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Abstract

We determine the decomposition of the Chow motive of a Del Pezzo surface
S of degree 5 or 6 with a K-rational point pt : K — S into a direct sum of
Chow motives. In each case, we give a Gal (7/ K ) -permutation resolution of
the Picard group Pic (F XK S ) and deduce that there is some étale algebra E
such that the corresponding twisted motive (Spec E, idspec ) (1) is isomorphic

to the direct sum of (S,idg —(pt x S+ S x pt)) and (Spec K, idgpec ) (1).
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Chapter 1

Introduction

The notion of motives was introduced by Grothendieck in a letter to Serre in
1964 and a corresponding homology theory, called motivic cohomology, was
conjectured around that time. His idea was to take the category of smooth,
projective schemes over a field K and to replace the usual morphisms of
schemes by correspondences, i.e. algebraic cycles modulo an adequate equiv-
alence relation. In general, there are many possible equivalence relations that
one might consider, for example rational, algebraic, homological, or numerical
equivalence, which yield different categories of motives.

Also in the 1960s, Grothendieck conjectured about the existence of a category
known as the category of mixed motives MM (K') over a fixed field K. To this
day, it is an unresolved question as to whether or not this category exists. In
an attempt to find a suitable definition for M M (K), a category known as the
category of geometric motives, denoted DM (K') was created. The category
DM(K) has been and continues to be actively studied by many authors and
has proven to be a very significant category in the area of algebraic geometry.
One of the most important applications is in Voevodsky’s proof of the Milnor
conjecture.

In this thesis, we are concerned with the category of Chow motives Chow(K)
which uses rational equivalence. The construction of the category Chow(K) is
far simpler than that of DM (K') which means that results are more accessible
in this setting than in DM (K). Since there is a fully faithful embedding
from Chow(K) into a subcategory of DM (K), results concerning Chow(K)
contribute to the understanding of DM (K).

The goal of this thesis is to describe how the Chow motive of a Del Pezzo
surface of degree 5 or 6 with a K-rational point splits into a direct sum of
Chow motives.
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In the first chapter, we review important notions from various branches of
mathematics. The geometric prerequisites include Picard groups and Chow
groups, which can be found in Hartshorne’s book on algebraic geometry [9] and
Fulton’s book on intersection theory [3]. The algebraic prerequisites include
material from [2] on permutation modules and basic results from representation
theory on root systems which can be found in Humphreys’ book [10]. We
also formally define Del Pezzo surfaces, the schemes whose motives we are
interested in.

In Chapter 2, we present the definition of the category of Chow motives as
given in Manin’s paper [13]. Furthermore, we state the general decomposition
of the motive of an equidimensional variety X with a K-rational point, i.e. a
morphism pt : Spec K — X, and show that

(X,idx) = (Spec K, idgpec i)
@ (X,idx —(pt x X + X x pt)) @ (Spec K, idspec i) (dim X).

Since the motives of Spec K are well understood, this thesis focuses on a
detailed description of the middle term (5,idg —(pt x S+ S x pt)) for a Del
Pezzo surface of degree 5 or 6 with a K-rational point.

In the third chapter, we briefly recall the structure of the Picard group of
Del Pezzo surfaces, which is based on Manin’s work [14]. We present two
permutation resolutions that we found for the Picard groups of Del Pezzo
surfaces of degree 5 and 6.

Etale algebras are introduced in Chapter 4 where we state relevant results from
Bourbaki’s elements [1] and the standard book on involutions [12]. For the
Galois extension K /K, we prove that the category of Gal(K /K )-permutation
modules is equivalent to the category of motives of étale algebras over K.

In the fifth chapter, we use the explicit permutation resolutions from Chapter
3 to show how to construct an étale algebra E over K in such a way that the
twisted motive of Spec F decomposes into the direct sum of the middle term
(S, p) and a twisted motive of Spec K, i.e. we prove that

(Spec E, idspec £)(1) = (S,ids —(pt x S+ S x pt)) & (Spec K, idspec i) (1).



Chapter 2

Preliminaries

Let K be a perfect field with algebraic closure K, X a projective scheme over
K with structure sheaf Ox. We write X = X xx K and in general, if L/K is a
field extension, we write X; = L xx X. We use (projective) surface to denote
a smooth, projective, geometrically integral scheme over K of dimension 2.

2.1 Algebraic Geometry: The Picard Group,
the Intersection Form and Chow Groups

The Picard Group

Definition. An invertible sheaf over X is a locally free Ox-module of rank 1.

The set of isomorphism classes of invertible sheaves forms a group with multi-
plication induced by the sheaf tensor product, i.e. for two sheaves £; and L,

over X, we have
[£4] - [Lo] == [£1 @ Lo],

where [£;] denotes the isomorphism class of the invertible sheaf £;. The neutral
element is the sheaf Oy regarded as an Ox-module and the inverse of an
invertible sheaf F is the dual

FY =Home, (F,Ox),
where the right hand side is the Hom-sheaf from F into Ox.

Definition. The group of isomorphism classes of invertible sheaves with the
tensor product is called the Picard group, Pic X, of X.
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We can also describe the Picard group in terms of homology groups in the
Zariski homology and the étale homology (c.f. Chapter III, Example 2.22
in [15]): Let O% denote the sheaf of invertible elements in Ox, and G,, the
multiplicative group of K; then

H (X,G,,) = PicX 2 Hj,, (X,0%).

The Intersection Form

We consider a symmetric bilinear form on the Picard group for projective
surfaces S called the intersection form following Mumford [16, Lecture 12]. A
more general approach for intersections of pseudo-divisors with an algebraic
cycle in the Chow ring can be found in Fulton’s book [3].

Definition. A sheaf F of Ox-modules is called of finite type over Oy, if
for every x € X, there is an open neighborhood U C X of = such that the
restriction F(U) is generated by a finite number of sections.

The sheaf F is called coherent if it is of finite type and for every open U C X,
every integer n > 0, and every morphism ¢ : O%(U) — F(U), the kernel of ¢
is of finite type.

Let S be a surface over K. The global section functor I'g from the category
of coherent sheaves on S into the category of abelian groups is given by

Since I'g is left exact, this functor admits a sequence of right derived functors
denoted by H*(S,L). If S is proper over K, then each of the spaces H'(S, L)
are finite dimensional K-vector spaces with H*(S,£) = 0 for all i > dim S,
for details see Grothendieck [6]. Therefore, we can define the Euler-Poincaré-
Characteristic of L to be

X(£) =Y (=1)'dimg (H'(S, L)),

iEZZO
where Zso := {i€ Z|i>0}. As a direct consequence, if £ = L, then
H'(S,L£') = H'(S,L£). Thus these vector spaces have the same dimensions
and hence

xX(L') = x(£L),

which proves that the Euler-Poincaré-Characteristic is independent of the
choice of the representative of an isomorphism class of sheaves.
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Since invertible sheaves are coherent, we can define the intersection form on .S
as follows:

Definition. The intersection form on S is given by
(—,—):PicS x PicS - Z
([L1], [La]) i= (L1 - L2) == x(Os) = x (£71) = x (£37) +x (L7 @ L51).

Proposition 2 in [16] states that the intersection form on S is a symmetric
bilinear form on Pic 9, i.e. we have

([£a], [£4])

(£ [22))
(1L ® £3], [L2])

([£4], [£2])
—([£4], [£2])
([£a], [£2]) + ([£4], [£2])

for the equivalence classes of any three invertible sheaves £, £} and L.

Chow Groups

Definition. For any integer m > 0, the free abelian group Z,,(X) generated
by the m-dimensional integral subvarieties of X is called the group of cycles of
dimension m. Its elements, known as m-cycles, are finite formal sums ), n;[V}]
where n; € Z and V; is an m-dimensional integral subvariety of X.

The Chow group of dimension m will be defined shortly as a factor group of
the group of cycles of dimension m. To that end, let W C X be an integral
subvariety, V' C W an irreducible subvariety of codimension 1 in W, K(W)
the corresponding field of rational functions and R := O,y C K(W) the local
ring of X along V. Then R is a local ring without zero divisors with fraction
field isomorphic to K (W). Further, since R has dimension 1, for any element
0 #r € R, we have dim R/rR = 0. As any noetherian ring of dimension 0
is Artinian, we can define the length of R/rR as the length of a composition
series of the R-module R/rR. This induces a well defined map

r+— lengthz(R/rR)

In the fraction field K (W), any element can be written as a quotient of two
elements of R. Since the length function is additive on short exact sequences,
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this induces a well defined map

Ol"dwyv : K(W)X — 7

r
g — ZWJ/(?”) — lmv(s),

see [3, Appendix A] for details.

Definition. For an irreducible subvariety W of X of dimension m + 1 and
f e K(W)*, define the divisor of f to be

div(f):= > ordwy(f)V].

V CW irreducible,
dim(V)=m

This sum is finite since for any f € K(W)*, there are only finitely many
irreducible subvarieties V' C W of codimension 1 such that ordw.v(f) # 0
(c.f. Fulton [3, Appendix B.4.3]).

Definition. We denote by Rat,,(X) the group generated by the divisors div( f)
for all f € K(W)* for all (m+ 1)-dimensional subvarieties W C X. The Chow
group of cycles of dimension m is the factor group

CH,p(X) := Zn(X)/ Rato(X).

Elements in the same equivalence class are said to be rationally equivalent. If
X = Spec(R) is affine, we simply write CH,,(R) instead of CH,,(Spec R). For
a smooth scheme X, define the Chow ring

dim X

CH.(X) := €P CH,,(X).

This is a ring with multiplication induced by the composition of the exterior
product

CH.(X) ® CH.(X) — CH,(X xx X)
V]® [T] — [V x T)

with the refined Gysin homomorphism A' : CH, (X X X) — CH.(X) for
the diagonal map Ax : X — X X X, which is a regular immersion since X
is smooth over K. This turns CH,(X) into a unital ring with multiplicative
identity denoted by [X] or 1x in CHgim x(X).
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If X is smooth with irreducible components Xy, ..., X., we define

CH™(X) := @CHm(Xi) = @ CHaim x;—m (Xi)

and if X is equidimensional, we let CH"(X) := @f::ox CH™(X). The ring
CH"(X) is a graded ring. The multiplication therefore satisfies

CI‘IZ (X) X CH] (X) — CHi—l—j—dimX (X)

(V],[T]) = [V] - [T]. (2.1)

In the remaining part of this section, we will explain the connection between
the Picard group Pic(X) and the Chow group CH,,_;(X) for an equidimen-
sional variety X. A Cartier divisor is defined as a pair (U,, f.), where the U,
form an open covering of X, and f, is a non-zero function in the field of ratio-
nal functions K (U,) such that f,/fs is a unit on U, N Usz. Two pairs (U,, fa)
and (Vs, gg) represent the same Cartier divisor if f,/gs is a unit in K[U,NVj].
With the addition of Cartier divisors D = (U,, f,) and D" = (Vj, gg) defined
as follows:
D+ D" = (Us NV3, fags),

the Cartier divisors form the group CaDiv(X) of Cartier divisors on X. Fur-
thermore, a Cartier divisor D is called principal if there is f € K[X]* such
that D and (X, f) represent the same Cartier divisor. Since the principal
Cartier divisors form a subgroup of CaDiv(X), we can define the group of
classes of Cartier Divisors, denoted CaCl(X), as the quotient

CaCl := CaDiv / group of principal Cartier divisors.

Our first step is to define an isomorphism from the Picard group of X into the
group CaCl(X). To that end, recall that there is an equivalence of categories
of the category of locally free sheaves on X and the category of vector bundles
over X, hence we can identify any invertible sheaf £ with the corresponding
line bundle L.

Lemma 2.1. Pic(X) is isomorphic to CaCl(X) via

Pic(X) — CaCl(X)
[£] = [(Us; gas)]

or some fived o, where Ug s the open covering and g.p are the transition
8 g Jop
functions of the line bundle L associated to the invertible sheaf L

Let D = (U,, f,) denote a Cartier divisor. If V' C X is an irreducible subva-
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riety of codimension 1, let

ordy (D) := ordy, vru. (fa)

for any « such that U, NV # (). This definition is independent of « since for
two such indices «, 3, the functions f, and fz only differ by units.

Lemma 2.2 (Corollaire 21.6.10 in [7]). If X is locally factorial, then CaCl(X)
is isomorphic to CH,,_1(X) via

CaCl(X) — CH,_(X)

D [D] = ordy(D)[V].

Corollary 2.3. Let S be a smooth projective surface. The two previous lemmas
yield that Pic(S) = CaCl(X) = CH;(S) via the given isomorphisms.

Furthermore, also the intersection form on Pic(S) for smooth, projective sur-
faces S described in this section corresponds to an operation on the Chow
group CH;(S). To that end, let X be a complete scheme and oo = ), np[P]
a zero-cycle on X. Define the degree of a to be

deg(a) := /Xa = an[K(P) : K,

where [K(P) : K| denotes the degree of the field extension of K (P) over K.
One can then prove (c.f. [16]) for the isomorphism classes of two line bundles
L1, Ly in Pic(S) and their corresponding cycles Aj, Ao in CH; (S), we have an
identity

(,Cl, £2) = deg(/\1 . /\2)

2.2 Del Pezzo Surfaces

In this thesis, we will mainly work with a special type of surface known as a
Del Pezzo surface. We will first recall the definition of the anticanonical sheaf
and an anticanonical divisor.

Definition. Let Q2x be the cotangent bundle on an equidimensional scheme
X. The canonical bundle on X is A™™* Qx. The corresponding (invertible)
sheaf of sections wy is called the canonical sheaf and its inverse wy' is referred
to as anticanonical sheaf. Any divisor Kx such that O(Ky) = wy is called a
canonical divisor. An anticanonical divisor is a divisor — K x such that Kx is
a canonical divisor.
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Definition. An invertible sheaf £ is said to be ample if for every coherent
sheaf F on X, there is an integer ny > 0 such that for every n > ng, the sheaf
F @ LZ™ is generated by its global sections.

Definition. A Del Pezzo surface is a smooth surface S such that S = S x x K
is birationally equivalent to }P’% and the anticanonical sheaf wgl is ample. The
degree of a Del Pezzo surface is d = (wg, ws), where (—, —) is the intersection
form on S.

Ezample. (a) The projective plane P2 is a Del Pezzo surface of degree 9.

(b) Let K = K be algebraically closed. We say that points P, ..., P, € IP’%
for 2 < r < 8 are in general position if no three of them are collinear, no
six of them lie on a conic and no eight of them on a cubic having a node
at one of them. For 1 < d < 7, the blow up of IP’% in r := 9 — d points
Py, ..., P. in general position is a Del Pezzo surface of degree d.

c) The image of the rational map ¢ : P2 — PS. given by
Yk K
[:y: 2] 2%y 22 ay® cayz w2yt g
is a Del Pezzo surface of degree 6 (c.f. [18]).

We are particularly interested in Del Pezzo surfaces of degrees 5 and 6 that
have a K-rational point, i.e. there is a K-morphism pt : Spec K — S. As was
proven in [17], any Del Pezzo surface of degree 5 has a K-point but in general
this does not hold for Del Pezzo surfaces of degree 6. In the remainder of this
chapter we will provide important lemmas which can be applied to Del Pezzo
surfaces of those degrees.

Lemma 2.4 (Kiinneth formula, Lemma 27.1.10 in [14]). Let S1, Sy be rational
surfaces over an algebraically closed field K. Then

€D CH,(S) © CH,_,(S2) 5 CH, (51 ¢ %)
i=0
Zai ® Bpi — Zai X Br—i
for 0 <n <4.
The action of the Galois group G = Gal(K/K) on K induces an action on

Spec K, on S xx K and therefore also on Pic (S X K f) Let H C G be an

open subgroup. We then let Pic (S X i F)H denote the invariant elements of
Pic (S X K ?) under the action of H.
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Lemma 2.5. Let S be a surface with a K-rational point and H C G a closed
subgroup. Then

Pic (S xx K') 5 (Pic (8 xx ) )"
iduced by the inclusion TR,

Sketch of the proof. 1t suffices to prove that Pic S = (Pic E)G. The Hochschild-
Serre spectral sequence

07 (G (S,Gm)) = HE™ (S, G)

(c.f. Theorem II1.2.20 in [15]) gives an exact sequence, the low term exact
sequence is

0 — H' (G,HY, (S,Gn)) = H (5, Gp)

— H° (G, H}, (5,Gy)) — B2 (G, HY, (5,Gu)) (2.2)

S ker (H2 (S.G) = HY (G, HE (S, Gon)) )
Since HY, (?, Gm) — K, we have by Hilbert 90
' (G 1Y, (5,Gn)) =B (G.E) =0

and
H2 (G 1Y, (5,Gn)) =12 (G, K ) = Br(K),

where Br(K') denotes the Brauer group of K. From Hét (g, Gm) = Pic S, we

obtain

H (G, HY (5,G,)) = H® (G, PicS) = (Pic9) .
Finally, let Br(X) denote the Brauer group of a scheme X. Then H5, (S, G,,) =
Br(S) and H, (S, G,,) = Br(S) imply that
ker(Hgt (S.G) = H' (G, HZ, (S, G)) )
= ker (Br(S) — H’ (G, Br(9)) )

The exact sequence (2.2) then takes the form

0 — PicS — (Picg)G — Br(K) — ker (BI(S) — H’ (G, Br(9)) )
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Since S has a K-point, the map Br(K) — ker (Br(S) — H’ (G, Br(g))) is

split injective and hence we have an isomorphism

Pic S5 5 (PicS)“. O

2.3 Permutation Modules and Permutation Res-
olutions

In this section, let GG be a profinite group and H C G a closed subgroup
of finite index. Since every profinite group is compact, this is equivalent to
H C G being open.

Definition. Let M be a Z[G]-module which is finitely generated as a Z-
module. Consider the discrete topology on M and the product topology on
G x M. The module M is called a continuous module if the group action
G x M — M, (g,m) — g.m is continuous. We simply write G-module for a
continuous Z[G]-module.

Lemma 2.6. Let M be a Z[G]-module which is finitely generated as a Z-
module. The following are equivalent:

(a) M is a G-module.
(b) For all m € M, the stabilizer

Gpn:={9€G|gm=m}

is open in G.

Proof. (a) = (b): Fix m € M. Since M is a continuous G-module with the
discrete topology, the composition of maps

G—=GxM-—->M
g+ (g,m)— g.m

is continuous. Hence, the preimage G, C G of {m} C M is open in G.

(b) = (a): We have to show that the map G x M — M, (g,m) — g.m is
continuous. Since M is equipped with the discrete topology, it suffices
to show that for any m € M, the preimage of {m} is open in G x M.
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The preimage of {m} is given by

{(g,n) e GXM|gn=m}= U 9Gy-1.m x {g~"m},

geG

hence a union of open sets in G x M. n

Let M and N be two G-modules, then the action of G on M and N induces
an action on

(a) M ®z N via
g.(m®n) = (g.m) @ (g.n)

forallge G, me M, n e N.
(b) Homgz(M, N) via
(9-)(m) := g.a(g™".m)

for all g € G, @ € Homy(M,N), m € M. In particular, since Z is a
trivial G-module, G acts on MY := Homgy(M,Z) via

(g.)(m) = ag™".m)

forallge G,ae MY, me M.

Since M and N are finitely generated Z-modules, let H); and Hy denote the
intersection of the stabilizers of the Z-generators of M and N, resp., which
are open subgroups of G. Hence, H := Hy; N Hy is an open subgroup of G
that fixes M ®z N and Homy (M, N) and the given G-action turns M ®z N
and Homg, (M, N) into G-modules.

Definition. Let M be a G-module. If M is a free Z-module which admits a
Z-basis that is permuted by the G-action, then M is called a G-permutation
module. We will simply write permutation module if the group G is clear from
the context.

Example. Let H C G be a closed subgroup of finite index and let G act on
Z|G/H] via left multiplication. Then Z[G/H] is a permutation module.

Proposition 2.7. The following are equivalent:

(a) M is a permutation module.

(b) There are finitely many closed subgroups H; C G of finite index such that
M s isomorphic to the finite direct sum @, Z|G/H;).
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Remark. The subgroups H; of the previous proposition need not be normal
in G, in particular, the sets G/H; are sets of left cosets, but not necessarily
groups.

Proof. (a)=-(b): Since M is a permutation module, we may choose a finite
Z-basis X of M that is permuted by the G-action. Let Y be a finite G-set,
then let Z[Y] := @,y Z - y with the G-action induced by the action of G' on
Y. If we split X into its finitely many disjoint orbits G.zy, ..., G.x, under the
G-action, we obtain that

as G-modules. It therefore suffices to show that every G-module of the form
Z[Y] for a finite G-set Y on which G acts transitively (i.e. Y = G.y for some
y € Y), is isomorphic to Z[G/K] for some subgroup K C G of finite index.
To prove this, let K C GG be the stabilizer of y in G, i.e.

K={keG|ky=uy}

Since M is continuous, K C G is a closed subgroup of finite index. We claim
that Z[Y| = Z|G /K] as G-modules: Define a bijection & : G/K — Y as G-sets
via

gK — g.y.

The map @ is then

e well defined: If gy K = g9 K, then there is a k € K such that g, = gk
and therefore

g1y = (92k).y = g2.(k.y) = g2y

since k stabilizes y.

e injective: Assume that (g1 K) = a(g2K) for some g1 K, oK € G/K,
then

91y = 92.Y
=91 929,
i.e. gi'go € K or equivalently g1 K = g, K.

e surjective: Let z € Y, then there is a ¢ € G such that z = ¢.y, hence
z=a(gK).

e a G-map: For g € G, gK € G/K, we have

a(g.gK) = a(9dK) = (99)-y = 9-(3-y) = g-.a (§K) .
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We define a G-module homomorphism « : Z|G/K] — Z[Y] by extending &
Z-linearly. Since @ is a bijection of G-sets, « is a G-module isomorphism.

(b)=>(a): Each of the summands Z [G/H] is a G-permutation module and
therefore, their finite direct sum is a G-permutation module as well. O

If M, N are G-modules, then we use the notation

Homg(M, N) := Homge (M, N)
= {a € Homyz (M, N) | g.a(m) = a(g.m) for all g € G,m € M}.

Definition. Let M be a G-module. A G-permutation resolution of M is a
long exact sequence

as a1 ap B

Py P Py M 0,

in which the P; are G-permutation modules, ; € Homg (P41, P;) for all ¢ and
B € Homg (Fy, M). We will simply write permutation resolution if the group
G is clear from the context.

We denote the Z-module consisting of all H-invariant elements of M by M,
i.e.

M" ={me M |hm=mforallhc H}.

In the remaining part of this section, we will identify some G-modules that
are isomorphic to M. To do this, we will use the following Proposition:

Proposition 2.8. Let M and N be G-modules. The elements of Homg (M, N)
are the G-invariant elements of Homz(M, N) under the above action, i. e.

Homg (M, N) = [ Homz (M, N)]€.
Proof. a € Homy(M, N) is G-invariant if and only if
a(m) = (g.)(m) = g.a(g™"m)
for all g € G, m € M, which is equivalent to
g-a(m) = a(g.m)
for all g € G,m € M, that is a € Homg(M, N). ]

The following theorem yields the first of these modules isomorphic to M.
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Theorem 2.9. Let M be a finitely generated G-module. Then MM is isomor-
phic to Homeg (Z [G/H), M) as Z-modules.

Proof. Define a map

f:Homg (Z[G/H], M) — M*"
a—a(H).

For f to be well defined, we have to show that a(H) € M*. By definition,
a(H) € M and for all h € H, we have

h.o(H)=a(h.H) =a(hH) =a(H).

Further, f is a Z-homomorphism since for all numbers a, b € Z and homomor-
phisms «, f € Homg (Z[G/H], M) we have

flaa =bp) = (aa = bB) (H) = aa(H) = f(H) = af(a) = bf (8).

To find an inverse map k : M — Homg (Z [G/H], M), we first note that for
any m € M¥ we can define a Z-linear map «,, € Homg (Z [G/H], M) via

gH — g.m.

The map «,, is well defined since if ¢g1,9o € G such that ¢¢H = g, H, then
there is h € H such that g; = goh and therefore

a(gi ) = gr.m = (g2h).m = gao.(h.m) = g2.m = a (g2 H) .
Additionally, «v is G-invariant since for all generators gH of G/H, we have
g-2(gH) = g.(g-m) = (99).m = a((99)-H) = a(g.(9H)) .
Hence o € Homg (Z [G/H]|, M) and consequently, the map

k:M" — Homg (Z[G/H], M)
m > (a1 gH — g.m)

is well defined. It is also is a Z-homomorphism since for any a, b € Z and
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m, n € MH" we have

k(am —bn) = (Qam—pn : gH — g.(am — bn)
= (gH — a(g.m) — b(g.n))
=a(gH — g.m) —b(gH — g.n)
= aq,, — bay,

= ak (m) — bk (n).

Finally, it remains to prove that k is actually an inverse of f. To see this, we
note that for all m € M#

F(k(m)) = f(@m) = @m(H) = a(eH) = e.m = m
and for all § € Homg (Z|G/H|, M)

k(f(B)) = k(B(H)) = asm) = B.

The last equality holds since

agn)(gH) = g.8(H) = B (9H)
for all gH € G/H. O
Definition. Let M be a G-module. A symmetric bilinear form b : M xM — Z

is called

(a) non-degenerate if the map

M — MY
m— (m* :n— b(m,n))

is an isomorphism.

(b) G-invariant, if
b(g.m, g.n) = b(m,n)
forall g € G, m,n e M.

Lemma 2.10. Let M be a finitely generated G-module which is free as a Z-
module. If the bilinear form b : M XM — 7Z is non-degenerate and G-invariant,
then M and MY are isomorphic as G-modules.
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Proof. The definition of a non-degenerate bilinear form implies that the map

M — MY
m— (m* :n— b(m,n))

is an isomorphism. If b is also G-invariant, we have

1

(g-m*)(n) = b(m,g~".n) = b(g.m,n) = (g.m)"(n)

for all g € G and m,n € M, so that the given isomorphism is compatible with
the G-action. 0

Lemma 2.11. Z[G/H)] is isomorphic to [Z|G/H] }v as G-modules.

Proof. By the previous lemma, it suffices to show the existence of a non-
degenerate, G-invariant bilinear form ¢ : Z [G/H| x Z|G/H| — Z. We define
c on generators as follows

1, ifgH =gH

c(gH,gH) =
(9H, 9H) {0, otherwise

and then extend this bilinearly to Z[G/H]. To show that this bilinear form
is non-degenerate, we fix a generating set g1 H, ... gsH of G/H which is a free
basis for Z|G/H]. The representing matrix for this bilinear form is then the
(s x s)-identity matrix, hence non-degenerate. H

Theorem 2.12. Let M be a finitely generated G-module which is free es a Z-
module. If M admits a non-degenerate, G-invariant bilinear form b : M x M —
Z, then MY is also isomorphic to Homg (M, Z |G/ H)) as Z-modules.

Proof. We have

M 5 Homg (Z[G/H], M)
—

m > (y, : gH — g.m)

by Theorem 2.9, further

Homg (Z[G/H], M) = Homg (MV, [z (G/H] ]V>

(" : B+ Boa)

I e

«
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and from M = MY by Lemma 2.10 and Z|G/H] = Z|G/H]¥ by Lemma 2.11,
it follows that

Homg; (MV, [z ]G/H] }V) = Homg (M, Z[G/H]),

hence

M*" =~ Homg (M, Z|G/H)) . O

Now assume that M has a permutation basis x1,...,z, and a G-invariant
bilinear form b : M x M — Z with b(x;, ;) = £6;;. As we will see later, the
Picard group of a Del Pezzo surface of degree 5 or 6 satisfies those conditions.
Let f € Homg (M, Z[G/H]). We will denote the corresponding element in
Homg (Z[G/H], M) by f*, hence the isomorphisms in the proof of theorem
2.12 are given by

Homg (M, Z[G/H]) = MY
[ fr(H).

2.4 Root Systems and the Weyl Group

This section is a short overview of the most important properties of a root
system and its Weyl group. A detailed presentation can be found in [10],
chapter 10.

Let E be a Euclidean space, that is a real vector space with a positive definite,
symmetric bilinearform (—, —) : E' x E — R, called scalar product.

Definition. Every element a € E defines a reflection

oo F— F

BHB—Z%(L

We can visualize this map geometrically as follows: if we decompose our space
E into the direct sum of the linear subspace L(«) spanned by « and its or-
thogonal complement L(a)t, i.e.

E = L(a) ® L(a)",

then o, maps
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e any element 5 € L(«) to its negative —f. To see this, write 5 = ka for
some k € R, then

(ka, a)

0a(B) = ou(ka) = ka — 2 (o.0)

a=ka—2ka=—ka=—0.

e any element 8 € L(a)' to itself since (3, a) = 0.
From this, we immediately obtain two basic properties of reflections:
Lemma 2.13. (a) Reflections are self-inverse.
(b) Reflections preserve the scalar product. ]
Definition. A subset ® C F is called a root system in E if
(R1) @ is finite, ® spans £ and 0 ¢ .

(R2) If & € &, then —a € @ and P does not contain any other scalar multiples
of a, i.e. L(a)N® ={£a}.

(R3) If @ € @, then the reflection o, leaves ® invariant.

(R4) If o, B € ®, then 229 € 7.

(a,@)

Definition. A subset A C ® of a root system is called a base if

(B1) A is a basis of F.

(B2) For every 8 € ®, we can write § = ) koo with integral coefficients
k. such that either k, > 0 or k, <0 for all &« € A.

An element a € A is called a simple root.

Definition. For a given root system ® C E, the Weyl group W(®) C GL(E),

or simply W, is the group generated by the reflections o,, @ € ®.

The following theorem lists important properties of bases and the Weyl group,
which we use in subsequent chapters. A proof of this theorem can be found in
[10, Theorem 10.3].

Theorem 2.14. Let ® be a root system in E with Weyl group W(®) and a
base A.

(a) W is generated by the reflections o,, o € A.
(b) W acts transitively on bases.

(¢) If a € @ is a root, then there is 0 € W such that o(a) € A.



Chapter 3

Effective Chow Motives

3.1 Intersection Theory

Intersection theories were formally introduced by Grothendieck in [5]. This
section is a short summary of the definitions.

Definition. An intersection theory with coefficients in a commutative ring R
is a contravariant functor C' from the category PSm(K) of smooth projective
K-schemes into the category of commutative R-algebras

X - CX),
p:(X=Y) — ¢ :CY)—=CX),

subject to the following axioms:

(a) Every proper morphism ¢ : X — Y induces an R-algebra homomorphism
¢ 1 C(X) = C(Y) such that (idx), = ide(x) and (¢ o)), = ¢, 0 ..

(b) For any two schemes X, Y € PSm(K), we have an R-module homomor-
phism
C(X)®rC(Y) = C(X xgY),
TRY+—> T XY.

(c¢) For an irreducible scheme X € PSm(K), we have an augmentation ho-
momorphism € : C'(X) — R, which is an isomorphism for X = Spec K.

In addition, these morphisms have to satisfy certain conditions as listed in [5,
[.1-1.9]. In particular, we have
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1. The Multiplication Aziom: Let X € PSm(K) and let Ay : X — X x X
be the diagonal morphism. Then the composition

O(X) 9r C(X) = C(X x X) 2% 0(X)
coincides with the multiplication homomorphism A% (z x y) = zy.

2. The Projection Formula: Let ¢ : X — Y be a morphism and = €
C(X),y e C(Y). Then

O« (207 (y)) = 0(2)y.

For example, the Chow ring CH,(X), as defined in Section 2.1, yields an
intersection theory, known as Chow Theory, with R = Z and

dim X

C(X) = CH,(X) = P CHy(X).
i=0
If X and Y are equidimensional and ¢ : X — Y is a morphism, then:

(e) The homomorphisms ¢* : CH.(Y) — CH,(X) respect the grading by
codimension, i.e.

¢* : CHZ(Y) — CHdimedimY+i<X)- (31)

(f) The homomorphisms ¢, : CH,(X) — CH,(Y) respect the grading by
dimension, i. e.

6, : CH;(X) — CH,(Y). (3.2)

3.2 The Category of Effective Chow Motives

We will describe a covariant version of Grothendieck’s construction of the
category of effective Chow(K')-motives following Karpenko [11] and Manin
[13].

Definition. Let X and Y be smooth projective schemes over K. A correspon-
dence between X and Y is an element of CH,(X xx Y). The composition of
two correspondences f € CH. (X xY), g € CH.(Y xg Z) is

go f =pxz« (pyz(9) - Pxy(f)) € CH(X xk Z),
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where pxy, pxz, pyz denote the projections

X xY xZ

Pxy l Py z
pPxz

X xY X xZ Y x Z.

This composition preserves dimensions: Let X and Y be equidimensional, f €
CHgimx (X xg Y) and g € CHginy (Y Xx Z), then from the maps (2.1), (3.1)
and (3.2), we obtain that g o f € CHgim x (X X Z). Further, let ¢ : X — Y
be a morphism in PSm(K) and let idy : X — X be the identity morphism.
We define the graph class of ¢ to be

F¢ = (ldx,¢)* (1)() € CHdimX (X XK Y)

The diagonal class of a scheme X is the graph class I'jq, of the identity mor-
phism, which we will often again denote by idy.

We define the category C°(K) of correspondences of degree 0 to be the category
with

e objects: objects in PSm(K)

e morphisms: Homeo ) (X,Y) = @;_; CHaim x, (Xi X Y),

where X1,..., X, are the irreducible components of X. If X is an object in
PSm(K), then let X denote the corresponding object in C°(K). The category
C°(K) is an additive category with direct sums X @Y = X Y and tensor
products X ® Y = X xg Y, but is not an abelian category.

Definition. Let D be an additive category, X an object in D, and p €
Homp (X, X). The category D is said to be pseudo-abelian if p* = p im-
plies the existence of an object Y in D and morphisms f € Homp(X,Y') and
g € Homp(Y, X) such that fog =idy and go f = p. We also use the notation
ker p for Y.

Let D be a pseudo-abelian category and let p € Homp(X, X) be a projector,
i.e. idempotent, and we have the maps f and ¢ as in the above definition.
Since p is a projector implies that idx —p is a projector, we also have an object
Z and morphisms h € Homp (X, Z) and k € Homp(Z, X) such that hok = idy
and ko h =idx —p. These maps induce isomorphisms

X2Y @ Z =kerp®ker (idy —p)
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Definition. The pseudo-abelian completion of an additive category D is the
category D with

e objects: pairs (X, p) where X is an object in D and p is an idempotent
element in Homp (X, X)

e morphisms: Homg ((X, p), (Y, q)) = ¢ o Homp (X,Y) 0

We have a completely faithful functor G : D — D that extends the mapping
X — (X,id) and f + f uniquely. For any pseudo-abelian _category & and
additive functor F': D — £, there is an additive functor F :D — & such that
F and FG are equivalent.

We define the category of effective Chow motives over K, denoted Chow (K) =

P

CY(K), to be the pseudo-abelian completion of the category C°(K) of corre-
spondences of degree 0. Hence we have

e objects: pairs (X, p) where X is an object in PSm(K') and p is a projec-
tor in Homeo(xy (X, X)

e morphisms: Homchow(ry (X, ), (Y,q)) = ¢ o Homeoxy (X,Y) 0

The notion of the graph class allows us to define a covariant functor from
PSm(K) to Chow(K) that maps

e objects: X — X = (X,idy), often again denoted by X, and

e morphisms: (¢: X = Y) — T

Let P! := P}, denote the projective line over K. Let further pt € CH, (P!)
denote the graph class of a point Spec K — P! and P! € CH; (P!). Define two
projectors pg, p1 € Homenow(x) (P, P!) as

po = pt x P! and p1 =P x pt.
Then

Py = (ppm), (P' x pt x P* - pt x P! x P')
= pt x P!
= Do
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and

poopr = (ppp), (P! x pt x P' - P' x pt x P')
= (pP1p1)* (Pl x 0 x ]P’l)

Similarly, one shows that
b1 =n and propo=0.
The Kiinneth formula yields the identity
CH; (P' x P') = CH, (P') ® CH, (P') @ CH; (P") ® CH, (P").

Since CH, (P!) ® CH; (P!) is generated by py and CH; (P') @ CH, (P!) is gen-
erated by p;, we can write

idp1 = apo + bpy
for some a,b € Z. Then
po = idp1 opy

= (apo + bp1) o po

= Gpo,

so a = 1 and similarly

p1 = idp1 op;
= (apo + bp1) ;1
= bpb
so b =1, hence
idp1 = po + p1,

where py and p; are orthogonal projectors. Since the category of effective
Chow Motives is pseudo-abelian, this yields the decomposition

2

(]Pﬂ?idlf”l) = (Plap()) D (]P)lv idpl _pO)
= (K7 ldK) S¥ (P17p1>
where the isomorphisms (P!, pg) — K and K — (P!, py) in Chow(K) are given
by (P! x K)opy=pt x K and pyo (K X pt) = K x P!, respectively.

We define the Tate motive L := (P!, p;) and can now introduce twisting with
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L: For any integer ¢ > 0, we have a functor —(i) of Chow(K) into itself via

e objects: U — U(l) =UQL =UQL®...QL

—_———
¢ times

e morphisms: f — f(i) = f ® idy.
Proposition 3.1 (Chapter 8 in [13]). Let U and V be effective motives. The
functor —(i) is completely faithful, i. e.

HOI’IlChOW(K)(U, V) — HOITlChOW(K) (U(Z), V(Z))
[ f)

s an isomorphism for all© > 0. If X and Y are equidimensional schemes, we
further have an isomorphism

CHaim x+i—j (X X g Y) = Homenowk) (X, idx)(2), (Y, idy)(j))

3.3
o — o Xdij, ( )

where d;; € CH; (LZ) denotes the morphism corresponding to the identity in
Homcnowk) (L™, L™) for large n.

We can extend the category of effective Chow motives over K to the category
of Chow motives over K by adding the formal inverse T = L™! of the Tate
motive and, as a consequence, can also extend the definition of twisting to
negative integers by tensoring with this inverse. For this thesis, it is sufficient
to work in the category of effective Chow motives.

3.3 The Chow Motive of a Variety with a K-
rational Point

Let X be an irreducible variety of dimension n with a K-point pt : Spec K —
X. We will also denote the corresponding graph class of pt : Spec K — X by

Lemma 3.2. The two algebraic cycles pt x X and X x pt in CH,, (X xx X)
are orthogonal.

Proof. Let pi1a, p13, p23 denote the projections onto the respective factors of
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X x X x X,
X x X xX
P12 l P23
P13
X x X X x X X x X.
Then

(pt x X) o (X xpt) = (p13), (X xpt x X - X xpt x X)

= (p3), | X - X x pt-pt xX-X
——

€CH_,,(X)=0
=0
and
(X xpt) o (pt x X) = (p13), (X x X xpt - pt x X x X)
= (P13)* (pt x X x pt)
=0
for dimensional reasons. O

Lemma 3.3. The cycle X x pt 4+ pt x X is a projector.

Proof. We will first show that X x pt and pt x X are projectors:

(X xpt)o (X xpt)=(p13), (X x X xpt - X xptxX)
= (p13), (X x pt x pt)
= X X pt,

(pt x X) o (pt x X) = (p13), (X xpt x X - pt x X x X)

= (p13), (pt X pt x X)
=pt x X.

We use these two computations to show that X x pt + pt x X is a projector:

(X xpt+ptx X)o (X xpt+pt xX)
= (X xpt)o (X xpt) + (X xpt)o(ptx X) +
+ (ptx X)o (X xpt) + (ptx X)o(ptx X)
= (X xpt)o(X xpt) + (ptxX)o(ptxX)
= X xpt + ptxX. 0



3. Effective Chow Motives 27

Since the category of Chow(K')-motives is pseudo-abelian, this yields

(X,idy) = (X,idx — (X x pt +pt x X)) ® (X, X x pt +pt x X)
=~ (X, idy — (X xpt+pt x X)) d (X, X xpt) d (X,pt x X).
(3.4)

The latter two summands can be described in terms of motives of the field K,
as computed in the following two Lemmas.

Lemma 3.4.
(X, X x pt) = (Spec K, idspec i) -

Proof. We need

f € Hom ((X, X x pt), (Spec K, idspec k)

= idgpec K © CH,, (X X i K) o (X X pt),
g € Hom ((Spec K, idgpec i) , (X, X X pt))

= (X x pt) o CHy (K X X) o idgpec

such that

fog:idSpecK and gof:XXpt
To that end, let

f =1dspecx © (X X K) o (X X pt)
= (pxk), (X x X x K - X x pt x K)
=X X K,

g = (X xpt) o (K xpt)oidspeck
= prx« (K x X xpt - K xptxX)
= K X pt,

then

fog=(prk), K x X xK - K xptxK)
=K xK

= idSpec K
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and
gof=(pxx), (X x K xpt - X x K x X)
= X X pt.
Lemma 3.5.

(X, pt x X) = (Spec K, idspec i) (1)

Proof. We need

f € Hom ((X,pt x X), (Spec K, idgpec k) (1))
= idgpec k © CHg (X x i K) o (pt x X),
g € Hom ((Spec K, idgpec k) (1), (X, pt x X))
= (pt x X) o CH,, (K xx X) o idspeck,

such that
Jog=1idspecx and go f=pt xX.
Therefore, take

f =1idgpecx © (pt X K) o (pt x X)
= (pxk), (X xpt x K - pt x X x K)
=pt x K,

g=(pt x X) o (K x X)oidspecr
=prx« (K xptx X - K xX xX)
=K x X,

then

fog=(prk), K xptx K - K xX xK)
=K x K

= idSpec K
and

gof=(pxx), (X xKxX - ptxKxX)
= pt x X.

]

Let p :=idx — (X x pt + pt x X). Using the two previous lemmas, equation
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(3.4) becomes

(X7 1dX) = (Spec Ka idSpecK) D (X> p) ) (Spec Ka idSpecK) (n>

If S is a Del Pezzo surface of degree 5 or 6 with a K-rational point, this implies
(S, lds) = (Spec K, idSpeCK) D (S, p) D (Spec K, idSpecK) (2) (35)

In Chapter 6, we will describe the middle term (S, p).



Chapter 4

Permutation Resolutions of the
Picard Group of Del Pezzo
Surfaces of Degree 5 and 6

4.1 The Picard Group of Del Pezzo Surfaces
of Degree d

In this section, we will present the basic results for Picard groups of Del Pezzo
surfaces S over algebraically closed field K of degree d. The proofs can be
found in [14, Chapter IV].

Proposition 4.1 (Proposition 25.1 in [14]). Let r:= 9 —d. There exists a Z-
basis ly, ..., 1, of PicS such that the intersection form is given by the bilinear
form (—,—) : Pic S x Pic S — Z with

(lo,lo) = 17 (lz,lz) =—1 fO’I"i Z 17 (l“l]> = 0 fO’f’i 7£ j

To be able to use the results of Section 2.4 on root systems, we will identify a
root system in Pic S and a system of simple roots in Pic S.

Proposition 4.2 (Propositions 25.1 and 25.2 in [14]). Let r > 3, i.e. d < 6.
The canonical sheaf is given by w = —3lg+>_;_, l;. The set

R, :={l€PicS|(l,w)=0, (1,I) =—-2}
is a root system in w', the orthogonal complement of w in Pic S @4 R.

Due to the importance of this fact, we will prove that R, is a root system in
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Pic S ®z R.

Proof as given in [14]. We start by proving that the bilinear form in Proposi-
tion 4.1 is negative definite on w™, yielding that w™ is a Buclidean space with
inner product —(—, —). We first note that since PicS ®z R is generated by

w,l1,..., 1, we can write any element as | = aw + Y _._; b;l;. The condition of
being in the orthogonal complement of w in Pic S ®z R is then equivalent to

0= (w,l)
= (w, aw + Z bili)
i=1
= a(w,w) + Zbi(w, ;)
i=1

= (9—r)a—zr:bi,
i=1

hence

(9—1)a= Zbl (4.1)

Applying our bilinear form (I,1) to this, we obtain
(1,1) = (aw +Y bl aw+ Yy bili)
i=1 i=1

= a*(w,w) + 2ai bi(w, ;) + i i bib;(1;,1;)
i—1

i=1 j=1
=(9—7r)a*— 2azr:bi - ibf
i=1 i=1

(@) (9—7’)@2 —2a - (9—7“)&—be
i=1

=—(9—1)a®— b?
(9—r) Z_;
>0 -

<0.

Consequently, —(—, —) is a symmetric, positive bilinear form on w*. To prove
that R, is a root system in w™, we verify the conditions of the definition on
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page 19:

(R1) wt NZ ! is a lattice and therefore contains only a finite number of
elements of length 2, so R, is finite. Further, since R, contains the r
linearly independent vectors lo — Iy, ..., —l,_1 and —ly+1; + I + I3, it
spans the r-dimensional space w*. Finally, R, does not contain 0 since

(0,0) = 0 # —2.

(R2) Let I € R, and assume that we have al € R, for some a € R. Then
(al,w) = a(l,w) =0
and
(al,al) = a*(1,1) = —2a* = —2  if and only if @ = £1.

Hence al € R, <& a=*1.

(R3) Let I € R,, then (I,1) = —2 and hence the reflection oy is of the form

(z, 1)

o) =2 —2"2l=ux+ (x,)l (4.2)

(1)

We will now prove that for any k£ € R,, we also have o;(k) € R,. For
that we check

(ou(k),w) = (k+ (k,1)l,w)
= (k,w) + (k,1)(l,w)
=0+0 since k,l € R,
=0

and

Lemma 2.13(b)

(ou(k), ou(k)) = (k k) = —2.

(R4) Let k,l € R,, then
2(k’l)— (k1) eZ O
@&y ‘
Proposition 4.3 (Proposition 25.4 in [14]). The root system R, is of type
Ay X Ag, Ay for d =6, 5, respectively.

Theorem 4.4 (Proposition 26.5 in [14]). The group of automorphisms of the
Picard group which preserves both w and the intersection form is equal to the
Weyl group W, .= W (R,.). In particular, W3 = Sy x S3 and Wy = S;.
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We conclude this chapter with explicit equations defining the roots, i.e. the

elements of

R, ={lePicS|(Lw)=0, (I,I)=-2}.

Let | = alp— Y ._, bil; € R,. Then

0=(l,w)

=1 =1

= —3a(lo,lo) — Y _ bi(li, ;)

i=1

= —3a + i bi>
=1

and

= (a[o — zr: b;l; , aly — zr: bzlz>
i=1 i=1
YR
=1
ZT: b =a®+2
i=1

(4.3)

(4.4)

We can restrict the possibilities for a using the Cauchy-Schwartz inequality:

For any real numbers by, ...,b,, we know that

(&) =(5+)-(£¥)
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From (4.3) and (4.4), it follows that
r 2 r
(3a)* = (Z bi) < ?”Z b =r(a® +2),
i=1 i=1
which is equivalent to
9a* < r(a® +2). (4.5)
For r <5,i.e. d =9 —r > 4, this inequality yields
9a* < r(a*+2) < 5(a* +2)

a2

IA

5
5
Since a € Z, we must have

a€c{-1,0,1}. (4.6)

The inequality (4.5) also gives an estimation for the remaining degrees, yielding
la| < 4 for r < 8. In fact, one can prove that |a| < 3 (c.f. [14, Proposition
25.5.3]).

4.2 A Permutation Resolution for Degree 6

If the degree of the Del Pezzo surface is d = 6, we get r =9 — 6 = 3. In this
section, we identify one example of a system of simple roots for the Picard
group of a Del Pezzo surface of degree 6 over an algebraically closed field K
and use this to compute the action of the Weyl group on the Picard group. It
is then straightforward to verify that the short exact sequence given in The-
orem 4.6 is a permutation resolution of Pic S with respect to the Weyl group

ngSQ X 53

The equations (4.3), (4.4) and (4.6) of the preceding section lead to the fol-
lowing possibilities for the coefficients of | = aly — 25):1 bil; € Rs:

a ‘ arbitrary permutation of the b;
-1]-1,-1, -1

01]1,-1,0

111,1,1
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Hence, we get a root system

R3: {12_l17 ll_l27 13_l27 12_l37 l3_l17 ll_l37
—lo+h+l+1s, lo—1 —lp— I3}

Theorem 4.5. A system of simple roots (i. e. a base) is given by

Proof. sy, sy and s3 are linearly independent and w' is r = 3-dimensional,
hence s1, so and s3 are a basis and (B1) is satisfied. For (B2), we check

lo — 1y = s, [y = ly = —sy,
I3 — Iy = s, lo — I3 = —s9,
3 — 1 = 51 + 59, [y = I3 = —s1 — 89,
—lo+ 11 + 1o+ I3 = s3, lo—1; —ly — I3 = —s3. O

Because of Theorem 2.14(a), we know that the Weyl group is generated by
the simple roots. To completely describe the action of the Weyl group on
the Picard group, it is therefore sufficient to compute the action of the simple
roots on our given basis of the Picard group. Let w; be the element of the
Weyl group that reflects at s;, i.e. with (4.2)

(x, ;)
(si, i)

wi(r) =2 —2 si =x + (x,8;)si,

then

wa(ly) = lo + (lo, 52)s2 = lo,
wo(ly) = Iy + (11, 52)82 = Iy,
wa(ls) = lo + (o, $2)82 = lo + (I3 — l3) = I3,
wy(l3) = I3 + (I3, 52)82 = I3 — (I3 — l2) = I,
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and
U]3(l0) = l + (l(), 83)83 = l() — (—l(] + ll + lz + lg) = 0 — ll — lQ — l3,
’LU3(Z1) :l +(l1,53)83 :ll — (—l0+l1+l2+l3> :l —lz—lg,
’LUg(lg) = l + (lg, 83)83 = lg — (—l() + ll + l2 + lg) = l — ll — l3
UJ3(Z3) = l + (lg, 53)83 = l3 — (—l(] + ll + 12 + l3> = lo — ll — lg

Let the Weyl group act

e on 7Z: trivially.
e on Z5: Choose a basis ey, ..., es, then

wy transposes e; and e; and fixes es, e, and es,
wy transposes e, and ez and fixes e, e4 and ex
ws transposes e4 and e; and fixes eq, ey and es.

e on the Picard group Pic S as computed above,

Theorem 4.6. A Wj-permutation resolution of the Picard group PicS of a
Del Pezzo surface S of degree 6 is given by

0 7-">75 2+ PicS —0, (4.7)
where h, g are Z-linear maps defined as h : 7. — 7,
l—=e+e+e3—es—es
and g : Z° — Pic S,

er = lo — 1y, ez = lo — Iy, es — lo — I, (4.8)
64'%2[0-[1-[2-[3, 65'-)[0. .

For the proof of this theorem, will identify a more symmetric generating system
of Pic S. Let

ma I:lo—lg—lg, mo Z:lg—ll—lg,, ms Z:lo—ll—ZQ,

then
l17 l?v l3a my, My, M3

also generate the Picard group. Geometric_ally, these generators correspond to
the classes of the exceptional divisors: If S is the blow up of the three points
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m3 mo

Figure 4.1: A generating system for the Picard group of a Del Pezzo surface
of Degree 6

P,, P, and Ps in P2, then [;, I, and l5 are the pullbacks of those points and for
any permutation ¢, j, k of 1, 2, 3, m; is the strict transform of the line joining
P; and P;.

We have the identities

mz—f—l]:<l0—l1—l2—l3+lz)+l]:(lo—ll—lg—lg—f—l])—f-lz:m]—f—ll

The Weyl group acts on our new generating system by

and

wl(ml) = wl(lo —ly— l3) =1y — 11 — I3 =my,
)Zwl(lo—ll—l:s)Zlo—l2—l3=m17

):wl(lo_ll_l2):lo_l2_llzm37

)=w2(lo—l2—l3)Zlo—l3—l2=m17

S5 55

):’w2(lo—l1—ls)250—51—12:”&37

w2(m3) = w2(l0 -l - l2) =1y — 11 — I3 = my,

wg(ml) = wg(lo — l2 — lg)
= (2[0—ll—l2—l3>—(l()—ll—l:;)—(lo—ll—lQ)

wg(mg) = w3(l0 — ll — lg)

(4.9)
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:(2[0—11—lg—lg)—(lo—lg—lg)—(lo—ll—lg)
= l27

U)g(m3) = wg(lo — ll — lg)
= o=l —ly—13)— (lo—lo —13) — (I — Iy — I3)
= ls.

We can rewrite the map g : Z° — Pic S in terms of our new generating system
to get

€1 — Mo + 13, €y — M1 + 13, €3 — my + 12, (4 8/)
e4r—>m1+m2+l3, 65l—)m1+12+l3. '

For the proof of Theorem 4.6, we will be using both descriptions (4.8) and
(4.8') of the map g : Z° — Pic S.

Proof of Theorem 4.6. W5 = Sy x S permutes the chosen bases of Z and Z°.
Further, the sequence (4.7) is exact because h is injective, g is surjective and
im(h) = ker(g): Consider the transformation matrix A of g for the ordered
basis (e1,...,e5) and (lo,...,I3) using (4.8). It is

11 1 2 1
-1 0 0 —-10

A=y 1 0 -1 0|
0O 0 -1 -1 0
hence for an element aie; + ...+ ases with aq,...,a5 € Z to be in the kernel

of g, we get the equations

az = —Qy,
Qg = —Qy,
a; = —aq,
a5:—a1—a2—a3—2a4=a4+a4—|—a4—2a4:a4.

With a4 := —1 € Z*, this yields
ker(g) = Z(e1 + €2 + e3 — €4 — e5) = im(h).

Finally, one can see directly that h is W3-linear since ey + e3 4+ €3 — e4 — €5 is
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invariant. The map g is Ws-invariant since:

and

wy.g(er) = my + I3 = g(wi.ey),

wi.g(eg) =my + I3 = g(wi.ez),

wi.g(eg) = mo+ 13 = my + Iy = g(w.e3),
wy.g(eq) = mg +my + I3 = g(w;.e4),

wy.g(es) = mg + 1 + 13 =my + Iy + I5 = g(w:.e5),
wa.g(er) = ms + Iy = my + I3 = g(ws.eq),

= My + l3 = g(w2.62)7

=my +mz+ly =my +ms+ I3 = g(wsy.eq),

=my + I3+l = g(ws.e5),

L+ 1+ mg = g(ws.eq),

(e1)
(e2)
ws.g(es) =1 +my = m1+l2—g
(e4) =
(e5) = li + my +mg = g(ws.es). ]

Theorem 4.7. The permutation resolution is a split exact sequence.

Proof. Define a Z-linear homomorphism k : Pic S — Z°,

lo'—>—€1—62—63+64—|—265,

(4.10)
ll — —e1 + es, l2 — —eg + €5, lg — —es + es,
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hence also

k(my) = k(lo —ls — 13)
= —e] —ey—e3+es+2e5 — (e5 —e2) — (e5 — e3)
= —e1 + ey,

k(mg) = k(lo — 11 — l3)
=—e]—ey—e3+es+2e5— (e5 —e1) — (e5 — e3)
= —€g + ey,

k(ms) = k(lo — 11 — lo)
=—e;—ey—e3+es+2e5— (e5 —e1) — (e5 — e3)

= —e€3 —|— €q.

For [y, s, I3, my, mo and mg, it is straightforward to check that k is Ws-linear.
Further, k is a right-inverse of ¢ since

g(k(l:)) = g(—ei + es)
— (o= 1)+ o
=1,
g(k(m;)) = g(—ei + ea)
— (o= 1)+ (2l — 1 — Iy — 13)
=l—h—-bL-Il3+

=m,.
forall 1 <7 <3. O
Similarly, the map h : Z — Z° has a left-inverse f : Z° — Z defined via

e; — 1 for all 7.

It is clear that f is Ws-invariant. It is also a left-inverse of h since

f(R(1)) = f(e1 +ex+e3—e4 —e5)
—l41+1-1-1
=1.
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4.3 A Permutation Resolution for Degree 5

If the degree of the Del Pezzo surface is d = 5, we get r = 9 — 5 = 4. In this
section, similarly to the previous one, we identify one example of a system of
simple roots for the Picard group of a Del Pezzo surface of degree 5 over an
algebraically closed field K and use this to compute the action of the Weyl
group Wy on the Picard group Pic S. It is then straightforward to verify that
the short exact sequence given in Theorem 4.9 is a permutation resolution of
Pic S with respect to the Weyl group W, = Sj.

The equations (4.3), (4.4) and (4.6) of Section 4.1 lead to the following possi-
bilities of the coefficients of | = aly — Zj‘zl bil; € Ry:

a ‘ arbitrary permutation of the b;

1-1,-1,-1,0
0/1,-1,0,0
1]1,1,1,0

Hence, we get a root system

Ry={lo—1ly, lh—1ly, ly—1lo, lo— I3, ly — 5, Is — Ly,
s =1y, by —l3, la— Ly, Ly =1y, Ly — 1oy la— 1y,
—lo+h+l+lis, lg—UL —1ls—1s,
—lo+li+la+ 1y lo—11 =l — 4
—lo+lh+ls+1ly, lg—1L — 13— 14
—lo+lb4ls+l, lo—l—13— U}

Theorem 4.8. A system of simple roots is given by

S1 = l2_ll7 So = lg—ZQ, S3 .= l4—l3, Sq4 ‘= —lo+l1+l2+13.

Proof. si, s9, s3 and s, are linearly independent and w' is r = 4-dimensional,
hence it is a basis and (B1) is satisfied. For (B2), we check

lo — 1y = s1, ly =y = —su,

I3 —la = 59, la — I3 = —s9,

ly — I3 = s3, l3 — 1y = —ss,

I3 =1y = 51+ 89, [y =3 = —s1 — 89,

lg =11 = 81+ 52 + s3, Iy —ly = —51 — S — s3,

ly — Iy = 59 + 83, ly = ly = —59 — 53,
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—lo+ 1 + 1y + 13 = s4, lo =11 —ly — I3 = —s4,

—lo+ 1+ 1o+ 1y = 53+ 54, lo—1U —1ly =1y = —s3 — 54,

—lo+ 1 + 13+ 1y = 59+ 53 + 54, lo—1li —l3 =1y = —s9 — 53 — 54,

—lo+l2+l3+l4:81+$2+83+84, lo—lg—lg—l4:—81—32—83—84.
O

Because of Theorem 2.14(a), we know that the Weyl group is generated by
the simple roots. To completely describe the action of the Weyl group on
the Picard group, it is therefore sufficient to compute the action of the simple
roots on our given basis of the Picard group. Let w; be the element of the
Weyl group that reflects at s;, i.e. with (4.2)

w; () =z —2

(z,s;)
(8i, i)

S; =X + (I, Si) Si,

then
wy (lo) = lo + (lo, 51) 51 = lo,
w1 (l1> = ll -+ (ll,Sl) S1 = ll +
w1 (lg) = lQ + (lg, 81) S
wy (I3) = U3 + (I3, 51) 51 = 3,
wy (la) = Uy + (ly, 51) 81 = lu,
ws (lo) = lo + (lo, 52) 52 = lo,
wy () =l + (L, s2) $2 = 4,
w9 (lg) = l2 + (lg, 82) S9 = lg + (lg — lg)
wy (I3) = I3 + (I3, 82) 2 =I5 — (I3 — l2) = o,
wo (lg) = Ly + (ly, 52) 52 = a4,
ws (lo) = lo + (lo, 53) 53 = lo,
ws (I1) =1 + (Iy, 83) s3 = 1y,
ws (Ig) = lo + (Ig, 83) 83 = la,
ws (I3) = U3 + (I3, 83) 53 = I3 + (l4 — [3)
ws (l4) = l4 + (l4, 83) S
and

wy (lo) =lo+ (lo,s4)sa=1lo— (=lo+ 1l + 1o+ 13) =2lp — l; — 1y — I3,
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Wy (l1> = ll —+ (l1,34) S4 — ll — (-lo + ll + l2 + 13) = lo — l2 — lg,
wy (I2) =lo+ (lo, 84) sa = lp — (=lo + 11 +la +13) =lo — 1 — I3,
Wy (lg) = l3 + (l3,54) Sq4 = l3 — (-lo + ll —+ l2 -+ l3) = l() — ll — lg,
Wy (14) == l4 + (14, 84) Sq4 — l4.
Let the Weyl group act
e on Z: trivially.
e on Z% Choose a basis ey, ...,es and let w; transpose e; and e;,; for

1 < ¢ < 4 and leave the rest fixed.
e on the Picard group Pic S as computed above.

Theorem 4.9. A Wy-permutation resolution of the Picard group PicS of a
Del Pezzo surface S of degree 5 is given by

0 Z—"L>75 25 PicS—0, (4.11)

where h, g are Z-linear maps defined as h : 7, — 75,
l—e1+e+e3+es+e5 — 2¢e
and g : 7° — Pic S,

er = lo— 1y, ez — lo — lo, es — lo — I3, eq — lo — la, (4.12)
€5P—>2l0—l1—l2—l3—l4, 66|—>3l0—l1—12—l3—l4. ‘

Similarly to the case when the degree is equal to 6, we now let
my; = lo—l; =
for 1 <i,5 < 4. Then
li, lo, I3, Iy, my; for1<i<j<4

also generate the Picard group. The geometric interpretation is the same as
for degree 6: If S is the blow up of the four points P, P, P; and P, in P?,
then [y, I, l3 and I are the pullbacks of those points and for any 1 < 1,5 < 4,
m;; is the strict transform of the line joining F; and F;.
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/zll\
ly \

mi3
l3
ma3 \

ms3q

ls

Figure 4.2: A generating system for the Picard group of a Del Pezzo surface
of Degree 5

The Weyl group acts on our new generating system via

w; for 1 <4 <3 The element w; transposes indices ¢ and 7 + 1.
Wy : For any permutation ¢, j, k of 1,2, 3, we have

wq(m;j) = I and wy(myg) = myy for all 1 < < 3.

As before, we also rewrite the map ¢ : Z5 — PicS in terms of our new
generating set:

e1 — myg + o, ey > Mag + 3, es — miz + 11, eq — myg + 1y,

€5 > M1 + M3y, €g = Mg + Moy + M3y + 2[4
(4.12))

Proof of Theorem 4.9. W, permutes the chosen bases of Z and Z°. Further,
the sequence is exact because h is injective, g is surjective and im(h) = ker(g):
Consider the transformation matrix A of g for the ordered basis (eq,...,eq)
and (lo,...,l4) using (4.12). It is

1 1 1 1 2 3
-1 0 0 0 -1 -1
A=|lo0o -1 0 0o -1 -1,
0 0 -1 0 -1 -1
0 0 0 -1 —1 —1
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hence for an element ae; + ... ageg with aq,...,ag € Z to be in the kernel of
g, we get the equations

a4 = —0@5 — Gg,

az = —as — Ag,

Gy = —a5 — Qg,

a1 = —as5 — ag,

ag = —a; — az — az — ay — 2(as + ag)
= (a5 + ag) + (as + ag) + (a5 + ag) + (a5 + ag) — 2(as + ag)
= 2(as + ag),

hence

ag = —2as,

ay = —as + 2as = as,

asz = as,

az = Gs,

a; = as.

With a5 :=1 € Z* this yields

ker(g) = Z(e1 + €2 + e3 + 4 + €5 — 2e) = im(h).

Finally, one can see that h is Wy-linear since e; + e + e3 + e4 + e5 — 2eq is
invariant. The map g is invariant since:

(€1)
wy.g(e2) = Moz + Iy = miz + I = g(wy.e2),
wa.g(e3) = mip + 11 = mas + I3 = g(wy.e3),
(€4)
(€5)

wa.g(eq) = myg + 11 = g(wa.e4),
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wa.g(es) = Mg + Mgy + Moy + 21y = g(ws.€5),

ws.g(ea) = Moy + lg = mog + l3 = g(ws.e2),

ws.g(es) = myg + 11 = g(ws.e3),

Il
E
_l’_
E
_l’_
E
_I_
A
I
E
+
3
=
_|_
3
=
_l’_
i
l
=
i

and

=3+ myz3 = mys + lo = g(wy.e1),

{
=11 + mig = Moz + I3 = g(wy.e2),
l

wy.g(eg) = myg + Moy + mag + 21y = g(wy.e4), O

Theorem 4.10. The permutation resolution of Theorem 4.9 is a split exact
sequence.

Proof. Define a Z-linear homomorphism k : Pic S — Z5 via

lo)—)261+262+263+264+65—366, llP—>€2+€3+64—€6,
lgl—>€1+€3+64—66, l3|—>€1+62+€4—€6,

l4’—>61+62+63—66,
(4.13)

hence also

k(mi;) = k(lo — 1; — ;)
= (2e1 4+ 2e5 + 2e3 + 2e4 + €5 — 3eg) — (€1 + €2 + €3+ €4 — e; — eg)
—(e1+ex+e3+es—ej—eg)
=e€;+ e+ e — e

For 1y, la, I3, 14, myj, it is straightforward to check that k is Ss-linear. Further,
k is a right-inverse of ¢: For 1 <1i,j < 4, we have

g(k(l;)) = glex +e2 + ez + e — €; — €g)
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=(lo—1)+ (lo —l2) + (lo — I3) + (lo — l4)
—(lo=10;)—Blo—=1l; = ly — I3 —1y)
=1

and

g(k(mi;)) = g(ei + ej + e5 — eg)
=lo—0L)+Uo—1)+ Q2lo—1l1 —ly — 13— 1y)
—Blo—1l1 —ly— 13— 1y)
=lo—UL—1

= mij D

Similarly, the map h : Z — Z° has a left-inverse f : Z° — Z defined via

e;—1 forall 1 <i<5,
eg > 2

It is again clear that f is Wy-invariant. It is also a left-inverse of h since

f(h(1)) = f(er +ea + €3+ es+ €5 — 2e)
1414 141+1-2.2
=1



Chapter 5

The Chow Motives of Etale
Algebras

We begin by defining étale algebras and identifying their properties following
Bourbaki [1].

Definition. Let K be a field and A a K-algebra. A is called

e diagonalizable over K, if there is a non-negative integer n such that A is
isomorphic to the product algebra K™.

e diagonalized by an extension L of K if Ay = L ®k A is diagonalizable
over L. We say that L diagonalizes A.

e ¢tale if there is an extension of K that diagonalizes A.

Let K be a perfect field, K the algebraic closure of K and A a commutative
K-algebra of finite degree.

Proposition 5.1 (Chapter V, Sections 6-8 in [1]). The following are equiva-
lent:

(1) A is an étale algebra.
(2) There is a finite extension L of K that diagonalizes A, 1. e.
Ly A= L™
for some non-negative integer m.

(3) K diagonalizes A.
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(4) For every extension L of K, the ring L ® A is reduced.

(5) There are finite separable extensions Ly, ..., L, of K such that

A= Ly x...x L,.

(6) A= K[X]/(f) for some separable polynomial f € K[X].
(7) For every 0 # x € A, there is y € A such that Try, i (xy) # 0.

Etale algebras are of special interest to us since they are closely related to
G-permutation modules. Let L/K be a Galois extension and G = Gal(L/K).
We first define a G-action on Chow groups: For ¢ € G and a smooth projective
scheme X, let o, denote the induced morphism K xg X - K xx X. Define
the G-action on CH; (Y) via the morphism o;. Now let A be an étale algebra.
Since we can write A & L X ... X L, for some intermediate fields K C L; C K
such that L;/K is finite and separable, i.e. A = K™ % K™ for some open
subgroups H; C G, then

CHy (K @5 A) = @ CH, (K @k K™
=1

as Z|G)-modules. Furthermore, since for any open H C G, there is f € K|[X]
such that K & K[X]/fK[X], hence

KoxK' =K ox KIX]/(f) = KIX]/(f) 2 K"/

since K is algebraically closed. The G-action on K ® K induces a G-action
on K%Y that permutes the different factors of K. The prime ideals in ot
are given by

Aj=Kx..xKx {0} xKx..xK
—~—

j—th position

for 1 < j < deg f, which get permuted by the G-action. Let A; C K ®p K"
denote the corresponding ideals in K ®x K. Then

CHy (K x K') = d@éz - [Spec (Kex E") /4))]

is a G-permutation module. Since G acts transitively on the set

{4; 11 <j <degf}
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and the stabilizer of any A; in G is given by H, we get
CH, (F R FH) ~ 7(G/H],

c.f. the proof of Proposition 2.7. This yields
CHy (K ®x A) = @Z G/ Hj). (5.1)

Lemma 5.2. Let A be an étale algebra over K, G = Gal (F/K) and X a
smooth projective scheme over K. Then the map

CH, (K @5 A) @3 CH,, (X) — CH,, (Spec (K @ A) x5 X)
a®@pBr—=axf

1s an isomorphism of G-modules.
Proof. Let n be an integer such that K ®x A~ K. Then
Spec (K QK A) ~ Spec K '

= H Spec K,

i=1

and similarly

Spec (K @ A) x7 X = (H Spec?) X7 X

i=1

= H (Spec K x4 X)

hence
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and
CH,, (Spec (K ®@x A) x5z X QB CH,,
where each copy of CHy (K) ®; CH,, (X) = CH,, (X) in
CH, (K ®x A) ®7 CH,, @ CH, (K) ®z CH,, (X)
gets mapped into the corresponding copy of CH,, (X) in
CH,, (Spec (K ®x A) @ CH,,

hence the map is an isomorphism of Z-modules. It further is G-invariant since
g€ Gactsona® e CHy (K ®k A) ®z CH,, (X) via

g-(a®p)=gaw®g.p
and on o x # € CH,, (Spec (F QK A) XFY) via
g-(a x B) = (g.a) x (g9.5) -

Lemma 5.3. Let X and Y be smooth projective schemes over K and G
Gal (K/K). For any a € CH,, (X xgY), we define ax = resz i (@)
CH,, (7 X% 7). Then the map

U

S
CH,, (X xg Y) — Homg (CHy (K x% X) ,CH,, (K x¢Y))
a ((ozK)* :B»—>aK05>
s well defined.

Proof. We have to show that (ag), is G-invariant for any a € CH,, (X xx Y):
Let 8 € CH, ( ) CH, (K X7 X) Since the diagram

X oxe V2o X i ¥
p?l by
Y Y

Jg
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commutes, we can compute

(ag), (9-(8) = (ax), (0;(8))

= ag o (0;(8))

= (rgv), (o - 05 (8) xY)

= (pxy). (ax - 0, (BxY))

= (prv), (0 (ag) - 0} (BxY))

= (rrv). 0, (ag - BxY)

=0, (rv), (0x - BxY)

=0, ((ag), (8))

=g.(ag), (B). O

Lemma 5.4. Let X and Y be smooth projective schemes over K and G =
Gal (K/K). The map

CH,, (X xzY) — Homgz (CHy (K x% X),CH,, (K x¢Y))
a— (a,: = aof)

1s G-invariant.

Proof. Let g € G and o0, denote the induced morphism on schemes. We can
then compute

[]

|
o
Q
S~—
*
=
S~—

Lemma 5.5. Let K be algebraically closed, A an étale algebra over K and X a
smooth projective scheme over K. Then the following maps are isomorphisms
of G-modules:

(a) ®:CH,, (A xg X) — Homyz (CHy (K xx A),CH,, (K xx X))
a— (o, B aop)

(b) \I’CHm(X XKA>—)H0mz<CHm(K XKX),CH(](K XKA))
ar— (a,: B aof).
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Proof. We will only show part (a), part (b) can be proven similarly. Since A is
an étale algebra over an algebraically closed field, we can assume that A = K™
for some positive integer n. Hence,

n times

and therefore

CH; (A xx X) = @CH

Similarly,
HOHIZ (CHO (K XK A) , CHm (K XK X))

= Homy, (é CHy (K xx K),CHy, (K x g X))

=1

= éHomZ (CHy (K xg K),CH,, (K xg X))

=1

Let pr; denote the projection onto the ¢-th component. Since the following
diagram commutes

P CH.,, (K x X) —= P Homy, (CH (K xx K),CH,, (K xx X))

=1
pl l”

CHm<K XKX) HOIHZ (CHo(K XK K),CHm(K XKX))
(5.2)

it suffices to notice that
®: CH,, (K xx X) — Homy (CHy (K xx K),CH,, (K Xk X))

is the isomorphism that maps o € CH,,, (K X ¢ X)) onto the Z-homomorphism
a, mapping idg € CHy (K xx K) onto a. Hence, ® is an isomorphism of
Z-modules. Since the previous lemma yields that & is G-invariant, ® is an
isomorphism of G-modules. O]
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Theorem 5.6. (a) Let
B : CH,, (A xx X) = Homg (CH (K x5 A) , CH,, (K x5 X))
a— ((QK)* (B aKoﬁ).
Then the following diagram

CH,, (A x5 X) —2%+ Homy, (CHy (K x A) , CH,, (K x5 X))
reSK/K] forget G-structure (53)

CH,, (A x ¢ X) —— Homg (CH (K x A) , CH,, (K x5 X))
commutes.
(b) Similarly, let
U : CH,, (X xx A) = Homg (CH,, (K x% X) ,CHy (K xz 4))
a <(O‘K)* : Br—>o¢Koﬁ>.
Then the following diagram
CH,,, (X x5 A) —%= Homy, (CH,, (K x5 X) ,CHy (K x5 4))
mSK/K] forget G-structure (54)

CH,, (X xx A) ——=Homg (CH,, (K x% X),CH, (K x5 A4))
commutes.

The proof follows directly from the definitions of the maps ® and W.

Corollary 5.7. Let S be a surface with a K-rational point. Then the following
maps are isomorphisms of G-modules:

((l) (I)ZCHl(AXKS)—)HOmG(CHo(FXK ),CHl KXK ))
o (g, 5 o),
(b) v CH1 (S XK A) — Homg (CHl (K Xf? ,CHO (? X?Z))

)
- ((QK)*:ﬁHO‘K 5)
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Proof. We will again only prove part (a). It suffices to show this statement
for A = L, where L/K is a finite separable field extension. Since the Diagram
5.3 commutes, $ is an isomorphism and

HOIIlG (CHO (F X f) ,CHl (F X §))
consists of the G-invariant elements in
Homy (CHO (K XfZ) ,CHl (K Xf?)) 5

it remains to prove that CH,; (L x ¢ .5) consists of the G-invariant elements in
CH; (L x% S): This identity follows from Lemma 2.5, which shows that

PIC(S XKL)gPiC(SL XKK)

and thus G
CH; (L xx S) = [CHy (L x% S)] . O

Corollary 5.8. Let A and B be étale algebras over K. Then
® : CHy (A xx B) = Homg (CHy (K x5 A) ,CH, (K x% B))
ol s o8).
s an isomorphism of G-modules.

Proof. Since the Diagram 5.3 commutes, ®z is an isomorphism and
Homg (CH, (K x5 A) , CH, (K x5 B))

consists of the G-invariant elements in
Homy, (CH, (K x5 A) . CHy (K x5 B)),

it remains to show that CHy (A X B) consists of the G-invariant elements in
CH, (Z ng). It is clear that CHy (A xx B) € CHy (Z XFE)G. For the
other inclusion, recall that CHg (A xz B) is the free abelian group of zero
cycles in A X3 B, which, in turn, are given by the prime ideals in A ®3 B.
Since the extension K C K is algebraic, every prime ideal of A®Q g B lies under
some prime ideal of A ®% B. Further, since the Galois group acts transitively
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on the prime ideals in A®% B above a given prime ideal in A®y B, this yields
CHy (A x% E)G C CHy (A xg B) and therefore

CHO (Z X?§>G:CH0(A XK B) O

Now define the full additive subcategory Chow(K )X of Chow(K) with objects
generated by Spec L for a finite Galois extension L/K, hence we have

e objects: Spec A for an étale K-algebra A,

e morphisms: HomChOW(K)g(A, B) := Homcnow(x) (A, B) = CHg (A x g B).

Definition. We define a functor from Chow(K)¥X into the category of G-
permutation modules via

e objects: X +— Homchow(k) (F7 X) = CH, (? X i X) — CH, (? XKY),
e morphisms:
Hom o y% (X, Y) — Homg (CH, (K x%X),CH, (K xzY))
o (resg () -

Theorem 5.9. This functor is an equivalence of categories.

Proof. Corollary 5.7 shows that for two objects X, Y in Chow(K )?, the in-
duced maps

HomChOW(K) (X, Y) — HOHIG (CHO (F X 7) ,CHU (F XE ?))

are isomorphisms of G-modules. It remains to show that each G-permutation
module M is isomorphic to the image of Spec A for some étale algebra A: If
M is a permutation module, then by Proposition 2.7, M is isomorphic to the
direct sum @@, Z|G/H;] for some open subgroups H; C G. Let E; := K"
denote the fixed subfield of K under the action of the subgroup H; on K. Since
H; C Gisopen, E;/K is a finite Galois extension. If we let A := E; x...x E,,
then @;_, Z[G/H,] is isomorphic to the image of Spec(A), c.f. Equation
(5.1). O



Chapter 6

The Chow Motive of a Del
Pezzo Surface of Degree 5 or 6
with a K-rational Point

In this chapter, we are going to prove our main theorem:

Theorem 6.1. Let S be a Del Pezzo surface of degree 5 or 6 over a perfect
field K. Let further S have a K-rational point pt : Spec K — S and define
p:=pt xS + SxpteCHy (S xkS). Then there ezists some étale algebra
E such that

(Spec E, idgpec ) (1) = (Spec K, idgpec i) (1) @ (S, p) .

We will first explain how to get the étale algebra E and the injection and
projection maps of the direct sum, then prove that (S, p) is a direct summand
in F(1) for algebraically closed fields K and, in the third part, prove our
theorem for any perfect field K.

6.1 Definition of the étale algebra £

Recall the two W,-permutation resolutions (4.7) and (4.11) of the Picard group
of a Del Pezzo surface of degree 5 or 6 which are of the form

O—>Z—>@Z—>Pie§—>0.

finite
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Theorem 4.4 enables us to extend the group action of the Weyl group W,
to an action on the Picard group Pic (?) ®z R =2 w* @& Rw, where any el-
ement of the Weyl group acts trivially on w. Let G = Gal (F/ K ) Then
G acts on Pic (S X K ?) via the induced action on K and the trivial action
on S. Theorem 23.9 in [14] then shows that the Galois group acts trivially
on w and preserves the intersection form. Hence, we have a representation
Gal (?/ K ) — Aut (Pic ?) that factors through the Weyl group W,.. Thus the

diagram

Gal (K/K) Aut (Pic S) (6.1)

~,

commutes. The map Gal (7/ K ) — W, allows us to view the W, -permutation
resolutions as G-permutation resolutions. By the results in Section 2.3, the
sequences can therefore be written as

h g _

for some G-permutation module P, i.e. P = (P;Z[G/H;] for some open

subgroups H; C G. Then K™ is a finite field extension of K and E = [1; K
an étale algebra The results in the previous chapter, in particular Theorem
5.9, then show that this sequence is of the form

0= CHy (K x5 ) == CHy (K x5 B) == CH, (K x5) —=0.
(6.3)

Corollary 5.7 then implies that there are algebraic cycles o € CHy (E X S)
and § € CH; (S xg E) such that

®: CH; (E xg S) — Homg (CHy (K x% E) ,CH; (K x% S5))
a— (ag), =g

and

1 CH, (S x5 E) — Home (CH, (K x5 5) ,CHy (K x5 E))
B (Br). =k
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We further know that

a € CH; (E xg S) = Homcnow(x) (£(1),.5)
=~ Homcpow(x) (E(1), K) ® Homepow(x) (E(1), (S, p))
) CH. (B 5 K)=0 ’
® Homcnow(ry (£(1), K(2))
) CH_1 (Ex 1 K)=0 ’

= Homcnow(x) (E(1), (S, p))

and

B € CH; (S xk E) = Homcpow(k) (S, E(1))
= \HornChOW(K) (K, E(l))j@ Homcpow(x) (S, p), £(1))
CH. (K x i B)=0
@I'IomChow(K) (K(2), E(U)}
CH_ 1 (K x 1 E)=0

= Homcnow(x) ((S; ), E(1)) -

Similarly, we can find algebraic cyclesy € CHy (F Xk K)and § € CHy (K xg F)
such that

CHD (E XK K) — HOHIG (CHQ (F X?E) ,CHO (E X?F))
1= (k) = f

and

CHy (K xx E) — Homg (CHo (K x% K),CHy (K x¢ E))

*

and again, those can be viewed as morphisms in the category of Chow Motives
over K as described in Theorem 5.9

A CHO (E XK K) = HomChow(K) (E, K) = HomChOW(K) (E(l), K(l))
and

o€ CHO (K XK E) = HOITlChOW(K) (K, E) = HomChOW(K) (K(l), E(l))
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To prove Theorem 6.1, we will show that there is an algebraic cycle a €
Homenow(k) (E(1), (S, p)) associated to a such that

id(&p) = d O 5
idgy =700
ldE(l) :,BOONé + 50’)/

6.2 Proof of the main theorem for K alge-
braically closed

Let now K be algebraically closed, hence we can assume that £ = K". We
will firstly focus on equation (6.4) and show that

id(g, = aof.

Since Diagram 5.2 in the proof of Lemma 5.5 commutes, we know that we can
write

g = (gj>j GHOH’IZ (CHO (K XK E),CHl (K XK S))

= éHomZ (CHo (K xg K),CH; (K xg S))

j=1

= @ Homy (Z, Pic S)

=1
via

CH()(KXKK)—)Z
Kxg K1

and

PICS:CHls%CI‘h(K XKS)
w— K x pu.
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Further,
o = (Oéj)j GCHl (E XK S)
j=1
&~ @ Pic S
j=1
such that

(o) = (o), = g;.
Similarly, we have
k= (kj)j € Homy, (CH1 (K XK S) , CHO (K XK E))

_ éHomz (CH; (K xx S),CHp (K xx K))

J=1

= @ Homy, (Pic S, Z)

j=1
via
CHl (K XKS) —>CH15:P105
KXxXpu—p

and

Z — CHy (K xg K)
1— K x K.



6. The Chow Motive of a Del Pezzo Surface

62

Further,
B=(8); €CH; (S xk E)
j=1
&~ @ Pic S
j=1
such that

U(B3;) = (B5), = kj.



Given the maps g; : Z — Pic .S and k; : Pic S — Z, we can compute the components «; and 3; via the isomorphisms

PicS ——= CH; (K xx S)—— Homy (CHy (K xx K),CH; (K Xk S)) — Homg, (Z, Pic S)

OéjlﬁKXO{jl (KXO{]')*I g;,
and

PICS—>CH1 (S XK K)ﬁ-HOHlZ (CHl (K XK S),CHO (K XK K))ﬁ-HOIHZ (PICS,Z)

Bi—— 0 x K1 (B; x K), k;.
For o, this yields

K xg;(1) = (K x ay), (k)
=K X a;

and hence

a; = g;(1). (6.7)

o0vJINng 0zzdJ [O(J © JO 9AI}OIN Moy Y.L, ‘9

€9
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Recall that we have a Z-basis l, ..., [, of PicS. If we write Bj = ZZZO bajla,
then

k(L) idg = (85 x K), (K x 1)
— (8 x K)o (K x 1)

= baj (la x K)o (K x 1)
a=0

= " boj (pxi), (K x (la, 1) l; x K)
a=0

- Zbaj(laali) . ldK
a=0

fbyidg ifi=0
C | =byidg ifi>0

and hence

Next, we also want to express id(g,) (which is equal to p) in terms of the

Z-basis ly, . .., 1. of PicS = CH; (9).

Lemma 6.2.

p=1loxlo— > lixl (6.9)
i=1
Proof. The Kiinneth Formula (c.f. Lemma 2.4) yields that
2
CH, (S x S) = @ CH; (S) @z CHa_; (S),
=0

hence we can write

ids=a-Sxpt+b-ptxS+ > cy-lxl

1,J=0
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with integer coefficients a, b and ¢;;. Since idg o (S x pt) =S x pt, that is

<a-S><pt+b-pt><S+ Zcij-lixlj>o(S><pt):(S><pt),

i,j=0
we can compute
a(Sxpt)o(Sxpt)=a-p,(SXSxpt-IxptxS)=a-S xpt

b(pt x S)o (S xpt)=b-p. (SXxpt xS -SxptxS)=0
cij (lix 1) o (Sxpt)=cij pe (Sx i x1lj - SxptxS)=0,

and hence a = 1. Similarly, since idg o (pt x S) = pt x S, that is

(a-Sxpt+b-pt><S+ Zcij-lixlj>o(pt><S):(pt><S),

i,j=0
we can compute
a(Sxpt)o(ptxS)=a-p.(SxSxpt-ptxSxS) =0

b(pt x S)o(ptxS)=b-p. (SXpt xS -ptxSxS)=b-ptxS
Cij(lile)O(thS):Cij'p*(SXlile'thSXS):O,

and hence b = 1. Finally, since idg o (I,, X ;) = l,, X l,,, that is

(a-Sxpt—{—b-pth—i— ZCU-lixlj>o(lm><ln):(lm><ln),

i,j=0
we can compute

a(SXpt)o(lyxXly) =a -p.(SXSXpt-lyxl,xS)=0
b(pt X S)o(ly X 1) =b-pu (SXxpt xS -1, xIl,xS)=0
Cij(lile)O(lmXln):Cij'p*<SXlinj llenXS)

= Cij(lia ln) . lm X lj.
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The last set of equations yields that

Ly X 1y = 1dg o (L, X 1)

= ZCi]’ (ZZ, ln> . lm X lj
4.J

= enj (ny1n) - L X .
J

As (l,,1,) = %1 is its own inverse in Z, we obtain ¢,; = (I,,,(,,)d,;. Therefore,

idg = S xpt + ptx S+ > (Li,h) i x [;

=0

:Sxpt—l—thS-{-loXlo—Zlini;

=1

and

p=1ids — (S X pt + pt x 9)
ZZOXZO_Zlini' ]
=1

Proposition 6.3. (S, p) is a direct summand in E(1).

Proof. We will show that g o k = idp;. s implies that o f = p. For this, we
compute

aoB:Z(Kxozj)o(ﬁij)
j=1
:Z(pgs)*(SxKxaj-ﬁijxS)

= Z (pss), (B; x K x aj)

= 3 (Rlita = o (01) x50 by (6.7) and (6.5)
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_Zlox (lo)g; (1 Zl x (1))
:ZJOng ; lo))—zlngj(kj(l)>

=y x g(k Zl x g(k
:loxlo—Zlixli

=p
— id(s,) - 0

Proposition 6.4 (Theorem 6.1 for K algebraically closed). Let K be alge-

braically closed, then
E(1)= K(1) & (S, p).

Proof. Since we have already proven Proposition 6.3, it suffices to prove that
K(1) is a direct summand in E(1) and that E(1) doesn’t have any other
summands, i. e. to verify equations (6.4) and (6.6). Since the functor described
in Theorem 5.9 induces an equivalence of categories, equation f o h = idyg
immediately implies v 0 § = idg(). The split exact sequence (6.3) further
yields that ko g+ ho f =idp. The following two commuting diagrams



HOIHG (CHl (K XK S),CHO (K XK E)) X HOIIIG (CHO (K XK E),CHl (K XK S))—>Endc (CHO (K XK E))

T T

CH; (S xg E) x CHy (F xg S) CHy (E xk E)

and

Homg (CHy (K xx K),CHy (K xx E)) x Homg (CHy (K xx E), CHy (K x ¢ K)) —> Endg (CHy (K xx E))

T |

CHo(KXKE)XCHo(EXKK) CHQ(EXKE)

o0vJINng 0zzdJ [O(J © JO 9AI}OIN Moy Y.L, ‘9
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with the horizontal maps being composition and vertical maps being ® and
W, enable us to translate this equation into

Boa+doy=1idgq). O

6.3 Proof of the main theorem for K perfect

We will extend the proofs of the previous section. Let now K be a perfect field
with algebraic closure K.

Proposition 6.5. (S, p) is a direct summand in E(1).

Proof. In Theorem 5.6, we show that the two diagrams

CH, (E x S) —%= Homg, (CH, (K x5 E) , CH, (K x% 5))

resK/K] J (6.10)

CH1 (E XK S) ?‘HOH]G (CHO (K XFE) ,CHl (K Xf?))
and

CH, (S xz B) —£- Homg, (CH, (K x5 S) , CH, (K x E))

resK/K] J (6.11)

CH1 (S XKE)—>HOH1G CH1 ?ng ,CHO KX?E
v

commute. Hence, also the following diagram commutes:



Hom, (CHO (K x5 F) ,CH, (

Home (CHO (K x5 E) ,CH, (

CH; (

E Xf?) X CH1 (g XKE)

5%

F Xf?)

7X?S)

)

x Homy (

I'GS? /K

CH1 (E XKS) XCHl(S XKE)

.

x Homg <

composition
/

CH, (K x5 5) . CH, (K XKE))

res? /K

composition

v

CH, (K x5 5) ,CHy (K XKE))

CH, (5 % 5)

I'QS? /K

CH2 (S XK S)

o0vJINng 0zzdJ [O(J © JO 9AI}OIN Moy Y.L, ‘9
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Since Proposition 6.3 proves that ax o f7 = id we can use Rost nilpo-

(Sexc)’
tence (c.f. Theorem 2.8 in [4]) to deduce that there is a nilpotent u €
Endcpow(k) (S, p) such that

Homchow(k) (E(1), (S, p)) x Homenowx) (S, p), £(1)) = Endcnow(x) (S, p)
(0.8) > a0 B = idgsy +.

Since then

(i +1) = (—p)

J

is a finite sum, we can define & := ((ZJ (—,u)j> o a) and compute

&Oﬁ=<2(—u)j>0(a06)

J

= (Z (—M)j> o (id(s,p) +1)

- ld(S’p) .

This yields that (.S, p) is a direct summand in E(1). O

Now we will be able to prove the main theorem given on page 57.

Theorem 6.1. Let S be a Del Pezzo surface of degree 5 or 6 over a perfect
field K. Let further S have a K-rational point pt : Spec K — S and define
p:=pt xS + Sxpte CHy (S xkS). Then there ezists some étale algebra
E such that

(Spec E, idspec £) (1) = (Spec K, idspec i) (1) @ (S, p) .

Proof. We will mimic the proof of Proposition 6.4. Again, the Proposition 6.5
shows equation (6.4), i.e. that (S, p) is a direct summand in F(1). Equation
6.5 is again a consequence of the equivalence of categories given in Theorem
5.9 and it remains to proof equation 6.6. Similarly to the proof of Proposition
6.5, the two commuting Diagrams (6.10) and (6.11) imply that



Hom, (CH1 (K x5 5), CH, (

Homg (CH1 (K x5 5), CH, (

CH; (S x% E) x CH; (E x% S)

h

K x5 E)

KXfE)

)

)

x Homy (

TGS? /K

CHl(S XKE) XCHl(E XKS)

.

X Homg (

composition
/

CH, (K x5 E),CH, (K XKE))

res? /K

composition

i

CH, (K x5 E) ,CH, (K ><K§))

CH, (E x5 E)

I'GS? /K

CHQ (E XK E)

o0vJINng 0zzdJ [O(J © JO 9AI}OIN Moy Y.L, ‘9
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also commutes. This allows us to translate the equation
kog+hof=idp

into
Furthermore, we know that —y is in the kernel of resg ;. i.e. ugx = 0 and
hence,

Therefore, Equation (6.12) can also be written as
P o ax + 0 o g = idgq, -
Since resz /K 18 Injective on étale algebras, this implies
Boa+doy=idgq

which proves Equation (6.6) and hence our theorem. O

6.4 More information on the étale algebra £

As described in Section 6.1, the permutation module P = B, Z[G/H,] is
completely determined by the G-action on P. Furthermore, the G-action is
induced by the action of W, via the map Gal(K/K) — W, in Diagram 6.1.
The complete decomposition of the étale algebra E into its factors of field
extensions of K depends on the image of Gal(K/K) in W, and is a case-
by-case consideration. We will only describe the decomposition without any
further assumptions regarding the image of this map.

The main idea of this section is to decompose our permutation module P into
a direct sum of permutation modules such that W, acts transitively on the
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given basis of each summand. If the map Gal(K/K) — W, is surjective, this
is all there is to say. Otherwise, the permutation module might decompose
even further.

For degree 6, recall the Ws-action on Z° on page 36. The Z-basis {ey,...,e5}
can be split into the two disjoint Ws-sets {ey, ea, e3} and {ey, €5}, hence

Z5 = Z[el, €9, 63] ) Z[€4, 65]

as Ws-permutation modules. The corresponding étale algebra FE is therefore
given by a product of an étale algebra of degree 3 and an étale algebra of
degree 2 over K.

Similarly, for degree 5, recall the Wj-action on Z°® on page 43. The Z-basis
{e1,...,es} can be split into the two disjoint Wy-sets {ey,...,e5} and {es},
hence

78 = 7ey, ..., es5) ® Zleg)

as Wy-permutation modules. The étale algebra FE is therefore given by a
product of an étale algebra of degree 5 and an étale algebra of degree 1 over
K.
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