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Abstract

System identification deals with the problem of building mathematical models of dynam-
ical systems based on the observed data. Most contemporary studies in this field have a
fundamental assumption: the observed data are stationary, which means that statistical
characteristics of the data do not change with time. The thesis is motivated by an “ambi-
tious” thought: is it possible to remove or weaken this assumption so that the knowledge in
the field can be advanced? The answer is positive by introducing cyclo-stationary signals,
which exhibit periodicity in their mean, correlation, and spectral descriptions.

The thesis consists of two parts. The first part studies cyclo-stationary signal analysis,
including cyclo-period estimation, cyclo-statistic estimation and cyclo-spectral theory; they
provide the second part with powerful computational tools and build up a solid theoreti-
cal background. The second part is to exploit cyclo-stationarity in system identification,
including finite-impulse-response modeling for errors-in-variables/closed-loop systems, and
blind identification of Hammerstein nonlinear systems. The main contributions achieved

are briefly described as follows:

1. Cyclo-period estimation: A new method, named as the variability method, is proposed
to estimate the cyclo-period of a discrete-time cyclo-stationary signal. Properties of
the variability method are analyzed and compared with three existing cyclo-period

estimation methods via simulation and real-life examples.

2. Cyclo-statistic estimation: We summarize the existing estimators of the time-varying
mean/correlation and cyclic correlation/spectrum, and supplement a new cyclic spec-
trum estimator: the blocking-based estimator, and discuss implementation issues of

these estimators.

3. Cyclo-spectral theory: Two problems in the spectral theory of discrete-time cyclo-
stationary signals are studied: (i) four types of the cyclospectrum representation are

presented and their interrelationships are explored; (ii) the problem of the cyclospec-
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trum transformation is attacked in the framework of multirate systems using the

blocking technique as a systematic solution.

4. Finite-impulse-response modeling for errors-in-variables/closed-loop systems: A com-
plete study of the cyclic correlation analysis, which consistently estimates finite-
impulse-response models, is developed including the time- and frequency-domain sta-

tistical performance of the models.

5. Blind identification of Hammerstein nonlinear systems: A new blind approach is pro-
posed for identification of Hammerstein nonlinear systems by exploiting input’s piece-
wise constant property. In a real-time laboratory experiment, the proposed approach

is successfully applied to modeling of a magneto-rheological damper.
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Chapter 1

Introduction

System identification deals with the problem of building mathematical models of dynamical
systems based on the observed data [122, 85]. As dynamical systems are abundant in our
environment, the techniques of system identification have a wide application area includ-
ing engineering and science. Most contemporary studies in this field have a fundamental
assumption, namely, the observed data are wide-sense stationary, which basically means
that statistical characteristics of the data do not change with time. The thesis is essentially
motivated by an “ambitious” thought: is it possible to remove or weaken this assumption
so that the knowledge in the field can be advanced? The answer is positive by introducing
cyclo-stationary signals.

Discrete-time signals are said to be wide-sense cyclo-stationary, if their correlations
and/or means are periodically time-varying sequences [62, 56, 61]. Cyclo-stationary signals
often arise from the time-varying nature of physical phenomena such as the weather [20,
91], and more importantly from certain man-made operations, e.g., amplitude modulation,
time index modulation, fractional sampling and multirate system filtering [56, 61). Under
these circumstances, exploring cyclo-stationarity is more reasonable and promising than
ignoring and treating cyclo-stationary signals as if they were stationary. In particular,
system identification often has a freedom of designing identification tests/experiments to
make the observed data sufficiently informative. By this freedom, cyclo-stationarity can
be readily introduced into system identification by man-made operations when it does not
exist naturally.

The fore-mentioned “ambitious” thought is challenging but feasible. As a matter of
fact, we have done/seen some contributions towards this direction. In {133, 151}, cyclo-
stationarity was introduced by sampling outputs faster and updating control inputs slower

by zero-order hold, and identifiability was achieved in principle for closed-loop systems
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without external excitation. This result overrides a well-known theorem in the system
identification theory and brings a new possibility into the horizon. In the field of com-
munication, cyclo-stationarity spurs a substantial breakthrough in the blind identification
[142, 83|, a problem closely related to system identification. The fast-sampling technique
converts stationary communication outputs into cyclo-stationary sequences, whose second-
order statistics contain enough information, particularly the phase information, to identify
the possibly non-minimum phase communication channels.

The idea of exploiting cyclo-stationarity for system identification! possibly originated
from [53], where time-difference-of-arrival, namely, an errors-in-variables (EIV) system with
only time delay, was attacked by an algorithm that is a prototype of the cyclic correlation
analysis (CCRA) studied later in Chapter 6. The CCRA, a technique of estimating finite-
impulse-response (FIR) coefficients of linear-time invariant (LTI) systems, was formally
presented in [60, 61] without a detailed analysis. The frequency-domain counterpart of
the CCRA, namely, the cyclic spectral analysis (CSPA), was proposed in [53, 55] to give
asymptotically unbiased frequency-response estimates for EIV systems. The CSPA was
generalized for identification of closed-loop systems in [60] and was completed in (7] in the
sense of developing the statistical performance (means and variances) of the estimated fre-
quency responses. In [47], frequency responses were estimated from spectral cross-moments
and cumulants of high-order cyclo-stationary signals by an algorithm whose computational
complexity is comparable to the CSPA. In terms of parametric identification of LTI systems,
cyclo-stationarity has received little attention. In [132, 145], the CSPA was taken as the
first step to estimate frequency responses, which were treated as data to give parametric
models in the second step. By sampling outputs faster and updating control inputs slower,
cyclo-stationarity was brought up to achieve identifiability of the direct approach for closed-
loop systems without external excitation [133, 151]. Cyclo-stationarity has also occasionally
been introduced for nonlinear systems such as Volterra kernels [58, 92], polyperiodic systems
[57, 81, 93] and block-oriented nonlinear systems (105, 131, 14]. To summarize, the study of
exploiting cyclo-stationarity in system identification is only at the early stage, except that
the CSPA has been fully developed [53, 55, 60, 7].

Beforc oxploiting cyclo-stationarity in system identification, we need a solid theorctical

background of cyclo-stationary signals and some efficient computational tools. Hence, the

!Cyclo-stationarity has received considerable attention for the blind identification during the last two
decades; however, the blind identification is very different from system identification in the sense that the
former is solely based on outputs. Hence, literatures on the blind identification and other related areas are
omitted here — see [116] for a recent comprehensive bibliography on cyclo-stationarity.
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first part of the thesis studies the following three topics of cyclo-stationary signal analysis:

1. Cyclo-period estimation — Determine from observed data the cyclo-period of a discrete-

time cyclo-stationary signal.

2. Cyclo-statistic estimation — Estimate the first- and second-order statistics of cyclo-

stationary signals from observed data.

3. Cyclo-spectral theory — Study the spectral descriptions of cyclo-stationary signals,

and the cyclospectrum transformation by linear systems.
The second part of the thesis aims at two specific system identification topics:

4. FIR modeling for EIV /closed-loop systems — Develop a complete study of the CCRA
including the statistical performance of the estimated FIR coefficients for EIV /closed-

loop LTT systems.

5. Blind identification of Hammerstein systems — Propose a new approach to blind
identification of Hammerstein systems, where a static nonlinearity precedes a linear

dynamical subsystem.

The overall structure of the thesis is schematically illustrated in Figure 1.1.

FIR modeling for Blind identification of
ElV/closed-loop systems Hammerstein systems
Cyclo-period estimation Cyclo-statistic estimation Cyclo-spectral theory

Figure 1.1: A schematic diagram of the thesis structure

The rest of the thesis is organized as follows. Chapter 2 introduces some preliminary
concepts such as stationarity and cyclo-stationarity. Each of the above five topics is studied
in Chapters 3-7, respectively. Chapter 8 summarizes the thesis by listing its main contri-
butions. The thesis is written in the paper format since most of the chapters are actually

published in journals or conferences [152]-[160].
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Chapter 2

Preliminary

This chapter reviews some basic concepts of stationary and cyclo-stationary signals with

their blocked representation.

2.1 Stationary Signals

A discrete-time signal z is said to be stationary or wide-sense-stationary [100] if its mean
is constant,

E{z(t+ 1)} =E{z(t)} == mg, V7 €Z, (2.1)
and its autocorrelation depends only on the time difference,

E{z(t +7)z"(t)} = Ree(7), V7 € L. (2.2)

The power spectrum of z is defined as the discrete-time Fourier transform (DTFT) of the

autocorrelation,
o

Sew (%) = D Rag (1) 7747 (2.3)

T=—00

It is well known that when a stationary signal z with power spectrum Sg; (ei“’) is passed
through an LTI system with transfer function ((z), the output ¥ is also a stationary signal

with power spectrum {100, 85]
Syy () = G (ej“’) Sz (€7°) G (). (2.4)
2.2 Cyclo-Stationary Signals

A discrete-time signal x is said to be cyclo-stationary or strictly cyclo-wide-sense-stationary,
if its mean and/or correlation are periodic sequences [62, 56]. In particular, z is called first-

order cyclo-stationary [61] if its time-varying mean m, (t) := E {z(t)} is periodic,

mg (t+Ip1) =mg (t), VtleZ. (2.5)

4
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Similarly, z is second-order cyclo-stationary [61] if its time-varying correlation
Roq (;7) := E{2(t + 7)™ (t)} (2.6)
is periodic in ¢t for a fixed T,
Ryp (t+1pa;7) = Ry (t;7),VE,1 € Z. (2.7)

Here p; and py are the smallest positive integers such that (2.5) and (2.7) hold, respectively.
If py = p2 = 1, (2.5) and (2.7) imply that the mean is time invariant, and the correlation
depends on the time difference ounly; thus, z is wide-sense stationary. In other words,
stationary signals can be regarded as cyclo-stationary signals with period 1.

A cyclo-period inconsistency problem occurs frequently; in this case, the periods of m,(t)
and Ry, (t;7) are different. First, the second-order cyclo-stationarity can arise alone, i.e.,
p1 = 1 and py # 1. Second, if the first- and second-order cyclo-stationarities coexist, the two
periods may not be the same, i.e., p; # p2, p1 # 1 and pa # 1. Therefore, the cyclo-period
p is defined as the least common multiple of p1 and p2; x is said to be cyclo-stationary with

period p, abbreviated as (CS),.

Example 2.1 Let us see the cyclo-period inconsistency problem via an example: z (t) =
cos (2mt/4) w (t), where w is stationary with constant mean m,, and delay-dependent cor-
relation R, (7). The time-varying mean and the time-varying correlation of x respectively

are

ma (t) = cos (%) E{w(®)} = cos (%) g,

and

Res (7)) = cos(%rf) cos(2ﬂ—(il—i—T—)>E{w(t+T)w*(t)}

1 2mT 2t
= 3 [cos <7rt + T) + cos (—4——>] Ry (7).

Two cases exist: (i) If my, = 0, then m;(t) = 0 and z is second-order cyclo-stationary only;
the cyclo-period is 2. (ii) If my, # 0, the first- and second-order cyclo-stationarities coexist,

but with different periods 4 and 2, respectively; the cyclo-period is 4. O

2.3 Blocked Representation

Let z(t) be a discrete-time signal defined on Z,. The n-fold discrete blocking operator L.,

is defined as the mapping from a scalar sequence z to a n-dimensional vector sequence z,,,
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where underlining denotes blocking [96, 147]!:

x%(l); z (0) z(n) z (2n)

T z(n+1 z{2n

vz, " - x(:l) | ( :+ ) | (2:+1) O
2D zn-1) | |e@n-1| | 2@n-1)

In the subsequent chapters, z,, may be denoted as z for simple notation if the subscript is
obvious from the context. The dimension and the sampling period of z,, equal n times those
of z, but no information is lost in the blocking operation [28]. Thus, z,, can be regarded as
the blocked representation of z(t). The blocked signal z,, has other names in the literature,
e.g., the time series representation [56] and the decimated component [61]. The inverse of
the blocking operator, L', is defined as the reverse operation of (2.8); thus, L, L, = I
and L,L;' = I, where I denotes the identity system. Important relationships between

blocked signals and original signals are: z(t) is (CS), if and only if z,, is stationary; z(t)

and y(t) are jointly (CS), if and only if z,, and y, are jointly stationary [113, 112, 2, 152].

1The blocking in signal processing is also known as lifting in control [78, 28].
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Chapter 3

Cyclo-Period Estimation

This chapter! presents a new method, named as the variability method, to estimate the
cyclo-period of a discrete-time cyclo-stationary signal. The method is essentially based on
the time-varying correlation and/or the time-varying mean, whose estimators are associated
with some statistics of blocked signals; a plot of variability of these statistics as a function of
the blocking operator index visually reveals a periodic pattern, from which the cyclo-period
is obtained. Properties of the variability method are analyzed and compared with three

existing cyclo-period estimation methods via simulation and real-life examples.

3.1 Introduction

The cyclo-period, defined as the least common multiple of periods of mean and correlation
sequences (Section 2.2}, is the most fundamental parameter of a cyclo-stationary signal;
hence, estimation of the cyclo-period should be regarded as the first step whenever the
cyclo-period is required to be known a priori. The purpose of this chapter is to present a
new method to estimate the cyclo-period from a time series?, i.e., given a realization of a

cyclo-stationary signal x with unknown cyclo-period p,
{z (O} = {z(0),2(1), -,z (N - 1)}, (3.1)

how to estimate p?

In the literature, there have been some methods aiming to or being applicable to esti-
mating the cyclo-period. Herbst [70] tested the periodic fluctuation in the variance function
of a cyclo-stationary signal via periodogram, which can be adapted to estimate the cyclo-

period. Tian [141] inferred the period via a limiting property of sample autocovariances.

!The chapter has been published in [153, 156].

2The proposed variability method can actually detect cyclo-stationarity because it observes a periodic
pattern that is from the periodic variability of the time-varying correlation/mean; even though there are
possibilities that time-varying correlation/mean are aperiodic, the possibilities are really dim in practice.
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Observing a phenomenon that the period of the mean function may be different from that
of the variance function, Martin and Kedem [90] formed a new periodic sequence having the
period equal to the least common multiple of periods of the mean and variance functions
of the original cyclo-stationary signal, and then detected the period via the periodogram
associated with the new sequence. Later, Martin [91] was motivated by some special cyclo-
stationary signals having zero-means and unit variances, e.g., a seasonal time series, and
formed a stationarity test (not cyclo-period estimation) based on a relationship between
the correlation function and the probability of zero-crossing. Hurd and Gerr [72] obtained
the cyclo-period from the bispectrum, which was estimated using the two-dimensional peri-
odogram. Dandawaté and Giannakis [37] aimed at the detection of cyclo-stationarity under
a broader context, almost cyclo-stationary signals, through a statistical x? test based on the
cyclic covariance and cyclic spectrum, where the cyclo-period was actually estimated as well.
Among these methods, Hurd-Gerr’s, Martin-Kedem’s, and Dandawaté-Giannakis’s methods
are more complete than the others and will be compared with our proposed method. Their
main ideas and algorithms are summarized in Section 3.5. Besides the above explicitly-
related methods, the cyclo-period can also be obtained from those statistic estimators for
cyclo-stationary signals that do not assume knowledge of the cyclo-period a priori, e.g.,
the cyclic periodogram in [563, 54, 110, 25]; however, the estimated result may suffer from
a phenomenon called the cycle leakage, resulting in a poor resolution; this is due to lack
of mechanisms like those in Hurd-Gerr’s and Dandawaté-Giannakis’s methods, which are
specifically designed to eliminate noise effects.

The new method to be proposed, referred to as the variability method, has many at-
tractive features comparing to the other three methods mentioned earlier. First, it is not
sensitive to stationary noises while Hurd-Gerr’s and Martin-Kedem’s methods are. Second,
it is equally applicable to different types of ill-cyclo-stationary signals (to be clarified later),
while Martin-Kedem’s method cannot handle a special ill-cyclo-stationarity. Third, it can
deal with the cyclo-period inconsistency problem (see Section 2.2), while Hurd-Gerr’s and
Dandawaté-Giannakis’s methods cannot. Finally, it provides the best resolution and is eas-
ier to use than other methods. On the other hand, the price of these attractive features is
that after estimating the cyclo-period correctly, the variability method cannot detect the
simultaneous existence of two or more cyclo-stationarities, while the other three methods
may be capable of the detection. It is also worthy to mention that the variability method
works for cyclo-stationary signals exclusively, while Dandawaté-Giannakis’s method is ap-

plicable to almost cyclo-stationary signals where the cyclo-period may not be an integer
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but a real-valued number.

The rest of the chapter is organized as follows. Section 3.2 establishes the theoretical
foundation of the variability method. Properties of the variability method are illustrated
through examples in Section 3.3, followed by a conclusion in Section 3.4. Section 3.5 is the
appendix summarizing the main ideas and algorithms of Hurd-Gerr’s, Martin-Kedem’s, and

Dandawaté-Giannakis’s methods.

3.2 Variability Analysis

The purpose of this section is to build a theoretical foundation for the variability method.
The exposition is based on the time-varying correlation, because the first-order cyclo-
stationarity sometimes may not exist (see Section 2.2) and the methodology to be used
is equally applicable if the time-varying correlation is replaced by the time-varying mean.
First, the time-varying correlation of a cyclo-stationary signal is connected with some statis-
tics of a blocked signal formed from the original signal (Theorem 3.1). Next, those statistics
of blocked signals are proved to have the largest variability measured by sample variance
when the blocking operator index is an integer multiple of the cyclo-period (Theorem 3.2).
Finally, the above two conclusions are generalized to the case that the variability method

is based on the time-varying mean (Theorems 3.3 and 3.4).

3.2.1 Relationship between Two Estimators

We present an estimator of Ry (¢;7) defined in (2.6) and an estimator of “correlation”? of
2 defined in (2.8), and explore the relationship between the two estimators. In the sequel,
z(t) is assumed to be real-valued and univariate for the sake of an easier presentation.

Given {z (t) iv:?)l in (3.1), an estimator of Ry, (¢;7) is,

) | lw=n/pl-
Rxa: (t;T) = W kz_:_o a:(kp-l—t)w(kp-l—t-{-’r) y (32)

where 0 <t <p-~1and 0 <7< N —p [3, 94, 61]. For fixed ¢t and 7, u(k) := z(kp+1t) and
v(k) := x(kp+t+7) are the components of the blocked signal z,, and are jointly stationary
[113, 112]; hence, Ry (¢;7) is the same as the well-known correlation estimator defined for
stationary signals and is asymptotically unbiased and consistent, i.e., Rys (t;T) converges

to Ryp (£;7) as N — o0.

3Correlation is an appropriate term only if n is an integer multiple of p.
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The k-th component of the blocked signal z,, = L,z defined in (2.8) is*

e = {z(k),z(n+k),x@n+k), -,z ((|N/n] - 1)n+k)}. (3.3)

Even though x%k)’s are jointly stationary only at n = Ip [113, 112], the following statistics

are still computed using the correlation estimator defined for stationary signals,

1 [N/nj—7-1
Byo o (&) = 1570 Z::O z(rn+ ki) z (rn+ ky + dn), (3.4)

k
where 0 <7 < [N/n] —1,0< ki <n-—1, k1 <ks, and m%’%) — q[ﬁﬂx?(tkz—n[—ﬂ).

Theorem 3.1 Given a fized 7 and {z (%) iif)l in (3.1), the two estimators in (3.2) and

(3.4) are connected as

p—1

N 172, .

R ) g (0) = 5 > Rew (rn+ ks 7)), (3.5)
r=0

where p = p/ged (p,n) and 0 < k < n — 1. The difference is ignorable for a large N and
reduces to zero under some configurations, e.g., T = 0 and N is a common multiple of n

and p.
Proof of Theorem 8.1: Let ¢ = ged (p,n), i.e.,
p=p-¢c, n="M-c (3.6)

which imply that p and @ are coprime or relatively prime. From (3.4),

1 [N/n)—1-1

Rxﬁf’m;’”” 0) = N7n] Z z(ln+k)z(In+k+71)
=0

12

z(mpn+rn+k)x(mpi+rn+k+7)

- ziVN/”JRm(erk;T)

R

Here the second approximate equality is achieved by changing I to (mp+r) and by replacing

pn with pf (see (3.6)); it holds for a large N comparing to 7, n and p, and becomes an

“The data points z ([ N/n|n), z (|N/n|n+1), ---, z (N) may be discarded in the blocking operation.

10
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equality for some configurations, e.g., 7 = 0 and N is a common multiple of n and p; the
third equality is from the definition in (3.2); the last approximate equality holds for a large
N and reduces to an equality if p = 1 or N is a common multiple of n and p. O
Remark: In practice, 7 = 0 or 1 is usually enough to estimate the cyclo-period for most
cyclo-stationary signals; in addition, R.;(t; 7) may decay rapidly with respect to 7, which
implies that choosing a large 7 is not desirable. If the two estimators in Theorem 3.1 are
different, they converge to each other in a rate proportional to 1/N, as implied by the above
proof.

Let us look at Theorem 3.1 in detail.

o If n=lpforl e Zy, (3.5) reduces to

]
|

1

R (o) (o4 0) =~ Ry (rlp + k5 7)

ﬂ
i

B
’Sll
=]

Ros (k;7)

D)=
1
o

T

= Ry (k;7), (3.7)

where the second equality is from the periodicity in (2.7). Eq. (3.7) says that if n =
Ip, computing the statistics of the blocked signal, Rx(k)z(k-)-‘r) (0), actually estimates

Ryy (k;7), the time-varying correlation of the original signal.

¢ Another special case is that p and n are coprime or relatively prime. A result from

the number theory is needed (e.g., Theorem 2 on page 44 in [45]):

Lemma 3.1 If p and n are relatively prime integers, k is an arbitrary integer, and

{ro,71," - rp-1} is a complete residue system modulo p, then
{nro+k,nr1 + k,---,nrp_1 + k}

is a complete residue system modulo p.

Since {0,1,---,p — 1} is a complete residue system modulo p, Lemma 3.1 gives that

if p and n are coprime, i.e., p = p, (3.5) becomes

|
i

p
f?m (rn+k;7)

=R

Rx%k)m;kw) (0) ~

30
_ 0

Raw (7). (3.8)

=R
o
il
(==

11
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n Rm,(lo)(o) ng)(()) Rwslz)(()) Rxgs)(()) ng)(()) Rmsla)(()) Rmsls)(()) Rm;”(o)
2 | 1.9916 0.9988

3 | 1.4900 1.4937 1.5011

4 | 3.9832 1.0007 0 0.9970

5 | 1.5020 1.4914 1.4908 1.5035 1.4884

6 | 1.9829 1.0001 2.0042 0.9974 1.9875 0.9990

7 | 1.4901 1.4909 1.4905 1.5000 1.4955 1.4996 1.4998

8 | 3.9862 1.0002 0 0.9936 3.9801 1.0011 0 1.0005

Table 3.1: Sample means of Rz(k)ac(k) (0) in the 100 trials

Eq. (3.8) says, if p and n are coprime, Rmslk)mgcﬂ) (0) is invariant to k, i.e.,
nglmxg;) (0) = Rzg)mgw 0)=-= Rx;"—%;"—“*) 0),
and is equal to the average of the whole set of
{Rar 5} o= { e 057) Rz (17) - Rua 0= 1)} (39)
e Besides the above two cases, (3.5) says that ngg)xsbk-q-r) (0) is the average of some

. -1
subsets of {Rm (k;v‘)}zzo.

Example 3.1 We verify Theorem 3.1 via a numerical example. It is adapted from an

z(t) = [1 + cos (%)] w(t),

where w is white noise with zero-mean and unit variance, abbreviated as WN(0,1). The

example in [72]:

time-varying mean is a constant,

mg () = [1 + cos (?)] E{w(t)}=0; (3.10)

the time-varying correlation is Ry, (t;7) = 0, V7 # 0 and

Ryy (40) = [1 + cos <?>] : E{w®(t)}

2mt 2t
= 14 2cos <%> + cos? (—i—r—) . (3.11)

Thus, Ry (0;0) = 4, Rez (1;0) = 1, Reg (2;0) = 0, Rye (3;0) = 1, and Ry (t+4;0) =
R, (t;0). In other words, z is second-order cyclo-stationary with period 4. A Monte Carlo
simulation of 100 independent trials with N = 10* is implemented to compute Rx;’“)x;’“)(o)
for different n. Sample means of waz;}c) (0) in the 100 trials are shown in the Table 3.1%;

the simulation results support Theorem 3.1. O

SRE(‘” (0) is a short notation of Rr(k)z(k) (0).

12
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3.2.2 Largest Variability at n = lp

For a fixed 7, the sequence
~ n—1 R R ~
{Rogugorn OF o = {Ro,0 0 By 000 004 Rypow s O (312)

is to be shown having the largest variability at n = Ip, VI € Z, which is intuitively true:

o If n = Ip, (3.7) gives Rm(k)x(k:+r) (0) = Rgy (k;7); cyclo-stationarity implies that

Rz (k;7)’s are generally not same for all integers k, i.e., some variability exists.

e If p and n are coprime, (3.8) says that Rm(’%(“” (0)’s are the same for all integers k,

i.e., the variability is zero.

¢ Besides the above two cases, Rm(k)x(HT) (0) is the average of some subset of

A p—1
{Rm (k; 7')}]c o hence, there may exist some variability, but the variability is gener-

ally smaller than that at n = [p because of the averaging effect.

Before proving this heuristic argument, we need a new definition for some special cyclo-

stationary signals.

Definition 3.1 A discrete-time (CS), signal x is called ill-cyclo-stationary in corre-

lation at lag T if Ry.(t;7)’s are the same for all integers t, i.e.,
Rup(0;7) = Ryp(1;7) = -+ = Ruu(p — 1;7).

Ill-cyclo-stationary signals arise frequently in practice. For example, the output of a discrete-
time zero-order hold (ZOH) is ill-cyclo-stationary in correlation at lag 7 = 0 (see Exam-
ple 3.3); the output of an upsampler is ill-cyclo-stationary in correlation at lag 7 # Ip for
[ € Z. lll-cyclo-stationarity conceptually has some overlaps with the first- and second-
order cyclo-stationarities. For instance, the signal in Example 3.1 is both second-order

cyclo-stationary only and ill-cyclo-stationary in correlation at lag 7, Vr # 0.

Theorem 3.2 If x is not ill-cyclo-stationary in correlation at lag T, the sequence
.~ n—1
{Rm(k)m(k+r) (0)}k o defined in (3.12) has the largest variability at n = lp, V1l € Z., in terms

of the sample variance

I
—

n

3

2
R 1zt
R +n (0)— =) R ) ot (0) ) - (3.13)
Ty, Ty, n = Ty T

=
i

0

13
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~ n—1
Proof of Theorem 8.2: First, the sample mean of the sequence {Rm(k)w(k+7) (0)}}C . is in-

N 1
variant to n and is equal to the average of the whole set of {Rm (t; T)}f_o defined in (3.9),

shown as follows:

1 n—1 1 1
- Z R oy wen (0) = =) —» Ry(rn+ki7)
"= T n P =0
1 pi—1
= — Y Ry (ms7)
pn m=0
121
= - RCL‘CE (t; T) P
P

where the first equality uses (3.5); the second equality is obtained from (3.6) and by changing
(rn+k) to a new variable m; the last equality is from the periodicity of Rus (t; 7). Therefore,
without loss of generality, the sample mean of {Rm#)m(ﬂkw) (0)}:;; is assumed to be zero in
order to ease the illustration.

Second, if n = Ip, the sample variance of {Rz(’“)m(“’) (O)}]c . is the same as

%Zf;ol R2, (t;7), because Rw(k)m(k-q--r) (0) = Rgq (k;7) (see (3.7)) and Ry (k;7) is periodic

in k with period p. Thus, the difference between the sample variance at n = Ip and that at

n #lpis
1 p—1 1 n—1
= Z R;, () - - Ri(mx(kw) (0)
P k=0 "
= = 5—1 2
= = R2 (t;7) — -~ =Y Ry (rn+k;7)
Piso k=0 LP =
1 fip—1 n—1 [H—1 2
= B D R (t;7) — {Z Rz (rn+ k;7)
t=0 k=0 Lr=0
= = -1 2
= —_22 ﬁZRim(rn—l—k;T)—l Rew (rn+ k5 7)
np k=0 r=0 r=0
> 0,

where the first equality is from (3.5), the second uses the periodicity of Rqs (¢;7) and (3.6),
the third is obtained by changing the variable ¢ to (rn + k), and the last inequality is from

the non-ill-cyclo-stationarity assumption and Chebyshev Sum Inequality (see e.g., [67]): For

a univariate real-valued sequence {xg, 21, -+, Tn-1},
n-—1 n—1 2
oS> (Sa)
i=0 i=0
where the equality holds iff zg = x1 = -+ = 2p_1. O
14
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3.2.3 Generalization Based on the Time-Varying Mean

The generalization is mainly motivated by the cyclo-period inconsistency problem intro-
duced in Section 2.2. The exposition in Sections 3.2.1 and 3.2.2 reveals that the method-
ology is applicable to the case based on the time-varying mean in a completely parallel

fashion; hence, proofs of the theorems are omitted. First, a time-varying mean estimator

for {z ()} N5 is,

1 [N%—l
My (t) = ———— z(kp+1t), (3.14)
IN/pl =
where 0 < ¢ < p—1. Analogously to (3.4), the “mean” estimator for :v%k) defined in (3.3) is,
1 IN/n]-1
¥ = — 1
= ] 2y TR 19)

where 0 < k < n—1. Next, the following are the counterparts of Theorem 3.1, Definition 3.1
and Theorem 3.2.

Theorem 3.3 Given {z (t) ii?)l in (8.1), the two estimators in (8.14) and (3.15) are con-

nected as
15
ﬁlwslk) o~ }%Z My (rn + k:) .
r=0
where p = p/ged (p,n) and 0 < k < n — 1. The difference is ignorable for a large N and

reduces to zero if N is a common multiple of n and p.

Definition 3.2 A discrete-time (CS), signal x is called ill-cyclo-stationary in mean if

mg(t)’s are the same for all integers t, i.e.,
mz(0) =my(1l) = - =my(p—1).
Theorem 3.4 If x is not ill-cyclo-stationary in mean, the sequence

n—1
{igo}_y = (st ovigon )

has the largest variability at n = lp, VI € Z4, in terms of the sample variance

= = 2
=5 (mzw -=> mmg)> . (3.16)
k=0

k=0

3.3 Properties of the Variability Method

This section first presents simulation and real-life examples in a comparative manner to
analyze the variability method and confirm its performance. Second, the properties of the

variability method are summarized with the underlying rationales.

15
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3.3.1 Algorithm and Examples

Algorithm: Given {z (t)}éif)l in (3.1), the cyclo-period p can be estimated by the following
steps:

1. Start with n = 2, i.e., block z by Ly as defined in (2.8). Select an integer lag 7 (usually

0 or 1) if the variability method is to be based on the time-varying correlation.

2. Compute Rx(k)z(k“) (0) in (3.4) or/and 7_w in (3.15) for k = 1,2,---,n, and the
sample variance in (3.13) or/and that in (3.16).

3. Repeat Steps 1"ana ¢ pby increasing n unui a reasonable number ny,q,, Where npaqr > Ip

for some positive integer {. A good rule of thumb is 50nyge < N [22]6.

4. Plot the sample variance as a function of the blocking operator index n, where the
largest peaks display a periodic pattern at n = Ip, i.e., p is the smallest integer among

the cluster of the largest peaks.

Remark: The cyclo-period p is visually picked in the above algorithm. Sometimes it would
be practically sensible to obtain p by an embeddable algorithm, namely, an algorithm detects
the periodicity of and estimates the period of the sample variance computed in the above
step 2. Standard techniques such as spectral estimation [106], auto-correlation [106] and
wavelet transforms [26] may not work well for such a short-length sequence (the length
of the sample variance is nmqez). The periodic-subspace projection/decomposition method
[117, 97] is more suitable here.

Let us apply the variability method with the other three existing methods (see Sec-

tion 3.5) to different examples, starting from investigating the effects of stationary noises.

Example 3.2 The example is from [72] (see Eq. (14) therein):
2t
z(t) = [1 + cos (—%)] w(t) +v(t),

where w is WN(0, 1), v is WN(0, 02), and w and v are mutually independent. It is seen from
Example 3.1 that z is second-order cyclo-stationary with period p = 16. First, to study the
noise-free performance, i.e., 02 = 0, a Monte Carlo simulation of 100 independent trials is

implemented with the parameter configurations as follows:

o The variability method: Since only R;,(¢;0) is non-zero (see Example 3.1), let 7 = 0;
the maximum blocking operator index nmq, = 40; the data length NV in (3.1) is 1024,

the same as the fast Fourier transformation (FFT) lengths in the other three methods.

SThe ratio 50 has to be higher if the noise level is high.

16
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Figure 3.1: 02 = 0, 20 independent trials (a) The variability method (n = 161), (b) Hurd-
Gerr’s method (]1024/64] = 16), (c) Martin-Kedem’s method (|1024/64] = 16), (d) Dan-
dawaté-Giannakis’s method (|1024/64] = 16) with Pr = 1% (dashline).

e Hurd-Gerr’s method: The FFT length T in (3.22) is 1024, the parameter M in (3.23)
is 64 and the confidence level Py in (3.24) is 95%.

e Martin-Kedem’s method: The parameter K in (3.25) is 20, the FFT length T in (3.27)
is 1024 and the parameter M in (3.26) is chosen as (T + K).

¢ Dandawaté-Giannakis’s method: The smoothing window Wy, in (3.28) and (3.29) is
a Kaiser window with parameter 1 and length L = 61, the FFT length T in (3.30) is
1024 and the false alarm level Pr is 1%.

The first 20 samples and the sample mean of the 100 trials are shown in Figures 3.1
and 3.2, respectively. All four methods estimate the cyclo-period p = 16 correctly. Second,
the effect of a stationary noise is investigated by increasing the noise variance o2 to 5.
To cope with such a high level noise, the data length and all FFT lengths are increased
to 4096, while the other parameter are unchanged’. Figure 3.3 shows the results of one
typical sample of 100 trials. The variability method and Dandawaté-Giannakis’s method
correctly estimate the cyclo-period, while Hurd-Gerr’s and Martin-Kedem’s methods fail.
The periodic patterns in Figures 3.1-(a) and 3.3-(a) are very similar, which shows that the

variability method is insensitive to noise; see also Example 3.6. U

"In the subsequent examples, the parameter configurations of the four methods are the same as those
used to generate Figures 3.1 and 3.2 unless stated explicitly.

17
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Figure 3.2: o2 = 0, sample mean of 100 trials (a) The variability method, (b) Hurd-Gerr’s
method, (¢) Martin-Kedem’s method, (d) Dandawaté-Giannakis’s method.
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Figure 3.3: ¢2 = 5 (a) The variability method (n = 160), (b) Hurd-Gerr’s method, (c)
Martin-Kedem’s method, (d) Dandawaté-Giannakis’s method (|4096/256] = 16).

It seems that for most second-order cyclo-stationary signals, Rxgc)zgk) (0) provides enough
information for cyclo-period estimation. However, if the ill-cyclo-stationarity in correla-
tion at lag 7 = O arises (see Definition 3.1), the variability method needs to rely upon
Rz%mgﬁwﬂ) (0) for 7 # 0. Let us look at an interesting example. A discrete-time ZOH with

an integer factor p, Hy, takes an input sequence x and produces an output sequence

y(t) =z (EJ) . (3.17)
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The discrete-time ZOH is an useful operator, e.g., in the scenario of fast sampling the output

of a closed-loop system [151]. Eq. (3.17) implies that if y is blocked by Ly,

Y, =Ly = [ u) oy yé”—l)] ,

where y,(,k)’s are all identical to z (see (2.8)); hence, y, is stationary iff z is. In addition, the
power spectrum of Y, is not pseudo-circulant [113], which implies that if « is stationary, y
is (CS), and p # 1. Moreover, due to the uniformity of y,(,k) and Theorem 3.1, Ry, (¢;0)’s

are the same for all integers ¢, i.e., y is ill-cyclo-stationary in correlation at lag 0.

Example 3.3 We estimate the cyclo-period of the output of a discrete-time ZOH Hy driven
by a stationary input z, where = is generated by passing a WN(0,1) signal through an
autoregressive (AR) filter with poles 0.45 & j0.35. Figure 3.4-(a) displays the variability of
Ry("k)ysc) (0) as a function of n, where an aperiodic pattern occurs, as expected. Figure 3.4-
(b) is based on Ryslk;)y(nlﬂ-l) (0), i.e., 7 = 1, where the cyclo-period p = 7 is correctly estimated.
Since Martin-Kedem’s method is based on the mean and variance (corresponding to 7 =
0) functions , it can not deal with such an ill-cyclo-stationary signal, which is confirmed
by Figure 3.4-(c). Both Hurd-Gerr’s and Dandawaté-Giannakis’s methods succeed in the

estimation, for they are capable of using all the second-order statistical information; Figure

3.4-(d) shows the result obtained by Hurd-Gerr’s method. O
0.45 ¢~ =) 40 ©
s N R
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0.35 30
% o3 %25
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Figure 3.4: Ill-cyclo-stationarity in correlation at lag 0 (a) The variability method based
on Ry‘(k)y(k) (0), (b) The variability method based on Ry(k)y(k+1) (0) (n = T71), (c) Martin-
Kedem’s method, (d) Hurd-Gerr’s method (|1024/146] = 7).
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Figure 3.5: Cyclo-period inconsistency (a) The variability method based on m.(t) (n =
10), (b) The variability method based on Rg;(t;0) (n = 51), (¢) Martin-Kedem’s method
(|1024/102] = 10), (d) Dandawaté-Giannakis’s method ([1024/204] = 5).

Martin and Kedem [90] solved the cyclo-period inconsistency problem (see Section 2.2)
by finding the least common multiple of periods of mean and variance functions (see Sec-
tion 3.5). The same idea is adopted here by simultaneously applying the variability method

on the time-varying mean and the time-varying correlation.

Example 3.4 This is an example in [90] with

w(t)zcos@%t) +w(t),

where w is generated by filtering a WN{0, 1) signal through an AR filter with parameter
0.3. z can be shown to be both first- and second-order cyclo-stationary with periods 10 and
5, respectively (see also Lemma 2.1 in {90]). A simulation using Martin-Kedem’s method
gives the correct cyclo-period p = 10, shown in Figure 3.5-(c). Figure 3.5-(a) and (b) are the
variability methods based on m,(¢) and R, (t;0), respectively; the former estimates p; = 10
and the latter gives po = 5; thus, their least common multiple is the correct cyclo-period
p = 10. Hurd-Gerr’'s and Dandawaté-Giannakis’s methods are exclusively based on some
second-order statistics; therefore, they give half of the cyclo-period, p = 5. Figure 3.5-(d)

shows the result of Dandawaté-Giannakis’s method. O

Remark: The signals like z in Example 3.4 are also known as sinusoidal or harmonic

signals; thus, the cyclo-period p can be estimated by some well-known frequency estima-
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tion techniques such as the Pisarenko harmonic decomposition, the MUSIC and ESPRIT
algorithms (see e.g., Section 9.6 in [89]).
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Figure 3.6: Two cyclo-stationarities (a) The variability method (n = 121), (b) Hurd-Gerr’s
method (]1024/256] = 4, [1024/170] = 6), (c) Martin-Kedem’s method ([1024/256] = 4,
11024/170] = 6), (d) Dandawaté-Giannakis’s method (|1024/256] = 4, |1024/170] = 6).

Sometimes, two (or more) cyclo-stationary signals appear at the same time®. If both

are of interest, the cyclo-period of the integrated signal is the least common multiple of
individual cyclo-periods and the detection of multiple cyclo-stationarities may be meaningful
as well. On the other hand, if one of them is interpreted as noise, all the four methods are

strongly affected by the noise.

Example 3.5 This is a modified version of an example in [37] (see Eq. (71) therein and
Example 17.3 in [61]):

o (0) = cos (25 ) wn )+ cos (2—17;) wr (),

where w; and wo are WN(0,1) and mutually independent. x has two second-order cyclo-
stationary components, one with cyclo-period 4 and the other with 6. If both components
are of interest, the cyclo-period of x is the least common multiple of 4 and 6, i.e., p = 12. In
terms of cyclo-period estimation, all methods perform well, as shown in Figure 3.6. However,
the variability method cannot tell the existence of two cyclo-stationarities since the peaks at
4 and 6 may arise from a single (CS)1 signal, as implied by Theorem 3.2. On the contrary,

the other three methods may be capable of detecting the two cyclo-stationarities. If one of

8Such signals are also named as polycyclo-stationary signals [54, 56]
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the two cyclo-stationary components is regarded as noise, it is clear that all methods are
sensitive to it: the signal of interest may be dominated by the cyclo-stationary noise if the

signal-to-noise ratio is low. O

Finally, a real-life example is presented to further testify performances of the four cyclo-

period estimation methods.

Example 3.6 The global irradiance was measured hourly for three years (1990-1992) at
a meteorological station DELTA on Ellsmere Island, N.-W.T., Canada. Data and more
information are available at the Taconite Inlet Project website®. As the global irradiance
is one of the measurements of the solar radiation, it is plausible to conjecture that some
statistic of the global irradiance has a 24 hour period rhythm; in other words, the global
irradiance can be modeled as a cyclo-stationary signal with period 24 (hours). The four
cyclo-period estimation methods are applied with results shown in Figure 3.7. The available
data length is 4196 and the FFT lengths are chosen to be the integer in the form of 2”7
(J € Zy) closest to 4196, namely, 4096; while 7,4, = 60 and the rest parameters are the
same as those used to generate Figures 3.1 and 3.2. The variability method displays a very
clear periodic pattern giving p = 24 that is consistent with the conjecture. However, the

other three methods more or less suffer from some disturbing lines/peaks. U
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Figure 3.7: Global irradiance (a) The variability method (n = 241), (b) H
= 24), (d) Dan-

method (]4096/170] = 24), (c) Martin-Kedem's method (]|4096/170]
dawaté-Giannakis’s method (|4096/170] = 24).

http://www.geo.umass.edu/climate/ TILPHTML/TILPhome.html
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3.3.2 Properties of the Variability Method

In terms of advantages, the variability method has the following properties:

o Insensitive to stationary noises: In the variability method, a stationary noise equally
contributes to Rm(nk)w.(nk”) (0) and mwﬁk) for a fixed n (consider a stationary signal as an
ill-cyclo-stationary signal and apply Theorem 3.1 or Theorem 3.3); hence, the station-
ary noise has no effect on the variability of these statistics. Dandawaté-Giannakis’s
method has a noise effect cancelation in the inversion operation in (3.31). In ad-
dition, Dandawaté-Giannakis’s and Hurd-Gerr’s methods have thresholds to further
eliminate the noise effects, but their performances are quite different in the examples.
Martin-Kedem’s method has a similar but somewhat incomplete cancelation in (3.26).

See Examples 3.2 and 3.6.

o Applicable to ill-cyclo-stationary signals: 1ll-cyclo-stationarity has different types in
terms of R, (t;7) (Definition 3.1) and m4(t) (Definition 3.2). According to the type
of ill-cyclo-stationarity, the variability method can extract the cyclo-period from the
corresponding time-varying statistics. Martin-Kedem’s method is based on the mean
and variance and thus is unable to deal with ill-cyclo-stationarity in R, (t;0). See

Example 3.3.

o Capable of dealing with the cyclo-period inconsistency problem: As explained in Ex-
ample 3.4, the variability method and Martin-Kedem’s method are able to solve the
cyclo-period inconsistency problem, while Hurd-Gerr’s and Dandawaté-Giannakis’s

methods cannot, because they are exclusively based on some second-order statistics.

o With the best resolution: Dandawaté and Giannakis [37] pointed out that (3.30) was
usually computed via FFT, which would limit the resolution of the cyclo-period esti-
mation. For instance, the cyclo-period p in Example 3.3 is an odd number p = 7, while
a typical FFT length T is 27 (J € Z); thus, p may not be estimated precisely from
(3.32), ie, p = LZJ/k], where k € Z,. Hurd-Gerr’s and Martin-Kedem’s methods
have the same problem if (3.22) and (3.27) are implemented using FFT. On the con-
trary, the variability method does not require FF'T and provides the best resolution

by searching the cyclo-period directly within the integer set.

e Fasier to use: Besides the FFT length, other parameters have to be tuned carefully in
Hurd-Gerr’s, Martin-Kedem’s and Dandawaté-Giannakis’s methods, e.g., parameters

of spectral windows, because they highly affect performances of these methods; the
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effect is essentially due to the bias and variance tradeoff of the estimators used in
the three methods (see e.g., Theorem 3.5 in [36]). On the contrary, the variability
method has only one parameter to concern, namely, either the data length N or the
largest blocking operator index n,qg,. In terms of computational complexity!9, if the
correlations in (3.4) and (3.13) are computed via FFT [128], then the implementa-
tion of the variability method approximately involves 3N log, | N/n| operations for
n=2,3,Nmaz (see Algorithm in Section 3.3.1). Loosely speaking, the variability
method performs the correlation computation (or equivalently three FFT computa-
tions) on N data points for nye, times; Martin-Kedem’s and Dandawaté-Giannakis’s
methods require one and several N-point FFT computations, respectively (see Sec-
tion 3.5); Hurd-Gerr’s method is usually more computational expensive than the oth-
ers, as (3.23) needs the M-point FFT computation for 7?2 times. The execution time
in one trial (Pentium 4, CPU 2.80GHz, RAM 768MB) shown in Figure 3.1 gives a
rough idea on this aspect: the variability method — 1.172 sec, Hurd-Gerr’s method —
39.579 sec, Martin-Kedem’s method — 0.312 sec, and Dandawaté-Giannakis’s method
— 0.312 sec. Certainly, more efficient algorithms exist to reduce the computation costs

of the four methods, e.g., the correlation algorithm at Section 5.2 in [89).
In terms of drawbacks, the variability method has the following properties:

o Incapable of detecting the existence of two or more cyclo-stationary signals: Hurd-
Gerr’s method essentially estimates and displays the bispectrum defined in (3.20),
from which multiple cyclo-stationarities can be detected. Martin-Kedem’s and Dan-
dawaté-Giannakis’s methods more or less have similar mechanisms. In the variability
method, the cyclo-period is obtained from the variability of the time-varying cor-
relation R, (¢;7) and/or the time-varying mean m,(t), not from these two statistics
directly; when Ry, (¢;7) and/or mg(t) are collapsed into the variability measurements,

some information is lost. See Example 3.5.

o Reliant on a relatively large data length if the cyclo-period is large: In the variabil-
ity method, Rxslk)wgtk-i—f) (0) or equivalently Rgz(t;7) (see Theorem 3.1) and mz;k) or
equivalently 7, (t) (see Theorem 3.3) may be unreliable because of insufficient data
points. Hence, if the cyclo-period and consequently n,q, are large, N has to be large

enough to guarantee a good estimation.

10The computational complexity is usually expressed by the number of complex multiplications and ad-
ditions required or, simply, by the number of operations [34].
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Remark: The accuracy of the variability method is essentially determined by the
two estimators Ry (t; 7) and 174 (t), which are asymptotically unbiased and consistent.
Theorems 3.1 and 3.3 imply that the two estimators Rz (t;7) and 1, (t) converge to
Rr(nk)x&kw) (0) and mmslk), respectively, in a rate of 1/N (see Remark after Theorem
3.1); thus, the rate of convergence for the variability method is mainly determined
by those of nglk)x;kﬁ) (0) and mmgﬁ), ie., 1/v/N (note that stlk)z;kw) (0) and ngf)
are the well-known correlation and mean estimators defined for stationary signals; see

Section 3.2.).

3.4 Conclusion

A new method, named as the time-varying mean/correlation variability method, is proposed
to estimate the cyclo-period p of a discrete-time cyclo-stationary signal x. If 2 is blocked
by the blocking operator Ly, z,, = L,z defined in (2.8), estimators of the time-varying
correlation and the time-varying mean are associated with some statistics of z,, in Theorems
3.1 and 3.3, respectively. When n is an integer multiple of p, Theorems 3.2 and 3.4 show
that variability of these statistics of z,, achieves the maximum, from which the cyclo-period
p is obtained. A detailed algorithm is given in Section 3.3.1, where simulation and real-life
examples confirm the effectiveness of the variability method. The advantages and drawbacks

of the variability method are summarized with the underlying rationales in Section 3.3.2.

3.5 Appendix

The purpose of this appendix is two-fold: (i) main ideas of Hurd-Gerr’s, Martin-Kedem’s,
and Dandawaté-Giannakis’s methods are introduced in detail to prepare a comparison of
them with the variability method; (ii) it is meaningful to present algorithms of the three
methods, since Hurd and Gerr [72] and Martin and Kedem [90] did not provide such de-
tailed algorithms and Dandawaté and Giannakis [37] had one in a broader context. Before
introducing the three methods, three concepts are reviewed, namely, the cyclic covariance,
the cyclic spectrum and the bispectrum.

Cyclic Covariance and Cyclic Spectrum: As Ry, (t;7) in (2.6) is a periodic sequence of ¢

with period p for a fixed 7, it has a discrete Fourier series expansion for a = 2wk/p,

p—1
Ca (057) = 1—1) S R (t7) e, (3.18)
t=0

For a fixed «, Cy; (a;7), called the cyclic covariance [62, 56, 37], is a sequence in 7; thus,
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it has a DTFT with respect to T,

oo
See (yw) = Z Coz (0 7) €747, (3.19)

T=—00

which is defined as the cyclic spectrum of z [56].
Bispectrum: The bispectrum!! S, (v,w) is defined as the two-dimensional DTFT of the
correlation Ry (t1,t2) = E{z(t1)z*(t2)} [100, 2],
1 & ad . .
Saa (v, w) = o Y > Rug(ty o) e iheleh, (3.20)

t1=—00 ta——0
The bispectrum is a very general concept describing the second-order statistical property

of a non-stationary signal. Specifically, the bispectrum of a cyclo-stationary signal lies on

some parallel lines in the v-w plane [2, 62],

2k
w—v+22=0, ke (3.21)
p
The bispectrum component on the k-th line is equal to the cyclic spectrum S, (27k/p;w)

in (3.19) [112, 2.
Hurd-Gerr’s Method

Hurd and Gerr [72] developed their method by observing that for a cyclo-stationary signal
z, the discrete Fourier transformation (DFT) coefficients of a finite length sample of z
exhibit (spectral) correlation in disjoint frequency bands described in (3.21). Alternatively,
a more transparent interpretation is the following: it is well-known that the power spectrum
of a stationary signal can be estimated by a nonparametric method, the periodogram (see
e.g., [68, 89]); analogously, the bispectrum defined in (3.20) can be estimated by a two-
dimensional periodogram; the estimated bispectra lie on the parallel lines represented in
(3.21), from which the cyclo-period is obtained.

Algorithm: Given {x (t)}{if)l, the cyclo-period p can be estimated by the following steps:

1. Compute the DFT of {z (¢) fi 61 (usually implemented by FFT),

T-1
Xy (wp) = ) w(t)e ™, (3.22)

t=0

where T is a selected DFT length and wy = 27k/T.

1The terminology “bispectrum” has a different meaning in the literature, namely, the two-dimensional
DTFT of the third-order cumulant [135].
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2. Select a positive integer M < N and compute a normalized'? two-dimensional peri-
odogram
M-1 . 2
D k=0 XT (Win+k) X7 (Wntk)

Iy (myn, M) = —5 -
M7 (@mak) P not 1XT (i)

, (3.23)
for m,n=0,1,---,T — 1.

3. Pick up a confidence level Py, e.g., 99% or 95%, and calculate a threshold |'y0|2 from
2 2 2\ M-1
Pr (Iv (m,n, M) > |0l ) = (1 = Il ) =1-F. (3.24)

4. Map |y (m,n, M)* that exceeds Iv0]? proportionally to its magnitude on the m-n

plane!3, from which the cyclo-period is estimated as

p=1T/d],

where d is the minimum difference between m and n giving off-diagonal bispectrum

lines.

Martin-Kedem’s Method

Martin-Kedem’s method was mainly motived by a specific case of the cyclo-period incon-
sistency problem introduced in Section 2.2, namely, the period of mean function is p while
that of variance function is p/2 [90]. To deal with this problem, a new sequence is formed
from the original data such that the new sequence is periodic with the same period as
the least common multiple of the periods of mean and variance functions of the original
cyclo-stationary signal; next, the periodogram of the new sequence displays peaks at certain
frequencies, from which the cyclo-period can be estimated.

Algorithm: Given {z (t) iV:Bl, the cyclo-period p can be estimated by the following steps:

1. Choose an integer K so that « is K-dependent in terms of covariance, i.e.,

E{[z(t) —mz({®)] [z (t+ k) —mz(t +k)]} =0, Vk> K. (3.25)

2. Select an integer M such that K < M < N, and form a new sequence s,

N-k-1
s(k):Tvi_E S ) -st+k)l, K<k<M (3.26)
t=0

2Fq. (3.23) implies that 0 < |y (m,n, M)> < 1 and |y (m,n, M)|> = 1 if m = n and z is real-valued.
3The mapping can be implemented, e.g., by Matlab function “contour”.
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3. Form a shifted version of s, ss (k) = s (k + K) and compute the periodogram of s, for
a selected DFT length T,

2

I;(n) = JJorn=1,2,.--,T. (3.27)

2
T

T
z Ss (I{?) e—j27rkn/T
k=1

4. Locate the smallest n giving the highest peak of I, (n) and estimate the cyclo-period

p=[T/n].
Dandawaté-Giannakis’s Method

The main idea of Dandawaté-Giannakis’s method is to consistently estimate Cyy (a;7) in
(3.18) that is zero except at a = 27k/p (k € Z); thus, o and equivalently p can be obtained
by checking if Cy (a; 7) is zero from a statistical x? test, which is based on the asymptotic
distribution of estimation error and a consistent estimator of Sy (a;w) defined in (3.19).
Note that both time- and frequency-domain methods were given in [37], whereas only the
time-domain method is presented here because it is more computationally convenient in the
context of cyclo-stationary signals [37].

Algorithm: Given {x (t)}ivzgl and a fixed delay 7, the cyclo-period p can be estimated by
the following steps:

1. Compute a row vector for some integer k € [1,T] (T is a selected DFT length),

_ j2nkt

tr= [ Re{EY T e (e @+n)e ™™} {3 Sl c@ai+ne )],
where Re {-} and Im {-} represent the real and imaginary parts, respectively.

2. Estimate an error covariance matrix

) 5 ot
A Re Qk,‘r";'Qk,,,— Im Qlc,‘r2Q
by = o o ,
ko Im Qk,T;QL‘l Re QEH).;QIC,T
where
(L—1)/2
A 1 2w (k —t 2r(k+t
Qr = 7p > Wil)Er (—%)F (LT—’) (3.28)
t=—(L—1)/2
(L-1)/2
A (% 1 L (21 (k+1) 2w (k +t)
;73 = 77 > WL F; (——T—~—)FT<—T— . (3.29)
t=—(L~1)/2
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Here Wy, is a smoothing window with an odd length L, e.g., Kaiser window (see e.g.
[68, 104]), and

Fr (w) = Z z(t)z (t+7)e I (3.30)

t=1

3. Compute a real-valued test statistic

Fk,T = Ték,Té]:,l (ék,'r)* ) (331)

choose a false alarm level Pp, e.g., 1% or 5%, and find a threshold T' from the x2
table with 2 degrees of freedom so that Pr{I'y, >I'} = Pr under a hypothesis
Coe 2mk/T;7) = 0.

4. Repeat the above steps with different £’s and find the smallest k such that I'y » > T';

the cyclo-period is estimated as

p=|T/k]. (3.32)
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Chapter 4

Cyclo-Statistic Estimation

This chapter! studies the first- and second-order statistic estimators for discrete-time cyclo-
stationary signals, with a focus on those of practical interests — the estimators of the
time-varying mean/correlation and the cyclic correlation/spectrum. A new cyclic spectrum
estimator, based on the blocked representation of cyclo-stationary signals, is proposed. The
rationale of an implementation shortcut for the cyclic mean/correlation/spectrum estimator
is explored from the relationship between cyclo-stationarity and quasi-stationarity. Perfor-

mance of the cyclo-statistic estimators is validated via simulation examples.

4.1 Introduction

A new cycle domain appears in cyclo-stationary signals due to the time-varying features of
mean and correlation functions; thus, cyclo-statistics are much richer than those of station-
ary signals. Among all cyclo-statistics, the time-varying mean/correlation and the cyclic
correlation/spectrum are of practical interests (to be discussed later). The contribution of
this chapter, which also has some tutorial value, is to summarize the existing estimators of
these cyclo-statistics, to supplement a new blocking-based cyclic spectrum estimator, and
to discuss implementation issues of these estimators.

Some conditions being generalized from those for stationary signals are assumed to
hold in order to consistently estimate cyclo-statistics from one sample realization, e.g.,
cyclo-ergodicities [24] and finite memories of the time-varying correlation and the cyclic
correlation [36]. Along with cyclo-ergodicities, Boyles and Gardner [24] presented estima-
tors of the time-varying mean and the cyclic mean, which also appeared in bits and pieces
in other work, e.g., [37, 94]. By dropping limits and expectations from the corresponding

definitions, estimators of the cyclic correlation and the cyclic spectrum were proposed and

!The chapter has been published in [155].
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analyzed from various perspectives. Dandawaté and Giannakis [36] defined the higher-order
cyclic auto-cumulants/spectra and developed an asymptotic theory for the higher-order
cyclic auto-spectra in a broader context of almost cyclo-stationary signals; they further
completed the asymptotic theory for the higher-order cyclic auto-cumulants in [38]. Later,
Sadler and Dandawaté [111] generalized the asymptotic theory to the cyclic cross-spectrum
between jointly cyclo-stationary signals. Genossar et al. [59] investigated conditions to guar-
antee consistency of the cyclic auto-correlation estimator. Schell [115] explored asymptotic
moments of the cyclic cross-correlation estimators for multivariate cyclo-stationary signals.
Alternatively, the cyclic correlation/spectrum and the time-varying correlation/spectrum
can be estimated by taking advantage of the inherent periodicity. Alekseev [3] estimated
the cyclic spectrum starting from a time-varying correlation estimator, which was the same
as the synchronous average in [94]. Sakai and Ohno [112] pointed out a possibility of es-
timating the cyclic spectrum from spectra of blocked signals, which is formally proposed
as the blocking-based estimator of the cyclic spectrum in this chapter (see Section 4.4). In
terms of implementation, Gardner [56] offered an observation, which has been ignored in
the literature, that the cyclic auto-spectrum is equivalent to a particular cross-spectrum de-
fined for stationary signals. In fact, the observation is applicable for a class of cyclo-statistic
estimators; its underlying rationale is based on the relationship between cyclo-stationarity
and quasi-stationarity (see Section 4.5). Note that some of the above estimators have their
counterparts for continuous-time cyclo-stationary signals [52, 73, 25, 41].

The rest of the chapter is organized as follows. Cyclo-statistic estimators are studied in
Sections 4.2, 4.3 and 4.4, on the cyclo-mean, correlation and spectrum, respectively. Section
4.5 explores the relationship between cyclo-stationarity and quasi-stationarity in order to
theoretically support an implementation shortcut of a class of cyclo-statistic estimators.

Finally, Section 4.6 provides concluding remarks.

4.2 Cyclo-Mean Estimators

Estimators of the time-varying mean and the cyclic mean are summarized in this section
with an emphasis on the former for its practical usages: before estimating the second-order
cyclo-statistics, the time-varying mean usually has to be subtracted from data in order
to avoid spectral leakages around low frequencies — similar to a common data processing
step for stationary signals (see e.g., [89, 119]); moreover, valuable information, e.g., the
cyclo-period p can be extracted from the time-varying mean (see Chapter 3).

The time-varying mean myg (¢) of a (CS), signal z(¢) has a Discrete Fourier Series (DFS)
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expansion because of the periodicity in (2.5), i.e.,

p—1
Mg (t) = Y M, (k) el /P (4.1)
k=0
where
1222 4
M, (k) ==Y my (t) e 72mk/P, (4.2)
t=0

Here k and M, (k) are usually named as the cycle index and the cyclic mean, respectively
[56, 61]. Eq. (4.2) implies that M, (k), like mg (t), is a periodic sequence with period p.

Given one sample realization of x(t),

{35 ={2(0),2(1), -, (N=1)}, (4.3)

the first estimator of m; (¢) is based on the periodicity in (2.5) [24, 94],

L-1

z{lp+1t), (4.4)

) (t) =

Sl

{

ii
=

where L = |N/p|? and t € [0,p — 1]. The second estimator is from the definitions in (4.1)
and (4.2) [24, 37, 94],

p—1
i (1) = > M, (k) >/, (4.5)
k=0

where M, (k) is a cyclic mean estimator,

miz)( t) and 77 (”)( t) are connected:

p—1 1 N-1
~ (1 _. —j2mwkn j 2kt
mi (t) = Z(N—Zm(n)e J /P>eﬂ /p
k=0 n=0
p 2t [N/p}-1p-1

N Z Z Z x (lp + ,r,) e—j27rk(lp+r)/pej27rkt/p

k=0 =0 r=0

f2

1 [N/p]-1p-1 o
—i27k(r—t
— N/p Z Z (Ip+r) = kzo j2rk(r—t)/p
1 LN/pJ 1
L

2Data points z (p |[N/p]), z (p [N/p] + 1), - -+,  (N) may be discarded in the blocking operation.
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where the last equality is from an identity

p—1 . .
1 Z o—I2rk(r=0)/p _ 1, (r—t)/p is an integer,
P 0, otherwise.

Therefore, if [N/p| = N/p, md

(4.8)

o (t) and ) (t) are the same; otherwise, they have a minor
difference that is negligible for a large N.

Properties of ) (¢ (t) can be obtained from the blocked representation of z(t), shown
as follows. A new signal u;(l) := z(lp + t) in (4.4) for a fixed ¢ is the same as the ¢-th
component of z,(1) in (2.8) that is stationary (see Section 2.3). Thus, 7 9 (t) is the same as

the familiar mean estimator defined for stationary signals and is unbiased and consistent.

In particular, the variance of m( 2 (t) is obtained from the variance expression of the mean
estimator of u;(l) (see e.g., Section 3.6.2 in [89]),

1 +2Lz_1 A R0l
= L (712“ k

where 7y,qy, (-) and o2 are the covariance sequence and the variance of uy(l), respectively.

Var {mg’) (t)} = i (4.9)

Example 4.1 A (CS)y4 signal is

z(t) = (1 + cos (?—g—t)> (1+e(t)),

where e (t) is a white noise with zero-mean and unit-variance, abbreviated as WN(0, 1).
Table 4.1 presents the true time-varying mean m, (t) and its estimates mSJ ) (t) and 7h (") (t)
from one typical Monte Carlo trial. In addition, m() (t) is given with the 95% confidence
level that is developed from (4.9) and the central limit theorem. The simulation results show
that my (t) is effectively estimated by m o (t) and m {0 (t); n md (¢ (t) and m & (t) are almost
the same (N = 4001 and p = 4); the variance of il )( t) is validated by the reasonable

confidence level. a
N = 4001 t=20 t=1 t=2 t=3
myg (1) 2 1 0 1
mD (t) | 2.0561 £ 0.0714 | 0.9852 £ 0.0152 | 0 0 | 0.9834 £ 0.0158
m$? (t) 2.0556 0.9853 0 0.9832

Table 4.1: Estimate the time-varying mean
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4.3 Cyclo-Correlation Estimators

This section studies estimators of the time-varying correlation and the cyclic correlation for
jointly cyclo-stationary signals. These estimators are the bases of the cyclic correlogram (see
Section 4.4); more importantly, they have some direct applications, e.g., cyclic correlation
analysis based on the cyclic correlation (Chapter 6), and cyclo-period estimation based on
the time-varying correlation (Chapter 3) and on the cyclic correlation [37).

The time-varying correlation ryy, (¢; 7) := E {z(t + 7)y*(t)} of two jointly cyclo-stationary

signals z(t) and y(t) is periodic in ¢ for any fixed 7, i.e.,
Tey (E+1D;T) =14y (t;7), V8,1 € Z (4.10)

The periodicity leads to a DFS expansion,

p-1
Tay (67) = Ray (k;7) 2217, (4.11)
k=0
where
1224
Ry (ks 7) Ezrmy (t;7) e I2kE/P, (4.12)
t=0

Here Rgy (k;7) is usually called the cyclic correlation [62, 56]. Eq. (4.12) implies that
Ry (k; ) is periodic in k with period p.

Given {z (t)}75" and {y (1)}, as that in (4.3), the first estimator of 74y (t;7) is from
the periodicity in (4.10) [3, 94, 61],

Lo—1
- 1
i (BT) =1 D e(pr )y (p+t), (4.13)
=0

where Ly = |N/p|, Ly = |[(N —7)/p], t € [0,p—1] and 7 € [0, N —1]. Alternatively,
Ty (t;7) can be estimated based on the definitions in (4.11) and (4.12) [36, 38, 59],

ki
L

) (67) = 3 Ry (ki) 2780, (414
0

x~
Il

where 7 € [0, N — 1] and Ry, (k;7) is a cyclic correlation estimator,

N—-7-1
N 1 2k /
Rgy (k;7) = v Z z(n+7)y* (n) e I2mhn/p, (4.15)

n=0
For a negative time difference 7, the above estimators work with the periodicities of rgy (¢;7)

and Rgy (k;7) and the following properties:
Toy (6 ~T) = rym (t—=7;7), Ruy(k;—T7)= R;m (—k;7) e_j27rkT/p’ vt k,l € Z.
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It can be shown via a derivation similar to (4.7) that fg(cz (t;7) and ﬁ(f;) (t; ) are the same
for N =1p (Il € Z4) or almost the same otherwise.

The estimators 7%(@2 (t;7), fg(fyi) (t;7) and ny (k; T) are asymptotically unbiased and con-

sistent. The mean and variance of Ry, (k;T) were given in [59, 115], while those of f&; (t;7)
can be reached with the help of the blocked representations of z(t) and y(¢) as follows. Let
ugr(1) == z(lp+t+ 7) and v(l) := y(Ip + t) for fixed t and 7. Revisiting (2.8) gives that
ut (1) and wv;(l) are the components of the blocked signals z,(I) and gp(l), respectively.
Since uy,,(1) and ve(l) are jointly stationary (see Section 2.3), fﬂﬁ (t; ) is the same as the
well-known correlation estimator of stationary signals at lag 0, i.e., 7y, 4, (0). Thus, the

mean and the variance of fg(cz (t;7) are ready to be obtained from those of #,, ., (0) (see

e.g., Section 9.2 in [119]),
N7 L
E {rg} (t;T)} = ———Lj Tay (8 7)

and

Var {i (6} = 7 D7 [Fuwruer (0) o (8) 4 T (0) o, (0] . (4116)

t=1 t=2

@ 3
2 2
2 Z osH
g S ]
= = . _
A
0} &R0 OSurar ot tegues ]
-0.5
0 5 10 15 20 [ 5 10 15 20
Lag index t Lag index t
t=3 t=4
2 3

Magritude
Magpnitude

o 5 10 15 20 [+] 5 10 15 20
Lag index t Lag index ©

Figure 4.1: Estimate the time-varying correlation (N = 4001): 7y (t;7) (solid), ) (t;7)
(dotts), fg(ﬂc) (t; 7) (circles) and the 95% confidence interval of fg(fg (t; 7) (dash).

Example 4.2 This is one of a class of cyclo-stationary signals [90]:

2 (t) = cos <3g—t> +e(t).
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Here € () is WN(0, 1). The time-varying correlation of z(t) is

1 2rt  2nr 1 2T
T‘xx(t;T)Ié'COS T‘f"—é—“ ECOS —8—— +5(T),

where ¢ (7) is the discrete Delta function,

1, 7=0
o(r) = { 0, elsewhere.

Figure 4.1 presents the true time-varying correlation rg; (¢;7) and the estimates fg,g (t;7)
and 749 (¢;7) in one typical Monte Carlo trial. The 95% confidence interval of 734 (¢;7) is
obtained based on (4.16). The simulation results show that rgz (¢; 7) is effectively estimated
by r(z)( 7) and {9 (t;7); ré’m)( 7) and 7 (t;7) are almost the same (N = 4001 and

p = 4); the variance of ) (t;T) gives a reasonable confidence interval. O

4.4 Cyclic Spectrum Estimators

Cyclo-stationary signals have at least four spectral representations that are closely related
and mutually convertible (Chapter 5), namely, the cyclic spectrum, the time frequency rep-
resentation, the bispectrum and the 2-D spectrum, among which the cyclic spectrum is the
most common and convenient and hence is the one to be focused on. This section presents
three types of cyclic spectrum estimators: the cyclic periodogram, the cyclic correlogram
and the blocking-based estimator.

For jointly cyclo-stationary signals z(t) and y(t), their cyclic spectrum is defined as the

DTFT of the cyclic correlation Ry (k;T) with respect to 7 [62, 56],

Say (ki€ Z Ray (k; ) €97, (4.17)
T=—00
Equivalently, Siy ( ) can be represented in terms of the time-varying correlation r¢y (¢; 7)

by inserting (4.12) into (4.17),
Szy

z—: Z ) e~ I2rkt/pg=swT (4.18)

A different viewpoint defines Sy (k; ej‘*’) as the cyclic power spectral density [61],
jw : 1 jw * j(w—2mk
Sy (K5e7*) = lim_ 7V—E{XN (&) Yy (e7( /P>)}. (4.19)

Here Xy (ej“’) and Yy (¢/“) respectively are the N-point DFTs of z(t) and y(t), e.g.,

Xy (™) = Z x (t)e It
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Either (4.17), (4.18) or (4.19) implies that Sy (k;e/¥) is periodic in k with period p.
Given {z (t) i\:)l and {y (£)}Y Al 0 , Szy (k;€7°) can be estimated by the following three

types of estimators.

Cyclic Periodogram: The cyclic periodogram is obtained by dropping the limit and the

expectation from the definition of Sy (k;e/?) in (4.19),

S (k; 1) = %XN (e7) Yy (H2mbin)) (4.20)

Unfortunately, S()( ej“’) is inconsistent [36, 37, 111]. To achieve the consistency, a

smoothed cyclic periodogram is often used [36, 111],

N . 1 vz . 27l
S’g%) (k;e?v) = — Z 53(32 (k;eﬂ"l/L> -wd (w - T) . (4.21)
I=—(L-1)/2

Here W(E) () is a spectrum smoothing window having some properties as those in assump-
tions 3.1-3.6 in [36] or assumption 2 in [111]. S(L) (k;e/®) actually adopts the idea in
Blackman-Tukey’s estimator that estimates spectra of stationary signals (see e.g., Chapter
8 in [68] or Chapter 5 in [89]) by smoothing contiguous values of one single cyclic pe-
riodogram. As Blackman-Tukey’s estimator, S( ) (k;ej“’) is asymptotically unbiased and
consistent [36, 111). Note that S(L) (k;€7*) is not the only choice to make S( V) (k; )
consistent; see Section 4.5.

Cyclic Correlogram: The definitions in (4.17) and (4.18) lead to two cyclic correlograms:

N-1
SGb (ke?) = > Ry (kym)e T (4.22)
T=—(N-1)
and
S(uB) k; er = Z Z ,,x(iy) (t;’r)e_jzwm/pe_j“”', (4.23)

PiS0 =Z(v-1)

Here fg(fy) (t;7) and Ry, (k;7) are given in (4.13) and (4.15), respectively. In practice, a good
modification to (4.22) or (4.23) is to assign different weightings, say w(r), to r( ) (t;7) or
ny (k;7) in order to penalize points with higher variances. The estimators S (1) (k; el )
and S(”B) (k'eJ“’) are the same or almost the same because of (4.14) and the closeness
between fg(fy) (t;7) and r}(fyz) (t;7); in addition, they are equivalent to the smoothed cyclic
periodogram S(L) (k;e?), if the window W) () in (4.21) is the DTFT of the weighting
w(r) assigned to r(l (t;7) or Rmy (k; 7). This equivalence can be proved by generalizing
the relationship between Blackman-Tukey’s estimator and the correlogram defined for sta-

tionary signals (see e.g., Section 5.3.2 in [89]). Therefore, S(“A) (k;e?*) and S(”B) (k; &%)
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are asymptotically unbiased and consistent, as 7%(52 (t; 1), Rwy (k;7) and Sa(glg) (k;e?*) posses
these properties.
Blocking-Based Estimator: Considering a fact that the blocked signals z,(l) and Qp(l)

are jointly stationary (see Section 2.3}, the cyclic spectrum can be estimated as

89 (ks e7) = [Up () - S,y () - Uy ()] (4.24)

0k
Here S@,,y (e/P) is an estimate of the spectrum of z,(I) and yp(l)3; Up (¢*) is a unitary
Y, L2

matrix whose element at the k-th row and the [-th column is

Up ()] = e+,
where k € [0,p — 1] and | € [0,p — 1]. The estimator S'Q(UZZ) (k;ej“’) is asymptotically unbi-
ased and consistent, as long as S’% v, (e7P%) is obtained from some asymptotically unbiased
and consistent spectrum estimator, e.g., Welch-Barlett estimator and Thomson’s estimator
(see e.g., [68, 89]). In general, (4.24) can be proved by generalizing Theorem 5.1 appeared
later that involves one cyclo-stationary signal. Even so, let us see (4.24) through a case of
p = 2 so that the mechanism of S‘;&Z’) (lc; ej‘“) is explicitly revealed. That is, Sg(vi;i) (k; ej“’) is

reconstructed from all spectral components of z,(l) and _y_p(l) with spectrum cancelation.
Example 4.3 Let z (t) and y (¢) be jointly (CS)2. The correlation of the blocked signals
z5(1) and y, (1) is associated with the time-varying correlation of z(t) and y(¢):

rag, (1 = E{zm @470}

= E{[ xéﬁ;ffl) ] [y () y (@ +1) ]}

. Ty (0;27) Tzy (1527 = 1)
o Toy (0;27+ 1) 7y (1527)

Here the last equality utilizes the periodicity in (4.10). Then, the spectrum of z, and Y, is

00
52222 (ej2w) - Z ,r,zz% (7-) e—]?w‘r

T=—00

]

o) 1
1 i rey (O3m)  rgy (Lin—1) | _;
- jrmn zy \Y zy \Ls Jjwn
Z 2 Z © [ ey (0;n 4+ 1) Tzy (1;1) ©

n=-00 m=0

1 0o 1 1 ik
— l Ek:o Rmy (k§ n) Zk=o Rmy (k'3 n— 1) e/ } o~ w+mm)n
2 mZZOn:Z_:OO [ SkeoRoy (Bsn+1)  3p_g Ray (kin) ™
1 .
1 1 e~ J(w+m(m—k))
-2 Z Say (k;w + mm) [ i (w+mm) eIk ] )
m,k=0

3Note that w is the normalized frequency and the sampling periods of z,(I) and Y, (1) are p times those
of z(t) and y(¢) (see Section 2.3).
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where the second equality performs a variable change n := 27 based on the identity in (4.8).

Thus,

Uz (6) - Sayy, () - U5 ()
1 e v -
[ 1 —e—dw } Z Sacy (k;w+7rm) l: ej(w+7rm) eImk v _giw
m,k=0
{1 e v ] [ Szy (O;w) + Szy (Lw + )
—e™I¥ (Sey (0;w) ~ Say (L;w + 7)) ¥

Szy (0;w) Szy (1;w)
Suy (Liw +7) oy (O +7) |

> =

1 e—j(w+7r(m—-k:)) :| |: 1 1 :|

Szy (L;w) + Szy (0w + 7) ]
(Szy (L;w) = Szy (0w + m)) &

DO =

whose first row consists of the cyclic spectra to be estimated. 0

The next example validates performance of the smoothed cyclic periodogram and the
blocking-based estimator, while the cyclic correlogram is omitted because of its equivalence

to the smoothed cyclic periodogram.

Example 4.4 An AR system (see Example 5.3.2 in [89])

1
1 2.7607¢-1 + 3.8104¢2 — 2.6535¢~2 + 0.9238¢~*

G(g) =
is driven by a (CS)4 signal (see Example 4.1),

2 (t) = <1+cos<g§—t>>e(t),

where e (t) is WN(0,1). As G (g) is LTI, its output y (t) is (CS)4; the cyclic spectrum of
y(t) is (see (5.15) appeared later)
Syy (k€7%) = G (¢7°) Se (k&%) G* (21K} (4.25)

where Sy, (k; ej“’) can be shown as

15, k=0
, , k=1
Sy (k;e]w) = _g 5 k=2 Vw.
b5, k=

Figure 4.2 presents the true cyclic spectrum Sy, (k; /) and its two estimates S5 (k; e*)
and S'!(fy”) (k; elv ) Both estimators capture most parts of Sy, (k; ej“’), with some discrepan-
cies at low-magnitude areas. The discrepancies between Sy, (k;e’“) and S’ééji) (k;e¥) are

larger, possibly due to the incomplete spectrum cancelation inherent in ,SA'Z(,T) (k; ej“’). O
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Figure 4.2: Estimate the cyclic spectrum (N = 4096): S, (k;e/) (smooth & solid),
35 (k; /%) (thick solid) and SSie) (k;€7*) (dash).

4.5 Cyclo-Stationarity and Quasi-Stationarity

Estimators m(z)( t), 7?;2 (t;7) and S'Q(EZZ) (k;ej“’) are based on the periodicities of cyclo-
statistics and the blocked representations of cyclo-stationary signals; they can be conve-
niently implemented via the corresponding statistic estimators defined for stationary signals.
This section shows that the other cyclo-statistic estimators can be similarly implemented
via these stationary statistic estimators after a data transformation. The rationale of such
an implementation shortcut is explored from the relationship between cyclo-stationarity
and quasi-stationarity.

It is straightforward to see from (4.6) and (4.15) that M, (k) and ﬁxy (k; 7) can be imple-
mented by applying stationary estimators of the mean and the correlation to z(t)e 727kt/p
and (z(t), y(t)e/27k4/P) | respectively. Similarly, the cyclic periodogram is equivalent to the
stationary periodogram applying to x(t) and y(t)e/?™*/P shown as follows. By defining
2 (t) := y (t) 9275/P  (4,20) can be re-written as

S'i’g (k;ej“’) = ]%/:XN (eJ“’)Y (67(‘" Q”k/”))
N-1 *
— ‘l—XN e]w y(t e J(w— 27rk/p)t>
N
t=0
1 N-1 *
— _NXN (ejw) (y(t)e]%rlct/p) —ywt:I
t=0
40
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- Lx ) @), (426)

The right-hand side of (4.26) is the same as the stationary periodogram of z(t) and z(¢),

denoted as S, (ej“’), ie.,
a(cly) (k; ejw) = gx(t),y(t)emm/p (ej“’) . (4.27)

The significance of (4.27) is not confined to a reliable and simple implementation of S'Q(fy) (k; ej“’)
or S’%) (k; €7); more importantly, it implies that Sy, (k;e/“) can be estimated by all consis-
tent spectrum estimators for stationary signals, e.g., Welch-Barlett’s estimator and Thom-
son’s estimator (see e.g., [68, 89]), not just 5’;%') (k;eiv).

A question arises naturally: how to theoretically justify the shortcut of applying sta-
tionary statistic estimators to cyclo-stationary signals? The rationale lies on a fact that
cyclo-stationary signals are quasi-stationary. Quasi-stationarity is defined in the same way

as stationarity except that the expectation E {-} is replaced by [85]
) V-1
B} = Jm 5 2 BL)

Quasi-stationarity has been shown to be a suitable unifying framework for signals appearing
in the practice. It is an extension of stationarity and encloses more types of signals, e.g.,
stationary signals and deterministic periodic signals; meanwhile, quasi-stationary signals
inherit many properties from stationary signals [85]. Specifically, the similarity between
E{} and E{-} implies that quasi-stationary signals share the same statistic estimators
with stationary signals. The following two equations show that cyclo-stationarity and quasi-

stationarity are connected:
Mgye-izmiir = B {m (t) e—j2wkt/P}

My (t) e—j27rkt/p

I
5
1

M (n) ei2m{n—k)t/p
(4.28)

and

Fm(t),y(t)ejzwkt/p (T) = E {x (t + 7 y* (t) e—j?wkt/p}
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¢
= Ryy(k;T). (4.29)

Here the identity in (4.8) is used to achieve the last equalities of (4.28) and (4.29). Since
My (yeiznke/n DA Ty o yeiankesp (T) are time independent, z(t) and y(t)eI2™*/P are jointly

quasi-stationary. Therefore, (4.28), (4.29) and

Sete) u(pyeimirn (€77) = Say (k3€7)

which is implied by (4.29), are the theoretical counterparts of (4.6), (4.15) and (4.27),
respectively.

Remark: Gardner [56] had an observation similar to (4.27),
Sxm (k;ej“’) = Sx(t)e—jvrlct/p,m(t)ejﬂ'kt/p (ejw) y (430)

which was realized via the subband representation? of z(¢). Note that the rationale of (4.30)

was not studied in [56].

4.6 Conclusion

This chapter studies the cyclo-statistic estimators, including the first class of estimators,
) (t) in (4.4), 7 (1) in (4.13), S5 (k; i) in (4.23) and S5° (k;e/) in (4.24), and
the second class of estimators, i (t) in (4.5), r‘%) (t;7) in (4.14), Ry, (k;7) in (4.15),
S'Sy) (k;e/*) in (4.21) and S';ZB) (k;e/?) in (4.22). The second class of estimators has an
implementation shortcut, e.g., (4.27) for the cyclic periodogram. The rationale of the
shortcut is explored from the fact that cyclo-stationary signals are quasi-stationary (see

(4.28) and (4.29)).

4The subband representation of a discrete-time cyclo-stationary signal was formally proposed in [112, 61].
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Chapter 5

Cyclo-Spectral Theory

This chapter! studies two problems in the spectral theory of discrete-time cyclo-stationary
signals: the cyclospectrum representation and the cyclospectrum transformation by linear
multirate systems. Four types of cyclospectra are presented and their interrelationships are
explored. In the literature, the problem of cyclospectrum transformation by linear systems
was investigated only for some specific configurations and was usually developed with inor-
dinate complexities due to lack of a systematic approach. A general multirate system that
encompasses most common systems — linear time-invariant systems and linear periodically
time-varying systems — is proposed as the unifying framework; more importantly, it also
includes many configurations that have not been investigated before, e.g., fractional sample-
rate changers with cyclo-stationary inputs. The blocking technique provides a systematic
solution as it associates a multirate system with an equivalent linear time-invariant system,
and cyclo-stationary signals with stationary signals; thus, the original problem is elegantly

converted into a relatively simple one, which is solved in the form of matrix multiplication.

5.1 Introduction

The spectral theory of cyclo-stationary signals has applications in different areas, e.g., blind
channel identification and equalization by fractional sampling received signals [143, 144],
filter bank optimization by minimizing averaged variances of reconstruction errors [112, 99],
system identification by introducing cyclo-stationary external excitation [55, 60] and by fast
sampling systcm outputs [132, 151].

The spectral theory of discrete-time cyclo-stationary signals mainly consists of two parts,
namely, the cyclospectrum representation and the cyclospectrum transformation by linear

systems. Here the cyclospectrum is the counterpart of the power spectrum defined for

!The chapter has been published in {152].
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discrete-time stationary or strictly speaking wide-sense-stationary signals. The theory was
first developed by Gladyshev [62]: a complex function that is currently referred to as the
cyclic spectrum was defined as the spectrum of a p-periodically correlated? sequence; the
spectral relationship between the original sequence and a higher dimensional sequence that
is actually the blocked signal was discussed. Motivated by the sampling operation, the cyclic
spectrum of discrete-time cyclo-stationary signals was defined but only a very limited study
has been given in Gardner’s books [54, 53|; as a complement, LTI and linear periodically
time-varying (LPTV) filtering of cyclo-stationary signals was discussed briefly in [56]. Using
the Gardner’s notation (e.g., that in [54]), Ohno and Sakai [99] derived the output cyclic
spectrum of a filter bank (an LPTV system) mostly from definitions and used it in the
optimal filter bank design. To avoid the cumbersome derivation in [99], Sakai and Ohno
[112] studied the cyclic spectrum relationships among the original, the modulated, and the
blocked signals, and obtained the same expression of the cyclic spectrum in [99] via these
relationships. In an excellent overview [61], Giannakis presented some results in terms of
the cyclic spectrum on the LPTV filtering, fractional sampling and multirate processing.
Besides the cyclic spectrum, there are some other cyclospectra, namely, the time frequency
representation (TFR), the bispectrum and the 2-D spectrum. After giving an observation
that the cyclic spectrum is not “very illustrative” (a character actually caused by derivation
without a systematic approach), Lall et al. [79] analyzed the output of a filter bank in terms
of the TFR. Akkarakaran and Vaidyanathan [2] used the bispectrum as a tool to generalize
most results in [113] (studying effects of multirate blocks on scalar cyclo-stationary signals)
into the vector case; they also gave the bispectrum of the cutput of a single-input and single-
output (SISO) LPTV system and found the conditions under which a SISO LPTV system
would produce stationary outputs for all stationary inputs. The 2-D spectrum, indeed a
coordinate transform of the bispectrum, was proposed in the context of periodic random
processes in [136, 138, 137] where it was related to the cyclic spectrum and the TFR.

These four types of cyclospectra should have some interrelationships, since they all
describe second-order statistical properties of cyclo-stationary signals. The first contribution
of this chapter, which is also of some tutorial value, is to summarize these cyclospectra and
find their interrelationships. As shown later, they are indeed related to each other and
mutually convertible, even though each has its own features and may be superior to others
in one specific context or other.

The kernel problem of the spectral theory is the cyclospectrum transformation by linear

2«Periodically correlated” is a synonym of “cyclo-stationary” mainly used in the mathematical field [41].
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systems, i.e., to represent the cyclospectrum of the system output in terms of that of the
input. For this problem, there exist two limitations in the above cited literature: first,
only some specific configurations have been investigated, e.g., the input of an p-band filter
bank has to be either stationary [99, 112] or cyclo-stationary with the same period as p
[79]; second, most of existing results, e.g., the cyclic spectrum of the output of an LPTV
system (Eq. (17.44) in [61]), are developed via definitions and hence their derivations are
so overwhelming that generalization to more complex systems, e.g., multirate systems,
becomes almost impossible unless a systematic approach is adopted (see the proof of (5.15)
in Example 5.4). The second contribution of this chapter is to remove these limitations:
the problem of the cyclospectrum transformation is attacked in the framework of multirate
systems using the blocking technique.

A discrete-time linear system can always be represented by a Green’s function g(k, 1) as

o0

y(k)=>_ gk Daz(l), Vk (5.1)

l=—00

where k,! € Z [35]. A linear SISO multirate system? G has the so-called (m, n)-shift invari-
ance property (m and n are integers) if shifting the input by n samples results in shifting
the output by m samples [29]. In terms of the Green’s function, (m,n)-shift invariance is

characterized by

glk+m,l+n)=g(k ), Yk, (5.2)

y
—>G:(m,n)——>

Figure 5.1: A linear SISO multirate system

Figure 5.1 depicts such a linear SISO multirate system G, in which the notation “G : (m, n)”
denotes that G is (m,n)-shift invariant. Such a multirate system G covers many familiar
systems as special cases, e.g., the LTI system (m = n = 1), the LPTV system (m = n), and
the cascade of upsampler, LTI system and downsampler (m and n are coprime) depicted in

Figure 5.2.

—» Tm —» H —» ln —»

Figure 5.2: A cascade of upsampler (1 m), LTI system (H) and downsampler (| n)

38ISO multirate systems are also called dual-rate systems [29)].
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Blocking has been shown to be a powerful technique in dealing with cyclo-stationary
signals and multirate systems: blocking the cyclo-stationary signal can result in a higher
dimensional stationary signal (see Section 2.3); by the blocking technique, one can associate
the multirate system with an equivalent multi-input and multi-output LTT system [96, 78].

Therefore, our main idea is to block multirate systems and cyclo-stationary signals
properly and convert the original problem into one involving LTI systems and stationary
signals only that can be readily solved using some well-known results. More specifically, the

kernel problem is separated into the following two sub-questions:

e Given a linear SISO multirate system G : (m,n) in Figure 5.1 and the input z is
(CS)p, is the output y stationary or cyclo-stationary? If y is cyclo-stationary, what is

its period?

¢ What is the cyclospectrum transformation in Figure 5.1, i.e., how to represent the

cyclospectrum of ¥ in terms of that of x?

The rest of the chapter is organized as follows. Section 5.2 summarizes the different
cyclospectra and explores their interrelationships. Section 5.3 studies the effects of the
blocking operation on statistical properties of cyclo-stationary signals. Section 5.4 answers
the two sub-questions and presents some examples as illustration. Finally, Section 5.5

provides concluding remarks.

5.2 Cyclospectrum

We first review four types of cyclospectra and show that these cyclospectra are related to
each other. After presenting the cyclospectrum transformation by LTT systems, we choose
the cyclic spectrum as the representation of the cyclospectrum in the rest sections.

There are mainly four types of cyclospectra, namely, the cyclic spectrum, the time
frequency representation, the bispectrum and the 2-D spectrum.
Cyclic Spectrum: To parallel with other cyclospectra, we introduce the cyclic spectrum
that appeared in previous chapters again with slightly different notation. Denote the time-
varying correlation by Rg,(t + 7,t) = E{x(t + 7)z*(¢t)}. Egs. (2.6) and (2.7) say that
R,.(t + 7,t) is a periodic sequence of ¢ with period p for a fixed 7. So Rgz(t + 7,t) has the

following discrete Fourier expansion

p—1
Ryz (t+7,t) =Y C) (7) d2mkt/p, (5.3)
k=0
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where the discrete Fourier series coefficient C4Y) (1) is

1274 .
R (1) = EZRM (t+ 7,t) e 2mkP, (5.4)
t=0

The DTFT of C{¥ (7) is defined as the cyclic spectrum of z [62, 53],
o0
SE () gps = Y. CH (r)e7iwr, (5.5)
T=—00
where the subscript (cps) stands for “cyclic power spectrum”. In the sequel, the symbol
(e/%) is often shorten as (w) for simple notation. It follows from (2.7) and (5.4) that

Sg(glfc) (w)opg is periodic in k with period p,
SEHP) (W) pg =S¥ (W)eps, VI € Z. (5.6)

The set {Sa(c(a),) (Weps St (Wepgy s Sieb (w)CPS} thus forms a full description of the
cyclospectrum of a (CS), signal z. The cyclic spectrum can be considered as a generaliza-
tion of the power spectrum in (2.3); that is, if z is stationary, S (wW)eps = Sze (w) and
Sg(g’;) (W)epg=0fork=1,2,---,p— 1.
Time Frequency Representation: R;.(f + 7,t) can be considered also as a sequence of
7 for a fixed t. The time frequency representation is defined as the DTFT of Ry, (t + 7,t)
taking 7 as the changing variable [79],

S8 (Wppr = i Rua(t + 7, t)e™747, (5.7)

r=—00

It follows from (2.7) that s (w)ppg is periodic in ¢ with period p,
SEP) (W)ppr = S8 W)rpR s Vi1 € Z.

If p =1, i.e., x is stationary, SQ(EQ (W)ppr = Szz(w), for all t. The TFR is a broad concept
that characterizes non-stationary signals over a jointly time-frequency domain [21, 69]. It
is also known as Rihaczek spectrum [108] or the time-varying spectrum [114].
Bispectrum: The bispectrum Sy, (w1, ws) is defined as the two-dimensional DTFT of the
autocorrelation Rg,(t1,t2) [2, 100]
1 = ° . .
Sza (Wi, wr) = o Z Z Ryy (t1,t) eIt iglwate, (5.8)

ti=—oc0 tg=—00
Like the TFR, the bispectrum is also a very general concept that can describe the second-
order statistical property of non-stationary signals. Specifically, the bispectrum of a cyclo-

stationary signal lies on some parallel lines in the wi-wg plane [2],

ok
wo — wy + %— =0, (5.9)

47

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where k € Z. It is shown later that the bispectrum component on the k-th line is exactly
the k-th cyclic spectrum defined in (5.5). Note that the terminology “bispectrum” has a
different meaning in the literature — the two-dimensional DTFT of the third-order moment
[135].

2-D Spectrum: The 2-D spectrum is defined as the two-dimensional Fourier transform of

R, (t +7,t) [136, 138, 137],
S2D (x,w) Z Z Ry (t 4 7,t) e~ eI, (5.10)
T=—00 t=—00
The 2-D spectrum and bispectrum are very similar (see (5.12) later); however, for a cyclo-
stationary signal z, S22 (A, w) is continuous in w and discrete in A, but Sgp (w1, ws) in (5.8)
is continuous both in w; and wy. The 2-D spectrum is also referred to as the dual-frequency
spectrum [114] defined for non-stationary signals.
These cyclospectra are related to each other. First, it follows from (5.4), (5.5) and (5.7)

that the cyclic spectrum and the TFR are a discrete Fourier transform pair [79]
S%) (w Z SO (w)ppg e 2mEP, (5.11)

Second, it follows easily from (5.8) and (5.10) that the bispectrum and the 2-D spectrum

are a coordinate transform of each other with a scaling factor,
Saz (A,w) = 2m8g (w,w — A). (5.12)

Third, the k-th cyclic spectrum is exactly the bispectrum component that lies on the k-th
line described in (5.9), i.e

2k

where [ is an integer and 6(-) denotes the Dirac delta function [61]. Certainly, the k-th

cyclic spectrum is also related to the 2-D spectrum [138]

1 2mk
S:gacc) (w>CPS = %Sma: ( ) UJ) .

Finally, the TFR and the 2-D spectrum are a DTFT pair [136],

52D () w) Z pe I, (5.14)

t=—00

These interrelationships are shown in Figure 5.3.
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(511

xI;)(a) CPS )(a)
5 13 I 5. 14
L (a,0) <—>—szf(ﬂ.,w

(5.12)
Figure 5.3: Interrelationships among the four cyclospectra

Since these cyclospectra are mutually convertible, it is sufficient to use only one of
them to represent the cyclospectrum in the rest of the development. Before making a
choice, we introduce the cyclospectrum transformation by LTI systems to further capture
the characteristics of these cyclospectra.

Let a (CS), signal = be the input of a discrete-time LTI system G with transfer function
G(z). As LTI systems preserve the cyclo-stationarity [113, 79, 2], the output y is (CS)p. The

cyclospectrum of y is associated with that of z as follows. In terms of the cyclic spectrum,
S (@)aps = € (67) S (W)gps G (7R, (5.15)

where wg = 27/p. Similar observations to (5.15) were noticed in [56, 144] without proofs,
which are provided in Example 5.4. The TFR and bispectrum of y were given in [79] and
[2], respectively,

o

Sz%) (W)rpg = G (ejw) Z Sa(vngl) (Wrprg* (1) e, (5.16)
l=—0
Sy (1s02) = G () Sy (i, 02) G (672). )

Here g(-) is the impulse response of G. Egs. (5.12) and (5.17) give the 2-D spectrum of y,
Siy (hw) = G () S22 (A w) 6" (7). (5.18)

The TFR is introduced because “the representation of the cyclo-stationary processes, in
terms of cyclic spectral density?, which, although a means of characterization, is not very
illustrative, particularly in the context of filter bank analysis” [79]; however, (5.16) reveals
that the TFR is not compact. The bispectrum is originally defined for non-stationary sig-

nals so that it has been cautioned to be unwieldy in mathematics [103] or too general and

“The cyclic spectral density is synonymous to the cyclic spectrum.
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inefficient for indiscriminate use [2]. The 2-D spectrum is simply a coordinate transfor-
mation of the bispectrum, and thus they share the same problems. The cyclic spectrum is
defined in the way of incorporating the spectral information along with periodicity and thus
it displays directly the fundamental characteristic of cyclo-stationary signals; even though
(5.15) is not as compact as (5.17) and (5.18), the cyclic spectrum is very convenient once
all the k-th cyclic spectra are enclosed in the so-called cyclic spectrum matrix [62, 112].
Therefore, we will use the cyclic spectrum in the sequel and the subscript (¢pg) is dropped

without confusion.

5.3 Blocking Operator

In Section 5.1 we have briefly discussed the idea of blocking multirate systems and cyclo-
stationary signals properly to form a relatively simple problem. Based on Section 2.3,
this section studies further the effects of the blocking operator on multirate systems and

cyclo-stationary signals.

X X
—» L, > L G:(mn)—» L > L' —»

——

h 4

G

Figure 5.4: Blocking a linear SISO multirate system

One of the advantages of the blocking operator is that it can associate multirate systems
that are essentially time varying with some equivalent LTI systems to which many existing
LTI techniques can be applied. For the multirate system in Figure 5.1, blocking the input «
and the output y by L, and L,, respectively yields a blocked system G := L,,GL, ", which
has n inputs and m outputs. The blocking procedure is depicted in Figure 5.4. As G is
(m, n)-shift invariant (see (5.2)), G is LTI [96] and has an m x n transfer matrix [29]

C:v‘oo (2) 6?01 () - C}O,n—l (2)
R Gho (2 G (z oo Grpa (2
G-| 0B b ) (5.19)
Gm-10(2) Gm-11(2) + Gm-10-1(2)
whose entries relate to the Green’s function of G (see (5.1)) as
Gri(2)= > gk+mtl)z" (5.20)
t=—0o0

Gladyshev [62] first proposed the relationship between a cyclic spectrum matrix of the

original signal and the power spectrum of the blocked signal, which was proved by Sakai
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and Ohno [112] for scalar signals. Akkarakaran and Vaidyanathan [2] also noticed this kind
of relationship between bispectra. Here we offer a theorem describing this relationship in

terms of the cyclic spectrum for vector signals.

Theorem 5.1 The cyclic spectrum matriz ®gy (w) of a (CS), q-dimensional vector signal

x is connected with the power spectrum Sgz (w) of its p-fold blocked version x as

Oy, (W) = Uplq (W) Sg z (pw) U;|q (w), (5.21)

where Py, (W) s an qp X gp matriz whose kl-th g x q block component is determined by the
cyclic spectrum of x,

(@0 (w)]jy = SE (w + kwp) (5.22)

and Uy, (w) is an gp X gp unitary matriz whose ki-th g X q block component is

I wo+lw
[Uplg @)],, = 7 Iklwote) 1. (5.23)

Here k=0,1,---,p—1,1=0,1,---,p—1,wo = 2mw/p and I, is a q X q identity matriz.

Proof of Theorem 5.1: Since the blocked signal z,, is stationary (see Section 2.3), it has a
power spectrum Sy ; (w). From (2.3) and (2.8), the ki-th component of S, ; (pw) is

i

S Blag (t+7)af (£)] P

T=—00

[ng (pw)]ki

i E [z (pt +pr + k) 2" (pt + )] e 7P,

T=—00
An identity

-1
1 pz: o—Jwomy _ 1, wv/pis an integer,
p = | 0, otherwise,
m=

is used to change pr by a new variable v,

) p—1
Sexolla = 3 = 30 €O Ry (pt 4 v+ k,pt £ [)e
V=—00 p m=0
1 0>, 2t _
- Z Z C—onm(7'+l——lc)wa (pt + 74+ 1, pt+ l) e—]w(T-H—k:)

I

p 7=—00 m=0
1 &
- = Z Z e—jwom('r-kl—lc)l%mz (l + 7, l) e—jw(r-‘rl—k),

p

T==00 m=0
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where the second equality is reached by replacing v with a variable 7 := v + k — [ and the
last equality follows from the cyclo-stationarity property described in (2.7). From (5.3) and
(5.5),

1 = p_l 1 p_l . .
[Sze (pw)]ee = » Z Z e~ Jwom(T+i—k) Z O (1) efwort=iw(T+i-k)
T=—00 m=0 r=0
p—1p-1
S elombelkevotmonlesulg(n) (o 4 wom).  (5.24)

m=0r=0

R

Next, we show that (5.24) is equivalent to

p—1 p—1
[ng (Pw)]kl = 1 Z Z ej(wom"”w)ke_j(w""*'“’)lSa(:?_") (w + wom). (5.25)

m=0n=0

Comparing (5.24) and (5.25), their difference for a certain m € [0,p — 1] is

p—1 p—1
Z e~ Iwolm=nlg(r) (4 4 wom) — Z e~Jworl g(m=n) (4, 4 wom)
r=0 n=0
p—1
= Z emIwolm=nlg(r) () 1 wom)
r=0
m p—1
— [Z emIwonlgm=n) (o, 1 wem) + Z Jwolp=mllglptm=n) (, 4 wom)]
n=0 n=m-+1
p—1
= Z e7Iwolm=nlg(n) () 1 wym)
r=0
m p-1
- [Z e~ Iwo(m=ml () () 4 wym) + Z emIwo(m=ritg(r) (, 4 wom)]
r=0 r=m+1
= 0’

where the second equality uses the periodicity of the cyclic spectrum in (5.6) and the third
equality is obtained by changing variables r := m — n and r := p + m — n in the last two
summing terms, respectively. Finally, (5.21) is obtained from (5.25). O
Remark: There are two important differences between Theorem 5.1 and its counterpart in
[112]: first, the proof in [112] takes a modulation representation of cyclo-stationary signals
as an intermediate step, whereas we attack the problem more directly and thus the proof

is much simpler; second, the result in [112] holds under a condition
|| < wo/2, (5.26)

which is actually introduced by the modulation representation, whereas our proof shows

that (5.26) is superfluous. Removing the limiting condition (5.26) is extremely important,
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because the valid range of using the blocking technique will become toc small to be mean-

ingful, if (5.26) has to be satisfied.

5.4 Cyclo-Stationary Signals in Multirate Systems

We are ready to attack the two sub-questions proposed in Section 5.1 using the blocking
technique. The first sub-question is answered in Theorem 5.2; the second is solved in
the form of matrix multiplication. Both are followed by some specific configurations as

illustration.

5.4.1 Cyclo-Stationarity of the Output

There are basically three approaches to answer the first sub-question: (i) to explicitly write
out some statistics of the system output, e.g., the autocorrelation or the cyclic spectrum,
as what was done in [2, 79]; (ii) to reduce the multirate system into simpler building blocks
such as: upsamplers, LTI systems and downsamplers and study cyclo-stationary properties
of each block, as in [2, 113]; (iii) to use the blocking technique. The last approach is the

simplest for most systems and hence is adopted here.

G
— T
X X Y Ty
—> L, > L, > G: (m, n) " Ly — L;rln }_'
Ix1 gnXx1 gmx1 1x1
(Cwss), Wss WSS (Cwss),

Figure 5.5: A blocked SISO multirate system

Theorem 5.2 Given a linear SISO multirate system G : (m,n) in Figure 5.1 and an (CS),
input x, the output y is (CS)pm/ ged(pn)-

Proof of Theorem 5.2: The use of the blocking operator needs to comply with two principles:
the blocked system needs to be LTT and the blocked signal is stationary. Thus, the fold of
the blocking operator at the input side must be an integer multiple of n as LmGL;;l is LTI
(see Figure 5.4) and at the same time be an integer multiple of p. Blocking x by L, and
y by Lgm as depicted in Figure 5.5 will satisfy the two principles, where

q=p/ged(p,n). (5.27)
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In Figure 5.5, the blocked system G = Lqu'Lq‘n1 is LTI and the blocked input z is station-

ary. The blocked output y is stationary, which implies that y is (CS) O

pm/ ged(p,n)-

Example 5.1 The multirate system G is indeed an LTI system if m = n = 1, under
which Theorem 5.2 says that if the input is (CS),, then the output is (CS), too. In other
words, LT systems preserve the cyclo-stationarity, which is consistent with the conclusions

in [113, 79, 2, 61]. O

Example 5.2 If m = n # 1, the multirate system G : (m, n) reduces to an LPTV system
that appears frequently in signal processing and control, such as multirate filter banks
[147] and LPTYV controllers [78, 50]. More specifically, if the input is stationary or (CS),,
Theorem 5.2 gives that the output of an LPTV system with period p (i.e., m = n = p) is
(CS)p. This conclusion is consistent with those in [2, 113, 61]. O

Examples 5.1 and 5.2 are both with m = n. For m # n, the multirate system is
also named the fractional sample-rate changer, which has two configurations as follows.
First, if m and n are coprime, the multirate system G is equivalent to the cascade of
upsampler, LTI system and downsampler, depicted in Figure 5.2, which has been studied
extensively [147, 87, 113, 48, 118]. Second, if m and n have some nontrivial common factor,
G is not equivalent to the cascade system in Figure 5.2 [118, 29]; it stands for a more
general building block that finds applications in the nonuniform filter banks [29] and the

multichannel nonuniform transmultiplexers [83].

Example 5.3 For the cascade system in Figure 5.2 (m and n are coprime), if the input =
is stationary (p = 1), Theorem 5.2 says that the output y is (CS)y, which is consistent with
that in [113] obtained by analyzing the cascade in Figure 5.2. As a comparison, the other
two approaches mentioned at the beginning of this subsection are explored for the same
configuration. Clearly the first approach has difficulties as the explicit statistical expression
of the system output has not been given in the literature. The second approach proceeds
as follows. The upsampler and downsampler have the properties: if the input of a k-fold
upsampler is (CS)p, the output will be (CS)g, [79]; if the input of a k-fold downsampler is
(C8S)p, the output is (CS),, gea(pk) [113]. Applying the two properties to the cascade system

in Figure 5.2 gives the same result. |

Remark: Theorem 5.2 can be verified by estimating the period of the output via some nu-
merical methods, e.g., Hurd-Gerr’s method [72}, Martin-Kedem’s method [90], Dandawaté-
Giannakis’s method [37] and the variability method (Chapter 3).
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5.4.2 Cyclospectrum of the Output

We follow the same idea used in Section 5.4.1. Specifically, the multirate system and cyclo-
stationary signals are blocked as that in Figure 5.5 {see the proof of Theorem 5.2). Blocking
the (CS), input z by Ly, for the g in (5.27) implies that pr = gn, where r is an integer. A
general solution of the second sub-question consists of two cases.

Case 1: r = 1. From Theorem 5.1, we have (see Figure 5.5)

Spz (pw) = Upy (@) Puz (W) Uppy (W), (5.28)

Dy (W) = Ugmi1 (w) Syy (gmw) U;m“ (W), (5.29)
where ¢ = p/n. Since z is stationary and G := LquLq_n1 is LTI, (2.4) gives
Syy (W) = G (e7) Spg (w) G~ (7)), (5.30)

where ((z) is represented by the Green’s function of G in (5.19). Therefore, the cyclic
spectrum of y is associated with that of z via (5.28), (5.29) and (5.30),

*

By () = Ugnnpt (p0) & (777™) U2, (qmew) @ (qrmuw) Uppy (qmes) G (727™) Uty (pu)

(5.31)
G
— T~
x v X Y | y
4>1 L, —» L —» L, —»G:(mn)—> L, — L. —>
1x1 px1 gnx1 gmxl 1x1
(cwss), Wwss WSS WSS (Cwss),,

Figure 5.6: An equivalent blocked SISO multirate system: pr = qn

Case 2. v > 1: With ¢ = p/ ged(p, n), (5.29) and (5.30) still hold. However, one more step
is needed: Lgy is decomposed into a series of L, and L,, which makes Figure 5.5 equivalent

to Figure 5.6. Theorem 5.1 gives

Sow (pw) = UZjy () @z () Upjy (). (5.32)

p
Since v is stationary, its cyclic spectrum matrix is block diagonal. Taking it as a special
case of Theorem 5.1 results

Svv (W)

S (4 2m/r) Uypw),  (5.33)

Spg (rw) = Uy, (w) - diag

:|P :
Spw (W +27(r — 1)/7)
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where r = n/ged(p,n) and diag ([ ]) denotes a diagonal matrix taking the elements of the
operand vector as the diagonal entries. From (5.29), (5.30), (5.32) and (5.33), the cyclic

spectrum of y is associated with that of z,

yy (prw)

Ugmia (prew) G (7777™) U}, (pgmuw)

U;|1 (qmw) L. (qmw) Upll (qmw)

Ui (gmw + 21 /pr) ®gq (gmw + 27 [pr) Uy, (gmw + 27 /prr)

1
-diag 7!

o (gmw + 2m(r = 1) /pr) @4z (gruw + éw(r ~1)/pr) Up1 (gmw + 27(r — 1)/pr)
Uy (pgmw) G (7779™) Uy, (pro) (5.34)

U*

Remark: For a fixed frequency w, either {(5.31) or (5.34) can be numerically computed as
the matrix multiplication.

The next example is on the cyclospectrum transformation by LTI systems. The purpose
of the example is three-fold: (i) to illustrate what happens beyond the matrix multiplication
in (5.31) and (5.34); (ii) to give a concrete example showing a realization of (5.19); (iii) to

provide an alternative proof of (5.15).

Example 5.4 Let G be LTI and z be (CS)g, i.e., m =n =1 and ¢ = p = 2 in Figure 5.5.
Eq. (5.31) becomes

®yy (w) = U2|1 (w) Q (eﬂw) U§|1 (W) Bpe (w) (U2|1 (W)Q (ejzw) 2*$1 (W))’k . (5.35)

The unitary matrix Uy; (w) is (see (5.23))

1 [1 e
Usp (w) = 72 [ 1 e—ilw+m) ] . (5.36)

An LTI system is fully characterized by its impulse response h (-), i.e.,

y(k)= > h(k=D=z(). (5.37)

l=—00
Comparing (5.1) and (5.37) gives the connection between the Green’s function and the

impulse response

gk, ) =h{k—1). (5.38)

The blocked system G = LyGL;* has a transfer matrix (see (5.19))

_ [ Goo(2) Goi(z)
(2) = [ Cro () G (2) ] , (5.39)

I
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where (5.20) and (5.38) result

ékl (z) = Z g (k+2t,1) 27t
t=—00
= Y h(2+k-1z"
t=—00

Thus, (5.39) becomes®

Iy

_[Go(z) z7Gi(2)
(z)_[él(z) G0 (2) } (5.40)

where G (z) and Gy (z) are the well-known type-1 polyphase components of G [147],

G(z) = h(O+h()z +h(2)224h@) 23 +g(@) 2+ g(5) 27+
= (h(O) +h(2)z“2+h(4)2“4+...) +z—1 (h(l) +h(3)z—2+h(5)z_4+---)
= é’o (22) + Z_lél (22) . (541)

From (5.36) and (5.40), the product of the first three matrices in (5.35) is

Usp (w) G (%) Uz (w)

L L1 e ([ Go(e) e (@) 1] 1 1
= 511 e—-j(w+7r) él (ej2w) GO (ej2w) ejw e_j(u.)-|—7r)
{ Go () + €39 C, (e22) 0 |

~

0 Go (&) + eIy (e722)
B EACO
where the last equality follows from (5.41). Note that the zeros on the off-diagonal entries

imply an exact spectrum cancelation. From (5.35), (5.42) and the cyclic spectrum matrix

of z (see (5.22))
2 (w) (W)
S&) (w+mn) S:z(:(a):) (w+m)

®,, (w) is obtained,

Siw @) S W)

L 51511/) (w+m) Ség) (w+m)
(Ge) 0 ] &) sE )

CLoo e ] s wrm s
_ G (e/) S (w) G (e3) G (1) s (w) G (e3wm)

I G (ej(w+7r)) S,(D;) (w+ ) G (e_]w) a (ej(w+7r)) ng) (w + ) o (ej(w+,,)) )

[ G+ (&) 0 }

0 G (ererm)

which also proves (5.15).

®Theorem 8.2.1 in [28] gives the generalization of (5.40).
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Multirate filter banks are typical examples of LPTV systems and have been of partic-
ular interest in signal processing [147]. Unlike the approaches in [113, 99, 112, 79, 2|, the
statistical properties (in terms of cyclic spectrum) of the output or the reconstructed signal

of the filter bank are elegantly found by the blocking technique in the next example.

x(t) H, F,
F

v

A 4
=

]+
. PREN

Figure 5.7: A maximally decimated filter bank

\ 4

A
z
_,Q “
1)——» .
vy E, b,
z Up_y
ip >

Figure 5.8: Polyphase representation of a filter bank

Example 5.5 Figure 5.7 depicts a maximally decimated filter bank [147], where H; and
F; (i=0,1,---,p— 1) are analysis filters and synthesis filters, respectively. Let the input
z be (CS),. With the type-1 polyphase representation of Hy [147], the type-3 polyphase
representation of Fj, [48], and noble identities [147], Figure 5.7 is equivalent to Figure 5.8
6. It is easy to see from (2.8) that u = [ug,u1, -+, up-1] and v = [vp, vy, *,vp-1] in
Figure 5.8 are exactly the blocked versions of « and y, respectively. Thus, the original filter
bank in Figure 5.7 is represented in terms of the blocked signals « and v with an LTT system
D}Eh. Here both Ej, and Dy are p x p systems; the kl-th elements of their transfer matrices
are

(60| =85 (), [Ds@)] = £ (),

$A similar observation was also noticed in [30].

ki l
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where ﬁ,ifl) (z) and ng) (2)7 relate to the impulse responses hy(-) and fi(-) of Hy and Fy,

respectively,

o
M) = S mtp+)z,

t=—o0

Y feltp=0)2"
t=—00

I

AP ()

Finally, the cyclic spectrum of the output y can be associated with that of the input z via

the following three equations (see (5.31)),

Suu (pw) = U*|1 (w) Dy (w) Up|1 (w) )

Sus (@) = D) () Bn () Sua ) (D) () B (7))

Dyy (w) = Upjt (w) Svw (pw) U;u (w).

5.5 Conclusion

In this paper, we have studied the spectral theory of discrete-time cyclo-stationary signals:
the cyclospectrum representation and the cyclospectrum transformation by linear multirate
systems. The four types of cyclospectra, namely, the cyclic spectrum, the time frequency
representation, the bispectrum and the 2-D spectrum are shown to be closely related and
mutually convertible (see Figure 5.3). The cyclospectrum transformation by linear systems
are solved in a systematic manner by using multirate systems as the unifying framework
and the blocking technique as the main tool. The effects of the blocking operator on cyclo-
stationary signals are investigated in Theorem 5.1. The cyclo-stationarity of the output
of the multirate system is studied in Theorem 5.2 and the cyclospectrum of the output is

associated with that of the input in the form of matrix multiplication in (5.31) and (5.34).

"Superscripts (1) and (?®) mean the type-1 and type-3 polyphase representations, respectively.
P P P
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Chapter 6

FIR Modeling for
EIV /Closed-Loop Systems

Finite impulse response (FIR) modeling of errors-in-variables (EIV)/closed-loop systems
by the traditional correlation analysis usually yields biased estimates due to the additive
noises on inputs and outputs. A non-parametric approach, the cyclic correlation analysis
(CCRA), provides asymptotically unbiased and consistent estimates. The main feature
of the CCRA is to eliminate the adverse effects of stationary noises by exploiting cyclo-
stationarity that may exist naturally or be induced artificially. This chapter! developes a
complete study of the CCRA, including the statistical performance of the estimated FIR
model. Frequency-domain expressions of the statistical performance provide guidelines in
designing a class of cyclo-stationary signals for modeling. Effectiveness and properties of

the CCRA are validated and illustrated by numerical examples.

6.1 Introduction

Counsider a setup depicted in Figure 6.1: G(g) is an unknown discrete-time 1.TT system with

impulse response coefficients g(-), i.e.,

Glg):=> gqg™

=0

Fi(q) and F(q) are some unknown LTI systems in the feedforward and feedback paths,
respectively; the input-additive noise n, () perhaps originates from the measurement noise,
quantization noise and self-noise [39]; the output-additive noise ny(t) possibly consists of
the measurement noise, disturbance, and model mismatch [85]; z(t) is an external signal

to be defined later. The objective? is to estimate the first M impulse response coefficients

'The chapter has been published in [154, 158].
2The objective is very different from the blind identification (e.g., [143]) that only explores output data.
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Figure 6.1: A general framework including open-loop, EIV, and closed-loop systems

of G(q), {9(0),9(1),---,g(M — 1)}, from the measured input-output data {u(t),y (t)}iil

We assume:

A6.1 G(q) is asymptotically stable; in addition, if F»(q) # 0, the closed-loop system [1 +
Fy(q)F1(q)G(q)]™! is asymptotically stable.

A6.2 Both n,(t) and ny(t) are wide-sense stationary, possibly colored and mutually corre-

lated.

A6.3 ny(t) is uncorrelated with the noise-free input and output, ug(t) and yo(t); if Fa(q) = 0,

s0 is ny(1).

The setup in Figure 6.1 is a general framework, and reduces to three common systems after
imposing some restrictions: (i) an open-loop system if Fy(g) = 0 and n,(t) is absent, (ii)
an (open-loop) EIV system if F5(q) = 0, and (iii) a closed-loop system if n,(t) is absent.
Estimation of the FIR coefficients of an unknown discrete-time LTI system has found
extensive applications in the areas of control and signal processing [22, 77, 122]. First, FIR
models are required by some of PID control and model predictive control (MPC) technolo-
gies. For example, DMC-plus and RMPCT, the representatives of the fourth generation
MPC technologies, estimate the FIR models as the first step upon which low-order para-
metric models are fixed afterwards [80, 107]. Second, FIR modeling is a simple and effective
approach to gain the system knowledge on the variable interaction, dominating time con-
stants, and time delays [19, 49]. Most importantly, the FIR model provides an indispensable
comparison with parametric models that have to “guess” the unknown system structure:
If the impulse response of a parametric model has good agreement with the FIR model,
one would be confident that correct features of the unknown system have been picked up
[86]. On the other hand, FIR models are non-parsimonious, i.e., a large number of impulse
response coefficients usually have to be estimated; as a result, more data points are needed

to reduce the estimation variance [75, 162]. Irrespective of its drawbacks, FIR modeling
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has long been advocated as a useful non-parametric analysis accompanying with parametric
identification.

The correlation analysis (CRA) is a well-established non-parametric approach to consis-
tently estimate FIR models of open-loop systems without input-additive noises; see details
in some books, e.g., [22, 85, 122], and a historical review in [162]. The estimates from the
CRA, however, are biased for EIV and closed-loop systems.

EIV systems with noise-corrupted inputs and outputs appear in various applications,
e.g., system identification, adaptive signal processing, and time series modeling [148]. When
only second-order statistics are exploited, a unique solution generally cannot be admitted
without imposing additional assumptions [5, 123]. The FIR modeling in [121, 164] requires
that n,(t) and ny(t) in Figure 6.1 are white noises with known variances or a given ratio be-
tween the unknown variances. By contrast, the approaches based on higher-order statistics
such as the 3rd-order cross-cumulants [6, 146] can give consistent estimates under the noise
assumption A6.2; however, they typically need a large number of data points to achieve
estimates with tolerable variances.

Closed-loop systems often arise due to inherent feedback mechanisms, or production,
economic and safety reasons [85, 122]. If some external signals outside the feedback loop,
like z(t) in Figure 6.1, are available, a so-called joint correlation analysis (JCRA) treats the
external signals as instrumental variables, removes the adverse effect of n,(t) via feedback,
and provides asymptotically unbiased FIR models [23, 109]. The main problem of the JCRA
is that z(¢) may not be strongly correlated with u(t) and y(t), which is mainly determined by
closed-loop dynamics; due to the problem, the JCRA may result in unreliable FIR models
with large variances (see Example 6.3 later). To alleviate the problem, external signals have
to appear at the points as close to system inputs as possible, but the number of such signals
would quickly become prohibitive for multivariable systems.

This chapter studies another non-parametric approach, the CCRA, which yields asymp-
totically unbiased and consistent FIR models for EIV and closed-loop systems. The key
characteristic of the CCRA is that the external signal z(t) in Figure 6.1 is assumed to
be cyclo-stationary and independent to n,(t) and n, (). Besides being induced by human
operations, e.g., amplitude modulation in Section 6.4.1, cyclo-stationarity often exists nat-
urally in industry, e.g., vibrations in rotating machinery [94, 8] and control-loop oscillations
[139, 140]. Under these circumstances, exploiting cyclo-stationarity is more reasonable and

promising than stalling at stationarity.
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Cyclo-stationarity was exploited in estimating the time-difference-of-arrival, namely, an
EIV system with only time delay, by a cyclic-correlation-based algorithm [53] that is a special
case of the CCRA. Cyclic spectral analysis (CSPA), the frequency-domain counterpart of
the CCRA, was proposed in [53, 55] to give asymptotically unbiased frequency-response esti-
mates for EIV systems. The CSPA was generalized for identification of closed-loop systems
in [60], where the CCRA was presented without a detailed analysis (Eq. (12) therein and see
also [61]). The study of the CSPA was completed in [7] in the sense of developing the sta-
tistical performance of the CSPA, including variances of the estimated frequency responses.
In [47], frequency responses were estimated from spectral cross-moments and cumulants
of high-order cyclo-stationary signals by an algorithm whose computational complexity is
comparable to the CSPA.

It is well-known that the CRA and its frequency-domain counterpart, the spectral anal-
ysis (SPA), are complementary to each other; so are the CCRA and the CSPA. Hence,
this chapter can be regarded as the time-domain counterpart of the work on the CSPA in
[63, 55, 7]. In particular, our contribution is three-fold: (i) It provides a relatively complete
study of the CCRA in Section 6.3, including its statistical performance, which have not
been studied in [53, 60]; (ii) Design a class of cyclo-stationary signals is investigated in
Section 6.4 by the aid of analytical results of the statistical performance; (iii) Properties
and effectiveness of the CCRA are illustrated and compared with those of the CRA and

JCRA via numerical examples in Section 6.5.

6.2 Joint Cyclo-Stationary Signals

This section prepares for the subsequent sections by introducing the concept of joint cyclo-
stationary signals and their cyclic correlation and cyclic spectrum. Let us introduce the
cyclic correlation/spectrum of jointly (CS), signals x1(t) and x3(t), whose time-varying
cross-correlation 7y, 4, (t;7) := E {x1(t)x3(t — 7)} is periodic in ¢ with period p. Considering
the periodicity of rz 4, (¢;7) in ¢, the cyclic correlation of z1(t) and z2(t) is defined as the

coeflicients of the discrete Fourier series of 74,4, (¢;7) [56, 62],

p—1

Rz, (k;7) = Txyas (8 7) eTIATkp, (6.1)
0

1
Pz
Rz, (k; ) is periodic in k with period p, i.e., {Rg a5 (0;7), Ryyze (1;7), <+, Ryyay (p— 157)}
forms a complete set of cyclic correlations. k is the index of a so-called cycle-frequency do-

main. Given collected data {z (t),x2 (t)}fil, Ry, z, (k;7) can be consistently estimated as

63

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(38, 59, 115],

N-1

Rzlwz (k1) = ']“1," z1 (t+ 1) 22 (B) e_j%kt/p, T >0, (6.2a)
t=1

~ 1 N .

Raa, (k57) = 5 D 1 (b+7)m (8™, 7 <0, (6.2b)

o+
I}

-7

Eq. (6.2) implies that Rg,q, (0;7) is the same as the estimate of the stationary cross-
correlation 14,4, (7) = E {z1(t)z3(t — 7)}. The DTFT of Ry 4, (k;7) with respect to 7 is
named the cyclic spectrum [56, 62],

o0

Szizs (k) = Z Ryyu, (k;7) €797, (6.3)

T=—00

Szrzg (k;€7%) inherits the periodicity of Ry g, (k;7). Ep =1, Sz14, (0;¢7%) reduces to the
stationary (power) spectrum,

o0

Sz12, (ejw) = Z Ta10, (T) eTIvT.

6.3 Cyclic Correlation Analysis

This section presents the definition of the CCRA and the statistical performance of the
estimated FIR model. To avoid cumbersome notation, G(q) is assumed to be a SISO system.
This is not a restrictive assumption. The FIR model in (6.5) is a linear regression equation
without output-relevant terms on the right-hand side of (6.5). Thus, FIR modeling of a
multivariable system with m inputs and n outputs is equivalent to modeling of n systems
with m inputs and one output, to which the CCRA developed for SISO systems can be
extended easily by properly increasing dimensions of matrices and vectors; see e.g., the
multivariable CRA in {49, 82]. Note that treating all outputs simultaneously may have

numerical benefits if impulse responses in some channels are the same [40].

6.3.1 Definition

First of all, we introduce an equality that makes the appearance of the CCRA resemble the
CRA: For jointly (CS), signals z1(t) and x2(t),

E {xl () % (¢ — 7) e—ﬂ”’“/l’} = Rya, (k;7), (6.4)
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where k € [0,p — 1] (see (4.29)). Based on the equality in (6.4), multiplying both sides of

the process-model equation

M-1

gD [u(t—1) —nu(t — 1] +ny (1) (6.5)
1=0

by u(t — 7)e™72™kt/P and taking the operation of E {-} yield

M-1
Ryy (k;7) = Y () [Ruu (k7 = 1) = Ruyu(k; 7 = D] + Ry (k5 7). (6.6)
=0

The noise-related terms Ry, (k;7) and Ry o (k;7) in (6.6) are non-zero for k = 0, which
make the CRA yield biased estimates for closed-loop and EIV systems. On the contrary,
Rpyu (k;7) and Ry o (k;7) vanish for k € [1,p — 1] and all 7's:

¢ As the noise-free input up(t) is uncorrelated to n,(t), we have Ry, (k;7) = Rp v, (k;7)+

Rpyn, (k;7), and Ry q, (k;7) = 0,Y7 and k € [0,p — 1]. The noise ny(t) is sta-

tionary; thus, (6.1) implies that R, ., (k;7) = 0,¥7 and k¥ € [1,p — 1]. Hence,
Ry u(k;7) =0,V7 and k € [1,p — 1].

e Since ny(t) and u(t) are possibly connected via the LTI system Fz(q) in the feedback
path, Ry, (0;7) may not vanish, but Ry, (k;7) = 0 for k € [1,p — 1] and all 7’s.
Because both n,(t) and ny(t) are stationary, Ry p, (k;7) = 0 for k € [1,p—1] and all
7’s. Overall, Ry, (K;7) = Rpuo (k;7) + Royn, (k;7) =0 for k € [1,p— 1] and all 7’s.

Thus, (6.6) is simplified to

M-1
Ry, (k;7) g () Ryy (ks —=1), (6.7)
=0

where k € [1, p—1], Writing out (6.7) for 7 = 0,1, - - -, M —1, the impulse response coefficients

are estimated as,

[4(0) g(1) gM—-1)] =
Ruu (3 0) R (k; —1) Ry (k1= M) 17 [ Byu(k;0)
Ry (k1) Ry (k,O) Ry (k52 — M) Ry, (k1)
: . : : ’ (6'8)
Ry (If;.M —1) Ry (k; M —2) -+ Ry (k 0) Ry (k;.M —1)

Here Ry, (k;7) and Ryu (k; ), obtained from (6.2), are consistent estimators of Ry, (k;T)
and Ry, (k;7), respectively. Eq. (6.8) can be written in a concise form by introducing some

obvious definitions,

0= o] . (69)
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For a unique solution in (6.9), the square matrix @1(2 must be nonsingular. This is sat-

isfied by a generalization of the well-known concept of persistent excitation [122, 85]: A
(CS)y signal u(t) is said to be persistently excited in the cyclo-stationary sense, if its cyclic
spectrum Suu (k; €) is non-zero for almost all w and at least one k € [1,p — 1].

Besides {6.8), an over-determined version of the CCRA can be formed in order to at-

tenuate effects of noises, disturbances and model mismatch,

[400) (1) - g(M-1)] =
[ Ruu(k:0) R (1) Ru(i1=-3) 11 Rpu(k0) ]
Ry (k; 1) Ry (k3 0) Ry (k32 — M) Ry (k; 1)
_— _— L _— (6.10)
Ry (k;M —1) Ry (kM —-2) --- Ry (k;0) Ryy (k; M —1)
| Ruu(kQM[)_'l) Ruu(k;MO_Q) Ruu(kvMO‘M) J L Ryu(k;MO_l) J

Here My > M and the superscript (‘L) denotes the left pseudo-inverse. The matrix inverse
in (6.8) or the pseudo-inverse in (6.10) is realized by the QR-method, because a direct
computation is sensitive to rounding errors (see e.g., Section 4.5 in [122] and Chapter 5 in
[65))-

The CCRA in (6.8) encloses the CRA and JCRA as special cases. Let the setup in
Figure 6.1 reduce to a normal open-loop system, i.e., F1(q) = 0, F2(g) = 0, and n,(t) = 0.
Eq. (6.8) reduces to the counterpart of the CRA for k = 0, because Ry, (0;7) and Ry, (0;7)
are the same as the estimators of ry, (7) and ry, (7), respectively (see Section 6.2). Let us
look at the JCRA for closed-loop systems. If z(¢) in Figure 6.1 is available, multiplying
both sides of (6.5) by z(t — 7)e™72™**/P and taking the operation of E {-} yield

M-1

Ry (k;7) = > g (1) [Ruz (k7 — 1) — Rpyz(ks7 = )] + Ra,z (k5 7). (6.11)
=0

Based on (6.11), another version of the CCRA can be obtained analogously to (6.8) by
replacing R, (k;7) with I:Zyz (k;7), and Ry, (k;7) with Ry, (k;7). If k = 0, this version
of the CCRA is the same as the JCRA proposed in [23, 109], as I:Byz (0;7) and Ruz (0;7)

become the estimators of ry; (7) and ry, (7), respectively.
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6.3.2 Statistical Performance

Substituting the cyclic correlation estimator in (6.2) into (6.8) yields

9(0) Zt 1 U 2 (t) ety
g

(1) 1 Lu(t + 1) u(t) ed2mht/p
_ t 1
: N
g (M - 1) iV:—lM-i—l U (t + M — 1) u (t) e—j?ﬂ'kt/p
Zt pu(t=1u(t)e —j2mkt/p e Zé\iM u(t—M+1)u(t) e—j27r.k;t/l7 -1
Et 1 u2 t —j2mkt/p B Zi\iM—l U (t - M+ 2) U (t) e——]21rkt/p
in—lM-f—Z w(t+M—2)u(t) e—d2mkt/p .. Zé\il u2 (t) o—i2mkt/p

SNy () u(t) e92mkt/p
1 Zi\;l y (t+ 1) u (t) e~727kt/p

< (6.12)

: ii_lMﬂ y (¢ + M — 1) u(t) e i2mkt/p

Eq. (6.12) implies that the CCRA is approximately equivalent to the instrumental variable
method (IVM) [122, 85],

N

N -1
)= [% > ¢ (t)] rOMCHCE (613)

Here ¢ (t) is the regressor of the FIR model in (6.5), i.e.,
ey =[u@®) ut-1) -~ ult-M+1)], (6.14)
and ¢ (t) is a complex-valued instrumental variable,
C(t)=[ u(t)e d2™ /P o (t —1)e d2mkt/p ... y(t— M +1)e72mkt/P ] (6.15)

The approximation error arises from the different numbers of data points used in (6.12)
and (6.13). For example, the I-th diagonal elements of the square matrices in (6.12) and
(6.13), respectively, are % Ztlil u? (t) e=727kt/P and % Zt Lu? (t —1)e~7?7kt/? Hence, the
approximation error is negligible for N 3> M, with the convergence rate of 1/N.

The approximate equivalence between the CCRA and the IVM implies that the statis-
tical performance of 6 in (6.9) could be developed in a manner similar to the asymptotic
theory of the IVM; however, special attention has to be paid, since the asymptotic theory
of the IVM that holds for stationary signals cannot be in general immediately extended to
the CCRA that exploits cyclo-stationarity. In particular, a so-called mixing condition that

is exclusive to cyclo-stationary signals has to be satisfied. The mixing condition has several
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forms in the literature, e.g., Conditions a)-d) in Proposition 2 in [73], Assumption 1.1 in

[38] and Assumptions A-3 and A-4 in [115]; here we adopt the last one as follows:

A6.4 The cyclo-stationary signals u(t) and y(t) satisfy the mixing condition consisting of
[115]

lRab (O‘§ I+ T) Ry (6§l - T)l < o0,
l

> |Raprewa (@ = Bl + 71,1, 72)| < 00,

l=—00

li
3

s 1078
¢

for all possible choices of elements a (¢),b(t),c(t) and d (¢) from u (¢),u* (t),y (¢) and
y* (t), and all cycle frequencies a and 3, and all 7, 71, 7’s. Here the cyclic camulant

is defined as

N—
Rapea (i 71, 72,73) = lim Z a(n+7)b(n+m)c(n+ms)d(n)}

Nooo N

—E{a(n + 1)b(n+72)} E{c(n+73)d(n)}
~Efa(n+m)c(n+m)}E{b(n+m)d(n)}
—E{a(n+71)dn)}E{b(n+m)c(n+73)}e ™,

Loosely speaking, the mixing condition in A6.4 says that the statistical dependence between
any two samples of u(t) and y(t) decays rapidly enough as the temporal separation between

them increases, and u(t) and y(t) have finite fourth-order cumulants.

Proposition 6.1 Under assumptions A6.1-A6.4 and u(t) being persistently excited in the
cyclo-stationary sense, 0 in (6.9) is the asymptotically unbiased and consistent estimate of
the true impulse response coefficients 6 := [ g(0) g(1) --- g(M —1) ]I; in particular,

0 is asymptotically normal-distributed (AsN) with zero mean and variance F;/N,
VN (9 — 0) — AsN (0, Pé) , as N — 00, (6.16a)
where

Py=ME{ct)¢ O} B @ {[E{ctd ©)] '} (6.16D)

Here ¢ () and ( (t) are given in (6.14) and (6.15), respectively. The vector (g (t) and the

noise variance A are defined in the following proof.
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Proof of Proposition 6.1: As N — oo, the CCRA estimate in (6.9) is equivalent to § in
(6.13). From (6.5) and (6.13),

N

. 1 & 17
\/N(a_e)q{—ﬁ;g(t)@(t)} ——ﬁ;C(t)a(t), (6.17)

where
e(t) :=ny (t) — G (g)ny (t).

Assumptions A6.1, A6.2 and A6.3 imply that the residual € (¢} is stationary and uncorrelated
with ¢ (t) in (6.15) for k € [1,p — 1] (see the paragraph between (6.6) and (6.7)). From the
Wold representation, the stationary signal € (¢) can be modeled as the output of an LTI
system H (¢)® driven by white noise with variance A\. Under assumption A6.4, ¢ (t) and
¢ (t) are stochastic signals with decaying dependence and finite fourth-order cumulants. As

a result, we have [84]
1
N

=

N
Y ¢ (t)e(t) - AsN (0, P), (6.18)
t=1

where

P o= Jim E{C()e () ()¢ (1)
= ME{Cr (t)CE (1)}
Here (F (t) is obtained by filtering ¢ (t) in (6.15) through H (¢7'), i.e., {p (t) = H (¢71) ¢ (¢).
The convergence in distribution (6.16) follows directly from (6.17) and (6.18). O
Propositions 6.2 and 6.3 constitute the frequency-domain counterpart of Proposition 6.1.
However, (6.19) and (6.22) cannot be obtained directly from the results of the IVM, e.g.,

(8.102) and (9.84) in [85], in spite of the resembling forms, because their proofs require sev-

eral results involving cyclic correlation/spectra instead of (stationary) correlation/spectra.

Proposition 6.2 The convergence of the estimate from the CCRA is asymptotically char-

acterized in the frequency domain as
™
0 — solg {%/ [G (@jw,ﬂ) -G (ej“’,e_)] Wi (e—jw) Sun (k; 67“’) dw = 0} , (6.19)
—T
with Wy (%) = [1 &% ... -1 ]’

Proof of Proposition 6.2: The CCRA is approximately equivalent to the IVM; thus, g
convergences to the solution to the function £ {{ () [y (t) — G (¢,0) u(t)]} =0 as N — oo,

3To avoid nonlinear optimization, H (q) is usually confined to a high-order AR model.
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6 —solg [E{C(t) [y(t) — G (¢,0)u(®)]}=0].
With ¢ (¢) in (6.15), the l-th element of the vector E {( (t) [y (t) — G (¢,0) u ()]} is
[E{¢() [y (1) -G (¢,0) u(®)]}],
- E {u (t = 1) e™2mRP (G (g, 0) (u (£) = ny (8)) + my () — G (4,6) u ()] }
= B {u (t— 1) e 92m/P . (G (q,0) — G (¢,6)] u (t)}
= Ry (K1),

where the last equality comes from (6.4) and a definition, v () := [G (q,0) — G (¢,0)] v ().
The cyclic spectrum between v (t) and w (¢) is [55, 60],

Sou (k;€7%) = [G (¢7*,60) — G (e7,0)] Suu (k; ) . (6.20)

Eq. (6.19) is obtained from (6.20) and the inverse version of (6.3),
Ry (k;7) = —2-177 /_ " S (k;e) e?“Tdw. (6.21)
' O

Proposition 6.3 The asymptotic covariance of the estimate from the CCRA has a frequency-

domain expression:

o A _
cov{i} = LPQ (P, (6.22)
where
P = l/W Wy ((/CH2mh/0)) 5, (ks ) dio
27T o ? b
Q= & / Wa (69) H (e79%) 8, (0; %) H* () div,
with
1 e_]w v e_J(M_l)w
) Cj"-’ 1 e e_j(M—Q)w
Wa(e) = . L
GM-Do  G(M-2w ]

Proof of Proposition 6.3: The objective is to find the frequency-domain expression of

(6.16b). The m-th row and n-th column element of the matrix E {{ (¢) ¢ (t)} is,
E{CO¢ O,
= FE {u (t —m) e I2mkt/py (1 — n)}
= Ryu (k;m — n) 2k(m—n)/p
1 m

- S (k;ej“’) ej(m—n)(w+27rk/p)dw7 (6.23)
2 J_n
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where the second and last equalities are from (6.4) and (6.21), respectively. The m-th row

and n-th column element of the matrix E {Cr (t) (& (¢)} is,

[E{¢r () ¢k (0},

¥

= B{H (¢ ult - m) e PHIH" (o) u (£ - ) 0P
= E{ov()v" (—m+n)}

1 i ) )

1 iy

= 5 H (e_j“’) Suu (O;ej“’) H* (e‘j“’) elm=nlwq,, (6.24)

Here v (t) := H (q_l) u (t), and the last equality is obtained from the cyclic-spectrum trans-

formation relationship [56],
Svw (ks €9) = H (77%) Sy (ks /) H* (e7(¥2nk/o))

Substituting (6.23) and (6.24) into (6.16) gives (6.22). O

6.4 Discussion

Two important elements of the CCRA need to be determined, namely, the cyclo-period
p and the cycle frequency k. The discussion is classified into two situations according to

whether cyclo-stationarity is induced artificially or exists naturally.

6.4.1 Induced Cyclo-Stationarity

There are several artificial operations to generate cyclo-stationary signals, such as amplitude
modulation, time-index modulation, multirate sampling, and multirate filtering [61]. The
massive possibilities in these operations imply that it is difficult to have a general solution
of designing cyclo-stationary signals for modeling. Here, we focus on a class of amplitude
modulation signals and select its configurations based on the statistical performance of the
CCRA developed in Section 6.3.2.

The class of amplitude modulation signals is

z(t) = cos <%t> s(t), (6.25)

where s(t) is a zero-mean stationary signal to be defined. z(t) is (CS),, for its time-varying

roa(t;7) = % [cos (%) + cos (2—;1 - %)] rss (7).
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z(t) and its relatives, e.g., z(t) = cos(wpt)s(t), have been studied in [55, 94, 61, 145];
however, these studies did not discuss how to choose p or wy.

A good index in determining p and k is the degree of cyclo-stationarity (DCS) that
measures the distance between stationarity and cyclo-stationarity. Several definitions of

the DCS were proposed in [166]; one of them is

S Suu () | dw

DCSi = 7 (5o (009

which is a ratio of the energy in the k-th cycle-frequency domain to the energy of stationary
components. DCSZU matches the signal-to-noise ratio in Proposition 6.3, and is suitable in

this context. A property of the DCS is [166],
DCSE, < 1. (6.26)

It is desired to select p and k (k € [1,p — 1]) so that DCSK, or DCSE, is as close to 1 as
possible. The cyclic spectrum of z(t) in (6.25) is

Sullie) = 35 (03 >)5<k )

() i

Here 6 (-) is Kronecker’s delta function,

1, 1=0,
5(1):{0

i ( “ 3 )5(k p+1)

)] (k). (6.27)

else.

Ifp=2 5, (O;ej“’) and S, (1;e7"’) are the same, and the maximum of the DCS’;Z is
achieved, i.e., DCSL, = 1; if p > 3, only 3., (1;ej“) and S, (p — 1;ej‘*’) are non-zero, and
contain at most the half energy of S, (0; ej‘”), ie., 0<DCSk <05

If p > 3, the multiple estimates obtained from the CCRA for different k’s, denoted

as O = [0k (0), Gx (1), ---, gx (M —1)], could be combined to reach an estimate with
smaller variance. Since ; is normal-distributed (see Proposition 6.1), the weighted linear
combination
p~-1
g(l)opt:Zwk(l)gk(l)9 l:031’7]\1_1
k=1

achieves the minimum variance [51]. It is known from Lemma 2 in [115] that Ry, (k;7)’s for
different k and 7 are correlated to each other; as a result, gx(l)’s are correlated, and com-

putation of the optimal weight wy(l) requires the unknown correlation coefficients among

72

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



gk(l)’s. Alternatively, we propose an aggregated CCRA,

o 1T

@ o
A (Du U
b= u K (6.28)
o& &Y

Proposition 6.1 is applicable to 6 in (6.28) by using a different instrument variable,

(WH=[4@ G© - ¢ @],

where (; (t) is given in (6.15). Eq. (6.28) is solved by the QR-method, and encloses the
CCRA in (6.9) as a special case. The estimated impulse response coefficients from the
aggregated CCRA have the variances no larger than the estimates from the CCRA exploiting
one single k. In addition, Propositions 6.2 and 6.3 imply that the improvement achieved
by the aggregated CCRA depends on the cyclic spectra of u(t); see Example 6.2 in Section
6.5. For z(t) in (6.25), only two estimates of the CCRA for £k = 1 and k = p — 1 are
to be aggregated. Due to the possible correlation between Ry, (1;7) and Ryu(p — 1;7),
or Suu(1;6’%) and Sy (p — 1;€7%), the aggregation at best has the effect of decreasing the
variances by half. Therefore, we select p = 2 and k& = 1 as final choices, since DCS’;Z <05

for p > 3 and DCSL, = 1 for p = 2.

6.4.2 Existing Cyclo-Stationarity

When cyclo-stationarity exists naturally in some instances, the CCRA becomes a natural
choice. Vibration signals in rotating machinery can be modeled in the form of (see e.g.,
Eq. (9) in [7])
z(t) =) Aty
i

Under certain conditions, A;(t) is stationary and w;’s are in harmonic, so that the vibra-
tion signal x(t) is cyclo-stationary. The auto-covariance function of an oscillating signal
is oscillatory with the same period as the oscillation in the time trend [139, 140]; thus,
the control-loop oscillations are conjectured to be cyclo-stationary. If the cyclo-period p
is not known a priori, it can be estimated by one of cyclo-period estimation methods in
Chapter 3. If p > 3, the cycle frequency k should be chosen after estimating Sy, (k;e/)
by smoothed cyclic periodograms or correlograms (see e.g., Eq. (17.22) in [61]), and the
aggregated CCRA in (6.28) can be used for those k’s with non-zero DCSE,,. Applying the

CCRA in these applied situations is one of our ongoing studies.
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6.5 Numerical Illustration

This section presents three numerical examples to illustrate the properties and effectiveness
of the proposed CCRA. First, Example 6.1 shows that the CCRA yields asymptotically
unbiased estimates for EIV systems, while estimates from the CRA are biased due to the
input-additive noise. The asymptotic variance in (6.16) is consistent with the result obtained

from the multiple Monte Carlo simulations in Example 6.1.

Example 6.1 An EIV system depicted in Figure 6.1 has the configuration:

0.09516¢3

Glq) = ——229
(9) 1-0.9048¢-1’

Fi(¢)=1, F(q)=0.

ny(t) is white noise with zero mean and variance 0.2, abbreviated as WN(0,0.2); ny(t) is

the output of an LTI filter
0.125 + 0.033¢7*

H =
v(9) =72 0.3679¢—1

driven by n,(t); thus, ny(t) and n,(t) are mutually correlated. z(t) is the same as that

n (6.25) with p = 2, i.e., z(t) = cos (%) s (¢). Here s(t) is a stationary random-binary
sequence (RBS) with normalized frequency band {0, 1] and values {1, —1}. The input and

output signal-to-noise ratios (SNR) are defined as,

Ty ®)}
In this example, SNR; =~ 1.58 and SNR,, =~ 2.32.

100 Monte Carlo simulations are performed with different realizations of n,(t) and z(t).
FIR models are estimated from the CCRA (k = 1 in (6.8)) and CRA with the measured
input-output data {u (t),y (¢ )}2000 The sample mean of FIR models from the CCRA and
that from the CRA are shown in Figures 6.2 and 6.3, respectively. Clearly, the CCRA yields
unbiased estimates of impulse response coefficients, while the estimates from the CRA are
biased due to m(t). The sample mean of the asymptotic variances calculated from (6.16)
is presented in the form of 3-standard deviation (dash lines in Figure 6.2), and is consistent
with the sample variances of the FIR models obtained from the 100 simulations, also shown
in the form of 3-standard deviation (plus lines in Figure 6.2) — see Appendix B.9 in [122]
for the accuracy of Monte Carlo analysis. The 3-sample time delay of G(gq) is correctly
estimated by looking at the first three impulse response coefficients and their asymptotic

variances in Figure 6.2
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Figure 6.2: FIR modeling of an EIV system from the CCRA (N = 2000): the true impulse
response coefficients (solid) and the estimates from the CCRA (circle) with the 3-standard
deviation band from (6.16) (dash) and that from 100 Monte Carlo simulations (plus).
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Figure 6.3: FIR modeling of an EIV system from the CRA (N = 2000): the true impulse
response coefficients (solid) and the estimates from the CRA (dot) with two 3-standard
deviation band from (6.16) (dash) and that from 100 Monte Carlo simulations (plus).
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Figure 6.4: NRMSEs of the CCRA (circle) and CRA (dot) for different NV
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Figure 6.5: NRMSEs of the CCRA (circle) and CRA (dot) for different noise levels
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Both the CCRA and CRA require sufficient data points to exhibit their asymptotic
properties. A normalized root-mean-square-error (NRMSE) is adopted as a measurement

of the identification performance,

1 1 M-1
NRMSE= ——— | — d)=gOI?

Figure 6.4 presents the sample means of the NRMSEs from the CCRA and CRA as a
function of the data length N. 100 Monte Carlo simulations are performed for each N. A
moderate value of N, e.g., 1000 or 2000, is sufficient to eliminate the adverse effects of n,,(t)
and ny(t).

Proposition 6.3 and (6.26) imply that the estimate from the CCRA, denoted as ék,
generally has the variance greater or equal to that from the CRA, denoted as fo. This is
due to a fact that the noise component of u(t) contributes in reducing the variance of y,

and has no such a good effect on

A 7T 1
Cov {90} < /—‘n ISuouo (O§ ejw) + Snuna (ejw)ldw,

N " 1
Cov {0 } o / e dw
’ —r [Suouo (k3 &7)]
Note that the noise component of u(t) in a closed-loop system may come from ny(t) via

feedback. Figure 6.5 assesses the CRA and CCRA in terms of the NRMSE for different

2

7. varies from 0 to 0.5. For each noise

noise levels, i.e., the variance of n,(t), denoted as o
level, 100 Monte Carlo simulations are performed with fixed NV = 2000; to see the effect of
ny(t) only, the noise source of ny(t) is fixed to be WN(0,0.2) and is independent of n,(t).
The CRA yields the estimate with smaller NRMSE than the CCRA only at a very low noise
level, e.g., NRMSE{éO} — 0.0831 and NRMSE{él} = 0.0837 at 62 = 0.005. However,
the CCRA quickly outperforms the CRA in terms of smaller NRMSE as the noise level

increases. O

In Example 6.1, the cyclo-period p = 2 and the CCRA in (6.8) is exploited with k = 1.
The selection of p is based on the discussion in Section 6.4.1; Example 6.2 is to confirm the

discussion by comparing the aggregated CCRA in (6.28) and the CCRA with one single k.

Example 6.2 Let us look at the EIV system in Example 1 under the same configuration
generating Figures 6.2 and 6.3 with one modification: the cyclo-period p of z(t) in (6.25)
varies from 2 to 7. For each cyclo-period, 100 Monte Carlo simulations are performed.

Tables 6.1 lists the sample mean of the NRMSEs of §; from the CCRA with k = 1, and of

7
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0,1] | NRMSE{d } | NRMSE{1-1 |
p=2| 01398 0.1398
p=3| 02137 0.2111
p=4|  0.2006 0.1988
p=5| 02031 0.2010
p=6] 0.2060 0.2024
p=17] 02073 0.2039

Table 6.1: NRMSEs of 6, (CCRA) and él,p_l (aggregated CCRA) for s(t) with frequency-

band [0, 1]
[0.2,0.8] NRMSE{él} NRMSE{él,,,_l}
p=2 0.1543 0.1543
p=3 0.2108 0.1882
p=4 0.2283 0.1808
p=5 0.2482 0.2028
p=06 0.3087 0.2723
p=7 0.3574 0.3333

Table 6.2: NRMSEs of §; (CCRA) and 91,,,_1 (aggregated CCRA) for s(t) with frequency-
band [0.2,0.8]

él,p_l from the aggregated CCRA with k = 1 and k£ = p — 1. The aggregated CCRA has
little improvement over the CCRA, because Sy, (1;ej“’) and Sy, (p —1; ej“’) are the same
for white noise s(t) in (6.25) (see (6.27)). Table 6.2 presents another group of results with
a different s(t) in (6.25): the frequency-band of s(t) is [0.2,0.8]. In this case, Suu (1;€*)
and Sy, (p — 1; ej“’) have different magnitude distributions. The aggregated CCRA always
performs better than the CCRA; the improvement is more significant than that in Table
6.1. In Table 6.1 or 6.2, the case of p = 2 achieves the smallest NRMSE, which is consistent

with the discussion in Section 6.4.1. O

Finally, Example 6.3 illustrates that both CCRA and JCRA give unbiased estimates
for closed-loop systems, whereas the estimates from the CRA are biased due to the effect
of output-additive noise via feedback. Moreover, the CCRA does not suffer from the main

problem of the JCRA (see Section 6.1) and provides reliable estimates.

Example 6.3 A testing closed-loop system in [161] is adopted here (see Figure 6.1):

_ g1 4+0.7¢72
T 14 1.4q¢71 +0.45¢2’

G (q) Fi(g) =03340.033¢"' — 0.4¢72, Fy(¢)=1.

Here n,, (t) is absent; ny, (t) is WN(0,0.05); 2z (¢) is the same as that in Example 6.1; SNR,, ~
2.40.
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Figure 6.6: FIR modeling of a closed-loop system (N = 2000): the true impulse response
coefficients (solid), the estimates from the CRA (dot), from the CCRA (circle) with 3-
standard deviation band (short-dash), from the JCRA (star) with 3-standard deviation
band (long-dash).

We perform 100 Monte Carlo simulations with different realizations of ny(t) and z(t),
and estimate FIR models from the CCRA (k = 1 in (6.8)), CRA and JCRA. Besides
{u(t),y (¢ fgolo, {z (t)}fgqﬂ has to be assumed available for the JCRA. As expected, the
CRA results in a biased FIR model (dots in Figure 6.6) due to the correlation between
ny(t) and u(t) via feedback; on the contrary, the CCRA and JCRA both give asymptotically
unbiased estimates (circles and stars in Figure 6.6). However, the FIR model from the JCRA
is not reliable due to the large variances (long-dash lines in Figure 6.6) obtained from 100
Monte Carlo simulations, in contrast to the CCRA (short-dash lines in Figure 6.6). The
condition number of the corresponding matrix in the JCRA is at the mercy of the closed-

loop dynamics, and has a possibility of being ill-conditioned. In this example, the averaged

condition number in the CCRA is 23.65, while that in the JCRA is 139.57! O

6.6 Conclusion

This chapter studies a non-parametric identification approach, the CCRA, to estimate
asymptotically consistent and unbiased FIR models for EIV systems and closed-loop systems

by exploiting cyclo-stationarity. The CCRA is studied in a complete manner, including its
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statistical performance in Propositions 6.1-6.3. We believe that the proposed CCRA would
be a useful non-parametric technique for its effectiveness and properties illustrated by the
numerical examples in Section 6.5.

One of the important open problems is to design cyclo-stationary input signals. In this
paper, a class of cyclo-stationarity signals, z(¢) in (6.25), is investigated. In [7], another class
of amplitude modulation signals, namely, a periodic rectangular sequence a(t) = a(t + T)
modulating white noise, was studied with a partial solution: the ratio of the burst-time to
the period T was optimized to minimize the variances of estimated frequency responses,
whereas the important parameter T was left to user’s decision. There may be other cyclo-
stationary signals that lead to better properties or new features in certain sense for system

modeling. This certainly deserves attention in the future study.
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Chapter 7

Blind Identification of
Hammerstein Systems

This chapter! proposes a new blind approach to identification of Hammerstein systems,
where a static nonlinearity precedes a linear dynamic system. By exploiting input’s piece-
wise constant property, the parameters of the linear dynamics are consistently estimated
from the information of the output only, after which the unmeasurable inner signal is
uniquely reconstructed. The noise effect is explicitly considered in both the parameter and
inner signal estimation. The estimation of the system orders and time delay are studied on
the basis of two groups of basic equations obtained by polyphase decomposition. Magneto-
rheological (MR) dampers are semi-active control devices to reduce vibrations of various
dynamic structures. By designing a real-time laboratory experiment, we apply the proposed

blind approach and build a Hammerstein model for MR dampers.

7.1 Introduction

Hammerstein systems form a class of block-oriented nonlinear models, where a static non-
linearity precedes a linear dynamic subsystem. Many real-time processes can be well repre-
sented by Hammerstein models, such as heat exchangers [46], electrical drives [16], thermal
microsystems [134], physiological systems [43] and sticky valves [127].

Identification of Hammerstein systems can be classified according to whether the non-
linearity and linear system are identified together or separately. In the former class, there
are many existing methods, e.g., iterative methods [98, 129, 165, 43] and non-iterative two-
stage methods [27, 130, 150, 9, 63, 64] — see e.g., Chapter 5 in [74] for a recent overview

of these methods. The later class basically has three groups of approaches, namely, the

'The chapter has been published in [159, 157, 160].
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correlation stochastic approaches, the relay feedback approaches and the blind approaches.
A major distinction among them is the assumption on input properties. The correlation
stochastic approaches [18, 66, 102] require white Gaussian inputs to isolate the nonlinearity
and estimate impulse response coefficients of the linear system first. The relay feedback
approaches [4, 88, 16, 134, 101, 11] introduce binary-valued inputs by user’s design in open-
loop systems or by relay feedback-controllers in closed-loop systems; under binary-valued
inputs, identification of the linear system is decoupled from that of the nonlinearity. The
blind approaches [131, 14] aim at the main difficulty in identification of Hammerstein sys-
tems: the inner signal between the nonlinearity and linear system is unmeasurable. Inputs
are assumed to be piece-wise constant for certain consecutive samples, based on which the
linear system is estimated separately from identification of the nonlinearity.

The blind approaches are very useful for the case where the structure of the nonlin-
earity is unknown, because they visualize the shape of the nonlinearity by estimating the
unmeasurable inner signal beforehand and avoid a wild guess on the structure. Such a case
arises when the nonlinearity has many possible structures or is hard to be represented by
parametric models. In particular, one real-time application is to capture the nonlinearities
of actuators in feedback control systems. It has been found that control valves account for
about one third of control-loop oscillations [17, 44]. The nonlinearity of an actuator has a
variety of possible structures, e.g., deadband, saturation, backlash and hysteresis [33]. Srini-
vasan et al. [127] demonstrated the potentiality of exploiting the Hammerstein identification
in diagnosing valve stiction; however, their approach was based on a separable least-squares
identification algorithm proposed in [10] and applicable to only the nonlinearity with known
structure and one single unknown parameter.

The first contribution of this chapter is to propose a new blind approach to identification
of Hammerstein systems. The new approach has two main differences with the existing
blind approaches [131, 14]. (i) The noise-corrupted cases are considered instead of the
noise-free ones in [14]. The battle against noises leads to a new series of static errors-
in-variables (EIV) systems. By contrast to [131], the realization of static EIV systems
significantly reduces the complexity of estimating the numerator parameters (Section 7.3).
(ii) The intermediate signal was estimated in [14] by passing output mcasurements through
an inverse?of the identified linear system; its drawback is the propagation of the output
noise into the estimates. The counterpart in [131] is unnecessary complicated due to the

way in estimating the numerator parameters. We estimate the inner signal differently by a

2A special treatment is necessary if the linear system is non-minimum phase [11].
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least-squares method borrowed from the blind equalization; by doing so, the noise effect is
reduced. On the other hand, the proposed blind approach inherits some technical features
from those in [131, 14], e.g., Assumptions A7.1 and A7.5 in Section 7.2 and the estimation
of the denominator parameters in Section 7.3.2.

The second contribution lies at modeling of magneto-rheological (MR) dampers in a
real-time experiment. MR dampers are semi-active control devices to reduce vibrations of
various dynamic structures. MR fluids, whose viscosities vary with input voltages/currents,
are exploited in providing controllable damping forces. MR dampers were first introduced
by B.F. Spencer to civil applications in mid 1990s. In 2001, MR dampers were applied to the
cable-stayed Dongting Lake Bridge in China and the National Museum of Emerging Science
and Innovation Building in Japan, which are the world’s first full-scale implementations in
civil structures [31]. Modeling of MR dampers has received considerable attention [126, 163,
32]. Recently, Song, Ahmadian & Southward [124] proposed a nonparametric model that
becomes a Hammerstein system if the input current/voltage is constant. We will design a
real-time identification experiment for MR dampers and build a Hammerstein model by the
proposed blind approach.

The rest of the paper is organized as follows. Section 7.2 describes the problem and gives
some necessary assumptions. Section 7.3 estimates the parameters of the linear system
as well as the system orders and time delay. With the identified linear dynamics, the
inner signal is estimated in Section 7.4. The consistency of parameter estimation and the
uniqueness of inner signal estimation are proved in Section 7.5. Section 7.6 illustrates the
proposed blind approach by a simulated numerical example. Modeling of MR dampers by
the proposed blind approach is presented in Section 7.7, followed by concluding remarks in

Section 7.8.

7.2 Problem Description

Consider a discrete-time Hammerstein system with sampling period h depicted in Figure 7.1.
Our objective is to identify an LTI causal dynamic system G(q) and a static nonlinearity
f(*) from the measured input u(t) and measured output y(t) that is contaminated by colored
noise v(t). The inner signal z(¢) is unmeasurable — the main difficulty in identification of
Hammerstein systems.

We make the following agsumptions throughout the paper:

AT7.1 The input u(t) is piece-wise constant for p consecutive samples. Because the nonlin-

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Nonlmearlty Linear System

Figure 7.1: A discrete-time Hammerstein system with sampling period h

earity f is static3, the inner signal z(t) inherits the same property, i.e.,

x(t)—x(t—1)=0, for (kp+ 1)<t < (kp+p—1), Vt,k € Z,. (7.1)

A7.2 The input u(t) is persistently excited and has more than two different values. In
addition, u(t) may be correlated to the noise v(t — d) for d > 1, for instance, if a

feedback loop exists between y(t) and u(t).

A7.3 The linear system and noise dynamics can be described by an autoregressive with

exogenous variables (ARX) model,

_B@,, .
where
Alg) = 1+ag +aq >+ +an,qg ",

big t Fbog 2 4 b g™

o
S
I

Here the noise source e(t) is white with zero mean and variance o?.

A7.4 If the time delay is decomposed as 7 = kp + 79 for k € Z and 79 € [0,p), then k is

known a prior.

A7.5 The upper bound ng of the numerator order nyp is known a prior, and p is no less than

(ng + 1), ie,p> ng + 1.
A7.6 B(q) does not have a zero at 1, i.e,, 37, b # 0.

Assumption A7.1 is satisfied in several scenarios. A common one arises from user’s
design, e.g., the modeling experiment for MR dampers in Section 7.7. Another scenario
occurs in sampled-data systems depicted in Figure 7.2. The output is sampled with period

h, p times faster than the input updating period T := ph. Because of the ZOH, a fast-rate

31n fact, f does not have to be static in order to pass the piece-wise constant property of u(t) to z(t),
e.g., the backlash nonlinearity in Example 7.1.
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Figure 7.2: A sampled-data Hammerstein system

input with sampling period h is available by interpolation and has the piece-wise constant
property in (7.1).

Assumption A7.2 is a standard identifiability condition. For Hammerstein systems,
“identifiability” is understood with a gain ambiguity between f(-) and G(q); the ambigu-
ity can be removed by letting by = 1. Assumption A7.3 is based on a well-known fact
that a high-order ARX model is capable of approximating any linear system arbitrarily
well (Page 336 in [85]). Assumption A7.4 essentially arises from a character of the blind
identification that the information of output only cannot distinguish time delays 7 = kip
and 75 = kop for k; # ks (to be clarified in Section 7.3.4). We assume 7 € [0,p) in the
sequel without loss of generality, because the known portion of 7 can be removed by shifting
output data. Assumption A7.5 is inherent in the existing blind approaches as well; in fact,
Theorem 2.1 in [15] says that Assumption A7.5 is a sufficient and necessary condition for
G(q) to be blindly identifiable. Assumption A7.6 is a mild assumption satisfied by many

systems.

7.3 Identification of Linear Dynamics

Two groups of equations are obtained by the polyphase decomposition of involved signals.
Based on them, the parameters in the linear system, the orders n,, np and the time delay

T are estimated.

7.3.1 Two Groups of Basic Equations

For the time being, the orders n, and n, and the time delay 7 are assumed to be known;

thus, 7 becomes zero after shifting data properly. We will return to the estimation of ng,
ny and 7 later in Section 7.3.4. By denoting w(t) := A (q) y (t), (7.2) becomes

w(t) = B(g)z(t)+e()

= D bjz(t—j)+e(t). (7.3)
j=1
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Subtracting two consecutive samples w(t) and w(t — 1) yields

Wy

wt)—wt-1)=) bi@t—j)—zt—j—1)+e(t)—e(t—1). (7.4)

j=1

Define the difference signals Ay (t) := w(t) — w(t — 1), and A, (t) and A, (t) likewise.
Eq. (7.4) can be rewritten as

Ay (t) = bejAw (t—73)+ A1),
j=1

whose z-transformation is
Zb]z Iz (2) + e (2). (7.5)

The polyphase decomposition of A, (z) for the factor of p is [147, 48]

Au(z) = D Ay(t)z™
t
14
= >N Ay (kpt 1)zt
k =1
14
= > D) Ay kp+1) ()7
=1 k
p
= > Al () (7.6)

Similarly, the polyphase decomposition of A, (2} is
P
2)=> 2'AP (), (7.7)
=1

where

AW (zP) Z Ay (kp +1) (2P)

Thanks to the property of z (¢) in (7.1), Az (t) is nonzero only at t = kp, Vk € Z;. Thus,

we have

Ag:l)(zp) = 0, l=1a2a"'ap_17
AP () # 0.

Eq. (7.7) reduces to
Ag (2) = 27PAP (27) (7.8)
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Substituting (7.6) and (7.8) into (7.5) yields

V4 Ny /4
> 2t AD (2P) =Y bzt PAP (22) + ) TAD (P). (7.9)
=1 =1 =1

With Assumption A7.5, i.e., p > (n) + 1) > ny, (7.9) implies

Agtb—i-l) () = Agnb+1)(zp), (7.10a)
AlDtD (22) = At?) (9 (7.10b)
AP (27 = AP (), (7.10c)
and
AD (%) = bz AP () + AL (), (7.11a)
AP () = b PAP () + AP (), (7.11D)
APD (27) = bp, 2 PAP (2P) + A (7). (7:11c)

The two groups of equations (7.10) and (7.11) are the bases to estimate the parameters
in A(q) and B(q). Moreover, they make the estimation of the numerator order n; and the
time delay 7 possible. The idea of exploiting the polyphase decomposition is inspired by [13]
where only noise-free cases were considered. A timing diagram of polyphase decomposition
of signals is available in many textbooks, e.g., Figure 1.4 in [48]. The two groups of equations

(7.10) and (7.11) can also be seen from Figure 7.3 appeared later.

7.3.2 Estimation of A(q)

In the time domain, (7.10) implies
Aylkp+ ) =0c(kp+1), l=np+1,np+2,---,p, VkEZy. (7.12)

Define Ay analogously to Ay, and A, ie., Ay (kp+1) :=y (kp + 1)—y (kp +1 - 1). Eq. (7.12)
is written in terms of A, as

Na

Aylkp+1) = Y —aildy(kp+1—i)+ e (kp+1)
=1
0, (k)0 + Ae(kp+1), l=ny+Lny+2,---,p, Vk€Zy, (7.13)
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where
o = [a1 a - an, |,
¢y (k) = [ -Dy(kp+1-1) —Aykp+1-2) - —Ay(kp+l-ng) ]

Eq. (7.13) is linear in the parameter a;. However, if the ordinary least-squares method

(LSM) is applied to (7.13) with the collected data {y(t)}¥,, ie.,

K-1 -
O = [% > ¢y (k) ¢, (k)} Z ¢y (k) Ay (kp + 1),
k=0

the resulted estimate 0, is biased. Here K is the largest integer less than or equal to N/p.
The bias arise from the correlation between the noise term A.(kp+1) with the first regressor
Ay(kp+1—1), which can be resolved by a bias-compensated LSM. The difference between
g, and 8, is

,_.

) = -1 1 K~
o~ 60 = [;{— @y (k) ¢;(k)] @y (k) A (kp+1)
k:O

As K — o0,

!
Klgnoo_ Z ¢y (k) Ae (kp+1) = E{¢y (k) Ac (kp+ D} =[ 0> 0 --- O] .
Recall that o2 is the variance of the noise source e(t). Thus, 6, can be estimated without

bias by explicitly compensating the noise effect, i.e.,
2

o [152 17 = %
) = [‘IZ > oy (k)gby(k)] l Z ¢y (k) Ay (kp+0)| = | . | p-  (714)

k=0 :

0

A consistent estimate of o2 was developed in Theorem 1 of [76]: 62 is the smaller one of

the roots (x1,xs) of a quadratic equation in z, i.e.,

&2 = min (21, 22) . (7.15)
The quadratic equation in x is
0.5911932 —z+052= ,
where
R -1
g = {E ¢y () L(k)} ,
k=0 11
o K1
72 = = (Ay (kp +1) — &, (k) ba )2
k=0
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Here {-},; stands for the first-column and first-row element of the operand matrix.

7.3.3 Estimation of B (g)

Let by = 1 to remove a scalar ambiguity between the process G (¢) and the nonlinearity f;
thus, (7.11a) gives
2 PAD (2P) = AD (2P) — AD (2P). (7.16)

Substituting (7.16) into the other equations in (7.11) yields
AD (1) = by (AD (27) = AP (7)) + AD (F), 1=2,3,--,m,
which implies that in the time domain,

Ay (kp+ 1) =b(Ay(kp+1) - B (kp+ 1))+ Ac(kp+1), 1=2,3,---,np, Yk € Z,.
(7.17)
Taking Ay, (kp + 1) and Ay, (kp + 1) as the input and output, respectively, (7.17) is a static
EIV system with the input and output noises, A, (kp + 1) and A, (kp + 1), respectively.
It is straightforward to derive the following properties of A, (kp+ 1) and A, (kp+ 1} by

considering the facts that p > 2 and e(t) is white noise with variance o2:

1. Both A, (kp + 1) and A, (kp + 1) are white noises, having the same variance 202

2. Ifl =2, Ac (kp + 1) and A (kp + 1) are correlated; their correlation is equal to o268 (k),

where § () denotes the Dirac delta function.

3. Ifl=3,4,---,my, Ac (kp+ 1) and A, (kp + 1) are mutually independent.

Due to the second property, some of the existing identification methods for EIV systems,
e.g., the total least-squares method, cannot be applied directly to estimate by. In parallel

to Section 7.3.2, we propose a new bias-compensated LSM to estimate by,

K-1 -1 K-1
;|1 2 ) 1 2
b = E};)Aw(karl)—%} {E;)Aw(kp—kl)Aw(kpﬁ—l)Jro6(l—2) :

(7.18)
Here 62 has been obtained in (7.15). Under Assumptions A7.1-A7.5, Theorem 7.1 in Sec-

tion 7.5 proves that b; in (7.18) is a consistent estimate.
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7.3.4 Determination of n,, n, and 7

This subsection briefly describes the principles to determine the orders n,, ny and the
time delay 7; these principles are implemented in a slightly complicated way in Section 7.6
and are also illustrated by a simulation example therein and another real-time example in
Section 7.7.3.

As 0 in (7.14) is based on the linear regression in (7.13), the determination of ng is
rather standard by the model structure determination methods in Section 11.5 in {122] and

Section 16.4 in [85]. Here the so-called Akaike information criterion (AIC) is adopted,

K-1

VO (na) = (1+2%) % ) (Agp (k) — [ (k)],é((f)y (7.19)

for | € [ny+ 1, p]. Thus, n, would be the integer associated with the minimum value of
VO (fa).

The time delay 7 is determined by a careful observation of the two groups of equations in
(7.10) and (7.11). If 7 is nonzero, to let the counterpart of (7.4) reach one of the equations
in (7.10) needs two inequalities: kp <t —7—mp—landt—7—1 < kp+p — 1 for some
integer k € Z,. The inequalities say that two time delays 7 = kip + 70 and 72 = kap + 70
for k1 # ko and 79 € [0, p) cannot be distinguished from the information of y(t) only. Hence,
the time delay 7 in (7.2) is assumed in the range of [0,p) without loss of generality under

Assumption A7.4. In this case, (7.10) and (7.11) respectively hold for
npt+1l1+7<Ii<p+7r7andl+7<I<ny+r

They imply that V® (n,) defined in (7.19) has a non-zero contribution from Awu extra to
that from Ae for ny times, and a sole contribution from Ae for (p — np) times, when the
output is consecutively shifted forward by | = 0,1,---,p — 1 samples, i.e., y(t) = y(¢t + {).
Therefore, 7 is the largest number of the consecutive shifts resulting (p — n3) equivalent
smallest numbers among all the p values of V) (n,). As ny is unknown in practice, we may
choose | = p. Then, n, and 7 would be the integers associated with the minimum value of
V® (f,)’s among different combinations of 7, and # — see the examples in Sections 7.6
and 7.7.3.

The two groups of equations in (7.10) and (7.11) also tell the order ny, once ng, 7 and A(q)

OF
w

have been estimated. Due to the contribution from Auw, the first ny Ay’'’s have the larger

variances than the rest, Ag“’ﬂ), A,(f””), cee Aﬁup), which have the same variance 20?%; thus,

ny is determined as the difference between p and the number of equivalent smallest Aq(ll,)’s.
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In fact, n, can also be determined from the number of equivalent V®) (n,)’s; however, we
would prefer to decouple the estimation of n, and 7 from that of n,, which is found in

simulations to be easier and more robust.

7.4 Inner Signal Estimation

With A(g) and B(qg) in hand, the second step of the blind Hammerstein identification is to
estimate the unmeasurable inner signal z(¢), or equivalently its slow-rate version X (n) :=
z(pn). We first connects the special FIR system in (7.3) with its equivalent single-input
and multiple-output (SIMO) counterpart, and then estimate X (n) by a method borrowed
from the blind equalization (see e.g., [1]). The method has no differentiation on minimum
or non-minimum phase systems.

In general, a fast-rate FIR model like (7.3) with the sampling period h can be described

as

w(t) =Y k() e(t—j5)+e(t). (7.20)

j=1
Owing to the property in (7.1), (7.20) is equivalent to a slow-rate SIMO FIR model with
the sampling period T,

W(n)=k§;H(k)X(n—k)+E(n), (7.21)
where

[ w1 (n) w(pn +1)

W = wy .(n) _|v (pn. +2) |
| wp .(n) w (pﬁ +p)
[ e1(n) e(pn+1)

By = es (n) _|e (pn'—i- 2) |
[ e (n) ¢ (pn -+ p)

X(n) = z(pn)

By substituting (7.20) into (7.21) and exploiting the property in (7.1), the impulse response
of the SIMO model is connected with that of the fast-rate model in (7.20) as

hy (k) SP o h(kp+1-1)
H (k)= hQ.(k) = i (k.p t2-9 (7.22)
hp(k) DL (kp+ p— 1)
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Figure 7.3: An equivalent slow-rate SIMO FIR model

We now return to the special fast-rate FIR model in (7.3) that has the impulse responses,
h{0) = 0, h(1) = b1, h(2) = by,-- -, h(np) = by, , K{np41) =0, -

Its equivalent slow-rate SIMO model according to (7.22) has only two non-zero impulse
responses, l.e.,

() 7 [ b ] [ h(1) ] [ Xkt ]
ks (0) b1+ by ha (1) PIURY
HO)= | hm, (0) Sl [ HQ = | b ) by |2 (729)
hn,+1 (0) Y21 b) hay+1 (1) 0
OS> N By (1) 0

and H (k) = Opx1, Yk > 2. For clarity, the SIMO model is depicted in Figure 7.3. The data

of the i-th output w; (n) are associated with those of the unknown input X (n) as

It

Wi

[wi(l) w; (2)
= [w+i) w@p+1)

w,-(K—l) ]I

w((K —1)p+i) ]
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3 0 hi(1) hi(0) X (1) e (1)
0 0 hi(1) hi(0) X(K-1) ei (K —1)
= H;X+E,
where h;(0) and h;(1) are given in (7.23). Since ey, e, - - -, e, are mutually independent and

have the same variance, it is reasonable to stack all y;’s together, i.e.,

w1 H1 E1
W9 H2 E2

W=| " |=| " |X+| [ |=HX+E (7.24)
Wp H, E,

Based on (7.24) with w(t) = A(q)y(t) and by, a least-squares estimate is obtained,

%= (AR) AW, (7.25)
which is also a maximum-likelihood estimate if e; is white and Gaussian noise.
7.5 Theoretical Analysis

This section analyzes the consistency of the estimated parameters a;, Bj and the uniqueness

of the inner signal estimation in Sections 7.3 and 7.4, respectively.

Lemma 7.1 Under Assumptions A7.1-A7.5, the matriz

1 K-l

. /

3 6086,
k=0

is positive definite.

Proof of Lemma 7.1: Tt follows with some modifications from Lemma 1 in [131] O

Theorem 7.1 Under Assumptions A7.1-A7.5, the estimated parameters éSj’ in (7.14) and

(31 in (7.18) are consistent, i.e., 9((;}) — 00 and Bl — b, as K — 00.

Proof of Theorem 7.1: Based on Lemma 7.1, the consistency of é((,l) can be proved anal-
ogously to the counterpart proof of Theorem 1 in [131]. We only provide the proof for
the consistency of Bl. Under Assumptions A7.1-A7.5, (7.17) holds once ng, np and 7 are
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obtained as shown in Section 7.3.4. Assuming the noise A, (¢) available and applying the
ordinary LSM to (7.17) yields

K-1 -1
Z w(kp+1) = A (kp+1))?
k

N

1

Kk

™ (A (kp+ 1) — A (kp+ 1) (A (kp+ 1) — Do (kp+ 1)) (7.26)

i
=}

The condition that

KZ w(kp+1) = A, (kp+1))> #0

is always fulfilled under Assumption A7.2. As K — 0o, A (q) converges into A (q) so that
w(t) — A(Q)y () = B(q)x (t) + e (t). The time-domain expression of (7.11) is

Ay (kp+l) = b A, (kp_p) + A, (kp—i_l)al =1,2,--,my, Vk € Z+' (727)

Since z (t) is only possibly correlated with e (t — d) for d > 1, A, (kp — p) and A, (kp +1)
for I =1,2,--,np are mutually independent, which, together with (7.27), implies

E{Ay(kp+ 1) A (kp+ 1)} = 20°,

E{dy(kp+1)Ackp+1)} = —0%5(1-2),
E{A(kp+ 1) Ay kp+1)} = —025(1-2),
E{Ay(kp+ D) Ac(kp+1)} = —025(-2).

Therefore, as K — 00, {7.26) becomes
-1
o= [B{(Awkp+1) - Ac(hp+1))}]
E{(Ay (kp+1) — Ac (kp+ 1)) (Ay (kp +1) — Ae (kp + 1))}
= [B{A2 (kp+1)} — 202 " [E{A, (kp + 1) Ay (kp+ 1)} + 026 (1 — 2)] (7.28)
Comparing (7.18) with (7.28), we have the consistency of by, ie., limg o0 by = b;. O

Theorem 7.2 Under Assumption A7.6, the estimated inner signal X(n) is uniquely deter-

mined in (7.25) for a given realization.

Proof of Theorem 7.2: The uniqueness of X (n) in (7.25) requires that the p(K — 1) x K
matrix H has full-column rank, which is true if and only if all the channels H;(q) for
i = 1,2,---,p do not share any common zero except at infinity (Lemma 2 in [71] and

Corollary 3.1 in [12]). Specifically, in this context,
Hi(q) = hi(0) + hi(1)g ™
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To make all the channels H;(q) for ¢ = 1,2,---,p do not share any common zero except at

infinity is equivalent to the condition that the matrix

b Z;L-ig b, ]
bi+by  7tab

T b 0
O k| | 2P
Sk 0|
has a trivial null space, which is satisfied by Assumption A7.6, i.e., Z;ﬁl b; # 0. O

7.6 Algorithm and Simulation

This section summarizes the detailed steps of the proposed blind approach and presents a
simulated numerical example to illustrate them.

Algorithm:

1. The order n, and time delay 7 are obtained as discussed in Section 7.3.4 by looking

at VP (7,)’s in (7.19) with [ = p for different combinations of 7, and 7.

2. The output y(t) is shifted properly according to 7 to make (7.3) hold. The denomina-
tor parameters in 6, are estimated with n, = fi; and | = p from the bias-compensated

LSM in (7.14).

3. The order mp is obtained on the basis of the filtered output w(t) = A(q)y(t), as

discussed in Section 7.3.4.

4. The numerator parameters by, bs, - - -, by, are estimated by the bias-compensated LSM

in (7.18).

5. From &; and b;, the unmeasurable inner signal X (n) is estimated in (7.25). Owing
to the property in (7.1), the fast-rate inner signal (t) is also available from X (n) by

piece-wise constant interpolation.

6. The nonlinearity f can be seen from a graph of &(t) v.s. u(t). If f(-) has a parametric
model, its parameters can be estimated via least-squares nonlinear curve fitting based
on the input U(n) and X (n), or u(t) and #(t), e.g., by the ‘Isqcurvefit’ function in
Matlab Optimization Toolbox.
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7. To compensate the errors contained in #(t), G(q) may be identified again from Z(¢)
and y(t) to compensate the errors contained in Z(t), e.g., by the ‘arx’ function in

Matlab System Identification Toolbox.

Example 7.1 In Figure 7.2, the process G.(s) is the same as that in [14] except that it has
an additional time delay 0.36 sec and works in a feedback loop with a pure gain controller,

ie.,
_0.4095s + 1.0921 o—0-36s
T 524 0.325 4 0.02

Here the updating period of the ZOH is T = 0.6 sec. The nonlinearity f. is a backlash

G (9)

, C(z)=0.1.

with deadband 0.1. The process noise is generated by passing zero-mean white noise having
variance o2 through 1/ (32 +0.325 + 0.02). The upper bound of the order n; is known a
prior as ng = 4. The fast-sampling ratio is chosen as p = ng + 1 = 5. Thus, the fast-rate
process G(q) at the sampling period h = T/p = 0.12 sec is

g 1 —0.7244¢72
1—1.962¢~! +0.9623¢g~2"

G (¢) = 0.05597¢3

The reference signal r is a random binary sequence with frequency band [0, 0.5] and values
+1. The simulation duration is 500 sec and the slow-rate inner signal X (n) has around 800
data points to be estimated.

Now we illustrate the estimation of n, = 2, n, = 2 and 7 = 3. First, n, and 7 are
obtained together by looking at the AIC V(?) (7,) defined in (7.19) for different combinations
of fig and 7. One typical realization (62 = 0.001) gives the AICs (x10~7) in Table 7.1. By

VO (p) [7=0 [7=1 |t=2|+%=3|+=4
fo =1 |12.010 | 11.235 | 9.941 | 8.948 | 82.172
g = 2 4.619 0.992 | 0.982 | 1.073 | 152.020
g = 3 1.543 1.012 1.735 | 2.093 | 152.370
Ng =4 1.256 1.111 1.620 | 1.181 | 151.480
flg =D 1.148 1.172 1.304 | 1.204 | 151.800

Table 7.1: AIC for different combinations of 1, and 7

looking at the columns with 7 = 1,2,3 in Table 7.1, the AICs do not have significant
improvement after 2, = 2; by looking at the rows with A, = 2, the AICs are almost
the same for the consecutive shifts 1,2,3 and are smaller than the rest two, i.e., 7 = 3.
The parsimony principle rules out another possible pair (7, = 3,7 = 3). In fact, the pair
(g = 3,7 = 3) yields the almost same inner signal estimation as our choice (7, = 2,7 = 3).

Second, after shifting y(¢) by 7 and estimating the parameters in A(gq), the filtered output
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w(t) = fl(q)y(t) is formed; then, the true order n, is obtained, i.e., 71, = 2, because p = 5

and the variances of AY)’s have three almost same smallest numbers (x1077) in Table 7.2.

] 1 2
vm«{Aﬁ)} 31.591 | 59.353

3 4 5
0.9974 | 0.9920 | 0.9463

Table 7.2: The variance of Aﬁ)

Remark: Some modifications are perhaps necessary in estimating 7. For instance, if 7 =1,
one realization (o2 = 0.001) gives the AICs (x10~7) in Table 7.3. The smallest V) (,)’s in
Table 7.3 are at three inconsecutive shifts 0, 1, and 4; thus, the shift 4 needs to be regarded

as —1, because the sole information of y (t) cannot tell the difference between 7 and (7 + kp)

fOI' k S Z+.
VP () [#=0 [#=1 [#=2 [#=3 |7=4
he =2 | 0.9948 | 1.0182 | 122.03 | 3.2380 | 1.0146
Table 7.3: AICs for time delay estimation

02 x 1072 | SNR ay = —1.9620 az = 0.9623 by = 0.7244
0 0 —1.9620 0.9623 0.7244
0.01 16.2627 | —1.9623+0.0018 | 0.9626 +0.0019 | 0.7240 %+ 0.0027
0.05 7.2287 | —1.963440.0038 | 0.9638 +£0.0038 | 0.7242 + 0.0053
0.1 5.1003 —1.9651 £ 0.0054 | 0.9656 & 0.0055 0.7247 4 0.0085
0.5 2.4956 —1.9723 £ 0.0112 | 0.9735+0.0113 | 0.7252 4 0.0240
1 1.8889 —1.9781+0.0150 | 0.9799 + 0.0151 0.7232 + 0.0348

Table 7.4: Estimated parameters and their standard deviations

Next, we investigate the performance of the parameter and inner signal estimation
by

parameters a1, as and by and their standard deviations for different noise levels; 100 Monte

multiple Monte Carlo simulations. Table 7.4 presents the averaged estimates of the
Carlo simulations are performed for each non-zero noise level. Here the signal-to-noise ratio

is defined as SNR = |lyo (t)]l5 / |lv (t)|lo, where yo (t) is the noise-free component of y (t)
and |||, denotes the Euclidean norm. As expected, the estimates are consistent. Using the
estimated parameters, the unmeasurable inner signal X (n) is obtained in (7.25); a graph of
the controller output u(n) v.s. X(n) from one typical realization with o2 = 0.001 is shown
in Figure 7.4. As a comparison, Figure 7.5 shows the graph of u(n) v.s. the true inner signal

X(n). Since the gain of G(q) is impossible to get in practice from the information of the
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Figure 7.4: A graph of the controller output u(n) v.s. the estimated inner signal X (n)
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Figure 7.5: A graph of the controller output u(n) v.s. the true inner signal X (n)

output only, the vertical axes of Figures 7.4 and 7.5 have different scales. Nevertheless, the
nonlinearities in Figures 7.4 and 7.5 have a good match in terms of the backlash structure;
the deadband is read from the graph to be approximately 0.1.

For the purpose of comparison, the gain of G(g) is assumed to be known, and X (n) is

scaled properly. The error between the two sighals is measured numerically by a fitness in
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o2 x 1072 | SNR From FBSM Frnv FIONV

0 o0 100 100 100 100
0.01 16.2627 | 95.1989 + 1.6295 | 97.2922 | 93.8494 + 1.4933 | 95.6009
0.05 7.2287 | 89.4944 + 3.8574 | 93.8981 | 86.4244 £+ 3.5078 | 90.1067
0.1 5.1003 | 85.0520 & 5.2490 | 91.3634 | 80.7704 £ 4.7868 | 86.0497
0.5 2.4956 | 62.1737 £ 16.5220 | 80.9620 | 53.0911 4+ 15.5598 | 69.2815
1 1.8889 | 49.0576 £ 24.8790 | 73.2331 | 36.0619 + 24.0173 | 57.4234

Table 7.5: Averaged fitnesses and their standard deviations: the standard deviations of
F)oy and F v are omitted

% (see ‘compare’ command in Matlab System Identification Toolbox),

.0 x0,
| X (n) — E{X (n)}l,

F(X,,X)=100|1- (7.29)
Here X,(n) stands for the estimated inner signal after scaling. Table 7.5 lists the averaged
fitnesses and their standard deviations from the same Monte Carlo simulations as those in
Table 7.4. Frgu is the fitness between X (n) and X (n) obtained from the LSM in (7.25).
The upper bound of Frgys, denoted by ng - is calculated by using the true parameters
a; and b; in (7.25); the standard deviation of FQ,, is relatively small and is omitted here.
In this example, G(q) is minimum phase so that X (n) can also estimated by passing y(¢)
through the direct inverse of G(g) and downsampling the resulted signal #(t) by p = 5. The
corresponding fitness and its upper bound are denoted by Fryy and FIONV, respectively.
Eq. (7.25) reduces the noise effect in the inner signal estimation, as ng a and Frgp are
always larger than FIONV and Fryv, respectively. The difference between FB s and Frsys is
getting larger as the SNR decreases; this is due to the propagation of the errors in parameter

estimation into the inner signal estimation. O

7.7 MR Damper Modeling

The proposed blind approach is applied for modeling of MR dampers. First, we briefly
introduce the Hammerstein model of MR dampers. Next, the setup and result of the

modeling experiment are presented.

7.7.1 Hammerstein Model

The nonparametric model for MR dampers proposed in [124] has demonstrated two merits

so far: (i) the model can be numerically solved much faster than the existing parametric
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Shake Table

i

Figure 7.6: Experimental devices

models; (ii) the stability of an MR damper control system can be proved by adopting
the nonparametric model [125]. If currents/voltages of MR dampers are constants, the
nonparametric model becomes a Hammerstein system depicted in Figure 7.1. Here the
input u(¢) and output y(t) stand for the velocity and damping force, respectively. Song,
Ahmadian & Southward [124] proposed a first-order model for the linear system,

big!

GO =3, a1 (7.30)
and three candidate functions for the nonlinearity,
f (u) = ¢1 tanh (cou), (7.31)

f (u) = crsgn (u) [1 — exp (—co |u])],

_ (eo+erfu— 327 (eg 4 ¢ [u — c5]) ")
f(u) - c82(u—c3) + CECQ(’U,—Cs) :

Our objective is to design an identification experiment and estimate G(gq) and f(-) from the

measured damping force y(t) and velocity u(t) by the proposed blind approach.

7.7.2 Experiment Setup

Experimental devices and a diagram of the experimental setup are depicted in Figures 7.6

and 7.7, respectively. Two ends of the MR damper (RD-1097-01) provided by Lord Corp. are
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connected to the shake table and ground, respectively. The shake table generates necessary
vibrations; in other words, the velocity of the MR damper is determined by the displacement
of the shake table. Since the shake table weights about 60 lbs leading to a large inertia,
it has to be controlled under a closed-loop operation. The proportional-derivative (PD)
controller in Figure 7.7 is implemented in Computer #1, and reads the displacement by
countering turns of a circulating shaft and sends out currents to drive the shake table at
sampling period 0.001 sec. Simultaneously, Computer #2 reads the damping force via a
strain meter and the displacement via an infrared sensor at sampling period 0.005 sec.
After downsampling the measurements from Computer #1 by a factor 5, we synchronize all
measurements from the two computers by comparing the two displacement measurements.
Eventually, displacement measurements from Computer #2 are discarded because they
are much nosier. No velocity sensor is available so that the velocity is calculated as the
first derivative of displacement measurements from Computer #1. The voltage of the MR
damper is fixed to 1.25 v.

Assumption A7.1 in Section 7.2 requires the velocity to be piece-wise constant for p con-
secutive samples. We let the desired displacement in Figure 7.7 take uniformly-distributed
random values within the range [-1.5, 1.5] cm and have a constant increment every 0.2 sec.
As a result, the velocity is approximately piece-wise constant for every 40 samples (the
sampling period h is 0.005 sec). Figure 7.8 shows some enlarged parts of the measured dis-
placement, the calculated velocity and the measured damping force (bottom to top). The
duration 0.2 sec is confined by the closed-loop settling time, as the shake table has a rather
large inertia.

Desired Measured
Displacement ___ Current Displacement u (t) y (t)

PD N 1 MR |
+ T Controlier —P Shake Table 1-g "1 Damper

Figure 7.7: A diagram of the experimental setup

7.7.3 Experiment Result

The selected experimental data with 3500 samples are presented in Figure 7.9. The first half
of the data is used for parameter estimation, while the other half is for model validation.
Let us first look at some assumptions. By our design in Section 7.7.2, Assumption A7.1

is approximately satisfied, i.e., the velocity is approximately piece-wise constant for every 40
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Figure 7.9: Selected experimental data

samples. The integer p could be as large as 40; however, a larger p implies that fewer data
points are exploited and the inner signal estimation needs higher computational costs. The
linear system G(gq) in (7.30) is expected to be the first order one, i.e., n, = 1 and ny = 1.
Hence, p = 5 (a factor of 40) seems a well-balanced choice to safely satisfy Assumption A7.5
and meet the above consideration on the data length and computational cost.

The identification algorithm in Section 7.6 is proceeded as follows. First, the order
n, and time delay 7 are determined from Table 7.6 that lists V) (7,)’s in (7.19) under

different combinations of #, and 7. Looking at the rows of Table 7.6, V() (4,) for 7 = 4
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VP ()] #=0 |+=1 [+=2 |+=3 |+=4
fe=1 |7.927 [11.113 | 12.713 | 10.844 | 5.027
he =2 | 13.866 | 18.366 | 21.837 | 15.012 | 5.171
fe =3 | 13.391 | 18.420 | 21.618 | 15.027 | 5.063
fe =4 |13.379 | 18.483 | 21.711 | 15.378 | 5.092
fe =05 | 12.970 | 18.558 | 21.824 | 15.406 | 5.121

Table 7.6: The AICs under different combinations of 4, and 7

25

20

Inner signal
[=]

b

[

50 100
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200 250

Sample index

300

350

Figure 7.10: The estimated inner signal X (n)
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Figure 7.11: The nonlinearity (dots) revealed by U(n) and X(n), and the estimated non-

linearity (smooth line)
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achieves the smallest number at each row. In the column of 7 = 4, V®) (f,) is almost the
same for all Ay’s. In fact, 7, = 1 and 7 = 4 lead to the smallest AIC. With n, =1, 7 =4

and [ = p + 7, the denominator parameter is obtained in (7.14):
A(g) =1-0.8433¢7 L. (7.32)

There is no need to estimate the numerator parameters, because fi, = 1 and b; = 1 (see
Section 7.2). Second, the slow-rate inner signal X (n) is estimated in (7.25); X (n) is shown in
Figure 7.10. Third, the shape of the nonlinearity is revealed from U(n) and X (n) displayed
by dots in Figure 7.11. It seems that f(-) in (7.31) would be sufficient to capture the
revealed nonlinearity,

F(U) = 0.5080 tanh (16.2320U) . (7.33)

Interpolating X (n) by the property in (7.1) gives #(t), the estimate of the inner signal z(t)
with sampling period 0.005 sec. The linear system G(q) is ready to be identified from Z(¢)

and y(t), .
o . 0.5357q"
G =1z 0.8856q~ 1"

(7.34)
Finally, the simulated damping force §(t) is obtained by passing u(t) through F(-) and G(q),
ie.,
9(t) = G(g)f (u(?)) .

Figure 7.12 compares §(t) with the measured damping force y(¢). The fitness between y(t)
and §(t), F (§,y) defined in (7.29), is 70.5102%, The other half of the data in Figure 7.9 is
used for the cross validation. The corresponding y(t) and §(t) are compared in Figure 7.13
with fitness 63.1926%.

Since the actual inner signal z(t) or X (n) is unavailable in the experiment, the fitness
between the measured and simulated damping forces is the single index to evaluate the
model quality. In Figures 7.12 and 7.13, the estimated Hammerstein model consisting of
F() in (7.33) and G (q) in (7.34) performs very well in terms of dynamics tracking, but
has relatively large errors at some smaller peaks. Numerically, the Hammerstein model is
validated by the fair fitness 63.1926% between the simulated and measured outputs in the
cross validation. The modeling errors may arise from the noises in the measured damping

force and the approximation in achieving the piece-wise constant velocity.
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Figure 7.12: The measured (solid) and simulated (dotted) damping forces using the esti-
mation data: fitness = 70.5102%
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Figure 7.13: The measured (solid) and simulated (dotted) damping forces using the valida-
tion data: fitness = 63.1926%

7.8 Conclusion

We have proposed a new blind approach to identification of Hammerstein systems. Inputs of
Hammerstein systems are assumed to be piece-wise constant for certain consecutive samples.
Such an assumption can be satisfied by user’s design, e.g., in the MR modeling experiment
in Section 7.7, or by output fast-sampling, e.g., in Example 7.1. In a laboratory experiment,

the proposed approach has been applied to identify a Hammerstein model for MR dampers.
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An interesting issue for further study is to compare the proposed approach with the existing
ones [131, 14] by simulation comparison and theoretical analysis. The two differences with
the existing approaches stated in Section 7.1 imply that the proposed approach may have

a better performance in reducing noise effects.
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Chapter 8

Conclusion

The thesis consists of two parts, namely, cyclo-stationary signal analysis and its applications
in system identification. To get a clear overall picture, we list the main contributions of the

thesis as follows.

Main contributions:

1. Cyclo-period estimation (Chapter 3): A new method, named as the variability method,
is proposed to estimate the cyclo-period of a discrete-time cyclo-stationary signal. The
variability method has many attractive properties, e.g., it is not sensitive to stationary
noises. These properties are analyzed and compared with three existing cyclo-period

estimation methods via simulation and real-life examples.

2. Cyclo-statistic estimation (Chapter 4): The first- and second-order cyclo-statistic esti-
mators are summarized, namely, the estimators of the time-varying mean/correlation
and cyclic correlation/spectrum. A new cyclic spectrum estimator, the blocking-
based estimator, is proposed. The rationale of an implementation shortcut for the
cyclic mean/correlation/spectrum estimator is explored from the relationship between
cyclo-stationarity and quasi-stationarity. Performance of the cyclo-statistic estimators

is validated via simulation examples.

3. Cyclo-spectral theory (Chapter 5): Two problems are studied for the spectral theory
of discrete-time cyclo-stationary signals: the cyclospectrum representation and the cy-
clospectrum transformation by linear multirate systems. The first contribution, which
is also of some tutorial value, is to summarize four types of cyclospectra and find their
interrelationships. In the literature, the problem of cyclospectrum transformation by
linear systems was investigated only for some specific configurations and was usually

developed with inordinate complexities due to lack of a systematic approach. The
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second contribution is to attack the problem of the cyclospectrum transformation in

the framework of multirate systems using the blocking technique.

4. FIR modeling for EIV /closed-loop systems (Chapter 6): A non-parametric approach,
the CCRA, yields asymptotically unbiased and consistent FIR models for EIV and
closed-loop systems. A complete study of the CCRA is developed, including the
statistical performance of the estimated FIR model. Frequency-domain expressions of
the statistical performance provide guidelines in designing a class of cyclo-stationary
signals for modeling. Effectiveness and properties of the CCRA are validated and

illustrated by numerical examples.

5. Blind identification of Hammerstein systems (Chapter 7): The first contribution is
to propose a new blind approach to identification of Hammerstein systems. The
new approach has two main differences with the existing blind approaches. (i) The
noise-corrupted cases are considered instead of the noise-free ones, leading to a new
series of static EIV systems. (ii) The inner signal is estimated by a least-squares
method borrowed from the blind equalization; by doing so, the noise effect is reduced.
The second contribution lies at modeling of MR dampers. We design a real-time
identification experiment for MR dampers and build a Hammerstein model by the

proposed blind approach.

108

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Bibliography

[1] K. Abed-Meraim, W. Qiu and Y. Hua, Blind system identification, Proc. of the IEEE,
85(8), 1310-1322, 1997.

[2] S. Akkarakaran and P. P. Vaidyanathan, Bifrequency and bispectrum maps: a new
look at multirate systems with stochastic inputs, IEEE Trans. Signal Processing,

48(3), 723-736, 2000.

[3] V. G. Alekseev, Estimating the spectral densities of a Gaussian periodically correlated

stochastic process, Problems of Information Transmission, 24(2), 109-115, 1988.

[4] K.J. Astrém and T. Higglund, Automatic tuning of simple regulators with specifica-
tions on phase and amplitude margins, Automatica, 20(5), 645-651, 1984.

[5] B.D. O. Anderson and M. Deistler, Identifiability of dynamic errors-in-variables mod-
els, J. Times Ser. Anal., 5(1), 1-13, 1984.

[6] J. M. M. Anderson and G. B. Giannakis, Noisy input/output system identification
using cumulants and the Steiglitz-McBride algorithm, IEEE Trans. Signal Processing,
44(2), 1021-1024, 1996.

[7] J. Antoni, P. Wagstaff and J. C. Henrio, H, — A consistent estimator for frequency
response functions with input and output noise, IEEE Trans. Instrum. Meas., 53(2),

457-465, 2004.

(8] J. Antoni, F. Bonnardot, A. Raad and M. El Badaoui, Cyclostationary modelling of
rotating machine vibration signals, Mechanical Systems and Signal Processing, 18,
1285-1314, 2004.

[9] E. W. Bai, An optimal two-stage identification algorithm for Hammerstein-Wiener

nonlinear systems, Automatica, 34(3), 333-338, 1998.

109

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[10] E.-W. Bai, Identification of linear systems with hard input nonlinearities of known

structure, Automatica, 38(5), 853-860, 2002.

[11] E.W. Bai, Decoupling the linear and nonlinear parts in Hammerstein model identifi-

cation, Automatica, 40(4), 671-676, 2004.

[12] E.W. Bai and Z. Ding, Invertibility of sampled data systems, IEEE Trans. Circuits
Systems I, 47(8), 279-289, 2000.

[13] E.-W. Bai and M. Fu, Blind system identification and channel equalization of IIR
systems without statistical information, IEEE Trans. Signal Processing, 47(7), 1910-
1921, 1999.

[14] E.-W. Bai and M. Fu, A blind approach to Hammerstein model identification, IEEE
Trans. Signal Processing, 50(7), 1610-1619, 2002.

[15] E.-W. Bai, Q. Li and S. Dasgupta, Blind identifiability of IIR systems, Automatica,
38(1), 181-184, 2002.

[16] A. Balestrino, A. Landi, M. Ould-Zmirli and L. Sani, Automatic nonlinear auto-
tuning method for Hammerstein modeling of electrical drives, IEEE Trans. Industrial

Electronics, 48(3), 645-655, 2001.

[17] W.L. Bialkowski, Dreams vs. reality: A view from both sides of the gap, in Proc. of
Control Systems, 283-294, Whistler, BC, Canada, 1992.

[18] S. A. Billings and S. Y. Fakhouri, Non-linear system identification using the Ham-
merstein model, Int. J. Syst. Sci., 10(5), 567-578, 1979.

[19] S. Bjorklund, A Survey and Comparison of Time-Delay Estimation Methods in Linear
Systems, Ph.D. Thesis, Linkoping, Sweden: Linkdping University, 2003.

[20] P. Bloomfield, H. L. Hurd and R. B. Lund, Periodic correlation in stratospheric ozone
data, J. Times Ser. Anal., 15(2), 127-150, 1994.

[21] B. Boashash, Time-frequency signal analysis: past, present and future trends, in

Control and Dynamic Systems, C.T. Leondes, Ed., Academic Press, 78, 1-69, 1996.

[22] G. E. P. Box, G. M. Jenkins and G. C. Reinsel, Time Series Analysis: Forecasting
and Control, Englewood Cliffs, NJ: Prentice-Hall, 1994.

110

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[23] G. E. P. Box and J. F. MacGregor, The analysis of closed-loop dynamic-stochastic
systems, Technometrics, 16, 391-398, 1974.

[24] R. A. Boyles and W. A. Gardner, Cycloergodic properties of discrete-parameter non-
stationary stochastic processes, IEEE Trans. Inform. Theory, 29(1), 105-114, 1983.

[25] W. A. Brown and H. H. Loomis, Digital implementations of spectral correlation ana-

lyzers, IEEE Trans. Signal Processing, 41(2), 703-720, 1993.

[26] C. S. Burrus, R. A. Gopinath, and H. Guo, Introduction to Wavelets and Wavelet
Transforms: A Primer, Upper Saddle River, NJ: Prentice-Hall, 1998.

[27] F. Chang and R. Luus, A noniterative method for identification using Hammerstein

model, IEEE Trans. Automat. Contr., 16(5), 464-468, 1971.

[28] T. Chen and B. A. Francis, Optimal Sampled-data Control Systems, London: Springer,
1995.

[29] T. Chen, L. Qiu and E. W. Bai, General multirate building structures with application
to nonuniform filter banks, IEEE Trans. Circuits and Syst. II, 45(8), 948-958, 1998.

{30] T. Chen, Nonuniform multirate filter bank: analysis and design with an H, perfor-

mance measure, IEEE Trans. Signal Processing, 45(3), 572-582, 1997.

[31] S. W. Cho, H. J. Jung, J. H. Lee and I. W. Lee, Smart passive system based on
MR damper. JSSI 10th Anniversary Symp. on Performance of Response Controlled
Buildings, Yokohama, Japan, November 2004.

[32] S. B. Choi and S. K. Lee, A hysteresis model for the field-dependent damping force
of a magnetorheological damper. J. Sound and Vibration, 245(2), 375-383, 2001.

[33] M. A. A. S. Choudhury, N. F. Thornhill and S. L. Shah, Modeling valve stiction,
Control Engineering Prac., 13(5), 641-658, 2005.

[34] J. W. Cooley and J. W. Tukey, An algorithm for the machine computation of complex
Fourier series, Math. Computation, 9, 297-301, 1965.

[35] R. E. Crochiere and L. R. Rabiner, Multirate Digital Signal Processing, Engelwood
Cliffs, NJ: Prentice-Hall, 1983.

111

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[36] A. V. Dandawaté and G. B. Giannakis, Nonparametric polyspectral estimators for
kth-order (almost) cyclostationary processes, IEEE Trans. Inform. Theory, 40(1),
67-84, 1994.

[37] A. V. Dandawaté and G. B. Giannakis, Statistical tests for presence of cyclostation-
arity, IEEE Trans. Signal Processing, 42(9), 2355-2369, 1994.

[38] A. V. Dandawaté and G. B. Giannakis, Asymptotic theory of mixed time averages
and kth-order cyclic-moment and cumulant statistics, IEEE Trans. Inform. Theory,

41(1), 216-232, 1995.

[39] C.E. Davila, An efficient recursive total least squares algorithm for FIR adaptive

filtering, IEEE Trans. Signal Processing, 42(2), 268-280, 1994.

[40] B. S. Dayal and J. F. MacGregor, Multi-output process identification, J. Proc. Cont.,
7(4), 269-282, 1997.

[41] D. Dehay and H. L. Hurd, Representation and estimation for periodically and almost
periodically correlated random processes, in Cyclostationarity in Communications and

Signal Processing, W. A. Gardner, Ed., Piscataway, NJ: IEEE Press, 1994.

[42] A. Delopoulos and G. B. Giannakis, Consistent identification of stochastic linear sys-

tems with noisy input-output data, Automatica, 30(8), 1271-1294, 1994.

[43] E. J. Dempsey and D. T. Westwick, Identification of Hammerstein models with cubic
spline nonlinearities, IEEE Trans. Biomed. Eng., 51(2), 237-245, 2004.

[44] L. Desborough and R. Miller, Increasing customer value of industrial control perfor-
mance monitoring - Honeywell’s experience, in Proc. of Chemical Process Control VI.,

172-192, Tuscon, AZ, USA, 2001.

[45] P. Erdos, J. Suranyi and B. Guiduli, Topics in the Theory of Numbers, New York:
Springer Verlag, 2003.

[46] E. Eskinat, S. H. Johnson and W. L. Luyben, Use of Hammerstein models in identi-
fication of nonlinear systems, A.I.Ch.E. J., 37(2), 255-268, 1991.

[47] F. Flagiello, L. Izzo and A. Napolitano, A computationally efficient and interference
tolerant nonparametric algorithm for LTI system identification based on higher order

cyclostationarity, IEEE Trans. Signal Processing, 48(4), 1040-1052, 2000.

112

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[48] N. J. Fliege, Multirate Digital Signal Processing, New York: Wiley, 1994.

[49] C. H. O. Fontes and M. Embirucu, Multivariable correlation analysis and its applica-
tion to an industrial polymerization reactor, Computers and Chemical Engineering,

25(2), 191-201, 2001.

[50] B. A. Francis and T. T. Georgiou, Stability theory for linear time-invariant plants with
periodic digital controllers, IEEE Trans. Automat. Control, 33(9), 820-832, 1988.

[51] J. E. Freund Mathematical statistics, 5th ed. Englewood Cliffs, NJ: Prentice Hall,
1992.

[52] W. A. Gardner, Measurement of spectral correlation, IEEE Trans. Inform. Theory,
34(5), 1111-1123, 1986.

[63] W. A. Gardner, Statistical Spectral Analysis: a Nonprobabilistic Theory, Engelwood
Cliffs, NJ: Prentice-Hill, 1988.

[54] W. A. Gardner, Introduction to Random Processes with Application to Signals and
Systems, 2nd ed., New York: McGraw-Hill, 1990.

[55] W. A. Gardner, Identification of systems with cyclostationary input and correlated
input/output measurement noise, IEEE Trans. Automat. Control, 35(4), 449-452,
1990.

[56] W. A. Gardner, An introduction to cyclostationary signals, in Cyclostationarity in
Communications and Signal Processing, W. A. Gardner, Ed., Piscataway, NJ: IEEE
Press, 1994.

[57] W. A. Gardner, Identification of polyperiodic nonlinear systems, Signal Processing,

46(1), 75-83, 1995.

[58] W. A. Gardner and T. L. Archer, Exploitation of cyclostatinoarity for identifying the
Volterra kernels of nonlinear systems, IEEE Trans. Inform. Theory, 39(2), 535-542,
1993.

[59] M. J. Genossar, H. Lev-Ari and T. Kailath, Consistent estimation of the cyclic auto-
correlation, IEEE Trans. Signal Processing, 42(3), 595-603, 1994.

[60] G. B. Giannakis, Polyspectral and cyclostationary approaches for identification of
closed-loop systems, IEEE Trans. Automat. Control, 40(5), 882-885, 1995.

113

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[61] G. B. Giannakis, Cyclostationary signal analysis, in Digital Signal Processing Hand-
book, Boca Raton: CRC Press LLC, 1999.

[62] E. G. Gladyshev, Periodically correlated random sequence, Soviet Math., 2, 385-388,
1961.

[63] J. C. Gomez and E. Baeyens, Identification of block-oriented nonlinear systems using

orthonormal bases, J. Process Control, 14(6), 685-697, 2004.

[64] J. C. Gomez and E. Baeyens, Subspace-based identification algorithms for Hammer-

stein and Wiener models, Eur. J. Control, 11, 127-136, 2005.

[65] G. H. Golub and C. F. Van Loan, Matriz Computations, 3rd ed. Baltimore, Maryland:
Johns Hopkins University Press, 1996.

[66]) W. Greblicki and M. Pawlak, Identification of discrete Hammerstein systems using
kernel regression estimation. IEEE Trans. Automat. Contr., 31(1), 74-77, 1986.

[67] G.H.Hardy, J. E. Littlewood and G. Pélya, Inequalities, 2nd ed. Cambridge, England:
Cambridge University Press, 1988.

[68] M. H. Hayes, Statistical Digital Signal Processing and Modeling, New York: Wiley,
1996.

[69] F. Hlawatsch and G. F. Boudreaux Bartels, Linear and Qaudratic Time-Frequency
Signal Representations, IEEE Signal Processing Magazine, 9, 21-67, 1992.

[70] L. J. Herbst, The statistical Fourier analysis of variances, J. R. Statist. Soc., B(27),
159-165, 1965.

[71] Y. Hua and M. Wax, Strict identifiability of multiple FIR channels driven by an
unknown arbitrary sequence, IEEE Trans. Signal Processing, 44(4), 756-759, 1996.

[72] H.L. Hurd and N. L. Gerr, Graphical methods for determining the presence of periodic
correlation, J. Times Ser. Anal., 12(4), 337-350, 1991.

[73] H. L. Hurd, Nonparametric time series analysis for periodically correlated processes,

IEEE Trans. Inform. Theory, 35(2), 350-359, 1989.

[74] A. Janczak, Identification of Nonlinear Systems Using Neural Networks and Polyno-
mial Models: A Block-Oriented Approach, New York: Springer-Verlag, 2005.

114

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[75] G. M. Jenkins and D. G. Watts, Spectral Analysis and its Applications, San Francisco:
Holden-Day, 1968.

[76] H. Kagiwada, L. Sun, A. Sano and W. Liu, Blind identification of ITR, model based
on output over-sampling, IEICE Trans. Fundamentals, E81-A(11), 2350-2360, 1998.

[77] T. Kailath, A. H. Sayed and B. Hassibi, Linear Estimation, Upper Saddle River, NJ:
Prentice Hall, 2000.

[78] P. P. Khargonekar, K. Poolla and A. Tannenbaum, Robust control of linear time-
invariant plants using periodic compensation, IEFE Trans. Automat. Control, 30(11),

1088-1096, 1985.

[79] B. Lall, S. D. Joshi and R. K. P. Bhatt, Second-order statistical characterization of
the filter bank and its elements, IEEE Trans. Signal Processing, 47(6), 1745-1749,
1999.

[80] M. Lelic and Z. Gajic, A reference guide to PID controllers in the Nineties, Proc. of
IFAC Workshop, Terrassa, Spain, 2000.

[81] Y. C. Liang, A. R. Leyman and B. H. Soong, (Almost) periodic FIR system identifi-
cation using third-order cyclic-statistics, Electronics Letters, 33(5), 356-357, 1997.

[82] W. M. Ling and D. E. Rivera, Multivariable impulse response estimation via correla-
tion analysis and its application to automated system identification, Proc. of the 11th
IFAC Symp. on System Identification, 1399-1404, Fukuoka, Japan, 1997.

[83] T. Liu and T. Chen, Design of multichannel nonuniform transmultiplexers using gen-

eral building blocks, IEEE Trans. S'ignal Processing, 49(1), 91-99, 2001.

[84] L. Ljung, Some limit results for functionals of stochastic processes, Report LiTh-ISY-
1-0167, Sweden: Dept. of Electrical Engineering, Linképing University, 1977.

[85] L. Ljung, System Identification: Theory for the User, 2nd ed., Englewood Cliffs, NJ:
Prentice Hall, 1999.

[86] L. Ljung, The System Identification Toolboz: The Manual, 7Tth ed. Natick, MA: The
MathWorks Inc., 2005.

115

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[87] C. M. Loeffler and C. S. Burrus, Optimal design of periodically time-varying and
multirate digital filters, IEEE Trans. Acoust., Speech, Signal Processing, 32(5), 991-
997, 1984.

[88] W. L. Luyben and E. Eskinat, Nonlinear auto-tune identification, Int. J. Control,
59(3), 595-626, 1994,

[89] D. G. Manolakis, V. K. Ingle, and S. M. Kogon, Statistical and Adaptive Signal Pro-
cessing: Spectral Estimation, Signal Modeling, Adaptive Filtering and Array Process-
ing, New York: McGraw-Hill, 2000.

[90] D. E. K. Martin and B. Kedem, Estimation of the period of periodically correlated
sequences, J. Times Ser. Anal., 14(2), 193-205, 1993.

[91] D. E. K. Martin, Detection of periodic autocorrelation in time series data via zero-

crossing, J. Times Ser. Anal., 20(4), 435-452, 1999.

[92] D. Mattera and L. Paura, Higher-order cyclostationarity-based methods for identify-
ing Volterra systems by input-output noisy measurements, Signal Processing, 67(1),

77-98, 1998.

[93] D. Mattera, Identification of polyperiodic Volterra systems by means of input-output
noisy measurements, Signal Processing, 75(1), 41-50, 1999.

[94] A. C. McCormick and A. K. Nandi, Cyclostationarity in rotating machine vibrations,
Mechanical Systems and Signal Processing, 12(2), 225-242, 1998.

[95] J. M. Mendel, Tutorial on higher-order statistics (spectra) in signal processing and
system theory: theoretical results and some applications, Proc. of the IEEE, 79(3),
278-305, 1991.

[96] R. A. Meyer and C. S. Burrus, A unified analysis of multirate and periodically time-
varying digital filters, IEEE Trans. Circuits Syst., 22(3), 162-168, 1975.

[97] D. D. Muresan and T. W. Parks, Orthogonal, exactly periodic subspace decomposi-
tion, IEEE Trans. Signal Processing, 51(9), 2270-2279, 2003.

(98] K. S. Narendra and P. G. Gallman, An iterative method for the identification of
nonlinear systems using a Hammerstein model, IEEE Trans. Automat. Contr., 11(3),

546-550, 1966.

116

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[99] S. Ohno and H. Sakai, Optimization of filter banks using cyclostationary spectral
analysis, IEEE Trans. Signal Processing, 44(11), 2718-2725, 1996.

[100] A. Papoulis, Probability, Random Variables and Stochastic Processes, New York:
McGraw-Hill, 1965.

[101] H. C. Park, D. G. Koo, J. H. Youn and J. Lee, Relay feedback approaches for the
identification of Hammerstein-type nonlinear processes, Ind. Eng. Chem. Res., 43(3),

735-740, 2004.

[102] W. Pawlak, On the series expansion approach to the identification of Hammerstein

systems, IEEE Trans. Automat. Contr., 36(6), 763-767, 1991.

[103] U. Petersohn, H. Unger and N. J. Fliege, Exact deterministic and stochastic analysis

of multirate systems with application to fractional sampling rate alteration, Proc.

IEEE ISCAS, 177-180, London, England, 1994.
[104] B. Porat, A Course in Digital Signal Processing, New York: Wiley, 1997.

[105] S. Prakriya and D. Hatzinakos, Blind identification of LTI-ZMNL-LTI nonlinear
channle models, IEEE Trans. Signal Processing, 43(12), 3007-3013, 1995.

[106] M. B. Priestly, Non-linear and Non-stationary Time Series Analysis, London: Aca-
demic Press, 1989.

[107] S. J. Qin and T. A. Badgwell, A survey of industrial model predictive control tech-
nology, Control Engineering Prac., 11(1), 733-764, 2003.

[108] A. W. Rihaczek, Signal energy distribution in time and frequency, JEEE Trans. In-
form. Theory, 14(3), 369-374, 1968.

[109] D. E. Rivera, Monitoring tools for PRBS testing in closed-loop system identification,
1992 Annual AIChE Meeting, Paper 131d, Miami Beach, FL, USA, 1992.

[110] R. S. Roberts, W. A. Brown, and H. H. Loomis Jr., Computationally efficient algo-
rithms for cyclic spectral analysis, IEEE Signal Processing Mag., 8(2), 38-49, 1991.

[111] B. M. Sadler and A. V. Dandawaté, Nonparametric estimation of the cyclic cross

spectrum, IEEE Trans. Inform. Theory, 44(1), 351-358, 1998.

[112] H. Sakai and S. Ohno, Theory of cyclostationary processes and its application, in
Statistical Methods in Control and Signal Processing, New York: Marcel Dekker, 1997,

117

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[113] V. P. Sathe and P. P. Vaidyanathan, Effects of multirate systems on the statistical
properties of random signals, IEEE Trans. Signal Processing, 41(1), 131-146, 1993.

[114] L. L. Scharf and B. Friedlander, Toeplitz and hankel kernels for estimating time-
varying spectra of discrete-time random processes, JEEE Trans. Signal Processing,

49(1), 179-189, 2001.

[115] S. V. Schell, Asymptotic moments of estimated cyclic correlation matrices, JEEE
Trans. Signal Processing, 43(1), 173-180, 1995.

[116] E. Serpedin, F. Panduru, I. Sari and G. B. Giannakis, Bibliography on cyclostation-
arity, Signal Processing, 85(12), 2233-2303, 2005.

[117) W. A. Sethares and T. W. Staley, Periodicity transforms, IEEE Trans. Signal Pro-
cessing, 47(11), 2953-2964, 1999.

[118] R. G. Shenoy, Multirate specifications via alias-component matrices, IEEE Trans.
Circuits and Syst. II, 45(3), 314-320, 1998.

[119] R. Shiavi, Introduction to Applied Statistical Signal Analysis, 2nd ed., San Diego:
Academic Press, 1999.

[120] D.M. Sima and S. Van Huffel, Appropriate cross-validation for regularized errors-in-
variables linear models, in Proc. of the COMPSTAT 200/, Prague, August 2004.

[121] H. C. Soand Y. T. Chan, Analysis of an LMS algorithm for unbiased impulse response
estimation, IEEFE Trans. Signal Processing, 51(7), 2008-2013, 2003.

[122] T. Séderstrom and P. Stoica, System Identification, London: Prentice Hall, 1989.

(123] T. Soderstrom, U. Soverini and K. Mahata, Perspectives on errors-in-variables esti-

mation for dynamic systems, Signal Processing, 82, 1139-1154, 2002.

[124] X. Song, M. Ahmadian and S. C. Southward, Modeling Magnetorheological dampers
with application of nonparametric approach, J. Intell. Mater. Syst. Struct., 16(5),
421-432, 2005.

[125] S. X. Song, M. Ahmadian, S. C. Southward and L. R. Miller, An adaptive semiac-
tive control algorithm for Magneto-rheological suspension systems, J. Vibration and

Acoustics, 127(10), 493-502, 2005.

118

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[126] B. F. Spencer, S. J. Dyke, M. K. Sain and J. D. Carlson, Phenomenological model of
a magneto-rheological damper, ASCE J. Eng. Mechanics, 123(3), 230-238, 1997.

[127] R. Srinivasan, R. Rengaswamy, S. Narasimhan and R. Miller, Control loop perfor-
mance assessment. 2. Hammerstein model approach for stiction diagnosis, Ind. Eng.

Chem. Res., 44(17), 6719-6728, 2005.

[128] T. G. Stockham Jr., High-speed convolution and correlation, 1966 Spring Joint Com-
puter Conf., AFIPS Proc., 28, 229-233, 1966.

[129] P. Stoica, On the convergence of an iterative algorithm used for Hammerstein system

identification, IEEE Trans. Automat. Contr., 26(4), 967-969, 1981.

[130] P. Stoica and T. Soderstrom, Instrumental-variable methods for identification of Ham-

merstein systems, Int. J. Control, 35(3), 459-476, 1982.

[131] L. Sun, W. Liu and A. Sano, Identification of a dynamical system with input nonlin-
earity, IEE Proc.-Control Theory Appl., 146(1), 41-51, 1999.

[132] L. Sun, H. Ohmori and A. Sano, Frequency domain approach to closed-loop identifi-
cation based on output inter-sampling scheme, Proc. of the American Control Conf.,

3, 1802-1806, Chicago, IL, USA June 2000.

[133] L. Sun, H. Ohmori and A. Sano, Output intersampling approach to direct closed-loop
identification, IEEE Trans. Automat. Control, 46(12), 1936-1941, 2001.

[134] S.W. Sung, System identification method for Hammerstein processes, Ind. Eng. Chem.
Res., 41(17), 4295-4302, 2002.

[135] C. W. Therrien, Overview of statistical signal processing, in Digital Signal Processing

Handbook, Boca Raton: CRC Press LLC, 1999.

[136] C. W. Therrien, Issues in multirate statistical signal processing, Proc. of the 35th
Asilomar Conf. on Signals, Systems and Computers, 1, 573-576, Pacific Grove, CA,
USA, November 2001.

(137} C. W. Therrien, Some considerations for statistical characterization of nonstationary
random processes, Proc. of the 36th Asilomar Conf. on Signals, Systems and Com-

puters, 2, 1554-1558, Pacific Grove, CA, USA, November 2002.

119

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[138] C. W. Therrien and R. Cristi, Two-dimensional spectral representation of periodic,
cyclostationary, and more general random processes, Proc. of the IEEE Inter. Conf.

on Acoustics, Speech, and Signal Processing, 4, 3561-3563, Orlando, USA, May 2002.

[139] N. F. Thornhill and T. Hagglund, Detection and diagnosis of oscillation in control
loops, Control Engineering Prac., 5(10), 1343-1354, 1997.

[140] N. F. Thornhill, B. Huang and H. Zhang, Detection of multiple oscillations in control
loops, J. Process Control, 12(1), 91-100, 2003.

[141] C. J. Tian, A limiting property of sample autocovariances of periodically correlated
processes with application to period determination, J. Times Ser. Anal., 9(4), 411-

417, 1988.

(142] L. Tong, G. Xu and T. Kailath, A new approach to blind identification and equaliza-
tion of multipath channels, 25th Asilomar Conf. Signals, Systems and Computers, 2,
856-860, Pacific Grove, CA, November 1991.

[143] L. Tong, G. Xu and T. Kailath, Blind identification and equalization based on second-
order statistics: a time domain approach, IEEE Trans. Inform. Theory, 40(2), 340-
349, 1994.

[144] L. Tong, G. Xu B. Hassibi and T. Kailath, Blind identification and equalization
based on second-order statistics: a frequency-domain approach, IEEE Trans. Inform.

Theory, 41(1), 329-334, 1995.

[145] C. Tontiruttananon and J. K. Tugnait, Identification of closed-loop linear systems
via cyclic spectral analysis given noisy input-output time-domain data, IEEE Trans.

Automnat. Control, 46(2), 258-275, 2001.

(146] J. K. Tugnait, Stochastic system identification with noisy input using cumulant statis-

tics, IEEE Trans. Automat. Control, 37(4), 476-485, 1992.

[147] P. P. Vaidyanathan, Multirate Systems and Filter Banks, Englewood Cliffs, NJ:
Prentice-Hall, 1993.

[148] S. Van Huffel and Ph. Lemmerling (Eds.), Total Least Squares and Errors-in-
Variables Modeling: Analysis, Algorithms and Applications, Dordrecht, the Nether-
lands: Kluwer Academic, 2002.

120

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[149] A.J. van den Veen, S. Talwar and A. Paulraj, A subspace approach to blind space-time
signal processing for wireless communication systems, IEEE Trans. Signal Processing,

45(1), 173-190, 1997.

[150] M. Verhaegen and D. Westwick, Identification of MIMO Hammerstein systems in the
context of subspace model identification methods, Int. J. Control, 63(2), 331-349,
1996.

[151] J. Wang, T. Chen and B. Huang, Closed-loop identification via output fast sampling,
J. Process Control, 14(5), 555-570, 2004.

[152] J. Wang, T. Chen and B. Huang, On spectral theory of cyclostationary signals in
multirate systems, IEEE Trans. Signal Processing, 53(7), 2421-2431, 2004.

[153] J. Wang, T. Chen and B. Huang. Variability method for cyclo-period estimation of
cyclo-stationary signals, 16th IFAC World Congress, Prague, the Czech Republich,
July 2005.

[154] J. Wang, T. Chen and B. Huang, Open- and closed-loop correlation analysis, Proc.
of the SICE 2005 Annual Conf., 230-235, Okayama, Japan, August 2005.

[155] J. Wang, T. Chen and B. Huang, Cyclo-statistic estimators for discrete-time cyclo-
stationary signals, Proc. of the SICE 2005 Annual Conf., 2168-2173, Okayama, Japan,
August 2005.

[156] J. Wang, T. Chen and B. Huang, Cyclo-period estimation for discrete-time cyclo-
stationary signals, [EEE Trans. Signal Processing, 54(1), 83-94, 2006.

[157] J. Wang, A. Sano, T. Chen and B. Huang, A new approach to blind Hammerstein
identification for MR damper modeling, Control Engineering Prac., submitted for

publication, September 2006.

[158] J. Wang, T. Chen and B. Huang, FIR modeling for errors-in-variables/closed-loop sys-
tems by exploiting cyclo-stationarity, Int. J. of Adaptive Control & Signal Processing,
accepted, November 2006.

[159] J. Wang, A. Sano, T. Chen and B. Huang, Blind Hammerstein identification for MR
damper modeling, 2007 American Control Conf., accepted, December 2006.

[160] J. Wang, A. Sano, D. Shook, T. Chen and B. Huang, A blind approach to closed-loop
identification of Hammerstein systems, Int. J. Control, 80(2), 302-313, 2007.

121

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[161] P. E. Wellstead, Reference signals for closed-loop identification, Int. J. Control, 26(6),
945-962, 1977.

[162] P. E. Wellstead, Non-parametric methods of system identification, Automatica, 17(1),
55-69, 1981.

[163] G. Yang, Large-scale magnetorheologoical fluid damper for validation mitigation: mod-

eling, testing and control, Indiana: The University of Notre Dame, 2001.

[164] W. X. Zheng, Least-squares identification of FIR systems subject to noise, Proc. of
the 7th Int. Conf. on Signal Processing, 1, 33-36, Beijing, China, 2004.

[165] Y. C. Zhu, Hammerstein model identification for control using ASYM, Int. J. Control,
73(18), 1692-1702, 2000.

[166] G. D. Zivanovic and W. A. Gardner, Degree of cyclostationarity and their application
to signal detection and estimation, Signal Processing, 22(3), 287-297, 1991.

122

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



