter 2 : u

_ The 3ystem, Performance Measure and Optimal Retrieval Rule

2.1 The System ' , ) T

‘Documents and queries are'represented by. n—dimensional

.vectoérs whose components are assoc1ated w1th the 1ndex terms

&

1
.

of the"document ,spaceg, It 1s assumed that the hlgher therq
value of the i 0 component, the more 1mportant is. thetrin
term to the document. sThe value of ‘a term 1n a vector is
known as its weight.
The system retrleves documents that are close 'to ,the’/”
. N
~query. _The closenessv or. retr1eva1 status value! of a -
“documentvvector x w1th respect to the query vector' Q As
. , R P
- measured by the system by,means of a real valued functlon iR
A_”QUerylmQ retrleves document X 1f and only 1f f(Q x) > K -
’where K is a ’threshold vvalue. In other 'words,b_if ﬁfﬁ
satisfiesfwf(Q}x) > K. then X 1s assumed by tﬁb system to be
chose to. the query Q. ‘ |
Helne [8] has dlscussed several forms,.of CE. Here . a°
. ‘ .
51mp1e matchlng functlon w11 be used T ‘
C o EQLX) =2 gt * x S 0 IS § B
e _ T e R



Y = Q.x- \\\

x .- (dot product)
' . ‘ v
o \
‘ : ']'_‘ L . LE :
# = Q*x ’ (vector multiplicatio:) .

A ) . . ’ . [

whereQ= (ql' q2 ’ .._'qn

I

(xll 2 I --~lxn) .‘ . "v
- and. 5?715'the transpose of X.

* .

"2,2 Performance Measure ~ recall and precision’

Whether ‘udocument°'is -relevant or not relevant to a
_”query is entlrely dependent on the user. - An . ideal; system:»

.retrleves _ail_~ relevant, documents g,and no _irrelevant
i documents."'HOWeverf retrleval by‘,means of  a ’cIOSenessh’
- function‘ﬁ rarely y1e1ds' the‘ des}redf,tesuit;'h Thus the
\*_ob]ectlve is to :ettleve "és}tfew‘firrelevant documents' as.
p0551b1e"whlleJItetrieVingf,ai cé;téin"nmumbet of geleuantc
fdocuments. Thls may ‘be phrased in. terms ,of the two jmoSt'
‘icommon" retr1eva1 - pe;fo:mance' measuree“-in'vinfoqmation

N

_retrievall‘:ecall and.breciSion,'deanedAas follows:

‘Recall ' . Probabifity that a document is ré%rleved glven

that’the document 1s relevant,,

£

hiﬁrecision‘- Prohability that a’ document is relevant %;Ven

~ that the document is retrleved
: . . P .

It 1s claar that the above objective is ﬂequiqalent btog

EEET
LI

obtaln;ngt th hlghest pneclslon et ‘anye,diven.,level of

Cgﬂ”IZh‘;ﬁf
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recall. Wé now present a rettieval strategy that achleves

this aim.  This strategy’ w1L}.be shown to be equivalent to

mlnlmlzlng type 2 (beta) error for fixed type 1 ,(alpha)<

o x
error in statistical decision theory. ‘

: \
2.3 Optimal Retrieval Rule

.Let

" P(A)  be the probablllty that event A occurs, B

e P(AlIB) be the cond1t10na1 probablllty of occurrence
of the event 3, glven the event B,
o

P(A,B) be the probablllty that events A and B’ co-occur,

DR be the set of documents .retrieved by Q,

R . be the;set of documents relevant to the query Q,
I Dbe the set of documents irrelevant to the Query Q,
D . be the set of documents in the document space, .

Y1 be the number of elements in the set Y,

-Cl" be the event‘théﬁ a'docgment ié relevapt to Q,
G, ~ be theﬁevgnt thaf a document is irrelevant té Q,
dr . b;vthe éyent'that,a‘documént.is retkieved.bQ 2,
.8 _ be ;he‘probability tha£3a randomly -chosen document
| ié‘rélevant to the query Q: o
i.e. ® = IRI/IDI or P(C1), -
é(x) be the probablllty that document X ‘. féfé&ant tbl
the query Q, “
ie. "P(CyIn).

Let e

. alpha = P("drlCl)b . . R . : o

qa



‘ £

and beta’ = P(dricC,) .
Then A\

recall = 1 - alpha-

pfecision-:.?(clldr) 3 . oo
= P(dric;) * P(C;) / P(dr)
- .= P(dricy) * P(CE) /' _ :
< - ( P(AriCy)*P(Cy) + P(AriC,)*P(C,) ) \
y = (l-alpha)*® / ( (l-alpha)*@+beta*(1-8) )

where © = P(C,) .-

Since © is independent of any retrieval strategy, it is easy

(=4

to see :

at fixed alpha, beta is minimized \\Tf\and only if
: _ LN ' ‘
at fixed recall level, precision is maximized.
Therefore}ighe objective of maximizing precision at ahy;
given 1 ‘el\\g? .recall can be met by the Neyman-Pearson

Dacision Rule [6] and the retrieval rule that achieves the

objective is

For

o P(glcl) -
retrieve x if and only if -—_ > K (2.3.1)

P(§|C2)

- The following s:;wsithat.the'reﬁrieval‘rulevisboptimal,

in the. sense that it can rank documents in order of their

probability'of relevance. '

The relation between 'the probabilit¥ wof relevence,

v

$(x), of ddcument'i, and the ratio_P(ilci)/P(ilcz) is

b(x) = P(CIx)’



-«

P(x1C{) * P(C)) / P(x)

P(xlC)) *P(C)) / e

W

[ P(ilC Y*P(Cy) # P(XIC }*P(C,) )

* = p(xICy) *9 /

( P(xICy )*0 + P(xlc )*(1 -8) )

\ = P(xICy) / P(;lcz) * 9 /
( B(X1Cy) /P (X1C,)*0+(1-8) )
We immediately have : (for any documents X, X,)

o (x;) > 6 (x,) if and only if

)

P(§1|C1)/P(51'C )

VZ\‘> P(52|C1)/PF52‘C
Hence, P(x1Cy)/P(xIC,) also ranks documents in order of
their probability of . relevance. As a conseguence,
retrieving documents in decreasing order of P(zlcl)/P(ﬁlCz)
’ } i ' :
'yieldsvthe highest expected number of relevant documents for

any given number of documents retrieved.

Next. 'chapter, we shall construct optimal - feedback

querles under three different dlstrlbutlons of term Jgights

"on the documents, where an optimal feedback query Q*,

* == ' ' '
- Q (wl, Wor %ee ,wn)
is a query satisfying

P(xICy)

N
I

' * v * 3 :
> £(Q*,x,) 2 £Q*,x,) for any documents X,, X,

P(x1Cy)

l

i.e. a gquery Q* that can rank documents 1n order of thelr.

probabllty of relevance.



-”Cheéter,B“

~ The Models and Optimal Queries

ThlS chapter presents three commonly used models in

,;(.
Yg '

‘informatlon retrleval “The optlmal querles in the models

arefderived,,maklng use of the optlmal retrleval rule.,t

Let T{ - 17§ti'£ n, be a rendom dyariable; essoCieted
. . \ th o AT

with ‘the weightsv of the i ©. term.  The modelef?are
characterizedi by the distributions assumed on
T = (rl,...,Tn).
3.1 - Model 1

Each document is a binary vectOr, i.e. its 'ith

component is_l or»O, depending respectlvely on the 'presence
or the absence of the 1th term in the document, 1 <i<n.

Furthermore, when r&strlcted to the relevant documents of Q,
the Ti_s are mutually 1ndependent; when restricted to the

irreleVant _documents of Q, the Tifs are also mutually

-

independent. o “ .

Thisvmodel'has been used in the analysis. of wvarious

1nformat10n retr1eva1 processes (13,19, 21] Optimal queries

derlvable from this model are ‘found to hs "first order" or

linear approximations to those obtalnable in a binary model .

~



" of the term weights,~‘”

_Thenbf(Q*Iﬁ)

{

L

"'which incorporates the depéndence of terms [Appendix 1].

ber gy = R(rsiicy) .
= p(r.=VIC.
r; = P(T, }!CZ)
“dnd _‘h“; = (Xye b x ) be a document

Then, by the independence of the Ti's and binary. nature’

| ' . f

M . S

n
: T1 % oa-ppt™
P(T=xIC,). i=l [ -
P(T=xIC,) n ' A
-2 T .5 (1-r )1 Xi
. . 1
=:T2T'i p;/(1-p;) VXi w l1-p, {
- B i=1 ri/(l—ri) Cl-rg
TN p(=xicy)  _n Copy/(-p)  n. 1-p;
=> log - =D l’og-(-—-——-——-——-'—-—,)*xi + > log -
- P(gfglcz) o i=1 vri/(l-ri) i=1 l:g¥ P
Let o . ‘ ’ e \\ .
pi/(1-py) - | '
Wy =-1log > —3
| rl/(l—ri) | _
log ————== =2 w.,Xx; + 2 _ log =
Cop(r=xlicy)  i=1 i=1  1l-r;

n
iy
Il
e
x

. ’ ' \ S ’
- P(T=xIC;) n 1-p

= log - > log L
P (T=x1C,) i=1 l-r,



?that' giVen ‘here.

\ . 11
) e ¢ { )
It is clear that for any two document§aéi and X, e

£(Q*,xy) > f(Q*;ﬁz) " if and only if

P(T=x,1Cy ) H'P(g=§2lcl) | o S

. log ——— > log

P(T=x;1C,) | P(I=x,lC,)

; ’

Since 1log 1is a monotonic increasing function of its

-

arguments, the quking‘of documents by Q* is equivalent to

that by the optimal rétriéval rule. 1In other words, 'with, .

@

respédt to model 1, Q* i§ ég'gptimél queryixi

o

o .
L4

Yu and Salton %20] éuégest ranking terms in decending
orﬁe; of [pi/(lepi)]/[ri/(lfri)j; ~Roberson and Sparék'Jones
{13] show that takiqq!the logarithm of that expression givis K

| . y“ ’
an optimal result, although thg;ﬁerivation is different from
. ’ . . ' - '/7
. Van 'Rijisbergen [17] useé thé Bayes
. Voo Y L ! ey
L : PRV N |
decision rule to derive the same result. - T

3.2 Model 2

x

:In'this‘model,,the fféqgéncy‘of 9¢currehéeuof any term
in ‘the 'réleyant dogp@ents ‘follows’a Poisson'distribution
[3;7]; its distribution in ‘the irrelevant ddchmenﬁg is also
Poiéééh' ‘with a different pafameterf‘ Furthermore, the
f(equencies of oc¢drrehces of thé. termSA in.lthe Set‘ of
relevant doéuments (and ih:the set ,of irrelevant documents)
are indeééndent; This' can beﬂ,cohsidered ‘as a slight-

modification of the linked-two-Poisson model'[Z].

. ‘More pEgCisely,’when restricted to R, each Ti takes on



. ‘ | . . . ) .- y | "\‘ . ) o 12
- . . \ - .

. i
1

a P?isson distribution with parameters u; and all ‘the Ti's

are mutually indepeﬁdent.A3When restri&ted ti@l, each Ti is

Poisson distributed with parameter vy and the i's are again

. Lol .
' mutually independent. It follows that E[Tilcll = u;, and

BT 1G] = v, < S

‘ : - _ . |
By the ihdepea@ence assumption, .

n )
[ | P(Tiﬁxilcl)
P(E_=£‘C1) » i=1 ) . -]
P(D=xtC,) - /
_V l P(T ~x 2)
o=l . L. _ ' R
| l,l (i ¥ e™Yi/x. 1) |
1 1 : 1 } &
n_ C g -
T (v;5i * e Vi/xi!)
i=1 :

. n
sexp [ 3 (vimu) ) 4 TT (u. A )Xi
i=T * 7 i=1

Let W :'log'(ui/vi)

CP(T=xlC{) o n_ i
log —_ 1. > (vi - u, ) + > f,wixi‘ ) .
 B(rexley T | 1;1*\ |
*'- -
Q (wvlr 21 e ey wn)- : _ \
It is clear that Q* is an optimal query with respect to
model 2. - o s
| o
3.3 Model 3 . T

P

Here the joint dlstrlbutlon of the welghts of the terms

“_1n the relevant documents is multlvarlate normal [ll];, in

$
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/'f

.the"irre&QYant documents, it is also multivariate normal.

‘? Under this vassumption, f(Q,x) .is normally distributed

v

i

[11]. This model is cbnSisten} with the Swets model [16],

\ ’ . . - ’
though the assumption here is somewhat.stronger. "' .~

a

Recently, there have been some doubts about the .

‘validity of assuming normal distribution for term weights~

—

over documents. However, if the correlations of terms are

kémoVed'Qy some procedures such as factor analysis‘[l,4,12],'

then it is very likely  that new terms ‘are normally and

independently‘distvibutéd;‘_
A ’mofe precise charaCtériéation‘ of the model is as
follows. When reétrictgd Eo the relevant“documents,: T has
an ’n?dimensibnalb normal  d£stfibution_ wi@h mean vector
;(sg'=\(ui; ey un)'éndhcoyar}ance'matrix 3,7 when restricted
to the irrelevant‘documepts it has an n-dimensional normal
__distribution' withf‘@ean “vedtor ih:l(yl;_ ...;f vn) andl

covariance matrix §,. o . o .//

By the hypbthesis,_ u.

i = BITyIC,] and S, (1,]) is the

: covarianée of Tifand Tj when restricted tb.‘the relevant
. B e o - N

documents.  The optimal retrieval rule for the continuous

case is :

. . . P(§|C1)
retrieve x if and only if -_— > K
‘ g p(xIC,) ‘

where . _
‘p(EICl) and Ip(ilCé) are the probability . dénsity

|
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functions of T when restricted to the relevant documents and

i} {

irrelevant documents respectively.

I3

Let PI =.3.1416

&

IAl be the determinant of matrix A

_‘A-l be the inverse of matrix a

and - x' be the transpose of vector X3

~ . \

pixic)) ¥ (2+p1) "™ 215 171 exp (-1/2 (x-w) 3, "V (x-w) )

1
25 17 exp (-1/2 (g—g)qu_l(_{—x)} :

plglcz) (2*PI1)

It follows that ranking document x by
(x-w s 7w - -0 T, ke (.31

is eqwivalent to ranking X by p(glcl)/p(ilCzi.

There are two impottant sﬁbcases of (3.3.1).

1 =§2 =35

the ranking procedure can be reduced to a linear form

(i) when S

TxfsThw-w - (3.3.2)

which is' the well known Fisher linear discriminant.[5] for

4

general 2-way classification problems. . ’ A\
(i1) when‘gi = S, = S.and all index terms’ are independent,
(3.3:2) can be further reduced to f

. ’

> w.lxi _ Ca ~
_ i=1 ‘
where

C _ 2

£, = E[Ti]

2 = varr,].

and Q* = (wiL Wos «+ey W ) is the optimal query under the

assumptiogqs.
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ZChapte}‘4

4

Estimation of ‘Parameters in the 3 Models

1 -

4.1 Introduction to Parameter Estimations

”~

In a realistic retrieval environment, the user
specifies the content of what he intends to'retrieve by a

. : ‘é‘ K N . [y . ) B . .

set of keywords. These keywords may be weightedﬂgy the juser

and/or- the system. However the user méy not. be  satisfied

A

- with the performance of the initial,quefy_Q. - the kéyworqs

~ specified.. The system will‘be'fequired‘ﬁb,modify the query.
Q after ‘th user identifies the relevant dgc%hents in the
retrieved set of dQ&gmenth | ' N 3 ’

In this chapter,AitAis assummed Ehatv

Q => (q_l, qz’ ...'.“-qr, ‘0.’ ..o.' O) ‘ ‘

where each q; is a positive integer for i < r.

E]

Thé optimal queries of the three models have

‘di'scussed "and derived in  chapter 3. The followlng

parameters can be estimated, and the estimation process will
be presented in this’chapter. -

'vpi-", ufﬁ model 1 B ’
u., v. in model 2

, li’ i : -
.°4, ¥, S;, 8, in model 3. . . , .
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‘those terms absent in the original query Q.

16

These parameters'are needed to construct the~ optimal
queries in the three models. Furthermore, w@gﬁ the above
parameters have Dbeen bstimated, .the number of relevant

documents in the collection can also be estimated.

- \

- The estimation process for the parameters in R (the set

‘'of relevant documents) is the same as that for the

-~

parameters in- I (the set of ‘irrelevant documents)-. Hence

random variables defined in this chapter are restricted to "R

‘unless explicitly- stated. Thus Ti will be taken to be

T;1Cy-

Let ' i

u.' = E[T.!dr] and p.' = P(T.=1ldr).
1 1 i -1 , ‘

After the user identifi%ﬁ the relevant documents in‘thé_\n
retrieved set of documents, bdthuui' and pi' can- easily be

estimated. Clearly, when Ti“takes on-binary Valﬂes,’uif'=

!/
[}

The folloWihg_propbéition shows that the parameters u,

. , . . D
and_p.1 m;y‘be'estimated-as ui' and pi' in modelgl and 2 for

Proposition 4.1.1

If the T.'s, 1 < < n, are independent,

B
then u.' =u, - for i > r.
Proof : ﬁ
By definition, » s .

:

= ' * =
ug >t t P(Ti t) and



u:'=3> t * P(T.=tldr).
T 1 .

It is sufficient to show
B(T;=t) = P(T;=tldr) or equivalently

i

éP(dr)_=‘P(drfTi=t) for any t.

oo - r » :
P( > q.T.=cliT. =t v
2 P 5:_____q}J it )

P(drlTi=£) L

[}
\%4

0

= > q‘T.='C ) ' ‘ .

P
P T4

K+
DOv »
K+1

o=

N

P (dr) .

I}

4.2 Estimation of Parameters iﬁ Model 1

The parameters to be éstimated are the pi's. The next
proposition shows that if the‘cth_ term is independént‘ of
"sufficiently’mahy" terms. of the original query, then p, can
be estimated. This is a weaker independence- assumption than

the one in Model 1.

Proposition 4.2.1 " ’ ’ S .- : N ,?

‘ Let'Q = (ql, qz} .;.,'qr, 0, ...,0) and'conside;fo as. a

set of keywords, Q = {L,Z; cen ‘,r},-
Let S, S, c Q, be a set of terms of size m.

If Tckand > qT; are independent
. i€s : s '
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p.' * IRADRI - 3> E.

Pe = (4.2.1)

where E] , J & Q—S‘, is ‘the expécted humber of relevant
documents’ contalnlng terms c and j'andjsatisfying

K—>. qT P ‘ 4 —-‘ | » | , .'.‘
1€S : o : i

—>.

+ > K-q.

sTs
vs€Q s, ,S)]

and A is the expected umP'f ‘of relevant documents
satisfying > _ qT, > K.

- 1€S S

c
Proof : \
without‘loss of generality, let S 'iv {e-m+#l, ...° ,r}

" . ‘ -

and Q-3 =\{1, cen ‘lr¥m} The probablllty that a document

L is retrleved by Q can be exprpssed by sum of probabllltles
as follows.
By definition,

b (an) ,v ,‘b‘.‘ ‘b. | )v

E L /
= I Y /
Pf %:T qITl K )
. ' f' | "- .; _r
= P(Tl-l > q,T. > K-qy) + P(T) =0,> "q,T, 5K )
i 1
i=2 ) .} . i= 2
o - ‘
= P(Ty=l, K 2 2> _ qyT; > K-qy) + » S
. 172 ) . - . j
r ! " ' ) i r

v P(T -1,> q;T; > K) + P(T;=0,5 _ q,T, > K)
i=2 v12‘ /



= p(T

'. expand P (

I
!
3

Then

,p(dr}Tc=1)

r-m-

= >

. j=l

By de

L

r

i=2

o CL : _ r. Lo e
o e e SRy
1=, K 2> qiTi,>-K.gl)ff“P(> q{ri> ) )

l‘—'

oy S N
> qiTi > K ) repeatedly,

1=2

r

by the independence of TCAand > QiTig o

i=r-m+l

-

: T . g , .
P Tjél, K_Z ? . qiTi > Kiquy Tc=1 )

+ P( > - qT; > K )
i=r-m+1l
finition,.

. S p(ariT_=1) * B(T_=1)
P(T_ =lldr) = < <

P(df)

.'"uMultiplying both the numerator and the_denominétor by IR

and s

olving for pé,'thé desired result follows.

It is clear that documents containing term.j, j

<

19, N

r,
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and satisfying
K >> 4q.T, ’
- T ies_ ! 1

+ > a Ty > K-a.

/sEQ—Sé,s)j |
are retrieved by Q, as are documents sg%isfying > q.T. > K.
S , = it1 '
5 . 1€S
, i , c .
‘ : kel
However AC has to be . greater- than zero in.order to

estimate pc,‘_In_a normal retrieval situation, K is ‘much

——e

less than > _d,.. So it should be easy fq-choose SC C Q such
‘ o ieQ o )
that > q. > K. Thus the E.'s, A and henc¢e p_ <can be
i€s
.estimatéﬁg
' C ~——

‘In the special  case where all terms arq}independent
'1(whichfis.thé assumption of model 1), set SC =Q for c > r [

.énd'Sc = Q—{Cftfor 1 < c L r.
In drderfto study t : relation between p_ and pc?, let
Ej" je Q-s_, be the expected number of relevant dqéuments
containing term j and satisfying
K >> g;T,
i e S 11 < . sy :
c N : . v -
+ > v qT > X-q..
sEQ%Sc,s>j- '

Then by equation (4.2.2)

A, > IRADRI - 3 CELT,
| jeg-s, 7

o

3 ’ N )
equation (4.2.1) can be written in the form.:
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pc'*er1 RI - > E.
/P JeQ_S J

IRADRI - >

After rearranging,

‘(p.'-Pp )*IRMDRI = > = E. - p *> _ E 1
c € . jeg-s '} € Jeg-s 3
C . s fe)
= 2 (BE. - p_*E.'") (4;2'3)
JEQ-S J c 3. : v
e
h .

Consider the case when all terms are indepehdenf,
. - 3

E: = E.'
j 3 Pe 3

" side of equation (4.2.3) is zero, which is exactly the

for j # c. Therefore, when ¢ € 9, the right hand

result of Proposition 4.1.1. On the other hand, when c € Q,.

S; is chosen to be Q-{c}, so the right hand side of eduation

(4.2.3) becomes”Ec—chﬂ, which is non-negative. Hence P >

pc'. - In general, the sufficient condition for pc' > P, is
E: -~ p E.' > 0, which is true when T and E.' ' co-occur
frequently. '

4

4.3 < Estimation of Parameters in Model 2

The par;meters‘ to be estimated are the ui'é.' By
PfopOsition.Q;}.l, u; =ugt, 1D r. Thus it is sufficient.
tg*estimg?% u, ol < < |
Let.Y =‘diT1 + ész + ... + q.T

'r r k")&\«\.—
E(Y) : » ' ' “

T u
and uic‘é,E(Tilec?‘

We futhef'assume that qi=1,.i£igrt
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- The estimation, process consists of expressing u in
térms of other estimatable parameters by means - of
Proposition Z.;.l.v Then u; » 1 <1 < r, are expressed. in
terms of u.
" Proposition 4.3.1 .

. If Y is
estimated oy setting .c =
equation :

E(YIY>C)*E|

E,

where

K+2,

SEIR

a Poisson random variable, then Sf can . be
. - . .

K+3, etc. in the following

E, -and E, are the expeéted'number of relevant documents with

similarity .greater than or equal to c and (c=1)
respectively.
Proof
After some manipulation,
aY¥eTu
y!
P(Y=ylY>c) = —5 g ¢ if v > ¢
‘ o u“e
>
| J=c il
| .
and .
oo ule™
( > - ) * R
- j=c-1 j! .
E(YIY>c) = u * [ T =u ]
o0 u'e ) .
( > * IR
J=c  j!

Solving for u, the desired résult follows.



Without loss of generality, u;

following proposition.

Prdposition 4,3.2

Let Y

]
=3
+
+
-

1]
—
+
+
-3

Z 2t T

u = BITyI¥=cl.
If 2 and T, Yare independent Poisson

then u, can be estimated by

Y1c - N :
u * , for ¢ = K+1, K+2, etc.

C -

Proof

Since Tl and 7 are independent Poisson random variables

with paramet;»fs'u1 and u-u, respectively, -

Nz
u, e 1 . (u ul) e

—(u-ul?_

I

P(Tl=t, Zéz)

P

random

Rl

(X ozt
ulteful v(u-ul)y.'t e~ (umuy)
P(T,=t, Y=y) = * —
: . Al (y-t)
S P(T;=t, Y=y)
P(TI=t|Y=y) =

P(Y=y)

After simplication,

S Yy u ©u _
P(T =tl¥=y) = () ( = )% @ - =)V,
‘ ' tu . - u

23

is estimated by the

A} K .

variables,

which is . Binomial distribution with parameters (Y, ul/u).

Since U . iSa;hé zan of the above binomial distribution,

1

—
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d .
1
= K o
u . = ¢
, u .
“Remark : When c > K+1; u; . c€an be estimated.. If the

T's, when restricted to R, are independent, ‘then the
hypotheses of Propositions 4.3.1 and 4.3.2"hold.
-

4.4 Estimation of Parametetrs in Model 3

Theiparametéfs to be eétimated are u and S, . W;th' the
same notations as in  section 4.2, the estimation ppocess/
consists of first estimating u (mean "of. Y, E{[Y]) and .Sz
'(Qariance of Y, E[Y—ujz) and then expressiﬁg ui\and El(i,j)

in terms of these quantities.

G followiﬁg additidﬁal hotations‘aré used.
Let h(yf and N(t) be respecti&ely the probability density
function  and. the-mohent'generating functioh of Y; lqtig(y)
and M(t) be respéctively the probability density_ function
and the.moment,genefating function-of the condiﬁional random

variable YlY¥>c.

By (101, - . - ) S

E(Y1¥>c) = u' (0}, j
E(r21y>e) ='M"(0f,
E(Y>1¥>e) = ' (0)

“and N(t).= exp(u;+52t2/2) o o | (4.4.1)

We now relate u and S to the estimatable quantities.
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‘ ‘ ‘ | o ,25\
- R - e
M'(0), M''(0) and M'''(0', making use of the following
identity. - o | ‘

o 5 A

d a(t) : o - o '
- J " h{y) dy = a'(t)hla(t)] - b'(t)h(b(t)] (4.4.2)
dt b(t) ‘ .- ' . . - S

Proposition 4.4.1

Y

If Y is a ﬁormal random variable with mean u and
variance 52, then  | ‘ . | -
U= [ M''U(0) - M'(0) * (ZM"(OY;ZcM'f0)+c2)] /
LMoy - Z(M'(O))z + ZCM;(O) -'CZI |
and 82 = MU(0) 4wk (oM (0)) - M’ (0),

where M(t) is the moment generating function of YIY>c.

S

w ,
Proof
) 0 n | v o if y < c
h(y) -
gly) = ——— = -
- P(Y>c) - -
. ’ . ) 2
A = (y-u)
' . — XD (=—)
(2*p1) /23 232
- —~ - — e 1ify > ¢
C P(Y>c) ' : a
Thus,
. . X .
M(t) = J.e Yg(y) dy
-1 exp(ut+§2t2/2) J””' -(y-u—Szt)2
P(y>c)  (2#+p1)}/? o 252



o

P(Y>c) (2*PI) ZS

N(t)G(t)/P(Yzc)

1/2s 2

‘ S o0 1 = (y-u)
where G(t) =| - : exp(———>5—) dy
S g2y (2*PI)° .28 :

Differentiating M(t) with respect to t, making use

identity - "(4.4.2) and setting t=0,‘ the ‘foilowing 'thr%e

equations are obtained.

G'(0)

MY(0) = u b —— o
. P(YZQ%‘ -
. 2, 42 G' (o)
MU (0) =u + S5+ (ctu) —————
P(Y>c)
3. 2 2 - G'(0).
M'''(0) = u” 4+ 3uS” 4+ (287 4+ uc + u +c ) —
. ' P(¥>c)
G'(0) 5 | ' :
—————, u and 3° can be considered as unknowns -in the
P(Y>C)

above &quations.

Eliminating ——— from the second and third equations,
. ' P(Y)c) ' S

M;'(O) =utr st e et (0) - u) -: (4.4.3)
M(0) = ud3us? + (292+uc+u2+c RO 4.4
Ident1ty (4.4. 3{ gives - - : o
52w (0) - ud - (cF WM - w
= M''(0) + ulc - M'(OY) - eM'(0) o (a.4.5)

After Substituting (4.4.5) into (4.4.4) and solving éor

the desired result follows.'

26

e  y-w) 2 |
——-———17— exp( ) dY by (4 4. 1)
-S t :

~of

S



The above proposition can be used to estimate u and S2

by setting ¢ = K+1, K+2 etc.
Next, estimate u; and Sy (i, 3.

“By_[lll, (Ti’ Y), 1 <'i < n, is bivariate normal, and

(TilYéc).is also normal with

\ .
o S. :
Mean = u, + g, —%(c-u) and
1 iY S A
|
. L2 ‘ 2, o
variance = Si (1 Iy ) \
2 _
where S’.1 -vVar(Ti).

| ¢ . . )
95y = correlation coefficient of T& and Y.

By definition, _ /;)

uic‘= E(TilY=c)
Si - A ' . o
= uy +ggy ;f(c-u):. R  (4.4.6)

' Let a and b be any  two values of c, ¢ > K.

Substitdting‘these values in (4.4.6), we obtain

S. u. -u.

i ia "ib - . o . ;
g., — = —=5—= : o o (4.4.7)
1Y S a-b

Substituting (4.4.7) into (4.4.6), and solve for u.,

u -u.. ' Pl

0, = u, - 3 1P oy (4.4.8)
i ic  ap v
(4.4.7) can also be written as - N ' ' o
u, _-u,, :
| = g -ia ib : . . -
95yS; S 4 K _ _ - (4.4.9)

a-b

Hence (4.4.8) and (4.4.9) permit the estimation of ui'and

\
V

. 3. i < n.
9,y 1l ; i<n
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Now,

5 | o N A o
E(T, lY=c) = Var(TilY—r) - [E(Ti|y=c)], v o | :
’ _ 2 2 B 2 . . - N

= Si (l-gi¥ ) -— uic
e 2 _ ¢ 2 _ 2
=837 - (8493y) T Uic i
- ' : . U, =W, -
2 5.2 < g(r.21y=c) +7u, 2+ (s 212
1 : 1 o 1C 7

a~b

[

Hencezsiz, 1 < i< n, can also be estimated by setting

c > K in the abOVe'equation.

The covariance of T;, Ty and gl(i,j) can be estimated as

- follows.

Let Sy4 = §l(lfj)

3y (11} (Ti+Tj1Y=c)-is normal with

2T
S i :
—iiill(c—u) and

el G
mean v(ui u]) 9 (i+9)Y < ‘
. 2 e 2
V:aflance D(1+]) [S(l"':]) ug(i_*_j)Y] ’
) . L L . ) . y - » '+.. ) N
where S(1+3) is the standard dev;aﬁ1on ‘of' (Tl,T])N aﬁd
,g(i¥j)¥ is the correlation coefficient of-(Ti+Tj) an@ Y.

Applying the same technique as in the estimation of

—lE [(Ti+Tj) lY—C 1 + U(i+j)c

i ) -

U(itjra = Y(i*j)b, 2
a-b

+'[fs *

where U ;,jy¢c = E(TiijlY=c).‘

——— i -



Hence S(g+j)2 can be estimated by setting ¢ = K+l, K+2,

etc in "the above equation.

‘ fo 2 . < v
. . = N o
, B“t,5(1+y) Var(Tl TJ) | ,
= Var(T;) + Var(Tj) + 2Cov(Ti,_Tj)
- = Sz + S.z + 2S.. v
] i j i3
therefore{ : '
S.. = [S,.. : 2 _ 5.2 LbS.z] / 2 can'ge esti&ated
ij (i+3). i 3 ‘ e T )

4.5 Estimstion of the Number of Relevance Documents

Let hifand vi be" the estimated»expected.weight .§£ »thé‘
it? term in the televéﬁt documents and the irrélevant 
documehts‘reépgctivély. Let F, be the¥sﬁﬁ of théﬁweighté of
the ith term in the sét Qf.ail documents. Then.|Rl  can be -
‘estimated by solving . the foliowing' two equations with
annowns.le and I11. |
: .

.
W IRL + v *IT) = F)

IRV + 1Tl = Ipl.



Chapter 5

Measurement of the Importance of -Index Térm with'reSpect to
Retrieval Performance in Model 1.

5.1 Performance Measure . - 4 Y

It is common to have a few hundred terms in a_ feedback
: |

‘query. Retrieval . using 'S0 many terms' is ‘clearly nbt
économical.blTherefbrey it:ié desirable tb rank the terms
accofding» to their u;efulngss.with respecf to the user so
that the less useful termgkcan_bg discarded. 'The:fanalysis

of” rénking terms turns out  to be rather involved. Thus

-analysis is restricted here to the study of the effect of

. L
deleting a term in quel.l. o -
The optimal query Q* in Model 1 is
Q* ='(w1, Wo's oo ,wn),‘
. : gi/l_pi . . .
- - where w; = log ————= , 1 < i< n.
R - r;/1-r,

. R v
Withput“loss'of generélity, assume

g

”-lwll > lw2| 2 e 2 Iwnl >0,

and the set of document vectors is
AvD.?;{ll' lz} coe rX })

kb

~where each x; has a distinct combination of n terms.

b



The effect on retrieval performance of deleting term j

verses deleting term i w1ll be studled It will be shown'

that _the it term is "more" 1mportant than the j th term if
‘wit-> Iwil.. Thus the nth term. is ‘the "least 1mportant"“”v
term in QX.
Let Q%- {1} be the query. ldentlcal to Q* except that its 1th

component is zero, i.e. the 1th term of Q* is deleted Let

i e x and i & x be the events that the 1tb component of X is

1 and O respectiveiy.

Retrie?ai performance’is best measuredv in terms of
recall and .precision - (see chepter 2);\5 An 'eksmple is
presented in section 5.2 which iliustrates \thét' Q*-{i} . is
v,not better than Q* {3} at all recall 1evels for any ; and j.
Thus, there 1is no “best“ query in { Q {i} | 1 <i<n}lin
Ejterms of recall and prec131on. However, it will be shown in
',sectlon 5.3 that Q* {j} is "better" than Q*- {i} w1th respect

: |
to document ranking if Iwil >_!wjl.‘

7’ . . -
In order to compare the performance of Q*—{'}»Aand

,Q* {j}, we first define associates and a measure of goodness
of a documeht.. By making ‘use of thlS mcasure,\the documents~

retrieved by Q*-{i} will.be.compared to those £ Q*- {j}

Definition 5.1.1

Document X is ‘said to be better than documentggp if.
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Let g(x)=f(Q*,x). The value of g(x) is a measure of
"goodnéss". of documéQgﬁlé; Thé notion of goodness is
éonsistent with the probabflity of relevance, 4(x), of x in
- chapter 2 and _

g(x,) > g(zp)‘<=> o(x) > ¢ (x,) .

s

Definition 5.1.2

The associate of x with respect to term i is the vector
X which 'is identical to «x except at term i.  {x , x } is
=P _ ~m ' ' —mo p

called a pair of aSsociates‘with_respect to term i and there

n-1 .. . . ' . .
are 2 distinct pairs of associates of term i.

Clearly when {ﬁm, ip} are associates with ' respect to
term i, the following properties hold.
. : * v - * ) =

(b) £(Q*-(i), %) = £Q*(i}, x)

=gin { £(Q¥*, x) f(Qf, ip) } IR o

i.e. . Q*-{1i iQes the‘iame rank to x and.x , -
| 1 Q {i} g9 . P Zp- 2 _pl i /
1%
3 ™ 1 )
tq.term 1,‘g(§m)‘> g(ip) and g(zm;) > g(_)gp )

(c)«if.{ih', x '} is another pair of associates with - pect

then ' , ‘ ‘
9 (Xg) >‘9(5m')‘<=> 9(xy) > g(x,").

-~

~Definition 5.1.3
If Q, retrieves {il'l, 11'2, _..;i X }' a set of k-

N ' l
documents,

I

Q, retrieves {x

X210 Xp,pr ceer Xy ds @ ser of k
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documents,

and g(x

) 2 g(2(-1,m+1)4

1,m .
) 1 <m<Kk .

9ty ) 2 9% ni
Q is said to be’ better than Q, with £gs§ect to.

then

document ranking (written ae Ql >~QZ) if g(il m) > g(x2 m)-
. ’ ) .

“for 1 < m < k and at least one inequality is '>' for .some k,

¢

5.2 Q*-{j} is not better than Q*-{i} at all recall levels

B

An optimal retrieval rule retrieves documents in

descendlng order of relevance or "goodness‘ The deletion’

of term i. from Q* causes the associates’ w1th respect to term

%

.i to be retrieved together.

:Suppose document x which does.not contain term i is
between the twcrassociates {x , xp} with respect to‘term'.i,
g(im) > g (X) >'g(§p). Then deletlng term i has no effect on

the“ "retrieval Etatus value" of doCument X but w1ll lowers

the retrieval status value of xm to that of zp.A.If'w. > 0,

then X, which has a hlgher probelllty of relevance than

X , 1is retrieved after x.v If W, < 0 then Ip' which has a.

i

‘lower probability of relevance, is retrievyed ahoad of k. In

Slmllarly, ﬁt can

1
\

' elther ‘case a loss of Drec151on results.

performance will fresult'

" also be seen that worse. retrleval

- when document"5 conta1ns term i. Thus the more documents

there are between a55001ates of a term, the- hlgher the
. , v

11ke11hood of 1051ng prec1s1on when the term is’ deleted AsS

when cons1der1ng the ‘choice of deletlng one

a consequence,
%
i
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| . 5
term versus another term, it is desirable to choose .the term
" with as few documents’ between its associates as possible.

v":'; N ‘ : . i
IdtUitivély, it -seems that Q*-{j} would be better _than

Q*-{ifxrif llwil > ijl. HowéVeg the following example
illustratésvthat the'@reqiéion of Q*-{i} can'ﬁe lower :than
tﬁatbtof ‘é*—{i} at some regally points, though Q*-{3j} ‘is
4 agtua1ly better with respect to ;Gocumeni ranking, as ié
§h6dn‘in seééion\5.3.‘. |

-

o . = oy s
Let Q% = (Wi, W;)

S

Let IR (x) | and»ll(i)l~be the expééted npmberlof relevant and

irrelevant documents with representation X respectively!

1f£ x = (1,0) then IR(x)! IRI*p,*(1-p,) and

; ' - ! » * -
o lI(i)I l;l,rl*(l r2).
The performance of Q*-{1} and Q*-{2} will be cOmpared."

assume |R! = 100, |1} = 1000 and

1 2
p, 0.90  0.20 \
ry 0.75 0.40 :
w. 0.48 -0.44
i C
| o
£(9%,x) 1T(x) ! IR(X) ) ccum. 1T (x4, cuml IR (x) |
x,=(1,0)  0.48 450 72 450/72 = 6.25
x,=(1,1)  0.04 300 18 750490 = 8.25
x,=(0,0) ©0.00 150 08 900,798 = 9.18

x,=(0,1) -0.44 100 02 . 1000/100 = 10.

e

AN

g

,‘
.
L A SIS

e

o Sha driaadede



associates of term 2 are {11,.52} and {x5, X,
Assoc1ates of term 1 are {X;, %5} and {x,, X4}
Q*-{2} ranks {51, 52} highest.
n*-{1} :ranks {X;, 53}‘highest.'
‘and‘g(gz) > g(x3).
The numbe:,of relevant documents with representation .9 and
$2 is 90. | | |
The number of irrelevant documents with representation .5
and X, is 750.

;o : -
The - number of relevant documents with :eppesentation %, and
Xy is 80. . = |
The number of irrelevant docuﬁents with ‘representation Xy - 4;

g
4
B

S
: ' ' - _ 2 e
epd Xq is* 600 o o o - o, SR

/»
K

S HraFeL

-

1f only 80 relevant documents are recalled Q*—{f}
retrievesg 600 ‘{rtelevéntv ones, but Q* {21 retrieves'

750#80/90=666.i5fe1evant ones.

Q*-{2} is not better than Q* {1} at this recall level
The reason is that a random sample has to be drawn from the
set {xl, 52}, sxnce all documents in the set has the 'same

retrleval status value with respect to - Q*-{21}.
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5.. Which is better, Q*-{j} or Q*-{i} 2

In this section Q*-{j} 1is shown to be better than
- *-{i} with respect to document ranking (Definition 5.1.3)
if Iwi! >—ijl; As a result, O*-{n} ranks documents closer

to the optimalbranking by Q* than does:Q*-{i}; 1< i < n. \

First, a r1es of lemmas about‘the propertles of the
‘best document w1th respect to Q* are proved Second;
.Proposition 5.3.4 relates the documents retrleved by _Q%—{i}
and Q*.  Third,’ Prop051t10n '5.3.6 illustrates .the
relationship between 'the, associates of‘;term‘ i and the
:associates‘ of ;term, 3 maklng use of Lemma 5.3. 5 :Lastly,
the main: fesult, (50p051t10n 5.3. 7\ shows that Q*- {j} is’

I

better wlth respect to document rankmng;

We further assume no two dlStlnCt document vectors have

the same\retrieval status value with respect to Q*. W1thout

loss of éenerality, assume = ‘ _' ‘ : p. o
g(x )y > g(x 5 > ... D g(xzw).

The ‘above assumptlon guarantees, for any 1,-1 <i<n, tnat

f(Q*j{l}. Xn) = £(Q*- {1}, x50 =2 1m. X, are associates with

respect to term i.

The followingaiemma shows that the best document X, is

"o

retrieved ahead of any other document by Qf—{if,ti'ﬁ i < n.

\
kY

e AR o U



Lemma 5.3.1

For any i, 1 < i < n,

£(Q*-1i}, x,) 2 £(@*-{i},"x,) for 1 < t ¢ 2™

Proof

!
Consider the case when wi > 0 (the case where wi < 0 can be

handled in a similar way).

Let iv be an associate of X with respect to term i. Then i
€ X, and i € X,- Suppose there 1is. a document X lying
between X, and X,
i.e. g(il) > g(im) > g(gv).

X must contain term i, otherwise its associate with

respect to term i would be better than x,.

Now £(Q*, x £(Q*-{i}, X,) +owy

+

EQ*, xy) = EQ*-[i), x) + W,

> g(xy) => £*={i}, %) > £@*-(i}, x).

any document .better than x = sat.isfies = tHe

inequality. Next consider " any - document X that is worse.

'than 5vf | . -
£(Q*-{i}, x;) = £(Q*-(i}, 59)»'
T e xy
% £(Q*, x,) p | |
> £(Q*-1i}, x). S

t

Lemma-5.3.2'.

\
The associate of Xy with resprect to term n must beigc_2
if le[ > Iwn ' :\lu_fl <n



Proof

N

For simplicity, assume W > 0.

' In order to be the doéument of highest reléVance, 51

» .

must contain all the positivé terms and none of the negative

terms, Any x different from x; must contain at least one
negative term or be missing at least one positive term. In

either case, f(Q*, x ) - £(Q*, x) > W and the result

. - —1
follows.

~

As a consequence of the above two lemmas, the first pair

-

of documents retrieved by Q*-{n} is (%7, x,}.

indicates that Q*-{n} is better than Q*-{i}, 1 < i < n-1,

with respect to document ranking when retfievihg jthe7 first -

pair of documents. The same result is true when comparing

2*-{j} with Q*-{i}, for Iwil > lel. This 1is demonstrated
' . ' v ‘ '
by Lemma 5.3.3, whose proof is trivial.

Lemma 5.3.3"
Xi,2 2nd Xy,

to term i and j respectively, then

Let be the associates of x

1:
_g(gj’z) > g(ﬁilz) <=> |wi|‘} lel.

The following proposition relates thé_ ‘documents
fétfie&ed»_by Q*~{i} and Q*.  As a conséqdence of the

pfoposition, it can be shown easily by induction on 'k that

P ~

uﬁlmust include {l(_;!\‘izl -.-;" Ek}.

‘

e

- This:

with respect

whenever Q*-{i} retfieves - 2k documents, the 2k documents-
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Proposition 5.3.4

Letliiiyl’ Xy e wee Ei,Zk} be th2 Ae\ Af 2k documents
having the highest retrieval status vzld, N%Xh respect to
Q*-{i}, for some i, 1 <iZ n. ‘

1f {5m’ 5p} is a pair qf associates 0f RA¢ /|, g(x ) > g(gp)

and £(Q*-{i}, X; ) 2 £(Q*-{i}, ip’ k/& \~% 2k,
then

(1) glx; ) 2 g(zp)., 1 <t¥ Zk,{

(ii) . {‘)‘(",l' _x_i’zl * o o 7 _x_i’zk}

- ?5{51,52,...,§m,_(2k—m—1) documenty V\¢\®¢n X, and Ep'
x _}
i.e: g(x) > g(x )

s E(r-{i), x) > £@*(i}, x).

(i) | |
glx; ) = E(Q% X000
| = EQr-{i)e Xy ) Fawg o

q1=1 if i€ x; ¢ d1=o»is ¢ fi;t'-
*e 7.
£(Q _{1}. ip) todgwy

| v

- * - : ~ '
'f.(Q , 1(-9) dzwl +_dlwi ; | .
a2=;';f w, <0, dzfo‘if wisQ

= £(Q¥, X)) + (8=dylwy

| v

£(Q*, L ,
@ x) e
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(ii)
9(5) >“@(5m),
<= £(Q%,%) > £(Q*, x)
~ . /

<=> £(Q*-{1), X) + dw, = £0Q%, 1) > £Q*%, x)

d, =1 1if i € x, d, =0 if i & x.
o=> £(Q*-{i}, }_)'+dzwi 2 £(Q*, x) > £(Q*, X
| d2 =»0;1f‘wi <o, d2 =1"if Wi > 0 o
=51 -1 ) . O*x = *_ {3 ‘
=>1f£(Q*-{i}, x) + d,w, > f(Q » xp) = £(Q*-{i}, X))+ dyw,

<=> £(Q*-{i}, X) > £(Q@*-{i}, x ) .

The following lemma can’bévproved easily by induction

on.n. It is used to.prove Proposition 5.3.6.

Lemma 5.3.5

‘Let's, = {al’ Agr eeey ah} and 5, = {b;

two sets of real numbers of arbitrary size n. '
If ap 2 bk ;hen_a(k) > b(k) for 1’5 k < n o
th : L :
‘where 2 (k) and»b(k) are_the k largfst ngmbgrs in leand SZ

respectively.

The next p:oposition'c'ompares.the-kth "best" associate

paif of term i with the k‘th "best” assdciétezpair of term j.

-1 . . . - - .

There are 2n assoclate pairs of term i and.Zn,1 associate
o _ - o { . o '

pairs of term j. We can compare them ~pairwisely by first

‘rearrange the assocliate pairs in.their Qrdef of retrieval

status value w.r.t. Q*-{i} and Q*-{3} rggpeCtively;'
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'Propbsition 5.3.6

-1

_ _ . ' n 5 ,
Let { {ii,Zk—l’ 5i,2k} : 1 <k 2 } and _

: ‘ ,n-1
UMy gy By pd PP ERSTY |
be’ the 2"l sssociate pairs of term i and Eerm j
respectively;
‘1f the associate pairs are fearranged_such that

95 ok-1) 2 9(Ey o) : |
_ » n-1 A l
g(xJ’2k_1) >g(}_{_]'2k)r 1 _<_ k < 2 rA

f(Q*"{-J}r 5—],2k-—1) > f(Q*""{j}f ‘}'.(‘j,2k+1)' 1

(WA
=~
A
N
i
N

\
' AN

and lw.l > lw.l
then
» g(ll,ZK—l) Z_ g(ijlz‘(;lv):‘

Y, 1 <k < 2™,

and g(x; o) < 9Xy 9y

_The' propdstition states that thei‘better'assbéiate,

iii,Zk-l' with respeqt to té;m i 1is better,>than‘ the bettef
iassociatei 'ij,2k~l' witﬁ. reépec; to term j but the worse
,associatg,'ii’ik,(wigh respect tb term i is worSe_ thah_Athe
WOrsevassociate,'ij’zk, with respect'to term j. Thus, it»is

vstill‘not-cleat-whethef Q*-{j}‘isabetter.than Q*Q{i}.

x

Sketéh:gg pfoof

" (a) construct a simple ona-to-one mapping M from D to D.such

“that * if {5 v §pf are associates with respect to term j and

m.
g(x ) > g(gp) | - _ , .

N
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. then (i) {M(gm); M(Ep)} are associates w.r.t. term i
(ii) vg(M(lm)) >.9(M(§p)) 
(iii) g(x ) < gM(x.)).

(1v)r g(ip),> g(M(zp))

(b) set . - | .
a, = g(ﬁm) o | <
b, = gku(gm)) S
Cp = g(gp) ,
d, = g(M(_fﬁp))'~

Then a, £ bt' Cy > dt; a_ >. ¢y bt > dt by dgflnltlog.of the.
mapping M.
(c) By Lemma 5.3.5,
<
2k) £ Py
‘ o : n-1
S 2w Leks?

whgfe a (k) is the ktb 1argésp number émong the at's.

Since at-ét = ijt and_’bi__-—dt = lel'for”allﬂt, we have
a(k)‘= ag f?r some ; => c(k) = c_i E ‘ - -
by é,bt for some t ¥>'d(() =4,
Hence ay > <y < agy > Sy |
By % 4 <= b > Ay LSk < 2"t

(d) show that the sorting of a's, b's, c's and 'd's result in
? 8 . N .

yn arrangement of the associate pairs, more precisely,

CT9Ey k-1) T P Y Yk = 9%y o)

)

) = a > c

Xy 2k-1 (k) (ky T 99Xy 2
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-

(ky > Preery <> EQ@-UE x5 5, ) > £@TLE Xy Hyn)

k) 7 Aqken) ST EQ@UT Xy 50 > EQITE X )

b >

-

{e) finéif?zshow that the results-are true,

Cam) S P 7 9y ) L 90Xy 5

)

Proof :
There are 4 cases :

(1) w, > w, > O

1 3
(i1) yi < wj{< q
... +
(ii1i) W > 0, wj < 0, W, wj >0
(iv) w, < 0, w. > 0, w.+w. < O
I ] 1 Jj )

L\ mapping M for cases (i) and\(ii) is
M : D --->D |
. ‘ ". i -' . . .t-
where M(x) is the vector formed by interchanging the 1 n and
. th ’ o

3 component of Xx. Ay
i.e. X = (..., v weer Xy ce)
I - L ceer Xggoael)

This mapping M can be shown to satisfy condition‘jr).-'

A mapping M for cése (iii) and (iv) is
M : D --->D .
where M(x) is the vector formed by interchanging’the‘ith and

jth component of X and then complementing them.
. . i ! :
i.e.. X = Cever Xy waey Xy el

(..., 1—xj; ...,’1-xi; ..2)

M (X)
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This mapping M can also be shown to Satisfy‘condition,(ajg,

As an illustration, " the proof of case (iv) is as foilows.:

]

X = .o.‘ e.. L N e. LI ]
Rl ( ’ i’ ’ JI )

M(i) = (...' '(1—ej)’ e s oy (l—ei)’ -.o)

(ivy W <0, w. > 0,‘wi+wj f 0.

Let {im' Ep} be a pair of associates of term j,

uch that g(x_) > g(x => jex,j&x).
such that g(x, g _p) ( | Jex., 3 ez_p)

Clearly, {M(im),‘M(ﬁp)} is a pair of associates‘of term i.

Q(M(ggm)) - g(vM(ﬁp)) wi(l_—l) = w,; (1-0)

|

= —wl‘> 0.

l .
-9 (x) - gM(x)) = wie. + wiey - wi(l-ej) -‘wj(l-gi)‘
g(im) - 9M(x)) = wie, + wj*l - w, (1-1) - wj(l—ei)

(w.+tw.)*e, ¢ 0 -
1 73 i

Woe. + w0 - w, (1-0) - w.(l-e.) o
ii j o i's i

g(}_p) - Q(M()ip)) g

* -
(wj+wi) (ei 1) pd 0_
Conditions of (a) are satisfied.

Step (b) to step (e) are straight forward and the results

\

The last proposition  shows that Q*-{j} > Q*-{i} with

immediately follow.

1

'f-‘reSpect to document ranking if w1 > lel.

/.
WA

2roposition 5.3.7
If the set of 2k documents retrieved by Q*—{j} and  Q*-{i}

3

are

UXj,10 2,00 «o+ 1%y 5 ) and
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{ ii,l' 51'2, .o ,51 2k } respectlvely,“‘

and g(xJ h)-_>.g(xJ h+1), o
g(xl'h) > 9(11,&;1)' 1 < p,< 2k
~ then '
9Uxy, ), zfg(x1 ) 1<t & 2ke
.Proof

(By induction on k)

At k=1.

By Lemma _S.3,l and Lemma 5.3.3, the pfopoéitibn isttrue at
k=1. R L '
'Supposé the pr09051t10n is true for 1 to k

Let the set of 2k documents retrleved by Q* {]} ~and Q*-{i}_,
; _ o . }

be , X } and {x

{xJ l".—j,2' .;. X5 ,2 1 51'2,f... fXi ok
respectively. o - |

Consider the case for“k+l.

" Let the next pair of Boéuments. retfieved py Q*—{j}‘-and
:Q*-{i} be {im’. Ep} and f# x>}'respe¢@ively, such that
g(xp) > 9(x,) and g(x,) > g(x g

By Proposition 5.3.4, g(x 2k) > g(x ) and g(x ) > g(x ).

2k
By Proposition 5.3.6, g(x ) > g(x ) but g(x ) £ g(x )

. By Pfopositioh 5.3.4, the set of Zk documents retrieved by
Q*-{i} must be '

{0 %50 v Xy _qr 2kt documents between 5@ and X{ 2k’

5;,2k}'
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and by induction assumption and.Propositidnv5.3.4, the set

v

of 2kvdocumentS’rettieVed_by Q*~{j} must be
(X]¢ X530 ... Xy e Xoopr 2k-m dqcuments between x_
and X3 okr Xy,0¢ 1o | |

After the inclusion of,{gm, ip}fand {gt, iu} respectiveiy,

the ordering is clearly preserved. .

/7

. Corollory 5.3.7
, Q*—{n}%ranks'docpments clqsér to optimal than Q*-{i},
1< i< n.

. Hence. ‘we can rank " the usefulness of terms in their

o

order of Iwil.
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Chapter 6

Conolusion

The thesis identifies tne_objeotive of retrieving more
ldoeuments that .aﬂe of interest to the user to be a two-way
'7c1a551f1cat10n . dlscrlmlnant problem4 Thus an _optimal
retrleval_ rule is one that best dlscr1m1nates the set. of
relevant documents from the set of 1rrelevant documen/;;
'Tvo of the most common components in retrleval performances-
are prec1510n and recall. They are. used to evaluate the
'performance-vof retrleval rules and querles in the thesis,'
An optimal retrleval rule (2.3.1) has. been ’derlved that
marlmlzes pre0151on at any recall and has been shown that it -

also ranks @&cuments in descendlng order of relevance.,
: o 4 . ﬁ"& . Vam
ﬂ*.‘éi"' .N v L : . .

:Qﬁ’ﬁmatlon retrleval system can be 1mplemented more

easily byuiquerles and a 51mple matchlng funct;on (2.l.1)

i . i !
rather than the opt1ma1 retrleval rule. One may consider an

optimal query to be':a llnear reductlon of the optimal

retrieval rule. - Unfortunately, "such a reduction is not
possible in general under assumptidns" on the
distribution of index <terms. Thus " the retrleval 'rule

reduces to  different quevy forms under dlfferent

assumptions. Three common statistical madels of information

N S ' _ ; , !
retrieval systems have been - studied in .- the thesis. 'In

Yo!
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’

derived.

Model

1,

G

chapter 3, the optimal queries of

these three nmodels are

u8

the binary independent model, has been

shown to be a linear appfoxiﬁation of the binary model. that

4 incorporates the dependence of terms (Appendix 1).

Constructions ' o

- nnless there are

e

sta

w0

f optimal queries are not possible

tistical“ information of the set ‘of

’

relevant documentQ and the set of 1rre1evant docunents. We

have pointed out that users' ipitial querles are usually not

!

optimal and the

initial gqueries

b,

the

construct the

'S
1

documents

\mbutv

LT

relevance
be generalized to the term

query

system ‘may be

"requested to modify the

to\achleve better performance.:.in chapter

processes to

optim

presented, by making use of

estimate the

al queries .

of

relevance

they demonstrate a systematic

of

information.,

°

rmgael

'3,.wh1ch is a special. case of the Flshen s

linear discriminant,

models

and BO

'_investigated.

3

re ' géperal

Last but not the

indef“ terms in

.:tetrieval'performance’has-been studieds - AnA example (5 2)'

has

been

given

a query of the f

to,

we think, can be applled to non-blnarya

/

{

|

1east, the

‘illustﬁate

fdk> 

dependence

re

.t model: with respect to -

that

parameters needed to

the three nodels are -

informaticn wof the'v
retrieved‘by the initial‘queries...The estimation
EproCesses-presented;here allow limited aependencies~6f terns
statistical use of

It is hoped that the estimation can -

case. thbﬁvoptimal

Lt

estimation‘-procedu;es“ can be:

lative imbortance of

i

deleting the‘term‘of

i o —

IETIPRESRIN
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spallest absolute weight from}the opFimal query i; not vtheb
best choice in terms of'éregiSion and recall when a‘te;m has
to be deleted. Tﬁeréforé, a nev method - document ranking
(5.1.3) is proposed tc  ¢ohpare performance of queries.
Section 5.3 shows‘théf the query vﬁich ;esulté from deleting
the term of smallest absolﬁté weight from the optihai query,
is besf accofding‘ to ) this new : perfori?nce meaéuré
(definition 5.1_3);‘resﬁlts in least disturbance in document
- ranking, and ranks the documents closer fo the optimal than
~deleting any other terﬁ; Hence the larggf the absolﬁte
ﬁeight of a term the more importance'it is in retrieval.
Terms éan then be raﬁkéd in decreasing order of usefuliness.

alloving the less useful ones to be deleted without

seriously affecting retrieval performance. The analySis of

o
(
g

VP . . rt s be:

‘fanking terms turns out to be rather involved. It is hoped
N » ]

that < the same approach can be generalized to the case of

¢ dei@f{gg more index terms and to other models. The deletion .
of terms from feedback queries 1is necessary. in. order to

speed up the process of retrieval.

. There are' indeed many questions and problems ip the

|

' - - e e ' . '
~, -~ area of feedback gquery comstruction but we believe that ' the
tﬁeory preSented in this thesis demonstrates a systematic

statistical study of information  retrieval systenms and a
. . ) , A |

. _ . s
statistical use of relevance information.' Moreover, the

study of “ternm deletion is also very _inportant. Thou_h we

have madea good start in analysing the usefulness

terms, further investigation is required.
Sunke < : :
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'@?”ﬂ, " Appendix 1
Theioptimal quéry of Model 1 is a "first order" or
Tinear approximation of optimal queries obtainable in a
"» binary model which incorporates the dependence of terms.
Thee opératiVe ‘part of, the  optimal reprieval' rule,
; P(E=E'C1)V, can be written in the form of a series eXpansion

(51,

= = = * 3
P(T=xIC,) P, (T xIcy) [1+ > PELILE +
1<]
Il
> 2.2 + ...
e 9i4k%i%5%k ]
where
A
gij = E(z, zjiﬁPf ..
NS YL S
i T 172
(p; (1-p,;)]
. nox 1-x
and,Pl(g=5lC1) = T pi‘i * (l—pi) i
s . . l=1 A . .

~i.e. .the expansion of P(E=EIC1) when Tiﬂs ar~ independent.

Whén vy is small, log(l+y) can be approximated by y[w.

therefore,

gijzizj + ...

"

.1og P(T=xICy) = log PI(E=EJC1) +

-
Val
(W]

(3
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and log . Pl(géilci) is a "first order" _or»fﬁfinear

approximation of log P(T=xIC,). -

’ ' A‘ ‘ I ' ;"} By : . .
Thus the optimal query of Model 1 (derived from

log(Pl(2=§|CL)/P111=EIC2f) ) is a "first order"™ or linear

approximétibnv of the optimal queries obtainable in a binary

model which incorporates the dependence of’terms;.
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