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ABSTRACT

Present North American codes contain two simplified design
procedures for regular two-way slab systems subjected to gravity
loading. It is shown that these two methods may give significantly
different design moments for some geometries. These code
procedures are evaluated by using a non-linear

finite element
analysis program, NISA80. The effects of geometry, reinforcement
densities and layout on the behaviour of slabs without beams is
addressed. New recommendations for the transverse distribution
of design moments at critical sections for these slabs are
presented.

It is shown that the code procedures can be replaced with an
analysis utilizing a standard elastic plane frame program, using

direct stiffness formulation and prismatic members. Approximate

stiffnesses for the members in such an analysis are presented.
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Chapter 1

Introduction

1.1 General Backg.ound

Two-way reinforced concrete slab systems are three-
dimensional structures consisting of a continuous structural slab
recinforced to resist flexure in two or more directions and
supporting walls or columns. Frequently, the structural slab is
stiffened with either beams spanning between columns or the
addition of drop panels or columin capitals. Live loading may be
applied over the entire slab surface or only over portions of the
surface (pattern loading). Furthermore, cracking of the concrete
with increasing load and time dependent effects such as creep and
shrinkage, even under service loading, cause the stiffness of the
different cle:xcats of the slab system to chang:, resulting in a non-
linear response. Thus, an exact analysis of reinforced concrete slab
systems 1S not practical.

On the other hand, two-way reinforced concrete slabs are
generally lightly reinforced so that sections are highly ductile. Since
such slabs are alse highly statically indeterminate, this ductility
permits a considerable amount of moment redistribution.
Therefore, it raay be argued that an exact determination of the
moment field for selection of flexural reinforcement for strength is
not necessary. However, the distribution of the flexural
reinforcement selected will affect the distribution of cracking of the

concrete which will directly affect the nature of the moment



redistribution, the load-deflection response and hence the overall
serviceability of the slab. Furthermore. the moment fields for
flexural reinforcement are also used to determine the moment
transfer between the slab and supports. a condition that may
govern the design of slabs without beams. For these reasons, an
examination of possible moment fields and their effect on the
behaviour of slab systems is warranted.

In practice, many slab systems consist of a continuous slab
supported on columns arranged in more or less straight lines to
form essentially rectangular panels. Live loads may be considered
uniformly distributed over the surface area. Such regular slab
systems have been successfully designed by dividing the structure
in each direction into strips or frames centered on the column lines
and bounded laterally by the centrelines of panels on each side.
These strips or frames are then analyzed as two-dimensional
structures for the purpose of determining bending moments at
critical sections, located at either midspans or at faces of supports.
Moments derived from this analysis are then distributed laterally
across the strip in accordance with preset rules. These moments are
also used to determine the magnitude of the unbalanced moment
that must be transferred between the slab and the supporting
columns. In this manner, the complex three-dimensional analysis of
reinforced concrete slab systems is simplified considerably to that
of a two-dimensional frame.

It is this simplified approach for the design of regular slab
systems that forms the basis for the Direct Design Method (DDM)

and the Equivalent Frame Method (EFM) that are the twoc analytical

1y



methods contained in North American design codes (A23.3-M84,
ACI 318-89).

These methods are based primarily on experience,
supplemented by elastic analyses and laboratory tests of a limited
number of slab geometries. The development of these procedures
predates widespread availability of digital computers and the
ability to perform non-linear analyses of such complex structures.

Applicaiien of the EFM is sufficiently time consuming that it is
impractical as a hand solution even when using approximate
tabuiawcd distribution parameters. For many slab geometries, the
DDM and the EFM do not give the same results. In an attempt to
simplify the DDM further, new rules were developed to determine
the unbalanced moment at exterior supports. For slabs without
beams, the magnitude of the unbalanced moment at the exterior
support for determining shear capacity based on these rules does
not always lead to reasonable results.

Developments in the field of non-linear finite element
techniques permit a new evaluation of these methods and an
examination of the feasibility of supplementing or replacing them
with a procedure that uses any of the muititude of two-dimensional

elastic frame analysis programs that are now available.

1.2 Objectives and scope

The main purpose of this study is to develop a more simple
but realistic procedure of analysis and design of regular reinforced
concrete two-way slab systems subjected to static gravity loading.

Specific objectives are:

1,0



(a) To evaluate the valit’ and limitations of the DDM and EFM
for predicting desigr oment  fields.

(b) To examine the possibility of replacing these methods with a
two-dimensional elastic frame analysis. using prismatic

members with appropriate stiffnesses.

To evaluate the DDM and the EFM, solutions obtained using
these methods, for a limited number of slab geometries, are
compared to solutions obtained using the non-linear finite element
program, NISA80. The possibility of using a standard elastic frame
analysis with appropriate stiffnesses is evaluated by comparing
design moments obtained using standard elastic plane frame
analysis to those obtained using the finite element procedure and

existing code procedures.

1.3  Outline of Thesis

Chapter 2 contains a description of the code procedures, DDM
and EFM, and their limitations. Solutions obtained using these
procedures are compared in Chapter 3, for a limited number of slab
geometries. The finite element program, NISAS80, is described in
Chapter 4. Solutions obtained usingz this program are discussed in
Chapter 5. Chapter 6 contains a comparison of solutions obtained
using the code procedures (DDM and EFM) to those obtained using
NISA80. Recommendations on the stiffness factors for use in the
Prismatic Equivalent Frame Method (PEFM), solutions obtained

using this procedure and comparisons with the code procedures and



NISAB0 (for slabs without beams) are presented in Chapter 7. A
summary of the major conclusions and recommendations is given in

Chapter 8.



Chapter 2
Simplified Methods of Analysis

2.1 Introduction

The provisions for the design of continuous two-way slab
systems are essentially identical in both North American building
codes (A23.3, Canada; ACI 318, USA). Both codes indicate that the
analysis of continuous two-way slab systems may be based on any
procedure that satisfies equilibrium and geometric compatibility
with the supports. The design must ensure that the design strength
at each section be equal to or greater than that required by the
factored loading and that specified serviceability requirements are
met. No other details or guidelines are giveﬁ for this general
condition but the clause is uased to justify analyses based on elastic
plate theory, numerical approximations such as finite difference
and finite element methods ard upper and lower bound theorems
of plasticity.

In contrast, for the case of regular continuous slab systems,
when analysis can be represented adequately by use of orthogonal
\wo-dimensional frames and the loading is restricted to uniformly
distributed gravity loading, both codes contain the simplified
procedures, Direct Design Method (DDM) and Equivalent Frame
Method (EFM), each presented in considerable detail.

The DDM is presented as a complete design procedursz with

sufficient detail to obtain the design moment at each section



required to select flexural reinforcement and the unbalanced
moments for the design of the slab-column connections. The EFM,
on the other hand, presents only a means of assigning stiffnesses
to members and the load patierns to be used when analyzing the
two-dimensional elastic frame so as to better represent the three-
dimensiona! slab system. For lateral distribution of the resulting
moments at critical sections, it refers to the DDM.

At the time the DDM and the EFM were formulated, the only
practical method for solving two-dimensional frames was the
method of moment distribution. Since the availability of digital
computers, the usual procedure for analyzing such structures is the
use of matrix structural analysis, generally based on the direct
stiffness method. Computer preograms using this method for
analyzing frames consisting of prismatic members are available to
all practising engineers. The design method using such programs
will be referred to as the Prismatic Equivalent Frame Method
(PEFM). A major objective of this study is to replace the DDM and
EFM, for the analysis of plane frames, with a procedure based on
the PEFM using appropriate member stiffnesses to approximate

the behaviour of continuous three-dimensional slab systems.

2.2 Description of Simplified Methods

Full details of the specified code requirements, explanatory
notes and examples of use of DDM and EFM are given in CPCA
(1985). Only the essence of the methods is given here for

convenience of the reader and to facilitate later discussion.



Although differing significantly in details of calculation, the
DDM and the EFM have much in common. Both methods tacitly
assume that an adequate analysis can be obtained by modelling
the slab system as a series of orthogonal two-dimensional one
storey frames, that is, design moments at any part of the slab can
be obtained by considering the structure to be made up of a wide
beam and supporting columns. This simplified structure is referred
to as the design strip. An interior design strip is shown in Fig 2.1,
where dimensions in the direction along the sirip are designated
with subscript 1 and those perpendicuiar to the direction of the
strip with subscript 2.

Both methods define the same critical sections for
determining design moments, essentially the face of supports and
at each midspan. The clear span or distance between critical
sections for negative moments is designated by the subscript n.

For distributing design moments at critical sections laterally
across the design strip, both methods make use of column and
middle strips. Definitions of column and middle strips, are clearly
shown in Fig 2.2.

While an essential part of the DDM, both methods make use a
total factored static moment, Mg, that is computed for cach span

as:

M, = YE2 (2.1)



When the PEFM is used to anaiyze the design strip, the above
definitions for design strips, critical sections and static moment
wiil be used.

Since all simplified methods use approximate representations
of the actual structure, some limitations on the geometry and
loading are required. These limitations are examined following

presentation of the features unique to each method.

2.2.1 Equivalent Frame Method (EFM)

The E=FM considers the slab design strip and columns above
and below to be a two-dimensional frame that can be analyzed
elastically. The slab design strip between column centrelines is
referred to as a slab-beam element. Columns are assumed fixed at
their far ends. The stiffness assigned to the columns and slab-
beam members are selected to represent the behaviour of the
three-dimensional slab system.

As mentioned ea ‘er, it was assumed that the analysis of the
simplified frame would be performed manually using the moment
distribution method. Hence, based on the stiffnesses specified,
values for fixed end moments and parameters for determining
distribution and carry-over factors can be computed. For computer
application, the same parameters can be utilized with a slope-
deflection formuiation.

For computing these quantities for slab-beam elements, the
moment of inertia outside of joints, column capitals or brackets is

based on the gross concrete area, taking into account variation in



concrete dimnensions that may occur along the axis, say due to drop
panels. For the region between the center of the column and the
face of the column, bracket or capital, the moment of inertia is
taken as the moment of inertia of the slab-beam at the face of the
column, bracket or capital, divided by the quantity (1-c2/12)2.

It was realized that in a real slab structure, loading a single
panel results in moments in adjacent panels of the design strip
even if an infinitely rigid column is provided. That is, rotation of
the boundary between adjacent slab panels can occur even when
rotation of the column is prevented. This permits moments to leak
around the column, a condition that can not be accounted for
directly in a two-dimensional analysis. To approximate this
condition, an equivalent column with stiffness smaller than that of
the actual column is defined. This is accomplished by assuming the
equivalent column consists of the actual columns above and below
the slab-beam plus an attached torsional member on each side of
the column that extends to the edge of the design strip (see Fig
2.3). The torsional member is assumed to have a constant cross
section throughout its length. The section to be used is defined in
detail in terms of the slab thickness, transverse beam (if any) and
efiective column width. The flexibility (inverse of stiffness) of the

equivalent column is defined as:

K. YK K, (2.2)
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When computing K, the moment of inertia of a column

outside the joint is based on the gross concrete dimensions. The
moment of inertia of the column from top to bottom of the slab-
beam is assumed to be infinite.

The stiffness of the attached torsional members, Kg, is

computed as:

« g 9L
1(1- fﬁ

where the summation relates to the transverse spans on each side
of the column. C is the section parameter evaluated by dividing the
cross section into separate rectangular parts and summing, as
given in Egqn 2.4:

3
C=z(1-o.633y‘-)" Y (2.4)

3

where x is the shorter dimension of a component rectangle and y is
the longer dimension. Where beams are provided between
supports, as shown in Fig 2.4, K defined above is increased by the
ratio of the moment of inertia of the slab with the beam to the

moment of inertia of the slab without such beam, as given below:
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For a slab-beam member with drop panels at each end, there
could be as many as six unique concrete cross sections. Similarly,
for a column with a tapered capital there would be three sections
with different but constant cross sections and one section witi a
variable cross section. Theoretically, it is possible to determine
values for the fixed end moments, stiffness factors (as defined by
moment distribution) and carry-over factors using any ot the
classical elastic methods, such as the moment-area theorems. For
even the most simple slab, a manual determination of these
quantities is not practical. Attermpts (Misic and Simmonds, 1970),
have been made to tabulate approximate values of these quantities
in terms of dimensionless ratios which significantly reduces the
computational effort involved, but it is still far greater than could
be justified in practice. Hence, application of the EFM, as defined in
the code, can only be accomplished by a computer program that is
written especially to handle non-prismatic members with the cross
sections specified.

The EFM considers pattern loading explicitly when the ratio
of the factored live load to the factored dead load exceeds 0.75.
Loading patterns to obtain maximum moments at various critical
sections are specified, however, in no case may the design
moments be taken to be less than those for the case of full factored
loads on all spans.

When using the EFM, member lengths are defined in terms of
the intersections of member centrelines and so the moments

computed are at the ends of the members. However, the location of



the critical sections for negative moments for different conditions
are specified in detail but, with no provision as to how the moment
at the critical section is to be computed.

The procedures used in textbooks (Ferguson et al., 1988;
Wang and Salmon, 1979) is to draw a free body diagram of the
beam-slab element and to reduce the centreline moment to the
critical section by the area under the shear force diagram between
these two sections. Using the distance between the member end
and the critical section equal to c{/2 and the shear force at the end
of the slab-beam member obtained from the EFM solution,
considering the difference in end moments in the span, as V', the

design moment at the critical section may be expressed as:

(2.6)

For normal column sizes, V' is less than V (neglecting the
difference in end moments), but the maximum difference is of the
order of 5%. Use of V instead of V' implies more reduction in
moment at the exterior support. The procedure of Eqn 2.6 will be
referred to as the equilibrium method for the rest of the study.
However, Corley and Jirsa (1970), in the code background
paper to the ACI, on the Equivalent Frame Method, used a
simplified equation, by neglecting the second term in the

reduction, as follows:

vy



1
Mae=Mqy-V'5 (2.7)

For small column sizes, the differences in the design moments

obtained using Eqn 2.7 compared to Egqn 2.6 is small.

The complexity of the EFM precludes its use as a manual
procedure for the design of slab systems. However, it was realized
that many slab geometries encountered in practice could be
analyzed very simply and quickly with only a minimal amount of
manual computation. This is the purpose of the DDM.

For each span of the design strip, the factored static moment,
M,, given by Eqn 2.1, is computed. Fractions of this moment are
assigned to the various critical sections in that span. At each
critical secuon, the design moment is proportioned between the
column and the two half middle strips on either side for an interior
design strip.

For interior spans, 65% of Mg is assigned to the negative
moment at critical sections located at faces of the supports and
35% to the positive moment at midspans. For exterior spans, the
portion of Mgy depends on the degree of fixity at the exterior
support.

While the EFM is unchanged since its introduction, the DDM
has undergone a series of changes. Simmonds (1962) showed that

moments in exterior panels are sensitive to the flexural stiffness of
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the exterior columns. Initially, the DDM (ACI, Feb., 1970) used a set

of coefficients for determining the design moments in interior

spans and expressions involving the parameter a. for moments in
exterior spans, where o is the ratio of the sum of flexural
stiffnesses of exterior columns below the slab, to the flexural
stiffness of the design strip. During the period of discussion of the

code revisions, Gamble (1970) suggested expressions for moments

in exterior spans be in terms of aec (defined im Egqn 2.8) which
were adopted by ACI 318-71 and A23.3-73. However, manual
computation of aec is tedious which resulted in the replacement of
expressions for moment in exterior panels by a table of coefficients
(ACI 318-7V; A23.3-M84). In this study, the term DDM 1is used
generically when a distinction between versions is not required.
When referring to the 1971 version that utilizes ogegc, the term
DDM' is used while the version invoiving the table of coefficients is
referred to as DDM-84.

The term aec is defined as:

= (2.8)

where Kgc is the stiffness of the equivalent column defined by Egn
2.2, for the exterior column and, (Kg+Ky) is the stiffness of the
slab-beam member in the exterior span. To enable manual

computation of these quantities, member stiffnesses are computed
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assuming members are prismatic with a cross section equal to that
outside the region of the joint or drop panel.

Applying the moment distribution method to the exterior
spans and assuming the first interior support does not rotate.
results in a balanced moment at the exterior support of
1/(1+1/aec) times the fixed end moment for the exterior column.

Consistent with the assumed end moment for interior spans,

namely 0.65 Mg, this results in a design moment of:

0.65

1+—1—-

Ao

M,= M,

Using a similar format, the design moment at the face of the first

interior support, with a maximum value of 0.75 Mgy when there is

no restraint at the exterior column, is given by the expression:

M,=[075 --Qi(i— M,
1 +—

R

(2.10)

From the total panel moment and these expressions for negative

moments, the positive design moment, taken at midspan is:

M: =063 -i@l—— M,
1 +—

Cec

(2.11)
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These expressions were replaced in 1984 (DDM-84) by Table 2.1.

When the ratio of unfactored dead load to unfactored live
load is less than 2.0, pattern loadingy must be considered by either
ensuring that column stiffnesses above and below are greater than
specified minima or by increasing positive moments by a factor
that is a function of the column stiffnesses provided.

Clauses for the DDM permit modifying the design moment at
any critical section by up to 10% as long as the total static moment,
M, is maintained in each span. For nearly equal spans and loading,
the negative moments on opposite faces of an interior column
could be adjusted so that they are equal. For purposes of designing
the connection for interior columns, a minimum unbalanced
moment equal to approximately 85% of the difference in fixed end
moments of the adjacent spans obtained by considering dead load
on both spans and 50% of live load on the longer span, is specified.
When using Table 2.1, the moment to be transferred at an exterior
column for slabs without edge beams is specified as the nominal
flexural capacity of the reinforcement in the column strip at this

location.

2.2.3 Prismatic Equivalent Frame Method (PEFM)

It is proposed that when using the PEFM, the same two-
dimensional frame defined for the EFM be used. The only
difference is in the determination of the stiffness values.

By assuming all members have constant cross sections over

their length (prismatic), based on concrete dimensions of the
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member outside of the joint, any prismatic two-dimensional elastic
frame program can be used. Consistent with usual slab analysis,
axial deformations may be suppressed. To account for leakage of
moments around stiff columns, the stiffness of the column can be
modified by a factor thereby eliminating the need to attach
torsional members. The determination of this factor and the

validity of the solutions is the major objective of this study.

2.3 Limitations for use of Simplified Methods

The most obvious limitation for use of the DDM, EFM or PEFM
is that the assumption on which they are based, namely that an
adequate analysis can be obtained by considering the three-
dimensional slab system as a series of parallel two-dimensional
frames, is valid. A second limitation is that, when distributing
moments laterally across the design strip, using a set of rules, the
geometry not deviate too far from the geometry on which the rules
are based.

Virtually all the laboratory tests and analytical studies on
which the DDM and EFM are based were performed on specimens
containing square panels and square columns. In most cases, the
specimens contained nine panels arranged in three bays by three
bays to form a square slab system. While it was understood that
the design provisions would also apply to slabs with less regular
geometry, it was felt necessary to specify limitations to the

geometries for which the recommendations could be used.



The DDM was intended to be very simple to use and so its
use is restricted to simple common configurations. The EFM, while
more complex in execution, was intended to permit a wider range
of application.

The limitations given for the DDM and how they apply to the
EFM are now examined. The limitations for use of the DDM as given

by A23.3-M84, Clause 13.6 are:

1 There shall be a minimum of three continuous spans in
each direction.

2 Panels shall be rectangular with a ratio of longer to
shorter span, centre-to-centre of supports within a
panel of not greater 2.

3 Successive span lengths centre-to-centre of supports in
each direction shall not differ by more than one-third of
the longer span.

4 Columns may be offset a maximum of 10% of the span
(in the direction of offset) from either axis between
centre lines of successive columns.

5 All loads shall be due to gravity only and uniformly
distributed over entire panel. The factored live load
shall not exceed 3 times the factored dead load.

6 For a panel with beams between supports on all sides,

the relative stiffness of beams in two, perpendicular

2

directions a1122/a211 shall not be less than 0.2 nor

greater than 5.0.
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7 Moment redistribution, as permitted by clause 8.4,
shall not be applied to slab systems designed by the

Direct Design Method (see Clause 13.6.7).

Clause 8.4 specifies..."negative moments calculated by elastic
analysis at the supports of continuous fiexural members for any
assumed loading arrangement may each be increased or decreased
by not more than (30-50 c/d) per cent, but not mere than 20%,
and the modified negative moments shali be used for calculation of
the moments at sections within the spans”. For slab systems, the
effective value is 20%.

Limitations 2 and 6 are to ensure two-way behaviour in a
panel. Thus, they must be satisfied by all slabs designed as two-
way slabs using provisions of Chapter 13 in the design codes.
When limitation 2 is not satisfied, slabs with no beams tend to act
as one-way slabs in the long direction whereas slabs with beams,
even if limitation 6 is satisfied, tend to act as one-way slabs
spanning in the short direction. When limitation 6 is not satisfied,
one-way Dbehaviour occurs and the slab tends to span
perpendicular to the stiffer beams. Obviously, the transition from
complete two-way action to one-way action, as the panels become
more rectangular, is a gradual one. Hence the values given in
limitations 2 and 6 marking the transition from two-way action to
one-way action are arbitrary but tend to be generous in defining

two-way behaviour.



Limitation 4 is to ensure that the basic assumption that a
design based on a series of orthogonal design strips analyzed as
two-dimensional frames is adegquate. Again this limit is arbitrary
but applies to all methods where this assumption is used.

Limitations 1, 3 and 5 are inciuded to ensure that the
coefficients for determining moments at the critical sections
contained in the DDM are valid. Since the factors considered by
these limitations can be considered explicitly by an elastic frame
analysis, these limitations do not apply to the EFM or PEFM.

For approximately equal spans, the maximum negaiive
moment at the central support for a two span strip is
approximately 25% greater than negative moments at supports
when there are more than two spans. Thus, this condition is
precluded for the DDM by limitation 1 as the coefficients are based
on there being three or more approximately equal spans. This also
explains the reason for limitation 3. Similarly, limitation 5 is to
ensure that the provisions for pattern loading are adequate. Again
the absolute values in these limitations are somewhat arbitrary as
the coefficients are based on equal spans and uniform loading on
all spans, and become less reliable as the geometry and loading
deviates from this condition.

Limitation 7 was not included in the original version and its
later inclusion is not clear since it is difficult to argue that the
coefficients used in the DDM are equivalent to an elastic frame
analysis of continuous flexural members. Furthermore, the DDM

specifically states that moments at the critical sections can be



modified by 10% provided the total factored static moment in each
span is maintained. The possibility of modifying design moments :x
not addressed in the EFM. This can be interpreted as either nc
modification is permitted, an unlikely interpretation. or the
general redistribution of moments up to 20% for continuous
flexural members arn:yzed by elastic frame analysis permitted by
Clause 8.4 is applicable. Obviously, if the latter interpretation is
chosen, there can be very large differences in design moments
obtained by different designers for the same slab sysiem when

using the EFM.

2.4 Lateral Distribution of Design Moments

Once design moments have besn obtained at the critical
sections, they are distributed laterally across the design strip.
Within the provisions of the DDM. the portion of the design
moment at each critical section to be assigned to the column strip
is specified. The remainder of the design moment is assigned to the
two half middle strips in proportion to their widths. When beams
are present, more of the total moment at the critical section is
assigned to the column strip. Rules are also given to proportion the
column strip moment between the beam and the slab.

The rules for distributing design moments laterally across
the design strip were obtained from averaging moments obtained
from elastic analyses of square panels using solutions based on
finite difference analyses. These rules are certainly reasonable for

slabs satisfying all of the limitations given for the use of the DDM.



The EFM permits the same rules to be used if limitation 6 is
satisfied. This is curious because, as argued previously, this
limitation is required to ensure two-way action and as such is
equally applicable for the validity of considering analysis of
orthogonal design strips, a basic assumption of the EFM. For
consistency, one would expect that limitations 2 and 4 would also
need being satisfied. By implication, the EFM would permit the
lateral distribution rules to be used if limitations 1, 3 and 5 are not
satisfied.

It is also highly questionable whether the rules for uniformly
distributed loading would be ar licable if concentrated live loads

were considered within the scope of the EFM.

2.5 General Observations

The DDM and EFM contained in the North American building
codes for the analysis of regular slab systems are characterized by
the depth of detail provided both in the limitations for their use
and the means of execution.

European building codes also contain references to simplified
methods for regular slab systems but, in contrast, provide very
little detailed guidance. While use of elastic analysis of design
strips is permitted, nothing approaching the coinplexity and detail
of the EFM is given. This implies that some deviation from the
strict limitations or distribution rules for the DDM and EFM are
reasonable for some applications based on the designer's

experience.

1J

‘ol



Since 1973, both ACI 318 and A23.3 have contained the
clause "For gravity loads, a slab system, including the slab and
beams (if any) between supports and supporting columns or walls
forming orthogonal frames, may be designed by either the DDM or
the EFM". The term "orthogonal frame" is not defined but limitation
4 for the DDM indicates a maximum column offset of 10% of the
span (in the direction of the offset) from either axis between
centre lines of successive columns. The only restriction for use of
the EFM is the term "orthogonal frame".

In this thesis, limitation 4 is taken as the limit in defining
orthogonal frames. It is understood that the concept of EFM might
be applied for frames not meeting this limitation but it is also
understood that when this is done, considerable judgement is
required by the designer to arrive at the distribution of final
design moments to ensure both strength and serviccability
requirements. A discussion of this judgement is outside the scope
of this study.

The same limitation for the definition of orthogonal frame

will also be used when considering the PEFM.



Table 2.1: Design moment coefficients for the exterior span (DDM-84)*

Case + 1 2 3 4 5
slab Siab without beams
E ; with between interior Exterior
Ratio of M é{tenor beams | supports edge
opdge wrained| PEtween [Withoutr | With fully
unresained) 5y edge edge restrained
Supports | beam beam
Interior
negative 0.75 0.70 0.70 0.70 0.65
moment
Positi
OSIVE L 066 0.59 0.53 0.50 0.35
moment
Exterior !
negative 0 0.16 0.26 0.30 0.65
moment

* From CSA Standard, CAN3-A23.3-M84, Clause 13.6.3.3
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Chapter 3

Comparison of DDM and EFM

3.1 Introduction

The Direct Design Method (DDM) and Equivalent Frame Method
(EFM) use similar design strips for the analysis of slabs but differ
significantly in the manner design moments are obtained at the
critical sections. To evaluate the significance of these differences,
design moments obtained using each method are compared for a
limited number of geometries.

While such comparisons will indicate the magnitude of the
differences in solution between the methods, they do not permit a
direct evaluation of the accuracy of either method. They will,
however, indicate the sensitivity of the methods to changes in
geometry which may lead to conclusions regarding limitations to the
range of geometry for which their application is valid. Both the DDM
and EFM satisfy equilibrium in the sense that, as a minimum, they
provide the total factored static moment for each span. Since the
methods do not evaluate moment intensities between critical
sections, they are upper bound solutions for the slab systems they
represent.

Data for the comparisons were obtained using the comput
program, SLAB, written specially for this purpose. This program is

described in the next section.

30



3.2 Program SLAB

Program SLAB is written specifically to implement the
provisions of DDM-84, DDM' and EFM as contained in the A23.3 and
ACI 318 building codes. The program is written in Fortran 77 and
can run on any IBM personal computer or compatible. A description

of the input and output is given in Appendix A.

3.2.1 Scope of program

The program is capable of analyzing either an interior or
exterior design strip in slabs with or without beams. The number of
spans along the design strip is limited to 9. Beams are specified by
entering the overall depth and the web width. Drops and column
capitals may also be specified.

The program considers only uniformly distributed gravity
loading applied over the full panel. The unfactored dead and live
loads are input and then factored loading is computed using the load
factors associated with the building code specified. Exterior wall
loading may be input as an unfactored line load with the
corresponding eccentricity of the load from the centreline of the
exterior column. The effects of pattern loading are taken into
account consistent with the provisions of the design method
specified.

To obtain centreline moments and shear forces at the exterior
supports, cantilever spans measured from the centreline of the
exterior support to the edge of slab are considered. For exterior
design strips, transverse cantilevers, in addition to the longitudinal

ones, are required.
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When analysis by the EFM is carried out, variations in cross
sectional properties along the member to be used in determining the
stiffness and carry-over factors are considered using the method of
column analogy. A slope deflection formulation is used to obtain the
unknown joint displacements. These displacements are then used to
obtain centreline moments. Centreline moments are reduced to faces
of the column supports by considering equilibrium of each span
(Eqn 2.6). The resulting moments are alsc expressed as ratios of the
total static moment, Mg, for that span.

At supports without beams, a moment-shear transfer analysis,
for each code design procedure, is carried out. Output includes the
factored shear force, the unbalanced moment at the centroid of the
shear critical area and the component of the total unbalanced
moment that is assigned to eccentricity of shear. The component of
shear stresses corresponding to uniform shear force and moment
transfer are output separately in addition to their sum. The

allowable shear stress is also output.

3.3 Geometry and designation of design strips

To compare moments obtained using different methods for
frequently encountered slab geometries, solutions were obtained for
a typical interior design strip of a typical storey. The slab is of
constant thickness, 200 mm, and the panels on either side of the
column centrelines have the same transverse spans resulting in the
design strip having constant width in all spans. Coclumns of length
3.5 m exist above and below the slab and are fixed at their ends, as

shown in Fig 3.1. When varying the panel aspect ratio, the longer

o
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span in the panel is taken as equal to 7.0 m. These dimensions were
considered to be representative for the type of slab systems under
consideration.

The definitions for obtaining stiffnesses for use with the EFM,
the computation of ae. for use in DDM' and the coefficients in Table
2.1 for DDM-84, are functions of geometry only and are independent
of loading. Hence the distribution of moments obtained using the
simplified code procedures will not vary because of changes in the
magnitude of loading or the dead to live load ratio, except for those
conditions when pattern loading governs. For this reason, the
primary variables refer to geometry and are column aspect ratio (C),
panel aspect ratio (P) and successive span length ratio (S). Other
variables are the beam to slab stiffness ratio and dead to live load
ratio.

To facilitate discussion, each design strip is designated in
terms of the variables, as follows:

<primary identification> <panel aspect ratio or span
ratio> <column aspect ratio> <unfactored dead to live load
ratio> (<beam to slab stiffness ratio or edge beam width>).

For primary identification, single letters corresponding to the
first letter of the primary variables are used except when beams are
provided. When beams are provided, PE is used for panels with edge
beams and PB for panels with beams between all supports. Panel
aspect ratio is defined as 1y/l12 and span ratio as 13/1'y (Fig 3.2).
Column aspect ratio is designated by a letter, as defined in Table 3.1.
To eliminate use of decimal points in the designation, all numerical

ratios, except beam to slab stiffness ratio, are presented as integers

(')
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obtained by multiplying the ratios by 10. Therefore, P10B20 refers
to a series where panel aspect ratio is the primary variable, the
panel has no beams, the panel is square (l1/12=1.0), the exterior
column is square with dimensions 500 mm by 500 mm, and the
unfactored dead to live load ratio is 2.0. PB20B5(1.5) is a design
strip where panel aspect ratio is the primary variable. the panel has
beams between all supports, a panel aspect ratio of 2.0, has an
exterior column of size B, a load ratio of 0.5 and a beam to slab
stiffness ratio of 1.5.

The reader should note that when the 17/l or 13/1'1 ratios are
0.75 and 1.33, respectively, the numbers designating panel aspect
ratio or span ratio are 7 and 13, respectively. Similarly, a load ratio
of 0.33 is designated as 3.

All design strips consist of three spans except the S serics,
which has five spans (Fig 3.2). For all strips, loading, including
pattern loading, is assumed to be uniformly distributed gravity
loading and so placed that the design strips are also symmetric
about the transverse centreline of the most interior span. This
reduces the number of critical sections for which critical moments
are reported to 5 and 8, for 3 and 5 span design strips, respectively.

Critical sections for a 3 span interior design strip are shown in Fig

3.3.

3.4 Presentation and comparison of results
Design moments for the various series were obtained using the
DDM-84, DDM' and EFM. All results are presented without

adjustments to moments permitted by the codes. The presentation



and discussion of results are distinquished by the primary variables.
For each series, moment ratios for the DDM-84 are included, even

though they do not vary, to facilitate comparisons.

3.4.1 Exterior column size and shape (C series).

The purpose of the C series is to evaluate the increase in the
design moment at the critical section located at the face of the
exterior column (Section 1), due to increase in the exterior column
stiffness. Hence the design strips consist of square panels and
square interior columns of size B. To change the stiffness of the
exterior column, both the area and aspect ratio are varied. Design

moments at critical section: are presented as ratios of the total static

moment, Mg, for each design strip in Table 3.2. The variation of
Mea/Mg at Section 1 is also plotted in Fig 3.4.

It is seen from Table 3.2 that the effect of changing the
stiffness of the exterior column has a significant effect only on
moments in the exterior span. There is close agreement between
design moments in the interior span, obtained for the different
design procedures.

When the DDM' is used as the design procedure, moments at
the face of the exterior support increase as the stiffness of the
exterior support increases (ae. increases), as expected. When the
EFM is used, design moments at Section 1 are consistently lower
than those obtained for the DDM'. For square columns, the design
moments from the EFM are about 80% for smaller size columns and
about 75% for the larger ones, compared to moments obtained from

the DDM'. However, for a given column size, as the stiffness of the



column is varied by increasing the column aspect ratio. the same
increase in dcsign moments is not observed. and ftor larger column

sizes, the design moment actually decreases.

3.4.2 Panel aspect ratio (P series)
Moments obtained at the various critical sections are

presented in Table 3.3. It is observed that major differences in the

design moments occur in the exterior span. Moments in the interior

span are essentially the same. The variation of Mg/Mg with panel
aspect ratio is plotted in Fig 3.5. For 11/l2=1.0, the DDM' gives a
moment that is 20% greater. It is seen that as the width of the
design strip is reduced (l1/'s increases). the design moment at
Section 1 increases for boik ine DDM' and EFM, but at a slightly
lower rate for the DDM' so . :u: when the aspect ratio is equal to 2.0,
the difference is approximately 7%. On the other hand, as the width
of the design strip is increased from the square panel, while both

methods give reduced moments, the rate of change for the EFM is

very much greater so that at 1j/l2 of 0.5, the DDM' gives a moment
that is 6.3 times that for the EFM.

At the interior support (Section 3), the DDM' shows reducing
support moment as the panel aspect ratio increases whereas the
EFM shows reducing moment 2s the panel depacts from the square
one. In both cases, however, the change in moment ratio is less than
4% from 0.7.

The coefficient for the design moment at the face of the
exterior column used in DDM-84 was obtzined as a reasonable lower

value for the moment obtained using the EFM, for a number of slab



geometries. Hence, it is not surprising that there is close agreement
between DDM-84 and EFM, {or strip P1OB20 (square panel, square
columns and small live load) in Fig 3.5.

In the interior span, there 1is close agreement between
moments given by the different procedures, although the EFM gives
slightly lower negative moments and higher positive ones, as the
panel geometry departs from the square one.

To evaluate the possible effects of pattern loading, solutions
for the P series were also obtained for a load ratio of 0.5 and are
also shown in Table 3.3. Pattern load effects may be observed for
panel aspect ratios less than 1.0, in the exterior span for the DDM’',
and the interior for the EFM. For a panel aspect ratio of 0.5, positive
moment increases due to pattern loads are 26 and 8% for the DDM’
and EFM, respectively.

For square panels with square columns, reducing the dead to

live load ratio from 2.0 to 0.33 does not affect the EFM moments.

3.4.3 Panel aspect ratio for slabs with edge beams (PE series)

The purpose of the PE series is to investigate the effect of
varying the edge beam size on the design moments. This was
accomplished by varying the width of the edge beam stem while
maintaining a total depth of beams at 500 mm. Results are
presented for a load ratio of 2.0 so that pattern loads do not govern.

Design moments from the three design procedures are
presented in Table 3.4. Again major differences are observed in the
exterior span, where the EFM consistently gives lower exterior

support moments compared to the DDM’, especially for panel aspect

(9]



ratios less than 1.0. However. as the edge beam size increases.
agreement gets better, especially for panel aspect ratios greater
than 1.0.

In the interior spans, there is close agreement between the
DDM' and the EFM. As the edge beam size increases and panel aspect
ratio reduces, the EFM gives lower design moments at the support
and higher positive moments. The maximum difference in design

moment ratios at Section 1 is about 7%.

3.4.4 Panel aspect ratio for slabs with beams (PB series)

For this series, 500 mm by 500 mm columns (size B) and a
constant beam width of 400 mm were chosen. However, beam
depths were varied to give beam to slab stiffness ratios ranging
from 0.5 to 4.0, as shown in Table 3.5. Beam sizes were the same for

both longitudinal and transverse beams. The load ratio was kept at
0.5.

Moment ratios at the critical sections are presented - “uble
3.6. Major differences in the design moments between th~ .- ..' and
EFM are observed in the exterior span, for panel aspc ::ios less

than 1.0. Fig 3.6 shows the variation of exterior support moment
with panel asvect ratio, for selected beam to slab stiffness ratios. It
is observed that the DDM' and EFM give similar moment ratios, for
panel aspect ratios greater than 1.0. For panel aspect ratics less than
1.0, agreement in design moments between the DDM' and EFM

improves as the beam to slab stiffness ratio increases.

N
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In the interior span. the EFM shows lower negative and higher
positive moments, as the panel aspect ratio departs from 1.0, but
the differences with the DDM' are generally less than 5%.

Pattern load effects occur for panel aspect ratios less than 1.0,
for both procedures. For the DDM’, pattern load effect are greater for
smaller beam sizes and reduces with increasing beam size. For the
EFM, pattern load effects are smaller than for the DDM' and occur for

larger beam sizes and a panel aspect ratio of 0.5.

3.4.5 Span ratio for slabs without beams (S series)

The purpose of the S series is to examine the effect of interior
column rotation on the design moments. Thus, a flexible column
(size B), was selected for both exterior and interior columns. The
width of each design strip was maintained at 7.0 m. Load ratios of
2.0 and 0.5 were used. The lower load ratio is used to study the
effect of pauern ioads on the de.-..1 moments.

Ratios of the design moments to the total panel static moment
for a load ratio of 2.0, when pattern loads need be considered, are
presented in Table 3.7a. Similarly, moment ratios for a load ratio of
0.5 (pattern load effect), are presented iz Table 3.7b. Some of the
design strips considered are outside the successive span limitation
specified for the DDM’', but are included in the tables for comparison.
These strips are marked with an asterisk (*). A negative sign in
front of a moment ratio indicates a moment different in sign than is
usually associated with that critical section.

From Table 3.7a, it seen that for the case of all panels loaded,

there is reasonable agreement between the DDM' and EFM for those
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strips that satisfy the successive span limitations for the DDM'. For
srrips outside this limitation, there 1is little change in the moment
ratios for the DDM' but major changes for the EFM moment ratios.
Also, for this case the EFM may give a change in sign for positive
moment sections in the short spans, und at the face of the exterior
support, for 11/1'1=0.5. Again, there appears to be a greater
variation in the moment ratios obiained from various methods for
panels aspect ratio less than 1.0.

From Table 3.7b (load ratio of 0.5), major differences between
the methods exist even for those strips which satisfy the successive
span limitations, when pattern loads are considered. Since some of
these differences result in a change in sign, both the minimum and
maximum moment ratios at each design section are tabulated for
the EFM. For the DDM’', moment ratios are tabulated for the exterior

span only, although pattern load effects were observed for positive

moments at Sections 5 and 3.

The variation of Me/M with span ratio is presented in Fig 3.7.
It can be observed that for span ratios greater than about 1.25, the
DDM' and EFM exterior support moment remains about 0.32 Mg and,
the DDM-84 gives a lower tound to these values, independent of the
span ratio. Change in load ratio causes differences in exterior
support moments for the EFM only, where for a load ratio of 2.0 and
span ratios less than about 0.60, the EFM assigns positive moments
at faces of exterior supports. However, for a load ratio of 0.5,
considering maximum moments only, a negative moment is

obtained.
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For all design strips, including those falling within the
successive span ratio limitation for the DDM', analyses using the EFM
indicate that there is a reversal in sign for moments at some
midspans in the shorter spans and for the design moment at the
face of the exterior support. Thus, while the geometries for these
strips are not extreme, the interpretation of the results from the
EFM are not clear. Commercial programs for the design of slab
systems, such as ADOSS (1991), that purportedly use the EFM as the
basis for determining design moments, do not complete the design,
but print a message indicating the reversal in design moment and
suggesting the design be completed by hand. It is not clear what this

means, unless it implies the use of the DDM..

3.5 Discussion of differences between DDM' and EFM

The results presented in Section 3.4, show that significant
differences in design moments obtained using DDM' and EFM occur
primarily in the exterior span when successive spans are equal and
in all spans when pattern loads govern. The reasons for these
differences is explored in this section. An examination of the code
procedures suggests that there are three possibilities for the
observed differences:

(a) The difference in defining the member stiffnesses.

(b) The DDM' does not utilize a full moment distribution

procedure in that only the exterior joint is released.

(c) Differences in the moment reduction procedures.
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The DDM' computes member stiffnesses based on centreline
dimensions and assuming members are prismatic while the EFM
takes into account the stiffening effect at joints and variations in
member cross sections over their lengths. While a value for agc is

generally not computed when using the EFM. the stiffness values
required to compute aec (as defined in DDM') are computed as part
of the procedure and so a comparable value of aeo is readily
obtained. Comparing corresponding values of oec provides a
convenient means of evaluating differences in stiffness values
between the DDM' and EFM. Similarly, a comparison of centreline
moments is a convenient means of assessing the partial moment
distribution inherent in the DUDM'. This requires determining the
moment at the member centreline which corresponds to the implicit
reduction in moment to the critical section for the DDM'.

For the DDM', the design moment at the exterior support is

given by Eqn 2.9, as:

0.65 M,

L+ L (3.1)

Qe

M.=

Assuming the same ci for both exterior and first interior supports,

Egn 3.1 becomes:

2 2
065 (li-e) 1, 1 {ly-c) I
Me= Wt = W‘
1.0 8 Lo 12 (3.2)
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By analogy, the centreline moment at the exterior support,

M. is expressed as:

1 { 0.667
Mg = [ ——|Mp~ =2\ M, 33
1+ 1+ — (3.3
aCC aec
where
1,21
M;=wy 18 2 and Mg=0.667M, (3.4)

The ratio of this moment to the centre to centre static moment, My,

may be expressed as:

My (0667
My L L (3.5)
a&:

Then, the change in moment between the centreline moment

and 'ne design moment, AM, is:

1 wela[ 2 2
NIRRT
1 +—
| 0w

(3.6)

or AM = [ (3.7)



where \fzwfllo12 (3.8)

For the EFM, centreline moments are obtained directly from

the frame analysis, and may be expressed as ratios of the static

moment, Mj. Centreline moments are reduced to design moments
by using Eqn 2.6.

The stiffness parameters, the stiffness ratio aec, the moment
ratio M¢j/M1 and the moment reduction ratio, AM/M{, for the DDM'
and EFM, at the exterior support, are presented in Tables 3.8 to 3.12.
For the DDM’, the ratio M¢|/M] is presented as Mg/M, instead of
using Eqn 3.5, as the difference is only 3%.

For slabs without beams, equal successive span lengths, load
ratio of 2.0 (no pattern loads), but with varying exterior column size
and aspect ratios, and variable panel aspect ratios, parameters are
given in Tables 3.8 and 3.9. For these slabs, differences in the ratio
oec computed for eaci: ..f the DDM' and EFM is small, generaily less
than 4%. This would suggest that, for such slabs, consideration of
variation in cross-sections when computing stiffnesses can not
account for the differences in design moments between the
procedures. Similarly, values of the moment ratios Mc|/M obtained
for the two methods agree closely, usually within 6%, but can be as
large as 17% for small values of aec. Again, considering the
assumptions made in obtaining M| for the DDM’', these differences
can not account for the observed differences in design moments,
which means that the approximation in the moment distribution for

the DDM' is valid.
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However, the AM/M ratios obtained at Section 1 for the EFM
are of the order of 180 to 400% of those obtained for the DDM,
much greater than the differences in taking V as V'. This difference
in AM may be responsible for the differences in design moments
between the DDM' and the EFM. For all panel aspect ratios, the
reductions for the DDM' are essentially constant whereas for the
EFM, the reductions decrease significantly, for panel aspect ratios

less than 1.0. Similar differences are observed at other critical

sections and the differences in AM/M ] correspond to the design
moment ratios. For the design strip P5B20, with small Ij/lp, the
design moment for the DDM' is 6.3 times that for the EFM, even
though the M) for the EFM is actually 1.2 times larger. This
difference is due to the reduction, which is almost as large as M) for
the EFM.

For slabs with either edge beams or beams between all

supports (Tables 3.10 and 3.11), the values of aec computed for the
EFM are larger, accounting for the effects of infinite stiffness over
the depth of the beam at the ends of the columns. For beams of
usual dimensions, the difference is less than 20% but can be as high
as 40% for very stiff beams (x1=4.0). Despite these differences, the
ratios of centreline moments are similar, indicating that differences
in the moment distribution procedures have little effect. The
differences in design moments, as for slabs without beams, can be
attributed to the amount of the moment reductions. For the DDM’,
these are nearly constant for all panel aspect ratio, but for the EFM

they are greater, especially for small values of panel aspect ratios.
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however, the differences are not as drastic as for slabs without
beams.
For the S series, comparisons are presented in Table 3.12, for a

load ratio of 2.0 (no pattern loads). Considering the successive span
limitation (0.75 to 1.33) for the DDM’', the stiffness ratios o,
computed for the two procedures are exactly the same. There is als
a reasonable agreement (14 to 16% difference) in centreline moment
ratios. For 17/1'y ratios less than 0.75, the exterior beam-slab
member gets relatively stiffer compared to the exterior column and
the EFM gives much lower centreline moments. Thus, the effect of
moment distribution becomes important. The smaller Mg at the
exterior support leads te smaller value of V' which, in turn, leads to
less reduction in moment for the EFM. For example, with a span
ratio of 0.5 and panel aspect ratio of 0.5 (S5B20), the EFM reduction
is only 2.3 times the DDM' reduction compared to 4.0 times for
design strip P5B20.

For a load ratio of 0.5 and for the case of full factored load on
all spans, the centreline moment ratios and reductions are the same
as for the load ratio of 2.0, tabulated in Table 3.12. When pattern
loads are considered, the EFM results in reversal of sign at some
critical sections, as discussed previously, and so centreline and

moment reduction ratios are not tabulated.

3.6 Summary
A comparison of design moment ratios obtained using the
DDM' and EFM shows that, for spans of equal length in the design

strip, large differences in these moments occur primarily in the
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exterior span and that the differences increase significantly as the
panel aspect ratio, 11/l2, is decreased from 1.0. The difrerences in
moment ratios are also dependent, but to a lesser degree, on the size
and aspect ratio of the exterior column.

The DDM' computes moments directly at the critical section. To
obtain moments at the column centreline requires some assumption.
Similarly, the EFM computes moments at the column centreline and
requires an assumption to reduce these moments to the critical
section. Obtaining centreline moments for the DDM' by using the
same proportions of M) as used for My at the critical sections
resuits in centreline moments that agree closely with the centreline
moments obtained for the EFM. This would indicate that the
procedure for rcducing the centreline moment for the EFM errs by
providing too ' rge a reduction, especially for small 17/lp ratios. On
the other hand, had centreline mom . : for the DDM' been obtained
by applying all of the differencc vetween Mjp and Mg to the
negative support moments instead of proportionately, the AM for
the DDM’' would have been much larger, approaching the AM
obtained for the EFM, but this would also result in larger centreline
moments than obtained for the EFM.

The only way to resolve which method gives the better set of
design moments is to obtain these moments independently, using a
method that realistically models the actual reinforced concrete slab
behaviour. Since laboratory testing of a sufficient number of slabs is
not feasible, solutions obtained from a non-linear finite element
program are used to evaluate the code design procedures. These

solutions would also permit an evaluation of the rules for lateral
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distribution of the moments at the critical sections.
obtained from such a study and the evaluation

procedures are presented in Chapter 5.

The results

of

the

code



Table 3.1: Column designation and geometric properties

Column o c2 ci/co Area Moment of Ineniia
Designation mm mm mm?2 mm% x 109
A 354 707 0.50 250000 2.604
B 500 500 1.00 250000 5.208
C 612 408 1.50 250000 7.813
D 707 354 2.00 250000 10.416
E 500 750 0.67 375000 7.813
= F 612 612 1.00 375000 11.718
G 750 500 1.50 375000 17.578
H 866 433 2.00 375000 23.437
I 500 1000 0.50 500000 10.416
J 707 707 1.00 500000 20.833
K 866 577 1.50 500000 31.249
L 1000 500 2.00 500000 41.666
M 750 1000 0.75 750000 35.156
N 866 866 1.00 750000 46.873
Q 1 750 1.25 750000 52.500
P 1225 612 2.00 750000 93.750
Q 1000 1000 1.00 1000000 83.333
R 1400 1400 1.00 1960000 320.130

Note: Dimensions of columns computed from pre-selected areas and cy/c3 ratios
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Chapter 4

Yinite Element Analysis of Reinforced Concrete

4.1 Introduction

Modelling of reinforced concrete is very complex because the
interaction between cracked concrete and reinforcement is highly
non-linear. This is especially true for lightly reinforced slabs.
Further, to adequately represent the composite behaviour in a
prototype slit regui s a large number of elements. Thus at the
present ti. o, eou-i:near finite element analyses are generally used
only for :e¢.: - .gortant structures or as a rtesearch tool. As a
research tool, it can provide the much needed data on behaviour of
reinforced concrete two-way slab systems, in the absence of
laboratory test data.

As the main aims of this study are to examine the validity
and limitations of code procedures, the use of a non-linear finite
element analysis is appropriate. However, . = program chosen
she..sa be able to model non-linear geometric and material
behaviour. As pointed out by other resc.rchers (Hu and Schnobrich,
1990: Massicotte et al., 1988), the reinforced concrete model
adopted should have, among other ingredients, tension stiffening,
tension softening, reinforcement representation, crack formulation
and the shear retention phenomenon.

For these reasons, the locally available program NISA80
(Stegmiiller, 1983) with the reinforced concrete materia: model

implemented by Massicotte et al. (1988) was chosen for this study.
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4.2 The Finite Element Program, NISAS0

NISA80 is a non-linear incramcntal finite element structural
analysis program, written in Fortran 77. The program was initially
developed at the Insdtut fur Baustatik at Stuttgart University.
Germany but was later modified at the University of Alberta to
apply to various problems.

NISA80 incorporates a degenerated three-dimensional (3-D)
plate-shell element (Ramm, 1977) havirz five degrees of freedom
at each node (three displacements and two rotations). The 3-D
degenerated-plate-shell element is shown i Fig J.1. The
displacemert at any node in the element is defined as a function of
the mid-plane displacements and rotations. Independent
interpclation functicns (for each degree of freedom) are used to
allow for shear deformations and membrane forces.

For solution strategy, the program permits use of either the
Load Control Meth.: or the Modified Constant Arc Length Method
(CALM) introduced by Ramm (1980). Either the Standara Newton-
Raphson (SNR) or Modified Newton-Raphson (MNR) iteration
technique can be used. It is possible to change both the solution
strategy and the itersiion technique before restarting the solution
after any specified load or time steps.

The element can be used with nine to sixt?sn nodes per
element; the higher the number, the better the convergence.
Therefore, the sixteen node element with a 3X4 gaussian

integration rule over the element p'ane was adopted.
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Total stresses, forces and moments at any gauss point are
obtained by using Simpson's integration rule over the thickness.
Thus, over the total depth, concrete is divided into an even number
intervals of equal thickness to give an odd number of equally
spaced integruaricnn points. Reinforcement is represented as sheets of
uniform thicknesses located at certain relative depths in the slab
but have unidirectional properties in form of a linear, bi-linear or
multi-linear stress-strain curve. The reinforcement has compatible

strains with the surrounding concrete.

4.3 The Reinforced Concrete Model by Massicotte

The characteristics and assumptions of the model zare as

follows:

(a) It is an Hypo-elastic Incremental model.

(b) It is developed for plane stress conditions.

(¢) Concrete remains isotropic up to cracking or crushing.

(d) After cracking, concrete is orthotropic.

(e) Two cracks can form at a point in two different
directions.

() After cracking or crushing, stress undergoes strain
softening and the tangent modulus in the failure
direction is set to zero.

(g) If crushing cccurs at a point, failure is assuined to have
occured in all directions.

(h) For any stress condition, concrete can unload and reload
from any point on the stress-strain curve, thus allowing

for cyclic loading.
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The failure envelope for concrete in compression., tension or
combination of the two stress states is shown in Fig 4.2a. Fig 4.2b
shows the stress versus the equivalent uniaxial strain for concrete
in compression. The tri-linear tension softening curve proposed by
Massicotte, based on studies by Gopalaratranar and Shah (1985)
and Bazant and Oh (1983), is shown in Fig 4.3. Fig 4.4 shows the
various stages in the tension stiffening model. Detailed information
about the concepts used in formulating the model may be found in
the report by Massicotte et al. (1988).

The model requires 18 concrete material properties or
parameters and the stress-strain curve for the reinforcement. The
values used are those recommended by Massicotte except as noted

in the following section.

4.4 Evaluation of material properties

Massicotte et al. were interested in analysis of simply
supported square and rectangular reinforced concrete panels
loaded both axially and transverscly. The material model has been
verified by laboratory tests of such panels (Aghayere and
MacGregor, 1988, 1990a; Ghoneim and MacGregor, 1992). All
specimens had top and botf :- reinforcement mats running in each
of the two orthogonal directions.

The major differences between these simply supported single
panels and column supported two-way slab systems are:

For two-way slabs;

(a) Reinforcement may exist on only one face of an element.

(b) Reinforcing ratios are much smaller.



(c) Reinforcement may not be continuous between
elements and reinforcement ratios may vary from
element to element.

(dy No in-plane loads are applied to the slabs (In the panel
specimens, in-plane loads were found to delay the onset
of cracking, increased moment capacity and magnified
moments due to P-A effects).

(e) Two-way slabs deform in double curvature (Panel
specimens deform in single curvature).

(f) Lower concrete strengths are used.

To determine whether these differences would influence the
values of concrete material properties that should be used ir the
analysis of two-way slab systems, a preliminary study was

undertaken.

4.5 Preliminary study

Slabs wused in this study were one-way slabs simply
supported at both ends (SS), fixed at one end and simply supported
at the other (FS) and fixed at both ends (FF). The SS slabs were
intended to assess the load-defiection resporse while the FS and FF
slabs were intended tc show how the model behaved when moment
redistribution took place. Four elements, of the same size, were
used for the SS and FF series while five were used for the FS series.
All test slabs were 1 m width and 6 m long. The slabs were
reinforced as shown in Fig 4.5. Reinforcement was represented with

a bi-linear stress-strain relationship with a yield stress of 400 MPa
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and Youngs modulus, Eg, of 200000 MPa. After yield, the tangent
modulus, E'g, was 2000 MPa.

The CALM was seclected as the solution strategy and the MNR
as the iteration technique. A constant tolerance of 0.01 on
displacement was used and the maximum number of iterations was

specified at 30.

4.5.1 Concrete Tensile Strength

The first run was to comp..e the load-deflection response of a
simpl. supported one-way slab obtained using NISA80 and the
Massicotte material model with that obtained using the provisions
of A23.3-M84. The simply supported structure was selected
bec:use of the unique load-moment relationship and that the
effective stiffre<- specified by the code should be most reliable for
this support -tion. When computing the ultimate moment
capacity, material reduction factors ¢ and ¢g were taken as 1.0. For
the finite element solution, the material properties were those
recommended by Massicotte et al. (1988).

The load-deflection response for the simply supported one-
way slab using a concrete strength of 30 MPa, a thickness of 200
mm (effective depth=170 mm) and reinforced for a factored load cof
13.5 kPa is shown in Fig 4.6. It is seen that the finite element
solutions agree well up to and including the cracki.g region but
that above this load are less stiff and only reach approximately two
thirds of the expected ultimate load. Increasing the number of
integration points over the depth of the slab from 5 to 9 did not

improve the solution. Calculating fracture energy based on the area
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under the tension softening curve gave values lower than the
accepted minimum value of 5 N/m in the literature. The
significance of fracture energy values is discussed in detail in
Section 4.5.3.

In performing these runs, a vaiue for the concrete tensile

strength, f'¢, of 0.33/f,, as recommended by Massicotte was used.

o4
Tensile strength has been observed to have a very important eifect

on the behaviour of thin members 1in flexure. Balakrishnan and

Murray (1986) proposed a value of 0.6fy where f; is the modulus
of rupture of concrete. Raphael (1984) proposed a value of 0.73f}.
These values correspond to 0.36/f. and 0.44./f'_ (assuming the CSA
code value of 0.60/f", for f;), respectively.

Therefore larger values for tensile sirength (0-40"/?;0'45“/?—(:
and O.SOJT:) and the number of integration points (5 to 11) over
the depth were tried. The resulting load-deflection responses are
shown in Figs 4.7 to 4.9. From Fig 4.7, a value of 0.40/f"_ for f¢ gave
very good results while higher values, Figs 4.8 and 4.9, tended to
overestimate the ultimate moment capacity. It can also be seen that
beyond a certain number of integration points, the solution does not

change. Therefore, a value of 0.40./f, was selected for f' in all

c
further runs. The Australian Code (AS3600-1988) also uses this
value to calculate the characteristic principal tensile siress of

concrete.

4.5.2 Number of integration pciats over the deptn ctf the slac, N
Having selected a valuc for =~ -omncrets to 5 strengih, 1Y

was then considered important to deverrains i5¢ mMirimuem number
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of integration points that could be used to model the concrete, as
increasing this number increases the tomputer time and cost for a

sclution. The number chosen has t» be sufficiently large to permit

obtaining realistic ultimate mon-:n: (apacities and allow moment
redistribution after cracking. Alsc . permit integration through the
depth using Simpson's Rule, t' - umber chosen must be an odd

integer. Factors expected to Affcct the choice of N include the
amount of reinforcement, ti:: concrete strength and the depth of
the member.

It was thought that, in order to obtain meaningful values of
ultimate strength, the maximum thickness of each interval must be
less than the depth of the concrete compression zone at uitimate, c.
Since the depth of the Whitney rectangular stress block for
concrete, a, is less than the concrete compression zone at ultimate, a

reasonable number for N is:

N:% (raised to the nearest odd number) (4.1)
h = Depth of slab element
a = Depth of Whitney's rectangular compression
block

To verify this approach for the minimum vaiue of N, a
parametri: study was undertaken using the SS, FS and FF supported
one-way slabs shown in Fig 4.5. Concrete strengths of 20 and 30
MPa were used. Reinforcement ratios were in the range 0.005 to

0.015. Whenever top reinforcement was used, it was of the same
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quantity as the bottom reinforcement, for ease of evaluation of load
carrying capacities. Strip designations are of the form SS520.005;
slab is simply supported at both ends, concrete strength is 20 MPa
and the reinforcement density is 0.005.

While the finite element program produces complete load-
deflection plots for each case, an assessment of the reliability is
limited to how well they predict the ultimate load obtained using
ultimate strength theory based on Whitney stress block with
6.=05=1.0. Based on principles of equilibrium (virtual work), the
ultimate load in terms of the ultimate moment capacities for the

different support conditions are;

8 M, (4.2)

12

(i)  SS series, w,=

2
(i) FS series, wu=2_1;i"f( 1+ A/ 143:1—‘3) (4.3)
2\ u

(ii) FF series, w,= (4.4)
1
where wy= Ultimate load capacity of the slab

M,= Positive mement capacity of a section

M',= Negative moment capacity of a section



Data for the SS series is presented in Table 4.2 and the load-
deflection curves in Figs. 4.10a to ¢ and Figs. 4.11a to c. For both
concrete strengths, the load carrying capacity was reached with the
minimum required number of integration points, for all
reinforcement ratios.

For FS series, data and load-deflection responses are
presented in Table 4.3 and Figs 4.12a to ¢ and 4.13a to c. All
specimens reached the predicted capacities, except FS20.010, which
reached the capacity with the next higher number of integration
points. These slabs also indicated redistribution of moments.

Data tor the FF series is presenied in Table 4.4. The load-
deflection responses are given in Figs 4.14a to ¢ and 4.15a to c. All
specimens except FF20.010, reached the predicted load capacities.
By increasing N to the next higher value, the predicted load
capacity for FF20.010 was reached.

It would appear tha: Eqn 4.1 is a reasonable lower limit for a
range of concrete strengths and reinforcement ratios. However, if
the computed value of N is very close to the next odd integer value,
ie 4.84 for FS20.010 and 4.94 for FF20.010, the value of N should
be increased by one increment. On the other hand, when the
number of integration points is very large, N obtained from Egn 4.1
is conservative.

In order to take into account the low reinforcement ratios in
some portions of the slab, the number of integration points for the

prototype slab was selected as 11.



4.5.3 Tension Stiffening parameters., Ej and E»

The fracture energy. Gy, is the product of the area under the
tension softening curve of concrete and the width of the fracture
process zone, wc usually taken as 2 10 3 times the maximum size of
aggregate used in a reinforced concrete structure under
consideration (Bazant and Oh, 1983). Values for fracture energy ftor
normal strength concrete reported in the literature range from 50
to 200 N/m (Bangash, 1989; Balakrishnan and Murray, 1986:
Darwin, 1985). In this study, the width of the fracture process zone
was taken to be 3 times the aggregate size.

The tri-lincar tcnsion softening curve as implemented in
NISA80, is defined by three slopes E., E;i and E> and by the
parameters i and f{. The values recommended by Massicotie were
E. = 3320/T"; + 6900, E; =-E/6, Eo=-E¢/33, f=0.33/f": and n=0.33.

Computed values of Gf based on Massicotie’s
recommendations were found to be lower than 50 N/m. To increase
the fracture energy and to stabilize later solutions, it was decided to

increase the area under the tension softening curve. Based on the

study in section 4.5.1, the value of f'y was increased to 0.40/f', and
values of E. and p were retained as being acceptable values

(Balakrishnan and Murray, 1984; Rots et al., 1984; Schnobrich,
1990).

From Fig 4.3, the values of Ej and Ep can be expressed as

—e.,) (4.5)
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where

There is limited information on the value of egmax for bi-linear

descending branch models. Damjanic and Owen (1984) proposed

values of 5 to 10ecr for shear type cracking and 20 to 25e.p for
flexural type cracking. Since slab analysis is a flexural type cracking
probiem, a maximum strain in concrete of 20c.r was selected.

Darwin (1985) recommended the following relationship for gy:

1 -
Ep=—9—(2£max+ 1€cr) (4.7)

Based on these expressions, new values computed for Ej and
E» are shown in Table 4.1, for different values of concrete strength.
The revised values for Ej and Ep were incorporated in the
coniputer code to replace the constant values used by Massicotte.

Using the revised tension softening curve slopes, values of Gg
for 15 and 20 mm aggregate sizes and concrete strength of 30 MPa,
are 49.4 and 65.9 N/m, which correspond to the lower range of
values reported in the literature. Use of the new tension softening
curve slopes alse reduced numerical instability problems in the

runs discussed in Chapter 5.
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4.5.4 Shear Retention Factor

For slabs without beams, shear retention is important in the
vicinity of the column supports. In order to account tor shear
retention, the reduced shear modulus is often adopted in reinforced
concrete material models.

The reduced shear modulus approach, better known as shear
retention. was first introduced by Hand, Pecknold iand Schnobrich
(1972). Shear retention improves the cracking representation  and
removes some of the numerical difficulties after cracking caused by

singularity of the composite material constitutive matrix. The shear

retantion factor is defined as the ratio of G¢r/Go where Ger is the
effective shear modulus after cracking and Gg is the shear modulus

before cracking.

Hand et al. (1972) used a ccnstant value of 0.40 in their
analyses. Hand et al. (1972) and Gerstle (1981) found that solutions
were not sensitive to the value of the shear retention factor
adopted. Lin and Scordelis (1975), Ivangi (1981), Razagpur and
Ghali (1982) used a constant value of 0.25 as more sophisticated
assumptions were found to be unwarranted. Foriborz and
Schnobrich (1986) recommended a minimum value of 0.2. Hu and
Schnobrich (1988) compared solutions of three test panels using
constant values of 0.25 and 0.50 and obtained better convergence
with a value of 0.25.

In the material model by Massicotte et al. (1988), the shear
modulus after cracking, Gg¢r is reduced progressively. as a function
of the stress at the crack. When the average normal stress at the

crack reaches zero, at the end of the tension stiffening curve, the



crack is assumed fully open and Gy assumes Ggpip equal to 0.1 of
the initial shear modulus.

Based on the above literature review, the factor for minimum

shear modulus was increased to 0.25 so that G¢p is now given by:

Gcr= 2 ;—Cr-+ 1)2 Gmm=0.25(30 (4.8)

4.6 Additional modifications to NISAKO

Trial runs on the main study design strip indicated that
modifications were required to obtain information relevant to the
study. These included a means of obtaining moments at required
critical sections and increasing the number of reinforcement layers

to represent all the reinforcement patterns in the test slabs.

4.6.1 Number of reinforcement layers

In the previous version of the program, only 8 different
layers (densities) of reinforcement could be defined for all of the
slab elements used. This number is inadequate to present the
various reinforcement layouts in a continuous column supported
two-way slab system. The reinforcement arrays in the program
were adjusted to allow any number of reinforcement layers to be

defined.

4.6.2 Summing of moments using D3SUMM
To obtain the total moments at critical sections in the slab

structure reported in Chapter 5, it is necessary to sum rmoments



across the slab at selected sections. NISAB0O only gives moment
intensities at the gauss points and so, a subroutine D3SUMM wax
written to provide the sums.

This subroutine was written specially for square or
rectangular plate shell elements using the 4x4 gauss integration

rule over the element plane. The procedure used is described in

Appendix B.
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Table 4.1: Tension softening curve parameters (Revised)

fe Ec £y E E2
(MPa) (MP3) (MPa)
20 21747.5 1.79 -3434.0 -490.5
25 23500.0 2.00 -3710.7 -530.1
30 25084.4 2.19 -3960.9 -565.8
35 265414 2.37 -4191.0 -598.7
40 27897.5 2.53 -4405.1 -629.3
f' = 0.40/F"

Table 4.2: SS Series (h=2350 mm, d=219.4 mm)

Property p a N M, Wy (Pred.) | W (NISA)
Strip (mm) (N-m) | (N/m>) | (N/m?)
§$S20.005 0.005 25.81 9 90.64 20.14 20.69
$S$20.010 0.010 51.16 5 169.81 37.74 36.89
§S§20.015 0.015 77.42 5 237.74 52.83 53.29
S$S§30.005 0.005 17.20 15 (13) 92.46 20.55 20.14
S$S§30.010 0.010 40.48 7 174.69 38.82 41.70
$S830.013 0.013 44.73 7 224.68 49,93 52.79

Note: Number in brackets is the actual N used



Table 4.3: FS Series (h=250 mm. d=219.4 mm)

Property p a N M, W, (Pred.) W, (NISA)
Strip o (mm) (kN-m)_| (kN/m?) | (kN/m™)
FS28.005 ’__\’@5 2581 | 9 90.64 | 29.35 31.68
FS20010 | 0010 | 5161 | (i . 16981 | 5499 | 61.33
FS20.015 0.015 77.42 S 237.74 76.98 1.74
FS$30.005 0.005 17.20 15 (13) 92.46 29.94 30.68
FS30.010 0.010 40.48 7 174.69 56.57 65.81
FS30.013 0.013 44.73 5 224.68 72.75 83.20

Note: Number in brackets is the actual N used

Table 4.4: FF Series (h=220 mm, d=189.4 mm)

Property p a N My W, (Pred.) W (NISA)
Strip (mm) (KN-m) | (KN/m?®) | (KN/m?)
FF20.005 | 0.005 | 22.28 9 67.47 | 2099 | 30.89
FF20.010 | 0.010 | 4456 | s | 12653 | 5624 | 5517
FF20.015 | 0015 | 66.82 5 177.16 | 78.74 | 84.45
FF30.005 | 0005 | 14.85 | 15013) | 68.89 | 30.62 | 33.63
FF30.010 | 0.010 | 34.94 7 130.18 | 57.86 | 62.84
FF30.015 | 0.015 | 44.55 5 167.42 | 84.36 | 97.46

Note: Number in brackets is the actual N used
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Fig 4.1: The 3-D degenerated plate-shell element (NISA80)
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Chapter 5
Finite Element study using NISAS80

5.1 Modelling of the design strip

From Chapter 3, it was observed that solutions obtained for
analysis of slab systems by the DDM' and the EFM may be
different. Because of limited Iaboratory test data on slab systems,
non-linear finite element analysis was used to provide numerical
dara which can be used to evaluate these procedures.

The finite element study was conducted on slabs having
regular column layout to form square or rectangular panels. A
typical interior design strip with 3 spans in the longitudinal
direction was chosen (as shown in Fig 2.1). This choice was seen to
be the minimum requirement to obtain solutions which can be
compared to those from the DDM' and EFM.

Because of symmetry in both geometry and loading, only one
quarter of the design strip is modelled, as shown in Fig 5.1. A
typical arrangement of the slab elements is shown in Fig 5.2. In
general, the maximum aspect ratio of plate-shell elements was
limited to about 5.0, to reduce the number of elements as much as
possible, without losing much accuracy. The number of slab
elements was either 44 or 55, depending on the shape of the
exterior column (Figs 5.2 and 5.3).

Columns were modelled using the 3-D beam element, which

has six degrees of freedom at each node (three displacements and
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three rotations). This beam element was chosen as it is the only
element that can be coupled to the plate-shell element in NISAS8O.

Since the 3-D beam element is a linear element, the assigned
stiffness does n:ur change during a solution. However, this is a
sufficient approximation for columns, since most of the cracking
takes piace n the siab and cracking that may occur in columns
may o©e represeated by reducing the column stiffnesses.
Reinforcement in columns is not modelled.

Because the 3-D beam element has only two nodes at its
ends, one of its ends has to be connected to one of the slab element
nodes. The general arrangement of the coupling is shown in Fig 5.4.

To study the effect of column shapes on the behaviour. the
slab region occupied by the actual column, shown as shaded in Figs

5.2 and 5.3, is represented by two or four slab elements that have

been stiffened by increasing both the Young’s modulus, Ec, and the
tensile strength, f'y. This ensures that the column cross section at
the slab does not crack and remains plane during loading. The
value of E. selected was 1000 times that in the slab elements
outside the column area.

Code procedures model the design strip with columns of
length equal to the full storey height, fixed at the ends. In this
study, inflection points are located at mid-heights of columns, to
model a typical storey in a multistorey structure more realistically.
Column heights were nominally 3500 mm (1750 mm from the
middle surface of the slab to the inflection points at mid-column

heights) but the actual heights were selected to give pre-selected
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ratios of column to slab stiffness (a.g). Actual column heights are
given in Table 5.1.

The cutting planes to isolate the descign strip are axes of zero
twisting moments, zero shear and zero rotation. In order to reduce
the effect of membrane forces in the slab. the only additional
restraints applied to the siab are a translational restraint in the X
direction, at the center of the exterior column and a translational
restraint in the Y direction along the X-axis. For gross equilibrium
of the resulting substructure under gravity loading only, the
vertical displacements are zero at the base of the lower column
stubs while the top of the upper column stubs were allowed to
translate in the Z-axis only and rotate about the Y-axis only. The
bottoms of the lower column stubs were prevented from
translating in the other directions and could only rotate about the
Y-axis. This arrangement also ensures that the exterior column
deforms in double curvature at all stages of loading, with no
secondary moments due to lateral displacement. The boundary

conditions for each design strip are as shown in Fig 3.7.

5.2 Material properties and reinforcement layout

Concrete strength, f'c, for ali specimens was 30 MPa. NISA80
allows input of only a single value for number of layers across the
depth of slab elements even though reinforcement ratios are
different from element to element. For this reason, 11 layers was

chosen in view of the likely low reinforcement densities in some

slab elements.
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Reinforcement was represented by a uni-directional, bi-
linear stress-strain curve, with a yield strength of 400 MPa at a
strain of 0.002 and a tangent modulus of 2000 MPa, after yielding.
The maximum strain was set at 0.12. Curtailment of reinforcement
can not be represented within an element. Therefore, the
termination of reinforcement coincides with the element
boundaries.

A total of 24 reinforcement densities (thicknesses) were
required to represent all the reinforcement patterns used in the
slab portion of the structure. 10 densities were used for top
reinforcement while 12 were used for bottom reinforcement. 2
densities were used as dummy reinforcement, in the stiffened
column-slab regions. The layouts of top and bottom reinforcement

are as shown in Figs 5.5 and 5.6, respectively.

5.3 Design strip variables and designation

The distribution of moments in the exterior panel is the
major concern of this study. These moments are a function of the
amount of rotation that takes place at the exterior column-slab
connection, which is affected by the column-slab stiffness ratio, the
amount of flexural reinforcement at this support and the panel
geometry. From Chapter 3, it was also observed that the major

differences in solutions obtained by the DDM' and EFM occured for

11/1» ratios less than 1.0. Therefore, the main variables in the
design strips are panel aspect ratio, 1j/lp, exterior column size and

aspect ratio, exterior column-slab stiffness ratio, ocg, and amount

of flexural reinforcement at the exterior column support. The
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procedure for computing the column-slab stiffness  ratio 1s
described in Appendix C.

In all cases. CAN A23.3-M84 (dead and live load factors of
1.25 and 1.50, respectively) was used to obtain the reinforcement
quantities and distribution. The slab was reinforced for a service
load of 7.2 kPa (4.8 kPa Dead and 2.4 kPa Live Load),
corresponding to a load ratio of 2.0 in Chapter 3. The longer center
to center dimension of each panel and the slab thickness were
maintained at 7000 and 200 mm, respectively.

The designation used in this study is of the form; N <panel
aspect ratio> <column aspect ratio> <column-slab stiffness
ratio> <portion of Mg for reinforcement at exterior support>,
where N stands for series geometry for which solutions using the
program NISA80 were obtained. For the sake of brevity in the
designation, panel aspect ratio is given as an integer obtained by
multiplying the panel aspect ratio by 10. The exterior column sizes,
represented by letters, and the corresponding column to slab
stiffness ratios are presented in Table 5.1. These sizes correspond
to the sizes in Table 3.1 but with defined dimensions rather than
cross sectional areas. Size C in this Table 5.1 is redefined as
350x350 mm. For all design strips, interior columns are square and
of size either 350 or 500 mm. For design strips with square
exterior columns, interior columns are of the same size as the
exterior columns. For design strips with rectangular exterior
columns, interior columns are of size equal to the smaller

dimension of the exterior column.
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Reinforcement thicknesses at any critical section were
evaluated from the moment obtained by assigning a fraction of the
total static moment for that span, to the critical section. In the

longitudinal direction, exterior spans were reinforced for one of

0.2, 0.3 or 0.4 M, at the face of the exterior column support while
the face of the interior support was always designed for 0.7 Mg.

The midspan of the exterior span was reinforced for 0.55, 0.50 or

0.45M,, to satisfy the total static moment in this span, but not less
than the minimum reinforcement specified in A23.3 (1989),
namely 0.002Ag. The reintforcement densities in the interior spans
were always evaluated for 0.70 Mg, at the support, and 0.35 Mg at
midspan, as the number of spans was limited to 3. In the
transverse direction, the reinforcement densities were always
evaluated for 0.65 Mg at the support and 0.35 Mgy at midspan,
simulating a typical interior design strip.

Thus, a design strip designated as N20B6.2 is from series N,
having a panel aspect ratio (17/i2) of 2.0, exterior column size of

type B, exterior column-slab stiffness ratio of 6.0 and is reinforced

for 0.2 My at the face of the exterior column support.

5.4 Solution procedure and accuracy

Each design strip was subjected to uniformly distributed
gravity load increments for as long as convergence could be
reached. In most cases, 5 load steps were used up to self weight
and an additional 5 to rcach service load level

The load control strategy was continued until convergence

was difficult to achieve. All solutions were obtained using the MNR
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iteration technique with the number of iterations limited to 30, for
each load step. If convergence could not be reached by reducing
the load step to a reasonable value, the solution strategy was
changed to CALM. The tolerance was varied depending on the size
of the load increment; lower values for bigger load increments and
higher values for smaller ones but the minimum tolerance used
was 0.01.

Each solution was monitored by checking the statical
equilibrium of converged steps and also examining local failures in
elements positioned in the vicinity of the critical sections. Statical
equilibrium was achieved if the total panel static moment, Mg, at
each load level, was satisfied within 5%. Once excessive cracking,
crushing or unloading occurs in the various elements, convergence
is very difficult to achieve. Even if convergence is attained, statical
equilibrium, as defined above, may not be satisfied. The solution
was stopped once statical equilibrium was not satisfied. In all
cases, solutions beyond the service load level were obtained.

Moments at critical sections are presented as ratios of the
total static moment in each span, Mg, in Tables 5.2 and 5.3, at the
service and factored load levels. It can be seen that some design
strips could not be loaded to the factored load level (9.6 kPa). This
may be due to local failure resulting from high moment gradients
at regions near the supports and the failure criterion in the
concrete material model. Once concrete failure is reached in
compression at a gauss point, it occurs in all directions and the
capacity of that concrete layer is lost. This means that the moment

capacity at that section could not be maintained until a mechanism
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is formed. Therefore, it may be argued that the existing concrete
material model does not represent moment redistribution well.
Massicotte obtained solutions mainly for specimens that did not
have such high moment gradients or require the same level of
moment redistribution.

Although it was not possible to load all design strips until a
full flexural mechanism was achieved, it is believed, because of the
criterion used to terminate the solutions, that the results are

reliable up to the maximum load reported.

5.5 Obtaining slab and column moments

Moments in the sla output from NISA80 are at gauss points
and not at positions of the critical sections. Therefore, interpolation
or extrapolation is required to obtain moments at these secticns.
The procedure for obtaining interpolated or extrapolated moments
is described in Appendix B. The total moment across a critical
section is obtained from these moments by using the trapezoidal
rule.

Column forces are output for the 3-D beam element. These
were used to confirm the total applied load on the design strip.
Exterior column centreline moments were calculated by making
use of the support joint shear forces and the column height. The
reduction of the exterior column centreline moment to the design
section, AM, was obtained as the difference between the centreline

moment and the extrapolated moment at Section 1.
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5.6 Load-Deflection response

Although the deflections at all nodes were output at each
load level. load-deflection plots (Figs 5.8a to 5.28a), are presented
for four nodes only, for selected design strips. These nodes are
located on the edge and centreline of the design strips. at midspans

between columns and are the numbered nodes in Figs 5.2 and 5

3.

Since the purpose of this series of analyses is to obtain data
to evaluate the DDM' and EFM and these methods do not predict
deflections, the only reason for examining the deformation
response is to assist in assessing the reliability of the finite
element solutions. From the deflection data, the relative
magnitudes of deflections at the four nodes monitored are as
expected in the prototype slab. The non-linear response indicates
that some moment redistribution is taking place. It is beiieved that
the magnitudes obtained are realistic of the short term deflection,

for the slab design strips they represent.

5.7 Design moments at critical sections

For selected design strips, complete load-moment ratio plots
are presented for the exterior span in Figs 5.8b to 5.28b. It is
immediately apparent that the moment ratio at any critical section
is also a function of the level of loading. Loads near zero
correspond to the elastic solution of the uncracked plate. As the
load increases, there is a redistribution of moments due to cracking
and non-linear behaviour of the concrete. Since the intensity of
loading is not a parameter with the DDM' and EFM, the question

arises as to which is the appropriate load intensity to be used
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when evaluating these methods. Since all slabs will crack due to
construction and applied loads, obviously, the uncracked state is
not consistent with ultimate strength design. The likely load levels
for design are seivice and factored. For this reason, moment ratios
from NISARQ are presented for all design strips only at the service
load (7.2 kPa) and the factored (9.6 kPa) or the maximum reliable
load reached, in Tables 5.2 and 5.3.

When selecting reinforcement, an equivalent density of
reinforcement was provided at sections based on the usual theory
of reinforced concrete that assumes cracked sections where
concrete takes no tension and a rectangui., COMpressive stress
block. Thus, as the load level approaches ultimate load, it was
expected that the moment ratios would approach the ratios of
panel static moment for which reinforcement was provided (a
parallel yield line pattern).

Densities of reinforcement were provided based on the
material resistance factor ¢g of 0.85 so as to correspond more
closely with the reinforcement that would be provided in a
orototype slab. In NISAB80, this implies a failure load of 1.18 times
the factored load of 9.6 kPa. However, the computer cost to reach
the failure load because of the much smaller load increments is
significant. For this reason, solutions were generally stopped at
load levels approximately 10% greater than the factored load. This
is justified as the study is aimed at the behaviour of slabs at the
service and factored load levels.

At Section 1., the reinforcement provided tuv resist the

selected portion of Mg, was all placed in the column strip, in
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accordance with the code provisions for slabs without edge beams.
However, NISAS80 computes the moments by integrating stresses
through the thickness. For those elements in the middle strip that
were not provided with flexural reinforcement, the concrete :aodel
will still provide a moment resisting capability, since the section
will not be fully cracked. Thus, for lightly reinforced sections, the
total moment capacity across Section 1 will be greater than the
capacity based on the reinforcement provided. Since it is common
practice to provide additional reinforcement along the free edge to
improve serviceability, the predicted behaviour using NISA80 may
in fact be closer to what actually happens. As equilibrium of the
moments in the panel is satisfied, an overestimation of the
moment across Section 1 will also affect the moments at the other
critical sections. Furthermore, especially for rectangular panels, the
reinforcement density provided in the short direction to resist
positive moment, is selected to satisfy minimum reinforcement of
0.002A g rather than flexural requirements. For these reasons,
caution is required in interpreting specific values at factored load

and only a general discussion of trends in behaviour is possible.

5.7.1 Square panels

For selected square panels, the variation of load with
moment ratio are presented in Figs 5.8b to 5.17b. It may be
observed that, at the uncracked stage, the distribution of the static
moment in the exterior span is essentially independent of the
reinforcement provided at ths exterior support and only slightly

affected by the difference in the column to slab stiffness ratio. As
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cracking progresses due to increasing load, there is a drop in the
portion of moment resisted at the supports which is compensated
for by an increase in positive moment ratio at Section 2. This is
attributed to the cracking of the concrete in the vicinity of
columns. This effect continues until near service load, at which
stage, increased cracking at the positive moment region occurs,
resulting in a reduction in the portion of moment carried by
Section 2.

The effect of the stiffness of the exterior column on the
moments in the exterior panel should be apparent by comparing
two ideniical strips except for the ratio of the exterior column to
slab stiffness ratio. Thus, one can compare Fig 5.8b with 5.10b and
59b with S5.11b. It is seen that the moment ratio curves are almost
identical. To properly evaluate the effect of exterior column to slab
stiffness ratios on design moment ratios would require solutions
for exterior columns smaller than 500 by 500 mm (Size B).
However, to keep the number of elements manageable and
element panel aspect ratios acceptable, design strips with smaller
exterior column sizes were not analysed. It is concluded that the
insensitivity of moment ratios at Section 1 to exterior column-slab
stiffness ratio is because the more flexible column used (column-
slab stiffness ratio of 6.0) is already stiff and doubling the stiffness
ratio has minimal effect.

However, the stiffness ratios used permit evaluating the
effect of reinforcement ratio on the moment ratios as the columns
are sufficiently stiff to allow determination of the development of

the reinforcement at Section 1. By looking at the design strips,



N10B6 and N10B12 (Figs 5.8b and 5.11b). a change in amount of

reinforcement provided at the exterior support from 0.2 to 0.4 Mg,
results in a variation in design moments at the exterior support
from 0.27 to 0.35 Mg. The fact the moment ratio is greater than 0.2

is due to the tension in the uncracked concrete, as explained later.

The same trends may be observed for square panels with
size L (1000x500) exterior columns (Figs 5.14 and 5.15). For these
design strips, it may be observed that for an extremely long
column and low reinforcement ratio at the exterior support
(N10L6.2), the exterior column is able to rotate and cracking at
Section 1 is delayed, allowing moments greater than those for
which the reinforcement is provided to be carried. When the
reinforcement provided at Section 1 is doubled, the maximum load
reached is slightly lower than that for which the reinforcement is
provided for at Section 1 indicating that the reinforcement could
not be developed. When a realistic column length is used (N10LA48,
Figs 5.17), the rotation of the exterior column is small as the
column is very stiff, so that when a low reinforcement ratio is used
at the exterior support, major cracking occurs at about the self load
level and the reinforcement yields. This can also be observed in Fig
5.17a, where there is sudden change in the load-deflection
response at about the self weight level. However, by using twice
the reinforcement ratio, the cracking is delayed, allowing loads
greater than the factored to be reached and the final moment ratio
at Section 1 is about 0.38.

The influence of the exterior column shape on the design

moment ratios may be examined by considering design strips



having the same exterior column-siab stiffness ratio, for example
design strips, N10B12, N10I12 and NIOLI2 in Table 5.2. There
appears t¢ be no significant difference in design moment ratios at
Section 1, although the moment developed tends to increase with
increasing perimeter of the exterior column. A definite conclusion
can not be drawn since the columns used are stiff for the slab
geometries chosen.

In the interior span, it may be observed from Table 5.2, that
for all design strips, the fizal design moment ratios are less than
0.60 at Section 4 and more than 0.40 at Section 5. The distributions
are not affected by the amount of reinforcement provided at the

exterior support.

5.7.2 Rectangular panels

For rectangular panels, load-moment ratio plots are
presented in Figs 5.18b to 5.28b. Figs 5.18b to 5.24b are for panel
aspect ratios less than 1.0, while Figs 5.25b to 5.28b are for panel
aspect ratios greater than 1.0. The general variation in moment
ratios with load are different for these two cases and are discussed
seperately.

For a panel aspect ratio of 0.5, it is possible to define a
column as snrall as 350x350 mm (Size C) and still maintain
reasonable element aspect ratio, except for elements located in the
middle strip, which were not considered critical to the accuracy of
a solution.

For panel aspect ratio of 0.5, it can be observed that the

distribution of moment ratios to critical sections in the exterior
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span does not change until near the service load level. The effect of
the smaller exterior column stiffness on the moment ratio at
Section 1 is seen by comparing the critical moment of about 0.3 M,
with exterior column size C (a:4=0.83) to the critical moment of 0.4

M for exterior columns with stiffness ratios of 3.0 or greater.

Beyond this load level, there are continuous drops in moment
ratios at both Sections 1 and 3, while the positive moment section
(Section 2) continues to take larger moment ratios. In general, it
may be seen that the critical sections at the supports take less
moment than the reinforcement provided at Section 1. This is

-

because the moment capacities provided at Section 2, resulting

from the provided minimum reinforcement of 0.002A, are nearly
as large as the total exterior panel moment, Mg. For panel aspect
ratios of 0.50 and 0.75 with size B columns, the capacities are .97
and 0.77 Mg, respectively. Therefore, for a panel! aspect ratio of
0.5. it is not surprising that the design moment ratios at the critical
sections are not much influenced by the reinforcement provided at
the exterior support, but by the exterior column to slab stiffness
ratio and the moment capacity at Section 2. A similar but not so
drastic effect is also observed for a panel aspect ratio of 0.75.

For panel aspect ratios greater than 1.0, the behaviour shown
in Figs 5.25 to 5.28 is different from the above, in that minimum
reinforcement at the positive critical sections does not control. For
a panel aspect ratio of 1.33, the reinforcement provided at the
exterior support has some effect on the final moment ratios, which
ranged from 0.25 to 0.40, at Section 1 and were about 0.50 and

0.65 at Sections 2 and 3, respectively. For a panel aspect ratio of



2.0, the design moment ratios at Section 1 are essentially
independent of the reinforcement provided. This is due to the
relatively shorter width of the design strip, which permits some of
the moment to be taken by the tension in the concrete. For this
reason, the reinforcement provided at the exterior support has
little effect on the final design moment ratios.

Ir the interior span, like square panels, it may be observed
from Table 5.3, that for all design strips, the final design moments
ratios are less than 0.60 at Section 4 and more than 0.40 at Section
S. The distributions are not affected by the amount of
reinforcement provided at the exterior support. This indicates that,
the design moment ratios by the codes of practice may be
reasonable for the uncracked stage, but overestimate the negative

moment for the service and factored load levels.

5.8 Distribution of critical moments to column and middle strips

The <ode transverse distribution of critical moments to
column and middle strips for slabs without beams is independent
of the panel aspect ratio and reinforcement provided at the critical
sections. The percentage distribution of design moments at critical
sections to the column strip are; 100% at exterior column supports,
75% at interior column supports and 60% at the positive moment
sections.

Analyses using NISA80 were carried out for slabs without
beams and moments at critical sections are presented in Tables 5.4
and 5.5. for square and rectangular panels, respectively.

Percentage distributions to column and middle strips are compared
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for each design strip, in Table 5.6. at the service and factored load
levels only. although percentages were computed at each load
level. These distributions are at positions of gauss points located
closest to the critical sections, in the unstiffened portions of the
slab. In general, it was observed that the distribution of moments
did not change much with load increase except at higher load
levels. The distributions are generally presented as ranges of
percentages, pertaining to the change in amount of reinforcement
provided at the exterior support.

At column support sections (Sections 1, 3 and 4), the
magnitude of the moment across portions of the middle strip may
be positive, resulting in the total moment being less than the
portion in the column strip. For those cases, the column strip was
assigned 100% of the total design moment at the section.

From Tables 5.6a and b, for square panels, practically all the
moment at Section 1 goes to the column strip. At Section 2, column
strip moments are in the range 50 to 56% at service and 50 to 54%
at the factored load level. At section 3, regardless of the exterior
column aspect ratio, stiffness ratio and reinforcement provided at
the sections, column strip moments are in the range 71 to 74% at
service and 68 to 72% at factored load level. At Section 4 (interior
span), column strip moments are lower than those at Section 3, by
about 7% for square panels with size B (500x500) exterior
columns. Column strip moments are in the range 68 to 72% at
service and 64 to 71% at factored load level. At Section 5 (interior
span), column strip moments are in thé range 57 to 61% at service

and 54 to 56% at factored load level.
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From the above discussion, it may be concluded that the code
transverse distribution of critical moments to column strips, is
adequate for square panels.

From Tables 5.6a and b, as the panel aspect ratio increases, a
lesser fraction of the total moment at all sections goes to the
column strip. At service load, increasing the panel aspect ratio
from 1.0 to 2.0, resulted in column strip moments of
approximately 100, 50, 60, 60 and 50%, at Sections 1 to 5,
respectively. The amount of flexural reinforcement provided at the
exterior support had minimal effect on the percentage distributed
to the column strip. As the slab tends to bend primarily in one
direction, the distribution at the positive moment critical sections
become uniform.

Decreasing the panel aspect ratio from 1.0 to 0.5 resulted in
the column strip moments of 100, 60, 100, 100 and 60% at Sections
1 to 5, respectively, at the service load level.

Similar distributions of moments were observed at the
factored load level, as seen in Table 5.6b.

It is clear that the lateral distribution of momesnts, for slabs
without beams, is a function of the panel aspect ratio. In A23.3, for
slabs with beams, the distribution of moments at critical sections is
a function of panel aspect ratio, presumably based on elastic
solutions of rectangular panels with non-deflecting supports. The
reason for not doing so for slabs without beams is not clear, but
could be due to a lack of suitable data from which conclusions
could be drawn since solutions for column supported slabs based

on plate theory are few.



Major variations in the column strip moments occur at the
negative moment critical sections. As the panel aspect ratio
increases, there are sharper drops in coiumn strip moments at the
interior supports compared to the exterior ones. Thus, a new
distribution of moments for slabs without beams is proposed and
is presented in Table 5.7. The values in the parenthesis are the
present code (A23.3) provisions for distribution to the column

strip. Interpolation between values in Table 5.7 is suggested.



Table 5.1: Exterior column size, column-slab stiffness ratio and actual length

Design c1 c2 Ocs Column length
Strip (mm) | (mm) (mm)
N5C1 350 350 0.83 2931
NSA2 350 700 1.60 2931
N5D6 700 350 6.00 3752
N7C1 350 350 1.20 2931
N7A2 350 700 2.40 2931
N7B6 500 500 6.00 2931
N7D9 700 350 9.00 3752
N10B6 500 500 6.00 3906
N10B12 500 500 12.00 1953
N10I12 500 1000 12.00 3906
N10124 500 1000 24.00 1953
N10OL6 1000 500 6.00 31250
N10L12 1000 500 12.00 15625
N10L48 1000 500 48.00 3906
N13B9 500 500 9.00 3472
N20B12 500 500 12.00 3906
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Table 5.6a: Percentage of moment in column strip at service load (NISA80)

Design strip | Section 1 | Section 2 | Section 3 | Section4 | Section 5
N5C1 100 60 100 100 60
NSA2.3 100 59 100 100 59
N5B3 100 58 100 100 58
N5SD6.3 100 58 100 100 S8
N7C1 100 60 89-87 87 65
N7A3.3 100 59 87 85 64
N7B6 100 59-60 90 89-88 62-63
N7D9.3 100 60 90 90 63
N10B6 100 54-50 72 69 58
N10B12 100 54 73 69-70 58
N10I12 100 54 71 67 58-57
N10I124 100 54 71-68 67-63 57-55
N10L6 100 55 74 72 57
N10L12.2 100 56 74-73 72 57
N10L48 100-99 55-56 73-74 70-72 58-57
N13B9 95 52 65 63 53
N20B12 81 51-50 59 58 50




Table 5.6b: Percentage of moment in column strip at factored load (NISASD)

Design strip | Section 1 Section2 | Section3 | Section4 | Section 5
N5Cl1 100-* 61-* 100-* 100-* 60-*
N5A2.3 100 60 100 100 60
N5B3 100 60 100 100 59
N5D6.3 100 60 100 100 59
N7C1 %k ¥ %* A %
N7A3.3 * * * * *
N7B6 100 60 88-89 85-87 65-64
N7D9.3 100 60 89 87 64
N10B6 100 50-51 71 67 56
N10B12 100 51 69-71 64-68 Sé
N10i12 *-100 *-51 *-71 *-68 *-56
N10124 “ * * * *
N10OL6 100-* 53-* 71-* 66-* 54-*
N10L12 * * * * *
N10L48.4 100 53 71 70 54
N13B9 *-95 *-50 *-64 *-62 *-52
N20Bi12 76-79 50 59 S8 50

* No factored load value available



Table 3.7: Transverse distribution of moments to the column strip for slabs
without beams (%)

Location Panel aspect ratio (11/12)
0.50 1.00 2.00
Exterior 100 (100) 100 (100) 80 (100)
Column
(Section 1)
Midspan 60 (60) 55 (60) 50 (60)

(Sections 2, 5)

Interior 95 (75) 75 (75 60 {75)
Column
(Sections 3, 4)

Note: Valucs in the parenthesis are the present code provisions
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Column top node

le— Column element

Unstiffened slab —

<= Slab middle
surface

Stiffened part

Stiffened column element
of slab

: Column bottom node

Fig 5.4: Connection between column and slab nodes
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Chapter 6
Evaluation of DDM' and EFM

6.1 Introduction
The purpose of this chapter is to evaluate the results from
the code procedures by using solutions obtained using the non-

linear finite element program NISAS8O.

6.2 Comparison of moment ratios

Design moment ratios obtained from NISA80 are compared
to corresponding values from the DDM' and EFM, at the service
and factored load levels. Moment ratios are presented in Tables
6.1a to e, corresponding to Sections 1 to 5, respectively. In these
tables, when moment ratios from NISA80 are presented as a
range, they correspond to the two exterior support reinforcement
ratios used which are the likely minimum and maximum values in
practice. When a single moment ratio is presented, it corresponds
to the single value for reinforcement provided at the exterior
support for that design strip. Moment ratios obtained for the code
procedures are presented as individual values since they are
independent of the reinforcement provided at the design sections.
When design strips could not be loaded to the full factored load,
an asterisk (*) is used, instead of the moment ratio.

For square panels, there is reasonable agreement in design
moment ratios beiween code design procedures and NISAB80 at

Section 1, although the EFM gives lower de..gn moment ratios at
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this section. The DDM' tends to give larger moment ratios ftor

larger column to slab stiffness rados. This is not surprising
because the DDM' is based on the aac. a function of the exterior
column cross section. At Section 3, there 1s reasonable agreement
in design moment ratios, although the DDM' and EFM tend to give
larger moment ratios compared to NISA80. This results in lower
design moment ratios at Section 2 for the DDM' and EFM compared
to those from NISAS80. In the interior span, there is reasonable
agreement between all procedures at Sections 4 and 5, but
NISA80 indicates slightly lower and higher design moment ratios
at Sections 4 and 5. respectively.

For panel aspect ratios less than 1.0, the EFM gives much
smaller moment ratios at the exterior support (Section 1), as the
panel aspect ratio reduces. There is reasonable agreement in
design moment ratios between the DDM' and NISA80, at Section 1,
but the DDM’ gives lower moment ratios. At Section 3, as for
square panels, the DDM' and EFM give higher moment ratios. This
results in lower moment ratios for the code procedures and higher
values at Section 2 for NISA80. In the interior span, there is
reasonable agreement between procedures but the EFM tends to
give higher moment ratios at Section 4 and lower values at Section
5.

For panel aspect ratios greater than 1.0, there is much better
agreement in design moment ratios obtained from the different
procedures at Section 1. At Section 3, the code procedures give
slightly higher moment ratios compared to NISARB(), so that

NISA80 gives slightly higher moment ratios at Section 2,

'tNn
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compared to the code procedures. In the interior span, there is
much better agreement between the DDM' and EFM, both of which
give slightly higher moment ratios at Section 4 compared to
NISA80. Correspondingly, NISA80 gives higher moment ratios at

Section S, compared to the code procedures.

6.3 Reasons for the differences

The causes for the differences in the design moment ratios
obtained for NISA80 and the code procedures are dealt with in
this section. As the DDM' gives design moments only at the critical
sections, the discussion of the DDM' is in terms of the design
moments only. The EFM, on the other hand, gives both the
centreline moments at supports and design moments at critical
sections, and the discussion involves both these moments. As
major differences were observed at Section 1, the discussion will
focus on the exterior support and Section 1, for selected design
strips.

The comparison of centreline moments and the
corresponding reductions to obtain design moments at the exterior
support (Section 1) are presented in Table 6.2, for NISA80 and the
EFM. For the DDM', only design moment ratios at Section 1 are
presented, for reasons mentioned above. Centre to centre

moments are presented as ratios of the centre to centre static
moment, M. Design moment ratios are also presented, but as

ratios of the static moment, Mg.

For square panels (panel aspect ratios greater or equal to

1.0), there is good agreement on design moment ratios between



those obtained using NISA80 for a reinforcement ratio of 0.20 M,

at the exterior support (Section 1) and those obtained using the
code procedures DDM' and EFM. When a reinforcement ratio of 0.4
M is used at Section 1, moments ratios obtained at Section 1 for
NISA80 are greater. Since 0.4 Mg is an unusually large
reinforcement ratio, it is concluded that the code procedures give
excellent results for the prototype slab.

For panel aspect ratios greater than 1.0, there is reasonable
agreement between the methods but the DDM' tends to
overestimate the moment ratios at Section 1 when the panel
aspect ratio approaches 2.0.

For panel aspect ratios less than 1.0, approaching 0.5, there
are substancial differences between the methods as mentioned
previously. The differences in design moment ratios between the
DDM' and NISA80 are much less compared to the differences
between the EFM and NISA80. For the DDM', design moment ratios
are about half those for NISA80 whereas for the EFM they are
about 1/15 th of the NISA80 values.

It is observed from Table 6.2 that the reduction in
centreline moments, AM/M |, for NISA80 and the EFM for small
panel aspect ratios are remarkably close which would indicate
that the method of reducing centreline moment to Section 1 using
Eqn 2.6 is satisfactory. However, the centreline moment ratios
from the EFM are only about half those obtained for NISA80. The
extremely low values of design moment ratios at Section 1 for the
EFM result for moment reduction ratios approaching the

centreline moment ratios. This would suggest that the EFM does
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not model the exterior stiffness satisfactorily for small panel
aspect ratios. These differences may be attributed 1to the
transverse torsional member, employed in the EFM.

The transverse torsional member model over-softens the
exterior column, especially for small panel aspect ratios, leading to
smaller values for :he equivalent column stiffness, Kec. Some
researchers (Vanderbilt and Corley, 1983) have observed this and
proposed limiting the torsicnal member length, ;. to a length equal
to the smaller of 11 and 2.

In order to investigate the effect of the length of the
transverse torsional member on the exterior column stiffness, the

equation for computing the torsional stiffness, Ky, is recast as

follows:

9E.C
e’ (6.1)
11(1

T

> L ad
K. =2

For various design strips (T series) with size B columns of

height 3500 mm. the variation in the stiffness ratio, Kec/ZK¢, and
the moment ratios Mc}/Mj and Me/Mg, with the torsional member
length ratic, l/12, are presented in Table 6.3 for the EFM. For the
DDM', only the stiffness ratio aee and moment ratio Me/Mg are
presented. It can be seen that, both the equivalent column stiffness
and the corresponding centreline moments are sensitive to the
length of the rorsional member for panel aspect ratios less than 1.0.

In order toc obtain centreline momenis for the EFM similar (o the
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values obtained using NISAS0 for panel aspect ratios less than 1.0,
the torsional member length has to be reduced to less than half the
width of the design strip. 1. The DDM’ however gives design
moment ratios that compare reasonably well with those obtained for
NISABO if the length of the torsional member is kept equal to 1> but
excellent agreement when the recommendation of limitng the
torsional member length to the lesser of the two panel dimensions is
applied. For the EFM. on the other hand. although considerable
improvement is made. it may not be sufficient, especiallv for panel
aspect ratio less than 1.0. For panel aspect rauos greater than 1.0,
using a torsional member length of l> for the EFM may lead to larger
exterior column stiffnesses and hence larger design moment ruatios
than the values obtained using NISASO.

Thus, it may be concluded that both code design procedures
give reasonable design moments for panel aspect ratics greater or
equai to 1.0. For panel aspect ratios less than 1.0, the DDM' gives
better design moments compared to the EFM. ‘lhe
recommendation of limidng the torsional member length
improves solutions obtained for both code procedurzs, but not
sufficiently for the EFM, especially for panel aspect ratio less than

1.0.
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Table 6.1a: Exterior column support design moment ratio (Section 1)

Design strip NISAS8O (service) NISAB8O {factored) DDM' EFM
N5C! 0.283..284 0.242-* 0.112 0.016
NSA2.3 0.3 2 0.321 0.145 0.023
N5B3 0.394-0.395 0.319-0.320 0.205 0.029
N5D6.3 0.416 0.288 U.270 0.012
N7C1 0.227-0.255 * 0.162 0.098
N7A3.3 0.308 * 0.196 0.136
N7B6 0.311-0.337 0.261-0.285 0.27 0.185
N7D9.3 0.349 0.302 0.335 0.190
N10B6 0.306-0.341 0.281-0.378 0.312 0.259
N10B12 0.308-0.349 0.297-0.361 0.332 0.281
N10I12 0.353-0.416 *.0.427 0.365 0.312
N:Q124 0.356-0.404 * 0.379 0.326
NI1OL6 0.342-0.364 0.333-* 0.405 0.250
NIOQL12.2 0.363 * 0.439 0.285
N10OL48 0.267-0.399 *-0.382 0.472 0.318
N13B9S 0.355-0.387 *-0.370 0.406 0.362
N20B12 0.454-0.470 0.430-0.466 0.510 0.475




Table 6.1b: Exterior span positive moment ratio (Section

Design strip

NISAS80 (service)

NISARO (tactored) DDM' EFM

N3Ct 0.542 0.624-* (.582 0.630
N3A23 0.532 0.590 0.587 0.632
N5SB3 0.523-0.506 0.587-0.560 0.542 0.643
N5D6.3 0.487 0.603 0.514 0.633
N7Cl1 0.573-0.563 * 0.737 0.579
N7A3.3 0.553 * 0.545 0.563
N7B6 0.537-0.527 0.534-0.30Y 0.0i2 U550
N7D9.3 0.530 0.577 ().487 0.538
N10B6 0 £37-0.523 0.524-0.496 0.496 0.506
N10B12 0.535-0.519 0.525-0.503 0.487 0.497
N10I12 0.530-0.506 *.0.506 0.473 ().485
N10124 0.523-0.518 * 0.467 0.47%
N10L6 0.517-0.510 (.526-* 0.456 0.514
N10L12.2 0.511 * 0.441 0.496
N10L48 0.543-0.498 *.0.503 0.427 0.479
N13B9 0.500-0.489 *.().498 0.455 0.463
N20B12 0.450-0.440 0.474-0.457 0.411 0.418




Table 6.1c: Interior support design moment ratio (Section 3)

Design suip NISA (service) NISA (factored) DDM’ EFM
N5CI 0.631-0.630 0.510-* 0.733 0.716
NSA2.3 0.557 0.498 0.728 0.713
N5SB3 0.560-0.594 0.507-0.560 0.718 0.675
N7D6.3 (.610 0.505 0.709 0.759
N7CI 0.5627-0.619 * 0.725 0.745
N7A3.3 0.586 * 0.720 0.738
N7B6 0.615-0.610 0.572-0.566 0.708% 0.715
N7D9.3 0.591 0.545 0.698 0.751
N10B6 0.621-0.612 0.671-0.630 0.702 0.729
N10B12 0.623-0.612 0.653-0.634 0.699 0.725
NI1OII2 0.586-0.572 *-0.506 0.694 0.719
NI1CI24 0.552-0.557 * 0.697 0.717
N1OL6 0.624-0.616 0.624-* 0.688 0.740
NI1QOL12.2 0.615 * 0.682 0.737
N10L48 0.648-0.605 *-0.613 0.677 0.738
N13B9 0.645-0.636 *-0.633 0.687 0.713
N20B12 0.646-0.649 0.622-0.621 0.672 0.688




Table 6.1d: Interior support design moment ratio (Section 4

1069

Design strip NISA(service) NISA(facrored) DDM’ EFM
N5C1 0.614-0.615 0.501-* 0.650 0.708
NSA2.3 0.627 0.611 0.650 0.704
N5B3 0.587-0.588 0.540-0.542 0.650 0.648
N5D6.3 0.559 0.459 0.650 .672
N7C1 0.611-0.607 * 0.650 0.708
N7A3.3 0.644 * 0.650 0.705
N7Bo6 0.394-0.555 0.531-0.557 0.650 0.659

- N7D9.3 0.578 0.536 0.650 0.677
~ N10B6 0.595-0.591 0.581-4.599 0.650 ().664
MN10B12 0.563-0.591 0.545-0.579 0.650 0.659
N10112 0.614-,.60Y *_00.501 0.650 0.660
N10124 0.563-0.561 * 0.650 ().656
N10L6 0.578-0.574 0.532-* 0.650 {).665
N10L12.2 0.574 * 0.650 0.655
N10L48 0.586-0.570 *\, 02 0.650 ).644
N13B9 0.608-(.605 *-().583 0.650 0.646
N20B12 0.012-0.611 0.587-0.586 0.650 0.635




Table 6.1e: Interior span positive moment ratio (Section )
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Design sirnp J _.NISA (service) NISA (factored) DDM’ EFM
STl 0.386:0.385 0.499-* 0350 | 0.292
s 0373 0.389 0350 | 0.296
e 04130412 0.460-0 485 0.356_| 0.352
Nrio.3 0.441 0.541 0350 | 0.328
NTCI 0.389-0.393 . 0.350 | 0.292
N7A3.3 0.356 . 0350 | 0.295
NTB6 0.406-0.104 0.469-0.443 0.350 | 0.34%

| _N7D9.3 0.422 0.464 0350 | 0.323
N10B6 0.405-0.409 0.419-0.441 0.350 | 0.336

| N10BI2 0.407-0.409 0.455-0.429 0.350 | 0.341
N10112 0.386-0.391 *-0.404 0350 | 0.340
N10124 0.438 . 0350 | 0.344
N10L6 0.422-1445 n.468-* 0350 | 0335
N10L12.2 0.426 - 0.350 | 0.345
N10L48 0.414-0.430 *.0.448 0.350 | 0.356
N13B9 0.392-0.395 *.0.417 0350 | 0.354
N20B12 0.388-0.389 0.413-414 0350 | 0.365
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Table 6.3: Effect of the torsional member length on code procedures (T series)

Design Geomeuy EFM DDM'
Strip
1112 12 |ZKec KecdZKc|Mc/M | Me/Mg, | 0ec | Me/Mg
(N-thm x 101P)

T5B20 0.50 0.25 25.37 0.67 0.44 0.27 1.57 0.40
T5320 0.50 0.50* | 14.03 0.37 0.35 0.16 0.91 0.31
T5B20 0.50 0.75 9.48 0.25 0.29 0.09 0.62 0.25
TSB20 | 0.59 1.00 7.12 0.19 0.25 0.03 0.47 0.21
T7B20 0.75 0.25 25.37 0.67 0.50 0.40 2.35 C.16
T7B20 0.75 0.50 14.03 0.37 0.41 0.30 1.36 0.38
T7B20 0.75 0.75* 9.48 0.25 0.35 0.23 0.94 0.31
T7B20 0.75 1.00 7.12 0.19 0.31 0.18 0.71 0.27
T10B20 1.00 0.25 25.37 0.67 0.53 0.46 3.14 0.49
T10B20 1.00 0.50 14.03 0.37 0.45 0.38 1.81 0.42
T10B20 1.00 0.75 9.48 0.25 0.39 0.31 1.25 0.36
T10B20 1.00 1.00* 7.12 .19 0.35 0.26 0.95 0.32
T13B20 1.23 0.25 30.51 0.81 0.57 0.51 4.93 0.54
T13B20) 1.33 0.50 18.26 ; 0.42 0.52 0.46 3.10 0.49
T13B20 1.33 0.75 12.54 | (.33 0.48 0.41 2.17 0.45
T13B20) 1.33 1.00* 9.48 0.25 0.44 0.36 1.66 0.41
T20B20 1.00 0.25 35.91 0.95 0.62 0.56 8.54 0.58
T20B20 1.00 0.50 25.37 0.67 0.59 0.53 6.28 0.56
T20B20 1.00 0.75 18.26 | 0.48 0.57 0.50 4.64 0.54
T20B20 1.00 1.00* | 14.03 0.37 0.54 0.4% 3.63 0.51

*Recommended 1/i2 values by Vanderbilt and Corley (1983)




Chapter 7

Prismatic Equivalent Frame Method (PEFM)

7.1  Introduction

The EFM simplifies the analysis of three-dimensional columun-
slab systems to that of two-dimensional frames. It was found that,
despite the computational effort involved in obiaining stitfnesses for
use in the EFM, it does not give reasonable design moments for some
geometries. Furthermore, for slabs without beams studied in
Chapter 3, consideration of the variation in the cross section was
found to be unwarranted. This suggests that a plane frame analyvis
procedure. using prismatic members with appropriately assigned
stiffnesses, may lead to comparable and even more reasonable
design moments compared to those obtained using the EFM. This
chapter examines such a procedure.

Since most of the differences in moment ratios were observed
at the exterior support, the procedure for obtaining the etfective
moment of inertia for columns to be input for the plane frame
program is aimed mainly at the exterior support. The purpose of the

torsional member in the EFM is to soften the column stiffness by

making use of the equivalent column stiffness, Kgc, rather than the
gross stiffness, TK.. With the PEFM, the reduction in column stiffness

is achieved by making use of a reduction factor, v. This factoris
applied to the gross moment of inertia of the column, Ig’ to obtain
the effective column moment of inertia, [ ¢, as follows:

169
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Lar=7v1, (7.1)

Although the stiffness of the exterior column support is the
major cause for the differences in design moments, for simplicity.
the computed reduction factor is applied to the gross moment of

inertia of each interior column.

7.2 Modelling of the design strip

When using the PEFM, the design strip is modelled as a series
of prismatic slab-beam elements and supporting columns, as shown
in Figs 7.1 and 7.2. The boundary conditions are the same as those
used by the EFM. Columns, of centre to centre heights equal to floor
to floor heights, are assumed fixed at the extreme ends. All other
nodes are left free to deform. It should be mentioned that there are
other possibilities for boundary conditions but this configuration
was chosen because it conforms to the positions of joints in the
frame.

Cantilever spans of lengths equal to half the evterior column
dimension, c/2, or the actual length of the cantilever, if different,
must be included. Use of cantilever spans is to account for the total
applied load and to obtain realistic moments for the exterior
columns. Solutions obtained using the EFM and NISA80 also took
into account cantilever spans.

As for any plane frame analysis, the PEFM gives centreline
moments at the supports. Therefore, the computed centreline
moments have to be reduced to obtain design moments at the

critical sections. In Chapter 5, it was clearly demonstrated that the
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equilibrium reduction procedure (Egqn 2.6). employed in the ErM,
gave reductions that compared very well with those obtained from
NISAS80. Therefore, the same procedure is used in the PEFM.

While the tasic modelling tfor PEFM requires nodes at the
intersection of members only. if desired. additional nodes may be
placed along the axes of the members so that moments at these
locations may be obtained directly from the output. This technique
gives identical design moments as would be obtained using the
equilibrium procedure for reducing centreline moments as given by
Eqn 2.6 and was used in the study. Nodes were also provided at the

clear s 5 of slab-beam members.

7.3 Geometry and major variables of design strips

in general, the same series as used in Chapters 3 but with
column designations of Chapter 5 (Table 5.1) are considered. For all
design strips, the nominal column height is 3.5 m (support to
support), the slab thickness is 200 mm and the concrete swrength is
30 MPa. The design strips from the C and P series, are used to study
the effects of column and panel aspect ratios on the design moment
ratios. The PEFM was also applied to design strips from the S series
and to slabs with beams (PB and PE series). For the PB, PE and S
series, design moment ratios are compared to those obtained by the
code procedures DDM' and EFM as there are no NISA80 solutions for
thesc design strips.

The primary variables for the C, P and S series are; exterior
column aspect ratio, panel aspect ratio and successive span length

ratio, respectively. For the PB and PE series, the primary variabies
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are the beam widths and depths, respectively. For slabs with edge
beams only, the total depth of edge beams was 500 mm, but beam
web thicknesses ranged from 200 to 500 mm. For slabs with beams
between all supports, beam dimensiors in the longitudinal direction
were selected to give beam to slab stiffness ratios in the longitudinal
direction (ap1) of 0.5, 1.0, 1.5, 2.0, 3.0 and 4.0. The same beam
dimensions were used for beams in the transverse direction.

The other variable for all design strips is the relative or
'‘effective’ moment of inertia for columns, y. Interior columns for ali
design strips were square and of sizes either B (500x500) or C

(350x350), corresponding to the smaller extertor column dimiension.

7.4 Prediction of the reduction factor, ¥y

From the discussion in Chapter 6, it was felt that the effective
moment of inertia of columns for use in the PEFM will be a furnction
of the pancl aspect ratio. A trial and error approach is used in
obtaining the required reduction factors. Selection of values for the
reduction factor in slabs without beams is based on comparing
solutions obtained using NISA80 to those obtained from the code
procedures (DDM' and EFM). For the S series and slabs wiih beams
(PB and PE series), the selection of reduction factors is based on
solutions obtained using the code niocedures.

Panel aspect ratic as deciines o this aro ) -5 the rwdo 1j/lp
whereas in A23.3, it is d fined as the inverse of tiis ratio or lz/11. It

was therefore decided to use the ratio lp/ly in proposing equations

for determining the reduction factors to be used when reducing the
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column moment of inertia. Howive., in zll discussions panel aspect

ratio is still the ratio 1ly/i>.

7.4.1 C and P series

For a start, a line:. c¢xpression for the reduction factor to
obtain effective column siiffness for use in the PEFM was tried, as

follows:

1
y=0.15 +0351-f (7.2)

The above equation is shown graphically in Fig 7.3.

Moment ratios obtained using the PEFM are compared to those
obtained for the DDM', EFM and NISA80 at each critical section in
Tables 7.1a to c¢. Moment ratios for the PEFM, using the reduction
factors given by Eqn 7.2 are presented under column Pl. At Section
i, it may be observed that for panel aspect ratios less than 1.0, the
proposed equation for reduction factor leads to moment ratios for
the PEFM that are much closer to the ©DM' and NISA80 values than
to those obtained from the EFM. For a panel aspect ratio of 2.0, the
PEFM gives moment ratios that are just smaller than those obtained
for NISA80, in contrast with the code procedures which give much
larger values. For panel aspect ratics of about 1.0, usc of Eyn 7.2
leads to larger design moment ratios at Section 1 compared to those
obtained from either the code procedures or NISA80. At Section 3,

the PEFM in general gives moment ratios that are lower than those

obtained for the code procedures and closer to those obtained using

b
\
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NISA8B0. As pointed out ecarlier. this is desirable. as the code
procedures tend to give higher negative moment ratios. In the
interior span (Sections 4 and 3). there is better agreement in design
moments obtained using NISA80 and the PEFM than those from the
code procedures for all panel aspect ratios.
To improve the agreement between the PEFM and NISAS0 at
Section 1 for panel aspect ratios between the extremes, a bilinear

form of an equation was tried as follows:

when I2/11 € 1.0, y= 02 + 0.2 12/
when I2/11 > 1.0, y=-0.1 + 0.5 Ix/1} (7.3)

Eqn 7.3 is also presented graphically in Fig 7.3. Moment ratios
obtained using the PEFM with reduction factors determined from
Eqn 7.3 are preseuted in Tables 7.1a, b and ¢ under column P2, at
each critical section. Moment ratios from the code procedures and
NISA80 remain the same.

Using Eqmn 7.3 for the PEFM, it is observed that there is
generally better agreement in design moment ratios at Section 1
compared to the previous case although for panel aspect ratios of
about 1.0, PEFM still gives greater moment ratios compared to those
obtained for the code procedures and NISA80. As mentioned earlier,
for stiff exterior columns, moment ratios at Section 1 are sensitive to
the amount of reinforcement provided across this section. It is
observed that although the moment ratios based on Egn 7.3 are
generally larger than those obtained using NISA80, comparison

should be to the lower reinforcement ratios as these are the ratios

4
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preferred in practice. At Section 3, the design moment ratios from
the PEFM have increased slightly but are still in between NISARSO
and the code values. The change in design moment ratios for the
PEFM in the interior span is small but it leads to even better
agreement with NISASO.

To improve agreement in design moments further, the bilinear

reduction factor equation was adjusted as follows:

when 12/l <10, y= 0.3
when Iy/11 > 1.0, Y= -0.3 + 0.6 13/.1 (7.4)

Egn 7.4 is also presented graphically in Fig 7.3.

Using this equation, moment ratios obtained for the PEFM are
presented in Tables 7.la, b and ¢ under coiumn P3 for each criticai
section. At Section 1, for panel aspect ratios of about 1.0, it is
observed that moment ratios given by the PEFM agree very closely
with those for the DDM' and fall between the values given by the
EFM and NISAS80 in some cases. Yalues for extreme panel aspect
ratios are not significantly different from those obtained using Eqgn
7.3. At Section 3, the change in moment ratios is small but
agreement between procedures is better. In the interior span, again
the change in moment ratios for the PEFM is small and for all panel
aspect ratios, the moment ratios fall between the code values and
NISA80 moment ratios. Therefore, Eqn 7.4 is recommended for slabs

without beams.



7.4.2 S series

The reader is reminded that for the S series, the width of the
design strip is kept constant at 7 m and the span ratio is defined as
the ratio, 11/1'1 (see Fig 7.2). So. when the span ratio is greater or
equal to 1.0, the exterior panel is square (panel aspect ratio equal to
1.0) whereas for span ratios less than 1.0. the exterior panel aspect
ratio is less than 1.0.

Egns 7.2, 7.3 and 7.4 were again used to determine reduction
factors for use in the PEFM for the S series. Moment ratios obtained
for the code procedures are compared to those obtained by the
PEFM when the different equations for reduction factor are used in
Tables 7.2a to c¢c. Moment ratios for the PEFM corresponding to Eqgns
7.2, 7.3 and 7.4 are presented under columns P1l, P2 and P3,
respectively, at each critical section.

Moments in the exterior span are compared in Table 7.2a. For
all span ratios, the use of Eqn 7.4 is seen to provide the most
consistent agreement with the code procedures. For equal spans,

11/1'1=1.0, the design moment ratios at Section 3 fall between the

code values and at Section 1 is equal to the DDM' values. For smalli
vaiues of 1j/1'1, say equal to 0.5, the unrealistically small centreline
moment leading to positive moment at Section 1 that is obtained
using the EFM does not occur with the PEFM although the moment is
smaller than that obtained for the DDM'. Similariy at Section 3, a
design moment of 1.3 Mg is more likely than the 2.1 Mg obtained
using the EFM.

In interior spans, Table 7.2b, when the first interior span is

only half the exterior span, the negative moments at midspan are
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reduced. While a definite conclusion cannot be made without say,
finite element solutions, it is felt that the moment distribution
obtained using PEFM and Eqn 7.4 are equally as acceptable as those
obtained using the EFM.

7.4.3 PB series (Slabs with beams between all supports)

Using the moment of inertia reduction factors given by Eqn
7.3, PEFM moment ratios were obtained for the PB series (slabs with
beams between all supports) and are compared to moment ratios
obtained for the EFM in Table 7.3. It can be seen ihat the PEFM
gives consistently lower design moment ratios at Section 1
compared to the EFM, especially for larger beam to slab stiffness
ratios and larger panel aspect ratios. Moreover, the moment ratios in
some cases are unrealistically low. It is inferred that use of Eqn 7.4
would lead to even lower design moment ratios at Section 1,
especially for panel aspect ratios near 1.0. From Table 7.3, it is clear
that the required reduction factors are a function of both the beam
to slab stiffness ratio and the panel aspect ratio. Also, when beams
are present, a larger effective column stiffness is required to lead to
larger design moment ratios at Section 1.

For slabs with beams, it was felt that regardless of the panel
asp:ct ratic, the maximum moment of inertia for columns is the
gross moment of inertia. This led to the development of Table 7.4. In
this table, the reduction factors for slabs without beams are based
on Eqn 7.4. To take into account both the beam to slab stiffness ratio

and panel aspect ratio, the reduction factor was made a function of

the parameter alo/l1. where o is the beam to slab stiffness ratio.
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The value of this parameter at which the gross moment of inertia
should be used, ie. y=1.0, was set at greater or equal to 1.0. To obtain
values of reduction factors for values of al2/ip between 0.0 and 1.0
in Table 7.4, linear interpolation is suggested.
To evaiuate Table 7.4, PEFM solutions werc obtained for

design strips with panel aspect ratios of 0.5, 1.0 and 2.0, and

longitudinal beam to slab stiffness ratios (®1) ranging from 0.25 (o
4.0 using reduction factors in Table 7.4 and two definitions of a. The
two definiticns for a considered were oy and a equal to the average
of the beam to slab stiffness ratios (o) and ao2) at the exterior
support. These solutions are designated PEFM-o) and PEFM-oy,
respectively. Design moment ratios at Section 1 obtained for the
PEFM are compared to those obtained using the code procedures
(DDM-84, DDM' and EFM) for each panel aspect ratio. in Figs 7.4 to
7.6.

For a panel aspect ratio of 1.0, Fig 7.5, the definition of «

affects the column stiffness reduction factor only for values of o

iess than 1.0. This is because for the same beam dimensions in the
each direction, oo is much larger than o] at the exterior support. It
is seen that there is little difference in the design moment ratios
between the two definitions of a. For values of « less than 1.0, there
is excellent agreement between moment ratios at Section 1 obtained

using PEFM and the code procedures DDM' and EFM. For values of

o] greater than 1.0, the three methods show decreasing moment
with increasing a7 but the rate of decrease is greater with the PEFM.

For high values of o], the moments from the PEFM fall

approximately midway between those using the current code
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procedures, DDM-84 and EFM. While not presented, the agreement
in moment ratios at other critical sections is excellent.

For panel aspect ratios greater than 1.0, Fig 7.€ the moment
ratios at Section 1 are less sensitive to the magnitude of o, and
values of moment ratios for the PEFM are consistently about 10%
less than for the DDM' and EFM, but are larger than the DDM-84
values. For 1y/12=2.0, the moments at Section 1 from DDM-84 are
much smaller than those from other methods.

For a pane  aspect ratio of 0.5, Fig 7.4, it is obvious that there
is considerable variation in design moment from the four
procedures. For «=0.0, it was shown that the PEFM moment ratios
agreed closely with those obtained from NISAB0, and that the EFM
moment ratios were unrealistically low. There 1is hardly any

difference in design moment ratios for the PEFM if the average of

the beam to slab stiffness ratios rather than o] is used in obtaining
the reduction factors. For a(=1.0, there is close agreement between
PEFM, DDM-84 and EFM with DDM' giving inoment rauos
approximately twice as great. For larger values of a, the rate of
moment drop is greater for the PEFM compared to the code
procedures. Although not presented, the agreement between
moment ratios at other critical sections is good.

From Figs 7.4 to 7.6, the magnitude of o does not have a large
influence on the design moments and this may be due to using the
same beam dimensions in the two directions. However, this is
permitted, as long as the beam to slab stiffness ratios in the two

directions do not differ significantly so as to negate two-way

behaviour.
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It is concluded. that for slabs with beams. the effective column
stiffness obtained wusing Table 7.4 tleade 1o satisfactory  design

moments.

7.4.4 PE series

For slabs with edge beams (PE series), the reduction factors of
Table 7.4 were also applied for the PEFM. Values of o used in the
interpolation correspond to either the full or half the edge beam to
slab stiffness ratios (a2) as there are no beams in the longitudinal
direction. The corresponding solutions are designated PEFM-a2 and
PEFM-c,, respectively. Moment ratios for the PEFM at Section | are
compared to corresponding values tfrom the DDM-84, DDM' and EFM
for panel aspect ratios of 0.5, 1.0 and 2.0 in Figs 7.7 to 7.9.

For a panel aspect ratio of 0.5, the effective moment of inertia
is close to the gross moment of inertia for all beam to siab stiffness
ratios and so moments are not sensitive to the definition of «. In Fig
7.7, moment ratios for the PEFM at Section 1| are nearly constant
(between 0.31 and 0.33) and are very close to the DDM-84 values.
In contrast, both the DDM' and EFM give significantly lower moment
ratios at Section 1 for small values of a2. For larger values of a»s, the
PEFM moment ratios fall in between those obtained for the code
procedures but approach the EFM values.

For a panel aspect ratio of 1.0, there is excellent agreement in
design morment ratios between the DDM' and PEFM at Section 1, for
slabs without beams («2=0.0) and for larger beam sizes (u2=2.5).
Between these values, the PEFM gives larger moment ratios at

Section 1 compared to the code procedures. The DDM-84 values
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seem reasonable for beam to slab stiffness ratios less than 1.0 but
are much lower for larger «p values. Defining «o as a results in the
use of gross moments of incrtia in columns which lead to slightly
higher moment rauos.

For = panel aspect ratio of 2.0, moment ratios obtained at
Section | for the PEFM agree well with those obtained for the DDM'
and EFM. While using a=o7 results in better agreement between the
EFM and PEFM at Section 1, the moment ratios obtained using the
average value, in this case a=a2/2, may be considered to lead to
more realistic moments as moment ratios obtained for the code
procedures do not take into account cracking in the concrete at
higher load levels. NISA80 indicated that moment ratios near
ultimate were lower than the service values. DDM-84 gives much

lower design moment ratios compared to the other procedures.

7.5 Recommendation of reduction factors

It is concluded that the reduction factors for determining
effective column stiffness for use in the PEFM given in Table 7.4 are
satisfactory for obtaining design moments at critical sections. Values
of design moment ratios obtained using the PEFM for slabs without
beams are closer to those obtained using the non-linear finite
element program. NISA80 than to those obtained using the EFM. The
problem of unrealistically low mornent ratios at Section 1 observed

‘n the EFM. for small 1j/lp ratios, is eliminated. Moment ratios for

slabs with beams are equally reasonable and agree closely with the

code procedures.
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In evaluating Table 7.4, comparisons with the EFM were made
with no adjustment to the computed design moments. As indicated
in Chapter 2, the design codes permit modifying the design moment
obtained using any form of elastuic frame analysis by up to 20
provided the total panel moment is satistied. Hence. this provision
can also be applied to the PEFM. Obviously, where such
modifications are used. agreement between PEFM and EFM can be
made much closer.

It is recognized that the recommendations for column stiffness
factors given in Table 7.4 may be improved should an exhaustive
study «f < ¥3, PE and S series based on a non-linear finite element
analysis be done. Howew#r, i " .absence of such studies, the
proposed reduction factors for use in the PEFM are sufficiently

accurate for design purposes.

-



(L pue 'L ‘7L subd) WaAd=td ‘Td ‘1d ‘08VSIN=N ‘WAd=1 ‘WNad=da

repolisvrolLywolLssolsivof tivoloivofory o] 12v°0{99+°0]69¥°0{ 0150 v T140IN

ey ol tsrol vy o[ vy ol 810 11H°0] 010 017°0] IZV'0[0EV°0| 69Y°0] 01570 TTI90TIN

2070165701 0570] 86v°0} €9v°0] SV O] L9€°0 16£°0| STV G|OLE 0] TIE0{90¥0] v'68LIN

L£v012er 0] 6270100501 SLy O] Lev O Evy O 8SY°0| LY 0 90Y°0|SIE0|TLY O v'8Y10IN

revolzerolezrolvisolsiyol cavof cryo]8Sy0| L97°0{09E0{S1E°0{TLY'0| TBYIOIN

ccrolecr0locr0l90s0] S8y 0l €Lv'0] 1Zv°0| 8SY'O| E8Y°0[ LT'0| TIE'0] S9L0| ¥TIOIN

60l SLy 0] 8LY0]965°0]9¥S 0] 96v°0] 00€°0| 6¥E°0| ¥8E°0{8LE0! 6ST0]TIE0] v'9HOIN

S6v 0l SLy 0] ¥8€°0]¥7S0[9¥S0]96¥°0|00L0| 6vL 0| ¥8E0 182°0]6ST0[21€0] T940IN

oLr 0l vorGliorol LLs0]8eS0] L8y 0] €9€°0] LLEO|88E 0§ TOL0f 0610 5£E0| £'6ALN

98701670l ¥Lr0]6950]0sS0]219°0] LSE0] LLE O] 06£°0] S6T°0}SBIO]SLT O] ¥ IULN

08t°01 62101 vLv 0| ¥85°0]05S°0]Z19°0] LSE'0] LLEO]06¢°0] 19T°0] S81'0{SLTO| TYHLN

605 016050166501 €090]€€9°0] ¥1€°0]91€°0[91€°0] STE'0{882°0{TI0°0{0LZ0| £9ASN

150l Lrs 01155°0]0950]879°0[Z¥S 0] 062°0[062°0] 0870 0TE0|620°0| SOT0} v EESN

voolvsol tssol L850] 8v9°0{zvs 0] 067°0{062°0]08T°0{61£0|6T0°0|SOTO| TEHSN

055 01055015550 S25°0{2E9°0] £8S°0| €STO[€ST0|THTO[09E°0] £TO0|SPI'0] ELTVSN

86501865°01£09°0] v29°0{059°0] z8s°0[811°0[811°0{801°0|7¥2°0{910°0{ZI1°0f TIOSN

td | ¢d | Id N q afl ed] ud] id N d ad | unpadoyd

dmng
7 Uodag | uONIAg udisaq

(SUIE3Q INOLILM SQEIS) SIS  PUE D) 10J SOTIEL Judwow udisa(] e dqeL




[2¢]

(L pue ¢°L ‘7L subq) WAAd=¢d ‘Td '1d ‘08VSIN=N ‘W43=3 :WAa=d
©79°01829°01979°0]985°0} S€9°01059°0) L89 0| L8Y'0|¥89°0] 1T901889°0]TL90] ¥'T1HOIN
£729°01 8290197901 L85°0]5£9°0{059°0| L8970 L8I'C|¥89°0|TTI0[889°0TLI Q| TTIHOIN
v€9°01 1£9°01 229701 €850} 9+9°0]0S9°0|869°0)T69°0|989°0] €£9°0(LIL 0} L890] v 6HLIN
61901 £19°01919°0[ €550 ##9°0]059°0} T89°0| 8L90|SLIO|¥65 0} 8LLO|LLI O] ¥'8VT0IN
61901 219°01919°0] 5550l ¥+9°0/059°0{289°0| 8L9°G{SLIO] L19°0|8ELO|LLYO] T8VIOIN
€901 £29°0]8%¥9°0] 195°0169°01059°0}2L9°0|#99°0] 859°0|905°0[ 61L°C|#69°0} ¥TIIOIN
(19°018¢9°012£9°01665°0]99°0]0S9°0[ 11L 0] 10L°0[£69°0{0£9°0{6CL01C0L 0| v9HOIN
90185901 1€90]185°0]#99°0{059°0] 11L°0]10L°0] €69°0f1L9°0}6CL°0}TOL 0] TIHOIN
8€9°016€9°G1159°0{9¢S°0] LL9°0[ 05970 L69°0| #6901 16901 S¥S0100L0] 8690 E£6dLN
219°01609°0] 199°01 LES 0] 6970} 0S9°0] 1L9°01999°0|£99°0{995°0]00L°0f80L 0] ¥v9HLN
2190160901 199°0] 1€5°0]659°01 05901 1£9°01999°01€99°G| TLS'0J00L°0|80L°0f TIHULN
1650176501 ¥SS°0] 65¥°01 TL9°01059°0]$99°0]$99°0|88S°0] SOS0f65L°0]60L°0f €£9USN
19501 £9S°0} 6950} ZpS 01 8¥9°01 05970} S19°0]S19°0} L19°0109S°01SL90|8BIL0] ¥ L8SN
19501 29570169501 0pS°0] 84901 059°G| S19°0{ST19°01L19°01 LOS'O|{SLIO|8ILQ] TEHSN
oe90loco 0l zeo 0l 11901 v0L°0]0S9°0] Ly9° 0| LYy9'0) 6¥9°0| 68Y°01 E1L0}8TLO} ETVEN
£69°01€59°01659°0] 105°0180L°0]059°0]989°0{989°0{989°0{01S°0{9IL°CG|ELL O] TIIJSN

td | Ud I1d N 4 a ¢d | Ud 1d N d d | anpadoly
ding
{ UONIDAG ¢ uUoNd3Ig udisaq

(Sureaq OYIIM SQE[S) SALAS J pue 0 10§ SONEBI JUaWoww udisa(] :q[ L Qe




185

(p°L pue ¢' ‘7L subg) WAAd=€d ‘Td ‘1d ‘08VSIN=N ‘WA3=H " WAQ=

zeeoleLeolvie ol vivo|S9£010SE0) ¥ TIHOIN
TLE01ZLE 0| vLE 0] £1v°01S9L0] 0SE'0 TTIHOIN
99¢°0[69€°0] €LE°0[ LIP0| ¥SE0|0SE0| V'6HEIN
18€°0] £8€°0| ¥8€ 0 L¥P'0]0SE°0]0SE°0} v'8¥I0IN
18¢°0[{€8€°0| ¥8¢ 0 S¥'0] 0SE 0| 0SE°0] T8YTOIN
99¢°0l €L€£°0{ZSE°0] YOy 0] 0S£°0|0SE°0| ¥'TIOIN
£6€°0]79€°0189¢°0| 1¥v°0]9£€°0] 0SE°0] ¥'94OIN
€6€£°0(29¢°0189€°0]61¥°0]9£€°0]0SE°0| TIHOIN
79€°019€°0] 6¥€°0) ¥9¥'0| ¥9¥°010S€°0] £ 6ALN
8801 16£°0|6££0] EvP'0[0SE010SE°0f V' IHLN
38¢°0] 16£°0]6££°0]69¥°0]0S£°0]0S¢°0] TIHLN
90v°0]90v°0]{ 9y 0] 1¥S°0]8TE0|0SE0] €'9ASN
cep'0]€EV0] 1€0°0] S8V 0} TSE0)0SE0) P EHSN
cev 0] €EV0] 1€7°0]099°0) TSE0| 050} T'EHSN
0L£010L£°0]89¢°0]96£°0|967°0)0S£°0] ELTVSN
e ol Ly ol sye 0] 6601 T6T0{05£°0) TIOSN
¢d | ¢d | Id N d d | Inpadold

ding

G UoNI3g udisaq

(SWEaq NOYIM SQE[S) S3LIAS J PUE ) 10) SONEI Wuawows ugisa(] :9f"L 3|qeL,




”

186

QA 2Y1 Joj suonenuy] veds 3yl PISInQ ,
Wldd=¢d ‘7d '1d ‘Wd3=4 ' Naa=d

7950 ToLs ol €501 9250 10L0] LeSO] ZIS0] v6v'0[ 19501 v650] 65£°0| 90v0] 6Ev'0f 10E0] 1€V «0240ZS
76c0 191901 L6s0| 209°0] 1020] 25 0] 96v°0[ 98¥0] 1550] v65°0| 1SE0| 86€0| 1€5°0) ¥6T 0| 9IL0 «074S1S
5190 121901 S19°0] 2290 10L0| 6150] 08¥°0] 08¥°0] ZvS0| v6r'0[ SVED| T6L'0| STYO) 8820} 91L0 0zaels
120 120001 26901 66£0| 1020] S8 0] L9v0] vS¥0] 005°0] v6+'0 LIEO| $9€0] 6680 0920} 91€ 0 0zd01S
7570 77201 85601 9660 8020] 80£0] 60£0] Z0v0[ 1¥¥0| v1S°0| 091°0| 8LI'0| LvT'0} £T1'0) OLZO 0z74dLS
T TTieT | sec 1| 2002 | 8120] 882 0] 8870| 1820] 8€0°0] 0vS0f #11°0| ¥11°0} 101°0} 8ET™ | 6020 «078SS
EEam.aasambasamaeéx&
dung
£ UonIag Z uonaag ] uonoag udisag

(sureds [[e UO peo| PAIOIde) [[1f) SILIAS § J0J SONLI JUIALOW udisoq :e7’L 21qBL




187

NG Yy 1oy suonenu] ueds ayi 3pising ,
WAad=¢d ‘7d ‘1d ‘W4A3=3 " WAa=.d

v 1 Lse 1] Loz 1] 8e9 1] 0s90f L9 | 91y | SOE- | vLL™- | 0S£0 86911 z8y 1| ¥SE1| 0161]0S9°0| «0THOTS
7980 | 2L 0] €640} 1260} 059°0] 800°0] L¥TO| 8LI0| ¥00'0| 050 £950] ¥8L°0] 068°0[ 0LO'1{ 0S9°0| #0THSIS
erL0 190201 90L0] LLL0] 0s9°0} §1Z°0] OLZ0] OLT0] T91'0{ 0S£0 878°0] €5£°0] €5L°0( 868°01 0590 OTGEIS
6650 1 £09°01 #09°0] 109°0] 059°0] 1L£°0] 9LEQ| 6LE°0| 8SE'0} OSED 369°0| 9v9°0} 8€9°0| €89°0} 0590 0THOIS
50 1zss0l zss0l zzs0] 0590 0vb0] 9€v°0] pEFO| 6EV0[ 0SE0 8150} 0850 185°0] 009°0] 0590  OTHLS
5550 1 sss0] €0l v8v0] 0s9°0] SEFO] SEVO| LEVYO| 6LF°0| OSED 6150 SLSO] LSO} 65501 0590  +0THSS
td i ld q atl ed| i Id q aledld ]| Id q .d | anpasoy
dung
Q uonAG G uon»s  UONIG udisaqq

(sueds [[e UO PeO] PRI0IOB] [[nJ) SIS § JO) SONEI JuILOW ud1s3(] :q7’L 219el




Q@ 2y 30 suonejuty weds a psing
WiJdd=td ‘7d ‘1d ‘W43=3 - Waa=d

16v°0] 9L70] s9v°0] T0S'0] 0SE0| 6050} ¥2S0 Ses 0] 867°01 0590 0THOTS
ol ovrol sevo| 28¥0] 0s¢0 87’0 ¥5S°0] 165°0| 815701 0590 +02dS1S
1cp0l 8ev01 8€¥°0] S9Y°01 0SE0] €¥S°0] TS0 295°0] s€5°0f 0s90| 0TdE1S
1601 680} 88€°0( L8E0] 0SE0] 6090 119'0f z190l €190 059°Gf  0ZHOIS
verol Lorol 82z 0] S170] 0S£0] 9190 $00°0| TLL'O] S8L0{ 0690 0zdLS
ve0- | 70 | S0 | Lzo- | 0s€0| ve ] ¥E0T ySO'1 [ L2911 0S90] »0TLSS
T 1 a1 d] 3| a|ed]adlid]| 3] .4jfameod
dung
g uonxg L uonxeg udisaqg

(sueds [[e UO PEO| PAIOIOEY [[NJ) SILIS § JOJ SONEI UAOW udisa( :97°L 91981




Table 7.3: Moment ratios for PB series (Eqn 7.3 for reduction factor)

Design
Strip

Section 1

Section 2

Secton 3

Secton 4

Section 5

Procedure

E P

E

P E

P

E P

E

PB5BS5 (1.0)

0.175 {0.171

0.580

0.602 { 0.666

0.625

0.609 |{0.587

0.391

0.413

PB7BS (1.0}

0.31310.214

0.495

0.547 10.697

0.692

0.630 }0.639

0.370

0.361

PB10BS5 (1.0)

0.387 1 0.232

0.454

0.524 10.704

0.720

0.639 10.661

0.361

0.339

PB13B5 (1.0)

0.437 10.265

0.435

0.510 10.694

0.716

0.635 10.654

0.363

0.346

PB20BS (1.0)

0.496 10.317

0.411

0.488 {0.681

0.708

0.633 10.643

0.367

0.357

PB5BS (2.0)

0.143 10.083

0.594

0.647 {0.669

0.622

0.616 10.603

0.385

0.397

PB7BS (2.0)

0.285 {0.130

0.507

0.586 10.702

0.698

0.636 10.658

0.364

0.342

PB10BS (2.0)

0.362 {0.150

0.464

0.561 {0.710

0.727

0.643 10.681

0.357

0.319

PB13BS5 (2.0)

0.410 10.181

0.444

0.547 10.701

0.725

0.638 |0.674

0.362

0.326

PB20BS (2.0)

0.471 10.234

0.419

0.523 10.690

0.720

0.635 10.661

0.365

10.339

PB5BS (3.0)

0.111 }0.028

0.609

0.023 ]0.672

0.615

0.625 10.611

0.384

0.389

PB7BS (3.0)

0.254 10.077

0.520

0.678 10.707

0.698

0.642 |0.671

0.358

0.329

PB10BS5 (3.0)

0.330 10.100

0.475

0.612 10.716

0.729

0.648 ]0.695

0.352

0.307

PB13BS5 (3.0)

0.378 10.123

0.455

0.586 [0.709

0.728

0.643 |0.687

0.357

0.313

PB20BS (3.0)

0.442 10.178

0.429

0.572 {0.698

0.726

0.638 {0.674

0.362

0.326

PBS5BS (4.0)

0.082 | -.009

0.622

0.701 }0.675

0.608

0.633 10.615

0.353

0.385

PB7B5 4.0)

o~
0.228

0.041

0.531

0.631 10.710

0.697

0.648 10.679

0.352

0.321

PB10BS (4.0)

0.309 10.066

0.485

0.602 {0.721

0.729

0.653 10.695

0.347

0.297

PB13B5 (4.0)

0.357 10.091

0.464

0.590 |0.714

0.730

0.647 10.697

0.353

0.303

PB20BS (4.0)

0.421 10.138

0.437

0.567 }0.705

0.728

0.642 {0.685

0.358

0.315

E=EFM, P=PEFM



Table 7.4: Values of reduction factors. y. tor PEFM

Panel

15/14

Stiffness ratio 0.50 1.00 2.00
15

(03 1—'— = 0.0 0.30 0.30 0.90
1
15

OLTZZ 1.0 1.00 1.00 1.00

1

Note: Linear interpolation between values is suggested
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Chapter 8

Summary, Conclusions and Recommendations

8.1 Summary

Present North American codes contain two design procedures
for continuous two-way column supported slab systems that use a
two-dimensional frame idealization, namely the Direct Design
Method (DDM) and the Equivalent Frame Method (EFM). To facilitate
discussion of the DDM in this study, the term DDM' is used when
referring to the version employing the stiffness ratio agc while
DDM-84 is used when referring to the table of coefficients. The code
design procedures give different design moments for some slab
geometries. To evaluate these differences, solutions obtained using
the code procedures are compared to those obtained using a non-
linear finite element program, NISA80. A simplified procedure for
obtaining design moments by using any standard elastic plane
frame program, with prismatic members, PEFM, is proposed.

Scolutions are first obtained for various panel and column
aspect ratios, using DDM-84, DDM' and EFM, for slabs with and
without beams. Using a program specifically written to implement
the code procedures, SLAB, the effects of panel aspect ratio (li/12),
column size, column aspect ratio and beam size, on design moments,
are explored. Using NISA80, only on slabs without beams, the
effects of panel and column aspect ratios on design moments are
investigated. In addition, the effect of varying the amount of

flexural reinforcement provided at the exterior support Iis
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addressed. An insight into the transverse distribution of the design
moments at the critical sections s obtained. Based on these
comparisons, reduction factors tor obtaining the etfective stiffness
factors in columns for use in the PEFM are proposed. These factors
are functions of the panel aspect ratio (l{/l12) and the beam to slab
stiftness ratio.

Using the proposed reduction factors for column stiffness
expressions, PEFM solutions are obtained for the slabs used in the
non-linear finite element study. These solutions are compared to
NISA80 solutions and the code procedures DDM' and EFM. PEFM
solutions are also obtained for slabs with beams (PE and PB series)
as well as for slabs where the successive span lengths are the
primary variables (S series). For the PB, PE and S series, comparison

of solutions is made only with the code procedures.

8.2 Conclusions

The following major conclusions may be deduced from this

study:

1 For design strips with and without beams, there is good
agreement in design moments obtained using the code
procedures, for exterior panel aspect ratios (ly/l2) equal
to or greater than 1.0.

2 For exterior panel aspect ratios (11/lp) less than 1.0, the

EFM gives smaller design moments and as the panel
aspect ratio approaches 0.5, the design moment ratios

for slabs without beams are unreasonably low.
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At interior supports, design moments obtained using the
code procedures are higher than those obtained using

NISA80 and correspond to the uncracked stage.

Based on the non-linear finite element analyses for
slabs without beams, the transverse distribution of
design moments at critical sections is a function of panel
aspect ratio. Because this is not accounted for in the
current code provisions, new procedures for distribution

are proposed.

Limiting the transverse torsional member length to the
lesser of the pane! dimension improves solutions
obtained using the DDM’ and EFM, but not sufficiently

for the EFM when panel aspect ratios are small.

Based on the non-linear finite element study, the
influence of the amount of reinforcement provided at
the exterior support critical section can be observed if
the exterior column is stiff enough to allow
development of the reinforcement provided at this

critical section.
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7 In the shorter directions of rectangular panels, the
magnitudes of design moment ratios are gencrally
controlled by the reinforcement provided to satisfy the

code minimum reinforcement requirements.

8 The column stiffness reduction factors for use in the
PEFM are a function of bcth panel aspect ratio and the

beam to slab stiffness ratio.

9 The PEFM gives consistently satisfactory design
moments for two-way slabs, tor all panel aspect ratios

and beam stiffnesses.

8.3 Recommendations for future study

Further non-linear finite element studies are required to
obtain solutions for slabs with beams and for the cases when
successive span lengths are varied (S series). The effect of pattern
loads on the behaviour of slab systems shouid also be investigated.

In the absence of exhaustive laboratory test data on slab
systems, non-linear finite element analysis can provide data upon
which evaluations and development of code design procedures for
slab systems may be based. However, this can only be donc¢ if
geometric and material models used in the analyses can represent
the very complex behaviour of slab systems adequately. The non-
linear finite element program chosen should allow modelling all
elements of the slab system as non-linear elements. Provision

should be made to enable application of pattern loads on the slab.



20

Finally, the program should have graphic capabilities to
substantially facilitate the manipulation of input and output.

With regard to NISAB0, the failure criteria, especiaily in the
tension-compression zone, should be improved to allow better
representation of moment redistribution as cracking progresses.
The program shouid be modified to allow input of different
numbers of layers of concrete over the depth, for various groups of
elements. Brick elements should be incorporated in the program, so
tkat columns and beams may be modelled as non-linear elements.
The number of load curves should be increased to allow more than
one distributed load curve.

After the above studies have been performed, some
laboratory tests should be carried out to verify the predicted

behavior of slab systems.
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Appendix A

Program SLAB

A.l Introduction

This program performs the analysis of two-way slab systems
using the Direct Design Method (DDM) and Equivalent Frame
Method (EFM) as defined in the North American codes, ACI-318-89
and CAN/CSA A23.3-MB4, for slabs subjected to gravity loads. The
program was written in Fortran 77 to facilitate comparison of

solutions obtained for different geometries.

A.2 Inpui

The first line of the input file is a heading that can be used to
describe the design strip being analyzed. This is followed by the
designation of the design building code to be used, the system of
units and the form of output desired. The geometry of the design
strip is then entered and consists of the number and lengths of
spans, indication of presence or absence of beams, the position of
the design strip (interior or exterior) and the width of the design
strip. This width is specified by inputting widths to the left and
right of the centreline of the design strip. In addition, storey
heights (above and below the slab), cantilever span lengths in both
longitudinal and transverse directions and slab thickness are
required.

At each column position, column dimensions (above and

below the slab), capital, drop panel and beam dimensions, if any,
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are required. Because moment-shear transfér analysis is carried
out for slabs without beams, the amount of cover to reinforcement
is also required.

For loading, the program allows only uniformly distributed
gravity loading. Both dead and live loads have to be input. Wall
loading may be input as an equivalent concentrated load acting at
a certain eccentricity from the centreline of the exterior column.
Factored loads are computed based on the load factors associated

with the design code chosen.

A.3 Output

For output, two options are available. The normal output
gives the name of the design strip, echo's all the data input and
gives design moments at all critical sections for each of the design
procedures (DDM-84, DDM' and EFM). The maximum shear stress
resulting from moment-shear transfer is also output at each
column that does not have beams framing into it.

The second output option, used to verify manual calculations,
consists of the above plus intermediate design parameters such as
flexural stiffnesses, torsional stiffnesses and fixed end actions,

required to perform the DDM and EFM.



Appendix B

Evaluation of model parameters

B.1  Evaluation of E} and E> using Massicotte's procedure
The equations for cracking energy, Gt and cracking energy

density, Wyg were simplified as follows:

f,2
Gf=ch—E‘— (B.1)
C

or

Gf=K ch'LC

~c1 (B.2)
and
G
We=—1=KIf' e, (B.3)
wC
where K = A constant based on experimental studies

f't = Tensile strength of concrete

€cr = Strain at cracking
Massicotte obtained an average value for K equal to 5.0 and

We=K ' ecr (B.4)
5.0 't ecr
(10.0/2)f'; ecr

Because the energy density in the ascending branch of the

tension stiffening curve, Wgy is the area (1/2)f ecr, it represents

[
"]



one-tenth the total energy under the curve.

For t'c of 25 Mpa the ratio E¢/Ej is 4.96. E» can be evaluated

trom the energy density expression. The energy density, Wgo, is

the area under the first descending slope, given by:

sz = (F[ + 033F[) (eu'ECI')/z: (1.33/2)f't (Eu"ECr) (B.5)

where €, = Strain at end of first slope

Knowing the ratio E./Ej, the change in strain under the first

descending slope is found to be 3.32(e-€cr). The corresponding

area i1s calculated as:
Wi = (1.33/2) £1( 3.32 e¢p) = (4.42/2) frecr (B.6)

The energy density under the second branch, Wg3 is the

difference between the total area and the sum of the two areas, as

tollows:
Wig3 = Wr - (Wrp + Wgp) = (4.58/2) fecy (B.7)
but also
W3 = (1 '/2) (Emax-€p) (B.8)

= (0.33 £'¢/2) (emax-€p)

Equating B.7 to B.8, (¢max-gp) is found to be 13.88ecr and the

second descending slope, E2 is evaluated from:



E2 = -4t f/(emax-ep) = -(0.33 0/13.88(cmax-ep)
= _E/42.06

Therefore, the slopes E| and E2> may be taken as Ej=-E./5.0
and -E;/42.0, respectively. Knowing these slopes, the tensile
strength of concrete, f'y and assuming a cracking zone width, w
(2d4 to 3da, where da is the maximum size of aggregate), the

cracking energy, Gf may be calculated.



Appendix C

Summing of moments at critical sections

C.1  Summing of moments using D3SUMM

Moments output from the program are at positions of gauss
points and not at the critical sections. Therefore, interpolation or
extrapolation is required to obtain moments at critical sections.

The procedure involves specifying which elements border
the required critical section(s) in the X or Y direction. The routine
makes use of gauss moments and their corresponding influence
widths. Because there are no gauss points at element intersections,
the following procedure is used to obtain the sum of moments at

required sections:

C.2 Exterior span positive moment critical section

For cases where gauss moments bordering the section are
similar in nature, such as at midspans, gauss moments are
interpolated to obtain intensities at the required section. The
interpolated intensities are then multiplied by the corresponding
influence widths and summed, to obtain the total moment across

the whole section.

C.3 Negative and interior span positive moment critical sections
For sections bordering both stiffened and unstiffened
regions. the gauss moments from the stiffened portion are

unrealistic, therefore. the procedure outlined in C.2 is not

I-J
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appropriate. Also, whnere there is only one row of gauss points,
such as at sections located at the edge. the procedure in C.2 cun not
work. For these cases., gauss moments in the unstiffened part.
closest to the required sections, below or above the section. ure
made use of to obtain the sum of moments at the position of gauss
points. The momenis at the required sections are then obtained by
extrapolation.

The basic assumption is that the bending moment diagram is
a parabolic curve which requires a minimum of three moment
values and their corresponding locations. Knowing these quantities
and their locations, it is then possible to solve for the unknown

constants to define the parabola which is of the form:

2

For each span, if the moments at the three sections and the
corresponding distances from the face of the left support are
known, the unsymmetric system of equations may be written as

follows:

: ,
el
1 x;3 xg \ a3/ \\/Qf (C.2)

where xj, x2 and x3= positions of gauss points from face of

column under consideration

Mji, M3 and M3= corresponding moments



Solving the above system of equations gives the values of the
constants for each load level. Using these constants, it is then
possible to evaluate the extrapolated or interpolated moment at
any section. Since x is measured from the face of the left column,
the constant 'a}’ is equal to the moment at the face of that column.

Because of the large number of load levels, a simple program
was written to evaluate the constants and obtain the extrapolated
or interpolated moments at the critical sections. The corresponding
ratios of the total static moments at the critical sections were also

evaluated.

[§)
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Appendix D
Column-slab stiffness ratio

D.1  Column-slab stiffness ratio, acg

Because the modelling of columns assumed in NISARO
solutions is different from that used in codes, corresponding
column-slab stiffness ratios for analysis of design strips by the
code were obtained by adjusting the column Young's modulus. This
means that, the column-slab stiffness ratios used in NISAS0
analyses correspond to 1.5 times the values obtained using code
procedures. Gross dimensions were used in obtaining the other
properties.

The column-slab stiffness ratio, ocg for use in NISAS0

analyses was obtained using the following relationships:

__Z Coilumn Stifiness (D1
Slabstiffness D

Gcg

- 3Ecol Ca C:13
Column Stiffness = 2 T B (D.2)
col

where Eco] = Column Young's modulus
I'col] = Length of column from slab center-line to
the point of inflection

c1, c2= Column dimensions



} (D.3)

'
7

3
E.gdlah

Slab Stiffness=4—,sl’{ 2
i V12

where Eglp = Siab Young's modulus
h = Slab thickness
1] = Center to center span length of design strip

I2 = Width of design strip

Ecoly il c2 C?
U =1.5 E’_) T) ; (D.4)
slb 2 l'col h

Specific stiffness ratios in the analyses were obtained by
adjusting the ratio of the column Young's modulus relative to the
slab Young's modulus, as the column stub lengths were keopt

constant.



Appendix E

Reinforcement representation

D.1 Reinforcement

Reinforcement is input as thicknesses at given depths over
the slab depth. Actual positions of the reinforcement are given in
Table E.1. Reinforcement densities for squar~ and rectangular

panels are given in Tables E.2 and E.3.

220



Table E.1: Reinforcement positions over the depth of the slab

Reinforcement direction

Depth from top of slab (mm)

and position

X axis-Top 30.6
X axis-Bottom 158.1

Y axis-Top 41.9
Y axic-Bottom 169.4

X axis: Along the design strip

Y axis: Perpendicular to the design strip axis

v
2
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