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The title of this thesis suggests a three—way interplay of e
'zfideas whose two-way components will be described .,f -bu pi;“_ﬂ

( Y
o

'th.’ . . * B LT "'\A K

Clifford Algebras and Spin Group5" A spin group is at least

(c.

~“;f"_,from one point of view, roughly a. two-fold covering group of an- ortho—;llii

SR

"ﬁffgonal group, and the most familiar examples of orthogonal‘groups are

e fbdjthe groups of rotations in the EuclidEan plane and space.; A Clifford

‘i'algebra iswm finite dimensional algebra whose generators satisfy ;fgwf
'f_:certain quadratic relations which deriv% from orthogonality statements

N

'1'in an associated orthogonal space., When the orthogonal Space is non—4:

L “degenerate, there is a nice construction of the twoqfold covering of its f"'

v

\'orthogonal group which employs the Clifford algebra.- Curiously, the

’lr913t10nship 1n the degenerate situation seems: not to have been investi— :[f

SN

1gated in a systematic WaY-v The initial stages of such a{study are S
’-:.undertaken. a general definition of a. Spin group is proposed (snd the

"structures of various classes of spin groups are obtained -

[N /,'
-

Spin Groups and Galilei Invariance.' The non—relativistic

'r”_“world has the Galilei group as a symmetry group in the sense that physi—'»a‘

' ;_cal laws of such a world gust be invariant under that group._ Quantum ‘

’ e : o Lo 6

| b':mechanics is distinguished from non—quantum mechanics by its use of

b}»d‘concepts which lack clear classical analogy, intrinsic spin is such a ,b‘ -

':.viconcept and an. electron is a particle W}Fh spin Since non-relativis—;?;lf

SR

Ah’gtic quantum mechsnics is as well understood as it is,rit is peculiar R
th{t only recently has the non—relativistic analogue of the.Dirac equa-"'.

'tv'kvtion for the relativistic electron been considered from first principles.v}f“‘

',o

B

.
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This equation is re-examined in the light of the present work on general

A,
I

spin groups.,i_'? E .; : jmvl, e s"l””,fYTV -

o d _m_,--~ Ce T el e e e T T
. o AR

'*;, - ;: Galilei Invariance and Clifford A;gebras., The real world f% _'vﬁ

v

- believed to be telativistic, however much of thé’phenomena we see appears n*

*i o be non-relativistic7 The Galilei group is, in a sense, the limit of

the group describing the relativistic world Iffoqe considers the spin

groups of these groaps as basic, the Galilei Spin &roup is a. limit of :
g _ o

the non—relativistic one and this limit camybe tegamded as the result of

L : \ :

'ft“\a limit of the rélativistic Clifford algebra to the non—relativistic

.. . o

; ,_{one' this notion is formulated and the most obvious results g%oved
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/ s R CHAPTER oo

S CLIFFORD ALGEBRAS& spm GROUPS IN ABSTRACTO SR

L v . . 7 S . . g L R

.0, INTRODUCTION . . ST O

We begin section l of this chapter with the notions of real

ifyfia;orthogonal spaces and abstractvCIifford algéBras after which several

’7~,f;resu1ts, usefulllater, are'p oved or outlined.,ZOne'of these concerns

: 'f‘fthe nature of a special class dT "degenerate" Clifford algebras.k Section
e : - e E
”T“??;Z deals with the identification of spin groups within a Clifford algebraiab-’

L a?context Next the spin analogues of thejLorentz, homogeneous Galilei

jdtfaﬂfand de Sitter grou s pre‘introduc$d and the structure of the spin group

'b:fcorresponding to/the degenerate space in section l is computed. eA brief f;_f

':ﬂbsection 4 deals/with Lie algebras and their appearance in the Clifford ‘
i / : : T L
By algebra scheﬁe those correSponding to fbe’groups of primary‘importance o
’:in %ection/B are presented Some possibilities and difficulties, when

'”’bﬁ_the underlying orthogonal spaCe has arbitrary degeneracy, are’ explored

‘b“:fin seotion 5 a particular class of "more—degenerate Spin groups (some ff;}
. ]of wbose members being pbssible spsce—time groups) is investigated in

u]f?detail. The extended Galilei group is considered‘in section 6 within,axlllr

‘S“Clifford algebra o spin group formulation., Finally, the chapter eﬁdS’fifv;if
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Of the formal propositiong stated or proved in this chapter,

;the following are, to the best knowledge of the author, new' Thm I 1. 3

| ’ _Prop. I 1 4 PrOp I 1 5 Prop. I 1, 6 Prcp.bI l 7 fh I 3 I Cor.{I.,;f,{ 'J

"_?‘:;32 Cor..I33 Thm 134 Cor. 135 Cor. 136 'I‘hm 1:,1 Cor. I..

'”*1';;5 2 Prop. I 6 1 in section 7 Thm..and Prop.v(notes on §1)




'r“*:non-degeneracy, it is exactly this hypothesis which will be relaxed in

“'hlf:the present study.

B I.a..

4
&

I.1. REAL ORTHOGONAL. SP‘ACES-AND'CLI’FFQRD ALGEBRAS =~ - . &t
LA reaZ orthogonal space isva vector space over R With a f 3 ol
L > ’ . . ‘ Lo -} ‘-.}

distinguished renl quadf/kic form Q (br equivalently, with the symr B

1 metric real bilinear form B that corrdfbonds to Q ) Our real ortho- .
A LY \ .
gonal spaces will be finite dimensional as: real vector spaoes.vnThere is

h7¢-no»loss;in—generality—ia—assuming‘%he bilinear form to have been diagonal—:h
_ Y B o

fiized and ‘as.a result é»ery real orthogonal Space is of the form

dj;R ,p,q ‘where by R ,p,q we mean the space R (n°= p+q+r) ,.with the

: -7jbilinear form VB

T \

5 the ortﬁogonalqspace being denoted (R 7) ‘th_zii;f“

YRR

diag (o«-- o,-1 ----,-1,1,;-J-"-&;_'_li);f L

.

f:zero,. p negative,\and q positive entries The form/is non-

L wudegenerdge when r = 0 and we. write Rp,q foz Ro p,q (Porteous (1969),f_;1h;”

B S

L 'p 249).7

I -f‘e,-:‘

While most people studying these spaces make the assumption of ﬂ}hfg

| "i‘h P' 2 P+r ‘_q' > q+r L
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Before getting to the proof we recall some useful definItions

(see for example Chevalley (1954)) An orthogonql tncluw (or embed-

~ ding) of éhe o:thogonal space . (R ,B) into the orthogonallspgeev -

’ ' o L ) ) !
R" ,B") , written, R",B) ¢ ®" ,B") is a mapping 1 : R >R,

. ,both lineer*énd*oné;toiode,.such that i*B"='B (as'ie.eustomery,
(i*B ) (@,y) = B'(1(x),1()) , Vo e R" ). The orth“o/éo}zal compZement
W . of a subset W of (R',B) is defined by ", ‘W= (g e R B(m W) =0,
Yw e W} ; a subspace W..of (R" ,B) is totaZZy 1sotr0pzc if W C-Wl .
The index v 'of ; real orthogomal space'is the.maximal dimensionvoﬁ a
totally isotropicrsubspace. It is yelLiknown‘(Porteous (1969),:5.'161)
that v(RP’q) = min{p,q} , for if W c RP*Y i isotropic amd |

.ﬁp{qi:

Py :"RI‘)"q > RP’Q : p2 Rp,q > RO’q ‘afe'the projections of

RP,O ® Ro)q then pl . and ‘pél , are one-to-one '(bl(w) = 0  for

0 ; like-

]

some we W implies w.e~RQ’q and B(w,w) =-‘,0' implies w

wise for r ). Hence dim W= rank pll < p and also dim W=
W ,

'rank p2| '<q , implying : (Rp q) < min{p,q} “Also, ﬁv(Rp’q) z_min{p,q}
W ' .

o,
<f

l since if e «,e_,e  _,e++ e  form an orthonormal basis

l’." ,. ’ p+l’ d +q \ ) N ‘
( B(ei ej) = —61j , B(e +m p+n) 3 6 “B(e I»)_m) =0 for 1<1 ,
h| < P i 1 <m ,n < q ) of Rp q , then the subspace W Spanned by those -

e, + i+min{p,q} , 1< 1 < min{p,q} ,.izitotally isotropic of dimension
‘nin{p,q} . “

’ . - . . ) . . ‘. | ) e,
Proof of Prop. I.1.1.: If R™'P2%c gP *% - then obviously p' >
Rf’p!q': hr;O’Q:e'Rp’q :

and q' > q , and from the'decomgositions y

' | PR, ' L= L.
RPHY T RPIPIA T Rp’qv it ‘follows that K"’ 0.0 o g Pra.ma

Thus r < v(Rp p’q q) = min{p —p,q "'-q} =, p' > r+p q' >. r+q 80

&)
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Af : 0 <1 <4}
i . .

- ~where 1 = unity in C(X) dis identified with 1 ¢ R, and may therefore

=> p' > r+p, q¢' > r+q and conversely as is now

- : C 1o » . -
Corollary I.1.2: V(RT Py =y g min{p,q} . .
. j | o pllb 9 - T
Proof: Mimic the argument for v(R_"q )., using ' o
. . o S , ,
REOPHI I gE00 .0 g 0 .

“

Probably the simplest physically relevant example of Prop. I. l 1
1,0,3 i 1 4

is the orthogonal clusion RY? 5 if {e 0<a 5_3} ;
é or honormal‘bases'of Rl’0?3‘,iRl?A"reSpectively

= - i . 1 =
‘(d.e. B(eo,e ) =0, Bleg,e, ) 0, Be,,ep) .)aAB and B'(f,,f,) |
- = B'(f. £) =
AB(f ,f)-oAB,B(fa,f) ,,B(f f) B(fo,rl’)._B(fA,fa) = 0
for - 1 < AB <3 ) then 1(e0) = f0+f4 , i(e,) = A- 1 _<_Af<,_'3"‘un to

a basis change

A real Cszfbrd adebra for ‘the real orthogonal Space (X;B):
-is a real associative algebra, denoted C(X, B) , C(X) (and C) if

B (and X) is (are) understood, generated as a ring by R and : X and

subjeetvto the cqndition,that for x e X : | v
2 , S | .
x + B(x,x)*1 =0 S : v (1.2)

~

) 4

be omitted. Additionally, C(X) 'is to contain isomorphic conies of

ey i .
Ly . . i 3

R, X;;aa‘linear_subspaces (see thes for references on.Clifford algebras).

"

-1,
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‘ The qoestion'of_existence‘is settled by the following construc-
‘ tion.‘ Let v be the covariant'(or contrdvariant) tensor algebra'of X

and let J be the (two—sided) ideal generated by the elements éb‘

y

x @ + B(x, x) Yz e X .. The quotient)ﬁ 777 is a- Clifford algebra o

(XB) ,and dim54=2 ,where _n=dimRX. : .

An orthonormal subset (Porteous (1969), P 242) of ¢ (or X)
© is a linearly independent set {Y } s yi € C (or X) satisfying (with

=-(Bij)v diag(O o 0 —1,ere, =11, ,1) )

, yivj + vyt = -Z'B(Yi,lj).* fZ’B;j" R l'<1'3>~“

’

. For reasons involving the physical interpretaﬁion of B = (B j) when

.r.='l ,,p*%,oF; q.¥ 33, we label the ‘Yi. s 4 and BiJA in the upper

j~-P031t10n (1Eading tQ the identification Of {Y } : w1th a set of ]_ forms:" T

'on Space—time) The Orthonormal subset is of type (r,p,q) if in

{( ) } there are r, zeros p positive ones and q negative ones,

when r 0 the type is _(péq) When X = R ,p,q with In = r+p+q wel‘- "jf

‘identify X with spanR‘{yiv:‘l f;i f;n} .

Wy L e e

«
i

ey

The following facts are standard (see Notes anngeferenees“

at the chapter s end) _jhl' , o ::v o PRSI f',[“"

Lo

(1) If C is a CliffoFd algebra for an n ~ dimensional orthogona1<.uf

3”“
spaCe, then dim C < 2"

i a - . . . L ' . )
. . . . . .

(11) ]A11 2™ dimensional »Clif_for‘d,algebras, for an n - dimensional

vorthogonal spaee, are. isomorphic. :



. S . . 1& o ‘ . : ,’G
(tii) - If c 15 a Clifford algebra for the. n - dimensional non~
i:degenerate orthogonal space Rp q , o= p+q then _dim c=2"
or Zn -t , the second case being possible only if p-q— =0

'(mod 4) (in fact when n is odd and yly2-°°y = il :for.any’

orthonormal basis (Y } of Rp,q ) -'.. ‘i

- On: account of (di), the unique—up—to-isomorphism Clifford
. algebra of dimension 2 for . X of dimension n o, s referred to, by ";
Porteous (1969 p- 245) as - the wnver'sal Clifford algebra for X . When .

'y

:"f(Y B) ,p,q ; this universal Clifford algebra is denoted R p q
) ...‘ r " . . ’ ’
 and whe’n (x B) —er’q we abbreviate RO to R . .

R _ . ' | ; ‘i ) ,q S ng;

We generalize (iii) to a class of degenerate orthogonal spaces

T

Thin the following (see , Notes and References)

-:gThedfé@ui;i‘3’ Let Yo;yl;{-"vn be an orthonormal basis of Rl,p,q ;”f

o _7with"§ia) = 0 and ni= p+q . If C is the Clifford algebra generated
by the {y' _}% written C = <l,\(i O<i<n> y then‘ ', AR ER S

S ) dim C _ if n is even or if n is odd and i
Y Y Y "‘Y are linearly independent. e

if 2 is odd and YO 5 yoyl‘--y fvarej!-'

(1) '.‘:‘Ydim C = 3x zn 1

“. :flinearly dependent, a necessary condition for this is that

y:;" —q—l 0 (mod 4) e .:_. , 'bj,_ :J:t;; T
Before proceeding to the Proof which is both tricky and I

:l atedious we recall some concepts to. be used both in the proof and later

“on..



For X = Rr,P’q , the'orthogonalhinVQlution' - 7'x : X+ X
_’defined by, x> =T induces on R é qf the_mainlinaolutioﬁl'A , defined
: 20 . “ . . ) T o -

as’ follows (Porteous (1969)//6i 252)

B T ST ,.j_p R I ST R
e N @ty e

+

,p,q

' ii<iz<--3?i ; ‘The main involution provides a direct sum decomp031tion
. ‘ s ;

~with h{fi}' an orthonormal basis of X generating C(x) andf RER AR

"\_\C(X) C(X) @ C(X) y where C(X) - {a € C(X):'-a ‘= + a} respectively

“‘Voare the sets of even (+) and odd ( ) elements. C(X) is, itself, often N

. 'ﬂ a Clifford algebra as - we now indicate ujtf'

BN RPN

RO
'ﬂ*r?P’ﬁlf.i

- qup—l ,owHem P 2dos
.iSee Notes for the cases p q-o;iothat is, when x Rr”fwitﬁ5éhé,ie;p;§g%;¢;=T
;lyfbilinear form 5?;“6 d = exterior algebra on R

"VfProof of Pr_p I l 4.._ Let {y } be an orthonormal basis of R ,p,q

7-gfjWhiCh generates R‘{é q The real algebra ‘R é'q‘ is Spanned by pro-:”*; R
‘ .. IyPy ] S Py . SR

~'%ihykf such that (Y')» er-i and notice that R

" ducts of an even number of the _iA“ When q >L ; choose a fixed

. ” . ...: ‘ : ‘.-y» '.‘ -
B <y K B
<1 ’. i * k> .
'P.q Sl > Y Y ' P

o 1vmoreover {Y 1 i # k} is .an- orthonormayfsubset of type (r,p,q-l)

L T o Tl
g and R 'P’q ; = span {Y yk : i # k} hence R : R A The,_‘

'f'f'argument is similar when p > 1 I except that for fixed Yk: such that

e

$P’q ,p,q-l

k2

i,( ) ;“ {Y Yk. i f k} is an orthonormal subset of type (r,q,p—l) '»,i

..

N I



© withothe 1

G et 1 " L I
PR '(Yﬁ;y ".'.Y ) = ( 1) ‘; ;Y’?f.:fj?ifﬁgﬁjfjﬁ;hﬂiv?-gjthu'

A'thice tﬁét,whén‘Both' p;q’3 1;,
A S - g P

]

4

the congugatzon antz znvolutLOn

-;‘l.=#-1;;.(vﬁ Y,:--

‘o

"'55{{1{417”

Finally the orthogonal

the reverszon antz—znvolutton (Porteous (1969), p. 252)

L }égain'witﬁ_the:jy'kas'andfindi¢e§%as?§n (1;4).j,‘

7 FERENEAN.

L

1atpﬂ u'i" 

A I

(i) I 3 denote subsets of

e e

.;{: complements.,tfrfff'=:z

(ii) y will denote y ly

{119 2:

‘Il = card g

In the'nmext two paragraphs: X #fR?»qu and C(x) = R_

'.:kf’ﬁi_'i“if°'ii. rgi"ff?‘i”fi L odem i 1 1fr“'

""Y_av ot 1 dependin»'whegher:i.- o

.... i } with 1 < i .<'!’f'f;im.'

L/
R, ER. oo oo
:p,q—l ‘r’Qinl;V'f"_ o ST

L :P,q

The orthogonal involution T . of X q}so induces on C(X)

X
defined (Porteoué (1969), p-. 252) by

o i..g_. _,_ '"L\iy":ié;fof f;; rl”%'*1iffaf
Y ) = (~l) *;"'Y Y S sy

L

i and v % s asin m)utl chat

. 2&;&2 TR O

involution 1 X of X induces on C(X)

2 _
"'Y A L = (~1) ‘>Y;‘7ff

R

Probt of Theorem T.1.3.: The following notscion will be bsed hers and

{Q;;;é*r;nii;and_{if;ife;iiegtig;.fff74’" |

N

1 T2




':(iii) ;g éI . denotes a. sum over all subsets of {0 l B n}
(dv): f;csr,,alvl, a,”b_“e_c {a,b] - ab-ba’ , f‘q“;b}*r=j,ab+ba
) KB ete, will be iind'i,cgsf"-;l):‘-x »B<n; A' the complement

o

'”;Ij(Q;)jgﬁ(S)'déﬁat;;>X'

RV

;;'f'QO we. show that all ‘ac = 0 when n

S ‘Iffﬂf;,}e;_Supposing Z a -y_
7e;~is even or when n is od‘ and y ,Y y "‘Y are linearly independent

L

"Aﬁfihand that otherwise there are 2 freely assignable an . ;5:“3

Ceo

e family of subsets 3ﬁ/sdcd{otlsrﬁﬁan}fbff:'?'["f‘I"'E

v'feﬁeven/odd cardinal ty respectively.v_buﬁtjﬁtgf}flvIiéf'ft.§*”ﬁ**.“77"“n

f:;i;}_:ijhj,?f If for fixed A e’ conjugate ez a. °yI = 0 by y (i;e;i3¢Vier:;;ft?f

- _ B o e
”"’:'f'simplify Z a "YAYI(YA) 1» = 0 ) and use Z ai‘YI =""o]",’;--then.=._:f
, ‘ » R N A i ERE e RN

I

[A 1]=o By .'{;A",,’I}=jofI

$0
L

‘_ ! where B is the sum- over all 1 for which YA': ,;;,;g;“}y_l, commute

[A I]=0

. : {4, I}=0
B # A and conjugating (1 7) by yB3 wephave, e el

([Y ,Y ]=0) N an;fa'alogously for 3L-Zﬁ“ Picking another fixed

ﬂ

[AB I]=0 ;;.‘_ - {AB 1}-0 |

is a sum over all I such that {Y ,Y } - 0 and

one obtains.ft:“;',ih;fstf-tft_fﬂ);_?tf;rlwf;ﬁgi{;: "IIﬁf;:ilE -

*2 -‘-YI 0., I .a -y? 0, <18>

{Y ,Y } = 0 R Repeat thgs process for a11 indices {IQZfof;n}iﬂuntilﬂxf;fy’"“f'



11 ¢

e 2 v ;? 5'd;“‘ &'v”‘:.n‘l , s . o

SR SR IR e
E TR R R
‘ with the obvious meaning for f'X ‘ 1L | ,etcf. -'d‘.ii s L

Now [Y & ] = o for all A € {1,2,...,n} => 1 ;: (A") or -;7,»

{A} < I € P({O 1,-..,n}) for all A € {l 2,-{ ,n} and two possibilities n_jiul e

“':? arise depending on the parity of | l\;_namely

“‘*~zf1*iff> W e }e;;ij:r<;=~gwaén»‘i|I|:oaazerv.-=
1<ASn T Tl R

A mbmént's thought. then shows: =« o 0

N ‘,.

‘:;Y ??}l‘5f7ifffff'*fflirffév¢ﬁfial:{irff“i - 1f5 ,(1gio§);jf;f];v£

St

B e G b B ST
Further, {y ,y } = o y 1<ASn = {A} c. 1 € P({o 1,...,n})

I e\P(A ) for all A eﬁ?l 2,...,n} and therefore much as before°-"f;g~gi€%£“f |

:.d l:]léQéh;;:hd:é§en:'g fE"lf37.;'vf;.j

T

o ety <><><>

(1 12a)

N
<5 . | o ;;f(;ﬂ;igjgf;iﬂ_ff,f
'II even. n odd_fb’;fy.dievflilfi ey



“when . n “is even; and for .n odd: . . . \ I FE S R
o DT T R AT N T

" ’ a . 1 2..;. \'l— A | | 0\ o : 0 l‘,.." . : ‘. ‘.
o a¢ 1 + a1 2~-°n\ YN 'Y _,9,, a0 Yoo + a,0 l"'ﬂ y Yorey iof.‘%fl%b)
L e R S R T
AL Thus Z aI"YI }:355€(1w12); However for 0 t J (J fixed)’ ‘we -
S ‘*fi"’ - qu, \I o RS e SRR
L also have 04 % aI-v R Zb ‘Y Where«thé b s’ere;a fearrangéﬁénfﬂwiﬂ'
. . I*'» : § o : ..;,A~' e i - S

' QD‘CD arsign of the aI Consequently we have relations on the bI's;fgﬁfig L

analogous to (l 12) merely replace the_ aI 8 hy identically indexed

Precisely, I J = u(I J) Y qnth u(I J) = +1 (see Note§§v

Y;I;
and IAJ = (InJ )U(JnI ) = symmetric difference of I J Now it s

easily shown that given I ; there is a unique I < {0 1 'ri;n} _sucH ‘

: '

implicitly

that I = IAJ he&he b u(I J) Of course,;L;

depends also on J So different J 's give different analogues of

.'/:" vp-'«'

(1 12) A For fixed J ; the expressions analogous to (1 12) are: it«;;if:'ﬁf5-“'iil

.‘ » \ “,

Lﬁ%ﬁﬂ&ﬁiﬁ%fuﬁgxﬁﬁpgeeqi;&d:”' |
S -:;“,wgfsf s f*‘;.‘?w;V" Ceall (1. 13a)
i el

{0} 3 u({o}uJ J) y +a, \{0} u(J \{o} J) 38 yz--'y "bff{}Aff.i,;{j;fgu

© where nis éven, and ..

P T P D )

“i a u(J J) 1 + J \{0} u(J \{o} J) v *Zf"Yw_ﬁH°_7fé?ff;t*:;:eicii?-

D.Q "

i u({O}uJ J) Y + a.

{0} J J' U(J .’J) Y Y ”'Y 0 -

T




e :1_(for if Y 72'-'Y e R* then 0 [Y ,Y Yz"'Y ] = YoYl"’Y

L ffd i .-'d

V";=5fpossible non-trivial relations are 2 l in number, namely o _“.f%i77i32*:t

o

. :"" LFOI B e"en’ from: (1 133) ‘““ltiply by YO_- to show a; =0
'he““"' ap =0 as wen thus«n ‘even => all aI =0, VI R,

/

F

Fbr n 'odd from (1 13b), assuming first thdﬁb y oy yoyI-’-y

. iy : ?WaJ'g O S
Vg {O}UJ. ﬁg VJc{l 2 -.,;.}t?zgo in this case,.d;i = 0 V‘ ig Finally R

f'iffor Yo 2. YOYl"'Y linearly dependent and . odd lyz...Y ¢ R

'fv%re linearly independent (=> ylyz...y ¢ R) 5 we see that

“ :ile"'Y Y L= 2Y Yl°‘-y % so» Yo_ﬂ 0 contrary to the hypothesés), hence

Y-

fConsequently, theronly

'. T _,': 2 [
= 0 for all” J G- {1 2 f;in}‘,

.;J D J \{0} \k.;.f

.

“{o}u.r OBy, Z,F"ffa":..Y,.t‘.,C_f~f-.1’?;;_»_;‘:~*'°‘+?_‘}" |

”'5ff;rFurthermore, if y°y14--y “Aay9; for ;some A e R, A40, then using

-di'iﬁi:the fact that (Y

R

| '*derqposition I. 1 5..- If ‘ae R e and if for§?11 x €’ R
:'it;fam = xaA;, then a € R
"fffjwhere Yl:"'{ﬂy are those members of the orthonormal basis ;r;djfl*'x"'"

':*:?{Y ,YZ;"‘.Y } y n = r+p+q y whOSe squares vanish"seQ Notes)

. "Iﬂvfﬂr 1-~ ;;f'v,bf -'?-If,“f n(n—l) ’f';"-fﬁ ?,»‘fjurij;fﬁ; n(n—l) S
12 e 2
Y. ”‘Y ) =, ( 1) v pe find A - (~1) ..“S.:::'"f<%

n(n l)

.l“
."II

"}?nd, 0 (mod 2) = p-q-l = 0 (mod 4) . This completes the }?i;)ﬁff;;;:

“ : ’psq

.aP:Q_ S

% ? ,,Q\A_I:R;q

0 6 and conversely (R 0 dv- <I,Yt;lr£#ftff;1§ﬂnj‘




a k! 14;.. .'

‘JHJQ\‘.Ua,ht;";:i‘~‘.~. e ,i7~'v;7; . 5';4 ;lf;f'ﬂ 5‘1 |
”m' Proof The converse. is almost trivial for' a € <l,y1;f-- Y ts
_ A S L
’show ﬁhat aYi;?-Yip Ty L ihi‘f_ (which follows easily using the- .

\4‘
Kz

,3;definition of ) In the forward direction, suppose a = a+_+ @ ;5p15. .

| Then ax xa V x € R ,p 9 <=> a+m = +xa+

. - "Y 'then-ua"yi”=;y?a ;;.when.v - S
: Ileven : ;_ 0 g_ ORTANE R R

. /

| Tiff;(y ) implies that +I = 0 whenever 1 €. I Repeating this ffﬁ.”‘”

f/;;for all such Yi one fing;-

|Tlodd:

e Y
) eji‘jhii =='0 whenever i € I 3 and repeating for all such i

+ E' _<1 'Y ,r’ . .,-Yr eds, ,Next if
i L¢\’a: T

then a yi =.—Yia for r+l < i < n , implies fi;:ﬁf?*

i;dhq

Thus a = a, + a_ €<1,Yl,p--’y > ‘iif:.¢~”-'

E <19Y1 oo-Yr> +

";f;_Prqposition I 1 6 An element a e R 0 0 is invertible if and only

(where Re(a) = a H in the expansion

‘El¥if Re(a):¥'o“ ¢

, Icil ;e "‘s;,,»,}ef-‘.‘ S

?fijroof Simply notice that (a-a )r+1 0 that is, a—a;“jiéfiiip_tént}?;_f:f..

K"

\

If Z(R

‘:"'.ﬂf:Proposition I 1 7-;, Q
T I,P,qi;_

‘= r+p+q

;fwith the notation of Proposition I 1 5

Com o even




""15 .

andwhen ptqli.
~ ; +j . s ;w,: o | S |
e L eTr2

el L

§o e e s

e, i e 4

S

M

f{implies nothing when |'I even, and av 4 0 possible only ,

: L ', I I;’-’ Odd. Now a yi = Yi a \p’-l < j_ < n
I= 0 if I ¢ {l ‘sew r} III is eve_n’ and a * 0 Oﬂly

'_,_n} <Tn which

” 118 only possible for:'n odd.: This proves the first Part-;@: “ﬁ ;“; :i7¥ffl;" ??




.2, SPIN-GROUPS ' %
- /'f,_ L n.j EREP e T ~:"_1[ : e
Before recalling the definition of a spin group fof a non“degenerate o

’orthogonal space we introduce a couple of definitions. y Lo
Suppose X = R ’p’q‘;.Lith_icci)-7denoiingithe'univeraa13Ciifford-_ig: ,

P

. algeb: B e e e e e e
e aeet ra, _Rrpp_;q e e S @5 L

The norm ‘on . C(x) 13 the mapping W N_. c(x) > c(x) by ‘a~ a a,

denoting conjugation on- C(X) (See Porteous (1969) p. 260 )

e B NP E

EE SUC O Lol
. ¥ Y.

__L—’/“

L e s . : “e BN
The Clszbrd group (Porteous (l?69), p. 254) for X = R ,p q is ' '

‘::lff{r(x) = {g o’C(X) g is invertible,‘ g x g € X V 3 c X} Whén f;i!:f”"

"f“:“p+q > 1 the even (speczal) Clszbrd group P(x)ﬁ
TR g : s
'T;fF(X) = F(X) n C(x) That F(X) is a: group follows from the nexi well

is defined bZ

fﬁfknown result

x}; P(X) » End (X) ; where px(gfz acts to the right by

ﬁg"i(see Notes)
:c s ox(g) = g Ly g ‘e have for 9 9 € F("») °x(99 )= px(g)px(g )\"’N

u'.ff Note also that px(g) is an isomorphism, in fact an orthogonal automor— ;in,kdb

‘V"fiphism of X ( px(g) is one—to-one, hence onto because x'px(g) = 0 =9;;ffﬂJf

-fgg'lx g = 0 => x = 0 3. px(g) is orthogonal if B(x px(g) y OX(Q)) =

.'va(m,y) for a11 g € F(X) ,y e X i But it suffices by the polariza—'
S <. 3 o PR
J‘fvtion identity, B(x y) =-— {B(m+y,m+y) B(x—y,x—y)} : to show only that ff;qf{

7.§:B(x px(g) xe prg)) B(x x) for g € P(X) xE X o This follows because-?ffgfg

L B s =z-'}f~"r?.":__§ and_ (x'px(g)) (x'ox(g)) - s forallizex )




oy \ _' .o . L . . o
. . <

: ' \

(X BX = R ,p,q ; that is ‘O(X) = {1inear isomorphisms iz *»x l:f X

: such that B(x ,y ) = BQx,y)} s ﬂsing Prop. I 1 3, ‘1. 1 6 We easily see”

f;fF_, ker pX {inVertibles in‘Rr } = {a € R Q;D : Re(a) # 0} ,%fﬁ o

;_1

.,%
E previous paragraph) ker px { 1 1} and pX surjective,(that is

;“ss.vlek-,,L

definitions of’pmn group ‘and San group (Chevalley (1954) p.‘52 fif\; ;

’
: Ty
. . I
.. . S o
! ) 3‘

(X B) is non—degenerate (X =" Rp q) one has the standard

<

’c

Dieudonne (1963) p. 55) 'p;;;ffig‘?]:fffgvﬁ : .'i_'hf:)ii E f‘~f(5

;|,—;~_

Pin(X) = {g € r(x) N(g) e { L,l}}

sma) werm) mwe{11n=Pmm>nam}fﬁﬁf*

In this non degenerate situation Pin(X) Spin(X) are subgroups of

Nm;rm)

(Pinix))

to” Pin(x) ,_spin(x)f'

. sl

respectively, We have (see remarks in the

.“ : ‘q(

O(X) and px(Spin(X)) = SO(X) subgroup offTO(X) which

preserves orientations é O(X) n det -1 {l} det denoting determinant)

Thus, one has the group isomorphisms (for non-degenerate X s see

'1, |'

Porteous (1969), Prop. 13 48)

2

for Pin(X)

whose meanings will be clear from the context (e g.? SO(r,%;g) means

SO(R Qp!q)

Pin(X) / { 1 1} = O(X)

Spin(X) / { 1 1} = so(x) 5
L -:39;5,;”,,__H~.--~r.v

ifThe following notational abuse willamaq times be convenient. Pin(O(X))

Spin(SO(X}) for».Spin(X) and possible variants thereof

etc )

" .17;

: respectively,_and if px. aﬂso denotes the restriction of _'.'?figfi;“



’

'

L
123
)

L

=i
Ta

]

- In many,instances;,it's,only the connected identity component of.

SO(X) that is of interést. For'non:degeneratef X, pr maps Spin(x)

ofito SO(X) hence ‘the connected component of the identity of Spin(X)

t,
S

"onto that of 'SO(X) . As‘defined, Spin (X) has a subgroup Spin (X)

-+ )
Spin (X) = { ge Spin€Xy : N(g) = 1} , whose image under Py is a sub-
, . ‘ .

+ , . .
group S0 (X) of SO(X) which preserves the semi-orientations of X

“(Porteous (1969), p. 161, p. 268); that is ‘identifying X =R 9 uith

4

RPxRY" and A e SO(X) with.thé*i(p+q) (pfg) matrix (Z 2] , where
[ * h

a: RP > RP , b: R »RY s C & R~ pPy, 4 Rq + R% , we say A

preserves the semi-orient&tiéns of R if a,d preserve the orien-

G}

tations of Rp respectiVely) 31ﬁ fact,;e$cept,forf Spin+(X)
when X = RO o Rl’o RU L RUL spin®(X) and sot(x) are the |

oy

~ connected identity components of' Spin(X), and SO(X) respectively’ (see

Notes). @ . ‘ o e
8 ) S : AR
- ‘

Definitions of Pin(X) Spin(X) for degenerate spaces X do

A . . - . s

'not'appear to have been considered probably_because the groups 0(x) ,

B SO(X) do not (frequently) ‘appear either. The definitions to be used in

b}

this thesis are exactly those.given previously in the non—degenerate
case. T&aditionally, ‘the definitions (c f Porteous (1969) P. 264)
given for non—degenerate X require Pin(X) » .S in(X) to-@e@guotient
(rather than sub ) groups of ‘TX) , F(X) respéctively,,but»the two '
0 N . .

o

definitions coincide when X is non—degenerate.'ﬂour definition, while

k3
[

being a natural generalization of the former one, has as a benefit that

\ 'g;

- calculations are possible. Moreover, it yields satisfactory results for

e

. a special class of degenerate Spaces ‘which includes most of those pres—

ently of’ interest in physics. ‘_ | e

«

18



 section 6). : b R =

Ped

-VSO (l,é)_= SO (R ’ ) . The homogeneous Gailtlet gnoup G

I.3. PARTICULAR SPIN GROUPS
. . Co . \ ! B '?'.
The proper Lorentz group (or simply Lorentz group) is the group

= so* (1, 3) = SO+(R1 3) , and the proper de Sitter group is S10

is usually

6
6

-defined as theoaemi—direct produét RMC)SO(B) : where the action of

o 1

3 is the linear one (the grou;rmultiplication law is as

S0(3) on R

follows: (5,m (", A1) = (3+Rb' RR'y for 2.3 belonging to’ R3 and

3

R,Ri_ being rotations of R ) N and as such’is isomorphic toqthe group e

of Euelldean motions on R3 '(for general eemi-direct products see‘Notes;'.

%

It probably is not" obvious that the hbmogeneOus Galilei group 1s “h

an orthogonal group.‘ We describe the relationship now.1
Let vy = (yiJ)"denote'thébilinearformfon R defined by
T o b L
YOJ.='O*, YAB_= GAB , 0‘? j <3,1 < A, B < 3 (Potentially there is
- S =

' ‘confusion with the notation as it appears in the proof of Thm I 1. 3

. Thus (R ,y) = R

so(y) = so(rb0s3) ete. In fact it follows very easily. that S

Hemce: .. L .

»that notation however does not appear in the statements of results,_

. e

“but only 1n proofs and care will be taken to avoid misinterpretations)

]

1,0, 3) and,.”r

1,0,3 » and we now describe - O(Y) = O(R

1 .' :&)’

R ] :’ : . ' '
0(y) = {A e GL(4;R) : AYA® = v} ;y F ‘denotes transpose

. . . e e I L ('I 0 ',":“ :
and Yy 1is regarded as the matrix' | . ; s
. . L . SRR |

-19~

£ -



| So(y) = 3[% ; J : a=det R, > s‘R3', R E'0(3)£ Y

sot(y) = ;( 3 g }.:f3~;fR3p,vR € 50(3) s .

1,0,3,. 1 0

 The identificstion 7R3(:)50(3) > so (R 27y by (v R)-+[v$; R'} B

'establishes the orthogoual nature of the homogeneous Galilei group, from ,

+ -1, 0 3

now on, SO (R ) , SO (y) “sot 1, 0 3) ete. will be used to. denotel"

| the homogeneous Galilei ~group (for a definition of SO (X) ' for arbi-

'

*trafy X , see section 0
Q . .

e

. ~~

it is perhaps less so that SO (1 0 3) is also. In retrospect one

,might be tempted to say this comes about bec&use (as remarked upon in

1 ,0,3 { 1 4 1,3 1,6 1 4

'section l) bindeed also ,R R. “and in fact R-?

20

B

fi While it is obvious that Sé+(1 3) is a subgroup of SO (1 4),,”

o 1‘0h3d-

- is the smallest" non-degenerate orthogonal space containing both R
and - R orthogonally ST e - PRI
To be specific,,let Yi. O < i < 4 be an orthonormal basis

."of Rl’4 with g = Qgij) = diag(-l 1 1 l 1) and suppose Yi »is f;h'“"

represented as a row. vector 0 in all columns except l in the 4 'th,

- 6 ' < éfg By - explicit calculation (see the Notes) | e

o T AN
. so (1 3) = so (1 4) 4 stabilizer of - Y im SO (1,4) . 7/

4

e.',sf{T;é Sbf<1i4z‘£,Y’T ‘=;74}> ff: :, pﬂsgi) o

7 80%(1,0,3) 2 507 (1,4) |, = stabilizer of yh' in 'S0T(1,4)

- bt
AR

e e sdt@e s oPhr =%t ey



D

iThis is hardly surprising to one familiar with ‘the theory of induced
representations, Y4: is a space"-like ‘and y0+y4 a null de Sitter
'Veccbf,

] . . g o .
‘x

The "most natural thing in the world" at this stage is to
¢ N

- expect the spin group analogues to follow similarly,'and they do

-~ o
]
B

Spin+(l;4)”4f?)Stébiliier-ofJ[Y4~ in spin®(1,4)

o swesmtaw s =YY @i

T gpint(L,3)

T - e
‘Spin+(l,0,3)'#l8pin (l 4)0 4
: AR Y o

mui

<.

- These follow most simply from the matrix representations of the spin o

groups given in the next chapter.;”in

'5ij'"':

We now State and prove a structure theorem for a special class'l‘l

°f SPin groups 5 namely those for the degenerate orthogonal spaces f,?;bv'
/ T

‘Rl,p,q (c f Thm. I. 1 3 for the Clifford algebra situation)

i

subgroup), HnZ(K) = {—1;1} (z(K) = centralizer of K= {g ESpin(l,p,q)
- gk= kg s k e K} ) and consequently e 'hj;‘,h: 7hj;vh fgif f.ﬁe,pa.77
Sp'i'ﬂ;('}{',P.»Q)'/{fl;l}. %j,;s"‘“?’@ (Sp‘1n<1>,q>/'t—1,u) SR @500,

wt

:Stabiliierbbf.pYQfYéfjin“.Spin}(l;ﬁ)ifli';’
{t € Spin (1 4) t (Y +Y )t p(é,[lj 2

B +Y } ‘?,hfé;é) o

Theorem I 3 l Spin(l,p,q) = K.H where H Spin(p’Q) e K ;R ’ AL

p+q > 1 . Furthermore HnK = {1} K< spin(1,p,q) (Kiis'a normal RS

21 |



and notice that H Spin(?.q) < Spin(l,p,q)

.-

' section 6 for gomments)

{1} + {= 1 1} > Spin(l,p,q) + R (:)SO(pyq) > {l} is an exact sequence..'

Before proceeding with the proof we recall the result (Jansen and Boon

(I967) p 75 ex. 31) hinted at in the theorem 8 statement (see Notes,A'

o .‘_(%;

- Lemmaft Given a group G with subgroups H K such that (i) G K

‘X

(ii) HnK =. {1} (iii) K<3G (K normal in G), then:'z(K)nH <3G and

G/z(K)nH K.(H/z(K)nH) 8 where z(K) = ?G gk =_v"_7‘<g k e K} =,"._ L

centralizer of K in’ G 371'v‘“.-yf€j7-a:{l:- . f;-ﬂf'f'_j(i.r"f.;;;*-

Proof of Thm lﬁ3'l The notation will be that of Thm I 1 3 except
e T "L

that { } 0 <’ i < n Y will generate the universal Clifford algebra

PR

-ﬂiflélsﬁ,q 9f the orthogonal SPace X ~'R1’p’q Suppose\ fu{if”

g € Spin(X) - {g e F(X) N(g) 1 or 1} then' g a+b YO with "{Tffi

,\'

‘ae C({l 2, ---'n}) be c({1 2, --_-',n}) that 1s a"=ab =

Now N(g)
5

: h;YQa,= aY_ }.so N(g) = a a + (a b+b a) y iTh g € Spin(x) if and ‘l

only if g € r(x) and a a = +1‘ a b+b a

i'?(ftnefiﬁé:fﬁ°f}spin(ii @‘cc{f,z;ﬁg.ég;>as e

“'=‘{d5€:C(fi.2,5f?;hi)ﬂ?fd%d‘?Jiﬁ}lﬁl;(ilffi R

g

: ;,r, LT | ,.."tm-”ﬂf e
" Also, de?&ne K = {1+by £beC1,2,0 0]y,

.

'L{)iwf:v' e e f‘a;;f¥<lff'fliflf5ntgw

”{lb L= | b } n F(X)

\shjyc We shall show that H K satiSfy(the’conditionshofsthehlenna15".

just referred to..-

(a *Y b )(a+b y ) however = b e —b y : and /7j1ﬁ~-'

o220



'tl?the condition by +y b € R 0 < i < n‘.h For i

'-c“a¥b‘# e Spin(X) 5 and notice that (a{b. Htad

2

That H is a subgroup, is immediate from its definition. nAé" .

0

:\ffor 3 ,,suppose 1+b‘Y € K o Since (l+b Y- ) 1 b Y the condi-,?l A

0 1 i,

>:7hti°ns T(l+b Y ) (1+b Y ) = Y + (bY +Yib) Y dfor 0<: i <n yield‘f

. .-" «

50;, we gain no new . 1
'1finformation as b = *b already implies this, but for l 2 i < n ; e B

‘."h,find b = '*l;"bi Ro’p’g c. X (this follows, for if ;:'JJ'”JW
S S I I
I L Lo ' ‘ »,” S ST el
- '«;f- "‘.-\, i I . i I ‘ = e :_.
.b Z bIY then .by +7 b e R implies , .E ny y 0.’*59*. RN
|I|°dd T lIlodd B
'"‘hilbif= O when 'i e I |II odd unless {i} this being true for all

l <'i < n > we have b € X ) Consequently, the condition that
O . . B z

~nq.,.

7Qlfl+b Y € F(X) already implies bAgeifh;gaf;—i-b and hence
ZjK ='{l + b y g:lblélile,fvi-y } B and as such is clearly a: subgroup of Vft??]f}f
P b l<i<nl- B T R A S T TR S

| “;Sﬁin(X) isomorphic to. R“E,fj'ﬁ"l

. Next we show that Spin(x) K H _ To this end, Suppose .o:lwg;f:”,-_

O -ty ay® . ome

b‘incondition that a+b y e P(X) now implies that (a+b Y ) y (a+b v ) =1"Qf,7"”'

' '»_fthat a ly ae.;

0 O,p,q o R1 0,0

:h;a lYia + a (Y ba +ba 'Y )a Y € X = R and therefore f_f‘ﬁg o

3 y ba : + ba R;. The first condition 7
"l..- ' ' '
Tl

L is merely thatf_a € F(X) and hence a e H‘A‘and the second condition

‘f‘ihence 1 + ba o K Thus e have a+b YOE%L';f:f};P

It is obvious that HnK = {1} Furthermore,vfg <:Sp;5(3)55'*:ﬁ{t“

*h

”fl}because 1f 1 + c'Yo A a+b YO € Spin(X) then Q‘l"

Au“l.f,(a+b’Y ) (1+c'Y )(a+b'Y ) = 1 + a lca YO eK (as e e(X - 1ca € X s f;;]f'V'

P

v’?f‘l + a lca Yo € K ) i;ji'hf:‘ﬂf‘fpfff'wf}ﬂ;.ﬁ".{?ils“i*v‘* o



2 -

"a“ B
K

, Finally, e compute z(K)hH Let ae H commute with all

v"nff;members of K that 18 suppose a(1+b oy ) = (1+b y )a b € Rp,q < X
5 Then we must have ab = ba i b € RP’q and knowing already that # Q;f;i fj_.::
) '-:

-refa YO~= yoa we have ab = ba > b e X so a c Z(R1
) sP, - 3 v et
R and therefore aaﬁe R =>"kjlgf-:h5h

.+ u"

L 1 7 Z(R, ‘0 Ry R
"(ﬂ_l,p.q) l,p,q 1, 0 0

;”fia € { 1 l} since a a %f_ € {—1 1}

From Prop.\;;»{; R

”"51.1f55fh’ From this theorem we obtain

.‘Corollal;y I 3 2 Spin(]_’p’q) = R @Spin(p q) Y where ) Spin(p q) aCtS

'?'7h‘on??R9;”. +q > i through the projection map o Spin(P,q) > fﬂhf hd

:}tso(p’Q)

fgffroof This is obvioUs from the structure of Spin(l,p,q) as. proved

L

v ‘rin Theorem I 3 1 (see also proof of Thm I 3 4) 1 j?: lldf:f“d:;:} E,;

X

..,.Corollary I. 3 3..: Spin (1,p,q) = R“@Spin (p.q) » and *—xcePt When

(pq) <o o) <o b, (1 0) <1 D, Spin <1,p,q> 8 sot (1,p,q) 1s 2-1

. ; ‘ ":o-,,w:.;- .
“-"~“,‘J§ g RN . g _,l._.

.f3?roof._ See the remarks in section 2 ‘on Spin (X) aﬂd use Corollary ;irzhks =
Sy and the isomorphism ot (1,p,q) < R“.so 6. q) ot

n+1

e ,,f}meorem L3, 4. Pinu,p,qm 1 1} - .(Pin(p,q)/{ 1, 1}) where o

S n= p+q_1 “and Pin(p,q)/{ 1, 1} = o(p,q> acts on R™ g (3 R“; as’

%;fmultiplication by det p én . the firSt factor, and by the standard

i
..,‘

' 'f}aog(p,q) 11near action on the second factor.;:¥‘,id.f”"

S




"?'jffff(a b—(b a) ) v using the fact that (b ’ ¥ K "(b ) 4

BN L
‘\,.

: ;Ezééﬁn Qe‘use theenotagion ot Theorem.I 3 1 | Now Pin(x) = {g € F(X)

.]ifg g-= A +1} y so choose .g a+b' 3 e Pin(X) where a b £ C({l 2 see n}) hj - hfif'

"*:f;ffand see what g g +1 ‘means. Since g =a +Y b A gy b s L

'.';ifla (b ) y (recall that YOY h- ( 1)III Y 0 ;wsq,{jf,;f?ianEf;jf§ffe o
0% (b) )wemW §g = (@- w)-vuMbY)=aa+hfh7;fgff7

A 9;—-(b a) 'Y

""hffThus g g +1 <=> a a = +1 ; a b = (b a) S and therefore

"”]?hmnm)={mb. ermr a=-u b=(ba)}ﬁ

Rt

‘f:n;Analdgijithﬁ;héfbfdoffpijheafeﬁfi;sgi.@eﬁaefine:,;f}?ﬁf‘f? :

A T e T O e

w

',*};-{d;éjc({igz : ,n}) +1} 0 r(x)
and remark cthet ;-;is ;j-sasgrg,-qp»rgs'f.f» -z-ria,kx)_ jrs_amo"rpi_a;i; "::.*_a“~'-eiﬁ(’p‘,q‘x L
Also, define K {1+b Y b € C({l 2 '-',n}) - b = (b ) } n
: fle(X) We now determine the structure of K ‘as: an (abelian) subgroup

VQOf Pin(x) (1+b yo) 1 YO (1+b y ) A Ok. the restriction that

’ hfhvivl o+ b y e P(X) 'requires only that (1+b yofi i(1+b yO) e X 1 < i < n.?ffﬁfif;.fe

.tffComputing and using the fact that (l+b Y ) 1 b y we find that e.”f*;‘zﬁlh
oyt o bY l < i <n.o1f =] bIY h##717“‘;}rﬁtﬁfohi“¢7{§'}?’?4=?fﬁ~f
- S ' III(IIl-l) \,ffﬁ?jI~ R ”Vr?:“::;"f?.ff'é,'?‘iff'ihuh o
.‘H(fl)flfita.fi;yglﬂi:fY?"*__f' z b ( 1)|I' v.; 80~ b =»5fg§?1f‘* R

ﬁh‘f,= 0 : when III.- 2 3 (mod 4) (recall equation(i 40 and temarks follow—7j-tzb

‘:f':ing (1”5)) Writing out the expressionhfor R b —b Y ', we- find that

i Z b Y é R, with result that b # 0 I # ¢ - I - {1} Conse-: 2'3’

“f"ff-quently, b é7b‘*+lfTZ;féb ¢, e R satisfying, a fortiori the 3{f

o

SRR AT



s ;'Eéndieian«fb;**(bLSA‘:,Lréug‘ : {1+(b¢+ f by ) N } +1,;;:
AL e : L l<i<m'™ IR
| - , n As. expected | Pin(X) 1(- : (= H K therefore) For 1et
: a+bY ‘e Pin (X) and require a+b y e I‘(X) This means that'. .‘_i .‘ -
| ’"-.“f-’-._.?f‘_<a+b Oyt e aLyt (y (b(a) ) - by )Yi)a':r e al
ﬁ}i?&aifaex mdv(ma))—w() meMsaeu S
l 0

-.:_:and b(a ) £ R 9 RO,p,q => 1 + b(a ) e K with the result: that

c_.

';tcisfabyiaugjtha:;lﬂhxgsiti};i;;{v#;i@?;jI';;Q,?;;],,;1jfffjf,???jgbap

To show that K <1 Pin(X) oy we need the following classical

result (Porteous (1969) Thm 13 44) that a e Pin(p q) is representable -

as a product a =. alaz"-a . where each ai Rp’? ,“ and therefore

’ﬁdfl=_(fl)_a ;, Suppose a+b Y ewPin(X) l+c Yo c=c S+ Xf.c Yoo

Then (a+b Y )(1+c~ )(a+b'v ) = 1 + ac(a ) | Ow, using (a+b'v )}ff*f{fl:

= :tz_'fl o= a b(a ) l O Since o= c¢ ‘- z ci i e R 9 X and aX(a )
SRR L L 1<i<n ' o e S
’ X we need only argue that a(a ) R This, however, follows from the

remarks above thate, _i' - + a o

Finally,' z(K)nH = { 1 1} For if a e z(K)nH 5. then

ftf a(1+b Y ) = (l+b'y ) a= ab - ba . b e R ° RO,p,q This requires‘gE:fJ:IT

aeR byProp.IlS andhence as(ll}

As all the h}’potheses of the previously quoted lemma are ful- LR

S

i filled the stat%d isomorphism is proved by computing the action.:, t

e a+b'Y , '+b'-Yo € Pin(X) and let s write T ¥ £ Y ', z + Z -”Yi"
}i , -& SR R o{ o 2 l<i<n 1, T

b(aA) (since 1 + b(cr ) ' 'YO*e K ) and qu + x ‘Y

g .‘



Then, as a+b y (1+b(a ) 'Y )a and a +b"y = (1+b (a "y ‘Y )a
'f.we find t:hat (a+b Y )(a +b'-y ) (1+(b(a ) + a(b'(a ) )(a ) ) v )aa .
)»._ ‘, _} Thereforg, themapping: , .~ o e

g Pmu pq>R“Pm<pq> e bhri

«

. - . .o .
+
“‘v - . . § Sl e

‘:'_]by a+b y + ((x¢,x) a) ’ with x¢ ; :c ‘as. defined as above, is an: isomor--‘*c.f."ﬂ

':'_:ff-;phism. 'I’he multiplicat‘lon law o Rn+lPin (p,q) is as follows“:" 5

<<¢>><<M> ><<¢+a<a/>w+ <>> ah L

NOW because a(a ) g = + 1 accordmg as p (a} preserves/reverses , j‘b

o‘rient.ations, a(a ) "= det p(a) and there ore we also have an, isomor—'-'-_%‘

o

o w Pm(l,p,q)/{ 1, 1} Rn+1@0(P,<I)

. where multiplication in Rn 1.0(9.(Q) is as follows_. R

(_ (xd),ﬁ),T)((x ) T ) ( (x " (det T) a: ax—x ; T ) TT') -'}: | ; .

This establishes the theorem and elaborates further on Cor.

' I 3 2 and Cor.,, I 3 3 (by choosing a e Spin(p q) ¢ = 0 etc ),'and

e

. the following corollary. i

""‘""':\C°f°118fy L3. 5 Pin(l,p,q) C R .r_inf(p_;;cr).j. where n = piq ; and

L oL qhe left action of Pin (p q) n+119 asfollows




o

Because of the importance of the physically interesting case

q=3 we outline in detail the correspondence between Spin (1 0 3)

"7F-and so (1 0 3)

<

namely the two to—one projection- 79
Q"p : Spin (1 0, 3) > so (1 0 3)

A B

In keeping with previous notation, {y } 0 < 1 < 3 will

o ldenote an. orthonormal basis of Rli?:?f;WhiCh generates R

| 4 4, O 3 The
: '."_'vGalilei group G6 = R SO(3) act‘s on a _basis frame (e ) 0 < i < 3

SR dfﬁfaa as fofiows:(implied summation over repeated raised lowered

x'~findices)

'“J;J; The dual action on dual coframes' (6 ) (1 e. frames in the




29 o

v
*

Our notation Yi (as Qpposed to Y ) anticipates the inter-i

s t't Pretation of Yi .as a member Of an orthonormal coframe and consequently

- the covering map 0 Spin(l 0 3) = Spin (1,0,3) -+ So (1 0 3) =‘:.v” 09

\ .;;{iitfR C)SO(3) =G, defined as. before by Yi Y p(g) ~_ 1 Yi gAv%fnijszw R
i tg‘l Y g Py dqtermines A(g) € G6 , where A(g) »?izig 1 Yi gA "Iﬁ'

;&Afthis way onexmay identify 61 ;f A for they both transform in the same

aﬁ“manner (2 6a)

}-'“

- s m(103) = 012, 3 0,123 .2 3 1 3 1 2

a+b y RE y y a—a +a’y y +a , CELTUE

vf?‘b +b1 2 3+b2y3yl+b3le2 (a ) +(a ) +(a ) +(a )

Ob0+a1bl+a2b2+ 3b3 0.‘ }

pdify fhe"iin'q';a”tioh"cs_f-f",tjhe proqf of Thm I 3 1as follows. ERR R
= 12 >a b > —b bz,__ _—b "
fa a = (a ) + (a ) -+ (a ).f+  ,'_;f;~

0 <=> aob +ab +db2+

’»-'071~2°3 1 3
Yorerdy ”R 0

. A

,ll :

) > poses no adaitional condi—,* LA

f?(a ,a) =‘(a0,al,a2,a3) € S3 nthe unit Euclidean 3—Sphere i;inif_i'
id't(bo Z) =1(b b b b3) jog;ﬂfé3“, the tangent space to Jn fi}:f:t
at (a ,a) (tangency requires that a b07+ a‘z = a bo + a b + a b2+ S

.‘1”.

TO') let us define.m;;f;“1:5:‘b

R = ((a ) -a.a)l + 2 a-a P+ + 2a° J+

:‘Ji.:tﬁv 5.2(—a z4bOZFZX3)



o "vhe‘r‘é,i 1_<_ .A-,'B'_gf_j,," o

0 o ST e g

: ‘"'kernel ker p - {+ (1+b

g’lxg'\nx :c s X impliés, by Prop. I 1 5 g e R1 0, 0 and consequently

Ln

N .,‘

}i} Y
' where 13 is the ntity map of R:3 > P+ is the orthogonal pro_]ection
, .

i
) 6:123"

e i T s . . L -

20 L0 L0 AL LA A0 A B g gy

P (‘ _' . .,"' '. Y . o -

Cens ‘. el :-'

69
eR by

O e ‘ '
RZ _(; yoaa= sinz(; w) s aO.‘

Tre

B

" and note then that a+b yoylyzy} € Spin(l 0 3) The two-to-one ambigu-‘l_“'.'-“___i'"‘fv‘

+

v ’,‘“_'”ity arises out of the choice of choosins "-a ins‘:ead causes’ the

SR

'f,-"replacements w > 21r—w . ao > -a b e -bo 'y b 5 -b resulting in

0123

T = (a a) (a x)a ) and J+ z =.axx (cross product ‘

g ./_Then,,_ (U,R) 3 G6 and with g - a+b Pyl

= %—(33) b='%(“03 S@D) e (349B) L

.30 &

» S v_‘- ':_':. .':._

Conversely, if (v R) € G define a e R3 up to + sign, and S

“ L -;;,:.'where : w = angle of right:-handed rotation about a defined by R AlsQ 8

: }f-(a+b y Y Y ) € Spin(l o 3) "'.'j L e

‘.Qg,. ;

Before closing this section, there are several aSpects of the R

- ~-result8 on pin and spin groups deserving of comment. Ry

a S

First of all the, mapping p .,Pin(l,p,q) > 0(1.p,q) by :

. .‘; P EE IR O S T ‘~~ RIRPEN

p x e x'p(g) = bg”‘lxg ac e X is not onto. _ In fact it has a non-trivial

Y ) e R} (for, suppose p(g) = Ix ;. then

- ‘ ¢

.‘ 'A .




Sgim a.g) w uith @ = N(@).=# 1 ). Actually, from the fact that: %
e feey e
e, = | s QA e, T 06, , Be R

R

: 'cone easily shows that 0(1,p,q) = (Rn@ O(p,q))@R where R?= R\{O} >
i ':,and R ‘ acts on R O(p,q) by a-(B L) =»(B d 1, ) . It ig}then clear

o "’why p(Pin(l,p,q)) ,l 0(1,p,q) ; it happens that Pin(l,P q) and
, a ,

O(l,p q) are not even locglly isomorphic as Lie groups (of _»ourse non—

g

L ,fsurjectivity of p is expected becaup:g, degeneracy of X => 0( g is

1

""""_-;non—semisimpIe => orthogonal automorihisms need not be inner i.e of the : |

i".'form p(g) ) o P

as a mapping from Spin groups

Secondly, _noq-surjectivity of p

_\ 8

s is of the type ﬁr,p q) with _rp_> 2 We shall return briefly 59 «this

.‘-:‘;f:j‘:_point in section 5. . _- , L

..,.‘? »

Lo Finally, making the choice p = o 0 q B 3 m Thm I 3 1 ' @
i ~_“,’fCor.. I 3 2 Cor. I 3 4 we recover the Galilfi situation ancL remark that

‘,.n

»'_everything tums out as nicely as could have been expected ‘_




1.4, LIE ALGEBRAS

. If (X,B) denoteg the orthogonal space RF:P»4 , then the

orthogsnal and special orthogonal groups O0(X, B) “(= O(B)) and

SO(X,B) (= SO(B)) . also denoted by notational abuse O(X) SO(X) are

o~

usually defined thus:

0(B)

‘#u

{A EZ,GL(X) K B(x/\,y/\) = B{x’y) Ty € X} |

={[g g] P e GL(r) d € o(p,q) be End(Rp+q;Rr)} (4.1)

o

SO(B) = {A ¢ O(B) : det A = 1} S P
. & : | e <j : |
€ O(B) : det a '.detld,:\g . u - . (4.2)
o > . jg% ' o o R .
In'addition:' SO (B) {A € SO(B) o A preserves orientation on
each component of the decomposition' R ,p,q r 0 O RO’P”O~0'RO’9’q};
=‘{.[g_g} tae SL(x) , de S0t (p,q) } I (Y I

= cOnnected(conponenﬁjcontalning tbe‘identity.f'

These groups are all Lie groups (being close% sqbgroups of
2l

: 1Y
general linear groups) and therefore possess Lie algebras. ‘grdinary

©

Jmatrix exponentiation is the exponential map from the Lie algebra to the ~

group, and USing this fact we find for the. Lie algebras.

_ O(B) = {) evEnd(X):: B(xl;yj'+ B(x,yl)’? d ,1¢,y'st}vi

I {(g g] tag End(R) , de O(p,q) b € xa:ud(R"”q R )}(4.4)

- e



I3 g
N

- o,;
- a fortiori,ra Lie algebra isomorphism (conversely, Lie groups with iso—?"’

T

'form an orthonormal baﬁis of R ,p,q generating Rr'p é
. 29

eiwill denote members of AO(r,p,q) and Aptn(r,p,q) reSpeptively, ;%ere

s0(B) = i €'0(B) : tf(l) =0} pt-trpf trace
{(b d} co : trla)= 0 = if(cf)} O 4.5)
O - 40 (B) = s0(B) . o - (4.6)

For the present we are only interested in the caseS» r.=_0,l H
r > 2 will be touched on in section 5 Only - Spin (r P, q) and
SO (r,p,q) will be considered in the Lie algebra context (see Notes)

, . A x

dA:The Lie group homomorphism’fora rlfgl;"(see;cor{v1.3;3) :
G o s
L, v 3+,
-.9"'SP19‘(I\P;Q)'+ so: (r,p,q)

: has kernel { 1 l} therefore is a 2 l covering map (for the relation

between Spin (r,p,q) and the universal covering group of SO (r,p,q)

when r< 1 P refer to the Notes) The tangent (or derivative) mapping

' morphic Lie algebras are 10ca£&y isomorphic)

Py ¢ 8pin(rip,a) > s0(r,pa)
We now make the mapping p* explicit.‘ As usual
A and A .

‘.'.. .

.will be summation implied over repeated raised and lowered indices._e

'V-a"dne‘hasﬁ B

33

@

is then ‘an isomorphism at each point of Spin (r,p,q) ‘and therefore,!fffg;’»’

G

{'y"i} '&111 o



D R T W |
A€ s0(r,p,q) <=> (e) B (e

: Nowv

"TeSolutions A

7‘wi"solve (4“10)

Ja

then

k2 ‘~tA)12~; g

o j i kl j =0
,<>AkB 6 +6kB AJZ, 0

A el e0 T

KA>“<=>‘Y1'5(étA?-‘*‘etﬁ?ij.ij.':‘ée‘tf?“Rof

of (4 10) differ by a real number (for if A

[Y ,A —A] = 0 and 4»—4 €. Z(R ); -however_u‘
3“ e

7 L

 6 € ép&n(r,p,q) => etA ‘€ C => A €. C hence Prop.,I l 7 =>.

‘JA '-4€ Z(R

tA"' ta tA

' 12ta
e”

_The solution to (4.10) is:

:where .Ai-v
3
2

» = k '
4= "Akz Y

A " B Akj which because < l has a unique solution Aij,’_

3

. ”‘symmetric in

aga

i.J

Y n R, = R
S ’poq [
»;solution is unique (if A =Ia+A for some a e R hen Vt E R

Akj and A j ’}OV In fact trying a. solution uf;‘u':A

L,p,q 1,0 O 0 R f°r »r ? 0 1 ) In fact

Cr .
té’ and therefore find that

B 1‘1'.z !
1 ‘4; 4 ij LA

ji

in (4 10) requires (assuming Akl o lk )'Y:

Explicitly

[ ?‘h‘;-_j_' - B :
( tA )»néfeFaf(été)b ta t§ but wve: also

, 1t7€'8"

@9

the

have

T

S G

anti-

%



.f_motivated) bases of the Lie algebras Ap&n(l 4) . Ap&n(l 3) i

Ay = B af r-0 and 1gLMen

and B, = B .are the entries of B .

KL
if:i?i-ﬁh'lAM . A' =B 'M if =1 and L RLM é ;i
AL T Py Ao Bl T P Ao Moo L oan n

with "B l#‘BKL the entries of the inverse of the non-singular part of

-It;becomes,abparentJthen;'that“(forarsfli):
o R '_f*ijj:fﬁ'. :11“"h
spin(r;p,a) = spanply’y” : 4 < g}

\ .

. iverified directly, as ,span {y ijﬁ i < j} is closed under ;[:leveand{;f::
-:iin fact {—-Yiyj i < j} forms a basis of Ap&n(r,p,q) with the usual

. 7structure constants (—-y Yj,'corresponds to an infinitesimal rotation

1 k L ik 1 J % jk i

. '

B ol

: ﬂi". S

We close this section by displaying explicit (physically

c R

\

N\

iyand hence the Lie inclusions Aan(l 3) c Ap&n(l 4) Aan(l 0 3) C

lirﬁl 4 generating R1 4"

To begin *let yii;:Off;ifE. he an. orthonormal basis of

.f;if°14pln(l 4) o \hfijf'~:‘~'5\1-.e"li‘i RS

lfép&n(l 0 3) As remarked earlier, the orthogonal inclusions R1’3 l 4

* .1,0,,3_ /b 4

:35

{i“where the Lie product [ ;fJ is the commutator This of course may be ;'va“f

’;in the plane (1 j) ) [—' :' 2 ].u TV S 2.¥ Y';f,.ﬁffr :

imply the Clifford inclusions Ri 3 Rl 4 ,j 10, 3 Rl 4 e
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'BC sign of permutation (ABC)g of (123) -
sand vanishes if A B, C non-distinct._. ﬁ

_ where- 1 <UA,B;6 < 3’-

The. JA KA H form a basis of the de Sitter Lie w?lj» e

'ifalgebra -épin (1 4)

’ Bé*—-‘“ LA - BB g gy L 8 o <4 ma):-.,«
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AR
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o
et
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The Lorentz Lie algebra éan(l 3) obtained by the embedding
;:,i, 1 3 1 4 sending YO,Yl 2 3- to themselves, induces the Lie 3¥bﬁfn”f

”5{f;algebra inclusion Jy;',v{:g;gpf'"

L S L i S ~f11;“>"-h O T AREE R S
The Galilei Clifford inclusion Rl o 3"‘"R1 4 a8 mentioned 1n &
. ;’dsection l induces the Lie inclusion-idifoe . [ ' RN
Sz ".":.J-'A- B G (o a0 SRR R (O N
G S :-. G ‘o \m- SRR - -

-

‘itbfhéﬁd‘éqﬁée4ﬁ¢ﬁf1?hth¢:P?ddhstéff?'5[Qi§f_ffi}‘hiffn7ijn~s fffn[;ﬂiﬁfgz

P e B AR e BB B0 L e
e oetege S el



1.5, HIGHER DEGENERATE SPACEST. :."‘SPI‘N'(é‘;o,‘s)? T

vThe theorems and corollaries of section 3, in large part
B Z'concern spin and pin groups of type (l,p q) ‘, and it was fou'nd rOUghly
:i-"':speaking, that Spin(l,p,q) is the two—fold covering 81‘0up of ‘-
‘:.,:»,,SO(l,p,q) WhiCh 19’ again roughly, the inhomogeneOus SO(p CI) ie,
. ;_._the semi direct product of Rp+q With SO(p,q) Put another way, the.f' “
.‘.I;’j_obvious spin group analogue of RP q.SO(p,q) is surely C T T

- Rp q@Spin(p,q) (the action on Rp q.v being through p ) and it is no.

é.(?,'_»,small anticlimax that this is exactly what the gquralized definition o
”‘-.iyields. The details work out without wrinkles, almost too easily
Things, however,{ become more interesting for spin groups of type (2,p,q) .o '}'f:

Leaving this aside momentarily, the transformation group which

incorporates the homogeneitiy of non—relativistic space-time is the |

“‘-'i_GaZtZez gpoup ¢ R @(;6 y where G acts on : R4 in the standard

10 5 e
linear manner. »'_G10 is the non—relativistic analogue of the Pozncare
T (" Whomoge"eous Lorentz) group L R @L | of relativistic physics. o

L _':»Quantum mechanically, one is naturally led to consider the correSponding

’ -'1:‘»-5;'spm groups R @Spin(l 0, 3) and R Spin(l 3) 1 It is in the inter-

“':",}'f';‘pretation of quantum theory that the differences between non-relativistic':_f :

o and relatiyistic kinematics become great Whereas elementary particles i

: Ein relat ivistic quantum theory are defined with reference to certain
'..,.if"representat.ions of R Spin(l 3) ) such 19 not, and indeed cannot be -
’”’"“‘::.the case for R Spin(l 0 3) in the non-relativistic theor}' (Inonu, R
" ':’jv;:_;-,"w1gner (1952)) It is the extended GaZzZet group Gll‘i of ﬁimension 11
. which 18 required that 13 to say, its spin analogue.},_ The appearance of e

"C? rather than the more intuitive G is typically seen a posteriori

B E U ceitive S0

R : . D L - . "‘)’: - . - TP
X Ve L
—37- Lo
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following the quantum mechanical formalism but: rarely is it justified

in a purely group theoretical manner " s SRR o P .

>’.:. ) '-.“_»' ]

In seeking such a natural development, one cannot help but 2

2 notice these facts' -

£

. (i)thegroups Rp+q'SO(p,q) ,p+q> ‘3 ' have trivial local

:_,central extensions (Bargmann (1954)) e g. 'L 10 has only' A
{_."trivial such extensions ; , : B
ST g (ii')v' R (R @80(3)) has a non-trivial l'ocal central extension - S

(iii) the semi direct product structure of Spin(l,p,q) depends L

.crucially on the degeneracy of the Space Rl:P ,q in partic- :"7:.'

'_].f_-gular on the appearance of a single orthonormal basis member

YO, such that (y )

};:-TOne ‘wonders whether ‘another such basis elen.xentl withtero square,zl':
when mcorporated into the Clifford algebra framework could account for
‘Afthe double semi direct product structure of GlO In particular, yhat
Spin(Z 0 3) ? ; B e el R '

Not wanting to dwell too heavily on Gll or extensions gener-':
‘_,-V'f{#:a]_]_y, e concentrate here on the groups Spin(Z,p.q) > WhiCh d° however

: bear some relation to extended inhomogeneous orthogonal groups. B o

s"i“(z'? q’ = K(P"l).spin(p.q) ; Spin(2,p q)\{-l 1} =- S

Theorem I 5, 1.

:'_'_};i._';:_K(p,q)(Spin(p,q)\{: 1 1}) N where K(p,q) is a non-trivial one dimen- ': e
,sional centtal extension of the abelian group Rann > n - p+q_1

: ‘isomorphic to a Heisenber%* 81'°“P °f dimension . 2n+l




:7ff?7'» : {2
_?Rz,ﬁ’q 5 withv ¢ o _u,»; gfgy?,

, .::1 repeated especially the lemma of

0. 2

Let g =a+ b‘YO +’br-‘
S 1 l .,-',j'2
A

01 “~11r110<-'0‘f

'iff;since y y tjA(;l)g:-y,¥v‘;.z

: . N
y '“fﬁg X g = yo > where g :“‘,

L Y ba + ba

‘fgm u “ba” w ) smm aa-ﬂ mda YaﬁR

| by demanding g Yg e -

.“11::9 lY 9 % a. Y a 4 a (Yi-ba +ba
a_l(Yi 1% ’"'"ba 'Y ba (Y ’ba +ba | 'Y ) + ba (v °ba +ba 1.y ))a'v Y

’*_[;;so g ly g e x <=> a lyia € Ro’pfq

'}f-;g g =ra a. + (a b+b a) YO + (a b+b a) Y +-(a b —f; a—b b+ 2 ?)X

ﬂig g = +l <= > a a = +1 . a b + b a = 0 » a g + b a = 0 ,‘d_b'Qéi

We now require g e F(X)

1 i

1 i ,}._", ['Y ,ba ]

2 S
i'

1}

.;B.

vProof The strategy used in the proofs of Thm I 3 l Thm I 3 4 is

section 3 We 1et ¥.,y ,{%X... Y ,;.].m

C 00

e

>12f7“f<\1':1

- (- 1>'I’vlg° Thus'*f?a5?v

w12

:i? g + g b Equivalently, g g +1 if and only if a a = +1

jii(ba 1on ‘ba ‘b“ R .sE{;a‘?_- (bcz ) = a ,) (ba ) -]j;~c7fﬁ

”Z'Lffg<ba o (b 1) —'-[ba ,,247?1 j,];:-f“

There are no restrictions impésed

e X in fact g 1 g = YO

+ (-a ba ) ¥ * (-a ba ) Y + .;;:;;j

"ft ba -a ba lba +a lba b l) ¥ ; .f wa, for 1 < 1 <. n .

0

..y )a i +a (Y 'ba +ba "Y )a YO +

,. y ba l * ba -Yi éi,ff”"

‘us ba v(Y .ba +ba 'Y ) —igrfdy{f;f'?f. 3

1 1 0,p.q '

Cim= p+q denote an orthonormal basis of X = Rz’p q which generates e

+ b Ty e’Sbitl""@iP;iq');*‘:i"f':wi,i'-tﬁ G

u39v:_'

ylstsm, -

°sf57we have ace u 3 Spin(z,p,q) n c({l 2 "F.n}) = Sp1n<p,q) F0110wing ;ﬁﬁ!v¥7?a“”4

:fargumentg used in the proof of Thm

'dﬁﬁii g -L + ba el?<=> ba 1 '7ég71: RO,p,q

I 3 1 v-ba _ + ba 1 i € R and . |

; BaY’




L 40

"ff.ffThen y %a + ba v{.ii¥5423;;~;e”;eﬁd;:i%;gaf; +,gaf1}>% ,—ZBi
"1filf(no summation implied) Incidentally, the conditions (ba Y »=--ba ;_,*'

él+¥)~afi-ba -1 _are now redundant Finally, there remain only :'ff”ﬂifv”' L

S and o

ST e M

- x ) Yj

R o o ZB
o l<§<n o (xizj

'-vv-vu"ﬂif:"'” »\," ”,'3 el 'q H"E“ffi'f -d”4 e
ba” e {«i-'--onI ; then ha™h (ba ho=y oo sz--yI
,.}Z lIleven S N ,,2115"_ 12 ' |I| 2(mod 4)

ﬁ::(sinee lIl 0¢mod 4) "’Q(Y ) i) and consequently ‘KF'fd‘d;li;f?fj?J,ii;"‘:f}

feétfﬁxﬂ?-%ﬁwﬂﬁ> fj’“d“ <0 4 1T 220 4

'3.“|II > 2 This leaves only x wich III 0 (mod 4) to be determined.

I B
.;NOW [Y »174 ] Z ZxI'Y Y but we. know that apart frqm lIT ?;2_,t_?55*ﬂ;55
R EE IIIeven T e R T e T L e T

-wﬁ?}sthe only possible non-empty surviving xI 's are those with i{f_lfi.”{vtiiil o

T OGmod 4) Powever,. I # ¢ b, III

-'III

O(mod 4) i € I -> xI * 0

‘hf?fisince [y ,l>a j € x Finally then, we have.,;Z{j;fiﬁd:f'fiﬂﬁ"el"

. '?"..‘1"'»1<i§3<n(:1c1§3 :gif.‘l) Y Y




g A
' To summarize thus far._ Spin(Z,p,q) = K H ) where ;L,ngﬂ
‘.'u = Spin(X) n C({l 2 ---,n}) "‘Spin(P q) D and K {1 + (alr-y) v '_,’jfﬁ:’,:_:'_

c L +
ST (x'-‘;)‘Y + (9 -'— [x°Y,x'Y]) Yo 0 g m

R Spm(X) s

,x,, Q 0 e is a subgroup of
S 7 :

-

| ;;+

f;The hypotheses ofﬂ he’ lemma of section 3 are satisfied h;;ﬁ;i_{iszwvtiﬁif

| ”--':{HnK = {1} K <:Spin(2,p.q) (1c suffices to check aKa 15= X, £ e H )

’ffTifand z(K)nH = {—1 1} this results in the isomorphiSms or the theorem l*”

fh It remains only to study the structure of{ K in detail and

e S et 1 2 ¥
o i , . l +
-;."md 9 = 1 + (x ‘Y) Y + (x 'Y) Y * (0 - -2- [x Y,

J;‘/

99 “1"'((&"’3)Y)'{ +((m+§) Y)E

+ (B+6' -% [x Y,m'v]—— [:c 'Y,w' 'Y] - (x Y)(xv~y)+(x v)(x ~v)) X X

gg-'=1+((-'c+:c)v)*1 +((a:+:c)y)1 |

i o ->, T e RIS

_*_, o 9',.‘,'?%" Sy

[N e ++:.

To simplify still further, let K(p,q) denote the group

R*R“*R“ i product._«,.f,;;z;;;;=._- :

»-’B)(e' :f' )37 ) = (94'9""3(.’8 -'g')"B(x 37'),

2 8
o '. T + '*"""',' ++..v




etk (.2)
y 2 S P
* S L

,11
Rt

';¢WhergL:B{Gdenotesfthejpilingargfqpmfont;:q,A,x;whose¢matrixmrepreagnt%5;rf-i-' .

: '~ﬂ;§v_ 1,.5-3_;0

ﬁfla non—trivial central extensi&n of Ran

by R (c_fb'Bargmann (1954)), _;Cftffj;

‘ 1}Tdimension_ 2n+l

Finally, the action of Spin(p,q) on K(p,q) Iis the obvious
v'ilft'one, got from the semi-direct product structure of Spin(Z,p,q) Rewrit-f'jﬁi"':

spin(z,p,q) 2 {((e ? ) a)»-t;-»_v__('e.,f,g) € K(p,q) yae Spin(p,q)} we |

I

R have':?{;;}{;?tf; ;’JVSJTf,vff _:Ff:t§:~v_,__
» ((6 x x) a)((e' AR ') av)ij*.fg:"e~l'”7i S

, X" »x AR S A
PR TG SN B B S
+ + i R R S I R

wi’“””“““%@”’”%w%w>mz»m>5@dtg*~

el d ",*“'_:"":_.i*?,- ‘*‘* ‘* ‘* 5v:n ORI

Lol

. so the left action f Spinp,q) nK(pq) i |

: '-'» f'a' (e x :c) - (9 x°p(a ?);i.',g'p(a )) _ -'
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" CorollaryISZThe kemelofp Spin(z,p q) o+ 80(2,p,q) is

e '{l + 6 ¥ 9 e R}) and hence

| i-(Spin(Z,p,q)) SO(p,q) ié short exéc;t
:s,an extension of R @SO(p q) by RX{-l l}

TH L rie

)p’q

kerp<=>g xgzac,_vxex<=>gez(R2
0 byProp Il7 andso g==(1+eyy)a

'interest. : ! ?-R 80(3) is known as the tsochronous Galzlez

group (Lev

RX(R/.SO(

We, r_v'e;:r.

© ertvial cener



”"".".f_".:(1968) P 1612 Fo‘otnote)

4
Notice also that the CarroZZ group (Bacry, Levy-Leblond (1968))

L ,has its Lie algebra isomorphic to Apm (2 0 3) (Bacry, Levy-Leblond

:ant the free Sl'rhrodinger equation, called the Schrodznger group by

i --_Af:vNiederer (1972) : tums out to be precisely SO‘ (2 0 3) = R @(SL(2) X e

o "‘;_‘r_‘,{"so(3)) (see Notes)

Assuming the goal to he a definition of Spin(r,p,g) as (at

""'_i-‘the very leaat) a covering Space of SO(r,p,q) V. “we have failed in the

case r =_ 2 For example, it would have been pleasant if Spin(Z 0 3)

T

.'v"jwere the Spin analogue of the Schrodinger group (or better of its non- .

h ‘,trivial one dimensional central extension).v What has happened is

: ﬂthat from SO (2 0 3) = R (SL(2) XSO(3)) i the spin group constmction

e mm @meno ;

"__.-"has ignoted the SL(2) part and :in its place, put R (which is the group
e R L I PUSINC

v“

"'v":-:'b.sion see the Notes.v,
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. -1.6. -EXTENDED GALiL-EL GfbﬁP:ﬁf‘-‘ SPIN ANALOE;UE AR 7 T R

_ The extended GaZLZe‘L group Gll(m) (with real parameter m ) ’tj/
. 107 f"f'i7*,"éi
R @c R @(R so(3)) by ‘the’ additive group R f As hinted at in |

13 a one dimensional central extension of the Galilei group G,

: the last section the multiplication law of GlO..‘ 13 as follows. -

. where .<_:b'f;3')sf]ﬁéf;R4= R><R s (v R) e Gs e A T

---M‘l.l?i??ﬁ@?im in Gi-i? “is defined by: ...

LD

(8,5,a,0,B) (8°,0",a" 0B

et b SBIR B RRY) e

& alysis_ hows" t:hat when m\g/o ‘G (m) is not a



4

The Lie algebra of G (m) has a basis:

G 2 G G G
with products ¥ :
, o | |
14,5%1 = ML 50 A = UK, AR e B0 (6u3a)
G G ¢ 66 ,.°% ¢ Cg |
(oA u] =0, KB =0, (KAPP) = ns® o (6.3b)
G G G. G - G G- G
C; .A ‘~ ) . - . . . |
=t A0, (PPl =0 ' (6.3¢)
G G G G G . G G 4 - .
. [_A . ‘ G .
A, A AL, o . \
[3°,0] = [k*,0] = [P*,0] = [H,0] = 0 . (6.3d)
G G G. G . G G GG | - " B
Note that (6 3 a,b,c) with m = 0 define the Lie algebra of G10 .

N

(6 3d) d,isplays the central nature of the extension G (m) - of G10 .

=

o

Since products of one-parameter subgroups fill out a neighbour-

~ hood of the identity, we may de"ine L .; o ( o R v
.  ‘.+->' t . U S > > :
- g(8,b,a,v,R) = exp(a-0) exp(b-H) exp(a-P) exp(v+K) R’ (6.4)
‘ _ I3 , :
for 8, b,_c;,; sufficiently close i) zero (where exp - denotes exponential
map, 3; alPl +Q12P + a3}?3 etc.) and thereby recover the nmltiplica-f B
e G G G _ P :
tion law (6.2) locally at the identity: ‘L }
" - \ ORI -; - L ‘-
o ) g(e,b,z,g,H) g(e',b',a',v',lz') | 7

= g(eh0"HE bb" Db HaHRA"  HRY' LRR') . P
The act_nal -calculation is very tedious and nakes‘repeeted use of the

[



the' relations. (6 3. o -

-L10 , are related as subgroups of Spin(l 1 4)

group G (m) should sit inside Spin (1,1,4) is somewhat obscure,

'_be an orthonormal basis of: Rl 1 . which generates Rl 1 4
t B ’

"‘*() .».<

Campbell Baker—Hausdorff formula (Varadarajan (1974), pp. 114 ;21) and
.

In this section we shall show, by Lie algebra methoﬁs as opposed

to direct calculations as in earlier sections, how the spin analogue

o

:Spin(Gll(m)) of Gll(m) fits into a. Clifford algebra scheme. It will
be seen How Spin(G (m))..and Spin(L ) the spin group of a (neces-b

.tsarily) trivial central extension by the group R of the Poincaré group

A faithful ‘hence’ reducible six dimensional representation

(that induced by the spin group projection) of Spin(Gll(m)) is given

“and its relation to' the groups SO(l 1 4) and SO(2 5) discussed

\ .
¢ v

“To indicate briefly why one mig expect to find the Galilei

xspin group R <:)Spin(l 0 3) insider Spin (1 l 4) recall (Cor. I 3 3)

that Spin (l 1,4) = R Spin (1, 4) Therefore naively, one would

5@

. believe R? @Spin(l 0, 3) < Spin 1,1,4) if only because R4 R :'aﬁ:d‘

Spin(l 0, 3) c Spin (1 4) There is,more to it however First of all

' the embedding Spin(l 0 3) c Spin a, 4) is rather special secondly,

'one has to worry whether or not the actions, appearing implicitly in the

a

semi- direct products, respect this embedding We\Leave this point and

'.n_return to it later. Just why the Spin analogue of the extended’Galilei

0

-'v'this inclusion is described now. - -'5‘ ;}f7_§«,?.hvi\ ‘ l o 'v'v:' ;f .

! let :Y;l ("-1" is an index _not an exponent), XYY LYY
S R )
O D)
1 .

)2

rn -
e

— Ob'," )

= ese = (Y ) =A-l etp. Notice as a consequence, that -

47
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' 70,71,72,73,y4 _forn;anhorthonormal basie of R}’A c le;’A , and they
CL : o - RIS 0 4 1. 2 3,‘_" T
-generate R1 4 < Rl 1.4 * Moreover, Y 4y ,Y ,y 5Y form_an orthonormal

’ 2, ey . o )
1,0,3 gL\ These Clif-

basis of R and they generate ‘R

1, 0 3 1 4 "
- :ford inclusions induce Lie. inclusions, and recalling (4 15) -we have fof

: the generators of Spin(l 0, 3)
0, 4 A" oo
(Y Y (6.5a)
| ‘nith-Lie‘prodnctae(4.16),“
The remaining generators appearing in (6 3) also can be

- realized within Ap&n(l 1 4)

N

T e 77 H 5 Y es —1-—-<y 4 )y o (6.5b)
R " "“ ' »
.'1;,moreover, (6 4 a, b) satisfy the Lie relations (6 3) of Gll(m) for d .
i
m # 0. The Lie algebra defined by (6 5 a b) is what is meant by ‘ ’
~-'_.§p¢n(c (m)) o R A R E

Cep 1o

4“{‘~ One might justifiably wonder what happens when m =’0 exPect~ PR

ing to recover Ap&n(c ) Remarkably,' Ap&n(clo) does not\gif inside-”

Ap&n(l 1 4) even though Ap&n(G (m)) » n # 0 does This is discussedf

‘ fufther in the Notes.' '

-~

_ (\ R Lwe,characteriéezjopinalil(n)):;im'f‘ol,iid;"f_‘ .

" | "‘PrJosition I, 6 1.. pr(Gu(m)) = {4 e pr(l 1 4) [e 4] = 0}
L ffobf. Clearly, Aan(l 1 4) is generated by {JA KA P N: | g;YOYA, 0 4} :..

l'for _1 < A < 3 and equally clearly Apin(G (m)) 3 {A € Ap&n(l 1 4)

S
I

&



& is connected with trivial centre (Helgason (1969) Cor 5 2, p.3119),.sfa R

_[O 6] = O} So suppose A € Ap&n(l 1, 4) n span {y YA,Y Y } that is
G

let 4= a'YOY4 + aA-vovA ; and demand. [8,41:';0 . -On\e"eas_ily‘ finds -
 a= 0 » proving the proposition. ;.h'ifii .p@<fﬂift ":’.,:?;» R & S
S LT T
'j,fAs %pin(G (m)) is not defined a priori the correct?H
L definition is motivated by Prop. 1. 6 1 ';i:_f[f”{'ffii'fiﬁ;' :;V'i'
Spin(Gll(m)) = the unique connected Lie subgroup of

spm (1 1 4) with Lie algebra épul(G 1(m))

. .\.>~

'iiAnother way to 1ook at it is this. The adjoint group Ad(Spin (l 1 4)).y; ;{7”‘

of Spin%(l,l,é) is isomorphic to Spin (l 1 4) because Spin (1 1 4)1;f,ﬁ

N \n‘,_
and consequently, we: have a local isomorphism Qat the identity)

:_tn%mmnsa¢mm@‘
L =‘{Ad(g) g € Spin (1 1, 4) Ad(q> @ = @} |

Sy -

"le{ appears within Spin (1 l 4)

. As in the extended‘%hlilei situation Y. ,y ,Y »Y
.‘v,:i will generate R1 1 4 with orthonormality relations as before.lgnytbﬁ..vq 3
:.Cor. I 3 3,.‘Spin(L ) = Spin (1 1 3) and Ap&n(l 3) has a basis

o given by

We now indicate how the Spin analogue of the Poincaré group ,-:%;Jt”v”
. . R R A '

101 2 3 R



vand_Lie g;ba@éts;~
- hE =0, [K ?‘-.1'-% SR SRR | o LTI L SRR () B
R th“',vu_;l' =, et =0, PhEr=-0 0 670y

"a“;;f Remembering the characterization of Ap&n(G Gn)) ‘ag a sqpalgebrzgof
‘ﬁfgiprn(l l 4) . one verifies by a simple calculation that the centralizer

:l"”inof Ap&n(l,l,B) in Aan(l 1 4) (i e. those elements of Ap&n(l 1 4)

”_lflcommuting with Aan(l 1 3) ) is just R Yay l Defining

i

g SRR B oy IR R O R A L }'.‘ L I 6.6 N,
T R TR e R

R RO [J o] = [KA ] = [P e] = [H 0] = 0 "'_7'""ff('6,'4.7d)"];.\’ o
. ,and consequentlyv _ P ,H,G generateca Lie subalgebra prn(L )
T ‘“L-,Li L “L- L o R

l; of Ap&n(l 1 4) Clearly L is to be thought of as the direct pro-:;

ll
duct RXL 10. ,_that is, ae the (necessarily) trivial one dimensional

='f central exteﬂ@&on of L by R ' With this in mind 1 Spin(L )

10

Rx st(L ) is characterized within Spin (1 1, 4) much as- ;o
"‘f - o LU ~-»5
'..'»fSpin(G (m)) 13~"j..7.¥ SRR

"fi Spin( unique connected Lie subgroup of Spin (1 1 4)
o with Lie subalgebra Apln(L ) = R o Aan(Llo) ';[]7f'

 Further, cancompleté':ﬁésédaiazy;:;s:.~u b



os1
o Setalyy) T AA(SIIT(L,L,4), = (M) ¢ g € Spin’(1,1,4),0d <_g>*’?;7-.= 0.
we return now- to Spin(Gll(m)) and derive th@ —dimensional |

| representation of G (m) induced by the spin group projection

As mentioned in section 3 ‘we have a: right action of ’;.’:A‘f:‘;: * :
‘o o R W

- ~dSpin(Gll(m)) on coframes (Y ) 1 which induces a linear representa— g

"',r_ﬂ B .. i

*"'.'where one verifies that A(gg ) = A(g) A(g ) Now (6 4) parametrizes SRR
"."Spin(Gll(m)) near the identity and as p Spin(G (m)) > G (m) has .
' 'ﬁ._"kemel = 1, l} . we obtain a parametrization of G (m) near the iden—

e

| ,1't;it§15, ;j';fff 1;5'.;f,ffJZf}l-gi.}ki”h7_t;{ 5 1‘j'

L e e e 5oty ey B b SR G s
S First of all, w ehave o
O @ et o i) s

lblz‘.;:.‘ﬂf,f‘.‘ito the rotation R (about axis n > lnl - 1- t" ou :h 8“813
L 11 17'-‘._1 a0 | | |
.,fow ) 88 gl Y 91 hi" 91 Y gl

B "1 A -RA 5

o 91 Y 91 B we have SER AT
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S Vif°ﬂ','jﬂg'_b';  .j;j3"jQ:;:u 413;i_fjgg; L‘ “_‘
W) ggmem®O = lhg T o

‘Hlo o Blel k.

VR

. Where the matrices are 6x5 and,in blocks, rows and columns are labelledf¢ ; ::

’ zf ' t

-1 0 l 2 3 4 3 a ,‘5t7 stand for 3x1 and IX3 mattices respectively, ff :f o

.s:‘dencteSrtranquge; L’

_, Multiplymg' : A(g) A(gs) A(g4) A(g3) A(gz) A(gl)

BBl e
[\




L Zﬁ‘_:vSpin(S )

.
8

"b.the lower right 5x5 blocks provide the representation of G6 within ';%g».‘t

Z;féi"h SQ (l 4) obtained by the embedding of Spin(G ) Within ’i'

: The realizations of Spin(Gll(m)) in Spin (1 1 4) and ..;;5:

::J:,}lcll(m) in SO (1 1 4) are more significant in the light of the work of

ﬂdl@fffnoebner and Hennig (1974 l976) who classify all real simple Lie

.“;‘:{ialgebras containing APUI(Gll(m)) ,' m v‘ 0 ,'i and certain nﬁksemisimi‘le i
algebras containing Apm(clo) and ApUL(Gll(m)) b m 7‘ 0. The smallest S
iv‘-‘::simple ort:hogonal Lie algebra containing Apul(Gll(m)) 18, according t° |
i Doebner and Hennig,_ 40(2 5) ’I’his fitg in nicely with the present

-‘-'::'»":work, for the Clifford algebra / spin group (corresponding to a non—'vr" e

e ;_:;_fdegenerate orthogonal space) which minimally contains the G (m) Lie ' c

”'_'.;-.'algebra / spin group is RZ 5 / Spin (2 5) (indeed Rl 1 4 R2 5 . ? v‘ﬂ.:” S

. ,o,;ffminimal inclusion by Prop. I. 1 1 and induces Rl 1 4 2 5 ; Spin (l l 4)

o (as we ve already discussed. R SO(l 4) = Spin(l 1 l‘) / { 1 1})

‘ so (2 0 3)

< Spin (2 5) vand therefore also c (m) c so (1 1 4) < so (2 5))

In addition to t:he embedding of G (m) into SO(2 5)

':."-:.Doebner and Hennig also indicate the inclusiona Gll(m) c R @80(1 4)

G (m) c R (SL(Z) X, SO(3)) Recalling from section 5

'i-'_:‘.';as might have been expected according to the realization GlO '

-.p‘, j e

ey

[,1) ‘I’J . sx.(z) , R e so(3) , (a v) 3 R6




Doebner and Hennig (1974) also ask for the construqéioni% A

f'-’,.ﬂ:':;dynamical algebra with G (m) and LlO embeddings such that the embed-f’f. el

'fded alsebras intersect in the Euclidean Lie algebra R 60(3)~.‘ : e
.f; '__1 such orthogonal algebra is provided by Ap&n(l 1 4) with Eucli-iif@ff;“
& 'algebra generated by {JA JA G v =£A} (See(65,6)) B

A final incoherent remark Because there does not seem to be
A any orchogonal Space whose corresponding spin group is Spin(G 1(m))

'f!wﬂand given the realizations of Spin(Gll(m)) within Spin (1 1 4) and’fffﬁ}

”.'.']"RSp:Ln(z 0 3) .’ one’ ought t:o look for a’ new definition of spin group B

.fthat deals better with the higher degenerate cases.v‘ PerhaPs such W001d?§>{

1..5- L )

yield a compromise between R .Spin(2 O 3) and Spin (1 1 4)




©. .7 I.7,7% NOTES AND REFERENCES -

C l ' Clifford algebras have been around for some time. ‘Dieudonné -
ks . v - ; ) x ) i
355(1963), cites the 1870'8 work of Clifford (1876 1878) and Lipschitz .zegyf;ag;

_???(1886) in the 1880's as two of the earlier deve10pmenta.t Clifford called

;5them geometric algebras., In fact, the theory of quaternions of Hamilton‘if”ﬁ':f
'»!_(1853) and others was well developed by 1860 before Clifford made hiB flf.iff-?i
:d”’ff;;lgeneralization-; Moreover a related theory °f "biquaternions useful in

bu"freprafenting motions of the plane was discussed by Clifford (1873 the

ﬁiviijpopular term for a combined rotation and translation was screw motiou ):f{f;;j?“

‘~>7‘leWhile little seems to have been done in the study of C(X) for arbitraryff'peii

‘ffdegenerate X ,‘a class of algebras (similar to Clifford algebras and
RO i / -
-]fj;whose generators satisfy relations (1 3)) have been introduced by

.q

| jifffEddington (1928), and. studied in detail by Landsberg (1947) Modern

f*faccounts of orthogonal spaces and Clifford algebras may be found in"‘}”'bh

:Artin (1957) Dieudonné (1963) Cartan (1937) Chevalley (1954), and f{iiiﬁj}

: EﬁPorteous (1969), of Clifford algebras in" Souriau (1964) and Atiyah

iBott"Shapiro (1964) From a physical standpoint one might consult f; S

'i,':BaCl'}'A '195_7) and Corson (1953)
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. H L ° - . R - L A 3

subset of Rl,p,q i‘ p+q ;.satisfying the orthogonality relations o

e o

(1 3) and generating a Clifford algebra._ Two caees are poseible._'u"

<, Dol R T

- <>dm opF it dwmerttn dnskas
go (mod 4) S .’ b

i (ii) dimC:Z—or 2 if n is Odd and P"Q'l : 0 (mOd 4) ,Z

2= n : R
"3,“ is real or not. ;.;jﬁfffrg‘”

i Case B" y # 0 and We have Thm. I l 3 (note that the relations'fT“

(1 3) imPlY YO»Yl"f°;Yn. linearly independent or. YO .J'ir-"‘”

Concernins R 0 d which 1s clearly isomorphic to the exteri—v:ll;25}

A

f,'\ R L ST S PP RL I S

L >.,,$;vr, B
ﬁﬂ" rogosition R\)O 0 vis an abelian algeﬁra and consequentlyn 13 {;} dff?irf'f;;
n

-hfjor algebra on {&R' we\have in addition to Prop.’I 1 4

:QQwC1ifford algebra only When r < 2 (and then R 0,0» R 1 0 0

1 < T < z ) : : ,_ D

"';*Noce that the only orthogonal spacea R ’E;q that allow abelian c11fgorqa{’f""
S R R A Sy QU

i;t'algebras are those with p-q-O .5.:5:djd<” T

(I J) Y

;;;fvinced of
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U(I J) - ( l)p(I J) : ( 1)2‘ 5 s\
" : ' isInJ S L

‘:H'Where D(I J) = Z D(I j) s D(I j) = nuhber of members of T greater .
. R jeJ 3

'f,thénj J. The factor ( l)p(I J) comes about in the reordeting of the »; o

:f ;iéetlflddi and H@',(yijz because each index ieInJ disappeara in ';?*
simplifying YIY This diecussion is taken from Dieudonne (1963)

n;;' For example 1 = {o-e 3 4} J = {1 2 4} = IAJ = {o 1 3} and

(1 3 ;tb(rfl' 4‘p(1 2) + p(I 4) - 3+2+o - sf 80 u(I J) = (-1)

(y )2(Y4)2 = ;(fz)z(ya)z,,,which may befverified by direct calculation.%ilfi‘7f;fl

The result of Prop I 1 5 geﬁeralizes Prop 13 43 of Porteous

. »;,f5 (1969)

Related to Prcp. I 1 6 is the fact that the radtcal (maximal o

R , hence two-sided nilpotent ideal) N of R is the ideal generated

X SR .r”p’

by those 53818 elements Of R ’p’qv_whose squares vanish.; That is':fjf]vf! :

_jf};;,'& N 18 clearly two—sid:dyand nilpotent ofiindex at moat r+1** ;ﬁaﬁf}ﬂfffif~'*’ E

is maximal follows becaupe

(i)"l by its st:ructure. Ré"“ q 18 known (Porteoua (1969) Prop-, 13 27)

'“o be semisimple, or equivalently tovhave radical (0) and




59

The discovery of spin groups in their general mathematical : -jp/f}ff-

'ffform (at 1east for non—degenerate orthogonal spaces ) is usually credited -f"
‘.to E Cartan (1913) on the basis of his 1913 paper Understandably at },“

“fthe time, these spin groups were usually regarded as "double-valued repreJt

ol..

,fsentations" of their corresponding orthogonal groups._ In fact, the very

r

'7ff construction of a spin group in terms of a Clifford algebra embodies this'f"”"'f

"'?‘"double-valuedness" (which has its cleanest manifestation in. the isomor- .ﬁ-p7»"”

' '«iiphisms.f Spin(X)/{-l l} = SO(X) ,‘Pin(X)/{ l l} = O(X) forZIX:‘non—'iiﬁf:”;jéh" 5

5 Tlifdegenerate) Intuitively, the yi B form a square root" of the bilinear“»f?v

.’d]iin modern terminology, spinor space is merely the repréaentation space °f

Sy

:f;form _B j 3. square roots are unique-up to—sign, hence theﬁdOHble-valued-fj;?’

i ﬂ,eSS'-.. R 'o:v el s

Cartan s‘construction (which may be found in his book (1937)) is,]ffs

nf"ﬁfa trifle qbscure, however it is such as to give a geometric<dnterpretationpﬂ

_.,vv

i of spznors (th e objects on; which the members of the spin group act ﬁ'yxh_ft** :

:‘1iﬂa Spin group) At about the same time Cartan s book appeared Brauer and 1;Q}-fﬁ

i"j;;aspeCts.g Notewors A\,

Tff,gjduced by taking'f

Vi:Weyl published an important paper (1935),q8tressing the Clifford algebra ;;?

"was their emphasis on the Clifford algebra, intro-=“;;

: )square root" (a la Dirac (1928)) of the‘underlying

':*rrquadratic form-~ilfiii%{;f;?jﬁff;t;:_ff"' ﬁJi-ihjli;ff jp(ﬁgégxaf_z-“:.

While Cartan developed his version of spin group (of a non~deg§n-{°’;{¥<i

lﬁ;frerate orthogonal space) as an outgrowth of his fundamentsl work on semi-dwgigvlfpgﬁ

'.hﬁf?simple Lie algebras (snd’it should be added ?in a form general enough to _f,g;kg;j

P

'"lencompass al the semisimple orahogonal groups O(p,q) ), the seed ”of '

',fif,ths general theory uere present some forty years prior.g Indeedp_there is'h;‘




Q@

»
Y

the work of Clifford already referred to (§1), but even closer in spirit
to the modern formulation are the works of Study (1890 1891) in the J
early 1890' Study obtains a representation of the group of Euclidean
notions‘of R3 in a form amazingly close to that of Cor. I. 3 6. It was
a SQurce of dismay for the author to have found it in Study\s paper after'
having re-discovered it-in 7he‘form;of Cor. 1.3,6.° One_can-only'specu?

, late on thekoutcome had Cartan known of (or if he did know of‘it had he
further developed) the work of Clifford, Study and others (see also

+

'Buchheim (1885))

Briefly then, there appear to have been two lines of develop-
ment. o : . 6 L

;i Earlier.was the=quaternion—motivated work of Clifford and
Study which seemed to die out near the beginning of the 1900 s only to
~ be born again in the work of Dirac (1928) and Brauer and Weyl (1935) (in
a generalized form), and eventually lead to the modern developments which
are now stagdard Artin (1957), Atiyah—Bott Shapiro (1964) ; Chevalley
(1954), Dieudonné (1963),'and Porteous (1969) to name onlyza few.' Brauer
fand Weyl evidently did not know of S'tudy"s p;pers, for if they had, then'
they would likely have obtained some’ results similar to those of this

thesis, they probably had no good reason to consider singular quadratic

forps. Coincidentally, also in 1935 there appeared a book on kinematics

-

by Weiss (1935) wherein. the results of Study are made somewhat more acces-'

- sible, Weiss however seems to have been unaware of the relation between
biquaternions and degenerate bilinear forms. Study s work lives on, *and

in unchanged form, in the 1950's textbook (also on kinematics) ‘by: Blaschke

and Muller (1956)

60
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The other. main 1ine of research was initiated by Cartan as a

byproduct of his work on Lie algebras His approach though, was geomet-

°

: rical (as nated previously)‘and’sufficiently remote from the other mathe-

»matics of the day‘aa'never to have been in Qogue. "Today it is virtually
‘ &
’unknown but like much of Cartan s work, probably deserves a close Te-

','examination., Incidentally, Penrose 8 geometrical interpretation (1968)

of spinors is in somewhat the same sPirit as Cartan's and a detailed

A comment on right actions. If ¢ denotes the mapping ; ~vic

- “comparison ﬁlghﬁ'well‘prove interesting.

T > X by (g,5) » g wg" , then for g+g' cI(X) and T cX we
haQetf |

@(g';¢(g,x)) = g'-l;ﬁ(g,x)g'A =Dgfflg:1ngg'A
= (gg") " alggh’ = e(gg',2)

This defines ¢ as a right aetlon(of rX) on X. f (xi) ‘are the - -
ompohents of x € X with respect to an orthonormal basis ‘(yi) ’ and

if A =p (g) is' the linear mapping of X induced by g, then .‘ -
Yi > Aij Yj‘ and. 20 (9) (xjAji) in compodents relative to v(yi) .
‘ B ] \ ‘ . X ., .

Finally, we add a few remarks on the semi—orientations of

. - a’ b N G AR - |
rP»q If A= e 0(p,q) , A P At = P => °
- o \e.d). . S 1 I B
‘ . q . q ; .
‘aat-1p+'bbtj,ddt-ulq4’-cct,c-dbalt a‘x}dhence} CL -
| -1t
1 o) [l b 10 ) (a7 o o
A = xpv . : p . P . . | m. (7‘1)




_ " L
with the result that +1 = det A= det(dD - det(a 1 ) , or det(dD'=
+ det(a) . Now SO(p,q) consists of those A€ O(p,q) such that .
1t % -
det(dﬁ . det(a ) =1 1i.e. det(dD det(a) ; and if A € SO(p q)
preserves. the orientations on Rp and Rq, we have in addition

(det(a) >0, det(d) > 0 ’ThUS so (p,q) 5‘§[Zy‘2] > O(p,q) :

det(a) >.0 , det(d) > 0 and the decomposition (7. l) shows the connect— '

edness of'.SOf(plq) to the identity (see Porteous (1969), pP. 427 forfv

Spin” (p,q) ).

53.

t, _‘b, ,To-see why (3.2) is true;‘it is‘more:COnyenient»to work»inxa

o

o R o 1) R
basis’ in which g = (gij) “has thefgorm'7g = ( 13 J . This may.be' o

A achieved by a change of basis, and with respect to such a new basis :

y0+y4 = (0 0 0-0 /2) r A‘tediOUS but straightforward calculation using

0 4" at
Y +Y Tl

‘matrices.then shows SO (1 0 3) = SO (1 4)
directly withdut any need of a basis change.

/. The fact that every member oﬁ Pin(p,q) is a product of

members of Rp 4R is intimately related to the correSponding

. P19

result-about 0(p;q)” This theorem for 'O(p q) -due to E Cartan and

:

I, Dieudonné (see Dieudonné (1963), 56 - 511 Artin (1957) " Thm. 3 2. o

EquatiOn (3.1)_follows'

’



. of an even\number'of such reflections. The relation to Pin(p,q) comes.f

I

wj:ng (xl,.o-,xi’.o-’xn)\ ' (x s o,_xi’.-.’xn) ,n= p+q .

G

about.hecause if " (Y ) is an orthonormal basis of Rp,q generating‘i

R ‘;.then 'Yi € Pin(p,q) and p(Y ) € O(p,q) is the reflection send- . -

Psq ° R e

Chevalley (1954 2 9) discusses the Lie algebra structure of |

'-'F(X) for X non—degenerate and even some of the global structure of

As a: rule, Spin (r,p,q) is not simply connected We deal ,h

only with r < 1 in fact by‘Cor I 3 2 Spin (1,p,q) is homeomorphic'ﬂ"

to R xSpin (p,q) ,with the result that the homotopy properties of

0, o } 1, 0

Spin (l,p,q) are exactly those of Spin (p,q) If X ' R R ,

0 l 1,1

’»‘R LR then (Porteous (1969), p. 427) Spin (p,q) = {-1, 1}
,{ 1 l} {-1, 1} { 1 1} XR respectively. For all other lRp’q

Spin (p,q) is connected and we’ concentrate on these cases (i e. at least

: \

" one of ,p,q > 2») We determine the homotopy groups n (so (p,q)) and E -

'hthen use the fact that Spin (p,q) is a double covering of SO (p,q)

to determine l(Spin (p q)) By the Iwasawa decomposition of

o SO (p,q). (Helgason (1969) Ch. VI Thm 5. 1), o (SO (p,q)) is the same ‘
. .'as . n (K) . where K is a maximal compact subgroup of SO (p,q) |

»,this case,!; SO(p) X SO(q) (w°1f (1967), p. 341) Thus

 (sb* @) =7 150D x 7 (SO(q))  Now 7, (S0(a)) = ‘a, .2,

according as n-l . n=2 5. n>2 (Steenrod (1951), §22) and therefore

- (tor. (p,q> # (0, o) (1,0), , 1) a, 1) )

63
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e
| uf (SO (p q)) 2 s zzxzz’; Zt,JZZXZ ; ZxZ according as’gp=l ,'d>2 or
p>2’, q=1 - in:the~case‘of. 22f: p,q >\2 in the case of 2,32, 1';.'

q=2 or p=2- B q—l in the case of VARA p—2 > q>2 or p>2 s q-2 in the :
“fcase of ZZXZ» and p q—2 in the case of ZXZ Thus w (Spin (p,q))
u|is simply, doubly or. infinitely connected according as p—l s q>2

tb‘,..

p>2 ,1qélh p,q>-2 ; at. 1east one Of p,q equals 2 reSpectively.-

F 3‘1 % w

.:‘ The so-called Schrodinger group seems to have been considered 'fii”j-xff

first by Hagen (1972) Its structure has been discussed by Perroud

- (1977) in particular the isomorphism with R (:)(SL(Z)XSO(3))

;:ﬂsNiederer (1974) considers the Schrodinger group Sch(n) =’R2n(:> :jv;'“*"";
5a'(SL(2)xso(n)) which is iSOmorphic to so’ (2 o,n) ; while Burdet Perroud.:5:l‘"
“.a:Perrin (1978) claim the’ "true quantum mechanical Schrbdinger group

.,gvbe esaentially SO (2 0 n) but with SL(2) replaced by its double cover—f'pf“’f"

: ing’ (this is still for spin zero) 'h o ;:1p”gihhf,vfﬁ{i‘,_jg”_yp
/

At this point it s probably worth commenting that from qhantum

?

.Tmechanical considerations (spin up,_spin down) a Spin gr0up ought to be ,‘VV

A “'”a double covering of a spinlesa group, but from the standpoint of uni-.-

'f.tary ray representations it would be nice if a spin group werg\simply

connected (c.f Bargmann (1954)) As just mentioned (§4), Spin (r p,q)

.';1for r < 1 is simply connected only when p=1 5 q>2 or p>2 y q=l
‘ (e g.' Spin(Ls) , Spin(G6) are simply connected However, one physically;»i

= significant case where the spin and universal covering groups differ is fj@.f.'d

'for SO (2 4) , the conformal group. ”;f.i
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In wondering how to modify the definition of Spin(X)
: _achieve a more satisfactory structure when X is degeneratefoone thinks

'“immediately of the following rAH?‘FY;gﬁ"

- of g by a factor is inconsequential generally)

C(X) that acts naturally ‘on- X‘» (This is probably the way

S

" ., to go for when X is degenerate, . C(X) is non-semisimple

({).,

as also is SO(X) and consequently automorphisms of these f :

oo x essentially by conjugation i e..inner automorphisms )

- _.".:.

As promised :ln section 3,/ ve discuss various matters related to

' 'fsemi—direct products. A sem-—dwect product of a group H by a group

k

Lt K is a group denoted K‘H s and'an action of H on K (precisely,

(i) maintain Spin(X) < F(X‘) but change the condition N(g) = +1

(ii) » abandon Spin(x) c I‘(X) ‘ choosing a possibly larger subgroup of |

objects need not be ipner, whereas in contrast I‘(X) acts on =

B ‘there is a homomorphism x H > Aut K ) Such that K.H (31“ written

'.D"'as K@B to emphasize x ) is the group (KXB ) R

s . AN T T

: The. clwect product (denoted simp].y Kxn ) is Obtained by tsking x to
j‘v_fbe the trivial homomorphism x(h) Aut e Note that 4 R

§"
e

VLT

; j-;jm;g;; aiv_.;.;;;s) (k jx;(i;)ﬂeu ; h'hju 2 _- fi. (72) i

(this is doomed because g e P(x) =5 N(g) s R and alteration , “



B sion is 'messential or tmmal if there is a homomorphism j : H +. E . .

direct product" if G is ‘a group With SUbSrOUPS K H S“Ch that

LG K®H where x(h)(k) =»hkh

*K = {(k 1 ) e k €. K} {(l h) h € H} are subgroups of K()Il

A

of H on K is recovered by conjugation of K by H (fOI

W '

1

Supposing then that G has subgroups K H satisfying the

o conditions (i), (ii), (iii) with X e Hom(H Au.t K) as above, the kernel,

1::' i'I'he point to all this is that the action of H on K is not effecmve
e x(h) (k) -k, Vk e x =5 h’ . 1 y if Z(K)nH =/ {1H} but the induced
action of H/z(K)nH on K is effective (see Jansen, Boon (1967) I 6

Wi 'md.p.. 75 ex. 31 for more discussion) | PRI

o __."-with K normal Further, K@-H = K*H ,‘ KnH = {lK@H '_ , ‘and thevaction“;lf’:,‘_ SR
(1 h) (k lH) (1K’h) =-(X(h) (k),l ) ) This characterizes a semi—i‘ o :

"7'5.;}(1> 6= KH (u) HnK— {1} (111) K is normal m G, then e

"_:zof X is easily seen to be z(K)nH =-{h e H 3 kh hk Vk e K} en ERE

- :.‘"f_;_"._l-,.-z(l()nH <1G K H and G/z(K)nH =" K@ (H/Z(K)nn) as well o G : K@H, o

We now. turn to the matter of extensions of groups.i Givén'-. AR b

:_i.groups K H the group E is an e:ctenswn of H by K if there :Ls an .

exact sequence of h°m°m°rphisms R p ;

)‘ o

‘r.v"..;”'.i..:_with i one-to-one and p onto (exactness at E means im(i) - ker(p)

: ,and hence by identification E/K H ) Notice that the action of E

~

L 'on i(K) by conjugation induces an action of E on K . An extension

E' of H by K is equwalent to E if there is an isomorphism of E

‘: ~":"l.'.’:to E" that reSpects the exact sequences defined by E E' - The exten-s]._;" .



i 1_.\1:he mght and E is called -a splzt ea:tenswn.;; :

..'.

‘f“such that p(j(h)) = h Vh € H ; the sequence is then said to SpZtt to 3‘"

.5:f;VjAfhaSicﬁresuitTisitheffoiioﬁing:EL]{;A;_:ﬁﬁﬂ Egtif°'?;5f{»;

TP

Teﬂb7‘1

L _.Progosition The extension K ———> E ——-~> H is trivial (splits) if and

‘“i'only if E is a- semi—direct product of H by K " xsgf;ftif”:'i

"'.’establish that the extension splits.

when 11; s said that Gu(n) + RXG

Wesentation), we have for g,g

-

o "f’.i‘vi(x(h)(k)) - im i(k) j(h Y 5 then @ --K®H Corwersely i

K@H . define i(k) (k,l )_ . p(k h) = h and j(h) = (1 h)

A case of particular interest is that of abelian K f r
e Agi"e“ an e"tensm‘ X *‘L> E —P—> H', one readily Venifies that x is
Hlﬁ_an R - module (with action X of H on x defined by'

i 'fv_i(x (h)(k)) -z i(k)x .‘_ , where e 0 (h) cE )

A centml extenswn K —i—> E —E-—> H (K is now necessarily
s

2 .'j.:‘abelian) 1s defined by the requirement that i(K) be a s“bgmup °f
':'_Z(E) . the centre of E in this case, the a¢ti°“ °f H °n K is
i "»’v,‘.;fj’:‘trivial and therefore, by the Proposition. ‘a central ex.sion is triv-

S ial if and only if u: is a direct product. - This explains what is meant

)-RXG

for m# 0 but Gn(O

10

B

")

Why do we care about central extensions? If a quantum system
"""“.;.";has a 3ymmetry group G > then there is an associated ray repreaentation

in the Bilbert space of the system-‘ that is (assuming a mitary ray rep- -" .

‘v

e;:G ’ unitary operators Ug ',-Ug, and

I R

"'_'Proof..t (sketch) ' If the sequence splits, definev X € Hom(H Aut I’) ‘by



"5cﬁeiMatters are simplified if we suppose a priori that w(g g ) = eiEQg,g )

T'ffj;hfwill be shown to be untenable w1thin Aptn(l 1 4)

L

i 'd complex number w(g,g') ' of modulus one suchthat: . . ¢ o

UL ey ﬁ'-.‘;(??-‘fi)f.;

‘iT%tQQ} g .o 31*99'55~“

:;[Iﬁrays f{?‘ﬁQ’ | | = 1} to a bona fide unitary group of operators

'“Eis a representation of G extending the ray representation U ‘jff;ff.flfe-¥:'

o ”ie U?: and multiplication in G (9 9)(9' é ) alj':ﬁ 3
(6,9) "¢ A ’ S

U(eg)U(e b9 U(eg><eg>

_fwith U

‘ll,ilffwith E GxG + R We want to extend the group of unitary Operator 'fi fftfn

'"E-L’;C{U(e g)} on an extended group G of G by R in such a way that U‘.dfiff?lf'

«;(e+e +5(9,9 ) gg ) It happens that the central extension G -sqifp;d;7”* L

v.hifdefined is trivial essentially 1f 5(9 g ) =,C(gg ) - c(g)‘- C(g ) for *

ﬁlsome ; : G > R (then G = RXG direct product and g > e C(g) ~iSf:b o

9

l::hZMackey (1978) and Levy-Leblond (1971) For background on extensions

‘11. Q’Ffunctions (as in (7 3)) for non-central extensions.«;ﬂgfo{‘55“"..

o'

As mentioned earlier,' Aptn(cll(m)) < Apln(l l 4) for n # 0 ,‘f;:hfdji

e ;Ji;but Aan(Glo) ¢ Apln(l 1 4) This explains why the limiting case

<

’a;always be sin 18:) The impossibility of embeddins bptntclo) in

”"‘Vf?fﬁapun(l 1, 4) 13 8hown as follows.» the relations (6 3 a b c) with m= °

I ’
.

@

'hhff:a unitary representation) For details see Bargmann (1954) Moore (1970).e$f;hff¥

"h5flgenera11y5 See Cartan, Eilenberg (1956) Ch 14 Hilton Stammbach (1971),ihfh#h';

.V'f_f‘Ch' 6 7 and eSPeCially ex 6 10 l for a general treatment of multiplier lflfi T

Fifffm - o in (6 5) 13, 1n principle, not feasible (no matter hOV we representiffjftfﬁ

:{lfféptn(cll(m)) as a. subalgebra of 6P4n(l 1, 4) ry the limit ‘n o will "*~5=?u“7'



The generators JA 1%1 A < 3 determine a basis of
60(3) Ap&n(o 3) c Aan(l l 4) y: aqg therefore generate a subgroup of

"hf*h=ﬁ;i"”Spin (1 1, 4) isomorphic to Spin(O 3) But then }Jéin’%-eépc YBYC
’T?f'for some orthonormal basis yl,yz,y3 of RO 3 1 1 4 genérating

Extend ¥ ,YZ.YBf to an orthonormal basis» ‘_} 0,71,-, ,ﬁa?&ﬁ o

1 1 4‘vwhich generates R1 1, 4‘.¢ Next determine the form }

"“ﬁfgﬁ fof Ké ’ given that [JA K ] “‘EAg” .‘., [KA K- ] = 0 that is ve. must have

A

SR 0,3 ¢ & R1 1; 4

’“",2,Y3,Y4 :of Y

R gp(summation convention used)
g s ;';143.._;7._,;",fﬁﬁr';ﬁk'_ R i SE
B N R e e

A A OB LA -1 B
KA - AA JB P BY vP o+ Byayn + °ABY 1B

'“.,i_ H‘;'fa'f ‘A_; ;t.} g T
e e AR AN e

'f.ifor constants AAB R uAB i VAB ' pAB > qA. '&§°;’ A to be partially*

e ¥ .
'ff“.detetmined. Demanding that [J K ] ABCKQ ve find

S Li;,._‘:,!};; -__,3_:;riﬁtaA , f:A f-;,:Zh;tn';rsgf_j};f;mvlgfﬂj_{

IR TN e T ) e it L
[Knlgotheﬂmpmies A




'°1;{tfiagain a' = +1 e

.70

A similar argument for P (the : PA 's satisfy the same’ Lie |

i ,products with themselves and the JA 's ‘as do the ICA s) shows that, o 'T"-"i

P4?éffuﬁtw°+affif)?f'Piinllif’?frgif;”771P7.f5ffi}§7:10>5fiv'°

Finally, if JA A ,PA are. to form part of a basis for

Apm(c

10) then . [KA P ] -'0 (as opposed to (6 3b) for Ap.(.n(Gll(m)) )

By direct calculation, the conditions that TKAP ] = 0 imply

L owl@mad =0 f LAfB (711) i

R S R
Coowte'-a) = 0, cput =ty putal =plua (TR

. 7?from’:-f-A-#iBivaif*- g

'?'_;_‘Equations (7 11) are incompatible with linear independence of P and ey

: KA 2 and consequently Aan(G ) is not realizable within Apl.n(l 1 4)

T .

"'*-'Another facet of this non-realizability can be séen by setting 6 = 0

4,

e in (6 10, 11) the matricee A(O b a 3 R) are not closed under multi-'__' R

"'.?-~“'-plication (indeed if they were then we would have a splitting of the

e something we know to be false) S

"fi.vextension R + G l(m) -> Gl which would imply that G (m) = Rxclo

For completeness we now derive the most general embedding



L ,where o2

= (a')-= 1 and uu (a —a) = 0 Taking into account the

‘“':i;:relations [JA H] = 0 H is restricted to be of the form

H - o-Y lYo + t'Y 1Y4 + w'Y0Y4 L ‘ :

e .

= 2uaw 3 2ua W - 211 (017"0)

and N R

| respecttvely. Thus i Ou ' =0 and ;her'af;;é;;._‘f o

w0, ety a0

i P"“ - 2u(<!T-°)Y l A
H = o-Y lYO t oy 174 o
[KA p ] = —-—.(ar-o)(Y +G‘Y )Y

)

..»'.

°

et g.f where u s a o 0y 0;’ T .aféfafﬁittgry?excvpﬁfthatf~aﬂéiig,;h." o

RN T

: ’-:.' (7 .14e) :  :

: 7A1

L ama

auwe

S le)



i""'_ﬂthe Hamilton-Jacobi equation. C

.
Coa

?( Doebner and Hennig (1974) are not the only others to have

'_;'i;'noticed that: G (m) <’ 0(2 5) Boyer and Penafiel (1976) noted that

T

""___has a. &ymmetry group 0(2 n+2) which,, for n = 3) » reduces to

' Furthermore they comment without physical interpretation, _ that

(m) c 0(2 5)

g ;eé,

(2 5)
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'ﬁgirb;umn&mmﬂmpbfr;a;g*fﬁf ST AR TTI SR A

./

"ng{ff'T Whereas in Chapter 1 we were concerned more with the abstract
”'_notions of Clifford algebras and Spin groups we turn here to the ques- e

o | tion Of matrix representations. R .;.._‘ : », s : ; -"\_: . .

':u'ﬁﬁ

In order to deal effectively with Clifford algebras correSpond—'-

fﬂiﬁjéqing to real orthogonal spaces of arbitrary dimension‘and signature, one’*f"’

;1:needs concepts general enough to be applicable when dealing with non-ij L‘"‘}

..I

”lElcommutative fields (for example, the quaternions) The basic algebraic

‘\

“{tools necessary for concrete realizationg of Clifford algebras and spin

'ﬂ'f?rgroups are revieued in section l.l Follggﬁng this, computations are f‘}” ”_;ﬂ.?i

'“xfcatried out for the groups of‘particular interest, and in section 3 the
'i;f;ffmatrix forms 9f ?he hie algebras of these 8r°UP9 are Pr°Vided'- Section H';laﬂA?
'fQA contaiﬁs a detailed consideration ofg&he four dimensional complex

Sl | € R
"Ufi-representations of the Galilei Clifford algebra R1 0 3 5 and indicates _jﬂg,;,g

_frsare the author s. cnly Thm. \I 2v7 Cor._II 2 8 Prop..II k 3 and Cor.;,f;}iff

*3”11 4.6 arelclaimcd to be. new._ Credit for. the others is. given,f"




II.1. ALGEBRAIC PRELIMINARIES | : B
™ . . (f . B ’ . . ); ] 0 ) " ;\\
s . . \

s . ] N ] * . / -
 usual, H is the real assdociative algebra generated by a basis

[
As an explanatory remark we mention the fact that\she

Clifford algebras Rp q” corresponding to non-degenerate .real o;thogonal

2 >
spaces, ‘are isomorphic to matrix algebras over R, C or H (re;\s, com-
pléxes or quaternions respectively) Because H is non- commutative,

some care has to be taken 1n the definition of 1inear Spaces, mappings

3

etc. related 'to CH. i L; S ‘ L
. N . " . ) K . Y ' ;Af'w. .
"f PR . : , v . B . o » . 1]

In this chapter, K will denote either R, C., or. H.(as

2 2

.{i;i,J,k} eubject to the relatiéns i !‘j/ = k? --éi:*'ijk ).

1
{
i

_ The symbol A will denote some K° = KxKx-++xK (s times), to

- be regﬁ:ded as a K - linear algebra (we write A =¢?K ).. This means

‘ - ’
that: 7 '
L 3 ) -

» 2 Y v ' see ' - . J .V.... ' ' " . N .

(kg aky, ’ks)+(kl 'kz »trakg) ,(k1+k1 'k2+kz pretk ot (l1a)

... ' ' .00 ﬁ ™ ' coc‘ . ' o . ’ BN ‘
(kl’kZ k )(kl ’k2 ' ks') ‘(klkl ’k2k2 ’ ;}ksks ) '.(1'}b? )
defining the ring structure of A as that of the direct brqduct,'and

@
£

\ _for éhe»algebta structure over .K : :;“ $
vy tlkpkgeenkk = bRkl ek gy (e
‘é‘ .f:‘ ’ e ) ".' . 5 / . .
ke (kl’ 2. .ks). ‘kk ,kkz, ’kks)_, ) - (1.1d)
| | @Gk = @Rk T (e
" .‘ - o ° . ) s B .\" ' .
. N (kk')eq = ke(k'*a) = 7 (L.1£) .
\ ] _1}'(;
- e B N A ;




o &

‘where  k,k',k

e se ' 00 .Y y Y. . ‘ -
; 1 ,kl', » a;l ,belong tov K and aeA.

A right (left) A - linear space is a right (left) A- module
X , such that the right (léft) K- linear spaces ){ (1,0,'“",‘0)_ s '
X+(0,1,0,+++,0) , +++ , X+(0,+++,0,1) are isomorphic (and analogously

{ 1n the left K- linear case; “s..e‘eﬁ Notes for details). - The standard exam--

PR . i

:ple' of a' fi'ght.' A - linear space is ‘Am = {(alv,-'f :am)~; ta ’ve A} where.

-t denotes matrix transpose (members of left linear spaces are represen-

"ted,byrowi rather than column matrices for reasons that will belco_me‘
clear when we consider linear mappings); then the operatiohs are compo-
" nentwise addition in AIF , and componentwise right mtniltiplbicatioh_ by' P

S

.. members. of A

An R- linear ;nappingl t -on right or left - A - linear spaces
_XV to‘.'l’li is said t‘:o‘be_ B'"emi—lin_;ar over ‘A if there is an’ automorphism or
anti-automorphism Y : A + A such that for allc‘ T e 1XA_, aeA:
t(zea) = t(z) v(a) ... (right semi-linear) .  (1.2a)
tlaex) = y@)-t(x) ~ 7 (left semi-lipear) (1.2b)
‘when Y ' is an automorphism or

. t(o:fa): - ?/(a)'t(:c)‘ S (right-to-left se_nri-line?zz') "(1.2c)‘_

tlax) = t(z)-v(a)

or. : : o
(left-to-right semi-linear) . (1.2d)

“‘when wl is an oahnti-'automorphism.b ,Bécausé_ % determixigs ¥ ° (except
‘ when,-t = 0 ), one says that t is Aw - ligear. . |

-

o




. The following examples have been taken from Porteous (1969, P.
199), as has been the discussion and notation up to now. Here,_ .'
A=H=<1ijb ;#FH:

Wt =z;¥@=a .
{1)  t) = bx 0'=/'b"s.,A ;; V@ =a
(141) t(x), = :cc“ 0 7‘ ce A ; tp(a) = ¢ 1ac
(1v) t(x) = bze ." 04b,ce A'; w,(a) = clae

@ . - N

) tl(x)f'jxj- 5 v(a) = jaj‘_l-\

These are examples of invertible, right semi-linear mappings, whereas
B * ‘\‘ ‘
the foilowing are right-to-left semi-linear: A=H , X=Y=A2=-H2

(vi) t(‘;} = @y) 5 ¥(a) =

N

—

@ tff] - @D 5 v -

Q|

If & Y are-bbth right (iéft)”A*— 1inear, L(X, Y) denotes

 the family of A - linear (i e. Aw ~ linear with ¢ = id ) mappings,
L(X Y) is in general neither a right nor .a left A-— linear space (see

'Notes for discussion) However, the»dual space : <L - L(X A) of a

P

‘right (left) A --linear space has the structure of a left (right) - A- :
‘4'.

linear space: indeed for t € X ’ aechA,x e X define
(a-t)(x) = at(x) (respectiVely (t a)(x) = tcr)a ) when X is right

(respectively left) A - 1inear. For an Aw - linear map t X > Y_,

{

’._one verifies (by checking the~four possibIe cases of semi-linearity)
that w °y°t € XL whenever Y E YL : The map tL L,
the duaZ of t defined by t (y) = w °y°t 13 vA"’ - linear, as

may - be verified case by CaBe--iﬂ o

© . L o~

Y + X, called""'

w2

n




'An Aw‘- correlation g x > XL is symmetrzc or skew if for all

Ty eX:

n'appear in. section 2.,

A correlatton on a right A - 1inear space X dis an A-— semi-

' .'. linear map E : X + XL ; and the map XXX +>-A by (ac,y) > g(x)-y = E(.'x:) (y)
| is, the product induced by the correlation (analogous to inner product)
' The fbrm induced by the correlation is the map X -+ A by x -+ E(x)'x .’.~7

o Although R.= bilinear, the product is generally not A - bilinear' it is

.

"fhoweVer, sesquz Zznear i e. right—to-left semi-linear over A (as indeed
- are Hermitean inner products over C ). The notation ;s " fg :is‘some- o

. tﬁmes used to denote ‘the product induced by E ( <x,y>€lﬁ}£(x);y;)§:using :

this notation,‘sesqui-linesrity takes the form

o ‘}v"ﬁx’y}a>él£;<x,y>éak_}‘l<m;q,y$é-£'¢(d)fx;y>€i._

. i

E : . (v

s -

, w(<m;y>€)h EYmmetric case'i,h' ' ‘
<y, x> 7=' : SR L S oy :-,}‘» , T(]_‘3‘)
A i _5’l eW(Sx.y>£) ) fskewbcssev o .

A symmetric product E over Cw Hw where v‘ is the?conjugstionvsnti-; .
, involution ( w(l) =1, w(i) ﬂ»—i in the case of C w(l) =1,
”wu) -1, W‘(J) = -j R w(k) = —k in" the case of H ) is said to be

\Hermttean. A correlation 5 with the property that <x,y>gv =ﬂ-<s>- '

<ys é - 0 is said to be reflexzve (the most notable members of this

class’ being the symmetric and skew correlations) An invertible correla-

’-;tion is said to be non-dsgenerate.

The following results (see Porteous (1969), pp. 207~210 for

"*‘ proofs and further discussion) are important for the computations thst _a:

77




‘ APﬁDPOSitidn Irildl ; LEt E y n be non-degenerate A¢ 4-correlations hd

- i » <
.9 -
LN . " :
. ' : : R X
PR : . : .‘“r‘ »

' fon finite dimensional right A - 1inear spaces Xv Y respectively and

fn,:there is a unique A - 1inear map t ' Y > X with the property that

.» <ylt(x)>n g <:t" (y)’x> : for all x E X , y E Y “““b BIERT

Ai n and is given (as may easily be checked) by t = g ot on-. ;In-termS';;f

t.". . * .
o Of diagrams, rt_' is defined -80 that the diagram. :

i;"‘let t.. X -+ Y be A = linear (i e.:_Aw'- linear with w = id ) Then

The map t is called the adgoznt oY t with respect to g , ;p,;r;

L

1.commutes. If u Y + Z is also A —~linear and C a non—degenerate D

_jadjoints with respect to n, C* and £ ,5t' espectively. f;

%

ok ‘ k.
~,>correlation on Z , then (uot) = t ou 'owhere u . and (uot)

-

:'ford algebras as algebras of linear transformations. .f-

.*%1. \

,reflexive correlation on x f‘*i1ﬁ‘“3'»3

'ivPr#position II 1 2.. Let X be~a finite dimensional right A - linear

spaCE.. Then any anti-involution of the real algebra End x = L(X x) is

. Q

i

:frepresentable as the adjoint anti-involution induced by a non-degenerate

R R

e st e M iy 4o vt
*

[, X

>

The next proposition is essential for the realization of Clif- '



?7e1aboration, see the Notes ) : f{df ﬁ;ar‘bf,f'aﬁgxff”””

Ca

o ;fThe stipulation that L(X X) ; when regarded as an algebra, is to be a o
| acreal algebra comes about because as mentioned before, L(X X) need not

 be- A = linear, although it will be 1inear over the centre of A .a~(For

. L ~.

C . e g
B

»

PR .

iy

.'w:AnFLAw - correlated space (x E) is a right A - 1inear Space

fff»fx with ‘an - va- correlation on it and (X E) will be said to be non-hf" ‘

'f‘degenerate refZexzve symmetrzc or skew 1f 5 has the corresponding _:ﬂ

=

| "»i;anti-automorphimg with w - id ) of A ‘r}»g-A‘“f':Q,¢.”??w I

lhaving the correlation induced on it by restriction of E )

r'7property- It is totaZZy ggotpopzc if 5 is zero and neutral if X is-iw“

¢

":fthe direct sum of tjo totally isotropic subspaces (each subspace of. X N

In the following examples @W will be an: anti—involution (an s
'»),\,'_.',f' c R

B SR ', ’
'

(i) X = A2 .- right A - linear with the A¢ ~ sesqui-linear =

product A XA -* A defined by "'r’,lr"'

is a symmetric, neutral non-degenerate Aw-- correlated ’

v
~hb "

o specific, when A = H there are up to isomorphism exactly two

space called the standhrd hyperboltc pZane A To be

| snti-involutions on H (Porteous (1969), p.~181) conjugation ;Lﬁ.ﬂw"

(With w(a) - a ) s and reversion with respect ‘to j (with

2

¢(a) - jaj ) If A -; K > then an important class of anti-k

involutions on A is the family of all w .such that?f_

w(kl,k,) (x(k ).x <k K fmd

) ’,.with (k k) e




For this fﬁ the product is still given by (1 4) however '}ft
a = (al,a ) (b b ) . etc.‘»»:;, e R e
ﬂﬁbf(ii) X = A2 , right A /'linear, with the Aw;— sesqui-linear pro—fe

GRSl e g
duct defined by 'ﬁﬁjf,;“» :fyd'-- o _SV.“_gﬁfﬁtl_f;j_fii”:ff;kﬁd'177

: is a skew, neutrai non-degenerate A¢ - correlated space ogff:5§$i“dﬁ”e~
T S called the 8tandard qymplectw pZane Alp p

. G _ : | :v, S ‘: gjt" e | “
(111) x = A2 . right A - linear with the Aw‘- sesqui-linear pro— '1?1f{_;}.‘F

duct defined by

o <(aJ (b'] xp(a)a + ll)(b)b' :.‘ (1.6) "
is p symmetric, non-degenerate A - correlated space, denoted :e:'»'

L elt

by (Aw) It 13 the AW-- product of (A w) with 1tself

denoted waAw

(), X= A’ with A as before and the product defined by "¢

vﬁwp@um;%m A-Kam w-wmmummeSWNG“

EIRE i‘,-:}".-_'."denoted by K:l 1

[ LA I L
correlated spaces: .




In oé&er not to lose sight of the basic goal of this chapter, ;L}f1;:;;95
namely to provide matrix representations of the de Sitter, Lorentz and

homogeneous Galilei Clifford 8lgebras and spin groups we reca11 some f?v;;;f?v'»:“
facts about the Clifford algebras R-.v o e e

BRI L SR T o

By A(m) we mean the real endomorphism algebra *:f*fi‘;lfjii =

u.f__End A ='L(A A ) . . The following isomorphisms may be found in Porteous f? S
'TV(1969, p 245 pp. 248-249) and in a different formalism in Souriau
vh'J,(1964, 544) R RISt , R :

*?R_;?ith orthonormai basis {(I,=1)} . . T (.8a) -

uz_" :_.

<1> R1 0
”'“i."»» et ﬂq-;iép«'ﬁ::a;"v'*ﬁ:;fs»~ ~"'ff<‘”a; -:_»;_;i_-g,~.:-%’¥‘{'ar“vgvff'-”

;'l_ S

"a g O .o

‘°F?'f; according as. q = 0 1 2 3 4 With °rth°n°tmal subsets ¢ for R

5l};iff*{1} for . (LK} for W, {(1 1), ¢, —j) (k -k)} for g?ﬁi;;a;&fff;ﬁf~ “
{{ ] (0 j] [ ] [ *} for H(2) | N

“11’ % +1,q Rq+1,p

-0

1 R" ~R R" '.} » HE
(v) pq+4/pq 0” f()

+8

w)n i*ﬁqeaum-R (m)

fﬂg“»Ewery R q 1’:of the form Aom). for A one of R C H,zR,zH“*hf}f&f;n;




A

A few examples of physical importance follow (recall that

=R when q > 1 and Rq

:?”'Pdd' ) q l when p > 1 by Prop I l 4)

p'if

(i) R (E“°1idean space) T e

";xiiieeR*?3fikﬁinkéwékifébacé?iﬁmé)'

'ff3i$5féfd4;"'“ H(z) 3 R1 37 1'2.’ C(Z) - ke {»ff§¥49b?“r% s

(iii) R 24 (contains de Sitter Space—time as an embedded quadric)

R1 0 o R H(Z) 2 +I1“v4.‘;1 ”(2) fffiﬁ§5)f?;ff§f1”

"VFZCi?)ZZR ’O’a-f(flatiGaiileiVépaé¢+timé)ii.ff*1§iaf§”;ﬂe7€f3fﬁ[17?%ff? R

,,: J‘u' 2 § 'd”'“’+’"”";wi4ﬁ IR "d*°f";gl_%ﬁfﬁ-ﬁf7:ﬁ :
‘ Rl Rl 4 H(Z) H 1 0 3 RV 4 Ed H(Z) Coo(L9d)

’“"i?0£ course._eé p q for r > 0 is never of the.form Aﬁm) .,since “df -

ft;ffh' P has a non—trivial ﬂ&lpﬂtent ideal (c f . ‘ftyf ,fin".“ :
S , q - R I

: The inCIusion Rl 0 3“9'

"*f;fffstatement will follow




'%17#;mused later.grf:l'~nffnﬁf*‘1**i*"

i - standard positive definite correlation or spinor space A L where

’l’-ﬂfproposition II 1 4 For R é - A(m) with p > 0 and (p.q) f (1 0)

“5;»i7conquation is the adjoint on. AGn) induced by a neutral semi—linear

'”:f]fcorrelation on- A uv-'f;’*;ff’_[,'Tmff>,']N'r"_=;3,--fff-eﬂwff;.oiﬂ'?i;ii L

Before proceeding with specific computations of spin groups,
S e e 0 o
‘»f.illustrate the notion of adjoint by determining the adjoints associated

~;3.;.9

and (i]f(¢:].M w(y)x .+ W(aOyr_.

R proposition I 1. 3.. Conjugation on. R0 i is adjoint induced by the ‘ﬁf;"-7v5f
L . ’v o

| >:”;}With the four examples of correlations Just given Two of these will be f&;;ffﬁ}f'




"‘ 7ffff;w(y)(ax'+by )—w(x)(cm +dy') - w(-w(c)xﬁw(a)y)m -w(w(d)x-w(b)y)y

j_: . | j (a b] ¢~:'3:'; [ ¢’(d) _w(b)J |

o xR, U(]mw) O

ey [“'b } e '{vk(a) w(c)] e L A
e | w(?) W)}

L am xR, (JH = W2 - vy T

}?w(a) -w(c)J B R
e v o T




As the Lorentz and homogeneous Galilei Clifford algebras (and};”“ o

spin groups) both are embedded in the de Sitter Clifford algebra (and

‘spin group)gw% proceed first with the de Sitter case. ;~:f

SRR A

'“f:idg Sig;eg

o . -7

From (l 9c), (1 8 a, b), an orthonormal basis of R1 generat"lﬁfffﬁii

R1 4 can be obtained by tensoring with (1,_}

e "_f'?.’i°rth°n°m1 Se“e‘a““ °f Ro 4 ol H(z), Instead of this basis Of S

"*b”LRO wJ use an equiyalent set (similar by v_l—}[l”ﬁill:)f;b{OJIi]L*:';;~”5

AT »/5_- 1:';_:'-1 RE SR B et
[0 j 0 i e T _
R & 9 k o

{ g é] Tensoring withe (1,_1) ; we Obtain fQ?;ii;{

,32 1 4 an.orthonormal generating set Fo Pl r2 r3 r4 . ga;jjmf:.itiif,-fJ?.v"v-~ N

| [‘1 = <°~°>]
| (0;0) e




R R . T G, 0) a-n) L e
T = (1,-1) LB [_gé] = L ?{9 Co e
R R R A ¢ -1,1) g(o,o) cop B e i
AR ”f9174 "°'”‘-5p'*"' "7ip ﬂ.4fT"v ST

e o, , and ehat 1%, 7" form an qrebonoraal

'?-1 ;basis of R1 but oﬁly generate a non-universal Clifford algebra of

;-:_cype : (1 4) H(z) --<v° A, 2,73. &

Thue, _Rkl' = <P0 Fl Pz P? F4> -' H(2) and

' '/sz“'aff‘sr%Pj 0 < i < j < 4> - <1‘0r4 I‘lr'4 Tzr4 1'31'4 ﬁ However,- A
ST r47; v ya o yaya.'xd <a < 3 and consequently 'mb_' 'm ;o : el
Skl N 04 14 24734 0 .12 3 ERRE TN
Ry <Y Y ,YlY ,YZY .Y 2 > - <Y Y Y aY 2 recalling that Sowe A

” Y Y R Y‘g:’ th“s R1,4 R1 H(?.)

'v,.-ll




G 0 ospin(L,4) meAtTe Ry pit b 41} o

s
Cogel T S s L8

© U - . B ‘\‘v : B

SP”’ (1 o - {* £ R1 o 't "’1} B RO

‘-'_x-ff:‘aowever, vhereas 7R1 4 H(Z) - H(z) ° H(2) Rl' ,"- (1 1) ® H(Z) H(‘)
; . SR
i"‘and so ue may t:hink of Spin(l 6) as a subgroup of H(Z) '

t - ( ‘l andv t*tk- i <->Ial? - Je|?

t-[ZZJ € H(Z) » then

, ‘l'his ptoves‘ o

 Theorem II.2.L.: = . o

7 spin(1,8) =, ;[“ Dl e n@ siatle e 1a12-1p12 4 41 @ g

1y, rephrased ;.»,9;-. e
IR ] AT . LT .




v

Generally, if R .q = A(m) , then Spdn(p,q)' will, by defini-

+ .
tion;ebe a subgroup of A(m) (one first determines Rp q c A(m) , then
\gis

r(R ) and finally those t e I‘(R q)‘ such’ that t*t = 41 Py ‘This

? ,

is sometimes inconvenient because the size of the matrices ‘is not mini~-
3\

mal. What is usnally-done is the following:

(i) ‘obtain an orthonormal generating set .{Ti} » 1 <1 <n, for. °°
R{ =A(m)_’n= .. .' . ».Pr
+Pyq p+n . o

(ii) obtain an orthonormal generating set . {Ir°r"} ,‘l-iho < n-1

for ‘Rp 0" A'(')y. with A' , m' usually different from A , :
0 o ‘ ' ] ) : : . . <.

m respectively (c.f. Prop4‘1.1.4),

T

(iii) conjugation in R q is defined'by' r=" = -FA ;.and it induces
’ . i ] ) )
a conjugation on ‘R - since (within 'R oY (r it ) a "
AN S N a@‘inm e x“”” w.' Tyt 4
N ","«'7;‘ :'f"f‘ e g Qe g ¥ -> C ggptee” ‘. ity - 4‘\ . o.n
a 1l <a< l ; one now determines what (P r ) = %" ,means
inR‘—A'(m) .-‘\ e

P>q -

(iv)" determine F(R ) and an adjoint (from a correlation on-

’

(A') ) on A'(m ) which sends each T F to' its negative;

"-then compute ‘Spin(p,q) c A' (m ) .

This is essentially what we've done here: Fi = yi @ ‘Y;t- R ‘

- sov-Fafé = quA ) Yaxé is to_be identified with _Yay4 . Now find a B
- ) . ] A ) ' . : . . . )
correlation on (A')m whose adjoint on A'(m') sends «yay4 to -

-y y4 t =+, for teA"(m' )J uses the adjoint =) found on A'(m' )

to determine Spin(p,q) as a subgroup of A'(m ) rather than of A(m)
]
v . ‘

.

In detail given that - R1 4 ‘,H(Z)_* fYo.Yng25X3;Y4? , and

’

umoreover\that {Y } 0 <a<3,'is an orthonormsifgenersgﬁng set for
S : - ‘ ‘ S
s/



B

Theoren 11.2;3;.’ 1t w(a) jaj e e H then:

,[a bJ*.,___ [w(d) ~¥(b)

-

R = R 4 , we must find’a correlation on H2 _whose adjeint induces

1,37, . .
o b4 o b : ‘ =1,1
the mapping YY Yy o The correlated space. H does the trick
ik i

(e, @), (L. 13)); with its adjoint ¥ =y, 0124, and

o 4ok a 4

hence (y Y )‘ ==Yy, 0 <a < 3 ,.as required. Thus we arrive et

Thm II.2.1 and Cor. I1.2.2 and circumvent the (albeit thivially more

complicated) H(4) representations of Spin(l 4) .- .‘ ‘a

[y

The COrrelafgdﬁ:;§ce ﬁi’l is not the only Oné‘that works.

fConsider instead Hw-;a, with v being-the anti—involution.(of H) of

.reversion with respect to j (e £, (1. 5) with A = H ) The Ceres¥

3

.A‘

»

ponding adjoint on H(2) - is given by (1 11):

e d U
- -¥(e) w(;z) o

Ox . 0. -1x . 1 2%_ 2 3% _ 3 _hx_ & :

¥ooE=y L, Y U=y Y =Y,y ==y, y = -y . However

o+ L0134 o R . —
Rl 4 Rl 3-<y Y YTV 2 - .and the adjoint, so cghstructed, on H(2) °
’ S e E
g | SR L : '
is precisely conjugation on ,R1~4?. Consequently we have: - -

b

| Spiﬁ'(lbav‘»") =3 [Z | d}» e HQ2) : w(’a)d—w(c)bL
3 o _; L w(d)b w(b)d ,v(e)a = w(c.z)cif_ B

£

- s spiata,e) % # Z]‘*°.”<2>f'= V@dy@b =1,

#

G = V), v(eda _=-"-w(”a)c %

-l . .

89

With respecé$to this adjoint we have: o

. ¥ : : o . .. L '*- ’ : : .
Proof: -This involves examination of the condition .t t = +1 . -

’ .
h sl . . . <

S

For further comments on Thm. II.2.1 and Thm. II.2.3 see the

T
.

~ Notes. o S ' e



- \‘? .
y ‘ .
: 1
! J "’“
Lorentz - S . v
P —— 4 X M N .
o L ‘ LRI

" While ‘the isomorphism' Spin+(l;3)dg’SL(2;C) is well known,

' we shall work within the general_framework'outlined Contact is made.

-

. with the SL(2;0C) repreéentatioa.

»aFtom‘(i.Qb)‘or fxom the de.Sitter)case just discussed,'oe'

have R, -, = Hi2)¢. Fof'an}orthonormallgenerating‘set of :Rl 3 , we use:

1,3
o_fo1) i_ft 0 2_f{ o I_f o) -
(these being Simi‘lar through = [i‘ : —:]‘:J to Y(X | 0 <' a < 3 , of the
: - - 4 '/2 - . ‘
—1 l

: de:Sitter case)“ The adjoint defined by the correlated space H™?

(see (1 7)), induces the mapping Y >y *5=d—ya , 0<a 3_3 ;'and 13;

\therefore, conjugation on Rl 3 = H(2) Wé knoﬁ,‘from_(l;9b), that
Rl 3 C(2) but this is not so obvious at this stage In fact :RIAB'

01-0.2 03 .12 23 31 01 2 3}

7_is spanned by {12,y Y LY Y LYY L Y Ly Yy oy An easy

: computation leads to tﬁe representation » Ri 3= ( Z 2] efH(Z) o Tl

.>*7;] : e SRt
, t R ",fﬂé-'
ﬂ‘his is. enough to deter.'le the spin groups. - '

Theorem II1.2.4.: =

sp1adt,3) =H—_‘.Z, 2] ;c.'H(‘Z) :”vl,a|2-|blzﬁ§_='=_il-.',’ZmEa' « o“t o

S '._”:Spin+'(l,3v)i= (a ¥ eH(2) Clal —lbl ab+ba= 0

o

-~
g -»pgogfgi'kecail'the remarks’leadihg,up to the'statement of Thm. II.2.1; -

here we have< ¢ = -b , d7édd . L db '__"‘: B |

S L v, b . . . . B . o A - . o

IO - ! v s v
.

90



N~

£* ‘ ) - o l . »‘;,v Lo

" 3This c6rol1é?YIjustifiés (§,3)‘§f-ChQ'i§

\ ..,“.o‘r‘ il do, g 1 a.o where | a o B a101 + oo + o

- ‘/olkg (0‘.1]"‘92 =1(° 'iJ ; 03’§ [1. ;gj jateithe‘Paulivma;rfEes. S

N SRR . | o
L |

) »

Inffact if WE let '74>='[g‘f 1

of (2. 2) along with this' Y?», generate the non-universal Clifford alge- |
4

'bfa H(2) , for R . "Moreover,

4 . . }

1, 4. + .[a b
»(i.e. ty‘ = yét ) iff"c-= = a’,‘énd th&refore:

51 c .dJ € H(2) commuFes with ‘y‘

Corollary I1.2.5.: o e B e
Spin(1,3) = Spiﬁﬂl,4) 4 =. stabilizer of ;Yé','
- . \  'Y . o ::

Spin” (1,3) = Spin” (1,4) , .

R A LRI P

Wé shall now explicitly establish the isomorphisms..

, R"cm),wmw1n=suzm

’ -

BT Cé??idéf-the'-"mapvi‘rié. X 2 Ho C(Z) bY - ;"‘;*w' el
a=a +:La +ja +ka——-> -

. 2 0 3 e

S , S —ig_ a +iq L

29 3'3:'

1 i 0

R Y

0

It is resaily verified that X is a real algebra isomorphism
onto x(H) RN . ;‘7g-f ,",vf“  ‘f“ ‘ _'v."_' ST
1Noﬁ-§efiﬂe:t”v‘

»4;;3,;¢y+1ﬂm5

_fo] then the y ' s‘;~o £a<3

Vi . T

91




. 'i(ab+ba) and consequently we have:

.oer

‘One-ndw cheCRs.that U] : real‘algqérf’isoPorphism. Further—_‘

,dét(x<a)g(b)_)»;_, Ual-p1 2 v

o . ; T . o .
more, .an easy calculation reveals t
. N ) v EaN ~ ?

‘Theorem I1.2.6.: L ’ . :
<Q e N e
\" . * >| ' . A‘ L . » . * ) .

o, Spin(l 3) = {t e c(;6 et =4}
7l S
B é;»i Uy Spin gi 3) - SL(2 c)

.

L

It is interesting to note that if w( »ij ¥,t étC(Z) ;'thgn
R —b a - t’" where ft }_isvthe abjoint of » t e C(2) associated .
. i . ;) ., . .l - . \ ' ‘v ‘VV."\ B v"‘:’.‘

with the correlated spacevjcspsf(i!ef CSP. ¢ S?'f‘wﬁere:‘w'T‘iqC‘,' |

T

see (1 5) and (1 11)) <.§ R ;;i I S fkraz ;,*43«" |
= R T RTINS L. ARG P

.t af : LT
.‘x_x: , TR
‘ A Lh i ; S .

.gThings fall nicely into place because it S now" clear that BRI R

ne

a -
B

* B e o
St t= det t . 72 , thereby providing an. alternate’;e:}fication of. Thm.‘vo

.o‘v

_JII 2.6 (note that w(Y v ) = { é g] 'w(leé), '[ g' 0 | e

RN (o) o ' L ?*‘f I
vy Y“) = [ i O] is’an orthonormal generating set for ‘31’3 ~ RI,Z: R e
- which behaves correctly under the adjoint defined above)

‘. L .
. L L t . - R
o - . AP : Co e . '

®

f'caliie1‘ e ‘j' B TR ST _f;' fd_j
rhanks to the embeddings Rl’b'3TE'hl54-'and» o
R " R38R, 6

"f‘we may ‘use the results of the de Sitter case to obtain those in the

- . e

‘”calixgi s;;uatign;, f;” B " R =.;«'



.

A

As for
‘ l"0:3 ,_‘.

1
1 0 3 s note that T

change of notation, we have

' \

N lheof‘ein*il.:é;?:;; SIS R

Ly

N .

This is the Galileian analogue Of Thm II 2 4’ there iS also an analoguevA ,i...—_mi

e

of Cor II 2 5 namely.

_Cordlléry’,II;ZQB...; | :

eag
e

Q
*.0

“?k-

qg» E SR *';_N P
3a Y Yj @ Y Y

o ~i~3;0<i<j<3>cH(2)

. T

{

-1

ol

7

o

S semg,0, = [5E )'MD‘~
'«*;vfff;a?~;;?.wse :

'f@d

From Cor._I 3 6 nocing that f~0 1 2~3

. _[Spin<1,0;3);= 'Spﬁif(iv,-a,)_; -

lal. = 1

’

-?0 ‘and the trivial

%

o

Recalling (2 1) we have as an orthonormal basis of R

~ ' v ) . N N ~
;‘hich generates Rl 0,3 = <FO 1 2, 3,

~o Y

conSequenply -

»

o

Y +v, o

103

Proof.‘ It suffices to ehow that: [ 5) € Spin (1 4) »commut:\ES with

-

.I?“

o (Y0+,Y4 3[1 'l} 1f and only 1f a - G‘B A b- BV‘B 3,-0' ‘ d . u+26 | 2

A =1 ~-1f

N

A A

$r



l_ﬁ"'.
s

o

‘ s
Y4

e S P U PO G
B ’ ’ - - o \ L Tl yoo

=

I

where. lal =1, oB+Ba-= 0 . This is straightforward uging Thm: II.2.1.

AR - e Yo N o S e d RO P
s - : . L e T S FUSEN

Ty LV

: '
S D AT v

f}"‘? © © . By a similarity transformation, ve’obtain’a neater form of . 7 ..’

oThm( Il’2-7: X ) - .»_‘ ) », ] .« : g',a v. SN ‘fb ’. . 9 -» -
Spin(L,0 3)= {{e o). H(Z)Lla; o1 T = 0 R

i 3] ocomtione shar. "

M Y

”‘ -

' In fact, = |

Lo

«
(N
@



T R IERTE Y .
- IL3, MARIX LIE'ALGEBRASLU . L

Lo

The bases of the de Sitter, Lorentz, ani{zihogeneous Galilei
. " -

Lie algebras are listed (c f.»(4 12), (4 14), (4 15) of Ch I) ,f;hi.. L

Q,/ kEeping with Th% II 2 l II 2 4 II 2 7 the H(2) representations, 1”

- v

Only, are provided »: f*'- f?ﬁ;f, S ST S v.-;lu

.3:; *lé.i t~;:éweieub8tituﬁé'(zbi)[int° (4512))65;Ch3:;’ffoi5:h”f'hfpi ER
B T R T E O A 0 jO 3l o)
eSS O B S FIRDC R ¥ {"\ﬁ e _l[Ok} o
S g sz s S Z\=p o) g 20 =k 0)
B I PO ;,[ 3005 p31 { ko o_] i
Wi NI Srers 2 \0 ii S 2. 0 ”ja 2 8 2 Ok
ISR - S B D = L LI LT
_{Tf . f?if"one %éesf(4}14) of Ch., i; then: E ) i~:‘x 'i‘
S 'a’ RN AN S
’If =3 [-—1 ] szz 2 [jf__, o} ; I’f3 2 [}k\_}'. o].j;-“
A ‘1.} - S :

R Lo - . S - C'
On the other hand using (2 2) and the definitions‘ JA %- ABCY RO
N 08

KA =r-y Y has the effect of replaciﬁg\ KA by '-KA in the matrices

;Z above. Neither choice is to be pteferred over the Other._.fw,fcc, R

C—gs—



‘\
“’7- AR
NIA;-- LR T

R

“f“fa¥86bra to its spin group is the ordinary matrix exponential

"_‘

] ” K2 . -1; [ . \= l ( k , ..
..i ’ G 2 j : ‘j G 2 -:k —kJ e

In eaCh Of the three Casef)’the eXPonential map from the Lie,gu

96



ITh. FQUR-DI'.MENSION'A‘L COMPLEX REPRESENTATIONS

- \ .

<,>\'."
r

While we shall not undertake a classificatiOnFof the complex

representations of the Clifford algebras and Spin groups of the last B
"psections 1t does, however, ‘seem appropriate to offer'an alternative td

the quaternionic representations which have prevailed up to this point.
P Thfuwmg in the gggi_aégeg;efgté seiqmtandd .

Lemma II 4 l ‘J3If yl,yz,-~-éy € C(m) and form an orthonormal set of

wyﬂit (r,p,q) with n'-'r+p+q and p+q > 2 , then (i) m is even and

},tr(y;yp)ff;. i ¥ j ’ (tr denotes trace) ..;?i;iﬁ'”:T

,'u"-
¢ ") L "l o ")’

‘fx:;?;f(ii) €§<¥t)y=%

,beaf., (ii) As p+q > 2 ,‘at least two of { ?} have non—vanishing

I&TF i # n > we have Yi‘= + Y (Y )

'1.[3;f;yﬁ+f” and properties of trace.: Thus tr(y ) 0

o= l)2 implies that tr(Y ) 0.

At

'f”‘A similar argument involving Y = + y (Y

\ :_-.
From Y yj ,T d i i # j ,‘we have tr(Y Y ) ;-tr(y Y ) .—tr(y y )
Z;Iand hence tr(Y Yj) = 0 | ‘jhﬁfifah)“Tiﬂifi;Lfﬁgffﬁh;fh'f?:i];ilfii«fi*h

@

Ry

:féFv’i -i respectively, and because tr(y ) = ‘sum of eigenvalues of

& 1 : e

| ffrhe5dé&siét¢r éitd#£ioh?is7déééti§ed;ih;?%*”

. e

0 1 2 93 4

tl’(Y‘-) ' + tr(Y 'y Y ) = + tr(y Y Y ) +tr(y Y Y )_: 5

\ (i) Since (y ) m the eigenvalues of Y iare?jltlflifglh:fii

= 0 these»l+ signs occur equally often._ Therefore, ml is event.pfi”»"7

'.?Q;Proposition II 4q2.. Let Y Y ,y ,Y ,y s COm) be an orthonormal set f%.f'ﬂ”‘

0.1.2. %

““; of type (1 4) Then o > 4 ;. and when ‘m= 4 '<Y ,Y Y Y ,Y 5 -is;jjgof{"

R R IR A



L Uuiﬂj]q-i:,’ l'l_, :(‘q},:; ‘,.A :
arnon-universal-GliﬂTord algebra'for' R ? . Moreover when o = 4
e orthonofma1:§eta of type '(l 4) belong to one“of two equivalence classes.

.

’.. i ,~l ~2 ~3 ‘ :T'..: “-i;_ e
. ewer l' hY s Y ’Y ,Y } L - L

\ oo ~0~1~2~3,_.~4 ‘ _‘Qv
R o ;r ‘ . qr {.Y )Y ’Y ,Y ,"Y }

- whereu.?'véif“'Ljﬁ“ R Y\ e s Y=l Ly 1 <A< SR
SR ,-?“ qx‘»o h;;l‘fsqi/' B ::qo s Sl ;1'}5 O': qi_.,r, ,i;.:. ;; :at;g
Camd (4 A e oA are the Pault magntcesl” .
V'JProof From the remarks (esp (iii)) immediately preceding Thm I 1.2

.l Fff‘féwe know that dimRéqo,yl,Yz,y3,yd> > 25 1 _léb and since -qf.;v}gfﬁ;};,élh
= dﬁm C(2) 16 ; wa use Lemma II 4 l to conclude that m > 4 .

i SR, o »1.5x77:5'.;; '“, ";Ti;..?iﬂ

. o . e N ’ : ' 0 l 2 3 ' LR S A ‘-, .
Supposq now that m 4 Then <y ,y ,y Y > generates

‘9fbqu;§? 's 3 0/< a :_3 > are‘unique up to equivalence as members of C(4)

(see Varadarajan (1970) Thm 12 5) FQB the essentially unique
RN e o

'”7”3f_7a 0 < a < 3 o WE use.;,q:tj_f vf ;jfffj‘h”
/ Sy T T ) : B R P ‘ :

/ (The motivation fpr this choice as follows.; The mapping X H > C(Z)
defined just prior to Thm 11 2 6, sends 1 to B '2", k t:o

UF3 and 1 tO’ijz it then induces a map H(2) +'C(4)iqwhich sends .i’-lff%?f :

V ',"41 \ .
l. 0 1,72 3 ,’of (2 1) to the.representatives given above) Thus,

L U"'G‘U-'l 0 < a <. 3 for some invertible U ‘€ C(4) ' ”i'f;i;f'f'h,j_ﬁ



’;7fC(8)v;f'In fact since R,

'if;PrOp.,II 4 2 we obtain,two inequivalent sets. {Y +Y Y ,y 5Y

'1ﬂ;gC(4) ;‘orthonormal sets of type v(l 0 3) . That this eSSentially tells

o 5?<3Proposition IT. A 3.., Let oy ,y ,Y ,y € C(m) be an orthonormal subset

"fFurther, {y

o l,Prdof-- From Thm. 1 1 3 d>;mR<y 3 .Y

Smilarto | .o - A s for 1 A <3 : respect; 1vely- I, 2

'Ya-"*'YYYYYandUYU"*' o But Yy

"'bit is also true that R

-ff R (with (y) ) Then, m24 and When o 4

'-g[~<y0,yl,y ,y > is a non-univ’rsal Clifford algebra for R .f;

O, {Y "Y. YA Y

'iffwe must have m > 4 by Lemma II 4 1

*};‘E,an;.lyéf is essentially determined up to a sign. For, L
R N B, B 4

0= Y Yo+ y y implies that 74y y ,»a # B and so . - .‘;3“

1 3)‘; However Z(Rl 3) = R- Yoylyz 3 (by Prop.vI 1. 7),‘so that

0123 -1 4 01223 201523

4 € Z(R

—?4 with
R S B

'”the result that Y‘ = +U¥ U: ; This completes the proof hl.E‘;f7'f D, Cﬁ°(i

. .J‘- . o o . - i . - K SR T
=y . R . . . . R e

A faithful representation of R1 4 is realizable within

1 4 H(Z),qand H(2) sits inside C(4) U R

. . PRI
P . Al PR

1!Qw C(4) c C(8) N

From the two inequivalent sets of Y 's ; O < i < 4 ', .as in o
4 Nl ~2 ~3}

Fe . e

vt 'h-“

.6 ,1 _2 5.,

1, 0, 3
2 3 Lo 1,0 3

0 l,Yz,Y } is equivalen"éither to {Y +§4,Y ,y ,m%}v

~4‘~1 23 } the Yiv 3 being those of the last proposition.-:

0.1 2,y3> > 12 1 since dm C(2)
f N

Suppose then that m,= 4 By performing similarity transfor--tl?'lx":
» S e e e PSR N
ok e e
hmations, one may verify that Y +Y y» are éimilar tov~ /;13
TR T 1

°‘..A f; for l < A < 3 ; reSpectively and also that y_f;;yjfuarerf'1i;b.

0”;1”'?'f‘ir I};’0w5¢*’ju;_f- ;-fﬂ ;A'ﬂ~r ,‘v?;'~?“vgf»‘»)&




o ._and’ {Y

':btheSéoforms, it‘is;f l easily' erified that {?q+§4,§A"'l <.AQ?“3}'.fj:
“4 ~A N EA“5<3}" are not equivalent.. It rémains to show e

S . ~

e . that {Y _',YlyY

—

o
Sy

Y } is equivaient to one of these.a o

A % i 'ﬁ N _; R ;,& ’l‘ i‘a e
Y - '

' FirSt—ofIall'v (Y ) é“-l"'and'“tr(y3)d=$fY3 has eigenvalues

\ ':‘l-i -1, i i H 11kewise fer Ylvz Furthermore, Y1Y2 commutes With Y3 :77ik><si

~ Because ), =1,

vifve}rimplies that yo 0 ( o = Y A& +y Y= +y ¥ +y Yov= +2 Y/} Y

'1?5ﬁ7?2 YOY3-“> Y = 0 ), we must\have instead A.M
S

and since both Ylyz vand 3. are diagonalizable (analyzing'the Jordan 'LlfA'* oﬁr‘
- r“ : SRR

'h_canonical forms), they are simultaneously diagonalizablez. Suppose then *}fi"j _
| o 5 \hwini fx;ﬁf*f. ,_ﬁiaﬁ i?if 0;1 s :,m R L ‘"flgffjf;
~v that *y~ -and ¥y Y ‘are .similar to. | .- and diag(A s Ay A ,A ) :

S e e T L r;.-bfw_T3xf 1 2 3
Fespectively (here Ay = H, A1“2“3“4 B )

and therefore YlYZ g , which in turn

03,30 02 120 . 01 2 _

1,‘;.,

0 ,-4»
4 2 A

S e R

o f?performing similarity transformations (which leave j.,ﬁ f3-= alone)

; J'fiA5i= —A4.— —i and A
; ’ : A

“.:fian invertible U such that.,vygti;f:fyr't

'Wffwefmd U yu=”

7fsftaking into account the form of"U' Y Y U We have.

'*?to interchange. Al, 4_'A'a.'m:'l' XZ,A3 if necessary, we may suppose thay// ’ﬁij;ug”'

‘A3 i All this proves the existence of tdl?FV;”:Tf

Ya

o B z,”,

o' S

L "ﬁo' Fo o012 Jffl?zﬁoi? R
By demandins 0 =y 73 +: R Y o and 0 - Y Y Y fr'YuY x-’,,a<

l 0 with bT =T Q 1;:= T3c and bc-cb=0

RS

vfjhc (y ) ) Furthermore, 0 = YAY3 + '3 for A::§= 1, 2

=112 *f,,y.;;_;_q.__;e G




with, " at”+ 1 a=20 ='dr,

Combining these in abtbd =0 =

4

o a
-
10

3., 3. .3

The relations br3

o b 0 o ' e
bg[-]_' ]’ 'c~=[1
0 by of | |
‘d‘l’3 ’,‘ T3d s a2 = dz = —-12 imp]_y Pa = [ -1 _b } , = [ 1
“_—\' . ' Al _dl -0

we find b2 b d.al and

0

d

+ rsd :752"=

0= YoYl + YlYO imﬁlies ab¥bd =

= i3b , et

0

)

} » b

"detea

] el 3 €

35. T3c y be=cb=0 imphy

‘5'5;' wes

&by, =0 ; ar%u# Ba=0 =

272
0 %J

17111

S 0,
Abzqz = ? and Y‘ ¥ 0 , we have

?2 = -claldl ,°as a result of lei |
b = - : I . - . L _
,blf b2 0, ¢ and ¢, mon-zero or ¢ =c¢,% o, bl énd b2 non
zero. - € 0
l_Let‘ . v N
o - éilb f
V= T
2, dil
then ) '
. . . 3 f’, ] 1
' 1 T -0 . 1T 4] -
, vl 3y, N SR D N PR | ] . .
3 : o
v 0 -t o0 -t
r L 3
. 'bl 0
"o “ o -b.
T : . S . L - o
vl - | ,| nd it | - Yoo |
. 10 -T - . - o - N -0 s R
) » “1 .
_\s‘ = \ QO —cl / J
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If 'bl = 0+ e ~(resp.‘ kﬁ.= 0+ bl ), there is a similarity

‘ transformation that leaves V 1U l Aoy alone, for l < A <3, and which _

110 o o] 0o 1

)? - ' . L 2 ' e |
sends V U "y UV .to . (resp. ).
~ 11, o aglo o)
2
)
)
Thus we have two possibilities (~ denotes similarity) for o
1 3 . : : ’ N :
Y)Y ,YZ,Y . . .- } !
: ( ‘ K ) : :
.o |0 0 a [f O 1 for 1<a<3
oo, of oy Lo =
- -4, " L0 T .
_ : A S o
- 0 I k& 0 ‘
ol | o | .
L I IR L I EE SR
: 0 0 0 -1 K
Y . o
This completes the proof. ) - B < 0

2 . e

The proof of this last proposition is ‘close in spirit to the

'“fanalysis of the Lorentz case by Dumais (1977) to whom the present author ’}
s’ grateful for discussions ‘on. such matters. ,h ‘_"ﬁxv
The four dimensional complex representations of éi 43»(éﬁdf' [
o ,
hence also R ) and R provide complex analogues of Thm II 2.1,
1, 3 1,0, 3 N

¥

2. 4 and 2 7; these complex forms of the spin groups are obtained through :’j

the mapping x v H > C(2) .as described preceding Thm. IL.2. 6. ‘," i

- N |
Corollary II.4.4.:

S a b
Spin'(1,4) =

‘d*afc*c = d*déb*b = iﬁlz , a*h = c*dl
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- * ' '
wvhere - denotes Hermitean conjugation on C(2) ; an analogous state—

&

‘ment holds for -Spin (l 4) e I T -0

Cdrollari_II.h.S.ﬁ
R o ' a : b l » . & & *
Spin(1,3) = -ov e C(4) P a, b e x(H) ;a a-b b = +7 , abth a=0
-b a i .

1

~ and analogously for Sp£n+(1,3)! - ' “- _ : o

_ CorollaranI.4.6.:

-~ Spin(1,0,3) = {| " e C@) : a,b e xH) ;;aa-= 72 y abtbha=0
R b atb o e

N wD
~
¢ . .
: '

These corollaries serve to- realize the Sp§n+ \grouPS‘es_sub_

o groups of Spin (2 4) = SU(2 2)

SU(2,2) =" [ ] e C(4) L S d'a-b"b = I,y db=c'dl

: ~§‘ d

s - =4gel@):g | & g=] 2 1.
Coe BRI . 7o ,_',2

3

From Cor II 4, 5 we. obtain the traditional 4—spinor
»e D(llz 0) D(o 1/2) representation of SL(2 C) .Theﬁdetails are_as- J-. T

| foilows:

(1) conjugate | - | by | | to-obtain SR Rt
- SRR 2 U)o Lo a-ipf

LA

(ii) as . a, b range over x(H) such that a a—b b = 1 '= *e ‘,', i
a b+b am= 0 we have a+ib e-SLLZ,C) and ‘a~ib 'n (a+ib)

v
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»

~ (see remarks pfeceding Ihm.'II.2;6){ Thus - ‘ o . G :

1

N .+‘ om0y _
 Spin- (1,3) ="{ | ~14| M € SL(2;0)

=‘.D;<1/2',0). "g;‘D'(o,l;/'Z)

s

From Cor II k.6 we obtain the Lévy—Leblond (1967) represenQ@—"
tion A1/2~ as followa' ‘ '

(1) fronm the remarks following Cor. II.2.8 we have

D N

Spin(1,0,3) = {] | €C(4) 1 a,be x(H) , aa= l5 5 abthas=0
B R 1 02 R B

- (ii)‘ a e x(H) 'such that 'a a % I, is an element of Spin(3)

o

r-!{# N

B Vfér_'s‘?mé Ve fR?' .

(111) 2b = 2ba a ‘and 2ba = - %

_i See also Steinwedel (1976, §9) for comments “on Allz_;:whieh' .:_,};fjk,
b"-is there denoted D(1/2 0) (0 1/2) 1'i1¥‘ﬁ -; f'ﬂ'iue',_v‘ . P

.“_
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II.5. NOTES

51,
) 'When .X' 1s*; right»As-llinearispace, with A'; Sk ,:
Xe (0 LI ST 0) = {x-(o SRS R 0) oz € x}'=' {ae ixs x} wh'e're‘
“{e = (0 °°"1 ce 0) 5_i}5.s}' is the set of prtmtttve orthogonal
idempotents of~ .K' fTo:ekplain:; ei , K has zeros in all positions :
%fexceptsfor the i th where it has a one and clearly ei i 0 for‘ |
'.'i # J (orthogonality) .ei? évé; (idempotence) and ei cannot be

"wrftten as a‘non—trivial sum of idempotents of K (primitivity)«’\Thej

?»assumption on X that all X'e l < 1 < s 5 be isomorphic as K-- &”'

1inear spaces is equivalent to the requirement that X be a, direct sum

m:

linear space,A if X A_ -~ the direct

5gof.-si copies of some right }K

"sum decomposition has been outline already in tha remaf!% on spinor

..1space.: When X is 1eft A - linear, we require aiif e'rX”;to”be isomorf _
: : »ph"ivcx’: et(‘.‘.,’. | . | . g p L : : '_“ -.; . . ‘0“::. .

L

Since all our right A - linear spaces will be of the form N
:VAé (and our left A = 1inear spaces of the form (A ) = {(a ;{" a )

”udf € A} ), linear mapﬁings are representable as matrices with entries

i
- infﬂA.;f As there is 4in general no. way for scalar-multiplicatidﬁ (rightfo
"_ or left) on L(X Y) to interact with scalar multiplication on» X and“
: zng‘,' L(X Y) is. typically neither a r}ghﬁﬁnor a left A-- linear Space.r‘_f

'i lt.is, however, 1inear over the centre of .A which aiways.contains _?R;i~_f

"”bh:when A =.fK - when L(X‘Y) is to be considered a linear space, it.is f

'ihlin this sense . of lfhearity over ?Rf;b

i —105—



o« R ! = v
v -\‘ ~ ﬁ‘( . . X : }
_For our purposes we require the theory only for A = K or

. A
ZK_; The anti-automorphism '] associated with a correlation becomes '

. of- all assuming £ is symmetric or. skew, for x,y £ X and a £, A we n

*havef A B R L \, TR

o

;x-'y>g¢21_(a) '=‘ii~.¢‘<<y.x>é.')¢(u;(a)) = + wkw(d)<y,xsg) ST

»

s AWy = e = wya

o . . . b ) . N
* E . o

”’It is tempting to cancel the '<r;y>€.lsjto conclude'that' wz(as =

l:but care is needed When A ='K ‘ it is enough to require in addition"-‘

!

e ._..‘

”that E be non-zé@p in\order that w (a) = a (for there exist ‘

ﬂ:xgy_e_x such that <x,y> # 0 and sinCe. K is a division algebra, we QL

":'may:cancel)‘. When A ZK ) ‘we assume w(ell;i (with e, (l 0)»,

(0 1) e K as described earlier), and moreover that E' is-no?—’

. 'degenerate Then there exist x,y € X such that <x y>g~ is invertible e

7”~-; (Porteous (1969), Prop. ll 14), thus permitting cancellation to imply

v'\"

,2*

cy

’-vunit quaternion ( |q|=1 ) with non—real square) the following

,g‘correlation

) .

_ :'s.('a'c,;y)‘__,'(éc"f.‘y 'y> f;ﬂ;(d.?,y )

is symmetric but w # id Theaproblems are that w(e ) = el ; and"

"<.; > is degenerate.v SR rf;i{.l.

. . ) ol o ’ ; - . L A B ‘
B . .
. : . R v

If these conditions are relaxed then the result may be false.; c

106

an anti- involution under certain circumstances'in these two cases. First\ ;

(ST

| For example, when A ='"H X = A and w(x,y) = (q x Q:y) ( q being a J»‘;



— S . Y

| \

The condition w(e ) .2 ‘of the last paragraph is important.

| More generally, for A = K with primitive idempotents ei ’ l £ i < s,l:v

s .
LY [

: ‘one says that ‘an (anti-) automo{phism 1] of A (which necessarily

: permutes the ‘éi s) is ereduCthe if there is no proper subset of

{el,ez, ,e } mapped to itsel{ by w when s_= 2, Y ‘is irreducible 0
iff w(e ) = 'I)_=je‘ . An Aw - 1inear map is. ereduczble 1f:

: 2 ’1:
t w is irreducible.

"I‘tu

(anti-) involutions only i 2

s.- l or 2 ' fﬁ‘- it

J :

S by an irreducible symmetric or . skew correlation is a real algebra anti—v

involution (POrteOUS (1969) Prop. ll 29 Thm 11 32,!for a: proof of

-

' Prop.vII 1. 2)

Porteous (1969 Cor. 10 55) classifies the irreducible anti—‘ *

involu{ions of K and then obtains several classifications of irreduci—”;

. : ~’., - . . .°

o 1es)

As fufth%r references to parts of the material in this section )>:J

lj:'““ne should consult Boutbaki (1970) and Godement (1963)

Cen

. . ". : »"'..
i) o " .
Lo S ".'L;:» B
B - : S
. AL e o A
5 ’ N - .

not difficult to see that K »has-irreducible:v -

Along with Prop II l 2 it is a fact that the adjoint induced._(e

1 ble Sﬁ?metric or skew correlated Spaces (1969 Thm 11 41 and corollar-,.':

107



An explicit proof that Thm II 2 1 II 2 3 both characterize

ﬂ

i‘~;Spin(l 4) is easy.. In fact if N denotes the norm (Ch 1, §2) on

‘H(2) defined by the correlation < ,~>_',fandthsp' that defined byfi~““

’.

ey o then V t € H(Z)
: sp - ‘

con ey SN ) E¢iiefe Cc= 1.
LT e ep , /2

'”~fThereferé.cdnjuéatiOnghjij 7eetablish§5'ﬁhefrequirediiscnorphism,;f'
These two theorems seem to have been discussed first byff

Takahashi,nu (1963), and considered further in Strom (1970)




CHAPTERI;I .

P}HYS"I_,C.AL: ‘AI%P_L'I‘CZ\.:TI‘ONS_L" ALGEBRATC S

IIIOINTRODUCTION . S
o Physicslly; there are good reasons for the appearanceiof’the. .dfflf:
»”'filde Sitter group ip discussions of the homogeneous Galilei group, theseif?fhj i;f
:i{afe discussed in section 1 . In addition, a comparison.between the o ““ii'.;[
‘JaltLorentz and homogeneous Galilei groups, which illustrates the. g;i.hzdf7thvi‘
‘;”E?(speed of light»a>) limit of the Lorentz group, is provided ‘.Vsriousv“ i§;251§7
H‘fﬁh;it;senses in which one group approaches another group (in the 1imit of ;;h;ffdd:l:
.?f:;some‘paraneter)ahave been’ inVestigated in physics' the one most thor-;ff%f!p'{{;f
“:ifi;oughly studied is.briefly recalled in section 2 in preparation for a nen d .”iffi
:":fdlimiting procedure involving Clifford algebras. This new limiting ;}o-i“{;7?f5f;
-iﬁ;icedure is introduced in section 3 and a discussion of the Lorentz ——+,:Ah€f7;flii
;°;?Galilei limit undertaken._ SectionA4vcontains.further“remarks snd notesik.?}b;he?
‘?;réﬁ the previous sections i ;‘ S é"ig" ‘;' S _nﬁ;;hié
'::.; of the results stated in this chapter, only those of section ;;Qif?f

'i5i3vere claimed to be new.i f}{i;;ﬁjJﬂ.:.ﬁ' .F S ) :f ’jt. };i?ﬁ}:

N '\\:{_A: ‘."

.Y
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'iﬁ- for some v e R

. IIL.1, . G, ACTION ON R’ 'PHYSICAL INTERPRETATION -

o

As: has already been emphasized on; several occasions (e g. Ch..-

hIJ'Sec 3 Ch II Sec. 2) the homogeneous Galilgb group G6 isa -

(stability) subgroup of the de Sitter group SlO: and analogously for

their Spin‘grbups (for notation, see Ch I Sec. 3)

Mathematically at least, this is a consequence of the inc1u~f~

:,sion Rl 0 3 941; of orthogonal Spaces That G6 is a subgroup of;}

' lO is also not without a physical interpretation which We now describe-'f'.

(see also Piﬁski (1968) Niederer and O Raifeartaigh (1974)*7 nd Stein-vii

"‘wedel (1976))

" e [ TP
R . . g

"fvistic,.internally structureless particle in empty space'time.,ffff}Vy[ da

Ly

’p(ﬁ,t) and (q,t) are the space-time coordinates of the particle with

"d;”/ respect to’ two observexs 0 0 who are in uniform relative motion, then'tf“;fi;ﬁr

\'A

}.v.

Consider the kinematical description of a massive non- relati—qu"tﬂ“

L
t'wiiilglgiu?iiihhf;

H €: SO(3) (It is assumed that the oBseryers clocks_{;h-”'ut

and coordinate systems coincide,»up to a rotation in spacé at the event jf”;:ﬂl"

(t q) a (0 3) = (t,q) ) If (E,p,m) and (E 3 M) denote the energy =

B ]

(in this case kinetic), momentum and mass of the particle as seén by

‘o

of particle-mass invarisnce, we have'5‘t 'jf3=ff!§1'

Lo \,‘.‘.

0’ and 0 reSpectively then from (l l) and from the primitive assumptionh:i.:fl«ﬁ



T

e o L h

o :fsesses an internal eneré?'which howévet, has a value independent of the

S0

:"fi;;observer .
LIE Ui R 5 R denotes the quads atic fomi

sl UGE,psm) = prpr- 2mE

'*f;%ﬁ?Zm U(E,p,m) andff.;-A1'
‘fldence ofinternal energy is expressed as:: o77lj:;]ri'*”-;;_~

om ,;,,,g*,f{z{:aqa.:n s

llthe form u_, when diagonalized is essentially diag(-l 1 1 l 1) and

-

tilbetween two Galileian observers, (1 2) remains valid if the particle pos—i?

From (1 2) ve obviously have (1 3) Moreover, realizing that

111

:.lThe relations (1 ) de'ine he transformation law of energy-momentum—massf,fﬂ-_”»

fﬁnotice that the internal energies as seen by 0 and 0 are l‘{{ifﬁ' SN G

Vtthat invariance of m (nFnO implies stability (updn right multiplica—'?:»*-fnil;.

”’i'tion) of the TOW vector (0 Q 1) ,'we may C°n°1Ude that (1 2c) and (1 3)
'ﬂlimply (l 2) ; Thus we have.:; ”,qgfff}ufﬁ'"ﬁr”;;¢fyt?vﬂif755?°* 1T%‘ o

- e -u*g':»*gfrjft.oﬂg3.:”ﬁ : ‘f“&

e :

jtn_:ie:2r0position ITI 1 l..{ The homogeneous Galilei group G6« ié isomorphic ~'if_f»: '

s i*-.’j:'fto the connected component containing the identity of the group Of linear

.:;fo-transformations on the Space of (E,p,m9 s which leave invariant both

Y



-i frelativistic analogues of (1 1) (1 2) will now be indicated (and in such }

'2:0 0 (in uniform relative métion)(aualogous to (l 1) are- ;'ii Vel

"iff?l”where y = (l

~h7;fthe conditions that <lvl _11

4:a form as to illustrate the e > limit)

-vterms of" (3 29 of Ch.

-8

For comparison and in preparation for subsequent sections, the if;

V

\.."\
‘e,

]

.

Ei; Consider a massive, relativistic, internally structurelessf.'

<t )
o : &

- Particle in empty (Minkowski) Space—time., The formula% relating thél“

'fuspace—time coordinates of the particle with reSpect to two observers'f“.

,'f.

O oo

BPRAEES
- q

lvl

eilvl’):Elg\, 2R R e SO(3) (of course'subject to
C

SRR : a4
v ”V'masses of the particle as’ seen by the two observers then p =m -%

dt

A AN . ( e . . N SRR ) : . 0
E - - g R . be ‘ e - Lo e e e . -

112

) This result, of course - is. nothing other than the restatement 1n thSicalf?”.'b

= Hq +-~1—-— (v Rq)v + th ':?fgl1f25}{ﬂfl{45)'3°ﬁ53'£;;¢

< c ) If m m - are: respectively the,é¢:f:¥“if{7~

"VQ»p =, m are the correSponding mom@nta and E = mc gE = me ;;theyﬁ;?yij?f,'“?ﬁ

blf'i_{corresponding energies. fhese quantities are relate& by._v_ifﬁ R

. ,1.j,:»>._'“ﬂp';%,‘ e N s Y o VS o 1.-'§x~“:,v S ‘. e
SN L PR G ey 55 sy



: Noolthefqﬁantity”fm(l lgl~)l/2_ defined with reference to- O

is equal to the corresponding quantity m(l _g__)l/z defined with ref—‘ s

. -/\_ : : C o

€> ' erence to 0 it is therefore an invariant called thg rest mass, and is .
N . )

denoted by mo (it is also related to E,p by sz = mozc4 + c lpl )

o .
[T

The relativistic analogue of kine;ic energy (as seen by 0) is A;‘.’

R : - A 2
- \a Ek. E moa ,‘ In re—ev
l A

(E,pm) and ( ,p,

'ressing (l 5) in terms of the new variables Sk

: we have: o ;}wr - fi'f'; ;'@g ‘

e

© Notdeing that: oo

We see that (1 2) is precisely the limit of (1 6) as ci+ d.. Not only

: .A,v;,. )
are the non—relativistic quantitiea the limits of the relativistic Qnes,

but also the member of G6 which defines (l 2) is the limit of the mem- tﬁf[n .
ber éf L6 defining (1 6) m fact., S g '

EP ‘ ; ,,_.. J\
b " . A « L
’ 5’ e ; -
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Actually, this - last statement requires comment because really

T ' A e

- : { R
we are taking a limit not. within a- fixed group but within a’ familzrof © o

groups To be precise, ~if.;L6?' denotes the group of all transforma— SRE S
N . . # . A .

tions of the (E,p) 8. as id»(l 5 a b), then L ‘SO (B ) where B

R 5 . 6
‘l_;g is the bilinear form diag(-c -2 s 1, 1 l) 3 Qherefore 6' = SO (l 3) = L

(-_. 'o--,."p . . ) .,-.".

. and letting ‘¢ + o ; we. see that L6 > SO (1 0 5} é . This means _
“l-that;‘1im.Ac(sz)’=»““‘-.;ff'-"; Vhe&éhzﬂf(v;R)f= K

va

In comparing (1 2) and (l 6), notice fﬁat the right-hand side of (l 7)

L0 : L0 S
leaves inﬁariant the bilinear form whose matrix representative isj{d-f

[0 1y 0] i whereas the natrix under ihe Linte ymbol on the tefe- t

"/ hand side leaves invaiant the bilinear forn represented by

These bilinear forms are. equivalent to ;Vhw°d'7ﬁ‘”

O N

:‘diag( l,l,l I 1) and diag(k (c) 1 1 £5A (c)) respectively (where

) and consequently G6 and /{ éhffﬁ}idf

»5?1}; realizable as subgroups of SO (-l 1 1, 1 1) - SO (1 4) Qélgfll'wl£7;~_fn"f::~'“

e so o (c) 1 1 1,x (c;) - so (1 4) respectively, the limit (1 7) 1s, thékf-af;ﬁff,f'j

i fore a result of the limit so (A (c) 1,1 1 A cao) > so (1 8 asv e~ mi;j;{,.éé_"
o Sl B T R e




III.2. LIMITS OF LIE ALGEBRAS
. o . i, ,
In the last section,_théihonogeneous Galilei group (the

kinematical group of non—relativistic‘physics)"was shown to be a limit

. of "the Lorentz group (the kinematical group of relativistic physics)

- the ' speed of 1ight" was allowed to become infinite Moreover, the

sical quantities on. which these grouas act as transformation groups main-

tain their respective physical meanings in the 1imit e >, This

* course hasbgreat intuitive appeal. However, upon, further scrutiny,

. ‘ o : )
< calculations of‘sﬁction/& are seen’t

one must have a very clear interpretat n of -the variables on which

be rather ad hoc in the sense

groups act' thus the remarks of section 1 long more properly to a

@

discussion of limits of transformation groups-rather than simply of

'groups themselves. Although of undeniable importance, it 1is not our

intention to enter intoaﬁhe issues of deformation theory (see, for exam- .

—

as

phy-‘

of.
the

that

the .

iple Guillemin and Sternberg (1966)) and "’ instead follow a simpler devel—

opment.‘

To simplify'matters further, the discussion willkbentre on

limits of Lie algebras rather than of Lie groups, thereby side-stepp
most”topological questions., The fruitfulness of studying such’ limit
- was. suggested by Segal (1951) in relati problems og‘qu@ntum fie

theory (see also Segal (1963), Ch. VIII) jwork was begun by Inonu an

. Wigner (1953) and further extended by Saletan (1961) and others. Th

ing
8
1d
d

e

techniques of Indnﬂ,.Wigner and’ Saletan (Iws), in slightly modified -

wform, will be revieved'by.uay of example:' namely, the homogeneous G

lei Lie algebra as a 1imit of the Lorentz Lie algebra.

th
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_ e A3 ‘ .
{c 1 (0) = lin Cij,(e)} is a set of structure constantS'for a Lie alge;
A g0 R T T ..
| bra denoted by' ﬂoj? (v, [ ]') 'where '[E'.E-] . (O)E (In (2 1)

_'If it happens that 1lim C

As originally proposed by Segal (}951), one ought to regard a,

\
limit of a family of Lie algebras as the Lie algebra defined by the limit-

116

.

AR

ing structure constants. . That s, suppose {ﬂe : 0 < e:‘l} is a

~

family of isomorphic Lie algebras:’ »ﬂE = (V’[[’ ]s) , where V' is the

@

underlying vector space of £° and [ , ]e thenLie bracket on V. defin-
. N » l :

_ing AR i {Ei} is a basis of v, then the structure constants
| R - | B
k(e)} of 2?} with respect to this basis, are defined by (summation
convention!): . - c S o 5
. | S o ' \ |
‘ ELEl =c Mo E 7 T L@
1, Eyle ij>(€ k . S =

'

k(e) exists for all ‘1,j,k-, then

‘we avoid topological questions by insisting v be finite dimensional)

One says that lo is the . szmt of the ‘KE 's and writes £0 = 1im ﬂu .
' t g R T e>0

. .
e

This situation may be recast in a slightly different form

(see Saletan (1961)). Since all the Z , for e*} 0 ,'are aSSumed iso-“vvf

morphic 1et W, £ > Z £1 be an isomorphism for all €€ (0 1]

*

J(for notational simplicity write.' a8 = Z_‘ [, ] [ 1. and;

Cijk€l7‘='cijk ). Suppose that W (E ) Ej(W )3 ','again'using summaé ;‘

/
:_tion convention here/(as well as throughout the rest of this chapter)

. The condition that W be an isomorphism is:

\
_ | o , L - 3 5
for all z,y €V in addition to We being non-singular. ' In termsmof3

a

o s Wbl @
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o ! - | ‘ e - . .E‘ _ \
the structure' constants: oL S . S
1.k

. "v | k ' ; - .n oL m | ;; o «~j/ff‘ 5
. , CiJ () = (WE) sz.."(WE) i(We')."j o ;. ' ‘. (22/[7) '/‘;,,

Cledrly, lim C jk(s)_ existslfof all 4,5,k if and onlp if
. E_,_o - o ; ) ' L to

lm [e] = ldm W [w (- ) W ( )] s a viable Lie bracket on V . This
&0 - ~“ e e T

| need‘nqt»Be the case; In fact if lim W _ie non—singnlat'then lp}n
o R L e o o - ‘ .
~ will be isonorpniclto £ but if . lim W, is singular then (0 , provi-
R 0 © e
- ding it exists, will not 5e‘i$omorphic:to L. ‘ ’
This slightly altered point’ of view which\emphasizes We’ N ‘
1allows a reformulation.f Given a Lie algebra ﬂ = (V [, ]) wand a family
_ . Vo
,'{Wé 0 <e < 1 Wi“ idv} of isomorphisms of V (as a vector space o
‘not as a Lie algebra) depending continuously on € 5 define a new. Lie '
';'algebra £ (V [ ] ) { where [x,y] W [W x, W y] »: Clearly ﬂ U
‘“and £ are isomorphic but the existence of lim l iswthe interesting
A _ . RTINS
‘question, particularly when lim W 'is,gingular.’;lf-"Vifhas;a‘difect‘f,
R . &0 | S SR
sum decomposiition~’V = V0 ® V1 s V # (0) with respect to which “f:ffdp
| | N : ; - b. . ;40 % ,_; ;
. idv and W |v = e'idv (1 e.. oy

‘then limlli' if'it eniets ie”called.an IWS_cbntrdction'of"K .»'A'ne;es- e
0 Nl R

'~sary and sufficient condition that lim L “exist is given next (see

_»pSaletan-(196l))a

.

?roposition IIle.l.:';Giyen‘ V= VO ® V1 and W = 1dv > 'idv

lim £° exiete.if and'only if (Vb,[ D is a subalgebra of
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R I :
C Proof: Tf z =20 + z;_ denotes the decompOSition of a yector zeV
o 0, .1 S e _ '
with 2 € Vo y. 8. € V1 then: _ o

ot

e 4 '“1 — : PR _
(2,51, = e 51203010 + (02,5000 1",y 1 e 01
e,y % a0 % ety £ eyt

lim [x y] exists for all x,y eV 1f and onlyiif'-[xo,yo]l =0
0 o B

“.foriall x,y-tfv ‘di.e. if and'only‘if [VO;Vb] c Vouc; 5
- ‘ wa,'co the exampleif“bv IR

The Lorentz Lie algebra £ has a basis {J KA}” (see Ch;_lﬂ ;

i (4 14)) with Lie products ‘f ; i“"“:;« . o

_LIA;JBJ‘%jﬁé?éiJCT'::lif;bf: {1 {;.fl ‘.(z_gg)xeo,

BN 6 R o Bt S R S ¢ )

. IKA;KB]V#*leAié}JFy.~»-¥-;jf}»;ebf,";'<2g3cicx’)°fﬂ*

">}‘We now must choose a subalgebra (VO,[ R ]) | 26 y and because it is ff"'i

‘f,usually desirable for the contracted algebra Z O to contain A0(3) we .'

,\_ .

| , shall take V = 50(3) (see Bacry and Lévy-Leblond\(1968) for a detailed f

-0
discussion of this point) Now it is- ‘an easy calculation to verify that '

- the only subalgebras of L ‘containing 69(3) -‘<J1 JZ,J3> 'are 60(3)

' and l itself thus the only non-trivial rotation—invariant contraction

0.

: of Z is that bbtained by teking V0 =vao(3), Thus, computing [ ,A} S

(we choose V

1" Span {K K? K } Y

G . .



'1i It is easy to show that the 1imiting Lie relations are those of 910 ,

119

”[Jé,‘J]?]_E ='N;¢€‘,l[fW€JA,W€J§]: WE“I[JA,JB]; ABC e @usay

=1, AB C

-"[_J‘?‘,K‘Ble = w "t e K ] = e W (77K = e K | (2,;‘*"51.-

L e T T 7{‘.lrs'b B < :
- Ve_'lle.'l‘.“»eixnl - TS oo
g T

Cand taking e+ 0 we find: . oo
[JAJ lp=e ¢ @),

[_JA;'K_B] 07 K S sy
[KAK ] =jo,_'v>,-,',jz S @

5 ST e '“.i“ % S by S
,Recalling the Lie relations (Ch I (4 16)) of the homogeneous Galilef

L Lie algebra g , we see that lim L € g»»{e; S
s e+06__,6_r

’?’_i~1:_. AT N,; : v‘_'?,-__‘lv s

A similar statement may be made in the case’ of the Poincaré

A

_b,Lie algebra £ . If £10 has a basis {J K PA H} satisfying the :

"}; appropriate Lie relations (see Ch I (6 7)) define for .e-> 0:
= s W () = H.

. )
/

".}W(J)-J W(KA)ae-KA W(P)=e-1>

'E“'the Lie algebra of the Galilei groupﬂ G (see Ch I (6 3 a,b,c) for :*‘ N R

m=0)

.

'tFor,further-remarks'on contractions refer to the Notes section. -
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IIT.3. CONTRACTION OF CLIFFORD ALGEBRAS

| . In this section ia notion of limit or contraction of a//

| Clifford algebra will be- defined in analogy with hat of Lie algebra |

contraction. While the principal application shows that the homogeneous ‘
Galilei Clifford algebra R1 0 3’ is a limit of the Lorentzféﬁifford f"

algebra R1 3 )-8 general result analogous to Prop. III_? .1 is proven and

. some of the relationships between Lie and Clifford algebra contractions | .

Pointed out o "-’ IR o L % '.“

R S

Suppose- C is a universal Clifford algebra for SOme real ortho-.l}’7-*

n'"

gOnal space X of dimension n 3 th;n C will be of dimension 2

[

will V ,_the underlying Vector space of C : Let us suppose also that

d‘; . a family ,fWe O < g < l idv} of isomorphisms of V depending

.'f continuously on s » is given._ Define a new multiplication s E on V
: , e

for each ‘e € (0 l] -as follow3°rff'*."z “h¥57~”:’

a* bew <W <a>w [N an

P L s~:' Sl ‘.«ﬁ R T ,f{f=, :

b--ford?a'b7é Vb, and denote the algebra (V *) by C This notation v;A

ticipates the fact that C is a Clifford algebra isomorphic to C

‘ In fact the multiplication : is associative (for if a b ,C €. V j
then a * (b*c) = W : (V (a)W (b*c)) = W (W (a)W (b)W (c)) by aisoci-if«f5
ativity of multiplication in C N and consequently a * (b*c) = (a*b) * e

‘is written ‘q:b:c ) moreover W provides the algebra isomorphism (the ;u

Kv identity in C is (1) and trivially, W (a*b) = W (a)W (b)

almost by definition,‘if {Y } is an orthonormal basis of X generating

: »C~ With; vy + YjY - -23 1 ,.then likewise will {W (y )} generate .. a' -



céi, WE - (y ) * W (yj) + W (yj) * W (y ) =_-zBij W A (1) )

If lim a * b exists for all a, b € V then ve write C0 = 1im C
A . E-)O 'E :k‘ ’ Sl ! : . : . . .,.:‘v €+0

3 ca11 C the»eontractibﬁ-of ﬁQ‘} -

S I R T o
| -;f:Proppsition It 3 L.: Suppose v Vo $~V PITTr Vk ;aﬂd,: f;'."|

s ‘ ‘ 1.
i f;fﬁW = idv e e -:LdV Q cer e ek {idv Then lim a*b exists for all

S . v 'k- PR e+0 S
"f’a’b €. V if and only if Vivj c.V0 e V1 e a.- @ Vi s f for a11 d 37 gnchnm -

'»]’gfchat i+j < k
E .P:oof;f let~.é = +'c + XS + ck denote the decomposition of e with

_ 0"
sl ‘. = ves kl = | ‘
L ,gi,e.Vic ge-that W (c) co + e cl + + € ck and W (c) co +
. ylgf}-cl + --i + € k- k ,‘etc. Clearly,1 11m a*b -exists for all a b € V
R e o e+0 SRR

d\if and only if lim ai*bj exists for all i j € {0 l ses k} and all
‘‘‘‘‘‘ Lol L .- €+0 . ) L . .
‘*91. lvi"ffkj € ij.,tGiyen aiﬂe,yi and bj_ ;j ,:we conpute

BN

‘}Ln]_.'h“ﬁ iy & “‘h;;vttlbdi;,i;ij:tr.d; fi;j;.f;ilh-,;[fnf s
.”aizbj :.\/ (W (a )W (b ))_-:Wé .(s‘ qi;é’fbj);ggsf1vdW§?'(qiéj{f_':°

| dif“= e j (a b ) + e i+j L (aibj)1 + f? + (a b )i+j + et + :
_et - (aibj)m 3_5.::::‘, T A

L and 80 lim a b ; exists (and e uals a b ) ) if and onl if
T g e o4 ( 4173 iﬁj y’

\) 0. whenever k > i+j This can be restated as
‘ViVj‘c V0 e Vl.sl-e- @ Vi +H .nhi?%-fdntehegeehe'pteof;'.‘;j.}i;n:‘; Sl q{i ' ’

RN

The general contractions of R ié‘ assuming particularly
. 'k .

simple forms for the W s will now be derived"this general resuit will
‘,.1fbe applied to the contraction R1 3 R1 0, 3 L



":7§f-where n. r+p+q =ihisfm5yrhgﬁéta;éaTmare}éﬁhbisély_iﬁa;hé.fallawiﬁg{;’

122

Suppose {y } is an orthonormal basis of R ,p Q~ generating ‘

7“R pbqhd The mdpping W : is to multiply selected Yi Fs' by _and-‘

’ 9 N . : .

. . R
"the rest by 1 and then be extended to alI‘of R ' in the more-or-v'u

r, 2

k less simplest way.. Precisely

‘ W.(l)h;fi_f '];,jd~jf§7pf7;ii»‘ip,4:S3;i?5:7f%,:T

A (Y ) = A(i) f, 'oheré'i A(i) {o U @y
-f:“' ) 'i::' _iﬁ-, '.if”"jlyvﬁi“' &mgﬂp;.: . ._A d. ; 7kf¥::‘¢;?1“‘3 -
L (Y “‘Y ) % W (Y )"'W o ) . 1<11<---<1 « G2

HENES T

Z:emanP?r::iﬁf:ffﬁﬁ7”5:h

"”where I ¢ {1 2 ---f A(I) Y A(i)' and A(¢) = O (offcouree;ffiwﬂffhet | ‘

':fis not to have repeated members) Rather than attempt to compute the_*(d;fff“*"

,n,f{direct sum decomposition of V and verify the hypotheses of Prqp III.__f BRI

‘if3 1 we proceed directly to show that lim R® h m;'exists. This Will =
| ‘ o L e B L ,3;” L

'dnibe true if we show that lim YI : Yngexiéks for all I J c. {1 2 e n}

Recalling the meaning of YIYJ»n u(I J)y Jl (see the proof

";'of Thm I 1 3 and the notes on section 1 of Ch I in addition to;jffp'

L%

‘7f"u(I J) = +1 it may happen that u(I J) = 0 if ;3 i € InJ such that

‘“flf(Y )= 0 ,bas before IAJ = (I\J)U(J\I) ), Ve may now compute YI * YJ

9.t

- as follows.._,

”_U



"17o(J\I) (= J ; e may conclude that A(I)+A(J) --A(IAJ) 2. 0 so that

RN T

i o0 ’p,q r ,q » '
-33L5tyi) o l and A(i) = 1 , 9 q \is the number of yi 's with (Y )

;}i;hand A(i) =. 1 ;. and t -r =-.(p-p )+(qrq )

Yi * v + vj * Y o v Yj +ry - KR
1( 2 A(i)( 1) ) : 1( 2 A(i) 11) 2 A(i) ii_f}ﬁ},uxl

"oﬂh{is the bilinear form.} B j(e)

B A o )w (Y . 'v_f,;qe-‘_l(';_*!'i.“‘)ﬂ(J)_ Vel

%
=
LB

A0, Tath o

a
'II'.v.-"

LT ” s‘;&'. B

u(I ij EX(I)+A(J) —-A(IAJ) IAJf'

ADAAQ) = A(T8]) I'J-*‘??'7'i T e
?lg.(,,)v. @ - <; >YY I R

UL Le L
e

lﬁbHowever,'“Xv_is monotone increasing ( KcL => A(K) < A(L) ) and additive

= one. disjoint unions ( KnL = ¢ => A(KUL) =. A(K) + X(L) ) and since ;i,,? ‘"”

‘]}:fIAJ (I\J)U(J\I) is such ‘a disjoint union with (I\J) < 1 and

A(I)+A(J)-— A(IAJ)

"ilim exists implying the existence of lim Y

?fﬂhfor arbitramy I J <. {1 2 Jies }3;}?w'7-775'"‘

' :‘."V:'V'IF;.Theorem III 3. 2 If W (Y ) = gx(I)"y as in (3 3), then '. _'-."‘

:flim R lxéfR'u  :f;“ where p p" is the number of yi 's: with

; _'l S

‘ltPrOOfiffWitﬁvthiéfﬁafﬁiéﬁiarfchOiC¢f§fifWéffs,uyéhhévelf¥_ »gisﬁj

123

',= vy ®ofor .1 < i1 ‘*735.‘A1m’i:?:f‘7;?;a: el e et

.using the definition of W ) Moreover, if 1 * j ?ih@@j{'75.ﬁ’

A5 i - -28" j -0, and yi * yi,.f

(W (Y )W (Y ))

“'?,Thus {Yi} ia an’ orthonormal basis of R® 'Ttiﬁ (Rn B(€)) where B(E)

r,-PrFl

2 A(i) ij A count of those entries

w (y )) -0 (W G ey ey 1-'-'"7 L R



: ofh¥B(t)'-which‘bécOmeazefd in;theylhmit_‘e_+ 0 gives the stated result. .~
| o

‘ Corollarj~1ll;3“3}: If YO,Yl,Yz,Y3 is an- orthonormal basis of R1 . l;

‘ generating R1 3 ( (Y -_A . ( ) lii’ etc ) and W is of the

< ,-‘ L
. : - B

"*I»form siven in Prop. .o eien f,[,fi;';n*i*,.."‘lj, R

-

" '.-‘.-’o = Span {1,YA,YAYB,Y1Y2Y3; : 1"'"<_' A-{_B,."i 3'.}_ .’;ana'.f S
BRI 0 0 A OA. B 012 e
”U.ffvi 5 span {Y ,Y Y ,Y Y Y Y Yly y3 'lifiA'*ﬂBffﬁ3}A';f_

A ‘u .

7:7“°hen lim R 1"'. R (the homogeneous Galilei Clifford algebra is a

“f‘jcontraction of the Lorentz Clifford algebra)

?;;”Proof‘;;This is the statement of Thm III 3 .2 for = 0 5 p ‘l“lfq:?h3ﬁfflihi

--l'dand A(o) = 1 A(A) = o for 1 < A < 3 vl:hil;fi:TCjVilf}fffi;-;;;1.Dﬁia‘vl}.

_ This section will close with a discussion,_by example, of the
:Ti*relationship between Lie and Clifford algebra contraction. Specifically,ﬂrh;f5:d
:5abit will be seen how the Clifford algebra contraction R1,3 > R1 O 3 lcigwkrj;*g;
:ff:induces the Lie algebra contraction l d 96 -
v_txff;_JBc ',;ga,_fgggaa;hﬁ;g
el T
o b : S S5 1. 2, 3_ SRR
: as indicated previously (Ch. I (4 14)) where x ,Y ,Y ,Y form an-

‘ orthonormal basis of Rl 3 generating R1 31. Following the scheme of 'drﬁ7

Cor. III 3 3 we calculate.¢v]>:;ik



zif?iobjects in R

0.

we‘l(ﬁf(JA>W (33>—W-(33)Wg<J525‘;i-*l'

'“.'I,JA*JBf; et

S

W;}-,(J;J JBJA) 1 AB c) o .

.'_'AB. €~r°. - .réf*.i-‘_"]; =~;,J"?‘*;‘J'BJ;_."‘V ERCE R

1]
m
(@]

<w <JA>W <x >-w (x )W a >)

(3
&
=~
=
N PR
"’fZ"“ :
“

-l

e ot JA> ch e Ay

;fABT” C [J K ] [JA K, .f“f! e

“;:f?df ¢ R

(W (KA)W <K )-w (x )W (KA>)

| "7“T3f3;%“'"‘1<eKA‘eK —ex -exA) ?féééthJFSff‘

'?5?§B:Tﬁcl < [K‘ e ] [KA K 1 ‘57?§;5é5ﬁ7f;;f?

R

fﬁﬁ»where use has been made of the relations W (JA) W (KA) = EKA

‘:n(which follow easily from the definition of W ), and also (2 4)
.:upshot of this is that the left-hand sides of the relations (3 5) define

1 3 whereas the right—hand sides sit inside £ in;;f_,zf,«

fact since the quantities {Y } are more primitive than the {JA KA} -ff"*&
e * f | Avwfff':f"
the relations (3 5) define [ ]e via B The limit R 1,3 7R1,023>5_;3,v

then clearly induces the limit ﬁ é:,fj,t¢fAl”f'v
' ;;:Further'details[and‘COmments appearhin~seetionf4.j,'

. go
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III.4.  NOTES

51,
The discussion given in this section is so much a part 6? the .

1B
’_*folk—lore of relativiStic physics that it is difficult to assign credit

'h’t° the Vari°“s ideas'* Indeed one 18 1ikely to see same justification of

" 'the’ statement ,fiLé? 4tG6"aS c-+ ® ﬁ;

-iylorentz transformation (1 4) (takingﬂ c +: @ in (1 4) the-GaIileiant*f‘h

-as sdon as. one meets the general"

?A}transformation law immediately pops out)

Not surprisingly, all this was well known to the founders of
'”’ftrelativity and in particular, in reasonably sophisticated terms, to

i'fyMinkowski (1908) “on the limit L6

‘hhlrconcerning the role of mathematics in the development of our perceptionsi]f"t"":

Ty

‘\ .

6 Y his epistemological remarks :ysff o

"QigOf nature are poignant to say the 1east° this ought to he required-read*VZJ""‘"

y.thematician! In the same vein the article by Dyson

; o

‘;enjoyable

]cV ov 0---0V hran

lim £ exists if and only if [V V 0® "1 Vi J

g the points made by Minkowski (as well as broader issues):;f

fProposition III 2 1 may be extended in an obvious way7 S“PP°SEin1f;f\'

”'Vtyfé‘lk and ‘W- = idV Q E‘-idv Q e Q ek- idv a thgnilﬁihf;;ff

afﬂ; 1,3 such that i+j < k CMimic the proof of Prop. 111 2 1 with the _j“jj"'"

:"f'ObVious alterationS) VQT_K:gxI:n.ftaxﬁiipgﬁif‘.tﬁsﬂoiiﬁ?fﬁadv :':foi:}ﬁie~~f*h

e
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T e e T

SO ‘;1‘ When W - is. of the above form, -limllsfi(if:it_exists)‘is '
' ' = e S
calIEd/afgeneralmzed contractzon S

y

As an example of this scheme, consider the de Sitter Lie alge-v;w‘3=.,,

w -'_f-pr'a;”_zsilo_ with basis {J 13‘ " u} ‘and Lie relations (4 13) (Ch. 1)

“Defining,_ V6.~ span {J } 1f= span {KA P } and V2 = span {H}

. the relations ;[ i'vj] c V0 ® Vl oa'-- e Vi jy are?readilyoverified and | :; '
.:consequently lim 610' exists and in fact equals the Lie algebra of
S SR > B
‘_'the Ca roll group (see Ch I (5 6) withta notational change O > —H
"gig'fand comm‘nts following), the easy explicit calculation may be found in K

‘ngrooke (1l 8 §6) as well as a slightly modified contraction process 1ﬂ -

'“3ﬁ;£ﬂ3+,gr'~: ‘

: -i:fﬁ_;g\',%;ntgn~_;;ﬁ,v;o“ ,;,v f“h:“::“7'ﬂ'3§;fj!}15

For further interesting discussions see Hermann (1966) Bacry '

¥ th the prQE:rty that lﬁn W (JA) JA and lim W (KA) KA,;}i,

)'

’fgffiand Iévy-Leblond (1968) and Gilmore (1974)

R »'~-=~_u o -,Awl.v

For a slightly different treatment of Cor. III 3 3., in which i}f}t;{ﬁ;
”'ff{lim W (Y ) 0 < a < 3} form an orthonormal basis of R1 o, 3‘ generat-'ﬁjfj;jf,
o coed0 :
L 'bing R

1 0 3 ;'see Brooke (1973, §6).g In this treatment; the contraction_f,'f;ﬁf;

13 R103

:?fﬁ,?i ﬂm W (J ) =TJAf and lim W (KA) = KA (see remarks of §2 section 4) 5&5;;'{s

again induces the contraction £6,+ 96 and additionally

_ oo In analogy with the Lie algebra contraction of the de Sitter
7“3fjf'Lie algebra to the Carroll Lie algebra as described in §2 (this section),,fgr/li

Hfi; there is a Clifford algebra contraction R ' RF inducing this
RS B ‘ , ’4 »'{;,2.:_0:3 v




Lie contraction. Using Thm III 3. 2 define W (Y ) : 0 s i
W ( ) 5'74 ; W (y ) = 751 where {YO,YA,YA ;_l‘< A < 3} is L,an ortho—

normal basis of R1 4 generating Ry 4 - ( 16 ) -y ) ( 4)2 :.blf
' etc.) and verif ﬂmt Lm R, =R L. B “"nﬁﬁ PR A

ve c. ) .an .ver y S 1’4 : 2’Q’3 e "'-lf',v-:'i-‘:'" S . ,.5
';Q B Concerning the notion Qf Clifford algebra contraction in generh

ai many questions remain unanswered.' What can- be said aboué‘&eneral ,’T

'Eft contractions when W has a ‘more- complicated form than that of Thm III.;v a
d,jif3l2 Fixing one. form ofigh’ 's and given a Clifford algebra C s which ';'1@ ;3
‘EhtClifford algebras contract to C ? iﬂ}ght one have resultsﬁznilogous to‘ll: (
{those of Bacry and Lévy-Leblond (19?8) in the case of Lie algebras?) |

.’h51What are thegdeeper con?ections between the Lie and Clifford contractions?f.;}fli‘
'l';Is every Lie contraction induced by a Cliffordlhontraction? Specifically,, ”;ri
: s R
which induces the Lie contraction
> C T e

',n;iof Lll to gl;(m) 7 (See Ch I section 6, also Saletan (1961) for qufiffiﬂvﬂf

:;fhfif there a "Clifford-like" contra_tifd

,;Qiécontraction £ + gll(m) ) Finally, and most importantly, is the idea

AR

1ff;f f Clifford algebra contraction interesting and/or usefu17 |

ST e




CHAPTER TV

).
PHYSICAL APPLICATIONS: WAVE EQUATIONS

. A . . )
IV.0. INTRODUCTION  ~

R - .

. : RS : -
Whereas the quantum mechanical equation describing a relati-
‘_visticelectrml(a particle with spin) has been known almost since the

N

birth of*wave mechanics (Dirac (1928)), the corresponding non-relati-
vistic equatﬁnxwas only understood on the same fundamental level in

: comparatively recent times (Lévy—Leblond (1967)) Prior to this t e

‘non—relativistic electron equation was qbtained from the relativistic

§

Dirac equation by ad hoc and poorly justi ed methods involving the
taking of the limit e G—speed of light) + o this had the unfortunate
effect of suggesting that the quantum mechanical concept of spin is an
intrinsically relativistic notion and that the correct value of the
magnetic momen: of the electron is éetermined only by relativistic
‘theory. (This latter issue has received very recent attention from
.quite a different point of view than Lévy-Leblond s, in the paper of
Niederer and O'Raifeartaigh (1977); their conclusions also differ some-:
what from his.) It is interesting to note, howevér ~th8t Pauli (1927)
came up with an equation for the non—relativistic spinning electron )
employing the Su(2) = Spin(3) representation of the rotation part of -
the homogeneous Galilei group R @SO(B) ; this equation,\which pre-
dates the Dirac equation, 1s a second-order matrix partial differentiai
equation generalizing‘the Scerdingerlequation as‘oppoeed to the Dirac
'_equation nhich is of first order. With the';irfect‘claritvlof hindsight,

(3

. - - »'r7129—- I {i
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it is&in a.way surprising that neither Pauli nor Dirac apparently ;
obtained in, a manner analogoug to Dirac's derivation of the relativistic
fequation a first order matrix partial differential equation describing .
the non—relativistic situation. Had they done so, confusion concerning

,the non—relativistic status of spin would not likely have arisen._t’

In section 1 of this chapter we recall the work of Levy-Leblond

on wave equations for non-relativistic particles of spin 1/2 and offer

- various reémarks of a critical nature concerning them. As an application |

1 o

of the results of earlier chapters, we propose in section 2, an alterna- )

'tivi. equation which possesses improved invariance properties and which
‘through the use of the de Sitter spin group, takes on an appearance
closer to that of the Dirac equation (suitably recast in a form which

' exploits the telationships I (3 l) and I.(3. 3) between the Lorentz and .

130 |
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 de Sitter groups). This form of the Dirac equation is: diSplayed in sec—’f"

tion 3 which also contains a few remarks on the previous material



Iv.1. LEVY-LEBLOND'S EQUATION s

Following the ide;s used by Dirac in deriving his relativistic

- equation for the electron, Lévy—Leblond (1967) has obtained a non—relati—
— S

,viétic analogue from whichlhe argueslthe'non~re1ativisticwnature of‘the

magnetic moment of'thefeleCtron,”

We describe hisidevelopnent.

-

= Corresponding to the classical internal energy E - éL;
a. non—relativistic particle, one defines the Schrdd%nger operator

:the usual replacements','E»—~13t~-,'P = iV i hat is, S =‘iat‘+ %;‘A‘

hwhere A = Qe V is the Laplacian operator.: Since m- is a Galileian—‘l-ff'*

r

o 'invariant quantity and therefore transforms as a constant in any repre- o

sentation it is convenient to work with ZmS instead of S (c f Prop. n;fﬂ'

"III ~1 l) The idea is to find first—order operators _(E;=.i%;_;f.i':?f‘

E L e R RS PO TAD S T O

.»el = A'E + B"‘p;"_’ Cl

~with matrix coefficients 4,A',B,B',C,C' ~ and which satisfy the:operator

':»equality:'A

For then, 'if e satisfiesftheAeqnation}"

R S ) SO

“*. o Qle‘%'éms -.nlu ;.‘.hs p C 1l:};.(;;2j s



"‘with 1<1 j<5 and B=1(A+ 0)
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S . G . _
‘ it‘will also satisfy the Sehrodinger-equation:
T . R » o
Se=0 0 L (1:4) »

.{ | *

The equation 6% = O is, in analogy to the Dirac equation then oropoeedi

to describe a non—relativistic particle with spin
_‘Novw'.the' pondic‘_i‘,on"(i.Z)” ;S'équ.ivalent toi.

A'd=0 - *A',BK-"+,>B'KA. =0 (58

AtC+ ' = m B'KBL B'L K _ -‘2;5.1‘@_‘. @y

o pfeeefao o ool T sy L
Cwith 1 <K, L <3, or equivalently:

A R

;__4.. ' »_i_b ' L
- o C = i(A + o C ) and O
InBs A “fL'C B' %‘Aihéléhfcea. fDEfiniﬁg‘hew'matriees 1ea for :f':* jﬁe_:. :

1 << 4 by L L T e

4

B = 1B Y '.-'.B'..q,-#”r‘iYQB-'.

"' one then obtaina: S

v

The relations (1 8) are those definlng a Clifford algebra for Rl"0 ”all_
. 7 .
of whose C(4) representations are irreducible and equivalent. Choosing

S

\
-
A\

-



e .;fcion'(i;3)zﬁétdﬁeg:rfl :
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I |

“ . S ) o k ) , . . . K : . » , . R
' yl’ = 2 .| and -,Ygs 1tx » 1 <K<3, with {0].',02,'03}
0. -5’12 SRR (- S U R B e

‘thé'Péuli méptigés.(see remarks pfeéeding Thm. II. 2.6 for their definix

R USL

B =[.'],Bé=[ S 2] R ¢ 1))

tion) and ' B =1. . %, one has:

S as T o= R a1

 rmmetiy wien 0= (7] | vhere fix cach ave tuo componente, the ewa-

RN

E¢;§;€3f56?'“7° ff1f-'?’ i f(i,;l;) S

. 8
[y .

o @peemaso o amm

againwith E=43, ,Be-v.
‘  ;thCérhing G#iiigi invériaﬁtéfof1(1;11), c6rr§sponding tqff‘:
o one detines -

.



iy -*(1 11) invariant

A‘.'bmatrix, define B = iBSY ' and B

w"v:_same by Y ’ and B5 l < a < 4 with y YB + YBY .- 26 Bm and B

LA

- 5.(},‘#.)_' | if(x t) 1/2

Di/z(Rj :.' 10'_ ]

and Dl/2

: o g E / | SR
the SU(2) representatibn of SO(3) defined by D (R )

" where :-¢' ﬁ-(t'] ;uAllg(;,R).*
X R : N ’ . '

A 1/2(R)

LY
@, R)cb(ac,t) R _(1..5"1‘2)'

fa o

“-tRA B ‘ has already been encountered in Ch II 54)55 The mappinggf;fii%;""

f‘¢,+ ¢'; given by (l 12) defines a representation of GlOl yhichfleaves;”

13 ¢ + i 0 V)( 0 *f 'j iatl¢’ +i
S -} '% + 2mx T AT N

EhillBecause of this invarianfe property, ) 0 is claimed to adequately

<-$‘7}332m@'5;f-lu{:_ f-u73>35”igfag:(l:l3j}:** e

. ;describe a’ free, non—relativistic particle with mass m and spin 1/2..‘ RN

', A few comﬁents are in order first of all concerning the :

jfjof the relations (1 8) are equivalent, the same is not true for (1 6) and

:,F ffrelations (l 6) While indeed it is true that all C(4) representations BRI

‘1consequently, contrary to Lévy~Leblond's claﬁav(Lévy-Leblond (1971), p._u-»J

L 286), not all choices for A ﬁ C ‘are equivalent (i e._related by a e

similarity. In fact if - {y } satisfy (1 8) and B5 is x non-singular f_ff}“

1 #'—(B ) to arrive at a representa-

'{vJTtion of (l 6) : Tﬂﬁs (1 6) is determined by Bi l < i < 5 ‘or just the “:h o

5-,.

c_non—singular but otherwise arbitrary.. It is now quite easy to see that
'f,not all choices of y and BS ‘are equivalent) Unfortunately this

hhi j'claim appears elsewhere in the literature (see Hagen (1970) p.A98)

L . Q-sb



T f" EA' + cp B' + mc

'oeT

‘ consequence of this inequivalence 6&11 be discussed shortly but before:

) that a comparison between the relativistic and non-relativistic wave e d,t

[}

;,3; equations for spin l/2 emphasizing common features will be discussed

2

C' ; SUCh that o o : :.‘5 f

:‘5’”(the right—hand side of (l 14) is the free Klein—Gordon operator) Thé;&f{i
- & T R

ol

‘;_fcondition (1 14) is equivalent to~7 sk%"‘ R

© where 397%' 4,8 =,=€1,C “an'd-f ﬂ‘*_13-°-j,.' o, B

Came

9 = EA' + p §1 + mC' v‘ such that. e

A A |

| B° <B°>1 A <BK>1 B <B> S ase

’.

| (B ) IBF = (BK) (B ) B (B ) BO n O : %d(lliSEj;;‘;fﬁ

g 4» S ‘vi;d5*

R L

Here we want to find 6 = En + p § + mC and ,f?ii‘fff i;d;;;-}ﬁﬁ

S

7

[N B

(B) B + (B) BK 2‘KL (B) AR (BK ) "'-.-v'.° sy
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= "D‘éfini‘ng‘ 'B.,°ﬁ¢=j.—1._;—_.'<A+c:)‘_ S e koloy ana 802 E ey,
o i\B'4-=-*-(A' C') the relations R S
Bip'%f(Bo)f;x;;"fBi:i;;;(Bx)fljh;:;Brfa%i%(éeirltfa.;“»(igl7é)p_l.‘pg

| (BK 5 <BL ) KL (B) . <BK) 0(117b) o

<B> - <BK ) <B> B".- (B) B° 0@

a

Comparing the Lorentz and Galilei situations we see that e
T e

"ifrelations (1 15) and (1 17) are identical both may be written._f_ﬂh;iiiig'i/u

g B e i »*744-"49_1*" e aae

B . oo
T

L fkwhere i(g J)'- diag(—l 1 1,1,1) is the de Sitter "metricV;? A particu—ﬂ
v'l larly promising choice of {B' } is B'i : Bi satisfying the ;ti?:» :
‘%ff‘conditions B Bj BjB eg-Zg jh defining a. Clifford algebra for Rl’4 ?h:h;,;"

With thiS choice by the Way, v 6 = e and SO 92 is either the free

1,;fK1ein-Gordon or free Schrodinger operator for a particle of mass m .;jhiia‘
,.;Furthermore with this choice (6' ; 6) 3. we know the B 43 up to equiva; if.i;»ﬂi
bv{?'fglence by Prop. 1I. 4 2 stilleurther, with this choice there is a.more b
ér}ffisatisfactory implementation of the appropriate kinematical group as will
‘;Atnow be explained and this brings us to the second comment concerning e
"?hflevy—Leblond's equation.’tAhffiri | | o I
While it 18 tr;e that Lévy—Leblond CE equatiou is invariant
‘?@i:(see (1 13)), his operator 9 is not. Generally, given a group represen- ;_jf»ib

. ,;!_ :

.(' R PN
4 A i




" However (1:20) {is ,.‘r’xo,tf'f,.‘sgac;isif'i;esi:,’buc instead one hasi .

o e 0 (a: ,t! ) o»e <l>(.r t) ),A—'.Thl'é’v‘.n‘pe,rst’orf 1.

complicated interactions are introduced

o137

“:.tation on a,setfof futhions‘on whichfa'differential'operatOr-acts,lthe ‘

'7 operator is said to be tnvarzant if it commutes with the group represen—

0

- ;ﬁor-fﬂgx is given by ;f::. f ? ,‘e,'fi"‘vl““}}

e a-ff?,.;“ b @y

> o
g-V—)» A

}-J.
Q
'ar-‘-h—l

where T é (x,t) ? If 6 were to be invariant then it would have to

happen that for -(v R) e G6 (x t) and x ‘= (x t') = (Rm+vt t)

if(m) 1/2

Db, ( R) = i R) 8 | 5[}??)

g L

«'t?e*iiéjéif‘f?h?/?($;k>;;;A{jﬁ;;éé,15)?;4 if‘x) 1’2<v k) o <1 21>

(This, incidentally, proves the invariance of the equation i e j;*fj‘_;»gpfi»7

iat _10V+'.‘ i

‘3h ant under the representation (1 12), contrary to a statement of Hagen

tation (see Hermann (1966) P 78) To ‘be specific, Lévy—Leblond's opera-"'

also used by Lévy—Leblond (1971) and Hagen (1970), neither is it invari— ihquf

[

(1970, p. 101) As long as one considers only free—particle equations 3;.A¢Hl

v

(and perhaps also those corresponding to particles with minimal electro_’fjfi'

*:i magnetic coupling), one is not likely to encounter difficulties by having

I

a non—invariant Operator (even thOugh for example,‘the Klein—Gordon and

o

Schrodinger operators are invariant) However it seems less clear that

_/""!

such difficulties will not arise (at least in interpretation)ciglmore S
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The point to be’ made is this. If.one-demands‘of'-éj'that~it;j:.
"satisfy 62 =»2mE p p instead of the Lévy-Leblond condition, then
: k,} o :

}g.with respect to the obvious representation of the Galilei spin group ,‘uﬁ.

”AifSpin(l 0 3) on wave functions, the operator »6 is invariant a similar L

'“;-h*;statement holds in the relativistic case.; Details follow in the next

section.

i Ve




-

v"IQ,z.;'TH37N0N;RELATiVIsT1c;tSPiNjilz wAVE;EQUATIOﬁ'?f

As may be inferred from pﬁ\g:us comments (Ch I Not:es for

s Galilei group G6 :Ls isomor-’ ,

.:”""v'»"_."j'_phic to a set of linear transformatio\hsvof R5 leaving fixed the Vector

f“"§3 and ‘Ch.. III, section v, the'hdéogf

o

Lo 1, ol tnface

§|+|2~ ,

RCHCTIE NN ;‘_7“

BRCRDE .

e

PR T e
T b . : R ‘ E?' '. E, + ,"5'@ + _2]; ml‘?;lz “ ‘, ,. | (2.]_3) - ’ )

| s citly, po _p i, _E pA p . p4-.:_p0,_ _m ) SO that ‘ | ;
| pap -;-ZmE + p-p #Moreever, _A € G6_ acts on» RS - {(-E E -m)} (where

| 35 “9“81 P (Pl.Pz.p3) s as opposed to p -

'u‘v' S

s v-’?szf “*ﬁ?a, ""'i_p b ‘._“F"’-"_f.a R

T T - G R
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'0-?1a1< 4 be an orthonormal basis of (R5 B)

" ‘generating "ibly non—universal) Clifford algebra for+ (R B), then

.an‘orthonormal basis of Rl’o 3 and generate a

"1_0 3 The embedding {Y 3 O <a < 3} c\"

""'es the embedding Spin(l 0, 3) = Spin (B) ’: o

?is the spin,group analogue of G = SO (B) =" SO (1 4)

6 .
s in- (2 l) or (2 2) It is the Spin group analogue oﬁ the .3"1:;7

;on}:RS by (2 l) that we must ascertain, and while it is

;do’so by employing abstract arguments only, it is convenient

E'Plicit matrix representation.1 In an H(Z) representation vfﬁ5f~:5ifd'

_.A_‘ly-.l.'

vlf(which may be obtained from (2 l) of Ch II by the replacements
5 -'~—-(Y +Y ) » Y (Y ‘Y ) for YO’Y ’Y*f
O Y _/2". . -

Thm II 2m7 (with{ B replaced by f;%: B )_f;fxlfvlzﬂ |

respectively) Then,.as in

-




T R AP R e

;J7vpﬁxaha as éfteéﬁlt Y P

'f__,fmight arise in the ordering of factors involving memﬁérs of H and the

o Wéfkﬁov3ff0ﬁ::ﬂ{ilf(3{7); (3m9) thaflif"é'= i

‘_mduces A € G (as defined by (2 1)) according to’ ' 9

:tion to-

”Jf&éfthégfﬁé? f(Ey§afquewhéﬁ_1§ﬁgfhyzgéléﬁiatibh);,"&5:

- i

f“,,;v* o :Jf:;'f a —-3; B je

/E

“1q
Y g = A

.!; 6\
E'._v.
S B .j'  "'

;: J”,;,,

B

jthen R = ((a ) -lal )l + 2|al P+ + 2a0 J+ v = 2(-a075+b a-a"z) Where

a"+:£a1+ja +ka3 and 8-b +ib +jb +kb3 Thus in addi-.f.,.f"“"

Ve C

5 . s

L e

R
b

a P, is an invariant quantity.-:_; }_.”
L '. _»‘_\w,,

_ Befote proceedxng further, to avoid potential confnsion that

\
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.“1¥‘;ké;4éiff;f?€;;ii

'?tﬁﬁffa?g-u +ﬁ }Vriaxffxz@imwwa

g

_iiffﬁoperator forms of E and p ) we shall adopt a- C(4) representatipn  :Ef~ﬁ£1Q o

";ff(for example.'ﬁYv _ (Y + ) kS YA Y g‘Y 1 (Y ‘Y ) With

S g p ~4
L

"i‘f{functions ‘W “over ' space-time by. yg;h3f5:«5j;1fff;"iﬁ*f§fj;;jjfniV*gd"ﬁ”'

{Hﬂ-;ij,;:W:.:"

"¥Define a representation " of Spin(l 0, 3) 0n C(4)'-~va1ued »

P B T T T S L U At LT SR SR R T TR

,Y ,Y as in Prop._II 4 2) "' 1;4_?ﬁé;  g}f jfii if?ifff“fij} ?; ;?. ﬁﬂ;;k;i
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)g ¢(x) Do - ;(2,'\,5)/ R

4

wﬁei’e : A(g) is the image in G6_ bf_ g»év'Sp.in.(l,.O,3',)v ,.‘cerfeepcnding‘ to v'f:f ,
vaR),¢=(t@ ,mdtgfafjﬂnff?Q’gfj'7~__ﬂuV:u L

E (g.:c) m(—lvl t+ v Rx) -. g 1’ (2 5> '-

~ . ‘I place of Lévy-Leblond's operator 6, we propose instead: , .
T P L U PO T D PO
1 : L = N ,‘ ‘ o D = ._:..Y;.‘_ p : p . ; e '7:12 (2.7) . ; A‘:_g
e e g R e e s T R e

: ot
e

where p - o =“"’”and.'l: =t (this is equivalent to o

i The first nice feature about D is that

N *fzsett ing

by construction, it is invariantly defined (recall that y p = y p )

e ""'Pnoposition IV 2 l
) 'i,};-l.;j}"‘Spin(G ) |

Y t Don ('g)= Tr (g) ‘ ° D / ‘ -N \ ~(2.8)
g o T TG e e e T T

Ao e

W
RO

| Proof \ Equat:ion (2 8) is equivalent to._.@ u

. ." .."’

SLTie T

Ry 15 (g,:c) : CiE (g, -+ | |
R g Bm(e m g \b(:c)) - e m“j'f".‘i_‘. 'D w(:c) & (2 9)

e T e a' 3 i '\"a: Sl 3

"”_f':"for a11 ll-' and x""f{' Writing x - A'ac ar. L’t\: = A 6% oy Ve\have

(A 1)8 and consequently ' % ":- *{ a ‘(A ]‘)B - (A 1)8 “ _ s
5" K

(tecalling (2 4 a b) with g | ~Jrep]_.a,c_ing_:g.)“ As a result-‘_‘

‘.‘v“‘i\'.




oA

i

ca—

. apy =L o, - m
o - L -1 _ 4
g('ir Bxa)g ny
'g |
= 9 ng L mg(Y = )g .- &
) . ‘ e e & ! ,
Evaluating the left side of 2.9): '
i€ (g,x) . 1£%(g,2) o 1@
EA-x(‘? Cg w(m)) = g(D (e . w(x)) + m(Y - )e - @)
g (g2 '-D ‘
= e : g- D w(x) o+
a iE (g;x) A ig (g,x)
g2 e " ) anGihe ™ v
. . K : ‘ ) «\“ I
ey — 1g (g,x) R £ (g,x) . o
STl )= e —mlvlzy R
LR RV o -
=e "0 omiy-y) O ‘ .
by (2.4c).ﬁan'd'ther'efoi;e‘ ' . . :
. : o P ‘ ' . ! v
‘ e i (@) é. 4. 16,092 A
@ (e " ) m(v - )e Yp(x) = 0
implying' the 'valli:di't“y of (2.9 and hen:e of (2.8). . . O
,In ordy} to compare g with Lévy-Leblond's 9 . c@‘nsider the
representat.ion of Spin(G ) according to Cor. II. 4 6 with b replaced
Y L
by —l b; conjugate thia representation by U T o y-and the '
.*:' . - : R < . -12 ’2

143
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a , ':. ' ) . "‘ N A . . . .
Y 's by U also to obtain: . 0
; B = ) Xt x x
Spin(GG).= -l eabexH),aas= 12., abtha=0
. /-Z—b a . A .‘ » -
. and ’ . . ‘ . " ’ V. B s ' "‘ . RS V
) ' A o
0 0 T 0 0 /21
Ot - I e N B ?
1, of 0o A 0. 0
. . : . . Q
Then N , : . f
vl - o “UD U~1 ="l T - + 3_? - e . ) S
. f N . t . & . L . SR ’ ’
so that with - w = I the wave equation gw‘= 0 becomes:
- \.': . : . ,'u (o V+)w /‘ m wz .0 | : -‘.:‘ 
I - N
. L EIEEPE ("'VZ)“'Z."’ 0
~ (which together imply;tﬁ% SchrSdinger equations:”-°»
e L N L :
- | | . ’ | ‘ |
13, 9. = ==L A+ 4y and 19, b = - 22 As gy
t'1 . 2mTx "1 T T2 2m a2
1 . v . .
. A - CL 5._1&()
A few words are in order_;oncerning iggg%U o
‘Eirst of all,_by Prép;-II;&:Z:, the representgtions: :
0. ~h A RN g SR

o g -
Y =§"Y+ ),- Y =Y ','Y‘=-2K-_(Y774) »  for "."°~’

- ; are equivalent Haking such a choice has the effect of replacing the_ 2

by « in the above representation of Spin(G ) and also 1n the above *

matrix representation of U Ex" -1 o -',j o

Ty
»

-y -



Secondly, to reiterate'»by Propr IV 2.1 UD U-l is invariant
under'the representation'_w of Spin(G6) given by (2 S) (where now-

‘ Spin(G ). refers to. the equivalent representation obtained by replacing ‘the

‘ -potential and A the magnetic potential) : Denoting by V : the fir§t—fjf.’e

‘spin tensors respectively)

2 by ® as just outlined above) The operator U D U -1 is invarianx _

because the representation of the hya 8 and the representation of Spin(G )

are compatible (indeed U D U l is const;;ﬁged directly from the AY "s);}

-}This iS'in contrast wi&h;}evy—Leblond s operator 6 (1 19). which does nOt'

bear any obvio s relation to his ’Al/?: representation. Consequently, it is

“'%'lnoc.surpriSing:&Eji?fis1'6 is not A riant in the sense of (1 20), 1nvar_ht
~ iance of an operato ‘depends crucia ly on thefgiven representation. ST

4

Supposing now that the particle defined by w possesses an

.....

electric‘charge :f’; the electromagnetic interaction is introduced as ff“ R

- ;;usual by minimal coupling p + p (with Ao the electric

‘:’order operator‘ ¥y - ie;A we write Dx 1— V ‘4ij44{ 'The'equatiOn'

X G

Dw = 0 is then supposed to describe a charged non-relativistic particle R

' of spin 1/2 in an electromagnetic field

The Pauli equation results from 2 w = 0 . In fact;rdéfining: :

A a8
EhB' -3 o0 B ?xBA0° and S

~2 . B
DT = - v V
G - ,” B

* im(v 74 Y"Y“)V +m ( )

2

o iy Lo
Y'Vavsfi'z’,’”_vo ZieS FB

i
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= E[Y. pY ] (the elec_tromagnetic' field and S



where v a Y BV ( (y B) = diag(O 1 1 l) ) and use has been made of

“the identities.. Y YB B +: S B., [V ,V ]w = ieF Bw».' See Messiah

“(1966 Ch: xx 521) and Berestetskii’ Lifshitz PitaevskiI (1971, Ch: IV)
for further details..ﬁ » ,



oL v |
'Adand as. before p a -‘l-a : but p4 =€ m with €= +1 (The

. IV.3% NOTES -

=_;§1!. -

Although Lévy-Leblond 8 operator 6 is not invariant the

' "aexistence of distinct invariant operators e_,s° sacisfying' 6 e = ZmS

"has not been ruled out. To understand what is involved one would have N :._','

-.fto examine the relations (1 17) more closely, this is’yet to be done.;

The general PrOblem of factorizing differential operators hasf_vb'v"j
:‘ifnot received a great deal Of mathematical attention although in theTJ’?

'>7frelativistic context some w0rk has been done, operators ie;,': which

// . . . . o . (;'

factorize the Klein-Gordon operator ,_;-faliz A - m2 are called Klein-.

*.C}ZfGordon divisors}(see Takahashi Y. (1969) ﬁor a discussion of this and

:7:‘for earlier references) Also motivated by matters relativistic Hermann

iziwhen it is desired to formulate quantum mechanics on curved space-times._;’:::

b a

B F

fdefinition of g is invariant because under the action of Spin (L ) ¢ 3'

4

!_Spin (1 4) C1B =y pa s whem pag 3 ‘md P 5 E P =m).

' ;The representation of Spin (L6) on spinor—valued functions on space—;

’ vf(l975 Ch. XX) has developed some results on the factorization of differ-: ffh_7gﬂh

:":‘fential operatorson pseudo-Riemannian manifolds likely to be of interest i

—

In the relativistic case we proceed along similar lines._-Let‘"&l

Q '

.lDli””qp&?pi where now y y + Yoy -.—Zg ( (g ) ol diag(-l 1, l 1 1) ) If"

; if;-v»"ume ts given by o) (A-x) ok w(z) o where B ke, cm) L



'“‘{  invariant definitions

fcurved space-times is made considerably easier in an approach using -

Y

-1l a

L7éhd' g _ysg‘=5Aabyb_;.’1dvariance of D is eésy;tOfSée::( o _:*'{"

/

s @V g in o

L

o "1 T

Q(L 8 + € m Y )w(x)

As a final remark ;t may be said that the generalization to

BEFS

e e e

11-918 ot emgy. g? -.l).gf»\l{(i?)v,_ SRR
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U g remeney

- ;'where use has been made of the fact that Spin (L ) = Spin (1 4) 4 'e':x‘
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