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ABSTRACT
i The purpose of the present study was to describe and
interpret the partitioning behaviors of young children in
order to gain insights into the development of the
partitioning mechanism; a meghgﬁism purpgrtéd to function as
a foundational g‘lmt in rational ‘number deve lopment .
| %Five tasks were devised. for the study, each one
enbaéyiﬁg materials which differed in substantive nature,
varied in mathema;i;ai difficulty, and admitted a modifiable
'partitiaﬁ%gg;praaedure. ‘
A clinical interaction technigue framed within a
discevery paradigm was t;e methcd@lagy emplagéd

i~

researcher interacted ujth the respondents in the cantgxt cF
caqtr@1ie§ yet flexible clinical sessions; sessions which
were characterized by intense abservatiéﬁ,'quest1gn1ng. and
Q'dyﬁamfc involvement. The clinical Qessiaﬁs were v1ﬂectaped
and audiotaped and later transgribed. ,

Following thefmethad of thgeret1ca] sampling and ‘in
a;card with the purpose of theﬁifudy,-the analysjs prcceék
and the selection of respondents were cﬁgglﬁg thrcughcut the's
period of data collection. The !ﬁ!Tys1S praeess endured
thrcugh three st;gea. immersion {during clinigal
interactions), reflection (between clinical sessions), and
documentation (following the data collection peﬁiad{i -

The respondents, all acquainted witpigpe researcher,
were chosen on the basis that they gguidiﬁreéiy interact

during a cltnical session. The sample consisted of 43



. children fram two kindergartens, a grade one, two, and three

) , ¥
class in a public schoo! within the Yellouhead’§chool ..

)

S

One task, the Cake Problem, proved to be highly

Division, Alberta.

effective in enabling children to demonstrate partitioﬁing
capabilities and techniqueg,.therefore.‘the descriptive data
and the major findings relate specifically to this proble.

. From {nsights gained during the datea analyéis. 2 theory
concerning the dgvelopmeét of the partitioning mechanism haé
been forhulatedeand is presented in the form of two ‘
‘propositions. T -

Proposition’l identifie; conceptual structures;which
updefgird the partitioning mechanism; structures ;;ich have'
their. genesis 'in basic number theory and transformation
‘geometry concepts. Proposillion 11 presents a hierarchy of
partitioning capabil#ties”in five stages.

The proposed stages are presented here in point form
while.highlighting three distinctive charact ’istics..
namel}: the operator ;} key concept developing during the
stage, the algorithm or procedure employed to produce the
partitions, and the domain or the extent of the partitioning
capabilities within the stage.

The stages are:

Stage 1: The Sharing Stage "
Operator: - breaking; sharing; hatf it.

Algorithm: - allocating pieces.

Domain: - social setting; counting numbers.

vi



Stage I1: The Halving Algorithm Stage

Operator: - pgftitieﬁ;%g in two; halving algorithm; no

not1an of Eﬁua11ty ' .' '
Algorithm: - repeated dichotomies. | (
Doqgin: - one-half and ﬂghér'gﬁit fractions whose denominate
numbers are powers of two. ! ¢ -
Stage ;QE The Evenness Sjg;

Operatar - equa1ﬁess. cangruency. halving algcr:thm

becoming mean1ngful,

Algorithm: - halviﬁg igorithm; geometry transformations;

extension af the ha'v algorithm to doubling arly partition

and add1ng twc parts. — ye
| » ; - J
Domain: = unit fraa&jcns with even denominate numbers.
Stage 1V: The Oddness Stage .
_ OpeFatﬁ“ - evenness; oddpess; search Far a new f11§t move ;
\.w‘

uge of the new first move: “geometry transformations. .°

Algorithm: - exploratory measures; trial and error:
;countiqg; éﬂé-by-éne ﬁracedUFei

Domain: - all unit fractions.

Stage V: The Primeness Stage

bperatc;w: - composition'of ﬁmberé (Fundamental Theorem of
Arithmetic); use of prime factors. .

Algorithm: - multiplicative. |

Domain: - all unit fraétions. .

vii



ACKNOWLEDGEMENTS
The present report is, in a way, the story of
people--of persons who freely gave of themse lves and their
time. Each served a particﬁ]ar role in the development of
the project and together transformed it into & pleasant
educa}ive expériencg; Thus, it is with a deep feeling of
gratitude and appreciation that thanks are ,extended tg:

Jgﬁi;ag Sawada, theé§% supervisor, from whom | captured
the spirjt of the research paradigm; for his availability,
firm guidance, and expert advice without which the report
would be much less than what it is. :

Dr. T. E. Kieren, whose own researchgprovided the
question and the theoretical framework for the study; for
his continued interest and assistance, and for the -
intellectually stimulating conversations it has been my
privilege to experience.

Dr. W. Laing, for her friendly encouragement, moral
support, and prompt, constructive criticism of the
manuscript. ,

f_s‘
~ Dr. J. Hiebert, Dr. P. MacFetridge, and Dr. L. D.
Nelson, for their willingness*to read and comment on the
report. .
a The superintendent of the Yellowhead School Division,
Alberta; the principal and teachers of the -participating

- school, for their warm acceptance and full cooperation

throughout the period of data collection.

4 The young children who were the respondents, for the
Jjoy of interacting with and learning from them.

A1)l my sisters, members of my Religious Congregation;
my family; and friends, whose loving concern and prayerful
support provided the strength and persevering trust I needed
along the way.

viii R



BN
Table of Contents
. Chapter | . Page
1. THE RESEARCH QUESTION ..%..............cccoevuriniit
A. Conceptual FrameworK ......................o.si.d
- The Rational Number Construct .g.....igii;;lgi
B. Purpose of the Study .),.....,...}ii..........,,4
ViC. Definition of Tgrms .......;.,.......',.,.......5
D. Design fo!%e Study .......5..oooiiliililll LB
JE. Significance of the StUOY ......................6
F. OrganizZation of the-Di§sgﬁf§tian I
- I1. REVIEW OF THE RELATED LITERATURE ..................8
A. Introduction igi,.i:g.i@;iég..,..g.ii.@i..g...;.é
- B. The Partitianiﬁg chhanism and Re]ated
Research ......................c .. e....8
C. Rational Number Concepts Young Children
Possess ........... ... i i 18
D. Partitioning Behaviors 1B
I11. METHODOLOGY AND PROCEDURES .......................19
A. ngearch Me thodo logy ggg.?!...,ig__,:.!..;;.i..19
B. The P10t STUY «.vovvenneennens .. 28
C. Entry Into the School Setting .................25
D. The Sample ...........o...'vivininininnnenennn.. 267
E. The Tasks .......l......,.i.i.i..i.f...........%5
F. The Clinical Setting ......... 1.iii_._ ........... 38
G. Clintcal SeBSION ......................c........40
H. Data Aﬁa1ysis .;..;.;g..;..;fii;g.gig,ig.-....535
IV. PRESENTATION OF THE DATA :.....:v..ocovnyeen......49

ix



A. Selected Transcripts ,.iig_!g.;igi‘g;.giiu.i.g,SD
Bro, (8:5) -ili..,.i_ig..;gig_g.f,.g!..g,i,,ED

Jou (81§3 L PP % |

Hof (B;10) ... ... it ineennn, 52

Doz (9:8) ... e e 56

B. The Findings ........iv.oevvvieunenennnnnnnn. ... 57
. The Partitioning Construct: Foundational
f Elements ...... ... ... ... . ... .........57

- Partitioning Behaviars Categories and

Description ................................58

Early Partitioning Behaviors .........58

The Halving Mechanism ................60

Rectangular Figure: Thirds ...........62

Rectangular Figure: F{fths Y -1

Circular Figure: Thirds ..............65

Circular Figure: Fifths '.............68

Circular Figure: Ninths .g;.L__.;..ngTD
The Selected Figures ..;,,........._i...i;;.70-
Structural Variances ...‘.,iigfi-;...i71

Difficulty Levels .................... 72

Stages of Part1t1an1ng Capabilities cee... 78

Stage 1. The Sharing Stage ........... 78



-

e s o P

R N Sy

.

§ ‘ ' R )
‘ . Stage II: The Halvimg Algorithm o
A Stage ,.!....,,.................._.!5.80
! . : . :
‘ . Stage 111. The Evenness Stage ........83
Stage 1V: The Oddness Stage...........86
- Stage V: The Primeness Stage ......... 91
ConclUsSIoN .. ..% .. it 93
SUMMARY, DISCUSSION, AND RECOMMENDATIONS ......... g5
K
A. Summary of the Investigation .................. 96
 The SAMPIE ...t 95
The TASKS . .vnovnrrrrnenainnnns. e eei....88
CoNCIUSTIONS . ... ... .. i i ety 97
Proposition I .. ..........¢teeennn. 98
Proposition 11 ..}i.g,-i..;i;i....gig;ga
B. DiSCUSSION ...ttt e ey 101
The Research Methada1agy .................. 101
The Findings ...........iuiieierriienmannens 103
Development of Partitioning -
Mechanism: the Proposed Stages ......104
Difficulty Level of the Selected ’ ,
Geometric Rggiens R R R 1)
Dominance of the Halving Mechanism .. 106
E Order of Achievement of Unit :
Fraction Partitioding Capagllity _..,lﬂs
The -Significance of the Stages /.i,....;gg.IUT
C. Recommendations for Further Research B 11

Xi



D. Concluding Statement .........................110
BIBLIOGRAPHY - oo ovvoneee e e
APPENDIX A. LETTER TO PARENTS oo 110
APPENDIX B. DATA SHEET oo ovovroeeee e 120
APPENDIX C. SELECTED TRANSCRIPTS .........vvvveeevnnnnn.. 125

- e .
v {
{




Table

11

I11

Iv

¢

List'of Tables

Page
Rectangular Regions: Successful and Unsuccessful
Partitioning by Grade ................ ... .. 0.t 73
Circular Regiom—SUccessful and Unsuccessful. _
Partitioning by Grade ................iiiiiiiniennn 75
Rectangular and Circular Regions: Percentage of
Successful Partitions Ach1eved Halves and
Fourths, Grade Levels ......... .o, 77
Rectangular and Circular Regions: Percentage of
Successful and Unsuccessful Partitions Achieved,
Thirde and Fifths, Grade Levels .................... 79

xiti




N

List of Figures
Figure ’ | _ ~ Page

1. The Rational Number Construct .......................3

2. Information Flow ..... R

3. The Clinical Setting ..

4. Eariy Partitioning Behaviors: Circulgr and ,
Regtangular REQIONS ..\ .vvrvieveneeereerenseanneen.B9
5. Partitioning Behaviors: Rio (5;0); Lon (5;6) .......82
6. Partitioning Behaviors: Eighths and Sixteenths, )
Circular and Rectangular Req1ans e RN - X
7. Partitioning Behaviors: Fifths and SEVEﬁthS.
Circular and Rectangular Regions ........... 11
8. Partitioning in Eighteenths: Circular Region .......93

xiv



e

' 1. THE RESEARCH QUESTION
A. Conceptual Framework -

A working knowiedge of rational numbers is a realistic
goal; howevér. recent national and :ir-r;vinéiai assessments
(Carpenter, Corbitt, Kepner, Lindquist, & Reys, 1980 a,

1880 b; Olson, Sawada, & Sigurdson, 1979; Robitaille &
Sherill, 1979) reveal that far too many students fail to
achieve this goal. The question arises as to why this is so.
An examination of the rational number construct may shed
light on possible answers to this query.

The Rational Number Construct !

Among the reported attempts made to deliffeate the
cognitive aspects of rational numbers (Hartung, 1958;
Kieren, 1576. 1980 a, 1980 b; Rappaport, 1962; Streefland,
1978; Usiskin, 1979), the work of Thomas Kieren has been the
most comprehensive. Kieren views the system of rational
numbers as a 6omﬁlex construct with many representations
arising out of real life situations. -

Rational numbers are seen to have a kind of dual
existence (Kieren, 1980 b). In one appearance they are
guantities which can be added (e.g. One-fourth cookie and
one-half cookie is as much as three-fourth cookie.), while
in another they are functions (or reiaticnghips between
quantities) which can be compared and thus are
multiplicative (e.g. One-fourth of one-half of a candy bar
is one-eighth of the candy bar.). Because of these two

£



interpretations, rational numbers are means of describing
different real life situations. ?

In unraveling the fabric of the rationalvnumber
construct, one can identify various strands. Kieren (1980 a,
1980 b) presents four dominant strands or subconstructs,
namely: méasures. quotients, operators, and ratios (see
Figure 1). A fifth subconstruct is the part-whole
relationship which is the "fiber from which the rational
number language is woven". In this function, the part-whole
subconstruct is related to each of the other four
subconstructs.

In rational number learning, the goal of any program
‘ought to be to provide apprOpriate experiences in the
various subconstructs--experiences which are in consonance
with the maturationap level of the person--so that the
- concept may eventually emerge as a coherent system in the
mind of the young adult. ¢

To develop a proper learning sequence, a knowledge of
the mathematical and cognitive foundations of the rational
number construct is necessary but not sufficient; required
as well is thé Knowlébge of how the concept develops in
children‘gnd young adults.

In attempting to understand the genesis of the concept
in young children, one must study the elemeq}al mechanisms
which are the precursors of the main suboonstructs. Two
constructive medhanisms which function as foundational

elements of the rational number cpnstruct are partitioning
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and equivalence (Kieren, 1980 c). What specifically is the
role of these mechanisms in the development of the rational
number construct?

For the present study, the focus is on the partitioning
mechanism as it relates to rational number development.
Questions asked are: What are the capabilities which
undergird the partitioning construct? Are there observable
behaviors exhibited by young children which could designate
phases in the development of the mechanism? When is mastery
of the partitioning ﬁgchiﬁism evident? -

8. Purpose of the Study

 This study sought to understand the Kinds of technigues
that young children (aged 5 to 9 years) use when involved in
salviﬁg selected partitioning problems.

The specific ébje:tive of the study was to describe and |
interpret the partitioning behaviors of y@ﬁﬁg children as
they manipulated given materials while solving selected
partitioning problems. A | _

Subsidiary quest}ans related to the main abjecfive
were: ,
" a. What categories of behaviors do children exhibit

when solving partitioning problems?

r

ls there a hierarchy of behaviors within the
partitioning realm? '
c. What does it mean to say that a child has mastered

the partitioning mechanism?



5
C. Definition of Terms : ‘!

Rational Number

Any number that can be'expressgd as a ratio of two
integers (whole numbers), providing the second number is
not zero. In symbols, a number that can be put in the
form a/b, where a and b are integers and b does not
equal O (Marks, 1971, p. 124).

Partitionin

The subdivisiankaf a ﬂiscretedcg cont inuous
qugntity into equal parts.
Partitioning Problem

Prablems which 1nva]vg partit1an1ng a dgsignated
quantity er region into an indicated number of parts.
Pgrtit)gg:gg Behavior

The method of précedurg and verbal expressions of a

child manifest while partitioning quantities or regions.

D. Design of the Study
The following is a brief exposition of the research

design. A detailed explanation is arésented in Chapter I11.
that a research technique within a discovery paradigm bg

employed. Accordingly, a clinical interaction technique was
| designed for the study. Modeled on Piaget’'s clinical
interview, the research method .involved the researcher in
clinical sessions with individual childeen as a series of

case studies.
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Fa1lawing the method of theoretical sampling (Glaser &
Strauss, 1967), the selection of respondents cont inued
throughout the period of data collection. Data analysis was
distinguishéd by three stages, commencing at the initial
time of data collection and enduring for several months
after all the data were collected.

The sample of 43 children in kindergarten, grades one,
two, and three, was drawn from a primary school in an
" "Albertan town. The respondents, all acquainted with the
"researcher, were selected on the basis that they would

freely interact during a clinical session.
The clinical sessions were videotaped and audiotaped
and later transcribed. |

E. Significance of the Stuly _

The study sought to gain insights into the construction
of the rational number concept in children. It specifically
focused Qé the development of the constructive partitioning
mechanism and how it relates to the concept of rational
number .

An understanding of rational number development can
have far reaching effects on the scope and sequence of a

primary mathematics program. ' ‘ \



F. Organization of the Dissertation .

A review of the relevant literature will be presented
in Chapter II1. It includes an examination ﬂF!t;e
partitioning mechanism and related researgh, partitioning
behaviors, and rational number cbncepts young children |
possess. f

Chapter 111 contains a deséription of the research '
design, the five partitioning tasks, the data collection, |
and analysis process.

The findings of the study are presented in Chapter 1V.

and discussion of the major findings and recommendations for

further research.

e
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I1. REVIEW OF THE RELATED LITEﬁéTUEE

A. Introduction

Historically, .the study of Fatimél numbers has
occupied a secure place in the mathematics curriculum
(Kieren, 1976). Despite this fact, to this date, there is no
consensus eanéer!niﬁg sequence (Firl, 1977; Payne, 1980; Peck
& Jencks, 1977) and the teaching procedures (Hartung, 1958;
étreeﬂand. 1978) for rational number ieair-ning; moreover ,
the concept remains a difficult one for many learners
(Ekanstan, 1877; Vergnaud, 1979). Facuising on partitioning
may provide a fresh perspective on theée long standing

=

concerns.

~B. The Partitiﬁninﬁ Mechanism and Related Research
Partitioning is postulated to be aﬁe of the
constructive mechanisms which leads to the development of
the rational number concept. Kieren (1880 a) speéu]atgs thati
"partitioning may play theg.same role in the development of |
rational rumber cmstru«:tsj’ that counting does vis a vis the
natural numbers” (p.22). One can ask, how is counting
related to the development of natural number? 5,
In analysing the young child’'s understanding of number, -
Gelman & Gallistel (1978) make a distinction between the
process of reasoning about number in a general way (e.g.,
the number two as an abstract reality) and the p?fhcgss of
Eabstractiﬁg a number from reality (e.g., the number two or

8
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numerosity two). Whereas the former prcn:Is is as yet
‘foreign to preschool children, the latter fs within the
realm of their ability to think about numbers.

Gelman & Gallistel (1978) state that

The normal preschool chiid’'s numerical reasoning
appears closely tied to the procedure that generates
the mental entities that he manipulates when he
reasons numerically. And that procedure is counting.
Thus, the child's arithmetic system is strongly
shaped by the mental entities with which it deals,
namely, the representations of numerosity that may
be obtained by counting (p.184).

This viewpoint on .the development of number in children
is in marked contrast to the viewpoint of Piaget (1952) who

contends that the primitive basis for ascertaining equal

- Y i N
sets is by one-to-one correspondence. For Piaget, the
function of counting serves only as & kind of reinforcement’

for the concept of number as a quantitative entity.
Piaget states that |
At the point at which correspondence becomes
quantifying, thereby giving rise to the beginnings
of equivalence, counting aloud may, no doubt, hasten
the process of evolution. Our only contention is
that the process is not begun by numerals as such
\p.64).

For Gelman & Gallistel, the one-to-one correspondence
technique does not mark the inception of numerical
equivalence but, rathgﬁ;Ait is employed at a later stage in
the use QfVFEBSQﬁing principies. é

This brief discussion on the development of number in

. young children leads one tE'QU!iiiéﬂ-hﬁﬁ end when the
concept of raticnal number is first conceived by children.
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. | | | v

Considering the proposition that children’'s 'ﬁaturaj‘
act of counting is the mechanism which they employ to first
grasp the concept of numerosity (Gelman & Gallistel, 1978),
one is led to look at the behaviors of children for a
precursive action to the development of rational numbers.
Kigrgnr(igao a, 1980 c) has iﬂentified’pgrtificning as one
such plausible pﬂmitii exper ience.

While there have been recént studies concerning the
various interpretations of rational numbers [Heggufgmeqt:
(Piaget, Inhelder, & Szeminska, 1960; Babcock, 1976: Sambo,
1980), Ratio and Proportion: (Hart, 1978; Karplus & ‘
Peterson, 1970; Karplus et al., 1874; Muller, 1979; R
Noelting, 1978: nghier, 1980; Van den Brink & Streefland,
1979), Operator: {Ganson & Kieren, 1980; Kieren & Nelson,
?g78: Kieren & Southwell, 1978, 1979, 1980 )], there has
been scant attention paid to the partitioning mechanism as
related to the development of rational number other than the
stuﬁies of Piaget, Szeminska, & Inhelder (1960). |

of the fraction concept within the context of subdivis
areas. Thus, the materfals_used were of a continuous nature
and consisted of clay and paper 'cakes’ of different sizes
and shapes. Prior to the successful équidivisicn of a whole
into !.'“ngét:‘ifi’ed number of parts (halves, thirds, fourths,
fifths, and sixths) a sequence of beRaviors were noted:

general fragmentation; approximate equal sharing with@ui
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Exhgusfive divisicniii.e_i some cake 'left’); confusion on
the number of cuts with the required number of parts.

Piaget et al. 'report that*the ability to partition a
whole into fourths follows mastery of partitioning into
halves. Fourths are generally gﬁriygd at by carrying out two
successive dichotomies (i.e., dividing the whole into two
equal parts and then each part in half). Trichotomy is
resolved next, an action which is thought to Ee considerably
‘more difficult than dichotomy. Finally, the ability is
transferred to subdivision of a whole into fifths and o
si;thsi ) g'}{x% !

Hiebert & Tonnessen (1978) a;tempted to replicate and
extend the work of Piaget et ﬁﬁg‘(19601; Besides the
physical réprgsgngatiaﬁs of continuous quantifies (1ength
and area) a discrete quantity representation (set/subset)
was included. Their findings concur with Piaget et al. on
the continuous quantity tasks ﬂ!];ﬂ!.'ﬁﬁth ‘and Eare;a, The
set/subset d{screte task was found to be cansidérably'easiEF

- ¥

than the continuous cases. A one-by-one strategy was

!Frgquentiy used to ggive the set/subset partitioning
problem. :

In other instances, partitioning behaviors have_ﬁegn’,
aximinéd in the context of the division process. Zweng
(1964) candgcted a study with éecgnd¥gfade=childreﬁ which
investigated the comparative difficulty of solving four

A ~
types of division problemg. aspect of the study was an

investigation of the methods the subjects used to solve



12

partitive division problems. Zweng identified two strategies
which she labelled sharing and grouping. If the same number
of elements 'was assigned to each of the required subsets but.
all elements were not used on the FirstkassigﬁmEﬁti the
method of solution was called sharing. If all elements were
assigned to the groups on the first tﬁy; whether the groups
were the same or not (é@gi 18 elements: groups of 6,6,6 or
7.5,6), the method was called grouping. Zweng reports that
over twice as many problems were solved by grouping as by
sharing. One-by-one ggpiespanﬂence was seldom used.

A study conducted by Weiland (1977) addressed itself to
the partitioning behaviors of young children during
discovery-oriented instructional settings in division usiﬁg
base ten blocks. The sample consisted of 21 seven-year-old
children who understood numeration and were familiar with
the set of materials. Of interest is the F}ﬁdiﬁg that tue1vé
of the 21 subjects used the strategy or argument of halving
to solve problems whose divisor was a-pauer of

two. [Twenty-seven of the 66 problems given-to each child

were of this type.] Wieland describes the children’'s -
strategy thus: : “

Children using the argument took half of the
dividend to divide by two, one-quarter or half of a
half to divide by 4, and one half of-a half of a
half to divide by 8 (p. 110). {
Nelson & Sawada (1975) studied the problem solving
behaviors of young children aged 3 to 8. One of the paired

problem settings presented to each child was a partition and

P
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™~

////// measurement problem involving discrete objects. Nelson &

Sawalja report that "only a few children at the upper age
levels showed that they had mastered the partitioning

process” (p.37). >

Hi#torically. the system of rationa®l numbers was
developed because of the need to describe parts of a unit ér
of a group. For example, questions like the following could
not be answered with a member of the set of whole numbers:
What part of the chocolate bar did ydu eat? If 2 pizzas are
shared equally aﬁong's friends, how much does each person
get? In answering the last question, one can see thatithe
rational number 2/5 results from the division of one whole
number by another, that is, 2 divided by 5.

Do children grasp the concept of rational numbers as
quantitative entities at the timé they comprehend division -
of whole_numbers? Research shows that children know some
Eational numbers at an earlier time (Campbe 11, 1975;
Gunderson, 1940; Gunderson & Gunderson, 1957, 1959;
Polkinghorne, 1935; Suydam & Weaver, 1975; Williams, 1965).

Polkinghorne (1935) tested 266 children from
kindergar;:zﬁgpd/grades one, twﬁ. and three to ascertain
what fract46n concepts they had and whén and how the
ch#tdren acquired them. The results obtained demonstrated -
that the children had certain concepts of fractions: unit

. fractions were understood better than proper fractions which

i
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are not unit fractions and improper fractions; very few
- children knew anything about identification of fractions;
and only one child showed some knowledge about equivaientu
fractions. The children cited experiences at home and at
school to indicate how they acquired some fraction concepts.
Polkinghorne ngarts an instance of a chiid definiﬁgrhaif
and demﬂﬁstratfng half a set (4 pencils) and concludes that
the child has "perfect understanding” of half. .
Gunderson & Gunderson (1957) interviewed grade two
children (7 year olds) and questioned them about fractional
‘parts. Flannel circles (pies), pre-cut into fractional
parts, were the materials used. Two lessons on fractions
preceded the interviews. A first lesson involved the
children folding paper circles in half, quarters, énd
eighths while during a sécond lesson they uéed paper circles
pre-marked in thirds and sixths. It is reported that in the
course éf the lessons, the FPEEtiGﬂE! terms half, fourth,
quarter, third, and sixth were elicited from the children.
The 15-minute interviews focused aﬁ comparing the fractional
- parts taught- in the two iéssaﬁsg Questions cgmﬁgriﬁg unit
fractions, multiple fractions, and whole and mixed numbers
were asked. The children were requested to defend their
answers and 'to think aloud as they manipulated the flannel
pieces. Gunderscﬁ>& Gunderson report that “the children had
no difficulty in'identifying fractions or fractional parts"
(p. 169). They concluded that their subjects *showed a good

understanding of fractions using manipulative materials"” and
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that they could ‘...cbvigusl‘t from planned systematic
instruction in the meaning and use of fractions" (p.173).

A study of number concepts held by 7 year olds was
conducted by Gunderson (1940) and replicated twenty years
later (Gunderson & Gunderson, 1959). From the more recent
study, Gundersgn & Gunderson report that the children showed
"an understanding or insiéht into fractions far greater than
that revealed by the pupils in the earlier study" (p.185).
This greater knowledge of Fractiaﬁé is attributed to ‘

an early teaching of fraction meaning or concepts-
wherein children through the use of fractional parts
or cut-outs discover fraction concepts by
superimposing one fractional part over another to

see how they compare in size (p. 185).

Williams (1965) caﬁduétgd_g study of 595 kindergarten
éhildren ﬂurihgvthe first month of schooling to assess their
mathematical concepts, skills, and abilities. Williams .
reports that 25.8X of the sample knew "half of a uhe]e“*aﬁd
28.7% understood “half of a group of four dots".

number knowledge, specifically the fractions one-half,
one-third, and ohe-fourth under three interpretations: part
of a whole; part of a set; and operation of division.
Concrete and semi-concrete tasks were used. A sample of
five, six, and seven-year-olds was tested prior to receiving
formal instruction on the topic. The results were: half a
whole was better understood than any other interpretat™®on
while one-third was understood better than one-fourth. The

size of elements seemed to affect a child's understanding of



16

one-third or one-fourth of a set but did not appear to
affect understanding of one-half of a set. Most childre
showed understanding of how many halves, thirds, and folrths

are in a whole when concrete tasks w

‘discover what had been ascertained about the mathematica)
"Knowledge children have upon entering school. Regarding
fractional knowledge, they make a single {mprecise
statement: "Most [children] have some knowledge about coins,
times, and other measures; about simple fractional concepts;
and about geometric shapes” (p. 49).

The st%digs by Williams (1965) and Campbel! (1975)
provide evidence that young children possess some Knowledge
of fractions prior t; schooling, whereas, the studies by
Gunderson (1959), Gunderson & Gunderson (1957), and
Polkinghorne (1935) demonstrate that primary children can

concrete representations.
D. Partitioning Behaviors

Kieren (1980 c) interprets the act of pariitioning

under four aspects.

'evenness’ or ' just enough’.

2. The soctal act pof sharing. Systamaffc partitioning
technigques such as 'dealing out’ can be generated from

sharing activities,.
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3. The language /describing the act and results of
partitioning.
4. The attachment of the parts to measure or number.
| » In addition, Kieren describes five sets of expected
partitioning behaviors in children. These are:

a. Separation: - dividing into the appropriate number
of sets with classification on bases other than
number . ‘

b. Evenness: - some subsets even, some not; an evenness
criteria; dividing by two by m:tchiﬁgi

c. Algorithmic Partitioning: - 'dealing’ behaviors by
ones or ‘'mixed’ dealing behaviors.

d. Partitioning and Number : - relating 'evenness’ and
rember or size of the finished partitions; realizing
7,,, qunntitf}is preserved under partitioning;
generalized partitioning.

e. Advanced Partitioning: - repeated partitioning;
related number and size of partitdons; given a
partition, change it by adding to the number of
partitions or reducing the number; given a
partition, gee i?cther within it (Kieren, 1980 c,
pp. 5-6). , '

The partitioning act, particularly when involving
continuous quantities, can be a challenge for the young
child (Pisget et al., 1960). Aseigning a number value to s
partition (aigg, part of a cake) marks a departuée fﬁcm

whole number quantification and extends into the system of
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rational nurnbers. At what age are children able to
intuitively make this mental ' jump’ ? What physical
representation enables them to first succeed in this’
transfer? In other words, when and how does the part-whole \ax
and part-part relationships emerge at an informal level? ‘

To find answers to these questions, the study involved

children partitioning/materials varying in substantive

nature.



I111. METHODOLOGY AND PROCEDURES
A. Rcaoareh“othodoloqy »
A clinical interaction technidue used within a |
"discovery paradigm was deemed the most appropriate ré;éarch
logy for the objectives of the study.

ﬁe discovery paradigm upon which the investigation is

that presented by Sawada (1980). Sawada explains

e of the parédigm in the following uords:.

' igm is a paradigm for discovery. It is a

scheme for designing a sequence of
encounters between researcher

and child for the purpose of generating concepts

that can play foundational roles in understanding

the child’'s acquisition of mathematical ideas (p.2).

The “"sensitive interactive encounters” designed for t
present study are modeled on Piaget’'s clinical interview ar
are fér»the purpose of discovery of insights rather than for
‘the verification of hypotheses. Thus, the validity as
opposed to the generalizability of the insights is
highligggd.

Piabet's "methode clinique” consists of three research
techniques, namely; pure observation, questioning,. and.

iclinicaI examination.

’According to Piaget, "Observation must be at once the
starting potnt of all research dealing with child thought
and also the final control in the experiments it has
inspired” (p.4). Focusing on the child’'s thought,
observation is directed to "the spontaneous questions of

-
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children®. The questions posed to the child are “determined

on matter and in form, by the spontaneous questions asked by
the children...". A clinical examination technique allows *55‘
the researcher to probe in order to "judge" the child's.
expressions (Piaget, 1929, pp. 4-8).

In essence, the clinical method is “dependent on direct
observation, in the sense that fﬁi:gagd practitioner lets
himself be led, though always in control, and takes account
of the whole mental context..." (Piaget, 1929, p.8).

Ginsburg (1981) states that the clinical interview
designed by Piaget is an gpprcﬁtigte methodology for . three
goals of research in mathematie;i thinking, namely: the

" discovery and identif ication of cognitive activities and
mathematical competence.

\ Addressing himself t§ the discovery of cognitive

processes, Ginsburg (1981) describes the clinical interview

in the following manner:

...The clinical interview procedure begins with (a)
a task, which is (b) open ended. The examiner then
asks further questions in (c) a contingent manner,
and requests a good deal of reflection on the part
of the subject (p.6). '

Ginsburg reiterates Piaget’'s descriptive components of
the clinical interview and points out their reievance’far
identifying and describing mathematical cognitive
structures. In Ginsburg’'s words, the clinical sub-goals are:

...to facilitate rich verbalization which may shed "

light on underlying process; ...to check verbal

reports and clarify ambiguous statements; and,

...the method uses procedures aimed at testing
alternative hypotheses concerning underlying

/



processes (p.7). . --

In accord with the goals of the discovery paradigm
(Sawada, 1980) and patterned on Piaget’'s clinical ihtervignr
(Piaget, 1929), a clinical interaction technique was
employed in the present investigation.

Within the study, the term clinical denotes two
essential characteristics of the methodology: direct _
observation on a one-to-one basis. By direct observation is
meant a focusing of the researcher’'s attention on the
respondent (in this case, the child) for a specific purpose,
noting overt actions-erd verbal expressions, and recording
these or significarlt aspects in a suitable manner. Such
Gﬁservgticns give birth to percepts which serve to gﬁide the
researcher in directing the flow of information during the
clinical iﬁteractiqn. : .

The term interaction originates from two sources: a)

guestioning which results in verbal interchanges, and (b)
of materials as =

method of solution. Information grows out of the interaction

the tasks which require

ﬁhieh is charaeteri;ed by a tgﬁidiregtianal ?law* the
researcher. child, and task iﬁter react; the F%zgarqher
inter-reacts with the interzcticn bgtween child and task;
the child jﬁ;EFfFEBCtS'E1th the interagtigﬁ between
researcher and task (see Figure 2).

By virtue of the interactional prgcess. both researgher
and child contribute to the data ig a critical way. The
child’s behavioral response to the task is the primary data

\
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. Information Flom

Figure 2

base. Reacting to the child’'s response, the researcher
formulates subsequent questions and directives and thus
‘shgpgs and directs the flow of information. The clinical
graeasé moves in cyclical fashion as researcher and child
interact with the task situation and respond to each nther
‘Additic;nal iéyc:H;gl movements follow a spiral path and evoke
more challenges and probing to a gr—egfgr depth.

The flow of information is also affected by the
personological characteristics of the researcher.
Descriptions of the qualitative researcher found in the
litgriturie revesl dominant o:r;grm;tgristic;- Among others are
cited the sensitfvity of the researcher (Good, 1959; Wilson,
1977), the ability to listen (Piaget, 1929; Posner &
Gertzog, 1979), being skilled in the art of questioning
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(Ginsburg, 1981; Piaget, 1929), and a capacity for empathic
understanding (Posner & Gertzog, 1977). Moreover, in order
tS “tune-in" to the thought process of the child. the
researcher must be able to receive and retain pertinent
information; to reflect and react upon it in crder to shape
and direct the flaw of informat1cn throughout the

interaction; to accept and challenge the child while

cam{ng to understaﬁd the chiid's thought and behavior
relative to the research que;tian,

The clinical interaction is Qhara;tgrized'by a
flexibility in the questioning process which allows for
individual differences in understanding the task to which
children are to react (Brﬁsne?i. 1944; Piaget, 1929)7

In the present study, only the initial questions
related to'each‘partitiaﬁ problem were standardized.
Subsequent questions were probing to elicit reasons for
certain behaviors.

The questioning followed a general pattern but varied,
as dld the numerical difficulty of the problem s1tuaticﬁi
depending on the behavior of the child.

The methodology allowed for iﬁ*dgﬁth probing; it
allowed for follow through with any peculiar behavior of a
child. It permittgﬂ me, as researcher, to expand on the
quest1oh16g or alter the problem situation until a point of
closure was reached. Moreover, the procedural nature of the

tasks admitted a continuously modifiable technique which was
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another way for maximizing validity. The procedural nature
of the cli%ﬁea! interaction and the substantive nature of
the tasks were considered to be methods which provided valid

information on each child.

B. The Pilot Study . |

Training in clinical work with young children preéeﬂgd
the pilot study which was conducted over a period of seven
months. | _ “

During February and i:?sh. 1980, a total of 23 children
from a private and-a public school Riﬁdé?ﬁértEﬁ were
observed while they solved a partition and a measurement
division praoblem.. These were the Animal Grﬁups Problem and
the Cargo Groups Problem used by Bourgeois (1976). In June,.
1980, a subset of 14 children from the original sample were
ébserveg and interviewed while solving four of the
partitioning problems described in this study. All the
interaction sessions were audiotaped and subsequently
transcribed. _ -: :

A final pilot session, in September, 1980, involved
_eight children from grades one, two, three, and one child
from grade four. Five of these interaction sessions were
videatap;d_ ’ _!

' The purpose of these pilot sessions was four-fold: to
‘xgaiﬁ'Furtheﬁsgxpeéieﬁses iﬁ;cgﬁductinq clinical interactions
"with young children; to field test and refine the iasks,
questioning techniques, aﬁd,ﬁrcceéures: to borrow from the



language of chfldren in formulating interview questions; ig

and, to refine recording procedures-

C. Entry Into the School Setting

Due to the type of resﬁarch methodology, it was judged
impor tant to spend some time in the school setting prior to
engaging in cfinical interactions so that the children would
come to Know me\as a teacher. Thus, a week was spent in the
school ebserving and interacting with individuals and small
groups of children in the four classrooms from which the
“sample was eventually drawn. _

The location of the school is in a northwest Albertan
town with a population of 6000. The occupation‘of the
majority of the working population is connected in one way
- or another with mining and oil industries.

The school is‘one of two elementary schools jn the town
with an enroliment of 248 pupils in 6 kindergarten (helf day
classes), 3 grade one, 4 grade two, and 3 grade three
classes. |

Fourvperticipating teachers, kindergarten to—grade
three, were selected by the principal subseqdent te an
explanation of the purpose and procedures of the study. The
teachers agreed not to teach fractions during the time of
data collection and avoided querying the children about the
" clinical experience. This latter precaution prevented '

involuntary or undue discussion among the children.
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The specific EDﬂtEﬁtraﬁd nature of the clinical session
were not revealed ta.ibe teachers at the outset.However,

relcome to Fgmiiiarize

(iew some tapes during the

meeting held on my second last day in the school. A pleasant
and memorable experience made possible by the warm reception
and full cooperation of the entire schobl community
throughout the sevgé weeks was brought to a climactic close
by the teachers’ enthusiastic reaction to the study

questi@ﬁ;'materials. and procedures tcgethgr with an

D. The Sample

The forty-three children who eventually formed the
sample were from Kindergarten and the first three grades in
a primary school of the Yellowhead School Division, Alberta -

In accordance with the discovery paradigm, the
selection of respondents deviated markedly from traditional
sampling procedures. Thus, no a priori decision was made in
regard to sample size; rather, the sampling process within .
age, grade, and sex variables was ongoing thréughéut the
period of datp collection. This é?]gwed latitude for _
extensive study of any behavior of any child at any age

level,
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b;}ing the "week of entry” into the school, a pool of
chiiéren‘yasridgntifigd for possible inclusion in the study.
Factors deemed important in the selection of the initial
éaai and subsequent aéditiaﬁs yerg: English as a first
language; tendency to verbatlize Frgeiy; no apparent learning
disability; no evident health problem. The aim was to
interact with a child at a time when he or she was 1ikeiy’f§¥5
perform optimally. . %

Throughout the time of data collection, respondents
were chosen each QEy The sampling continued until
sufficient kKey insigbts had emerged and a theoretically
satisfying dégree of conceptual integrity c@%ﬁestedythg :
various insights: |
f At the close of the clinical sessions, the sample of 22
girls and 21 boys %ﬁa1uded 8 kindergarten, B grade one, 12
..grade two, and 15 grade three children. Ages of thelthildren
riﬁggd from 4 years, 11 months to 9 years, 8 ménths with a

mean age, of 1. 12 years.

Scaressgktaiﬁed by the children on Standardized

| Readiness and Achievement Tests were obtained from school
records following eamﬁletian of the clinical sessions. Also,
at this time, teachers were asked té rate the children on
their current performance in math matics. These ratings
degignated 12 children as ?T‘ ave jage, 22 as average or
better, 7 as below avebage, ‘andfﬁﬁas very low on mathematics

achievement .
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In summary, the sampling procedure can be described as

-« three-dimensional:

children across age, grade, and sex (described
above) ,

probleﬁs within persons, and

behaviors within problems. (For an explanation of

{(b) and (c) see dgs:riptiéﬁ:af methodology, p. 21.)

Parental consent was obtained for the children to take

pért in the study. A sample letter sent to the parents is
included in Appendix A.

E. The Tasks

Five partitioning problems were devised for the study.

The characteristics of "good® mathematics problems for young

children elaborated b§‘NE1SEﬂ & Sawada (1975) were

considered when producing the different tasks. Furthermore,

the foltowing five variables were taken into account:

1. Substantial Nature:

b.

discrete (Carton-Truck Problem)

discrete set with elements divisible (Cookie
Problem)

continuous (Cake Problem)

discrete set with subsets separable (Boxed-Candy
Problem)

continuous but divisible (Chocolate Bar Problem).
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.Procedural Nature:

Each task admitted a continuously modifiable
partitioning technique. |

An attempt was made to eliminate qualitative
distractions. (e.g., similar cartons, cookies, plates,
and candies were chosen.)

Number of Partitions:

Two and powers of two such as four, eight, and
sixteen; three and.its multiples such as six, nine, and
twelve; five and its multiples such as ten and fifteen:
seven.

Number of Elements:
Capable of being evenly partitioned; not evenly

The problem settings were seen to be within the

experience of the child, whether in real life situations or

while at play.

Manipulation of materials, with or without verbal

expression, as a method of solution was deemed to be the.

mode - which maximized the manifestation of the child’'s

mathematical Knowledge related to the task. That the context

of a concrete method of solution is conducive to the young

child’'s exhibiting his or her mathematical capability is

suggested by Nelson (1979) as his research with young

children bears out.

!
i
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The five problems are described below.

The Carton-Truck Problem The Carton-Truck Problem
arton- J Larto ruc “ob lem
Task situstion: 3 trucks, 15 cartons Task situstion: 3 trucks, 17 cartons

The Carton-Truck Problem was modeled on that employed
by Bana 61977). The matertials consisted of three tny'trugké
and a set of 'cartons’. ‘The child was asked to load the
cartons onto the trucks so .that each truck had the same load
to carry. .

The trucks, 1 green, 1 blue, and t red, were 16 cm in
length with a losding space t:lp?éity of 10.cm in Jength,
5.7 cm in width, and 1.7 cm iﬁlfﬁPth* The cartons were grey

wooden blocks with dimensions 2;5 cm by 1.7 em. Depending on
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how they were positioned iﬁéa'trucki 6, é. 10, or 12 cartons
could be loaded per layer onto each truck.

The Carton-Truck Problem was presented to each child
" under two different mathematical representations. One
involved a set of cartons whose cardinal property was Eveﬁiy'
divisible by the number of trucks (e.g., 3 trucks, ‘15
cartons). Another mode made use of a set of cartons whose
cardinal property was nei evenly divisible by the number of
trucks (e.g., 3 trucks, 17 cartons). When the number of
cartons was changed, the>§hild c?yld se¢ how many cartons

were added to the set.

The materials for the Cookie Problem consisted of a set
of dolls, paper plates, and cookies. The setting was a
birthday party and the child was asked to give the cookies
to the children at the party so tézt each person had the
same amount. g

Several sets of cookies were presented-to each child;
dne was evenly divisible by the number of dolls in view
(e.g., 4 dolls, 16 cookies) and the others divided unevenly
(e.g., 4 dolls, 10 cookies; 4 dol1s, 9 cookies; 3 dolls, 10
cookies; 3 dolls, 8 cookies). o

Similar to the Carton-Truck Problem, the chill could
see that cookies were either added to or removed from the
plate as the mathematical aépeét of the afaéiem was
modified. |

L}
- T



o 7 Th: I::;a;ig Probles ) The Cookis Problew
Tilk situationt 4 children, 16 cookies Task situation: 3 children, B cookies

Each miniature doll stood on a wooden base to a height
of 9 cm. The-pgpgr plates were 15 cm in diameter while a
larger serving plate was 57 cm in diameter. The cookies were
g,cammércini brand of gingersnap, each 5 cm in diameter.

The materials for this problem embody t%e phenomenon of

discrete sets with elements divisible.

Rectangular and circular 'cakes’ of various dimensions . .
and ‘sticks’ to demonstrate cuts on the cake were the

materials for the Cake Problem. The child H;SAESKEG to
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demonstrate how he or she would cut the cake so that each

person had as much.

in depth, and topped with a piece of plush gold rug glued to
the surface. The dimensions of the several rectangular cakes
were: 10 cm by 25 cm, 15 ecm by 20 em, 20 cm by 25 cm, and 2
cakes 10 om by 15 cm. A circular cake, 20 cm in diameter and
2.4 cm in depth was constructed of similar materials as the
rectangular cakes. A circular piece of rug, 16 cm in
diameter, was also used within the context of this problem
and was referred to as a ‘giant cookie’. The 'sticks’ which
served to demonstrate cuts on the cakes and giaﬁt cookie
were white plastic maidfng. 1 mm in thickness, cut in strips
0.5 cm wide and of lengths 10 cm, 19 cm, and 27 cm. The
complete set of sticks was available for the child’'s use
when partitioning each cake for any number cf people.

Generally, the child was first requested to partition
the cake for 2 people, then for 4, 3, and 5 people. However,
the order of presentation varied for some children and not
gvéryﬁne was asked to partition the cakes for the same
groups of people. Older children were presented with more _
partitioning pr,’T:;;rthan younger ones. Other sequences for
the number of r jpartitims were: 2, 3, 4, 5, 6
pecple; 4, 8, 16 people; 3, 6, 12 people; 5, 10, 20 people.

Rectangular and circular shaped cakes were selected for
two main reasons: ; : | | g

a. These were thought to be the shapes which chi ldren



The Cake Problee ) The Cake Protler
Tesk situation: 4 children, circulasr Task situstion: 2 children, circolasr
, region, regior

The Cake Problem
Tesk sitvatton: 3 children, rectengulsr
region
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were more 1ikely to have had experience in
partitioning, or to have seen partitioned:
b. To successfully partition a rectangular and circular
region.in 2, 3E4 5, and more congruent pieces
necessitates that the child have knowledge of
distinguishing properties of the two geometric
figures. To find out whether the two figures were
equally challenging, and if not, which one was more
difficult was a subordinate pr_cb"lem-cbjectivg-

The circular region was partitioned first; that is,
immediately following the Cookie Problem, the child was
presented with the giant cookie and subsequently with the
rectangular cakes. The ‘round cake was generally employed for
Fur;ther partitioning of a circular region fcl]awing.uark
- with the rectangular cakes or during a second interactjon
session.

The Cake Problem exemplified a partitive division

problem involving a substance of a continuous nature.

Ident tcat boxes sectioned into 127m;rtﬁgﬂts (3x4) .
were filled with wrapped carame! caﬁdies. one per o
compartitment . |

The child was asked to share the boxes of candy among a
"group of children (party setting) so that each person had as
many boxes. The groups varied; for example, 4 dolls, 9 |
boxes; 4 dolls, 6 boxes; 3 dolls, 7 boxes.



The Bowxed-Candy Problem
Meterials

Each box, 14.5 cm by 9.4 cm, was filled with candies
which were kept in place by a transparent acetate cover.
The Boxed-Caridy Problem, in essence, represented a set

whose elements are discrete and separable (not continuous).

Problem 5. Chocolate Bar Problem

Square ceramic tileés, 2.5 cm, dark brown in color, were
the materials for the Chocolate Bar Problem. The adhesive
: pile surtface of Velcro nylon material-was cemented to the
bottom surface of each tile. The tiles could be fastened to
a complementary piece (surface of tiny hooks) of Velcro tape
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The Crocolate Bar Problem
Task situstion: 3 children, 12 piece
chocolat# bar

e
« to make different sized chocolate bars, as for example, 2
strips of 4 tiles (a 2x4 bar) or 2 strips of 6 tiles
(a 2x6 bar).
The child was asked to share the chocolate bar among

the children (at the party) so that each person had an equal -
share.
The Chocolate Bar Problem was a model of a substance

continuous in nature but divisible.

)



F. The Clinical Setting

The clinical sessions were conducted in a small but
adequately sized roomAuhich ordinarily served the dual
purpose of a storage area and the school nurse’'s office.
Packaged paper and other classroom supplies filled shelves
along two opposite Qa]ls while three large windows occupied
the greater part of the EOnnecting wall.

Two folding cots were aligned end to end along the

narrow arm of the L-shaped room. On three occasions during

"~ clinical sessions, a sick child quietly entered the room and

rested on a cot. An improvised movablé partition served to
'isblate’ the sick child from the respondent_and»thg
interaction went on uninterrup?id. After a duration of
twenty minutes or less, a teacher or parent came for the
sick child. | .

A low trapezoid-shaped table and two small chairs
occupied the center of the wider section of the room. This
was the locus of the interaction and consequently, the
materials and mechanical apparatus were strategically
situated in close proximity to this central area. A flaar
plan of the room with arrangement of furniture and equipment
are depicted in Figure 3. )

The clinfcal sessions were registered on 1/2 inch VHS

tapes, of two hourliength, using a Panasonic Video Cassette

Recorder (NV-8200) and asfanasonic Video Camera (WV-361P).
The video recorder and ™ monitor (9 inch screen) were
positioned on shelves behind the respondent. The camera was
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The Clinical Setting SR

indows

Video recorder ---

(lower shelf)
TV monitor ~--71

- Audio recorder

. Respondent ’-J -~ Researcher

: ~.Container for _
Microphone on --d------ . materials '
floor stand

L]

eives

.~ Figure 3

focused on the cﬁild seated at the table while a Sony (F540)
microphone rested on a floor staﬁd close to the oblique side
of the table on the child’'s right.

The sessi.ons were also recorded on a Superscope Audio
Recorder which was, situated on the table at my right.
Pre-nurbered 60 minute ta/pes were on the table in rgidiﬁess
for a qusék change. Operating the recording equipment soon
became aimost.an automatic procedure and did not distract me

-

from the activity and questioning whenever they were in

-
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progress. The majority of the children appeared to F@rget
that they were being videotaped ss they became interested
and diligently occupied with the partitioning tasks.

The children, each in turn, were accompanied from their
classroom to the adsigned room and during this short walk,
we engaged in light éaﬂvarsaticn which served to secure an
informal atmosphere for the interaction seséjan. Upon
entering the room, the child was guided to the proper chair
and the purpose of the mechanical apparatug was given. The
function of the separate pieces of equipment--the camera,
video recorder, TV monitor, audio recorder, and microphone
--was briefly explained to the child with the promise that -
after we were finished using the materials, there would be.
an opportunity to view him/herself on TV. During this five
minute viewing, the children manifested delight and
satisfaction at thus seeing and hearing themselves.

Following the brief explanation of the function of the
mechahical apparatus, the clinical session began with the
child comfortably seated. "

The materials for the different problems were kept in a
large suitcgég situated to my left, readily avai]abTexygt
hidden from view of the child.

While the materials for the problem were placed on the
table before the child, the problem setting was iﬁtFédUEéd-
and the purpose of each object was explained. During this

-

-



time, the child was encouraged.to manipulate the materials
by such comments as: "Line up the trucks this way." “Would
you like to give a plate to each child?"

In formulating questions throughout the clinical
sessions, extreme care was taken to avoid difficult concepts
in terminology. Samples of children’s language obtained from
the pilot studies were included. (e.§., "Is it a fair
share?" "Are they all happy?" “Which one is sad?") No
mathematical term was used unless the child had previously
voiced 1t. For example, if the child had verbalized the
terms third and quarter, questions like the nglgw%ng may
have been subsequently poséd: "A while ago, you called a
piece, a third. Could this (e.g., a quarter of the cake) be
a third?" "Why?" or 'Uhy not?"

Initial questions were open-ended wﬁ1le subsgqugﬁt

a. Clarifying questiané to obtain quantitative

"How could this girl tell her mother how much
cake she ate at ‘the party?” “What could ihis boy
say?” “Could he say that another way?")

b. Confirming questions to ascertain if the ¢h11d

ﬁ understood the task. (e.g., "Is, that a fair
share?” "Why?" “Why not?* "Are they'gli hgépy?'
"Which one is sad?")

c. Defining questions to get to the meaning of the

\ ]

expressions of partitioning behaviors. (e.g., ¢
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verbal expressions. (e.g., "What does 'cutting
in half’ mean?” ‘Uhat does that'meann ‘a number
that's even’' ?")

d. Ihtrospective/retrospective questions to gain
kinsighté into the thought process of the child.
(e.g., "Tell me what you're thinking as you're ;
making those pieces.” "Why is it that for three
‘pieces you didn’'t use this stick?")

After a solution, the.following command was frequently
repeated: "Show me another way" [to solve the problem].

All behaviors and verbalizations were generally
accepted without feedback as to appropriateness of response
and the children usually manifested a.éense of satisfaction
with their achievement. For some children, it was apparent
that some tasks were a first encounter. The expressed
delight at discovering how to solve a problem after a series
of attegpts was indeed a pleasure to witness.

The probing was generally begun after the performance
of the ch{ld had been assessed; that is, when it was<decided ‘
that the child had demonstrated his or her capabilities
regarding ‘the tasks. Often; while in-depth questioning
ensued, materials were returned to the table or a different
sized cake would be used or the circular cake in lieu of the
giant cookie. Cﬁégging the materials also helped to maintain
a high degree of interest.

’_The'procedures and initial questions for the five

pabtitioning problems follow.
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1. THE DRIVERS OF THESE TRUCKS HAVE TO DELIVER SOME CARTONS
TO DIFFERENT STORES. THE CARTONS HAVE TO BE LOADED ONTO
-THE TRUCKS. (Demonstrate by putting a carton antc a
tr&cki) CAN YOU DO THIS SO THAT EACH TRUCK HAS AS MUCH?

2. When the child has completed the partitioning, say: SHOW
_“E ANOTHER WAY TO LOAD THE CARTONS SO THAT EACH TEUCK
HAS AS MUCH.

Cookie Problem

1. Birthday party setting, THESE CHILDREN ARE AT A BIRTHDAY
PARTY. (Place the dolls on the table.) ONE OF THE THINGS
THEY HAVE TO EAT ARE COOKIES. THE COOKIES CAN BE PUT ON
THESE PLATES. (Place a plate before each doll or have
the child do so.) Offer a plate of cookies to the child.
Ask: CAN YOU GIVE THE COOKIES TO THE CHILDREN SO THAT
EACH PERSON HAS AS MUCH? |

2. When the ¢hild has completed the partitioning, ask: DO
THEY EACHXHAVE AS MUCH?

3. Say: SHOW ME ANOTHER WAY 10 GIVE THE COOKIES TO THE
CHILDREN ‘SO THAT THEY EACH HAVE AS MUCH.

-
s

Cake Problem
1. Say: A FAMILY HAS THIS CAKE TO SHARE. IF THERE ARE ONLY
THE MOTHER AND FATHER, HOW WOULD YOU CUT THE CAKE SO
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THAT EACH ONE HAS. AS MUCH? A
2. After the child has demonstrated one way, say: SHOW ME
ANOTHER !QY 70 CUT THE CAKE SO THAT EACH PERSON HAS AS

MUCH.

). Say: THESE BOXES OF CANDY ARE TO BE SHARED AMONG THESE
CHILDREN. (Place the dolls on the table.)
é. Ask: CAN YOU GIVE THESE ‘BOXES OF CANDY TO THE CHILDREN
SO THAT THEY’'LL EACH HAVE AS MUCH? ‘ '
3. When the sharing is completed, ask: HOW MANY BOXES OF
~ CANDY DOES THIS PERSON HAVE (indicating one dol1)?

chocolate Bar Problem

1. Say: THIS CHOCOLATE BAR IS TO BE SHARED AMONG THESE
CHILDREN. (Place the dolls on the table.)

2. AsK: CAN YOU SHARE THE CHOCOLATE BAR AMONG THE CHILDREN

SO THAT THEY‘LL EACH HAVE AS MUCH?
3. Ask: HOW MUCH CHOCOLATE BAR DOES THIS PERSGN.HAVE?

The length of the c]inisai sessions varied from 20
minutes for the kindergarten children to 1 hour and 10
minutes for the older children. Usually, a five minute break
was given after the child had worked through the Cookie
Problem so this was a time for us to enjoy a cookie while we
talked about matters of interest to the child.

A total of 19 children were interviewed twice, some to
complete the tasks and others for further questioning.

A1
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Usually, three clinical sessions were conducted per day, two

in the morning and one during the first hour of the -
[ ]
afternoon school session. The data were collected over a
period of six weeks.
H. Data Analysis
The sampling procedures described in a preéigus section

(p.26) and the process of analysis presented here are based
on a method of research designed to generate theory from
data. Glaser and Strauss (1967) refer to this process as
theoretical sampling and define it thus:
Theoretical sampling is the process of data 7
collection for generating theory whereby the analyst
‘Jointly collects, codes, and analyses his data and
decides what to collect next and where to find them,
in order to develop his theory as it emerges. This
process of data collection is controlled by the
emerging theory, whether substantive or formale
(p.45).
Accordingly, a .three-stage analysis scheme designed to
maximize discovery was central to the purpose of the study.
1. lmmersion Stage
The first stage of the analysis was an integral
part of the clinical session. ‘The stage was labelled
"immersion” as it designated a continuous analysing

acterized by an intense focus on what the -

child|said and did at each moment of the interaction.
This ongoing analysis provided direction for immediate
probing and for sampling behaviors within problems and

" problems within persons.



46

In being dynamically involved in the interaction, 1
was alert to a child’s moment of frustration,
distractedness, or manifestation of fatigue; an
awareness which led, in a few instances, to the
termination of a clinical session for that day .

In addition to the mechinica) recording. (video and
" audio) of the entire clinical interactions, distinctive

behaviors observed and impressions made were recorded on

Appendix B.
Reflection Stage ,

Each evening, time was devoted to reflecting upon
the day’'s interactions--an experience thought to be a
vé%icle to bring about, if at all possible, a
breakthrough in awareness QF'pgtterns of beﬁ:vigr and
their meaning to rational number development. Some video
tapes were replayed; some of the taped sessions were
transcribed and analysed; and, systematic written |
EUﬁﬁnrfes were constructed. Weekends were a time to
absorb the experiences of the week; a time for
additional transcribing and re-viewing of tapes; and,
@%tgn. a time for discussion with my-asdvisor.

A journal was Kept of insights gained and
inferences made. The reflective process provided
direction for deciding who to interview (an older or
younger cﬁiid; the same child) and what Kind of
questioning (the same nature but to a greater depth; a
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_ theory demands a certain degree of theoretical
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different nature) to pursue next.

Stage three of the analysis was conducted
subsequent to the data collection and after all the
audio tapes had been transcribed. This last stage

comprised a systematic examination of the video tapes,

. the transcriptions, and the interpretations made during

the first two stages of the analysis process. Hcregvér,
charts, lists, and tables were constructed for the

purpose of verifying interpretations made and for
gaining further insights.

xtensive discussion with my
advisor bhelped tc'farmuiate nd systematize the
discoveries. '

Understandings and conceptions regarding the nature
of partitioning behaviors are presented in chapter 1V.

Although selected clinical session recordings were
viewed by supervisory committee members as a
verification measure, the data interpreiatians are th@%g
of the author. The process of theoretical sampling is
demanding and of necessity the results are reflective of
a researcher’'s personality, mental powers, and

theoretical sensitivity. This is in accord with Glaser &

Strauss (1967) who state that discovering gr

sensitivity which increases or deepens with experience
over time. Furthermore, it involves the researcher’'s

"personal and temperamental bent" and the "...ability to
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have -theoretical insight into his area of research,
combined with an ability to make something of his
insights” (p.46}).

The experience of data collection and sim]t;ﬁeau£
analysis resulted in i-ﬁsightﬁ;T gains into children’'s
partitioning behaviors which led to or form part of the
final interpretations. The new Knmledge emerged from

the total experience and is "grounded gin the data”.



IV. PRESENTATION OF THE DATA

The purpose of the present study was to gain insights
into the construction of the rational number concept in )
children. Understanding of the partitioning behaviors of
young children was sought through observation and
questioning techniques while children were engaged in
solving partitiéﬁing'prablems by manipulating éiven
materials.

Five tasks were used in the study. One, the Cake :
Prablem, proved to be highly effective in enabling children
to demonstrate partitioning capabilities and techniques.
while interacting with children engaged in partitioning the
selected regions, foundational elements of the partitioning
mechanism were uncovered. Therefore, the descriptive data
and major findings relate specifically to the Cake Problem.

A sample transcription of an interaction sgssjen with
each problem is included in Appendix C.
| In this chapter, perceptions attained and conceptions
formulated regarding the capabilities of young children to
construct partitions on circular and rectangular regﬁans are’
presented and documented.

Selected transcripts are presented at the outset to
enable the reader to obtain. a feeling for the data. The
transcripts describe interactions conducted near the end of
the daii calieétiﬁﬁ period. As such, they show the
researcher probing for confirmation of emergent insights;

insights which the reader may-"grasp" before reading the

49



50
formalized account given later,
A. Selected Transcripts

ter stick is a stick as long as a diameter of

the cake and used to partition the region by a 'cut! through

the center.

A radius stick refers to a stick shorter than a
diameter the cake and used to designate a ‘cut’ from the

center of the region to the perimeter.

Bro, (8;5)

Bro (8 years, 5 months) had successively partitioned the
giant cookie in half and fourths but was unable to get -
thirds or fifths. Presented with a rectangular cake, she
partitioned it in half, thirds, fourths, fifths, sixths,
eighths, and sixteenths. She was then given a round cake and
was asked to share it among three children. Her first
attempt was with two diameter sticks in the form of an "X";
then she removed one stick. Stating, THIS IS HARD, she
prgceaded to place two additional sticks enéing with five
pieces. THAT? "For thsee people? How many pieces do you have
there?” FIVE. She moved the sticks and formed six pieces.
"Now?" SIX. "Share it for six people."” She adjuste

sticks by rotation moves and made even shares. ‘Sugﬁase six
more children arrived, what would you dp?" She added three .
diameter sticks, bisect1hg each piece as she placed the
sticks on the cake. "Fair share?® EMHEM. "What would you
call this piece?” QUARTER. “How many quarters in that cake?"
TWELVE. "Could you call it (one share) another way?" SIXTH:
TWELFTH. While removing the sticks, | stated: "You have six
pieces. We'd like to have five pieces.” She made several
unsuccessful attempts beginning either with two
perpendicutlar diameter lines or vertical parallel. lines.
"What are the numbers that you're having difficulty with?
That you find hard?" THREE AND FIVE. BEyV' CAUSE IT'S KIND
OF HARD TO MAKE IT. "why is it? You can make four and six
and eight; you’'ve made twelve and sixteen. th are these
numbers hard?" CAUSE IT'S THE LITTLE DNES "The 1ittle ones
are hard? ls two hard?” NO. "Four?" NO. "Six?" NO. "So,
what’'s hard. about three and five?" WELL,IF YOU TRY AND MAKE

=



51

SOMETHING OUT OF 'EM, YOU ALREADY MADE THEM. “"What do you
mean by that?" WELL, YOU TRY AND MAKE FIVE, BUT THEN YOU GET
SIX. “Why is it that you get six when you try to make five?*
I DON’T KNOW. IT'S KIND OF HARD. "I'd like to Know why it's
hard.” CAUSE 1 NEVER DID FIVE AND THREE BEFORE. "Start again
with two, and four, and six. Start there and try and show me
why three and five are hard. You tell me everything that
you’' re thinking as you’'re making those. How do you plan a
four and how do you plan a six?" She partitioned the cake in
fourths. "Tell me what you're thinking as you're mak ing
those.™ T'M THINKING THAT IF YOU GO LIKE THIS, FOUR COULD GO

.LIKE THIS BUT IF YOU PUT ANOTHER ONE LIKE THIS IT CAN MAKE
EIGHT. “Alright, I'm glad you’'re telling me that. Now, could
you tell me something more?" LIKE IF YOU MAKE THREE LIKE
THIS (a horizontal diameter cut and two vertical radius
cuts) YOU'D GET FOUR, SO, LIKE, IF YOU GO LIKE THIS (moving
the sticks) YOU STILL GET FOUR. IF YOU GO LIKE THIS (one
horizontal diameter cut), IT'S TWO HALVES. “Now, could you
Regin differently, though? Each time, there, you're ,
beginning with this (diameter cut).” 1 CAN BEGIN WITH A NEW
LITTLE ONE LIKE THIS. "Alright, and Keep on to make three,*
She made several attempts using diameter sticks, beginning
with a halving cut. “Maybe it's how you begin. Could that be
it?" EMHEM. She tried again and ended with two vertical
parallel lines. "Are those fair?" EMHEM. "To me, this seems
to be a little bit smaller than this....Try and begin with
three pieces another way." She made several additional
attempts and ended with a half piece and two quarter pieces.
‘Begin with three. You can see two pieces there, can’'t you?
You can see four. Now, see three. Show me four with those
sticks (radius) you have...." BUT 1 NEED A BIG ONE. "You
could take another one of those.” She did and partitioned
the cake in fourths. "Now, you look at that, and say to
yourself, I want three, not four. What can you do?..." She
first removed two sticks then replaced one, and finally with
rotation moves, succeeded in getting thirds. "Now, why was
that difficult? Tell me that.” 1 FORGOT HOW IT WAS DONE.
"Have you done that befope?" EMHEM. IN MATH LAST YEAR. "Did
you do that last year? Oh, so, why is that difficult to do?"
CAUSE 1 NEVER DID MATH FOR A LONG TIME. WE NEVER DID THIS IN
MATH YET. “Now, if I ask you to do five, is that going to be

difficult?” She added one stick, then rotated some, and
added one more without hesitation. She went on to partitijon

the cake in sevenths. : .

Jou (8;5) ;

Jou was asked to partition the circular cake in three
fatr shares and he did. "Why 1s “it that for three, you
.didn’ t pick this (diameter stick) up?" CAUSE IF YOU PICKED

THIS UP, IT'D BE GOING LIKE THAT (halving), THEN YOU'D HAVE
TO PUT THESE ON (two radius sticks) AND IT WOULDN'T BE EVEN.
SO YOU HAVE TO TAKE THREE SMALL ONES AND PUT THEM ON LIKE
THAT. "1 wonder why that’'s so?" CAUSE IF YOU USE THESE
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(diameter sticks), IT'S GOING TO BE ALMOST IMPOSSIBLE CAUSE
IF YOU DO, YOU'D HAVE TO GET ANOTHER AND PUT IT LIKE THAT -
AND THEN YOU’'D GET FOUR, AND THEN YOU'D NEVER GET THREE.
"So, why doesn’t three work with that?" CAUSE YOU COULDN'T
GET THREE WITH THAT CAUSE IF YOU USE THOSE, YOU WOULD KEEP
GETTING MIXED UP. YOU'D SKIP THREE IN EVERY...(He 8idn't
complete his statement.) From three shares, Jou went on to
partition the shape in sixths by halving each piece, then
twelfths, and predicted the next number of shares would be
twenty-four and then forty-eight. He was then asked: "What
about five? Why is five not coming out?" (He had been saying
the numbers he got: 2, 4, 8, 16; 3, 6, 12, 24.) CAUSE EVERY
TIME YOU GO FROM THREE, YOU HAVE TO GO TO SIX CAUSE YOu
ADDED THREE MORE TO MAKE 1T EQUAL PARTS. AND FROM TwO TO
FOUR AND IT WOULDN'T GO UP TO FIVE, ALSO IT WOULDN'T BE
EQUAL. "So, the only way to get five is how?" USING THE
SMALL ONES (sticks)...."ls five an easy one (number)?" SORT
OF EASY AND SORT OF DIFFICULT. “"what makes it dfficult?”
CAUSE WHEN YOU START, YOU THINK IT WOULD BE SMALL PARTS BUT
WHEN IT ENDS UP YOU HAVE TO HAVE BIG ONES....He then
partitioned the cake in ten pieces and then twenty, and .
predicted the next numbers would be forty and eighty. He was
next asked to partition the cake in seven pieces. He picked
up the small sticks and proceeded to make seven parts. "ls
there another way to get seven besides one by one? Could you
plan it?" TWO, FOUR, SIX. NO. LIKE YOU HAVE SEVEN PAIRS OF
SOCKS. YOU'D HAVE ODD, YOU HAVE ONE MORE. YOU HAVE TWO THEN
YOU HAVE FOUR. THAT'S KNOWN AS TWO PAIRS. THEN SIX IS THREE,
- AND THEN SEVEN. THAT’'S THREE PAIRS AND A HALF., SO I DON'T
THINK I COULD. "Do you know a name to call the number seven?
What Kind of.a number is seven?" A ODD ONE. "Why do you call
it odd?” CAUSE IT'S, IT'S LIKE HAVING HALF A PAIR OF
SOMETHING. "What would you call eight?” EIGHT 1S LIKE A
PAIR. "Another name?" | FORGOT IT. I DONE IT IN GRADE ONE.
YOU HAD THE ODD NUMBERS AND THE SOMETHING NUMBERS.

Hof (8;10) _ ' -

Hof was at first unable to partition the giant cookie
in thirds but he succeeded in attaining fifths. Following
this achievement, partitioning in thirds was no longer a
challenge. He was presented with a rectangular cake and he
partitioned it in half and then in fourths using vertical,
horizontal, and diagonal lines to obtain qualitatively
different partitions. He did not, however, use three
parallel lines to obtain fourths.

When asked to share the rectangular cake for groups of
three and five people respectively, Hof was perplexed. His
procedural moves were modeled on those performed for thirds
and fifths on the giant cookie, that is, the use of radius
sticks radiating from the center of the region. His thinking
appeared to be unaffected by the particular structural
properties of the two shapes. Varied sized rectangular cakes
were presented to him in an effort to break his pattern of
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moves. He partitioned the large cake in thirds using r
horizontal paraliel lines but he did not employ this
strategy .in his attempts to obtain fifths. He was the
to share the large cake for seven people but he did n
succeed. The cake was changed once again. "Could you share
this cake (narrow) for seven people?” THAT MIGHT BE MORE
EASIER BUT 1'LL TRY. He made severa) unsuccessful attespts.
THIS ONE'S AN ODD NUMBER. "Pardon?" 1 SAID, I CAN DO ENEN
NUMBERS BUT IT'S HARD TO DO ODDS. “What do you mean by an
odd number?” LIKE TWO, FOUR, SIX, EIGHT. °"what are th¢se?®
THEY'RE EVEN NUMBERS. "] see. And which ones do you fAnd it
difficult to get pieces for?" 0DD. "Why2" CAUSE 1T @GETS TOO
HARD, LIKE, I, THREE PIECES 1S HARD,” FIVEN- AND SEVEN. “Okay,
suppose you had seven people and you wanted to give each a
piece of cake." EMM, THIS IS HARD THOUGH. He made further
attempts but was not successful. ~ .

During a second clinical session, Hof was presented
with a round cake and, at my request, proceeded to partition
it in halves, thirds, fourths, and fifths. Observing the -
cake partitioned in fifths, he was asked: "What is each part
called?" A QUARTER. "How many quarters do we have there?"
FIVE. When requested to share the cake among six people, he
picked up two diameter sticks and placed them on the cake
saying: THERE'S FOUR. 1'D BETTER TRY IT A DIFFERENT WAY. He
removed the sticks and picked up some radius sticks while
saying to himself: SIX,--EMM, THAT'S NOT GONNA BE EVEN. He
positioned them correctly on the cake. THERE. "What is each
part called?” A QUARTER. To partition the round cake in
sevenths proved to be a challenging task for Hof. He first
made six partitions and then removed all the sticks. LET ME
TRY THIS AGAIN. He used diameter sticks and obtained eight
sections. He changed again to the radius sticks and produced
six partitions but, as he placed the last stick on the cake,
he stated: THAT WOULD BE EIGHT and subsequently removed all
the sticks. I CAN'T THINK OF A WAY, He tried again,
beginning first with the radius sticks and made fourths;
then he halved two of the sections; next, he removed the
last two sticks he had placed on the cake and used them to
bisect two different sections; lastly, he removed all the
sticks. I CAN't GET IT. IT'S JUST TOO HARD. He picked up
three diameter sticks and partitioned the cake in six pieces
then removed them., I JUST CAN'T GET IT. “"why?" IT'S JUST TOO
HARD. "Can you get eight?" YES. "Nine?" MAYBE. He used two
diameter sticks to make quarters, placed another diameter
stick, and then another to obtain eighths but he stated:
THERE'S TEN. He removed the sticks and proceeded to place
seven radius sticks in turn on the cake producing seven
pieces and said: THERE'S EIGHT THERE. I'LL TRY BUT I DON'T
‘KNOW HOW. He again placed seven radius sticks on the cake,
counted the pieces, and exclaimed: NOW, I'VE MADE SEVEN!
"Are they a fair share?" NO. "Make them a fair share.” He
did. "That’s the one you had difficulty with." YES...."Now
try to get nine.” Using radius sticks, he first produced
fourths, then eighths. EIGHT! He removed the sticks and
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began anew with three diameter sticks making six partitions
(not congruent). SIX! He added two radius sticks. IF 1 DO
THAT, THAT’S TEN. OH, BOY! He made several other attempts,
usually ending with eight partitions. He reverted to
parallel lines (two vertical and two horizontal) pradu§1ng
nine uneven shares. “Is that a fair share?” NO. "Why not?
"CAUSE THERE’'S A ROUND THING HERE, BUT IT'S UNDED, THERE'S
A SQUARE HERE (in the center), BUT IT'S A QUARTER PART HERE. -
"So, that's not the way to get nine.” He made a new effort
with the radius sticks and this time succeeded. NOW | HAVE
TO MAKE THEM EVEN. "Alright, you’ ve just made what?" NINE.
"And it took you a while to get that." YA. “"why was that
difficult?” CAUSE I KEPT PUTTING THEM TOO WIDE. "That's one
good reason. Can you tell me some other reason why nine
would be hard?" CAUSE NINE IS AN ODD NUMBER. Another very
good reason. (Pause.) What does that mean when you say it's
an odd number?” [T MEANS LIKE TwWO, FOUR, SIX, EIGHT,
TEN,--THEY’RE EASY TO GET BUT THE OQD NUMBERS ARE HARD.
"What do you call the easy numbers?” EVEN. "What does that
mean, a number that's even?® IT MEANS LIKE, EHHH--IF YOU'RE
COUNTIN' BY TWOS, THEY'RE EVEN'NUMBERS. IF YOU COUNT BY
ONES, LIKE, 1 SHOULD SAY EY THREES--ONE, THREE, LIKE THAT,
THEY'RE THE ODD NUMBERS. "What's the one after three?” ONE,
THREE, FIVE, SEVEN, NINE. “"How are you counting there?" BY
ONES, NO--THAT’S HARD. YOU’'RE COUNTING BY ODD NUMBERS, BUT I
CAN'T THINK OF WHAT NUMBER YOU’'RE COUNTING BY. "Okay. Is
there another reason why nine was difficult?" 1 CAN'T THINK
OF ONE. "What have you discovered now, then?" THAT.IF YOU
PUT THEM IN A BIT MORE SMALLER, YOU CAN MAKE NINE. "Okay,
what would be the next number that might be difficult to °
get?” ELEVEN. "Would you want to try that?" OKAY, I'LL TRY.
He began placing radius sticks on the cake (round) and
stopped when he had ten. I’'LL MOVE THEM CLOSER. IF I PUT
THAT ONE THERE, WHAT WOULD THAT BE? (He was talking to 7
himself.) He counted them. There were eleven. "fair share?"
YES. "In order to make it a fair share, what must you be
careful to do as you're placing those sticks there?" CUT
THEM EVENLY. "Yes. Do you place those sticks anywhere?" NO.
“Where? What are you think1ng of as you're placing those
sticks there?” MAKING SURE' THAT THEY ALL GO IN THE CENTER.

I wanted to find out if Hof could produce a number of
partitions by trisecting sections, so he was asked tD share
the round cake for three people. 1 DID THAT BEFORE. "Why did
you immediately pick up those sticks (radius) and not these -
(diameter )?" CAUSE IT WOULD BE TOO LONG AND IT WOULD GO ALL
THE WAY ACROSS. THESE STICKS ARE EASIER TO WORK WITH. "Okay,
for certain numbers.” YA, "Let’'s try this one (diameter
‘stick). Is it possible to get three beginning with that
one?" NO, WE WOULD JUST GET TwOD. IF YOU ADDED ON THAT ONE
YOU™WOULD GET FOUR. “And so you don’t think you can get
three using those sticks?" NO. "Let’'s put your three here
again. Now, once you have three this way, what is the next
aasy number to get with that?" NINE. "Alright, without
- moving those st1cks. do it." He b1sected each section. "What
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do you have?* SIX "That’s a rather nice way to get six,
isn’t it?" YAP...."You said that you could get nine from
that (thirds). 1'd 1ike you to try to get nine without
removing these sticks Just look at the cake and think of
what you have to do.” He trisected one section. "Now, why
did you decide to do that? Just stop there.” CAUSE IF YOUu
PUT THEM SMALL YOU HIGHT BE ABLE TO FIT NINE IN. "Okay, so
you' re not sure you're going to, though, eh?" I MIGHT. "You
have to move some sticks, do you think?" NO. "How many small
pieces do you have there now?" THREE. "And look at what's
left. Do you think that you are going to arrive at nine?"
OKAY. He counted to nine while staring at the cake. YES.
"Are you sure?” YES. "Why?" CAUSE IF I KEEP ON PUTTING THEM
LIKE THIS, THEN I--1 WILL! "How .do you know? Tell me." CAUSE
IN MY HEAD, 1 DID THAT. (He demonstrated trisections.) "And
what does that get you?" IF YOU DO THAT, THERE'S ONE,
THERE'S THREE, FOUR, FIVE, SIX, SEVEN, EIGHT, NINE! "Very
d. So, what are you da1ng to each one of these pieces?"
‘M PUTTING THEM INTO SMA|L QUARTERS. “Yes, and how many
p1eces§' NINE. "In each one of them? How many pieces will
get in each space?" EMM, THREE. "Three rore which gives
¥au ' SIX. "And there?" THAT WOULD GIVE YOU THREE AND THEN
YOU ADD ON IT WOULD BE NINE. "Good. Do it now. I Know

that you know how to do it." "Now, what about five?
What's the best way to plan a "five?" PUT IT ’IN THE s
MIDDLE.... "Just think for a minute. Is there another way

that yau could plan for five? Could you get five from a
smaller ﬁulber'? Like from two you get’ four and from four you
get eight.” He partitioned the cake in halves, then fourths,
then fifths. IT'S THE ONLY WAY I CAN THINK DOF. “"Why is it
the only way?" CAUSE YOU HAVE TO PUT SOME CROOKED, LIKE IF
YOU PUT A LONG ONE THERE, IT HDULDN T BE FIVE. 'It would not
come out to be five, eh9‘ YA. "Having dane it that way,
what’'s your next number to get?” TEN. "And after ten?*
TWENTY. "Okay, good! ls there aﬁother number you could , get
-from five?" BESIDES THENTY? “Yes." (Pause.) "I'm thinﬁing of
fifteen. Tell me how you'd get fifteen from five." 1'D HAVE
TO SHOW YOU BY USING THE STICKS. "Show me by dividin She
piece.” He demonstrated bisections of each piece. 1 DON'T
KNOW HOW YOU COULD GET FIFTEEN “I think you do." UNLESS YOU
MOVE ALL OF THESE OVER. "No, we’'re going to leave them

- there." OKAY. "If you do it that way (bisecting each piece),
what happens’ How many pieces do you get?" TEN. "So, that
doesn’'t help you to get fifteen, does it?" NO. "So, there's
got to be another way." IF YOU DID IT LIKE THAT. He
indicated a trisection of one piece. "Will that work?" YES.
“Are you sure? Prove it to me without even doing it." OKAY.
He counted aloud, pointing to imaginary parts of. the cake.

ONE, TwWO, THREE; 4, 5, 6; 7, 8, 9; 10, 11, 12; 13, 14, 15,

He 1;ughed This was evidentiy a new expgrience for Hgf and

he was demanstr-ab’ly pleased with his accomplishment.

f
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Doz (9:8)
Doz was attempting to section the circular cake in

thirds. "For which number is it difficult to do?" FOR THREE.
‘'"Is it difficult to do it for four?" NO. “"What about five?”
YES, HARD. "What about six?" EASY. "Seven?" MAYBE HARD.
"Eight?" EASY. “"Why is it eas¥ to do it for two, four, six,
and eight?” BECAUSE WHEN YOU TRY TO DO THREE, IT DOESN'T
WORK. WHEN YOU TRY TO DO SEVEN, IT'S HARD BECAUSE IT MIGHT
NOT WORK. "What do you mean when you say it doesn’'t work?"
WELL, IT WON'T FIT. "Alright, can you show me besides
tell1ng me?” She proceeded to partition the cake in halves,
fourths, and sixths. "Now tell me why it's difficult to make
it for three.” WELL, IF YOU'LL PUT IT LIKE THAT (cutting it
in half) AND THEN TRY TO MAKE THREE, YOU'LL HAVE TO PUT IT
LIKE THAT (a radius-stick perpend1eu1ar to the halving cut),
IT WON'T BE EVEN. "For three, then, can you start that way7‘
YES. "Alright, do it." She trxed.f“TD make it a fair share
for three, can you start that way?" .NO, IT WON'T WORK.
"Alright, so then, it seems that if it doesn’'t work, you
have to start another way, don’'t you think? What would be
another way to start for three7“ She placed two sticks in a
vertical parallel position. "Yes, that's one way, and you
have three pieces. Now, are they a fair share?” NO. "Why?"
BECAUSE THIS IS THE CORNER AND THIS IS THE MIDDLE. "So,
there must be another way to begin for three to make it a
fair share.” She placed two radius sticks on the cake. “How
many pieces there?” TWO. She moved one to form a right angle -
with the otheg stick and placed a third stick on the cake.
With rotation moves, she constructed what looked like
congruent pieces. "Alright, what did you do there t$
three?" WELL, FIRST I PUT THIS HERE AND THEN I PUT HIS DNE
1 CUT IT. "Do it for four.® She did. "Easy or hard?" EASIER.
"Why?" WELL, FOR THREE, YOU PUT THAT (radius stick) FIRST,
THEN GO IN THAT WAY AND YOU HAVE TO CUT IT LIKE THAT. *"So
that’'s for four. Our ‘next nember is what?" FIVE. "Do it for
five.” She placed four vertical parallel lines on the cake.
"ls that a fair share?” NO. "Why not?" BECAUSE THE CORNER
PIECES ARE BIGGER. "There must be another way to do it for
five." She picked up a diameter stick but changed it and
began to section the cake using radius sticks and easily
obtained fifths. "Now, how did you begin that one?" WELL, I
HAD ONE OF THESE (diameter stick) ACROSS LIKE THAT (slanted)
AND THEN I TOOK IT OFF. “"Why?" BECAUSE IT WOULDN'T WORK IF I
DID THAT. THEN I TOOK ‘A SMALL ONE AND THEN I PUT IT HERE AND
I PUT TWO MORE HERE AND TWO MORE HERE....She partitioned the
cake in §1xths (beginning with fourths, adding a diameter
stick followed by rotation moves) and was asked to do it for
seven people. She called it a "hard one™ because, as she '
stated, IT MIGHT NOT WORK. "How are you ge1ng to try it?"
WITH THE LITTLE ONES. She did it easily....Later, she was
asked why three, five, and seven grerhgrg to make and she
answered: WELL, IT WON'T GO IN EVEN PIECES.
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B. The Fiagings

A systematic analysis of tﬁe partitioning behaviors of
young children revealed distinctive levels of capabilities.
These levels, together with knowledge of elemental
conceptual structures necessary for constructing unit
fractiqns, have led to the formulation of a theory for the
development of the partitioning mechanism. |

The theory emerged from the data; therefore, in
expounding the theory, the major findings are presented in a
general mode. ¢ |

In the following section, foundational elements
undergirding the partitioning construct are presented. Next,
the partitioning behaviors of young children are detailed
within seven categories. The geometric figures used in the
study are discussed under two headings: first, the effect of
structurgl properties on the construction af partit19ns and
second, the difficulty level of the selected figures.
Lastly, the theorized five stages of partitioning
capabi)ities which a child must attain before the
partitioning mechanism is mastered are defined.

The Partitioning Construct: Foundational Elements

The telected transcripts cited iﬁ the prgeediﬁg’secticn
provided, in part, information which led to the
identification of foundational elements of the partitioning
construct. Briefly stated, it is proposed that the

conceptual structures necessary to construct unit fractions
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have their genesis in basic number theory and transformation
geometry.

In particular, iagas of even and odd, prime and
composite, factors and multiples play key roles. Moreover,
elements of geometry interplay with number theory concepts
as the child endeavors to master partitioning mechanisms.
Notions of transformation geometry such as translations,
rotations, symmetry, similarity, congruency, and the
structural properties of the shapes all play a significant
role. t

The role of these foundational elements in partitioning
rectangular and circular regions is the focus of the

remainder of this chapter.

Partitioning Bshaviors: Categories and Description

The partitioning behaviors of children demonstrate a .
progression through several levels of capabilities. These
are described below under SEVéﬁ‘EBtEQDFiES;

Early Partitioning Behaviors

Early attempts at subdividing rectangular or circular
regions in halves, .thirds, fourths, or Fifths‘prgduce a
number of parts greater than the number required, uneven -
shares, or only a parfian of the region is partitioned.
Samples of these partitioning attempts are depicted in

Figure 4.
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The Halving Mechanism

A child first learns the 'halving mechanism’, that is,
he learns how to partition in half. The young child’'s
partitioning activities are for some time dominated and
controlled by the halving mechanism; that is, by a line or
"cut’ through the middle of the region. This is true whethér
the shape is rectangular or circular.

Some children who can successfully partition in halves
and fourths produce incorrect partitions on successive -
trials. Others egin with uneven séares or too many shares,
but, when requested to share the cake so that there are only
two or four parts with ‘all the cake used up’, proceed to
partition correctly in halves or fourths. Such erroneous
attempts demonstrate that these children, although at times
successful, have not attained mastery.of the halving
mechani sm aﬁd do not realize that evenness is a necessary
quality for halving. .

The ‘child who has leéarned the halving mechanism is able
to make the partitions he or she may need to make: for
example, halves and fourths. Both rectangular and circular
shapes are at first partitioned in half by a vertical or
horizontal line while a slanted or éiagangi line is employed
at a later time. )

Partitioning in fourths is first achieved by a halving
line (vertical or horizontal) and its perpgﬁdicuiar-
bisector. Again, the use of diagonal lines is somewhat
delayed. Seldom is a rectangular shape partitioned in



fourths by three parallel lines prior to partitioning the
shape in thirds. The shape of the figure may have something
to do with the type of sectioning a child performs. For
example, a long narrow rectangular shape may more readily be
sectioned with three_parallei lines than by two dﬁgggnais.
In this investigation, 'cakes’ with dimensions 10 om by 15
cm and 15 cm by 20 cm were most frequently employed for
sectioning in fourths.

In time, a child uses the halving mechanism in an
algorithmic manner, that is, he or she can perform
successive dichotomies. Thus, from partitioning in hingg
and fourths, a child quite easily proceeds to partition in
eighths and even sixteenths if his or her counting ability
and knowledge of add}ticﬁ are adequate. For example, when a
rectangular region has been evenily agftitiaﬁed by two
perpendicular lines and the child is asked to make four
additional partitions, young children who have learned the
halving algorithm unhesitatingly proceed to bisect the two
half sectlons by adding either two vertica1 or two

horlzontal lines, thus producing eighths [f~—{- 1~

In a Tike manner, children are able to obtain s1xtggnths.

Partitioning i circular shape in eighths from fourths is
performed with similar ease. This adeptness at doubling the

number of partitions is a manifestation of mastery of the

. halving mechanism.
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Rectangular Figure: Thirds
" The halving mechanism is a tool which serves the child
ﬂei1 for solving many of his or her partitioning problems.
However , when the child is faced with the task of
partitioning in thirds, this acquired too! becomes somewhat
inadequate, but not totally so.

: For example, if the child is asked to partition a
rectangular region in thirds, a vertical line from top to
bottom as in halving can be of service. The only change is
that the line cannot be positioned through the middle of the
region. The child must come to realize that for thirds, two
parai1ei lines are .necessary. It may appear fa be a trivial
move from halving a rectangular shape to partitioning it in
thirds, but for the young child, it is a major |
accomplishment.

Before thirds are obtained, a young éhi]ﬂ partitions a
rectangular shape in three parts in different ways. When the
child’'s thinking is dominated by the halving mechanism, a
first attempt at thirds is to make three parallel lines thus
producing four pieces. Faf the young child, the rule is:
Make as many lines as the number of required shares. Lon
(5-6) voiced this rule. When asked to share the giant cookie
with four children, he stated: FOUR OF THEM, SO I HAVE TO
PUT FOUR fsticks!. He placeg all the sticks in aiVEFtiﬂai
position. Later, when prgsgﬁteﬂ with three dolls, he said: I
WOULD PUT THREE ON 'EM.

")

s

-
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Other early attempts at partitioning in thirds are:
1. Partitioning in half by a vertical or horizontal
line and halving one of the sections with a

¢ perpendicular bisecting line | EiEE EEES l.
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subdividing one of the pieces by a semi-diagonal
tine [ 1.

3. Partitioning by working from the center of the

to the midpoint of one side (width) and two
oblAique lines to each vertex of the opposite
side [ 1. |

4. Partitioning by making two parallel oblique
lines [!i!i ]. '

Such ﬁraduéts demonstrate that the child’'s thinking

is dominated by the haiv%ng mechanism. In time, the
child comes to realize the unevenness or unfairness of
such partiiians and subsequently attempts to make g;ir
shares ..

Examples of such efforts are:

1. Instead of partitioning in half, the ‘halving
stick’ is transposed away from the middle line
making two unequal pieces, and the larger
section is halved with a perpendicular bisecting
line [EEESI_ o

2. ﬁart%tianing by two oblique lines from the base
vertices and intersecting at the mjapaint of the
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opposite side ( ).

3. Partitioning by an oblique line from a base
angle to a point (around the middle) of the
opposite side and by dividing the larger piece
in two by a line from the other base angle to a
point on the first line [[X] 1.

‘ It must be noted that samé of these partitions

could be even shares.

As previously stated, partitioning a reetangﬁ]ar
shape in fourths using three parallel lines (vertical ériﬁ
horizontal) is seldom used prior to the child's
capability of partitian¥;§ in thirds although parallel
lines are used in early unsuccessful ﬁttenﬂts at thirds,
fourths, aﬁd fifths. In such instances, the>sticks are
either not propeﬁ]yiﬁésitiened or they are not the
correct number of lines for the task at hand.

Rectangular Figure: Fifths
At the time when uneven partitions in thirds are made
due to the dominance of the halving mechanism, a child
produces homologous partitions for fifths. Early attempts at
- fifths are generally built on from fourths.
Examples are: i
1. Partitioning in fourths by two perpendicular
 bisecting lines and by halving one of the
quarter pieces by a vertical or horizontal line

[EAER 1. .
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2. Partitioning in fourths by two diagonal lines
and halving one of the quarter sections
DG B -

Partitioning in half by a horizontal line and

o)

then bisecting the upper section by a vertical
line and trisecting the other by two oblique
lines from the base angles to the central point
of the region | E%Eg I.

4. Partitioning in four pieces by a vertical
halving line and gne diagonal line and then
subdividing one of the iargé? pieces by an
oblique line from the central point to the
opposite vertex | E;Ejlg

5. Partitioning in fourths by two perpendicular
bisecting lines and then making additional lines
to produce more than five pieces | E ].

Circular Figure: Thirds

Partitioning a circular shape in thirds presents-a
grqater‘chalienge than partitioning a rectangular rggjan. As
previously stated, the halving mechanism enables the child &
to easily partition in fourths, eighths, and sixteenths. It :
also helps the child to par;liian a circular shape in
sixtﬁs. tenths, and twelfths. These latter partitions are
achieved by rotaticn moves. For-example, to obtain sixths,
the child first partitions in fourths, then adds another
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linevproducing six sections. Lastly, a rotational movement
of sticks 1 and 3 produces®even shares in sixths
[ ’@*@*@ ]. Tenths can be constructed in a similar
manner by build‘ing on from eighths. Twelfths are easily
attained from sixths by halving, each section.

To partition a circular shape in thirds, however, is a
‘non-trivial task for a young child. The halving tool is no
lonéer adequate. When the child realizes that thirds cannot
be attained by the halving mechanism, he or she begins a

- search for a new first move or line. This first move is., of

course, a radius of the circle. Before the new tool is

discovered, a young child partitions a circular Fegian!iﬁ

thirds in various ways.

Building on or embloying the vertical or horizontal
1ine as in halving, some children partition in thirds by
constructing three parallel lines thus obtaining fsué
sections. Here again, the rule is ‘Tthé'liﬁes for three
shares”. When requested to allocate the shares, there is
generally an expression of surprise at finding one piece
‘left over’' . Some chfldren. after noticing the extra piéce.
proceed to remove one stick and translate the other two to
form three shares with "all the E!R; used up”.

In attempting to bartiticﬁ a :ircular’shape in thirds,
some children begin by halving and then proceed to bisect
one of the half pleces | (]) (1) 1. when questioned about
the size of the shares, some children'will alter the

partitions by translating the 'halving stick’ to make the



67

half piece smaller and the two quarter pieces larger, thus

producing ' fairer shares’ | (E% Gfa ). -

Other early attempts at constructing thirds are:
. 1. Partitioning in fourths to produce three even
shares and one piece left cvﬁr;

2. ?grtitiaﬂiﬁg in fourths and then subﬁividingjthe
extra piece into three pieces. This subdivision
is produced in various ways: the iines may be
perpendicular to a halving line;, the) may be
slmtiﬁ: or they may be radii of the circle
PD D

Somet imes, ihrge sticks are placed on the fourth
pii:g thus producing four small sections.. '

The above methods are gﬁﬁéf‘ilily emp loyed prior to
”pgrtiticﬁing the circle in thr§e=s§cf§§ns usiﬁé only two
paraliel lines either vertical or h@ri:@ﬁt:lz or with
two lines intersecting at a point on the perimeter
IR =N(VE}

~ When the child comes to realfze the unevenness of

such partitions, s first reaction is: "It can’t be done"
with a statement like: "You can get two p}gces and four
‘piicasi now get three pieces”, the child usually picks
up one or several radius sticks and begins 'cutting’
from the centre of the cake. At this ievel, the child
knows that thirds cannot be obtained by beginning with a
halving line. Some children who have attained this

)
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level, work through several trials by placing three or
four radius sticks intgéigctiﬁg at right angles at the
center and still claim “I can’'t do it." Others, after
trial and error, move the sticks from a perpendicular
intersection to correctly partition in thirds. Still
atharm place one stick on the cake and then 'see’ -ihare
the other sticks go and, as if in one move, place the
sticks in a correct position to at:tgin thirds. Having
achieved this feat, a child can easily proceed to
partition in sixths from thirds. ’

;‘ Circular Figure: Fifths

Attempts to partition a circular shape in fifths
follows a similar process as thirds and does so
oncurr&m |

When radius sticks are aﬁ'q:"layad. a child can achieve
fifths from fourths by first halving one of the quarter
sections and them by rotation moves, reposition the sticks
to ‘obtain five even shares | @ @,].

When a child's thinking is dominated by the halving
mechanism, he or she has several techniques for partitioning
a circular :hapg in fifths.

 Exsmples ira - ’

1. Plrtitimmﬁ in fourths by s diameter lini and
its perpendicular biscc:tm‘ and then halving one

of tﬁe sections | % % l.

2. Plrtitiminq in fourths by tut: ablique
.

. * -




diametrical lines and then halving one of the
"sections. The two lines may or may not intersect
at right angles. In»the 12

obtuse angles is bisected | éE; ].

3. Partitioning in half by a vertical or horizontal
cut and then bisecting one of the half sections
and trisecting the other with lines originating
at the center | g%e ].

4. .Partitioning in five or six sections with four
or five parallel chords positioned equidistant
from each other | (HID @ID) ]

Cognizant of the unevénness of such partitions and
having discovered the new taalsfor thirds, the child
freely uses it to successfully partition a circular
shape in five congruent sections. Thus, it can be said
that a ;hiid achieves mastery of thirds and fifths and
for that ;atter. sevenths, at the same time.

Some children are successful at partitioning a
circular shape in five congruent nartéfpriar to thirds.
It appears that young children are ngt inclined to
construct a piece which is larger than a fgurth;YSince
one fifth is smaller than one fourth, a child readily
bgﬁins to construct the pie@gz one by one for fifths.
Frequently, the child ends up with five pieces before
the whole cake is 'used up’' . Here again, rotation moves
change the uneven p;riitian: into even shares with all

the cake "'used up' .



Circular Figure: Ninths

P;rtiticﬁing in ninths may be the last problematic
number for the young child. Once the child has mastered
thirds, fifths, and sevenths, nihths are obtained in a
similar manner; that is, by using nine radius sticks and .
placing them successively on the cake. This ;ggg;jgg‘
algorithm is awkward and does not lend itself to producing
even shares as many aéjuétmEﬁts must be made before all the
pieces ' Took’ congruent.

Since young c¢hildren’s experien:as with sébdivisicﬁ of
parts are almost exclusively a halving procedure, they do
not think of partitioning in ninths by treating nine as a
composite number; that is, as a multiple of thr§e. Haweve#.
if pressed to do so, it is probable that children who have
mastered thirds would succeed at the task.

Hof (8;10) was asked to get ninths from thirds. He
first bisected each section and realized this procedure
would not enable him to get nine pieces. When told to "Just
look at the cake and think ef.whgt you have to do", he
proceeded to trisect each piece. Later, he succeeded at
partitioning in fifteerrths by trisecting fifths.

The Selected Figures
The selected figures, rectangular and circular, are
discussed under two headings: structural variances and

difficuity levels.
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Structural Variances

Rectangular and circular shapéd objects were selected
for the study because of the structural variances in the
geometric figures. These vaJ;ingsprcpgrties proved to be
stumbling blocks for some children causing them difficulty
in choosing procedural moves. |
é A technique which was frequently employed was the use
of parallel lines. While this strategy can produce congruent

partitions on a rectangular figure, it is an awkward method

Some children think that actions performed on the two o~
Kinds of regions yield identical results. The fact that this
is not always the case is confusing to them.

Examples of differing products attained from the same —_—

operation are:
1. One line on a rectangular region produces two
shares, whereas’, on a circular region, one line (a
radius) is not a partition. You do not get a ’'share’

from ang’radms cut | ljj @ l.

” 2. | sgggparalle1 lines on a rectangular region produce
. é&m pieces, whereas, on a circular region, three
| lines (radii) praduce only three pieces
(I -
3. Adding a liﬁe'tg a rectangular region partitioned in
fourths by intersecting lines produces two
. additional pieces, whereas, adding a line (radius)

on a circular region produces only one additional
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piece | E}E}EEEQ (ZE% 619 ].

Partitioning béhaviérs unaffected by such
contrasting results indicate a conceptualization of
the distinctive characteristics of the two geometic

figures.

"Difficulty Levels o
rectangular region in halves and fourths than in thirds and
fifths.

A1l 43 respondents were asked to partition a
rectangular region in halves and fourths; of these, 40 were
successful at partitioning in both halves and fourths. The
thrée children who were unsuccessful at partitioning iﬁ
halves were also unsuccessful at partitioning in fourths.

Partitioning a rectangular region in thirds was

attained by 25 of the 39 chiidren who were presented with

partitioning the region in fifths.

Thirty-three children were requested to partition a °
rectangular region in both thirds and fifths. From this
group, six were unsuccessful at both sized partitions; four
were successful at partitioning in thirds only, while two
were ‘successful at partitioning in fifths and not in thirds.

Table 1 presents, by grade levels, the number of
children who were successful and unsuccessful at

partitioning in halves, thirds, fourths, and fifths on a



‘Table 1
Rectangular Region: Successful snd Unsuccessful .

Partitioning by Brade

Lo

Grade K 1 2 3 Tqtal

No. of b
Required Yess No Yes No Yes No VYes No Yes No
» Partitions .

2 »6 2 7 1 12 0 15 0 40 3
3 1 5 4 2 9 3 11 4 25 14
4 6 2 7T 01 12 0 15 O 40 3
5 0 3 2 2 9 2 10 5 21 12

a"Yes" indicates a successful partition.

b"No" indicates an unsuccessful partition.

73
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rectangular region.

On a circular Fggicﬁi more children were successful at
attaining halves and fourths than thirds and fifths. This is
similar to the results on a rectangular region.

Thirty-seven children were asked to partition a
circular region in halves; of these, 33 were successful. All
43 respondents were requested to partition a circular region
in fourths; of these, 37 were successful.

From the children who were’'not successful, only one

partitioning a rectangular region in halves and fourths.
Five children who were successful at halving a circular

region were unsuccessful at partitioning it in fourths. Two

children who attained fourths on a circular ﬁegi@ﬁ were

unsuccessful at attaining halves.

The circular region proved to be more challenging than

Twelve children from the 37 who were requested to
partition a circular region in thirds were successful while
ten out of 30 children attained fifths on the same shape.

Twenty-eight children were asked to partition a
circular region in both thirds and fifths. From this group,
10 children were successful in attaining thirds and fifths
while 17 were unsuccessful; only one child attained thirds
and not fifths. ! ;

Table 2 presents, by grade levels, the ngmbgr of



Table 2
Circular Region: Successful snd Unsuccessful

Partitioning by Grade

Grade K b 2 3 Total
Na. DF‘ ' b .- _
Required Yes® No° Yes No Yes No Yes No Yes No
Partitions
2 6 2 8 0 9 2 10 0 33 4
3 D T 1 3 2 g 9 6 12 25
4 4 4 7 1 11 1 15 0] 37 6
5 D 4 1] 3 2 6 8 7 10 20
BuYes" indicates a successful partition.
b“ugﬁ indicates :nrgﬁsu;;gssFul partition. '
¥ ‘
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attaining halves, thirds, fourths, and fifths on a circular
region.

The percentage of successful partitions achieved was

than for the circular region except for one case; that is,
100 percent of the grade one children attained halves on a
circular region while 88 percent of the children attained
hags on the rectangular region.

The total sample was asked to partition a rectangular
region in haivgs and fourths. Ninety-three percent of the

On a eiébular*rggian‘ 89 percent of the children who
were asked to partition in halves were successful while 86
pEPSEﬁFJQF the total sample were successful at f@urths:

Table 3 presents, by grade level, the percentage of
rectangular and circular regions.

There is a greater discrepancy between the number of
5uccessfu1'attempts at thirds and fifths on the two regions
than at halves and fourths. |

Sixty-four percent of the children who were asked to
partition a rectangular region in thirds and fifths were
successful while 32 and 33 percent were successful at thirds

and fifths respectively on a circular region. Such

more challenging than a rectangular region for attaining odd

numbers of partitions.

’



Table

m
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o «

Rectangular and Circular Regions: Percentage of

Successful Partitions Achieved, Halves and Fourths,

Grade Levels

Rectangular Region Circular Region

Grade

co Halves Fourths Halves fourths
Levels

K 0.75%  0.75 0.75 0.50
1 0.88 0.88 1.00 0.88

2 1.00 1.00 0.82 0.92

3 1.00 1.00 1.00 1.00

Total *0.93 0.93 0.89 0.86

%70 be read: 75 percent of the children who _were

asked to partition the region in half were successful.

77
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Table 4 presents, by grade levels, the percentage of
successful partitions achieved at thirds and fifths on
rectingu]a; and circular regions.

Stages of Partitioning Capabilities

An interpretation of the partitioning behaviors of the
éhi]drsh reveals four distinct stages of capabilities fﬁ the
deve lopment of the partitiaﬁing meéhanism for rectangular
angd circular regions. Although not grounded in the data, a~" "~

.fifth stage is prapaseé as a logical next level. The stage
is beyond the capabilities of the chiidrenrwhé participated
inethe stuﬂy, but it is presented as a last necessary stage '

for attaining mastery of the partitioning mechanism.

Stage 1. The Sharing Stage

A child first learns to partition an ébject or a set of
objects %ﬁ the context of a social setting (Kieren, 1980 a).
At an early age, a child is witness to situations where
things are shared and hears the commonly used expressions
such as, "Break (or cut) it in half" and "Here's half".
Later on, the child participates in sharing activities and
learns how to do the sharing and eventually uses the
‘experien;ial language to describe the sharing action ahd the ¢
result of the sharing. But, as concerns number, this is rote
learning. The child does not Know the meaning of half in a
quantitative sense nor are the necessary characteristics of

evenness and one of two parts understood. This is evidenced



Table 4 ‘
Eetlngui:r end Circular Regions: Percentage of
Successful Partitions Achieved, Thirds and Fifths,

Grade Levels

. Rectangular Region Circuldr Region

brade , . , Thf e cas
Levels Thirds  Fifths Thirds Fifths
K  D.16° 0.00 0.00 0.00

F )

0.25 0.00

2 0.75

3 0.73

Total 0.64 0.64 0.32 0.33

&

*To be read: 16 percent of the children who were

asked to partition the region in thirds were successful.
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by the child’'s use of the term half in expressions like:
BREAK IT IN HALF IN FOUR PIECES and SPLIT IT IN HALF IN
. THREE PIEéES. Also, some children use the term half
exclusively as an operation. An example is Lon (5:6) who
reiterated that the cookie was broken in half but called
each piece A BROKEN COOKIE. To the query, “What could you
call that piece?", he responded: I DON’'T REALLY KNOW, ~—

During the sharing stage, thelchild has learned the .,
halving mechanism, tﬁat is, a line through the middle of the
région~ The child uses fhis learned macﬁanism to partition
J:i;:;;;tangular and circular regions. Although at this
stage, a child succeeds at partitioning these regions in
half and fourths, ‘some attempts result in uneven shares.
more parts than the nu!ber required, or the region is not
all used up. During the sharing stage, partitigging
ocontinuous quantities simply means allocating "pieces” and
an equal number, regardl;ss of size, is<considered a "fair
share”. - “

The partitioning behavior; of tw6 children who are at

_the sharing stage are presented in Figure 5.

Stage II: The Halving Algorithm Stage

A'sécond stage is marked by mastery of the halving
mechanism. At this stage 3 child can successfully partition
a rectangular or circular region not only in halves and
fourths but also in eighths and sixteenths. In other words,
" the child can double the number of partitions or attain



The Sharing Stage The Sharing Stage

"Allocating pieces: more pisces than “Rule: 3 children, 3 cuts.”
NECESSAry."
;-

The Halving Algorithm Stage The Halving Algoritre Stage =
Obtaining Eighths from Fourths Qutaining Sixtesnths froe [ighths



fragtional pafts whose denominate numbers are bouers~of two.

~

~
~

S
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The child uses the acquired tool, that is, the halving

-mechanism, in an algorithmié manner: there is yet no notion .

of equality. Successive dichotomies are per formed

systematically sobthat each part is in turn

!

- >

_Partitioning Behaviors: Rio (5;0), Lon (5;6)

PARTITIONING BEXAVIONS: A7D i

S XS R A—
T Purtitions . S Co _
R %% unjinf=[=zlan
T 1 @D g
- O =
¢ i .’Ammum SEHAVIONS:  LOW
E&Eﬁi' unm;rd.nn hé-@mnnnun

-

B=I=D=q=

X COmmee

a .

kLl ‘ Figure 5
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bisected, thus dobbling the previous number of partitions.
s :
Examples of attempts eighths and sixteenths are

portrayed in Figure E:

Partitioning Behaviors: Eighths and Sixteenths,

Circular and Rectangular Regions

[ co% mma
PHS EEE

- BOP B

Stage I11. The Evenness Stage

A thifd’1§§el of~achievement is marked by a stage when
the child attends to the size and shape of théiﬁarts and
critfcally examines them to determine if they%aﬁe equal or
even. At this stage, partitions are correctly classified as
“fair® ‘or “not fair" although the chjld may not be able to

produce equal shares (e.g., thirds or fifths).
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Prior to this stage, a child declares as “fair shares"
partitions which are not equal. For example, if there are
three peoplie and the number of pieces produced is three,

then it is declared a fair share. Another factor is the

The Evernesd® Stage 7 . The Eveanes: Stage
"Fair shares” for 3 children. Obtaining Twelfths from Sixths

. . N - | o
mechanica use of the halving ‘algorithm, éecause the
algorjthm “wotks" so well, {f is used in a generalized‘;
maﬁﬁe;i that is{ it is used without careful scrutiny of the
partitions it produces. Thus, a prgcgdureiwhich "works" in
one situation is'used in others even though it is inadequate
or unsatisfactory. For exaﬂple.>§n a recténgular'ﬁegigﬁ, a
diagonal line caﬁ be used to partition evenly in two, so
repeated “dichotomies” are performed in efforts to obtain--

fourths [ [/ }; the tool is used to obtain thirds |

¥ -
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«
IEZ;E?]: or, two dfFfEFent halving lfe:g are "mixed"”
[TR] 1. verticat paraliel Tines which "work” on a
rectangular region &re used on a circular regigﬁ-téiﬁraduce
thirds, fourths, or fifths [@ GID @] In such
instances, paPt1t1ens are declared to be Faﬂr shares.

' Stage three is a ma jor breakthrough in_the child's
thought. The halving mechanism becomes more meaﬁ1ngful
fequalness is now a critical’ characteristic in ﬂegﬁgnat1ﬁg
fair shares Diligent attempts are made to construct
ccngruent p1eces and ggﬁsequEﬁtTy part1t1ans uh1ch do not

"look the same .are dfsrgnated to be ﬁGt fair” A

Marecver, the.equal con ept tcgether with geamgtryg
transfarmat1ahs Eﬁabie the ch ld to praduee a ﬁu@per aF
Eart1t19ﬁ5 cher than powers aF two .’ EVEn numbers of P
partitions cah now ?/gﬁ%taiqed For examBle, to obtain
sixths, a child f1r fgﬂértit1gﬁs a :1rcular Feg1cn in
Fcurths. théﬂ bisects two sections, and lastIy rétates two
sticks to attairesix equal parts { ’% @ % . On a
‘Pectangu1ar region, sixths can be attained from faurths by
tFanslating a halving stick and placing an additidnal stick
.paral1e] to it | E E* ]. In a similar maﬁnrer
tenths are obtained: from e1ghths twelfths are obtained from
sixths,

This é%imiti#e use of traﬁ;Faﬁmatiaﬁ geamétrg;eﬁhances
the -halving algorithm so that the child can now attain unit
'ﬁ‘acﬂgﬁal par‘ whose denominators are even nunt)ers 7

Although not tested, the halving mechanism is illustrative



of two things: the doubling of & number of partitions and
the attainment of add1ti:nﬁal pgrts by addiﬁg another stick
'~ and rotational moves .
In summary, the evenness stage is marked by twc: notions
_ ch evenhess: a) the equality or evenness, of parts, and b)’
the ability to parhtim unit Frgc:tims with gven denominate

'i,uf;i:ers é

i = s -

4

\ =
i

étagé IV: The Dédﬁess Stage 1
. 7 Fpllmmg the evenness stdqge, th is a period when

.. the child comes to be aware of the 1:’@:)1 of the halving ’:"g
mechanism. The ccgnizsnce of the limitations Qlf the halving*

: mex:hanism marks another s1gmfn;ant breakthrough in the

child’s thought. At this stage, the child Knows that by
beginhing with a halving line, some fractional parts cannot
bevattained eff‘lﬁuently on either a rectangular or circular

reghan The pr-abiaﬁati: numbers are three and five, or odd
XS Some Ehi%dren‘int:él these as NOY EVEN or the HARD ~

hen gsked to mahe‘m E::@ number of ﬁmrtitmﬁs. some ,
children respond with stalxgments sgch as, I CAN'T GET IT
ONE.

BECAUSE IT'S NOT EVEN or IT CAN‘T Bl
Doz (9:5)"is an example of a chilc\w 5> has Jeached this
'stafie. Working with a circulat cake, she stated that it is
“hard* to partition in three, Five’.‘ and seven and readily -
offered an explanation: BECAU;E HHE.N. YDLI TRY 70 DO THREE.. IT
DOESN' T WORK. HHEN YOU TRY TO DO SEVEN, ‘IT’ES HARD éECAUSE IT
MIBHT NOT WORK. "Not working” for Doz means IT WON'T FIT
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(see transcript, p.55). 6ng of Doz’'s attempts to do thirds
on the circular cake was with two vertical paralle! lines.
When asked if the sharing was fair she replied in the
negative and exp1a%ned: BECAUSE THIS IS THE CORNER AND THIS.
IS THE MIDDLE. This is evidence that Doz has passed thraugh
the evenness stage. ' .

Bro (8:57 has also reached stage four. While

4part1tion1nq a round cake. she stated that three and Five
were "hard to make" She was asked, Uhat s hard about three
and f1ve7' and she repl1ed WELL, IF YOU TRY %b MAKE
EOMETHING OUT OF 'EM, YDU AREADY MADE THEHJ‘Shg explained
further: WELL, YOU TRY AND MAKE FIVE, BUT THEN YOU GET SIX.
In attempting thirds she stated: LIKE IF YOU MAKE THREE LIKE
THIS (a horlzental diameter cut and two vertical radius
gu{s) YQU'D GET FDUR SO, LIKE IF YOU GO LIKE THIS (maving
the sticks) YOU STILL GET FOUR. IF YOU GO LIKE THIS (Gﬁe
'horizontal'éiam%ter cut), IT'S TWO HALVES (see traﬁscriptsi
p.49). ':‘ - -

Some of the children who had attained stage four wepe
guided to discover }he new F:fst mng In such cases; the
child’s attention was brcught to the nged Fgr a different
first move with a cammgnt like "Maybe it’''s how you begin® or

Could you begin differently7' Attempts with fadius sticks -
were subsequently madg,h!itﬁ some children further comments
uoéo made, for example: "You can gettwo and four. Now, look
at the cake and see three." Despite ithis!hiﬂp, not all |
children succeeded at obtaining thirds and fifths. Bro and

3



Doz are.two who did (see traéscripts. pp. 49.and 55).

The Oddness Stage ‘The Oddness St.g!

Rectangular . region: "partitiening © Circulsr region: partitioning °
in fifths ,‘ln fifths
&»
#

Reallzing that a different 1ﬁit1;1 cut is ﬁecessary to
partition in thirds and fifths, the child actively searches
) for a new first move ‘thus fr331ng his p:rtitiaﬂing from the
dom1nance‘of the halving m?chaﬁ1sm. For a circular shape,
the first move is a radius of the circle; whereas, for a
rectangutar shape, it is a vertical or horizontal line
placea,in a p@sitfcnféthér fﬁan tﬁe middie. The child uses
this new tqof in a counting algorithm. The algorithm
frequently requires that a re-adjustment of the partitioning

lines be made in order to obtain equal shares. Figure 7



3 L I
~ o - 90

depicts the alger1thm as it is frequently used for abta1ﬂing
fifths and sevenths.

Pmitiming Behaviors: Fifths and Snv;nths,

Circular and Rectangular Region

t FIFTHS . SEVENTHS

PR D

The counting algorithm enables the child to-obtain
frgctienal parts whose denominate numbers are odd; uhence
the name, oddness stage.

Only Jou (8;5) succeeded at abt11n1n§ thirﬂs and fifths
on both a rectangular and circular region on a First trial.
Although Jou appeared to be confident of hi; methaﬁs.ghe did
show some uncertainty during a second interview. At tr{\ij

| time, he was demonstrably tired and he expressed a. lack of
{g)igqp the previous night so he was not performing at his

L7
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- best. ‘ i i
From the sample, a total of ;ix children were
successful at partitioning both types of regions in thirds
and fifths. With the exception of Jou (cited above), thisg
was only achieved with guidance and aFteE several trials on
one or both regions. , . i !

' Having attained the oddness stage, 'a child'is able to
parttt;on rectangular and circular regions in any number Qf‘
parts: according to the child's counting ability and
ﬁ prov1d1ng the region, is sufficieotly lanﬁe to produce p1eces

'of a reasomable size.

Stage V: The Primeness Stage

The oddness stage marked by the recognition af the
: 1nadequacy of the halving mechaﬁ1sm and the discovery of a
new first move, enables the ch1ld to partition rectangular
and circular shapes in any number of parts As previously
_ stated, the procedure used is a counting g]g@rithm, This
‘method is suitable for small numbers. However, it is an
'awkward algorithm for large numbers such as 9, 11, 13, 15,
etc.; because equal parts are not easily attained.

It is probable that with time a child unuld question
the one-by-one procedure and ook for a different methgd
For numbers such as 11 and 13, there is, of :ﬂurse no other
method, but for 9 and 15j there is clearly a more efficient

- method,



- To obtain ﬁinthé. a reg’lm can’ ’Fwst be ﬁartitim in
tm}ds and then each part tr-isected In like manngr.
Fiftgﬁths can be attained by trisect-iﬁg FiFtHs The numbers
9 anrj 15 are composite. U‘hgt is bemg done is that the -
'regian is first Partitioned in a number of parts that is |
equal, to one of the number’ s pring factcrs‘ and n each
part s subdivided Wy the number that is the #her prime
Fa:taﬁ Composite numbers whose prime factorization is three
" numbers u:uld neqessﬂa&n a three- step part1t1::ning pr‘txess ]
For example, to abtain eighteenths, the procedure c:n.lld be:
f1rst, partition the rggign in half; next, each half in
‘thirds; and lastly, ga,;h sixth in thgirds Other sequences
could be tried; for example, first, by parhtimi% the
shape in thirds. ‘then bisacting or trisectihg .@ach third
and lastly, partft’iming each part !ttliﬁgd by the r-mu‘nng
prime Fal:tcr- ' % o !

The alternative sequences, depicted in F1qure 8,
demonstrate that the choice of prime factor for any move
does not aFFgct the results. This is an Hlustrntian of the
Fundamental Theorem of Arithmetic.

A child who proceeds to partition composite numbers in

lti;' | - algorithm. Such a child

.!has reachgd the primeness stage. i ] -~

this manner employs a m

The primeness stage is the last stage in the
dgvglmﬁt of ggrfiticﬁing‘ as a r;:anstr'uctive mechanism in
rational number learning. All the unit fractions can now be
attained; the’ Faundatian is complete for partitioning a



93
j‘
continuous whole. Other phrtitions, that is, non-unit
fractigns. are nere’ly gmbinations or multiples of the unit
fractions. |

iThe unit fractions Qith;ariﬁg denominators as the

foundational or primitive elements are of. primary importance
_in attaining mastery of the partihaning mechanism;
thergfgr‘a. they are assigned the labe) of primal fractions.

Partitioning in Eighteentfiss Circular Region

(a)
(b)
. (c) ]
-'?,guﬁs ]

It has been demonstrated .that the partitioning ~
mechanism is mastered through the successive attairment of

;ﬂ!(‘



four subsets of the unit fractions. These arefzthe’grimai
l .
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fractions (denominators are prime 'nmi:grs% fFractions whase

"-denominators are powers of two, even fractions, and odd

fFSEtiBﬂS‘
The primal Fra;tlan one-half in the f1rst lggrned
mechaﬁ1sm Hastery of this mechanism gn;bles the child ta

attain a subset of the unit fractions, namely, Fracticﬂs

_whose deﬁamiﬁatars are powers of twa Later, with the aid
geamet¥y tranngrmat1aﬁs the child is able to partition a-

larger subset of unit fractions; that is, the child cans

attain all fractions whose denominators are even.

of

The primal fractign one-third marks a major aﬂvanc:mEﬂt

in the child's partitioning cnpnbi]ity With this
aghlgvgmgnt. a child can partition UHit Fract1cﬁs whose

denominators are odd.
Lastly. use of prime factcrs‘gn!bies the chi}d to

efficiently partition unit Fragt1an= whose d&naninltar: are '

campas1tg numbers .



V. SUMMARY, DISCUSSION, AND RECOMMENDATIONS
A. Summary of the Investigation :

The partitioning behaviors of yaﬁﬁg children were the
focus of the present study; a focus oriented towards the -
discovery of insights regarding the nature of the behaviors
,manifested-ahg théir role in the deve lopment of the
partitioning mécgﬁnismg . <

The study, by desigﬁ.:€nvaived the researcher . |
interacting with ch#idren in the context of controlled yet
flexible clinical sessions. By means of intense observation,
questioning, dynamic involvement, and ongoing sampling and
analysis, the possib%iit} of ggiﬁing insights into éhe
meaning of the parjitianfqg behaviors of children was
maximized. | , |
" Five partitioning tasks were ﬂééﬁsad for the study,
each one character ized by mgterig[s differing in substantive
nature, varying in mathematical difficulty, and admitting
modifiable solution procedures. - '

In this chapter, the sample, the tasks, and the mejor
conclusions are summarized. This is followed by a discussion
of the Fesggggh me thodo logy éng the f{ﬁdiﬁgéi Lastly, , "
recommendations for further research are suggested. .

lhe Sampie | P, !
The final dampYe consisted of 43 children chosen in

mergent fakhion by the researcher from two RinEEfgartgns
? i % = . .
95 '
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(half day Classes), a grade one, two, and three class in a
publi:\epr"lmlry school within the .Yellowhead School Division,
Alberta. Four particlpatlnq teachers were selecteﬂ by the
school pr1nc1pal after the purpose of the study and the
research methodology had beEﬁ presented and explained.

Failcu1ng the methad of thegret1cai sampling (Glaser &
'Strauss. 1967) and in accord with the purpose of the study,
the sampling process extended thraughaut the period af datu
collect1an The selection of children was not guided by
intell1gence or perfgrmanee scores but, by the researcher’s
assessment that the particular chiild wauld freely interact.
during a clinical session. This decision was made while
observing and interacting with the children in their
Classrooms prior to the time of data collection. =~ 1\

The total sample was composed of 22 giris and 21 boys
and included 8 KiﬁﬂEPgEFtEﬁ 8 grade one, 12 grade two, and
15 grade three ch1ldren The mean chrénc]og1cal age of the
Ch1ldrer was 7. 12 years.

The Tasks :

.The five part1tianing tasks which were devgsed and used
exempl1f1ad dist1hct chargcteristics for the purpose of the
study. These pgrti;ular qualitigs are:

‘a. The tasks embodied materials which varied in-
subst:niivi nature, mamely: discrete; discrete set

Y

with elements divisible; discrete set with subsets

separable; GEﬁtiﬁUGUSXE and, continuous but"
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divisible.. ‘ _

b. The mathematical aspect of the task variéd. enabling
all the children to experience success while-
prov{ding the opportunity to challenge their
thinkind. | |

c. Each task allowed for alternative and easy

| modification of a solutién:

d. The task settings and materials were believed to be
familiar and motivational to the children. The-.
manipulation of materials as a method of solution
was thought to be a mode conduciVe for the children

to demonstrate their capabilities

~—

Conclusions .

:The present study was framed within a discovery
paradigm; its focus was the discovery of insights regarding
the development of thg'partitioning mechanism through an .
understanding of the behaviors young children exhibit while
solving selected part{tioning problems. .

~ since the major findings supercede the specificity of
the behaviors manifested whiile interacting with each
problem,. the results have been reported and are summar ized

:here from a holistic viqwbrelat{ve to the development of the

partitioning mechanism.
From insights gained and a systematic analysis of the
data, a theory concerning the development of the ‘
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partitioning mechanism has been fcrmu{?ted and presented.
The key cognitive movements and ﬂharncteristic ecncepts
marking the progressive development of the part1tianing
meghanism are presented in the form of propositions;
propositions which cam§r1se the substantive elements of the
theory. ' o , 7 -

Proposition 1
The conceptual étruetures necessary to achieve mastery
- of the partitioning mechgﬁ1sm can, in thecry, be effectively
expressed using elemental 1deas of number theory and
transFarmnt*lgn geometry. Number thgt:r-y concepts which play a
Key role.are: even and odd, prime and composite, factors and
multiples; geometry notions are translations, rotations,
symmetry.'similarity.‘cnqgruence. and the struditural
dimensions of the regions. _
At times, the child appears to engage in a mental

struggleg with one 6r more of these ideas as he or she
reaches out to ceﬁstruct d1FFergﬁt partitions on rectangular
and. circular regions. At other timgs. there appears to be a
~Kind of "selective focus®, whether consciously or not, as
the child seemingly concentrates on one aspect wh11e

ever]cckinq others.

Proposition I :
Further to the new knowledge concerning menta!
canstructs which undergird the aaﬁtitisﬁing mechanism, a

-~



99

h1erarchy of behaviors in the development of the mechanism
has been identified. . . *

Within the theory. five stages of partitioning
Capabilities are proposed: Four stages are grounded in the
data, while a fifth stage is proposed as a logical next
- level and necessary for ﬁastery of the partitionihg
mechanism. ,

The proposed stages are re-presented here in point form
while highlighting three distinctive characteristics,
namely:

2. the gperator or Key concept developing . during
- the stage; | . '
" b. the algorithm or procedure employed to produce
the partitions; and
C. the domain or the extent of . the partitioping
cCapabilities w1th1n the stage.
The stages are:
" Stage I: The Sharing Stage
> R . Operator: - breaking; sharing; half if.
Algorithm: - allocating pieces ("a piece for
| you" ). '
Domain: - social setting; counting numbers
ot {c) .
&mu__'n&a__m_mr_nmmm |

Operator: - partitioning in two: halving

algorithm. ' (
- no notion of equality. -
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Algorithm: - repeated dichotomies.
Domain: - one-half and other unit fragtions

tWO ‘{ﬂ n € C }]
Stage 11]: _& Evenness Stage
Operator: - equalness: congruency.

- halving algorjthm becomhg mmrqfu!
Algorithm: - halving algorithm: gecunelry S

T~ . whose denominate numbers are powers of
—\

transformations.
" extension of the halving algorithm to
doubLlng any partition and add1ng two
parts

Domain: - unit fractions with even denominate’
numbers [ -{ -L-,‘lw.c(:'} ]

L 2n
tage IV: The Qggn=§§.§xzn:

Operator: - evenness: oddness.
‘ - search for a new first move.

- use of the new first move
- geometry transformations.
Algorithm: - exploratory measures; trial and

error, | r_

- cwntihb; one-by-oneAprocedure.)

SR D@ﬁain' - all unit fractions .
o . I {: L] neC }-l |
. Stage V: The B_lmanzss Stage o

Operator: - conposition of numbers
(Fundamental Theorem of Arithmetic) .

¢
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* use of prime factors.
Algorithm: - muitiplicative.
D?mm - all unit fractions

{ ,ﬁE‘C}I.

B. Discussfon | ,
~__The Research !gthadéiagy

coficentrated effort to discovar
foundational concepts in the development of the i;;};ffgning

jmechanism relative tc rational number deveiaﬁmen Th1s

The study was a

quest for understanding the nature of the part?t1gnin§

behav1ors GF young children necessitated a clinical research
e J(gshhique within a discovery p;r;digm.
-7 The discovery paradigm demands that one “interact with
the phenomenon* so Mat the resulting theory will "express
the éssence of the_ phenomenon”, making it meaningful
(SQwada,1QBD), Agcordingly, a clfnical interaction technique
hodeled on Plgﬁet‘s clinical interview was designed for the
study. The process involved the :Egtarcher in intensive
interactive sessions which saw- young children engaging in
activities which require constructive processes deemed
important in the child’s acquisition of rational number
(Kieren, 1980 a: Piaget et al., 1960)." ‘ ‘
| The‘méde of investigation is affirmed as a powerful

tool in uncovering conceptual structures which undergird

)



concepts, in this case, thg paFtigﬁiing mechanism. The |
value or validity of the mthr:dn:’lc:gy 15 affe:ted positively f
or negatively by the inter- -actihg Egrtigigg nts (r&aar&r

and respondent), the gﬂ; (the task situation), and the

i§ process. These three agents merit d brief .

discussion here. g

The clinical resaarchgr is distingu;shed by certain
pPersonological qualities and Capabilities (Good, 1959:
Plaget, 1929; Posner & Gertzog, 1979; wilson, 1977).
Preitrgfniﬂg and experience in observing:; that is, in
looking, iistEﬁiﬁgi and respaﬁdinﬁ to young children are
deemed mandatory. In addition, a degree of faith in the
ability of a ngQQZFher to carry out fruitfully this type of
investigation appears to be necessary. i

The respondent’ s behavior is affected by the

‘esearcher, the environment (of the clinical session) and

1

the relevancy of the situation to which he or she is to
react. In this study, the atiﬂasphgre was warm aﬁd support {ve
and the children appeared to get maiﬁfng out of wh:t they
were doing.

The problem setting tbifthgay party) was familiar to
the children; the materials were attractive and captured
their attention; the task of sharing a cake, cookies, and
candies made sense ta:thgm Moreover, the _children o
'éx;{érimad:mcgsss they cmld all partition thg objects in
One way or another. Consequently, the challange of "doing it
[pa rti tioning] a different way" was generally accepted with
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Joy and eageﬁneésf
The strength of the discovery paradigm rgsidas also in

tﬁe analysis process which "should blur and intertwine
continually from the beginning of the investigation to its
end” (Glaser & Strauss, 1967, p.43) with the data collection
and coding operation.

~ In this study, data analysis continued through three
stages; during clinical interactions, between clinical
sessions (daytimei evening, and weekend), and following the
termination of the data collection. The first and second
st;ges are of critical importance and determine the extent
to which the paradigm will “work". For 'this reason, the
researcher must try to analyze all information from the
fnitial mﬁﬁgnt with sincerity and assidut;yi

A final word which must be said about the paradigm
relates to time. The analysis process is demanding. Only a
few clinical sessions can be conducted per day; otherwise,
fatigue may reduce the researcher’'s effectiveness. Thus, a
researcher engaged in this method of investigation must be
prepared to devote a considerable length of time before
bringing a study to a satisfying conclusion.

The Findings
The Findings are diicu:;aﬂ uﬁdar tha fallgwiﬁg
- heéadings: N |
1. Development of the partitioning mechanism: the proposed
stages. : ’ , N



2. The effect of the selected gec@gtric regions.
3. The domfAance of 2
4. Order of achievment of unit fraction partitioning

capability,

7

Davelmnt af Partltianing He«:hgnism theP;'apcseﬂ
Stages | | - }
It is proposed that five stages must attained before
ic,ievgdgiln this

mastery of the partitioning mechanism i
study, the age range of the children was fr 11
. months to 9 years; 8 months. None of the respondents had
attained the ];st stage; aﬁ?y one ha'd reaghed stage IV, that
is, he could partition a nﬁctangular- and circular region in
any number of equal sized parts

Looking at the gradq\ ]'&VE] of the children who \gﬁg
successful at partitioning the various unit fractions, it is
difficult to assign a stage-age level. The value of doing
Vthis is M:tim What mlrs to be important for the

children . to achieve success is their previous experiencas or
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- lerrning opportunities. Admittedly, maturation is thooght to -

play a role in concept attainment. Some respondents of

| different age levels were "ready” to mave on to a next
stage. This is evidenced by the fm:t that some discavgreﬂ‘
for thmalve; "F to partition in odd numbers while others
were prompted to do so. What appeared to be needed was an
axpgriance which “called them forth" to demonstrate their
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Vc;aaabihty. or, as Wheeler (1970) expre‘gis it, “to throw"

(them] to the edge of [their] resources” (p.27). N

Difficulty Level of the Selected Geometric Regions

Rectangular and circular: r-egians were chosen *Fgr- the
partitmmng iﬁstruﬁent because of famhamty but also to
assess the difficulty level of each shape as a rggmﬁ to be
divided. ' /

Althcngh it has been claimed that yc;ung children find
it easier to recognize fractional parts of circular uﬁ;les
than of other regions (Gunderson & Gunderson, 1957), th-n
Fir:dirrgs ‘irnjicata that young chﬂ:!r‘ern are mr;re suct:assf‘ul at
parhhming rectangular shapes than circular ones.

The percentage of successful partitiaﬂs was
consistently as high or higher for the rectangular region
than for _thg circular region. :

Partitioning in halves and fourths on bcth regions was.
within the capa&ﬂiti;s of a large mjer-ity of the children.
The results are different for partitioning in thirds and -
fifths. While 64 pércgnit of the children were successful at
partitioning a rectangular region in thirds, only 32 percent
were successful at thirds on i circular regfon. Partitioning
4n fifths was successfully dttained by 62 percent of the

children on the rectangular region and by 33 percent on a

‘circular region. Suc:h discrap;ncies a&alr to indicate that

a circular region is more challenging thlﬁ a rectangular
region in attaining odd numbers of partitions. -
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Dominance of the Halving Mechanism ,

In attempts at partitioning both rectangular and
circular regions in thirds and fifths, the dominance of the
halving mechaniem was evidenced. lany childnen seemed
incapable of dev‘ating from eMploying a haiving line as the
initial cu\// A few who began with a line other than a
median one only did so after several trials or with
guidance.

The literature (Hiebert & Tonnessen, 1978: Piaget et

»- 1960) reveals that young chiidren master halves and
fourths prior to thirds; therefore, the children were first
asked to partition the regions in an even number of equal )
sized parts, ‘usually in two pieces. The question arises if
the results would have been different if partitioning in an

.odd number of parts had been the first activity Would ‘the
halving mechantsm have been 8o dominant or is this behavior
-a sequence effect? further research could provide an answer
to this query.

Order of Achievement of Unit Fraction Partitioning

Capability

fiVe stages in the development of the partiti;;ing o

- mechanism were identified These demonstrate that a child is
able to partition first in half; then, with the acquisition
and eventual mustery of the halving aiqorithm in powers of
two; thirdly, with the use of geometry transformetions, in
even numbers.

\

-
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NI edﬂ’nmtgrs follows the lenrninq of a
a median cut With the discovery of

Partitioni

first move other th)
the "new first move" t:hﬂdf-eqn aFe able to partition ¥n
thirds, fifths, EE other odd numbers: thus, thirds and
fifths are ach1evaqgfﬁ concert. The algarithm used is a_
—counting one and equa’lity of parts is usually achievegd-by
rotational and tfanslation moves .
| Scmé\chiid}ég attain fifths before thirds. There’
! appears td be a reluctance at constructing pieces smallf?\
than ﬁ:lu ths. . ’

For mastery of the odd numbered partitions, number
theory ideas of odd and,géven apéear- to be prerequisite. A
child who attains thirds ob fifths”and not both s not
cggﬁizant of the oddness r:mality. therefore, the sSuccess is
anly accidental. Subsequent attempts at either thirds or

. fifths may prove unsg;:cessFui.

The Significance of the Stages ;
Scussing mathematics education research and irts(’

N educational practice, Carpenter (1980) states )
that a meor objective should be “to character ize the
processes ahd a:ﬁcgpts that children acquire at significant
points in the
(p. 194) Fur thermore, Car-pentar asserts that the results of

parning of 1lfpt:li‘taﬁt mathematical topics”®

such raja:rch can influence uducaticnal practice in two
ways: it can affect the selection nnd sequencing of content
and it can contribute towerds individualiztng instruction on
] ' v R
S .
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7 A
| the basis of a child’'s development leve! concer ing Ggf-t,iiiﬁ

concepts and pracesses (Carpenter, 198())

The goal of the present study was to incaver under lying

C/eﬁental str?(urgs of the partitioning mechanism #% 1t

“~ relates to ratiai‘-l nNumber development. From an
interpretation of the plrt’lgminﬁ behaviors of yt:im

a theory has been proposed wherein foundational

identified.and: stages characterizing distinct

chilar

,,epts are
levels of partitioning capabilitieg are delineated. Within
each stage, develcg'mg concepts and processes, i;aigethez:cnith
pgrt-ltiaﬁmg capabilities, are particularized. This
Rnc:mledge is perceived to be highly sigmfu;ant in ’
consider ing pedagogical issues rglativg to rational number
teaching and Tearﬂmna T~ ’

_ The findings can provide valuable guidnnce in
:uﬁricular and instructional decisians rgg;rdiﬁg the Rigds
of experiences to Provide for young children: exper iences
which will serve to build a firm f’mﬂdatim- for later

rational i r learning.

C. Recommencations for Further Resesrch
The findings of thig study mf-atc a numwber of
qugstims for further research. These are presented bﬂcﬁ
:. The present investigation amp loyed
i1ar and circular regions as areas to be
partitioned. |
. Research Question: what ml-d be the behaviors of young
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children while part1t1on1ﬁg triangular pentagaﬁa] or

n-gonal shapes? .
Qbservation: The findings revealed that the structural
variances of the two regions challenged some of the

respondents in their partitioning attempts.
Research Qgestl What would be the part1t1an1ng
behaviors if children were presented with only one type

of region? i —
Observation: In the study, children were first asked to
partition the regions in an even number of equal sized
parts, usually in half. The halving mechanism was found

to dominaté their thinking and so affect their
part1t10nihg behaviq‘i.

esearch Question: Would the dominance of the halving
mechanism persist if a sequence of odd numbers rather /[

than even was employed first? _
Observation: Elemental notions of geometry were noted to
play a key role in the child’s achievement of mastery of
the partitioning mechanism.

ggggrc Question: How do geametry ideas of sim1lar1ty.
congruence and symmetry affect the part1tian1ng
behaviors of children?
Observation: ‘Basic number theory ideas of even and odd,
prime and'COmpositg were noted to play a significant
role in the behaviors of children as they attgﬁptgd to

T ——ie e S —— .

partition regions in 2, 3, 4, 5, or more equal sized

parts.
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i

Research Question: Would prior giperiEﬁcgs and
explorations with basgic n:rber theory ideas enhance
mec

chanism?

mastery of the partitionin

6. Observation: The setting for the partitioning activities
was a birthday party and the=;h1ldreﬁ simulated
part1tiaﬂs of Fam111ar ebjeﬁts )

Research Qgg;;lggr Hﬂuld the part‘tian1ng behaviors ba
'similar in other or less familiar situations?

7. Observation: Staggs in the develcpmgﬁt of the v
partitioning mechamism are identified as a resuit of
inéights ga*ned»Frnmclini;al interactions with cﬁiiﬁréﬂ
of age range 4:11 to 9:8.

Research Question: Would a longitudinal study of -
children over a same time span (4 to 5 years) reveal .

ccrrg:punding Find1ﬁgs?

D. Concluding Statement

The goal of the present study was Qndérstaﬁdinq; its
achievement resides in the proposed theory regarding the
development of the partitian}ng process. The concepts and g
propositions of the theory emerged from the total exper ience -
of a series of clinical interactions with young children. ,

The intent has been to develop a meaningful theory, the
Eafpanﬁnts of which will be pondered, questioned, analysed,
and tested by various means. The extent to which the theory
has captured the essence of the pPartitioning process in’,
young éhi]drgn will detérmine;thg value of the study.
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University of Alberta
Edmonton, Alberta T66G 265
October 28, 1980

Oear Pararmt;

Ouring the next several wadcs, [ mill be intarviewing
children at A. H, Dakin School as part of a research project in
sathamatics education. I have chosen to videotape the interviem
sessions as E‘li.biizi method of recording the data for subsequent
enalysis. Whenever the tapes mill be viewed, the identity of the
children will always be mithheld. :

The signatures of the superintendent of the Yull oshead
Schoal Division sd the pein ipal of A. H. Dakin School, affixed
tq this letter, mill sttest to the fact that I have their

If you have na objection to your child taking part in the
study, would you kindly Fill in the sttached form and have it

returned to your child's tesacher.
& Sincerely yt:m;s‘éj E
isfer Yvonge Pothier
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I a» uilling to have my child, - i _ -
take part in the research project, iq mathematics educstion should
he/she be sslected to be intsrviswed.

Dty |  Parett's sighaturs
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lng_CaEton-Truck_Eggglgm

(§£(L540)

3 f;ick§; 15 cartons
"Can you load the cartons onto the trucks so that

each one will have as much?" Wal placed four cartOﬁs on

- each truck, then added one more. "Do they each have as

much?" She counted the cartons out loud. YES. "Show me
another way to load the éartons 80 that they’ 11 each
have as much." .I DON"T KNOW ANOTHER WAY. "would you like
to try it?" She again.placed four cartons on each truck
then added one more. “"Do they have.as much nou?' She .
counted them aloud again. YES. There was no evident
pattern in the way she placed the cartons on the frﬁéks_

3 trucks; 17 cartons

Wal placed the‘cartons on the trucks one by one and

counted aloud as she placéd them: 1, 1, 1; 2, 2, 2. 3,

.3, 3; 4, 4, 4;: 5, 5. She s topped qohnting. but placed

the remaining cartons on the trucks ending with groups
of 6, 6, and 5. "Do they each have as much?* NO. "Tel]
me what’'s happening.” THERE'S ONLY TWO MORE LEFT. AND

THIS ONE DOESN'T HAVE THE SAME. "That’ s right. So, what

cou1d you do to make them all the same?" NEED ONE HORE
"Suppose we didn’t have any more. What do you have to do
to make them all the same? TAKE TWO AWAY. “why don’t you

/
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do that." She did.
~ YES.

"And now, do they have the same?*
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éib (6;5)

.4 children; 16 cookies

‘ "Would you give the cookies to the children so that
they each have as much?® Gib placed five cookies on each
~of the first three plates. 1 JUST HAVE ONE MORE LEFT.
"So what can you do? We want them to have as much."” He
shagggd<the cookies to four on each plate. “Alright,
what’s happening now?" THEY'RE ALL THE SAME. "How much
cookie?" FOUR. | |

| "Share the cookies with the children another way."
He placed four cookies on each plate; the same pattern
on each plate. "Do they each have as much?" YES. "Let’'s
remove them. Share them a different way." He placed four
Cookies on each plate but ‘stacked them. FOUR. "What's
happening this time?" (PUT THEM IN A PILE. "Do they
each have as much?" YES. “Share them another way." He
placed four on each piate, but arranged them
differently.

4 children; 14 cookies -
Gib placed three cookies on each plate, stacking
‘them. THREE! “"Is it a fair share?" YAP. "Have you used
all the cookies?" ND. *What's happening?® IF I GAVE TWD
MDRE‘TD TWO MORE KIDS, THEY WOULDN'T HAVE THE SAME,
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"What could be done to share those cookies with the
chi idren?" SPLIT "EM. “Would you do that?" He broke one
cookie in eight pieces, the otger invféhr pieces. SIX.
“Pardon me?" SIX. "Six what?" COOKIES. "Where?* ONE,
TWO, THREE, FOUR, FIVE, SIX. He counted to six for each
plate. "So, -if this little girl was to go home and tell
her wmother how much cookie she had eaten, what could she
tell her?" SIX. "Six what?‘ SIX COOKIES. "would she have
eaten six cookies?" EMHEM. *Six whole cookies?” NO.
“What would she have eaten?" THREE WHOLE. COOKIES AND
THREE HALF COOKIES. Uhat about this 1ittle bqy" THREE
WHOLE COOKIES AND THREE HALF COOKIES. He stated the same *
amount for each child. "Why do you call these half
cookies’ ?" CAUSE THEY'RE SPLIT IN HALF.

Suppose you had just these\§ cookies to share with
the children. How would you do that? SPLIT 'EM. *Do
that.” He again broke one cookie in 8 pieces and the
other in 4 irregular pieces. THREE. "How many?" THREE.

- "How much cookie would this girl have eaten?” THREE.
"Three what?" HALF. "I1f she had eaten Just this much
(one piece), how much cookie would she have eaten?” ONE.
"One what?" HALF. "And if she had eaten these pieces (2
Pieces)? TWO. "Two what?" HALF. "And now., if she had
eaten this one, this one, and that one?" THREE. HALFS.
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4 children; 9 cookies

Gib gave two cookies to each child. “Tell me what
you're going to do there?" SPLIT. “How?" IN FOUR LITTLE
PIECES. "Okay, go ahead. 1 just wanted you to tell me."
He broke the cookie in four irregular pieces. THREE. "Is
»that a fair share?” YES. "Does this g1r1 have just as
much cookie as this boy?" EMHEM. "How much cookie does
this little girl have?" THREE. "Three what?" THREE
COOKIES. “Does she have three cookies?" EMHEM. "Does she
have three whole cockies?" NO. *What does she have?" TwO
WHOLE COOKIES AND ONE HALF. *Alright, and this boy?" ThO
WHOLE AND ONE HALF. "So, how much cookie does this boy
have?" TWO WHOLE AND ONE MALF.

3 children; 10 cookies:

Gib gave two cookies to each child. GONNA SPLIT
THIS ONE. "How?" IN THREE HALVES. "Okay. " FDUR, "Four
what?" COOKIES. “How much cookie does this little boy
have?" THREE WHOLE ONES AND ONE HALF “Okay, let's

remnve that "

gg@u&mim
- He placed two cookies on each plate. SPLIT THIS

ONE. “"How are you doing that" IN TWO PIECES. "How much

*

<cookKie daes that girl have?" THREE AND ONE HALF.
"Pardon?" TWO WHOLE ONES AND ONE HALF. "And that one?"
TWO WHOLE ONES AND ONE HALF. "Why do you call this ‘one
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half’?" CAUSE IT'S SPLIT IN HALF. "What does that mean?*
1 DON'T KNOW.
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1. Circular Region

Dei (9;2)

4 ¢hilidren
In this instance, the Giant Cookie was used instead
of the round cake. . |
“Share the cookie with these children so that it’'s

6%9 "Would that be a fair share?" YES. "How. much
cookie would he get?" A QUARTER. " Show me another way. "
® "Fair share?" EMHEM. “How much cookie does this

boy get?" A QUARTER. "Show me another way." He made no

a fair share.

cthér attempt.

Do it so that if's an even share for these
chitaren.” (X) No. EB YOU CAN'T DO IT. BUT STILL.
NOW 1 KNOW WHAT T0 D0.' (1D vou canwoT 00 1T BUT LEAVE
(ONE OUT. "Fair share?* EMHEM. "How much cookie does he
get?" THIS MUCH. (He pointed to one piece.) "Is all the
cookie used up?* ND. "Try to do 1t so that all the
cookie is usadup and it's a fair share." " “ngr
share?" Yhi 1 WOULD SAY. YA. *How much ;Qak{e does this
Doy Qet?” ONE HALF AND A QUARTER. A LITTLE BIT MORE THAN
HALF. "Show me her share." THIS ONE AND THIS ONE. (ME

pointed to a quarter piece and a small piece.) "How much
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Cookie is he getting?" HALF AND A QUARTER. ALL OF THEM
ARE THE SAN "What part of the cookie is this (a
quarter piece)?” HALF. NO, A QUARTER. "And this (a smaill
piece)?” A LITTLE BIT LESS THAN A QUARTER.

"Try it again gc: see if you can use all the cookie
and they each get one piece." ®_,@ He closed his
eyes and mede gestures with his hands as if trying to
visualize the parts. I CAN'T DO IT.

2 children
"Share the giant cookie with these children so that
they each have as much."” L
’!%*$%@%; I CAN'T DO 1IT. “How many 'piecé_s do you
have?" FIVE. Two OF THEM WOULD NOT GET THE SHARE. *Try
it once more." (EE}aeify 1 HAVE FOUR EXTRAS.
2 children T :
(D e "Fair share?" YES. "How much?" HALF. “Wwhat
about more than one piece.” @ "How much cookie does
she get this time?" A HALF :STILLi “What's another way to
call her part?" TWO QUARTERS.. *Show me another way."
(). THIS wAY. \THE BOY WOULD GET A LITTLE OF & HALF aND
THE GIRL WOULD GET THIS AND ANOTHER HALE .
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Ihe Cake Problem: Rectangular Region
¢

Pau (9:;0)

2 children

"Share the cake with the children s$O thatrihay each

" have as much." "How have you shared the cake?" 1
GAVE A QUARTER TD THIS. "ONE .AND A QUARTER TO THIS ONE.

"Show me another way to share that cake with the
children.* |—— A QUARTER TO THIS ONE AND A QUARTER TO

THIS ONE. "How have you cut the cake?" (LIKE STRAIGHT

ACROSS. “How much cake does he get?" A UARTER. *Why do
you call it that?" CAUSE IT LOOKS LIKEW"WHOLE CAKE. BUT
IT'S A QUARTER. | | o

"Show me another way." [S “Is that a fair share?"
YA. "And how much cake does he get?" A QUARTER. *Show me

does he get?" A QUARTER. "Show me another way." 1 CAN'T
GO ANOTHER WAY. "Alright] we' 11 change the cake and

another way." “Fair share?" YES. "How much cake

we' 11 pretend that these children arrive at the party. "

zhi ldren

"Share this cake with these children. " “Fair

share?" YAP. "Where is his share?” "How much cake daes

he get?' A HALF, QUARTER I SHDULD SAY "Why do you call

it that?" CAUSE IT LOOKS LIKE IT'S A HALF A CAKE. BUT IT
AIN'T. IT'S*A QUARTER.



13

"Show me agéther way." ——]"Fair share?" YES. "An
how much cake does he get?" QUARTER. ‘Aﬁatheé way. "
"Fair share?" YES. "How much?" QUARTER. "Why do
you call it that?; CAUSE IT LOOKS LIKE IT'S HALF A CAKE

"What does that mean?" IT MEANS THAT--IF I PUT ONE THERf

[+2<JIIT'D-BE TWO SO THAT'S A WHOLE CAKE. “Where is
the whole CaRe?" RIGHT HERE (pointing to the cake). I
GIVE ‘EM HALF RIGHT THERE AND HALF RIGHT THERE AND HALF

RIGHT THERE [ = ]i I CUT IT IN HALF LIKE THAT. *Seo,
how much cake does he get?‘ A HALF. "And 1f the girl
gets this part (one eighth), how much cake is that?"

HALF. He called each part HALF.

“Share the cake another way." ——"How much cake

1s this (one piece)?" HALF. He called each part a HALF.
“How many ‘halves’ there?" FOUR.

e
3 children

"Share this cake with these children so that they

each have as much.” | | [ | He did this without any

hesitation. "Fair ghare?" YES. "How much cake does she
get?” HALF. "Show me another way. —— " How much do

they eagh get?" HALF. "How many halves in the cake?"
THREE. “Another way." EEZE‘ “Fair'share?" YAP. “How

much cake do they get?" HALF. "Alright. Let’s share the
cake with all these children."” |
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3 ¢children ) ,
- J "1s that a Fair share?" YA. ‘Hﬁujﬁucﬁ

Cake does she get?" HALF. “"How many haives in that
cake?" FIVE. _

Further probing revealed that when a2 median stiék
was placed on the cake, Pau described this action as
CUTTING IT IN HALF. However, when asked how much cake
each share was, he called it A QUARTER. With additional
examples, Pau used the term half :grrectly in some

instances when describing partitions.
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“Share the chocolate bar with these chi ldren so
that they each have as much." She gave two pieces to
each child at a time. "How much bar do they each get?"
SIX. "Could you say that another way?" HALF. "Share the
chocolate bar with them another way." She gave them one
piece at a time. “How much chocolate bar do they get?"
HALF.

3 ghildren; 2 12 piece chocolate bar

Sche gave the children one piece at a time. "How
much chocolate bar does this girl get?" SHE GETS A
QUAﬁTER. She called each share a QUARTER.

4 children; 2 12 piece chocolate bar

Sche shared the chocolate bar one piece at a time.
"How much bar does the girl get this time?" HALF.
QUARTER. *"Pardon?" THIRD. She called each shaée a THIRD.
"Would you tell me why you're calling that a third?" WE
LEARNED IT IN ELASS. IN THREE, IT'S A THIRD.

1f { were'to share the chocolate bar this way~(a
vertical median cut), what am I doing?" YOU ARE SHARING
A HALF. “"This way (a horizontal cut), what am I doing?”
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- SHARING IT IN HALF. "And if I were to share it thif way
(in fourths) with that many (four) people, what have I
done?” YOU PUT THREE FOR EACH PEOPLE. "Yes, and how much
chocolate bar is that?" A THIRD.

The chocolate bar was then divided in three equal
parts. "How much chocolate bar is this share?" QUARTER.
"Why would you call that a quarter?" BECAUSE THEY HAVE
FOUR AND A QUARTER 15 FOR FOUR.
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The Boxed Candy Problem

Toe (9;1)

2 children; 7 boxes of candy y
| Toe gave three boxes to each child and held ﬁn‘to 7
the seventh one. “"What can you do with that one?" I |
CAN'T BREAK IT IN HALF. "Why not?" BECAUSE IT'S NOT A
COOKIE. "You could open the box and share them." YA.
"Show me what would be his share.* She pointed to half .
of the box. "How many boxes of candy would he have?"
"THREE AND A HALF. "And how much would she have?" THREE
AND A HALF. |

4 children; 9 boxes of candy A

'Uhag)s going to happen this time?" I'M GOI&G T0
GIVE EACH ONE A STRIP. *What would be their share of
that box?" THIS STRIP WOULD BE HIS, THIS STRIP WOULD BE .
HERS, AND THIS STRIP WOULD BE HERS. "How many boxes of
candy would he have?" TWO AND A HALF. She said this for
each share. "So how many halves are there in that box?"
FOUR.

3 children; 7 boxes of candy

“How many boxes of candy_ﬁq they get?” TWOD. "And
this one (the seventh box)?" THIS STRJP WOULD BE HIS,
THIS STRIP WOULD BE HERS, AND THIS STRIP WOULD BE HERS.
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"And how many boxes of candy would he get?* TWD AND A
HALF. She said this for each share.

Following the three problem settings, Toe was
questioned further. Pointing to a fourth of a box of
candy, she was asked: "How much candy is that?" THIS IS
THREE. “What part of the box 15 that?" A HALF. NO, A
QUARTER. “"What is it?" A QUARTER. "Show me half of the
box." She did. "Show me a éuarter of the box." She did.
THERE. THAT’'S A QUARTER, THAT’S A QUARTER, THAT‘S A
QUARTER, THAT'S A QUARTER. "If we had three children and
Oone were to get that (a third of the box), how much of
the box is that?" THREE PARTS. “Okay, could I call that
haif,gf the box?" YES. "Just this part?" YES. "Is that
half of the b@x?‘ YES. ‘{s this (another third part)
half of the bﬁx?; YES. She called each third, HALF of
" . the box. "Could Igaall this (a third) a quarter of the
box?" NO. “Why not?" BECAUSE IF IT WAS A QUARTER OF THE
BOX, THERE WOULD BE ONE MORE STRIP OF éANDYg "What can [
call all of that (a half)?" YOU COULD CALL THAT--A HALF
YOU COULD CALL 1IT.



