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Abstract

Let G , H  be locally compact groups and A(G) and B ( H ) be respectively the 

Fourier algebra of G and Fourier Stieltjes algebra of H.

The first part of the thesis is dedicated to the study of completely bounded 

algebra homomorphism of A(G) into B(H).  It is shown that any such algebra 

homomorphism can be described in terms of a piecewise affine map of a subset of 

H  into G, when G and H  are discrete groups with G amenable. This generalizes 

a result of B. Host. As a consequence, for such G and H,  a concrete description 

of the range of a completely bounded algebra homomorphism of /1(G) into A(H)  

is obtained.

In the last part of the thesis we turn our attention to the Fourier algebras 

associated to the coset spaces of a locally compact group G. For a compact 

subgroup K  of G, a description of the dual of A(G:K)  is given. The natural 

analogues of the spaces UBC(G), W(G), AP(G)  in this new setting are defined. 

We study the inclusion relationships that exist between these spaces. Their 

behaviour with respect to the Arens product on their duals is also explored.
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Chapter 1

Introduction

This is a thesis in  abstract harmonic analysis devoted to the study o f properties 

o f the Fourier algebras, which are among the most im portant Banach algebras 

arising from  a locally compact group.

A  topological group is a basic ingredient in  abstract harmonic analysis. I t  

is born from  the merging o f an algebraic object, the group, w ith  a topological 

notion, a topology o f our choice. To obtain a topological group, the topology 

must be compatible w ith  the group operation, which means th a t m u ltip lica tion  

and inverse taking are continuous operations. The topology we most often work 

w ith  is loca lly compact, and we call the group a locally compact group.

The algebras o f functions associated to  a locally compact group G are numer

ous and intensely studied in  harmonic analysis. Classical algebras o f th is type 

are, fo r example, the group algebra, L l {G) and the measure algebra, M (G ).  In  

1964, P. Eymard introduced in  [9] the non-commutative analogues o f these two 

algebras, namely the Fourier algebra, A{G), and the Fourier-Stieltjes algebra, 

B(G), o f a locally compact group G.

The mappings between various topological algebras associated w ith  a loca lly 

compact group have been intensely studied from  the early beginning o f harmonic 

analysis. The problem o f determ ining a ll homomorphisms o f group algebras o f

1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



locally compact abelian groups has been studied by several authors including

A. Beurling and H. Helson [4], W. Rudin [38], [39] and P. J. Cohen [6]. Cohen 

completely solved the problem for abelian group algebras in [6], where he showed 

th a t the only homomorphisms o f L l {G) in to  M (H )  are essentially those induced 

by piecewise affine maps o f certain subsets o f the dual group o f H  in to  the dual 

group o f G.

In  the th ird  chapter o f the thesis we look at the analogous problem o f deter

m ining a ll homomorphisms o f the Fourier algebra o f a loca lly compact group. 

In  1986 B. Host proved tha t when G is abelian, any algebra homomorphism of 

A(G) in to  B (H )  can be described in  terms of a piecewise affine map o f a subset 

o f H  into G ([24]). I t  is natural to ask whether or not th is result holds true for 

other classes of groups as well. This is precisely the goal o f chapter 3.

We generalize B. Host’s result by employing the powerful machinery o f op

erator space theory. The results obtained in  the recent years ([18], [19], [36], 

[43]) illustra te  the deep connections between the properties o f Fourier algebras 

and the ir operator space structure. Operator space theory is sometimes referred 

to  as “quantized” theory o f operators. Perhaps the firs t and the most common 

meaning o f “quantization” originates in Heisenberg’s idea o f approaching quan

tum  phenomena by replacing the functions o f classical physics w ith  matrices. 

In  a broader sense, it  means the replacement of commuting objects w ith  non

commuting ones. This is by now a well-established and deep theory w ith  roots 

in, and remarkable applications to, C*-algebras and von Neumann algebras, 

Banach spaces and non-commutative harmonic analysis.

The Fourier algebras, seen as preduals o f von Neumann algebras, have a nat

ura l operator space structure. In th is context we consider completely bounded 

algebra homomorphisms of A{G) in to  B {H ).  We show th a t the same descrip

tion  as th a t given by Host is possible for completely bounded algebra homomor

phisms, when G and H  are discrete groups w ith  G amenable (Theorem 3.3.4). 

In  the last section o f th is chapter we explore a possible extension o f th is result

2
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to  other classes o f groups.

In  Chapter 4, we apply the result o f the previous chapter, to  obtain a con

crete description o f the range o f a completely bounded algebra homomorphism 

o f A(G ) in to  A (H ).  In  general, given two semisimple commutative Banach al

gebras, A  and B, and an algebra homomorphism <f> : A  — > B  the range o f <j> is 

included in a well determined set, specifically

In  the case when A  — L/1(G) and B =  L l {H ), w ith  G, H  two locally compact 

abelian groups, A. Kepert proved in  [25] tha t equality takes place in  the above 

inclusion. We prove th a t when A  and B  are the Fourier algebras o f two discrete 

groups G  and H  respectively, w ith  G amenable, then the range o f a completely 

bounded algebra homomorphism (j) is as large as i t  can possibly be, in  other 

words we have equality above (Theorem 4.3.1). Moreover, the same is true for 

a bounded algebra homomorphism o f A(G) in to  A (H )  when G, H  are locally 

compact groups w ith  G abelian, (Theorem 4.4.7).

The idea o f the proof is close in  sp irit to  the approach o f Kepert. The 

d ifficu lties appear due to  the fact th a t we are not dealing w ith  abelian groups 

anymore. The proof relies on our description o f the completely bounded algebra 

homomorphisms from  A{G) to  B (H )  in  terms of piecewise affine maps. In 

Section 2 we present prelim inary results concerning piecewise affine maps which 

w ill lead to the results in  the next section. In  Section 3 we reform ulate the 

above equality in  terms o f extensions o f functions in A(G), using as an essential 

too l our description o f the completely bounded algebra homomorphisms from  

A{G) to  B (H ) .  This comes down to  the fact th a t Theorem 4.3.1 is equivalent to 

Theorem 4.3.2. In  Section 4 we proceed to  prove Theorem 4.3.2 in  three stages.

In  the last chapter o f the thesis we tu rn  our attention to  the Fourier al

[  = P M  => hv>i) = H v 2)

where Eg is the spectrum o f B and b is the Gelfand transform  o f b.

<t>(A) C I b e B :

3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



gebras associated to the coset spaces o f a locally compact group. In  1998, B. 

Forrest defined in  [16] the Fourier and Fourier-Stieltjes algebras, A (G /H )  and 

B (G /H )  respectively, on the coset space G /H  where H  is a closed subgroup o f 

a locally compact group G. He has proved th a t fo r H  compact i t  is possible to 

extend many classical results to  th is new setting. Our goal is to  continue th is 

investigation.

The algebras A (G /H )  and B (G /H )  can be identified w ith  subalgebras o f 

B(G), denoted by A(G : H )  and B (G  : H )  respectively. In  the th ird  section 

o f the chapter we study the dual space V N ( G :K ) o f A (G :K ) ,  when I f  is a 

compact subgroup of G. We give a description o f the dual tha t leads to  the fact 

tha t V N (G : K )  is a w*-closed le ft ideal in  V N (G ),  the dual space o f A(G). A  

natural question tha t arises is whether or not one can characterize a ll u>*-closed 

le ft ideals o f V N (G )  th a t are o f th is form . We provide such a characterization 

in  Section 4.

The last three sections o f the chapter are dedicated to  the natura l ana

logues in VN (G : K ), o f the space o f uniform ly continuous functionals on A(G), 

UBC(G), the space o f weakly almost periodic functionals on A(G), W (G),  and 

the space of almost periodic functionals on A(G), AP(G)  ([8], [20]). We respec

tive ly  denote them by U BC (G  : K ), W (G  : K )  and AP(G  : K ) .  We obtain 

results tha t are analogous to  the ones in the classical case due to  F. D unkl and 

D. E. Ramirez ([8]), E. G ranirer ([20]) , A . T . Lau ([26]).

In  Section 5 we present conditions under which various inclusion re lation

ships between these three spaces occur. Also, we prove th a t when G is amenable, 

U BC (G  : K ) is isom etrically isomorphic to  a closed subspace o f B(G: K ) *  (The

orem 5.5.13). In  Section 6, we explore the behaviour o f these spaces w ith  re

spect to  the Arens product on the ir duals. Among other things we characterizes 

W (G  : K )  as the maximal subspace X  o f V N (G : K ) for which the Arens prod

uct makes sense on X *  and the product is separately continuous w ith  respect to  

the weak* topology on bounded spheres (Proposition 5.6.7). In  the last section

4
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we study operators which commute w ith  the action o f A(G: K )  on subspaces o f 

V N (G :K ) .

5
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Chapter 2

Preliminaries and notations

2.1 (7* -algebras and von Neumann algebras

A Banach algebra A  is a Banach space together w ith  a norm compatible algebra 

structure, namely ||a6|| <  ||a||||6|| for a ll a,b G A. An involution is an operation 

x  i—̂ x* on A, tha t satisfies

i)  (a*)* =  a

i i )  (a +  b)* =  a* +  b*

Hi) (A a)* =  A a*

Hi) (ab)* =  b*a*

fo r any a, b € A, A € C. An involutive Banach algebra is a Banach algebra w ith  

an isometric involuiton, tha t is ||a*|| =  ||a|| for any a £ A. F inally, we say th a t 

A  is a C*-algebra i f  we also have ||aa*|| =  ||a||2.

Given X  a locally Hausdorff space, the Banach algebra Co (A ) o f a ll contin

uous complex functions vanishing at oo, w ith  the usual ^-algebraic operations 

and the supremum norm is a C*-algebra. In  fact, any commutative C*-algebra 

essentially arises in this fashion. I f  % is a H ilbe rt space, then B (H )  w ith  the

6
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usual ^-algebraic operations and the operator norm is another example o f C*- 

algebra.

A  linear functional /  on an involutive Banach algebra A  is called positive 

i f  f(aa*) >  0 for every a G A. In  general, for a linear functional / ,  on an 

involutive Banach algebra, the adjoint functional f *  o f /  is defined by f *  (a) =  

/(a * ), a G A.  I f  /  =  / *  we say th a t /  is self-adjoint or hermitian.

Given a C*-algebra A,  the Jordan decomposition of functionals te lls us th a t 

every herm itian functional /  can be represented in the form

/  =  / + - / -  and l l/ l l  =  | | /+ || +  | | / - | |

by some / + , f ~  positive functionals on A.

Given an involutive Banach algebra A,  a representation o f A  is a ^-homomorphism, 

7 r: A  — > B(l-L), o f A  in to  the algebra o f bounded operators on a H ilbe rt space 

%. We may associate w ith  each positive functional /  on A,  a H ilbe rt space 'Hf, 

a vector £/ G H f  and a representation 7r / : A  — > B {H j )  such tha t

f ( x ) = <  7Tf(x)£f ,£f >

and TXf{A)ff is norm dense in  71 f.

A  bounded approximate identity for a Banach algebra A  is a bounded net 

{eq}q6/ in  A  such th a t ||eaa — a|| — > 0 and ||aea — a|| — > 0 fo r every a G A.

I f  the net satisfies only the firs t (respectively, the second) condition i t  is called 

a bounded left (respectively right) approximate identity fo r A.

A von Neumann algebra M. on a H ilbe rt space % \s u  C*-algebra on %, which 

is closed under the weak operator topology, tha t is the topology determined by 

the functionals

M — > C  : T  h->< Tr),£ >

fo r 77, £ G 'H. The abstract characterization o f von Neumann algebras te lls us 

th a t von Neumann algebras are precisely the class o f C*-algebras o f B(%) which

7
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can be identified w ith  the dual space o f some Banach space X .  Given a von 

Neumann algebra M ,  its  predual is denoted by M *.

I f  S  is a collection o f operators on a H ilbe rt space 71, then its  commutant is 

the collection

The von Neumann’s double commutant theorem tells us th a t given a self-adjoint 

algebra 1Z o f operators on a H ilbe rt space % which contains the iden tity  operator 

I ,  the weak operator closure is equal to  the double comutant algebra 71". A  

*-subalgebra M  o f B(7L) is von Neumann algebra if f  M  =  M " .

The second dual A** o f a C*-algebra A,  can be identified w ith  a von Neu

mann algebra and A  is a C*-subalgebra o f A**.

2.2 Harmonic Analysis

Let G be a locally compact group. We assume th a t a le ft Haar measure A on 

G has been fixed and we denote by A  the modular function. The integral o f a 

Borel measurable function f  on G w ith  respect to th is measure is denoted by

Let IP{G) be the space o f a ll complex valued measurable functions f  on G  such 

tha t

Identifying functions tha t are equal A-almost everywhere, L p(G) is a Banach 

space w ith  norm

The space L 1 (G) is called the group algebra and it  is a Banach algebra under 

convolution

S' =  {T  € B (7 i) : T S  =  ST  for a ll S e S }

8
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L 1(G) has an isometric involution given by f* (s )  =  ^ y / ( s _1).

The C*-algebra o f a ll essentially bounded complex valued Borel measur

able functions on G equipped w ith  the essential supremum norm is denoted 

by L°°{G). The C*-subalgebras o f continuous bounded functions and the func

tions vanishing at in fin ity  on G are respectively C(G) and Cq(G). The space o f 

continuous functions w ith  compact support is denoted w ith  C0o(G).

I f  /  is a function on G and a £ G, we define

a f(x )  =  f(a x )

/« (* ) =  f (xa )

f i x )  =  f i x -1)

f i x )  =  f i x - 1)

fo r a ll x  G G.

A  left invariant mean on G is a continuous linear functional m  G L°°(G ) such 

tha t

1. ||m|| = m ( l )  =  1

2. rn ia f)  =  r n i f )  for a ll /  G L°°(G ) and a ll a G G.

A  locally compact group tha t has le ft invariant mean is called amenable. 

Compact groups and abelian groups are amenable. Many properties o f G as well 

as various properties o f algebraic structures on G are shown to  be equivalent 

to  am enability o f G. The most comprehensive references for am enability are A. 

Paterson’s A.M .S. monograph [33] and Pier’s book [34].

A  continuous unitary representation o f G is a continuous homomorphism 

7r : G — » Ui'H) where UifH) is the group o f unitaries on a H ilbe rt space given 

the relative weak operator topology from  B(fH). The left regular representation 

o f G is denoted by A and is given by

A : G — > B iL 2iG))

9
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A(s )( f) (x )  =  f ( s  1 a;) for a ll s,x  £ G, f  £ L 2(G)

Two representations and { 7^ , H i }  are said to be unitarily equivalent

i f  there exists a un ita ry operator U : H \  — V H i  such th a t fo r Uft i {x)  =  

7r2(a’)U .  Let Eg denote the set o f equivalence classes o f continuous un ita ry 

representations o f G. Each it £ Eg induces a continuous non-degenerate *- 

representation of L l (G) by means o f the formula

<*■(/)£>**>=  /  / ( * )  <  n(x)£, p > dx 
Jg

for each /  £ L l {G), H v. In  fact, every non-degenerate ^representation of 

L l  (G) arises in  th is manner. Therefore we w ill also denote the set o f equivalence 

classes o f non-degenerate ^representations o f L l {G) w ith  Hq - 

Now any representation {7r, H }  o f G satisfies

H / ) | |  < \ \ f h  ( f £ L ' ( G ) )

so we may define a norm on L 1 (G) by

\\f\\c*(G) =  sup{||7r(/)|| : 7T e Eg }

The completion o f (L X(G), || • | |c * (G ) )  is a C*-algebra called the group C*-algebra 

of G and it  is denoted by C*{G).

The dual o f C*(G) w ill be denoted by B(G). I t  is a linear space o f con

tinuous functions on G which becomes an algebra w ith  respect to  pointwise 

m ultip lica tion. B{G)  is called the Fourier-Stieltjes algebra o f G. B (G )  may be 

realized either as the space of coefficient functions o f Eg, th a t is, functions of 

the form

u(x) = <  7t(x )£,/j, >  for 7r £ Eg, ( , / i £

or as the span of the continuous positive definite functions on G. A positive 

function on G is a function /  tha t for every X \ , "  • , x n £ G  and X\, • • • , An £ C  

satisfies

^ X i X j f i x i X j 1) >  0 
i , j

10
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The set P (G ) denotes the set o f a ll continuous positive definite functions on G 

and corresponds to  the set o f positive functionals on C*{G). Let || • | |b (g ) be the 

norm on B(G)  induced by C*(G) w ith  the dua lity given by the form ula

< « , / > =  f  u {x ) f (x )d x  (u 6 B(G), f  G ^ ( G ) )
J g

I f  u £ P{G), then | |w | |b (g ) =  u(e). W ith  || • | |b (g ) and pointwise m ultip lica tion  

B(G)  becomes a commutative, regular, semisimple Banach algebra.

The Fourier algebra o fG , denoted by A(G), is the set o f coefficient functions 

o f the le ft regular representation o f G, th a t is

M G )  =  {« (« ) = <  A (x ) / ,p  > =  [  f ( x ~ 1y)g(y)dy =  ( /  * g)v : f , g €  L 2(G)}
J g

I t  is a || • | |b (g ) closed ideal in  B(G). We w ill w rite  || • |U(g) fo r the restriction 

o f || • | |b (G) to  A{G). W ith  th is  norm A{G) becomes a commutative, regular, 

semisimple Banach algebra. I t  can also be realized as the norm closure in B (G ) 

o f B(G) C\Coo(G). The spectrum o f A(G) is homeomorphic to  G. Furthermore, 

A (G )= B (G )  i f  and only i f  G is compact.

Let V N (G ) denote the von Neumann subalgebra o f B (L 2(G)) generated by 

either {A(x) : x  € G }  or by (A ( / )  : /  € ZA(G)}. I t  is called the group von 

Neumann algebra of G. I t  can be identified w ith  the dual o f A(G), and the 

dua lity  is given by

< T , u  > = <  T f , g  >£ 2(g) 

i f  u is o f the form  u =  ( f  * g)v € A(G), T  e V N (G ) and by 

< T , u  > =  u(x)

i f  T  =  A(x) fo r some x E G.

The dual o f B (G ) i t  is also a von Neumann algebra called the big algebra of 

G and i t  is denoted by W*{G).

When G is abelian A(G) and B (G ) can be identified, via  the Fourier trans

form , w ith  the commutative group algebra L1(r) and the measure algebra M(T)
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respectively, where T is the dual group o f G. The basic reference on Fourier 

and Fourier-Stieltjes algebras is [9].

2.3 Operator spaces

An operator space is a vector space V  together w ith  a fam ily {|| ||n} n o f Banach 

space norms on M n(V) such tha t

(O S1)
A  0 

0 B
=  m ax{||A ||n, ||B |U ) for A e M n(V), B  € M m(V)

m + n

(O S2) IM /3H  <  ||a|| • ||A|| • \\P\\ for a , / 3 e M n, A e  M n(V)

In  (OS2), M n — M n(C) and it  is normed by identifying matrices w ith  operators 

on the H ilbe rt space C n. The fam ily of norms {|| • ||n : M n(V) — > R +}  is called 

an operator space structure.

The prototip ica l operator space is the space B (H )  of a ll bounded operators 

on a H ilbe rt space %. We identify M n{B (H ))  =  B("Hn), where 'Hn is the 

H ilbertian  direct sum of n  copies o f by

/
6

1

M r a h-
k

?«
•

■

\

[®»j] l—̂ 1— y

\ I 1 — 1 0>nk£>k /

Thus, any subspace o f B {% ) is na tura lly an operator space given the induced 

operator space structure. Any C*-algebra A  is an operator space when the 

unique norm making each M n(A) a C*-algebra is chosen.

Given two operator spaces V, W  and a linear map <f>: V  — > W , fo r each n, 

we define the nth amplification o f (j)

^ n )  . M n { y )  _ ^  M n { w )

by the means o f the form ula

^(n)(Kj]) =

12
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We say th a t (j> is completely bounded i f

M U  =  sup{||<£(n)|| : n € N} <  oo

Furthermore, (f> w ill be called complete isometry i f  each <f>  ̂ is an isometry, and 

complete contraction i f  each <f)^ is a contraction. The fam ily o f completely 

bounded maps, as above, w ill be denoted by C B (V ,W ).  I t  is a linear space 

w ith  norm || • ||c&.

The space CB(V, W )  has a natural operator space structure given by the 

identification M n(CB(V, W ))  “  CB(V, M n(W )) via

(V  M - [(f>ijV})

Note th a t M n(V) adm its a natural operator space structure via  the identification 

M m(M n) =  M nm(V). A  linear functional /  on V  is completely bounded i f  and 

only i f  i t  is bounded, and ||/|| =  ||/ | |c&- Thus V* is canonically an operator 

space. I f  T  =  [/,j] e M n(V*), the norm || • ||n on M n(V*) is given by

\ \ f \ \n = sup {II[/jj-(wjfei)]!|nm : [vki] 6 Mm(V), ||[vw]||m < 1  m e  N}.

Extending the result above for linear functionals we obtain th a t any linear 

map T  : V  — > A ,  where A  is a commutative C*-algebra, is completely bounded 

i f  and only i f  i t  is bounded, also w ith  ||T|| =  ||T ||C6. Thus any operator space 

W  th a t imbeds completely isom etrically in to  a commutative C*-algebra, has 

CB(V, W )  =  B(V, W )  isometrically, for any operator space V. We say th a t 

such W  is a min space and w rite  W  =  m in W. Using adjoints, any operator 

space V  which imbeds completely isom etrically in to  the dual o f a commutative 

C*-algebra, has the property th a t C B (V ,W )  =  B (V ,W )  isom etrically, for any 

operator space W. We say tha t such a V  is a max space and w rite  V  =  max V.

Given dual operator spaces V  and V* there can be defined two m atrix  pa ir

ings

13
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the scalar pairing < , > : M n(V) x M n(V*) — > C  given by

<  V, > =  ^  ] f i j  (vij)

the matrix pairing <C, ^>: M n(V)  x  M n(V*) — > M n 2 given by

<  V, T  > =  [/y (u « )]

Let V  be an operator space. A  new norm, denoted by || • ||i„  is defined on 

MrSV) by

>[0 ,oo)

||V ||ln =  in f{||a ||a||V||||/?||2 : V =  aV p}

where a  G HSn r̂ , /? G H S r>n,V  G M r (V) w ith  r  a rb itra ry and /LSp being the 

space o f scalar matices w ith  the H ilbert-Schm idt norm. We let Tn(V)  denote 

the space Adn(V ) endowed w ith  the norm II * Ik -  The follow ing isometric 

identifications take place

M n(V*) ~  Tn{vy

r„(v) =: M„(vy

both given by the scalar pairing.

Given a net T \  =  [/A] G M n(V*), w ith  A in  a directed index set A, and 

T  — [f i j ] G M n(V*) the follow ing are equivalent

1) T \  — > T  in  the u>*-topology

2) <  T \ , V > — >< T ,  V >  in  the norm topolgy, for any V G Tn(V)

3) <C V T ,  V »  in  the norm topolgy, for any V G Tn(V )

4) f i j  — ► h i  in  the w*-topology, fo r any i , j  =  l , n

14
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Given a linear mapping o f operator spaces (j>: V  — > W , we define

Tn(<f>) : Tn(V)  — > Tn(W)

given by

T n {<l>)([v i j ] )  =  \4>{ v i j ) ]

Then ||0 ^ || =  ||Tn(0)||, so the completely bounded norm o f <j> can also be 

calculated as

||0|U =  sup{||Tn(</>)|| : n  G N}

I f  M. is a von Neumann algebra, its  predual Ad* is na tura lly an operator 

space via  the inclusion Ad* Ad*. Moreover, (Ad*)* =  Ad completely isomet- 

rically.

I f  X  and Y  are two Banach spaces, denote the ir algebraic tensor product by 

X  0  Y. I f  V  and W  are operator spaces, v =  € M n(V)  and w =  [w^i] €

M n(W ), we le t the ir tensor product, v <8> w in  M nm(V  <g> W ), be given by the 

doubly indexed m atrix

V 0  W  =  [Vij 0  w ki]

Given an element u in  M n(V  0  W ),  we define

IM Ia =  in f{||o f||||v ||||u ;||||^ ||: u =  a{v  0  w )fi}

where the infim um  is taken over a rb itra ry decompositions w ith  v 6 M P(V), w € 

M q(W), a  6 M nm and f3 e M pq̂n(W )  w ith  p,q & N arbitrary. We le t

V  0 A W  =  {V  0  W, || • ||A)

and we define the operator space projective tensor product V% W  to be the 

completion o f th is space.

Given operator spaces V, W  and Z, and p,q  6 N , each bilinear mapping 

(j) : V  x W  — > Z  determines a bilinear mapping

4>{p'q) : M P(V)  x M q(W) — ■> M pq(Z )

15
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where

(j>M (v,w ) =  [(l>{vi j ,w kl]

We say th a t 0 is completely bounded (respectively completely contractive) i f

110 11 c6 =  s u p d ^ ’̂ H : p,q  G N }  =  sup{0(p,p) : p <E N } <  oo

(respectively ||0||c& <  1)- The fam ily o f a ll such completely bounded bilinear 

mappings w ill be denoted by C B (V  x W, Z). I t  is a linear space w ith  norm || •IU - 

I t  has a natural operator space structure, given by the identification M n(C B (V x 

W, Z) =  C B (V  x  W, M n(Z )). The universal property o f the operator projective 

tensor product is given by the completely isometric identification

C B(V® W , Z ) “  C B {V  x W, Z)

A Banach algebra A  which is also an operator space and it  is such th a t 

the m u ltip lica tion  m : A ® A  — > A , given by m(a ® b) =  ab, is completely 

contractive, is called a completely contractive Banach algebra.

16
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Chapter 3 

Fourier algebra homomorphisms

3.1 Introduction

Let G and H  be locally compact groups. Given an algebra homomorphism

B. Host showed in ([24]) th a t i f  G and H  are locally compact groups w ith  G

Section 3.2). I t  is a natural question to consider whether or not the result holds 

true for other classes o f groups as well. This is precisely the goal o f th is chapter.

We take in to  account the operator structure o f the Fourier algebras and 

in  th is context we consider completely bounded algebra homomorphisms. We 

show tha t Host’s description remains valid when G and H  are discrete groups 

w ith  G amenable.

In  Section 2 we introduce the coset ring of a locally compact group and 

piecewise affine maps. In  Section 3 we present the generalization o f Host’s 

characterization o f homomorphisms between A(G) and B (H ). The main result

( j ) : A(G ) — > B (H ), we can always find a set Y  C H  and a map a  : Y  — Y G 

such th a t

abelian, then Y  is in  the coset ring  o f H  and the map a  is piecewise affine (see

17

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



o f th is section is Theorem 3.3.4. In  the last section we give a direction towards 

a generalization o f Theorem 3.3.4.

3.2 Piecewise affine maps

We start w ith  the definitions of affine and piecewise affine maps which w ill play 

an im portant role in  the sequel.

A set E  C G is called a left coset in  G i f  E  is a le ft coset o f some subgroup 

Go of G. The coset ring of G, denoted by Ll(G), is the smallest ring  o f sets of 

G which contains a ll open le ft cosets in  G. As in  the abelian case (see [37]) i t  

can be shown tha t E  is a le ft coset in  G i f  and only i f  E E ~ l E  C E. Moreover, 

i f  E  is a le ft coset and 7 0 E E , then H 0 =  E ~ l E  =  7 0 ~l E  is a subgroup o f G 

and E  =  7 o-flo-

D e fin itio n  3.2.1 Let G, H  be locally compact groups and E  C H  a left coset. 

A continuous map a  : E  — > G is called affine i f

a (x \X 2 l Xz) =  a (x i)a (x 2 ) “ 1a (x 3 )

fo r  any x i , x 2,x 3 G E.

R e m a rk  3.2.2 There is a connection between affine maps and group homo

morphisms as follows: a  is an affine map i f  and only i f  fo r every 7 0  G E, the 

map

P : % 'E  — > G

defined by

/3(h) =  a(7o)_1Q:(7oh) V h G 70~XE  

is a group homomorphism.

D e fin itio n  3.2.3 Let G, H  be locally compact groups and Y  C H  a set. A map 

a  : Y  — > G is said to be piecewise affine i f

18
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( i) there are Yi € 0,(H ), i  =  1, pairwise disjoint such that

n

i—1

( i i)  each Yi C K i} where K i is an open left coset in H

(Hi) fo r  each i,  there is o ti: K i  — )■ G affine map such that a|y. =  a*.

Taking into  account Remark 3.2.2, i t  is not hard to  see th a t the above

defin ition is equivalent to  the one given by B. Host in  [24]:

Definition 3.2.4 Let a  be as above. Then a  is piecewise affine i f

( i) there are Yi £ Ll(H ), i  =  1 , n, pairwise disjoint such that

rt

i= 1

( i i)  each Yi C K i =  g iH it where K i is an open left coset in H

(Hi) fo r  each i, there is a continuous homomorphism cti : H i — > G and an

element gi £ G such that a(y) =  g ia ^ h ^ y ) , y £ Y^

Note th a t i f  G and H  are abelian, the above definitions coincide w ith  the 

ones in  the abelian case, as they can be found in  [37].

Remark 3.2.5 ( i)  I f  E  C G is a le ft coset, then i t  is a righ t coset as well, 

and vice versa. Indeed, i f  7 0  £ E, then E  =  joHq w ith  i f 0 =  E ~ l E. Then 

E  =  7o # o7o" 17o =  (7 o^o7 o"1 )7 o =  # i 7 o is a righ t coset in  G.

( ii)  I f  E  C G is a le ft coset in  G and y £ G, then E y  is le ft coset in  G. 

Indeed, i f  E  =  7 oi?o, then E y =  'y0H 0y =  7 o2/(y~ 1#oy) =  7 o2/# i,  which is a le ft 

coset in  G.

Let E  be a closed coset o f a locally compact group G and le t f  : E  — > C  be 

a function on E. For any 7  £ E , we le t 7- i /  be the function /  : E ~ l E  — > C

19
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given by 7- i f ( x )  =  f ( j  l x). We can define the Fourier Stieltjes algebra on a 

closed coset E  C G and denote i t  by B (E ), as follows :

B (E )  =  { /  : E  — > C  | 7- i f  belongs to B {E ~ 1E) for any 7  € E }.

where B (E ~ 1E ) is the Fourier Stieltjes algebra of the locally compact group 

E ~ l E . The topological and algebraic structure Of B (E ~ 1E ) can be carried over 

to  B (E ) so th a t B (E )  is isomorphic to  B (E ~ 1E).

Recall th a t the coset ring o f G can be viewed as a fam ily o f characteristic 

functions, th a t is

X  G Q(G) i f  and on ly  i f  l x  G B{G )

where 1 * is the characteristic function o f X  ([24]). We w ill use th is to  give the 

follow ing definition for the coset ring o f E.

Definition 3.2.6 A set X  is in the coset ring o f E  i f  and only i f l x  is in  B (E ).

Remark 3.2.7 I t  is not hard to see, given the definition o f B (E ), th a t X  is in  

the coset ring o f E  i f  and only i f  j ~ l X  G £l(E~l E ) fo r each 7 G E.

3.3 Characterization of Fourier algebra homo

morphisms

Given a von Neumann algebra A4, its predual A4* is natura lly an operator space 

via  the inclusion M.* » M * .  Moreover, (A4*)* =  M  completely isom etrically.

I f  G is a locally compact group, then the Fourier and Fourier-Stieltjes al

gebra, A(G) and B(G ) respectively, have a natural operator space structure as 

preduals o f von Neumann algebras. For U =  [«y] G M n(A(G )) the norm is 

given by

\\U\\n =  sup{||[Tw(tty)]|| : T  =  [Tkl\ G M m(V N (G )), \\T\\m <  1, m  G N},

20
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and s im ila rly  fo r V  =  [% ] € M n(B (G )) the norm is given by

||V ||n =  sup{||[Fw(uy)]ll : F  =  [Fu ] € M m{W {G )) ,  ||F ||m <  1 , m <E N}.

In  each case the operator structure results in  a completely contractive Ba

nach algebra.

The follow ing proposition w ill be used in  the proof o f the main theorem of 

th is section, Theorem 3.3.4.

Proposition 3.3.1 Let G ,H  be locally compact groups. The map

S : B (G ) — > B (H  x G)

U l-» If f  • u

where (1 #  • u)(h,g) =  u(g), is completely contractive.

Before we present the proof, we give the follow ing universality property (see 

e.g. [40]).

Lemma 3.3.2 Letw  : G — > W*(C?) =  (7*(G)** be the universal representation 

of a locally compact group G. I f  tv : G — > B(TLn) is a continuous representation 

of G, then there exists a unique w*-continuous *-homomorphism

0 : W *(G ) — > 7r(G )"

such that 7r =  0 o a}.

Proof o f Proposition 3.3.1 Let whxg : H  x  G — > W *(H  x  G) be the 

universal representation o f H  x G. Let

i : H  x  G — > G

(h,g) i-» g

be the canonical projection on G. Let ujq '■ G — > W *(G) be the universal 

representation o f G. Then loq o  i  : H  x  G — > W *(G) is a representation o f
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H  x (?. We apply Lemma 3.3.2 for oohxg and ojg °  i  and we get a unique 

w*-continuous *-homomorphism

9 : W *{H  x (?) — > W *(G)

such th a t oua °  i  =  9 o oohxg- This map yields a complete contraction

9, : B(G ) — > B (H  x  G).

Our next claim  is th a t 9* =  S. To show th is we w ill prove th a t we have 

S* =  9. We have the form ula

<  S*(F), u > = <  F, S(u) >  fo r each F  € W *(H  x  G).

Let F  — w jjxg (^ iS ) £ W *(H  x  G). Then

<  S*(u)HxG{h, g)), u > = <  u HxG(h, g), l H - u > =  u(g) = <  u G{g), u >

and we get

S*(wHxG(h,g)) =  ua{g)- (3.1)

On the other hand, we know oog o  i  =  9 o cohxG- I f  we apply th is  to  F  we 

obtain

0{uHxG(h,g)) =  {w G °i)(h ,g ) =  uc{g)- (3.2)

Combining (3.1) and (3.2) we get

S*{u}HxG{h,9)) =  9(wHxG(h,g)) V(ft,<j) 6  H  x  G.

Since {w hxg(^>£) '■ h £ H ,g  e G } generates W *(H  x  (?) and S*,9  are w*-w* 

continuous, it  follows th a t S* =  9, as claimed. □

The next result is an immediate application o f Proposition 3.3.1.

C o ro lla ry  3.3.3 The map 

J  : A{G) x  B (H )  — > B (H  x (?)

(u ,v )  u • V

where u ■ v (h ,g ) =  u(g)v(h), is completely contractive. 
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Proof As B (H  x  G) is a completely contractive operator algebra, the map 

B (H  x  G) x  B (H  x G) — > B (H  x G)

(w, v) w •  V

is completely contractive. Now, taking in to  account Proposition 3.3.1, the con

clusion follows. □

The next theorem is a generalization o f Host’s characterization o f algebra 

homomorphisms between Fourier algebras.

Theorem 3.3.4 Let G , H  be discrete groups. Suppose that G is amenable and 

4>: A (G ) — > B (H ) is a completely bounded algebra homomorphism. Then there 

exists Y  € (1(H) and a piecewise affine map a  : Y  — » G such that

{ u o or on Y  

0  o ff Y

Proof Let h € H . Define the follow ing map

(j>h : A(G) — > C 

u>-+0(u)(h)

Then fa  is a m ultip lica tive  functional on A(G). Since the spectrum of A{G ) 

can be identified w ith  G by point evaluation, i f  fa  ^  0 there is an element in  

G, th a t we denote by a(h), such th a t fa  =  a(h) as elements o f the spectrum of 

A{G ). Thus we have <f>(u)(h) =  u(a (h )) whenever fa  ^  0 and zero otherwise. 

The map

o : F —  

h a(h)

where Y  =  {h  € H  : fa  ^  0 }, satisfies the required equality. I t  remains to  show 

th a t Y  € (1(H) and a  is piecewise affine.

To accomplish th is we w ill use the follow ing lemma from  [37].
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Lem m a 3.3.5 Let G , H  be discrete groups and a  : Y  C H  — ¥ G a map. Then 

a  is piecewise affine i f  and only i f  Qa =  { ( y , ct(y)) : y E Y }  E £ l(H  x G).

Returning to the proof, define the map

J  : A(G) x A(G) — > B (H  x  G)

(U, V) ((p(u)) ■ V

Our firs t claim  is tha t J  is jo in tly  completely bounded.

Indeed, le t nx, n 2 € N . Let

: M n i(A(G )) x M n2(A(G)) — » M nin2(B (H  x G)) 

be the am plification. We w ill compute the norm o f the am plification

||j(».,»*>|| =  sup / :  U  €  ~ 1

{ v e 3fM(A(C?)). II ÎU < i
Using the definition of the operator norm on the predual o f a von Neumann 

algebra, we have

=  sup{||[<  FH,J (u t j ,v u ) > ]||„ ,„2„  : T  — [Fst]s,t e x  G ))}

=  sup{||[<  F ,„  j f a , )  ■ va > ]|U „2„  : T  =  [Fa ].,t g x  G ))}

=  sup{||[<  vu ■ F ,tA (u ij)  > ]||„ ,„2„  : [F ,,],., S M „(W '(H  x  G ))}

where a ll the suprema are taken over H^Hn <  1 -

In  the above, the product v • F  w ith  F  E W *(H  x  G) and v € A(G), is given

by

v • F  : B (H ) — > C , < v  • F ,u  > = <  F ,u - v  >  fo r u € B (H )  

and it  is an element in  W *(H ). Then V  ■ T  £ M n2n(W *(H )), where

V  • T  — [vu • Fst]s,t,k,i 
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w ith  T  =  [Fsf] € M n(W * (B (H  x G ) ) ) , V  =  [v*,] € Mn2(A(G)). Moreover, i f  

ll-^IU  <  1 and ||V j| n 2  <  1, by Corollary 3.3.3, we obtain th a t ||V  • T \\n2n <  1. 

Then the norm can be w ritten  as

£  =  [Erp] e M n2n(W * (H ))
||[< E rp, 4>(uij) >]|| nin2n •

£  =  V - T ,  \\£\\n2n < l

B ut now,

||[<£^,0(u«) < II^J IU , = ||^ni)(P)||ni < < MU

where the last inequality holds because (f> is completely bounded. Therefore we 

have

P (”‘'"!)ll < iuiu

which shows th a t J  is jo in tly  completely bounded.

By the universal property o f the operator projective tensor product, there 

exists a completely bounded map

J  : A{G )® A{G ) — > B (H  x  G)

such th a t J(u<S)v) =  (j)(u) • v. From the identification A(G  x G ) ~  yl(G!)(S>̂ 4(Gf) 

(see [1 2 ]), we obtain a map

%j) : A(G  x G) — > B (H  x G)

such th a t ^ (u  ■ v ) =  <f)(u) -v , V « , d G  A(G).

Our next claim  is tha t the follow ing form ula holds:

^ {u ){h ,g ) =  u (a (h ),g )  for h e V ,g E  G. (3.3)

Clearly, i f  u  =  u ■ v w ith  u ,v  6  A(G ), then

tp(uj) =  ip(u • v) =  (j){u)  • V ip(uj)(h, g) =  u(a(h)) • v{g) =  u (a (h ),g ).

I f  uj =  ]Cr= 1  where (^i — U i-V i, then
n n

i> (v)(h ,g) =  J ^ ( u >i)(h,g) =  '* T u i (cx{h),g) =  u (a (h ),g ). 
i= x  t = i
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Now suppose th a t cu =  lim* 'ipi, where tfi =  Y ljL i uj ’ vj- Then ip{oS) =  lirrij ^(cuj). 

In  particu lar we have pointwise convergence, therefore

il>{u)(h,g) =  lim  rf>{wi){h,g) =  lirncui(o;(/i), ̂ ).I I

B ut since ui =  lim* ipi, i t  follows in  particu lar th a t tpi converges pointwise to  tu, 

and therefore \im iU i(a (h ),g ) =  uj(a(h),g). So ip(u>)(h,g) =  u j(a (h),g ) and our 

last claim  is proved.

The set A  =  {(a;, a;) : a: £ G } is an open subgroup in  G  x  G, so the 

characteristic function x a  €  B (G  x  G). Because G is amenable, we can find 

{ u j } j  G A(G  x  G) such th a t || Uj\\ <  1  for a ll j  and Uj — > x a  pointwise .
( 3  3 )

Then ^ {u j){h ,g ) =  U j{a{h),g) — > xa(<*{h),g) =  Xga Therefore xga is 

the pointwise lim it o f a bounded net in  B (H  x  G). By C orollary 2.25 from  [9] 

it  follows tha t xga G B (H  x  G), which is equivalent to Qa G f l ( H  x  G). □

R e m a rk  3.3.6 We note tha t B. Host’s result is fo r continuous algebra homo

morphisms as opposed to  completely bounded algebra homomorphisms. How

ever when G is abelian then A(G) has M A X  operator space structure. In  th is 

case every continuous homomorphism is autom atically completely bounded, so 

in  particular, we see th a t Theorem 3.3.4 is a true generalization o f Host’s result. 

For the moment we are restricted to  discrete groups, but there are hopes tha t 

we can drop the assumption of discreteness (see §3.4).

In  the case th a t <j): A(G) — > B (H ) has range inside A (H ), the correspond

ing map a  is also proper, which means th a t i t  returns compacts to  compacts.

P ro p o s itio n  3.3.7 The homomorphism (f> : A(G) — > B (H ) maps A {G ) into  

A (H ) i f  and only i f  oTl (C) is compact fo r  every compact set C o f G.

P ro o f Suppose there is a compact set C  C G such tha t Q!_1(C') is not compact. 

Choose /  G A(G) such th a t /  =  1 on C. Then, the set S =  { 7  G Y  : f ( a ( j ) )  =
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1} contains a _1 (C ) which is closed, non-compact, therefore S is not compact. 

On the other hand, we can w rite  S =  I f  S is not compact, i t  follows

th a t £ A (H ), contradiction.

Conversely, suppose a “ 1 (C ) is compact for every compact C  C G. I f  f  £ 

A(G ) we can find / „  £ A(G) D C00(G) such th a t

f n — > f  in  || • ||.

Then each f n o a  has compact support, and so / „  o a  =  (j>fn £ A (H ). Since 

A (H )  is closed in  B (H )  and <f)fn — > (f>f, we obtain 4>f £ A (H ). □

3.4 Towards a generalization of Theorem 3.3.4

Let G, H  be locally compact groups and (j) : A(G) — > B (H ) a completely 

bounded algebra homomorphism. In the previous section we have seen, in  the 

firs t part o f the proof o f Theorem 3.3.4, th a t there always exists a continuous 

map a  : Y  C H  — > G  such tha t

{ woo; on 7  

0 o S Y

Moreover, we have shown th a t when the groups G and H  are discrete w ith  G 

amenable, the map a  is piecewise affine.

A  natural question th a t arises is whether there are other classes o f groups 

fo r which Theorem 3.3.4 holds true, th a t is, the map a  is piecewise affine. A  

natural approach to answering th is question is to bu ild  on the discrete case. This 

is what we w ill do here. We show tha t the condition th a t a  is piecewise affine 

is equivalent to the complete boundedness of a certain algebra homomorphism 

4>. We also present a sufficient condition for 0 to be completely bounded.

We begin w ith  the construction o f the new algebra homomorphism <j>, from  

the given homomorphism 4>: A (G ) — > B (H ). Let Gd and H j  be the groups G 

and H  respectively, endowed w ith  the discrete topology.
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P ro p o s itio n  3.4.1 The map <f>: A (G d) — > B (H d) given by

*

0 (v) =  <

is a well defined algebra homomorphism.

v o  a  on Y  

0 o f f y

To prove this, we firs t need a lemma, th a t is probably known, but we present 

a proof here for the sake o f completeness.

Lem m a 3.4.2 Let G be a locally compact group. Then fo r  any v G A (G d)
W *

there is a net { u j } j  G A(G) such that ||« j|| <  2||u|| and Uj — > v, where 

w* =  a (B (G d),C *(G d)).

P ro o f The le ft regular representation of G, A G viewed as a un ita ry  represen

ta tion  o f Gd, weakly contains XGd ([2]). Then, i t  follows th a t any positive 

functional v associated w ith  XGd is toM im it o f a net {« a} m where each ua is a 

fin ite  sum o f positive functionals associated w ith  XG, w ith  \\ua\\ <  ||u|| ([15]). 

This means tha t any positive definite function v G A(G d) is the w M im it o f such 

a net {u Q} Q G

Let v G A(G d). Then v can be w ritten  as the sum of two herm itian elements

v +  v v — v
v =  vx 4- iv2, where Vi =  v2 =  - 7 7 7- .

2 2i

By the Jordan decomposition, each i  =  1,2 can be w ritten  as

vi =  v f  — v f  such th a t ||vi]| =  \\vf\\ +  ||u f ||

V2 =  v £ -  v f  such th a t ||u2|| =  | |^ | |  +  \\v2 \\

where each o f v f ,  v f  are positive definite functions in  A(G d).

Let {u ia}a  € A (G ),i =  1 , 2  be the nets corresponding respectively

to  v f , v~ as above:

4a Vi with \\Uia\\ < IK*! 
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u ia  Vi with IK J  < IK II-

Let ua =  (u fa — u ja) +  i(« 2a ~  u2a) e A(G). We claim  th a t th is net satisfies 

the requirements o f the lemma.

Indeed, clearly ua v. Also, we have

IKII < IKII + IKII + IKII + IKII
<  K I M K I M K I I  +  I K I I

< INI + INI
< INI + IK  , IMl + K

2 2

<  2 |M |

so the condition o f the norm is satisfied as well. □

P ro o f o f P ro p o s itio n  3.4.1. We w ill show th a t </> is well defined, th a t is, 

4>(v) G B (H d) fo r any v G A(G d).

By Lemma 3.4.2, i f  v G A(G d) there is a net { U j} j G A{G ), ||Mj|| <  2||u||
IV *such th a t Uj — > v, where w* =  a (B (G d),C *(G d)). In  particular, the net { u j } j  

converges pointwise to  v and therefore we have

(j>(uj)(h) =  U j(a(h )) — > v(cx(h)) =  4>(v)(h) fo r any v G A(G d),h  G Y

I f  h £ Y , then (f>{uj){h) =  0 =  4>(v)(h), hence 4>(v) is the pointwise lim it o f 

<f>(uj) G B (H ). In  conclusion, 4>(v) is the pointwise lim it o f a bounded net in  

B (H ), so by C orollary 2.25 o f [9] i t  follows th a t i t  belongs to  B {H d). I t  can 

easily be checked tha t 0  is an algebra homomorphism. □

R e m a rk  3.4.3 We should note th a t 4>(v) =  pointwise — lim,- 4>(uj)(v) is equiv

alent to  <f)(v) =  w* — lim j(J>(uj)(v) since the groups are discrete and the net is 

bounded.

In  the next theorem we shall present the equivalence mentioned at the be

ginning o f the section.
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T h eorem  3.4.4 Let G, H  be locally compact groups such that G j is amenable. 

Let <p : A(G ) — > B (H ) be a completely bounded algebra homomorphism, a  : 

Y  C H  — > G the continuous map corresponding to (p as above, and <p : 

A(Gd) — > B(H d ) the algebra homomorphism constructed using a. Then the 

following are equivalent:

1) a  is piecewise affine

2) <f> is a completely bounded algebra homomorphism 

P ro o f “1) => 2 )” We w ill prove th is in  three steps:

i)  a  is a group homomorphism

i i)  a  is an affine map 

Hi) a  is a piecewise affine map.

The firs t step is given by the next lemma

Lem m a 3.4.5 Let G, H  be locally compact groups and ip : A(G) 

algebra homomorphism defined by

/ip(u) =  uo  a

where a  : H  — > G a group homomorphism. Then ip is completely bounded.

P ro o f Let u>h ■ H  — > W *(H ) be the universal representation o f H  and XG : 

G — >■ V N (G ) the le ft regular representation o f G. Then

Ag o a  : H  — > V N (G )

is another representation o f H . By Lemma 3.3.2, there is a u;*-continuous *- 

homomorphism

9 : W *(H ) — ► (Ag o  a )(H )"  =  V N (G )
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such th a t

Ag o a  =  9 o ujfj. (3-4)

Let ip* : W *(H )  — > V N (G ) be the dual map o f ip. Our claim  is th a t 9 =  ip*.

Indeed, le t F  =  u>fi(h )  G W *(H ). Then, fo r u G A(G), we have on the one hand

< 9 ( F ) ,u >  =  <  9 ou)ff(h ),u  >^3= ^<  XG o a (h ),u  >

=  <  \G (a (h )),u  > =  u(a(h)), (3.5)

and on the other hand

< ip * ( F ) ,u >  =  <  F,ip(u) > = <  ojH(h),ip(u) >

=  ip(u)(h) =  u(a (h )) (3.6)

Therefore we have equality

9(F) =  ip*(F) fo r a ll F  G { u H(h) : h e  H } .

Now, since 9 and ip* are w*-continuous and equal on a u>*-dense subset of 

W *(H ), i t  follows th a t they are equal everywhere and the claim  is proved.

The map 9 is a ^-homomorphism between C *-algebras, so i t  is a completely 

bounded map. I t  follows th a t ip* is completely bounded, which is equivalent to 

saying th a t ip completely bounded, and the lemma is proved. □

Using the previous lemma, we w ill prove the next step.

Lem m a 3.4.6 Let G, H  be locally compact groups and ip : A(G ) — > B (H ) an 

algebra homomorphism given by

{ u o a  on 7  

0  o ff Y

where a  : Y  C H  — >■ G is an affine map defined on an open coset Y  in H .

Then ip is a completely bounded map.
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P ro o f Let Y  =  'fH i,  where 7  G H  and H i is an open subgroup o f H . Since a  

is affine, by Remark 3.2.2, there is a group homomorphism

P : H i =  7 _1r  — > G

given by the formula

P{h i) =  a (7 ) " 1o;(7 h1). (3.7)

Let 'ipi : A(G) — > B (H i)  be the algebra homomorphism defined by (5

ipi(u) =  u o /3.

By Lemma 3.4.5, th is is a completely bounded map. Given v G B (H i) ,  denote 

w ith  v the function on H  th a t is equal to  v on H i and is zero elsewhere. The 

map a : B (H i)  — > B (H )  th a t sends v in to  v is a complete isometry ([46]). 

Then, the map

=  a o : A(G ) — > B (H )

is a completely bounded map, given by

^2 («) =
u o/3 on H i 

0  o ff H i

Our claim  is th a t ip =  Ly- 1 o ^ 2o L a(7), where L Q(7) : A(G) — > A {G ) is the 

translation on the le ft by 01(7 ) on A(G), and L 7- 1 : B {H )  — > B {H )  is the le ft 

translation by 7 - 1  on B (H ). Indeed, le t y G Y  =  7 H i and u G A(G ). Then

(L 7 - 1  o ifa o  L a(7 ))(u )(p ) =  L 7- i (ip2 (L Q(7 )(u )))(y ) =  fo (L a(7) (u ))(7 -1?/)

=  Ba(7)(v ))($ ( 'r_V) )  (since 7 ~l y <E H i)

=  u(o :(7 )^(7_1y)) (=7) “ ( Q ^ M t ) -1^ ) )

=  u(a(y)) =  u o a (y )  =  ip(y). (3.8)

I f  y £ H i the same calculation as above shows th a t (L 7 - 1 o ip2 0  L a(7))(u )(y) =  

0  =  ip(y). Therefore the claim  is proved.
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As shown by P.J. Wood in  ([46]), the translation maps L 7- i and L a(7) are 

completely bounded. Hence, taking relation (3.8) in to  account, we obtain tha t 

ip is completely bounded. □

The next lemma gives us the last step o f the proof.

Lem m a 3.4.7 Let G, H  be locally compact groups and ip : A (G ) — > B (H ) an 

algebra homomorphism given by

I u o oi on Y  
ip{u) =  I

[  0  o S Y

where a  : Y  C H  — > G is a piecewise affine map. Then ip is a completely 

bounded map.

P ro o f By the definition o f a piecewise affine map, there are pairwise d isjo int 

sets Yi 6  £l{H ), i  =  1, ...,n  such th a t Y  =  U"1* and for each i  there is an open 

coset K i , th a t contains Yi, and an affine map a, : K i — > G such th a t a>i\Yi =  a. 

For each i, let ipi : A(G) — >• B (H )  be the algebra homomorphism given by

I u o Oj on K i 
W )  =  <

[  0  o ff K i

By the previous lemma, th is is a completely bounded map.

For any u € A (G ), ip(u) can be w ritten  as follows

n

U) =  ^ 2  1Y & (U) (3’9)
1

where ly 4 is the characteristic function o f Yi, which by ([24]) belongs to  B (H ).

Let u>i : B {H )  — > B (H )  be the map given by uii(v) =  1  Yiv. This map 

is a completely bounded map, since B (H ) is a completely contractive Banach 

algebra. Now relation (3.9) can be rew ritten as

n

ip =  Y 2  Ui °  ^
i
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therefore ip,  as a sum o f completely bounded maps, is completely bounded.

□

The im plication “ 1 ) 2)” now follows from  Lemma 3.4.7.

“2) 1)” Suppose tha t <p is completely bounded. We are then in  the

hypothesis o f Theorem 3.3.4 since Gd is amenable. Therefore, we obtain th a t

a  : Y  C Hd — > Gd is piecewise affine, seen as a map on the discrete groups. The 

only th ing  le ft to  show is th a t th is remains true i f  we delete the “gT subscript. 

This follows from  an argument in  [6 ] or [37], th a t can be adapted to  the non- 

abelian case w ithout many m odifications, since it  is mostly topological and does 

not depend on the abelian structure o f the group. This completes the proof of 

Theorem 3.4.4. □

The question th a t arises now is under what conditions is 4> completely 

bounded. In  the remainder of th is section we give a sufficient condition for 

the completely bounded norm of (p to  be fin ite .

D e fin itio n  3.4.8 We say that a locally compact group G has property (S ) i f

(S ) fo r  any V € Tn(A(Gd)) there is a net { U } t £ Tn(A(G)) such that

Ut ^ V  and \\Ut \\ <  2||V|| (3.10)

where an =  a{Tn{B{G d) ) , M n{C*{Gd))), n € N.

We note tha t fo r n =  1, relation (3.10) is satisfied for any loca lly compact 

group, by Lemma 3.4.2. We w ill need the follow ing remarks to  calculate the 

completely bounded norm o f 0 .

R e m a rk  3.4.9 Given an operator space V, we have the follow ing isometric 

identification

Tn(V*) ~ (Mn(V))*

given by
n

JF I— T , V > =  ^   ̂ f i j ( vij)  
i , j ~  1
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where T  =  [ f if i 6  Tn(V*), V  =  [% ] 6  M „(V ). For V  =  C*(<3), we thus have

Tn(B (G )) ~  (M „(C "(G )))*.

R e m a rk  3.4.10 By the previous remark, the norm o f W  G Tn(B (G )) is given 

by

I|W ||t.(b(o)) =  sup{| <  W ,U  >  | : U  =  [u(j] s  M n(C*(G )), ||W||„ <  1 } .

(3.11)

The next result shows th a t condition (5 ) is a sufficient condition fo r ^  to  be 

completely bounded.

T h e o rem  3.4.11 Let G, H  be locally compact groups. Let </>: A{G) — > B ( H ) 

be a completely bounded algebra homomorphism, a  : Y  C H  — > G the contin

uous map corresponding to (j) as above, and <fr : A(Gd) — > B(Hd ) the algebra 

homomorphism constructed using a. I f  G satisfies condition (S) then 4> is a 

completely bounded algebra homomorphism.

P ro o f For any n G N  we define the map

: T „(A (G d)) — > T „(B (H d)), given by Tn(^)([vy ]) =  $ » ( ,) ].

The completely bounded norm o f (j> can be calculated by means o f the form ula

||0 | | c6 =  sup {||T „(^)|| : n G N }

Next, we w ill compute the norm of the map T „ (</>). We have

l ir n( f t | |  =  sup {||T n ; / ; ; '* ; ;> n{B(„ d)): v  e Tn(A(G d)) }
I|V||<1

(3= 1} sup s u p { \< T n( 4 > ) ( V ) , F > \ :T e M n(C *(H d))}(3.12) 
i]vii<i im i< i

By property (5 ), fo r V =  [%•] G Tn(A(Gd)) there is a net {Ut =  [«-,]}* € 

Tn(A(G )) such th a t

Ut ^ V  and \\Ut \\ <  2 ||V||
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where an =  a(Tn(B (G d)),M n(C*(Gd))), n  € N . Then we have

u\j Vij fo r any i , j  =  1  ,n .

By Remark 3.4.3, it  follows th a t — > 4>{vij) ,  which in  tu rn  im plies th a t

Tn{<f>){Ut) ^ T nm V )

where w* =  a(Tn(B(Hd)), M n(C*(Hd))). The last relation means nothing other 

than

<  Tn($)(V), T  > =  lim  <  Tn{<f))(JAt),T >  (3.13)

fo r any T  G M n(C*(Hd)).

We return now to the computation of the norm of Tn((j>). Using (3.13), 

relation (3.12) becomes

\\Tnm  =  sup sup lim {| <  Tnm U t) , T >  \ : F e  M n(C *(H d)) }  
liv||<i M < i 4

Because 4> is completely bounded, we have

\ < T M ( U t) , T > \  <  ||Tn(0 )(W ,)|k (W ) , =  ||T „W (M ,)llrn(B(H)) 

<  l|T „M ||||W ,|| <  IM U M II 

<  2||0!UI!VH <  2 M U

Therefore

l|r„(0)|| < 21101U =*• MU < 2IMU < oo
which shows tha t <j) is completely bounded. □

In conclusion we have proved the follow ing theorem

T heorem  3.4.12 Let G , H  be locally compact groups and 4> : A {G ) — > B (H )  

a completely bounded algebra homomorphism. IfG d  is amenable and G satisfies 

condition (S), then there is Y  € f 1(H) and a piecewise affine map a  : Y  C 

H  — > G such that /
n o d  on Y

<p{u) =
0  o ffY

k.

I t  remains to  be seen what classes o f groups satisfy relation (S).
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Chapter 4 

The range of Fourier algebra 

homomorphisms

4.1 Introduction

The result we obtained in  Chapter 3 is instrum ental for the study of the range 

o f a completely bounded algebra homomorphism between the Fourier algebras 

o f two locally compact groups. The range of such a homomorphism sits inside 

a well determined set. This particu lar situation is not exclusive to  the Fourier 

algebras, but takes place in a more general setting. More precisely, i f  A  and B  

are two commutative semisimple Banach algebras and <f): A  — > B  is an algebra 

homomorphism then

(f>*((p) =  0  => bUp) =  0
b € B :

=  <t>*(<P2) => b((pi)  =  b(<p2) <p, (pu V>2 e Ss

where b is the Gelfand transform  o f b, Eg is the spectrum o f B.

We prove th a t when A  and B  are the Fourier algebras o f two discrete groups 

G  and H  respectively, w ith  G amenable, then the range is as large as i t  can 

possibly be, in  other words we have equality above. Also, we show th a t the
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same description o f the range can be achieved, i f  (j> is a bounded algebra ho

momorphism between two Fourier algebras, A(G) and B (H ), when G, H  are 

locally compact groups w ith  G abelian. The statement is sim ilar to  the one 

obtained by A. Kepert ([25]) in  the case when A  =  L l {G), B  =  L l (H )  w ith  G 

and H  two locally compact abelian groups.

The idea o f the proof is close in  sp irit to  the approach o f Kepert. The 

difficu lties appear due to the fact th a t we are not dealing w ith  abelian groups 

anymore. The proof relies on the description o f the completely bounded algebra 

homomorphisms from  A(G) to  B (H )  in  terms of piecewise affine maps.

Section 2 contains prelim inary results concerning piecewise affine maps which 

w ill lead to  the results in  the next section. In  Section 3 we present a reduction 

o f the problem, which comes down to  the fact tha t Theorem 4.3.1 is equivalent 

to  Theorem 4.3.2. In  Section 4 we proceed to  prove Theorem 4.3.2 in  three 

stages.

4.2 On piecewise affine maps

We present here some technical results which w ill allow us to  get inform ation 

about the affine pieces o f a piecewise affine map. The results are the non-abelian 

analog o f those found in  [25].

D e fin itio n  4.2.1 I f  E  is a left coset of a subgroup G\ in G , we define the index 

of E  to be the index o f G\ in  G. I f  E i, E 2 are cosets in G of the subgroups G\ 

and G2 respectively, then the index of E \ in  E 2 is defined to be the index of 

G\ n  G 2 ifi

set in f 2(G) is a fin ite  d isjo int union o f sets in  

E0 C G open coset
►

E i, ...Em open subcosets of in fin ite  index in  E 0
*
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(see [6 ]). I t  is not a hard task to  verify th a t th is is valid fo r a ll locally compact 

groups. The follow ing algebraic result assures us tha t 0 ^  f l 0 (G ).

Lem m a 4.2 .2  ([31]) A group is not a fin ite  union o f cosets o f infin ite  index.

R e m a rk  4.2 .3  I f  U — E q \  ((_J™ Ek) £ fio(G) then A ff(U ), the coset generated 

by U, is exactly E q.

Indeed, fo r every y € E ^ E q, we have
m m

U n U y  =  ( £ „ \ U £ * ) n ( B» iA U B ‘ !')
1 1
m m

=  \  u  •b*) \  u
1 1
m m

1 1

By Remark 3.2.5 ( i)  we have

Eky =  (xG k)y -  xyG 0 where G0 =  y~l Gky C E ^ E q

so it  is a subcoset o f E q. Since Gk has in fin ite  index in E qXE 0, s o  does Go- 

Therefore E ky is an open subcoset o f in fin ite  index in  Eq. So, [ / f t  Uy G fio (G ). 

Since 0 ^  CIq(G), i t  follows tha t U D U y  ^  0. Hence, i f  E  is any coset containing 

U, then

0 7^ U C\Uy C E  D Ey

and therefore y 6  E ~ l E . That is, E q 1E q C E ~ l E  which is equivalent to 

E q C E. Thus E q =  A ff(U ).

The next proposition is obtained by combining the above w ith  the definition 

o f piecewise affine maps. From now on th is is the way th a t we w ill look at 

piecewise affine maps.

P ro p o s itio n  4 .2 .4  Let Y  € Ct(H). Then xp : Y  — > G is piecexvise affine i f  

and only i f  Y  =  (J”_ i Yi, xuith Y i,...,Y n € £lo(H) and xp\Yi has a continuous 

affine extension xpi : A ff(Y j)  — > G, fo r  each i.

39

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We now present a few technical results.

Lem m a 4.2.5 Let G be a locally compact group. Then

( i)  fo r Y  G 0,q(G) and Eq =  A ff fY ) ,  there is a finite subset F  C  E $ xEq 

such that Eq =  Y F .

( ii)  fo r  Y  G Q(G) and A a compact subgroup o f G, there is a fin ite  set F  C A 

such that Y A  — Y F .

P ro o f ( i)  We w ill use induction by m to  prove the statement fo r Y  =  Eq \.

Ek)- I f  m  =  0, then Y  =  E0 and we take F  =  {e }. Suppose the statement 

is true for m — 1. Let Y\ — E q\({J™~1 Ek). Then there is a fin ite  set F i C E q XE q 

such th a t E q =  Y\F\. Now we look at the set F { xE f^ E mF\. This can be w ritten  

as follows :

F r ' E - ^ F ,  =  U U ( z E - 1E mz~1z)y
ze F - '^ e F !  ze F - \y e F i

U G**
z e F - ' j e F ^ F i

where Gz — zE^~Emz~l  C E q1E q, which is o f in fin ite  index in  E q1E q, since 

E^fEm  is. This means th a t F ffxE ^ E mF\ is fin ite  union o f cosets o f in fin ite  

index in  E qXE q. Since a group cannot be w ritten  as a fin ite  union o f cosets of

in fin ite  index, it  follows th a t there is 7  G E qXE q \  ( F i XE~xEmF i). Therefore,

there is 7  G E qXE q such th a t

EmF i f l EmF i j  =  0. (4.1)

Now put F  =  F i U F 1 7 . Since Y\ C Y  U F m, we have

Eq =  Y\F\ C ( y  U Em)F i =  Y F \ U EmF i C Eq.

Therefore equality holds :

F 0 =  y F i U F mF i. (4.2)
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Next, note th a t Eq C E 0j ,  since 7  € E0 l E0 and so we have 

E0 C E o j =  Y F1 7  U EmF i7  C F 0.

Therefore equality holds :

Eq —  Y F i j  U EmFx 7. (4.3)

Combining (4.1),(4.2) and (4.3) we get

Eq =  YFi U F F i7  =  Y(Fi U F l7 ) =  YF.

and we are done.

( ii)  This follows from  (i), as in  [25].

□

The next proposition is the non-abelian analogue o f Proposition 2.4 in  [25]. 

The proof in  [25] can be adapted w ithout any m odifications (using now Propo

sition  4.2.5(i)). We include the proof for completeness.

P ro p o s itio n  4.2.6 Let G, H  be locally compact groups, Y  e fio (H ) and ip : 

A ff iX )  — > G an affine map such that ip\y is proper. Then ip is proper.

P ro o f I t  suffices to prove the proposition in  the case th a t A f f ( Y )  is a subgroup 

and ip is a homomorphism. The general case follows by translation. Under these 

assumptions, by Proposition 4.2.5 (i), there is a fin ite  set F  C A f f ( Y )  such 

th a t Y F  — A f  f i y ) -  We have the following:

r ' ( C )  = n A f f ( Y )  = <p~'(C) n ([J Y7)
y£F

7 e-F 1&F

= U [̂ ’_1(C'V’(7_1)) n y]7 = U [(̂ |r)-1(CV(7-1))]7
7eF 7eF

where we used the fact tha t (V’|k )-1 ( ‘) =  V,_1(‘) C Y . Now, since ip\y is proper, 

i t  follows th a t %p~l {C) is compact. □

We end th is section w ith  the follow ing corollary.
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Corollary 4.2.7 Suppose G ,H  are locally compact groups. F o rY  G Cl0 (H ) let 

ip : Y  — > G be a proper map with affine extension ip' : A f f iY ) — > G. Then 

E\  :=  ip '(A ff(Y ))  is a closed coset in  G and ip(Y) € Q,(Ei).

Proof Let E q =  A ff (Y ) ,  E \  =  ip'(Eo). By Proposition 4.2.6 ip' is proper. Thus 

ip'{Eo) — E i  is a closed coset in  G. By Remark 3.2.2, since ip' is affine, fo r any 

7o G E0, the map

f i : 70 "%  — > G, /?(/.) =  V -'(7 o rV h o A )

is a group homomorphism.

Let A =  Ker /3 =  7o’V ,~1 {'0 /(7o)}- Then A is a compact normal subgroup 

o f H 0 :=  'Jq1 E0. Let Q \  : H 0 — y H 0/A  be the quotient map.

We have to show th a t ip(Y) G f l (E i) .  Prom the definition o f £l(Ei), th is  is 

equivalent to

7 " V ( y )  €  ^ ( E ^ E i )  V 7  € E i &  (ip1 ('yo))~1 ip'(Y) G n ( E ^ E i )  V7o €  E q. 

We can rewrite the above using (3 :

w y p i = p ( % ' y )

where the la tte r is obtained from  the equality

ffiHo) =  iP'{^q)~1 iP'{Eq) =  ip'(ryo)~l E i.

We can now w rite

iP(Y) G Sl(Ei) &  f f i% l Y)  G n(ffiHo)).

Once we show tha t G £l((3(Ho)), we are done. By Lemma 4.2.5 (ii),

there is F  C H 0 such th a t YA =  Y F  which is equivalent to  7 „ XT A  =  7 ^ 1 T F .
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F irs t notice th a t 7 q XY F  G £1(Hq). Indeed, since Y  G Q(Eq 1 E 0) so does 

7 o 1Y. By Remark 3.2.5, by m u ltip ly ing  on the righ t w ith  elements o f H Q we 

stay in  £l(H0). Since F  is fin ite  we get th a t 7 q 'Y F  g A(Hq)-

I t  is not hard to see th a t /3o Q ^ 1 : H 0/A  — > (3(Hq) is a continuous bijective 

homeomorphism (for details see Lemma 4.4.1). Denote by M  the follow ing set

M  =  Q a ( 7 o ~ ^ )  =  Q a(7o_ 1 ^ A ) .

Since by above 7 ^  F A  =  ' y ^ Y F  and the la tte r is in  Q(H0), we obtain tha t 

7 (^1F A  G Q(H0). Hence M  G £l(H 0 /A ).  B ut then

P in ? Y )  =  /3oQ^1o Qa^ Y )  =  fi o  Q ~ \M )  G Cl(P(H0)).

a

Define f2d(H ) =  f l (H d), where H d is H  w ith  the discrete topology, and 

QC(H) — { X  C H  : X  closed and X  G Qd(H )} .  The next corollary now follows 

easily.

C o ro lla ry  4.2.8 Let G, H  be locally compact groups.

I f  Y  G f 1(H) and ip : Y  — > G is a proper, piecewise affine map, then 

iP(Y) G Qc(G).

4.3 An equivalent theorem

In  th is section we study the range o f completely bounded algebra homomor- 

phisms between the Fourier algebra o f two groups. We prove the follow ing 

result

T h e o rem  4.3.1 Let G ,H  be two discrete groups with G amenable. I f  <p : 

A(G) — > A (H ) is a completely bounded algebra homomorphism, then

^ ( h A  =  0  =► f ( h A  =  0
<P(A(G)) = { f €  A (H )

4*(h i) =  <t>*(h2) =* f ( h i )  =  f ( h 2) hu h2 g  H
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Let us denote the righ t hand set by Ufa Theorem 3.3.4 allows us to  refor

mulate the above equality in  terms o f extensions o f functions in  A(G).

Indeed, given a map a : Y  C H  — -> G, le t k(a) be the set

/ n f  / x  9  =  0 o ff Y  
k(a)  =  5 6  A (H ) :

[  9 {y i)  =  9 (V2 ) whenever a (y i ) =  a{y2)

Note th a t fo r g G k(a), the second condition implies tha t go o r 1 is well defined. 

I f  a  is the map from  Theorem 3.3.4, i t  is not hard to  see th a t

<KA{G)) C U ^ C  k(a).

Therefore, in  order to prove Theorem 4.3.1, th a t is, to  show the equality <j>{A{G)) 

U,p, i t  suffices to prove

k{a) C </>{A(G)).

Notice th a t the la tte r is now equivalent w ith  the follow ing : fo r any g G k(a), 

g o o r 1 has an extension in  A{G).

Indeed, i f  g G k(a) C cf)(A(G)), then there is /  G A(G) such tha t

{ /  o a  on Y  

0 o ff Y

Therefore, g o aT1 =  / | a(y) so g o a~ l  has an extension in  A{G). The other 

direction follows sim ilarly.

We should also remember tha t the map a  corresponding to  <j> : A(G) — > 

A (H )  is proper (see Proposition 3.3.7).

In  conclusion, we see tha t Theorem 4.3.1 is in  fact equivalent to  the follow ing 

theorem

Theorem 4.3.2 Let G, H  be discrete groups with G amenable and suppose that 

a  : Y  C H  — > G is a proper piecewise affine map. Then fo r  any g G k{a), 

g o a - 1  has an extension in  A (G ).
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For the sake o f generality we w ill prove Theorem 4.3.2' below, which is stated 

w ith  a more general hypothesis than Theorem 4.3.2.

Theorem 4.3.2' Let G, H  be locally compact groups with G discrete and amenable 

and suppose that a  : Y  C H  — > G is a proper piecewise affine map. Then fo r  

any g G k (a ) r g o ctT1 has an extension in  A (G ).

4.4 The range of the Fourier algebra homomor- 

phisms

This section is dedicated to  the proof o f Theorem 4.3.2'. The proof consists o f 

the follow ing three steps:

( i) Y  an open coset and a  an affine map

( i i)  Y  G f io ( t f )

(Hi) Y  G Q(H)  and a  a piecewise affine map

We sta rt w ith  the firs t case, Y  an open coset and a  an affine map, which is 

a key step o f the proof.

Lemma 4.4.1 Let G ,H  be locally compact groups with G discrete. Let Y  be an 

open coset in  H  and a  : Y  — > G a proper affine map. Then, fo r  any g G k(a), 

the map g o o r 1 : a(Y )  — > C has an extension in A(G).

Proof Let 7 0  G Y. Then % XY  is an open subgroup of H ,  and w ill be denoted 

by H 0. Consider the map : % l Y  — > G , given by

P(h) =  o(7o)_1Q:(7oh).

This is a proper group homomorphism. Also &{H q) is a closed and open sub

group o f G.
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Let g G k(a). Consider -y0g(x) =  g(7 0 x) the le ft translation o f g by 7 0 . Then 

g has the follow ing properties:

1) 70g G A (H )

2 )  700 =  0  o ff 7 ^ 1y  =  Ho

3) 70g o @~l is well defined.

The firs t two are clear. To see the last one, suppose ft (h i) =  /?(h2). Then 

<*(7o^i) =  0 (7 0 ^ 2 ) which implies tha t g(joh i) =  <7(7 0 ^ 2 ), since g G k(a), and 

we are done.

To end the proof i t  suffices to  show tha t 7 o<?°/3_ 1  has an extension in  A(G). 

Indeed, i f  th is happens, then there is /  € A(G) such that

700 ° £ - 1  = /U tfo )-

Then the map Q(7o)- i /  € A(G) w ill be the extension needed for g o o r 1. To see 

this, le t x  =  a(y) G ot(Y). Then we have

«(7o r1/ ( a;) =  f ( a (lo)~ lx ) =  f ( f i ( iQ l y))

=  70 9 0 =70 0 (70  xy )

=  g(y) =  g o o r l (x).

We obtain # o o r 1 = q(7o)- i  /U (y ).

Next we w ill show th a t 7og o / ? _ 1  has an extension in  A(G).

Let A =  Ker/9. I t  is not hard to check th a t A =  7cT1« _1 { Q!(7o)}- ^  follows 

tha t A is a compact normal subgroup o f H 0. Because o f the defin ition o f A and 

the fact th a t g G k(a), i t  follows tha t g is constant on the cosets o f A. Then 

70g is constant on the cosets o f A as well. Note th a t lQg G A(Hq) because o f 

2). Then, by a result due to  Eymard ([9], Theorem 3.25) there is g G A (H 0/ A) 

such th a t

700 =  0  0  Qa 
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where Qa • Ho — > H o /A  is the canonical map.

Our next claim  is th a t /? o Q ^ 1 : H o/A  — > P(H0) is a well defined bijection. 

Indeed, suppose tha t Q \(h i)  — Q a ^ )  where hi =  j ^ y i ,  y% G Y. Then

h j 1 h2 G A y { 1y2 G A.

Therefore, there is x G a T ^ o ^ o ) }  such th a t y / l y2 — 7 ^ 1x. Now we have

/5(hj) =  a>('yo)~1 (x('Yohi) =  a(7o)_1a(?/i)-

On the other hand, a(y2) =  a ( y i% lx ) — cv(2/i)o '(7 o)—1o;(3 ;) =  ct(yi). Therefore 

/3(hi) =  P(h2). So PoQa 1 is well defined. S im ilarly i t  can be shown th a t f3oQ~x 
is bijective. Moreover, since Qa is an open map and f3 is proper i t  follows th a t 

(3 o Q^1 is a homeomorphism.

I t  follows th a t the map

$ : A(/3(H0)) A(H0/A)

f  -¥ S O (/3 o Ql1)

is an isomorphism.

Therefore we have

700 °  p~l -  9 °  (0 ° QX1 ) - 1  e MP{Ho))

since g G A(H0/A). Since (3(Ho) is an open subgroup o f G, by Theorem 3.21 of 

[9], there is F G A(G) such tha t 7O0 °/3 ~ 1 =  F \^ h 0)j which concludes the proof.

□

Remark 4.4.2 We need the fact th a t G is discrete in  order to apply Theorem 

3.21 from  [9]. I f  G is not discrete, the subgroup P(H0) is only a closed subgroup 

and the theorem cannot be applied. Nevertheless, i f  G is abelian we can apply 

Theorem 2.7.4 o f [37], and then Lemma 4.4.1 holds true for th is case as well. 

We w ill need th is remark later in  the proof of Theorem 4.4.7.
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We w ill now make use o f Lemma 4.4.1 together w ith  the results proved in  

Section 4.2 on piecewise affine maps, to  complete the second step o f the proof 

o f Theorem 3.2'.

Lem m a 4.4.3 Let G, H  be locally compact groups with G discrete. Suppose

Let E  =  A ff(Y ) .  By Proposition 4.2.6, cti is a proper map. As in  Lemma

We claim  th a t g is well defined on FA .

Indeed, le t h =  t/iA i =  y2 X2, yi € F, A; G A, i  =  1,2. We w ill show th a t 

a (h A^1) =  a(hX2 1), from  which it  w ill follow th a t g(hX fl ) =  gihX^1), proving 

the claim .

We have

F  G Cl0 (H ) and a : Y  — > G is a proper map that has an affine extension 

“ i  : A ff (Y )  — y G. Then fo r  any g G k(a), g o o r 1 has an extension in A(G).

P ro o f Recall

g =  0 o ff F

9 {y i)  =  9 {y2 ) whenever a{yf)  =  a(y2)

4.4.1 there is a compact normal subgroup A c  E  1 E. Let g G k(a). Define

g{hX~l ) i f  h G F A  

0 i f  h £ F A

y iA i =  y2 X2 ^  y2 xyi =  A2 AX 1 G A.

Since A =  7 "̂1 Q:~1 {q!(7 o)} for some 7 0  G E, it  follows tha t there is x  G a _1 {a ( 7 o} 

such th a t

y2 l Vi =  7o => 2/i =  V27o l x - 

Then, since a  is affine we get

Of(yi) =  o (y 27o =  a (y 2)o (70) ■1a ( * )  =  a { y 2).

and the claim  is proved.
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The follow ing two properties o f g are straightforward and the th ird  one can 

be obtained in  a sim ilar way as tha t shown above.

i)  g =  g on Y

ii)  g =  0  outside Y A

in )  g is constant on le ft cosets o f A

Moreover, since Y  C E  and A c E ~ l E  we have F A  C £ , so we can say th a t

g =  0 o ff E. (4.4)

From defin ition o f A as the Ker(/?i) and (Hi) i t  follows easily tha t

a i (h i) =  a i(h 2) =*• g(hi) =  g(h2). (4.5)

Our next claim  is tha t

9  € A (H ).  (4.6)

By Lemma 4.2.5 ( i i)  we can find a fin ite  set F  C A, such th a t Y A =  Y F  =

U agf Y Note th a t for each A 6  F  we have

g l Y\(h )  =  s-(hA_1) =  gx- i(h )  6 A (H ).

Then
n k—1

9 =  plvAiu...uyAn =  I I  e
fc= i j = i

by the above and the fact tha t Y A 6 f l (H )  for any A.

From (4.4),(4.5) and (4.6) we obtain tha t g e k(a i) . Therefore we are in  the 

hypothesis o f Lemma 4.4.1, so g o a f 1 has an extension in  A(G). Since g o a ( 1

is an extension o f /  o o r 1, th is concludes the proof. □

Looking back at the decomposition in  Proposition 4.2.4, i f  we have only one 

piece we have proved the theorem. For the general case, when we have more 

pieces, we have to  put them together. The am enability o f G is essential fo r th is

step o f the proof. The follow ing lemma w ill allow us to glue everything together.
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Lemma 4.4.4 Let G be an amenable locally compact group. I f  X, Y G 0 C(G) 

then

I ( X ) + I ( Y )  =  I ( X n Y ) .  

where I { X )  =  { /  G A(G) : f \ x  =  0 }, closed ideal in A{G).

Proof By [18], Theorem 2.3,I ( X )  has a bounded approximate identity, there

fore I ( X ) +  I ( Y )  is a closed ideal in  A(G)  (see [38], Theorem 4.2). Given an 

ideal E  in  A (G ), we le t Z (E ) =  {x  G G : u(x) =  0 for any u G E } .  Then

z ( i {x )  +  i(Y)) = x n Y e  nc{G).

B ut X  f i  Y  is a set o f spectral synthesis ([18], Lemma 2.2), th a t is I ( X  f l Y )  is 

the only ideal whose hu ll is X  f l  Y, giving I { X )  +  I (Y )  =  I ( X  C\Y). □

The next result follows immediately.

Lemma 4.4.5 Let G be a locally compact amenable group. I f  X , Y  G f2c(G) 

and 5 1 , 5 2  £ A(G) are such that

<7iUnr =  <72Unr 

then there exists g G A(G) such that g\x =  <7i|x  and g\y =  <72 |y-

Proof By hypothesis i t  follows th a t g \-g - i  G I (X D Y ) ,  so by Lemma 4.4.4, there 

exists f i  G I { X ) ,  f 2 G I (Y )  such th a t f i ~ f 2 '= g i~ g 2 ■ Then g =  5 1 - / 1  =  5 2 - / 2  

satisfies a ll o f the requirements and we are done.

□

We are now ready to conclude the proof of Theorem 4.3.2'.

Proof of Theorem 4.3.2' By Proposition 4.2.4 there are d isjo int sets S i , . . . ,  Sm 

G Q,o(H) such tha t Y =  |J ”  St and each a|s. is proper w ith  an affine extension 

a,- : A ff(S i)  — > G.
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For each i, gxsi € M a ls») so by Lemma 4.4.3, there is gt G A (G ) such th a t

^ la (S i)  =  P ° Q ! _ 1 |q (S<)

We have seen in  Corollary 4.2.8 th a t a(Si) G QC(G). Repeatedly applying 

Lemma 4.4.5 we obtain /  G A(G ) such tha t

f\a(Y) =  9k\aSi V I <  ? <  n 

Then f \ a(Y) = 9 °  as required.

□

Theorem 4.3.2 is now proved as well, since it  is a particu lar case o f Theorem 

4.3.2'. Since the former result is equivalent to  Theorem 4.3.1, we have obtained 

the result announced at the beginning o f th is section.

Remark 4.4.6 Theorem 3.3.4 has played a central role in  the description of 

the range o f a completely bounded algebra homomorphism <j>: A(G) — > A (H ).  

We can obtain the same description o f the range o f a bounded algebra homo- 

morphisms using now B. Host’s result and the hypothesis th a t G, H  are locally 

compact groups w ith  G  abelian.

Theorem 4.4.7 Let G , H  be two locally compact groups. Suppose that G is 

abelian and <j): A{G) — > A (H ) is an algebra homomorphism. Then

, , »  f  , , =  0  =» f i h A  =  0  1<KMG)) =  I  f  <= A {H ): b
(  a ' ih i )  =  4 'ih ' i )  =? / ( / i j )  =  f ( h 2j  h u h.t £  H  j

Proof B. Host’s result ([24]) allows us to follow the same procedure as th a t 

given in the proof o f Theorem 4.3.1. The proof can be carried over w ithout 

many modifications. As we have noticed in Remark 4.4.2, Lemma 4.4.1 holds 

for G abelian as well, therefore Lemma 4.4.3 follows immediately. Since G is 

abelian, i t  is also amenable, so we can apply Lemma 4.4.5 to  end the proof.

□
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Chapter 5 

Dual Banach algebras associated 

to the coset space of a locally 

compact group

5.1 In tro d uction

Let G be a locally compact group and let H  be a closed subgroup o f G. B. 

Forrest has defined in  [16] the Fourier and Fourier-Stieltjes algebra associated to 

the coset space o f a locally compact group G, A (G /H ) and B (G /H )  respectively. 

He has proved tha t when H  compact i t  is possible to extend many classical 

results to  th is new setting. Our goal is to  continue th is investigation.

Given a continuous function u on G /H  we can identify u w ith  the continuous 

function u on G defined by u =  u o q, where q : G — > G /H  is the canonical 

map. This provides us w ith  an isomorphism between C (G /H )  and C(G : H ), 

the subalgebra of C(G) consisting o f functions which are constant on the le ft 

cosets of H  in  G. Under th is isomorphism A (G /H )  and B ( G /H ) correspond to  

two subspaces of C(G : H ),  denoted by A(G : H )  and B(G  : H ).

In  the th ird  section we study the dual space V N (G :K )  o f A (G :K ) ,  when
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K  is a compact subgroup o f G. We give a description o f the dual th a t leads to 

the fact th a t V N (G : K )  is a uAclosed le ft ideal in  VN (G ).  A  natural question 

th a t arises is whether we can characterize a ll u>*-closed le ft ideals o f V N (G ) 

th a t are o f th is form. We answer th is question in  Section 4.

P. Eymard [9] proved tha t V N (G )  can be identified w ith  the dual o f A(G). 

There is a natural module action o f A{G) on V N (G )  given by <  0 • T, 7  > = <  

T,(jyy >  for each <j>, 7  G A(G) and T  G V N (G ).  E. G ranirer [20] defined 

the subspace U B C (G ) as the norm closure o f A(G) • V N (G ).  F. D unkl and

D. Ramirez [8 ] have defined W (G)  (respectively AP(G)), the space o f weakly 

almost periodic (respectively almost periodic) functionals on A(G), to  be the 

set o f a ll T  in  V N (G ) fo r which the operator from  A(G) to  V N (G ) given by 

(j> <f> • T  is weakly compact (respectively compact).

The last three sections o f th is chapter are dedicated to  the study o f the 

natural analogues o f the spaces UBC(G), W(G), AP(G)  in  V N (G : K ) ,  which 

we denote by UBC(G: K ) ,  W(G: K )  and A P (G :K )  respectively. We obtain 

results th a t are analogous to the ones in  the classical case due to  F. Dunkl 

and D. E. Ramirez ([8 ]), E. G ranirer ([20]) , A. T . Lau ([26]). The proofs are 

m otivated by the ones in  [26], [20], [8 ]. We adapt them to  our new setting.

In  Section 5 we study the various inclusion relationships th a t exist between 

these spaces. Also, we prove th a t when G is amenable, UBC(G: K )  is isomet- 

rica lly  isomorphic to a closed subspace o f B (G :K )*  (Theorem 5.5.13).

In  Section 6 , we explore the behaviour o f these spaces w ith  respect to the 

Arens product on the ir duals. Among other things, we characterize W(G: K )  

as the maxim al subspace X  o f VN (G : K ) for which the Arens product makes 

sense on X *  and the product is separately continuous w ith  respect to the weak* 

topology on bounded spheres (Proposition 5.6.7). In  the last section we study 

operators commuting w ith  the action o f A(G: K )  on subspaces o f V N (G : K ).
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5.2 Prelim inaries

Let G be a locally compact group. Let H  be a closed subgroup o f G. B. Forrest 

defined in  [16] the follow ing sets:

B(G  : H )  =  {  u € B(G) : u constant on le ft cosets o f H }

A(G : H ) =  {  w e  B(G  : H )  : g(supp w) compact in

I f  H  is normal, then A{G  : H )  ~  A (G /H ) ,  B (G  : H )  ~  B (G /H ) .

From now on K  w ill denote a compact subgroup of G. We assume th a t a 

measure pg /k  has been chosen on the coset space G /K ,  such th a t fo r every

where dk is a fixed le ft Haar measure on K .  There exists a projection

such th a t Pk  restricted to  A(G) is a projection onto A (G :K )  (see [16]). We 

can define a sim ilar projection on L l {G),

whose image is the set denoted by

L 1 (G :K )  =  { /  e L 1 (G) : /  is constant on le ft cosets o f K } .

L X(G : K )  is a closed subalgebra o f L l {G) which is not self adjoint. 

S im ilarly we can define

In  th is case the image is the set o f a ll functions /  € L x (G) th a t are constant on 

the righ t cosets o f K .  The follow ing results are straightforward calculations.

P ro p o s itio n  5.2.1 Let f , g  € Cqq{G). Then:

f  e L 1 (G),

f ( x ) d x =  /  f(kx )d kd nG/K(x) 
Jg Jg/k  Jk  

PK : L l (G) — >• L 1 ( G ) , P K ( f ) ( x ) =  [  f (x k )d k
J k

f (kx )dk .
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i) Pk (S *  g) =  /  *  Pk 9 iyPkU *9)  =  PkS * 9

ii) Pk ( H  =  (Pk SY i f ) 'P k ( r )  =  (Pk I Y

Hi) P M )  =  (PScfT m y P k ( f )  =  ( P x / r
where f v (x) =  f i x  1), f i x )  =  / ( x " 1).

Proof Let f , g  G Coo(G). Given x  € G, we have on the one hand,

P ic ( f * g ) ( x ) =  f  (f * g ) ( x k ) d k  -  [  [  f  (y)g(y~1xk)dydk, (5.1)
J k  J k  J g

and on the other hand,

( /  * PKg){x) =  [  f(y )PKg(y~ 1x)dy =  [  [  f (y )g (y~ 1xk)dkdy
J g  J g J k

-  f  (  f (y )g {y~ 1xk)dydk (5.2)
Jk Jg

Thus, from  (5.1) and (5.2), we get the equality P k ( I  * g) =  f  *  PKg, which 

proves i).

To prove i ) '  we proceed sim ila rly and calculate

PkU * 9){x) =  [  ( /  *  g){kx)dk  =  f  f  f (y )g (y~ 1kx)dydk (5.3)
J k  J k  J g

and also

(■PrK f*9 ) {x ) =  [  PrKf{y)9{y lx)dy — [  [  f(ky)g(y xx)dkdy
Jg Jg Jk

= [  [  f(ky)g(y~1x)dydk (5.4)

=  /  /  } ( v ) 9 ( y - 'k x )d y ik  (change o f variable V =  k~l V)
Jk Jg

Therefore we have equality.

We w ill prove only one of the remaining equalities and the other ones can

be proved by sim ilar calculations. To prove i i), le t x € G. Then

PK(fv)(x) =  /  f v(xk)dk =  J f(k~1x~1)dk

= [  f(kx~x)dk =  (Pk / ) v(x)
Jk

and which concludes the proof. □
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5.3 The space VN(G: K)

Let Tk  be the Banach space adjoint o f the projection Pk  '• A(G) — > A(G: K ) .  

We then have

IV  : V N (G )  — > V N (G )

< T K { T ) , y > = < T , P K'y >  (5.5)

fo r every 7  G A(G ) and T  G VN (G ).

We denote by V N (G : K ) the iu*-closure o f X(L 1 (G :K )) ,  where A is the le ft 

regular representation of G. This is a w*-closed subalgebra o f V N (G )  which is 

not closed under involution in  general.

Lem m a 5.3.1 (i) Tk  is a projection of V N (G ) onto V N (G : K ) .  

( i i)  Furthermore, we have V N (G :K )  ~  A (G :K )*  isomorphically.

P ro o f ( i )  Indeed, le t us assume tha t T  =  X(p), where p  is a measure in  M (G )  

and le t us view the Haar measure on K ,  dk, as an element p k  o f M (G ).  We 

then have for every u G A(G)

<  T k { T ) , u >  =  < A (p ),PKu > =  PKu(x)dp(x) =  /  I  u(xk)dpK(k)dp(x)
Jg Jg Jk

u(xk)dpK(k)dp(x)  = <  A(p * Pk ), u >  .

Therefore IV (T )  =  A(p * p k )- In  particular, fo r p — p /  w ith  /  G L X{G) we 

obtain tha t

r * ( A(W)) = » h k ) = A(/ * p K) =  \ { P K( f ) ) 6 A(L '(G : K) ) .

Therefore r * - (A ( i'(G )) )  =  A( L' (G: K) ) .  Since V N ( G )  =  X(Ll (G) )— ' and the

map Tk  is w*-w* continuous, i t  follows tha t =  X(L 1 (G: K ) )~ w* =

V N (G : K )  and we have proved the claim.

( i i )  Clearly we have K e r l^  =  A (G :K )± . Then

V N (G ) =  Tk (VN {G : K ) )  © K e rlV  =  V N (G : K )  © A(G: K ) ± 
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and hence V N {G : K )  c± V N (G ) /A (G : K ) 1- ~  A(G: K ) \ □

R e m a rk  5.3.2 We explain now, in  more detail, the isomorphism from  Lemma 

5.3.1 (ii). Let T0  G V N (G : K ) .  As an element in  V N (G ),  To can be seen as a 

functional on A(G). Then the functional on A(G: K )  given by the isomorphism 

is nothing else than the restriction o f T0 to  A(G: K ).

Conversely, i f  we sta rt w ith  a functional Fq € A(G\ K )* ,  i t  can be extended 

to  a functional F  on A(G). I f  TF G V N (G )  is the operator given by the dua lity  

A{G)*  ~  V N (G ),  then the corresponding operator TFo in  V N (G :K )  is given 

b y rV (T p ).

I t  is known th a t V N (G ) is an A(G')-module w ith  the m u ltip lica tion  given 

by the dua lity  V N (G ) ~  A{G)* as follows

A(G) x V N {G ) — > V N {G ) 

(cp,T) -> cp -T

where < <p-T, 7 > = <  T, (pj >  for every 7 e A(G). The next result shows th a t 

V N (G : K ) ,  as a subspace o f V N (G ),  is invariant under th is m u ltip lica tion  w ith  

respect to  A (G :K ) .

P ro p o s itio n  5.3.3 Let K  be a compact subgroup of a locally compact group 

G.Then

A(G: K ) V N ( G : K )  C V N {G : K ).

P ro o f Let z  =  A ( / ) ,  /  G L 1 (G: K )  and p> G A(G: K ) .  Let T0 =  <p • x. We w ill 

show th a t T0 G V N (G : K ).

For every 7  G A(G), we have

<  T0 , 7  > = <  x, (pj > = <  A ( /) ,  ip j  > =  f  f(t)(p(t)'y(t)dt.
J g
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Let 7  =  (h * g ) v w ith  h, g G Coo{G). On the one hand we have

< T 0 , t >  =  j j { t ) y { t ) ( ^ j j j ( y ) h y (y -H )d y ^ d t

=  [  [  f i t f v i t M y M t ' ^ d y d t  
Jg Jg

-  til f( t ) ip ( t)h ( t  xy )d t j  g{y)dy

=  /  {f<p * h){y)g(y)dy
Jg

=  <  ftp *  h, g >  .

On the other hand <  To, (h * g)v > = <  Toh,g > . Therefore <  T0 /i, g > = <  

f ip  * h,g >, for every h ,g £  Coo(G). I t  follows tha t

Toh =  f i p *  h =  \ ( f ip )h  which is To =  A {ftp).

Since f<p e L X(G: K ) ,  i t  follows tha t T0 G VN (G : K ) .

Now, le t x E V N (G : K ).  Then there is a net {a:Q} a 6  T (G : K )  such th a t

XU*
X a  ----- >• X

Let <p € A(G: K ) .  Then ip • xa ip • x. Indeed,

<  ip • xa, 7  > = <  xa, ip7  > — X  x, ip j  > = <  ip • x, 7  >  .

By the above <p • xa € V N ( G :K ) and since V N (G :K )  is iu*-closed, i t  follows 

th a t ip -x  e V N (G :K ) .  □

R e m a rk  5.3.4 Let ip G A (G :K ) ,  T  G V N (G :K ) .  As a consequence o f the 

above result and o f the duality A(G: K )*  ~  V N { G :K ), we can define two 

module actions o f A{G: K ) on V N (G \ K ) by

1) ij) ■ T  as above, viewing ip G A (G ),T  G VN (G )

<  ip • T, 7  > = <  T, -07 >  for a ll 7  G A(G)
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2) ip o T  given by the duality A(G: K ) *  ~  V N (G : K )

< ip K ° T , y K > = <  T , ipyK >  for a ll yK G A(G: K ) .

Clearly ip o T  — ip • T \A(G-.k ), so by Remark 5.3.2 and Proposition 5.3.3, the 

corresponding operators in  V N (G )  and V N ( G :K ) are the same:

T ^ 0t  — T k (T ^ . t )  =  T ^ t

Therefore the above m ultip lications are the same. In  the sequel when we ta lk  

about the module action o f A(G: K )  on V N (G : K )  we w ill use any o f these two, 

as necessary.

We now give a description o f V N (G : K ) and we show th a t i t  is a le ft ideal 

o f VN (G ).

T heo rem  5.3.5 Let K  be a compact subgroup of a locally compact group G. 

Then:

i)  V N (G : K )  =  { T e  V N (G )  : <  T, 7  > = <  T, PK 7  >  fo r  all 7  G A {G )}

i i )  V N (G : K )  =  { T  e V N (G ) : T  =  T T K}

where T k  : L 2 (G) — > L 2 (G), T x f ( x )  =  f K f(kx )d k . In  particular, i t  follows 

that V N (G :K )  =  V N (G )T k , which implies that V N ( G :K ) is a left ideal in 

V N (G ).

P ro o f i)  Let T  G V N (G : K ) .  Then

TK (T) =  T  i.e. <  r* - (T ) , 7  > = <  T, 7  >  for each 7  G A(G).

This means th a t <  T, PK7  > = <  T, 7  >  for each 7  G .4(G). Therefore 

VN (G : K ) c { T e  V N (G )  : <  T, 7  > = <  T, PKy  > }.
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Conversely, le t T  G V N (G ) such th a t <  T, 7 > = <  T , P r- 7  > . Then

<  Tk (T), 7  > = <  T, P r j  > —<  T, 7  >  for each 7  G A(G)

and therefore Tk (T) =  T, which means tha t T  G V N (G : i f ) .

i t )  Let T  G VN (G : K ) .  Let u G ^ 4 (G ) such th a t u =  (h *  k)v w ith  h ,k  G 

C'oo(G). By i) , T  satisfies

< T , u  > =  T, PKu >  . (5.6)

Using Proposition 5.2.1 we have

PKu =  PK [{h * fc)v] =  [PrK (h *  £ )]v =  [PrKh *  fc]v =  (g * k )v 

where g :=  P^h. Then

< T, PKu > = <  T, (g *  fc)v > = <  Tg, k >  (5.7)

Combining (5.6) and (5.7) we get

<  Th, k > = <  T g , k >

which is equivalent to

<  Th, k > = <  TPfth, k >  &  Th  =  T P rKh T  =  T T K

Conversely, le t T  G V N (G ) such tha t T  =  T T k ■ For any h, k G C'oo(G') we 

have

< Th, k > = <  T P rKh, k >  < T , { h * k f  > = <  T, {P rKh * k ) v >  .

Hence we get tha t < T , u  > = <  T, Pk u  >  where u =  (h *  k )v .

Since elements of the form u =  ( h *  k)y are dense in  A(G), we get th a t

<  T, 7 > = <  T, P kJ  >  for each 7  G A(G)

which shows tha t T  G A{G). The last part o f the statement follows easily using

i i). □
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R e m a rk  5.3.6 Prom the proof we obtain the follow ing form ula for the projec

tion  IV

rV (T ) =  TT k  for each T  € V N (G )

5.4 Left ideals of the form VN(G: K )  in VN (G )

In  th is section we w ill characterize a ll w*-closed le ft ideals in  V N (G )  th a t are 

o f the form  V N (G : K ), for some compact subgroup K  o f G.

Note th a t as the predual o f a von Neumann algebra, A(G) becomes a righ t 

VrAr(Gr)-module, w ith  the m ultip lica tion

A(G) x V N (G )  — ► A{G)

(0, T)  0 o T  where <  0 o T, T ' > = <  0, T T ' >  

and a le ft IA/V((7)-module w ith

V N (G )  x  A(G) — > A(G) 

(T, 0) T  o 0 where <  T  o 0, T ' > = <  0, T 'T  >  .

A  set A  C A(G) is said to  be right ^respectively left) invariant i f

A o V N (G ) C A (respectively V N (G ) o A C A).

R e m a rk  5.4.1 Let E  be a projection in  V N (G ).  Then A =  E o A (G )  is a righ t 

invariant subspace o f A{G). Indeed, i t  is easy to see th a t (Eo<f>)oT =  Eo{(jx>T). 

Furthermore, we have the follow ing characterization o f E  o A (G ) :

E  o A(G) =  {0  6  A(G) : <  0, T  > = <  0, T E  >  for each T  6  V A f(G )}. (5.8)

Define Pe  to  be the projection on A(C7) given by

PE : A(G) — > A(G) 
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(j) i-t E  o (/>

Let r E be the Banach space adjoint o f PE

Te  : V N {G )  — > V N {G )

<  Te {T), 7 > = <  T, PE7  >  for each T  e V N {G ),  7  € A(G).

R e m a rk  5.4.2 i)  Note th a t TE is a projection onto V N (G )E .  Indeed, we have

<  TE(T), 7  > = <  T, Pe'j > = <  T ,E  0 7  > = <  T E , 7  > for each 7  e A(G)

which implies tha t r E(T) =  T E  and therefore the image of VE is V N (G )E .  

i i)  Furthermore, K e rrB =  E  o A{G )L =  V N (G ) ( I  -  E).

P ro p o s itio n  5.4.3 Let G be a locally compact group and let E  be a projection 

in  V N (G ). The following are equivalent

(i) E o A (G )  is a subalgebra of A(G)

i i)  V N (G ) ( I  — E ) is invariant under the module action o f E o A (G ) on V N (G ).

P ro o f i) =>- i i )  Suppose E  o A(G) is an algebra. Let (fi =  E  o (ph ^  e 

A(G), i  — 1 , 2 . Then (p\<p2  must be in  E o A (G ) ,  so by (5.8), we must have

<  (p\tp2 ,T  > = <  ip\ip2 , T E  >  V T  E V N {G ).

On the one hand ,

<  (pi<p2, T  > = <  <p2, ipiT > = <  E  o (P2 ,,<PiT > = <  (p2 , (<PiT)E >  . (5.9)

On the other hand,

<  (piq>2 ,T E  > = <  (p2 , tp i(TE)  > = <  02,[(P i{T E )\E  >  . (5.10)

Since <p2 is arb itrary, by combining (5.9) and (5.10), we obtain th a t

{<P\T)E =  [(pi(TE)\E  or equivalently Te ^ T )  — TE((p\TE(T))
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fo r a ll T  £ V N (G ), (pi £ E  o A(G). This means tha t

y>\T  — <Pi T e ( T )  £  K e r l ^

and therefore <pi(T -  TE(T)) £ V N (G ) ( I  -  E )  fo r a ll T  £ V N (G ), ipx £ A(G). 

Hence, we have shown tha t

(E  o A(G)) • V N (G ) ( I  -  E ) c  V N (G ) ( I  -  E).

i i )  => i)  This follows sim ilarly. □

R e m a rk  5.4.4 I f  E  =  Tk , then E  o A(G) =  TK o A(G) =  A{G: K )  since 

<  TKoip,T > = <  ip,TTK > - <  (p,YK {T) > = <  PK ip ,T >  fo r eachT e V N (G ).

Since A(G: K )  is clearly an algebra, i t  follows from  the previous proposition 

th a t V N (G ) ( I  — Tk ) is invariant w ith  respect to A(G: K )  =  Tk  o A(G).

We denote by C the follow ing operator :

C  : L 2 {G) — > L 2 (G) 

h i—y h

I t  can be shown th a t C V N (G )C  =  V N (G )  (see [44]). We can define an anti

automorphism u> as follows:

w : V N (G )  — > V N (G ) , u (T )  =  CT*C.

This defines an involution jj on A(G) as follows

< ip*,T > =  <  uj(T*),ip >.

R e m a rk  5.4.5 I f  T  =  A(s), s £ G, then

<  <p \  A(s) > =  <  A(s), ip >  ^  =  (p(s)

so th is involution is nothing else but the complex conjugation o f functions.
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Proposition 5.4.6 Let G be a locally compact group and let E  be a projection 

in V N (G ). The following are equivalent: 

i )  E o A (G )  is closed under the involution #

i i )  E  has the property that C E  — E C E .

Proof i) =» i i )  Let tp =  E o ipx G E o A (G ).  Then, by hypothesis, $  G E o A (G )  

which means

<  (p \T  >=■< ipfi,TE >  for any T  G V iV (G ).

Equivalently,

< < p ,C T C >  =  < ( p ,C T E C >

The conjugation can be removed, and so we get <  (f>,CTC > = <  <j>,CTEC >  

fo r a ll T  G V N (G ).  Taking into  account th a t ip =  E  o<pi we get th a t

<  <px, C T C E  > = <  ip u C T E C E  >

which can be rew ritten, using th a t C 2 =  1, as

<  (pi, C T C E  > = <  <pu C T C (C E C E ) >  .

The last equality shows th a t E  satisfies

< ip x o C T C , E  > = <  (pi o CTC, C E C E  >

fo r each Vl G A(G) and T  G V N {G ).

Now, since C V N (G )C  =  VN (G ),  i t  follows th a t C T C  spans a ll o f V N (G )  

i f  T  does, and therefore we have

< <j>x o T, E  > = <  fa  o T, C E C E  >  for each T  G V N (G ) .

Because <j>x o T  spans a ll o f A(G) we obtain th a t E  satisfies the iden tity

< i : , E > = < i j } , C E C E >  fo r a ll ^  € A(G).

In  conclusion, we obtain th a t E  =  C E C E  which is equivalent to  C E  =  E C E .

ii)  => i) This follows sim ilarly. □
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R e m a rk  5 .4.7  Note th a t i f  E  — Tk , then it  satisfies the condition i i )  o f Propo

sition 5.4.6.

We now characterize a ll w*-closed le ft ideals in  V N (G ) which are o f the form  

V N (G : K ) ,  fo r some compact subgroup K  o f G.

T h e o re m  5.4.8 Let G be a locally compact group. Let J  be a w*-closed left ideal 

in  V N (G ), given by the projection E, that is, J  =  V N (G )E . Also, suppose that

i)  V N (G ) ( I  — E) is invariant with respect to E  o A(G), and

i i )  C E  =  E C E , that is E ( f )  =  E (E ( f ) ) .

Then there exists a compact subgroup K  of G such that J  =  V N (G :K )  (or 

equivalently, E  — Tk ).

P ro o f Given a von Neumann algebra M ,  there is a one to  one correspondence 

between w*- closed le ft ideals and righ t invariant subspaces o f the predual M *  

(see Theorem 2.9, [45]). I f  we let M  =  VN (G ),  A4* =  A(G), then the map

w* — closed le ft I I righ t invariant

ideal in  V N (G ) j  (  subspace o f A{G)

J  =  V N (G )E  ^ J X =  ( I - E )  o A(G) 

is a b ijection. Denote by Q the follow ing one-to-one map:

0  : { ( I  -  E ) o A(G) : E  e V (V N (G ) ) }  — > { E  o A(G) : E e V ( V N ( G ) ) }

( I  -  E ) o A{G) E  o A(G)

where V (V N (G ))  is the set o f a ll projections in  VN (G ).  And fina lly, le t TL 

denote the follow ing map:

A  : self adjoint righ t invariant I 
% \  > — > { K  : compact subgroup o f G }

subalgebra o f A(G) J
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A  K j t =  {s  G G : A(s) <xp =  y ' i ip  G *4}.

By Theorem 9 in  [44], % is a one-to-one map.

Notice th a t under our assumptions, by Proposition 5.4.3 and Proposition 

5.4.6, P  o 4 (G ) is a self adjoint righ t invariant subalgebra o f A(G). So, i f  we 

denote by J  the follow ing set

{ J  =  V N (G )E  such tha t W ti)  =  E {E {h j)
J  G V N (G )  : V '  V ’ V V "

and {E o  A {G )) (V N {G )( I  -  E))  C V N (G ) ( I  -  E)

then the map

A : J  — > { K  : K  compact subgroup o f G }

A =  H o g o ( E \ J )

is one-to-one. Moreover, i f  we denote by J k  =  {V N (G : K )  : K  C G compact subgroup} 

we have J K C J  and

A {J k ) =  { K  : K  compact subgroup in G }

Indeed, the fact th a t J k  C J  follows from  Remark 5.4.4 and Remark 5.4.7.

The equality follows from  fact that:

A(VN (G : K 0)) =  H m i - T Ko)o A (G )) )

=  n(TKooA(G))

=  U (A (G :K 0))

=  K 0

fo r every Ko C G compact subgroup.

Given the fact th a t the map A is injective, we get tha t J  =  J k - 1=1

5.5 The subspaces UBC{J~K), W { J k )  and A P ( J k )

Let G be a locally compact group and let K  be a compact subgroup o f G. In  

[20] E. G ranirer defined the subspace UBC(G )  as the norm closure o f A(G) •
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V N (G ).  We define the analogue o f UBC(G ), to  be the norm closure o f A(G: K ) -  

V N (G : K )  in  V N (G ),  and we denote i t  by U B C {(F K ) .

R e m a rk  5.5.1 ( i)  When K  is normal we have UBC(G: K )  ~  U B C (G /K ) ,  

the space o f bounded uniform ly continuous functionals on G / K  as defined by

E. G ranirer in  [20], based on the fact th a t A(G: K ) ~  A (G /K )  and V N (G : K )  ~  

V N ( G /K )  when K  is normal.

( i i)  Using Proposition 5.3.3 , we get tha t

U B C {g T k )  C V N (G : K )  

(Hi) Since A{G: K )  C A(G) and V N (G : K )  C V N (G )  i t  follows tha t 

u b c ( g T k )  c  U B C (G )

(iv) UBC(G: K )  is a linear subspace. This follows by arguing as in  [20]. 

Indeed, i t  is not hard to see tha t

A (G :K )  =  A c(G :K )~ M* w  

where A C(G\ K )  =  {u  G B(G: K ) : supp u compact}. Then A C(G : K )-V N {G : K )  

is dense in  UBC(G: K ) .  Let U\T\, U2 T2 € A C(G :K )  • V N (G : K ) .  Our claim  is 

th a t UlT 1 +  u2 T2 e A C(G: K )  • V N (G : K ) .

Let K i  =  supp ui, K 2 =  supp u2 compact sets and put F  =  K 1 U K 2 . Let O 

be an open set such tha t F  C O and O is compact. There exists u 6  A(G: K )  

such th a t u(F ) =  1  and u =  0 outside O, 0 <  u <  1 . Then

U iT i +  U2 T2 — u{v,\Ti +  U2 T2 ) G A C(G: K ) • V N (G : K ) .

Therefore A C(G: K )  • V N (G :K )  is linear space. Now UBC(G: K ) ,  its  linear 

closure, is a linear space as well.
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T heo rem  5.5.2 Let G be a locally compact group and K  a compact subgroup 

such that G /K  is an amenable coset space. Then A(G: K )V N (G : K )  is closed. 

In  particular, U B C {(k K )  =  A(G: K )V N {G : K ) .

P ro o f I f  G /K  is an amenable coset space then A(G: K )  has bounded approxi

mate iden tity  (see [16]). Since, by Proposition 5.3.3, V N (G : K ) is a le ft Banach 

A(G: AT)-module, we can apply the Cohen’s factorization theorem ([23], vo l2 , 

p.268) and we conclude the proof. □

R e m a rk  5.5.3 When K  =  {e } th is was proved by E. G ranirer ([20], Proposi

tion  1 ).

D e fin itio n  5.5.4 Let G be a locally compact group and K  a compact subgroup 

o fG . We define

I 0 i—̂ <j)T\  >

R e m a rk  5.5.5 ( i)  I t  is easy to  see th a t W {G) D V N (G : K )  C W {G : K ).

( ii)  I f  K  is normal then W {G ?K) ~  W (g Jk ).

D e fin itio n  5.5.6 Let G be a locally compact group and K  a compact subgroup 

of G. We define

R e m a rk  5.5.7 We have A P (G :K )  C W (G :K ). Also, when K  is normal then 

A P (g 7k ) ~  A P (G /K ).

The next two propositions present conditions under which various inclusion 

relationships between these three spaces occur. The results are sim ilar to  the 

ones in the classical case, th a t are proved in the work o f E. G ranirer ([20]), and 

our proofs are sim ilar to the ones given there.

W (G: K )
T  € V N {G : K )  : A(G: K )  — > V N (G : K ) weakly compact

.

AP(G : K ) =  <
T  € V N (G : K )  : A(G: K )  — > V N {G : K )  is compact

(j) (j)T

68

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proposition 5.5.8 Let G be a locally compact group and K  a subgroup such 

that G /K  is an amenable coset space. Then

W(G-~K) C U B C {O K )

Proof Since G /K  is an amenable coset space it  follows from  [16] th a t A(G\ K )  

has a bounded approximate iden tity  {ea} a such tha t ||eQ|| <  1  fo r every a. 

We claim  tha t, for any T  £ W (G: K ) , eaT  T  in  the topology a — 

a (V N (G : K ), A(G : K ))  .

Indeed, by the definition o f the module action o f A(G: K ) on V N (G : K )  we 

have

< eaT,^fk ~>—<L T, eQ7fc >  .

On the other hand, eajk — >jk since {ea} a is a bounded approximate identity. 

Therefore we obtain

<  eaT, 7  > -^-><  T, t k >  for a ll 7 fc e A(G: K )

and the claim  is proved.

The set {eaT  : ||ea|| < 1} is weakly relatively compact, since T  £ W (G :K ),  

so there is T0 £ V N (G :K )  such tha t eapT  -^4  To weakly. In  particular, 

i t  converges in the o topology. B ut then we must have T  — To. Therefore 

ea0T  T  weakly. Therefore T  is in  the closure o f A(G: K )V N (G : K )  in  the 

weak topology, which is equal to  the norm closure o f A(G: K )V N {G : K ) ,  tha t 

is U B C (g T k ).  □

Proposition 5.5.9 Let G be a locally compact group and K  a compact open 

subgroup. Then

U B C {g Tk ) c  A P {C kK ).

In  particular, i t  follows that U BC(G : K )  C W (G :K ).
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Proof For a G G, le t 1 aK be the characteristic function o f aK . Since K  is open 

we have 1 aK G A (G :K )  ( it has compact support and is constant on the cosets 

o f K ).  Our firs t claim  is tha t for T  G V N (G : K ) , l aKT  G A P {(K K ).

Let g E G . Define the map

lg : A(G) — ► A(G)

U  (->■  l g ( U )

where lg(u)(x) =  u(gx). Then the dual map is I* : V N (G ) — > V N (G ). I f  I  is 

the iden tity  operator in  V N (G ) i t  can be shown th a t < I ,  u > =  u(e) fo r any 

u G A(G ). Let 0 G A{G: K ). Then for any 7  G A(G: K )  one has

<  <f> ' 0 -u k T ) , 'Y  >  = < la/fT, 7</> > =  < T, J(j)\aK  >

=  <  T, j(a)<f)(a)laK >  (7 , (j) are constants on cosets o f K )  

=  <j}(a)T(laK)'y(a) =  <!>{a)T{\aK)l*a{ I)  (7)

(since 7 (a) =  l*a( I)  (7 ))

So <j> ■ (1 aKT ) =  [<f>(a)T(laK)]l*a( I) . I f  U \\ <  1, then 

<t> ■ (WT) G { < /  : M < \T ( laK)\} =  { a T a : |a| < \ T ( l aK)\}

and the last set is a compact set in  V N (G ). Therefore {</>• (1 ak T )  : ||<^|| <  1, <j) G 

A(G: K ) }  is a compact set in  V N (G : K )  which proves tha t l afcT G A P (G : K ).

Our second claim  is tha t i f  T  G V N (G :K )  and h G A C(G :K )  then hT  G 

A P (G :K ). Since h G A C(G :K ), g(supp u) C G /K  is compact. By hypothesis 

G /K  is discrete, therefore g(supp u) is fin ite , so we can w rite  i t  as 7 (supp it) =  

U ^ jf i  where £i =  X iK  G G /K .  Since h is constant on the le ft cosets o f K ,  

there are a* G C such tha t n
h =  ^   ̂CXjlxjK

i - l

Then hT =  X )”= i aAxiK.T, so i t  is linear combination of compact operators, and 

therefore is itse lf a compact operator.
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Our last claim  is th a t fo r T  6  V N (G : K )  and 0 6  A(G: K )  we have <j>T e 

A P (G :K ).  There is {</>„}„ £ A C(G :K )  such th a t (f>n — >• (f> in  norm. So for 

v e A(G: K ), Hull <  1  we have

. I < {<t>n -  4>) -T ,y >  | < | <  T, ((j>n -  4)v >  | <  ||T ||||0n -  0||||u||

which implies th a t ||(0 „ — <j>) • T || <  ||(f>n — <^||||T||. Thus <j)nT  — > 4>T in  the 

operator (uniform ) norm (as operators from  A(G) to  V N (G )). Since norm 

lim its  o f compact operators are compact, i t  follows tha t (f)T 6  AP(G : K ).

We have shown th a t A(G: K )V N (G : K )  C A P (G :K ). Consequently, we 

obtain U B C (G ?K ) C A P (G ^K ). □

C o ro lla ry  5.5.10 I f  G /K  is an amenable coset space and K  is compact and 

open, then

u b c (g Tk ) =  w {c£ k ) =  a p (g Tk ).

P ro o f This follows from  Proposition 5.5.8 and Proposition 5.5.9 □

B. Forrest has defined in [16] the space C *(G :K )  to  be the closure o f 

L l {G :K )  in  C*(G) in  the || • ||c*(G) norm. This is a non-selfadjoint subalge

bra o f C*(G) and one can show th a t [C*(G: K )]*  =  B (G :K ).  We define now 

the follow ing subspace o f V N (G : K )

IHI V N ( G - . K )

R e m a rk  5.5.11 When G /K  is amenable we have C *(G :K )  ~  C $(G :K ) since 

in  th is case the two norms agree.

P ro p o s itio n  5.5.12 Let G be a locally compact group and K  a compact sub

group. Then

C*X(G :K )  C U B C (g T k ).
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Proof Let /  G Coo(G:K) such tha t supp /  =  F  C G. Choose <p G A (G :K )  

such th a t 0 (t) =  1 on F . Then

< < M ( /)> 7 > = <  H f ) ,< h > =  (  f(t)<l>{t)'Y{t)dt= f  f ( t ) 'y ( t )d t=< \ ( f ) , j>
Jg Jg

for any 7  e A(G: K ).  Therefore f>-X(f) =  A ( /)  so A (/) € A(G: K )V N (G : K )  C 

U B C {g Tk ). I t  follows th a t C*X{G: K )  C U B C {(L K ).  □

Suppose th a t G is an amenable locally compact group. Then x  G U B C (G ) 

is of the form  x  =  <p • y w ith  (p G A (G ), y € LTV(G), and the map

x : B {G ) — ► C

< x , ip  > = <  y,(j)-ip  >  fo r any ip € 15(G)

is well defined (see [26]). Now le t 0 7  G U BC(G : K )  C U B C (G ) be o f the form  

x k =  (pk - Vk w ith  (j)k G A(G : I f ) ,  yk 6  V N (G : K ). Define

xfc : B(G: X) — 5- C

Xk =  £fe|B(G:K) th a t is , < x , ip  > = <  2/fc, <pk - ip >  for a ll ip G P (G : AT).

Clearly xk G L?(G: I f ) *  and it  is well defined since X* is well defined.

Now, we can define the map

U K  : U B C { g Tk ) — ► £(G: A-)*

The next theorem proves th a t when G is amenable, U BC (G : K )  is isomet- 

rica lly  isomorphic to  a closed subspace o f B(G: K ) * . This theorem is proved for 

K  =  {e } by A. Lau in [26] (Theorem 4.6). Our proof is m otivated by the one 

given there.

Theorem 5.5.13 Let G be an amenable locally compact group and let K  be 

a compact subgroup of G. Then I I k  is an isometry onto a closed subspace 

of B (G :K )* , such that I I k  extends the natural embedding o f C *(G :K ) into 

B (G :K )* . Furthermore, i f  G is compact then JIk is onto.
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P ro o f Let x  € U BC(G : K ) , x  =  <l>-y w ith  0 € A(G: K )  and y 6  V N (G : K ).  

We show firs t th a t ||x|| =  p || .  We have

p ||  =  sup{| <  y, 0 0  >  | : 0  € £ (G : K ), ||0 || <  1 }

and 

11*11 =  sup{| < y ,l< t> >  I : 7 e A{G:K),\\ij>\\ <  1}.

Clearly, since A (G :K )  C B (G :K ), we have p ||  <  p ||.

To show the converse inequality, we use the fact tha t A(G: K )  has a bounded 

approximate iden tity  bounded by 1 , since G is amenable (see [16]). Then, 

fo r any 6  >  0 there is 0O € A (G :K )  and y0 € V N (G :K )  w ith  ||0o|| <  1 

such th a t p  -  2/0 11 <  8  and x  =  0ot/o (Prop 32.50, [23], vol II) . Hence, for 

0  e B(G : K ), ||0|| <  1  we have

| <  x , 0  >  | =  | <  yo, 0o0 >  I <  ||j/o|| < ||*|| +  8

which implies

ll^ll < INI + s  =$■ p|| > ||x||

Therefore, is a linear isometry.

Now notice th a t C *(G :K ) ~  C%(G:K) since G is amenable, and, since 

C *(G :K )  <->• B (G :K )* ,  i t  makes sense to  say tha t extends the natural 

embedding C*{G: K )  m- B (G : K ) \

Let x — X( / )  w ith  /  G Cqo(G :K ), and denote the support o f /  by F . Let 

0 G A(G: K )  such th a t 0 (t) =  1 on F . Then x  =  0 • x. Hence

<  x,ip  > = <  x, 0 0  > =  J f(t)<j)(t)ip(t)dt — J f(t)xp(t)d t = <  x, 0  >

fo r 0  £ B(G : K ).  This shows tha t H # agrees w ith  the natural embedding on a 

dense set o f C*(G: K ),  and hence it  must agree on C*(G: K ).

Now we prove the last statement o f the theorem. Suppose th a t G is compact. 

Then 1 G A(G ), therefore it  is also in  A(G: K ).  Then any x  G V N (G : K )  can be

73

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



w ritten  as 1 • x  so we have V N {G : K )  C UBC(G : K ) .  This gives V N (G : K )  =  

U B C (G : K ) .  Moreover we have A(G: K ) =  B(G : K ).  Then

UK {U B C {g£ k )) =  n k {V N {G : K ) )  =  A(G: K )*  =  B (G : K )*

and therefore I I k  is onto. □

5.6 The Banach algebras UBC{G \k)* ,  W {(£ k )*, 

and AP(Cf~K)*

In  th is section we shall define on each o f the dual spaces U BC (G : K )* , W (G : K )* ,  

and A P {G :K )*  the Arens product which turns them in to  a Banach algebra. 

The results obtained in th is and the next section are generalizations o f the 

those proved by A. Lau in  [26], fo r K  =  {e }. The proofs are close in  sp irit to  

the ones given there.

We sta rt w ith  a few definitions.

D e fin itio n  5.6.1 A subset X  C V N (G :K )  is K-topologically invariant i f

A(G: K ) X  C X

I f  X  is a K-topologically invariant subspace o fV N (G :K )  we say that X  is 

K-topologically introverted i f  fo r  each m  6  X * , x  G X  the map

m ® x : A ( G : K ) - ^ C

<  m  © x, 7  > = <  m, 7  • x >

defines an element of X .

R em a rk  5.6.2 Let <?\ =  a (V N (G :K ) ,A (G :K ))  and o-i =  a (V N (G ), A(G )) 

restricted to  V N (G : K ).  Then <j\ =  cr2.
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Indeed, le t { 7 i} i £ V N (G : K )  be such tha t i t  converges in  the <r2-topology to  

T , which means th a t <  T j, 7  > —»< T, 7  >  fo r any 7  6  A(G ). In  particu lar, the 

above is true for any 7  G ^4(G: jFT) C ^4(G). This means th a t {T ,} j converges in  

the a 1 topology to  T. Therefore cr2  >  <ti. To show the other direction, suppose 

th a t {T i} i converges in the o'!-topology to  T. This means tha t

<  Ti, 7 fe > -» <  T , 7 k >  for any 7 * G A(G: K ).

Now, le t 7  G A{G ). By Theorem 5.3.5 we have th a t <  T i, 7  > = <  T i,P k j >■ 

Therefore

<  Th 7  > = <  Th Pk7  > -* <  T, Pk7  > = <  T, 7  >  for any 7  G ^4(G),

so we obtain th a t er2  <  a\ and the assertion is proved. We w ill denote both 

topologies by a.

Next we give a characterization of the Tf-topologically introverted subspaces 

o f V N (G : K ).

Lem m a 5.6.3 Let X  be a K-topologically invariant subspace o f V N (G : K ) .  

Then X  is K-topologically introverted i f  and only i f  K (x )a C  X  fo r  any x  G X  

where K (x )  =  {(f) • x : (f> G A (G :K ),  ||0|| <  1}.

P ro o f “=£•” Suppose X  is /('-topolog ica lly introverted. Let y G K { x f . Then 

there is a net {<pa} C A(G\ K ), ||0a|| <  1 such th a t (j>a -x —> y in  the a-topology 

which means tha t

<  (f>a • x, 7  > ^ -<  y, 7  >  for a ll 7  G A(G: K ).

Let m  be a w*-cluster point o f {(j>a}  in  V N (G )* . Then

<  (j)a, z > - * <  m ,z >  fo r a ll 2  G V N (G : K )  
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Then fo r any 7 € A(G: K )

<  2/> 7  >  =  l im <  <Aa • x, 7  > =  lim  <  x, <j>a 7  >a a
=  lim  <  7  • x, 0 a > = <  m , j  • x  > = <  m © x, 7  > ,a

so y =  m Q x E X .  Hence K {x )c C X .

“4=” Now suppose th a t K {x )°  C X . Let rn € V N (G : K )* ,  ||m|| =  1. By 

Goldstein’s theorem, the u n it ba ll o f A(G: K )  is w*-dense in  the u n it ba ll o f 

V N (G :K )* ,  so there is a net {<^a} Q in  the u n it ball o f A (G :K )  such th a t it  

converges to  m  in  the io*-topology.

Then <  ra © x , 7  > = <  m ,^ -x  > =  lim a <  <f>a,^ - x  > =  lim a <  (/)a - x , j  >  so 

m O x  =  a — \im(j)a -x. Since (f>a • x  € K (x )  i t  follows tha t m © x  G K  (x)a c X .  

□

The next theorem provides us w ith  examples o f K - topologically introverted 

subspaces o f V N (G : K ).

T h eo rem  5.6.4 Let G be a locally compact group and K  a compact subgroup. 

The subspaces UBC(G : K ),W (G : K ), AP(G : K )  are K-topologically introverted.

P ro o f I t  is easy to  see th a t these spaces are I© topolog ically invariant. We w ill 

show th a t they are iC-topologically introverted. We sta rt w ith  U B C (G : K ).

Let m  6  UBC(G : K )*  and a: € UBC(G : K ) ,x  =  jo'Z  w ith  7 0  € A (G :K ) ,z  € 

V N (G : K ). Then

< m O x , 7 >  =  <  m , 7  • a; > = <  m ,7 (7 o • 2 ) > = <  m, (7 7 0 ) • 2  >

=  <  m ©2,770 > = <  7o(m© z),7 >  .

Therefore m  © x =  7 0 (m © z) € A(G: K )V N {G : K )  C U B C {G ?K ).

Now suppose th a t x  e UBC(G : K ). Then there is a net {a:a} Q th a t belongs 

to  A(G: K )V N (G : K ), such tha t

\\xa ~ Z|| -> 0.
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Then \\m © x  — m  © x a\\ <  ||m|| • ||a; — £a || -4 0. By the above each m © xa G 

U B C (G : i f )  so the firs t claim  is proved.

We w ill show next th a t W  (G: i f )  is if-to p o lo g ica lly  introverted. In  fact we 

w ill show tha t any If-topo log ica lly  invariant closed subspace X  C W  (G: K )  is 

if-to p o lo g ica lly  introverted.

Let x  G X .  Then

K (x )  =  {0  • x  : 4, £ .4 (0 : K ),  M  <  1}

is weakly re lative ly compact since x  G W (G :K ).  Therefore K (x )w is compact. 

Since the weak topology is stronger than ultraweak topology, i t  follows th a t they 

coincide on K (x )w. Now since K (x )  is a convex set we have K (x)^   ̂ =  K (x )w. 

So we get tha t K (x )a =  K (x)^  'L (★)

Now since K (x )  C X  and X  is norm closed, we have th a t K ( x f   ̂ C X .  

Taking (*) in to  account we get K {x )<r C X .  By Lemma 5.6.3, i t  follows th a t X  

is if-to p o lo g ica lly  introverted. □

R e m a rk  5.6.5 We know tha t A P (G :K ) C W (G :K ).  By the proof above, it  

follows th a t A P (G : i f )  is if-to p o lo g ica lly  introverted as well.

Arens has showed th a t given a Banach algebra B , i t  is possible to  define a 

m u ltip lica tion  on B** th a t extends the m u ltip lica tion  on B. In  the case th a t 

B  =  A(G: i f )  and m, n G V N (G : if ) * ,  the Arens product m  © n is defined by 

the form ula

<  m Q n ,x  > = <  m, n  0  x >  for each x  G V N (G : i f ) .

The same form ula makes sense when V N (G : i f )  is replaced by a if-to p o lo g ica lly  

invariant and if-to p o lo g ica lly  introverted subspace X  o f V N (G : i f ) .  This turns 

U B C (g Tk )*, W (g Tk )*, and A P ( & K ) *  into Banach algebras.

I f  G is amenable and <f) G B(G : i f ) ,  let 0 denote the functional on U BC(G : i f )  

defined by

< <j>,x > = <  B kx , (j) > = <  x , ( j )  >  (5-11)
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fo r any x  6  U B C (G : K ).

The next proposition lists some properties o f the Arens product on U B C (G : K )* .

P ro p o s itio n  5.6.6 Let G be a locally compact group and let K  a compact sub

group.

i)  For each m  £ U B C (G : K )* the map is weak*-weak* continuous.

ii)  I f  G is amenable, then fo r  each <f> £ B(G : K ) the map

U B C {(£ k )* — > u b c (g Tk )*

m i-*  0  © m

is weak*-weak* continuous, 

in )  I f  G is amenable and <f), 7  £ B(G: K ) then (j> • 7  =  (j> © 7 .

P ro o f i ) T riv ia l

i i)  Our firs t claim  is tha t

<  0 © m ,x  > —<  m, (j> • x >  fo r a ll x  £ UBC(G : K )

when m  £ U B C (O K )* , <t> £ B(G: K ).

Indeed, i f  x  =  7 0  • 2  w ith  7 0  € A(G: K ) and z £ V N (G : K ) ,  then

m  © x — 7 0 (m 0  z).

Then,

< 4> Q m ,x >  =  <  x  > = <  (f>,jo(jnQ z) >

=  <  (7o (m © z))~ ,^  > = <  m © z ,7 o 0  >

=  <  m, (7o</>), -z > = <  m, 0 (7 0 2 ) > = <  x  >

and the claim  is proved.
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Next we w ill see th a t the map

U B C (G kK )* — > U B C {G \K Y  

m  !->■ 0 © m

is weak*-weak* continuous. Let {m Q}  G U BC(G : K )*  such tha t

m i .e  < m a, x > — + < m ,x >  fo r a ll x G U BC(G : K ).

Now le t x  G U B C (C kK ). Then

<  0  © m a, x  > = <  m a, 0  • x > —>< m,(j) • x  > = <  <j>Om,x >

in )  Let 0, 7  G .B(G: i f ) .  Let a; G U BC(G : K ) , x  =  7 0  • z, w ith  7 0  G A(G: K )  

and 2  G V N (G :K ) .  Then

< 0 © J , x >  =  <  0 , 7 © x  > = <  0 , 70 (7 © 2) >

(5= } <  (7o(7 © ^ ) )~ >  > = <  7 © 2 ,7 o<£ >

=  < 7 ,  (07o)2 > = <  (<A7o)~- -2,7 > = <  ^  <^7o7 >

=  <  7 ^2 , < £ 7  > = <  07, rc >

Therefore 0 • 7  =  0 © 7  and we are done. □

The next theorem characterizes W (G :K )  as the maximal subspace X  o f 

V N (G : K )  fo r which the Arens product makes sense on X *  and the product is 

separately continuous w ith  respect to the weak*-topology on bounded spheres.

P ro p o s itio n  5 .6 .7  Let X  be a closed K-topologically invariant and K-topologically 

introverted subspace o f V N (G : K ) . The following are equivalent:

i)  X  C W (G ?K ).

i i)  The product in  X *  is separately continuous with respect to the weak* topology

on bounded spheres.
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Hi) X *  is a commutative Banach algebra.

P ro o f i)  i i)  I t  is clear th a t fo r any m G X *, the map n  i-> n © m  is 

weak*-weak* continuous from  X *  to  X *.

Next we w ill prove th a t the map n  4  m 0  n  is weak*-weak* continuous 

from  X *  to  X *, for any m  G X *. Let {n a}  be a net in  X *  converging to  some 

n G X *  in  the weak*-topology

na n  and ||na|| <  M , ||n|| <  M .

We may assume M  =  1. For each x  G X ,  we have

nQ © x  — > n Q  x  in  the topology a (V N (G : K ), if ) ) .

Let K (x )  =  {</>•£: (j> G i4(G) and ||̂ >|| <  1}. Then K (x )  is re la tive ly compact 

in  the weak topology o f V N (G ). I f  K (x )a is the closure in  the a-topology, it  

follows th a t the weak topology coincides w ith  the a-topology on K (x )W. Then 

K ( x f H = lC { x f .

Consequently, the net {n Q}  which is in  K ( x f , also converges to  n O x  in  the 

weak topology. So, i f  m G X *, we have

<  m  © na,x  > = <  m ,n a Q x  > —>< m ,n ® x  > = <  m Q n ,x  >

fo r any x  G X .  Hence the map n i-» m  © n is weak*-weak* continuous.

i i)  => m )  Let m  G X *  and 7  be the restriction o f an element in  A(G ) to  X . 

Let {4>a}  £ A(G: K )  be a net such tha t

<  (pa, x > — X  m , i > V i G l  and ||0a|| <  ||m||.

Then we have

<  m © 7 ,  £ > =  lim  <  (j) 0  7 ,  x > =  lim  < 7  ©i^a, i  > = <  7  © m, x  >  .a a

Hence m  © 7  =  7  © m.
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A second application o f i i)  and the weak* density o f A(G: K )(restricted to 

X )  in  X *  shows th a t m  © 7  =  7  © m  fo r each m, n € X *.

in )  =f> i)  Suppose th a t X * is a commutative Banach algebra. Let x 6  X  

and consider the map

p : X *  — ■» X

m  (->■ m © x

We w ill show th a t p is weak*-weak continuous. Let m a € X *  such th a t m a 

m. For each n  € X *  we have <  m a Q x ,n  > = <  n 0  ma, x  >  =  <  m a © n ,x  > . 

B ut

in)
< m a Q n ,x  > — >< m (D n ,x >  =  < n O m ,x  > = <  m © x , n >

and we can conclude th a t p is weak*-weak continuous.

Then the set {m  0  x  : m G X *  and ||m|| < 1}  is relatively compact in  the 

weak topology o f X  (hence o f V N (G : K )) .  Since

{(f> O x  : (j> € A(G) and ||0 || <  1}  C {m  © x  : m  6 X *  and ||m|| <  1} ,

i t  follows th a t x  6  W  (G: K ) .  □

T h e o rem  5.6.8 Assume that G is amenable. Then the map

Q : B(G: K )  — ► U B C {G ^K )*

(/>!->■ 0

where <  4>, x  > = <  I~[k(x),<p >  fo r  x  € U B C {G \K ), is a linear isometry and 

an algebra homomorphism. The image o f B (G :K )  under Q is contained in  

the centre o f the algebra UBC(G : K )* . Furthermore, i f  G /K  is discrete, then 

U BC (G : K )*  is commutative.
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P ro o f That Q is an algebra homomorphism follows from  Proposition 5.6.6 Hi). 
Now i f  (j> G B(G : K )  and x  G UBC(G : K ), ||x|| <  1 we have

| < f a x  >  | =  | < UK {x),(t>>< ||n*(a;)||||0|| =  ||x||||0|| < ||0||

which im plies ||0 || <  ||0 ||.

On the other hand, since C *(G :K )  C U BC(G : K )  and I I k  extends the 

natural embedding, we have <  <f>,x > = <  (j), x  >  fo r x  G C *(G :K ). Hence

11*11 =  I I #  ____

I f  m  € UBC{G : K )* , le t {<j>a}  € A(G: K ) be such tha t

7 W*<pa — > m.

Then, i f  7  G B(G : K ), x G UBC(Gi~K) we have

< m © 7 >  =  <  m, y O x  > =  lim  <  ^ Q, 7 ©a: >a
=  lim  <  © 7 , x > =  lim  <  </>a7 , x >

a a
=  lim  <  7 </>a, a; > =  lim  <  7  © ^ a, x > = <  7  © m, x  >  .a a

Therefore 7  G Z (U B C {O K )* ) .

For the last statement, notice th a t i f  G /K  is discrete, then by Proposition 

5.5.9, i t  follows tha t UBC(G : K )  C W (G :K ). By Proposition 5.6.7 now it  

follows th a t U BC(G : K )*  is commutative. □

5.7 O perators com m uting w ith  the  action by 

A(G:K)  on subspaces o f VN(G: K)

Let X  be a if-to p o lo g ica lly  invariant subspace o f V N (G : K ) .  We say th a t an 

operator T  : X  — > X  commutes with the action by A(G: K ) i f

T{<f>-x) =  (f>- T (x ) for a ll 0 G A(G: K ), x  G X
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We w ill give a characterization o f the space o f a ll such operators in  terms o f the 

dual o f certain subspaces o f U BC(G : K ).

Now assume th a t G is amenable. Then, Cohen’s factorization theorem 

and the existence o f bounded approximate identities in A (G :K ), show th a t 

A (G :K )  • X  is a closed linear subspace o f V N (G ). Moreover, A (G :K )  ■ X  is 

if-to p o lo g ica lly  introverted i f  X  is.

For each m  e (A (G : K ) • X )* ,  define

rriL : X  — > X , <  m ^ x ) ,  7  > = <  m, 7  • x  >

fo r any 7  € A(G\ K )  and x  G X .

Lem m a 5.7.1 Assume that G is amenable. Then

(i) commutes with the action o f A(G: K )  on X

( ii)  \\mL \\ =  ||m ||.

P ro o f (*) Let (j) <E A (G :K ).  Then

< m L{4> • x ) , j  > = <  m, 7  • ((f) ■ x) > —< m , (7 ^) • x >

and

<  0  • m L(x), 7  > = <  m L(x),jcj) > = <  m, (7 0) • x >  .

Therefore we obtain rh i,(0  • x) =  0 • m L(x).

( ii)  Clearly j|m£,|| <  ||m||. To prove the converse inequality, let {4>a} a be an 

approximate iden tity in  A(G\ K ) w ith  ||0Q|| <  1 . For each z € A(G: K ) • X  we 

have ||0a • z — z \ \  —» 0. Hence

II"» l(*)II >  I < m L(z),(j)a >

Therefore ||mx,|| >  ||m||.

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



T h e o rem  5.7.2 Assume that G is amenable. Let X  be a K-topologically in 

variant and K-topologically introverted subspace o fV N (G :K ) .  Then the map

r  : {A{G: K )X )*  ->• {T  : X  X  | T((f> • x) =  • T {x ) fo r  a ll <j> G A(G: K ) }

m  h-» rriL

is a linear isometry and algebra homomorphism onto the space o f a ll bounded 

linear operators commuting with the action of A(G: K ) on X .

P ro o f By Lemma 5.7.1 i t  is sufficient to  show th a t r  is onto. Let T  : X  —>• X  

be such th a t it  commutes w ith  the action o f A(G: K ) on X ,  and le t {</>a} a he 

an approximate iden tity o f A(G: K ). Then T  maps A{G: K ) X  in to  A(G: K )X .

Let m be a weak* cluster point of the net {T*((f)a) } a in  A(G: K )X * .  Then, 

fo r x G X  and 7  G A(G: K ) ,  we have

< T (x ) ,  7 >  =  lim  <  T {x ), </>a 7  > =  lim  <  7  • T (x ), <f>Q >
a a.

=  lim  <  T (7  • x), (j)a > =  lim  < j  ■ x, T*((f>a) >
a a

— <  7  • x ,m  > = <  m£,(:r) , 7  >  .

Therefore T  —

To see th a t r  is an isomorphism, le t m, n G (A (G :K )X )* .  Then for each 

7  G A(G: K )  and x £ X ,

<  (n 0 m i) ( i ) , 7 >  =  <  n © m , 7 - 0 : > = <  n ,m /,(7 ©a;) >

=  <  n, 7  • m L{x) > = <  nL(mL(x)), 7  >  .

Therefore we obtain (n © m )i =  nL(mL). □

C o ro lla ry  5.7.3 I f  G is amenable and X  is a K-topologically invariant and 

K-topologically introverted closed subspace of UBC(G : K ) , then

X *  ~  {T  : X  ->  X  | T ( 7  • x) =  7  • T (x ) fo r  all 7  G A(G: K ) }

isometrically and algebra isomorphically.
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P ro o f I t  suffices to  show A(G: K )  ■ X  =  X .  Now, le t x  G X  and {(f>a}a  be 

a bounded approximate iden tity for A (G :K ).  Then \\<f>a • x — x|| —> 0. Since 

A(G: K )  • X  is closed, i t  follows tha t x  € A{G: K )  • X  and we are done. □

C o ro lla ry  5 .7 .4  I f  G is amenable, then

U B C {G hK Y  ^  {T  :V N (G : K )  ->  V N (G : K )  \ T {y x )  =  7 -T( x) V 7  €  A(G: K ) }  

isometrically and algebra isomorphically.

C o ro lla ry  5 .7.5 I f  G is amenable, then B (G :K )  is isometric and algebra iso

morphic to the space of a ll bounded operators commuting with action o f A {G : K )  

on C*(G: K ) .
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Chapter 6 

Open Questions

Q uestion  1. W hat classes o f groups satisfy property (5)? (see D efin ition  3.4.8) 

A ll we know is tha t fo r n =  1 , relation (3.10) is satisfied fo r any loca lly 

compact group by Lemma 3.4.2. For these groups a generalization o f Theorem 

3.3.4 holds true, as i t  was seen in the discussion in  Section 3.4.

Q uestion  2 . Let G, H  be two locally compact groups, le t (j>: A(G) — > B ( H ) 

a completely bounded algebra homomorphism and (f> : A(Gd) — > B(Hd) be 

the map constructed from  (j) as in  Section 3.4. Under what conditions is 0 

completely bounded?

The answer to  th is question would provide us w ith  an hypothesis under 

which Theorem 3.3.4 also holds true.

Q uestion  3. Let G, H  be locally compact groups and 0 : A (G ) — > A ( H ) a 

completely bounded algebra homomorphism. When does the follow ing equality 

hold true:

^ ( h A  =  0=> / ( M  = 0 
H A {G )) — { f  e A ( H ) : 11 1}

<£*(M =  <£*(/i2) =» / ( h i)  =  f ( h 2) h i, h2 e H
.

We have proved in  Theorem 4.3.1 th a t i f  G and H  are discrete groups w ith  

G amenable, this is true. To apply the methods o f Chapter 4, we need G to  be
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amenable in  order to  ensure the existence o f bounded approximate identities in  

ideals o f A(G ) (see [18]), and to ensure th a t given a closed subgroup Go o f G, 

the map u u \ g 0 from  A(G) in to  A(Gq) is onto. Moreover, a generalization 

o f Theorem 3.3.4 is instrum ental, so the answers to  Question 1 and Question 2 

w ill be very useful.

Q u e s tio n  4. In  [30] V . Losert showed th a t a locally compact group is 

amenable i f  and only i f  each m u ltip lie r on the Fourier algebra A(G ) is given by 

a function from  the Fourier-Stieltjes algebra B(G ). Can we say the same in  the 

context o f the Fourier algebra associated to  the coset space G /K ,  for a compact 

subgoup K  o f a locally compact group G?

In  [16], B. Forrest showed one direction, namely i f  G /K  is an amenable 

coset space, then each m u ltip lie r on the Fourier algebra A (G /K )  is given by 

a function from  the Fourier-Stieltjes algebra B (G /K ) .  The inverse direction is 

s till open.

Q u e s tio n  5. In  Theorem 5.5.2 i t  is shown th a t i f  G /K  is an amenable 

coset space then A(G: K )V N (G : K )  is closed. In  particular, i t  follows th a t 

U B C (C kK ) =  A(G: K )V N (G : K ).  Is the converse true?

For K  — {e } the converse was proved by A. Lau and V. Losert in  [28] 

(Proposition 7.1). V . Losert’s theorem [30] which was mentioned above plays a 

key role in  the proof. A  positive answer to  Question 4, would give us hope for 

a positive answer here as well.
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