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Abstract

Coral reefs are essential to the marine ecosystem, and provide some of the
most diverse habitats in the world. Coral reef fisheries contribute 6.8 billion
to the economy a year globally. However, coral reefs are under significant
threat because of human activities such as overfishing, ocean pollution, and
habitat destruction. Overfishing leads to shrinkage of the herbivorous fish
population, and ocean pollution results in the rapid growth of nutrients in the
water. These activities give rise to macroalgae, since herbivorous fish eat many
algae and excessive nutrients provide macroalgae with abundant necessities
to grow. Macroalgae constantly compete with coral for living space. Adult
coral and algae can grow by overgrowing other functional groups or available
space. Coral larvae and algae propagules can recruit into adult coral and algae
by dispersal and settlement onto available space. Existing literature mainly
treats the whole coral reefs as one big patch and focused on one functional
group overgrowing other functional groups. However, that is rarely the case
in nature. Coral reefs are composed of hundreds of coral skeleton patches and
between each patch are sand and rocks. Living coral, macroalgae, and turf
algae grow on the coral skeletons. The mechanism of how coral, macroalgae,
and turf algae occupy available space while competing; and how macroalgae
invade coral and turf algae spatially through larval or propagules dispersal and
settlement is still poorly understood. We develop several differential equation
models from the first principles and a solid biological background to answer

those two questions in chapters 2 and 3. We also give conditions under which
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coral will retreat or expand. The interactions between macroalgae and coral
were widely studied, but how turf algae interact with other benthic groups is
still poorly understood. We also generate some insights into the role of turf
algae from the analysis from chapters 2 and 3.

In chapter 2, we develop a one-patch ordinary differential equation model
by introducing available space explicitly and incorporating larval dispersal.
We undertake bifurcation analysis to understand the effect of grazing on the
coral-algae dynamics. We show coral persist under high grazing pressure. We
show reasonable fishing helps maintain the herbivorous fish population, and a
healthier herbivorous fish population can support a higher level of coral cover.
We find coral are more resistant to the decline of larval recruitment when the
rate of turf algae occupying available space is high.

In the chapter 3, we consider multiple patches and derive a weakly-coupled
network of ordinary differential equations and a reaction-diffusion equation
model for the continuous space case from the first principles for modelling
brooding coral dynamics. We use the spatially explicit reaction-diffusion equa-
tion model to understand the spatial dynamics of the coral-algae ecosystem,
and we simulate travelling waves to explain how the macroalgae invade coral

spatially through larval dispersal at different grazing levels.

Keywords: coral, algae, larval dispersal, patches, reaction-diffusion equation,

persistence, bifurcation, travelling wave.
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Glossary

Available space (S)
Available space, not occupied by any functional groups.

Coral (C)
Adult coral.

Delay differential equation (DDE)

Differential equations that involve both time derivatives and delay, which
can be represented as the trajectory of the solution in the past.

Macroalgae (M)
Adult macroalgae.

Macroalgae, coral, turf algae, and parrotfish model (MCTP model)

A differential equation model with macroalgae, coral, turf algae, and
parrotfish as dependent variables.

Macroalgae, coral, and turf algae model (MCT model)

A differential equation model with macroalgae, coral, and turf algae as
dependent variables.

Ordinary differential equation (ODE)
Differential equations that only involve time derivative.

Partial differential equation (PDE)

Differential equations that involve both time and space derivatives.

Travelling wave (TW)

A special form of solution to reaction-diffusion equations, that keeps the
same shape of time profile.

Turf algae (T)
Adult turf algae.



Chapter 1

Introduction

In this chapter, we summarize the challenges that coral reefs face and list the
efforts other researchers have made to understand coral-algae phase shift. We
narrow down the broad question of how we can help prevent coral reefs from
degrading to specific coral-algae related problems. Coral reefs are degrading
due to anthropogenic influences, such as ocean polluting, overfishing herbivo-
rous fish, destructive fishing methods, and global warming. Phase shift from
coral-dominant state to macroalgae-dominant state is one of the critical signals
of coral reef degradation, where macroalgae replace abundant coral (Bellwood
et al., 2004; Hughes, 1994). There has been extensive work to understand
the phase shift and give management suggestions. The goal has been to find
anthropogenic and climatic causes of phase shift and provide management
measures on how to prevent or reverse the unwanted phase shift (McManus
and Polsenberg, 2004; Mumby et al., 2007; Blackwood et al., 2010; Hughes
et al., 2007, 2010; Fung et al., 2011, 2013; Brown et al., 2018; Briggs et al.,
2018; Tekwa et al., 2021). There have been various methods to study phase
shift and interactions between coral and algae. There are both exogenous and
endogenous factors that drive coral algae phase shift. These include runoff,
upwelling, storms, direct impact from human activities, fishing, macroalgae,
herbivores, urchins, and predators. See McManus and Polsenberg (2004) for a
conceptual diagram. Controlled experiments on the Great Barrier Reef to test
the influence of herbivorous fish on the resilience of coral after a regional coral

bleaching found population density of herbivorous fish was a critical compo-



nent in understanding the phase shift (Hughes et al., 2007). Experiments and
statistical results suggested the need for new methods for monitoring coral reefs
to understand the signals of degrading reefs and innovative designs for marine
reserves to reverse the unwanted phase shift (Hughes et al., 2010). Surveys
conducted at the Great Barrier Reef found seasonal changes in environmental
conditions promoted predictable seasonal cycles in the coral-algae interaction
(Brown et al., 2018). In addition to statistical tools, mathematical models,
predominantly deterministic ordinary differential equation models, have been
used to understand the phase shift (Mumby et al., 2007; Blackwood et al.,
2010; Fung et al., 2011, 2013; Briggs et al., 2018; Tekwa et al., 2021).

It is easy to distinguish macroalgae cover from coral cover, so it is common
to observe coral cover replaced by macroalgae cover. However, turf algae are
also an essential part of the benthic coral reefs ecosystem, and their effects on
other benthic groups are poorly explored (Vermeij et al., 2012). We aim to
1) understand how coral, macroalgae, and turf algae occupy available space
while competing; 2) understand how macroalgae invade coral and turf algae
spatially through larval or propagules dispersal and settlement; 3) generate

insights into the role of turf algae in the coral-algae ecosystem.

1.1 Biological background

In this section, we introduce our three main functional groups of focus in this

thesis, macroalgae (M), coral (C), and turf algae (7).

1.1.1 Macroalgae

Macroalgae are a common term used for seaweeds and other benthic algae.
They are visible to the eyes, and most macroalgae reproduce sexually by
producing gametes or propagules and asexually by vegetative propagation or
fragmentation. Macroalgae may replace coral because overfishing and ocean
pollution. In the context of coral reefs, macroalgae are unwanted, and a large
number of macroalgae is one sign of coral reef degradation (Diaz-Pulido and

McCook, 2008).



1.1.2 Coral

In this thesis, we refer to living coral as the marine invertebrates coral,
dead coral as coral skeletons, and the colony formed by both living and
dead coral as coral reefs or patches. Coral can reproduce both asexually
and sexually, as summarized in figure 1.1. The asexual reproduction of coral
involves budding or fragmentation. Budding happens when new coral polyps
bud off from parent polyps, and together with the parent polyps, form an
immense colony. Fragmentation happens when parent coral break into smaller
fragments because of natural disturbances and, if the fragmented pieces land
in suitable places, the fragmented pieces can grow and form a new colony
(Richmond and Hunter, 1990). The location of fertilization can classify sexual
reproduction. External fertilization happens when adult coral releases both
sperm and eggs into water and spermatozoid meets eggs in the water. Internal
fertilization happens when adult coral release only sperm into the water, and
spermatozoid meets the eggs in the coral polyps. Spawning coral adapt the
external fertilization strategy, and spawning coral larvae can survive and drift
along with the current for days before settling in a suitable spot. As a result,
the spawning coral larvae can disperse over a long distance. Brooding coral
adapt the internal fertilization strategy.

In this thesis, we focus on coral sexual reproduction and the brooding
coral situation. There are several steps involved for brooding coral sexual
reproduction with internal fertilization. The first step is coral spawning; adult
coral produce only sperm into the water column above the patch of coral reefs.
The second step is coral brooding; the spawned sperm fertilizes the eggs inside
coral polyps. The fertilized eggs become little larvae, and the larvae develop in
the coral polyps for some time before they are released into the current. The
final step is larval settling; the polyps release the well developed larvae and,
if they attach to the suitable substrata, they can grow to new coral polyps
by division. Since the brooding coral larvae are relatively well developed and
ready to settle when they are released, the brooding coral larvae travel and

disperse over a significantly shorter distance than the spawning coral larvae



(James Gilmour and Pincock, 2013).

(A) i
% e ?%F ?%F
N ﬁnr( - ?
— > fragmentation . —

asexual reproduction : ——
f"/‘_\h
(©)
| ~ N
brooding coral )

internal fertilization

N EG PR
o® .= _’W -

external fertilization
spawning coral

Fig. 1.1 Reproduction of coral. (A) Asexual reproduction of coral through budding.
(B) Asexual reproduction of coral through fragmentation. (C') Sexual reproduction
of brooding coral through internal fertilization. (D) Sexual reproduction of spawning
coral through external fertilization.

1.1.3 Turf algae

Turf algae are a combination of filamentous algae, microalgae, zooxanthellae,
and other types of benthic algae (Connell et al., 2014). The interaction between
coral and turf algae largely depends on what specific species to include as a
collective term for turf algae. With different compositions of species, turf algae
may have a minor effect on coral, kill coral, or even help coral (Jompa and
McCook, 2003). In this thesis, we consider the case when turf algae help coral.
Turf algae are the fastest colonizer compared to macroalgae and coral and can
fill up available space in a short time. Coral usually win in the competition

against turf algae (Swierts and Vermeij, 2016).



1.2 Historical approaches

In this section, we specifically focus on the historical efforts of modelling coral-
algae dynamics using ordinary differential equations (ODE).

Mumby et al. (2007) developed a macroalgae-coral-turf algae (MCT) model
that includes three functional groups: macroalgae, coral, and turf algae. One
of the primary assumption was that any particular location was occupied by
a certain proportion of each of the three groups. In their model, the variables
represented the proportion of space occupied by either macroalgae, coral, or
turf algae in that given region and the proportions added up to one, in other
words, T'=1— M — C. Mumby et al. (2007)’s MCT model model showed
bistability behaviour with either macroalgae-dominance or coral-dominance,
when the grazing effect was high. A detailed global ODE analysis of the MCT
model was undertaken by Li et al. (2014). They also developed a delay dif-
ferential equation (DDE) model with inherent time delay for the system and
undertook local stability analysis for the model, with a focus on assessing the
impact of grazing on the population dynamics. The MCT model was extended
to a MCTP model by explicitly incorporating the population dynamics of her-
bivorous parrotfish, and management options were considered based on the
analysis of grazer dynamics (Blackwood et al., 2010). A comprehensive stabil-
ity, bifurcation, and persistence analysis of a slightly modified version of the
MCTP model was undertaken by Fattahpour et al. (2018). They also used
a DDE model to provide biologically important coexistence state attracting
region and management suggestions. A stage-structured model with the as-
sumption that available free space was covered by turf algae immediately was
promoted by Briggs et al. (2018) to study the effect of the vulnerability of
macroalgae to grazing on coral-algae phase shift. Available space and larval
recruitment were introduced into the ODE models by Fung et al. (2011) and
Fung et al. (2013). However, the detailed mechanism of how coral and algae
occupy available space and how larvae or propagules recruit into adults is still
poorly understood. The idea of intraguild competition between coral and al-

gae has been commonly used to formulate the deterministic models. Intraguild
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predation involves both competition and predation. Species in intraguild pre-
dation kills and eats other potential competitive species that use the same
limited resources (Polis, 1989). Algae and coral compete for living space by
overgrowing each other rather than actually killing or eating, so here we avoid
using the word predation directly. Instead, we use intraguild competition to
show the difference.

One drawback of the existing methods is that ODE models cannot capture
the spatial structures that are commonly seen in coral reefs. There are many
patches of coral skeletons of a certain size in coral reefs, and macroalgae, coral,
and turf algae grow on the surface of coral skeletons. These patches of coral
skeletons become larger and even connect to other patches to form a bigger
reef. Coral larvae and algae propagules travel from one patch to another,
and the coral skeletons also expand through the metabolism of living coral
(James Gilmour and Pincock, 2013).

In this thesis, we will develop ODE models based on Mumby et al. (2007)’s
MCT model with explicit consideration of available space to emphasize the
fact that it takes time for the dead coral and algae to form available space,
and different groups take available at vastly different speeds. We will also
develop a network of patches model and reaction-diffusion equation model to
explicitly consider the spatial invasion of coral by macroalgae through larval

dispersal.

1.3 Model assumptions

In this section, we state our main model assumptions.

We include four components in our model: macroalgae (M), coral (C), turf
algae (T'), and available space (S). Each variable is measured by the surface
area of coral skeletons it occupied. The first three components interact through
intraguild competition, and available space serves as a buffer between them,
as illustrated by figure 1.2. Macroalgae are the most competitive component
and can take the space occupied by coral and turf algae during competition.

Coral are the second most competitive component. Coral overgrow turf algae
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during the sub-competition between coral and turf algae (Barott et al., 2012).
Space freed by the death of coral and algae becomes available space. We
assume that although this space is available to both types of algae and coral,
turf algae are the fastest colonizer and rapidly take up available space, as
opposed to most literature that has been treating turf algae as a synonym of
available space. In chapter 2, we consider the whole reefs as one big patch,
as illustrated in figure 1.3(a), and we assume that the macroalgae, coral, and
turf algae spread spatially within the big patch by larvae, in the case of coral,
and propagules, in the cases of macroalgae and turf algae. In chapter 3, we
assume there are multiple patches, and they are connected by larval dispersal,
as illustrated in figure 1.3(b). We assume that the macroalgae, coral, and
turf algae spread spatially between patches by larvae, in the case of coral,
and propagules, in the cases of macroalgae and turf algae (James Gilmour
and Pincock, 2013). More specifically, we focus on the brooding coral. Since
the dispersal range of brooding coral larvae is relatively short, we can apply
the nearest neighbour principle to simplify the larval dispersal process. This,
in turn, gives rise to a partial differential equation (PDE) approximation,
which can be analyzed for the spatial spread of macroalgae, coral, and turf
algae using methods of travelling wave (TW) theory. PDE models, especially
reaction-diffusion equation and TW analysis, can be instrumental in dealing

with spatial spread and invasion problems.
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Fig. 1.2 Intraguild competition dynamics for macroalgae, coral, and turf algae.
The arrow from X to Y means X is good for Y. (a) Macroalgae overgrow coral.
(b) Coral overgrow turf algae. (¢) Macroalgae overgrow turf algae. (d) Space freed
by the death of macroalgae due to grazing becomes available space. (e) Space freed
by the natural death of coral becomes available space. (f) Turf algae quickly take
up available space. We neglect the processes of macroalgae and coral taking up
available space in this figure because the rates are much lower than turf algae. We
neglect the contribution from the natural death of macroalgae and turf algae to
available space in this figure because grazing is the main death factor for algae. We
neglect the contribution from the death of turf algae due to grazing to available
space because turf algae occupy available space much faster than contribute to it.
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Fig. 1.3 One patch and multiple patches visualizations. (a) Illustration of one coral
patch. The seafloor is covered by sand outside of the coral patch, and macroalgae,
coral, and turf algae can not survive on the sand. Macroalgae, coral, and turf
algae compete for living space within one patch, and living space is measured by
the surface area of coral skeletons. (b) Illustration of multiple coral patches. For
simplicity, we assume patches are on the same line. Multiple coral patches are
connected by larval or propagules dispersal through current.



1.4 Mathematical tools

In this section, we introduce the mathematical tools that we will use.

We mainly use stability analysis, persistence theory, bifurcation analysis in
chapter 2 and asymptotic expansion, diffusion approximation, and travelling
wave analysis in chapter 3 as mathematical tools to derive the models and
study the coral-algae dynamics. We use local stability analysis to figure out
the behaviour of solutions near equilibria analytically for our ODE models in
chapter 2; however global stability analysis usually is challenging to conduct
for a non-linear ODE system of more than two variables. Persistence theory
gives us a way to show some global properties of the solution without proving
global stability for an equilibrium. We will use persistence theory to give
conditions for the persistence of coral in the long run. Bifurcation analysis
can help us study the qualitative change in solution behaviour concerning
specific parameters. Although analytically bifurcation analysis is difficult to
conduct for our ODE models in chapter 2, numerical bifurcation analysis is
greatly helpful in understanding the equilibrium behaviour of solutions by
varying the parameter of interest within a proper range and fixing all other
parameters at appropriate values. We will use numerical bifurcation analysis
to understand the coral-algae dynamics of our ODE models in chapter 2 by
varying the grazing effect.

We will use PDE models, more specifically reaction-diffusion equation mod-
els, to investigate the population dynamics for continuous time and space.
Spatially structured models, such as reaction-diffusion equation models, can
account for environmental heterogeneity, heterogeneity in initial population
distribution, and species dispersal (Kot, 2001). A typical routine is first to
use ODE models to understand the multi-species intraguild competition with-
out spatial dynamics and then develop the reaction-diffusion equation models
based on the ODE models. Asymptotic expansion gives us a way to reduce
the non-linear terms by ignoring the higher order terms and only focusing on
the linear terms. We will use asymptotic expansion extensively to formulate

the network of weakly-coupled patches model in chapter 3. We apply dif-
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fusion approximation to transit from the network of weakly-coupled patches
model in the discrete space case to the reaction-diffusion equation model in the
continuous space case. Travelling wave analysis is excellent for investigating
the spread of species and how certain species spatially invades other species
(Bampfylde and Lewis, 2007).

We state the mathematical definition of weak persistence, strong persis-
tence, uniform weak persistence, and uniform strong persistence adapted from
Definition 3.1 on page 61 of Smith and Thieme (2011). These definitions will
be helpful in the proof of persistence in chapter 2.

Let X be the nonempty state space, J be the time set, and function p :
X — R*.

Definition 1.4.1 (Persistence). A semiflow ¢ : J x X — X is called weakly
p-persistent, if

limsup p (¢¢(x)) > 0 for arbitrary x € X such that p(z) > 0.
t—o0
¢ 1s called strongly p-persistent, if

litrn inf p (¢t(x)) > 0 for arbitrary x € X such that p(x) > 0.
—00

Definition 1.4.2 (Uniform persistence). A semiflow ¢ : J x X — X is

called uniformly weakly p-persistent, if there exist e > 0 such that
lim sup p (gbt(x)) > € for arbitrary x € X such that p(x) > 0.
t—o0
¢ 1s called uniformly strongly p-persistent, if there exist € > 0 such that

li{n inf p (¢¢(x)) > € for arbitrary x € X such that p(z) > 0.
—00

Remark. For uniform persistence, the choice of € is independent of the initial

conditions.
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Chapter 2

Temporal dynamics

In this chapter, we develop a one-patch ODE model, and undertake local
stability analysis and bifurcation analysis to show how coral and algae occupy
available space while competing. We show the conditions under which coral
will persist. We investigate the effect of a decline in larval recruitment on coral

persistence.

2.1 ODE model derivation and assumptions

In this section, we develop a six dimensional ODE model in subsection 2.1.1,
which includes both adults and larvae. We reduce the six dimensional model
to a three dimensional model using non-dimensionalization and quasi-steady-

state approximation in subsection 2.1.2.

2.1.1 Dimensional one-patch model

One of the primary assumption in the MCT model from Mumby et al. (2007)
was that any particular location was occupied by a certain proportion of each
of the three groups, which implied there was no empty space left at any given
time. One justification for their assumption was that turf algae were good at
occupying empty space, so any empty space became turf algae immediately.
This assumption is an oversimplification of reality. Although turf algae are
faster in occupying available space, macroalgae and coral can still take available
space at a lower rate. Explicit consideration of available space also allows us
to study the process of larvae settlement and larval dispersal, which paves

11



the way for studying spatial dynamics in chapter 3. We modify the MCT
model from Mumby et al. (2007) with explicit consideration of available space
and larvae or propagules settling. Larvae or propagules are in the water, and
adults are on the bottom. Since larvae are microscopic, we assume that larvae
or propagules can settle anywhere in the reef. However, larvae or propagules
can only grow if they land on available space S. If they land elsewhere, they
settle and die immediately. Once settled on available space, we assume larvae
or propagules grow into adults instantly, which is a simplifying assumption so

as to keep the model analytically tractable.

dM
— = aMC  4BMT +puMS —06uM —gM +¢nkplyS  (2.1a)
dt —— —— — e N —
macroalgae  macroalgae macroalgae  death death propagules
overgrow coral overgrow turf take space 1O grazing grazing settling
dl Yy M
dt NL —— —
propagules propagules
macroalgae natural death settling
produce propagules
dc
— = ~CT +,0(;'CS —aMC —6cC +ocokcleS (2-1(3)
dt N e N~ ——
coral coral coral larvae
overgrow turf take space natural death settling
dle Ve C'
% = bcﬁ _,UOZC —ficlc (2.1d)
V larvae larvae
coral natural death settling
produce larvae
dr
= = prTS —BMT —~vCT — ;T — T + ¢rrrlrS (2.1e)
dt S~
turf
take space
dir YT
—_— = bT— — TlT — HTZT (21f)
dt NL *
——
turf
produce propagules
g = N-M-C-T (2.1g)
available space is total space minus sp‘arce occupied by three functional groups

\
Variables are listed in table A.1 and parameters are listed in table A.2. We
assume all the parameters are positive throughout our analysis. Larvae or

propagules can only grow if they settle on available space S.
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2.1.2 Non-dimensional one-patch model with larvae in-
corporated

We non-dimensionalize the dimensional one-patch model (2.1) and use tilde
“to denote the dimensionless values. R is a variable representing any of the

three population groups: macroalgae, coral, and turf algae.

dM S S - -
diyy  ~ - - s

EMW :l/JMbMM—lM —IiMlM (22b)
= = ACT + poCS —aMC — C + keleS (2.2¢)
de - -

€ Ezlﬁcbcc'—lc—liclc (22(1)

ﬁ:pTTS—BMT—’yCT—éTT—gT—i—/ﬁTlTS (2.2¢)
dr -

ET% = l/JTbTT - lT - IiTlT (22f)
| S=1-M-C-T (2.2g)
oo . : L

€gr = — is a very small parameter, for R = M, C, or T'. Non-dimensionalized
MR

variables and parameters are listed in table A.3. Larval equations (2.2b),
(2.2d), and (2.2f) are assumed to have fast dynamics compared to adult dy-
namics described by equations (2.2a), (2.2c), and (2.2e). The mortality rate
of coral is much smaller than the death rate of larvae or propagules. By using
a quasi-steady-state approximation, we assume ¢z — 0, and then equations

(2.2b), (2.2d), and (2.2f) can be summarized as the following equation (2.3):

= 1 pbrRR — g — Frlp = 0, (2.3)
- Vpbp -

lp = 2 R 2.4

= lR RR n 1R ( )
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We substitute equation (2.4) into equations (2.2a), (2.2c¢), and (2.2e). We drop

superscript tilde ~in the future for notational convenience.

'% = aMC + BMT + pyyMS — 5y M — gM + 0ppipby MS — (2.5a)

‘2—? = ~CT + pcCS — aMC — C + OctpebeCS (2.5b)

% = prTS — BMT — ACT — 7T — gT + 0pprbrTS (2.5¢)

| S=1-M-C-T (2.5d)

Or = lﬁ:i T R =M, C,orT. g is the probability of settling before dying
KR 1

and = 1. We regroup 0ryrbg into the parameter Og. Og

+
KR + 1 KR + 1
denotes the total contribution rate from larvae or propagules settling to adult

abundance. We obtain the following reduced non-dimensional one-patch model

(2.6):

(dM
dd—t:aMC+5MT+pMMS—5MM—gM+@MMS (2.6a)
% =0T + pcCS — aMC — C +0CS (2.6b)
T
C;_t = prTS — BMT — 4CT — 67T — gT + O7TS (2.6¢)
[ S=1-M-C-T. (2.6d)

We undertake analysis of the above reduced non-dimensional one-patch model

(2.6) in section 2.2.

2.1.3 Assumptions on parameters

We assume all the parameters are positive throughout our analysis, and we
introduce two additional classes of assumptions and conditions. Assumptions
labelled with a A tag are based on biological mechanisms and Al to A4 are as-
sumed to always hold throughout the analysis of the reduced non-dimensional
one-patch model (2.6). Conditions labelled with a CD tag may not always
hold. Thus, different combinations of CD conditions lead to different equilib-

rium dynamics, which are discussed in section 2.2.

Assumption Al.

pT > pu, PT > Py Pu > @, pu > By and po >y
14



A1 is about the rate of taking available and overgrowing other functional groups.
We assume turf algae are the fastest colonizer, so the rate of taking available
space for turf algae is much larger than the rate for macroalgae and coral. We
assume occupying empty space is much easier than overgrowing other func-

tional groups.

Assumption A2.
vy>22>0>1,and1>a>0

A2 is made based on the choice of parameter values listed in table A.S.

Assumption A3.

o < g anddr <g

A3 states the death rate of macroalgae and turf algae if not grazed is less than
the grazing effect from herbivorous fish because, in literature, the grazing effect

from herbivorous fish is considered the main death factor for algae.

Assumption A4.

1% PM Pr Pc
—>-— and — > —
or oy " or 6

A4 states the ratio of growth from occupying available space and larvae or
propagules settling for turf algae is larger than the ratio for macroalgae and
coral. We further assume turf algae mainly expand from vegetative growth or

lateral growth over available space rather than propagules settling.

It makes biological sense if we only consider the case when all functional
groups are non-negative and available space is non-negative. We prove the
reduced non-dimensional one-patch model (2.6) has dynamics such that the

region D is positively invariant in Theorem 2.1.1.

Theorem 2.1.1 (Positive invariance). If all parameters are positive, then
the region,

D= {(M,CT,S)|0<MCT,S<1},

is positively invariant for the solution semiflow generated by the system (2.6),
i.e. ¢(D) CD,t > 0.
15



Proof.

M
dd_t :(aMC+ﬁMT+pMMS—5MM—QM—I-@MMS)‘M:():O
M=0
d
d_(i = (YCT + pcCS — aMC — C + ©cCS)|,._, =0
C=0
Cé_f = (prTS — BMT — CT — ;T — gT + O77T)|,_, = 0
T=0

= ¢(D) C {(M,C,T,S) | M,C,T >0}, and M+ C + T =1 when S = 0,
ie ¢ (D) CD,t>0.

I
dt

(O M + gM + C + 67T + gT)| ¢,

: = [(§M—i—g)M—i—C—|—(5T—i—g)TH

> min{oy +9,1,0r +9} (M +C+T

50
= min {dy +g,1,07 + g}lszo

>0

= ¢(D) € {(M,C,T,S) | M,C,T,S >0}, and since M + C + T + S =1,
¢(D) C {(M,C,T,S)|0< M,C,T,S <1} =D. .

Remark. Theorem 2.1.1 implies the proportion of surface area occupied by
each functional group and the proportion of available space are always non-
negative and bounded by one, given the initial conditions are between zero and

one.

2.2 Local stability, persistence, and bifurca-
tion results

In this section, we undertake local stability analysis and numerical bifurcation
analysis to determine the stability of equilibria and the qualitative nature of
the flow connecting the equilibria. We calculate one trivial equilibrium, three
axial equilibria, and three boundary equilibria symbolically, and we give the
linear system that the interior equilibrium should satisfy. We sort out the

conditions of existence and the linear stability of trivial, axial, and boundary

16



equilibria. Those conditions are theoretical backup for the bifurcation analy-
sis in subsection 2.2.4. Based on the bifurcation results, we show reasonable
fishing helps maintain the herbivorous fish population, and a healthier herbiv-
orous fish population can support a higher level of coral cover. Using time
simulations, we find coral are more resistant to the decline in larvae recruit-
ment when turf algae occupy available space fast. We undertake persistence
analysis to determine the conditions under which coral will survive in the long

run.

2.2.1 Equilibria

In this subsection, we calculate explicit formula for the equilibria of one-patch
model (2.6).

We assume Al to A4 always hold in the following equilibrium analysis,
ensuring our model is reasonable. We use “CD number” to label conditions
in subsection 2.2.1. We use “CD number™” to denote the same condition but
with the opposite sign. For example, if CDO0 is “parameter > x”, then CDO0O™
would be “parameter < 2”. We regroup the reduced one-patch model (2.6) in

the following way:

(dM

— =M [aC + BT + (par + Om) S — (O + g)] == MF(M,C,T) (2.7a)
= functio;rF(M, C,T)

dcC

i C VT + (pc+0Oc)S —aM —1] = CG(M,C,T) (2.7b)
= functiorTG(M, C,T)

aT

=T [(pr +©71) S = BM —»C — (67 + g)] = TH(M,C,T)  (2.7¢)
= function‘,H(M, C,T)

(| S=1-M-C-T. (2.7d)

Trivial equilibrium

1. Trivial equilibrium: E; = (0,0,0). E; € D.

17



Axial equilibrium

1. M axis: We solve the macroalgae-only equilibrium from the following

equation:
F(M.0,0) = [aC+ BT+ (pas + Ou) S = (Gur +9)] | =0,
v+ g
By = (M:0,0)= (1279 0],
= (145,0.0) = (1= 22 0,)

Condition CD1.
o +9<pv+0Ou

The total death rate of macroalgae is less than macroalgae growth rate
from occupying available space and propagules settling. My > 0 iff CD1
holds.

M5 < 1 because we assume all parameters are positive. Fy € D iff CD1
holds. Macroalgae-only equilibrium is in the positive invariant feasible
region D when the total death rate of macroalgae is less than macroalgae

growth rate from occupying available space and propagules settling.
2. (' axis: We solve the coral-only equilibrium from the following equation:

G (0,C,0) = [yT + (pc + O¢) S — aM — 1}‘MT:O —0,

1
= By = (0,C5,0)= (0,1— ———0).
2= (0.65,0) ( Pc+@c>

C3 < 1 because we assume all parameters are positive. F3 € D. po >
v > 2 by Al and A2, so pc + ©¢ > 1, implying C5 > 0. Coral-only
equilibrium is always in the positive invariant feasible region ID. The
total coral growth from occupying available space and larvae settling is

always larger than the natural mortality of coral, guaranteed by Al and

A2.

3. T axis: We solve the turf algae-only equilibrium from the following equa-

tion:

H(0,0,7) = [(pr +Or)S = BM —7C — (5T+9)HMC':0 =0
18



5
= B, = (0,0,T}) = <0,0,1—T—+g).

pr +Or
Condition CD2.

or +9 < pr+0Or

The total death rate of turf algae is less than turf algae growth rate from
occupying available space and propagules settling. Ty > 0 iff CD2 holds.

T, < 1 because we assume all parameters are positive. £, € D iff CD2
holds. Turf algae-only equilibrium is in the positive invariant feasible
region D when the total death rate of turf algae is less than turf algae

growth rate from occupying available space and propagules settling.

Boundary equilibrium

1. M C plane: We solve the macroalgae and coral coexistence equilibrium

from the following equations:

F(M,C,0) = [aC+5T+(pM+@M)S—(5M+g)]‘ —0

G (M,C,0) = [7T+(pc+@c)5—aM—1]‘ —0,

T=0

:>E5:(Mg,0§,0),

with
. (pm+Ou —a)+ (pc+O¢) (a—du — g)
MF = 2.8
i a(a+pc+0Oc—pu—0Ou) (2:8)
C: = (0m +9) (a4 pc+0O¢) — (pu +Oum) (o + 1)' (2.9)

a(a+pe+Oc —pu —Oum)

Assumption A5. We assume
pc > pu+Onu —a—06¢

to eliminate cases and better focus on the grazing effect g. Denominator

of MZ and C7 is positive under A5.

Condition CD3.
(a+1)(py +On)
> )
g a+ pe + O¢ M

The grazing effect is larger than some threshold value. Numerator of C

1s positive iff CD3 holds.

19



Condition CD4.

pM—i—@M—a_

1)
pc + O¢ M

g <o+

The grazing effect is less than some threshold value. Numerator of M;

15 positive iff CD4 holds.

M: + C; < 1 is equivalent to ¢ < a + 1, which is guaranteed by CD4
under A5. E5 € D iff CD3 and CD4 hold under A5. CD3 and CD4
combine to be:

(a+1)(pm +On)
a+pc+ O¢

P+ Oy —a
pc + O¢

—5M<g<a+ _5M-

This means macroalgae and coral coexistence equilibrium is in the pos-
itive invariant feasible region D when the grazing effect is between two

threshold values.

. M T plane: We solve the macroalgae and turf coexistence equilibrium
from the following equations:

F(M,0,T) = [aC + BT + (pm +Oum) S — (6M+g)}‘020:0

H(MvovT):[(pT‘F@T)S_BM_’YC_((ST—i_g)H =0,

C=0

= Fg = (M{,0,7T7),

with
«_ (07 +9) (pp +Oum — B) + (pr + Or) (B —0m — 9)
Mo = B(B+ pr+Or— pu —Own) (2.10
T = (Om +9) (B+ pr+0O7) + (pyr + Om) (=8 — 01 — 9)' (2.11)

BB+ pr+Or—pu —Oum)

Assumption A6. We further assume
pT>pM+@M—B_@T

to eliminate cases and better focus on the grazing effect g. This assump-
tion is more concrete than py >> pjr in Al. Denominator of M and

T¢ is positive under A6.
20



Condition CD5.

(B +0r — 6um) (P + Ownr)

—0
B+pr+Or—pu—Oy

g >

The grazing effect is larger than some threshold value. Numerator of T§

1s positive iff CDS holds.

Condition CD6.

(B8 +dr — oum) (pr + Or)

-9
B+pr+Or—pu—Oy

g <

The grazing effect is less than some threshold. Numerator of Mg is pos-

wtwe iff CD6 holds.

Condition CDT7.
5M < ﬁ + 5T

Macroalgae growth from overgrowing turf algae plus mortality of turf

algae if not grazed is larger than mortality of macroalgae if not grazed.

Mg + Cg < 1iff CD7 holds.

Mg+ Cg < 11is equivalent to dy < S+ 07, which is guaranteed by CD7.
Eg € D iff CD5, CD6, and CD7 hold under A6. CD5 and CD6 combine
to be:

(B+ 67 — 0pr) (par + Ownr)
B+ pr+Or—pu—Ou

(B8 +0r — dum) (pr + Or)

— Op.
B+pr+Or—pu—6Ou

-0y <g<

This means macroalgae and turf algae coexistence equilibrium is in the
positive invariant feasible region D when the grazing effect is between

two threshold values.

. C T plane: We solve the coral and turf algae coexistence equilibrium
from the following equations:

G(0,0,T) = [fyTJr(,Och@c)S—aM—lH —0

M=0

H(0,C.T) = [(pT+®T)S—BM—vC—(5T+g)]‘ =0,

M=0

= E7 = (O,C;,T;),
21



with

(0r +9) (pc + Oc —7) + (pr + O7) (v — 1)
(v + pr+Or —pc—O¢)

(pr +O1+7) + (pc + Oc) (=7 — o7 — g)
v (v +pr+Or —pc — O¢) '

Assumption A7. We further assume

Cr = (2.12)

T = (2.13)

pr > pc+Oc —7—Or

to eliminate cases and better focus on the grazing effect g. This assump-
tion is more concrete than pp >> pc in Al. Denominator of C7 and T

is positive under A7.

Condition CDS.

v+ pr+Or
<—_
pc + O¢

The grazing effect is less than some threshold value. The numerator of

T7 is positive iff CDS8 holds.

v —0p

(pr +O7) (v = 1)

- 5T7
pc+0Oc —7
which is always true under Al and A2. Numerator of C7 is always

Numerator of C7 > 0 is equivalent to g > —

positive. C7 + 17 < 1 is equivalent to g > 1 — v — dp, which is always
true under A2 because 1 — v — o7 < 0. E7 € D iff CD8 holds under A7.

CD8 and condition for numerator of C'; > 0 combine to be:

—1
(pr+0O1) (v )_5T<g<7+PT+9T

pc+Oc—7 pc+ O¢

—’)/—5T

This means coral and turf algae coexistence equilibrium is in the posi-
tive invariant feasible region D when the grazing effect is between two

threshold values.

Interior equilibrium

1. We solve the macroalgae, coral, and turf algae coexistence equilibrium
from the following linear system:
F(M,C,T)=aC+ BT + (pp +Oun) S — (0 +9) =0
G(M,C,T)=~T + (pc +O¢)S —aM —1=0 (2.14)
H(M,C.T) = (pr +Or) S = BM = ~+C — (6 + g) = 0.
22



The unique macroalgae, coral, and turf algae coexistence equilibrium
Es = (Mg, C3,T) can be solved from the linear system (2.14), provided

the matrix A is invertible.

Mg pv+On —0opm—g
=| C: | =471 pc+6Oc—1 (2.15)
T3 pr+Or —or—g

pv+Ou  pu+Ou—a pu+Oy—p
with A= | a+pc+60c  pc+6¢ pc+Oc —7y
ﬁ—FPT-i-@T 7+pT+@T PT+®T

We calculate explicit formula for equilibria F; to E;. The interior coexis-
tence equilibrium, Fg, is implicitly described as the solution of a linear system.
We give conditions for the equilibria £} to E7 to be in the positive invariant

region D.

2.2.2 Local stability of equilibrium

In this subsection, we give conditions for the local stability of equilibria E; to
E7. The local stability of equilibria tells us whether the solution will approach
the equilibrium or move away from it in the long run if the initial condition
is near the equilibrium. The local stability analysis also helps us to prove
persistence theorems.

We calculate the Jacobian matrix of ODE system (2.7) to determine the
local stability of the equilibrium.

F+ MFy MFo M Fr
JM,C,T) = | CGu G+CGe CGr
THy TH- H+THy
F—(pM+@M)M —(pM—l—@M—a)M —(pM—i-@M—ﬁ)M
= —(Oz—f—pc—f-@c)c G—(,Oc—l—@c)C —(pc+@c—7)0
—B+pr+O01)T —(y+pr+0r)T  H—(pr+067)T
(2.16)
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Trivial equilibrium

1. We consider the trivial equilibrium. From subsection 2.2.1, we know

E, € D. We evaluate the Jacobian matrix at equilibrium FEj:

pr+On =0 —g 0 0
J(0,0,0) = 0 pc+6Oc—1 0
0 0 pT+@T—5T—g

(2.17)
J(0,0,0) is a diagonal matrix. Eigenvalues are the diagonal elements:
pv+On — 0 — g, poc+Oc — 1, and pr + Or — dr — g. We analyze the

sign of the eigenvalues.

(@) py+On — 0 — g = (pm +Ou) M. pyr+On — 0y —g < 0is
equivalent to M; < 0, equivalent to CD1™.

(b) pc +©c —1 = (pc +0O¢)C5. pc+ Oc —1 < 0 is equivalent to
C3 < 0, which is impossible under Al and A2.

(¢) pr+Or—0r—g=(pr+ Or)T;. pr+Or—0r—g < 0is equivalent
to T, < 0, equivalent to CD2".

In summary, trivial equilibrium F; is in the positive invariant feasible
region D and is always unstable under A1 and A2. Biologically, three

functional groups will not all go extinct.
Axial equilibrium

1. We consider the macroalgae-only equilibrium F5. From subsection 2.2.1,
we know E5 € D iff CD1 holds. We evaluate the Jacobian matrix at

equilibrium Fs:

J(M;,0,0) =
—(pm+OM) My —(py+Ou —a) My —(pm +Oum — B) M;
0 G3 0 )
0 0 H3

(2.18)
with G5 = G (M;,0,0) and H; = H (M;,0,0). J(M;,0,0) is an upper

triangular matrix. Eigenvalues are the diagonal elements: — (py + Opr) My,

G5, and H;. We analyze the sign of the eigenvalues.
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(a) — (pm +On) My < 0 if My > 0, which is equivalent to CD1.
. ala+pc+Oc—py—Ony)
(b) G; =
puv + O
CF <0, equivalent to CD3™.
. BB+pr+Or—py—Ouy)
(c) Hy =
pm + O
T¢ < 0, equivalent to CD5™.

C:. G5 < 0 is equivalent to

T¢. Hy < 0 is equivalent to

In summary, macroalgae-only equilibrium FEs is in the positive invari-
ant feasible region D and locally stable if CD1, CD3™, and CD5™ hold.
Those local stability conditions also imply that the local stability of
macroalgae-only equilibrium F5 and the existence of macroalgae and
coral coexistence equilibrium Ej5, as well as macroalgae and turf algae
coexistence equilibrium FEjg, are mutually exclusive. Biologically, if no
coral and turf algae exist, then macroalgae will remain dominant when

the grazing pressure is low.

. We consider the coral-only equilibrium FEj3. From subsection 2.2.1, we

know E3 € . We evaluate the Jacobian matrix at equilibrium FEj:

J(0,C3,0) =
Fy 0 0
—(a+pc+6¢)C; —(pc+0c)C; —(pc+6c—7)C5 |,
0 0 H;

(2.19)

with F; = F(0,C5,0) and H; = H (0,C5,0). We can view J (0,C3,0) as
a lower triangular block matrix. Eigenvalues are the diagonal elements:
F;, —(pc + ©¢) C;, and H;. We analysis the sign of the eigenvalues.

ala+pc+Oc —py —Ou)

a) by =
(a) £ pc + Oc¢
M7 < 0, equivalent to CD4™.

M:. F; < 0 is equivalent to

(b) — (pc + O¢) C; < 01if CF > 0, which is guaranteed by Al and A2
in subsection 2.2.1.

. Y(y+pr+0Or—pc—O¢
(C) Hjy = ( )
pc + O¢
0, equivalent to CD&™.

T7. H; < 0is equivalent to 17 <
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In summary, coral-only equilibrium Fj3 is in the positive invariant feasible
region D and locally stable if CD4™ and CD8 hold. Those local stability
conditions also imply that the local stability of coral-only equilibrium Fj3
and the existence of macroalgae and coral coexistence equilibrium Fs,
as well as coral and turf algae coexistence equilibrium FE-, are mutually
exclusive. Biologically, if no macroalgae and turf algae exist, then coral

will remain dominant when the grazing pressure is high.

. We consider the turf algae-only equilibrium FEj4. From subsection 2.2.1,
we know FE, € D iff CD2 holds. We evaluate the Jacobian matrix at

equilibrium Fy:

J(0,0,T;) =
F; 0 0
0 G 0 ;
—B4+pr+0O0)Ty —(y+pr+0O0)Ty —(pr+0O7)Ty

(2.20)
with F; = F(0,0,7;) and G} = G (0,0,7y). J(0,0,7;) is a lower
triangular matrix. Eigenvalues are the diagonal elements: F), G}, and

— (pr + ©1) T). We analysis the sign of the eigenvalues.

. B(B+pr+0Or—pu—6uy)
a) By =
(a) £ pr + Or

Mg < 0, equivalent to CD6™.

. Y(Oy+pr+0Or—pc—06¢)
b) G =
() 4 pr + Or

0, which is not possible under A1l and A2.

Mg. F;y < 0 is equivalent to

C7. Gy < 0is equivalent to C7 <

(¢) —(pr +O7)T; <0if T} > 0, which is equivalent to CD2.

In summary, turf algae-only equilibrium FEj is in the positive invariant
region feasible region D if CD2 holds but is always unstable under A1 and
A2. Those local stability conditions also imply that the local stability
of turf algae-only equilibrium F, and the existence of macroalgae and
turf algae coexistence equilibrium Fg, as well as coral and turf algae
coexistence equilibrium F, are mutually exclusive. Biologically, if no
macroalgae and coral exist, then turf algae can not remain dominant

alone.
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Boundary equilibrium

1. We consider the macroalgae and coral coexistence equilibrium E5. From
subsection 2.2.1, we know E5 € D if A5, CD3, and CD4 hold. We
evaluate the Jacobian matrix at equilibrium FEj:

J (Mg, C5,0) =
—(pm +OM) M5 —(pm +On —a) M5 — (par + On — B) M3

—(a+pc+6c)C;  —(pc+0c)C3 —(pc +6c —7)Ct
0 0 H:
(2.21)
with H; = H (MZ,C:,0). When T = 0, o = 0, so the M-C plane

is invariant. We decompose the 3x3 Jacobian matrix (2.21) in the
M-C plane. In the M-C plane, J (M, C:,0) reduces to the minor ma-
trix:
T (M3, C3,0),, = (o2 > >
( 57 ~59 )3,3 <—(04+Pc+@c)0§ —(Pc+@c)C§ )
(2.22)

=t (] (M5, C3,0)35) = = (par +©a1) Mg = (pc + ©¢) G5,

= det (J (M3, C%,0)5) = [ (@ + po + Oc — pyr — Ou)] M35,

~
denominator of M7 and C¥

When Es € D, tr (J (M, Ct, 0)373> <0, and det (J (M, CE, 0)373) > 0.
Macroalgae and coral coexistence equilibrium FEj is always locally stable
in the M-C plane if E5 € D. The local stability of Es in the full three
dimensional space is determined by the sign of C;—Z evaluated at Fs, which
is equivalent to the sign of the third eigenvalue H; in matrix (2.21). H;
is positive proportional to T3 from the interior equilibrium. H: o T3,

so H? < 0 is equivalent to 7§ < 0.

In summary, macroalgae and coral coexistence equilibrium Fjs is in the
positive invariant region feasible region D and locally stable if CD3 and
CD4 hold, and H; < 0 under A5. Those local stability conditions also
imply that the local stability of macroalgae and coral coexistence equi-

librium FEs and the existence of interior equilibrium Fg are mutually
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exclusive. Biologically, if no turf algae exist, then macroalgae and coral

can coexist when the grazing effect is between two threshold values.

. We consider the macroalgae and turf algae coexistence equilibrium Fjg.
From subsection 2.2.1, we know Fg € D if A6, CD5, CD6, and CD7 hold.

We evaluate the Jacobian matrix at equilibrium Fg:
J (Mg7 0, Tg) =
—(pm +Om) Mg — (par +Om — @) Mg — (par + Onr — B) Mg

0 Gz 0
—(B+pr+O00)T¢ —(y+pr+O7) T —(pr +O7) Ty
(2.23)
: * . . dcC
with G§ = G (Mg,0,7¢). When C = 0, o = 0, so the M-T plane

is invariant. We can decompose the 3x3 Jacobian matrix (2.23) in the
M-T plane. In the M-T plane, J (Mg, 0, T¢) reduces to the minor matrix:

sy [ —(em+Ou) Mg —(pa +Ou — ) Mg
J(M67OaT6)272_ ( _(ﬁ‘i‘PT‘f‘@T)Ték _(PT‘F@T)T(? ;

(2.24)
= tr (J (M, 0.1);5) = = (par + Oar) Mg — (pr +©1) T5,

— det (J (M¢,0, Tg)m) = [B(8+ pr+Or — par — On)] MG Ty

denominator of Mg and T¢

When Eg € D, tr (J (M, O,Tg)2,2> <0, and det (J(Mg, O,Tg)w) > 0.
Macroalgae and turf algae coexistence equilibrium FEj is always locally
stable in the M-T plane if Eg € D. The local stability of Eg in the full
three dimensional space is determined by the sign of cil_C evaluated at
Es, which is equivalent to the sign of the second eigenvalue G in matrix
(2.23). G is positive proportional to Cy from the interior equilibrium.

Gg ox Cg, so Gg < 0 is equivalent to Cg < 0.

In summary, macroalgae and turf algae coexistence equilibrium FEj is
in the positive invariant region feasible region D and locally stable if
CD5, CD6, and CD7 hold, and G < 0 under A6. Those local stability
conditions also imply that the local stability of macroalgae and turf al-

gae coexistence equilibrium Fg and the existence of interior equilibrium
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FEy are mutually exclusive. Biologically, if no coral exist, then macroal-
gae and turf algae can coexist when the grazing effect is between two

threshold values.

3. We consider the coral and turf algae coexistence equilibrium F;. From
subsection 2.2.1, we know E; € D if A7 and CD8 hold. We evaluate the

Jacobian matrix at equilibrium Fr:

J(0,07,1T7) =

Fr 0 0
—(a+pc+0c)C7 —(pc+6c)C;  —(pc+6Oc—7)Cr |,
—B+pr+07)T; —(y+pr+00)T7  —(pr+01)T7

(2.25)
with F¥ = F(0,C7,77). When M = 0, e 0, so the C-T plane

is invariant. We can decompose the 3x3 Jacobian matrix (2.25) in the
C-T plane. In the C-T plane, J (0,C7,T7) reduces to the minor matrix:

. e —(pc+6c)C;  —(pc+Oc—7)C7
J(O; 077T7)1,1 - ( _(,y_i_pT_'_@T)T%k _pTT7* 9

(2.26)
=t (J(0,C5,T),,) = — (po +©c) C5 = (pr +O1) T5,

= det (J(0,C5.T),,) = [ (v + pr + O — pe — O0)] CIT5.

~
denominator of C7 and T7

When Er € D, tr(J(0,C5,T7),,) < 0, and det (J(0,C5,T7),,) >
0. Coral and turf algae coexistence equilibrium F; is always locally
stable in the C-T plane if E; € . The local stability of E7 in the full
three dimensional space is determined by the sign of dd_t evaluated at
E;, which is equivalent to the sign of the first eigenvalue F7 in matrix

(2.25). F7 is positive proportional to Mg from the interior equilibrium.

F o< Mg, so F7 < 0 is equivalent to Mg < 0.

In summary, coral and turf algae coexistence equilibrium FE7 is in the
positive invariant region feasible region D and locally stable if CD8 holds

and F7 < 0 under A7. Those local stability conditions also imply that the
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local stability of coral and turf algae coexistence equilibrium FE; and the
existence of interior equilibrium FEg are mutually exclusive. Biologically,
if no macroalgae exist, then coral and turf algae can coexist when the

grazing effect is between two threshold values.

We summarize the equilibrium and local stability discussion in the following

theorem 2.2.1 and table 2.1.

Theorem 2.2.1 (Coral equilibria). If all parameters are positive and A1 to
A7 hold, then the trivial equilibrium FEy and turf algae-only equilibrium E, of

the system (2.6) are unstable. Moreover,
(a) Coral-only equilibrium Es is locally stable if CD/~ and CD§8™ hold,

(b) Coral and macroalgae coexistence equilibrium Es is locally stable if CD3

and CD/ hold, and H: < 0,

(¢) Coral and turf algae coexistence equilibrium FEx is locally stable if CD8
holds, and F7 < 0.

Table 2.1 Summary of the existence and stability conditions of equilibrium

Equilibrium Existence Local stability conditions
E, (0) always in D always unstable
B, (M) CD1 CD1, CD3~, and CD5~
E; (C) always in D CD4~ and CD8~
E, (T) CD2 always unstable
Es (M,C) CD3 and CD4 CD3, CD4, and H: <0
Eg¢ (M,T) | CD5, CD6, and CD7 | CD5, CD6, CD7, and G§ < 0
E: (C.T) CDS CDS and F¥ < 0

This table summarizes the existence and local stability results of equilibria in sub-
sections 2.1.1 and 2.1.2, one trivial equilibrium, three axial equilibria, and three
boundary equilibria. We assume A1 through A4 always hold, and we further assume
A5 through A7 hold to eliminate uninteresting cases. We do not give conditions for
the unique interior equilibrium Fy.
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2.2.3 Persistence results

It is challenging to derive the global stability conditions for the one-patch
model (2.2). In this subsection, we use the persistence theory as a rigorous
mathematical tool to determine whether coral will survive or go extinct in the
long run. Under certain conditions, we can ensure coral will not go extinct
by formulating a positive lower bound for the long-term value of the coral
population. We show that there is always some available space left under all
conditions, and coral persist under high grazing pressure by proving persistence

theorems for available space and coral.

Theorem 2.2.2 (Space-persistence). If all parameters are positive, then
the solution semiflow generated by the system (2.6) is uniformly strongly space-

persistent on the state space X = .

Proof. We use the contradiction to show uniform weak space-persistence first.
If all parameters are positive and the solution semiflow ¢ is not uniformly
weakly space-persistent, then for arbitrary € > 0, there exists a solution with
S(0) > 0 and limsup S(t) < e. Furthermore, there exists some ¢, > 0 such
that S(t) < e fort?OE to. For t > ty, we have the following:

= — (puM + pcC + prT) S — (O M + 0cC + O,T) S
+ 6w+ 9 M+C+ (6r+9)T

= — [(psr +©Om) M + (pc +O©0) C + (pr + O1) T| S
+O0u+9g)M+C+(r+9)T

> —max {py + Owm,pc +Oc,pr+Or} (M +C+T)S (2.27)
+min{oy +9¢,1,00 +g} (M +C+1T)

= —max{py + Onr,pc +Oc,pr +6r}(1-5)85
+min{dy +¢,1,07 + g} (1 = 5)

= [~ max {py + Own, pc + Oc, pr +Or} S
+min {6y +g,1,6r +g}] (1 = 5).
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mln{éM +ga 175T +g}

max {py + O, pc + Oc, pr + O}
side of (2.27) > 0. S(t) is monotone increasing = S(t) — 1 as t — o0, a

We choose € <

such that the right hand

contradiction. We check a few conditions, which lead to uniform strong space-
persistence based on uniform weak space-persistence. We choose the time set
J = R and the state space X = ID. We choose the nonempty subset B = X.
p(M,C,T,S) =S and o = p(¢;) are continuous. For every (M,C,T,S) € X
such that p(M,C,T,S) > 0, (X) - Bast — oco. If 0 < dy < dy < o0,
then B N {d, < S < dy} is compact. If S(0) > 0, then S(¢) > 0 for all ¢ > 0.
The conditions in Theorem 4.13 on page 99 of Smith and Thieme (2011) are
satisfied. The uniform weak space-persistence and Theorem 4.13 on page 99
of Smith and Thieme (2011) together imply uniform strong persistence of

available space. [ |

Theorem 2.2.3 (Coral-persistence). If all parameters are positive, A1 to
A7 hold, and g > c*, where ¢* = max{py + On — dpr, pr + O — o7}, then
the solution semiflow generated by the system (2.6) is uniformly strongly coral-

persistent on the state space X = .

Proof. We use the contradiction to show uniform weak coral-persistence first.

If all parameters are positive, Al to A7 hold, g > ¢*, and the solution semiflow

¢ is not uniformly weakly coral-persistent, then for arbitrary e > 0, there exists

a solution with C'(0) > 0 and li{:n supC(t) <e. M(t),C(t), and T'(t) > 0 for
—00

t > 0. Furthermore, there exists some to > 0 such that C(t) < e for t > t,.
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For t > ty, we have the following:

d(M+T)

= aMC + pyrMS — by M — gM + Oy MS

+ prTS —~CT — 67T — gT + O1rTS
=aMC + (py +On) MS — (5pr + g) M
+ (pr +O7)TS —~CT — (00 +9) T
<aMC+ (pu +Ou) M — (6m +g) M
+(pr +O07r)T —CT — (67 +9)T

=(C+py+Oy—0—9g M

(2.28)

+(pr +0r —79C =dr—9g)T
< (e+py +Op — 0 —g) M
+(pr+O0r—90r—9g)T.

Since g > ¢*, pyy + Oy — 0y — g < 0 and pr + O — o7 — g < 0. We

_ Oy — 0
g = (par + Ou — ) such that the right hand side of (2.28) < 0.
oY

M (t)+T(t) is monotone decreasing = M (t)+71'(t) - 0ast — oo = M(t) - 0

choose € <

and T'(t) — 0 as t — oco. Furthermore, litm inf S(t) > 1 —e.
H

e}

lim inf ciZ_C' =pcCS —C+ 0608

t—00 t

= [(pc +6¢)S—1] C (2.29)
> [(pc +6c) (1 —¢) 1] C

- Op — 6 1
We choose € < min {g (par + O = 0 1 — } such that the right
a pr + O¢
hand side of (2.29) > 0. 1 — ——— > 0 because pc > 1 by assump-
pr + Oc

tions Al and A2. C(t) is monotone increasing = C(t) — 1 as t — oo, a
contradiction. We check a few conditions, which lead to uniform strong coral-
persistence based on uniform weak coral-persistence. We choose the time set
J = R*" and the state space X = ID. We choose the nonempty subset B = X.
p(M,C,T,S) =C and o = p(¢:) are continuous. For every (M,C,T,5) € X
such that p(M,C,T,S) >0, »(X) > Bast — oco. If 0 < dy < dy < o0, then
BN {d <C <dy} is compact. There is no (M,C,T,S) € B, t;,to > 0 such
that C'(0) > 0,C(t;) = 0, and C(t3) > 0 due to the format of coral equation
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in the system (2.6). The conditions in Theorem 4.13 on page 99 of Smith and
Thieme (2011) are satisfied. The uniform weak coral-persistence and Theorem
4.13 on page 99 of Smith and Thieme (2011) together imply uniform strong

persistence of coral under high grazing pressure. [ |

Theorem 2.2.2 implies there will always be some available space left at any
given time for any initial conditions and any positive parameter values as long
as S(0) > 0. Theorem 2.2.2 also suggests the three functional groups will
never use up the available space in the long run. However, it is possible to
have minimal empty space left in the long run because Theorem 2.2.2 only
guarantees available space is bounded away from zero. Still, it does not ensure
the amount of available space left is adequate. Theorem 2.2.3 implies coral
will persist in the long run at high grazing pressure. Biologically, suppose
the sum of the grazing effect and the natural death rate is larger than the
total growth rate from occupying available space and propagules settling for
both macroalgae and turf algae. In that case, coral will not go extinct in
the long run. However, coral persist in what form is still unknown: it is
possible that the reefs are dominated by coral, or coral coexist with algae, or
even the coral population does not go extinct but eventually remains at a low
level. Theorem 2.2.3 only guarantees coral are bounded away from zero at
high grazing pressure. Still, it does not ensure the amount of coral left in the

long run is adequate or that the coral population remains healthy.

2.2.4 Bifurcation results

In this subsection, we analyze the possible equilibrium states using bifurca-
tion diagrams based on the grazing effect g for slow turf algae and fast turf
algae scenarios. Both empirical observations and experiments indicate the
density of herbivorous fish has a considerable influence on the phase shift of
the coral-algae ecosystem. The absence of herbivorous fish leads to the boom
of macroalgae, which weakens the larval recruitment and squeezes the living
space of adult coral (Hughes et al., 2007). The abundance of herbivorous fish

is positive related to the grazing effect. A decrease in grazing effect led to an
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increase in algae biomass (Lirman, 2001). In the following numerical bifurca-
tion analysis, we find four possible stable states in the slow turf algae scenario:
macroalgae only or macroalgae and turf algae coexistence at low grazing pres-
sure, macroalgae and coral coexistence at moderate grazing pressure, and coral
only at high grazing pressure. We find five possible stable states in the fast
turf algae scenario: macroalgae only or macroalgae and turf algae coexistence
at low grazing pressure, three functional groups coexistence or coral and turf
algae coexistence at moderate grazing pressure, and coral only at high graz-
ing pressure. We show reasonable fishing helps support a higher level of coral

cover.

Bifurcation at slow turf algae

In A1, we assume turf algae are the fastest colonizer. However, how much
faster turf algae occupy available space than other functional groups is still
unknown. As a result, we undertake bifurcation analysis in both slow and fast
turf algae scenarios. In the first scenario, we undertake bifurcation when turf
algae occupy available space relatively slowly. We choose parameter values
based on Al to A7 and table A.3: a = 0.23, f = 1.82, v = 2.27, O, = 0.2,
Oc =0.2, 07 = 0.2, 6y = 0.05, 07 = 0.05, ppr = 3, pc =5, and pr = 10. pr
can range from 4.55 to 90.91, so pr = 10 indicates turf algae occupy available
space faster than macroalgae and coral. Still, the rate of turf algae occupying
available space is relatively low in its own feasible range. We vary the value
of grazing effect g to investigate how grazing effect affects the stability of

equilibrium of interest in this scenario.
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Bifurcation diagram of coral and macroalgae v.s. grazing (pT =10)
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Fig. 2.1 Bifurcation diagram at low pp. The upper panel shows the bifurcation
result of the equilibrium level of coral and the lower panel for macroalgae. They
share the same bifurcation values for grazing effect g. We summarize bifurcation
points and values for low pp case in table 2.2. All equilibria are linear with respect
to g, based on the equilibrium calculation in section 2.2.1.

Table 2.2 Bifurcation points and values at low pp

Bifurcation points (C') Bifurcation points (M) Bifurcation values

AC = (0.6103,0)  AM = (0.6103,0.7937)  ¢CP5 = 0.6103
BE =(0.6892,0)  BM =(0.6892,0.7501)  g-o =0.6892
CC = (0.7512,0.8077)  CM =(0.7512,0) gePr = 0.7512

This table summarizes the bifurcation points and values for the slow turf algae case.
We find the bifurcation value ggfu = 0.6892 using matcont package in MATLAB.
We calculate other bifurcation values from the stability analysis of equilibrium.

Macroalgae-only equilibrium Fs, represented as the red line, is globally

stable at grazing level 0 < ¢ < ¢“P5 where ¢P° = 0.6103. When the

low > low
grazing effect rises above gg£5, E5 loses stability and macroalgae and turf
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algae coexistence equilibrium FEjg, represented as the blue line, is globally stable
for a short grazing effect range. Macroalgae and coral coexistence equilibrium
Es, represented as the purple line, emerges and is globally stable at grazing
level ggi < g < ¢“P* where glGO;éU = 0.6892, and ¢“P* = 0.7512. When the
grazing effect rises above ¢“P*, Fj5 loses stability and joins the globally stable
coral-only equilibrium FEj3, represented as the black line.

Biologically, for the slow turf algae scenario, the reefs will be dominated
by macroalgae and turf algae in the long run when the grazing pressure is low.
The reefs will be dominated by coral in the long run when the grazing pressure
rises to a very high level. When the grazing pressure remains at a moderate

level, macroalgae and coral can coexist in the long run.

Bifurcation at fast turf algae

In the second scenario, we undertake bifurcation when turf algae occupy avail-
able space relatively fast. We choose parameter values based on Al to A7 and
table A.3: o = 0.23, f = 1.82, v = 2.27, Oy, = 0.2, O¢ = 0.2, Op = 0.2,
orr = 0.05, 07 = 0.05, ppr = 3, pc = 5, and pr = 70. pr = 70 indicates turf
algae occupy available space faster than macroalgae and coral, and the rate is
relatively high in its own feasible range. We vary the value of grazing effect g
to investigate how grazing effect affects the stability of equilibrium of interest

in this scenario.
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Bifurcation diagram of coral and macroalgae v.s. grazing (pT =T70)
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Fig. 2.2 Bifurcation diagram at high pr. The upper panel shows the bifurcation
result of equilibrium level of coral and the lower panel for macroalgae. They share
the same bifurcation values for grazing effect g. The stable coral and turf algae
coexistence equilibrium will join the stable coral-only equilibrium under extremely
high grazing pressure, which is not shown in the figure range. We summarize bifur-
cation points and values for high pr case in table 2.3. All equilibria are linear with
respect to g, based on the equilibrium calculation in section 2.2.1.

Table 2.3 Bifurcation points and values at high pr

Bifurcation points (C') Bifurcation points (M) Bifurcation values

AY = (0.0346,0) AM = (0.0346,0.9736) g,?zg,f = 0.0346

B¢ = (0.8283,0)  BM =(0.8283,0.4939) g, = 0.8283

C¢ = (0.8583,0.5944 CM = (0.8583,0 gnt. = (0.8583
high —

This table summarizes the bifurcation points and values for the fast turf algae case.
We find the bifurcation values g,iggh = (0.8283 and g}%h = 0.8583 using matcont
package in MATLAB. We calculate other bifurcation values from the stability anal-
ysis of equilibrium.

Macroalgae-only equilibrium FEs, represented as the red line, is globally
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stable at a very narrow range of low grazing level 0 < g < g,%?,f’ , where

g,%?i’ = 0.0346. When the grazing effect rises above gilgj,f’, E5 loses stability and
macroalgae and turf algae coexistence equilibrium Fjg, represented as the blue
line, is globally stable at grazing level g}?;?,? <g< g,?fgh, where gfi.égh = 0.8283.
Macroalgae, coral, and turf algae coexistence equilibrium FEg, represented as
the cyan line, emerges and is globally stable at grazing level g,?iih < g <
gﬁ;h, where gfggh = 0.8583. When the grazing effect rises above g}%h, Eg
loses stability and joins the globally stable coral and turf algae coexistence
equilibrium E7, represented as the orange line.

Biologically, for the fast turf algae scenario, the reefs will be dominated by
macroalgae and turf algae in the long run when the grazing pressure is low.
The reefs will be dominated by coral and turf algae in the long run when the
grazing pressure rises to a very high level. When the grazing pressure remains
at a moderate level, macroalgae, coral, and turf algae can coexist in the long
run.

Overall, the equilibrium level of coral is positive related to the grazing
effect g. The grazing effect is positive related to the population density of
herbivorous fish, such as giant humphead parrot fish, and the fish population
is inversely related to fishing effort. Overfishing dramatically decreases the
population density of herbivorous fish around the reef, significantly decreasing
the grazing effect g. As a result, reasonable fishing helps maintain the herbiv-
orous fish population, and a healthier herbivorous fish population can support
a higher level of coral cover. Most degrading reefs are moving from macroalgae
and coral coexistence equilibrium to no coral equilibrium, point Clc to point
BZC in figure 2.1 when turf algae are slow; from macroalgae, coral, and turf
algae coexistence equilibrium to no coral equilibrium, point C’,? to point B,?
in figure 2.2 when turf algae are fast. If the the herbivorous fish population
declines, there is less coral cover, replaced by more macroalgae and turf algae

cover, as shown in figure 2.1 point C’lC to point Blc and figure 2.2 point (JS to

point By .
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2.2.5 Effect of larval contribution

In this subsection, we investigate how coral larval contribution affects the per-
sistence of adult coral in both slow turf algae and fast turf algae scenarios.
Competition between coral and macroalgae causes a severe decline in the fe-
cundity of coral larvae (Foster et al., 2008). A decrease in the birth rate of
coral larvae leads to the decline of coral larval contribution. The presence of
macroalgae dramatically decreases the survivorship of juvenile coral (Box and
Mumby, 2007). The left panel of figure 2.3 shows that when pr is low, coral
shift gradually from stable macroalgae and coral coexistence equilibrium to
no coral equilibrium as coral larval contribution ©¢ drops from 0.2 to a low
level of 0.01. However, the structure is more robust when pr is high. The
equilibrium level of coral decreases as O drops. Still, it does not decrease to
zero even for a deficient level of coral larval contribution, as shown in the right
panel of figure 2.3. A high rate of turf algae occupying available space serves
as a shield to help coral resist hostile environmental hazard. Coral persist even
when coral larval contribution drops to zero if turf algae can occupy available

space fast enough.
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Time simulation of coral for various larval contribution
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Fig. 2.3 Coral a with declining larval contribution. The left panel is the time
simulation of coral when p7r = 10, g = 0.7, and larval contribution ©¢ declines from
0.2 to 0.01. The right panel is the time simulation of coral when pr = 70, g = 0.845,
and larval contribution ©¢ declines from 0.2 to 0.01.

2.3 Discussion

Throughout the analysis of the one-patch model (2.6), we get a pretty good
understanding of coral-algae interactions within the patch. We calculate the
explicit formula of equilibria, F; to E;, and give conditions for their existence
and stability, as summarized in table 2.1. We prove available space persists
under all conditions, whereas coral persist under high grazing pressure. We
illustrate a high rate of turf algae occupying available space helps coral persist
during the decline of larval contribution. The numerical bifurcation analysis
shows algae dominate in the long run at low grazing pressure, coral dominate
in the long run at very high grazing pressure, and algae and coral can coexist
at moderate grazing pressure. Based on the bifurcation results, we show rea-

sonable fishing helps maintain the herbivorous fish population, and a healthier
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herbivorous fish population can support a higher level of coral cover. The
numerical bifurcation analysis also provides theoretical backup and paves the

way for the travelling wave analysis in the chapter 3.
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Chapter 3

Spatial dynamics

In chapter 2, we develop a reduced non-dimensional one-patch model (2.6) to
answer how coral and algae occupy space while competing and what is the
effect of a decline in larval recruitment on coral persistence. In this chapter,
we relax the assumption of only one patch and consider multiple patches for
the discrete space case. We develop a reaction-diffusion equation model for
the continuous space case to investigate how macroalgae invade coral spatially
through larval dispersal using TW analysis. We give conditions under which

coral will retreat or expand based on the TW results.

3.1 PDE model derivation and assumptions

In this section, we derive a network of weakly-coupled multiple-patches model
for the discrete space case and a reaction-diffusion equation model for the
continuous space case. In subsection 3.1.1, we develop a multiple-patches
model incorporating adult and larvae or propagules based on the one-patch
ODE model in chapter 2. In subsection 3.1.2, we simplify the multiple-patches
model by assuming patches are weakly coupled and solving larvae or propag-
ules in terms of adults. Next step in subsection 3.1.3, we derive the network of
weakly-coupled ODE system by combining the previous two steps. Lastly in
subsection 3.1.4, we apply diffusion approximation to the network of weakly-
coupled ODE system, and we derive a reaction-diffusion equation model to

capture larval dispersal.
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3.1.1 Weakly-coupled spatial patches

In this subsection, we specify assumptions and spatial setups for multiple
patches. We write down the dimensional system of ODE with semipermeable
boundary condition, and then we non-dimensionalize the system.

We consider several patches of coral skeletons located on the same line,
as illustrated in figure 1.3(b) . We assume there are no significant differences
between patches, so parameter values are the same for every patch. As a result,
the patch size presented by N is homogeneous among patches. R is a variable
representing any of the three population groups: macroalgae, coral, and turf
algae. dp;; represents the immigration or emigration rate from patch j to
patch ¢ for functional group R. We specifically consider the spatial dynamics
of brooding coral. Since the dispersal range of brooding coral larvae is much
shorter than spawning coral larvae, we further assume that each brooding coral
patch only interacts with its nearest two neighbours and the immigration or
emigration rates are the same for every patch. We choose semipermeable
boundary condition for patches ¢ = 1 and ¢ = n, and use hostile exterior
lro = lrpe1 = 0. We assume that larvae or propagates move out of the
boundaries from patches ¢ = 1 and ¢ = n at a fraction 0 < & < 1 of the
standard rate eg. The immigration or emigration rate for functional group R
takes the following form (3.1):

¢ep 1=1,7=0andi=n,j=n+1
dpij = eR 2<i<n—1land|i—j|=1 (3.1)
0 otherwise .
We assume patches are weakly coupled, so eg is very small such that the second

order terms or higher order terms of eg goes to zero and can be neglected.
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Dimensional multiple-patches model

For 2 < i <n — 1, we have the following system of equations:

dM;
TR aM;C; + BMT; + py M S; — o My — gM; +dnmknlanS;
adult dynan:i,cs in patch ¢ juvenile sett?iig to patch i
(3.2a)
div; , YuM; -
—Kknly; + Z il Z Al v
dt NL ~— — ~~—— ’
T death  settling to patch i\ JFi . JFi
flow in‘;)rpatch ) flow out of patch
(3.2b)
dC;
i vCiT; + pcCiS; — aM;C; — 6cCs + dekeleiS; (3.2¢)
dlc; e C; o -
T bc NL pclei — kel + Z deijle; | — Z dejilei | (3.2d)
J#i J#i
dT;
i pr1iS; — BM; T, — vCiTy — 07T, — gT; + drkplr:S; (3.2¢)
dlp; UrT, - -
i = br NI prlry — Krlr; + ZdTi,lej - Zde,ilTi (3.2f)
J#i J#i

with semipermeable boundary condition with hostile exterior:

dM
dtl = aM,Cy + BMI\Th + py My Sy — Oy My — gMy + durkmlan S (3.3a)
dl M
d]\tﬂ = bM¢%L ! — Kkl + el — (feRlMl + 6RlMl) (3-3b>
dc'
d_tl =yCiTy + pcC1S1 — aMCy — 0cCh + pokelci S (3.3¢)
dl C
% = bC¢]$fL1 — peler — keler + erlea — (€erler + erlen) (3.3d)
dT
d_tl = pTTISI — /BMlTl — ’701T1 — (5TT1 - ng + QbT’leTlSl (336)
dl T
% = bT% — prlry — Krlry + erlrs — (Eerlr + erlr) (3.3f)
Si=N—-M —-C, =T, (3.32)
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dM,
dt = OzMnCn + 5MnTn + pMMnSn — 5MMn — gMn + QSM/{MZMnSn (34&)

TR bar NI parlvim — Ealavn + erlyvm—1 — (erlym + erlam) (3.4b)
dC,,
di = ’}/CnTn + pCCnSn — OéMnCn — 56’071 + ¢CHClCnSn (3.4C)
dley, C,
di = bc Q/J;L — piclon — Kelon + erlon—1 — (§erlon + erlen) (3.4d)
dT,,
— = p1TuSy = BM,T, = 1CuT, = 61T, = T, + frairlraS, (3.de)
dlp, T,
dj; = by QZEL — prlry — Krlen + erlrn—1 — (€erlrn + erlry) (3.4f)
S, =N — M, —Cy—T,. (3.4¢)

Variables are listed in table B.1, and parameters are listed in table B.2. If
we focus on coral and patch i, the adult coral in patch ¢ produce larvae and
larvae produced in other patches j # i can flow into patch i. These are the
two primary incoming sources of larvae in patch i. Then, the larvae in patch ¢
may die or settle to patch ¢. The idea is larvae from patch j will not directly
settle on patch ¢ but travel to patch ¢ first and then become part of larvae in

patch i, die or settle to patch i afterwards.
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Non-dimensional multiple-patches model

We non-dimensionalize the dimensional multiple-patches model. For 2 < i <

n — 1, we have the following system of equations:

dii ~ 5 - - - LI L
€M 7P = Vb My — Uy — Bl + Z darijlar | — Z darjil i
J#i J#i
(3.5b)
dC; =~ s
i YCiT; + peCiSi — aM;C; — Ci + KeleilS; (3.5¢)
dlci  ~ + = o+ = LN L
€c 7 =YcbeCi — loi — Reloi + Z deijle; | — Z dcjilc (3.5d)
J#i j#i
/R
i prTsS; — PMT; —¥CTs — 00T — g7 + RrlriS; (3.5e)
dipg - = A~ = o~ -
€T 7 = YpbrTs — Iy — Rply; + Z dr; le] Z drj, lez (3.5f)
J#i J#i
Si=1-M;-C;-T; (3.5g)

with semipermeable boundary condition with hostile exterior:

dM L _ . -
d%l = &Mlcl + ﬁMlTl + ﬁMMlSl — 6MM1 — §M1 + /%MlMlsl (36&)
Ay - - - .
€M d]‘gl = ¢MbMM1 — a1 — Eamlan + €rlare — (feR + 6R5M1> (3.6b)
dc - - L -
d_El = ’~)/ClT1 —+ ﬁCClSl — &MlCl - Cl -+ %010151 (36C)
diey, o= o s -
djl = YcbcCr —ler — Reler + erlea — (§6R + €Rl01> (3.6d)
dT o~ = N~ L=~ ~ o~ o~ o~ =
d_%l = pTT151 — ﬁMlTl — ’)/ClTl — 5TT1 — ng + /leTlSl (366)
i s s .
digl = YpbrTy — lpy — Rplpy + églys — (feR + GRlTl) (3.6f)
S;=1-M,-C, Ty, (3.6g)
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dt
(3.7a)
dZMn Y 7 ~ 7 ~ 7 ~ ~ 7
€M 7 =Yy oMy — U — Eplyn + erlym—1 — (§6R+€Ran) (37b)
Fral AT, Ch + peCnSyn — aM,C,, — Cp + Eeleon Sy (3.7¢)
den - o .
€c 7 = wchC’n —lon — Relon + erlon—1 — (feR + eRlcn> (37d)
di = pTTnSn — ﬂMnTn — ’)/CnTn — (STTH — ng —+ KJTlTnSn (376)
o R S S
€T d;f = 1/)TbTTn — lTn — IiTlTn + eRlTn—l - <§€R + eRlTn> (37f)
Snzl_Mn_én_Tny (37g>
where e = —C, a very small parameter, for R = M, C, or T. Non-

R
dimensionalized variables and parameters are listed in table B.3.

3.1.2 Larvae in terms of adults

In this subsection, we undertake quasi-steady-state approximation to eliminate
larval or propagules equations, and we solve larvae or propagules in terms of
adults. We use the assumption of weakly-coupled patches in subsection 3.1.1
with two special cases of n = 2 and n = 3 to find the general patterns of
solution to larvae or propagules in terms of adults. Finally, we summarize the
patterns for the general n case as Theorem 3.1.1.

We drop superscript tilde ~ for convenience and undertake quasi-steady-
state approximation to solve lg; in terms of R;. R is a variable representing
any of the three population groups: macroalgae, coral, and turf algae. R;
represents the surface area occupied by functional group R in patch . We let
er — 0, then equations (3.5b), (3.5d), and (3.5f) can be summarized as the

following equation (3.8):

= VpbrRi — lpi — kplri + [ > drigley | = | Y drjalri | =0.  (3.8)
£ JF#
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We substitute dg; ; (3.1) into equation (3.8):

YrbrR1 = (14 kg + &er + er) lr1 — erlre
YrORR; = prlp; — erlpri—1 — €rlpiq1 for 2 <i<n—1 (3.9)
YrbrR, = (1 + kg +&er + €er) lrn — €rlRn—1,

where pr = 14+ Kkr+2eg. pr describes the removal rate of larvae or propagules
in patch ¢ for functional group R. We choose hostile boundary condition, i.e.

lro = lgnt1 = 0. We write the system (3.9) in matrix form:

pr—(1—&er —er 0 ... O ™ VrbrR,
—€R PR - : Ira YrOR R
. . PR —er ¢RbRRn—1
0 .. 0 —er pr—(1—9&er Lin \ Vrbrlt,
\ —~ ) \—— Er
PR LR R
(3.10)

We rewrite the linear system (3.10) as PrLr = Bg with Pg being a symmetric
tridiagonal banded matrix, Ly for the vector for larvae or propagules, and Br

for the right hand side of the linear system.

Special case n = 2

We consider a special case with only two patches, the left and right boundary.

The linear system (3.10) becomes the following 2x2 system:

PR — (1 - 5) €Rr —€Rr lRl B ¢RbRR1
(w0 g ) (1) (k). o

[ 1rrrt A+ er —en lri \ _ [ YrbrR:
—€R L+rr+(1+&)er IRr2 YrbrRy |’
(3.12)
= Lp = Py'Br
— Yrbr (pR -(1-¢) 6R> Ry +erRy
(pr— (1 —€)en)’ — ez \ erfli+ (pr— (1 =€) er) Ry
(pr—(1—€)er) Ri+erRo

o (pR*(lfi)eR)Q*G%
- ,éZ}RbR GRR1+(}?R—(1—§)€R)R2
(PR_(I_E)QR)2—EQR
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We consider a weak-dispersal situation and assume that ey is very small such

that the second order terms or higher order terms of eg go to zero and can be

1
neglected. We undertake linear Taylor expansion to in terms
pr—(1—=¢&)er
of ep:
1 B 1
—(1-8er 1+r+(1+8e
pr—( §)er . ( 5)1 R 2 (3.14)
= — 1+&)er+ Oer).
1+ kg (1—1—/{3)2( $)er (&)
1
We substitute 3.14) into equation (3.13):
pR—(l—é’)eR( ) q (3.13)
(pr—(1—&)er) Ri+erRo
= Lp = Yrbg (pr—(1-9er)

eRRl+(pR—(1—§)6R)R2
(pr—(1-8)er) —¢3 (3.15)

1 e
R1+ 2412
—(1-=¢)e —(1=8)e
= vaby | I 09 ) ot

b 1
lp = VbR <R1+ g | +5)eRRl)+O(e§) (3.16)
1—}—/{1{

b 1
ZRZ = wR i (Rz + R Rl - ( + 6) eRRQ) + O(e%) (317)
1+ kg

Special case n = 3

We consider a special case with only three patches, the left and right boundary

and one interior patch. The linear system (3.10) becomes the following 3x3

system:
pr—(1—=&)er —er 0 IRt YrORIY
—€R PR —€R lrpe | = | YrbrR2
0 —er pr—(1—§)er IRr3 YrbrR3
(3.18)
We solve the inverse matrix using the adjugate matrix Pp' = ;adj (PRr),
det(PR)
det(Pr) = pr (pR —(1=¢) eR)2 -2 (pR —(1-9) eR) er,
and
pr(pr— (1 =& er) —ek (pr— (1 —§&) eR) R et
adj(Pr) = (pr— (1—&)er)er (pr— (1 —&)er) (pr— (1—&)er)er
6%{ (pR—(1—§>€R) €rR PR (pR—(l—f) GR) —6%
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We consider a weak-dispersal situation and assume that ey is very small such

that the second order terms or higher order terms of eg go to zero and can be

neglected:
1 ER O
r—(1=&)er pr(PrR—(1-&)er)
-1 _ _____er 1 _____er 2
= Pr = | palon-(—6en) PR pr(n-(-9en) | TO(R);
ER 1
0 pr(Pr—(1—&)er) pr—(1-8)er
(3.19)
= Lr = P;'Bg
S S ____er
pr—(1— E)BRR + pR(PR (1- f)eR)R
=Yrbr | Hn (pr (1 e )Rl + R2 (PR_g_5)3R> Rs | + O(eii)'
eR 1
pr(Pr—(1—€)er) R2 + (Pr—(1—8)er) fs
(3.20)
1
We undertake linear Taylor expansion to — in terms of eg:
Pr
1 1 1 1
— = = - 2ep + O(e},). 3.21
Pr 1+I€+26R 1+I€R (1+/€R)2 R (R) ( )
1
We substitute Pg (3.21) and (3.14) into equation (3.20):
pr— (1 =§)er

-1 ____erR
pr—(1=8er Fat pr(PR—(1-E)er)

_ S <) ; 1 ____er 9
= Lr = Yrbr PR(pR—(l—ﬁ)BR) Rt PR Ry + PR(PR—(l—f)eR) Ry + O(eR)

Ry

eR 1
pR(pR—(l—s)eR)R2 e —(1—s)eR)R3
_€eRr (A+8er
¢RbR R Rl + lﬁn R eR R%Jrﬁ }2%612 R 2
1+ KR + 1+HR ¥ Then (1+§_ I+kp + O(en),
Rs + %M Ry — 1+,{RRR
(3.22)
)
Yrbr €R (1 + f) €R 2
lp1 = R — 2
R1 1+ ki 1+ 1+/€RR2 1+ rin R, +O(€R) (3 3)
YrbR er er 2eR )
= lpy = R R Ry — R @ 3.24
R 2+1+/€R 1+1+I<R I P + O(ex) (3.24)
Yrbr €R (1+&er 2
lps = R Ry — R @ ) 2
s 1—|—/€R 3+1—|—/'€R 2 1‘|‘I{R 3 + (GR) (3 5>

\
lr1 and lgs correspond to the left and right boundary patches and are sym-

metric. [go is a representative of all the interior patches, including flow in from

two adjacent patches and flow out to two adjacent patches.
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Generalization

We summarize the patterns found in the special cases, n = 2 and n = 3. We
use the following Theorem 3.1.1 to show the linear approximated solution to

the larval equation (3.8) for the generalize n patches case.

Theorem 3.1.1 (Linear approximated solution). If we assume the patches

are weakly coupled, 1.e.

dnss = { €dpij — 1F] (3.26)

0 otherwise,

and € is a small parameter such that 0 < e << 1, then equation (3.27)

YRrOR 1 = - 1 o
R 1+/€R +1—|—:‘€R6 ; Rij ot 1+/€R6 ; Rj,

(3.27)
is the solution to the larval equation (3.8) with hostile boundary condition up

to the leading order of e.

Proof. We substitute dg; ; (3.26) into the left hand side of the larval equation
(3.8) and rewrite the left hand side:

YRrORR; — lpi — KRrlR; + Z drijlr; | — Z drjilgi
J#i J#i
= YrbrBR; — lp; — KrlRr; + € Z &Ri,lej —€ Z aRj,ilRi (3.28)
i i

=YrbrR; — |1+ Kr +e€ Z drji | | lri + € Z drijlr;
i i

We substitute the equation (3.27) into equation (3.28) to verify the theorem.

We write expressions explicitly up to order of €, and terms with order €* or
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higher are absorbed in O(€?):

YrbrR; — |1+ kR +¢€ Z &Rj,i lpi +€ Z &Ri,lej
J#i J#

= YrbrR; — YrbR | R; +

Zde] 1~|—/€R Zdez R;

J#i j#i

Yrbr o VrbR - >
;dR” 1+ kg +1+/€R€ ;dRZ’]R] TOE)

b . b ——
= Yrbr; — YrbrR; — Yrbr Z dRi,jRj €+ VbR Z de,i Rie
J#i

1+ RR 1+ RR por
Yrbr - YrbR & 9
— E dri; | Rie + E d i O
1+ rn Rj, € 1+ rp o rij B | €+ O(€)
= O(e?).

Since € is a small parameter such that 0 < ¢ << 1, we drop the O(¢?) term

and incorporate [g; into the non-dimensional multiple-patches model (3.5):

Zdez i 3

YrOR 1 -
lpi = R; dpi:R
R 1+ rn +1+/<GR ; Ri,j 114

J#i
(3.29)
KRYROR 1 -
= Kkglri = dp; - drii | R;
FRUR 1+ kg ;RJ 1+ kg ;RJ’
= Ortrbr > drisR; > drji | B
ji ji
n 1 n
= ®R Z dRZJR] - 1 + KR Z de’i RZ
J#i J#i

(3.30)
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3.1.3 Network of weakly-coupled ODE system

In this subsection, we combine the results from subsections 3.1.1 and 3.1.2 to

derive the network of weakly-coupled ODE system.

We substitute equation (3.30) into equations (3.5a), (3.5¢), and (3.5¢). We

obtain the following network of weakly-coupled ODE system (3.31):

dM;
7 aM;C; + BMT; + py M;S; — oy M — gM;
within patc}‘lrinteractions
+OyS M + ! z”: dppi i M L z”: d M
MR i 1+I{M . Mi,j4V1 4 ]_*|>K,M . My,i i
production of JF#i JF#i
propagules - ~~ ~ ~~ -
L flow into patch flow out of patch 7 |
(3.31a)
dcC}
T VCiT; + pcCiSi — aM;C; — C;
within patcﬁrinteractions
voes, | o+t [Saee L (Y de, | @
C'Pq ) 1+/§C . Ci,j“j 1+K,C - Cj,i )
production of JF#i JF#i
larvae -~ 4 ~
L flow into patch ¢ flow out of patch ¢ |
(3.31b)
d1;
a pr1iSi — BMT, — vCiT; — orT; — gT;

~
within patch interactions

n 1 n
OrsS; i drijly | ———— drji | Ti
o +1+K/T Z Tt 1+ kp Z o
production of JF#i j#i
propagules ~ N - P
L flow into patch ¢ flow out of patch % |
(3.31¢)
Si=1—M;—C; —T; (3.31d)

3.1.4 Diffusion approximation

In this subsection, we undertake diffusion approximation to transform the

weakly-coupled ODE system (3.31) into a reaction-diffusion equation model
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(3.38) with non-linear diffusion for the continuous space case.

We assume all patches are on the same line, and each patch only interacts
with adjacent patches. We assume
dp P o
s ifli—jl=1

dpij =< (B2)° 3.32
fttd { 0 otherwise ( )
by the nearest neighbour principle, where Ax is the uniform distance between
adjacent patches. dp; ; is the immigration or emigration rate from patch j to
patch ¢ for functional group R = M, C, or T'. dp is the diffusion coefficient
for functional group R. R;(t) represents the fraction of surface area occupied
by functional group R at time ¢ in patch ¢, and ¢ < n. We introduce one

dimensional spatial variable by assuming:

Ri(t) = R (iAz, 1), (3.33)

where Ry(t) = R(0,t) is the origin of the one dimensional spatial x axis. R;(t)
is defined on the lattice Z x R*, and R(x, t) is defined for the continuous space

R x Rt. We substitute R;(t) (3.33) into the weakly-coupled ODE system
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(3.31):

M (iA - . . A
w — M (iAx,t) O (iAx, t) + BN (iAz,t) T (iAx, 1)
+ puM (iAz, 1) S (iAx,t) — 6y M (iAx,t) — gM (iAzx,t)
+ O3S (iAz,t) | M (iAx,t) (Z dari ;M (jAz, t))
(Z dM”> M (1Ax,t)| ,
(3.34a)
w ~C (iAz, 1) T (iAx,t) + peC (iAz,t) S (iAz,t)
— aM (iAz,t) C (iAx,t) — C (iAx,t)
+ 08 (iAx,t) |C (iAx, 1) (Z dei;C (jAz, t) )
(Z dcﬂ) C(iAx,t)| ,
(3.34b)
w = prT (iAx,t) S (iAx,t) — BM (iAz,t) T (iAz,t)
—4C (iAz, t) T (iAz,t) — 67T (iAx,t) — gT (iAz,t)
. . 1 = -
+ O7S (iAx, t) | T (iAz,t) + Tr (Z drijT (j Az, t))
JF
(Z dTﬂ> (1Ax,t)| ,
(3.34¢)
S (iAx,t) =1 — M (iAx,t) — C (iAx,t) — T (iAz,t) . (3.34d)

We further substitute the immigration or emigration rate dg; ; (3.32) into part

of the equations (3.34a), (3.34b), and (3.34c), and we use R to denote M, C,
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or T for concision:

n

1 o
Z deJ‘ R (ZAQ?, t)
J

1‘|‘I{R

- 1
R (iAx,t
(i, 8) +

ZdRi,jR (]Afb,t) —
J#1

Yy 1 dr & /.
= R(iAz,t) + T ((Ax)QR((Z — 1Az, t) +

1 d d .
( R, R )R(z’Ax,t)

C 1+kg \(Az)2 " (Az)?
_ h(ide.t) + : iRnR <R ((i — DAz, t) - 2&((@;, t)+ R ((i+ 1)Ax,t)> |

(3.35)

We assume patches are arbitrarily close to each other, so we can take the limit

by letting Az — 0, ¢ — 0o, and we write iAx = z:

Az—0  Ox2

- (R((z’ —1)Az,t) - QR(Z?;, )+ R((i + 1)A:):,t)> B 6—21%(95,15).

(3.36)
We combine equations (3.35) and (3.36), and

- 1 - - 1 - -
R (ZA:Eat) + 1+ KR ZdRi,jR (]A.CL', t) - 1+ KR Zde,i R (ZAl’,t)
J#i J#i
— R(x,t) + I a—QR(x t) as Ax — 0
’ 1 + KR Ox? ’ '

(3.37)

We substitute equation (3.37) into equations (3.34a) to (3.34d) and take the

limit Az — 0. We obtain the following reaction-diffusion equation model
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(3.38):

OM o ey 9PN
C = MO+ BMT + pyMS — Sy M — gM +0,3,8 | M+ —
ot N —~ v 1+ Ky Ox?
dynamic for adult macroalgae N ~— ,
production + diffusion
(3.38a)
o a4 @0
— =~CT CS—aMC —-C+0s5 | C — 3.38b
5 =0T +pcCS —a ' +6¢ ( +1+/~£C@x2) (3.38b)
dynamic for adult coral ~— P
production + diffusion
P T )
— = prTS — BMT — ~vCT — 67T — gT +O7S | T —_—
o~ & P g T 9 teT ( +1+/<T8:c2>
dynamic for adult turf algae N ,
productior:, + diffusion
(3.38¢)
S=1-M-C-T. (3.38d)

Variables and parameters are listed in tables B.3 and B.4. ]:'i(ac, t) denotes the
proportion of surface area occupied by functional group R at time ¢ and loca-
tion z. We study the reaction-diffusion equation model (3.38) using numerical

TW analysis in section 3.2.

3.2 Numerical travelling wave results

In chapter 2, we discuss all possibilities of equilibria, which describe the long-
term fate of the coral reef ecosystem. However, how those equilibria are
connected or related remains unknown. In this section, we investigate how
macroalgae invade coral and turf algae spatially and how one equilibrium
state transforms into another using travelling waves. We exclude the cases
where coral cover is zero for all space x since those cases are not biologically
relevant. We simulate the reaction-diffusion equation model (3.38) with homo-
geneous Neumann boundary conditions to approximate TW conditions. We

take diffusion coefficients dr as 0.0001 for all functional groups.

3.2.1 Invasion under slow turf algae

In this subsection, we investigate the invasion of coral by macroalgae at high

pr. The interactions between macroalgae, coral, and turf algae are complex,
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especially how turf algae affect the invasion of coral by macroalgae is rarely
investigated. Here we consider two scenarios, the slow turf algae case and
the fast turf algae case. The slow turf algae case is when turf algae occupy
available space relatively slowly, pr = 10, and the fast turf algae case is when
turf algae occupy available space relatively fast, pr = 70. In the slow turf algae
scenario, turf algae are always invaded and driven to extinction, as shown in
figure 3.4. pr is not big enough to support the persistence of turf algae.
Consider a case where coral are dominant initially, described by coral-
only equilibrium; however, the grazing effect is low due to overharvesting of
herbivorous fish, and turf algae are slow, pr = 10. Figure 3.1 shows macroalgae
invade coral fast when grazing ¢ = 0.3 is minimal. As a result, coral-dominant
state shifts to macroalgae-dominant state in a short period. Figure 3.2 shows

macroalgae invade coral slowly when grazing g = 0.6 is higher but still below

CD5
low

the threshold bifurcation value g = 0.6103. As a result, it takes more time

for coral-dominant state to shift to macroalgae-dominant state.
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Travelling wave of macroalgae-only equilibirum
invading coral-only equilibirum (g = 0.3, pr= 10)

t=0 t=20 - t=40 stable macroalgae only
t=10 =30 t=50 rrrrmemn unstable coral only
1 i
o 08f
1]
2
E 0.6
g macroalgaa expanding
£ 04r
200k
0 d | L J L - L I g |
-200 -150 -100 -50 0 50 100 150 200 250 300
1 .
78 P wisasinis s
Tos|
o £
9 coral'retreating
¢ 0.4
0.2
0 L L L L e | J
-200 -150 -100 -50 0 50 100 150 200 250 300

X. space

Fig. 3.1 TW of macroalgae invading coral fast at low pr. Numerical TW simulation
corresponds to the transition from point C; to point A; in figure 2.1. We apply
homogeneous Neumann boundary conditions and take the grazing effect g = 0.3.
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Travelling wave of macroalgae-only equilibirum
invading coral-only equilibirum (g = 0.6, pr= 10)

t=0 t=20 - t=40 stable macroalgae only
t=10 =30 t=50 rrrrmemn unstable coral only
1 ed
o 0.8
©
o
T 0.6
g
e :
g 045 acroalgae expanding
202t
0 " | L J e —— TE— J
-200 -150 -100 -50 0 50 100 150 200 250 300
1 .
(R A S A
Bosf
8 .
G o4l oral retreating
0.2
0 L L ~ L L L L L J
-200 -150 -100 -50 0 50 100 150 200 250 300

X: space

Fig. 3.2 TW of macroalgae invading coral slowly at low p7. Numerical TW simula-
tion corresponds to the transition from point Cj to point A; in figure 2.1. We apply
homogeneous Neumann boundary conditions and take the grazing effect g = 0.6.

Consider a case where herbivorous fish are not severely overharvested; thus,
the grazing effect g = 0.72 remains at a moderate level, and turf algae is slow,
pr = 10. The invasion depends on the initial level of coral cover. Figure
3.3 shows macroalgae invade coral when the initial coral cover is above the
macroalgae and coral coexistence level. As a result, coral-dominant state shifts
to macroalgae and coral coexistence state. Figure 3.4 shows macroalgae fail
to invade coral when the initial coral cover is below the coexistence level. As
a result, macroalgae and turf algae coexistence state shifts to macroalgae and

coral coexistence state.
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Travelling wave of macroalgae and coral coexistence equilibrium
invading coral-only equilibirum (g = 0.72, pr= 10)

t=0 t=200 = =400
t=100

stable macroalgae and coral coexistence
=300 1=500 ‘turesnne unstable coral only

-
1

Q2
@
T

e
o
T

o
=
T

M: macroalgae

o
o
T

—_—

: Wanding

0 d l L 4 s ’ | S — e —— J
50 0 50 100 150 200

-200 -150 -100 -

T ——
To6f ﬁr retreating
Q
o
G 04t
0.2
0 1 1 | | | 1 1 1 | |
200 150 -100 -50 0 50 100 150 200 250 300
X: space

Fig. 3.3 TW of macroalgae invading coral and turf algae at low pp. Numerical
TW simulation corresponds to the transition at point Cj in figure 2.1. We apply
homogeneous Neumann boundary conditions and take the grazing effect g = 0.72.
We set the initial coral cover to coral-only equilibrium level 0.8077, which is above
macroalgae and coral coexistence level.
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Travelling wave of macroalgae and coral coexistence equilibrium
invading macroalgae and turf algae coexistence equilibirum (g = 0.72, pr= 10)
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Fig. 3.4 TW of macroalgae failing to invade coral at low pr. Numerical TW simula-~
tion corresponds to the transition at point B; in figure 2.1. We apply homogeneous
Neumann boundary conditions and take the grazing effect g = 0.72. We set the
initial coral cover to 0, which is below macroalgae and coral coexistence level.

3.2.2 Invasion under fast turf algae

In this subsection, we investigate the invasion of coral by macroalgae at low
pr. In the fast turf algae scenario, turf algae always persist, as shown in figures
3.5, 3.6, 3.7, and 3.8. pr is big enough to support the persistence of turf algae.

Consider a case where coral and turf algae are dominant initially, described
by coral and turf algae coexistence equilibrium; however, the grazing effect is
low due to overharvesting of herbivorous fish, and turf algae are fast, pr = 70.
Figure 3.5 shows macroalgae invade coral and turf algae fast when grazing
g = 0.3 is minimal. As a result, coral and turf algae coexistence state shifts
to macroalgae and turf algae coexistence state in a short period. Figure 3.6
shows macroalgae invade coral and turf algae slowly when grazing g = 0.6 is

higher but still below the threshold bifurcation value g,i‘zh = 0.8283. As a
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result, it takes more time for coral and turf algae coexistence state to shift to

macroalgae and turf algae coexistence state.

Travelling wave of macroalgae and turf algae coexistence equilibrium
invading coral and turf algae coexistence equilibirum (g = 0.3, pr= 70)
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Fig. 3.5 TW of macroalgae invading coral and turf algae fast at high pr. Numerical
TW simulation corresponds to the transition from point C}, to point Bj in figure
2.2. We apply homogeneous Neumann boundary conditions and take the grazing
effect g = 0.3.
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Travelling wave of macroalgae and turf algae coexistence equilibrium
invading coral and turf algae coexistence equilibirum (g = 0.6, Py = 70)
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Fig. 3.6 TW of macroalgae invading coral and turf algae slowly at high pr. Nu-
merical TW simulation corresponds to the transition from point Cp, to By in figure
2.2. We apply homogeneous Neumann boundary conditions and take the grazing
effect g = 0.6.

Consider a case where herbivorous fish are not severely overharvested; thus,
the grazing effect ¢ = 0.84 remains at a moderate level, and turf algae are
fast, pr = 70. The invasion depends on the initial level of coral cover. Figure
3.7 shows macroalgae invade coral when the initial coral cover is above the
three functional groups coexistence level. As a result, coral and turf algae
coexistence state shifts to three functional groups coexistence state. Figure
3.8 shows macroalgae fail to invade coral when the initial coral cover is below
the coexistence level. As a result, macroalgae and turf algae coexistence state

shifts to three functional groups coexistence state.
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Travelling wave of macroalgae, coral, and turf algae coexistence equilibrium
invading coral and turf algae coexistence equilibirum (g = 0.84, pr= 70)

=0 t=200 - t=400 stable macroalgae, coral, and turf algae coexistence
t=100 t=300 t=500 ++*+*+**+ unsable coral and turf algae coexistence

o 0.6

]

2

Q04+

g

Q

g 02 —

ED malgae expanding

= 0 i J | L le— Lo ——— d

-200 -150 -100 -50 0 50 100 150 200 250 300

-200 -150 -100 -50 0 50 100 150 200 250 300

algae expanding

-200 -150 -100 -50 0 50 100 150 200 250 300

X: space

Fig. 3.7 TW of macroalgae invading coral at high ppr. Numerical TW simulation
corresponds to the transition at point Cj in figure 2.2. We apply homogeneous
Neumann boundary conditions and take the grazing effect g = 0.84. We set the
initial coral cover to coral and turf algae coexistence equilibrium level 0.6009, which

is above three functional groups coexistence level.
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Travelling wave of macroalgae, coral, and turf algae coexistence equilibrium
invading macroalgae and turf algae coexistence equilibirum (g = 0.84, pr= 70)
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Fig. 3.8 TW of macroalgae failing to invade coral at high pr. Numerical TW
simulation corresponds to the transition at point By, in figure 2.2. We apply homo-
geneous Neumann boundary conditions and take the grazing effect g = 0.84. We
set the initial coral cover was set to 0, which is below three functional groups coex-
istence level.

If we do not harvest any herbivorous fish, the abundant herbivorous fish
put high grazing pressure on both macroalgae and turf algae. Coral remain
dominant in the slow turf algae case and drive macroalgae and turf algae to
extinction. Coral only drive macroalgae to extinction and coexist with turf
algae in the fast turf algae case. Maintaining such a high grazing pressure is
unrealistic, so we do not discuss the transitions under high grazing pressure in

detail.

3.3 Discussion

We derive a network of weakly-coupled ODE system to describe the dynamics
of multiple patches in the discrete space case and a reaction-diffusion equa-
tion model to emphasize larval dispersal in the continuous space case. Using
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numerical travelling wave analysis, we give conditions for coral to expand or
retreat. In some cases, invasion depends not solely on the grazing effect but on
the initial coral cover. If the grazing effect is low, macroalgae invade coral any-
way; if the grazing effect is very high, macroalgae fail to invade coral anyway.
The less extreme middle case with moderate grazing effect is more interesting.
If the initial coral cover is high, macroalgae invade coral; if the initial coral
cover is low, macroalgae fail to invade coral. Whether coral retreat or expand,
multiple functional groups can eventually coexist at moderate grazing effect.

Table 3.1 summarizes the TW results for slow turf algae scenario. Macroal-
gae invade coral and drive coral to extinction if the grazing effect ¢ is less
than the bifurcation value ggg‘u = 0.6892. The invasion speed is inversely re-
lated to the grazing effect, provided that the grazing effect is less than 0.6892.
Macroalgae and coral can coexist if the grazing effect g is between two bifurca-
tion values glGow = 0.6892 and ¢“P* = 0.7512. Macroalgae fail to invade coral,
and coral drive macroalgae and turf algae to extinction if the grazing effect ¢

is larger than the bifurcation value ¢“?* = 0.7512.

Table 3.1 Summary of TW results at low pr

Grazing | Initial coral cover | Macroalgae (M) Coral (C)
low any invade coral extinct
high invade coral M and C' coexist
moderate
low not invade coral | M and C' coexist
high any not invade coral dominant

This table summarizes the TW simulations at low pp. The last column shows the
equilibrium state of coral. Extinction corresponds to zero coral equilibrium, and
dominance corresponds to coral-only equilibrium.

Table 3.2 summarizes the TW results for fast turf algae scenario. Macroal-
gae invade coral and turf algae and drive coral to extinction if the grazing
effect ¢ is less than the bifurcation value g,?iih = (0.8283. The invasion speed
is inversely related to the grazing effect, provided that the grazing effect is

less than 0.8283. Macroalgae, coral, and turf algae can coexist if the grazing
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effect g is between two bifurcation values g,iggh = 0.8283 and g}%h = (.8583.
Macroalgae fail to invade coral, and coral drive macroalgae to extinction if the

grazing effect ¢ is larger than the bifurcation value gfg;h = 0.8583.

Table 3.2 Summary of TW results at high pr

Grazing | Initial coral cover | Macroalgae (M) Coral (C)
low any invade coral extinct
high invade coral M, C, and T coexist
moderate
low not invade coral | M, C, and T coexist
high any not invade coral C and T coexist

This table summarizes the TW simulations at high pr. The last column shows
the equilibrium state of coral. Extinction corresponds to zero coral equilibrium. 7T
represents turf algae.

Since we focus on brooding coral, the assumptions of the nearest neighbour
principle and weak dispersal among patches are reasonable. The brooding
coral larvae are well developed before being released to the current, so their
ability to move is relatively restricted. These two crucial assumptions allow
us to solve larvae in terms of adult for the general n patches and derive the

weakly-coupled network model and reaction-diffusion equation model.
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Chapter 4

Concluding remarks

4.1 Conclusion

This thesis aims to 1) understand how coral, macroalgae, and turf algae occupy
available space while competing and give conditions for coral persistence; 2)
understand how macroalgae invade coral and turf algae spatially through larval
or propagules dispersal and give conditions under which coral will retreat or
expand; 3) generate some insights into the role of turf algae in the coral-algae
ecosystem.

In this thesis, we develop a one-patch model (2.6) that emphasizes the dif-
ference in the ability to occupy available space for different functional groups.
Using persistence theorems, we show coral persist under high grazing pres-
sure. We understand the coral-algae interaction within the patch concerning
the various levels of grazing effect through numerical bifurcation analysis. We
split our investigation into two main scenarios, slow turf algae and fast turf
algae, based on the rate that turf algae take available space. In both sce-
narios, algae are dominant at low grazing effect, and coral are dominant at
very high grazing effect; when the grazing effect is within a moderate range,
algae and coral can coexist. We show reasonable fishing helps maintain the
herbivorous fish population, and a healthier herbivorous fish population can
support a higher level of coral cover. We find coral are more resistant to the
decline of larval recruitment due to the negative environmental impact in the
fast turf algae case.

We derive a weakly-coupled network of multiple-patches model (3.31) and
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reaction-diffusion equation model (3.38) for brooding coral based on the one-
patch model (2.6). Using numerical travelling wave analysis, we understand
how macroalgae invade coral spatially through travelling waves and how coral-
dominant phase shifts into algae-dominant phase in both fast and slow turf
algae scenarios. Macroalgae invade coral and drive coral to extinction at low
grazing effect. Macroalgae fail to invade coral at a very high grazing effect.
For moderate grazing level, the invasion depends on the initial coral cover;
high initial coral cover induces invasion by macroalgae, and low initial coral
cover prevents the invasion. Algae and coral can coexist after the invasion at

a moderate grazing level.

4.2 Limitations and future work

Our one-patch ODE model (2.6) does not show bistability behaviour at high
grazing pressure as in the original MCT model proposed by Mumby et al.
(2007). This difference is primarily due to the structure of the grazing term.
The original MCT model proposed by Mumby et al. (2007) used Holling Type
IT response for the grazing term, and our models use linear grazing term to
make the mathematical analysis easier. Since Mumby et al. (2007) assumed
that available space became turf algae immediately, 7' = 1 — M — C, the
resulting model is a two dimensional ODE system and mathematical anal-
ysis is relatively easier than our three dimensional ODE system (2.6). The
original MCT model proposed by Mumby et al. (2007) showed macroalgae
dominance at low grazing pressure and bistability behaviour at high grazing
pressure. Mathematically, the macroalgae-only equilibrium was the only global
stable equilibrium at low grazing pressure; the macroalgae-only equilibrium
and coral-only equilibrium were both locally stable at high grazing pressure.
In the bistability behaviour, coral dominated if the initial coral cover was high
and macroalgae dominated if the initial coral cover was low. Mathematically,
the coral-only equilibrium attracted all solutions with high initial coral cover,
and the macroalgae-only equilibrium attracted all solutions with low initial

coral cover. Although our one-patch ODE model (2.6) does not show bistabil-

71



ity behaviour, our findings are compliant with the MCT model proposed by
Mumby et al. (2007) that coral-algae system is sensitive to the grazing effect
and macroalgae dominate at low grazing pressure. The explicit discussion of
available space allows us to investigate two important scenarios: slow and fast
turf algae. The coral-algae dynamics are quite different in those two scenarios.
The separation of turf algae from available space allows us to study the effect
of turf algae on the invasion of coral by macroalgae. The reaction-diffusion
model gives us the tool to study the spatial invasion of coral by macroalgae
through travelling waves, which is rarely discussed in the literature.

In the future, we can test different grazing forms. Suppose we use the
Holling Type II response for the grazing. In that case, our model may exhibit
bistability behaviour in addition to the existing spatial dynamics, though it will
be mathematically challenging. We mainly focus on the grazing effect in this
thesis; however, we can also investigate the impact of other parameters, such
as the rates of taking available space and diffusion coefficients on dynamics.
We derive a network of weakly-coupled multiple-patches model, but we lack
the mathematical tools to do rigorous analysis. We can run simulations for
different patches to understand how the patches are connected in the discrete
space case. We assume every patch is the same for simplicity. However,
it is promising to consider some spatial heterogeneity in the grazing effect.
Herbivorous fish are often observed in groups, travelling between patches and
even reefs searching for food. They will move from low algae density patches
to high algae density patches. Fishing effort is also not uniform across all
locations in reality. We can consider the grazing effect as a function of space
g(x) to account for the spatial heterogeneity. We simulate travelling waves
numerically without proving their existence. We can find rigorous conditions
for the existence and non-existence of travelling waves mathematically in the

future.
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Appendix A

Tables for one-patch model in
chapter 2

Table A.1 Description of original variables

Original Description Units
M surface area occupied by macroalgae | meter?
C surface area occupied by coral meter?
T surface area occupied by turf algae | meter?
S available space meter?
lr density of larvae or propagules —
t time year

This table explains the dependent and independent variables in the dimensional
one-patch model (2.1). R = M, C, or T represents three functional groups. Adult
macroalgae, coral, and turf algae are measured as surface area in meter square;
propagules of macroalgae and turf algae are measured as density in number per
meter cubic; time is measured in year.

76



Table A.2 Description of original parameters

Original Description Units Value
Q rate macroalgae overgrow coral m LNI
1G] rate macroalgae overgrow turf algae m %
v rate coral overgrow turf algae W*year ]lv
PM rate of macroalgae taking available space m <L pr
pc rate of coral taking available space Wwear < pr
oT rate of turf algae taking available space W*year [%, %0}
g grazing effect of fish yelw -
oc volume of water column per coral polyp meter® | [3.95 x 107°,8.85 x 107?]
O, O volume of water column per algae meter? -
Ac cross-sectional area of coral polyp meter? [0.79 x 107%,1.77 x 10_4}
Ay, Ar cross-sectional area of algae meter? -
Ko coral larvae settling rate yelw 29.66
Ky KT algae propagules settling rate yelar -
O mortality rate of macroalgae if not grazed yelw <g
oc mortality rate of coral yelm 0.44
or mortality rate of turf algae if not grazed yelar <g
N total surface area of the reef as one patch | meter? -
L average depth of water column meter <50
Ve number of coral adults per unit area w [2.82, 6.33 X 102}
Uar, Yr number of algae adult per unit area w -
be birth rate of coral larvae yelaT [2.31 x 102,5.18 x 10°]
bur, br birth rate of algae propagules yelw -
Lo death rate of coral larvae yelaT 168.09
gy o death rate of algae propagules yelar -

This table explains the parameters in the dimensional one-patch model (2.1). R =

M, C, or T represents three functional groups. ¢r = ArL can be decomposed
as the cross-sectional area of a single individual polyp multiplies the height of the
water column. brir the number of larvae or propagules produced per polyp per
unit time represents the fecundity. VL is the volume of the water column above the
whole patch. % is the density of larvae or propagules produced by functional
group R per unit time.

Values for «, 3, v, and dc are adapted from Blackwood et al. (2010). We

assume turf algae are the fastest colonizer, and occupying empty space is
7




much easier than overgrowing other functional groups, so pr > py > a,
pr > py > B, and pr > pe > 7. pr ranges from % to %, adapted from
Fung et al. (2011). In literature, the grazing effect from herbivorous fish is
considered the main death factor for algae, so we assume ), and d7 are less
than the grazing effect g. We only consider coral reefs in the tropical area, and
hermatypic coral live in the photic zone, so L < 50 meters. We assume the age
of death for coral larvae follows an exponential distribution with mean i
The survival rate of coral larvae in the early stage is extremely low, only ab/éit
ten percent (Harriott, 1985). The probability of coral larvae settling before

dying during the five days settlement period is around 0.15 (Cameron and

Harrison, 2020). We solve for puc = 168.09 and k¢ = 29.66 from e HCats = (.1
Ye;

Ko + pe
scale as ko and pe. The fecundity has vast variations. ©¥cbe approximately

and = 0.15. We further assume k,;, kK and uys, pr are of the same
ranges from 1.46 x 10° to 1.46 x 10° based on different coral species and healthy
conditions. The range for ¥cbe is adapted from figure 2(B) in Hartmann
et al. (2017). The diameter of an individual coral polyp is usually 1 to 15
millimetres, so the cross-sectional area of a single individual ranges from 0.79 x
1075 to 1.77 x 107* meter®, which implies ¢c € [3.95 x 107°,8.85 x 107%].
1o can be calculated as the coral cover rate divided by the cross-sectional
area of a single individual polyp. Coral cover rate is measured as the area
of coral cover per unit area and is estimated to be 5 centimetres square per

meter square from figure 2(A) in Hartmann et al. (2017), which implies ¢¢ €
5x 1074 5x 1074
1.77 x 1047 0.79 x 10-6

[1.4_6 % 105 1.46 x 106
bc

= [2.82, 6.33 X 102} . The birth rate of coral larvae

2 5
63201 ' 9.2 = [2.31 x 10?,5.18 x 10°].
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Table A.3 Non-dimensionalization and Non-dimensionalized parameters

Non-dimensionalized | non-dimensionalization Value
M M=XM _
N
C c=< _
T T=1 i
Q c s
~S ~ S=% -
Ir lr = OrlRr -
¢ t=dct _
€c €0 =32 0.0026
€M, €T €ER = i—i -
Oc Oc = 2% 0.15
QM,QT QR:,‘%;}—T—].N -
Oc Oc = Octhobe [1.03 x 1074,2.31 x 107!]
Or Or = Ophrbr -
a o= 0.23
B b=51 1.82
g} =% 2.27
ﬁC ﬁC’ = % <K Z)T
Dy pr = 2 [4.55,90.91]
g g=i §
- ~ Y -
or or 2—2 <g
ke Ro = Lo 0.18
f’%]\{, I‘H{'/T NR}R = Z—Z -
Yo e = gae 5 x 1074
Uy, U R= ¢R£ZJR ~
! re .
bo bo = ;2 [1.37,3.08 x 10°]
bM) bT bR = ff; -

This table explains the variables and parameters in the non-dimensional one-patch
model (2.2). R = M, C, or T represents three functional groups. R represents the
proportion of surface area occupied by functional group R. 0g is the probability of
settling before dying. ©p counts the total contribution from larvae or propagules
settling to adult abundance. €g is the ratio of adult mortality rate and larvae or
propagules mortality rate for functional group R.
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The probability of settling before dying 6¢ equals 0.15 (Cameron and Har-
rison, 2020). €¢ is very close to zero since the larvae mortality rate is much

higher than adult coral. {pc is the same as the coral over, equals to 5 x 10™*:

e = pctc  AcL coral cover rate
°“ L L Ac

= coral cover rate.

The total contribution from larvae or propagules settling into adult abundance
Or depends on the probability of settling before dying, the cross-sectional area
of polyp, fecundity, and mortality:

pctpe bo
L pe

_, bcobe , AcLicbe  OcAcicbe
_g.Le¥eie g _ .

Oc =bevche = e L puc L puc ji%e.

O is independent of water depth L, so our models are independent of water

depth L after non-dimensionalization. The range of O« is estimated to be:

0.15 % 0.79 x 1076 x 1.46 x 10°> 0.15 x 1.77 x 107* x 1.46 x 10°

Oc € 168.09 ’ 168.09

= [1.03 x 107%,2.31 x 107] .
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Appendix B

Tables for multiple-patches
model and reaction-diffusion
model in chapter 3

Table B.1 Description of original variables in weakly-coupled network model

Original Description Units
M; surface area occupied by macroalgae in patch i | meter?
C; surface area occupied by coral in patch meter?
T, surface area occupied by turf algae in patch i | meter?
S available space in patch i meter?
lRri density of larvae or propagules in patch ¢ m

t time year

This table explains the dependent and independent variables in the dimensional
multiple-patches model (3.2). R = M, C, or T represents three functional groups.
Adult macroalgae, coral, and turf algae are measured as surface area in meter square;
propagules of macroalgae and turf algae are measured as density in number per meter
cubic; time is measured in year.
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Table B.2 Description of original parameters in weakly-coupled network model

Original Description Units Value
Q rate macroalgae overgrow coral m LNI
1G] rate macroalgae overgrow turf algae m %
v rate coral overgrow turf algae W*year ]lv
PM rate of macroalgae taking available space m <L pr
pc rate of coral taking available space Wwear < pr
oT rate of turf algae taking available space W*year [%, %0}
g grazing effect of fish yelw -
oc volume of water column per coral polyp meter® | [3.95 x 107°,8.85 x 107?]
O, O volume of water column per algae meter? -
Ac cross-sectional area of coral polyp meter? [0.79 x 107%,1.77 x 10_4}
Ay, Ar cross-sectional area of algae meter? -
Ko coral larvae settling rate yelw 29.66
Ky KT algae propagules settling rate yelar -
O mortality rate of macroalgae if not grazed yelw <g
oc mortality rate of coral yelm 0.44
or mortality rate of turf algae if not grazed yelar <g
N total surface area of one patch meter? -
L average depth of water column meter <50
Ve number of coral adults per unit area w [2.82, 6.33 X 102}
Uar, Yr number of algae adult per unit area w -
be birth rate of coral larvae yelaT [2.31 x 102,5.18 x 10°]
bur, br birth rate of algae propagules yelw -
Lo death rate of coral larvae yelaT 168.09
gy o death rate of algae propagules yelar -
dRi; immigration or emigration rate yelw -
eRr uniform immigration or emigration rate yelw -

This table explains the parameters in the dimensional multiple-patches model (3.2).
R = M, C, or T represents three functional groups. dg;; is the immigration or
emigration rate from patch j to patch i. We assume all patches are the same, so the
parameter values are the same for every patch; thus, the subscript ; is neglected,
except for immigration or emigration rate.
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Table B.3 Non-dimensionalization and non-dimensionalized parameters in weakly-

coupled network model and reaction-diffusion model

Non-dimensionalized | Non-dimensionalization Value
i =g -
S; S;=% _
Iri Ipi = Grlr; .
t t=dct _
€c ec =% 0.0026
€M, €T €p = i—i -
0o O = £ 0.15
Onr, Or Op = nii - i
Onm O = On b -
Oc Oc = et e [1.03 x 1074,2.31 x 107"
Or Or = GTllJTBT -
a a=5r 0.23
b b=57 1.82
g} =% 2.27
P Pm ”%QN < pr
Pc pc = pf;ch < pr
pr pr = X [4.55,90.91]
g 9= -
O Oar = ‘;—1‘04 <§
or op = &£ <3§
o fo =52 0.18
K, KT Kr = Z—g -
Yo e = date 5x 104
QLJ\/D QZ’T 1213 = ¢RL¢R -
be bo = b [1.37,3.08 x 10°]
bar, by bp = Z_f} -
drij dpiy = i 0.0001
Er e =<k i

This table explains the variables and parameters in the non-dimensional multiple-
patches model (3.5) and the parameters in the reaction-diffusion equation model

(3.38).
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Table B.4 Description of variables and partially non-dimensionalized parameters
in reaction-diffusion model

Variables Description Units

=,
&
=

proportion of macroalgae at time ¢ and location x -

proportion of coral at time ¢ and location x -

8

proportion of turf algae at time ¢ and location x -

=N o

—~ —~ —
8

~ ~

S— Nt

x, proportion of available space at time ¢ and location x -
x one-dimensional space meter
t non-dimensionalized time -
dr partially non-dimensionalized diffusion coefficient meter?

This table explains the dependent and independent variables in the reaction-diffusion
equation model (3.38). R = M, C, or T represents three functional groups. R(m, t)
is non-dimensional and represents the proportion of surface area occupied by func-
tional group R at time ¢ and location z. Time and diffusion coefficient are non-
dimensionalized by multiplying the same parameter d¢.
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