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ABSTRACT

Stochastic models of,bank’behavior have become
popular over the last twg;decades, but the seminal'work
- in the area was pennqg.by F.Y. Edgeworth in the l9th cen-
tury. In this work Edgeworth found that the 1ntroductlon
'of unCertalnty into models of bank behavior generated the
'theoretlcally plausrble conclusaon that/large banks w1ll‘
hold proportionately smaller levels of total cash reserves
than smaller banks. ( |

The teohniques of stochastic models of bank behav-
ior.were‘refined in thell960's, largely by authors inter-
ested in an area related to Edgeworth's work. ‘Where Edge-
worth concerned himself with the optimization of cash
reserves, these authors sought to 1nvest1gate the effect
of uncertainty on.the optimal eggansion of dep051tsf With -
the improved techniques of the latter authors and the basic
assumptlons of Edgeworth E. Baltensperger refined the
treatment of the guestion of economies of scale in reserve
management and arrived at the same conclus1on as Edgeworth.
In a later work A. Knobel,‘using a substantialiy different

. -

model and 1nvest1gat1ng the relatlonshlp of bank size to
’excess reserves, achieved results tendlng to questlon those
of Edgeworth and Baltensperger, but .not directly refuting
their conclusions. | |

In thlS thesis, .a stOChastic model of excess re=

serve management is presented and the model is used to



)

.
»

énaiyzé‘the éffeéps_of bank siZé on excess reserve man-
aQément.‘ The.conclusions of EdgeWorth and Baltensperger
are,shéwn to result solely from very speciéliéeq,restfic;
‘,pions that they\placed on the‘range of vélues_permitted
ﬁo the'éptimai_leveiyof cash in their models. As well,\
for the ﬁirst“timé,'fixed t;ahséctions costs are.iht:o—
" duced into the discussion of economies of séale in reserve,
managemént. Their‘intrdduétion Sﬁpports tmé results of
Edgeworth and Balﬁeﬁsperger,'but not'boncluéively. A
final‘éontributron attempted by this Qork{ié a critical
‘combarison &f the stoCha;tic models seeking'to bpfimize
Hdeposit expansion and those seekihg to optimize the, level

~ . L3
of reserves.

vi
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CHAPTER I o~ « S
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TNTRODUCTION

GTﬁé subject matter of this work i%s essentially
microecohomic‘in that it seeks to examine on a theo;et—
ical‘}evel‘a'partiéular asgéct of the behavior of ah

_economic agent, namely, the commercial bank. To be‘more
sgecific}.this thesis deals with the adalysié Qf_the .
effects of a bank's size on its deménd for éxcessfprimary

‘reserves. Tt employs a simple, one period, two-asset,

stochastic, bank portfolio optimization model as the ve-

<

AicLe_for that analysis. | ' )
' Two~asset stochastic models of bank’behaviér have’
‘bec¢me popular in the paétltwenpy,years, with authors con- '
centrating oﬁxtwé/basic investigations: (i) thé optimiza-
tion of depoéitkexpansien from a position of excesg,ré-
sérves; and (2) £he Optim;zation of thg levei of bank‘fe-
serves. Among Lhe authofs.condérnéd with thg‘;écond'iésue
only a véfy few have sbughp to employ.their model tqQ'inves-

tigate the effects of bank size on the'ﬁanagemen; of a

-~ bank's reserves.

2

St '~ Two of these authors arrived at the conclusion that
large banks will hoid a~sﬁaller proportion of depqsits as
.reserves than smaller banks, while a third‘author, gsing a
substéntiaily different model, affived at results that tend
to qﬁestion_this'conclus;onf'_it 15 the coptention of this

‘inquiry that larger Banks will not hold a lower cash reserve



ratio than smaller banks under all conditions. Further-
more,fonl; minor changes in the models of the autﬁors who
concluded that such ‘an economy of séale exlists 1n reserve
management will ‘belie their résult. |

The subject matter of Chapter II of this stﬁdy'is‘
a selective review of the literature pertaining to the op-
timization of hank' behavior using stéchastic models. A

_ e _ .
‘good deal of space is devated to works which seek to op-

timize deposit expansion from a position of éXCeés reserves.
‘This is because many of the bréad techniques. Wsed in ﬁ
analysis of bank reser&e optimization in stochastic models
were originally developed in studies dealihg with thé‘ﬁormer
problem. Alsb, it ig hoped that this thesis will serve to
display to the reader that, for many of the problems eﬁf
céuntéfed‘in the deposit expaﬁsion optimization ﬁodels,
tﬁere‘éxists a related problem in the reserve optimization
models. - | | |
Somg.of the contrabutions to the fi%ld{of bank bej“\
‘havior optimization under condi;ions of uncertainty-are
\analyzed in detail in this thesis,'while'other-contributions
are given a moré generalizéd treétment.k The criterion used
to determine the detail in whiéh any particular Cont;ibu—
tion is presented essentially_relafés to how much the detail
"will cont?ibute to the understanding Qf the workings of my
dwn mﬁdel which i; presented in Chapter IIT of this thesis.

In general, on the question of the detail df'presentation,

: ~ . . ! »
models concerning reserve optimization are net favoured



above models concerning optimél deposit exXpansion; nor
are reserve optimization models which concern themselves
with bank size necessarily favoured over those that do not.
In Chapter III, my own one period, two-asset, sto-
‘chastic, bank portfqlio model will be presented. It will
be preseﬁted first in aﬁbasic form and then in a slightly
augmented form. In Chapter IV *the basic and augmented
forms of my model will be used to analyze the conclusighs
regarding‘the effects of bank size on reserve ménagement
that emerged from the 1iterature‘review. | L
Chapter V will concern itself with the conclusiohs

and limitations of this study and with some suggestions

for further research.



CHAPTER II

1

THE EFFECT OF BANK SIZE ON A BANK'S EXCESS

N CASH RATIO: A REVIEW OF THE LITERATURE
Edgeworth
As long ago = : 1888, F.Y. Edgeworth made the

first attempt to analyze the nature of a bank's demand‘
for cash reserves within the framework of probability
theory;l His analysis included the first exposition of
the theoretical plausibility of ecbnoﬁies of scale in
bank reserve management.

| Edgeworth observed that the net cash drain whicﬁ
a bank faces aé a result of customer additions to,Adr
withdrawals from, dgpbsit accounts is a quantity which,
under normal gircumgtances, varies according to the activ-
ities of numerous independent agents. He feasoned,‘there—v
_fore, that this net cash drain should flucﬁuate according
to the normal probabilit;\aistribution, though he was care-
ful to recognize that, for the description to‘apply; cer-
tain negulér fluctuations inrnét cash draiﬁs, due to such
factors as seasonality, had to be abstracted ffdm. He
also recognizedbthat undef certain circumstances, such as
thQSg,existing during financial paniQ§,‘the depositors of

aé&énk act in a far from independent fashion.
<&

JlF.Y.kEdgeworth, "The Mathematical Theory of
Banking," Journal of the Royal Statistical Society 51
(March 1888): 113~-27.




Assu;ing normal times, Edgeworthldescribes in a
parable how a banker could go about scienfifically choosing
a sultable levei of reserves to hold against .cash with-
drawals. The banker would begin bQ'estimating the para-
meters of thé (presumably normal) probability distribution
of net cash drains he expécts to face him in the current
period. This would involve, the bankér's professional
judgement and careful observation of‘hiétoricai data. The
banker would next select an acceptable‘probability of being
caught with insufficient‘cash to satisfy his depositors'
demands.. Subsequently, from the c%@ulative probability
distribution of net cash draiﬁs, the bankervcah determine
the level of net cash drains whereby such draiﬁslwill ex-’
ceed that value by no more than the.pfobability décided
upon. The final step involves the banker equating the
"level of reserves to that level df net cash dfins found
by the preceding method. |

As a very'simple example, suppoée the banker found:
that his net cash drains would’likely'average zero and |
exhibit a standard deviation of $1 million. If the bénker
was willing to accept a one in one thousand chance of de-
faulting on his’degositors' cash»withdfawals, he would hold
$3.09 million as a reserve. This is because given the mean
and varianée of the banker's normally distribufedlnet cash

drains, there is only a one in one thousand chance of net

cash drains exceeding $3.09 million. . o



Edgeworth does not detail the factors which the
banker should consider in determining an acceptable risk
of default on depositors' demands. He does, however, assume

throughout his work that the banker will always make pro-

vision for the expééted value of cash drains in the selec-

e

<

tion of a satisfactory level of reserves. ‘Hence, Edgeworth
is really concerned with the selection of a reasoﬁable léVel
of reserves to ho%dxin excess of the average value of net
cash drains. in the simple e%amﬁle, for instance; Edge-
worth wOuld.notvpérmit the choice 6f a probability of de-,,
fault above one chance in two. |

Besides bringing the techniques of prObabiiity‘
.analysis to‘bear on.the problem'of reserve manégement,g
Eagewbrth makes another very imbortant discover;. Arguing
in parable oﬁ@e more, Edgeworth implies that, underlsoﬁe
circumstances, if the éize of a bank (volume of deposits)
is increa§ed by a»factpr éf n, aﬁ increase in resérves by
a, factor of vn will provide the same protectién against
‘default on depositors' demands as before the éxpgnsion;
This is to Say that an increase of /n in reserves will
Supply the identical prob&bility of being caught with in-
sufficient cash. The impo;tant assumptions béhind his con-
clusion are: (1) the net Césh drains are distributed ﬁor-
mall& (or at least asymptotically normally); (2) the aver-

age size of the accounts are equal before the expansion;

(3) all customers' accounts are increased by a factor of n



and, more‘éubtly, (4) the banker's chosen level of re-
serveé always exceeds the expected value of net cash drains
during the period in question.2

| Edgeworth's discovery that anvincreaée of vn in
reserve will result in no loss.of security should the size
of a bank be increased by,a'facth of n, givep the above
assumptions, ié importaﬁt in two ways. First, it implies’
“that the ratio of reserves to deposits, and hence, thé
opportunity cost aof holding reserves, can bé lowered with-
out additionaivrisk.as.a bank increéses ih-sizef~that is,
thére exist économies of scale in bénk reserYg managemént}
Second, thié discovery marks the first statement of the
square-root law of the demand for cash.3 It is the impli-
cation of economies of scale in reserve managément that is

&,
important to the investigation at hand.

Although Edgeworth was the first economist to inves-
tigate the importance of uncertainty and the possible econ-
omies of scale in reserve management, he did not present a

true model of the demand for reserves. In Edgeworth's diss

course, the banker is presumed to determine exogenously’ the

2Edgeworth does Mot provide a rigorous proof of his
conclu31on in his aftifle but one will be provided later
in this thesis in the consideration of a subsequent article
in the llterature review.

-

3For more information on Edgeworth's conf\ribution
to the square root law, see J.H.G. Olivera, "The\Square
Root Law of Precautionary Reserves, "Journal of Political
Economy 79 (September 1971): 1095-1105. '
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level of defaulﬁ risk on his deposit?rs;ycaéh withdrawals
that he is wil1ing to accept and to hdld the appr@priate
levél.of reserves calféd.for by his eStiméte of the para—
" meters of his bank's cash drgin d%stributibn;_ Ther¢ is
no explicit discﬁésion of profit maxiﬁizatibn or of the
effects of.interest rates on thé banker's choice of the
"apﬁropriaté level of risk to be entertained.

The explicitvintroduction of profit maximization
into the theory of bank behévior under.conditions of un-
. certainty did not materialize until 1961, when orr and‘
Melion4 invésﬁigated‘fhe effect of stochastic reserve
losses upon credit éxpansion; The optimization of credit
expansion, given that.excesébfeserves exist, is largely
the mirror image of the prébiem analyzed in tp£s~thesis,
pamely, the optimizétion of the level of rese}ves to be
held. 'Nevertheless, since the eariiest applications of
true,stochas£ic models to baﬁking behavior concerned op-
timal credit expéﬁsidn, and since certain roughly parallelJ "
phenomena occur in the anal?sis of the two subjects, it

is worthwhile to present an overview of the stochastic

theory of credit ekpansion.

\

‘baniel orr and W.C. Mellon, fStochaétic Reserve
Losses and Expansion of Bank Credit, "American Economic
Review 51 (September 1961): 614-23.




Before describing Orr and Mellon's model and con-

clusions, a brlef explanatlon of the determlnlstlc theory
1 ‘

FY

of credlt expansion whlch Orr and Mellon sought to challenge
}is in order. The classic work in }he development of the
‘role of an individual bank ln credit creation under conF
~ditions of certainty is that of C.A. Phlllips.5

"C./A. Phillips |

Phillips begins his analysis-by separating a bank's
total deposits into two categories: (1) primary deposits;
and~(2)'de§ivative deposits. Priﬁary deposits are those
which arise when a customer deposits currency into his bank
account or a cheque drawnvon,another bank, where this place-
‘ment does not involve the repayment of a loan from the‘bank.
A derivative deposit 'is one which arises when the bank
grants a lodn to a customer, Or o;e made with the. 1ntentlon
of accumulatlng a deposit balance suff1c1ent to repay an
outstanding loan from'the bank at some future date.

Primary’deposits are considered to be guite stable
~in that they represent funds deposited at the bank for the
purpose of safekeeping and for the purpose of providing
transactions balances for the tustomers. 1In aggregate
these deposits are env151oned as belng drawn down and aug-

mented in. a reqular pattern so thau.a relatlvely unlform

volume is maintained. . In contrast, derivative deposrts

A5C.A. Phillipsﬂ Bank Credit (New York: Macmillan,

1920).
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are postuléted‘to be highly volatile as a regult bf»their
origin. Typically, the procedure followed in granting a
loan to a customer involves'thetcreation of a chequeable
deposit in the customer's name. This deposit is a deriv-
ative deéosit; and, according to Phillips;‘it can_bé ex-—
pec&ed that a large parf of thé depgsiﬁ will be drawn‘down
wifhin a short period of\time,.because most loans are con-
tracted with a definite use for the fuﬁds in‘mind. More- ”
over, when the borrower draWs‘down his deposit, the cheque
will likéiy-be in favour of a customer of a different bank;
. . ' &
so that the draw down represents a loss of reserves to the
bank granting the loan.. Hence, Phillips expects that for
*the average loan, the associated defivative'dgposit quickly
dimiﬁishes to a level representing a low percentage of the VXW
value of the loan. In‘a still‘later perioé, ag the repay-,k//
ment date on the loan approaches, Phillips expécts the
borrower to begin accumulating baiances with the bank, so
that ultimately this deposit will growlrelatiVe to?the
size of:the loan until it is large enbugh to retire the
debt at maturity. The American béhk custom of requiring
minimum balances in relation to loang'iﬁspired Phillips
to beliéve that a derivative aéposit assoéiated’with aAgivén
‘ : 4

loan woﬁld never reach zero. -

To sﬁﬁ up, Phillips feels thaf the derivative de-
posit associaﬁed with a particular loan wiil brief%y‘repre-

sent a high proportion of that loan in the period jﬁst after

Ead
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tﬁe grdntind of tHe loan. The derivative,deposit wili A\
" then fall to a\loW’percedtage of the value of the loan
and ultimately the value of the derivative deposit will
rise in prbportiod to the size of the loan as the loan
approaches mdturity.' | .

' Aé a bank matures, Phillips expects that thé aggre-
gate dg derivative deposits wili\ap'roéch a stable propor-
tion of totél.ldans outstanding. This is bedause'at any
- given point of time the lban portfolio will be coﬁposed of
loans which are smoothly distributed, in,reSpect of term
;olmaturtty,'between nery granted ldans and loans which
are nearly due. The aggregate of d%ri&ative deposits.will
be the sum of individual derivative.déposits, each asso-
‘ciated With.a loan*in'the portfolio. Some of these individ-
ual deriVativebdeposits will represent a high ptopdrtion of
the assoéiated loan (wﬁeré‘the loan is newly gfantéd or near
maturity), and some a loQ‘prdpoftion (wheté th;nlqan is in
an interhediate stage)t HoweQer,'sovlong as ‘the value of
new loané granted is'roughly.equal to the vaiue df maturing
loans, aﬁd so long as the terms to mathrity\at inception‘of,
'alI loans are telatively uniform, total detivdtive deposits
will tend to stand in,anbapptoximately fixed proportional |
télationship to‘aggregate~loans. |

In his derivation of the formufa for the optimal

expanéion oftloans, giveh the acguisition of a ptimaty de-

posit, the ratio of derivative'deposits‘to loans is desig-
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nated the lettef k. The addiﬁional p;}mary deposit which
brings an equal in%}ease in reserves is termed c, while
the customary ratio of reserves to deposits (which is
assumed to remain stable over timej is labelled r. The
addition to loans 1is designatéd the létter x, and pl‘fep—

resents . the amount’of reserves lost through the booking

“of new loans. The proportion of loans drawn down by

cheques in favour of other banks' customers 1is (1-k) since

a propdrtion of k of freshly created derivative deposits
are assumed to remain with the bank; hence:

o (2.1) c, = (L-k)x.

The reserve ratio will be preserved after loan expansion
i . i ) »

only if
(2.2) cy = c-(rc+er),'

where'c_ﬁas the additibnal_reserves provided by the pri-
mary deposit, rc is the reserve to be held against that
deposit, -and krx representévreServes to be held against
thevincremental derivaﬁibe‘deposits,akx. Solving equa-

tions (2.1) and (2.2) for x yields the formula,

= C ) _r
(2f3) | X = o1+l

Y

where c(l-r) can be regarded as the level of ‘excess re-

Serves before the expansidn of credit.
Since (r-1) must be negative, Phillips' findings

imply that a higher ratio.of derivative deposits to loans
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ieadé to a higher level of credif expansion. Addition-
ally,~Philliés'quélifies hisyoriginal assumption,Which
stipulated that when a borrower wrote cheques against =
the_deri&étive deposit created pursﬁaht to his,loah: the .
cheéues would always favour QQStomers of another;bank.
Phillips ééncedes that in countries having a high concen-
tration‘in the banking ‘industry a proportion of such
‘cheques would be likely to favour cusﬁbmers of thé‘ioaning
bank and not imély a loss of reserves. Phillips feels that
this effect can be introduced into his'formula by faiS}ng ,
 the-valpe of k.6

The majo# criticism of Phillips' work is that it is
.entirely‘deterministic ana £hat it lacks.an expiiéit profit-
maximization framework. It also relies heavily on "steady
. state" asS;mptions;isucH as, £he‘assumption that the.vaiué'
of new loans’granted is eéual‘to tﬁe value.gf méturing loans,
and the assumption that:the terms to maturity at inception

of all loans are uniform.

Orr and Mellon

BN}

Oorr and Mellon's analysis.introduces two important

improvéments to.Phillips' analy51s First, the-authors

)

attempt to optlmlze the level of credlt expan51on in a pro-

fit max1mlzlng framework; and, second, they abandon the

-

I

6For a roughly contemporary model which concludes
that a bank. may lend out somewhat more than the value of v
excess reserves, but bases its conclusion entirely on this .
"effect, see W.F. Crick, "The Genesis of Bank Deposits,
"Economica 7 (June 1927): 191- 202 .
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assumption that incremental derivative deposits willfstahd
in a constant ratio to pew loans; Instead, they make'allowé-
ances for random reserve losses so that.this’ratgg becomes
a random varrable.

| Orr and Mellon assume that the bank whose behavior .
is being analyzed begins the period in equilibrium; the
ratiofof its'reserves to deoosits areyEXactly o, the legal
reéerve requirement. Thus, its reservefﬁoldings justlfy
neither an expansion nor aﬁcohtractlonglnvcredit. The -
legal reserve requirement is assumed to‘be of the contem-
porahéOus variety in that it regulates the ratioiof current‘
reserves (balances held with the central bank plos vaoltl
cash) to current deposit liabilities. This differs._ from
the lagged legal reserve requlrement currently in effect . in
”Canada and the U.S.A., in whlch average reserves ‘in the
current period must stand in a legally requ1red ratlo to

3

deposxt llabllltles averaged over  a prlor time period;

With the lagged reserve,requirements the bank knows

v . /

the exact dollar value of the reserve reqﬁirement'it.will
face throughout the ‘period. Wlth the contemporaneous‘re—
serve requ%;ement however,lthe ‘bank cannot know the dollar
value of the.reserve requirements to be held in the current
perlod as it does not know ‘for certaln what\/ﬁs level of
‘dep051ts w1ll be

~Orr and Mellon's model 'is a one-period static model

where the period consii?{ed roughly'corresponds.tola'reserve,

-



@-( .
1%

averaging period in Canada or the U.S.A. ‘the model 17”
_static in that decisions made in each period are presumed:
to be independent of decisions made in any previous period.

-

R is defined ‘as .the volume of excess reserves which

the hank——formerl§:lnveQuilibrlum-—finds itself in oossess—
ion of.early in thebperiod. D is;the volume of new deposit
‘lllablllflﬁs which the bank creates during the’ perlod as a _t,“
result of an equal amount of Credit expanslon.‘ Each dollar

>

of addltlonal credit ylelds 1nterest of i per cent per

4

period, so the 1D represents the p051t1ve return to the bank

i
0

'assoc1ated w1th the volume of depOS1t/cred1t expan51on,
A2

assumlng that ‘all loans earn the lnterest i in the perlod no;a‘

< ‘. ~, .
" matter when,ln the period these loanslare-created. L‘rep-»

resents the loss of reserves durlng the period, and~reserves
~are presumed to be legally suff1c1ent lf, at the end of the
evaluation period, _ |

(2.4) | -L > p(D-L).

of course, in reallty, a contemporaneous reserve
requirement usually demands that average”reserves over the
period- stand in the legal proportlon to average dep051ts
over the perlod, not ]ust that the reserve/dep051t ratlo
be maintained at the end of -the perrod.

Expecteddlosses arlsing from credit_expansion
hingekon3the‘fact that an’increase in the VOlume of loans
Qilllincrease the probability of the bank faillng to,meet

its legal reserve requirements. The costs .associated with
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running;short of‘reserves are M, a lump sum involving the
administrati&e costs of running short, and r, a penalty
rate of interéét, per:period)ﬁon each dollar of reserve
deficit. The expecﬁed value of the cost of credit expan-
éion is expressed by the authors‘as:

(2.5) M fv ¢ (L)dL + r\fv L¢(L)dL,

©/

with ¢(L):being the probability density function of L; and
(2.6) v = (R=pD)/(1-p) |
-being the largest‘volﬁﬁe of'cash outflow that can be sus-
taineq\Wiﬁhout‘falling b;low legal reserve requirements. .
The authors intend that the first expression in
(2.5) représent the product of the value of the lump sum
cést a@;ociated wifh reserve deﬁicits and  the probability
that a ?Zser&@ deficit will Sccur: it does. They also
intend that the second expression‘éﬁgﬁgsent Ehe product
of thé per doilar cost of reserve deficitsgnd the expected
Qaiugyof the reserve deficit: it does not. The second ex-
pressiOn'should»read: r f: (L—V)¢(i)dL.7 As the authors
write it, the expression gives the product of the per dolla
penalty rate and the expected value of the entire reserve
lo§5~(not just‘that in excess of v), given that the re-

v ) . .
serve loss exceeds the critical level v.

Orr and Mellon write their expected profit function:
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(2.7) P = iD - M [T ¢(L)AL - r /Lo (L)dL.

They assume that the reserve loss L is normal%y distrib-
uted, with a mean lineérly dependent on D and with a var-
lance which is assumed to be independent of D. The var-
iables and parameters can be scaled so that the standard
deviation of ¢(L) equals 1 and ¢ (L) can then be expressed
as ¢(L) = n(kD,1) where k is a constant (o<k<1l) . This k in
Orr ana Mellon's analysis cdn be inteérpreted as (1-k) in
Phillips' analysis, i.e., the prboportion of newly created
deposits on which che@ues are drawn by the borrower and
those cheques cleared in favour of other banks.

A Differentiating (2.7) with resbect to D yields the
first order condition for maximizing profit with respect to
credit expansion:

4

& = (Mkarv) ¢ (v)

(2.8) 0 =1 + (M+rV)¢‘V)aﬁ
- r[l-d)(v)],

where §(v) 1s the cumulative distribution of L at v. Sub-

av

stituting for v and 3D from (2.6) Orr and Mellon arrive at
the expression |
. r (R-pD) p (R~pD)
2.9 0 = -{———=5 + M[k +
' (2-9) Py MR ey e )
- r{1 - ®[(R — DD)]}. |

T =0
Equation (2.8), however, is incorrect and should read:

(2.10) 0 = i +_(M+rv)(g% - K)o (v) - rk[l -o(v)].8

-

8Shp—Chiek Tsiang, "Errata," American Economic
Review 53 (September 1963). 745.
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¢
This alteration corrects a slip in the authors' mathematics,
but does not correct the conceptual error in equation (215),L
which was menxioned‘earliér.

From equation (2.9) Orr gnd Mellon solve for D, the
optimal level of credit expansion, by assuming values for
M, f, i, o, k, and R. They compare valgéé of D arrived at
through this procesé with the values geﬁérated by the cer-

tainty model in which the optimal value of D in terms of R

is obtained by solving the equations:

(2.11) R-L = p(D-L),
(2.12) L = kD,
torvyield,
, _ R )
(2.13) D K(I=0) 7

- Equation (2.13) is equivalent to equation (2.3) in Phillips
model, though Orr and Mellon's k iéiequal to Phillipé' (1-k).
Additionall?, R in Orr and Mellon's work must be compared
to c{l-r) in Phillips' model; since Orr and Melion défine.R
as the volume of excess reserves, and the Voiume of excess
reserves in Phillips' analysis is c(l-r), where c represents
a newVprimary deposit.

| Under most® combinations of.the chosen values of M,
r, i, p, k, and R, Mellon and Orr arrive at results which
suggest that credit expansion would be leés under conditions

ofhuncertéinty than under conditions of certainty, with the

notable exception of the case where i, the rate of interest -
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. ™\
on loans, is allowed to exceed r, the penalty rate per
dollar of reserve deficit. In'this case the bank is

found to expand credit indefinitely, regardless of the

value of M, k, or R.

Orr and Mellon's work came under serious criticism.

The obvious faults concerning ‘the specification of the
profit function-and the error in mathematics leading to

the incorrect quation (2.9) detracted from the presenta-
tion, but it wés the infinite e#pansion of credit case which
drew the greatest attention. Infinite credit expansiqn had
never been obséfved, even .though the penalty rate (in the
U.S.A. this is normally 2 per cent above the diséouﬁt.rate)
was usually below the rate of return on ‘bank loans. The
non-existence of this phenomenon was carefully explained
away'by consideration of the rate of return on loans as

‘net of administrative costs and by reference to rétioning

~

of centrarﬂbank credit, and the importance to a bank of its

[

reputation for soundness.9

Brown and Lloyd
Besides correcting the migspecifications in Orr
o . 1

and Mellon's work, Brown and Lloyd, the authors of the next

piece of work to be discussed, introduce lagged reserve

- 9For.a general discussion of criticisms of Mellon
and Orr's work see C.F. Brown and-R.M. Lloyd, "Static )
Models of Bank Credit Expansion," p. 1001. '



20
requirements into their analysis.lO This step 1is imper—
ﬁant-because both Caﬁada and the United Sfates presently
use this type of‘requirement and because the model to be
introduced in Chapter III of this thesis emplo§e lagged
reserve requirements: |

Brown and Lloyd's major objectives are to determine
whether cfedit expansion under uncertaihpy can exCeed cred—
it expansion under conditions of certainty and to define the
circumsﬁanceeﬁahieh will engender that result. At’this
‘point theificertainty and uncertainty reeults.uﬁder contem--
poraneous reserve requirements will be examined. |

> Brown and Lloyd's model, like Orr and Mellon's, ;s"
. a one-period stetic model. RO is‘defined‘as resefves heid
by the bank at the beginning of the period, while D, is
the level of deposfts at the beginning of the period.‘ The
required reserve ratio is e. The fractiqn of eew deposits
created in the period which will be withdrawg‘from the
bank in the certainty caee is k. The rate of interes% per
dollar of loans is i, and r is the penalty rate assessed
per dollar of reserve shortage. A fixed penalﬁy,of siie M
is incufred (in addition to the proportional penalty r)
whenever the reserve requirement 1is violééed. M chsiets‘
of a fixed sum representing administrative costs and loss

of "goodwill'. L’repfgsents reserve losses resulting from

lQIbid., 996-1014.
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credit expansion, aﬁd A is the level of new loang (de-
posits) created.

In the contemporéneous resefve system of Browh
and Lloyd, the reseéve requirement will be met if, at the
end of the eQaluation period,

(2.14) R, - L > oD, + ) - L.
Additionally, in the certainty case it is‘knbwn that

(2.15) L»= k.

Therefore, A*, the credit éXpansion under cohditions of
certainty qu which the reserve requirement 'is met with
eguality, can be found by solvihg for X in equations (2.14)

and (2.15) to yi€ld:

Ry, = pD,

k + p(l-k)~ "

(2.16) A* =

‘Under conditions of‘uhcertainty, reserve losses,

L, are considered to be diStfibuted nbrmally around a mean
linearly dependent on the level of new credit. This mean
is writteﬁ as kX. The Vagiance.of this distribution is‘a
constant 02. ¢ (L) designates the probability of incurring
reserve losses of level L, and @(L)'designates the cumula-
tive distribution at;L of the-probability density function
¢ (L) . .

The profit function in the uncertéainty case can

be written as:

(2.17) T

-

iA-MJ ¢ (L)AL

- 27 1o (Dy+A~L1) - (R_-L) 1 ¢ (L) dL,
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R —p(DO}A)

where v is equal to 1% , the largest reserve loss

~ sustainable without violating reserve requirements. The
first term in (2.17) represents total interest revenue on
neQ loans. 1The sécond term represents the fixed costs ih-
volvéd in violating feserve requirements weighted by»the
érobability of this situation occurring, and fhe third -
term iepresents;the penalty faté weighted by the expected
vaiue'of’the'reéerve deficié. o I
' Fof4the first and ﬁeqondrorder derivatives df

(2.173'with respect to credit expansion, Brown and Lloyd .

{
arrive at:

(2.18) -g% = Ml k]¢(v)ér[k+p(1-ki][1—¢(v)1,
(2.19) 333 = M I (22 )y (v)-r[k+ (1—k>]l—£1-+k]¢dn
' 2 g2 I vetvimr el 1=p o

While their first order derivative ié-correctlyvstatedy the
second ordeflderivative appears to be in error and should

read:

(2.200 £ = <+ 2% (v (2, v-ak 4 (1-p)
' 0]

\ 1

Qo

f

The corrected second order derivative will be less than

zero, as required for a maximum only if gz(v—xk)+r(lfp) is

-6 (Dy*tr) . Co
Ro=P! Q ) for v and simplifying,

positive. After replacing
1-p

this condition can be expressed as
rg® (1-p)2

(2.21) A-A*< =gy +p (1-K) ]

%

This implies that the second order condition for a max-

~imization of (2.17) with respect to A is only satisfied if A
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does not exceed A* by more than the magnitude on the right
hand side of equation (2.21). Setting equation‘(2.18)-
vequal to zero allows the profit maximizingflevel of credit

expansion X' to be found, and ' will satisfy_thé equation{
i

TR =T ¢

(2.22) (v) = 1 ~ o (v) .

M
r(l-p)
Siﬁce the expression on the left hand side,qf equétion
(2.22) is a>éumqlative,probability distribution and can-
not taﬁe on values less than'zero, optimal credit expan-

1 M

FTRR (IR T~ Tt (v b

sion will be finite only if

'By'evaluéting equation (2.22) at A* Brown and Lloyd
‘seek to compare the optimal credit expansion under con-
ditions of uncertainty with that of the certainty case.

- They find that

Ro—p(Dé+A*) k(Ro_pr)'
= = * -
Ve 7 Pl ) T PO = e
and that k |
R -p (D _+X%*) ; ‘ |
¢ (=" ) kX, 021 = ¢ (kA*|kax,02) ='—2——
' P ‘ | ‘ . 2T ©
-=Te) that} | }
| ' i » M |
(2.23) 1 - r [k+p(1-k)] * r(1-p)V21 0 172
implies_k'<x*,\
i ‘ M
= 1/2

(220 1= rikip1-01 T r(1-p) /27 0 T

implies A'=A*,



1 M f
T [k+p(1-X) ] Y r(1-0)V2T o

(2.25) 1 < 1/2

implies A'>\A*.
"Hence, Brown and Lloydfs work agrees with the'efforfs of
" Orr and Mellon in that infinite creait expansion is a def-
inite possibilify in both of their respective models. How-
ever, Brown and Lloyd's model clearly-indicates that ﬁn—
certaiﬁ;y does not necessarily tend to result in increased
expansion. Equations (2.23), (2,24), and (2.25) ;pow that
credit expansion under cqnditions of uncertainty may 
\exceed,equal, or fall short éf'expansion under certainty
conditions; dépending on'thé vélues of the paraméters i,
r, k, o, o, and M; |
-Besides correctinq the Qork of Orr and M;llon,
B£own and Lloyd examine the i;plicatiéns of lagged reserve
'requireﬁehts on cfédit expansion. In the case of Bran’
and Lloyd's lagged reserve requiremépt'model, the dollar
value of reserve which the bank is-fequired to’hqld at. the
end of the period is known'wiﬁh certainty at the onset of
the period. bThis guantity.is spécified as'pDo'where D, is
the level of depbsitsbat.the beginning of the period. 1In
' realit?; a‘iagged reser§e requirementzis.baséd oh the aver-
age level of deposits‘on the‘books of the bank over some
portion of the immediately precediﬁg reserve averaging
period (or two preceding reserve péribds).‘ Furthermore, in
’ fealiﬁy, it is the average Qf‘reservéé ih the-éurrenf

period that must stand in-tbe.légal relationship to re-
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servable deposits, not just reserves held at the end of

the period. Brown and Lloyd's utilization of the initial

ievel of deposits in the current period as the base for
| | | \ |
the period's reserve requirement is acceptable in the in-

terests of simplification, as is their assﬁmption that %ﬁe
reserve req;irement need oniy be met at the end of the
period;‘ The important consideration is that deposi#s cre-
ated during the current period will not increase the dol-
lar value of reserve requirements during the current per-
iod; they will,‘howe&er, affect the'dollér value of reQ'
serve re§uirements invéubsequent periods. A one period,
static model employing lagged resérve regﬁirements will
tend to overestimate thé‘profité associated with credit
expahsion by neglecting the cOsts:aSsoéiated with the
higher levels of required reserves in Sﬁbsequeﬁt‘periOds
which credit expan51on will engender. | |

In the certainty case, Brown and Lloyd write thelr
legal reserve restriction as

(2.26). R -L > pD_.

O

Reserve losses due to credit expansion are assumed to be
v . | _ » , :
(2.27) 1L = kX,

and using'(2.27) the authors,find X**, the level of loans

at which (2.26) is satigfied w1th equallty, to be

(2.28) Ak = % 3

where w is equal to‘Rb -pDé.

At thie 4un~FhYe BRrawn and T.1avd illustrate a verv
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protlt maklmlzatlon where the fixed penalty cost M is,
assumed to be zero for 51mpllc1tv s. sake, the certalnty
case profit function 1is descrlbed as

(2.29) iyfor, A<A**
= {1A—r[pD -R _+kA] for i>A**,
oo ’

and in order to compare the magnitudee or'the'marginal
revenue and the marginal cost we take the derivative of
Iprofit with respect to‘credit expansion:

(2.30) s {i for A<hxx
oA i-rk for AxA**,
’From (2.30) it can be seen that A** is optlmal as lonq as
i<rk, but that indefinite ekpan51cn OF‘Credlt is warranted
1f,rk<1. This can be_seen by»notlng that as long as.1>0
the optimal level of A must be_at least.x**, because each
dollar of deposit expaneicn yields a poeitive#increment
to profits; If7i<rk} A** must be the optimal level of
deposit ekpansion becauee the marginal revenue i)rasso—‘
ciated with each further dollar‘bf credittexpansion falls
short of rk, the marglnal cost- If.i>rh the marginal
revenue everywhere exceeds the marqlnal cost and there. is
rno finite optimal value for A 'In the certainty case
with profit maximization it is always.profitable to ex-
pandlcredit if excess reserves are beinq‘held;'but it
also may be profltable to contlnue Credlt expanelon in-
deflnltely 1f the penalties assoc1ated w1th runnlng short

of reserves‘are less than the interest rate accrued on

" loans. Here we see that it is not uncertainty which
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admits of the possibility of infinite credit expansion--

it is profit maximization!

Now let us consider Brown and Lloyd's uncertainty

results under lagged reserve requirements. First, the

uncertainty results in the absence Of‘M (the fixed penalty

cost), will be conside:ed and second, the results with M

included will be examined. This 1is done not only because

Brown and Lloyd themselves affect this maneouver, but also

because a similar procedure is carried out in Chapter III

of this thesis.

—_—
T

ﬁf(2.31)

‘is.équal
;le without
fir;

loass, while the

the uncertainty case with‘légqed’reser

Es can be written as:

Tterm in. (2.

.

costs are ignored, the profit

.

= ix-r/7{pD_- (R_-L) }¢ (L)AL,

to R =pD_, the largest reserve loss -sus-

violating reserve requirements.- The

31) is the total interest revenue.on new
second term' is the penalty rate weighted

le expected value of the reserve deficit.

- . Laking‘the first and‘second ordér‘derivatives of

(2.31) wi-h respect to loan expansion, we\get:,

(2.32)

%% = i-rk[1-e(w)],  * | .
. 2 . . B

T~ rk®e(w) . |

52)
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ative, since r is’assumed to be bositive, and the prob4
ablllty that reserve losses will exactly equal w 1s
assumed to be some positive fractlon less than one.

Setting (2.32) equal to zero allows th& profit maximi-
zinq level of credit expansionlx" to be deduced. A" will
satisfy the equation: -

(2.34) o (w) = l"fi . |
Clearly, A" will be flnlte only if 1<rk otherwise in-
flnlte credlt expansion is- warranted - To cdmpare the cer-
tainty (without profit maximization) and uncertainty re-
sults, Brown:and Lloyd substitute A** = % from equation,\§
(2.28) into equation (2;34) to reveai that

(2.35) ¢(w{kx**402) = 1/2,
since n would then be the mean of the dlstrlbutlon, and
the cumulative dlstrlbutlon at the mean is equal to 1/2
Thus the uncertalntv case will call for the same credlt
expansion as the certainty case when —E is equal to 1/2
If f%‘ls g;eater than»l/2, A" must be greater than'E) since
““the mean of L gmust be greater than w if @(w,kx,oz) is to
be less than 1/2, (the normal distribution being symmetric
“about the‘mean). By equation (2.28), this means that A"
is greater than A** if f% 1s greater than i/2. Similarly, .
}“ ie iess than A ** if ;% is less than l/2{>.

When‘fixed_penalty costs are’included; the ptofit
function in the uncertainty case_with iagged reserve re-
, quirenents ie'expressed as:

(2.36) T = iX-Mf’6(L)dL-r/, (pD - (R_-L)) ¢ (L)dL.
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Here the first and third terms are interpreted\as in
equation (2.31), and the second term 'in (2.36) is the

&0

fixed lump sum penalty cest for violating the‘reServe‘

- requirement, weighted by the- probablllty that random re-
hserve flows force such a v1olatlon given the level of ’
 credit expansion chosen. -

The first and second order derivatives of (2.36)

with respect..to )} are:

~
(2.37). —2—% = i-Mk¢ (w)-rk[1-0(w)], and
(2.38) 20 = - B e - .

. 3 o X o

As in the contemporaneous. reserve model with fixed pen- ..
alty cost included; the second order derivative is not
necessarily.negative as is required'for’abmaximum. The

second order derlvatlve will be neqatlve only 1f

I‘OZ
(2 39) A< X** + =2

Equatlng (2.37) to ZﬁFO allows the proflt maxim-
| 121ng level of credit expansion A"' to be found. A""

,w1ll satlsFy the equation,
- S
(2 4Q) @(w) =1 &t ¢(w).

In thls cdse optimal credlt ‘expansion will be flnlte only

f EE - —¢(w) is less than one.

Evaiuating (2.37) at Xf*ayields:

() = O(kA¥*) = 1/2

9
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and :
O ( (W) [kA** 2 _3 (KA** [KA** 2y -
W P07) =00 107 = me .
This allows the optimal credit expansion under conditions

of certainty (without ptofit maximization) tb be compared

with optimal credit expansion under conditions of uncer-

tainty. Theilr relative maqnifudes can be summed up/by the -

following relations:

v

(2.41) 1 - 1/2 implies A'''<)**,

+
I\

1/2 implies A!''=)**,

i
(2'42); 1 - r

M
rvam o

A

(2.43) 1 - =+ 1/2 implies A'''shxx,

3
rk
Brown and Lloyd, therefore,,contrigﬁyed to fhe_
state of the art by correcting thg many errois associated
with;Orr and Mellon's work and by intréducing lagged re-
S
se{vé requirements. They also introduced profit maximi-
zation into their credit expansion model under conditions
of éértaintyf This step allowed them to freveal that the
profit maximization assumption, rathér than the uncer-
.tainty éssumption, genefafed the possibility of infinite
credit ekpansion:‘ The other major.contrigttion of Brown
énd‘leyd'was tﬂ% discovery that 6ptimél credit expansion

3 s & . :
- under conditions of uncertainty could equal, be greater

than, or be less than the optimal credit expansion under

. ’?\’[
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certainty conditions (without profit maximization), de-
pending 5n the values of the parameters of the system.

The mathematical error in Broyn and Lloyd's pres-
entation (corrected in this paper) detracted from the
work, especially since it prevented them from realizing
that the inclusion 6f the lump sum penalty cbst, M, aiways
prevéngs the conditions for global profit maximization
from being satisfied. Additionally, in their lagged re-
ser§e requirement models, they were quilty of.underestima—
tgng~the.éosts of credit expansion by not making allowances
for the higﬁer levels of required reserves in futﬁre periods
induced by credit expansibn. In a later paper, Brown utilv

ized aidynamic'lineér programming model to examine bank

e : ‘ . 11
credit expansion behavior under uncertainty.-

In this
dynamic, multi-period model, which takes into account the
inter-period effects of credit expansion, Brown concluded
that the results obtained by Brown and‘Lloyd extended well
to the dynamic model. Brown also concluded that.bank crédit
expansion, and, hence, bank reserve beﬁavior,'in a contem-
pbranedus reserve requirement:systeﬁ differed from bank

behavior in a lagged reserve fequirement system only in -

the short term.

©

llG.F. Brown, "Optimal Management of Banks
Reserves," Journal of Financial and Quantitative Analysis
7 (December 1972): 2031-54. '

%

‘»«"

&~
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Ratti

Mellon and Orr's work was ‘also criticized in an
12

article by ‘R.A. Ratti.”” Ratti's model is developed
using Orr and Mellon's notation, and he concerns himself
solely with the analysis of credit expansion under contem-
poraneous requirements. The only changes from Orr and
Mellon's notation in ‘Ratti's work involves his defini?ion
'of the lump suﬁ penalty cost as m, rather thah the upper
case M used by Orr and Mellon.

Ratti begins his analysis by pointing out that,
if L is less than or equal to v, profit is given by

Pl = 1iD.

If there is a reserve deficit, i.e., if L is greater than v,

profit is given by

S

P2‘= iD - m - r(pD - R + (1-p)L).

Since Ratti is troubled by.the fact that P, is not defined
where L is equal to v he defines a profit equation for L
Qreager than or equaleto v,‘

N\

N ' Pz* = 1D - M(L) - r(pD - R +~(l—p)L),

where
M(L) = 0, for L < v,
= m, forvL > V.
This implies that

p_* = P

2 17 for L = v,

for L < v.

l2R A. Ratti, "Stochastlc Reserve Losses and Bank
Credlt Expansion, " Journal of Monetary Economics 5.
(April 1979): 283-94.
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Expected profité can now be defined as
(2.44) E(P) = T Po(L)dL + [ P *¢(L)dL,
or
© (2.45) E(P) = iD - [:[M(L) + r(pD—R+(1¥_p)L)]¢(L)dL.
Differentiating equation (2.45) with respect to D and
egquating the result to‘zerovyields the first order maximi-

zation condition

(2.46) 2L = yror®smyar
- (L) +r (pD=R+ (1-p) 1) 128 Eqr, = 0.

It is instructive to point’out aé'ﬁhis étage that’
defining the M(L) function to be eéual to zero where L is
equal to v has caused a term to fall out of the first
order maximization conaition that woﬁld have been present
uhder”the techhiques of Orr and Mellon or Brown and Lloyd.

This term 1is %¥§¢(v). The lower boundary of the integral

- . ) .
in equation (2.45) is v which is clearly a function of D

so that fhé propér‘differentiation of the integral with
respect to D should include a tefm_which is the neggtive
of the fupction within the integrél; evaiuated at v, mul-
tiplied by the derivative of v with respect to D. The

SeCOnd term Withi_ the square brackets of equation (2.'45)

is equal to zero @t v; however, the first term is equal to

zero as well yng Ratti's technique, thus the term drops
~out. In Orr and Mellon's Qr Brown and Lloyd's work, the

two terms within the squére brackets of equation (2.45) are

~ EY
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isolated in separate integrals each with the same upper

and lower bounds, and each multiplied by ¢ (L) within their

' séparate integrals. Since these authors do not define an
M(L) function to cause the lump sum penalty cost to van-

ish at v the notational equivalent of %?% (v)is present

in their work.

In order to obtaln useful results, Ratti must sim-

I:

plify the third term on the right hand side of equation
(2.46), but ‘the task is complicated by the fact that the
functlon w1th1n the ‘integral . is not contlnuous where L is’

equal to v. Consequently,,he deflnes an arbltrarlly small

positive number, 8, and 1ntegrates,

00

v+8

fosg ML) + r(oD -k + (1-0)1)128L) 47 &

by parts to yield an equivalent expression

Kim + r(1-p)81¢ (v+8) + r(l-p)k/5 spb (L)AL,

Since,

09 (L)

~
D dL

[TIM(L) + x(pD =R + (1-p)L)]

is equal to

Lim /70 (M(L) + r(pD = R + (1- p)L)]_ii_LdL,

6-0 .
it is also equal to _
mk¢ (v) + r(l-p)kST¢(L)dL,

S0 that'equation (2.46) can be expressed as

JE (P)
oD

(2.47) = i-r(p+k(1-p)) /. ¢ (L)dL-mk¢ (v)=0.
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This compares with

dE(P)

(2.48) T2 = L-r (prk (1-p)) S50 (L) dLom (k+752) 9 (V)

which. is the eguation (2.18) attéibutable to Brown and
Lloyd, translated into Ratti's notation and format.
Sécond order conditidns ére.qiven by
‘2

(2.49) EEPL — r1 -y (B4 k)2

3D | .

¢ (v)

(v - kD)

2
o

- mk (

P
-5 + k)

and Rattibindicates that this condition will be met only if

T

(1L - p)
km '

- 2
(2.50) D < D* + =%

where

R

* =
(2.51) D* = =y

the familiar optimal level éf credit expans%én under con-

ditions of certainty.

The profit maximizing level of credit expansion D
can be determined from equation (2.47) and will satisff
the‘equation ‘

. ‘ B mko(v) - 1
(2-52,)@(\7) "l+r[k+p(1_k)]’I

where ¢ (v) is fhe cumulative distribution of ¢ (L) at v.

From equation (2.52) it can be seen that optimal credit

R . e . i—mk(b (V) .
expansion will be finite only if ka+p(l-k)T'ls less than

one. The conditions under which D will equal, be less than
/ f‘{ :
or exceed D* can be stated as:
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i + : mk
rk+p(1-k)] ~ rlk+p(1-k)1,/27 ©

S (2.53) 1 -
> 1/2 implies 5<D*,

i ' mk

(2.54) 1 - 0T T i e T o
= 1/2 implies 5 = D*r
: i K mk
(2.55) 1 - kw107 T rFe (1K1 T /55 ©

< 1/2 implies D >D*.
A comparison of equations (2.50), (2.52), (2.53), (2.54),
and. (2.55) with equations (2.21), (2,22);_(2.23), (2.24),

and.(2.25) reveals that.the model of Rétti doéé not differ
fundamentally f;omrthat of Brown and leyd."The,models‘wik%
yield different ﬁumerical reSults’depending upon the vélues.
of the parameters but both agree on tHe basic points. Both,
models all v for infinite credit e#pansién as an optimal "
result. They also conclude that optimal credit eXpansion
: undef conditions of unce;tainty'may efceed, fall short of,
or equal optimal credit expansion under conditions of cer-
tainty. Both models also display difficulties in the sec-
ondborder makimiZation conditions; cadséd/by the intro?'
‘duction of the lump sum pénalty,cost.

Alfhough Ratti doeé not examine the case of
lagged reserve requirements in his paper, it is interest-
ing £o]point out that his results would be identical to
those ovarown.and Lloyd. fhis can be seen by noting- that

in equatio® (2.36) the -lower bound of the integrals'COm—

» *
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prising the second and\third terms on the right hand side

of the equation is w=R(;‘—~.pDo which is clearly not a’function
gf A, the level of credit expansion. This béing the case,
‘Brown and Lloyd'svwork woufﬁ not cdntaiﬁ £he vextra" term
arising'from the failure to define an M(L) function that
emerged in the contémporaneous reserve case. The problem
would be bypaésed-because the'derivative or w with respect
to X is zero,vi.e., w and X\ are‘independént.‘

’ - Since Ratti's work differs from that of Brown and
Lioyd only in the definition of thé M(L)vfunction, the
relative merits‘of'the two models can be quickly estab-
© lished by evaluating the efficacy of this téchhiquebused
by Ratti. Ratti defines the M(L) function because of con-
cern over the fact‘that Pi,fgieé.profit function where L
is less than, or équal to, v) is not equal to PZ‘(the
~profit function where L‘is greater than v) when L is’eqhal'
to v. The existenée of this discontinuity in the profit
function, however, is.not a matﬁer of real:conqern; The
“discontinuity éxiSts‘in the maﬁhematical model beqause the
discontinuity exists conceptually,>given the instiﬁutional
framework of bank reserve manageméﬁ£. | |

In takihgkthe derivativé of equation (2.45) to
yield (2.46), Ratti applies Liebnitz's rule for'differen—
tiatibn under the integr&l sign in a situatiﬁn:which vio-
lates one of the conditions necéssary for the application

of that rule. The function in the variable L and the
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the parameter D, within the integral of equation (2.45),
is'nét continuous in L at the lower bound v, as it must
be for Liebnitz's rule to aﬁply; it is mot continuous at
this point because ohe compdnent of the expréssién under
the integral, namely M(L),‘is eqﬁél-to zero where Q\is
equal £Q v, but is equal to m for any value of L inféx¥
cess of v. So it seems that to make his profit'function
.continuous in L,.whichvit should not‘be, Rétti has madg
a component .of hisvexpected profit function aiscontinuous
in L, which it mﬁsé.not bé if Liebnitz'é rule is‘to be
applicable.

It is cgrious that Ratti uses integration by parts
"at the limit" to simplify the ghird term on the right
hand side of_équation (2.46) because he recbgnizes that
the integral in that expressi%n is not continuous where
L is~équal to v;'but he doesrnot éeem to recognize the -
'_SAme problem in his differentiaﬁion of équation (2;45)
with respec£ to D.. Differentiating»equation (2}45) by D
~With,the lower bound of the integral set at V}G and then -
sol&ing for the limitingbcasé'wherereapprOaéhes zero will
yield results which are identical to those of Brown and
Lloyd. 1In other words,iRatti's>unique reéuits derive from
thé uée of this limiting techﬁique.on only a part of the
, differentiation’ofjequation (2.45) by D,_where the fesults
would be the same as Brown and Lloyd's if the technique

were applied throughout the differentiation, (of course

&
¥
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the most efficient action would be. to abandon the M(L)
function rather than to take measures to circumvent its
effects). 1In conclusion, it seems that Raﬁti's efforts
do not represent an improVement over Brown and Lloyd's,
{(a work thatJRattifdid'not aoknowledge having encountered).
Morrison

| The first attempt to examine optimal bank port-
folio behavior under conditions of ungertainty which em-
<; phasiaed bank reservermanagement was undertaken'by George
Morrison 13 Morrlson s&objectlve was”>to optimize the lev—-'
el of cash reserves held by a bank under conditions of
uncertalnty u51ng loss mlnlmlzatlon That is to say, he
attempted to mlnimlze the ooportunlty cost of holdlng
reserves. Whereas Orr and Mellon Brown and Lloyd and
Ratti examined marglnal changes in a bank's portfolio
glven that excess reserves were held by a bank, Morrlson
| was concerned with dlscoverlng{the optlmal level of re=
Serves under unoertainty while making_nobassumptions
~about the initial level of reserves held. Morrison de-
velops a one-period static bank behavior model in which
a-bank may hold two types of assets: non—interest bear-
ing casmsreserves and interest bearing loans. These ioans

are also subject to capltal gains or losses during the

perlod whlch gives them some of the features of a bond

13G R. Morrlson, quuldlty Preferences of Commer-
cial Banks (Chicago: University of Chicago Press, 1966) .
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or a fixed interest rate installment loan. The manage-
ment of the bank is assumed to'construCt a probabilitye
distribution of possible capital qains orulosses. It is
also assumed to construct a probablllty dlstrlbutlon of
stochastlc cash drains or accruals which may occur durlng
the period. The rate of interest per dollar of loans, per.
“period, is labelled y and is- assumed to be known prior to
the planning period and fixed throughout it. Loansdalso
have a capltal galn or loss component g,_whlch is defined
as a proportlon of-loans ThlS cdmponent is stochastlc, with
a probabﬂ&lty den51ty of ¢(g), and g is distributed over the
range -1 < g < e The stochastlc cash 1nflow 1s represent :d
by v, which is expressed as a proportlon of 1n1t1al depos—
its (negative values of v designate cash dralns). )
To'explain the definition of  initial deposit57 it
is necessary to digress somewnat to present Morrison's
_assumptions concerning deposit creation through the ex;
tension of credit. Morrison assumes that all deposlts cre-
‘ated in the process of making loans are drawn down immed-
'iately at. the»Bgﬁinning of the period, a%d'that no borrower
deals w1th merchants who use the lending bank This is |
equlvalent to the assumptlon that the lendlng bank has a
"negllglble market share of banklng bu51ness, and corres-
ponds to the small bank case of the usual total banking
system depos1t expan51on multlpller exp051tlon whlch graces
modern textbooks on money and banklng; This assumption

contrasts with those in the models of Orr and Mellon, Brown'
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{d Ratti whlch emphasized the retention of a
?dep051ts created through credlt expansion.

deposits created by loan exten51on are transi-
j;orrlson S assumptlon, lnltlal deposlts refer to

level of deposits inherited from the previous

v istassumed to be distributed over the in—

5ﬁ) where c > —l. The lower llmlt on v must

be -1 batause that represents the unllkely event that
every dollar of initial dep031ts are drawn down, leav1ng
the bank w1th zero depos1tsv ThlS cash drain or 1nflow
occurs at the end of the perlod after loan‘creation but'
before any outstandlng loans are repaid. All cash_de—
~ficiencies, which occur because of the inadequacy cf re;
serve to cover cash withdrawals, ate assumed to be”made
up byvshort—term bofrowing at a rate n, which is known
with certainty , Morrlson deflnes p to be cash reserves
~as a proportlon of 1n1§1al dep031ts, 1) that the expected
~loss function E[L(p)] is: | - ’
(2.56) E[L(p)] = yp +_offlg¢<g)d

+ f;p n(-v-p) f (v)dv.
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The firét»iwo terms.of equatioﬁ (2.56) represent thé
obportunity cost of‘ﬁolding reserves, while the third
term is the expected cost of cash drains exceéding'cash
feserves_héla. |

»Caéh resefveé may not.be negative in Morrison's.
médel. This is because Morrison‘assumes away a legal
eserve requirement,‘é@*that n represents a qést of EOrrow—
ing shoft—term to cover an actual reserve deficit,vrather
than'a’penalﬁy for failing tocﬁeeﬁ reserVe reqﬁiremehts——
such as thé.rate.refefréd to in the-Work*of Ofr and Melloh,
Brown and Lloyd, and Ratti. |

f(v) 1is assuﬁed fo_be the probability densiﬁy

function of the uniform diétribution and therefore,

f(v) =‘B%E. Substituting this into eqguation (2.56), and.

evaluating thelintegrals, yields:

AR

(2.57) EI[L(p)] = yp + gp - 5_-?%_—5)—
nc® np npc

+'§§5—c5 *bc t b’
where 5 is the mean of g. Diffe:entiating equation (2,57)

with respect to p yields:

Do

3]

’ '..8 _ - np+né
(2.58) G =Y Y@t poo

l

Lo

4

Setting this expression equal to zero and solving for p

yields:

(2.59)  p = {&= b)n(y 9l ¢
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The second order derivative of the expected loss function

with respect to'p is:

82E _ - n
2

(2.60)

ap

| which'is greater than zéfo, since n}O,by a§sumptioﬁ‘and

‘Tb-c>0 by définition. Therefore, setting  the first deriv?ﬁ

ative_tb'zero.necessafily determines‘a minimum ﬁbiﬁt. 
'Morfisén then sets b=c+k wﬁefé-§>0, to répresent

a crude measure of the dispersion of v. Equation (2.59)

a

can then be written as:

(2.61) p =X 19 _
- n
The mean’of‘v is § ;'b ;‘C , since b = c + k, v.=c + g o

» and

(2..62) C = v — % .

Substituting equation (2.62) .into equatiéh (2}61)'Yielas

Morrison's final demand for cash reserves equation:
. . - N .
< | 4—’"3

“(2.63) p =-k[1/2 - Z—g_i] - T

Differentiating with respect to parameterng, g, n, v

and k yields: o ' S °§ﬁ_
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3k 2 n > ’D

30 x(y+3 > o0.

o= Y29 o
n

Morrison finds, therefére, that the demand for
reserves varies iﬁversel? with the interest rate on loans,
‘tﬁe expected~éa§ital gain.on loané, and the expected sto-
chastic cash inflow, while it varies directly with the
borrowing rate n. Of interést is the result)that the
relationship between k and p may be of either sign. If
twice the rate of return on loans, 2(y+§), is greater.than

n, the demand for reserves Qaries inversely with kf‘Whilé}

; . v .

if 2(y+§) is iesg than n, it varies directly with k.
Morrison explains this phenomenon by noting that as the
dispersion of the‘stochasticvcash inflow or drain increases,

whether the bank holds more or less reserves depends on

- the relative costs of running short of reserves and fore-

7

going income frdﬁ loans. If k = o, the optimal cash ratio
Wil be -v, since the cash inflow ratio will he v with cer-
tainty. Now, if k is increased, the bank will face a risk
 Qf holdingltgo high, or too”low,*a cash ratio. The higher
‘the rate of return on loans relative to the cost of rgnninq
;short of reserves, the more likely it is that an increase
in k will encourage the bank to reduce the‘ratio below -v,
thus taking a high risk of holding toco small a cash ratio.

Obversely, the higher the cost of running short of reserves
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relative to the rate of return on loans, the more likely
it is that an increase in k will encourage the bank to
increase the ratio above -v, thersby taking a high risk
of holdiné too large a cash ratio.

In the handling of the stochastic reserve drain,

>

there is an interesting point of contrast between the
credit expansion models of Melion and Orr, Brown and Lloyd,
and Ratti and the typical reserve optimization model, of

" which Morrison's is representatiVe. The credit expansion
models are concerned with marginal changes in loan and re-
serve holdings. They assume that excess reserves myster-
iously emerge to disturb a portfolio in perfect equilibri-
um, and they describe the bptimal behavior to re-establish
equilibriuﬁ, The most important quality of their random re-
serve loss element is how it will alter the amOﬁnt of fe—
serve retention after credit expansidn. The ﬁean of their
stochastic resefve drain is specified as kD (or ki in Brown
andbLloyd's model) , where k is Q constant and can be in-
terpreted as one minus the bank's share of the total bank-
ing market. The de&iation of this stochastic drain from
thé mean value is considered to be aﬁresult of random with-
drawals or deposits on the pért of therbank's customers

for any reason whatever.v Howevér, the fact that the mean
is specgfied as kD implies that the expecfed value of the
customer's purely random withdrawals or deposits_islzero.
The mean of their stochastic cash drain is stristly lin-

early dependent on the volume of credit expansion of the
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bank and cannot encompass such situations as expected
exogenous inflow or outflow of reserves emanating, séy,'
frbm a definite policy on the part of'tbe monetary author-
ities ﬁo encourage deposit expansion or cohtraction. |
. This contraéts with the 3;ture of the stochastic #'
reserve drain in the reserve optimization models. -~ In
those models, an absolute portfolio allocation between
loans and reserves is sought, not just a marginal one.
Additionally, as pointéd'oﬁt earlier in the discussion of
Morrison's model, a typical assumption specifies that all
deposits created in the process of credit exfension are
immediately withdrawnﬂ In the works of Orr and Mellon,'
Brown and Lloyd, and Ratti, this would berequivale%t to
the assumption that the k in their models was egual to one
with certainty. Therefore, the typical feserve optimiza-
tion model totally excludes that aspect of the random re;
serve loss which was ﬁost emphasized'by'the credit expan-
sion models. The mean value of the random reserve loss in
the typical reserve optimization model, (v in Morrison's
model), represents, therefore, only the expected value of
exogendus inflows or outflows of reserves resulting from
such factors as conscious intervention on the part of the /"
monetary authorities.

Morrison's model, in particular, is subject to

criticism on several accounts. « First of all, the model

7 ‘ .
makes no attempt to accommodate legal reserve requirements,
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which are, after all, quite fundamental to bank reserve
management behavior; Another difficulty with the model
arises from the fact fhat fotal reserve holdings can

never be negative;vtherefbre; the values of the parémeters
v, g, and n are restrictea in a fashion similar to‘the
modgls of bank credit expansion that were reviewed pre-
viously. For example,'in equatidn (2.63), if the mean of
v is equal to zero and k is other than zero, (y+§) cannot
take on values g;eater than}%, because this would call for
negative reserve holdings. This'peculiarity is thekcoun—.
terpart of the situation in the Eredit expansion models
which generates infinite credit expansion.

Tt is difficult to understand how capital gains
and losses are possible on bank loans as they are assumed
to be in Morrison}s mbdel. The rate pfyintergst on bank
loans y is fixed throughout the period so thatvchanges in
y cannot be tﬁe cause of these capital fluctuations. Nor
can it be changes in the rate of iﬁterest on competing fi-
nancial assets which initiate these capitalﬂvalue movements,
since banks may hdld only one type of asset and, therefore, ’
it is difficult to imégine a competing asset which could
seriously affect the capital value of bank loans.

Another difficulty with Morrison's model is its
assum§£ion that all deposits created in the process of
credit‘éxtension are immediately withdrawn. - While it is

an unfortunate assumption to have to make, it is a necess-
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a

ary assumption if the model is not to become so unwieldy
as to be useless. If Morrison had not assumed away the
power of a singlevbank to create money,'as it were, the’
mean of v wouldydepend on the marginal change in p from
the ‘level inherited at‘the onset of the current period.
Of course, this would require a multi-period dynamic model,
since the adjustment ‘to the optimal leVel of p in the.‘
current period would affect the level of initial deposits
in the next perlod and, hence, the level of p in the next
perlod : Addltlonally, ‘it becomes difficult to define the
opportunity cost of a 51ngle dollar of reserves as simply
v the rate of return on a 31ngle dollar of loans, because
the existence of reserve retentlon after credit expanSlon
permits the situation in whlch the keeplng of one dollar
. \
leSSvgf reserves implies the creation ofjmore than a 51ngle
dollar of loans. - S e , \\

N
N

Morrison also assumes that the stochastic reserve \\

loss is distributed according to the uniform distribution. !

|
Although this .is quite an unreasonable assumption, it does |
allow the'technieal essence of the process of reserve op-
timization to be observed af its simplest level.

The next model to be examined is that of william

Poole.]f4 poole's model is deeply entrenched in the rules

14W1lllam Poole, "commercial Bank Reserve Manage-
ment in a Stochastic Model: Implications for Monetary
Policy," Journal of Finance 23 (December 1968): 769-91.
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and regulations of the American banking systepqm that ex-
isted before the inception of legged reserve requirements.
It is assumed that banks must meet a required reserve |
ratio each aay and that the reserve requirement applies
to the ratio of end of day reserVes to end of day depos-
its. At the end of the day, -the bank may borrow froﬁ the
central hank'at the discount rate. It also may borrow‘qr

lend on the Federal funds market at mid-day at a'competit—

ively determined rate. The probler posed is that the bank

faces a stochastic reserve loss as a-result of cheque clear-

1ng whlch occurs after the Federal funds market has closed
for the day. poole assumes that the Federal funds market
closes at noon, so that at noon the bank’s reserve mahager »
‘must make the decision whether to borrow or‘;enqvfunds.on
the Federal funds matket. ThlS decision will be based on
the ant1c1pated reserve gains or losses which w1ll occur
from cheque clearlng at the end of the day, on the dlscount
rate, and on the prevall;ng Federel funds rate. It is ass-
~umed that the discount rate is always greater than the
Federal funds rate, though in reallty this 1s seldom the
case. " The bank is aSSumed to borrow at the discount rate
if‘it f;nds itself short of reserves at the ‘end of_the day..
'p represents the bank's deposits at noon; R, the
bank's unborrowed reserves at noon; ¢, the required reserve
ratio on deposits; id’ the discount rate; and if; the Fed-

eral funds rate. 2 is the net deposit and, hence, reserve

A
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accretion between noen and ‘the close of business. ZU
represents the upper limit on Z, and ZL represents:the
‘lower limit. The probability density function of 2 is
f(z). F is the gquantity of Federal funds borrowed at
'noen; F* is the optimal size of F; and C is the expected
cost .arising ffomrﬁhcerteinty about reserve flows. The
legal reserve requifement will be &et at day's end if

(2.64) R+ F + 2 > qg(D +.Z);
If (2.64) is satisfied, the bank will have excess_reeerves)
.E, described by

(2.65) E=R+F + 2 .- q(D% 2)

I

=R+F-aD+ (1 - q)z.
Otherwise, the bank will have to borrow at the discount
rate. B,Athe amount of borrowing, will be described by
| (2.66) B =q(d +2) - (R+F + 2) u

=gqD-R-F - (1 - q)2.

The expected cost arising from uncertainty is

2. |
(2.67) ¢ = i.f,” [R+F-qD+(1-q)2]f(2)dz

| .y 2

‘ + (ld-lf) IZL [gb-R-F-(1-q)Z]£(Z2)dZ,

~

where Z = (quRfF)/(l:a),'the_level of reserve lqss which

vwoula leave excess reserves at exactly zero. The first_ex—"
pression in (2.67) represents the‘opportunity cost of hold-

.ing excess reserves which could have been lent out at the Fed- )

eral funds rate at noon. The second expression is the cost

of running short of reserves and being forced to borrow at
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the discount rate, when extra funds could have been bor-
:rowed on the Federal funds market at noon.
Taking the first derivative of (2.67) with re-

spect to F and setting it equal to zero yields:

(2.68) 0 =i_+ i. f2 £(5daz, or
, Slrttad @

‘ - I
(2.69) Prob [z < (@D - R - F¥)/(1 - q)] =

F* can'be considered the’demand for Federal funds and is
chosen so. that the probability given by the left hand

side of equation (2,69)‘is equal to the ratio of i to_i‘,.

£
which, by assumption, is less than one. After preéenting
a-discussion of reserve averaging, Poolecalls7attention
to the position of a U. S. bank on Wednesday morﬂing un-
dgr the old contemporaneous reserve requirements.’ Résefve
averaging periods in the U.S. ended dn a Wednesday--they
étill do--but the bank's.actﬁal reserves were tallied at
-the endiof each day, while required reserves weré computed
on deposits.existing at the beginnng of each day. If the
daily sum of the actual reserves exceeded the daily sum of
reserve ;equirements over the entire peribd,'tpé reserve
Igequirement'was satisfied. However, on the last Wednesday
of the averaging period, the bank would know the require-
‘ments for that day and eVefy:brevious day in the a&eragingv
‘period, and it would know the cumulative amount of actual-

reserves held for all but Wednesday. Therefd&e, the dollar

N
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et

value of reserves necessary to meet the averaging period's’
requirements would be knowp on Wednesday. Poole.designa—
ted thi§ quantity Ro’ The bank will now meed itsirequire—
ments if

(2.70) R+ F + 2.5 RO,’
aqd the optimal sclution for F* is modified to -

(2.7l) Prob (2 f R, - R -~ -F*] = .

d

»

_This solutién is equivalent to one based Bn a lagged re-
serve requirement. | .

Poole concefns himself mainly with the.supply and
demand for Federal funds,f:aéher{than'the demand for ex-
cess reserVes‘per se, but thevbéhavior of.both of these
éggregates'is easily bbtéinable from equation (2.71).
First, thé demand for both Federal funds and excess re-
serves increases as §fvdecreas¢s‘o; ig ipcréases. The de-
mand for Federél fupds and ekcé#s'resefvés, (RO—R-F*), as
a function of'if/id, will shift to the righﬁ or ieft as
E(Z) decreases or increases, respectively. The demand for
Fedéral_funds, as a funétion éf if/id, wiil take on the
shape of the mirror iéage'of the cumulative distfibution
function of 2z, and.wilI shift to the right or left as RO-R

increases or decreases. The demand for excess reserves will

be exactly the shape of the mirror image of the cumulative

2

probability distribution of Z. The variance of Z, Oy
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““makes thé'demand for either Federal funds or excess re-

*

serves, as function of if/id, flatter or steeper as 0%

increases or decreases. - Poole's diagram of the effect
of the variance of Z on the demand for Federal funds is

reproduced below as Figure 1.15

1.0

ispersion f(Z)

1/2
"4:High Dispersion f(Z)
\ -

- lent 0 bor?owed -

Figure I:

Demand for Federal Funds by Bank

[y

This Figq{e represents the case in which R-R = 0,

E(Z) and f(2) is symmetric. 'In this case, since

i
o

R -R

]
(@]

1
~he demandiﬁor excess reserves and the demand

P1bid., p. 784.
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for Federal funds are identical. It will be noticed that

o, . v . , . 2 .
an increase 1n uncertalnty (L.e., an increase in o) will

VA
‘result in a dlfferentlal effect on the demand for /Federal
i i /
funds, dependlng on the value of fﬁ . Where L l; the
14 1, 2

higher the variance of f(Z)}Athe smaller is the demand for
) 3 . )
Federal funds. BAs was noted in,Morrison's explanation of
the effects of dispersion,'this result is obtained becausek
the increased uncertainty of cash'fluctuatiéns causes less

reserves to be held when the,opportunity cost of holding

reserves is h1gh relative to the cost of borrow1ng from

i
the central bank. : If T£ < % + the increased uncertainty
d S

will cause more borrowing on the Federal funds‘market or,
equiValently mote excess feéerve to be held. In other
words, it becomes.reiatively‘more attractive to‘risk hold-
1ng too high a level of contlngency reserves thanfto’risk
1borrow1ng from the central bank when the opportunlty cost
of holdlng reserves 1is low in relatlon to the cost of borf
“rowing from the central bank. | k

‘Tne main dtawback of Poole's work.is>the assump-
tion that a bank S reserve management 1s ‘virtually equlv-
alent to the management of 1ts operations on the market for
"Federal funds. The Federal funds rate is always assumed
to be less than the discount rate, a Sitgégion”Which is
very unlikely by historical experie ce. No-attempt is made
to examine the effects of ordinary domestie loan policies

on the demand for reserves. Poole does not have to refer.
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\

to the broblem ofvaeposit expansion‘indﬁced by a combina-
tion of loan expahsion and low reserve losses because the
onlybloans considered in the portfolio are loans of Fed-
Qrai funds. Since sﬁch loans are inter-bank and‘are‘

largely for reserve ménagémént purposes, it is a reason-

able assumption that reserves will be lost, the amount

being exactly equai to the~sizé of the loan-of Federal

funds. | |
?oole's major.contributions include the iﬁﬁroduc—

tion of a rgserVé requirement (omittéd by'Morrison), much

less sﬁriﬁgeht restrictidns on the distribution of the °

. randoﬁ resérVe'lossbcomponeﬁt,'and afglightly mofe rigor-

ous exaﬁination of the effects of changes in the léyel of

~uncertainty on reserve management.

o s ) 4 ‘¥?>t‘
Frost ' o NS ;

\
-

The first work in the literature which attempts
'to optimize the level of exqess‘reserves was penned by

Peter Frost.ls His model is explicitly designed to pro- -

e

- L . : . .

vide a theoretical rationale for a kinked demand curve for
, ) T o .

excess resg;yg§,asfa*fﬁﬁEEIBn of interest rates. ' The

empirical testing of the existence of such a kinked demand

curve comprises the bulk of his article.

)

bk 's model is a one-period inventory model in
. . ) - ) //

Frost, "Bank's Demand for Excess Reserveé,":
ical Economy 79 (July/August 1971):

|
! 3
H .

\ >

N
,
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which .a bank's objective is to .maximize prqfits; A baﬁk's
earning assets at the:beginning of the_period‘are éesig;.
nated securities, labelled SO, where ﬁhe subscript o in-
* dicates a level held at the beginning of the period; EO.
is used to label the level of excess reserves at the be-
ginning of ther perlod and FO, the-level of free assets
(assets other than required feserves), is the sum of So
| and E_. | o | - .
Securitieseearh a return-ef r per cent per peried,
and the cost to fhe bank of bu}ing or seiling theee eee—
urities is cemposed of a lump sum eoét.of G aoliars and"
’/avvariable~adjustment cost of v per cent pei'period. N ' .

is the chanqe in the‘bank's excess reserves during the
P

[P

e

"

is assumed to be a rangom’varlable w1th a probablllty dlS—

,/

//////but&oﬁ’&(N) By assumptlon, ¢(N)_1s symmetrlc and de-

finable by the ‘mean of N, u, and the standard deviation
0of N, 0. 0Q is the change in,the‘bank's ekcess_reserve
brouqht'aboﬁt bybﬁhe buving er seliing of securities. ‘The
level of excess reserves at the end of the perlod is

| l-E _+‘N+Q,.

where the subscript 1 indicates an end of period levei.

(2.72) E
17

17Frost begins by assuming that the-bank will, at
the beginning of the period, make the transactions nece-
‘ssary to adjust its level of excess reserves from that in-
herited from the end of the previous period to the level
optimal for the current period. 1In effect, this requires
that inter- perlod adjustment costs are zerd. This simpli-
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3
»

An important assumption made by Frost, the one

ultimately crucial in his development of a kinked demand -

5o o) .
curve for excess reserves, 1is that excess reserves may not

be negatiVe,,either at the beginning dr thepend of the
period;'vThus'a bank is assumed never to have the,desire
to hold a level of reserves'yhrChtis less than reqﬁired
reserves_regerdless of the reletive‘levels ef \ ahd r.

Note that Poole's model placed no restriction on negative
excess  reserves at the beginning,of the'peried, though

,,‘/"“

. : S S
the model was constructed so-as~fo forestall ‘the possibh- °

e
e

. . ./. . N LN N " e
ilityygj(negafIVe excess reserves at the end of the period.

In Poole's model,.if cost minimization indicated that thé
-optimal level of excess reserves was negative in value,
(perhaps because. a-large inflow of fuhds was expected dur-

L)

“ing the perlod), the bank was. not restrlcted from adjustnng
1ts excess reserve level at the beglpnlnq of the perlod
to a level below zero. If at'the end of the perlod how-

ever, the random reserve flows resulted in the level of

excess reserve belng negatlve, Poole s assumptlon was that

e

fying assumption is characteristic of simple inventory
optimization models and was tacitly used by all of the
models which we have encountered thus far and will be
employed in the model partlcular to this thesis. This
point has been brought up in the present context only be-
cause Frost relaxes this assumption at a later point in
the development of his model so as to completely Justlfy
his kinked demand curve for excess reserves on a theoret-
ical basis. This later development in his model will not
be discussed in this literature review and all observa- .

- tions concerning inter-period ad)ustments costs will be

'~ relegated to the footnotes.
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the bank would borrow at the discount rate to eliminate
this reserve deficit.
Equation (2.72) must be written as

(2.73) E =E_ +N+0Q20,

1
to incorporéte Frost's assumption of the impossibility of
négativé excess reserves.

If, in equation’(2.73), EO+N30, there will be no
ﬁéed for adjusting the bank's portfolio because the bank
has been able to weather the~random reserve loss withgut
| jeopardiiiﬁg»its meeting of its reserve requirements. In
fhis-dgse, Q will be equai to zero, ip that any attempt
to inc¢rease reserveslwouid be both costly and unnecessary.
If EOfN < Q, howevef, thé bank must sell securities in an
amoﬁnt equal to —(EO+N) in o:der that reser;e,requirements
be met. Frost writes the expected profit function of the
bank; E(Pi, as
-E

v _ o
(2.74).,E(P) —‘rSO Gf_FO¢(N)dN

B g (“Ej - N)¢(N)AN.
o

The first term in equation (2774f represents tbe return on
se;urities; the second ﬁerm, the lump'sum’adjustmenf cost
weighted by the'pfobability of the bank being required to
sell securities to meet end of period reserve requirements;
and the third term, the total‘variable adjustment\cost of
security sales necessary to meef end of period reserve

requirements. -
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This expected profit function is misspecified. -
Note thaf the lower limitxon'the integralg in equation
(2.74) is -FO. Refe;ring to the third e#iéesSion in equa-
tion (2.74), we see that this lower limit is associated
with a value of the function under the integral of.
(—EO+FO) = SO._ This appears to be necessary in thif a
bank cannot sell off more securities to. meet its cash re-
quirements thgn it possesses. However, the lower limit
on this expression should really fepresent the.maximum
volume of deposits tha% afe subject to drawdown>by the
:bank's customers. By setting . up his model in terms of
free assets so as to avoid as much as possible‘the hand-
ling of réserve requirements, Frost has implicitiy assumed
that bank liabilities free .of random fluctuations (namely,
capital and debentures) are always exactly equal to the
level of :eqpired re;érves. This is the misspecification
Jreferredvto above.

Frost maximizes the bank's ekpecteq,profit func-
tion with respect to EO, under the restraint that EO must
be non-negative, arriving at the first order condition,

-E

JE(P) _ _ . Go(-E_) + VI_F°¢(N)dN <0,
o O

BEO

(2.75)

and ‘ -
(2.76) Eo > 0.

. ‘ Y,
The optimal level of excess reserves EO*, is the
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level of EO that satisfies both eguatiéns (2.75) and
(2.76) . Eo*’is thus a funcﬁion of r, G,-and'v. It is
also a functional of ¢ (N) which, by assumption, can be
_,Completely defined by»its mean and standard deviation.
Thus, the desired level of excess reserves can be ex-
pressed as

(2.77) EO* = max[f(r, G, v, u, 0,), zero].

It must be emphésized at'this point that EO*Areﬁ-
resents the ex ante demand for excess reserves at the be-
ginning of the period. As the stochastic cash drain ocgcurs,
the actual level of excess reserves will alter, but E_* is
by far the more relevant variable in that it is directly
related to the effects of uncertainty on thepbank's élanning
behavior.thote that in the models we'have tréa£ed so far,
it was usugiito assume that actual resérves would never be
allowed to fall short of requirements (with the bank borrow-
ing short-term instead). In Frost's model, however, a
more stringent assumption is made. Frost assﬁmes that ex
ante reserves may never fall short of :equ;:ements. In
models with no legal reserve requirement, neithe; of these
-aSSumptions need be made explicit, since neither ex ante
norﬂex post total cash can be negative.

- Fromfthé manner in which Frost has taken the der-
_ivative of q&uation (2.74) to yield (2.75), two implicit

assumptions can be deduced. The first is that a lagged
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resérve requirement has been assumed. Otherwise, the
random deposit fluctuations would affect the level of re- .
guired reserves and, hence, Eo. The derivative of eﬁpected
profits with respect to excess reserves has been taken,

but in a manner which treats EO as independent of ¢ (N).

The second implicit assumption is that the bank is very
small, so that the addition of one dollar of securities
to‘the portﬁolio costs exactly one doliar of resérves——
i.e., there isvno possibility of retaining'any reserves
jeopardized by security purchases. Thebeasiest way to see
thét,thié assumption has been implicitly made in Frost'"s
‘model is to notice that one dollar of security sales.is
presumed to supply enough reserves to offset one dollar

of reserve deficit—-£ﬁis is ev;dent from the third express-
ion in equation (2.74). 1In reality, if a bank sold securi-
ties, it would run the risk of selling them to one of its
~customers who would pay for them by drawing déwn deposits
at that bank. This meané that the bank could expect to
increase its reserves only by an amount equal to one minus
that bank's share of the market times the volumé of securi-
ties sold.18_

The second derivative of the expected profit func-

tion is given by

, | : ~ %
18If Frost's profit function had been set up with

Ratti's treatment of the lump sum transaction cost it would
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. 2 -
(2.78) 2EEL = G(a0(-B)1/0E_ - [vo(-E_)].

2
»~3EO,

' This equation need not be negative as is required ‘for a
m;ximum. If the first térm on the right hand side is
greater than zero and e#ceeds the second terﬁ in abéol—
ute value, the secbnd derivative of ékpected profits with
respect to excess reserves will take on a positive value.

- Frost comments that this second derivative will gertainly

be negative if —Eo<u and ¢(N) is unimodal and symmetric.

‘This is true ecause’thé derivative in the firstwterm‘on
the righ haﬁd side of (2.78) will be negative under those
condition The inélusion of the lump Sum'transéctions
cost clear{y results in a failure of the second order -con-

ditions of maximization in both the reserve optimization

Ld

be stated as, {

. -E
E(P) = rS_ - _FZ[G(N) + V(~Ey -N)1¢ (N)aN,
where G(N) = 0, for N > “E

: O

»

the first order conditions would then read,

L _E v
SE(P) = -r+vf_.® ¢(N)aN < 0,
35 0

EO>OI‘

remembering that Frost has implicitly assumed lagged re-
serve requirements so that E_ and ¢ (N) are independent.
This result indicates that tBe lump sum transactions cost
“would play no part in determining the optimal level of
excess reserves, no matter how large that lump. sum cost
_might be. This conclusion alone casts doubt on the.effi-
cacy of Ratti's technique. Now, it is true that in the
credit expansion models, the mean of the random reserve

®
1]
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and the credit expansioﬁ models.
When the optimal level of excess reserves is pos-
itive, Frost finds that E_* increases when G or v increases

and decreases when r or u increases. Additionally, he

statqs at one point that the derivative of Eo* with respect .

'to o is hegative'whén EO* is large and that #his deriva-
tive is indeterminate when E_* is close to zero. Through-
out most of his paper, however, Frost manipulates his mod-
el as if EO* is a positive function of 0.20 'A careful ex-
amination of eqﬁationv(2.75) and the results of Morrison
aﬁd'Poéle should convince the reader.that‘thélderivatiVe of
Eo* with respect to ¢ can be either positive or negative,

depending on whether E * is less than nor greater than -,

drain‘is a function of the level of new deposits. Thus,

. the lump sum cost will appear in the derivative of profits

with respect to deposit expansion, even if the lower bound

of the integrals in the expected profit function is not a
function of deposit expansion. In the reserve optimization

models, it is typically assumed that each dollar of reserves

nets only one dollar of loans so that the mean of the ran-
dom reserve loss is independent of the level of reserves
held. 1In this case, by assumption, the lump sum cost may
only appear in the derivative of profits with respect to
reserves if the lower bound of the integrals of the profit
function are functions of reserves. Even so, it is hard to
understand how the assumption that a bank is so small that
no reserves return to it after lending can engender, by it~
self, the result that the optimum level of reserves is in-
~dependent of the lump sum transaction cost. '

I

» 19Peter Frost, "Bank's Démand for Excéss Reserves,"
p 809. ', '

4

20Seé especially p. 811.

&
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respectively.
Frost's demand for excess reserves as a function of

Cr is depicted as the liné A B C in the‘Figure I1 below.zl

v

Interest | A

Rate

o , "Excess Reserves

Figure II

Demand for Excess Reserves

Notice that the demand for excess reservee as a functlon of
r is klnked belng zero for values of r greater than a crit-
ical value of . |

(2.79) 1+ = Go(0) + vIZL s()aN
and positive for interest rates begow that critical value.
When r.is less than r*, the derivative of excess reserves
with respect to r is negetive.throughout. The line B c,
howeve;,'need not be smooﬁhly downward sloping, as is the
‘one depicted'by frost and reproduced in Figure II.e‘In
fact, the relationship between T and E * ‘shown in Figure II

is peculiar to the case where y is equal to zero.

2lrpid., p. 810.
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In a discussion of possible efﬂects of bank sise
on reserve management, Frost presumes that r* (which varies
directly with lump sum and varlable adjustment costsl
should be lower for larger banks because their average ad- -’
justment costs are lower owing to thelr larger volume of
money market operations and their nearness to the main fi-
nanc1al markets Since o is llkely to be larger‘for large
banks than for'smallibanks, he also feels that the partial
-derivative of excess reserves withirespect to the interest
rate on securities should be larger for larger banks.
Note that®this last observation on bank size does not truly
represent a diseconomy of'scale because the variance per
unit of debosits would‘have to be higher for the larger
“bank ih order'that'this be the case. Homever; if average
adjustment tosts are ‘lower for larder banks, this repre¥
seuts a legitimate claim for ecOnomies‘oé?Fcale in,reserve‘
‘mauagement. | | :
Throughout his work, Frost seems to haveldifficulty
. in interbreting the_effeots of o in his model. Nowhere is
this difficulty more pronounced than in his expectation:
, that the higher o of larger~banksvshould result in a.larger
partial derivative of excess reserves with respect to the
interest raté on securitiesythan would be eVldent.for a
smaller bank. In Flgure}III below, the demand curve for
excess reserve with respect to the interest rate on secur-.

o

ities is shown for the case where u<o.

-
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Interest - A
Rate
r l 1
o)
I3

Figure III

Demand for Excess Reserves: u < 0
Let us say that, in Figure III, the Line A B C represents
the demand for excess reserves‘éf a bank with a stochastic-
1

of this bank to a higher'o% will result in its démand curve

reserve‘chénge variance of o Increasing thé variance
shifting to A D E. The increase in o results in a éom—
bined rotation'andxdownward shift>of thglfunction,~inﬁa
maﬁner'which will beAexplaiﬁed in Chapter 11T of this'
thesis. If‘thelrate of interest on sécurities is;rl; both'
before and after the change in variance involved in'fhe‘ |
shift of‘the demé?d function,3it is clear'thatbthé in- -
‘creased variance has led ﬁo‘a.decline in excess reserves
to E.. If the relevant rate of intérest was_rzé

1 2

from E
however, excess reserves would remain without change at E3.

37 excess reserves rise from E4 to

E5 as 02 rises from oi to og. For any rate of interest

below f

With a rate of interest r

o Frost's presumption concerning ﬁhe effect;Qf a

higher variance on the derivative of excess reserves with
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-

respect to the rate of interest on securities is true.
' For rates of interest above r,, his contention is clearly
:false.22

For our ﬁurposes, the important features of Frost's
model are-the possibility of economies of scale in reserve
management through lower average adjustment costs on the
pe;t:of‘larger banks, and the assumption that banks never
~consider negative levels of excess reserves as optimal at
any point in the plannlng_perlod It is this last point
that 1s the crucial one for the development of hls kinked
demand curve for excess reserves.

The assumption~that banks never considet hoiding.
onegatlve excess reserveskat any time in the averaglng per—
1od is falrly unreallstlé ' Durlng perlods when the mone- -
tary base is rising rapidly so:that'the bank can expect
reserve accretions during the period, aed'especially‘when
"the discount ratelis low relati?eﬁto short term‘iﬁterest
.rates, holding negatlve excess reserve balances in the-

early stages of a reserVe averaglng perlod must be too

22The demand‘%brves in Figure III are drawn with
negative sl®pes throughout for E >o. This need not be the .
. case. The second derivative of E(P w1th respect to E_ is
not everywhere negative. For values 'r deading to vglues
of E >yu, where p<o Frost's model can produce a demand
curv® thaﬁgls vertical at zero and then positively sloplng
for some nge in the region -u>E_>0. The relative sizes
of G and v are instrumental in de%ermlnlng whether this
occurs, as can be seen from an investigation of equation

(2. 78) N
©
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great a temptation for many banks to resist. In an Amer-
icaﬂ context, recent history shows that, whén»thevFederal
funds rate exceeds the discount rate by more than one half
of a percentage point, member bank borréwing from the Fed-
eral Reserve System rises very répidly, sometimes by such
a largéiimount that ffee reservés»become negaﬁive. This
behavior is n§t~consistent with an assumptioﬁ that banké
necessarily shy away'from negativeieXCess reserve ﬁoldings
within the averaging period, thougﬁ thé infrequency of pen-
alty rate charges inaicates‘that banks shy away from actu-
ally violating the resefve requirement for the period aé_

a whole. o o \

Baltenspergef

The mosf thorough analysis of the effects bfvbank
size on. reserve management‘in.the contéxt of stochastic
models of bank’behavior was Undertakén‘by Ernst Balten-
‘sperger.23'lBasiéally, the work :epresents a refinemeht
of the work of Edgeworth;, | |

' ‘A‘bank is assumed to acceptidnevtypé of non-inter-
est béaring’deposit, the volume of whicﬁ‘is'fepreséﬁted |
- by D. This is the oniy liabiiify.of~the bank. The bank

“has a choice of two assets, reserves R and loans L.  The

23Ernst_BaltenSpe’rger, "Economfes of Scale, Firm
Size and Concentration in Banking," Journal of Money,
Credit and Banking 4 (August 1972): 467-87.
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interest rate on lgahs is designated.by ia’ and the cost
per dollar of.reserve deficit is labelled ip. Let R and
D represent beginning of petiod reserves and déposits.

Let V represent’the reserve loss during the period, where
V is a randdm variable with density function v(V). The

: J
expected costs of holding reserves, Cﬁ can be described

by

(2.80) Cu'= iR+ leR (Vk—R)v(V)dV.
Optimizing the level of reserves, R, can be accomplished
by differentiating Cu with‘respect to R and setting the

-derivative equal to zero:

0.

: 3C :
u _ . . @
(2f81) IR aa 1pr v(V)av

‘The'optimal level of reserves R* can then be expreseed as

f ® Ay = L2 &
(2:82) [ruyav = g2 ..

Two immediate iimitatibns of this model, Which
 were recognlzed by Balténsperger, are- that 1 must behless
thanﬁ%' for a solutlon to- ex1st, and that to get a pos-.
itive value for‘optlmal reseryes,»fo‘v(V)dV.must be greaterb
than i /ip._ Baltensperqer must have a positive value for
"optlmal reserves because, in- reallty, total reserves. cannot
be negatlve. If Baltensperqer were deallng w1th excess jre-.
serves, he would~have the;optlon of permlttlngjnegatlve’ex—
cess_reeerves. It should aiso be noted that Baltensper-
ger's model tacitly assumes that every dollar of deposits
created during loan expansion isadrawn doWn immediately and

Q
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that reServes.let~by loan expansion do not retuxn to
the bank.

The most crucial.assumptions in Baltensperger's
analysis of economies of scale in bank reserve management
concern the effects of bank size upon the mean'and‘vari~
ance ot v(V). He supposes that a bank has n deposit ac-
counts of 1dent1cal size v. 'xi is the proportlon of ac—A
coUnt'l that is withdrawn; it is considered to be a random
var%able with mean k’and variance a2.‘ All accounts are
assumed to be homogeneous SO that the probablllty of a
glven w1thdrawal is the same for all accounts An- assump-

tion of the 1ndependence-of accounts allows Baltensperqer

to define V, the reserve loss variable, as V:EixiG, wheregﬂx‘

Y is'approximately normally‘distributed by the Central Lim-

it Theorem, w1th E(V)—nkv—kD Var(V)-v na2—a2D2/n, and
Oy = aD/vYn. If all deposits are assumed to be the same
size DO}.then D = nDo‘and‘ovdcan be written as a%Dé. This

~establishes a probortionality between the number of ac-

counts and the size of total deposits.

Baltensperger explains thatathe reservevloss in a
period can be affected by‘two'factorsﬁ deposit‘fluctua—
tions, and the net repayment of granting ofiloans; He
assumes that the second cause is foreseeable with certainty
and thérefore, has no effect on the variance of V, but
will be able to affect the mean. Baltensperger then ass*'
umes thatveltherithe‘bank.expectsson average_no outflons

or inflows of deposits and grants néw loans only as old .
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ones are repa%d; or the bank adﬂusts its lending~p01icy
SO thét'avefage reserve'changes are‘iero; »This‘implies,
of course, that k = 0. | ;
Given eéuation (2.82) and.thebassﬁmption that
k - 0, R* can be expressed as a multlple of OV’ hamely:
 (2.83) R* =‘bo§ = ba/ﬁ, or R*/D = ha//_,
‘Here, h'is avpa:Ameter, depending onfia and_ip,bthat hﬁst
be gfeater‘than'or equal to zero.e‘SubStituting‘the re-

sults of equation (2.83) into eguation (2.80), Balten-
(2.84) C, = i boy, + 1pbfV(V‘-qu)v(V)dV.

sperger gets
24 .

This equation, however, is clesrly misprinted and should

: o b @ o o
(2.85) Cy = i bog, ™+ apfbcv (V = bay)v(V)av.

*he cost of reserves’ equation

read:v o ‘ - R

-

Baltensperger then expresses

(2.84) in terms. of the standard normal .distribution, arriv-
' S - S 5o : .

ing"agcy | _ '
~(2.86) ¢, =i bo +1povfb(t b)f(t)dﬁ =80 oy = sa/D,
where § is a constant, and f(t) represents the standard

- normal probablllty den51ty functlon Equatlon (2.86) im-.

plles that
(Q 87) C /D a//'

From equatlons (2. 83) and (2 87), Baltensperger

e .

draws two conclusxons flrst, that the level of optlmal

.

24fbld., pi 471 e
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reserves, as a proportion of deposits, varies inversely

“with bank size; and, second, that ﬁhe éosts of optimél
~réserve management vary ihvérsely with bank—size.25
Baltensperger's conclusion;that lafge banks will,
under ;il circumstances, hold smaller pro?brtibnal ré—
serves is based‘on‘two crucial”features of his model. The

¥

wfifst,feature'is thgt total reserves, which cannot be less
than‘iero, are being optimizea} and the second featuréAis
that k is assumed to be equal to zero. |

The assuhption that k is equal to zerd and the re-
quirement that R* must be greatér than, or equal to, zero
?énabléé BaltenSpergér té duplica;é'Edgéwérth's assumption
that Fhe banker aiways makeskprovision for the expected

1

ot

25Baltensperger also considers the effects of

abandoning the assumption of zero .inter-period transactions

costs.” The effects of the relaxation,ofvthat assumption
creates a special zone above and below the level of opti-
mal reserves; the level of reserves will be adjusted to
the lower level of the zone if inherited reserves are much
lower than the optimal level of reserves, and adjusted to
the upper level of the zone if inherited reserves are much
higher -than the optimal level or reserves. If the inher-
ited level of reserves arg within the zone itself, no ad-
justments will be profitable .because of the introduction
of inter-period transactions costs. Baltensperger finds
that the zone will be proportionately smaller for large
" banks, and the large bank will therefore stay closer to’
its optimal level of reserves from period to period.
Baltensperger feels that this effect enhances his case for

economies of scale in banking because it means large banks’

will, on average, be operating with reserve levels rela-
tively nearer to the optimal level. 'Baltensperger's
findings, however, rest on the same assumptions as his
proof that large banks have a proportionately smaller op-
timal level of reserves than small banks and are not nec-
essarily true in all cases. If the financial environment

%

i3 )
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.Valqe of cash drains in his reserves. If Baltensperger
allowed k to be a positive number, meaniﬁg that a cash
drain on average was to be expected, smaller banks would
hold relatively smaller levels of reserves than large
banks if tﬂe value of ia/ip exceeded 1/2. _Likewise, if
Baltensperger had concerned himself‘with excess reserves
and did not specifically as#ume that banks would not con-
sider negative levels of excess reserves as optimal, his
conélusions could have been rejecteé, in spite of the asé—‘
umption of a zero expécted value of cash drains. 1In this
éase, where ia/ip exceeded 1/2; small banks would hold
‘relatively smaller levels of excess reserves thah large
banks, but the optimal levels of exces$ reserves in both
cases would be less than zero. These points will be made
clearer in Chapter IV of this thesis.

- One final point of criticism of Baltenspergerfs
wdrk is his failure to:deal”wi}h non¥proportional trans-
aétions costs.in ﬁié moaelT Thig.type of tfansaqtions
cost clearly has imﬁlications fdr'economies of scale in
>reservevmanagement and can be handled -in a relatively

straightforward manner, as will be seen in Chapter 1IV.

was such that the smaller bank's optimal reserves were
proportionately less than that of the larger bank, the
larger bank's keeping reserve levels nearer to this op-
timal level because of inter-period adjustmept costs,
'would not necessarily militate for the large'bank's
holding smaller relative reserve levels in any case.

: &n ;;:}@&a
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knobel

In a Master's Thésis and a resulting published
article, Abraham Knobel investigated a bank's demand for
excess reserves.26’27 Becauée‘of the lenqéhy ;pace nec-—
_essary to present Knobel's ﬁodel and its extreme dissim-
ilarity to the other models appearing in this thesis,
Knobel's model will not be presented in detail. Héwever,
a brief description of his model and conclusions w111 be
given.

In Kndbel's model a bahk has two ésséts: re-
‘serves and loans. Fluctuations in the bank's reserves are
‘assdﬁed to take. the form of a Bernuolli'random walk, rising
or’fallihg every 1/t of a day in increments or decrements
of m dollars; The -economy is assumed ﬁo have a constant
monetary base, so that reserve changes reflect purely ran-
dom phenomena. The bank mahages its'fesefves by setfihg
an upper boundary H and a lower boundary A for its re-
serves. These boundaries ére.subject tb optimization.
. When reserves rise to the upéer boundary H, the bank grants
'loahs valued aﬁ H-A‘dollars, and, when ;eserves'fall to

the lowérquundary,rthe bank retires loans to the value of

H-A dolférs.

. 6Abraham Knobel, "The Demand for Reserves by Com-
merc1al Banks," (Master's Thesis, Tel-Aviv University, 1974).

.  27ppraham Knobel, "The Demand for Reserves by Com-
mercial Banks," Journal of Money, Credlt and Banklnq 9
(February ag??) 32 47.
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A deposition function andSredeposition function
are speéified. The deposition function is a probability
density function applying to the amount of reserves gained
by the retirement of H-A doliars of.loans.‘ It reflects
the fact that some of the funds used by the customers of
the baﬁk to retire their loans mayiultimately‘be draqu
from deposits at the bank. Simiiarly, the redeposition
function is a,probabiiity density functioﬁ applying tq the |
amount of reser&és losf through the grqnting of H-A dollars
of loans, given that soﬁe of the deposits being‘c:eated in
the loan extensiOnbmay find their way Back ﬁo the lending
bénk. The bank's share of the markeﬁ is assumed to be the
sole factor determining the‘distribution of the depogiﬁion,~
and redeposition functions. . Thg’bank faces a reServe re-
quirément that is defined as a conétant fractiqn of the
average amounﬁ of‘depbsits during the previous time period.
Thev;equirément is to be met at ail times, not just on
average over a specified éeriod. "A fine of n doiléfs is
incug:ed for each dollar of reserve.deficif. The rate of
interest on loans,'which represents ﬁhe opportunity cost
of reserves,‘is v. The lump sum transaétions cost, in-
curreafévery time the bank is forcéd‘to retire or grant’
H-A dollars of loéns, is y. Since the monetary base‘is}
assumed to be.constant,'Khobel feels that L, the amount
of required reserves, is a consfant. VIfitheiavéragingA

period is sufficiently long he feels that the average de-
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posit holdings in the previous period (upoﬁ'which the res
serve requiiement is based) will approach the expecte&\\;).
value of d@posiﬁs in the curfeht period. Likewise, the
expected value of deposifs in the forthcomiﬁg'pgriod
should approximate the averége Qf:deposits held‘QQer the
qurrent period. ’ t | " &

‘Gathering together all of the cost factors, speci-
'ffind‘deposition and‘reaeposition functions, and solving.
for the expected values of reserve balances[ traﬁsfer
costs, and pénalty costs generatea-by the Bernoulli pfo-
ceés, Knobel arrives at the;expected daily cost of holding

‘reserves. This cost can be expressed in the two equations:
. R Ve

2 ‘ ‘ .
-. w *‘(H"A)
) ’ 2 _av 3. .
(2.89) E,(C) = H;Av~+ 6yo 5 + n(FL A) (H -Eié),
| (H-2) (H-a)3 -
“if H > L,

where oz,is the variance of daily reserve flows. The ex-
pected value of reserves held is E;é , given that the mean '
of any steady-state distribution“generated'by a symmetric

random walk, and the particular deposition and redisposi-

tion functions specified by Knobel is E;é . The deposi-

tion and redeposition functions are applicable to banks

with a 25 to 50 per cent sharé of the bgnking_industfy.

. /F ' . '
Knobel analyzes the(effects of changes in L, v, n, y, and e
02 on the optimal Values of A, H, and a new variable,G:zH-=A.
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o
The results differ dependipg on whether n<v or n>v. Where
n<v, Knobel proves that A equals zero, so that only H need
be considered A change in reserve- requlrements ex-
pressed as a change in L, w1ll not affect H if H<L but,
v if H>L, H 1ncreases‘as Lnlncreases. E#cess reserves may -

decrease, increase, or remain the same, however. The

changes in H with respecty to v, n, vy, and 02 can be summar-

ized,by:
| dH dH dn - dH . )
I < 0, in 0, Iy > 0, g;z»> 0.

Wheré\g>v, an“increase in reserve requirements will °
raise H and A by an amount equal to the change in L, leav-

ing G unchanged. Excess resexrves %111 alsd remaln un-
9 . g9 ?

. 2

changed with changeSuln L. The chagﬁeSnAn H A, and G,

\ S

~with respect to v, n,'y, and 02 can be summarlzed by:

da dH dG > > (H+A) ‘

av < 01‘ 8_\7 < Or av ‘<-‘ 0, f L ——(2—— . %
. S, !

da dH dG A

E‘l- > 0, a-ﬁ > 0, a;{ < 0.

v} dH dc d (H+A) >

3}7:< 0, a—§> 0, ai’->‘0, ——-—ay—-,-zop

da (o, @B, o, 9G , o, d@H¥n) >

do? do? * do? dg2 ¢

H+A 3
~—>— -L is the optlmal level of excess reserw

fore, the effects of the parameters on excess reserves will
be of‘the same slgn as }he effects on H, where n<v, except
where changes‘iniL are concerned. Also, where n>v, the’

i effects of the parameters Oon excess reserves w1ll be of

the same sign as the effects cp H+A, excepty for changes

&
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} In his theSis, but not his published work, Knobel
sought to investigate . the effects of bank size on the lev-
el of excessyreserves. To analyze the effects of bank size
'Knobel_examines4the effects of L and 02 on the. level of . .
lexcess reserves. iSince Knobel's cost functions (2.88) and

_ . .
(2.89) are compatible with banks encompassing anywhere

A
from 25 to 50 per cent of the industry, Knobel can com-

pare two banks that q;ffer with respect to’ their share,
but have the same cost functlon

Knobel argues- ‘that the level of required reserves,
L, is one factor that distingu1shes a larger bank from a
smaller bank Where n<v, he finds that a rise in L’ causes
excess»reserves to decline in proportion to required re-
serves. The implication is that a larger bank w1ll hold
proportionately smaller levels of excess reserves than a
~small bank. This is an‘interesting result, since the
larger bank is not holding proﬁortionately more required
reserves, only.a larger dollar volume. In analyzing ‘the
effects of 02, Knobel refers to Baltensperger, claiming
_that the latter's analysrs makes the variance of daily re-~
serve flows an increa51ng function of bank size. \051ng
vthlS assumption in his analysis, Knobel concludes that,
‘where n<v;’the cOmbined effect of L and 52 lS to make in-

determinate the relAtion between bank size and the absol- -

. ute level of excess reserves held

. . .
e R : . -

4 i LT ey
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- Wwhere n>v, the demand for excess reserves is
found to be independent of L.- The assumption thatilarger
banks diéplay larger variances of reserve flows leads
Knobel to the conclusicn that larger banks will ?ave
" higher levels of excess reserves than small banks if both
are holdingepOSitive excess reserves, but lowerwlevels of
‘excess reserves if both are incurring_deflcits.

»’ Kncbel's.workvcannot be considered as a refutation
of Baltensperger's work. For one thing; Knobel's study of
bank size relates to an inrestigationbof the differences
between tﬁe absolége holdings of excess reserves of a
large bank and those of a small bank. Baltenaperger con-
cerned himself with the dlfFerencee'ln relatlve holdings
of excess’reserves. ‘

BalteHSperger did imply Zyatlarge banks face}
larger'variances of geposit flow than small banks, and
“ this is the assumpti%n empIOYed by Knobel. However, what
was most important to Baltensperger was his establlshment
of the plau51b111ty that large banks face a relatlvely
smaller reserve flow variance than small‘banks. Had
 Knobel sought to consider the relative dirferehces be~

tween large and small'banks, he would have had»to accept

Baltensperger s argument - that 1s, he would have had to

assume that larger banks face a relatlvely smaller var-
f

iance than small banks.

Interestingly, in the case where n<v, Knobel

)
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found that the need for a higheriabsolute level of re- .
quired reserves on the part of-a.larger bank led'it to’
hold a proportionately lower leve; of excess reserVes'
than a smaller bank. In fact,lin Knobel's model; this
result will occur where any Singie banks is faced with an
increase'in its absolute level of reguired reserves be-
cause of an increase in the reqnired reserve ratic (where
n<v)> -This result is intuitively guite reasonable.
Where no non-monetary penaltles derlve from falllngsto
meet reserve requlrements and where the net rate of‘re—
turn on loans exceeds the penalty rate,'an_lncrease in’re—‘
quired reserves can logically be expected to result in
some economizing on&excess reserves relative to.reqﬁired‘
reserves; . d |

fn general, Knobel's modei.sutfers‘from several
shortcomings.' The most sericus relates to the extreme
long~-run, steady—state nature of the modell Itlhardly :
captures the 1mportance of the extreme short term reserve
vfluctuatlons that are the greatest challenge to bank re- g'
serve managers. L1kew1se,'reserve drains and accretlons,
occur in 1ncreme£ts or decrements of a constant 51ze in
Knobel s model, an assumntlon that is inry far frqm reality.

- The largest potentlal advantage 1nherent 1n Kno-
ﬁ-bel s model derives from ‘the ex1stence of the dep051tlon

and redep051tiOn functlons. It was p0551b1e for Knobel

to include the effects of market size on the cost functlon_
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in his analysis'of the effects of bank size on excess

reserve holdings; regrettabiy, he did not utilize this

‘advantage.
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CHAPTER III

- THE PRESENTATION OF A STOCHASTIC MODEL OF -

BANK RESERVE MANAGEMENT

Ihtroduction

The purpose of this chapter is to preseht a two- b,
' asse@,>stOChaStic model of bank behavior.” The model will ‘
be presented»first in a basic form and then.zn a slightly
-auqmented form. The optlmal level of excess reserves will
be examined for each of these variants, as w1ll the effects-
‘of changes in parameters on that optimal level. In Chap-
ter IV, these results Qill be used to analyze the effects

- of bank size on reserve management.

The Basic Model o f

Let us begln by con51der1ng a representatlve bank
in a hybbthetlcal banklng system and 1ts reserve managlng
behavior during a typlcal plannlng perlod. The counter—
~ part in reallty to this plannlng perlod is the famlllgr
reserve averaglng EZ?iod. VIt is assumed that’the bank
has two assets available to it. One asset‘is cash, which
is perfectly liquid, but bears no 1nterest. The other ]
asset, called 1oans,‘is illiquid, but it»bears a nominal
rate,of interest which isﬂfiked during the plannihg per-’
iod. hThis interest rate is khown with‘certainty'by the

management'éf the bank at the beginning of the period.

s
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It is'denominated'as a per cent period and is designated
by y;l By assumption,-all new loans are made at the be-
-ginning of the period, and either the bank or its custom-
ers may call in existing loanS'atgthe beginning of the
hperiod for&immegiate repayment. “Thus, customers may not
repay loans at‘any:time other than»the beginning of the
‘period, Moreover, the bank may. not call in’loans at:any
other time. Under no circumstances may_a bank’sell'loans
_bfor cash. At the beginning of the period, the.lending
,rateoon all"existing loans'ls assumed to be adjusted to
‘the current rate on new 1oans,.so as to avoid-the-expense
' of neédless rolL;oyers arising from the retractable fea%
Fﬁre on‘loans.n | | | T | ‘ |

The bank s llabllltles are of two types' the

first con31sts of demand dep051ts bearing no’ 1nterest, and

the second consists of such interest bearing borrowings as

. the bank finds~necessary to undertake during the. planning
period.: These borrow1ngs are analogous to advances from
the central bank and the nomlnal rate of 1nterest, m per
cent per perlod that they bear 1s analogous to the central»

bank s re dlscount rate.z‘ L1ke the rate of return on bank

o : o
I | : oo . .
lThis rate of interest must-be considered as net of
costs associated with. the administration of loans and loan
defaults. Inflation is ignored in this model but could
easily be handled by making all interest, .charges net of the
expected rate of inflation and by deflating other variables
‘such as depoﬁlts and loans by approprlate 1nf1atlon 1ndexes.

!

o

: o 2Tlme deposits have ‘been 1gnored here for- 51mp11-~
c1ty ssake, even though the ratlo %gsdemand to time deposits.

: | o

) : : c
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loans, m is assumed to»be fixed over the planning period
and known with certalnty at the beglnnlng of the peraod

. The bank is subject to a stochastlc cash drain
which is expressed as a proportlon of "1n1t1al deposxts"
where 1n1t1al dep051ts are deflned as the volume of- de—.
p051ts exlstlng at the beglnnlng of the current period and
are deSLgnated,D. The cash'draln rat&ohz, as a ratio of
_two dollar'values,:is a‘pure numherdand'mayAtaEe on val-
ues in a range;of*—®<z§i. The values bf Zz must he gréater ;%v
than minus infinity hecause randon‘caShlaccruais‘(negative-”
“values of*z)'iniany period must beyfinite, whdle,z must be v
no greaterkthan one because that represents the limitingf'
'case uhere every single dep051tor w1thdraws hls funds from .
the bank in the current perlod It is assumed that the
.,bank,management constructs a probabll;ty,dlstrlbutlon for .
the cash_dradn ratio atithe"beéinning:of the period, basedf'hQ?_
ronvhistorical experience and current expectations. The ‘
.probability‘density'function, f(z) is asSOCiated with that
distribution. 'The'random variable Z has a variance of o

and a mean of u. Thq;cash draln occurs at the end of the

‘perlod therefore, in the event that the cash draln is neg-

K3

'1s an 1mportant factor 1nfluenclng the level of cash re-
serves held by banks. As well, time deposits bear a rate -
of interest which would augment the opportunity cost of
holdlng cash. The bank's capital account has also been
‘ignored for slmp11c1ty s sake. For a presentatlon of a

. model determlnlng optimal capital account, see Ernst Balt-
' ensperger, "Economles of Scale," PP. 473 -75. . el

- . 4 . . "
x
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ative {cash accruals), no part can be lent in the current »

-

period.

When,loans are made at the beginning of-the 5%riod,5

it is assumed that all dep051ts created by lendlng are w1th-

drawn 1nstantly a that no dep051ts lost in the process of
~ 2 :

making,loans'are recovered-dur;ng the plannlng perlod,l*

Simila@ly, it is‘assumed that customertloanfrepayments are "’

‘made with cheoues drawn‘on some othervhank ;so that»loan‘

repayments result in no less . of dep051ts to the lendlnq | haﬁ

bank and result in an 1ncrease 1n cash exactly equal to the | “fi/

size of the reoayment.3 Thesesassumptlons are asSociated

e

with the standard model of dep051t expanslonwan a perfectly

competltlve banklng system They 1gnore(the effects of ,'vf L~
_ " e a

Phillips‘ "derlvatlve dep051ts" whlch la%gely motivated °

/

the work of those authors 1nvest1gat1ng optlmal dep081t ex- .

pansion in stochastlc models. The_assumptlons must/be e .
R : R n Y .

made, however, to ensure that only one dollar of %ﬁans can;’

‘ g V J ' N g ’ . . ‘ t i ‘- . e, ‘é“;‘-?"rj :‘ L . L .. : - - o !

e 3At flrst "this assumptlon appears entlfely unreal-
‘istic. “However, there is ‘a reasonable groundlné in reality - - T
for making this- assumptlon in the framework of/reserve ' .
management. In a simple two-asset model of b nk behav1or,;/
all types of loans and interest bearlng assets are lumped | -
together.  There is, however, a type of loan relevant to ‘f
reserve management-which exhibits the characterlstlc that f
virtually all repayments are paid w1th cheques drawn - onvAJ
other banks. The type of loan: referred to is loans made to
investment dealers and brokers to Q}nance their inventor-
ies of stocks and securities. When a yartlcular bank calls
in its loans to dealers,‘the typical reaction on the part o
of the dealers is to seek refinancing: with another Bank. . = . *
Only if this-cannot be done will the dealer sell off- secur-". [
-ities to buyers who may pay w1th deposxts at the bank call- '
'ing in. the loan.z_ji . T St
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can be created for each dollar of excéss reserves, and
that neither the making of new l%ens, nor the repayment
of existing‘loans, may alter the level of deposits. This
means that the lével of depésits can'be altered only by
the stochastic cash drain. Therefore, the end of pér}od
deposits (post Cash drain) are equal to.the following
period's initial deposits, and those initial dgposiﬁs.are,
in turn, equal to the‘leyel ofadeposits fdllowing the loan
transactiohg in‘that period. |
One resuk} of our assﬁmptions is that the bank's
distribution for the cash drainlratioj which is constructed
at the beginning of the peribd, QilI in'no way be in?lu4
.eﬁced Sy changes in its loan"portfolio'becéuge‘net changes
in loans will leave initial aeposits'unaffected. The mean
of z, u, is assumed to be affected by three factors: g
any antic%patedpalteration’in the desired currency hold-.
ings of the bank's depositors, for‘seasonai,qr other rea-
sohs;‘any anticipated chénges in the bank's garket share
of deposits, éither through ma;keﬁing strategy, or throuéﬁ'
the expec{;tion of large changes in revenues earned by the
baﬁk's usual deposit customers; and, finally, any expected
change in the mopetaryﬁbase resulting from monetary pol-
Cicy. In this simple model, the mechanism of monetary pol-
icylis presumed to operate thréuqh the shifting'of govern-

ment balances between accounts with the private banks and

accounts with the central bank itself. Factors affecting
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02, the variance of Z, are the typical historical exper-
ience and the degree of uncertain;y aséociated with theA
factors listed as determining py above.

The bank is assumed to be subject to a mandatory
cash reserve requirement which is determ%ned on a laggéd
basis’(as is typical ‘of North American bénkiﬁg systems);

A legal reserve ratio, ﬁ; is applied to the volume ;f,de—
Iposits ekisting at the end of a planning period tafter

the random cash drain has occﬁrred) to determine‘the(
dollar.value of the legal reserve requirement‘in the fol=-
lowing planning periéd. @ence,'at the start of any plan-
ning pertod, the dollar value of the legal ;eserve require-
-ment is fixed and known with certainty.\_Because this model
is ultimately to be'used to examine the ;ffeéts of chahges’
ié parameters on the level of excess reserves relative to’
the level of deposits, it isvéonQenieﬁt to express the
current dollar value of thé reserve requirement&és a pro-

: S : .
portion of the current value of initial deposits, just as
was'donelwith the stochastic cash drain variable. Since,
by assumption, the level of initial déposits'in the chrrentﬂ
period is equal to the end of period %eposité of the im-~
mediately preceding period, the task is simple; thé re-
quired ratio of.cash to.initial déposits is R, the 1égal ~
reéérve ratio. The reservé reqdirement iﬁjthis model is

presumed to apply at a single point in time, just after

the stochastic cash drain occurs. Of course, this repre-
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sents awconéiderablg simpiification from rgality, wheré
reserve requirements typically apply to the averaqe~level
of reéerve over the entiré period. ' -

P is defined aé tﬁé proportion of éxéessvreserves
to initial deposits; the‘gk¢ess reserves5being those held
in the gank's portfo1io immediately after adjustments'are
made to the loan portfolio. P is an ex énte‘variéble which
will be the éubject of’o?timization in ;ﬂé mpdei;' As the:
stochastic cash‘drain occurs, the éctual ekcess‘reéerve to
initial deposit ratio will‘alter, bﬁt ﬁ is the more rel-
evant varigble‘here because it fepresents directiy ﬁhe ef-
fécté of uncertainty on the bank's planning béhayﬁor.

P + R repreégntsffhe ratio of ex ante total cash reserves
to initial deposits.g - SN | |

It'is assumed in this model thét;cash drains ex-
ceeding P must be financed by sﬁort term Porrowing from
the central bank. Hence, tthere is no prgvision‘in this
; model for the acgual excess éash reserve ratio to fall bé—
low zero durlng the period after the stpchastic cash drain
has occurred and the point in time when reserve reqﬁlre—
ments must bg met. This assumes/that m, the varlable
transactiéns cost associated witﬁ borrowing from the cen-
‘tral bank, is lower than the penélty cost associated with
failing té meet reserve requirements. No assumption, how-

ever, restricts P, the ex ante excess cash ratio, from be-

~ing negative. Conceptually, P + R can be zero at the very
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least, so that P is réstri;teé\to.a minimum value of -R.
For convenience, it is postulated that all short-term
borrowing from the central;bank.m@st be repaid at the be-
ginning of the period‘fo;lowihg tﬁat in which,fhe borrow-
ing pccurred.A .
The'basickbehavioral assumption is that the bahk

acts in a manner which minimizes the'expected losses (per
dollar of initial deposits) associated with holdiné excess
; - _

reserves in thé plénneé portfolio. »The_expeéted loss

function associaﬁed with reserve management;'E[L(z;P)],

can be described by: |

2 f'(3.1) _E[L(z;P)j = yP + mf;‘(z—P)f(z)dz,

where E[L(Z}P)] is.the expécted value‘of Ehé ratio of

.revenue iost) through the holding of P, to initiallde-

posiés. The first term of the expfession on the right‘hand
A.side of-equation,(3.l) represents- the opportunity cbst,

per Eollar of initial_deposits, of holdinéﬁexcess reéerves.

The second term represéﬁts the cost, per dollar of initial

déposits, that the bank expects to incur aé a ;esult of |

cash drains exceeding the le -0of excess reserves held in

the portfolio.4

!
|
: : '

YThe 1limits on the integral are justified as
follows: if z takes on values less than P, legal reserve:
requirements can be met without recourse to borrowing from .

. the cenitral bank, and no costs are incurred; while, if.
every: depositor of the bank withdrew his depositg, the max-
imum amdunt of borrowing incurred would be 1-P and the

| :

]
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We will ho& proceed to optimize P, the excess re-
' serve rario. . This is done by minimizihg E[L(z;P)J. The
’first order cehditioh»for a minimum is found by_differen—

tiating E[L(z;P)] with respect to P.énd setting the_ex-

pression so obtained equal to zero, i.e.,

E[L(z;P)]
9P

(3.2) =y - nfpf(2)dz = 0,

" where Pp* refers ‘to the optlmal level of P. The second
32E[L(z;P)]
op2

prder condltlon for ‘a mlnlmum is that > 0. In

our case,

32E [L(z;P) ]

= mf (P),
3p2 a

(3.3)

where f(P) is the'probabiiity thar cash drains equal P.
'Thelexpression ﬁf(P) must be positive, since Z is dis-
.trieuted over the intervel -é%zgl, ahdjm is the cost per
doL{er ofkborrowing.from the central benk, whichvis aSsu@ed‘
to;be pesitive. - |

"The formula for the optimal holdings ef excess re—

. . | 5
serves, P*, can be written as:

stochastic cash drain would be'1l. Hence, borrowing costs
are incurred only for cash drains ranging in value from P
to 1. Note that P is not treated as a function of z.. This
follows from the assumption of lagged reserve requirements.
In a model with a contemporaneous reserve requirement, z
would affect the current periods level of required reserves
and, hence, P.

5The existence of a solutlon for p* requlres y<m.
This condition is necessary because, iffl_£q (z)dz>f *f (z)dz

- does not hold, the optlmal volume of excegs reserves will
fall short of its minimum value, namely, -R. .If y>m, the
above condition cannot hold as P* approaches minus infinity.
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) (3:4) f%* f(z)dz = %. '
or, equivalently, |
(3.5) Prob: -[Z.> P*]“é_%

As is cuStomary ifuéimblebinventory'models, the
bank's adjustment of its excess casQ\ratio from the leve{<
kviat theé end of the,prévious perlod to the optimal level in

the current period is-assnmed to Bé costlesg. If the bank
wishes to augment its excess reserve position, it will
o call in loans; if it wishes to reduce its excess reserves)
it will lend out fnnds Since adjustments in the loan
' portfollo do not by assumgtlon, affect the level of depos—
its, the mean of Z is independent of the adjustment to the
optlmal level of the excess cash ratlo.

Wlth the basic worklngs of the model set down, a

calendar of the events in: the plannlng period can now be

e

5

made'exnllc1t - The first elements, whlch are known in the

fcurrent period, are the dollar value of the reserve requlre-

_ments and the level of initial dep051ts, both of Wthh by
assumption, are known at the end of. the previous period.
The rate of return on loans and the cost of horrowing from
the central bank are the next required items. Following

-

this knowledqe, the bank constructs its d1str1but10n for
random cash drains and determlnes the optimal level of ex-
cess. reserves. After thls step, the bank must know the

~ amount of 1oans belng repald by customers. This informa-

tion, coupled with the knowledge of borrowings from the
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central hank which- must be repaid, will allow the bank to
alter‘Ioans in order to achieve the optimal,levei'of.ex—
cess‘reserves Next comes the cash drain, andAthen.any:
borrow1ngs from the central bank that are necessary to
meet the reserve: requlrement which must be satisfied im-
medlately after the cash draln From the?level of de:
posits existing after the oash’drain, the next beriod‘s

- reserve requirement will be knowh, as will the level of
\>41n1t1a1 deposxts.k | -

. Carrylng on in the splrat of Edgeworth and Balten-
sperger, a strong case can be made for cons1der1ng the
random cash draln ratlo, Z, to be normally élstrlbutedl
The-crucial assumptlons in the theoretlcal‘ratlonale be-
hind this;conclusion‘are that all deposits are approximateiy

' * . . . T .
the same size, and all depositors'act independehtly'of one -
'another.. Furthermore, as.thezlevel of initial depositskin—
creases, the number of 1ndependent depositors must rise
proportlonately »
l The proof of the proposxtlon in the precedlng para—
graph. follows Baltensperger [ presentatlon closely 6 A

bank is assumed to have n accounts of identical size v. Ui-

is defined as the proportion of the ith account which is

6This presentation'is adapted from Baltensperger,
"Economies of Scale," p. 485. '
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)
N

either withdrawn (ui>0) or augmented (ui<0); where -w<uf< 1.

If’it ig assumed that all deposits are homogeneous, it [fol-

lows that the_probability of'an account changing by a'diven

3

’proportion'is‘identical.for'all'accountsr,'If we specif
the expected value of the'Ui's as c¢ and the fariance of

'the U 's as d2 and if all the U 's aredindependent of
one another by the assumptlon of indeoendent dep051tors,_

then the total reserve drain- as a proportion of lnltlal

deposits, Z = JLZ u. 1V is approx1mately normally dlstrlb-

nv i

uted by the central limit theorem, with E(Z)=c and

Var( ) = %T,' or ¢ = i; . This can be seen clearlv by

. n

remembering that v is a. constant so that the dlstribution
'/I

of Z is nothing but the distribution of.thewsample/means

TN ‘ s
of n identically distributed random variables Ul’ U\,..., U

The Effect of Parameters on the Optimal Level

P of Excess Reserves- The Slmple Model

From equation (3.5)," we see that the bank will hold
\an excess cash ratio whlch equalizes the probability of a
reServe deficit and the ratlo/bf the rate of,return on
loans to the cost of borrdhing.u It is’clear that the
smaller the value of y, the smaller the probability of a
reserve - defic1t and hence, the larger P* must be. The .
larger the value of m, the smaller must be the probability
‘of{a reserve deficit and, hence, the larger P* must be.

_Additionally,‘the larger the expected value of Z,_the lar-

ger must P* be for any given value of the ratio on the

A



P
.-rightﬁl ‘
The effecﬁ Qf\aychange in 02 on P; will vary in
diréctionAaccérding to the value éf the ratio of y to ﬁ.'

The relationship between oz“and P* is ‘depicted in Figure

«

- IV below.
o .
y/m )
.,“ - ‘\ 3/4 | . -
' S & |Low Variance og b
N\ 1/2
\ ) v Lo N3 .
‘ O~ High Variance oi
148 e N ;
’\‘ \ ‘
0 =
! *
P4 P3 U . Pl P2 b
Figure IV '

Excess Cash Ratio Demand Function: (Simple Model)

o

”

" In Figure IV, the demand for the excess cash ratio

as a function of y/m is depicted for the bank faéing‘a'
. ’ ’ ’ : '

higp'variéhce oi, (broken line), or a low variance Gg"(solid
line). The relationships depicted are nothing more than

|

‘the mirror images,of'fhe cumulative diétribption functions !
of the normal probability distribution under alternate var-
iance éssumptions. ﬁhere yém is exactly equal.to 1/2/ thé
,vafiance of 2 will not affect fhe excess cash ratio, which

Will be y under both variance assumptions. If, however,



y/m is equal to 1/4, an increase in the variance oﬁ Z
Wil réSult.in an inZQeaseNin the excess cash ratio to Pz
frqm P,. Where y/m is equal to 3/4, ah.increase'in‘the
vqriance'of Zz will result in a decrease in the excess éash‘
ratiobto Py from Pé.:v?his apéarently éaradoxical résulﬁ
(increased unéertainty causing higher reserve holdi@gs if o
the ratio of the rate ¢f‘return on loaﬁs‘to the cost of 7
"borrowing is;less than 1/2, but lowefkreserve holdings-iﬁ
that ratio is greater than 1/2) was noted in the works of
Morrison and Poole. The effect can easily be explained
using the concepts of margiﬁal cost and marginai return.
From equatiod.(3.2); we can isolate y as thé mé;ginél cost
oévP, aﬁd m'as tﬁe marginal feturn on P, weighted by the
probability of a reserve deficit. Tﬁe expected value o%
revehue Io§ses as a.fesuit of holding'P is minimiz%g:by
équating theAmarginal cost to the marginal return. A&f‘y
is,exactly‘one—half of m, théﬁv‘%n order to equate mérgin»
’aI cost and marginal return, tﬂé probability of'alre?frve~
'deficit must be exactly one-haif. Because i haé‘beén as-
sumed to be normally diStributed; and the normgl distfibu—
tion .is symmetric: P* will have tb be equal to u. Further-
more, since the ﬁéan'of the ndrmal‘distribution divides
thét distribution in half reéardless of the variance, no
cﬁange,in.P* can be éauséd'by an increése»in 02. If yi&s
one;quartér of m,”tﬁe probability of a reserve deficit must

also be one-quarter in order to equate marginal cost and

;o

a .
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marginal revenue. This will -require P* to be raised

eased in this case; the prob-

’_above u to Pl} .If g° 1is in
ability of 2 eXSeeding P vi 1 he'enhanced; since the in-
wCreased uncertainty has(;ade it more likely that'rela—
tively large cash drains will.occur. Tobequate'marginal )
cost and marqinallreturn,‘the‘cash ratio must be raised to

2
dered by the increased uncertainty. ’Where y 1is three-

¥

" P. as a result of the greater risk of cash deficit engen-

quarters of m," the probablllty of a reserve def1c1t must
also be three—quarters, and, consequentlv, P* will fall
below u to P3. If 52 is raised in this case, the‘probab—
ility of 2z falllng short of Pj'isAenhanced because the in*
_ creased uncertainty has made it more likely'that relatively
large cash accruals will occur. The excess cash r%tio
will therefore, be lOwered to P, tc ~fiset the increased=
llkellhood of surplus cash. |

& TO sum up, where y/m 1s less than one-half and 02

[

-

i

rises, P* w1ll\increase becaus of the relevance of the in-
~ . —— £ .
y \darge cash drains jto the

creased llkellhood of relatlvel
L § -

equation of.marginal~cost\and marginal return. Where y/m

is greater than one-half and‘o2 rises, P* will fall because

of the relevance of the 1ncreased llkellhOOd of relatlvely

"tlarge cash accruals Where y/m 1s e actly equal to one-
,half however, and 02 rises, P* wi l'be unaffected because

'the 1ncreased’11kellh00d of relatlvely large cash dralns and

relatlvely large cash accruals are equally relevant and to-
tally offset onef&ﬁﬁthér.‘ ' o ' ]
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‘ The Augmented Model - ' -

‘In this somewhat more complicated model, the sole -

haddltlon is the 1ntrqguctlon of a fixed transactlons cost
: _ ‘

-

1mposed on the bank on occasions when it is required to
borrow from the central bank. The connterpartsln reallty'
to tnis fixed'transactions cost is the cost of paper@ork
‘and administration and'telecdmmanications ch rges incurred
in the act of borrowing from the.central bank. In this
fquel, the fixed transaetions cost iS'expressed as a ratiO'
of initia}‘deposits and is designated g. Itbis assumed
that the size of g does not changemwithin the'pianiing
- period and that it is known,with certainty at the beéinning
_of the petiod. >-'<;_ V

'jhe expected revenue loss, per dollar of initial
deposits; associatedbwith r;serVe manaoement; E[L(z;P)],
can now be described by:7 f

(3.6). E[i(iép)’]‘:‘yp + gfy £(z)dz + uﬁfi(z‘-i;)f(z-)dz-,

H

where the second term on the right represents the fixed
» o

transactions cost per dollak of initial dep051ts, welghted :

by the probability that a reserve def1q1t will occur. The

-~
=Y

o D T : |
5 > . .
TNote that we continue to use 1 as the upper
limit on the integrals in the loss.function and the deriv-’
atives of the loss function. “Since Z has been found to be
approximately normal the upper limit on these and earlier
integrals in this chapter could be changed to infinity. 1In
a sense, the area under the nermal curve beyond one, to
_ positive infinity, whére that normal curve is associated
with u, the mean of Z and 02, the variance of 2, reflects

the error of the approximation. N

~
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first order.condition for a minimum is found by differen-
‘tiating E[L(z;P)]‘w&th‘respect to'§'and settinq:the ex—
pression éd obtained equal to zero, i;e.;

3E [L(2;P)] 1

3.7). e =y - 9gf (P*) - m/,,

f(z)dz =0

The second order condition for a min®mum requires that?

2

-a_E[L(z;Pl] > 0. In the case of the augmented model,
3P : N g
S . ) 2- . . : o ‘ N
(3.8) 3 [L(; ;P) ] = mf (P) - g_a—%_P(—I)—)-" e

-~ . a p
‘whlch is clearly not everywhere greater than zero. “Since .-

Z has been assumed to be distributed normally, the condi-
:tiens under which the second order conditioniwill bemsaq—

isfied can be stated more explicitly as, s
' ' 2

(3.9) P> - E‘__ .
u g -

' From the:inequality (3.9), it can be seen that the second |,
order conditions will always be met if P>y, and that.the“

' _second order condltlons are more likely to ‘be met the lar-

2 o R

ger are m and ¢° and the smaller is g.

~To simpllfy the analysis, equation-(3.7) can be.

‘rearranged as:® S A

l,

P*

Co L Lk _ ‘ .
which indicates that the bank will act in a manner that -

(3.10) nfy, £(z)dz + §E(P*) =y,
will equate the rate of return on loans to the probabiliﬁy'
. that the cash drain exceeds P?,lweighted by the proporﬁioneb

) ¥

s

8The existence of a solution for P* in the augmen—
ted model requires that msl rE(z)dz+gf (- R)>mfl f(z)dz+gf (P*).
_-This, of course, constralns the values of m, g, and\y ' '
accordingly.



‘al cost of borrowing from the central bank; plus the
probability that the cash drain equals P*, weighted by v \p §
the fixed transactions cost of borrow1ng from the central

u* -

AY

bank.

The Effect of Parameters on the Optimal Level

of Excess Reserves: The Augmented Model

, ' BN \
In the more complex augmented m%nel the relation-

Shlp between P* and the levels of the varlous parameters

'

) are more dlfflcult to perce}ve than in the 51mple model, :

" s0 a graph1ca1 presentatlon w1ll be made from the outbet. ' Y

Figure V graphs the relationsh£p between P* and y. |

« a,
. -\‘Qo

£ v P‘*
Figure V
Excess Cash Ratio Demand Function: (Auqmented Model) '’

. , 3
In Flgure V three functions are dlslpayed The

*line labelled Prob [Z2>P)m is nothing but the mirror 1maée

‘aof the cumulatlve dlStrlbutlon function of Z weighted by
the proport;onal cost of borrowing, m. The line gf 1s_)
tne probability density function f(z)=nfu,_02) weighted'

by the fixed cost of borrbwihg,>g. ‘The 'line labelled M.R.

s AL e R
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is simply the vettical sum of tHe other two lines and
constitutes the ﬁatginal~return per ﬁnit of the excess
cash‘ratio. Since y is the marglnal cost’ per unit oﬂthe
excess cash ratlo, the optimal value of P will beQdeter— -
mined by the equatlon of y with the M.R. function. Hence,
the M.R. function cah,be considered to be the demand func-
tion'for the excess cash tatio. i

As in the'simple modei, the'?méller v, thevlarget
P* must be. This is immediately evident from Figure V.

, :

An increase in m, by shifting the Prob[Z>PIm function up

proportionately, will shift the demand for the excess cash

ratio upward whlle at the same tlme 1mp051ng the shape of

" Prob]| Z>P%nmore forcefully on the demand function. ThlS
will flatten_the angle of the demand function at P* = y.
Other things beingbequal, this shift will result.in amn in-
crease io P*. An.increase in g will also ehift»the.demand
curve.upward by shifting gf(P)oupwaTd proportionately, but

in a manner whioh will impose the shape of gf(P) more

'forcefully on the ‘demand function. This will sharpen the

angle of the demand function at P* = y, and, if the effect

is pronounced'enough, will produce a positively sloped por-

tion in the demand curve at loQAlevekg of P* within the

-‘Visible'confines of the graph. This oocurrencemwould re-
flect the violatiOn ofvthe”second order conditions, since
a single large value of y could then call.for'two equally
optimal;values of P*, Of course, the second order condi-

tions must be violated eventually as P* declines below

L

{
[
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U —»9%— . In sum, other things being equal, the rise in
g‘will precipitate‘a higher level of P*. A larger value

for u will simply move all of the relations in Figure V

“to the right and, hence, result in an increase in P*.
As in the simplé model, the relationship between 02

and P* is the most complex amohg the battery of parameters.

¥

T

The relationship betweemwr¢“ and P* is graphed in Figure VI

below.

§
y -|Prob [Z>P]m Low Var.
M.R. Low Van.

Y2
Y1
N\ M.R. High Var.
N\ Prob[Z>P]m

gf (P) Low Var. \\| >Mgigh Var.

gf (P)

P*

v Figure VI
- S
Exceég Ccash Ratio Demand Function (Augmented Model) :

The Effect of Uncertainty

13
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The effect of an increase in o° is‘displayed in

¢ - .
" Figure VI by shifting the gf (P), Prob([Z2>P]Jm, and M.R.
functions from solid lineépositions to dashed line posi-
tions. The increase in uncertainty can be seen to stretoh'
out the gf (P) function, causing it to shrink where P* = y,
yet riee eventually-as |P*-u| increases. The Prob[Z%P]m
" function rotates around P* = y in the same fashion as‘was
illustrated in the simple model. The demand function;for
P* becomes flatteruand appears to rotate around the~point -
A, though an even more drastic increaee in variance would
produce -a rotation point even furtherldown on the origin-
al demand function. As is euggested@by equation (3.9),
the increase'in 02, by 1mpart1ng a more pronounced nega-
tive slope to the demand function at low levels of Px*, re—
sults in a decrease in that value of P*, beneath which the
‘second'order conditions are violated. If the Xield‘oh
loans was Yl’ before the increase in uncertalhty, then px*

would be Pl’ both before, and after, the increase in un-

certainty. If the yield was higher than yl, say at y2,
. ' ) "

Y

then P* would decline from P2 to P3 with the increase in
.

duncertainty; Obversely, 1f the yleld was 1ower than yl,"
say at Y3, then P* would rise from P, to Pe with the in-
crease in uncertainty; As in the case of the Simgle model,
an increage in uncertainty may, or may not, result in the

holding of a higher excess cash ratio.
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\ ~ CHAPTER IV -

THE EFFECTS OF BANK SIZE ON THE

-

OPTIMAL LEVEL OF EXCESS RESERVES

' In thlS chapter, the model presented and analyzed

in Chapter IIT will be uSed to evaluate the relatlon—
Y

shlp betyeen bank size and the "level of excess reserves

 that emergea from the review of the literature. One ef-

fect of bank size on reserve holdings derives from the
work. of Edgeworth and Baltensperger.. Their work suggests
that theuvarianee of cash drains does not increase pro-

portionately with increases in the level of deposits, and

‘that the demand for cash by banks' likewise will not in-

L}

crease proportionately with increases in the level of de-

posits. The other effect to be discussed arises from the
work of Frost, who postulated that the avefagé adjusﬁment_

cost of maintaining a bank pertfolio decreases with bank

Q

'size as a result -of the larger bank's nearness to finan-

cial markets and its typically larger transactions size.t

'lAnother possible effect of bank size that is not
amenable to analysis using the.model of Chapter III re-
sulted from the work of Knobel. In Knobel's model, where
the return of loans exceeds the cost of. reserve shortfalls,
an increase in required reserves will cause a decllne in
the ratio of excess to required reserves. This, of course,
implies a decline in the excess reserves to deposit ratio.
In Knobel's model, this result is equally true of the case
where a single bank faces an increase in required reserves
through a higher required reserve ratio, but not an in-
crease in scale, and of the case where the increase in the
level of required reserves results solely from an increase

™
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‘The mechanics.of‘the Edgeworth-Baltansperger n
effect are, no doubt, already familiar to the reader and
no comnments are.necessary before the actual analysis of
‘that effect, using¢the model of Chapter III. Some pre;
‘llmlnary remarks are necessary, however, in regard to the
handllngtof Frost's contrlbutlon to the p0551ble effects
of bank size on excess reserve holdlngs.
| To say that the.average adjustment cost of a
larger bank is less than that of a smaller bank may mean
that the varlable adjustment cost is lower for larger
banks, the flxed adjustment cost is lower, or both costs

are lower. Slnce Frost was comparlng’larqe New York- City

~banks with smaller New York State country banks, it is not

in scale. The condltlons under which ‘Knobel arrived at
this result are not duplicable in the model in Chapter
III, since the return on loans in that model may never
“exceed the cost of borrowing from the central bank. The
‘only effect changes in reserve reqnlrements can have on
our model arises through the conditions imposed on the
model arising from the fact that p* may never be less
than -R. If R, the required reserve ratio, rises, the
sole effect on the model is that a higher level of Y, .
bther things being equal), can be accommodated without
defying that condition. This, in turn, means that a low-
er value of P* cdn be accommodated as well However, the
‘rise in R and the\lower posgible value of P* will all
ways change proportionately to maintain a ratio of -1.

The strict proportlo ality/ of this effect for changes in
the level of required resfrves arising from changes in the
required reserve rat mplies that the effect will also
"be strictly proportlonal fqr changes in the level of re-
quired reserves arising solely from scale size. 1In the
model of Chapter III, therefore, larger banks will not
hold a lower excess reserve ratio because of their Ri:ger

absolute size of reserve requlrement
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unreasdnable for him to have meant thatfbdtﬁ costs'are
1éwer. This ié because there are‘seriou; qualitative
differences betwgen the twoitYpes of banks;{namely, dif;\
ferences in the typgﬂof customer, differences'in the type
of typical bank business engaged in, and differences in
the specialization of bank staff and bank functions. "Any

“valid proof of the theoreticallefistence of economies of

. scale in reserve holdiﬁgg arisi‘g from the intrqduétion‘

"of uncertainty, howé&er, must/ be capable of demonstra-
tingvthat the effect épplies‘to‘banks differiﬁq.ohly
&Uantitatively. For that reason, the-a;alysis of'thé
ieffects of adjustment.cost$ Oﬁ econ$mies of,écaie in re-

~

serve holdings will be handled in a purely quantitative

\

fashion,i.e., as if we were attempting'to demonstrate that
. . %

Citibank mav., theoreﬁicélly, bé‘expecheﬁ to hold a smaller
.vexcess cash ratio thén the ChaSe ManhatEan Bank. .

‘Given our focus on the'stricéiy quaﬁfitafive dif-
ferences among banks, it is unreasonlee to aséume differ-
ences among those banks in either the rate of return on
loans or the variable transactions cost associafed with
bofrowing_to meet resgrvé requirements. -Neither. can a

-strong case be made.for‘assuﬁing that the largé bank will
enjoy a fixed transactions cost which is lower in absolute
size than that of. a marginally,smaller*bank. It is, how-

ever, reasonable to assume that the fixed transactions

~cost is identical in dollar value for‘both the larger and.
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and marginally smaller banks, but that the level of fixed

&

transactions cost peerollar of deposits is somewhat‘lower
. _ : ‘ : - |

for the lérger bank. In terms of the variables in our
modei, fhese assumptions can be‘summariied'by stating‘thaﬁ
y and m are identical for the larger and smaller banks,
but.thaé g deélinésApréportionatelyﬂfér‘inérease; in the
éCale of the bank.

|  To analyze the effects of bank size on £he excess
‘cash ratio in ﬁhe simpieimodel-of'Chatper_III,‘we need‘
only analeéi%he Edgeworth—Beltenspefger effect,‘sinCe the
fixed transactionsbéost does not appear in the simple
model. In Chgpter IIi, we discovered thatfgzlwas equal

to %?, whefe d2 is a cénstant and n febresents the scalé‘ 
size of the bank under the assumptions that depositors

act independehbly ahd'the size of g;posits are unifqrm.
‘This iméliés th&t the variance of'ZAdeCLines;proportion—
ately with increases in”the size df»tﬁe bank. Both Edge-
Worﬁhjand Baltensperger used_this phenomenon to prove that
.larger banks hold proportionatgly 1o§erblevels of feserves.
than smaller banks. \Qe need not duplicate this analysis
béca;se the efféct on an increase in,oz on P* haé alreadya
beén-thoroughly ahalyzed in Chapter III, with Figure v
fp.94) clearly gemonstratingvthat the.efféct of an increese
in o2 on P* is variable depending on whether y/m ; 1/2. |
What is necessary to.disEuss, however( is the reason why

our results are different from those of Edgeworth and
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- Baltensperger. Reférring to Figure IV, we can see that

the Edgeworth assumption-—namely, the bank will always

make accomﬁodation'for the mean of the cash drain in its
.\\. : ’ : . ‘ N .

reserve holdingE——will-restrict values of P* to those ex-

ceeding p. In that region, his results are cleariy‘quite

-

correct, i.e., the larger bank with the smaller.proportion-

ate variance will always hold a proportionately smaller

level of reserves. - ‘ | ¢
Again, referring to Figure IV, we can see that

Baltensperger's assumptionsjhave a similar effect. . Since

‘Baltensperger dealt with total cash reserves rathér than

excess reserves, the minimum value attainable bv his cash

vériable was zero. He combined this factor with an assump-

tion that the mean of his cash drain was equal to zero.

If we consider P* to_be the optimal value of total cash

‘and restrict it to be equal‘to 0 = u; we can see from

Figure IV that these,
of values for P* as Edgeworth's assumptions, namely, the
range in which.the_larger bank will always hold a propor-

tionately smaller level 6f;excess-reserves.?

2Baltenspergei"s model can be deriyéd from the sim-

ple model of Chapter III very easily. In equation (3.2),
we need only substitute (P+R)* for P*, perform a change of
variable on the integral from z to dz and muItlply both

- sides of the equatlon by D to yield:

yD- mID(P+R)*t(Dz)dDz = 0, where t(Dz) =n(Du/D%0 )

Here again, we could consider the upper limit on ‘the above
integral to be infinity, as Baltensperger does.

L,
s

assumptions will define the same range

(A
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- There is yet another simple way of restricting the
L} R ‘v' .

range of P* to the areas in which an incréase in the var-
- N . v

iance will always result in a higher excess Cash ratio.

It can be done by restricting»ﬁhe eXcéss»césh'ratio to
ﬂ'zéro ex ante (as was ddhe in Frost's ﬁodel) and by simulj
taneouslylfestricting u té»bg.éqaal to zero. Astigura

. IV indicates, however;’the gsSumptiég that banks will
" never considér argegatiV¢ value of Pf asloﬁtimal will not;

in itself, be sufficient to ensure that la:gér banks hold

proportionately smaller levels of excess reserves. This

‘assuﬁption leads only. to the‘conclusionathat cases in which

“

small banks hold proportionately lower levels of excesswre?A

serves will be confined to situations  in which a large

) .

cash drain is expected and the rate of return on loans is

ﬁigh_ref%ﬁi&e to. the discount rate. Such a éituatiqn is
o équivalent in reality to a period with a decligingﬁreai

monetary base and a low real discount'réte——rélaﬁike(tb th¢ 
‘bank's reélgprime rate; it is uéuaily associatediéitQ a,
cycliéé& downt&?n in ecbndmic acﬁivity.

Another situétion which will result in large banks

holdiﬂg7a?loﬁér excess cash ratiq arises from the fact that

P* may never be less than -R. 'If, in Figure IV, u = -R,

_ ‘ | - ‘ |

the value of P* will be restricted to the range in which
o ; - .

economies of scale in reserve management occur. Again,

: with reference to this phenomenon, it is clear that an ex-

pected cash drain ratio’ greater than zero and a high y/m
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Aratlo will stigl f01l'the conclu51on concernlng economies
of seale This further underscores the conclusion that
condltlons of cycllcal economlc decllne are most condu51ved
to small banks holding lower excess cash’ ratlos than lar-
_ger banks : \ '}
B In the augnented mode, there are two.effects to
be con51dered in the analysls of the effect of bank size.
on the excess cash ratlo. Flrst,-the varlance of 2 de-

-

clines proportlonately with increases in the size of the
'bank. \second g w1ll also decline proportlonately with
increases‘in the size of the bank Thls follows from theh
fact that.g,= ﬁ% , where G is the dollar value of leEd \
transactions costs, n is the number of deposits and v is

the size of-all deposits. The effect of bank size on the

level of the eXcess'cash ratio is depicted graphically in

————
|

Figure VII below. RN

a
- .-



~

110

*?

Prob[Z>P]m Large ) - o !
Bankl : S
\ -
Yy -
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g'f(p)
» N \\ Prob[z>P]m
~ ~
gf(P) Large - . Small Bank
| Bank : A ' :
_S:;TL' | . e y£(P) Small Bank

pP*

Figure VII® ‘
) ' B . . -
Bank Size and the Excess Cash Ratio Demand Function:

-

The Augmented Model

Flgure VII graphs the excess cash ratio demand

function- of a large bank and a . small bank. The qf(P)

‘ ?curve, Prob [Z>P]m curve, and the M.R. (demand) curve for‘

the large bank are shown 1n SOlld 11ne in Figure VII,

where the demand curve is, agaln, 51mp1v the vertlcal\sum

of the other two functions. For the small bank, the

Prob [Z5P]m‘cu}veiis shown in dashed'line; and it representsl

a shallower - curve than that of the‘large bank'é, with a
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A

rotation point at P* = u. The gf(P) curve resultihg

solely from fhe increased variance of the smaller ban%}is
" . | | 20

shown in dotted line, and it represents the familiar-

o

stretching of the function charaCteristic of an increased

variance. The g f(P) curve, which represents the effect
of the proportlonal increase in g accompanyhnq decllne in

l

bank size, 1s shown in dashed line and represents a pro-
- portional upward Shlft in the dotted gf(P) curve The
demand curve for the small bank 1s shown in dashed line

v'and represents the vertical sum of ‘the dashed llne

-

Prob[Z>P]m curve, and the dashed line g f(P) curve. 3

In Flgure VII we -see that,lf the rate of return

+

on loans is yl, both the large and small banks w1ll hold

an excess cash ratlo of Pl If the rate of return on loans

is y3, the larger bank will hold a cash ratlo of P2, which-
is lower than the ratlo P3 held by the smaller bank At

Yy however; it is the smaller bank which holds ‘the lower

. - . ' ‘- /
: : 3Notlce that in FLgure VII the dashed line g '£(P)
represents- an'upward shift in the gf (P) function of the
small bank to a,level which exceeds the gf (P) function of
the large bank &t the point P* = ;. This must be so. . The
value at u of the gf (P) function can be described by G 1
v /o
because the dlstrlbutlon is normal. However, since o —d//—_
a further simplification can be made to- G/{??B vd. ) This in-
dicates that the function for the larger bank must be be-
low the g'f(P) function of the smaller bank. - Similarly,
since the Prob[2>P]m functions will be equal, when valued
at P* = 1y, for both small and large banks, the demand func-
tion of the small bank must ceed that of the large bank
at P* = . As is clearly sﬁgﬁn in equation (3.9), reducing
the size of a bank cannot enhance the range of values of P*
- for which the second order condltlons are satlsfled _the
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excess cash ratlo PS’ whf the larger bank holds P4
Clearly then, even the‘additiOnal assumption of. a fixed.
tradsactions cost ratio that déclines in proportion:to an
1ncrease in bank size does not guarantee that larger banks
’w1ll hold aismaller excess cash ratio.

The assumptlon‘that g rlses proportlonately w1th
a decrease,rn bank size does not necessarlly preclude the'
90551b1lrty.that thensmaller bank w1ll hold a higher ex-
ceSS'cash ratioithan_the larger bank, *If,_in Figure YII%T
‘the absolutelsize‘of the fixed transactions-COst g‘were
to be increasedf’othér things'equal,’thebgf(ﬁ) function
would impact upon the demand‘functions;moreseriously, and _.
the result could easily be that the demand function of'the
Vsmaller bank'waS'everywhere aboye that of the larger bank.
Too much can be made‘of _this effect however, since g rep-
resents} at most, a few hundred dollars of transactlons
costs d1v1ded by the bank s entire dep051t volume. The
effect will be pronounced only if m, the dlscount rate .
'6wh1ch scales the Prob[Z>P]m;functlon,vis extremely lo@u
. Another'factOr to,be considered is the constraint on P*
to be greater'than-—R. If QR’hapbens.to‘be‘equal to Py
(Flgure VII), the small bank w1ll hold a larger cash ratlo :

P

than the larger bank under ‘the entire admlssable range of:

P*, As in the case‘of the Smele model, however,hthe'

reduction merely 1ncreases both g and 02 prOportionately,
1eav1ng P* unchanged. : : o

~
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higher the expected value of the cash drain, the more

likely it is that P* = -R will occur far to the left of u

and P,. From Figure VII, it can be seen that any of the

1
situati%ns which restrict the values of P* to levels above

u“will result in the restriction in the range of pP* to‘an
area where eédhomies of scale in reserve ménagement occur.
The same 1is true for Edgeworth's assumption{ Baltensperg-
er's assumptions, and the combined assumptioﬂs that the
bank is réluctant’to hold negative values of P* (ex ante)
and u .= OQf In faét; these assumptions will now be more

poWerfuI‘than they need be; the introduction of the assump-

"tion that the fixed borrowing cost ratio declines propor-

tionateiy.with increases in-scale always r%isés the demand
curve f8§§§hég5maller bank above that of the larger bank
at p and for some range of P*<uy. The assumption "that

_ N . oyt
banks are reticent about holding ngqﬂfﬁé% levels of P*

'(eX‘angf) does not result in the conclusion that there are

- economies of scale in reserve management so long as u ex-

ceeds iero by u—Pl, unless Pi'<'—R, Sr the small bank's
demahd,cﬁrve is everywhére,above the large bank's. The .
augmenged model also shows that, theoretically, periods of
cytliFal decline are most favorable to ﬁhe occurrence of
the'situatiohvin which small banks hold a éméller excess
cash ratio thén'large banks. | |

To sum up, in the augmented model, the assumption

that both.the fixed transactions~cost ratio and the?Var—
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does not g;arantee that larger banks will hald a smallei
excess ratio than‘smaller banks without‘the introdqction
‘of special restrictive assumptions. The assumption that
the variance declines proportionately with increases in
scale has a variable effect on the relative excess hold-

1

ings of large and small banks. The assumption that the
fixed transactiens cost fatio declines perortionateiy
with increased scale alwéys militates for larger banks
holding a smaller excess:cashlratio."Only where the ef-
fect of the'latter assumption outweighs the effect of the .
former assumptibn will £he result be that the large bank
holds a smalletr excess cash ratio than the smaller bank

at all levels of y. This situation will be the.more prob-

able, the higher is G, and the lower is m.

A

B
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CHAPTER V

CONCLUSIONS

A -

The contents of this chapter are divided into

»
three parts. The first part contains a summary of the

~t

conclusions of Chapter.IV regarding the effectsyof~bank-
siéé on the optimal Ievel of excess reserves. Thé second
part embodies a discussion of the many simiiarities be-
tween the results obtained by other authors on the effects
of uncertainty on deposit'expansion and the results ob~-
tained in this thesis concerping the geheral effects of
uncertainfy’og the maﬁagement of excess reserves. The
third section consists of a discussion of the weakness of
the excess réServe optimizatibn'model presented in Chaptér

ITI of this thesis.

Bank Size and Excess Reserves

In the simple model presented in Chapter III,
the only effect of bank size on the optimal holdings of
excess féserves results from the assumption. that the var-

: c
iance of the cash ‘drain ratio decreases proportionately -
with an increase in bank size. ' Other authors, namely Edge-
worth and Baltenépexger,,who confined themselves to dis-
qgssipg tétal reserves, concluded ﬁhat this effect was suf—

", } .
,////ficient under conditions of uncertainty. to ensure that, in

theory, a larger,bank would hold a smaller cash ratio than
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a smaller bank. The analysis df the simple model, con-
, N ] ]
ducted in Chapter 1V, questioned\the results of Edgeworth

-

and Baltensperger. In that chapter,'the effects of bank
size on excess reserve holdlngs varied accordlng to wheth-
er the ratio of the rate of return on loans to the cost of
borrowing reserves was greater than, eéual to, or less
than one-half. Whereythat ratio was less than one-half,
the excess cash ratie would be larger than the mean of the
cash drain ratio, and larger banke.would hold a smaller ex-
cess cash ra{io;than smaller banks. When the return on
‘loans to the eost ot>borrowing ratioiﬁas exactly equal to
one-half, the exceés cash ratiO«would be equal to the mean
of the cash drain ratio, and banks of all;sizes would hold
-an identical cash ratio. If the rate of return on loans
to the‘cost of borrowing ratie was greater than one-half;
the excess cash ratig would be less than‘the mean of the
cash drain ratio, and the smaller.bank would hold a smaller
excess cash ratlo than the larger bank |

I It was pointed out in Chapter IV that the resu1t54
~of Edgeworth and Baltensperger derived from special re- R
strictions on the‘admissable range of the cash ratio. In
Edgeworth's model,; it was‘the assumption that the bank

, \
would always hold reserves at least equal to the mean of

the cash drain which resulted in¢his conclusion that lar-
ger banks would hold a smaller cash ratio than smaller

banks. In Baltensperger's model, only total reserves

 (which cannot take on negative values) were considered.
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Thus, the assumption that the expected value of the cash
drain Was equallto zero amounted to a restriction on the
fadmissablé range of. the cash ratio‘identical to that in .
Edgeworth's model. | | .

" Another set of restiictions can also be construc-
ted in the simple model which will result in the:concluf‘
sion that larger banks will hold a‘smallef excess cash
ratio than smailer banks:f‘This set entails two assump-
tions: first, banks are reluptant“to hold atnegative ex-
ces; reserve ratig‘(ex'ante and ex post), and, secénd, the
mean of the cash drain ratio is equal_to zéro. Should it
be thoughtrreasﬁnable that banks will hesitqte to hold a
negative excess reserve ratio (ex ante and ex post), .the
‘relationship befweén»thé relétive‘size of the excess Cashr’
ratio and scale‘size will still be ‘inconclusive, so long
as the'méén‘of the cash drain rétib is greater than zero.
Additionally,'sincevthe cash ratio can never be negative,
ﬁhe excess cash ratio can never be less than the negative‘
of the required reserve fatio, This beiﬁg the case, an
inverse relatiohship between the excess,caéh ;atio and .
bank scale will emerge when the mean of the cash dréin
ratio is.less thah minus the.requiréd reserve ratié (in-

dicating an expected cash inflow).

!
o

Under -any.of these éonditions, other than Edge-
worth's assumption that the bank will always set the level
of‘reservesvat least equal to the mean of the cash drain,

. itthe a »

. @ : ) . ' ) N
the relationship between the excess cash ratio and bank



o ‘ A , , ' 118
size will be cenditional, as long as the expected value
of‘the'cash drain is greater than zero. Furthermore, small)
banks will tend‘to hold the smaller excess cash ratio when
the rate of return en loans is high relative to the cost of
borrowing reserves, and'the\nean of the cash érain is
greater than zero--exactly the conditions that can be exe
pected‘in a period of eyclical'eCOnemie aecline}

In the'augﬂented model of:Chapter III, which intro-
duces a‘fixed transaetions cost incurred by borrowing re-
‘éer&es, two assumptions are brought to bear in analyzing
the eﬁfects of bank size on the level-of”the excess cash
‘ratio; One is the assumption that the variance of the
cash draln ratio declines proportionately w1th an increase

'_1n scale, and the other is'that the flxed transactlons cost

ratio decllnes proportlonately Wlth an 1ncrease in scale

Chapter Iv leads to the conclu51on -that -an

The analy31s

;nvers relationship between bank size and the excess cash

-ratio cannot be guaranteed in the‘absence of spec1a1 assump-
tlens restricting the admlssable range of the excess cash
ratio. It was found that the hlgher the dollar value.of
the fixed transaction coets and the lower the variable

'transactions cost associated with the_borrowing‘of re-

serves, the more likely it is that larger banks will hold a

smaller excess cash ratio than smaller barks.

-

In the ‘augmented model it was ‘found that the

special assumptlons of Edgeworth and Baltensperger re-

stricting the' range of the excess cash ratio were more than
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enough to yield the conclu51on that large banks hold a
smaller excess cash ratlo than smaller banks.* Thls is
also true for the combination of assumptionsrwhich‘re-
stricts the-value of the excdess cash ratio (ex ante and
en post) to p051t1ve values and makes the cash draln ratlo
equal. to Zero. |

As in the)case of the Simple model nelther the
restriction that the excess cash ratlo cannot be in defl—
cit by more than the value of‘requlred reservesanor'the
.assumption that Banks will'desire tohhold positive excess
ratios (ex ante and ex post) will be sufficient t0~en—
sure that large banks hold smaller excess cash‘ratios than
small banks. Thls follows because'a'combination of high
loan rate for an§ given discount rate. coupled with.a
relatlvely large expected cash drain ratlo will offset
those two condltlons, unless, of course, the dollar value
'of the flxed transaction cost is S0 high that the small
bank will everywhere hold a hlgher excess cash ratio than
the large bank. .Once agaln, therefore, we see that the
situation in~which a small bank-holds a 1ouer excess cash
ratio than a larger bank is most llkely to occur 1nva per-
iod of cycllcal economlc decllne. (

i

Slmllarltles Between the Depos1t Expan51on

%nd Reserve Optimization Models

In thisg part of the concluding section, some of

the very interesting similarities between the'deposit ex-
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pahsion models, described in Chapter II, and the reserve

.optimization model of Chapter IIT will be discussed. It

shohld come as‘no surprise that such similaritieszexistf
the two types of model aadreés problems which are‘the
mirror image of each ether ) Thls can be seen in the -per-
fect competltlon model of bahklng, 1n which uncertalnty
is 1gnored ‘here, the statement that dep051ts w1ll expand

by the rec1procal of the legal reserve requlrements is

prec1sely the same as the statement'that excess reserves

- will be exactly equal to zero.

The first s1mllar1ty to 9e dlscussed concerns. the

-effect of . the variance in the two models In the simple

model of Chapter III the effect of the varlance on the
excess cash ratio depends‘upon whether the loan rate to

discount rate ratio is less than,'equal to, or greater than
. 3

3

oneéhalf In the model of Brown and Lloyd w1thout the

lump sum transactions cost, the conclu51on is reached that

fthe optimal level of dep051t expansion in the uncertainty
 case can be less than, equal to, or greater than that of

~ the certainty case, dependlng on whether the ratlo of the

loan rate to the penalty rate is less:than, equal to, or
greater than-ohe—half. " This similarity of the two modeis
is far from chance. .In the Brown and Lloyd model, the
certalnty case represen s the special case in whlch the

cash draln is equal to the expected value of the cash

drain in the uncertainty case;~in'addition, the variance
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is equal to zefo in the certainty case and to some posi-.
tive number in the uncertainty case. Ain thé Brown and
Lloyd model, therefore, the sole difference between the
certainty case and t?eluncertainty case is that the lat-
ter has a higher variance. In the simple versions of
-both modélé, changes in‘varianCe have‘én identical ef-
.fect on the variébles to be optimized. The samevéimilar~.’
ity exisés‘in the two models when they are expanded to
~include the fixed transacfions cost of boriowing reserves, -
but, in th%s.case, the compariéon is less‘graphic.
| Another intere;tiﬁg comparisoﬂ'of_the‘déposit ex-
pansion and resefve optimiiation mbdels concérns théir
behavior when ;he rate of return on loans is very high
“relativé to the discount rate. In Brown and Lloyd's mod-
el,'for.examplé; there ié some high value of the loan
.rate_té penélty rate rafio at which the bank will find it
optimal to expand its 1evel.of deposits,iﬁdefinitely.J The
exact,counﬁerpart of this situétion e#ists in the modél of
Chapﬁer II1I. There, high values of thenloén fate to dis-
count rate ratio:will ¥esult ;n it being optimal for the
bank to ho;d negative'totalkreserves, a situation whiéh,
ish of éourse, impossible. Conceptually, howeVer;_it is
similar to the attémpt'fo expand the level of deposits
rindef;nitely. o
| 'The‘ginal point of comparison between the éwo

“types of model‘involves the fact that,‘in both models,
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‘the .introduction cf a fixed transactions cost, associated
ﬁith borrowing reserves, will result in the failure to

meet second order conditions for maximization.

S

. i"“”
AN

A Discussion of Shortcomings of

the Model of Chapter I1I

The model  of Chapter III does not reéresent a
cohplete descrlptlon of,bank portfolio behavior. Rather,
: it»attempts‘bnly»to arrive at a divisicn of assets which
}allows a consideratich cf the margihalvcost and marginal
return of liquidity. This Very narrow frame of reference
has led to the neglect of several_importantlelements of
a hank's baianceisheet. _The_capital account and.assets of
intermediate,liquidity are completely ignoted.‘ The lat-
ter\shortcoming is particularlyacriticai in a Canadian
context Qherehthere exists a secondarf_reserve requiremeht.
Also ignored in the model arebterm‘and’notice deposits;'
Thfs is]ah:important‘shortcoming,_hot‘onlyrbecause the
existence‘of‘these ihterest beating deposits Qould en-
hance the opportunity cost of holdlné excess reserves
(the ex1stence of 1nterest bearlng demand dep051ts 1n the
U.S. could ea51ly supply that), but also’ because the pay-
ment of 1nterest on these tlmejdeposlts represents a cost
paid in orderfto reduce the level of uncerta{nty associa-
ted with deposit'roll—over. | B )

No interperiod tragsactions costs were considered
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~in the ﬁodel of Chapper III, but their inciusion would
only‘servé to reinforce the coﬂcluéionS'of Chapter IV.

‘Similarly, Fhe asSumption that the'reserbe’reqﬁifemeﬁﬁ.bé

-met at aléingle point iﬂ time, rather‘th;n on éverage ovér
the period, is.admittedly unréalistic,_but the'él£erat'onﬁ.
of it to accommodate realiﬁy wéuld not l}ke1§ affecp,tgg |
conclusions of/tﬁis'thesis. The effeﬁt of price levél .

g.chanées is entirely ignoréd in the model; which is‘unfor-‘
tunate, but not,criticél to'ghe conclusions. The ihclu¥. 
sion of price level changes in the model would open the
éossibility'df éithei‘the real rate of return on loans,
or the'reél d%écount.ratg, oribpéhj 5eing-negatiye; such

.deVélopment; wduld quickly fun afoul of_thé optimigation. ,'
conditions &f the model:

S Somewhat more seridus shortqomings include the
absence of nonfmbnéfary'réstrictions(Qg borrowing from'thé_,
central: bank. _Qualitétive fest:igﬁions bn.borrowiné could
set further restriétions on the aqugéib%e level of the
excess cash ratio, orfat leés£ présént'the problem of‘é
higﬁér discouﬁtirate fof‘borrowingé beyond a cerﬁain pro-

~ portion of deposits (as is typiéﬁlﬁiﬁ Canada;~for éxamplef.
Another“difficulty associatedVWith;borrowing from the ceﬁ-
tral bank is that it_dould#involQé'the loss of "goédwill".
zThis.;ould'be a form of fixed trahsactions coét, but one

“which wduld be proportionaté)to the size of the bank, since .

the cost of losing the privilege of participating in the
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business, of banking nould riserin-proportion to the
resources invested in the bank. - ' L,

. ‘Two of the most crltlcal‘assumptlons in thlS work,
and in the work of Edgeworth and Baltensperger, are the

-

assumptions of dep051tor,;ndependence and unlform depOSlt
size. These»are not realistic assumptions, butqlin a
sense, are not crltlcal to the results of Chapter Iv.
Certainly the ellmlnatlon of these assumptlons w1ll not

permit the conclu51on that the variance of the cash draln

ratio will decllne in exact’ proportlon to bank 512e - Never-

iquance of the cash draln ratlo w1ll prob-
fodestly w1th an increase in. scale partly be-
}ree of.lnterdependence among dep051tors is
notﬂli;‘ ;fo dlffer substantlally at any glven tlme among o
;rglnally different size, and partly because some
é:e' size of the larger bank is llkely to be the‘

y  more dep051t9rs

other shorﬁbomlng of the model of Chapter III

_;;he ﬂotal neglect of the demand for loans It is
always assumec that the bank can increase 1ts loans at |

w1ll and that none of ‘the excess reserves 1q the -portfolio

' arlses from the 1nab111ty to. place loans at the current

o

rate of 1nteresz

Like all of the’reServermanagement models mentioned

in the litcllture review,.except Knobel's, the model of

Chapter II? ﬁtuhes that only one‘dollar of loans ‘can be ~
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wmade per dollar.of excessg reserves. This assumes thatf”
when a loan is extended none of the dep051ts -extended in
the granting of the loan w1ll return to the,bank after the.f
loan customer has spent theAproceeds of tﬂﬁ loan. It also.
implies that if a bankicails in,afloan'none‘of the repay-
nent.willee made with'fnnds on deposit witb thebbank.
This is an unfortunate'assumption, but‘iqunite necessary.
nWithout it, the opportnnity cost of a dollar of:reserves
will‘be increased, and, typica;ly; tne effect will be
‘moredbfonounced'the?larger’is the bank. If we had defined
n‘on;¥illiquid asset'éo be seonrities and thé variable cost
Ofkthe'reserve def%oit todtheithe spread between bid and |

//A

asked prices in the selling of securities, the all-in cost

DS

associated witﬂ‘the feserve defiéit would be. similarly
boosted by the p0551b111ty of the securltles being sold to

customers of the bank and belng pald for w1th dep051ts at .

Y

the bank. This effect, too, would be more pronounced the

‘larger-thevbank.'ﬁThls would not ‘cause exceptlonal diffi-

cdities; Howeverﬁ another problem,associated}witn the re-
| iaxation of . this assﬁmbtion would’be that thehlevel of de-
-g;osits would altet with the adjustment to the optimal lev-
el of reserves. 'This would resnlt in the mean of the‘cash
drain being‘a function of;the management of tbe‘loanAport—
folio'bnd,ihence,'also a function of the level of excess

reserves. Additionally, the adjustment to the optimal

 level of excess reserves, by. affecting the level of de-



126
posits in the current period, would affect the;required
reset&es'of'SQbsequent periods and, therefore, reguire
the model’ to be dynamic. |

vVAs.a inal comment 1it is unfortunate that'the
results of the model have not been tested emplrlcally
| This step, however, awalts the development of an econo— ,
metric technlque capable of adequately encompa551nq a -

;o

bank's ex ante demand for excess reserves by taking into

consideration the expected mean and variance of its cash

“o

- drain.
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