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Abstract

The distributed framework has been recognized as a promising framework for handling the
large size and the strong interaction of modern integrated chemical processes. Compared to
distributed process control, its dual problem - distributed state estimation which is equally
important, has received relatively less attention in the process control community. This
thesis deals with distributed state estimation for nonlinear process networks as well as sub-
system structure decomposition and configuration for distributed state estimation. The
contributions of this thesis include the development of distributed state estimation meth-
ods for nonlinear process networks, the development of systematic approaches to properly
decompose general nonlinear processes into subsystems for distributed estimation, and the
application of the developed methods in different processes and output-feedback fault detec-
tion and isolation.

First, two-time-scale nonlinear systems are taken into account. The system is decomposed
into fast and slow subsystems based on the singular perturbation theory. Local observer-
enhanced moving horizon state estimators are designed. A one-directional communication
scheme is used. The convergence and boundedness of the estimation error is rigorously
studied. A benchmark chemical process example is used to illustrate the proposed method.
Then, attention is given to general nonlinear systems that can be divided into smaller sub-
systems. It is assumed that a decentralized state estimation scheme already exists for the
system. And the aim is to form a distributed state estimation scheme based on the existing

one without significant modifications. Compensators are designed for the subsystems and
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augmented estimators that communicate with each other are obtained to form a distributed
network. Stability analysis is carried out. The convergence and ultimate boundedness of the
estimation error dynamics can be ensured subject to reasonable assumptions. The proposed
method is applied to three application examples and good state estimates are obtained.
This distributed state estimation method is also utilized in the development of a distributed
output-feedback fault detection and isolation mechanism for cascade nonlinear processes.
The state estimation scheme provides state estimates that are further used for generating
residual signals for the subsystems. A distributed fault detection and isolation mechanism
is proposed and applied to a froth flotation process.

With the development of distributed state estimation algorithm being completed, we
further explore the decomposition and configuration of subsystem structure for distributed
state estimation. A systematic procedure is proposed to address the considered subsystem
decomposition problem. The procedure is based on the evaluation of physical closeness be-
tween state and output measurement variables. The proposed method is applied to the froth
flotation process and subsystem models are configured. The decomposition result is consis-
tent with physical topology and can be readily used for distributed state estimation design.
Moreover, we consider systematic subsystem decomposition and distributed state estima-
tion for a wastewater treatment plant. Based on an extension of the previously proposed
method, the large-scale plant is decomposed into subsystems and local state estimators are
developed. Good simulation results confirm the effectiveness of the systematic approach.
Finally, to facilitate the synthesis of distributed state estimation and distributed control,
a systematic approach on subsystem decomposition of process networks for simultaneous

distributed estimation and control is presented.
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Chapter 1

Introduction

1.1 Motivation and research overview

Complex and tightly integrated process networks are common occurrences in manufacturing
industries (e.g., chemicals, petrochemicals and mineral processes), and have attracted grow-
ing interest within the modern process community due to their economic efficiency [1, 2, 3].
A typical process network consists of several operating units (subsystems), which are con-
nected with each other via material, energy and information flows. Due to the significant
interaction between different subsystems, great challenges have been posed to the design
of automatic control systems. Currently, most of these process networks are controlled in
a decentralized manner such that a subsystem control system does not communicate with
other subsystem control systems which further renders that interaction between subsystems
is treated in conservative ways. During the past decade, considerable efforts have been given
to the development of distributed control systems (in particular, distributed model predic-
tive control [4, 5, 1, 6, 7, 8,9, 10]). Within a distributed control framework, local controllers
communicate with each other to exchange information to collaborate their actions. The
distributed framework has been demonstrated to be a promising framework for handling the

large sizes and the strong interaction of modern integrated chemical processes. Compared



to distributed process control, its dual problem - distributed state estimation, has received
relatively less attention in the process control community.

Recently, there are some results on distributed moving horizon state estimation (DMHE).
Moving horizon estimation (MHE) is an online optimization-based technique and can handle
nonlinearities, constraints and optimality considerations [12, 13]. In [14], a DMHE algorithm
was developed for nonlinear systems based on subsystem models. An observer-enhanced
DMHE algorithm was developed in [15], where an auxiliary nonlinear observer is taken
advantage of in the design of each local estimator. The auxiliary observer is used to calculate
a reference state estimate based on which a confidence region is constructed every sampling
time. Each local estimator optimizes its estimate within the confidence region. The observer-
enhanced design is less sensitive to external noise compared with the auxiliary nonlinear
observer. The convergence rate of the DMHE may be tuned by tuning the auxiliary observers.
It was shown to be less dependent on the arrival cost, the estimation window size and
have the potential to be used in output feedback control with provable closed-loop stability
[15, 16]. On the other hand, time-scale multiplicity is a common feature of many systems. For
chemical processes, it usually arises due to the strong coupling of physicochemical phenomena
(17, 18]. A direct application of standard control or estimation methods without taking
into account time-scale multiplicity to systems with different time scales may lead to ill-
conditioning or even the loss of closed-loop stability [19, 20]. The singular perturbation
theory is the standard tool for the analysis of systems with time-scale multiplicity [19, 20].
The majority of related results are on control system design for two-time-scale systems (e.g.,
[19, 20, 21]). Little attention has been given to state estimation of systems with time-scale
multiplicity except in [22]. Therefore, it is much favorable to design a DMHE scheme that
can handle the time-scale multiplicity in two-time-scale nonlinear systems.

Besides DMHE, there are several different ways to solve the distributed state estimation
problem. The existing algorithms on distributed state estimation are primarily developed

in four frameworks: the deterministic observer framework [31, 32], the Kalman filter (KF)



framework [33, 34, 35, 36, 11], the extended Kalman filter (EKF) framework [37] and the
moving horizon estimation (MHE) framework [38, 39, 40]. It is worth mentioning that
most of the existing algorithms were developed for linear systems with a few exceptions
[41, 15, 42, 47, 113], where distributed moving horizon state estimation problems for non-
linear systems have been addressed. Moreover, in [81, 44], consensus-based estimators were
designed for nonlinear systems to provide references for fault detection. Distributed state
estimation was developed for fault diagnosis in interconnected nonlinear systems subject to
uncertainties [45, 46]. In particular, the spatial-distribution-based subsystem decomposition,
the communication scheme and the adopted distributed estimator framework in [81] provide
inspirations to the present work. There is a prominent feature of all the above algorithms;
that is, they require all the local estimators to be designed simultaneously and to be of the
same type (e.g., all the local estimators should be MHEs [38]) and each of the developed
algorithms is only compatible with one specific type of local estimators (e.g., distributed
KF algorithms cannot be utilized to coordinate MHE-based local estimators). It is possible
and sometimes favorable that different types of estimators are used for different subsystems.
For example, an EKF-based estimator is used for a subsystem when no constraints should
be considered and an MHE-based estimator is used for a subsystem to address constraints.
Therefore, it is desirable to develop a more general approach, which can incorporate different
types of local estimators together and provide improved estimation performance. Another
feature of the existing distributed state estimation approaches is that in the design of these al-
gorithms, no consideration is given to the potentially existing (decentralized) implementation
of control/estimation algorithms in a process. If a decentralized state estimation algorithm
has already been implemented in a process, the aforementioned distributed state estimation
methods require a complete re-design of the existing implementation. This observation also
motivates us to develop a general method that is capable of taking advantage of existing (de-
centralized) estimators together to provide improved overall estimation performance instead

of performing a complete re-design.



Potential faults commonly encountered in complex and integrated process networks are
another factor that can significantly affect the operating performance of these processes.
In particular, faults (e.g., actuator faults and sensor faults) in some key components may
result in control performance degradation, a higher risk of system failures, reduction in
economic profits, or even catastrophic impacts on operation safety as well as the environment
(62, 63, 64, 65, 66]. Since these undesired consequences may propagate from one single
subsystem to the entire plant very quickly in modern process networks, FDI is especially
important for these plants. During the past two decades, we have witnessed rapid progress
in FDI. In the context of linear systems, model-based FDI approaches have been proposed.
In [67, 68, 69], for instance, system redundancy is taken advantage of to create residuals
for detection and identification of failures in different components. In another line of work,
effort has been devoted to FDI of systems exhibiting significant nonlinearities. To name
a few, in [70], detection and isolation of potential actuator faults involved in nonlinear
systems was addressed based on a geometric approach. Assuming that all the states are
measurable, a systematic approach was developed for FDI of actuator faults of nonlinear
processes by examining the system structures [71]. More representative results are referred
to [62, 74, 75, 76, 77]. Most approaches were developed within the centralized framework, and
less attention has been given to the distributed FDI, which is more favorable and sometimes
a necessity for complex and highly integrated plants due to its scalability and its capability
in handling subsystem interaction [78].

Distributed fault detection problems were investigated for linear systems in Ding et al.
[79], Shames et al. [80]. Distributed fault detection, diagnosis, isolation and fault toler-
ant control approaches were proposed for different nonlinear systems in [64, 81, 82, 83].
However, most of these results are based on the availability of measurements of the entire
system states, which may not be satisfied in many applications. Therefore, state estimation
based distributed FDI approaches are highly desirable from a practice perspective. For FDI

purposes, it is desirable not only to ensure the convergence of the state estimation system,



but also to achieve a sufficiently fast convergence rate of the estimation error. In [78], the
authors made an initial effort to design a distributed fault detection architecture based on
a bank of observers with exponential convergence rates for input-output interconnected sys-
tems. We note that fault isolation was not considered in [78], but also needs to be addressed
appropriately.

We have also noticed that subsystem decomposition for decentralized/distributed state
estimation designs that is equivalently important for achieving satisfying state estimation
performance has not received sufficient research attention. Actually, improper subsystem
decomposition and local estimator configuration may lead to the increase of computational
burdens, inaccurate estimation results or even deterioration of the observability of the entire
system. In terms of control, subsystem decomposition and control structure configuration
have been considered for decentralized/distributed control [89]. In [90], a decentralized
control system structure selection and optimization approach was proposed based on a con-
strained genetic algorithm. In [91], an automatic structure selection approach was proposed
for chemical processes within a decentralized control framework. A control structure selec-
tion approach for distributed model predictive control subject to model errors was reported
in [92]. In [93, 95, 96], integer-optimization-based hierarchical clustering was taken advan-
tage of to configure block decentralized control structures. The measure of relative sensitivity
array was proposed in [94] for the selection of fully decentralized control structures. More re-
sults on control structure selection can be found in [98, 99, 100, 101, 102, 103, 104, 105, 137].
The aforementioned results primarily focus on control structure selection and configura-
tion. Currently, no systematic methodology has been reported with respect to subsystem
decomposition and configuration for distributed state estimation, on which we will also place
emphasis.

It is much desirable if the subsystem decomposition and distributed state estimation can
be jointly considered for large-scale processes, for example, the wastewater treatment plant.

Wastewater treatment plants (WWTPs) are commonly used for the disposal of wastewater



to substantially reduce the environmental impacts of wastewater and to convert wastewater
to reclaimed water [120, 121]. A WWTP which typically consists of several interconnected
operating units, is a nonlinear process where complex physical and biological phenomena
take place. The influent flow rate and composition to a WWTP may fluctuate significantly,
which makes the control and monitoring of a WWTP challenging. In literature, several state
estimation methods have been proposed for WWTPs. In [122], a state estimation method
for WWTP was developed based on the singular perturbation theory for a WWTP with only
6 states. In [123], a centralized estimator was developed for a WWTP based on extended
Kalman filter (EKF). In [125], a distributed EKF scheme of two subsystem estimators was
developed. In [124, 126], a state estimation method was proposed based on model reduction
for improved computational efficiency. While EKF was shown to give acceptable estimation
performance in the above studies, it may give ad hoc results and is not robust to disturbance
or poor initial guess due to the way nonlinearity is treated in EKF [127]. It is worthwhile
to consider an estimation method like moving horizon estimation (MHE) that can handle
the nonlinearity of WWTPs more appropriately and take constraints into consideration
for further improved estimation performance. Initial attempts on applying MHE in state
estimation of WWTPs were made in [128, 123], where centralized MHE estimators were
developed for WWTPs described by the Activated Sludge Model No.1.

However, MHE is an optimization-based method and it has much higher computational
complexity for nonlinear systems compared with EKF. Its high computational complexity is
the main obstacle that prevents people from using MHE in nonlinear systems. This point
is especially important for further synthesis of state estimation based MPC from an online
implementation perspective. One effective way to reduce the computational complexity
is to design MHE-based estimators within a distributed framework, which divides a large
optimization problem into smaller sub-problems [15, 42]. Distributed state estimation can
also be much favorable for WWTPs in terms of organizational complexity and fault tolerance

[1, 47]. As mentioned earlier, subsystem decomposition is another key step for distributed



state estimation [103, 132, 61, 73]. Based on the above observations, we aim to propose a
systematic subsystem decomposition and distributed MHE approach for the state estimation
of WWTPs [130]. The developed distributed MHE scheme can provide online state estimates,
which may be used in distributed MPC to form a distributed output-feedback control scheme
for the WWTPs.

From an application point of view, the ultimate goal is to design distributed output-
feedback control schemes for large-scale processes, which require the incorporation of dis-
tributed state estimation and distributed control in one integrated design. Regarding the
subsystem decomposition for distributed output-feedback control, One possible solution is
to perform subsystem decomposition for distributed estimation and distributed control sep-
arately and independently using existing methods. However, from the perspective of im-
plementation, maintenance and communication, it is much more favorable if the local state
estimators and local controllers are designed based on the same subsystem decomposition.
However, a systematic approach to achieve this objective is not yet available.

The community detection concept originating from network theory provides a very promis-
ing way to address the considered problem [102, 103]. By means of the measure of modularity
[142], community-based approaches have been proposed to find distributed control structures
where the subsystems involving state, input and controlled output variables are made well-
decoupled [132, 102]. In [103], the community-based method was applied to a benchmark
chemical process to recommend different distributed control structures, and DMPC was de-
signed based on each structure for extensive performance comparison. This motivates us to
work on subsystem decomposition of nonlinear process networks for simultaneous distributed
state estimation and distributed control by means of the concept of community structure

detection.



1.2 Contributions and thesis outline

The rest of the thesis is organized as follows:

In Chapter 2, the scope is on the handling of time-scale multiplicity in state estimation.
Specifically, we consider state estimation of a class of two-time-scale nonlinear systems. A
system is first decomposed into a reduced-order fast system and several reduced-order slow
subsystems. A fast MHE is designed for the fast system and a slow MHE is designed for each
slow subsystem. The fast and slow MHEs form a DMHE scheme. Each MHE is designed via
the observer-enhanced MHE technique [24]. It is discovered that the slow MHESs are entirely
decoupled from the fast MHE which is a significant difference from control of two-time-scale
systems. The decoupling ensures that only one-directional information transmission from the
slow MHEs to the fast MHE is needed and the fast MHE does not send out any information.
Sufficient conditions are derived under which the proposed DMHE is guaranteed to give
ultimately bounded estimation error under bounded system disturbances and measurement
noise. A reactor-separator process example is introduced to demonstrates the applicability
and effectiveness of the method proposed in Chapter 2.

In Chapter 3, we consider the problem of distributed state estimation of nonlinear sys-
tems comprised of interconnected subsystems. We consider that a decentralized state esti-
mation system comprised of local estimators potentially of different types has already been
implemented for a nonlinear process network. In order to achieve improved estimation perfor-
mance, the existing decentralized estimators may be connected together via a communication
network to form a distributed state estimation network. We propose a systematic approach
to take advantage of the existing decentralized estimators potentially of different types to
form a distributed state estimation network without performing a complete re-design of the
estimation system. Specifically, a compensator is designed for each subsystem, and is con-
nected to the corresponding decentralized estimator to obtain an augmented estimator. The
augmented estimators for the subsystems communicate with each other to exchange subsys-

tem state estimates and measurements via a communication network every sampling time.



We derive sufficient conditions on the convergence and boundedness of the estimation error
of the proposed distributed estimation network. Within the proposed distributed framework,
estimation algorithms of local estimators for different subsystems can be independently se-
lected. The proposed approach is demonstrated via the application to two chemical process
examples and one hybrid-tank plant.

In Chapter 4, distributed output-feedback fault detection and isolation (FDI) of nonlin-
ear cascade process networks is investigated. Based on the assumption that an exponentially
convergent estimator exists for each subsystem, a distributed state estimation system is de-
veloped. In the distributed state estimation system, a compensator is designed for each
subsystem to compensate for subsystem interaction and the estimators for subsystems com-
municate to exchange information. It is shown that when there is no fault, the estimation
error of the distributed estimation system converges to zero in the absence of system dis-
turbances and measurement noise. For each subsystem, a state predictor is also designed
to provide subsystem state predictions. A residual generator is designed for each subsystem
based on subsystem state estimates given by the distributed state estimation system and
subsystem state predictions given by the predictor. A subsystem residual generator gener-
ates two residual sequences, which act as references for FDI. A distributed FDI mechanism
is proposed based on residuals. The proposed approach is able to handle both actuator
faults and sensor faults by evaluating the residual signals. A chemical process example is
introduced to demonstrate the effectiveness of the distributed FDI mechanism.

In Chapter 5, we investigate the subsystem decomposition problem for distributed state
estimation of nonlinear systems. A systematic procedure for subsystem decomposition for
distributed state estimation is proposed. Key steps in the procedure include observability test
of the entire system, observable states identification for each output measurement, relative
degree analysis and sensitivity analysis between measured outputs and states. Considerations
with respect to time-scale multiplicity and direct graph are discussed. A few examples are

used to illustrate the applicability of the methods used in different steps. The effectiveness



of the entire distributed state estimation configuration procedure is also demonstrated via
an application to a chemical process example used in coal handling and preparation plants.

In Chapter 6, we propose a subsystem decomposition approach and a distributed moving
horizon estimation (MHE) method for wastewater treatment plants. The plant (described
by Benchmark Simulation Model No.1) is decomposed into smaller subsystems based on
structural closeness. Three subsystems are formed considering subsystem interaction and
nonlinearity of the subsystems. An iterative distributed MHE scheme is proposed for the
wastewater treatment plant. Innovation triggered evaluation of the local MHEs is used
to reduce the computational complexity of the estimation scheme. Extensive simulations
are performed to illustrate the effectiveness and applicability of the proposed subsystem
decomposition and distributed estimation methods.

In Chapter 7, we address the problem of subsystem decomposition of general nonlin-
ear process networks for simultaneous distributed state estimation and distributed control
based on community structure detection. A systematic procedure based on modularity is
proposed. A fast folding algorithm which approximately maximizes the modularity is used
in the proposed procedure to find candidate subsystem configurations. Two criteria are pro-
posed to determine the final subsystem configurations that are appropriate for simultaneous
distributed estimation and control. T'wo chemical process examples of different complexities
are used to illustrate the effectiveness and applicability of the proposed approach.

Chapter 8 summaries the contributions of this work and discusses future research direc-

tions.
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Chapter 2

Distributed moving horizon state
estimation of two-time-scale nonlinear

systems

In this chapter, we focus on distributed moving horizon estimation (DMHE) for a class of
two-time-scale nonlinear systems described in the framework of singularly perturbed systems.
In Section 2.2, by taking advantage of the time-scale separation property, a two-time-scale
system is first decomposed into a reduced-order fast system and a reduced-order slow system.
The slow system is further decomposed into several interconnected slow subsystems. In Sec-
tion 2.3, a local estimator is designed for each slow subsystem and for the reduced-order fast
system. The slow subsystem estimators communicate with each other to exchange informa-
tion and they are only required to send information to the fast system one-directionally. The
fast system estimator does not send out any information. The local estimators are designed
as observer-enhanced moving horizon estimators. Sufficient conditions on the convergence of
the estimation error of the DMHE are derived and are given in Section 2.4. The application
of the proposed DMHE to a chemical process example demonstrates its applicability and

effectiveness via simulations in Section 2.5. This chapter is a revised version of [42].
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2.1 Introduction

Complex and integrated systems are common occurrences in manufacturing industries (e.g.,
chemicals, petrochemicals and mineral processes). Model predictive control (MPC)) sys-
tems are widely used in the manufacturing industries to ensure the quality of products while
maximizing economic profits and guaranteeing operation safety as well as environmental
sustainability. Due to the medium to large scales of many systems, the centralized control
framework is not practical in terms of computational burden, organizational complexity, and
fault tolerance [1]. The above considerations motivate significant research interests in dis-
tributed MPC [1]. While there are extensive results on distributed MPC, less attention has
been given to distributed or decentralized state estimation which is equally important and
is closely related to distributed control. It should be pointed out that there are some algo-
rithms on decentralized or distributed Kalman filtering (e.g, [11]). However, these algorithms
typically do not account for system nonlinearity.

Recently, there are some results on distributed moving horizon state estimation (DMHE).
Moving horizon estimation (MHE) is an online optimization-based technique and can handle
nonlinearities, constraints and optimality considerations [12, 13]. In [14], a DMHE algorithm
was developed for nonlinear systems based on subsystem models. An observer-enhanced
DMHE algorithm was developed in [15], where an auxiliary nonlinear observer is taken
advantage of in the design of each local estimator. The auxiliary observer is used to calculate
a reference state estimate based on which a confidence region is constructed every sampling
time. Each local estimator optimizes its estimate within the confidence region. The observer-
enhanced design is less sensitive to external noise compared with the auxiliary nonlinear
observer. The convergence rate of the DMHE may be tuned by tuning the auxiliary observers.
It was shown to be less dependent on the arrival cost, the estimation window size and have the
potential to be used in output feedback control with provable closed-loop stability [15, 16].

On the other hand, time-scale multiplicity is a common feature of many systems. For

chemical processes, it usually arises due to the strong coupling of physicochemical phenomena
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[17, 18]. A direct application of standard control or estimation methods without taking
into account time-scale multiplicity to systems with different time scales may lead to ill-
conditioning or even the loss of closed-loop stability [19, 20]. The singular perturbation
theory is the standard tool for the analysis of systems with time-scale multiplicity [19, 20].
Within the singular perturbation framework, the original system is typically decomposed into
reduced-order subsystems with “fast” and “slow” dynamics. The majority of related results
are on control system design for two-time-scale systems (e.g., [19, 20, 21]). Little attention
has been given to state estimation of systems with time-scale multiplicity. In [22], state
estimation of a wastewater treatment plant was addressed via linearization in a centralized
framework by neglecting the fast dynamics.

In this work, the scope is on the handling of time-scale multiplicity in state estimation.
Specifically, we consider state estimation of a class of two-time-scale nonlinear systems. A
system 1is first decomposed into a reduced-order fast system and several reduced-order slow
subsystems. A fast MHE is designed for the fast system and a slow MHE is designed for each
slow subsystem. The fast and slow MHEs form a DMHE scheme. Each MHE is designed via
the observer-enhanced MHE technique [24]. It is discovered that the slow MHEs are entirely
decoupled from the fast MHE which is a significant difference from control of two-time-scale
systems. The decoupling ensures that only one-directional information transmission from the
slow MHEs to the fast MHE is needed and the fast MHE does not send out any information.
Sufficient conditions are derived under which the proposed DMHE is guaranteed to give
ultimately bounded estimation error under bounded system disturbances and measurement
noise. The effectiveness of the proposed method is demonstrated via the application to a

chemical process.
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2.2 Preliminaries

2.2.1 Notation

The operator |-| denotes the Euclidean norm of a vector and |-|¢, represents the square of the
weighted Euclidean norm of a vector, defined as \xPQ: 2T Qx where Q is a positive definite
matrix. A function f(z) is said to be Lipschitz with respect to its argument x if there
exists a positive constant L% such that |f(2') — f(2")|< LF|2" — 2"| holds for all 2" and z”
in a given region of x and L% is the associated Lipschitz constant. A continuous function
a:]0,a) — [0,00) is said to belong to class K if it is strictly increasing and satisfies «(0) = 0.
A function S(r, s) is said to be a class KL function if for each fixed s, 5(r, s) belongs to class
KC with respect to r, and for each fixed r, it is deceasing with respect to s, and (7, s) — 0 as
s — o0o. A function f on an interval is said to be concave if for any x and y in the interval
and for any o € [0, 1], f((1 —a)x+ay) > (1 —a)f(z)+ af(y). The symbol diag(v) denotes
a diagonal matrix, in which the diagonal elements are the elements of vector v. The symbol
AT denotes the pseudoinverse of a matrix (or vector) A. T denotes a set of integers defined

as [ ={1,...,m}.

2.2.2 System description

In this study, we consider a class of two-time-scale nonlinear systems that can be described

in the framework of singularly perturbed systems as follows:

as(t) =f(s(t), ws(t), €) + fws(t), zs(t), €) (2.1a)
eip(t) =g(xs(t), wys(t), €) + §(as(t), z¢(t), €) (2.1b)
Ys(t) =hs(ws(1)) + vs(t) (2.1c)
yr(t) =hg(zs(t)) +vs(t) (2.1d)
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where x5 € R™s and x; € R"/ are state vectors, w, € R™s and wy € R™/s denote system
disturbances, ys € R™s and y; € R"s are system outputs, v; € R™s and vy € R"™f denote
measurement noise, and € is a small positive parameter reflecting the time-scale separation
in the dynamics of the nonlinear system. The functions f and ¢ depict, respectively, the
dependence of the dynamics of z, and z; on themselves and associated system disturbances.
The function f characterizes the interaction between the dynamics of z, and the state vector
xy. Similarly, g depicts the interaction between the dynamics of x; and x,. It is assumed
that functions f, ¢, f and § are all locally Lipschitz with respect to their arguments. Note
that locally Lipschitz is a mild assumption on the continuity of the functions and it imposes
limits on how fast the functions can change. The small parameter € appears as a multiplier
of the time derivative of state x¢, and the state xy evolves much faster than the state
[135]. We will refer to z, as the slow states and x; as the fast states in the remainder. We

assume that the measurements y, and y; are continuously available.

2.2.3 Two-time-scale decomposition

It is possible to decompose two-time-scale systems described in (1) into two separate reduced-
order systems evolving in a fast and a slow time scales. This property will be taken advantage
of in the design of the proposed distributed state estimation scheme.

First, we set ¢ = 0 in (2.1) and obtain that:

dxg(t) ~

i = @s(t),w,(1),0) + F(ws(t), 24(2), 0) (2.20)

0 :g(xf(t)’ wf<t>7 0) + §<xs(t)7 xf(t)’ O) (Q‘Qb)

We assume that there exists a unique isolated solution to the algebraic equation (2.2b):

wp(t) = g(s(t), we(t)) (2.3)
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for each pair of (x,, wy), and the partial derivatives 0g/0z and 0g/0w are sufficiently smooth.
This assumption is a standard one in two-time-scale decomposition and is used to ensure
that xy can be uniquely expressed in terms of s and wy [19]. Note that a control system is
normally operated within an operating range and the assumption does not impose practical
restrictions. Substituting (2.3) into (2.2a), the reduced-order slow system is obtained as

follows:

5(t) = f(Z(t), ws(t),0) + f(Z:(t), §(Zs(t), wy (1)), 0) (2.4)

Note that in (2.4), T, is used to denote the state of the reduced-order slow system to indicate
that the dynamics of the reduced-order slow system is (slightly) different from the dynamics

of z, in the original system (2.1).

To derive the reduced-order fast system, we define a fast time scale 7 = é and intro-

duce the deviation variable ey := 2y — §(xs, wy). The fast system (2.1b) can be rewritten

in the following form: %{‘ = g(ef +g(xs, wy), wy, e) —|—§<:178, er+g(zs, wy), e) —e%’:}f)wf—

65—55 <f(xs,ws,e) + f(zo 5 +§(a:s,wf),e)>. Setting € to be zero and defining G(ey, x5, wy) 1=

gler + g(xs,wy), we, 0) + g(zs, e + §(zs,wy),0), the reduced-order fast system is obtained
as follows:
dey(T)
dr

= G(ey, xs, wy) (2.5)

2.2.4 Decomposition of slow dynamics

We consider that the slow dynamics can be further decomposed into several slow subsystems.
However, we consider the fast dynamics as a whole and will design a single estimator for the
entire fast system. The purpose of this approach is twofold: (a) to simplify the presentation
of the proposed state estimation scheme since the subsystem decomposition can be applied
to the fast system in a straightforward manner; and (b) to be consistent with the fact
that typically only a relatively smaller portion of the entire states exhibits fast dynamics in

chemical processes.
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We consider that the slow dynamics can be decomposed into m slow subsystems with

the i-th slow subsystem, ¢ = 1, ..., m, described as follows:
Foi(t) =filwsi(t), w(t), €) + filws(t), 24(1), ) (2.6a)

where z,; € R"si denotes the vector of states of slow subsystem i, w, € R™si denotes
the disturbance associated with slow subsystem . The function f; is used to describe the
dependence of the state vector of each subsystem on itself and the associated disturbance.
The vector function ﬁ characterizes the interaction between slow subsystem ¢ and other
slow subsystems as well as the fast system. y; € R™si is the vector of measured outputs
of slow subsystem 7 and vy; € R™si denotes the associated measurement noise. x4, @ € I
and z; are assumed to be constrained as x, € X, x5 € Xy where X;, ¢ € I, and X; are
convex compact sets. The system disturbances are constrained as wy; € Wy, ¢ € I, and
wy € Wy, while the measurement noise is bounded as vy; € Vg and vy € Vy. The sets
Wi, Wy, Vg, Vy with 4 € T are defined such that |wy|< Oy, [wf|< Oy, [v4|< 0,,, and
lvf|< 0, where 0, Ou,, O,,,, and 0, with i € I are known positive real scalars. Note that
the assumption of boundedness of subsystem states is based on the fact that many systems
are regulated by control systems and are operated within specific bounded regions. Note
also that assumption of bounded system disturbances and measurement noise is a common
assumption and is needed to obtain deterministic results. Based on system (2.4) for the

reduced-order slow system, the corresponding reduced-order slow subsystem i is:

Toi(t) = fi(Tsi(t), wei(t),0) 4+ fi(Zs(t), 9(Zs(t), ws(t)), 0) (2.7)

where Z,; denotes the state vector of slow subsystem 1.
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2.2.5 Nonlinear observers

In the proposed DMHE scheme, the local MHEs will be designed as observer-enhanced MHE
developed in [24]. Note that the design of the auxiliary nonlinear observers is not within
the scope of this work and there are extensive studies on the design of nonlinear observers
(e.g., [25, b5, 27, 28]) with many successful applications to different areas including chemical
processes (e.g., [55, 29]).

Consider the nominal reduced-order slow subsystem ¢ without considering the interaction

as follows:

gsi (t) :hsi<fsi (t>>

(2.8)

It is assumed that there exists a nonlinear observer for the subsystem (2.8) for i € I, as

follows:

ZSl(t) = Fsi(Zsi(t); hsz(.fm(t)), ) € H (29)

such that z,; asymptotically converges to Z; for Z; € Xy, if f; (Zs5(t), g(zs(t),we(t)),0) =0
and ws;(t) = 0.

Next, consider the nominal reduced-order fast system:

de;(7) =Gler, x5, 0
dr (e %,0) (2.10)

yr(7) =hys(ep(T) + g(xs(7))

It is also assumed that there exists a nonlinear observer for the the nominal system (2.10)

in the following form:

(1) = Fy(24(7), 25(7), hyep(7) + §(24(7),0))) (2.11)

such that z; asymptotically approaches ey if w; = 0 for all 7. These assumptions imply that

if we have f; (Z,(t), §(Zs(t),ws(t)),0) = 0, wy(t) = 0 for all t and wy(t) = 0 for all 7, then
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there exists a set of functions 3y, 7 € I, and 3¢ of class KL such that:

|Zsi(t) - fsz(t”gﬁsz('zsz(o) - jsi(0)|7t)v el (212&)

|27 (7) = e (T)|<B (127 (0) — e (0)], 7) (2.12b)

where 2(0), z7(0) and z(0), ef(0) denote the initial conditions. It is assumed that Fj;,
¢ € I, and F} are locally Lipschitz functions. It is also assumed that the interactions
between the slow subsystems and the interactions between the slow and fast systems do not
damage the collective observability of the subsystems/systems. The above assumptions on
the existence of local auxiliary observers imply that the state of each subsystem /system is

locally observable if the interaction is known and the entire system is locally observable.

2.3 DMHE design

A schematic of the proposed DMHE scheme is presented in Fig. 2.1. A local MHE is designed
for each slow subsystem and the fast system. The MHESs associated with the slow subsystems
communicate with each other and send information to the MHE of the fast system. However,
there is no information transmitted from the MHE of the fast system to any of the MHESs of
the slow subsystems. In the remainder, the MHE associated with the ¢-th slow subsystem
will be referred to as s-MHE ¢, ¢« € I, while the MHE associated with the fast system will
be referred to as f-MHE. Since the states of a two-time-scale system evolve at different time
scales, it is desirable to use different sampling periods in the local MHE designs for the slow
and fast systems. In this work, we use A; and A to denote the sampling periods for s-MHEs
and -MHE;, respectively. Without loss of generality, we assume that A, is integer multiple of
Ay, ie., Ay = nAjy where n is a positive integer. In the description of the proposed design,
we use ty := to + kAg with £ > 0 and 7, := 79 + ¢A; with ¢ > 0 to denote the sampling

instants of s-MHEs and f-MHE, respectively.
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Figure 2.1: A schematic of the proposed distributed state estimation scheme (dashed lines
indicate information flows and solid lines indicate interactions between subsystems).

2.3.1 Distributed state estimation algorithms

In the proposed DMHE scheme, the s-MHEs and the f-MHE are implemented independently
except that the ss-MHEs need to send information to the -MHE. The implementation details

of the DMHE are specified in the following two algorithms.
Algorithm 1. Implementation of the s-MHEs.
1. Atty =0, each s-MHE is initialized with output measurements y4(0) and initial guesses
Z4(0), L € I, of all slow subsystems.
2. At tp > 0, perform the following steps:
2.1. Each s-MHE s updated with the output measurement of the corresponding slow
subsystem; that is, s-MHE i receives y;(ty), i € 1.

2.2. Fach s-MHE requests and receives the oulput measurements and subsystem state
estimates of the previous time instant from all other slow subsystems; that 1is,

s-MHE i (i € 1) receives ys(ti—1) and Tg(tp—1), 1 € I\ {i}.

2.3. Based on the received information from the local subsystem as well as other slow
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subsystems, each s-MHE calculates the state estimate of the corresponding slow
subsystem and sends the estimate to the f~-MHE; that is, s-MHE i calculates

Tsi(ty), 1 € 1, and sends it to the f-MHE.

2.4. Go to Step 2.1 at the next slow system sampling time tj 1.
Algorithm 2. Implementation of the f-MHE.

1. Atty =0, the f~-MHE is initialized with the output measurements of the slow subsystems
ys1(0), L € I, the output measurement of the fast system ys(0), the initial guesses of the
s-MHEs ©4(0), I € I, and the initial guess of the f-MHE 2 ¢(0).

2. At 7, > 0, carry out the following steps:

2.1. The f-MHE receives the measured output of the fast system; that is, the f~-MHE

receives y (7).

2.2. Based on the latest received information of the slow subsystems and the fast sys-

tem, the f-MHE calculates the estimate of the state of the fast system Z (7).

2.8. Go to Step 2.1 at the nest fast system sampling time T 4.

From the two algorithms, it can be seen that the s-MHEs communicate with themselves
and send out information to the -MHE while the -MHE does not send out any information

to the s-MHEs.

Remark 1. Note that in the proposed design, the s-MHEs are decoupled from the f-MHE
in the sense that the performance of the s-MHFEs does not depend on the f-MHE. It allows
us to treat slow and fast estimators essentially separately. This property is also different
from most of the results in the control of two-time-scale systems in which the controllers of
the fast dynamics and of the slow dynamics are normally mutually coupled via system states
because control actions are fedback to the system. Note also that the s-MHEs communicate

with themselves and send out information to the f-MHE. The communicated information is
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used in interaction compensation. The distributed estimators are coupled via information

flow which renders the overall design a distributed state estimation scheme.

2.3.2 Reference state estimate calculation for s-MHEs

In this subsection, we show how to augment nonlinear observers (2.9) to account for the
interactions between slow subsystems. The augmented nonlinear observers will be used to
generate reference state estimates for s-MHEs every slow sampling period. The augmented

observer ¢ at time ¢ is designed as follows:

Zei(t) = Foi2si(t), Ysi(tr-1)) + fi(Zs(tr1), 9(25(te-1),0),0)

+ Z Ksi,l(i'sl)(ysl(tk’—l) - hSl(S%Sl(tk_l)))

lel

(2.13)

At tg, the augmented observer is initialized as zg;(tx_1) = ZTsi(tx—1), where &4 (tp_1), 7 € L, is
the optimal state estimate of x;(tx—1) obtained by s-MHE i at ¢;_; and K, [ € I, are gain

matrices designed as follows:

7 i
Ksi,l _ afz <8h5l)

g ) | et @14

Zo1(th—1)

We note that the augmented observer is evaluated prior to the evaluation of s-MHE i,
i € I, in order to generate a reference state estimate at each sampling time. Z4(tx_1) is an

approximation of x4(t) for t € [tx_1,tx) in (2.13).
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2.3.3 Design of s-MHEs

Based on the reference state estimate z,; (%) given by observer (2.13), the proposed s-MHE ¢

at t is designed as:

k-1 ) k ,
min Wei ()% 1+ Ve (t5)]%— 2.15a
i, AS ) > )l | (2.150)
s.t. jsz@) = fz(jf52<t),w51(t]), 0)
+ fi(@a(t)), §(24(5),0),0),

telttiml, j=k—Ny, ... k-1 (2.15h)

Usi(t) = Ysi(ty) — hsi(Tsi(t5)), 3=k — N5, ... k (2.15¢)
wsi(tj) S Wsia Usi(tj) S Vsia jsz(tj) € Xsi:

|Tsi(th) — 2si(tr)| < Ksilysi(tr) — hei(zsi(tr))] (2.15e)

where 7 ,; denotes the prediction of x,; within the optimization problem; @); and R,; represent
the covariance matrices of w,; and vy;, respectively; N; is the estimation horizon; z denotes
the optimal estimate of x, obtained by the s-MHEs and kg, ¢ € I, is a positive constant.
The design of Kk, will be made clear in following discussion.

Once the optimization problem (2.15) is solved, the optimal solution is denoted as
{Z5(te—n), .., T%(tx)}, of which the last element Z7;(¢x) is adopted as the optimal es-
timate of xg(t;) and is denoted as Zy;(tx); that is, Zs(tx) = T5 (k). In (2.15), (2.15a) is
the cost function for ss-MHE 4 to be minimized. (2.15b) and (2.15c) describe the reduced-
order slow subsystem i. 4(t;) approximates x4(t) for ¢ € [t;,¢;41) to compensate for the
interactions in the system. Constraint (2.15d) explicitly bounds system disturbance w,; and
measurement noise vy;. Constraint (2.15e) is utilized to calculate a confidence region, within
which the estimate of subsystem state is optimized.

The feasibility of the optimization problem (2.15) is guaranteed since the two constraints
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(2.15d) and (2.15e) are not imposed simultaneously and do not conflict with each other.
Note also that constraint (2.15e) takes into account the boundedness properties of the system
and measurement noise via the confidence region constructed via the right-hand-side of the
inequality. Note also that the use of reduced-order slow subsystems in the design can avoid
ill-conditioning of the estimation problem as recognized in control relevant literature (e.g.,

[19, 20, 21]).

2.3.4 Reference state estimate calculation for -MHE

For the reduced-order fast system, observer (2.11) is used to calculate a reference state

estimate every fast sampling time. Specifically, at 7, the observer takes the following form:

2p(1) =Fp(24(7), 2s(74-1), Y5 (T4-1)) (2.16a)

2p(7q-1) =€4(74-1) (2.16b)

where Z4(7,-1) is an approximation of z(7) for 7 € [r,_1,7,). Note that Zs(7,_1) indicates the
latest available information on Z; at each fast sampling instant 7,. It does not necessarily

mean the actual 2, at 7,_; because s-MHEs do not update at every fast sampling time.

2.3.5 Design of -MHE

In the -MHE design, we do not estimate the original fast state x ¢ directly. Instead, we obtain
an optimal estimate of the reduced-order fast system state ef, based on which an estimate of

xs is calculated. Based on the reference state estimate z¢(7,) generated by observer (2.16),

24



the proposed f-MHE at 7, is designed as follows:

q—1 q
min >0 Jwp()2 -+ g (75) %, 2.17a
éf(Tq—Nf)v"'véf(TQ) { qufo A Qfl j:quf A Rfl ( )

st ep(7) = G(er(r), &s(7y), we (7)),
TE [Tl j=a—Nypoooyqg—1 (2.17b)
vp(Ti) = () = hy(€p(7) + 9(25(75), wy (75))),
J=q—Ng,....q (2.17¢)
wy(1;) € Wy, vy(r;) € Vg, j=q—Nyp,...,q—1 (2.17d)
|64(7a) = 2 (7o) |< Kl (7a) = hy(z(7g)

+ 9(2(79), wy(74-1)))] (2.17e)

where €; denotes the estimate of ey within the optimization problem; @)y and Ry denote the
covariance matrices of wg; and v, respectively; Ny is the estimation horizon of -MHE and
Ky 1s a positive constant.
The optimal solution to (2.17) is denoted as {€}(7,-n,),

.., €3(7y)}, and the last element is the optimal state estimate for time instant 7,. That
is, ér(1y) = €3(74). In the optimization problem (2.17), (2.17a) is the cost function for
f-MHE to be minimized. Constraints (2.17b) and (2.17¢) are the reduced-order fast sys-
tem (2.5). Z4(7;) denotes the latest information of #, available at 7;. (2.17d) describes
the constraints on wy and vy. (2.17e) is used to calculate a confidence region, and the
estimate of the fast system state is only allowed to be optimized within the region. Note
that in (2.17), we assume w; takes piece-wise constant values between two fast sampling
instants. This is the reason that wys(7,_1) is used in (2.17e). Note also that the optimal
solution to (2.17), {€}(74-n;),--.,€;(7y)}, is associated with an optimal disturbance tra-
jectory {wi(74-n,), .., wi(74-1)}. Based on the optimal estimate é(7,) and w}(7,-1), the

optimal estimate of the original fast system state x; is calculated as zs(7,) = é¢(7,) +
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9(25(7q), w;(Tq—l))‘

2.4 Stability analysis

In this section, we perform stability analysis of the proposed distributed state estimation

scheme. We first focus on the stability of the s-MHEs and then on the f-MHE.

2.4.1 Stability analysis of s-MHEs

We define a function 7;(s) for each i € T as 7;(s) := (L*%_L;Uf Ow; + L Ou,; + L7700, +
S Ksigbuy)s + LW Ly Myis®/2 + 3, (Lji;lL% L¥*)Mys?/2, where ch is the Lipschitz
constant of f; with respect to its second argument, L;Avf is the Lipschitz constant of g with
respect to its second argument, Ly’ is the Lipschitz constant of Fy; defined in (2.9) with
respect to its second argument, Lq}” is the Lipschitz constant of f; with respect to its second
argument, L;_ is the Lipschitz constant of hy with respect to its argument, Ljﬁjl is the
Lipschitz constant of f; with respect to its first argument, Lgs is the Lipschitz constant of g
with respect to its first argument, KCy;; Vi, [ € I, is a positive constant such that |Ky; ;| < Ky,
M, is a finite constant denoting the upper bound of |Zy| (i.e. |74 < M), Vi € I. Note
that subsystem states are within convex compact sets, and the Lipschitz properties are

assumed to be held in these sets and the operating regions of the observers locally.

Proposition 1. [c.f. [15]] Consider the augmented observer (2.13) for the reduced-order
slow subsystem i, i € I, during the time interval t € [ty., tyy1] with initial condition zg(ty) =
ZTsi(ty) and output measurement ys;(tx). If each gain matriz Ky is determined following
(2.14) and is bounded such that | K| < sy, @ € L, then the estimation error eZ; between
the observer state zy; and the state of the reduced-order slow subsystem i in (2.7) in one slow

sampling period A, is bounded as follows:

e5i(tian)| < Buallegi ()], As) +7i(A) + D Lutleq(t) A, (2.18)

lel
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where €%, = zy — Ty, Ly = (’Hlﬂ + /Csi,l’ths) with ’Hlfi, and H;‘S, for all i,1 € 1, being
finite positive constants that are associated with the second-order terms generated by Taylor

expansions of f; and hg, respectively.

Proposition 2. Consider the reduced-order slow subsystem i described by (2.7). The devia-
tion of the state Ts; of the reduced-order slow subsystem i from the corresponding state x4 of

the actual system described by (2.1) in one slow sampling period Ag is bounded as follows:
€5 (As)] < ¢ile, As) (2.19)

x s € € AS x
where €5; = Tg — Tgi, ¢i(€,8) = (LG, + Lﬁ_)e +2N5)s + [y 1 filwai(t) + eli(t), wai(t),0) —
fi(rsi(t), wsi(t),0)|dt, LG and LS are Lipschitz constants of fi and fi, and Nj (i€el)isa

positive constant such that | fi(-,-,0)| < Nj..

Proof: The time derivative of the error eZ;(t) is:

E5(t) =fil@ai(t), waa(t), 0) + fi(Z:(1), §(Zs (1), wy (1)), 0)
- fl(xSZ(t)7 wsi<t>7 6) - .ﬁ(xs(t>7 .Tf(lf), 6)
Adding and subtracting f;(z4(t), ws(t),0), and taking into account the Lipschitz properties
of functions f; and f;, and the fact that |f;(-,-,0)] < N 7, the following inequality can be
obtained:

€6 O] < 1fi(@ai(1), wsi(?), 0) = fi(#s(t), wsi(2), 0)]

+ (L, + L e+ 2N,

(2.20)

where L§ and L;ﬂ- are the Lipschitz constants of f;, ﬁ with respect to €. Given that 7, =
Ts + €, and the definition of function ¢;(e, s), Proposition 2 can be proved by integrating
(2.20) fromt =0tot=A,. O

Now we are in a position to present sufficient conditions on the convergence and ultimate

boundedness of the estimation error of the slow system with s-MHEs.
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Theorem 1. Consider system (2.1) with outputs ys;, i € 1, of the corresponding slow sub-
systems at each time instant t, k > 0. If the developed s-MHFEs are implemented following
Algorithm 1 with s-MHE i, i € 1, designed as in (2.15) based on nonlinear observers satisfy-
ing constraint (2.12a) and all the assumptions in Proposition 1 and Proposition 2 hold, and
if ¢i(e, Ag) < d;(€) all the time for all i € I and there exist a class of concave functions Qg;,
1 € 1, satisfying:

Qsi(s) > Bails, A) (2.21)

for all 0 < s < pgi, and if there exist positive scalars oy satisfying 0 < o0g < psi, and positive

scalars ag; > 1, bg; > 0, & > 0 such that

0si — @si(Qsi(0si) + 7i(As) + Z Li,lﬂ?zAs) — bsiby,, — di(€) > & (2.22)

lel

for all i € 1, and if kg for all i € 1 are picked such that 0 < kg < min{(as; — 1)/Lp,,, bsi },
then the estimation error |esi|= |Ts — xs|, @ € 1, is ultimately bounded within a small
region such that: lim .. suples(t)|< p™™ for |e%(0)]|+[e%(0)|< psi, 1 € I, where pm™ =

max{|eZ (t + Ag)|+]e% (t + A)|: |eX(t)|+]e%(t)|< osi}- This also implies that the estimation

error of the entire slow system is ultimately bounded.

Proof: We first study the error between the estimated states Z,; given by s-MHE 7 and the
states of reduced-order slow subsystem 4. This error is denoted as e, = Z; — T;. Considering
the constraint in (2.15e) and the Lipschitz property of function hy; and the upper bound 6,_,

for measurement noise vy, we derive that

|Zsi(thy1) = 2si(trr1)| < LigFsilTsi(trrn) — 2si(trgr)| + Ksiblo,, (2.23)

Considering the fact that |Zy — ZTg| < |25 — 2si| + |25 — Tsi], the fact that eZ,(tx) = ez (tx),

and the property of class KL function Sy, we can obtain from (2.23) that
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e5i(tin)| < (1+ L) (Bt (5801 + et A)

(8 + D Lialleq(t] + ea(t))*A,) + raib,

lel

(2.24)

Next, we focus on the actual estimation error |ey|= |xs — & between the actual state of
the original slow subsystem i (i.e., z;) and the state estimate for the slow subsystem i (i.e.,
Zg). If (2.21) holds, based on (2.24), Proposition 2 and the assumption that ¢;(e, Ay) < d;(e),

it is derived that

5 (tren)] + leg (B

<(1+ thimsz-)(gsi (leza(tn)] + k(@) + 1 (A) (2.25)
+ 3 Lullea(to)] + 1ea(t))* A ) + faibo,, + di(e)
lel

for [eZ; (tr)|+e5; (tr)|< psiy i € L.
If there exist positive constants gy, ps and & that satisfy (2.22), it can be obtained

that:

e (tra)| + €5 (Eren) | < legi(Ee)| + le5i(Er)| — Eai (2.26)

for all gy < |e%| 4 |€%]< psi. Inequality (2.26) implies that |eZ| 4+ |e%]| is decreasing if
0si < |e%] + |e%;] and will eventually become smaller than g,; within finite sampling periods.
Once |e% |+ |e%|< s, |€%] + |e¥;| will not necessarily decrease at every sampling instant, but
will be bounded within a small region such that |eZ| 4 |e%|< p™™ because of the definition
of pmin

Further, based on the triangular property |es|< |e%|+|e% |, it is obtained that the estima-
tion error |ey| is ultimately bounded as: lim; o, suples;(t)|< p™" after sufficient sampling
periods. The ultimate boundedness of |eg;|, ¢ € I, implies the ultimate boundedness of |eg].
This proves Theorem 1. [J

In condition (2.22) of Theorem 1, the function Q;(-) (i € I) is a concave approximation

of Bsi(-,As) (i € I) which reflects the convergence rate of the associated auxiliary observer.
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The term v;(As) (¢ € I) characterizes the effects of the slow sampling time Aj, system
disturbances and partially measurement noise. The term Y, ; L; 1p% A, (i € T) describes the
effects caused by subsystem interactions after interaction compensation. The term by0,,,
(1 € I) characterizes the effect of measurement noise. And d;(€) (i € I) provides an upper
bound on the model error between the actual slow subsystem ¢ and the reduced-order slow
subsystem 7. Note that conditions (2.21) and (2.22) can be satisfied simultaneously as long
as the convergence rates of the auxiliary observers are sufficiently large, the sampling time
A and the measurement noise upper bound 6, (i € I) and the time separation indication
e are sufficiently small. Note also that as long as ay; > 1 and by; > 0, the parameter xy;
associated with s-MHE i (i € I) satisfying the condition stated in Theorem 1 can always
be found. When bigger a,; and b; exist, bigger kg can be picked which implies that the
s-MHE i can optimize the estimate within a bigger region. An extreme case is kg = 0, which
leads to %, = 2.

The assumption in Theorem 1 that ¢;(e, Ay) < d;(e) (i € I) imposes a restriction on the
system. It requires that the difference between the reduced-order model and the original
system should not grow unbounded. This assumption can normally be satisfied when the
original and the reduced-order systems are stable and the value of € is sufficiently small.
In Theorem 1, the model-plant-mismatch between a reduced-order slow subsystem and the
actual subsystem is explicitly considered. This can be seen from (2.22) in which d;(e) is
involved. The model-plant-mismatch affects the size of the region in which the estimation

min

erTor eg; is ultimately bounded. This can be seen from the definition of pZ;

Remark 2. In Theorem 1, the assumption on the existence of a concave function satisfying
(2.21) is made to simplify the proof of Theorem 1. The results can still be proved without
this assumption but the proof would be more involved. Specifically, the class KL function
Bsi(lel, A) is a strictly increasing function with respect to |e|. Bsi(|el, A) with fized A could
be a conver increasing function or a concave increasing function of |e|. It requires different

approaches to handle the two difference cases. To simplify the proof and unify the conditions,
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the assumption on the existence of a concave function is introduced.

Remark 3. In our work, an approach based on the worst case scenario is used in the deriva-
tion of the conditions in Theorem 1. In the analysis, a subsystem treats the estimation error
of other interacting subsystems as external disturbances. Note that the error is compensated
for using the information communicated in the calculation of reference state estimates in the
augmented nonlinear observers. The augmented observers can completely remove the first-
and second-order interaction effects (when expanded using Taylor series) between subsystems.
This ensures that the worst case scenario approach is not very conservative. Also note that
while the conditions in Theorem 1 (as well as Theorem 2) are stated in terms of subsystems,
they are required to be satisfied simultaneously for all the subsystems. One implication of
these conditions is that the connected distributed estimators subject to uncompensated high-
order interaction effects, process and measurement noise and the model approximation error

due to the reduced-order models should be convergent.

2.4.2 Stability analysis of ~-MHE

Next, we conduct stability analysis of the proposed -MHE. We define p(s) :=n) ", LRMSlsz
Y Y w Y w Y s s
—l—LF’;thMfsQ/2+ (LF’;thLngwf —i—LFJ;GUf +ch9f>5+21611 LFJ;thLg M 5% /2 where L}f
is the Lipschitz constant of Fy with respect to its second argument, L% is the Lipschitz con-
stant of F'y with respect to its third argument, Lj, is the Lipschitz constant of hy with respect
to its argument, Lgf is the Lipschitz constant of G with respect to its third argument, Mg
is a finite constant that denotes the upper bound of Z4 such that |4|< My for all zg € Xy

with [ € I, My is a finite constant such that |éf|< M.

Proposition 3. Consider the nonlinear observer (2.16) designed for the reduced-order fast

system (2.5), within one sampling period from 7, to 7,11, the state deviation generated by
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the nonlinear observer for the fast system is bounded as follows:

e, (Taun)| < Byles (1) Ap) + D L lea(Tg-nrn)|Ag + u(Ay) (2.27)

lel
where €.,(7) = 2;(1) — ef(7).

Proof: In this proof, we focus on the time interval 7 € [7,, 7,41], FMHE may not receive
any update on 4 from the s-MHEs because of the difference in the sampling times. The
latest received Z5 will be used to approximate #(7;). To analyze the effect induced by the
approximation, we take into account the worst case scenario; that is, s-MHEs do not update
for a period of (n — 1)Ay from 7,1 until 7,.;. Let us consider the nonlinear observer
designed for the local -MHE of Eq. (2.17) corresponding to the reduced-order fast system,
and define ¢, = 2y — ey as the estimation error generated by the nonlinear observer for the
fast system. We consider the time interval from 7 = 7, to 7 = 7,41 with initial condition

25(1q) = €5(74), the derivative of the estimation error ¢, is calculated as follows:

€24 (1) =F(24(7), 26(Tg-n41), Y5 (7q)) — Glef(7), 24(7), wp (7)) (2.28)

We can obtain an inequality from (2.28) by taking advantage of the Lipschitz properties of
Fyand G, vy (7)|< Oy, [ws(7)|< 0,. If we integrate the obtained inequality from 7 = 7,

to 7 = 7,41, we can have that

2 (Ta)] < Brllew, (Tl Ap) + Y L lea(rymnin) |12

lel
Ts 2 Yyr 2
+n Z LFfMSZAf + LFthfoAf/Q
lel (2.29)

+ L%thL;”fewaf + L%@UfAf + L}‘;fewaf

+ > LY Ly, L Mg A2

lel
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Given the definition of function u(s) with s = Ay, (2.29) can be re-written as (2.27) in

Proposition 3. This completes the proof. [J

Theorem 2. Consider the reduced-order fast system in (2.5), if the proposed f-MHE is
implemented following the MHE design in (2.17) based on a local deterministic nonlinear
observer satisfying (2.12b) and conditions in Proposition 3, and if the s-MHEs are designed
satisfying conditions in Theorem 1, and if there exist positive constants oy and py that satisfy

0 < of < py, and there exists a concave function Qy such that

Qy(lesl) = Br(lesl, Ay) (2.30)
for all |€Zf|§ pf, and if there exist constants ay > 1, by > 0 and & > 0 such that

or —ag (Qf(gf) + Y L pals+ N(Af>> —bp( Y Ln L pa +0,,) > & (2.31)

lel lel

and if Ky is selected subject to the following condition: 0 < xy < min{(ay—1)/Ly,,bs}, then
the error |0 between the estimated state x¢ based on f-MHE and the actual fast system state

x ¢ s ultimately bounded as

lim sup|0;(7)[< pf™" + > L pnn (2.32)
lel

with pp™ = max{|e; (1 + Ap)[: |ef (7)< or} for |e4(0)|< py-

Proof: Tt is straightforward from (2.17e) that:

|5 (Tg41) — 2 (T DI Kp Y (Tg1) = hp(2p(Tg11) + 9(25(Tg11), wi(T441)))|
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From the Lipschitz property of hy and g and triangle inequality |é;—ey| < |éf—z¢|+|ef—2¢],

we have

65 (Tqr1) — ep(Tqu)| < (14 Liskg)les(tqe1) — 25 (7441)|
(2.33)
+ ) KLy, L e (Te)| + g0y,
lel

From Proposition 3 and (2.33), and the fact that e, (7,) = ef(7,), if (2.30) holds then we

can derive that

(el <(1+ Lgrop) (Qe(les ) + 30 D lea(manin) | + (A))

lel

(2.34)

+ > kgL, L lea(Tor)| + fby,
lel

We know |eg;(0)|< psi, @ € I and |ey| is ultimately bounded as described in Theorem 1.
Therefore, we have |eg;|< p,;. If there exists a constant g satisfying (2.31) and x is selected
as stated in Theorem 2, then for any estimation error ¢y satisfying oy < |e4|< py we can

obtain:

e = (1 Ligrig) (Qrllesl) + D0 L3 lea(Tynin)|A
el (2.35)

(D)) = S el L lea(myn)| = igb, > €&
lel

Based on (2.34) and (2.35), we obtain that |ef(7,41)| < |ef(m)| — & if 0 < |ef|< py.
This implies that the error given by -MHE for the fast system is decreasing if |e¢|> oy.
Moreover, the estimation error |ef| will become smaller than o, within finite steps, and
once |ef|< oy is satisfied, then it is no longer guaranteed that the estimation error |ey|
will further decrease. However, it will remain to satisfy |ef|< p7*" with the definition
P =max{|es(r + Ap)l: [ef(T)|< o}, Bee., im suples|< pf.

Finally, we consider the estimation error ; between state 2 obtained by the DMHE and
actual state z s, which can be expressed as |0f| = |2y — xf| = |éf + §(T5, wy) — ef — (x5, wy)| <
lef| 4+ > e Lg° lest|. Since |ef| and [eq], [ € T, are proved to decrease and will ultimately re-

min
sl

main to satisfy |ef|< p7" and |eq|< pli™, respectively, the estimation error |6 is ultimately
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bounded as tlggo suplOs|< pp" + 3 Lyt O

In condition (2.31) of Theorem 2, the function Qy(-) is a concave approximation of
Br(-,Af). The term p(Ay) characterizes the effects of the fast sampling time Ay. The term
Y el Lf;}; psiAy characterizes the coupling between the slow dynamics and the fast dynamics.
The term by(> o1 Ln e s+ 0y ;) characterizes the effect of measurement noise and the
impact of the s-MHEs on the -MHE. Note that conditions (2.30) and (2.31) can be satisfied
simultaneously as long as the convergence rate of the auxiliary observer for the fast dynamics
is sufficiently large, the sampling time Ay and the measurement noise upper bound 6, are
sufficiently small. Note that while the performance of the s-MHEs does not depend on the
f-MHE, the performance of the f-MHE depends on the s-MHEs as can be seen from (2.32).

Remark 4. In Proposition 3, the local Lipschitz assumptions on the functions ensure that
(2.29) can be retrieved via integration. Proposition 3 proves that within a fast sampling time
Ay, the estimation error €., induced by the nonlinear observer for the fast system is bounded
as described in (2.27), which may also be interpreted using input-to-state stability with the
sampling time Ay and the error in the slow states ey (Ty—nt1) as inputs and the estimation

error given by the observer €., as the state.

Remark 5. The separation of the two time scales in the system dynamics is indicated by the
small positive parameter €, which may be understood as the ratio of the time constants of the
fast dynamics and slow dynamics. The proposed design relies on an obvious separation of the
two time scales (i.e., € should be sufficiently small). Note that the conditions in Theorems 1

and 2 implicitly impose a restriction on the maximum value of €.

2.5 Application to a chemical process

A chemical process consisting of two continuous stirred tank reactors (CSTRs) and a flash
separator connected in series is considered. Pure material A is fed into the two CSTRs, in

which two reactions occur, i.e. A — B and B — C. The outlet of the second CSTR is fed
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into the flash separator at a flow rate F,. The overhead of the separator is condensed and
passed to a downstream unit at flow rate F, and the bottom product stream is removed at
flow rate F, .. Each tank is equipped with a jacket to heat or cool the tank. The dynamic

model obtained via mass and energy balances is as follows:

A _
dzfy  Fig B

gt v, @A - v) — ke (2.362)
d;—f :Fvllo(me - x?) + k16%$? - kQG%JU? (2.36b)
T =Ty - 1) + ‘ﬁpﬂl ke 0 4 ‘fPHQ hae ™ 2P pfilvl (2.36¢)
d;—? :%(1’? —2d) + F7220(-TA20 —a24) — k1€’%;11$;41 (2.36d)
dz; :%(SE? —ag) + F7220(37320 —z5)+ kle%x?l - kﬁ%xﬁ (2.36e)
dcji}:l :%(Tf Ta) + %(Tm —Ta)+ le klegfsll v

—AHy s, @ (2.36)
Cp pcpVa
d;—fé :%(xfl —al) — W(wm — xl) (2.36g)
et ety -t - L ) (2:360)
dcjl;ﬂ :%(Tsl —Ty) + pig‘)/}, + (F;C:V?) (xar AHyapa + 2y AHyapp + Tor AHyapc)

(2.361)

where x4, x{}, x{, denote the mass fractions of A in tank 1,2,3; =, x5, zf are the

mass fractions of B in tank 1, 2, 3; x?, 74, 5 are the mass fractions of C' in tank 1, 2, 3;

sl»
TaAr, Tr, Loy, respectively, represent the mass fractions of A, B, C'in the overhead stream;
Ty, Ts1, Ty are the temperatures in tank 1, 2, 3; Tip, T denote the feed stream temper-

atures; Fy, Fy are the effluent flow rates from reactors; Fiy, Fb denote steady feed stream

flow rates; F,, F}, are, respectively, the overhead and bottom stream flow rates in the sep-
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arator; Vi, V5, V3 denote the volumes of tank 1, 2, 3; E;, F5 denote the activation energy
for reactions; ki, ko are the pre-exponential values for reactions; AH;, AH, denote the
heats of reaction for reactions; AH,,, denotes the evaporating enthalpies for material ¢,
i = A, B, C; Q1, (2, Q3 denote the heat inputs/removals; and ¢,, R, p, respectively,
denote the heat capacity, gas constant and solution density. The parameters of the process
variables are given in Table 2.1. We assume that the amount of reaction occurring in the
separator is negligible. We note that the mass fractions of the overhead stream x .., xp,, ¢
are only dependent on the material composition in the flash separator.

The entire system is divided into three subsystems: the first CSTR, of which the system
states evolve at a relatively fast time-scale, is the fast system; the second CSTR and the sep-
arator constitute the slow system, which is further divided into two slow subsystems. Specif-
ically, 2y =[x}, xf, Tf]" is the state vector for the fast system, while zg = (22}, x5, Ta]”
and g = 174, 15, T, denote the state vectors of the two slow subsystems, respectively.
It is assumed that the temperatures T, T,; and Ty, are measurable, and are considered
as the system outputs (i.e. yr = Ty, ys1 = T and yso = Ts2). The objective is to esti-
mate the entire system state based on the three outputs using the proposed two-time-scale
DMHE. In the simulations, constant heat inputs to the three tanks are considered; that is,
Q =[Q1, Q2, Q3]" =[3.0x 10° KJ/h, 1.0 x 10° KJ/h, 3.0 x 105 KJ/h]".

The local auxiliary observers assumed in (2.9) and (2.11) are designed following [30].
Random noise in the process and measurements is generated following normal distribution.
In local MHE designs, the estimation horizons for f-MHE and s-MHEs are Ny = N, = 5.
The weighting matrices in the cost function for -MHE and s-MHEs are Q5 = Q51 = Q52 =
diag([1, 1.44, 3600]), Ry = Rs = Ry, = 8.314. The parameters xy in constraint (2.17e) and
Ks1, Ko N constraint (2.15e) are tuned following [24] to be x; = [0.0041 0.0141 0.3580]%,
Kks1 = [0.0039 0.0140 0.3000]" and k4 = [0.0025 0.0180 0.4440]7, respectively.

We consider three different schemes: (I) the proposed DMHE; (II) distributed nonlinear

observers in which the augmented nonlinear observers are used and connected in a dis-
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Table 2.1: Process parameters

Fio=12.0 7" AH, = —6.0-10* KL

Foo =302 AHy = —7.0-10* KL
F=134m AHyapa = —3.53 - 101 KL
F,=05m AHyepp = —1.57-10% KL
Vi=10m? AHyopc = —4.07 - 10* AL
Vo =5.0m? k1 =277 x10% 571

Vs = 4.0 m? ko =2.6 x 10% 571

as =35 =42 KJ/kg K
ap=1.0 R =18314 KJ/kmol - K
ac =05 p = 1000.0 kg/m?

Ty = 300 K za10 = 1.0

Tz = 300 K 2p10 =0

By =5.0-10* BL Ta20 = 1.0

Ey=6.0-10* 2L Tp20 =0

tributed fashion the same as Scheme I; and (III) a DMHE scheme in which local estimators
are designed based on regular MHE. In the two DMHE schemes, the arrival cost in each sub-
system MHE is included and is approximated using an extended Kalman filtering approach
neglecting the interactions between subsystems. First, a set of simulations is carried out to
verify the effectiveness of the proposed DMHE (Scheme I) and to illustrate the advantage
of Scheme I over the auxiliary nonlinear observers (Scheme II). The f-MHE is evaluated
at a fast sampling time Ay = 18s while all the s-MHEs are evaluated at A; = 36s. The
results are presented in Fig. 2.2. We see that the proposed DMHE is able to track the actual
state trajectories of the chemical process. The corresponding mean and maximum values of
the Euclidean norm of the normalized estimation error of the proposed DMHE are 0.6642
and 2.1753, respectively. We note that the ability to use different sampling periods in the
f-MHE and s-MHEs contributes to the applicability (especially the computational efficiency)

of the proposed DMHE. We also see that the auxiliary nonlinear observers have rather poor
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Figure 2.2: Trajectories of the actual process states (solid lines), state estimates calculated by
the proposed DMHE (dashed lines) and state estimates calculated by Scheme II (dash-dotted
lines) with Ay = 18s and A, = 36s.

performance in estimating the concentrations of B. In Scheme II, the mean and maximum
values of the normalized estimation error norms are 0.9146 and 2.0720, respectively. The
trajectories of the normalized estimation error norms for Scheme I and Scheme II are given in
Fig. 2.3. It is seen that the mean error norm of Scheme II is much larger than that of Scheme
I. The maximum error norms for the two schemes are similar. Note that the maximum error
of Scheme I is primarily due to the initial stage. The results imply that Scheme I is able to
give overall more accurate estimates compared to Scheme II. This is because the proposed
DMHE takes into account the noise information in an optimization framework of MHE.
We also conduct simulations to demonstrate the less dependence of the proposed method
(Scheme I) on the size of the estimation horizon compared to the counterpart based on regular
MHE (Scheme III). The mean values of the normalized error norms of the two schemes with
different estimation horizon sizes are presented in Fig. 2.4. We see that the proposed scheme

gives good performance even with a very small horizon and its performance is much less
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Figure 2.4: Average normalized estimation error norms of Scheme I (dashed line) and scheme
[T (solid line) with different estimation horizon sizes.

sensitive to the horizon size. Also, the proposed scheme gives smaller average estimation
error than Scheme III. The results also imply that the proposed scheme could be much more
computationally efficient since a much smaller horizon can be used.

Next, we study the effects when the same sampling time is used in both the -MHE and
the ssMHEs (i.e., Ay = Ay = 18s). The proposed DMHE can still track the actual sys-
tem states. The mean and maximum values of the normalized error norms are 0.5416 and
2.0737, respectively. Compared with the previous simulations, the estimation performance

in terms of the maximum and mean error values has been improved by about 18% and 4%,
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respectively. However, the performance improvement is at the cost of much higher commu-
nicational and computational burdens. When the s-MHESs use A; = 18s, they are evaluated
twice frequently compared with the case with A, = 36s. This implies that the number of
communication times between the s-MHEs increases by 100%. The average simulation time
over 10 runs for a period of three hours under the proposed DMHE with A, = 365 is about
382s while the corresponding value when A, = 18s is about 692s which is increased by 81%.

We also study the effects of the developed one-directional communication strategy. We
carry out simulations in the context of bi-directional communication, i.e., the -MHE and
the s-MHEs send their state estimates to each other. Compared to the one-directional
communication, the s-MHEs will have more accurate information of the fast system states
(i.e., the estimate calculated by the -MHE) and will use it (instead of steady-state values of
the fast dynamics) in state estimation of the slow system states. In this set of simulations,
the corresponding mean and maximum values of the error norm are 0.6683 and 2.1089.
These values are very close to the ones of Scheme I with only one-directional communication
from the s-MHEs to the f-MHE. This implies that extra information from f-MHE to the
s-MHEs does not help to improve the estimation performance significantly, which further

demonstrates the effectiveness of the proposed DMHE.

2.6 Summary

In this chapter, we developed a distributed state estimation method based on MHE for a class
of two-time-scale nonlinear systems. The nonlinear system was decomposed into a fast system
and several slow subsystems. In the proposed DMHE, a one-directional communication
strategy was adopted. Stability analysis was carried out for the proposed distributed scheme.
The effectiveness of the proposed approach was illustrated via the application to a chemical

process.
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Chapter 3

Forming distributed state estimation

network from decentralized estimators

In this chapter, we assume that a decentralized state estimation system already exists for the
nonlinear system, where the local estimators can be of different types. In order to achieve
improved estimation performance, the existing decentralized estimators may be connected
together via a communication network to form a distributed state estimation network. We
propose a systematic approach to take advantage of the existing decentralized estimators po-
tentially of different types to form a distributed state estimation network without performing
a complete re-design of the estimation system. Specifically, a compensator is designed for
each subsystem, and is connected to the corresponding decentralized estimator to obtain
an augmented estimator. The augmented estimators for the subsystems communicate with
each other to exchange subsystem state estimates and measurements via a communication
network every sampling time. In Section 3.2.4, we derive sufficient conditions on the con-
vergence and boundedness of the estimation error of the proposed distributed estimation
network. In Section 3.3, the proposed approach is demonstrated via the application to two
chemical process examples and one hybrid-tank plant. This chapter is a revised version of

[47, 129).
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3.1 Preliminaries

3.1.1 Notation

The operator |-| denotes the Euclidean norm of a vector. ||| denotes the Frobenius norm
of a matrix. A function f(s) is said to be Lipschitz with respect to its argument s if there
exists a positive constant L} such that |f(s1) — f(s2)| < L |s1 — so for s, and s,. Further,
a function f(s) is locally Lipschitz if it is Lipschitz on every compact subset of S which itself
is a compact set. A continuous function « : [0,a) — [0, 00) belongs to class K if it is strictly
increasing and satisfies initial condition a(0) = 0. A function S(r,s) is said to belong to
class KL if for any fixed s, B(r, s) belongs to class K with respect to its first argument r, and
for any fixed r, it is deceasing with respect to the second argument s, and 5(r,s) — 0 as
s — 00. AT denotes a matrix (or a vector) being the Moore-Penrose pseudoinverse of matrix
(or vector) A. I represents a set containing finite integers defined as I = {1,...,m}. We use
{s(tn)}ZZO to denote a sequence of s from n =0 to n =k (i.e., s(ty), s(t1),...,s(tx)). The
operator diag (v) denotes a diagonal matrix in which the diagonal elements are the elements

in the vector v.

3.1.2 System description

In this study, we take into account a class of nonlinear systems comprised of m interconnected

subsystems described in the following form:

p(t) = F (), w(t))

y(t) = h(xz(t)) +o(t)

(3.1)

where x(t) € R"* represents the state vector, w(t) € R™ represents the disturbances affecting
the dynamics of the system states, y € R™ denotes the measured output vector of the entire
system, and v(t) € R™ denotes the measurement noise of the entire system. The function

F characterizes the dynamics of . h denotes a nonlinear vector function, of which the
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form is dependent on the relationship between the system states and the available output
measurements.

It is assumed that the i-th subsystem of system (2.1), i € I, can be described as follows:

wi(t) = fi(i(t), wi(t) + fi (zi(t), Xi(1))
yit) = hi(zi(t)) +v(t)

(3.2)

where x; € R™ denotes the vector of state variables, w; € R™: represents the disturbances
directly affecting the dynamics of the i-th subsystem, y; € R" denotes the measured output
of subsystem ¢, while v; € R™: denotes the measurement noise associated with the ¢-th
subsystem. Vector function f; characterizes the dependence of the dynamics of x; on itself
while the vector function f; characterizes the interaction between subsystem ¢ and other
subsystems. It is assumed that the functions fi, 1 € I, are locally Lipschitz with respect to
their arguments on the compact sets of interest. ﬁ and h; are assumed to belong to class C?
(i.e., having 2 continuous derivatives) over a domain of interest. h;, i € I, denotes a nonlinear
vector function. X;(t) € R™ denotes a vector of the states of the subsystems other than
subsystem ¢ that are involved in characterizing the interaction. In the remainder, we will
utilize I;, ¢ € I, to denote the set of subsystem indices, of which the corresponding subsystem
states are involved in X;. For example, if X; involves states of subsystem 3 and subsystem 5,
then I; = {3, 5}. We call each subsystem [, [ € I; an upstream interacting subsystem of
subsystem 7. Accordingly, we call subsystem i a downstream interacting subsystem of each
subsystem [. We further introduce symbol J; to denote a set that is defined as J; := I; U {i}.
We assume that all the integers contained in the set I;, ¢ € I, are known. The system states

and the disturbances are assumed to be bounded as follow.

Assumption 1. Subsystem states x;, © € I, satisfy the following constraint:
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where X;, i € I, 1s a compact set. Moreover, the system disturbances and measurement noise
are bounded, such that w; € W; and v; € V; are satisfied Vi € 1. The sets W; and V;, i € 1,

are defined as
W, ::{wi c R™i gt |wz|§ Gwi,ewi > 0},
(3.4)
Vi i ={v; e R™ s.t. |v;|< 6,,,0,, > 0}

where 0, and 0,, are known scalars.

oh;
19}

Assumption 2.

vimzs(ty) 05 @ full column (or full row) rank matriz for ty>o where z;(ty)

denotes the state estimate of x;, i € I, at time instant t; given by the distributed state

estimation scheme to be specified.

Remark 6. The assumption (Assumption 1) on the boundedness of each subsystem state
within a compact set is motivated by the fact that most processes are maintained in bounded
operating regions by control systems. This assumption does imply that the system considered
is stable (through the regulation of a control system). The size of the compact set depends
on the properties of the system (and the corresponding control system). Note that the bound-
edness of each subsystem state also implies that each vector X;, i € 1, is bounded within a

compact set.

Remark 7. It is highly possible to achieve decomposed subsystems in the form of (3.2)
providing that sufficient measurements are available, which is also a prerequisite for state
estimation. More specifically, in the ordinary differential equations (ODEs) describing the
dynamics of x;, we can form f; using the terms containing only local state x;, and then
arrange the remaining terms characterizing interacting dynamics in fi, 1€ L.

In the subsystem model (3.2), we consider that the disturbances (uncertainties) only exist
in the local dynamics of each subsystem. Note that the design and the analysis will be very

similar if we consider that the interacting term f; in (3.2) is also affected by uncertainties.
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Figure 3.1: A schematic of the existing decentralized estimation system.

3.1.3 Problem formulation and assumptions

In this work, we provide an alternative approach to design distributed state estimation
networks by taking fully advantage of existing decentralized estimation schemes. Specifically,
we consider that for system (3.1), there exists a decentralized state estimation system, which
consists of m decentralized local estimators for the m subsystems as shown in Figure 3.1. In
this decentralized system, each local estimator is developed for a subsystem in a decentralized
manner. The local estimators are evaluated independently without sharing information with
cach other. Constant values (e.g., the steady-state value of X; or zero) are used in each
decentralized estimator for handling subsystem interaction in a relatively conservative way.
Note that the existing decentralized local estimators can be of different types. To achieve
improved overall estimation performance, we aim at developing a systematic approach, which
can connect the existing decentralized local estimators of different types together to form a
distributed state estimation system instead of performing a complete re-design.

Specifically, we assume that the measurements of the subsystems are sampled syn-
chronously at each sampling instant {t,>0}, where ¢, := ty + nA with ¢, = 0 denoting
the initial time, A being a constant sampling period and n representing positive integers.

It is also assumed that for subsystem ¢, i € I, there exists a decentralized local estimator,
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which takes advantage of sampled output measurements and is described in a discrete-time

framework as follows:

2(t) = G {mi(ta) Ly, 20(t0), Xiy) (3.5)

where z¢ denotes the state estimate given by the i-th decentralized estimator, {y;(t,)}r_, is
the output measurement sequence of subsystem ¢ from the initial time ¢y to tx, X;s denotes
a vector containing constant values (e.g., the steady-state value of X; or zero) that may be
used to compensate for the interaction between subsystems, G; is a vector field describing the
discrete-time decentralized estimator in a general form. Estimator (3.5) is evaluated every
sampling time starting from initial time ¢y to provide state estimates for the corresponding
subsystem. The decentralized estimators are assumed to satisfy the following assumption in

this work.

Assumption 3. For subsystem i, i € 1, in the form of (3.2), there already exists a decen-
tralized estimator described as in (3.5), such that if the subsystem state trajectory of x; are
bounded as shown in (3.3), and if all the states of the subsystems that directly affect the
dynamics of subsystem 1 are at the constant values used in the design of the decentralized
estimators (i.e., X;(t) = Xis for i € I and t € [to, ti]), then there exists a class KL function
Bi, class IC functions v; and ¢;, such that the estimation error of decentralized estimator i in

(3.5) is bounded as follows:

|27 (k) = zi(t) |<Bi(|27 (to) — wi(to)l, th — to)

(3.6)
3 (maswi(r)| ) + 6, ( maxui(r)|)

The above assumption characterizes an upper bound on the estimation error for the
1-th subsystem given by the decentralized local estimator in the presence of external distur-
bances and measurement noise without considering the dynamics of subsystem interaction.
Assumption 3 is to describe the property of a commonly-used decentralized estimator design

method. Specifically, Eq.(3.6) characterizes the convergence and boundedness of the decen-
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tralized estimators. It does not remove the interaction between subsystems, nor simplifies
the problem. It simply requires that the decentralized estimators are fairly well designed. In
these designs, a decentralized estimator is designed for a local operating subsystem assuming
that the interaction between the local operating subsystem and its interacting subsystems
remains constant (e.g., at steady state or 0). For decentralized estimators, the interaction
between subsystems is not considered or considered in conservative ways. Assumption 3 can
be satisfied by some existing nonlinear state estimation methods, including moving horizon
estimators [48, 49, 24] and extended Kalman filters [141]. Note that the above designs are
based on certain mild assumptions. In particular, one major assumption of the MHE-based
designs in [48, 49] is that the nonlinear system should be incrementally input/output-to-
state stable (i-IOSS). While it is argued in [49] that it is in general difficult to verify whether
a system is i-IOSS or not, this criterion is not a restrictive as it can be interpreted as a
detectability criterion of nonlinear systems [50]. Note also that if certain local estimators
were based on an EKF algorithm, an implicit requirement is that the the initial estimation

error should be within a certain neighborhood of the origin.

3.1.4 Illustrative example

In this section, we provide a benchmark example to illustrate the ideas presented in the
previous subsection. We consider a chemical process that is comprised of two well-mixed
non-isothermal continuous stirred tank reactors (CSTRs) with different volumes that are
connected in a cascade fashion. CSTR 2 is connected to CSTR 1 through the feed stream
from the first CSTR (i.e., the outlet stream of CSTR 1 at flow rate Fy). Three paralleled
irreversible elementary exothermic reactions take place in the two reactors, i.e., A — B,
A— C and A — D. A denotes the reactant, B denotes the desired product while C' and D
represent two undesirable side products. A fresh feed flow with pure material A is fed into the
first reactor at flow rate Fj, temperature Ty and molar concentration C'49. The effluent from

the first reactor accounts for a feed stream to the second reactor, i.e., an inlet fed to CSTR 2
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Figure 3.2: A schematic of the cascade chemical process and designed decentralized estima-
tors.

at flow rate Fy, temperature T and concentration C'4;. Another fresh feed stream containing
pure material A is also fed at flow rate F3, temperature Tpz and molar concentration C403
to CSTR 2 for reactions. The efluent of CSTR 2 is discharged for further processing. In
this chemical process, each CSTR is equipped with a jacket to add/remove heat to/from
the corresponding vessel. Based on typical modeling assumptions, mass balances and energy
balances, we obtain a model that consists of four differential equations as follows to describe

the dynamics of the process:

Ty = %(To —T) + ;Mi(Tl)CAl + pgiﬁ
ja i
Car = VI(CAO —Ca1) — ZM(T1)CA1
= , (3.7)
T, = ﬂ(Tl —1T) + ﬁ(Tos —Ty) + ZMZ(Tz)CAz + @
Vs Vi Py pepVa
e Fy -
Caz = VQ(CAI — Ca2) + VQ(CAos — Caz) = > _Ni(T)Cuas
i=1
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—E;

with N;(Tj) = kie ™ and M (T;) = —Apgi./\/;(ﬂ-), j =1, 2. This model is established based

on the chemical process introduced in [51]. The definitions of the variables in system model
(3.7) are presented in Table 3.1. It is assumed that the temperatures 77 and 75 of the two
CSTRs are measurable, while the molar concentrations C'4; and C4o of material A in the
two vessels are unmeasurable and need to be estimated. It is also assumed that there is an
unmeasured but bounded disturbance in the flow rate Fj.

This system is decomposed into two subsystems. For subsystem i, z; = [z;1 xi,Q]T =
IT; CAZ»]T, is the state vector, y; = T; + v; is the output measurement, w; = [w;; ww]T is the
vector of additive disturbances, i = 1, 2. For the first subsystem, the vector field f; is with

the following form:

fra(zy,wr)
fi=
fra(z1,w1)
%(TO — 1) + Zf’zl Mi(z11)T12 + pffj/l w11
%(CAO —T12) — Z?Zlf\/;(fl,1)$1,2 Wi,2

and hy(z1) = [1 0] ;. Since the dynamics of the first subsystem is not affected by subsystem

2, X; is a zero vector and fl is a zero vector field. In terms of the second subsystem, we
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Table 3.1: Process variables

Car, Cyo molar concentrations of A in reactors 1, 2

Cao, Cas molar concentrations of pure A in Fy, F3

Ty, T temperatures in reactors 1, 2

To, Tos feed stream temperatures to reactors 1, 2

F, F efluent flow rates from reactors 1 and 2

Fy, Fj steady-state feed stream flow rates to reactors 1
and 2

Vi, Vs, volumes of reactor 1, 2

Ey, Es5, Ej activation energies of the three reactions

ki, ko, ks pre-exponential values for the three reactions

AH,, AH,, AH; enthalpies of the three reactions

Q1, Q2 heat inputs/removals into/from reactor 1, 2
Cpy P heat capacity and solution density of fluid
R gas constant
have: )
f 2,1(952, wy)
f2=
f: 2,2($2, w2)

—%T2 + %(TO?) —r21) + Z?Zl M;(z91)122 + pccii/z

_\%@,2 + %’(OA% — T22) — Z?ﬂ/\/;(Tg)xm

Wa 1
_|_
W2 2
B Jo1(x2, X2) Diyyg
f "
2 p— pu—
f2,2(952,X2) %1’1,2

and ho(z2) = [1 0] zo.
Let us assume that decentralized state estimators have been developed for this process
such that a local extended Kalman filter (EKF) is designed for CSTR 1 for reduced com-

putational complexity and a moving horizon estimator (MHE) is designed for CSTR 2 in
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order to take into account the boundedness information of the disturbance in F;. As a
typical practice, the steady-state value of the interaction between the two CSTRs is used
in the decentralized estimators to compensate for the interaction. When operating close
to the steady-state of the process, this composite EKF-MHE estimation system works well
and provides a balance between estimation accuracy (by taking into account boundedness
information of F3) and computational cost (by using an EKF for CSTR 1). A schematic of
the process together with the estimators for the reactors are presented in Figure 3.2.

Now, let us suppose that due to some reasons (e.g., increased market competition), we
would like to enhance the estimation performance by enabling information exchange between
the two subsystems (i.e., to adopt a distributed estimation system) such that the interaction
between the two CSTRs can be compensated for in a less conservative fashion. However,
it is not possible to take advantage of the existing estimators of two different types based
on existing approaches. Therefore, we aim at developing a systematic approach to connect
existing decentralized estimators which may be of different types to form a distributed scheme

to achieve improved performance.

3.2 Forming distributed state estimation network

In this section, we present the proposed approach to connect existing decentralized local
estimators in the form of (3.5) together to form a distributed state estimation network to

achieve improved estimation performance.

3.2.1 Proposed distributed state estimation network

A schematic of the proposed distributed state estimation network is presented in Figure 3.3.
In this design, each subsystem is equipped with an augmented estimator (AE) that consists of
an existing decentralized estimator and a compensator, the design of which will be specified

in the next subsection. Each augmented estimator is evaluated every sampling time.
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Figure 3.3: A schematic of the proposed distributed state estimation network.

Each augmented estimator receives its subsystem’s output measurement every sampling
instant, and communicates with the interconnected subsystems every sampling time to ex-
change subsystem state estimates and subsystem measurements. Specifically, the i-th aug-
mented estimator, Vi € I, receives the state estimates and the measurements of subsystem
7, 7 € I, via the communication network. In the meantime, y;, ¢ € I, is sampled and is
sent out together with its subsystem estimate z;, ¢ € I, to the augmented estimators that
are corresponding to the downstream interacting subsystems of subsystem i (i.e., all the

subsystems of which the dynamics are directly affected by ;).

3.2.2 Design of subsystem compensators

To explicitly take into account the dynamics of the subsystem interaction, we design a

compensator for each subsystem. The compensator for the i-th subsystem is designed as in
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the following form:

2 (trir) =filzi(te), Zi(ti)A — filzi(te), Xis) A

+ > Kig(z) (wite) — huz(te)A

lel;

(3.8)

where z¢ is a compensation signal generated by the designed compensator, z;(t;) represents
the state estimate of subsystem ¢ obtained at time instant ;, Z;(tx) denotes a vector which
is an estimate of the state vector X; at time instant t;, while K;; with ¢ € I, [ € [;, are
correction gains. Compensator ¢ is designed based on the interaction model ﬁ as well as the
output measurements and subsystem estimates of subsystem ¢ and its upstream interacting
subsystems. It tracks the dynamics which is the difference between the complete subsystem
dynamics and the local dynamics of the same subsystem.

Specifically, in compensator (3.8), the first two terms on the right-hand-side of (3.8) are
used to approximate the deviation of the subsystem interaction of subsystem i, ¢ € I, from
the associated constant vector X;,. Since we can only use subsystem state estimates in
the compensators instead of the actual values, the deviation between the actual subsystem
interaction and the constant vector X;, used in the i-th decentralized estimator cannot be
completely eliminated. In other words, an error caused by the use of subsystem estimates
of the interacted subsystems (instead of the corresponding actual subsystem states) still
exists. To handle this, we use the third term on the right-hand-side of Eq.(3.8) to further
compensate for the error caused by the use of the estimated state (instead of the actual state)
in the interaction model. The gain K;; depends on z; and is re-evaluated every sampling

time as follows:

(3.9)

of; (O \*
Ki(ty) = B, (8_:6;)

z1=2(tr)

forieland ! € J;.

Note that the pseudo-inverse may sometimes lead to ill-conditioned matrices, which de-
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pends on the available measurements and the output measurement function h;, ¢ € I. If
ill-conditioning is not avoidable, one approach to overcome it in the proposed distributed
estimation design is to use a sufficiently small sampling period A. The convergence of the
estimates is still ensured providing that the condition in Theorem 3 which will be introduced

later is satisfied.

3.2.3 Design of augmented estimators

We take advantage of the existing decentralized local estimators and the developed compen-
sators to construct augmented estimators for the subsystems. Specifically, for subsystem i,
i € I, the existing decentralized estimator in (3.5) is connected to the designed compensator
i in (3.8). An augmented nonlinear estimator for subsystem i, ¢ € I, is formulated and

described as follows:

Zi(tern) = Gi( {yi(ta) Yoro s 2i(to), Xis) + fi (zi(te), Ziltn)) A

— fi Galt)s Xis) A+ Kia(z(te)) (wi(te) — hu(z(ti) A

lel;

(3.10)

where z; denotes the state estimate given by the i-th augmented estimator, and z;(to) denotes
its initial condition. The augmented estimator for subsystem i, ¢ € I, comprises two parts:
the first term on the right-hand-side of (3.10) comes from the existing decentralized local
estimator, while the remaining part of the right-hand-side of (3.10) is the contribution from
the compensator. Note that each augmented estimator should be treated as one system.
The augmented estimators need to be initialized and the initialization is independent of the

decentralized estimators.

Remark 8. The proposed distributed state estimation method does not require the existence
of a steady state. It has the potential to be used for applications in different fields (e.g.,
chemical, mechanical and electrical engineering). The use of X;s in the proposed method is

to describe the commonly used decentralized estimator design approaches. We may consider
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Xis as 0 (if interaction between subsystem is totally ignored in the design of decentralized
estimators) or a constant (e.g., the average value of the interaction) or the steady state (if

it exists and is used in the design of decentralized estimators).

3.2.4 Stability analysis

In this section, we investigate the stability properties of the proposed distributed state
estimation network consisting of augmented estimators for local subsystems. Specifically,
the evolution of the estimation error generated by augmented estimator ¢, ¢ € I, in one
sampling period with K;; determined as in (3.9) is first studied in Proposition 1, then
sufficient conditions on the convergence and ultimate boundedness of the estimation error of
the entire system state are derived.

We note that |i;|, i € I, is bounded based on the assumptions that the system functions
are Lipschitz and the subsystem states are bounded made in Section 3.1.2. We denote the
upper bound of |%;| by M;, i € I, which is a positive constant (i.e., |Z;|< M;). Also, we
assume that K, is bounded such that |K;;|< K;;, with K;; being a positive constant for
all 1 € I, [ € J;. This assumption requires that the Jacobians of ﬁ and hy, 1 €1, [ € J;, with
respect to their arguments exist. Before presenting the main results, we define a function

for each 7, 7 € I, as follows:

Nils) = LEMs® + L3 Mis®/24+ Y Kifys + Kiiby,s (3.11)

lel; lel;

In (3.11), L“;f denotes the Lipschitz constant of function f; with respect to its first argument,
Ljf represents the Lipschitz constant of function ﬁ with respect to its second argument.
Further, let symbol L denote the largest set that contains only the indices of subsystems,

%|
Oz lx=2(tr)

Ohy |
Oz lep=2(t

an element of the set L (i.e., [ € L). Also, for each [ € L, %| —(te)
x) ' T1=21(lE

of which the output equations satisfy that are full-column rank for ¢;>¢. This

implies that for any subsystem [, [ € I, if ) 1s full-column rank for ¢;>¢, then [ is

is full-column rank for
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thO-

Proposition 4. Consider the augmented estimator (3.10) which is designed based on a
decentralized local estimator in the form of (3.5) satisfying Assumption 1 for subsystem i,
iel. If each K;; fori €l andl € I; is determined following (3.9) and is bounded such that
| K| < Ky, and if |2;| is bounded as |t;|< M;, Yi € 1, then the estimation error between the
state estimate z; and the actual subsystem state x; of the i-th subsystem within one sampling

time A is bounded for all v; € X;, i € I, as follows:

e(tra)] < aille(t)]) + 5 ( maxwi(7)] ) + ¢ (max|oi(r)])

T U () lep(ti)| A + U (z) Jes(ti)| A

peInL (3.12)

+> (Hié + Kz‘,szf> lea(te)* A+ HI Jei(t)* A+ Ai(A)

lel;

where e; = z; — x4, 1 € 1, ay(+) = Bi(+, A), vi and ¢; are class K functions as defined in (3.6),

fi

Oy

min
Z?p

K fori €T andp € I\ L, HE, HE

Ohy
ip(2p) 52 bt
Tp=2p(tk) Oz Tp=2p(tk) F

and H:Zl are positive constants related to the Taylor expansions of fl and hy, respectively.

(2p) := min

Proof: We consider the augmented estimator ¢, i € I, of (3.10) and focus on the time

interval t € [tg, tg1]. The estimation error e; for subsystem ¢ at time ¢4 is calculated as

follows:
€i(tie1) = zi(tesr) — Titesn)
= Gi({yslta) oo s 2ilto), Xas) + i (za(ta), Zi(ta)) A
— fi (z(ti), Xis) A + %: Kia(z) (yu(te) = ha(z(tr)) A (3.13)
~at) = [ ot wtr)an
_ /:H Filas(r), Xy())dr
Subtracting/adding [**" fi(x;(7), Xio)dr, [ fi(wi(te), Xi(t))dr and [[*" f; (i(ts), Xis) dT
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from/to (3.13), it is derived that

eitien) = (G LV 5(t0) Xe) = st = [ (i s, s + ot X))
+ ( Fo (si(te), Zo(t)) A — /t M ), X))+ /t M (), Xa(t))dr
= [ Hadr). X+ 3 Kt - a))A

le];NL

5 Kip(z) () —hp<zp<tk>>>A)

pel;\L

. (/ k1 J (o7, Xoa) dr — / o fi (s(te), Xis) dr + / " fi (witn), Xis) dr

— fi (zi(tn), Xis) A — Kig(z:) (wiltr) — hi(zz‘(tk)))ﬁ)

Taking into account that y;(t) = h;(z;(t)) + v;(t) and |v;(t)| < 0,,, Vi € 1, it is derived from

the above equality based on the Lipschitz properties of ﬁ that:

Gi({yi(tn)}ffé 2i(to), Xis) — wi(tr)

_ /t k41 (fi (zi(7), wil(7)) + fi (2:(7), X;5) )dr

|ei(tk+1) >

+

st Zi) A= [ Flatn), Xit)dr
+ > Kia(z)(h(ai(te) — hi(z(t)) A

leJ;NL

b3 K nlaylt) ~ i (0))4)

peJ;\L

_l_

/ttk+1 f; (Il(tk)a Xzs) dr — ﬁ (Zz(tk;), Xzs) A
— Kii(zi) (ha(i(t)) — hz(zz(tk)))A’

k+1

+ZLX / |l’l —$l<tk)|dT+ZKi’l(Zl)ele

lel; lel;

tet1
+2L7 / |2i(7) — w5(t) | dT + K 3(20)00, A (3.14)
K2 tk
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where L";? and L‘}(_i are the Lipschitz constants with respect to the first and second arguments

k3

of fi, respectively. Performing Taylor-series expansions, we obtain the following inequalities:

. ) .

filzi(ty), Xi(te)) = filzi(tn), Zi(te)) + ai. o) =00
af zi=2;(tg) ~ (315a)

+ %}; 81:; I )(-iﬁl(tk:) — z(ty)) + HOT)J?Z
| . - fi
filzi(te), Xis) = fi(zi(tw), Xis) + L. (:(te) — 2(tx)) + H.O.TY .
i xi=2; (ty)
ho(i(te) = hi(zi(te)) + Z_Z (zy(te) — 2(te)) + H.O.Txhll (3.15¢)
=2 (tg)

where H .O.T)J?i, H .O.Tgfii and H.O.T" denote the Taylor remainders [52] of the Taylor-series

expansions of functions f; and h;. The remainders satisfy the following constraints:

HO.TE <Y HE |ai(ty) — 2t
lel;

H.O.T] < HY: |vi(ty) — z(t) (3.16)
H.OTH < HI [ay(ty) — 21(t)

for all z; € X; with H;Z, Hgfj, 1 € I, and H:f}ll, [ € J;, being finite positive constants when
|z;(ty) — 2zi(tg)] is bounded.

Let us define S;(ty) := f; (zi(tx), Zi(tr)) — f; (@i (tr), Xi(te)) + Zlejim K (z) (ha((te)) —
hu(z1(t))) + 3 pernn Kin(2p) (hp(xp(tr)) — By(2(t))) and define Pi(ty) = fi(wi(te), Xis) —

fi(zi(te), Xis) — Kii(2i) (hi(zi(ty)) — ha(2i(ty))). Taking (3.15) into consideration, it is calcu-
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lated that:

of; of;
Silte) == 5 (i(tr) — zi(tk) = > 3 (1(te) — zi(tr))
*lai=zi(te) lel; z1=z(tk)
8h
+ Z Kzl Zl axi - (l’l(tk) — Zl(tk))
leJ;NL z=2z(tx)
h i
+ Z K@p(zp) % (xp(tk tk + ZK” Zl H 0. Thl HOT)J;Z
peJ;\L Tp Tp=2p(tr) 1eJ;
(3.17a)
Ohy fi
xlzzi(tk)

If K;; in (3.17a) and K;; in (3.17b) are calculated following (3.9), then based on (3.16) and

(3.17), in the worst case scenario, we can obtain that

St < )0 e |ay(te) — st + > (Hfl +Kzth’> i (t) = zi(t)[*
PET\L tedi (3.18)

[Pi(t)| < ™ [a(t) — 20| + HE Jailte) = z:(t)

From (3.14) and (3.18), we derive the following inequality:

lei(tee)| < |Gil {yitn) Yoty - 2ilto), Xis) — wi(te)

- /t - (fi (@i(7),wi(7)) + fi (2:(7), Xis) )dr
+ ) e, (t)| A+ R () ei(t)| A

pel;\L
(3.19)

+ > (B + K 2 ) et A+ HE et A

lel;
tet+1
w2z [ () -t dr + Koyl

173
+

+y LY / l(r) = ()| dr + > Kii(2)05,A

lel; lel;
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where e;(t;) = z(tx) — x1(tx), | € J;. Consider the term fti'““ |zi(7) — 24(t)| dT, we have
that L’Z“ |2 (7) — 2 (tg) | dT < ft’““ (7 —tp)dr = fOA M;7d7 = 3M;A? considering the
boundedness of |#;], i € I. Based on the property of the existing decentralized estimator for
subsystem ¢ that is stated in Assumption 3, and taking into account the boundedness of K

for all « € I and [ € I;, the following inequality can be obtained:

es(tian)] < B (es(ti)]: A) + 3 macws(7)] ) + 6 (max|oi()] )

+ U ey (ti)| A 4+ YRR (b lei(te)| A
pel;\L
. ) (3.20)
+ 30 (HE + Kty et A +

lel;

Gl(tk)|2 A

+LEMA? + LE Y MAY 24 Kighy A + K6, A
lel; lel;
Given a fixed sampling period A and the definition of function \;, this completes the proof
of Proposition 4. [

Proposition 4 provides the upper bound of the (open-loop evolution of the) estimation
error for each subsystem within one sampling time A. Note that measurement sampling
and information exchange occur at each sampling instant, and A is the time interval within
which there is no measurement feedback or information exchange between subsystems. From
Eq.(3.19) to Eq.(3.20), we find the upper bound on the estimation error evolution over one
sampling time without feedback. In what follows, we provide sufficient conditions on the
convergence and ultimate boundedness of the estimation error of the proposed distributed

state estimation network.

Theorem 3. Consider nonlinear system (3.1) consisting of m subsystems with subsystem
measurements y;, © € 1. If Assumption 1 to Assumption 3 are all satisfied, and if augmented
estimators are designed following (3.10) with correction gains K;; (i € 1 and | € 1;) deter-
mined following (3.9) and bounded as |K;;|< K;;, and if |&;] is bounded as |i;|< M;, Vi € I,

and if the initial error satisfies |e;(to)|< pi, @ € 1, and if there exist positive scalars o;, p;
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such that 0 < 0; < p;, and positive constants €; > 0, Vi € I, such that:

0: = (Qilloil) + 7 (max (7)) + éi( maxui(7)]))

_ < Z wﬁz}axppA_'_wﬁaxpiA) — <ZRilp12A+H£p?A+)\i(A)> > €

pel;\L lel;

(3.21)

where Q; is a concave function satisfying Q;(le;|) > ai(les|) for all |e;| < pi, and Ry =

Hgg + K H, i e I 1 e J;, ¢ = max {¢8"(z,) : 2, € Ly}, i € L, p € J; \ L with
Z; denoting the smallest compact set that bounds z; such that z; € Z; for all xz; € X; and
|zi — x| < pi, @ € 1, then the estimation error |e;|= |z; — x;| given by augmented estimator
in (3.10) is a decreasing sequence for all o; < |e;|< p;, i € I and is ultimately bounded as

follows:

lim suple:(t4)] < P (3.22)
k—00

fori € Twith p™™ < p; being defined as p™™ := max{|e;(tp+A)|: |e;(tx)|< 0i} for all |e;(to)|<

pi and x; € X;. The ultimate boundedness on the estimation error for each subsystem i, i € I,

also implies that the entire system state estimation error is ultimately bounded.

Proof: We first prove that the estimation error |e;|= |2z; — z;| of augmented estimator
i in the form of (3.10) for subsystem i, ¢ € I, is decreasing and ultimately bounded after
finite sampling periods. Then, we show that the estimation error of the entire system is a
decreasing sequence and is eventually bounded.

Specifically, taking into account the property of the concave function Q;, i € I, if there

exist scalars g; and p;, i € I, satisfying (3.21), then the following inequality

eil = (Qilleal) + s( max [wi(7)]) + 6(max fus(7)]) )

—( Z (N |ep|A+¢i,i ‘ei’A> (3.23)

pel;\L

- <2Ril |€l|2A + Hgfj |ez~|2A + )\i(A)> > ¢

lel;
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holds for all g; < |e;|< p;, 7 € I, and |e|< py, | € J;. Taking into consideration (3.12), (3.23),
the property that Q;(le;|) > a;(]e;|) for all |e;| < p; and the initial condition that |e;(0)|< p;,

we can derive the following inequality:
|€i(trr1) | < [e(tr)[—e (3.24)

for all o; < |e;|< pi, @ € I. Based on (3.24), if |e;|> o; for the time interval between ¢, and

tk, then |e(t,)|, to < t, < t) is a decreasing sequence described as follows:
lei(ty)|< lei(to)|—qe: (3.25)

for all p; < |e;(ty)|< p;. This implies that |e;| decreases at every sampling time and will
eventually become smaller than p; within finite steps. Once condition |e;|< g; is satisfied,
le;] will not decrease at every next sampling instant. However, it will remain to satisfy
les(t)|< p™m because of the nature of p"; that is, kh_)rgo suple; (tp)| < prin

The boundedness of |e;|, ¢ € I, implies the ultimate boundedness of the entire system state
estimation error, which can be demonstrated by the inequality kh_)rgo suple(ty)|< Do, pie.

This completes the proof of Theorem 3. [J

Remark 9. In condition (3.21) of Theorem 3, the function Q;(-) is used as a concave ap-

prozimation of a;(-), i € 1. The term Hgl pil> A characterizes the influence of the i-th

subsystem itself involved in the interaction term ﬁ after interaction compensation. The term
Zleﬂi R |pl|2 A depicts the effect of the subsystem interaction between subsystem i and its
upstream interacting subsystems after interaction compensation. The function A\;(A) char-
acterizes the effects on the upper bound of the subsystem estimation error that are caused
by the communication frequency and the magnitudes of the subsystem disturbances and mea-
surement noise. Note that condition (8.21) can be satisfied if the convergence speed of the
existing decentralized estimator for each subsystem i is sufficiently fast, the communication

frequency is sufficiently high (i.e., A is sufficiently small) and the upper bounds on subsystem
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disturbances and measurement noise are sufficiently small.

Remark 10. [t is noted that while the conditions in Theorem 1 are derived in a constructive
way, they are conservative since the worst case scenario is considered. The conditions reveal
the interplay between the parameters and give us directions on how to obtain a successful
design. This is actually the case with many results for nonlinear systems in the literature
that consider the worst case scenarios (e.g., using Lipschitz properties and upper bounds of
uncertainties) as discussed and illustrated in [53, 54]. One prerequisite for the satisfaction of
Theorem 3 is that the initial error is not arbitrarily large (|e;(to)|< pi) due to the condition
Qi(lei]) > ai(les]), i € I. Moreover, an implication of condition (3.21) is that the ultimate
upper bound of the estimation error depends on a few factors including the magnitudes of
the disturbances and measurement noise as well as the communication interval between es-
timators. In particular, smaller upper bounds on the system disturbances and measurement
noise and the use of a smaller communication interval (i.e., A) can lead to a smaller value
of 0i, such that the condition in (3.21) can be satisfied for ¢; > 0, i € 1. Correspondingly,
the ultimate upper bound of the estimation error given by the distributed scheme decreases.
In practice, the design parameters should be tuned or estimated following these conditions

based on simulations. This will be illustrated in Section 3.3.2.

Remark 11. Note that the class K function «;(|e;|) could be either a convex increasing
function or a concave increasing function with respect to its argument. The two different case
scenarios should be handled via different approaches which will increase the complexity for
analysis. In order to simplify the proof and unify the conditions, we introduce the assumption
on the existence of a concave function that satisfies the condition Q;(le;]) > «;(|e;]) for all

Remark 12. We note that the proposed approach can be extended to the case that local
estimators are continuous-time estimators (e.g., [55, 30, 56, 57]). In this case, we need to

assume that the output measurements of each subsystem are immediately and continuously
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available to the corresponding estimator, while the subsystem estimators communicate to
exchange information at discrete-time instants. We point out that this extension of the
proposed approach provides an alternative way to design nonlinear observers for systems with
moderately large scales (which is in general a challenging task based on existing centralized
approaches) by connecting small-size local observers together. This approach will be illustrated

via the application to a chemical process in Section 3.3.2.

Remark 13. In this work, we consider an autonomous system model in Eq.(3.1) for an-
alytical convenience. If the input is known and the corresponding decentralized estimators
satisfy Assumption 1, the proposed approach can be extended to handle manipulated inputs

n a straightforward manner.

Remark 14. Communication delays and packet dropouts are important factors that may
affect the performance of a distributed state estimation network. Taking into account these
factors will make the proposed approach more applicable, and they will be investigated in the

future work.

3.3 Applications of the proposed approach

In this section, we apply the proposed approach to three process examples to illustrate its

effectiveness.

3.3.1 Application to the illustrative example

First, we revisit the illustrative example introduced in Section 3.1.4 to show that we can
achieve much improved estimation performance when the proposed distributed state esti-
mation approach is applied. The values of the variables and parameters of this process are
presented in Table 3.2. Accordingly, we calculate the values of the Lipschitz constants with
respect to the nonlinear functions of the model (3.7) as L;{l = 0 (as the dynamics of the first

subsystem is not affected by the second subsystem) and L}iz = 10.2621. We consider two
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Table 3.2: Parameters of process variables

Fy = 38.996 m?/h AH; = —5.0 x 10* kJ /kmol
Fy = 38.996 m®/h AH, = —5.2 x 10* kJ /kmol
F, = 65.021 m*®/h AHy = —5.05 x 10* kJ /kmol
F3 = 26.025 m*/h k1 =3.0x 10 ht

Vi =5.1m? ky = 3.0 x 10° h™*

Vy = 3.8 m? ks =3.0x 10°h™*

Ty = 300.0 K Ey = 5.0 x 10* kJ /kmol

Tos = 300.0 K Ey = 7.5 x 10* kJ /kmol

R =8.314kJ/kmol - K FE3 = 7.53 x 10* kJ/kmol
Cao = 3.9 kmol/m? p = 1000.0 kg/m?

Caoz = 2.05 kmol/m?® ¢, = 0.231 kJ/(kg - K)
Q1 =102x10"kJ/h  Qy=09.8 x10%kJ/h

R =8.314 kJ/kmol - K

different state estimation schemes: the decentralized composite EKF-MHE scheme discussed
in Section 3.1.4, and a formed distributed state estimation scheme based on the existing de-
centralized scheme. In the simulations for the two schemes, both the EKF and the MHE
estimators are evaluated every 7.2s; that is, A = 7.2s. We assume that the measured outputs
of the two CSTRs are subject to random noise, which is generated following normal distri-
bution with zero mean and standard deviation 0.4 for both the two subsystems. Random
process disturbances in the dynamics of the process are also added. In addition, a bounded
disturbance in the feed stream flow Fj3 to reactor 2 is considered. In the simulations, this
disturbance is generated following normal distribution with zero mean value and standard
deviation 0.5m?/h, and is constrained by —0.9 m?/h and 0.95 m?®/h. For the EKF designed
for the first CSTR, two weighting matrices associated with the process disturbances and
the measurement noise are selected as: Q; = diag([25,0.04]" ) and Ry = 0.16, respectively.
The initial error covariance matrix is picked as P(0) = diag([100,100]" ). In terms of the

MHE for the second CSTR, the size of the estimation horizon is N = 8, the two weighting
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Figure 3.4: Trajectories of the normalized estimation error norms of different schemes for
the second CSTR of the cascade chemical process.

matrices associated with the disturbances and measurement noise for the MHE are selected
as: Qo = diag( [16, O.O4]T) and Ry = 0.16, respectively. Note that no arrival cost is used in
the MHE.

We assume that the initial state of the process is: o = [280.7160K 2.2977kmol/m? 270.8933K
2.2837kmol/m3]T , and the initial guess for both the decentralized composite EKF-MHE
scheme and the formed distributed scheme is: zy = [300.7100K 2.6900kmol /m? 322.3500K
3.2930kmol /m?]" .

We also make performance comparisons of different schemes, including the proposed dis-
tributed scheme, the existing decentralized scheme, and a distributed MHE scheme with
auxiliary observers proposed in [15]. To evaluate the estimation performance of different
schemes, we use the Euclidean norm of the normalized estimation error defined as |e|. Specif-

ically, the normalized estimation error norm is calculated at each time t; as follows:

et = [ D mai(t(’;) (;jft';) Nl (3.26)

We note that when applying the above criterion to different state estimation schemes, the
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>

Feed Slurry

Tailings (wastewater) to static thickener

Figure 3.5: A schematic of the forth-flotation-unit process.

maximum estimation error for each system state is picked as the largest value for the corre-
sponding state among all the considered schemes to make the normalized errors unbiased.
Due to the cascade nature of the process, the estimates for the first CSTR given by the
EKF estimator are exactly the same for both the decentralized scheme and the distributed
scheme. To make comparisons on the estimation performance, we only need to take into
account the state estimates for the second reactor given by the two schemes. The trajectories
of the normalized estimation error norms of the second CSTR based on the three considered
schemes are presented in Figure 3.4. The mean values of the normalized estimation error
norms of the proposed distributed scheme, the distributed MHE in [15] and the existing
decentralized scheme are 0.0935, 0.0917 are 0.1614, respectively. The results indicate that the
formed distributed state estimation scheme can improve the estimation performance for the
second reactor significantly by approximately 42.07% compared to the existing decentralized
scheme in terms of the mean estimation error norm. Also, the two distributed estimation
schemes give very close performance. While the performance of the two distributed schemes
is similar, the proposed approach is 40.92% more computationally efficient compared with

the distributed MHE design in [15].
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Figure 3.6: Trajectories of the actual states (solid black lines), the state estimates of the
decentralized scheme (dotted green lines), the state estimates of the distributed scheme with
A = 30s (dashed red lines), and the state estimates of the distributed scheme with A = 6s
(dash-dotted blue lines).

3.3.2 Application to a froth flotation process example

As mentioned in Remark 12, the proposed method can be used in the design of nonlinear
observers for moderately large-scale nonlinear processes. To illustrate this point, we apply
the proposed approach to a process of froth flotation units that is used to clean and recover
fine coal produced by Coal Handling and Preparation Plants (CHPPs). The froth-flotation-
unit process is comprised of five interconnected tanks. A schematic diagram of this process
is presented in Figure 3.5. A model description is presented in Appendix I at the end of this
chapter.

It is assumed that the states ¢y, and cq,, ¢ € I, are the measured outputs. The entire
process is divided into five subsystems according to the five vessels. We consider that for
each vessel, there exists a decentralized estimator developed based on the high-gain observer

design in [30], such that each decentralized estimator can provide state estimates for the
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Table 3.3: Mean and maximum error norms of the three different schemes.

Decentralized | Distributed scheme | Distributed scheme
scheme with A = 30s with A = 6s
Mean norm 1.6117 0.7285 0.5658
Max norm 3.0163 2.2078 2.2078

corresponding subsystem based on continuous measurements of ¢, and c,,. To achieve im-
proved estimation performance, we apply the proposed approach to the existing decentralized
scheme to form a distributed state estimation network, where five augmented estimators that
exchange information with each other every sampling period A are designed.

A set of simulations is carried out. Specifically, we consider three different schemes:
the existing decentralized state estimation scheme; the formed distributed state estimation
scheme with a low communication frequency (A = 30s); the formed distributed state esti-
mation scheme with a high communication frequency (A = 6s). In the simulations, random
measurement noise and system disturbances that follow normal distribution are added. The
initial state of the entire process is assumed to be: zy = [155kg/m?, 853kg/m?, 28.5kg/m?,
130kg/m?, 825.5kg/m?, 26.2kg/m?, 139.5kg/m?, 797kg/m?, 24.6kg/m?, 153kg/m?,
819kg/m?, 23.2kg/m?, 149kg/m?, 845kg/m?, 24.6kg/m?®", while the initial guess for the
distributed state estimation system is set to be: zy = [170 kg/m?, 870kg/m?, 27.9kg/m?
140kg/m3, 840kg/m?, 25.5kg/m?, 136kg/m3, 815kg/m?, 25.5kg/m?, 160kg/m3,
800kg/m?, 22.5kg/m?, 140kg/m3, 870kg/m?, 22.5kg/m3]T.

The actual system states, together with the state estimates of the three different schemes
are shown in Figure 3.6. The results imply that within the existing decentralized framework,
the state estimates of all the states can converge to the actual system states when the
entire process is at the steady state. However, during the transient part, the estimation
errors are relatively large, which leads to unsatisfying overall estimation performance. By
contrast, the distributed state estimation schemes with different communication frequencies

are both able to provide much improved state estimation performance during the transient
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Figure 3.7: Trajectories of the normalized estimation errors of the decentralized scheme
(dashed green lines), the distributed scheme with A = 30s (solid red lines), and the state
estimates of the distributed scheme with A = 6s (dash-dotted blue lines).
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Figure 3.8: Mean estimation errors of the distributed scheme with different communication
intervals.

part compared with the decentralized scheme. This is because that the dynamics of the
subsystem interaction is explicitly taken into account via the compensators designed for
the subsystems. To further compare the estimation performance of the three schemes, the
trajectories of the Euclidean norms of the normalized estimation errors for the three schemes
are given in Figure 3.7, while the corresponding mean and maximum values of the Euclidean
error norms are presented in Table 3.3.

The results further verify that the formed distributed state estimation network obtained

71



1.15 T T T T T
®
2095 . .
£
o ®
C
5 075 . .
by
S 055 ¢ ]
s° .
®
O_SSt 1 1 1 1 1
4 6 8 10 12 14 16

Magnitude of measurement noise

Figure 3.9: The relationship between the magnitude of measurement noise and the mean
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via the proposed approach can give much improved estimation performance. Both the mean
value and the maximum value of the estimation error norm of each distributed scheme
are significantly smaller than the corresponding values of the decentralized counterpart.
Moreover, by increasing the communication frequency, the overall estimation performance
can be further improved. By reducing the sampling period A from 30s to 6s, the mean value
of the normalized estimation error norm has decreased by 22.33%. Note that the maximum
values of the estimation error norms of the two distributed schemes are the same. This is
because that the maximum errors of the two schemes both occur at the initial stage and the
initial estimation errors of the two schemes are identical.

To further demonstrate the relationship between the communication frequency and the
estimation accuracy, we also carry out simulations for the proposed distributed approach with
different communication intervals between subsystems. The mean estimation error norms
at different communication intervals are shown in Figure 3.8. The result implies that in the
presence of disturbances and measurement noise, increasing the communication frequency
can improve the estimation accuracy.

Finally, simulations are performed to reveal the relationship between the magnitudes of

process disturbances/measurement noise and the ultimate upper bound of the estimation er-
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ror norm. The initial estimation error is set to be zero in this set of simulations. The results
are given in Figure 3.9 and Figure 3.10. With the increase of the magnitude of the measure-
ment noise/system disturbances, the upper bound of the estimation error norm increases

correspondingly. The results are consistent with the analysis presented in Remark 10.

3.3.3 Application to a hybrid-tank plant

The proposed approach is also implemented to a hybrid-tank plant [58]. This plant comprises
three interconnected water tanks of the same size. A schematic of the plant is shown in
Figure 3.11. Each of the three tanks is equipped with a pipe at the bottom for discharge.
Water enters the left tank and the right tank through two pipes by manipulating two pumps
below the tanks. The left (right) tank is connected to the middle tank in three ways: one
pipe at the bottom of the tanks and two additional pipes at higher levels. In this experiment,
only the valves of the pipes at the bottom layer (i.e., V5 to Vg in Figure 3.11) are open, while
all the valves of the higher-level pipes (i.e., i.e., Vi to Vj in Figure 3.11) are kept closed.
The water levels in all three tanks can be measured online using differential pressure (DP)
sensors. The DP sensors provide water level measurements every 1 sec. Taking into account

the physical behaviors of the plant, a model that describes the system dynamics is established

73



Fi F2

by b
< <
Tank 1 Vi Tank 2 Va Tank 3
>< ><
Vs Vs
LT3
LT1 L2
ap1 ap2
D>< D><
V7 X aq Vs Vg X ag Ve Vo X ap3

o— -

PMP1 PMP2

Figure 3.11: A schematic of the hybrid-tank plant.

as follows [59]:

i = & (B — Sy /2900 — ) — S0,/ 21 )
(St V20000 = ) + Syt /25— )
~ Spany/2gh:)

hs = g (007 — Syt /29005 — 1) — Suyaa, /290 )

In Eq.(3.27), h; denotes the water level in the i-th tank (counting from left to right), i =

b

Nl = U

(3.27)

1, 2, 3; F; and F, denote the flow rates of the water entering the left and the right tank,
respectively; Sy, is the cross-sectional area of the pipe for discharge of the ¢-th tank, ¢ =
1, 2, 3; S, is the cross-sectional area of the pipe between the i-th tank and the ¢ + 1-th
tank, 7 = 1, 2; S represents the cross-sectional area of each tank; b; and by are the tuning
coefficients with respect to the inlet flow rates to the left and the right tank, respectively;
Ap,, Gp, and aq,, © = 1, 2, 3, are the tuning coefficients with respect to the pipe values.
The above tuning coefficients are identified to improve the accuracy of the model. These
coefficients have been identified and reported in [59] as by = 4.56 x 107%, by = 4.16 x 1074,
ap, = 3.43, ap, = 2.15, aq, = 18.15, aq, = 7.78 and a4, = 18.98.

In the experiment, we aim to estimate the water levels of the three tanks using two mea-

surements; that is, the water levels in the left and the right tank. The plant is decomposed
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sensor measurements of the water levels (solid blue lines)
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Figure 3.13: Trajectories of the norm of estimation errors given by the distributed scheme
(solid blue lines) and the decentralized scheme (dashed red lines)

into two subsystems: the first subsystem consists of the left tank and the middle tank, while
the right tank constitutes the second subsystem. Each subsystem has one measurement. For
the first subsystem, a decentralized estimator is deigned following [55] to account for the
local dynamics. Then, the proposed approach is utilized to design an augmented estimator
for the first subsystem. The second subsystem sends its actual measurement to the aug-
mented estimator for the first subsystem every 1 sec. Using the measurements from the left

and the right tank, the distributed scheme is evaluated to estimate the water levels of the
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left and middle tanks. The actual water levels and the estimates are shown in Figure 3.12.
The results confirm that the proposed approach is applicable to this real system. The ex-
isting decentralized scheme is also implemented for performance comparison. Note that the
flow rates of the water entering the process are time-varying and the process is subject to
non-steady-state operation. In the decentralized scheme, constant values at one equilibrium
point (hys = 46.160 cm, hoy = 14.891 cm, hys = 40.335 cm) are used to compensate for the
time-varying subsystem interaction. The state estimates given by the decentralized scheme
are also given in Fig. 3.12. The trajectories of the norm of the estimation errors given by the
distributed scheme and the decentralized scheme are given in Fig. 3.13. From the figures, it
can be seen that the formed distributed scheme gives significantly improved state estimates

(especially for hy which is not measured) compared to the decentralized scheme.

3.4 Summary

In the present work, we proposed a systematic method to design distributed state esti-
mation networks by taking advantage of existing decentralized state estimation systems.
Decentralized local estimators were assumed to exist for the subsystems. A compensator
that compensates for the dynamics of subsystem interaction was designed and connected to
the corresponding existing decentralized estimator to form an augmented estimator for the
corresponding subsystem. A distributed state estimation network was developed by con-
necting the augmented estimators via discrete-time information exchange with each other.
Sufficient conditions were given for the convergence and boundedness of the estimation error.

Three application examples were used to demonstrate the proposed approach.

Appendix I

Description of the froth flotation process: The slurry consisting of coal, ash and water is

fed into the first vessel. Reagents including frother and collector are added through either
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the inlet or the upstream of the first vessel with the optimal reagent concentration which
depends on the solid concentration as well as the type of the coal. The froth is removed from
the five vessels using the paddles and is further sent to a disk filter system for drying. The
underflow of each vessel enters the downstream neighboring vessel, and the tailings of the
last vessel are discharged and sent to a static thickener [84]. The dynamics of the process is
described by 15 system states with respect to the solids, liquids and ash in the vessels. Based
on standard modeling assumptions and mass balances, a model characterizing the dynamics

of the i-th unit, Vi € I = {1, 2, 3, 4, 5} is established as follows [84]:

des i Vufi—l Vi i

dtt = Vi (cSti71> - Tj(cstz‘) - (3.28&)
dCl i Vufi_l Vu ; Bz

d_tt = Vi (Cltifl) - ‘/Zf (Clti) - VZ (328b)
dCat, Vufi—l Vu 5 Al
d_tt = Vv (Catiﬂ) - V;f (Cati> - _l (3‘28C)

where cg, represents the concentration of the solids in the i-th vessel, ¢, represents the
concentration of the liquid in the i-th vessel, ¢4, is the concentration of the ash in the -th
vessel, V; denotes the slurry volume in the i-th vessel, while Vi, s, denotes the flow rate of the
underflow from the ¢-th vessel. r; which is specified later represents the solid removal rate
from the i-th vessel, 8; denotes the mass flow rate of the liquid from the i-th vessel to overflow
and A; denotes the mass flow rate of ash from tank i to overflow. Cstyy Cito aNd Cqp, Tepresent
the concentration of the solids, the concentration of the liquid and the concentration of the
ash in the feed flow, respectively. Vi, 7, depicts the volumetric flow rate of the feed flow.
The solid removal rate r; is calculated following r; = f.k(cs;, — ) Where k denotes
a constant rate, c,, denotes the equilibrium of the solid concentration (kg/m?), while f,

represents the correction factor of industrial scale reactions.
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Further, for the i-th vessel, 7 € I, we have:

Vufi = Vufi—l + V;)fi

' %
Vo, = DLr
Pl Pec
] [ i—1 ]
b (St ) - 34
j=1 j=1
Meor Vi
R; = sofifoli ) (100 — R_1) 4+ Ri1
MSsz‘ VOfi + Cst, Vufi
Ta; = g(Rl)
Msofi = ‘/1 * T

where p. is the density of coal (kg/m?), p; denotes the density of liquid (kg/m?), R; is
the cumulative solid recovery at stage ¢, x4, is the cumulative mass fraction of ash in the
overflow solids at stage i, M, s, is the mass flow rate of solids in the overflow (kg/min), Voh
is the volumetric flow rate of the overflow and c,,s, denotes the concentration of solids in
the overflow (kg/m?), Vyeeqa denotes the feed flow rate of the liquid and sol is a coefficient
of the feed mass basis. ¢g(R;) is an empirical function of R; for a given frother and collector
loading from [84]. A complete description of the model can be found in [84, 61].

This model is decomposed into five subsystems. z; = [z;1 Z;2 xi73]T = [es, cu, cati]T is
the state vector of subsystem 7, y; = [y;1 ym]T = [ey, cati]T—i— [vi, viQ]T is the vector of output
measurements of subsystem i, w; = [w;1 w; 2 wivg]T is the vector of additive disturbances to
subsystem ¢, ¢ = 1, 2, 3, 4, 5. The vectors of interacting dynamics for the subsystems are:
Xo=a1, X3 = [xlT xﬂT, Xy = [xrlf Ty xﬂT and X5 = [xrlf Ty xy xﬂT.

The expressions of the functions f;, fz and h; are reported for ¢« = 1, 2. In the first
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subsystem, the vector field f; is with the following form:

f1,1(5171, wl)
filzr,wi) = | fio(2r,w))

f1,3($1,w1)

where
B Vieed B Vieed - pi-sol  frk(coo — x11)
f1,1 = - - - T1,1
Vi pVi pe(sol = 1)V, Pe
Vieed * p1 - s0l
k- _ _Jeed P 77
o ered B ered * P sol frk(coo - $1,1)
f1,2 = - - - X1,2
Vi pVi pe(sol — 1)V Pe
Vieed-p1 B
+ Vi Vi + W12
Vlfeed 5 ered * P sol frk(coo - xl,l)
f1,3 = - - - T1,3
‘/tank: pl‘/l pc(SOZ - ]-)‘/1 Pec
0.245 - Vieea - p1 - sol
Xa, - frk(ce — —
+ Xa, - frk(coo — 211) Vi (sol — 1) w13

Because the dynamics of the first subsystem is not affected by the other subsystems, fl is a
zero vector field. The output measurement equations are:

h1,1(331) City
hi(z1) = =

h1,2($1) Caty

In the second subsystem, the vector field f, is with the following form:

f2,1($2,w2)
fo(@2,w2) = | foa(w2, wo)

f2,3(9527w2)
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where

f _ VZfeed B 2ﬂ . ered " P sol frk(coo - $21> x
U ol psol - DV pe o

+ frk’(coo — .7721) + W21

o (Vlfeed 25 ered P sol frk(coo - xQ,I))
f2,2 = - - T2.2

Va oVa  pe(sol — 1)Vs Pe
A + w2
o (ered QB ered CpPL sol frk(coo - .1'2’1))
f2,3 = - - - X233
Voo piVa o pe(sol — 1)V, Pe

+ Xa, Vo frk(coo — 21) + w23

The interacting dynamics f5 is given as:

o (x2, X2)
f2($2;X2) = fzg(l'g,Xg)
f2,3(1'2,X2)
where
f~ . (ered ﬁ ered P sol ka(Coo — 5’71,1)) o
- o - 1
! Voo piVa pe-(sol —1)V; Pe ’
rk oo
_ (f (¢ 371,1)) Z21
Pe
JZ-' _ (ered B 6 _ ered “pPL sol frk?(coo — 17171)) 21
2T\ Ve pe (sol - 1)V pe ’
'rk oo
_ (f (c $1,1)> 2
Pe
f~ _ (ered . ﬁ _ ered “pL- sol ka(Coo — wl,l)) 1
. Voo piVa o pe(sol —1)Vy Pe ’

+ XAz ’ frk(coo - xl,l) - XA1 ’ frk(coo - xl,l)
k(Coo — T
_ (f (¢ 1,1)) o

Pe
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The output measurement equations are:

h2,1($2) Clty
hQ(xQ) = =

h2,2(332) Caty

The explicit expressions of f;, fz and h; for each subsystem i, i = 3, 4, 5, are obtained
using symbolic calculation in the same way, and are omitted for brevity. The Lipschitz
constants with respect to the nonlinear functions in the model are obtained as L}(l ' =0 (as the
dynamics of the first subsystem is not affected by the remaining subsystems), LY =1.0725,

fo
LY =1.6895, LY = 1.6679, L° = 1.6476.
f3 fa Is
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Chapter 4

Distributed output-feedback fault
detection and isolation of cascade

process networks

In this chapter, we consider distributed output-feedback fault detection and isolation (FDI)
of nonlinear cascade process networks that can be divided into subsystems. Based on the
assumption that an exponentially convergent estimator exists for each subsystem, a dis-
tributed state estimation system is developed based on the method that is introduced in
Chapter 3. It is shown in Section 4.2.5 that when there is no fault, the estimation error of
the distributed estimation system converges to zero in the absence of system disturbances
and measurement noise. For each subsystem, a state predictor is also designed to provide
subsystem state predictions. A residual generator is designed for each subsystem based on
subsystem state estimates given by the distributed state estimation system and subsystem
state predictions given by the predictor. A subsystem residual generator generates two resid-
ual sequences, which act as references for FDI. A distributed FDI mechanism is proposed
based on residuals as illustrated in Section 4.3. The proposed approach is able to handle

both actuator faults and sensor faults by evaluating the residual signals. In Section 4.4, a
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froth flotation process example is used to illustrate the effectiveness of the distributed FDI

mechanism. This chapter is a revised version of [85, 97].

4.1 Preliminaries

4.1.1 Notation

The operator || denotes the Euclidean norm of a vector. A function f(s) is said to satisfy the
locally Lipschitz property with respect to its argument s, if there exists a positive constant L}
so that |f(s1) — f(s2)| < L} |s1 — s2| holds for all s; and s, that are in a local region of s and
L5 represents the corresponding Lipschitz constant. A continuous function « : [0, a) — [0, 00)
belongs to class J# if it is strictly increasing and satisfies «(0) = 0. A continuous function
a:[0,a) — [0,00) belongs to class J#, if it belongs to class £ and it is subject to a = oo
and Tli_}rgo a(r) = co. A continuous function §(r, s) belongs to class £ .Z if for each fixed s,
B(r, s) belongs to class £ with respect to r, and for each fixed r, it is deceasing with respect
to s, and B(r,s) = 0 as s = oo. A" denotes a matrix (or a vector) being the Moore-Penrose

pseudoinverse of matrix (or vector) A. The symbol I is a set containing finite integers defined

as [:={1,...,n}. J denotes a subset of I and is defined as J :={2,...,n}.

4.1.2 System description and problem formulation

We consider a class of nonlinear systems comprised of n subsystems interconnected in a
cascade fashion. The diagram of a general cascade process is presented in Figure 4.1. The

entire system under a fault-free condition is described in the following form:

w(t) = F(x(t),u())
y(t) = h(xz(t))

(4.1)
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Figure 4.1: A diagram of a cascade process.

where z(t) € R" represents the state vector, u(t) € R™ represents the input vector to the
entire system, and y € R™ denotes the measured output vector of the entire system. The
function F characterizes the dynamics of x.

For the class of cascade nonlinear systems, the dynamics of subsystem i, 2 =1,...,n—1,
are not affected by its downstream subsystems (i.e., each subsystem j for all j =i+1,...,n).

The models of the n subsystems are represented in the following form:

[ 31(t) = o (e (), ua(t) + (1))
E2(t) = fo (@a(t), us(t) + a(t)) + fola (1))
(4.2)
xn<t> = fn (xn(t)7 un(t) + ﬂ’n(t)) + fn (xl(t)a xQ(t)7 v uxn—l(t))

where z;(t) € R™i denotes the state vector of the i-th subsystem, u; € R™i denotes the input
vector to the i-th subsystem, y;(t) € R™ is the measured output vector of the i-th subsystem,
1 € I, f; denotes a vector function characterizing the dependence of the dynamics of x; on
itself and the disturbances w;, the vector function fj, 7 € J, characterizes the dependence
of the dynamics of the j-th subsystem on itself as well as its upstream subsystems, and h;
is a vector function that describes the relation between y; and z;. We use u; to denote an

actuator fault in the i-th subsystem, ¢ € 1. ¥; denotes a sensor fault in the subsystem ¢,

84



1 € . Without loss of generality, we assume that x; satisfies the following constraint:

where X;, Vi € I, denotes a convex compact set.

We note that for each subsystem j, j € J, in model (4.2), all the upstream subsystem
states are considered in the interaction term f]( -) to make the model more general. However,
it is possible that not all the upstream subsystems states are directly involved in f;() Based
on this consideration, we introduce Xj;, j € J, to denote a vector containing all the upstream
subsystem states that are involved in characterizing the interaction of the j-th subsystem. In
the remainder, we will use IL; to represent the set of the indices of the upstream subsystems
whose subsystem states are explicitly involved in X;. For instance, if 1 and x5 are explicitly
involved in f;, then we have L, = {1,2}, and X,(t) = [1(t) 22(t)]", j € J. This set of
symbols will be used to describe a more efficient communication strategy in the distributed
state estimation design in the next section. In this work, we consider that for the cascade
process (4.2), there is only one fault present in the entire process within one prediction

horizon, the definition of which will be given later.

4.2 Distributed state estimation design

In this section, we develop a distributed state estimation system for the cascade process
network (4.2) following [129]. In the present work, we assume that the subsystem estimators
can exchange information continuously which is different from [129], in which discrete-time
communication was considered. Note that continuous communication has also been used in
other distributed fault detection works (e.g., Keliris et al. [78] and Ding et al. [82]). Based

on continuous communication, we will show that the estimation error converges to zero.
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Figure 4.2: A schematic of the distributed state estimation scheme for the cascade process.

4.2.1 Description of the distributed state estimation system

A schematic of the designed distributed state estimation system is shown in Figure 4.2. It is
assumed that there exists a decentralized state estimator for each subsystem. A compensator
is developed for each subsystem except for the first subsystem to compensate for the dynam-
ics of the subsystem interaction. Each existing decentralized estimator is connected to the
associated compensator to form an augmented estimator (AE) for each subsystem except for
the first subsystem. The estimators for the subsystems communicate and exchange informa-
tion (i.e., subsystem state estimates and measurements) with the corresponding interacted
subsystems continuously via a communication network. The estimator of subsystem 1 sends
out its state estimate and its measurement to its downstream subsystems that are directly
affected by subsystem 1. The augmented estimator for each subsystem j, j € J, receives
subsystem state estimates and the measurements from each subsystem [, VI € L;. In the
meantime, it sends out subsystem state estimates z; and measurement y; continuously to its

downstream subsystems of which the dynamics is directly affected by z;, 7 € J.
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4.2.2 Assumed local observers/estimators

We assume that there exists a decentralized nonlinear observer/estimator for subsystem i,

1 € I, that is described in a continuous-time framework as in the following form:

5 (t) = Fi(z)(1), hi(zi(1)), ui(t), Xis) (4.4)

where z? denotes the state of the decentralized nonlinear observer/estimator for the i-th
subsystem in (4.4), X5, ¢ € J, is the steady-state vector which is corresponding to X;(t),
while X7, does not actually exist. We assume that the decentralized obervers/estimators in

(4.4) for the subsystems satisfy the following assumption.

Assumption 4. For each subsystem i, © € I, there exists a decentralized estimator in the
form of (4.4), such that if the dynamics of x; satisfy the constraint (4.3), and if the input u;
to i-th subsystem is known, and if the entire system (4.2) is operated in a fault-free condition,
and all the states of the directly interacted upstream subsystems of subsystem i are at their
steady states (i.e., X;(t) = Xis, © € J, for all t), then there exists a class & function &;
and a positive scalar \;, such that the estimation error of the decentralized estimator (4.4)

satisfies the following inequality:

[2(t) = 2i(t)]|< & (127(0) — 24(0)]) e (4.5)

In (4.5), the class J# function §; describes how significantly the initial condition can
affect the estimation error, and \; > 0 characterizes the convergence speed of the existing
observer/estimator of the i-th subsystem, i € I. Note that for each subsystem j, j €
J, the above assumption is satisfied only when all the states of the upstream subsystems
of subsystem j that directly affect the dynamics of x; are at steady-state values; that is,

X;(t) = Xjs, j € J, for all ¢.
Remark 15. Assumption 4 implies that there exists an exponential convergent observer for
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each subsystem if all the other subsystems are kept at their steady states. This assumption
can be satisfied by many existing nonlinear observer designs including the ones proposed by
Gauthier et al. [55], Ciccarella et al.[30], Boizot [56], Ahmed-Ali et al. [86] as well as Atassi
and Khalil [87].

4.2.3 Compensator and augmented estimator design

The dynamics of the subsystem interaction are not appropriately handled by the existing
decentralized estimators. To account for the dynamics of the interaction, we design a com-
pensator for each subsystem except for the first subsystem following [129]. By connecting
each decentralized estimator to its corresponding compensator, we construct an augmented
estimator for each subsystem j, j € J. The j-th compensator for subsystem j, 7 € J, is

designed as below.

() = Fi(Z;(1) = [i(X50) + ) Kju(z) (wi(t) = lu(zi(t))) (4.6)
leL;

where zjc(t) is a compensation signal given by the j-th compensator. In the compensator
(4.6) for subsystem j, j € J, the first term and the second term on the right-hand-side of
(4.6) compensate for the deviation between the actual subsystem interaction of subsystem j
and the corresponding steady-state values. The third term on the right-hand-side of (4.6) is
a corrective term to further mitigate the deviation due to the use of state estimates (instead
of the corresponding actual states) in the subsystem interaction. K; are the correction gains

that are calculated as follows:

K, = of; <%>+ (4.7)

4=
axl 8$l

xy=z(t)

for all j € J, I € ;. We consider that the correction gains are calculated and updated

continuously.

88



By combining the j-th compensator with the j-th decentralized estimator, an augmented

estimator for the subsystem 7 is formed as in the following form:

() =F; (25(8), 9;(1), w5 (8), Xj0) + F3(Z;(1)) = F5(Xs) + > Kju(z) (1) — ha(z(t)))
ZE]LJ‘
(4.8)
where z; represents the subsystem state estimate generated by the augmented estimator for

the subsystem j, j € J.

Remark 16. We note that for subsystem j, j € J, the developed augmented estimator only
requires the state estimates and output measurements from the upstream subsystems that
directly affect the dynamics of subsystem j (i.e., the estimates and the measurements of sub-
system | for all | € L;). The j-th augmented estimator only needs to request and receive
information from each subsystem [, | € L;, and the corresponding estimator via the commu-
nication network. This communication strategqy saves limited communication resources and

1s favorable from an application point of view.

4.2.4 Integral input-to-state stability of the augmented estimators

In this section, we carry out stability analysis individually on the subsystem estimation error
dynamics of each developed augmented estimator 7, j € J, in (4.8). First, we introduce the
concept of integral input-to-state stability (iISS). Then, we state in Theorem 4 that the
augmented estimator j developed for subsystem j, j € J, is stable in the sense of iI[SS when

there is no fault in the system.

Definition 1. (c.f. Sontag[88]) If there exist functions « and ~ belonging to class #,, and
a function B belonging to class & £, such that for any initial condition x(0) € R" and any

input u(-) € R™, the following estimate
a(lz(t)]) < B (lz(0)] 1) +/0 7 (lu(s)]) ds (4.9)
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holds for all t, t > 0, then the system which satisfies the property in (4.9) is said to be an

integral input-to-state stable (iISS) system.

Theorem 4. Consider the augmented nonlinear estimator j, j € I, in the form of (4.8) with
initial condition z;(0). If there is no fault in the system, and if the output measurements are
continuously available, and if each of the correction gains K;,; for j € J and | € IL; is selected
following (4.7) and is bounded such that |K;;|< KCj; with K;; being a positive constant, then
the dynamics of the subsystem estimation error e; :== z; — x; are i1SS for all x; € X;, for all

i€l andt > 0.

Proof: Let us consider the j-th augmented observer j, j € J, in the form of (4.8). In a

fault-free context, the derivative of e; is calculated as follows:

éj(t) =Fj (2 (), y; (1), u;(t), Xjs) — f5 (2;(t),u; () — f3(Xys) + fi(Z;(8)) — £ (X;(2))

+ ) Kju(z) (u(m(t) = hi(z(1))).
(4.10)
Performing Taylor series expansions on the term f; (X;(t)) and the term h; (2;(t)), respec-

tively, the following equalities can be obtained:

(@a(t) = z(t) + Yo7 (2F)

tety ez el (4.11)
Ol )

hi(zi(t)) =hi(z(t) + — (z1(t) — 2(t)) + on,(27)
Oy x;=2(t)

where ofj(zf) and o, (27) represent the high-order terms of Taylor expansions of f; and hy,

respectively, and are subject to the following constraints:

of, (2f) < ijjlxz(t) — 2P, on (&) < H'ai(t) — (b)) (4.12)

J
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forallz; € X, [ € L;. In (4.12), ijj and th’ are finite positive constants that are associated
with the Taylor expansions of function fj, J € J, and function Ny, [ € LL;, respectively.

Taking into account (4.10) and (4.11), it can be derived that:

df; oy
£ (=G| @O KuGH) @ -a0) g
j $l=zl(t) 1=
+ ) Kjon () = > o5 (31)
leL; leL;

If the correction gains K, are evaluated following (4.7), and take into account (4.12) and

(4.13), we can further calculate that:

le;)] < [Fj(z (), by (), ui(t), Xjs) — fi (25(t), ui(t) — f3(X5s)|

+ (Hfj + Kj,le}”> lea(t)[?

lE]Lj

(4.14)

Taking into account Assumption 4 on the convergence property of the existing observer/estimator
for subsystem j, j € J, if we integrate both sides of inequality (4.14) from initial time 0 to

time ¢, the following inequality is derived:

e (D <& (le; (0)) e + /0 | (Z (# + 1,0t \e,<s>|2>ds

lE]Lj

(4.15)
<6 (0D e + | (max{ﬂ;v FEuHP L)Y |el<s>rz>ds

lG]L]'

Let us use €; to denote the column vector containing all ¢;, [ € ;. Then, we have

les ()= _ leu(s)I? (4.16)

lE]Lj
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Based on (4.15) and (4.16), it is derived that
' fi h 2
(01 <& (O e + [ (max{H] + K 1L loF) ds (@17
0

Now, let us revisit the iISS condition (4.9) in Definition 1. For each j € J, if the class 5,
function « in (4.9) is defined as a(s) := s, the class # .Z function 5(s,t) in (4.9) is defined
as B(s,t) := v, (s) e %", while the class %5, function in (4.9) ~ is defined as (s) := cs? with
¢ being a positive scalar defined as ¢ := max {Hfj + ICj’lthl e Lj}. Then, it is seen that
(4.17) is in the form of (4.9) for all j, j € J. This completes the proof of Theorem 4. [J

In what follows, we will carry out analysis of the convergence of the estimation error of

the distributed state estimation system.

Remark 17. It is worth mentioning that in Theorem 4, the estimation errors of all the
upstream subsystems that are directly involved in the dynamics of the j-th subsystem are
essentially regarded as external inputs to the estimation error dynamics of the j-th augmented
estimator, j € J. The column vector €;, j € I, is used to represent the external input vector

to the estimation error system of the j-th augmented estimator. For instance, if one has

Ls = {1,3,4}, then €5 is in the form of e5 = [elT, el 64T]T.

4.2.5 Boundedness and Convergence of the estimation error

In this section, we focus on the convergence properties of the distributed state estimation
scheme developed for the cascade process (4.2) in the fault-free condition. Before proceeding

further, the following definition is given to characterize a specific type of class # . functions.

Definition 2. A function B(r,s) is said to belong to class & — X L if B € # L and if

f::oo B(r,s)ds takes a finite value for all v, 0 < r < oo.

Further, two lemmas that will be used for the convergence analysis are introduced.
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Lemma 1. Consider a function ¢ which is defined as ¢(r,s) := 0(r)e~7° where 0(r) belongs
to class A and takes a finite value. If o is a finite positive scalar (i.e., 0 < o < o0), then

the function ¥(r, s) is said to belong to class & — H L for all v > 0.

Proof: For any function ¢ described as in Lemma 1, given a fixed s, the function
belongs to class # as 0(r) is a class # function. Also, for each fixed r, 1(r, s) is a decreasing
trajectory with respect to its second argument s and satisfies ¢(r, c0) = 0. Therefore, 1 (r, s)
belongs to class # .Z.

Next, let us consider the integral of function ¢ (r, s) with respect to its second argument.

That is,
/OO Y(r,s)ds = /00 O(r)e”*ds = b(r) < 0 (4.18)
s=0 s

=0 «
Based on Definition 2, it is proved that v(r, s) belongs to class & — # %. This completes

the proof. [

Lemma 2. (c.f. Sontag/88]) If the dynamics of a system are iISS in the sense of Definition 1,
and if for any external input u € R" such that fooo v (|u(s)|) ds < oo is satisfied for the class
Hoo function v as defined in the condition (4.9), then the corresponding state trajectory x(t)

eventually approaches zero as time goes to infinity. That is, x(t) — 0 as t — oo.

In Theorem 5 below, we provide sufficient conditions that ensure the boundedness and
convergence to zero of the estimation error of the distributed state estimation scheme for

system (4.2) in the absence of faults.

Theorem 5. Consider the cascade nonlinear system (2.1) with continuously available output
measurements y; and known inputs u; for alli € 1. For subsystem i, i € 1, if constraint (4.3)
is satisfied, and if there is no fault in the system, and if a decentralized estimator described
as in (4.4) exists such that Assumption 4 holds, and if an augmented estimator is designed
for each subsystem j, j € I, following (4.8) with correction gains K;,; determined following
(4.7) and restricted by |K;|< Kj; forall j € J, 1 € L;, then given an arbitrary scalar §; > 0,

there exists a finite positive scalar T;, such that |e;(t)| = |zi(t) — z;(t)| < §; holds ¥t > T,
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1 € . Moreover, the estimation error of the distributed state estimation system for the entire

system (4.2) converges to zero ast — oo.

Proof: In this proof, we investigate the estimation error of each subsystem individually
in a recursive fashion when there is no fault. Let us use e; to denote the estimation error for
subsystem 4, i € I; that is, e;(t) := z;(t) — x;(t).

First, we consider the estimation error e; of subsystem 1. In the absence of faults, it is

derived that:

é1(t) = Fi(z1(t), ya(t), wa(t)) — fi (z1(2), ua(t)) (4.19)

Subsystem 1 is not affected by other subsystems and no compensator is designed for the first
subsystem. Based on Assumption 4 on the convergence of the existing observer in the form

of (4.4), the following inequality can be directly obtained:

le1(t)]< & (Jex(0)]) e (4.20)

Inequality (4.20) implies that without the occurrence of any faults to system (4.2), the
estimation error for subsystem 1 exponentially converges to zero as t — oc.

Next, let us consider the estimation error of subsystem 2. If we have f» # 0, e; can be
considered as an external input to the error dynamics of subsystem 2. Based on (4.17), we

can obtain the following inequality:

a(0)] < & (a0 + | (8 + an?) fea(o)?) ds (4.21)

where €, = e;. Consider the second term on the right-hand-side (RHS) of (4.21) and (4.20),
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it is derived that

/Ot <<H§2 + ICQJH{”) |62(s)]2> ds = <H§2 + lCz,lH{“> /Ot (|e1(s)|2) ds

< (Hf2 + IC2,1H{”) (& (lex(0)]))? /t e (s (4.22)

0

= %}q(hﬁf? + ICQJH{H) (51 (|€1(0)|))2 (_6_2)\115 + 1)

In (4.22), the function &; belongs to class #. Therefore, & (|e(0)]) is finite given each |e(0)

—2)\1t

with a finite value. Moreover, Ay is a positive constant so that the term e converges to

zero as t — oo. Therefore, from (4.22) we can obtain that

| (i + Kaattt?) a(o)?) ds < o (B 4 KaaiP ) @ (D) <00 (423

Based on (4.23) and the fact that (4.21) is an iISS system, |es(t)| approaches to zero as
t — oo according to Lemma 2.

In what follows, let us focus on the estimation error of subsystem 3. From a state
estimation perspective, the most complex case scenario for subsystem 3 is that its dynamics is
directly affected by the dynamics of both subsystem 1 and subsystem 2. Based on Theorem 4,
estimation error dynamics e3(t) are iISS. Considering the property in (4.17) that characterizes
the error dynamics of each subsystem, the estimation error norm of subsystem 3 is bounded

as follows:
t _ .
les(t)] < & (les(0)]) e + / <max {Hgs Ky HI L HP + ;cg,Qng} 163<s)|2) ds (4.24)
0

where €3 := [e], eQT]T. For brevity, we introduce a finite scalar c; > 0 which is defined as

3 i= max {Hsf:; + Ky H, Hg% + IC372H§2}. Then, (4.24) can be rewritten as:

les(t)] < & (les(0)]) ™ +/0 cs (lex(s)|” + lez(s)]") ds (4.25)
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According to Lemma 2, if the second term on the RHS of (4.25) takes a finite value, then
les(t)|— 0 as t — oo. Taking into account (4.22), (4.23) and c3 with a finite value, we have
that [, cs (Jer(s)|”) ds < oco. Next, we prove that cz [;° (Jes(s)|*) ds < oo also holds. By

substituting (4.22) into the second term on the RHS of (4.21), one has that

2
a0 < alt)i= (2 ea(O)) > + S (o Kaal) (€ (a0 (- + 1))
(4.26)
It can be verified that function g,(#) is a linear combination of exponential functions e=2*2t,
e~ 222t and e=4Mt all of which belong to class . — % % when A\; > 0 and A, > 0 according
to Lemma 1. Therefore, fg 3 (\eg(s)\2) ds < oo is satisfied if |e9(0)] is also bounded. Based on
the developed distributed state estimation system, the estimation error |ez(¢)| for subsystem
3 goes to zero as t — 00.
By carrying out the above analysis recursively for the remaining subsystems in sequence,
we can prove that [i* <max{Hjj + K H" € Lj} |ej(s)|2> ds < oo holds for all j € J.
Further, let us define v(s) := c¢s® with ¢ := maX{Hjj + K H 1 € Lj} and treat the
estimation errors of its upstream subsystems as external inputs to subsystem 7, j € J (i.e.,
for subsystem j, u := ¢;). The above facts imply that the dynamics of the estimation error
ej, j € J, are iISS in the form of (4.9), and that [;°~ (Ju(s)|) ds < oo is satisfied for each
subsystem j, 7 € J.
For any positive scalar d;, there exists T; > 0 so that f;ﬂo v (lej(s)]) ds < ad; with 0 < a <
1 due to the fact that f;]ov (lej(s)])ds — 0 as T; — oo, j € J. Define a class KL function
Bi(s,t) =& (s)e Mt for j € J. Taking T} as a new initial time instant, the dynamics of the

estimation error e; can be characterized as below:

t+T;

le; (¢t +T)| < B; (le;(T5)], 1) +/ 7 (lej(s)]) ds < B; (le;(T5)] . 1) + ad; (4.27)

T;

Based on the property of the class % function 3; , there exists 7; > T} such that

B; (le;(T;)|, 1) < (1 — a)d;, which leads to |e;(t)| < 9, for all ¢ > 7;, j € J, when there
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is no fault.

Moreover, based on the obtained results and the property of Lemma 2, we can prove
that the estimation error trajectory |e;(¢)| of subsystem j converges to zero in the absence of
faults (i.e., |e;(¢)|— 0 as t — 00), Vj € J. By taking into account the convergence property
of subsystem 1, we can prove the convergence of the estimation error of the entire system to
zero when there is no fault in system (4.2). This completes the proof of Theorem 5. O

The distributed FDI mechanism to be developed only becomes effective for FDI after
the distributed state estimation system gives acceptable state estimates; that is, after time
instant Tyax With 7. := max {7 : i € I} when the estimation error of each subsystem i,

i € I, is bounded as |e;| < 0;.

4.3 Distributed fault detection and isolation design

In this section, we establish a distributed output-feedback FDI mechanism based on the
distributed state estimation system described in the Section 4.2. The FDI mechanism is

able to account for both actuator and sensor faults.

4.3.1 Distributed state predictors and residual generators

For each subsystem, a state predictor and a residual generator are designed. Each predictor
is used to provide state predictions for the corresponding subsystem as the references. Each
residual generator is designed to generate residual signals for FDI based on the associated
subsystem state estimate and the reference subsystem state.
Specifically, the state predictors for the n subsystems are designed as in the following

form:

f1(t) = f1(21(t),w (7))

B5(0) = 3 (@50, (0) + Fy @1(0),- ., 250(0)), G €T

(4.28)

where #;(t) € R"* denotes the state of predictor 4, ¢ € I. Predictor i, i € I, receives the
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predictions (i.e. Zj, j =1,...,i — 1) of the upstream subsystems of subsystem ¢, and sends
out its prediction to all the downstream subsystems continuously. The predictors are re-
initialized every prediction horizon T'. For each subsystem, two copies of the predictor are
implemented with different re-initialization time instants. Based on the predictions given
by the two copies of predictors, two residual sequences (Residual 1 and Residual 2) which
characterize the discrepancy between the state predictions of the predictors and the state
estimates of the state estimators are generated. The selection of the prediction horizons of
the two sets of residuals is shown in Figure 4.3.

After Ty.x, the estimation error of the entire system is bounded within an acceptable
region when there is no fault. The first set of the state predictors starts to be evaluated
and generates the first set of predictions (i.e., Z}, i € ) from ¢y with ¢y > Tyax. Specifically,
starting from ¢y, the state predictors in the first set are initialized (re-initialized) at the
beginning of each prediction horizon by the corresponding state estimate as @} (t;) = z;(t1,)
at sampling instant ¢, where t;, =ty + kN, kK > 0. Then, by solving the differential equations
in (4.28) within each prediction horizon subject to the initialization conditions, we can obtain
21 (t) for t € [tg,txs1) for k > 0. The predictions within each prediction horizon constitute
the first set of piecewise-continuous reference state predictions #] for subsystem i, Vi € L.

This set of predictions is used for the calculation of Residual 1.

2

The second set of the predictors is evaluated to provide another set of predictions (i.e., 7,
i € I) in the same fashion as the first set but with different initialization (re-initialization)
time instants. The predictors in this set start to be evaluated at to + % In particular,
these state predictors are initialized (re-initialized) as 27(t, + £) = 2(ty + ), i € I. Again,
by solving the differential equations in (4.28) within each prediction horizon subject to the
above initialization conditions, we obtain #%(t) for ¢ € [ty + £, t541 + £) for k > 0, such that
the second set of piecewise-continuous reference state predictions 7 for subsystem i, Vi € I,

is obtained. The second set of predictions is used for the calculation of Residual 2.

Then, the residual generators calculate two residual sequences (i.e., Residual 1 and Resid-
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Residual 1
to ty bk lk+1
. T * o o T
Residual 2 |
t to + r r t, + r t + r
o toty t + 2 kT3 kt1 T3

Figure 4.3: The prediction horizon selection for the two Residuals.

ual 2) based on the two sets of reference state predictions #¥, ¢ € I, p € {1, 2}, and the
subsystem state estimate z;, i € I. Specifically, the residual generator for subsystem i, i € I,

calculates two separate residual signals:

ri(t) = ‘le (1) = z(t)], t€[to,tesr) (4.29a)
r}(t) =2 (t) — z(t)], telto+ % besr + %) (4.29D)

where 7 represents the residual signal for subsystem i in Residual p, p € {1, 2}. The two

residual signals are used for fault detection and isolation.

Remark 18. The use of two copies of the predictors with asynchronous re-initialization
time instants ensures that the effect on the residuals of a fault occurring at any time can be
accumulated for at least a period Of% (where T is the length of one prediction horizon) within
the current prediction horizon of one of the two residual sequences. This design increase the
probability that the residual signals become sufficiently large such that the occurred fault can
be detected and isolated within the current prediction horizon of a residual sequence. Based on
this design, the proposed approach can handle a wider range of faults (either sensor faults or
actuator faults), and also can be used to detect and isolate an occurred fault earlier compared
to the case where only one predictor is used. The advantages of using two copies of the

predictors will be illustrated in Section 4.4.
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4.3.2 Fault detection and isolation

In this section, we perform analysis of the residual signals of each subsystem in both fault-
free and faulty cases. Then, we present the conditions, under which the occurrence of a fault
can be detected.

We introduce Lemma 3 and Lemma 4, which characterize the difference between the
reference state of subsystem 4, ¢ € I, and the corresponding actual subsystem state in
the absence of an actuator fault and in the presence of an actuator fault in subsystem ¢,
respectively. The two lemmas will be used to determine the thresholds for the two sets of

residual signals 77 | i € I, p € {1, 2}.

Lemma 3. Consider predictor (4.28) of subsystem i, i € I, which is re-initialized at each
ti>o. If the nonlinear system (4.2) is operated in the absence of an actuator fault, and if the
estimation error of subsystem i, i € I, is bounded as |e;(ty)| < 0;, Vi € 1, then the deviation
of the reference state x; of subsystem i from actual subsystem state x; within a prediction

horizon T' from time instant ty>o is bounded as:

eF (t + A)] < "85+ gi(A) (4.30)

e 1) for j € J, L} denotes the

2N 7

. A~ fs
for i € I, where ef 1= &; — x;, ¢1 := 0, ¢;(s) = L;f (e

i

Lipschitz constant of function f; with respect to its first argument, N 7, s a positive constant

such that | fi(-)] < Ni, and A=t —ty.

Proof: For subsystem j, the time derivative of the deviation e;?(t) is calculated as:

€5 (t) =5 (&(t), u;(8)) + [ (21(2), -, 251 () — f5 (2(8), u;(8)) + [ (21(F), -, 2 (F))
(4.31)

for j € J. Based on the Lipschitz properties of functions f;, and the fact that |f;(-)] < N o
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the following inequality can be obtained:
lég; ()] < Lfcj lej ()] + 2/\/;;], (4.32)

With initial condition e (tx)| = |Z;(tx) — 7;(t)|, based on (4.32), we can derive that:

2N i LY (t—t
€] <~ e 5O 1y et () letn (4.33)
by

Since at any time instant 5, we have that e?(t;) = e;(tx) due to the initial condition of the

i-th predictor, (4.33) can be rewritten as:

~ T T

" 2N; L7 (t—ty) L (t—t)
OIS T Y1) e n T, (4.34)

For subsystem 1, we have that N/ 7, = 0 and (4.34) reduces to

z

e3(t)] < efn g, (4.35)

Taking into account the definition of A, Lemma 3 is proved. [
Based on Lemma 3, we obtain the following lemma to describe the deviation e when an

actuator fault takes place at t; € [ty, t+1] in subsystem i, i € L.

Lemma 4. Consider predictor (4.28) of subsystem i, i € 1, which is re-initialized at each
ti>o. If the estimation error of subsystem i, 1 € 1, is bounded as |e;(ty)| < d;, Vi € 1, and if
an actuator fault takes place at ty € [ty, tyi1) in subsystem i (i.e., U; # 0), then the deviation
of the reference state T; of subsystem i from the actual subsystem state x; at the end of the

present prediction horizon is bounded as follows:

leF (tk1)| < Yi(Ay) + eL;iiT(Si (4.36)
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L max+2N
for i € I, where ¥;(s) =: i lL?

7

L (" 7T —1)+ eLff(T_s)qﬁi(s) with ¢; , i € 1, defined
in Lemma 3, Ay =17 — g, Lfc and Lzﬁ denote the Lipschitz constants of function f; with
respect to its first argument and its second argument, respectively, N 7, 1S a positive constant

such that | fi(-)] < N with N, =0 and @™ == max |i,(7)], i € L

Te[tf,tk+1]

Proof: The time derivative of the deviation ef(t) (for t € [tf,t,11]) can be calculated as:

E5 () =15 (&5(8), w5 (8) + f (#1(1), - 5 (1)

— fi (25 (), u(t) + () + f5 (1(2), ..., 25-1(2))

(4.37)

for j € J. Based on the Lipschitz properties of the function f;, and the fact that | f;(-)] < N x

it is calculated that:

€5 (1)] < Lfcj e (t)] + L;ﬁjfﬂ?“ax + 2N}, (4.38)
for t € [ts,tg41]. Based on (4.38), we can further derive that:
LPam + NG e,
(o) < L L 1) (el (4.39)
fi

Taking into account the initial condition |ef(ty)| < e"s; (tfftk)(Sj +¢;(ty —ti) based on (4.30),

€7 (th41)| is bounded as:

LYA 42N e e .
157 75 fj (eLf]j.(tkH tr) B 1) +€Lf;(tk+1 t'f)(bj(tf . tk) +€Lf;T

fi

€5 (tks)| <

for j € J. In terms of subsystem 1, we have that N; = 0, thus (4.40) can be rewritten as:

U1 ~max

i
le7 (tr1)| < L—xi(eLf =) _ 1) 46 LinTs, (4.41)

Considering the definition of Ay, Lemma 4 is proved. [

Theorem 6 below characterizes the upper bounds on the residual signals for each subsys-
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tem when there is no fault, and presents sufficient conditions, which can be used to detect

the occurrence of an actuator/sensor fault.

Theorem 6. (Fault detection) Consider the cascade nonlinear system (4.2), for which a
distributed state estimation system with each augmented estimator designed following (4.8)
1s utilized. Moreover, we consider that at time instant tog, the estimation error for each
subsystem i has been bounded as |e;(to)| < &;, Vi € 1. If in Residual 1, any signal 7} (t),
i €1, at t € [tg,tps1) breaches a detection threshold 0} (A) := eL;ZAléi + ¢i(Ay) + 6; with
Ay ==t —1ty, orif in Residual 2, any signal r3(t), i € I, at t € [ty + &, tj1 + 5) breaches an
detection threshold 02(Ay) := eLf”z‘iM(Si + ¢i(Ag) + 6; with Ay =t — t5, — %, then it indicates

that a fault (either an actuator fault or a sensor fault) has taken place in the system.

Proof: If no fault (including actuator fault and sensor fault) occurs in any of the sub-
systems, then based on Lemma 3, the residual signal for subsystem ¢, ¢ € I, of Residual 1

should be constrained as follows:

& (t) — fz(m + |zi(t) — 2i(t)| < GLZ(F%)@ + ¢i(t — tr) + 0;
(4.42)

rh(t) = 31 (0) - 20)] <

Therefore, within one prediction horizon of Residual 1 from ¢; to txy1, if the signal r}(¢)
breaches the detection threshold 6}(A;) for any i € I, then a fault (an actuator fault or a
sensor fault) has taken place.

Similarly, we can prove that within one prediction horizon of Residual 2, if r?(¢) breaches

the corresponding detection threshold 6?(A,), then a fault has taken place. [

Remark 19. In the nonlinear context, the thresholds for the residual signals may be difficult
to determine a priori. In implementations, the thresholds can be selected as (conservative)
upper bounds of the residual signals after the estimation error given by the distributed state
estimation system has converged into a small neighborhood to account for disturbances and

measurement noise.
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Remark 20. The condition presented in (4.30) provides a conservative upper bound on the
deviation |e¥|, i € I, between the reference state &; and the actual subsystem state x; within
a prediction horizon, which depends on the estimation error at the current time instant
and the size of the prediction horizon. This upper bound can be made sufficiently small by
appropriately choosing the size T and ensuring the estimation error to be sufficiently small,

which can lead to less conservative thresholds.

Remark 21. In the present work, model-plant mismatch is not considered. In the presence
of model-plant mismatch, the estimation error may be bounded within a region instead of
exponentially converging to zero. Accordingly, the thresholds on the residual signals selected

for FDI should be increased to avoid false alarms.

4.3.3 Detectable faults

In an output-feedback context, not all types of faults can be detected by FDI mechanisms
(see, e.g., Keliris et al. [78] and Du and Mhaskar [62]). In this subsection, we present
sufficient conditions that characterize detectable actuator faults and sensor faults within the
current prediction horizon of a residual sequence based on the proposed FDI scheme.

To facilitate the analysis, the increment in the estimation error for each subsystem after
the occurrence of a fault (either an actuator fault or a sensor fault) is calculated. First,
suppose that an actuator fault occurs in the i-th subsystem, ¢ € I, at ¢; (i.e., @ (1) # 0,
T > ty). Based on (4.13), if the correction gains K, j € J, [ € L;, are determined following

(4.7), then the derivative of the estimation error of subsystem i, ¢ € I, given by the distributed
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state estimation scheme is calculated as:

é1(t) =Fj (z1(t), ha(z1(t)), ua(t)) — fj (1 (t), wa (t) + (1)) (4.43a)
e;(t) =Fj (z(t), hj(w;(t)), u;(t), Xjs) — fj (25(), u;(t) + 0;(t))
— () + Y Kjuon () = ) oz (2f), €

leL, leL,

(4.43b)

Therefore, the increment in the estimation error for subsystem ¢, ¢ € I, from ¢; (when the
actuator fault takes place) to a time instant s (which is within the current prediction horizon)

is given as follows:

Mg, (s) = / (B (7). ha(ea (7)), () — filan (). s () + a () ) dr (4.44)

ty

M, (s) = /S <Fj(2j(7)7hj(%(T)),uj(T)ans) — [i(@; (), uy () + w5(7)) — f3(Xjs)

tr
+Z 4,10h, Zl ZO&(Z?))CZT, jed
l€L, l€L,

(4.44D)

Next, we consider the case where a sensor fault takes place in subsystem ¢, 7 € I, at time
instant ¢;. Similarly, the increment in the estimation error for each subsystem (denoted by
My, for subsystem 4, i € II) from ¢ to a time instant s within the current prediction horizon

of a residual sequence is given as below.

M) i= [ (a0 balon(0) + 0170 — fi () (r) )7 (4450)

ty

M ()= [ (B0 mylasr)) + 500500, X50) = I (7). 15(0) = 5650

iy
+ZK10’” 27) Zof 27 )dT jed
leL, leL,

(4.45b)

Then, the following two theorems summarize the findings.
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Theorem 7. (Detectable actuator faults) Consider the nonlinear cascade system (4.2),
for which a distributed state estimation system is designed following Section 4.2, such that
the estimation error for each subsystem i has been bounded as |e;(to)| < 6;, Vi € 1. Then,
an actuator fault in subsystem i (denoted as u;, i € 1) is detectable within the current
prediction horizon of a residual sequence by the proposed FDI approach if u; takes place at

ty € [t tr + %), and satisfies the following condition:
& Ma,(tra)| > O1(T) + 576 + (e — ) (4.46)

for all |&;|< §;, i € LI; or if the actuator fault takes place at ty € [t + %, tiy1), and satisfies

the condition:

& + Ma(a)] >03(T) + "6 + ity — tr — ) (4.47)

for all |&;|< 6;, 1 € 1, with q =t + %

Proof: First, let us characterize the class of actuator faults that are detectable by the
proposed FDI scheme. Suppose that an actuator fault occurs in the i-th subsystem, i € I, at
ty € [th te + L) (Le., 4;(t) # 0, t > ty). Taking into account the increment in the estimation
error for subsystem ¢ from ty to txyq (i.e., the end of the current prediction horizon of
Residual 1), the state estimation error for subsystem ¢ at time instant ¢, can be expressed

as:

€i(trs1) = €ilty) + Ma, (tet1) (4.48)

for ¢ € I, where the function Mj, denotes the increment in the subsystem estimation error
as specified in (4.45).
On the other hand, based on the triangle inequality, the residual signal for subsystem ¢

of Residual 1, ¢ € I, satisfies:
7y (ten) = |35 (tean) = 2i(teen) | 2> |les(tern)] = lef (trg)] | (4.49)
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If an actuator fault takes place in the i-th subsystem, i € I, at ¢t € [ty, tx + %) and if the
condition in (4.46) is satisfied for all |&|< d;, @ € I, by considering the property (4.36)
given in Lemma 4, we have that r}(tz+1) > 6}(T) so that the fault can be detected within
the current prediction horizon of Residual 1. Similarly, if an actuator fault takes place at
t € [ty + %, tr+1) and if inequality (4.47) holds, then we have r#(ty1 + %) > 67(T) and the
fault can be detected within the current prediction horizon of Residual 2. This completes

the proof of Theorem 7. [

Theorem 8. (Detectable sensor faults) Consider the nonlinear cascade system (4.2),
for which a distributed state estimation system is designed following Section 4.2, such that the
estimation error for each subsystem i has been bounded as |e;(ty)| < d;, Vi € 1. Then, a sensor
fault in subsystem i (denoted as U;, 1 € 1) is detectable if it takes place at ty € [ty, t; + %),

and the following condition:
& + M, (tesr)| > 01T + 2176, + 6,(T) (4.50)
holds for all |&;,|< &;, i € I; or if ; occurs at ty € [ty + %,tk+1) and the following condition:
15 + M, (q)] > OX(T) + "1, + ¢(T) (4.51)

is satisfied for all |&;|< 6;, i € I, where ¢ =ty + %

A sketch of the proof: Let us consider the case when a sensor fault takes place in the
system (4.2). Following a similar procedure in the proof of Theorem 7, we can prove that
if a sensor fault takes place in the i-th subsystem, ¢ € I, at time instant t; € [ty, 1, + %)
and if the condition (4.50) is satisfied for all |&|< §;, i € [; or if a sensor fault takes place
at ty € [ty + L, te1) and if (4.51) holds for all |&|< d;, ¢ € I, then a residual signal r} (or

r?) will breach the corresponding threshold 6} (or #?) within the prediction horizon of the

2

Residual 1 (or Residual 2). O

107



4.3.4 Fault isolation

In this section, we propose an approach to further isolate the subsystem in which the fault

occurs.

Theorem 9. (Fault isolation) Consider the cascade system (4.2), for which a distributed
state estimation system described in Section 4.2 is utilized. Consider that at time instant
to, the estimation error for each subsystem i has been bounded as |e;(t)| < 0;, Vi € I.
Further, consider that in a faulty condition, only one fault occurs, and satisfies at least
one of the conditions from (4.46) to (4.51) on detectable faults. If either ri or r? breaches
the corresponding threshold, then the fault has taken place in subsystem 1; or if rﬁ-’, jed,
breaches the corresponding threshold for at least one p € {1, 2}, while r} < 67 holds for all

pe{l, 2}, 1 e€{l,...,5— 1}, then the fault takes place at subsystem j.

Proof: First, let us consider the case the fault satisfies either the condition (4.46) or the
condition (4.50), such that Residual 1 can be used for FDI. Subsystem 1 can be regarded
as an integral system itself as its dynamics is not affected by its downstream subsystems.
Also, the subsystem estimator (the subsystem predictor) for subsystem 1 is not affected by
the estimators (the predictors) of its downstream subsystems at all. The above fact implies
that if r{(¢) > 6!(A;) takes place, then there is a fault occurred in this subsystem.

The remainder of Theorem 9 is proved by contradiction. We consider the case that 7"]1-,
j € J, breaches its corresponding threshold between t) and ¢, while r}(¢) < 6} (A;) holds
forall l € {1,...,7 — 1} and ¢ € [tg, tx41]. Then, let us consider subsystem 1 to subsystem
7, J € J, as an entire system, which is not affected by the remained downstream subsystems
(i.e., subsystem j + 1 to subsystem n). According to Theorem 6, 7“]1, j € J, breaching
the threshold between t; and t,,.; implies that one fault takes place in one of the first j
subsystems. If the fault takes place in subsystem [, [ € {1,...,j — 1}, but not in subsystem
Jj, and if it satisfies either the condition (4.46) or the condition (4.50), based on Theorem 7

and Theorem 8, it is guaranteed that r;(tg11) > 0;(tx+1). The above argument contradicts
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the condition that r;(¢t) < 6,(t) VI € {1,...,j — 1} and ¢ € [ty,tr41]. As a result, the fault
does not take place in any subsystem [, [ € {1,...,j — 1}, which demonstrates that the fault
must occur in subsystem j.

Then, let us consider that the fault satisfies either the condition (4.47) or the condition
(4.51). Similarly, we can prove that if 72(t) > 02(A,) is satisfied, then the fault takes place
in the first subsystem. Also, if 7"]2-, j € J, breaches the corresponding threshold between ¢
and tj41, while r3(t) < 67(As) holds for all 1 € {1,...,j— 1} and t € [ty + L, tpq + T,
then the fault takes place in subsystem j, j € J. This completes the proof of Theorem 9.
OJ

Remark 22. The proposed approach can be used to isolate the subsystem in which a fault has
taken place. Currently, one cannot identify the type of the occurred fault by examining the
residual signals of the subsystems following the proposed approach. One approach to augment
the proposed approach so that the type of the fault can be identified based on the residuals
(i.e., to determine whether it is an actuator fault or a sensor fault) is to have redundant

sensors to measure each output of the entire system.

Remark 23. If a fault takes place but does not satisfy any of the fault detectability conditions
from (4.46) to (4.51), then it may not be detected or isolated by the proposed FDI mechanism
in the horizon during which a fault takes place. Note that it is still possible that the fault can

be detected after one or several prediction horizons after its occurrence.

4.4 Application to a froth flotation process example

In this section, the proposed FDI mechanism is applied to to a chemical process example to

illustrate its effectiveness.
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4.4.1 Process description

First, we introduce a process of froth flotation units that is utilized for the clean and recov-
ery of fine coal produced by Coal Handling and Preparation Plants (CHPPs). The froth-
flotation-unit process is comprised of five interconnected vessels. A schematic diagram of the
process is presented in Figure 4.4. The slurry containing coal, ash and water is fed into the
first vessel. Reagents consisting of ‘frother” and ‘collector’ are added through the upstream
of the each vessel to facilitate the formation of froth and the attachment of air bubbles to
coal particles. The concentrations of the two reagents to each vessel are controlled to achieve
improved productivity and profitability based on the solid concentration and the type of the
coal. The froth is removed from the five vessels using the paddles and is further sent to a
disk filter system for drying. The tailings of each of the first four vessels are fed into its
neighboring downstream vessel, while the tailings of the fifth vessel are discharged and sent
to a static thickener [84]. The dynamics of the process can be characterized by the concen-
tration dynamics of the solids, liquids and ash in the vessels. Based on standard modeling
assumptions and mass balances, the equations that describe the dynamics of the i-th vessel,

ie{l, 2, 3, 4, 5}, are given as follows [84]:

des i Vufi—l Vu i

d_tt = Vi (CSti71> - sz (cSti) — Sy (4.52&)
dey, Vufi,l Vu 3 Bi

d_tt = Vi (Cltifl) - ‘/j (Clti) - VZ <4'52b)
dcati o Vufifl Vufi Al

7 - Vi (Catiﬂ) - Vi (C(lti> - Vl (4'52C)

where c,;, represents the concentration of the solids in the i-th vessel (kg/m?), ¢;;, represents
the concentration of the liquid in the i-th vessel (kg/m?), ¢y, is the concentration of the
ash in the i-th vessel (kg/m?®), V; denotes the slurry volume in the i-th vessel (m?), Vi,

denotes the flow rate of the underflow from the i-th vessel (m?®/min), r; is the rate of the

solid removal from the i-th vessel, 8; denotes the mass flow rate of the liquid from the i-th

110



Concentrated coal and froth to the disk filter

>

Feed Slurry

Tailings (wastewater) to static thickener

Figure 4.4: A schematic of the forth-flotation-unit process.

vessel to overflow (kg/min), A; denotes the mass flow rate of ash from tank i to overflow
(kg/min), cg,, c, and cq, represent the concentration of the solids, the concentration of
the liquid and the concentration of the ash in the feed flow, respectively, and 1’4 f, represents
the volumetric flow rate of the feed flow.

The solid removal rate s,, is calculated following the equation below:

Sr; = frk(csti - Coo) (453)

where k denotes a constant rate, ¢, denotes the equilibrium of the solid concentration
(kg/m3), while f,. represents the correction factor of industrial scale reactions. A more

detailed description of the model can be found in Canright et al. [84] and Yin et al. [61].

4.4.2 Simulation settings and results

1

We assume that the states cy, and ¢y, are the output measurements. We use u} and u?
to denote the input of frother and the input of collector to vessel i, ¢ € {1, 2, 3, 4, 5}.
The entire process is decomposed into five subsystems according to its physical topology.
For each vessel, a decentralized exponentially convergent estimator is designed based on the

high-gain observer design proposed by Ciccarella et al. [30]. For each of the second to
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Figure 4.5: The state estimates given be the distributed state estimation system (red lines)
and the actual system states (blue lines) in a fault-free condition.

the fifth vessels, an augmented estimator is designed by connecting each compensator to the
associated existing decentralized estimator. The estimators of the five vessels communicate to
exchange subsystem state estimates and measurements continuously, such that a distributed
state estimation network is formed for the cascade process.

In the simulations, random measurement noise and system disturbances following normal
distribution are added. We assume the initial state of the process is: x¢ = [143 kg/m3, 830 kg/m?,
25.9 kg/m3, 125 kg/m?, 801.5 kg/m3, 27.4 kg/m3, 162.3 kg/m?3, 803 kg/m?, 26.4 kg/m?,

147.5 kg/m?, 823 kg/m?, 23.9 kg/m®, 151 kg/m®, 835.5 kg/m?, 26.3 kg/m?]" | while the
initial state estimate for the distributed state estimation system is set to be: 2o = [165 kg/m?,
880 kg/m?, 27.6 kg/m?, 145 kg/m?3, 830 kg/m?, 25.7 kg/m?, 145 kg/m?>, 825.5 kg/m?,
25.5 kg/m?, 165 kg/m?3, 805.7 kg/m?, 22.2 kg/m?, 135 kg/m?, 875 kg/m?, 23.2 kg/m?]".
We first select an appropriate time instant ¢y by examining the state estimation errors when
the process is operated in a fault-free condition. The actual system states and the corre-

sponding state estimates given by the developed distributed state estimation systems are
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Figure 4.6: The trajectory of the normalized estimation error norm in a fault-free condition.

presented in Figure 4.5. The trajectory of the normalized estimation error norm is shown in
Figure 4.6. We see that the state estimates are able to converge to the actual system states.
Moreover, in the presence of system disturbances and measurement noise, the estimation
error does not further decrease significantly after around 5 min. We set {5 = 6 min, after
which the FDI mechanism starts to be evaluated. The size of the prediction horizons for the
two sets of residuals is chosen as T' = 2 min.

Next, we take into account two faulty cases to illustrate the developed FDI mechanism:
a single actuator fault case and a single sensor fault case. In both the two cases, we calculate
normalized residual signals for each subsystem. Specifically, we denote r7(t) = &% — z; =
[rﬁ b Thar Th 5] T7 and use 77" to denote a pre-determined value which should be no less than
the maximum value of Tfj ; in the time span in the fault-free context. Then, the normalized

residual signals for each subsystem i, i € {1, 2, 3, 4, 5}, is calculated as follows:

moi=, Y () (454

jef1,2,3) N b

For this process, the thresholds for the residuals are selected by observing the magnitudes
of the residual signals in the fault-free context. In particular, we first find a time instant

to as shown in Figure 4.6, after which the estimation error given by the distributed state
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Figure 4.7: The residual signals of Residual 1 for the subsystems in a fault-free condition
(blue dashed lines); the residuals of units with an actuator fault (green dash-dotted lines);

selected thresholds (red dotted lines).

estimation system has converged into a small region. Then, the residual signals in the fault-
free context after t; are generated and normalized following (4.54), and the upper bounds
of the normalized residual signals for the subsystems are found. The thresholds are selected
a little conservatively based on these upper bound values to account for disturbances and

measurement noise. For distributed FDI, we choose the thresholds for the residual signals

for the five subsystems as 0.3, 0.35, 0.15, 0.

First, we consider that there is an abrupt additive fault occurring at ¢y = 10.4 min in the

15, and 0.15.
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Figure 4.8: The residual signals of Residual 1 for the subsystems in a fault-free condition
(blue dashed lines); the residuals of units with a sensor fault (green dash-dotted lines);
selected thresholds (red dotted lines).

actuator for the reagent ‘collector’ fed into the 5-th vessel. The actuator fault is modeled

0, . .
'S The trajectories of

as a constant bias uZ(t) = 0.31 x s(t — t;) where s(t —t;) = {
Lt>1ty

the residual signals of Residual 1 for the five vessels are given in Figure 4.7. We see that
all the residual signals for the first four vessels remain below the corresponding thresholds,
while the residual signal for the last vessel breaches the corresponding threshold at around
11 min. Based on Theorem 6 and Theorem 9, the above observations result in the detection
and isolation of a fault in the 5-th vessel.

Further, we consider that there is an additive sensor fault taking place in the sensor of
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Figure 4.9: The residual signals of Residual 2 for the subsystems in a fault-free condition
(blue dashed lines); the residuals of units with a sensor fault (green dash-dotted lines);
selected thresholds (red dotted lines).

cits- A non-abrupt fault in the sensor for the measurement of ¢y, from time ¢t; = 9.8min
described by #4(t) = 40 x (1 —e ")) x s(t — t;)kg/m?® is added. The residual signals
from both Residual 1 and Residual 2 are checked. The trajectories of the residual signals
for the five subsystems given by Residual 1 and Residual 2 are shown in Figure 4.8 and
Figure 4.9, respectively. The residual signals from both Residual 1 and Residual 2 for the
first two vessels remain below the corresponding thresholds, while the residual signals for the
rest three vessels all breach their corresponding thresholds after the occurrence of the fault.

By examining the residual signals and taking advantage of Theorem 6 as well as Theorem 9,
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Figure 4.10: The residual signals for the third and fourth subsystems from Residual 1 with a
sensor fault (black-solid lines); the residual signals for the third and fourth subsystems from
Residual 2 with a sensor fault (blue-dashed lines); selected thresholds (red dotted lines).

a fault is detected by both Residual 1 and Residual 2. Moreover, the results show that by
using two copies of subsystem predictors, the fault can be detected and isolated earlier. In
particular, if we use only one set of subsystem predictors and only Residual 1 is available, the
fault is detected at the time instant around 10.5 min, which is in the next prediction horizon
of the horizon in which the fault occurred as seen from Figure 4.8. Based on Residual 2 in
Figure 4.9, the occurred fault is detected earlier at the time instant around 10.1 min, and is
identified as a fault in the third vessel.

Another set of simulations is carried out to show that the design with two copies of
predictors can handle certain faults that cannot be detected when only one residual sequence
is available. Suppose that a sensor fault occurs in the sensor of ¢, at t; = 9.8min, which
is modeled as ¥ (t) = 6.6e~ (") x s(t — t;)kg/m3. The residual signals generated by both
Residual 1 and Residual 2 are given in Figure 4.10. For brevity, only the residual signals for

subsystem 3 and subsystem 4 are given. From Figure 4.10, it can be seen that this sensor

117



fault is not detected by Residual 1. This is mainly because the occurrence of this sensor
fault is very close to the end of a prediction horizon (time instant 10min). On the other
hand, the residual signal from Residual 2 for the third vessel breaches the threshold and is
captured by Residual 2. This indicates that a fault has occurred in the third vessel based

on Theorem 6 and Theorem 9.

Remark 24. The purpose of using the normalized residual signals in (5.20) instead of the
original residual signals is to mitigate the effects caused by the large difference in the magni-
tudes of the estimation errors of different states. Note that the use of the normalized residual

signals wn F'DI does not violate the analysis on the proposed FDI mechanism.

4.5 Summary

A systematic approach on distributed output-feedback FDI was proposed for nonlinear cas-
cade processes. By assuming the existence of decentralized observers for the subsystems, a
distributed state estimation was designed. In the absence of faults, the convergence to zero of
the estimation error of the distributed estimation system was proved. A state predictor was
designed for each subsystem to calculate subsystem state predictions. A residual generator
was developed for each subsystem to generate residual signals for FDI. A distributed FDI
mechanism applicable to both actuator faults and sensor faults was developed by evaluating
the subsystem residual signals. Potential faults that can be detected and isolated by the
developed mechanism were characterized. The proposed approach was shown to be effective

via the application to a froth flotation process example.
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Chapter 5

Subsystem decomposition and
configuration for distributed state

estimation

Distributed state estimation plays a very important role in process control. Improper subsys-
tem decomposition for distributed state estimation may increase the computational burdens,
degrade the estimation performance or even deteriorate the observability of the entire sys-
tem. In this chapter, we investigate the subsystem decomposition problem for distributed
state estimation of nonlinear systems. In Section 5.2, a systematic procedure for subsystem
decomposition for distributed state estimation is proposed. Key steps in the procedure in-
clude observability test of the entire system, observable states identification for each output
measurement, relative degree analysis and sensitivity analysis between measured outputs and
states. Considerations with respect to time-scale multiplicity and direct graph are discussed.
A few examples are used to illustrate the applicability of the methods used in different steps.
Finally, in Section 5.3, the effectiveness of the entire distributed state estimation configura-
tion procedure is also demonstrated via an application to a chemical process example used

in coal handling and preparation plants. This chapter is a revised version of [72, 61].
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5.1 System description

In this chapter, we consider a class of nonlinear systems described as the following state-space

form:

2(t) =f(x(t)) (5.1a)

y(t) =h(x(t)) (5.1b)

where x(t) € R™ denotes the n-dimensional state vector of nonlinear system, y(t) denotes

the m-dimensional vector of measured outputs. It is assumed that system state vector z

evolves within an operating region X, i.e., z € X. We introduce z;(t), i = 1,...,n and y;(1),
j=1,...,m to denote the ith element of state vector x and jth element of output vector y,
respectively.

The objective of this work is to develop a systematic procedure that can be used to
decompose system (1) into a few subsystems for the purpose of distributed state estimation.
We assume that we know the number of subsystems, p, that the system will be divided
into and the number of subsystems is no greater than the number of measured outputs (i.e.,

p<m).

5.2 Proposed decomposition procedure

In this section, the proposed subsystem decomposition and configuration procedure for dis-
tributed state estimation is described. A flow diagram of the proposed procedure is shown

in Figure 5.1.

5.2.1 Observability consideration

To design a state estimation system, a prerequisite is that the entire system is observable in

the operating region. The first step in the proposed procedure is to check if system (5.1) is
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Figure 5.1: The flow diagram of the proposed decomposition procedure
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observable in X. To check the observability of system (5.1), we can check if the observability

matrix of the nonlinear system (5.1) is full rank. The observability matrix is defined as

follows [30]: ] _
h(x)
Lih(x
Q)= | :( ) (5.
I L?_lh(x) |

where the symbol L¢h denotes the Lie derivative of function h with respect to function
f, defined as Lsh(z) = % f(z), and L%h denotes the rth order Lie derivative, denoted
as Lih(r) = LfL}_lh(x). If the matrix Q(z) is full rank for all x € X, then system
(5.1) is locally observable in X. Otherwise, the system is not observable. Further steps in

the proposed procedure cannot be performed. It is necessary to reconstruct the vector of

measured outputs to ensure that system (5.1) is observable.

Remark 25. Note that it may be computationally expensive to calculate the observability
matriz and to check its rank in the entire region X . One approach is to linearize the nonlinear
system along typical operating trajectories of the system and check the observability of the

linearized systems obtained at different points along the trajectories.

5.2.2 Identifiable states of each output

If the entire system is observable based on the set of measured outputs, the next step is
to determine the identifiable states corresponding to each measured output. That is to
determine the states can be estimated based on each measured output which can be done
via Kalman canonical decomposition for system (5.1). However, we note that it may be
computationally demanding to implement Kalman observable canonical decomposition based
on the nonlinear systems. A practical approach is to perform Kalman decomposition of the

linearized model at points along typical operating trajectories in region X.
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Suppose that the linearized model obtained at a point z, is as follows:

T =A%
(5.3)
g] :Cji‘mj = ]-7 , M
where A = %E:) and C; = ahgf) . The local observability matrix @; with respect
to output variable y; is constructed as follows:
Cj
C;A
O; = (5.4)
CjAn—l

If rank(O;) = n, then all the variables of the state vector x are observable around the
point x5 based on measurements of y;. If rank(O;) = n; < n, then, we need to determine
which states can be estimated based on y;. Specifically, we first randomly select n; linearly
independent rows from O; to form the first n; rows of a square matrix P;, then we construct
the rest n — n; rows such that P; is nonsingular. Once P; is constructed, we perform a
projection transformation as z; = FP;& and obtain the observability canonical form of the

linearized model:

5(t) =P, AP} 2(1) (5.50)

y; =C; P! z(t) (5.5b)

J

We denote A; = PjAPj_1 and C; = Cij_l, then the matrices are with the following forms:

, Ao |
A= |, G=[C 0] (5.6)
A o
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which indicates that the decomposed subsystem (/_1;?, C_’j‘-’ ) is observable whereas the subsystem
([1?, 0) is unobservable. This result implies that the first n; state variables of z; are observable
given y; while the rest n — n; state variables of z; associated with (14_1?, 0) are unobservable.

For any 7 = 1,---,n, if Z; is a linear combination of the first n; elements of z;, then Z;
is observable. In other words, if the last n — n; elements of ith row of matrix Pj’l, Vi € n,
are zero, then z; is observable. This implies x; is locally observable at point x,. Note that
the above procedure should be performed for different points along the typical trajectories

to ensure the reliability of the above conclusion.

Remark 26. We note that linearization of the nonlinear system is required to be carried
out along typical trajectories for this method. A linearized system model represents the dy-
namics of the original nonlinear system in a neighborhood of the reference point at which it
1s linearized. The size of the neighborhood depends on the nature of the original system. If
an unexpected behavior is encountered such that the system operates at a region that is not
characterized by the selected typical trajectories, it is possible that the observability analysis
results may not hold any more. One practical recommendation is to consider different typi-
cal trajectories that cover the primary dynamics of the system to avoid the occurrence of the
above situation. The recommendation is also applicable for the sensitivity analysis introduced

later in Section 5.2.5.

Remark 27. The above method provides a natural way to identify the observable states for
each output measurement. This method can be easily extended to determine the identifiable
states for a given output vector containing more than one output variable. This will be used

in Section 3.6, where we update the identifiable states for each local estimator we construct.

5.2.3 Subsystem decomposition candidates

Once the identifiable states of an output are determined, the candidates of subsystem decom-

position are formed by grouping the m outputs (and their identifiable states) into p groups
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(i.e., subsystems). Obviously, there should be no empty groups. It can be calculated that

1 NP
there are - > 0

(=

picy

combinations of output grouping.

Example 1. Consider the following model of a four-water-tank system [114]:

503 V 29 Sol V 29 TLkL L

H, =
1= Sl Sl
H :So4v2gH _502V29H2+TRkRU
2 S S, R
. —S,3v2gH. 1—rp)k
Hy =2 9Hs | ( SR) L2 (5.7)
3 3
. —Souv/29H 1-— k
i, = 545\/ g 4+( SZL) LUL
4

T
y:|iH1 H2:|

where Hy, | = 1,2,3,4, denotes the water level in each tank, Sy and S;, | = 1,2,3,4, are

sectional area constants, vy, and vy are constant system inlets.

Suppose that we would like to decompose the system into two subsystems (i.e., p = 2).

First, we verify that based on y, the entire system is observable. Then, we determine the

identifiable states of each output. Following the approach discussed in Section 5.2.2, it is

found that based on y; (i.e., Hy), states Hy and Hs can be estimated while based on ys (i.e.,

H,), states Hy and Hy can be estimated. The only feasible decomposition is as follows:

Subsystem 1

SOS V 29

Sol\/ 29H TL/fLU

H, =
1= 51 S, L
H3 :—503\/ 2gH3 4 (1 — TR)]{?R/UR (58)
S3 S
y1 =H,
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Subsystem 2

:So4v29H —502v29H2+7“Rk’RU

H
2 S5 g, VR
. — 2gH. 1-—
i, = Soav/'2g 4+( TL)kLUL (5.9)
Sy Sy
Yo =Hy

5.2.4 Relative degree analysis

Each state should be associated with at least one subsystem (i.e., each state should be
estimated by at least one subsystem estimator). If the subsystems in a solution candidate
generated in Section 5.2.3 do not have overlaps in terms of observable states, then the subsys-
tem decomposition forms a solution candidate that can be further checked by entire system
observability and other guidelines that will be discussed in Section 3.6. If the subsystems
have overlaps on states and overlapping decomposition is acceptable, the candidate can also
be checked against the guidelines discussed in Section 3.6. However, if the subsystems have
overlaps on states and this is not desirable, further analysis should be performed.

To address state overlapping in subsystems, we propose an effective index based on
relative degree to determine the closeness between a system state variable z;, ¢t = 1,...,n,
and an output variable y;, j =1,...,m.

We first define a matrix F' as:

Of(x)
F==—==|F F .. F (5.10)
where Fy, Fo,---, F, are n-dimensional column vectors of the matrix F'.

Similar to relative degree in output feedback control design [135], we define the relative
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Figure 5.2: Schematic of the reactor-separator chemical process

degree D;; between a state/output pair (z;,y;) as follows:

(

Dy =0, if 2% ¢

Ty

Dy =1, if 249 =0 and Lzhy(z) #0 (5.11)
\ Dy =dyj, if ag{piz) =0 and LfiLIJ‘i_lhj(x) =0 and L]-‘iL?ijilhj(x) #0
where k =1,2,...,d;; — 1. The relative degree is D;; = oo if one fails to find a finite integer
d;j.

With the increase of the relative degree, the closeness of a state/output pair reduces
correspondingly. Based on this developed criterion, we can determine the closeness between
any state variable x; and output variable y; that we are concerned with and address the
overlapping problem we may encounter. To be specific, if y; and y; are used in different
local estimators and both can be used to estimate state variable z;, then we can exploit the
proposed concept to calculate D;; and Dy. If D;; < Dy, then it is better to use the local

estimator directly associated with output y; to estimate the state x;.

Example 2. We consider a reactor-separator process that consists of two continuous stirred

tank reactors (CSTR) and one flash tank separator. The schematic is presented in Figure 5.2
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and the system model is as follows [15]:

% :F7110<IA10 Tay) + %(Jf’Ar —Ta1) — k16%11xA1

% :Fvllo@mo — ) + %(xBT — Tp1) + kle%xm — k2€%?12IBl

% :FVT(TIO -+ %(% —h) Cle kle’%ml + _i}b er%xBl + P%/l
dfgf :%($A1 —a,) + %(%&20 —Tp,) — kle%xA2

dfl? :%(9031 —p,) + %O(xmo —p,) + kle%xAQ — kQG%ZEBQ

% Z%(Tl —T) + %(T20 —Ty) + pgjé . —ﬁle bR, 1 _i}b b T
dflfg :%(“2 —za,) (FT‘ZFp) (40— 20.)

dﬂcilfg :%(9@2 TB,) — (F%?)Fp)(x& —2p,)

% :%( » —T3) + pfi?{/g + <F;ijjp) (2 ar AHyapr + 73, AH papy + 20 A Hyaps)

(5.12)
It is assumed that the amount of reaction occurring in the separator is negligible. The al-
gebraic equations modeling the composition of the overhead stream relative to the composition
of the liquid holdup in the flash tank are presented as follows:
CIAJZ;42

Tar = — > . (5.13a)
QAT gy + QBT + QcT gy

QBT B3
QAT g5 + QBTgy + QcT gy
C
Tor = 20T (5.13¢)
T A B C :
QAT gy T QBT + Qe g

In this process, the state vector is denoted as v = [xa, xp, T1 xa, g, To Ta, Tp, Tg]T
where x4, vp, © = 1, 2, 3, represent the concentration of materials A and B, respectively,

T; denotes the temperature in tank i, 1 = 1, 2, 3. The definition of the variables can be found

in [15]. We assume thaty = [Ty Ty Tj]" is the measured output vector and the objective is
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Table 5.1: Observable states with each given output measurement for the reactor-separator
process

Output Observable states
(4 ra, g Ti wa, wp; T3
Y2 ra, Tp, 11 x4, wp, T3
Y3 T, T, 1y xay By 13

Table 5.2: Relative degree between each state and each output measurement

Ta, Tp, 11 wa, B, To wa, xp, Tj
y1 1 1 0 n/a n/a n/a 2 2 1
Y2 2 2 1 1 1 0 n/a n/a n/a
ys n/a n/a n/a 2 2 1 1 1 0

to design three (i.e., p = 3) subsystems for distributed state estimation.

Firstly, we verify that the entire system is locally observable within a neighborhood around
the equilibrium point x = x,. Secondly, we aim at identifying the observable states for each
specific output measurement y;, 1 = 1, 2, 3. The results are presented in Table 5.1. From
the results we can know that with known reactant temperature Ty in the first CSTR, we are
able to estimate all the state variables in the first tank and the separator. Likewise, if we
know temperature Ty in the second CSTR, then we can estimate all system states in the two
CSTRs. Moreover, state variables in the second CSTR and the separator can be estimated
given temperature T3.

One decomposition candidate can be formed with state overlaps according to the three
outputs and their identifiable states. Specifically, subsystems are configured as Subsystem 1:
{y1, a,, B, T1, Ta,, Ty, T3}; Subsystem 2: {y2, xa,, Tp,, To, Ta,, Tp,, T1}; Subsys-
tem 3: {ys, Tas, Ty, T3, Ta,, Tp,, To}.

If overlapping is not desirable, it can be addressed by the proposed relative degree analysis.
Following (5.11), we calculate the relative degree D;; between the output measurement y;,
7 =1, 2, 3 and overlapped states. The results are given in Table 5.2.

For each state, we choose the output with a smaller relative degree to estimate the state.
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Based on the results in Table 5.2, we use subsystem i (containing output y;), 1 = 1, 2, 3
to estimate states xa,, xp, and T;, i = 1, 2, 3, that is, Subsystem 1: {1, xa,, xp,, T1};

Subsystem 2: {ya, Ta,, Tp,, To}; Subsystem 3: {ys, xa,, Tps, T3}

Remark 28. In many existing distributed state estimation results (e.g., [15]), a system is de-
composed into subsystems based on operating units which is a natural and intuitive approach.
The results of Fxample 2 shows that the relative degree based subsystem decomposition can
be consistent with (and provide theoretical support for) the decomposition method according

to operating units.

5.2.5 Sensitivity analysis

It is possible that a state that can be estimated by different subsystems that have the same
relative degree with respect to the outputs in the two subsystems. In this case, it is not
sufficient to avoid state overlapping by only performing relative degree analysis. To address
this issue and inspired by [137], sensitivity analysis should be carried out.

Performing Taylor expansion on the jth output variable y;(¢), it is derived that

y; (1) = ; ( _k,t) d gt(,fS) (5.14)

From (5.1), the kth derivative of y with respect to t is denoted as

dkyj (tS)
dtk

= Lih(x(t,)) (5.15)
Substituting (5.15) into (5.14), we have

w) =3 C I a0, (5.16)
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Ignoring higher orders of (5.16) with k& > D;;, it is re-written as:

A (t— 1)
y;(t) ~ TSLl}hj(l’(ts)) (5.17)
k=0 ’
Then we define R,;; as follows:
dy;
= 1
Ry, ‘ - (5.18)

We noted that this method is designed for the case that the relative degree satisfies D;; > 0.
From (5.18), we have

) 24, (
|9 _‘ k—1
Rij ‘axi 8% + L]—'L hj(x(ts))
k=1 (5.19)
(t — ts) K D;j—1
:‘TLELf hj(x(ts))’
ij-

da¥
Since (t_;f!) ~ is a constant coefficient for a fixed relative degree, the sensitivity index between

state variable z; and output variable y; is defined as follows:

-1

Rij = |Lr LT 'hy(a(ty) (5.20)

where df = D;; = Dy. With (5.20), we calculate the sensitivity indices R;; and R; for
state/output pairs (z;,y;) and (x;,y;), respectively. If R;; > R, then it indicates that z;
is more sensitive to y; compared to y;. As a result, we should use y; to estimate the state
x;, and vice versa. It is recommended to calculate the sensitivity indices at different points

along typical trajectories to get a more complete picture of the sensitivity.

Remark 29. [t is recommended to conduct relative degree analysis first since it requires less
knowledge on the system model compared to sensitivity analysis, which makes the calculation
much easier and more efficient. Sensitivity analysis needs to be carried out only when relative

degrees for different state/output pairs are equal. We note that sensitivity analysis actually
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serves as a supplementary tool of relative degree analysis and they do not conflict with each

other on analysis results.

5.2.6 Update of identifiable states

Potential solutions to subsystem decomposition are generated via above analysis. Before
forming the final solutions, we verify the observability of the entire system again by iden-
tifying observable states of each subsystem for each candidate. In this step, the observable
states of the outputs within a subsystem should be determined based on the entire set of
the outputs. This can be done following similar approach as described in Section 5.2.2. In
Section 5.2.2, the observable states are identified based on each individual output. A combi-
nation of a few outputs may be able to estimate states that can not be estimated by either of
the individual outputs. The subsystem should be updated with all the states it can estimate.

The necessity of this step is illustrated via the following example.

Example 3. Consider a distillation tower consisting of a number of trays. For analytical

convenience, we consider the distillation tower has three trays, and the system model is given

as follows [117]:

.
Tig =71 [V (Wijs1 — yig) + R(wij1 — 245))
7 (5.21)
. Vv R
Hp :E(HV,]‘+1 — Hy;) + E(HL,jfl — Hp ;)

where x; ; represents the species composition of product i, i = A, B, C, in tray j, j =
1, 2, 3, of the distillation tower; Hp ; is the enthalpy of liquid mixture in corresponding
tray j, j =1, 2, 3; M;, j =1, 2, 3, is the liquid hold-up in tray j; V and R denote the
effluent flow rates to the distillation tower; y; = oziaci/( ,?’B’C ozk:vk> with o;, 1 = A, B, C,
being a weight coefficient for vapor phase molar composition. We note that x;o and Hrp
denote the species compositions and enthalpy from the condenser, and are assumed to be
known wn this example. The enthalpy Hp;, j = 1, 2, 3, in each tray is assumed to be

available as output measurements. Following the method proposed in Section 5.2.2, it is
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calculated that based on each individual output measurement Hp ;, j = 1, 2, 3, all states
with respect to species composition are unobservable. However, based on combined output
vector y = [Hpy Hpo Hps)', system states z;j, i = A, B, C, j = 1, 2, (i.e. species
compositions in the 1st and 2nd trays) become observable. This example demonstrates that
a combination of different outputs may be used to estimate additional states that cannot be

estimated using each individual output.

Remark 30. In terms of Example 3, one may intuitively decompose the distillation tower
system into three subsystems based on the topology (i.e., the three physical trays) without car-
rying out the proposed procedure. However, as illustrated in Fxample 3, such decomposition
structure will render the system unobservable. This phenomenon implies that intuitive de-
composition approaches are not always reliable, it also illustrates the usefulness and necessity

of the proposed subsystem decomposition procedure.

5.2.7 Reduction of feasible solutions

After the above step in Section 5.2.6, we need to check again each candidate to see if the
union of the states in its subsystems is the entire system state vector. Specifically, we obtain
the set of observable system states X, j = 1,---,p for each local estimator, and denote
X=XUX,...UX,. Ifz;, € X holds for all ¢, ¢ = 1,...,n, then the designed candidate is
feasible. If the union X does not contain all the states in the entire system state vector, the
candidate should be removed.

All the remaining candidates are feasible solutions for subsystem decomposition. Further
guidelines can be taken into account to reduce the number of feasible solutions. For instance,
a candidate with subsystems of similar number of states is more favorable compared with a
candidate has unbalanced states in subsystems from a computational and communicational
point of view. Also, subsystem decomposition aligns with the system’s physical topology is
more favorable than other decompositions.

By performing the above steps, final solutions to subsystem decomposition for distributed
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state estimation are obtained. If there is no feasible solution, we should reduce the number
of decomposed subsystems (i.e., p) and then carry out the above steps again until a feasible

solution is found.

5.2.8 Further considerations

5.2.8.1 Time-scale multiplicity

Time-scale multiplicity is a common feature of many chemical processes including catalytic
crackers, distillation columns, biochemical reactors, etc. For chemical processes, time-scale
multiplicity arises typically due to the strong coupling of physicochemical phenomena. When
time-scale multiplicity presents, direct application of state estimation methods on the origi-
nal system may lead to ill-conditioning or even deteriorate the stability of the entire system.
Therefore, time-scale multiplicity should be also taken into account in subsystem decompo-
sition. One example of distributed state estimation based on time-scale separation is [42], in
which a distributed MHE scheme is designed for a class of systems that can be described in
the standard singularly perturbed framework. However, we note that there are many open
problems in subsystem decomposition with respect to time-scale separation including how to

handle systems that can not be described in the standard singularly perturbed framework.

5.2.8.2 Direct graph

Although relative degree analysis is effective in terms of determining the closeness between a
given system state and an output measurement, the relative degrees for specific state/output
pairs in large-scale processes may be relatively large, and the computation becomes increas-
ingly complex because the calculation for high order Lie derivatives is challenging. More-
over, exact system parameters may not be available and relative degree cannot be calculated.
Graph theory based methods like the direct graph method used in [118] can be adopted to

overcome the above difficulties in the calculation of the relative degrees.
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Denoting f(x) = [fi(x) fo(z) ... fu(z)]T, The construction of a direct graph for a typical

nonlinear system model (5.1) is conducted using the following rules:

1. If Ofp(x)/0x; # 0, k,i =1, 2, ..., n, then there is an edge from x; to w.
2. If Ohj(z)/0x; #0,5=1,2, ..., m,i=1, 2, ..., n, then there is an edge from z; to
Yj-

The edges that connect the state and output variables are unidirectional. We define the total
number of edges involved in a path as the length of the path based on graph theory [119].
Between x;, 1 =1, 2, ..., nand y;, j = 1, 2, ..., m, there may be more than one path,
and the length of the shortest path that connects x; and y; is denoted as L;;. It is found
that there is a fixed relationship between £;; and the relative distance D;; for most systems,
i.e., L;j —1 = D;;. This proposition is inspired by similar results with respect to controller

configuration presented in [137, 118] and holds for most theoretical and practical systems.

Remark 31. In this work, we assume that we know the number of subsystems that we would
like to have. An important future research topic is to design a measure that can be used to
optimally determine the number of subsystems, which is a challenging and practical issue.
Basically, the number of subsystems should be no larger than the number of measured outputs.
The measure should take into account the costs associated with communication, computation,
estimation performance as well as process topology. In addition, if state estimates obtained
by distributed state estimation systems are used for distributed output feedback control, the
number of subsystems should be determined by taking both estimation and control into ac-

count.

5.3 Application to a chemical process example

In this section, the developed distributed state estimation configuration methodology for

nonlinear systems is applied to froth flotation units in Coal Handling and Preparation Plants

(CHPPs).
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Figure 5.3: Schematic of the froth flotation units

The floatation units consist of five continuous stirred tank reactors (CSTR) with slurry
as the input and froth and tailings as the outputs. The schematic of the process is shown in
Figure 5.3.

The dynamics of the process can be characterized by the dynamics of the Solid (both
coal and no-coal solids), Liquid (mainly water) and Ash (non-coal solids). It is note that the
Ash is an individual component while it also constitutes a part of the Solid. Mass balances
are completed for the 5 tanks for a total of 15 states. The equations describing the dynamics

of stage (tank) ¢, where : € I = {1,---,5} are as follows [84]:

dest, Vg, Vur,
d—tt = V; (CSL'Lfl) - sz (CSLi) — T (5'228‘>
dC[ i Vuf17 Vu i 52

dtt = Til(clti_l) - Vj (cit;) — v (5.22b)
dCat, _ Vufifl Vuf, Az
oV (Cati 1) — v, (cat;) — v (5.22¢)

where ¢y, denotes the Solid concentration in tank i (kg/m?), ¢, denotes the Liquid con-
centration (kg/m?), cu, denotes the Ash concentration (kg/m?), V. is the volumetric flow
rate of the underflow from tank i (m?/min) and V; is the slurry volume in tank i (m?). r; is

the rate of Solid removal from tank 7 as defined below, (3; is the mass flow rate of Liquid to

136



overflow from tank i (kg/min) and A; is the mass flow rate of Ash to overflow from tank i
(kg/min). csqy, Citg,Cato and v, f, denote the Solid concentration, Liquid concentration, Ash
concentration and volumetric flow rate of the feed flow. On the right hand side of the above
model, the first term of each equation represents the amount entering from the previous
stage, the second term represents the amount leaving in the underflow and the third term
represents the amount leaving in the overflow.

The rate of Solid removal r; is given by [84]:

ry = frk(csti - Coo) (523)

where k is the rate constant [/min, c,, is the equilibrium Solid concentration (kg/m?) and
fr is the correction factor for industrial scale reactions.

The following equations are also defined for stage i, ¢ € I:

Vufi—l = 'Ufi + Vofi (524)
: g riVi
Vog, = — + 5.25
4 Pl Pe ( )
. 7‘ . iil .
A; = x4, (Z Msofj> — ZAj (5.26)
j=1 Jj=1
SO, “/vO 1
R, = CsofiYofi ) (100 — Ry_1) + Ris (5.27)
CSOfi‘/Ofi -+ Cstivufi

va = f(R) (5.28)

where p,. is the density of coal (kg/m?), p; denotes the density of Liquid (kg/m?), R; is
the cumulative Solid recovery at stage ¢, x4, is the cumulative mass fraction of Ash in the
overflow Solid at stage 4, My, is the mass flow rate of Solid in the overflow (kg/min), Vyy,
is the volumetric flow rate of the overflow and c,.s, denotes the concentration of Solid in

the overflow (kg/m?). g(R;) is an empirical function of R; for a given frother and collector
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loading from [84].
We assume that the Liquid concentration ¢y, and Ash concentration c,, are the two
measured outputs (which are the smallest set of measurements that ensures the observability

of the entire system). The output vector of the process can be represented as

y=Cx (5.29)

where

00000000O00O0O0OGOT10
C— (5.30)
00000000O0O0O0O0OO0 1

We assume that the objective is to decompose the nonlinear process into two subsystems (i.e.
p = 2) for distributed state estimation. Since there are two measured outputs, one output
will be associated with one subsystem. Following the proposed procedure, we first determine
the observability of the entire process. Since the observability matrix (7.3) is challenging
to be calculated due to the high order of this system, we determine the observability by
linearizing the model around the operating trajectories starting from a few different initial
conditions in the operating range of this process that is determined following [84]. We verify
that the entire system is locally observable.

Second, we identify the observable states of each measured output, i.e., 3 = ¢, and
Yo = Cat;- 1t can be found that given y; = ¢y, states cy,, cir,, © € I, can be estimated; given
output ¥ = cu, states cg,, car;, @ € I, can be estimated. Therefore, ¢, @ € I, should be
estimated by the subsystem corresponding to y; and ¢y, ¢ € I, should be estimated by the
subsystem corresponding to y». Note that cg,, @ € I, can be estimated based either on y; or
y2. One feasible solution is to have two subsystems with state overlaps. Specifically, the set
of states contained in subsystem 1 is {cg,, cii,,7 € I} and the output is y; the set of states
contained in subsystem 2 is {cg;,, cat;, 7 € [} and the output is ys.

If we would like to avoid state overlapping in the two subsystems, then we should select

an appropriate local subsystem to estimate cg,, ¢+ € I. To achieve this goal, we compare
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Table 5.3: Relative degree between Solid concentration of each tank and each output mea-
surement

Cst1 Cstg Cstg Cst4 Cst5
i=1 5 4 3 2 1
=2 5 4 3 2 1

Figure 5.4: Direct graph for the froth flotation units

the closeness between each state cg,, @ € I, and y;, j = {1, 2}, which can be evaluated by
comparing relative degrees of different state/ouput pairs. Direct graph is used to estimate
the relative degrees and the graph is presented as in Figure 5.4. Based on Figure 5.4 and
the property D;; = L;; — 1, the relative degrees are calculated and given in Table 5.3. We
see that for any 7, 2 € I, the relative degrees D;; and D, are equal. Therefore, the optimal
subsystem to estimate cg;,, ¢ € I, cannot be determined by comparing the relative degrees.

To further compare the closeness of state/output pairs, it is desirable to perform sensitiv-
ity analysis, with which we can further determine the closeness of any state/output pair by
calculating the sensitivity indices R;; and Ry for state/output pairs (c.,, 1) and (cs,, y2),
i € I, following (5.20).

We use the steady states of the system to calculate the sensitivity indices of differ-
ent state/ouput pairs. Specifically, The steady state vector used for calculation is x(ts) =
[70.1230; 945.5981; 24.3929; 49.5183; 961.4517; 21.9073; 36.7930; 971.2429; 20.9207; 29.1359;
977.1344; 20.6919; 24.6183; 980.6103; 18.9031]T. The obtained results are listed in Table 5.4.
The table shows that for any 4, i € I, R;4 > Ri2, which means state Cst;, © € I, is more

sensitive to the change in y; compared to y,. Therefore, it is favourable to estimate state
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Table 5.4: Sensitivity index between solid concentration of each tank and each output mea-
surement

7?'53' 7?'43' 723j 7€2j 721j
g =1 0.5577 1.0390 1.5019 1.9817 2.5435
g =2 0.2856 0.1717 0.4057 0.2490 0.4447

cst;, 1 € I, based on y;.
The subsystems without state overlap are configured as follows: the set of states contained
in subsystem 1 is {cg,, cir,, 7 € I} and the output is y;; the set of states contained in subsystem

2 is {cat,,t € I} and the output is ys.

5.4 Summary

In this chapter, a subsystem decomposition procedure for distributed state estimation of
nonlinear processes was proposed. In this procedure, techniques including observability test
of the entire system, identification of observable states given each measured output, relative
degree analysis and sensitivity analysis between output measurements and system states
were adopted. Discussions on some considerations for special cases were carried out. Several

examples were used to demonstrate the applicability of the proposed techniques/procedure.
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Chapter 6

Subsystem decomposition and
distributed moving horizon estimation

of wastewater treatment plants

In this chapter, we propose a subsystem decomposition approach and a distributed moving
horizon estimation (MHE) method for wastewater treatment plants. While the proposed
approach is general, Benchmark Simulation Model No.1 for wastewater treatment plant is
considered. The plant is decomposed into smaller subsystems based on the approach pro-
posed in Chapter 5. Three subsystems are formed considering subsystem interaction and
nonlinearity of the subsystems as shown in Section 6.2. In Section 6.3, an iterative distributed
MHE scheme is proposed for the wastewater treatment plant. Innovation triggered evalu-
ation of the local MHEs is used to reduce the computational complexity of the estimation
scheme. In Section 6.4, extensive simulations are performed to illustrate the effectiveness and
applicability of the proposed subsystem decomposition and distributed estimation methods.

This chapter is a revised version of [131].
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Figure 6.1: A schematic of the wastewater treatment plant

6.1 Preliminaries

6.1.1 Notation

The operator L;h represents the Lie derivative of function h with respect to function f,
which is calculated following Lyh(z) = 22 f(z). L%h represents the r-th order Lie derivative
of function f, denoted by L%h(x) = LfL;_lh(x). {x(ts)}fzj denotes a discrete-time sequence
of z from time instant ¢; to ¢y, i.e., (t;), x(tj+1), ..., x(tk). x(ts|ty) denotes the prediction
of z(t;) made at t. K, represents a set which comprises all non-negative integers. The
operator diag (v) represents a diagonal matrix where the elements of the vector v are on
its main diagonal. Considering two matrices (or vectors) A and B of the same dimension,
the operator A o B represents the Hadamard product calculated element by element as
(Ao B),; = Aij x Bij. When A and B are identical, the product Ao A is called the

Hadamard power of A and is denoted by A°2.

6.1.2 Model description of wastewater treatment plants

The WWTP based on Benchmark Simulation Model No.1 (BSM1) consists of a multi-
chamber biological activated sludge reactor and a secondary settler. A schematic of the
WWTP process is shown in Figure 7.3 [130]. The biological reactor comprises five inter-

connected chambers: the first two anoxic chambers accounting for the non-aerated section
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and the remaining three aerobic chambers constituting the aerated section. In the non-
aerated section, pre-denitrification reactions where nitrate is converted into nitrogen take
place; while in the aerated section, nitrification reactions where ammonium is oxidized into
nitrate take place. In this way, biological nitrogen is removed based on pre-denitrification
and nitrification in the reactor [130].

In this process, wastewater enters the first chamber of the biological reactor at concen-
tration Z; and flow rate ()g. A portion of the effluent of the last aerobic chamber of the
reactor is fed into the settler at flow rate (; and concentration Z;, while the rest portion
(which is the inner recycle) flows back to the first chamber at flow rate @),. The secondary
settler comprises 10 nonreactive layers, the 5-th of which is the feed layer. The outlets of
the settler are discharged in three ways: (a) the overflow of the settler which contains puri-
fied water with concentration Z. is removed continuously via the top layer of the settler at
flow rate Q.; (b) a portion of the underflow of the settler is recycled to the first chamber
at flow rate @), and concentration Z,; (c) the rest portion of the underflow is discharged
through the 10-th layer at flow rate @),,. In the process model, eight biological reactions
are taken into account, and 13 major compounds are considered in these reaction processes.
The concentrations of the 13 compounds in the five chambers constitute the state variables
which are used for modelling the biological reactor. The definitions of the 13 state variables
for each chamber are given in Table 6.1. The dynamic model of the secondary settler is
established based on mass balances of the sludge considering solid flux due to gravity [133].
Specifically, the model of each layer of the settler contains 8 states; that is, So, Sark, Sva,
Sno, Ss, Sr, Syp and X. X denotes the concentration of suspended solids in a layer and
is calculated as the summation of Xg, X;, Xp,, Xp,, Xp and Xyp in the corresponding
layer. The established process model is given in the Appendix II in this chapter. A more
detailed description of the WWTP can be found in [130, 131].

The effluent quality (EQ) and the overall cost index (OCI) are two commonly used criteria

in performance assessment of WWTPs. Detailed explanations of EQ and OCI can be found
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Table 6.1: Process variables of the biological reactor of the WWTP

Definition Notation Unit

inert particulate organic matter X g COD-m™3
inert soluble organic matter St g COD-m™3
slowly biodegradable and soluble substrate X g COD-m™3
readily biodegradable and soluble substrate Ss g COD-m™3
particulate generated from decay of organisms Xp g COD-m™3

particulate biodegradable organic nitrogen XND gN-m™3
biomass of active autotrophs XB, g COD -m™
biomass of active heterotrophs XBy g COD-m™3

nitrite nitrogen and nitrate Sno gN-m™

free and saline ammonia SN gN-m™

dissolved oxygen So g (-COD) -m™
alkalinity SALK mol - m™3
biodegradable and soluble organic nitrogen SnD gN-m™

in [130, 149]. In implementation, it is very challenging to obtain the values of the two indices
online due to the difficulty in obtaining real-time measurements of certain state that directly
affect EQ and OCI. Alternatively, the two indices can be estimated using state estimates of

the actual process states.

6.1.3 Measurement selection for state estimation

For WWTP described by the BSM No.1 model, we consider that there are 56 output vari-
ables that are measured online and can be used for state estimation. Specifically, in each
chamber of the biological reactor, the concentrations of dissolved oxygen, free and saline am-
monia (i.e., NHz and NH} ), nitrate and nitrate nitrogen, alkalinity, chemical oxygen demand
(COD), filtered chemical oxygen demand (CODy), biological oxygen demand (BOD) and the
concentration of suspended solids can be measured online [123, 130]. In the settler, the states

of the top layer and the bottom layer are measured. The measured output variables in each
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Table 6.2: Measured output variables in the i-th chamber (i = 1,...,5) of the biological
reactor

Measured output variable Expression in the form of process states | Symbol

concentration of dissolved oxygen So Yer
concentration of nitrate
L . Sno Yeio
and nitrite nitrogen

concentration of NHz and NH; Sy Yer s
concentration of alkalinity SALK Yeis
COD Ss+S[+X5+X1+XBA+XBH Yes s

concentration of suspended solids | Xg+ X;+ Xp, + X, + Xp + Xnp Yeis
CODf Ss+ St Yei 7
BOD SS + Xg Yei s

chamber of the biological reactor are described in Table 7.5, where ., , is used to denote the
[-th measurement of chamber 7, i =1,...,5, 1 =1,...,8. The measured output variables in
the top/bottom layer of the reactor are shown in Table 7.6. In this table, s,,, p=1,...,8,
denote the eight state variables So, Sarx, Sva, Svo, Ss, Sr, Svp and X in the g-th layer
(¢ = 1,...,10) of the settler, respectively. Accordingly, ys,, denotes the measurement of

state s,, (p =1,...,8) in the top layer (when ¢ = 1) or the bottom layer (when ¢ = 10).

6.1.4 Compact form of the WWTP model

Taking into account process and measurement noise, the WWTP model can be described by

a compact nonlinear state-space model as follows:

i(t) = £ (a(t),u(t) + w(t) (6.1a)

y(t) = h(z(t) + o(t) (6.1b)
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Table 6.3: Measured output variables in the top layer (¢ = 1) and bottom layer (¢ = 10) of

the settler

Measured output variables Expression in the form of process states | Symbol
concentration of dissolved oxygen So Ysi g
concentration of alkalinity SALK Yso.q
concentration of NHz and NH; SN Yss.q
concentration of nitrate
.. . SN o y34,q
and nitrite nitrogen
concentration of readily biodegradable g y
S
and soluble substrate e
concentration of inert soluble
. SI Yse.q
organic matter
concentration of biodegradable
. . SN D ys?vq
and soluble organic nitrogen
concentration of suspended solids Xs+Xr+Xp, + X, + Xp+ Xnp Yss.o

where x € R is the state vector containing all the state variables of the process, y € R

represents the vector consisting of all the measured output variables, u € R? denotes the

input vector consisting of both the manipulated inputs and the uncontrolled input to the

WWTP plant, w € R denotes the vector of additive disturbances to the process, and

v € R is the vector of measurement noise. Note that all the 56 measured output variables

are linearly dependent on the system states, thus the output can be expressed as h(z) = Cxz

where C' is a 56 by 145 matrix.

6.1.5 Relative degree analysis

In this section, the definition of relative degree in the state estimation context is reviewed.

The relative degree is a measure that will be used for the decomposition of the entire process

into subsystems for state estimation. Relative degree analysis was first used for manipulated
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input-controlled output pairs [135]. The relative degree (for an input-output pair) represents
the number of integrations needed for an input to affect an output [136]. A smaller relative
degree implies a more direct effect of the input on the considered output. Therefore, relative
degree is a measure of topological (physical) closeness [135, 134, 137, 94]. The relative
degree defined for state estimation is an analog of the relative degree for an input-output pair.
Specifically, let us denote the i-th element in vector x by &;, i = 1, ..., n, and denote the j-th
element in vector y by n;, j = 1,...,n,. Relative degree analysis evaluates physical closeness
between a state variable §;, @ = 1,...,n¢, and an output measurement n;, 7 =1,...,n,.

Define a square matrix F' which is calculated as follows:

of(x)
F=—S==|F F ... F (6.2)
where Fq, Fo,---, F,, are column vectors of the matrix £’ with dimension n,.

As an analog of the relative degree in control [134, 135, 137], the relative degree D;; for

a state-output pair (§;,n;), i =1,...,n,, j=1,...,n,, is defined as below [61]:

;

Dy =0, if T #0

Dy =1, ifa}gé(ix) =0 and Lrhj(z) #0 (6.3)

1

| Dy = dy, if 241D =0 and Ly, L5 'hy(z) = 0 and Ly LYy hy(z) #0

where h;(z) represents the output function associated with the j-th measurement. d,; is a
positive integer, k = 1,2, ...,d;; — 1. The relative degree becomes D;; = oo if a finite integer
d;; does not exist for (6.3).

A smaller relative degree implies a stronger structural closeness of the considered state-
measured output pair. Based on this measure, we can determine the closeness between each
state variable z; and each output variable y; that are under consideration and then group

the state and output variables which have comparatively small relative degrees.
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6.2 Process decomposition and subsystem configura-
tion

In this section, we develop an approach based on the method in [61] to decompose the
entire WW'TP process into subsystems. For each configured subsystem, a local MHE-based
estimator will be designed within a distributed framework to estimate the states of the
corresponding subsystem. In particular, we aim to decompose the original process model

(6.1) into m subsystems in the following form:

i(t) =fi (wi(t), ui(t)) + fi (Xi(1), wi(t)) + wi?) (6.4a)

yi(t) =Cizi(t) + vi(t) (6.4D)

where x; € R™: is the vector of the i-th subsystem state, u; € R™ represents the input vector
to the i-th subsystem, w; € R™: is the vector of disturbances of the i-th subsystem, y; € R"vi
is the vector of the output measurements of subsystem ¢, v; € R™ is the measurement noise
vector of the i-th subsystem, and X; € R™: represents a vector containing the subsystem
states which have direct effects on the dynamics of x;, i € {1,...,m}. Accordingly, we
introduce I;, i € {1,...,m}, to denote the set containing the indices of the subsystems, of
which the states are explicitly involved in X;. For instance, if the dynamics of subsystem i is
affected by the dynamics of subsystem 1 and subsystem 3, then we have X; = [2] xéﬂT and
I; = {1, 3}. Furthermore, if the set I; does not contain 4, then the interaction of subsystem
1 is considered as “additive interaction”. Otherwise if I; also contains ¢, we call this type
of interaction “multiplicative interaction”. These two types of interaction also apply to the

characterization of interaction between groups which will be discussed later.
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6.2.1 Observability of the WWTP

First, we need to verify the observability of the entire process. For nonlinear processes, one
way to test the observability is to check whether the full-rank condition is satisfied for the

model (6.1) by the nonlinear observability matrix Q(z) defined as follows [30]:

Lih(z
Q- L | M (65
I L;ﬁ’lh(a:) |

However, due to the high dimension of the process, higher order Lie derivatives are very
challenging to calculate and the observability matrix can be ill-conditioned. Instead, we take
advantage of the measure of linear observability gramian to check the local observability of
the process. Specifically, the entire process (6.1) is linearized along a typical state trajectory
and the observability gramian is calculated at each sampled point along this trajectory. By
examining the rank of the gramian at each point, it can be confirmed that the entire process

(6.1) is locally observable along the considered trajectory given the 56 measured outputs.

6.2.2 Process decomposition and subsystem configuration

In this section, we consider the process decomposition and subsystem configuration task
from a distributed estimation point of view. A flowchart of the procedure used to fulfill this
task is given in Figure 6.2.

First, we decompose the entire process into small groups (not the finally configured
subsystems for distributed estimation) by considering the topology of the process. This
subtask is accomplished via two key steps: (1) to divide the measurements of the entire
process into groups by considering the physical topology; (2) to perform relative degree

analysis to assign each state to a measurement group by pairing the state with appropriate

149



Measured outputs need to be
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Figure 6.2: A flowchart of the procedure for process decomposition and subsystem configu-
ration
measured output(s).

Within a distributed framework, the measurements of a subsystem need to be sent to
the corresponding estimator every sampling time. If the measurements of one subsystem are
from distant physical operating units, it will lead to additional communication costs. Based
on this consideration, we first group the 56 measurements into small groups according to their
physical location. Specifically, we divide the measurements of the reactor into five groups,
and each group contains the eight available measurements in a chamber in the reactor. In
terms of the settler, one may consider decomposing its measurements into groups according
to the ten layers. However, this is infeasible, since no measurement is available in each of
the middle layers (i.e., 2nd layer to 9th layer). Alternatively, the measurements of the settler
are grouped into eight groups according to the eight types of measurements.

Now, we are in a position to allocate the process states to the 13 measurement groups.
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Table 6.4: Relative degree analysis for the states of chamber ¢, i =1,...,5

States Smallest relative degree | Candidate measurement(s)
to all measurements to be paired with
Sri 0 Yei 50 Yeir
Ssyi 0 Yeiss Yeirrr Yeus
X1, 0 Yeisr Yeis
Xs,i 0 Yeiss Yeisr Yeus
XBy, 0 Yeisr Yeio
Xp,, 0 Yeiss Yeis
Xpi 0 Yeis
So,i 0 Yein
SNo,i 0 Yey o
SNm, 0 Yeis
SND.i 1 Yei s Yeiu
XNDp.i 0 Yeis
SALK, 0 Yeia

We explore the relative degrees between states and measured outputs following Eq.(6.3).
Every state is paired with a measured output that has the smallest relative degree from the
state and is assigned to the corresponding group of the measured output. The corresponding
results are given in Table 6.4 and Table 6.5. From the results in Table 6.4 and Table 6.5,
the state-output pairing for certain system states can have more than one options. We may
further carry out sensitivity analysis [61] to identify the most appropriate measurement for
each state to pair with. However, this is not necessary for the WWTP. Specifically, it is
seen that for each state, the candidate measurements for pairing (if there is more than one)
are from the same measurement group. This implies that we are already able to assign each
state to a measurement group based on the results in Table 6.4 and Table 6.5.
Consequently, we obtain 13 groups of state and measurement variables. Each of the

first five groups contains 13 system states and 8 measurements that are from one chamber
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Table 6.5: Relative degree analysis for the states of the settler

Smallest relative degree | Candidate measurement
States
to all measurements to be paired with
SPJ 0 ysp,l
Sp,2 1 Yspa
Sp:3 2 ysp,1
3p,4 3 ysp,1
5p,5 4 ysp,1
Sp.6 4 Ysp.10
Sp,7 3 Ysp.10
Sp,8 2 Ysp,10
Sp,9 1 Ysp,10
Sp,10 0 Yspoao

of the reactor. Each remaining group contains 10 states and 2 measured outputs which
are with respect to one material concentration in the different layers of the settler. We
use the measure of linear observability gramian to check the observability of each group
along a typical trajectory. The states involved in each group are observable based on the
measurements from the same group by treating interacting dynamics as known inputs. The
13 groups serve as the basis for the subsystem configuration for distributed state estimation.

Subsequently, we combine groups to configure subsystems. The number of subsystems
(equivalently the number of local estimators in distributed state estimation) is user-specified,
and may vary based on different requirements on computation complexity, communication
capability, maintenance cost, etc. In this design, the number of subsystems for distributed
state estimation is selected to be three. For subsystem configuration based on the formed
groups, the following aspects are considered: (I) for subsystem i in the form of (6.4a), it is
favorable to make X; be free of z;; that is, on the right-hand-side of Eq.(6.4a),i € {1,...,m},
x; only exists in f;; (II) the groups of which the states have more significant coupling are

expected to be combined; (III) it is better to combine the groups from the same physical
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unit since this may significantly reduce information exchange; (IV) the numbers of states in
the configured subsystems with nonlinear local dynamics are expected to be similar, such
that the computation complexity of the corresponding estimators will not be much different;
(V) it is favorable to isolate the linear dynamics (if there exist) from the nonlinear dynamics
in one subsystem such that linear approaches can be applied to this subsystem; (VI) it is
expected that the configured subsystems do not have overlapping states which can lead to
additional computational cost of local estimators.

We first explore how the state from different groups interact with each other. Based on
(I) and (IT), groups where the state dynamics have multiplicative interaction terms or have
obviously strong interaction (qualitatively) will be arranged in the same subsystem. We
examine the ordinary differential equations (ODEs) describing the state dynamics in each
group. It is found that there exist multiplicative interaction terms in the ODEs describing
the dynamics of suspended solids (i.e., X) in the ten layers of the settler. Specifically, these
multiplicative interaction terms contain X in the ten layers (which are in one group) and
the states of the fifth chamber (which are from another group) due to the interconnection
between the reactor and the settler via material flows. Therefore, these two groups are first
grouped together. Also, because of the inner recirculation from the fifth to the first chamber
of the reactor, the state dynamics of the first chamber (accounted for by one group) are
significantly affected by the dynamics of the fifth chamber. Therefore, the group containing
the states of the first chamber is further combined with the above two groups. The first
subsystem containing 36 states and 18 output measurements is configured.

Next, let us consider criterion (IIT) for subsystem configuration. The second to the fourth
chambers of the reactor are within the same physical structure (i.e., the biological reactor)
and are coupled in a cascade manner. Consequently, we decide to combine the three groups
accounting for these three chambers to form subsystem 2. This configured subsystem also
has nonlinear local dynamics of 39 state variables, which is similar to subsystem 1, such that

the other criteria for subsystem configuration are not violated.
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Table 6.6: The states in each configured subsystem of the process

Chamber 1, Chamber 5,
Subsystem 1

Material concentration of X in the ten layers

Subsystem 2 Chamber 2, Chamber 3, Chamber 4

Concentrations of soluble materials
Subsystem 3

St, Ss, So, Sno, Snu, Snp and Sapk in the ten layers

Now, there are seven groups remaining for subsystem configuration. Each of them incor-
porates 10 states with respect to one type of soluble material in the settler. We check the
ODEs describing the dynamics of the seven units. For each of the seven groups, its dynamics
are only affected by the dynamics of the fifth chamber (already arranged in subsystem 1)
through one state which is the corresponding concentration in the feed layer. It is found that
this interaction is additive interaction. Moreover, by treating the interacting dynamics from
the fifth chamber as external inputs, the local dynamics of each group are linear. This fact
makes it possible to configure a subsystem with only linear local dynamics. Therefore, the
seven groups with respect to the seven soluble concentrations in the ten layers of the settler
are made in one configuration as subsystem 3, which has linear local dynamics. The state

variables of the WWTP involved in each subsystem are described in Table 6.6.

Remark 32. [t is also possible to design a distributed state estimation scheme which con-
sists of 13 local estimators by directly treating each of the 13 groups as one subsystem.
However, despite substantially increased computational efficiency, the implementation and
maintenance of a distributed scheme containing 13 local estimators could be costly. There-
fore, a smaller number of subsystems is determined (which is 3 in the proposed design) such

that a balance is achieved among computation, communication, maintenance, etc.

Remark 33. Configuring a subsystem containing only linear dynamics can simplify the
design procedure and reduce the computational complexity of the corresponding subsystem

estimator. Within a distributed MHE framework, a linear MHE approach can be used to
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Figure 6.3: A diagram of the distributed MHE scheme

design a local estimator for the configured subsystem with linear local dynamics to reduce the
computational complexity. Note that to configure a subsystem of linear local dynamics, only
the local dynamics (i.e., f; (x;(t),u;(t)) in (6.4)) are required to be linear in order to design
a linear MHE local estimator. This point will be made clear by the MHE-based estimator

designs in the next section.

Remark 34. There exist several other solutions to the subsystem configuration. For exam-
ple, the seven decomposed groups in subsystem 3 could be grouped to form two subsystems,
such that in total four subsystems can be configured. However, considering the linear local
dynamics of the seven units, a linear MHE algorithm can be applied to properly handle the
computational complexity, such that one-subsystem configuration adopted in this work could

be more favorable from an application perspective.

6.3 Distributed MHE design for WWTPs

In this section, we take advantage of the configured subsystems and propose an iterative
distributed state estimation scheme for the WWTP. A schematic diagram that describes the

distributed MHE scheme is given in Figure 6.3. Within the proposed distributed framework,
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three local estimators are designed for the three subsystems: a nonlinear MHE-based esti-
mator is designed for each of subsystem 1 and subsystem 2, while an estimator is developed
based on linear MHE for subsystem 3. Each MHE estimator retrieves the output measure-
ments of the associated subsystem at every sampling instant ¢, := ty + kA with k being a
non-negative integer, to denoting the initial time instant and A being the size of the inter-
val between two consecutive sampling instants. In the meantime, the MHE estimators are
required to exchange information in terms of subsystem state estimates through networked
communication at each t;>. Considering the interaction among the configured subsystems,
we have Iy = Iy = {1} and I} = {2,3}. Therefore, the MHE estimator for subsystem 1 is
required to communicate with the MHE estimators for the other two subsystems bidirec-
tionally, while the estimators designed for subsystem 1 and subsystem 3 do not exchange
information with each other. At every sampling instant, each local estimator is evaluated
to provide subsystem state estimates based on the information collected from its associated
subsystem as well as the subsystem estimators for its interacting subsystems. To achieve
faster convergence of the estimation error dynamics, we require that each local estimator
is evaluated iteratively several times at each sampling instant until the innovation for each

subsystem enters a certain sufficiently small region.

6.3.1 Iterative distributed state estimation algorithm

In this section, we present an algorithm to demonstrate the key implementation steps for
the proposed distributed state estimation scheme. We first introduce the following definition
that will be used in determining the triggering conditions for iterative evaluation of the

distributed MHE scheme.

Definition 3. The normalized Euclidean norm of the deviation between two arbitrary vectors

a € R"™ and a € R"™ at each time ty (which is denoted by |e (a(ty),a(ty))|) is defined as
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follows:

5((I(tk)a &(tk))’ = Z max |a¢(tn) - dz(tn)|

1€Na \ t,€lto,too)

(6.6)

where a; (a;) denotes the i-th element of the vector a (a), i=1,... ,n,.
Algorithm 3. Innovation-triggered iterative distributed MHE for WW'TPs

1. At time instant ty, each MHE estimator i, i € 1, is initialized with an initial guess

Z;(to), and also requests the initial guess Z,(to) from each MHE estimator [, | € 1.

2. At each sampling time ty>o, set p =1, and do the following steps:

2.1. MHE estimator i receives the outpult measurement y;(t) from the corresponding

subsystem i, 1 € I.

2.2. Based on y;(ty) and the latest state estimate sequences for each interacting sub-
system [, | € 1;, each MHE estimator i 1s evaluated and gives a state estimate

sequence for subsystem i, i € 1.

2.3 If |e(yi(ty), Cii® (talte) )’ < T holds Vi, i €1, then
go to step 2.4.
Else, do:
if p>1 and |e (30 (tlts) . 30" (taltr))| < 0;, Vi € I, then
go to step 2.4.
else, do:
o MHE estimator i, i € I, requests and receives the latest state estimate
sequence
generated at ty, from each MHE estimator |, and updates the latest state
estimate
sequence for subsystem [, | € 1;.

o Setp=p+1, and go to Step 2.2.

157



2.4. Set &;(ty) = T (t|tx) as the estimate of each subsystem i, i € I, for time instant

L.

2.5. MHE estimator 1, © € I, requests and receives the state estimate sequence of each
subsystem | updated in the p-th iteration at time instant ty by the l-th estimator,

lel;. Set k=Fk+1 and go to step 2.1.

In Algorithm 3, T; represents the threshold on the normalized Euclidean norm of the
innovation for each MHE estimator i, ¢ € I. §; denotes the threshold on the normalized
Euclidean norm of the deviation between two subsystem estimates obtained at two consec-
utive iteration steps given by the i-th MHE estimator, ¢ € I. At each sampling time, if the
condition on the subsystem innovations (in Step 2.3) is not satisfied, the MHE estimators
for the subsystems will be evaluated several times iteratively. The number of iterations is
not fixed at each sampling time. It is dependent on the innovations given by the subsystem
MHE estimators as well as the deviation between the state estimates obtained at the most
recent two iteration steps for each subsystem.

The proposed algorithm helps achieve a balance between fast convergence of the esti-
mation error dynamics and efficient computation. Specifically, after the estimation error
converges and the innovation for the subsystems becomes sufficiently small, the distributed
MHE system can switch to a non-iterative mode where the estimators for the subsystems

communicate with each other and are evaluated only once at one sampling time.

Remark 35. The calculation of |e(Z? (telty), 27" (tilte) )| in Step 2.8 of Algorithm 3 re-

quires the values of max }x (tnltn) — 2%, 1(

: toltn ‘ where T;; represents the [-th element of
tn€lto,too)

vector T;, forl =1,...,n,, . In implementation, these values can be calculated based on the
evaluation of the proposed distributed MHE with a fized number of iteration steps p = 2 for
a sufficiently long operation time. We choose to calculate |e(y;(tx.), CiZ (te|tr) )|, i €1, in a

stmilar way with p = 1.
Remark 36. Note that the values of T; and 6;, © € I, are user-specified values and should
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be carefully selected through extensive simulations and analysis before real implementation.
While smaller values on T; and 6; may accelerate the convergence speed of the estimation
error dynamics for the entire process, they may lead to much increased computational load

at the initial stage when the state estimates have not well tracked the actual dynamics.

Remark 37. Note that the implementation algorithm can be reduced to a non-iterative dis-
tributed MHE strategy by disabling Step 2.3. In implementation, we may also set an upper
bound on the iteration step p to avoid endless loops, although this is not encountered in the

simulations for the WWTP.

6.3.2 Design of the distributed MHE estimators

In this section, we present the design of the MHE estimators for the three configured subsys-
tems of the WW'TP. The estimators for subsystem 1 and subsystem 2 are based on nonlinear
MHE, while the estimator for subsystem 3 is designed using a linear MHE approach. Note
that the distributed MHE scheme proposed in this work is adapted from the distributed

MHE designs for nonlinear processes reported in [15, 42].
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6.3.2.1 MHE estimators for subsystem 1 and subsystem 2

At the p-th iteration step of time instant #;, a nonlinear MHE estimator is designed for each

subsystem ¢, ¢ = 1,2, as follows:

k—1 k
. ~ 2 ~ 2
- f)lfk Yo g+ D ()5 (6.7a)
T \td|tk d=k—N; d=k—N¢ de—Ni

st @(rlte) = fi (@(r]tn), wi(ta)) + fi (X'f’*l(m, m(td)) + 0] (ta),

T € [taytara), d=k— Ny .. k—1 (6.7b)
0 (ta) = yi(ta) — Cizl(ty), d=k—N; ...,k (6.7¢)
(ty) e Xy, W(ta) €Vy, d=k—N; ...,k (6.7d)
wl(ty) €W,y  d=k—N;...,k—1 (6.7¢)

where Z¥, @ and 0! represent the estimates of x;, w;, and v; within the current horizon
obtained in the p-th iteration of time #, respectively, @); and R; are positive definite matrices
representing the covariances of subsystem disturbances and noise, N; denotes the length of
the estimation horizon of MHE estimator i, ¢ € I, X;, W, and V; are compact sets that
bound the subsystem state, disturbance and measurement noise of subsystem ¢ such that
z; € X;, w; € W, and v; € V,. In Eq.(6.7b), vector Xf_l(td) is an estimate of X;(t;) and
contains the latest estimates of subsystem [, [ € II;, available to MHE estimator i, ¢ € I, for
d=Fk— N, ...,k —1according to Algorithm 3.

In the optimization problem (6.7), Eq.(6.7a) represents the cost function for the MHE
estimator i (i = 1,2) to be minimized treating {Z% (td|tk)}fl:k_ v, as the decision variables,
Eq.(6.7b) and Eq.(6.7c) are the subsystem model constraints, while Eq.(6.7d) and (6.7e)
take into account the constraints on system states and disturbances. The last point Z% (¢ |tx)
in the optimal state estimate sequence given by the last iteration at t; is adopted as the

estimate of z;(t;) (denoted by ;(t)).
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6.3.2.2 MHE estimator for subsystem 3

Subsystem 3 has linear local dynamics. The local dynamics described by the vector field f3
in Eq.(6.4) can be expressed by a linear form as f5 (Z3,u3) = Aszs where As is a real-valued
square matrix of dimension 70. Considering the linear local dynamics, we design an estimator
to estimate the states of subsystem 3 based on a linear MHE approach [138]. At the p-th

iteration step of time instant t;, the MHE estimator for each subsystem 3 is designed as

follows:
L E
> |w3(td)|Q3_1 + |U3(td>|R;1
d=k—Nj d=k—N3
min (6.8a)
{i’;(tdltk)}d:k,% +’(§33(tk_]\f3) — iﬂg(tk—Ng ’tk))ligl(tk\tk)

st dl(tt) = At + f (X;H(td),ug,(td)) +al(t),

t € [ta,tas1), d=k—N3,...,k—1 (6.8b)
0 (ta) = ys(ta) — C3ab(tq), d =k — N3, ...,k (6.8¢)
2(ty) € X3, 05(ty) €Vs, d=k—Ns,... ,k (6.8d)
wh(ty) € W3,  d=k—Ns,....,k—1 (6.8¢)

where 7%, w; and 0%, respectively, are the estimate sequences of z3, ws, and vz within
the current horizon obtained at the p-th iteration of each sampling time, (3 and R3 are
the covariance matrices of the subsystem disturbances and noise, N3 is the length of the
estimation horizon for the linear MHE, X3, W3 and V3 are compact sets that bound the
subsystem state, disturbance and measurement noise of subsystem ¢ such that z; € X;, w; €
W;, and v; € V,., II3(tx|tx) is an invertible matrix accounting for the arrival cost of the
linear MHE. The design of II3 will be clarified later. In Eq.(6.8b), Xg is an estimate of X3
containing the latest state estimate of subsystem 1 which is available to MHE estimator 3.

In the optimization problem (6.8), Eq.(6.8a) is the cost function for the MHE estimator 3
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to be minimized with {jg(tdﬁk)}];:k_Ng being the decision variables, Eq.(6.8b) and Eq.(6.8¢)
account for the model of subsystem 3. Eq.(6.8d) and Eq.(6.8e) are the constraints on the
subsystem states, disturbances and noise. At each sampling time t;>o, the optimization
problem (6.7) is also solved p time(s) iteratively following Algorithm 3. The last point in
the optimal estimate sequence {74 (td\tk)}’;:k, n, given in the last iteration is adopted as the
estimate of the dynamics of subsystem 3 at .

The matrix Il involved in the cost function (6.8a) is designed as the a posteriori error
covariance matrix of continuous-discrete time Kalman filtering. Specifically, IT3(¢x|tx) is

updated for each sampling time following:

My (txltx1) = & (tas o) Tha(tpst1)6T (fos tr) + / " 6t 1) Qu6” (b 7) dr (6.99)

I (t|te) = s (tk|teet) — s (tltre1) Cf (CsIls (tk|te—r) Cx 4+ R3) ™ Cslls (g |tr—1)
(6.9b)

s.t. Hg(to’to) = H3

where II3 is an initial guess of the error covariance matrix, and ¢ (¢,#,_;) denotes the state
transition matrix of subsystem 3 and is calculated as @(tty_;) = e4s(—t-1),

It is worth mentioning that at t;, 0 < k < N;, each linear/nonlinear MHE estimator
for subsystem i, ¢ € I, is essentially a full-information estimator which gives an optimal
state estimate sequence from the initial time ¢, to current time %, instead of an estimate
sequence of size N;. In this case, the optimization problem (6.7) is solved iteratively using
the information about subsystem state estimates and measurements from the ¢y to t,. At
each sampling time ;> y,, for MHE estimator i, i € I, the optimization problem (6.7) is solved

p time(s) iteratively within a moving window of a fixed horizon N; following Algorithm 3.

Remark 38. We note that the calculation of (6.9) does not require any information from
the process. Therefore, 1l3(tx|tr), k > 0 can be obtained in an off-line manner such that the

computational load of the linear MHE for subsystem 3 can be reduced.
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6.4 Simulation results

In this section, we apply the proposed distributed MHE scheme to the WWTP considering

different weather conditions.

6.4.1 Simulation settings

The values of the process parameters are determined following [130]. The data containing
the information about the wastewater feed to the process for dry, rainy and stormy weather
conditions were obtained from the International Water Association website [139]. In partic-
ular, the flow rate of the wastewater feed )y and the corresponding concentration Z, vary
and are dependent on the current weather condition.

The measurements are sampled synchronously at each sampling instant {tx>o} where
ty = to + kA, with tg = 0 being the initial time instant, Ay = 15min being the sampling
period and k£ € K,. We consider that at each sampling instant ¢;, each measurement is
instantly available to the corresponding subsystem estimator. Let x;s denote the vector of
steady-state values corresponding to z;, 1 = 1, 2, 3, which were calculated based on a 100-day
open-loop operation [149]. The initial conditions of the three subsystems of the WWTP are
selected to be 1.18x,, 1.15x9, and 1.29x3,, respectively.

Additive process disturbances to the WWTP and random noise contaminating the output
measurements are taken into account. Specifically, the disturbance vector w; which affects
the dynamics of subsystem i is generated following normal distribution with zero mean and
standard deviations 0.06x;,, and is constrained by —0.12z;, and 0.12x;5. Moreover, random
noise to the vector of output measurements y; is assumed to be Gaussian white noise with
zero mean and standard deviations 0.05y;; where the elements in y; ; take the steady-state
values of y;, 1 = 1,2,3. We also take into account hard constraints on the process dynamics;
that is, the estimates of the system states which denote different concentrations should not

be negative.
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Figure 6.4: The trajectories of the actual states (blue dash dot lines) and the state estimates
given by iterative distributed MHE (red dashed lines) in dry weather

The thresholds on the innovations of the three subsystems in Step 2.3 of Algorithm 3
are selected as T} = 1.83, 15 = 1.96 and T3 = 1.70. The values of ¢;, ¢ = 1, 2, 3, are
selected to be d; = 0.35, 9o = 0.40, 63 = 0.65. In terms of the MHE estimators for the three
subsystems, the weighting matrices are selected to be Q); = diag(afﬁi) where o0,,; := 0.062;5
and R; = diag(ag?i) where o0,; := 0.05y;5. Unless stated otherwise, the initial guess of each
MHE estimator ¢ is set to be 1.08x;s, ¢ € I. The length of the estimation horizon of each
MHE estimator is determined to be: N; = Ny = 10 and N3 = 20. Note that in the evaluation

of the MHE estimators, each system state z; ; (which denotes the j-th element of state vector
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Table 6.7: Actual values and the corresponding estimates of EQ and OCI in different weather
conditions

Actual value | Estimate in | Actual value | Estimate | Actual value | Estimate
in dry weather | dry weather in rain in rain in storm in storm

EQ | 6.3062 x 10® | 6.3092 x 103 | 8.4994 x 10% | 8.6314 x 10® | 7.5390 x 103 | 7.6243 x 10?

OCI | 1.6223 x 10* | 1.6222 x 10* | 1.5936 x 10* | 1.5968 x 10* | 1.7061 x 10* | 1.7062 x 104

x;) is scaled following

_ i j(te) — o
xivj (tk') = xmgx _ l'mln
l?] Z’]

where % := max {z; ;(t;) : k € Ky} and 2} := min {z; ;(t;) : k € K, }.

Remark 39. The size of the estimation horizon for the MHE estimator of subsystem 3 (i.e.,
N3 ) is made larger than Ny and Ny because: (1) there are more state variables in subsystem
3 than the other two subsystems; (2) the MHE estimator for subsystem 3 is a linear one such

that the computational complexity of the evaluation of this estimator will still be tractable

with a larger-sized estimation horizon.

6.4.2 Results of dry weather condition

We first apply the proposed distributed MHE approach to WW'TP under the dry weather
condition. The state estimate and the actual state trajectories for certain process states in the
second week of the operation are presented in Figure 6.4 and Figure 6.5. The results indicate
that the proposed scheme can provide satisfying state estimates in the presence of external
disturbances and constraints. Then, EQ and OCI are calculated based on the actual system
states and the state estimates given by the iterative distributed state estimation scheme. The
values are presented in Table 6.7. The results show that the EQ and OCI can be accurately
estimated based on the proposed method.

Next, comparisons are made between the proposed iterative distributed MHE and a de-

centralized MHE scheme in terms of estimation accuracy and computational complexity. In
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Figure 6.5: The trajectories of the actual states (blue dash dot lines) and the state estimates
given by iterative distributed MHE (red dashed lines) in dry weather

the decentralized scheme, the local estimators do not communicate with each other to ex-
change subsystem state estimates. Steady-state values of the process states are calculated
based on a 100-day open-loop operation subject to constant inputs following [149]. These
steady-state values are used in the local MHESs of the decentralized scheme to conservatively
compensate for the time-varying subsystem interaction [129]. The mean value of the Eu-
clidean norm of the normalized estimation error and the average computation time required
for the one-sampling-time evaluation of the two schemes are given in Table 6.8 for compari-
son. The average computation time required by the decentralized scheme is slightly shorter,

which is mainly because each local estimator within the decentralized framework is evaluated

166



1.1 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 1.1

® =
g _[‘Q':-“T\—-:“ § 1r
= | ~\\_———\ | et
= 095 ~ z \)‘M\\\
£ , \ £ o09f = ]
(%) b 0 N
%) o \\
07— 08—
0 1 2 8 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9
Time (hour) Time (hour)
© 2850 ——— 1 —= : :
g T = =
e Y
E 2750 | 2 -
5 2 o08f <
[&] p .
c 2650 f =,
T %)
m
X 2550 0.6
o 1t 2 3 4 5 6 7 8 9 o 1t 2 3 4 5 6 7 8 9
Time (hour) Time (hour)
o 0.75 M‘ ; ; ; o 075 ——== \‘\_\\\ -
(0] —~ T~ S - - -
% " LS % S =~
= 065] \ T 065 N
= £
c/)% =
0.55 ; ' ' ; ' ' ' ' P 055 ; ' ' ; ' ; ' '
0 1 2 3 4 5 6 7 8 9 0 1 2 38 4 5 6 7 8 9
Time (hour) Time (hour)
actual state — — —estimate by distributed MHE estimate by distributed EKF

Figure 6.6: The trajectories of the actual states (blue solid lines) and the state estimates by
iterative distributed MHE (red dashed lines) and the state estimates given by distributed
EKF (yellow dotted lines) at the initial stage in dry weather

only once at one sampling time. However, the estimation error norm given by the decentral-
ized scheme is significantly larger than that of the proposed method, which indicates that
the proposed distributed MHE can give much improved estimation performance compared
to the decentralized scheme. Note that in Table 6.8, the average computation time for the
distributed MHE /decentralized MHE is the average time required by the MHE estimator
for subsystem 1. This is because the evaluation of this local estimator requires the longest
computation time among the three estimators.

We also make performance comparisons between the proposed iterative distributed MHE
scheme and centralized MHE. The estimation horizon of the centralized MHE is picked as
N = 36. Note that the length of the estimation horizon may be further tuned for possibly
better performance, which is not within the scope of this work. The mean value of the

Euclidean norm of the normalized estimation error and the average computation time for
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Table 6.8: Mean values of the Euclidean norm of the normalized estimation error and the
average computation time required for the one-sampling-time evaluation for iterative dis-

tributed MHE and centralized MHE

distrlii)eli?;(livi/IHE Decentralized MHE | Centralized MHE
Mean of the error norm 3.3081 61.5810 3.1196
Average computation time 3.9 sec 3.46 sec 41.75 sec

the centralized MHE scheme is also given in Table 6.8. While the centralized MHE scheme
can provide slightly better estimation accuracy compared with the proposed approach, the
use of the proposed iterative distributed MHE leads to significantly reduced computation
time (saving 91.40% of the computation time compared with the considered centralized MHE
scheme).

In addition, we show that the proposed approach can provide better estimates for the
WWTP based on BSM1 compared to the distributed EKF method in [125]. In this set of
simulations, the initial guess of each estimator for subsystem i (both MHE estimator i and
EKF estimator i) is set to be 0.3z, ¢ € I. The state estimates for certain states given by
the two approaches are given in Figure 6.6. The results show that the proposed distributed
MHE scheme can provide much better estimates for certain states at the initial stage when

the initial guess is not good.

Remark 40. In the simulations, we see that the distributed MHE gives improved estimation
performance compared with the distributed EKF. This may due to the inherent advantages
of MHE over EKF. First, MHE can incorporate the information of physical constraints on
system states in the estimation optimization problem. However, the constraints are not
explicitly considered in the formulation of EKF. Also, EKF is not robust to disturbance
or poor initial guess due to the way nonlinearity is treated in EKF [127]. Moreover, the

convergence of EKF requires the initial estimation error to be sufficiently accurate as shown

in [140, 141].
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6.4.3 Results in rainy and stormy weather conditions

In different weather conditions, the flow rate and the concentration of the wastewater entering
the process (the influent) are much different. It is necessary to verify the effectiveness of the
proposed method in different weather conditions. In this section, we consider two common
weather conditions, i.e., rainy and stormy weather. The length of the data corresponding
to each weather condition is two weeks. The data of rainy weather consist of one week
of dynamic dry weather data and a long rain event during the second week. The data of
stormy weather also consists of two portions: the first portion is one week of dynamic dry
weather data, while the rest portion describes two storm events superimposed on the dry
weather data during the second week. More detailed information about the different weather
conditions is given in [130]. The data can be found in [139].

The proposed approach is also applied to the WWTP when it is operated in rainy and
stormy weather conditions. The actual system states and the corresponding state estimates
given by the proposed approach are obtained under the two considered weather conditions.
The trajectories of the actual state and the estimate for certain process states are shown in
Figure 6.7 (for rainy weather) and Figure 6.8 (for stormy weather). Further, we show the
actual trajectories of EQ; generated based on both the actual states and the state estimates
in Figure 6.9. We also present the values of EQ and OCI which are calculated based on
actual process states and state estimates in the two weather conditions as in Table 6.7. The
results confirm that the proposed method can provide good state estimates under different

weather conditions.
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Figure 6.7: The trajectories of the actual states (blue solid lines) and the state estimates
given by iterative distributed MHE (red dashed lines) in rainy weather
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170



3 T T T T T
‘ Actual trajectory in rain estimate in rain
A ]
2 A, I
{ .
8 | M\ ','j \Jh‘JV&
) | , ) |
1 [ \”—!‘\\,"‘,“ | v N\ Ay
\‘," i"l\v! W \}“l 0 . ,\,’w;,,!(\ r\" A
0 Il Il Il Il Il Il
7 8 9 10 11 12 13 14
Time (day)
4 %107
Actual trajectory in storm estimate in storm
A
3 fl ( &
“— I |
8 2 1] : \ 4
I
|
1 ~’,—,,’ ““l'”.\ A\ ndina W \ s b
l‘\ ~ II " ‘"'\"\\,,. Jl \'\J e ‘h\, .II " \Ar‘&‘.‘ﬁ\‘ A "—Yt’l,\ _' VN
0 Il Il Il Il Il Il
7 8 9 10 11 12 13 14

Time (day)

Figure 6.9: The trajectories of EQ calculated based on actual states (solid red lines) and
state estimates (blue dashed lines) in rainy and stormy weather

Remark 41. The distributed MHE and the distributed EKF considered in performance com-
parison are developed based on the same subsystem decomposition. The aim of this compar-
ison is to show that the proposed distributed MHE can perform better than the distributed
EKF. We note that the decomposed subsystem structure obtained and used in this work is not
unique for distributed state estimation, and there could be other subsystem decompositions
that can be used to achieve better estimation performance for the WWTP. How to optimally
decompose the WWTP into subsystems for distributed state estimation is a very important

problem and will be considered in our future work.

6.5 Summary

In this chapter, the state estimation problem for the WW'TP based on BSM1 was addressed.
An approach on subsystem decomposition and configuration was proposed based on struc-

tural closeness. The WWTP was decomposed into 13 groups of state and output mea-
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surement variables using the proposed approach. The 13 groups were grouped to form 3
subsystems by considering the interaction between different groups as well as the nonlin-
earity of the state dynamics of each group. A distributed MHE scheme based on iterative
evaluation was proposed for the WWTP. Innovation-based triggering conditions were devel-
oped for the evaluation of the distributed scheme to reduce its computational complexity.
Both nonlinear and linear MHE approaches were used to design subsystem MHE estima-
tors. Simulations were carried out under different weather conditions. The proposed scheme
can provide good state estimates in different weather. We also made performance com-
parisons with non-iterative distributed MHE, centralized MHE and distributed EKF. The
results show that the iterative distributed MHE can provide more balanced performance
compared to its counterparts. Specifically, the proposed approach provides better estimates
than non-iterative distributed MHE and distributed EKF do, while it requires much lower

computational cost compared with centralized MHE.

Appendix II: the model of the WWTP

In this appendix, the differential equations describing the dynamics of the WWTP based on

BSM1 are presented [130]. The dynamics of the biological reactor are described as follows:
e For the chamber k (k = 1) of the reactor:
dz, 1 (
dt Vi
Ql = Qa + Qr + QO

QaZa + QT’ZT’ + QOZO + rlvvl - QIZI)

e For the chamber k (k= 2,...,5) of the reactor:

dZ 1
d_tk = Vk(QkAqu + Vi — QrZy)
Qr = Qr—1
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e Special case for the concentration of dissolved oxygen in chamber k (denoted by So ),

k=1,...,5:

dSor 1

i@ W <Qk7150,k71 + Vi + KpapVi (S5 — Sox) — QkSO,k>

where Zj, represents a state defined in Table 6.1 (except Sp), Vi is the volume, r; denotes
the observed reaction rate, K ay, is the oxygen transfer coefficient, S¢, denotes the saturation
concentration of dissolved oxygen. Note that subscript £ denotes a chamber in the reactor
(k=1,...,5), and the first two chambers are non-aerated, thus Kpa; = Kpas =0 dt

The mass balance model of the sludge in the settler is established as follows:

% _ %(vup(xg = X1) + Jtar)
% = Z%(?Jup(XpH — Xp) + Jetarp-1 — Jclar,p> p=2,...,4
% = ZlG'Udn(XE) - X6)
% = Z%(Udn(Xﬁ = X7) + Jss — J578>
% = Zisvdn<X7 — Xg)
% - %(Udn(XB — Xo) + Jsg — ‘]579)
d;ilo _ Zilo (Udn(Xg — X)) + J5,9>
where subscript p represents a layer in the settler and ranges from p = 1,...,10, X,, is the

concentration of the sludge in the p-th layer of the settler, 2, is the height of each layer,
Jelarp denotes the the flux in the clarification layer p (p = 1,...,4), Js, denotes the solid
flux due to gravity in layer p (p = 5,...,10), vg, = % and v, = % with A being the

cross sectional area of the settler.
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The dynamics of the concentrations of the soluble materials in the settler are described

as follows:

e For layers (p=1,...,4):

iz, 1
T T

e For the feed layer (p =5):

B A

AZ.s 1(QsZ;
dt Z5

- (Udn + 'Uup)Zs,B)

e For layers (p =6,...,10):

iz, 1
= = —U4p Zs -1 — Zs )
dt vad ( Pl P

where Z,, is the concentration of each soluble material in the p-th layer of settler.

The parameters of this process model can be found in [130].
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Chapter 7

Subsystem decomposition of process
networks for simultaneous distributed

state estimation and control

An appropriate subsystem configuration is a prerequisite for a successful distributed con-
trol/state estimation design. Existing subsystem decomposition methods are not designed
to handle simultaneous distributed estimation and control.we focus on subsystem decom-
position of nonlinear process networks for simultaneous distributed state estimation and
distributed control. To achieve this goal, in this chapter, we propose a systematic approach
based on the concept of community structure detection. We resort to the measure of modu-
larity to quantitatively assess the quality of different community structures. Specifically, the
state, manipulated input and measured output variables of a process are taken into account
and are viewed as vertices in a network. The ways to construct a directed graph containing
all the vertices and the corresponding adjacency matrix are presented. An implementa-
tion procedure based on approximate optimization of modularity is developed, such that
subsystem models for simultaneous distributed state estimation and distributed control can

be established by allocating vertices into communities based on modularity. The proposed
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method is applied to two process examples with different complexities. Candidate subsystem
structures that can be used for simultaneous distributed estimation and control are recom-

mended by the proposed method for each process example. This chapter is a revised version

of [73].

7.1 Preliminaries

7.1.1 Notation

L ¢h represents the Lie derivative of function h with respect to function f, defined as L¢h(z) =
% f(z). L%h represents the r-th order Lie derivative of function f, defined as L}h(z) =
L fL;_lh(m). 0;; is the Kronecker delta function of two variables ¢ and j such that ¢;; = 1 if

7.1.2 System model

In this work, we consider a class of process network systems that can be described by the

following general form:

#(t) = f (x(t),u(t), p(t)) (7.1a)
y(t) = h((t)) (7.1b)
where © € R™ denotes the state vector of the nonlinear system, y € R™ is the vector
containing all the measured outputs, u € R™ is the vector of the manipulated inputs,

p € R™ is the vector of time-varying parameters (i.e., time-varying disturbances to the

system that are exactly known.).
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7.1.3 Subsystem model

In this work, the objective is to decompose the entire process network system described
in (7.1) into subsystems that are appropriate for simultaneous distributed estimation and
control. Specifically, we aim to decompose system (7.1) into ¢ subsystems in the following

form:

2O (t) £ (a9(), X (1), u? (1), aV (1), pi(t)) (7.2a)

y(t) =h" (@ (1)) (7.2b)

where () € R™® is the state vector of the i-th subsystem, u € R™® and @ € R"a®
together (i.e., [u(")T u(")T}T) account for manipulated inputs to the i-th subsystem, y® &
R"+@ is the vector of measured outputs of subsystem i, p € R™ is a vector containing
time-varying parameters that explicitly affect the dynamics of 2, X € R™x® represents
a vector containing the states of neighboring subsystems that directly affect the dynamics of
2@ i e {l,...,q}. For example, if the dynamics of subsystem 4 is affected directly by the
states of subsystem 1, subsystem 3 and subsystem 4, then one has X® = [ZB(I)T :B(3)T]T
Note that the manipulated input vector of the i-th subsystem comprises two parts: u( de-
notes manipulated inputs determined by the local controller of subsystem 7, and @ denotes
manipulated inputs that affect subsystem ¢ but determined by controllers of other subsys-
tems. This means that, for the local controller of subsystem i, i = 1,..., ¢, uY contains its

decision variables and 4" contains known input information generated by and sent from the

controller(s) of the interacting subsystem(s).

7.1.4 Directed graph

In the proposed approach, directed graph is used to determine the connectivity between state,
manipulated and output variables. For system (7.1), a directed graph can be constructed by

treating the state, manipulated, output variables as vertices that are connected via directed
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edges. Let x; denote the i-th element of vector z, ¢ = 1, ..., n,, y; denote the j-th
measured output of vector y, 7 = 1, ..., n,, and wu, denote the k-th input variable of
vector u, k=1, ..., n,. Further, let us denote by f; the i-th element of the vector field f,
t =1,...,n,, and denote by h; the j-th element of the vector field h, j = 1,...,n,. The

edges can be placed based on the following rules [118, 132]:

e State-to-state edge: there exists a unidirectional edge from x; to xy, if 0 fx(x,u)/0x; #

0,k,o=1,...,n,.

e Input-to-state edge: there exists a unidirectional edge from u; to xy, if O fy(x,u)/0u; #

0,k=1,...,n,,u=1,...,n,.

e State-to-output edge: there exists a bidirectional edge between x; and y;, if Oh;(z)/0z; #

0,7=1,...,ny,1=1,...,n,.

Remark 42. We note that the rules used in this work for constructing edges between vari-
ables are slightly different from those adopted in existing literature [118, 137, 61, 72, 132].
Specifically, while the state-to-state edges and input-to-state edges are still unidirectional, the
edges that connect the state and measured output variables are bidirectional. This is due to
the consideration that the output measurement equations (i.e., h;, 1,...,n,) are algebraic

equations instead of differential equations.

7.1.5 Observability of nonlinear systems

When state estimation is considered, observability of the states based on given output mea-
surements is important. One approach to check the observability of a nonlinear system is to

check whether the full-rank condition is satisfied by the corresponding nonlinear observability
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matrix Q(z), which is defined as follows [30]:

h(x)
Lih(z
Qw =L | MM (7.3
I L?’lh(a:) |

However, when the order of a system is large, it may be challenging to obtain higher order
Lie derivatives or the observability matrix may be ill-conditioned. In these cases, a practical
approach is to linearize the nonlinear system at different points along typical operating
trajectories and check the observability of the linearized systems. If the linearized models
are observable, it can be concluded that the nonlinear system is locally observable along the
considered trajectories.

The above methods will be used to test the observability of a considered process as well

as the observability of each decomposed subsystem.

7.1.6 Community structure detection

In this section, we briefly review the method of community structure detection for directed
networks, which will be used for subsystem decomposition. The community structure de-
tection method has been considered as an effective tool to divide a large-scale network into
communities/groups such that the connection within each group is denser while the inter-
group connection is made sparser [144, 145]. In these approaches, the quality of a certain
community structure is quantitatively assessed by the measure of modularity [142]. In this
work, we use the approach proposed in [145] for directed networks.

Specifically, consider a network of n interconnected vertices. The modularity of a com-
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munity structure can be calculated as follows:

1 kinkqut
= — A — — Oc. o, 4
Q m Z ( 1] m > Ci,Cj (7 )

ij=1,..n

where k" and k¢ are the in-degrees and the out-degrees of vertex i (i.e., the numbers of
edges entering and leaving vertex i, ¢ = 1,...,n), respectively, m is the total number of
edges in the directed graph, ¢; is an integer labelling the community to which vertex i, 1 =
1,...,n, belongs, A;; is the i-th element of the j-th of the adjacency matrix for the considered
network. A;; = 1 if there is a directed edge from vertex j to vertex i (j,i € {1,---,n}) and
A;; = 0 otherwise. Note that in this work, self edges (i.e., directed edges, each of which exits
from /enters the same vertex) are not taken into account in the construction of an adjacency
matrix; that is, the diagonal elements of an adjacency matrix are always zero regardless of the

inzout
existence of self edges. In (7.4), the term ki ZJ measures the probability of having an edge

from vertex j to vertex ¢ edges between the two vertices in the case of a randomized network
where the edges are randomly placed. The value of modularity can be either positive or
negative, with positive modularity values indicating that there are more within-community
edges than expected. Since larger positive values indicate better community structures, the
problem of finding the best community structure is equivalent to maximizing the modularity
value over all possible community structure candidates. The optimal community structure
can be found by finding the feasible label sequence {c,...,¢,} such that @ in Eq.(7.4) is
maximized given a known adjacency matrix. In practice, a modularity value greater than

0.3 often indicates a good community structure [146].

7.2 Proposed subsystem decomposition method

In this section, we present the proposed subsystem decomposition method for process net-
works for simultaneous distributed estimation and control. From the perspective of com-

munity structure detection, the original nonlinear system can be viewed as a large network,
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Figure 7.1: A flowchart of the proposed subsystem decomposition method

with state, manipulated input and measured output variables being vertices in the network.
Accordingly, each configured subsystem consisting of certain variables with stronger con-
nections is a community of the network. A flowchart that describes the key steps in the

proposed method is shown in Figure 7.1.
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7.2.1 Consideration on observability and stabilizability

To design a state estimation based control system, it is necessary to ensure that the entire
system satisfies detectability (or observability) and stabilizability (or controllability) simul-
taneously in the operating region. In the first step of the proposed method, we check if
system (7.1) is both observable and stabilizable. To verify the observability of system (7.1),
the method described in Section 7.1.5 is used. Note that we can check the stabilizability
of the system in a similar way at each point along the typical operating trajectories. If
system (7.1) is either unobservable or unstabilizable, further steps in the proposed method
cannot be carried out. In this case, the measured outputs or the manipulated inputs should
be re-constructed accordingly and then the observability and stabilizability of the system

should be examined again.

Remark 43. [t is more often to consider detectability and stabilizability of a monlinear
process. In this work, we require the entire system in (7.1) to be observable along typical
trajectories, which is stricter than requiring the system to be detectable. This is because
time-varying parameters are considered in system (7.1). When the system is not under a
steady-state operation, detectability may not suffice for obtaining accurate state estimates.
Therefore, we require that the system is locally observable at each point along typical operating

trajectories.

7.2.2 Adjacency matrix construction

After ensuring the entire system satisfies observability and stabilizability, an adjacency ma-
trix should be constructed for system (7.1) for subsystem decomposition. To account for
both state estimation and control, all the state, manipulated input and measured output
variables are considered as vertices. In total, there are ng (where ng = n, + n, + n,)
vertices in the directed graph constructed based on (7.1). Let ¢4 denote an augmented

vector such that c¢; = [v1,...,%p,,U1,.. ., Un,, Y1,--.,Yn,]. The i-th element of cq cor-
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responds the i-th vertex in the directed graph of system (7.1). Accordingly, we use sy
(8¢ = [Cars s Canys Curs e v vy Cupys Cyps -+ -5 Gy 1) tO denote a ng-dimensional vector in which
the i-th element is the community label of the i-th vertex in cg, i = 1,...,ng.

An ng x ng adjacency matrix A, involving all the vertices in ¢4 can be generated based
on the directed edges between the vertices in c;. However, the construction of A, via
examining the existence of directed edges between each two vertices in a directed graph can
be demanding when ng4 is not small. Alternatively, we can obtain A, based on Jacobian

matrices of the vector fields f and h in (7.1). Specifically, let us define:

_ _ ~ h
ox ou ox
(xsaus) (xsﬂl/s) Ts
where (x5, us) denotes an equilibrium point of system (7.1).
Then, a matrix is constructed as follows:

A B "

Ad = Onu XMNg O'flu XN nany
C_’ Onyxnu Onyxny

ngxXng

A, can be obtained based on A4 by: (1) substituting all non-zero elements in A4 by 1; (2)

setting all the diagonal elements in A, to be zero.

Remark 44. In this work, the adjacency matrixz constructed for subsystem decomposition can
be considered as a non-trivial extension of the ones defined in existing literature [132, 102].
Measured output variables are also incorporated as vertices for community structure detection
in order to handle distributed state estimation. Both C'T and C are used in constructing the
adjacency matrixz, which accounts for the bidirectional edges between state and measured
output variables as defined in Section 7.1.4. Also, the way used in this work to construct the
adjacency matriz is more efficient due to the use of Jacobian matrices instead of examining

the existence of directed edges between each two vertices.
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Remark 45. In applications, there can be elements with very small absolute values in the
Jacobian matrices A, B and C' due to numerical precision. This issue may be handled by
specifying a small positive threshold such that an element in Ag is not treated as zero only if

the absolute value of the element in Ay is greater than the threshold.

7.2.3 Initialization of the community structure

Based on the constructed adjacent matrix, we can move forward with community detection
for subsystem decomposition. To perform community structure detection via finding a higher
modularity value defined in (7.4), an initial community structure is always required. Consider
an initial structure s4(0) = [z, (0), ..., ¢z, (0), ¢4 (0), .-+, €, (0),¢4,(0), ... ¢y, (0)] where
each element represents the community label of the corresponding variable. The values of
the elements in s4(0) are dependent on different approximation methods that can be adopted
to solve the problem. In this work, the fast unfolding algorithm [143] is used for community
structure detection, and the community structure is initialized by assigning the i-th vertex
in sy to the i-th community, i = 1,...,ng; that is, s4(0) = [1,2,...,n4].

While this type of initialization can help achieve a higher modularity value via imple-
menting the fast unfolding algorithm, constraints on the subsystem structure due to the
form of the measured output model in (7.2b) are not taken into account. Specifically, from
the model in (7.2b), it is seen that each measured output of a subsystem is only depen-
dent on the state(s) of the same subsystem. This implies that for each measured output
vi, © =1, ..., ny, all the state variables involved in the argument of scalar function h;(-)
(i.e., the state variables that directly affect y;) should be finally assigned to the same com-
munity that y; belongs to. To handle this issue, we update the initial structure s;(0) by

incorporating the above constraint. This is done through two steps:

e For each state variable x;, 1 = 1,...,n,, find all the measured outputs that have state-
to-output edges with respect to x;, and assign these measured outputs to the same

community.
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e For each measured output y;, j = 1,...,n,, find all the state variables that have
state-to-output edges with respect to y;, and assign these state variables to the same

community to which y; belongs.

The updated community structure is denoted as s/,(0). s/(0) will be used as the initial

community structure in subsystem decomposition instead of s4(0) .

7.2.4 Community detection for subsystem configuration

In the proposed procedure, the desired number of subsystems should be pre-specified. Once
the number of subsystems is specified, the proposed procedure finds subsystem configurations
(in which each subsystem is a community) that maximize the modularity that is defined in
Section 7.1.6. To address the computational issue of modularity maximization, the fast
folding algorithm proposed in [143] is adopted in our work. Based on the initialization in
Section 7.2.3 and the pre-specified number of subsystems, we carry out the following steps

to detect the communities for subsystem decomposition:

1. (Initial aggregation of vertices) For the initial community structure, calculate the
modularity value following Eq.(7.4), and aggregate the vertices from each community

(if there are more than one vertex) into an aggregated vertex. Set k = 0.

2. (Community detection based on modularity maximization) Compare n.(k)

and ¢. If n.(k) > ¢, go to Step 2.1. Else, go to Step 4.

2.1 Repeat the following steps for each vertex (including aggregated vertex) i, i =

L,...,n(k):

2.1.1 For each neighboring vertex (including aggregated vertex) of vertex i, i.e.,
vertex j, calculate the change in the modularity value (i.e., AQ) by moving

vertex ¢ from its current community to the community of vertex j.
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2.1.2 Find the maximum A > 0 that can be achieved in the previous step and
place each vertex ¢ in the corresponding community. And aggregate the ver-

tices in that community into a new aggregated vertex.

2.2 Set n.(k+1) to be the number of communities after vertex aggregation. If n.(k+

1) < n.(k), go to Step 2.3. Else, go to Step 3.

23 If n.(k+1) > q, set k = k+ 1 and go to Step 2. Else if n.(k + 1) < p, find the
community structure of p communities (equivalently, p vertices) with the largest

modularity value among all the structures of p communities. Go to Step 4.

3. (Community detection subject to smallest decrease in modularity) Compare

n.(k) and q. If n.(k) > g, go to Step 3.1. Else, go to Step 4.

3.1 Repeat the following steps for each vertex i (including aggregated vertex), i =

L...,n.(k):

3.1.1 For each neighboring vertex (including aggregated vertex) of vertex i, i.e.,
vertex j, calculate the change in the modularity value (i.e., AQ) by moving

vertex ¢ from its current community to the community of vertex j.

3.1.2 Find the minimum |AQ)| (denoted as |[AQ(i)] that can be achieved among

min)

all the neighboring vertices.

3.2 Find the minimum decrease in the modularity value (denoted as |AQ)|, ;) with re-

min)

spect to all the currently existing vertices, i.e., |AQ| ;. = min {|AQ(¢)| ., 11 =1,

min °

..,n.(k)}, and find the corresponding vertex placement.

3.3 Place the corresponding vertex in the appropriate community which leads to

|AQ)| ;.- And aggregate the vertices in this community into a new vertex.
3.4 Set n.(k + 1) to be the number of vertices after aggregation. Set k = k + 1 and
go to Step 3.
4. (Forming subsystem models based on the communities) Form each subsystem
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model in the form of (7.2) by selecting elements of the vector field f that correspond

to the state variables in each community.

5. For each subsystem %, form vector (¥ using the manipulated input variables in the

corresponding community and then form vector @,

The following numerical example is used to better explain Step 4 and Step 5 in the above

procedure.

Example 4. Let us consider the following linear state-space model:

T, = —4x; + 2.529 +u; + 0.3uy (7.6a)
T9 = 0.1z — by (7.6b)
3 = 1311 — 22x3 + 224 + 0.1u; + us (7.6¢)
T4 = 13x9 — 0.125 — 2324 (7.6d)
Y =1 (7.6€)
Yo = T3 (7.6f)

where x1, w9, x3 and x4 are the system states, u; and us are two manipulated inputs, and
y1 and gy are the two measured outputs.

Let us consider decomposing the above system into two subsystems. Following Steps
1-3 of the procedure, two communities can be found as follows: the first community contains
vertices x1, X2, u; and y; while the second community contains vertices xs3, x4, uy and ys.
The state variables in the first community are x; and x5, so that the first two differential
equations in Eq.(7.6) (i.e., Eq.(7.6a) and Eq.(7.6a) constitute the model of subsystem 1
according to Step 4 of the above procedure. Further, since both u; and usy exist in the model
of subsystem 1 and only u; is in the first community, we have u(Y = u; and @Y = wu,
according to Step 5. Similarly, Eq.(7.6¢) and Eq.(7.6d) account for the model of subsystem

2, and we have u® = uy and @® = u;.
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Remark 46. Step 3 is carried out when n.(k + 1) = n.(k). This means that the mazimum
modularity value has been achieved, and further improvement in the modularity value cannot
be made (no AQ > 0 can be achieved via moving a vertex to any other community). In this
case, if the number of communities is greater than p, we need to further combine communities
although the modularity value will not increase any more. Step 3 aims to reduce the number
of communities by one in each iteration with minimal decrease in the modularity value, until

the requirement on the number of subsystems (communities) is satisfied.

7.2.5 Structure validity test

Following the algorithm in the previous section, we can get candidates of subsystem con-
figuration. We need to perform a structure validity test to confirm that the subsystem
configuration candidates are proper. Specifically, this test is to verify that all the input
variables placed in community 7 are included in the input vector u® of the corresponding
subsystem.

For subsystem i, one implication is that vector «(Y needs to contain all the manipulated
input variables in the corresponding community. This requires that the available input
variables in the model of subsystem i formed based on the procedure proposed in Section 7.2.4
should include all the input variables assigned to the corresponding community. Therefore,
we use this test to verify that the configured subsystem model does not violate the structure

of the corresponding community.

7.2.6 Subsystem observability and stabilizability test

The obtained subsystem configurations with maximal modularity values are also required to
satisfy observability (or detectability) and controllability (or stabilizability) criteria. After
the obtained subsystem configurations pass the “structure validity test”, subsystem observ-
ability and stabilizability are examined. For nonlinear systems, it can be difficult to check

observability and stabilizability directly when the scale of the nonlinear system is not small.
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Figure 7.2: A schematic of the reactor-separator process

An alternative is to perform successive linearization of the nonlinear system at different points
along typical operating trajectories, and then check the observability and stabilizability of

the linearized systems at different points instead.

Remark 47. By executing the procedure in Section 7.2.3, several candidate subsystem config-
urations can be obtained. If any of the two tests introduced in Section 7.2.5 and Section 7.2.6
s not passed by the configured subsystems, the subsystem configuration is discarded. In this
case, we consider other possible subsystem configurations with the next largest modularity

value and perform the above two tests again until we find an appropriate configuration.

7.3 Application to a reactor-separator example

In this section, a benchmark chemical process example is used to illustrate the proposed
method. The process consists of three vessels: two well-mixed non-isothermal continuous-
stirred tank reactors (CSTR) and one separator that are connected in series (as shown in
Figure 7.2). This process has been widely used as an illustrative example in distributed state
estimation [15], distributed control [147, 5, 148], and subsystem decomposition problems
(103, 102].

In this process, two first-order reactions take place in the two reactors; that is A — B

and B — C', where A is the reactant, B is the desired product while C' is the side product.
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A dynamic model of 12 differential equations is established to describe the dynamics of the
process. The model, the definitions of the variables involved in the model and a more detailed
description of the process can be found in [5, 103]. The values of the model parameters used
in the current work are the same as those in [102, 103]. This process has 12 state variables,
including z 4; (the mass fraction of material A in the i-th vessel), xp; (the molar fraction of
material A in the i-th vessel), T; (the temperature in the i-th vessel), V; (the liquid holdup
volume in the i-th vessel), i = 1,2,3. The manipulated inputs include the flow rates of the
feed streams to the first and the second reactor (Fp; and Fyo, respectively), the flow rates
of the effluent streams of the three vessels (F;, i = 1,2,3), the recycle flow rate (i.e., Fg)
and the heating inputs to the three vessels (Q;, i = 1,2,3). It is assumed that the mass
fractions are not measured and only temperatures and holdup volumes (7}, V;, i = 1,2,3)
are measured online. Let us consider that we want to decompose the entire system to 3
subsystems (i.e., ¢ = 3).

Subsystem decomposition of this process was also studied in [102, 132, 103]. However, in
[102, 132, 103], subsystem decomposition of this process was investigated without explicitly

considering distributed state estimation.
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Table 7.1: Subsystem decompositions for the reactor-separator process using the method in

132, 103]
Decomposition A.1 (Decomposition 1 in [103])
Subsystem States Ma‘nipulated Available output
nputs measurements
1 Vi, Th, a1, T Ffly Fgr, Q1 Ty, Vi
2 Vo, Ta, T a2, Tpo Fyo, Fy, Qo Ty, Vo
3 Vi, T3, a3, Tp3 Fy, F3, Q3 13, Vs
Decomposition A.2 (Decomposition 2 in [103])
Subsystem States Ma‘nipulated Available output
Inputs measurements
1 Vi, Th, z a1, T Fp, Q1 Ty, Vi
2 Vo, Ta, T a2, Tpo Fyo, Fy, Qo Ty, Vo
3 V3, a3, TBs Fy, Py, Fg Vs
4 T3 Q3 13
Decomposition A.3 (Decomposition 4 in [103])
Subsystem States Ma‘nipulated Available output
Iputs measurements
1 T A1, TA2, TA3, TB1, TB2, T3 | Ff1, Fpa, Fr n/a
2 Vi, Vo, V3 Fy, Py, F3 Vi, Va, V3
3 T, 1o, T3 Q1, Qa2, Q3 T, 1z, T3

* State variables in bold cannot be estimated using the available measurements of the

corresponding subsystem
** “n/a” means that no variable is assigned to the corresponding subsystem

Table 7.1 and Table 7.2 show the subsystem decomposition results reported in [103,
132] and [102], respectively. Among all the decompositions, Decomposition A.1 which was
reported in [103, 132] is the only one that can be used for simultaneous distributed state
estimation and control given the available measurements. In Decomposition A.2, the states
43 and x g3 assigned to subsystem 3 cannot be estimated based on the single measurement

of V3. In Decomposition A.3, no subsystem measurement is available, such that the states
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Table 7.2: Subsystem decompositions for the reactor-separator process based on [102]

Decomposition A.4

(First structure recommended by [102])

Subsystem States Ma.nipulated Available output
mputs measurements
1 g1, 11 Fp, @y Ty
2 Tpa, To, Tz | Fp2, Q2, Q3 Ty, T3
3 Vi, Vo Fy Vi, Vo
4 TBs, V3 Fy, Fg, F3 V3
Decomposition A.5 (Second structure recommended by [102])
Subsystem States Ma.nipulated Available output
mputs measurements
1 TpB1, TB2 Fr, Fro n/a
2 Ty, Ty, Ty | Q1, Q2, Q3 Ty, Ty, T
3 Vi, Va Fy Vi, Va
4 Tps3, V3 Fy, F3, Fg Vs

* State variables in bold cannot be estimated using the available mea-

surements of the corresponding subsystem

** “n/a” means that no variable is assigned to the corresponding sub-

system

assigned to subsystem 1 cannot be estimated. Similarly, certain state(s) in Subsystem 4 of
Decomposition A.4 and Subsystem 1 of Decomposition A.5 (highlighted in bold) cannot be
estimated due to insufficient subsystem measurement(s). Neither decomposition obtained
using [102] can be used for simultaneous distributed state estimation and control given the
available measurements. While the method in [132, 103] indeed gives one decomposition
(Decomposition A.1 in Table) that can be used for simultaneous distributed state estimation
and control, it may fail to give any feasible decompositions for larger-scale processes when
distributed state estimation is also considered as demonstrated in the example discussed in

the next section.

Next, the proposed method is applied to the process. Two subsystem configurations are
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Table 7.3: Subsystem decomposition for the reactor-separator process based on the proposed

method
Decomposition A.6 (@) = 0.4458)
Subsystem States Manipulated | Available output
inputs measurements
1 Vi, Th, a1, Tp1 Fp, @y Ty, Vi
2 Vo, Ta, a2, Tpo Ff2, Fi, Qs Ty, V3
3 Vs, T3, xa3, T3 | I, F3, FRr, Q3 T3, V3
Decomposition A.7 (Q = 0.4417)
Subsystem States Manipulated | Available output
inputs measurements
1 Vi, Th, a1, Tp Ffl; Fgr, Q: Ty, Vi
2 Vo, Ta, a2, Tpo Ffz; Fi, Qo Ty, V3
3 Vi, T3, a3, Tp3 Fy, F3, Qs 13, Vs

found and are presented in Table 7.3. The only difference between the two decompositions is
that the recycle flow F is assigned to different subsystems for control. Both decompositions
capture the physical topology of the process well. This may be because the interaction of
the state dynamics within each vessel is relatively strong, while the interaction between the
vessels (via effluent and recycle streams) is comparatively weaker. Note that the second
decomposition (Decomposition A.7) obtained based on the proposed method is consistent
with Decomposition A.1 reported in [103, 132] in terms of state and manipulated input

variables.
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Figure 7.3: A schematic of the wastewater treatment plant

7.4 Application to a wastewater treatment plant

7.4.1 Model description

A wastewater treatment plant (WWTP) described by the Benchmark Simulation Model
No.1 (BSM1) is considered. This plant consists of a multi-chamber biological activated
sludge reactor and a secondary settler. A schematic of the plant is given in Figure 7.3
[130]. The biological reactor comprises five interconnected chambers: the first two anoxic
chambers are the non-aerated section and the remaining three aerobic chambers are the
aerated section. In the non-aerated section, pre-denitrification reactions where nitrate is
converted into nitrogen take place, while in the aerated section, nitrification reactions take
place such that ammonium is oxidized into nitrate [130].

Wastewater enters the plant through the first chamber of the biological reactor at con-
centration Z; and flow rate (g, which are time-varying parameters dependent on the current
weather condition. A portion of the effluent discharged from the fifth chamber of the re-
actor enters the settler at flow rate )y and concentration Z;, while the remaining portion
is recycled to the first chamber at flow rate ),. The secondary settler is constituted by 10
nonreactive layers, the 5-th layer of which is the feed layer. The outlets of the settler are
discharged in three ways: (a) the overflow of the settler containing purified water is removed

continuously through the top layer of the settler with concentration Z, and flow rate Q.; (b)
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a portion of the underflow of the settler is sent back to the first chamber at flow rate @,
and concentration Z,; (c) the rest of the underflow is discharged through the bottom layer
at flow rate Q,,. In the process model, we take into account eight major biological reactions,
and 13 major compounds are considered in these reactions. The concentrations of the 13
compounds in the five chambers are the state variables of the model of the biological reactor.
The 13 state variables for each chamber are listed in Table 7.4. The model of the settler is
established based on mass balances of the sludge considering solid flux due to gravity [133].
Specifically, 8 states are taken into account in the model of each layer of the settler, including
So, Sark, Svu, Snvo, Ss, Sr, Syp and X. X represents the concentration of suspended
solids of a layer, which is the summation of Xg, X;, Xp,, Xp,, Xp and Xyp in the corre-
sponding layer. In the remainder, we use x,,,, ¢ = 1,...,8, to denote the concentrations Sop,
Sark, Snu, Sno, Ss, Si, Syp and X in [-th layer (I = 1,...,10) of the settler, respectively.
In total, 145 states are used to capture the dynamics of the WWTP based on BSM1. A
more detailed description, the process model and the model parameters of the WW'TP are

given in [130].

7.4.2 Manipulated inputs and measured outputs

In this work, four manipulated inputs are taken into account: the flow rate of the recirculation
stream (denoted by @,) and the oxygen transfer rate in each of the aerobic chambers of the
biological reactor (denoted by Kpas, Kpas and Kpas, respectively).

For WWTP described by the BSM1, we consider that there are 56 measured output
variables available for state estimation. In each chamber of the biological reactor, the con-
centrations of dissolved oxygen, free and saline ammonia (i.e., NH3 and NH4"), nitrate and
nitrate nitrogen, alkalinity, chemical oxygen demand (COD), filtered chemical oxygen de-
mand (CODy), biological oxygen demand (BOD) and the concentration of suspended solids
can be measured online [123, 130]. In the settler, the states of the top layer and the bot-

tom layer are measured online. The output measurements in each chamber of the biological
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Table 7.4: State variables of the i-th chamber (i = 1,...,5) of the biological reactor

State Definition Unit Notation
X inert particulate organic matter g COD-m™3 T, |
S inert soluble organic matter g COD-m™3 T, s
X slowly biodegradable and soluble substrate g COD-m™3 T,
S, readily biodegradable and soluble substrate g COD-m™3 Tepy
Xp | particulate generated from decay of organisms | g COD-m™ Ty s

XND particulate biodegradable organic nitrogen gN-m™ Te; g

XB, biomass of active autotrophs g COD -m™3 Te;q

XBy, biomass of active heterotrophs g COD-m™3 Ty

Sno nitrite nitrogen and nitrate gN-m™ Teig

SN free and saline ammonia gN-m™3 Te, 1
So dissolved oxygen g (-COD) -m™ Ty

SALK alkalinity mol - m~3 Te; 1,

SND biodegradable and soluble organic nitrogen gN-m™ T, 1

reactor are described in Table 7.5. In this table, y.,, represents the [-th measurement of
chamber ¢, i = 1,...,5, 1 =1,...,8. The output measurements in the top/bottom layer of
the reactor are shown in Table 7.6. In this table, y,,, denotes the measurement of state x,

(t=1,...,8) in the top layer (when [ = 1) or the bottom layer (when [ = 10).

7.4.3 Subsystem decomposition

Now, we apply the proposed method to decompose the WWTP into subsystems for simul-
taneous distributed state estimation and distributed control. There are 205 vertices (145
states, 4 manipulated inputs and 56 measured outputs). Suppose that we would like to de-
compose the plant into six subsystems (i.e., ¢ = 6). The top three decomposition candidates
are given in Table 7.7.

In Decomposition B.1, the modularity value is large (¢ = 0.6068), which indicates a very

good subsystem structure. Subsystem 1 contains all the states and measurements of the
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Table 7.5: The output measurements in the i-th chamber (i = 1,...,5) of the biological
reactor
Output measurement variable | Expression in the form of system state(s) | Symbol
concentration of dissolved oxygen So Yein
concentration of nitrate
L. . SN o Yei o
and nitrite nitrogen
concentration of NH3 and NH4* SN Yer s
concentration of alkalinity SaLK Yeis
COD SS+SI+XS+X[+XBA+XBH yCi,5
concentration of suspended solids Xs+Xr+Xp, + X, + Xp+ Xnp Yers
CODy Ss+ 51 Yein
BOD S s + X S yCi,S
Table 7.6: Output measurements in the top layer (I = 1) and bottom layer (I = 10) of the
settler
Output measurement variable Expression in the form of system state(s) | Symbol
concentration of dissolved oxygen So Ysy,
concentration of alkalinity SALK Ysa,
concentration of NH3 and NH4" SN Yss.
concentration of nitrate
o Sno Ysa,
and nitrite nitrogen
concentration of readily biodegradable g y
S s
and soluble substrate >
concentration of inert soluble g Y
1 s
organic matter o
concentration of biodegradable
. . SND Ysr,
and soluble organic nitrogen ’
concentration of suspended solids Xs+Xr+Xp, + X, + Xp+ Xnp Yss.,

first and the fifth chambers of the reactor, the states associated with the concentration of

X in the ten layers of the settler, the measured concentrations of X in the top and bottom
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layers, , and the manipulated input Kpa;. Subsystem 2 contains the state and measurement
variables of chamber 2 and the manipulated input variable Q),. Subsystem 3 to subsystem 4
each contains the state, measurement and manipulated variables of chamber 3 to chamber
4, respectively. As stated in [130, 149, 150], @, is often used to control the nitrate level
in the second chamber and Kja is to control the dissolved oxygen in the corresponding
chamber. Therefore, the allocation of the manipulated inputs aligns with common control
strategies for the WW'TP. Subsystem 5 contains the states associated with S7, Sg, Syg and
Snyp in the ten layers of the settler and the associated measurements, while Subsystem 6
contains the states and the measurements associated with Sp, Syo and S i in the settler.
No manipulated inputs are included in either Subsystem 5 or Subsystem 6. Note that this
does not deteriorate local stabilizability of the two subsystems. This is because Subsystem
5 (Subsystem 6) has linear local dynamics when treating its interacting dynamics as known
inputs, and the local dynamics of Subsystem 5 (Subsystem 6) is open-loop asymptotically
stable.

The modularity values for the other two decompositions are slightly smaller. As shown
in Table 7.7, these two decompositions (Decomposition B.2 and B.3) are the same as De-
composition B.1 except in the last two subsystems, and serve as backup options.

Next, the method in [132, 103] is also applied to the WWTP. In the construction of the
adjacency matrix, the states and the manipulated inputs are considered as vertices while
the measurement outputs are excluded. A structure of 14 communities leads to the maxi-
mal achievable modularity value (0.5784) based on this method. However, there are several
subsystems that are not assigned with any available output measurements, which leads to
unobservability of the subsystems. Totally, nine subsystem structures with different number
of subsystems are obtained at different levels of sub-divisions after fine-tuning. Given the
available measured outputs described in Section 7.4.2, none of these candidate decomposi-
tions can pass the subsystem observability test. The above results show the necessity of using

the method proposed in this work for subsystem decomposition for simultaneous distributed
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state estimation and control.
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Table 7.7: Six-subsystem structures for the WWTP

Decomposition B.1 (@ = 0.6068)
Subsystem States Ma'nlpulated Output
mputs measurements
1 Tey ;s xCS,i. (1=1,...,13), Kpas Yeris Yes, (1 =1,...,8),
xS&j (j = 17 crt 10) y88717 ?/58,10
2 Ty, (1=1,...,13) Q. Yes.; (i=1,...,8)
Tey, (1=1,...,13) Kras Yes, (i=1,...,8)
Tey, (1=1,...,13) Kray Yer, (i=1,...,8)
5 Ts3i5 Lss 0 Lsgir L n/a Yss 1y Yss 105 Yss15 Yss 10
(i =1,..., 10) Yse,1r Yse,100 Ysz1s Ysz 10
6 Tsy .y Toyir Tsy, (1=1,...,10) n/a Ys1,00 Ysi100 Ysz10 Ysa a0
7 ' ’ y84,17 y84,10
Decomposition B.2 (@ = 0.60544)
Subsystem States Ma.mpulated Output
mputs measurements
1 Tey ;s xcs’i- (1=1,...,13), Kpas Yerir Yesi (1=1,...,8),
xSSj (.] = 17 : Y 10) y$8,17 ySS,lo
2 Tey, (1=1,...,13) Q. Yes.; (i=1,...,8)
3 Ty, (1=1,...,13) Kras Yes.; (i=1,...,8)
4 Tey, (1=1,...,13) Kray Yo, (i=1,...,8)
5) 175317 xSG i (Z - 1a . 710) n/a y83?17 y53.,107 ySG,l? ySG,lO
6 'TSI,N xSZ,i’ x34,i7 xSS,i’ 'I577i n/a y51717 ySl,lo? y82,17 952,107 y84,1a 934,10
(Z — 1, ey 10) y85?17 y85,107 .%7,17 y57,10
Decomposition B.3 (@ = 0.60544)
Subsystem States Ma'nlpulated Output
mputs measurements
1 Tey ;s xcsﬂ.. (1=1,...,13), Kyas Yerir Yes (1=1,...,8),
Lsg, (] =1,. 710) Yss,1s Yss 1o
2 :L‘CQJ (Z 1”' ’13) Qa yC2,i (Z = 1778)
3 Tesy, (1=1,...,13) Kras Yes., (i=1,...,8)
4 Ley, (Z: 17' a13) Kray Yea (Z = ].,,8)
5 3?55 i) :'US77 (Z - ]'7 : 710) n/a ysg?u 933,107 y86,17 ySG,m
6 'ZESLN xSQ«“ Issa“ $S4vi7 xsﬁvi n/a y51717 ?/51,107 y82,17 y82,107 y$3,17 y83,10
(2 = 1, ceey 10) Ysanr Ysanos Yss s Yse 1o
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Chapter 8

Conclusions and Future work

8.1 Conclusions

In this thesis, we have proposed systematic approaches on subsystem decomposition and
distributed state estimation for nonlinear process networks.

In Chapter 2, two-time-scale nonlinear systems was considered and a distributed state
estimation method was proposed. Specifically, the nonlinear system was decomposed into a
fast system and several slow subsystems. Local MHE estimators were designed for the slow
subsystems and the fast system. The estimator for the fast system is not required to send
out any information. The convergence and ultimate boundedness of the estimation error
norm has been proved. The effectiveness of the proposed approach was illustrated using a
separator-reactor process example.

In Chapter 3, general nonlinear systems that can be decomposed into smaller subsys-
tems were considered. A systematic method to design distributed state estimation networks
was proposed. Specifically, decentralized local estimators were assumed to exist for the sub-
systems. A compensator that compensates for the dynamics of subsystem interaction was
designed and an augmented estimator for the corresponding subsystem was formed based on

the compensator. The augmented estimators were connected together via discrete-time in-
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formation exchange to form a distributed estimation scheme. Sufficient conditions were given
for the convergence and boundedness of the estimation error. Several application examples
were used to demonstrate the proposed approach.

In Chapter 4, distributed output-feedback FDI for nonlinear cascade processes was ad-
dressed. First, a distributed state estimation was designed based on the distributed state
estimation method proposed in Chapter 3. The convergence to zero of the estimation error of
the distributed estimation system in the fault-free context was proved. Then, a residual gen-
erator was developed for each subsystem to generate residual signals for FDI. A distributed
FDI mechanism applicable to both actuator faults and sensor faults was developed by eval-
uating the subsystem residual signals. Potential faults that can be detected and isolated
by the developed mechanism were also characterized. A froth flotation process was used to
verify the effectiveness of the developed FDI mechanism.

In Chapter 5, a subsystem decomposition procedure based on structural closeness for
distributed state estimation of nonlinear processes was proposed. Observability test of the
entire system, identification of observable states given each measured output, relative de-
gree analysis and sensitivity analysis between output measurements and system states were
included in the proposed procedure. Process examples were used to demonstrate the appli-
cability of the proposed techniques/procedure. The decomposition results for the examples
are reasonable and consistent with process topology.

In Chapter 6, the distributed state estimation problem for the wastewater treatment plant
was considered. Subsystem decomposition and distributed estimation design were systemat-
ically addressed in this chapter. Several key steps in the decomposition approach proposed
in Chapter 5 were taken advantage of. The plant was decomposed into smaller subsystems.
Then, a distributed MHE scheme was proposed for the WWTP. Innovation-based iterative
evaluation was also considered to reduce its computational complexity. Simulations were
carried out under different weather conditions. The proposed scheme can provide good state

estimates in different weather. Extensive comparisons with other state estimation methods
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were made to illustrate the advantages of the proposed method.

In Chapter 7, a systematic procedure was proposed for subsystem decomposition of gen-
eral nonlinear process networks for simultaneous distributed state estimation and distributed
control. The proposed procedure resorts to community structure detection based on modu-
larity maximization. A fast folding algorithm that approximately maximizes the modularity
was used in the proposed procedure to find candidate subsystem configurations. Two cri-
teria were proposed to find valid solutions from the candidate subsystem configurations for
simultaneous distributed estimation and control. We introduced two chemical process exam-
ples of different complexities to illustrate the effectiveness and applicability of the proposed
approach. The proposed method was also compared with the existing methods that focus
primarily on distributed control through the application to the two examples. The results
showed the advantage of the proposed procedure in terms of addressing simultaneous dis-

tributed state estimation and control.

8.2 Future work

o Fuvent-triggered distributed moving horizon estimation. As discussed in this thesis, dis-
tributed moving horizon estimation (DMHE) has attracted great research attention
and has been considered to be a very effective solution to the state estimation problem
of large-scale processes. However, computation and communication resource required
for the implementation of a DMHE scheme is non-negligible and could be unaffordable.
Based on this consideration, it would be favorable to incorporate event-triggered con-
ditions in DMHE designs to reduce the evaluation and the communication frequency.
Event-triggered conditions should be properly determined. In addition, rigorous theo-
retical analysis of the stability of the estimation error dynamics needs to be carried out

for event-trigged DMHE methods, which have not been available in existing literature.

e Distributed output-feedback fault detection and isolation for general nonlinear systems.
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This thesis has investigated the problem of distributed fault detection and isolation
using output-feedback. However, this work focused on cascade systems but not general
nonlinear systems. Sometimes one has to use a general nonlinear model to describe
the dynamics of a chemical process (e.g., when recycle streams exist). However, in a
distributed framework, the isolation of a possible fault is more challenging when only
output-feedback information is available. The design of an effective distributed FDI
mechanism for general nonlinear systems and the selection of appropriate detection

and isolation criteria are part of our future work.

Distributed moving horizon estimation subject to unreliable communication/asynchronous
measurements. The implementation of a common DMHE design relies on a communi-
cation network that coordinates information exchange among local estimators. From
a practical point of view, there are some practice issues that may be encountered in
a communication network, including time-varying delays, data loss and asynchronous
measurements. In future work, it is worth investigating how to propose an effective

DMHE scheme to handle the above imperfections with respect to communication.
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