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Abstract

Introduced over two decades ago, model predictive control (MPC) is nowadays ar-
guably the most widely accepted advanced control design technique in control of
industrial processes. It is featured by invoking system input and output constraints
into system regulation and guaranteeing the closed-loop stability for nominal MPC
systems. However, researchers currently notice that two main barriers hinder the
further development of MPC: one is the ubiquitous model uncertainties of industrial
processes; and the other is the implementation efficiency of MPC controllers. To
improve its adaptability, this thesis proposes a novel MPC scenario — explicit robust
model predictive control.

One of the contributions of this thesis is to separate MPC optimization from
online implementation, and convert MPC design into multiple parametric sub-
quadratic programming (mp-SQP). It is shown that the analytic solution to mp-
SQP problems can be represented by a set of piece-wise affine functions associated
with state space partitions. Consequently, online MPC implementation is simplified
as an affine function evaluation. Thanks to a novel prediction pattern introduced
in this thesis, no high order uncertain terms occur in the MPC optimization, and
the critical challenge of finite horizon robust MPC, high computational complexity,
is solved skillfully.

As a natural extension of explicit RMPC, robust moving horizon state observa-
tion (RMHSO) is also covered in this thesis. The essential point that distinguishes
RMHSO from conventional state observation is that RMHSO explicitly combines
physical state constraints with the robust observer formulation. This thesis devel-
ops two offline RMHSO algorithms, namely, RMHSO with the forward open-loop
prediction and RMHSO with the recursive closed-loop prediction. Roughly speak-

ing, the former is less time-consuming than the latter, but the later is less memory-
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consuming than the former.

Keywords. MPC, robust MPC, robust moving horizon state estimation, stability,

robustness, recursive closed-loop prediction, affine function control.
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Chapter 1

Introduction

Model predictive control (MPC), also known as moving horizon control (MHC),
originated in the late seventies, and has developed considerably since then. Due
to the potential to incorporate system constraints into controller design, MPC has
attracted extensive attention in both academia and industry. This chapter discusses
the principle of MPC, the basic elements of MPC, and some open topics involved
in MPC. The major contributions of this thesis are also summarized at the end of

this chapter.
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1.1 A survey on model predictive control (MPC)

The first version of MPC, model predictive heuristic control (MPHC), was intro-
duced by Richalet in 1976, and later summarized in an Automatica paper [84].
The paper signalled the birth of a novel, advanced control methodology, namely,
model predictive control, which formulates controller design as an optimization
problem and explicitly represents system’s physical constraints by optimization pro-
gramming. Currently, more than 3000 commercial MPC implementations span
in different industries as varied as petro-chemicals, food processing, automotives,
aerospace, metallurgy, and pulp and paper processing [28, 76]. This section pro-

vides an overview of MPC characteristics.

1.1.1 The principle of MPC

The principle of MPC schemes can be demonstrated by a typical tracking problem.

Consider a discrete-time nonlinear system

y(k) = fy (Uk—b—>ka Yk—a—»k—la k) ’ (11)

where k € Z* is the time variable, and u(k) € R? and y(k) € R? are inputs and
outputs, respectively. Ug_pk € RP? and Yi_q—k—1 € R?? are stacked inputs and
outputs with Ug_p— := [u(k—=b), - ,u(k)] and Yy_qk—1 = [y(k—a), - ,y(k—1)].
a, b € Z* stand for the delay factors of moving-average and auto-regressive terms.

The control objective here is to design a control policy

w(k) = fulr, Ug—bp—k-1, Ye—a—sk, k), (1.2)

so that y(k) is able to follow a prespecified reference input r (r € R?). To this end,

an MPC regulator is formulated as an open-loop optimization problem,

min
u(klk), - u(k+Nu—1lk)

Ny Ny-1
st J= llyk+ilk)—rk+ilk)5, + Y lulk+ilk)3,
=1 1=0
u(k +ilk) € Ay, y(k+ilk) € Ay, y(klk) = yk,
u(k + ilk) = u(k + Ny|k) if N, <i < N, (1.3)
2
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where N, and N, are the prediction and control horizons; ); and R; are the input
and output weighting matrices. The notation ||||?D denotes the weighted 2-norm of
a vector, namely ||v||?3 := vT Pv. A, and A, are the admissible input and output
sets determined by system’s physical constraints. For simplicity, we define them by
a series of element-wise linear inequalities, i.e., the slab sets

Ay = {u € RP| Unin % % = Umax, Umin, Umax € RP}, (14)

Ay :={y € R ymin X ¥ = Ymax, Ymin, Ymax € R},

where “<” is the element-wise inequality sign, meaning v = Umax € Uj < Umax, j for

¥ 7 (the index of the vector elements). From (1.1), the future output y(k + i|k) can

be expressed in terms of past inputs and outputs, and future manipulated inputs,
y(k +ilk) = { Fy (Uk—btimk—1, Uklmskotifs Yo—atiob-1,k),  if0<i<a,

fy (Uk—btimk=1, Ukjmsioiio ) 5 ifa<i< N,
(15)

where Ug_pti—k—1 and Yg—q4i—k—1 are past data, and Ugjg— g4k = [u(klk), - ,u(k+
i|k)] stacks future data. Inserting (1.5) into (1.3), the objective function is recast
into

J = 1 (Uk—btiok-1, Ukifsictilies Yh—a—k—1, k) - (1.6)

The derivation from (1.5) to (1.6) is the so-called “prediction” and the procedure
leads to the notion of MPC. By optimizing the stacked input Uyjk 44N, |k, sending
the first element u(klk) to the real process, and iterating the same procedure, we
can obtain an online MPC regulator, which is capable of driving the output y(k)
approaching the reference r(k) in the sense of minimal 2-norms of tracking errors.
Obviously, this procedure consists of four steps: 1) modelling controlled systems, 2)
predicting future signals, 3) optimizing manipulated inputs, and 4) implementing
optimal inputs. Actually, some traditional control algorithms can be converted
possibly into such a framework, too. For example, constrained linear quadratic
regulation (CLQR) [92] can be regarded as a special case of MPC with k =0, N, =
N, = oo.

Several excellent MPC survey papers can be found in the literature, for example,
[5, 29, 34, 67, 80], among others.
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1.1.2 Basic elements of MPC

MPC has four basic elements: model structure, objective function, constraint form,

and prediction and control horizons.

o Model structure
Researchers are used to using model structure as a criterion to classify dif-
ferent MPC algorithms, and also based on different model structures, they
have developed various MPC algorithms. In current academic papers, re-
searchers always employ state space (SS) model to represent system dynamics,
but in commercial implementations, practitioners utilize several other models
for MPC application. For example, model predictive heuristic control (MPHC)
uses the finite impulse response model (FIR); dynamic matrix control (DMC)
uses the finite step response model (FSR); predictive functional control (PFC)
uses the time-invariant discrete state space model; and general predictive con-
trol (GPC) uses the auto-regressive integrated moving average plus exogenous
input model (ARIMAX). The model structure is tightly related to computa-
tional complexity and signal’s prediction accuracy. Especially for robust MPC
design, it is critical to choose an appropriate model structure to describe the

system dynamics in the presence of both internal and external uncertainties.

e Objective function
MPC mostly defines an objective function in the form of the summation of the
weighted 2-norms of input and output/state deviations from the desired steady
state, since a quadratic objective facilitates the closed-loop stability analysis
of resulting MPC systems. By defining the objective as a Lyapunov candi-
date function and regulating the convergence of the candidate along system
trajectories, MPC is able to utilize the principle of optimality [2] and combine
the stability analysis with online optimization. Consequently, the resulting
closed-loop MPC system is stable if the MPC controller is feasible. With the
development of more and more elaborate forms of MPC, some other objective
structures have emerged in the MPC literature. As an example, a nonlin-
ear MPC for a cyclopentenol reactor adopts the production of cyclopentene

as the objective function which maintains the reactor’s optimal yield points

4
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[1]. Moreover, robust MPC sometimes adopts a mixed 1/00 norm function as
the objective which facilitates the calculation of uppers bound of suboptimal
problems [4].

e Constraint form

Positive Hard Constraint

Past Trajectory Future Trajectory \/

Negative Hard Constraint

(a)

@ Positive Soft Constraint

Pw Future Trajectory /

s g

Negative Soft Constraint

(b)

Figure 1.1: Hard and soft constraints

MPC usually defines input and output constraints in the form of element-wise
linear inequalities and these inequalities form the admissible input and output
polyhedrons with MPC programming. We can easily determine these polyhe-
drons from physical limitations of each individual input and output channel.
For example, the MPC of a boiler system, the output steam temperature is
bounded by upper- and lower- bounds. Therefore, the maximal and minimal
temperatures of each boiler’s outputs form an admissible output set. There
are two types of constraints in MPC implementation: the constraint which
is strictly inviolated is called hard constraints; and the constraint for which

small violations are acceptable is called soft constraints. Fig.1.1 illustrates

the difference between these two types of constraints. The shaded regions in
Part (b) show the violation of soft constraints which must be penalized in the

objective functions. To scale the violation of soft constraints, slack variables
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are introduced and penalized as optimization variables. By tuning the weight-
ing matrices associated with slack variables, we can maintain the violation of

soft constraints in an acceptable region.

o Prediction horizon and control horizon

A
Past data Future data

Reference input r

ylk+lk) .

it e

L_I |_ k ket k+2 ... keNu PR Time

-

Control Horizon Nu

[ ufkeifi

Prediction Horizon Np

Figure 1.2: Prediction and control horizons

Fig. 1.2 illustrates the concepts of the prediction horizon and the control hori-
zon. The dashed lines in Fig. 1.2 form a dynamic horizon window. In MPC
schemes, future outputs of a period Ny, called the prediction horizon, are first
predicted, and then manipulated inputs over a period N,, called the control
(or input) horizon, are optimized. Driving the first element of optimized in-
puts into real processes and shifting both N, and N, one step forward, we
can realize “moving horizon.” This is why MPC is also referred to as moving-
horizon control. From the different settings of prediction and control horizons,
MPC is divided into finite horizon MPC (FH-MPC) and infinite horizon MPC
(IH-MPCQ). Roughly speaking, the former is superior to the latter in the sense
of feasibility and flexibility; but the latter is better in the sense of stability

and computational complexity.

In industrial applications, horizons are implemented in several different ways:
N, is realized by multiple moving (MM) or coincidence points (CP); and Ny,
is realized by multiple moving or single moving (SM). Actually, the different
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types of horizons correspond to the different objective criteria. Table 1.1 ex-
plains the relationship between the objective function and the type of horizons.
For ease of notation, here we assume that the objective function is formulated
in the form of weighted 2-norms. Fig. 1.3 shows the definition of coincidence

points. Note here that the reference input r in Part (b) is regulated offline.

Table 1.1: The realization of horizons

{ Horizons Objective function
MM Ny, MM Ny, || J =327 lly (k +ilk) = r(k + i), + Drs llu (k +ilk)I,
MM Ny, SM N, J =Y. lly Gk +ilk) — vk +ilk) 15, + llu (klk) 1,
CP N,, MM N, J=Y lly(k+ilk) —r(k+ik)5, + X0 lulk+ilk)%,
! (7 is the index of coincidence points)
CP Ny, SM N, J= zj; lly (k + k) — r(k + i) 15, + lu(klk) R,

Y

o

Setting point

Multiple Moving

Time

Prediction Horlzon

(a)

Past | Future

Setting polnt e
-

\ Reference Input 1

/ Coincidence points

(b) Time

Figure 1.3: Multiple moving and coincidence points

The above four elements are very important for MPC design; and they tightly related
to performance of resulting MPC systems, i.e., stability, feasibility, computational

complexity, implementation efficiency, and aggressiveness and conservativeness.
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1.1.3 Open topics in MPC

Although MPC has been widely accepted in industry, it is still far from enjoying
a complete theoretical analysis. For example, the polices of tuning parameters are
still open issues, and currently these parameters are determined by trial-and-error.
Moreover, some advanced MPC, e.g., nonlinear MPC (NMPC) and robust MPC
(RMPQ), have only recently begun to be discussed in literature. In this subsection,

some open topics involved in MPC are extensively addressed.

o Closed-loop stability

Consider a system defined by
z(k+1) = f(z(k), u(k)). (1.7)

To realize some control objective, the cost is formulated by minimizing

Np~-1
V(z,ku)= > W(ek+ilk),u(k+ik) +F (@ (k+Nplk)), (1.8)
=0

where W (-) denotes the predicted internal energy. If W(.) is defined in the
form of (1.3), (1.8) implies that the weighting matrices R; and Q; are time-
invariant. F'(-) > 0 is called the terminal cost, and its linear counterpart can

be expressed by
F(x (k+ Nplk)) = ||z (k + Nplk)[ﬁ, (P is a positive symmetric matrix).

Let V°(-) denote the optimal value of V (-), corresponding to the optimal

input sequence Ug_; , n _; With
Ukt No—1 '= [u (klk) - ulk+ N, — 1|k)] .

In the context, the superscript “o” stands for optimal solutions. Setting V° (+)
to be a Lyapunov function at instant &, and then by the principle of optimality

[2] we have

Vvk‘:)-—>k+Np (m (k) )k7 Uo (klk))
= W° (ZL‘ (k) » Uo (k)) + Vk(:)+l—>k+Np ("B (k + 1) ) (k + 1) » Uo (k + 1)) )
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where the total objective is separated into the initial internal energy and the
rest of the piece objective. The notation Vi, ... (") stands for the piece
objective spanning from the predicted instant (k + 7) to instant (k + j) (0 <
t < j £ Np). Thus the difference between the Lyapunov functions at horizon
kand (k+1)is

V,i’,p (x(k+1),(k+1),up(k+1k+1)) — V,{’,p (z (k),k,uo (klk))
= FO(e(k+ Np+ 1)+ W (a(k+N,) ,uk+Ny))
—F (@ (k+ Np) = W (2 (k) uo (K))

Because W(z (k), u, (k|k)) is a nonnegative function, the closed-loop stability
of the MPC system in (1.7) can be guaranteed by adding the extra terminal

constraint

F°(z(k+ Np+1)) + WO (2 (k + Np),u(k + Np)) — F° (x (k + Np)) < 0.

(1.9)
How to define the internal energy function W(-) and the terminal cost F(-)
to satisfy the condition in (1.9) becomes pivotal to the stability analysis of
the resulting MPC systems. Moreover, the condition in (1.9) is only effective
for nominal MPC design, but for RMPC systems, it is unreasonable to derive
the optimal solution V° (-) and keep using Bellman’s principle of optimality.
Consequently, we can not easily derive a similar condition to (1.9) for RMPC.
How to guarantee the closed-loop stability for RMPC systems still remains an

open problem [63].

e Tuning parameters

From Section 1.1.2, we know that weighting matrices are effective approaches
to MPC tuning, and the major usage of weighting matrices is to adjust rel-
ative priorities of penalized variables in an objective function. Moreover, to
facilitate closed-loop stability, a terminal weighting is separated from the out-
put weighting @;, and constructed to guarantee the shrinking of a selected
Lyapunov candidate. However, how to choose the proper terminal weighting

to satisfy closed-loop stability as well as feasibility is a nontrivial problem. On
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the other hand, MPC always fixes weighting matrices as constant for individ-
ual penalty terms in objective functions, except for the terminal weighting for
stability. The fixed weightings facilitate the stability and feasibility analysis
but possibly impair closed-loop dynamics. Although there are some software
packages that support varying weightings, e.g., MATLAB-MPC Toolbox [7],
the trend of the weighting’s change has to be determined by trial-and-error.

As another effective tuning parameters, horizon length impacts on MPC dy-
namics dramatically too. From industrial implementations, we know that dy-
namics of closed-loop MPC systems are normally dependent, on the difference
between the prediction horizon NV, and the control horizon N,, instead of their
individual values. Increasing the difference results in faster responses but im-
pairs closed-loop stability of resulting MPC systems. Conversely, stability is
improved, but performance is not. From another point of view, the freedom of
an optimization problem is dependent on the number of manipulated variables
and hard constraints. By increasing the horizon length of the variables which
are not bounded by any hard constraints, the feasibility of algorithms may
be improved. The rules mentioned above are derived only from MPC imple-
mentations. The theoretical analysis on MPC schemes with varying horizons

remains an open problem.

e System uncertainties and robust MPC

To improve flexibility, researchers recently extended nominal MPC into the
area of robust MPC (RMPC), which incorporates system internal uncertain-
ties (modelling perturbation) and external uncertainties (input/output dis-
turbances) into controller design. However, a number of barriers exist in
RMPC. The major difficulty comes from the computational complexity of
future state/output predictions. As an example, for systems with linear dis-
crete state space models and a perturbed system A — matrix, high-order
uncertain terms appear in the expressions of predicted signals. Normally it is
difficult to generalize the effects of these terms on MPC online optimization
and implementation. Therefore, for a successful RMPC algorithm, it becomes

critical to construct a proper framework describing the characteristics of these

10

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



high-order uncertain factors. Over the past several years, various strategies
have been developed: Langson et al. proposed an uncertain “tube” to main-
tain controlled trajectories inside of the tube under an associated piecewise
affine control policy [49]. Park and Jeong modified system parameter pertur-
bations into the structured uncertainties bounded by a parametric increment
rate [73]. Casavola et al. kept using the traditional norm-bounded uncer-
tainties in the feedback loop and took advantage of the robustness analysis
tool developed by Primbs and Nevistic [75] to realize robust moving hori-
zon control [15]. Fukushima and Bitmead constructed a comparison model
for the worst-case analysis and combined it with a robust Lyapunov func-
tion to simplify quadratic programming with uncertain terms [31]. Wang and
Rawlings developed a convex hull set for all possible system uncertain terms
and used a family of the subsystems (no uncertain terms) in the structure of
the node-branch-tree to predict future variables [105]. Although these algo-
rithms facilitate state/output predictions, to some extent, they increase the
computational complexity and hinder the effectiveness of the RMPC imple-
mentation. Furthermore, few of them are capable of incorporating both system
internal uncertainties and external disturbances with system regulation. The
discussion on RMPC with internal and external uncertainties is covered by
[71, 72, 68], but these papers postulate that external disturbances were con-
stant unknown variables, which is not the case in most real processes. How
to attenuate both internal uncertainties and external disturbances without

aggravating the computational complexity remains an open problem.

e Implementation efficiency and explicit MPC

The efficiency of online MPC implementation is another major barrier for
advanced MPC algorithms, e.g., RMPC and NMPC. This point can be under-
stood from the “tetralogy” of traditional RMPC: determine initial parameters,
perform state/output predictions, optimize stacked input sequence, and im-
plement first optimal input. For online MPC, all of the four steps have to be
completed within one sampling period. Considering the nature of computa-

tional complexity, it takes a long time to complete the whole procedure. This
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limitation restricts the application of advanced MPC in industry. Evidence
of this is that most existing RMPC algorithms are applicable only to slow
systems; otherwise, some additional work has to be done to avoid the risk
of inconsistent implementation {66, 99, 104]. Furthermore, to guarantee the
feasibility of algorithms, system time constants should be no larger than the
prediction horizon [81]. The additional requirement leads to further computa-
tional burdens (References [43, 44] show that the minimal prediction horizon
N, can be determined to ensure the feasibility of algorithms). A natural
strategy to overcome this barrier is to employ offline RMPC, namely offline
calculation of optimal inputs and online implementation of manipulated in-
puts. Offline or explicit MPC, however, remains an open problem, especially

for robust cases.

1.2 The major contributions of the thesis

This thesis introduces a novel prediction pattern to reduce the computational com-
plexity of RMPC and proposes the recursive closed-loop prediction pattern to sim-
plify multiple-horizon prediction. By taking advantage of convex optimization tech-
niques, the thesis accomplishes RMPC programming offline and separates RMPC
optimization from online implementation. MPC implementation in this thesis es-
sentially becomes function evaluation so that the implementation efficiency is im-
proved dramatically. The thesis defines a novel multiple-parametric sub-quadratic
programming (mp-SQP) problem, and by iterating mp-SQP it achieves robust MPC
through a series of piece-wise affine functions of current state measurement associ-
ated with state space partitions (called Critical Regions in Reference [11]). The
explicit RMPC presented in this thesis can guarantee asymptotic closed-loop stabil-
ity of resulting MPC systems and by setting two tuning variables, namely terminal
weighting and terminal feedback gain, it is capable of adjusting the tradeoff between
system robustness and performance. This thesis also discusses a nontrivial problem:
given admissible output sets, how to derive the admissible state set. The problem
is solved by two approaches: piece-wise linear norm of output disturbances [12] and
polyhedral Voronoi sets of admissible states [13]. Chapter 5 discusses the details

relative to the explicit RMPC in recursive closed-loop prediction.
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In the current literature, researchers always formulate MPC in state space mod-
els. Therefore, to obtain state feedback, state observers are necessary for MPC sys-
tems with unmeasured or partially unavailable states. To overcome this limitation,
this thesis proposes two robust moving horizon state observer (MHSO) algorithms in
Chapter 6, which are the extension of explicit RMPC. These two algorithms are able
to handle system’s nonlinear uncertainties and state’s physical constraints. By em-
ploying open-loop and closed-loop prediction, the algorithms convert robust MHSO
to an mp-SQP problem; and meanwhile they guarantee the convergence of observa-
tion errors by solving an algebraic Riccati equation and a semi-definite optimization
problem. Chapter 6 also introduces another robust observer which formulates the
design as a Mazimizing Determinant (MAXDET) problem. The major feature of
this approach is that the observer guarantees the convergence of the observer error
in the sense of Lyapunov and ensures the observer error bounded by an ellipsoidal
invariant set. Therefore, regarding the bounded error as modelling uncertainties,
we can easily associate robust observer with RMPC formulation.

Chapter 3 describes a finite horizon RMPC (FH-RMPC) algorithm using linear
matrix inequality (LMI) techniques; this is an important complement of offline finite
horizon RMPC discussed in Chapter 5. The motivation for this work comes from the
seminal paper published by Kothare et al. in 1996 which solved the problem of infi-
nite horizon robust MPC (IH-RMPC) using LMIs [45]. Compared with IH-RMPC,
FH-RMPC has more tuning freedom and can deal with more general uncertainty
structures. To capture modelling uncertainties and facilitate future state/output
prediction, the thesis constructs a moving average system matrix for system un-
certainties, and it is pivotal for this algorithm. By adding two additional terminal
cost constraints, FH-RMPC guarantees the closed-loop stability of resulting MPC
systems if the optimization problem for FH-RMPC is feasible. From simulation
examples, we can see that FH-RMPC using LMIs is more flexible and reliable than
TH-RMPC using LMIs.

1.3 Outline of the thesis

Chapter 2 investigates four typical MPC algorithms: dynamic matrix control (DMC)
[23, 24], model algorithm control (MAC) [37], predictive functional control (PFC)

13
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[82], and general predictive control (GPC) [21, 22]. These four algorithms are
adopted in various commercial packages and are able to demonstrate most of the
characteristics of nominal MPC.

Chapter 3 discusses RMPC algorithms using LMIs. It includes two parts: TH-
RMPC and FH-RMPC. The former was proposed by Kothare ef al.in 1996; the
latter is the algorithm proposed in this thesis [19]. This chapter first reviews two
types of structured uncertainties which are widely used in MPC design, and then
discusses the impact of uncertainties on computational complexity and the predic-
tion of future signals. The closed-loop stability issues for both algorithms are also
covered in this chapter: the former utilizes the invariant set theorem to drive the
convergence of system trajectories and the latter develops two extra terminal cost
constraints for the convergence of Lyapunov candidacy functions.

Chapter 4 reviews explicit model predictive control for nominal systems, i.e.,
no internal or external uncertainties are included in the MPC formulation. It first
introduces a type of optimization problem, multiple-parametric quadratic program-
ming (mp-QP) [26], and then shows that explicit MPC may be converted into an
mp-QP problem. The control policies of nominal explicit MPC are represented by a
set of affine functions associated with state space partitions. All techniques covered
in this chapter are quite new (developed after 2002), and they are the basis for
Chapter 5.

Chapter 5 is the essential part of this thesis, i.e., explicit robust model predic-
tive control using recursive closed-loop prediction. Although explicit robust MPC
is based on nominal explicit MPC, it is not a direct extension of the latter. Chapter
5 solves three key problems associated with explicit robust MPC, including admis-
sible state sets, recursive closed-loop prediction, and asymptotic closed-loop robust
stability. To solve these problems, it proposes a new type of optimization problem,
multiple-parametric sub-quadratic programming (mp-SQP). Here the letter “S” is
added to distinguish it from existing mp-QP problems.

Chapter 6 is a natural extension of robust MPC. We know that the optimal
policies of explicit robust MPC are piece-wise affine functions of the current state
measurement associated with some state space partition. In the case that states are

unmeasurable or partially unmeasurable, it is necessary to combine the controller
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design with state estimation. Chapter 6 first presents several difficulties involved in
robust observer design: 1)the system is corrupted by internal and external distur-
bances; 2) the state constraints have to be incorporated with state observation; and
3) to preserve the advantages of offline MPC (with its low implementation cost),
an offline robust state observation approach is indispensable. Chapter 6 addresses
these three challenges in the sequel.

Chapter 7 considers industrial applications of the algorithms developed in this
thesis. It uses a SYNSIM model to evaluate the effectiveness of our algorithms.
SYNSIM is a software package developed by researchers at the University of Alberta
and engineers at the Syncrude Canada Ltd. (SCL) [86]. It is a simulation for the
utility plant of SCL in Fort McMurray, Alberta, Canada, which is a co-generation
system composed of boilers, turbines, headers, and let-down sub-systems. Here, we
try to design an MPC controller for the boiler plus header sub-systems, i.e., a master
controller. The combined system model is first identified using the MATLAB system
identification toolbox [52], and then an explicit robust MPC regulator is developed
based on the identified model. Finally, the master controller is able to demonstrate
the effectiveness of the algorithms proposed in this thesis.

Chapter 8 discusses some future research topics on MPC.

1.4 Notation and symbols

o ST (S7h.,) denotes the space of symmetric nonnegative (positive) definite n xn
matrices, and D} (D%, ) stands for the space of diagonal nonnegative (positive)

matrices.

o ||X ||%) := XTPX denotes the weighted 2-norm of a matrix X, where P € St

g (X), & (X) are minimal and maximal singular values of X.

e z (k + 1) denotes the predicted states over the kth prediction horizon, similar
to the definitions of u (k + i) and y (k + 1)}, i.e., z (k + ©) := z (k + i|k) without

special indication.

o z; is the jth element of a vector z, X; is the jth row of a matrix X, and Xj;
is the ijth element. The superscript ¢ o’ stands for the corresponding optimal

or sub-optimal solution, e.g., 2°.
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e =< (<) and = (>) denote the generalized element-wise (strict) inequality signs,

ie, & X Tmax © Tj < Tmax, j for V 4.

e #(k— N +1) denotes the ith predicted estimation over the kth prediction
horizon given the initial value £ (k — N), ie., Z(k — N +1) := & (k — N + i|k)

for ease of notation.

e The sign of “” is defined as independent variables of a function, whose defini-
tion can be inferred from contexts, e.g., f (z,k) is sometimes written as f(-)

without special indication.
® fi,—k, denotes the sequence of {f(k1), ---, f(kz)}, similar to the definitions

of Upy—kys Thy—k, a0 €k ik,

1.5 Acronyms

ARE Algebraic Riccati Equation

ARIMAX Auto-Regressive Integrated Moving Average plus eXogenous input model
CLQR Constrained Linear Quadratic Regulation
CR Ciritical Region

CSTR Continuous Stirred Tank Reactor

DMC Dynamic Matrix Control

EMPC Explicit Model Predictive Control
ERMPC Explicit Robust Model Predictive Control
FH-MPC Finite Horizon Model Predictive Control
FIR Finite Impulse Response

FSR Finite Step Response

GEVP Generalized Eigenvalue Programming

GPC Generalized Predictive Control
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IDCOM Identification and Command

IH-MPC Infinite Horizon Model Predictive Control
LMI Linear Matrix Inequality

LQR Linear Quadratic Regulation

MAC Model Algorithm Control

MAXDEX Maximizing Determinant programming
MHC Moving Horizon Control

MHSE Moving Horizon State Estimation

MHSO Moving Horizon State Observer

MIMO Multiple Input Multiple Output

MPC Model Predictive Control

MPHC Model Predictive Heuristic Control
mp-QP multi-parametric Quadratic Programming
mp-SQP multi-parametric Sub-Quadratic Programming
NMPC Nonlinear Model Predictive Control

PFC Predictive Functional Control

QP Quadratic Programming

RMHSO Robust Moving Horizon State Observer
RMPC Robust Model Predictive Control

SCL Syncrude Canada Ltd.

SDP Semidefinite Programming

SOCP Second Order Cone Programming
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Chapter 2

Model predictive control
algorithms

This chapter reviews four of the most popular MPC algorithms: DMC, MAC, PFC,
and GPC. Dynamic Matrix Control (DMC) is the first commercial MPC package.
It uses an identification and Command (IDCOM) software [37] to achieve system
identification and control optimization at the same time. Model Algorithm Control
(MAC) uses a similar scenario to that of DMC, but makes two innovations: an
impulse response model replaces the step response model, and an approximated
function replaces the fixed reference input. Predictive functional control (PFC)
is developed for fast linear and nonlinear processes. It proposes the concept of
coincidence points along horizon windows and constructs a linear combination of
parameterized basis functions as optimal manipulated inputs. General predictive
control (GPC) is the first version of stochastic MPC. It uses an ARIMAX model to
perform both future output and disturbance prediction. Diophantine equations are

employed to facilitate future disturbance prediction.

18

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.1 Dynamic matrix control

Before stating the mathematical details, we choose to list the major features of
DMC:

Use the step response model to describe system dynamics.

Employ a quadratic performance objective over a finite prediction horizon to

penalize the deviations between outputs and prespecified set points.

e Assume that the output disturbances are constant. The difference between the
current output measurement and the current predicted output is implemented

as future disturbances along all horizons.

Convert DMC programming into a QP problem. It is possible to obtain an
explicit solution of DMC problems in the case of no input and output distur-

bances.
Besides the above features, DMC inherits some disadvantages:

e Works with only asymptotically stable systems.

e Cannot handle systems with large internal and external uncertainties {mod-
elling uncertainties is called as internal uncertainties and input/output distur-

bances is referred to as external uncertainties in this thesis).

e May be impractical for multiple-input-multiple-output (MIMO) systems with
high dimensions because step response matrices for an MIMO system are mem-

ory consuming.

e Require that all controlled outputs be measured.

DMC can be formulated as a QP problem as follows:

Np Ny—1
= i —y(k+ilk)|3. + Au(k+ k)%, (2.1
Au(klE), ...,nZlE(mNu_uk);“T y (k + k)|, g |Aw (k +dlk)|lR, » (2-1)
19
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subject to

i N
y(k+ilk) => sjAu(k+i—jlk)+ > sjAu(k+i-—j)
j=1 j=i+1
+ d(k +i|k), (2.2)
u(k+ilk)=u(k—1)+>_ Au(k+jlk), (2.3)
3=0
Au(k+ilk) = Au(k+ Nylk) if N, <i< N,

Np N,—1
S CLayk+ilk)+ > Chau(k+ilk) +C <0, 0<I<N,).  (2.4)
=1 =0

Np and N, stand for the prediction horizon and control horizon. Au (k+ i|k),
y (k +i|k), and d(k + ¢|k) are the predicted input derivation, predicted output and
future disturbance over the kth horizon, respectively. @Q; € S; and R; € S; are

weighting matrices, and s; is a step response, i.e.,
S:=[s1, v, sn]. (2.5)

The sequence S is usually obtained by system identification, and pre-stored in a
computer for output prediction. For simplicity, here we first consider the step re-
sponses for a single-input-single-output system (SISO). The truncation scalar N of

the step response satisfies
N> Npy+1> N, +1.
The future disturbances are assumed to be constant along all horizons, satisfying
d(k +ilk) = d(k|k) = y(k) — y(klk),

where y(k) is the output measurement at instant k, and y(k|k) is the predicted

output derived by
N

y(klk) = > siAu(k - 7).

i=1

Note that both y(k) and y(k|k) can be calculated offline, so d(k + i|k) = d(k) is
also calculated offline. Eqgs. (2.2) - (2.3) express the future outputs and inputs, and
(2.4) describes the future input/output constraints. The coefficients of (2.4), namely
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1 !
Cy,i7 C

it C', are constant, [ is the index of the constraints, and N, is the number

of constraints. Rewriting (2.2) in the form of stacked matrices, we have

ch+1—-»k+Np = MfAUk|k—>k+Nu—1|k + MPAUk—N+1—>k—1 + 1'd(k|k‘) (2-6)
where
[ 81 0 0 0 b
52 S1 0 e 0
Mf = ,
SN, SN,—1 SN,-2 *'* 1
-SNp SNp—l SNp'_3 v sz—Nu-H 44 Slj
-SN SN—1 8N=3 =+ < S9 b
0 SN SN—2 . s3
Mp : - O 0 SN . SNu+1 ‘ (2.7)
[0 0 0 Sy - sl

In (2.7), “1” stands for a full-one vector with an appropriate dimension. AUgx—k+N, -1[k
is the stacked matrix with predicted input derivations to be optimized. AUyx_n4+1—k-1
is the matrix of past data and pre-stored in a computer. My reflects the future sys-
tem dynamics and M, reflects the past ones. Due to the physical meaning of Mjy
and M, (dynamic matrices), the algorithm is referred to as DMC.

In the same fashion, the objective in (2.1) and the constraints in (2.4) can be
recast into the form of stacked matrices. Consequently, DMC programming is con-

verted into a quadratic programming (QP) problem.

Conclusion 2.1 The manipulated inputs of DMC programming can be optimized

by a QP problem, namely
AUlg|k-+k+Nu—1|k = [Au" (kik) Au®(k+1lk) -+ Aul(k+ N, — 1|k)]T,
is the solution to a QP problem,

J= AUk|k—rf}ci:§I—1Nu—1|k |R- Yk—»k-{—-Np“zQ + HAUk|k—>k+Nu—1|k“33, (2.8)
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subject to

YioktnN, = MfAUpko kg Ny—1k + MpAUp_N11-k-1 + 1-d(k),

Cgl,,1_>Nka—»k+N,, + C o N1 Uklk—ktNu—1jk + Ct 0 (0 <L < Ne).
where

Q :=diag(Q1, -+, @n,), R:=diag(Ry, -+, Rn,),
Cyan, = [Czl;,l - G, N,,]» Conmva = [Cuo + Cu, w1l

The above discussion just concentrates on SISO systems, but it can easily extended
to MIMO systems, using the stacked step response matrix to replace the scalar s;,

i.e., setting
su(i) -+ s1p(d)
Sstack (7') = . . (29)
sq1{f) -+ 8gp(d)
Here p is the dimension of inputs and ¢ is the dimension of outputs. From (2.9), it can

be seen that DMC is memory consuming for MIMO systems with high dimensions.

2.2 Model algorithm control

Model algorithm control (MAC) is a variant of model predictive heuristic control
(MPHC), and marketed widely under the software package IDCOM-M (M is used
to distinguish it from a SISO version of IDCOM) [37]. It differs from DMC in the

following aspects:
e Controlled systems are modelled using impulse responses.
o Penalized variables in objective functions are in terms of u instead of Aw.

o MAC set the control horizons equal to the predictive horizon, and output
weighting Q; = I and R; = AI. Therefore, the tuning parameters N, @Q;, and

R; are replaced by a positive scalar A.

o The reference trajectory is a smooth approximation from the previous pre-

dicted output towards the prespecified setting point,
w(k+ilk) = aw(k+i~1k)+(1—-a)r (1 <i< Np), with w(k) = y(k). (2.10)

22

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



« is a tuning parameter bounded by [0, 1) and is able to adjust the tradeoff

between aggressiveness and conservativeness of the MAC design.

Because MAC uses the impulse response to perform output prediction, the future

output of an MAC system over the kth horizon can be expressed by

i N
y(k+ilk)=> hju(k+i—jlk)+ > hju(k+i—j)+dk+ilk), (211)
j=1 J=i+1

and the future constant disturbance is

N
d(k+ilk)y=d(klk) =y (k) = Y hju(k -3j), (2.12)
7j=1
where
H:=[hi -+ hy] (N=DNp+1). (2.13)

Similar to DMC, H is the impulse sequence and derived by system identification

packages. In the same fashion, MAC can be converted into a QP problem.

Conclusion 2.2 The manipulated inputs of MAC programming can be optimized

by a QP problem; namely
U;g|k_,k+Nu_1|k = [u" (klk) w(k+1]k) - u®(k+Np-— 1|k)] ,
is the solution to a QP problem,

J= U min [Wet1—k4n, — Yk+1—»k+NpH2 +A ”Uk[k—>k+N,,—1|k||2a
k|k—k+Np—1|k

(2.14)
s.t. Yi+1-k+N, = HiUpkk 4 Nu—1)6 T HpUk—N+1-k-1 + 1-d(kl|k),

Cp1N, Yookt N, + CoigmNy—1UkpkiNp—1k + C' <0 (0 <1< N).

where
Wisi—ksn, = [w(k +1]k), -+, w(k + Nplk)] (Stacked reference inputs)
hy 0 e 0 AN o0 hn—i - ha
he hy -+ O 0 - hy_; -+ hg
Hf = . . . - Hp = . . ? .
hn, hyn,—1 - M 0 -+ hy - hyg
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Comparing the problems in (2.8) and (2.14), we can see that MAC and DMC
share a similar setup, but have different tuning parameters. The influence of the tun-
ing parameter o on the shape of reference trajectories can be illustrated by Fig. 2.1.
The shape of the reference determines the speed of system responses approaching
the setting point. From implementations, « is a more direct and intuitive tuning

parameter than weighting matrices and prediction/control horizons. Similar to the

I Y
wik) Setting point

Reference trajectories

Decreasing o

_

Time (k)

Figure 2.1: Influence of o on the reference trajectory

analysis of DMC, the above discussion focuses on only SISO systems. To extend
MAC to the MIMO cases, what we need to do is only replacing the stacked impulse

response h; by
hi(é) -+ hap(i)

Hstack(i) = (2.15)

hql(i) e hqp('i)
Moreover, if there are no constraints imposed on controlled processes, MAC can be

solved explicitly by least square optimization, i.e.,
Ulkmkt N1k = —(HF Hy + AD) T Hf (Wit 1-k+N, — Dyast),
where Dpgst := HpUp_N415k-1 + 1-d{k) denotes the past data.

2.3 Predictive functional control

Predictive functional control (PFC) was proposed by Richalet in 1992 for the cases of
fast linear/nonlinear processes [82]. It has several distinctive characteristics superior

to both DMC and MAC:
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o The objective function is evaluated at coincidence points along predictive hori-

Zons.

e The manipulated inputs are constructed by a linear combinations of parame-

terized basis functions.
e A state space model is employed to describe process behavior.

¢ The reference trajectory is regulated by a linear function with the power terms

of the tuning parameter o.

e It can be extended easily to nonlinear systems.

In past decades, PFC has been extensively studied and applied to various plants
[83, 95, 102].

Consider a system

z(k+1) = Az(k)+ Bu(k),
y(k) = Ca(k), (2.16)
where z € R?, u € RP and y € RY stand for state, input and output, respectively.

A, B, C are constant matrices with appropriate dimensions. The control policy is

constructed as a linear combination of parameterized basis functions, i.e.,
Np
u(k +ilk) = > X;(k)M;(5), (2.17)
=1

where Mj;(7) stands for a basis function and A;(k) is the corresponding coefficient

over the kth horizon. “j” is the index of the basis functions and Np is the number

of the basis functions. M;(7) is always represented by polynomial functions, e.g., a

set of eligible candidates are
Mi(i) =1, Ma(i) = (i —7), -+, Mng(5) = (i — 7)NB}, (2.18)

where 7 is a time constant. For simplicity, here we just focus on SISO systems, but

PFC is possible to extend to MIMO systems. The objective function is evaluated
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at the coincidence points along a prediction horizon, i.e.,

Z[y (k + i|k) — w(k + 4|k))?,

(z=N1, Ny, -+, N) (2.19)

= min
)\1 (k)y ‘1 ANpg (k)

where (i = Ny, Ny, ---, N.) is a set of coincidence points. “” is the index
of coincidence points and N, is the largest index of coincidence points (refer to
Fig. 1.3 for the definition of coincidence points). w(k +%|k) is the predicted reference
trajectory satisfying

w(k + ilk) = r — o (r — y(k)). (2.20)

In order to obtain smooth manipulated inputs, a quadratic factor of the form of
p(Au(k + i|k))? may enter in (2.19), similar to the objective in (2.14). From the
system model in (2.16), the predicted output y(k + i|k) can be expressed by the

current state measurement x(k) and future inputs,

y(k+ilk) = CA'z(k) + Y CA™'Bu(k +1-1k). (2.21)
I=1

From (2.17) and (2.18), we know that the predicted inputs are a linear combination

of the basis functions B;(¢). Therefore, (2.21) can be rewritten as

y(k+ilk) = CAxl +Z CA*™ IBZAJ (1= 1))
= CAlx( +Z)\ Yun, (3), (2.22)
where )
1
ym; (i) =Y _ CA™'BM;(l-1), (2.23)
=1

is called the response of the basis function M;. Rewriting (2.22) in the form of

stacked matrices, it derives

y (k +ilk) = CA'z(k) + Yar (i) A(K), (2.24)
where
AR = (B) - M), Vi) = a6 g, ()]
26
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Inserting (2.24) and (2.20) into (2.19), the objective is recast into

N,
J= Il{l(lkl)l i ((1 — o*)(CA (k) + Yar(i)A(k) — )2

(ilea N2’ Tty N'l‘) (225)

So, if there are no input and output constraints, the explicit solution to (2.25) can
be obtained by
A°(k) =2(1 — FITY(R - X),

where )
Yar (i) T CA*z(k)
Y= : , R= |1, X= : (2.26)
Yar(Ny) r CANrz(k)
In summary, the optimal manipulated input at instant k is
u’(k) = M(0)A°(k), where M(0) := [M1(0) -+ Mn,(0)]. (2.27)

Here, we just concentrate on the cases of unconstrained PFC. Actually combining
with the condition in (2.4), the constrained PFC can be also converted into a QP

problem.

Conclusion 2.3 The optimal coefficients of the basis functions in constrained PFC

problems can be derived by a QP problem; namely
T
A°(k) = [M(k) -+ Ang(R)]),

is the solution to a QP problem:

Nr
J= Ij{l(ikl)l (1 — &P (C A (k) + Yar(D)A(K) —7))?, (2.28)
s.t. Clion,(X+VA)+CLin MA+C <0 (0TS N),

where the stacked matrices X, Y and M are defined in (2.26) and (2.27). The

manipulated input at instant k can be defined by

u®(k) = M(0)A°(k).
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2.4 Generalized model predictive control

The development of MPC has two branches: Deterministic MPC and Stochastic
MPC [67]. All algorithms mentioned above belong to the family of deterministic
MPC. In 1987, Clarke et al. originated GPC and it became the first stochastic MPC
algorithm [21, 22]. The original version of GPC only ﬁreated stable SISO systems,
but after a short time, it was extended to MIMO systems [94]. At present, GPC can
even deal with uncertain systems with parameter perturbation [9]. Because exten-
sively studying GPC is outside the scope of this thesis, this section only discusses
the GPC for stable SISO systems.
Consider a system represented by an ARIMAX model [53],

e(k
Alg(k) = " Blayulk — 1) + T2, (2.29)
where 7 is the pure-delay of the system, ¢ = z~! is the backward shift operator,
and A = 1 — q is the difference operator. y(k) and w(k) are output and input,
respectively, and e(k) is the white noise with zero mean. A, B are two polynomials

in terms of g,

Alg) = l4+ag+aeg®+ -+ anagd™,
B(g) = bo+big+bag® + -+ bupg™. (2.30)

The objective function for GPC is given by

Np N,
Au(1), ---,Au(Nu); y(9) (y( k) — w(k +1)) ; () (Au( k)

(2.31)
where (i) and Ay (%) are the scalar weightings. w(k +14) is the reference trajectory
defined in (2.10). To solve the problem in (2.31), y(k + i|k) is predicted by a set

of recursive Diophantine equations, i.e., constructing a Diophantine equation pair
(Mi(q), Ni(q)) by
1= M; (q) AA(g) + ¢'Ni(a)- (2.32)

Because the pair (AA(q), ¢t) is co-prime, (2.32) uniquely determines (M; (g), Ni(q)),
satisfying

Mi(q) = Mo+ M;1q+ Mi,2q2 4o Miio1g7Y,
Ni(g) = Nio+Nipg+Ni2g®+ -+ Ni na ™, (2.33)
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where ¢ is the index of recursive Diophantine equations. Note that the order of
Ni(q) equals to that of A(g) and the order of M;(g) equals to (i — 1). By the
method of undetermined coefficients, it is easy to obtain M; (q) and Nj(q) from
(2.32). Multiplying M; (¢) A to both sides of (2.29), we have

y(k +ilk) = Ni(q)y(k) + Mi(9) B(9)Au(k + 1 — 7 — 1|k) + Mi(g)e(k +ilk). (2.34)

Note that the order of M;(q) is (i — 1), so that the last term in (2.34) expresses
the future noise which is never predicable. Rewriting (2.34), the predicted output

is expressed by
y(k +ik) = Gi(q)Aulk + i — 7 — 1|k) + Ny(@)y(k). (2.35)
The coeflicients of G;(q) and N;(g) can be obtained iteratively, i.e.,
Gitli+i = Giiti + Niob;  (G=0,1,---,nb),

where gi+1,+; denotes the (i 4 j)th coefficient of the polynomial G;y1(q) over the
(2 + 1)th iteration. The previous i coefficients of G;y1(g) have to be determined by
the method of undetermined coefficients. Refer to [14] for the details.

Another challenge of GPC is the effect of the pure-delay factor 7. Due to the
existence of 7, Au(k+1— 7 — 1|k) can be either future data or past data. Rewriting

the problem in (2.31) in the form of stacked matrices, we have

J = min [[G(AD) + Ny(k) - W%, + 1AU|% (2.36)
where
o 0 - 0 (Gry1(a) — 90)g™*
o . - 9.1 g.o . 0 e (Gry2(q) — f]o - q19)q72 ’
gN gN-1 9o (Gran(@) —go =+ — gn—1a" Vg™V
Nr11(q) Au(k) wlk+7+1)
N Nry2(q) B Au(k +1) wk+7+2)
N, ~n(q) Au(k+ N —-1) w(k + 7+ N)

and A, := diag(\, (k+7+1), - A\ (k+7+N)) and A, := diag(A(k+7+1), - A (k+
7+ N)). Eq. (2.36) is a standard QP problem; therefore, if there are no constraints
imposed on the controlled system, the optimal input can be derived from the fol-

lowing conclusion.
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Conclusion 2.4 The unconstrained GPC problem can be solved by quadratic pro-

gramming, and the optimal stacked input equals to
AU® = (GTAZG + A2)'GTAL(W - Ny(k)). (2.37)

Because G has full column rank and both A, and A, are non-singular diagonalized
weightings, the composition (GTAf/G + A2) is certainly invertible, i.e., the problem

in (2.36) is always feasible.

In the above discussion, we assume that there are no auto-regressive terms of mea-
surement disturbances, i.e., the measurement noises are assumed to be white noises.
Actually GPC can be extended to the case of the systems with colored noises. Two

operations are necessary for such an extension:

1. Replace the model in (2.29) by

A@u) = 7Bt~ 1)+ “Degp),
Clq) = l+cag +eag®+ -+ Cneg™.

2. The Diophantine equation pairs should be derived by
Clq) = Mi(q9) AA(g) + ¢'Ni(g)- (2.38)

Because GPC is not the focus of this thesis, we will not pursue these topics here.

An extensive discussion of GPC can be found in [21, 22, 14, 59).

2.5 Conclusions

This chapter surveys the conventional MPC algorithms: DMC, MAC, PFC, and
GPC. These four algorithms are adopted in various commercial packages and are

able to demonstrate most of the characteristics of nominal MPC.
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Chapter 3

Robust model predictive control

Using LMIs

Robust MPC refers to the MPC schemes which incorporate system uncertainties
with the MPC formulation. With different horizon settings, robust MPC is divided
into infinite horizon robust MPC (IH-RMPC) and finite horizon robust MPC (FH-
RMPC). In this chapter, we introduce two RMPC schemes: TH-RMPC using linear
matrix inequalities (LMIs) and FH-RMPC using LMIs. From theoretical analysis,
it can be seen that the former is superior in the sense of stability and complexity,

but the latter is better in flexibility and feasibility.
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3.1 System uncertainties

System uncertainties have two major sources: modelling uncertainties (called as
internal uncertainties in this thesis) and input/output disturbances (referred to as
external uncertainties). The former is usually led by parameter perturbation and
modelling mismatch, and the latter is possibly derived from measurement noises and
unmeasured inputs and outputs. Fig.3.1 shows a classical MPC feedback system
corrupted by internal and external uncertainties. In the figure, the MPC block pro-
vides manipulated inputs from measured outputs and measured disturbances, but
excludes unmeasured outputs and measurement noises from the MPC formulation.
MPC schemes with the framework of Fig.3.1 are called nominal MPC, which as-
sumes system models with 100% fitness and predicted outputs with 100% accuracy.
If the system in Fig.3.1 is corrupted by serious internal or external uncertainties,
MPC regulators normally can not achieve pre-specified control performance. Exam-
ple 3.1 illustrates the impact of internal and external uncertainties upon closed-loop

MPC dynamics.

Measured disturbances Measurement
noises

Qutputs
Manipulated Unmesured {5 utpul .
Reference inputs . |
- MR . ><5L““’. Plant Y

3

Measured

» Input noises

Measured outputs

Figure 3.1: Nominal MPC systems with internal and external uncertainties.

Example 3.1 Consider a system

z(k+1) = Ax(k)+ Bu(k) (3.1)
y(k) Cz(k) + d(k)

where ¢ € R? stands for the state, u € R? the manipulated input, y € R? the output,
and d € R? the disturbance. The dynamic matriz A is composed of two parts: the

nominal value A and the time-varying perturbation A4(k), that is A= A+ Ay(k)
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with

A=120034 08628

Other parameters are given by

< 0.9719 -0.0013
{ ] , and [|Aa(k)]]2 < 1.

—0.0839 0.0232 10
B= [0.0761 0.4144} » 0= [0 1} > lld®lloo < 1.
Set the initial condition equal to x, = [1,1]T. The control objective is to drive the
state to converge to the origin along the state trajectories. We assume that system
(8.1) is uncertainty-free and design a nominal MPC regulator, by setting A 4(k) and

d(k) equal to zeros. Fig. 3.2 illustrates the influence of horizon length on closed-

The influence of hotizon lengh
2 .

o8l L vvvvvv o2tk fF
06} o4

™ N : N :

x 0.4t% - SEERE ..... ...... s = -0.6

0.2} ...... ...... U ...... 08

Figure 3.2: The influence of horizon length

loop dynamics. By increasing the difference between the prediction horizon and
the control horizon, we can derive faster responses but get more aggressive inputs
(Np = 4 for the solid lines with dots and N, = 2 for the pure solid lines; firing
N, = 1). Fig. 3.3 illustrates the influence of weighting matrices on closed-loop

dynamics. For solid lines, we set

10 02 0
Q:[o 1] “”dR=[o 0.2]‘
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The influence of weightings

Q=diag(1,1)
| —— Q=diag(0.1,1)

10 20 30 40 50
Time

Figure 3.3: The influence of weighting matrices

and for solid lines with dots, we set

o= [ o a2 2

It can be seen that the weighting element on x is reduced and the trajectory of z1
becomes much slower. Therefore, by tuning the weighting matrices, we can affect
the penalized variables in objective functions.

To demonstrate the influence of system uncertainties, we design another two
nominal MPC controllers with different settings: 1)use the MATLAB function
“rand” to simulate the external uncertainty d(k) and set As(k) = 0, and 2)use
“rand” to create the internal uncertainty Aa(k) and keeps d(k) = 0. The closed-
loop responses with d(k) # 0 and As(k) = 0 are shown in Fig. 3.4. It can be seen
that both the state trajectories and manipulated inputs are corrupted by noise and
can not approach steady states, although the magnitudes of the state and input vi-
brations are not very large. This fact is consistent with the experience of MPC
applications: if the system is impaired by small external disturbance, nominal MPC
may still work, but not with large disturbances. Setting Aa(k) # 0 and d(k) = 0,

Fig. 8.5 shows the trajectories of the states and inputs in the presence of internal
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The influence of external uncertainties

0 10 20 30 40 50
Time Time

Figure 3.4: The influence of external uncertainties

disturbances. In this case, all trajectories become divergent and approach to infinity
after 50 seconds simulation. So nominal MPC has very poor robustness for internal

uncertainties.
From Example 3.1, we can draw the following two conclusions.

Conclusion 3.1 By tuning horizon length and weighting matrices in objective func-
tions, we can adjust the tradeoff between the aggressiveness and conservativeness of

MPC design. This fact is consistent with the conclusions in Chapter 1.

Conclusion 3.2 Nominal MPC is not for uncertain systems with large internal
uncertainties or external uncertainties. To improve MPC flexibility, it is necessary

to incorporate system uncertainties with MPC formulation, i.e., developing a new

class of MPC schemes, robust MPC (RMPC).

3.2 Linear matrix inequality
A linear matrix inequality (LMI) has the form

n
F(z)=Fo+ ) =:F >0, (3.2)

=1
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The influence of internal uncertainties

x 10" 10°
2 : » : . 2 p -t
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0.5 ........... REEEEE
0 : -4
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Time Time
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O
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0 -10

0 10 20 30
Time Time

Figure 3.5: The influence of internal uncertainties

where z € R™ is the unknown variable and F; € S™ (i = 1,---,n), namely, F; is
symmetric is the given matrix. Eq. (3.2) is equivalent to v F(z)v > 0, for V v € R®
and v # 0. Actually, the condition in (3.2) is satisfied if and only if all eigenvalues
of F(x) are nonnegative, i.e.,

Amin(F(z)) 2 0.

LMIs are widely used in system analysis and control [12]. Given a linear objec-
tive, LMIs define a set of optimization problems, namely semi-definite programming
(SDP) which is extensively used in this chapter. Both IH-RMPC and FH-RMPC

are possibl}; formulated as an SDP problem in the form

min L'z (3-3)

n
s.t. Fo+ Y aiF, >0,

1=1

where ¢ is a constant vector with an appropriate dimension.

3.2.1 Variants of SDP

Several popular convex optimization problems can be converted into SDP [100].
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¢ Linear programming (LP):
min L
T

s.t. Az < 0.

Second-order cone programming (SOCP) [54]:
min Tz
T

Convex quadratic programming (CQP) [13]:

néin T Qx4+ bz +co (Qo > 0)
s.t. xTQim—}-b?fE-FCiSO(i:l,Zu« ,n, and Q; > 0).

Minimal generalized eigenvalue programming (GEVP) [12]:

mif\l A(A>0)

z)

s.t. Fi(z) < AFy(x)

where Fi(z) and Fy(z) are two LMIs.

Maximal determinant programming (MAXDET) [101]:

max det(P)
P) tly t2
s.t. P<tiP (P 20),
P <toPy (P2 > 0),
0 S 21 < 17

0<t, < 1.

Both GEVP and MAXDET will be used in Chapter 6 for robust observer design
and Example 3.2 gives detailed explanation for MAXDET problems.
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Example 3.2 [57] Given two ellipsoidal sets
& = {x]wTPlx <1, P> 0},
& = {z|z2TRz <1, P, >0},

find another ellipsoidal set € ={z|zTPz < 1, P, > 0} with the smallest possible
volume that contains the union of &, and €. This is a standard MAXDET problem.

3.2.2 LMI lemmas

From the following LMI lemmas, the above convex optimization problems can be
converted into SDP, and then by utilizing the recently developed strategy, interior-

point programming [69], SDP can be solved numerically and efficiently.

Lemma 3.1 [12/(Schur complements) The linear matriz inequality

Qx) S(x)
[ST(z) R(a:)] >0, (3.4)

where Q(z) = QT (z), R(z) = RT(x), and S(z) are affine functions of z, is equiva-
lent to

R(z) >0, Q(z) — S(z)R(z)ST (z) > 0.

Proof: Performing congruent transformations, we have

[I -S(z)R—l(x)] [Q(w) S(m)] [_R_l(f 0

0 I ST(z) R(x) )ST(x) I
_ [ Q(z) - $(z)R™'(2)S"(x) 0O } _
0 R(z)
Since
det [é -5 (m)f_l(‘”)] =1#0,
Eq. (3.4) is satisfied if and only if
9@~ SR 0 ]
0 R(x)

Therefore Lemma 3.1 is proven. n
Lemma 3.2 [12/(S-Procedure) Let Fy, +-+, Fp be quadratic functions of the vari-

able £ € R™ and
E(g) = €TT'16 + 2uzT€ + v, 1= 07 15 oy, Dy (35)
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where T; € S™, u; and v; are all constant matrices. The condition on Fy, ---, Fp,
Fy(€) = 0 for V¢ such that Fi(§) >0 (i=1, -, p),

is satisfied if 371 >0, -+, 7 > 0 such that for V¢
P
Fo(¢) = Y _miFi(€) 2 0.
i=1
Proof: The proof is straightforward and is omitted here.

Lemma 3.3 [106] Let X, Y be real constant matrices of compatible dimensions.
Then
XTy +YTX <eXTXx + %YTY (3.6)

holds for any € > 0.

Proof: The proof follows from the condition

(VexT - L YT (VeX — iEY) > 0.

Ve NG
m

Lemma 3.4 [39](Robust LMIs) Let Ty = T¥, Ta, T3, and Ty be real matrices of
appropriate dimensions. Then det (I —T4A) # 0 and

T+ TAI -TA) T+ T (I -TyA) TATTT >0 (3.7)

for every A, ||A|| = (A) < 1, if and only if ||T4|| < 1 and there exists a scalar

T > 0 such that
Ty — T T — 1f

T3 — T TE (I - TyTY) 20.

Proof. Let Tz and T3 be non-zero (the proof is straightforward if either of them is

zero). Pre- and post-multiplying 2% and z to each term in (3.7), we have

ATz 4+ 2TToA (I — TyA)  Taz + 2TTL (1T — TuA) T ATTT 2 > 0, (3.8)
where z is a non-zero vector with an appropriate dimension. Define
¢:i=T-TyA)TATT] 2. (3.9)
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Then (3.8) can be rewritten as

[

Pre-multiplying both sides of (3.9) by (I — TyA)T, we get

v

0. (3.10)

¢=AT (Tut +T1>).

For simplicity, set p = Ty + T2T z and consequently ¢ = ATp. Then from the
condition ||A|| = & (A) £ 1, we derive

£T¢ = pTAATp < pTp.

Thus
T
(Ta€ +T5 2) (Tu€ + T z) — €€ >0,
equivalently,
T
z T2T2T TQTZ z
[ﬁ] [T4T2T Ty -1 € 20 (8.11)

Using the S-procedure, (3.11) is satisfied if and only if

T T§ I TIF
— >
[Tg 0] T[T4T2T Ty - 1] 2% (3.12)

where T is a positive scalar. The key idea of this lemma is employing 7 to replace

the norm-bounded uncertain matrix A. Simplify (3.12) to complete the proof. M

Based on the above lemmas we can formulate both IH-RMPC and FH-RMPC as an
SDP problem.

3.3 IH-RMPC using LMIs

IH-RMPC is motivated by constrained LQR (CLQR) [92]. It is different from CLQR,
however, on two aspects: ITH-RMPC is dynamic feedback control (CLQR is static),
and TH-RMPC is able to handle system internal uncertainties (CLQR can not).

3.3.1 CLQR using LMIs

Infinite horizon MPC (IH-MPC) is an extension of CLQR and infinite horizon robust
MPC (IH-RMPC) is an extension of IH-MPC. After formulating CLQR as an SDP
problem, we can understand the essentials of IH-MPC and TH-RMPC using LMIs.
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Consider a system
z(k + 1) = Az(k) + Bu(k), (3.13)
where the state z(k) € R™ and the input u(k) € RP. A and B are constant matrices
with compatible dimensions. Given the initial condition z(0), design a control law
u(k) so that the state approaches the origin. The objective function in the CLQR

problem can be formulated as

o0
J = lle®)lig + lluk)||%, (3.14)

k=0
where Q € ST, and R ¢ Sg_ +- Contrary to the conventional approach for LQR
which derives an analytic solution to u(k) by solving an algebraic Riccati equation
(ARE), here we will use the lemmas discussed above to convert CLQR into an SDP
problem. Set the control law in the form of static feedback, i.e., u(k) = Fz(k) and

F is a static feedback gain. Assume that there exists a matrix P € ST satisfying
eT (k+i+1)Po(k+i+1)—z7 (k+i)Pz(k+6) < —(||lz(k+4)||H+]|u(k+1)|[%), (3.15)

Summing (3.15) from 7 = 1 to ¢ = co, we have
27 (00) Pz(00) — 2T (0) Pz(0) < —J. (3.16)

If the resulting closed-loop system for (3.13) is stable, z(co) must be zero and result
in
J <z"(0)Pz(0) <, (3.17)

where v is a positive scalar and is regarded as an upper bound of the objective in

(3.14),
oo
D MG + lluk)lE < 7.
k=0
Replacing u(k) by Fz(k), (3.15) is rewritten as
(A+ BF)TP(A+ BF)-P+Q+FTRF > 0. (3.18)

Left- and right-multiplying X := P~! on the both sides of each term in (3.18), and
then applying Schur complements, (3.18) becomes

X * ok %
AX+BY X x «x
Q1/2X 0 I x >0, (3.19)
RY?2X 0 0 I
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where the symbol “x” stands for symmetric terms in the matrix. Set ¥ = FX.

Applying Schur complements to (3.17) too, we derive

[wa)) )*(] >0. (3.20)

Therefore, the CLQR problem is solved by

Jmin (3.21)

s.t. Egs. (3.19) and (3.20) hold,

and the feedback gain F = Y X~!. Note that here we omit a discussion on the
constraints of CLQR which are easily added into Problem (3.21).

Conclusion 3.3 From the above operation, CLQR is converted into an SDP prob-
lem in (8.21). From the condition in (3.15), the resulting CLQR feedback system is
asymptotically stable if (3.21) is feasible.

Conclusion 3.4 The constraint in (8.19) is the function of the initial state x(0). If
replacing (0} by z(k) and iterating the problem in (3.21), CLQR design is extended
into IH-MPC.

Conclusion 3.5 Ezxtending Conclusion 8.4 one step forward by incorporating sys-
tem uncertainties into MPC formulation, IH-MPC becomes IH-RMPC. In this case,
the objective in (8.21) degenerates to a sub-optimization problem, i.e., IH-RMPC

can be formulated as

i 3.22
T, ey (3:22)

s.t. Egs. (3.19) and (3.20),

where A(k) is the composition of internal and external uncertainties, and v is the

upper-bound of the objective in the form of (3.14).
The challenge of IH-RMPC is to develop a structured uncertainty A(k) in a way
that captures model uncertainties and facilitates the calculation of the upper bound

v.
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3.3.2 Structured system uncertainties

In 1996, Kothare et al. published a successful IH-RMPC algorithm [45], and in
this paper two kinds of structured uncertainties were considered, namely polytopic
uncertainties and structured uncertainties in the feedback loop.

1. Polytopic uncertainties.

Consider a system

z(k+1) = A(k)z(k)+B K uk), (3.23)
y(k) = Cz(k),

where A (k), B (k) stand for the time-varying dynamic matrix and input ma-
trix, and their time-varying properties are results of modelling uncertainties.
There exists a convex set 2 containing all the possibilities of A (k) and B (k),
ie.,

Q= CO{[AlvBl]a [A27 32]7 T [ALvBL]}a (324)
where “Co” denotes to the convex hull, such that if [A (k), B (k)] € Q, then
L L
[A(k),B (k)] =>_ Xi[Ai,B], D A =1and X >0. (3.25)
i=1 i=1
Q defines a set of polytopic modelling uncertainties.

2. Structured uncertainties in the feedback loop.

This type of modelling uncertainties can be represented by

z(k+1) = Az(k)+ Bru(k)+ B (k),
y(k) = Cuz(k)+Dib(k),
q(k) = Cax(k)+ Dau(k),
0(k) = Ak)q(k), (3.26)

where 4 (k) is the unknown input due to modelling uncertainties, and A (k)
is the system matrix for structured uncertainties, which is block-diagonalized

and has all block entries norm-bounded by 1, i.e.,
[[A; (k) |2 = 6(Aik)) < Ay i=1,2,---,1, k>0, (3.27)
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where & () is the maximum singular value and ); is the corresponding upper
bound scalar. Fig. 3.6 depicts this framework. Consequently,

k

k
ST ()6:G) <D af () ai () (3.28)
j=0

=0

Figure 3.6: Structured uncertainties in the feedback loop.

Proved by Packard and Doyle [70], a number of control systems with modelling un-
certainties can be recast in the framework of (3.26). Moreover, Reference [12] shows
that the structured uncertainties in the feedback loop in (3.26) can be reformulated

as the polytopic uncertainties in (3.24), according to
Q = {[A+ ByA(k)C2, B+ ByA(k)Dsl}.

3.3.3 Algorithms

From Conclusion 3.5, we know that the main challenge of IH-RMPC is to derive the
upper bound ~ in the presence of the uncertainties A(k). Reference [45] proposes two
theorems to solve IH-RMPC problems with polytopic uncertainties and structured
uncertainties in the feedback loop. The objective function is defined in the form of

(3.14), ie.,

[e 0]
. . 2 112
w(klR), - ulk Nulk) AR ZZ-:,C ok + el + llelk + il (8.29)

Note that Np = 0o, N, is a fixed value, and when ¢ > N, u(k +i|k) = u(k + Nulk).
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Theorem 3.1 [45/ (IH-RMPC for systems with polytopic uncertainties)
Let the uncertainty set Q be defined by the polytope in (3.24). Then the state feedback
matriz F in the control law u (k + i|k) = Fx(k+i|k) (i > 0) that minimizes the upper
bound V (z (k|k)) of the robust performance objective function at instant k is given
by

F=YXx,

where X > 0 and Y are the optimal solutions (if they exist) to an SDP problem,

min v (v>0), (3.30)
v z®RT] S
s.t. = (klk) X >0, (3.31)
1 X * ok ok
AjX + BjY X * * .
RY2y 0 0 I

Proof: In the same way to derive CLQR using LMIs, the sub-optimization of IH-
RMPC can be converted into an SDP problem. Replacing the pair (4, B) in (3.19)
by (A(k), B(k)), we derive the first constraint for ITH-RMPC

X * % ok

AKX + B(k)Y X * «x

()Q1/2X 0 I « >0 (3.33)
RY2Xx 0 0 I

Notice that the pair (A(k), B(k)) is time-varying and bounded by the convex hull
Qin (3.24). X = P7! and Y = FX are similar to the symbols in (3.19). Obviously,
any pair (A(k), B(k)) in Q can satisfy the condition in (3.33) if and only if (3.32)
is satisfied. Meanwhile, to guarantee « is an upper bound of the objective in (3.29),
the condition in (3.31) is needed. |

Theorem 3.2 [45] (IH-RMPC for systems with structured uncertainties
in the feedback loop) Let the uncertainty set ) be defined by the structured un-
certainties in (8.26). Then the state feedback matriz F for IH-RMPC is given by

F=YX!
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where X > 0 and Y are the optimal solutions (if they exist) to an SDP problem,

. g,ur}},A v (y>0), (3.34)
vz klk)T >
s.t. [w(k|k) X |20 (3.35)
Q * % % *
RZy I 00 0
Q12X 0 I 0 0 >0, (3.36)
CoX+DY 0 0 A 0
AX+BY 0 0 0 X -—ByABT
where
AL,
M
A= 22 > 0. (3.37)
rad .

Proof: Inserting the model in 3.26 into 3.15 and replacing z(k+:i+1|k) by z(k+1i|k),

we have
a(k+ilk)]" [IA+BiFIp - P+Q+IFIE  x [a(k+ilk)]" _,
0k + i|k) ByP(A + ByF) 1Bal|3] [0(k +ilk)] =
(3.38)
Moreover, from the block diagonal uncertainties in (3.27) - (3.28), we have
a(k+ilk)]" [-lICo+ DoFIF #] [alk+dR)]" _ (3.39)
0(k + ilk) 0 I||8(k+idk)|] — 7 '

where I denotes the identity matrix with an appropriate dimension. Performing
S-procedure, (3.38) is satisfied if and only if 3 Ay, ---, Ay > 0 such that

[||A+B1F||%3—P+Q+I|F||§3+I|C’2+D2F||i *

BsP(A+ By F) ||B2H2P —A] <0, (3.40)

where A is defined in (3.37). Performing congruent transformation to (3.40) by the
factor

[)(f ;}] (X = P,
and then applying Schur complements to the result, we obtain (3.36). Similar to
Theorem 3.1, the constraint in (3.35) is imposed for upper bounding ~. Theorem
3.2 is then proven. u
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Conclusion 3.6 Because the summation of (8.15) goes from 1 =0 to i = oo, state
prediction in the presence of uncertainties is skillfully avoided. This strategy is the
key in IH-RMPC formulation. The fized length of the prediction horizon, however,
limits the tuning freedom of RMPC.

Conclusion 3.7 Because of the condition in (8.15), it is easy to prove that the re-
sulting IH-RMPC system is closed-loop stable, associated with the Lyapunov function
2T Pz and P = X~1. Eq. (8.15) defines an ellipsoidal invariant set,

& = {x(k+14) | 2k +i)TP la(k +4) <4, P >0}, (3.41)
and this invariant set also guarantees the feasibility of IH-RMPC.

3.3.4 Input and output constraints

Imposing 2-norm or oo-norm hard constraints in the problems of Theorems 3.1, 3.2,

Kothare et al. developed constrained IH-RMPC.

e Input 2-norm constraints (energy constraints):
Consider an input 2-norm constraint in the form of
“u(k-*-llk)“? .<_'U'max,27 ZZO, ftT N'u,~ (342)

Also, from (3.41), we know that the current state z(k) determines an ellipsoidal

invariant set,

& ={z | z(k+ )T Xz(k +1) <~} (3.43)
Therefore,
: 2 _ : 2
Jmox [k +iR)IB = maxl|Pa(k +18) 3
< F(YXV?)2, (3.44)

From (3.42) and (3.44), the input 2-norm constraint in (3.42) is rewritten as
2 ol —(TX Y)Y >0 (3.45)
Umax,2 ¢4 v < Ve .
Applying Schur complements, (3.45) is equivalent to

2
umaxaI * >
[ ~Y X] >0, (3.46)
which is an LMI and easily combined with Problem (3.30) or (3.34).
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¢ Input co-norm constraints (peak constraints):

Consider an input co-norm constraints in the form of
Tajﬂuj(k +ilk)] € Whayo0r 1=0, -+, Ny, j=1, -+, p. (3.47)

Replacing u by the feedback gain F = Y X!, we have

ma g + R = max|(¥ X1 (k +ilk));
bl J

max |(Y X V%) (X 2a(k + i[k))|?
YTXY)77, (3.48)

IN

where the notation (-); stands for the jth row of a matrix, and (-);; is the
(j7)th element. From (3.47) and (3.48), the input co-norm constraint in (3.47)

is rewritten as
Z —YTX7Y >0, with (2)j; < usax oo (3.49)

where Z € S% is an unknown matrix. Applying Schur complements, (3.49) is
equivalent to

Z % . ;
[’yY X] >0, with (Z) 5 < thax 00 (3.50)

which is an LMI constraint.

o Output 2-norm constraints (energy constraints):

Here, we only consider the case with polytopic uncertainties. It is easy to

extend the results to cases with structured uncertainties in the feedback loop.

Consider an output 2-norm constraint

Because of the prediction horizon N, = oo, the condition in (3.51) is satisfied

if and only if

Hy(k +ilk)ll2 < Ymax,2, (3.52)
and
lly(k + ¢ + 1IE)|2 < Ymax,2- (3.53)
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It is obvious that (3.52) is equivalent to

2
uma.x,?‘[ * >
[ v X] >0. (3.54)

From the model in (3.23), (3.53) can be rewritten as

meax, I %
[WC(A(k)X ¥ B(k)Y) X] 2 0. (3.55)

Obviously, any pair [A(k), B(k))] in the convex hull  guarantees the condition

in (3.55) if and only if

Yoax2] *1>20,i=1,2 L (3.56)
yC(AX+BY) X| ™7 T N ’
which form a set of LMI constraints.

e Output co-norm constraints (peak constraints):

Similar to output 2-norm constraints, here we only consider cases with poly-

topic uncertainties.

Consider an output co-norm constraint
r?a]x|y](k +Z|k)l < ygna.x,oo’ t=0,:,00,75=1 -, ¢ (357)

Similar to the analysis for output 2-norm constraints, (3.57) implies two LMI

conditions,

VAR . :
22 ] 20 with (1) < e (3.58)

ZQ *
[’YC(Az'X + B;Y) X] 20
with (Z1)j; € Yhaxeor 1 =1, -+, L, (3.59)

where Zy, Z3 € Sﬁ_ are the unknown matrices to be penalized in the objective
in (3.30).

Corollary 3.1 For systems with polytopic uncertainties in (3.23), the optimal input
u(k|k) of constrained IH-RMPC with both the input/output energy constraints and
input/output peak constraints, can be solved by the SDP problem in (8.30) with the
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additional LMI constraints in (3.46), (3.50), (3.54), (3.56), (3.58), and (3.59). X,

Y,~, Z, Z1, and Z3 are the optimization variables, and
u(klk) = Y X 1a(k),
where x(k) is the current state measurement.

Corollary 3.2 For systems with structured uncertainties of the form (8.26), the
optimal input u(k|k) of constrained IH-RMPC with both input energy constraints and
input peak constraints, can be solved by the SDP problem in (8.30) with the additional
LMI constraints in (3.46) and (3.50). X, Y, v, A and Z are the optimization
variables, and

u(klk) = Y X 1z(k),

where z(k) is the current state measurement.

3.4 FH-RMPC using LMIs

To preserve the numerical efficiency of LMIs and improve the tuning freedom of
IH-RMPC, finite horizon robust model predictive control (FH-RMPC) using LMIs
is developed. A moving average system matrix [16] is used to capture modelling
uncertainties and facilitate future state prediction. Two additional terminal cost
constraints in the form of LMIs are constructed to guarantee the closed-loop stability
of FH-RMPC. Besides the horizons N, N, the terminal weighting Qn, (another
tuning parameter) is constructed to adjust the tradeoff between closed-loop stability
and resulting dynamics. The robust LMI theorem [35, 56], namely Lemma 3.4, is
utilized in the FH-RMPC formulation. The moving average system matrix, called
uncertainty block, is weighted and norm-bounded by one, which is consistent with
the conditions of the robust LMI theorem. Paralleling the system nominal model
with the uncertainty block, we develop an FH-RMPC framework, which reflects the
influence of high order uncertain terms on the FH-RMPC formulation and facilitates
state predictions as well. From the properties of robust LMIs, FH-RMPC using LMIs
is finally recast into an SDP problem and solved numerically using several existing

software packages, e.g., MATLAB LMI-Toolbox [32].
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3.4.1 Finite horizon nominal MPC using LMIs

Consider a nominal model,
z(k+1) = Az (k) + Bu(k), y (k) = Cz (k), (3.60)

where € R" is the state vector, u € R™ is the input vector and y € R? is the
output vector. A, B, and C' are constant matrices of compatible dimensions. To
obtain the nominal MPC for step tracking, the objective function of input u (:|k)

and state measurement z (k) over a horizon window is defined by

Np_l Nu——l
J= 3" llr—yk+ iR+ D llulk+ilk) R +lr—y (& + Nplk) [Ig,,, (3.61)
1=1 =0

where r is the reference input, and Q, R, @, are the output, input and terminal
weightings, respectively. Based on the model in (3.60), the predicted states can be
expressed by:

Aig (k) + A 'Bu(klk) + -+ Bu(k +i—1[k),

if1 <i<N,,
z(k+ilk) = Az (k) + A Bu (k|k) + - - - + ANt By (K + N, — 2[k)
+(A"NMB+ .+ B)u(k+ N, — 1]k),
if Ny <9 £ Np.
(3.62)

Rewrite the objective function in (3.61) in the form of augmented matrices [59] and

derive

J= (R=Y (&) QR -V (k) +UT (k)RU (k), (3.63)

where the augmented vectors are given by

Uk) = [uT(klk) vT(k+1k) - uT(k+N,—1]k) T, (3.64)
Yk) = [yT(k+1k) yT(k+2k) - yT(k+Nplk) |7,
T = [T'T rT T.T]T

bl

and the augmented weightings are given by
Q= diag(Q,Q, @, QNP)’ R =diag(R, R, - ’R)' (3‘65)

Inserting the predicted states in (3.62) into (3.60) from ¢ = 1 to ¢ = Np, and

utilizing the augmented vectors and weightings in (3.64) and (3.65), we can express
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the predicted output sequence Y (k) in terms of the current state z (k) ,

Y (k) =CAz (k) +CBU (k), (3.66)
where
T4 r B 0 e 0 i
Nu:—l Nu:—2 . . ;
A= | AN | g | AT ARTE B
A}Vp ANs—lp AN-2p L. (ANP_NuB
L . | A4 B)
[ C . 0
C = N (3.67)
| O C

Substituting (3.66) into (3.63), and defining an auxiliary positive scalar ¢, the nom-

inal MPC can be solved by minimizing a linear objective,

, U(K)
s.t. t>J,
J = (T — (CAz (k) +CBU (k)))TQ
(T — (CAz (k) +CBU (k))) + UT (k) RU (k) (3.68)

where J, is the optimal value of the objective J and the scalar ¢ is an upper bound of
J. Applying Schur complements to the constraint in (3.68), we convert the nominal

MPC into a SDP problem.

Conclusion 3.8 For nominal MPC with step-tracking, the optimal control sequence

U (k) over a horizon starting at instant k, if exists, can be calculated by solving an

SDP problem,
Jo,= min t
t, U(k)
s.t. t>0,
t (T - (CAz (k) +cBU (k)T UT (k)
* Q! 0 >0, (3.69)
U (k) 0 R!

where x (k) is the state measurement at instant k.

52

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.4.2 Finite horizon robust MPC using LMIs

As in Section 3.3, the first step in the robust MPC synthesis is to configure a system
framework to represent the influence of modelling uncertainties on controller design
while capturing system dynamics. FH-RMPC sets both the prediction horizon N,
and the control horizons N, by finite integers, so it becomes inevitable to perform
state/output predictions. Eq. (3.62) provides an approach to future state calculation
of nominal MPC systems. In the same fashion, we can perform state predictions
in the presence of modelling uncertainties. However, if there exist uncertain terms
in matrix A, the high order factors of uncertainties will appear in the expression
of predicted states, which are notorious for the MPC formulation. This barrier
motivates us to construct a new framework to represent the uncertain factors in
matrix A: the nominal version of controlled systems paralleling a moving average

uncertain matrix.

1. A framework for modelling uncertainties

Fig. 3.7 shows the framework adopted by FH-RMPC. It is composed of the
nominal model of the controlled system and a moving average uncertain ma-
trix. Here we assume that C is known precisely and the states are fully mea-
surable, so that the system is regarded as a transformation from inputs to

states and then to outputs. In Fig.3.7, Ay stands for the modelling uncer-

WH AkHP

A|B 5 +
rlk) MPC controller u(k) 7 I 0 #k) > Ak

Figure 3.7: An FH-RMPC feedback system

tainties over the prediction horizon starting at instant k. It is weighted and
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norm-bounded by one, and W and P are weighting matrices, i.e.,

Ay (k, k) 0 0
Ap(k+1,k) Ap(k+1,k+1) - 0
k= . . . . 3
Ap(k+ Ny k) Ag(k+Npk+1) - Ap(k+ Ny k+ Np)

(3.70)
with ||Agl| = & (Ag) < 1. To simplify formulation, we assume that predicted
state z (k + i|k) is independent of the previous modelling uncertainties due
to the monotonicity of the prediction horizon. Taking advantages of such an

assumption, the controller design may be significantly simplified .

2. Convert FH-RMPC into a QP problem

Based on the uncertainty block defined in (3.70), perform the state predictions.
The key point here is to exploit the monotonicity of the prediction horizon.
At every prediction horizon starting at instant &, predictions are independent
of the previous horizon uncertainty block Ag_j. Here the nominal model is
given by

Z (k+ i+ 1}k) = Az (k +ilk) + Bu(k +ilk), (3.71)

and the uncertain term 4 (k) led by modelling uncertainties can be calculated
by
k+i
§(k+ilk) =3 A(b+i, ) uilk), (3.72)

+

L
1
&

where the uncertainty matrix Ais defined, for convenience, as
A = PAW.
From (3.71) and (3.70), we have

zk+i+1k) = z(k+i+1k)+d(k+1+1lk)

= Az (k+ilk) + Bu (k +i|k)
k+1+2 R
+ 3 Al +1+44,5)ulk). (3.73)
i=k
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It is obvious that

z(k+ilk) = Z(k+ilk)+3(k+ilk)
k+i
= z(k+ilk)+ Y Ak +i,5)u(lk). (3.74)

=k

Substituting & (k -+ 7|k) in (3.74) into (3.73), we derive

k+1+i
z(k+1+ilk) = Az(k+ilk)+Bu(k+ik)+ > A(k+1+14,5) u(jlk)
j=k
k+i )
—AY A (k+i4,5)u (k). (3.75)
j=k
The predicted output satisfies
y (k + ilk) = Cz (k +ilk) . (3.76)

To illustrate the procedure of the state predictions, we implement the first two

steps, namely the calculations of z(k + 1|k) and z(k + 2|k),

k+1
Az (k) + Bu(klk) + > A(k +1,5)u(jlk)
j=k
—AA(K, k)u(k|k), (3.77)

o(k + 1]k)

z(k+2|k) = Axz(k+1|k)+ Bu(k+ 1]k)
k+2 R k+1 .
+3 " Ak +2,5)u(lk) — A Ak + 1, j)u(ilk). (3.78)

i=k =k

Substituting (3.77) into (3.78), we have

z(k+2k) = A%z(k)+ ABu(k|k) + Bu(k + 1|k)
k+2
+) " Ak +2,i)u(jlk) — A2Adk, k)u(klk).  (3.79)
i=k
Without loss of generality, we can assume that the uncertainty block Ay is
strictly causal, hence the first element of uncertainty block Ay (k, k) = 0,

~

consequently, A (k, k) = 0 (weightings P and W are block diagonal matrices).
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So we can derive the common expression for the predicted state:

Aiz (k) + A 1By (k|k) + -+ + Bu(k + i — 1|k)
kti .

+ X Ak+5,)u(k), H1<i<N,-1,
i=k

Aiz (k) + A Bu (k|k) + - - -

z(k+ilk) = { +ATNHBu(k+ N, —2/k) + -
+(A"N“B+~'+B)u(k+Nu— 11k)
k+Ny—1 o '
+ Zk A (k +1,5) u(jlk)
ki
+ 3 A+, ) u(k+ Ny —1k), if Ny, <@ < N
L j=k+Ny
(3.80)
Rewrite the predicted states as an augmented matrix
[z (k+ 1]k) | [ A ] B
z(k+ Nylk)| = [AMe|xz(k)+ | AM1B
|z (k + Np|k) | | AN | | AN-1B
0 0
: : u (k|k)
AB B :
: : u (k+ Ny — 1}k)

ANp-NuHLB ANy~NuB 4 ... 4 B

Ak+1,k) Ak+1k+1)
+ | A(k+ Ny, k) A(k+ Ny, k+1)

A(k+ Npk) Ak+Npk+1)
0

A(k+ Nyk+ Ny —1) 4+ + Ak + Ny, k + Ny,)

A(k+ Nyyk+Ny—1)+-++ Ak + Np, k+ Np) |

u (k|k)
X : (3.81)
u(k + Ny — 1]k)

Here we define two auxiliary matrices M; and M, as the left- and right-
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multipliers of the uncertainty block A, namely

Ib 0 0 0 0

0 L -~ 0 0

0L 0 0 L .

0015 - 0 Lo
M:=| . . . |,aesdMy:=|0 0 - I 0], (382

S e 0 0 - 0 I

00 0 I . .

[0 0 - 0 I

where both I; € R™*™ and I, € R™*™ are identity matrices. In the terms of M
and M,, the uncertainty block Ay defined in (3.70) represents the uncertain
terms in (3.81). Using the notation in (3.64) and (3.67), we can stack the

expressions in (3.76) and (3.80) from ¢ = 1 to i = Np and derive

X (k) = Az(k)+ BUK) + MPAW MU (k),
V() = CX(k), (3.83)

where X (k) is the augmented, predicted state vector with
X (k)= [ 2% (k+1K) oT (k+2lk) - ¥ (k+ Nplk) |7

In the way of the nominal MPC, we have also formulated FH-RMPC as a QP

problem.

Conclusion 3.9 A finite horizon robust MPC system can be represented by
its corresponding nominal model in parallel with a weighed unity-norm uncer-
tainty block. Based on such a framework, robust step tracking control, or, step
tracking in the presence of modelling uncertainties, can be achieved by solving
a robust semi-definite optimization problem (if solutions exist) with uncertain
matriz constraints:

Jo = t,InL{l(Illc) t, (3.84)

subject to

t>0,
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maxJ < t(with [|Ax]l =& (Ag) < 1),

<~
Il

(T =Y ®)TUT =Y (k) +U" (k) RU (k),
X(k) = Az(k)+BU (k) + MPAWMU(K),
Cx (k), (3.85)

<
o)
Ey
~—
i

where T 1is the augmented reference input with

T .= [TT T ... TT]T

)

and t is an upper bound of the objective J.

Note that if inserting (3.83) into (3.85), the objective J can be represented by

J = (T —(CAz (k) +CBU (k) + CMPAW MU (k)T Q
(T — (CAz (k) + CBU (k)) + CMPALW MU (k))
+UT (k) RU (k) . (3.86)

3. An FH-RMPC algorithm using LMIs

We have formulated FH-RMPC into the robust QP problem in (3.85). Due to
the presence of modelling uncertainties, (3.86) involves the uncertain terms of
Ag. Therefore, we cannot apply Schur complements and use existing software
packages to solve Problem (3.85) numerically. In order to overcome such a
barrier, the robust LMI theorem, namely Lemma 3.4, is utilized. The pivotal
idea of Lemma 3.4 is using an auxiliary positive scalar 7 to convert robust

LMIs into standard LMI constraints. Consequently, we can recast the robust

QP problem in (3.84) for FH-RMPC into an SDP problem.

Theorem 3.3 The FH-RMPC design for step-tracking control is solvable by
an SDP problem:

subject to
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and

t (T —CAz (k) —CBUK)T UT (k) (WMU k)T

x Q' —rcMP(CMP)T 0 0

: ! Rl 0 >0, (3.87)
* * * TI

where T is augmented reference input, U (k) is predicted input sequence, and
Q and R are weighting matrices, defined in (3.64) and (3.65). The augmented
matrices A, B, C, M;, and M, are constructed in (3.67) and (3.82).

Proof: Applying Schur complements and rewriting the constraints in (3.85),

we have
t (T —CAz (k) — CBU (k)T — CMPAWMUK)T UT (k)
* ot 0 >0
* * R!
(3.88)
Separating the certain and uncertain terms in (3.88)

0 (CMPAWMU ()T 0 0 00
i—10 0 0|—| CMPAWMUK) 0 0|20,
0 0 0 0 00

(3.89)
and rewriting (3.89), we have
(WM,U (k)T
Ty - 0 Ao cmP)” o]
0
0
— |CMP| Ap [WMU (E) 0 0] >0, (3.90)
0
where
t (T —CAz (k) - CBU (k)T UT (k)
Ty = | % o1 0 (3.91)
* * RrR-1
Setting

0
Ty = [—CMZP} , Ts= [WM;U(k) 0 0], and Ty =0,
0
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and recasting (3.90) into the form of (3.7), we form a robust LMI in the
structure of Lemma 3.4,

T - LTy TF

T1—T5 AFT; — T3 20 & T Iy

> 0. (3.92)

Therefore, FH-RMPC for step tracking control is converted into an SDP prob-
lem. |

Theorem 3.3 provides an effective approach for solving FH-RMPC problems for
robust step tracking control. By adjusting the length of the prediction horizon N,
or/and the control horizon N, different requirements of the pre-specified perfor-
mance may be satisfied. From the previous theoretical analysis, if N, and IV, are
large enough (for example N, = N, = o0), we can always find a Lyapunov func-
tion to guarantee closed-loop stability of RMPC without any terminal constraints.
However for the FH-RMPC case, if both N, and N, are finite, terminal cost con-
straints have to be imposed to guarantee the robust stability of resulting FH-RMPC

systems.

3.4.3 Terminal cost constraints

In 1988, Keerthi and Gilbert first proposed a method which employed the objective
function of MPC systems as a Lyapunov function to solve the nominal stability
problem [43]. Later the same approach was used for nonlinear systems [62]. In
this section, we will employ a similar idea and develop terminal cost constraints to
guarantee robust stability of FH-RMPC systems.

Without loss of generality, here we set N, = N, otherwise we can enforce
u(k+1ilk) =u(k+ k), if Ny <9< Np.

For ease of notation, we denote e (k + i|k) := y(k +i|lk) — r (k + i]k) . Consider a

quadratic function
Viz(k +ilk)) = e (k +ilk)T ®e(k+ilk) = ||Cz (k+ilk) —7||2, >0, (3.93)
of state measurement x (k}, k > 0. Let
V(e (k+i+1[k) = V(2 (k+ilk) < —(lle(k +ilk) 1§ + [lu (k +ilk) [|R), (3.94)
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and consequently,
V(z(k+ Nplk) =V (z (k+ Np — 1|k)))
< =(lle(k+ Np — 1[k) [[§ + l1u (k + Np = L&) |IR)- (3.95)
Summing (3.94) and (3.95) from ¢ = 0 to ¢ = Np, we get
V(e (k+ Nplk)) = V (z (klk)) < =7 ~ |le (k) [ + lle (k + Nplk) 13,
Employ V (z (k)) as a Lyapunov function satisfying
V(z (k) > t+lle(k) I3 — lle (k + Nplk) 13y, +V (e (k+ Nylk)) (3.96)

where ¢ is the upper bound of objective J defined in (3.84). Then V (k) : R” — R,

the difference of Lyapunov functions of z (k + 1) and z (k) , can be expressed as
V() = V(ek+1)-V(zk)
< VeE+1))-t-lle(k) I3

+ ||e(k+N,,|k)||2Q,Np —V(z (k + Nplk)). (3.97)

In order to derive closed-loop asymptotic stability, we should guarantee that the

right hand side of (3.97) is negative, i.e.,
lle (k+1) 113 —t = lle (k) 15 + lle (& + Nplk) I, — lle (k + Np|k) 15 < 0. (3.98)

From (3.80), we know that if u (k|k), the first element of input sequence U (k) is
sent to the real process, the state measurement at instant (k + 1) can be expressed
as

z(k+1) = Az (k) + Bu (k|k) + A (k + 1, k) u (k|k)
and consequently
e(k+1) = CAz (k) + CBu (k|k) + CA (k + 1, k) u (k|k) — 7. (3.99)

Introduce two constant matrices F, and E5 such that

A(k+1,k) = B\AE; = B M{PAGW M, By, (3.100)
with
Et=[0 I 0 - 0,andEz=[I 0 --- 0] .
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Inserting (3.99) and (3.100) into (3.98), we get
||C Az (k) + CBu (klk) — r + CE{M{PAW M, Equ (k|k) |3 — ¢
~||Cz (k) — rl|5 + €T (k + Np|k) (Qn, — @) e(k+ Nplk) <0 . (3.101)
So if the inequalities
|Cz (k) — rl|3) + t — ||C Az (k) + CBu (k|k)

—r 4+ CE{M;PAW M, Equ (klk) ||3 > 0, (3.102)
®—-Qn, 20, (3.103)
hold simultaneously, we can guarantee the condition in (3.101). Applying Schur

complements and the property of the robust LMI theorem (Lemma 3.4), we can

recast (3.102) into

|ICx (k) —7"||2Q+t * *
CAz (k) + CBu(klk) —r X — MCE,MP (CE;MP)T x | >0, (3.104)
W M, Eyu (k|k) 0 Ml

where X = ®~! and )\ is a positive scalar. Then left- and right-multiplying X to
both sides of each term in (3.103) and defining a small non-negative scale «, which

is selected as a tuning scalar of (Q N, + &I ), we have

X - X (Qn, +KI) X >0 (3.105)

It is obvious that if K — 0, (3.105) is equivalent to (3.103). Apply Schur complements
to Eq. (3.105) and derive

X X >0 (3.106)
X (Q]\/,[,-FHI)_1 = ’

Combined with (3.106), (3.104) forms a sufficient condition to (3.98), which is de-
signed for asymptotical stability of the resulting closed-loop FH-RMPC system.
Meanwhile, in order to use V (z (k)) as a Lyapunov function candidate, we design

another LMI to guarantee (3.96). To this end, taking advantage of the condition in
(3.103), we derive a sufficient condition to (3.96)

lle (k) 13y, — t = lle (k) 13 — lle (k + Nplk) 13 > 0. (3.107)
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From (3.80), = (k + Npl|k) is expressed as
e (k + Nplk) = CANvz (k) + CE3BU (k) + CEsMPAZWMU (k) — 7, (3.108)

where F3 = [O 00 I]. Substituting (3.108) into (3.107), applying Schur

complements and using the property of the robust LMI theorem, we get

|Cxz (k) —v"H?QN,, —||Cz (k) — |3 —t * *
CANex (k) + CE3BU (k) — X — MCEsM P (CEsMP)T x| >0,
W MU (k) 0 Aol

(3.109)

where )q is a positive scalar.

Theorem 3.4 To achieve step tracking performance for the FH-RMPC system de-
fined in Fig. 8.7, the manipulated input u® (k) = EqU° (k|k), k > 0, can be obtained
by minimizing the following optimization problem,
Jo = min ¢,
Uk
subject to (8.87), (3.104), (3.106), and (8.109), where X, A1 and Ay are variables
of LMIs for terminal cost constraints, and Ey4 is a truncation matriz, given by
Esy=[ 0 - 0].

The closed-loop system is guaranteed asymptotically stable if the optimal input se-

quences
U (k) = [ we (k)T wk+1k)T - wk+N,—1k)T T, k>0,
exist.

Proof. From Theorem 3.3 we know that the SDP problem in (3.84) can be solved
by minimizing the linear objective in (3.87). Meanwhile, combined with constraints

(3.104), (3.106), and (3.109), the quadratic function of e (k)
V (2 (k) = e (k) ®e(k),

can be regarded as a Lyapunov function, and it is convergent with MPC iteration.
Therefore, by adding auxiliary constraints (3.104), (3.106), and (3.109) into the op-
timization problem defined in (3.87), we can guarantee the resulting FH-RMPC reg-
ulator to be asymptotically stable, associated with the Lyapunov function V (z (k)).
|
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3.5 A simulation example

Consider a classical angular positioning system proposed by Kwakernaak and Sivan

in 1972 [47]. The system model is

[:;EZTFB] - {(1) 1—()61.10[]“’(’9”[0'?87]11(16), (3.110)

y(k) = [1 0Jz(k),

where o € [0.1, 10] reflects the uncertain coefficient of viscous friction in the physical
structure. From the approaches discussed in [45], an IH-RMPC controller for the
structured uncertainties in the feedback loop is first designed. Comparing with the
FH-RMPC controllers proposed in this chapter, it can be seen that the FH-RMPC
controllers have better tracking performance and smaller overshoots (Fig. 3.8).
Here the tuning parameters are set as: r =1, Q = I, Qn, = I, R = 0.00002], P =
I, N, =3, and W = 0.1. The simulation length equals 50. For the simulation

results in Fig. 3.8, we set a = 0.7 (nominal value & = 0.495).

14 T . . r . r v jmmmmm s \
— IH-RMPC Al
12t T FH-AMPO (No-0) : Modelling Uncertainty Biock A |
| o ' \
s ' :
Sosf , |
B,
£06r ! Real !
04 I Process |
t 1
02 ! !
L . L . L . L | 1
15 20 25 30 35 40 45 50 |
Time, ' Nominal \
| Model :
10— T T T ™ T T T e e ___ “
1 - = IH-RMPC
§ sk — FH-RMPG (Np=3)
' . FH-
L rk) | mpc
g or ! T C Model
B ol Mmoo
E.5L 1
k] Vo T
Bl L
OIO \v/
4 —_ o —

Figure 3.8: IH-RMPC controller
(dash-dotted) and FH-RMPC con-
trollers: Np = 3 (solid) and N, = 6
(dotted)

Figure 3.9: Modelling uncertainty re-
configuration

In order to reconfigure the system in (3.110) into the framework of Fig.3.7,
we can take advantages of the method described in Fig. 3.9, using the difference

between the nominal model and real process to derive uncertainty block A.
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We now increase and decrease the uncertain term o to its upper and lower
bounds, i.e., setting a = 10 and o = 0.1, respectively. In the same fashion, we
design an IH-RMPC controller again. We find that it takes a very long time to
reach the steady-state value and serious ripples occur for IH-RMPC, and therefore
figures are not presented here. Fig. 3.10 shows the simulation results based on FH-
RMPC controllers with the different control horizons. It can be seen that FH-RMPC
achieves the prespecified tracking under the worst conditions. From this point, the
FH-RMPC algorithm proposed in this chapter has better robustness properties that
IH-RMPC. Similar to nominal MPC controllers, FH-RMPC controllers also possess
the property that if increasing the difference between N, and N, the overshoot of

performance decreases; meanwhile system responses become slower.

alpha=10 alpha=0.1
- 1.4
—— FH-RMPC (Np=3) > — FH-RMPC (Np=3)
- —- FH-RMPC (Np=6) 1.2 . = FH-RMPC (Np=6)
] 2 A W\
2 g
El 3 08
£o. £os
8 S 04
0.2
0
0 10 20 30 40 50 0 10 20 30 40 50
Time, s Time, s
alpha=10 alpha=0.1
5 6
. — FH-RMPC (Np=3) — FH-RMPC (Np=3)
2 - = FH-RMPC (Np=6) 2 | — - FH-RMPC (Np=6)
4t g 4n
= 1 c
@ - @
2. 2,14
03 | @2
E H
E2t)- £0
B K]
£ E
gn g—z
0 - -4
0 10 20 30 40 50 0 10 20 30 40 50
Time, s Time, s

Figure 3.10: FH-RMPC controllers with the extreme uncertainty values: N, = 3
(solid) and N, = 6 (dash-dotted)

As discussed above, closed-loop stability is a challenge for FH-RMPC design.
By imposing several extra terminal cost constraints, we can guarantee that the
closed-loop stability of resulting FH-RMPC systems. Fig.3.11 demonstrates the

influence of the imposed terminal cost constraints on the system performance with
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the different prediction horizons N,. Here we set a = 0.8 and N, = 3. It can be
seen that the terminal cost constraints attenuate the input and output peaks, but

give rise to slower responses. Fig.3.12 demonstrates the influence of the terminal

14 Np=3 and alpha=0.8 14 Np=6 and alpha=0.8
—— No cost constraints ' — No cost constraints
1.2 -— - Imposed cost constraints 1.2 - — - Imposed cost constraints
2 2 1
2 2
§0. _g 08
£o. £ 06
a a
8 0. O 04
0. 0.2
0
0 10 20 30 40 50 0 10 20 30 40 50
Time, s Time, s
Np=3 and alpha=0.8 Np=6 and alpha=0.8
0.8 ()
— No cost constraints — No cost constraints
0 P il n H pu—— i
§ 06} Imposed cost constraints § 4 imposed cost constraints
Q @
3 3
o o
Q Q
w 0
5 =
o =3
£ £
K] K]
E E
= =
o [=%
o] o]
-4
10 20 30 40 50 0 10 20 30 40 50
Time, s Time, s

Figure 3.11: Influence of terminal cost constraints: no cost constraints (solid) and
imposed cost constraints (dash-dotted)

cost constraints on the system performance with different terminal weightings Q.
We reset a = 0.9 and N, = 3, and keep N,, = 3. In the figures, solid lines (no cost
constraints) are derived from Theorem 3.3 and dash-dotted lines from Theorem 3.4.
It can be seen that for the controlled system, even though we do not impose extra
terminal cost constraints, the FH-RMPC algorithm can still come to closed-loop
stability.

All the simulations were performed on a PC with a Pentium 4 processor, 512MB
RAM, using the software LMI Control Toolbox [32] in the MATLAB window’s

environment. Table 3.1 shows that the on-line computational cost can be reduced by
FH-RMPC, compared with IH-RMPC. In the table, the numbers within parentheses
are the average time to compute u° (k) over every prediction horizon, and the other

is the total time with the simulation length equal to 50 (N, = N,, = 3).
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Figure 3.12: Influence of terminal weightings: no cost constraints (solid) and im-
posed cost constraints (dash-dotted)

Table 3.1: Time cost of the online computation

Uncertainty factor o 0.7 0.8 0.1 0.99
TH-RMPC controller (s) 4.366 (0.087) 5049 (0.101) - .
FH-RMPC controller 3.956 3.986 3.695 3.736
without terminal cost constraints (s) (0.079) (0.079) (0.074) (0.074)

3.6 Conclusions

In this chapter, we reviewed the background mathematics on system uncertainties
and LMIs and introduced a successful IH-RMPC algorithm which was superior in
numerical efficiency and closed-loop stability. After this, FH-RMPC, which is pro-
posed in this thesis, was extensively discussed. Two important topics for FH-RMPC
were covered: how to achieve robust step tracking control by FH-RMPC, and how
to guarantee the closed-loop stability of resulting FH-RMPC systems. Taking ad-
vantage of the properties of a robust LMI theorem (Lemma 3.4), the conventional
min-maz programming was converted into an SDP problem. Compared with IH-

RMPC, FH-RMPC has more tuning freedom, better control performance, and faster
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online implementation. All formulations mentioned in this chapter are based on an
assumption: the controlled system has fully measurable states. How to remove this

assumption is left to Chapter 6. The content of this chapter is summarized in our

publication [19].
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Chapter 4

Explicit model predictive
control

This chapter investigates Bemporad’s work — explicit model predictive control
(EMPC). EMPC is featured by offline optimization and online implementation. Dif-
ferent from conventional MPC algorithms which provide nonlinear implicit functions
as control policy, EMPC derives the expressions of manipulated inputs by a set of

piece-wise affine functions associated with state space partitions.

69

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.1 Introduction

From previous chapters, we know that the MPC scenario is a tetralogy composed
of system initialization, future signal prediction, online optimization, and controller
implementation. With this scenario, MPC has to perform both optimization and
implementation online and accomplish them at the same time. Considering the
nature of computational complexity, though some modelling tricks may possibly
simplify signal prediction, it takes a long time to finish the whole procedure of MPC
formulation. This limitation hinders the MPC application to fast processes, e.g.,
aircraft control. To solve this problem, currently researchers are used to employ-
ing saturation elements plus anti-windup strategies [8] to regulate fast constrained

systems, especially for industrial plants with integral control units.

4.1.1 Anti-windup control

The principle of anti-windup control can be demonstrated by an industrial con-
tinuously stirred tank reactor (CSTR) with a conventional proportional-integral-
differential (PID) controller and an input saturation unit. In order to illustrate the
influence of the undesired side effect known as “windup,” we first consider the CSTR

system without anti-windup compensators.

Example 4.1 Consider an industrial CSTR system with a first order plus dead
time (FOPDT) model:

e—O.2s
G(s) = ST 1
It is controlled by a PID compensator:
1 0.1s
Cls) =303+ s + T 019

Fig. 4.1 shows the Simulink diagram for this system. In order to satisfy input/output
physical constraints, an input saturation unit is added into Fig. 4.1.

Experiments are conducted under four different conditions, namely, setting the
saturation unit equal to [—1.8,1.8], [-1.6,1.6], [-1.4,1.4], and [-1.2,1.2], respec-
tively. Keep the reference input r equal to 1. The closed-loop responses of the CSTR
without anti-windup compensators are shown in Fig. 4.2, which includes the trajec-

tories of the system output y (upper-left part), the integrator output yins (upper-right
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Figure 4.1: A CSTR system with an input saturation unit
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Figure 4.2: The closed-loop responses without anti-windup compensators

part), the input before the saturation block wsree (lower-left part), and the input after
the saturation block u (lower-right part). From the curves of yint, it can be seen that
the undesired side effect, namely, windup, occurs, i.e., with the smaller admissible

mput set, the trajectory of the integrator output has a larger peak value as well as a

larger peak time.

Conclusion 4.1 [8] The effect of windup can be explained by the fact that when the
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control signal saturates the actuator, a further increase in the control signal will not

lead to a faster response of the system.

Saturation| Plant Pure Delay Output

lotsgcator

E

Anti-windup K Anti-windup Compensator

Figure 4.3: A CSTR system with an anti-windup compensator

To eliminate the windup, an anti-windup compensator is added in Fig.4.3, and
Fig. 4.4 shows the trajectories of the CSTR system with the anti-windup compen-
sator. It can be seen that the side effect, windup, is effectively alleviated. The
anti-windup compensator in the form of Fig. 4.3 is called tracking enti-windup. In
industrial applications, there are other types of anti-windup control, e.g., condi-
tional integration anti-windup, limited integrator anti-windup, and modified track-
ing anti-windup [90]. All these anti-windup controllers, however, suffer from a draw-
back: anti-windup gains have to be determined by trial-and-error. For example, in
Fig. 4.3, the gain K is set to 5 by trial-and-error. However, if K = 1.5, we cannot
obtain satisfactory performance. This fact inspires researchers to derive an explicit
MPC algorithm and take advantage of the tuning superiority and the potential to

handle system physical constraints.

4.1.2 A framework for explicit model predictive control

Fig. 4.5 is the framework for classical online MPC schemes in which the optimiza-
tion block and implementation block are combined together, and the manipulated
inputs are provided by the implementation block associated with online optimiza-

tion. Here, the system is represented by a state space model; the system state is
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Figure 4.4: The closed-loop responses with anti-windup compensators

assumed to be fully measurable. Different from online MPC, Fig. 4.6 illustrates the

u(k) x(k +1)= Ax(k)+ Bu(k) y(k)
y(k)= Cx(k)+ Du(k) l
F——————————— —¢ —————— —i State Measurement
Online MPC Optimization : x(k)

|
|
)
| Online Implementation
|
|

Implicit MPC Controller
[y

Constraints, Weightings, Horizons, Ref. Inputs, ...... ’

Figure 4.5: A classical framework of online MPC

framework of offline MPC, in which the optimization and implementation blocks are
separated and the optimization block is independent of the state measurement z(k)
and the manipulated input u(k). The optimization block communicates with the
implementation block via two components: state space partitions and offline control

functions. In 2002, Bemporad et al.realized the state space partition by a set of
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critical polytopic regions and the offline control policy by a series of piece-wise affine
functions [6].

The offline MPC strategy can be summarized into four steps: 1) converting
MPC into an optimization problem, 2) solving the optimization problem offline,
3) partitioning the state space, and 4) evaluating the optimal manipulated inputs
online. State space partitions and piece-wise affine functions are pre-stored in a
computer and called by implementation blocks later. The implementation block
first determines the initial critical region based on the current state measurement
z(k) and then sends it to the control function block to evaluate the optimal input
u(k). After that, the optimal input u(k) is re-sent back to the implementation block
for online implementation. In this fashion, the MPC implementation is simplified
as a function evaluation, and consequently implementation efficiency is improved
dramatically. The framework in Fig. 4.6 proposes two challenges for explicit MPC:
how to determine the offline functions for explicit MPC and how to perform the

state partition to cover the whole state space.

u(k) x(k + 1) = Ax(k)+ Bu(k) yik)
y(k) = Cxtk)+ Du(k)
Bttt st bt t
| |
) c , :
: Weightings, 1
1 Horizons, —  Explicit MPC Optimization ! | State Measurement
' Ret. Inputs, 1
1 |
| 1
State Oftline
: Space <):'> Control :
: Partitions Functions | |
: Explicit MPC Controller ji jE :
x(k)
MPC Img; -

Figure 4.6: A framework of offline MPC

4.2 Multiple-parametric quadratic programming

Multiple-parametric programming refers to a class of optimal problems that seek
the characteristics of the optimal solutions for a full range of multiple-parameter

values associated with traditional objective functions. At present, two types of

74

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



parametric programming have been widely studied: multiple-parametric linear pro-
gramming (mp-LP) [11] and multiple-parametric quadratic programming (mp-QP)
[98]. Based on these two types of multiple-parametric programming, explicit MPC
laws are possibly obtained by a set of piecewise affine functions associated with state
space partitions. Using several recently developed multiple-parametric programming
toolboxes, e.g., the multiple-parametric toolbox (MPT) [46] and the hybrid toolbox
[3], we can accomplish the analysis and visualization of explicit MPC. In this thesis,

the mp-QP technique is extensively employed.
Definition 4.1 The optimal problem in the form of

min %zTHz +6TFT (4.1)
z

s.t. G.z X G+ Ggb, 8 € Ay,

is defined as multiple-parametric quadratic programming (mp-QP), where 6 € R™ is
the dynamic parametric vector, and z € R™ is the optimization variable. H € ST,

and all other matrices are constant with appropriate dimensions.

It can be shown that a possible solution to the problem in (4.1) is a set of piece-wise

affine functions associated with a parameter partition, i.e.,

z = K8+ g, GEAi, (42)
As = |JA§ i=1,2,- Ner. (4.3)
i

Eq. (4.2) defines a set of piece-wise affine functions, and (4.3) indicates a partition
of the parameter admissible region Ay, where 4 is the index of partition regions and
N¢pg is the number of partition regions. To derive the affine solutions in (4.2), we
first define a Lagrange multiplier A and convert the constrained mp-QP problem in
(4.1) into an unconstrained one. In other words, a barrier function to (4.1) is given
by

J= %ZTHz +0TFT2 4 NT(G,z — Go — Gof +p) (4.4)
where p € R™ is a slack variable and N, is the number of constraints in (4.1). From

the first-order Karush-Kuhn-Tucker (KKT) theorem [13], the optimal conditions to
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the barrier function in (4.4) are given by

Hz+F8+GIA=0, (4.5)
(Grz — Ge— G +p)TA =0, (4.6)
Ax0, p=0. 4.7)

Motivated by the properties of optimization duality, the Lagrange multiplier A can
be divided into two parts, namely Ay = 0 (the nonactive multiplier) and A4 # 0
(the active multiplier). Obviously, Ay =0 <= p1 # 0 (Mg # 0 <= pg = 0), and
A=[L, AT (p = [pf, pE]7). From (4.5), we have
z=—HYF§+GTAn), (4.8)
G,z —G.— G =0, (4.9)
where {C:‘z, G., Gg} is a linear combination of the active constraints in (4.6), and
G, has a full-row rank. Insert (4.8) into (4.9) and derive
M= —(GH GO WG HIF +Gp)0 — (G.HIGT)1G... (4.10)

Note that (4.10) is an affine function. Due to H € ST, and G, with a full-row rank,
the inverse of (G, H1GT) does exist. Replacing A4 from (4.10) and inserting it into
(4.8), we have

z = (-H'FP+HGY(G.H G NG HIF + Gy))o
+HIGT(G . HGT) 1@,
= KZO + g;. (411)

Obviously, (4.11) shares the same structure as (4.2). Meanwhile, to guarantee the

KKT conditions, we need
G,z G+ Gob, Ay > 0. (4.12)

Eq. (4.12) defines a polytopic region, which is called as a critical region in this thesis.

The critical region .Azo is expressed as

A= {0 € R"|(G.Ki — Gp)f < Ge — G,
(G,HIGTY WG, HIF 4+ Gg)0 < —(G.HIGT)1G.}. (4.13)
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Conclusion 4.2 The explicit solutions to the mp-QP problem in (4.1) can be ezx-

pressed by a set of piece-wise affine functions associated with critical regions, i.e.,
Z=Ki9+g¢, (96./42,
where .Af, is the ith element of a partition of the admissible parameter region Ag.

Conclusion 4.3 Egs. (4.11} and (4.13) propose three challenges for the parameter
region’s partition: 1) how to determine a combination {G,, G., Gg} based on the
constraints in (4.1) , 2) how to guarantee that the combination {G,, G., Gg} have a
full row-rank, and 3) how to guarantee that the partition elements Ajys be disjointed

and their union compose the whole admissible parameter region Ay, i.e.,
Ag=|JAh, (i=1,2,--Ncgg) (4.14)
i
where Nog is the number of partition elements.

4.3 The partition of the parameter admissible region

This section deals with the challenges mentioned in Conclusion 4.3. Knowledge of
the geometric algorithms of multi-parametric programming is employed. In 2000,
Dua and Pistikopoulos proposed an effective approach for the partition of a polytopic
region which is defined by a set of element-wise affine inequalities. Based on [26],

we determine a satisfactory partition of the Ay in (4.14).
Theorem 4.1 [6] Let Y C R" be a polyhedron, and
CRy:={z€Y | Az X b} (4.15)
be a polyhedral subset of Y with CRy # 0. Also let
Ri={z €Y | Az >b;, and Ajo <b; (Vj<i)}, i=1,---,m) (4.16)

where m := dim(b), and let

m
CRrest == |_J Ri- (4.17)
=1
Then (i) CRrest UCRy = Y; and (i1) CRoNR; =0 and RN R; = 0 for Vj # 4,
i.e., {CRo, Ri, -, Rm} is a partition of Y.
77

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proof: (1) From the definition in (4.17), CRyes can be expressed by

CRrest = {z€Y | Aiz>b;, i=1,---,m},

{zreY |Az>b, i=1,..- ,m}.

Obviously CRest UCRy =Y C R™.

(2) From the definition, R; violates at lease one condition of the element-wise in-
equalities in (4.15), and therefore CRyNR; = 0. Also, R; and R; violate the different
inequalities in (4.15) if j # 4, so that R; N R; = @ for Vj # ¢. Because CRye is the
union of R; disjointed with CRg and Y is the union of CR,.s; and C Ry, we can say
that {CRy, Ry, -, Rp} is a partition of Y. ]

The idea behind Theorem 4.1 can be demonstrated by Example 4.2.

Example 4.2 Consider a slab set Y defined by two element-wise inequalities as

shown in Fig. 4.7-Part I, i.e.,
YVi={zecR?| -05<z; <1, =01 <z <1}

The initial critical region CRg can be defined by four element-wise inequalities,

namely C1, -+, Cy.

CRy:={z€Y (4.18)

CRy is superimposed upon Y as shown in Fig. 4.7-Part II. If C; is violated and
x €Y is kept (no definitions on Ca, C3 and Cy), the partition Ry is created, as
shown in Fig. 4.7-Part III. If C} is satisfied but Cy is violated (no definition on C3
and Cy), the partition Ry is created, as shown in Fig. {.7-Part IV. If Cy and Cy are
satisfied but Cs is violated (no definition on Cy), the partition Rz is constructed,
as shown in Fig. 4.7-Part V. If C1, C2, and C3 is satisfied but Cy is violated, the
partition Ry is finally produced, as shown in Fig. 4.7-Part VI. Note that R;\R; = 0,
CRoNR; =0, and the partition {CRy, R1, ---, R4} composes the whole polyhedron
Y.

78

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Part | Part Il

1 1
05 Y o 05
Y
0 0
-0.5 0 05 1 -0.5 0 05 1
X X

Figure 4.7: A partition of the polyhedron region Y
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Fig. 4.7 illustrates the method discussed in Theorem 4.7. The partition elements are
disjointed, and the union of these elements composes the given region Y. Eq. (4.13)
defines a critical region corresponding to the optimal solution in (4.11). By setting

% as the initial critical region C'Ry, deriving the possible partition {CRg, Ry, -,
RNcg }» and searching for the optimal solutions in the rest of the regions {Ry, - -,

RNy} we can derive the explicit solutions to the mp-QP problem in (4.1).

4.4 Offline model predictive control

From the discussion on mp-QP and parameter space partition, we can develop an
offline model predictive control law. Here we assume that the controlled system
is given by a state space model, and neither internal nor external uncertainties
are included in formulations, i.e, this section focuses on nominal explicit model

predictive control.
4.4.1 Problem definition

Consider a discrete-time linear system

z(k+1) = Ax(k)+ Bu(k),
y(k) = Cz(k), (4.19)

where z € R™, u € R™, and y € RY are the state, input, and output, respectively. A,
B and C are constant matrices with compatible dimensions. The input and output

constraints are defined by a set of element-wise inequalities,

Ay = {u € le Umin =X % =X Umax, Umin, Ymax € Rm},

-Ay = {y € Rq| Ymin 2 Y = Ymax, Yminy Ymax € Rq}’ (4-20)

where A, and A, are the admissible input and output sets. wmin (Umax) and
Ymin (Ymax) are constant vectors composed by input and output lower (upper)

bounds.

Definition 4.2 The design of an explicit MPC regulator for the system in (4.19)
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is a QP problem,

min J (4.21)
Np—1
st J=llzk+Np)l[p+ D Mk + )G+ [lulk + )|}
i=0

u(k +1) € Ay, y(k+1) € Ay,
z(k+i+4+1) = Az(k + i) + Bu(k + 1),
y(k +1) = Cx(k + 1),
u(k+1) = Fa(k+1) if Ny <i < Np -1,
0<N,<Ny—-1, QeSt,, ReS},.
where P € ST, and F are terminal weighting and terminal feedback gain. The pair

(A, B) is stabilizable and (Q'/?, A) is detectable. Assume an initial condition equal

to z,. The control objective is to drive the state trajectory converging to the origin.

Because we are developing an offline MPC law, the problem in (4.21) can be defined
over any horizon window. For ease of notation, z(k+¢) denotes z(k +i|k), similarly

for u(k + ¢) and y(k + 7).

4.4.2 Closed-loop stability

To guarantee closed-loop stability, the objective function (4.21) is chosen as a Lya-
punov candidacy function. So the Lyapunov function at instant k can be expressed

by
Np—1

V(k) = |lz(k+ Np)IIB + D ek +8)[E + l|u(k + 0|3 (4.22)
=0
From (4.22), the difference of the Lyapunov functions between V(k + 1) and V (k)
is given by
V = Vk+1)-V(k)
= |lz(k + Np+ DB + [le(k + NI + llulk + Np)l[%
—la(k + Np)IIE — (lle(®) |G + |ulk + Np)|IR)-
Therefore if
lle(k + Ny + DB + llz(k + Np)|IG + [fulk + Np)l[R — ok + Np)I[p =0, (4.23)
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the resulting closed-loop explicit MPC system is asymptotically stable since the
initial penalized terms (||x(k)||% + [lu(k + Np)||%) are positive. Inserting (4.19)
into (4.23) and replacing u(k + Np) by the terminal feedback gain F, i.e., setting
ulk+ Ny) = Fa(k+ Ny),

(A+BF)TP(A+BF)+Q+FTRF - P=0. (4.24)

is derived. Eq.(4.24) is an algebraic Riccati equation (ARE), and if the pair (A,
B) is stabilizable and (Q'/2, A) detectable, (4.24) is feasible given any terminal
weighting P € S%, and terminal feedback gain F. Incorporating the solutions to
the ARE in (4.24) with the explicit MPC formulation in (4.21), closed-loop stability
of explicit MPC is obtained.

4.4.3 An mp-QP problem for explicit MPC

The optimization problem in (4.21) can be possibly converted into an mp-QP prob-
lem, and then based on the solutions in (4.11) and (4.13), explicit MPC is obtained
by a set of piece-wise affine functions associated with state space partitions. The

objective in (4.21) may be rewritten in the form of stacked matrices, i.e.,

J = 2T (k)Qz(k) + XT QX + UTRU, (4.25)
where
R := diag (R,--+,R, (N, — N,)R),
X = @T(k+1), -, 27 (k+ Np)©
U = [uT(k), -, ulk+ N7

Performing state and output prediction based on the model in (4.19) gives

X = Az(k)+ 8U, (4.27)
Y = CX, (4.28)
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where C := diag (C, --- ,C) and

A B 0 0 1
A= |AN|  B:= |AN"1B AM—2B ... B . (4.29)
_ANp_ _ANp—lB ANe—2p .. (ANNup g B))

Inserting (4.27) into (4.25), we have

J = UTBTOB+R)U + 22T (k) AT QBU + T (k)(Q + AT QA)x(k)
- %UTHU + T (k)FTU + 5, (4.30)

where H := 2(BTQB + R) € ST and F := 2BTQA. = is a square term of z(k)
and independent of the optimization variable U. From the stacked matrices in (4.26)

and (4.29), explicit MPC can be reformulated as an mp-QP problem.

Theorem 4.2 The explicit MPC regulator for system (4.19) constrained by the

element-wise inequalities in (4.20) is an mp-QP problem.

Proof: The proof follows immediately from the objective in (4.30). The optimiza-

tion problem in (4.21) is equivalent to minimizing J,
+ 1
J= §UTHU + 27 (k) FTU, (4.31)

where z(k) is the vector parameter and U is the stacked optimization variable.
Note that = is independent of the optimization variable U. From the expressions of
predicted states and outputs in (4.27) and (4.28), the element-wise inequalities in

(4.20) can be rewritten as
U=<U=U,Y =<CAz(k) +CBU =Y, (4.32)

where U (U) and Y (Y) are the stacked input’s and output’s lower-bound (upper-

T

bound) vectors, namely U := [uL, , -+, vL, ] and U € R™N«. Augmenting the

constraint conditions in (4.32), we have

GuU = Ge + Gea(k), (4.33)
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where

I U 0
—I -U 10
Gy = CB , Ge:i= v , and Gy = _cAl
—CB -Y CA
Combining (4.31) with (4.33), the design of explicit MPC is converted into an mp-
QP problem,
min %UTHU + 2T (k)FTU (4.34)
s.t. GuU X G + Gyz(k), z(k) € Ay, (4.35)

where A, is an admissible state set which is normally derived from the physical
conditions of a system. In the case that there is no definition on .A;, we can define
a closed polyhedron acting as A; with

Az :={z € R" | Ejz R E,}. (4.36)

The problem in (4.34) is an mp-QP problem with the multiple-parameter z(k). B

From Sections 4.2 and 4.3, it can be seen that the solution to (4.34) is a set of

piece-wise affine functions associated with state space partitions.

Theorem 4.3 Let a linear combination of the active constraints {Gy, Ge, Gz} out
of {Gy, Ge, Gz} (Gu has a full-row rank), and the initial critical region CRy C Ay
be determined by {Gy, G., G}. The optimal control law U for the problem in (4.84)

is defined by a set of functions of x(k) associated with A, ’s partitions.

Proof: The proof follows directly from (4.11) and (4.13). The solutions to (4.34)

can be expressed by
Ui = (-H'F+HGH(GuH'GH)YC,H'F + G,))x(k)
+HG(GuH )G,
= Kz(k) + gi, (4.37)
and the associated state space partition is
CRy:= {z(k) € A; | (GuK; — Gz)z(k) < Ge — gi,
(GuH™'GE) M GuH™F + Gy)z(k) < —(GuH™'GE)1G.}.
(4.38)
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The active constraints {GU, Ge, C?z} can be determined by solving a linear program-
ming (LP) problem which will be discussed in Section 4.4.4. Implement Theorem
4.1 and derive the A;’s partition {CRy, Ri,---, Rn,}. N is the number of in-
dependent inequalities in (4.35). By searching for the optimal input functions U;
within the rest regions {R3,---, Rn,}, we can finally derive a set of affine functions

U; and the associated critical regions C'R;. |

Notice that Theorem 4.3 assumes that a combination of the active constraints {Gy,
G’c, G’z} exists, and the matrix Gy has a full-row rank. The proof of Theorem 4.3
states that the combination {Gy, G, Gz} can be determined by solving an LP
problem. Here, a new problem is proposed: how to define an LP problem and set

up the initial critical region CRy?
4.4.4 A combination of the active constraints

To start searching U;, we need a combination of the active constraints in (4.35),
{GU, Ge, éz}, and the matrix Gy must have a full-row rank. To this end, an initial
searching parameter zo(k) € A is constructed. zo(k) is chosen by a point as close
to the center of the polyhedron A; as possible in the sense of 2-norms and satisfies

the constraints in (4.35) as well. To determine zo(k), an LP problem is constructed

max & (4.39)
zo(k), U, 6
st.  Eiz+0||E}|ls < E, (4.40)

GpU <X G+ szo(k),

where E} denotes the ith row of the matrix E; in (4.36), the same as for Et. From
Constraint (4.40), it can be seen that § is the distance from the point zg(k) to each
bound of the polyhedron A,. Therefore, zo(k) is the Chebychev center and 4§ is the
associated Chebychev radius.

After determining the value of zo(k), we send it back to the problem in (4.35)
and solve this mp-QP problem. Set the solution to (4.35) U°. Then a combination
{Gy, G, G} can be determined by zy(k) and U?, i.e.,

GuU < G+ Gyzo(k). (4.41)
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Because H is positive and symmetric, the combination {éu, G., éz} is uniquely

determined.

Remark 4.1 If the optimal solution to (4.39) §° < 0, this LP problem is infeasible.

To handle these cases, widen the polyhedron A to a larger region.

Remark 4.2 There is o degenerated case of the condition in (4.41): the optimal
pair (zo(k), U°®) does not activate any constraints in (4.85). In this case, the optimal
solutions to (4.34) are simplified dramatically. No active constraints mean that
the Lagrange multiplier Mg in (4.10) uniquely equals to zeros (A > 0), so that the

optimization variable z in (4.8) is simplified as
z=-H"'F9.

In the same fashion, (4.37) becomes

Ui = —-H 1Fz(k)
= Kix(k), (4.42)
and the associated partition is
CRg = {z(k) € A; | (GuK,; — Gp)z(k) 2 Ge — gi}. (4.43)

To store and visualize the optimal solutions to an mp-QP problems, MATLAB
Hybrid Toolbox is employed in this thesis.

4.5 A simulation example

Hybrid Toolbox is a numerical solver for multiple-parametric programming. It was
developed by Bemporad in 2005. The current version is 1.0.12 - Feb 23, 2006, which
is available on the website: http://www.dii.unisi.it/ "bemporad/. This package is
developed under the MATLAB environment.

Consider the nominal version of Example 3.1,

09719 —0.0013 00839 0.0232
2k+1) = | 0034 O.8628]x(k)+[0.0761 0.4144) UF)  (444)
y(k) = z(k),
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where z € R?, v € R?, and y € R? are the state, input, and output respectively.

The input and output constraints are given by

A, = {ueR?®| —05-1<u=05-1}, (4.45)
A, = {yER2| —00-1=<y=<o0-1}. (4.46)

Eq. (4.46) indicates that no output constraints are imposed on the system in (4.44).
The control objective is to develop an explicit MPC controller to drive the state
from the initial point zg = [2, 1]T to the origin along the state trajectories. The
following parameters are used in the explicit MPC design

. 3.7897 -0.0581 K= 2.4543 —0.2984
~ |-0.0581 1.2928 |’ T T |—0.4042 —1.3949|"’

= I, R=0.1I, 2o =[2,1]7, up=0.

With Np = 3 and N, = 2, the MPC law is

5.9920 —1.3389 1
2.9960 —0.6694 . |-0.7324 —2.0669 1
[—0.3662 —1.0335]”’ ~5.9920 1.3389 | °= |1)°
0.7324  2.0669 1
-0.5 .
[—0.5] '

-
-

( Region #1)
[2.9255 —1.6709] - [—1]
0.2595 —1.9595|% = ’
( Region #2)

s

e d [0.5] y {—2.9255 1.6709]x - [-1]
0.5 ~0.2595 1.9595|" = |—1]|’
( Region #3)
-0.5 . [-0-3681 27795 ] [l
0.5 %o 1339688 —19.0014]% = | 1|’
( Region #4)
[0.5] " [—33.2688 19.0014 o< [—1]
—-0.5 0.3681 —2.7795| " = |-1|’
( Region #5)

...Continued on the next page
\
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( [ 0 0 ] 05 [0.3681 —2.7795] [1]
_ x+[ ' ] if |-0.2595 19595 |z=| 1],
0.1522 —1.1493 0.0865 | 59020 —1.3389] 1)
( Region #6)
S e [L0n) o [
0.1522 —1.1493 —0.0865 | _5.0020 1.3389 | - 1]
- ( Region #7)
N [33.2688 —19.0014] (1]
[2'6590 _1'3358] [0_43952] if |1-29255 16709 [z=x]|1],
' [ —0.7324  —2.0669 | | —1]
( Region #38)
[ 2.9255 —1.6709] (1]
[2'6590 —1'3358] [_0(')45192] if [-33.2688 19.0014 |z < | 1
' | 0.7324  2.0669 | [ —1]
{ ( Region #9)
(4.47)
2 SlalgSp Partiti ;
6
Zslee
g
£,
- 2
-0.5 g
Eor
-1.5 1
-62 -15 -1 -05 0 05 1 1.5 2 00 10 20 30 40 50
X, Time (s)

Figure 4.8: The state space partition  Figure 4.9: The transition of active
with N, =3 and N,, = 2 regions along state trajectories IV, =
3and N, =2

From 4.8, it can be seen that the state space A; is divided into 9 regions corre-
sponding to the control laws in (4.47). To execute the space partitions in (4.39) and

(4.40), the polyhedron A, is defined by
={zcR?| -2-1<2=<2-1}. (4.48)

Fig. 4.9 indicates the active regions along the state trajectories. It can be seen that
the states start from Region #35, transit Region #7, enter into Region #1, and

finally converge to the origin. If both the prediction horizon and the control horizon
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increase to 4, the state space A; is separated into 53 regions, which are shown
in Fig.4.10. Fig.4.11 indicates the active regions along the state trajectories with

Ny = Np = 4. In this case, the states attain more active region transitions.

State Space Partition ——

45

40t

35

251

201

Indices of active regions (j)

) I

0 9900999999009090999999990090099
0 10 20 30 40 50
Time (s)

Figure 4.10: The state space partition  Figure 4.11: The transition of active
with N, =4 and N, = 4 regions along state trajectories with
N, =4 and N, = 4.

To compare the control performance of explicit MPC with different horizon
length, we put the trajectories of states and inputs with the different N, and N,
in the same windows (see Fig.4.12). Roughly speaking, the explicit MPC regulator
with N, = 3 and N, = 2 derives a more aggressive control than one with both N,
and N, equal to 4. Also, we plot out the phase planes with the different horizon
settings in Fig. 4.13. To demonstrate the implementation efficiency, we compare the
time-cost of both offline (explicit) MPC and online MPC in Table 4.1. It can be
seen that although offline MPC takes more time on optimization, it improves the
implementation efficiency dramatically. Actually, offline MPC spends most time on
state space partition and visualization. Online MPC needs less time for optimiza-
tion than offline MPC, but its implementation takes much more time than offline
MPC because the optimization and implementation are combined in online MPC.

In a word, for fast processes, offline MPC is more practical than online MPC.

4.6 Conclusions

This chapter converts the offline MPC design into an mp-QP problem, and con-

sequently the control law can be possibly represented by a set of affine functions
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associated with state space partition. All the results in this chapter can be easily

extended to 1-norm and co-norm objective functions [4]. Multiple-parametric linear
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Table 4.1: Time-cost of online MPC and offline MPC
MPC Types | Online MPC || Offline MPC
Horizons Opt. Imp. Opt. Imp.
N, =4, N, =4 | 0.760000 | 0.760000 | 2.105000 | 0.110000
Np =3, N, =2 | 0.491000 | 0.491000 || 0.681000 | 0.110000

programming is constructed and can be solved in the same manner. For the explicit
MPC algorithms covered in this chapter, two assumptions are critical: the system
model must be precise and no internal/external disturbances are considered in MPC
formulations. How to remove this limitation is left for Chapter 5, which deals with

explicit robust model predictive control, the core of this thesis.
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Chapter 5

Explicit robust model predictive
control

This chapter develops an explicit robust MPC (ERMPC) algorithm for constrained
MIMO systems with internal and external uncertainties. By proposing a novel
prediction pattern, namely recursive closed-loop prediction, ERMPC is converted
into multiple-parametric sub-quadratic programming (mp-SQP) and consequently,
only one-step state prediction is necessary for ERMPC formulation with arbitrary
horizons. It is shown that the optimal solution to mp-SQP problems is the piece-
wise affine functions associated with corresponding piece objectives and state critical
regions. Asymptotic closed-loop stability of resulting ERMPC systems is guaranteed
by a terminal weighting and a terminal feedback gain; and by introducing two
tuning variables, the algorithm is capable of adjusting the tradeoff between system
performance and robustness. The state admissible set, as a nontrivial problem, is
also constructed by two approaches: piece-wise linear norms and polyhedral Voronoi

sets.
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5.1 Problem definition

A system with structured internal and external uncertainties and bounded output

disturbances is given by

z(k+1)
y (k)

Az (k) + Bu (k) + f(A (k), = (k), k),
Cz (k) + Cyd (k) (5.1)

where z (k) € R” stands for the state, u (k) € R™ for the input, and y (k) € R? for the
output. A, B, C, and Cj are all constant matrices with appropriate dimensions. The
pair of (A, B) is stabilizable. d(k) € R! is a combination of input and output

disturbances, satisfying
d¥ (k) Wad (k) <1, Wy €St (5.2)
f{) is a time-varying nonlinear function with uncertain terms in the form of

IF (A k), z(k), k)ll2 < pllz (B, (5.3)

which represents system internal uncertainties A (k) and external disturbances d (k).
The structure of (5.3) is widely used in perturbed systems, where p gauges the bound

of system uncertainties [109]. A more specified structure of f (-) is
|fi (A(k)’ .’L‘(k)), k)| <o |w3‘x| 3 i= 1a27"' » 1, (54)

where w; is a linear weighting vector in R™ and «; > 0 is used to scale the uncertain
effect on each channels. Through routine algebraic manipulation, one can show that

(5.4) corresponds to (5.3) with
If ()l < (Trace (CWLW7 )2 el
where
I = diag(as, -+, on) and Wy = [w?, -+ ,wI]T (state weighting).

Moreover, other widely used structured uncertainties can be also converted into
(5.4), such as structured uncertainties in the feedback loop (used in Chapter 3) [45].

Given the system

z(k+1) = (A+ T (k) O)z (k) (5.5)
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where Ty, is non-singular, and A (k) is the internal time-varying uncertainties in the

feedback loop with the structure of
A (k) = diag(Ay (k), -+, An(k)), and 5(A; (k) < as.
Setting « = T,z and performing the similarity transformation to (5.5), we obtain
z(k+1) =T AT,z (k) + f(A (k), z(k)),
where f (A (k), z(k)) := A (k) CTyz (k). Obviously,
lfi(A(k), 2 (k)] < 04| (CTw); 2], i =1,2,-- ,m.

In this chapter, we will assume that the system uncertainties and disturbances obey
the constraints of (5.2) and (5.3). Compared with (4.19), the model in (5.1) describes
both internal and external uncertainties as well as system dynamics.

The robust regulation problem to system (5.1} is first considered, i.e., driving
the initial state x (0) to converge to the origin in the presence of uncertain terms of
f(+) and d (k) . Tracking problems, sometimes referred to as offset-free control, are
discussed in Section 5.3.2. Here we introduce system input and output constraints

based on practical operations of the system.

Definition 5.1 The admissible input set A, and output set Ay of system (5.1) are

polyhedral regions defined by generalized element-wise inequalities,

Ay = {u € le Umin = U =X Umax, Umin; Umax € Rm},

-Ay = {y € Rq| Ymin = ¥ =X Ymax, Ymin, Ymax € Rq}a (56)

where Umin (Ymin) aNd Umax (Ymax) are constant vectors, composed of corresponding
channel’s upper- and low-bounds. If there are no definitions over the jth input
channel constraints, set umin, j = —00 and Umax, j = +00. Similar rules are also

imposed on output constraints.

Given (5.6) and associated by the uncertainty definitions in (5.2) and (5.3),
the admissible state set can be derived from two approaches: the piece-wise linear
norm of output disturbances and a Chebychev polyhedron with perturbed bounds.

Obviously, how to get the admissible state set is a nontrivial problem.
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5.1.1 Admissible state sets
From (5.1) and (5.6), we have
Ymin — Cdd (k) = Cz (k) = Ymax — Cdd (k) . (5'7)

After determining the bounds of |Cy ;d (k)| (j =1, -+, q), i.e., the piecewise linear

norm of Cyd (k), we can use a polyhedral region as the admissible state set.
Definition 5.2 A piecewise linear norm ||-||,; of a vector z € R" is defined by

||2|lpt = max;=1,... g |a] 2], (5.8)
where a; € R™ is a column linear weighting.

Although the value of a piecewise linear norm is not easy to calculate, it can be
approximated by the quadratic norm as ||z||y (¥ € S}, ). The book [12] provides
a practical approach to compute the piecewise linear norm of lower-dimensional

signals.

Lemma 5.1 [12] For any P > 0, there exists some constant o > 1 such that the
quadratic norm defined by ||z||y := V2T0z = ||0/22]| satisfies

1/Vallzllw < llzllp < vellzlly (for Vz). (5.9)

To approzimate ||z||p by ||2||w, the optimal a® and U° can be calculated by eigenvalue

programming (EVP),

min o
st. UG<a, (j=1,2,--,L)

v a; .
> == e
|:aT a:l - 0’ (7' 1727 ,q)a

1
where (1, -+ , (1, are the vertices of the unit ball By of ||2]|pi, and By := {z | ||2||p <

1} =Cof¢y, -+, ¢}

From the point of view of computational complexity, it is obvious that the num-
ber of vertices L can grow exponentially in ¢ and n, so that Lemma 5.1 is not
practical for signals with high-order dimensions. Generally speaking, if [, the order
of d(k), is a small scalar, we can easily obtain ||Cyd (k) ||p, namely the bound of
Ca, 5d())] (G=1,--- , q) from (5.9).
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Theorem 5.1 The admissible state set Ay for the perturbed system of (5.1) with
structured uncertainties (5.2) and (5.3) is defined by generalized element-wise in-
equalities,

Ymin + 17 = Cx (k) = Ymax — 17, (5.10)

where v = /a5 (V/2W~1/2) and 1 denotes the constant vector whose all com-
ponents equal to one. o and ¥ are constant parameters of the approzimation to
|Cad (K)||,,;; derived from Lemma 5.1. ymin and Ymax are output physical limita-

tions.

Proof: From Lemma 5.1, we can get the values of ¥ and o satisfying |Cy ;d (k)| <
Va||[¥/2d (k) || for V¥ j = 1,--- ,q. From the bound of the weighted 2-norm of the

disturbances in (5.2), it can be seen
101 2a (k) Il = 102w 12w 2 (k) || < (W 2w 1),

Therefore, the theorem is proven. |

Considering the limitation of the piece-wise linear norm approximation, Theorem
5.1 cannot solve the admissible state set with high-dimensional disturbances. To
remove such a limitation, Chebychev polyhedra and Voronoi sets are introduced.
The element-wise inequalities of (5.7) determine a polyhedral set H(d(k)). Due
to the terms of d (k), H (-) is not just a single polyhedron, instead it stands for a
family of polyhedra with the perturbed bounds. To guarantee all states satisfying
the physical requirements in the presence of disturbances, we try to figure out the
intersection set of all possible elements of H (), denoted by A;. Concluding from
convex optimization, we know that A, is a Voronoi set, and the corresponding radius

is Chebychev radius [13].

Definition 5.3 Let x;,---, zx € R". Consider the set of points that are closer (in

Euclidean norm) to xg than all x; in the measurement of Euclidean norm, say,
Vi={zeR" | |lz - oll2 < |lz ~ zills, i=1,---,k}.

V s called a Voronoi set round x, with respect to x1,- - - , Tk, and &, is the Chebychev

center.
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Theorem 5.2 The admissible state set A, for the perturbed system of (5.1) with
structured uncertainties (5.2) and (5.3), is defined by a Voronoi set

A = (e (k) € R | [l2 (k) — 2°ll2 < lle (k) — @il 2}, (5.11)

where x° is the Chebychev center of polyhedron Ay, andz; (i =1,--- , 2q) are mirror
images of x° with respect to the corresponding bounds, given by

20°

=2+ ———(C)F (i=1,--,9), (5.12)
1Cil |2
o 2467 T -
Ty =T — (CZ) (l:q+1,"',ZQ), (513)
|Cil |2

where 6° is the Chebychev radius.

Proof: Expand (5.11), we have E;xz < E, where

(z1 — 2°)T (2721 — 2°Tz°)
E =2 : and B, = : . (5.14)
T
(2q — z°)" (m§q$2q — 2Ta?)

So the condition in (5.11) defines a polyhedral set which is constant with our previous
discussion — A is the intersection of all possible H(-). The center of the intersection
z° is solvable by a sub-optimization problem, i.e., minimizing the region of A, with
respect to disturbance d(k), and then maximizing the Chebychev ball contained
in A;. The implicitness of this operation can be illustrated by Fig.5.1. After
determining the coordinates of the center z° and corresponding mirror points x;
with respect to bounds, we are able to write down the expression of A;. From (5.7)
and the geometric formulation of the distance between an internal point z and the

boundary hyperplanes, the sub-optimization problem can be defined as

max ml}n é (5.15)
s.t. Cjz + 6 ||Cjlly < Ymax, j — Caq, jd(k), (5.16)
Gy + 5Clly < —min, 5 + Ca 34 (H) (5.17)
lld (&)l <1, (5.18)

j=1,---,gand § >0,

where § is the distance from z € A; to the boundary hyperplanes. To get an ap-
proximation to the solutions of (5.15), we can tighten the right hand sides of (5.16)
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lliustration to voronoi sets
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Figure 5.1: Illustration of Voronoi sets

and (5.17) from the Cauchy-Schwarz inequality and condition (5.18). Consequently,
the operation converts problem (5.15) into a linear program. Obviously, optimal so-
lution z° is a Chebychev center, and §° is a Chebychev radius. Given the expression
of all z; from radius é°, z1,- -, z24 associated with z° defines a Voronoi set which

in fact, is the Voronoi set for the intersection of H(d(k)). [ ]

In the following, we use a simple 2-dimension system to explain the effects of d (k)
on A, geometrically, meanwhile show the computation of A, based on the piecewise

linear norm of d(k) and a Voronoi set.

Example 5.1 Set the system output matriz is

0.5 2.5
o=[o5 a7

and the disturbance output matriz Cyg = 0.31. Admissible outputs are bounded by
o slab set -1, 1], i.e, —1 < Cx + Cyd < 1. With the perturbations of d(k),
H (d (k) keeps fluctuating. Performing the above operation, we can create the ad-
missible polyhedral state set by a Voronoi set with the Chebychev center z° and
radius 6° (see Fig. 5.2). If using the method given by Theorem 5.1, we can also get
another Ay shown in Fig. 5.3.
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Admissible polyhedra sets defined by a Voronoi set Admissible set polyhedral sets defined by a piecewise linear norm

TN

Figure 5.2: Admissible state set de-  Figure 5.3: Admissible state polyhe-
fined by a Voronoi set. dral set derived by the piecewise lin-
ear norm of d(k).

Given the definitions of state space model (5.1) and admissible input and state sets,

we can define the constrained finite horizon robust MPC as follows:

Definition 5.4 The design of a robust MPC regulator for the perturbed system
in (5.1) with structured uncertainties (5.2), (5.3), and (5.4) is a constrained sub-

optimization problem,

min max Ji_, 5.19

in max Jikin, (5.19)
Np—1

Jeokin, = lzk+N)IB+ D ek + D13+ llu(k+1d)l, (5.20)
i=0

st. u(k+i) €Ay, z(k+1) €A,
z(k+i+1)=Az(k+i)+Bu(k+i)+ f(z(k+1),A(k+1),k+1),
w(k+i)=Fz(k+i) if Ny<i<Np,

0<N,<Np—1,

where Q € S} and R € ST are weightings, and P € S and F are the terminal

weighing and the terminal feedback gain, respectively. Pair (A, B) is stabilizable and
(QY/2, A) detectable.

Parameters P and F' are constructed to guaranteed closed-loop stability and dis-

cussed in the next subsection.
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Remark 5.1 Compared with Definition 4.2, Definition 5.4 incorporates both inter-
nal end external uncertainties with explicit MPC formulation, and the objective is

degenerated to a sub-optimization problem from optimization one.

5.1.2 Closed-loop robust stability

To combine the stability issue with the MPC formulation together, we define the

objective function Jx_.x+n, as a Lyapunov candidacy function,

Np—1

V (k) = llz(k+ Np)l[p+ D llak +0)lI3 + [uk + )|,
1=0

and then the difference of the Lyapunov functions V' (k) and V' (k+1) can be expressed

as

Vo= fle((k+ Np+ )IE — ok + Np)llE
+ (le(k + NG + lluk + Np)lR) — (e (k)G + lu(®)IR).

So if
llz(k + Np + D)% = lla(k + Np)||P + [l2(k + Np)|[5 + [[u(k + Np)|k <0, (5.21)

the closed-loop robust MPC system is asymptotically stable. Inserting (5.1) into
(5.21) and replacing u(k + Np) by Fz (k + Np), we have

#T((A+ BF)T P(A+BF)+Q+ FTRF - P)i +2i7 (A+ BF)T Pf+ fTPf <0,

where % := z (k + Np) and f denote terminal uncertainties. So the above inequality

is necessary to the conditions

(A+BF)TP(A4+BF)+Q+FTRF-P+vQ = 0, (5.22)

28T (A+ BF)T Pf+ fTPf—3TvQi < 0, (5.23)

where Q € S% is introduced to assist system stability analysis, meanwhile v > 0
can be regarded as a scaling parameter. Obviously, (5.22) is an algebraic Riccati
equation which guarantees the feasibility of terminal weighting P and terminal feed-

back F, given the arbitrary tuning parameters Q and v. The feasibility of condition

(5.23) plays a critical role on system asymptotical stability.
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Theorem 5.3 The perturbed system (5.1) with uncertainties bounded by (5.2) and
(5.8) is asymptotically stable if

vQ-1  —(A+BF)TP

>
_P(A+BF) u2-p |2° (5:24)

where P and F 1is the solutions to the algebraic Riccati equation (5.22). v > 0 and

Q¢ ST are stability tuning parameters.

Proof: From (5.3) and the S-procedure of LMIs, it can be seen that inequality
(5.23) holds only if

28T (A+BF)T Pf+ fTPf—dTvQi + &7 — 2 fTf <o,

equivalently,
2" v@-I ~(A+BF)TP|[& o0
fl |-P@+BF) 2 -P ||f]=7
which is necessary to (5.24). Theorem 5.3 is proven. |

Theorem 5.3 offers a criterion to test whether system (5.1) with uncertainties (5.2)
and (5.3) is asymptotically stable when the bound of disturbances p is given. Con-
versely, given the variables P, F, v, and @ which can guarantee closed-loop stability,
we can derive the upper bound of y from condition (5.23), namely the bound of

robustness.

Corollary 5.1 The upper bound of the robustness parameter p in system (5.1) with
structured uncertainties (5.2) and (5.3) can be determined by

mex o (o>0), (5.25)

vQ—-I —(A+BF)TP

s.t. . p,‘zI _p

>0,

where P and F is the solutions to the algebraic Riccati equation in (5.22), endv >0

and Q € Sl+ are stability tuning parameters.

Remark 5.2 By an auziliary scalar 7 > 0, problem (5.25) can be easily converted
into a semi-definite optimization problem, i.e., setting T := 2 and changing the

objective to minimize 7. Then the upper bound of robustness i° equals to 1/+/7T.
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Apparently, the program of finding a robustness bound is an SDP problem, and
the optimal solution /i° is tightly relative to the selection of tuning variables Q and
v. Therefore selecting the different values of Q and v, we can adjust the conserv-
ability of the RMPC regulator, and achieve a satisfactory tradeoff between system

performance and robustness.

5.2 Robust MPC in the recursive closed-loop prediction

RMPC in the recursive closed-loop prediction was initially proposed by Lee and
Yu in 1997 [50]. Its crucial difference from traditional RMPC problems lies in the
prediction pattern. The algorithm first optimizes manipulated input u (k +14+ 1)
by a sub-optimization problem, and then u (k + ). The same sub-optimization is
iterated N, times and the length of prediction horizon N, is exactly determined by
the number of iteration steps, instead of the number of state predictions. There
is no need to perform multiple-step predictions, and no high-order uncertain terms
to appear in robust MPC formulation, which is one of the notorious barriers of
robust MPC design. Because of the nature of the recursive closed-loop prediction,
the optimal value of piece objective Jiti+1-n, Will be a part of the expression of
objective Jg+i—n,. This property emphasizes the effect of future predicted feedback
gains on the current predicted feedback regulation, and thus giving rise to a more
flexible MPC regulator.

5.2.1 Mathematical formulation

The total objective Jyk4n, is divided into N, pieces, and the first piece to be

optimized is Jg4N,-1-k+N,- From the stability analysis above, we have

JRA N —1ok4N, = Iz}?f llz(k + Np)II% + [lz(k+ Ny — 1)]13
Hlu(k + Np = D%, (5.26)
s.t. z(k+ Np) =(A+BF)z(k+Np—-1)+ f(-), (5.27)
u(k + Np — 1) = Fx(k + N, — 1). (5.28)

Note that the terminal manipulated input u’(k + Np — 1) = Fa(k + Np — 1) is

regulated by solving an algebraic Riccati equation, instead of MPC formulation.
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Replacing z(k + Np) by z(k + Np — 1) from model (5.27), we have
TR Np—1-k+N, = ha(2(k+Np—1)) and v’(k+Np —1) = g1(z(k+ Np—1)), (5.29)

M W1 .
where the subscript “1” of h and g denotes the horizon length. Set J, Np—1—k+N,
as a term of piece objective JiyN,-2-k+N,, and then optimize manipulated input

u (k + Np — 2) in the recursive closed-loop prediction pattern,

Teery-zopin, = min omax (lla(k+ Ny~ 215 +
llu(k + Np = 2)|[% + ha(z(k + Np — 1)), (5.30)
s.t. z(k + Np—1) = Ax(k + N, — 2)
+Bu(k + Np — 2) + f(-), (5.31)

z(k+ Np—1) € Ag, u(k+ Ny —2) € A,

We first assume that a pair of analytic (explicit) solutions to (5.30) is available, and

let
2wy 2, = ha(@(k+ Ny —2)) and u(k+ Ny —2) = ga(e(k+ N, —2)). (5.32)

Comparing (5.30) and (5.26), if ks (-) is a quadratic function of z (k + Np — 1), they
share exactly the same structure, except that the predicted state is pushed one-step
backwards. This property will play a pivotal role later on. Iterate the operation
of (5.30) to each piece objective recursively until we reach the optimization of total

objective Jy k4N,

ikt N, =10 1MAX (Il (k) 13 + llu (k) [} + v, -1(2(k + 1)), (5.33)

subject to state space model (5.1) and the admissible state and input sets. Replace

z (k + 1) by z (k), the current manipulated input u° (k) is finally created by

Ji—ktn, = b, (z (k)) and v’ (k) = gn, (z (K)), (5.34)

After sending u° (k) = gn, (x (k)) to the real process, we finish the design of RMPC

in the recursive closed-loop prediction. Generally speaking, the above closed-loop
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RMPC schemes can be summarized as a recursive optimization problem,

Teer, = minmas (o () 13+l (B) [+ +

i N, —2)|% N, — 2|2
g(kinﬁf_z)‘?ﬁ)x(“””(k* p— 2l + |lu(k + Ny - 2)[ +

r;lg)XHfﬂ(k + Np)|IB + llz(k + Ny — 1)l

HIFz(k + Np = DI[R))). (5.35)

Remark 5.3 Robust MPC in the recursive closed-loop prediction avoids multiple-
step state/output predictions; this reduces the computational complezity dramati-
cally. But how to get the analytic (explicit) solutions to (5.32) and (5.34) is critical.
Determining the explicit solutions to constrained suboptimal quadratic programming

is a nontrivial issue.

Remark 5.4 The optimal solutions {g1(z (k+ Np —1)), ---, gn,(z(k))} should
be piece-wise linear or piece-wise affine functions of predicted states, and piece

objectives
{JeNy—10k4N, s JRokanN, )
should be quadratic functions of predicted states. Otherwise we can not get the

uniform structure of piece objectives. Apparently, these are two big challenges for

ezplicit robust MPC.

5.2.2 Explicit solutions to the piece objective of Ji i .kin,

Definition 5.5 The optimal problem in the form of

: Lr T 1,7
mzlnrga))czz H.z+6(k) Hzgz+29(k) Hyo (k),

s.t. Grz 2 Ge+ G (k)
6(k+1)=0(0(%k), Ak)),

is defined as multiple-parametric sub-quadratic programming (mp-SQP), where 0 (k) €
R" is the dynamic parameter vector, z € R™ is the optimal variable and A (k) is the
predefined structured uncertainty. H, € ST, Hg € S, and all other matrices are

constant with appropriate dimensions. © (-) is a piece-wise linear or affine function.
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Obviously, one-step robust MPC in the recursive prediction is an mp-SQP problem.
We first assume that hx,—;—1 () is a quadratic function of z (k + i+ 1),

hNp—i1 () = |z (k+i+ 1) (13, ., + ZN,—im12 (k +i+1) + Onp—im1,  (5.36)

where Py,_;—1 € S%. Zn,—;—1 and On,—;—1 are constant matrices. Substitute

z{k+1+1) by z(k + %), insert the result into (5.36), and then derive

hNp—i-1(:) = ||AZ+ B+ f () by, s + ZN,-i-1(AZ + Bii + f(-)) + On,—i-1
< ||A%+ Ba||},w_i_1 + Zn,-i-1(A% + Bit) + On, i1, (5.37)
where
Onp—i-1 = %ZNP—¢—1Z17QP_1-_1 + OnNp—i—1 + (1 + 26262 (Pr,—i-1)) 37 4,
pNP—i—l = 2PN,—i-1.
u is the robustness bound defined in (5.3). For ease of notation, Z = z(k+1)

and % := u (k + 1) . Based on the assumption on hx,—;—1 (-) in (5.36), the following

theorem is given:

Theorem 5.4 One-step robust MPC in the recursive prediction for perturbed sys-
tem (5.1) with structured uncertainties (5.2) and (5.8) can be converted into an

mp-QP problem.
Proof: From inequality (5.37), it can be seen that

(Il (k4 6) 13 + Il (k4 4) [ + oy i1 (ol + 4+ 1))
<Nl + Nl + 1A% + Bl

+Zn,-i-1(A% + BU) + On,—i-1. (5.38)

Updating Ji+i—k+n, by its upper bound (5.38), we have

1 s . N
JopioktN, = min iuTHﬁU + 2T Hyzil + ZU + Hys, (5.39)
st weAy, olk+itl)e A, (5.40)
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where

Hys = (CTCT(ATPNp_i_lA + Q)+ ZNp—i—lA-’i’ + ONp—i—l),
Hys = (2ATPy,_;-1B),
H; = Q(BTpr_i_lB + R) S ST_'T_"_*_.

B has a full-column rank and Z = Z N,—i—1B for ease of notation. To satisfy the

constraint of (5.40), we need z (k + ¢ + 1) satisfying
Egk+i+1) 3 E,.
E; and E, are structured matrices of A;. Therefore it is required that
EAi + E\Bu X E, - E f ().

From the condition in (5.3) and the Chebychev polyhedron H associated to A, we
can easily derive the bound of E;f (-), denoted by f and f. Set

fo = max(|fl, £]),

so that E; A%+ E; Bt < E,— f;,. Consequently the optimal problem of piece objective

Jr+imk+N, can be solved by minimizing a quadratic function

1 .
JRtimkin, = min §aTHﬁa + T Hyzti + Z% + Hyo, (5.41)
u
s.t. Gyt = Gg+ Gz, (5.42)
where
EB E.—f —EA
0 E, -E
Gy = K Gy = o, | and Gy := 0 ¢ (5.43)
-I —Umin 0
Apparently, (5.41) is an mp-QP problem. |

Theorem 5.5 The analytic (explicit) solutions to the mp-QP problem in (5.41) are
the piece-wise affine functions of ¥, over the corresponding state critical regions .AZ;,

where index § denotes the jth critical region within the admissible state set A,.

Proof: Taking advantages of the Lagrange multiplier A »= 0, we can convert
the constrained mp-QP problem in (5.41) into an unconstrained mp-QP prob-

lem. Motivated by the properties of optimization duality, we separate A into two
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parts, i.e., Ay = 0 (nonactive constraints) and A4 > 0 (active constraints), where
A= [)\T , )\E]T. Suppose that there exists a combination of active constrains Gy, G,
and G out of the constraints in (5.42) and the rows of Gy are linear independent.
Then from the first-order Karush-Kuhn-Tucker (KKT) theorem [12], the optimal

active multiplier A4 can be represented by

M = —(GaI GT) (G HE, + G — (GuH GT) (G + Goly 27),

(5.44)
and the corresponding optimal input % is
i =(—Hg ' Hiz + Hy ' G{(GuHy GY) ™ (GuHy  Hiy + Gy)) i+
H G (GoH\GT) (G + GuHT BT — H7 BT
=S & + K& _;, (5.45)

which is a piece-wise affine function of . To guarantee the conditions of KKT, we
need

Gu(Sy, & + K} _;) < Gz + Gy and Mg = 0. (5.46)

Consequently, we give the expression of Al as

8¢

A ={8 € R™ | Gu(Sh, % + KL _;) < G+ Cat,

i=—Hy'HGx - Hy ' 27 = 8%, 8+ K, (5.48)
Gyt — Gz — Gz < 0, (5.49)

which results in the second case of the explicit solutions to the mp-QP problem in
(5.41),

i =S4, &+ Kl _, (V2 € A]), (5.50)
where AL 1= {# € R" | Gyii — Gs — Gz% < 0}. Both expressions (5.45) and (5.50)

are piece-wise affine functions. [ ]
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There is a shortcut to determine Gy, Gz, and Gy, a combination of active con-
straints out of (5.42). Set 2° as the Chebychev center of the admissible state set A,
and insert z° into the constraints in (5.42). We can uniquely determine an optimal
solution %°, consequently we can find a set of constraints Gyt = Gg + Gz%. Then
choose a combination of active constraints with the possible maximal full-row rank
to act as Gy, Gy, and Gy out of Gy, Gy and Gy. Based on such a combination,
we can derive a critical region .A’x.. One may ask: how to explore the rest space
Ry = A, — AL and generate the new critical region A:? A practical method has
been discussed in Section 4.3 (Chapter 4), which can guarantee that the union of all
critical regions Als cover the entire polyhedron A,, i.e., any point in the admissible

state set corresponds to a control policy. Refer to Section 4.3 for details.

Remark 5.5 Theorem 5.5 concludes that the optimal solution of the manipulated
input 4 is a piece-wise affine function of &, over the corresponding state critical

region .Ag;. The result is consistent to Remark 5.4.

5.2.3 Explicit solutions to the total objective Jy_x4n,

In order to get J¢_,;. N, in the recursive closed-loop prediction, Jx—k+n, is separated
into N, pieces and Ji4n,-1—k+N, is the first piece objective to be optimized. From
(5.26), (5.3), and (5.22), it shows

T Ny-1—kin, S N2k + Ny = DI, (5.51)
where Py := ((A+ BF)T P(A+ BF) + P — vQ + 2u25% (P) I). Based on (5.51),
the piece objective Jxin_2-k1n, can be defined as

i k+Np =13 +
ity T e+ Np = 1l

llo(k + Np = 2)|1§ + lu(k + N = 2)II%), (Py € S}H5.52)
st. x(k+Np—1)€ A, ulk+ Ny, —2) € Ay (5.53)

k4 Np—2—k+N,

Set z (k + Np — 2) € A, as a parameter vector, so (5.52) is an mp-SQP problem.
From Theorems 5.4 and 5.5, the mp-SQP problem in (5.52) can be converted into
mp-QP and the corresponding optimal solution u® (z (k + N, — 1)) is a piece-wise

affine function, satisfying
u (k+ N —2) = g5(a(-)) = Sjz (k + N - 2) + K}, Vo () € AL .
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Therefore,

Touny—akin, = ha(@()=llz(k+ Ny — DI}, + llztk + Ny — 2|13 +
1S3 (k + N, — 2) + K3|[%,

< lz(k + Np — 2)||%, + Zoz (k+ Np — 2) + 02, (5.54)
where
P, = ||[A+BS}|iZp +Q+ 1S3} + (352(Py))pI,
Zy = 2KJT(BTP,(A+ BS)) + RS)),
O = ||BK}|lZp, +|IK|%- (5.55)

So the optimization problem of piece objective Jxin,-3—k+N, is updated to

ThtNp-3—ktN, = [[@(k+Np—3)[[3 + [[u(k + Np = 3)||% + ha(x(-))
= |lz(k+ Np = )13 + |lulk + Np = 3)|[% +
lle(k + Np — 2)|[3, + Zoz(k + Ny — 2) + Oa. (5.56)

Notice that (5.54) shares the exactly same structure of assumption (5.36), which is

imposed upon Theorem 5.5.

Theorem 5.6 The optimal solution to the mp-SQP problem for piece objective

Jitiosk+Npr Jetimskin, = PNp—i-1 ("), is o quadratic function satisfying

hvy=i () = Il (k) |3y, _, + Zn,—i2 (k + ) + O, s,

where
Py,—i = ||A+BSk lBpy, i, + Q@+ 1S%, illk + (362 (Pr,—ss1) 21,
Zny-i = 2K} _(B"Pn,—is1(A+BS) ) + RS} ),
Onp-i = |IBE _i|Bpy, s + 1K, il

Sf;,p_i and Kf;,p_i are the optimal solutions to piece objective Jgiit1—k+N,, and

superscript ‘G’ is the index to the corresponding critical region.

Proof: Apparently, iterating the operation of {5.54) and (5.56) in the recursive

pattern till instant (k+14), we can derive that the sub-optimal solution Jg ; ;. N, 18
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a quadratic function of z (k + 7) over parameters expressions of Py,—iy, ZN,-i, and

ON,—i. [ |

Based on Theorem 5.6, we remove the assumption imposed on Theorem 5.5. In a
word, we overcome two challenges of RMPC in the recursive closed-loop prediction

proposed in Remark 5.4.

5.2.4 Controller implementation

By iterating Theorems 5.4, 5.5, and 5.6, the final optimal inputs u° (k) can be pre-
sented by a series of piece-wise affine functions of z (k) , associated with Jg_,, N, (z (k))
and critical region .Ajz(k) (1 < j <s). Here s denotes the number of state set parti-
tions. Due to non-uniqueness of partitions at different prediction loops, although in
the same loop the partition is disjointed, it is possible that one critical region Ai(k)

corresponds to more than one expressions of u° (k) and JZ_,, . N, (z (k)), ie.,

w (k) = {u®(z(k), w2 (z(k)), -},
Jlg—»k+Np () = {JI?’_}HN,,, () s JIZY_?IH-NP () y T }
In this case, we just evaluate all JZ’_fk N, (-) candidates, and send u® J (k) which
leads to the smallest J;* 7, +N, () to the real process. This procedure can be illus-

trated by a CSTR system in Section 5.4.2 — the control for an industrial MIMO

system.

5.3 Algorithms of robust MPC

We can generate an efficient off-line RMPC, which just performs one-step predic-
tions within one computation loop but can realize the functions of RMPC with
the arbitrary horizon length. The algorithm has more tuning freedom over offline
infinite horizon RMPC (IH-RMPC).

Algorithm 1

1. Given the perturbed system in (5.1) with structured uncertainties (5.3) and
bounded disturbances (5.2), derive the state admissible set A, from system

input/output physical characteristics.
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2. Execute closed-loop stability analysis. Select the eligible tuning variables Q
and v to obtain the satisfactory tradeoff between the closed-loop performance
and robustness. Solve an algebraic Riccati equation and get the terminal
weighting P and the terminal feedback gain F'. Derive the optimal expressions

of g1 and hq, and set ¢ = N, — 2 initially.

3. Solve the mp-SQP problem for piece objective Jg1i—k+N,. Store the expres-
sions of the optimal solutions of gn,—; (+), An,-i (+), and the corresponding A,

partition. Set 1 =14 — 1.

4. Check whether i = 0. If yes, store optimal solution u®(k) = gn, (z (k)),
Jomskrn, = BN, (z (k))}, and A; partition {A}c(k), S ,A;(k)}. Purge the mem-
ories for intermediate variables gn,—i(-), hn,-i(-), and other partitions. If

0 < i < Np_g, go to Step 3.

5. Exit the loop. Send the expressions of u° (k) and JP_, n, to the evaluation

block of a real precess and prepare for controller implementation.

6. From the state measure of x (k) , locate the state position. Supposing z (k) €
AL (k) €valuate all of o3 +n, (z (k) candidates and send u® J (k) which leads

to the smallest Jg 7, +n, (€ (k) to the real process.

7. If ||z (k) || < e, exist. Otherwise update z (k) to x (k+ 1) and go to Step 6.

¢” is a prespecified positive scalar and ||z (k) || is the proper norm of z (k) as

the measurement rule of system performance.
8. End procedure.

5.3.1 Computational complexity analysis

The maximal order of the uncertain terms of predicted states/outputs equals to 1, so
the computational complexity is dramatically reduced. From the analysis of [6], we
know that ng, the number of partitions of A, is dependent on the state dimension n,
the number of regulated variables n, (1, = n, x (Np — 1)), and the number of the
combinations of active constraints n.. Set the dimension of the Lagrange multipliers

equal to ny and that of the active multipliers be n),. The worst case of n. equals
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to

- ny _ n)\A!
fe = ( (CW ) T onpl(ny =)V (5.57)

Considering the existence of Case II in Theorem 5.5 and the probability of the
adjacent partitions Als associated with the same feedback gains (consequently these
Als can be combined), n is much less than 7.

Now let us think about the iteration times of mp-SQP optimization with the
horizon Np. Because of the nature of RMPC formulation in the recursive closed-
loop prediction, we perform Theorems 5.4, 5.5 and 5.6 (N, — 2) times and solve an
algebraic Riccati equation. Within each optimization loop, if the partition number

of A; is ng, then the total optimization number is equal to
ot = (Np — 2) X ns. (5.58)

The number of the required intermediate variables gn,—i—1(-), hn,—i(-), and par-
titions equals to n;,: = 3n, (Np —2). Here we just discuss the worst case of com-
putational complexity. In fact, the real values of n;, and n;,: are much less than
those of the worst case. From the complexity analysis, it is obvious that this strat-
egy is time-consuming and memory-consuming. Fortunately, one point should be
noticed that this procedure is performed offline. In the procedure of online imple-
mentation, only a function evaluation block is necessary. The expressions of u° (k),
ekt N, (z (k)), and the associated state space partitions are stored on the field
spot and all other intermediate variables are rejected. Therefore, sacrificing the of-
fline computational complexity and dramatically improving online implementation

is a valuable strategy.

5.3.2 Offset-free robust MPC

In Section 5.1, we mentioned that by solving linear or quadratic programming,
problems of robust offset-free control can be converted into a robust regulation
problem. In this sub-section, we will elaborate on this point.

Because of the presence of uncertainties and disturbances, it is unrealistic to
force the terminal state or output to follow the prespecified reference r without any
static errors. Therefore we just expect to manipulate the terminal states or outputs,

namely the state z; and output ys in the best way of certain measurement policies.
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Since small perturbations are inevitable, here we propose a QP problem to calculate

z5, static input us and nominal disturbance d:

[ws, Ug, cﬂ = argxmin _||es||2Qs, (5.59)
st dIWyd<1, (5.60)

ys = CAzs + CBu, + Cyd, (5.61)

€si=Ys — 7, Us € Ay and y, € Ay, (5.62)

where e, is for the static tracking error and Q, € S is the objective weighting. (5.59)
is defined as a constrained QP problem and there exist lots of solvers to such a
problem. Moreover implementing Schur complements, the problem can be easily
converted into a generalized eigenvalue problem (EVP) [12], for which LMI solvers
exist for solutions.

Based on the values of us, z,, ys and d, we can perform the similarity transfor-

mation to system (5.1) and derive a shifted system,
Z(k+1) = AZ(k)+ Bu(k)+ f(-),
G(k) = Cz(k)+Cud(k), (5.63)
where % (k) := z (k) — xs, similar to the definitions of % (k), §(k), and d (k).
)

Therefore, to achieve the offset-free control to the system in (5.1) is equivalent to

regulate Z (k) , the state of (5.63), to the origin.

5.4 Simulation examples

Here we will use two simulation examples to demonstrate the effectiveness of explicit
RMPC in the recursive closed-loop prediction: a double integrator system and a
linearized continuous-stirred-tank-reactor (CSTR) system (a 2-by-2 system). The

Hybrid Toolbox is used again to visualize the state space partition.

5.4.1 Double integrator system

The double integrator can be represented by a state space model with two eigenval-

ues located at 1,

2(k+1)= [(1) ﬂ o () + m w (k) + H d(k), (5.64)
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where d (k) is a random variable simulated by Matlab function “rand,” and satis-

fies ||d (k)|ly < 0.1 ||z (k)|| (internal uncertainties). In the sequel, we first indicate

the effects of uncertainties on nominal MPC algorithm, and then design a RMPC

regulator in the recursive closed-loop prediction to suppress d (k). A nominal MPC

regulator is created by the approach developed by Bemporad [6]. The initial condi-
tions are given by

p = [2.6235 1.6296

1.6296 2.6457

Q = I, R=001, Ny= N, =2, 20 =[-2,1]7, ug=0,

], F=1[-06136 —1.6099], (5.65)

-1 =< u(t) X1, —inf <y(¢) <inf (no output/state constraints).

Fig. 5.4 shows the state space partition, overlapped by the state convergent trajec-
tory. It can be seen that the terminal states keep oscillating around the origin and
the amplitude is quite large. Fig. 5.5 gives more illustrative results: The input keeps
switching from the upper-bound to the lower-bound, consequently leading to the
oscillation and big overshoot in states. Therefore, nominal explicit MPC cannot

suppress external uncertainties.

Polyhedral partition — 7 reglons Trajectories of state elements. X and Xy

[ 10 20 30 40 50

Time(s}
Trajectory of manipulated input u

0 10 20 30 40 50
y Time (s}

Figure 5.4: State space partition, Figure 5.5: The trajectories of states
overlapped by the state trajectory and input (nominal MPC)
(nominal MPC)

Now design the robust explicit MPC in the recursive closed-loop prediction.
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Based on Theorem 5.3, initial conditions can be determined as,

74T 49537) 4 [1 01
[4.9537 8.1698]’ ©= [0.1 1.2]’ (5.66)

[—0.6056 —1.6044], v =2,

and keep other parameters the same as in (5.65). Given the values of Q and v, we
derive the upper bound of system robustness, i = 0.1549 (if v = 1.5, i = 0.1433).
From this point of view, our affine offline RMPC have 54.9% (43.3% if v = 1.5)
robustness margin, due to original y = 0.1. Because N, = 2, we need to perform
Theorems 5.4, 5.5 and 5.6 in two loops and solve an algebraic Riccati equation to
derive the optimal piece objective JZ 5, 3. Eq.(5.67) lists the critical intermediate
parameters. The constant terms Op,-; are omitted because their value does not

affect the optimal solutions to piece objectives (refer to (5.55)). By solving piece

j
2(k+1)
(see Fig. 5.6). Therefore, optimizing Jy—x+3 in all Ag1), we derive three different

objective Jyy1-.k+3, the state space is partitioned into 3 critical regions

partitions of .A;(x) which are shown in Figs.5.7 - 5.9.

[13.8286 9.4977:|
Pn,1 =

C0.4977 13.8507) 0 21 =[0 O]
P _ [46.9773 468064) , _
No=21 = 46,8064 112.9749) " Ne722 T

46.9961 46.8526

46.8526 113.0884
[46.9773  46.8064
P23 = |46 8064 112.9749]’ Znpan=[0 0],

ZN,—22 = [—18.9954 -46.6968], Zn,_23 = [18.9954 46.6968]. (5.67)

Using the policy proposed in Section 5.2.4, implement optimal input u° (k). The
performance of the resulting closed-loop system is shown in Figs. 5.10 and 5.11. It is
obvious that RMPC is capable of suppressing internal uncertainty d (k) completely.
Using a laptop with Pentium 4 processor and 512MB Ram, the simulation only costs
(0.37+0.3340.31 +0.27) = 1.28 seconds for offline-optimization (simulation length
equals to 50). Therefore, the algorithm is quite efficient.

To illustrate the precision of our algorithm, we use an existing offline IH-RMPC
algorithm, Bisection RMPC to design the controller for system (5.64) [103]. The
essential idea of Bisection RMPC is creating a serious of ellipsoidal invariant sets,

which correspond to a serious of structured matrices @; and feedback gains F;, and
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Parameter set of optimization J, , , . -—-3 regions

Parameter set of the optimization - 3 teglons (Casel
— ke g

-1

-2

-3
15 -10 5 [) 5 10 15

Figure 5.7: State space partition for
piece objective Ji-k4+3 (Case I, Loop
IT)

Figure 5.6: State space partition for
piece objective Jii1—xk13 (Loop I)

Parameter set of the optimization J, 3= 3 regions {Case I Parameter set of the optimization J§, k3~ 3 regions (Case Ill}

Figure 5.8: State space partition for  Figure 5.9: State space partition
piece objective Ji k13 (Case IT, Loop  for piece objective Jy_k+3 (Case III,
IT) Loop II)

forcing these ellipsoidal sets to shrink along the state trajectories. This procedure is
completed offline and both Q; and F; compose an data table. By searching the table
in the bisection manner, we can realize online implementation. But one of disadvan-
tages is inherited from its origination — online infinite horizon RMPC (IH-RMPC)
[45]: The fixed control horizon N, and prediction horizon Ny, equal to infinite,
weaken the tuning freedom of RMPC strategies. Moreover this method constructs

a looking-up table which, unfortunately, leads to another three disadvantages:
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State convergent trajectories Trajectories of state elements % and *, (rabust MPC)
T T T T T T

....... Nominal MPC
Robust MPC | }

0.8

0.6

! O S N

0 10 20 30 40 50

N 02 Time (8)
: Trajectory of manipulated inputs {robust MPC)
: 0.2 T T
0 [ T T v
02 L i
: %
-0.4 - v{“‘
: i :
_0.6 i Rl H i i
-2 -1.5 -1 -0.5 0 0.5 20 30 40 50
b3 Time (s)

Figure 5.10: State phase planes of Figure 5.11: The trajectories of states
Nominal MPC and Robust MPC and inputs (Robust MPC)

1. The size of the table is dependent on the selection of initial states. Therefore,

in order to satisfy general cases, the table should be of a quite large scale.

2. While performing implementation, every iteration loop only sends an approxi-
mation solution to the objective to the real process. Consequently, the method

can not take full advantage of the potential of RMPC.

3. It is just capable to handle convergent disturbances d(k), i.e.,limg_,c d(k) = 0.

This is a quite conservative assumption.

Fig.5.12 shows the shrinking invariant sets, superposed by the state phase plane.
From Figs.5.13 - 5.15, it can be seen that the optimal performance derived from

affine RMPC (our method) is better than that of Bisection RMPC.

5.4.2 Linearized CSTR system

Consider a first order CSTR (an industrial MIMO plant), where chemical species
A react to form species B: A — B. Fig. 5.16 illustrates the physical structure of
the system, where Cjy; is the input concentration of a key reactant A, C4 is the
output concentration of A, T is reaction temperature, and T is the cooling medium

temperature [93]. The dynamics of this process can be expressed as

dC
d—tA = alloA + a12T + blch + b12CAi ’
dT
-d—{ = azch —+ a22T + b21Tc + bZICAi ) (568)
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iosoids dafi -
The eflipsoids defined by Q;"" for Example 1 Phase planes of two offline RMPC algorithms

1.5 T T
...... *- State trajectory 1| ~@ Affine RMPC
[ Eliipsoids «:» Bisection RMPC
0.8 Rt
1
0.6
0.5
0.41-
0 &
02 T
L
-0.5 B
O Lo
-1 02
1
15 L . -04 i ; i ;
25 -2 -156 -1 -05 0 0.5 1 1.5 2 25 -2 -1.5 -1 -0.5 0 0.5
X X
1 4

Figure 5.12: The shrinking invariant  Figure 5.13: Comparison of phase

sets, derived by Bisection RMPC) planes derived by two offiine RMPC
algorithms.
Comparison of optimal states by two offline RMPC algorithms Comparison of optimal inputs of two offline RMPC algorithms
1 0.4 T ™

smmemmn Atfing RMPC
R e Bisection RMPC

0 B 02 -{

wam Affine RMPC
+++:« Bigection RMPC

10 12 14 16 18 20
Time (s)

0.5 1
&
[ -0.8
0.5l . . . R . . Y - . . . . . . .
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
Time (s) Time (s)

Figure 5.14: Optimal states derived  Figure 5.15: Comparison of optimal
by two offline RMPC algorithms inputs derived by two offline RMPC
algorithms.

Set the system state z = [C4, T]7, the input u = [T, Cai]*, and then the discretized

state space model is given by

s(h+1) = [au alz]w(k)+ [bu bm]u(k),

as1 G2 boy  bao

y(k) = [(1) ﬂx(k)+[ﬂd(k), (5.69)

where d € [-0.1,0.1] is an unknown time-varying disturbance. By experiments, we

find some uncertain terms inherent in parameters a;; and age. The nominal values
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Pure A with
CAi

Mixture of A and B with
CA

Cooling medium
at temperature T,

N,

Stirrer

Figure 5.16: A continuous stirred-tank reactor.

are
i = a1 aie| 0.9719 —-0.0013
T lag ase|  |—0.0340 0.8628 |’
B = |t bo] _ [-00839 0.0232
T by 522 T 0.0761 0.4144}°
By = [bd bdy]" =[0.4349 —0.0018]",

and real values are a;1 = G11 + @11, Q22 = Qg + Ggy where @31, Ggo are both time-
varying variables bounded in the range [—0.1, 0.1] (simulated by “rand” function
in programming). Recasting system (5.69) into the form of the structured model

uncertainties defined in (5.3) and (5.4), so that we have

z(k+1) = Az (k) + Bu (k) + f (x (k), @11, do2), (5.70)
where
I (I 0.1z (k)| -
The system constraints are given by: Umin = —Umax = [~1, —1]%, and ymin =

—¥max = [—1, —1]¥. We can base on the piece-wise linear norm of d (k) or Voronoi

sets to derive the admissible state set as follows:
Az = {z € R"| Mz <X M,} (Using the approach of Voronoi sets),
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where

36 0 3.24
-36 0 3.24
Mi=1 4" g6| M=]39
0 —36 3.24

Fig. 5.17 shows the admissible state polyhedron.

Admissible state set with disturbances Parameter setinoop 1.4, ; (9 regions)

[ state sets with perturbed bounds
] Admissible state set

-1.5 -1 -0.5 0 0.5 1 1.5

Figure 5.17: Admissible state set with  Figure 5.18: State space partitions in
disturbances Loop I

The initial conditions are prespecified as

P 0.0053 4.5746 —-0.7974 -1.7797|°
Q = 2I, R=01I, Ny=N, =2, 7o = [0.4,0.47, up =0,

2 01
01 2.2

_ {9.1123 0.0053] F=[4'4878 —0.3994

O
|

] , v =1 (tuning parameters). (5.71)

P and F are the terminal weighting and terminal feedback gain. With the tuning
parameters Q and v, we can derive the robustness bound i = 0.1642 (robustness
margin equals to 64.2%). As in the same fashion of Section 5.4.1, total objective
Ji—k+3 is optimized in two loops: Loop I is for piece objective Jg41—x+3 associated
with J2, 5 ,xy3; and Loop Il is for Jx_k+3 associated with JZ ;. 3. The critical
intermediate parameters are given in Table 5.1 (here subscripts stand for the number
of loops). In loop I, the admissible state set is partitioned into 9 regions (Fig. 5.18)
so that the partition in Loop IT has 9 possibilities (Fig. 5.19).

It can be seen that the union of all the partitions covers the whole admissible

state space A;. That is to say that we can guarantee the feasibility of our algorithm.
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Table 5.1: Intermediate parameters for the Loop II optimization of CSTR offline

MPC
11.8077 —0.1521
1 Pu=|"o1521 4.0773 | [0 0]

P, — | 193932 —0.1970 P, — | 305212 —0.4243 P 30.5212 —0.4242
217 [-0.1970 13.1584 227 |-0.4242 144559 237 |-04242 144559
Zyn=[0 0 Zo2 = [2.2654 2.3489) Zy3 = ]—2.2654 —2.3489
Py _ | 305212 —0.4242 Py - | 305212 0. 424 P 30 5077 —0.5572
2 24 = | -0.4242 14.4559 257 |_0.4242 14.4559 28 = |~0.5572 13.1456
Zya = [1.6748 —3.4690] Zas = [—1.6748 3.4690 Z26 = [2.0108 —0.1596]

P 30.5077 —0.5572 Po . — |21:0074  2.1097 Py o — | 216074 2.1097

277 |-0.5572  13.1456 28= 121097 13.7356 29 = 121097 13.7356

2oy = [ 2.0108  0.1596] Zog = [~1.3306  —2.6121] Za0 = [1.3396  2.6121]

More specifically, in Fig. 5.19, Partition 2 is symmetric to Partition 3 with respect to
the origin, and it is similar to Partitions 4 & 5, Partitions 6 & 7, and Partitions 8 & 9.
Therefore it is possible that one state measurement x (k) corresponds to more than
one optimal solutions u°® (k) and suboptimal solutions JZ_,, , 5. In this case, we just
select the smallest Jp /| 5 (where “;” denotes the index of the smallest variable) and
the corresponding u® 7 (k) as control signals for implementation. From Fig. 5.19, we

can figure out that the total number of partitions equals to
134+12x24+1x2+11%x24+12x2=285. (5.72)

But after performing combination, we find that the state space partition has only 14
regions. In order to demonstrate the different control results of RMPC on system
internal uncertainties and external disturbances, the simulation is separately per-
formed under two conditions: 1.only system internal uncertainties @11 and Ggo are
considered; 2. both internal uncertainties @1, G2 and external disturbances d (k) are
considered. Figs. 5.20 - 5.21 show the results under Condition I, and Figs. 5.22 - 5.23
are the results under Condition II. From the figures, we can say that RMPC in the
recursive closed-loop prediction can eliminate the internal uncertainties completely,
which is consistent to the results of double integrator. But for external uncertainties,
the controller can confine the output perturbations within a small region, but can
not suppress 100%. Figs.5.21 and 5.23 illustrate the state convergent trajectories
under both Condition I and Condition II, where the vertical axis (z — axis) indexes
the number of partitions. Apparently, from these two figures, we can see that dur-
ing implementation, manipulated inputs keep jumping over {u®!, u® 2, -..}. The

whole procedure is completed within 8.3 seconds. Thus, RMPC application in the

121

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




Partition 1 in Loop I {13 regions) Partition 2 in Loop Il (12 regions) Partition 3 in Loop Il (12 regions)

-08 06 -04 -02 0 02 0 02 04 06 08
Partition 5 in Loop Il (1 region) Partition 6 in Loop Il {11 regions)

0.4

0. 0 0.2
Panitﬁm 4in Loop Il {1 region)

0.6
0.4
02|
0 B
-0.2
: ; 8 - — :
015 -01 -005 0 005 -005 0 005 01 015 08 -06 -04 -02 O
Partition 7 in Loop Il {11 regions) Partition 8 in Loop Il (12 regions) Partition 9 in Loop | (12 regions

Figure 5.19: State space partitions in Loop II (z-axis is'z; and y-axis is 3)

Trajectories of X Xa State convergent trajectory

0.6
[
. %, e
12 E 1
: %
L i g
12 14 £
Time (s) 8
S
o
T [
: %
EN 1%
5 :
2 * *
a
=
L i
12 14
Time (s}

Figure 5.20: The trajectories of state  Figure 5.21: State convergent trajec-
elements z1,z9 (no output distur- tory (without output disturbances)

bances)

CSTR industrial system is efficient, flexible, and reliable.
In the same fashion, we use the bisection RMPC algorithm to control the CSTR

system in (5.69). To illustrate the different effects of internal and external uncer-
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Optimal states of affine RMPC State convergent trajectory

2 4 8 8 10 12 14 16 18 20
Time (8)
Optimal inputs of affine RMPC

Partition index i

2 4 6 8 10 12 14 16 18 20
Time (s}

Figure 5.22: The trajectories of op-  Figure 5.23: State convergent trajec-
timal states and inputs (with output  tory (with output disturbances)
disturbances)

tainties on system dynamics, we first set d (k) = 0 and perform controller design by

the approaches. Fig.5.24 shows the shrinking ellipsoidal sets for the CSTR system.

The ellipsoids defined by Qi" for the CSTR system
1 T T T

08l
06}
0.4}

0.2

—— State trajectory | 1
| C—JEliipsoids

1 . . i
-1 -0.5 ] 05 1

Figure 5.24: The shrinking ellipsoidal sets for the CSTR system

From the comparison results of Figs. 5.25 - 5.26, we can see that affine RMPC (our
algorithm) derives better control performance, although it is not extreme improve-

ment. However, if we set d (k) # 0 and repeat the same process, we will get more
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Comparison of optimal states of two offline RMPC algorithms

0.6

Comparison of optimal inputs of two

offline RMPC algorithms

e pffice RMPC || | T YT m— Affine RMPC
....... Bisection RMPC -+ +1 Bisection RMPC
05 ]
s =
[ SR Y e ey
02 . . s _05 N " L L s .
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
Time (s) Time (s)
0.4 0.5
0.3
o2k AV 0+ 5 FhL e
o
01r
0 M .
-0 N L n "
2 4 6 8 10 12 14 16 18 20 8 10 12 14 16 18 20
Time (s} Time (s)

Figure 5.25: Optimal states derived
by two algorithms disregarding d(k)

(CSTR)

Figure 5.26: Optimal inputs derived
by two algorithms disregarding d(k).

illustrative results (Figs.5.27 - 5.28). The bisection RMPC cannot generate stable

control any more, but our method still result to acceptable performance.

Optimal states of bisection RMPC

10 12
Time {s)

Optimal inputs of bisection RMPC

8 10 12
Time (s)

Figure 5.27: Unstable optimal states

and inputs derived by bisection
MPC (CSTR)

5.5 Conclusions

robust

Phase plane of affine RMPC
4

Phase plane of bisection RMPC
2

0.35

0.3

0.25

0.2

& 015
0.1

0.05

-0.1
-0.2

0 0.2
X,

04 06

Figure 5.28: Comparison of phase
planes derived by two algorithms in
the presence of d(k).

In this chapter, we developed a robust MPC algorithm with an arbitrary prediction
horizon for constrained systems with structured uncertainties and bounded distur-

bances. It is featured by four aspects: 1. the manipulated input is optimized offline
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and implemented online, so that the controller is flexible and efficient. 2. The closed-
loop asymptotic stability can be guaranteed automatically, and by fully partitioning
the admissible state set, feasibility of the algorithm is also can be guaranteed. 3.
Two fabricated tuning variables Q) and v are capable of adjusting the tradeoff be-
tween system closed-loop performance and robustness. 4. The unique prediction
pattern, recursive closed-loop prediction, dramatically reduces the computational
complexity of robust MPC formulations. Based on the one-step prediction, it is
able to construct robust MPC with the arbitrary horizon length, but one-step pre-
diction is sufficient.

Using mp-SQP techniques, the explicit (analytic) solution to robust MPC can
be established by the piece-wise affine functions of state measurement z (k), asso-
ciated with corresponding critical regions .Ai (k)" The regions are determined by a
series of element-wise inequalities and their union covers the whole admissible state
region, i.e., each point in the admissible state set corresponds to a control policy.
Some novel mathematical strategies are introduced into robust MPC areas, includ-
ing construction of the tuning parameters () and v, reconfiguration of structured
uncertainties, piece-wise linear norm and Voronoi sets, and the uniform structure of
piece objectives. The simulation examples illustrate that the algorithm is efficient,
reliable, and flexible. It is capable of eliminating internal uncertainties completely
and reducing the output disturbances dramatically. The offline affine robust MPC
can be applied to different kinds of fast or slow industrial MIMO systems. This

chapter is summarized in our publication [18].
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Chapter 6

Robust state observer

Chapter 3 developed an FH-RMPC algorithm using LMIs and Chapter 5 con-
structed an explicit FH-RMPC approach using recursive closed-loop prediction.
These method, however, assume that the system states are fully measurable, which
obviously is not always the case. To remove this limitation, Chapter 6 focuses on
robust observer design in the presence of system internal and external uncertain-
ties. Two approaches are proposed in the sequel: one formulates robust observer
design as a Maximize Determinant Optimization problem and employs the principle
of invariant sets to reduce the computational complexity; and the other converts the
design into an mp-SQP problem and leads to robust moving horizon state observers
(RMHSOs) with both open-loop and closed-loop prediction. Both approaches can
guarantee the convergence of estimation errors in the sense of Lyapunov. The former
ensures the estimation errors converging to an ellipsoidal invariant set along system
trajectories. The latter constructs two tuning parameters, namely arrival weighting
and the arrival estimation gain, to adjust the tradeoff between observer’s robustness

and stability.
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6.1 Robust observer using MAXDET programming

State observer theory has been widely used in many branches of science and en-
gineering and there exists a rich collection of state observer design methods and
algorithms. The Luenberger observer [58] and the Kalman filter [42], as two most
successful observer strategies, were developed for deterministic systems and stochas-
tic systems, respectively. The former is limited to systems with accurate models
neglecting both internal and external uncertainties; the latter considers external
uncertainties as white noises, but modelling errors in Kalman filtering systems often
lead to poor performance [74]. To incorporate modelling uncertainties with state ob-
server, robust observer design has received considerable attention in the past decade,
and different kinds of robust observers were published, e.g., unknown input observer
(UI0) [108], spectrum assignment observer [110], LMI based observer [51], high-gain
robust observer [60], and input-output observer [61]. However, few of them incorpo-
rate both internal and external uncertainties with observer design.. In this section,
we will convert observer design into a Maximize Determinant (MAXDET) optimiza-
tion problem and involve both internal and external uncertainties in observer design.

Refer to Section 3.2.1 for the definition of MAXDET programming.

6.1.1 Formulation

Consider a system with structured internal uncertainties and external disturbances

2(k+1) = Az (k)+ Bu(k)+ B (k) + Bad (k),
(k) = Tia(k)+Tou(k),
0(k) = Ag(k)E(k),
y(k) = Cz(k)+Cud(k), (6.1)

where z (k) € R" stands for the state, u (k) € R™ for the input, and y (k) € R? for
the output. d(k) € R! is a combination of input, output, and state disturbances
satisfying

d¥ (k) Wad (k) < 1, 6.2)

where Wy is a positive symmetric matrix. A, B, By, 11, T2, C, By, and Cy are all

constant matrices of appropriate dimensions, and Ag (k) represents the time-varying
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internal uncertainties in the feedback loop, for which the maximal singular value is

bounded by 1, so
6T (k)6 (k) < €7 (k)€ (k). (6.3)
We first make an assumption:

A1) Matriz Cq has a full column rank. In other words, the dimension of the dis-

turbance d (k) is no more than that of the output y (k) , namely | < q.

Based on Al), it is possible to represent unknown disturbances in the terms of the

outputs and states in (6.1),
d(k) = @1 (y (k) - Cz (k)), (6.4)

where ®&; = (CJCq)~1CT. The goal of the observer design is to develop a filter which

can provide the state approximation £ (k) from the current or/and past output and

~

input data and guarantee the observer error, e (k) = = (k)—Z (k), as small as possible
in some criterion. The observer design can be described as follows:

Given an ellipsoidal set £q(;_1) with respect to the old estimation & (k — 1),
Eep-1y = {e(k—1) | e(k = 1)"Pe_1e(k — 1) < 1 and Pr_1 >0},  (6.5)

where Py_; € S%, there exists another ellipsoidal set &) for the current state

estimation £ (k) and the condition
(z (k) = & (k)" Pi(z (k) - 3 (k) < 1, (6.6)

holds for some Py € S}, and also the volume of &), with the condition &y C
Ee(k—-1), should be as small as possible. Fig.6.1 gives a graphical interpretation of
the concept of the robust state observer design in the sense of convergent ellipsoidal

invariant sets. Let the state space model of the robust observer as
2 (k) = Az(k — 1)+ Bu(k— 1)+ L(k — 1)(y(k — 1) — Cz(k — 1)), (6.7)

where Z(k — 1) is the state at instant (k — 1), namely past state estimation, and
L(k — 1) is the observer gain at instant (k — 1). Consequently, the estimation error

at instant £ is
e(k) = Axz(k—1)+ Byb(k - 1)+ Bgd(k— 1) — Az(k - 1)
+L(k = 1)(Cé(k — 1) — y(k — 1)). (6.8)
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Figure 6.1: Ellipsoidal invariant sets for the robust observer errors at instant (k—1)

and k
Define a stacked vector v to facilitate the robust observer design [55] with
vi=[eT(k-1) 6T(k-1) dT(k-1) 1.

From (6.3), (6.3), and (6.8), express the observer errors e(k — 1) and e(k), the
bounded disturbances d (k — 1) and d(k), the auxiliary variables 6 (k) and & (k),
and the output y (k) in terms of v,

e(k—=1) = [I 0 0 —&(k—1) |v=Tep-nv, (6.9)
e(k) = [A By By —A2(k—1) +L(k-1)-

(C2(k—1) —y(k—1))]v="Tev, (6.10)

0(k—1) = [0 I 0 0]v="Tgv, (6.11)

Ek—1) = [T1 0 0 Thu(k—1) |v="Te, (6.12)

dk—1) = [0 0 I 0]v=Ty4-1v, (6.13)

d(k) = [ -®,CA -2,CBy —-®,CBy
®1y (k) — 21CBu (k — 1)]v = Lyeyv, (6.14)
1 =[000 1]v=rw. (6.15)

Note that all transformation matrices are known in (6.9) - (6.15), except the matrix

[exy which is the unknown function of L(k — 1). Given the condition in (6.6), we
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have

(Fe(k)v)T Prleryv < (Fl’U)T I'iv, (6.16)
if given
Cee-1)0) PeciTer-nyv < (T10) T1v (from (6.5)), (6.17)
(Fd(k—l)U)TWdrd(k—l)U < 1 (from (6.2)), (618)
o) Wilgw < 1 (from (6.2)), (6.19)
(Tev)'Tov < (Tev)' Tev (from (6.3)) (6.20)
Implementing the S-procedure, the condition in (6.16) does hold if
oy — F&k)PkFe(k)
> m(P - FeT(k_l)Pk—lfe(k-1)) + 72 (®Pg — Ff(k_l)WdFd(k—n)
3(®g — TgWala) + 7a(T¢ T¢ — T§ Ty), (6.21)

where &y = I‘fl"l, and 71, Y2, ¥3, and ~y4 are all auxiliary positive scalars. Py and
P;_1 are both positive-definite matrices where P;_; is known with respect to the
ellipsoid £¢(x_1). Notice that in (6.21) both variables Py and Te(y are unknown. So
(6.21) is not a linear matrix inequality. Setting M = P,:/ 2 and N = P,:/ ’r (k—1),

it denotes
P/ Tyyy = MA MBy MBy —MA&(k—1)+N(Cz(k-1)—y(k—1)) ].
(6.22)
By Schur complements, (6.21) can be converted into
Iy I
[ o 7 [>0 (6.23)
where
M= ®-m (% - FeT(k_l)Pk—lre(k—n) — 72 (‘1>2 - Fg(k_l)WdFd(k—l))
—3 (@ — TEWal'q) — y4 (T§T¢ — T3 T)
Oy = PY°Tu=[ MA MBs; MBy
~MAZ(k—1)+ N (Cz(k—1) —y(k—1))]. (6.24)

As we know that increasing the diameter of an ellipsoid &), namely the longest

axis of the ellipsoid, results in increasing its volume. Meanwhile the diameter is
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proportional to the maximal eigenvalue of P!, MNPy 1) [12]. Therefore, minimizing
AP 1), namely maximizing the minimal eigenvalue of P,c1 /2 (denoted by A(P,: / 2y,
the structure matrix P, defines the smallest ellipsoid containing the estimation errors
e (k). This idea leads to a minimizing eigenvalue problem (EVP) (refer to Section
3.2.1).

Theorem 6.1 In the presence of model uncertainties Ag (k) and bounded unmea-
sured disturbance d (k), the state estimation of system (6.1) can be obtained by solv-
ing an SDP problem,

i -\ (=1, 2 3,4 2
Lik—1), A M, N, Aﬁ( ) (i=1,2 3, 4), (6.25)

Hu Hgl
s. t. [ My I >0,

A= XMPM2) >0,
M—=X>07>0, MS>0,

v1>0, v2>0, v3>0,

where the symbols M, N are defined in (6.22), 111, oy in (6.24), and y1, v2, ¥3, Y4
are unknown scalars. X(P,ii 21) stands for the mazimal eigenvalue of the square root
of Pi_1, the structure matriz for the past estimation error ellipsoid E,x—1y. The
the time-varying state observer gain at instant (k — 1), namely L (k—1), can be
calculated by

L(k—-1)=M"N,

and the estimated state at instant k satisfies
2(k)=Az(k—1)+Bu(k—1)+L(k—-1)(y(k—-1)-Cz(k-1)).

Proof: Following immediately from (6.23), we can compute the feasible solution of
the structure matrix Py, by minimizing the volume of ellipsoidal set £(x), equivalently
maximize the determinant of Py. It derives a standard MAXDET optimization

problem of P;. To reduce the computation complexity, define the minimal eigenvalue

of (Pk)l/zas A. We know that

A oc det™ (PY) (equivalently A oc Vol™H(Exry)),
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where symbol “x” and notation Vol(*) stand for “Proportional to” and “Volume”,

respectively. Therefore, the optimal Pk can be solved by,

min {—X)
st M—=A>0,A>0, (M=P",
Equation (6.23). (6.26)

The constraint A — )\(Pk1 1 21) > 0 is designed to guarantee observer’s stability in the
sense of Lyapunov. Py_; is the structure matrix of the ellipsoid £.(x_1) containing
the past observer errors. As we know, the diameter of £.) is proportional to
X (P71, similar to A (Py). Therefore if A(P¢) > A(Pg-1), equivalently A > X(P,le),
Ee(ky Will always be contained in 1), and consequently, the observer is stable.
Add the constraint A — X(P,c1 / 21) > 0 to (6.26), and Theorem 6.1 is proven. [ |

Remark 6.1 Theorem 6.1 derives a dynamic observer gain L (k — 1), which is a
time-varying nonlinear function of the past input u (k — 1), the past output y (k — 1),
the past estimation & (k — 1), and the current output y (k).

Remark 6.2 By setting the constraint A—X(Pkl i 21) > 0, we can guarantee the stabil-

ity of the robust state observer in the sense of Lyapunov. To control the convergent

rate, we construct a tuning scalar o > 0 with
A> a)(P?)

to replace the constraint A — X(Pklﬁ) > 0 in problem (6.25). The larger a is chosen,

the faster convergent trajectory derives.

Remark 6.3 Because the volume of the ellipsoidal set Exy is proportional to the
determinant of P 1 minimizing the volume of Ee(ky 5 equivalent to mazrimizing
the determinant of Py. Thus, robust observer design is possibly converted into an
MAXDET optimization problem [107]. Using the existing solver YAPLMI [57],
MAXDET can be solved numerically. However, compared with the EVP problem
in (6.25), YAPLIM needs more time to get a feasible solutions to the MAXDET

programming for robust observer design.
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6.1.2 A numerical example

Consider a system given by

0.5 0.7 0.1 0.1
ple+1) = | o4 0.6+a(k)] w(k)+[o.2+ﬂ(k)] “(’“”[o] d(k),
y(k) = [2 1] z(k)+01d(k), (6.27)

where a (k) € [-0.05, 0.05], 8(k) € [-0.04, 0.04], and d (k) € [-1, 1]. Suppose
that the initial conditions z (0) = [1, 0]T and & (0) = [0, 0]7. Reforming the model
in (6.27) into the structure of (6.1), we have

0.05 0 0 00 0.1
TI_[ 0 0.05]’T2'[o.o4]’39“[0 1]’“‘13“‘—[0]'

Set W, = 0.9 for the disturbance invariant set and Py = 0.11 relative to the ellipsoid
&¢(o) for the initial observe error e (0). Figs.6.2 and 6.3 show the trajectories of the
estimated states with u(k) = 1. The estimation and real states match each other
well. Fig.6.4 is the trajectories of the observer errors which are bounded within a
neighborhood around the origin. Here the uncertain terms « (k), 5 (k), and unknown
disturbance d (k) are simulated by MATLAB function “rand.” Fig. 6.5 illustrates the
development of ellipsoidal invariant sets for observer errors (only several ellipsoids

are presented for a clearer figure).

The first state x1 and its estimation xHat1

The second state x2 and its estimation xHat2

State and estimation
State and astimation

X ]
xHat1

0 10 20 30 40 50 60 20 30 40 50 60
Time (s) Time (s)

Figure 6.2: The trajectories of 1 and  Figure 6.3: The trajectories of x5 and
Z1. o,

Comparing with the estimation resulted by YAPLIM in Figs. 6.6 - 6.7, our results
are much better (Figs. 6.4 - 6.5).
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The observer errors e ion errors
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Figure 6.6: The trajectories of z; and  Figure 6.7: The trajectories of x5 and
Z1 by the YAPLMIL 29 by the YAPLML

6.2 Moving horizon state observer

Although the above algorithm has the ideal properties of stability and convergence, it
does not combine the practical issues with theoretical analysis, e.g., system physical
constraints, computational complexity, and implementation efficiency. To obtain a
new observation method with a wider scope of applications, moving horizon state
observer (MHSO) was proposed by reformulating the design as an optimization
problem [41, 87].

MHSO is motivated by the full information state observer which, however, suffers
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from the curse of increasing dimension [27]. Different from full information state
observer, MHSO includes only the most recent measurement and defines the problem
within a fixed prediction horizon, so that the dimension of problems is fixed and
determined by the length of the horizon. This idea originates from FH-MPC (80,
67, 63] and utilizes a similar scenario. Similar as FH-MPC, an iterative loop of
MHSO is composed of four steps: determining initial parameters, predicting future
states, solving an optimal problem, and then updating state observation [64, 78,
79]. Because of the potential to handle state constraints, MHSO witnessed wide
applications to different physical systems in the past decade. For example, the
state observer of biomass concentration in CHO animal cell cultures is successfully
developed in the fashion of MHSO [36, 77]. Arrival cost, as one of the fundamental
concepts, is proposed to summarize the effort of the past data ahead of current
prediction horizon [87]. It can be shown that if we can compute the explicit solution
to arrival cost, stability can be easily guaranteed by solving an algebraic Riccati
equation. For an instance, the Kalman filter, as a special case of MHSO with
free state constraints and unit prediction horizon, can achieve stability in this way.
For general cases, however, computing an explicit solution still remains an open
problem [38]. In 2001, Rao et al. proposed a sufficient condition for the stability of
MHSO employing the approximation of arrival cost [78}; but one assumption was
critical: the system must have a precise model. To remove such a limitation, in
this thesis we propose an extended MHSO, namely robust MHSO (RMHSO) for
the systems with both internal uncertainties and external disturbances. Also, the
importance of RMHSO can be seen from another point of view: RMHSO is critical
for explicit MPC systems whose states are unmeasured or partially unavailable (refer
to Chapter 5). Because of the nature of offline MPC, it is mandatory to combine
state physical constraints with robust observer formulation. Otherwise there is no
way to implement offline controllers with bounded state space partitions [6, 4, 18].
To preserve the superiority of offline MPC (for instance, small implementation cost),
the associated observer should be offline optimized and online implemented as well.
The aim of this section is to develop an offline MHSO algorithm in the presence of

internal uncertainties and external disturbances.
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6.3 Robust moving horizon state observer
Consider a system modelled by

z(k+1) = Az(k)+ Bu(k)+ f(z(k),d(k),k),
y(k) = Cx(k)+v(k). (6.28)

Here z(k) € R"™ stands for the state, u(k) € R™ the input, y(k) € RY the
output, v (k) € RY the measurement error, and d (k) € R! a combination of in-
put and state disturbances. To simplify design, we firstly assume v(k) = 0 and
postpone the discussion on the case of v(k) # 0 to Section 6.6.3. A and B are
constant matrices with appropriate dimensions. We assume that the output matrix
C has a full row-rank and the pair (C, A) is observable. Suppose that the states

and disturbances obey the conditions
z (k) € Az, v(k) € Ay, and d (k) € Ag, (6.29)

where A;(A,) is the admissible state (noise) set defined by a set of generalized
element-wise inequalities, and A4 is the admissible disturbance set defined by an

ellipsoidal invariant set,

Ay = {-’JU € Rni Zmin 2 T =X Tmax, Tminy Tmax € Rn}’ (6-30)
A, = {U € Rq| Umin =X ¥ = Umax, Umin, Umax € Rq}a (631)
Ai = {deRP|dT (k)Wad (k) <1,WyeSL}. (6.32)

The nonlinear term f : A, X Ag x RT— R" reflects the composition of internal and

external uncertainties satisfying
1f(z (k) ,d(k),K)ll2 < & (k > 0). (6.33)

In fact, many structured internal and external uncertainties can be reformulated

into the form of (6.33).
Case I — external uncertainties: The function f (k) is explicitly expressed by

f(.’l:(k),d(k),k) = de(k),
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where d (k) € Ag and By is the a constant matrix. From the definition in
(6.30), one has

|1Bad (k) ||z = || BaWy "Wy d (k) ll2 < 5(BaWy %),
which is in the form of (6.33).

Case II — internal uncertainties: The widely used structured uncertainties in

the feedback loop [45] can be also converted into (6.33). Consider the system
z(k+1) =(A+WLA (k) Wr)z (), (6.34)

where A (k) = diag(Aq(k), -+, Ar(k)) and 6(A; (k) < a;. Wi and Wg

are constant scaling matrices and Wy, is invertible. Performing the similarity

transformation to (6.34) and setting z(k) = Wi, 2(k), we have
2(k+1) = W AWz (k) + A (k) WaWiz (k).

Because z (k) € Ay, there exists a constant term £ such that ||z(k)||2 < é.
Denote f{z(k),d(k),k) := A (k) WeWrz(k), and consequently

1f(z (), d (k) k)|l2 < (max a;)5(WRWL)E,
which is also in the form of (6.33).

To proceed the further discussion, we first assume v(k) = 0 and focus on the system

z(k+1) Az (kY + Bu (k) + f (z (k),d (k) , k),
y(k) = Cz(k), (6.35)
where z (k) € Az and || f(-)|l2 < k, to design a robust moving horizon state observer.
6.3.1 Formulation of RMHSO

Based on the state space model in (6.35), the observer is defined as

$(k+1) = A#(k)+Buk) +f(k),
C# (k), (6.36)

<

~—~
E

~—
|
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where & (k) € R"™ is the estimated state, § (k) € R? the estimated output, and

f(k) € R™ the estimated disturbance. Given the model in (6.36) and past estimated
state & (k — N), we predict the intermediate observation &(k — N + i),

i—1 i—1
#(k—N+i) = A%(k—N)+Y A7 I Bu(k—N+j)+ > A f(k—N+j), (6.37)
J=0 Jj=0

where i € [0, N] is the index of estimated signals. The sequence #x_n—j is the
observation components over the kth prediction horizon. #(k — N) is the initial
condition of the kth prediction horizon and is optimized by the (k — N)th predic-
tion horizon. Obviously, if we can optimize the estimated sequence f,‘c’_ Neok—1» the

current estimated state Z(k) can to be solved by

N-1 N-1
#(k) = AVi(k— N)+ > A'Bu(k—1-j5)+ > Af(k-1-j).  (6.38)
j=0 Jj=0

Retain the value of £(k), reject intermediate observation £;_n_ k-1, and repeat the
above procedure. Finally, we can obtain the state observation at any instant %.
Eq. (6.38) shows the essential difference between MHSO and MPC regulation. MPC
predicts future states/outputs based on current measurements. After determining
the optimal input sequence ug.k+N-1, it retains the first element w(k) and rejects
the intermediate solutions, including predicted states and the rest of optimal inputs.
But MHSO employs a different policy: it is based on the past observation &(k — N)
to predict intermediate observation till the current observation (k). After deter-
mining the optimal sequence fk_ N—k—1, it calculates £°(k) and then rejects all of
the intermediary variables Zp_ny—_x_1. Essentially, MPC performs the optimization
loop in a forward manner, but MHSO does it in the backward way which, fortu-
nately, consistent with the nature of closed-loop prediction [50]. The rule in (6.38)
makes it straightforward to convert MHSO design into an optimization problem

with recursive closed-loop prediction.

Definition 6.1 The design of robust MHSO for the system with internal and ez-
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ternal uncertainties in (6.35) is a constrained optimization problem,

,min Tk Nk (6.39)
st Je-n-k = [|CE (k) — y(k)II3,
L3 1) —uE l76 (6.40)
RN
&(k— N +1) = A%k - N) + fAi-l-jBu(k —N+3j)
3=0

i—1
+Y ATV (k- N+j5) 1<i<N),
j=0

flk—1)=L(C&(k—-1)—ylk—1)), Z(k—N+1i)€ A,

where Q € S% and R € D, are weightings. Qo € S? and L are the arrival weighing
and the arrival observer gain, respectively, which are constructed for robust observer

stability. Pair (C, A) is observable.

From (6.35) and (6.36), we can write down the model of observation errors,
e(k+1) = Ae(k) + f(k) — f(z (k) ,d (k) , k), (6.41)

where e (k) := & (k) — = (k). Therefore, the robust stability of state observers is
converted into a problem on the convergence of e(k) in the presence of the uncertain

term f () in (6.41).

Definition 6.2 The observer in (6.36) is stable for the system with internal and
external uncertainties in (6.35), if for any € > 0 there exists a number § > 0
and a positive integer T such that if ||e(0)|| < § and £(0) € Ay, then |le(k)|| < &
and £(k) € Ay for all k > T. The admissible state set Ay and observation error

dynamics are given in (D1.1) and (6.41), respectively.

6.3.2 Robust observation stability

To guarantee the stability of the robust observer in (6.41), we employ the objective
function (6.40) as a Lyapunov candidacy function, so that we have the Lyapunov

functions V (k) := Jr_n— and V{(k+1) := Jy—n11-k+1. From (6.40), the difference
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of the Lyapunov functions is given by

14

V(k+1) - V(k)
leCk + DI, + le®I + 1R

~

~lle(®)II3, — lle(k = NI — 1£(k — N)I[%, (6.42)

|

where Qo = CTQuC and Q = CTQC. In Definition 6.1, we propose the arrival

observer gain L, satisfying
F(k) = L(C3(k) — y(k)) = LCe(k). (6.43)

Inserting (6.41) and (6.43) into the difference of the Lyapunov functions in (6.42),

we have

V = lle(o) e, + 115 () 113, —2e(k)T (A+LOYT QoS ()~ lle(k— N3~ 11 f (k= N)IIZ,

where

Qo = (A+ LC)TQo(A + LC) + Q + (LC)TR(LC) — Qo.
To guarantee stability, we need V < 0, i.e.,
lle(0IZ,,. + IIf ()13, — 2e(k)T (A +LC)T Qo f ()~
lle(k = ML = 1/ (k = N)IIZ, +vlle®)B —vilek)I[F < 0,  (6.44)

where v > 0 and P € §%, are the tuning parameters and critical to the robustness

of RMHSO. We have a pair of sufficient conditions to (6.44)
(A+LC)TQo(A+ LC) + Q + (LC)TR(LC) — Qo +vP = 0, (6.45)
0.

1F (1%, — 2e(R)T(A+LOY Qof () — llf(k = NI ~ vlle(®)|[F < 0. (6.46)

Note that ||e(k— N )||Z2 is the initial observation error which is positive and omitted
here. Apparently, (6.45) is an algebraic Riccati equation with the unknown variables
of the arrival observer gain L and the transformed arrival weighting Qo. It is not

hard to derive Qg based on the solution of (6.45),
Qo = (CCT)T'CQYCT(CC™)™, Qo € ST (6.47)

Note that we assume that C has full row-rank, so the pseudo-inverses (CCT)~1C

and CT(CCT)™! exist. It can be seen that no matter what tuning parameters v and
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P are chosen, we always can derive L and Qg from (6.45) and (6.47). Consequently,
the feasibility of (6.46) plays a critical role on robust stability analysis.

Theorem 6.2 The observer in (6.36) is robust stable for the constrained system
with internal and external uncertainties in (6.35) if the arrival weighting Qo and
the arrival observer error L are determined by the Riccati equation in (6.45) and the

estimated disturbance f (k— N) is solved by minimizing the following linear program,

min g,
T
[( vP (A+PC) } >0,

1.
s A+IC) Qo

and satisfies
jrow(RY)f (k= N)| 2 ~(1+¢)"25(Qo)r,
where row(R'/?) := [Ri{? RN R,I#] s a row vector composed of the diagonal ele-

ments of R, and k is the uncertainty bound defined in (6.33).

Proof: Following the conditions in (6.45) and (6.46) and applying Lemma 3.3, we

have
~2¢(k)T (A + LCY Qo f (*)
< efTOQS() + ek (A+ LC) Qof A+ LO)e(k) (> 0).
Therefore (6.46) is necessary to
Ze(R)"(A + LOY QoA+ LC)e(k) ~ vle(h] I3
+H1+e)fT()Quf() = IIf (k- Mk < 0. (6.48)
So if the conditions
VP — —i—(A + LC)TOo(A + LC) > 0, (6.49)
1£(k = MI% > (1 +)F7()Qof (), (6.50)
are satisfied simultaneously, the condition in (6.48) is obtained. To minimize ||f(k—

N)||%, we minimize the positive scalar e. Consequently, (6.49) can be recast into an

SDP problem. Performing Schur complements, we have

min &, (6.51)
vP (A+ LC)T]

st (A+LC) 0o

> 0.
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Eq. (6.50) is equivalent to

n

Y (VRafilk— N))? > (1 +€) fT()Qof().

i=1

As we know the condition

S (VRafilk = N))? > = (cow(R)f (k= N))2,

n

i=1
so that a sufficient condition to (6.50) is
N 1 R
[row(RE)f (k= N)| 2 ~(1+¢)25(Qo)~. (6.52)
Note R € D%, and f(k — N) € R*. Theorem 6.2 is then proven. |

Remark 6.4 The feasibility of the semi-definition optimization problem in (6.51) is
strongly related to the selection of the tuning parameters v and P. Roughly speaking,
if we choose an appropriate pair of v and P (large enough), the robust stability can

be always satisfied.

Remark 6.5 After determining the values of f; (k— N), Qo, and L, we can cal-
culate the upper bound of K to satisfy both conditions (6.49) and (6.50). The upper
bound of k reflects the robustness of our algorithm, i.e., by adjusting the values of
v and P, we can adjust the tradeoff between the performance and stability of our

robust observers. This fact is similar as Corollary 5.1

6.4 RMHSO using open-loop prediction

From the above discussion, we know that RMHSO design can be converted into a
quadratic program, and associated with Theorem 6.2, the robust stability is guar-
anteed. From Chapter 4, we know that nominal MPC can be reformulated as an
mp-QP regulation. The solution to mp-QP is a set of piece-wise affine functions
associated with state space partitions. In this section, we first employ the idea of
nominal explicit MPC to develop an open-loop RMHSO, and then extend the de-
sign to an RMHSO with the recursive closed-loop prediction in the next section.

From (6.37), we can predict the N step coming observations zx—n+1—k, so that the
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objective Ji_n_k can be rewritten as an expression of £(k — N),

Je—N—k = |[|CZ(k—N)—-y (k- N) ||22+||C.A§c(k—N)+CBU+CBpF—Y||2Q+||F||?z,

(6.53)
where the augmented matrices are given by
A B -+ 0 I - 0
AN AN-lp ... B AN-L T
U = [uk-N" - uk-0)T", F=[f(k-N)T,-, k=T,
Y = [Y(k - N+ 1)Tv T aY(k - 1)Ta Y(k)]Ta

C = diag(C,---,0), Q=4diag(Q, ---,Q, Qo), R =diag(R,---,R). (6.54)
Proceeding further, (6.53) becomes a standard mp-QP problem,
Jeo N = %FT@F +&T (k= N)EF + (CBU — Y)TILF + W, (6.55)
where
© = 2((CBF)TQ(CBr) + R), E = (CATQ(CBF), and 11 = QCBp.

W is the residue term independent of F and is determined by the variables in (6.54).
Notice that @ is the matrix of the arrival weighting Q¢ which is fundamental to

closed-loop stability, and © € Sy 4.

Theorem 6.3 The optimal estimated disturbance vector F in (6.54) is determined

by an mp-QP problem with element-wise inequality and equality constraints.

Proof: Employing the notation in (6.54), the constraint #x_n1+1x € Az can be

explicitly expressed by

Xmin X ALk — N) 4+ BU + F % Xnpax, (6.56)
where Xmin = [#L;, -, 2L, |7 and Xnax = [haxs+* , Thax]T- For closed-loop

stability, the condition in (6.52) has to be satisfied,

UF < —(n+ne)%5(Qo)r, (6.57)
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where U := (—1)"‘[row(R%), 0, ---, 0] (¢ =0or 1). The arrival observer gain L is
determined by an algebraic Riccati equation, so

flk—1) = LC#k-1)—y(k—1)
= LCAN14(k— N)+LCAN?Bu(k —1)+--- + LCBu (k — 2)
+LCOAN=2f(k — N) + LCAN3f(k — N +1)
4.+ LOf(k —2), (6.58)

and equivalently

[pF =T.d (k— N)+TyU. (6.59)

Combining (6.57) with (6.56), we have an element-wise inequality constraint,

G F < G (k — N) + G3, (6.60)
where
Gl = —I s GQ = A s G3 = ‘—Xmin -+ BU: .
N 0 —(n +ne)25(Qo)k

Imposed by constraints (6.57) and (6.60), the design of RMHSO in (6.55) is con-

verted into a constrained mp-QP problem,

1
TNk = m}n(§FT6F +27 (k- N)EF 4 (CBU - Y)TTIF + W),

s.t. I'pF =Tz& (k- N)+TyU,
G1F 2 Ge2(k— N) + Gs. (6.61)
Theorem 6.3 is then proven. [ |

Theorem 6.4 The analytic (explicit) solutions to the mp-QP problem in (6.61),
which is defined for RMHSO using open-loop prediction, are piece-wise affine func-
tions of &(k — N), over the corresponding state critical region AL, where j denotes

the jth partition within the admissible state set A;.

Proof: Taking advantages of two Lagrange multipliers A1 = 0, A2 = 0, and a slack
variable p, (6.61) can be converted into an unconstrained program. From the first-

order Karush-Kuhn-Tucker (KKT) theorem, the optimal conditions to (6.61) are
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known as

OF +ET#(k— N)+IT(CBU - Y) +GTA\ +TEX = 0, (6.62)
(G1F — Goz(k— N) = Gs+ )™ = 0, (6.63)
['pF —Tg&(k—N)-TyU = 0. (6.64)

From the properties of optimization duality, A; is divided into two parts, namely
An = 0 (nonactive constraints, 4 > 0) and A4 = 0 (active constraints, p = 0), where
A= [\E, A4]T. From (6.62) we have

0 12T (k- N)—0 T (CcBU - Y) -0 1GT s -0 TLX = F, (6.65)
GiF — Gz (k—N)—G3 =0, (6.66)

where G1, Ga, and G3 is a combination of the active constraints out of Gy, Gg, and

G3, with a full-row rank. Inserting (6.65) into (6.34), we have

Ao = Goara+ GonE(k— N)+ Gy, (6.67)
where
Gy = —(Cro~rHrpe167, (6.68)
Gz, = —Tpo D)"Y (Trpe~ 127 + 1),
Gy, = —(CpO L) (Tre T (CBU - Y) + Tyl).

Note that Ay > 0 corresponds to the equality constraints and I'r has full row-rank
(refer to (6.59)). Inserting (6.67) and (6.65) into (6.66), we finally derive the explicit

solution to A4

)\AZG:C,\A:IA:(IC—N)-FG)\A, (6.69)
where
Gy, = —(él@_lé{ + él@—ll—‘;G)\)\)—l(G'l@—IET
+é1Fz + GQ + éle—ngGzh),
Gy, = —(G1071CGT +G1071LG))) (G167 TIT(CBU - Y)

+G1FUU + é3 + G’l@‘lFEGh).
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It is obvious that (C~¥1®‘1C~T’T + 619‘1F£G)\)\) € St+ (replacing Gy by (6.68)).
From (6.67) and (6.69), we can conclude that the optimal solution F° is an affine

function of & (k — N), i.e.,

F = Gopé (k= N) + GF, (6.70)
where
Ger = —O07'ET —(07'G] + ©7'TEG)Gor, — ©7 ' TEGa,,
Grp = —-07IT(CBU -Y) - (071G + 07 'TLG)\)Gy, — 07 TEG,,.

To guarantee A\; > 0 and satisfy the constraints imposed on estimated states, we

need

G1F — Gai (k — N) — Gs
Gor, @ (k— N) + Gy,

A

0, (6.71)

Y

0, (6.72)

where F is derived in (6.70). Eqgs. (6.71) and (6.72) define a critical region A7 inside
the admissible set A,. From the above discussion, we conclude that the optimal
solution to (6.61) is an affine function of #(k — N) corresponding to the region AJ.

Theorem 6.4 is proven. ]

Theorem 6.4 succeeds in converting the design of RMHSO into an mp-QP problem
and makes it possible to utilize existing solvers to obtain the partitions of the critical
region A, and the optimal solution F°, e.g., the MATLAB-HYBRID Toolbox. Due
to the existence of equality constraints, the mp-QP problem is quite complicated
and the optimal solutions of F' and Al are memory-consuming. This fact impairs
the implementation efficiency of RMHSO, one of the essentials of offline observation
schemes. Therefore, we consider: Is it possible to use the closed-loop prediction
strategies to get simpler solutions (because only one-step prediction is necessary)

and reduce the number of necessary parameters?

Remark 6.6 Theorem 6.4 solves the mp-QP problem with both element-wise in-
equality and equality constraints. Currently, how to solve this kind of problems

remains an open problem.
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6.5 RMHSO using recursive closed-loop prediction

From Chapter 5, we know that recursive closed-loop prediction is able to utilize
one-step prediction to simulate robust explicit MPC with an arbitrary prediction
horizon. Therefore, we apply the similar prediction pattern to RMHSO design and

formulate the problem in (6.39) as iteratively programming, i.e.,

Fon—i = min ([[C8(k = N) —y(k = N)lig + I1f(k = NIk + (6.73)
(_min |[C&#(k—-N+1)—yk-N+1)I3
F(k—N+1)

HIF =N+ DR+ +( min ([|C2(k 1) —y(k - DIIE

HIf (k= )|} +1|Ca(k) — y(k)15,)))s
s.t. Gk—i+1)=A2(k—3)+Bu(k—i)+ f(k—13), i=1, ---,N,
Fle=1)=L(Ca(k-1)~y(k—1)), &x-N+1-k € Az,
(—1)*(row(R?) f (k = N)) > (n +ne)'/*a(Qo)x (a=0o0r 1),
(6.74)

In other words, the intermediate piece objective Ji-n4i—k can be represented by
Temik = ||C3(k = §) = y(k — )G + 1f (k = )1k + TR-ss1—p- (6.75)

Similar as explicit robust MPC, the same prediction pattern in (6.73) is iterated N
times for RMHSO, so that the prediction length of RMHSE is determined by the
number of iteration loops. This feature enables us to implement RMHSO with an

arbitrary horizon by implementing one-step prediction.

Remark 6.7 Eq. (6.73) derives a recursive optimization problem and takes the ad-
vantage of closed-loop prediction. Meanwhile, it however proposes two challenges:
how to derive the expression of the optimal piece objective JZ_;., . in terms of
predicted observation £(k —i+1); and how to guarantee the expression of Jg_; 1 _
to be a quadratic (or linear) function and remain the uniform structure for all piece

objectives Jy—i_k.
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6.5.1 Piece objective J;_;_.

From the above discussion, we know that two equality constraints are imposed on
the arrival (terminal) observer gain and the initial observer gain. So when we choose
the different value of ¢, the piece objective Ji—n4imk (1 <4< N — 2) is associated

with the different number of constraints. Two cases are discussed here:

Case I: Optimize the total objective Jy_ny—k. In this case, two constraints are
imposed on both & (k — N +1) and f(k — N),

Tmin < 2 (k= N +1) = Trax, (6.76)
(—1)*row(R'2)f < —(n + ne)'/*a(Qo)x, (6.77)

where (6.76) is a physical constraint and (6.77) is constructed for robust sta-

bility. Using £(k — N) to replace Z(k — N + 1) in (6.76), we have

PN

f = Tmax — (A% + Bii) and — f =< (A% + B1) — Tmin, (6.78)

where %, i, and f represent the current signals for ease of notation, namely

% := x(k — N) and similar to others. Stacking (6.77) and (6.78), we derive an

element-wise inequality constraint for the total objective Ji_n_.k,

fo = G + G, (6.79)
where
I Tmax — BU —A
Gf = -I , Gg = B — Zmin R and Gz = | A |.
(—=1)row(RY/?) —(n +ne)Y25(Qo)k 0
‘ (6.80)

Case II: If 2 < i < N — 2, the initial estimated disturbance f(k — N) does not ap-

pear in the piece objective Jx_; .k, so that the constraint in (6.79) is simplified

as
Gy f < Gy + Gi, (6.81)
where
! I ' . Tmax — Bl ;L —A
Gf = [—I] , G = [Bil - mmin] and G := { Al (6.82)
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Comparing (6.79) and (6.81) with (6.61), it can be seen that the constraints for
RMHSO using closed-loop prediction are much simpler. For the cases of i # N, there
is no need to consider the constraints imposed on f (k— N). As a result, we avoid
the computational burden derived by the mixture of the augmented inequality and
equality constraints. Following (6.75), the optimization of piece objective Jx—;—k

turns out to be

Jh—izior = min Jeik, (2<i<N-1) (6.83)
Fl—=1)
s.t. Gk—i+1)=Az(k—i)+Bu(k—1i)+f(k—1),

2k—-i+1) €A,

Note that the problem in (6.83) excludes the case of total objective Jy_ny—k. We

first assume that J7_;, 1 is a quadratic function,
T ivimn = 1Bk =i+ 1|3, , + Tima@k— i+ 1) + T,y (6.84)
Inserting (6.84) into (6.75) and using #(k — ¢) to replace &(k — i + 1), we have
1 M % o e v
Jh—imrle = ifTHff + .’ETHfif + fo + Hyy, (6.85)
where
Hy = 2Qi1+2R, Hp = 24TQ;_1, Zy= 24BT Q1 + i1,
Hsyy = [|CZ—ill3 + ||A% + Billlg,_, + li-1(A% + Bit) + ¥;_1.  (6.86)
Here f := f (k—1) for the current signal. Notice that H F € S% . and Hyy is indepen-
dent of f , i.e., irrelevant to J__,_,,. From the definition of the piece objective Jp_;_x
in (6.85), we can convert (6.83) into an mp-QP problem with the element-wise in-

equality constraints. Setting the different value of index 4, the mp-QP problem for

piece objective Ji_;_k is iterated N — 2 times.

Remark 6.8 Given the assumption on the quadratic form of J¢_; ., ., the mp-QP

problem for the piece-objective Jx_;—k 15 given by

Jg—i-{-l—»k = fl’(r]::l_rlz) Jk—i—»k, (2 S i S N) (687)
¢ Jooin = SFTHf + 8T Hyp f + Z:f + Hi
s.t. k—ik = §f pf+ & Hpf + Z¢f + Hzy,

Gy f = G+ Ga.
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where f is the optimization variable and % is the multi-parameter vector (the current

state observation).

Theorem 6.5 The analytic (explicit) solutions to the piece-objective Jx—;—k defined
in (6.87) are piece-wise affine functions of &, over the corresponding state critical
region AL, where indez j denotes the jth critical region within the admissible state
set Ag.

Proof: The proof is similar as that of Theorem 6.4, and to save space, here we
only give the expression of the optimization solutions to (6.87), namely the piece-
wise affine functions of & associated with the state critical regions AZ. The optimal

estimated disturbance is

f= (—H?1H?i+H]§1é}:(C~¥fH 'GE)HGHHF  HE, + Gy))E+

f f s

AT (A H-1ATv- YA 6. g=15Ty _ g-l77T

Hf Gf(Gfo Gf) (Gc+Gfo f) Hf Z
= LIz 4+ 07, (6.88)

where L{ can be regarded as the current observer gain corresponding to the jth
critical region A’x.. The critical region .A?E is
Al ={% € Ag| (Li% + ONf < Gs + Gy,
A F-1ATV-L (A g-1gT o &) % 5 F=1ATN-1 A, o G =177
(GpA7'GT) (Gfo Hﬁ+G$)x+(Gfo GD) NG+ GpH7'ZT) S 0},
(6.89)
In the case that there are no active constraints out of the conditions (6.81), i.e.,
the row-independent combination {G”fu, G4, GL} do not exist, (6.88) and (6.89)
degenerate to
f_ _g-t TV— 71 T': ‘iv ‘7
f= Hf Hﬁ; Hf Zf. Lz + 0,
fo-—Gé——Gii‘ =<0,
which result in the second case of the explicit solutions to the mp-QP problem in
(6.87),
f=Liz+0! (VieAl), (6.90)
where A} == {# € A; | G 7 f — Gz — Gz < 0}. Obviously, the analytic (explicit)
solutions to the mp-QP problem defined in (6.87) are piece-wise affine functions of

Z. Theorem 6.5 is then proven. |
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Remark 6.9 Theorem 6.5 offers the explicit solutions to the piece objective Jy_; .
The solutions are much simpler than those of Theorem 6.4 (open-loop MHSO). How-

ever, Theorem 6.5 is built on the assumption that J;_;,_,; must be quadratic.

Remark 6.10 Replacing all of the parameters {G'f, Gy, G5} by {Gf: Gg, Gi}, we
can derive the optimal solutions to the last step iteration, i.e., the calculation of the

total objective Jx— k-

6.5.2 Offline RMHSO using closed-loop prediction

The purpose of this subsection is to remove the assumption on J¢_;,;_,; (Remark
6.9) and construct the affine solutions to Jx—ny_. Note that the arrival observer
gain L is determined by solving an algebraic Riccati equation, therefore, the number
of the optimization variables is N — 1 instead of the length of the prediction horizon

N. The first piece objective to be optimized is Jx_o—. instead of Jx_1_..

Theorem 6.6 The optimal solution to the piece objective Ji—iy1k 15 @ quadratic

function of the observation &(k — i+ 1).

Proof: The proof is same as that of Theorem 5.6. To save space, here we only write

down the explicit expression of the optimal solution to the piece objective Jx—i+1 -k,

Jo_1o = 18k = DB, + T1#(k — 1) + ¥y, (6.91)
where
Q1 = CTQC+LTRL; + (CA+CL)TQo(CA+CLy),
Iy = —2y7(k—1)QC +20TRL; + 2(CBu (k- 1)+ CO1 — y (k))TQo(CA + CLy),
Uy o= lyte = DG + 11011k + lICBu(k — 1) + CO1 — y(k)|[3,,

L1 = LC, and 01 = —Ly(k‘ - 1).
And

T inoe =18k —i+ D3, +Tiad(k—i+1)+ ¥y, (6.92)
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where

Qi-1 = CTQC+LL | RLi_y+ (A+ Li-1)TQia(A + Li—y),
iy = 27 (k—i4+1)QC+20L RL;_;

+(2(Bu(k —i+1) + 0i-1)TQo + Ti_2)(A + Li_1),
Vi1 = |ly(k—i+ 1)||2Q + |0i-1|lk + ||Bu(k — i + 1)

+Oi—1”2Qo +Tio(Bulk —i+ 1)+ Oz—1) + ¥;_o.

Note that I';_; and O;_; are the expressions of y(k —i+ 1) and u{k —i +1). In

other words, I';_; and O;_; collect the information of past inputs and outputs. H

Remark 6.11 T';_; collects past input and output information, and also T';—1 is
a term of Z Femt which influences the observer gain L; and the admissible state
partitions (refer to (6.86)). So the optimal L;, equivalent to f(k_i), 15 the composition

of past inputs and outputs.

Combining Theorems 6.5 and 6.6, we can derive the optimal solutions of all piece ob-
jectives Jx—i— (1 <4 < N) and the corresponding observer gain L?. Consequently,
the current state observation can be obtained by

N-1 N-1
(k)= ANa(k—N)+ Y ABu(k—1-j)+ > Aflk—1-j).  (6.93)
3=0 §=0

6.6 Algorithms of RMHSO

From the above discussion, RMHSO is converted into a set of mp-QP problems. A
series of offline observer polices are developed to reduce offline computational burden
and facilitate online implementation. To perform state predictions, the initial state
observation Z(k — N) is necessary. How to setup the initial conditions of RMHSO

is covered in this section.
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6.6.1 The initial setup

We will use the full information state observer to determine the sequence ;.. n, i.e.,

the initial setup of RMHSO. Here the problem is given as follows:

i—1

foi = g minlO56) ~yi)lh, + 2. 10 G) —vIE + |70 (6.99)
0—i ,7:0

s.t. & (i) = A'%8 (0) + A1 Bu(0) 4+ - - Bu (i — 1) + A7 Lf(0) + - - + f(i — 1),

Bk +1) € Ay (0< i < N).

It can be seen that the dimension of (6.94) is increasing while collecting more in-
put and output data, but because the horizon length N is not too large, the full
information state observer is still practical and effective. Fig. 6.8 illustrates the in-

tegration of the full information state observer and a RMHSO. In the figure, the

MHSO trajectories The real state trajectory

x(k), &(k)

A piece of tult
information observer

The optimal MHSO output

2

N N+1N+2

Moving horizon window is
shifted one step ahead

Figure 6.8: The theory of MHSO design

trajectory of Z(k) is composed of two segments: one spans from the initial instant
to instant N, and the other starts at instant N + 1 and proceeds to future. The
two shadowed regions represent the moving horizon windows which are shifted one
step ahead while iteratively implementing RMHSO. The thin solid line shows the
optimal trajectory derived by full information observer, the dark solid is obtained
by RMHSO, and the dot-dashed line simulates the optimization of RMHSO whose

prediction horizon windows are shifted one-step ahead.
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6.6.2 Algorithms

Based on Theorems 6.3-6.4 and Theorems 6.5-6.6, we can develop the open-loop and
closed-loop RMHSO, respectively. The two pairs of theorems are both featured by
offline optimization and online implementation, so that they can be associated with

explicit RMPC design.

Algorithm I (Open-loop MHSO)

1. Setup the initial observation Z,_ 5 based on full information state observer

and store the optimal solutions (refer to the problem in (6.94)).

2. Execute closed-loop robust stability analysis. Choose eligible tuning parame-
ters v and P, and solve a Riccati equation and an semi-definition program to
derive Qg, L1, and constraints imposed on estimated disturbance f (k—N)in

Theorem 6.2.

3. Define augmented matrices A, B, Br, C, Q, R, ©, =, and Il in (6.54). Form
the mp-QP objective and the constraint parameters Gi, Ga, G3, I'r, 'z, and
T'y (memory-consuming) for open-loop MHSO in (6.60).

4. Stack the input/output measurements U, Y and online partition the admis-
sible state set Az, i.e., deriving {C:’Jl, C;’g, C:’%} “s” is the index of the state

space partitions.

5. Derive the optimal sequence fk_ N—k based on auxiliary matrices Gy, Gza,,

Gig, Gaaar Gayy Gor, and G defined in (6.67) - (6.70) (memory-consuming).

6. Implement fi_n_ from (6.38) and derive the current optimal state obser-
vation (k). Purge the memories for intermediate matrices, partitions, and

optimal sequences fr—N—k-

7. If £ > t, exit. Otherwise update U, Y and go to Step 4. Here “t” is the

prespecified observation length.

In Algorithm 1, all steps before Step 4 are completed offline — offline optimization,

and all steps from Step 4 are done online — online implementation. This procedure is
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different from that of offline MPC whose state space partitions are performed offline.

Algorithm IT (RMHSO with the recursive closed-loop prediction)

1 Steps 1 and 2 are same to those of Algorithm I.

3 Derive the optimal expressions of L; and Op, and store the parameters of
Jk—1—k, 1€, Q1, ['1, and ¥y in (6.91). Set ¢ = 2, the index of recursive

optimization loops.

4 Define the optimal solutions to the mp-QP problem of the piece objective
Jkmimk, 1.6, ff, Og, g, I‘g, and \Ilf in (6.92), and store the corresponding

state space partitions {A}, -+, Afv ?} where Nj, is the number of partitions.

5 Identify the active partition from the set {A}, -, Aﬁv” }, based on the mea-
surements u(k — 1), y(k — ), and y(k — i+ 1). Suppose that the jth partition
is active. Keep ff , Of , f , I’g , and \Ilf , and purge the memories for other

optimal solutions corresponding to the partitions but Ag .Set i =1+ 1.

6 Check whether ¢ = N, if yes store f,z_ N and reject all other intermediate

solutions. Otherwise go to Step 4.

7 Implement the optimal observer gain fi_ N—} from (6.93) and derive the cur-
rent optimal state observation Z(k). Purge the memories for intermediate ma-

trices, partitions, and optimal sequences fr—n_k-

8 If k > t, exit. Otherwise go to Step 3.

Remark 6.12 Comparing Algorithms I and II, the former costs more memories for
intermediate solutions, and also the augmented matrices may lead to some feasibility
problems. The latter utilizes recursive optimization and reduces the computational

cost but two level iterative loops may lower the implementation efficiency.
6.6.3 RMHSO to systems with measurement noises

In the above discussion, we assume the measurement noise v(k) = 0, i.e., we use

model (6.35) instead of (6.28) for the open-loop and closed-loop RMHSO design.
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However, v(k) is ubiquitous in real plants, and how to incorporate v(k) with RMHSO
design is a nontrivial problem. Motivated by [68, 72, this problem can be solved
by introducing a noise model. For a simple case, we can just rewrite the system in

(6.28) as

z(k+1) Az (k) + Bu (k) + By f (z (k) ,d (k) , k),
y(k) = Cz(k), (6.95)

where z (k) := [2T (k), vT(k)]T,

A 0 B I
4= [0 Ad]  B= [0]’ Br= [de] and € = (0, IL

So we can proceed with the above discussion based on model (6.95), and use the
different value of @ to tune the observer performance. Because of the limitation of
space, here we choose not to discuss how to derive matrices Aq and By4. For the

interested, please refer to [68, 72] for details.

6.7 A simulation example for RMHSO

The system is given by

z(k+1) (A+ 684 (k)z (k) + Bgw (k)
y(k) = Cz(k),

where 84 (k) and w (k) represent system’s internal and external uncertainties, re-

spectively. The system parameters are known as

0.99 0.2 1
A= [—0.1 0.3]’ Ba= [0]’ ¢=[ 3,

and both internal and external uncertainties are bounded by 0.5, i.e.,
—0.5 <w (k) <0.5, and d(04 (k)) <0.5.

To reflect the different influence of internal uncertainties and external disturbances,
we perform the simulations under two conditions: (1) set §4 (k) = 0 and call the ran-
dom function in MATLAB to simulate w (k) in order to demonstrate the influence

of external disturbances, e.g., “rand”; (2) set §4 (k) # 0, and call “rand” to create
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both w (k) and 84 (k), i.e., simulate the combined internal uncertainty and external
disturbance. Reformulate the uncertainties into the form of (6.33), we can derive
the uncertainty bounds for two cases, k1 = 0.5 and ke = 1.25. To guarantee stabil-
ity, the arrival weighting (o, the arrival observer gain L, and the initial estimated
disturbance f (k — N) are determined by solving an algebraic Riccati equation and
a semi-definite optimization problem. The related parameters are given in Table

6.1. Set the prediction horizon N = 3. Two algorithms are employed in the sequel,

Table 6.1: Simulation parameters of offline RMHSO

Two cases da(k)=0 Sa(k)y#0
Q, R, P, v, I, 31, 41, 0.8 I, 4I, 41, 0.8
Qo 1.3897 1.4073
€ 0.1664 0.1453
0.6254 0.1514 0.5751 0.1437
Ly(LC) —0.0014 0.2526 0.0109 0.2395
fk=N) | (-1)°1f(k—N) <1.6473 | (-1)*1f(k — N) < 3.5608

namely, the open-loop RMHSO and closed-loop RMHSO with recursive optimiza-
tion. Fig. 6.9 is the simulation results for the observers under Condition 1. We find
that under Condition 1, both the RMHSO algorithms and the nominal MHSO can
work well. The left two columns in Table 6.2 list the means and variances of the
observation errors derived by the three different types of MHSO. It can be seen
that offline RMHO (our algorithms) are better than nominal MHSO, but the im-

provement is not remarkable. So we repeat the stimulation again and set a nonzero

Real states
—— Open-loop MHSE
FRRR w-- Closed-loop MHSE|

—~— Real slates
-~ Closed-laop MHSE|
—~~— Open-loop MHSE

L . -5 i i
5 10 15 20 25 30 35 40 45 50 5 10 15
Time (s}

20 25 30 35 40 45 50
Time (s}

%, xhat,
~
2
*

SV :«,._M.*M‘* Xty gl

. . A . L L ; L
5 10 15 20 3 3B 40 45 5 -1
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28
Time (s) Time

Figure 6.9: Comparison of observers

Figure 6.10: Comparison of observers
with external uncertainties

with internal uncertainties
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Table 6.2: Means and Variances for RMHSO errors
Means Variances Means Variances
Nominal MASO | [1.8129,0.1200] | 113.3990, 0.3042] = -
Open-loop MHSO 1.0577, —0.1820 6.2067, 0.1341 [0.2850, 0.1709] [0.0097, 1.0624]
Closed-loop MHSO | [0.7126, —0.1864] | [6.0215, 0.1880] || [0.1739, —0.0513] | [0.8863, 0.0325]

internal disturbance d4 (k). Under Condition 2, we find that MHSO becomes un-
stable, so that in Table 6.2 right columns do not give the means and variances for
this case. But offline RMHSO still works well. Fig. 6.10 illustrates the dynamics of
both open-loop and closed-loop RMHSO.

All simulations are performed using a laptop with a Pentium 4 processor and
a 512MB-RAM. From Figs. 6.9 and 6.10, it is hard to say whether the closed-loop
RMHSO gives better observation than open-loop RMHSO. But we can compare
the simulation time-costs and memory-costs. Keeping the simulation length equal
to 50, the open-loop RMHSO costs 8.4810 seconds and its data file takes 11KB of
capacity, but for the closed-loop one, time cost increases to 16.6330 seconds (two
level iterations) and date file decreases to 1KB. The simulation results are consistent

with the theoretical analysis.

6.8 Conclusions

In this chapter, we developed two types of robust observers for systems with both
internal uncertainties and external disturbances, namely robust state observer using
MAXDET programming and robust moving horizon state observer (RMHSO) using
mp-SQP. Two prediction patterns are employed for the RMHSO: forward open-loop
prediction and recursive closed-loop prediction.

The open-loop RMHSO converts observer design into an mp-QP problem im-
posed by element-wise inequality and equality constraints. Although the equality
constraints lead to more computational complexity, the optimal solutions are a set of
piece-wise affine functions of the initial state observation. The closed-loop RMHSO
constructs a novel recursive optimization pattern and realizes multiple-loop obser-
vations with one one-step necessary prediction. Comparing these two algorithms,
it can be seen that the former suffers from high offline computational burden and
needs more memories for intermediate parameters, it however leads to faster online

implementation. The latter does not mix up the inequality constraints with equal-
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ity constraints in each optimization loops so that it requires a smaller amount of
memory for intermediate parameters, but closed-loop RMHSO spends a longer time
on observer implementation. The contents of this chapter are summarized in our

publication [20].
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Chapter 7

Industrial applications

The aim of this chapter is to verify the effectiveness of the explicit robust model
predictive control (ERMPC) and moving horizon state observation (MHSO) in in-
dustrial applications. To this end, ERMPC and MHSO are applied to the SYNSIM
model for the co-generation system regulation.

SYNSIM is a simulation package developed by researchers of the University of
Alberta and Engineers in the Syncruded Canada Ltd. (SCL). It is working under
the Matlab-Simulink environment and based on the field plants owned and operated
by the SCL in Fort Mcmurray, AB, Canada [86]. It is a complicated, nonlinear
simulation package, but an effective tool to test the controllers for co-generation
systems.

This chapter is composed of two parts: Part I identifies the model of the loop
from the firing rate to the 900# header in SYNSIM; and Part II utilizes the identified

model to design a master controller.’

Tn this chapter, the master controller is referred to as the feedback controller for the loop from
the firing rate to the 900# header pressure.
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7.1 System identification

The plant to be studied is an industrial co-generation system, owned and operated
by the Syncrude Canada Ltd. in Fort McMurray, AB, Canada. This plant is an
integrated energy facility consisting of a boiler subsystem, a header subsystem, a
letdown subsystem, and an electricity generating subsystem. The boiler subsystem
produces steam by three utility boilers, three CO boilers, and two one-through
steam generators (OTSGs). The header subsystem receives steam from boilers and
stores it in the different headers that operate at different pressures, namely the 900#
header, the 600# header, the 1504 header, and the 50# header. The number here
indicates the pressure of stored steam. For example, the steam in 900# header has
the pressure of 900 psi. Through the header subsystem, steam is distributed to the
electrical subsystem and then transformed to electricity by steam turbines. The
letdown subsystem is used to convert steam from one pressure to another. Four
types of valves exist in the letdown subsystem, i.e., 900# to 600# valve, 6004 to
1504 valve, 600# to 50# valve, and 150# to 50# valve. Fig.7.1 illustrates the
interconnection of the subsystems and indicates the loop from the firing rate to the
900# header pressure (in dashed lines) which is called as the master loop in this
chapter. From experimental facts, it can be seen that the 900# header pressure
is critical to the quality of steam production, and fortunately it can be regulated
by the firing rate. To maintain the pressure around 6.306 Mpa or 900 Psi (static
operating point), we have to guarantee that the firing rate settles down upon 0.7117.
In this chapter, we will first identify the model of the master loop, and then design a
master controller for pressure regulation. The master loop input, namely the firing

rate, has two physical constraints, i.e., the saturation limit and derivative limit,
0<u<l1, -0.16/60 < Au < 0.16/60, (7.1)

where Au denotes the derivative. In the sequel, the constraints in (7.1) are incor-
porated with the master controller design.

‘We assume that the master loop can be represented by a state space model

z(k+1) = Ax(k)+ Bu(k)+ w(k), (7.2)
y(k) = Cz(k)+ Du(k) + v(k),
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where x(k), y(t), and u(k) stand for the state, output, and input respectively.
The matrices (A, B, C, D) are constant with appropriate dimensions. The direct
feedthrough matrix D is usually equal to zero due to time delay from the firing
rate to the 900# header pressure. w(k) is the process disturbance, and v(k) is the
measurement noise. They are independent random sequences with zero mean and

zero covariance; thus
Cov(w(k)) = Ry, Cov(v(k)) = Ry, and Cov(w(k), v(k)) = 0. (7.3)

We assume that the pair (C, A) is observable and the pair (A4, BRY 2) is controllable.
In the sequel, we first choose a step excitation to identify the approximate time
constant and time-delay factor of the system (7.2), and then use these parameters

to design a pseudorandom binary sequence (PRBS) for state space identification.

7.1.1 Second order plus dead-time identification

For chemical processes, it has been recognized that their dynamics may in general
be simplified to a first order plus dead time (FOPDT) system or a second order
plus dead time (SOPDT) system. From step tests, we find that the trajectory of
the 900# header pressure has both overshoot and oscillation. Therefore the order
of the master loop should be a second- or higher-order system. Here we employ
the SOPDT identification method to derive an approximation to the model in (7.2).
References [40, 97] proposed an effective SOPDT algorithm to determine the static
gain K, time-delay factor Ty, and time-constant 7, graphically. Suppose that an
SOPDT system has the form of

Ke—Tds

Col9) = Ty girst 1

(7.4)

where ¢ denotes the damping ratio. The step response of System (7.4) can be
illustrated by Figs. 7.2 and the mathematical expression of the output trajectory is

given by
y(t) = Ku(t—Tg)(1— c“(t"Td)wnf(ﬁ sin(y/1 — 2wy (t — Ty))
+eos(v/1 = Euwn(t — Ta)))), (7.5)
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where wy, = 1/7 is the fundamental frequency. From Fig. 7.2, we can define a tuning
parameter X satisfying

A= (tm —m1)M;. (7.6)

Here, t,, denotes the time instant when the tangent line crossing the inflection point
of the output trajectory Fig. 7.2 first intersects with the static output yss. my is the
area of shaded regions in Fig. 7.2 in which the area takes positive value if the trajec-
tory is below y,s; otherwise, it takes negative value. M; is the slope of the tangent
line crossing the inflection point. By reading the process transient response, we can
determine the value of A, which is tightly related to the characteristic parameter &
via .

Seemingly, by solving (7.7) we can derive the value of £ from A. However, Eq. (7.7)

cos~1¢). (7.7)

provides finite number of roots mapping from A to £ unless 0 < £ < 1. It can be
shown that by decreasing the value of A from § to e”1, the value of ¢ increases from
0 to 1 monotonically. Fig. 7.3 shows the relationship between A and £ in the region
of £ € [0, 1]. Therefore, after deriving the value of A from Fig. (7.2), we can read
out the value of £ from Fig.7.3. After that, the characteristic parameters w, and

T, can be determined by
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Y T 8
T, = ml—i—g. (7.9)

Egs. (7.6), (7.8), and (7.9) provide a simple and effective way to identify an SOPDT

system.
Table 7.1 lists the static operating point of the co-generation system. In a small

region around the operating point, we perform SOPDT identification. Skipping the

Table 7.1: The working point of the co-generation system

BFW Inlet Temperature (°C) 141.3

FW Flow (kg/s) 89.8415
Fuel Flow Rate (kg/s) 4.9826

Air Flow Rate (kg/s) 92.2323
Spray Flow Rate (kg/s) 2.6021
Firing Rate (%) 71.17
Drum Temperature (°C) 500
Drum Level (m) 1

Drum Pressure (Mpa) 7.0186
Head 900# Pressure (Mpa) 6.3060

UB Flow Rate (kg/s) 277.3304
CO Boiler Flow Rate (kg/s) 185.3823
OTSG Flow Rate (kg/s) 47.9204
The number of boilers 3UB, 3CO, 30TSG
Total UB Load (kg/s, kpph) 277.4275 (2200)
Firing Rate (%) 71.17
Ratio of Fuel Flow Rate to Firing rate 7

Ratio of Air Flow Rate to Fuel Flow Rate 18

identification details, the SOPDT model in (7.4) is finally derived as

_ 1.609
T 12.57s2 +1.002s 4+ 1’

Go (s) (7.10)

where 7 = L = 3.5449min, k¥ = 1.609, and ¢ = 0.1413. From (7.10), we can

plot out the simulated step-response and the real step-response in the same window
shown in Fig.7.4. Although the SOPDT model in (7.10) is not accurate enough

for the master controller design, it provides a criterion to design PRBS excitations

for state space identification. From experiential equations [96], the approximate
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Figure 7.4: The step responses

sampling period Ts of the master loop, i.e., the sampling rate of an appropriate

PRBS, can be determined by:

1 1 1 1
T, = (EN%>7_<E~§6)X3.5449><60
= T~ 22sec. (7.11)

Moreover, the crossing frequency w;, of the master loop is

1 1

7~ 35429 x 60 ~ 00047,

Wy —

and the Nyquist frequency wy of the master loop is

= — = — = (.2618.
WN Ts 12 0.2618

From the definition of a PRBS frequency band [53], we can derive the upper bound
of the PRBS frequency band kg by

wp, 0.0047
ks =ki— = k1———— =~ (0.02 ~ 0. =9~ 4.
2 Lo k10.2618 (0.02~0.08),as ky =2~4

Remark 7.1 Using the MATLAB commands

ul = idinput(60000, Tbs’, [0, 0.04], [-0.7117 x 0.04, 0.7117 x 0.04)),
w2 = idinput(60000, ‘rbs’, [0, 0.02], [—0.7117 x 0.025, 0.7117 x 0.025)),
u3 = idinput(60000, Tbs’, [0, 0.1], [=0.7117 x 0.04, 0.7117 x 0.04]),

(7.12)
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we can create a series of PRBS sequences for the state space identification of the
master loop. Note that the value of “0.7117” is the static operating point of the firing
rate in Table 7.1.

7.1.2 A state space model

Based on Remark 7.1, we can create a series of the PRBS excitations for the state
space identification. From experiments, it can be seen that the us in (7.12) derives
the best identification result. Sending us to the master loop, it derives a set of input
and output data. Using MATLAB commands, we can stack the input and output
data together and derive an “iddata” z, which is shown in Fig. 7.5. From z, the best
identification of the master loop is a state space model with 5 order (see Fig. 7.6).

This 5th order system is given by

z(k+1) = Ax(k)+ Bu(k)+ Ke(k), (7.13)
y(k) = Cuz(k)+ Dulk) + e(k),
where
0.9984 —0.0357 0.0040 -0.0008 0.0012 0.0055
0.0546 0.9148 0.1155 —0.0493 0.0045 —0.9652
A= 1-0.0286 0.20445 0.6499 0.3814 -—-0.0164(, B= | 2.9157 |,
0.0088 —0.1487 0.3305 0.4402 —0.3272 —3.9774
0.0019 0.0041 —-0.0112 0.0160 0.3939 —4.2840

C = 206.8800 —3.6375 0.3470 —0.0655 0.0547 ], D =0,
K =[0.0080 —0.1054 0.0226 —0.0315 —0.1360 7.

Note that the pair (4, B) in (7.13) is controllable, and (C, A) is observable. In pro-
gramming, the “iddata” z is divided into two groups, namely z := [ze, 2zv]. ze is used
for system identification and zv for model validation. From the data zv, we perform
model validation in several ways, namely by output fitness (Fig. 7.7), residue analy-
sis (Fig. 7.8), step responses (Fig. 7.9), and spectrum analysis (Fig. 7.10). Moreover,

we check the zeros & poles of the model in (7.13) (see Fig.7.11) and the DFT for
the input signal ug (see Fig.7.12). From Figs. 7.7 - 7.12, we can say that the model

(7.13) is accurate enough for the master controller design.
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Poles and zeros in discrete domain
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Figure 7.11: The Bode plots of the
real process and identified model

7.2 The master controller design

A proportional-integral (PI) master controller exists in SYNSIM to regulate the fir-
ing rate and maintain the 900# header pressure in an acceptable region. Fig.7.13

shows the simulink diagram of this controller. The function of the anti-windup

Frsp gain eset [Evtpal) oY 2
{1 integratent
P

i

Memand

4

Kelationat
Cipesiort

Wi fimit

Logicsl
Opucator

Dlapday

Retationat
Gperated

L fienit

Figure 7.13: The simulink diagram for the PI master controller

block in Fig. 7.13 is to handle the physical constraints of the firing rate in Eq. (7.1).
Chapter 4 has shown that anti-windup strategies have two critical limitations: 1).

the parameters of anti-windup controllers have to be chosen by trial-and error; 2).
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in the presence of large disturbances, the parameters have to be continuously ad-
justed to attenuate system unstable behaviors. Concerning these disadvantages, in
this section we choose explicit robust MPC to design an analytic master controller.
The identified model in (7.13) is used for state prediction and offline optimization.
Note that the states in (7.13) are constructed by MATLAB commands and they
do not have physical meaning. Therefore, the states are unmeasured in the master
controller design. We have to use the algorithms developed in Chapter 6 to design
a moving horizon state observer and incorporate the observer with MPC formula-
tion. In the sequel, the analytic master controller and the state observer are first
designed, and then integrated with SYNSIM together to evaluate control perfor-

mance. Fig.7.14 shows the Simulation block for the analytic master controller. In

A
Yo Wokspacal hat
To Weﬂwa«&
»§ .
P SISkt HEMPC i»——b-
To Wokspacel
G-Functiony SFunstion
PARY P
N : * 'k‘-.)
Congtant Dutt

Figure 7.14: The simulink diagram for the explicit MPC master controller

G

Fig.7.14, both the controller and the observer are realized by S-function program-
ming which facilitates the analytic master controller. Setting the initial admissible
state set as

As:={zeR% -10-1<2=<10-1} (7.14)

where 1 € R5 denotes the full-one vector. The analytic master controller is stored

by a MATLAB structure variable “expconl”,
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expconl =
H: [31 x5 double]
K : [31 x1 double]
F: [27 x5 double]
G: [27 x 1 double]
il: [9x1 double]
i2: [9 x 1 double]
thmin: [5x 1 double]
thmaz : [5x 1 double]
nr: 9
nu: 3
npar : 5.

(7.15)

In (7.15), the fields H and K store the parameters of .A;’s partitions; and the fields
F and G store the parameters of the feedback affine functions. i1 and ¢2 are the
indices of the critical regions; and nr is the number of critical regions. By accessing
the elements of H, K, F, G, il, and 2, we can explicitly express the control polices
for the master controller. Due to the limitation of space, here we just give the

expression of the control policy in region #1, i.e.,

0.555 —0.069 0.069 0.069 0.069 0.005
u(k) = [0.242 —0.191 0.104 0.087 0.139| z(k)+ |0.003|,
0 0  —0043 0015 0 0

£ [15.470 —5.701 4.238 2.194 5.847] 2(k) < {17.955

11.605 —4.122 3.907 2.072 2.732 13.237] (Region #1).

(7.16)
From the value of nr, we know that there are 9 critical regions in A;. Thus, the

firing rate is finally regulated by 9 affine functions in the structure of (7.16). The

parameters used to design the analytic master controller are listed as follows:

74.518 10.731 16.117 10.470 —2.948 —0.16217
10.731 39.210 25.861 13.875 —3.275 0.048

P = |16.117 25861 22252 12.407 —3.184|, F = [—0.035| ,
10.470 13.875 12.407 8.481 —1.957 -0.013
—2.948 —3.275 —3.184 —1.957 1.549 —-0.057

Q = Is, R=01, N, =3, N, =5, xo = [0.4,0.4]", up =0,

o = [0.040, 0.024, 0.207, —0.017, —0.080]7

Q = Is, v=0.1 (tuning parameters). (7.17)
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where I denotes the 5 x 5 identity matrix and other notation was defined in (5.71).
We do not provide the figures for A;’s partitions because it is hard to visualize a sec-
tion in high-dimensional spaces. However, we can still write down all mathematical
expressions of critical regions in the form of (7.16).

In Fig.7.14, there are two customized blocks “sObserver” and “ERMPC”. The
former is associated with the S-function “s-Observer.m” for state observation; and
the latter is associated with the S-function “ERMPC.m” for firing rate regulation.
Replacing the PI master controller (Fig. 7.13) in the SYNSIM by the analytic master
controller (Fig.7.14), we can compute the trajectories of the estimated states (see
Figs. 7.15) and the trajectories of the firing rate and the 900# header pressure (see
Figs. 7.17 - 7.18). The block “ERMPC” has two external parameters “expconl” and

The outputs of MHSE The transition of critical regions

10 T

0.1

0.08f %
0.04} i

] R

Index |

Y .PYS MACE DS PRRTRRS

204kt

-0.06

3
Time (8} x 10

3
Time(s}

Figure 7.15: The trajectories of esti- Figure 7.16: The transition of critical
mated states regions

“us,” namely two flags of the corresponding S-function. “expconl” is the structure

variable for the analytic master controller; and “us”

is the static input which is
extensively discussed in Section 5.3.2. In Figs.7.17 - 7.18, the solid lines are the
input and output of the analytic master controller and the dashed line are those
of the PI controllers. Although the analytic master controller results in a larger

overshoot, it gives faster responses. Fig. 7.16 illustrates the transition of A;’s critical

regions, where y-axis is the index of the critical regions.
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The input of the master controller: Firing rate The pressure of the header 900#
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7.3 Conclusions

This chapter applies the proposed algorithms of this thesis, explicit robust MPC and
moving horizon state observation, to the SYNSIM model. The results were simulated
by “SYNSIM”, a very accurate, high order model of the plants, whose predictions
very accurately correlate with actual plant measurement. By using the MATLAB
identification toolbox, in this chapter we first identify a state space model of the
master loop. Based on the identified model, an analytic master controller and a
moving horizon state observer which work together to replace the existing PI master
controller, were design. To facilitate the debugging of the analytic master controller,
both the MPC controller and MHSO are realized by S-function programming and
integrated with SYNSIM systematically. From simulation results, we can see that
the proposed algorithms of this thesis are practical and effective, and may be applied

to constrained industrial systems.
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Chapter 8

Conclusions and suggestions for
future research

In this chapter, the main contributions of this thesis are summarized and some
suggestions for future research on MPC are outlined. The future research on MPC
includes Dynamic Output-feedback MPC, Quantized MPC, Hybrid MPC, Time-
delay MPC, Moving Horizon Fault Detection, Optimal MPC Horizons, Explicit
GPC, 2-Dimensional MPC, etc.
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8.1 Conclusions

The central ideas behind this thesis is to perform recursive closed-loop prediction
and multiple-parametric sub-quadratic programming to separate MPC optimization
from online implementation. In this fashion, we can achieve the FH-RMPC with
an arbitrary horizon through only one-step forward state prediction. The main

contributions of this thesis are summarized below:
FH-RMPC using LMIs

e A moving average system matrix was constructed to capture the modelling un-
certainties and facilitate future state prediction, and FH-RMPC was achieved

by using linear matrix inequality techniques.

e The terminal cost constraints were invoked to guarantee the closed-loop sta-

bility of resulting FH-RMPC systems.

e The robust LMI theorem was used to remove the existence of norm-bounded
uncertain matrices of the LMIs constraints, which prevented the online opti-
mization of FH-RMPC objectives. Consequently, the FH-RMPC design was

converted into a semi-definite optimization problem.

e The details can be founded in Section 3.4.

Admissible state set

e The nontrivial problem, how to determine the admissible state set given in-

put/output constraints and the bounds of uncertainties, was solved.

e The admissible state set for the system with norm-bounded uncertainties was
derived by the piece-wise linear norm of output disturbances. Also, it was
shown that the piece-wise linear norm of low-dimensional signals can be ap-

proximated by a weighted quadratic norm.

e To overcome the dimensional limitation of piece-wise linear norms, the ap-

proach of voronoi sets was developed for the systems with high-dimensional
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disturbances. It was shown that the admissible state set can be also con-
structed by the voronoi set of perturbed state polyhedra associated with a

Chebychev center and a Chebychev radius.

e The details can be founded in Section 5.1.1.

Offline robust model predictive control

e The offline robust model predictive control algorithm was developed to im-
prove the implementation efficiency and reduce the computational complex-
ity. The control policy of robust MPC was optimized by a set of piece-wise
affine functions associated with the state space partition. As a result, the
online implementation of explicit MPC regulator was simplified as function

evaluation.

e A recursive closed-loop prediction pattern was introduced. By iteratively op-
timizing the piece objectives in the backward direction, only one-step state
prediction was sufficient for FH-RMPC. No high-order uncertain terms oc-
curred in the RMPC formulation, and sequentially two challenges of the of-
fline RMPC formulation were solved, i.e., how to derive the explicit solutions
to the piece objectives, and how to guarantee the uniform structure of the

piece objectives.

o The closed-loop stability of the offline robust MPC was guaranteed by solving
an algebraic Riccati equation and an LMI feasible problem. By constructing
two tuning parameters, namely the terminal feedback gain and the terminal
weighting, the proposed algorithm was capable of adjusting the tradeoff be-
tween the robustness and closed-loop stability of the resulting MPC system.

o Offset-free robust MPC was also discussed. By setting the static state, the

static input, and the nominal disturbance, the offset-free control was converted

into a regulation problem based on the shifted system model.

e The feasibility issue of the proposed algorithm was illustrated by state space

partitions.
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¢ The details can be founded in Chapter 5.

Robust moving horizon state observation

¢ Existing MHSO algorithms were extended into systems with internal uncer-
tainties and external disturbances. Taking advantage of rewinding closed-loop
prediction and multiple parametric optimization, two offline robust MHSO

algorithms were developed.

e The state trajectory of MHSO was composed of two segments: one spanned
from the initial point to the instant N (the length of prediction horizon), and
the other started at instant (IV + 1) and proceeded to future. It was shown
that the first segment can be determined by a full information state observer,

and the other can be optimized by a set of piece-wise affine functions.

o Two proposed offline MHSOs were compared with each other in the sense of
time-cost and memory-cost. It was shown that the offline MHSO with open-
loop forward prediction cost more memory for intermediate optimization vari-
ables, and, however, the offline MHSO with closed-loop rewinding prediction

spent a longer time on observer implementation.
e The robust MHSO with measurement noises was extensively discussed

e In addition to the offline robust MHSO, a robust state observer using LMIs
was also considered. From the principle of invariant sets, the robust state
observer using LMIs was formulated as an MAXDET optimization problem.
It was shown that the convergence of the observer errors can be guaranteed

by a set of shrinking ellipsoidal invariant sets.

e The details can be founded in Chapter 6.

Implementation efficiency and physical applications of MPC are two core factors
considered while conducting this thesis, and they will also usher in the future MPC

research.
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8.2 Future research topics

Some possible future research topices are outlined below:

Problem 8.1 (Explicit observer-based RMPC) Observer-based MPC is an advis-
able choice for constrained MIMO systems with unmeasurable or partially un-
available states. In 2004, Roset and Nijmeijer proposed a nonlinear observer
for nominal MPC systems [89]. The proposed algorithm stacked the states of
the controlled system and corresponding nonlinear observer, and then based
on the augmented system performed online optimization and online implemen-
tation. This scenario is practical and effective for nominal MIMO systems.
Considering implementation efficiency and system uncertainties, however this
algorithm may not be applied to fast systems in the presence of internal or ex-
ternal uncertainties. In previous chapters, we successfully constructed explicit
robust MPC and offline RMHSOQO. In the same fashion, this approach can be

used to develop novel explicit observer-based model predictive control.

Problem 8.2 (Dynamic output-feedback MPC) Besides observer-based MPC, dy-
namic output-feedback is an alternative to regulating constrained MIMO sys-
tems in the presence of unmeasured or partially unavailable states. Given a

tem
e z(k+1) = Az(k)+ Byw(k)+ Bu(k),
P z(k) = Cyz(k)+ Dyw(k)+ Dyu(k), (8.1)
y(k) Cz(k) + Dyw(k),

where u is the manipulated input, w is the exogenous input, y is the measured

output, and z is the system output, the output-feedback controller for the

system P can be formulated as

K : { xc(k + 1) = ACxC(k) + ch(k‘),
) u(k) Ceze(k) + Dey(k).

A. | Be
C. | D¢
are unknown variables to be calculated by MPC formulations. From [91] and

[45], we know that the state-feedback IH-MPC can be solved by iterating an

(8.2)

The system matrices

constrained LQ R problem. In the same fashion, by setting the prediction hori-

zon equal to infinity, dynamic output-feedback MPC can be easily converted
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into online semi-definite programming. Due to the limitation of tuning free-
dom, it is much better to extend infinite horizon dynamic output—feedback
MPC to the case of finite horizons. However, for FH-MPC with unknown
system matrices, state prediction and online optimization are two major chal-
lenges. Thanks to the rewinding closed-loop prediction pattern, which was
extensively used in Chapters 5 and 6, we think that the output-feedback FH-

MPC may be solved by offline multiple-parametric quadratic programming,.

Problem 8.3 (Quantized MPC) Quantizer is an essential element for industrial dis-
tributed control systems (DCSs) in which MPC is widely utilized. Researchers
have pointed out that the influence of quantizers on closed-loop systems may
be significant. A stable controlled system may exhibit limit-cycles and chaotic
behaviors after quantized control [25, 65]. A quantized feedback control system

can be represented by

. [ a(k+1) = Az(k)+ Bu(k),

P { y(k) = Cz(k)+ Du(k), (8.3)
: u(k) = f(u(k)),

" '{ o(k) = g(a(k)), (8.4)

where P is the controlled system and K is the quantized controller. f(-) rep-
resents the quantized feedback and ¢(-) stands for the unquantized feedback.
In MPC applications, MPC regulators are always pre-stored in a computer
by optimization blocks (online MPC) or affine function blocks (offline MPC).
Considering byte limitation and the influence of encoders and decoders, it is
crucial to incorporate quantizer behaviors with MPC formulations. Reference
[30] developed a sector bounded approach to quantized feedback design, i.e.,
U; if I—_L;ui<v§1—}5ui,v>0,

Q:fv)=¢ 0 if v=0,
—f(-v) if v<O,

where p is the quantization density and

f=1=P

T 14p
Associated with @, the quantized feedback system can be converted into an

uncertain system with the bounded uncertain output matrix A, i.e.,
z(k + 1) = Az(k) + B(1+ A)v(k), A €[-4, d). (8.5)
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Based on model (8.5) and utilizing the proposed algorithms in this thesis, we

may derive novel quantized MPC.

Problem 8.4 (Hybrid MPC) As we discussed above, MPC is widely used in dis-
tributed control systems (DCSs), and in DCSs MPC is usually designed in the
discrete-time domain but implemented in the continuous-time domain. More-
over, quantizers, samplers, and holders are essential components of a DCS net-
work, and through quantizers, samplers, and holders, manipulated inputs and
sampled outputs may be stored as logical variables in a computer. The logical
manipulated inputs and outputs may reduce the communication cost between
signals and MPC blocks, and consequently facilitate online optimization and
online implementation. With the expectation of better MPC performance, re-
searchers start to incorporate the behaviors of quantizer, sampler, and holder
with MPC formulations and develop hybrid MPC schemes. In the past two to

three years, hybrid MPC have attracted extensive attention of researchers.

Problem 8.5 (MPC for time-delay systems) To improve control performance, it
is a natural idea to choose a more precise model to behave like the real pro-
cess. It can be shown that many processes have the aftereffect phenomenon.
Especially, for communication and field network systems, time-delay is very
common and may lead to serious effects on system dynamics. Reference [85]
provided a systematic survey on time-delay systems. A general time-delay

system can be introduced by

ok+1) = fla(k—0), k, u(k-0)), (8.6)
y(k) = g(z(k—0), k, u(k—6)),
z(6) 9(0), —to <0 < h — 1y,

where @ is the time-varying delay factor bounded by h. z(k—0) and u(k—8) are
the functions of the delay factor 8, and stand for the system’s input and out-
put respectively. If designing the manipulated input u(k) (delay-independent)
from MPC formulations, we proposes a new type of advanced MPC, namely

MPC for time-delay systems [48].

Problem 8.6 (Moving horizon fault detection) Fault detection is an important
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problem in process engineering. Detecting faults effectively and maintaining
processes in controllable regions can help avoid abnormal events and reduce
productivity loss. Process faults may occur in the sensor side and/or the

actuator side. Therefore, a system with faults is formulated as

2(k+1) = Az(k)+ Bu(k) (8.7)
y(k) = Cuz(k)
u(k) = (k) + fulk)
y(k) = 9(k) + fy(k)

where 4(k) and §(k) are the fault-free input and output. u(k) and y(k) are
the real input (the actuator output) and the real output (the sensor output).
fu(k) and fy(k) stand for the actuator fault and the sensor fault, respectively.
The aim of fault detection and isolation (FDI) is to estimate the value of
fu and f,. In literature, f, and f, are sometimes referred to as primary
residual vectors (PRVs). Also, from f, and f, we can construct a set of
structured residual vectors (SRVs) to facilitate fault isolation [17]. Roughly
speaking, FDI problems can be regarded as the estimation of unknown inputs
and outputs. Since we successfully developed the robust state estimation by
utilizing moving horizon schemes in Chapter 6. By using the similar idea, we
may achieve moving horizon fault detection in the presence of system internal

and external uncertainties.

Problem 8.7 (RMPC with the optimal prediction horizon) The computational
complexity of offline MPC is tightly related to the length of prediction hori-
zons. Therefore, it is a crucial (but still open) issue to optimize MPC horizon
length and obtain a satisfactory tradeoff between computational complexity
and design aggressiveness. Roughly speaking, a smaller horizon reduces the
number of optimization loops, but deteriorates the stability of feedback con-

trol systems. The problem of online RMPC with varying horizons may be also

considered in our future research.

Problem 8.8 (Explicit GPC) GPC is the most popular stochastic MPC strategy

in industry, and it has been extended to MIMO systems in the presence of
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internal and external uncertainties [10]. If GPC systems have no internal and
external uncertainties, we can derive the explicit solution to GPC, which has
been shown in Eq. (2.37). But for constrained GPC, it is still open to derive

an analytic solution.

Problem 8.9 (2-dimensional MPC) 2-dimensional systems have the practical and
theoretical importance in process analysis and control. As one of widely used

2-dimensional systems, Roesser system can be expressed as

[i:&ii,t-t; 8] =4 [ﬁfgj ﬁﬂ + Buli, 7), (8:8)
y(i,j) = CB’:S jg] + Du(i, j),

where zx(¢ + 1, j) and z,(1, j + 1) stand for the horizon state and verti-
cal state, respectively [88, 33]. Based on the model in (8.8), we may extend
the conventional MPC algorithms into 2-dimensional systems. Similar to dy-
namic output-feedback MPC, state prediction and online optimization are two

barriers for 2-dimensional MPC.

Besides the above problems, some other MPC issues related to convex optimization,
which may reduce computational complexity, may be also considered in our future

research.
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