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Abstract

Generalizing wavelets by adding desired redundancy and flexibility, framelets (a.k.a.
wavelet frames) are of interest and importance in many applications such as image pro-
cessing and numerical algorithms. Several key properties of framelets are high vanishing
moments for sparse multi-scale representation, fast framelet transforms for numerical ef-
ficiency, and redundancy for robustness. The theory and applications of scalar framelets
have been extensively studied in the literature. However, vector framelets, or equivalently
multiframelets, are far from being well understood. This thesis provides a theoretical

investigation of multiframelets.

Framelets are often derived from refinable vector functions via the popular oblique
extension principle (OEP), and such framelets are called OEP-based framelets. Con-
structing OEP-based tight multiframelets with several desired features is a well known
challenging problem. We circumvent this issue by considering quasi-tight multiframelets,
which are special dual multiframelets but behave almost identical as tight multiframelets.
We will show in Chapter [2|that from any compactly supported univariate refinable vector
function with at least two entries, one can always obtain a quasi-tight multiframelet such
that: (1) its associated discrete framelet transform is compact and has the highest pos-
sible balancing order; (2) all compactly supported framelet generators have the highest
possible order of vanishing moments. Several illustrative examples will be provided. The
results of this chapter are summarized as [43], which has been published in Applied and
Computational Harmonic Analysis.

In Chapter 3] we extend the theory of univariate quasi-tight multiframelets in Chap-
ter [2 to arbitrary dimensions. The generalization is not straight forward. Several new
challenges and elements are involved. The work of this chapter is summarized as [44],

which has been published in Science China Mathematics.
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In Chapter [4, we will discuss the more general question on how to construct multivari-
ate dual multiframelets satisfying all desired properties from any pair of compactly sup-
ported refinable vector functions. Our study on constructing OEP-based multiframelets
relies on a newly developed normal form of matrix-valued filters, which is of independent
interest and importance for greatly reducing the difficulty of studying refinable vector
functions and multiframelets. This chapter’s work is summarized as [57], which is sub-

mitted and is under review.

In Chapter |5 we introduce framelets with mixed dilation factors. Unlike a traditional
framelet system which only involves a single dilation factor, we consider framelet systems
involves different dilation factors. Recent advances on constructing tight framelets with
low redundancy and good directionality give us a taste of framelets with mixed dilation
factors, and demonstrate the interest and importance of establishing the corresponding

theory. In this thesis, we develop the basic theory of framelets with mixed dilation factors.
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Chapter 1

Introduction

1.1 Backgrounds on Framelets

Generalizing wavelets by adding desired redundancy and flexibility, framelets (a.k.a.
wavelet frames) are of interest and importance in many applications such as image pro-
cessing and numerical algorithms. Several key properties of framelets are high vanishing
moments for sparse multiscale representation, fast framelet transforms for numerical ef-
ficiency, and redundancy for robustness. The theory and applications of framelets have
been extensively studied over the past decades, see e.g. [8,[11H15}/18,/19,121}22,24, 28|30,

40,41,50451},/62] and many references therein.

To better explain the motivation of our work, we recall some basic concepts and
notations on framelets. Throughout the thesis, by M we always denote a dilation matrix,
which is a d X d integer matrix whose eigenvalues are greater than one in modulus, or

equivalently, lim; ,., M~ = 0. Moreover, we define
dm = | det(M)]. (1.1.1)

By f € (L2(R%))™* we mean that f is an r x s matrix of square integrable functions in



Ly(RY). In particular, (Ly(R%))" := (Ly(R?))"™*!. Define the inner product by

T

(f.9) = Rdf(fv)@ dr,  f€(La(R)™, g€ (Lo(RT))™ (1.1.2)

Let ¢ = (¢1,...,0,)7 € (Lo(RY)) and ¢ = (¢1,...,9,)T € (Lo(R?))*. We say that {¢;}

is an M-framelet in Lg(Rd) if there exist positive constants C; and C5 such that

Colf 17y < D WLSC=RNP+D D [ vw)* < Callf 113 ey, Y f € La(RY),

kezd J=0 kezd
(1.1.3)
where
[(fsomi) P = I1CF oma) 7, = Z| frtbemig) %, (1.1.4)
and
Urg = A (M- —k), i = dy (W —k), €=1,....s.  (LL5)

The number r is called the multiplicity of the framelet. If r = 1, we often call {¢, v}
a scalar framelet. If » > 1, then {¢, 1} is often called a multiframelet or a vector

framelet. For simplicity, we refer both of them framelet.

For 6.6 € (Lo(R") and .9 € (La(RY)", we say that ({00}, {6:0}) is a dual
M-framelet in Lo(R?) if both {¢; ¥} and {q?), Y} are M-framelets in Lo(R%) and satisfy

F=S 00— ko — k) + 3 ST b i Vf € Lo(RY,  (1.1.6)

kezd 7=0 keczd

with the above series converging unconditionally in Lo(R%). We say that {gb Y} e, is

.....

a quasi-tight M-framelet in L,(R?) if {¢, ¥} is an M-framelet in Lo(R?) and satisfies

f= Z<f’ ¢( - k)>¢( —k)+ ZZ Z o[, Vomig) Vemik Vf e Ly(RY) (1.1.7)

kezd j=0 ¢=1 keczd



for some ey,..., e, € {1}, with the above series converging unconditionally in Lo(RY).
We say that {¢; 1} is a tight framelet in Ly(R%) if (T.1.3) holds with C; = Cy = 1, or
equivalently, {é;w}(ﬂ ..... c,) is a quasi-tight M-framelet with ¢; = --- = ¢, = 1. From the

above definitions, we see that a tight framelet is a special case of a quasi-tight framelet,

and a quasi-tight framelet is a special case of a dual framelet.

Framelet is a special type of of frames in Ly(R%). For ¢ = (¢1,...,¢,)7 € (Ly(R)"
and ¥ = (P1,...,1,)T € (Ly(R?)*, we define the M-affine system generated by {¢; 1}
via

AS({drw}) ={on- —k) s L=1,....r, k€L

U{tomin i €=1,...,8, keZ' jeNy}.

(1.1.8)

For gb,gz; € (Ly(RY) and 1, 1) € (Ly(R%), it is trivial that ({gb,w},{q;,zz}) is a dual
M-framelet in Lo(RY) if and only if (AS({¢?;¢}),AS({(§;@Z})) is a pair of dual frames
(AS({;1}), AS({; Diag(er, .. . , €,)1b})) is a pair of dual frames of Ly(R%), and {¢; ¢} is
a tight framelet in Ly(R?) if and only if AS({¢;¢}) is a tight frame of Ly(R?).

Most known framelets are constructed from refinable vector functions. By (Iy(Z%))"**
we denote the space of all r x s matrix-valued finitely supported sequences u = {u(k) }reza :
7% — C™* such that {k € Z¢ : w(k) # 0} is a finite set. For a vector function
¢ € (Ly(R%))", we say that ¢ is an M-refinable vector function with a refinement

filter/mask a € (Io(Z%))™" if

¢ =|det(M)| > " a(k)p(M - k). (1.1.9)

kezd

The integer 7 is the multiplicity of ¢. If » = 1, then we simply say that ¢ is an M-refinable
(scalar) function. For f € L;(R%), let f(¢) := Jga fz)e4da for € € R? be its Fourier
transform. The definition of the Fourier transform can be naturally extended to Lo(R?)

SXT

functions and tempered distributions. For any finitely supported filter u € (Io(Z%))**",

3



define its Fourier series via

Q) = > ulk)e™®t,  feR (1.1.10)

kezd

It is easy to see that the refinable equation ((1.1.9) is equivalent to

S(MTE) =a(€)p(€),  EERY (1.1.11)

where 5 is the r x 1 vector obtained by taking entry-wise Fourier transform on ¢. To
construct framelets from refinable vector functions, an oblique extension principle
(OEP) was introduced. The scalar framelet version of the OEP was introduced in [3]
and [15]. The univariate multiframelet version of the OEP was studied in [33,145] (also

see [41, Theorem 6.4.1]). Its corresponding multivariate version is as follows:

Theorem 1.1.1 (Oblique Extension Principle (OEP)). Let M be a d x d dilation matriz.
Let 0,0, a,a € (Io(ZH)™" and ¢, ¢ € (Ly(RY))" be compactly supported M-refinable vector
functions with refinement filters a,a € (Io(Z4))™", respectively. For matriz-valued filters

b75 € (lO(Zd))sxrf deﬁne Q&%Qi& as
0(€) = 0O, D) =DM TEIM TE), (1.1.12)

o6) = DO, B(E) = HMTEHMTE). (1.113)

Then ({¢; ¥}, {gg,iz}) is a dual M-framelet in Ly(R?) if the following conditions are sat-
1sfied:

— T —_

~T=
0

(1) 5(0) B(0)6(0) = 1 with B(€) == (&) I(&);

(2) all entries in 1 and Y have at least one vanishing moment, i.e., @(0) = zﬁ(()) =0.
(3) ({a;b},{a; 5})@ forms an OEP-based dual M-framelet filter bank, i.c.,

~— T2

a(€) OMTEA(E + 2mw) + D(E) b(€ + 2mw) = 8(w)B(¢), (1.1.14)

4



for all € € R? and w € Qu, where
0(0):=1 and 6(z):=0, Vo #0 (1.1.15)

and Q is a particular choice of the representatives of cosets in [M~TZ4] /7 given
by
Om = {wi, . way = (MTTZH N[0, 1)*  with w; = 0. (1.1.16)

Framelets derived from refinable vector functions via OEP are called OEP-based

framelets.

The most important feature of the multiscale representation in (|1.1.6)) is its sparsity,
which is highly desired for processing multidimensional data. By P,,_; we denote the
space of all d-variate polynomials of degree less than m. The sparsity of the multiscale
representation in comes from the vanishing moments of ¢). We say that a function

1 has order m vanishing moments if

(p,¥) =0,  VpeR, 1, orequivalently, (&)= 0O(¢|™),  £—0,

where the notation f(&) = g(&) + O(||€||™) as £ — 0 simply means 0* f(0) = 0*¢(0) for
all = (..., p1a)" € N& with |p| := pg + -+ + pg < m. We define vin(¢p) := m with m
being the largest such integer. It is easy to deduce from that a necessary condition
for all framelet generators vy, ¢ = 1,...,s to have order m vanishing moments is the

following polynomial preservation property:

ST (pe o — kNl — k) =3 S (pedel- — K)u(- —k) =p,  VpEPpy, (LLIT)

kezd =1 kezd

which plays a crucial role in approximation theory and numerical analysis for the conver-
gence rate of the associated approximation/numerical scheme. Using the Fourier trans-

form, it is well known in approximation theory (see e.g. [41, Proposition 5.5.2]) that if



vm(t) = m and vm(¢)) = m, then we necessarily have

T~ D L
B S °

(&) d§ +2mk) = O(lEI™),  o(&+2mk) d(&) = O(IEI™), €0, keZ\{o},
(1.1.18)
and
=13 ~
o(&) o) =1+ 0([EI™™), £—0. (1.1.19)
For an OEP-based dual M-framelet ( {qb, Y} Aq ngﬁ; Q/NJ}), the vanishing moments on the framelet
generators ¢ and Y is closely related to the orders of sum rules of the refinement masks
a and a associated with the refinement vector functions ¢ and <;~5 We say that a filter

a € (Io(Z%))™" has order m sum rules with respect to M with a matching filter

v € (lo(Z)>" if H(0) # 0 and
D(MTE)a(€ + 2nw) = §(w)D(&) + O(|€[™), € —0, VYw € Qu. (1.1.20)

In particular, we define sr(a, M) := m with m being the largest possible integer in ({1.1.20)).
It can be easily deduced from (T.1.14)) that vin(¢)) < sr(a, M) and vin(¢)) < sr(a, M) al-
ways hold no matter how we choose  and 6. The purpose of OEP is to improve the

orders of vanishing moments of the framelet generators 1) and ¢) by properly constructing

0,0 € (Io(Z%)™" such that (T.1.14), (1.1.18) and (T.1.19) are satisfied with m and m

being as large as possible.

1.2 The Major Shortcoming of OEP

With OEP, a lot of compactly supported scalar tight or dual framelets with the highest
possible vanishing moments have been constructed in the literature, to mention only a
few, see [2,3,8,/14-17,30%133,|41}45,|46} 52,53] 58,62, 66] and many references therein. In
particular, see Chapter 3 of [41] for comprehensive study and references on scalar tight

or dual framelets. Though OEP appears perfect for improving the vanishing moments



of framelet generators, it has a serious shortcoming. To properly address this issue, we

need to briefly recall the discrete framelet transform employing an OEP-based filter bank.

By (1(Z%))**" we denote the linear space of all sequences v : Z% — C**". We call every
element v € (I(Z%))**" a matrix-valued filter. For a filter a € (Io(Z%))"*", we define
the filter a* via a*(¢) := a(g)T, or equivalently, a*(k) := a(—k;)T for all k € Z¢. We define

the convolution of two filters via

vxal(n) =Y v(k)a(n—k), neZ' wvelZ))", ac(lo(Zh)) "

Let M be a d x d dilation matrix, define the upsampling operator + M : (I(Z4))**" —

(1(Z%))**" and the downsampling operator | M : (I(Z%))**" — (I(Z4))**" as

v(M~k), if k € MZ¢,
[v 1 M](k) :== , [v ] M](k) :=v(ME),  VkeZzZ‘ (1.21)

0, elsewhere,

for all v € (I(Z%))**".

We introduce the following operators acting on matrix-valued sequence spaces:

e For u € (1y(Z%))"*!, the subdivision operator S, is defined via

Sumv = | det(M)[2[v 1 M] # a = | det(M)|z Y v(k)u(- — Mk), (1.2.2)

kezd
for all v € (I(Z%))**".

e For u € (Iy(Z%))™", the transition operator 7,y is defined via

Tomv = | det(M)[2[v  u] L M = |det(M)[2 > v(k)ulk - M) (1.2.3)

kezd

for all v € (I(Z%))**".



Let a,a,0,0 € (Io(Z))™" and b,b € (Io(Z))**" be finitely supported filters. Define

~ ~ =~—T=
a filter © = 6* % 0, ie., O() := 6(§) 0(§). We now state the discrete multiframelet
transform using these finitely supported filters. For any J € N and any (vector-valued)

input signal/data vy € (I(Z%))*", the J-level discrete framelet transform using a filter

bank ({a; b}, {@;b})e is as follows:

(S1) Decomposition: Recursively compute the framelet coefficients v;, w;,j =1,...,J
by
v = Tamvir = Togvo, wi = Tomvjor = TomTim'vo,  j=1,...,J
(S2) Reconstruction: Compute ¥ := vy * © and recursively compute 0;_1,7 = J,...,1
by

77]'—1 = Sa’MQNJj + SRMU}]'? j = J, cey 1.

(S3) Recover v, from 0y through the deconvolution vy * © = 0.

The deconvolution step (S3) is where the trouble arises. If ({a;b}, {@;b})e is an OEP-
based dual M-framelet filter bank satisfying (1.1.14), then the original input data vq is
guaranteed to be a solution of the deconvolution problem vy * © = 7,. However, the
deconvolution is inefficient and non-stable, that is, there could be multiple solutions of
the deconvolution problem. Thus we cannot expect that the input data can be exactly
retrieved by implementing the transform. As we shall see later in Chapter [3] one necessary

condition to avoid this issue is that © is strongly invertible.

Definition 1.2.1. Let © € (Io(Z%))"™" be a finitely supported filter. We say that ) (or
simply © ) is strongly invertible if there exists ©~1 € (Io(Z%))™" such that O 1=06", or

equivalently all entries of 0! are 21 Z%-periodic trigonometric polynomials.

For a scalar filter © (i.e., r = 1), it is strongly invertible if and only if O is a non-zero
monomial, i.e., O(¢) = ce < for some ¢ € C\ {0} and k € Z¢. When © is strongly

invertible, the discrete framelet transform is said to be compact, i.e., the transform is

8



implemented by convolution/deconvolution with finitely supported filters only. Note that
the strong invertibility of © forces both f and 6 to be monomials, and we lose the main
advantage of OEP of improving the vanishing moments of framelet generators by choosing
such filters 6 and 6. For instance, one of the most important examples of refinable scalar
functions are B-splines. For m € N, the B-spline function B,, of order m is defined
by
1
Bl = X[O,l} and Bm = Bm,1 * B1 = / Bm,1<' — t)dt (124)
0

The B-spline function B,, is a piecewise polynomial function, belongs to C™ 1(R) with

—

support [0, m], and is M-refinable: E;(Mf) = afl’M(f)é;(f) with
al (&) =M (14 e .o e i MDEG™, (1.2.5)

We see that sr(a)} 4, M) = m and 1— a2 ,(€)]* = O(J¢|*) as € — 0. Thus any OEP-based
tight M-framelet derived from B,, with the trivial choice © =1 has at most 1 vanishing

moments on the framelet generators, even though m can be arbitrarily large.

The situation becomes even more complicated for multiframelets (i.e., » > 1). In
this case, © is strongly invertible if and only if det(@) is a non-zero monomial, which
is in general too much to expect. Nevertheless, we will see in Chapters [2, [3] and
that this condition can be satisfied without sacrificing other good properties of an OEP-

based multiframelet, which demonstrates great advantages of multiframelets over scalar

framelets.

1.3 Advantages and Difficulties of Multiframelets

The previously mentioned shortcoming of OEP motivates us to consider multiframelets,
that is, framelets with multiplicity » > 1. Multiframelets have certain advantages over
scalar framelets and have been initially studied in [27,29] and references therein. In

sharp contrast to the extensively studied OEP-based scalar framelets, constructing mul-



tiframelets through OEP is much more difficult and is much less studied. To our best
knowledge, we are only aware of [58, Chapter 2| for studying OEP-based tight multi-
framelets, and [33,45] for investigating OEP-based dual multiframelets with vanishing
moments, which both focus only on the one-dimensional setting (i.e., d = 1). In this

section, we briefly explain the difficulties involved in studying multiframelets.

We see from Theorem that the most important step of constructing OEP-based
framelets is choosing the appopriate filters 0,6 € (Io(Z%))™ . In many situations, this is
not easy. Except for the examples in 33|, all constructed OEP-based dual framelets with
non-trivial © (where © := #* x §) do not have a compact underlying discrete framelet
transform, i.e., © is not strongly invertible. We will present some concrete examples in
Chapter . Choosing suitable filters # and 6 becomes even harder when constructing

OEP-based tight framelets, in which case we require that § = 6. Moreover, define
Pum(&) i= [U(€ + 2mwr), ..., U(€ + 21wg,)], € €RL (1.3.1)

for every matrix-valued filter w, where wy,...,wq, are defined as in ((1.1.16). A tight
M-framelet filter bank {a;b}e satisfies (T.1.14) with a = @ and b = b, which is further

equivalent to

Mao(&) = Po(©) Pou(©), (1.3.2)

where

O + 2mwy)
Maol€) = — Pam(©) BOMTEPam(€).  (1.33)
C:)(§ + 27w, )

Note that (1.3.2) forces M, o(&) = 0 (i.e., M,o(§) is positive semi-definite) for all
¢ € R This extra requirement makes the construction of ® much harder, even in the

simplest case d = 1. Even though one can obtain © such that M, ¢ > 0, we still have the

10



problem of obtaining a spectral factorization of M, ¢ as in (1.3.2)). If d = 1, the Fejér-
Riesz lemma guarantees the existence of a spectral factorization. However, the spectral
factorization of a trigonometric polynomial matrix is much harder when d > 2, due to
its intrinsic connections to factorization and syzygy modules of multivariate polynomial

matrices (see [4.,[5]).

On the other hand, the sparsity of a discrete framelet transform is another issue which

needs to be worried about when the multiplicity » > 1. First we look at the scalar case r =

1. Let ({gb, )}, {gE, @E}) be an OEP-based dual M-framelet obtained through Theorem|1.1.1

with an underlying OEP-based dual M-framelet filter bank ({a; b}, {@; b})e. Suppose that
vm(¢) = m. Then the framelet representation has sparsity in the sense that
the polynomial preservation property holds. Moreover, item (1) of Theoremm
yields $(0) # 0. Thus it follows from 1 := 5(M~T-)¢(M~T-) that b(¢) = &(||¢||™) as £ — 0.
For any polynomial p € IP,,, 1, using Taylor expansion yields p(x—k) = ZaeNd ( (f,) 0%p(x)

for all z, k € R% Thus for any finitely supported sequence u € ly(Z%), we have

prad(e) = 3 plo—ku(h) = Y 00 (Z (‘a—’“,”uw) - > E pepweeao).
kezd a€Ng kezd ’ aENg

which is a polynomial whose degree is no bigger than the degree of p, ie., pxu €

P,,—1. We now input a polynomial sequence data p € P,,_; and implement the J-level

discrete framelet transform with the filter bank ({a; b}, {a;b})e. Observe that the framelet

coefficient v satisfies v; = Tomp = | det(M)|2[p * a*](M-) € P,,_;, and by induction we

conclude that v; € P, for all j =1,2,...,J. It follows that the framelet coefficients w;

satisfy
1 5 1 (_Z)la‘ fe! N
wj = Tymvj—1 = [det(M)[2[v; 1 + b"|(M-) = | det(M)]2 o 1070-] (1)[978](0) = 0,
a€eNg )
for all j = 1,...,J. where the last step follows from b( ) = O(J|&]|™) as € — 0 and

vj € P,,—1. Consequently, all framelet coefficients w; vanish. This means that the sparsity
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of the framelet expansion automatically guarantees the sparsity of the underlying
multi-level discrete framelet transform. Unfortunately this is in general not the case
when 7 > 1, simply due to the fact that 12(5) = B(M_Tg)a(M_Té“) = 0(]|&]|™) does not
imply any moment property of 3(5) at £ = 0. This issue is known as the balancing
property of a framelet in the literature ([9,/10%33,/35,41},/56,/65]). For the case r > 1,
the sparsity of a discrete framelet transform is measured by its balancing order (see
the definition in Chapter [2| for d = 1 and Chapter [3| for d > 1). For an OEP-based dual
framelet ({¢; 1}, {q~5, ¥}) has the highest possible orders of vanishing moments on framelet
generators, and the balancing order underlying discrete framelet transform is the same as
vm(t)), then we say that the dual framelet is balanced. We will leave further discussion

of this issue to Chapters [2 and [3]

1.4 Framelets with Mixed Dilation Factors

The redundancy of framelet systems not only offers flexibility in their constructions but
also improves the performance when handling multi-dimensional data ([1}/15,30,36}38,47-
49,60(-62,67]). The degree of redundancy of a dual framelet is measured by its redundancy

rate. Here let us roughly explain the redundancy rate of a framelet transform.

Let M be a d x d dilation matrix. For simplicity let us consider a .J-level dis-
crete framelet transform employing the OEP-based filter bank ({a; b}, {@; b})s;, for some
a,a € (Io(Z%)™" and b, b € (Io(Z*))**". In many applications, we consider an initial data
vg € (lo(Z4))*™" which has finite support. Suppose that vy contains n real numbers, i.e.
#{Re (vo(k);) ,Im (vo(k);) : k € Z%41 = 1,...,r} = n. One first extend vy to a periodic
sequence v € (I(Z%))*", and use v5”" as the input data of the discrete framelet trans-
form. Noting that vj" % a* and v§" * b* are both periodic sequences which have the same
period as v§“", both sequences contain only finitely many real numbers. Thus the framelet

coefficients v; and w; contain finitely many real numbers for all j = 1,...,J, and say all

framelet coeflicients contain a total of N real numbers. Then the ratio % measures the

12



redundancy of the J-level discrete framelet transform. For a J-level discrete framelet
transform employing a dual M-framelet filter bank ({a; b}, {@; b})sr,, its redundancy rate

only depends on the level J, the number s and the dilation factor M.

Most dual framelets which offer good performance in practice have relatively high
redundacy rates (see e.g. |1,/15}30,36,/60-62,/67]). Though the high redundancy rate of a
dual framelet improves performance in practice, the computational cost will also increase
as dimension increases. Recently, a version of tensor product complex tight framelets (TP-
CTF) was introduced in [49], which not only offers good performance on image processing,
but also has a significantly lower redundancy rate compared with existing systems in
the literature. This newly developed TP-CTF is a particular case of framelets with
mixed dilation factors. That is, instead of using one single dilation factor M, different
dilation factors are used in the framelet system. To be specific, let ¢¥° = (49, ... vN)T €
(Ly(RH)" ... * € Lo(R?) and My, ..., M, be d x d dilation matrices. Define an

affine system with mixed dilation factors via

ASH{'M o) ={w2(-— k) 1 q=1,...,r, keZ%}

U {| det(My*M;) I=1,...,s, jeEN,, keZ.

L .
|2¢M6;M31Mlk :

We say that ({/'IM;}i_, {0'IM;}5_,) is a dual framelet in L,(R?) with mixed dilation
factors if both (AS({y/'!M;};_,) and AS({#)'IM;};_,)) are frames of Ly(R?) and satisfy

kezd

D003 et M M. U gona) Dl g 9

=1 j=0 gezd

(1.4.1)

for all f, g € Lo(R?), with the above series converging absolutely.

Allowing mixed dilation factors creates more flexibility in constructing framelets, and

makes it possible to achieve a low redundancy rate while all desired properties for good
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performance are being kept. There is a small amount of work in the literature on lowering
redundancy rates of wavelet/framelet systems by considering mixed dilation factors (e.g.
[68,70]). To our best knowledge, the only existing work in the literature discussing
framelets with mixed dilation factors theoretically is [49], which only addresses the case

of tight framelets with multiplicity » = 1.

1.5 Contributions

The majority of this thesis is devoted to the investigation on how to avoid the previously
mentioned shortcomings and difficulties on OEP-based framelets. We mainly focus on
multiframelets. For ¢ € (Ly(RY))" and ¢ € (Lo(R%))® and ey, ..., e, € {£1}, recall that
{030} (er...cr) 18 & quasi-tight M-framelet in Ly(R%) if ({§; ¢}, {¢; Diag(ey,. .., e)0}) is a
dual M-framelet in Lo(R%). Quasi-tight framelets are special dual framelets, but behave
almost identically as tight framelets. From any compactly supported refinable vector
function with multiplicity » > 1, we show that one can always construct a quasi-tight
multiframelet through OEP such that (1) all framelet generators have the highest pos-
sible vanishing moments; (2) its underlying discrete framelet transform is compact; (3)
its underlying discrete framelet transform has the highest possible balancing order, which
makes the transform sparse. Several illustrative examples will be provided for the case
d = 1. Our result on quasi-tight multiframelets can be further generalized to dual multi-
framelets. We prove that from any pair of compactly supported refinable vector functions,
an OEP-based dual framelet satisfying all desired properties can be obtained. This part of
the work demonstrates great advantages of OEP on multiframelets over scalar framelets.
The key ingredient of our study is a newly developed normal form of matrix-valued fil-
ters, which is of independent interest and importance for greatly reducing the difficulty
of studying refinable vector functions and multiframelets. We also study discrete multi-

framelet transforms employing OEP-based multiframelet filter banks in detail.

On the other hand, one chapter will be devoted to framelets with mixed dilation fac-
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tors. The basics of the theory of framelets with mixed dilation factors and with arbitrary
multiplicity will be developed. We will study properties of framelet filter banks with

mixed dilation factors, and then make connections with framelets in Lo (R?).

1.6 Thesis Structure

Chapter [2| deals with one dimensional quasi-tight multiframelets. First, we develop the
normal form of a matrix-valued filter and demonstrate its power. Next, we study the
discrete framelet transform employing an OEP-based dual framelet filter bank. We shall
discuss various properties including the compactness and the balancing property of the
framelet transform. Then we show how to construct an OEP-based quasi-tight mul-
tiframelet from any compactly supported refinable vector function, and provide some

examples to illustrate our result.

Chapter [3]is the multivariate counterpart of Chapter [2] However, we will see that the
multivariate case is much harder than the univariate case. There are new challenges that
we have to deal with, and several new elements will be involved in our study. We shall
also provide a structural characterization of OEP-based quasi-tight multiframelets with

high vanishing moments and high balancing orders.

In Chapter [4] we focus on OEP-based dual multiframelets. We prove that from any
pairs of refinable vector functions, one can always obtain a dual multiframelet through
OEP, with all desired properties being satisfied. We comment that the univariate dual
multiframelet case has been covered in [33]. Our main result in this chapter is a non-

trivial generalization of the corresponding result on the case d = 1 to the case d > 1.

In Chapter [5] we deal with framelets with mixed dilation factors and with arbitrary
multiplicity. The notion of a dual framelet filter bank with mixed dilation factors will

be encountered and its various properties will be studied. We will also link the theory
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in discrete settings to function settings, by making connections between filter banks and
framelet systems in Lo (R9).
Finally in Chapter [0 we provide a summary of the thesis, and discuss some potential

future research topics.
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Chapter 2

One-dimensional Quasi-tight
Multiframelets with High Balancing
Orders

In this chapter, we investigate the construction of one-dimensional OEP-based quasi-tight
multiframelets with high vanishing moments and high balancing orders. The work of this
chapter is summarized as [43], which has been published in Applied and Computational
Harmonic Analysis. Since we work on the case when the dimension is d = 1, the dilation
factor M is an integer with |[M| > 2. Without loss of generality and for simplicity of

discussion, throughout this chapter, we assume M > 2, in which case the set 2 defined

as (|1.1.16)) simply becomes

Withwj:jﬁlforjzl,...,l\/l.

As discussed in Chapter|[I] the key is to construct a desired filter © as in Theorem [I.1.1}
which maximizes the vanishing moments of all framelet generators, and makes the under-

lying discrete framelet transform compact and balanced. We start with this chapter by
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discussing various properties of a discrete framelet transform employing an OEP-based
filter bank. Next, we move on to develop the theory of the normal form of a matrix-valued
filter, which plays a key role in our study of OEP-based multiframelets. Then we show
that from any compactly supported refinable vector function, one can always obtain an
OEP-based quasi-tight multiframelet satisfying all desired properties. Several examples

will be provided at the end of the chapter to illustrate our main result.

2.1 The Perfect Reconstruction Property of a Multi-
level Discrete Framelet Transform

We shall address several important issues on a multi-level discrete framelet transform
such as the perfect reconstruct property and the balancing property. We have mentioned
in Section that the deconvolution problem in (S3) of a multi-level discrete framelet
reconstruction may have infinitely many solutions, which cause nonstability and inaccu-
racy for reconstruction. We say that a multi-level discrete framelet transform has the
generalized perfect reconstruction property if any original input signal vy can be

reconstructed as one of the solutions vy of the deconvolution problem vy = vy * ©.

Let a,a,0,0 € (Io(Z))™" and b,b € (Io(Z))**" be finitely supported filter, and let .J €
N. To analyze a J-level discrete framelet transform using the filter bank ({a; b}, {@;b})e
(where © := 6* % ), we define:

e The J-level discrete framelet analysis/decomposition operator:
Wy = (HZ)7 = (Z) D Wi (v) = (Tomv, TomTam, - - Tom T o, Tuv).

Define W := W as the one-level analysis/decomposition operator.
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e The J-level discrete framelet synthesis/reconstruction operator:

Vi (U(Z)>EI) S (W(Z)Y, Vi, by, ..., y,05) = Do,

for all w; € (I(Z))** and v; € (I(Z))"*", where 0;_1,j = J,...,1 are recursively
computed via

QN}j,1 = S&,Mﬁj + Sg7Mlj)j, j = J, ceey 1,
with 05 := v;. Define V := V), as the one-level synthesis/reconstruction operator.

e The J-level convolution operator:
Co.y : (I(Z))>EH) 5 ((Z) T Co.y(tin, g, - . . 2y, D) = (W1, g, - . . 200y, 05%O),

for all @; € (I(Z))"* and 6, € (I(Z))"*".

We observe that the .J-level discrete framelet, transform using the filter bank ({a; b}, {a;b})e
has the generalized perfect reconstruction property for an input signal v € (I(Z))"*" if

and only if
]}JCG;JWJ(U) = Co(v), (2.1.1)

where Cg is the convolution operator Cg(v) = v x ©. Moreover, by
Wy = (Id(l(Z))IXS(J—l) QW) --- (Id(l(Z))le R W)W

and

]}J - ]}(Id(l(z))bw X ]}) et (Id(l(z))le(J—l) & ]}),

we see that the J-level discrete framelet transform has the generalized perfect reconstruc-
tion property for v if and only if the one-level discrete framelet transform does, that
is,

Sam([Tamv] * ©) + Spu(Tomv) = v+ ©. (2.1.2)
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Following the approach in [37,/41] for scalar framelets, we now provide the necessary
and sufficient conditions for the generalized perfect reconstruction property of a discrete

framelet transform as follows:

Theorem 2.1.1. Let a,d,0,0 € (Io(Z))™" and b,b € (Io(Z))**" be finitely supported

filters. Define © := 6* 0. The following statements are equivalent to each other:

(i) Forany J € N, the J-level discrete framelet transform using the filter bank ({a; b}, {a;b})e
has the generalized perfect reconstruction property for any input signal v € (1(Z))>*"

(or for any input signal v € (Io(Z))**").
(ii) ({a;b},{a;b})e is an OEP-based dual M-framelet filter bank satisfying (L.1.14).

Proof. (i) = (ii): The generalized perfect reconstruction property of the one-level discrete
multiframelet transform for v € (I(Z))'*" is equivalent to (2.1.2)). For v € (Io(Z))**", we

observe that

M—1
Samv(€) = MYVZG(ME)a(E) and  To pmo(ME) = M~1/2 > B+ Zyale + %VV)T.
v=0

Therefore, in the frequency domain, (2.1.2)) is equivalent to

<

-1

ole + ) [JE+ ) BMOIR(E) + e+ ) 10| =080, (219

Il
o

o

We now use the same argument as in |37, Theorem 2.1] and [41, Theorem 1.1.1] by

selecting v as Dirac sequences in (2.1.3) to prove ((1.1.14). Observe that (2.1.3)) actually
holds for all v € (Io(Z))™™". For each j =0,...,M — 1, plug v := (- — j)/, into (2.1.3)
and noting that 7(¢) = e~¥¢1,., we deduce from (2.1.3)) that

> o [ae+ 5 omgi + 36+ ) ho)| =@, @1

27y

for all j =0,...,M — 1. Define the (rM) x (rM) matrix F := (e_ij'T]T
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each v =0,...,M — 1, define

T(E) = Al + Z) O(MEA(E) +b(E + Z0) be), E€R.

Note that yields ) L
uo(€) I

= “1@ _ I"“ 6(¢). (2.1.5)
@i |n)

It is easy to verify that F'F= MZ.m. Thus (2.1.5) implies

@) | 1] M1, |
M UI(g) _ ?T [:r é\)(f) _ Or:><r @(5)7 (216)
_m(g)_ _Ir_ _Orxr_

~

where 0,4, denotes the r x r zero matrix. Hence we have u,(§) = d(7)O(&), that is,

({a;b},{@;b})e is an OEP-based dual M-framelet filter bank. This proves item (ii).

(ii) = (i): Suppose that ({a;b}, {a;b})e is an OEP-based dual M-framelet filter bank
satisfying (L.1.14). Then (2.1.3) must hold for all v € (Ip(Z))"*". In the time domain,
(2.1.3)) is equivalent to , which further implies . This proves the generalized
perfect reconstruction property for any v € (Io(Z))*". Now for arbitrary v € (I(Z))"*",
we use the locality of the subdivision and transition operators (see the proof of [37,
Theorem 2.1] and [41, Theorem 1.1.1]) to prove that holds for all v € (I(Z))**.
Since all filters a, @, b, b, © are all finitely supported, there exists N € N such that all these
filters vanish outside [—N, N]. Fix n € Z. For any v € (I(Z))'*", define v, € (lo(Z))**"
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via
v(k), fn—(M+2)N<k<n+(M+2)N
v (k) ==
0, elsewhere.

For k€ Z N[22, X we have

([Tanv] % ©)(k) = ) (Z v(g)alq — Mt)T) Ok —1)

qEZ

- <Zv<q ~Mi)afg — N Mk)T) o)

qE€Z

I
Mz@

( > vlg—Mt)alg— MK) Mk)T) o(t)

q=n—2N

( 3" (g —Mt)alg - Mk)T> o(t)

<Z vn(q — Mt)a(q — Mk)T) o(t)

q€Z

t=—N

WE

t

(]

-+
N

S

(1

=

M) * ©) (k).

Similarly we deduce that (Tomv)(k) = (Tomvn)(k) for all k € Z N[22, 228] . By direct

calculation, we have

[Sam([Tamv] * ©)](n) + (S5 m(Tomv)] (1)
M2 S ((Tame] = ©)()aln — ME) + Tyuav(k)b(n — ME))

M2 3 (([Tame] # ©)(R)a(n — ME) + Ty (k)b(n — ME))

where the last identity follows from the generalized perfect reconstruction property of the
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transform for all v € (Io(Z))"*". Note that

(0,#0)(n) =Y v, (k)O(n—k) = > v, (k)O(n—k) = > v(k)O(n—k) = (vx0)(n).

Since n € Z is arbitrary, this proves (2.1.2) for all v € (Io(Z))**". The proof is now

complete. O

If the deconvolution in (S3) of the J-level discrete framelet reconstruction has infinitely
many solutions or no solution at all, without any extra information on the input signal,
then one cannot exactly recover the original input signal vy from the transform. Hence, we
say that a discrete framelet transform has the perfect reconstruction property if any

original input signal vy can be reconstructed as the unique solution vy of 79 = 0p*© in (S3).

To study the perfect reconstruction property of a discrete framelet transform, we need

the following auxiliary result.

Lemma 2.1.2. Let © € (Io(Z))™" be a finitely supported filter. Define the convolution
operator Co by Co(v) :=v %O for any sequences v € (I(Z))'*". Then
(1) The mapping Co : (loo(Z))*" — (Io(Z))*" is injective (or bijective) if and only if

~

det(©(€)) # 0 for all £ € R.

(2) The mapping Ce : (14(Z))™*" — (14(Z))**" is injective (or bijective) if and only if

det(©(&)) # 0 for all £ € R, where I, (Z) denotes the space of all slowly increasing

sequences, i.e., v € l4(Z) if (1+ |- [*)"™v € loo(Z) for some m € N.

(3) The mapping Co : (I(Z))**" — (I(Z))**" is injective (or bijective) if and only if
det(©(€)) is a nontrivial monomial (i.e., det(6(€)) = ce=™¢ for some m € Z and

c e C\{0}).

Proof. We first prove items (1) and (2) simultaneously. Let Vj be either (I, (Z))'*" or

~

(I;;(Z))**". Suppose that Cg : Vo — V; is injective, but det(0(&)) = 0 for some &, € R.
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We start with the case r = 1. In this case, we have 0 = O(&) = > wez O(k)e™™ 0. Let
v € l(Z) be defined by
v(k)=e " VkeZ (2.1.7)

By definition, we have (v * ©)(n) = e~ M00(&) = 0 for all n € Z. So we find a non-zero
sequence v with v * @ = 0. Hence Cg is not injective, which is a contradiction. So we
must have O(¢) # 0 for all £ € R.

Now we consider r > 1. As det(6(&)) = 0, we can find an invertible r x r matrix
() such that all elements in the first row of Q@({O) are zero. Let v € [(Z) be defined
as (2.1.7), and let u € (I,(Z))"*" be defined by u(k) = (v(k),0,...,0)Q for all k € Z. It
follows immediately that u * © = 0, which again contradicts our assumption that Cg is

~

injective. Hence, det(©(&)) # 0 for all £ € R.

-~

Conversely, suppose that det(©(£)) # 0 for all £ € R. Then the filter ©~1, which is de-

fined by ©71(¢) := @(f )~!, must be well defined and has exponential decaying coefficients.

Consequently, we can deduce that
(v¥0)xO ' =vx(OxO0 ) =v=0vx(O1x0)=(vxO 1) x0O (2.1.8)

and v* ©~! € 1} for all v € V. Hence, Cg must be bijective. This proves items (1) and

(2).

Finally, we prove item (3). Suppose that Ce : (I(Z)))'*" — (I(Z))'*" is injective, but
det(©(€)) is not a non-trivial monomial. Then there exist & € C such that det(0(&)) = 0.
Then by applying the same argument as in the proof of item (1), we conclude that Cg is
not injective, which is a contradiction.

Conversely, if det(©(€)) is a non-trivial monomial, then © is strongly invertible and

©~! € (Io(Z))"™*". Consequently, (2.1.8) must hold for all v € (I(Z))"*". Hence, Cg is

bijective. O

Now Lemma [2.1.2] yields the following characterization on the perfect reconstruction

property of a discrete framelet transform employing an OEP-based dual framelet filter
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bank.

Theorem 2.1.3. Let a,d,0,0 € (lo(Z))™" and bb € (lo(Z))**" be finitely supported
filters. Define © == 0* % 0. Let Vo = (I;(Z))"™*" (or respectively, Vo = (1(Z))**"). For any
J €N, the J-level discrete framelet transform using the filter bank ({a;b},{@;b})e has

the perfect reconstruction property for any input signal from Vi if and only if

(i) ({a;b},{a;b})e is an OEP-based dual M-framelet filter bank satisfying (1.1.14);

(i) det(©(€)) #£ 0 for all £ € R (or respectively, det(O(€)) is a non-trivial monomial),
=—T=

where ©(€) := 6(¢) 6(¢).

Except for the examples in [33], all constructed OEP-based dual framelet filter banks
with non-trivial © do not satisfy item (ii) of Theorem [2.1.3] For the convenience of the

reader, we now present two concrete examples of tight framelet filter banks such that item

(ii) of Theorem fails.
Example 2.1. Let M = 2 and consider the B-spline filter a5y € lo(Z):

—_

B(O) = [0+, EeR

—~ e\ 2
It is well known that a§2 is the mask associated to the refinable function By (&) = (%) .
That is, Ba(2€) = aZ,(€)B(€) for all € € R. With

~

~ ~ ~

0(€) = (1+e7)/2, O(§) = 0()0(€) = (2+ e + ) /4,

one can construct a tight 2-framelet filter bank {a%; b}e satisfying

—_— — T . — — —T

aB,(€)B(26)aB,(€) + B(E) b(&) = B(E),  aBa(€)B(28)aly (& + 1) +b(E) b(E+7) =0

for all € € R, where b := [by,by]" € (Io(Z))*** is given by

o V2

(e =D 1P, b(§) = (e —1), (R
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Define 6(€) = B(&)B3(€) and $(€) := b(&/2)Ba(¢/2) for all € € R. Note that $(0) =
5(0)@;(0) = 1 and ¢ has one vanishing moment. By Theorem {d: ¢} forms a
compactly supported tight 2-framelet in Ly(R). However, because é(ﬂ') =0, Theoremm
tells us that the tight 2-framelet filter bank {afg; b}e cannot have the perfect reconstruction

property for certain input signals.

Example 2.2. Let ¢1(x) = By(- — 1) = max(1 — |z|,0) for all x € R. Then ¢ := [¢1,0]7

is a 2-refinable vector of compactly supported functions satisfying 95(25) = 6(5)(}5(5) with

it it
a(é)z}l crhEre 0 . C€ER
0 1
With
~ 1+ —ig 20 —~ T -
o) - | 60 4 |- B@=A 9. ecr

we can construct a tight 2-multiframelet filter bank {a;b}e satisfying

=T ~—T

a(©) B(26)a(€) + b(€) b(&) = B(6), a(e) OQ20)a(¢ + ) +b(E) b(E+m) =0
for all ¢ € R, where b € (Io(Z))**? is given by

it —ig\3
E(é)zg ¥ 6, )(1,“ )0 . feR.
2e %(e72 —1) 0

~ _

~

Define 6(6) = D€)B(€) and D(€) = HE/20(¢/2). Note that 6(0)[* = 5(0) B(0)3(0) =
1 and v has one vanishing moment. By Theorem {¢, Y} is a tight 2-multiframelet
in Ly(R). However, det(©) is identically zero, which clearly does not satisfy item (ii) of
Theorem . As a consequence, the tight 2-multiframelet filter bank {a;b}e does not

have the perfect reconstruction property.

The essence of OEP is to replace the original pair of refinable vector functions ¢ and
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¢ by another desired pair of refinable vector function ¢ and ¢ satisfying

-~ ~
o

M) = B(ED(O), H(ME) = 2(E)(6).

with

(€)== IMOAQAE) ™, a(e) == IMEEE)AE) ™.

When item (ii) of Theorem fails, we see that © := 0*0 is not strongly invertible, and
consequently so is at least one of # and . In this case, at least one of the two refinement
masks/filters a and a has infinite support, even though both qﬁ and gz~5 have compact
support. In the multiframelet case (r > 1), the determinant of O could even be identically
zero and therefore, the solution of the deconvolution problem is not unique at all. Hence, it
appears impossible for framelets constructed through OEP to achieve both high vanishing
moments and an efficient framelet transform simultaneously. The first breakthrough to
knock down this dead-end for OEP is probably [33] showing the real advantage of OEP
for r > 1. If © is strongly invertible, then the solution vy to the deconvolution problem
Uy = v * © is simply given by 0y = 0 * O~ (here O~ € (Io(Z))™ " is the filter with
o-1 = (:)’1) and the trouble of deconvolution is completely gone. Indeed, as proved in
[33, Theorem 1.2], if » > 1, then one can always construct a dual M-framelet through
OEP in Theorem from any pair of matrix-valued filters such that the dual framelet
has the highest possible vanishing moments and both 6 and @ are strongly invertible
(consequently, © is strongly invertible). It is the purpose of this chapter to show that
we can always construct quasi-tight multiframelets, which are much stronger than simply

dual multiframelets, with all desired properties being kept.
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2.2 The Balancing Property of a Multi-level Discrete
Framelet Transform

Next, we discuss the discrete vanishing moments and the balancing property of a discrete
multiframelet transform. “Smooth” signals are often modelled by polynomial sequences.
For m € N, by P,,_; we denote the space of all polynomial sequences of degree less
than m. The sparsity of a discrete multiframelet transform is described by its ability
to have zero framelet coefficients w; for polynomial input data. The input to a discrete
multiframelet transform is a vector sequence in (I(Z))'*", while most data in applications
are scalar-valued, i.e., in [(Z). Hence, we have to convert a scalar sequence into a vector

sequence by using the standard vector conversion operator
E:UZ) = ((Z)”" with Ev:=[v(r),v(r-+1),..,0(r-+r—1).  (2.2.1)

Note that [ is a linear bijective mapping. Let ({a;b},{a;b})e be an OEP-based dual
M-framelet filter bank and ({¢: %'}, {¢;%}) be its corresponding dual M-framelet. De-
fine m := sr(a, M) be its sum rule order. Ideally, since the multi-level discrete framelet

transform is recursive, to have sparsity of a framelet transform, we hope that
TomE(p) =0,  VpeEP, (2.2.2)

and

T.mE@) € E(P,_1), VpePn,_. (2.2.3)

The condition in guarantees that the output signal 7, m E (p) is still in the space
E(P,,_,) for any input data p € E(P,,_;). The condition in preserves sparsity for
all levels, that is, the framelet coeflicients w; := 7ZM7;],\_,|1E(p) =0forall p e P,
and 7 € N. Hence, we say that a filter b has m balanced vanishing moments if
holds. Moreover, we define bvm(b, M) := m with m being the largest possible
integer such that holds. Similarly, we say that a discrete multiframelet transform
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(using the filter bank ({a;b},{a;b})e) or a filter bank {a;b} has m balancing order
with respect to the dilation factor M if both and hold. In particular, we
define bo({a;b},M) := m with m being the largest such integer satisfying both
and ([2.2.3). For the case r = 1, we always have bo({a;b},M) = bvm(b,M) = vm().
But for » > 1, it was first observed in [56] that bo({a,b},M) < vm(¢) often happens.
This reduced sparsity hurdles the applications of multiwavelets and multiframelets. How
to remedy this shortcoming has been extensively studied in the function setting in [9./65]
and in the setting of discrete multiframelet transforms in [33}35}41].

The following result on characterizing the balanced vanishing moments and the bal-

ancing property is known (e.g., see [33, Theorem 4.4] or [41, Lemma 7.6.3]).

Theorem 2.2.1. Let M > 2 be a positive integer. Let a € (Io(Z))™" and b € (Io(Z))"*".
Define
T(E) = (1,7, ... =) (2.2.4)

Then
(1) The filter b has m balanced vanishing moments satisfying (2.2.2)) if and only if

—T

TEwE) =o(m™), €—o. (2.2.5)

(2) The filter bank {a;b} has m balancing order satisfying both (2.2.2)) and (2.2.3) if
and only if (2.2.5) holds and there exists ¢ € lo(Z) with ¢(0) # 0 such that

T

©T(©)a(e) =T(ME) + (g™, € —o. (2.2.6)

Q)

2.3 A Newly Developed Normal Form of a Matrix-
valued Filter

In this section, we study the normal form of a matrix-valued filter for the case d = 1. We

say that a function f is smooth near the origin if all the derivatives of f at the origin
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exist. The main results of this section are the following two theorems.

Theorem 2.3.1. Let M > 2 be an integer and a € (lo(Z))™" be a finitely supported
matriz-valued filter. Let ¢ be an rx 1 vector of compactly supported distributions satisfying
a(Mf) = 6(5)5(5) with 5(0) # 0. Suppose that the filter a has m sum rules with respect
to M satisfying with a matching filter v € (Io(Z))**" such that @(0)5(0) =1. Let
¥ be a1 x 1 row vector and Uy be an r x 1 column vector such that all the entries ofg

and ug are functions which are smooth near the origin and
OO =1+ 03¢, 0. (23.1)

If the multiplicity r > 2, then for any positive integer n € N, there exists a strongly

invertible r x v matriz U of 2m-periodic trigonometric polynomials such that

BOUE) ™ =0(&) + O(¢]™) and T(E)d(E) =€) + O(E["),  €—0. (232)

Define 5(5) = [7(5)(5(5) and /&\(5) = U(MEA(E)U(E)™ . Then the following statements
hold:

(i) The new vector function gb 1s a vector of compactly supported distributions satisfying

-~
)

the refinement equation E(MS) = g(f)aﬁ(ﬁ) for all £ € R and %(5) =uy(&)+ O(l¢]™)

as & — 0.

(ii) The new finitely supported matriz filter/mask a has m sum rules with respect to M

~

with the matching filter U such that ;(O)QS(O) =1, d.e., (1.1.20) holds with a and v

being replaced by a and U, respectively.
As a special case of Theorem [2.3.1], we have the following result.

Theorem 2.3.2. Let M > 2 be an integer and a € (Io(Z))™" be a finitely supported
matriz-valued filter. Let ¢ be an rx 1 vector of compactly supported distributions satisfying

qg(Mf) = a(ﬁ)g/b\(f) with gg((]) # 0. Suppose that the filter a has m sum rules with respect
to M satisfying (1.1.20) with a matching filter v € (Io(Z))**" and @(0)5(0) = 1. If the
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multiplicity v > 2, then for any positive integer n € N, there exists a strongly invertible
rx 1 matriz U of 2m-periodic trigonometric polynomaials such that the following properties

hold:

(i) 5(5) = ﬁ(Mf)a(f)ﬁ(f)_l takes the ideal (m,n)-normal form, i.e.,

(L+e 4 e ™MD)mP 1 (6) (1— e ™E)™P (€
(1—e ®)"Py (&) Pa(8)

: (2.3.3)

with

—

a10(8) = (1+e ™+ e MIOmP () =1+ 0(¢"), £€—0, (234)

where Py 1, Py o, Pay and Pao are some 1x1, 1x(r—1), (r—=1)x1 and (r—1)x(r—1)

matrices of 2m-periodic trigonometric polynomials. Moreover, define

36 = (516, 5(©) =BT, (2.3.5)
o6 = (qi@), . q37<5>) — DO, (2:3.6)

-~
)

we have g(l\/lﬁ) = /&\(S)qﬁ(f) with

~

0 =1+ 0(IE]") and ¢u(€) = O(E]"), €—=0, £=2,....r, (23.7)
and a has m sum rules with respect to M with the matching filter © satisfying

() =1+ 0(E™) and 0 (&) = O(E)™), €—0, (=2,...,r. (23.8)

(ii) If in addition
=T

G
G

then U in item (1) can be chosen such that the following “almost orthogonal” struc-

v(€)

+0(¢™), £—0, (2.3.9)
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ture holds:

0(©) U©)" = Diag (16O NGEI, .., [1G()2) + O(lel™"), ¢ 0,
(2.3.10)

where @; is the j-th column of Ut forg=2...r.

Conversely, if there exists U such that item (1) and (2.3.10)) hold, then (2.3.9)) must hold.

We make some comments on the importance of the normal form of a matrix-valued
filter in the study of refinable vector functions and multiwavelets/multiframelets. The nor-
mal form (also called the canonical form) of a matrix-valued filter was initially introduced
in [45, Theorem 2.2] for dimension one and was further developed in [32, Proposition 2.4]
for high dimensions to study multivariate vector subdivision schemes and multivariate re-
finable vector functions. In the scalar case (i.e., r = 1), recall that a scalar filter @ has m
sum rules with respect to the dilation factor M if and only if (1 +e7% + - e~ {M=D&ym |
a(€). Thatis, @(&) = (1—e ™MOmAE) (1 —e )™ = (1+e ¥+ -+ IM=DEmA(E) for
a unique 27-periodic trigonometric polynomial A(§). Now consider the case r > 1. If a
filter a takes the ideal normal form in item (i) of Theorem [2.3.2] we can factorize
@ a5 a(€) = BIMEA()B(€)™" with

(1 — e ®&)m . Pi1(8) Py»(&)
I (1—e )™t Py () Pap()

The above factorization of a matrix-valued filter allows us to theoretically study and con-
struct multiwavelets/multiframelets with high vanishing moments from refinable vector
functions, in almost the same way as the scalar case using the popular factorization tech-
nique in the scalar case (i.e., r = 1). On the other hand, as we will see later in the
construction of OEP-based quasi-tight multiframelets, the almost orthogonal structure
introduced in item (ii) of Theorem is the key to achieve the balancing property of

the associated discrete multiframelet transform.
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To prove Theorems [2.3.1| and [2.3.2 we need a few auxiliary results.

Lemma 2.3.3. Let v = (01,...,0,) and u = (4y,...,u,) be 1 X r vectors of functions
which are smooth near the origin such that v(0) # 0 and w(0) # 0. If r > 2, then for
any positive integer n € N, there exists a strongly invertible r X r matriz U of 2m-periodic

trigonometric polynomials such that

ae) =0E)UE) +o(e), €. (2.3.11)

Proof. We first prove the claim for the special case u(§) = (1,0,...,0)+ O (|¢]") as £ — 0.
Since 9(0) # 0, by permuting the entries of ¥, we can assume that 0;(0) # 0. Moreover,
since v is smooth near the origin, we can find a 1 x r vector  of 2m-periodic trigonometric
polynomials such that v(¢) = ;(f) + O([€]™) as £ — 0. Hence, without loss of generality,
we assume that v is a vector of 27-periodic trigonometric polynomials. Since 0;(0) # 0,

there exist 2m-periodic trigonometric polynomials w;(€),j = 2,...,r such that

w;(§) = =0/t () + O(gl"),  £—=0, j=2,...,m

Define ~ .
L wy(§) - we(§)
_— 0 1 0
Ur(§) =
0 0 1

Since det(l/fz(ﬁ)) =1, U, is strongly invertible and

5(€)01(6) = (51(6),0,....0) + O(E"),  €—0. (2.3.12)

Note that 77 is a 2m-periodic trigonometric polynomial with 0;(0) # 0. We now adopt an
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idea in the proof of [33, Theorem 2.1] to prove the claim. Choose ¢ € ly(Z) such that

1

c(§) = NG +O(EP"),  €=0, (2.3.13)
and define d € [y(Z) via
Sy N pyher (20 [
d(§) = ;(—1) (k) R (2.3.14)
Note that
(1= &) /20" = 1 - 2©)d(e). (2.3.15)
Due to our assumption r > 2, we can define
c(§) —(1 =€) /c0))" 0
U2(€) = | (1 —2()/e(0))" d(¢) 0
0 0 I,

Using ([2.3.12]) and ([2.3.15)), we trivially conclude that

BT T2(E) = (71(€),0, ..., 0)Us(€) + G([€]") = (T (€)E(E),0,....,0) + &([¢]")

as & = 0. Due to (2.3.13) and (2.3.15)), we have 0;(£)c(§) = 1+ O([¢]™) as £ — 0 and

det(Us(€)) = 1. Hence, U, is strongly invertible and 5(€)U;(€)Us(€) = (1,0,...,0) +
O(€]") as &€ — 0. The proof is completed for the special case of u by taking l/]\(f) =
T1(€)Ta(€).

Generally, by what has been proved, there exist strongly invertible matrices /U\v and

o~

U, such that

a(S)Uv(g) = (170""70)+ﬁ(|§|n)) a(ﬁ)@(f) = (1707°"’O)+ﬁ(|§|n)7 §—0.

e~~~

Define ﬁ(f) = U, (&)U, (&)™, Then U is strongly invertible and ([2.3.11)) holds. ]
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Note that Lemma often fails for » = 1, since ([2.3.11]) holds for r = 1 if and only
if u(€)/0(€) = ce™™* + O(|£]™) as € — 0 for some ¢ # 0 and k € Z.
The following result shows that the condition in (2.3.1)) of Theorem is also a

necessary condition.

Lemma 2.3.4. Let M > 2 be an integer and a € (Io(Z))"™" be a finitely supported matriz-

valued filter. Let ¢ be an r X 1 wvector of compactly supported distributions satisfying
a(Mf) = 8(5)5(5) with 5(0) # 0. Suppose that the filter a has m sum rules with respect to
M satisfying (1.1.20) with a matching filter v € (Io(Z))**" such that 6(0)(}5(0) = 1. Then

5(€)o(e) =1+ O(IE[™), € — 0. (2.3.16)

Proof. The claim is essentially known in 32, Proposition 3.2]. Here we provide a simple
proof. Since the filter a satisfies (1.1.20]), we have 0(M¢&)a(&) = v(§) + O(|¢]™) as & — 0.
Now we deduce from (E(Mf) = a(g)gﬁ(g) that

D(ME)S(ME) = DMENA(E)H(E) = DE)S(&) + O™, € = 0. (2.3.17)
Considering the derivatives of the function v(§ )(E(f ) at £ =0, yields
W[B4]9(0) = [09](0),  Vj=0,...,m—1.

Since we assumed 8(0)&5(0) = 1land M > 2, we can straightforwardly deduce that ([2.3.16)
must hold. ]

Lemma 2.3.5. Let m € N be a positive integer. Let v be a 1 X r row vector and u be an
r x 1 column vector such that all the entries of v and u are functions which are smooth

near the origin such that
v(Q)u(§) =1+ 0(¢"), §—0. (2.3.18)

For any positive integer n, there must exist 1 X r vector 6 of functions which are smooth
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near the origin such that
WO =) +o(g™) and v(E)aAE) =1+ O(E"), €~ 0. (2:3.19)

Proof. If n < m, then we can simply take © 1= and it follows directly from our assump-
tion in that trivially holds. So, we assume n > m. We consider two cases
r=1and r> 1. If r = 1, then @(0) # 0. Taking 0(¢) := 1/a(€), we see that is
satisfied.

Suppose that » > 1. By Lemma there exists a strongly invertible r X r matrix
U such that (&) := U()a(€) = (1,0,...,0)T + &(|¢|") as € — 0. We define () =
(51(6), ..., 0,(€)) :=T(E)U(€)~". Then it follows from that

51(6) = v(&)a(e) + O([e|") =TT E) U (©)a(e) + o(lg]") = (€)a(e) =1+ o([¢|™),

2}
153}
In
e
=
joB
D
=
=
D
=)
o
|
::
9
~—~
o
\'§<
S
a3
S~—
S~—
D
a3
S~—
H
=
D
=}

D(E)A(E) = (1, 52(6), ..., 0.()T(E)AE) = (L, T2(€), ..., 5.(€))a(€) = 1+ O([¢]")
as & = 0. By 0,(&) = 1+ @(J€]™) as € — 0 and noting 6(¢) = 5(£)U(€)~!, we have

0(€) = 2(OT(E) + O(€]™) =0(E) + O(Ig]™), € — 0.

This completes the proof. n

We are now ready to prove Theorem [2.3.1} which includes all the results on the normal
form of a matrix-valued filter in [32,33.4145] as special cases for dimension one. Following
the lines of our proof for Theorem below, we also point out that Theorem [2.3.1| can

be generalized without much difficulty to multidimensional matrix-valued filters.

Proof of Theorem (2.3.1 Obviously, it suffices to prove the claims for n > m. By
Lemma we see that (2.3.16) holds. By our assumption in (2.3.1)) and the fact that
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~

¢ is smooth at every £ € R (because ¢ is a vector of compactly supported distributions),

using Lemma [2.3.5 without loss of generality we can assume that

B)HE) =1+ 0(¢") and H(OT(E) =1+ 0", €0 (2.3.20)

Define 5({) :=(1,0,...,0). Since {)\(0) # 0 and ©(0) # 0, by Lemma [2.3.3] there exist
strongly invertible r X r matrices ff\l and @ of 2m-periodic trigonometric polynomials such

that

0(€) = 0(&)T1(€) + O(I€]") and  T(€) = B(E)Ta(E) + O(l€]"), €—0.  (2.3.21)

— —

(€)= O TE),  o€) =Ta©)a6), and  a(€) == T(ME)A(E)Ta(e)

~ -~

Then it is trivial to check that ¢(M¢) = g(f)q;(é’) and @ has m sum rules with the
matching filter ©. Write g = (iy,...,%,)". Using (2.3.20) and (2.3.21]) as well as
8(5) = (1,0,...,0), we observe that

—~

(©)itg(€) = D(ETLETL(E) Tp(€) + O(I€]") = 0(E)up(€) = 1+ O(€]), € — 0.

o)

(€)=

Write ¢ = ((Zl, ..., $,)T. Since 8(5) = (1,0,...,0), we deduce from ([2.3.20]) and (2.3.21])

that

H1(6) = D(OB(E) = DT () Ta(©)a(e) = DE)B(E) = 1+ O(E["), € — 0.

There exist 2m-periodic trigonometric polynomials wy for all £ =2, ..., r such that

~
~ @)

Wi(&) = (&) — de(&) + O(E™), €—0,0=2,... 1.

37



Define

1 0 0
— Ws 1 0
Us(§) == w2.(f)

TE) 0 o1

Since det(@(f)) = 1, the matrix Us is strongly invertible. Moreover, by the definition of

Wy, we have

-~
v o~

Us(9)$(6) = (&) + 0(g"), &=, (2.3.22)

where we also used (¢) = 1+ G(|¢|") and ¢, (€) = 1+ O(|€]") as € — 0.
Define U (&) = 5\1(5 )@(5)@({) Then U is strongly invertible and we now prove that

all the claims in Theorem are satisfied. We first check (2.3.1). Using (12.3.21)) and

n > m, we have

BOTE)™ = 0(E)Us(€) " Us(€) " UL (E) L = B(E)Us(€) 1TL(E) ™ + O(I€]")
DO+ O(le]") = o) + O(IE) =€) + G (le|™),

as & — 0, since the first row of @(5)_1 is [1,0,...,0] and 8(5) = (1,0,...,0). Similarly,
by (&) = Us(€)p(€) and using (2.3.22), as £ — 0, we have

~ — —

0(©)3(6) = T (O)Ta(O)Ta(©)0() = T ()Ta(E)a(€) = T (€)i(€)+OIE]") = T(€)+ ("),

where in the last identity we used the definition 5;(5 ) = ﬁl(g ) 1ug(€). This proves (2.3.2)).
We now check items (i) and (ii). By a(Mf) = a(f)qg(f), we obviously have

~

H(ME) = T(MEYGME) = TME(E)(€) = A(E)o(©)
Now by (2.3.1)), we have g(f) = 17(5)&5(5) = Uup(&) + O([¢]™) as & — 0. This proves item

(i).

Since U is strongly invertible, the filter @ must be finitely supported. Since a satisfies
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(1.1.20) and (2.3.1)) holds, for vy =0,...,M — 1, we have

BMEA(E + 22) = DMET (M) T (MeNale + 2T (€ + 57)™!

=0(ME)a(e + ENU (€ + Z) ™1 = 8(1)D(E)U (€)™ + O(I]™) = (7)0(E) + O(IE[™),

as & — 0, which proves item (ii). O
Finally, we prove Theorem [2.3.2

Proof of Theorem [2.3.2. We first prove item (i). By Theorem there exists a
strongly invertible r x r matrix U of 2m-periodic trigonometric polynomials such that all
the claims of Theoremhold with 0(¢) = (1,0,...,0) and u,(¢) = (1,0,...,0)T. Now
by item (ii) of Theorem we conclude that

G+ I =0(g™),  £€-0, y=1,...,M—1 (2.3.23)
and
Ga(+Z0) = 0(E[™),  £€—0, 7y=0,...,M—1. (2.3.24)

[2:3:23) is equivalent to (1 + €% + - -+ 4 e~{M=DEym | &/;(5), and is equivalent
to (1 — e=™&)™ | G15(€). On the other hand, we have 5(6) = D(©)d(E) = ) =
(1,0,...,0)T + O(]¢]") as & — 0, which is simply (2.3.7). Observing that g(Mf) =
3(6)0(6), we conclude from that a11(€) = 1+ O(€]") and ax1(€) = O(€|") as

¢ — 0. Thus (2.3.3) and (2.3.4) hold, and this proves item (i).
Next, we prove item (ii). By Theorem [2.3.1] there exists a strongly invertible filter

V € (Io(Z))"*" such that

~

HEOT(E) =€) = (1,0,...,0)+ O™, V(©)'3(&) = o(€) = (1,0,...,0)T +6(e",
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as £ — 0, where n = max(m,n). It follows from and the above identities that

%(5) ogm 1.0,....0)V vy Vi 939
o U (10,0 © =€) +0o(e",. (23.25)

(1,0,...,0)V ) =

as & — 0. For j =1,...,r, denote \7] the j-th column of V. It is easy to see from ([2.3.25))
that V1(€) = ¢(&) + O(|€]7) as € — 0. Set @1() := VA(€) and choose g € lo(Z) such that
Q) = ||¢(£)H2 + 0(|€]") as € — 0. For j = 2,...,r, define u; € (lo(Z))™" and choose
gj € lo(Z) recursively via

j—1

(&) = V(¢ i ( (E)W(€), (2.3.26)

+O(¢), €0 (2.3.27)

O™ = [@(€), (6, .., @ (&)] = [6() + O(E[M), @(€), ..., wm(&)], & —0. (2.3.28)

By our construction, it is not hard to verify that all claims of item (i) hold. Moreover, we
have det(U~!) = det(V), which implies that U is strongly invertible.

For j =1,...,r, we have

e — ST .
u]( ( — J HA( )||2> +ﬁ(‘€| )7 §_>O

This means whenever j # k, we have

T

@ (&) w(&) =o€, ¢—o. (2.3.29)

Note that the first column of U1 is ‘//\1 It follows that

0 () = Ding (JSOI 1B, 17©7) + 0(el"), € 0.
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Hence ([2.3.10]) holds since = max(m,n). Hence item (ii) is proved.
Conversely, suppose that item (i) and (2.3.10) hold. As U is strongly invertible, we

see from (2.3.10) that ||¢(0)]|2 % 0. Now use item (i), ([2.3.10) and max(m,n) > m, we

have
0(8) = (1,0,...,0)U(&) + O™ = “ $<z>||2 (1.0.....00() 0T + o(le)
—T
1 el ¢(§)
= —=——(1,0,...,00U(&) +O0(&|") = =——+ ("), ¢—=0.
[¢(&)]I> [6(&)]I>
This proves . This completes the proof of Theorem m n

2.4 The Main Theorem

In this section, we establish our main result on one-dimensional quasi-tight multiframelets

with high balancing orders. The main theorem is stated as the following.

Theorem 2.4.1. Let M > 2 be an integer and ¢ € (L2(R))" be a compactly supported
M-refinable vector function with a matriz-valued refinement filter/mask a € (lo(Z))™"
satisfying a(Mf) = 5(5)25(5). Suppose that the filter a has m sum rules with respect
to the dilation factor M satisfying with a matching filter v € (Io(Z))™" such

that ©(0)p(0) = 1. If the multiplicity r > 2, then there exist filters 6 € (Io(Z))™",
be (Io(Z)*" and €y,...,es € {£1} such that

(1) {qb, Y} (er,.e0) 18 @ compactly supported quasi-tight M-framelet in Ly(R), where gb(f) =

.....

.....

quasi-tight M-framelet filter bank, i.e.,

T

=T ~ ~
a(€) a(€) +b(€) Diagley, ... e)b() = I, (2.4.1)
- T Y

E(g)Ta(g + 20 4 b(€) Diagler, . .., e5)b(€ + 1) =0, (2.4.2)

41



forally=1,... ,M—1 and for all ¢ € R, where the finitely supported matriz-valued
filters a € (Io(Z))™" and b € (Io(Z))**" are defined by

-~ ~

a(§) = 0(MEa(e)fE) ™ and b(€) = b(&)AE) . (2.4.3)

(8) The ﬁlterlo) has m balanced vanishing moments.

(4) The associated discrete multiframelet transform employing the quasi-tight M-framelet

.....

bo({a; b}, M) = m.
Moreover, the compactly supported vector functions <b and v satisfy

~ ~
o

H(ME) = 3(€)0(€) and  D(ME) = b(E)o(€). (2.4.4)

~

Theorem demonstrates that we can construct quasi-tight multiframelets from
any compactly supported refinable vector functions. This is not like existing works in
the literature that study tight framelets, which often require that the refinable vector
function ¢ should have stable integer shifts. This condition guarantees the existence of
© € (Io(Z))™™" (which is often not strongly invertible at all) such that M, g is positive
semi-definite, where M, ¢ is defined in (1.3.3) (see [59, Proposition 3.4 and Theorem
4.3]). The positive semi-definiteness of M, ¢ is a necessary condition for the existence of

tight framelets.

On the other hand, Theorem [2.4.1|also demonstrates great advantages of OEP for mul-
tiframelets. In the scalar case (r = 1), OEP can increase the order of vanishing moments
on framelet generators, but quite often it is inevitable to sacrifice the compactness of the
associated discrete framelet transform. For example, [33, Theorem 1.3] proves that for
any scalar dual framelet constructed through OEP from any pair of scalar spline refinable
functions, if it has a compact framelet transform, then it can have at most one vanishing

moment. Besides, most of the multiframelets constructed in existing literatures lack the
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balancing property, which reduces sparsity when implementing a multi-level discrete mul-
tiframelet transform. Theorem [2.4.1|guarantees the existence of quasi-tight multiframelets
with all desired properties: (i) high order vanishing moments on framelet generators; (ii)

a compact and balanced associated discrete multiframelet transform.

To prove Theorem [2.4.1| and for the convenience of later presentation, we need the

following notations:

(1) For v € Z and u € (I(Z))**", the y-coset sequence of u with respect to the dilation

factor M is the sequence ul"M! € (1(Z))**" given by
uM(E) = u(y + ME), k€Z.
It is straightforward to check that
Mil —_—
) =Y ubM(MEe ™, Vue (I(2)™", ¢eR. (2.4.5)
v=0

Thus by letting F,.m(§) to be the (Mr) x (Mr) matrix defined via

Frm(§) = <6—i(l—1)(§+27r%)]r> b (2.4.6)
we have
[@(6). ae + ), ... ale + 0]
o - (2.4.7)
= [lMI(ME), dIMI(ME), .., uP=TMI(ME)] Frn(6).
Observe that FT;M(S)T F..m(§) = My, (2.4.7) is equivalent to
(), A€ + F),. . (e + 24 [ Fn(@
(2.4.8)

— — o — ]

=M [PV (ME), ul M (M), ..., ul=1M (M)

(2) Forje{1,...,M}andu € (Io(Z))™", let Dym () be the (Mr) x (Mr) block diagonal
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matrix defined via

Dym(€) = HE ) ) , (2.4.9)

a(e + =)

and let E,m(§) be the (Mr) x (Mr) block matrix, whose (I, k)-th r x r block is

—

(Bum(8))1 = ulk=EMI(E), (2.4.10)

for 1 <1,k < M. Then direct calculation yields

() Dusaa ()F (€)' = MEyua (ME). (2.4.11)

The following theorem plays a key role in the proof of Theorem [3.3.1]

Theorem 2.4.2. Let M > 2 and r > 2 be positive integers and let a € (lo(Z))"™ .

Suppose that a has m sum rules with respect to M with a matching filter v € (Io(Z))"*"

satisfying v(§) = (1,0,...,0) + O(|¢|™) as & — 0. Further suppose that ¢ is an r x 1

vector of compactly supported functions in Ly(R) satisfying ngS(I\/lf) = 6(§)$(§) and &5\(5) =

(1,0,...,0)T + O(|¢|") as € — 0 for some n = 2m. Then for any strongly invertible

U € (Io(Z))™" satisfying (2.3.10), there exist b € (Io(Z))**" and €1, ...es € {£1} for
some s € N such that

(1) {a;b}uyey,...c.) s an OEP-based quasi-tight M-framelet filter bank, i.e.,

(&) O(ME)a(E + 2n ) +/ETDiag(el, b€+ 2r ) = 8(w)U(E), (24.12)

forally=0,...,M—1, where § is defined as in (1.1.15)) and 0(5) = (7(5) ﬁ(f)*l
for all £ € R.

44



(ii) {N;¢}(er,...es) 15 a compactly supported quasi-tight M-multiframelet in Lo(R) such

that all the entries of 1 have m vanishing moments, where

~

7)) =U©)7'0(€),  b(€) =bE/M)(E/M), € ER. (2.4.13)

Proof. By our assumptions on U and gg, we see that @ must take the form in (2.3.3)), i.e.,

with

A€ =1 +e 4. e MUOMP (&) =14+ 0(I¢"), €—0,

a12(§) = (1= ™M) Pia(8),  a2a(€) = (1 —e7)"P2a(9),

where Py 1, Pi o, Poy and Pog are some 1 X 1, 1 x (r—1), (r—1)xland (r—1) x (r —1)

matrices of 27-periodic trigonometric polynomials. Define
~ o T ~
a1(&) := U(&) —a(§) UMEa(s),

Gi(€) = —a(€) UMEa(E + 2=y j—2 M.

For j = 1, using (2.3.10) and the fact that ||¢(&)||2 = 1 + @(|¢|") as € — 0, we have

1 — 7|1
F“)“@}a@> At fae s enen, o
p3(§) pa(§) c(€) C(Mg)
where 6(5) = Diag (||aa ()%, - - ., |@-(£)]|?) and @; denote the j-th column of U~ for all

jg=1,...,r. Then
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e p; is a 2m-periodic trigonometric polynomial satisfying

m© =11 @) P+mi@ CMOa@i(E) | + o) = 0(El"), €~ 0.
—— N——
=1+0(¢") =0(l¢)

e poisalx (r—1) vector of 2m-periodic trigonometric polynomials satisfying

pa(€) = —a01(6) @a(€) —21(6) C(ME)Paa(€) + O(IE]") = O(1E™), € 0.
o)  =o(erm

e p3 and py are (r—1) x 1 and (r — 1) x (r — 1) matrices of 27w-periodic trigonometric

polynomials satisfying p3(§) = WT =0(gm), &—0.

Since n > 2m, we conclude that a; admits the following factorization:

a1(8) = C1(§) : (2.4.14)

for some Cy € (Io(Z))™".

For j =2,...,M, we have

i1 52 N ~—T |1 N 1
Pirl€) pi2(8) = aj(f) = —a(§) N a(¢ + 27T—(]M )) + O(IME]™), € —0.
p;3(§) pja(§) C(ME)

By n > 2m, we observe that

® p;1 is a 2m-periodic trigonometric polynomial satisfying

pj,l(f)
N — ] — — T A — | — n
=— ai(€)  ani(E+ 292 +a51(E) C(ME) ani(& +2r ) | + a(IMgl™)
—o(e+2x(G-1)/Mm)  —a(em) —o(em) —6(|e+2n(j—1)/M]")

(=1

=(1 = )" (1 = e ERTROE ),
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where ﬁ’;(f ) denotes some 2m-periodic trigonometric polynomial.

e pioisalx (r—1) vector of 2r-periodic trigonometric polynomials satisfying

[

p;2(€) = —ana (&) ana(é + 20 9) — G5 (8) C(ME) o (€ + 2792y 4 o(IMe|™)
~ S N———

=o(lglm) =o(lg)
= o), €—=0.

e pjsisa (r—1)x1 vector of 2r-periodic trigonometric polynomials satisfying

— — - S~ A — i— n
pia€) =~ @a(€)  an(€+2mUg) — Po(€) C(ME) agi(€ + 2n ) +o(ME[")
—o(|e+2r(j—1)/M[™) —o(|e+2n(j—1)/M[™)

— 0(¢ + 2 U0, € 0,

e pj4is some (r — 1) x (r — 1) matrix of 27-periodic trigonometric polynomials.

Thus a; admits the following factorization:

(1—e &)™ - (1-— e—i(£+27rT)>m

a;(§) = C;i(€) : (2.4.15)

for some C; € (lo(Z))™*" for all j =2,..., M. Hence by letting

o) (1—e®m 0
m(§) = . ; : (2.4.16)
r—1
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and

u(¢)
Mau(f) =
U+ =5)

I (2.4.17)
a(§)

- ' OME) [a(e), ... alg+=M=1)],

=
it follows from and that
Mau(€) = Da,(€) M(€)Da,m(€), (2.4.18)

where M is some (Mr) x (Mr) Hermitian matrix of 27-periodic trigonometric polynomials,
and Da,,.m is defined via (2.4.9) with u = A,,.
It follows from ([2.4.11)) and ([2.4.18) that

T

M2 Frm (&) Mau(€)Fm(€)
=M~ <FT;M<€)DAm;M(£)TFT;M(€)T> (FT;M(OM(f)Fr;M(@T) (FT%M(@D%M@F“M(QT>

—Fn m(ME) M(€)Ea, (M),

where M(£) = M2 F,.;M(g)M(f)FT;M(f)T and Ea,,.m is defined as in (2.4.10) with u = A,,,.
On the other hand, using(2.4.8]) and (2.4.11)), we see that

M2 F (€)M () Frm(€)

— T

attiMe) - (2.4.19)
=M~ Eym(ME) — : U(ME) [aoMI(M), ..., aM-BM(M¢)] -

()

Hence M(€) only depends on Mg, say M(£) = M(ME), where M is some (Mr) x (Mr)
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Hermitian matrix of 27-periodic trigonometric polynomials. We now claim that M can

be factorized in the following way:

M(€) = T(€) Diag(L,, —1,)0(€). (2.4.20)

for some (s1 + s5) x (Mr) matrix of 27-periodic trigonometric polynomials U(€). In fact,
there always exist (Mr) x (Mr) matrices of 2r-periodic trigonometric polynomials /\O/ll(f )

and My(€) such that

T & T

M(E) = Mi(€) Mi(€) — Ma(€) Ms(€).

For example, take M, (&) = Iy, + %l./\/l(f) and My(€) = Iy, — i./\/l(f) Then simply choose
U= [MI,M;]T, we see that (2.4.20]) holds with s; = s = Mr. Once we have factorized
M as in [2.4.20), define b € (Io(Z)) 2% and ey, ..., €5,45, € {£1} via

IT —_—

(&) := U(ME) From(€) An(6), (2.4.21)

O(Mfl)rxr

€L = = €5 — L, €s1+1 = " " = €s14s55 = -1, (2422)

where 0,,; denotes the g x t zero matrix. Using (2.4.21)) and ([2.4.22)), we have

o)
Diag(ey, . .., €s,4s5) |B(E) ... E(5+2w%)]
3(5 + QW%)T
D (@ Fom(® U(ME) Diag(l,, —L,)T(ME) Fran(€)Da,m(€)  (2.4.23)
—Da,m(©) Fran(€) M(ME) Fr(€) D, (€)

—Fom(@) Ea, m(ME) M(ME)En, aa(ME) Frpn(€)
=My u(§).

Note that (2.4.23) is equivalent to say that (2.4.12)) holds for all v =0,...,M — 1. This
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proves item (i).

Define 1 and v as in (2.4.13)). By éﬁ\(f) = (1,0,...,0)T+0(|£]") as € — 0 and n > 2m,

we have

- St - L | —
P(ME) = b(£)¢(€) = U(ME) Frm(€) [ An(E)o(§) = O0(I¢]™), € =0,
Owa-vyrr | ™ ieim)

which means that all the entries of ¢ have m vanishing moments. Note that gg(O) G(O)@(O)

.....

item (ii). O
Now we are ready to prove Theorem [2.4.1

Proof of Theorem [2.4.1. Let n > 2m be a positive integer. By Theorem [2.3.1] there

exists a strongly invertible filter 8 € (Iy(Z))"*" such that

o~
o~ o ~ ~

36 = 0(©BE) " = AT O(E™), olE) = BE)E) = rAT(E) Lo, €0,

where f(f) = (1,e%/7, ..., &=V as in (2.2.4])). Now by Theorem there exists a
strongly invertible U € (Io(Z))"™" such that

(e 0(¢)" = Diag (HE(&)H% T WP) L o(em

= Diag (L, @/, |&]*) + 0(¢"), €—0,

where 4; denotes the j-th column of U —1 and

-~

(€)= DEOTE) ™ = (1,0,....0)+6(e™),  o(€) = T(©)o(€) = (1,0,...,0) T+,

)

as £ — 0. Define a,a € (Io(Z))™" via

Qo)

(€) = OME)a(e)d(e) ™", a(€) = TME)a(&)T (€)™
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~

It is trivial that @ has m sum rules with the matching filter ¥ and gE(M&) = g(ﬁ)q%(f)
holds for all £ € R. Thus by item (i) of Theorem m, there exist b € (Io(Z))*" and
€1,...,€6s € {£1} such that (2.4.12) holds for all v = 0,...,M — 1 with a and b being

replaced by @ and b respectively. Hence by defining b, b € (Io(Z))**" via

~

B(E) = HETEAE), () = bEAE) ™

we see that item (2) follows right away.
Next, define
0(6) = DE/MIBE/M) = B(E/M)O(E/M) = D(EM)FE/M)

-----

in Ly(R) with ¢( ) = O(|¢|™) as & — 0. This proves item (1). Moreover, (2.4.4) holds

trivially.

Finally, we have

=~ T T —T—T

©b(E) =T(OBE) BE) =raE) be) +O(El) = rsa(Me) + (el = O(E™),

=)

and

T()al¢)

T(©)d(¢) ﬁ'YM@T:r%a@T @'aMe) + (e
= rO(ME) BME) + 6(¢") = T(ME) + o (€™,

as ¢ — 0. Hence by Theorem [2.2.1] items (3) and (4) must hold. The proof is now

complete. O
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2.5 Guidelines for Constructing Balanced OEP-based

Quasi-tight Multiframelets

To construct a quasi-tight framelet in Theorem from a matrix-valued filter having
multiplicity greater than one, a desired filter # in Theorem plays a key role and is
guaranteed to exist by Theorem[2.4.1] In this section, we study properties of § which allow
us to construct quasi-tight framelet filter banks and quasi-tight framelets in Theorem [2.4.1]
having all the desired properties. Our theoretical investigation enable us to develop an
algorithm for construction.

For m € N, we define a sequence V™ € ly(Z) through W(ﬁ) = (1 —e %)™, Before
proceeding further, we need the following technical lemma, which provides an equivalent

way of interpreting the balanced vanishing moments condition.

Lemma 2.5.1. Let r > 2 and s € N be positive integers. For any m € N, a filter
b€ (Io(Z))**" has m balanced vanishing moments (i.e., (2.2.5) holds) if and only if

5&) = [1°71(6). a(©), ... a" )] Bomsr(), €€ R (25.1)

for some q € (Io(Z))***, where Egms., is defined in (2.4.10) with M =r and u = V™4.

Proof. Suppose that b has m balanced vanishing moments, i.e., (2.2.5)) holds. We deduce
that
(r€) + e Sba(r€) + -+« + e IE (rg) = VE(E)AE), (25.2)

for some g € (Io(Z))**!, where l;; denotes the j-th column of b. Since u(§) = thol ulM (M&)e1¢

in ([2.4.5)), we have

Ze—zl 1fbl 7,,6 <Z e—Z]EVmJ[]r ,,45 ) (Z 6—zk’§ kr] 7"6 )

_Ze—wézvmgb kil (r¢) gl kr I(ré) +Ze ij€ p—iré Z Vm5 J+r—kirl(r&)q kr](ré“)

§=0 k=0 k=j+1
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Hence

va5[r 1=kl (£)q kr](é“)) (2.5.3)
and
r—1 e o
]+1 Z Vm(g[g k] (€)glks ki) (&) + e Z vmli+r—Fkir] (g)q[k;r] (&)
k=itl (2.5.4)

—vaab kil (€)gb(€), j=0,...,r 2,

for all £ € R, where the last line of (2.5.4)) follows from the fact that

—

e~ Eulr=rl(¢) = al-t(€),  Yu e (Io(Z))", ez (2.5.5)

Thus (2.5.1)) follows right away from ([2.5.3)) and -
Conversely, suppose that (2.5.1)) holds. Then (2.5.3) and ([2.5.4) must hold. Thus we
deduce that (2.5.2)) hold. Now ([2.2.5)) follows trivially. O

The following result provides a characterization for all the desired filters # in Theo-

rem 2.4.11

Theorem 2.5.2. Let M > 2 and r > 2 be integers and a € (Io(Z))"*" be a finitely sup-
ported matriz-valued filter. Let ¢ € (La(R))" be a compactly supported vector function sat-
isfying $(l\/l§) = 5(5)5(5) Assume that a has m sum rules with respect to M with a match-
ing filter v € (Io(Z))"™" such that G(O)QZ(O) = 1. Define ?(5) = (1,e%/m, ... elr=he/m)
as in . Let 0 € (Io(Z))™" be a strongly invertible filter. If the filter 0 satisfies the

following two conditions:

(i) There exist 2m-periodic trigonometric polynomials @ and d with [¢(0)] = |d(0)| =
IT(0)||~* =72 such that

o) =)0 =AOTE) + (g™, €0, (2.5.6)

0O = 8OO = dOTE©) + o™, &0 257



(ii) All the entries of the following two matrices are 2mw-periodic trigonometric polyno-

maials:

_TA

My(E) = Bongr @ (1300 8©)) Borr(€7 (259

~

M, (€) = —Evms;r(g)’T%Ta(&%)Evm,;;r(a%)—l, j=1,...,M—1, (2.5.9)

~

where E’z\(f) = §(M§)a(§)e(§)—1 and Egms, is defined in (2.4.10) with M = r and
u=Vm4,

then there must exist b € (Io(Z))**" and €1, ..., €5 € {1} such that all the items (1)-(4)

of Theorem are satisfied. Conversely, if all the items (1)-(4) of Theorem are
satisfied for some b € (Io(Z))**" and €1, ...,e5 € {£1}, then the filter 0 must satisfy item

(11) above and if additionally

1 is a simple eigenvalue of a(0) ( )
2.5.10

and det(M7 I, —@(0)) # 0 for all j € Z\ {0} with |j] <M —1,

and

—T

HOT(O)a(e) =T (ME) + O(I€]™), € — 0, for some é € lo(Z) with ¢(0) =1, (2.5.11)

then 6 must also satisfy item (i) above.

Proof. For simplicity of presentation, we define E/T,:r(f) = Eyms,(§). Then E,,., is a

finitely supported matrix-valued filter. First observe from ([2.4.11)) and the fact F,..(§ )KT =

rl. that
r—1

det(Epnyr(€)) = det(Bgng, (€)) = det(Dyma(¢/r)) = [[(1—e " E2m/mm = (1—e7€)m ¢ e R.
=0

Therefore, E/m\;r (&) is invertible for all ¢ € R\27Z, and thus all the matrices My, My, ..., My_;
in item (ii) are well defined for all £ € R\ 27Z.
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Suppose that items (i) and (ii) hold. Define

- T
afg +Z65H)
By item (ii), M admits the following factorization:

Ma(€) = Dpom(@) M(E) D, om(€), € ER, (2.5.12)

where M (&) is some (Mr) x (Mr) matrix of 27-periodic trigonometric polynomials. Ap-

plying the same argument as in the proof of Theorem [2.4.2] we have

1

5 P ©Ma(OF (@) = i (M) NI(ME) B, (M),

where M (€) is some Mr x Mr Hermitian matrix of 27-periodic trigonometric polynomials.

Thus there exists an s x r matrix U (&) of 2m-periodic trigonometric polynomials such that

N(€) = U(€) Diag(L,, ~1,)U(€), €€R,

for some s1, 85 € Ny satisfying s; + s3 = s. Define lO),b € (I0(2))**" and €1, ...,e5 € {£1}
via

o~
r — ~

b(€) = U(ME) Frm(€) Eon(6), B(6) == b)), (255.13)

€= =€ =1, €541 =-=¢€5=—1. (2.5.14)

Using (2.5.12)), (2.5.13)) and (2.5.14), it is straightforward to check that item (2) of The-
orem holds. Next, by letting ¢ € (Io(Z))*** be such that

(07, (©), . O] = TMOFem(©) | 7

OT(M—I)XT
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we see that items (3) and (4) of Theorem follow immediately from Lemma [2.5.1}
On the other hand, since item (i) holds, it follows that [|¢(0)||> = 1 and thus Theo-

6(5 / M)(E(g /M). Moreover, (2.5.7) and item (3) of Theorem guarantee that ¢ has
m vanishing moments. This proves item (1) of Theorem [2.4.1] Hence all the claims of

Theorem 2.4.1] hold.

Conversely, suppose that 6 is a strongly invertible filter and all the claims in Theo-

rem holds. By item (3) of Theorem [2.4.1} (2.2.5]) holds. Thus by Lemma2.5.1} there

exists ¢ € (Io(Z))**! such that

~

b(&) = [d1(€). a(©),... )] B (), € €R (2.5.15)
By and , we have
—— T
. | )
I, — a(8) a(8) = Bur(6) : Diag(er, .- €) [d971(€), ... 171(€)| By (6),
—T
glr=1r(¢)
and
=T~ 9
—a(§) al§+ )
—— T
i ql%1(¢)
=B (€) : Diag(ep, ..., €) [q[O;’"l €+ 20, .. g€ + %)] B (€ + 2y,
—T
(S

for all £ € Rand j = 1,...,M — 1. By letting M, as (2.5.8) and M; as (2.5.9) for

j=1,...,M =1, item (ii) follows immediately from the above two identities.

quasi-tight M-framelet filter bank, (2.4.3)) holds. Multiplying &Y on the left to both sides
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~T
of (2.4.3)) and using (2.5.11)) and the fact that ?(f)b({) = 0(|¢]™) as € — 0, we conclude
that

T(ME)a(€) = )T (E) +o(lg™), €0 (2.5.16)

Choose ¢ € ly(Z) such that ¢(&) = H;’;OE(M’J'S) + O(|€|™) as £ — 0 (the infinite product
is well-defined as ¢(0) = 1, see e.g. [41, Lemma 4.1.8]). It follows from (2.5.16) that

aME)T(ME)a(€) = AT () + o(le™), € —0. (2.5.17)

Moreover, ([2.5.11)) yields

~

AMOT(ME) = a©AOT(E) + o™, €0 (2.5.18)

As a has order m sum rules with the matching filter © with 0= @5‘1, the condition

(2.5.10) implies that gj(O) are uniquely determined by 0(M&)a(€) = (&) + O(|€]™) as

¢ — 0 via the recurrence relation: ;(0)5(0) = ;(0) and

7j—1

(0) = (1. — Wi )1Z<) a0, =1, m—1. (25.19)

()
()

Thus ) follows right away from ( m Similarly, by letting (b = :ﬁ\QA, 2.5.10)
(9)
implies that gb are uniquely determined by qb(Mf )= a(§ )gb(f ) via the recurrence relation:

~ -~

$(0) = a(0)¢(0) and
gzﬁj)(O):(MjLn—g(O))_l _ (i)z:;“-“<0)£k<o>, =1 m—1 (2.5.20)

Thus by (2.5.18), we have (2.5.7) holds with d = & Note that [|¢(0)[|> = 1, which

immediately implies that [¢(0)| = r~2. This proves item (i). O
The following corollary is an immediate consequence of Theorem [2.5.2]

Corollary 2.5.3. Let M > 2 and r > 2 be integers and a € (Io(Z))"™*" be a finitely sup-
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ported matriz-valued filter. Let ¢ € (La(R))" be a compactly supported vector function
satisfying $(Mg) = a(f)g/g({) and define f(f) = (1, e/ ..., eV g5 in (2.2.4). As-

sume that a has m sum rules with respect to M with a matching filter v € (Io(Z))**" such

~

that ©(0)p(0) = 1. If 0 € (Io(Z))™" is a strongly invertible filter such that item (ii) of
Theorem holds and

(€)== 0(O)B(E) =TO)T(E) +0(el™), €0, (2.5.21)

for some 2mw-periodic trigonometric polynomial ¢ with ¢(0) # 0, then

16 = [6(O)12 + O™, € — 0. (255.22)

Proof. Let 6 € (lo(Z))"" be a strongly invertible filter such that all above assumptions
are satisfied. From the proof of Theorem [2.5.2) we deduce that there exist b € (Io(Z))**"

and €y,...,€e; € {£1} such that item (2) of Theorem and the following condition
hold:

o~ ~
o

H(ME) = B(E)d(6) and  B(E) = bE/M)G(E/M) = G(€[™) as €0,  (25.23)

—T

where gb = /9\;5, Q= @\(M-)ag)\*l and b := b0~ 1. By multiplying gb(f) to the left and gb(f)
to the right to both sides of (2.4.1)) and using ([2.5.23]), we have

0 T ~ 0
[6(ME)||* + 1 (ME) Diag(er, ..., ) (ME) = [[9(6)]]?, (2.5.24)
which yields
l6(ME)[1* = [o(€)I1° + O (1g*™). € 0. (2.5.25)
Hence follows from ([2.5.25) and M > 2. O]

The condition in (2.5.22) a key for vanishing moments of derived framelets ¢ from ng

Based on our previous investigation, we now present the general procedure of constructing

28



quasi-tight framelets with all desired properties in Theorem[2.4.1] Let M > 2 and r > 2 be
integers and a € (Ip(Z))"*" be a finitely supported matrix-valued filter. Let ¢ € (Ly(R))"
be a compactly supported refinable vector function satisfying $(M£ ) =1a(¢ )$(£ ). Assume
that a has m sum rules with respect to M with a matching filter v € (Io(Z))**" such that
@(0)5(0) = 1. Let ?(f) = (1,e®/7, ..., e'""V&") as in (2.2.4). The general construction

steps are as follows:

(1) Construct a strongly invertible filter 8 € (Io(Z))"*" with short support satisfying
items (i) and (ii) of Theorem [2.5.2]

(2) Construct a filter b € (Io(Z))**" such that (2.4.1) and (2.4.2)) are satisfied (where a

and b are given by (2.4.4)) for some ey, ...,e, € {£1}, and 3(5)5(5) = O0(|¢]™) as
¢ — 0. The existence of such b € (Ip(Z))**" and €y, ...,€e; € {£1} is guaranteed by

Theorem 2.5.2]

.....

M-framelet in Lo(R) satisfying all the desired properties in Theorem [2.4.1}

2.6 Some Examples of Spline Quasi-tight Framelets
with High Balancing Orders

In this section, we present some examples to illustrate our main result Theorem [2.4.1

Example 2.3. Let M = r = 2, and consider ¢ = (By(-—1),0)7, where By is the B-spline

of order 2 in (L.2.4). Then ¢ satisfies $(2§) = 8(5)&5(5) with a filter a € (Io(Z))*** being
given by

A
ae = |10,
0 p(&)
with
A(6) = i(ei5 +2+ e %), (2.6.1)
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and p(§) is any 2m-periodic trigonometric polynomial. Note that sr(a,2) = 2 with any
matching filter v € (Io(Z))"*? satisfying 0(£) = (1,0) + O(|€]?) as &€ — 0. We obtain a
strongly invertible filter 0 € (1o(Z))**? satisfying items (i) and (i) of Theorem as

follows:

R ] —(34V3)e € +8V3 +9 — /3t (74 13v3)e % — 11 + (4 + 3v/3)e¢
() = —— —
© 6v2(1 + v/3)

(BvV3—1)e ® +3V3+8—¢ - (%w) e — 11Y8 | (4—?+3) et
Direct computation shows that (2.5.6) and (2.5.7) hold with m =2 and

VAV Revo(eP), die)=-—=-Y2V"" Tl o(¢)?), €—0.

V3 VYA D) VI VEB- )i
2 8 2 8

a8 =

~

Here we have the freedom to choose p(€) such that the degree ofz’z\(ﬁ) = 5(25)5(5)9(6) !
is as small as possible for simple presentation. By choosing p(§) = %e‘ig + % + %eig, we

obtain b € (Io(Z))*? such that {6;b} (¢, .cr.es.0) With

~ ~ ~

a(§) = B(MOA()BE) ™" and (&) :==Db()A() ™

and €, = € = €3 = 1 and ¢4 = —1, is a finitely supported quasi-tight 2-multiframelet filter

bank with 2 balancing orders, where

-~

B(€) = ¢ D (U + V30, ) Ts (2 F()B1).

with

9+4+/3

e D= —1_Diag (dl)\l, dov/36\/ g + Nav/3, ds/927889/ My + Aav/3, du /g + /\7\/5)

where

1 1
d1 = d2 = 3
170664162417838019952956

© 25180085734704776

1
dax —
® 7 981700714176366254998791127171400862653282671261438405782186152367677°
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1
~ 5009062155049388954350661899051556951670668

dy

A= \/543790()978131564 + 3120526414024498+/3,

A2 = 3719615046635084853, A3 = 2147522348686212558,

A

=2270305904207568012940508624742913001613984744660994673284621339421892193611324,

As

=1310761724937036116861992517021585500520429420925813977012891122860726054086295,

A6 = 378533294810068098618941042771044135712181,

A7 = 218546299655829430553984760745834819062292.

e Uy and Uy are the 4 x 4 constant matrices given by

_3392119873 —2778324120 —4025874315 8672724540 ]
U, — 0 —8288658986045588 —10141655898429575 61508560391015634 |
0 0 0 g
0 0 Ag A0
-O 670619101 457342305 —11821258848 ]
79— 0 481466912421912 5873639680107160 —35445004131731402 |
0 0 0 A1l
0 0 A12 A13
where ) )

Ag = 655638898967488291661954282237504457186876,

Ag = 1173830888361736998172384986078,

A10 = —1055722690591344263872331100,
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A1 = —378533294810068098618941042771044135712181
A2 = —677711074380894544629813729391,

A1z = 609520590739704131515104420.

° /U\3 18 the 4 x4 matriz of 2m-periodic trigonometric polynomaials given by ﬁ; = ﬁ;l/f;;

where
1 0 0 0
0 1 0 0
Usi(&) = | (78084913 L 1521092 699997 — 2721713 Lo
61240674 10206779 10206779
17348101v3 9216904 \ o (48814213 5507049 \ .0
—_— e —_—
122481348 30620337 61240674 40827116
_ 1 0 0 0 _
1\ 2 ,
o |5 03) = () 5
Us2(§) = )
0 0 0 3
1, 1 5 2,
— e Z —— _ Zet€
L 6" "3 6 3° .

° ﬁ({) is the 4 X 2 matriz of 2w-periodic trigonometric polynomials given by

2 —1—e*
-~ —1—e% 2
F() = . e (2.6.2)
2e~% —1—e7%
—e 2 o7t 2e~%

The filter b is supported on [—4,3]. Define 1 = [, 2 %, 4T via 12)\(5) = /5(5/2)5({/2)

Define a new refinable vector function ¢(£) = 9(5)&5(6). Then H?¢;(£)H2 =1+ O(|¢]Y) as
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€ — 0 and {¢; U} (1 e0,e5,ea) 5 @ compactly supported quasi-tight 2-framelet in Ly(R) such
that all the items (1)—(4) of Theorem are satisfied with m = 2. Note that ¢ has 2
vanishing moments. See Figure f07’ graphs of ¢, <5, Pt

0.5

(A) ¢ (C) !
1
0,
0 0
-0.5
=25 -1 0 1 2 -25 -1 0 1 2 =25 -1 0 1 2
(D) v? (E) ¢ (F) v
Figure 2.1: Graphs of ¢ = [By(- — 1),0]7 and a new refinable vector function ¢, to-
gether with graphs of ¢!, ,... 9" constructed from ¢ in Example 2.3] A graph with a

solid (resp. dash) line denotes the first (resp. second) component of a vector function.
{&; (W', ..., 0" T}a11,-1) is a compactly supported quasi-tight 2-framelet in Ly(R) with
balanced vanishing moments 2.

Example 2.4. Let M = r = 2, and ¢ := By(- — 1) where By is the B-spline of order
2 in (T.2.4). Then ¢ satsfies 3(26) = A(E)P(€) where A is given by ([2.6.1). Note that
st(A,2) = 2. Define ¢ == (p(2:),0(2-—1))T. By Proposition 6.2/, ¢ satisfies QZ(ZS) =

a(§)p(), where

11 2 1+ e

1 ' |, §eR

2% 1+e %

Moreover, st(a,2) = 2 with a matching filter v € (Io(Z))**? satisfying O(€) = (1, e%/?) +

O(|€%) as & — 0. Now applying the general construction steps presented above, we obtain

a desired strongly invertible filter 6 € (Io(Z))**? satisfying items (i) and (ii) of Theo-
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V2 |1 =€ +2—e7%
=2
0 1

~

Direct computation shows that (2.5.6) and (2.5.7) hold with m =2 and

~

c§) = d(§) =

“l%

We obtain b € (Io(Z))*2 such that {a;b}, with & and b being defined in [2.4.3), is a

finitely supported tight 2-framelet filter bank with 2 balancing orders. For simplicity of
presentation, we write

b(€) = D(26) E(2€) F(€),

with

. 15(5) 1s the 4 x 4 diagonal matriz of 2m-periodic trigonometric polynomials given by

(&) = Diag(di(§),da, ds3, dy) with

=)

70 |
V70 <——52\/5249-+»364\/105-+ (364\/105-+-52\/5249) e%)

(h(g)::43680A1
1 V6 ; V2

dy= ———— dy—— - _
2 BN N, 576 3y 48\s

where
A = \/154299444795192054502909, Ao = V392716620870,

A3 = V28366141, A4 = V1870079147.

o E(f) is the 4 x 4 matriz of 2mw-periodic trigonometric polynomials given by E(g) =

64



E_le’f + Fo + E'1€_iE with
0 0 —116055812828 —116541733616

0 0 31811040936954791 514403328290664092

E_1 - )
0 0 —24580769 —98323076
00 449 1796
2591577536  —2573825532553116272 393292304 —7184

18434692032 —13507206835285209804 2064784596 —37716

Ej = ,

6760552105 —7105187917736625576 6589364832 —81521

0 —3908121799627104752 —16304613472 —117450
0 0 0 0
86906212475244992 618190750766215104 226709010062624185 0

B, =

—205796480 398928912 239683385 0
—128302 — 76394 —20406 0

o [ is the 4 x 2 matriz of 2m-periodic trigonometric polynomials given by (2.6.2)).

The filter b is supported on [—4,3], i.e., b(k) = 0 whenever k ¢ 7Z N [—4,3]. Define
Y = [l 23 YT wia z/z( ) = b(&/2)b(£/2). Define a new refinable vector function
0() = BO)B(E). Then 92 = 1+ G(ElY) as & — 0 and {50} is a compactly
supported tight 2-framelet in Ly(R) such that all the desired properties in items (1)-(4)
of Theorem are satisfied. Note that ¢ has 2 vanishing moments. See Figure[2.3 for
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graphs of ¢, b, ¥, 2, ¢3, Yt

A
/\ 05
0.5 ! \\ 0
‘ /
// \\ -0.5
/ \ '
-0.5 0 0.5 1 -2 -1 0 1
(A) ¢ (C) v!
1 0.5
0.5 0.5
0 0
-0.5
-0.5
-1 0 1 2 -1 0 1 2 -1 0 1 2
(D) ¥? (E) ¢ (F) v
Figure 2.2: Graphs of ¢ = [0(2), (2 —1)]7 and the new refinable vector function ¢,
together with graphs of ¥!,,...,¥* constructed from ¢ in Example . A graph with

a solid (resp. dash) line denotes the first (resp. second) component of a function vec-
tor. {¢; (¥, ..., 91T} is a compactly supported tight 2-framelet in Ly(R) with balanced
vanishing moments 2.

As we discussed in item (3) of Lemma [2.1.2) a 27-periodic trigonometric polynomial
O is strongly invertible (i.e., 1/ O is also a 2m-periodic trigonometric polynomial) if and
only if (:)(f) = ce”"™¢ for some m € Z and ¢ € C\{0}. Thus for framelets constructed
from scalar refinable functions to have high vanishing moments, usually it is inevitable to
sacrifice the compactness of the associated discrete (scalar) framelet transform, because a
non-trivial scalar filter © is not strongly invertible. Examples[2.3/and 2.4 demonstrate that
this difficulty can be easily resolved by simply vectorizing the scalar refinable function,

and do the constructions by using the new refinable vector function.

Example 2.5. Let ¢ = (¢1,¢2)" be the Hermite cubic splines as

( r

(1-2)*(1+2x), x€]|0,1] (1—2z)%z, z€][0,1]

G1(x) =4 (1 +2)2(1—-21), ze[-1,00 ¢2(2)=]01+2)2, zecl[-1,0)0 (263)

| 0, otherwise, 0, otherwise.
\
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We have $(2-) = ag, where a € (Io(Z))?*% is the Hermite interpolatory filter:

a) = % e + o %_zg 6@6 - 6_16_), , feR. (2.6.4)
—(e%* —e™®)  —e® 44—

We have sr(a,2) = 4 with a matching filter v € (Io(Z))*** satisfying V(&) = (1,i€) +
O(|€1Y) as & — 0. Thus there exist quasi-tight 2-framelets derived from ¢ which satisfy all
claims of Theorem with the mazimum possible choice m = 4 for balanced vanish-
img moments. For simplicity of presentation, here we present an example of quasi-tight

framelets with m = 2 instead. Following the construction gquidelines, we first construct a

desired strongly invertible filter 6 € (1o(Z))**? as follows:

. V2 | 96€™ +32  —TTe™* + 506 + 5le'

0(§) = =
256 |160¢€ — 32 —385¢~% — 78 — 17¢

Direct computation shows that (2.5.6) and (2.5.7) hold with m =2 and

o0 =2 - e o). i =L+ et o). o

We obtain b € (Io(Z))**? such that {a; b}@ (1,
2-multiframelet filter bank with @({) = 0(6) 9(5), e =€ =—1,andes =+ =¢ = 1.

) 18 a finitely supported quasi-tight

For simplicity of presentation, we write

Dia’g(_la 1) - iDiag(_L 1)N(2€) 02><2

>

b(€) = | Diag(~1,1) + 1 Diag(~1, 1)N(2€) 0ayo | DE(2E)F(£)0(¢),

022 De?®

where 04 denotes the ¢ X t zero matrix and
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o N(&) is the 2 x 2 matriz of 2w-periodic trigonometric polynomials given by

. . 28831 104831
N(&) = (N_1e* + Ny + Nie %) Di
(€) = (N1 + No+ Nae™) Diag (932734773870005846016’70129776762814464>’
where
2219987 8071987\ |—280650717637  32961105478501 5
N_1 = Diag , jag | 47, ———— | ,
92160 ~ 74502 1406309548267  —205511772233035 53759
(28831 104831) 45834164001503531  —3709367687537217 < 25 )
NO = Diag ) ag 17 Farra |
230400° 37251 ] | —3709367687537217  2370098256094979 53759
(104339389 8071987) —280650717637 1406309548267 (1 1 )
N1 = Diag , a9 | —, 00— | -
18432 74502 164805527392505 —1027558861165175 5 53759

e D = Diag(dy,ds) where

g — 1761312/13212226268199396309514273  V/547545488675642
e 51195503191172527 T 37192694 '
o D= Diag(ds, dy, ds, dg) where
1 B 1
5 16174191’ * T 1505540889600’
1 1
d5 d6

~ 24064994385271402392453120° ~ 269129558593851555840"

o [ is the 4 x 4 matriz of 2m-periodic trigonometric polynomials given by
E\(f) = D_1E_1e* 4+ DyEy+ D1Eje™™ + DyEye ™ + Eze %,
where

D_ = Diag (187, 1505540889600, 263278430792912227, 370729762969181) ,
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Do = Diag(1,1,187,18596347) ,
Dy = Diag (318703, 318703, 14399, 18596347) ,

Dy = Diag (16174191, 4589004497, 1108723, 1431918719) ,

0 —3713 —18565 H417
0 0 0 0
E_ =
0 3713 18565 —5417
0 3713 18565  —5H417
16174191 0 192032829613853577201  —1724291840139
g7 7619899 —204477398651 —210030256538769846979 —4565648413949
0 — )
4457703  —262538115175 192032829613853577201 —9050015332017
956109  —230405377741  427912364665047103611 —535702395579
—1 —505023 5110725327108891443 —824326243735
g7 0 —344267 1450280624007721927 —1270122003803
1 = 9
0 —201399 —383860742942300317 — — 1307289140551
0 —43197 —1583445964329957343 —967745336173
0 0 0 0
1 0 0 0
E2 =
—19768729169137143 —12286216971251881 —7187537033154957 —1541616578141871
—8001370677 —5625792235 —3291134295 —T705897885
0 0 00
0 0 00
Es =
569741919122396546911 0 0 O
336929465078003105 0 0 O

o F is the 4 x 2 matriz of 2m-periodic trigonometric polynomials given by (2.6.2)).
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The filter b is supported on [—3,5]. Define ¢p = [1 2 3 % 5 8T wia 12(5) =

3(5/2)&5\(5/2) Define a new refinable vector function gb(f) = 0(&)p(&). Then ||?¢Z(§)||2 =

.....

in Ly(R) such that all the desired properties in items (1)-(4) of Theorem are sat-
1sfied with m = 2. Note that i has 2 vanishing moments. See Figure for graphs of

d)aq(;?wl?"'awq

02
1
0.5
o 0
0<<_ ///‘\\ -1
-1 =05 0 05 1 2 -1 0 1 2 3 -2 -1 0 1 2 3
(A) ¢ (C) o' (D) 3
03 1
1 0.5
0 0 0 0
-1
03 -0.5
2 -1 0 1 2 3 2 -1 0 1 2 3 -2 -1 0 1 2 2 -1 0 1 2
(E) ¢ (F) ¢* (G) ¢° (H) ¢°

Figure 2.3: Graphs of ¢ and the new refinable vector function gz%, together with graphs of
WPt , ..., 1% constructed from the Hermite cubic splines ¢ defined as in Example 2.5
{qzoﬁ; [t 8T 1 2110,0,0) I8 a compactly supported quasi-tight 2-framelet in Ly(R)
with balanced vanishing moments 2.

2.7 Summary of the Chapter

From arbitrary univariate compactly supported refinable vector function with multiplicity
r > 1, we proved in this chapter that we can always obtain a compactly supported quasi-
tight multiframelet such that its associated discrete framelet transform is compact and
has the highest order of balancing orders and vanishing moments. Moreover, in order to
prove our main result, we further developed the normal form of a matrix-valued masks,

which is of interest in itself for studying refinable vector functions and multiframelets.
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Chapter 3

Balanced Quasi-tight Multiframelets

in Arbitrary Dimensions

In this chapter, we study quasi-tight multiframelets derived from any compactly sup-
ported refinable vector functions in arbitrary dimensions. The results in this chapter are

summarized in [44], which has been published in Science China Mathematics.

The theory of multivariate framelets and wavelets are of interest in both theory and
applications. One way to obtain multivariate framelets is by tensor product from one-
dimensional tight framelets, and these are what we called separable framelets. However,
it is often important but challenging to construct non-separable framelets through OEP,
mainly due to their intrinsic connections to the factorization of multivariate polynomial
matrices. The problem becomes even more challenging if we consider multiframelets
with certain desired properties (e.g. high order of vanishing moments), mainly due to
the difficulty of constructing a suitable filter © in OEP. Due to the existing difficulties on
multivariate framelet, most papers in the literature (e.g., see [4-7,9,(16l/25,42,53-55/63,64]
and references therein) study OEP-based multivariate framelets only for the particular
case 7 = 1,0 = & and special choices of ¢ and (;;, in which case we have i.e., 0 = 1,
gzoﬁ = ¢ and gg = ¢, which is called unitary extension principle in [62]. Indeed, many known

refinable scalar functions such as spline refinable functions satisfy (1.1.18]) with © = §

4



for a large positive integer m, which guarantees that the integer shifts of ¢ provide m
approximation order for approximating functions. But with © = & can only hold
with m = 1 for most known refinable (scalar) functions including all spline functions.
Hence, it is not surprising that most known multivariate tight framelets including those

derived from all spline functions can have only one vanishing moment.

We circumvent all above-mentioned difficulties by considering multivariate quasi-tight
multiframelets. From an arbitrary compactly supported refinable vector function ¢ with
multiplicity greater than one (r > 1), we prove that we can always derive from ¢ a

compactly supported multivariate quasi-tight framelet such that
(i) all the framelet generators have the highest possible order of vanishing moments;

(ii) its associated discrete framelet transform is compact with the highest balancing

order.

For a refinable scalar function ¢ (i.e., r = 1), the above item (ii) often cannot be achieved
intrinsically but we show that we can always construct a compactly supported OEP-based

multivariate quasi-tight framelet derived from ¢ satisfying item (i).

The work of this chapter generalizes theory presented in Chapter [2| for the case d = 1.
We will develop the normal form of a matrix-valued filter, study the properties of a dis-
crete framelet transform employing an OEP-based filter bank, and establish the main
theorem on constructing OEP-based quasi-tight multiframelets, all in arbitrary dimen-
sions. Furthermore, a structural characterization of multivariate OEP-based quasi-tight
multiframelets will be given. However, due to the aforementioned difficulties on multivari-
ate multiframelets, the generalization is not trivial. Several new challenges and difficulties

are involved in the study of multivariate multiframelets.
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3.1 Properties of a Discrete Framelet Transform

In this section, we discuss a discrete multiframelet transform employing an OEP-based

dual framelet filter bank in an arbitrary dimension d.

Let a,a,0,0 € (Io(Z%))™" and b,b € (Io(Z%*))**" be finitely supported filters, and let
© := 0* 0. For J € N, we say that the J-level discrete framelet transform employing
the filter bank ({a;b}, {a;b})e has the perfect reconstruction property if any orig-

inal input signal vy can be exactly recovered through the above J-level discrete framelet

reconstruction steps in (S1)-(S3) (recall from Section [1.2).

Define the convolution operator Cg : (I(Z4))™" — (1(Z%))**" by
Co(v) :==v %0, Yo € (I(ZH) . (3.1.1)

Observe that a J-level discrete framelet transform employing the filter bank ({a; b}, {a;b})e

has the perfect reconstruction property if and only if
Sam([Tamv] * ©) + S (Tomv) = v+ © (3.1.2)

holds for all v € (I(Z%))*" and the convolution operator Cg in (3.1.1]) is bijective.

Lemma 3.1.1. For © € (Io(Z%))™", the mapping Co : (I(Z))**" — (I(Z%))**" is bijective

1

if and only if © is strongly invertible, that is, O~ is an r x r matriz of 2nZ%-periodic

trigonometric polynomials.

Proof. Suppose that Cg is bijective, but © is not strongly invertible. This means that

~

det(©) is not a non-trivial monomial. Here a non-trivial monomial is of the form ce®

for some ¢ € C\ {0} and k € Z. Thus, det(0(&)) = 0 for some & € C?. We start with
the case r = 1. In this case, we have 0 = ©(&) = > weza O(k)e " %, Define v € I[(Z?) by

v(k) =e* ke 7t (3.1.3)
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It is easy to see that (v O)(n) = ¢™©O(&) = 0 for all n € Z%, which contradicts the
injectivity of Cg. For r > 1, as det(@)({o)) = 0, we can find an invertible r X r matrix
Q such that all elements in the first row of QO(&) are zero. Let v € I(Z%) be defined as
in (3.1.3). Define u := (v,0,...,0)Q € ({(Z%)**". It follows that u * © = 0, which again
contradicts the assumption that Cg is injective. Therefore, © must be strongly invertible.

Conversely, if © is strongly invertible, then ©~! € (Io(Z%))"™" with 01 = [O()] .
Consequently, we have v = (v*©) * O™t = (vxO~1) %O for v € (I(Z%))**". Hence, Cpg is

bijective. O]

We now characterize the perfect reconstruction property of a J-level discrete framelet
transform. The following theorem generalizes Theorem for the case d = 1 to arbitrary

dimensions.

Theorem 3.1.2. Let a,d, 0,0 € (Io(Z9)™" and b,b € (Io(Z%))*" be finitely supported

filters. Define © := 0* x 0. Then the following statements are equivalent to each other:

(1) For any J € N, the J-level discrete framelet transform employing the filter bank

({a;0}; {a; B})@ has the perfect reconstruction property.

(2) Both filters 6 and 8 are strongly invertible and ({a; b}, {a;b})e is an OEP-based dual
M-framelet filter bank satisfying (|1.1.14]).

Proof. (1) = (2). Suppose that item (1) holds. By Lemma|3.1.1} © is strongly invertible,

and thus implies that both 6 and 6 are strongly invertible. On the other hand, observe

that
Semv(€) = | det(M)[V25(MT¢)a(e), (3.1.4)
Towrv(€) = [det(M)[72 3" G(MT¢ + 27w)a(M-TE + 27mw) (3.1.5)
wENM

for all v € (Io(Z%))"*", where Qy is defined as (1.1.16)). Therefore, (3.1.2) yields that for
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all v € (Io(Z4)*,

T ~ Eonmm— ~
Z V(€ + 27w) {6(5 + 27Tw)T@(MT§)€L(§) +b(€ + 2mw) b(E)| =v(€)O(E).  (3.1.6)
wENM
Let 'y be a complete set of canonical representatives of the quotient group Z</[MZ9]
given by
Tw o= {71,740 = M0, )] NZ* with ~; :=0. (3.1.7)

Note that holds for all v € (Io(Z%))™". Plugging 0, (£) = e "*1, with v € I'y into
and using the same argument as in the proof of Theorem , we deduce from
that must hold. This proves (1) = (2).

(2) = (1). Suppose item (2) holds. Then ([1.1.14)) implies that must hold for
allv € (Ip(Z4))*". As all filters a, a, b, b and O are finitely supported, using the locality of
the subdivision and transition operators (see the proof of Theorem or [37, Theorem
2.1]), we can prove that holds for all v € (I(Z%))**". Noting that © is strongly
invertible, we conclude that the J-level discrete framelet transform employing the filter
bank ({a;b}; {a; 5})@ has the perfect reconstruction property for every J € N. This proves
(2) = (1). O

If both 6 and @ are strongly invertible, then we see that the following filters are finitely

supported:
a(©) == AMTERODE) ™, ale) = BMTERE)AE) ™, (3.1.8)

be) = BB, be) = bO)ie) (3.1.9)

Therefore, instead of using the dual framelet filter bank ({a;b}, {a;b})e, we can im-

plement a J-level discrete framelet transform using the new dual framelet filter bank

({é; B}, {& B})sr, as follows:

(S1’) The J-level discrete framelet decomposition: recursively compute

Uy = E}Mvj,l, w; = ﬁ’MUjfl, j = 1, ceey J,
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for an input data 0y € (I(Z%))*".

(S2") The J-level discrete framelet reconstruction: recursively compute 5j, Jj=4dJ,...,1by
'lg)j,1 = SE,M,;)J'—’_S[;MUO)J'? j = J,...,l.

We see that the deconvolution step disappears with the new filter bank ({a; b}, {a; b})sr, ,

which greatly increases the efficiency of the discrete framelet transform.

Next, we discuss the balancing property of a discrete framelet transform in an arbitrary
dimension d. Like what we have for the case d = 1, vectorizing a scalar data v € [(Z%) so
that the input data is a vector sequence in (I(Z%))'*" is needed to implement a discrete
framelet transform employing matrix-valued filters. Let N be a d x d integer matrix with

|det(N)| = r , and let I'y be a complete set of canonical representatives of the quotient

group Z4/[NZ?) given by
Ini={%,...,%} =[N0, Nz with 4 :=0. (3.1.10)
We define the standard vector conversion operator associated with N via
[Env](E) == (v(NE +41),v(Nk + %), ..., o(NE+4,.),  ke€Z' velZ. (3.1.11)

It is obvious that Ey is a linear bijective mapping. For the case d = 1, we have a natural
choice N = r so that I'y = {0,1,...,r—1} and Ey is simply the one dimensional standard

vector conversion operator E defined as in (2.2.1)).

Let ({a;b}, {@;b})e be an OEP-based dual M-framelet filter bank and ({¢; ¢}, {gzNS, )
be its corresponding dual M-framelet. Let P,,_; be the space of all d-variate polynomial
sequences of degree less than m. The sparsity of a multiframelet transform is described

by its ability to annihilate framelet coefficients w; for polynomial input data, which is
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measured by the following properties:

(1) The operator T, m is invariant on Ey(P,,—1), that is,

E,MEN(P) € EN(mel)y V P — ]P)mfl. (3112)

(2) The high-pass filter b has order m Ey-balanced vanishing moments, that is,

TomEn(p) =0,  VpeEPn . (3.1.13)

Items (1) and (2) preserve sparsity for all levels when implementing a multi-level
discrete framelet transform, because the framelet coefficients w; := b,ME{,\_AlEN(p) =0
for all p € P,,,_1 and j € N. We define bvm(b, M, N) := sup{m € Ny : (3.1.13) holds}.

A discrete framelet transform or a filter bank {a;b} has m Ey-balancing order if both

(3.1.12)) and (3.1.13)) hold. In particular, we define bo({a;b},M,N) := sup{m € Ny :
(3.1.12)) and (3.1.13) hold}. The balancing property for multiwavelets has been studied
in [9}33},41,56,/65] and references therein.

Let a,d,0,0 € (Io(Z%))™" and b,b € (lo(Z%))**" such that ({a;b},{a;b})e is an
OEP-based dual M-multiframelet filter bank, where © = 6* x 6. Suppose that gzﬁ,qg €

(Ly(R))" are compactly supported M-refinable vector functions in Ly(RY) satisfying

o~

SIMTE) = A(6)B(€) and G(MTE) = (E)S(€). Define &, 4, &, & as in ([L1.12) and ([[1.13). If
(0 3 (0) = 0, then Theorem [1.1.1{tells us that ({¢; 1}, {g;, YY)

6(0) 8(0)6(0) = 1 and §)(0) = ¢
is a dual M-framelet in Ly(RY). With m := sr(a, M), we observe that vm(¢)) < m,

bvm (b, M, N) < m and bo({a; b}, M,N) < bvim(b, M, N). If bo({a; b}, M,N) = bvm (b, M, N) =
vm(1)) = m, then we say that the discrete framelet transform or the filter bank {a; b} is or-
der m En-balanced. For r > 1, bo({a, b}, M,;N) < vin()) often happens. Hence, having
high vanishing moments on framelet generators does not guarantee the balancing prop-
erty and thus significantly reduces the sparsity of the associated discrete multiframelet
transform. How to overcome this shortcoming has been extensively studied in the setting

of functions in [9,/56,/65] and in the setting of discrete framelet transforms in [33,35,41].
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The following result on properties of the subdivision and the transition operators that
are related to the standard vector conversion operator were investigated, we refer the

reader to [35] for detailed discussions and proofs of the following result.

Theorem 3.1.3. Let M be a d x d dilation matriz, s € N and r > 2 be positive integers.

Let N be a dx d integer matriz with | det(N)| = r and Ey be the standard vector conversion

operator associated with N in (3.1.11)). Define {%1,...,%} :=I'n as in (3.1.10) and
Y\l\\l(é') — (eiN_l'%f, . eiN_l’%f) ’ 5 c Rd‘ (3114)

Define Pp,y = {pxy:p €Pun} fory € (Io(Z4))*". Then the following statements hold:

(1) En(Pp) =Py C (P)" with y € (Io(Z9))™" if and only if

9(E) = 2OTNE) + O(|€]™) as € — 0 for some ¢ € lo(Z%) with ¢(0) # 0.

(2) Foru € (Io(Z%))™" and y € (Io(Z)™*", TamPmy = Py if and only if

AOYMTE) = @\(ﬁ)ﬁT + O(||€)|™) as € = 0 for some ¢ € lo(Z) with €(0) # 0.

3) Foru € (Io(ZY))™" and y € (Io(Z))*", SymPmy C (P,)*" if and only if
» )

gMTO)a(¢ + 2mw) = O([l¢|™),  €—0, wem\{0}

(4) For u,a € (Io(Z4))™" and y € (Io(Z")**", SumTam(v) = v for all v € Py, if and

only if

~—T

JEE) A€ + 2mw) = SW)FE) + O(E™), €0, weQu.

The following result is known (see |35, Proposition 3.1, Theorem 4.1}), which charac-

terizes the balancing property of a discrete framelet transform in any dimension.
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Theorem 3.1.4. Let M be a d x d dilation matriz and r > 2 be a positive integer. Let
a € (lo(Z)™ " and b € (1o(Z%))**" for some s € N. Let N be a d x d integer matriz with

|det(N)| =7 and Ey in (3.1.11). Define ﬂ as in (3.1.14). Then the following statements
hold:

(1) The filter b has order m En-balanced vanishing moments satisfying (3.1.13) if and

only if
~—T

ThEObE) =o(El™).  £—0. (3.1.15)

(2) The filter bank {a;b} is order m Ey-balanced satisfying both (3.1.12)) and (3.1.13)
if and only if (3.1.15)) holds and

T

Tn(€)ale) =a(&)Ta(MTe) + o (|l¢I™), € — o0,

(3.1.16)
for some ¢ € lo(Z%) with ¢(0) # 0.

3.2 A Matrix-valued Filter Normal Form for an Ar-
bitrary Dimension d

In this section, we extend the normal form of a matrix valued-filter developed in Chapter
for the case d = 1 to arbitrary dimentions. Some ideas from the case d = 1 can be
borrowed, but several new elements and challenges are involved for the high dimensional

case. First, we state the main result of this section as the following.

Theorem 3.2.1. Let M be a dxd dilation matriz and ¢ be a vector of compactly supported
distributions satisfying qg(MTf) = a(g)q?(g) with &5(0) £ 0 and a finitely supported matrix-
valued filter a € (1o(Z4))™". Suppose that the filter a has order m sum rules with respect
to M satisfying with a matching filter v € (Io(Z4))*" such that 5(0)p(0) = 1. If
r = 2, then for any positive integer n € N, there exists a strongly invertible r X r matrix

U of 2rZ%-periodic trigonometric polynomials such that the following properties hold:

~ ~
-~

(1) Define () = (0(€), ..., 0n(€)) 1= DET(E)™ and (&) = (61(E),. .., 6,(E))T ==
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U(€)p(€). Then

~

n(&) =1+ 0" and &) = O(lEl™). €0, £=2...r (321

G(&) =1+ 0(lE™) and 0(&) = (™), €—=0, £=2,...r (322

(2) Define a finitely supported matriz-valued filter a € (Io(Z2))™" by E(f) = ﬁ(MTf)a(f)l/]\(ﬁ)*l.

Then the filter a takes the ideal (m,n)-normal form, i.e.,

2e) = [al,l(f) al,z(ﬁ)] ’ (3.2.3)

—_—

&2,1 (5) &2,2 (5)

—

where Gy1, 012, A2 and&/; are 1 x1,1x(r—1), (r—=1)x1and (r—1)x (r—1)
matrices of 2rZ%-periodic trigonometric polynomials such that the following moment

conditions hold as & — 0:

Ga(€) =1+ O(El™), (€ +2mw) = O(JEl™), Vo e\ {0},  (3.2.4)

a1 + 2mw) = O([l€]™),  Yw € Qu, (3.2.5)
a21(8) = O(ll€]™), (3.2.6)

~

where Q is defined as ((1.1.16)). Moreover, (b(l\/le) = E(g)qs(g) and the new filter a
has order m sum rules with respect to M with the matching filter © € (1o(Z%))*".

~

(3) Define || = [8E)I2 := 3(€) $(&). If in addition

3(6) = 13123 + oI, €0, (3.2.7)

then the strongly invertible U can satisfy the following additional “almost orthogo-

nality” moment condition as & — 0:

06) U(e)™ = Diag (I6OI% 1B, 1G©IF) + oIl (3.28)
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where w; is the j-th column of the matriz U-t forj =2 ...,r and n := max(m,n).

Conversely, if there exists a strongly invertible matriz U of 2nZ%-periodic trigonometric

polynomials such that items (1) and (2) and (3.2.8) hold with n = m, then (3.2.7)) must
hold.

If d = 1 and without loss of generality assume that M is positive, the three moment

conditions (3.2.4), (3.2.5) and (3.2.6)) further yield

—

ai1(6) = (1+e 4 g ™MV (&) =1+ 0(¢"), €—0,

— —_

a12(€) = (1 — e ™)™ Pyo(8), a21(€) = (1 — e )" Py (),

where P, Py and Py; are some 1 x 1,1 x (r — 1) and (r — 1) x 1 matrices of 27-
periodic trigonometric polynomials. So the filter a takes the form , which demon-
strates that Thereom [2.3.1] on the one-dimensional normal form is indeed a special case
of Thereom [3.2.1, Unfortunately for d > 2, there are no corresponding factors for
(1+ e+ .. 4 e MDY and (1 — e7¥)™. This means the factorization technique
that we had for the case d = 1 is no longer available, which illustrates that the investiga-

tion is more difficult for d > 1.

To prove Theorem [3.2.1], several auxiliary results are needed. We start with the follow-
ing result, which is a straightforward generalization of Lemma m (see also [35, Lemma

2.3]).

Lemma 3.2.2. Let v = (01,...,0,) and u = (4y,...,4u,) be 1 X r vectors of functions
which are infinitely differentiable at 0 with v(0) # 0 and w(0) # 0. If r > 2, then for

any positive integer n € N, there exists a strongly invertible U € (lo(Z%))"™" such that

~

u(§) =v(QU(E) + O(llEll") as & = 0.
Next, we establish the following lemma on the moment conditions for vectors of smooth

functions, which is a simple extension of Lemma for the case d = 1 to an arbitrary

dimention d
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Lemma 3.2.3. Let m € N. Let v be a 1 X r row vector and u be an r X 1 column vector
such that all the entries of v and u are functions which are infinitely differentiable at the

origin such that

v(Qu(§) =1+ 0(El™), &£—=0. (3.2.9)

Then for any positive integer n, there exists an 1 X r vector B of 2w Z%-periodic trigono-

metric polynomaials such that

0(€) =0(§) + OllEll™)  and  o(§)u() =1+ O([]"), & —0. (3.2.10)
To prove Theorem |3.2.1] we also need the following result linking a refinable vector

function ¢ with the matching filter v for the associated matrix-valued filter of ¢.

Lemma 3.2.4. Let M be a dilation matriz and a € (lo(Z%))™". Let ¢ be an r x 1
vector of compactly supported distributions satisfying gg(MTf) = 6(5)5(5) with gg((]) £ 0.
If a has order m sum rules with respect to M satisfying with a matching filter
v € (I(ZM))™* and 5(0)$(0) = 1, then

5(&)o(e) =1+ o(lg|™), € —o0. (3.2.11)

Proof. This is the multivariate version of Lemma [2.3.4, but the proof does not follow

trivially.

By our assumption on a, using D(MTE)a(€) = 5(¢) + O(||¢]|™) as € — 0 and G(MTE) =
a(€)6(€), we deduce that

G(MTE)HMTE) = TMTENa(€)p(€) = B(€)d(E) + O ([[€]I™), € — 0. (3.2.12)

We now prove that (3.2.12)) yields (3.2.11)) using [32, Proposition 2.1]. For a p x ¢ matrix
A = (akj)1<k<pi1<j<q and an s x t matrix B, their Kronecker product A® B is the (ps) x (qt)

)
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block matrix given by
(lllB . aqu
A® B =

aplB e Clqu

For any n € N, define ®"A4 := A® ---® A with n copies of A. Recall that if A, B,C
and E are matrices of sizes such that one can perform the matrix products AC and
BE, then we have (A ® B)(C ® E) = (AC) ® (BE). Thus by induction, we have
(®"(AC)) ® (BE) = [(®"A) ® B][(®"C) ® EI.

Define the 1 x d vector of differential operators D := (04,...,0q), where 0; := %
for j = 1,...,d. For simplicity, we define g(&) := 6(5)5{5) Direct calculation yields
D ® [GMT)] = [(DMT) @ §](MT-). Here DMT := (z] My, S Myd ) is a
1 x d vector of differential operators where M := (M;;)1<;r<q. By induction, for j € N,

we have
[’ D] @ [gM™)] = [(’(DMT)) @ g](MT) = ([(&’D) ® g[(M"")) (&’ (MT)).  (3.2.13)

It follows from and that
((&'D) ®31(0)) (& (MT)) = [(&'D)®3)(0),  j=1,...,m—1.

Since all the eigenvalues of M are greater than 1 in modulus, so are the eigenvalues of
®J(MT) for every j € N. This forces the above linear system to have only the trivial
solution [(®/D) @ g](0) = 01xq4; for j =1,...,m — 1. Hence we conclude that 9*g(0) =0
for all ;1 € N¢ with 1 < || < m—1. By g(0) = 5(0)¢(0) = 1, we proved g(¢) = 1+6(]|€]|™)

as & — 0, which is just (3.2.11)). O

We now prove the following theorem, which generalizes all results on the standard
normal form of a matrix-valued filter in [32,[33,|35,141, 43,45 but under much weaker

conditions.

Theorem 3.2.5. Let M be a d x d dilation matriz and a € (Io(Z%))™" be a matriz-
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valued filter. Let ¢ be an r X 1 wvector of compactly supported distributions satisfying
g/g(MTf) = a(f)g/g(f) with g/b\(O) # 0. Suppose the filter a has order m sum rules with respect
to M satisfying with a matching filter v € (Io(Z%))**" such that 6(0)5(0) =1. Let
¥ be alxr row vector and Uy be an v x 1 column vector such that all the entries Ofg

and ug are functions which are infinitely differentiable at 0 and

~

v(©ug(§) =1+ 0(lgl™),  £—0. (3.2.14)

Ifr > 2, then for any positive integer n € N, there exists a strongly invertible r X r matrix

U of 2nZ%-periodic trigonometric polynomials such that

SOUE) ™ =0(&) + O(lEl™)  and T©)d(E) =up(€) + O(IE]"), € —0. (3.2.15)

Define %(5) = ﬁ(f)a(f) and 5(5) = ﬁ(MTf‘)a(f‘)ﬁ(S)_l. Then the following statements
hold:

(i) The new vector function ¢ is a vector of compactly supported distributions satisfying

~ -~
)

SMTE) = A(E)(E) for all € € R and H(€) = T(€) + O(IE|") as € — 0.

(ii) The new finitely supported filter a has order m sum rules with respect to M with the
matching filter © satisfying E(O)qb(()) =1 and (1.1.20) with a and v being replaced

by a and U, respectively.

Proof. 1t suffices to prove the claims for n > m. By Lemma [3.2.4] we see that (3.2.11))
holds. Note that $ is smooth at every ¢ € RY, which follows from the Paley-Wiener
theorem. Thus by (3.2.14) and Lemma without loss of generality we may assume
that

5(6)e(€) =1+ O(J¢€]") and 0(E)up(€) =1+ O(|¢ll"), € —0. (3.2.16)

Now by applying the argument as in the proof of Theorem [2.3.1] all claims can be proved.
O
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We are now ready to prove Theorem [3.2.1]

Proof of Theorem |3.2.1. Choose a strongly invertible r X r matrix U of 21 Z%-periodic
trigonometric polynomials such that all claims of Theorem hold with 0(¢) = (1,0,...,0)

and ug(¢) = (1,0,...,0)T. Then we immediately observe that item (1) holds.

-~
o

Next, we prove item (2). By Theorem |3.2.5| we see that ¢?(MT§) = /&\(ﬁ)qﬁ(f) and a has

order m sum rules with respect to M with the matching filter ©. Moreover,
(1,0,... ,0)5(5 +27w) = 6(w)(1,0,...,0) + O(JE|™), £€—0, YweQu.

It follows that a1 (¢ +27w) = O(||€]|™) as € — 0 for all w € O\ {0}, and Gy 2(¢ +27w) =
O(]|&]|™) as & — 0 for all w € Qy. This proves the second moment condition in ((3.2.4))

-~
o

and (3.2.5). On the other hand, by (3.2.1]) and qoﬁ(MTé’) = g(é’)qﬁ(f ), it follows immediately
that a1, () = 1+ O(||€||") and Gz.1(€) = @(||€]|"). This proves the first identity in (3.2.4)

and (3.2.6)). Hence item (2) is proved.

Finally, item (3) can be proved by applying the same argument as in the proof of item

(ii) in Theorem [2.3.2]

3.3 Multivariate Quasi-tight Multiframelets with High
Vanishing Moments and High Balancing Orders

In this section, we study OEP-based quasi-tight multiframelets with balancing property
and compact discrete multiframelet transforms. The main result is the following theorem,

which is a generalization of Theorem to arbitrary dimensions.

Theorem 3.3.1. Let M be a d x d dilation matriz and ¢ € (Ly(R%))" be a compactly
supported M-refinable vector function satisfying $(MT£) = 5(5)5(5) with gg(()) # 0 and
a matriz-valued filter a € (Io(Z4))™". Suppose that the filter a has order m sum rules

with respect to M satisfying (1.1.20) with a matching filter v € (Io(Z3))**" such that
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D(0)$(0) = 1. Let N be a d x d integer matriz with |det(N)| = r. If r > 2, then there
exist filters b € (1o(24))**", 0 € (Io(Z%))™" and €1, ..., €5 € {£1} such that

has order m wvanishing moments, where gb and v are defined in (1.1.12). Moreover,
qoﬁ and 1 satisfy the refinable structure

~ ~
o o

SMTE) =GOS, DMTE) =)o), R (3.3.1)

with the filters &,l; being defined as

~ ~

a(€) = 0MTEae)0(e)™  and  b(E) = b(E)A(E) . (3.3.2)

(2) 0 is strongly invertible.

.....

banks, satisfying

—T

A(6) BMTENG(E + 2mw) + b(€) Diagler, ..., e)b(E + 21w) = §(w)OE)  (3.3.3)

and

=T =T

A(€) A(E + 2mw) + b(E) Diagler, ..., e)b(E + 2mw) = 8(w)T,, (3.3.4)

for all £ € RY,w € Qum, where § and Qy are defined as in (1.1.15) and (1.1.16)),

respectively.

(4) The associated discrete multiframelet transform employing {a; 13}5]“(617“.763) is com-

pact and order m Ey-balanced, where Ey is the vector conversion operator in (3.1.11]).

To prove Theorem [3.3.1] let us first recall some notations. For k € Z%, the difference
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operator Vy is defined via
Viu(n) = u(n) —u(n — k), vn € Z%  ue (1(Z%)™.

For any multi-index 8 = (81, ..., 82)" € N{, define VP := V21V V5 where {ey, ..., eq}

is the standard basis of R?. For u € (Io(Z%))"*", we have
Viu(g) = VIS()(E) = (1) (1—e )% - (Lme )a(), €= (6. 8)T € R

For x = (z1,...,24) and y = (y1,...,y4), we say x < y if there exists [ € {1,...,d} such

that x; = y; for all j <l and z; < y;. By * < y we mean that z <y or x = y.

By Theorem [I.1.1 the key step to obtain an OEP-based dual framelet is the con-
struction of an OEP-based dual framelet filter bank ({a; b}, {@; b})e satisfying of
Theorem Let us now rewrite into a matrix form below. For v € Z% and u €
(I(Z4))**", the y-coset sequence of u with respect to M is the sequence ul"M € (1(Z%))s*"
given by

uM(E) = u(y + M), ke Z?

Trivially, u(§) = Z%FMW(MT@@*M, where 'y is defined as (3.1.7). Let Qy be
defined in (1.1.16)). Define F,.m(&) to be the (rdm) X (rdm) matrix below

Frm(§) i= (e (EF2menl ) (3.3.5)

1<lk<dy

For w € Qu and u € ([o(Z4)™", let Dyom(€) and E, ,.m(€) be the (rdwm) x (rdw)

block matrices, whose (I, k)-th r x r blocks are given by

(€ +2mwy), if w+w—wy € Z°
(Duwm(§))ip = (3.3.6)
0, otherwise,
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and

(EU,w;M<€))l,k .= ylve—M] (g)e_i’Yk'(QWW)‘ (337)
Following the lines of the proof of [16, Lemma 7], we have

FT§M(£)Du,w;M<€>Fr;M(£)T = dMEu,w;M(MT€>, f € Rd,w € QM. (338)

Recall that P,m(§) = [(§ + 2mw:), W(€ + 27ws), ..., U(§ + 2mwg,)] in (L31). It is
straightforward to check that P,.m(§) = Qum(MTE) Fam(€), where

—_—

Quan(€) = [ulMI(€), uboMI(g), . uba™(g)]. (3.3.9)

Since Fr(€) | Fram(€) = dula,r, it is trivial to observe that Py (€)Frm(€) = dmQum(MTE).
Now by (3.3.8)), it is clear that (1.1.14]) is equivalent to

Naio(€) = Qom(©) Qam(©), (3.3.10)

with
Naae(§) = dﬁlEG,O;M(f) - QaM(f)T@(f)QaM(f) (3.3.11)

.....

is a dual M-framelet filter bank with b := Diag(ey, . .., €,)b. In this case, (3.3.10) yields

Qb;M<£)TDiag(€1> s 7€S)Qb;M(£) = Na,a,@(g)' (3312)

For d = 1, recall that a 27m-periodic trigonometric polynomial @ satisfies u(§) =
O(|€|I™) as € — 0 if and only if (1 — e~®)™ | u(¢). When d > 2, we can no longer
separate out a moment factor that plays the role of (1 — e~%)™. Nevertheless, the fol-
lowing result is known in |16, Lemma 5] and [32, Theorem 3.6], which characterizes the

moment condition for arbitrary dimensions.
Lemma 3.3.2. Let m € N and v € Io(Z?). Then 0(€) = O(||€]|™) as € — 0 if and only if
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(&) = Z,BeNg.m V/ﬁ\é(f)@(é) for some ug € Io(Z%) for all B € N{,,, where N§,,, = {f €
N : || =m}.

For simplicity of later presentation, we introduce the following definition.

Definition 3.3.3. Let M be a d x d dilation matriz and N be a d X d integer matrix

with | det(N)| = r > 2. Let Ey be the vector conversion operator in (3.1.11) and Tn in
B1.14).

(a) Fora € (Io(Z%))™ ", we say that & has order m Ey-balanced sum rules with respect to
M if a has order m sum rules with respect to M with a matching filter © € (Io(Z4))**"

satisfying
D(E) = AT + o(|EI™), £ — 0, for some c € lo(Z*) satisfying ¢(0) # 0.

Such a filter ¥ is called an Ey-balanced matching filter for a. We define bsr(a, M, N) :=

m with m being the largest such integer.

(b) Forn € N, we say that a is an order n Ey-balanced refinement filter associated to

~
)

anr x 1 fuectorgzoﬁ of compactly supported distributions if gzOS(MTS) = 5(5)¢(§) for all
£ eR? and

() = AOTa(E) + OEl™), € — 0, Jor some d € (Z*) satisfying d(0) # 0.

We first prove a special case of Theorem [3.3.1] which states that certain balanced
filters can be used to construct quasi-tight framelets with high order vanishing moments.
This result plays a key role in our proof of Theorem |3.3.1] on multivariate quasi-tight

framelets.

Theorem 3.3.4. Let M be a d x d dilation matriz and N be a d X d integer matrix with
|det(N)| = r > 2. Define Ey and ﬂ as in (3.1.11) and (3.1.14)), respectively. Suppose

that a € (Io(Z))"™" is an order m En-balanced refinement filter associated to an r x 1
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vectorgzz of compactly supported functions in Ly(RY), and & has order m Ey-balanced sum

rules with respect to M with an En-balanced matching filter © € (lo(Z4))*". If

—~ =T
> _ i -2 my __ A m
0(&) = O (&) + O(([ElI™) =9(E)Tn(E) + O(IE]™) as & — 0 (3313)
for some g € lo(Z*) with §(0) # 0,
and
lo@©I* =1+ 6(El"), €0, (3.3.14)

for some n = 2m, then there exist b € (Io(Z))™" and €y, ... e, € {1} for some s € N

such that

-----
~
)

moments, where 7:0\(5) = Z(M*Tf)qﬁ(M*Tf) for € € R,

Proof. As (3.3.13)) holds, by Theorem there exists a strongly invertible U € (Io(Z4))"™"
such that

(&) = D(©)o(€) = (1,0,....0)T + o(le]"), €0,
5(€) == 0(&)UE) ™ = (1,0,...,0) + O([¢|™),  €—0,

and (3.2.8) holds with ¢ being replaced by ¢. Moreover, by letting @(¢) = U(MTE)a(€)U (€)1,
we see that @ takes the ideal (m, n)-normal form in item (2) of Theorem with @ being

~ =T
replaced by a. Enumerate Qy as in (1.1.16)). Define U :=U U~! and

a@i(¢) = 0()—a(€) OMTOa(e) and @ (€)== —a(€) UMTE)a(E+2mw;), j=2,...,dw.

For j =1, using (3.2.8]) and (3.3.14)), we have

1 T 1 1 2
m)[ _ |- [ . ]a@m(a")[p ) p“)], €0,
U(@ U(MTf) ps(f) P4 5
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where U(£) = Diag (|| @ (|12, - . ., ||%(€)]|?) and @; denotes the j-th column of U~*. Here

P1,P2,P3,paare 1x 1, 1x (r—1), (r—1) x 1 and (r—1) x (r — 1) matrices of 27Z%-periodic
trigonometric polynomials. Using (3.2.4)), (3.2.5) and (3.2.6)) with @ being replaced by a,

we deduce the following moment conditions as & — 0:

pr(€) =1 (1T3OF + B @ TM@1(©) + (el = o(lel™).  (33.15)
pal€) =~ (©ara(€) — @r(@) UMOaa() + o) = o(lel™.  (33.16)
ps(©) = pa@) = O(€™). (3:3.17)

For every 8 € N& with |3] = m, define Ag := Diag(V?8,81, 1) € (Io(Z%))™*". Using

(3.3.15)),(3.3.16),(3.3.17), Lemma and n > 2m, we see that there exist By ,p5 €

(lo(Z%))>" for all o, 3 € N, such that

6= Y O Bs©R(0). (3.3.18)

a,ﬁGNg;m

where N, := {8 € N{ : |3| = m}. For j =2,...,du, we have

A&+ 27w;) + O(IMTE|™) = {pj,l(g) pj,z(ﬁ)} ‘

&) = —a©" [1 R
p;3(&) pjal§)

U(M'¢)

Here p;1,pj2,0j3,pja are 1 x 1,1 x (r—1), (r—1) x 1 and (r — 1) x (r — 1) matrices of

2 Z4-periodic trigonometric polynomials. It follows from the (3.2.4), (3.2.5), (3.2.6]) with

a being replaced by a and n > 2m that as £ — 0,

pia(é) = — (aﬁ(é)a/ﬁ(é +27w;) + T1(@) D(MTE)ami(E + zw) +o(IMTEm = o(Elm),
Pia(&) = —ar(§)arz(€ + 2mw;) — @z (€) UMTE)Paa(€ + 2mw;) + O(IMTE(™) = O(]|€]™),
Pia(€) = — o )T (€ + 27w;) — Ba(@) UMTE@I(E + 2mw;) + O(IMTE|™) = G(||]™),

2
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and using symmetry and the same argument, we further have

pia(§+2mw;) = O([[€]I™)  and  p;s(€+2mw;) = O([lEI™), £ —=0,j=2,....dw.

Hence the above identities and Lemma yield

— T_— -
@& = > Au(l) Bjapl&)As(€+2mw)), (3.3.19)
a,BGNg;m

for some Bja 5 € (lo(Z%))™" for all o, € Ng,, and all j = 2,...,du. Recall that
Pom(§) = [a(§ +wr), ..., a(E + 27wy,)] as in (L.3.1)). It follows from (3.3.18)) and (3.3.19)

that

Ma,U(f) :Dlag (0(5 + wl) s G(é + 277-de)> - Pa;M(g)TG(MT€>Pa;M(€)

d (3.3.20)
:Z aj, w] Z Z DA 0 B]agw] (g)DAg,O(S)v
Jj=1 Jj=1 aﬁENd’

where D, , := D, .m is defined via (3.3.6) for every u € (Io(Z%))™" and w € Qy with the

subscript M being dropped for simplicity. It follows from (3.3.8)) and (3.3.20]) that

A2 Fran (€) Mou (©)Frm ()|

=4yt > (Fem(§)Dao®) Fram )(ZFTM N,B,wj@)FT;M(é)T) (Frm(©)Das 0 ©Fam(@)')

a,ﬁGNg;m

= ) Eao0MT ( 1ZEBNWJ(M 5)) Eay0(MT€),

aBGN’

where E,, = E,m is defined via (3.3.7) for every u € (Io(Z%))"™" and w € Qum by

dropping the subscript M. Define

—1 dm

=33 (BB 006, (€) + By ©)').
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-7 o
It is straightforward to see that E,, = E,, for all a € Ng;m. It follows that

T

d[\_/|2 F’I";M (f)Ma,U (5) FT;M (5)

= Y (Ear oM7) B s(MTE) B, o(MTE) + Fa o MTE) Bos(MTE) Ea, o(MTE))

a,ﬁGNg;m,oH,B

+ Y Bano(MTE) Equ(MTE)Ex, o(MT€).

aeNg;m

For a,8 € N{,, and a < 3, we take any factorization Eap5(6) = Ea75’1(£)TEa,5’2<€> such

that E, ;1 and E, g are r X r matrices of 2rZ%periodic trigonometric polynomials. By

calculation:

Z (Bapi1(§)Eago(§) + Ea,ﬁz(f)EAﬁ,o(f))T (Ba1(&)Enn0(§) + Eap2()En,o(f))

T o

= Y (B @ sl anol€) + Baol@) Eus() Ea,ofé)

+ > (Bouol® Bapal®) Eapi(©)Esuo(€) + Bayol) Eapal€) Fapa(€)Eaol6))

T

= Y (Boo@ Eapl©)Ba,o(€) + Eao@) Baple) Eaole)

+ Y Eanol€) Eal6)Ea.olé).

where E,, is a Hermitian dyr x dyr matrix of 27Z%periodic trigonometric polynomials

for every a € Ni,,. Define €46 := 1 and b g, € (Io(Z%))"*" for k = 1,...,rdu via

ba /\ _
_ e . K.(0) , Bs(¢)
ba,ﬁ(&) = = a,B,l(M 6) Fr;l\/l(f) +Ea,6,2(M 5) Fr;M(f) )
— O(del)rXr O(del)rXr
ba,ﬂ,rdM (5)

for all o, 8 € Ng;m with o < 3, where 0,; denotes the ¢ x t zero matrix. Define P, via

(1.3.1)) for all matrix-valued filter b. By ({3.3.8) and FT;M(ﬁ)T Frm(§) = dulay,r, it follows
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that

Py, sm(6) =Fo51(MTE) Frm(€)Da, o(€) + Eupa(MTE) Frm(€)Dago(6)

(3.3.21)
=Eoap1(MTE)Ea, o(MTE) Frm(é) + Eap2(MTE)Ea, o(MTE) Frum(€),
Similarly, for ¢ € {1,2}, we define €. x := (—1)*"! and by, 1 by
Bt (€) e
ba(©)i= | 8 = (Pl = (D (Baa(MTE) — EaMTO)) Frn(©) | 0
_— O(del)rXr
b@;a,er(f)

for a € Ng;m and k =1,...,dwur, where p,q € R satisfy p+q = %; We conclude that

Poratt(€) = (P = (=) 0(Eaa(M"€) = Ba(MT€))) Ea,o(MTE) Frm(€),  (33.22)
for ¢ € {1,2}. Define

{(be,ee) : 0=1,..., 5} :={(bapk€app) : . B €Ny, witha <8, k=1,....dur}

U {(bg;mk,oﬁg;ayk) Lo E Nd k= 1, . ,dMT, (= 1, 2},

0;m>

and let b = [bf,...,b]]T. We claim that {a;b}y,,,. ., is an OEP-based quasi-tight

.....
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M-framelet filter bank. Indeed, by (3.3.21]) and (3.3.22)), we have

Prm(€) Diag(er, ..., ) Pum(€)

= Z Pba,ﬁ;M(f)TPbaﬁ;M(f) + Z (Pbl;a;M(f)TPbl;a;M(f) - Pbg;a;M(g)Tsz;a;M(€)>

a,ﬁGNg;m,a<ﬂ aGNg;m

Fon@' | Y (BanoMTE) Eas(MTE)E, o(MTE) + Ba, o(MTE) Eqs(MTE) Ea,o(MTE))
a,ﬁeNg;m,a<ﬁ
+ 3 BanoMTE) Eaa(MTE)Ea, o(MTE) | Frm(©)
aeNg;m
—Frm(©) (i Frm(©Mau(©F (@) ) Fram(©)
:Ma,U<£)'

This proves the claim. Define b € (Io(Z%))**" via b = bU. The above identity is equivalent

(i)
By definition in item (ii), H(MTE) = b(E)p(€). Note that 3(0) U(0)3(0) = [H(0)]? =

~

.....

note that
AL |~ Aa(6)
¢(&) = (1,0,...,00™+0 ()™ = o(l¢l™),  €—=0, VaeNg,.
O(dM—l)rXr O(dM—l)rXr

~
o

Thus it follows that $(MTE) = g(f)gzﬁ(ﬁ) = B(E)B(€) = O(||¢||™) as € — 0. This proves
item (ii). O

We are now ready to prove the main result Theorem |3.3.1| on multivariate quasi-tight

framelets.

Proof of Theorem |3.3.1. By Theorem [3.2.5, there exists a strongly invertible 6 &
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(Io(Z4))™" such that

—~

B(e) == 0(e)A(e) " = %ma +o(lelm), €, (3.3.23)
o) == BODE) = ~Tue) +oelm. €0, (3.3.24)

T
for some n > 2m, where ﬁ, is defined in (3.1.14)). In fact, the proof works as long as

(3.3.13) and (3.3.14) hold with n > 2m.

By the choice of §, item (2) trivially holds. Let a(&) := O(MT€)a(£)8(¢)~!. Then &
is an order m FEy-balanced refinement filter associated to the refinement vector function
¢, with the Ey-balanced matching filter © € (Io(Z%))**". Moreover, and
hold. Thus by Theorem there exist b € (Io(Z%))**" and €1, ..., €, € {£1} such that
items (1) and (3) hold.

On the other hand, using and , we have

Ta(©al) = viole) a©) +O(IEl") = VioMTe) +E(lEl") = Ta(MTe) + o (g™,
and

~T =TT

TRHE) = Vrole) ) +O(IEI") = VidMTe) + a(lel™) = o(IEl™), € o,

as & — 0. Hence item (4) follows from Theorem The proof is now complete. O

Though Theorem [3.3.1] is for multiplicity » > 2, one can easily obtain a similar but
weaker result for » = 1. For r = 1, the notion of balancing property will not come into
play since we no longer need the vectorization of scalar data. On the other hand, a scalar
filter 6 € Io(Z%) is strongly invertible if and only if 6(¢) = ce~**¢ for some ¢ € C \ {0}
and k € Z¢. Thus it is too much to expect the strong invertibility of § when r = 1 (see
[33] for details about the case d = 1). By applying the Hermitian matrix decomposition
technique as presented in the proof of Theorem one can still achieve high vanishing

moments on framelet generators. We have the following corollary of Theorem [3.3.4]
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Corollary 3.3.5. Let M be a d x d dilation matriz and let ¢ € Lo(R?) be a compactly
supported refinable function satisfying g/b\(MTf) = a(g)g/b\(@ with a(()) # 0, where a € lo(Z%)
has order m sum rules with respect to M satisfying with a matching filter v €
lo(Z%) such that 5(€) = 1/(&) + O(||€|™) as € — 0. Then there exist b € (Io(Z4))™,
€1,...,6 € {1} and 0 € lo(Z?) such that

.....

.....

order m vanishing moments, where ¢ and 1 are defined in (3.3.1)).

3.4 The Structure of OEP-based Balanced Multivari-

ate Quasi-tight Multiframelets

In this section, we investigate the structure of OEP-based balanced quasi-tight multi-
framelets. To derive a balanced quasi-tight multiframelet through OEP, the filter € in
Theorem [3.3.1] plays a key role in our investigation. Hence it is important for us to
understand the underlying structure that 6 must satisfy. The proof of Theorem [3.3.]]
reveals some ideas on which strongly invertible § € (Io(Z%))"*" serves as a desired filter
for constructing balanced quasi-tight framelets.

For simplicity of later discussion, we need the following definition.

Definition 3.4.1. Let N be a d x d integer matriz with |det(N)| = r > 2 and Ey be
the vector conversion operator defined as . Let M be a d x d dilation matriz and
a € (lo(ZY)™" be a filter associated to a compactly supported refinable vector function
¢ € (Lo(RY)) satisfying G(MTE) = G(€)B(€). Suppose that the filter a has order m sum
rules with respect to M satisfying with a matching filter v € (Io(Z3))*™™" such that
6(0)5(0) = 1. We say that 0 € (Io(Z%))™" is an order m Ey-balanced moment correction
filter associated to the filter a if 0 is strongly invertible and there exist b € (Io(Z%))**",
€1,...,€ € {x1} such that all claims in Theorem[3.3.1] hold.
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A concrete characterization of balanced moment correction filters is given by the fol-

lowing theorem.

Theorem 3.4.2. Let N be a d x d integer matriz with |det(N)| = r > 2 and define Ey

and ﬂ as i (3.1.11)) and (3.1.14)), respectively. Let M be a d x d dilation matrix and
¢ € (La(RY))" be a compactly supported M-refinable vector function satisfying a(MTf) =

A(€)D(€) such that a € (Io(Z4)™" has order m sum rules with respect to M with a matching

filter v € (Io(Z4))™*" and U(O)q/b\(()) # 0. Then the following statements hold:

(i) If 6 € (Io(Z3)) ™" is strongly invertible and if (3.3.13)) and (3.3.14) hold with n = 2m

and

a(€) = 0MTE)a(€)0(e) ™", 0(€) =0()I(E)™" and H(€) == 0(£)(E),

then 0 is an order m En-balanced moment correction filter associated to ¢ and a.

(ii) If 0 € (Io(Z%))™" is an order m Ey-balanced moment correction filter associated to
¢ and a, then 0 is strongly invertible and (3.3.14) must hold with n = 2m. If in

addition

1 is a simple eigenvalue of a(0),

(3.4.1)
and det(A\*° 1, —@(0)) # 0 for all B € NI with 0 < |B] < m,
where A = (A1, ..., \q) is the vector of all the eigenvalues of M, and if
BMTETN(MTE)a(€) = PE)Tn(E) + O(llE]™) as € — 0, (3.4.2)

for some p € lo(Z%) with p(0) # 0, then (3.3.13) must hold.

Proof. Following the lines of the proof of Theorem [3.3.1] if 6 is strongly invertible such

that (3.3.13) and (3.3.14)) hold with n = 2m, then one can obtain b € (Io(Z%))**" and
€1,...,€6s € {1} such that all claims of Theorem hold, which implies that 6 must
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be an order m Ey-balanced moment correction filter associated to ¢ and a. This proves
item (i).

Conversely, if 6 is an order m FEy-balanced moment correction filter associated to a,
then there exist b € (Io(Z%))**" and €1, ..., ¢, € {1} such that all claims of Theorem 3.3.1]

hold. In particular,

~T. =T >

a(€) a(€) +b(€) Diager,. .., e)b(€) = I, (3.4.3)

~ T

where b(&) == b(£)[6(£)]~". By multiplying ¢(¢) to the left and qAb(g) to the right on both
sides of , and using item (1) of Theorem , we deduce that holds with
n = 2m.

By item (4) of Theorem we see that holds with b being replaced by

b respectively. Consequently, we deduce from (3.1.4), (3.1.5) and (3.3.4) that for all
u e EN (]P)m,1>,

du dw —T .
— Z (€ + 27wj)a ae + 27rwJ)T? )+ Zu € + 2mw;)b(€ + 2nw;) Diag(er, ..., e)b(E)
j=1 7=1

~
—

Ay Tomt(MTEVA(E) + diy Ty u(MTE)Diag(er, ., €)b(E) = S Tanau(€).

Suppose in addition that (3.4.1)) and (3.4.2)) hold. Let y € (Io(Z%))**" be such that
7€) = DOTNE) + O(||€|™) where p is the same as in (3.4.2). (3.4.4)

By item (1) of Theorem [3.1.3] we have EyN(Py—1) = Pp1y C (Py—1)"*". Thus by item
(2) of Theorem [3.1.3, we have

S&,M(]P)m—l,y) - S&,ME,MEN(Pm—I) - EN(Pm—l) g (Pm—1>lxr-

Hence by item (3) of Theorem [3.1.3| and (3.4.2)), a has order m sum rules with respect to

M, with a matching filter y € (Io(Z%))*" satisfying ([3.4.4). On the other hand, since a
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has order m sum rules with a matching filter © with U= @5_1, we have

o(MTE)a(e) = v(€) + o(lE)™), € — 0.

Now the condition in (34.1)) will force 0(¢) = §(€) + O(||<||™) as € — 0.
By our assumption in item (ii) on 6, item (4) of Theorem [3.3.1] holds. Hence, (3.1.15)

and of Theorem 4 hold with a = & and b = b. Multiplying TN(f) from the
left-hand side of (3.3.4]) with w = 0, we deduce from (3.1.15)) and (3.1.16)) that

pE)

T(6) = TH(@al) a©+O(1el™) = O Tu eI +o(I€™) = e s

Tn(©)+0(IE]™)

as & = 0. Since p(0 ) # 0 and Y(0) # 0, we conclude from the above identity that &(0) = 1.

-

Since ng(I\/ITg) = a ) and (3.1.16) holds with ¢(0) = 1 and a = a, (3.4.1) will force

~ T

5(€) = FOTNE) +O(lE]™), €—0

-~

with f(€) = [1;2, &MT) 96). Note that F(0) = 1, 2(€)0(¢) = 1+0(€]") and 9(6)]* =
7“]?(6) f(&)+ O(|&]|™) as & — 0. Tt follows that p(&) = + O(]|&]|™) as &€ — 0. Thus

rf (E

T

20 = [Pf&) Ta(©) + a(lEl™) = IO 26©) +o(el™. € 0.

Therefore, (3.3.13) holds. This proves item (ii). O
Here we give an example to illustrate such an Ey-balanced moment correction filter 6.

Example 3.1. Consider a compactly supported M -refinable vector function ¢ = (¢1, $2) T
given in [26] (see Figure[3.1] for details) with its refinement matriz filter a € (Io(Z?))?*?

being given by

1 2 1 4 e 4 ez 4 pilé1+e2)

1 1
a(&,8) = - ‘ ] and M s = |: ] . (34.5)
1 -1

4 2e 71 0
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The filter a has order 2 sum rules with respect to M 5, with a matching filter v €
(1o(Z*))**2 satisfying

50 = (114 56+ @) + 00, €= (6.6) > ©.0)

Let N := M 5. One can obtain an order 2 Ey-balanced moment correction filter 6 given

by

0(¢) = : , EeRY

where p1, P2, p3, pa are the following 2nZ2-periodic bivariate trigonometric polynomials:

2 . . ,
pi(§) = % (542001 — 32252t — 7740e"¢17%2) — 265735¢ ¢! + 12267
—4522¢"6178) — 273258¢%1) |
2 . .
pg(f) = _\1/_7_6—1(51+£2) (6456—261 _ 646) 7
\/§ i(§1+€2) —2i —i§ —2i¢ —2i —i§
Ps(8) i= gy (77406721 — 12267~ + 4522)e 2% — 1075¢ 2" — 89655¢ ! + 90873
+(3225e ¥ + 265735e 7" — 544581e” " + 274763)e” 2],
2 . ) )
pa(€) == %elﬁ(mwdfl*&) — 6467 — 215).

~
~ ~

Define D(€) = DE)BE)™" and o(€) = DE)D(E), we have [SE)|? = 1+ O(|€]|*) as
¢ —(0,0) and
T

(€)= 0(O) =~ (12 + 4206, — i€ 12 + 435i€, +56) + O([E]). €~ (0.0).

By Theorem there exist b € (Io(Z%))**" and ey,...,es € {F1} such that all the
claims in Theorem hold with m = 2. For simplicity of presentation, we skip details
about filters b € (Io(Z))**".

The characterization of balanced moment correction filters in Theorem B.4.2] moti-

vates us to establish an algorithm for constructing quasi-tight multiframelets with high
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(A) ¢ (B) o2
Figure 3.1: The entries of the M s-refinable vector function ¢ = (¢, $2)T in Example .

balancing orders.

Lemma 3.4.3. Let r > 2 and s € N be positive integers. Let N be a d X d integer matrix
with | det(N)| = r and define Ey as in (3.1.11). Then b € (Io(Z%))*™" has order m Ex-
balanced vanishing moments if and only if there exist qg € (Io(Z%))* for all B € Ng;m
such that

WO = D Qun(©Esn()  with Egni= Egsson, (3.4.6)
BeNg;m

where Ng;m = {8 € N¢ : |B] = m}, Evsson is defined as in (3.3.7) with u and M being
replaced by VP8 and N, respectively, and Qqyin s defined in (3.3.9)) with v and M being

replaced by qs and N, respectively.

Proof. Suppose that b has order m FEy-balanced vanishing moments, i.e., (3.1.15)) holds.
Recall that {%1,...,%.} = 'y as in (3.1.10). For simplicity, we define ul¥] := 4%l for

the 7;-coset of w with respect to N. Let l;; be the j-th column of b for 7=1,...,r. By
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Lemma m, there exist gg € (Io(Z%))**! for all § € N, , such that

r

S e NTE) = Y vAs(¢

Jj=1 BeNv
— Z (Zvﬁ(;m] (NT¢) mé) (qu (NT¢) ﬁz-é) (3.4.7)
BeNd k=1

205w
ﬁeN‘{ k=1 l=1
For every pair of indices k,l € {1,...,r}, there exist unique 4;; € I'y and py; € Z? such
that Y + 9 — Yk1 = Npg,. Note that uli) (£)et = ylitNpl(¢) for all 4,p € Z4. Tt follows
that

V/D’(j V] (NTf) [W](NTS) —i(Yk+%)-€ — m}(NTg)q/[B’OV\l](NTS)e—i%,l'ée—ipk,l'NTi

—\B§— Npkl](NTf) Tl }(NT{“) — g€ :Vﬁé/[:*?l_w(NTg)q/?l\](NTf)e_ﬁk’l'g.

It follows from and the above identities that

S R S S L T TR

k=1 /BeNd =1

—

Hence, bp(§) = Ypena Sy VASD(€)g5" (€) for all k= 1,...,r and (BAE) follows

immediately.
Conversely, if (3.4.6)) holds, then (3.4.8) must hold. By working out the above calcula-
tion backwards, we obtain (3.4.7]), which precisely means that b has order m FEy-balanced

vanishing moments. O
The following result is an immediate consequence of Lemma [3.4.3]

Proposition 3.4.4. Let M be a d x d dilation matriz and N be a d X d integer matriz with
|det(N)| = r > 2 and define Ey as in . Let ¢ € (Ly(R))" be a compactly supported
vector function satisfying qb(MTS) = a(f)gg(g) with a € (lo(Z%))™". Suppose a has order
m sum rules with respect to M satisfying with a matching filter v € (Io(Z4))**"
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such that 5(0)p(0) = 1. If 6 € (Io(Z%))™" is an order m Ey-balanced moment correction
filter associated to a, by letting 5(5) = é\(MTf)/d({)é\(S)*l and

T

Ma(§) = Layr — Pam(§) Pam(§), (3.4.9)

then there exist Ay p € (lo(Z%))™M™W" for all o, B € N2 with o < 3 such that

0;m

Asa(§) = Aaalb) (3.4.10)

and

I e ©OMa(©Fm(©' = Y B o(MT€) Ao (MTE)Er, , o(MTE)+

aEN&m

—T —
> [BranoMTE) A s(MT€) iy 0(MT) (3.4.11)
a,BeNE.,,a<B

- /T
+EEﬁ§M’0(MT£)TAO¢wB(MT£) EEOA;N,O(MTg):| )

where Fyw is defined in (3.3.5), Egn is defined via (3.4.6), and Ep, 0 := Ep,yom 08
defined via (3.3.7) with u and w being replaced by Egn and O respectively.

Proof. Since 6 is an order m Ey-balanced moment correction filter associated to ¢ and a,

there exist b € (Ip(Z?))**" and €y, ..., €, € {£1} such that all the claims of Theorem [3.3.1]

-----

satisfying

M () = Pypy(€) Diag(er, .., €) Py (€)-

Moreover, the filter b has order m Ey-balanced vanishing moments. So by Lemma m,
there exist gg € (lo(Z%))***! for all § € N{,,, such that ([3.4.6) holds with b being replaced
by b. Define

b;(€) == b(€) Diag(er, ..., e)b(E +2mw;),  j=1,....dw.
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It follows that for j =1,...,dwv,

T—_

bi(©) = S Baml€) Qun(®) Ding(er, .., e)Quun(€ + 27w;) Bom (€ + 2mw;).

a,BGNg;m

For j =1,...,dwm, letting

G073 (€) = Qum(©) Diagler, ..., €)Quun(€ +2mw;), o, B ENL

we have
dm dm T
M&(é) = ZDéj,wj;M(g) = Z Z DEa;N,O;M(g) an,ﬁ,j,wj;M(g)DEﬂ;N,O;M(g)’ (3412)
=1 =1 a,pENE,,,

Note that the decomposition in ((3.4.12)) is similar to the one in (3.3.20)). Thus by applying
the same idea as in the proof of Theorem [3.3.4] one can obtain (3.4.11)). O

We now provide an algorithm for constructing balanced multivariate quasi-tight framelets.
This offers an alternative constructive proof to Theorem [3.3.1 on multivariate quasi-tight

framelets.

Theorem 3.4.5. Let M be a d x d dilation matriz and ¢ € (Ly(R%))" be a compactly
supported vector function satisfying gg(MTf) = 6(5)5(5) with a € (Io(Z3))™". Suppose that
the filter a has order m sum rules with respect to M satisfying with a matching
filter v € (Io(Z%))**" such that 8(0)&5(0) = 1. If N is an d x d integer matriz with
|det(N)] = r > 2, then one can obtain b € (lo(Z?))**", €1,...,es € {£1} and 0 €

(Io(Z%))™" such that all claims of Theorem hold by implementing the following steps:
(Step 1) Construct a strongly invertible 6 € (1o(Z%))"™" such that (3.3.13)) and (3.3.14]) hold
with n = 2m, where b(€) := B(E)I'(€) and 6(&) = H(€)(€).

(Step 2) Define 5(5) = é\(MTﬁ)a(é)é\(ﬁ)_l and Mgy (&) as in (3.4.9). Apply Pmpositionm
to find Ag g € (Io(Z%)) ™= for all o, B € NG, with a < 8 such that (3.4.10) and
BATI) hold.
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— T
(Step 3) For all a,3 € N§,, with o < B, factorize Aap(§) = Aapi(&) Aapa(E) with
Aapi, Aape € (lo(Z%))Mr=dur — Pind B, € (lo(Z4)) ™™ for every o € N§,,

T —
such that B,(§) = Ba(&) and

—_— —_— T —_— —_—
> (Aesa©Brano(©) + Aapa(©Frp0©) (Aasi(©)Brawol©) + Aasa(€)Eryy0(©))

a,BeNg.,,,a=p

+ Y Brono(® Bal€) a0l = N(©),

aGNg;m

where N(MTE) 1= d,}? FT;M(ﬁ)M&(f)Fr;M(f)T and Ep, 0 = Ep,yom is defined via
(13.3.7) with w and w being replaced by Eg.n and 0, respectively.

(Step 4) Define €45 = 1 and l;aﬁ,k € (Io(Z)™" for k =1,...,dur and a,f € N&, . with

a < [ via

- i’a,ﬂ,l(g) E\(é—) E/\ €3

5 , — N — BN

ba,s(§) = : = Aa 1 (MTE) Frm(€) +Aap2(MTE) Frm(€) :
o O(dM—l)rXr O(dM—l)T‘XT‘
ba,ﬁ,er(g)

fort e {1,2} and k=1,... . dur, define ear = (—1)" and l;g;mk € (Io(ZH))* by

—

- Eé;a,l(f) E/\ (5)

bal€) = | 0 | = (Ph = (2D (Aaa(MTE) = Ba(MTE)) Fraa(€) |
T O(dM—l)rXr
bZ;a,er(é.)

for a € Ng;m, where p,q € R satisfy p+ q = i. Define

{(13g, e):L=1,...,s} ::{(i)aﬂ,k,ea,g,k) ca, € Ng;m with o < 8, k=1,...,dur}

U I;Z'akaﬁf‘ak :aENd~ ) kIl?"'7dMT7 62172 .
e Q, 0;m

Leth = [b-lr, o ,ZOJI]T and b = bx0. Then {a; l;}glh(q 77777 e,) 18 a finitely supported quasi-tight
M-framelet filter bank such that all the claims of Theorem hold.

Proof. The existence of 6 € (Io(Z%))™ " satisfying all the conditions in (Step 1) is guaran-
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teed by Theorem [3.2.1] (e.g. choose 6 € (Iy(Z%))™*" such that (3.3.23) and (3.3.24) hold).

So it is straightforward to see that item (2) of Theorem holds. Moreover, 6§ is an
order m Ey-balanced moment correction filter associated to ¢ and a. Thus, (Step 2) is
justified by Proposition [3.4.4 The filters B, satisfying the identity in (Step 3) can be
obtained by using the same idea as in the proof of Theorem 3.3.4 Now define b as in

(Step 4). By ({3.3.8)) and the identity FT;M(é)T Frm(€) = dula,r, we deduce that

Py (&) = Aapi(MTE) Ep, oM7) Frn () + Aap2(MTE) By o(MTE) Fram(€),

(3.4.13)

Py, aa€) = (PL = (=1)/q(A0a(MT€) = B(MT€))) Er, oM Frm(6),  (3.4.14)

for ¢ € {1,2}. By (3.4.13) and (3.4.14)), item (3) of Theorem can be verified by

direct calculation.
Define qu. 5, 1o € (lo(Z3))™™t for ¢ = 1,2 and for all o, 8 € Ng;m with a < [ such

that

T

Qs o) = An s (MTE) F o (€) ,

O(dM—l)rXr

I,

—
a,o

Quio(€) 1= (P = (1) a( A0 (MT€) = Ba(MT€)) ) Frau(©)

O(dM—l)rXr

for ¢ € {1,2}. We see that

—

ba.5(€) = Qqu s i (€) Eai() + Qi (€) Ein(€)

—

for all o, € N, with @ < 8, and bga(€) = Quon(€)Ean(€) for all a € N, and
¢ =1,2. Hence Lemma implies that b has order m En-balanced vanishing moments.
Combining this fact with (3.3.14), we conclude that items (1) and (4) of Theorem [3.3.1]

follow right away. O]
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3.5 Summary of the Chapter

In sharp contrast to univariate quasi-tight framelets, multivariate quasi-tight framelets
are much harder to study and construct. This is because constructing framelet filter
banks is related to the factorization of polynomial matrices, which is challenging when
the dimension d > 1. Furthermore, it is more difficult to achieve high order of vanishing
moments on the framelet generators when d > 1, as the technique of separate out the
special factors (1 — e%)™ in the case d = 1 is no longer valid. Nevertheless, we were
able to generalize the theory of quasi-tight multiframelets to arbitrary dimentions. We
developed the multivariate version of a matrix-valued filter normal form as a tool to
study multiframelets. Consequently, we proved the existence of OEP-based multivariate

quasi-tight multiframelets, and performed analysis on their structural properties.
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Chapter 4

Multivariate Dual Multiframelets
Derived from Arbitrary Compactly
Supported Refinable Vector

Functions

In Chapters [2] and [, we studied how to obtain a quasi-tight multiframelet with several
desired properties from any given compactly supported refinable vector functions. In this
chapter, we consider the more general question, on how to derive a dual multiframelet
with high vanishing moments and high balancing orders, from any given pair of compactly
supported refinable vector functions. The work of this chapter is summarized as [57].
Comparing with univariate framelets, the main challenge involved in studying multi-
variate framelets is that we have to deal with the highly non-trivial problem of factor-
izing multivariate polynomial matrices (see e.g. [4,5]). As a consequence, multivariate
framelets are much less studied than univariate framelets in the literature. Among those
existing works on multivariate framelets, most of them are for the scalar case (see e.g.
[16,120,23]131},136,39.55,,63,/69]). We are only aware of the following papers which discuss
multivariate dual multiframelets from the theoretical aspect: (1) [35] studies the balanc-

ing property and the structure of OEP-based multivariate dual multiframelets; (2) [44]
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studies multivariate OEP-based quasi-tight framelets, which we have seen these work in
Chapter 8 How one can obtain a desired OEP-based multivariate dual multiframelet
from refinable vector functions remains unsolved, and we will answer this question in this

chapter. The work of this chapter generalizes the results on univariate dual multiframelets

in [33].

4.1 The Main Theorem on OEP-based Dual Multi-
framelets

In this section, we prove the following theorem on OEP-based balanced dual multi-

framelets.

Theorem 4.1.1. Let M be a d x d dilation matriz and r > 2 be an integer. Let ¢, ¢ €
(Ly(RY))™ be compactly supported M refinable vector functions associated with refinement
masks a,a € (lo(Z%))™". Suppose that sr(a,M) = m and sr(a, M) = m with matching
filters v, 0 € (Io(Z%))*" respectively such that @(0)5(0) # 0 and 5(0);(0) # 0. Let N
be a d x d integer matriz with |det(N)| = r. Then there exist 0,0 € (Io(Z4))™" and

b,b € (Io(Z%)**" for some s € N such that

(1) 0 and 6 are both strongly invertible.

(2) Define finitely supported filters a, b, CEL,Z via (3.1.8) and (3.1.9). Then ({a;b}, {a; z}),;h
is an OEP-based dual M-framelet filter bank. Moreover, bo({a; b}, M, N) = sr(a, M) =

m.

(3) ({: 4}, {gzNS, YY) is a compactly supported dual M-framelet in Ly(R®) with vin(y)) = m
and Vm(@) = m, where é,w, b, are vector-valued functions defined as in (1.1.12)
and (1.1.13).

Proof. Let ﬂ be defined as in (3.1.14)), and let n := m + m. By Theorem m, there
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exist strongly invertible filters 6,0 € (Io(Z%))™" such that

~ _

36 = () + O™, HE) =) + o(el), (4.1.1)

-~
~ o

5(&) = r TN + O™, (&) = TNE) + OlEll), (4.1.2)

~ ~1 >

as & — 0, where U= 65‘1,25 = %,6 =00 and q~5 = 5; In particular, item (1) holds.
Define a,a € (Io(Z%))™" as in (3-1.8). It is trivial that a (resp. a) has m (resp. m) sum
rules with respect to M withAa matchin/g filter © (resp. 6), and satisfies the refinement
relation E(MT-) = 5% (resp. gZ(MT-) = ng;)

It remains to show the existence of finitely supported filters b,b € (Io(Z%))**" such
that items (2) and (3) hold. By Theorems [3.2.1] there exists a strongly invertible filter
U € (Io(Z%))™*" such that

—T

P 2TNET () = (1,0,...,0)+O(|[¢]™m™), V20 Th(E) = (1,0,...,0)T+&([€]"),

as & — 0. Moreover, U can be chosen such that the following relation holds:

_T/\

0(€) =0() 06" =Diag (Ir IO T2, . IT)I2) + o)

= Diag (1,0() + 0(J€]"), € -0,

where U; denotes the j-th column of U~ for all j = 2, ..., 7 and U := Diag(| U2, .. ., [|U||2).

~ -~

Define @, a € (Io(Z4)™" via G := UMT)aU ! and & := U(MT-)aU~'. Tt is not hard

11 Q12 11 Q12

to see that a = takes the ideal (m,n)-normal form, and
Q21 A22 d2,1 52,2

Q¢

— —  —

takes the ideal (m,n)-normal form, that is, @ 1,12, a2 and ags (resp. a1, a1 2, Gz and

—

Ggs) are 1 x 1,1 x (r —1),(r — 1) x 1 and (r — 1) x (r — 1) matrices of 2rZ%periodic
trigonometric polynomials such that

—

o i11(6) = 1+ O(|¢|") (resp. ara(€) = 1+ O(|E]™) as & — 0, and @y, (€ + 2mw) =

—_

O(||€]|™) (resp. 5171(§ + 27w) = O(||€]|™)) as € — 0 for all w € O \ {0}.
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—

v

o G12(E+2mw) = O(||€]|™) (vesp. a12(E + 2mw) = O(||€]™)) as € — 0 for all w € Q.
® G2

—_—

(&) = O£l (vesp. az1(€) = O(||€]|")) as &€ — 0.
Define

~ Pam(®) UMTOPz0(6), (413)
f](f + 27wa,, )

where P, is defined as in (1.3.1) for any matrix valued filter u. Note that M, : 5 =

E?ﬁl D4, w;m where A; € (Io(Z%)™ ", j = 1,...,dy are defined via

—

~

A(6) = 6(w))0() — ()

UMTEa(é +2mw;),  j=1,...,dw, (4.1.4)
and Dy, .;m is defined as in (3.3.6) with u and w being replaced by A; and w; respectively.

We now perform structural analysis on each ;1\] . First consider 7 = 1, we have

- 1 —T |1
Ai(§) = [ /\] —a(g) [
U(é)

UmT

a@+o(E=__ __|, £=0,
A, A

1;4
where Z;, ZITQ, Z;), and Z;l are I x1,1x(r—1),(r—1)x1and (r—1) x (r—1) matrices
of 2rZ%-periodic trigonometric polynomials, satisfying the following moment conditions
as & — 0:
e =1~ (@

©aa(6) + @;@T&(MT@@:@) Lol = oleln. (4.L15)
Tra(6) = —tn(©na(6) — Gan (&) T(MTE)male) + OUIEIM = O™, (4.1.6)
Tra(6) = — () a0 (€) — G2a(€) UMTE)ann(€) + (") = O(EI™.

(4.1.7)
Recall that A, := Diag(V®8,681,_;) for all « € Nd and N¢, := {3 € N¢ : || = m} for

a )
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all m € Ny. It follows from (4.1.5)),(4.1.6),(4.1.7) and Lemma that

L= Y RO D ©80) (418)

aeNg., BeNE -

where Ay o5 € (Io(Z%))™" for all @ € N, ,, 8 € Ng, .

0;m»

For j = 2,...,dw, we have

—_—

g A Ap
(¢ + 2mw;) + O(IMTE|") = [ o ] ,

i3 Aja
as & = 0, where Z;,ZJ\Q,ZJ\?) ande; are 1 x1,1x(r—1),(r—1)xland (r—1)x(r—1)

matrices of 2nZ%periodic trigonometric polynomials for each j, satisfying the following

moment conditions as & — 0:

— — T Vi
Ta(e) = - (dl,l<s>a1,1<s T 2m)) + s (€) U(MTE)amn (€ + mj)) L oMl = o™,

— —

— p—

— ] T z
Aja(§ — 2mw;) = — (dm(f — 27wj)an 1 (§) + a1 (€ — 2mw;) U(MTf)&2,1(€)> +o(IMT¢™)

=o(lElm),

—

— —C Tz VI
Aj2(8) = =11 (8) a1 2(€ + 2mw)) — 2,1 (§) UMTE)aza(€ + 2mw)) + O(IMTEN") = G(|[€]™),
A

— —_

— T /\—TC V)
j3(6 = 2mw;) = —a12(€ — 2mw;)as,1(§) — da2(E — 2mw;) UMTE)ag,1(€) + O(|IMTE[™)
=o(lel™).

Hence one can conclude that

T = S Ae) An©Bs(e +2mwy), (4.1.9)

a€eNg . BENG. -,

where A5 € (lIo(2%)™" for all &« € N§,,,, 5 € Ni.;, and all j = 2,...,dw. It follows from
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(#.1.8) and (4.1.9) that

dm dm

—_ T

M 55(8) = Z Da;w;m(§) = Z Z Da,om(§) Da;, pw;m(§)Dagom(§)-
J=1 J=1 aeNg, ,BeNg .

Define Nafz,U as in (3.3.11) with a,a and © being replaced by d,é and U respectively.

Define B, ,.m as in (3.3.7)) for any u € (Io(Z%))™" and w € Q. By (3.3.8) and F,.y FT;MT =

dm1g,,r with F,.\m being defined as in (3.3.9)), we have

T

N,z o (MTE) = dif® Frm ()M, 5 5 () Frm ()

o . ] i (4.1.10)
=dy' Y Y EaomMTE) Eawm(MTE)EA, om(MTE).

j:1 aeNg;m7ﬁ€Ng;'fh

By letting
dm
Eop(€) =dy' Y Ea, ,wml), E€R’ aeNi,, BeN,, (4.1.11)
j=1
we have
E—
Nozo© = > En,om(©) Eapl€)En,om(©). (4.1.12)

aeNg,,,.BeENE. -

d

For every a € N{; and § € N{,, choose Eqpg1 and Eq, g, which are dyr x dur ma-

. T . . . T
trices of 27Z%-periodic trigonometric polynomials such that Ey 5 = E, g1 FEa 2. Define

Dapes bagi € (lo(Z7) " for k= 1,... dyr and all « € N, B € N& . via

ba.1(€) F o~
— AL
ba,ﬁ(f) = = oc,,B,l(MTg) F’!’;M(f) 0 <€> 5 (4113)
| Dot . (6] S
zaﬁ,l(g) - r—~ A
2 A
ba,ﬁ(f) = = Ea,ﬁ,2(MT£> FT;M(g) 0 5(5) 5 (4114)
g | Ydm(r—1)xr |
_ba,ﬁ7dMT(€>
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where 0y, denotes the ¢ x ¢ zero matrix. Recall that P,m(§) = [4(§ + 2mwy), ..., u(€ +
27mwg, )] as in (L.3.1)) for all matrix-valued filter w. It follows from ({3.3.8)) and F,.u FT;MT

that

T

By, (&) = Eapi(MTE) Ex, om(MTEF () - (4.1.15)

Similarly,

Pyl = Easa(MTE) B on(MTEFrm(©) (4.1.16)

It follows from (4.1.10)), (4.1.12)), (4.1.15) and (4.1.16]) that

Mo o(&) =Fem(®@ NogoMTOFa© = > B @ B (O (4117)

aeNg., BeNE -

Define
{bp:0=1,... 8} :={bop:cxe N{.. B€NLL} (4.1.18)
{Zg l=1,...,8}:= {Za,ﬁ ca €N, BeNL} (4.1.19)

and let b:= [, ... ,BI]T,E = [Z{, . ,;)I]T. We see that (£.1.17) becomes

M

a@z(

a

5(6) = (@) Py, (6), (4.1.20)

which is equivalent to say that ({a;b}, {a; i})U is an OEP-based dual M-framelet filter

bank satisfying

=T —~

E(S)Tﬁ(MT@g(& +21w) + b(E) b€+ 2mw) = (W)U (E), €eRYwe Oy (4.1.21)

Now define b, 137, b,b € (Io(Z%)**" via

~

0e) = MOT(E), b(E) = HOT(©), B = bOFE ™, be) = b(IE) ™
It follows from that ({&; b}, {a; Z)}) 1, is an OEP-based dual M-framelet filter bank
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satisfying

— T~

WO ale +2mw) +b(€) b€+ 2mw) = 6W)T,, € ERLweE Qy, (41.22)

and ({a;b},{a;b})e (where © := 6* % 0) is an OEP-based dual M-framelet filter bank
satisfying (|1.1.14)). Note that

=T T=

T T

Ta(Eb(E) =Tn(OT(E) bE) =r2(1,0,...,00(&) +O([€]"), £—0. (4.1.23)

T
Moreover, it is trivial that (1,0,...,0) |Aa(§) ,0rxaue—1)| = O(|&]|™) as & = 0 for all

a € Ng;m. Thus by (4.1.23) and the way we define I;, we conclude that

~T
Tn(Eb(E) = o(gll™),  &€—0. (4.1.24)
Similarly, we deduce that
~T
Tn(EbE) =o(lEl™,  &—o. (4.1.25)

On the other hand, it follows immediately from the definition of ¢ in (@.1.1) and the

refinement structure ¢(MT-) = G¢ that

~—T

Tn(©)al§) =Tn(MTE) + o)™, € —o0. (4.1.26)

Hence by Theorem [3.1.4] we have bo({a; b}, M, N) = m = sr(a; M). This proves item (2).

Now define vector functions QOS, ¥, 6,1 as in (1.1.12) and (T.1.13). We have

~
)

BIMTE) = B(E)A(E) = b(E)o(€) = r2b(E) T () + E([€l1") = O(lE™), € — 0,

where the last identity follows from (4.1.24]). Thus vim(¢)) = m. Similarly, (4.1.25)) yields
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vm(¢)) = m. Further note that

- Pl B

5(0) B(0)5(0) = $(0) (0) = 1.

—_

It follows from Theorem [1.1.

that ({d; ¢}, {&; %)) is a dual M-framelet in Ly(R?). This

proves item (3). O

Theorem is valid for the case » > 1. For the case r = 1, we have to sacrifice
the strong invertibility of 8 and @ to improve the orders of vanishing moments of the
framelet generators. Neverthe less, the matrix decomposition technique in the proof of

Theorem [4.1.1] can be applied to deduce the following result for the case r = 1.

Corollary 4.1.2. Let M be a d x d dilation matriz and let ¢, d € Ly(RY) be compactly
supported refinable functions satisfying $(MT§) = a(ﬁ)q?(f) and (MTE) = 5(5)&5(5), where
a,a € lo(Z) have order m and m sum rules with respect to M with matching filters

v, 0 € lo(Z?), respectively. Suppose that @(0)5(0) = 5(0)(5(0) = 1. Then there ewist
b,b e (Io(Z%)**" and 0,0 € lo(Z%) such that

1. ({a; b}, {a;b})ge.5 forms an OEP-based dual M-framelet filter bank.

2. ({qb,z/J}, {gg,l/;}) is a compactly supported dual M-framelet in Lo(R?), where qg,w,q;
and ¥ are defined as in (1.1.12) and (T.1.13). Moreover, vin(¢)) = m and vm(1)) =

m.

4.2 Structural Properties of OEP-Based Balanced Dual

Multiframelets

In this section, we investigate properties of the filters 6,6 € (Io(Z4))™" which allow us
to construct dual multiframelets satisfying all claims of Theorem [4.1.1] The following

theorem states the sufficient conditions on @ and 6.
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Theorem 4.2.1. Let N be a d x d integer matriz with |det(N)| = r > 2 and define
En and ?\N i (3.1.11) and , respectively. Let M be a d x d dilation matriz and
b, b€ (Ly(RY)™ be compactly supported M-refinable vector functions satisfying a(MTé’) =
a€)o() and E(MTO = /&\(5)5(5) for some a,a € (lo(Z%))™". Suppose a has order m sum
rules with respect to M with a matching filter v € (lo(Z%)**", and @ has order m sum
rules with respect to M with a matching filter © € (Io(Z%))**", such that @(0)3(0) # 0 and

0(0)p(0) #£ 0. If 0,0 € (Io(ZH)™" are strongly invertible filters such that the following

moment conditions hold as & — 0:

3E) = Co©) + OUE™) = 2 Tale) + o™, (12.1)
3E) = o)+ OUlE™) = d©)Tw(e) + o(EN™). (42.2)
(E) (&) = 1+ O(le|™™), (423)

for some c,d € Io(Z%) with ¢(0) # 0 and d(0) # 0, and some C,C € C\ {0}, where

N ~1

V= @5’1,42 = 55,17 =00 and gE := 0. Then there exist b,b € (Io(ZY))**" for some
s € N such that all claims of Theorem hold.

-~
o

Proof. Define a,a € (Io(Z4))™" as in (3.1.8). We have ¢(MT-) = &5, and QE(MT-) = ag.
Furthermore, @ (resp. @) has order m (resp. m) sum rules with respect to M with a

matching filter © (resp. ©).
By Theorem there exists a strongly invertible U € (Io(Z%))"™" such that

5(©) == T(O)(€) = (1,0,...,0)T+O([E[™™),  BE) = dEOT(E) " = (1,0,...,0)+O(|E|™),

as & — 0. Thus by letting G = (7(MT~)E’L\(7_1 and n := m + m, we see that a takes the
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ideal (m,n)-normal form, that is,

(4.2.4)
az,1(§)  az2(§)

—_—

where dl,l,d/l;, a1 and 6/2; are 1 x1,1x(r—1),(r—1)x1and (r—1) x (r — 1) matrices

of 2nZ%periodic trigonometric polynomials such that

(€)= 1+ Ogl™),  ana(e+2mw) = O(IEI™), € =0, Vo eQu\{0}, (4.25)

a12(§ + 2mw) = O([E]™), €0, Vw € Qu,

(4.2.6)
a21(6) = O(JEll"), €0, (4.2.7)
as & = 0.

On the other hand, we have

° S =T A T

v(§) == 0(QUE) =o(&) UE) +o(El™) = (1,0,...,0) + O([g™), (4.2.8)
< =T ~——T=—T N -
$(€) :=U€) o) =U©) o) +o(lEl™) = (1,0,...,00" + O([lgl™),  (4.2.9)

as & — 0. Moreover, the condition (4.2.3)) implies that
a() =1+0(EM, €0, (4.2.10)

)

= —To=T
a:=U(MT.) aU , we see that

where ¢, is the first coordinate of ¢. Thus by letting
G(MT-) = G¢ and @ has order m sum rules with respect to M with a matching filter .

We have

—

(€) = &/1,\1(5) ar2(§)

—

a2,1(€) asa(€)

Q)

Y

(4.2.11)

— — _—

—

where @11, 19,621 and dg are 1x 1,1 x (r—1), (r—1) x 1 and (r— 1) x (r — 1) matrices
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of 2nZ%-periodic trigonometric polynomials such that

01 (6) = 1+ O(€]"), auy(€+2mw) = O(E™), €0, Vweu\ {0}, (4212)

—

a12(€ +2mw) = O(||E]|™), € —0, Ywe Qu, (4.2.13)
Gaa(6) = O(lEI™). €0, (4.2.14)
as & — 0.

For j =1,...,dw, define

(€)= 8(w) L — 31€) a(€ + 2my). (4:2.15)

we have

(4.2.16)

—

where Ay, Ao, Ays and Ayy are 1x1,1x (r—1), (r—1) x 1 and (r—1) x (r— 1) matrices

of 2rZ%periodic trigonometric polynomials, satisfying the following moment conditions

as & = 0O:
= — T =T
Aia©) = 1= (TOa(©) + Tr(®) 12(©)) = (Il (12.17)
- — — T
A12(§) = —a11(§ar12(§) — a21(8) az2(§) = O(|IE™), (4.2.18)
< =T — T _
A13(§) = —a12(8) @1,1(§) — a22(§) az.(8) = O(JIEN™). (4.2.19)
For j = 2,...,dm, we have

(4.2.20)

where Aj.y, Ay, Ajg and Ajy are 1x1,1x (r—1), (r—1) x 1 and (r —1) x (r — 1) matrices

127



of 2rZ%periodic trigonometric polynomials for each j, satisfying the following moment

conditions as & — 0:

Aj(6) = - (5713(@?75(5 T 2m;) + iy (€) Ban(€ 4 mj)) = o(le|™),

= < T -
A — 21y = — (51,1(5 oo (€) + i (€ — 2y dz,l(é)) _ o(lel™,

—

C — — T
Aja(§) = —a11(§)a12(€ + 27mw;) — G2,1(§) G22(§ + 2mwy) = O(|IE]™),

— . - T —
o

Aja(€ = 2mw;) = —a19(€ — 2mw;)dan1 (€) — o (€ — 2mw;) daa(€) = O(E]™).

Hence one can conclude that
T—

LEO = Bule) Ayanl©Bs(e +27wy), (4.2.21)

a€eNg,BENE. -,
for some A; 5 € (Io(Z%))™" for all o € N§... B €Ng; andall j =1,... du.
Note that the factorization in (4.2.21]) takes the same form as the one in (4.1.9).
Hence by applying the same argument as in the proof of Theorem there exist

ZU),Z e (Io(Z%))**" such that ({a;b}, {E, E}m is an OEP-based dual M-framelet filter bank,

and

(&) = bMTESMTE) = O(lel™), D(E) = HM TOGMTE) = o(lle]™), € 0.

Finally, define b, b, b, b € (Io(Z4))™" via

o1

= b0

=)
|
S
Il

I
)

b= lua/\*l, b=

It is straight forward to check that all claims of Theorem hold. This completes the

proof. O]

By imposing some mild conditions on the filters a,a € (lp(Z%))™", we obtain the
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following converse result of Theorem [4.2.1]

Theorem 4.2.2. Let N be a d x d integer matriz with |det(N)| = r > 2 and define
En and Ty in BL10) and B1.14), respectively. Let M be a d x d dilation matriz and
b, 0 € (La(RY))" be compactly supported M-refinable vector functions satisfying g/g(MTf) =
6(5)5(5) and QS(MTf) = a(f) 5(€) for some a,a € (Io(Z%)™". Suppose a has order m sum
rules with respect to M with a matching filter v € (lo(Z%))'*", and a has order m sum
rules with respect to M with a matching filter © € (Io(Z3))**", such that @(O)QZ(O) # 0 and
3(0)6(0) # 0.

Suppose 6,6 € (Io(Z4))™" and b,b € (Io(Z))**" are finitely supported filters such that
all claims of Theorem [[.1.1 hold. Further assume

~

(i) 1 is a simple eigenvalue of @(0) and a(0). Moreover,
AT, —a(0), I, —Na(0), I, —xa(0), NI, —a(0)

are invertible matrices for all o, f € N& with 0 < |a| < m and 0 < |3] < m, where

A= (A1,...,\q) is the vector of the eigenvalues of M.

(ii) PIMTETN(MTE)A(E) = PETN(E) + O(IEI™) as € = 0 for some p € lo(Z7) with
p(0) # 0, where = g(l\/l )Eg_

(iii) GERE)TR(E) = AMTETR(MTE) + O(IE]™) as € — 0 for some q € lo(Z7) with

Then the moment conditions (4.2.1) — (4.2.3)) must hold as & — 0 for some c¢,d €
lo(Z) with ¢(0) # 0 and E(O) #+0 and some C,C € C\ {0}.

Proof. Define & € (Io(Z4))™" as in (3.1.8) and define b, b € (Io(Z%))*™*" as in (3.1.9). By
item (2) of Theorem [4.1.1} we have

—T~ =T

a() a(§) +b(&) b(&) =1, (4.2.22)
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and bo({a; b}, M,N) = m. By Theorem [3.1.4] we have

=T =T

TN©bE) = O(IEl™),  Ta(©)a(€) =dO)TNMTE) + O ([gl™), €—0, (4.223)

for some ¢ € lo(Z%) with ¢(0) # 0.
Assume in addition that items (iii) - (v) hold.

By left multiplying Ty on both sides of (4.2.22)) and using item (iv), we have

T(©) = HOTRMTORE) + O(1") = U s Ta(e) + O™, € o

From the above relation we conclude that E(O) =1, and thus

~
o

AMTE)Ta(MTEa(E) = d(€)Tr() + O(IE]™), € — 0, (4.2.24)

where d € ly(Z4) satisfies

o0

d(©) = [T 78 + oI, & ~o. (4.2.25)

Moreover, it is easy to see from the second relation in (4.2.23) that

T

AMTETN(MTE) = GOAE)TR(E) + O(IEl™), € 0. (4.2.26)

—~ ~1

Since a has m sum rules with a matching filter © with © := 06 , we have 6(MT€)a(¢)

y I

0(€) + O(|€||™) as € — 0. Furthermore, note that the refinement relation ¢(MT-) = ag

(where ¢ = %) holds. Hence by the conditions in item (i) on @ and @, we conclude from

@2.24) and (#.2.26) that ([.2.2) holds for some C' € C\ {0}, with d € Io(Z?) being a

non-zero scalar multiple of d.
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On the other hand, the condition on @ in item (iii) and item (v) together yield

T

(&) = KG&)Tn() +o(lel™,  €—0, (4.2.27)

for some non-zero constant K. As item (ii) holds, then in particular item (3) of Theo-

~ 2 — T -
rem (4.1.1{ holds. Then vm(vy) = m and (4.2.27) imply that b(&)Tn(E) = O(]|€||™) as
—T
¢ — 0. Now right multiplying ¢Yn to both sides of (4.2.22)) yields

—_—

GMTE)TN(MTE)a(€) =T Tw(&) + o (lgl™), € 0. (4.2.28)
Since @ has 1 sum rules with a matching filter © with © := 06!, we have 5(MT£)5(£) =

B(E) + O(||€]™) as € — 0. Moreover, G satisfies the refinement equation ¢(MT-) = d¢. By

the condition in item (iii) on a, we conclude from (4.2.27) and (4.2.28)) that (4.2.1)) must

hold for some C € C\ {0}, with ¢ € [y(Z?%) being a non-zero scalar multiple of q.

=T o~

Finally, by left multiplying gb and right multiplying ¢ (where b= QN(/B) to (4.2.22)), we

have

T =T

S(MTE) H(MTE) = 3(€) o(&) + O(lE|™ ™), € 0.

By applying the same argument as in the proof of Lemma [3.2.4] (4.2.3) follows from the

above identity. The proof is now complete. O

4.3 Summary of the Chapter

In this chapter, we answered the question on how to derive a balanced dual multiframelet
from a pair of multivariate compactly supported refinable vector functions. We only
performed a theoretical approach to investigate this question, and we did not address any
construction guidelines. It is of practical interest to develop an effective algorithm for

constructing OEP-based multivariate dual multiframelets.
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Chapter 5

Framelets with Mixed Dilation

Factors

In this chapter, we develop the basic theory of framelets with mixed dilation factors. As
discussed in Chapter [I] the main reason for considering framelets with mixed dilation
factors is to achieve a relatively low redundancy rate on the framelet system without
sacrificing its desired properties such as directionality. To our best knowledge, the first
and the only paper which investigates the theory of framelets with mixed dilation factors
is [49], which addresses basic concepts and properties of scalar tight framelets with mixed
dilation factors. In this chapter, we will systematically investigate framelets with mixed
dilation factors, with arbitrary multiplicity in arbitrary dimensions. In Section [5.1], we
will first study the discrete framelet transform employing a filter bank with mixed dilation
factors, and discuss its various properties. Next, the notion of a discrete affine system
in lo(Z%) will be introduced in Section , which greatly facilitates our study of discrete
framelet transforms with mixed dilation factors. Finally, we will discuss framelets and

wavelets with mixed dilation factors in Section [5.3]
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5.1 Discrete Framelet Transforms with Mixed Dila-
tion Factors

To discuss discrete framelet transforms with mixed dilation factors, we need to recall some

preoperties of the subdivision and transition operators.

For u € (I5(Z%))™>" and v € (I5(Z%))**", we define:

(U, V)0 =Y ulk)o(k) . (5.1.1)

kezd

Note that (u,v);,ze) € C™* is a matrix of complex numbers.

Recall the subdivision operator S,.m and the transition operator 7,m defined as in
(1.2.2) and (|1.2.3), respectively. The following two lemmas are the matrix-valued fil-
ter versions of [37, Lemma 2.3 and Lemma 4.3], which are important properties on the

subdivision and transition operators.

Lemma 5.1.1. Let a € (Io(Z%))™9 be a finitely supported matriz-valued filter and M be

a d X d dilation matriz. Then the following operators are well-defined:
Sam + ((Z)7" = (L(Z)™, Tam = (12(29))™7 — (12(27))™".
Moreover, we have Sum = T,y That is
(Sa,MV, W) 1,72y = (U, Ta,MW) 1,24y, v € (L(ZY)",w € (Io(Z4))*. (5.1.2)

Lemma 5.1.2. Let uy € (Io(Z%))7t uy € (Io(Z%))™4 be finitely supported matriz-valued

filters and let My, My be d x d dilation matrices. Then

Su1,M1SUQ,M2U = S(UzTMl)*U17M1M2vﬂ 72&2,’\/'27;1,'\/'17“” = 7-(U2TM1)*U1,M1M2w7 (513)

for allv e (I(Z%))**" and w € (I(Z%))>**.
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Suppose we have finitely supported matrix-valued filters by, by € (Io(Z4))™" and
bi, ..., bs by, ... bs € (Io(Z4))*" and d x d dilation matrices Mg, My, ..., M,. We now
state the discrete framelet transform employing the filter bank ({b!M;}i_o, {b/!M;}7_,)
with mixed dilation factors. For J € N, the J-level discrete framelet transform can be

stated as the following:

Step 1. For any input signal vgo € ((Z4))**", perform the J-level discrete framelet decom-

position procedure:

Ui,5 :77717'\/'11)07]'—17 j = 1,...,J, [ :0,...,8. (514)
Step 2. Set 0;,7 :=1v; 5 for all [ =0,...,s. Recursively compute 0;_1,j = J,...,1 via
S
Bii= Y Symb,  j=J.. L (5.1.5)
1=0

We say that a J-level discrete framelet transform has the perfect reconstruction
(PR) property if the original input data vy is equal to the output data 09. To study
the J-level discrete framelet transform employing the filter bank ({b/!M;};_y, {bi!M;}5_y),

we need to define the following linear operators:

(1) The J-level discrete framelet analysis operator Wy : (1(Z4))>*" — (1(Z3))*(s7+m)

employing the filter bank {b;!M;};_,:
Wi = (Ul,la s Usly ooy ULy - o Us UO,J)7 (5-1-6)

for all v € I(Z%), where v;;,l = 0,...,s,j =1,...,J are defined as (5.1.4). Define
W .= Wl.

(2) The J-level discrete framelet synthesis operator Vy : (1(Z%))*7+1) — (1(Z4))1*r

employing the filter bank {l;l!Ml}ls:O:

VJ({)l,ly e ,{1371, Ce ,’ZJLJ, Ce ,657J,607J) = 170, (517)
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for all Dy 1,...,Vs1y.-es D1, -, 050 € UZL), 005 € (1(Z4))™", where 1 is calculated

via (5.1.5). Define V := V.

It follows immediately that the J-level discrete framelet transform has the PR property

if and only if

VoW, = Idyzayyxr- (5.1.8)
Moreover, by noting that
WJ = (Id(l(Zd))lx[s(J—l)] ® W) PN (Id(l(zd))1><s ® W)W, (519)
and
]}J = )}(Id(l(zd))lm X f}) ce (Id(l(zd))lx[S(J—l)] & f}), (5110)

it is obvious that ([5.1.8)) is equivalent to
])W - Id(l(Zd))lxr. (5111)

Here we provide a characterization of the PR property of a multi-level discrete framelet

transform with mixed dilation factors.

Theorem 5.1.3. Let by, by € (Io(Z4)™" by, ..., bs, by, ... by € (Io(Z9)™*" be finitely sup-
ported matriz-valued filters and My, ..., My be d x d dilation matrices. The following

statements are equivalent:

(i) For every J € N, the J-level discrete framelet transform employing the filter bank
({b!M Y5, {B!M}5_) has the PR property.

(i) VWuv = v for all v € (Io(Z)™", where W and V are the 1-level discrete analysis

and synthesis operators respectively.

(i11) ({b!M} ), {El!Ml}fzo) is a dual framelet filter bank with mized dilation factors, i.e.,

> xe (w)gz(_@ng(é‘ + 21w) = 86(w)1,, (5.1.12)
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for almost every ¢ € R and every w € Uj_o Cu, where
Q= [M; Tz N0, 1)4, [=0,...,s, (5.1.13)

and xg is the indicator function of the subset E C R?,

Proof. (i) < (ii): (i) = (ii) is trivial. To prove (ii) = (i), one uses the locality of the
subdivision and transition operators (see the proof of Theorem [2.1.1} or |37, Theorem 2.1]
and |41, Theorem 1.1.1]).

(i) = (iii): By definition we have
YWo =8y Tumv, v e (UZY)) (5.1.14)
1=0

By item (i) and taking Fourier series on both sides of ([5.1.14]), we have

0O =D B(E + 2mw)bi(€ + zml)TzZ

=0 w; e

(6), £ eRY (5.1.15)
For simplicity of presentation, define Q := (J;_, €. For every w € €2, define
. i T ;
1€)== [ D xa (@b(§ +21w) b(€) | —8w),,  £eR (5.1.16)
1=0

It follows that (5.1.15]) is equivalent to

0(€) = D€+ 2mw)uy(€), £eR% (5.1.17)
weN
Define
€1:= inf ||z]|eo, €2:= inf Iz — Yl oo- (5.1.18)
zeQ\{0} ze\{0},ye{0,1}¢

Let g € (—m,m)* be fixed. For every € € (0, min(ey, €2)), define B, == o + [—<, £]%
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Let v € (1(Z%))™*" be such that
(SuppGJ\) N [_ﬂ-a W)d) g Exo,e g (—77', ﬂ-)d‘ (5119)

Note that for any ¢ € E, . and w € Q\ {0} C [0,1)4, the point £ + 27w lies in
[—7, 7)? + 27y for some (unique) y € {0,1}%. Moreover, for any ¢ € E, ., w € Q\ {0}

and y € {0,1}%, we have

€ €
€+ 2m0 = (20 + 27y) e > 27|l = lloo = 1§ = Tolloc > 27— — > —.

It follows that 0({+2mw) = 014, for all { € E,, . andw € Q\{0}. By (5.1.17), 0(&)ao (&) =
01, for all £ € E,, ., and thus @y(§) = 01, for all £ € B, as v € (I(Z%))*" satisfying
(5.1.19) is arbitrary. Since zg € (—,m)¢ is arbitrary and E,, . is a neighbourhood of x,
we conclude that () = 0,, for all £ € (—m, m)%. Since 1y is 2rZ%periodic, it follows

that @y = 0,x, for a.e. £ € RY. For w € Q\ {0}, note that (5.1.17) is equivalent to

D D€+ 2m(w — &)U (€ — 27@) =01y, VE ERY (5.1.20)

we
By applying the same argument as above, we have uig = 0,, for & € R%. This proves
item (iii).
(iii) = (i): This follows immediately from item (iii) and the fact that (5.1.17)) holds

for all v € (Io(Z%))**". O

Remark 5.1.4. It is not hard to observe that ({b)\M;}i_o, {bi\M;}_,) is a dual framelet
filter bank if and only if ({El!Ml}fzo, {i!M}7_) is a dual framelet filter bank.

Next, we discuss the stability of a discrete framelet transform with mixed dilation

factors.

Definition 5.1.5. A filter bank {b;!M;};_, has stability in l5(Z?) if there exist Cy,Cy > 0
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such that

Culloll Gy zayyer < IWavllE, zayyiiersen < Callvllf, gayxr (5.1.21)

for all J € N and v € (I5(Z%)**", where Wy is the J-level discrete analysis operator
employing the filter bank {b;!M,};_,. In this case, {b;!M,};_, is called a framelet filter

bank with mixed dilation factors.

The following result provides several equivalent ways to interpret the stability of a

discrete filter bank.

Theorem 5.1.6. Let ({b!M;}i_o, {b!M;}:_,) be a dual framelet filter bank with mized
dilation factors, and let 0 < C; < Cy < 00. For each J € N, let Wy and V; (resp. W,
and V; ) be the J-level discrete framelet analysis and synthesis operators employing the

filter bank {b)M;};_, (resp. {bi!M}i_,). The following statements are equivalent.

(1) {bM}Ys_y and {bM,}5_, have stability in l,(Z%) with (5.1.21) and
02_1”U||?12(Zd))1w < ||WJU||?12(Zd))1x[<sJ+r)] < 01_1||U||?12(Zd))1w (5.1.22)

hold for all J € N and v € (Io(Z%))'*".
(2) IWylI2 < Co and |Wy|?> < C7Y for all J € N.
(3) |Vs||> < Cy and |V|]> < C7* for all J € N.
(4) |IVs|I> < Cy and |W;||? < C1* for all J € N.
(5) W12 < Cy and ||V ||> < O for all J € N.

Proof. By Lemma [5.1.1 we have
<VJ’U}, U)lz(Zd) = (w, WJU>12(Z’1)a O}JU}, U>l2(Zd) = <w, WJU>ZQ(Zd) (5123)

for all J € N, w € (Io(Z%))™> 7+ and v € (15(Z4))**". Thus we have (2)<(3)<(4)<(5).

We finish the proof by proving (1)<(2). It’s trivial to see that (1)=>(2). To prove the
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converse, note that by Remark [5.1.4) we have V;Wyv = V,Wyv = o for all v € 1y(Z%)
and J € N. Moreover, by Lemma5.1.1, we have |W;,|| = ||V, and |W;]|| = ||V;| for all
J € N. Thus item (2) yields

HVJWJUH%JQ(W))MT = HUH%Q(Zd) < 02HWJUH?zg(zd))lx[(ww)]a (5.1.24)
HVJWJUH?lz(Zd))MT = HUH%lQ(zd))lxr < Cfl”Wﬂ)”?b(zd))lx[(sﬂr)]a (5.1.25)

for all J € N and v € (I5(Z%))**". Thus
WP = 11Vsll? < Coy IWIIIP = IIVslI” < O (5.1.26)

This proves (2)=-(1), and the proof is now complete. O

We now introduce the notion of a wavelet filter bank with mixed dilation factors.
Briefly speaking, wavelet filter banks are special framelet filter banks which are non-
redundant (or critically sampled). To do this, we need the following proposition on the

analysis and synthesis operators.

Proposition 5.1.7. Let by, by € (Io(Z%))™" by, ... bs, by, ..., by € (Io(Z4))™*" be finitely
supported filters and My, . .., My be dxd dilation matrices such that ({b!M;}i_o, {b!M;}5_,)
is a dual framelet filter bank with mized dilation factors. Let W and V be the dis-
crete framelet analysis and synthesis operators employing the filter banks {b,!M;};_, and

{b)!M;};_,. The following statements are equivalent.
(i) W is surjective.

(i) V is injective.

(iii) YW = Idygayxr and WY = Idggayix e -

Proof. (iii) = (i) and (iii) = (ii) are trivial.
We now prove that either (i) or (i) implies (iii). The condition YW = Id (zay)xr

follows immediately from Theorem [5.1.3] It remains to show that either (i) or (ii) implies
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that WY = Id j(zay)1x(s+n . First assume item (i) holds. For every v € (I(Z%))"" we have

Wou = WOIW)v = WY (Wo). (5.1.27)

By the surjectivity of W, we conclude that WY = Idyza)y1x(s+n. Now assume item (ii)

holds. For every w € (I(Z%))**+7) we have
VOWV)w = (VYW)Vw = Vw. (5.1.28)

Since V is injective, we see that (WV)w = w for all w € (I(Z4))*6+), O

Definition 5.1.8. A dual framelet filter bank ({b!M;}5_y, {0i!M;}5_,) is called a biorthog-

onal wavelet filter bank with mized dilation factors if any one of the equivalent conditions

in Proposition holds.

The following theoreom characterizes the biorthogonal wavelet filter banks with mixed

dilation factors.

Theorem 5.1.9. Let by, by € (Io(Z4)™ ", by, ..., bs, by, ..., bs € (Io(ZD)™" be finitely sup-

ported filters and let My, ..., My be d x d dilation matrices. The following are equivalent:

(i) ({0!M}5_g, {0iIM}5_,) is a biothogonal wavelet filter bank with mized dilation fac-

tors.

(i) ({b!M Yo, {biIM}5_y) is a dual framelet filter bank with mized dilation factors, and

satisfies
.
I, Ek=1=0
~ =T o(k—=1), k,i1#0
D> bl 2mw)by(§ + 2mw) = ¢ e RY,
wELLNDY 015r, k#0,0=0
\O,nxl, k=0,1+#0,

for all k,1 =0,...,s, where ) is defined via (5.1.13]).
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Proof. Let W and V be the discrete framelet analysis and synthesis operators employing

the filter bank ({b;!M;};_,, {bi!M;}5_,).

(i) = (ii): If item (i) holds, then by item (iii) of Proposition [5.1.7, we have VW =
Idy(zay. This means that ({6,!M;};_, {b!M;}5_,) must be a dual framelet filter bank with

mixed dilation factors.

On the other hand, let w := (wy,...,w,, wy) with wy,...,ws € [1(Z?) and w, €

(ll (Zd))lxr‘ By Wf) = Id(l(zd))lx(s+r), we have

wp = WV = > Ty, Sy, k=0,...,s. (5.1.29)

=0

By taking Fourier series of both sides of ([5.1.29)), we have

S L I _ T
Wr(€) = Y [ det(My)[72 Y Sy wi(MTE + 27mw) b (M T + 27w)
=0

weN

: 1 1 = = T
= det(Mg)| 2| det(My)[2 Y @ (M] (M 7€ + 27w))by (M, 7€ + 2mw) b (M, T + 27w)
=0

wEN

=575 @M (M TE + 2mw)) @ (M, € + 2mw)

1=0 UJGQk

where

>~ T

@H(€) == | det(My)| 2| det(M) 3B (E)Br(6) . € € RY (5.1.30)

As (M;TZ4)N (M, TZ?) is a sublattice of M T Z¢ which contians Z¢, there exist w1, . .., Wk, , €

Q with w1 =0 and Ly, = #(éﬁfm such that
L,
M. Z8 = | | (@i, + [(MTTZ 0 (MTZY)]) (5.1.31)
Jea=1
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It follows that

D @M (M€ + 2mw) (Mg € + 27w)

UJEQk
L,

= > aMIMTE M w ) D an(MTE + 2eMw,, + 27w).
jkylZl weNELN

Consequently, we have

s Lig
@(5) = Z Z ﬁj\l(M;MI;Tg—i_QWM?—wk,jk,l)) Z @(M;T€+2WM?wk7jk,z+27rw)a £ € Rda
=0 jg, =1 weLNQY

for all w € (I(Z%))™>*+1. Denote {e],...,e"} the standard basis of R”. Choose wy :=
def,j =1,...,rand w; = --- = w, := 0, we conclude that the special case of item (ii)
with £ = [ = 0 holds. Similarly choose wgy := 01x,, wy := 1 for some k € {1,...,s} and

wy := 0 for all [ # k, we can prove the special case of item (ii) with k = and &, # 0.

Next, we consider the case when k # [. First fix k € {1,...,s}. Choose any w =

(wr, ..., we,wy) € (IL(Z3))*6+) such that wy = -+ = w, = 0 and wy # 01x,. By

(.1.29),

Lk o
0=wp(M{&) = > Wo(M3&+2aMiwij ) Y Tor(§ + 2mwg, , +27w), (5.1.32)
jk‘():l WENYNN

for all ¢ € R%. Note that if Q) C Qo, then Mjwy, , € Z% and Lo = 1. Thus (5.1.32)
reduces to

0=wo(M§&) D Ton(§+2mw), £ E€RY (5.1.33)

wEN

As wy € (11(Z4))" \ {014, } is arbitrary, it follows immediately from (5.1.33) that

> Tor(§ + 2mw) =0, (5.1.34)

weNENy
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for all £ € R% If Q € Qp, then MJw ¢ Z? for all w € O \ Qo. Thus

§:= inf 27[[Mgw — yl| > 0. (5.1.35)

weQ\Qo,yeZd

Fix 7y € (—m,7)% and set yo := M z5. Choose wy such that e € (0,6/2) and w, €

(C>(T4))**" such that the following hold:
L. wo(&) = (ef)7 for all & € Be(yo) with j =1,...,7;
2. wo(€) = 04, for all £ € B(yo) + 2rMJw with w € Q \ Qo;
3. Mg " Be(yo) C (—m,m)%
4. supp(wo) N [yo + (=, 7%)] C Bac(yo)-

By our choice of wy, it follows from (5.1.33)) that

> Gon(6+2mw) =00, &€ MJB(yo). (5.1.36)

weNYNN

As mg € (—m,m)¢ is arbitrary and gy, is 2mZ%-periodic, we conclude that ([5.1.34)) holds

for a.e. £ € R Similarly, one can prove that

> (€ + 2mw) =04y, > an(€ +2mw) = 8(k - 1), (5.1.37)

we;No we N

for a.e. £ € R? and for all k,1 =1,...,s. This proves item (ii).

(ii) = (i): Conversely suppose item (i) holds. Then by Theorem [5.1.3, VW =

Id(l(Zd))MT .

It remains to show that WY = Id(l(Zd))lx(err). Let uy,; be defined via (5.1.30)). For all
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w = (wy,...,wswy) € (lo(Z1))>¥r+I we have

WVw),.(€) = Z Z W (M (M€ 4 27w)) i (M, TE + 27w)
=0 wey
Ly,
= D @MIMTE MW ) D @ (MTE  2mw,, + 27w)
Jki=1 weRNQ
= wi(§),

for a.e. € € R% and all k = 0,1,...,s. Thus WVw = w for all w € (Io(Z%))*¢+). By
using the locality of the subdivision and transition operators, we conclude that WY =

Idy(zay)1x(s+n . This proves item (i). O

The following result states the non-redundant property of a biorthogonal wavelet filter

bank.

Lemma 5.1.10. Let by, by € (Io(Z4)™ ", by, ..., bs, by, ..., bs € (Io(ZD))™" be finitely sup-
ported filters and let M, ... My be d x d dilation matrices. If ({b!M;}5_q, {0i!M}5_y) is a

biorthogonal wavelet filter bank with mixed dilation factors, then

. 5.1.38
]det Z ]det - ( )

Proof. Let ¥V and W (resp. V and W) be the discrete framelet synthesis and analysis
operators employing the filter bank {b!M;}s_, (resp. {b!M;};_,). By definition of a
biorthogonal wavelet filter bank, we have WV = Idzayyxeen. Fix k=€ {1,...,s} and

define v := (vq,...,vs,v9) € ([(Z3)) ) via

Vg 1= 01><r7 Vg 1= (5, U1 :0, l € {1,,8}\{k’} (5139)
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By Lemma [5.1.1] we have

1= (0,020 = (U, WYV, 20) = (8, To M, S, 00, 0) 122

=(St M0, S5, M, 0) 120) = (Spm, 85 Sj w1, ) Lo (1) (5.1.40)
T
=(2m) 7| det(My)] b (&)br(€) dé
[0,27)¢
Similarly, denote {e}, ..., e’} the standard basis of R” and choose w’ := (wy, ..., ws, w}) €

(l(Zd))lx (s+r) with

w) = (e7)74, w; =0, l=1,...,s. (5.1.41)

One can conclude that

— T
1= <wj’wj>lz(zd) = (27‘(’)*‘1’ det(My)] 0y <b0(£)60(€) > dg, jg=1,...,r

(5.1.42)
It follows from ((5.1.12)), (5.1.40) and that
S g T:\
r = Trace(I,) = Z(Qw)_d/ Trace <bl(§) bl(§)> dg
Py [0,27)
= (2m)™ Trace (bi(€)bi(€)T) d 1.
Sen [ e (OO a6 (5143
r - 1
[det(Mg)] lzl [det(M))]
[

5.2 Discrete Affine Systems in Iy(Z%)

In this section, we further study the discrete framelet transforms by introducing the no-

tion of a discrete affine system in lo(Z%).

Let by, by € (lo(Z4))™" by, ..., bs, by, ..., bs € (Io(Z%))*" be finitely supported filters,
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and let My, ..., M, be d x d dilation matrices. Define

b () = b((M3)Y )b (M) 2€) ... b (MJ €)bo (£), (5.2.1)
b (€) = bi((MT)= )b (MTY2€) . bo(MT€)bo (€), (5.2.2)

forall j € N, 1 =0,...,s and £ € R, with the convention by := 81, =: 50,0, bip =0

and l~)l’1 = El forl =1,...,s. In other words:
brj o= (b MITY) % (Do T M%) % - % (bg T M) * by, (5.2.3)
b= (bt M) % (bo T M2 % -+ - % (by T Mo) * by, (5.2.4)

where 1 is the upsampling operator defined as in (1.2.1). For all £ € Z¢, J € N and
[ =0,...,s, define

b g = | det(Mo)| = | det (My)[ 20y (- — MG~ Myk), (5.2.5)

bujse = | det(Mo)|"Z | det(M,)[2by;(- — MIT'Mk). (5.2.6)

The following lemma is an important result on the multi-level discrete analysis and

synthesis processes.

Lemma 5.2.1. Let by € (Ig(Z%))™", by, ..., bs € (Io(Z%))**" be finitely supported filters,

and let Mg, ..., My be d x d dilation matrices.

(i) For any fived voy € (I(Z%))'*", define v; as in (5.1A4) for all l = 0,...,s and
g=1,...,J. Then we have

T
g (k) = (vo,0, bugi)iy(zy = Z vo,0(1)bujk(n) keZ (5.2.7)

nezd

146



(ii) For vy j,v; € (Z%) withl=1,...,s and j =1,...,J, we have
Vi(0,..,0,v0.0) = Y v, (k)bo,ssk (5.2.8)
kezd
and

Vo0, 0,05,0,...,0) = Y (Kb, L=1,....s, j=1....J (529

kezd
where Vy is the J-level discrete synthesis operator employing the filter bank {b;!M;};_,.

Proof. For every k € Z%, we have

ULj (k> - %I,MZUO,j—l(k) - %l,Mzﬁi,_l\/llonO(k)
= ﬁszMé‘l)*(boTM{;‘Z)*m*(boTMo)*bo,Mf;_lszovo(k) (by Lemma [5.1.2))
::7;L-Mj71M Uao(k)

- T
= [ det(My)|2| det(M)| "= >~ vo0(n)br;(n — My~ Mk)

nezd

= (Uo,o, bl,j;k>l2(Zd)'

This proves item (i).

To prove item (ii), Define

Goj-1 = SpoMolijy G =01, (5.2.10)
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with then convention 0y ; = vy ;. Then

V;(0,...,0,v0.) = To0 = i) m,V0,s
— S(bOTMgf1)*‘..*(bOTMO)*bO7M67UO’J (by Lemma [5.1.2)

= SbO,J,MOJUO,J

= [ det(Mo)[2 >~ vos(k)bo.s(- — MJk)

kezd

= vo.s(k)bo.su

keZd
Similarly, one can conclude that

Vo0, ,0,05,0,..,0) =Y o(k)bigw,  I=1,....s, j=1....J (5211)

kezd
This proves item (ii). O

In traditional framelet theory, discrete affine systems are introduced to study the frame
representation property of discrete framelet systems generated by framelet filter banks (see
[37,/41]). By mimicing the way we did in traditional framelet theory, we introduce the

definition of a discrete affine system with mixed dilation factors as the following.

Definition 5.2.2. Let by € (Io(Z%)™" by, ..., bs € (Io(Z%))™" be finitely supported filters
and let My, ..., My be d x d dilation matrices. For every J € N, the J-level discrete

affine system associated to the filter bank {b)!M;};_, is defined via
DAS;({ti!M}i ) = {bon 1k € Z Y U{bijn i l=1,...,8, j=1,...,J, keZ,

where by .. is defined via (5.2.5) for allk € Z,j e N and 1 =0, ..., s.

The stability of a filter bank is naturally linked to the frame property of its associated

discrete affine systems.

Lemma 5.2.3. Let by € (Io(Z%)™ " by, ..., by € (Io(Z4))*™*" be finitely supported filters
and let My, ..., My be d x d dilation matrices. Then the filter bank {b,!M;};_, has stability
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in lo(Z4) if and only if there exist Cy,Cy > 0 such that

Cullvllf, ayye < 3 140, bo, e |

kezd

J s
+ ZZ Z (v, bl,j;k>lz(Zd)|2 < C2HUH%lQ(Zd))1X’“

j=1 1=1 kezd

(5.2.12)

holds for all v € (Iy(Z%))**" and J € N.

Proof. Let W; be the J-level discrete analysis operator employing the filter bank {b;!M, };_,.
By item (i) of Lemma [5.2.1] we have

Wil (o (Z4))1x (s+7) = [|vo, J“(12 zayixr + H'UIJH (I2(Z)) %7
(la(

7j=1 [=1

o (5.2.13)
= v bo s+ DY > I, b eI,
kezd J=1 I=1 kezd
for all v € (I5(Z4))**" and J € N. Hence the result follows immediately. O

The associated discrete affine systems of a dual framelet filter bank have the frame

expansion property, which is illustrated by the following result.

Lemma 5.2.4. Let by, by € (lo(Z4Y)) ™ by, ... s by, by € (Io(Z4))™" be finitely sup-
ported filters and let My, ..., M, be d x d dilation matrices. Then ({b!M;}i_y, {biM}5_,)

18 a dual framelet filter bank with mixed dilation factors if and only if

J s
v="> (b0 sk @nboss + YD > (U bijkdi@abn (5.2.14)

kezd j=1 I=1 kezd

for all v € (Iy(Z))>" and J € N, where by ;. and by are defined as ) and (5.2.6)
forallkeZ?jeNandl=0,...,s

Proof. Let vog € (I2(Z%))**" and J € N. Define v;; as in (5.1.4) for all j =1,...,J and
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[=0,...,s. Then by Lemma [5.2.1] we have

VJWJUO,O - VJ(UI,IJ ceesUsdy e 5 U1y - - - 7US,J7U0,J>

= w0 (K)bos + D D> Y (k)b (5.2.15)

kezd j=1 I=1 kezd

J s
= Z <UO,07 bO,J;k)lg(Zd)bD,J;k + Z Z Z <U0,07 bl,j;k)lg(Zd)bl,j;k-

kezd j=1 I=1 kezd

Hence ({b!M;}i_y, {b!M;}_,) is a dual framelet filter bank with mixed dilation factors if

and only if (5.2.14) holds for all v € (I5(Z%))**" and J € N. O

Now we are at the stage to give a complete characterization of a dual framelet filter
bank by using its associated discrete affine systems, which is summarized as the following

theorem:

Theorem 5.2.5. Let by, by € (Io(Z9)™", by, ... bs,by, ... by € (Io(Z4))*" be finitely sup-
ported filters and let Mg, ..., My be d x d dilation matrices. The following statements are

equivalent.
(i) ({0!M}i_y, {0i!M}_y) is a dual framelet filter bank with mized dilation factors.

(ii) For all v,w € (Io(Z%))*":

s

<U, w>12(Zd) = Z Z <U, bl,l;k>12(Zd) <Bl,1;k7 U)>12(Zd). (5216)

=0 kezd

(iii) For all J € N and v,w € (Io(Z4))*":

(v, W), zay = Z (v, bo,1e) 1 () (Do, 738, Wiy (20
kezd

+ D (b (ks Whiaze)-

Jj=11=1 kezd
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(iv) (Cascade structure) For all j € N and v,w € (Iy(Z4))**":

D (0, bo i@ (Do W)@ = Y Y (0 bk (B Wiz, (5.2.18)

kezd =0 kczd

with the convention l;o,o =boo := 01, and B0,0;k = boo;k := Orl, where &y := (- —k).

If further assume that {b!M;};_, and {b\M,};_, have stability in l,(Z%), then each of

items (i) - (iv) is equivalent to the following statement:

(v) (5.2.14) holds, and moreover, there exist Cy,Co > 0 such that (5.2.12) and

Cy M ollfy oy < D 10, Bo, sk iz |I”

kezd

J s
+ Z Z Z |<U7 bl,j;k‘>l2(Zd)|2 < Cl_l||v||%l2(zd))1><’"
j=1

=1 I=1 kezd

(5.2.19)

hold for all J € N and v € (Io(Z4))**".

Proof. (i)<(ii): Follows immediately from Lemma [5.2.4]

(ii)<(iv): Suppose that (iv) holds. Recall that by ., = Bo,o;k = 61.. Then we have

v = Z<U’ bO,O;k>lz(Zd)60,0;k = Z Z (v, bl,l;k>lg(Zd)El,1;k (5.2.20)

kz4 =0 kez4

for all v € (Iy(Z%))**". Thus (ii) holds. Conversely, suppose that (ii) holds. Note that for

alll=0,...,sand j € N, we have

by = (b TME) xbo g = Y bua(k)bo (- — MYk). (5.2.21)

kezd
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Forall k€ Z? 1 =0,...,s and j € N, it follows that

b g = | det(Mo)| 7| det(Mz>|%bl,j<- ~ MITIMGk)

= | det(Mo)| "= | det(M Z bra(m)bo 1 (- — MIT'ME — M) ~'m)
mezZd
i . a (5.2.22)
= | det(Mo)| "= [ det(My)|2 Y by (m — Mik)boj—1(- — M3~ 'm)
meZd
Z bllk bO] 1;m-
mezZd

Thus for all v € (Io(Z4)) ", k€ Z4,1=0,...,s and j € N, we have

— T
(W, b = D (b0 tm)in@nbie(m) = (Boj-t, biik)i e, (5.2.23)
mezd
where
Boyj,l;v(m) = <U, bO,jfl;m>l2(Zd)7 m e Z°. (5224)

It follows from ((5.2.22)) and(5.2.23)) that

ZZ V, by jik) 15 (24) szk—zz Boj—130, bi,1:k) 1,(29) Z b1 (M) b0j—12m

=0 kcz4 =0 kezd meZd
S

- Z Z Z <BO?-7—1?U’ bl71;k>lz(Zd)bl,1;k; (m) bO,j—l;m

Rt N ke (5.2.25)
- Z Boajflwbo,jfl;m

meZd
- Z <U’ bOJ—l;m)lz(Zd)bo,j_l;m.

meZd

This proves (iv).

(ii)<(iii): (iii) trivially implies (ii). Conversely, (ii) and (iv) are equivalent to each

other, and together imply (iii).

If we further assume that both {b!M;};_, and {b;!M,;};_, have stability in l5(Z%), then
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by Lemma [5.2.3] each of items (i)-(iv) is equivalent to (v). O

Similarly, we have the following characterization of biorthogonal filter banks using

discrete affine systems.

Theorem 5.2.6. Let by, by € (Io(Z%))™" and by, ... b, b, ..., bs € (Io(Z))*" be finitely
supported filters and let My, ..., My be d X d dilation matrices. The following statements

are equivalent.

(i) ({0!M}5 g, {0iIM}5_,) is a biorthogonal wavelet filter bank with mized dilation fac-

tors.

(ii) For every J € N, (5.2.14)) holds for all v € (I5(Z%))**", and moreover,
(DAS ;({b!M;}5_,), DAS;({b!M;}5_))) is a pair of biorthogonal systems in lo(Z?)

which satisfies the following biorthogonality relations:
(bo,7a, bose) = 0(k — k)L, (bujk, borgw) = Orr, (5.2.26)
foralll=1,...,s,j=1,....J, kK € Z%, and
(b raes bugie) = (1L =18 — )6 (k — ), (5.2.27)

foralll,l! =1,...,s, 5,7 =1,...,J, and k, k' € Z°.

If we further assume that both {b!M;}5_, and {b!M;}5_, have stability in ly(Z?), then

each of items (1) and (ii) is equivalent to the following statement:

(#1) ((5.2.14) holds and there exist Cy,Cqy > 0 such that (5.2.12)) and (5.2.19) hold for all
v € Io(Z%) and J € N. Moreover, (DAS;({b/!M;}:_,), DAS;({0!M;}5_,)) is a pair of
biorthogonal systems which satisfies ((5.2.26)) and ((5.2.27]).

Proof. (1)< (ii): Suppose that (i) holds. Then in particular ({b!M;}i_o, {bi!M;}i_,) is a
dual framelet filter bank with mixed dilation factors. Thus (5.2.14) holds for all J € N
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and v € (Io(Z4))™*" by Lemmam Moreover, we have V,W; = Id(zayy1xr for all J € N.
Now the biorthogonality relations (5.2.26|) and (5.2.27)) follow straight away from (|5.2.15)

and the injectivity of V;.

Conversely suppose that (i) holds, then (5.2.14)) implies that ({b;!M;}7_,, {b!M;}7_,)

is a dual framelet filter bank with mixed dilation factors. Moreover the injectivity of V;

follows from the biorthogonality relations ((5.2.26|) and (5.2.27)) and the fact that

J s
)}JUJ = Z IUO’J(]C)B[)’J;]C + Z Z Z wl,j(k?ﬂ;l,j;k (5.2.28)

kezd j=1 1=1 keczd
holds for all w = (wy1,..., W1 g, ., Ws1,. .., Wss,Woy) € ([(Z4))>*E/+7) This proves

item (i).

Finally, by further assuming that both {b!M;};_, and {b;!M;};_, have stability in
1,(Z%), it follows from Lemma that each of items (i) and (ii) is equivalent to item
(ii). O

5.3 Framelets and Wavelets in L,(R?) with Mixed di-

lation Factors

In this section, we discuss the connections between framelet filter banks and framelets
in Ly(RY). First, we briefly review several definitions and results related to refinable

functions obtained from finitely supported filters. The following result is well known (see

e.g. |41, Theorem 5.1.2]).

Lemma 5.3.1. Let by € (Io(Z4))™" be a finitely supported filter and let My be a d x d

dilation matriz. Suppose there exist Cy, Cy, 7 > 0 and u € (Io(Z%))™1 such that
0 < |[BO)jiMol <1, lik()a©) — FMTON < GullellT, € € [=m A, (5.3.)
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where |||-|| is some fixed sub-multiplicative matriz norm (i.e., ||EF|| < ||EIE|l). Then

= | » LAY -~ —-T\n d
= 7}1_{{)10 (1_[1 bo((Mg ") f)) u((Mg ")), §eR (5.3.2)
]:
15 a well-define locally bounded measurable function which satisfies

p&) =u@+ o,  £=0 (5.3.3)

Moreover, there exists a compactly supported vector distribution 1° such that ;DB =, and

satisfies the following refinement equation:

() =) bo(k)y*(Mo - —k), (5.3.4)

kezd
with the above series converging in the sense of tempered distributions.

Definition 5.3.2. For any finitely supported filter by € (Io(Z4))™" satisfying (5.3.1]) for
some Co, Cy, 7 > 0 and u € (Io(Z%))™, the function ¢ which is defined via (5.3.2)) is

called a standard refinable function associated to the filter a.

The following proposition is an important result for our later study on framelets and

wavelets in Lo (R?).

Proposition 5.3.3. Let by € (Io(Z%))™",by,...,bs € (Io(Z2))*" be finitely supported
filters and let My, ..., My be d x d dilation matrices. Suppose there exist Cy, Cy, 7 > 0 and
€ (Io(Z4))™L such that (5.3.1) holds. Define a compactly supported standard refinable

vector function ¥° via (5.3.2) and define ¥, ... ¥° via
PO = bMTOUOMTE),  EER! I=1....s. (5.3.5)
If {b)!M; }5_ has stability in 1o(Z%), then there exists C > 0 such that

> U0(E + 2mk)yO (€ + 27T/<r)T < CI, Z > ‘W M TMT (¢ + 278)|” < © (5.3.6)

kezd =1 kczd
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for a.e. £ € R

Proof. For J € N, let V; and W; be the J-level discrete framelet synthesis and analysis
operators employing the filter bank {b;!M;};_,. By the stability of {&;!M;};_, in l5(Z9),

there exists K > 0 such that
IVswlfyzayier < Klwlf,gayxern, — we Z)ZEH JeN.  (53.7)
Let w = (0,...,0,v) € (Io(Z%))™*/+7) with v € (I5(Z))*". We have
Viw =8 v = S M5 (5.3.8)
where by ; = (bo T Mg_l) %+« % (bg 1 Mg) * bg. Thus by Parseval’s identity, we have

”Su,MoVJszZz(zd)

T

[ e (MO i (45 R E) @) de

It now follows from Fatou’s lemma that

=T

~ —~ A_T . .
2m) ! [ SO T de < limint | Sun Vil e
R 00
< li}ggf | det(Mo)]| ||VJwH%l2(Zd))1X<S+T) HuH%ll(Zd))Wl (5.3.9)

<] det(Mo) [l oy 1012 gy

for all v € I5(Z%). Note that

/R OPEIE) ) de = a1 (Z 00(E + 2mh)O (€ + mf) 3(e) de.

kezd

for all v € (I,(Z%))™*". Tt follows from (5.3.9) and the periodicity of M//JB § +
keZ
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2k )0 (€ + 27Tk)T that

— /\—T
Z UO(E + 2mk) YO (€ + 2mk) < K| det(Mo)l[|ullf, zayyr I, (5.3.10)

kezd

for a.e. £ € R%

Similarly, choose w = (0, ..., wys,...,0) € (lo(Z%))*EI+) with w5 € 15(Z?) for some

fixed [ € {1,...,s}, and using the fact that
(e = lim hi(MgTe) Hwo I=1,...,s, £€R? (5.3.11)

one can apply the above same arguments to conclude that there exists & > 0 such that
Y keza [V (( TTMD) (€ + 27rk:))‘ < Kforalll=1,...,s and a.e. £ € R% This completes
the proof. O

For a function (distribution) matrix f : RY — C**" and a d x d invertible real matrix
U, define
fogn(z) = |det(U )| —nUr f(Ug — k), z,k,n € R (5.3.12)

In particular, define fy., := fu.o. It is straight forward to verity that

— ~

fU;k,n = fU—T;n,k'

Definition 5.3.4. Let f : R? — C**" and g : R — C"" are matrices of measurable

functions, and U s a d x d invertible real matriz, define the U-bracket product of f

and g via:
[f,glu( Z flz+ 27U k)g(x + 27U~ 1k:) (5.3.13)
kezd
whenever the series converges absolutely for a.e. x € R%. Define [f,g] := [f,g]1,- Note

that [f, glu is an s x t matriz of 2rU 1 Z%-periodic functions.
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We discuss some important properties of the bracket product.

Lemma 5.3.5. Let [ € (Ly(R%))**", g € (Ly(R))™" and let U be a d x d invertible real

matriz. We have [f, gl € (Li(UT%)**t and its Fourier series is

| det(U)] Y (f.g(- + UTk))e 0. (5.3.14)
kezd
Proof. Let f € (Lo(R%))**" and g € (Ly(RY))™". For j € {1,...,s} and | € {1,...,t},
the (j,1)-th entry of [f, ]y satisfies

T

< Z[f/\jkn J/L;,k]U[/g\k,lagk,l]U < 00, £eR” (5.3.15)
k=1

Jsl

(iFa01)

It follows from ([5.3.15) that

/U—1[0,27r)d

Thus [f, glu € (L1(U1T9))**t and its k-th Fourier coefficient is given by

r

d€ < ) 1fikll Loy Gkl Lo ra)- (5.3.16)
h=1

(IF.30©)

Jil

| det(U)[(2m) ™1 3" F(€+ 20U n)G(E + 2nU Tn) e R Vede

nezd

S~

—1[0,27)d

~

= det()|(2m)* | FOFEOTE de

= det(U)\(Zw)’dQ?, 91,:0,-UTk)

=|det(U)[(f, g(- + UTk)).
O

The following lemma is a generalization of [41, Lemma 4.1.1] to high dimensions and
arbitrary dilation factors. The result can be proved by following the lines of the proof of

[41, Lemma 4.1.1].

Lemma 5.3.6. Let U be an invertible d x d real matric, and f,g : R? — C, h, h:R?— C
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be such that

/ > N f(@)h(Ux) " f (@ + 27U k)R (U + 27k) ||dx < oo (5.3.17)
kezd
and
T
/ > gl ||||g(x + 27U 'k)h(Uz + 27k) ||dx < oc. (5.3.18)
kezd
Then
S hoor) o, 9) = (27) / S f WUz + 27k g(z + 270 TR da.
kezd kezd
(5.3.19)

Proof. Note that

L @l = [ RO RO b

/lef RUD) ||| f (@ + 27U k) h(Uz 1 27k) " ||dz < oo,

kezd

(5.3.20)

Thus [f,h(U-)]y € (Lx(U1T9))*" and by Lemma [5.3.5] its k-th Fourier coefficient is
given by:

| det(U)[2(2m)~(f, huro ). (5.3.21)

Similarly we have [g, h(U-)gly € (Lo(U~1T%))*" with its k-th Fourier coefficient equals
| det(U)|2 (27) ™ (g, huro,—r). (5.3.22)

By Parseval’s identity:

s hoo iLU'O, = (2m)¢ (U)o (x iLU-, u(x)dx
S hos) (o ) = ( >/U_Mﬂd[f (U@, glo (2

kezd

=(2m) / Z f(z WUz 4 27k)g(x + 2nU—1k)dz.

Re keZd

(5.3.23)
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Similar to what we have done in the discrete case, we now introduce the notion of an

affine system in Ly(RY) to facilitate our study of framelets in function spaces.

Definition 5.3.7. Let ¢° = (49, ... 4%)T € (Ly(RY))", 91, ... 4° € Ly(RY) and My, ..., M,

be d x d dilation matrices. Define an affine system via

AS({E MY ig) =00 — k) sq= L.,k € Z)

U{|det(M51Ml)|%@/),’wg;M l=1,...,s, jeNy, keZ.

VI

The following result connects discrete affine systems in l5(Z¢) with affine systems in

Lo(RY).

Proposition 5.3.8. Let by € (Io(Z%))™",by,...,bs € (lo(Z))*" be finitely supported
filters and let My, ..., M be d x d dilation matrices. Suppose that ¥° € (Ly(RY))" is a

refinable vector function associated to by satisfying (5.3.4). Define 1, ... ¢* via (5.3.5)
forl=1,...,s. Suppose in addition that 1° € (Ly(RY))". For f € Ly(R?), define

wl,j(k) = <f7 | det(MalMl)ﬁwi\Ag;MalMlk)? k€ Zd7 L= 07 D .7 € I\IO- (5324)

Then the following statements hold:

i) For every j € Nog,l =0,...,s and k € Z%, we have
(i) Y Jj 1=0,..., ,

'UJ[J(]C) = 7Zl|\/|l’w0’j+1(]€). (5325)

(ii) For every J,j € Ng with J > j, 1 =0,...,s and k € Z%, we have
wy, g (k) = (wo,7, b1,7—jik ) 1p (24) (5.3.26)

where by ;. is defined via (5.2.5)).
(iii) If further assume that {b!M;};_, has stability in lo(Z%), then AS({¢!'M;}5_,) is a
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Bessel sequence in Lo(R?).

Proof. Note that (5.3.5]) is equivalent to

YHa) =[det(M)] D bi(k)° Moz — k),  z€R’ 1=0,...,s. (5.3.27)

kezd

Thus we see that !, ... ¥° € Ly(R?). By calculation:

wigk) = [ F)|det(MG MO ) d

) 1 - T
= |det(MI'M) |2 [ flz)p (M)z — Mg*ME) da
R4

. L . T —T
= 5 laee5 Ml ([ a0 e Wik =) e ) )
mezZd R
1 =T
= > | det(My)]( fz/;Mm;Mlem(m)
mezZd
| — T
= > | det(M)|2wo 41 (Mik + m)by(m)
mezZd

= %llewOJ'f‘l(kl)?

for all k € Z¢, j € Ny and [ = 0,...,s. This proves item (i)

Next, define b, ; via (5.2.1]) for all j e Nand [ =0,...,s. Use item (i), we have

U)m(k‘) = %z,Mzﬁg,_h/{o_le,J(k>

- 7Ebmvlé‘j_l)*(boTMé‘j‘Q)*'--*(bowo)*bo,Mé‘j‘lh/lsz(k)

le ]MJ J— 1M woj(k

JJ ) T
= [ det(M))|2|det(Mo)| %~ >~ wo s (m)brs—;(m — Mg 7~ Mik)

meZd

= (Wo,7, b 7—jik ) 1n(2)

whenever J,j € Ny and J > j. This proves item (ii).
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Finally, we prove item (iii). By items (i) and (ii), we have

1
ZHMMHMZD £ det (Mg M)[20, iy )

kezd Jj=0 kezd

=37 o0+ 303 fn (53.28)

kezd Jj=0 kezd

J-1
= Z [{wo,7, bo,sk)1azay|I” + Z Z [(wo,.1, bt,g—je) s (2|

kezd j=0 kezd

for all J € N. Since {b;!M;};_, has stability in ly(Z%), Lemma yields that there exists
C' > 0 such that

J-1
Z [{wo,7, bo,s)1azay)|I” + Z Z [(wo,7, br.— )iz P < Cllwogllyzay, — (5:3.29)

kezd J=0 kezd

for all J € N. Moreover, by Proposition|5.3.3] there exists K > 0 such that [@/J 7,00 ](f)
~T T
K for ae. £ € R ie., [0 90 | € Loo(T?). Thus [f,wo} € Ly(T?) for all f € Ly(RY).

Now use Lemma |5.3.5[ and Parseval’s identity, we have

lwolliyzay = D I gl IP = D 1 fuz 0090 = DI

kezd kezd

= [ Wapro PO

< [ oo FoprOF P (5330
[0,27)¢
<(m ik [ )d[ffw)?o,f(/w)?o] (€)de

= 2m) K fugyrollZame = KN FIZ -

It follows from ((5.3.28]), (5.3.29)) and (5.3.30)) that

J—1
ST+ 30 S 11 det My M5 sy P < ORI 0y (5.3:31)

kezd J=0 kezd

for all f € Ly(R?) and J € N. By letting J — oo, we see that AS({¢'IM;};_,) is a Bessel
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sequence in Ly(R?). This proves item (iii). O

We are now ready to state the main theorem which connects discrete framelet filter

banks and frameltes in lo(Z4).

Theorem 5.3.9. Let by, by € (Io(Z%)™*" by, ..., bs, by, ... by € (Io(Z))*" be finitely sup-
ported filters and let My, ..., My be d x d dilation matrices. Suppose ¢°,9° € (Loy(R))"

are compactly supported standard refinable vector functions satisfying

DMIE) = bo(©)00(E),  dO(MIE) = bo(€)30(6), € € RY, (5.3.32)

T —

and 49(0) P0(0) = 1. Define ¥',... %', ... 0 € Ly(RY) via

~ ~

PHE) = hMTEOWOMTe),  i(e) = gz(MSTﬁ)@/Z\O(METE), ¢eR’. (5.3.33)
Then

(i) ({b!M Y5y, {0!M )5y is a dual framelet filter bank with mized dilation factors. Fur-
thermore, both {b)M;}i_, and {bM,};_, have stability in l,(Z),

implies

(ii) ({3 g, {0IMYs_) is a dual framelet in Ly(RY).  Furthermore, there exists
C > 0 such that

W0, 99](€) + [0, 99](€) < CL,,  ace. € €RY (5.3.34)

Conversely, if in addition

W0, 00(€) > 'L, [00,99() 2 'L, ae £ERY, (5.3.35)
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for some constant C' > 0, then item (i) implies item ().

Proof. Define
D :={f € LyRY : f € 2(RH)}, (5.3.36)

where 2(R?) denotes the space of compactly supported C*-functions on R?. By Lemma m,

for every f,g € D and j € Ny, we have

S0 oty y0.) (0 oty 00 )

keczd

—en [ 3 FOP(MGTVO) BTV + 2nTTE+ 2m(MT e

kezd

(5.3.37)

Choose j sufficiently large such that f(€)g(¢ + 2r(MT)7k) = 0 for all £ € R? and k €
Z%\ {0}, we have

S (T ey ) (0t o ) = @) [ FOOT((MgTHE) 20(Mg Y€ )FE)de.
kezd R4

(5.3.38)

By Lemma |5.3.1 1//16 and ¢ are vectors of locally bounded measurable functions and

=

lim GI(M;T)iE) P(MGTYE) = 39(0) P0) =1, E<RL (5330)

It follows from the Dominated convergence theorem that

~

lim Z f ¢ ((Mo) T)y0k><¢ ((MO)*T)j;O,k7/g\> = (2W)d< ,9)- (5.3.40)
j—o0
kezd
Define
nt= Y (MgIM), = MM, T =1, s (5.3.41)
We have

W= MgME) = (M7 Mo - —k), 7t = | det(Mg ™M) (MIM; ™), (5.3.42)
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P = Mg M) = (M7 Mo - —k), it = | det(Mg"M)[ ' U MIM ™), (5.3.43)

foralll=1,...,s. For f,g € D, Lemma yields

| det(My'M;)? Z f nMTM_TOk><nlMTM_TOk’g>

kezd
=(27)%| det(Mg *M,)| /Zf (M My g) (MM TE + 27k)G(€ + 2 (MTM; T k) de.
keZd
~emy* [ 3 FOTE) (e + 2mMIM TIRIFIE + 2 (MIM, DRI
R? kezd

—(2n) /Zf R MTEDMTE) In(MaTE + 27 (M) EO (M=Té + 2(M-T))

kezd

X g€+ 2n(MIM; T k) dE.

=(2m)? / FEPOM (Z bi(MgTE)bi (M ¢ + m))
R? we
x ST OOMFTE + 2mw + 27k)F(E + 2nMow + 27Mok)dE.
kezd
Similarly:

S 000 (000 9)

kezd
=(2r)’ / FE)dO(M (Z bo(Mg TE)bo (M5 £+2m>>
Re wEeN

X Y YO(MgTE + 27w + 27k)G(€ + 2nMow + 27Mok)d.

kezd

It follows that

Z(f VO L0k ¢ Lo 9) + Z | det(Mg M) [? Z<f7nlMlTMaT;O,k><ﬁlM7MgT;0,k’/g\>

kezd kezd

=(2m) /f zbo T€ (ZZXQZ bz Tf) (MT§+27W)>

weN =0

x> DO(MGTE + 2 + 27k)3(E + 27 Mow + 27Mok)de

kezd
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for all f,g € D.

Suppose item (i) holds. By (5.1.12)) and (5.3.37]), we have

~

Z <f 1/1 14;0, k> 1/1 14;0, ka ‘l' Z | det 1M ’2 Z <fa nlMlTM(J—T;O,k><771MZT|\/|5T;0’/€’§>

kezd kezd
=(2m)’ /R ) FOPMTE) S 09(My ¢ + 2nk)5(E + 2aMok) dg
kezd
= 3 ) (BT g B
kezd

for all f,g € D. Note that

~

(fu-10,9) = <f 9u0)s f.9 € Ly(R?).

It follows that

S 0 a0 P Ty 00§ +Z|det S MOP ST (F s

kezd kezd

_Z f@\ J+1[)k;><22 My )J+10k;7/g\>7

kezd

for all f,g € D and j € Ny. So for m,n € Ny with m > n, we have

S 7 o) (e 8+ 303 et M M S (.

kezd j=n I=1 kezd
- f 1/)0 m+1 0k><¢0 M- Tym+1.q k7/g\>
( 0 ) )
kezd

By letting m — oo, (5.3.40)) yields

S o) (e 8+ 30 S et M MO S (F

kezd j=n I=1 kezd

=2m)Uf.3),
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A~

)50, k><77 MT (Mg T)7;0,k 9)

JOk)O]MT( )Jokag>

JOk)O]MT( )30k79>



for all f,g € D and n € Ny. By Plancherel’s theorem and letting n = 0 in the above
identity, we see that holds for all f, g € D. Since D is dense in Ly(R?), we conclude
that holds for all f,g € Ly(RY). Next, by item (iii) of Proposition [5.3.8, the sta-
bility of {b/!M;}i_, and {b!M;};_, implies that both AS({t/'!M;}s_) and AS({{'IM;}5_,)
are Bessel sequences. Thus by theory of Hilbert spaces (see e.g. [41, Theorem 4.2.5]),
(AS({"M}5_), AS({'IM;}5_,)) is a pair of dual frames for Ly(R?). Finally, (5.3.34)

follows rightaway from item (iii) of Proposition [5.3.3] This proves the direction (i) = (ii).

Conversely, suppose that ({1/'IM;}i_o, {0''M;};_,) is a dual framelet in Ly(R%). Tt
follows from ([5.3.37)) that

we) 1=0

:/d A(f ¢0 M;T€) (szgl bl My f)bl(M T¢ + 27w) — 6(w)]r>
(5.3.45)

Z (Mg "€ + 2w + 21k) (€ + 2rMow + 2nMok)de,
€74

for all f,g € Lo(R?). By using the similar argument as in the proof of (ii) = (iii) in
Theorem [5.1.3] (or see the proof of [34, Lemma 5]), one can conclude that

(Z X, (W 5 + 21w) — 6(w)]r> 1//;\0(5 + 27w + 27k) =0 (5.3.46)

for a.e. £ € R Note that the condition implies that
span {@(5 +27k) k€ Zd} =C", span {1/#\0(5 +27k) : k € Zd} =C", (5.3.47)
for a.e. £ € RY. Thus yields (5.1.12), and we conclude that ({&;!M;};_, {bIM}50)
is a dual framelet filter bank with mixed dilation factors. It remains to prove that

both {b!M;};_, and {b!M;};_, have stability in l5(Z%) under the additional assump-
tions that (5.3.34) and (5.3.35)) hold. Define the shift invariant space generated by
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YO = (Y. )T via

S :=span{y?(- — k) : l=1,...,r, k& Zi} C Ly(RY). (5.3.48)

By (5.3.34), (5.3.35)) and [41, Theorem 4.4.12], {¢?(- — k) : Il =1,...,r, k€ Z} isa

Riesz basis of S(¢/?). This means that the map

Weo + S@F) = (L(Z)™7, Wy (f) = {{f.4°( = k) breze (5.3.49)

is a well-defined bounded isomorphism. Thus for each v € (Iy(Z%))'*", there exists a

unique h? € S(¢%) such that Wyoh” = v and that

ol = Y A" 00 = k)P = CallhI17, gay, (5.3.50)

kezd

for some constant C'y > 0. On the other hand, let W; be the J-level discrete framelet

analysis operator employing the filter bank {b,!M;};_,. By (5.2.13), (5.3.28)) and the fact
that (hY M7 O,wMJ W = (b, 9°(- = k) = v(k), we have

1
||VVJU||(12 Za)) X (s 4r) = Z IS MJ7¢O —kNI?+ Z Z ( M | det(M 1Ml)|2¢l,\43;M51Mlk>|2

kezd J=0 kezd

<D|A¥N3, s

(5.3.51)
for some constant D > 0. Hence ([5.3.50)) and (5.3.51)) together yield
HWJ/UH?ZQ(Zd))lX(sJ-H“) < DC{lHUH(QlQ(Zd))m v € (Ip(z2%)",J € N. (5.3.52)
Similarly we can prove that there exists D’ > 0 such that
Wl < DC ollay v € (ZYYJEN. (5359
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Thus by item (ii) of Theorem we see that both {b!M;}s_) and {b!M;};_, have

stability in l5(Z%). This completes the proof. O

A similar result which connects discrete wavelet filter banks in l(Z¢) and biorthogonal

wavelets in Lo(R?) can be established, which is the following theorem.

Theorem 5.3.10. Let by, by € (Ig(Z%))™" by ... by, by, ..., by € (Io(ZH))™*" be finitely sup-
ported filters and let My, ..., M, be dx d dilation matrices. Suppose )%, 1° € (Lo(R))" are

T =
compactly supported standard refinable vector functions satisfying (5.3.32)) and ¥°(0) ¢°(0)
1. Define ',... %", . .. 0% € Ly(RY) via (5.3.33). Then ({/"M;}iy, {0 IM},) is

a biorthogonal wavelet in Lo(R®) if the following conditions are satisfied:

(i) ({0!M}5_g, {0i!M}5_,) is @ biorthogonal wavelet filter bank with mized dilation fac-

tors.
(ii) {b!M;}Yi_y and {b!M,}Y5_, have stability in l,(Z%).

(iii) The biorthogonality relation

(@0, 0°(- = k) = 8(k) 1, (5.3.54)

holds for all k € Z4.

Conversely, if ({"M; Yo, {0''M;}5_,) is a biorthogonal wavelet in Ly(RY) and assume in
addition that (5.3.35)) holds for some constant C' > 0, then items (i)-(iii) hold.

Proof. By Theorem m items (i) and (ii) imply that ({/"'M;}i_y, {0'IM;}7,) is a dual
framelet in Ly(R?). On the other hand, define b, ;, b jasin (5.2.3) and (5.2.4) and define

bij, b as in (5.2.5) and (5.2.6) for all 1 =0,...,s,j € Nand k € Z% Tt follows from

(5.3.33) that

U (x) = det(Mo)P > by (k) Mz — k), '(x) = | det(Mo) ! > by (k)" (Mha — k)

kezd kezd
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for a.e. £ € R?and for all [ =0,...,s and j € N. By calculation, we have

<| det(MElMl)Pqﬁéd;MElem’ | det(MalMt)‘Ew;&\/'éfl;Male>

—| det(Mg2M;M,)|2| det(M)| " | det(Mg) '+

<5 Bty =M M) ([ 00— 0 =) ) 6 = M

p,qEZ?

| det(Mo)| 7" | det(My)|? | det(M,)[}

< 3 o= M M) ([ 3% = = ) o) 5l — W)

p,q€Z? (5.3.55)
= Z bl]m IDO _p) 1/) ( _q>>L2(Rd)bt,1m<q)T
p,geZd
~ T
= > 8(p— )bijom (0)br.1:(q)
p,g€Ze
~ T
= Z bi,j;m (P)be,10(P)
pEZA

:<El,j;m7 bt,l;n>l2 (Z4)5

for all [,t = 0,...,s, j € Nand m,n € Z%. Similarly, by a simple scaling technique, one

can prove that
_ 1 _ 1~ =
(| det(Mg 1Ml)’2¢:\ﬂg';MalMlm7 | det(Mg lMl)‘zwﬁﬂé_1§MalMtn> = (b1 jim> bt jrin)i(zey (5-3.56)

for all I,t = 0,...,s, m,n € Z% and j,j’ € N. By Theorem [5.2.6 (5.3.55)) and (5.3.56)),
(AS({"IM}5_), AS({0"!M; }5_,)) is a pair of biorthogonal sequences in Ly(R%). Hence
({'M )5y, {9'IM;}5_,) is a biorthogonal wavelet in Ly (R%).

Conversely, suppose that ({1!!M;};_,, {¢!IM;}5_) is a biorthogonal wavelet in Ly(R%).
Then item (iii) trivially holds. Next, by the frame property of AS{¢!!M,;};_, and AS{@Z)Z!Ml}f:O,
[41, Proposition 4.4.13] yields that holds for some constant C' > 0. If in addition
that holds for some C” > 0, then by the proof of Theorem , we conclude that
{b!M;}5_, and {B;!M;};_, have stability in ly(Z%). This proves item (ii).
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Finally, using (5.3.55), (5.3.56) and the biorthogonality of (AS{¥!IM;}:_,, AS{'IM; }5_,),

we see that (DAS{b!M;};_,, DAS{h;!M;};_,) is a pair of biorthogonal sequences. Hence by
Theorem [5.2.6, we conclude that ({b;!M;}i_,, {bi!M;};_,) is a biorthogonal wavelet filter

bank with mixed dilation factors. This proves item (i). O

5.4 Summary of the Chapter

In this chapter, we introduced the theory of framelets with mixed dilation factors. We first
studied properties of a multi-level discrete framelet transform employing framelet filter
banks with mixed dilation factors. The notion of a discrete affine system was introduced to
further facilitate our study on the frame property of a discrete framelet system. Morevoer,

we made connections between discrete framelet filter banks and framelets in Lo (R?).
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Chapter 6

Summary and Future Work

In this thesis, we studied framelets derived from refinable vector functions with arbitrary
multiplicity in arbitrary dimensions. In Chapter [2] we showed that from any univariate
compactly supported refinable vector function with multiplicity greater than 2, one can
always use the oblique extension principle (OEP) to construct a quasi-tight multiframelet
with the highest possible orders of vanishing moments, and its underlying discrete multi-
framelet transform is compact and balanced. In Chapter [3, we developed the multivariate
counterpart of the work of Chapter [2 Motivated by our discussion of OEP-based quasi-
tight multiframelets, we proved in Chapter |4] that from any pair of compactly supported
multivariate refinable vector functions with at least two entries, a balanced OEP-based
dual multiframelet with a compact underlying discrete multiframelet transform can al-
ways be obtained. Not only we have proved the possibility of constructing multiframelets
from refinable vector functions, but the structure of balanced multiframelets have been
also studied. The key ingredient of our investigation is a newly developed normal form
of a matrix-valued filter, which greatly benefits the study of OEP-based multiframelets.
Finally, in Chapter [5| we established the basic theory of framelets with mixed dilation

factors, which is a topic that is of interest in itself.

Some related questions remain open, which could be research tasks in the future.
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The most important question to ask is whether it is possible to construct a OEP-
based tight multiframelet with the highest possible order of vanishing moments, and the
associated discrete framelet transform is balanced and compact. To out best knowledge,
the construction of OEP-based tight multiframelets have been only discussed in [58].
However, the tight framelets constructed in [58] either fail to have a compact associated
discrete framelet transform or lack high orders of vanishing moments. It is challenging
and interesting to study whether we can obtain an OEP-based tight multiframelet with

all desired properties being kept.

Next, we comment on the construction process of OEP-based multiframelets. From
Chapters and , obtaining suitable filters 6, § and factorizing matrices of trigonomet-
ric polynomials are required for construction. The construction algorithms we developed
are good for theoretical investigation, but may not be ideal in practice. The examples
we have in Chapter [2| of univariate quasi-tight multiframelets are already too complicated
to present. The situation is getting even harder for the multivariate case. The main
reason that causes the difficulty in construction is that, suitable choices of 8, 8 often make
the matrix way too complicated to factorize. How to find a more feasible algorithm for

construction could be a future research topic.

On the other hand, we are interested in whether we can get stronger versions of The-
orem [2.4.1], Theorem and Theorem on OEP-based multiframelets. Say we
are given refinable vector functions ¢, ¢ € (Ly(R%))" whose associated refinement filters
a,a € (Io(Z%))™" are rational matrix-valued . Can we obtain rational matrix-valued fil-
ters 6,60 € (Io(Z%)™" and b,b € (Io(Z%))**" such that ({a; b}, {@;b}),..s is an OEP-based
filter bank such that the asscoaited OEP-based multiframelet has all desired properties?
More generally, is it possible to obtain a filter banks such that all elements lie in the same
arbitrary algebraic number field (e.g., Q, Qv/2, etc.)? We may need some new ideas to

get the solutions.

173



Last but not the least, framelets with mixed dilation factors could be a future research
topic. We only developed the basics of the theory of this topic in this thesis. It is clear
that the theory is not as comprehensive as the work on traditional framelets. Extending

this topic could lead to future research problems.
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