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ABSTRACT

.The pufpasi af;this study-was to ?ZVEStigate énd‘identify!same
' &f the geanet;r'lc think‘lng pmcesses used by eighth grad??tudents A\
in atteﬁpt}ng to solve :ertain spatial prﬂb1ems on po1ygona] regions
and to inquire into how the StudEﬁtS justiF1éd and exp]a1ned tBE1r
perfon;;nce. In part1cu1§;, the interest was ta ‘explain how graée
.eight students understand the area ceﬁtept us1ng piece-u:se

congruency Twn pclygoha? regi@ns are said to be p1EEEsH1SE

foreent 1f one of . then can be cut into a finite ﬁmber of
-subregﬂons such that thay can be rearrm{;eid to cover the other :
regtpn complei:e‘l_y In the inquiry spe:1a1 emphasis was p1a€;edr

(1.),'the‘ e{;fe;tiueness_ of {:hysicai manipu]atign on studepté’

perfom;ances 1n certa1n spatia"l prob’lan*sa'lving s1tuations : B
encount:ered1 (2) the kind of intuitive reasonings students ap;u;ed '
to exhibit (3) transfer of Tearned properties into new situatioﬁs,
(4) the type of errors students appeared to exhibit fn Jus‘t‘ifying
~their resporises; (5) patterns stuJents seemed to fum and use .
in attempting certzin spatia‘l pmb’lgls; {6) the pas*sfb‘le utﬂizatian;
. "of the motions of slide, turn, and flip thraughout these prab’lsns, '
(7) the possible adaptatfon of the unit (Appendix A) as a teaching = - 3
material throdgh which ‘Ieaming of basic ccm:epts in gemetry - N
and in e]ementary mathematical analysis migﬁt take place; and
~(8) nm_thgr‘,_th,e,,uni,t and the evaluation task;, (sed page 58:51): : E g,,,.‘
‘utilized in the stuﬂy have any p@ientiai value for classroom teaeher:s,‘,’_ e
use as a tool for diagnusing students misunderstanding- of t.'er‘ta‘in ;

geometr'lc concepts. -



T
.

_ test. Fi"‘fiﬂ the school's point of view, one of the classes was’

.7
" Based on pilot testings, an instmctmna’l unit was *construtted

b_y the experimnter, glpioy*ing the piece-wise congruency. ‘betueen

‘polygonal Feg"inns, teaching aids mater’laIs including teachers

_ma,nua? -and g’leven e.gﬂuatinn tasks 'Fer interviews

A sample of 58 grade eight students in two classes was ut111zed

The classes differed q:cmsiderab‘l_y on the fina] grade 7 mathsnatws

knuwn as the 'best’ and the other was knmm as the ‘poorest' among
thg grade 8 cTasses ‘t the school. Twelve studentﬁx from
e:ch cﬂiss. wev-g 1nterv1ewed prior to the instmctinn of the unit

the eleven eva]uatian tasks ‘were ysed’ in Eégh 1nte;~v1ai The .
[ 8

- perfnmm:es nf‘ the students on each eva’luatmn task were ana‘l _yzed

and ﬁerfoﬁnance categar'ies were develaped fm ‘the basis of the t_yp?

of patterns students appeared to exl_ﬂbit, As:such;;the processes

students appeared to-follow in each of the evaluation 1’&5 wér‘er X

&

4

characterized by these response, category pattems s

The respanses of the students to each of the Een-etry Test.s

'were exam’im and ‘response categaries ‘Far each 1t§r were devehpéd

Acﬂanﬂng]y, a s:aﬁ distribution schm by categnry fcr each test

was des‘igned which uas used to anafyze stat‘j sticﬂly the students'

responses and to describe the kind of achievment exhibit.ed
Qua‘l*itativﬂy. thg results of the study ‘indicated th;ztg

('l) throughout each of the evaluation tasks on piece-wise ccngruenc_y A
, students seemed to be kaing for pairs of cengruent edges angies.
| or bgt.h (1earned prnpfrties af the linear and anguhr measure _

systems were used in the area measure system); (2) a piece-wise

congruancy Qf‘m‘po‘lygqnﬂ rzgians of équ-{vﬂgt;rea: :au?d;be
ot "

=

\

J



ta

) ot o S
léttained'ﬁn1¥;hhen‘:J11ne&r Eongruengy;‘aﬁgu13r congruency, or both

. were:attained; (3) students exhib1teﬂ 5urpr1sing patterns, through

‘ 1n¢ependent d1scover1es. in. dealing with Pythagarean theorem in
ﬁarticuiar and with. tbe 1nvestigat1ve activities cn decomposition

:'af pg]yganal regians in general, (4) thraughgut the evaluation
tasks. students praeesses were characterized by a sequence of’

—4nlhﬂ!?-ﬁ:ntﬂ1 EEtS' Supufpasfng orie of the reg1oﬁs on the ather

<. with tun carrespanding edges being superposed atong each otﬁr?

cutting one pf the regions’a1ang the edges Qf,the other; cartyinj
_over tggfresuiting subregions and ﬁgﬁﬁhing.them,én thézather> |
‘region; égpeatin§¥thg-1ast two steps until eithér a successful
qpmﬁ1etian of the task: or a failure, and (5) students seemed to

- recdgnize that twn pc1ygona1 regiuns of eina1 areas were p1ece-wise

congrueut DnTy ‘'when one af’fhem 'was decomposed into subreg1ans

1

and superposed fo camp1etely cover the other region simu1taneaus1y. o

If the subrggigns were reassembled into thefi original reg1nn,
the students wou]d 1nd1cate that the two regions were Ro longer
corigruent by pieces. That is, students at the grade eight 1eve1
appeared to be unable ar unwilling ta think sequentiaJ1y, ut11111n9
only static mentaI representatign A
 Quantitatively, .the results of the study indicated that:

(1) theré was no significant difference in the students attitude
taward geametry and mathematics over the perind of the study.
(2) students' achievement on the Gecmetﬁ; Tests were- s1gn1f1¢ant1y
diffé?ent on” (a) differentfatian and identification of po!yganal\\

regians. (b) equidetampusitiuﬁ of palygonal regions of equal areas;

and (c) Eamparisanraf:ratiana1 numbers viavgeametrtc repTESEﬁtatigns,-

vii



: pnd (3) ana!ysis contrasting the tHD§€]

’ Consequently, the piace-w1se cuagruenc) approach enihanced stﬁdEﬁtS

understanding of (a) the meaning of the term ‘polygonal’;: (h) inter-
relationships arlong various pu]yganal regigns; (c) fractions which
be?ang to the same equivalence classes; and (d) the importance of

a chosen umt’m any visual cmrism ‘betweden ;itiinnal nmbers,

;_es on the pretest and |

)pasf test iﬁd?tated that a?thaugh the rbest' ciass shawgé,cnnsiderabIe'%

ga1hs, ‘the piece-wise congruency apprua:h was mare hgnef1cia1 for i

the pnarest‘ class. , ’ — . .Vp
" Finally, the piece-wise cangruency=unit appeared to be, successful

on three caunts (1) the student achievement; (2) the students

eliqjting of a variety of intgresting and surprigsng patterﬁs thraggh

an& adaptatTQn of the unit. ijs :
e r o et g
s ) ) i) E d -‘ Y
TR - 7
,—. , : , | |
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CHAPTER 1 |
. xmowcnou L )
A, Backgrouhd to the Problem  °. B -
Geonetry is a subJect rich in h1story~and broad in scope, it took
- its rise from- practica'l activit'les and from the problems of daily Tife.
The pf'opert'.es of geometric concepts as well as the concepts’themselves.‘f‘
fmm qbstncud from ‘the -worid around-us. - It was fvecssary for-
people to draw llany stralght Tines before" they developed thf axlon that »
a straight Hne can be drawn through any two arb‘itrary distinct points ‘
. ‘They had to move var1ousvp1ane figures about and apply them to‘onev an,- .
.otﬁe'r" -'on-many occasiong before théy could come to generalize their gx- -
| beriences to the notion of.super_fposition'of. geometri't figures and
~employ tr_ﬁ‘s notion for the proof of theorems. This was done in the
famous theorems abo?tjhe congruence i_’f‘ triangles. ,
The earliest existing evidences of human activity in the ﬁeid ot
geometry are some bak;d g\la"y tablets uneartbed in Mesopotamia and be-
- lieved to d_igie about 3000 B.:. ‘The. ‘greht pyramid of Gizeh in Egypf"
was erected about 2900 B.C. Eves, 1963). What is kniown as the Pytha- :
‘ gorean Theorem was ‘also known to the Babylonians as far back as’ approxi- .
mately 2600 B.C. (Tian-Se, 1878) oo
The content of geometry a;d the approach taken to it have re-

~ mained almost unchanged for a ‘Iong time ~ The “Elements" of Euclid

was the basic reference for geometry up to the »tiuié' of Janos"‘BoT}’g’i‘
_(}Hungaria.n math'matfcian, 1802-1860) Va:nd Nikolai Lop‘acheVsky'(,Russian(
' 'Mter',. 1793;1856‘): 1T Was then ‘that ﬁanEu“CTTdeaﬁ"ge‘oa!tf_"'y'f“was"_ fn- >
troduced by replacing Euclid's fiftn postulate with a contradictory
postulate. Tiﬁs’ is oftén claSs\.ified ‘f one of tr;e mos.t}signifi'cant

+
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evénts of mthmtic;, after ﬂpre than- m t.hnusand years uf unchang*lng

ea.cceptanee of t.he “E]gents of EucHd (A]eksandm et al., 1969).

-

: A;_fim;_f@unﬂﬁaﬁ;gﬁ;knﬁiedgg in spatia‘l’cméeats is most Tmpor- -

tant for study in geometry. _ This requires an extension of “our knuw-.

: mﬂge

about the t;hﬂd s cam;eptmn of space and geamtry and makes 1t

of immedjate 1n§§rtanze “Martin (1976a) presented much 1nfﬂmtmn

about.

how eﬁﬂdren,_ especially\those ;n_e_grly gradgs, perceiveﬁ geq— -

metn’ca‘l and spatial concepts. Hartiﬁ'éqted that despite thé wea \ih

of information available, we know littie ahmg the child' s Eun!:Ept’fﬂﬂ

']
nf space. - Rabinson {1976) 1ndicated that a‘lthﬁugh gemtry has nnt

a‘luays been viewed as nex:essary as ar"ttfmeti: in every day ’IiFe, 1t-*"“‘x

'canst‘ltutes an hﬁna‘rab'te branch of mathematics and deser‘ves a é’lace in ,’

‘the educat*lan nf ch'LJdren. Cansideﬁng the many di fferent appmaﬁhes o

stone

el

I\!d!.

,_avaﬂib’le to %aiﬁetr‘y. Rabinsan r‘egards Euclidean space as a cm

in high schoo] geametry pmgrming She stated 5
i
At the.present time, the higi school geometry. course is” i
under attatk, with heated debates among the proponents
of vector approach, a transformation approach, and elec-| .
tic aporoach,. and those who favor the traditional courfe.
Yet regardiess of how the matter is resolved, Euclidean
space will most likely be the center core. (p. 26)

" statements made about ‘geometry concerning: what geometry shofld be.

Hajar reports amond those are 6@315 for School Mathemytics, The

Hathematics 1n the Primary School (1965) in Eng]and and Geo-

(Martin, S ’

Repart of the Canbr‘idge Canfer'ente on Schoa’l Hathematics (19%3) in the
u.S.A.,



—metry, Kindergarten tp Grade 13, Repott of the (K-13) Geometry Committee

(1967) in Ca,nada, ‘They urged that the appréac:h to geametry'. especially

“during the e1mntary and junior high years, be h1gh]_y intuitive with

1nten§1ve use of concrete materials.. Each of thesg repngs stressed

that mre geometry should be embgdded m the school mathematics . pmgra- B
. . throughout the yeirs of i‘lm:ugr and mﬂary schoot. levels. Simi~. -

Ian' ﬁcmndatwns ‘can be found in the 36th yearbookd of the Nat‘i@na‘l

Council of Teachers af Hathematics, Geenetry in the Iﬁthﬁatics Curri! )
culum (Herrder'sr.mti 1973) -0 ) |

! .One side of the ggmtry cantﬁ)versy was perhaps well expressed :
tend to

by Gearhart ( 1975) He rep@rteﬂ that teachers of high schoo
reaffirm the imrtanee of geometry in-the secnndary curricutum a’ﬁdf
that, in the teachers' opiniom, many high school students do nut enjoy
the ssmjett and do not expiﬁence suctiess with it. A similar state-
lﬂél:t but for eaﬂier levels, was made when Williford (1972) statéd

that research Jindicate that a majori ty of very young children can

shmi a variety of gemetric abﬂities with a wide ringe af gemtric

pmbians Neverthg'less. Williford added, teachers and students alike,

| in bath Tg\rels of schoahng, e'lemntary and secandary, experience dif-

ficulties with gemtry. dis'l'lke af genmetry, Dr bnth

v A]tbnugh a variety of approaches is used at the present t*lme, ifl, o
the instruction of geometry, Euclidean properties of the geometric ob-
jeéts studied are the basié f:m'n part for almost -all. af them. QThus: |

I

the - mﬁ fﬂve :bﬂity o operate in-Euclidesn mte ts of greet -

vimrtans to thé study of gemetry thﬁ:ughout the school mtheiatif:s ’

pmgm And hence, success for an appmac ta gmtry d’epznds in N



) con‘s.iderablek part,'bn the gxpeﬁenée ﬁ:f the g1mtary and high school .
<stvudents 1n Euclidean space. How to meet this crucial need success- ) :
fully is, in fact, one of the major pmb’lems in d‘esigning a program in
geometry. . - _
Wittenberg (1963) brought up some important issues in his eritf-
‘cism of the vt"r:ea‘t:nen't of one fundamental tdpic\i n e]’eﬁg;\tary gednetry;
namely the area of plane figures, as given in the reyi¥ed edition of

the ‘Geometry text developed by the School Hathematics Stud_y Grﬂup (SFEG)

'._» . ) s _. »'4‘

A

" for use in high school He Stated that the treatment was- uns:ti;f;etﬂry :

|

on at least three counts: : e

1. Las an elementary 1ntroductinn to gmtry and gemetrical thinking
2. as an mtroduction to Iogfcgﬂy precise mthentical thinking, and

3. as an 1ntroduction to the mdem canceptian of a dedu::twe syste-

Wittenberg described it as unsatingctory in that ' L,

2. the text misleads the student, and

’ b.. the text is “definitely poorer than it easi]y could be at

" the same level of difficulty. L B
Hittenberg was. in disagreement particuIarly on the appfuéch adopted by
“the’ text on polygonal regiomiJ and their areas and rejected tﬁE imediate
. entry of the notion ‘of area as a real- va1ued functinn It.appears;that
Wittenberg was in favor of a prergqﬁisité unit on polyqgonal éegians'and
tﬁeir areas before the real-valued function approach. Tﬁus the iﬁméd

: 1ate use of the real-valued functian approach to the ngtinn f}f area as

it emerges- 1n the SMSG text was rejected and described as “and mi- N

pulatfon of formulas...as mislead ng as it is unsatisfactary

In Wittenberg's opinion, the textbook proof for 'two tr-‘iang’les;

LY

LS

"



with equal éititudes'and%gqﬁa1 bases have ég;éi areasf,‘is an example
supporting the above assertian-' The téxtbaak states: "the proof g%
his is clear because the formula A = 172 bh gives the same énswer;jﬁ N
each ‘case.” To which Wittenberg of fers the'fa"l”lgwiﬁg comment: h
| Thus, "having the same area" never takes on any other meaning

than this: the formula happens to yteld the same value, But

this blind manipulating of formulas is as misleading as it is
unsatisfactory. For polygonal regions "having the same area" -
can easily be given a meaning that is at once intu1t1ve and
precise: it simply means that one region can be cu up into
bieegs)with which we can build up the other. (Witténherg, 1963,
p. 453

Obviously, Wittegherg is referring to the idea of equidecomposable
. figures, These two triangular ?egibns ujth equal bases and equal alti-
tudes, even if one looks long and thin and the other wide and 5ma11 (Fig

: and Fig, ), have equal areas.

Figure 1 o o ™~

This follows from the fact that both are ‘equivalent to the same

wm o

R |

wh g

e Kl

la

f

rectangular region, that>55; each of them can be decémpnsed into the same

#

"rectangular region of the same base but half the altitude of the

&
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triangular regions (Fig. 2). =~ . o ) ¥ﬂ‘=i - L ;a ;-

b
{
!

Figure 2

e. ' . : - o ) ) o : o ) _.
In dther words, both triangular region ABC and triangular region
EFG afiieguidecgmeSib1e’wiEh the rectangular region: 1JKL (Fig. 3a and
Fig. 3b). o | o

T~ Figure 3 ¢

To Hittenberg, many facts about polygonal regiﬁﬁé are easily reached .

by “simple and direct gﬁEﬁEtFit*FE!EEH‘HQ(QitHﬁE%*Eﬂj ééfEfEHEQ-éu mee- -
surement of areas”. And that "once a student has a firm grasp of this
simple situation, it may be interesting for him to Iﬁarﬂxﬁhatztﬁings are

not so stmple inrspace;hi_ - - : o

&



; In deFense of the SMSG apprnach Hoisg (1963) prnposed that (1)
"the synthetic“ concept of ‘area or "the gqua] ~area" cancept is not
going to be impartant to the student in. the years to tume (2) lengths.
areas andrva1umes are measured in real numbers. and (3) in the con-

text of modern mathematics and stience, the 1deas of equa1 IEngth and

- ,;g, .

equaI -area. simp]y do not deserve to be regarded as central concepts. "
Therefore, Hcise appears to be11eve that these reasons are suff1c1ent

for .presenting area as a real-valued function immediately.

¢

In Moise's words:

Obviously, if the students are going to get numerical answers
to aréa problems, then we must, at some stage, introduce area

as a real-valued function. And granted that we are going to.

do this eventually, . we should do it soon, so that the full

force of the theory can be used for things that it is good for,

It leads to an easy proof of the Pythagorean Theorem..

(Haise 1963, p. 463) , .

Finally, Moise indicates two additieﬁa1 reasons concerning his
decision to approach area and- volume as real-valued functions: :
. This is the prevailing practice, for two good reasans it/is a
concept that young students can learn and use, and it is the

concept that is needed, in applications and in further study
of mathematics. (Mu1se 1963 p. 466) “ ,

8. The Problen
| One of the most 1ntEFestihg questions related tn the child's mathg?

matical develapment is how chi]dren perceive and cangeptua1ize spatial -?

figures. He da not know pr!cise1y haﬁ ch11dren think geometritally, and

~in particulier, thev-e exﬁts no- E}E!f' gmi*mwn ot hﬂw Eﬂﬂdf!ﬁ Tearn

" the area cnm:gpt ' !

‘ Hat@giatics educators and developmental psythoiggists hgve ﬁeen

e e e
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discriminatton applied to plane’

focusing on the child's recognitidil
figures. Piége; and Inheidg, 7” "and 1971) hypothesize that children .
are initially able to deal only with topological pbﬂperties of figures
and only at later stages develop the necessary cognitive structures for
perceiving Euclidean properties. Attempts have been made by'reéem:he!rs
to vertify thié hypothesis vithftnntraﬂﬁ:*ufy results (Jahoda, Deregowskft,
and Simbia (1974), and Martin. (1976¢c)) : Martin (1976b) stated: . .
As a developmental psychu]ngist,7P1;get does nat §1way5 use
mathematical language as precisely as the mathematician
" might desire. But although making implication for mathe-
matics—&ducation is not a primary objective of Piaget,
mathematics educators do make inferences from his research.
- One purpase of this paper has been to point out some of
. these difficulties involved in making such inferences.
nother purpose has been to demonstrate that Piaget's evi-
dence that topological representation precedes Euclidean
and projective representation, though often tantalizing,
is not unequivocal. (Martin. 197Eb p. 24). e
" There have been continuous changes in the mathematics curriculum
for elementary and secondary levels throughout: the 1950s -and 19605 due to
the efforts and éaﬁcerné of mathematicians and mathematics eﬂueatnés
(Devault et al., 1968, p. 31). This need to update school ma;hematics
programs continued over the 1970s (NACOME, 1975) and there is Iittle
reason to expect that the extent of innevation will degrease in the near -
future (Prime-80, 1978 and Davis and McKnight, 1979). An emphasis has
been p1éced'ﬁn the structural natﬁre of mathematics. This is, perhaps,
due to the fact that, from the axiomatic point of vféw, mathematics‘
appears to be a storehouse of mathenaticaI st?uctures (Bourbaki 1950) .
Thus, many appraaches to geometry have been 1Heroduced, Sﬁﬂ’i as ana‘ryt'fc.
' transfununtfan, vector or synthetic with agree-engi!eached neither on a
. : e ‘

*£
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!ﬂlrt1§31§r approach nor on-the general purpose of géametry in the tur;
. ricului Hau!;er ‘mathematics ‘ed c:tars have agreed that more geometry
shﬂuld be included and should begin with earlfer stages (Hartin 1976b).
_ gardless of the disagrEE-ent about whith approach ta geometry _
A sheuld be adnpted 1n the instruction, they all depend almqst entirely
- on Euc1id=an properties of ‘geometric figures Therefore, thg 1bi11ty
to operate in Euc]idean space is crucfal to the study of geametry
Hnr;qver. as is nentianed above, success in geometry, rggard]ess of
the apprna:h taken, depends on the experiencﬁiaf the elenentary and
high school students ip Euc11dean space. '

.Thus, research. 1s needed to pruvide information on possible ap-
prﬂaches and infbﬂiatian on the wiy chi]dren 1earn QFﬂmetry The prob-
Tem undet;cansidgratian in this stud;»F&]]s into this ‘category of re-

‘i;eargh. i e §35>

The major purposes of this study are:

. - 1. To pravidesanlanaiysis of the way stédents=in grade éight
Tearn the area and the ;rea measure cah:epts. especially those for
polygonal reginns | | -

2;’ Ta observe closely how the students act on the testing in—
strument before takina the unit, hawﬁthey act thraughout;thg;periad aFv

n instruetian. and how they experienﬁe'thi éansgqgeﬁtes‘af fgeir aéts.
3. Tu investigate Hhether or hot the student canstructs his own

explanations inggpendent Qf the context

.~ 4, Ta investigate the. reminmip-‘if any, between the ability . . .. . .

to equidecomposing polygonal regions and understanding the area and
area measure concepts. |
It 1s a mistake to restrict the study to the pggpgrgies of the

£

f
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range space of a me sure alone and to state that the study is in fact

about the chfld s C ceptiun of a measure systgm

Thg child cannot be said to understand i measure . .
system until the operational definitions of . . e
properties of the domain space, the corresponding

. properties of the range space, and the _

~~ characterizing function that unites them into the

.measure system are exhibited. (Osbarne, 1976, .p. 25) . . . .. o i

C. Definitions
For the purpose of constructing the unit on po]ygona1 regians and
their area measure, the basic undefined terms are as follows: point, ’Hne,
(\ and plane Below are definitions for some related .and used'tenms fn

the study.

' Triaqgg]a? r}gjéﬁ. A.triénguigrAregian is a pjane regién consis-

ting of a triangle and its interior.

iygona ifon. A pa!yannal region is a pIane region such that
1t can be d1v1ded into a finite number of triangular regions that have,

at most, a f1n1te number of points and segments 1n common.

. A

Ll g
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o Cajgruent rggiuns.‘ Two p]ang regiuns are s:id to be congruent
if one covers the ather cm]etely '
Pieceiwise congruency. Two pn’lygonal reginns are said to be piece-

wi se -congruent (ar Quidecmp_osm’le or cmgi;ment 23; addi tion, Boltyan-

skii, 1963; Eves, 1972) whenever one of them can be cut intﬂ a finite
mmber - of ﬁa‘lm} subregions -fn souch a iny’ tﬁ!t mey can be’ rearraﬁgzd
ta cover the second regiom :w]ete’ly ;

Cut and-cover. Cut-and-cover refers to the procedure ment'_iaﬁed

in the preceding definition. x
;Eg A space is referred to as the set of all points.
Function. A funcﬁon in a'é‘lat‘ian ties ﬁn spaces, the domain.
space and the range space. such that there exists no e’lement in the :

domain space that is re?afed to more than ﬂne e‘lanent in the range

- space. - (This relation is aiso called mapping, tfan,sfnrngtipn, operation,

correspondence, application.)

Measure system. A measure system is referred to as a structure of
' ideas consisting of three-cmﬂpanénts: a domain space, the ﬂﬂﬂiﬂeg—
bative real numbers (range space), and a function defined on the domain

space to. the non- negative real numbers (Fig. 4')

Domain space S Range space - -
Figure 4 P o



12

®

Convex Polygonal Region. ' A polygonal region is convex if none of
its sides, whenever pruducgd,'dissgets the ﬁnlyggnaf region into sub-

regions.

non-convex - convex

Regular Polygonal Region. A polygonal region is reguiaé if it

- satisfies the following conditions: (a) it is convex; (b) all of its
. ‘ v . - . .:i . 7;—:;‘:7 -
sides are congruent, and (c) all of its angles are congruent.

*

1  1. ‘If'Egg area measure for pa1y§ana? regions fis ta‘be considered, dhen
therdamain space would be the set of all polygonal regions.
2. Thire are always anaquaﬁs oberatiéns; reiatiunsfand charactg}s!f

between the two spaces; e.g., in area measure

Wy
e}
' ]
T

+
a

Union operation U  -analogous to a&ditiv; nperatigp,
Set inclusion. 7 - s B
relation ‘ =4 analogous to = order relation

o

Untt measure . :Qﬁg}g!gggqi‘n .
'‘Void region' analogous to - 0

Congruency " analogous to =

Difference ~ 7 _snalogous to (with some reStrictiqn) i

S A e Ras e gt et S e

i . N
B L n =y B T
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D. Need for the Study
The Conference Board of- the Mathematical Science of the United
States nominated a Natwonal Advisory Committee on Mathematics Education

(NAC(HE) in May, 1974, Their report, Overview and Anal.ysis of School

Mathematics K-12, stat_es that "Though geometry is mentioned as beimng
part of texts.,objectives. and testing, 78% of the teachers report
spendmg fewer than 15 class perighper year on geometry topics."”
(782 of the elementary school teachers; page 13) They came to the
conclusion that the acceptance of geanef'ry in elementary programs )
has been slow 1ndeed. \On toe junior and senior high sch’oo’i levels,
the picture was not much different (page 5-10), Simiiar conclusfons

but on the students aspect of the problem can be reached fram the inter-

/

. pretations of. the results of the National Assessment of Educational

" Progress (NAEP) reports (Cerpmter,-é:bum, Reys, and Wilson, 1975a and

‘ b). For example, about 50% of the 17-year-olds could recall the name of’
" the cube cylinder, and sphere, while only 25X of the 13-year-olds could

recall the names of these fig'ures. The.results for younger children were

lower. In the conelusions of these two reports it is noted that basic

coo'cebts of length, area, and volume are not well aquired by students in-

both levels. Therefore, a need does exist to provide more infomtion

on abilities prerequisite to the learning of geometry and measure systems

assuming that the above data can b¥ related to North America as a whole. o
Finally, the 1nvest'lgator believes that the need for this study is

weil enpressed in the follwm statement offered by Coxford (1978): -« -~

tbe research dealing with geometric concepts needs: t.o [/

progress beyond a description of what children understand
at various age levels; it needs to progress beyond repli-
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: :atinn and refinement of- Piaget's theory of intellectual

development; it geeds to begin to relate geometric under-
standing to the type of geometric experiences learners
‘'gain in and out of school; it needs to begin to relate
geometric understanding to the nature of the instruction
used bj;,ftegcherg_ (Coxford, 1978, p. 323) :

!
i

De11m1tat1§s o - -

1.. The results of the study will be confined to gr"ﬂuﬁs of
s tudents . siiﬂr’to those involved fn the study.
2. The schm’l in the study was not randomly selected.

31w 15 mt poss*ib‘le to confirm that all of the stuéents did

"

E. - : Ph o e it

fhe following dg’liuritations are tﬂ be considered:

1. The study i delimited to grade eight students.f

zf The study is restricted to classes of E:iuaﬂtan Fub’Hc Schao’l

~ System, o

3. The studj is mnﬁned to :pb‘l;gﬁﬂaiiregi\nns. and area ié;surei
F. Limitations o o

In interpretatian of the data, the ﬁ)ﬂow‘lng pfﬁnts wﬂl uught
to be considered: S -

ﬂﬂt consider ‘Ehe instrument as a ;hecking of- their knowledge;

“this in turn could have had an effect on the type of their

responses. Hcmever every effor't was made t‘&nsurﬁ that

students did not regard the 1nstﬂnent as a test of their

. s e e



A detaile 'explaﬁhtfon of tﬁe design of the study, the piigi study, th
. testing

\

.G Outline of the Report

~
~—— i

Chapter II contains a review of some selected‘reTivaﬁt literature

'r0cedures,'intervieu5i the research qbestiﬂns, the test instru-

uentl\sggjoyed, and the hypotheses tested 1s'reported,iﬂ Eh;ptérllllg

 Clapter IV Teports the reswits of the stwdy, both quentitatively and - -

qualitatively;' Chapter V, the final chapter,einciudes'i summary and

discussion of the findings with respect to the questions raised, A'A )

discussion of some of the educational implications of the findiﬁgs

and suggestioﬁs for further research are also contained in this chapter.
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= , CHAPTHR -11 .. .
. REVIEM OF RELATE?EXTEEATURE o
A. Irtroduction 7 Y 7
" The aim of this chapter is to establish a base for the research
questions. . Below fs a discussion of Ee;ﬁi-gnﬂatiaﬁs made by major
_couliiss;'lans. and committees, formalized results afivrgsgaﬂ:h s:tud*l;-es on
the motion gf :m. piece-wise my “and imuﬂm Stﬁittlﬂ'!

together with some views on perception and thought development.

aaietry “and the fnstruction of geometry at ‘el ementary™ nd set—_

ondary levels have been under intensive study and review over the last

© two c_:gcades; Many conferences and cmitte:s were formed and many re-

ports have resuited ﬁ:cusing on geometry programs and t_he many iﬂstru"

tional patterns. Some of the ma jor rgports on mathgati::s are as R

fo]lais:ﬁ The Commission on Mathematics of, the College Entrgnce Buard

(1959) in the UisgA; Goals for School Hazthematics. The Report of the

Cambridge Conference on School ﬁthgntir_s (1963) in the U.S. A,
Mathematics in Primary School (1965) in England, Ggmetry, Kindergartew

_to Gride Thirteen, grt of the (k-13) E@Qqetrg Eﬂit}éé (1967) 1n
Canada, and Overvifw and Anal,
in the U.S.A. 1 ‘

These reports suggested major :hanges 1n the mathmtics prﬁgrus -

for elmntary and SEEOhdiI‘y schm:]s. both in agntent and instruction.

These .studies nat uiﬂ y recmnded th:t a greater emphasis be phced

L A T

upon gemletry thmughaut the e’lmntary and secandir;y mathmatics pro-

grams but shuuld in fact be started as early as Hﬂﬂgrg:rten

s1s of School Mathematics Education (1975) -
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Thetgitional Advisory. Committee on Hathe:ititszgﬁucatiﬁﬁ {QQEDHE)

produced a technical report, Qverview and Analysis of Schoo) Mathematics

Gtades K-13, in an attempt to give-a comprehensive aver%iew and ané]ysié

of- the curre‘fTSitua%ﬁon of wathematics education, with respect. ta its
objectives, current practices. and attairment. The main purpose nf

" this ‘survey ¥as to seek" ansuerS‘;E‘thE following questions—

.- Hhat have been the goals and ?itianale for recent
édrriéulum'devé1opments? A _
: ‘) - How accuratel}y and broadly Ure ggeg goals realized-
in current school programs?
=~ What potent forces and prﬁmising'innpfatidns shﬁqu
shape mafhemafics curricula in the years immediately

ahead? (p.1)

been djrected toward the develophent of school mathEmatics programs

- ~ The ccn-dttee gave ‘extensive attention.to tﬁuse ‘afforts éhat have

/ . )
. over the past twenty years, 1955 1975.- There have been enanmnus efforts .
o

toward deveIOping school mathematics focused on the enqtent of instruc-

tion -~ new mathematical topics, new organization and grade pla:ements

of tradit1onal topics. And, naturally, there have been rgsg1;1ng de-

bates betiegn professfonals.and the public on the gaiues of these new

ideas and techniques and whether or not a mathemitics curriculum re-

vadrm is needed."Even among professtonals themselves there are heated

debates on what partichlar techniqué’sﬁau1d!bé'adopted,.espeéiaiiy at -

‘Moh $choo1 Tevels -

- The extent of use of new progr:ms specifically designed to teach

geometry was 1nvestigated Q{ the committee. Thg committee feund no

¥
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y. data that indicate relative @ha'sis of new and classi-
! school topics. As such, “indirect Eﬂden'i:e from aﬁaijsisx

of Natmna‘l _ sesmnt Educitinnal Progress (NAEP) was adﬂpted by the

mittge (t;vcr surveys were commissioned by the Nat’lnna‘l Councﬂ of -
Teachers of Hathenatic (NL‘TH) ‘Carpenter, et a1 , 1975a and 1975&
a bl“lE‘F account of each was made azﬂmle to NACGE at that. tiﬁ)
A sample of 3000 elanentary school tea&hers was given a questwnnawe
which contained a list af content tnmcs in mathenatics Among other
things, they were asked to Judge instructiana? time Far each content
tqplciv As a survey result, gemletr_y was gwen fewer e’lass permds re]a-.
tive to the mathgéiatics content area by m;arity of respnnding teat:hers
(p. 12). Accprding]y, the committee concluded that gemtry had a s’lcm
acceétaﬂte in eTenentir_y programs, On. se:andary school ’Ievels, gemtry
uas nat a high priority either and the cmlttee therefore, urggd thit
teachers pay in\:ﬁased attention to geaﬁetry as ane of the fundangﬁta‘l
subjects in mathematics and science. 7 ‘ ' L
The report revea’led that there 15 a4 controversy over the c:nntent I
and af‘gan’lzation of high school gemnetry The cuﬁittee Stated”th;ié .

~ attempts to include 1'ntuit1ve gerjletry 1n elanentary and junfer high

-

£
exist. N . . \
 Most of the studenty search in mathematics for a collection ¢f
~welliestablished concepts and methods that are app‘]icaﬁ‘le to problems

elsewhare. . The committes was concarned.that the.lack of clear axplame. ... ...

ation of how to group these concepts and methods (into logical st;ruf;vt:urg‘e) o
can be an cbstacie to the Iearﬂi’ng} process. However, they also warn



i, 19

some recent curricu]a;anduinstructionai practices. In sum, although.
the committee did not.call for overaT]remphasis of logical reasoning
in school mathematics, logical reasoning is regarded as one of the
Basal attributes of mathematical thought’. It 1573159 an essential
- component of problem solving. Thus, they warned that ignoring .
logical feasoning in school mathematics would hive negative
consequences on the learning process. The committee stated that mathe-
matics curricula can be improved by using methuds which ensure intera
action of concrete experience and abstract th&hghts Far this reason,
a baTanced approach using both the absolute structural approach and
‘complete intuitive approach is recommended.
Popular reports of this debate suggest inevitable
-and bitter polarization of mathematics cnmmunity on
the issues: v S
old or new
skills or concepts
concrete or abstract
intuitive or formal L
inductive or deductive .
This dichotomization of curricular {ssues daes not
accurately convey the intentions or the accomp-
lishments of recent innovations. (p. 21)
Thus, these phases of mathematical gdu;atian gught;ta cempTement
each otHer: "We are convinced that this is a false .antithesis."
Reviewing the National Assessment' of Education Pfﬂgress (EAEP)
findings (Carpenter et al., a and b) on geometry and measurement, the
Commi ttee found reasons for concern about the 1ev§1 of unﬂerstanding
..children are attaining with current educatinn:l é‘;;ti:ns For in- .-
stance, pgrformance in applying geometric re1a;10nship§ was poor for

9-year-old students and relativé]y better for 13-year-old students,

e




though far from being adequate. Only 36% of the 9-year-olds and 60%
Gf'the 13-year-otds could calculate the distance between centres of
two adjacent squares of the same sfze, In view of these results.the
c:mittee cane to the cmelusian that evident]y, at all age Ieve’ls,
students do not understand basiz concepts of Iength; area, and volume,
While 82% of the 9-year-olds could accurately measure
a 7i1nch segment, only 48% could measure a 15-inch
segment...longer than the foot ruler they were given.’ . .
Only 7% of the 13-year-o0lds could calculate the area “
of square with perimeter 12 inches. Older respon- o '
dents also had d1fF1cu’Ity with area and volume A
problems. (p. 117) ) . o
The committee, therefore, called for thoughtful application of
concepts and formulae and more enriched geometry programs for K-12 -
» : ) &

levels, emphasizing comprehension, v
The N,ACDFE report as well as other h!pnrts mentioned above urge

Jjunior high years be highly intuitive w’ith intensive use of cﬁncrete

materfals. They expressed the mpﬂrtancex of lagir:a’l reasoning for °

" later high school Tevels, but at the same time, they disclosed their

Féaf“s of over-emphasizing it. Eath of them strgssgd that more geometry

should be embedded in the school mathematics curriculum throughout the

years of eimtir—y and secondary-school levels. A‘li of them emphasized

the 1mrtanic=? of geometry in ever—ydaj Tife and viewed it aé a useful .

area of mathematics ‘that deserves a spectST place in the child's

education, Althnugh a variety of mutgs have been rgcml-uded for use *

in the iasmm of geometry, the Euclidean pmpgrti:s of tha . I

geometric objects are_the basic elements for all of them, . LN




It seems, hauever that the problem: of- wbat hm uhen and why
we shall tear:b gemtry in e]anentar_y and secondary schonl leve‘ls is,
at best, partu’l’ly scﬂved Differences stﬂ’l exist on the parts
"why . "what" and "how" of the problem " Mathematics teachers in d*lf-;

ferent countries have been aware of the deficits of geametry courses

blsed on a condensed ursinn of t:a “Elements* LAdler, 1968). Due to .

Howev;\# the se1ect-ian of a part1cu1ar approach to geametry, especially
at the high schaﬂ level, is far ‘from being rescﬂved Heated debate*sf"’\
occur: among supporters of the transfumation approach, the vector h
'apProach,' the analytic approach, and the synthetic BE[’.!TEa,Eh (Robinson, - - i
1976) - : , - * S Y
_ In sum, many approaches to geometry have been intr‘oduced?ﬁd »
different 1ists of objectives have been recosmended with agreement,.
nefther on a particular approach nor on the genera’l purpose D'F gemetry
in the school curriculum. Mathematics educators, however, ih;ve agrged
that more geiﬁtry“sh&qm be included in sch;‘;ﬂi mathematics curriculum
and should begin with earlier stages (Martin, 1976b).
° The resolution of the controversy about purpose and method :in :
teaching geometry may be dependent upon 1ﬂci-eised knéﬂedge over the
’chﬂ’d"s ‘mét';hematical ‘development -- how children perceive and concep-
" tualize spatial figuréﬁ ;:e do not know preciseiy hm t:hﬂﬂ?‘tn think v
geometr1ca11_y, there Exists.; r exmnple no :1ear explanation Df haw
The proposed study, in the author's view, is a response to the

NACOME's recommendations. , L



C. Related Resem;h o - -
Investigatiaﬂs cancerning hau the child conceives tertaiﬂ
prﬂperties of area were carr1ed put by Piaget and his asseciates more

than . three decades ago. In this chapter, Piaget's- theory of intel-

Tectual degeiep:éﬁtof a éhfi'ld as it relates to th‘j child's c‘éﬁ:eptiaﬂ
.. of smg and geometry will be dis:usgd. Aha—,!. th: Van Hiele theory. :
describing levels of development in gemtw will be outlined..

A large part of our kﬂﬁﬁiédge‘ abﬁgt the »cﬁi‘ld‘s;an&eptiﬁn of .
'space and geometry can be credited either directly or indirectly to
Piaget's work (Kggder, 1977). V.Inr the Piaget and Inhelder work The

Child's Conception of &pace .(19963), there are three major themes. ]

First, they assert that the egﬂi’e;tlspﬂia] concepts the ch’f 1d éﬂﬁ - !
»7attain:are topaTogical in nature iﬂd the chi]d's prnjective an;

Euclidean cﬂntcﬂts are attained as extensions uf the tﬂpﬂiﬂgical onas .

Second, they belfeve that the child's spatial abilitfes are built up

through the organization of mental ‘astié’ﬁs performed on objects in

sgace. Third, they cléim tiiat there exists an in’p;r'tant distinction
etween’ two 1eve‘ls of the child's knmiedge - the pe‘n:eptua’l level and
the representatipnﬂ leve1 v
‘The first main Plagetian conclusion concerning the child con-
ception of space and geometry is tha,tiideas which are topological in
nature gﬁﬁ?ﬂp}ﬁﬁt in the child, followed by the development of |
ideas of pmjeétjve; and Euclidean space. Th:is contradicts the histor-
icﬂm logical ‘sequence of gfntry -For, “geometry primers are al- - -
| 7 wental fdeas of space as resting,

most uniniqiaus in presenting the funy

upon Eucixidean concepts such as straight lines) angles, squares,
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class of comparable shapes not present to
perception. (Piaget, 1963, p. 17).

Most recent research oriented ta the study of. geﬂﬁétric and -
spatial cnncepts has had its roots in Pinget s work. Fnr instance,
Kidder (1977) stated that the perceptual 1eve1 is tased on sensory

impressions 3uch as manipu1at1ng,_feeiiﬁg and see1ng On the other

. hand representat1ana1 space both extends and benefits frum percep-

t1on in,su:h a way that the child 15 progressively able ta perform

| mental operat1ans not only on physical objects but on abjects uhese
presence can.only be 1ﬁagined | Montangero (1975} stated that menta]

. imagery is particularly fitting fﬁr'representatién of spatiaj phisgsi
of reality and has therefore a fundamental role in spatial knowledge.
Kidder (19765 has put forward the main themes of Piagét in space and
geomgtry.asta g;xﬁhajagfca1 backgrouﬁg for ﬁi;'stgdy. The child is

~able to acéaﬁﬁlish;ﬁentil apératians én éniy,abjects that can be
imagined and objects that are present as well. The fiﬁai representa-

‘tion, however, fesgitsifrﬁ- a Tong and complex developmental con-
siruction that depends more on action than on ﬂe;EEﬂtiﬂﬁ alone

" (Flavell, 1963). This developmental éspect of imagination implies

',thét the representation of children is ﬁ}fferent from that for adﬁits,
as a result of the fact that adults have more experience in manipu- O

lating the 5patiai surrounding (Martin, 1976c).. 7

Van Hiele LgvéTs of Thqgght,Deye]gﬁmentgjn,eeametry

’ -

Radi:a1 changes and extensive innovations have ‘been introduced -
a

in the new Soviet gggmetry Eurricuium due td*Russian research mntivatgd
by'Piaget and -van Hiele. The Russfans have accepted the Pfagetan dis-

- covery -- the deve?upment of geametrﬁt uperatL*h%j1n ChiTéFEﬁ and the

k]



,sequenee for the deveiepnent: frnn the tnpaingicei notions to the

1ﬁFDJECt1VE and Euclidean nntions (Wirszup, 1976). ! A
The van Hielé report; in 1957, described five levels in the

' ehi1d'srdeEEIenment of geemetrie‘ihinkinge These five leveie were

discussed in the P.M. van Hie]e article La ggnsee de 1'enfant et la

geemetrie (The Thought of the Child and Geometry) appeering in 1959.

7 Van Hie1e stated that at the first level ynung chi1dren are

- perceptual. They perceive geometric figures in their teta]ity end
judge them according to thliPEQPFEIfIHGE as entities. _The parts’ of
a fignre er}shape are not considered nor afexthe neTetienehips be- -
tween figures. At the second level children start to distinguish the
cnmpenents of figures. They reeegnize figures by their prnperties

é and esteh]ish reiatiansnips between individual figures. These pro-
perties, hnwever are not yet connected with ene anﬁther For
'example, children know that in both a reetang1e and a parallelogram
opposite sides are equal, but still they gne_not'abie to .conclude

. that a rectangle is in fact arpaéaileiagram. However, at the third
?evei ihis=cenneetinn is reached and the children are abie to ;eiite
propertfes of a figure with each other as well as the figures them-
selves. A Togiee] ordering can be established for thevpreﬁertiesAnf
A figure and of classes of figures as well with'the nnesibiiity e%
deducing one property from anetnen; But the chiMd still ‘does not
:cmprehend in full the role of deductive reasoning. Deductive rea-
soning appenrs 1n eanjunctien with experimenﬁ;fien At 1eveT’feuP

the significance of deduction. emerges and the student understands the

rnTe and the meaning of definitions, postulates prnpesitiens,

AR e
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struﬁtgres of proofs and:théﬁiagi¢a1 ennneetfqﬁ'bétueen cﬂneéptg and .
statements. At the fifth level. ahstraetioﬂ is well developed and a

’theary can be deve]eped w1thout the need nf any canc?ete 1nter§reta-
tion.

Van Hiele noticed discontipuities .in the jearniﬁg graph and

stated that these jﬂipsnreviii,thérgfésiﬁ:e of these ?ETE*S;rigtﬁﬁEﬁtf'i"f;”

. ‘often appear in between levels when Tittle progress is achieved.
Van Hiele Stated that passage from aﬁé étage to another s not a sﬁﬁn%
‘taneaus process attendent with,the student’ s biciogica1 grawth and ‘
age. Progress tu higherfﬁggamgtrie 1evg1 proceeds in van Hiele's view
eéSentiaiTy under the influence of learning gﬂdAhenée depends on con-
7 tent and method of instruction. Mearwhile, Pfag:ﬁ’s theory asserts
! that prngress “from one stage to another can occur in the absence of
d##!tt fnstruction, but not 1n the absence of Tearﬁing The learning
happens within an experiential envirnnment and not necessar11y Frnm
direet instruction. Unlike Piaget s theory, the skipning of Tevels
does nat exist in van Hiel® s theory. Vgn Hiele stated that the pro-
gress from one level to another requires a certain amount of time apd
that various méthods of instruction allow the regulation of this tim;.‘
ATse'it is possibie that partiéu]ar teaching methods ,do nat,a1iow the
attainment of higher stages and so ‘the modes of thinking cancerning

these stages remafn 1naccessib1¢ to the student.
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Piece-Wise Congruent Regions in Piaget's Tasks

regions and thgir area measure. The investigations were Eancernéd with
" the development of aﬁiunﬂersﬁandiﬂg;df certaiﬂ,prapertits of area aﬁdK_-
their connection with area measure.

The first t;sk--as "the cow in the'fieid‘ It .is nriented to thg
sfudy'df'tbé EﬁcIidean aiiam: '1f two equa1 parts are taken from two
equal wholes, the remainders will be equal”. ‘This concept is applied
to ccngrﬁgﬁt_éegians_ The pérpasékwas fn,observe ;he stage'at hich
-éﬁfiérgﬂ understand the idea that by subtracting smaller ;ﬂﬁQPUGﬁt
‘regions from larger ones one obtains equal remainders. This task was _
desfgned to study the ares conservation problem , despite the immediate -
questions about adding: or subtracting caﬁgrugﬁt regions -- i@ study « .
~ area conservation of both whaieé and parts. ;In Plaget's ﬁords:

G The abi?ity to analyse a ihale in this na& is a -

prerequisite to measurement because when measuring™ ¢

an area we assume, as we do for all measurement,

that the.partial units are conserved and can be ,

composed in a variety of ways to form invarfant .

wholes. (Piaget, 1960, p. 262) v : f

. In this context, the capability to understanﬂithe Euclid axiom
is an immediate necessity ﬁa;néisurémeﬁt. It was found that children
:act’suecéssfu11y fn the experiment. They recognized that the above
Euclid's axiom héids. | | A
At stage III, however, éven at 1§vei IT1A (usuai?y at 7 172 hut: R

sometimes as early as 6 1/2 - years), children recognize
that the remainders are always equal... (Piaget, 1960, p. 254)

© The task consisted of two tdenttcal rectangular regions of greew-— -~
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cargboard as meadowlands, two ‘tiny wooden cows and a number of -identical
wooden houses. All children askéd were able to say at once that Ehe

cow in the field iith a house had iess grass to eat than that in the

f.agher field without aahause. When another house was pTaced‘nh the

f1e1d that had no house, the children all-agreed that each cow had the

same quantity of grass. YDunger chi1dren were dece1ved by the arrange-

ment, not observing that two hauses occupy the same space whether they -
are near each other DF"ﬁqu Some children maintained the‘g%uivaTence of
the green area nnly}up to a small number of houses, meanwhile, older

child%eu maintained it all the way through, relying on an operational
-y . ;". = N N

~ handling of the problem which convinced them of the necessity of their

reasoning. .

There is condervation of area as soon as there is
- operational grouping in the agdition and subtraction
- of areas, but seasurement of areas becdmes effective
only when these processes are fused with ;hange of
position. (Piaget, 1960, p. 273)

The second task in Piaget's series of polygonal régians,taSks was

‘to investigate what kind of ideas little children might have about con-

servation of areas. This task was particularly concerned with area of

xa.polygunai region as a stable characteristic inéependent of alterations of

shapes. 'Esseﬂtia11};-the purpase'ﬁas to investigate whether pﬁ‘nat*thg

'éhiid understands that a plane region remains canstant'undér decompo-

sition into a finite number of sub-regions and different rearrange-

ments of these sub-regions. Piaget and ﬁiS»assocfatES presented an

area divided into several separate regfons and modified the arrangement

‘of these parts to see whether or not the subject concluded that the

whole remained invariant. The ‘task sansisied of two identical rectangles
; , o



conserve the complementary area at this level. ﬁOyever, atva_1aier‘_
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each of which was made qe of six‘eQual.squares such that each'reftangle
was fhree equares high and two squares wide. The top right-hand square
on one of then was transferred by the°1nvestigator to the bottom
right-hand corner.’ Children ‘were asked whether the resulting regigne
had the same area - "the same amount ef reon' as ehe other rectangiee

‘A second task was used for the same purpose Two identica1
rectangu1ar regions were used One of then was cut either diaguna11y _
and rearranged into a triangular region or randomly into a finite nunher

of pieces and rearranged into an irregular polygonal region In either

,case the question thereafter was whether the resuiting region and the

_.Second rectangular regfon still had thz.sdne size.

~ Both tasks showed that at the Piagetian third stage, a whnle
is cuneeived of as an 1nvar1ant>ent1ty independent of the dispasitiaﬂ
of its parts. ‘ '
h) P . : .
The third task was re1ated to. area conservation outside a c1ased

curve. Two fields and two cows similar to those in the ‘first experi-

of these square regions was cut fnto a number of sub-regions. These

_ment were used plus two identical square cards for potato patches. One .

suberegiehs uere_separated'in one'field and the second square regian‘]eft E

" intact on the other field The children were asked whether there waé

the same room for potatoes on both fields and ‘the sane grass for each
of the two cows. Chlldren conserved the interior area (area inside a -

closed curve) at the early level of the third stage.'yet they could not

Tevel of the third stage bbth_coalementary and_interidr conservations 5

ek o ol ey



were attained. o : _" -

The fourth task was related to neasurement by superposition
Children were asked to canpare the sizes of a large right angle tri- ]
angular region and a 1arger 1rregu1ar po1ygonal region by using a
number of triapgular, square and rectangular cards enough or nearly
:‘enough to cover ‘each of the reqions The use of a common unit and |
its sign1f1cance in compar1son w!re reached at the th1rd stage. 'How-'.
' ever, at an early level of stage three the need fbr jdentical units
| of measurement was not realized. It was, only at h_ter Ieve'ls that“
children understood the notion of a unit and its significance in_the
comparison and thus took the size of meaSur1n§ carﬂs'into account.

- Another‘pattern was used in the study of the neasurenentrof
area by superposition, nanely neasurenent by unit 1teration The -
child was given only.one nnit of me;surement g:h asked to compare ;ﬂgﬁ’ -
size of different p&lygonal regﬁons One part of the task consisted of
 three polygonal regions uhich ‘were equal in area (each of them could be

composed of nine smaller squares) and different in shapes (Fig. 5)

o )
e T s e .
\ P — | I
R b ) Sl
' [ t ' ) : 1 | ] 1 ] !
. -‘i '.ll~...‘.’ T 9 .- !, ,:,%v_' AL 2 | f ,,k-' ’ “/.. R



3
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To measure each af then, the thijﬂ was- gfven i pencil anﬂ a c;rdhnarﬂ _
square rapr!SEﬂEfﬂg ane unit ; »
The secand part of the technique used in the tast consisted of ’
- different palygnna1 regions that were not equal in size ahd three types
of- neasuring cards: ,vsquarg EAFﬂ.EQEiVé]Eﬂt tg one-quarter of the
* -.polygonat regton (a) (Fig. 6); a rectangular card equal to two such
) squ:res and a trilngular right angle card equiva?ent ta one-half af
the square card cut diagana11y : .
-
s L { M -
I '
!éif A am -
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1
- 4 = . i LT
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Figure 67'

Pi‘age'tk and his group found that jﬁ;mvmené in the composition ., . .
of subaregiéﬁs and in changing their positions is nat;fujly cﬁarﬂigA
ated until children reach the concrete aperatianiffstjggiélli,

These two articulations and the coordination of them are attaiﬁed at
 two subastagés -- ITIA and 111B ;ithin the. concrete ﬂpé:atiaﬂai stage.
:Children ‘at the early level (IIIA) of the stage show. first the abave
'cnerdination but stil ‘they all count the square and tr1angular | B
regions as equivalent units unless their error is pginted out. Child-

ren were able to measure area by successive application of a unit area
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formed, into fractions.

within a large area only at the later levél of the.concrete operational

—

r

The: fifth Piagetian task was one Further step in investigating the
beginnlng of decumpo51ng a pﬂ]ygana1 and a circular region, the con-
struct1on ﬂf part-whﬂ1e re1atians and the deve]apment af fract1nna1 :
natians The task ccnsisted of a number of clay ' cakes of d1fferent_ :;
shapes. First the ch11dren (Frﬁﬁ 4 to araund‘? years) were asked to ’

sH%re these cakes equally among dolls in an increasing number

;st;rting with two up to six dolls.’ Because many children e:perienced

difficulty in dividing the clay, they were supplied.with pencils, .~
paper ind scissors and asked to cut difoFE@t paéer re¢t§ng}g§. squares,
and circles. Second, the children were asked 1f the pleces they cut
could be rearranged together into a whole cake -- “Suppasing we stuck
al1 these bits together again. hau many whole cakes would we have."
(Piaget, 1960, p. 303). w .

Piag;t stated that results nf this task suggested that the no-

tions of fra:tiﬂns. even ha1ves, assume a qualitative suhstructure

' p:rts of a whole that can be both decomposed and rearranged bagk to-

gether, before they can be campared with each other and then trans=

—

Once the notfon of part has been constructed it is comparattvely
easy to equate the several parts. Therefore, while the

elaboration of operations<ef subdivision is a lengthy process, .

"~ the cohcept of a fractioh follows closély on that of a part.
For parts which are subordinated to the whole can also be re-
lated to one another, and when this has been achieved, the

- notion of a fraction is complete. (Piaget, 1960, p. 335).
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Chiidren at the concrete operational stage attained a deductive.

-understanding of the’relationship'betueen the fraction to be realized

“and the original wﬁole Thds there'nas been an operationdl.conserva-

tion of the whole -- its equality with the sum of its parts was reached

- as a necessary relation At the earlier level of the concrete operi--

——

- tions stage, the trisection (division 1nto thirds) was understood deduc-_ﬂk:gg

tively and at a later level of the stage the anticipatory schema
extends to division into fifths or sixths. v ‘
The final Piagetian investigation in area was the doub]ing.of an B

areartaSk, The purpose behfnd.this'wbrk was to seek an explanation

" of how children establish relations between length of the sides and

Srea, and hou this lead to lathe-atical nultiplicatton which replaces

merely 1ogfca1 handling of the retations invo!ved Children were

supptied with pencils, paper_and rulers._ Then, tney were asked first

to draw a line twice as long as a given line. Second; they were -

r

asked to draw a square as large as a given one (Piaget, 1960, p. 337)

Piaget stated that the task is much -harder than the previous tasks
and for the first stage. success in.the experinent is ruled out entirely

At the second stage (about 4.-n years) doubling was a matter df an ar-

bitrary small increase in size, At the early leve1 of the thfrd stage :

(IIIA). children tried different uays to relate the length of sides and

the area of a polygonal region with no success. At the later level of

' the third stage‘lIIB) chﬂdren expressed difficulties in noving frbu
~ one dim sional space to _tpo dinensiqnal space -- er Nnear iusuu m

area me sure “The actual rel;tion between 1engths and areas -as reached



only at the formal operations stage where the child starts to cnﬁg?e!

and that the calculation of an area involves mathematical multipli-

cation as a shortened technique of addition (Piaget, 1960, p. 338-353).
The previous Piagetan studies of some basic ﬁrapertiés of area

_QF polygonal regions are rel;ted, in a way, to measure theory - the

essence of modern mathematical analysis. For, the céﬁcept of the

measure (A) of a set A in tﬁé_dnﬁain space D (Fig. 4, p. 11) is, in.

fact, a natural gene?a1i;§tian of concepts such as

1. The length L(S) of a line segment S; e

2. the irea A(P) of a p1ah§ region P; ~

3. The volume V(T) of a region T in 3-dimensional space;

4

f(a) of a.non-decreasing function f over

. the increment f(b)
a half open inét:rva'l [a,b); and
5.  the integral of a non-negative function over a set on the real
line or over a region in the plane or in Bédimensignaf space
;;(Ko’lingurov 1970). L.
‘ Histaricaily, the natian of measure originated in the theory of
functions of reai variables and utilized broadly in probability theqty,
funcﬁiana1 anlysis, the theory of dynamic systgmitandlmany other branches
of g;tggmaticsk(Boyer.'igﬁs). g
| PaIygana1 regions have an essent131 role in the development of
measure theary Fqor, in almost 2very text on meagnre theory and its
dgve]agnent, rectangular region is the starting point for devg19ping
the genera1 natign of measure in a plane set. h

However, the above Piagetan studies, a1thaUQh eoncentrﬁted on the ‘



cfeelopﬁent of area cmcepts"ar“é not concerned immediately with congru-.

ence aﬁd additivefﬁrnéerties of area: The doubling an areé t§sk essen-
tia]jy deals with square regions and the unit measure tasks are related
to the use of particular units ﬂsquére; Fectangu]ar. and right-angle
triangular cards and the association of the éarrésﬁénding sizes.
In.thé’preéént study, the nati;n%cf congruénzy'is of most iﬁpersa
tance as are its extensions :; piece-wise congruency (cangruen;ygby
addition ar‘equidecampcsabiTity);;nd congruency by- subtraction. From
~ the mathematics point of view, the notion of congruency induces the o
idea of piece—u}se congruency (eangfueney by addition) and the con- ‘

Ay
gruency by addition in turn implies the idea of cnngruency by sub-

' 7traet1ﬁng and each of these jdeas implies equivalenee.‘ _ o ' ’ §
-Congruency -
\,\; l : X )
~ Plece-Wise Congruenéyigf é o !
(Congruency by Addition). |- == |Equivalence
(Equidecumpasab111ty) ' ¢
T oo
Congruency by Subtraction . _
__ I— — . - 3 + :

Moise (1963) stated tﬂat since students are going to get numerical

answers tn area pr@blgns. EFEI as a reai-valued functian should beé 1ntra-

duced socﬂ 50 that the fu11 farce af the theory can be used -= "it 1eads
to an easy proof af the Pythagarean Thearen (p. 463) Yet, the author has

develaped a new simple procedure in showing Pythagorean Theorem based on the

=
1
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notions of piece-wise_congruency and congruency by subtraction -

(Rahim, October, 19?%3 see Appendix K).
Replicatinns of P1aget 5 tasks hav; been carried out in order

-~ to verifg the findings of his studies Laveli Healey and Raw]and=
(19§;) conducted fepiica;ions of the cow in the field task, the unit
ﬂ-is‘b!itask and the subdivision of polygonal regions task. Their
results support the P%aget findings. Beilin énd Franklin (1962)
mﬂl’icétgd- the unit measurement task. The‘résu]tiﬂg data sui:pnrtsa
the dnminatiun of the child's level of cognitive development on the
: :1earn1ng process. They also concluded that length, area, and va]umg
measurement are achieved in this order. Beilin (1964) direéted a
repIiEatian of the second task abave - the conservatian of area

(the second part). Beilin altered the way the task was carried out.

In the Plagetian setting, the subject was given two congruent rectang-. ~

ular regions, and then one of them was decomposed in front of him into

a polygonal region differing only in shape with the original. Beilin

did not use the demonstration of decomposing one of the regiaﬁs; He

focused on the ability of the subject to recognize that two polygofN}

: FEQiaﬁs, different in shape only* are of eﬁua] areas., Of the sémp]e

from grade four, 50% managed to perform carFEEtly Children with

high 1Q scaresia1so performed better than those of léu scores. Eeadav

now (1968) studied the conservation of area as related to the cow in

the field task, She used a slightly different,séttjég of the task in

" taking the sample of 10 to 13 year old boys fmﬁtﬁ ‘Chinese and R

Western backgrounds with education from full schooling to reading and



Wf%ting‘only: She concluded that social status, schooling and nation-
ality have no essential effect on success in the task. y

,,,,,,

Wagman (19?5) conducted an investigation usifg several tasks con-
.centrated en'aneéaépEEt of geometry: "the devgiapmgnt of the :anggﬁt
of.the area of a polygonal region” (p§A71)i She asserted that studies
cancerneg with the study of area CD;GEpts overlook some important as-
pects ‘of area measure, especially when they are viewed from a matpemetical
standpaint; Furthermﬂfe, Wagman stazed that the Piagetiah'expeﬁiﬁénts
are not ﬁ@ncerned wftﬁ the notfon of area as a real-valued function with

s

.

unit, | ’ . o~

Wagman's criterion tasks were devised according to the four axioms
of thé area of polygonal regions as they appeéred in the School Mathe-
matics Study Group (1963). -
1. The area axiom:

If R is any given polygonal region, there is a cnrresggndence which
"associates to each polygonal region.in space a unique positive
number such that the number assigned to the given pa]ygnnal region
R is one, ¥ 4

2. The additivity axiom:
Suppase that the paTygﬂna1 regian R 15 the un!nn of two pa]ygana1

cnntain-d in a union of a finite number ﬁF segments. Then re]aQ
tive to a giyen unit area, the area of R 15 the sum of the areas
of Rl and R2. _

3. The congruence axiom: ' ;}
If two triangles are congruent, then the respective tiangular
regions consi®ing of the triangles and their interiors have
the same area relativé to any given unit area,



4. The unit axiom:
Given a unit pair for measuring dlstance, the area of a rectangle
relatijve to a unit square is the product of the measures
(relative to a given unit pair) of any two consecutive sides of
the rectangle (p. 744 748)

a Cﬁildren included in the éupl*e had to pass.tuo preliminary tasks -
e vocaﬁntary task and® conservation of lr!a task. 7”('Chfl§§§§éﬁéﬁi T
8, 10 and 11 year olds. | A

For the congruence axiom task, two céngruent isoéceles'?ight tri-
angular regions ugrngresented_to the chilq.; The child Qa§ allowed ta,:.,’
handle them. He was asked whether tﬁey were the same size and shape.
Then the,experinenter presented a small right isosceles- triangular T~

region and asked the child ‘to find out by tiling, how many small tri-
. angular regions were needed to cover one of the large regions. If the
child answered the question correctly, then he was asked to explatn hﬁw;'”
- he did come to his conclusion. '
The.collected data from the congruence axiom task was analyzed to
fésf the hypothesis thai subjects who conﬁerve area tehd to pass the )
congruence axiom task and are more likely to do so than others

The unit area task consists of three polygona] regions all dif-
ferent in shapes with the first two having the same area and the th{rd
one having a larger area. There was an adequate numbér of smaller square
regions ‘to cover all the three regfons and a large number of triang-
ular regions each of which was equal to one half the square region. For

the ffrst ‘stage of ‘the task, the chin was _asked to Find out by ti1ing

how nany~square regions are needed to cover each region perfectly,
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The. child was asked to pile tﬁe‘square regions neededzég Egve% each
r;e§ion beside that region. In the second part of ‘the task the child
was asked again to Find outghow many of the tr%angulgr regions ‘are .
needed to cover each of the’ polygouaI regions. He was also pennitted: :

to tile if it was needed. _ .

|Of the efght year old children 4n the sampte, 808 respomded-cors - i/ -

rect]y'fn both parts of the ﬁask.- Forrthe seﬁnndap;rt; some children i
reached the correct responses by toqiaring the square and triangular
regions directly without retiling, meanwhile, others reached their.
conclusions by a rule developed after retilfng (ané;thereforé reex-
amining) one of the equivalent polygonal regions. | .

Wagman concluded that the high percentage indicated that a large
majority of the eight year group could apply the unit area axfam 1n a
concrete'setting and, therefore, she labeled them either in substage
‘IIIB or transitional to it (ITIA-B) in Piaget's sense. Children who |
performed without retiling in the second part of the experiment were
categorized at substage IIIB. This included 20% of the eight yeér o 7
group, 25% of the ten year group and 42% of the gieven‘year group wi th-
in the sample (p. 91). |

The third Wagman task on polygonal~re§10ﬂ5 was cohstructed.on the

area additivity axiom. Due to mat cal difficulties, two approaches -
were adopted. The first approach was des to investigate thé ébi?ity
to perform the rearrangement part of the problem of piece-wise congru-

‘ \_ B .E:x #i daas’

“encing of two polygonal regions different in shape and équal in area.
The subject was>given two polygonal regions, and a finite number of



poiyggnal pieces that actually represgﬂte§ a ﬂgtgépaéitiaﬁ‘gf a copy

of one of then; Then the éubjeci was asked to find a rearrangement of
these polygonal éie:es to cover one of the polygonal regions and an-

: éthéf rearrangement ED:CQVEF the sEEﬂnd'regian While in the second ap-
proach; the subject was required to discover a sulut1an to make the two
poiygenal regtons pigtg-ﬂse‘ly :mgﬁenti' Tngt 9, first, to seek for’
and to deterwmine certain cuts in one of the given regions dividing it

into sub-r?giaﬁibénd. second, téAdTSEEVEP one rearéangementkqf these
suﬁ—rggians to éover>the sécandrregion_i In sum the first approach for _

rformance, g1ven the construction, and the secnnd appraach For dis-

_ggggl af a solution of equidecomposing two poiyggnal regfons 1dﬁivers1ty
of Chicago Mathéma tics Staff, 1956).

| The subject ‘having r arranged the sub-regions, was asked whether
or not th!,_tﬁ regions have equal space and why. To insure "an accurate
response, there were two pairs of polygonal regions involved, a péir

of equal areas and the other of diffgrent areas. This procedure pre-
vented the child from assuming equivalence due to past expgéience_

Wagman found that correct responses for both pairs fall into the
first 1eveT!éf,the concrete -operational stagé. fhis agrees with Piaget'é
result that operational conservation Qf.aféa and use of transitivity

occur at level IIIA or bigher (Piaget, 1960, p. 294-295). The collected
data revealed that about 10% of the eleven year old grﬁtp failed thg
task. ' Out of 94 subjects, of the sixteen children who failed the task,
the nu%ﬁ!r fatltng.at d1ffer1ﬁg age levzls foltows: three falled out
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@eﬂ out of 35L§E¥ﬂ‘ds T - - E
- The secand apprnach adopted by Hagaan for the area additivity o
axiom 'the additivity w1thnut decnnpgsjt1en task* consisted of three
different settings ;i :
First Settingg A garajigiogﬁgj fégiap cdﬁsfﬁqcted of a trace

7 paper ;ﬁd an oaktag réctangu]ar'rggian:éf_equ:}.$re;s were presented
to the:subjeeti Then a question was raised as to whether or not the
Fegiéns had the same area. Superposing ghe region on the'@ther ﬂﬂ%f?
demonstrated to the subject when he.was unable to respond Earr22tfy.
If the subject was still not able to sée!the decomposition required,
the investiggtor had to do the decomposition and the subject was ‘then
questianedrﬁﬁ the aregaaf the regions. ’ |

Second Sgtting!:—ﬁaéies of the same rectangular region, and the
parallelogram rggian as for the fiést,scttini werse g;ad tgggther,with;
two more para??elagrsﬁ regions. These four regions Qers chosen and
arranged such that the rectangular regicn. the first and the third
parai1ef§gram regiéns were of équa] areas, whereas the second paral-
lelogram %egiah was of -a different area from thg rettangu]ar region,

' The inclusion of the unequal area para11elﬂgram region was ta prevent
thg child from assuming equality due to previnus expgrience The
first setting s procedure was repeated with nQ offer of help in super-
posing unless independent inifiaﬁion in decomposing wasfstarted

Third éettiné  The same regions as for the setond setting were

»,us&d hut the third parall:ing;i- region was. arr;ngld ve its -

"altitude exterinr to the region., The above procedure far thévsecaﬁd

setting was repeated.



42
Altﬁnugh the task was aﬁmxnistered to conservers, and they should
belgng to IIIA according to P1a§et's findings,. ngarly 331 of the eight
year old conserver; were below IIIA stage. That is, they ‘seemed to per-
ceive that different shapes imply different areas which is contrary to
cnnservitian of area (Table 9, p. iﬂi)'- Furthernnrﬂ. the sub;ects in
thi; task, in nrﬂgr to. rgspnnd correctly, have to be aware of thn space ..
inside as well as outside the region. In this connection, this task is
an ana]égue of Piaget's cansQFQatiaﬁ of area outside a closed curve.
Meanwhile, the performance of the eleven year old group was lower than _
" that expected from Piaget's findings. However, the difference was not |
that large if subjects at stage IIIB and those in the transitional
stage were added together, _
The fourth of Hagnan's.tagks -~ the unit aﬁiés task - consisted of ‘
gué parts: ~ L , : e
a. The experimenter presented to the subject two rectangular '
- reginns and a number of square regiuns ennugh to cover
ga;h af the two rectangular regions perfectiy. The two
v . rzctangular regions were taken so that "for the first, the
| area is greatér tha; the pefimeteri for the second, ﬁhe - .
perimeter is greater." In addition, the subject was given
a n;nber of matchsticks to meaéuge the sides of the unit

Squin and the rectangular regiﬁns
.b. The suﬁject was given a para”eiagran region and a numbe‘

iy rhombus -regions ineugb 10 cover-the- pareliniogram region. The - -
1 . carrESpanding angles of the parallelogram and any rhombus were
v equal.

N\



R &

By using the nitchstiﬁks Dﬂ1y, the 1nvestigatur s aim was to see
if the sub;ect ;ou1d prediet the nunber of square regions needed to
cover the rectangular regions and huw many rhambus reg1nns were needed
tD cover the pira]Ié]ﬁgram regign V

It was found ;hat_pgrfaﬁnance;an this task increases with age.

‘More than 501 of the eleven year old children were able to respomd - . .« «.

correctly for alt the three regions involved in both parts. They
merely used linear measérgment of the side of the FEEtEﬂéu]éF regions
and the multiplication operation. " r :
Wagman stated that the axioms fa%iarea measure define. the concept
on the basis :that all other properties of area are logical consequences
of them, With regard to the unit axiom, the findings show that there
exists a gap inithe child's development between thz atta1nment of a
‘logical basis sas described by the axiom and the child's understindidg of
different lTogical consequences. Moreover, about a third of the ten year
-and eleven year groups in the sample failed to apply ! least QﬂE'@Eféhe
axfoms of area!ﬁéangrﬁEﬁcy and additiviiy evén infpé:iiptua11y ei;y
cases. Furtiirmére.rngaﬁIy ﬂné-thiFd af the.subjects did canfu;e area
| uith perineter and hence experien:ed a Tack of clear discrimination be-
tween these two basic {deas fn geometry. Fihally, children appeared to be

mntivated and excited by the use of concrete nateriais particularly f

—

eariy levels.

A1l through this experiment the children voiced their
enthusiasm for the materials. Some refused to believe
that this was-mathemetics! A twelve-year-old girl who
was not a subject in this study told the investigator
about her confusion in regarding the additivity axiom

#
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as it was presented in school. She was given-the
additivity-without-decomposition task. to do and,
having done it, exclaimed, "So that's what my
teacher was talking ahout‘“ (Wwagman, 1975, p. 109;119)
Reformulations of na,nyi key concepts such as area, function and
limit have been made by mathematicians after a hard-struggle over

many centuries., They deveTéped diffgre;: forms of these notions

. free-from the previous natve explanations that can ‘be found “tn otder -

textbooks. aﬁd iﬁnégraphs. K1rpatriek (1975) deseribed Hag-an s study
above as FE‘at1VE1y modern in terms of adﬁpting those new reforms of

thg area concept. However, he did express his fear as to whether or
, _ : \ -

hgt Wagman's evidence §§bparts the underlying assumption that these
new reforms are closely related to child cognitive dévelopment; Kil-
patrick offers the following comment on Hagman‘s studies aﬁd others:

The argument is that these sophisticated
‘reformulations may be more closely related to the
child's developing understanding of a concept than
dre the intuitive notin of an earler time. It is
not clear how far the evidence these researchers

have gathered supports the argument, but their
dnalyses and tasks add substantially to our

resources for investigating the learning of the
concepts. - (Kilpatrick, 1975, p. EID)

Py a
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Olson's Theory of Cognitive Development

B

-Olson (1970) pa;tuiatgd a theory on cégnitive development 1in
which he proposes that the basic cggnit{ve process is a perceptual one
and ;hat cagﬁitive ﬁevglupment results Frun'thg elaboration Qflpe?é ﬁ
cegtua] knowledge abaut t@e surrounding world - the elaboration th;t
occurs in-the context of such performatory activities as drawing, |
- making, and spﬁaléing.' ' |
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Olspn.was strongly influenced by the works of Gibson (1969) and

- Garner\ (1966) . E%bsan‘s feature t.heary of perception suﬁgesg that

‘%;s objects are perceived by means of eertafn féatures or cues which dis-

tiﬁguish that quéetifrai all other objects. Objects viewed over time

are perceived by means éfrdeﬂu:ted constant features. Perceptual

f{Q§¥ElE§iEﬂ§ is basically a gattéf of peﬁséiving,aQ;e;ts,and events ii

terms of larger and higher order sets of fqatures. In any partjcular

situation, the beg;nning of a search for dfzz?zgiij:ing features

that are sought willl decrease the state of uncertainty, and conse-

. quently tbe search wy{11 ultimately be terminaéed (p. 144),

7 “0lson was not completely satisfied with Gibson's feature theory

Even with this theory we soon run into serious -
-obstacles. For example, since features are primitive
elements of perception, and since oppositely-oriented
Tines differ in at least one distinguishing feature, why
are the later more difficult to discriminate than
horizontal and vertical lines? (Olson, 1970, p. 1974)
If the answer is natural tendency of the nervous system, {.e., that there
'aredinre~eil1s related to horizontal and. vertical than .those ea&sgrﬁed
with oblique orientation, then O1son arques that there are also reasons
to reject the nervous system tgﬁdeﬂcy as the basis for distinguishing 11nes
orientation. | ' | |
" OYson suggests that if a spatial perception takes place by means
, v T

Lo -
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cues chosen are not those which discriminate objects in the environ-

.of cues and features, it seems important tn argue. that these cues andl

featufés are not elenentary in terms of bits of angles and bits of

lines It is rather to suggest that these first features are more

general and can be classified as tnpa1ugici] Therefare,_viguera
(through Olson's tasks) appeared to searchffar the iﬂst~genera1 cues
tMt would ﬁMish the choices with which they were faced.

Garner (1966) 1nd1cated that what a person perte1ves in a stimulus

“is a functiop of the perceived and deduced set of alternatives, that

is, the COngrasf set. For example, éfsing1e stimulus such as three

Tdots..in a vertital setting iould be perceived as a vertical array if .

ffrwas included in a set of choices cantaining a horizontal and an
oblique array.’ Also it could.be perteTVed as "three" if it-was em-
bedded in a set of alternatives containing arrays of one and two ants
Thus, Garner concluded that the fg:ture‘that one detects is alwqys a
function of the set of alternatives. He statéd that how the single
stimulus 1s perceived 1s, in fact, a functian not for the stimulus
{tself, but rather a function for what the total set of alternatives
is 1nc1qd1ng of particular subsets. So, in Garner's ooinfon; we
cannot undeyﬁtand the recognition of a single stimulus without under-
standing the properties df the sets within which it is contained.
Olson appears to accept Girner s hypothesis indicating that the
set of "ltematives 1s collpat'ltﬂe with a context and has a detisive

role in the choice of a feature. It makes specific the fact that a

Featue WATEh Ts dTstingufsimg 1n one context can be less-distin~
‘vguishing,'or completely irrelevant, to some other context. Therefore,

-t
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of man throughout the history of h'fljs"irnﬂivid:ﬁfl: devé‘ibpigntf

mt\but rather thnse which diffgﬁ.-ntiate ﬂternitzves in the context

-of perﬁomtary acts. That is, cues are ﬂﬂt se’lgated simply because

they awe objecti ve di fferences between stimuli,. b&t because they fur—
7
nish information to guide a perfamtary act such as dramng or

readmg , '-,., o

The mst cmcia‘l aspect 1n Cﬂsan s theary Qf perceptﬂon is per-é- -

ram

haps well expressed in the following statements.

It is the elaboration of one's per-t:eptua’l world
under the influence of various media that accounts
fndividually for man's intelligence, and .
cn’l‘lec‘t‘ive’ly for man's culture, ..,.it is the *

experience with the cultural media that gives mind ' L

its characteristic properties. These properties
"develop, not through internalizing the medium in the
form of inner speech or mental pictures, or
internalized activity, but through requiring
additional information to guide the performatory

acts in those media. (Olson, 1970 p. 195- 196) - e

In this study the investigator vieus the p’iex:!—uise zmgruencing

process as a vital medium that influences the elaboration of the

=

‘student's perceptual ideas in twd-dimensional Euclidean space. It is
_-the expeﬁence in this ngdi‘zj?thét wﬂ‘l'ﬁmvide Eﬂﬁdiﬂ(ﬂg for better'

gemtﬁc unﬂrstmding of the arﬂrmtim and pave the passage fur
clear perceiving of the area measure structure
"~ Finally, O‘Isan s notfon of ‘medium’ and its influence in the

mental and cultural developments of man seems. malognus to. Vygotsky's

" notion of 'mediation’' and jts role in the‘behivinra'l trihsfomtjaﬁs.

B -;H’gd—‘ = =y



Vygotsky's Zone of Proximal Development
Vygotsky (1978) stated.that 1!arning;sﬁbuld be matched in some

manner with the child's developmental Iéve'l& We cannot confine our-

selves merely to determining deyelowenta] levels 11;;9 wish to dij;- .
cover the actual relations of the_deveicpmenta1 precess to learning -

_ capabilities. Through-a series of research studies, Vygotsky sug-
gested two such developmental levels based essentially on the learn-

“ ing capability ;)f the child. They are: (1) The actual -developmental *
Tevel and (2) the potential deve'ldpe;tﬂ’l level. The actual develop-

mental level fis referred to as the level of a child's menta‘l functians

that can be identified by the use of; st;ndardized problem solving tests.
The potential developmental level is referred to as the level .of a

child's mental functions that can be determined also through probiem
solving situations but under adult guidance and collaboration. The

of myturation (p. 85-86). Vygotsky indicated that there is a dist:ncg

between these two levels which he called the zone of proximal develop-
ment, ' v |

It {8 the distance between the actual developmental level

. a8 deterwined by independent problem solving and the
level of potential development as detemined through
problem solving wnder adult guidance or.in mll&bemism

with more oapable peers. (Vygotsky, 1978, p. 86).

'the actual denlopuental Tevel characmrizes nzﬂtal develamgntal
functions retrogspectively, whereas the zone of proximal development ’

characterizes mental developmental functions brospectively”:(p. 86-87).
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~ Moreover, Vygotsky extended the notion of mediation and was
regarded as the first to attempt to relate it to psychological ques-
tions. Tradi’t:ianaiiy, the notion ?'F iediatiop: is referreﬁ to as thé
hiétarjca’l changes and events in ség:;iety and material 1ife that pro-
duce thanges in human nature. Based on the cun:épt of human Tabor

and 1001 use, Vygotsky modified the ‘hotfon of medfation (envfroiwent -

1nterad:tian) tn the use of signs as -e‘l‘l as tools. Thus fér Vygotsky,

sign systals 5uc;h as language, writing and number systems, 1ike tool
system, are cfeated by societies over the years of human history, change

with the form of scﬁiety and change with the level of its cultural de-

- . er .
velopment. Vygotsky concluded that the internalization of culturally .

prﬁduge‘d sign systeis causes behavioral transformations and ‘establishes
the bﬁdge between early aﬂé later forms of individual deve’lemnt.
is deeply rooted in socfety and c:ulture (Ca’le and. Scribner. p. 7, in
Vygotsky, 1978).

An essential -gcha? of the reconstructive procegses
that take place during a child's development is the
creation and use of a ntmber of artificial stimulfi.
These play an auxiliary role that permits human beings
to master thelir own behavior, at first by external
means and later by more complex inner operations.
(Vygotsky, 1978, p. 73) ‘

Thus, in the study of cognitive functianing. Vygotsky applied the
notion of medfation and as such a new apprn-ach was introduced. He

rejected the stimulus-response as a useful technique in conducting

i e omeSyes
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interviews. Vygotsky did not Ti-dt his approach to the method which
of?ers the subject simpié stimuli- to which he might have-a direct |
" response. Rather, the stimulus may be complex and auxiliary stimuli
fn the forms of leading queszd@s,'¢911ab§ratians or both offered by
thg experimenter can be employed. "These auxiliary ;timuTi are vital ﬁ
' components’ of the mediation (the newicreated context of a given task).
By copsidering the auxiliary stimuli more information can be obtained

on the method in which the child deals with a task.
- . L ]

Although the stimulus-response methodology makes it
B extremely easy to ascertain subjects’' responses, ss
. it proves useless when our objective is to dis-
cover the means and methods that subjects use to
organize their own behavior. (Vygotsky, 1978, p. 74).

In thi; connection, the piece-wisk congruency operation can be
con&idered as a mediation or tool through which children can elaborate
their perceptions in one of those basic topics in elementdry ma the-
matics - polygonal regions. It is by ‘the use aqd the influence of 2

such medium that the properties gf the polygonal regions in the domain
space of area measure system, thetr interrelationships, the area notion

and area measure structure and analogous operations, relations, and -

properties in the range space of area measure can be illustrated. As

a consequence, transformations in children thought is believed to occur.

Man, if you;will, is shaped by tools and instruments -
that he comés to use,-and neither the mind nor the
hand alone tan amount to much. (Bruner, Introduction,

‘In Vygotsky, 1362). :

-
!
|
|
|



Freudenthal's 'Task' = ' - o

In Freudenthal's “Task' (1973), and on pages 401 - 511, Freudenthal

postulated his views cn'gsaietfy. the instruction of geometry, and the
role of geometry at the early levels of schooling. Among other inter-
~ esting views, hé stated that geometry is one of those best épp@rtunitieé
to mathematize reality and to learn how to mathematize reality. .
 Geometry, he added, is meaningful only when it utilizes the relation _ .~

- of geometry to the experienced real surrounding.

‘It is an opportunity to make discoveries ...
numbers are also a realm open to investigation,
thinking can be learned by computing, but
diNoveries made by one's own eyes and hands
are more convincing and surprising. Until
they can somehow be dispensed with, the shapes
in space are indespensable guide to investi- »
gation and discovery. (Freudenthal, 1973, p. 407).



A.. Introduction

In arder tn secure a more efficient and effect1ve prncedure far ;k:
-gather-ing the required 1nfnmat‘ian. a pi‘lat s tudy was cenducted in May
1979. The undertaking of the pilot study was to examine (1) whether
the proposed Taborafary unit would be successful in a typical class-

situatiun (the feasibiTity cf the unit, i.e., whether it is
tEichable or nat) and (2) the amount of tiie required to cover the

{unit
Based é’ﬁ the findings, it was concluded that a more extensive

study seeking answers to the DFDPQSECI r'eseart:h quest‘ians could be

under'taken
- ‘f

B. . The Framework |

~ Classroom situations and interviews formed the basis for this
study. The wprk comprised five components: _
1. constructing a unit, e
2. prepkaﬁng evaluation tasks, ¢
3. classroom teaching of two classes,
4. research questions, and
5. {instrumentation. L ﬁ#

Construction of a Unit

One of the major aims of the study was to describé and identify

"..some of the r:refhods of geometric problem solving processes used-by

ol
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égéhth gfade students. Theréfﬁb]ens were presented within thi,tuu‘din—'
ensional Euclidean §pace§ Hen:e; a ﬁeans'éf presenting a varietyaﬂf

~ geometrical problems to theh the sibjects‘wﬁuid fgspand:and which could
revéajtfespanées exhibiting some of the{régeam2§rfc thinking processes
was undertaken. An investigative laboratory unit on polygonal regibﬁs
and thefr areas (Appendix A) was Comstructed by the researcher for -
grade -eight. It was built on the following operations: ;
a. de¢ampasition, o

.b. piahg transformations, and

¢. piece-wise congruency

Prepa}ingigy;1u§tign;Igskg

| A package employing colored cardboards consisting of eleven tasks
wés constructed (see pages 58-61). The caée of many of the tasks was
the idea of decomposing polygonal regions into rectangular regions and
the converse. Briefly, %n each’tésk a géometric prﬁblém was posed
which reéuired each student to attempt ? sglutiaﬁ using the methods of
§ieceﬁwi§e éang?uenex (eutaand—cavér) and the motions of slide, turn,
and flig#{transiation, rotation, and reflection). '

-The Sample and E]aésrﬂpmajggchigg

Two classes, class A and class B, of grade eight students in an
Edmontﬂﬁ public school were selected for the study. Thgre were 58
students with 29 in each i}assi From the school's historical point

of view, the mathematical achivement was duite different for the two

" classes. On the final mathematics achievement test of the previous =~ '~

year, the mean scores for class A and class B were 71.57 and 62.25

fffff | B



A teacher’s manual (Appendix B) ontaining same‘#assibie saiutiaﬂs
~ for each-investié;tive activity was provided to both teacher A and
i:::fsycher B.- ' ‘

' Since the unit was designed with laboratory tasks involving
piece-wise cutting and covering, a sefies éf geometric aatiyitiés was
constructed and designed in such a way that they could be administered
to students on a class basis duriny regular classroom hours. - A ba;ic
concépt about polygonal regions was embedded in eéth activ}ty. The
student could respond to each activity by tracing, cutting, and
covering. At the first Ejassi a copy of a booklet, the student’s

. booklet (Appendix A), containing the unit was provided to each student.
During each classroom periaéwthe students were supplied with a pair of
scissors, tracing paper (colored), aﬁﬂ\rulersi Instructions not to

" use measurement were given throughout each fnvestigative activity.

At the beginning of each session the teachers rgqueséed the students
;o read the following notice which appeared at theAbeginning of the
booklets: . |

' Notice

| THIS IS NOT A TEST:...THERE ARE NO WRONG ANSWERS!
HOWEVER, WE WOULD LINE TO SEE THE APPROACH YOU USE

IN ARRIVING AT YOUR SOLUTION TO EACH TASK. THERE-
FORE, IT IS ESSENTIAL TO MAKE YOUR ANSWERS AS
CLEAR AS POSSIBLE. -

-

In addition, recurring statements were made to the students not to

. consider the activities as checkpoints for their-knowledge nor to have - . .

them believe that the kind of responses they would offer could affect
fheir final marks in the ongoing mathematics course. Iit was assumed -

" .



that this emphasis would inergas? the'prﬁbgbi1ity-that the students
~ would respond spontaneously and that their feSpanses ueui& exhibit
their problem-solving behavior. f i

Based on the information obtained in the pilot study, projectors
Vani magnetic boards were used in each class. A set of 22 traispar!
‘encies was pFépafédﬁbyrthe_PESéQrﬁhgr and provided to each teacher.
The transpareﬁcies contained some possible solutions to each investi-
gative aétivity. Hagnétic boards were used to facilitate the‘disp1ay'
~ of the seg ' s

~Gerived. Thus, dEEémpasable colored cardboard models for each

ents of the unit where area formulse for polygonal regions
were |
polygonal.region involved in the derivation of the area formulae were ’
prepafedi Thgzmudeis were designed 1n sucﬁ a uaj‘that a pﬂssfb1§
decampasitiﬁn and the motions involved could be demonstrated on the

magnétic—.baarﬂ and .the ésired area formula could be de;duced: :

Based upon the review of the 1iterature and the purposes stated

in Chap‘E§ I, the fa]1awing research quest1ans were posed:

Question 1. How does the piece-wise congruency approach affect the

‘students?

Question 2. What will the student's reaction be tq the piece-wise
congruency process? ; '
Question 3. What will the student's reaction be-to the use of plane

transformations throughout the piece-wise congruency process?



MR

56

Question 4. We do not know what students‘Jearn about area; we do not
know what they learn about measure systems; we do know that they do not

“know very much! Can this approach of equidecombosabi'lity contribdte

more to our knowledge?

;g!!§tiou»5. Is there a cogniiive-structnro.1aath£.stndtnts‘ thinking - ......-..

similar to that of the content structure or do théy -think in a

diffe t manner?

Question 6. In using the cut-and-cover procedure, can students under-

“stand the notion of equidecomposability as an exténsion of congruency?

Questdon’7. Do students recognize properties that are invariant u e}

deconpositioh? ' . —

* .

Question 8. Can students successfully perform the practical procedure
- - _ . . , )

of equidecomposing two polygonal regions?

Question 9, Does the approach of piecexwise Eongruency faci]itaie

students' perception of ( ' _ ’ .
a. interrelations between polygonal regions? |
b. pfbperties which are invariant under.transformatidns?

‘c. congruency?-

'_"DF!UVQP;'dBQQ‘thfS“CppFOQCﬁ‘fﬂéf!.!t‘!f”d!ﬂt"'QQOHQQP‘C'VOClbU*.Ty?wwfm~
B § S _
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sti 10. Are there methodological difficulties in using the piece-

wise congruency approach’ If so, what are they?

Que §ti - Does the approach. of piece-wise c0ngruency of po]ygonal

‘regions contribute to the field of algebra’ :

Question 12. What contribution can the piece-wise congruency approach
offer to the arithmetic operations of addition and multiplication?
- ) ’ ‘\ -~

uestion 13. Does the piece-wise congruency approach simplify the
reflexive, tric, and transitive operational pr'operties7
guesti 14. Does the concept of piece-wise congruency faci]itate the -
idea of equivalence relation7 :
Qgggti on 15. What contribution can the piece—wisc congruency approach -
offer to the study of rational numbers? '

L4

. guestionv16..vwhat cnqzributien can the piece-wise congruency approach

_ offer to the concept of area measure?

offer to. the concept of ordering on t

¢

t of polygonal regions?

- : . ) .: . N ‘ : . '
Question 17. What contribution \can the /piece-wise congruency approach

Question 18. Can the piece-wise congruency approach simpiify'some

_basic theorems in geometry such as those of Apollonius and Pythageras?

-



_d. audio tape fecording, and L o

. or low-achievers (SE&EYT!V’E v).
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Question 19. What are the differences between the students in class A
and those ;n"‘class B with respect to exploring and perceiving the 7
requirements of the course? '

Question 20. What is the attitude of the partitipat{hg teachers to-

ward the use of the piece-wise Congruency approach in their grade .

efght mathematics classes? /

Instrumentation v : ‘ .o A

There were five instr@entatian cmpmgnis utilized:

T a. interviews,

b. tests, : g %

c. video tape recording, : L L ‘__

!

e. observations. ‘ o - e

. Interviews

Twelve students of the two grade eight Jﬂassesg class A'and class:
B, with six students_from each class were‘se‘lected for. iqtewiﬁs; It
was decided that students ghg;en for interviews should be representa-
tive of their classroom iﬁtﬁh respect to sex and achievement in maéhe- : | o

matics. The school records for the Finél mathematics marks for the

=]

" previous year of échaﬁi ing were used in fdentifying students as high

it

Iwalve p:jiu:; iﬂﬁﬂiﬂ{ ware videotaped. Each mt&niu
lasted ;ppr@ﬂmitgly 35 minutes. The_student in each interview was ! a

provided with a pair of scissors, a ruler, and a pencil. Each student?;

' ’

e e R e
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was told repeatedly that there would benn wrong ansﬁers—. ‘The state-

ment

. ;\\ e .
THERE.ARE NO WRONG OR\ RIGHT ANSWERS...WE ARE INTERESTED
IN. SEEINE 'YOUR APP Tﬁ EACH OF THEM.

-\,uas written on a plaque and displayed on the table in front of the

student Also each student was instructed that these activities shauld
not be regarded as a test of knuu’ledge, and the results mu]d not affect
the fina,l mir-ks in the ongoing mathematics course. = --
. Throughout each of eight investigative activities, a different *
'pa-i'r of polygonal regions (made of cardboards of different colors)
was provided to the student. One of the regions in each pair w.is_ a
‘-recténgular region equal in aéea to the other region. The other region
"was one of the following: , L '
' right angle triangular région, 1
’ 5 acute angle triangular region,

paral 1elegru| region, o

T~ R ﬁght ang]e trapezotd regicm, , -

mnfﬁght angle non-isosceles 5rapezoid region,
quadrilateral region with no special condition,
rhombus region, or : * |
- reguiar pentagon regian »
The student was asked to demnstrate and explain size or area di ffer-
ences’ between the members of each pair. Heasumnt was not a1l?d.
The remaining three tasks.in the. gael:ﬂg ,ugre . the cqngmen;.y
task, the ardering of rgctangular regions task, and the nrder-ing of .
non-rect.angular regions Eafki The congruency task consisted of two

Y
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dffferent sets of cardboard Fegiaﬁs. There were three_aaﬁgrugﬁg regions
of different colors in eachséet; they were triangular in one set and
rectangular in the other. Eé;h:sét was disp}jied at randgﬁ aﬁ tbé

table and the student was asked to show whether or not the members of
each set were congruent. The DFdE:iﬂQ a% rectangular regions task
consisted of three rectangular regions A, B, and'C. Regtons A and's
were of equal bases but slightly differed in height whiig region C

was of a base narrower than that of 8 but ﬁitﬁ a heigh%“équai to that
of B (Fig. 7). '

Figure 7 . {

Each student was asked to order the regions A, B, and C with respect -
to their sizes and again measurement was not allowed. The ordering
of non-rectangular regions task comprised three polygonal rggian;:

a right angle triangular-region, a non-right angle non-isosceles
trapezoid region, and a parallelogram region. The regions were of

different sizes: the heights of the first two were equal while the
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. height of the parallelogram region was half of thif?@r the other two
(Fig. 8). Each studenti ﬁs' asked to explain whether or not it §s .
- possible to order these three regions; - |

AN .

a
Figure 8 -
Finally an interview with g;e:h of the t:n plrticipiting tschers

was conductld by the 1nv¢stipw lftﬂ‘ the cmlctior‘ef the pﬁjict.-

-The teachers were asked to givg their opinion on the feasibﬂity of

the piece-wise congruency ippmas:h its future, and 1ts mssib’lg us\\
‘and adoption far school use. The interview listed 30 minutes. | o

Tests ,
Several tests, based on the research qéestinns stated previously,

were administered to students in class ZA and class B. The-tests used

fn the study. were of the three following categories: . c

1. Opinion Assessment Tests, | S o

2.' Geontry Tests, | ' T

3.  Progress Checking. Tnts. A, thﬁr R A
. ) '
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1. Opinion Assessgnt Tests -

There were thFEE types nf apininn assessment tests involved in

the study: o
a. Student's Qpinion A;ses_snnt Test on Geometry.
‘b, Student's Optnion Assfssment Test on Mathematics, and -

=

c. Teach!rf's Opinion Aséess-znt Test on the Unjt.

Student's Opinion Assessment Test on Geometry.

a.

An apiﬁim_n asséss—

ment test consisting of 15 items (Appendix C) was cnnstructéd to check
the student's attitugde toward geometry. The test was administered to
al students both before and after the teaching of the unit. These

pretests and postt:gsts were used to determine whether or not there was -

S change in lttitude

b. Stydent's Opinion Assessment Test on Mathematics. A similar opinion

assessment test consisting of 15 items (Apfpendix D) was also canstructed

- to Check' the student's attitude to mathematics. This test was a’lm;t

/

. 1dent1cﬂ to the previous one except the word "mathematics" rep]aced

the word "geometry” and t;he order of the ‘items was reversed, Agai ;,n,s
the test -ls given to all students both before and after the teaching ’

H

of ‘the mit_ - -

. Teacher's Opinfon Assessment Test on the Unit. A questionnaire of
15 1tems (Appendix E) was prepared to determine the participant teacher's

general opinfon on the unft and the use of the plece-wise congruency
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‘approach. The teachers were given three days to ‘consider the questions

- and make their responses.

2. Geometry Tests
There were six geometry tests prepared for the study. The tests

were actninistered as pretests and posttests for all students. The .
tests (Appendix F) were as follows:
i) Vocabulary Test on Polygonal Regions,
© 1) Polygonal Region Differentiation Tut.l
141y Polygonal Region Area Formulae Test,
1v)‘\ Piece-Wise Congruency - Three Polygona'l Reg1ons Test-
v) Piece-lﬁse Congruency - Two Pof/l Regions Test, and
vi) 'P1ece-\ﬂse Congruency - Ratfonal Numbers Test.

14

3. Progress Checking Tests

T,hree.prognes checking tests (Appendix G) were admi nistered for
both class A and class B. They were giveﬁ over the last 10 minutes of
the second classroom session, the last 20 minutes of the fourth class- -
room_session, and the last 15 minutes of the sixth classroom session |
respectively. These tests were designed to'pmvide fe‘edb.ack as te‘
whether or not some indicatfon of progress was evident in the student's |
performance as well as to obtain information about the student's fn- !

-

teraction with the unit.
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~ Video Tapg ﬁeéoFdiﬂgs .

TJJVi&éﬁtapes were used to record the interviews of the twelve stu-
dents. The interviews were carried out two weeks prior to the sta?tfng
of theéteaching and tasted seven hours. Two hours of classroom Hme
were then videataped;!;n hour for each z]ass,‘whenﬁthé teachers started
teaching the final section of the unit. This section was devoted to
the derivations of area formulae for triangular, convex quadﬁ11a£era1,

and regular n-g iqns (n = 5, 6, 7, ...). Magnetic boards were

used throughout this section for displying the magnetized polygonal

models of the regions involved. . \

‘Audio Tape Recording
| Classroom instructions for each class and for all classroom
sessions were tape recorded. Classroom dialogues were then trahsf
cribed!and a uritt;} record of all verbal cgnversatiéns was prepared
~and analyzed with respect to the research questions.
e _

Observatfons

During the regular mathematics periods, the investigator at-
tended all these é]assraam sessions when thé unit was being-taught;
Throughout these class ﬁeriads. tﬁe investigator recorded observations
which focused on the students' behaéiﬁr-during various problem sa1ving!
“situatfons involving decomposition and piece-wise congruency of :>~i:”

polygonal regiansfr

64
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C. Hypotheses Tesfgd B 7

Statist{cal analysis was used to examine theé &ifferegtes betue;n
the response scores of the students . thruughaut the pretest and the
posttest for each of the tests described above. ' ’

A panel of three peﬂple to mark the responses of the six geametry

. sub-tests described above was ‘used. A response categorization and’

scores distribution scheme for each item in each of the subtests was
then devised. The séheme was not pre-designed but detEﬁﬁined on the
basis of the different kinds of responses students actually made for
each of tﬁe items. The categorization and scores distribution scheme
was eonsidgred.apprﬂpriate by éhe threé mentbers Qf'the’markiﬁi panel,

However, the fact remains that the categariés were developed from the

prospective of the pane] s members which may be cgmp1ete1y differernt

from that of the students who made these responses. The categeries
and scores distribution were as follows:
. The six geometry subtests are divided into two groups of te§ts.‘
1. Grouﬁ one. This group consisted of the subtests (i) and (iii).
For each item of these tests, the students' responses were categorized
into three ciasses: null, low, and high and apart from the null

category, scores with prﬁﬁﬂrtianaiueight ratio of 1:2 were assigned

o

"to the other two categories respective1y

2. Group two. This §ﬁaup consisted of the subtests (1i). (iv),

{v), and (vi). Each item,in these tests consisted of two parts which

“'require the student to respond for the first part and to Justify h15

response for the second parti If part one is wrong, then the uhole

item would be wrong. Otherwise, the students' respanses on part two



uuuld.bg considered. They were categérized into three classes, that
is, their reasonings were categar1zed as low, med1um, and high. With
the twa categnries for part ‘one as wrong. (null}, and right, the whﬂie
category scheme would be: null, right, low, medium, and high. The

scores for the Iast four categories were given proportional weight

“ratio of . 2 : 3 : 4 -5, With these scores distributions in mind, the

‘members of the marking panel were free ta ﬂhnase whatever scaling unit

that might suit them. Below is a summary of the categorization and

TEST o CATEGORY - NUMBER OF ITEMS
Null  Right  Low  Medium  High |

x 0 - 172 - 1 14

i 0 2 3 4 5 1

IER 0, - Ve - 1 8

v o Dy 2 2 4

v 0 1 . 2 2% Ty

i 0 2 3’ 4 5 6

N ‘ $

- — —

The scores for these tests were used to test the following

.. hypotheses:

Hypathesis 1 There is no significant change in the attitude of the
classes over the pretest and the posttest as measured by
the opinion assessment test toward geometry..



_Hypothesis
ﬂypﬂthgsis
Hyp’atheéi s

-HyﬁéthEEis
Hypothesis
Hypﬂthesis
Hypothesis

Hypothesis

Hypothesis

Hypothesis
Hypothesis
Hypothesis

Hypothesis

1A There is no significant change in the mean. scores on
the pretest and the posttest gf the ciasses over ea’h

2 There is no 51gn1f1cant change in the attitude of the

classes over the pretest and the posttest as measured by
the apinionvassessment test toward mathematics.

2A There is no significant change in the mean scores on
the pretest and the posttest of the classes over each

‘item of the opinion assessmeﬂt test toward mathematics.

3 There is no significaﬂt change in the achievement of
the classes over the pretest and the posttest of the
geometry- tests EQ1IEEt1VE1y‘

3A There is no significant chinge in the mean scores on
the pretest and the posttest of thé classes over each of
the geometry tests. :

4 There is no significant difference in the attitude of
the classes A and B on the pretest of the opinion assess-
ment test toward geametry.

4A There is no significant difference between the mean
scores of the classes A and B over each item in the pretest
- of the Qpinion assessment test toward geometry.

5 There is no 51gnificant difference 1n thé attitude Qf the

test toward gegmetry.

5A There is no ;ignificant difference between the mean
scores of the classes A and B over each item in the post-
test of the opinion assessment test toward geometry.

6 There is no significant diFFerence in the attitude cf

ment “test toward mathematics.

6A There is no significant difference between the mean :
scores of the classes A and B over each item in the pre-
test of the opinion assessment -test toward mathematics,

7 There is no significant difference in the attitude of

_the classes A and B on .the posttest of the opinion

assessment test toward mathematics.

7A There is no significant difference between the mean
scores of the classes A and. B over each item in the post-
test of the opinion assessment test toward mathematics

& -
L

<%
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ijﬂﬁhesis 8 There is no signifitant difference in the athievement
S of the classes A and B on the pretest of the geometry
tésts collectively.

Hypothesis BA There is no significant difference in the achievement
_ of the classes A and B over each individual test 1n the
pretest of the geometry tests.

~ Hypothesis 9 There is no significznt d1fference in the achievement
’ of the classes A and B on the pgsttest of the geqmetry
tests collectively.

Hypothesis 9A There is no significant difference in the achievement of
the classes A and B over each individual test in the post-
test of the geometry tests.

Quantitatively, multivariate analysis of variance (Morrison, 1975)‘
ﬁas utilized dand as such Hotelling T2 test for both single samp1e with

the hypotheses. MULV 07 and MULV 08 programmes were used at the Division
of Educational Research Services, Un1vers1ty QF A1berta !

Qualitatively, Vygotsky's approach based on the notion of mediation

was used throughout the interviews. In a_g1ven task, leading questions,

suggestions, and sometimes collaboration were offered by the éxpevimenierg
In this connection, the rationale of Vygotsky's approach is perhaps well
111ustfated in the following:

By using this approach, we do not 1imit ourselves to the
usud method of offering the subject simple stimuli to
which we expect a direct response. Rather, we simultaneously
offer a second series of stimuli that have a special func-
tion. In this way, we are able to study the process of
accomplishing a task by the aid of specific auxiliary means;
thus we are also able to discover the inner structure and

3 g?g;glnpnngz)af higher psychological processes. (Vygotsky,
9 .




CHAPTER Iv

" RESULTS OF THE -STUDY

- AL Intrpductfqn | _

- . Based on the observations made, scrut{nizing‘the transcripts

and the video tape records, each of the research questions is answered.
Excerpts from the transcripts of the interviews are identified by se- .

h qﬁential nuﬁbers.~ Student§ afe coded by fwo digit nuﬁbers'fbl]owed by
‘the lefter‘M'(male) or F (female) for sex idgntification.‘ An exbefpt

"attributed to a particular student is expressed by the number of the

“excerpt f0110w§d by the student's code; for example Excerpt 2 (32F)
"1dent1f1es the second excerpt attrlbuted to a female student coded 32F.
Also. the/ﬂetters I and S are used within each ex t to denote the

S Se

tnvestigator and the student, respectively.
B. Research Questions

Question 1. How does the piece-wise congruency approach
affect the students?

The attitude of the students toward geometry and mathematics
Qas'e;amined twice, once early in the project and then at the enfy,
using the questionnaires: Student's 0p1nioﬁ Assessment>Test on
-Geometry gnd Mathematics (see Appendixes C and D).- The mean séores
of class A and class B on the pretest and on the posttest in each

questionnaire are shown in Table I and Tabl® II.
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TABLE .1

MEAN SCORES OF CLASS A AND CLASS B ON THE PRETEST AND
THE POSTTEST - STUDENT'S OPINION ASSESSMENT TEST ON
“ GEOMETRY: . FIFTEEN ITEMS |

TEST ITEM S A S

o PRE © POST f| PRE POST
B 3.154 3.538 | 3.000 3.300
2 4.346 4,731 3.900 3.900
3 2.462 C2.731 |f- 2.200 y  2.500
4 2.500 - 2.962 || 2.500 ‘ © 2.950
5 4.308 | 4.462 || 3.900 3,900
6 2.808 2.962 3.650 - 13.650
7 3.538 ~ 3.385 [ 3.200 3.450
8 3.692 3.769 | 3.850 .3.800
9 2.500 3.423 | 2.350 2.600
10 3.000 . 3015 | 2.950 2.950
n ] 3.885 3.885 3.800 3.900
12 3.769 3.462 || 3.600 3.400
13 .15 3.345 "' 2.350 | 3.050
14 2923 - 292 | 2.650 . . 2,750
15 3.462 3.6 3.200 ' 3.350

e ety R At dg 7 m Rt



ST ANC
" THE POSTTEST - STUDENT'S OPINION ASSESSMENT TEST ON
: MATHEMATICS: FIFTEEN ITEMS

MEAM\ SCORES ' OF CLASS A AND CLASS B ON THE PRETEST ANI

" TABLE I

I

TEST ITEM

mmu'mm‘.pm

M

10

.

12
13
14
15

3.920
4.160

- 4.563

3.680
3.840
4.440
4.120
3.920
4.160
3.920

3.500
4.200
2.800
3,800
3.400
3.850
4.00
3.500
3.500
4.200
3.900
2.950

[ 3.450

| 3.850 -

4.000

©3.950 |
3.050

3.050
3.850

n



: There were five categaﬁes of responses scored 1, 2, 3,4, and 5 on

* "each item; they were strnng'ly disagree, disagree. indifferent, agree,

and strongly agree respectively. |

These scores were considered as repeated measures andk Hotelling
T2 test for single sample with repeated measures waé then useﬂi The
Mhé;t‘n'ts indica?ed: thagt hypctheses (see Chapter III) 1, -‘IA, 2 and 2A
(p >0.05) not be rejected. Hence, dramatic changes in the attitude
of the students toward geomtry and mathematics ovér tﬁe iperiad of
the project was not apparent. . -&

.. C show some notable chang!'s in the attitgde of the students toward

~ geometry..

72 -
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TABLE ITIA

FREQUENCIES OF THE FIVE CATEGDRIES OF RESPONSES FOR
THE OPINION ASSESSMENT TEST - GEOMETRY OF CLASS A
AND CLASS B ON THE FOLLOWING ITEMS: =~ N

‘ T.. 'Geometry is a pleasant subject.
/ 2. Geometry makes me embarrased.
3. I like to do" geometric problems in other subjects.
4. [ like working on my geometry homework. 2
$. When I have to do geametry I get nervoys.
. CLASS A - ‘ CLASS B
I T Negative | Indif-| Positive Negative | Indif- | Positive
t | e Response ferent| -Response || Response | ferent | Response
e |s ' : ,
m it S 0 D 1 A S.A\> s.0 D 1 S S.A
5 [ 8 =10
pr |- { . o
1 3 2 , 13 7 3 2 6 | 2 _,.,],.0--_9
: 3 | T s 5~ | 9
i "
0 3 10 12 3 0 5 & 7 2
7 R LI N Z
pr -
o1 14 13 0 0 1 7 7 4 1
2 I 2B | ]V e 7 B D I
po
21 7 0 00 3 14 1 2 0
. 15 i [ 14 A 1
pr
2 8 7 5 1 3 11 5 1 0
3 I R T DA T T 3
ol ) ,
3. 10 8 5 2 2 9 6 | 3 0
16 [ T2 . 4’\-5/
pr K -
1 7' 9 6 4 6 0 3 9 3 | i 0,4
Y1 12 T 0 E T A
po u : :
4 8 6 9 1 1l 8 5 -5 1
. o 1 LB 7 3
pr ~
T e T3 oo 3 4| 2 -0
5 27 X i 0 16 4 ) 1
po b . ] . .
‘115 12 ] 0 o 313 3 1 0

(*) $.D= Strongly Disagree; D= Disagree; I= Indifferent; S.A = Strongly
Agree; A = Agree; Pr= Pretest and Po = Posttest.
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TABLE ITIB : (\\
- FREQENCIES OF THE FIVE CATEGORIES OF RESMES FOR “\

OPINION ASSESSFENT TESTVCI'I 7! ETRY EEASS A AND CLASS B) '

6. 1 have always like geometry in school. / \

. Geometry is a boring subject. : ’ / ~

Geometry is not a useful subject.

7

8.

9. I can see geometry everywhere.

10. 1 am interested in studying more geometry in coming years
af liy sc:hoohng .

T | Negative | Indif- | Positive || Negative | Indif- | Positive
e Response | ferent | Response Respmse ferent | Response
s - Sy —— = - - — — i
t

| s.0 D 1 A SA|l so o | 1 A S.A

S W N 2 ISPRREE S B s —
¢ 5 1 4 0 2 2 1] 1 |4 o

' s | | 9 2 | - | <5
Pl v s 0 [-6 3 1 n] 3 | s o

[ 3 — 7

[T S -4 - am e =z - - e

, § 10| 8 39 277 7 173
U o e - s e S| ek Hennils ml Sy
% a5 12 .

N s 1| 8 a1l 3 9 6 2 0

- 70 . T8 —7

PPl T s 3 3. 13| 2 2 0
08 I NI - I R N | R 7 : 3
TP Pl 7 a7 2 5 9 3 30
N AL A | R - L
Pri's 8| 6 [ 7- 1 4 9| 3 4 0
o I A e " ‘.
Pot 4 & 2 w3 s 2 9| s | 3 1

0 - Bl 3 L —

pr| . T R SR o |

IR 5 [ 1 o 13| m o |.s o
oIl o9t 8 e )l 2 6] s | s 27

(*) Nuﬂ:er of scbjer:ts with repeated scares in class A dropped to 26. -
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TABLE

I11c¢

75

FREQUENCIES OF THE FIVE CATEGORIES UF RESPONSES FOR THE .’
OPINION ASSESSMENT- TEST ON GEOMETRY OF CLASS- A AND CLASS B
ON THE FOLLOWING ITEMS:

n. Geometry is my most hated subject.

A ]

12. - Geometry fs not a practical subject.
13. 1 enjoy trying difficult problens in geometry.
14. I would like to take more 'geometry when I have the opportunit_y.
- 18.- I 1ike to help others in geometry. N
CLASS A CLASS B
41 4T MNegative | Indif- | Positive Negative | Indif- | Positive
t e Response | ferent | Response Response | ferent | Response
e |s R ' . —
m|t {S.D D I A S.A s.0 D | -1 A S.A
T 1T I, 18 R E
Pri=7 77| s 30 |73 w32 [ vy
n 19 2 BT T
o |-~ - - - I | SRR .
. 6 13 5 2_ 0 5 10 4 01
T’ k) « 70 ] 3
PT3 e [2 07|l P o s 3 0
12 o T 2 S I IR A § 2
PPl s 7113 1 o w0} 8 [T~ 71
85— HRL - T
Pri3s "7 |7 a 5 . 7|4 ‘. 0
it I NI A S P | B A LI
Polr 5| 8 |.8 4 1. 6] s |5 3
. 1. 7 ‘ , T 7 ) ] {
Pri-2 5| 12 1! o e 1] 1 Fa ol
14 TP R | [ D R S
Pol o 107 10 5 1 3 71 3 ['s 9|
¥ T3 R 1T T
Priz 3| 8 706 || o 1| & |71 2|
15 6 18 6 n_
Po b _____ -] - - A § S SO, - - e :—
1 5 6 12 2 2 4 3 . 7 4|
s ' a



~ of c]ass B on the prgtest arfd on t}

- To eﬂntﬁast the resgénses af the students in class A uith thase

§H§f1ndep2ndent s:mples was perfarméd on eacﬁ nf the apiﬂianAasses§¥

_ 'meht tests., The.results indicated, ‘that hypethe51s 4, 4A, 6, and 6A

Suygre‘almnst id!nt1;alg A simi]ar lack of significant’ difference held o

HEFe‘hqkhrEJected in other words, the respnnses of bnth class A and

-

L . L8
over the post{Bses-

en hypgtheses 5, 5A, 7, and 7Avwere not -rejected

either. The two c?as,,,i,hqwever, were remarkably different on the

. grade 7 Fina1‘mafﬁematics " hievemEﬁt scores (555 Chaptér ITI)

=7

- An examinat1nn of actual scnres of the students wha wEre in-
terviewed early in the prn;g:t 111ustrates a shift 1n-the attitude -
fur 1ndiviﬂua1 students in- this grﬁup (Tab]e Iv). Hithfrgsgect to
~the scoring scheme, the minimum total score on the 15 ite%s was_TS :
po1nts and the tata1 maximum ,sGore was 75 péin;s

Tab1e LV indicates that the mnst praminent change in scores

_posttest, HQ;é111ng T2 test for

76

accurred for 30F 26F, and 12M on geometry and 19F and BEF on mathe- .

-,nm$1cs. Student 30F, the lowest achiever in class B, seemed to

inérea;e in motivation throughout thELPchect . She had the highest

::gain 1niﬁer ééafés on batﬁ?§eamgtry and mathematics. Studgnt;izn.

the highest achiever in class A, whose responses were in&i;atjve of

a high positive change on geometry, showed-a smaller tricrement in .

his scores on mathematics. Student 26F, a below average achiever in

~class A, appeared to have a large positive change on geometry while

& ‘. -

Tam R .
E!"F“‘:?‘;FF
% it al # P
i,i ) '

E ' & - -

= . . . : . . = 7 N H & .
.maintaining a stable attitude on mathematics, Students 19F, a belgw . . |



STUDENTS' TOTAL SCORES’ ON' THE OPINION ASSESSMENT
CTEST: GEOMETRY AND MATHEMATICS: TWELVE STUDENTS -
~~ " WHO WERE INTERVIEWED. .

—_— j:, —_— — ;

' —~'. . TABLE IV - b

®

F—
STUDENT - GEOMETRY  'fl  MATHEMATICS .|  FINAL GRADE 7

- L — ————— | SCHOOL ,MATHEMATICS | .
* 1{by code) Pre  Post || Pre ~  Post:'| MARK (%)

| 03M 46 48 | 34 <L AP

—_ e —

05F . 65 66 | N 15| 8 |
12M _‘i’ - “ »; 52 “' éli P 64 | _ 94 S
19F. | 45 - ed I 39 . .48 54 ‘
26F 29 40 '!‘45 . 48 s 1

- : ) : . -H s . Fy

2M. | 63 63 . 56 '+ - 60°| 87
oF | sz on || s 65 36
MF | . 55 56 || 66 62| ‘e
41F - 23 a2 || s R -
s4F | s4  s6 | ‘.;3 e ]
4w 1 a5 s || s e | . e

agM . 43w 54 s | 42

[ D O

-




average sshiever in class A uhﬂse scores shawed a small gain on
geometry, " shawed a high pssit1ve change taaard mathemgtiss Annther
positive change on both geumetry snd mathemst1cs wss shown in 45“'
'ssﬁres s]thnugﬁ it was nst_as lsrgs a gain as thst of 30F. However,
* sﬁudent 41E§ia below average achiever; apsssssd_tﬂ'hase a nsgstive .
‘change of sne;psint on geometry and 2 drop of seven points on mathe-
matics. Another negat‘j:hange was in student 48M's scores on both
geometry and mathsmat1ss by one and two points respect1ve1y Finally,

_student 34F showed a'pesit1ve cﬁange of one point on geometry and a I‘E? \

‘-negat1ve change of four paints on mathemstics
: ‘ In,genersli on genmetry, three students had Targe pas1tive '
changes. six with slight pssitive changes; ake with nb change, and L&
' ,with,neéative changes. - With rsspstt to, mathemat1:s, thers were
twgbsﬁhdénts ﬁith ﬁigh pasitjvs shangss, seven with slight pnsitivs
changes, two with slight negativs shange. and one with a large nsga-'
tive ¢hahge C |
- In summary, the aisve ihfgnsatisni qsingitativeiy‘asq qusiits-
. tively, indicate that students' attitude tswsrds geometry and mathe-
| ’shtiss'ﬂid nst_sansiderab1y shaqge*thrsughsut the period bstweén the
pretest-and the pﬂsttest (abaui 3 weeks). 0n1y a few individuaI
changes in the attitude could bs regarﬂed as nstabiy high. As well,
the two e1assssi class A vs class B, shawed no s1qn1ficant differsnce -
" in attitude either on the pretest or on the pasttsst on essh sf

“opinion assessment testsi:;

[T T ,.»’..g : P oaee ah T Seloaw hLaw R I A L e . ] -



Question 2. What wi]l the students’' reaction be to
the piece—uisg cnngruency process? ' : "
' ‘ = o 4
* This qhestiuﬁ 1s(de§igned to give a general overview of the way
grale eight students perceive the cut-and-spver process. . fhat is, o

" how well do ‘they cope with it?
»

" Throughout the EVa1ua§i§n tasks (see pages 58-61), 1t iaé observed |

Vthiifétudents were persistent in aitémpéghg,thase tasks on piece-wise
>éangfueﬁcy! In many cases, experiencing failure on Me first attempt .
gfga task did not discourage the students. For example, student 48M'
did not concede when the chosen Sstrategy was unSuczessjh? on the. F*rst
* attempt of task 1l - equidecﬂmpesing_a'right trianguiaw region and a

=

rectangular regiaﬁ (Fig. 9).

. L Figure 9 | o 7: s J‘

.

' w«-u - H—W the 46m's: aﬁgﬁ-ﬂ 1st m“



The student then asked for another rectanguiir'regiaﬁ:and a correct

‘solution nasﬁiatzr produced (Fig. 10)

-4

, : 7 -Figure iﬂ

(A copy of the 4BM's original™2nd attempt)
Another student, 27M, met"with failure on the first attempt (Fig. 11)
Abu.t was successful later (Fig. ?) on tas\ 2 - equidecomposing a tri-

" angalar reéiaﬁ_and;a rectangular Eeéiéni

o »
Figure 11

&

(A copy of the 27!*5‘9?1ginaj 1st attempt)



_ Figure'lz )
’ o (A copy of the 27M's original 2nd attempt) .
As ﬁ?l';'student 0SF .per'fai:meﬂ:’ task T sﬁcﬁéssfuﬂ;‘ on the second
.atfempt;nhile'she was successful neither on the Ffrst ;af on the '

sbtond attempt of. task 2. However, another student, GBH;,aféer a

second unsuccessful attempt on task Eigave up: "I can't do it" hé'i

_said (see Appendix H). Student 48M persued task 5 and'eventually

81

*
T

vr~—sueeeeded»enjthe»%éeehd~a%%gmgt=%§igTA%QLaﬂé;Figi ;4}. ——————

B s R

Figure 13

‘(A-Copy of the 4$H's original 1st attempt)

.



~ -,  Figure 14

."

(A copy of the 48M's original 2nd attempt)

o .

"__rectangular region; and a rhombus region with a rectangular FEQ;'QH)

‘appeared to be the most difficﬁ‘lti tasks presented in the interviews.

AN si:ﬁdgnts\ failed boti: of them. There was; however, eme aﬂpraxi?
mate "covering, pevifamadran task 6 by the highest achiever 1in ;ﬂésgﬂ_

' (IZﬂ).-‘ This approximation WQS”EEh‘iEVEdi after a“faﬂuréan thé firsii;-*’
atteutbt_ (Fig. 15 and Fig. 16). |

% ) B L '; E R », . . .i ::-': i vlr’ s

. : - L oo

B ﬂi””"ﬁ?""‘%-.. N o s
Tl N .
g T .
I B
K

Tasks 6 and 7 (equidecomposing a quadrilateral region with 4

: . ' Iy ' i P SO ¥ A 8 fla S T " .
B D i e et 4 sy ok Tt B e et it i S



( 2 - Figi}re 15 & - S
’ (A copy of the 12M's original 1st attempt) | '

- : -

) © . Figure 16 S
T (K ¢opy of e TZMTS OF1gTRAY 2nd Fttempt) TN

. ) d —_
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On task 7, the perfor:iﬁke wa? norse,l No student ach1eved success

" nor an pproxiuate solution ei ther, In fact, four of the s tudents

d1d,not tempt any cut on. any of the ‘hombus or the rectangu]ar

regions In view of the content structure of tasks 6 and 7 one

‘of the key ideasis to draw one of the diagonals first for each the &

quadrilateral and the rhombus red%ons. It seems that students are

- “Tess familiar with diagonal Tines than with horizontal and vertical *

#lines. This wa§~ev§dent'on the'performance of'the students on task

7 where hog1zonta1 and, vert1ca1 cuts wene_used repetitfvely without
success (See Appgpdix H, task 7). Also, it was noticed-tbat.‘uhen -

tuo reg1ons we usuperposed and a veﬁtica! or a horjzontal cut"was

X'found for one region it"g gengrates its dual the ob]ique cut on the

other region and vice-versa. This was apparent throughout al] the
cuttings at tasks 1, 2, 3, 4,5, 6, and 7 especially where the iﬁ:T
lines for the cutting lines are ’llustrated (see Appendix H). * It

‘was a matter of which region was facing the student that determined

the cutt%ng.along_its edgcsrpf the other region. In task 1 (equi-
decomposing a triangular region and aeectangular region), for

example, if the triangular region wac sdperposed on the rectangu13r
region, an oblique cut on the rectangular region would more Iike1y

be used by the student and vice v&rsa As well, the IZH s perfarm-
mance was interesting on task 7 though his approximate covering was un-

successful (Fig. 17. and Fig. 18).

»

<
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Figure 17

%

(A EDByréf the 12H‘s original Euttings)l

Figure 18

tAscopy of the 12M’'s original rearrangement)

.
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'His 'procedure ends in an 1nfin1te cutting and patching process p L

4
N s

which u‘ltimte]y took him now'here SO S ,
*ne of the main purposes was to 1nvest1gate the extent to
—which the piece-uise.congruency approach affects the -
students achievelnent on- the Geonetry Tests when instruction is de-
sinonthemofsuchnmmch Thus,thetwcl A _
and B, .‘were ﬁ‘rst pretes_te’nd the GeonetryTests were _ .the instru-
"ments used in®this testing. Both Teacher l. and Teacher B 'conf"irrned ’
' _ that polygonal regions and their areas, ' 35 part of the grade eTgh’t o
mathematics programne. were covered prior to the starting of the prﬂ:lect
..After the canpletivon of the p1ece-w1se congruency umit, the ~stu.dents T
- were then retes'}ﬁ-.- TabTe V shows thé mean scores“ of the two '
classes jointly on the pre'test‘ and the posttest for the Ge_ometff
TcstsT) (11), (141), (4v), (v}, and (vi). The testing scoves
- were considered as repeated measures and Table VI gives a summary

of the Hotelling e test for f{ngle sampIe w1 th repeated measures .

L The‘p\rgfe's,_t achievement scores were contrasted with the corresooﬁ'— .

ding posttest achievement scores both overall and over efieh of the — '

tests simu]taneously. . _‘ , ~ , : {’ |
' ° Table U} ¢ shows enough ev1dence for 'significant changes in the
_students' achievement on the Geometry Tests - In particular, there

w:e significant changes in:

— 1. The ove?}l] achie;e_ment of the classes over the -Geometry:
* Tests collectively, F --'27;586,‘ p < 0.00T. ~ ' |
2. The achievement of'.th,e' classes over the Polygona]; Region

»
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TABLE

'MEAN SCORES OF THE STUDENTS ON THE PRETEST AND THE
". POSTTEST OF THE GEOMETRY TESTS: SIX SUBTESTS.

 GEOMETRY TEST " pretes? ' POSTTEST o
- L 9.ms 10.585
11 14.404 _ 48.447

Hi -

"ty

vi

4.295
4.894

. 14.085

7 4.087
7.904

s.ijj'
0.9




ve o ThBLUE vi L
i}jﬁrzgi’xue;z CONTRAST BETWEEN ACHIEVEMENT SCORES ON .
THE PRETES] AND THE POSTTEST OF THE TWO CLASSES
JOINTLY: SIX SUBTESTS. .

F-RATIO  PROBABILITY

.0.996 . 0.468.
25.656  0.000_

36
36 -
i - M.e68 11 3 1.029 0.442
R LA 34353 1 %  o2ms 0021
v % 4087 0.001
36 2277 0.0

AL 387.743 11 36 . 27.586  ° 0.000




3. The ach:evement of the q]asses over the P1ece-Hise Ccngruﬁ
ency ~ Three Pb]ygana1 Régions Test. F = 2.445, p < 0. 95
4.7 The_ach1evement of the classes over’ the Pigcessze Cangrﬁa‘
" ency - Two Regions Test; F = 4.057, p < 0.05. . |
-';5. The -achievement efathe c fses over the Piece-Wise Congru-
w ency - Rational Numbers Test;. F = 2.277, p <-G 55:*
On the other hand, there was nq s1gﬁ1ficant change in the ach1eve-
ment of ‘the classes over”the Vacabu1ary Tgst ‘on polygana] regions (F =
vl _0 996, p > 0.05) nor over the Area Faﬂmu1ae Test (F=1.029, p > D 05)
Based on the above 1nfaﬁmat1nn. hypothésis 3 was re;eeted wh11e
_hypothesis 3A was rejegted over the geametry subtests (i1), (iv), (v), )
and (vi) Hypathesis 3A hﬁwever was not rejected over subtests (i)
©and (111). ’ “
7 T The means which were included in Tahlg§v are plotted in Fig. 19, '17» -
The previous quantitative ina1j§i§ imdicates that the piece-wise o
‘ conéruency approach enhanced the students’ perception of (a) inter-
relationships among various polygonal Eggi@né,'(b) the meaning of the
te;n 'polygnnai', (c) fraétians which belong to the same équiva1ence
~classes, and (d) the 1mpnrtance of the role of a chnsen unit in any
~ Syisual comparison between ratinna] numbers. ' ‘ . :}25%1;
Qualitative1g; the pie§e=ﬂise congruency appréach‘intrﬁdUEEd- —
- problem a@iviﬂg_s;tuatisns'in which stﬁgents‘appggréd interested and-

h 2

perstsféntg That “is, they were doing more than Tfstgniﬂg; . . o
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Question 3. Hhat w111 the Student s reaction be to the
use of plane transformations’ thrﬁugheut the pieee -wise
*  congruency process? : :

This quest1nn is primari?y designed to provide an 1ndicetian ef

‘ hew well the students employ the metiens of sTide turn. and flip in

the cut- end;ﬁaver process. 7 ; ]
"~ In each of the evaluatfon’ tasts en equideeampesebf?ity effer

xcutting a polygonal reg1an into pieces, students did not use mptians

i

(transfarmet1ens) in reerreng1ng the pieces to cover the other regien;

-

Ifhstead, they picked up the pieces and simply placed them on the
other region. Their procedures resembled.those of jigsaw puzzie fit-
tings rather than motion geometry operations. Haweeer,’When the in-

vestigator brought their etten:ienrte the pessibiiit& of esjngva

»

~slide, turn, or flip, their perfeﬁmaﬁce on the rearrangement of the
‘subregions eheﬁged The jigsaw puzzle styﬂe disappeared and metion
geometry nperations were used. Aﬁother peculiar behavior was that

,:seme students, after cutting a region into pieeesi slid the'pieces

_YEhreugﬁ curvelinear paths, often with e%ratetienei eemeenentg .A h

‘third observation, end‘perﬁaPS'e more interesting one was that some

students turned their hands a-half-turn spontaneously, and then
placed the pieces on ﬁhe seeend regien_ ngever. there,were.few"
cnseeliﬁ which students didcuse the motions of s]ide; turn,,ane flip.
properly; some students failed to fdentify these motions and yet

‘used them. , .
Students ‘who p?aced ‘the pieees of e regign ‘oh the etﬁér region'
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&

;;reassembyg them to their Driginai shape -On ﬁhe ether hand, thase wha

used motieng prﬁperly. did the reassembling easily. ’ : Qik

_The following exzerpts w*11 111ustrate a variaty of different

s1tuations in whieh the use of the matinns of s?1de turn, and F11p

were encountered the tasks-involved were suc:essfu11y performed.

- Excerpt 1 (0§F) -a high achiever: : s
(Th1s is reiated to the eva1uat1cn task number 4 equidecampesing

[ o

"

A . B

(The. student decomposed region A into region B) * )

I: What kind of mation did you use? (The: Fegians were superpased

_on each other). | . - T

S:  Am, things Tike thig?' (She starts returning region 1 back). -

oy
"

Yes, it was here wasn t it? (Painting to 5ubregian 1 of A.)

S:  Yes, ,Sturn ' _ _ | .

I: Dn yau know how many right ang1es you turned this piece? (Pointing
tn piece 1) | ¢ | C |
S:  One.

Thus. :his student' BSF perfarmed the required motian a1right

and yet fai1ed to identify that a half turn’ (nr two right ang1es) was
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actuallgused. The following éxcerﬁt;nbtgs the procedure of another

‘Student: . S

Excerpt 2 (34F) - a high achiever.
(This is related to task 4 as well. The student decomperd the

. trapezoid region into the rectangular region)

0 el Ty e

: <

1: . Could you return this ‘piece to where it was before’ (Puinting

_ to piece 1 while the regions A and B were supérposed~on each other)

(The student starts returning piece 1 ‘back to assemble region A. )

I: What motion would you use to cpver this bit? (Pointipg to piece:
1 of the rec;anghlar(region Ieft uncovered) . _

S: It would.be & turn. . ' | ;.(
I: Do it, use your finger as 2 point of turn ’

I: So, a half turn?- T, o

- S: No, three-quarters

As uell this student perfonmed the required motion when she was -

- Asked but fai]ed to recognize that a half turn was really used -Tﬁe

following excerpt further 11105925585 the lack of perception 1n recogi

nizing the three motions \'

Excerpt 3 (20F) - a below qvera?e achiever: .
{This.Is related to the evaTuation

NP

- [ S L L g e W e

o .
..

‘St (the student starts turning) - e : : '- Q-“; o

task ‘number 1. Thé'éfddéhf”“""“;:
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[V B )

S: VYes.
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degéméasgd the fectiﬁquiaf’régian into the ffghf-t?ﬁ@ﬁgﬂIgr region).

N -
. -
o Sr ’ ?
: 1 7 -
\ s
s
~
L

"~ (While the twn regians uere superposed an each other the 1nx

vestigatar returﬂed region 1 back and reassembTed the rectangular 7 o

region. ) . 1, o N ;x_sz
I:' - This wgs the situatian before the cut 0K7 (The two regiéns A ::

. and B, were disp]ayed as in the figure be1an ) ;' .

S: . Yes. o
1:  What motton hivé ydu usgé on thts piece (Painting_te pieceiiaaf"
~region A) to cover this piece? (Pointing to piece. 1 of region B).

T

S: . aaa

Do you know what motion?

L You sadd MR L Ll
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CIs 1t? (stir‘ts <o :t;um a piece of Cii‘ﬁurﬂ@ ﬂ! desk 1n
front of the student.) - .
S: Aifighti o ’ : B 7
I* This motion, 1s it a flip?-

5: It is a turn. Cul B ' | A
The Fcliaﬁfng excerpt notes ‘what occurred with the highest |

achiever of class A. o | ‘ : i} |
Excerpt ‘ (12M): the highest achiever in class A SRR

(This is related to task 1 as well. The student dgcumposed the
right- triangu1ar regiaﬂ into the rectangular region.)

¥

What motion have you used?

Turmn,

e

m i ’ A o . 7 ’ /f
Tuth it. (The student starts turn‘zi piece 1 of the trianguiar
t

LT ]

region cauﬁter—c]o;kwise and clockwise &iternately whiie regions A

and B were SUﬁerpased on each ather )

I; Ygs hau many right ang%is have yau turﬂed?

2 7 .



I ‘Dne’ o

S:  Or you can say two, those tagethe?
I 0K, one right angle or two?
S:  One. ’ _ |
From the above excerpts, it ‘would appear that students had
;Htﬂe difﬁcu‘lty in perfaming a partrcu‘ia*r;mtmn uhenever they
were asked to do so.” On the nther hand, they showed uncertamty in
~identifying the motions that were used. In_pgrt1cular, recognizing

whether or not a hal ‘F!tﬁ;i‘ﬂ:’( two- right angles) was used seemed not

easy to péi?téive even for the iﬁghest ach%eving student. This, in

gspect is perhaps one of the reasons for ?Ehgse canfusignsiand un- -

]
kY

certainty.
Qigstian 4' lie do 'hot km what students ‘Ieamyabaut'nf-u. we j

‘that the_v da nﬂt know very much' Can this appmach of equide-
composability contribute more to our knau‘ledge?

The students’ actians were ‘observed on several’ act:asians - in
' c:hss peﬁads, through 1ntervizws, and testing. Some parts of their
7boak‘lets (Student s booklets) were examined wher'e hmewqu was in-
‘d‘i;ated. ,'Thg yideo tape Fecﬂrdings fﬂ"‘ the evaluation tasks were
viewed several times. As a result of this scrutiny of students’ ,per.-_ ]
Famm;é thé fa]i‘aning points were made:

L

‘ 1'.’ Thmgh@ut(each task fnvolving cugeanﬂ—céver; the students
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seemed to be iécking first for pairs of congruent edgés, That is s, a

Iinéaﬁ_tgggruency was sought at the first instant.. Hnreuver.‘it was

noticed in mst cases the studgnt who Faﬂed to find a 1inear congruéncy .
tended Ea natg 2 'Hne:r superposition first and then a linear congru-
" ency witﬁ respect to an edge of one of the regions involved (Fig. 20).

For other Acases,\seg Appendix H.

EEE Figure 20

(A copy of the 05F's ofig§nai 1st attempt - tqék 1)

. . | |
. 2. Therstudents, after searching for a lipear congruency, then
searched for a pair of cang%uent angles. That 15, an an gglir
::s sought. . | S . k4 : R

congruency

3. The studmts after senn:hing for cangment pairh@f edges R \

and lnghs, :antinued tooking for cangr-uent pairs of subreg‘laﬂs. That

{s, & E,’g =wise ;angﬂﬂng; was saught later,

- - e == T

T Y S SR I L SR



4. A piece-wise congruency could be ‘attained only if a linear
congruency, or angular congruency, or both was éttained. ,

Linear Congruency | .,

=1 y . - — ! "
E b - | Piece-Wise Congruency
] .
— S— Eii;' - 7,:',; _ - — - N— 77: = = 7 ——

- Angular Congruency |

There were enough evidénces supporting these points. For, al-
mist a‘l of the studentsruha passed tasks 1, 2, 3, 4, and § in the

interviews attained cnngruent pairs of sides, angles, or both. In

'_task 8, however, despite the existence of a congruent pair of sides,

seven students failed the task. The reasons for this peculiar per-

formance were (a) task 8 requires partitioning ef the pentagon region n

tnto five congruent triangular subregions (in case of decompos ing
thz~pentagen into tIi‘éeetanguTar regfon); and (6) recalling and
utiTizing task 2's strategy in re¢tangu1;t1ng ea:h triangular subi

region.

Fatling to find a 1inear congruency, an énguiargcangrugncy, or

DO Wa's' the primary reason for the stuent ot attaining & sutcessful
'p1!ﬁ£*ﬁ15étﬂﬁﬂ§Fﬂ§ﬂ€y on tasks‘s and 7; On .the other hand, there ex-

 isted a linear gaﬁgruéney fn both task 6 and task 7; it was_between a

R s s |



. | - : S | » ,; '
;giaganai'in each of the non-rectangular regions and a side of the cor- |
"responding éeetanguiaf FEgiBn.: The diégénais in both regions were not
drawn however. o " R

The students, both high ;aéhievérs as well »a-s Tow achiéﬁers; dare
using learned properties of the dmé'in space for the linear measure .
system (ihe set af all segments in a phne) in a?prﬁac‘hing a p‘iét:é* S
wise congruency 1n the dgmain space of the area measure s_ystsn as de-
fined in Ehapter I (the set of all’ ‘polygonal reg'ians in a plane)

VAs uel’l; a similar s*ntuatwn was exh1b1 ted when students used pm!

perties.:’lgmed(enrﬁer of the hﬂn space for the angulgr measure
system (:l;heh set of all :ang‘les in a plane) in irriv;ng at a piece-wise /
Eongruency- Thus, a typical student did transfer into another neur ;f-
measure system learned pmpertias of measure systems learned pnviuusly_

In ‘additign, students perfaﬁnance of the piece—ﬁise congruency
faperatian was characterized by no number involvement and no measurement
performed. Regions were compared. Students seemed, therefore, to per.

. ceive area _through the cyt-and-cover med*iim . Whenever students - Ca
perfeﬁned a task sutc:essful'ly they responded that the t\ua regicms were: "
'equal’, 'congruent', ‘the same' o

"Why are they equal? Congment? The same?®.

“Because they fit.". _ _
Thus, area thrnugh the students actiaﬂs appears asra notion of
fitting, after cuttin;. a region on the other.

Thunfore, two- pnlygonﬂ wgions are equﬂ in area because one. nf o

PR L et——

: thgn can be eut intn pigces sucﬁ thlt they can ;be rearrqﬁyed ta

-pA
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'énver the other region cuupletely and not only becausertheirfirgg
formulae happen to give the same numper: _ | ‘ h

- Moreoever, performances described above suggest that some plane
quantities can be compared apart from nwbers 1nvo‘lvement The COM-

'parisons in the tasks could be considered as examples suppﬁrting

Bateson s (‘?979) assert‘lon that quantity and number can be smm SRR

(p. 49). ‘ ~

Question 5. Is theve a cognitive structure in the Students” o
- thinking similar to that of the content structure or do they .
think in a different manner? S 7

N
_ The main purpose of this question is to provide a genera‘l over-

| view of tp.e students' performance with respect to those ke_y 1deas and.
he1r‘pr10r1ty-oraer1ng (sequence) involved in each of the tasks’ based
on the piece-wise 'congruency'eoncept presented throughout the inte;-s_
views. |

| Ciearly, there exist some key ideas in each of the evaluation
tgs_ks\'on piece-wise cong’ruency. ' Obviously,,each ‘key idea has a pri-"
ority with respect to the other l(ey jdeas. Hence, these key ideas, .
in a given task, are in a.sp\ecial priority-.orderjng; Thus, following
these key ideas in their priority order‘lng’ might Iehd to a possible

.«solutien for the task concerned. This priority-ordering of key fdeas -
vin 2 task is referred to as its conte structure uhﬂe the ob- |

H:;s""gg p"*"‘;y“’"d"fd. the sfudent ‘assigns o wh‘atever Key fdeas he ="

might’ consider for a given task 1s referred to as the ¢ _ﬁgﬂitive struc-
~ ture in his thinking. ‘ ‘ :

—
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To illustrate thie above statenentg the following are felt to be

101

« the most probable prior1ty orderings of those key {deas anOlved in the

eight evaluation\tasks on the piece-wisg‘congruency operation.. ’
" Task 1: Piece-wise congruenéing‘d right angle triangular region and a

_rectangular regfon of equivalent areas and congruent bases.

S
—

. j’ . N o~ ‘
. : : \\ .
R PR : . . N
» B -
— . Symmetry : Symnetry
. ] . :
T . midpoint ! midpoint
- ' parallelism : oblique cut
P ' P (0-C)
L , ! ' .
! Horizontal Cut- !
: v (H- C) ' ' _
-,:\ Hotipgs R ’:"_ Motions
'," : . o . ',/ ;:\\\
v N, 3 A
i T F— ] S - 7T F -
Tésk 2: Equidecuuposing an acute-tr1angu1ar region and a rectangu!ar

—

., region w1th equiva1ent areas and congruent bases

R

X
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’;’Sy-;etry
"L Partitioning ’

midpoint .=~ T~~~ Perperdicularity - —
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3
-

paralleliss Perpendicular Cut  Rfccnrt
! | (P-C) ’ . BiseFting
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Task 3: Equidecompsoing a parallelogram region and a rectangular =~ =

- region of equivalent areas and congruent hases (or altitodes).

S~
\ﬂ‘.
u .

.

Symmetry o L . - Symmetry ]
Perpendicularity - . Partitfoning 2
(P-C) B (0<C).

Motions ﬁ ' : o Motions. :
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Task 4: Piece-wise congruencing a figﬁt‘traéeza%d=fggiaﬂ and a
rectangular region with eguiva]ént areas and the base of the second

5

region equals the sum of the bases of the first r

jion. . =

3

by + b

Midpoint . , .. Midpoint

Parallelism Partitioning”

Motions - s ! Motions

Task-5: Piece-wise conaruencing a trapezoid region and a rectangular

regiﬁn with equivalent areas and the base of thé;secand region gquai%

the sum of the bases of the first region. R

ki

o
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| Symmetry - . Symmetry -
’ . ,/ N . i - v .
Midpoint, .~ ~. Perpendicularity . Partitioning
’ hd .’ - . . ' B
Parallelism . o | ' Bisecting
C(HeCY D T (Pee) L {o-cy
' [ oo
Motions ! ! Motions . .Motions
. //v\ v /c\\ . - ’x,\\ )
/ P - / :'\\ Y -; \ .
e s gl e

Task 6: Piece-wise COngruencfng a convex quidriTateral region and
a rectangular region with équivaIent areas and the base of the second

reéidq is'cq!.rpent with a diagonal of the firs}'region. -

-

//r ‘\‘\
- K- s
\\\ .* ‘//,
—
: Diagonal cut T . Symmetry
. : . _e- Symmetry | . Partitioning
Midpoint  .~7 N Perpendicutarity < T
’ | , : , - Bisecting
Parallelism . . (P-C) R :

: E l : . . ) ..(O'.C)
R SRR
Motions ~f_, iy . ‘Motions S 1 Motions

: moo m o - AL

/ : \ / 1\ ,./ ' \\ .

M /I ! A AN
S TF STF s T F

— L

T&sk-7: 'Piece-w1§é congfuenciﬁg d rhombus fegion»éhd4§ fecthngulék
‘region'of_equivalent areas and the base (or the altitude) of the

second (egion fs congruent with a diagonal of the first.region.

104
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AN / S
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Task 8: _Pi_ecé-wis,e congruencing a regulgr“ pentagon region and a
rectangular region of éqi:ivalent areas and the base of Ehese;end regian“
is congruent with a side o.f‘lthe first region.
— »
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. b i Partitioning . Partittoning.
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| E | . : | * | 'l- 7 7’, | | i s = 7
From tasks 1, 2, 3. ..+, and E,‘ns t’sat every right tri-

~ angular regian;;acﬂie triangu1ar region, convex quadr1later31 regiﬂﬂ or ‘

Kreguiar n-gon region {n=.5,6,7,...) is decomposable 1nta a reétangu]ar

region of equivalent area. vFur§hg}mqre,‘the Fetténguiar region in each
task is. eha%iéterized;és one of its iiﬁéé'depeﬁds Qnga side, a diagonal, or
s1des of the EDTFESpond1ng polygonal reg1an. In other words:, beside the
area. equivalency condition of thi two polygonal. r:gians, there is Iiﬁthir
condition. In each of theftasks 1, 2, 3, and 8, the base, sdy, of the
'rectanguiar region eﬁuals’a side of the ndngfectanguiar regiﬂh In tasks
_4 and 5, the base of the rectangu]ar regian equa1s the sum of the bases
" of the trapezn1d reg1on In task 6, the base of the rectangular region
E equals a dﬁaggna1 of the quadrilateral reg1an whereas -in task 7 the base

the rhnnbus region Thus, under the two cgnd1t1ans -of area equivaTen;;

and . the gxistiﬂg relatiqn between a sidg af the rectangular region

and a side, a diagonal, or sides of the cqrresponding non-rectangular :

regions, the two polygonal regions are piECEEHfse'congﬁueﬁtg That is,
the rectangular region. of equivalent area.in each of the eight gasks is .

- not arbitrary. ‘As such.ithg rectangulation operation (the process of

decomposing a pelygondl region into a fectanguiaf region of equivalent
area) and the dgre:tangﬁia;ipn aperatiﬁn (the converse of the former)
for eaﬁh of the above éight tasks hold only dndér these twa'éanditicns-

area eﬂuiva1enCy and a relation between :crrespgnding segments of the

. ftwa pa1ygana1 regfons involved, - The remavai of the second . gnnditia@;

&

the polygonal Fegians- is possib1e howgvgr

L 4



e | 107

It shouid be nﬂticed hnuever that the manrpuiative ﬂature of

:each task: caﬂed for an imdiate attainment ef some af the key ideas K
; involved. In task 1, for example, as exp]ained in Question 4, while
studenis Gereréeirthiﬂg for a piece-wise cangfuency they se;ﬁthed fora -
1iﬁear cnngruencyi or angular congruency, or both. Dncesthey found two
cungruent edges (the bases in task 1), m1dpaints (sywretry) pér?ii -
“. 1eT1sm (with respéct to the base of the triangular rgg1un), hgrizanﬁpil
| cut, and oblique cut were attained. This automatic attainment was also
apparent thrnughbutrtasks 2, 3, 4, and 5. |
In fact, the use in the tasks of the :ardb%srd models for poly-

gnnal reg1ons crggted the fa]]auing situations Whenever the two paly—f
_ gonal regions in tasks 1, 2, 3, 4, 5, 6, or 7 are superposed suf;h that -
a linear zangruenﬁy, or angular congruency or both are attained, the “
Pectangu]&r regiﬂﬁ in each task generates a hnrizanta1 or a perpendita
- u1ar Cut on the other rEQion The non- FEﬁtangular region in Feturn -
. generatgs an-@blique cut on the rectangylar regiﬁn (for examples, see
Appendix M), That 15. for a horizontal or a a perpendicular cut on a |
regien there exists a dual cut oﬁ the other regian This dua1ity,
existﬁ in thg student's perfoﬁance on these tasks which faeﬂitated
" the achieVEMEnt of the converse deeumpositiﬂn af a succgssfu11y per-
formed ta;k. This could be one of the main reasons that caused some
students te;perfﬂﬁm nb]fqug cuts on the ‘rectangular regiansg Table-

VLI shows the number of students whose fnitial cuts were on the non-

~ ‘rectangular region, rectangular regions, or ‘both. Photocopies of the o

students' original cuttings on each of the eight evaluation tasks are



' FREQUENCIES OBSERVED: INITIAL CUTTING —

A

TASK

“ [EVALUATION|

CUTTING

o—

NON-RECTANGULAR

REGION

RECTANGULAR  BOTH
REGION -

A

o

5

N N R W o

1

-

- |

- 12

- 12-

- 12
- 12 )
s 12
- (\; 12

- TOTAL

55

36
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. ,
_presented in Appendix H.
Students,  in atte;pting a Eut!ind—:nver t:sk uent through three
' stages. (a) searching for :EPFESponding cnngruent edges, angles, and
tBEﬁ pigces (subrggigns) (b) cutting, where Tab1e VII shows the div-
arsify of the students’ initial :utt1ngs, and (c) rear?anging the sub-
regions of one region to cover the secﬂnd Fegion cump?etgly so that
i a pieceiu1se congruency 15 atta1ned ‘ |
7 It was a matter of the way tua regions were superaﬂsed on EiEh , 
| other that. dgtermined which line to be drawn and cut first. That is.
1f the ngn—r!ttlngnlgr region was uﬁ-irﬂ, ublique lines were df:iu
’aiang its gdges Dtherwisg,(a-herizunta! or pgrpenqi;u1ar lipe‘nas
drawn along the edges of the rei;tariguiar region. Some students, how- i
ever, drew lines on both regions ahiTe others did ﬁﬂt - Theygéinpiy
cut along the edges of é:\\upper regian uhile the- tue regians were ?-.
supgrpnsed ‘on each other. - | oL oy
Based on these illustrations and the.scfytiny‘éf the students’.
fperfarmance.dgséribed in Question 4;'1t would appear that there ;aS'
not enough evidence to justify whether or not students HEF!:GE!FE -
‘of the key ideas of midpoints, parallelism, perpendicularity, parti—_? B
~ tioning, and motions. "It was evident hﬁwev:¥=that most of the stu- .
dents did not use the mgtians of sTide turﬂ, and fTip spﬁﬁtanenusly
(Questinn 3) ' '
Hith respect to thase priaﬁty—nrdeﬁng: s«?ested fnr t;asks ‘I
d

2ri, Eohmae SZu.Bael g odeie mmd o 3 e o gl

2 3 4, 5 6 and 7 the students -can not be s; to have used the same

e s 5 5
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-
pﬁdmtj«-ord_erings either. "This 1s not to sajitﬁa't the students were

. : o . L ,
unable to recognize and’ use thﬂse key iﬂeas in a particuiar order

enced the outcones x
It wouid be more informative if each ta:;li:was redes igned so éhat
only.one polygon was avaﬂé.b,]e at a time. Otherwise, the manipulative
influesce of one Fegion on the other is unavaidable as-in our case.
Task 8, however, is an éxaip‘lé of having the manipulative influ-
ence of one region on the Dthér,diminished though there are two
Fegions involved simltaﬁemﬂ_s]y. Beside partitioning, itﬂ requires the
student recall and utilize task 2 technique (see p. 101). The following
is a full descht'ion of the twelve studé;ts; performances on this task

A

1. Seven students failed the task; ‘their performances were |
classified 1n.to, two categories: i .

Y a. The first category consisted of two students who failed
earlier’in the task when they did not partitiong the regular péntagon
-region 1nt§ five congruent triangular regibns, Accordingly, there
were none of the key ideas exhibited at the Jrst' place. In a sense,
the'i} actions appeared drastically different from-any patterﬁj that |
might be "expe;tedv;- sée copies of their original performances in
Apppendix H. These students were an upper high &hiever (05F) and

‘below average achiever (19F) - Table IV,

e T e T Tl e T s b e
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b. The second category consisted of the other ffve students,
t.they were 34F (a high achieverl,,41F (a Tow achiever). 44F (the highest
achiever in class B), 46M (a Tow achlever), and 48M (a low achiever).
~ The perforlam:es of these’ students were almst identical. Al of th;\
feiled to exhibit the key idea nidpbint' and hence appeared sililarly _
unsuccessful In additlon 46H's perfonq'!.p did not exhibit the key o
fdéi perpendicu]arity . Their cuttlngs are shown in F1g 21. |

L O R ® - |
- Students 34F, 44F and 48M Student. 46M SR
~ 'k\- | ' f '
g ) 'S

Student 41F I
Figure 21

. v. - ’//
- . / // . R o
The key ideaS'of/pera1lelisn, perpendfcularity (in A and C) hori-
zontal cut, and perpendicular cut were apparent {Weach of the . tfb
students actiohs. Experiencing the hotion operat?‘hs throughout the// o
previous tasks. the motion of turn was also exhibited. Thus, the

actions of the students in this category were nearly the same as the



" content structure of the task.

2. Five students successfuiiy perfer-ed the task; thgir peffor--

mances were divided into two categurias_

'S

a. The first c;atggary Teppesented by two identical perfor-

_mances related to the students 12M (the highest achiever in class A)

and 03 (a low achiever)i These pe:fgﬁaneés'are shown in Figure 22.

iA . '

Figure 22 o o

The key ideas of symmetry, perpendicularity, and the motions of tufn

ahd flip were exhibitedi these are the only key ideas needed should

,this pattern Bf cutting be foﬂuuedﬁhhich s correct provided that

the f‘ifth generated sub—rectanguhr region would be part*lt'lgned into
two ﬁﬂves to cover the upper part of the rectangular rigiw as 1in
the Figure 23 below).

Figure 23
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In a sensgﬂ inftiation of this type of performance suggests a diver-
gence f from the content structure. It can be regarded 15 a purely

im@dua‘l discovery. o S

~ caﬁtent stru:ture gxfsts for these three students

==

~<b. The second category consisted of ;the remaining three

pev*faman«:es which seemed to be iderttica‘lz to the content structure. -

*They are nelated to therstudents ZTH (a high acmever) .20F (é Tow
achiever—); and 30F (the lowest achiever in class B). Their .peﬁar-
mances are shown in Figure 24. |
,’ ’ r

) " Figure 24

* .
The cmtlﬁt strut:turg 15 exhibitgd in each of the ﬁgﬁ‘umgs and
hence a m@itive structure in the students thint*lng simﬂar to the
, In general, categery (bl.gf the unsuccessful performances to-
gether with category (b) of thg successful »-pﬁfamnées could be re- .
'garded -as cme gmup nf perfnmnees, they are char'm:teﬁzed by

R R

| cagﬂitive str'ucture that 15 a’lmst simﬂar ta the content stmcture

not anﬂngnus ta the cantent- structurei -
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- Question 6: In using the cut-and-cover pmﬁemre, can students’
— understand the notion of. equidgcmpusabﬂity as an extension
of cgﬂgruencg? ’ -

In each of the evaluation tasks 1nva1ving the pig;:e-u’ise cengru-'
ency operation, students were isked to exp?ain the relatjonship between
~ the sizes of the two regions inva’lved ‘The responses were di fferent; -
’sme of the students performed accurate cuts and after successful
equidecmsitians they indicated that the regions were 'the sam’e'.‘»
‘congruent’', or r'bequﬂ‘ che;s ﬁﬁﬂ lacked accurate cuttingé 'sug- ’
gested that the two rﬁiﬁns were a1mst' or appmxmate‘ly the same.
A third group of them who perﬁ)ﬁgd neither a camplete nor an approxi-

:mate caveﬂng suggested that rggions ingolved were not 'equﬂ'; "the

’ rsme , or ‘congruent’ . | /
Throughout tﬁerases in which stu ',ﬁts attained successfu1
cuttings and coverings, 'it was mhced that students did. nat icquir!
the piece-\wise cungruem:_y concept as an extension of ;:angruem:y The_y”
simply sesed to accept thg pieﬂ-uisg congruency idea only if if the two
' reg*inns were being supemased on each other so that one shape for both
' rngians was apparent It is very inteﬁsting to natice that when the
pie:es !subregims) were reassembled into their original region the
'studﬁnts reversed thenselves and 1nd1cateﬂ that the two regimﬁm
no hnger piece—wise congruent. ‘The faﬂcuing j:erpts (t.aken from the'
transcriptinn) will 11lustrate difficulties encauntered
) AT! ‘the tasks mentianed in the following excerpts were succ:e;ss;__;; *_,
f‘u]'ly performed by the student perfcming them. E -

¥



EXEEI‘FE 5 (12‘!) - the high t achiever in class A:
(The excerpt is related to \the evaluation task.number 4 -
equideccnpasing a right trapezoid reginn {d a rectangular i-egian )
I: 0K, and they are now of the. same? (After the cmpietiﬁn of the
task by thé& student.) |
S: VYes. ¢ * '
’ s i P T A ‘.I R * — - *;**’ Ry _.\, ,.;‘.g, g% "i"’ T
~~1:  Of the same what? ' o
~I: Good. : . 7 . :
- $:  And the same shape. o S .:
I: Are they congruent?...The two regians? |

S: | Hﬁithey are. .,
‘1: They were different inshape and they are now. . .2 )
S: :»Cangruent )
R —i"U’f equal area? 7
S: ‘Yesi (The trapezoid m&inn was decmpcsed intg two pieces which
were superposed on the rectangu]a'r region ar@gi c:c)ver'ed 1t_cmp‘iete]y'.)v
I:  Now, (the pieces were reassembled by the investigator into the |
_trabezoid region), can you say they are congruent now? Ynu had done it..
S: You :an 't say because they are not the same shape.

I; 0K, but you c:ut this into pieces and rearranged them to.cover tﬁe
second one didn t you? . . '
X ,Yegs.—‘ l |

I:e Well, do yau agree. yith me ff I say they are cﬁngmnt pie‘:eﬂse’ly?

[P AN

S Yes, df _you t:ut. thaw 1nta pieces and put them togethér they are
-

congruent. ¢



1N Yes, the area is equal

I: ,Piece-wisely?

S:‘ »§es. '
Note the persistence ofqthe student in rejecting the .two reg1ens

.of being piece-wisely congruent without having the same shape The

follow1ng excerpt further f1lustrates the F!aociden of the netinn of o

" p1ece -wise congruency of tno regions because of d1fferent shapes

Excerpt 6 (27M) - ‘a high achiever:
(This excerpt is related to the evaluation task rnumber 2 -
equidecomposing a ‘triangular region and a rectangu1ar region.)

i Nou, you may say something about the area of these two reginns.rg}="

Are they. equal? (The c¢ut-and-cover was completed) .

I: - Are they congruent? o .

S: -These two?\\

I:  VYes, these two. - S I

-S: You,pean the two different shapes? . - |
I: You covered one by the other;. you said they are of equai
are Now> they congruent? ?1

'S:  VYes they are, | ‘think they erecongment
f . .

C I De you agree with e 1f I call this congruency as congruency by

.pieces. This piece is congruent with the one beneath it and this one

with the other one Do you agree with me? |

S:' Yes. . l |
I;e, Even though they have dif?erent shapes but equai aree- ﬁe can cali

them congruent piecewisely. I Mean p1ece to piece Dn you agree uith me?

- S No.

SR L
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. B Lo " * ,

The uncertainty is clear:as to whether the two regions were piece-
wise cbnéruent even though he a1readyrnade the requiréggcutting and
coveriné. The condition.of the Sggg shape- for two;po1y pna] regions
to be piece-wisely congruent was prevailing'cyer the‘oth;r\aspects.of
the problem. : ' s

The fo]1owing,occnrred with another student: '

Excerpt 7 (34F) - a high achiever:
T (The excerpt is related to the evaluation task number 1 - ‘
equidecompos1ng a right angle triangular region and a rectangular region.)
I 0K, what .do you say now? They are...?
S: They are congruent. ,
-I:" Do you agree if I say they!are congruent piece-wise]y that is, B
piece to p}ece? ’
S: Like . 7
I: You had them in different shapes and you changed this into the
'rectangular region. so -in fact these two regions are congruent but _
‘piece to piece, ’
St No.
I+ N, well.
S: . If I cut them thén they are. |

As well, this upper high achievervceems to’reject the idea of
“.piece to;ptece congruency without the two regions being superposed on

each other and taking one shape, In connection with the same situa-

tion the following took place with another student .
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Excerpt 8 941F a below achiever

(The excerpt -is retated to the evaluation task nui:er 1 -
equidecomposing a right angle triangular region and a rectangular region.)
I: What do you say about theirkaﬁegég (The student aIreedyéperfanned; v
the task.) - IR
S: They are about the same.
I: Do you agree if I say they}ane congruent?
S yes. ¢ C : e . ,i;,;,, |
A_ I: Even though one of them is a triangular region and the other i; a
. rectangular region? o | T
- 8 Ves they are congruent, the same.

I: Do you agree if I say they are congruent piece to- piece? _

S:  Piece to. piece means as 1 cut them. ' . e )
I: VYes. | i

S: No.. ' ST
ﬁlf”/‘Hell;'tnat is what y;d did. N - f"';ilr" | |

S: Oh! They weren't congruent, this wes a triangle but it is congruent -

‘when I cut it and put it on.. 4 |

I: Now they are congruent or they were congruent?

st They. now...they're congruent. . - i , 'A', o,

I: What happens if I put this. (reassemb1ed the pieces into the tri- '
angular region) are they congruent now? - ’ o -

'S: " No.
I: ,'Can:you say now they are congruent? .
s: No. "
‘I;' ‘Why?

o e g B e e L S
. ER T
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S: Because this is a different shape than this. |
Théreforeiltﬁa polygonal regions of equal area and dYfferent

shapes q}e piece-wisely congruent only if they are gquidecumﬁaéediinta' ;

one shape and supérposed on éacﬁ other simu]taﬁénusi}i’;lf the pieces

» of one region are mﬁsgﬂ:’led into the erigina’l region, the two

regions would not be piece-wisely cangruent even if the pieces previ-

ously covered the other region cmp‘leztélg_- R B

'QueStion 7: -Do students recngn1ze praperties that are 1n—i
variant under equidecampas1tian?

-

h _Throughout classroom observations and the evaluation tasks, stu-
| dents exper1enced>na difficulty in Fecogn1z1ng that segnents, aﬁg1es,
and areas of subregions (resulting from cutting) are unchanged under
equidecompositions. Also, apart from the obvious partitioning made
over the main Ea1yganaf region, other features of segmerrts, angles, and
the whole aFea 6f the ariginai region remained cﬁnserved It was tri-
vial to the students either to perteive that the 0rig1na1 region and
the other regicn which was covered by rearrang1ng the subreg1§ns were
of the sane area. There was no difficﬂlty in performing the réverse
equidecompositian nor in recognizing thase unchanged properties af the
other region. In sum, the .change in the :haracteristi:s af the decom- '
. posed region-jnd:the :onséggztion af segment, angle, and area were ‘
easily achieved. The fe11aw1ng excerpt is a typical sample of what uas

occurring during the interviews on this m;tter s ‘ \

. HEC o ELR, B R BT AR T o - e Ry 2
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Excerpt 9 (03!) - a Iau-achieve;
(This excerpt is related to the evaluation task number 4 -
equidecopposing a right angle trapezoid and rectangular rggian,)
I: 7 Is this angle going to be changed if you move this piece? (At
" this stage, the studeﬁt has already performed the cutting and covering.)
S:  No. o | : -
vI:A - And neither'thfs side?
”.‘.,S.: No ) : | :
I: Do you think;this’sidg gﬁﬁid bé changed? %(Pﬁi@tiﬂg to anﬁtﬁer -
side of & subré.fén resé]fing_frnﬁ,the»s;udeat‘g cutting.)
S No. S i o R ; ;;,f‘
S LI: o This ang]e7 | ' o

- S:. No.
I: And this side?
No. o
So; mothing would be ehénéed.' o R K :
Right. N
And the area won't be changed. ;}1
Yes. S
I: Have we lost sm%hing? , | _ ‘ |
st No. . S S T B L.
I:  Has the area been reduced? | ¢«
$:  No. ' J - . —
. A Since-the ress?of the students who pa#tiéipated'3n the evalu-
ation tasks offered ‘similar responses. it would seem that K pasitive b

PR ] P I e e

""answer to the questinn ‘exists.

»
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Quest10n 8: Can students successfully perfarn the practical
procedure of equideconposing tuo polygonal reg1nns?

Initially; there was a fear that a-class:af abéut SD.stQééﬁts
each of whom was supplied with a psir of scissorsiétraciﬁgspapE?, and

‘a ruler would create a chaotic<situqtidn which might negatively effect

the ongoing project. Practicably, the picture was absolutely differ- - .

snt. The students were relaxed, deeply engaged, and the classes were &

impressivély disciplined. Teachers A and B were asked thrﬁugh the

Teacher' s Op1nion Assessment questionnaire on the unit the fa]Iawing

~ question: '
| Do you think that the ‘use of the laboratory appraach th:t

involved actual tracing, cutting, and covering of polygonal
regiofs creates a chaotic situation in the :1assroam?

Both teachers responded that the classes went fine and the studeﬁ;s got

a lot of enjoyment and fun through discovering solutions for various

geometric tasks. Teacher A, in addition offers the fﬁ11awing state-

ment in defending the nature of the unit: v
Students of Junior ngh age enJoy and are genera11y adEpt at

, manipulating objects and trying to devnse different possible

¢ sqlutions. .

"Some of the students were obseived not willing to use the riNer
at all; they were drawing iinés simply by hand and hence their cuts
were inaccurate (see Figs 25 and fig. 26 for exampig )g:'G£hers were
consistent in utilizing whatever tools they were sgppT{ed wiih!and f P

b

therefore their cuts were neat. The former group of students were

hesttant to meke & dectsion as to whether or not the tyo regtoms fnme = =<'

’,, volved were precisely p!ece;uise congruent. They tenéed to use ‘a]ncstf
. n .

. .
. . . (e #
. .
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. ‘'nearly', or ‘ippéﬁiinte‘]y‘ ﬁi‘ﬁin their syntax of ﬁtsgnsgs 'Figur—es
24 and 25 are t:apies of the original cuttings related to the studen‘ts

Figure 25
(A copy of the 03M's original 2nd attempt-task 3) .
N
. Figure 26 . o
(3 copy of the 34F's original 1st attempt- task 2) o




L Question 9: Does the apgrnach of piece-wise cangruency
facilitate stgdents ‘perception of : :

a. interreiatians between palyganai rggigns?

b. prapgrties}ﬁhiqh.arg 1nvariant under transformations?

': 2’_ cangruehﬁy?'
' Moreover, does this apprnueh increase students genmetric _
, »voea&u’lary? , :

" In general students in junior h%gh schools do ngt.éetess a clear

understanding on how polygonal regions are really interrelated. There —

is no text that shows in a perteptua! settiqg the precise Systematic

1ntcrrelitianships among polygonal regions. The unit presented 1n
zﬁﬁpendix A 1s an attempt to fill this vacuum. Physical manipulation
is the core of it and relations between po]ygona1 regions are
intuitive]y pfﬂduced. Stuéents[ results on the first testing shoﬁgq
vague understanding of what is meant by a region in i plane being
polygonal (Tabie V, subtest ii). On 1nterrelating polygonal ragions
with each other E;u-etry Tests iv, v and v1 were' ‘designed. The in-
\fonmation in Tab1e ) shﬁus -the effest -the piece-wise congruency con-
'cept had.on the students' ichiEVEﬁEﬂtr_ In Question 2, the statistical
‘ana1y§15 shows that the change was significant in the ac@ieveﬁent
“scores on the subtests iv, v, and vi. Hence, the piece-wise congru-
ency approach did facilitate the students' perception of the kind of
interrelationships between the polygona] regions involved. |
. Properties that gre‘ipvariant>gﬂ§er transfarmat{gnsrngfg_;jEgad;;"A!
recagnized by the students and it is not possible to assign an ef-

' fect to the apprqaéh regarding this aspect. The. approach, haweireri
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appeared to be a medium in -hich the conservation of segnents aﬁgles.
"and areas were exhibitgd’TDuestian 7)
| On thg enngruegcy aspect, it was hoped that the piece—ﬁisé cané

gruency uouhj be looked at as an extension Q‘F the mtian of congruency
| when the ' sale shape' condition is removed. The actua] situation how- -
ever was different As diseussed 1n Questian 5 For two pa]ygona] ;
regions of equa] areas but diFFerent in shapes to be piece-wise con-
gruent, the pieces of one region must superpose and coveér the other
region completely. If the pieﬁes are reassembled into their original
reg{ﬁﬁ,,the two- regions are no lggggg'ﬁigze-uise caﬂgrugnt, Thus,
"the approach revealed how the ;@ﬁditiaﬁ of 'same shape' rﬁ]eﬂ the
students' perception and caused them mot to view piece-wise congru-
ency as an extension of the congruency notfon.

On tne geﬂmgtrie vacabulary aSpect of the questian. a1thaugh
| Table v shows some positive change, Table VI indiﬁates that the ;hinge
in the students' achievement on the vocabulary test (subtest {) was
not significant; F = 0.996, P > 0.0S. | |

The following engrptsiwiii fllustrate, on the other haﬁd;_haw
sfudentS»perﬁeived pfnpirties that are invariant under tﬁfﬁsfﬁrgatians:

Excerpt 10 (34F) - a high achiever: o . o

| _ (This 1s related to the evaluation task ngnb5r 3)

I: So, you can change any paralle1agram regign into a rectanguiar

_ region? 't’

S Yes. - g 7 T
SSE: - Do you NI TRTS IngYE WY be CAMGES TP poutPENTETEATE
‘piece there? (Pointing to angle x fn.subregion 1.)

LY

/



o a 15—
— = - ir et
.
/
— /
/1
o A j
-‘i' = _

1:° Translate it and see. i(Tbe ;tﬁﬂeﬁt 5tafts‘trinsiétingﬁsubregsan 1.)
ST Mo, L | o |
I: OK; put .it back please. Now, cauI&’yau tell me if the length of
. this. side uuu]d ‘be changed 1f you translate this. piece there? (The
student starts trans1at1ng piece 1 again.)

Si Mo

1 oK, put it back please, what about this side will 1ts length be
| . ~”
changed?
SE No. ! ’
I: ~“What about this? (Pointing to another side.)
- S:  No. » 7 o

I: - So, in fact, you won't have anmything chaaged‘would you?

S: Yes.
The role of the cut-and-cover approach above s clear; it is a
‘medium in uhf:h practicing ﬁatiéns‘ind!percgiving invariant properties

ﬂérl experienced. The fa]]uuing exc;rpt will further exanplify pro;

. visfans presented by the use “of the apprﬂach' B

-
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Excerpt n (46H) - a below achiever: ' I
~ (This is related to the evaluation task number 2) T
[: So, you are going both ways, fm the nectangular region to the
tr1angu‘?{r region and vice-versa _ , —
S: o Yes. | |
I Now, could you tell ne if the lehgth of this side will be the
" some or 1t WITY be changed 1F mtum thTS plece? ~ ey
S: Aown, (starts turning), it wiil be the same.
I: OK what about this angle | \
S: Wil be the same. . ‘ . L ,. R . *
I: = And this ang]e? ']. - L
. S: - The same. ‘ | ) - '
I:  This side? PR
The same. ' L - -
: S0, there won"t-be any change?
Riéﬁf

[V B N V]

Finally Teacher A and Teacher B indicated that they favor the—use
of the piecepwi se congruency approach in geometry instruction. Hhat

follows are comments from the teacher‘s.

' Good way to introduce area of different polygonal 7 o
regions by relating them to rectangles :
o . TQ&CMI" B e
An aid to developing the concept of area as the - __ FEER
interior of a polygonaT ragton. ‘ 4 T e
Teacher A o R
. B ~'#~'~uw~w~r**"‘" o wah "‘*:: e "-‘. *



Question 10. Are there iethm‘lggical difficulties in using
the piece-wise congruency approach? If so, what are they?

Prior to. the start of the projétt two joingt meetings were made
with the teachers. At the first meeting, main steps for implementing.
the unft were outlined and a schedule was aﬁiingeﬂ; R copy of each of

.the_Teacher'\s manual and Student's booklet ; provided to the -
teachers. They were asked to revise them and make notes for the next
meeting. Both of the teachers suggested that a session of at least »

ﬁne hour should be provided t@ﬁprepare teachers should the unit be ';;_

used in schools. A

Other difficulties were: (1) obtaining about 60 end-rounded pairs
of scissors (for safety reasans), (2) nbtaining tracing paper as c §§1y
as possible (a p'lnk and white onfonskin fine paper was EVEﬂtua]'ly used),
(3) preparing a magnetic board for each class, (4) preparing a set of |
magnetized cardboard models for the polygonal regions involved in the .
derivatioh of the area fﬂtﬁuiae, and (’5) preparing overhead érinéﬁaren;
cies for all activities for subsequent discussions. These were the’

practical difficulties encountered. Overhead pm;etturs and rulirs -gr! ,

- not obstac'les, they were available at each c]ass.

i —
. RO |
R - PR ; I
. —_— [

st et et v s ~ e -

B - .

B R

"“f L]



T s

Question 11. Can the apprﬂaeh of piece-uise congruency of
polygonal rggiaﬂs contribute to the field of algebra?.

- This question was designed to present a general avékvte- éj;;ﬁg
qnit,’especiallyrpart ﬁhreg of the unit which deals with-the derivitian
of the area formulae far triaﬁgu?af convex quadrilateral, and regu11r
n-gon ‘reglons (n = 5,76, 7. ...); “see Appendix A - Part Three. h

. The area postulate of a rectangular regian was the nnlysstate-
uent to be assuiad The rest of the formulae were deduced thrcugh
piaca-aise congruen;y. Each faiiuli -as deduced in an intuitive man-

ner consfsting of few steps in mﬂst of the cases. This physically

si-ple manner cf‘derivatioﬁ could not have been nade withaut the

piece-wise congruency concept.

...It is also interesting to the students to .
be able to manipulate things to find area,

Teacher B : S %E¥;jfi:

» 1 would not hesitate to use this method again
in developing the EDHEEﬁt of area or in abtaining

area fbruulae_ 4

Teacher A '

On the other hand, the use of cardboard models prnved usefuT
It {creased the speed of—the derivatigns and mativation thrnugh stn-,
dents' participatian They enjayed moving things around on the mag-
_ netic boards and changing regicms fra:”ﬁne to another. It seemed to bz
a pleasant experience for them,

f Houevér, things were not as encouraging in the testing aspect of

.\thliiﬂllstilltiﬂqg_StﬂdlntSfpichiilllqntpﬂii-;BtﬂSiﬂﬂifiCiqilyrEh!ﬂiiﬂ
arid hence no ‘essentfal progress can be credited to the approach. As

C \ )



' clas_sroon period however.

1295

discu‘ “in Question 2, the students achievement scores on tha Area
Ford(iae subtest (of the Geumetry Tests) over the pretest and the |
\“ttest were’ considered as repeated measures. The Hotelling TZ test
for single salple with repeated measure ‘yielded no significant change :
and hypothesis 3A on this subte;t was nnt re;ected F=1.029, p=> D 05
(Table vI). ’

,_ -

In sum, {t uould appear that althaugh the pieEanise congrugncy
approach seemed, through the class sesstons, a useful means for

. classroom praétice; it had no significant effett on the stﬁdgnts‘

" achievement in topicshrEIated to the field of angbra A:cordingiy, e

a contribution to the field of algebra was nZt in ev1denee in this
study.- The area formulae were taught (to g:ch class) through one

Question 12. What contribution can the piece-wise. congruen:yf
ich.offer to the arithmetic operations of additian and ,
ltiplication? - 7 BRI

Both-teacher A'and teacher B*-hile they were diseussiﬁ§::€tivity )

respond1ng subregions of the para!?e1agram and the rectangular regions
by letters a and b (Fig. 26). Each teacher shaweg first that the two

—

regions are congruent piecauiseiyf Then he asked the students to make




e

[}

a gquess. as to what they uere oerc‘e'iving; Tbe aﬂsﬁer came from sc-e
stodents: | S | ! |
- a+b=b+a.

The. teacher after assigning positive values to a and b raised the
question as whet positive numbers then a and b cauid be? The. answer
mrmt a mb coui'be some mim “The t:!mrﬁmny
inquired on whether or not a and b could be- negative numbers and the
answer was made by many students. The Teacher then made the foﬂouing
statement: ‘ _ ’ o h 7

The addition operation is counutative over the

positive numbers; that is, a + b = b + a3, a and

b are positive numbers.

On the no'ltiplicatio,n operation, the teachers, using a r’éctang-:

ular cardboard on ‘the magnetic board, the commutative property of the
. . multiplication operation uas easily demonstrated through the area

formula of a rectangula? regio,n’and the turn operation. Many students-

‘easily‘ percei'ved that A = b x a would be A= axb if one fourth: turﬂ

was perfomed on t-he rectangular cardboard The teacher siiiiar]y
made the fonowing statement:

The multiplication operation is commytative over

the positive numbers; that is, b x a = .8 x b, 2

and b are positive numbers. ‘
The commtaflvity of the addftion and multiplication over the positive

real numbers was induced threugh intuitive and manipulative opear;tions

in the domain space of the area measure and the length mea re systems.

That is, the commutativity of the unfon operation of fon-averlaping

,

polygona1 regions in the domain space of the area measyre systap_was'

e
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directly analogized to its counterpart -the addition operation in the
range space. Similar comparison was made for- the multiplication opera-
tion inside the length measure system.

In sum. the piece-wise congruenc; approach wouid appear as. a
medium in which .such type of analogies inside some measure systems

could be illustrated in an intuitive manner. Hhether or not students

understood such ideas within measure systems as. described above wag - o

not checked in this study.

-

Question T3. Can the piece-wise congruency approach simplify
the reflextve, Symmetric and transitive properties?

Among the twelve students interviewed over the evaluation tasks.
1there was no/gne who could not perfonn the converse of a successfully
_ achieved task. That is, the piece-wise congruency operation once ini-
tiated on one region, faciiitates an fmmediate induction of the con-
verse ({ts conjugate). In this connection therefore the piece-wise
'congruency operation {is symmetric on the set of polygonal regions and
as such a manipulative medium is presented in which the symmetric
property is. physically experienced '

"The trangitivity property of the cut-and- cover operation was
| brought to 1ight both during the interviews and the class sessions
The following excerpts will exemplify some situations encountered

‘Excerpt 12 {44F) - the highest achiever in class B:
—(This 1s related to the evaluation tasks number 2 and 3.)

T
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1: t(Presentingicaéie;.ﬁf both the triangular region of task 2 and
;the paF311E10§F§M:PE§iEﬁ of g‘Fk 3 together with aléﬁp; of the rec-
tangu1ar region used in both tasks.) i
Yau have dissetted this and this into this pink region haven't yau?
- (Pointing to the trianguiar, the parai]elqgram, and the rectangular
regions respectively.) | | . * Z
S:  Yed v s N ; _ T O
I: So, you changed this one aﬁd covered this 0K? And this one as ", ’
'*'11  you cut and covered this. (Painting to the triangular and the :
rectanguiar and then to the pcrniielﬁgrn- and the r!£tanguiar Eegiuns )
0K, what can you ,deduce thgn abéut these two regiuns’ (Painting ta '
" the triangular region and the pgral]e]agram regian.) |
~§:  Aaa. ;can you repeat the last words? ’
I: 0K, ﬁh;t can you say about these two? What is the relatiaﬂrbe%
_tween the area of these two? - | |
S:  Oh! fhey're'bath cangruent;to-the area of thiSé(innting to the
rectangular region.) '
- F:  And therefore? i
'S:  Amm, the rectangle is congruent to the area of these. - .
Y Yés*.and what about them? ‘ »
S: 0! They are cangrueﬁ?f 7 7
The student used the uord cang;yent' repeated1y possibly as a
crude sub;titute for equaT'. The follawing excerpt shows what accurted !
- with another student: , ! . ‘
..
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Excerpt 13 (48M) - a lon-ach?ever: ) ' ,
- (This is ated to the evaluation tasks number 2 and 3).
I: {Presenting copies of ‘the non-rectangular regions and the re;:tang!
ular region used>in'60th tasks )
- * You have had these tuo regions before (pointing to triangular and the
parallelogram regions) . -
and you, in fact deconposed each of them into th1s region rﬁi't jﬂu?"

’ (Pointing to the rectangu]ar regmn ) N

3
\

K S: VYes. ‘ '
.. I: So, what do you call them? (Pointing to the triangular and the
Y rectahgufar regfons.) . : .,
S: Congruent ' . ‘ ¥ .
I: and these two? (Pointing to the mranetogram and the rectangu’lar P
regions.) SR .
S: Congruent..
I: -Plece-wisely?
S:  Yes. | _
I: 0K, what about these two regfons? (Pointinj to the tri!ngulef o
_and the parallelogram regions.) . e '
- Can you*;ay they are congruent? |
S: No..
: " Why not? |
Because they aren't the same,--“or--- (the student did not elaborate).

However.. thi; student appeared to view that pfece-wise congruency
holds only when the same shape condition holds for the regions involved:
he, therefore, overlooked the transitivity.h The following further '
¢ ' L e
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| o BT
_illustrates how trinsitivity was perceived through the cut-and-cover o
operation: '

Excerpt 14 (41F) - a below achiever:
(This 1s related ta the evaiuation tasks Jumber 1 and 2. )

h

I: -(Presenting Eapies of the right trianggTar regian 1n task 41
the acute triangular region of task 2 and a copy of the rectangu1ar‘
region used in both tasks.) :
Now, ;ou havg this and you had this before. '(Painting to the acutg
and right triangular regtons.) ~ ‘

, You dEEﬁﬁposed this into this. (P@ifting to the right triangular
region and the rectangular region.) -

S:  Yes. ,
I: And now you decampased=thfs 1n§o this region. (Pﬁiptiﬂé to the -f
acute triangular region and the rectangular region.)
S: Yes. |

I: nd you said these are congruent in pieces or piece-wisely.

' ntiﬁg to task 1 regions.)

S:  Yes. ' RS

~I: So are thesg? (Pointing to task 2 regions.) :

S: ’Yeéi 7 A | 7

I: Now, what do yﬁuésay about these two regions? (Pointing té ;ﬁe =
right and acute triangular regions.) - :

S: They are congruent, they are congruent. ;3

I: VYes. &

S:'- And plece-wisely. (THE'tEﬁi"ﬁiEEEiiiséiy"ﬁ!!‘ﬂi!ﬂ'ﬁ?fﬂfjfﬁktﬁfs’i“"'"

excerpt.) ©
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) ,hi? R e - ‘f';: <¢v,'.. | .
S: . Mell if you cut then up and put them on here (pointing to_the.'i
rectangular region.) = : . , Lo T
I: VYes. ' 4 | T ‘ | . o

S: They'n fie? : |

ST”W&WijﬁsofH&&i@ﬂ&ﬁ?“: 
I: VYes. ' : N ¥
5: And it would fit all the things and there wbuldn t be any of the-
rectangJe left off. . - . '
This student would §eem to have acquired the transitivity‘prOef
perty of the cut-and-;ovéf process without the 'same shape' condition.
He was the only student thdt showed such acquirement anohg those who
were interviewed. '
 Finally, the third Progress Checking Test was designed to give
some indications on how well the studehts can approach the transitivity

property through manipulative means (Fig. 27). See Appendix G for details.
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The results of the classes on the test apé shown in the contingency

tablg - Table VIII. There was/nb significant difference in the per-

formance between class A and class B; iX? = 1,94 f*xfos = 3,84, df = 1,

o ¢

e Frﬂm the aégve information it would seem that students had

sutcessfully perceived the synnetric and the transitivity properties

* for the piece-wise congruency operation, In other words, The plece- - = 7

wise ecngrueﬂéy process appeared to be one of those advantageous media
for presenting such vital aperétianai'prapérties. Eivéﬁiihe fact that
each paiygana] region is congruent with itself, the reflexivity uas ;

not :nnsidered

Question 14, Does the Eﬂnﬁept of plece-wise congruency
facflitaté the idea of equivalence relatian? ’

An gquiv%]ea;e relation is deffﬁedras fb}iawsz_rlf X and Y be -
two sets of points (or objects) such that they can be put into one-to-
one ;aéﬁeépnndence. then X is said to be equfva]ent to Y, and written
X~ Y. The relation a-just defined has the Fn11awing prﬂpertigs

a. X =~ X; (ft is ref1exive)

b. If X—:Y then Y ~ X; (it is symnetr-ic)

‘€. If X~Yand Y~ Z then X ~ Z; (it is transitive).

Any relation which satisfies tHése three properties is called an
equivalence relation (Rudin, 1976). o
| In Question 13, 1t was suggested that the groperties of symmgtn;
and trans}tivity of the piece-wise cangruency operation were approached

through physical manipulative actions., As a result, it would appear
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‘that an adbptioq‘of such approach in §choqls cbuld offer prﬁiisioné in
which students can legrn not only basic concepts in plane geometry but
also some other basic concepts in elementary mathematical analysis
| siiuftanéously. | ' |
- For exaﬁpTe, in any.of the 1nvestigativé activities'(Appendi; A)
- taersyuu-tr1§-property"can~easil} be {1lustrated. An exercise similar
- to the one included in the Progress Checking Test #3 can be enM;yed
and the transitivity property could be physically manipulated. Adding

_ » tb'these the obvious congruency of a region with itself, the cutrand-

cover operation thé}efore would appear as an equiVaIence.relation on
the set of all polygonal regions. ‘This equivalence relation in the
domain space of area measure is analogous 'to the equiva1en&e.re1ation;

equality, in the range space, of the_pdsitive real'numbers. In this con-
nection this analogy together with others may serve to 1mproye‘und!r-' 1

“standing of the structure of the area measure system. For the Prog-

o~

ress Checking Test #3, see Appendix 6.

Question 15. Hhat‘contribut1on can the piece-wise congruency
approach offer to the study of rational numbers? :

£

| V_The Piece-wise Congruency Rational Numbers Test was designed to
examine the role of the piece-wise congruency concept in recogAfzing
- and understanding some aspects of rational numbers. In partfcular

the test was constructed to disclose whether or not grade eight students
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A o
are aware'of"fﬁi'netess{ty of defining a unit whenever ratianai'anggrs
- are visually encountered for comparison. Fér this purpose, ea;h.af‘thg
six items in the test was constrﬁcged to contain three square regtons
two of which befng of equél size; the three regions were partitfoned
differently into sub-regions of square, triangéiar, or reetanguiérrE
- shapes. Tﬁé ;ecoﬁd purpose of the-testrvas to investigate the effectf
'of instructing the plece-wise congruency unit on’ the students’ per-' — = -
* formance. The overall purpose was to examine the(reIgtionshjp be- |
 tween visual (area representations) comparisons afrrati@na1 numbers
some of which belong to the same equivalence class in the presence of
differeni area units. A secondary purpose was to examine the effect,
if any, of the hiecé-wisé congruency canEept on su;h ré;atianéhipsi .
’ That is, to investigate and detehmine first, errors Stﬁdents might_gx%
hibit in éomparfng'visuéin'rational numbers where different area
~unit are presented; and secbnd; what improvement in ihe students' per-
‘formances can bé iﬁduced by instruction in ‘the pietegﬁiﬁe Eanﬁtﬁengy‘
unit. For the Rational Numbers Test, see Appendix 'F - subtest vi.
" Mypothesis 3A (Chapter III) is translated below solely Forvthe
ritioual numbers subtest (vi) of the‘Géumetry Tests: '
Hypothesis 3A (vi) There is no significant changé in the mean
scores on the pretest and the posttest of
the classes over the Piece-wise Congruency- L
_ Rational Numbers Test. _ ' Q
,Tab1g'VI sh;wsvthat ;ﬁe effect of the piece-wise :ﬂﬂgruen5!‘canegpt’
was significant and hypothesis 3A (vi) was rejected, F = éié77g
, - . - .

A
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Appendix I}'on:the'ot;;r hand, shows topiés of the original 7
performances of two studeﬁlﬁ on the Piece-Wise Cangrueney—Rétignii
Numbers Test both as a prétest and pﬁétt;st! ‘Thgy'ﬁz;; a high
achiever [07F) and a Tow achiever'ESLF); An exaninaifﬂn of tﬁese
perfornances would show how effectively the piece-wise congruency :
‘appréach shaped these students’' achievement. ;Inﬁérestingiy; on the
~ pretest -{tem 4-, stoderit O7F showed that regfons R and B are of |

equal areas by complementation! ,

- Question 16. Hbat contribution can the piece-wise congruency . -
approach offer to the concept of ordering on the set of poly- . ~
~ gonal regions? :
’ »

.Among the evaluation tasks there were tasks 9 and 10, déaiing
with ordering of rect;nguIar regtons and non-rectangular regions
respectively (outlined in Chapter JII, p. 60-61). |
' Task 9 consisted of threé,‘:itlHQUTETFEQfGHS A, B, and C of dif-
ferent sizes.. A and B have congruent bases but slightly different alti-
tudes while B and C have congruent g]titudas.wita slightly different |
bases (Figurg 7, ?_60). Task 10 comprised a right triangular region, : —
a trapezoid region, gnd t paral:>1ogr;n r&gion. The three regions were ' ‘
of different sizes (Figufe 8, p. 61).

The performance of the students over these tasks indicates the

following:

.1. A1l of the students passed task 9 through visual Eﬁmparisans.; i
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for linear congruencies) and superposed one over. the other repeatedly
pr1or to the ordering of the regions It 1s interesting that all of
the students perfbrned the task successfu]ly and yet an upper high

acﬁiever in class A, student 27M, suggested that the ordering "is not

that easy"

. ; | .
2. Students were less sure on task 10 and seemed surprised by

it. However, some of them did perform the task and s}plained that if
’ e

they rectangulate each of the three regions, they might order them as
they did in task 9. : _ |

The following excerpts will illustrate some related situations
encoantered: | | o
v Excerpt 15 (41F) - a below achjever: .
I: Can you order this set.gf rectangles?

S: 0K, can | cut them?

I: . No, just-order them. (The student starts juxtaposing and kubera
. . . P :

. &
posing.)

I: Which one is the largest?

S: This. (Correct). ‘ IR //,/(': - jr, T;) .

I[: Which is -the smallest? _
S: This one. (Correct answer and the student ordered them on the desk.)

I: Now. can you order these in the same way? (Presenting the other

o ———

set of task 10 - trian;h]ar, trapezoid. and para11elogram regions )

‘ . | T

I: As you did these? (Pointihg to the rectangular regions of task 9?7‘;*v
S:  No. ~



S:' Because they are of different shapes and 1 zan t tell which ane
‘is bigger. '
I 0K, now you tell me if you have an fdea?

S: hnﬁ,.;you cut them and fit them on each other.
I:"‘Y6U'tﬂt then 1nt6”uhat?’]:‘ o ’ fe ‘;* T e
S: Into shapes ko cover whatever one you want. -

_ I: ‘What Shapesé
'S:  These shapes.
previous task. )
I Do you agree if 1 say yau cut each inta a r‘ectangu]ar regiaﬂ"
S: Yes.

1:  You did this
so each of these

and this (pointing to the non-rectangular regions)
u can change into---?7 - .

¥ —

S: Rectangle. ,
I: - And afterwards you would have this situation (peinting to the .

rectangular regions set of the previaus task.) -
| S:  Yes. 7 '
( I:  Could you tell ™ how can you order them?

S: _YOuiput them all into rictangies and then get them 1ike this

(pointing to the set of rectangular regians))and you could get ‘them

into biggest - smallest. | -

It would appear that this student did use the concept ef pietea

',.wtsgfg""gruency (rectangulation) over the nonsrectangalar regfanbusfng"‘

 {deas learned through the previous tasks
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The following excerpt further illustrates the role of tﬁe'piécgﬁ
. L
wise congruency concept in ordering pelygonal regions of different
shapes: ‘
-«

Excgrpt 16 (48M) - a low achiever:
(After ordering the re&tangu]ar regions in task 9.)

. I:  Can you arrange these (prestnting the regions of _m;fl,o;.jn the .

same way? I mean is it as easy as in the previous set?

S: No.

I[: Do you think the set of rectangu1ar regians is easy ta orﬂer?
S:  VYes. .
. I:  But not this? (Pointing to the negions of task 10.) )
s: Mo | |
I: Is 1t possible to de:nmpase these into rectangular regions? You
had dane them. | '
S: VYes. _ | _ -
I:. So, teif‘me what you have to do here first? °
'S:  Change these into rectangular regiéﬁs! o o L
& =Y§s. 3 |
.5;_ Then put them in order. , » :
I: Why dn ‘Eg have to ahangg them? (Short 1nterval)r },;;A ”{;:(f“
I: Can you order thein now? e

S: No.

~J ' a N

I+ S0, why do you have to change them? ' N B

S: . To be easier to rearrange. . it en dee gy e et 4

~ Thus "to be easier to rearrange" might be interpreted as being



s Yes

one consequence the rectangulating process has pmﬁi:ed This student
fc;;und it easy to order : set (ro nansrgctangu‘lar- regions whenever they
were decomposed into réctangular regions. It is interesting to notice
that ordering rectangular regions was “not that easy” in 2M's view
and. re:tanguhtiﬁg non-rectangular r!ginns ﬁas necessary fnr these
regions "to be easier to rearrange” in 48M's view. The ﬁi.n’liawing ex-
cerpt will e]abarate mre on the efﬁ’stive and facilitative role a? the
piece-wise congruency approach in prﬁducing and defining_ aﬁ nrﬂering

on the set of po’lygmﬂ ﬁgims, B E
| Excerpt 17 (46M) - a low achiever: -

(Through juxtaposing, si;pgréasing, and making linear comparisons |
between edges this student ordered the.set of the rectangular regions. )
S: Sﬁ.ﬂ] medium and large (pointing to the rectanguia(regians )

I: Good. This is neat; you have rectangu’lar regions and you ordered
them easily.

I:  Now, what happens 1F¥you have Vdifferent figures 2ike these?

- (Presenting the non-rectangular regions.) Is it as easy in that case
to order them? | )

S: No; my;e you have to measure thu and and aut their arfeasi

I: VYes; or...7

S: Or, you-can do it the way I did,béfau in cutting them up..
1: And...? | - o
S: And plaeethsnto see which one hasa bitm;‘egf the other
I 0K, you ;m cut aach of them into...? - -
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S: Rectangle ' : N ' A

I: Good, then you will have the same situation as there. (Pointing

to the regions of task 9). A L
' - : 2 )

S: - Yes. . D e

From the',above information, it would seem apprbprjate to sugge#t
that the plece-wise congruency approach,did offer situatfons fn which «
the mtion of ordering was introduced on nferély plane regions with no
jnvolvement of the real numbers. This mgion%-orderqihg in the domain

space of ‘the area measire may be looked at as an analogy to the

nmbers-ordering in the range space.

Queétion 17. wWhat’ contr‘lbut‘ioﬁ can the piece-wise
congruency approach offer to learning of measure

systems? . R

‘This question was designed to present 2 general overview of the -
notion of transfer and t_he possible influence of instructing the |
piece-jwise congruency _appﬁnc{_on 'attain‘ln_g it. - The following s.itua-

‘ftiops were consfdered: o ]

a. Inteénﬂ Transfer - in the area measure systen.v . —

b. .Between Transfer - of some measure systans - - * |

c. External Transfer - out of the area measu're sys_teni. |
Transfer 1.s;referred‘to as the utilization of lgarned pmpeurt‘les

of a ipace or system in learning similar properties and analogies of .

another space or System. The three types of transfer above are

P
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fdentical to 'within transfer', 'across transfer', and ‘auiside transfer'
described by Osborne (1976, p. 19-20). 'He defines the three types of

transfer as follows:
Within Transfer: In a given system of measire, a within transfer is ™
irefirred to as the use of the structure of one space for suppgrt and

guidgnce in learning the structure af the other space and in attaining

' a SEﬂFe of the Functinn reIating the two structures.
lergss Transfer; An"across transfer is referred to as the learning of
one system of measure in terms of the related previously 1éarned mea-

_sure system. : : _

rF
. -
B

Outside Transfer: In a given system of measure, outsfde transfer is
. = . ' . 5 h

referred to as the use of the measure system context in learning some
: i ' a
ideas that belong to topics 1h, ‘say, algebra or geometry.

a. Internal Transfer : o

1. Throughout the unit, triangular regions, convex quadri)ateral
regions, and regﬁiar n-gon regions (n = 5‘,5‘ 7, ...) were decomposed
intﬁ rectangular regions. As a rgsults, the rectangu1ar region could
. be considered as the basic reginn 1n the doinin space of the area

measure defined on the set gf all polygonal regiansi Moreover, the con- °

verse dega;pusitiﬁn of i rect;ngﬁiar region into the shape of each of
the pqiyganai regions i11ustrat;s the interrelationships between these
regions. Each of these regions s deeaﬁﬁnsabie’into any of the other
Zpo1ygun31 regions (of equal size) through rectangulation and derectan-
gulation processes. Thig fs not the anj; ﬁ;y to interrelate polygonal

regions; it fs more Consistent for this study however.

1 R
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cussed in Question 14,

one of the range spai:e. The

147

| 2. Through the process of pieceswi’se mngmer;cyi it was shown
that-all regions which are decomposable into a given rectangular region
constitute an equivalence class '(see Question 15).
3. The reflexive, symetﬁ"e, and transitive properties of the
piece-wise carii;rugm:y o'per‘atiﬁn. as an equivalence relation, were dis-
. The arder'-iﬁg’ of ;§1y§aﬁa‘l regions in the _écfnnai’;nas;naée;’ of the -
area measure system was exeﬁiified in Question. 16.
The properties discussed above are mnsid‘éred to have analogies

in the range space of the area leasure system. 'Fir-st of all, a' reca

,tanguhr region that night be chosen as a unit with respect to which

other polygonal regions could be compared is analogous to the number

et of rectangular.regions within the set-
of all po’l_ygona'l regicms is a¥'vital as the set of rational mmbers wi th-
in the set of the real numbers. /

An equivalence class of polygonal reg*iaﬁs with resliéét'ta‘a
given rectangular or square r‘ggian' is analogous to that in the -real o

numbers with respect to a given positive number. In the domain space

~ the classes are visual whereas in the range space they are symbolic.

The idea of equivalence relation 1s physically approached and
the piece-wise congruency is shm as a manipulative equivalence res

lation - an analogy to the equivalence relation, equality, in the range

. space of the Jrea measure systm.

The arﬂerﬂﬁg cam:ept is -introduced thraugh direct cmrisms be- :
uweeﬁ palygonag rgions The piece—wise carn;rucﬁty cam:e;nt t.hraugh o

| | |

-
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rectangulation did extend the possibility of comparing only rectang-
ular regions to all polygonal regians (with the exception af non- reg-

*ﬂar n-gon regions, n > 5; n is an integer).

Internal transfer within the area measure system was atta1ned
The Hotelling Tg tgstfshawﬁ enough gvjdence thatrhypothesis 3A be re-.
~ Jjected over the Piége—wiée Congruency-Rational Numbers Tést, That is
a significant change in the student parfonlin;gs was apparent; F.= 2,277,
p <0.05 (Tabie VI). This means:

-

'1. ‘The awareness of the role of ch@@siﬁg and Fix}ng a unit, when-

ever cqmharisons among ratfonal numbers were encountered, was enhanced

significantly and hence transfer was evident.

2. The awareness of relating rational numbers through geametric

representation to some equivalence c1asses was enhanced sigﬁ1f1eant3y

and therefore transfer was evident.

No attempt w;s made to examine the other analogous properties
and their mutuyal effects on each ‘other within the learning progess.

b. Between Transfer

Transfer between systems of 1iﬁeaf measure, angular measure, and |
area measure was invéétigated, There was no testing procedure employed .
héwevef. | _
Students' perfarmancesrthrﬁughout the evaluatjon tasks. and the
» 1nvestigativg activities in the classroom were scrutinized. Students
in searching for a piece-wise ﬂﬂngruenﬁy:betneen two regions 1aakeﬁ
f1rst.for 1iaear EQHQ?UEDCJ between corresponding edges, then for

‘angular congruency between corFeSpend1ng angles 1n each of the tasks.
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Some students searthed for angﬁ1ar congruency Fir-‘—stiaﬁd then linear ’
tﬂﬁgﬂEﬂty In both cases, gtudent;aépeaﬁd to use eér‘l;y learned :
properties of t}m domain spaces of the linear amd angular me,asﬁre
systems in ait@tirg to attain analogous properties in the damai-ﬁ »
space of a new measure éystem - the;;;ea measure system (Question 14).
Based on the above observations, it is safe to suggest that,

what ‘students might Jearn sbout properties of thé domatn space of the
area neas:re system through tﬁe piec:gaﬁisg congruency process, @uﬁi

“similarly be usé in ’Iear-nihg analogies in the volume measure de-
fingd on the set of all prisms. Equidecomposability gperation on

_ the set of all prisms can be introduced; it is an immediate extension
of the piece-wise congruency ,apérat‘ién. That a trigsf;i biétweenrth_e
previous measure systems and this volume measure system may take place
yet needs empirical justification. Similarly, as is the case in the
area measure system, there could ;bg internal transfer situations as
well as eitérnai ones, Unfortunately the extension is restricted to the
set of all prisms (Boltyanskii, 1963, p. 37).

c. External Trjian;frefr--

Studerdts'-performances on the Polygonal Regions - Area Formulae

Test were not sign Ficantly changed. Hypﬂt_zf;esis 3A related to the Area
 Formulae Test was ndt rejected: F = 1,029, p > 0,05 (Table VI, sub-
test i11). On the assumption };hat a study of rational nunbers ris part
of studying concepts of number, and that area formulae and thef®
derivations are more related to the study of concepts of algebra the

" following situations were evident:
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1. External transfer to the_study of'concqptS“of‘nbubgrs was
"attained: Qypothesfi 3A (p. 67); related to the Rationd) 3&mbe%s=test,
was rejected {F = 2.277, p < 0.05, Table VI, éubtést vi, page BB).E
2. External transfer to the studyvof algebra (in terms.of the gréa_.
formulae test)~was not apparent. Hpr\hésis'3A, related to this test,

was not rejgcted (F =1.029, p > 0.05, Table VI, subtest iit). -

Tt shouTd be noticed, However, that there was only one class
period devoted to part three 6f the unit - the area formulae and

their derivations. Both teachers, at the end of the project, ex-

pressed their concern about the short time spent.on this -section.

Much time should be spent on formulae development
(part 11I) using decomposition models and problems.
This was not well done during the project and ‘the
students did not relaté well to the "cut-and-cover”
used to develop formulae.” »
(Teacher A, Teachers' Opinion Test)

Teacher B recommended that omeAto three class periods would be

necessary to have part three of the unititaught well.

Questfon 18. ‘Can the piece-wise congruency approach simplify
some basic theorems in geometry such as those of Apollonius
and-Pythagorzs?,

The ﬁrogress'Checking Test #2 (Appendix G)comprised two cases
qf the Pythagorean Theorem Q_a special case when the right triangle is
isosceles, and a general case. The two classes were given the test

‘ovér the-Jast 20 minutes period of the fourth classroom Session. The -

L “two cases were. given to the students simultanecusly. - L e

— -

N A
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In case 1, the special case, there were no failures in class A

and onij one failure in class B. The students' performances fall in
four categories:
1. Cutting each of the square regions A and B into two triangular

regions through a diagonal and the square region C of the hypotenus :

is_covered (Fig. 28).

' 1
¥ 4 ONCC

: - '
Y A - _———

i

A i

!

Figure 28

Zi‘ Cutting’anelgf the square regfons, either region A or region B,
diagonally into faur triangu1ar regions and the square regian C of
the hypotenuse is cavered (Fig. 29). '

3. Cutting one of the square Fegions. either regien A or regian 8,
vertically or har1znnta1ly into three rectangular regions such that
the proportional ratia of their sizes is 1 : 1 : 1!2. The thinner

L=

reatanguiar reginn th@n was divided into two halves (Fig. 130).

- The fivg cases which rgprgsagt thls,cgtggpﬁy are included in . .

Appendix J; they are related to students 04M, 13F, 20F, 2IM, and 24M
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of class A. No such type of pattern was exhibiteﬁ at class B however.

"
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4. The :uttings in this category were different from case to case:
There uere no common features that umted them. They were mtg‘_esting
as surprising cuttings; they were performed by the students 34F, 35F,

54F, and 55M of class B; see Appendix J.
By an examination of the students' perfnmances in Figur’es 28, 29

and 30 and Appendix J onecan see the kind of mngvatwe cutting and . '

covering students have achieved, and how an intuitive proof of the
theorem was then made.

In case 2, the general case, only the rearrangement of the five
regions 1, 2', 3, 4, and 5 to cover the square region C was required
! (Appendix G). The students perfnmances of the two c’lasses are shm
in the contiﬁggncy Tab’le - Table Ix_
There was no assgciation between perf@még}cé level and class member-
ship as indicated by the X2 test (X2 = .152 <XZp5 = 3.84, df = 1),
" A1l of the students except one did prove the special case of the
Pythagar'ean Theorem. On the general case, Table IX shows that 64.2%

of the students did pass the coverihg.exercise of the general case of

the theorem. It would appear that the students did very well on the
two cases through t:hgscut-andscavér operation. Thus the én:af of the

Pythagorean: Theorem was simplified and attained in an intuitive manner.

Questjon 19. What are the differences between the students
in class A and those in class B with respect to exploring
and perceiving the requirements of the course?

e wpee Nee e
= L

The Geometry Tests (Appendix F) were used to measure the dif- ..

o
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TABLE IX

FREQUENCIES OBSERVED: PYTHAGOREAN THEOREM

! .
PASS

CLASS 8 16 10 26
TOTAL 3 19 53
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fefences in achievement for class A and class B. The Hotelling T2 for
independent samgles»waf'perfaEHEd on the scores SF the c1asses in the
pretest and again in the posttest to test hypotheses 8, BA, 9 and QA

Table x gives a suniﬂ?y of the mean scures of the tua classes in
each of the Geometry Tests on the pretesti

Table XI shows a smﬁﬂaty of -the. multivariate gnalysis of viri’:
+n :antrasting the two classes uverzgggir scores on the pretest.

There were 27 students in class A and 20 in class B with both
pretest and posttest scores. 7

Table XI gives enough ev1dence taqregect hypathESIS 8; ?.73577'
P <0.001. On each of the individdz?*tests hypathesis BA uas rejected

on:

Test (1); F = 3.771, P < 0.05,

Test (i1); F = 3.305, P <0.05, and

Test (1i1) F=2.984, P =0.05. (

Thus, the overall performances on the pﬁeiest of c1as§ A and
class 8 over the Geometry tests were significantly different. Class A
did better over the whole test. B

hareaver;‘c1ass A scores on fhe Vocabulary Test, ‘Pn1ygan31 Reg%éns
Diffeﬁentiatian Test, and Area Formulae Test were significantl; b!tter
than the corresponding scores for class B. . (
) " The two classes, however, were almost identical in their perfor-
rmaﬂce on the Piece-wise Congruency Tests.m(iv),_(v), and (vi); hypothe-
sis 8A was.nat rejected over each of .them. :

Table XII contains a summary of the mean scores in each of the

Geometry Tests on the posttest. ’
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TABLE X

MEAN'SCDRES OF CLASS A AND CLASS B ON THE GEOMETRY TEST -
SIX SUBTESTS: PRETEST

—_—

GEOMETRY TEST (PRE) - CLASS A CLASS B _

) . S ‘ 11.426 , 7.475
ii 17.148 10.700
i ° g 4.907 2.250 S
v o 4.667 3,700 -

vi,” - 14.704 © o 13.280 -

TABLE X1

. HOTELLING T2 CONTRAST BETWEEN ACHIEVEMENT OF CLASS A AND
. CLASS B ON THE GEOMETRY TEST - SIX SUBTESTS: PRETEST
» . — —————
) TEST 1 OF, " F-RATIO = PROBABILITY

3.7 . 0.005
13.308 10.010
0,017
0.105 0.995
0.420 ° 0.861
0.045 1.000

T VL i T Rl | T ity

i 25.452

11 22.309

i 20142

; v 0o
v 2.837
vi 0.300 6

h O OO O

sils's 8 8 8 28 |7
g

ALL 52.213 6

Pl — — . . R

S e e e e e e -



variance in contrasting the two classes over thefir scores on the post-
test. ' v

Table XIII presents enough evideri;e that hypothesis 9 be Fe-
jected F = 5 962, P < 0.001. On the individual subtests, hypothesis
9A (page 68) was rejected on test (1) only; F = 3,558, p < 0.05. ~
':Therefr;:r-ﬂe, t.he overall performance on the posttest of class A
and class B over the Escﬁetry"feﬂs was signivficant’l_y different.

Furthermore, class A scores on ‘the Vocabulary Test remained
significanﬂ_y better than those for class B. Hence, the situati;m .
over the posttest was almost identical to that over the pretest a- |
part from.a slight gain for E)gﬁh classes.

But, class B scores over the Polygonal Eeg’l@ns Differentiation
Test, and the Area Formulae Test were signifi cantly imrﬁved and._peﬂ:e
h;pothesis -SA was not r!jectedi F=0.220, p > 0.05, and-F = 0,337,
p > 0.05 respectively. This means that class B bridgea‘,'ghg gaps
which existed over the pretest scores of these two tests (Table XI, .
tests i1 and i11). : |

On the other ﬁﬂﬁd; hyéathesis 9A was nat Fegectéd én the achievés
_ment scores over each of the Pieca-ﬁwise Cangruency Tests, (iv), (v),
.iﬂd (vi).. : —

Based on these r:sultsr. it seems evident that altﬁaugh class A
shmd considerable gains (Table X and XII) the piece-wise canéruent‘y
maru:b was more beneficial to Class'B - ﬁrstly ‘on r.he aspect of
differentiating polygonal regiuns from ngg;pg]ygunﬂ »-f!egigps and sec-

ondly on the ‘aspect of area formulae of pé‘lgg@nﬂ regions included in
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TABLE XI11

MEAN SCORES OF CLASS A AND CLASS B ON THE EEEHETRY TEST -
SIX SUBTESTS POSTTEST .

. GEOMETRY ‘TEST (PQST) CLASS A  CLASS B -

f o | _12.019 8.650
1 - 46.741 50. 7%
it : 5.333 - L 4008
iv - a.sao; © 6.900

v | " 8.667 - 7.378
vi 21.463 ~ 20.200

TABLE XIII

HOTELLINE T2 CONTRAST BETWEEN AGIIEVEFEFT OF CLASS A AﬂD
_ CLASS B OM THE GEOMETRY TEST - SIX SUBTESTS: POSTTEST

8
G
K
|3

F-RATIO PROBABILITY

_ 3.558 0.006
0.220  0.968
0.337 0.913
0.376 0.890
0.431 0.854 .
0.026 1,000 .

i 24.015
ii . 1.484
111 2.273
iv  2.535
v _ 25910
vi 0.172

L - T T - S

sl 822288

AL 40.240 6 5.962 0.000
"h"f-ﬁ
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the unit. Class B initially fell behind class A over these aspects,
but ‘latef- recovered in narrowing the gaps significantly. It is

final mrks were 71.57 and 62.26 for class A and class B respectively.
9

Question 20, Hﬁ;t is the attitude of the participating

teachers toward the use of the piece-wise congruency’

Approach in their grade eight mathematics classes?

~ _ .

The Teachiers" Opinion Assessment Test (Appendix E) was con-
ducted and both - teacher A and teacher B showed pﬂsitive responses.
Théteaf:hers expressed their wiﬂingﬂess and enthusiasm for the pro-
Ject aﬁtar the first meeting. They were able and &h‘ly cuaperatwe
teacher‘s_

Some 'e teachers' responses have been included throughout
‘the discussi&n of the foregoing research questions. Below is a

fuller account of their stance toward the piece-wise congruency ap-

proach:

1. Both tem:hgr A and teacher 8 were in favpr of the use of the

appmach in gemtry instmctian
2.. In supporting the above response the teachers offered the
following: : | . -

As an aid to developing the concept of area as the interfor
. of a ﬁu‘lygonal regiorr. this nethad is helpful.
~ Teacher A
Enoﬂ way to introduce area of difféﬁent polygons by -
‘. relating them to rectangles. et
" 1t is interesting also to the students ta be able to C
Elnipuhte things to find area.
- ° Teacher B
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3. Both teachers indicated that the use of “approach which in- -
-voj.ved aciual tracing, cutting, and covering of polygonal regions did
not create chaotic situations in the classrooms. Teacher A sup::m;t;d
" his indication in the following statement:

Students.o‘f Junibr high age enjoy and are generally

adept at manipulating objects and trying to devise

different possible solutions. -

8. Both teachers were unable to determine the extent of
the_possible effect of the approach regarding students' performance
in attenpti'ngAvspat‘lal problems on polygonal regions.

5. On the effectiveness of the approach for the students' per-
formance in mathematics, Teacher B was “unable to determiné” while
. Teacher A offered the following elaboration: ’ - |

Students were more aware of spatfial relations between sides

and angles of polygonal shapes when solving problems

involving geometric concepts. '

" 6. On the possible change in the students' attitude, ﬁeacher-_B
was unabl.é to'rdetermine while teacher A made the following response:

I feel there was positive attitude development. .

7. In responding to whether 6r not the approach can positively
change the students' self-confidence 1n performing spacja_] tasks, hnth
teachers positively responded. In addition, Teacher A made the
following remark:

The fact that most students were able to Find their own

and completely diffesent solutions, improved student .

self-confidence. _

8. Teacher B was unable ta determine whether or not the use of
the approach can change the students' attitude toward mathematics.
Teacher A, however, offered the following comment:

.3
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Incr‘eesed awareness of geometric concepts and esae:iaﬁl y
area. It increased self-confidence of students. It also--
showed students that math can be enjoyable as well as a
learning experience.

, #
9. 0Op whether or not the Edmonton Public Sohool System

_-should -adopt the use of the piece-wise congruency approach in grade

efght classrooms, both teachers responded positively. Teacher B ..

suggested that "end of grade 7, and in grade B“>are the stages in

which the approach should be utilized. While Teacher A suggested.

that:

Gradela and/or Grade 9. Perhaps Grade 6 or 7 if
fennulae are nnt included. .

10.- Both teaﬁhers indicated that the Edmonton Public School

S;stem should provide instructional materie]s to its students in the

use af the piece-wise eongruency approach.

- program, an inservice would be beneficial. R, S
‘ Teacher B. . . . ... 3T

n. Thef\teaehers made the following additionat comment on their

I have found the project to be an innovative and
tﬁﬁught provaking experience The students were,

They snen tecame very 1nvn‘lved with “cut end eaver"_ ’ o
The decomposition of regular polygomal regions ¢
appeared to become tedious. Perhaps heptagon and
dodecagon should be omitted.

1 would not hesitate to use this method again in
developing the concept of area or in obtaining area

formulae. : :
Teacher A. -

If the school board is going to implement this

L
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CHAPTER v

SUMMARY, CONCLUSIONS, DISCUSSION,
IMPLICATION AND RECOMMENDATIONS

- 1. SUMMARY OF THE INVESTIGATIOM

-—

A. Introduction

The purpose of this study was to investigate and 1dentify soﬁe
of the geometric thinking processes: used by eighth gr!dé students 1n
attempting to solve spatial problems on polygonal reqions presented
to them, and to Justify and explain their perfonmances; The major -
purpose of this éqﬁgrprise was to attempt to explain how students
really understand area, with sp§c1a] emphasié on (a) the effective-
ness of physical manipulations on students' performances in spa;ia]
prob}em solving situations; (b) the kind of inuitive reasonings stu-
,dents appear to exhibit in those situations; (c) transfer of learned
properties into new sftuations; (d) the type of errors students ap-
pear to exhibit when attempting to justify their actions; (e) patterns
students appear to fonn and uze when problem solving s1tuat1ons are
encountered; (f) the possible utilization of the motions of slide,
turn, and flip throughout the students' résponsés in those situat1qns;5
(g} the possible use by the cla;sroom teachers of the piece-wiée
'congruéhcy unit as a mediqn through which better learning‘of some geo-
metrié concepts, measure s&ét m structufes. and some basic concepts
in elementary mathematical anatysis might take place; and (h) whether
or not‘tﬁe hn}t and the evaluation tasks have any potential fo#’class-
i' © room tgachers‘ use as a tool for d{agnosfng students' misunderstandingr'
] .

of somé fundamental geomctric concepts. -
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Based oh the piece-wise congruency operétiﬂn, an instructional
uﬂit'was-éoﬂstructed consisting of a sequence of geemet%ic theorems
each of yhicﬁ_was formulated in an investigative activity. The mathe-
Qatical structére of the unit was_interpreteé«gggpugh'intuitiye and
physical operations~such that '1earﬁ$ng by daing{ might take place.

The tHeorems are sﬁmmarized in the following:
. . 3

Each triaﬁgular region (all kinds), quaérilégera1 rggidﬁé’
(all kinds) and regular n-gon regigns ; nz= 5, n being
an integer are decomposable into @ rectangular region.
The interrglationships\shown in Fig. 31 illustrates one of the hhit;s

aims.

B. The sample

| A sample of 58 grade eight students in two classes of an
Edmonton public échool was utilized for analysis purposes. The two
“selected classes, cltass A and clidss B, differed considerably on the
final grade 7 mathematics achievement test. The mean scores for '
class A and class B were 71.57 and 62.25 respectively. From the
school's point of view, class A was known as the 'best’ gfaée e%ght
class while class B was the 'poorest’' among the eight grade eight

classes in the school.

C. Procedures

Investigative activities based on the piece-wise congruency
- opération were developed covering most of the pniygaﬁnl=rigt¢n§
(exccpt thé non~reguiar n-gon region, nx 5 and n is an integer) and

¥

-
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some basic properties of the area measure defined on them. A section

on the area formulae and their derivations, also based on the piece-
wise e§éQPUEﬂcy opezg:inn. was developed. These¢ instructional materi- |
als were put together, as a unit, and included both in a baékiet
(Student's Booklet) and a teacher's manual. The unit covered the part -
on polygonal regiqns-of_thg grade eight mathematics programme;. and it
“was used in patﬁ classes, |

The students' responses on the pretests and the posttests were

checked by three people, But fifst; the students' responses were
carefully examined on each item. As a result a weighting factor for
e;chiftem was then designed for scoring purposes (see page 66, Ch. II1).

The scores were then used in teting the null hypotheses.

A package of cardboard models for polygonal regions, which com-
prised most of the investigative activities fn the unit was developed
(evaluation tasks, see p. 58-61). It consisted of eleven tasks which A
in turn were used for interviews,

Magnetic Eaards. decomposable magnetized cardboard models f@r!
each polygonal region involved in the investigative activities of the
unit, and a complete set of transparencies (Appendix B - transparencies’
masters) containing possible saiuticps for each task were prepiiiﬂ.

They were used as teaching afds. N

The investigation began in March-April of the school year 1979-

1980 and lasted about one month,
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D. The InstrunEnt — o

A Studeﬂt s Qp1n1§DVASSESSiEﬂt Tes eﬂﬁsis ng nf'is items béthK
on ‘geometry and mathematics HﬂS;ﬂﬁjliged to deﬁZimine if a change in
the students’ attitude:was exhibited. Thé two tests were administefed
to all students both before -and after the teaching of the unit.

A Geometry Test consisting of six subtests was employed to
determine whether or not there was a_change in the StﬁdEﬁfS} acﬁjevé%

ment with respect to geamétPic vacabuTary. differentiating polygonai -

regions to each other, These tests were given to al1 stiﬂgnts before
and after the instrutticn of the unit. The tests were conf1ned to’
polygonal regjuns. some of the area measure properties, and the piece-
wise congruency concept. For all these instruments, the pretesting was
teacher administered wh11e the pﬂsttesting was investigatcr-teagher
adm1nistered |

A set of three Progress Checking Tests were used to provide infor-
mgtipn about the student's interaction with the unit, These tests were
investigatoﬁ qﬂi/;istered to each of the c1asses over the last 10 20,
and 15 minutes of the second, the fourth, and the sixth classroom
sessions respectively. .

A11 classroom sessions for each class were tape - recorded, A
single class éeriad for each class when teachers began teaching the
final section-of the unit (derivations of area formulae) was video-
taped. The investigatar attended all the c1assraﬁm sessions for

both classes and recarded ubservatians fhcuss%ngxnn the students be—

F
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havior when problem situations involving cut-and-cover were encountered.

Six students from each class were interviewed. The school records

fcr the final grade 7 mathematics marks were used in i&entifying stu-
dents as low-or-high-achievers for this ;nterviEﬂi The Eva]ﬁation
Tasks"package was used in each interviei, The interviews were carried
out approximately two weeks prior to the st;rtlgf'the teaching: Each
interview lasted abcﬁt 35 minutes and all were videotaped. The ffén-
scripts of the interviews and the video tapes were used to glean in-
formation concerning. students' preception of area, interrelatiénships

~ between po}yganéi regions, properties that are invariant under decom-
pasitian,:and students' pattern formation in. equidecomposing regions

of different shapes to each other, Tﬁr@ughﬂut the interviews, Vygotsky's

were offered by the investigator. In this connection, Vygotsky offered
the %n]ioning statgneﬁtzl

In studies of children's mental development it is generally
- assumed that only those things that children can do on their
own are indicative of mental abilities.--On the other hand,
if we offer leading questions or show how the problem is to

be solved and the child then solves it, or if the teacher
initiates the solution and the chtld completes it or solves
it in collaboration with other children - in short, if the
child barely misses an independent solution of the problem -
the. solution is not regarded as indicative of his mental de-
‘velopment. This "truth" was familiar and reinforced by com-
mon sense, Over a decade even the profoundest thinkers
never questioned the assumption; they never entertained the
notion that what children can do with the assistance of
others might be in_some sense even more indigative of their
mental development than what they can do alone.

(Vygotsky, 1978, p. 85)

The student's Opinion Assessment data both on geometry and mathe-

matics was analyzed usiﬁg‘ﬁuitivarigie analysis of variance. The

&
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| Hotelling T test for single sample with repeated‘neasures»was used to
determine an ovenall contrast between the pretest and the posttest
scores as well as contrasts on each item 1ndividually. Also; the
Hotelling T2 test for independent samples was utila;ed to-contrast the
two classes' scores both h the pretest and the posttest for each of
the Opinion As$essment Tests. As well, the contrasting was both over-
all and itemwise aver each of the pretest and fhe posttest. Similar |
analysis was used over the Geometry Tests dafa. Fof the Progress

Checking data however, the Chi-square test was used/to determine per-

formence differences between the classes.

e
II. CONCLUSIONS .

A summary of the findings will be presented as follows:
Quantitative]y, on the basis of testing the hypotheses and qua11-
tatively, on-the basis of [scrutinizing the transcripts and the video
tape recoros of the studen 0 were interviewed, the classroom

observations, and the participating teachers' reactions,

3+ A.* Conclusions and Results jguantitative)'

Analysis of student attitudes touard both geometry and mathe-
matics suggested that there was no kjgni‘iﬁ?nt att1tude change overa]l

7/
or on each 1nd1v1dual item of the two questionnaires -Accordingly

hypotheses 1, lA 2, and 2A (see Chapter I11, P.67) were not rejected. -
As well, analysis of contrasting clasj A and class B on each of the
[ ]

two testing periods, the pretest and tﬁ; posttest. yielded no signifi-

. X ) )
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cadtiéifferénce in the attitude of eiass A vs class B overall or on
each individual 1item, Subsequentiy. hypatheses 4, 4A, 5, SA, 6, 6A, 7
and 7A were pot rejected.

Aﬁaiysis of students' geametry achievement scores n; the two testing
periadsi the pretesting and the posttesting, yieIded significant changes
(p <0,05) overall and on qu: of the six subtests of the Geametry Tests.
These 51gn1ficant changes occurred on the following subtests: the dif-
feréntiatian of polygonal and non-polygonal regions subtest; the piece-
w1se congruency reTated to three po]ygqna] regions subtest; the two
polygonal v‘egmns subtest and the ratiana’l nunbers subtest. On the
basis of -these results, hypothesis 3 was re;ected while hypothesis 3A
was rejected only on the subtests ({i), (iv), (v), and (vi). Also,
~ analysis of contrasting c]aéswi and class B’on.each of the pretest and
the pasttes} yielded significant changes (p < 0.05) overall and on three

of the six subtests of the’GéEﬁetry Tests. ‘These significant differences

AccardingI;, hypothesis 8 was rejected while hypathesis 8A was rejected
only on the subtest (i), (i1), and (iii). On the posttest scores,
analysis of contrasting class A with class B indicated significant
differences (p < 0.05) overall and on the VocabuTary subtést( On the
basis of these results, hypatheéis 9 was rejected while hypothesis 9A T'
ﬁis rejéﬂted‘an%;1an the subtest {i). ThégChiisquare test on Prag;gss.
Checking Test data ave; test #2 and #3 Indicated that the classes' re-
sponses were not significintly different on Elcﬁiﬁf tﬁesg'checkiﬁgs.;'ﬂh
the Progress Checking Test il;the mean scores for classes_A.agd B were

.
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- 11.482 and 10.875 respectively, and hence were taken to be approximately .

—_ -

the same, . ’

B. Conclusions and Results (Qualitative)

The follo\ging conclusions were drawn after scrutiny of interview
transcripts, vigeob‘t;pes, and the students' original cutting and
.coveri ng.'» together w’i’éh ébsawafinns recorded &uﬂ’ng Vtﬁe c’lassi‘ﬂf-j
. sessions, Teachers»‘ reactions were also e‘xm;ﬁedi

a. Throughout each evaTgation task on piece-wise congruency,
students seemed to be ‘lﬁaghg first for pairs of congruent edges. In
other‘words, at the first rinsta'nt; a linear c:angruency' was snught<
The students then searched far pairs of congruent angles; that is, a)
angular cbngruéncy was sought. Most of the students looked first for-j
a linear congruency. There were honévér, a few cases where st_ufilents
1qokéd first for angular congruency. Finally, searching for corres-
ponding pairs of congruent edges a:ndi angles was the initial action
for all of the students in their search fior congruent pairs of sub-
regions. That is, a piece-wise congruency was sought later (Ch. IV,
Question 4); This sequencing in the students' action would appear
to- be due to the fact that a linear congruency is simpler to iden-
tify and check than an angular congruency. Im a linear cangrueﬁéy',:
the‘ student deals with simp]e‘j@mparisaﬁs of one dimensional figures
in a p1.ane whereas in an angular congruency, comparisons would be less
| s'.i‘mple and would _"GS““‘E an exti‘-i:\" condition to be fu]fi’_'l‘_'legd;‘sghe;i;ums to

deal with two dimensional figures. The situation would seem not

obvious where a region-wisk congruency in a plane is required. This
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is due to the fact that more mﬁdiﬁms must be met s0_that the mui'red!
c’:ﬁngmency can be nde Moreover, students’ experiences with cmrisnns
in a p‘lane started with the linear one, the angular, and Tater with the
regional and hence were learned in this sequence. -

b. There was enough evidence to suggest that a piece-wtse congru-
é_p::y could be attained only if a linear congruency, or angular congruency,
or both was attained (Question 4). On the congruency task for examp‘l‘g .
(task O of the evaluation tasks) the students' responses were intergﬁtiﬁg_
As mentighed C.hiptir III, the task msisted of two different sets of
cardboar ons. There were three :mgmgnt regiuns in each set ‘
triangular in one set and rectangular in the other. Each set was dis.s_-
played at random on the desk and the student was asked to show whether
or not the regions of each set were congruent. Some of the students.
ﬁuickiy responded indicating that the regions of each set were not con-
gruent. “The investigator then asked for jus!tificati_an énd sugges ted
holding the regions of each set. Accordingly each of these students
reversed their responses. The point here is that'even in the case of
having already congruent regions, students seemed to search first for
Hneavf congruency, or angular cangsuéﬁc:y‘ or baf& in attempting the task.

c. Most of the students exhibited the kind of behavior described in
points (a) and (b) above. ‘They spontaneously introduced into a new

‘measure system, iearned_ properties of measure systems experienced pre-

viously (Question 4 and 17). This kind af behavior contradicts what _

.Osborne (1976) asserted earlier,

., - ‘ : . - EO -
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Given the extensive eiperience of children and adolescents
with different systems of measure, a remrkable feature of
their performances is that it proceeds so inefficiently.

That is to say, the typical child does not use the learning
of properties for one characterizing function to advantage
in Tearning about other measure system. -
(Osborne, 1976, p. 19<20)

The notions of congruency and c:mﬁsmy tween both segments and
angles ware advantapeously used ia comparilly and cosgruencing polygomal

regions in a plane, ,

d. In some cases, sﬁudents had H’Eﬂe diffizuié_y in performing
a particular motion whenever they wdre asked to do so. In ﬂthé-;in;-.
stances, they experienced uncertainty in identifying the motions that
were used (Question 3). ' '

e. Few individual changes in attitude could be regarded as

" positively high (Question 1). Student 30F, the lowest achiever in

clags B, had the highest positive change in the obinion assessment test .

bott on geametry and mathematics. As well, the highest achiever in
class A, student 12 showed a high positive change Png geometry and a |
less positive chaﬁge on mathematics (Tatﬂ) ) . 'incidaitij, stadent lé!
and student SQF were the highest and the Towest #chievers in their re-
changes in attitude toward geometry. An gxiinatian of Table I and - |
Table 11 mulﬁ indicate thlt students in general, tended to a“ﬁnsiéive .
change in attitude toward geometry while tending trt ngg:tiv&ﬁham’e:
toward mathematics. This opposite tendency might suggest that students

. In meny cases, students were persistent tn nttﬁt.iﬁn tasks

N L]

- = . . 1
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. v o ' g




173

-

Y on ﬁ%éceewfse cangruen&y They requested addit1nn§1 materia?s to con-
tinue when initial strategies were abandoned (Question 2).. f*

g. Hith’respegt to thg;cnnte;; of each of the evaluation tasks,

*it would app€lr that.studei®s éxhibfteé key ideas fh!t;are énaiégﬂus
to the tantaht structure 1in Eiﬁb uf the evaluation tasks 1, ,_3 4,§
and 5. On tas 6 and 7, there was no similarity between the studenfs'
exmbite{l tey hkasqd .the cnntent. structure for both tasks. On- task
&, actions of only thréa\students were characterized as 1nd1cat1ng cog-

by

n1t1ve §tru:tures that arausn!iIar tn*the content structure. Actions

:For the remaining seven students frre marked as exhibiting. cognitive
struﬂtures that are not similar to t£ content structure of the task
- despite samé\suc¢essful actions (Questian 5).

h. Studgnts seemed to re:ngnize that tua‘pqﬂygnna] regiqns of

equal area and different shapes were piece—uise1y congruent on]z 1f une

of the reglans was de¢qnpnsed into subregwans and superpased to com-
pletely ver the ather regians simuItanenus1y If the subregions were
" reassembled 1nto the1r Drig1na1 region, the students would reverse
Athem5e1§es and ind1cate that the twﬁ poTygnﬂa1 reg1ans were no 1uﬁger
congruent Qy pieces, They (the students ) appeared to suggest that as

1ang as the two regians possess d1ffer2nt shapes ‘they were not’ CQHQFUEﬂt L

- -even 1f the SUbregiui: of one of them already covered the cher reginn
completely (Question 6). In sum, students 1n grade eight 1eve1 appeared*
to be not abie-ar wiiIing to think sequentia]iy but anly with statit |

~ mental reprESEntatians ' ' |
1. Tﬁt Ehlnge ﬂf the prngtfties nf ﬁecﬂmposeﬂ Fggiaws and- the
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4»;3!& of a1 ‘polygonal regions fnto ftse?f.(guest1an‘13);'

conservation of segments, an§1es and areas unﬂer detuﬁpus1tian were
easily achieved (Questian 7) : . !

' /j. The practical 35pe:t of the use of the p1ete-u1se congruency
approach in a 1§boratnry setting uas ev1dent The students were at 3 .

ease and tota]ly engaggd in the activities. Na discipline prﬂb]ems

were apparent, (Question B) '

« Ky Thé\cu:-;ndicnver apprnn;h sgg-ld to he i-nediun thruugh-ﬁhich
invariant properties under the mnt1ans of slide, turn‘ and f11p were
perceived and exhibited (Question 9). '

1. Ah in-service SESSiQn of one to three hnurs was seen as necesi

sary to prepare teachers should the un1t be adopted for use 1n schoaTs

i

(thion ). S -

Mm. The algebraie aspect of the piece-wise congruency appraach as

- wel) as the wﬁo?e apprnac§$‘n genera] were favarabiy vieued by the parti-
‘ cipating teachcrs_ ‘The two te&chers ShﬁﬁEd a strgng acceptance of the !
'apprbach égd indicated their firm w1111ngﬂess to use the un1t 1n the1r

future instruct1ﬂn (Questiﬂn 11).

n. The equ1de;ampasabi]1ty approach seemed to be a medium through

. which thefébmmutatige property of the arithmetic operations of &ddition

and multiplication was physically demonstrated in the domain space of

the'area'add length me?sure-systens- It was’mnediate¥y»ana1gg1zed ‘with

fts counterpart in the range snace “the positive real numbers,;

0. Students 1ﬁtu1t1ve1y perceived the symmetrit and transitive
£

preperties of the piece—wise congruency as an operation defined on the

~

l‘.. \.

[



p. -~ If & polygonal reéi;:\n Eﬂnsidgred congruent to itself, then ; ?f
the pigcé-iisefEEﬂéruenchEEEFééézn would be characterized é} a reflexive
operation and hence an equivalence Fe1atiqn (Question 14). e

g. The p1ece-u15i congruency appruaeh created problem salv1ng |
_situatians in which the nntlon of ordering was introduced on poiyganal

: regians - This was based merely on rectangu]at1ng each of them apart
from real number considerations (Question 16).

r. Stuﬂents’ very ueﬂ/gmving the Pythagorean Thenr-em thmugh
5piece-w1se congruency processing. They prﬁved the special case af the

theorem (isosceles r1g£§ltr1angu1ar region) uith nnly one fa11ure in -
both c1asses On the general case of the theorem, about tnﬂ thifds Df

. the j.amp’le praved it. Appendix J shows some of the patterns studénts

| used. in- pruv1pg the theorem (Question 1%) :
s. The participating teaﬁhers viewed the piece—w1se congruency
i§”§bprﬁaﬁh as “an 1nnavative and thought-provoking experience" as a “gﬂﬁd
way to -introduce area Df different polygons by re1at1ng them to rectangTes"-
The{teaehers 1nd1catea that they wuu]d not hesitate to use the approach

' again 1n abtaining the area fcnmu1ie and deve1ap1ng the area concept
* (Question 19). _ ' , e A
| 'It ‘seems 1ikely that the students"cﬁitings in tasE}E were in-
fiuenced by the pattern used in previnus tasks suzh as tasks 2 and 4
"As uei1 the cuttings in task 7 appear to be’ 1nf1uenced by the pattern
' used in task 3 An examinatfan of the pbntagraphs of the students
originaI cuttings (Appendix H) for tasks 2,4 and 6 and tasks 3. ind 7

fand WhE ,-:.-Fsgp!gs-ia-g

N\
' suppﬂrts this conc1usian s o T T
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u. Analysis of the students' ﬁérfarmancé ﬁn the evaiu;tiﬁn taskés

‘ The congruency task (task 0), the eight pie:e-wisg corigruency tasks

' »(task,s 1.2, 3, “res and’ E), and the ardering tasks %asl:s 9 and 10) .

" details see pages 58-61 and pages 101-105.

~ for rectangular regians and non- regtangu1ar regions respectively. For

¥

: ;Task‘o. .Students' pérfanman:es,jwith'respect’ta their iiitigi action, fell

into ega,;ategnries. . o . G e

"~Category 1: The perfaﬁmances in this eategﬂ were characterized by (a)

an 1mmediate reaction tﬂ each of the two ets @f cnngruent‘tr1anguiar

regions and congruent rectangular rggions;.(b) Jystificatfgn of response
‘ e o : , ) &
by visual judgemgrt ﬁn]y; and (c) unsuccessful completion of the task.

”
They processed the task by_;imply 1agking at each set and quickf} stating

that the regions in each of them were not songruent .

~'Category 2: The ﬁérfarianegs,in this category were characterfzed by (a)

. ~the use of visuai means ; (b) the use of manual means; and (c) SuEtESSFu1

"

’ comp]etion of the task The student_s processed the task by: pick’mg up

-the regtons of each set; ;uperpos1ng them on each other; ‘and then a visual = —

: jud ement was used tb conclude a chrré:t judgement. That is, they pro-

:cessed the task by;arcaiTabﬂratian of visual and maﬁua1'§eans.
‘Interestirng. the students in category 1{ when later asked by the
experimenter to pick up the pieces of each set by hand and see what could

happen (collaboratian - suggestion in Vygﬂtsky s teﬁns. 1978), they re-

&+,

_ versed themsel!!% ‘and responded that the pa1ygona1 regionAin each set were

»eoagvunnt - They discovered through hand—-ﬂﬂd actions, the eurrfct inswgr C
.as well as their mistakes (FreudenthaT 1973. pP. 407); Their performances

. thereafter, when an aﬁxi]iary tool was intrﬁdgéed, fell into catggnry 2.

N ~
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The second type of perfdinuanfe was potential “(zone of proximal deve lopient,

LI

Vygotsky, 1978): it was not exhibited until some sort of ‘collaborative'

suggestions were offered.:
4 . . ' ) . . . . ) - .

. Jask 1. The studen% perfomances in this t.ask were c1a551fied 1nto

three categorfes. S
’ 'v . Lt

ca‘uégbry 1: The perfor‘nances were characten zed by a) the dw scovery of.

the Tinear congruency and the angular congruency that existed between the _
rlght tr1angu‘lar reg1on and the rectangu]ar regjon; (b) the dlssection of‘&
one of the regions into. tuo subreg'lons amd (c) uccelﬁ;ul completion of»

the task. ° > The {rocess used in this type of performances can be described - -
by the following hand-mind seq_uence of actions,: superposing one of the
regions on'. the othéy 'w.i,'th_the cong_ruent sides and the congro‘ent angles
being superposed on eacn other; cutting one of tbe regions (or eacli)~ along

. the edges of the otherd‘eglon. ‘carrying’ over the subregions and patching

them on the-other reg1o” and conc]uding that the % regions were ‘equal'
'the same) or. congruent' For this type of perfomances, see Appendix
task 1, photographs O3M - ‘st and 2nd aﬁtempts. 05F - an attempt, 12M 19F- ’
Ist and 2nd attanpts 20F - ’lst and 2nd attempts, 27M, 30F, 41F, 445 - lst o
and 2nd attempts, and 48M - 2nd attempt. N o | |

Categglyv?: The performances 1n this category have everythjng 1n comon
with those in . category 1 except the nwber of subregions used were more
"than two " (see Appendix H,. task 1, photograph 34F)- The _process student
- 38F ‘used was fdentical to that ised by students in category 1 except’ t’he SR

actions of cutting, carrying over, and patching were'repeated once more
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(Fi§ 32). ~ Note ﬁhat the motion of Flip (sTide or turn) was 1np11q1t]y .

used thrﬂugh the patﬁhinq

: * Figure 33 _
‘The 34F's Process on task 1 via Rectangulation
Categﬁry 3' The students perfurmances were character1zed by (a) fa111ng
to discaver the linear and anguiar coﬂgruencies between the two regions;

(b) the dissectton of one of the regions into more than two subregions .

~ "(in the existing cases the number of the subregions were more than three);

*"4““**‘ﬁ**ﬂﬂé‘{%}~ﬂﬂ%ﬁ€€é§ifﬁ}'ﬁ?@ﬁ?&f@éﬂ~€f~€h&a§§§k;*AJ?RS .
] _ these perfgﬁﬁances can be desc%ibed in the fui?nwﬁng'ﬁanﬂ;miﬂd*ittiﬁﬁs-'

-

superposing one ﬁf the regions on the other uith two siges being Super-

posed along each gther cutt'lng one of the regions aléﬁg the edges of the

other; carty1ng uver and patcging the resu1ting subregians on the other

regions repeating tha actions af tutting, earrying over and patching one

%

or more tdﬁgs, reali;ing that the pattern used uas:Teading to a cahtinuaus.;

cutting and pafchiﬁg in a-c}clit fashion; and the process was terminated.

Far this type of pFﬂCESS. see Appendix H, task 1 phgtpgraphs G5F !ilsgi N

*attempt AEH. and 48M - Tst attenpt.
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Task 2. The students' perfuﬁmances in this task were c1assified into

'fnur categaries.

F

Categgry 1: The perfarmances in this Eategory were charaﬁter1zed by (a)
the discovery of the linear congruency be tween the acute triangular
regiaﬂ and the rectangular rEg1on‘ (b) the dissection of one of the. regiuns
jnto three s‘gmn; - two right triangular regions and a trapezoid 7
regian-g through.horizontal and perpend1cu1ar cuttings of the trianguiarg
L;reg1@n or ablique cuttings of the rectangu1ar region; and (c) sued@ssfgl
' amp1at1an of thE task, The proé;ss used in the cafegory can be?gescr1bed
4 (‘ by the f911aw1ng sequenge af hand-mind actions: 5uperpa51ng Sne of the _
~ regions on the ather with the two congruent 51des being, superposed on
- each ather, cutting one (sumetimes gach) of the reg1ans along the edgeg'
 of the uther, carrying over the patching the subreg1ans on the nther region;
-t rEpeating the act1ans af cutting, carrying aver and pat:h1ng oﬂce more;
.with a successful equidegnmpositioﬂ attained, For this»type of perfonmancéS;

19F ZOF - 1st and 2nd attempts.

>

© 27M - 2nd attempt, 30F,"3F - Ist and Znd -dttempts; A1F, 46M '~ Ist and Znd
. : N

Category 2: The performances in the cases iacluded ihithis)cétegaﬁy=uere

atiempts. and 48M,

characteriied.by (a) the discﬁvérv of the linear cﬁngruuhcy betweeh the

;?' into more than three' Subfegiaﬂs (1n thgﬂexisting cases there were_faur S
suﬁregiéné'— 4 trapezoid region, a-quidr11a£;F51%regian‘ and two trian-
ghlir'ﬁégfﬂhs);riﬁd (éffguéééssfﬁl-éémﬁietiéh éf.the taéki E%hE'prqéesg )

" employed for this type of performances can be described by the following
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L

;chain afractianéz superposing one oF:the %egiﬁnsAgjfihe other with ihg¥§%
two congruent sides befng superpasﬁd on each nthgr; tutting the f?iangu-‘.
1ar region - thraugh a horizontal cut aTang the edges of the rectan-
gular region - 1ntasswa subregions (a trapezﬂid region an a triangular

;reginn) or cutting the reatangular ,region - thTDUgh nbiique cuts along

* the sides af the triangulardgegiun - into three subreginns ( a trape- |

- 2014 regfon and twu right €riangular regfons); carrying over and patchfng
the pieces an the gther regian repeating the actfont of tutt1ng, car-
érying over, and pat:hing un same of the rgsuiting subreginns with’t
“successful equidecaipnsitign thibitgd For this type of perfbriinces,:
see Appendfix H fadk 2, phﬂtagraphs 44F - 1st and 2nd attempts. These : -:
two perfbrmances are elaborated 1q!F1gure 33 and Figure 347(v1a the

vidgn tape recordings) '

"
"

Figure 33 ~

The 44F s Process on task 2 - lst Successful
: AE!EIpt via Derectangu1atian



T L e e RN

Attemp

Figure 34 -

‘via Rectangulation

"1

_The 44F's Proéigs on_task 3 - 2nd . Successful. .

—~.

Bl Ao



The patterns exhibited in the Figures 33 34, as well at 32
. show the kind of innovative perfnrmances students. can deﬁunstrate ;{  ‘;
when manual and mental- actiens are incorparated. - Studefts 34F and |
44F are high achievers of class B; in fect, 44F 15 the highegt ‘

'achiever of clas 8 (see Table Iv, p. 77).°

]
Y R
=k

Category 3: The perfbrmanées in this caﬁegory were charaeterizeé by (a)i
the discovery of the existing Tinear eeﬂgruency betueen the two pa]ygaﬂai
‘\\reg ns; (b) the dissection of one of the reg1cns into’ twe or more sub-
s rej?dhs and (c) unsuccessful templetian of the task, The‘prntess uged
' ~4n these performances - can be described by the Fo11uﬁing sequence -of haﬂd—
mind actions superposing ene of the regfnnlgen the other with the. tua
.congruent sides being superpesed on each other; cutt1ng one of the reginns
along the edges of the other region (in each 6f the existing cases, the
triangular region was cut ainng the edges of the rectangular reginn)i
carrying over and patch1ng -the pieces on the other region; repeat1ng the
_actipns of cutting,: carry1?g oger,}and patching on thevresu1t1ﬁg subregions
(in one of the cases: 03M - 1st attempt, the perfnﬁmanee exhibited no .
further actions of this kind) tenmfnat1ng the attempt uhich indicates that
'the pattern used would lead nawhere or the two regions were not 'the same"

:or equal'. For this type of- perfo §e see Append1x H, task 2, photo-

graphs 03M -"1st attempt, O5F - Ist and . attempts

g

Category 4: - The perfonmances in this categary were characteri;ed by (a) °

“fatitng tn discover the existed iineaf Eﬂﬂgfﬂgﬂty betaeen the ‘two' regiensiﬁe”*"

(b) dissecting one or qach of the regions along the edges af the other

regions and (c) unsuccessful cumpletion ef the task The,prncess ‘used ‘in
. B - N .;

- . .
. o
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these perfor'mnces can- be descnbeﬂ in ﬂieﬂfnﬂatnng hand-nind sequence
of actlons superpos ing. pne of the reglnns on the athgr with two sides
bemg superposed along each ather. cuttiqg one (Dl‘ edch) r‘egian a‘?ong the
jedges of the- nther. carr:ying over and patchiﬁg the subregionsqan the ‘)
other regxon fina]’ly, temnnatmg the attempt with no apparent suczess. S
_Far th1s type of peﬁ’omance. see Ap?endix H, task 2, photagraphs 03H -
" Znd attempt and 2 ’Ist attemit. | | -
., - . X : : -
Jask 3. The peffumaﬁc‘es on th1s task were' classified into one category
based on: (a) the. disanieﬁr-’éf !thg'existing' i‘lﬂ&il‘ qagﬂgncy between two
" sides of the paraﬂe’lagran reginn and the rectaﬂguhr f‘egion. (b) the
'dtssechon of one of the reg"ions into two subregions !- a trapezoid and a
_" tr'iangular subregmn -3 anﬂ (¢) successful ccﬁpletim of the 'task. The
process used can be desc:ﬂbed in the following sequence oﬁ&and—mind
~actions: superpasing one of the regions on the other with the two cong.raa |
ent sides being superposed on each other; cutting one of the regions along
the edges, of the other. carrying over and patf:hing the pieces on- the ather
» region; and attammg afnec:e -wise cnngruem:y For this type gf perf@ri_

mances, see Appendix H, all task 3's phﬁtogf‘aphs', )

. LI

_Task 4. The stud’ents perfomnces on ti’ﬁs task. wer'e classified into two

categories. /-

J .

. &
Category 1: Fhe

basts of (a) the discovery 6f the existing angular congruency between two s'!.

-

hces ‘tn this: category were: characterized on the e

R R S

e
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could be two subregions otherwise (category 1).

- | _84
- i i 4 . fs “‘s—f’
angles ef the traﬁezeﬁd region and the reetanguiar reginn, (b) the dis- 3'
sectinn ef one of the reg1nns inte two right trapezeid subregions; and

(c) successful egnpletien of the task. The students praeessed thé task in

“the follawing‘ehain nf-hendqniﬁd ;etians:e superposing one of the regians

on’ the nther with tnn congruent engIes being superpesed on each other; -
cutting one of the reg1ens along the edges of. the other; carrying over and

patehing the pieees on the other region; “with ;n equidecomposition attained
“For this ‘type of perfnnnanée;asee Aﬁpendii H. task 4i<pﬁetegraphs DBN— 05F,
’ TEH 1st and 2nd attempts. 19F, 20F, 27M, 30F, 34F, 41F - Ist and an

attempts, and 44F

tategaey 32: The perfdnnances in this category were eharaeterized on the

i fe119w1ng basis: (a) failing. to dis:ever (er not utilizing) the exist1ng

angular eengrueney. (b) the dissection of the rectangular region into

three_subregions - a r1ght ;rapezerd regionj a rectanguiar regien, and a

triangu1ar region »; eﬂﬂ {c) suceese%ui completion of the task The pro-

cess used can be described in: the Fel]ewing sequence of hand-mind actions:

superposing one of the regiuns on the other with twn bases being superpnsed
v

along each other; cutting the rectangglar region along the edges of the -

trapezeid regian,, earrying over and patching éﬁe pieces on the other

E regicﬁ with a pieceawise congruency exhibited (see Appendix H, task 5,

phatagraphs ASH and 48M).

Note that, not utiTizing or m1551ng the angu]ar cengruéncy caused

“students to: have three sudbregiofs fbr the equideeemgesitiﬁn prﬂce\3 which'

[
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fasgas;j The students‘?perfeﬁnanﬁeg on thiseta;k fell into four categories,
) f : : C . . P -

- Category 1: .T'l;e‘perfaﬁnano:es of this category were characterized by (a)
- utilizing the-ﬁafa]feTiéﬁ property between the bases of the trapezoid
re§%ﬁn thraughout;tﬁe superpbsitian act, that is. one of the trapezeid

= £

!A"

'reg1ons,1ntq three_subregions -a r1ght trapezo1d a trapezcid and a ..
?%gﬁﬁ.trianguiaﬁ subregions -; and (c) su:cessful cbmplet1an QF the task,
the students pracess can be outlined in the fﬂllow1ng sequence of ‘hand-

, mind actions: superposing one of the reg1nns onh the other with two. car= ;
respmtding bases being SUDE?DGSEC’ along each other; t:utt!ng one of the
regiens a]ang the edges af the other; carrying aver and patching the pieees
on the other region; rePeating the. actians of -cutting, carrying dver, and
‘patching in case of cutting the trapezoid reginn -; and finally a con- .
gruency. by add1t1an exhibited. For examples of this type 9? performances,
see Appendix Hiztasg.S. phﬂtagraphs 03M, OSF, 12M, 20F, é?M.EBQF, 34F, and
.1488 - 2nd attempt, o |

Categnry 2: The perfﬁrwances in this caéegary were tharacterized on the
F1ght trapeza1d and a trapezoid subregians. The students prn:essed the task
through a :hain of hand-mind. actIGns identical to that of category 1. For
this type of perfanmances, see Appendix H task’ 5, phctagraphs 9F, 41F, !
and 44F, ’ - ’

Categﬁry 3: The characterization fnr perfonnances 1nc1uded 1n this’ cate-

gory is made on the following basis (a) utilization of paraflelisn

bPaperty:fnr the béses of the trapezoid region, that is, one of the bases

. -
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is used For linear iuperpasitinn, (b) the dissection nf the trapezoida]
regions into more than three subreg1ans. and (c¢) unsuccessful campietiuﬁ
‘of the task, The process employed in this category can be outlined in
the faiiasing chain of handanindgictians superpns1ng one .of the reg1ons‘
on the other w{th two corresponding bases being supgrpased along each
ather; cutting ane of the Pegions (the trapezoid region in the present
Easg) a1gng the edges of the other regiaﬁf‘éarrying over and patching the
pieces on the athgr region; Fepeating the actions of :utt1ng, carry1ng |
over, ‘and patchiﬂg on some of the resulted subregions once, tmt:ei cedl
terminating the' attempt which indicated that the pattern used was leading
to a continuous cutting and patching in a cyclic fashion or the two 4
pelygunal reginns were not equa1' pr ‘the same' (see Appendix H, task .5,

phatagraph o, .
fEategary 4: For this category, the performances were éharatterized on ;he
falTuwing basis: (a) no uti?fzﬁtinn of the para?1ei1§m of the trapeinid
regian s bases. that 1s, none of them were used far 1inear sup-
erpasitii! (b) the dissection of one of the regions (the rectangular in
the present case) into two {ar more) subregions; and (c) unsuccessful
cappietiéﬁ of the task. The grécess used in tgis type'ca; be outlined in
the %611awing‘§equeh:e of manuaT—meEtaT actions: superpasing one of the
regiong on the other with one “of the oblique sides af the trapezoid being
superposed along the base of the‘rectinguTar rggian; cuttﬁng one Bf the

regions (‘the rettangular regian in the prg52nt gase) a1ang the e&ges 0f the

.. ather; Earrying gvgr and aatching the pigces an,tba uther ragian. ter-

‘ mjnnting ‘the prncess with na further cutting. carrying over, or patching
indicating that the patterd used wou1dg t lead to an equidecomposition or

the two polygonal regions wee not 'equal' or 'the same' (see.Appendix H,
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task 5, -photograph 48M ?'Tst'attempt).

Iggg;g.. {he students‘-performances onvthisutaszh;ert'cqassifiednintq‘one
A category. This category is characterized on the basis of (a) failing‘to
:discover the existing iinear congruency between a diagonal of the quadri-'
lateral region and a side of the rectangular region; (b) ‘the dussecti;n of
one of the»reglons along the-edges,of the other; and (c) unsuccessful -
completxon of_the t%sk., The pqg’ess used in th1s txpe'of performances can

-

be des¢ribed by the following sequence of (hand-mind) actions: superposing

"_one of the regions on the other with one of the s1des of the quadr11atera1 Z
-, region and the base of the rectangular region being superposed along each
“other; cutting one of the regions along the edges of the other; carrying
"oufr and patching the resulting pieces on the other region repeating .

(no repetition was’ exhibited in some cases) the actions of cutting, carry1ng '
over, and patching on some of the resulted stbregions; terminating the
attempt which indicated that the pattern used was leading to'%a continuous -
cutting and patching 1n a cyc11c fashion or the two polygonal regions were

. not equidecomposable (see Append1x H, task 6, all the photographs)

)

N -

Task 7. The performances in this task fell into four categories,

Category.1: Thekperforgances in this category are charactertzed by (a)
failing to discover the linear congruency between a diagonal of'the-rhombus.'
: region and.a side‘of the rectangular region; (h) termination of cutting.

The students atteMpted the task through superposing one region on the |
;other with no further action such as cutting-one of the regions along the

edges of the other, oz,perfonm1ng.other cuts., They, after a series-of
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'superposiﬁgAand r3ssuperpasiﬁfr : nated their/gtti%ns. This sqré:ng S e
~act was performed by studehts O3M, 20F, 30F, and 48M (see Appendix H, task

7's phoéngra‘phs) — .

Category 2: The performances in this cg_%gyry were EharacterTzed by (a)

: failing to discover the 11near congruency mentioned in- category 1; (b) the

wd1ssection (which was inaccurate) nfigne of the reg1uns along the edggs of
the other into two subregians - a triangylar and a right trapezoid subregions;
(¢) unsuccessful completion of the task. fﬁéfgrucess used in this type of
performances can be described by the following series of hand-mind actia%s:f!
supgfpﬂ;?hg’gne of .the regions oﬁ the other with two carrespoﬁﬂing;sides
being superposeq aieng each!ﬂfher; cutting one region along the edges of’
thegather.regiaﬁ;vcarryipg over the pieces and patching them on the other

regian; terminating the actians,>ﬁith no Furtheé cutting and pétching,

. concluding that the two. regions were not iéqu@‘l' or 'the same' (see Appgn—f

dix H, photographs O5F and 19F).

_Categnry 3: The perfnnmances in this category were characteri;ed by (a)

failing to dlSEDVEF the linear congruency ment1aned in category }; (b) the

- dissection (which was more accurate. than that described in cateﬁory 2) of

the rhombus region into three subregions (a triangular region, a right
traﬁezaid'rggian, and avquadrilaterai strip; see Appendix H, photographs
27M and 41F).§r the dissection of the rectangular region:inta two sub-
}egiaﬁs (twa right trapezoid regions or a triangular region and a right
trapezoid regiﬂn. see Appendix H phutogrﬁphs 19F 34F and 44F) and (c)

LRI NP ¥

unsuecessful cump12t1cn of the t;sk The process used in th1s type af

performances is identical to that of categgry 2. - —
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Catggory'lz ‘The performances in this categpry'uere characterized by:
(a) failing to discover the linear congruency mentioned in category 1, .-

w - [b) the dissection of the rhombus region into more than three subregions

in a peculiar pattern,(the initial cutting yielded three su..pgions - ‘
‘a triangular pentagon and quadrilateral subregions), and {¢c) unsuccessful
completion of the task The process used in this type of performances

was identical to tha procoss of category 2 eucept the actions of cutting
.and.patching were repeatedly perforued This lead to continuous actions '
of cuttings and patchings until the student realized the actions were |
fruitless, and the performances weére terminated (see Appendix H, photo—

.graphs 12M - Initial cuts, 12M - Final cuts, and 12 - The patching).

- Task 8. The performances on this task were claas}{ied~into four categories. -

Category 1: The perfonmances in this category were characterized by (a)
failing to utilize the regularity property of the pentagon region, and
henCe failing to partition it into five congruent triangular regions;

(b) the dissection of one of the regions along the edges of the other; and
(c) gpsuccessful completion of the task. The processes used in these per-
formances can be described hy the following sequence of hand-mind’ actions
superposing one region on the other with two sides being superposed along o

' each othe; cutting one of the regions. (the pentagon region. in this case)
along the edges of the other region; carrying over the pieces and
" patching them on the othe# region; repeating. the cutting and patching
. actions (as in the case of,,stu.den.tt.,OSF); terminating the pérfarmance by
-conCluding that the two regions were notb‘equal' or 'the same' (see

Appendix H, photographs O5F anf’ 19F).
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Category-Z: The performances were characterized by (a) utilizing the
regularity property (partitioning the pentagon ?eg}ah into five congruent
friangylar regipns); (b) utilizing the pattern of taik 2 on one of the
five‘triangular regfans but fail%hg to utiiizeAthe midpoint-idea in
drawing a horizontal line (student 46M failed to utilize prnper]y the :er—A
pendicularity idea); (c) unsuccessful camgIetian of the task. The process
“used in these berfonjgﬂcesrciﬁfEE'EESE?TEE€‘By the following nétioﬁs;‘
partitioniﬁg the pené%gan region fnto five congruent triangular regfons;
Sﬁperposingvone of théltria%gu1ar regions a; thE-PEEfaﬂgu1!r regign with
ithe two comgruent sides being superpasgd on e:ch atﬁer (ex;ept 46!), |
utilizing %he pattern of task 2 on the triangular regian‘ carrying over

and patching the pieces to cover a rgctnngu]ar stripj terminating the actions

“and concluding that the regions were not of. equal area, 'equal’ or 'the
‘same’ (see Appendix H, photographs 34F, 41F, 44F, 46M, and 4aM).

Category 3: The berfannihces ;Ere characterized by (a) partitioning the -
pentagon region into five triangu1ar regions; (b) utilizing task 2'
pattern using the ideas of midpoint, parnIlelisn. perpendidh]arity in: dfs-

secting one of triangular region into a rectangu]ar region; (c) successful ~

complet#on of the task. The prﬂcess used here 15.1dent1ca1 to the prnﬁess

of category 2 except that students concluded tﬁat ‘their performances were

leading,to a successful equiéécampasitian (see Appendix H, photographs' J

20F, 27M, and 30F). . - o . B
. o A

C;tegory 4;__The perfénnan?gs were characterized by (a) partitigﬂiﬁg of the .
" pentagon region iﬁté'?iyéiébngruenfzt%ianguiéF'rggiaﬁsé (b) the decompo-

sition of onge of the triangular regions 1nté'§ rectangular region by a

=

PR



, pn’lygona! regions were to be cmp‘arzd, ach region then shculd be changed .

y

(perpgndicular tuti apd (c) successful cg-pietion of the task, 'Thempiﬂﬁéss

used can be describli in the fa11uuing sequence of actians
partitianing the pentagon wegion tato five triangu]ar Fegiuns superpnsing ,

one of the tri;ngular Fegions on the rectangular régiﬂn with the two con~ TLe

gruent sides heing superﬁg;g& on each other; decnipqsing the rectanguiar
reg1aﬁ through a perpendicular ¢ut into a rgctaﬂgu}gr region; carﬁying
over and. patching the pieets to cover a sub-rectamgular regiea* con=

c1uding that their pattern w;s leading to a pussib?g Equidecalpnsition
=,-(see Appendix H phntographs 03M and 12“) ‘ ‘

Task §i ‘The students' performances fell into one categary.' They were
.

characterized by (a) the use of manual means. (b) the use of vis*a? means,

and (c) successful cunp1et1nn af the task. The students processed the

task ‘by: Jjuxtaposing the three rectangular regions; superposing the

- regions patrwisely on each other with two sides being super%ésgd*;1ang

each other; repeating these two actions several times, with a correct

exhibited.

Task -10. The sta,ents' pEffaﬁmaﬁges uere;c]assifiéd into tﬁ@.tategnries-'

. tategcry 1: The performances in this cadegory were characterized by (a)

recaTTing the pattern of task 9; and (b) suggesting that 1F the three

into é”réetanguiaé region, There were,ha actual cuttings; the perfor!,}

:mances were cansidered (potential}y) §Lccessful houever._b_?“ﬁh ;hyj;!“h,;ﬁﬁﬁw;

-‘ ’ R / % | . i
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Cai:egﬁrf ;) The mrfamr;égs in this category were characterized by
(a) failing tb recall the patterﬁ of task 9 for possible utilization;
(b) suggesting that an orﬂering was not possib’le. and (c) unsuccessful =

rcwletiqn of the task.




“II1. DISCUSSION AND Imue@ﬁ's OF THE RESULTS

Taylor (1939i states: =,

There is mﬂy one -way to create a stnfmg and 1astmg_
interest in mathematics and that is to make the subject
(material) belong to the student. We are interested in
that which is ours. This is the ultimate and the o nlz
truly naturai source of nntivatian (p. 51) A

on tRe basis of this. study, the stuﬂs!ts at the Junfor Migh schoot *. -,

-~

grade eight level appeared highly motivated in -an1pu11t1vg problem

solving situations. They seemed relaxed, fu11y engaged and enthusiastic

thraughout tasks that were based on mﬂre fmtuitive and less rigﬁruus
reasonings. )' .

a. Al of the students who were interviewed passed tasks 0,3, 4,
.and 9 while there was one failure oﬂ1y on each of the tasks 1 and 5, anﬂ
two on task 2. On the other hand ‘none of the students passed tasks 6 .
and 7 (except an apﬁrbxinute snTutiﬁﬁ for task 6 performed by the \ e
student 12M, the highest aehievg in c1ass A). 0n1y five students _ -
passed task 8 and six passed task 10 (Fui] descriptian of these tasks

. are included in Chapter III)
01son*(1970) canc?uded that:

Certain orientations e;\iine are more difficult to. . ' L
discriminate than others...The discrimination of B LY
1ines which are oppositely oriented obliques are . ' L

the most difficult of those considered, followed -

by those differing in left-right arfentatian -then

up-down orientation, with horizontal-vertical : o 7
alternatives b&€ing somewhat easier. (p. 173) ‘ e Tt

'

In view of this conclusion, the failure performances on tasks 6 and 7

" would seém more Tikely to result from the fact that in each of tagks — T
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6 and 7, a diagona 1 'of the non-rectangu]ar region should be discri-

. i’

' lnated as congruent to one of the sides of the rectangular regiqgs
involved (see p. 53- 56) Thus, the difficulty in 'the child’ s
acquisition of diagonality would seem to have an analogy in - these\\
grade eight students perfomances v ‘ ! ) o
b. The students‘vachiggenent'in.the sample chlnged-signifiégntly-
" over thg.peometry subtests (ii), (iv), fv), and (vi). That is, stu-
dents achieved significant improvement in their perzeptiaﬂ of inter-
relat1ng polygonal.regions to each other, d1ffereﬁ%1ating po1yganal and
non- polygonal regions, fractions which belong to the same Eﬂu1valencsa
classes, and the iuportance of the role of a chosen and fixed unit in -
| 'visualxcampprisons between rational numbers. The Findipgs of no signi-
ficapt change'in the students’ achievengnt on the Vocabulary aﬁd Arei
Formu]ae subtests could be related to-the following: (1) the sizg pr%
the sanple was rolatively small; it was 58 students, dropped to on]y 47

A students who took both of the two testings, and (2) the last section of
f,the unit which dealt with ‘the area ﬁonmu?ae was 1nstructed over one .

class period - only 50 minutes. In the joint interview, the tea;hers ‘
expressed their concern that one class period was pot sufficient. apd
that at least three .class periods should have to be reserved fgr the '
area fdrmulae section, 3

c. The students' pe;fonmances in uti1izing the piece-uise can;
gruency Operation to prove the Pythagorean Theanm and to show the .
transitivity property of the operation wers msm» m#ﬂ;

The kinds of creative proofs, the students 1nvent¢d uert purely theirs,

—
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= . a

for a theorem that uasn‘t knm by thg and hence the subject laterials
once more cnu‘ld be taken as theiv‘sf Al t_he‘ students (except one)
proved the special case of the tr/eom whi‘lg about two thirds uf the
students passed thz §eneraﬂ case, -On the transitivity pmﬁerty of the
piec:e-wi se’ cmgmenc_y operation, ﬁut of the%g students wm took thg
test, 32 nf them passed with proofs that were absolutely theirs (Praa
gress Checking Test 2 and 3). -~ o o )

d. The students' airwaﬂ pei*fbmnce on the unit ifmress?ihei’r

e AU
e B

teachers who accar‘ding‘ly expressed their willingness tg adapt and use

the appﬁ;a I i,ni the future. In this respect, thg thinking of th_gse =

- junier high school students would seem more productive ifn.- si'tuatians
where more intuitive and less rigorous reaséni’ngs are. required h\
' Furthermre :students in class B, the ' pnar class, gained. more thén
those in c'l\s A, the 'best’ class, over the two testing periads on :
the Géometry Test*si Class A.was signiﬁcanﬂy, better on t.he pr‘etest
over the geometry spbtests (1), (i1), and (ﬁii-i)_' While on the pasttest;
class A was significantly betterbﬁ]y over the subtest (i). Class A'isr
scczres increased over the two testing periods however (see Tables X
and XII). F

| The findings of no significant change in the attitude of the stuﬁ
dents was not a surprise since the period between the two testings ws T
" relatively short (less than four weeks ). ;
Hagnan {1975) concluded ﬁ'aat
A11 through this experiment the cMXldren voiced thefr

. enthusiasm for the materials. Sm refuse. to beligve . . .
“that this was mathematics! (p S
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It .was evident frﬂqhthis s tudy that this cdnclus4dn s vatid but dnly
fdr gzdletry A1thnugh the students' attitude tﬂward geometry was not
§3gﬁ1f1daﬂt1y changed. it still showed a pdsigive tendency, while re-

Jarding ndthgmatids. a ﬁegative tendency was evidentf dspdcia]1y in

| B (Tab1e I and 1I). It would seem, therefore that student did LY
not ac ua11y believe that geometry is reaTiy mathematics. T |
Th ,fd11duing 1mp11cdt1dn5 can bd drawﬁ from the F1nd1ngs

:1: Han1pu1at1ve materidis df the kind similar td the piece-wise

. congruency unit not dﬂ]y auuid 1ncrease m0t1V3t1Dﬂ and 1ﬁ¥3?est for
_geowetry but through physical cdnparfsans of §Q1ygﬂn!1 regidns based dn
cut-and-cover operation would be a natural way to {ntroduce area con- 7
cept It would then seem apprdpridte to introduce area as a FE!1 va1u;d
functidﬁ later,

2; An examinatidn of the phdtdgraphs of the students' driginal
perfdrmances. cdntdined in Appendix.a and thd related f1nd1ngs would
suggest the following: - The evaluatian tasks package could be used
partially or totally depending on Piagetian chi]drdggs cdgn itive stages..
as a tool th.detect the fdrmation of rules which the ch11d exhibits. and
ﬁhi:ﬁ ‘generate a patte tn*ﬁe fdlléhid in responding td a set of stim- ¥EJ

uti (Mi1ligan, 1979)

Y

A major problem in the study of cagnitive devdlopment

is the use of verbal materials. Cognitive abilities . . : *§ 
such as the acquisition of concepts using verbal ma R M
erials are confounded with verbal fluency. ﬂdn-verb RN

materials or procedures are required
Milligan, P. 2D4)

"3, Tetching aids: soch'as mﬁ: ma‘ﬁs meecmszme ng:.““‘*““‘*“‘“*

- 7_’;/ . - AX - F-
—r y = ’ . . -
. . LR
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ﬂetfzed cardboard models, in teatshin;g the derivations of area formulae

seemed highly motivating. The students appeared enthusiastic in using 7

‘4. On the basis of the findings, inservice sessions covering sub-
ject materfals similar to that included in the unit would seem to be

necessary Both, teacher A and teacher B stressed th1s paint

5. Paper *Fn’-ldiﬁg seged to be used by many studénts thmughuut
Ehejj‘ attempts of the activities in the classroom. Thus, a paper

f@’iding'iiateria’l similar to Olson's (1975) work would seem to be a use-

‘ﬁﬂ prerequisitg arnd Eﬁlmtary to subject mater‘l‘ais smﬂar 5 thpse -
included 1n the unit. K — -

- 6. Based on ‘the findings of this study, it would seem that items .

of the type used in f*_:\he unft can be gnp?ayed by teaclers ’FQI‘ (a) trans-

Kfer of learned pf'naerties of one measure systm to agother measure system

(length, angular, area, and vnlm measure systems); (b) utﬂizing the
motions of slide, turﬂ? and pr; (c) diagnosing the type of errors in
students' thinking in relation td key ideas and theorems in geometry;

and (d) 1ntmduc1ng .some elementary mathmt*lca’l ana’lysis concepts in -
»

7. It would seem appmpvéfate to pay more attent'laﬁ to the state-

ment n‘F Dsbame (1976)

Heasure 1s ubiquitous. Measure concepts surround the
" learner. The learner uses an understanding of measure
to quantify and interpret his or her world. This _ R
understanding provides the base for instruction for ‘ _ P
many new mathematical and scientific concepts. As a N

" .consequente, the acquisitfon of an understanding of '~
. measure {s of fundmtal 1npart;ance to the_learner.

(p. 33)

3

B R o e
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B_ The ﬁndings of this study are highly supportive to the con-

viction indicateﬂ in the foﬁaﬁing statement maée by Vance and Kieren

(vom): .

The enncrete materials serve not only to create 1nterest
and motivate learning but to. provide a real-world setting
for the problem to be solvell or the concept to be investi-
gated. (P, 586) ’ .

177 RECOMPENDATIONS FOR FURTHER RESEARCH

. _ \ . o B R
Prinirﬂy, the pr:sant sudy investigated the uqy n -hi:h smﬂmts

in grade: eight understand the can:Ept of area the effect BF cnncrete

Gperatiana’t azvities ‘in‘traduced thruugh the unit and the evaluation

,tasks on the Students' perfﬂmance. and patterﬂs students might ehmt

, Hany studies are sugggsted as a result of this 1nve$ﬁgatién; It is

recommended that a study similar to this one be conducted such that a

larger sample be used ard that more class periods be given to the section

" of the unit on area formulae and thei derivations. Moreover, it would

seem that studies of this type cnuld be ndertil;en with students at all
levels, from E‘Igentary School to Junior High School to Senfor High
‘School and perhaps even to baginning Uni versity,; The main abje¢t1ve of /
slich "stretched entler’-p’rise' could be to determine (a) properties of

; . (b) the

stages thmugh which the students' perception of area evolveg

“and ihéii‘ 1nterr§‘léi—;iaﬁsﬁi§s 1n"'v1'es;lcfﬂ Yan 'i;i'if'é"lé Leve1é f Thought . ”
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‘,'Diﬁtedﬁise Enﬁgruenéy operation in revealing ﬁaﬁ stuﬂénts appear tg use
transfer over various stages of cognitive deve]apnent (in Piaget s -
terms), (d) what effect the 1nstructinﬁ af a unit 51m11ar to the piece— |
wise :nngruenﬁy unit (Appendix A) can cause on the Van Hiele's levels |
of thought deve1opient in geagetry. and (e) the students' p;ttgrns for-

mation in requnding tn varinus st1mu1i (piege-uise congruency tasks) as -
o s

" described by Milligan (1979). |
A unit on prisﬁs basgd on the present unit and Cavalieri's -
Pﬁinciple couid be canstructed such that the uperatian of equidecom-

=pa51ng prisus of a]l kfnds to rectanguiar parallelopfpes (right rectani

gular prisms) and hence to each other would be an extension of the

9
gquidecunpasability opEratinn- . This extension, hau:ver,-is ‘restricted ~ .

=

to the prisms alone when it comes to the problem of whether or not two

polyhedra of equa1 volumes are equideénmpnsaﬁ1e (Béityanskii 1963, p. 37).

Accardiﬁg]y. an ana1o%pus study for Senior and perhaps late Juniar high .
school TKe’ls could be “conducted with the pn’ibﬂity of detgnrlning
relatively sinﬁiar=-iin abjgctives. Hauever, there nﬂuid be some dTFg

ficulties in preparing the materials_

\"
ol
- <

‘ EPILOGUE
 For the benefit of thosé who are fnterested iﬁ’t&ntinuiﬁg’qhe -
course of research rgported in: th1§%sf;dy, it uould be useful (perhaps)
&

to suggest certain possible organizatians of the tasks used in this
study.” Thén, further patgntng 1ﬂformatian and 1mﬁrﬂvemgnts‘ta this
study might have pfodycéd more vatid and relfable results should the

proposed organizations be used. .- )
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The investigative aetivitie; number 1, 2, 3,4, 5, and 6, thit
are included in the unit ::z;endix A-; can be orgéﬁized in the following
six settiygsz One way to introduce them {s by preparing a pair nf
cardboard ﬁadeis for the two regions in each of the activeties ahove;
pénvide each pair of the Eardbaa%d models to the students on an individ-
ual Biili (or in small grnups), and ask the student to seek for a

decomposition (transfnrm or change), 1f any, of one of the two, ﬁardbaard

regions into the other using scissars and straightedges. A second way

is to present the cardboard model for the non-rectangular regfon in

each of the pairs gl the student to investigate whethar or not the
cardboard region is ééé;ipasab1e into a rectangular region. One can
starts in the converse éfder (a third way) of the second setting to
present the rectanguiar éargboaréjnadeizand isk the studentltaftry to
tréﬂsfarn it inta'the corresponding n@nfrectangular;regioﬁ; A feurth‘
way 1s tn provide eéeh student with traéing Dapeg scissérs,'éﬁd arsheet

GF paper on whtip the tuo regians of one of the 1nvestigat1ve activities

~are drawn; then ask the student to trace and cut out copies of the

two regions and to try to seek for a decomposition of one copy into the

other via cutttng and covering. Siﬁiiariy, a fifth way apaiégﬁus»té the

second way can be utilized with a single figure of each of the non-rec-
tangular region is drawn on a single sheet of paper.' And fiﬁa11yi a
sixth way 1s the converse of the fifth one where thg ﬁeétanguiaf region
in éach pair fs drawn anra single sheet of papé?; The péoeédures for

the 1ast tuu nethads nre 1dent1ca1 ta thase of the second and the third

methads respe:tive1y In the 1ast three settings, fa]ding paper would be

a helpful afd especially in dividing a rectangular strip into equal

parts. - _ . . .

. . . ) i Lo
- | | _
— ‘ <&
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A combination of two (or more) of the six methods can be adopted

(as is thE=EESE in this study) HaﬁEVEF. the choice of a particular
jEthﬁd depends on the level nf the child's cngﬂitive develgpment

(1n Piaget's *enns)

Courint and Rabbins (1958)‘have stated that:

'Fortunate1y, ‘creative minds forget dogmatic philosopHttal
beliefs whenever adherence to them would impede construc-
- ‘tive achievement. For scholars and laymar alike it is not
philosophy but active experience in mathematics itself
that alone can answer the question: What is mathematics?
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. PART ONE = .

~

- DEFINITIONS * |

Définition S ! , .
A‘tr{aggular region is a plane ?ggian,cbnsis¥ing of a trian§1g and
its interior (Fig. ) ; '

' -

n
iy,
L7 ]
"
-
L

Definition -

A polygonal regioh ié any region in a plane such that it can be"
decomposed into a finite number of triahgﬁ]ar regions (Fig. 2). |
} Note that figures examp1ify%§g polygonal regions iay have holes in

them (Fig. 2b).

by | R (c)

PR ‘.'v‘o-‘...~-“- ;.’ e ‘i,}‘, - T‘: il Fiﬁ‘*z--»“;* ,‘ ,,*!' , .
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Exercise Set 1

| Show that each region below is polygonal by triangulating éach one
"using the definition of a polygonal region. S

(1)

(2)

(3)

K . -
R i i
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Exercise Set 2

The following is a series of regions in a plane.' Show whether or. not
| each region is polygonal. Try to use as less numbgt;af triangular )
regions a§ possible in each case uF‘decompasiti@ng As we11,'§ive ‘
reasons for your responses. | '
Noticé in particular that a po1yg§naigregian may have one, two, or
~more holes in'it. | | f
!;E‘

p.r. stands'for polygonal region.



(1)

(2)

@)

(4)

| ..1)7.' |

2)

1)
2)

1)
2)

Nt p.r.. .. -
. Why?

p-r.
Not p':r.
* Why?

p.r.
Not p.r.
Why?

p.T.



()

(7)

26

e

1) p.r. o

2) Mot p.r. . ‘

Why? -

1) p.r. e
2) Notp.r.
Why?
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(8) 1) p.r. .

1) p.r.
2) HNot p.r.
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i PART TWO

R LAB)RATDRY xmsnmﬂms

wTICE .

HOMEVER, WE WOULD LIKE TO SEE THE APPROACH YOU USE
IN ARRIVING AT YOUR SOLUTION TO EACH TASK. THEREFORE,
IT IS ESSENTIAL TO MAKE YOUR ANSHERS AS CLEAR AS
POSSIBLE. \

S TMIS 18 m A TEST! ... THERE mw“mﬁa—
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"TRIANGULAR REGIONS g

Investigation la: .. —

Below (Figure 1) are two pol ygonal regions, triangﬁ]ar'region Aand 2
rectangular region B. . |

Trace and- cut out a copy for each of them.

'Nov. you are required to find an answcr to the following question

ARE REGION A AND REGION B OF EQUAL SIZE? HOH DO YOU KNOW?

R P JA-—‘-—-«-;.—W;” .

()ou may tut out as ‘many copies as you nay need)

Try to nake a conclusion out of this activity.

~ Fg. 1



Investigation 1b ' o _ S

‘Below are two polygonal regions, a triangular region A and a %ect'angulu:
region B (Figure 2). o o ' a
Trace and cut but a copy for each of them. _

You ire required now to look for an answer to the following questio_n?

" ARE REGION A AND REGION B OF EQUAL SIZE? HOW DO YOU KNW?

_\Try to lulke a conclusion out of this activity

Fig. 2
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Investiggtﬁ:n lc:

Given a trianguhr regian A and a rectanguhr region B (Figure 3)

| Trace and cut ﬂut a copy For each of them. 7

V@u;;n now required to find an answer to the Ful]&rlng questi o :
'ARE REGION A AND REGION B OF EQUAL SIZE? HOW DO YOU KNOW? r’

; _'Ti‘: ta make a_conclusion out of this activity. - .. — . e

“Flg. 3 \
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" Fig.- 4

Above, 1n Figurg 4, are two po]ygunil regions, a tr1angu1;r regiun A
and a rcctangular region B. ,

Trace ‘and cut out a copy for e:ch of thil , »
Now, you are required to Took for an answer to the following qu:stinn.. Duvals
ARE REGION A AND REGION B OF EQUAL SIZE? HOW DO YOU KHOW? o

 Try to make a mn:lnsm out of this Eﬂlit;., e, mﬁ__.



I‘,nyes;tjgat‘ipﬁj;g * ' : S _ Cor o

Fig. 5

Iu Figur: 5 above are two p&lygnml ﬁgig a t;rhnguhr ngiﬁ A

and a rectangular region B. .

Trace and cut out a copy for each of them. S .
You ’are required to find an answer to the fQ“D!\ﬂﬁg que;t’iorgz
ARE REGION A AND REGIM B OF EQUAL EIZE? HOM DO fﬁU, KNOW ?

Try to make a conclusfon based on your findings. _

-, e e bt > -
P .
. - . T =
T —~ )
= =
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In Figure 6 below are two po’lygnni] rtgians, a quadrﬂ;terﬂ r!g‘iﬂﬂ A
-{with no parallel opposite sides) and a rectangular regiun B.

Trace and cut out a copy for each of them.

You are now required to Iook for an answer tﬂ.tﬁé following question:

ARE REGION A AND REGION B OF EQUAL SIZE? HOM DO YOU KNOW? »

. Try to make a coaclusioa out of this ;ctmf_;. e i e et et

Ve
. b
~/
T
~ —_—
I~ p - » -, - AL L ok, - A - rhi—;ﬁisw—i#
- e — = &“‘%’
Fig. 6



228

QUADKILATERAL REGIONS: SPECIAL CASES

Vo TRAPEZOID REGIONS

Investigation 3a: : o ' e e

rregian B (Figure 7). _ : .
Trace and-cut out 4 copy for €ach of them. RS

Below are two pu]ygnna1 re;inns a trapeznid regian A and a rectanguiir

’ . | 1
Now, you are required to find an answer to the following question: .
ARE REGION A AND REGION B OF EQUAL SIZE? HOW DO YOU KNOW? , N

Try to make a‘gpncjusian;éut;af,this activity.

ety 2l E up e e

Flg. 7 " .



Investigation 3b:

. ?26= x

" Below are two ﬂalygonal rigians, a trapeznid region A and a rectangulgr

region B (Figure 8),

" Trace and cut out a copy for each of them.

-Hqui you are required to find an answer to the following question:
- ARE REGION A AND REGION B OF EQUAL SIZE? MOM DO YOU KNOW?

Try to:!ise a conclusion out of this activity.

. A s i e
R L Ll

- AN
- . Hf: — = 7f§fr’ﬁﬁ R N R
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Fig. 9

‘Above (Figure 9) are twq polygonal regions, a trapezoid region A and
s rectangular region B. :

Tracé and cut out a copy for each of them.
You are required now to find an answer to the following question:
ARE REGION A AND REGION B OF EQUAL SIZE? HOW DO YOU KNOW?

£

Try to make a conclusion out of this activity. . Yo L '

. Y

- . R R e B e o i & ot T N il i St H g N



PARALLELOGRAN REGIONS

Investigation 4:

Below are two polygonal regions, a parallelogram region A and a
rectangular region B (Figure 10). - i

Trace and cut out a copy for each of them. )
Now, you are required to look.for an answer to the fbljoﬁﬁng question: .
. ARE REGION A.AND REGION B OF EQUAL AkEA? HOW DO YOU KNOW?

Try to make a conclusion out of tﬁi;Aactfvity.

§ig. 10 -



| RHOMBUS REGIONS

= L

Investiggtion 5:

In Figure 11 below are two polygonal reginns. a rhombus regian A and a

rectangular region B. . :

'Trace and cut out a copy for each of them.

. Now, you are required to look for an answer to the following questiﬁﬁ:
 ARE REGION A AND REGION B OF EQUAL AREA? HOW DO YOU KNOW?

- Try to make a can:lﬁsian out of this activity.

—

i =B A



N-GON REGIONS: N 3 5
REGNLAR PENTAGON REGIONS

Investigation 6: .

* . In Figures 12a,:.12b, and 12c below are three polygonal regi@nsi a

regular pentagon region A and two rectangular reginns B and C.

Trace and cut out a copy for each of them.
qu. try to find an answer to the following questions:

'ARE REGION A AND REGION B OF EQUAL SIZE? HOM DO YOU Klﬂi?
ARE REGION A AND REGION C OF EQUAL SIZE? HOW DO You KNGH?

Try to .make a conclusion out of this activity.

£ Fig. 12a
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_REGULAR HEXAGON REGIONS . 233

——

: Investig tion 7-

In F‘Igures 13a, 13b and 134‘. below are three pnlygcmﬂ reginns.
regular hexagon region A and two rectangular regions B and C.

- Trace and cut Out a copy for each of them. . :
Try now to find an answer to each of the fonowing questions: —

~ARE REGION A AND REGION B OF EQUAL SIZE?- HOW DO YOU KNOW? . S
- ARE REGION A AND REGION C OF EQUAL SIZE? WOW DO YOU KNOW? < -~

Try to make a conclusfon out of this activity.

L 4

Fig. 13a PP
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REGULAR HEPTAGON REGIONS |

Iavestigation 8:

In Figures 14a, 14b, and i4c below are three polygbuﬂ regions, a
regular heptagon region A and two rectangular regions B and C.

~ Trade and cut out a copy for each of them. ‘
You are required to try to find an answer to each of the. fbllowing quest
tions:

\ E e

‘KRE REGION A AND REGIOH B8 OF EQUAL SIZE? HOM DO YOU KNOH?

ARE REGION A AND REGION C OF EQUAL SIZE? HOW DO YOU KNOW?
Try to make a conclusion out of this activity.
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. REGULAR OCTAGON REGIONS

| Investigation 9: |
In Figures 15a, 15b, and 15¢ béiw are three polygonal ?egiﬂnsi a
regaiar octagon grgfon A and two rectangular regions B and C
Trace and cut Eut a copy for each of thes. '
Try now to find an answer to each of the follwing questions:

 ARE REGION A AND REGJON B OF EQUAL SIZE? _HOW DO YOU KNOW?
ARE REGION A AND REGION .C OF QUAL SIZE? HOW DO YOU KNOW?

[ L A

Try to make a conclusfon out of this activity.

-

F"g- 15a *
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REGULAR NONAGON REGIONS

Investigation 10: ‘ - , ‘ k\

In Figures 16a, 16b, and 16¢c below are three polygonal regions, a
qﬁ]ar nonagon region A and two rectlngu1ar regfons B 1ndi§§f

Trace and cgt out a cupy for each of them. ' < -
) iTr{ now to find an ansﬁer to each of the f&iiéﬂing questions:

_ARE REEIDN ‘A AND REGI'ON B OF EQUAL SIZE? HOM DO YOU m?

‘A/RE REGION A AND REGION C OF EQUAL SIZE? HOM DO YOU KNOW? N

Try to make a conclusion out of this activity.

4]
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T ' REGULAR DECAGON REGIONS
Investigation 11: . ;‘ng ga—

In Figures 17a, 17b, and 17¢ below are three polygonal regions, a
regular decagon region A and two rectangular regions B and C. ’

7 Trace and cut out a copy for ciﬁh of them.

Try now to find an answer to each of theﬁfo]laiing questions:
ARE REGION A AND REGION B OF EQUAL SIZE? HOW DO YOU KNOW? e ey e
ARE REGION A AND REGION C OF EQUAL SIZE? HOM DO YOU KROW?

‘Try to make a conclusion out of this activity. A

a et et ke
) .
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REGULAR DODECAGON REGIONS

Investigation 12:

In Figures 18a, iEb, !ﬂi 18¢c below are three péiyggnal regions, a
regular dodecagon region A and two rectangular regions B and C.

‘Wf Trace and cut out a copy for each of them.
Try now to find an answer to each -of the follwing questions:
ARE REGION A AND REGION B OF EQUAL SIZE? HOW DO YOU KNOW?
ARE REGION A AND REGION C OF EQUAL SIZE? HOW DO YOU KNOW?

Try to make a conclusion out of this activity.

Fig. 18a B —
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PART" THREE .
AREA  FORMULAE
- - ' ) . 7
-, )

It is shown above (Part fuo), through the previous activities, that
each triangular, quadrilateral, and-reguiar n-gon region, where n -AS, 6,
7, ‘};. can be decemposed into a rectanguiar region. Now, we are in L T~
position to set: up the following postulate for the area of a rectinguhr
region and use the Piece-Wise angrueﬁcy notion (cut-and-cover) to ded-
:.uce the area formulae for triangular, quadrilatral, and regular
h-gon regioﬁg. )

—
]

The Area Postulate for a Rectangular Region = —

B |

The area of a rectangular region {s the
prdduct of its base and its altitude |
(Fig. 19). |
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Rm rk

In a rectangular region, two eénééeﬁti've sides would be a base am:j_gn::
aititude. Therefore, the area of a rectangular region can be rephrased

The product of any two cosecutive sides.

Thewlrﬁeg FormuTa 0f a Paral

lelogram Region

Given a parallelogram regifon BCDE of base = b and altitude-= a,-

it is ptece-wise congruent with the rectangular region FEHI (Fig. 20).




fherefbre,

Using relation (1) above, we have

That is,

the area of a paralletogram region is

the product of its base and its corre-

sbonding altitude.

= = o = s = ==

&
-

The Araa Fbr-ula of a Trianguiar Regiﬂn

= :\ ) . o -253
Area of BCDE = Area of FGHI. ~
Area of BCDE = b . a e ()

Let BCD be a triangular region of base = b andriititude =a.

It is piece-wise congruent with a parallelagran rEgion of b;se

and altitude = }a (Fig, 21). Also, ft is piece-wise congruént

a rectangular region of base = b and altitude = }a (Fig. 22).

gase I:
The TriaﬂguIar region BCD is taken as right K3 !Cut! 6r

™

-anglg in both Figure 21 Iﬁd Figure 22,

= b
i1th)

qbtus;;_   )

e e
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The plece-wise eaﬁgrﬂéncy implies, .
Area of BCD = Area of EFGH.
And using relation (2), it follows that

Area of BCD = kb . a (3).




-

i

That 1s,

~ the area of a triangular region is half the pro-

doct of its base and its corresponding altitude.

" Fig. 22

The piece-wise congruency implies that ' Lo i

" Area of BCD = Area of KLMN.

H




. ]
@
[ ]

Using relation (1);*1; fb1iii;;§li§ :

¢ EINERTNBPLL. ettty

The Area Formula of a Trapezoid Region °

A!:Eivln‘l:triplZﬂfd Figian‘BEBE 6f lower base = bl, upper base = bz ,

~and ;jtitnde = a, 1t is piece-wise congruent with the triangular region

FGH' of base = b, + b, , and altitude = a (Fig. 23).

" Area of BCDE = Aréa of FEM.

-



Using relation (3), we have'

Given a square region,
]

Arta Bf FGH = k‘bl + bz) LA and hgg;gﬁgg_ﬁggﬁgfﬁﬁ

.ﬂ;,i,

Area of BCDE = !i!(bl bz) ,(‘f)!

the area of a trapezoid region is half the

product of its altitude and the sum of its

bases.

it is a spectal case of the rectangular

regifon and therefore its area can be taken as the}pﬁdu:t of any two

cosecutive sides which yields &s area as the Square of the length of .

its side. Houever, the fo1'lav1ng is another way of pmducing the area

formula for a square region

Let BCOE be a square region wC\the length of its side = X.- It

is p'lece-wise congruent with a

altitude = X (Fig. 24).

B.
NS
\-
X
2
E X

a triangular regfon FGH of hse = 2X and
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Thus, : ST ,
Area of BCDE = Area of FGH.’ - .
Since the area of FGH = }(2X) . X ... by (3), it follows that ,!
. T ,
Area of BCODE = X2> L. (9).
mt 13. -

the area of a square region 1s the square

of the length of jts. side. )

“The Area Formula of a Rhombus Region

et——
——

Given a rhombus region BCDE of major dfagonal BD = X and minor dfa-
gonal CE = Y, it is piece-wise congruent with the rectangular region FGHI

of two consecutive sides equal either XX and Y or %Y and X respectively

(Fig. 25a & b). . - 4
u.g/ . F 6
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. It follows that

- Area of BCDE = Area of FGHI. . )
Since the area of FRHI. =% X . Y (or kY .X) ... by (1),

Area of BCDE = % X . Y ... (6).

el

- That fis,

the area of a rhombus region 1is

i

half the product of its diagonals.

The Area formula for a Regular Pentagon Region

Let BCDEF be a regular pentagon region and let thé point 0 be it;

center. Join the center 0 with the VErte?ieS'B,'c. D, E, and F and 1et
fts side = b and the altitude of one of

(Fig. 26). 1t is then piece-wise congruent with the rectangular region

KLMN of base = b and altitude = 5(ka).

he five congruent triangles = a

. / .
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Area of BCDEF = Area of KLMN.

#

And ’

Area of BCDEF = (5/2) b . a ... (7).

= | )

Fig. 26

Similar figures to Figure 26 will show that for regular n-gons
with n = 6, 7, 8, ... formula (7) holds. .
' In general: Given a regular n-gon rggjén, neZ+, n3 5, with the
length of its side = b and the altitude of onercf the n triangular regians
équaiS'a. it is piece-ﬁisg*cnngzggnt wigh a rectangqiar region of two.

consecutive sides equal b and n(ka) respectively (Fig. 27).




"Therefore,

Area of a regular n-gon region = (n/2) b . a

where

regions.

n = the number of the sides,
b = the Tength of each side, and

a = the altitude of one of the n congruent triangular
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APPENDIX 8 - SRR
_ THE TEACHERS' MANUAL o B
mﬁ :;‘; . .
= ,*:{ Co e e , THE uﬂIT e F 7 -v»s-.f . = e ‘< L= 2 Soe
The 1ncludld rgnarks in the TEACHERS' MANUAL are Anteded to pres:nt

some suggestions and pra:tica1 help in teaching the UNIT (App. A). They
1nc1udg some POSSIBLE solutions tg problems rafsed in the UNIT such that
some of -the teachers' time would be saved. However, this MANUAL is comp-
lete only in 1ts essentfals; some details are omitted.

Twa types of teaching aids have been prepared for the UNIT. .

1. Transparancies: Appendix B contains their masters. For each
;activity or part of it there is a transparency that contains_a possible
solution and an intended conclusion.

2. Magnetized card board models: For each polygonal region invol-
ved in the derivations of the area farmuiaé (part three of the UNIT), —
a magnetized and already decomposed card board model is prepared. Thus, -
in deriving a particular area formula, the related model would be displ-
ayed on a magnetic board, the required decomposition and motions Qnu]d

be demonstrated, and the wanted area formula could be derived.
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~ PART ONE
DEFINITIONS

For the two sets of exercises, Exercise Set 1 and 2, I1theugh :
there are many iuys for triangulating pa]ygun:l regions the belauing

two types are felt appropriate:

1. Vertex - Vertex Triangulating. 7
For example, dissect through the diagonals.

Fig. la

2. Inner Point - Vertex TF)anguiating.

For example, dissect through 1ines joining the center and the

vertices.

The point C in the Figure below can be taken anywhere instde the

region.
ﬁ’ o
Fig. 1b S T L
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LABORATORY INVESTIGATIONS

“TRIANGULAR REGIONS

Iﬂvestfgatiaﬂ la:

Bisect the two sides of the triangular region; join the two
points; cut through this 11ne; and a half turp will give a possible

solutfon. You may use transparency #1.

base Fig. 2
Investigation }b: ,
Bisect the two sides; join the two points of bisection; drop

a perpendicular on this Yine (the bisecticn.Tine); cut tpraugh these
two 1ines; and a half turn counter-clockwise and clockwise will give

7; possible solution. You may use transparency #2.

LT ]




Investigation lc:

Bisect the tna‘;ides;:jnin the points of bisection; dr;iia perpen-
dicular on this line from the lower right vertex; cut thraﬁgh these two

Tines; and the motions of a half turn and a slide will §1ve a possible

solution. You may use tranparency #3.

. fan, ) j;';
Investigation 1d: ¥ Flg. 4

Drapz§rperpeﬁdicuiar'11ne from the upper vertex on the base; cut
* through this 1ine; and the'motions of a flip and a half turn will

provide a possible solution. You may use transparency M.

L

-

: 7 Fig. §
Investigaxian le:

Follow the same procedure af;Investigatfan 1d above. You could

o o . o \; - “ . ) .
use transparency 5. | “\ ;.-ﬁf' . E L -

% ) . —
B . . . s . ® = o oev = . ————— i
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E QUADRILATERAL REGIONS: GENERAL CASE

Investig&f?on 2:

¢ - B
Choose a diagonal; draw it and you have two triangular regions;
apply Investigation 1b's method on each of them and you will have a
. possible solution. You could use transparency #8.

= s
Fig. 6
QUADRILATERAL REGIONS: SPECIAL CASES
| TRAPEZOID REGIONS

Investigation 3a:
Bisect the two sides; join the points of bisection: cut through

this Tine; and a half turn will provide a possible solution. Use
' t#&nsparency #7. As you notice, this pattern is identical to that for

Investigation la above.




. 267

) Investigation 3b

_Bisect the two sides-'jgin the pgints of bise:tian, drop a

perpendicular on this 1ine from . any point you may choose on the

clockwise,and clockwise will provide a possible solution. Notice
that the pattern here is almost {dentical to the Investigation 1b's

pattern. You may use transparencies #8, #9, and #10.

[l
[
fud

Investigation 3c:

Choose‘i point on!the upper base?.drap a perpendiéuiar 1ine from
? tthis point on the lower base; cut through this 1ine; and the matians

of flip and a half turn will .give a possible solutfon. Note that 'v
the pattern here is almost 1dent1za1 to the Invetigation 1d's pattern

You may use transparency #11. ¥

~N
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. PARALLELOGRAM REGIONS
Invetigation 4:
Choose a point on the upper base; drop a perpendicular line from
this point on the lower base; cut through this Tine; and the motion
of slide wil) provide a possibie solution. Note that the pattern for
this activity is {dentical to the Investigation 3c's pattern. 1nu‘|ny
use transpa}ency #12.
2 , 2 / .
-— / NN
. . 1 h
. / :
Fig. 10 L

RHOMBUS REGIONS

Investigation 5:
Draw eifher the major or the minor dfagonal; drop a perpendicular
line on the diagonal from one of the other two vertices; cut through
these two’lineﬁ;la;d’the motions of f1ip and a half turn will proyide
’g_possible'solution. You may cut through both‘diagonals. Use trans-

parency #13.
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' N-GOM REGIONS: N 3 5
| REGULAR PENTAGOW REGIONS ‘
in;estiltgn 6: . | .
Eal- For the first. !ﬂs p concerning Ml the

) fﬂﬂuuing procedure may be followdl: Partition the ngu‘la‘r pentagon
regian (region A) into five congruent triangular gubregians; apply
Invetigation 1b's pattern on one of the triangular regions; repeat

" the procedure on each of the remainig trtmguflf subregiéns; re-

arrange the piét;;s to cover regfon 8 completely and a possible sol- -
utfon 1s ﬁvidﬂ (Fig. 12). you may use transparency #14.
CASE 2. Far the second question :nn:ming nginns Aand C, o
proceed as follows: Partition the rigiﬂ;r pentagon region (u-giﬂn A) T
- as in case 1 into five congruent tﬁangullr subregions; apply - B
vgstig:tion 1d's pattern on one af these subregions; repeat ‘f‘he
\

_progedure on the ‘rest of the subrigiﬂas, rearrange the ph:n to *
cover region C cmpletely and a asibh solutfon 1is nde (Fig 13)

You may use transparency #15.
ks
- i -
¥ ——
Ve B P
‘ Fig. 12 ‘



= Fig: 13

REGULAR HEXAGON REGIONS

. : +

Investigﬁti&n 7: - | - . L \

7 For the f'!rst question on regfons A and B and. the secoﬁd question
on regians A and C repeat ths Investigatinn 6's prucgdure Case 1 and
Case 2 r—espe:;tive’ly and a possible salutfon 1s made. Use—tr_ansparencg
#16. | | : B

“ REGULAR HEPTAGON REGIONS

Reﬁgig the :WVEStigatfén 6's procedure. Use transparency #17.



e " REGULAR OCTAGON REGIONS, . . - .
‘ Jré*ms westigation 9° o e
/’f Follow the Investigation 6's procedure. Use tra@ucy #18.
REELLAR NDNAGGI REGIONS .
Investigtian 10:° ° ‘ ¢ o
Repeat the procedure Fﬁr investigatiun 6. u§eitransp;rEﬂGy,¥19i
| © RecuR DECAGON REGIONS

Repeat the Investigatiun 6'5 prngedure u;e transpirency JEG

A

REGULAR DODECAGON REGIONS

Follow the Investigation 6's procedure. Use transparency #21.

= £ -
- .

* PART THREE
AREA FORMULAE

This section is part three of the UNIT repeated here. In :ddit%an,
a pa:kage of magﬂetized card board models 1is prepared as a teaching iid;
- for the derivations of tha formulae. It contains 14 modele representing
j’aéfﬁ§*14 figures inﬁluded in part three. Each model is éecaﬂ%nsed sdfthat
the. re]ated rearrangement can. be demonstrated as well as the motiéns 1"-
| vo1ved and that the reIated area formula can be deduced. The students
may participate in demonstrating the mat1ans and the rearrangements

thm"ﬂﬁﬂut tﬁis section. - o S 4
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N INVESTIGATION 1A ~
\ A S —
: R
' S U y
7 T o
) g F\» - \ -’ P)
r
' N 1
B , < -
1 \ ' .
! TN -
1 <« FIG, 1
~ CONCLUSION:®
. nEcmPosm INTO A RECTA;JGULAR REGICN
THE TWO REGIONS ARE PIECE - WISE CONGRUENT, | -
“fHAT‘xs,. THEY ARE OF EQUAL AREA.,
- | IN OTHER WORDS: ONE REGION CAN BE CUT UP
e weromm | INTO PIECES WITH WHICH WE CAN COVER THE. I arae

' 'LKOTHER REGION COMPLETELY,



»“'THAT 18, THEY ARE OF EQUAL AREA.

... | LN OTHER WORDS: ONG -REGION (ANY ONE) CAN | - ..

BE CUT UP INTO PIECES SUCH THAT WE CAN
COVER THE OTHBR REGION COMPLETELY,




INvESTIGATION 1c

!

coucwsmn _ S T
@CHMMMCA*JBE T
DECOMPOSED INTO A RECTA i

&)

’ THE Two REEIQNS ARE PIECE-WISE CDNGRUENT;
. THaT Is, THEY 'ARE OF EQUAL AREA.

1. wrse o mewoee o LN .OTHER WORDS: ONE REGION CAN BE CUT -’L-
o .. - | INTO PIECES SUCH THAT WE CAN CQVER “THE
.{ OTHER REGION ﬂQHPLETEgY-




CONCLUSION:

Fie. 4

-

EACH LSOSCELES IR

-
=3

| THE TWO - REGIONS ARE PIECE-WISE CDNGRUENT,

VTHAT IS, THEY ARE OF EQUAL AREA,

- | IN OTHER WORD : ONE OF THE TWO REIONS

(ANY ONE) CAN BE CUT UP INTO PIECES SUCH
THAT THEY CAN BE REARRANGED TO CDVEE THE
DTHER REEIQN EGHPLETELY.

; REGIQ‘I CAN BE i
DECOMPOSED INTO A RECTANGULAR REGION

a2 i — —

: e e
- = e - R\ P
s - LA

= = 3
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‘ a | . . ‘ B ' . | ‘.j’-'v..' " ’ “ V

f ‘ . . R ‘ o . ,‘, i C
. InvestigATION 1E L \ -

FIG. 5 '.
. .

~ CONCLUSION:

EACH EQUILATERAL TRIANGULAR REGIOH CAN BE
| DECOMPOSED INTO A RECTANGULAR REGION:

y i

Yy Y Yy

S

IN GENERAL , FROM THE FIVE PREVIOUS ACTIVITIES:WE HAVE:

4

ANY  TRIANGUMAR, REGION WHATSOEVER CAN BE
DECOMPOSED INTO A RECTANGULAR REGHON




SOt JTTHRTVL
A rans
L T s T

-

'Fxc;f6

— —_— .

EACH CONVEX QUADRILATERAL REGION -CAN BE
DECOMPRSED INTO A RECTANGULAR REGION,

THE REGIONS ARE PIECE-WISE C(NSR!.EN’I’

‘1.€ OF THEM CAN'BE CUT INTO PIECES SUCH
WTDEYCANBEREANWEDTOC(NERNEE“‘ER

REGION COMPLETELY.
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Invest IGAT ION E{g ] [
s
A =
-  — ol 2 . N o eetd
R £ S .
I N\, 1
o \
Fie, 7
© CONCLUSION: o
— s
—/ EAGH RIGHT ANGLE TRAPEZOID REGION CAN BE
: DECOHPOSED INTO A RECTANGULAR REGID‘I .
... | INOTHER woRDS, THE TWo o REGIONS A & B.ARE | .
oo LPIEE-HISE CONGRUENT ., THAT 1S, ONE REGION
CAN BE‘Eﬁ‘ INTO PIECES BY WHICH WE CAN COVER
THE OTHER REGION COMPLETELY, |



2. v T L@ R 2.0

+  INVESTIGATION 3B: THERE ARE MANY POSSIBLE DECOMPOSITIONS -

-

EDR THIS INVESTIGATION,

. T : .
' . THIS IS ONE OF THEM,

LN
~
(%)

#

| Fie, 8

.'CONCLqSIOH
EACH 1 m:m REG&LEE TRAPEZOID REGION CAN BE

DECOMPOSED INTO A RECTANGULAR REGION,

| Jo
- - L
.| IN OTHER WORDS, THE TWO REGIONS A AND B

" ARE PIEEE-HISE COHGRUENT o v+ THAT ls, ONE .

REGIQN CAN BE CHT UP INTQ PIECES WITH WHICH

———

1-WE CAN COVER THE OTHER RE&]QN CWPLETELY-
—————————— e ‘.

.

=
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INVESTIEATIQN 33 = A SECOND PDSSIELE DECBHFQSITIQN

 CONELUSION:

. Fie, 88
(2ND DECOMPOSITION)

EACH NON-REGULAR IRAPEZQID REGION CAN BE
DECDHPOSED INTO A RECTAJGULAR REGION,

| THE CONVERSE HOLDS,

1 IN OTHER WORDS, ‘THE TWO REGIONS A & B ARE

PIECE-WISE CONGRUENT ,,, THAT IS, ONE_.RE-
GION CAN BE CUT UP INTO PIECES WITH WHICH
WE. CAN COVER THE OTHER REGION COMPLETELY,




el Ly

) ’ I" - * = _ _ -
INVESTIGATION-3B - A THIRD POSSIBLE DECOMPOSITION,

A
- - % i . —
| / AN
/ o
2 - 1 N
) ‘' Fre. 8- .
‘ _ (3RD DECOMPOSITION)
CONCLUS TN | | B |
[EACH NON-REGULAR TRAPEZOID REGION CAN BE® | :
DECOMPOSED INTO A RECTANGULAR REGION,
{

IN OTHER WORDS, THE TWO REGIONS A & B ‘ARE _

PIECE-WISE CONGRUENT .,,, THAT IS, ONE
REGION CAN BE CUT UP INTO PIECES SUCH THAT
THEY CAN BE REARRANGED TO CGVER THE OTHER

REG I ON COMPLETELY, .

- E



o #1) s
INVEsTIGATION 3c: L '
— e f

ONE POSSIBLE ECDHPGSIT!DN. \ '

H
SECOND POSSIBLE DECOMPOSITION: -
! 1
B | \\ 1
o .
g S
-Z0ID REGION CAN BE DECOMPOSED’
"REGION.

TWO REBGIONS-A & B ARE PIECE‘

HISE CQNGRUENT voo THAT [S, ONE REGION CAN BE - -
CUT UP INTO PIECES WITH WHICH WE CAN COVER -THE_

OTHER REGION COMPLETLY, —

. _FROM'THE'INVESTIGATIONS 3A, 3B, & 3C, WE CONCLUDE
THAT ANY TRAPEZOID REGION [S DECOMPOSABLE INTO A RECTANGULAR
RESION.™ < o ! .



_ InvesTiGATION 4:

~ - o
- #12) - .

CONCLUSTON:

-

Fi1e. 10

!

| INTO A RECTANGULAR REGION.

EACH PARALLELOGRAM REGION CAN BE DECOMPOSED

| IN OTHER WORDS; THE TWo REGIONS A & B ARe(

PIECE-WISE CONGRUENT (.. THAT IS, ONE REG 10N
CAN BE CUT P INTO PIECES WITH WHICH WE CAN
COVER THE OTHER REGION COMPLETELY. |




INVESTIGATION 5:

CONCLUSION:

ANY RHOHBUS REGIDN CAV BE DECDMPGSED INTD
A BEQIBHEHLAB REGION.

IN. OTHER WORDS, THE TWO REGIONS ARE PIECE—
WISE CONGRUENT ... THAT IS ONE OF THE
REGIONS A & B CAN BE CUT UP INTO PIECES

SUCH THAT THEY CAN BE REARRANGED TO GOVER |-

THE OTHER REGION COMPLETELY,




INVESTIGATION 6:

. FIRST POSSIBLE
DECOMPOSITION:

-

"~ CONCLUSION:

ANY REGULAR
PENTAGON REGION

' CAN BE DECOMPOSED
INTO A RECTANGULAR * .

- 286

REGION,

IN OTHER WORDS,
THE TWO REGIONS

A & B ARE PIECE-
WICE CONGRUENT, .,

THAT 1S, ONE OF
THE REGIONS CAN
BE CUT UP INTO

"PIECES TO ‘COVER
THE OTHER REGION
c ] Y,

PLETELY,



INVESTIGATION 6: =

-~ SECOND POSSIBLE
DECOMPOSITION :

# 15

CONCLUSION:

"IN OTHER woﬁns, THE TWO REGIONS A & C ARE PIECE-WISE .

ANY REGULAR P
DECOMPOSED 1IN

Fie, 12¢
ENTAG

REGION CAN BE

A RECTANGULAR REGION. .

‘CONGRUENT ... THATI IS, ONE REGION CAN BE CUT UP INTO

PIECES WITH WHICH WE CAN COVER THE OTHER REGION

EQHPLETELY

S

J



) * 16) |
INVESTIGATION 7 FIRST POSSIBLE e oo
2 ——e DECOMPOSITION: |
L B [T — —
‘ET;-’T@; FlG. ) 133
~ 1,7
SEcaun POSSIBLE )
3 DECOMPOSITION )
e ———
A - C - |
-Z, A ?‘%’ ————
o L Epj??mlk
er. 13a . N R 2 v 1
CONCLUSION: | |
L — Y REGULAR HB(AGDH REGION CAN BE DEC(JMPOSEB

INTO A RECTANGULAR REGIOI i
IN OTHER WORDS, THE/TWO REGIONS A & B ARE PIECE- -WISE.
CONGRUENT .., THAT IS, ONE REGION CAN BE CUT'UP'IN?Q N

) ZCES SUCH THAT THEY CAN BE REARRANGED TO C covsa THE
§ OTHER REGION COMPLETELY, .. )

(SIMILARLY FOR REGIONS A & .C),

!

I ~
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INVESTIGATION 8: ' S -
FIRST POSSIBLE N
DECOMPOSITION : R
< P ——
. — . . . : - _‘_ _\ : .
Fie. 14a - -~ - Fie, 14 P/ 3 3

" Fie. 14a . . Fie e 1':"32,

CONCLUSION:

ANY REGULAR HEPTAGON REGION CAN BE
DECOMPOSED INTO A RECTANGULAR REGION,

-

IN OTHER WORDS, THE TWO REGIONS A & B ARE PIECE-WISE

~ CONGRUENT .., THAT.IS, Oﬂﬁ REGION CAN BE CUT UP INTO. . . ... .

PIECES SUCH THAT THEY CAN BE REARRANGED TO C COVER THE
OTHER REGION COMPLETELY, — T

(sxmum_v FOR REGIONS A & C). .

. SECOND POSSIBLE - { 5
. DECOMPOSITIQN : -
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¢ _INvESTIGATION 9: . @18 & ‘
| FIRST ‘POSSIBLE
DECOMPOSITION: ]
B = ——
el B .
e o i
PR it
Fie. 155 |
_ s !qlaT \z
/ .3 \ o

SECOND. POSSIBLE
DECOMPOSITION :

’

. F16. 15a
~ CONCLUSION:

ANY REGULAR OCTAGON REGION CAN BE DECOHPBSED |
INTO A RECTANGULAR REGION.

THAT IS; ONE REGION CAN BE CUT UP INTO PIECES WITH HHIC.H WE |
CAN COVER THE OTHER REGION COMPLETELY

«o+ IN OTHER WORDS,
THE TWO REGIONS A AND B ARE pxecs—w:ss CONGRUENT, -
(smxum.v FOR REGIONS A & ¢),




| L @19 o — 2
INVESTIGATION 10:  Fioer possime | - |
- DECOMPOSITION: RS i
B
TRV =
_ %",;5-__;
F1g. 16a Fre, 168 | |
SECOND POSSIBLE.
\ _ DECOMPOSITION :
| C o
L B B B B
\\l' : : [ : : : :
=l2y bbb
 F1e. 15(:
! | Fls 16a . . |
« CONCLUSION i ANY REGULAR 10NAGON REGION CAM BE DECOHPDSE) \
INTO A RECTANGULAR: REGION | N S SRR

IN OTHER WORDS, THE TWO REGIONS A & B ARE PIECE- wxsE CONGRUENT -
THAT 1S, ONE REGION CAN BE CUT 'INTO PIECES WITH WHMICH WE CAN
COVER THE OTHER REGION COMPLETELY,

(SIMILARLY FOR REGIONS A & C).,.
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. Itvestieation 11:  FIRST possiBLE  G'2D)
— DECOMPOSITION: T
1 Q
’
. f=====1T7r=7
Fie, 17a v/ 3 \2\
Fie, 178
Seconp POSSIBLE -
DEEQHPQS{‘I“LDN
. - — \
,7 \z‘
C « :
ZRTT T TIrrTrTT
'\}\! A I A
Fle. 7a N~ [ by B T
il AR N W N G N
” " Fre. 17¢
: CONCLUSION

ANY REGULAR DECAGON REEIBN CAN BE DECOMPOSED

INTO A REﬁTAHEULAR REGION,, -

IN OTHER WORDS THE TWO REGIONS A’ 3 "ARE PIECE-WISE CONGRUENT
THAT 1S, QNE REGION CAN BE CUT UP !NTG PIECES WITH HHIEH WE

CAN COVER THE OTHER REGION COMPLETELY.

(smxmv FOR REGIONS A & C).
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' INVESTIGATIQH‘iZ="; FIRST POSSIBLE : S *
' — DECOMPOSITION: R S

O 21

SECOND POSSIBLE
DEGOMPOSITION :

T
l
|
|

Bt

\
- |

w‘;”f”'*"r

L— — — —, p—

1

, . 1
" .

‘L‘“-—" LI I
————

Fre. 18¢c

Fie, 18a
CONCLUSTION: ‘Any REGULAR DODECAGON REGION CAN BE DECOMPOSED

T~ _  INTO A RECTANGULAR REGIDN-

R o R L

~ IN OTHER WORDS THE TWO REGIONS A & B ARE Pigcélwzse
CONGRUENT .., THAT IS, ONE REGION CAN BE DECOMPOSED INTO _
PIECES WITH WHICH WE CAN COVER THE OTHER REGION CQHFLETELY.
(sxmwu FOR REGIONS A 2 ¢).

$55385833
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) “APPENDIX €
_OPINION ASSESSMENT ON GEOMETRY . - |
»’ ' / - .
NAME - < sthooL
GRADE 1 DATE _
, : , o o N

: s In each of the fifteen items below there are five categories of respond- -
ﬁf’, ing. Circle the one that you believe best describes your opinfon. WNote K
* that there are no right or wrong answers since your responses depend Jb
simply on your opinfon. Just give your honest feeling to each of the
items below. Notice that the meaning of SD, D, I, A, and SA are as

follows: - Ly
SD -- means Strongly Disagree ' .. - D -~ means Disagree
I »- means Indifferent : . K <= means Agree _
© © SA -- means Strongly Agree - | A
- A S | |
, lfi*Geoagtry is a pleasant subject. : 'f' SO D I | A SA:
2. Geometry makes me embarrased. SO D I A SA
3. 1 11ke to do geometric problems SR
in other subjects. . SD. D T A SsA
4. I Me working on my geometry : s .«
' homework. - L : - T
| - . -~ SB DI A_.SA
'S, When I have to do geometry I . , - -
. get nervous. : . sD 0 I A SA
6. 1 have always 1iked geometry | ." | :
in school. | SO D I A SA
7. Geometry is a boring subject. © . SD D I A SA o
87 Geowetry 18 g0t  useful sibject. &9 p [ A A
‘9. 1 can see gooictry eéverywhere. o - sD D 1 A SA



10.
11.
12.
13.
14.

- 18,

@

I am interested in studying more
geometry in coming years of ly e
schooling. o

Geometry is my mst hated subject ,
L]
Geometry is not a practical -

subject. ,

I enjoy trying d _}lcult mbl-s

" 1in geometry.

I would Tike to take more geometry

when I have the opportunity.

-1 11ke to help others with

geometry.

- 4

Y

SD

sp

s

SO

o>

295

SA
SA

SA

. SA.

SA



In each of the fifteen item

ing.
that

_APPENDIX D'

 OPINION ASSESSMENT ON MATHERATICS °

«—

SCHOOL _
DATE N

v
P

s below there are five categories of respond-

Circle the one that you belieye best describes your opinion.- Note

there are no right or wr

simply on your opinion.

: items below.
- follows:

ong answers since your responses depend

Just give your honest- feeling to each of the

SD -- means Strongly Disagree

I -2 means Indifferent

'SA -- means Stron§ly Agree

.

I 1ike to help others with

mathematics.

I would 1ike to take more

mathematics when I have the

opportunity.

I enjoy trying difficult problems o

* in mathesatics.

o

Mathematics fs not a practical

subject-._~

Mathematics is my most hated

subject.

I }n‘{ntérested in s
wmore mathematics in coming

~

fudy1ng i

years of my schooling.

I can see mathematics everywhere.

Mathematics fs not a useful .

subject.

- Notice that the meaning of 50, D, I, A, and SA are as

D -- means Disagree

. A -- means Agree

SD D I A  SA
J.

S0

o
»
4

SO D I A SA
SO0 I A SA

SO D I A SA
SO D I A SA_

SO D I, A SA,




10.

11.

12.

13.

14.
15.

Q
Mathematics is a‘boring‘subject.

I have always Jiked mathematics
in school.

When I have to do mathematics I
get nervous.

I 1ike working on my mathematics
homework

I like to do mathematical probiems

in other subjects.

Mathematics makes me embarrased.

Mathematics is a pleasant subject.

ik

sp
'SD
SD -

$D

Sb
SO

SO

C ey

Iy

297 -

CSA Y

SA

SA

SA

SA
SA



- .+ APPENDIX E.- }
TEACHERS' OPINION CHECKING ON THE UNIT

s

—— This survey is an attempt to obtain your present opipion on
the use of the Piece-Wise Congruency operation in teaching
polygonal regions in a plane. .You are being asked these ques-
tions because of your participation in the project involving
the use of the Piece-Wise Congruency operation in teaching
polygonal regions, their interrelationships, and their area
. formulae. Your opinion will be of assistance in forming an
overall assessment on the status of geomet®y and the use of
a manipulative (concrete) technique in a laboratory setting
for geometry instruction based on learning by doing.
-Names of students and teachers will not appear in any final
statement that may be made as a result of the project.

1. In general, do you favor the use of the Piece-Wise Con=
gruengy operation in geometry instruction?
. 2 i i

Yes ' . No -

2. If you insuer "Yes" to question i! at whit'grade do you
think the notiqn of Piece-Wise Congruency would be most
appropriate?  ~ _ _ : S

Below grade 7 Grade 7 ___Grade 8
Grade 9 Grade 10 ___ Grade 11

L 4

Grade,i}v'

3. If you answered "Yes" to question 1, please elaborate on

298

why you favor the use of the Piece-Wise.Congruency notfon,




f 6.

1

. Do you think that the use of the laboratory appFﬁiEh that
fnvolved tracing, cutting, and covering of polygonal reg1ans

creates ch:ntic situatiﬂns in the classroom?.

-

Yes o No '

I% you answered ??es‘ to questién 4, please give your
reasons. _ ' - ' ' :

If you ansuered 'Nn to questiaﬂ 4, please give your
" reasons. . :

In what way did the use of the Cut-and-Cover technique if.
grade 8 classroom affect your students' performance in
s§1v1ng spatial two-dimension problems? :




Do

8. In what way did the use of ti .
-1n grade 8 classroom affect udents' performance in
mathematics? - _ : ‘

-
.-

"~ 9. In what way did the use.of the decomposition technique in
grade 8 classroom affect your students’' attitude towards
geometry? ‘ . : ‘ -

- — e — — “—,
10. W11l the use of the Piece-Wise Congruency operation

fn grade 8 make your stydehts more-self-confedence .

in performing spatial tasks?

_ s . . *

fii“ — e — 3
[ X
ol 3 _ _

L o m;»-_: | _‘¥ v;;f- B

O T T T R oo e s § g s g ekt O x e e e e il



13.

14,

301

“In what ﬁay did the use ﬂf Cut- andﬁcnver technique in grade 8
clai%raci affect your students' attitude towards lifhematics?

In yodr opinfion, should the Edmonton Pub1i§ School Systén ;
adopt the use of the Piece-Wise cangrugnr__y approach in
grade 8 classroom?

Yes No No opinion

If you answered "Yes® to quetian 12, fnywhat level do you
think the Piece-Wise Congruency night & appropriate?

In yﬂur opinion, sheuld the Edmonton Public School System -
provide instructional materials to its students in the use
of the Piece-Wise Congruency approach?

Yes Mo No opinion _

S———— -

If you wish, make any comment you like about the use of the
Piece-Wise Cangruency appruach ifn school. -

Your comment:

#

(You may use the other side) N
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, REOMETRY TESTS* | | .
#‘ ST

(*)

The first pa1ygg

subtest v are
1978,

L e e e

nul regiﬂn of ftem numb2r 1 1n bnth subtest iv Iﬁd

ken from MATHEMATICS CALEHBER 79 af<spr1ngnr-¥1rllg,
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. POLYGONAL REGIONS
" VOCABULARY TEST
- - SCHooL
_ DATE .
~BELOW IS A COLLECTION OF FIGURES IN A PLANE. NAME
- — s - F
Mame : i




=

R



10.

xR mpemisTa AR T







A A e TN E
S

1. . | . 1)

« © . 2) Mot p.r

(11) 307

. S POLYGONAL REGIONS

DIFFERENTIATION TEST

NAME . SCHOOL
GRADE , " DATE

The fo’ll;uing is a series of regions in a pland. \Show whether or not

each region 1s a POLYEOWAL REGION. Give reasons for yolr responses.

Note that same of the regions below have one, two or more holes in

theu The abbreviation (p.r.) staﬁds-for,(v_r_ﬁj-gQHﬂ Region).

p:Ei

Why?

2. - ) . : ' 1) p.r.
| o | . 2). Mot p.r.
- o . _ Why?

1) p.r.
- 2) Mot p.r..

P A Rmeeh - i "




4. 1) p.r.
2')' Not p.r.
- . Why? )
Y o
5. 1)4.p.r.
2) Mot p.r. B
Why?
1 r!:

| o & ;
,1)/,-_’."- . - %
2) 'Not'p.r.

Why?




10.

-
2)

1)

2)

1)
2)

:-irgr . - - B
pi R::ir \ a -
Not p.r. | :
Why?

p.r.

Not p.r; -

Why?

Why?



(111)
POLYGOMAL REGIONS
- AREA FORMULA TEST

310

GRADE . ‘;?:' DATE

" RNSHER EACH OF THE FOLLOMING QUESTIONS .
' YOU MAY DRAN A FIGURE FOR EACH OF THEM,

QUESTION 1. '
" What is the area fgsrnjh for a triangular region?

QUESTION 2.
What 15 the area formula for a trapezoid region?

QUESTION 3.

What is the area formula for a parallelogram region? -

,E, A .

QUESTION 4. . |
~_ What s the area formuls for a rhombus region?




QUESTION 5. | - »

What is the arei formula f%r a square region?

QUESTION 6. ‘
What is the area formula for'a,regulaf pentigon region?

QUESTION 7.

What is the area formula for a rectangular region?

QuesTIoN 8. .

think you should 1earn first? Why? -

Hhich one of these area formulae you just wrote above do you .

a1



Y

PIECE-WISE COMGRUENCY
. THREE POLYGONAL REGIONS TEST

NAME - SCHOCL ~ _
GRADE D DATE

Below are three reg{cms in a plane: A, B, and C. Do you think some or
all of these regions have_the same size? Why? ' '

H [ ]
»

- . Ly

. -
M R e R R il




e e L e

Y

¥
=
R 5

3

[
™




i

-]

Answer:







[ A ) B <
TWO POLYGONAL REGIONS TEST. -

we o sgwooL __ -
GRADE ___ - _  DATE

Below are two polygonal regidﬁs in a plane, A and B ( you may think of
Vthem as two gardens or yards) ‘Which region, A or B has bigger sizg ar
- should they be of the same size? Why?

2

Ansaér:

e
e
- T - TR,
.- L - e e
- - b ke iy "
N F= e -
=



b

-
o .










RRADE

{v1) |
PIECE-WISE . CONGRUENCY

. RATIONAL NUMBERS TEST -

SCHOOL

320

DATE

Ee‘lau are six groups of ﬂgures eac:h of which his THREE figures.
thrée regions in each group have shaded subregions A, B, and C.
which uf these subregians A, B, anﬂ‘E dn yau think are equa1? th?

The

Now,

B

Ai_;sn’r:

,ﬁggjifi

Coae Tl
el
ix:‘ "-{;' '_i.r

. -4|" ;;l'.;“ B
i
X
~




L 4

.
-

Ansyer

Answer

v
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CHECKING ONE . 324

o o pATE_____
’ SCHoOL_____

Show whether 9:7 not each:rggien below is po-
lygonai aecéréiﬁg to the definition of palygan;%?
regign;  | | o

(a) 1) P:lygcngl regicnﬂ(é.fgliif
2) Not p.r. |

(b) 1) p.r.’
| 2) Not p.r,’

1) p.r. : S

-2) Not p.r.

Why?




Why? . ‘

(e)




- e o 326

, | " CHECKING TWO
PYTHAGOﬁEAN THE@REn!é CASE 1 - -

=

PYTHAGOREAN THEDRE'I IS ONE OF THE MOST IMPORTANT THEDRE'IS;
NOT ONLY IN GEOMETRY AND ELEMENTARY MATHEMATICS, BUT IN
ADVANCED MATHEMATICS ‘AS WELL . THE STATEMENT OF THIS THEOREM'
IS THE FOLLOWING: : : : .

INA RIGHT ANGLE TRIANGLE, THE SQUARE OF THE|
HYPOTENUSE 1S EQUAL TO THE SUM OF THE SQUARES
(OF THE OTHER TWO SIDES. VJ

;"8;

'LET US TAKE FIRST THE CASE.WHERE
THE SIDES ARE EQUAL , THAT IS,

FF = 6.
) E ‘
5 ¢
%, |
| \%,
A a -N&%,
; ; o
90
) F|  'siDE 6 -
B
‘ i |

NOW,
TRACE AND CUT GUT A CDPY OF EACH OF THE SQUARES A & B

'SQUARES A AND B., T

() SUCCEEDED IN THIS EXCERCISE, YQU HAVE, THEN,
ALREADY PROVED THIS IMPORTANT THEOREM!




< - ' . - S e 327
, ~_ .. . CHECKING TW0 '

PYTHAGOREAN THEOREM: - CASE 2 -

o

THI&,IS THE GENERAL CASE OF THIS THEOREH NHERE THE
sxnss ARE NOT EQUAL, THAT xs, EF *+ Fa.

o . 5
30 €?§.

V7 uwypoTemuse .
E ‘:;-"!F* ~ 6

__TRACE AND CUT OUT A COPY FOR EACH OF THE SQUARES ON THE
" SIDES EF AND FG., THE SQUARE ON THE SIDE EF IS DECOMPOSED
FOR YOU INTO THE REGIONS 1, 2, 3, £ 4, THE SQUARE ON THE
* s1pe FG HAS NUMBER 5, Now, TRY TO COVER THE SQUARE C BY
‘u,REARRANGING THESE FIVE REGIONS, B

*) SHOULD BE SUCCESSFUL, THE GENERAL CASE OF THE THEOREM IS
PROVED,



| S aze
) ) ‘NAME i — )
CHECKING THREE  SCHOOL: _ _
corT . DaTE: ,
EXCERCISE: ; —=
) » - . * i - 7\‘\"!(

IN THE FIGURE BELOW ARE THREE REGIGNS; REGION A, REGIQN

‘B, AND REGION C, As IT 1S SHOWN IN THE FIGURE BELOW, REGIC

A 1S DECOMPOSED INTO REGION B, AND REGION B 1S DECOMPOSED .
INTO Rssmﬂ C . THAT 15,

A ( decomposed :m-;ﬂ T
" R.sgzcm A__t  _ REGION B~_ REEIQN C -
NG Y ~

CAN REGION A, THEREFORE, BE DECOMPOSED INTO REGION C?
Ir S0, SHOW THE DECOMPOSITIONS REQUIRED FOR REGION A,

REGION B,
AND REGION C BY DRAWING BROKEN LINES ON EACH OF THEM, .
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APPENDIX H

PHOTOGRAPHS OF THE STUDENTS'

ORIGINAL CUTTINGS




03M-1st attempt

v e ———————————— .

TASK 1

05F-1st attempt

03H-Cnd attempt

330




19F-1st attempt , 19F-2nd attempt




27M

332

- 30F



T AT A v T ey o e s < x w m = g - .

O i e T,

333

44F-1st attempt 44F-2nd attempt



48li-1st attempt



s s L w4

05F-1st attempt

05F-2nd attempt




20F-1st attempt

20F-2nd attempt

336




30F

34F-1st attempt




338

84F-1st attempt 44F-2nd attempt






03)5-1st attempt 03M-2nd attenmpt .




34]

F

30



342

34F-1st attempt  34F-2nd attempt

41F : 44F



343

"46M

R b2 1 L




344

7 12N-1st attempt o 12M-2nd attempt
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20F

19F

30F

27M
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3‘% 41F-1st attempt

41F-2nd attempt 44F
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46M
481
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271

34F

30F



41F 44F

46M 48N-1st attempt



\ .. 351
SRR At 48H-2nd attempt




12M-1st attempt . - 12M-2n¢ attempt’

19F ' 20F



. 353

30F

27K

-

41F






TASK

i

Uy = T tisstisl card)

12M-Initial cuts 12M-Final cuts
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'L.'{.

357

L

41F . : 44F
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a6M | . 48M :

TASK 8

. - | o3
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20F

360



351

- 30F



\/\%‘_j - : 352 :

34F




44F

46N
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APPENDIX I

SOME STUDENTS' ORIGINAL ACTIONS ON GEOMETRY TEST VI:
PIECE-WISE -CONGRUENCY-RATIONAL NUMBERS TEST




U

Below mtumagﬂmnehazﬂém£ B
A, B, and C. Now, which of these subregions A, B, and C 4o you

Student O7F o
Pretest- Geometry Test (vi)

. 4 %
s - . =
. e Ao - B L = =- s i - .
e

)




S 3

: -
¥

-S.t-ude,ﬁti ﬁTF ;-Prgtei_st aqnt,inuesi "_'

i

gy



SR e " Student 07F - Pretest :
- ; S ¢ _ continteg- _—




.- . . oy "
- . ' °* Geometry Test (vi) )

Below are six grOups of figures each of which has three

ﬁ.gures. The three regions in each group have shaded subtegicns

A, B, and C. Now, which:-of these subregions A, B, and C do you ',

think are ‘gx_z 12 Why? _ : N . .

’ Student 07F-
' Po;_ttest - "eometny Test (vi)

69

. .

-
) =
— -
- » L — -F‘
1. v .
-
+ ¢ -
-
o
~ Lt <
. N e - -
/

A }
PP I e
Ly

’Answer- A * B SQQ d\\%fdh - X

. . . b - ' - ’ ) ‘ i V
2. . * . e : g |
R | | -
L™ - ‘ o
_ o '
~ »
| 1 ", ]
. . {
) g
13 ¥ Cf . ’
a - .:'
*
1'%
L ...
e i -
‘g e . .B...: A et
o oo YA LSS
. ;.,;ﬁ'; é’ ety .ng!.:-nn.ti .
..-.-..'. egee 0, ﬁ,:::..:: o
. e o Gl.d
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N . T a0
3 _ ~ Student 07F - Pésttest continues -

’ ‘i ’ A . f*;'i—s=F~"§j_




. v . : .
P . -
] &
* = s .
. . i . ‘: o . G . .
= = = B E“i’k{'f ’ . 171

 Student -07F - Posttevt
continues - o, T

L ]
"



LE =
[N S
§ Hyar

o : gfi Geometry Test (vi) . 7

‘i

A 372

Below are six gfﬁﬁpi of figures eaeh af vhich has three Lo "
flgﬁrnl. The three ‘régions in each greup have shaded- subregianl

A, B, and C. Now; which of these subregicﬂl A, E, and C do you

S
think are- gal? 'Why? . Student S1F

.« , B Pretest - Geometry Test (vi)

,
} -
} ‘ , 1
v e § H
N
| wu., &J Doerrid
. > .
= kS
- x '
- s7 '//f . - . )
' V L]
B #,;’:_"* !ri;‘_'f ‘,
) of ,ﬁg H " I
I I CRIS LR
i e il Vi.i ’
« ?:i*‘d
. Ansver: " " -
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* - _Student 51F - Pretest continues -
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‘VF
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Student 51? - Pretest .
continues - .
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1 o EEﬂmetry Test (vi) ; o 375

!igures. The threa regians in eg:h group ha%e shaﬂed ;ubrngian!
. A B, and C. Now, vhieh;ﬂﬁ these subregions A, B, lﬂd c da ng

think are eﬂal? m:xy? N

- Student 51F

. _ Posttest - Geometry Test. (vi)
’ -
1. .
) S .
R . . &

:\ . éi = ¥
- 1
E
%
Answer: ﬂf;
{
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A gl
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Student 5IF - Posttest continues -
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Student 51 - Posttest
cﬂntjﬂues -
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APPENDIX J -,
| 4

SOME STUDENTS' PERFORMANCES: O L
PROGRESS CHECKING TEST #2 . o

o~
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#

- PYTHAGOREAN THEOREM; - case’l ~ | (Student D‘"’

PYTHAEQREAN THEDREH 1S ONE' OF THE MDST IHPDRTANT THEQREHS, i
NOT ONLY IN GEOMEFRY AND ELEMENTARY MATHEMATICS, BUT IN pN
ADVANCED MATHEMATICS AS HELL. THE' STATEMENT OF TH!S THEQREH
1S THE. FGLLOWIHG' a L. . ”
IN A RIGHT ANGLE TRIANGLE, THE SQUARE OF THE| - .
HYPEIFENUSE 1S EQUAL TO THE "SUM 0 THE SQUARES' R
.| OF THE UTHER TwO. SIDES, . . )
;; £ 2; i . ’ -
. LET' Us TAKE FIRST THE CASE WHERE . i
THE SIDES ARE EQUAL , THAT 15, \
: .. oo ¥ .
EF = FEI' ' \ )
: .
t o
d “’é\
A8 % - -
IR N 4&
-~ F|  diod e %*’“ o E
B . o I 5 3 D% ‘ i |gé:‘:§ﬂ£p\ ;‘!:
e \ - <7 TE‘}'(:”'r i
S - g J -

NDW . 7 :
TRACE, AND CUT OUT A COPY OF EACH ‘OF THE SQUARES Ag B i

TRY TO CGVER THE SGUARE C usIng THE COPIES OF THE o
SQUARES A AND B ‘

¥
Y IV, - LR g gt e
a

*) SUCtEEDEn IN THIS ExczacxsE, Y?U HAVE, THEN,
- ALREADY PROVED THIS IMPORTANT Tihaﬁﬁﬂ RS

. B |
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PYTHAGOREAN THE’DREM:,,- CASE 1l- !(Stud“t:HF) - ! ‘.
PY'[HAGOREAN THEOREM IS ONE OF THE MOST IMPORTANT THEOREMS, - >
'NOT ONLY' IN GEOMETRY AND ELEMEWTARY MATHEMATICS, BUT IN -
ADVANCED MATHEMATICS\AS WELL . THE STATEMENT OF THIS THEOREM |
‘1

IS. THE Fou.owxm- i

In A RdeT ANGLE “TRIA}
HYPOTENUSE IS EQUAL TC

OF THI: DTHER Twn SIDES.

LE,. THE SQUARE OF THE
_THE ~ SUM OF THE SQUARES

LET uS TAKE FIRST THE EASE®HERE N B
THE SIDES ARE EQUAL , THAT 13,  °
- ]
EF = TG, N
\ 3 C A
¢ . W
A8 :
1 72] L .
' | Fia. sfoe]  |e
. E I
v ;" a T B
T ORI ’ 7
Row, N
. : . : 7 : o PR
TRACE AND CUT OUT A COPY QE EACH OF THE SQUARES A & B,
" - TRY TO COVER THE 5GUARE { USING THE €ORIES OF THE o
SQUARES A AND B, o .
™ CEEDED IN THIS EXCERCISE,. VYOU HAVE, THEN, ‘ -
kb ,

ALREADY%ROVED\THIS IMPORTANT THEOREM!
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PYTHAGOREAN THEOREM: - easg 1 - (Student 207)

PYTHAGOREAN THEOREM IS ONE OF THE-MOST IMBORTANT THEOREMS,
~ NOT ONLY IN GEQMETRY AND~ELEMENTARY MARYEMATICS, BUT IN
£ ADVANCED MATHEMATICS AS WELL . THE STATEMENT OF THIS THEOREM

'Is THE FOLLOWING: - i e ’
IN A RIGAT ANGLE TRIANGLE, THE SQUARE OF THE
HYPOTENUSE. IS EQUAL TO THE ' SUM GF THE SQUARES
OF THE OTHER é;p SIDES, - —_ J

R 4 *} ) ’ » p

"LET US TAKE FIRST THE CASE WHERE | by

THE SIDES ARE EQUAL , THAT IS, . 3

A ' EF = FG. : _ . ’
. £ . b
- —K A
/ R o
4 .
A
N
[~ = [F3] 6;";
A a * & B
2
90
. ~ F|  sfoE 6
: . \ By
N ' B
) . T~ B
. . v ' . E,L B »
. T S— -
~  NOW, T F

- TRACE AND CUT OUT A CQPY OF EACH OF THE SQUARES A 3 B,
TRY TO COVER THE SQUAREig USING THE COPIES OF THE
SQUARES A AND B.

R

™) : SUCCEEDED IN THiS EXCEREISE;‘YQU HAVE, THEN,
- - ALREADY -PROVED THIS IMPORTANT THEDREM



e . .\_}:» L
= ) ’ 7 v : - - 332,
. , * = ) e
PYTHAGQREAﬂ THz DREF - T
by CASE 1 :(Student\ZIH) _
PYTHAGOREAN THEDREH‘IS ONE OF THE MOST IMPORTAN! IHEUKEAS,.
NOT ONLY IN GEOMETRY AND ELEMEWTARY MATHEMATICS, nuﬂ IN %
ADVANCED MATHEMATICS AS WELL. THE STATEMENT OF THIS THEQREM
IS THE FQLLQHING‘ . 7

In A RIGﬁT ANgLE TRIANGLE, THE SQUARE OF THE
HYPOTENUSE IS EQUAL TO .THE SUM GF THE SQUARES
OF THE OTHER TWO SIDES, :

LET US TAKE FIRST THE CASE WHERE
TnE sxnss ARE EQUAL , THAT IS,

EF = FG. o / | ’ B
¥ o )
) TE
) , C
- 7 Vé,?s, A
- wl %
A al Yot
| ' 90 - Ly .
‘ AT
. K » 2 - K
L] : 1 Y
" NOW,: | ‘ o , ;
TRACE ANE-cuf OUT A COPY OF EACM OF THE-SQUARES Ag B_i;
TRY TO COVER THE scUARE C USINE THE COPIES = OF THE
SQUARFS A anp B. ‘
| . 'y
™ - "SUCCEZEDED - IN THIS EXCERCISE, YOU HAVE
THEN :
_ ALREADY PROVED THIS IMPORTANT ?qeoﬁsn? ’ -



o 383

PYTHAGOR EAN THEOREM' - CASE 1'- °  (Student 24r) .

PYIHAGOREAN THEOREM 1S bNE GF THE MOST IHPORTANT THEOREMS,
NOT ONLY IN .GEOMETRY AND ELEMENTARY. MATHEMATICS, BUT IN
ADVANCED MATHEMATICS AS- NELL THE STATEMENT OF THIS THEOREM

IS | THE FOLLOWING: . '.'

) IN A RIGHT ANGLE TRIANGLE; THE SQUARE - - THE |
) HYPOTENUSE IS EQUAL- TO THE SUM OF THE ARES '
OF THE UTHER TWQr SIDES;

P R e I

.
’6‘. v ) . B

LET US ‘TAKE FIRST THE CASE WHERE -
THE SIDES ARE EQUAL , THAT IS,

) " E/ ' \\‘ c ’,,
: KN ,
. N /s
\ 4 &}b} NS 2
¢ wi "%éi ﬁh{
‘ A a (’d‘ SN
‘ 4 ;n— N N ' .'I
N , 90 .2_,.’-0
oo Y '
' ~FY oy sicé 6
! ¢lq
-~ '
. 7By 2
gi !
R | |
, | -

NOW, ,
TRACE AND cur OUT 'A COPY OF EACH OF THE SQUARES A & B..
TRY T0 covsa THE SQUARE ( USING THE’ COPIES OF THE -

™) SULCEEDED IN THIS EXCERCIS HAVE, TI
HEN
ALREADY PROVED THIS IMPORTANT TH4EO EMNk ’ ’
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'FYTHAeaﬁEAN THEGREHva'tgés 1- l»(fﬁnk&t}lF)

{
NOT ONLY IN GEDHETRY AND ELEMENTARY MATHEMATICS, BUT IN

§

PYTHAGOREAN THEDRE! IS DNE OF THE MOST | IHPORTANT THEQRE’IS;

ADVANCED MATHEMATICS AS WELL , T§E STATEMENT OF THIS THEWREM

IS THE FDLLQ‘NING.

IN A RIGHT ANGLE TRIANGLE; THE SQUARE OF THE
HYPOTENUSE IS EQUAL TO THE ~SUM OF THE SQUARES
_ OF THE.OTHER TWO SIDES,

LET US TAKE FIRST THE CASE WHERE
THE SJDES ARE EQUAL , THAT IS,

- HOW,

~TRY TO COVER THE SGUARE C USENG THE ED“IES 0F THE
SQUARES A AND B

P

(%) SUCCEEDED IN THIS EXCERCISE U HAV
€, THEN,
ALREADY PROVED THIS fhPGRTANt TuEQQEM? ’ !

{ . s
»

TRSEE AND CUT OUT A CQP{JEF EACH OP TPE SQUFRES A 2 B

P R T .
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PYTHAGOREAN THEOREM: - CASE 1 - - (Student 35F) - -

PYTHAGOREAN THEOREM IS ONE OF THE MOSTNSMPORTANT THEORENS, }
'NOT ONLY IN GEOMETRY AND ELEMENTARY MATHEMATICS,-BUT IN . -
~ ADVANQFD MATHEMATICS ELL v THE STATEMENT OF THIS THEOREM °
T1S THE FOLLOWING fgk\\

. — >

In A R!GﬁT ANGL TRIA!JGLE. THE SQUARE DF; THE’ ‘
HYPOTENUSE IS ECOAL TO THE SUM OF THE SQU‘!PES
OF THE OTHER TwO SMDES,

LET US TAKE FIRST THE CASE WHERE
THE SIDES ARE EQUAL , THAT 15,

‘EF = FG. .

L

NOW, _ 7
TRACE AND CUT cut A COPY OF EAéH OF THE SQUARES Ay B,
TRY _.TO COVER THE sau RE C usinG fHE COPIES OQF THE -~

SGUARES A AND B / , , Co

. B e o L T B

*) SUCCEEDED IN /THiS EXCERCISE, YQU HAVE, THEN
ALREADY PROVED THIS/IHFDRTAN: THEDétH? g i

/

j

i
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[
PYTHAGBREAN TEEDREH'-EASE 1 -

(Student S4F) ~ .
PYTHAGQREAH THEOREM Is ONE OF THE MGST IHPDRTANT THEBE’ES,

NOT ONLY IN GEOMETRY ANB ELEHEN?ARY MATHEMATICS, BUT IN .

ABVANCED HATHEH#TICS AS WELL . THE STATEHENT OF THIS THEDREH
IS THE FQLLDHING.

R

InN A RIGHT ANELE TRIANGLE; THE SQUARE QF THE
HYPOTENUSE 1S EQUAL TO THE SUH DE THE SQUAPE$
A QE THE OTHER THQ SIDEB T

»
o~

- - [ . 3
LET US TAKE FIRST THE CASE WHERE -—-
'THE SIDES ARE EQUAL , THAT 1s, 2 TR
| " EF = TG, » o (AN N
I E . 7‘;
5|
' [x7 & , T Ay
If - 7 ,
C Coys Ry T T
‘ i ' : A af % \
L o i‘ <o
. 1.90
FQ‘\SIDE e
. y .
, , ]
\ X e, _
* N

) TRACE AND CUT OUT A COPY OF EAE:I?F THE s ARES' A g B A

, souaaes A AND B

*) SUCCEEDED IN THIS EXCERCISE, Y?U HAVE.. THEN,
ALREADY PRDVFD THIS IHPORTANT THEOREM!

Al




PYTHAG'DREAN THEQRE-'I; CASE l - (Studmt 55M) 0 —

- ] . €

PYTHAGOREAN THEOREM ‘1S ONE OF *j MOST IMPORTAN Henﬁsné
NOT ONLY IN GEGMETRY AND ELEMENTARY MATHEMATICS, BUT IN.

IS THE FQLLDHING‘

ADVANEED MATHEMATICS AS HELL THE STATEEEHT OF THIS THEORE‘LE :

INA RIGH ANGLE TRIANGLE, THE SQUARE OF THE
HYPOTENUSE \IS EQUAL TO THE SUM OF THE SQUARES
- OF TrE OTHER TWb SIDES,

LET US TAKE RIRST THE-CASE WHERE . / £
 THE SIDES ARE EQUAL , THAT IS, S

- E .

TRACE AND CUT oUT A COPY OF EAﬁH OF THE SQUARES A g B

— ®
o Sk
A w
. 0w .
90 &

TRY  TO COVER THE EUARE C USING THE COPIES OF THE

SQUARES A AnD B,

&8
t . . . :

*)

SUCCEEDED IN THIS EXCEKCISE, YOU HAVE, THEN,

ALREADY PROVED THIS IMPORTANT THEOREM!
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-_Pythagorean Theorem and S - 'n
Transformation Geamatry o e

 Although there are many clegdiftproofs m!ym:ﬂﬂﬁﬂgm
»  of the Pythagorean theorem (Looml 1968), . For the proof it is assumed that these two
f,ﬁmihﬁ--m?
because it is based on oaly two- , , FE
transformations. Its very simplitity makes ' ~
it casy o follow. Let’s begin by ssmming
we hive a plane figure (ig. 1) with AEFG, .
MLF=9 EF =) FG=a GEme¢, ad .-
To dempnstrate the proof, we will -de- bl \c
scribe & sedfes of motions with figures. Each
Klmmﬂm(tﬁphyﬂﬂlm , '
motion is used rather than the more formal —_—

/

512 Mathematics Te




" Motion 2: Translate tri-
. angle @ to the

right a + b units

to obtain tri-

angle ®.

Motion 4: Translste tri-
. . angle @ upward

a + b unaits to

obtain triangle

®. .




" ’ ) ’ . PE T It . ’”
R, g : L L ] Ve
. . Wy Q e L \ ,@ L .
s R .- % ! T
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tsin tri-

. N ﬂ. : -
T S — et g e e e i e g

' 2T 1 -’

* : T "
A g ] PR *w
; ! ] L | e . B " - !
J b e % g, P -
; e T [N 4

about E to ob-

cdockwine abowt

Iw

angle ®
Motioa 7: Rotate triaagie

} s,. S
,“6, ___,,__,;_. v Hv .
11,w|.l,l.F,.lli,r,ﬂ§ﬂ g e o M e g

g

.

¥ - [

%

PR 1)

six
the
€

FHI1J
whose sides are
of measurea + b

]

the

tain .
square whose

ie i:va ob- |

angle ® to the
to obtaia tri
angle O: By the

=
=

et o + b
previous

con
side m
®

tained
. squgre

otion &

-Moti
H
=
%
-

her
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"iv;:“

mn;le EFGK
90* counter-

S
'
e

-

mmﬂm(ﬂnlm)
From figare 2, ‘we-soe that "the two

L]

L L R e N —— ]

'y,

S

A%,

;Héiin‘n 9: Transiate the
.7 rectangle MNFL
: down a units to

put it in the posi-

-

qugu FHIJ and OQKS are congruent as
are triangles ©, 3, ®, D, ®, @, and O. Thus
subtracting the areas of triangles @, ®, @,
square FHIJ and
the areas of triangles ©, ®, @, and O from ~—_
the area of square ODKS yields another
proof of the Pythagorean theorem.

ﬁﬂ“ matics, 1968,

University of Alberia
Eﬁm;mmzss
October 1979 515
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