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Abstract 

Interactions involving deformable surfaces reveal a number of distinct physicochemical 

characteristics that do not exist in interactions between rigid solid surfaces. The main focus 

of this thesis is to develop a unique fully custom-designed instrument, referred to as an 

integrated thin liquid film force apparatus (ITLFFA) to investigate interactions between a 

deformable and a solid surface in liquids.  

Incorporating a bimorph force sensor with interferometry, the ITLFFA allows 

simultaneous measurement of the time-dependent interaction forces and the corresponding 

spatiotemporal film thickness of the intervening liquid film. The ITLFFA possesses 

specific features of measurement under a wide range of hydrodynamic conditions, with a 

displacement velocity of deformable surfaces ranging from 2 μm/s to 50 mm/s. Equipped 

with a high speed camera, the results of a bubble interacting with hydrophilic and partially 

hydrophobic surfaces in aqueous solutions indicated that ITLFFA can provide information 

on interaction forces and thin liquid film drainage dynamics not only in a stable film but 

also in films of quick rupture process. The weak interaction force was extracted from a 

measured film profile. As a result of its well-characterized experimental conditions, 

ITLFFA permits the accurate and quantitative comparison/validation between the 

measured and calculated interaction forces and temporal film profiles. 

Using the ITLFFA, the dynamic drainage process of the liquid film trapped between an air 

bubble and a flat silica surface over a wide range of hydrodynamic conditions was studied 

in aqueous solutions of different salt concentrations. Our study demonstrates that 

increasing the bubble approach velocity has a significant impact on the hydrodynamic 

pressure and fluid flow within the draining film, promoting the dimple formation and 
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increasing drainage time. The drainage time also depends on the competition between the 

electrical double-layer and van der Waals interactions, which are repulsive in our system, 

resulting in a stable liquid film on the hydrophilic surface, with the film thickness being 

determined by the balance of capillary pressure of the bubbles with the repulsive forces of 

the film scaled by the electrolyte concentrations. The evolution of the draining film is 

analyzed using the Stokes-Reynolds-Young-Laplace (SRYL) model. Comparisons 

between the theory and experimental results indicate that the model captures essential 

physical properties of the drainage system. Moreover, the thickness of the first occurrence 

of the dimple can also be precisely predicted from the bubble approach velocity with a 

simple analytical expression. 

The dynamic thin liquid film drainage between a bubble and a hydrophobic solid surface 

of different hydrophobicities with nanoroughness was also studied using this device. For a 

given bubble approach velocity, the thickness of the first occurrence of the dimple for the 

hydrophobic surface was much thinner than that of the hydrophilic surface, indicating an 

apparent surface mobility on the hydrophobic surface. The experimental results were 

modelled by the SRYL model to obtain the degree of surface mobility for the hydrophobic 

surface as a function of bubble approach velocity, illustrating a velocity dependent surface 

mobility. Moreover, the thin film ruptured at thickness as large as hundreds of nanometers.  

The major contributions to science of this thesis are developing a device-ITLFFA that 

performs the simultaneous measurement of dynamic forces and spatiotemporal film 

thickness during thin liquid film drainage between deformable and solid surfaces. It allows 

measurements over a wide range of hydrodynamic conditions that fills the experimental 

gap of current techniques. The systematic study of the effect of approach velocity and 
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surface hydrophobicity on the drainage dynamics of thin liquid films appealed us to 

consider them as vital parameters in the theoretical model that shed light on the problem 

of boundary condition and hydrophobic interaction. 
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1.1 Background and motivations 

The interaction between deformable droplets or bubbles and solid surfaces in aqueous 

medium is of paramount importance in various technologies. The key physical process of 

this interaction is the dynamic drainage of the thin liquid film through which the two 

dispersed phase (bubbles/droplets and solids) interact with each other. Particularly, this 

intervening film is vitally important to the flotation separation process that is widely used 

in the recovery of coal and valuable minerals from the rock, in the treatment and 

purification of wastewater, and in the de-inking of wastepaper. Generally, the flotation 

separation is achieved by introducing air bubbles into a pulp that contains hydrophilic and 

hydrophobic particles. Upon collision of bubbles with hydrophobic particles, bubble-

particle aggregates can form so that the rising air bubbles carry the particles to the surface, 

leaving the hydrophilic particles behind, which settle to the bottom to be discharged. The 

successful attachment of a bubble to a particle relies on a number of sub-processes. Initially, 

the liquid film between the bubble and particle will become thinner as the liquid inside the 

film drains. If the particle is hydrophilic, a stable film will form eventually so that there is 

no attachment between the bubble and particle. Inversely, if the particle is hydrophobic, 

the film ruptures at a critical thickness, creating a three phase contact line (TPCL), which 

spreads further to form a stable perimeter and leads to successful attachment. This whole 

drainage process determines the efficiency of recovery process. Therefore, a more 

comprehensive understanding and controlling of the interactions between bubbles/droplet 

and solid surfaces, especially under dynamic conditions, is essential. 

The past decades witnessed numerous techniques developed for studying the interaction 

between bubbles/droplets and solid surfaces, which can be divided into two groups. The 
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first group of technique focused on the direct force measurement between deformable and 

solid surfaces. The atomic force microscope (AFM) with colloidal probe has been used to 

measure time dependent forces between pairs of drops, bubbles, solid particles and flat 

surfaces in relative motion. The measured force has been well interpreted by Stokes–

Reynolds–Young–Laplace (SRYL) model without any accessible information of 

bubble/droplet deformation. The other group of technique concerned the film geometry. 

The temporal and spatial film thickness during the dynamic drainage process was measured 

by Scheludko cell, bubble expansion method, SFA and rising bubble method. Although 

these techniques have improved our understanding of interactions involving deformable 

surfaces, the simultaneous measurement of bubble/droplet geometric deformations and the 

strength of the interaction is missing. From hydrodynamic point of view, the measurements 

were conducted within very low Reynolds number regime (<10-2) by AFM, Scheludko cell, 

bubble expansion method and SFA, while the rising bubble method only covered high 

Reynolds number regime that is larger than 50. There is still an unexplored area from small 

to intermediate Reynolds number regime (10-2-50). 

Interactions involving hydrophobic surfaces play a key role in a wide range of natural 

phenomena and industrial processes, such as protein folding and separation of oil and water. 

The basis of this type of interactions is specific orientation of water molecules near non-

polar surfaces, which affects its 3D hydrogen bonding network and loses configurational 

entropy. However, the detailed mechanism of the hydrophobic interaction as well as the 

precise range and magnitude of such interaction remains under debate even after extensive 

studies for decades. In this problem, the related topics of the existence and degree of the 

slip of liquid water on hydrophobic surface remain a subject of controversies. 
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1.2 Objectives and scope of the thesis 

The main objective of this work is to fill the experimental gap of current techniques for 

investigating the interaction involving deformable surfaces and provide valuable insights 

to the remaining unsolved problems by interpreting the experimental data using appropriate 

model. 

In the first part of the thesis, integrated thin liquid film force apparatus (ITLFFA) was 

developed to study the interaction between deformable and solid surfaces. To illustrate the 

feasibility of the new device, the interaction forces and spatiotemporal film thickness were 

simultaneously measured between the bubble and hydrophilic/hydrophobic surfaces. The 

calculated forces from the film profiles matched very well with the measured forces. 

The effect of hydrodynamic condition within intermediate Reynolds number regime on the 

dynamic film drainage process was systematically studied in the second part of the thesis. 

The model prediction agreed with the experimental results very well, confirming the 

accurate measurement of this device and expanding the application of the model to a wider 

range of hydrodynamic condition. 

In the last part of the thesis, the interaction between a bubble and hydrophobic surface was 

studied by the ITLFFA and the model was used for theoretical explanation of experimental 

phenomena. The study mainly focused on the effect of hydrophobicity and approach 

velocity on the boundary condition of the hydrophobic surface with nanoroughness. 

The major contributions of this thesis to science is developing a unique fully-custom-

designed instrument, referred to as integrated thin liquid film force apparatus (ITLFFA), 

which allows simultaneous measurement of time-dependent interaction forces and 

spatiotemporal film thickness of the intervening liquid film in a wide range of 
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hydrodynamic condition. Using the unique features of the new device, the effect of 

hydrodynamic conditions of the experiment and hydrophobicity of the solid surfaces on 

the dynamic drainage process between a bubble and solid surface was explored, which 

provided valuable insights into an important solid-liquid boundary condition problem 

under debate. 

1.3 Structure of the thesis 

This thesis has been structured as a compilation of papers. Chapters 3-5 are research papers 

published in or submitted to scientific journals. The key content of each chapter is shown 

as follows: 

Chapter 1 presents the overall introduction of the thesis, including the background and 

motivations, objectives and the scope of the thesis. 

Chapter 2 provides a comprehensive literature review on the current experimental and 

theoretical researches of the dynamic interaction involving deformable surfaces. The main 

controversies in this subject are also discussed. 

 Chapter 3 introduces the developed instrument called integrated thin liquid film force 

apparatus (ITLFFA). The main features of this device are demonstrated and its accuracy is 

verified. A version of this chapter has been published in: 

Xurui Zhang, Plamen Tchoukov, Rogerio Manica, Louxiang Wang, Qingxia Liu and 

Zhenghe Xu, Simultaneous measurement of dynamic force and spatial thin film thickness 

between deformable and solid surfaces by integrated thin liquid film force apparatus, Soft 

Matter, 2016, 12, 9105. 

Chapter 4 illustrates the use of ITLFFA to study the effect of approach velocity on the 

interaction between a bubble and a hydrophilic surface. Comparison of the experimental 
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results and theoretical prediction reveals the essential physical properties of the dynamic 

interaction. A version of this chapter has been published in: 

Xurui Zhang, Rogerio Manica, Plamen Tchoukov, Qingxia Liu and Zhenghe Xu, Effect of 

approach velocity on thin liquid film drainage between an air bubble and a flat solid surface, 

Journal of Physical Chemistry C, 2017, 121, 5573. 

Chapter 5 discusses the use of ITLFFA to investigate the interaction between a bubble 

and a hydrophobic surface with nanoroughness. The hydrophobicity and velocity 

dependent surface mobility was observed by fitting the experimental data with theoretical 

model. A version of this chapter has been prepared as: 

Xurui Zhang, Rogerio Manica, Yuechao Tang, Plamen Tchoukov, Qingxia Liu and 

Zhenghe Xu, Measurement of hydrodynamic boundary condition at hydrophobic surfaces 

during bubble impact, in preparation. 

Chapter 6 presents the conclusions of this thesis and recommendations for future research. 

The Appendix at the end of the thesis provides addition calculations and figures for each 

chapter. 
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2.1 Introduction 

Interactions involving deformable surfaces are of paramount importance in diverse 

technologies such as mineral flotation1-2, wastewater treatment3, bioprocessing4 and drug 

delivery5. Unlike rigid surfaces, deformable surfaces can change shape in response to local 

variations of the interaction forces so that it encompasses a number of distinguishing 

physicochemical characteristics that do not exist in interactions between rigid solid 

surfaces. A thin liquid film of continuous phase entrapped between surfaces drains under 

the influence of interaction forces, leading to a stable or rupture film. Thus, this dynamic 

drainage process characterizes all the features of interactions involving deformable 

surfaces. To have a complete and deep understanding of thin liquid film drainage process, 

two essential elements are required: spatiotemporal film thickness and interaction forces. 

The top priority is to understand the interdependence of these two elements. 

The purpose of this chapter is to show an overview of experimental studies of dynamic thin 

liquid film drainage process involving deformable surfaces and find out the unexplored 

field of current techniques. The development of theoretical models that reveal the physical 

fundamentals in the drainage process are reviewed as well. The study of controversies on 

hydrodynamic boundary condition and hydrophobic interaction is discussed to point out a 

direction for future research. 

 

2.2 Experimental studies 

The first qualitative experimental investigation of interactions involving deformable 

surfaces was done by Derjaguin and Kussakov6. They observed the evolution of the thin 

liquid film between an air bubble and a flat glass plate and deduced that a non-equilibrium 
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film forms a dimple. Since then, the past decades witnessed the development of various 

experimental approaches that have been used to study interactions involving deformable 

surfaces. The current techniques are summarized as follows: 

2.2.1 Bubble expansion method 

This technique was first developed by Fisher and co-workers7-8 in 1990s to measure the 

spatiotemporal film thickness of thin aqueous draining film between air bubbles and solid 

surfaces using optical interference fringe patterns. As shown in Figure 2-1, the air bubble 

A was forced from a capillary against a quartz surface Q where the axis of the capillary 

was perpendicular to the surface. The air bubble was bulged by allowing a spring-loaded 

plunger P to compress a section of silastic tubing T. The spatiotemporal film thickness was 

obtained by monitoring time variations of the intensity of the reflected light at different 

positions of the film. The light can be scanned across the whole film as the beamsplitter B 

and objective O were able to move laterally. 

With this apparatus, they found that the pure water film is thicker than that of the salt 

solution film at all times when an air bubble interacts with hydrophilic quartz surface. For 

hydrophobic surface, the film drained more rapidly than that in hydrophilic case and 

eventually ruptured. Due to the uncertainty of determining the absolute film thickness in 

hydrophobic case, it was difficult to do quantitative study in depth. Therefore, they studied 

the effect of salt concentration on thin liquid film drainage between an air bubble and 

hydrophilic surface using this technique in a following work9. They observed that an 

increase in salt concentration increased the rate of drainage at the boundary ring of the 

draining film but was accompanied by a decrease at the center of the film. Reasonable 

agreement was obtained between experimental equilibrium film thicknesses and those 
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predicted by the standard DLVO theory. 

The bubble expansion method initiated a way of quantitative measurement of 

spatiotemporal film thickness in dynamic film drainage process. However, recording the 

whole picture of the film at one time is required to acquire smooth profile of the film. In 

addition, appropriate characterization of how the bubble is driven towards the surface is 

needed for quantitative analysis. 

 

Figure 2-1. Schematic of bubble expansion technique that is used to measure the time-

dependent shape of thin liquid film between air bubbles and solid surfaces7. 

2.2.2 Scheludko cell 

The University of Sofia has pioneered the study of dynamic drainage of foam and emulsion 

film by using a cylindrical cell called Scheludko cell. When studying the film between 
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bubbles and solid surfaces, the Scheludko cell was modified to meet the requirements of 

gas/liquid/solid system. In this technique, the film was formed by pressing a captive air 

bubble against a flat solid surface through a capillary (Figure 2-2a), or withdrawing the 

liquid in the cell between two approaching surfaces (Figure 2-2b). The first method was 

used to provide an experimental check of Frankel-Mysels Theory in 196410, which 

describes the “dimpling” shape of the film by giving the temporal film thickness of the 

center and the barrier rim of the film. It was proved that the Frankel-Mysels Theory 

accounted fairly well for the observed shape in the case of liquid film on the solid substrate 

without considering the initial stage of the dimpling. The thickness of the film between an 

air bubble and a hydrophilic silica surface was also investigated using the first method. The 

aqueous solution of hydrophobically modified inulin polymeric surfactant was studied to 

explain the stabilizing mechanism of solid particles in liquid dispersions by this polymeric 

surfactant11. A detailed experimental study of the profile of the transition region between 

the film and the adjacent meniscus has been performed by the second method12-13. The 

profiles obtained for KCI solutions with different concentrations and those theoretically 

calculated on the basis of a suitable disjoining pressure isotherm were found to be in good 

agreement. 

Although the Scheludko cell is able to measure the film thickness accurately using 

microinterferometric technique, quantitative details of the spatial film thickness and liquid 

withdraw conditions are often not reported. 
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Figure 2-2. Schematic of modified Scheludko cell for investigation of thin liquid film 

drainage between air bubbles and solid surfaces10, 13. 

2.2.3 Surface force apparatus (SFA) 

The surface force apparatus (SFA), first developed in 1969 by Tabor, Winterton and 

Israelachvili, has been used for decades to measure physical forces between surfaces, such 

as van der Waals and electrostatic forces in vapors and liquids14. With appropriate 

modification by Horn et al.15 (Figure 2-3), this technique accurately tracks the evolution of 

spatiotemporal film thickness of aqueous films trapped between a mercury drop and a mica 

surface using fringes of equal chromatic order. Due to the high reflectivity of the mercury 

drop, this method is capable of measuring film thickness with sub-nanometre resolution. 

The use of mercury drop allowed the control of the strength and sign of the electrostatic 

force between mercury and mica surface. Such studies provided insights into the role of 

attractive and repulsive surface force in determining the dynamic film drainage process 

that led to either a stable equilibrium film or rupture film. Further analysis of hydrodynamic 

pressure by subtracting disjoining pressure from the total film pressure indicated that 

hydrodynamic pressure compensated different disjoining pressures to maintain the total 

film pressure constant within the dimple region16.  
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The same technique has also been used to study the interaction between an air bubble and 

a mica surface in water and electrolyte solutions with different concentrations17. It was 

found that the air bubble was negatively charged with surface potentials of only a few 

millivolts in the low electrolyte concentrations. The charge of the air-water interface 

changed from negative to positive when the bubble approached to the mica surface. 

Although the SFA could have been used to measure the interaction force, the experiments 

mentioned above mainly focus on the film drainage process.  

 

Figure 2-3. Schematic diagram of Surface force apparatus (SFA) for studying thin liquid 

film drainage between a mercury droplet and a mica surface15. 

2.2.4 Atomic force microscope (AFM) 

The Atomic force microscope (AFM) was invented by IBM Scientists in 1982 to conduct 

imaging and direct force measurement with a sharp tip. In early 1990s, the emergence of 

the colloidal probe technique18 allowed direct force measurement involving deformable 

surfaces by AFM. The earliest attempt of this technique was measuring the colloidal forces 
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between a colloid particle and a sessile air bubble on a substrate in aqueous solutions19-20 

(Figure 2-4a). The strong long-range attractive forces were observed between hydrophobic 

silica particles and air bubbles that indicated the hydrophobic nature of air-water interface. 

The long-ranged attractive component of the force was found to disappear when the anionic 

surfactant sodium dodecylsulfate (SDS) was added to the solution. The radius of the sessile 

air bubble is around 250 µm. In order to study the interaction involving small bubbles with 

a diameter of about 100 µm, the colloidal probe technique was extended to attach small, 

ultrasonically generated bubbles in water onto the V-shaped cantilever21 (Figure 2-4b). The 

dynamic forces between bubbles and different solid surfaces were measured using this 

approach. Compared to the Navier slip model, the hydrodynamic response of the air/water 

interface can range from a classical fully immobile surface in the presence of added 

surfactants to a partially mobile interface in an electrolyte solution without added 

surfactants22-23. The repulsive van der Waals force was proved to exist between bubbles 

and solid surfaces and its strength depended on the material of the surface24. The 

coalescence between bubbles and drops under a range of solution conditions was also 

widely studied by this technique25-28. Unfortunately, none of the studies mentioned above 

is able to determining the extent of bubble deformation, which had to be inferred from 

theoretical model of the drainage process. 

Complementary to force measurements by colloidal probe technique using AFM, the 

combination of AFM and confocal fluorescence microscopy was used to analyze the 

interaction forces and spatial position of oil droplets29. Recently, the AFM integrated with 

reflection interference contrast microscopy (RICM) has been adapted recently to measure 

simultaneously the interaction force and the spatiotemporal film thickness between a 
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bubble and mica surfaces with varying degrees of hydrophobicity in water30. The excellent 

agreement between theory and experimental results was reached with low driving velocity 

of bubble. 

 

 

Figure 2-4. (a) Schematic figure of the experiment for measuring interaction forces 

between a silica particle and a sessile air bubble. (b) Optical microscopy image of a 

cantilever with an attached air bubble19, 21. 

2.2.5 Rising bubble method 

Unlike other techniques that study the interaction between bubbles and solid surfaces with 

bubble driving velocity of a few µm/s, the rising bubble method has provided the 

measurement with the terminal velocity of the bubble in the order of cm/s. In this technique, 

a single air bubble with hundreds of micron to millimeter size is generated at the end of a 

syringe and freely rises under buoyancy force in aqueous solution towards a horizontal 

solid surface (Figure 2-5)31. The initial bubble–solid surface encounter was dominated by 

inertial effect. The trajectories of the bubbles were tracked in the presence of different 

surface active substances32-33. It was found that the velocity and deformation of the bubble 
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decreased with surfactant concentration as a result of retardation of fluidity of the liquid/gas 

interface by adsorption layer of surfactant molecules. The presence of surfactant and 

roughness of the solid surface increased probability of the bubble attachment to the solid 

surface. The study between a very small rising bubble in tens of micron size and solid 

surface allowed the investigation of surface forces between these two interfaces by 

excluding the necessity for complex hydrodynamic analysis34-35. The transition of bubble 

boundary condition from full-slip to no-slip during the rising process in the absence of 

surfactant was observed. The film drainage dynamics was dominated by the surface forces 

in such condition. Recently, the spatiotemporal film thickness of the trapped water film 

between rising bubble and glass plate was recorded by high-speed interferometry36, which 

provides the possibility to capture the essential physics of the bubble impact process by 

appropriate model.  

 

 

Figure 2-5. Experimental setup for monitoring rising bubble interacts with solid surfaces31. 
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2.2.6 Integrated thin film drainage apparatus (ITFDA) 

In AFM, due to the narrow range of approach speed of the probe (up to about 100 µm/s of 

micron size probes), the hydrodynamic condition is confined to the relatively low Reynolds 

number regime that characterizes the motion of the deformable surface (<10-2). Similarly, 

hydrodynamic conditions covered by the experiments using the bubble expansion method, 

Scheludko cell and SFA are also within the low Reynolds number regime. At the other 

extreme, the free rising bubble method leads to drainage dynamics of the trapped thin 

aqueous film in a Reynolds number higher than 50. Therefore, there remains an unexplored 

domain defined from small to intermediate Reynolds number regime (10-2-50). This 

experimental gap has been partially filled using the integrated thin film drainage apparatus 

(ITFDA)37 developed recently in our group (Figure 2-6). The ITFDA is designed to 

measure the interaction force between a bubble/droplet and a solid sphere with milli-meter 

size range in different liquids. A bubble/droplet is generated using gas-tight microsyringe 

at the end of a glass capillary tube, which is connected to a speaker diaphragm. The speaker 

is used to drive the bubble/droplet towards the solid particle with well-controlled velocity 

in the range from 2 µm/s to 50 mm/s within the intermediate Reynolds number regime. The 

cameras in orthogonal directions provide the view to align the two interfaces, control the 

size of the bubble/droplet as well as the initial gap between the bubble/droplet and the solid 

particle. The time-dependent interaction force was measured when the capillary tube drives 

the bubble to approach or retract away from the solid sphere in well-controlled manner by 

using bimorph as a force sensor. 
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Figure 2-6. Schematic view of the integrated thin film drainage apparatus (ITFDA)37. 

In summary, each of the experimental methods described above suffers some inherent 

limitations although each has particular strength. The bubble expansion method, Scheludko 

cell, SFA and rising bubble method is mainly focus on measuring the film thickness during 

the drainage dynamics. On the other hand, the AFM and ITFDA are designed to measure 

interaction forces. Although the AFM has been modified to realize the coupling 

measurement of interaction force and film thickness, it’s still under the very low Reynolds 

number regime. Thus, it is required to have some technique that is capable to measure the 

interaction force and film thickness simultaneously under the intermediate Reynolds 

number regime. 

2.3 Theoretical studies 

The experimental results need to be explained in depth by an applicable theory. The 

hydrodynamic fluid flow draining in the thin film trapped between deformable and solid 

surfaces can be described by lubrication theory under low Reynolds number regime. Within 

the axisymmetric film, the dominant velocity component is in the radial r-direction, 
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𝑢(𝑟, 𝑧, 𝑡) and the pressure 𝑝 only varies in the r-direction. Thus, the flow in the film is 

described by the radial component of the Stokes equations: 

                                                                𝜇 𝜕2𝑢(𝑟,𝑧,𝑡)

𝜕𝑧2 =
𝜕𝑝(𝑟,𝑡)

𝜕𝑟
                                         (2-1) 

where 𝜇 is the viscosity of the continuous medium. 

Integration of the continuity equation from 𝑧 = 0 to ℎ(𝑟, 𝑡) together with the kinematics 

condition on the film surface gives the equation for the time evolution of the film thickness: 

                                                 𝜕ℎ(𝑟,𝑡)

𝜕𝑡
= −

1

𝑟

𝜕

𝜕𝑟
(𝑟 ∫ 𝑢(𝑟, 𝑧, 𝑡)𝑑𝑧

ℎ(𝑟,𝑡)

0
)                           (2-2) 

If the hydrodynamic boundary conditions are specified at the film surface (𝑧 = 0 and 𝑧 =

ℎ), 𝑢(𝑟, 𝑧, 𝑡) can be found by integrating eqn (2-1) with respect to 𝑧. Substitution of the 

solution into eqn (2-2) will give an equation relating ℎ(𝑟, 𝑡) and 𝑝(𝑟, 𝑡), which provide a 

description of temporal evolution of the film thickness. Together with different models that 

describe the spatial film thickness, the physical essential in the dynamic drainage of the 

thin film trapped between deformable surfaces and solid surfaces can be elucidated in 

details.  

 

Figure 2-7. Schematic of deformable surface interacting with a solid surface. 
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2.3.1 Stefan–Reynolds model 

The Stefan-Reynolds model is the first theoretical model of film drainage between a 

deformable surface and a flat solid surface38. In spite of the spatial film information, the 

deformation of the bubble/droplet was assumed to be a circular flat disk of some radius. 

Considering the no-slip boundary condition for the flat solid surface, the rate of the film 

thinning can be written as: 

                                                                𝑑ℎ

𝑑𝑡
= −

𝛽ℎ3(𝑝(𝑟,𝑡)−𝑝0)

3𝜇𝑅𝑓
                                       (2-3) 

where 𝑝0 is the pressure in the bulk liquid. 𝛽 = 1 if the flat surface of the bubble/droplet 

is tangentially immobile and 𝛽 = 4 if the flat surface of the bubble/droplet is fully mobile. 

When the film radius is very small and the flat film formed, the Stefan-Reynolds model 

can be applied. However, the intervening film is usually not plane parallel but dimpled, 

especially for large film radius. For the case of the dimple formation, a few models were 

derived. One of the first models that consider dimple formation was elaborated by Frankel 

and Mysels39. In this model, the rate of the film thinning through the barrier rim was 

assumed to be independent on the film radius. The film thickness in the center of the dimple 

(ℎ0) and at the barrier rim (ℎ𝑏) is written as follows: 

                                                            ℎ0 = (
0.0096𝜇𝑅𝑏

6

𝜎𝑅𝑡
)1/4                                             (2-4) 

                                                            ℎ𝑏 = (
0.009𝜇𝑅𝑏

2𝑅

𝜎𝑡
)1/2                                             (2-5) 

where 𝑅 is the radius of the deformable surface. 𝑅𝑏 is the radius of the barrier rim and 𝜎 is 

the surface tension of water. This model predicts that the shape of the dimple becomes more 

pronounced as the film drains, which is inconsistent with experimental observation10. 
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Therefore, Hartland and Robinson40 developed a model to approximate the shape of the 

dimple by three linked parabolas, which led to the following equations for the temporal 

film thickness: 

                                                         ℎ0 = 0.117(
2𝜋𝜇𝑅𝑏

6

𝜎𝑅𝑡
)1/4                                           (2-6) 

                                                         ℎ𝑏 = 0.370(
𝜇𝑅𝑏

2𝑅

2𝜋𝜎𝑡
)1/2                                             (2-7) 

Dimitrov and Ivanov41 derived the film thickness as a function of time based on the 

assumption that the energy dissipation occurred at the barrier rim: 

                                                              ℎ0 = (
𝜇𝑅𝑏

2𝑅

𝜎𝑡
)1/2                                                 (2-8) 

Later, Jain and Ivanov42 introduced a “step” model for the film drainage and the film 

thickness at the barrier rim is given as: 

                                                        ℎ𝑏 = 0.433(
𝜇𝑅𝑏

2𝑅

𝜎𝑡
)1/2                                             (2-9) 

Although the above models for the dimple deformation complement the limitation of 

Stefan-Reynolds model, they only focus on the film thickness in the center and at the barrier 

rim rather than the whole profile of the film. 

2.3.2 Stokes–Reynolds–Young–Laplace (SRYL) model 

The prototype of this model was developed by Chan et al.43 and Bhatt et al.44 at the same 

time. In this model, the flow in the thin film trapped between the two interfaces is 

considered in the lubrication approximation because the film thickness is small compared 

to the lateral dimension of the film. Thus, dynamic drainage of the liquid film is described 

by Reynolds lubrication theory under Stokes flow, which has been discussed above. Instead 

of assuming uniform film thickness in the film, the deformation of the bubble/droplet is 

described by non-equilibrium Young–Laplace equation. 
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The assumption in this model is that the deformation is determined by the balance between 

the hydrodynamic pressure (𝑝(𝑟, 𝑡)) due to the liquid flow in the film, disjoining pressure 

(𝛱(ℎ) ) attribute to the surface forces that distort the shape of the bubble/droplet and 

capillary forces that tend to minimize the interfacial area. In addition, it is assumed that the 

bubble/droplet can adjust its shape immediately to accommodate changes in hydrodynamic 

and disjoining pressures based on the constant interfacial tension45. 

The equilibrium deformation of a bubble/droplet can be obtained by minimizing the 

Helmholtz surface energy of the system25, 46-47. Therefore, the Young-Laplace equation for 

the equilibrium film shape is given by: 

                                                           𝜎
𝑟

𝜕

𝜕𝑟
(

𝑟ℎ𝑟

(1+ℎ𝑟
2)

1
2

) =
2𝜎

𝑅
− 𝛱(ℎ)                             (2-10) 

where ℎ𝑟 =
𝜕ℎ

𝜕𝑟
 , 𝑅  is the radius of the bubble/droplet. However, to describe dynamic 

deformations for which the energy minimization would not strictly apply, the influence of 

hydrodynamic pressure should be considered. With the above assumption that the response 

time of the bubble/droplet due to capillary action is much faster than characteristic times 

in the variation of the hydrodynamic pressure, the effects of the hydrodynamic pressure 

can be added to the effects of equilibrium disjoining pressure arising from surface forces. 

Thus the Young-Laplace equation for the non-equilibrium film shape can be written as: 

                                                 𝜎
𝑟

𝜕

𝜕𝑟
(

𝑟ℎ𝑟

(1+ℎ𝑟
2)

1
2

) =
2𝜎

𝑅
− 𝛱(ℎ) − 𝑝(𝑟, 𝑡)                        (2-11) 

For deformable surfaces interacting with flat solid surfaces, the bubble/droplet interface is 

relatively flat on the scale of the bubble/droplet size within the interaction zone, which 

results in the approximation that 𝜕ℎ

𝜕𝑟
≪ 1. So eqn (2-11) can be linearized to give the spatial 
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film thickness as: 

                                                  𝜎
𝑟

𝜕

𝜕𝑟
(𝑟

𝜕ℎ

𝜕𝑟
) =

2𝜎

𝑅
− 𝛱(ℎ) − 𝑝(𝑟, 𝑡)                              (2-12) 

If hydrodynamic boundary conditions are specified as 𝑢 = 0 at 𝑧 = 0 and 𝑧 = ℎ, eqns (2-

1) and (2-2) can be solved to describe the film drainage as: 

                                                        𝜕ℎ(𝑟,𝑡)

𝜕𝑡
=

1

12𝜇𝑟

𝜕

𝜕𝑟
(𝑟ℎ3 𝜕𝑝

𝜕𝑟
)                                       (2-13) 

Eqns (2-12) and (2-13) are two governing equations in this model that provide a complete 

description of the spatial and temporal evolution of the film. The numerical solutions of 

the Stokes–Reynolds–Young–Laplace equations with appropriate initial and boundary 

conditions predict all detailed information about the dynamic film drainage involving 

deformable surfaces.  

The initial shape of the bubble/droplet is assumed to be quadratic with the initial film 

thickness of the form: 

                                                                 ℎ(𝑟, 0) = ℎ0 +
𝑟2

2𝑅
                                        (2-14) 

Since we consider axisymmetric system here, the symmetry boundary condition applied at 

𝑟 = 0: 

                                                                    𝜕ℎ

𝜕𝑟
= 0 =

𝜕𝑝

𝜕𝑟
                                               (2-15) 

In order to solve the whole profile of the film, we have to choose a domain size of 𝑟 =

𝑟𝑚𝑎𝑥 that is in the outside interaction zone. As 𝑟 approaches to 𝑟𝑚𝑎𝑥, the film thickness 

increases with a quadratic dependence in 𝑟 which leads to a pressure that decays like 𝑟−4. 

This asymptotic pressure behavior can be implemented as the boundary condition at 𝑟 =

𝑟𝑚𝑎𝑥: 

                                                               𝑟 (
𝜕𝑝

𝜕𝑟
) + 4𝑝 = 0                                             (2-16) 
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To model the dynamic drainage process, we need one more boundary condition that 

specifies how the bubble/droplet is moved. Considering the velocity of the bubble/droplet 

𝑑𝑋(𝑡)

𝑑𝑡
, the deflection of the cantilever and the deformation of the bubble/droplet, the final 

boundary condition at 𝑟 = 𝑟𝑚𝑎𝑥 is given by: 

                                           𝜕ℎ(𝑟𝑚𝑎𝑥,𝑡)

𝜕𝑡
=

𝑑𝑋(𝑡)

𝑑𝑡
+

1

𝐾

𝑑𝐹(𝑡)

𝑑𝑡
−

1

2𝜋𝜎

𝑑𝐹(𝑡)

𝑑𝑡
{log (

𝑟𝑚𝑎𝑥

2𝑅
) + 𝐵(𝜃)}           (2-17) 

where 𝐾 is the spring constant of the cantilever. With pinned three phase contact line: 

                                                                    𝐵(𝜃) = 1 +
1

2
log (

1+𝑐𝑜𝑠𝜃

1−𝑐𝑜𝑠𝜃
)                                     (2-18) 

With constant contact angle 𝜃: 

                                                             𝐵(𝜃) = 1 +
1

2
log (

1+𝑐𝑜𝑠𝜃

1−𝑐𝑜𝑠𝜃
) − (

1

2+𝑐𝑜𝑠𝜃
)                           (2-19) 

The Stokes–Reynolds equation mentioned above is based on tangentially immobile 

boundaries at the interface. For completeness, if the interfaces obey Navier slip boundary 

condition with different slip length 𝑏0  at 𝑧 = 0  and 𝑏ℎ  at 𝑧 = ℎ , the Stokes–Reynolds 

equation will change to the following form: 

                                𝜕ℎ(𝑟,𝑡)

𝜕𝑡
=

1

12𝜇𝑟

𝜕
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1
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𝜕𝑝

𝜕𝑟
)              (2-20) 

The SRYL model has been widely applied to understand the dynamic behavior in different 

types of non-equilibrium experiments. The non-equilibrium force involving deformable 

surfaces has been measured by AFM and modelled by SRYL model. Once the SRYL model 

is shown to be able to accurately predict the time variations of the non-equilibrium forces, 

the model can be confidently used to infer the spatial and temporal evolutions of the shape 

of the film between interacting drops, bubbles and solids, which overcomes one of the 

limitations of AFM that the film profile cannot be observed directly. It has been proved that 

the SRYL model is capable of providing accurate quantitative prediction of non-
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equilibrium forces measured by AFM between drops in different background solution25, 28, 

bubbles/droplets and solids with different hydrodynamic conditions22, 48, and bubbles with 

different collision modes49. It can also correctly predict the coalescence time between 

bubbles. 

In addition, the experiments that measure the non-equilibrium shapes of drops and bubbles 

during drop–drop, bubble–solid and drop–solid interactions are studied by SRYL model as 

well. The predicted film profiles by SRYL model were all shown to be in good quantitative 

agreement with experiments of two glycerol drops in silicone oil50, a bubble against a 

hydrophilic quartz plate in aqueous electrolyte solution51 and a mercury drop against a mica 

plate52. Therefore, the SRYL model gives a consistent account of dynamic interactions 

involving deformable surfaces which includes surface forces, hydrodynamic effects and 

surface deformations in an internally consistent way. 

To compare the SRYL model with the Stefan-Reynolds model, the time variation of the 

ratio of the volume of water in the film in the absence of a disjoining pressure, 𝑉(𝑡, 0), to 

that in the presence of a repulsive disjoining pressure, 𝑉(𝑡, 𝛱) was compared (Figure 2-8). 

The Stefan-Reynolds model assumes that the film is flat and non-deformable and predicts 

that the repulsive disjoining pressure retards the drainage rate. On the other hand, the SRYL 

model predicts that in the presence of a repulsive disjoining pressure, the film will drain 

faster. The reason for this is that the additional repulsion increases the thickness at the 

barrier rim of the film and facilitates the faster film drainage through this bottleneck. The 

observed trend of bubble-solid experiments is in agreement with SRYL model and opposite 

to that predicted by Stefan-Reynolds model, which verifies the status of SRYL model as a 

viable quantitative and predictive theory for the future. 
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Figure 2-8. Comparison of relative changes in film volume with drainage time in the 

absence and presence of a repulsive disjoining pressure according to the SRYL model and 

the Stefan-Reynolds model45. 

2.4 Controversies 

Although the dynamic drainage process of liquid films involving deformable surfaces has 

been studied for decades, some related questions are still under debate. In this section, two 

main controversial problems will be reviewed: the hydrodynamic boundary condition of 

liquid-solid interface and the origin of hydrophobic interaction. 

2.4.1 Hydrodynamic boundary condition 

When describing the film thinning process, the hydrodynamic boundary condition of the 

interface needs to be determined to choose the correct Stokes–Reynolds equation, from 

which the complete information of film drainage can be obtained. However, the 

hydrodynamic boundary condition of liquid-solid interface has been continuously studied 

since the beginning of the nineteenth century and remains elusive. 

The main debate focuses on the no-slip and Navier slip boundary conditions. In the no-slip 
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boundary condition model, it assumes that the layer of liquid next to a solid surface moves 

with the same velocity as the surface and the velocity gradually varies when moving away 

from the surface into the fluid (Figure 2-9a). The physical origins of this boundary 

condition are believed to be the trapping of liquid in pockets on the solid surface and the 

attractive forces between the solid and liquid molecules. After investigation for almost two 

centuries, the no-slip boundary condition has been demonstrated by numerous macroscopic 

experiments and generally accepted for most continuum-based calculations53. Nevertheless, 

towards the end of last century, researchers began to cast doubt on the universality of the 

no-slip boundary condition and show that a liquid may slip on a solid surface under certain 

circumstances. Thus, the Navier slip model applied. In this model, the slip length, 𝑏, which 

is the distance beyond the liquid/solid interface at which the liquid velocity extrapolates to 

zero, is used to quantify the slip of a liquid at a solid interface (Figure 2-9b). 

 

Figure 2-9. Schematic representation of (a) no-slip boundary condition and (b) slip 

boundary condition. 

It is widely accepted that the no-slip boundary condition applied on hydrophilic surfaces 

so that the debate of slip boundary condition focuses on the hydrophobic surfaces. A high 
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contact angle is believed to be an indication of a weak interaction between liquid and solid 

that can be more easily overcome, causing the fluid molecules to slide across the solid 

surface. Thus, the surface wettability has a strong effect on the slip behavior. Many 

theoretical studies have confirmed the apparent slippage of liquid on poorly wetted 

surface54-55. For smooth surface, the slip length of more than 30 molecular diameters has 

been obtained by extensive molecular dynamics simulations56. However, this value is much 

smaller than those measured by physical experiments. The first direct experimental 

evidence of noticeable slip on the solid surface was conducted using total internal reflection 

– fluorescence recovery after photobleaching (TIR-FRAP). Slip length of the order of 400 

nm were obtained for hexadecane on smooth lyophobic surfaces57-58. By using SFA, the 

slip length of glycerol on thiol surface was determined to be about 65 times the glycerol 

molecular size59. The slip length of water flow on hydrophobic surface has been mostly 

reported to be below 100 nm. Cottin-Bizonne et al.60 has investigated the hydrodynamic 

boundary condition of water on smooth silanized glass surface using a dynamic surface 

force apparatus equipped with two independent sub-nanometer resolution sensor. The slip 

length was observed to be 20 nm by measuring the oscillating forces between two surfaces. 

AFM was also adapted to study the hydrodynamic boundary condition between two smooth 

hydrophobic surfaces by measuring the hydrodynamic forces. It was revealed that the 

partially boundary slip occurred on smooth hydrophobic surface and the slip length was 

found to be less than 20 nm61. Using particle image velocimetry combined with a 

nanopositioning system, the velocity profiles of water flow on smooth slianized glass 

surface were measured and the slip length was determined to be less than 100 nm62. 

Applying similar method, Lasne et al. reported a slip length of 45 nm on smooth 
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hydrophobic surface63. Nevertheless, Tretheway et al.64 observed an apparent slip length as 

large as 1 µm for water flowing through a microchannel coated with a 2.3 nm thick 

monolayer of hydrophobic octadecyltrichlorosilane (OTS), which might arise from a 

depleted water region or vapor layer near a hydrophobic surface suggested by following 

work65.  

Since few surfaces are smooth on a molecular level, knowledge of the relationship between 

surface roughness and the degree of boundary slip is significant. The first experiment on 

how surface roughness influences the boundary slip was done by Zhu and Granick66. The 

surface roughness was varied systematically at nanometer level by collapsed polymers. 

They demonstrated that the degree of the boundary slip decreased as the surface roughness 

increased in the presence of polymer film. Bonaccurso et al. 67showed completely different 

results when studying the influence of surface roughness on boundary slip using chemically 

etched silica surfaces that were completely water wettable. They found the boundary slip 

increased with increased surface roughness. These two studies were both focus on the 

surfaces with nano scale roughness. However, it is more complex and interesting to explore 

the hydrodynamic boundary condition on surfaces with micro scale roughness, especially 

patterned superhydrophobic surfaces. It is widely accepted that the structure of the 

superhydrophobic surface minimizes the liquid-solid contact area so that the liquid flows 

mainly over a layer of air. Thus, the enhanced liquid slippage on these kind of surfaces has 

been reported both experimentally68-69 and theoretically70-71 in recent years. The measured 

effective slip length varies in a wide range from a few microns72 to tens and hundred 

microns73-75 and was found to closely depend on the geometrical characteristics of the 

engineered superhydrophobic surfaces. The effective slip length usually has a linear 
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relationship with lateral roughness scale and disappears when the surface turns to Wenzel 

state. In general, the current experimental and theoretical studies use an isotropic slip length 

that is called effective slip length to represent the global slippage of superhydrophobic 

surface, which ignores the complicated nature of the surface. Recently, Schäffel et al.76 

performed a detailed measurement of local slip length for water on a microstructured 

superhydrophobic surface using fluorescence correlation spectroscopy. They showed that 

the local slip length has a finite, position-dependent, and anisotropic distribution. Therefore, 

the study of boundary slip at superhydrophobic surface needs to be more careful and 

systematical. 

Besides the surface wettability and roughness, shear rate is another parameter that could 

has effect on liquid slippage. Its influence is still a controversial element under debate. The 

molecular dynamics simulations have seen a general nonlinear relationship between the 

amount of slip and the local shear rate at a solid surface77. The critical shear rate at which 

the slip length began to change was quite high that was hard to be achieved in a laboratory. 

However, the shear-dependent boundary slip has been observed in relatively low shear rate 

range in AFM experiments61, 78. The slip length of up to 20 nm was found to increase with 

increasing shear rate. Unlike previous results, Zhu et al.79 presented an opposite shear-

dependent slip that the slip length decreased with increasing shear rate. They attributed the 

previous findings of increasing slip with increased shear rate to an imprecise prediction of 

the variable drag force on the AFM cantilever. A large shear-dependent slip with a few 

microns was also measured by AFM80. A model motivated by the observation of 

nanobubbles on hydrophobic surface demonstrated that the air layer on the surface created 

the large shear-dependent slip by “leaking mattress” effect, where surface bubbles grow in 
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response to an oscillatory interaction by rectified diffusion81. 

2.4.2 Hydrophobic interaction 

The hydrophobic interaction is a significant participant in many biological and colloidal 

systems. Although there is a great deal of study over past thirty years since the first direct 

measurement of the attraction between two nominally hydrophobic surfaces82, no single 

theory can be used to account for all observed experimental behaviors. 

The “intrinsic” hydrophobic interaction is believed to be due to the orientation of water 

molecules at hydrophobic surface. In order to minimize the contact area between water 

molecules and non-polar surfaces, water will specifically orient near the surface so that 

water configurational entropy increases83, which leads to an attractive force between two 

approaching hydrophobic surfaces. This kind of hydrophobic interaction is commonly 

accepted as a very short range force with a decay length in the range of 0.3-1 nm that has 

been strongly verified84-87. The change of structure and viscosity of water confined in 

extended nanospace should also be considered when the studied system falls into 

nanoscale88-89. 

The hottest debate focuses on the existence and origin of “long-range” hydrophobic 

interaction. There are just few researchers who believe the existence of true “long-range” 

hydrophobic interaction. The Yoon group has published several works illustrating the 

presence of monotonic attractive forces between hydrophobic surfaces in pure water90-92. 

They reported strong and long-ranged hydrophobic interaction with a decay length up to 

50 nm on thiolated gold and OTS coated silica surfaces. They demonstrated that the 

measured forces were functions of temperature and claimed that the long-ranged attractive 

forces resulted from structural changes of water molecules. They added the hydrophobic 
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interaction as an extra term to DLVO theory and combined hydrophobic interaction 

constants in the same manner as Hamaker constant. 

On the other side, the “long-range” hydrophobic interaction was believed to be other 

existent forces that are mistaken for a hydrophobic force. One possible mechanism of the 

long range attraction is electrostatic charge or correlated dipole–dipole interactions. Tsao 

et al.93 first measured the strong temperature-dependent long range hydrophobic interaction 

between hydrophobized mica surfaces absorbed by monolayer surfactants. They stated in 

a subsequent work that the long range attraction was due to the in-plane polarized domain 

of the monolayers94. Following their work, numerous experiments have been conducted to 

confirm this mechanism of long-range hydrophobic interaction95-96. Meyer et al.97 

investigated the interaction between a hydrophobized surface with double-chained 

surfactant absorption and a hydrophilic surface. The stronger and longer range hydrophobic 

interaction was measured than that of two hydrophobic surfaces. They claimed that the 

surface contain large micrometer-sized regions of positive charges and negative charges 

while remaining overall neutral, which resulted in electrostatic attraction when the two 

surfaces approach to each other. Another explanation of the long-range hydrophobic 

interaction is the separation induced cavitation. Christension et al.98-99 measured the very 

long-range hydrophobic interaction with a decay length of 13-16 nm between uncharged 

hydrophobic surfaces. They speculated that the attractive interaction was caused by the 

vapor cavities on the surface. It has been witnessed recently in many literatures of forces 

measured between hydrophobic surfaces that nanobubbles play a central role in the 

observed forces, causing capillary type bringing between hydrophobized solid surfaces out 

to hundreds of nanometers100-103. Although the existence of nanobubbles on hydrophobic 



33 
 

surfaces has been visualized and probed by AFM imaging104, Small-Angle X-ray Scattering 

(SAXS)102, and Total Internal Reflection Fluorescence microscopy (TIRF)105, the 

mechanism of the remarkable stability of such nanobubbles is still elusive. Several studies 

have purposefully generated nanobubbles on hydrophobic surfaces by solvent-exchange 

method to investigate the effect of nanobubbles on hydrophobic interaction. The increased 

amount of gas present on the surface has been found to increase the long-range attraction106-

107. The degassing experiments confirmed and emphasized the role of nanobubbles and 

dissolved gas on long-range hydrophobic interactions108-109. 

In summary, the two controversies discussed above are the bone of contention for the past 

several decades and will be continuously debated in the future. More precise techniques 

are required to further refine our understanding of these vital and physical problems.  
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3.1 Introduction 

Interactions between deformable droplets or bubbles and rigid solid surfaces in an aqueous 

medium are of paramount importance as they are essential elements in the life sciences as 

well as diverse technologies such as mineral flotation1-2, wastewater treatment3, 

bioprocessing4 and drug delivery5. An excellent control of interactions in these systems 

requires us to have a complete and deep understanding of the drainage dynamic and 

stability of thin liquid films through which two dispersed phases (bubbles/droplets and 

solids) interact with each other. Although the dynamic drainage process of liquid films has 

attracted a great deal of scientific interest since the first qualitative experimental 

investigation between an air bubble and a flat glass plate by Derjaguin and Kussakov6, 

some related questions remain unexplained even after decades of systematic research.  

Due to the intrinsic hydrophobic property of bubbles or oil droplets, interactions involving 

deformable surfaces are regarded as appropriate systems for studying hydrophobic 

interaction that affects the thermodynamic properties of common processes such as protein 

folding and the formation of micelles and cellular membranes7. Although quantitative force 

measurements of hydrophobic interactions have been conducted by atomic force 

microscope (AFM) and surface force apparatus (SFA)8-10 for decades, the physical origin 

and nature of the hydrophobic interaction remain elusive. Moreover, interactions involving 

deformable surfaces further complicate the study of hydrophobic interaction because of the 

complex coupling of interaction forces and surface deformation. The hydrodynamic 

boundary condition of a liquid-solid interface is another unsolved critical fundamental 

question that has significant implications for controversial hydrophobic interaction. The 

slip boundary condition at the liquid-solid interface enables drag reduction of fluid flow on 
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solid surfaces, which may reduce fuel consumption for marine vessels and improve the 

efficiencies of diagnostic microchips, and membrane separation for water purification or 

desalination11. To date, however, the existence and degree of slip of liquid on solid surfaces 

remains a subject of controversy12-13, especially for the hydrophobic surface14-15. When 

considering the interactions between deformable and solid surfaces, the hydrodynamic 

boundary condition of the liquid-solid interface is also revealed by the combination of 

forces and surface deformation. Therefore, to achieve deep understanding of the two 

fundamental questions concerning the nature of hydrophobic interaction and the 

hydrodynamic boundary condition of a liquid-solid interface, it is vital to realize 

simultaneous measurement of interaction forces and spatiotemporal film thickness during 

the dynamic drainage process. Currently, the AFM focuses mainly on direct force 

measurement between deformable and solid surfaces16-17, while Scheludko cell18-21, bubble 

expansion method22-23, surface force apparatus (SFA)24-25 and free rising bubble method26-

29 only quantify the film thickness of the confined liquid film. We note that AFM has been 

recently modified to perform the simultaneous measurement mentioned above30, yet it has 

limitation on the investigation of hydrodynamic conditions. As the two interacting surfaces 

are in relative motion, hydrodynamic condition (e.g. the speed and trajectory of moving 

one of the surfaces) is one of the most important parameters affecting the dynamic drainage 

process between deformable and solid surfaces. Studying such interactions over a wide 

range of hydrodynamic conditions is highly preferred since it covers many practical 

problems in industrial processes and life sciences. In AFM, due to the narrow range of 

approach speed of the probe (up to about 100 μm/s of micron size probes)31-33, the 

hydrodynamic condition is confined to relatively low Reynolds number regime that 
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characterizes the motion of the deformable surface (<10-2). Similarly, hydrodynamic 

conditions covered by the experiments using the Scheludko cell, bubble expansion method 

and SFA are also within a low Reynolds number regime. At the other extreme, varying the 

size and hence the terminal velocity of the bubble in the order of cm/s in free rising bubble 

method leads to drainage dynamics of the thin aqueous film trapped in Reynolds number 

higher than 50. To the best of our knowledge, there remains a gap in studying thin liquid 

film drainage dynamics in systems of small to intermediate Reynolds number (10-2-50) due 

to the inherent limitations of current techniques. This experimental gap has been partially 

filled by the integrated thin film drainage apparatus (ITFDA)34 developed recently by our 

group. The ITFDA allows direct measurement of interaction forces under a wide range of 

bubble approach velocities while the advancing and receding contact angle is obtained 

simultaneously in a single experiment to link the measured force profiles to the wettability 

of solids. However, the fundamental coupling between interaction forces and 

spatiotemporal film thickness cannot be resolved by ITFDA35. 

Here we report a new instrument called integrated thin liquid film force apparatus 

(ITLFFA). Using a millimeter-size air bubble as a representative deformable surface, we 

demonstrate its capability of simultaneously: i) measure the time-dependent interaction 

forces; ii) determine the spatiotemporal film thickness (i.e. temporal bubble/droplet 

profiles); and iii) control the precise displacement of bubble/droplet over a wide range of 

velocities. For systems where adhesion occurs, the corresponding advancing and receding 

contact angles as well as the speed of contact line spreading can be measured to 

characterize the solid surfaces. This instrument could measure a few key physical 

parameters that link the measured results in a single experiment to provide scientific 
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insights/mechanisms without reconciling experimental results obtained using different 

instruments and/or from different laboratories, which is often extremely challenging by 

using current techniques. 

 

3.2 Instrumentation 

3.2.1 Instrument design 

As illustrated in Figure 3-1, the ITLFFA consists of a stainless steel chamber placed on the 

stage of an inverted Axiovert 100 Carl Zeiss microscope. The chamber has two glass 

windows: one on the side for observation of size, motion and deformation of the bubble, 

and the other at the bottom allowing the simultaneous observation of interference fringes 

that is used for film thickness calculation. The interference fringes are recorded by a 

charge-coupled device (CCD) camera (20 fps) or high speed camera (Photron SA4, 60 

fps～500000 fps) attached to the inverted microscope. For accurate control of the size and 

initial position of the bubble, a CCD camera (15 fps) mounted on the side records the 

approach and retract process of the bubble from which dynamic advancing and receding 

contact angles are determined. Inside the chamber, a transparent solid disc is attached at 

the free end of the bimorph enclosed by a fluorinated ethylene propylene (FEP) sheath. The 

bimorph is used to directly measure interaction forces between the bubble and the solid 

plate in a liquid medium of interest.  
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Figure 3-1. (a) Schematic illustration of the ITLFFA and (b) Enlarged image of stainless 

steel chamber filled with liquid. 

Above the chamber is a driving system consisting of a speaker diaphragm, motorized 

actuator (THORLABS, Z825B), two displacement sensors, and a glass capillary with a 

micro-syringe for generation of a single bubble at the capillary orifice. The radius of the 

bubble was controlled by the gas-tight micro-syringe during the experiments, which can be 

observed by the camera on the side. The advantage of using the speaker diaphragm as one 

of driving mechanisms has been described in detail elsewhere34. The addition of a 

motorized actuator provides a more precise and slower displacement while allowing the 

bubble to be held stable at a desired position for a longer period of time without any drift. 

The speaker diaphragm and motorized actuator can be used independently to control the 

approach and retract velocity of the bubble, the range of the bubble displacement, and the 

duration of contact between the bubble and solid surface. Hence, various modes of motion 

can be achieved according to the experimental design. In addition, the displacement of the 

bubble can be independently tracked by the two displacement sensors with a sensitivity of 

5 μm. This signal is highly valuable to obtain the real-time velocity of the bubble that is 

essential in the theoretical model, particularly when modeling the dynamic drainage 
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process under a relatively high bubble approach velocity. The combination of speaker 

diaphragm and motorized actuator covers a wide range of bubble displacement velocities 

from 2 μm/s to 50 mm/s. This is especially valuable for systematic study over a wide range 

of hydrodynamic conditions, which is not possible with any other current techniques. 

3.2.2 Force measurement 

The mechanism of measuring the force using the bimorph is the same as that in the ITFDA, 

which was explained previously34. The dimension of the bimorph is 20 mm × 3 mm × 0.3 

mm (Fuji Ceramics Corp.) with a capacitance of 20 nF. The bimorph used here is a 

piezoelectric device which exhibits a reversible piezoelectric effect: the generation of 

electric charge in response to applied mechanical stress or vice visa. When a force (𝐹) is 

applied on the free end of the bimorph, a deformation along the central axis at the end of 

bimorph (Figure 3-2), 𝑦 is produced, which results in the generation of accumulated charge 

(𝑄) at the bimorph surface. The charge can be calculated by:  

                                                                           𝑄 =
3

2
𝐹

𝐿2

𝑡2 𝑑13                                            (3-1) 

where 𝑑13 is the piezo material charge constant. The bimorph is considered as a cantilever 

beam. Therefore the applied force at the free end of the bimorph can be written as: 

                                                                        𝐹 =
3𝐸𝐼

𝐿3 𝑦                                                (3-2) 

where 𝐸 and 𝐼 are Young’s Modulus and moment of inertia of the bimorph, respectively. 

According to eqn (3-2), the deformation of the bimorph is proportional to the applied force, 

leading to a linear relationship between the generated charge and the applied force. Hence, 

the applied force can be obtained by measuring the accumulated charge on the bimorph 

surface. The change of accumulated charge on the bimorph can be recorded by a high input 

impedance charge amplifier with different proportional gains. Several small pieces of 
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platinum wires with various weights were placed at the end of bimorph to calibrate the 

bimorph after each experiment. Figure 3-3a shows one example of the calibration results 

at the proportional gain of 125. The excellent linear relationship between the charge and 

the applied force verifies the mechanism of force measurement. The obtained slope that is 

referred as bimorph constant in Figure 3-3a can be used to convert the bimorph signal into 

interaction force. Since this constant is related to the clamp position, the calibration needs 

to be repeated once the bimorph is disassembled from the chamber. 

 

Figure 3-2. Schematic view of the bimorph and a high input impedance charge amplifier. 

The spring constant of the bimorph was determined by applying known displacement on 

the free end of the bimorph. The relationship between the bimorph signal and displacement 

is shown in Figure 3-3b. The spring constant was 105 N/m at a proportional gain of 125 by 

using the obtained slope combined with the bimorph constant mentioned above. 

The sensitivity of the bimorph depends on the used proportional gain. The charge range 

that the bimorph is able to measure is -8 to 8 V. Thus, the maximum force that the bimorph 

can measure varies with different proportional gains. For proportional gain of 125, the 

maximum measured force is about 465 µN. The appropriate proportional gain should be 

chosen for specific experiments. 
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Figure 3-3. (a) Calibration of bimorph with proportional gain of 125. (b) Bimorph signal 

as a function of displacement. 

3.2.3 Film thickness measurement 

To acquire the film thickness and profile, videos of spatial and temporal interference fringes 

obtained by the high speed camera attached to the inverted microscope are analyzed frame 

by frame using a custom-written Matlab code. The time-dependent film thickness h(r,t) is 

calculated via the method adopted by Scheludko and Platikanov36.  

Figure 3-4 shows an example of how to convert the image of interference rings from the 

camera attached to the microscope to the film profile. For each experiment, two types of 

videos of interference rings were recorded separately with monochromatic interference 

band-pass filters (IF) with peak intensity at two wavelengths: λ=436 nm and 546 nm. From 

these two types of videos, the interference order of the equilibrium film was determined so 

that the absolute film thickness of the equilibrium film was known using the Dual-

Wavelength technique37. Then we counted back to obtain the interference order at the rim 

of the film for the preceding images attained with monochromatic IF with peak intensity at 

546 nm. With this method, the interference order of the ring at the barrier of the film in 
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Figure 3-4a is identified and the interference orders of other rings in the film are confirmed 

accordingly. The images were converted to grayscale intensity images and the intensity of 

film across one diameter (horizontal line in Figure 3-4a) was extracted through the Matlab 

code as shown in Figure 3-4b. With the interference order and intensity, the film thickness 

of each point across the horizontal line in Figure 3-4a could be calculated by the following 

equations: 

                               ℎ(𝑟, 𝑡) =
𝜆

2𝜋𝑛2
(

2𝑚+1

2
𝜋 ± 𝑎𝑟𝑐𝑠𝑖𝑛

√
∆

1+4(1−∆)
√𝑅12𝑅23

(1−√𝑅12𝑅23)
2

)                          (3-3) 

                                                               ∆=
𝐼(𝑟,𝑡)−𝐼𝑚𝑖𝑛

𝐼𝑚𝑎𝑥−𝐼𝑚𝑖𝑛
                                                               (3-4) 

                                            𝑅12 =
(𝑛1−𝑛2)2

(𝑛1+𝑛2)2 and 𝑅23 =
(𝑛2−𝑛3)2

(𝑛2+𝑛3)2                                                (3-5) 

where I(r,t) is the instantaneous light intensity, Imax and Imin are the maximum and minimum 

light intensity, respectively, λ is the wavelength of monochromatic light, m is the order of 

interference (m=0,1,2,…), n1, n2 and n3 is the refractive index of the bubble, liquid and 

solid, respectively. The film profile was obtained as shown in Figure 3-4c. 

By analyzing the image of other experimental times using the same procedure described 

above, the spatiotemporal evolution of the film profile during the whole drainage process 

can be attained. The interference rings were circular for the entire process indicating 

axisymmetric drainage of the thin liquid film. 
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Figure 3-4. (a) An image of interference rings with IF that has a peak wavelength of 546 

nm when a bubble interacts with a silica surface (contact angle~0o) in Milli-Q water. (b) 

Instantaneous light intensity of the horizontal line in (a) as a function of film radius. (c) 

Corresponding film profile of (a). 

3.2.4 Driving system 

As mentioned above, the motorized actuator and the speaker diaphragm were used 

separately to drive the bubble approaching the solid surface. The maximum and minimum 

velocity of the motorized actuator is 2.3 mm/s and 2 µm/s, respectively. The maximum 

displacement of the motorized actuator is 25 mm. The setting parameters of the motorized 

actuator are displacement, acceleration and velocity. Since the motorized actuator needs 

some displacement to travel for acceleration and deceleration, one should make sure that 

the setting displacement is enough to reach the setting velocity. The minimum 

displacements for the motorized actuator to travel to reach the desired velocities are listed 
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in Table 3-1. 

Table 3-1. Minimum displacements with corresponding velocity for motorized actuator.  

Minimum displacement (mm) Max velocity (mm/s) 

0.1 0.62 

0.2 0.90 

0.3 1.13 

0.4 1.30 

0.5 1.48 

0.6 1.62 

0.7 1.72 

0.8 1.81 

0.9 1.94 

1 2.08 

1.1 2.22 

1.2 2.29 

 

For the speaker, the voltage is applied to drive the capillary to move. The applied voltages 

for the corresponding displacements are illustrated in Figure 3-5. The motion of the speaker 

can be regarded as uniform movement as the speaker needs little time to accelerate and 
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decelerate. The velocity of the speaker can go as high as 50 mm/s, which is faster than that 

of the motorized actuator. 

 

Figure 3-5. Applied voltage on the speaker with corresponding displacement. 

The two displacement sensors in the driving system are used to track the real-time motion 

of the capillary. The signal of these displacement sensors are also voltage that needs to be 

converted to displacement. The calibration of the displacement sensor was conducted by 

moving motorized actuator with some displacement and recording the signal from the 

displacement sensor. As shown in Figure 3-6, the displacement sensor has the limitation 

for tracking the movement of the motorized actuator or speaker. It will exceed the 

measurement range of the displacement sensor if the total displacement is larger than 1.6 

mm. The obtained slope is used to convert the signal into displacement. 
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Figure 3-6. Calibration results of displacement sensor. The points are experimental data 

and the line is only for guiding the eye. 

3.3 Operation and results 

In a single cycle of measurement using the ITLFFA, the signals from the bimorph and 

displacement sensor are recorded as a function of time, while the entire moving process of 

the bubble and change of the interference fringes are recorded in real time by the two 

cameras described above. All signals and videos are synchronized through a user-

developed program interfaced with LabVIEW 8.0. Processing the recorded data allows 

accurate determination of the force and spatiotemporal film thickness during the dynamic 

drainage process of the liquid film between the bubble and the solid surface. 

3.3.1 Materials and method 

The water used in the experiments was Milli-Q purified water with a resistivity of 18.2 MΩ 

cm at 25 oC. Dimethyldichlorosilane (DMDCS, 99+%) was purchased from Acros 
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Organics. Heptane (HPLC grade) and sulfuric acid (ACS Plus) were supplied by Fisher 

Scientific. Hydrogen peroxide aqueous solution (30% w/w, ACS grade) was obtained from 

the Ricca Chemical Company. Anhydrous ethyl alcohol was acquired from Commercial 

Alcohols. All the chemicals mentioned above were used as received. The studied solid 

surfaces were 1 wave fused silica windows purchased from Edmund Optics. The diameter 

of the surfaces was 10 mm and the thickness was 1 mm. The capillary was obtained from 

Fisher Scientific with an inner diameter of 1.10±0.05 mm. One end of the capillary was 

smoothed by sand paper first and then heated with a butane flame to facilitate reproducible 

generation of bubbles. The capillary was cleaned with freshly prepared piranha solution 

(H2SO4 : H2O2= 3:1 by volume) for one hour and rinsed with Milli-Q water before using. 

For preparing the hydrophilic surface, the received glass surface was soaked in freshly 

prepared piranha solution (H2SO4 : H2O2= 3:1 by volume) for one hour and rinsed with a 

large amount of Milli-Q water to eliminate any contamination. Consequently, the treated 

surface is completely water-wettable (contact angle ~0o). 

To hydrophobize the glass surface by silanation reaction, 0.824 mmol/L DMDCS in 

heptane solutions were prepared. The cleaned surfaces were immersed into 0.824 mmol/L 

DMDCS solution and then rinsed with heptane, anhydrous ethyl alcohol and water in 

sequence to remove the residual DMDCS. The smooth surface with designed 

hydrophobicity was successfully prepared after drying with nitrogen flow. 

3.3.2 Hydrophilic surface  

Examples of experimental data obtained when an air bubble with 1.2 mm radius approaches 

a hydrophilic fused silica surface at different velocities in Milli-Q water are shown in 

Figures 3-7 and 3-8. The initial separation between the bubble and solid surface was fixed 
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to 300 μm and the total displacement of the bubble was 400 μm. Thus, the film radius was 

controlled to be around 200 μm at the end of bubble displacement. Since ITLFFA provides 

a wide range of approach velocities, the results of two approach velocities with two orders 

of magnitude difference are compared here as an example. To better interpret the temporal 

film profiles of these two cases, the corresponding displacement signals of the capillary 

tube are plotted as a function of measurement time in Figures. 3-7B and 3-8B. By taking 

the derivative of these displacement signals with respect to the measurement time, bubble 

approach velocity profiles for the entire process are obtained as shown in Figures. 3-7C 

and 3-8C. The corresponding forces measured from the bimorph response are shown as 

black solid curves in Figures. 3-7D and 3-8D for these two drastically different approach 

velocities, respectively. The movement of the bubble includes the approaching and holding 

phases.  

When the approach velocity was set to 1 mm/s (the corresponding Reynolds number is 2.7), 

the motion of the bubble and the dynamic drainage of the thin aqueous film in Figure. 3-7 

can be described as follows:  

(1) From 0 s to 0.330 s, the bubble began to move down towards the solid surface and 

reached the displacement of 300 μm set as the initial gap between the bubble and surface. 

During this period, the bubble went through an acceleration motion from 0 to 1 mm/s 

(Figure. 3-7B). In this region, the distance between the bubble and surface was so large 

that no interference fringes could be observed. Therefore, there is no information on the 

film profile in Figure. 3-7A during this period. Correspondingly, there is no measurable net 

interaction force acting upon the two surfaces, shown as a flat baseline with noise in Figure. 

3-7D.  
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(2) The bubble started to deform at 0.330 s and reached the set displacement of 400 μm at 

0.540 s. The velocity of the bubble decelerated from 1 mm/s to zero over this period. The 

evolution of the film profile is shown from curve a to curve e in Figure. 3-7A. At the 

beginning of this period, the bubble became slightly flattened. After profile a, a dimple 

appeared and became increasingly more pronounced as the bubble further approached the 

solid surface, accompanied by a gradual increase in film radius. Once the dimple formed, 

the film thickness at the barrier rim decreased continuously while the film thickness at the 

center increased slightly. This phenomenon was caused by the rapid movement of the 

bubble in such a way that the drainage of the liquid in the center of the film could not catch 

up with the rapid movement of the bubble. As a result, the film thickness at the center 

increased from 1900 nm to 2100 nm as the barrier rim became thinner towards the solid 

surface. This “central bounce” was also observed by Connor and Horn25 when they studied 

the interactions between a mercury droplet and a mica surface in aqueous electrolyte 

solutions. At the same time, a repulsive force was detected at profile a, represented by the 

positive bimorph response in Figure. 3-7D. The repulsive force continued to increase until 

profile e, which was caused by increasing film radius during the movement of the bubble.  

(3) The bubble stopped moving at 0.540 s and was held at this position. Although the 

movement of the bubble ended at the beginning of this period, the liquid film continued to 

drain as shown from profiles e-i in Figure. 3-7A. As seen in profile e, the thickness in the 

center of the film kept increasing to 2200 nm when the bubble stopped moving. After 

profile e, the film thickness decreased monotonically at both the center and barrier rim. 

Eventually at 97.67 s (profile i), the liquid film at the center and barrier rim met together 

to produce a flat equilibrium film with the thickness of 115±2 nm, which matches the value 
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calculated by DLVO theory (see Appendix A). Although the film profile kept changing 

during this period, the net interaction force remained constant around 15 μN, shown as a 

horizontal line with noise in Figure. 3-7D. During the holding period, thermal fluctuation 

resulted in a slight change in the film radius.  

For the bubble approach velocity set at 0.01 mm/s (the corresponding Reynolds number is 

0.027), the evolution of the liquid film profile (Figure. 3-8A) was significantly different 

from that shown in Figure. 3-7A corresponding to the bubble approach velocity set at 1 

mm/s. The bubble became flattened with a very small dimple after 33.883 s (profile j in 

Figure. 3-8A), when the bubble was still moving with a constant velocity of 0.01 mm/s. In 

this case, the difference in the film thickness between the center and the barrier rim was 

only 10 nm. As the bubble continued moving towards the solid surface, the film radius 

increased continuously, accompanied by a continuous decrease in the film thickness across 

the entire film. After the bubble stopped moving at 46.150 s (profile o), the entire flat 

(parallel) liquid film continued to drain to a stable equilibrium film thickness of 112±2 nm 

at 61.150 s (profile p). Considering the experimental error, this equilibrium film thickness 

can be regarded the same as that in the case of 1 mm/s approach velocity, indicating that 

the equilibrium film thickness is independent of approach velocity. A gradual increment of 

repulsive force was also detected during the movement of the bubble. When the bubble 

stopped moving, the repulsive force reached a maximum of about 15 μN and remained 

almost constant for the holding period.  

The effect of bubble approach velocity on the film drainage process shown in Figures 3-7 

and 3-8 can be summarized as follows: (1) Film thickness at the first occurrence of dimple 

formation is highly dependent on bubble approach velocity. The dimple formation 
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happened at the film thickness around 2000 nm when the bubble approach velocity was set 

to 1 mm/s, while it appeared at about 200 nm when the approach velocity decreased to 0.01 

mm/s. (2) The film profile exhibited more pronounced dimple that the difference of film 

thickness between the center and barrier rim could be as great as 1500 nm when the 

approach velocity was set at 1 mm/s. The formation of a dimple is due to the hydrodynamic 

pressure that becomes larger than the internal pressure of the bubble that inverts the 

curvature of the bubble surface and makes it locally concave38. The more pronounced 

dimple at high bubble approach velocity indicates a higher hydrodynamic pressure inside 

the film. The theoretical model that could explain how the bubble approach velocity 

influences the drainage of the intervening liquid film between bubbles and solid surfaces 

over a wide range of approach velocities will be discussed in more detail in next chapter.  
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Figure 3-7. Experimentally measured film profiles (A) and corresponding displacement 

signal (B), velocity profile (C) and force profile (solid curve in D) for an air bubble 

interacting with a hydrophilic silica surface in Milli-Q water. The approach velocity was 

set to 1 mm/s. The measurement time of profiles a, b, c, d, e, f, g, h and i was 0.370 s, 0.388 

s, 0.410 s, 0.481 s, 0.620 s, 0.869 s, 1.809 s, 4.567 s and 97.67 s, respectively, 

corresponding to the points in (B) and (C). The points on the force profile (D) were 

calculated forces by integrating the measured film profiles in (A). Images inserted in (D) 

are side views of the bubble at points a and e on the force profile. 
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Figure 3-8. Evolution of film profile (A) between an air bubble and a hydrophilic silica 

surface in Milli-Q water at the bubble approach velocity of 0.01 mm/s. The corresponding 

measurement time of profiles j, k, l, m, n, o and p were 33.883 s, 34.533 s, 36.150 s, 40.150 

s, 43.150 s, 46.150 s and 61.150 s, respectively. The displacement signal (B), velocity 

profile (C) and typical force profile (solid curve in D) as a function of measurement time 

were obtained simultaneously, along with the film profile. The points on the force profile 

were calculated by integrating the film profiles in (A). Still images of the bubble at j and o 

of force profile are from the side view. 
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3.3.3 Hydrophobic surface  

The ITLFFA not only has the ability to measure the drainage process that produces stable 

film with a hydrophilic surface, but, with the help of high speed camera, it is also capable 

of providing dynamic information when a bubble interacts with a partially hydrophobic 

surface. The evolution of the film profile and force curve of a bubble (with 1.2 mm radius) 

approaching a partially hydrophobic surface (water contact angle = 62.5o) in Milli-Q water 

at an approach velocity of 1 mm/s is shown in Figure 3-9. The initial gap and total 

displacement are 300 µm and 400 µm, respectively, which are the same as in the case of 

hydrophilic surface. The movement of the bubble in this experiment had three phases: 

approaching phase, holding phase and retracting phase. During approaching, the bubble 

began to deform at 0.33 s and produced a small flat film at 0.3565 s as shown by profile a 

in Figure 3-9A, resulting in the detection of a repulsive force at point A in Figure 3-9B. A 

dimple appeared at a film thickness around 980 nm (profile b), which was much thinner 

compared to the hydrophilic case (Figure 3-7). The film drained from profiles b to g, 

accompanied by a gradual increase in film radius, which in turn caused a continuous 

increase in the repulsive interaction force. Since the bubble was moving so fast that the 

liquid inside the film did not have sufficient time to drain out, the thickness of the center 

film stayed around 900 nm as the thickness of the barrier rim continued to decrease, 

forming a more pronounced dimple. 

The bubble stopped moving at 0.53 s. After profile h, the thickness of both the center of 

the film and barrier rim started to decrease without a change in film radius, leading to a 

constant repulsive force of 15 μN. Right after 0.6 s (profile i), only 70 ms after the bubble 

stopped moving, the film ruptured at one point of the barrier rim, creating a three phase 
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contact (TPC) line which expanded and displaced the liquid that was in the film resulting 

in an adhesion between the bubble and surface. In this case, the solid surface was pulled 

up to the bubble surface, shown as a large attractive force of 94.9 μN (point C in Figure 3-

9B). The bubble was held from points C to D with constant interaction force.  

As the bubble retracted from the hydrophobic surface at point D, the TPC line pinned on 

the surface initially until it reached the receding contact angle. Then the TPC line began to 

slide on the surface, exhibiting a gradual increase in the attractive force. The attractive 

force reached a maximum of 205.5 μN at point E and decreased as the bubble continued to 

retract. After detachment of the bubble from the solid surface at point F, the bimorph 

response returned to zero, representing no net interaction force as anticipated. Compared 

to the results of hydrophilic surface with the same approach velocity of 1 mm/s (Figure 3-

7), the surface hydrophobicity is clearly playing an essential role in determining the film 

thickness of the first dimple and the shape of the film. The significant impact of surface 

hydrophobicity on the thickness of the dimple formation and the shape of the bubbles at a 

given bubble approach velocity suggests the change in hydrodynamic boundary condition 

of the liquid/solid interface by changing surface wettability, which remains a subject of 

controversy15, 39.  
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Figure 3-9. Evolution of film profile (A) and force curve (B) during interaction between 

an air bubble and a surface with a water contact angle of 62.5o in Milli-Q water. The 

approach velocity was set to 1 mm/s. The experimental time of profiles a, b, c, d, e, f, g, h 

and i were 0.3565 s, 0.365 s, 0.3800 s, 0.3925 s, 0.4150 s, 0.4450 s, 0.4850 s, 0.5350 s and 

0.6000 s, respectively. The inset in (B) is the enlarged force curve between point A and 

point B. The still images at various locations in (B) are obtained from the side camera to 

help interpret the force curve. 

 



70 
 

3.4 Validation of instrument feasibility 

Due to the accurate determination of spatiotemporal film thickness by the ITLFFA, the net 

interaction force could be extracted from the measured film profile. To check the accuracy 

of the synchronous measurement of dynamic forces and spatiotemporal film thickness by 

the ITLFFA, the interaction force was calculated from the spatiotemporal film profiles and 

the results were compared with the forces measured directly by the bimorph. 

Inspired by the pioneering work of Horn et al.38, 40, the interaction force was calculated on 

the basis of the measured film profile using a simple model as follows: The deformation of 

the bubble is well known to be the result of the total film pressure (p) acting on the air-

liquid interface. When an axisymmetric bubble of constant surface tension (), approaches 

a flat solid surface, the augmented Young–Laplace equation can relate the pressure 

difference across the curved air-liquid interface to the interfacial tension and film shape 

by41: 

                                             𝛾
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, h is the time dependent film thickness, r is the film radius, and 𝑅0 is the 

radius of the bubble when it is not distorted by any interaction with other surfaces. Within 

the interaction zone, the bubble shape is relatively flat such that the deformation of bubble 

is small (typically in nanometers) compared to the scale of bubble size (millimeters). As a 

result, the approximation of 𝜕ℎ
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≪ 1 applies and the augmented Young–Laplace equation 

(eqn (3-6)) is linearized as: 
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This expression is used to calculate total pressure in the film 𝑝(𝑟, 𝑡) on the basis of the first 

and second derivatives of measured film profile at each time step. In our experiments, the 

surface tension of the bubble in an aqueous solution was 72 mN/m and the radius of the 

undisturbed bubble (R0) was 1.2 mm. Therefore, the pressure inside the bubble (2𝛾

𝑅0
) was 

120 Pa. Since finding derivatives by directly taking differences between serial data points 

results in large scatter, the fifth-ordered Savitzky-Golay function42 was adopted to smooth 

the raw profile data to achieve the first derivative. The Savitzky-Golay method performs a 

local polynomial regression around each point and is therefore superior to the simple 

adjacent averaging because it preserves features of the original data. Then the first 

derivative was further smoothed by the same function to get the second derivative. The 

large number of raw data points in the film profile guaranteed the reliability of this method. 

As a result, the total pressure in the film as a function of r can be obtained using eqn 3-7 

for each time (An example of calculating total pressure from the film profile is given in 

Appendix A). The total interaction force was calculated by taking the integral of total 

pressure in the film with respect to r: 

                                               F(t) = 2π ∫ 𝑝(𝑟, 𝑡)rdr
∞

0
                                                (3-8) 

In practice, it is impossible to integrate from 0 to infinity as the film thickness far from the 

interaction zone cannot be measured. Since the disjoining pressure and hydrodynamic 

pressure are negligible outside the interaction zone, in our data processing, the upper limit 

of the integral was set to 20 μm beyond the barrier rim of the film to represent the total 

interaction force. This approximation was sufficient as the difference by extending the 

integration further was negligible. 

The integrated forces from each film profile at a specific time of the same experiments in 
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Figure 3-7A and 3-8A are shown as dots in Figure 3-7D and 3-8D, respectively. The 

excellent agreement between the integrated and measured force proves the feasibility of 

using the ITLFFA for the synchronous measurement of film profile and the corresponding 

interaction force.  

The same comparison between the measured force and calculated force based on the film 

profile was also carried out when the bubble interacts with partially hydrophobic surface 

before film rupture. The integrated interaction force from each profile of Figure 3-9A is 

represented as dots in the inserted graph in Figure 3-9B. Before the film became unstable 

and ruptured, the integrated force agreed well with the measured repulsive force, proving 

that the measured film profile is a valid indicator of the interaction force. The accurate 

comparison in both cases indicates the feasibility of detecting weak forces by using the 

bubble deformation as a force sensor, with the sensitivity of nN being adjustable by 

changing the surface tension of the liquids and the extent of deformation. More importantly, 

although the interaction force as a function of separation distance involving deformable 

surfaces has been measured using other techniques such as AFM9, 43-44, our results show 

that it is not accurate to use one separation distance to represent the film thickness across 

the entire film, since the film thickness is not uniform across the whole profile (See 

example of quantification of different approaches in Ref 41). As a result, it is necessary to 

state the location of film thickness when plotting the relationship between interaction 

forces and separation distance in studying dynamic thin film drainage involving 

deformable surfaces.  

The ITLFFA can also precisely calculate the capillary force in the TPC region (point C to 

point F) by the geometric properties of the interface obtained from the side camera using 
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the method described in a previous paper34 and compared with the forces measured directly 

by the bimorph force sensor, which can be linked to the dynamic advancing and receding 

contact angles measured in the same system. 

The capillary force, FC, which is the main contribution to the adhesion force between the 

bubble and solid surface after TPC can be calculated by 

                                                    𝐹𝑐 = 𝜋𝑟𝑐
2 ∙ ∆𝑃 − 2𝜋𝑟𝑐𝛾𝑠𝑖𝑛𝜃                                       (3-9) 

where 𝑟𝑐 is the radius of contact area, 𝛾 is the interfacial tension of liquid-air interface, 𝜃 

is the contact angle of the bubble on the flat surface, measured through the aqueous solution. 

The determination of contact angle is illustrated in Figure 3-10. ∆𝑃 is the Laplace pressure 

which can be calculated according to the toroidal approximation as: 

                                                             ∆𝑃 = 𝛾 ∙ (
1

𝑅
+

1

𝑙
)                                               (3-10) 

Where 𝑅 and 𝑙 are the principal radii of the capillary bridge and can be determined using 

the vision analysis program (Figure 3-10). The good agreement between the calculated and 

measured capillary force is shown in Figure 3-10. 

 

Figure 3-10. Schematic diagram of imaging analysis to determine contact angle to 

calculate capillary force and its comparison with measured force. 
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3.5 Conclusions 

In this work, we developed the device ITLFFA that allows experimental measurements 

over a wide range of hydrodynamic conditions that is not available using current techniques. 

It performs the simultaneous measurement of dynamic forces and spatiotemporal film 

thickness during thin liquid film drainage between deformable and solid surfaces. The 

comparison of the integrated force extracted from the measured film profile with that 

measured directly by the bimorph sensor supported the self-consistent quantitative study 

of dynamic thin liquid film drainage process by the ITLFFA. It also presents the potential 

to extend the dynamic interaction measurement to a variety of complex systems of 

scientific and practical importance. 

Furthermore, our data indicate that the high approach velocity of deformable surface and 

low surface hydrophobicity results in the formation of a more pronounced dimple and 

larger film thickness at the appearance of the first dimple. These results point to the 

importance of a systematic study of the effect of approach velocity and surface 

hydrophobicity on the drainage dynamics of thin liquid films, which appealed us to 

consider them as crucial parameters in a theoretical model that may shed light on the nature 

of the hydrophobic interaction.  
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4.1 Introduction 

Understanding the dynamic and velocity-dependent interactions between an air bubble and 

a solid surface is of great importance in fundamental scientific problems, which are of 

interest to many industrial processes, such as mineral flotation1-3, foam formation4, micro- 

and nano-fluidic engineering5-6 and biomedical engineering7-9. To properly predict and 

manipulate these processes, the nature of liquid film drainage that influences the interaction 

must be completely studied. Such drainage process depends critically on the relative 

velocity of the moving bubble and solid surface. At different velocities, the hydrodynamic 

condition in the thin liquid film between the bubble and the solid surface provides a major 

contribution to the interfacial deformation of the bubble and determines the magnitude of 

the interaction force. However, quantification of the interaction between an air bubble and 

a solid surface over a wide range of velocities remains elusive. 

Over the past few years, the atomic force microscope (AFM) has been widely deployed to 

make direct measurement of the interaction forces between deformable and solid surfaces 

by colloidal probe technique. In the initial studies, the typical velocity of the colloidal probe 

was less than 1 µm/s corresponding to equilibrium force measurement10-13. Recently, there 

have been a number of reports measuring non-equilibrium, velocity-dependent dynamic 

force between drops14-16, bubbles17-18 and between a bubble and a solid surface19-22 using 

AFM. In these studies, the velocity of the probe is in the range of 1-50 µm/s. Also, a 

modified AFM that allows simultaneous measurement of dynamic force and 

spatiotemporal film thickness provides probe velocity up to 30 µm/s23-24. In these non-

equilibrium studies, the radius of the bubble or drop is within 100 µm, resulting in small 

deformation of the bubble or drop. Combining with the narrow range of probe velocity, the 
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hydrodynamic condition falls in the regime of very low Reynolds number (𝑅𝑒 = 2𝜌𝑅𝑉/𝜇 

<10-2, where 𝑅 is the bubble/drop radius, 𝑉 is the approach velocity of the bubble/drop, 𝜌 

and 𝜇 are the density and dynamic viscosity of water, respectively). The Cantilevered-

Capillary Force Apparatus25 was developed to measure interaction forces for particles 

ranging in size from 10 μm to 1 mm in diameter. Due to the low velocity that was less than 

100 µm/s, it still falls in the low Reynolds number regime. For the measurement of 

spatiotemporal film thickness, prior experiments were performed by Derjaguin & 

Kussakov26 and Fisher et al.27 using bubble expansion method without controlling the 

velocity of bubble. The surface force apparatus (SFA)28-29 and Scheludko cell30-31 were also 

used to measure spatiotemporal film thickness during the drainage process within a low 

Reynolds number regime restricting quantitative velocity-dependent investigation.  

On the other hand, measurements in the regime of 𝑅𝑒>50 have been conducted by the rising 

bubble method through controlling the size and the terminal velocity of the bubble32. 

Generally, the velocity of the bubble is in the order of cm/s. The influence of the impact 

velocity of a bubble colliding with solid and air-liquid interface has been studied by Malysa 

et al.33-34. It was shown that higher impact velocity led to larger deformation of the bubble 

and increased the coalescence time from the results of bubble trajectory and bouncing, but 

the information of liquid film drainage was not provided. With the use of interferometry 

technique, the spatiotemporal evolution of the thin liquid film during impact of bubble on 

various surfaces has been further studied experimentally and theoretically32, 35-36. However, 

there are still limited measurements of coupling the interaction force with spatiotemporal 

film thickness. 



83 
 

The current techniques mentioned above allow the measurements of dynamic film drainage 

under low Reynolds number (𝑅𝑒  <10-2) and high Reynolds number (𝑅𝑒  >50) regime. 

Therefore, an intermediate regime between them remains to be explored. Although the 

integrated thin film drainage apparatus (ITFDA)37 previously developed by our group has 

addressed this problem, it only measures the interaction force without spatiotemporal film 

thickness. The recently reported integrated thin liquid film force apparatus (ITLFFA)38 not 

only bridges the knowledge gap in the field of dynamic film drainage between two surfaces, 

but also provides the coupling of dynamic force and spatiotemporal film thickness and 

covers bubble displacement velocity in the intermediate range from 2 μm/s to 50 mm/s. 

Here, we use the ITLFFA to do systematic study and gain insights of the interaction 

between a bubble and a hydrophilic surface at different salt concentrations over a wide 

range of hydrodynamic conditions over four orders of magnitude. The global Reynolds 

number varies from 0.027 to 37.75 by controlling the bubble displacement velocity from 

0.01 mm/s to 14 mm/s while other parameters are kept constant and controlled accurately.  

 

4.2 Experimental section 

4.2.1 Materials  

The water used in the experiments was Milli-Q purified water with a resistivity of 18.2 MΩ 

cm at 25 oC and the viscosity (μ) is 0.89 mPa·s. Sulfuric acid (ACS Plus) was supplied by 

Fisher Scientific. Hydrogen peroxide aqueous solution (30% w/w, ACS grade) was 

obtained by Ricca Chemical Company. All the chemicals mentioned above were used as 

received. Potassium chloride (KCl) of ACS grade, purchased from Fisher Scientific was 
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recrystallized and then calcined in an oven at 550 oC for 8 h to remove any impurities. The 

studied solid surfaces were 1λ fused silica windows purchased from Edmund Optics. 

 

Figure 4-1. (a) Schematic diagram of an air bubble approaching a flat solid surface where 

main parameters are defined. σ: interfacial tension of air-water interface (σ = 72.0 ± 0.3 

mN/m); rc: the inner radius of the capillary; θ: the angle that the bubble makes with the 

capillary at rc (θ = 147 ± 3o); R: the radius of un-deformed air bubble (R = 1.20 ± 0.01 mm); 

X(t): the distance between the end of the capillary and the un-deflected bimorph; S(t): the 

deflection of the bimorph. (b) Side view image of the bubble at the end of the capillary 

above the flat solid surface in test liquid. The horizontal line locates the position of the flat 

solid surface and the square is drawn to control the size of the bubble. 

4.2.2 Bubble generation and flat solid surfaces 

An air bubble with the desired radius of 1.20 ± 0.01 mm was generated at the end of the 

glass capillary using a gastight micro-syringe (Figure 4-1b). Generally, one end of the 

capillary with an inner diameter of 1.10 ± 0.05 mm was smoothed by sand paper and then 

heated with a butane flame to ensure a uniform geometric symmetry at the end of the 

capillary tube, which is appropriate for reproducible generation of bubbles. The generation 
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process of the bubble and its size was monitored by the real-time camera through the side 

window.  

The investigated solid surface was fused silica glass with a diameter of 10 ± 0.2 mm and 

thickness of 1 ± 0.38 mm. The surface is quite smooth with a root mean square (RMS) 

roughness less than 1nm characterized by AFM imaging. 

Both the capillary and the solid surface were cleaned with freshly prepared piranha solution 

(H2SO4 : H2O2= 3:1 by volume) for one hour and rinsed with Milli-Q water before 

experiments. Thus, the solid surface is completely water-wettable (contact angle ≈ 0º).      

4.2.3 Displacement and approach velocity control 

In order to study the effect of approach velocity on thin liquid film drainage between a 

bubble and a solid surface, the air bubble is driven towards the lower flat solid surface in a 

desired manner by a motorized actuator or a speaker diaphragm. Approach velocities of 

0.01, 0.1 and 1 mm/s were accomplished by motorized actuator including acceleration and 

deceleration. The initial separation between the bubble and the solid surface was kept to 

300 µm for these three velocities. The total displacement was set to 400 µm to guarantee 

that the velocity of the bubble could reach the set velocity before it contacted with the solid 

surface. As a result, an overlap of 100 µm between the bubble and the solid surface was 

achieved resulting in the same deformation of the bubble and the same size of the liquid 

film for these three velocities. The detailed displacement trajectory and real-time velocity 

of these three cases are shown in Figure 4-2a, b and c. The displacement signals were 

independently measured by a displacement sensor (Black curves in Figure 4-2). Thus, the 

real-time velocity of the bubble can be calculated by smoothing and differentiating the 
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displacement signals as shown in blue curves in Figure 4-2. The time zero corresponds to 

the moment that the bubble starts moving. 

When the approach velocity was set to 0.01 mm/s, the bubble underwent a short 

acceleration for 0.2 s followed by uniform motion with constant velocity of 0.01 mm/s until 

46.05 s and stopped moving after a short deceleration (Figure 4-2a). The bubble started to 

deform at 34.16 s when the total displacement reached 300 µm. After 46.05 s, the bubble 

was held at this position allowing the film drainage process to complete. 

When the approach velocity increased to 0.1 mm/s, the bubble completed the acceleration 

and reached the desired velocity at 0.5 s. Then, it moved uniformly at 0.1 mm/s till 3.82 s, 

decelerated until 4.45 s and entered the holding period afterwards. According to the 

displacement signal in Figure 4-2b, the deformation of the bubble started at 3.17 s so that 

the initial deformation process happened in the uniform motion and continued during the 

deceleration motion.  

As shown in Figure 4-2c, the bubble accelerated from zero to 1 mm/s over a period of 0.2 

s when the approach velocity is 1 mm/s. Since the total displacement is short for such high 

velocity, the bubble underwent a uniform motion for just 0.2 s until 0.35 s and decelerated 

until 0.6 s when the holding period started. The bubble began to deform at 0.35 s as well 

in this case, meaning that the whole film drainage process occurred during the deceleration 

and holding period rather than during uniform motion, as was for the above two cases.  

To achieve bubble velocity over 10 mm/s, which is four orders of magnitude higher than 

the lowest approach velocity (0.01 mm/s), a speaker diaphragm was used to drive the 

bubble towards the solid surface. A computer generated waveform controlled the pattern 

of the displacement to realize the relatively high approach velocity of 14 mm/s. To obtain 
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the same deformation of the bubble and the same size of the film as that in the above three 

cases, the overlap between the bubble and the solid surface was fixed to be 100 µm. 

Because of the limitation in moving displacement of the speaker diaphragm compared to 

the motorized actuator, the initial gap between the bubble and the solid surface was set to 

be 30 µm and the total displacement was set to be 130 µm. 

The displacement and corresponding velocity signal when the approach velocity is 14 

mm/s are shown in Figure 4-2d. The speaker diaphragm has a response time of 5 ms so that 

the bubble started to move after 5 ms (inset in Figure 4-2d). It took less than 1 ms for the 

bubble to accelerate to the desired velocity of 14 mm/s. Then the bubble uniformly moved 

with 14 mm/s until it reached the maximum displacement of 130 µm at 15 ms. According 

to the displacement signal, the bubble began to deform at about 7 ms with the velocity of 

14 mm/s, which remained constant during the further deformation of the bubble. After 15 

ms, the bubble stopped moving and should be held at the same position for a period of time 

to allow the film to drain. However, there was further displacement from 130 µm to around 

200 µm due to the relaxation of the speaker diaphragm after rapid movement, which 

resulted in the slower deceleration to zero and the observation of further increase of the 

film size. All the experiments mentioned above are conducted under room temperature of 

22 oC. 
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Figure 4-2. Displacement controlled by the motorized actuator or the speaker diaphragm 

and the real-time velocity of the bubble approaching the lower flat solid surface with the 

approach velocity: (a) 0.01 mm/s, (b) 0.1 mm/s, (c) 1 mm/s and (d) 14 mm/s, the inset is 

the enlarged plot of the first 40 ms. 

 

4.3 Theoretical model 

The experimental results are theoretically studied using the Stokes-Reynolds-Young-

Laplace (SRYL) model that has been applied in the analysis of experimental measurements 

taken by AFM19 and SFA39. In the ITLFFA, the large difference in length scale between 

the film width (~200 µm) and the thickness of the film (~1 µm) implies the small variation 

of the film thickness as a function of film radius. Thus, the dynamics of liquid film drainage 
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between the bubble and flat solid surface is described by the lubrication theory under 

Stokes flow. The deformation of the liquid-air interface is described by the augmented 

Young-Laplace equation with the reasonable assumption that the bubble can adjust its 

shape instantaneously to accommodate changes in the total film pressure. In addition, the 

bubble is considered to be at constant volume because the size of the bubble is well-

controlled by the gastight micro-syringe. 

Governing equations 

In our experiments, a bubble with radius (R) of 1.2 mm was driven towards the surface 

with velocity V ranging from 0.01 mm/s to 14 mm/s, which gives global Reynolds numbers 

from 0.027 to 37.75. However, the film drainage process is characterized by the film 

Reynolds number 𝑅𝑒𝑓 = 𝜌ℎ𝑓𝑉𝑓/𝜇, where ℎ𝑓 is the film thickness and 𝑉𝑓 is the velocity of 

the air-water interface of the film. As ℎ𝑓 << 𝑅 (~μm), 𝑅𝑒𝑓 <<1, it permits the quantitative 

analysis of the spatiotemporal film thickness  ℎ(𝑟, 𝑡) by lubrication theory. Therefore, the 

Stokes-Reynolds equation describes the film thinning process as35: 

                                                            𝜕ℎ

𝜕𝑡
=

1

12𝜇𝑟

𝜕

𝜕𝑟
(𝑟ℎ3 𝜕𝑝

𝜕𝑟
)                                       (4-1) 

where 𝑝(𝑟, 𝑡) is the excess hydrodynamic pressure in the film relative to the bulk liquid. In 

Eq. (1), the hydrodynamic boundary condition at the air-liquid interface is the tangentially 

immobile condition which is the same as that at the hydrophilic solid-liquid interface. The 

use of immobile boundary condition is justified based on the comparisons between theory 

and experimental results21, 35. Moreover, the obtained experimental results by the ITLFFA 

that will be shown in the results section support the immobile boundary condition rather 

than the mobile boundary condition at the air-liquid interface. In our system, extreme care 

has been taken to ensure the cleanliness, however, we still cannot completely rule out the 



90 
 

contamination of the solution as indicated by slightly lower surface tension value of 

aqueous phase (72.0 mN/m in our case vs 72.4 mN/m as reported for ultraclean systems, 

despite of great care that was given in purifying our water). The immobile boundary 

condition at the bubble surface is therefore attributed to the existence of a trace amount of 

surface active impurities19-20, 40.  

Assuming a bubble with constant interfacial tension, 𝜎, the augmented Young-Laplace 

equation can be written as41: 

                                                  𝜎
𝑟

𝜕

𝜕𝑟
(𝑟

𝜕ℎ

𝜕𝑟
) =

2𝜎

𝑅
− 𝑝 − 𝛱(ℎ)                                    (4-2) 

where 𝛱(ℎ(𝑟, 𝑡))  is the disjoining pressure in the film. In our system, the disjoining 

pressure is defined as the sum of electrical double-layer interaction42 𝛱𝑒𝑑𝑙  and van der 

Waals interaction43-44 𝛱𝑣𝑑𝑤: 

𝛱 = 𝛱𝑒𝑑𝑙 + 𝛱𝑣𝑑𝑤 = 64𝑛𝑘𝑇 ∗ tanh (
𝑧𝑒𝜑𝑠𝑙

4𝑘𝑇
) ∗ tanh (

𝑧𝑒𝜑𝑏𝑙

4𝑘𝑇
) exp(−кℎ) −

𝐴

6𝜋ℎ3            (4-3) 

where A is the Hamaker constant, n is the number of electrolyte ions per unit volume in the 

aqueous film, k is the Boltzmann constant, ze is the charge on the electrolyte ions, T is the 

absolute temperature and κ-1 is the Debye length. 𝜑𝑠𝑙 and 𝜑𝑏𝑙 are the surface potential of 

solid-liquid and bubble-liquid interface, respectively. The equation for calculating 𝛱𝑒𝑑𝑙 is 

valid for кℎ ≫ 1 and no assumption was made regarding the magnitude of the surface 

potentials. In our experiments, two KCl concentrations (10-5 M and 0.1 M) were considered. 

The Hamaker constant A is -1.1×10-20 J according to the literatures45-46. The surface 

potentials of the solid-liquid interface were measured to be -111 mV in 10-5 M KCl solution 

and -32 mV in 0.1 M KCl solution. The surface potentials of the bubble-liquid interface 

under different conditions are taken from literature as -40 mV47. The disjoining pressures 

of different salt concentrations are plotted in Figure 4-3. In the case of low salt 
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concentration (10-5 M), the electrical double-layer interaction is dominant so that the van 

der Waals interaction becomes negligible. On the other hand, when the salt concentration 

increases to 0.1 M, the van der Waals interaction becomes dominant. 

 

Figure 4-3. Disjoining pressure due to electrical double-layer interaction for different salt 

concentrations (red line) and van der Waals interaction (black line). The magnitude of the 

Laplace pressure inside the bubble (120 Pa) is indicated by the horizontal dashed line, while 

the equilibrium film thickness is given by the dotted line. 

 

Initial and Boundary conditions 

Eqns. (4-1) and (4-2) are solved numerically using suitable initial and boundary conditions 

within the domain 0<r<rmax. The choice of rmax should be sufficiently large so that the 

numerical results are independent of rmax, but not too large. The initial condition must be 

consistent with eqn. (4-2) generating zero film pressure when the bubble is far from the 
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surface. The parabolic profile of the air-liquid interface meets the requirement to give 

initial condition as  

                                                            ℎ(𝑟, 0) = ℎ0 +
𝑟2

2𝑅
                                           (4-4) 

where ℎ0 is the initial separation between the bubble and the solid surface. 

Since we are dealing with the axisymmetric interactions, symmetry conditions apply at r=0: 

                                                                    𝜕ℎ

𝜕𝑟
= 0                                                     (4-5) 

                                                                    𝜕𝑝

𝜕𝑟
= 0                                                     (4-6) 

Outside the interaction region, the pressure decays like r-4, so the pressure at r=rmax can be 

implemented as48: 

                                                             𝑟 𝜕𝑝

𝜕𝑟
+ 4𝑝 = 0                                                 (4-7) 

The bubble is assumed to be pinned at the end of the capillary and the interaction happens 

at constant volume. Due to the deformation of the bubble caused by the force acting on it, 

the surface of the bubble outside the interaction region does not move at the same rate as 

the motion of the capillary tube. Thus, the boundary condition that takes these features into 

account at r=rmax  can be expressed as41:        

                      𝜕ℎ(𝑟𝑚𝑎𝑥,𝑡)

𝜕𝑡
=

𝑑𝐷(𝑡)

𝑑𝑡
−

1

2𝜋𝜎

𝑑𝐹(𝑡)

𝑑𝑡
{log (

𝑟𝑚𝑎𝑥

2𝑅
) + 1 +

1

2
log (

1+𝑐𝑜𝑠𝜃

1−𝑐𝑜𝑠𝜃
)}           (4-8) 

with 𝐷(𝑡) = 𝑆(𝑡) + 𝑋(𝑡) =
𝐹(𝑡)

𝐾
+ 𝑋(𝑡) 

and we define the force 𝐹(𝑡) as the sum of contributions from hydrodynamic force (𝐹ℎ) 

and disjoining force (𝐹𝛱) to facilitate the explanation in the next section:  

𝐹(𝑡) = 𝐹ℎ + 𝐹𝛱 = 2𝜋 ∫ [𝑝(𝑟′, 𝑡) + 𝛱(ℎ(𝑟′, 𝑡))]𝑟′𝑑𝑟′∞

0
                (4-9) 

The detailed description of the numerical implementation in Matlab including scaling the 

governing equations can be found elsewhere41 . Parameters used in the model were either 
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taken from independent measurements or literature (Table 4-1). A slightly lower surface 

tension value of 72.0 mN/m as compared with the reported value of 72.4 mN/m indicates 

the presence of a trace amount of surface active species in our aqueous systems. The 

presence of such surface active species appears to make the bubble surface immobile, a 

boundary condition that is needed to match the measured bubble profiles and interaction 

forces with that predicted by the SRYL model. 

Table 4-1. Experimental and theoretical parameters of the bubble-silica system in ITLFFA  

physical parameter experiment theory 

bubble radius, 𝑅 1.20 ± 0.01 mm 1.2 mm 

the angle that the bubble 

makes at the end of capillary, 

𝜃 

147 ± 3o 147o 

viscosity, 𝜇 0.89 mPa·s 0.89 mPa·s 

surface tension, 𝜎 72.0 ± 0.3 mN/m 72 mN/m 

initial separation, ℎ0 
300 ± 10 µm 

30 ± 10 µm 

290-300 µm 

40 µm 

maximum displacement, 𝛥𝑋 
400 ± 10 µm 

130 ± 10 µm 

400 µm 

130 µm 

 

4.4 Results and discussion 

In our experiments, the spatiotemporal film thickness and the interaction force were 

measured simultaneously when the bubble interacts with the hydrophilic silica surface 

using ITLFFA. Four different approach velocities, which are 0.01, 0.1, 1 and 14 mm/s, 

were studied under 10-5 M KCl solution to emphasize the significance of approach velocity. 

It is worth mentioning that the actual drive function of the bubble towards the solid surface 
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is not uniform motion as shown in Figure 4-2. The acceleration and deceleration ramp has 

a significant effect on the modeling results especially when the approach velocity is 

relatively high. Thus, the real-time velocity functions in Figure 4-2 are used as input in the 

model to achieve better agreement between theory and experiments. In addition, different 

salt concentrations were used as background solution with the same approach velocity (1 

mm/s) to indicate the influence of surface forces on the initial film drainage and 

equilibrium film thickness.  

4.4.1 Effect of approach velocity on film drainage 

Typical experimental data of film profiles and temporal film thickness at the barrier rim 

and center of the film of the four approach velocities mentioned above are shown in Figures 

4-4 and 4-5. Meanwhile, the results from the theoretical model are included for comparison.  

When the approach velocity was 0.01 mm/s that is within the available range of velocity 

of AFM and SFA, the deformation of the bubble is quite small as the film profile is almost 

flat shown in Figure 4-4a. The dimple formed at the film thickness of 209 nm. The 

difference of thickness between the center and the barrier rim of the film was only 10 nm 

(Figure 4-5a). The film drained to the equilibrium flat film with the thickness of 130±5 nm 

at the end, which agrees well with the prediction from the classical DLVO theory. The 

equilibrium film thickness was independent of approach velocity and stayed the same for 

all other cases.  

Increasing the approach velocity of the bubble to 0.1 mm/s, the dimple formation could be 

clearly observed from the experimental film profile at the thickness of 652 nm (Figure 4-

4b). As shown in Figure 4-4b, the thickness at the barrier rim gradually decreased when 

the film drained, while the thickness at the center remained at 600 nm first and then 
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decreased after the bubble stopped moving, which resulted in the formation of a 

pronounced dimple. The model quantitatively predicts the drainage behavior for the entire 

process except that the thickness at the center of the film shows slight difference from the 

experimental results (Figure 4-5b).  

When the approach velocity increased to 1 mm/s, an even more pronounced dimple formed 

at a higher thickness of 2074 nm, which resulted in a difference of 1500 nm between the 

center and the barrier rim of the film (Figure 4-4c). During the deceleration period of the 

bubble motion, the dimple became more and more pronounced as the thickness of the film 

at the barrier rim decreased continuously while the thickness at the center of the film 

remained almost constant. After the bubble stopped, the thickness at the center of the film 

increased slightly from 1920 nm to 1945 nm while the thickness at the barrier rim decreased, 

which might be the consequence of the discontinuity in acceleration as the bubble stopped. 

Then the liquid film continued to drain without changing the film width. In Figure 4-4c, 

the shape of the bubble was predicted very well by the theoretical model. The “central 

bounce” phenomenon was qualitatively predicted by the model as well. In spite of the little 

variation of the thickness at the center of the film in the early stage caused by the rapid 

movement, the theoretical temporal film thickness at both the center and the barrier rim of 

the film provided good agreement with the experimental data (Figure 4-5c). 

In the case of 14 mm/s approach velocity, the speaker diaphragm was used leading to 

shorter displacement and initial gap compared to the above three cases. Thus, the head of 

the bubble “bounced” for 3-4 times even after the capillary stopped moving until around 

0.1 s. This bouncing behavior made a slightly asymmetric film and the start of dimple 

formation could not be tracked. Therefore, Figure 4-4d only displays film profiles when a 
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dimple had already formed. During the evolution of the dimple, the film thickness at the 

barrier rim monotonically decreased while the thickness at the center decreased following 

an initial bounce. The continuous increase of the film width was attributed to the relaxation 

of the speaker as mentioned in the last section. The slight difference between the 

experimental and theoretical film profile at the center of the film was due to the rapid 

motion mode of the bubble. A comparison of the variation of observed and theoretical film 

thickness with time at the center and barrier rim of the dimple is given in Figure 4-5d. The 

theory agrees with the experiments except for the central bounce behavior at the initial 

stage of the process. 

The corresponding interaction forces for these four different approach velocities were 

measured simultaneously and compared with the theory as shown in Figure 4-6. As 

mentioned above, the bimorph is quite stiff and the deformation of the bubble is small 

compared to the size of the bubble. So fluctuations existed in the force measurement 

causing the noise in the measured force curves. In all cases, the force started to increase 

from zero as the bubble began to deform. The force continued increasing when the film 

size became larger until the bubble stopped moving. In the holding period, the force 

remained constant around 15 μN for all the cases shown as the flat line with noise even 

when the film still drained. The initial jump of the force in the case of 14 mm/s approach 

velocity is the consequence of close initial separation between the bubble and the surface 

(Figure 4-6d). From the comparison, the theoretical interaction force has an excellent 

agreement with the measured force. 

For the four different approach velocities, the theory provides reasonable qualitative and 

quantitative prediction on the evolution of the spatiotemporal film thickness and 
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corresponding interaction forces. The good agreement between the experiments and the 

theory guarantees the further quantitative analysis of the physical parameters that influence 

the dynamic drainage process, which helps us explain the observed phenomenon in the 

above four cases.  

 

Figure 4-4. Comparison between theoretical model (lines) and experimental results (points) 

of spatiotemporal film thickness for a bubble interacting with a flat hydrophilic surface in 

10-5 M KCl solution with different approach velocities. The dashed lines indicate the 

moment that the bubble stopped moving. The measured time of profiles from top to bottom 

is: (a) 34.982, 37.018, 40.117, 43.745, 46.964 and 66.887 s. (b) 3.311, 3.399, 3.620, 3.930, 

4.151, 4.461, 5.345, 10.478, 15.834, 23.669 and 39.685 s. (c) 0.377, 0.392, 0.437, 0.507, 
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0.567, 0.687, 1.197, 4.542 and 9.075 s. (d) 0.126, 0.189, 0.286, 0.444, 0.671, 1.423 and 

6.791 s.  

 

Figure 4-5. Film thickness at the center h(0,t) and at the barrier rim h(rrim,t) as a function 

of time with different approach velocities. The solid lines are the theoretical results from 

the model while the points are experimental data. 
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Figure 4-6. Comparison between measured force (black solid line) and theoretical force 

(blue solid line) of the bubble interacting with a flat hydrophilic surface in 10-5 M KCl 

solution with different approach velocities. The dashed lines are the hydrodynamic force 

calculated from the model (See 𝐹ℎ in eqn. (4-9)). 

4.4.2 Hydrodynamic effects on film drainage 

The formation of dimple mostly results from the larger hydrodynamic pressure that exceeds 

the pressure inside the bubble, which inverts the curvature of the air-liquid interface. For 

the air bubble interacting with the hydrophilic silica surface during the approaching period 

in our system, the hydrodynamic pressure is dominant as the larger film thickness results 

in negligible disjoining pressure. As the film drains, the hydrodynamic pressure eventually 

decays to zero and the film becomes flat due to electrostatic repulsion. As shown in the 
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previous section, the theoretical model predicted the experimental spatiotemporal film 

thickness and interaction forces consistently, therefore can be used to quantitatively extract 

the contributions of hydrodynamic and disjoining pressure, which are not available 

experimentally. The hydrodynamic pressures for the film profiles in Figure 4-4 were 

calculated from the model and shown in Figure 4-7. In our experiments, the pressure inside 

the bubble is 2𝜎

𝑅
= 120 𝑃𝑎. In Figure 4-7, we scaled the pressure by 𝜎

𝑅
, so the pressure 

becomes 2 in non-dimensional units. By integrating the hydrodynamic pressures in Figure 

4-7, the temporal hydrodynamic force was obtained for each case as shown in Figure 4-6. 

When the approach velocity was 0.01 mm/s, the total hydrodynamic force in the film began 

to increase from zero to the maximum as the bubble stopped moving (Figure 4-6a). The 

maximum hydrodynamic force is only one third of the total force as the disjoining pressure 

became important early in this case. In Figure 4-7a, the hydrodynamic pressures across the 

film were all much less than 2 and the hydrodynamic pressure difference between the center 

of the film and the barrier rim was quite small. Therefore, the dimple appeared at lower 

film thickness and a negligible dimple formed. 

Increasing the approach velocity to 0.1 mm/s, only the hydrodynamic force existed in the 

film initially and gradually increased before the bubble stopped moving (Figure 4-6b). The 

maximum hydrodynamic force was just a little smaller than the maximum total force 

(15μN). As the time progressed, the hydrodynamic force decreased and the disjoining 

pressure became dominant. The scaled hydrodynamic pressure at the center was larger than 

2 before the bubble stopped moving and lower than 2 afterwards (Figure 4-7b). 

Consequently, the more pronounced dimple formed at higher film thickness compared to 
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the case of 0.01 mm/s. The dimple became more and more obvious before the bubble 

stopped moving and was flattened afterwards. 

 

Figure 4-7. Comparison of scaled hydrodynamic pressure for different approach velocities. 

Every pressure profiles correspond to the film profiles in Figure 4-4. The arrows indicate 

increasing time. The dashed lines indicate the time that the bubble stopped moving. The 

inset of (d) is an example of film profile that helps indicate the center and the barrier rim 

of the film. 

When the approach velocity increased to 1 mm/s, the maximum hydrodynamic force 

reached the same value around 15μN as the total force when the bubble stopped moving 

(Figure 4-6c). After this, the hydrodynamic force decreased as well. Nevertheless, the 

decreasing rate was much lower than the above two cases indicating that the hydrodynamic 
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force was still dominant after the bubble stopped moving. The hydrodynamic pressure at 

the center remained higher than 2 in the holding period and slightly increased leading to 

the appearance of “central bounce” phenomenon (Figure 4-7c). The pressure gradient 

between the center and the barrier rim of the film increased compared to the cases of lower 

approach velocity. Thus, the dimple first formed at a film thickness as high as 2000 nm 

and became even more pronounced a few milliseconds after the bubble entered the holding 

period. 

Further increasing the approach velocity to 14 mm/s, the hydrodynamic force was 

dominant for a long time during the drainage process (Figure 4-6d). The decreasing rate of 

the hydrodynamic force was the lowest among these four approach velocity cases. In this 

case, all the film profiles shown in Figure 4d were in the holding period. The hydrodynamic 

pressure at the center for these film profiles was larger than the above three cases (Figure 

4-7d). As a result, the dimple formation occurred at the highest film thickness among these 

four approach velocities.  

From the model, the shear rate can be evaluated at the bubble-liquid interface for these four 

cases that gives insight into details of fluid flow within the draining film. On the basis of 

lubrication theory, the velocity of the liquid film between the bubble and the solid surface 

during the drainage process is parabolic which is given by 𝑢 =
1

𝜇

𝜕𝑝

𝜕𝑟
(

𝑧2

2
−

ℎ𝑧

2
). Therefore, 

the shear rate (�̇�) at the bubble-liquid interface (𝑧 = ℎ) can be expressed as41: 

                                                          �̇� = −
𝑑𝑢

𝑑𝑧
= −

ℎ

2𝜇

𝜕𝑝

𝜕𝑟
                                          (4-10) 

From Figure 4-8, we observe that the shear rate is almost zero at the center of the film and 

increases to maximum value around the barrier rim. Also, the shear rate initially increased 

when the bubble was approaching and decreased as the film drained for all cases. For the  
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Figure 4-8. Shear rate at the bubble/electrolyte interface for different approach velocities. 

The solid lines correspond to the bubble profiles in Figure 4-4. The dashed lines indicate 

the time that the bubble stopped moving. The dotted lines represent times before the first 

film profile observed in Figure 4-4. The arrows indicate increasing time.  

first three cases with lower approach velocities, the shear rate reached a maximum value 

before the bubble began to deform. When the approach velocity increased to 14 mm/s, the 

maximum shear rate occurred at the moment that the bubble stopped moving in which the 

bubble had already deformed. Furthermore, the maximum shear rate increased with 

increasing approach velocity. When the approach velocity increased tenfold, the maximum 

shear rate only increased twofold because the bubble could deform itself to accommodate 

the large shear in the film. When the bubble stopped moving, the shear rate was 40 times 
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larger in the case of 14 mm/s approach velocity than that with the approach velocity of 0.01 

mm/s. Thus, the bubble deformed more to form a pronounced dimple in the case of high 

approach velocity resulting in longer drainage process. 

4.4.3 Effect of salt concentration on film drainage 

In order to study the influence of surface forces on the drainage process, the concentration 

of the background solution was varied. As mentioned above, in 10-5 M KCl solution, the 

large repulsive force is mainly contributed by the electrical double-layer interaction while 

the van der Waals interaction is negligible. Therefore, as comparison, a high salt 

concentration resulting in negligible electrical double-layer interaction and dominant 

repulsive van der Waals interaction was studied. 

Using the same model, the film profile of high salt concentration (0.1 M) can be predicted 

well as shown in Figure 4-9a. Compared with the case of 10-5 M salt concentration (Figure 

4-4c), the film thickness of dimple formation remained the same. In the initial drainage 

process (<1 s), the two cases of different salt concentrations had the same drainage rate as 

the surface force is negligible at large film thickness. As the film continued draining, the 

film thickness at the barrier rim of 0.1 M salt concentration quickly reached a smaller value 

than that of 10-5 M salt concentration due to the less repulsive electrical double-layer 

interaction. Thus, there was a narrow channel at the barrier rim for the liquid inside the 

film to drain out in the case of 0.1 M KCl solution, leading to a slower drainage rate at the 

center of the film (Figure 4-9b). As a result, it took about 30 min for the film to reach stable 

equilibrium state while it took only about 2 min in the case of low salt concentration. 

Besides, the equilibrium film thickness was just 17 nm in 0.1 M KCl solution, which was 

much smaller than that in 10-5 M KCl solution (130 nm). 
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Figure 4-9. (a) Film profile of a bubble interacting with a hydrophilic surface in 0.1 M KCl 

solution with 1 mm/s approach velocity. The points indicate the experimental film profiles 

while the solid lines show the theoretical results from the model. (b) Theoretical film 

thickness at the center h(0,t) (black) and at the barrier rim h(rrim,t) (red) as a function of 

time in 10-5 M (dashed line) and 0.1 M (solid line) KCl solution.  

4.4.4 Film thickness of dimple formation 

Considering a bubble with immobile boundary condition, the first occurrence of the dimple 

formation ℎ𝑑 can be expressed as41: 

                                                                ℎ𝑑 = 𝑐𝑅√𝐶𝑎                                              (4-11) 

In eqn. (4-11), 𝐶𝑎 is the capillay number which can be written as 𝐶𝑎 = 𝜇𝑉/𝜎. The constant 

𝑐 ranges from 0.4-0.749 depending on 𝐶𝑎 and the angle that the bubble makes at the end of 

the capillary. Therefore, by determining the constant 𝑐, the height of dimple formation can 

be obtained for different bubble approach velocities. From our experimental results, the 

thickness where the dimple develops can be obtained for approach velocities of 0.01, 0.1 

and 1 mm/s, respectively. Due to the initial bubble bouncing behavior and the 

corresponding asymmetric film profile, the ℎ𝑑 of the case of 14 mm/s approach velocity is 

difficult to be obtained from the experiment. As shown in Figure 4-10, the experimental 
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ℎ𝑑 (filled circles) of these three approach velocities follows the relationship in eqn. (4-11) 

with the capillary number and the bubble approach velocity as well. By fitting these 

experimental data (solid line in Figure 4-10), the value of the constant 𝑐 is determined to 

be 0.49. This result can be used to predict the first occurrence of dimple formation for other 

approach velocities in our system without conducting any experiment. For example, the ℎ𝑑 

of 14 mm/s approach velocity is estimated to be 7.7 µm according to eqn. (4-11). 

The behavior of the dimple formation described by eqn. (4-11) is universal for other 

experimental systems described in the literature50: mercury drop in water against a mica 

surface29 (open stars in Figure 4-10), bubble rising in water against a glass plate35, 51 (open 

squares), and two drops in immiscible liquid52 (open triangles). The film thickness at which 

a dimple first develops all follows the scaling law as 𝐶𝑎1/2 with different values of constant 

𝑐 in these experimental systems depending on whether the bubble or drop interacts with a 

solid or deformable surface. However, for ethanol drops falling against a glass surface in 

air, the ℎ𝑑 scales with the velocity as 𝑉−1/2 in the high-velocity regime when the inertia is 

dominant53. The difference of constant 𝑐  is caused by the different angles that the 

bubble/drop makes at the end of the capillary. In our experiments, the bubble was pinned 

at the end of the capillary with larger angle compared to experiments by other researchers. 

In addition, from Figure 4-10, our experimental results fill the velocity gap with other 

techniques for deformable-solid surface interactions in aqueous system. 

As the film thickness of dimple formation determines the drainage time, the correlation 

shown in Figure 4-10 can potentially be extended to show the relationship between 

drainage time and 𝐶𝑎 (Appendix B Figure B1) to study collison stability of colloid particles, 

which is similar to experiments that try to correlate bubble coalescence time to the force54. 
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Figure 4-10. Variation of the height of dimple formation with capillary number for 

different systems. The filled points are from experimental measurements in this work while 

the open symbols are from experiments conducted by other researchers29, 35, 51-52. The lines 

are the theoretical results. 

 

4.5 Conclusions 

With the ability to measure interaction forces and spatiotemporal film thickness 

simultaneously under a wide range of hydrodynamic conditions that are not available in 

similar experimental work, the ITLFFA allows the systematic study of the effect of bubble 

approach velocity and salt concentration on the drainage of thin liquid film trapped between 

an air bubble and a solid silica surface. The first occurrence of dimple formation is a 

function of bubble approach velocity and independent of salt concentration. The bubble 

approach velocity determines the shape of the film profile, therefore, influencing the 

dynamics of the drainage process, which indicates that the global Reynolds number plays 
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a role in the initial film drainage process that is characterized by the film Reynolds number. 

The salt concentration mainly affects the drainage time and equilibrium film thickness.  

The agreement between the experiment and theory demonstrates that the SRYL model can 

be applied to the system with a wider range of global Reynolds number as long as the film 

Reynolds number is small. Such a good agreement also allows us to use the model to infer 

quantitative information about the distribution of the film pressure and the details of the 

fluid flow within the liquid film, which cannot be directly measured. It helps us have deep 

understanding of the effects of bubble approach velocity and salt concentration on the 

drainage process of the liquid film. In addition, the relationship between the bubble 

approach velocity and the experimental thickness of the development of first dimple 

guarantees the accurate prediction of the first occurrence of dimple formation using the 

analytical solution. In summary, without reconciling experimental results obtained using 

different instruments and/or from different laboratories, the systematic qualitative and 

quantitative study of thin liquid film drainage under a wide range of hydrodynamic 

conditions can be realized by a single device-ITLFFA. This study has practical implications 

in a number of industrial processes in which the hydrodynamic condition is a key parameter. 
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Chapter 5 Study of interactions between an air-bubble 

and hydrophobic flat solid surfaces using an integrated 

thin liquid film force apparatus (ITLFFA) 
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5.1 Introduction 

Interest in understanding the boundary conditions at solid-liquid interfaces has been 

growing in the past decades, especially for systems of micro/nano length scales1-2. 

Determining the actual boundary conditions at the solid-liquid interface is not only 

essential in fundamental research in fluid dynamics, but also of great importance in 

applications of fluid dynamics dominant systems. The drag reduction that allows energy 

saving is attributed to the mobile boundary condition at the solid-liquid interface, which is 

of paramount importance in microfluidics, confined biological systems, and the 

permeability of microporous media3-4. Despite the debate on the occurrence of mobile 

behavior at the solid-liquid interface, the mobile boundary condition has been observed 

experimentally5-9 and predicted theoretically10-13. Generally, the degree of mobile 

boundary condition at the surface is indicated by the slip length, defined as the distance 

inside the solid surface at which the velocity extrapolates linearly to zero. Thus, various 

techniques have been used to measure the slip length. 

The earliest technique of investigating the slip length was the capillary method14-15. In this 

method, a liquid in a thin capillary was driven by external pressure at one end and the slip 

length was obtained by measuring the pressure drop between the two ends of the capillary 

and the flow rate. This method is easy to use but accurate measurement of the pressure 

drop is difficult. Direct measurement of the slip length can be done using the fluid flow 

tracing method, which uses either optical traceable particles or fluorescent molecules as 

velocity probes to determine the velocity profiles. The slip length varying from tens of 

nanometers to a few microns of silane has been measured by particle image velocimetry 

for hydrophobic surface grafted with a monolayer 16-17. Using this technique, the slip length 
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of a superhydrophobic surface was found to be a few microns18. The fluorescent recovery 

technique was first used to measure the local velocity of a sheared polymer melt from a 

solid-liquid interface19. Since then, slip lengths in the order of several tens of nanometers 

have been detected using this technique for the hydrophobic surface7, 20.  

At present, the most popular method of measuring the slip length at a solid-liquid interface 

is the liquid drainage method using surface force apparatus (SFA) and atomic force 

microscopy (AFM). In this method, the hydrodynamic force between two solid surfaces as 

a function of separation distance is measured when the two surfaces approach each other 

at a given relative velocity. The slip length is obtained indirectly by fitting the measured 

hydrodynamic force rather than from the visualization of the flow profile. In SFA, the 

hydrodynamic force was measured between two cross cylindrical surfaces and the 

separation distance was accurately determined by the fringes of equal chromatic order. 

Using SFA, Zhu et al. investigated the boundary condition between two smooth 

hydrophobic surfaces5. They observed a large shear-dependent slip length up to a few 

microns. In their follow up work, the effect of surface roughness on slip boundary condition 

was studied and the increasing roughness was shown to decrease the degree of slip21. A 

smaller slip length of 20 nm was detected between two smooth hydrophobic surfaces using 

the same technique and the large slip length reported earlier was attributed to the 

contamination from the hydrophobic surfaces22. Because of the relatively large contact 

region in SFA experiments, the system is more sensitive to contaminations that will result 

in measurement errors. In contrast to SFA, the hydrodynamic force was measured between 

a sphere and a planar surface in AFM. The small contact area in the order of square 

nanometers improves the accuracy of measurements at nanoscales. The shear-dependent 



118 
 

slip length up to hundreds of nanometers was observed in AFM experiments23-25. In the 

measurements using AFM, the boundary slip was found to increase with increasing surface 

roughness that was opposite to the results in SFA experiments26. Recently, AFM has been 

widely used to study the effect of nanobubbles on the boundary slip27-28. In general, the slip 

is related to the coverage of nanobubbles on the surface. It is evident from the existing 

literature that, on the experimental side, there is no consensus on the magnitude of the 

boundary slip on hydrophobic surfaces even measured using the same technique. Therefore, 

new data preferably obtained with new experimental techniques for the same systems over 

a wider range of hydrodynamic conditions are necessary. 

Here, we report a new approach for investigating the hydrodynamic boundary condition 

based on the measurement of the liquid drainage dynamics. In reality, hydrophobic surfaces 

are not smooth in molecular level, such as the hydrophobic/hydrophobized mineral 

particles in flotation cell. The boundary condition of aqueous solutions on these 

hydrophobic surfaces that possess surface roughness under different hydrodynamic 

conditions is of great importance. Thus, in this study, hydrophobic surfaces with 

nanoroughness were made to mimic the surfaces in practice. The evolution of 

spatiotemporal film thickness between an air bubble and these surfaces with different 

hydrophobicities was measured under different bubble approach velocities. The measured 

film profiles were fitted with a modified Stokes-Reynolds-Young-Laplace (SRYL) model 

to obtain the mobility of the hydrophobic surfaces, which qualitatively indicated as slip 

lengths in the model. The feasibility of our instrument-integrated thin liquid film force 

apparatus (ITLFFA)29 allows us to obtain accurate film profiles to deduce the degree of 

surface mobilitiy. 
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5.2 Materials and methods 

5.2.1 Materials 

Water with a resistivity of 18.2 MΩ cm and Viscosity 0.89 mPa·s at 25 oC，purified by 

Milli-Q was used in all the experiments. Dimethyldichlorosilane (DMDCS, 99+%) 

purchased from Acros Organics was used as silane coupling reagent for hydrophobizing 

silica surfaces. Toluene (HPLC grade) and sulfuric acid (ACS Plus) supplied by Fisher 

Scientific, hydrogen peroxide aqueous solution (30% w/w, ACS grade) obtained from the 

Ricca Chemical Company and anhydrous ethyl alcohol acquired from Commercial 

Alcohols were used as received for various purposes. Prior to its use, potassium chloride 

(KCl) of ACS grade, purchased from Fisher Scientific was recrystallized and then calcined 

in an oven at 550 °C for 8 h to remove any impurities. Fused silica windows purchased 

from Edmund Optics were used as solid surfaces. The glass capillary obtained from Fisher 

Scientific with an inner diameter of 1.10 ± 0.05 mm was used to generate and hold air 

bubbles. 

5.2.2 Preparation of hydrophobic surfaces 

The fused silica surfaces as received were first soaked in freshly prepared piranha solution 

(3:1 of H2SO4:H2O2 by volume) for one hour and rinsed with a large amount of Milli-Q 

water to remove any possible contaminants. To hydrophobize the fused silica surface by 

silanation reaction, 0.824 mmol/L DMDCS in toluene solution was prepared. The cleaned 

fused silica was immersed into the DMDCS solution for 5 s and 30 min to obtain surfaces 

with water contact angle 36o and 90o, respectively. The surfaces silanized as such were 

rinsed with toluene, anhydrous ethyl alcohol and water in sequence to remove unbound 
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residual DMDCS. The smooth surface with designed hydrophobicity was successfully 

prepared after drying with nitrogen flow. 

5.2.3 Contact angle measurement 

The water contact angles on the hydrophobized silica surfaces were measured in air using 

a Theta Optical Tensiometer T200 (Biolin Scientific, Stockholm, Sweden). For each 

measurement, a water droplet of volume of 2 µL was deposited on the surface and brought 

into focus. The droplet profile was recorded and the contact angle was determined with the 

Theta software (Appendix C Figure C2). 

5.2.4 Surface characterization 

The roughness of the hydrophobized silica surfaces was determined by Dimension Icon 

Atomic Force Microscope (AFM) (Bruker Dimension Icon-PT). The surfaces were imaged 

by AFM tapping mode in air (Appendix C Figure C3). As shown in Table 5-1, the root 

mean square (RMS) roughness determined to be around 0.6 nm from these images did not 

change by silanation reactions while peak-to-valley roughness appeared to increase from 

8.8 nm to 15.3 nm. 

Table 5-1. Surface properties of the investigated surfaces. 

Contact angle RMS roughness (nm) 
Peak-to-valley roughness 

(nm) 

0o 0.636 8.8 

36o 0.553 13.4 

90o 0.608 15.3 
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5.3 Experimental 

The spatiotemporal film thickness and the dynamic interaction forces between a 

hydrophobic surface and an approaching air bubble were measured simultaneously by 

integrated thin liquid film force apparatus (ITLFFA). Hydrophobic surfaces with 

nanoroughness and water contact angles 36o and 90o were investigated in our work. As 

shown in Figure 5-1, the air bubble of radius 𝑅 = 1.2 mm is created from a gas-tight 

syringe at one end of the capillary connected to a motorized actuator (THORLABS, Z825B) 

that can move upward and downward with a step size of 20 nm. The air bubble remained 

pinned to the capillary over the entire process at an angle of 𝜃~150° with a constant 

volume. In each experiment, the initial separation between the bubble and the studied fused 

silica surface was fixed to 300 µm, then the bubble approached to the fused silica surface 

with the total displacement of 400 µm. Thus, the overlap between the bubble and fused 

silica surfaces was about 100 µm for all the experiments to facilitate the comparison of 

experimental results. After stopping moving, the bubble was held at the same position for 

a few seconds and then retracted from the surface with the same velocity. In this study, 

three bubble approach velocities of 0.01 mm/s, 0.1 mm/s and 1 mm/s were mainly 

investigated, which were maximum bubble approach velocities put in the settings of the 

motorized actuator. The displacement of the bubble during the entire approach process can 

be recorded separately by displacement sensor with a precision of 5 µm, allowing to 

compute the velocity of the bubble as it approached to the fused silica surface (Appendix 

Figure C1).  The thorough detailed description of ITLFFA can be found elsewhere29.  

The interaction forces between the bubble and the fused silica surfaces were measured 

using a bimorph as a force sensor. Meanwhile, the absolute thickness of the intervening 
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liquid film between the air bubble and hydrophobic surface at the film rupture was 

determined using white light interferometry30-31. The film profiles before the rupture were 

obtained by counting back recorded frames to determine the interference order at the barrier 

rim of the film. Each experiment was repeated for at least 5 times to confirm the accuracy 

of measurement. 

 

Figure 5-1. Images of simultaneous measurements of interaction forces and film thickness 

(including bubble photograph and force curve) for a bubble of radius 𝑅 = 1.2 𝑚𝑚 and 

interfacial tension  𝜎 in a liquid of density 𝜌 and viscosity 𝜇. The bubble is held by a 

capillary which is driven with precision towards (or away from) a glass substrate that is 

attached to a bimorph with known spring constant 𝐾. The deformation of the bimorph is 

used to determine directly the interaction force between the air bubble and the fused silica 

substrate (top right panel). The interference fringes (bottom right) are then used to extract 

the time evolution of the spatial thickness of the intervening liquid film, ℎ(𝑟, 𝑡). 
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5.4 Theoretical model 

A theoretical approach based on lubrication theory for the thin liquid film drainage is 

employed in combination with the Young-Laplace equation for the shape of the bubble. 

We account for the possibility of slip boundary condition using the form 𝑢 = 𝑏(
𝑑𝑢

𝑑𝑧
), where 

𝑢 is the radial component of the velocity, 𝑧 is the direction that perpendicular to the fused 

silica surface as shown in Figure 5-1,  𝑏 is the slip length as an indicator of surface mobility 

in our study.  

Under these assumptions, the temporal film thickness (𝜕ℎ

𝜕𝑡
) of the liquid from the film 

between the bubble and hydrophobic surface in reference to Figure 1 is given by the Stokes-

Reynolds equation as32: 

                             𝜕ℎ

𝜕𝑡
=

1

12𝜇𝑟

𝜕

𝜕𝑟
(𝑟ℎ3 𝜕𝑝

𝜕𝑟
) +

1

4𝜇𝑟

𝜕

𝜕𝑟
(

𝑟[(𝑏1+𝑏2)ℎ3+4𝑏1𝑏2ℎ2]

ℎ+𝑏1+𝑏2

𝜕𝑝

𝜕𝑟
)                    (5-1) 

where 𝑏1 and 𝑏2 represent the degree of surface mobility at the bubble-liquid and solid-

liquid interface, respectively and 𝜇 is viscosity of the aqueous solution. With the tangential 

immobile boundary condition at both the bubble-liquid and solid-liquid interface (𝑏1 =

0, 𝑏2 = 0), the last term of eqn (5-1) vanishes. If one of the interfaces is fully mobile while 

the other is tangential immobile, eqn (5-1) converges to the form: 

𝜕ℎ

𝜕𝑡
=

1

3𝜇𝑟

𝜕

𝜕𝑟
(𝑟ℎ3 𝜕𝑝

𝜕𝑟
)                                               (5-2) 

However, for partially mobile interface, the value of 𝑏1 and 𝑏2 was fitted to quantify the 

degree of surface mobility. 

The excess pressure 𝑝 in the film, relative to the pressure in the bulk liquid, is given by the 

Young-Laplace equation that depends on the curvature of the air-liquid interface32: 

                                                     𝜎
𝑟

𝜕

𝜕𝑟
(𝑟

𝜕ℎ

𝜕𝑟
) =

2𝜎

𝑅
− 𝑝 − 𝛱                                          (5-3) 
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where 2𝜎

𝑅
 is the Laplace pressure and 𝛱 is the disjoining pressure. The disjoining pressure 

becomes important at the last stage of film drainage where the surface forces become 

dominant and is responsible for the final state of the film, either a stable film if repulsive 

or rupture of the film if it is attractive. 

To complete the model we need four boundary conditions and one initial condition given 

by ℎ(𝑟, 0) = ℎ0 + 𝑟2/(2𝑅) , where ℎ0  is the initial gap between the bubble and solid 

surface. Due to the symmetry 𝜕ℎ

𝜕𝑟
=

𝜕𝑝

𝜕𝑟
= 0 applies at 𝑟 = 0. The pressure decay as 𝑝~𝑟−4 

outside the interaction region at  𝑟 > 𝑟𝑚𝑎𝑥
33. The following equation is used as another 

boundary condition to take into account the deformation of the bubble at constant volume 

and the deflection of the solid surface attached to the bimorph (last term of eqn (5-4))34: 

                          𝑑ℎ

𝑑𝑡
=

𝑑𝑋

𝑑𝑡
−

1

2𝜋𝜎

𝑑𝐹

𝑑𝑡
[log (

𝑟𝑚𝑎𝑥

2𝑅
) + 1 +

1

2
log (

1+𝑐𝑜𝑠𝜃

1−𝑐𝑜𝑠𝜃
) −

2𝜋𝜎

𝐾
]                  (5-4) 

where 𝑑𝑋

𝑑𝑡
 is the velocity of the approaching air bubble, 𝜃 is the angle that the bubble is 

pinned at the end of the capillary. This boundary condition provides numerical results that 

are independent of the size of the computational domain as long as it is larger than the 

interaction zone but smaller than the radius of the bubble. The force acting on the bubble 

is then obtained by integrating the total pressure: 

               𝐹(𝑡) = 2𝜋 ∫ (𝑝 + 𝛱)𝑟𝑑𝑟 ≡ 2𝜋 ∫ [𝑝(𝑟, 𝑡) + 𝛱(ℎ(𝑟, 𝑡))]𝑟𝑑𝑟
𝑟𝑚𝑎𝑥

0

∞

0
                  (5-5) 

Outside the computational domain at  𝑟 > 𝑟𝑚𝑎𝑥, hydrodynamic and disjoining pressures 

can be considered negligible. The model is solved numerically using a standard ODE solver 

in Matlab. Details of the numerical implementation can be found elsewhere32, 34. 
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5.5 Results and discussion 

In this section, the evolution of film profiles between a bubble and solid surfaces with 

different hydrophobicities under different approach velocities are obtained by the ITLFFA. 

By fitting the measured film profiles using the SRYL model, the mobility of hydrophobic 

surface for each condition is determined and possible mechanisms for this phenomenon are 

discussed. 

5.5.1 Effect of hydrophobicity 

For a given maximum approach velocity of 1 mm/s, the evolution of film profiles between 

the air bubble and fused silica surfaces of three different water contact angles are shown in 

Figure 5-2. When the bubble approached the hydrophilic surface (Figure 5-2a), the pressure 

in the film exceeded the Laplace pressure of the bubble at the film thickness of 2200 nm, 

resulting in a local change of bubble curvature that led to dimple formation. The dimple 

then became increasingly more pronounced as the film expanded and drained to a stable 

flat film at the end35. In the current study, everything is kept identical from the experiment 

of hydrophilic case except for the surfaces of increasing hydrophobicity. The evolution of 

film profile between the bubble and hydrophobic surface showed completely different 

behavior from that of hydrophilic surface as outlined below: 

(1) The dimple for the hydrophobic surfaces formed at much thinner film thickness 

than that for the hydrophilic case. When the contact angle of the surface was 36o, 

the dimple formed at the thickness of 1750 nm (Figure 5-2b) which decreased to 

around 1000 nm (Figure 5-2c) when the contact angle of the surface increased to 

90o, representing half of the film thickness value of the hydrophilic case. Thus, the 
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film thickness of the dimple formation decreased with increasing hydrophobicity 

of solid surfaces.  

(2) The liquid in the film drained much faster in the hydrophobic case than that in the 

hydrophilic case (Figure 5-3), which was also observed by Fisher et al.36. The 

drainage rate of the liquid film increased with increasing hydrophobicity of the 

surface. For hydrophilic case, the film drained for around 2 minutes to reach the 

flat stable film. In contrast, the film drained for only 8 s before rupture when the 

surface became a little hydrophobic with a water contact angle of 36o. The drainage 

time decreased further to about 1 s when the water contact angle of the fused silica 

surface increased to 90o. 

(3) Unlike the hydrophilic surface that formed a flat stable film, the rupture of the film 

was observed in every experimental run for hydrophobic surface. Film rupture 

generally occurred at the barrier rim where the film thickness was minimal. The 

rupture started at one point and expanded to the whole film within a few 

milliseconds, resulting in the adhesion of the bubble to the fused silica surface. 

The smaller thickness of initial dimple formation and fast drainage rate when a bubble 

interacts with a hydrophobic surface inspired us to consider the possibility of mobile 

boundary condition at hydrophobic surfaces. 
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Figure 5-2. Comparison between theory (solid lines) and experimental results (open circles) 

for the evolution of spatiotemporal film thickness when an air bubble of radius 𝑅 =

1.2 𝑚𝑚 approached (a) a hydrophilic surface (Measurement times from top to bottom: 

0.377, 0.392, 0.412, 0.437, 0.467, 0.507, 0.567, 0.687, 1.197, 2.912, 4.542, 9.075, 18.610, 

28.124 and 101.755 s), (b) and (c) a hydrophobic surface with water contact angle 36o 

(Times: 0.377, 0.419, 0.457, 0.505, 0.571, 0.705, 1.209 and 8.099 s) and 90o (Times: 0.377, 

0.385, 0.400, 0.422, 0.443, 0.490, 0.548, 0.865 and 1.621 s), respectively, in 10-5 M KCl 

solutions. In all the cases, the maximum bubble approach velocity was set to be 1 mm/s. 

The arrows indicate the last film profile of film rupture at the barrier rim for hydrophobic 

surfaces. 

5.5.2 Effect of approach velocity 

Since our ITLFFA has the specific feature that allows conducting measurements under a 

wide range of hydrodynamic conditions, the effect of approach velocity on the surface 

mobility was also investigated for the hydrophobic surfaces. The evolution of film profiles 

when the bubble approached the hydrophobic surface with a water contact angle 90o at 

approach velocities of 0.01 mm/s, 0.1 mm/s and 1 mm/s in 10-5 M and 0.1 M KCl solutionz 

is shown in Figure 5-4. 
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Figure 5-3. Comparison between theory (solid line) and experimental results (open 

symbols) for the film thickness at the center (ℎ(0, 𝑡)) and the barrier rim (ℎ(𝑟𝑚, 𝑡)) for the 

hydrophilic and hydrophobic cases in Figure 5-2. 

According to previous study for hydrophilic surface35, high approach velocity promoted 

dimple formation and the thickness that the dimple appeared, which is defined as the film 

thickness of initial dimple formation (ℎ𝑑), increased with increasing approach velocity. 

The experimental data for the hydrophobic case showed the same trend (Figure 5-4). 

However, compared to the hydrophilic case, the ℎ𝑑 was the same for approach velocity of 

0.01 mm/s, while it decreased with increasing the approach velocity to 0.1 mm/s and 1 

mm/s, indicating predominate effect of surface hydrophobicity on dimple formation at 

higher bubble approach velocities. For the hydrophobic surface, the film ruptured with 

smaller width for lower bubble approach velocity than for the case of higher bubble 

approach velocity, although the overlap was the same for all the experiments which should 

result in the same film width. This finding indicates that the film ruptured before the bubble 

stopped moving at low approach velocity. 
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Figure 5-4. Comparison between theory (solid lines) and experimental results (open circles) 

for the evolution of spatiotemporal film thickness when an air bubble of radius 1.2 mm 

approaching a hydrophobic surface with water contact angle 90o in 10-5 M KCl solution (a, 

b and c) and 0.1 M KCl solution (d, e and f) with a bubble approach velocity of: (a) 0.01 

mm/s (Measurement times from top to bottom: 34.982, 35.285 and 35.702 s), (b) 0.1 mm/s 

(Times: 3.311, 3.466, 3.691 and 3.921 s), (c) 1 mm/s (Times: 0.377, 0.385, 0.400, 0.422, 

0.443, 0.490, 0.548, 0.865 and 1.621 s), (d) 0.01 mm/s (Times: 34.982, 35.302 and 35.910 

s), (e) 0.1 mm/s (Times: 3.311, 3.399 and 3.612 s) and (f) 1 mm/s (Times: 0.377, 0.392, 

0.403, 0.453, 0.485, 0.564 and 0.688 s.  The arrows indicate that the film ruptured at the 

barrier rim. 

5.5.3 Surface mobility  

As discussed in our previous work for hydrophilic surface35, the film thickness of dimple 

formation ℎ𝑑 is a function of approach velocity. Therefore one anticipates that the similar 
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dimple height and the evolution of film profile if the bubble approach velocity remains the 

same. The change of ℎ𝑑 and the fast drainage rate for hydrophobic surface inspired us to 

account for the possibility of mobile boundary condition at the air-liquid interface or/and 

the solid-liquid interface. In Figure 5-5, ℎ𝑑 was plotted as a function of approach velocity 

(represented by the Capillary number 𝐶𝑎 =
𝜇𝑣

𝜎
) for different hydrophobic surfaces. 

According to our previous work35,  ℎ𝑑  can be expressed as ℎ𝑑 = 0.49𝑅𝐶𝑎1/2  with 

tangential immobile boundary condition. If one interface is fully mobile and the other one 

is immobile, ℎ𝑑 is given by ℎ𝑑 = 0.49𝑅(
𝐶𝑎

4
)1/2. For the case of hydrophilic surface, an 

excellent agreement between the theory and experimental data was achieved by assuming 

immobile boundary condition for both interfaces. For hydrophobic surfaces, the 

experimental film thickness of dimple formation fell between the no-slip and full slip 

boundary conditions of one interface, indicating a partial mobile boundary condition at the 

solid-water interface as the bubble boundary condition should not be affected by the change 

of solid surfaces. For the hydrophobic surface of relatively low surface hydrophobicity, the 

surfacemobility occurred when the approach velocity exceeded 0.1 mm/s. For the surface 

of higher hydrophobicity, the surface mobility appeared at approach velocity as low as 0.02 

mm/s. From our experimental results, it is evident that the surface mobility not only 

depends on hydrophobicity of the surface but is also related to the relative velocity between 

the two approaching surfaces. The no-slip boundary condition for air-liquid and solid-

liquid interface has been verified by previous experimental data for the bubble approaching 

a hydrophilic surface over the similar bubble approaching velocity range35. Since the only 

change in this study was the solid surface from hydrophilic to hydrophobic, the no-slip 

boundary condition should still apply to the air-liquid interface. We also notice that Peclet 
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number, 𝑃𝑒 = 𝜆2/𝐷𝜏  , where 𝜆  is a characteristic length in the radial direction, 𝜏  is a 

characteristic time and 𝐷 is the diffusion coefficient of surface species, was critical in this 

dynamic drainage process37-38. In our system, Peclet number is around 100, which indicated 

that the convective transport of the liquid was larger than the diffusive transport when the 

surface gradient existed on the air-liquid interface. The large Peclet number also results in 

faster drainage of the liquid film. However, if this is the case, it should happen in the 

hydrophilic case as well. In the hydrophilic case, the no-slip boundary condition well 

explained the experimental behavior, excluding the presence of surface gradient at the air-

liquid interface. Hence, we speculated that the apparent mobile boundary condition occurs 

at the hydrophobic surface to facilitate the drainage of liquid through the thin film, leading 

to a faster thinning rate. 

In the following analysis, we introduced the slip length at hydrophobic surface in the 

theoretical model (eqns (5-1)-(5-5)) to fit the experimental film profiles, which 

qualitatively demonstrated the degree of mobility at partially mobile surfaces. Guided by 

the discussions mentioned above, we assume that the system remains axisymmetric and the 

bubble has tangentially immobile boundary condition (𝑏1 = 0), which means 𝑢 = 0 at the 

bubble-liquid interface. The good agreement between the theory and experimental data 

shown in both Figure 5-2 and Figure 5-4 validates the existence of surface mobility for the 

solid-liquid interface. With the maximum approach velocity of 1 mm/s, the value of the 

slip length that provided the best agreement between the theory and experimental data was 

150 nm for the hydrophobic surface with contact angle 36o (Figure 5-2b). However, eqn 

(5-2) was used to get the best prediction of the film profile evolution from the theoretical 

model for surface with the contact angle 90o, indicating a fully mobile surface under this  
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Figure 5-5. Experimental variation of the ℎ𝑑 with capillary number for solid surfaces with 

different hydrophobicities. Results assuming no-slip and full slip boundary conditions of 

one interface were calculated from the theoretical model (solid lines). 

condition. Thus, the increase in surface hydrophobicity of solids dramatically increased the 

slip of water on the solid surface and facilitated the movement of liquid close to the liquid-

solid interface. The slip lengths of the surface with contact angle 36o and 90o at other 

approach velocities were obtained using the same method. The fitted slip lengths were 

plotted as a function of bubble approach velocity (represented by Ca) as shown in Figure 

5-6. In general, the slip length increased with increasing approach velocity for a 

hydrophobic surface with a given water contact angle. For a given approach velocity, the 

slip length increased with increasing surface hydrophobicity. The critical approach velocity 

at which the slip length started to increase decreased with the increasing surface 

hydrophobicity, indicating that the surface with higher contact angle was more mobile than 

that with lower contact angle. Since the approach velocity is related to shear rate, this 
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behavior can be regarded as shear-dependent mobile boundary condition. It is interesting 

to note the similar trend of approach velocity dependent mobile boundary condition 

occurred in 0.1 M KCl solutions (Figure 5-4d-f) as in 10-5 M KCl solutions, indicating a 

general shear-dependent mobile boundary condition for hydrophobic surfaces with 

nanoroughness.  

 

Figure 5-6. Dependence of fitted slip length on the approach velocity for an air bubble 

approaching two surfaces with different hydrophobicities. The dashed lines are used for 

eye guidance. 

Compared with the slip length that was measured to be less than 100 nm at hydrophobic 

surface16, the fitted slip lengths in our study are up to an order of magnitude larger than the 

length scale of the surface roughness, even larger at high shear rate with high surface 

hydrophobicity. These large slip lengths are similar with the results measured at the air-

liquid interface for patterned superhydrophobic surface and for systems with nanobubbles 

on hydrophobic surfaces28, 39. The presence of nanobubble or air pockets on hydrophobic 

surfaces with nanoroughness has been verified by numerous researches as the surface 
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asperities provide more nucleation sites for nanobubbles or air pockets40-42. In this work, 

hydrophobic surfaces with the peak-to-valley roughness of around 15 nm were made, 

which provides large possibility of nanobubbles or air layer on the surface. The significant 

decrease of hydrodynamic drag forces was observed by Chan et. al on superhydrophobic 

surface with large scale roughness because of the existence of trapped air43. By adding 

surfactant, they showed that the hydrodynamic force increased which confirmed the 

mobility of trapped air on the rough surface. The shear-dependent surface mobility in this 

study can be attributed to the shear-induced nucleation of vapor bubbles on hydrophobic 

surfaces that has been proposed by de Gennes5, 21 and supported by experiments conducted 

by Zhang et al.44.  These shear-induced bubbles were fresh, unlike the bubble generated at 

the end of the capillary with immobile interface, leading to mobile boundary condition on 

the hydrophobic surfaces with nanoroughness. The high shear rate may increase the 

coverage of air layer on the surface of strong hydrophobicity, leading to a fully mobile 

boundary condition at the solid-liquid interface.  

In addition, the rupture of the film occurred at the film thickness 100-200 nm in all cases. 

Assuming an attractive hydrophobic force as an exponential form reported previously45, 

the model would require decay length of ~10 nm in this study that are much larger than 

the ones reported in literature (~0.8-1 nm). As discussed above, the air layer on the surfaces 

is believed to cause this large film rupture thickness that has been confirmed by early 

studies46-48. 
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5.6 Conclusions 

We have developed a new approach for determining the degree of surface mobility using 

the evolution of thin film profile when a bubble interacts with a flat surface. Unlike the no-

slip boundary condition for hydrophilic surface, shear-dependent mobility was observed 

on the hydrophobic surface with nanoroughness, which is independent on the salt 

concentration of the solution. The change of boundary condition on these surfaces is 

believed to due to the presence of air pockets on such surfaces. Thus, surface roughness is 

a key feature that should be considered in practical dynamic interaction involving 

hydrophobic surfaces. 
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The conclusions of this thesis and the recommendations for the future research are 

summarized in this chapter. 

6.1 Conclusions  

The integrated thin liquid film force apparatus (ITLFFA) was successfully developed to 

study the interaction between deformable and solid surfaces in aqueous electrolyte 

solutions, which can be extended to non-aqueous systems. Using the bimorph as a force 

sensor combined with the interferometry technique, the ITLFFA is capable of 

simultaneously measuring the time-dependent interaction force and the spatiotemporal film 

thickness. Equipped with a speaker diaphragm and a motorized actuator, the ITLFFA is 

able to control the precise displacement of deformable surfaces over a wide range of 

velocities. The accurate determination of the spatiotemporal film thickness allows the 

calculation of total interaction forces between the deformable and solid surfaces. The 

excellent agreement of the calculated and measured interaction force indicates the high 

accuracy of both force and film thickness measurements by our ITLFFA. 

Interactions between an air bubble and hydrophilic silica surface in aqueous electrolyte 

solutions were investigated using ITLFFA to study the effect of salt concentration and 

bubble approach velocity over a wide range. The bubble approach velocity was found to 

determine the shape of the film profile and the first occurrence of dimple formation. The 

salt concentration only affects the drainage time and equilibrium film thickness. A good 

agreement between the experimental results and numerical calculations by Stokes-

Reynolds-Young-Laplace (SRYL) model allows us to use the model to infer quantitative 

information on the distribution of the film pressure and the details of the fluid flow within 

the liquid film, which cannot be directly measured. Such an agreement also further verifies 
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the feasibility of simultaneous force and film thickness measurement as well as the 

appropriate use of SRYL model over a wider range of global Reynolds number. 

The interactions between an air bubble and hydrophobized silica surface with different 

hydrophobicities and nanoroughness were also studied using ITLFFA. Unlike forming a 

stable flat film for hydrophilic surface, the film ruptured at film thickness as large as 100 

nm for hydrophobic surface. The evolution of the film profile before the film rupture was 

quite different from that of hydrophilic case. By fitting the experimental film profile using 

modified Stokes-Reynolds-Young-Laplace (SRYL) model, the presence of apparent 

surface mobility beyond a critical approach velocity was found for hydrophobic surfaces. 

The nanobubbles or air layer on the hydrophobic surface with nanoroughness is believed 

to be the possible reason for the change of boundary condition in our study. 

6.2 Recommendations for future research 

Future research should address the following areas: 

• The experiments in Chapter 5 show the existence of surface mobility at liquid-solid 

interface when the solid surface is hydrophobic with nanoroughness. It would be 

important to do the similar experiments on molecular smooth hydrophobic surfaces 

to reduce the influence of air layer on surface mobility. The possible way to limit 

the surface roughness is to use mica or the alcohol surface modification. 

• In our current study, the millimeter size bubble was used for all the experiments. It 

was found that the bubble/droplet radius plays a significant role in the 

bubble/droplet coalescence. It would be interesting to study the micron size bubble 

and summarize the influence of bubble size on dynamic film drainage and film 

rupture process, especially that our instrument is able to cover a wide range of 
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approach velocity. 

• The ITLFFA has been verified to provide important information when a deformable 

surface approaching a solid surface. The current study only uses an air bubble as an 

deformable surfaces. Thus, the extend study of using oil droplet or water droplet is 

good for comparison and other practical applications. In addition, the study of 

bubble-bubble interaction with dissimilar size is also valuable as it shed light on 

the optimization of flotation. 

• The current study only focuses on the simple solid surfaces. The interactions 

between deformable and solid surfaces with various surface structures and 

properties are of great interest in industrial and biological processes. The study of 

interactions involving engineered surfaces can explain the mechanism of these 

processes and promote their performance. 
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Appendix A 

Additional calculations for Chapter 3 

Calculating the equilibrium film thickness using DLVO theory 

When the film drains to the flat equilibrium film, the Laplace pressure inside the bubble 

(2𝛾

𝑅
) equals to the total disjoining pressure 𝛱, which is given by the sum of van der Waals 

interaction 𝛱𝑣𝑑𝑤 and electrical double-layer interaction 𝛱𝑒𝑑𝑙:  

                                                                 2𝛾

𝑅
= 𝛱 = 𝛱𝑣𝑑𝑤 + 𝛱𝑒𝑑𝑙                                             (A1) 

The van der Waals interaction is calculated as: 

                                                                      𝛱𝑣𝑑𝑤 = −
𝐴

6𝜋ℎ3                                                     (A2) 

where h is the film thickness and A is the Hamaker constant. In our system, the value of A 

is taken to be -1.1×10-20 J according to the literature1. 

The electrical double-layer interaction is obtained by using the following equation derived 

by Verwey and Overbeek2: 

                              𝛱𝑒𝑑𝑙 = 64𝑛𝑘𝑇 ∗ tanh (
𝑧𝑒𝜑𝑠𝑙

4𝑘𝑇
) ∗ tanh (

𝑧𝑒𝜑𝑏𝑙

4𝑘𝑇
) exp (−кℎ)                        (A3) 

where n is the number of electrolyte ions per unit volume in the aqueous film, k is the 

Boltzmann constant, ze is the charge on the electrolyte ions, T is the absolute temperature 

and κ-1 is the Debye length. 𝜑𝑠𝑙  and 𝜑𝑏𝑙  are the surface potential of surface-liquid and 

bubble-liquid interface, respectively.  

In our system, the ionic strength of Milli-Q water is regarded as 5.6×10-6 mol/L, 𝜑𝑠𝑙 is 

measured to be -148 mV and 𝜑𝑏𝑙 is chosen to be -40 mV which is reasonable according to 

the literature1, 3. Thus, the equilibrium film thickness is calculated to be 114 nm which 

matches the experimental results. 
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Figure A1. (a) Typical raw data of film thickness as a function of film radius (points) and 

film profile after smoothing (solid line) of a bubble interacting with a hydrophilic surface 

in Milli-Q water. (b) The total film pressure profile obtained for the film profile in (a). 

An example of calculating film pressure from the spatial film profile 

A typical result of film pressure calculated based on the measured film profile was 

exhibited in Figure A1 (b). In this case, there are 208 data points in the film profile (points 

in Figure A1 (a)). The smoothed profile is the solid curve in Figure A1 (a). The number of 

data points used in each local regression of Savitzky-Golay (“window size”) was chosen 

to be 20. This number has to be optimized to acquire good smoothness for each film profile. 

The acceptable smoothness is indicated by conservation of the features of the raw data and 

lack of oscillation in the first and second derivatives of film thickness. In general, the 

results presented in this paper were all attained with the “window size” between 20 and 80. 

The axial symmetry of this system demands that the pressure profile on the left and right 
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sides should be the same. The small difference between the two pressure profiles on the 

left and right sides of Figure A1 (b) is due to the reasonable uncertainty in pressure 

determined by this method. Note that eqn (3-7) contains a singularity at r=0, which can be 

handled by using l’Hospital rule to obtain continuous pressure profile at r=0.  
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Appendix B 

Additional calculations for Chapter 4 

Calculation of the shear rate at the bubble-liquid interface 

As mentioned in Chapter 4, the flow in the thin film trapped by the bubble and solid 

surface can be regarded as Stokes flow. According to the lubrication theory, the velocity 

of the flow in the radial r-direction, 𝑢(𝑟, 𝑧, 𝑡), is given by: 

                                                       𝜇 𝜕2𝑢(𝑟,𝑧,𝑡)

𝜕𝑧2
=

𝜕𝑝(𝑟,𝑡)

𝜕𝑟
                                                 (B-1) 

where 𝜇 is the viscosity of the liquid and 𝑝(𝑟, 𝑡) is the pressure in the r-direction. 

Integrating eqn. (B-1) with respect to z twice, 𝑢(𝑟, 𝑧, 𝑡) can be written as: 

                                            𝑢(𝑟, 𝑧, 𝑡) =
1

𝜇

𝜕𝑝(𝑟,𝑡)

𝜕𝑟
(

𝑧2

2
+ 𝑐1𝑧 + 𝑐2)                                 (B-2) 

With the no-slip boundary condition for both solid-liquid and bubble-liquid interface, that 

is 𝑢(𝑟, 𝑧, 𝑡) = 0 at 𝑧 = 0 and 𝑧 = ℎ, the value of 𝑐1 and 𝑐2 can be obtained and the 

velocity of the flow in the trapped thin film can be expressed as: 

                                                𝑢(𝑟, 𝑧, 𝑡) =
1

𝜇

𝜕𝑝(𝑟,𝑡)

𝜕𝑟
(

𝑧2

2
−

ℎ𝑧

2
)                                       (B-3) 

The shear rate for a fluid flowing between two parallel plates, one of which is moving at 

a constant speed and the other of which is stationary is defined by: 

                                                               �̇� =
𝑣

ℎ
                                                             (B-4) 
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where 𝑣 is the velocity if the moving plates and ℎ is the distance between the plates. 

Therefore, in our system that is similar to the condition described above, the shear rate 

has the form: 

                                                               �̇� = −
𝑑𝑢

𝑑𝑧
                                                      (B-5) 

Combining eqn. (B-5) with eqn. (B-3), the shear rate at the bubble-liquid interface (𝑧 =

ℎ) can be written as:  

                                                       �̇� = −
ℎ

2𝜇

𝜕𝑝(𝑟,𝑡)

𝜕𝑟
                                                    (B-6) 

The relationship between drainage time and capillary number 

As the film thickness of dimple formation increased with the increasing approach velocity 

(Figure 4-10), the more pronounced dimple resulted in longer film drainage time (Figure 

B1). In addition, the narrow neck at the barrier rim of the film in high salt concentration 

prolonged the drainage time compared to that in low salt concentration. 

 

Figure B1. Drainage time as a function of capillary number in different salt concentrations. 
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Appendix C 

Additional figures for Chapter 5 

Displacement and velocity of the capillary 

The displacement of the capillary that drives the bubble against the surface is controlled 

accurately by a motorized actuator. The system was programed to move a displacement of 

400 µm at the velocity of 1mm/s. The total displacement was achieved exactly (Figure C1). 

The displacement signal was matched to a sixth order polynomial to obtain the bubble 

approach velocity using the derivative of the polynomial (Figure C1). Though the approach 

velocity was set to be 1 mm/s, the total displacement is too short for the velocity to stabilize. 

The curve shows an initial acceleration and later the velocity reduces to zero after about 

0.55 s. This experimental velocity as shown here was used in the numerical code as the 

driving function rather than assuming a constant velocity of 1mm/s, which was essential in 

capturing the excellent agreement between theory and experiments shown in the main 

manuscript. 

 
Figure C1. Displacement and velocity of bubble when the motorized actuator was 

programed to travel a displacement of 400 µm at a velocity of 1 mm/s. 
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The contact angle measurements and AFM images of hydrophobic surfaces 

 

Figure C2. Water contact angle of (a) 36o and (b) 90o on hydrophobized silica glass surface. 

 

Figure C3. AFM topography images of (a) hydrophilic silica glass surface and 

hydrophobized silica glass surfaces with water contact angle of (b) 36o and (c) 90o. 

 

Figure C4. Water contact angle of hydrophobic surface as a function of time. 
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As shown in Figure C4, hydrophobicity of the surface that was hydrophobized using silane 

solution is quite stable without noticeable change for two weeks. 


