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Abstract

The importance of sampling methods in machine learning is growing due to an ever-increasing
number of datasets containing millions of records of biological, medical, or other types of
data. Such datasets are often beyond the reach of many standard machine learning tech-
niques because of high computational or space complexity of the algorithms. When mak-
ing even a single pass through the data is prohibitive, sampling may offer a good solution.
However, whenever sampling is employed, it is necessary to determine when to stop sam-
pling in a principled manner. Taking too few samples may result in an algorithm that is not
theoretically sound, while taking too many may waste valuable computational resources.
We use the problem of estimating the mean of a bounded random variable up to a given
relative error to show how the recently introduced empirical Bernstein bounds can be used
to develop efficient stopping rules. We propose several new stopping rules, prove bounds on
their expected stopping times, and demonstrate experimentally that the new rules can stop

much earlier than the best competitors while offering the same probabilistic guarantees.
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Chapter 1

Introduction

Consider the problem of deciding which of two poker players is better and by how much. It
would not be unreasonable to define the better player as the one that would on average win
more money per hand if the two players were to play an infinite number of hands. Since we
cannot make the players play an infinite number of hands, an obvious approach is to make
them play some finite number and declare the one who has won more money as the better
player.

The problem becomes one of deciding how many hands need to be played. Clearly we
want this number to be as small as possible. However, the fewer hands are played, the higher
the probability that the weaker player wins more money through pure luck. These two
competing objectives can be balanced by requiring that the number of hands to be played
is as small as possible to guarantee that the wrong player is declared as being stronger with
probability not exceeding some small threshold.

To define the problem more precisely, let X1, X2, X3, ... be independent, identically
distributed (iid) random variables with mean ;. We will refer to an algorithm as a stopping
rule if at time ¢ it observes X; and based on past observations decides whether to stop or

continue sampling. If a stopping rule S returns /i that satisfies
Plli—pl <elp]]z1-34, (L1

then S is a (e, §)-stopping rule and £ is an (e, §)-approximation of p. If we let X; be the
random payoff for the first player for the i*" hand, we recall that, by our earlier definition,
the first player is better if ;i is greater than O, the second player is better when p is less
than 0, and the magnitude of y is the margin by which one of the players is stronger. By
choosing € = 1/2, given any 0 < § < 1, if /i is an (e, §)-approximation to 4 then [ and

o will assume the same sign. Hence, an (¢, §)-stopping rule can be used to solve the poker



problem.!

In general, estimating the expected value of a random variable through sampling, or
Monte Carlo estimation, is a fundamental tool in many areas of science. In a clinical trial,
one may be interested in estimating the probability that a new treatment succeeds, which
can be seen as the expected value of an indicator random variable. A mathematician may
be interested in approximating the permanent of a 0 — 1 matrix through sampling because
exact computation of this quantity is NP-hard.

In machine learning, the importance of sampling methods is growing due to an ever
increasing number of datasets containing millions of records of biological, medical, or other
types of data. Such datasets are often beyond the reach of many standard machine learning
techniques because of poor computational or space complexity of the algorithms. In these
cases, when even a single pass through a dataset can be prohibitive, sampling has emerged
as a promising tool for scaling up machine learning algorithms [3, 8, 11].

As in the poker problem, whenever sampling is employed, a way of determining when
enough samples have been taken is necessary, leading to the above described stopping prob-
lem. Taking too few samples may lead to a high-variance unreliable estimate. Taking too
many samples, on the other hand, will produce an accurate estimate, but may be costly in
terms of computational or laboratory resources.

Motivated by the above examples, this thesis examines the problem of finding an effi-
cient (e, 8)-stopping rule for bounded random variables. We consider the case of bounded
random variables because it is possible to use finite sample tail bounds to obtain stopping
rules with strict probabilistic guarantees for this setting. Although it would be possible to
extend the results to the unbounded case when the random variables satisfy certain moment
conditions (e.g., if they are sub-Gaussian) for the sake of simplicity we will not deal with
this case here. We use the recently-introduced empirical Bernstein bounds to develop a new

algorithm, EBGStop, that requires on the order of

2
max <%, i) <log log % + log ?’-> (1.2)
e p®’ €lul €l o

samples to find an (e, §)-approximation of a random variable with range R (Theorem 4).
Since, as it follows from a lower bound by Dagum et al. [4], any algorithm must take at

least on the order of
2 R 1 2 (13)
max|{ ——=,— |} -log = .
Ep2 el ) E

'In the poker problem assuming that the payoffs are iid riles out players who adapt their strategy between
games. Poker programs will often meet this condition.




samples (cf. Theorems 1 & 3), EBGStop is close to achieving the optimal bound. We also
show that EBGStop often stops much earlier than the best known stopping rule for bounded
random variables in practice. Most of our results on (e, §)-approximations have appeared
in [12], but the treatment provided by this thesis is more complete.

We then apply our techniques to the problem of estimating the mean of a bounded
random variable up to € absolute error with probability at least 1 — J. We present a simple

algorithm that requires on the order of

2
max (U—Q, E) [log log B + log ?)-} (1.4)
€€ € )

samples. While our algorithm often requires much fewer samples than the standard ap-
proach of taking
i 1 2 (1.5)
— -log — .
22 %5
samples, our approach often stops later when the variance is large. We then introduce a
stopping rule that uses a mixture of two stopping rules and show that it often stops much
earlier than the standard approach while never exceeding its stopping time by more than a

constant.



Chapter 2

Related Work

In this chapter, we present the relevant work on (¢, §)-stopping rules. We start by examining
sound (e, &)-stopping rules and then consider some approximate approaches based on the

central limit theorem.

2.1 Algorithm AA

Dagum et al. [4] present an algorithm for finding an (¢, §)-approximation of the mean of
a random variable distributed in [0, 1]. Their approximation algorithm, referred to as 4.4
for short, is optimal in the sense that the expected number of samples it takes is within a
universal multiplicative constant of any other algorithm for finding an (¢, § )-approximation.

The next theorem proved by Dagum et al. [4] about (¢, §)-approximations is the key to
understanding how A.A works. But before the theorem let us introduce formally introduce

the concept of universal (e, §)-stopping rules:

Definition 1. Consider a stopping rule S. Let a distribution D be supported on [0, 1],
p > 0 be its expected value, [i. 5y be the approximation to i returned by S when run with
parameters (¢€,9) on iid samples drawn from the distribution D, and let N(. 5 be the time

when the rule stops. If for any such distribution D and any (¢, 8) € (0,1)? it holds that
I E[N(Q(;)] < oo, and
2. Pp(l—e) < sy S u(l+e)] >1-34,

then S is called a universal (e, 0)-stopping rule.

Theorem 1. Let S be a universal (¢, §)-stopping rule. Pick any (¢,3) € (0,1)? and any

distribution D supported on [0, 1] whose mean is positive. Let N(. 5y be the time when S



stops on this problem with parameters (e, §). Then

1 2
E[N(cs) > ¢ max (07, ep) - ERELES @2.1)

where 1 is the mean of D and o2 is its variance, and ¢ > O is a constant that is independent

of S, D, ¢, and 6.

Theorem 1 gives the minimum number of samples an algorithm needs to take on the
average in order to always produce an (¢, §)-approximation of . The A.A algorithm can be
seen as an attempt to reverse-engineer an optimal stopping rule through Theorem 1.

First, Dagum et al. found a constant ¢’ that guarantees that if n = ¢ - max (02, ep) -

#glog% and o= 157" X;, then
Pllp—pl <epl 21-06.

If ;1 and 0% were known, one could compute n and simply average n samples to obtain
an (e, §)-approximation of 1. However, p is the quantity of interest in the first place, so
Dagum et al. instead compute an upper bound on n using approximations of ; and o that
are within a constant factor of the true values with high probability.

To obtain approximations of y and o2 that are used to compute N, Dagum et al. use the
Stopping Rule Algorithm (SR), pseudocode for which appears as Algorithm 1. Like AA,
given e > O and § € (0, 1) the SR algorithm returns an (e, §)-approximation of ;. However,
the expected number of samples taken by SR is on the order of ?2172 log %, suggesting that
there may be a more efficient algorithm that, in some cases, would take 1/¢ times fewer

samples.

Algorithm 1 Stopping Rule Algorithm
t—20
5«0
T — 4(e — 2) log(2/4) />
T —1+(01+67T
while S < T, do
t—t+1
Obtain X,
S — S+ X
end while
return T/t

Pseudocode for the AA algorithm is presented as Algorithm 2, where, for clarity,

X1,X2,... and X7, X}, ... denote two groups of 7id random variables distributed with



mean ;. and o2, There are three steps to the algorithm. In the first step, the SR algorithm
is used to obtain a (min (1/2, \/€), §/3)-approximation of p. In the second step, a high-
probability estimate of o2 is found by using the estimate of y to determine the necessary
number of samples. Finally, the estimates of x and o2 are combined into an estimate of
max (02, eu1), which in turn is used to determine the number of samples necessary to obtain
an (¢, d)-approximation of . Note that the third step reuses the samples used in the first

step before obtaining new ones.

Algorithm 2 Algorithm AA
T1 e 2(1 +/€)(1+2v6)(1 +log 3/log 2)T

/* Use the Stopping Rule Algorithm on X1, X5, ... to find approximation of p */
f' — (min (1/2,/€), §/2)-approximation of 1

/* Find approximation of max (02, eus) using X}, X5, ...
N 7T -¢/if
5«0
fort:=1,...,Ndo
S S+ (Xp_y — X3)%/2
end for
p — max (S/N, €

/* Find final approximation of y using X3, Xo,... ¥/

N<—T1-p/[/2
S0
for:=1,...,Ndo
end for

g — S/N
return [

Finally, Dagum et al. prove that for any random variable X distributed in [0, 1], ¢ > 0,
and ¢ € (0,1), if i is the estimate produced by AA and N is the stopping time of AA, then

AA satisfies the conditions of Theorem 1 and there exists a universal constant ¢ such that

E[N]<ec- max(ch, DK ﬁ log % (2.2)

It seems that extending the A.A algorithm to the more general setting of bounded ran-
dom variables should be trivial, but this is not the case. The main technique used by the
AA algorithm relies heavily on the fact that the sum of n samples from a nonnegative ran-

dom variable is non-decreasing as a function of n. This is not true for a sum of n bounded



random variables, hence A.A cannot be extended to this case. Nevertheless, the results of

Dagum et al. provide important insights into our problem.

2.2 Nonmonotonic Adaptive Sampling

Domingo et al. [6] propose the Nonmonotonic Adaptive Sampling (NAS) algorithm for
finding an (¢, 6)-approximation of the mean of a bounded random variable. Pseudocode for

the NAS algorithm is shown as Algorithm 3.

Algorithm 3 Algorithm NAS

o — 00
u— 0
t—0
while |u| < a(1 + 1/¢) do
t—t+1
Obtain X;
u— X4
a — /(1/2n)log(n(n + 1)/6)
end while
return X

The idea behind the NAS algorithm is simple. After observing ¢ samples, a 1 — d;
confidence interval for 1, where d; = §/(¢(t + 1)), is constructed around X; using Ho-
effding’s inequality. Setting « to be half the width of this confidence interval, the algorithm
terminates if | X;| < a(1 + 1/¢) and returns X ;. To see why X is an (e, §) approximation
when NAS terminates, suppose that the NAS algorithm stopped after ¢ samples and that all

confidence intervals contain p. It follows that
Xt — pl <o <e(|Xi] —a) < el (2.3)

The first and third inequalities follow from the fact that all the confidence intervals hold,
while the second inequality can be obtained by rearranging the stopping condition. Finally,
it follows by the union bound that Equation (2.3) holds with probability at least 1 — § since

©
; G = 24

Hence, upon termination of the NAS algorithm, X is an (¢, §)-approximation of .
Domingo et al. argue that given any € > 0, § > 0, and if X3, X5, ... are iid bounded

random variables with mean p # 0, then there exists a universal constant ¢ such that

1 1 2
E[N]<c¢-—— - [log— +1log= | . 2.5
[N]<e e <0g€m[+og5) (2.5)

7



Unlike the equivalent bound for the A.A algorithm, Equation (2.5) contains an additional
log(1/€|p|) term. This term comes from the use of a union bound. Domingo et al. also
show that it can be reduced to loglog(1/¢|u|) through the use of “geometric sampling”.!
Concentrating on non-negative valued random variables, it is also interesting to note that
the bound for the NAS algorithm does not contain the max(o?, ex) term that is present in

Equation (2.2), suggesting that NAS will perform poorly when max(o?, ep) < 1.

2.3 Asymptotic Approaches

The AA and NAS algorithms rely, directly or indirectly, on finite sample tail bounds, such
as Hoeffding’s inequality. An alternative approach is to use deviation bounds based on the
Central Limit Theorem [15]. While such an approach can only offer asymptotic guaran-
tees, it can result in earlier stopping times. In this section, we discuss several asymptotic
approaches to finding (e, §)-approximations and provide some insight into how they can
fail.

Let X1, X, ... are iid random variables with finite mean y and finite variance o2 > 0,
and let ® = 1 — ®, where ® denotes the standard normal cumulative density function. Let

X, be the average of X1, Xo,..., Xy, V; be the empirical variance:

1
Xt: ;;Xs:
. S; (2.6)
= N2
Vi = t;(XS X2

Then V; converges to o2 in distribution and hence according to the Central Limit Theorem

(Theorem 1.13 in [5]) and Slutsky’s Theorem (Theorem 1.5 in [5]),

P [[gt_vt_—”) > u] — ®(u)

If we define —
o (8/2)v'Vi
\/1—5 )

then Timy_, 0 P [| Xy — p| < ¢¢] = 1 — 6, hence, in the limit, (X; — ¢;, X¢ +¢;) isal — 6

o = 2.7)

confidence interval for 1. Such approximate confidence intervals are generally much tighter
than confidence intervals obtained from Hoeffding’s inequality or the empirical Bernstein

bound.

'Geometric sampling will be explained in Chapter 4.



Domingo et al. analyze a version of the NAS algorithm that uses CLT-based confidence
intervals [6]. They argue that the expected number of samples required by this variant of
NAS still scales with 1/¢2u2, but the constants are significantly reduced, resulting in earlier
stopping times. However, Domingo et al. do not consider the effect of the variance in their
analysis, which suggests that it may be possible to prove a tighter bound.

A similar approach was taken by Holmes et al., who developed an asymptotic (e, d)-
stopping rule for the purpose of approximating intractable statistical summations [11].
Their Monte Carlo approximation algorithm, which we will refer to as MCA, is shown
as Algorithm 4. The MCA algorithm is representative of asymptotic approaches to stop-
ping in that it makes use of CLT-based confidence intervals and it does not make use of a

union bound [14].

Algorithm 4 Algorithm MCA
t«0
tneeded < tmin
while ¢ < t,,c040q dO
while ¢ < t,ecq0q dO

t—t+1
Obtain X;
end while )
Lheeded < Z§/2£L£TE) . %i?
end while
return X,

Holmes et al. derive MCA from the observation that if ¢ is half the width of a 1 — §
confidence interval for y as defined by Equation 2.7, then /i is an (e, §)-approximation of p
whenever ¢ < e(f1 — ¢). This is in fact the stopping condition used by the CLT-based NAS
algorithm, but unlike the NAS algorithm, MCA does not check the stopping condition after
each sample. Instead, the MCA algorithm begins by taking some predetermined number
of samples t,,;, before checking the étopping condition for the first time. Holmes et al.

observe that if the stopping condition is not satisfied, one can rewrite it as

1+e)? V
> 52 (_._ .
t2> 25/ = = (2.8)

t

where z5 is a 1 — § quantile of a standard normal distribution, to obtain a lower bound on the
number of required samples. In MCA, Equation 2.8 is used to determine when the stopping
condition should be checked next if it is not already satisfied.

The MCA algorithm is closely related to Stein’s two-stage method for finding fixed

width confidence intervals (see Chapter 13 of [13]), a problem we will consider in Chap-



biin | 30 100 500
Laplace(0.1,1) | 0355 0222 0.131
Gaussian(0.1,1) | 0.251 0.159 0.103

Table 2.1: Probability of MCA failing for different values of ¢,,;,, ¢ = 0.1, and § = 0.1.

ter 6. Given a sequence of iid random variables X1, X, . .. with mean u and variance o2,

both unknown, the goal is to find a confidence interval of width 2¢ that contains p with
probability at least 1 — 4. Stein’s two-stage procedure begins by taking some fixed number

m samples in the first stage. Using these samples, a stopping time 7" is computed as

Vi
T = max (m,t(zm‘175/2)6—7271‘ + 1)) ’

t(m,sy is the 1 — & quantile of Student’s ¢-distribution with m degrees of freedom. In the
second stage, Stein’s procedure takes a further 7' — m samples. When X; are normally
distributed, this procedure has been shown to take roughly twice as many samples as a
stopping rule that knows the true variance. Nevertheless, the rule gives the desired coverage
in this case.

One important question is what effect does the use of approximate confidence intervals
have on the properties of such two-stage procedures? If statistical folklore is to be believed,
setting i, to 30 should ensure that the normal approximation holds. Hence, the probabil-
ity that MCA produces an approximation with relative error less than ¢, also known as the
coverage of a stopping rule, should not be smaller than 1 — 6.

We explored the validity of this claim by estimating the coverage of MCA for dif-
ferent values of f,,;, in two different scenarios. If p is the probability that MCA pro-
duces an estimate with relative error greater than ¢ for some random variable, then p =
K[ {{p — ] > ep}], where L{A} denotes the indicator random variable for event A. We
will refer to p as the failure probability of a stopping rule. Since we are primarily interested
in determining whether p < ¢ or p > ¢, we used a stopping rule to find a (0.1,0.1)-
approximation of the mean of the random variable T{|u — /1] > eu} — 6.

We estimated the failure probability of MCA on Laplace(n = 0.1,b = 1) and Normal(u =
0.1,0% = 1) random variables for £,,;, = 30, 100, 500. The Laplace distribution has high
kurtosis so we can expect MCA to fail with probability greater than § on it. However, when
sampling from a Normal distribution MCA should fail with probability close to ¢ since in
that case the only approximate step is that the variance and the mean are both estimated
based on data.

The results are shown as Table 2.3. It is clear that when ¢,,,;;,, is too low, MCA can fail

10



with probability much larger than é. In particular, the claim that CLT-based approximations
are accurate when the number of samples is greater than 30 seems far from true. On both
random variables, when t,,;, was set to 30 the probability of MCA failing was between
2.5 and 3.5 higher than the desired value of § = 0.1. While MCA was much closer to
achieving the desired failure probability of 0.1 when i,,;, was set to 500, this is not a
guarantee that this will be the case for other random variables. Some attempts to make two-
stage procedures such as Stein’s more robust have been made, for example by employing
the bootstrap [9], however the resulting guarantees are still asymptotic.

While the earlier stopping times provided by asymptotic approaches are appealing, they
should not be applied blindly because if they are not properly tuned they can significantly
exceed the desired failure probability of 4. Note that there are two sources of the error:
First, instead of using the true variance we use an empirical estimate. Second, the CLT
is asymptotic. Since the convergence in the CLT is of order ©(1/+/n) as it follows from
Cramer’s theorem (Theorem 13.1 in {5]), correcting for the error committed when using [
would introduce an intolerably large cost (the sample size would be ©(1/42)). In the rest of
this thesis we will only consider stopping rules that can offer strict probabilistic guarantees,

yet avoid this pitfall.

11



Chapter 3

Empirical Bernstein Stopping

In this chapter, we develop a near-optimal stopping rule for finding an (¢, §)-approximation

of the mean of a bounded random variable.

3.1 General Approach

We begin by describing the general approach taken in the design of our algorithm. To

reiterate, the goal is to construct a stopping rule with the following two properties:
1. For any p # 0, the stopping rule should stop with probability one.

2. The estimate i returned by the stopping rule should satisfy

Plla—pl <elp]21-46

To gain some insight into how a stopping rule can be made to satisfy the second property,
let F be the event that the stopping rule fails, i.e. returns an estimate /i that is not an ¢-
approximation of 1, and let T' be the random time at which the stopping rule terminates. By
the law of total probability, it follows that

o0

PFl=> PIFn{T =t}]. (3.1)

t=1
The key idea behind our stopping rule is to define a nonnegative sequence {d.} satis-
fying .7, d; < 6, and construct the stopping rule such that P[F N{T =t}] < d;. To
facilitate this we define a new sequence {c;} where ¢; is half the width of a 1 — d; confi-
dence interval for i given ¢ samples. The stopping criterion is then constructed so that if it
is satisfied after ¢ samples and if the confidence interval for ; computed using the sample

and ¢; does not fail then the returned estimate /i is an e-approximation of . This ensures

12



that P[F N {T = t}] < d;, and when combined with Equation (3.1) guarantees that the
stopping rule will fail with probability at most §.

The same general approach was followed by Domingo et al. [6] in the design of their
NAS algorithm, but since we construct the sequence ¢; using empirical Bemstein bounds
(see below) instead of Hoeffding bounds, our stopping rules are able to take advantage of
variance like the 4.4 algorithm. However, our approach works with absolute values of the
sample means X, and, unlike the AA algorithm, our stopping rules do not require the

samples to be almost surely nonnegative.

3.2 The EBStop Algorithm

In this section, we present the basic version of our stopping rule, EBStop.

3.2.1 Stopping criterion

First, let d; = c/tP where ¢ = é-(p—1)/pand p > 1. This merely ensures that > .~ d; < 4,
but we will discuss this particular choice of {d;} in Section 3.2.2. Also let ¢; be half the
width of a 1 — d; confidence interval for u as defined by the empirical Bernstein bound

given ¢t samples (see Section 8.1.2)

. \/W N 3R10gt(3/dt)’ (3.2)

and define the event £ as

E=(NIXi—u| el (3.3)

t>1

Here X is the same mean of the first ¢ samples and V; is the sample variance (cf. Equa-
tion (2.6)). By construction, event £ holds with probability at least 1 — §. We now construct
a stopping criterion that is guaranteed to return an (e, §)-approximation of  given that event
£ holds.

From Equation (3.3) we know that IYt — H' < ¢; forall t € NT. Since a confidence
interval for the absolute value of the mean of a random variable is no wider than the equiva-
lent confidence interval for the mean itself, it follows that HYA — |p|| < ct, which implies

| X — ¢; < |p). Tt is then easy to see that if
Ct S G(I—X_tl — Ct), (34)

then
X — Jul| < e < e(IXe] = er) < elul.
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Hence, if we stop when Inequality (3.4) holds, | X| is within ¢ relative error of [u|. We
rearrange Inequality (3.4) as
€

¢ < Tre lytl 3.5)

for convenience to obtain the stopping condition of our first (e, §)-stopping rule, EBStop-

Simple. Pseudocode for EBStopSimple is shown as Algorithm 5.

Algorithm 5 Algorithm EBStopSimple
Ct «— OC
t—0
Obtain X
while ¢; > €/(1 + €) | X;| do
t—1t+1
Obtain X,
Compute ¢; according to (3.2)
end while
return Yt

While it can be shown that EBStopSimple comes close to achieving the lower bound of
Dagum et al. from Theorem 1, we make two simple improvements to EBStopSimple before
providing a theoretical analysis of stopping times.

First, we show that the (1 + ¢) term in Inequality (3.5) can be discarded. Let [(t) =
|X¢| — ¢t and u(t) = | X ;| + c;. We have seen that P [N>1{I(2) < [p] < u(t)}] > 1~ 4.

Now, consider an algorithm that stops at the first time 7" when
(1+I(T) = (1 - u(T) (3.6)
and returns the estimate
fr=1/2-sgn(Xr)[(1+ UT) + (1 - eJu(T)]. 3.7

It is easy to show that for our choice of I(¢) and u(t), Inequality (3.6) is equivalent to
cr < €| X7|. To show that the estimate defined in Equation (3.7) is an (¢, §)-approximation

consider the event £ when for any ¢, X —¢ < u < X + c;. On this event,

ol = 1/2-[(1+e)l(T) + (1 — e)u(T)]
> (1-euT)
> (1—=¢)|pl

Here the first inequality follows from the stopping condition (3.6) and the second follows

14



by the definition of £. Similarly,

|l 1/2-[(1+ e)U(T) + (1 = e)u(T)]
< (14 ¢iT)

fl

< (L e)ul

Further, since ¢ < | X7/, the signs of X; and u must agree on £. Thus, on £, i is an
e-approximation to . Since by construction P [£] > 1 — §, we get that the stopping rule
returns an e-estimate with probability at least 1 — 4.

The second improvement is based on the observation that when conditioning on event
&, one can use the smallest of the confidence intervals constructed at any time 1 < s < ¢t
as the confidence interval at time ¢ instead of ¢;. When ¢; is constructed from the empirical
Bernstein bound, this construction can result in tighter confidence intervals, which in turn
lead to earlier stopping times. Based on this, we can refine our definitions of {(¢) and w(¢)
by setting [(t) to max,s<; (| Xs| — ¢5) and u(t) to ming<; (| X |+ cs).

We incorporate the above improvements into EBStopSimple to obtain a new algorithm,

- EBStop. The pseudocode for EB Stop is shown as Algorithm 6.

Algorithm 6 Algorithm EBStop

t—1

I(t) —0

u(t) «— oo

Obtain X4

while (1 + €)I(t) < (1 — €)u(t) do
t—1t+1
Obtain X,
Compute ¢; according to (3.2)
1(t) « max(U(t — 1), |X¢| — c)
u(t) « min(u(t — 1), | X¢] + c1)

end while

return sgn(X;) - 1/2 - [(1 + €)l(t) + (1 — €)u(t)]

3.2.2 Choosing d;

While we have already stated that {d; } should be nonnegative and should sum to ¢, another
restriction on the sequence is necessary to guarantee that EBStop will stop with probability
one. While the reason will become clear in the next section, {d; } must satisfy

Iim log(3/d;)

t—o00 t

={.
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Hence, d; should not decay too quickly, or EBStop will never terminate. Our particular
choice of {d,} satisfies all of the above criteria and is both efficient in practice and mathe-
matically convenient. The exact form of this sequence is a parameter of our algorithm and

offers a way of incorporating prior knowledge.

3.3 Analysis of EBStop

In this section we prove that EBStop is an (¢, ¢)-stopping rule and provide an analysis of its
stopping times. We show that EBStop comes close to achieving the theoretical lower bound

given in Theorem 1. We begin by stating a key technical result due to Audibert et al. [1].

Lemma 1. Let U be a real-valued random variable such that almost surely U < b for some
beR Lett =b—E[U], and by = max(b,0). Let Uy, ..., Uy, be i.id. copies of U and
U, =1/t S3t_ | U. Then for any x > 0 the followings hold:

o with probability at least 1 — e ™, simultaneously for 1 < i <1t
i(U; — E[U)) < V2AE[U?z + bya/3; (3.8)

o with probability at least 1 — e %, simultaneously for 1 < i < ¢,
i(U; —E[U]) < V2V[Ulz + b z/3. (3.9)

Proof. See [1]. ]

Lemma 1 can be used to derive a high probability upper bound on the sample variance,
which is needed in order to show that the expected number of samples taken by EBStop

depends on the true variance.

Lemma 2. Let X,...,X; be iid random variables such that for all 1 < ¢ < t, almost
surely 0 < X; < 1. Let V; = % Zle(Xi - Yt)Q. Then, for any x > 0, with probability at
least 1 — 3e7 7,

Vi <o ++/20%x/t + x/3t. (3.10)

Proof. The application of Inequality (3.8) with the choice U; = (X; — E[X1])%, i = ¢,
yields that with probability at least 1 — e~ %,

U; < 0?4+ \/2Vzx/t + /3t (3.11)
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where V £ E[(X; — E[X1])*]. Now, U; = V; + (X; — u)? > V4, hence from (3.11) it also
follows that

V, < 0 ++/2Vz/t + x/3t.

Using V < o2, which holds since X; € [0, 1], we arrive at the desired result. O

Before proceeding to the main result, we prove a technical lemma that provides an upper

bound on the solution of a type of equation that arises in the analysis of stopping times.

Lemma 3. Let a, k be positive real numbers. If ' is a solution to

logat

k 3.12
; ; (3.12)
then
2 2a
t' < Zlog —. 3.13
< plog 4 (3.13)
Further, if t' is as above and t > t' then log(at)/t < k.

Proof. The solution of Equation (3.12) can be seen as the intersection point between a line

and a logarithmic curve when we rewrite the equation as
logat = kt. (3.14)

First, note that at ¢ = 1/k, the slope of the line equals the slope of the tangent to the
logarithmic curve. Because log is concave, for t° > 1/k the intersection of the line tangent
to log at at tV with the line k¢ is an upper bound on #. Substituting log 0 + 1/£9 - (¢t — %)
with the choice of t? = 2/k for log at in Equation (3.14) and solving for ¢ yields

2 2a
t=— — —~1f. N
7 [log A 1J 3.15)
We obtain the Lemma by dropping the —2/k term for convenience. O

Finally, we present a theorem that summarizes the main properties of EBStop. In order

to simplify the analysis, we restrict it to the case of random variables with range [0, 1].

Theorem 2. Let X be a random variable distributed with range [0, 1]. Let u = E[X] and
% = V[X] and assume 1 # 0. Let T be the stopping time of Algorithm EBStop on X,
where ¢, is defined by Equation (3.2) with dy = 6(p — 1)/(ptP), where p > 1. Then the
following properties hold: |

1. There exists a constant C = C), such that for any 0 < § < 1/2,

| 1 2
P [T > C - max <—g—2, ——) <log— + log —)J < 26.
22 ey dul T "3
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2. If p > 2, there exists a constant C' = C,, such that

2 1 2
E[T <C"-max<g—,—) <10 4o —).
] a2 el ) '8 7185

3. The estimate i as returned by the EBStop algorithm is an (e, 0)-approximation of .

Proof of Part 1. When Algorithm EBStop stops at time 7, the stopping condition implies
that

(1+ max (IXu] — ) > (1~ )mip (Xl +¢4), and 16
lYTl Z cr.

Since analyzing the stopping criterion directly is cumbersome, we will state a sequence of
stopping conditions, each more conservative and easier to analyze than the previous until
we arrive at a condition that can be solved for the stopping time. First, consider dropping
the max and min from the first half of Inequality (3.16) and rearranging the terms, resulting
in

€| X 7| > er. 3.17)
Since Inequality (3.16) holds only when Inequality (3.17) holds, it suffices to upper bound
the stopping time of algorithm EBStop with Inequality (3.17) as its stopping criterion. Thus
if we redefine T to be the first time when (3.17) holds then it suffices to upper bound 7.

Now, consider the event £ when none of the confidence intervals fail:
=X —pl <al (3.18)
t>1
In what follows, unless told otherwise, we will always assume that this event holds. Since,
on &, |X;| > |u| — c; holds for any ¢, if T” is the first time when €(|u| — cpv) > epv
holds then T" < T”. Redefining T to be T”, our aim now is to bound 7”. The new stopping

criterion then becomes

elp| _ [2Vrlog(1/dr)  3log(1/ér)
T1e > o= T + T , (3.19)

where we used the definition of ¢; (cf. Equation (3.2)) and we define 1/8; = 3t?/(c$). Now,

the idea is that by the time when both terms on the right-hand side are small compared to
the left-hand side (say, they are both less than half of the left-hand side), the algorithm
would have stopped. Further, for large 7", Vi can be upper bounded by a constant times
the larger of o2 and €|u| (with high probability). These two constraints then give us the

required bound on 7.
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By applying Lemma 2 with the choice = = log(1/4;), it follows that for any ¢ > 1, with
probability at least 4,

2log(1/6;) " log(l/(St).

V, < o?
1 <o +o 3

(3.20)

An application of Lemma 3 to 3log(1/4;)/t = o? gives that if t > [plog —z +log 3=
t,2 then 3log(1/4;)/t < 0. Another application of Lemma 3 to 3log(1/5t)/t = €|p| gives
that if t > 6 [plog T 108 3] = tei then 3log(1/8;)/t < €|p|. We now define £’ to be
the event that (3.20) holds for all t > 1. Defining p = max(c?, €|u|), we get that for any
t > min(t,z2, ), on &', V; < 3p.

Thus, on £ N £’ it holds that

2Vilog(1/6:) | 3log(1/4:) 6plog(1/6:) 3plog(1/6,)
t s \/ t + \/ t

- (3.21)
log(1
_ (\/g n \/§> M,
Now, consider the first time t* > min(t,2, t|,,|) satisfying
elul plog(1/d:)
> —r 2
1+6_(\/€+\/§) t (3.22)

Note that t* is non-random. Further, on £ N &', t* > max(T, min(ty2,t,),)) = T". This is
trivial if 7" = min(#,2,2|,). On the other hand, if 7" = T > min(t,2, ) then notice
that Inequality (3.21) holds for time T on £ N £’ and hence the stopping criterion (3.19)
will be satisfied whenever (3.22) is satisfied. This means that the algorithm stops the latest
attime t*. Since 7" > T, t* >TonENE’.

Now, another application of Lemma 3 to Inequality (3.22) gives the bound that Inequal-
ity (3.22) is satisfied when

bp(1+e)*(vV6+v3)?p (1. 3 6p(1 + €)*(vV6 + v3)%p

t> —log — + log
= 22 pogcé+ 2,2

Since the quantity on the right-hand side is at least as large as t),, it is an upper bound on
t*. The desired form of the bound is obtained by absorbing the additive constants into the

multiplicative constant. Noticing that P [€ N E’] > 1 — 2§ finishes the proof of Part 1. [J

Proof of Part 2. First, let

2 1 2
t/:C-max< S lLl) <log m l+10g5) (3.23)
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where C'is as defined in Part 1. Then using the definition of expectation

E[T] = > t-P[T =1 (3.24)
t=1
t'+1 0o
= Y t-P(T=t)+ Y t-P[T=4 (3.25)
=1 t=t'42
< 2+ > t-P[T=t, (3.26)
t=t/42

where we used Zf:ll t-P(T=t)<({+1) Zf:ll P(T=1t) <t'+1 < 2t', where we
assumed, without the loss of generality, that ¢ > 1.

To bound the second term in (3.26), we recall that for ¢ > t' whenever the confidence
intervals at time ¢ hold, the algorithm is guaranteed to stop after ¢ samples. Hence, if the
algorithm has not stopped after ¢ > ¢’ samples, all confidence intervals between time ¢’ and
¢t — 1 must have failed. Since we can bound this probability by the probability of at least
one of the confidence intervals at time ¢ — 1 failing, it follows that P [T = ¢} < 2d,_;. Since

di—1 = co(t — 1)7P, it follows that

E[T] < 2+ > t-P[T =4 (3.27)
t=t'42
oo

< 24+ Y 2ds(t—1)7PH (3.28)
t=t/+2

< 24+ (3.29)

< " (3.30)

when p > 2. Note that the same result can be obtained for p > 1, but we have chosen this
argument for simplicity.

|

Proof of Part 3. Let F be the event that the stopping rule fails to produce an estimate with
relative error e,

F=A{li—pl > €ul}
and let £ be the event that the confidence intervals ¢; do not fail as before (cf. (3.18)).
First, we decompose the failure probability as P [F] = P [F|E] P [£] + P [FIE] P [€]. By
construction, P [£] < 4. Then using the trivial bounds P[€] < 1 and P [F|€] < 1 we
obtain P [F] < P[F|E] + 0. We now argue that P [F|€] = 0.
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It remains to be shown that /i is an (e, §)-approximation of u. So assume that the
algorithm has terminated after 7" samples. (Notice that he algorithm stops with probability
one since by Part 2, E[T"] < +00.) Combining the definition of event £ with the first part
of Inequality (3.16) and the definition of /i leads to

= 1720 (IR - )+ (1= ) min(Tel + )
> (1—-emin (JX| + c;)
> (19l (31)

and

=
I

i = 172 | man(( - ) + (1= O min((.] o)

< (1+6)g§i¥(l751—cs)
< (L+e)lul (3.32)

Inequalities (3.31) and (3.32) hold due to the fact that a confidence interval on X, is also
a confidence interval on | X 4| with equal or greater confidence. Finally, the definition of
£ and the second part of Inequality (3.16) together imply sgn(Xr) = sgn(u). Hence,
|t — 1] < €|p| and therefore, P [F|E] = 0 and hence P [F] = P || — p] > €]} < 6. O

3.4 Effect of Range

While our analysis of EBStop is limited to the case of X; with range 1, extending this result

to random variables with range R is straightforward.

3.4.1 The reduction approach

We begin by showing how an (e, §)-stopping rule for random variables with range 1 and a
matching upper bound on its expected stopping time can be extended to random variables
with range R. Let S be an (e, §)-stopping rule for random variables with range 1, let X be
distributed with range R, and let X’ = X/R. Now, suppose stopping rule S’ takes X as
input, runs stopping rule S on X’ to obtain i, and returns Rj. Then it is straightforward to
show that /i is an (¢, §)-approximation of X. Hence, S’ is an (e, 0)-stopping rule.

To see how an upper bound on the expected stopping time of S’ can be obtained from
an upper bound on the expected stopping time of S, let T'(¢, 6, X) be the stopping time of

S on X and let n be a function that satisfies
E[T(e, 6, X)] < n(e, 6, pu,0%).
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Then it follows that if T"(e, 6, X) is the stopping time of S’ on X, where E[X] = u and
V[X] = o2, then
E[T'(e, 6, X)] < n{e, d, /R, 0/ R?).

We will refer to this method of extending a stopping rule to random variables with range R

as the reduction approach.

34.2 Upper bounds

We now give upper bounds on the expected number of samples required by the EBStop and
NAS algorithms required to find an (¢, §)-approximation of a random variable with range R
using the reduction approach. It should be noted that both algorithms can be run directly on
random variables with range R, i.e. without resorting to a reduction. It should be clear that
any run of any of these unmodified algorithms stops at the same time and returns the same
value than running the algorithms obtained with the reduction approach described above.
Hence, it follows from Theorem 2 that EBStop can be used to find an (¢, é)-approximation

of a random variable with range R using an expected number of samples no greater than

o2 R R 3
C - max <—~—, —) <log — + log —)
1 ey elul s

for some universal constant C. Similarly, the NAS algorithm can be used to find and (e, ¢)-
approximation of a random variable with range R using an expected number of samples no

greater than

R? R 2
C' —= - (log — + log =
i2e2 <Og€lul+ °g6>

for some universal constant C’.

3.4.3 Lower bound

Since the lower bound of Dagum et al. does not take the range into account we extend
their result to the case of random variables distributed in [0, R]. The definition of universal
stopping rules to random variables with range [0, R] is trivial and hence the formal definition

1s omitted.

Theorem 3. Let S be a universal (¢, §)-stopping rule for distributions supported on [0, R)].
Pick any (¢,6) € (0,1)? and any distribution D supported on [0, R] whose mean is positive.

Let N, 4) be the time when S stops on this problem with parameters (e, 0). Then

o2 R 2
E[N(e,é)] 2 ¢-max <W7 a) log 5 (3.33)
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where 1 is the mean of D and o2 is its variance, and ¢ > 0 is a constant that is independent

of S, D, ¢, and 6.
Note that constant ¢ can be chosen to be the same as in Equation (1).

Proof. For a random variable X with finite variance let px be its mean and 'ag( be its
variance.
Let S be a universal (e, §)-stopping rule for distributions supported on [0, R]. Consider
a stopping rule S’ constructed from S as follows: S’ works for distributions supported
on [0,1]. When &’ works with Z supported on [0, 1], it runs S on X = ZR to obtain
an estimate fi(e, 6, X). Clearly, ii(e,d, X)/R is an (e, §)-approximation of ;. Hence,
S’ is a universal (e, §)-stopping rule for distributions supported on [0, 1]. Let N'(¢, 4, Z)
be the number of samples consumed by &’ on X. Then N'(¢,4,Z) = N(e,6,ZR) by
construction, where N (e, 4, X) is the time when S stops when it is run with parameters e,
& on iid copies of X.
Now, let us fix (¢,6) € (0,1)2 and X ~ D, where X is a distribution supported on
[0, R]. Define Z = X/R. Hence N(e,6, X) = N'(¢,0, Z). By Theorem 1,
E[N'(,6,Z)] > ¢ max <-—;j—%§—7 L) logz.
€4ps €z )

Using 1z = px/R and 0% = 0% /R? we get the desired lower bound. O

Theorem 3 applies only to random variables distributed in [0, R], however, it follows
trivially that the same lower bound applies to stopping rules that work on random variables
with range . Hence, EBStop is at most a logarithmic term away from achieving the optimal

expected stopping time.
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Chapter 4

Batch Sampling

In this chapter, we present a version of the EBStop algorithm that performs batch sampling
and show that with a geometric sampling schedule the log El—lﬁl term in the expected number
of samples taken by EBStop is reduced to loglog ﬁ Furthermore, we introduce a new
technique that allows us to test the stopping condition after each sample while maintaining

the benefits of batch sampling.

4.1 Batch Sampling

The motivation behind batch sampling comes from the fact that checking the stopping cri-
terion after each sample is wasteful when EBStop is far from stopping. To see why this is
true, consider what happeﬁs when EBStop checks the stopping criterion after ¢ samples, but
cannot stop. The algorithm must construct a 1 — d; confidence interval for y, and in order
to guarantee that all confidence intervals hold with probability at least 4, we require that
Zf_ﬁ_l d; < 4. Due to this constraint, checking the stopping condition at time ¢ reduces the
mass given to d; for s > t, which in turn makes the confidence intervals c; for s > ¢ wider,
and from Equation (3.17) it is clear that making the confidence intervals wider will push the
stopping time back. Hence, EBStop can be made more efficient by reducing the number of
times it checks the stopping criterion while it is far from stopping.

Pseudocode for a variant of EBStop that performs batch sampling is shown as Algo-
rithm 7. The key change from EBStop is the addition of a sampling schedule in the form of
a sequence of positive integers {tx}. The sampling schedule represents the times at which
the stopping condition is checked. After drawing ¢, samples, Algorithm 7 constructs a
1 — dj; confidence interval for i and checks the stopping criterion.

Whenever, £ < tg, it should be possible for Algorithm 7 to stop much earlier than

EBStop. One possible sampling schedule, known as arithmetic sampling, is given by t; =
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Algorithm 7 EBStop with batch sampling
t—1
I(t) —0
u(t) « oo
k20
Obtain X;
while (1 + €)l(t) < (1 — €)u(t) do
while ¢t < ¢, do
t—t+1
Obtain X,
end while
k—k+1

o = 2V, 10gt(3/dk) + 3R10gt(3/dk)

[(t)  max(l(t — 1), |X¢| — cx)
u(t) — min(u(t — 1), | X¢| + cx)
end while
return sgn(X;) - 1/2- [(1 + e)l(t) + (1 — €)u(t)]

m - k for some m > 1. To see how such a strategy will impact the stopping time, consider
checking the stopping condition after having taken ¢ samples using arithmetic sampling.
Since after ¢ samples at most t/m confidence intervals have been constructed, the algorithm

will construct a 1 — d confidence interval where

cd emPé EJE

d< - _ o9
= (t/mp tp

Hence, an arithmetic sampling strategy only results in a change to the normalizing constant
in d;, and from Equation (3.19) it is clear that the form of the upper bound on the expected
number of samples will not change.

Now, consider a geometric sampling schedule, where ¢, = [3*] for some 8 > 1. Since
under this schedule the stopping condition is checked at most loggt times by the time ¢
samples have been taken, it follows that

cd
(loggt)P”

It is straightforward to show that with this value of d, an analysis of stopping times leads to

d<

equations of the form (log logt)/t = ¢ instead of (logt)/t = c, as in the case of arithmetic
sampling. While we delay the proof until Section 4.3, we will show that if 7" is the stopping
time of Algorithm 7 employing a geometric sampling schedule, then there exists a universal
constant C, such that

o> R R 1
E[T] < C max <m, f—lm) <log log m -+ log S) . 4.1)
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4.2 Mid-interval Stopping

While batch sampling can significantly reduce the number of samples required by EBStop,
it restricts the algorithm to the sequence {tx} as the set of possible stopping times. When ¢,
grows quickly with k, batch sampling leads to many unnecessary samples being taken. For
example, when employing a geometric sampling schedule with § = 1.1, it is possible that
the stopping criterion could be satisfied after [3%] 4 1 samples, but the algorithm will not
stop until it has taken [3*+1] samples. This can lead to as much as 3 times more samples
than necessary being taken, and while this is only a constant, multiplicative increase, a
stopping rule that is able to stop at any point is desirable.

To illustrate the efficiency of the approach we are about to propose, consider modifying
a batch sampling algorithm to stop at any point through another application of the union
bound. Instead of taking samples ¢ + 1,%x 4+ 2,...,x1 and then checking the stopping
condition with failure probability dy, one can check the stopping condition after each sam-
ple between ) + 1 and ¢, 1 with failure probability d/(tg41 — tx). While this approach
leads to earlier stopping times for very small i and e, the benefits of batch sampling become

much smaller. Pseudocode for this approach is shown as Algorithm 8.

Algorithm 8 Batch EBStop with union bound anytime stopping
t—1
I(t) <0
u(t) « oo
E—0
Obtain X
while (1 + €)I(t) < (1 — e)u(t) do
t—1+1
Obtain X;
ift > tk+1 then
k—k+1
dy — di/(tr1 — tr)
end if

_ /2thog(3/dﬁ+ 3Rlog (3/d})
- t t

1(t) « max(i(t — 1), | X¢| — cr)
u(t) « min(u(t — 1), | X¢| + c)
end while
return sgn(X;) - 1/2- [(1+ €)I() + (1 — €)u(t)]

Ct

Nevertheless, it is possible to achieve anytime stopping without the use of the union
bound. The key result, due to Audibert et al., is the following variant of the empirical

Bermnstein bound that holds simultaneously over an interval [1]: If {; < ¢o for ¢1,5 € N
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and o > t9/t1(> 1), then with probability at least 1 — 3e~%/® forall t € {t1,..., 12} we
have

X — pl < V2Viz/t + 3z/t. (4.2)

To apply this result to batch sampling, we first solve 1 — 3e~%/@ = 1 — d}, for x, resulting
in x = alog 3/dy. If we then use this value of z and Equation (4.2) to construct confidence
intervals for p after each sample from ¢, + 1 through #;., the confidence intervals will
simultaneously hold 4 with probability at least 1 — dj. The confidence intervals can in tum
be used to check the stopping condition after each sample. Algorithm 9 incorporates this

idea into our batch sampling algorithm.

Algorithm 9 Batch EBStop with martingale-based anytime stopping
t—1
Ity —0
u(t) « oo
k<0
Obtain X
while (1 + €){(¢) < (1 — e)u(t) do
t—1+1
Obtain X,
ift > {5, then
k—k+1
o — g1 /te
z — alog3/dy
end if
et — /2Viz/t + 3Rzt
I(t) « max(I(t — 1), | X| — c)
u(t) «— min(u(t — 1), |X;| + ¢)
end while
return sgn(X;) - 1/2- [(1 + €)I(t) + (1 — €)u(?)]

To see how EBStop compares to Algorithm 8 and to Algorithm 9 we compare the failure
probability used when evaluating the stopping criterion after [3%] = ¢ samples by each of
the algorithms, denoting this probability by f;. The results are presented in Table 4.2.
A geometric sampling schedule was assumed for the batch algorithms. Disregarding the
constants, Algorithm 8 uses f; = 1/(¢logt) which, depending on the value of p, can be
a very minor improvement on f; = 1/{” as used by EBStop. Algorithm 9, roughly uses

f: = 1/(logt)?, which is a clear improvement over both EBStop and Algorithm 8.
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EBStop Algorithm 8 Algorithm 9

1 11 ( 1 )p
24 Hogg t]?  t—[t/B] Mogg t]

Table 4.1: Failure probability used to evaluate the stopping criterion after £ samples by each
algorithm.

4.3 Analysis of Batch Sampling

In this section we provide an analysis of stopping times for Algorithm 9 when following
a geometric sampling schedule, which we will refer to as EBGStop. We begin by proving
the equivalent of Lemma 3 for the type of equations that arise under a geometric sampling

schedule.

Lemma 4. Let a, k be positive real numbers. If t' is a solution to

log(a log t
loglalog?) _ (4.3)
¢
in terms of t, then
log (alog ¢
y < log(alogto) (4.4)

- 1 ¥
[k T Tolog to]

where tg = max(1/k, e).

Proof. The proof is analogous to the proof of Lemma 3. The solution of equation (4.3) can

be seen as the intersection point between a line and a log log curve when we rewrite it as

log(alogt) = kt. 4.5)

First, note that the slope of the line equals the slope of the tangent to the logarithmic
curve at t when tlogt = 1/k. The solution to this equation is bounded from above by o =
max(1/k, e). As in the proof of Lemma 4, the intersection of the line tangent to log(a log t)
at t > to with the line &t is an upper bound on ¢'. Since the line tangent to log(a logt) at ¢
is given by log(alogty) + malgt—o - (t — tg), solving log(alog to) + Zo-lc%gTo (t —tg) = kt

yields
log (alog to) — 134 < log(alogto)

1 - 1 '
[k - to logto] [k - to logto]

(4.6)

]

Theorem 4. Let X be a random variable distributed with range 1. Let p = E[X] and
0% = V[X] and assume pu # 0. Let T be the stopping time of Algorithm 9 on X while
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following a geometric sampling schedule (i.e. dj, = cd/kP.) Then here exists a constant C
such that
P [T > C - max (;—22, L) [Ioglog—l- + log §” < 26.
e p® €lpf elul 6
Proof. The proof is analogous to the proof of Theorem 2, but with the application of
Lemma 4 in place of Lemma 3. Since Algorithm 9 differs from EBStop only in the form
of ¢, following the proof of Theorem 2 until Equation (3.19), EBGStop will stop with

probability at least 1 — § when
el
1+e

Substituting ¢; with the value used in Algorithm 9, Inequality (4.7) becomes

clul . | [2Vrlog(1/dx) | 3log(1/dk)
1+e¢™ T T

> cr. 4.7)

(4.8)

where 1/6;, = 3kP /(cd) and K = |logg T'| < logs T
As before, we seek a high-probability upper bound on V;. By applying Lemma 2 with

the choice x = « log %(logg t)P to V;, it follows that for all ¢ > 1, with probability at least
1-94,

2alog 2 (logg )P 4alog S (loggt)P
. Uz+0\/ g (08 )7 dailog & (logy 1

4.9
t 3t (4.9)
Now let p = max(c?, €|u}), then if ¢ is a solution to
1
3aplog ((—3—5)5 1]3@—)
0/ lb) _ (4.10)

then by Lemma 4 (using 3ap/p > e),

-1

1 1. 3
t < 1-— sap [log log sap + —log — — loglog ﬂ} 4.11)
log (M) p " co
0
3 3 1.3
< 22 [log log 222 4 2 1og —} =t,. 4.12)
p p p b

We now define £’ to be the event that (4.9) holds for all ¢ > 1. It then follows that if the
algorithm has taken at least £, samples and event £ holds, then V; < 3p = 3max(0?, €|ul).

Hence, it follows that on £ and £, if ¢ > ¢, then

\/2Vta log %(logﬁ )P N 3alog %(logﬁ )P < \/Gpa log %(logﬁ t)p N \/3pa log %(logﬁ t)p
t t - t t

IN

(\/6+\/§) \/palog%(logﬁt)l"

t
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Now consider the smallest t* > ¢, that satisfies

1+e€ t

—EMZ(\/E—F\@) \/palogc%-(logﬁt)P-

As in the proof of Theorem 2, when &£ and &’ hold, t* > T. One final application of

Lemma 4 gives

p(1 4 €)? (G\/;Jrf) ap[ oglog 2L+ 2(vV6 + V3)ap g3

tr <
= 22 p o

Again, we can obtain the desired form of the bound by absorbing the additive constant into
the multiplicative constant. Noticing that £ and £’ hold simultaneously with probability at
least 1 — 26 finishes the proof. O

While we do not state them here, a bound on the expected stopping time and a proof of
the (e, 0)-approximation property can be obtained with arguments nearly identical to those
of Theorem 2. It then follows from Theorem 4 that if T is the stopping time of EBGStop
when it is used to find an (¢, §)-approximation of a random variable with range R using the
reduction approach of Section 3.4, then there exists a universal constant C' such that

0,2

R R 3
E[T] 50-max< 5 2761/4) (1oglog i l—I—log 5)

As with the rest of our upper bounds, the same result can be proved about EBGStop directly,

but we use the reduction approach for simplicity.
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Chapter 5

Experimental Results

In this chapter we explore the properties of the stopping rules we have presented through a

number of simulated experiments.

5.1 Experimental Setup

In addition to EBStop and EBGStop, we evaluate A.A, NAS, and geometric NAS. In order
to make the comparisons fair we set equivalent parameters in different algorithms to the
same value. In the case of EBGStop and the geometric version of NAS, we set 3, the
factor by which both algorithms grow intervals, to 1.5 for both algorithms. Domingo et
al. reported this value to work best for the NAS algorithm in their experiments [7]. Since
with the exception of .A.A4, all of the algorithms in our comparison defined a sequence of
confidence intervals {c; }, we fixed the underlying d; sequence to

§
de = t(t+ 1)

for all algorithms. This value is the default choice used by the NAS algorithm. Since we
have found that EBGStop generally performs better for other settings of these parameters,
we also include results for EBGStop with our default choices dy = ¢/kP, p = 1.1, and

8 = 1.1. We denote EBGStop with these parameter choice by EBGStop*.

5.2 Effect of Variance

The primary reason for developing EBStop was the need for an algorithm that is able to take

advantage of variance like 4.4 without the restriction to nonnegative random variables. In

this section we compare how well the various stopping rules are able to exploit variance.
Let U(a,b,m) denote the average of m Uniform(a,b) random variables. Then the

expected value and variance of U(a, b, m) are (a + b)/2 and (b — a)?/(12m) respectively.
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Since the aim of this experiment is to study the effect of the variance on stopping times,
we fix a to 0 and b to 1, and vary m to obtain a number of random variables with a fixed
mean but different variances. We ran each stopping rule 100 times on U(0, 1, m) random
variables for m = 1,5,10,50,100,1000, ¢ = 0.01 and § = 0.1. Figure 5.1 shows the
average number of samples taken by each algorithm for each value of m. Logarithmic scale

was used on the y-axis for clarity.

10° . - « ' T .

Hl EBGStop*
@ EBGStop
EBStop

AA
EE NAS
HEl Geo NAS

Average number of samples taken

1 5 10 50 100 1000

Figure 5.1: Average number of samples required to find (0.01,0.1)-approximations of
U(0,1,m) random variables for m = 1,5,10,50,100,1000. The results are averaged
over 100 runs.

Figure 5.1 suggests that variance has no effect on the expected stopping time of NAS
and geometric NAS algorithms. This is not surprising as the sample variance does not
appear in the stopping condition for either algorithm.

Unlike the NAS algorithms, all variants of EBStop along with the A.A algorithm are
able to take advantage of variance information, but the exact effect of the variance differs
between AA and EBStop. The behaviour of the AA algorithm seems to fall into two modes.

Form = 1, 5, 10, the algorithm requires fewer samples as the variance decreases with larger
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m. However, for m = 50, 100, 100, the A.A algorithm seems to require the same number
of samples for all three random variables, even though the variance of U(0, 1,1000) is
20 times smaller than the variance U (0, 1,50). On the other hand, all variants of EBStop
require fewer and fewer samples as the variance decreases, at least for the distributions that
we tested EBStop on.

However, the theory predicts that both algorithms have two modes: When o2 decreases
and it is above cep for some constant ¢, then the number of samples decreases with 2.
However, when o2 decreases below cep, no further decrease of the required number of
samples will be experienced. Here c is a constant that depends on the algorithm. For AA it
seems that this constant is fairly large, while for EBStop and its variants it is much smaller.
(The fact that in the bounds ¢ is compared directly to ey, i.e., that the bound depends on
max(o?, en) instead of max(o?, ce) is a side-effect of the way the analysis is done.)

In the case of the AA algorithm, the constant’s value is determined by the desired
accuracy of the presampling step. In the case of EBStop and its variants the constant c is
determined by how the two terms in the empirical Bernstein bound interact with each other.

In order to understand this, recall that these algorithms can be expected to stop when

- J ( 20) log(L/) <§_§) log(1/6;) 6.0
€l t €l t

(cf. Equation (3.19)), assuming that this stopping time ¢* is large enough so that Vi» ~ o2,

When ¢ — 0 the second term becomes dominating and the dependence of t* on ¢ will be
negligible. In particular, log(1/6;)/¢t < epr/(3R) must be satisfied before Inequality (5.1)
will be satisfied and this puts a lower bound on ¢*. This lower bound is independent of o.
Further, for small values of ¢ the actual cutoff point will be arbitrarily close to this lower
bound. Hence, lowering the value of o does not change lead to an improvement in the
performance. This mode of behaviour is seen in Figure 5.1 for m = 50, 100, 1000. Even
though the differences in variance for these values of m are huge, the stopping times are
similar., However, when ¢ has a large enough value, the first term dominates. This mode
of behaviour can be seen in Figure 5.1 for m = 1,5, 10. While the differences in variances
are much smaller than between m = 50, 100,1000, when m = 10, almost an order of

magnitude fewer samples are required to stop than when m = 1.
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5.3 General Efficiency
5.3.1 Low Variance

We again test the stopping rules on U(a, b, m) random variables. However, instead of
keeping the mean fixed and studying the effect of the variance, we fix the variance and vary
the mean. We fix m at 10 and vary a and b to obtain the values p = 0.9,0.7,0.5,0.3,0.1
- while b — a is 0.2. We used the values ¢ = 0.1 and § = 0.1 in this set of experiments.
The variance is small enough that EBStop, its variants, and A4 should take a number of
samples in the order of 1/(ep). We also expect both variants of the NAS algorithm to take a
number of samples on the order of 1/¢?1:2. Figure 5.2 shows the average number of samples

taken by each algorithm for each value of p.. We again use logarithmic scale on the y-axis

for clarity.
I EBGStop*
5| [ I EBGStop |
10 EBStop

AA
NAS
B Geo NAS

—
<
S

—
=)
w

Average number of samples taken

5=0.9 p=0.7 5=0.5 5=0.3 p=0.1

Figure 5.2: Average number of samples required to find (0.1,0.1)-approximations of
U(a, b, 10) random variables with varying means. The results are averaged over 100 runs.

Figure 5.2 shows that both variants of the NAS algorithm quickly fall behind the other

algorithms as . decreases. It seems that, as the theory suggests, the AA algorithm and

34



all variants of EBStop require 1/u times fewer samples than NAS. While the comparison
has been done on nonnegative random variables in order to include AA, it should be em-
phasized that on signed random variables EBStop can be drastically more efficient than the

NAS algorithm.

5.3.2 High Variance

While the previous experiment showed that both EBStop and the .AA algorithm can exploit
low-variance situations to require on the order of 1/¢|u| samples to stop, how well do they
perform when the variance is large? To examine this scenario, we include a comparison on
Bernoulli random variables. Since Bernoulli random variables have maximal variance of
all bounded random variables, the advantage of variance estimation should be diminished.
Nevertheless, if ¢ and o2 are the mean and variance of a Bernoulli random variable, then

0% = u(1 — p). Hence, when p is small, EBStop and .AA should require on the order of
1-— 1 — 1
max (PO LY e (lor 1Y o L (5.2)
e2u? Ten e ep €21

Figure 5.3 shows the average number of samples required by each algorithm to find

samples to stop.

a (0.1,0.1)-approximation of a number of Bernoulli random variables. As predicted by
Equation (5.2), when p is small, AA and all variants of EBStop seem to require 1/ times
fewer samples than NAS. Somewhat surprisingly, the geometric version of NAS required
fewer samples than even the tuned version of EBGStop for 1 = 0.9 and i1 = 0.5, but
not for x = 0.99. This is likely happening because for intermediate values of 1, such as
0.9 and 0.5, the square root and the linear terms in the empirical Bernstein bound are of
approximately equal magnitude when EBStop is close to stopping. This has the effect of
roughly doubling the magnitude of the constants associated with the bound and slightly
increasing the required number of samples.

It is also interesting to note that all variants of EBStop outperformed the .A.A algorithm
in both experiments where we varied the mean, even though the bounds on the expected
number of samples taken by EBStop possess an extra logarithmic term. This term grows
without bound as € or 1 approach 0, hence, on nonnegative random variables, the A.A can
be expected to outperform EBStop when this is the case. However, we have not seen this in

our experiments.
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Figure 5.3: Average number of samples required to find (0.1,0.1)-approximations of
Bernoulli random variables with varying means. The results are averaged over 100 runs.

5.4 Coverage

In Chapter 2, we estimated the coverage of a stopping rule that uses the Central Limit
Theorem in order to determine whether it is smaller or lager than 1 — 4. While all of the
stopping rules we evaluated in this chapter guarantee that their coverage is at least 1 — §, we
calculated the sample coverage achieved by the stopping rules evaluated in this chapter on
each of the three experiments described above. Perhaps somewhat surprisingly, there was
not a single occurrence of a stopping rule returning an estimate with relative error greater
than €. Since each stopping rule was run 100 times on 17 different random variables, this
suggests that these stopping rules are extremely conservative.

Depending on the motivation behind using a stopping rule, the overly conservative na-
ture of such stopping rules can be seen as both an advantage and a disadvantage. If it is
important to guarantee that the approximations are within e relative error with probability

at least 1 — 4, the stopping rules in this chapter are a good choice. If, on the other hand, one
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is willing to tolerate coverage smaller than 1 — §, stopping rules based on asymptotic results

will be much more efficient, though it is clear that efficiency alone cannot be the goal.
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Chapter 6

Absolute Error

In this chapter we consider the simpler but related problem of estimating the mean of a
random variable up to a given absolute error. As before, let X, Xo, X3, ... be iid random

variables with mean p. If a stopping rule returns an estimate j that satisfies
Plla—ul<d=1-4 ©.1)

then we refer to i as an absolute (e, §)-approximation. We use the techniques used in the de-
velopment of EBStop to derive a novel algorithm for finding absolute (e, §)-approximations

and provide both a theoretical and an empirical analysis of its properties.

6.1 Non-adaptive approach

The problem of finding an absolute (e, §)-approximation is inherently easier than the prob-
lem of finding an (e, d)-approximation. Since the number of samples necessary to find
an (¢, d)-approximation depends on the mean p, any stopping rule that finds an (¢, 6)-
approximation must be adaptive in the sense that its stopping condition must depend on
the samples. On the other hand, stopping rules for finding absolute (¢, §)-approximations
do not have to make use of the samples in the stopping condition.

To give an example of a non-adaptive approach, we recall that if X; are bounded with

range R, then from Hoeffding’s inequality
P[| X — | > €] < 2e720</F (6.2)

By solving for the smallest n for which the right-hand side of Inequality (6.2) is greater

than § we get that if

2 =n,, (6.3)
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then P [| X, — p| > €] < 6. Hence, it is enough to take the average of n. samples in order
to find an absolute (e, §)-approximation.

While this simple, non-adaptive approach works, it is not difficult to see that it can
be improved upon by an adaptive one that makes use of variance information. In particu-
lar, it should be possible to reduce the dependence of the number of samples on R? to a

dependence on R and ¢2. This is indeed our goal here.

6.2 Empirical Bernstein Stopping for Absolute Error

In this section we use the methods developed in Chapters 3 and 4 to obtain an efficient

stopping rule for finding absolute (¢, §)-approximations of bounded random variables.

6.2.1 The Algorithm

Following the development of EBStop, we rely on a sequence {c¢; } such that the event
£ = {I—)_(t - ,UJ’ S ct,Vt € N+}

occurs with probability at least 1 — §. In particular, we make the choice of using ¢; based
on batch sampling with a geometric sampling schedule as defined in Section 4.2. Having
defined ¢, it is trivial to construct a stopping rule for finding absolute (¢, §)-approximations.
One can simply stop as soon as ¢; < ¢ and return X as the estimate. We will refer to this

algorithm as EBAStop and present pseudocode for it as Algorithm 10.

Algorithm 10 Algorithm EBAStop.

C1 OO
t—1
k—20
Obtain X3
while ¢; > ¢ do
t—t+1
Obtain X,
ift > t;4q then
k—k+1
@ — tp/teq
z — alog3/dy
end if
¢t — /2Vix/t + 3Rx/t
end while
return X,

We need to show that EBAStop terminates with probability 1 and returns an abso-

lute (e, d)-approximation upon termination. The verify the first property, we recall that
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limy o0 ¢ = 0. Since the algorithm terminates when ¢; < ¢, we see that the stopping
condition will be satisfied for large-enough ¢. Now suppose that the stopping condition is
satisfied and event £ holds. Then |7(_t — ,u[ < ¢ and ¢; < ¢, hence X, is an absolute

(€, 9)-approximation of .
6.2.2 Analysis

As we have done with the other algorithms we have proposed, we derive a high-probability

upper bound on the stopping time of EBAStop.

Theorem 5. Let X be a random variable distributed with range 1. Let pn = E[X] and
0% = V[X] and assume . > 0. Let T be the stopping time of EBAStop on X while

following a geometric sampling schedule. Then here exists a constant C such that
. 21 1 3
P {T > (' - max (J—Q, —) [loglog -+ log —H < 24.
€l € € )

Proof. The proof is analogous to the proof of Theorem 4. EBAStop stops when ¢ < ¢, or

if we substitute the full expression for ¢;, when

\/2aVTlog(1/6K) | 3odog(1/0k) _ (6.4)

T T -7
where 1/6;, = 3kP/(cd) and K = |logg T'| < loggT. Now, as we have done in the proof
of Theorem 4, we seek a a high-probability upper bound on V;. By applying Lemma 2 with

the choice z = alog %(logﬂ t)P to V; we obtain that for all £ > 1, with probability at least
1-9,

2
2ap log ((c%)% 1%"%) 4aplog ((533)% 1%"%)
V, < 0?4 Vo? 2L TR 6.5)
Let p = max(a?, ¢), then if ¢ is a solution to
> 1
3oplog ((3)” 15¢5)
= p, (6.6)
by Lemma 4
3 3 1 3
t< 2P [log log 222 4 Z1og —] =t,. 6.7)
p p p ~cd

We now define £ to be the event that (6.8) holds for all ¢ > 1. It then follows that if

EBAStop has taken at least ¢, samples and event £ holds, then V; < 3p = 3 max(c?, €).
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It then follows that when £ and &’ hold, and ¢ > t,, then

3 1 1 t 3 I t
2aV;plog (t(a)” lgggﬂ) N 3aplog ((—5) l((:gﬂ) 6.8)
Iy 1
paplos ((5)7 i55) | 3noplor ()7 iZ5)
. t N : (6.9)
1
paplog | (25 » logt
< (VB+v3) <(t5) ) (6.10)

Now consider the smallest t* > ¢, that satisfies

s (V6 4 va) PRl lonst”

t

As in the proof of Theorem 2, when £ and £’ hold, t* > T. We can apply Lemma 4 one

more time to obtain

P < p(v/6 +€2\/§)2ap {

(V6 +V3)2ap 1 3
2

loglogp +plog— . (6.11)

co

The desired form of the bound can be obtained by absorbing the additive constant into
the multiplicative constant when ¢ and § are small. Finally, noticing that £ and &’ hold

simultaneously with probability at least 1 — 24 finishes the proof. O

We can then use Theorem 5 and part b of Theorem 2 to obtain that there exists a uni-

versal constant C such that

o2

1 1 3
E[T|<C- max(?, E) [log log - + log 5] .

Hence, if we disregard the logarithmic terms, the adaptive approach used in EBAStop re-
quires on the order of max (2—22, %) samples, while the non-adaptive approach requires on
the order of ?12 samples. This implies that when the variance is small, the adaptive approach
should be able to stop substantially earlier.

Nevertheless, the log log% term can be made arbitrarily large by using a sufficiently
small value of e. We can get a general idea of how small ¢ has to be for this term to become
non-negligible by considering the case of a Bernoulli random variable with mean p. This
random variable has variance p(1 — 1) and it is the largest variance achievable by a random
variable with mean i and range 1. If we consider the logarithmic term to be non-negligible
when

o? 1
) log log < > 2
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or equivalently when

log 10g1 > iz’ 6.12)
€ o

we can solve for the smallest e for which this is true. In the Bernoulli case, Inequality (6.12)

is satisfied when

€ < ! . (6.13)

exp (exp (Wl—u—)»

By plugging in values of p into Inequality (6.13) we get that the logarithmic term becomes

non-negligible when ¢ < 1072 for 4 = 0.5 and when ¢ < 10713 for u = 0.2. Hence, ¢
would have to be really small for the logarithmic term to be sufficiently large.

As in the case of relative error, we can use the reduction approach of Section 3.4 to
obtain an upper bound on the expected stopping time of EBAStop when used on random
variables with range R. It is easy to show that if T is the stopping time of EBAStop in this

case, then
2

E[T] < C-max (0—2, E) [loglog R + log g}
e € €

for some universal constant C.

6.2.3 Mixture of Stopping Rules

Based on our analysis it is clear that the Hoeffding-based stopping rule and our adaptive ap-
proach each have their own merits. When the variance is small compared to ¢, the adaptive
approach should only require on the order of % samples. On the other hand, when ¢ is really
small, the Hoeffding-based approach should be able to stop earlier than EBAstop because
the log log term in the bound on the expected stopping time of EBAStop will be large.
How can we decide which algorithm to use in practice? Instead of trying to decide
which stopping rule is likely to stop first when faced with a particular scenario we can
combine both stopping rules into a single stopping rule. Let Troef¢(6), and Tp(4) be the
number of samples required to find an absolute (¢, §)-approximation of a random variable
X by the Hoeffding-based and adaptive methods respectively. The mixture stopping rule
stops after min(Troess(0/2), Tep(6/2)) samples. The stopping time of this rule should

be a constant worse than min(Txeef(3), TEB(J)).

6.3 Experimental Results

Theorem 5 suggests that our adaptive approach should require significantly fewer samples

than the non-adaptive approach when the variance is small and that the two approaches
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should perform comparably when the variance is large. We compared the average number
of samples required by each method to find an absolute (e, §)-approximations of random
variables with a fixed mean but different variances. We ran each stopping rule 100 times
on U(0,1, m) random variables for m = 1,5,10, 50, 100,1000, ¢ = 0.01 and § = 0.01.
Figure 6.1 shows the average number of samples taken by each algorithm for each value of
m. Hoeffding denotes the non-adaptive approach, EBAStop denotes our adaptive approach,
while Mixture denotes the combination of the two approaches. Logarithmic scale was used

on the y-axis for clarity.

105 ™ T T T T

Hl Hoeffding

Mixture
B EBAStop

Average number of samples taken

1 5 10 50 100 1000

Figure 6.1: Comparison of absolute (¢, §)-stopping rules on averages of m Uniform(0,1)
random variables for m = 1, 5, 10, 50, 100, 1000.

As expected, the adaptive approach requires fewer samples to stop as the variance
decreases. The variance of U(0,1,1) is the largest of the 6 random variables, and the
Hoeffding-based approach actually manages to stop earlier than the adaptive approach.
However, the adaptive approach stops much earlier on U(0,1,5) and U(0,1,10). The
reduction in the stopping times is much smaller for m = 50, 100, 1000, but this is not sur-

prising because for these random variables our algorithm should require on the order of 1/¢
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samples, reducing the benefit of variance estimation. The mixture of the two stopping rules
performs almost as well as the better of the two rules in all cases.

Iﬁ the second experiment, we compared the stopping times of the stopping rules when
finding an absolute (e, §)-approximation of a U (0, 1, 3) random variable for different values
of e. The results are resented in Figure 6.2. For large values of ¢, the Hoeffding-based
approach stops much earlier than our adaptive rule because the overhead of being adaptive
is too high when a small number of samples is sufficient. When € is small, our adaptive
rule stops earlier by exploiting the small variance of the U (0, 1,3) random variable. As
expected, in both cases, the mixture of the two stopping rules requires only a few more

samples than the best stopping rule.

Bl Hoeffding
Mixture 1
B EBAStop

[

e
T
T

Average number of samples taken

il

o e : !
0.2 0.1 0.0 0.025 0.0125 0.006250.003125
€

Figure 6.2: Comparison of absolute (e, §)-stopping rules on a U(0, 1, 3) random variable
for different values of e.

6.4 Conclusions

We have presented an adaptive algorithm for finding absolute (e, d)-approximations of

bounded random variables. While the algorithm is able to stop much earlier than a non-
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adaptive approach when the variance is small, its expected stopping time as ¢ goes to 0
becomes larger than that of the non-adaptive approach. We showed that a mixture of the
two approaches may be a good alternative to the Hoeffding-based approach in practice as it
will never stop much later than the Hoeffding-based stopping rule but can, in some settings,

stop much earlier.
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Chapter 7

Conclusion

7.1 Summary of Contributions

The main contribution of this thesis is the introduction of the EBStop algorithm - a near-
optimal stopping rule for finding (e, d)-approximations of bounded random variables. The
key advantage over previous approaches is the use of empirical Bernstein bounds, which
allow our algorithm to stop much earlier than its competitors when the variance is small.
We also show how a version of the empirical Bernstein bound that holds over an interval
can be used to make our algorithm much more efficient by grouping deviation bounds. The
resulting algorithm achieves a better bound on expected stopping time and performs well in
practice.

Finally, we applied our techniques to obtain a novel algorithm for finding absolute
(e, 0)-approximations. While our new algorithm required much fewer samples than the
standard approach based on Hoeffding’s inequality when the variance is small, it performed
poorly in other settings. We then showed that a combination of these two approaches into a
mixture stopping rule yields an algorithm that performs almost as well as the better of the

two approaches in all situations.

7.2 Future Work

While EBGStop is currently the most efficient stopping rule for finding (e, )-approximations
of bounded random variables there is considerable room for improvement.

The first interesting question is whether the lower bound due to Dagum et al. is achiev-
able in the case of bounded random variables. EBGStop comes to within a log log term
involving € and |u| of achieving this lower bound. This term is the result of applying a

union bound over time, and one possibility for eliminating it is by assigning the failure
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probability given to the confidence interval after ¢t samples adaptively. Since knowing p
and o2 in advance would allow us to determine the optimal stopping time, the hope is that
using estimates of y and o2 to adaptively construct the sequence of confidence intervals
would allow us to come close to achieving the optimal stopping time.

Another important direction for future research is improving the coverage of nonpara-
metric stopping rules. As we have already noted in Section 2.3, all of the existing (e, §)-
stopping rules are extremely conservative and come nowhere near achieving coverage of
1 — 4. Some of the inefficiency stems from the use of the union bound. When EBStop
is close to stopping, the confidence interval used in evaluating the stopping condition is
much more conservative than 1 — §. Constructing the sequence of failure probabilities {d; }
adaptively or avoiding the use of the union bound over time all together are two promising
approaches. Further improvements of the coverage could be obtained by developing better

bounds to be used in place of the empirical Bernstein bound.
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Chapter 8

Appendix

8.1 Probability Inequalities

Inequalities that bound the probability that a sample mean will deviate from its expected
value by more than some value ¢ are an important tool for developing efficient stopping

algorithms. This appendix reviews the two bounds used in this thesis.

8.1.1 Hoeffding’s Inequality

Let Xy,..., X; real-valued iid. random variables with range R and, mean p, and let

X, =1/t | X;. Hoeffding’s inequality [10] states that for any € > 0
P[X;—p>c] <e 2/, ®8.1)

One can use Hoeffding’s inequality to obtain that for any § € (0, 1), with probability at

least 1 — ¢

— log(2/8
|IX¢—pl <R ————Og;t/). (8.2)

8.1.2 Empirical Bernstein Bounds

The empirical Bernstein bound [2] states that with probability at least 1 — §

2V log (3/6) n 3Rlog (3/9)

X —ul <
lt /-Ll- n 1 3

8.3)

where V; is the empirical variance of X3,..., X V; = % le(Xi — X;)?. Note that
the square root term in Inequality (8.3) is very similar to square root term in Hoeffding’s
bound, except in that the empirical standard deviation appears in Inequality (8.3) instead
of the range 2. The additional linear term appearing in the empirical Bernstein bound is

necessary because the empirical standard deviation can be 0.
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