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. Abstract . » .
ThlS work is an analy51s of the flu1d behaﬁghr 1n a
’ . :

plpe subject to a harmonlcally varying pres&ud&

ek

 From this basis ‘the acoustic propertles;arq&ﬁhﬁaw4jiw
‘theSe'are compared to experlmental data. : \{”
4.Thlsianalys1s con51ders the affect of the 1nert1a,.the
wlsgosity_and thevplpe conflgurat1on on the-fluid motlon.h
JGalerkin;s‘method~of weighted'residuals isrused-to'derive,ad

Ny
: F1n1te Element model from'a 51mp11f1ed Nav1er Stokes

"jmomentum equatlon. A four node 1soparametr1c element is used

~to determlne the velocxty dlstr1but10n at two tlmes of the

harmon1c cycle, at the beglnnlng of the cycle (when pressure Qi“

e
/

gradlent 1s a maxlmum) 'and at 90° 1nto the cycle (when‘

'! presSure grad1ent 156901ng through zero) stng the mean of a

*»vthese veloc1t1es the re51st1v1ty and the effect17e den51ty

/

" are found as’ functlons of frequenoy
For a plpe of unlform cross sect1onal area the'

L

1mpedance is dlrectly found from the re51st1v1ty and the

‘-_effectlve den51ty via an exact equatlon. To f1nd the

. Ay o
,llmpedance for a p1pe W1th an area. varylng along the axls a

¢

’second F1n1te Element is developed whlch requ1res these same

' parameters.

Results are presented for the cases of a c1rcular plpe,

sk

:tr1angular plpe, square pipe, | two parallel walls and a
\

‘gprectangular plpe w1th an aspect ratlo of flve. Good
;5;fagreement is found between the predlcted and the

"

vexper1mental results.
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1Introduct1on = 1: . a

”f' The problem ‘to be con51dered 1s the analy51s of the

"‘acoustlc propertles of plpes of arbltraryAcross sect1on in

'd';eanalx

o ‘».‘_plpes @

it wh1ch v1scous apd 1nert1al forces of t&e flu1d are. 1ncluded ,

~

;;;Prev1ous work 1n thls area has been restrlcted by the

rlcal methods to the cases of channels and cyllndrlcal
‘ A rev1ew glven by Zw1kker and Kosten [19] covers and
dd;bu1lds on the contrlbutlons of Helmholtz, K1rchhoff)[11] and

:thaylelgh [15] in- the analys1s of flu1d motlon in plhes/ The,'J'

r‘iif1rst analyszs of unsteady flu1d mot1on near a wall was

o ,developed by Stokes and thls analy51s was appl1ed to the - }_”

.'cases of channels and‘g\\es by Helmholtz who cons1dered only

\”5?afthe v1scous and 1nert1al forces. Klrchhoff [11] made a major

'“7contr1but10n by 1nclud1ng v1sc051ty and effects ar151ng from L

0

S'ﬂthe generatlon of heat and 1ts conductlon to and from the &

5lt'v1sc051ty domlnates and when v1sc051ty 1s very small

ﬁ:walls of the tube. Raylelgh [15] bu1lt on these works tol.ﬁd"

gdevelop a theory of the flu1d>mot1on for cases when the

d:{Rayl81gh [15] was the flrst to suggest that the adoustac 2
'7fipropert1es of a’ wall made of numerous flne channels couldtf
hts1mulate the propertles of a potous sound absorblng wall fj"'x'
i The general characterlstlcs of. flUId motlon in. roundi”"
:dolpes can best be descrlbed through examlnlng the extreme;td

,cases at low and hlgh frequenc1es; The most 1mportant o

- . v
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dlfference 1s whether the v1scous oFf the 1nert1at\forces

‘*(“' -y

,/ domlnate.l_

f At low frequenc1es 0; VWhen the tube 1s very small the i

'yrscous property of the flu1d determlnes 1ts motlon; The ?“
Nycharacterlstlcs of the motlon are as follows. The mean
.rveloc1ty of the flu1d 1s proportlonal to and 1n phase wath ﬂ
fthe pressure gradlent. A boundary condltlon of v1scous flow

"fyls that the veloc1ty at the plpe wall 1s zero At these\lowfl

e

lilﬂo;frequenc1es in a. round p1pe the veloc1ty proflle 1s f@ﬁQrf‘

',approx1mately a parabollod of'revolutlon. The temperature of
tfthe f1u1d 1s held constant by the‘conductlon of heat to the
hﬁwalls of the plpe, whlch in most cases has a much largeryffgf

'hheat capac1ty than the flur (The heat\h\rb mentloned

>7titpropagatlon in: the plpes belng at 1ts lower 11m1t wh1ch 1s' :
#ff290 m/s for.alr.,fff*fd:ti;b 'H'h S e ,h y H‘ ke
» At hlgh frequenc1es the fluld mot1on 1s compllcated by
‘.}two factors.,The f1rst and most 1mportant factor 1s the
f7:h1nert1a of the flu1d When the 1nert1al forces domlnate over
',the v1scous forces the flu1d motlon 1ags behlnd the pressure;,:
xbgradlent Under harmonlcally varylng pressure gradlents, as
-}trequency 1ncreases, the motlon lag approaches 90° 'Vﬁ,

”f35add1tlon the veloc1ty proflle flattens and for a glven

A :

‘f;_q=pressure gradlent, the peak veloc1t1es achleved decrease T"V“‘

‘ g ),\ N .'\:',,M
‘ w1th 1ncrea51ng frequency ThlS 51tuatlon 1s 51m11ar to a :

Do

idamper mass system' 1f the forc1ng functlon is kept

i



fconstant”'the amplitude of vibration decreases when the
\" . : ‘ . ‘ v‘ . ‘-"“y
frequency 1ncreases.. .‘ ._,§;34l - —" S s

N A more 1nvolved factor 1nf1uenc1ng the flu1d motlon at

'fhlgh f equenc1es is, the conduct1on of heat; At hlgh
Vyfrequenc es’ the flu1d does not commun1cate heat fast enoughvyd
t v‘hevplpe walls to make reasonable the assumptlon of
':“constant temperature throughout the flu1d ThlS 1n 1tself
7:has three effects. The f1rSt effect 1s that the speed of

'?vysound approaches the ad1abat1c speed of sound wh1ch 1s 343 o

) . - e,

,f_fm/s for a1r Slnce the walls of the p1pe have a decreased

)

“vglnfluence on the temperature there ex1sts a 51gn1f1cant-];l"

:“fitemperature dlfference between the walls and the flu1d at

jthe ax1s of the plpe. Thus the V1scos1ty 15 no- longer
‘Cgfconstant.lThe th1rd effect 1s the 1ntroduct10n of another e
“dmechan1$m for dlss1pat1on in’ the form of thermal processes.;'

Even at hlgh frequenc1es, however, the d1551pat10n of the

Lo

wave energy 1s domlnated by v1scous forces.o; LA Y

Blot [1] develops a functlon 1n an attempt to descr1be -
7the‘1nteract1on of the v1scous and the 1nert1al forces 1n
narrow channels and round plpesj ThlS funct1on 1s appllcablet
@:to absorptlve materlal but here 1t 1s used malnly as- a_vf;_,ﬂf

"] omparlson to’ the numerlcal analy51s.,“

I ey

BlOt s functlon is related to the momentum balance as~’"‘”

"'f,;follows e bP/ax pe‘ - E RT e
Cea : . g ko . : : :f
A more convenlent form Wlth whlch to analyze the -
'ffacoustlc propert1es 1s 1n the equatlon |
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fwhere U is the complex ‘mean veloc1ty (averaged\across the

"plpe at £=0 and t=90° }n the cycle) U is. its €1me‘

.ﬂ_derlvatlve &als called the effectlve dEn51ty aLd R 1s thep

”re51st1v1ty ThLS relatlon assumes that the flUId veloc1tyv

. is constant across the p1pe and equal to*U Kuttruff [12]

yassumes that the effectlve den51ty and re51st1v1ty are

A

’ﬁ‘constant but\admlts that from Cremer [4] this analy51s 1s’_
“'llmlted to condltlons where 1'f u&//ﬂ ,4 4

_fThe proceedlng analy51s 1s not under thls constralnt
v It can be reasoned that the parameters of effectlve

'.~den51ty and re51st1v1ty must change Wlth frequency by 51mply

3”contrast1ng the flu1d motlon characterlstlcs at low and hlgh

5frequenc1es. For example at h1gh frequenc1es the analogy to."'

ftthe damper mass system shows that the magnltude of - the

S veloc1ty decreases w1th frequency ThlS 1mpl1es that the

-Qq;re51st1v1ty 1ncreases w1th frequency.gThese propertlesﬂ'

o whlch are functlons of frequency, are also strongly

‘. .0
\. :

‘vdependent on: the type of plpe con51dered

The dependence onZthe type of p1pe con51dered 1s due to“~u

fthe dlfferent flUld motlon found 1n dlfferent plpes. The

"Ls1mplest example is to con51der steady state flow 1n plpes.

aﬂhe shear stresses on : the walls of non c1rcular plpes can be
"?_extremely var1able along the perlmeter of the p1pe. Thus 1t

"'5t1s reasonable to say that the flu1d behav1or and thus the

o g
:;acoust1c,propert1£54 in non‘C1rCUIar plpes at varlou

)

1L2~ld'
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"_frequenc1es are 51gn1f1cantly d1fferent from those of the
‘cases. already studled i e. the channel’and cylinder.
The aim of thlS thesrs is to develop an analys1s of

flu1d mot1on which 1s appllcable to plpe% of any arbltrary

',cross section.

e Tnanaly51s._

Blot s [1] ?ﬁnctzon for the channels and the
| yllndrlcal plpe/ls used to conflrm the results obtalned
Blot [1] states that these two cases: represent extreme

vcases. So the functlon for any other case should 11e between

.T' .

'“these two functlons. It is found that the cases of

non- c1rcu1ar p1pes do not behave qu1te as predlctably as_

»

-v;thls reasonlng suggests.‘7‘

More 1mportantly, the 1ntent of’ thlS analy51s is to.
. :

: flnd how ‘the’ re51§t1v1ty and effectlve den51ty vary w1thfd3
.frequency for a numb\r of shapes of p1pe. W1th these
’v,relatlons it is p0551bl to ‘use. the work of Zw1kker and |
diKosten [19] and that of Craggs [2] to deduce flrst the 1nput
-41mpedance, then dlrectly the absorptlon, of a matrlx of
f1n1te plpes. ThlS done 1t 1s p0551ble to conflrm the.

{ .
'analys1s by exper1ment ThlS was done along w1th the above'

The presentatlon of the analy51s proceeds as follows.‘\

In Chapter 2 the method of analy51ng the problem 1s covered

=

;”Thls beglns w1th the assumptlons whlch lead to the goyernlng'”

=~

:}equatlons. The method of solutlon to the governlng

-equatlons, the f1n1te element method .1s then developed
Sl . Y :
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Chapter 3 presents the solutlon of the govern1ng
‘equatlons as applled to trlangular plpes and square p1pesf'

Comparlson is made of the results of the analy51s to Biot's

&

(1] functlons.
_ﬁ Chapter 4 shows the types of meshes used and the

'convergence of the bulk propertles due to changxng the type

1
s

. of mesh. f., &',‘_“ o - .

. The resultlng shear stresses on the walls of the

‘trlangular pipe and square p1pe at varlous frequenc1es are

noted in Chapter 5. S t':i%i . |

The relatlonshlp between the flu1d motlon and the

;acoustlc propertles of re51st1v1ty and effectlveadens1ty are.

derived in Chapter 6. These properties.are presented _as

'predlcted by the numer1ca1 ‘model, tor the cyl;ndr;cal, |

tr;angular, square, andurectangular plpes a5'we11.as £6r the

slit. A150»included are'two~ways'ot findlng-the'impedance

for a f1n1te p1pe w1th one end closed “The flrst way 1s from‘
the exact equatlon for a pipe whlch 1s’un1form along 1t$

'jlength The second is a finite element method wh1ch qan

model a pipe vary1ng 1n area along 1ts'aXis. “ |

| Thevlmpedance tube experlment the predlcted absorptlon

Hof the numerlcal model and the most cr1t1cal assumptlons ‘of

v the ana1y51s are dlscussed in Chapter 7.

A summary of the work and the concluszons drawn from it

- o

3

R are contalped 1n Chapter 8.



2, Calculatinngelocity Distributions due to Osclllating

Pressure Grad1ents-

L;

2.1 Derivlng.Velocity'Profiles in‘Small pipes:

Thewf1rst area to be examined is the flu1d veloc1ty
d1str1but1on across a plpe w1th the . flu1d belng subjected to
an oscillatory pressure gradlent. The 1mportance of thls 1s

to prov1de the mean veloc1ty as a functlon of time. This

information d1rectly leads to two 1mportant bulk propert1e5°

- of plpes.‘-

.w1th the prev1ously known analytlcal results.'Plpes of.

_the res1st1v1ty R and effectlve fluid den51ty, Pe * These:
"two propertles depend on the cross sect1ona1 geometrylof the *

"p1pe and frequency of the osc1llatory pressure gradlent.

The acoustlc 1mpedance can be determ1ned know1ng only
the re51st1v1ty, effectlve den51ty, and the 1ength between
the open end where ‘the wave enters and the~r1g1d termlnus.v
In practlce the acoustlc 1mpedance and attenuatlon are
requ1red for an assembly or panel of parallel pipes ofﬁ

51m1lar cross sect10nal geometry whlch may be used for

‘absorblng sound. Each pipe in the assembly affects the" - v

portlon of the sound wave wh1ch strikes 1t 1ndependently and \

‘1dent1cally to the surroundlng plpes, therefore the o \'

reflected ‘wave from the single p1pe w111 have the same o a

i

’strength and phase as the reflected wave from the assembly

Plpes of c1rcular cross sectlon are modelled to compare S



‘wr_

trlangular and square cross sectlon are modelled to compare
L

J‘t} A e

with the experlmental results. Small pipes of trlangular and
square cross- sectlon are. qu1te pract1cal due to thelr ;

- perfect packlng density and ease of manufacture.,

[

v : — L

e 5\ . ’ - . /,/

2.2 Assumptions— _

“To find the velocity distribution;certain assumptlohs
can,be‘made. J | | .
1) ‘The fluid is ﬂewtonlan. ' o L N
2) The'wglls of the pipe are-rigid.and"statiohary.‘ o
_3)‘The pressUre oradient'is-strictlyjaxial.
14) The inlet'effects_are negligible. | SR ~~\
dS)ZThe fiuid"temperature is constant. o .
,6) The‘flu1d den51ty 1s;constant |
The . 1nlet éffects areﬁneglected because for 51gn1f1cantl
sound absorptlon the plpeS'must be falrly th1n and long to~

prov1de, in essence, a large area to act on the flu1d Fo§

- 'steady flow the sectlon of plpe taken’ for the flow to. go

'from the 1n1t1ally flat veloc1ty proflle to 1ts steady State
':ﬁ\parabollc veloc1ty prof1 e (for lamlnar flow) is .
Z‘proportlonal to the Reyn lds number [16]. In osclllatlng

*'flow the 1nlet effects ecrease for the follow1ng reasons.

_First of all the Reynolls number (based on 1nstantaneous

'veloc1ty) decreases W1th 1ncrea51ng fre ency, andzsecond
the veloc1ty dlstrlbutlon changes from jQ;aragolic"to a ..

vflattened proflle thus loca1121ng the shear to the walls and



-denSity.

thus the-pseudo-steady-state condition is more easily

established. The effect of the inlet on pulsati;e'fluid

motion is cdvered briefly by McDonald [14] . .

A more- 51gn1f1cant assumptlon is that there is no.fdf

temperature gradlent in the flu1d This: allows the use oé a

constant v1sc051ty across the plpe»at all times but 1t means

the absorptlon of the model will be low because the thermal

process be1ng neglected is a mechanlsm of d1551pat10n Thlsk”

assumptlon means that the 1sothermal speed of sound C= 290

m/s should be used. v "

o

It is also assumed that the den51ty variation 1s

negllglble. Although thlS analy51s 1s ‘to be applled to

,determlne the characterlstlcs of sound waves in pipes’ the

.~ -

flu1d motlon can be found first by assum1ng "the f1u1d 1s

1ncompre551ble. ThlS is reasonable since even a sound

fpresSure level of 100 dB creates a den51ty varlatlon whlch

| m

Tis flve ordersAof“magnltude.smaller,than‘the average

S . N N A

2 3 Govern1ng Equatlons

Wlth the above assumptlons the Nav1er Stokes momentum,

;_5 equatlon.[161 is d o ' ,i‘t

3By A g2 2.1




For fluid motion in a stationary pipe the boundary
condition is U=0 at the pipe wall. The Cartesian coordinate
system is used with the X direction being along the axis of

e the pipe.
: . Y
o SR 4

J

Z , - ‘

Y
/

The second govern1ng equation is the wave equation, as
'derlved in Appendlx A. This equetion(provides the form of

“ the pressure variation needed. In one dimension the equation

is .
R : i
- : . 02‘_8% = 2__?_} ‘ 2.2
X 9 ”
rThe resulting pressure is
P(X;t)v= P exp{j(ut - KX)} S . / Az.?

. - . O L.

'*ﬁ.where P is the peik*pressure, w is the c1rcular frequency, k

1s the wave number,k-'w /C and C-is the son1c speed

; 1"“ . .
. The veloclty must assume the same form.
L #
T U = U, y explilot - 1K)} - '/ 2.4

x;y,2z,t)  (y,2)

2 The:phase'di %eréﬁ63'53t;ee;~t;e~;eloc1ty and tﬁe pressure’

5" expressed by the complex quantlty U The veloc1ty output,

.



of the computer program will be 1in terms of Ur and Ui, which

"

are the real and imaginary parts of U respectively

i

A- + ' 2.
U= U+ U, |

Looking at one ﬁositioh of the pipe, say X=0, and
repiacing the exponential notation with its equivalent givés
us |

Ulo,y,z,t)=(Ur+jui) (cos( w t)+jsin( w t))
2.6

our ipput quantity is'bressure'so P is set to be real

only - .

v A
P =P cos( wt) 2.7

- Since only the real part of these guantities has ’

physical significance -

'
-t

‘U(o,y,z,t) = Ur cos( o t) - Ui sin( w t)
2.8

S ‘Ur i$ the velocity distribution ét t=0 and the;ﬁfﬂiiilﬁ/ef’/////
| Ui is the veiécity'distriﬁufién'ii;f/ﬁzgggfzfﬂ, : ' :
‘*A¢  Subétitﬁ%iﬁgﬂﬁgiswharmﬁﬁfgfvelocity into the momentpm‘

, /ﬂwéq%Eff65?§;;155 “

e

p——

ap 2

3R - Ve , | 2.9
“x % Wi = ¥ ?



‘flnflnlte parallel plates, referred to hem

(employed

2 4 Galerkzn s Method andS%he Flnlté Element Method f
. I ‘
, Analytlcal solutlons to the'abo e equatlon have been

found 1n the case of a round plpe"as well/as for two

/n i ’

1.77;To solve for the veloc1ty proflle ahowever. in a PlPe WIth

g 5

X i
‘gpan arbltrary cross sectlon numerlpal technlques must be

S

The numerlcal technlque chosen 1s Galerkln s method

"Vuwhlch 1s a spec1f1c form of the welghted re51duals method

6

‘f;Huebner [10] who prov1des some excellent examples of the‘
ﬁfuse of Galerkln S method 1n f1n1te elements, offers the - :
4 5

”'f{ollowing wh1 h can be taken as afsynops1s of the method

l"-"Applylng the method of welghted re51duals 1nvolves
ba51cally two steps. The flrst is to assume the"f i
=Qgenera1 functlonal behav1or of the dependent fleld

|38
b

fvarlable 1n some way so as to<approx1mately satlsfy

'=u'vthe glven dlfferentlal equatlon and boundary

e

condltlons._Substltut1on of thlS approx1mat10n 1nto

the orlglnal dlfferentlal equatlon and boundary
::condltlons then results 1n some error‘called ag':fiffl
',_re51dual Thls re51dual 1s requ1red to vanlshaln‘»!~ﬁ
v'.llsome average sense over the entlre solut1on domaln
’a"The second step 1s to solve the equatlpn (or

ffequatlons) resultlng from the flrst step and thereby

spec1allze the general functlonal form to a

. _-—-——————.——.—-——__

"For further dlscu551on see. Refs. 6 and 8. The orlglnal work

/by Galerkin is not readlly dccessible but: br1ef accounts are
contalned ‘in varlous Russ1an publlcat1ons eg. Refs._S and 9

RS

12

eafter: as a sllt.~'“f
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npartlcular functlon wh1ch then becomes the

”vapprox1mate solutlon sought“'f'ﬂ'}ff.-_7v.::f;;>r55fd

Let us expand thlS w1th the s1mp11f1ed momentumif

';equatlon (2 9) in m1nd The f1e1d varlable 1s the veloc1ty ’gT

:2U The domaln of 1nterest ‘is the YZ plane bounded by the :

:'5'p1pe walls,;_,__j*at

.n'

Flrst U is: approxlmated by u, where e1ther the o .:)f‘;,tv

ftfunctlonal behav1or of 1s spec1f1ed in terms of unknown

% ‘_‘..depend

-‘jparameters,_or the functlonal dependence on all but one of

SO

£

_”_the 1ndepéndent varlables LS spec1f1ed whlle the functlonal

e on the remalnlng 1ndependent varlable 1s 1eft

+

fh}punspec1f1ed Then the dependent varlable 1s approx1mated by'Z'h

P

h~7where N1 are the assumed functlons and C1 are e1ther the

unknown parameters or unknown funct1ons of one of the

'ylndependent varlables. The m 1s the number of unknown

Eparameters wlth whlch U 1s approxlmated The m functlons N1 i

‘_Qare generally chosen to satlsfg the boundary cond1t;ons.7

When the approxlmatlon u 1s substltuted 1nto the

“ ”ﬁmomentum equatlon (2 9) there w1ll llkely be some error ]

t,hlcalled the re51dua1 ';TH
e o e Z g}!; + J oy w N u VZ\'\: : . 2.11

!"‘“



. \_ :

o The focus of the method of welghted res1duals 15 tO

{»determlne the m unknowns C1 1n such a way that the re51dual ﬁ:f

g . .

1;over the englre domaln 1s small

Therefore we choose m 11nearly 1ndependent welghtlng

v _functlonsewl and spec1fy that the welghted average of the' ivT"T

ferror van1sh over the domaln. That 1s 1f

e e

tﬂhthen the re51dual 1s small 1n some sense{ Note that

i m1n1m121ng the error of the d1fferent1a1 equatlon does not
“"inecessa 1ly mean that the error of the solutlon has been

v

mlnlmzzed by the same we1ght1ng functlons.,qjer

S eWidA=0 e aae

S

At thlS p01nt a broad ch01ce of welghtlng functlons are

'T;avallable..For thlS problem however, Galerkln s crlterlon

'fdetermlnes the welghtlng functlon% Galerkln 'S crlterlon 15

R

:VV;‘that theawelghtlng functlons are the same as the o
:Mfapproxlmatlng funct1ons used to represent U that 1s W1 N1. fe

'?”vffor(;—l,z,.;,m,_‘

"2 5 D1scret1zat10n "w
So far the entlre solution,doma1n has been con51déred
' fThls requlres that the approxlmatlng functlons 1dent1cally

"satlsfy the boundary condltlons. Thls can mean that the

’9funct10ns can be qu1te 1nvolved 1f the shape of the boundary |

:;;s 1rregular. Slnce the dlfferentlal equatlon holds at any

Ni



-\' .

'»vfp01nt 1n the dpmaln 1t also holds for any collectlon of

‘Sfp01nts def1n1ng an arbltraty subdomaln or element Of the

whole domaln. Focu51ng on thlS element generally allows a
‘ \

’*:”b51mp11f1cat1on of the approx1mat1ng functlon. The shape of
hhthe domaln 1s then approxlmated by an assembly of such
'elements. | o . _;b 2
;ﬂNb looklng at a typlcal element fhe"fdﬁétidhs Ni énéihf75°
‘\Ehffthe 1nterpolat1on fUDCthﬂS deflned over the element and
'tthe undetermlned parameters C1 are the values of the f1eld
‘hdvarlables or thelr der1vat1ves at the nodes. For each

helement, then,i- -“17 | ’;;7” ;;{ufTV:*ﬂﬂifpfriﬁffaf,ot‘ ,.. . .

(e) l'

D

v

’ -,,:.

h;izfQWherg/‘ .,,f,;';I~n';f /yrl,; h“i;31;1?7¥o5”z, ::i{
L U(e) — Nicl = LN ) {Cl(e)} ) T s

<-‘P-E‘~/m

dflwhere r 1s the number of unkown parameters of each

°

'iddtoelement ie. the product of the number og nodes per element»I-I'.Lf'-f,_"'?"T

5p;and the number of unknowns per node. The unknowns are’ |
bfveloc1ty 1f the lowest order 1nterpolat10n funct1on 1s usedfﬁtJ'M
'1]°f the unknowns may also 1nclude the derlvatlves of the

fdveloc1ty 1f a’ hlgher order functlon 1s used Henceforth U Timdfa‘

1

;w1ll represent the approxlmate beloc1ty. ‘{--d"

Theeonly problem remalnlng before assembllng the’d“

f»elements and solv1ng the equatlons is that the 1nterpolat1on

llfunctlon must ensure cont1nu1ty of the functlon between :,§a;-

Al 3 .

\hVelements. The 1nterpolat10n functlons must be chosen such

.

{—%— +. Jp mU : —u V‘?* U} Ni(e) dA(ez =O 2£3 e



3‘17that at the element boundarles; cont1nu1ty of- the fleld

NN ’\

N
oy 4_»,‘

‘.varlable, as well as. cont1nu1ty of 1ts partlal derlvatlves ;

'fls Satleled (up to one- order less than the hlghest order

k;derlvatlve appearlng in the expre551on to be 1ntegrated)

7The hlgher the order of cont1nu1ty requlred the fewer .
'"-z;sultable 1hterpolatlon functlons avallable.

. App1y1ng 1ntegrat10n by parts to the 1ntegra1
erxpre551on, equatlon (2 9)0 reduces the order of - the
”;ider1vat1ves and the requ1red order of the approx1mat1ng:v
'fffunctlon. Integratlon by parts also convenlently 1ntroduoes f }f7

; the natural boundary condltlons. » : ‘ i .
| l Appendlx B shows the detalled der1vat1on of the matrlx
' fdeouatlons. For thls work the 51mplest quadrllateral element'
‘fewas used. It has only one degree of freedom at each node. and}:
'thus can only assume a’ l1near varlatlon between nodes.'

JFlgure 2 1 shows a typlcal element and the 1nterpolatlon_d

'-gfﬁfounctlon 1n\the transformed ZY plane.'”'

e Y A L - ,-('1-1) q.nmt _(1‘,_1‘)
| = = o
—_ "‘:f('-t-ﬁ (1:1) \
RO U = %‘ {U (l-n)(l €)+U (1+n)(l 5)+U (1 n)(l+£)+U (1+n)(1+£)}
( Cn . ) Figure 2 1 Coordinate\ Systems : . R

I
«‘W\hs YZ plane 1s the EEZ§1C31 plane. Theng plane 15 the
v@nafural ;lcoordlnate system..Thls transformat1on allows us;__f
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to perform the necessary 1ntegrat1ons u51ng Gauss quadrature”_
1n an orthogonal plane and yet allowlng the element to

_assume the shape of practlcally any quadrllateral 1n the ZY

plane. The transformatLon from one planerto the other 1s

performed by the. same functlon as. the 1nterpolat1on
“ ‘41. : :
functlon._~ :

‘“z:= 4 x {z (1- g)(l n)+z (1—5)(1+n) +

oz (1+£)(1 n) +2, (1+e:)(1+n)} S 2
RO -1-x*{Y' <1—g5(1-’n‘)’ + z" (‘1’-s:><1+n)7+.[ i ‘
R ¥, (l+£)(l-n) +Y, (l+€)(l+n) e 27

- Elements calculated by thls procedure are termed

1soparametr1c.g~ ;uj? S A .

l 2 6 Matrlx Equat1ons IR S “
After applylng Galerklh s method to. the d1fferent1al
_equatlon, equat1on (2 13) must be solved for each element

.domaln. In matr1x notatlon';'= R CI
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v:Where {P} 15 an array contalnlng the force of pressure'ni _}'

:p_a551gned to each node, that 1s,vthe larger the element the _\«i°
31arger the values of force at each node. {U} 1s the array of

. \\,_ B

Vo



'Jthe'velocities at each node in]the'element,-[Me]'is,called

: y e SRR e : SRR e _
.*the mass matrix,.lt representsvthe mass of theuelement and

. & |
[De] 1s the stlffness matrlx. So the equatlon can be wrlttent

Qfor each element as. i B | Voo T j. » B
b o RPN .,'.\,' - .
e VV{P}é;(u[De}:+«ibpom'[Me]jltb}.';“A o “ '”2;21,

‘These elemental eduatlons are assembled 1nto global matrlces . 'l

'dproduc1ng 51multaneous equatlons to be solved J::‘; R B

| If a certaln procedure 1s applled to the global ‘

: .numberlng of the mesh an: 1mportant process can be applled to.

‘the global matrlces.bThe process 1s partltlonlng The'

nvrequlred system is. numberlng the nodes on the :;§Erlor ofi

the plpe flrst leav1ng the boundary nodes to be numbered N

vvlast._The resultlng global matr1x w111 have all of the

x1nformat10n relevent to the_inter;or nodes 1n the top left

Nl

'_corner and all of the 1nformat1on relevent to the boundary'f“vlu

'f'nodes 1n the bottom left corner~-Thls w1ll prov1de a d1rect'

’}1means to f1nd1ng the shear forces on the p1pe walls after

'h“:NI

'-»_iS'not constralned by the boufdary condltlons._f. ”’ﬂ\\' ;:::i:;:::

c,solv1ng for the veloc1t1es at the 1nter1or nodes.ol”

V:DeflnE' ’dj. 'Hhvy"ha;h' '_lrh'ld;; tsh‘r ;h .:.“, o - .

1DOF number of degrees of freedom at each node allowed byo;ﬁ_'g d
't‘glnterpolatlon functlons.:ht:;d L v“"7',f “t: . ,/ : idn L””;f

fhl,

V4NK' DOF tlmes thevnumber of nodes on plpe wall

DOF tlmes the number of nodes 1n51de p1pe 1 e. where u

"]

DR

Nr=NKF NI



Array size

- NIx1

NKx1

NIx1:

NKx1

NTXNT

Onkanr
;jNT¥NT;i"
e

 NKxNI

~H

flg;d around each 1nter10r node

pel. e

subset. ofh[Da] represents stlffness

19

“Comments

matrlx of veloc1t1es at. interior nodes.

matrlx of veloc1t1es at nodes on plpe

-wall, (fll;ed w1th zeros)

force due to therpressune-at eaCh‘s

1nternal nodefi

force. due to shear at each node on.

- plpe wall

assembly of all mass matrlces [Me]
x .
subset‘of [Ma] , represents mass of'

et of [Ma] “represents mass. of '4
flu1d around each node on p1pe wall

assembly of all stlffness matrlces

'of flu1d at each 1nter10r plpe node.

\

subset of [Da] ,vstlffness of fluid at'
: nodes on. p1pe walls | |

The partltlonlng appears as. follows




- 20,

. |
. l,

The resultfof‘aSSemblingﬂall the elemental'equations is

|2} Dee. Do | Mg Mg,
- Tl edR wl o
{¥} D D S B

 Only {U} and {F}_arekuhknoun {U} is. solved frof

/-
i

UL ki ff».j_‘%“-‘f"%;”’l T R R

It is 1nterest1ng to. see’ that the shear forces on the
nodes of the walls can. n0w be obtalned by a. slngle matrlx
‘bmult1p11cat10n‘
. - o

o _‘k . . . o

{F}= .t,.'[lg,,] + jfo‘wv[Me-f]) {U} : L .2..'25 :

- dThls last step is made easy because of the aforementloned
numberlng scheme. ThlS could be made wlthout thls 5cheme but
:eponly if 1ntr1cate matrlx manlpulatlons'are‘made ‘to put thepe
\hresultlng matrlces into the form already shown above._v

Some computlng fac111t1es can not solve systems wh1ch
:_ onsist of complex varlables, as: these do. Therefore 1t may -
-be de51rablevtd express the above in terms oﬁHreal matrlces'
“only. The complex‘equat1on to find {U}rcan be;wr1tten‘rn

terms of real numbers_onlyfas~

’ ) : - SN U O
=1 _ _;_i_;_‘ SRR R t 2.24 a
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where‘subscript T denotes the'real part and subscript~i the
1maglnary part of the quantlty at each node.

Slmllarly treatlng the shear force equatlon results in

2 P[Dcf} o = w[Mch, IRi3 o
N | 2.25a
"Fi ' Pw[Mcf] ﬂ[Dcf] 1 ot |

fThus the stage has been reached where the . problem has
been reduced to determlnlng an approprlate mesh of elements
tﬁand solv1ng sets of llnear equatlons._
| Determlnlng the best element mesh it w1ll be shown in
,hthe next chapter 1s done 1nteract1vely w1th the veloc1ty -
'_dlstrlbut1on." |
The assumptlons made and numer1cal technlque employed.
’-prov1de a ba51s on whlch to obtain the flu1d mothon and |
'aultlmately the acoustlc characterlstlcs of a plpe. Up to
fth1s p01nt it is d1ff1cult to see what 11m1tétlons might
occur under these assumptlons and the numerlcal analy51s.k0n'
‘ exam1natlon of the results it can be seen that the analy51s
1s 11m1ted to certaln frequenc1es. By ch0051ng an

: ~appropr1ate finite element mesh however, the range is

con51derab1y extended.vTh;s,WIll be further dlscussed in

('_ chapter 4

.ThlS leads to the 1n1t1a1 results, the veloc1ty

prof;les.'

T\

o



3. Resulting Velocity Distributions

3. 1 Interaction of Inertia and V1scos1ty

Now con51der the propertles of the veloc1ty assoc1ated
lw1th an osc1llatory pressure gradlent. A phys1cal |
tdescrlptlon wlll ‘be glven followed by the F1n1te Element
results. Flrst,of all.note a parameter ‘commonly related to
pulsatile_flov problems, K, defined as ‘. |

pe 12
K=r1x (—) <A ]
i R L BERRRD

AR is-similar to Reynold's-number in that it’compares the *
1nert1al to the v1scous forces. Commonly K 1s called e1ther
“the. acoustlc Reynold s number or the dlmen51onless
frequency. | — |

The flrst feature of the flu1d motion to be noted 1s_
~that there is a phase lag between the pressure gradlent and
the flu1d movement The fluid near the wall 1s,almost_1nq
phase w1th the pressure gradlent Th&s,is becauSe‘the‘
vv1scous losses at the wall prevent thls layer from gaining
much mOmgn?um. The less momentum the greater the ease of the
£1uid to follow\the pressure grad1ent reversals. The flu1d
'.nearnthehax1s of_the plpe, whlch is leastkaffected¢by the
walls; achieves.theshighest momentum, and lags'the‘most

* r is some typical dlmen51on. For a Sllt r is half the

wigth for all ‘other cases it-is taken as the’ wvetted

-perimeter radius or hydraullc radius defined as twice the-
area divided by the perlmeter. . : '

22



ES—— v

“23

behlnd the pressure retersals At high va&ues of K‘there is.
less t1me in the cycle for the wall shear to translate to.'
the centrally.locate fluid and the_veloc1ty_prof;le of the“/
.interiorifluid becomes flattened.'The'fluid indthe‘central.
part of the tube-isfvirtually,unsheared and'the verY'high'
vvelocityrgradients are ﬁound near the wall. Thus the fluid
rbehaves llke a solid core surrounded by ‘a th?h viscous fluid

‘(See Figure 3 1) Accord;ng‘to McDonald [14].§EQ3 relatlvely

hlghrfrequency of K=20‘theﬁregion of high veiocity gradient,

N \
_ where the v1sc051ty is of any 1mportance, is virtually

confined to the outer 5 per cent of, the tube radlus (See -

Figure 3.2).. - . oo

~ B N

: S 4
3.2 Veloc1t1es 1n Tr1angu1ar and Square Pipes

N - . N

The veloc1ty dlstr1but10ns for the trlangular and .3}
'square p1pes are shown for varlous frequenc1es in Flgures ”
- 3. 3 to F1gures 3. 11&

It 1s easy to see the 51m11ar1ty of these fldws to

those of the round plpe, as just descrlbed As the frequency.

-

1ncreases the veloc1ty dlstrlbutlon'ln the m1d le of the. .

\\\~plpe flattens and becomes more out of phase wit 4the--

”pressure gradlent Correspondlngly the peaks 1n/the corners

L8

a of the. plpe at t= 0 become accentuated The three d1men51onal

'flgures do not have the same veloc1ty scale. To show the

', relatlve changes of the veloc1t1es as the frequency
.1ncreasesvsee‘F1gure 3.12'and Flgure_3.13 ._Shown here are ;Z//J

]
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B . ) o
: the veloc1ty proflles for a round pipe with the frequency
changlng but with the pressure gradlent held constant.
Flgure 3.13 is the veloc1ty profile at time t=0 in the
cycle. Flgure 3 14 is the velocity prof1le at t\me wt= 90°
note that the scale of both figures is the same.

, It-might noticed that the velocity prof%les,f6?\the:
3tfdangular and square pipeslcontain_SOme irregulaties.’The
major?tause‘of these irregularitiesfis the processaUSed-tor.‘
plot&ing. The‘input datavfor the piotting program must be
from-a mesh of unlform spac1ng thr0ughout ThiS'neans'that
the output of the F.E programs must be used to 1nterpolate
"values at each grid point for the unlform mesh These

'1nterpolat10ns were-handled by a system llbrary programl*
?whlch unfortunately d;d not use the‘same 1nterpolat10n
hfunct1ons as those of the elements. At high values of K the“”
1rregular1t1es are espec1ally promlnant near the edges of
the plpe.-The p01nts that suddenly Sthk out are. p01nts ‘
where the nodes of the orlglnal Flnlte Element gr1d points.
are. The veloc1t1es 1n'the corners of the plpes are better
1 represented because tne orlglnal grld/contazns a hlgher
concentratlon of nodes in the oorners. ‘Some other.'
hrregdlarltles or1g1nate in the plottlng program 1tse1f
'Thls 1s\seen from the erratlc llnes drawn ~along the edge of
pthe,square prpe even‘though the 1nput,funct1onvls.zero along'

" the ‘edge.

.'_,}\ B
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Figure 3.1: _ Ve10c1ty Prof11es in c1rcm1ar p1pe at var1ous
> times in the cycle. :
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, ;Figure 3.11 Contours of velocity in triangulat_ﬁipe.
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Velocity (T=0) -

p Figure 3.39 Circular pipe velocity profile at t=0 for
Pressure gradlent held constant.
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Figure 3.40 Circular pipe velocity profile at wt=90°
: Pressure gradient held constant.
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4. Convergence Lnd Influence of Mesh type

VIR T B1ot ER Funct1on | .\
. The mean values of the real and\umaglnary veloc1t1es
‘wlll be used'to arrive at the acoustlg\bropertles of the
:plpe.,In order to test the mean values predicted by the
numerlcal model some analyt1cal work relatlng similar mean
hpropertles to.frequency is 1ntroduced It ha only been
p0551ble to apply thlS work to propagatlon/{i a c1rcular
‘plpe and between two parallel plates - heretofore assumed to
,:produce functlons whlch would represent bounds on the
p0551ble funct1ons._The pr1nc1ple results of this sectlon
- are the BlOt functldgs and these are derlved pr1mar11y to
- verify the results of thefflnlte element program, This
verifioatlon hasgalsomproyided insight into optimizing the
conﬁergenoeuof the;bulk ptoperties>through’changing.thef
finite elementimesh. o ‘E |
\ "Biot_[j]idefinesda term F(K)?(compare Eb‘eQUation 1.1),

»

(9]
h =
alA

(K)”

¥ is the dynamic viscosity, T is the shear stress,Uis the

taverage'velocity over a cross-section, (F,x, and U are all
complex and functions of K). For a slit b is half the

“distance between the parallel walls. For a c1rcular plpe,ab"

*
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| is.the radiushlfor the other pipes it is the hydraulic
- radius. N | | | |

Biot [1] escribes this function F as a measure of the
deviation from steady Elow. Therefore, the constant c:is
introduced. its.pgrpOSe is to make‘the;fqnction F equai
unity at -K=0 /The analyticél"solutions show that fof a
circular pipe c=8 and for the parallel walls C=6. Tﬁe
‘numérical model solutlons flnd that for a trlangular plbe'

| €=6.68 for a square pipe C 7.14 and for.a rectangular plpe

with an aspett’ratlo of five c=9. 59 .

. The real part of the funct1on F versus K and the .
imaginary‘part‘versus K. are shown fegpectively in Figures
4.1 and 4.2.fT\ese graphé~compare the curves for the case of
. the bérallel Qélls; the circﬁlét}itrianguiar and sQuaré'
pipes as‘weli as for a’rectangular pipe with.an'aspéct‘ratio
of'5- | ” ' | | o

Accordlng to-Biot- [1] for the c1rcular pipe the

_functlons at hlgh K asymptotlcally become parallel to

._stralght 11nes
a

F==x/V(32) = 0.177 K. 4.2

For the slit the curves asymptotically bécéme'parallel to

L}

R | K / (18 ) =0.236 K. . 4.3
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,tliﬁﬁ%tq[1]'mentions that the slit and the circular pipem
should represent‘the extreme aspeft ratios.thus,the Biot
.curves‘tor allbof the other configurations should be between
these two curves. The results presented here‘do.not appear
:to confirm this. The curyes for the rectangle 'lie just °
'out51de the curvetpf the circle. Thls dlscrepancy may be in
}_the definition of a typlcal dlmen51on to calculate the
acoustlc Reynolds number. At hlgh aspect ratios there is a
~problem using the hydraullc radius as the typlcal dimension.
- As an example of thlS problem con51der ‘the Sllt From the
‘hydraullc radius equatlon, the rad1us is ‘equal to the width
of the slit whe%eas for ﬁlot s work half the w1dth is used
in the calculatlon of K. ThlS problem has been-left

3

"unresolved ThlS does not .detract from the valldlty of the'

r

‘v computer program results 51nce the equatlons are” solved in

£y

terms of the actual frequency and actual plpe dimensions.
"The only area thlS 1nfluences is the prlnc1ple-of 51mllar

solut1ons for the hlgh aspect ratlo conflguratlons*‘a

If the aspect ratlo ‘i's 1ndeed a major factor
determ1n1ng the Correctlon fUﬂCthn 1t would be reasonable

.57

‘to. expect a trlangulat plpe and espec1ally a square p1pe (as

1ts aspect ratio 1s clearly unlty) to have curves closer to

that of ‘the c1rcular plpe as opposed to that of the. Sllt.
ThlS conclu51on is cOntradlcted by the results in Flgure 4.1
C;and Flgure 4.15. ThlS result is unexpected and can only

suggest that.there is another factor to be cons:de;ed.

5 -y

- . . . . [



4 2 Mesh types

i
'7

By compar1ng the B1ot functlons resultlng from

ﬁ;‘i dlfferent element meshes rnformatlon ‘can be gleaned to help

,/ error.,-“‘

"-,Lf

l‘v

fynd theAcharacterlstlcs of a‘mesh Whlch would mlnlmlze T

/,‘ ’

F1rst the ea51est case to

some of the pr1nc1ples used ‘in

\

ThlS case 1s the c1rcu1ar plpe.

,ax1symmetr1c a'small sector of

the entlre pl'd

Q

, L @,
are'used tO»deflne

c1rcle modelled by

. 1+ -.
,ra»

As mentloned“

See Flgure 4. 3d
If an: arc of'20° is, chosen
. .the Sector t
72felements,h“ﬂ

theﬁelement

e

HI . /)

model is used to demonstrate.'
ch0051ng approprlate meshes.

Slnce the c1rcle 1s - f;f

a: c1rcle can be used to model

. 1
{aﬁl 4 quadrllateral\elements
] 3
he result 1svthe same as a’
Ch sen‘asSume linea

. o B - ’
V( W

“/

order eiements are used the use ofxsymmetry is more 1nvolved

because the derlvat1Yes across

be spec1f1ed to be zero._A con

the veloc1ty 1s set to zero to
condlt1on.rih“ B «
.—.,". ; . o -r'~ o

The gr1ds shown are selec

unconstralned boundarles must

:tralned boundary 1s wherever

- .
satlsfy the.‘w'1‘C>.(>,‘-1l'1d§‘1?y‘'~

o
3 \

ted because, of the grlds

trled they glve the best resur¢s for the number of

‘\]

‘":A unconstra1ned nodes used The CPU t1me requ1red is

;f con51der the trlangular gr1d (see Flgure A3 %) used to model ff”

r

approx1mate1y~proportlonal to the square of the number of ;

wf
Y

\unconstralned nodes. As an example of the tlmgnrequrred

!’*"

the square plpe of Flgure 4, 6

b

fThe mesh uses 74
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“'unconstrained nodes To solve for the veloc1ty d15tr1but1on‘¢'
for a 51ngle frequency takes 3, 31 CPU seconds ‘on. the Amdahl
470/V8 Most of the, CPU is used to. 1nvert the métrlx of :
tequatlon 2. 24. ThlS grld glves the same result as 1f the :
ﬁsquare was modelled by 497 nodes. U51ng the grld of F1gure

4.7 for a rectangular grld f1nd1ng a: 51ngle veloc1ty proflle"'

takes 7. 02 CPU sec. . ~”‘c ; ‘li‘ | ﬁffcr?f ,,:,‘ ;_lié
- The CPU t1me could be reduced by capltallzlno on: the |

“Zfact that the matr1x to be 1nverted 1s symmetrlc.vIn,i.l

. ST ,

"f‘addltlon certaln global number1ng schemes allow one to
- Uy [ V

nmlnlmlze the space regu1red by bandlng the matrlx but the o

I

scheme de31red to satlsfy the part1t1on1ng is not compatlble
.wlth bandlng v o

oy

} Flgures 4 8 and 4.9 show that the bulk flu1d propertlesl
a¢,ﬁ»_ :

L are easy to model at low freq%tnsres butiaf

) . : : Zf’;& R, I T Ir,"
’r'element mesh 1s requxred to model the pr@pertles at h1gh

ufrequenc1es. It/was found that accuracy of a partlcular i

%y S

'number of elements could be 1mproved 51mply by concentratlng g

'w:the nodes near the edge of the p1pe.eMore nodes are requ1red :

'_to model the large changes of the velocxty gradlents near«

v»the wall Large changes are d1ff1cult to model in any

-

numer1ca1 technlque.

To concentrate elements in reglons w1th h1gh gradlents,

}the unlform gr1d 1n the Z dlrectlon is: transformed by the

functlon »'c;;Ju SRS | o | o
| S : Znew Zoexp(1 Z) A S e

“fitand the Y values are_changed to malntaln the stralght 51des

flner f1n1te p;*L‘A‘



e

. »% :

&1‘;5'

b unlform grld

fc1rc1e are set to zero.f’ﬁ

W
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the sector.

gy e

Th1s new mesh is a tremendous 1mprovement as can be

| N

seen by comparlng Flgure 4 .8 and Flgure 4. 9 to Flgure 4, O'

| _and Flgure 4 1. For the real part of the BlOt functlon the

analytlcal solutlon is almost 1ndlst1ngu1shable from the

3

f1n1te element solutlon w1th only 4 elements. For the>

1mag1nary part thlS change g1ves each grld the accuracy o

unlform gfld of roughly 4 t1mes the number of elements o
e R S L e 'fEZ(H
e , o Sl

As mentloned the number ofy elements that effectlvely

model a c1rcular plpe depend on the angle of the sectoQ)and

the number of elements in the arc.,From th1s 1t mlght be

‘d'lncorrectly surmlsed that the accuracy can be doubled by .

- halv1ng the angle of the sector. If the arc 1s less than _N

1

about 20° there »1n~fact very llttle ga1n in decrea51ng

.‘ s

';the angle of the“arc The spac1ng w1th respect to the p1pe

wall has a much greater 51gn1f1cance. By 51mply looklng at

°

: the veloc1ty profxles some feellng can be acqulred as. ‘to the
b best places for f1ner grlddlng i e..at the largest changes
.of the veloc1ty gradlents._The grlds modelllng the

h ~,tr1angular and square plpes conta1ned a h1gher den51ty of

elements near the edges and corners of the plpe.\
Flgure 4 .3 shows the type of grlds used to model the

c1rcle. Veloc1t1es at the nodes on. the c1rcumference of the_'.,,ﬁ.

Note that for the arc the element nearest the center 1sf»

qulte d1storted from a square. Large dlstortlons may cause_&fuv

f

(j.’ff‘

RN



errors in the transformatlon from the orthogonal plane (1n:
"natural g coordlnates) to the global YZ plane. Care must
;be taken when generatlng meshes that unlque mapplng from one
’;,plane to the other takes place The distortlon 1s acceptableﬁ
' 1f the 51gn of the Jacoblan used in, transformatlons does not;
1change over the domaln The dlstorted element mentloned
above, by thlS crlterlon 1s acceptable. Problems may occur :
.flf one of the 1nter10r angles of the quadrllateral is- |
.greater than 180° e _' R et;,vivﬁ's§l e | LAY
Flgure 4. 4 shows one of the- bestigr1ds used to model a//

;;trlangular plpe. Its hydraullc rad1 ‘ohe. The‘horlzontal

‘1paxls 1szz the vertlcal axis 1s Y. T:‘dtrlangle 1S‘modelled

'flby a mesh coverlng only haflmgf'v

e entigg domaln. The part

used by the program 1s shodi by Flgure 4 (a) The other

nodes are jUSt a reflect1 n over the Z ax1s. The veloc1t1es
gare constralned ati, pnodes on the llne Y éez aﬂanL—

2 414.,

s

| Flgure 4 6 shows how the same mesh 1s used to model a.‘hd.p_V

square. The mesh is scaled down so that the hydraullc radlus
4

vwmmwawoj/the square is unlty ‘In. thlS case only the nodes on the.
’“w‘ 11ne ¥ - 1 are. constralned | & |
| Flgure 4 7(shows the effectlve gr1d to model the
b‘rectangle. Approprlate sca11ng factors 1n the Y and Z
e dlrectlons transformed thls mesh 1nto a rectangle w1th the[”
F’t""de51red aspect ratlo and\hydraullc radlus. ThlS mesh haﬁi121 h
.’;knodes and 100 elements.iThe ba51c gr1d 1s the portlon of w

-‘Flgure 4 7 of where 05YS1 OSZS1 the constralned portlon oj

S



o quantltles are ne:

72

the boundary is at Y= 3l and Z-1

Chapter 6 contains another example and dlSCUSSlOﬂ of

the affect the grld type has on two- other bulk propertles,

res1st1v1ty and effectlve den51ty )
;

By know1ng the type of veloc1t1es ‘say from a crude mesh
a new mesh can be dev1sed w1th nodes concentrated in the
‘ﬂapproprlate areas, thus mlﬂllelng the error in the bulk

quantltles Thls 1s most 1mportant because the bulk ,

>

to gerlve the acoustlc propertles of

~'the le.pe as 'wtll.l«’b,

ot
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For circle using various uniform grids in arc.
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5, §hear Stresses

“in: the derlvatlon of the matrlx equatlons in chapter 2-

it was shown how’ the forees the fluld exerts on the p1pe

walls could be found The conventlonal way of studylng the

forces or Gtresses would be to use Newton s law' of

| . . e

: _v1scos1ty{as,g1v¢n by o _ _‘};//,,

t A FEIE O LI T S

-//}/x>.. B°

,n —where n, is. perpend1cular to. the wall It is- dlfflcult to usén

/

th;s equatlon 1n th1s appllcatlon unless the element meshes

are chosen sugh that near the walls there are 11nes of nodes'

”,;perpegdlcularhto_the'walls. Even wlth thls type of grld

N

\

to genérate,~errors would be

el
&

1ntroduced 1n/the pr‘cess of taklng ‘the der1vat1ves of

« I

”1ivelOC1ty. So 1t 1s clearly better to use~the shear force

"‘x . x . q /
matrlx equatnons as. derlved 1n chapter 2 The results that

A\

thzs equatlon produces are the forces in the regaon of each s

"j_node requ1red to malntaln equlllbrlum 1n the system.rf

x welghtlng system must be applled to the force atﬂf

partlcularrnode to determ1ne the average shear stress around '

that p01nt. Th\\\welghtlng functlon depends on the spac1ng

of the nodes next to t 'p01nt of 1hterest and the

1nterpolatlon funct1on used

results presented the 1nterpolat10n functlons assume llnear7'
. \ .

' varlatlon between nodes of all propertles, 1nclud1ng shear.fr

";~_‘;.;‘____‘.;';._v_;.‘f."_'- S T
‘For Newtonlan fluxds only..

-

84

4*n der1v1ng the element. fn»thé;Qi
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:ldecrea51ng 1dent1cally to jwe force at t= 0

‘varies w1th K 'jj"j”gﬂp

F1gure 5 K and Flgure 5 2 are forothe case of a

“c1rcular p1pe to show the tYp1cal character1st1cs of the -

' shear . force F .a& K is var1ed The pressure_gradlgngpls a ..

',constant Flgure 5.1 shows how the shear force on one node,'

i

'rvat trme t 0, varles w1th K. The value of F 1s proport1onal

'.”'to the pressure gradlent and the area of the p1pe. The forcef/gu
fiper node is 1nverse1y proportlonal to the number of nd?es e

xused to represent the c1rcular plpe.}For-example, 1f the

daree of the plpe 1s un1ty and a 51mp1e arc of 4 ° is used\to'

w

'model the. c1rcle(1 e.,vthere are effectlvely 8 nodes on the pff:

7c1rcumference), the force on each node, at K=O,“1s 1/8 of

\

_‘the product of the pressure graétent”hd the p1pe area.rb

As K 1ncreases the force at t O/drops qu1ckly at K 2%

lbut at K= 4 1t seems to be decre351ng asymptot1cally to zero..

"[Flgure 5 1 also shows the same example\wlthcut 90° As K’

o~ '\

japproaches zero obv1ously the shear force approach zero. 1:57
;ibe%av1or 1s very 1nterest1ng after K 2 It reaches a peak

'ﬁ near the value of ‘the for q at t 0 at about K 2 5 and beglnsrbg

B TS

The mesh of Figure 5 3 1s included to prov1de a better‘

understand1ng of the followlng results. The symmetry of the

&



»

trlangle and the square are used to the fullest.

U ] !

“§' ﬁrepresents an average shear stress 1n the area of a node.;

Flgure 5 4 “to F1gure 5 15 show the shear stress the. -,
flu1d exerts along the plpes at varlous frequenc1es. Flgure
5.3 shows the mesh used ,to obtain’ the final results of the
trlangular and square p1pes. Itxls the same mesh as that of .ﬁ;"
Flgure 4/21 The « only dlfference in modelllng the two types “
of configuratlons,as far as - programlng-:s concerned

| wthh 51des of" the plpe are. constra1ned and the dlgference
of scale to make the p1pe have the de 1redbhydrau11c radlus.

'!

For example, to model the trlangle of hydraullc radlus 1 the,wlh
dlmen51ons ofe@he mesh 1n Flgure 5.3 1s used w1th the nodes
labelledg& to U constralned To model the square of |

' hydraullc radlus 1 the scale of Flgure 5 3 is reduced by
2 414 and only“the nodes Q to U afe constralned

In Flgures 5 4 to 5 15 each data p01nt on. the graphs-i

The data po'nts are labelled to show data p01ntsuﬂ'

correspondlng to ea”h node in F1gure 5. 3

For Flgures 5 4 to 5. 15 the vertlcal ax1s is. shear

ra

stress for the plpes w1th hydraul1c rad1us of unlty and

LS

_;l pressure gradlent of unlty For Flgures 5 4 to 5. he,

horlzontal ax1s 1s the dlstance along the perlmeter of the Id ,-;
. S

p1pe beg1nn1ng at the cOrner of the square p1pe and endlng

at half the Wldth See po1nts Q to U of Flgure 5 3 For

i l

Flgures 5 10 to 5 15 the horlzontal axis is the dlstance

along the perlmeter of the 1soceles trlahgﬁe beglnnlng at
the r1ght angle corner andtend1ng at the m1dpo1nt of the

&



£ ‘.
N

‘ N . , k
dpp051te 51de of the trlangle. The dlstance from A to U 1s

the sum of A to. Q and Q to U Agaln, by symmetry,

- \,

'1nformat10n of the varlable is completely shown by these '

cases. - “; ‘ _'"”f L'd?' . L "f'a’
The case of K 0 1s worth some extra comment When‘the

1

' frequency 1s zero the governlng momentum equatlon reduces to

whichdis:of'the same\form"as~Prandtllshtorsion'funCtion for
"pr1smat1c bars from the fleld ‘of . elast1c1ty.,(see o
Sekoln1koff [17] or T1moshenko [18% ) It can, be shown that
‘the shear stresses of the steady state flUId flow are

- analogous to Ehe stresses of a bar 1n tor51on. The largest

lstresses occur at: the perlmeter of the conflguratlon in both

'7.}cases. jp-v,‘ __s~i-

':A_“ ; It may. appear as an obv1ous flaw that in’ these f1gures,

‘at K O the shear stress 1s not zero 1n the caners. Slnce.

[the matrlx equatlon produces the shear force in the area of

%

) lthe ‘node - and d1V1d1ng by the area represented by the node

w

fonly glves average shear stress 1t 1s not p0551b1e to deflne"

,&

'°the stress 1n the corner. A flner gr1d along the perlmeter -

3

3sof the p1pe w1ll producé fore accurate shear stress resultsah

From these results, howewer, some general observatlons,l

t

umay be made.,At low frequenc1es the shear stress 1s nearly

“”parabollc along the flat edges of both the tr1angular and

N .
o e R
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-

! T
,square plpest As the frequency 1ncreases the prof1les

flatten andtthe magnltude decreasesﬁ , !? 3 cases the stress
- ’\‘

¥ w .
g o & ¢ yh izi _ _\

approaches zero in the corners Qﬁktﬁq-ﬁa@a oo
od o

~ The prlmary use of the shéhr ﬁbr?%kﬁﬁtr' ;equation is
to’ flnd the average shear stress on the p'pe 1n order to

B calculate th\ Biot curves»,mhesaueragemshearmstrass is found

\‘: 4

by summihg”?he shear forces‘5upplied by-the matrix equation‘
,and d1v1d1ng by the length of perlmeter they act .on. This |
' ﬁrocedure should be more accurate than calculatlng a number:
~of shear stresses arOund the plpe ‘and averag1ng them becauseii

~'of errors 1ntroduced in flndlng derrvatlves of ‘the veloc1ty

'numeﬁlcally  A
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Figure 5.1:Shear vs. K for circular pipe at -
: the cycle = o >

o
.. Ji [} ! i L L { L L
o L) T T 1 T T
‘LD
N
Q
2
= i}
D,
S,
o.
N}
, ©
N e .
<9
=] ]
& '-1 ' ‘. A p . ’ T
e © m—a shear at t=0
& ' ' , :
: . e e_ane 1
-EE o 4 o—g - Shear at wt=90 |
T . o
Ig ° - N
) - o
Q- . T
Q. -
‘ ‘ I
o_‘. e
0
(¥}
o .
! T T 7 ~ T T R | T ,
g 1 2 - 3 4 R -1 8 7 8 _9» 10
’ K
) |
two times. in



90

4
-L
T

-

it

4+ -

-+
10 .

-~

‘js

o ol

O

6920°0

T T T

0020° 0 0810°0 ooﬂ,..,m v
( xn\% ¢) (3ANLINSHLD m_umOn_

T

0300° 0

0000°0

-

‘K

o

~ Figure _5.2,Magnitudé of shear f‘ox"cé-, vs. K for circular pipe.



9

2,00 2.50
1
1
-{
4
-

C

+

1.50

1’00i4

0.50
(]

A

 TRL. 79 NODES, 60 EL.

'Figure‘5;3 79 node_gfid to model'triéﬁgle,aﬁﬂ sduére.

e

-t

91



-
-

T
+
B +
T

s R . : ' : 4
o

SHEAR STRESS -

0.2

Q - ) | XW : .

" 0.0 0.1

00 01 0.2 0.3 0 05 0.8 .07 0.8 05 1.0
: : "~ PERIMETER DIST. E

| SQUARE PIPE, STRESS AT T=0, K=0.01
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6. Pipe Acoustic Properties

6.1 Resistivity and EffectiVe'Density

This analysis began with a simplification of the
Navier-Stokes equations

Q .
o .
A
gt
.

l

- - du 2
X poZ)t‘*‘HVU

Q

"6.‘}. -‘
from wh1ch are found the veloc1ty dlstrlbutlons in the plpe.

Now u51ng only the mean: veloc1t1es

°

,_§=,(I.UrqA+-jfUidA)'%» o 6.2

and writing the above force balance as
3% —'(pe jw+R) U © 6.3

-

where R is the r631strvrty—per“unit_iength*%Rayls/m 1anKS%4*'~—

,fels the effectlve den51ty Rearranglng the above equatlon
-_results in |

_ L1 ap
s e g X

Thus'
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It is known from flow dynamlcs that for steady state

flow (k= 0) in a narrow Sllt of w1dth b
R = 12u/b* 8T
and in a circular pipe of radius a

where uois the dynamic viscoéity; The results of the model
v match these values very well | o
ThlS 1nformat1on is very 1mportant to the appllcatlon
of the results; To determ1ne,the re51st1y1ty for any pipe at
Jfaff%Qany—tfeqUeney~the~fellpwingfstepe&sﬁouldfbe‘taken;;Deteshlne~——~f »»»»»
| - which of the exampletshapes besE‘apcroximates the shape of |
_ the new plpe. Calculate the hydraullc radlus of the new
‘vp1pe. Calculate the ﬁifrom the. hydraullc rad1us, the flu1d
v'propertles and the c1rcular frequency of 1nterest.,At thlS K
find from Flgure 6. 1 the R value. Multlply 1t by the dynamlc
Xh vrscos;ty and_dlv;de by the-square of the;hyd:aulxc :adlus.
~ With a-slidht vaflatiop,cf the‘above:prOCedure,it_might
beuwithih reaachlte,flnd apprcximatelyrthe_resistivity;fctha
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bporous material. The following has not been_verifled,v

however.‘The’first step‘is to experimentally find the

resistiv;ty of adsample of the material. This is done by

finding thehpressure‘drob across a sample of material (inha

"Upipe where the sample Seals,a;pOrtion of the pipes given a‘

* known steady flow of air through the sampler This |
information'is used,in equation 6.5.. S{nce the frequenc& is
rero‘ | | h |

0
Ny

-1/G(ap/ax) 69

‘Using‘LOrd Rayleidh's [15].assumptionnthat'a:porons.material
can be approxinated_by a'matrix of‘parallelychannels then |
‘froﬁ”eqUation’6'7 avtypféal pore dinenslon can be |
'determlned W1th thlS 1nformat10n the K can: be determlned at
whatever Qrequency is of 1nterest and R can be scaled as .

/" . 4 :

'ddescrlbed above.

" As mentloned the exten51on to porous materlals needs

~—test1ng.,A 51mple tesw w1th a few samples could be done to :

psee if there is good correlatlon to pipe flow. One |

dlfference could already'be predlcted and that is the

p051tlon of the peaks of absorptlon if an 1mpedence tube is
hused The path length in a porous materlal 1s greater than Q}/,F
’vzg;S1mply its width so the peaks would be Shlft&d to the’ lower
\ '_ lfrequenc1es; Nonetheless the procedure would be very useful.
| d'lll'i For very hlgh frequenc1es Zw1kker and Kosten [19] have'

. / - - -
' ehownthat .
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R = 1/r memo 6.10
or R = K u v2/r? | 6.11

The finite element results approach these\Values for the
c1rcular pipe.

Crandall [3] has shown that as the frequency approaches
zerc, the effective density in a c1rcular plpe a proaches
four thirds the static density Again this is‘the behavior
of the numerlcal results. As the frequency 1ncreases the
veffectlve den51ty approaches statlc den51ty for all
geometries of plpe.,The value of‘the density is depenaent
dnly on K. Unlike the resistivity‘no scaling is needed.

Figure 6.1 shows the resistivity, R, for various
geometries of pipe.'The[viscosity used is unity. In each
case'theNhyaraulic.ragins is also unity.‘Figure 6.5 shows:
‘the relative’size cfgthese configurations, each with
' hydrau11c radlus of unlty

| Flgure 6.2 shows the ratio of effectlve den51ty to
‘statlc den51t¥/under the same condlt1ons as noted above.'

To note the sens1t1v1ty to the grld type F1gure 6.3 and
Flgure é 4 are 1nc1Jded showing the results of the same
varlables. The rectangle s grld in Flgure 6 3 and F1gure 6 4
~is uniform whereas in Figure 6 1 and Flgure 6. thhe .
‘exponent1a1 transfornatlon, 51m11ar:to equation/4.4, is
‘applled to concentrate the nodes near the walls and corners
of the p1pe. In Elgure 6.1 and Figure 6.2 the grlés for the
;trangular and square plpes have approx1mately twice as many
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elements. In both cases the type of spacing of the nodes 15
the same i.e. the elements are relatively finer to the same
degree near the edges.

This indicates, first of all, that the density term is
not greatly affected by varying the grid. Second, and more
importantly,.the resistivity is significantly raised at high
frequencies by using a better grid. Thus it should be noted
that even though from Figure 6.1 it seems there is
satisfactory convergence the program does yield a lower
bound tovthe actual resistivity.

It is interesting to note the orderiqg of the curves,
The order of the resistivity curves is reversed compared to

the effective density curves. In addition the order is

unrelated to the order of the Biot curves.

3
o

6.2 Ihpedence via Exact Equation

In order tb completely specify the acoustic
-characteristics of a material two independent functions are
fgquired. In’the prgviOUS'section thése were the resistivity
and effective density. A more common method to describe the

t

characteristics is with the complex impedance Z.

The impedance is based on the particle velocity
generated.by a given sound pressure at the surface of the

absorbing material and is.defined by

Z =P /U |surface 6.12
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In thlS case the absorbing materlal is. the matrlx of i

<2

;fparallel plpes and the surface '1s at the open end of the

'plpes. The other end 1s assumed to have a rlgld term1nus‘to'd"‘

»§1mulate the spec1men be1ng mounted agalnst a hard wall

Appendlx A derlves the relatlon between the 1mpedence

_and the absorptlon coeff1c1ent o as be1ng e_7'§'

' a .= 4Real(z) 7 (|z|® + 2Real(z) + 1)6.13  ~

hfL1nes of constant absorptlon are shown 1n Flgute 6 6 : When Sl

;Zr 1s un1ty and 21 1s zero complete absorpt1on occurs. _

.\_» © L el T
Appendlx A\also contalns the derlvatlon of the u~l,nr

1mpedence Ln terms of the re51st1v1ty and effectlve den51ty,_"

fus

'-fThetresult Ls‘ﬁdﬁ g‘V_ﬁv.fv*f}:_j‘v

L

.‘ s > .' .'“ - -

e e e g
© Zo= B/ = (2= 8 =-psC(SE:ffij/00@)_/ LT s

N RN - R T
\ o .

e ThlS 1s the exact answer assumlng the plpe 1s of constant :

-i‘o'

‘f'icross sectlon along 1ts length F1gure 6 7 shows the

frlmpedence curve u51ng the above exact equatlon for an’

'”‘1soce1es rlght trlangle w1th hydraullc radlus of 0 00023 m. f

con Caer



6.3 Impedence v1a Acoust1c F1n1te Element

: A second f1n1te element program was developed whlch

approx1mates the pressure d1str1but10n along a p1pe g1ven

the res1st1v1ty,'effect1ve den51ty, the frequency and the

) '/'
1nput veloc1ty '

e

Th1s 1s done 1n such a way as to g1ve us the ab111ty to
S, model the pressure dlstrlbutlon 1n a p1pe wh1ch varys. 1n

'{ area along its ax1s. ThlS 1s of some advantage over u51ng

: ‘5-

’ the exact equatlon of the prev1ous sectlon because a p1pe of

ff 'é@$yary1ng sarea may ‘more closely model a- porous materlal Thls

is suggested for further work

The derlvatlon of thlS program is: based on Galerkln s

f

method 3150- Craggs [2] derlves a sﬁmllar element fromﬂL:V7

.‘»varlatlonal pr1nc1ples.

The 1n1t1al equatlons are the force balance and

. cont 1.nu1,t,y;/ ‘respectively

- ngéa P

g gy e
Qtneob R); -

I
S opCTL

’ ‘o

In matrlx form the flnal equat1on 1s

“where {Qr} is found from:R, the interpolation functions and

.o .

O
(.)v

.'j_\{Qi}:

o6.18

6.17

£



)

the 1nput veloc1ty at the open end of the plpe. The* array

3{Q1} is. 51m1¥ar but in the place of R 1s the product of the

: stlffness matrlx.. e

e

{b'_as the acoustlc mass~matr1x and [s] 1s the aCOUStIC

.;-'

| Appendlx D contalns the derlvatlon of the above'

-b_matr1ces and matrlx equatlon At flrst [P] and [S] are .

\

[effectlve den51ty and c1rcular frequency [P] is referred to ?dfi'

“:derlved u51ng only the above equatlons.vHowever, the varylng

'farea can be taken 1nto the calculatlon of these matrlces by

\

1h1ntroduc1ng the horn wavei’ equatlon, whlch 1s

o:'.__

SNt L 3 YAk, ] " Cei19

*ﬂThisfequation71eadsrtogd»t

" where L is the element length

Thls program was tested w1th 1nterpolat10n functlons f”v@

E_that assume llnear varlatlons of the area and pressure

k:at the node at x L._

‘7between the ends of the elements, for example _f'

B0 = R(1 - x/L) F By XL 622

QKP'“A,:idX7ff'° fa)[lla.iélet'i

o

53PJ 1s the pressure at the node at x O and P2 1s the pressure ;,”
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These 1nterpolat10n functlons resulted.ihf
| A #A: _ o |

Py a0 T y
[.S.]v"' 12 ‘[-1; 1] S T o 823

It 1s suggested that 51nce the advantage of thls
.program is: 1n modelllng porous materlals a hlgher order g

v

.,_varlat1on should be used thus ellmlnat1ng at least the

’andlscontlnu1t1es of the der1vat1ves of the area. For now 1t

Q.

_ifls suff1c1ent to use the llnearly varylng acoustlc elements'f

e

s1nce the exact equat1on (used for ver1f1catlon) 1s only
"y v . o

» favalld for constant area p1pe system..;e“

 '6 4 Resultsf/

The results of the acoustlc f1n1te element model are

. compared to the results from the- exact equatlon inm Flgure

6 7 In both cases the calculatlons are based on the case
’f_of a trlangular plpe of hydraul1c rad1us of 0 23 mm.

The pred1ctron~of the model follows the trend of thej

\g~exact equatlon less than expected Craggs [2] derlved a

3_v51m11ar element but obtalned better correlatlon.v

The acoustlc f1n1te element (AFE) results are: all

: L :

klfclég;r to: the po1nt (Zr 1 leO) (at wh1ch complete

; fctlabsorptlon occurs, see Flg.»6 6) than the exact equatlon.h
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'Qe[Comparlng Flgure @ 7 Flgure 6. 8 shows that doubllng the

:*.number of elements does not 51gn1f1cantly 1mprove the

-,results. The solutlon appears to have converged Better

_results were expected because Craggs [2] w1th a 51m11ar'

~ffelement (1n a sllghtly dlfferent use) obtalned good results.

h*Thus the predlcted absorptlon IS greater than that of the

Y
o .
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7. Absorption, Theoretical and Experimental
Moét of the results obtained by the computer model are not
‘easily.verified by experiment, eg. the velocity distribution
in a non-circular pipe.vThere is fortunatelyva simple,
easily fépeatable experiment with which to find the
impgdance and absorption for a porous absqrbing material.

‘That is the impedance tube experiment.

»

7.1 Absorption from the Numerical Model
Our numerical model so far has led to the speéific
impedance, Z , of a pipe given its length and dimensions of
y : S :
its cross—sectionZ From the specific impedance can be found
the absorption (see also Appendix A) via
o
u:=/2 Real(z) / (|Z]|* + 2Real(z) + 1) 71

y

i N

These'regﬁlts can be compared to the experimental

measurement of. absorption by a mesh of triangular pipes.

i

f

7.2 The Experiment
| . The apparatus,involved’in the impedance test is seen in |
Fig. 7.1(a) énd drégn schematically in Figure 7.1(b) .
‘A’pléné sound wave,igeneratéd by the 1oud-spéaker, is
reflec#ed by the specimen at th: oppoSité eqa of the tube. A
partiai stahdiﬁgfwave;results.in theifube; A microphonel

attached to a moveable probe finds the maximum

]
S

122



"i_and mlnlmum pressures of the standlng wave. From thls the a

S absorptlon can be found as derlved by Kuttruff[12] and

~
. [

summarlzed 1n Appendlx A). The absorptlon « is

o

7 G = 4(PmaxPmin) / (Pmax+Pmin)®
The dlstance between the spec1men s surface and the;~‘

f1rst pressure m1n1mum 15 requ1red to flnd the phase angle

ln the reflectlon factor. Denote thlS d1stance by Xmln._The
Lo e R T O P SR - :
. ‘.L’ . »‘v. ,. : L - : B e . 0 ) . - -
P o R . . . : . N

3where A 1s the wavelength

The reflectlon factor Rf 1s def1ned as
=:',‘|Rgl :éxp‘_x‘jjm's’):-*g e o T

R

The absolute value of the reflectlon factor can be A

'ffound from the maxlmum and m1n1mum pressure also'”

7'"“@"‘;'?“ '.4-("15‘*‘-5"- - Pmin) f/ (Pmax + Pmin) 7:5

. To find the specific impedence
Z =(1 '+V",R,f')._ﬁ7. (- "Rf_)'f o ,'7'.56' :

The d1mens1ons of the 1mpedence tube f1x 11m1ts on. the
range of frequenc1es whlch can be rellably tested The ER

N



‘mlength of the tube must be long enough to permlt the T
'formatlon of at: least one maximum and one m1n1mum of the‘f Vo

vpressure dlstrlbutlon at the lowest frequency of 1nterest

:-ﬁFor the follow1ng results ‘a- tube of approx1mately 1 meter.

r_fwas used ThlS set the lower llmlt around 200 Hz . Actually B

'}the results between 0 and 400 Hz are 1nterpolated (at f O

'~attenuatlon 1s zero) The d1ameter of the tube set an upper'f.”

<

l1m1t on the frequency For c1rcular tubes the dlameter must';

be less than 0 586 tlmes the wavelength (see Kuttruff [12]),ﬂ:l

. In obtalnlng the follow1ng results a’ tube w1th a dlameter of[qﬁ
ﬂrglo 05 m was used ThlS set the upper llmlt at 4000 Hz “

| _ Kuttruff [12] mentlons that 51nce loudspeakers are not
'“generally free from dlstortlon and therefore hlgher'
”5harmon1cs of the measurlng frequency are produced causlng

Zd'errors ‘1t is recommended to use octave fllters to remove

"V"qthe frequenc1es not de51red ThlS adv1ce was followed

f7 3 The Spec1men o
Do The sample used to obtaln the experlmental results was.

prov;ded by General Motors Corp.,

The spec1men 1s made by lay1ng a sheet of f1nely

”E‘corrugated f01l on a layer of® plane f01l and rolllng UP the f'

’two layers. The result 1s essentlally a matrlx of parallel
dnearly trlangular, tubes. Seé Flgures 7 2(a) 7 z(b) and _,‘_”
‘.p7 3. These plpes are descrlbed as nearly trlangular ‘ fﬁjffv

'frbecause 1t 1s not p0551ble to bend the f011 in- prec1sely 909



J~? and 51 mm in dlameter.

Tcorners There WIll always be ‘a non zero radlus of curvaturef

:at the corners.'It 1s assumed that a typ1cal plpe 1n the
}spec1men can be modelled by ‘an 1soceles rlght trlangle w1th

oa hypotenuse of 1 mm . Thls means 1ts hydraullc radlus is

-Y:IO 23 mm The spec1men of Flgure 7 2(a) is- 76 mm'* 1n length

‘ For thlS sample in- a1r ‘the 4000 Hz 11m1t of the test-“

"fequlpment translates to a. K of 9 2 1n the trlangular plpes

ST .‘
v

7.4 Results -

General Motors Corp also supplled thelr own test

"results for the spec1men F1gure 7 4 compares present test,vff3

:h;results wrth those supplled Slnce the curves are very closedp
’fto each bther 1t is- reasonable to conclude that the slh’p. k
repeatablllty of the 1mpedance tube method'ls’good In the
:vremalnlng flgures the experlmental data ‘is from our test
Flgure 7 5 and Flgure 7 6 compare the‘experlmental

_results to. the absorptlon obta1ned u51ng the 1mpédance of

'the exact equatlon. The only d1fference between the results

'lhof the model is the speed of sound used The values used arefw'“

‘;~C 290 m/s and C 343 m/s respectlvely‘%% ;“hﬁ'

The experlmental and predlcted results compare very

'~"we11 The sllght dlscrepencles between the results can be

:'{erroken 1nto two categor1es* the helght dlfference of the

“acurves and the frequency at wh1ch the peak absorptlon occur;f"

_The helght dlfference depends on the length and area of the

R IR
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plpe, the llmltatlons of the assumtlons made on the fluld
'behav1or and the llmltatlons of the numerlcal calculatlons
'fThe frequency at whlch the peaks occur depends on the length
| vof the plpes and the speed of sound 1n the plpes., .

To model the corrugated f01l spec1men it was assumedv
‘that the plpes were 51m11ar and could be represented by an‘f'
=iglsoceles trlangle w1th a. hydraullc radlus of 0. 23 mm .. Afg |

small error 1n measurlng the hydraullc radlus of the plpe

’3dwould cause an; error 1n the absorptlon of the same order of

'tfmagnltude.

e i
.- .means 1sothermal compre551on and expansnon. It can be

“!uIn-der1v1ng the model ofuthe flu1d motlon .an assumptlon
H‘is‘madeyln neglectlng the temperature changes so as to allow

WV”thefuse of a constant v1sc051ty..The assumptlon 1s that the .

§

wallrof the p1pe ma1nta1ns a<constant temperature

‘heat conduct1v1ty of the f1u1d to the wall 1s perf l;fthislh;;-

Aﬁ;reasoned that thls 1s closest to the truth at’ low values-of
lfK At hlgher values of K the process becomes adrabat1c.'f‘p-»:
:gIncrea51ng K can be thought of - as 1ncrea51ng the rad1us of 'rff

the p1pe, thls means the flu1d in- the center of the plpe can

”‘{fless ea51ly transfer 1ts heat to the wall Wlth less heat
.‘transfer the process becomes adlabatlc.( ' |

If the compre551on"1s 1sothermal the speed of sound 1n'

“pﬁthe plpe is. c= 290 m/s. The f1rst absorptlon peak of the"

:Lnumerlcal model for C= 290 m/s is at the same frequency as L

{the»experlmental data It can be shown that the frequency at‘&l

qif;ziwh1ch the peak occurs 1s proport1onal to‘the ratlo of the ds"

X G
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.o

'speed of sound in the plpe and the length of the plpe.v-’
'.Therefore since only the f1rst peak matches w1th the |
experlmental result thlS is conf1rmatlon that C 290 m/s at

- i
.:low frequenc1es and the compre551on 1s 1sothermal as

-?fassumed The second peak of the numerlcal result in Flgure‘

. . j*‘., L
7. 5 1s left of the experlmental peak ThlS ove to’ the rlght

;Of the experlmental results means ‘the speed of sound 1s
atlncrea51ng Flgure 7 6 shows the effect of u51ng C= 343 m/s

pfog the model »g;* “‘:xl" 1v:v‘ B ,Cv:, yd f: h i -
LIt 1s p0551ble to 1mprove the matchlng of the peaks of'

i the absorptlon curve by u51ng emplrlcal relatlons to'

i determlne the speed of sound at varlous frequenc1es. For"

'T,’thls sample thlS would become more 1mportant at frequenc1es

vﬁhabove about 3000 Hz.v ‘

Lamb [13] v1n a proof whlch 1s.a var1atlon of that

31"glven by Lord Rayle1gh [15] derlves the decay of a. wave in fﬁ.
‘a c1rcular p1pe con51der1ng v1scous effects only He g
:gmentlons that a more complete 1nvestlgat1on was prov1ded by

s Klrchhoff [11] 1n wh1ch thermal processes are con51dered as

5well as v1sc051ty Lamb [13] compares the dlfferent results

*g]yof decay and states that the decay 1s 1ncreased by

R

;hcon51der1ng<}hermal processes but remalns of the same order
»o“'of magn1tude._f1
' No con51deratlon 1s made 1n thlS model to account for

| d]d1551pat10n due to thermal effects or the v1sc051ty changes

'f_elther across the p1pe or. w1th respect to the cycle These

',.con51derat10ns are neglected by the assumptlon of constant
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e

temperature at all tlme. Thls assumpt1on is llkely the
'largest 51ngle factor respon51ble for the dev1at10n of. the
absorptlon of the model from experlmental results The

assumptlon as mentloned 1s best at 1ow K as ev1denced by

‘the experlmental absorptlon 1ncrea51ng faster w1th frequency:.

A3

FN . . L

7.than the absorptlon of the model .'ﬁfh g_;ob

Another factor to con51der is the lim1tatlon of the
,numerlcal technlque. When %Ymparlng the %Ls1st1v1ty curves_
\ . .

v@of a partlcular p1pe modelled w1th dlfferent grlds, 1n_.

‘fchapter*G '1t was noted that the model produces a - lower;,

‘ bound on: the. re51st1v1ty In add1t1on the accuracy decreased~ ;

gw1th frequency produc1ng a much lower bound 1n the case of a

' crude mesh Thus the calculated absorptlon w1ll be a lower_

fi'bohnd and w1ll be " further from the experlmental data at

"v 1h1gher frequenc1es.

DAL

'°‘dr1ft 1n tpe same d1rect10n, the lack of thermal effects and:"

Jthe 11m1tatlons of the mesh A number of meshes were

_compared and the one used to generate the f1nal data seemed B

'to be very close’to a converged answer. Therefore it is feltf'

[

'that most of the error, albelt small 1s due to the lack of

'_con51deratlon of thermal effects._

A p01nt of d15cuss1on on the absorptlon obtalned from B

-the model is why the helght of the absorpt1on curve 15:}

Tff greater for C= 290 m/s than for C= 343 m/s. From the théory, f,_f

ulfof the. pea } rather than the value of the absorptlon.‘

f;ithe only 1nf1uence the speed of souqd has 1s on* the locatlonlbh
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'In conclusion,from these comparisons with the résuit5‘~
| of’the;eXpefimeht,it seems the integrity of the analysis is

i
’
i

ve ry QOdd'. -
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B.FQiscussion and Summary

e —

é.} Method of Solution

" In defining the problem, necessary assumptions are made
to reduce the problem to a manageable form. The Finite
Element Method was chosen to solve the defined problem. This
bmethod ;s relatively new to the solution of fluid motlon
problems. Most of its use is in the field of solid

mechanics. The terms 'stiffness matrix' and 'mass matrix'

. Lo v
originating in solid mechanics hd¢® been adopted here
because of the analogbus use argi"¥echavior of the fluid

i . -
motion to structural motlon. W : : -

The method, of’ solutlon 1n1t1ally had the requ1rement

that 1t must be able to handle any shape of domaln. It was
later found that for eff1c1ency it also must possess the
flex1b111ty-of.cpncentratlng,on the solution near the edges

of'thekdomain;.The(Finite Element Method is thus

particulafly\applicable.to this problem. Fairly goodvreSults

can be ea311y obtained on ex1st1ng computlng systems

| 1} ef1n1ng the problem an assumptlon is made about the
fofm,of the pressure waye bE1ng harmonic. This assumptlon is
of condenience, not necessity. ‘Even with this assumption the
‘_sokutlon for an arbltrary 1nput pressure functlon could be

foynd by addxng,the ‘solutions of . 1ts component frequenc1es

anﬂ amplltudes similar to Fourler serles of wave forms

_bécause thepgovernlng equatjonlls_llnear. If for some reasonj.

N ase

[

L
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”thlS prbcedurei1s not: de51red 1t ‘is valld to begln w1th the.i v

fdlfferentlal equag{%n (Equatlon 2 2) and deflne "»_ ‘ bmf;_ e
4_;1nterpolat10n functlons w1th a dimen51on in tlme mve.,“1l |
'g} } ﬁN1 N1(y zft)vand 1nput nodal pressure gradlents as a

.}functloh of tlme ThlS mlght be. the best ay to find the
‘veloc1tx,d15tr1but10n due to a pressure gradlent whlch 1s, .

'.e for example, trlangular w1th t1me Py ”of
Galerkin s method 1s used to derlve the»matrlx
tF

"J.ehequatlons Thrs method of approx1matlon is powerful
foVrelatlvely 51mple and can be applled to any llnear or.
ianon 11near gove%nlng equatlon. The equatlons resultlng from

vffthe Galerkln s method are the same as those from the

] N

PR S
. PR

°”fﬂvar1at10nal prlnqule;’;}_» :
| Galerkln s method was chose% flrst to beneflt from 1ts
fadvantages but a;so 1n order to become famlller w1th:aw B
'i;[technlque whlch is readlly appllcable to many problems
S This: analy51s produces an approxlmate solutlon to the
%”thveloc1ty proflle in any shaped plpe at any reasonable:?;:h;fff
‘:‘ﬁTfrequency andiat any t1me 1n the cycle of the perlodlc
:hpressure gradlent These results can: be d1rectly and eas1lyv¥”
,iﬁused to flndqthe shearlforces -on: the plpe wall the stress 15 f;@:}

7,¢fstate Of a. bar 1n tor51on, as well as thé‘acoustlc

S

’ ﬁfpropertles. These propertles 1nclude the re51st1v1ty and :

“Galerkin's method’ WOUId produce dlfferent equatlons$f§h0d§£_5,7~*
'still valid, from Lagrange's eqguations if. the ‘origina B
equation had been multiplied throughout by an arbitrary ° PRI
sfactor .’ However, in mechanical. problems- there is’'an. optlmum R
3 way of applying.Galerkin's method which renders it’ .- S
equlvalent to the use of Lagrange s equatlon(See REﬁ)G)

v




vgffectiVe“density,‘and, inen‘the pioewlength; the ‘impedance

and absortion. SRR

‘}8 2 Conclus1onsrr
The major p01nts to be noted are | ’

;1) The pr1nc1ple of S1m11ar1ty can be applled to the"’ffrl’ll‘t'
'i;re51st1v1ty results so that the acoustlc propertle: of 3
‘h:most conflguratlons and any 51ze of plpe can be _ ,
-‘fdetermlned from the 1nformatlon presented The effectlve

'den51ty results do not requlre s;gllng . |
L 2) The correlatlon of the experlmental data to the f1n1te

element data 1s very good

i“3) For the cases of re51st1v1ty and absorptlon %he program

glves a lower bound to the solutlon.,Thls 1s most

ll'relevant,when u51ng results from a relatlvely crude ”

: mesh o
'?;4) At K 0 the solutlon«

. ) o,
statevln pr1smat1c bars subjected to tor51on.. L

is. applicable to flndlng the stress ;ﬁ

t:~5) Accuracy 15 most dependent on concéntratlon of nodes near

; oy
_plpe wall 7».,?/

./ . . . .

”;a_.lfﬁﬁ) The Acoustlc F1n1te/Element can be used to model
o ..1mpedance of a pape w1th varylng ‘area: along the axls.“-’
LT?) The analys1s and method of solutlon have been ver1f1ed by

' exper1ment./6roblems w1th s1m11ar assumpt1ons, governlng

;ﬁﬁfffﬂ ,”_[equat1on ahd boundary condltlons can be solved w1th

:;\'
confldence v1a th1s method. SR

/

/.
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58)‘Somé_ihpr0veﬁedt.coUldfbe-médegin*the,mcdel'by.aCcopntiﬁgif
.~ for the influencegof thefmai processes in the decay of -

~ the wave. ' - o
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) Appendix'A, Acoustic Properties‘Equatiens

This. sect1on w1ll show the steps for der1v1ng the

absorptlon of axwall in terms of the spec1f1c 1mpedance and
1n terms of the max1mum and minimum pressures(to be used for
the 1mpedance tube experlment) | |
| Assume that the’ wall is at x=0, ‘the wave is'treuelliné
parallel to the X axls and the wave dlrectlon is normal to
. 'the wall If the 1nc1dent wave is comlng from the negatlve X
.dlrect1on 1ts sound pressure 1s' | _ o
Pl(x t)=Po. exp[j(wt kx)] o »'A-1
e:For'e plaqehweve mov1ng'1n_the p051t1ve thireetion

q

i ;‘,g W N S
: BX ’p ot T O S S A2
1 Therefore, the partlcle veloc1ty of the wave is glven by

.

‘re.sJ

g VB T
Ux, ) -Mpoclexp{;(wtka)} PRI T

 For the reflected waves = . .

f,:?(k,t) ='Rf

T

olexP{j(et‘+'kX)1'; | A

. R AT
',where Rf'is«thé reflection factor,

t
ol“hdi
o--

YV_U(X’;).=h R;. expfigurﬁ4 Wl ; fligfsh

O
bt
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£ IFf

Both |Rf| and 8 can. be found from the 1mpedance tube as -

descrlbed near the end of thlS sectlon. The reflectlon‘

vfactor is a property of the wall and descrlbes both the

o attenuatlon and phase change of the reflected wave.

The total sound pressure and partlcle ve;oc1ty 1n the'
plane of - the wall are’ obtalned by 51mply add1ng the -
expre551ons for the 1nc1dent and the”reflected waves and

[

vsettlng x=0

P, =D ( ) exp (3w L A
(0,t) -‘Pb(l + Rp) exp (Jut L : '1h.7

|

P ARSI L «
q(o,t) "o C (1‘—‘Rf) exp (jot) B s A.8 .

_xP(O;t)'diVided hy‘u(O,t)igives the.impedanoef--7’

R 1.+ R - o

R -0 AR 4 L ,

LT G L E = C. == - ALY

i P a

L o
* Conversely

= . , . A0

Re Z+ 1 ’ , : o vA o
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and !

e DU S R L T

Since theJTnten51ty of a wave is proportlonal to the

- square of the pressure ampl1tude and the absorptlon

\coeff1c1ent a is the”loss of 1nc1dent 1nten51ty on

reflectlon 1t follows that
2 ' e
a =1 - IRfI | L ) | . ~v ] : . | A.1l

—

Substituting eanJOVihto eqnAil gives

4 Re (2) B S .
|z|2+ 2 Re(Z)+l ‘ '

.

A.12

[

The relat1on between the absorpt1on coefflcent and the

spec1f1c 1mpedance can be seen in Flg 6 6.

The dlstrlbutlon of the sound pressure in the standlng'
wave due to the wall is found by addlng egn 1 and eqn 4 ~and’
taklng the absolute value | |

e 2 o 1/2
P P {1 flef|, + ?|Rf| cos (2kx + B)1/7 o aas

te

| The pressure amplltude varies perlod1cally between

'”fyfy, g - Pmax Po(1+|Rf|) L , A.i4’ﬁ

“i Pmln Po(1-|Rf|) ‘t'”"°_‘ A.15

The dlstance between max1ma 1s ‘half the anelengtm%j

From equat10nsA11 A14 and.NS
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|
! o
: 2 max  min ‘ }
R T = — 5 A.16 ,
: ~ ‘max . min .
4"Pma:rc'-. Frin ] ‘
o = - -A.17
. 2
(P . +.P )
max  min

: In‘the impedance tube it-is easy to measure the'minimum

;-and max1mum pressures as well as . the dlstance between ‘the

urface of the test spec1men and the first pressure mlnlmum.

ThlS.lS‘all the 1nformat1om necessary to determlne the wall

impedance.

From egn 13 the first minimum occurs when

}“cos(2kx+r)--1 Denbting the minimum distance which satisfies'

| this cyndltlon by Xmin the phase angle B (of eanG) 1s found

"from

=5 ) a.18

‘where lamdakls the wavelength c/(frequency)

“Thus the absorptlon, reflectlon factor and the 1mpedence of‘
the sample can be obtalned ftom the 1mpedence tube. The
follow1ng, from Craggs [2] ahews how‘the‘impedeneevcan-be“
-der1ved in terms of the - res1st1v1ty and effectlve den51ty
 ;v The exact solut1on‘for the 1nput 1mpedance,_z, of a
"dcolumn of absorptlon materlal of length 1 w1th a rlgld

! termlnatlon 1s given by Zwlkker and Kosten¢9) as

'"z Zo coth(]lk) where Zo 1s the characterlstlc 1mpedance and

Q

153
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k 1s the complex propagatlon constant. The quantltles Zo and.

k may be obtalned con51der1ng the one dlmen51onal form of

‘the egulllbrlum and,contlnultyvequatlons, as shown by .

Kuttruff Q7).

: : .-

@t _ 8P _ =
X e .
-1 9p _‘L
p .2 3t oX
C po-

and then substltutlng the follow1ng relatlonshlps for a

plane harmonlc progre551ve -wave

A

jKP--Tjwp'+ R) U =0

-( 1—*—-) P + j K U -0
P c? I

For a. non-terlal solutlon the determlnent must be zZero.

i ' . -
k- , —(one+R) S
S } S o
e
- > S
P - ﬂ
. This gives
. ". p .
; -E Po
~and s ‘
. pOC‘ pe ’R.'l/\\
ZO=P/U’=‘ K=pc(—_l._) b
W o tp_ . pw

A.23
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Appendix B, Fluid Finite Elements

“This appendlx is to prov1de the dlscu551on of the steps

/ o
Nad

necessary to reproduce the f1n1te element solutlons or -

'fprov1de a ba51s on.which to bu1ld exten51ons of the

l}analye}g.

'J

The momentum balance governlng equatlon is

From the wave equation we find the‘setisfaetory form of a
“harmonic wave -
g .  p=P. exp(](wt kx)) - B.2

s

' Subst1tut1ng a veloc1ty of thls same form into egn B1 glvsg

- %% = jouu - v* U,

/

.t’Applylng the method of welghted re51duals ve approxlmate u

by U._The error 1ntroduced by this approxlmatlon is the

!

res1dual & e : : o : C C
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wh 4
Let us assume U to be in the form
~ r
U=U= ) NiCi B.4
i=1

—_— R ' . . . 3 4

Ni are interpolation functions, Ci-arekthe unknown field
variables to be found Ci are ‘veloomtles at the r points
in the domaln if llnear 1nterpolat10n functlons are used.
If the order of the 1nterpolat10n functlons 1s_y

1ncreased C1 must 1nclude der1vat1ves o£ the field

"varlable. In the follow1ng solution -let C1 =Ui. i',- =

/

o make the/re51dua1 small in some sense we may ant the'

total error to zero, ‘i.e,

f € dA =0 ' | | ‘BfS,‘-

But to solve for the r unknowns we use r independent
weighting functions in the above integrai,'i.e.v

1

fewia=0 - S " B.6
'Galefkin's criterion'Specifies'that ﬁhe;wéighting functions
should be the éeme as thevinterpolatioﬁ funCtiens.y '
Therefore; applying this to ofr governing equation (B2)
Galerkin criterion gives

i

TR} - ' it _
.f Ni{ gp e 0 ju -viuld=o0 BT

»
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‘Integrating term by term we define {P)} and fM] by’

f@.fi {N } dA = {P} | o B.8
Jax | 3
sty a g ) C n

’The method‘of weighted)residhéls requires,thaf the y‘
lorder of the. 1nterpolatlon functions must be’ the same as the
highest order in the equat1on to. be solved Thus to reduce
the order of our equatlon we 1ntegrate the Laplacian on U by
parts.-Thls, in most cases, convenlently 1ntroduces the
boundery cohditiohe as well as reduces the required order of .
_the interpolation 50 thar'linear variation between uhgnowns,l
" may be essumed. | | |
~H S NP uda=-pf @id®® +widly) aa
' | Azz o ay? |

o

Sop$ GLIUW +NJUMp E s
o z *Z oY N ‘ B.10

[+ %

AN

~¢ond1txon requ1res U=0'on the bopndary of the plpe. gh

-~ convenience let
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N IN-
Cou I[E az LEEJ {~%} L5g ] da (v} = u(p) {u} B.11

Now in the condensed notation we may write

v

{r} =\(u[D] + jpow.[Mi) {u} . ‘ B.12

¢

and taking on the notation of chapter 2

{e}]. Pee 1 T\t

]

+ Jpw

D%fj‘-‘A {UO}‘
The solutlon of U now 1nvolves solv1ng the above
v‘complex matrix. equatlon. ‘The varlables {E& {F} and {U} are g

S

u)complex as well as the term-in the round brackets.

,TSome computlng fac111t1es cannot ea51ly solve for

*

varlables comprlsed of real and 1maglnary values. In order

to solve for varlables wlth only real parts we take the
| example of solv1ng for U in the above equatlon

Q

{P}‘= (u[fo]f ipow [Mféj){U}~ ~ T .B.14

Breaking the.variables into

0

- {P}'— {p_+ jPi} B o L B.15,

Aul} = {U + le} : ' | ' 2 B.ie'

. wmRL

?
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‘Hffone equatlon, the 1maglnary terms 1nto another glves,

e

1:3ﬁd'SubSEitutEnéhﬁhiSJihto:eQUation?KB¢ )'yieldstﬁ7”'

respectlvely e ERRTES \ :

,ft f?§}u#ta&étﬁéfi{Ur}iﬁigﬁpéfj{Ui}”-1";¢ft“.'f,\\,

. This is, the eqﬂivaient?of?'
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i “c . ‘r . B -

{Pr + JPl} (u[D £l+ ) om[M 4 {Ur + 301} v{ttjj,” 3;17;:_~",

-’

Mu1t1p1y1ng term by term and separatlng the real terms 1nto

{pr} - uto, ]{Ur} —pow[Mff]{Ul} S

P BE
B U_Ffo:-] Lo - ‘Db‘wvﬂ“’lfv' S
e . i o,

R

D m[M ] o u[fo,}

= j7and we have ellmlnated j from the equatlonS*»Treatlnthheo

; ,/u// . 4'

S AT , T T (TR e
At thls polnt 1t 1s necessary to choose 1nterpolat10n .

functlons to solve for [M] [D] and {P} For thlS :woﬂcﬁ.therV

s .

Sy

B
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chosen'interpOIation functions aSsumevlineartv.q

nthe dependent varlablelbetween nodes. Thls
‘»only unknowns at each node 1s the veloc1ty'1
on51deratlon of derlvatlves 1s not requ1red
Generallzed coordlnates were trled but thlS system does
"not uork for some orlentatlons of the elements. Thls problem
Zwas c1rcumvented by adoptlng a natural ‘l;coordlnate'v-
ﬁ'system.,See Huebne [2] for detalls. ‘ | ,;

/bn'comparln the results of the two methods 1t was

hjnot1ced thaijv r most elements the elemental matrlces

d':produced by one. method are ent;fely dlfferent from those of

“°'unthe second method Only for elements that are square in® the

mYZ plane are the elemental mat 1ces 1dent1ca1 In splte of
ethe dlfferent elemental resul s the two methods produced

"'1dent1cal veloc1ty proflles.r
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““#_Appehdixfc; ajdtfzqeatibnf-*

N The follow1ng 1s a summary of the work done by M A
;jalot [ﬁ] et iﬁig,eff' | | B
BlOt [1] con51ders the case of two parallel plates as ff
v{jwell as a. plpe of c1rcular crosssect1on. Thls summary |
‘contalns only the case of a c1rcular plpe. SN ‘

et

'7fﬂd'}ﬁi,v Con51der only the two dlmen51onal motlon and neglect

fall pressure gradlents and veloc1ty components normal to the,wa

B n,

e 5

rjiff’boundarles.tThe x dlrectlen 1s'parallel to the boundarles

',Jand the r dlrectlon 1s normal to 1t w1th the boundarlesinp%gkfgefff

’fbelng r= a, Let"the walls be r1g1d and stationary..The X ,vf

"a5*component of the veloc1ty 1s u(r)

The equatlon of motlon 1s

'””,fwherep 1s the flu1d denslty and v2 1s the Laplac1an

G e e T



factor e3®t . RewritingC.3 without this factor,

. '2 :
' 3 1 3u . : ; '
= - ]me+u;?+u;a SRR . .. C.4

9P
3X

- : e T R - L BSEE ' e
" This is Bessels differential equation for U. The solution
o for U, rehemberi@8~U'isifinitefatdr=0>andtthe boundary
~ condition U=0 at r#a,"is. |

e

| fﬁgp:; o (1——o1/2 r'] i P
e U(ap/ax) - 1} : = e

I R . - 154

Note that the acoust1c Reynolds number K a(—~)’/can be seen,}

’»1n the denom1nator.

Der1v1ng the correct;on functlon requlres the average e

',veloc1ty,'wh1ch reduces to kx ' ;‘.,. -
P e e R

Cedey  a(er' KA qbel K
”‘.UaveSBP/BX) 1 ~ jK(ber K + j bei. K) .. S .6

ST N N .K,=@1(%%l/2 o T TR R

.ifberf Z =ﬂ%2{(ber z). f" el \_ c.8

5.

':beie.Z‘fjgzl(beifz)[--: R o
‘J

'In der1v1ng the correctlon functlon alSo needed 1s the

o . P

frlctlon force on the wall The stress‘(r) at the wall 1s »

T = - ou - K T ST €. 10
R U ur Ir—a a Hj ) ( ) : "4fﬁy' ;;,

" The total friction force is 2'}frénd:rhefratfbtof;thiSE
G et T T e T R e B T e

‘wt T{d_.
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- force to,the‘aw@ragé\velocity'is
. . . . o 3 . ’ AR

2rat & - o , | oc.u

- . ber' K+ j ber' K
©T(K). ".ber K+ j bel K

C

, and as K aproaches‘ﬁ ratlo of A10 approachesSWU'-.
)) .

B1ot now 1ntrbduces the correctlon functlon

e L T G il
s TR )

@

. As Blot also states, the functlon F(K) measures the

dev1at10n from Po1seulle flow fr1ct10n as a.- functlon of the-

parameter K. For large values of K

| gfoex-
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_Appekdix;nf Acoustic Finite Elements - -

It is luplicitly'assumed that the Changes of aensitY;
and pressure are small compared to the 'static values,,
.fugthermore, the partlcle veloctly should be much smaller v
than the sound - veloc1t§’of the medium.

Assumlng the medxum 1s an. 1deal gas

P e Y ST b1
Py v 06‘ y—l.T . e o e bt

.

wwhere Y'is the ratlo of the spec1f1c heats for the gas. The

g

hspeed of scund in a gas,ls C frygjg 'ﬁ o D](a)

For free a1r the compre551b11ty .and rarlflcatlon of the

,wave occurs ad1abat1cally and accordlngly Y. = ERE=l;4,‘
343uﬁe L . In small pipes at low frequenc1es

(KS4) the compress1b11ty is closer to 1sothermal thus

decrea51ng the prOpagatxon speed Y= ]q:C?=290 m/s e

From equatlon (D1) of»course-v' ,‘ o - c e

i
I
|

: t | %?;, 2 3 Ll D2

O

'1,ByfcohtinuitY>"

1.. 99 _ BU

c G




o

SubstitptingN(Dz) into (D3) yields

pio == == - . D.4

‘Using aga1n the harmonic varlatlon 1n time df\the

varlables and ‘the mean veloc1ty, the force balance is

’

Cax (vpe‘jw+1‘1) U | e L - : D.5

1 . . X . S

<

e, . Rey o e - -
K = w/Cd .

The notatiOn,can#bebcondensed_by introducing

oy =exT 2 . D8
ol ey T N

So (Dj)bcahkbe:writfep as ey

ooy

S A el

. )
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42 / | ' _ E
-fi=Y P -Y, P, , D.10
. ax2 r _T. S R § _
SR L 7 o D.11
). ‘ SRR
Applying Galerkin's driterion to (D10) gives
L azp R SR | )
[P Ni(—S + Y. P -y P)dx=0-° B D.12
0 2. Tindt T S , . .
‘Intégrating by parts.gives
N | | "‘ " - N . . .
ap_ Lo 8P B | g
L aNi “r _ . oA T
Ni ax - | 5= +‘Ni Y P - NiYP dX -0 | D.13

The‘first'term is‘fepreSéﬁts the boundary condition i.e. a)’

at’ termlnus dp/dx 0 and b) for input Nl(dp/dx) must be

_ evaluated at x= 0 The remalnder reduces to

IR L rax-tsl S pas |
' | ‘ | Y.
[ N} LNydx = [P] - S - . D15 )
'fThefe}oré_equatioh,(D13) can be written as /;?5“\ 
,.[s]> {Pr}- +.Y (P] {?r} ~'¥1[P1 {Ei}v,# 0o ' .; ‘D.16v

Treating éqdationﬂD1ﬁ similarly

Al
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[sf]‘ {Pi‘} + ¥, [?) {_Pr} + Yr[P]' {Pi_}’ = o' . | D.17

The boundary cond1t10n Nlax l will belevéluated’nekt.
For a rigid termlnus dP/dX—O at X=L. The evaluat1on of
A

_ the boundary cond1t10nN1—— at X= 0 (at the open end of the

plpe) begins with

JP

% - _(J‘:De w + R) U | o - © D.18"
In the real and'imagihary'eempoﬁents \ §
B . - , Lo
"a—i’*’—‘ RU-I.‘ -hp_e w Ui . | - | . - D.19
n‘ fﬂ |
3y | L
Bx szUi'+p wU- _ B o ‘VD.'20 r

Therefore at the open end

3P | S
Ni —,5(— = {N}L J {p }I = R{NJ LN {u }‘ - pew{‘N}il'.N){fJ’i}b‘

,A'
+

. _ % ‘
The 1nput veloc1ty is set to be real only, for convenlence.

/- Dpefining {Q} as the 1nput array
- . "api : . . . . . ) .
R AP — ¢ = ~ . o L7
{Q'l} = Ni o= ="p_ w[D] {U_} o _ D.23,

1.

 where =

N D21
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[D]'=  {NJLNUJ L o ' D.24 -

If a linear interpolation function is used

= L1-%/L, X1, SR | D.25 o
‘then ) B
(D] ='[ é‘g 1 PR o D.26

The complete equation to be solved is -

A

- C 2P R oq ]
. {Q ! Is] - k" == el 3 K - [F]
1 .- Ov i ) . o S
=y -l S D.27 -
IR I - o] - &2 2 (p]
e R A L pOC: : e e Dal J

This gives the pressﬁre distribution along the-pipe. To* .

find- the 1mpedence of the p1pe at the open end the pressure N

is d1v1ded by the veloc1ty at the open end (the veloc1ty is |

1

‘sthat used to calculate {Q}).

‘To. flnd the pressure d1str1but10n 1n a. p1pe of varylng

area a 51m11ar analy51s 1s done by using the wave equatlon .

~

v for a horu, wh1ch is

(A< =0 S . D.28
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1614

. The only difference in the resulting equations is the

‘manner [S] and [P],aré calculated and the input term is

multiplged by the area'at the open end.

The new calculations are -

s] = 2N (2 g SR - D.29
Ls] *o-r A {ax} b X R . o
‘ _ | /
R L : S : ' /

el =] apweax D. 30

o - S , /-
| -/
_If a linear interpolation function is used .
[S;J'=b‘.__-__—_Al+A2 e © o p.3l
2L -1 1 ,' ST

- A, - v Ce

.[p]»=% [M-‘l A2 A1+A2]1 D32

. 2 AI + A?__ . Al + 3A2 o



