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Abstract

The aim of my thesis consists of characterizing explicitly the optimal con-
sumption and investment strategy for an investor, when her habit level process
is incorporated in the utility formulation. For a continuous-time market model,
[ maximize the expected utility from terminal wealth and/or consumption. For
this optimization problem, the thesis presents three novel contributions.

Using the Kalman-Bucy filter theorem, I transform the optimization prob-
lem under the partial information into an equivalent optimization problem
within a full information context. Using the stochastic control techniques,
this latter problem is reduced to solve an associated Hamilton-Jacobi-Bellman
equation (HJB hereafter). For the exponential utility, the solution to the
HJB is explicitly described, while the optimal policies/controls as well as
the optimal wealth process are described by a stochastic differential equa-
tion. Furthermore, I discuss qualitative analysis on the optimal policies for
the exponential utility. These achievements constitute my first contribution in
this thesis. The second contribution lies in considering a stochastic volatility
model and addressing the same optimization problem using again the tech-
niques of stochastic control. The third contribution of my thesis resides in
combining the filtering techniques with the martingale approach to solve the
optimization problem when the investor is endowed with the logarithm, power

or exponential utility.
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Chapter 1

Introduction

Mathematical finance is a multidisciplinary field, which draws on and extends
classical applied mathematics, stochastic and probabilistic methods, and nu-
merical techniques to enable models of financial systems to be constructed,
analysed and interpreted. This methodology underpins applications to deriva-
tives pricing, portfolio structuring, risk management, insurance analysis and
many more.

Portfolio-Consumption Optimization and Asset pricing are two most pop-
ular topics in mathematical finance. Under optimization theory, the aim of the
investors is to minimize the risk while seeking for the highest return. Or, they
maximize their return for their acceptable level of risk. The pioneer of this
field is Harry Markowitz, who stated in 1952 that it is possible for different
portfolios to have varying levels of risk and return. Each investor must decide
how much risk he or she can tolerate, and allocate their portfolio according
to the efficient frontier which shows a set of optimal portfolios that offers the

highest expected return for a defined level of risk.



The other popular topic is Asset Pricing Theory, which is built on mathe-
matical models of bond and stock prices and has two important directions. The
first direction is Black-Scholes arbitrage pricing of options and other derivative
securities, while the second direction lies in the Capital Asset Pricing Model.

All this topics in mathematical finance have an enormous impact on the way
modern financial markets operate. In this thesis, I mainly focus on the optimal
consumption-portfolio choice with the effect of habit formation. I study the
corresponding utility optimization problem for an investor within the finite

time horizon, for both cases of full information and partial information.

1.1 Habit Formulation Utilities

Over the past decades, habit formation has become a popular topic and
draws attention from many researchers. The time seperable von Neumann-
Morgenstern preference on consumption has been observed to be conflict with
some empirical experiments such as the Premium Puzzle (see [17]), the Joneses
effect (see [1]) and the Exchange Economy with Habit Formation (see [9]).
Therefore, both the empirical and theoretical literatures have confirmed
that the past consumption pattern plays a role in determing on individual’s
current consumption decisions. Based on this, a vast literature recommends
this time non-separable preference as the new economic paradigm. In 1930,
I. Fisher examined the measurability of the utility function, and emphasized
the importance of nonseparable utility formation in [10]. Sundaresan, in [19],
constructed a model in which consumer’s utility depends on the consump-

tion history. By applying the Hamilton-Jacobi-Bellman equation, he gave a



feedback form consumption in a simple example. With simulation method,
the consumption paths generated from this model is formed to be less fluc-
tuating compared with the case of separable utility function. Detemple and
Zapatero, in [8], proved the existence of optimal consumption-portfolio policies
for utility function involving a general dependence on past consumption or the
standard of living. Using the martingale approach, they calculated the optimal
consumption rate and the feedback form of optimal portfolios under different
utility functions. When the asset market is incomplete, the convex duality
approach becomes an important method to deal with the utility maximization

problems. (see [23| and [14]).

1.2 Information and Financial markets

Partial Information means investors can not observe the drift process and
Brownian motion appearing in the stochastic differential equation for the se-
curity prices. Why it is important to study the partial information? Because
partial information is more consistent with reality. We can easily attain the
information about the stock price and interest rate but we can not know the
pattern of drift process and the paths of Brownian motions.

Optimal investment problems under incomplete information was discussed
already by Lakner in [16] where a formula was presented for the optimal level
of terminal wealth, and the existence of a corresponding trading strategy has
been shown. Lakner studies this problem using the martingale approach. In
this way, the problem can be reduced to the calculation of a certain expected

value. The main objective of the present paper is to work out explicit formula



for the optimal trading strategy. Brennan and Xia, in [4], assume that the
drift process is constant, but cannot be observed by the investor. They show
that the Bellman equation can be reduced to a system of ordinary differential
equations, which is solved numerically. Yu (see [22]) assume the drift process is
unknown and satisfies the Ornstein Uhlenbeck stochastic differential equation.
By using the dynamic programming arguments, he solved the optimal prob-
lems under partial information with power preference. Ibrahim and Abergel,
in [12], studied the question of filtering and maximizing terminal wealth from
expected utility in a stochastic volatility models by both martingale approach
and partial differential equation method. This problem becomes more compli-
cated, as it is a non linear filtering problem when transforming the volatility

models under partial information into complete information.

1.3 Summary of the Thesis

In this thesis, we study the utility maximization problem of an investor with
habit formation and incomplete information. The aim of the investor is to
maximize the expected utility from her consumption and/or terminal wealth
in a simple financial market with finite investment horizon 7.

This thesis contains five chapters including the current chapter of the in-
troduction. In the next chapter (Chapter 2), we introduce the mathematical
tools as well as the fundamental financial market concepts that will be used
throughout the thesis. In Chapter 3, we specify our market model with partial
information. After transforming this model into an equivalent complete infor-

mation model by filtering techniques, the optimal problem can be reduced to



solve a partial differential equation (PDE). Then, we solve it explicitly for the
exponential preference.

In Chapter 4, we focus on the stochastic volatility model. This case falls
into the context of complete information even we can just observe the stock
price and interest rate. So we can get the optimal consumption and portfolio
by solving a PDE.

Chapter 5 develops the martingale approach for both cases of complete
information and incomplete information. For the case of complete information,
we extend the model of Detemple and Zapatero by relaxing some boundedness
assumption and focusing on the case of exponential utility. In contrast to
the case of complete information up to our knowledge, the case of incomplete
information was not addressed using this martingale approach. Using this
approach, we analyse the three cases of utilities (namely the logarithmic, power

and exponential) and discuss many particular situations.



Chapter 2

Mathematical Preliminaries and

Financial Market

In this chapter, we introduce some financial concepts, stochastic basis and

other mathematical techniques used throughout the rest of the thesis.

2.1 Stochastic Basis and Calculus

The Financial modelling of system starts with a given filtered probability space
(Qv F? (]:t)t207 P)7

which is called in the probabilistic literature as stochastic basis. Here, P is a
probability measure and F is a o-algebra that contains all negligible sets. The

family F := (F;)i>0 is called filtration, where F; is a o-fields and

FoCF, CFCF forallt>s>0.



Financially speaking, F; represents the aggregate information about the mar-

ket/ agent/ financial products up to time ¢.

2.1.1 Brownian Motion and Martingales

Definition 2.1: 1) A stochastic process X = (X});>0 is a family of random

variable indexed by time.

2) A process X is said to be F = (F;)i>0 adapted if for all ¢ > 0, X; is

JFi-measurable.

As an important example of adapted stochastic process is the Brownian mo-

tion.

Definition 2.2: A process W = (W,);>¢ is said to be a Brownian motion if

1) Wo=0 P—a.s.,
2) t — Wi(w) is continuous for almost all w € 2,
3) Wy — W, ~N(0,t—s) forall 0 < s <t,

4) Wy — W independent of W, — W, for all 0 <r <u < s < .

By an n-dimensional Brownian motion we mean a process with values in
Rn
W (t) = (Wi(t), Wa(t), ..., Wa(t)),
where the components WW; are independent one-dimensional Brownian motions.

In the literature, the requirement 3) of Definition 2.2 with respect to a given

filtration {F;}+>0 is typically stated as

7



3)* W, — Wy independent of F, for 0 < s < t.

When we consider a Brownian motion {W,;, F;}:;>¢ with arbitrary filtration
{Fi}i>0 we implicitly assume requirement 3)* to be fulfilled.

For technical reasons in the theory of stochastic integration a filtration
0(UssiFs) is usually required to be right-continuous. Thus the Brownian fil-

tration satisfies the usual condition in the sense of following.

Definition 2.3: A filtration {F; },>¢ satisfies the usual conditions if it is right-
continuous (i.e. F; = Vg Fs for all ¢ > 0) and Fy contains all P-null sets

of F.

Throughout the thesis, {F;}:>o will be assumed to satisfy the usual condi-
tions. Now we introduce a class of stochastic processes which will be funda-

mental for our analysis in this thesis.

Definition 2.4: A real-valued process X = (X});>0, which is F-adapted and

satisfies E'|X;| < oo for all £ > 0, is called

1) a super-martingale, if we have

EX|F) <Xy, P—as., 0<s<t.

1) a sub-martingale, if we have

EX|F)>Xs P—as., 0<s<t.



1) a martingale, if we have

EXi| Fs) =Xy P—as., 0<s<t.

The following theorem is Doob’s inequality.

Theorem 2.1: Let (X;) be an non-negative continuous sub-martingale and

X* =sup X;. Then

t>0

BIX < (1+ sup B[X,log™ X.]).
6 J—

£<0
[1X5 [y < gsup [ Xqllg,
>0
where p > 1 and ¢ > 1 are a couple of conjugate indices.

Corollary 2.1.1: A process X = (X;);>0 is a martingale if and only if is a

super-martingale and a sub-martingale.

Theorem 2.2: A one-dimensional Brownian motion W = (W,);>0 is a mar-

tingale.

Remark 2.1: The Brownian motion with drift x and volatility o
Xy = ut + oW,

is a martingale if ; = 0, a super-martingale if © < 0 and a sub-martingale

if p>0.

Now we introduce the famous theorem demonstrating the way a )-Brownian



motion W®(t) can be constructed from a P-Brownian motion W(t) via a

change of measure from P to Q).
Theorem 2.3: (Girsanov’s theorem) Define the process
m t 1 t
Z(t,X) = exp(— Z/ X;(s)dWi(s) — 5/ HX(s)Hst), teo,1],
i=1 70 0

(2.1)

and Z(t, X) is a martingale and define the process {(We(t), Fi) }iso by
WEE) =Wit)+ [ X;(s)ds, 1<i<m, t>0.

Then, for each fived T € [0, 00] the process {(WO(t), F,)}t € [0,T] is an m-
dimensional Brownian motion on (2, Fr, Q) where the probability measure

Q is defined as

Q(A) == E(14 - Z(T, X)) forA € Fr.

2.1.2 Stochastic Integral and It6’s Formula

Before introducing the 1t6’s Formula, we need to define the stochastic integral.

We shall start by constructing it for so-called simple process X;.

Definition 2.5: A stochastic process {X;}cjo,r) is called a simple process if
there exist real number 0 =ty < t; < ... < t, =T, p € N, and bounded

random variables ®; : ) — R with

&y Fo-measurable, &; F;,  -measurable, foralli=1,...,p.

10



such that X;(w) has the following representation

p

Xy (w) = X (t,w) = Oo(w) Loy (1) + > ®i(w) 1, 1()

i=1

for each w € Q.

Definition 2.6: For a simple process { X };cjo,77 the stochastic integral 7,(X)

for t € (tg,tr41] is defined according to

t
I(X) ;:/ XodW, o= Y (W, = Wio1) + Cppa (W — W3, ),
0

1<i<k

or more generally for ¢ € [0, T7:

Hence, on each interval where X is constant, the increments of the Brown-
ian motion on that interval are multiplied with the corresponding value of X,.
namely ®,..

In most of cases, simple process is a strict condition. So we need to define
the stochastic process in a more general level. We have to take a closer look
at measurability assumptions for the stochastic process X to be able to define

the stochastic integral for more general integrands in a reasonable way.
Definition 2.7: Let {(X¢, G¢)}iepo,00) be a stochastic process. This stochastic
process will be called measurable if the mapping
0,00) x @ = R":  (s,w) — Xs(w)

11



is B([0,00)) ® F — B(R") measurable.

Remark 2.2: Measurability of the process X in particular implies that for
a fixed w € Q, X(-,w) is B([0,00)) — B(R")-measurable. Thus, for all
t
t €10,00),7 =1,...,n the integral / X?(s)ds is defined.
0

Definition 2.8: Let {(X¢,G)}ic,00) be a stochastic process. This stochastic

process will be called progressively measurable if for all ¢ > 0 the mapping
0,8) x Q = R":  (s,w) — X (w)

is B([0,1)) ® F; — B(R"™) measurable.

According to the above discussion we require integrands to be progressively
measurable when we want to extend the stochastic integral for a larger class
of integrands than simple processes. Further to be able to define a norm for

stochastic integrals, we consider the following vector space:

120, 7] : = L2([0,T],Q,]F, P)
D= {{(Xt, Fi)}eepo,r) real-valued stochastic process |

T
{Xi}eepo,m progressively measurable, E/ ( / det) < oo}
0

Theorem 2.4: (Construction of the 16 integral for process in L*[0,T]) There
exist a unique linear mapping J from L*[0,T] into the space of continuous

martingales on [0,T] with respect to {Fi }iepo,r) satisfying

12



1) For any simple process, X = {Xt}te[O,T];

Jy(X)=1(X), foralltel0,T], P—a.s.

2) For any X € L*[0,T], we have

t
E(Jt(X)z) - E</ des>
0
Definition 2.9: For X € L*[0,T] and J as Theorem 2.4 we denote
t
/ X, dW, = J(X), t>0
0

and J(x) is called the stochastic integral or the 16 integral of X with respect
to W.

Now, we introduce [t6’s Formula for n-dimensional 1t6 process having the

form of

Xz<t) = XZ(O) +/0 KZ(S)dS + Z/O Hij(8>de(8), 1= 1, .

Theorem 2.5: (It6’s Formula) Let f : [0,00) x R" = R be a C*-function.
That is, f is continuous, continuously differentiable with respect to the first
variable (time), and twice continuously differentiable with respect to the

other n variables (space).

13



Then, for everyt > 0,

Ft, Xq(t), ..., Xu(t))

=£(0, X1(0), ..., X,,(0))

+/0 ft(s,Xl(s),...,Xn(s))ds—IrZ/0 Foi (5, X1(5), ooy Xn(8))d X, ()

+%ZZ/0 Foves (5 X1(8), oo X (8)) (X0, X))o

i=1 j=1

2.2 Market Structure

With all knowledge of the stochastic calculus, we can describe and introduce
the financial market. A financial market is a market in which people can
trade financial derivatives, commodities, and other financial products. In the
market, everything for trade has a corresponding price. Price is the expense for
different goods or services. The law of the markets determines that a suitable
price is the one which can keep a balance between supply and demand. Usually,
there exists low transaction costs when trading activities happen in real life.
However, to make the research concise, we need to simplify the market
structure in this thesis. Therefore, I will focus on the single-investor economy.
In other words, I will consider the case where transaction fees or costs have no
significant influence on the market equilibrium. Hence, throughout this thesis,

transaction fees can be neglected.

14



2.2.1 Modelling the Security Prices

We also consider this single-investor economy with frictionless markets and no
taxes in time interval [0, 7. It is only stocks and bonds that are tradeable in
our model. Bond is a riskless asset, and its rate of return is a positive number
r(t). r(t) is also called risk-free interest rate at time ¢. The price process of

the bond is denoted by Sy(t), and follows
dSo(t) = r(t)Se(t)dt, te[0,T]. (2.2)
Equivalently, given the initial bond price Sy(0) = s,
¢
So(t) = s exp(/ T(S)dS), t €10,7T]. (2.3)
0

Different from bonds, usually many kinds of stocks exist in the financial
market. We assume that the market consists of m stocks. We denote by S;(#)
the price of the i stock at time t (i = 1,2...,m). The dynamic of the stock

price process is given by:
dS;(t) = i (t)S;(t)dt + Si(t Z i (s)dW; . (2.4)

Equivalently, given the initial stock price S;(0) = s;, we have

t d d t
Si(t) = s;exp {/o [ui(s) - %Z opi(s)| ds+ Z/o aij(s)de} , te]0,T].
" " (2.5)

>

In the equations above, the interest rate r(t), the stock return rate pu(t)

15



(pa(t), ..., pm(t)), the volatility matrix o (t) = {0;(t) h1<i<m,1<j<q are the volatil-
ities of stocks. Precisely, r(¢) : [0,7] x @ — R and pu;(t) : [0,7] x Q@ — R
are positive scalars, while the volatility of i stock o;(t) : [0,7] x Q — R™
describes the price dispersion rate. All these processes are assumed to be
(Ft)e>0-adapted.

The process W, £ (th, W2, .., Wtd) is a d-dimensional standard Brownian
motion. It is assumed that m < d. If m = d and the volatility matrix is
non-singular, those stocks create what is called a complete market. A financial
market is said to be complete where every payoff can be replicated. Otherwise,
the market is incomplete such as the case m < d, where an infinite number of

risk neutral probability measures exist.

2.2.2 Trading Strategy and Wealth Process

We further assume that the investors can buy stocks and bonds with their capi-
tal. The investment activity is characterized by portfolio 7 () = (mo(t), 71(t), ..., Tm(t)),
where m;(t) = N;(t)Si(t). No(t) represents the amount of bond, and N;(t)
represents the amount of " stock at time ¢, i = 1,...,m. In our model,
short-selling is allowed, which means that N; can be any real number for
1 =0,...,m. Moreover, it is assumed that the investor have to make a contin-
uous living expense at the note ¢(t) to cover his or her expense, ¢(t) represents
the consumption rate of the investor at time .

In our economy, the investor starts with an initial capital x(, and no en-
dowment will be added at any time ¢t € [0,7]. We use X (t) to represent the

wealth of the agent at time ¢. At any time ¢, the consumer must decide his

16



consumption rate ¢(t) and investment strategy 7(t). Then, the wealth process

is given by the following stochastic differential equation

dX(t) = |r()X(t) + Z (i) — r(6)) mi(t) — c(t) | dt + Z Z mi(t) o (1) AW

X(0) =z, tel0,T).

Equivalently,

t s

X(t) =exp /r(s)ds xo + /Ot exp —/T(u)du [7(s)(pu(s) —r(s) - 1)"

0 0

— ¢ ds—l—zd:/texp {— /Osr(u)du} m(s)o (s)dW? . te0,7].

Jj=1 0

(2.7)

Definition 2.10: A pair (7, ¢) consisting of a portfolio process © and a con-

sumption rate ¢ will be called admissible for the initial wealth xy > 0, if

1) (e, c¢) are (Fy)ejo,r)- progressively measurable and satisfies the integra-

bility conditions

T
/ (77 + f)dt < +o00, P — a.s..
0

2) the corresponding wealth process satisfies

X(t)>0 P-—a.s., forall te€][0,T]

17



The set of admissible pairs (, ¢) will denote by A(xg).

This condition is to make the wealth process well defined and to avoid bankruptcy.

2.3 Habit Utility Formation

In this section, we define some mathematical variables that describe the state
of agent. When investors consume some money they will gain happiness from
their consumption, and we call this effect as utility. In economics, utility is a
description of preferences over some set of goods and services. In mathematics,
utility is a function U : [0,00) — R that is increasing and concave. Usually,
it is a single variable function with respect to consumption rate or wealth. In

macroeconomics, the utility function must satisfy the Inada’s condition.
Assumption 1: Let U : [0,00) — R be a strictly concave and continuously
differentiable function satisfying

U'(0) :=1imU'(z) = 400, U'(c0) :=limU'(z) = 0. (2.8)

x)0 oo
Then U is called a utility function.

From a financial view, the marginal utility is strictly decreasing, and it
goes to zero as consumption rate or wealth approaches positive infinity.

In our model, we study the problem of optimal consumption and investment
rules for an agent with habit formation. Therefore, we expand the utility U
to a dual-variable function U(c, z) with respect to consumption rate c(t) and

consumption habit level z(t).

18



Similarly, the habit-related utility function has to satisfy the following con-

dition.

Assumption 2: U(c, z) is continuously differentiable and satisfies:
oU (¢, z)

1. e > 0. For fized historical consumption rate, an increase in
current consumption will increase utility.

2. % < 0. For fized current consumption, an increase in historical
consumption rate will decrease utility.

3. % < 0. Marginal utility will decreases as current consumption
increases. It indicates that utility function U(c, z) is concave down for c.

4. CEIJR)O %CC’Z) = 0. Marginal utility approaches 0 as consumption rate

goes to infinity.

One simple example of the habit index process z(t) is given by
dz(t) = B(c(t) — 2z(t))dt, 2(0) =2y, te€]0,T]. (2.9)
Equivalently, given the initial consumption habit zy,
t
2(t) = ze P +/ BePs=e(s)ds, t€[0,T). (2.10)
0

In this formulation, zy is the initial consumption preference level. [ is the
habit formulation factor, and it represents the weight of nearby consumption
in the formulation of habit. As time passes, the preference places less weight on
historical consumption at a given past date. From the differential form, we can
see that the consumption habit will increase if the momentary consumption

rate exceeds the consumption habit. The higher 3 is, the fast z(¢) is adjusted

19



to current consumption rate. If 5 = 0, the preference index is a constant and
stays at zp.

A more general example of z is given by
dz(t) = (6(t)c(t) — a(t)z(t))dt, =2(0) =z, te€]0,T]. (2.11)
That is,
t t t
2(t) = zge~ Jo alwdu +/ §(u)e Ju @) du, t e [0,T). (2.12)
0

Here, a(t) is the persistence of the past level, and 6(¢) is the intensity (weight)

of consumption history.

The most common utility functions can be specialized as follows: (just

examples, not limited to those cases)
1
1. Exponential utility function: wu(c,z) = —3.¢
1

0,95 > 0. The parameter ®, describes the strength of intertemporal depen-

etz where & >

dence.

. . {c— 2} o
2. Power utility function: u(c,2) = ————, A < 1. This utility for-

A
mation has the property that as ¢ approaches z, the marginal utility goes to
infinity. Therefore, the agent would never allow his consumption level to be
lower than his consumption habit.
3. Logarithmic utility function: u(c,z) = log{c — z}. Same as power

utility function, as ¢ — z, the marginal utility goes to infinity. Therefore, the

consumption habit determines the lower limit of consumption rate.

20



2.4 Filtering Techniques

In section 2.2, we establish a model under full information. Actually, it is
more realistic to assume that investors have only partial information since
stock prices and interest rates are published and available to the public, but
drifts and paths of Brownian motions are just mathematical tools for model
description and not observable. Moreover, investors have only partial infor-
mation, so the consumption rate and portfolio of investors are adapted to the
filtration generated by the stock prices, which is smaller than the one we talked
at section 2.2.
Filtering problems concern estimating something about an unobserved stochas-
tic process Y given observations of a related process A. It is an important tool
to transfer a partial information problem into a complete information problem.
The setting is a probability space (£, F, P) equipped with a filtration F =
(Ft)teo,r)- All processes are assumed to be F-adapted. Note that I is not the
observation filtration. Let us call F the background filtration. We consider

two processes, both taken to be one-dimensional:
e a signal process Y := (Y})co,r) which is not directly observable;

e an observation process A = (At)te[oj] which is observable and somehow
correlated with Y, so that by observing A we can say something about

the distribution of Y.

Let F* := (F);cj0,r] denote the observation filtration generated by A and
Fhi=0(A;0<s<T).
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The filtering problem is to compute the conditional distribution of the signal
Y;,t € [0, T, given observations up to that time.
To proceed further, we need to specify some particular model for the ob-

servation process.

2.4.1 Observation process

Let W = (Wy)iepo,r) be an F-Brownian motion, let G = (G¢).eo.r] be an F-

adapted process satisfying
T
E / G2dt < oo,
0
and we shall assume the observation process A is of the linear form

dA\y = G(t)Ydt + dWy, t € ]0,T]. (linear observation model)

2.4.2 Innovation process

We introduce the filter estimate process EA/, for any F-adapted process Y, as

the optional projection of Y onto the F filtration, i.e.
Y, =E[Y, | F}, te[o,T]. (2.13)

Define the F*-adapted innovation process

—

N, = At—/t(G(t)Yt)ds, teo,7]. (2.14)
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Proposition 2.1: The innovation process N is an F*-Brownian motion.

The proof of above proposition can be found in [18|.

2.4.3 Kalman-Bucy filter

Theorem 2.6: (One-dimensional Kalman-Bucy filter) On a filtered probability
space (S0, F, P), with background filtration F = (Fy)icjor) » let Y = (Yi)ieo1]

be an F-adapted signal process satisfying
dY; = A(t)Ydt + C(t)dBy,
and let A = (Ay)eo,r be an F-adapted observation process satisfying
AN\, = G(t)Ydt + dW,.

Here W and B are F-Brownian motions with correlation p, and the coeffi-

cients A(+),C(:) and G(-) are deterministic functions satisfying
T
/ (JA@)| + C*(t) + G*(t))dt < oc.
0
Define the observation filtration F* = (]'—tA)te[o,T} by
Fh=0c(As:0<s<0).

Suppose Yy is an Fy-measurable random variable, and that the distribution

of Yo is Gaussian with mean o and variance 1y, independent of W and B.
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Then, the conditional expectation Y, := E[Y, | FA], for t € [0,T] satisfies
dY, = A(H)Y,dt + [G()V, + pC(H)]dN,, Y, = o,

where N = (Ni)icpo,r) s the innovations process, which is an F*-Brownian

motion satisfying

AN, = dA, — G(t)Y,dt.

Furthermore, V; = VAR[Y;|FA] = E[(Y,—Y,)? | FA, fort € [0,T), is the con-
ditional variance, which is independent of ftA and satisfies the deterministic
Riccati equation

dVi

= pP)C2 () + 2[A(t) — pC()G )V = G2V, Vo = bo.
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Chapter 3

Exponential Utility with

Incomplete Information

In this chapter, we consider a model of optimal investment and consumption
with both habit formation and partial information. The investor chooses her
consumption rate and portfolio using the information from the stock price
only. Herein, we assume that the investor has exponential utility towards
consumption and terminal wealth.

At first, we mathematically describe the financial market structure. We
consider a continuous-time economy on a finite time horizon [0,7]. Given a
filtered probability space (€2, [F, P) where the filtration F = (F;),c0,1] satisfies
the usual conditions. The investors in this market are assumed to be "small
investors", and as a consequence their actions have no influence on the market
prices. In addition, the transaction is smooth, which indicates all transaction
costs are ignored. This market consists of a riskless bond and one stock. The

stock price is driven by a one-dimensional Brownian motion W (m = d = 1),
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which indicates the completeness of the market. Without loss of generality,
we assume that the bond process SY = 1 for all t € [0,7], or equivalently
the interest rate r(t) = 0,¢t € [0,7]. The stock price process S; follows the

following dynamic
dSt = ,utStdt + O'SStth, t e [O,T], SO = Sg > 0. (31)

Similar to [22|, we assume that the drift process u; satisfies the Ornstein-

Uhlenbeck stochastic differential equation

Here, W and B are two F-adapted Brownian motions with correlation coeffi-
cient p € [—1,1]. The initial value of the drift process f is assume to be an
Fo-measurable Gaussian random variable and g ~ N (19, 6y), which is inde-
pendent of Brownian motions W and B. We also assume that other coefficients
0s, 0., A, [l are non-negative constants.

If we denote by zy the investor’s initial wealth, then at time ¢, the investor’s
wealth X; equals to this initial wealth plus the gain or loss from investment
activities and less the accumulated consumption. We denote by ¢; the con-
sumption rate at time ¢ and by m; the amount of wealth invested in the stock.

The investor’s total wealth at time ¢ is given by

t ¢
X(t):xo—i—/ EdSs—/ csds, t€0,T].
0 s 0
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Or equivalently

dXt = (7Tt,ut — Ct)dt -+ O'STl'tth, te [O, T], XO = Xy-. (33)

3.1 Model for Habit formation

Now, we study the problem of optimal consumption and investment rules for
an investor with Habit formation. We expand the original utility U(x) to a
bivariate function U (¢, z) with respect to consumption rate ¢; and consumption

habit level z;. The process z; satisfies
dz = (6(t)ey — a(t)z)dt, te€[0,T], (3.4)

or equivalently

t
2z = zpe Joawdu +/ d(u)e” Juodve qu. ¢ e [0, 7.
0

According to Section 2.3, a(t) represents the persistence of the past level, while

d(t) models the intensity (weight) of consumption history.

3.2 Model for Partial observations

We assume that investors can only observe the stock price process S;, while
e, Wy and By are unknown for investors. Thus, our goal is to find the optimal

investment strategy m and consumption policy ¢; under partial observation
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filtration F¥ = (F),c0.7). This pair (7, ¢;) is adapted to F; = o(S,, u € [0,1])
only. The key ideal here is to transform the partial information problem to
an equivalent problem with complete observations. To this end, we need to
project the unknown process p and Brownian motions W and B onto the
observable filtration F* = (F° )tcfo,r- In other words, we need to estimate
1, B and W using F*.

We use the filtering techniques in Section 3.2. According to (2.14), we define

the innovation process W associate to W as follows

og os S

Here [iy := E[p, | F°]. Thanks to Proposition 2.1, W= (/V[Z)te{oﬂ is a Brown-
ian Motion under F¥, and due to Theorem 2.6 (One-dimensional Kalman-Bucy

filter), the process i; satisfies

Qt +050up\

dpe = =y — p)dt + ( )dW, (3.6)

gs

ﬁOZE[Mo’}-oS]:ﬁo-

In addition, the conditional variance €, = E[(u, — i) | F°] satisfies the

following Riccati ordinary differential equation (ODE):
N 1 ~ 9 N
0, = [——293 F (=228 900, + (1 - pP)o?|dt, (3.7)
Os

(XS s

Qo = Bl(no — fio)?* | F5'] = bo.
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The solution to the above Riccati ODE is already derived in [22]| and is

2Vk

L ke s +k
0, = 0(t00) = Ve, e TR (L Tl e 0,1], (3.8)
kle 78 — k’g gs

where

k= X\o%S + 2050, \p + O’i,
ky = Vkogs + (A% + 050,p) + b,
ko = —Vkog + (\o% + 050,.p) + bq.

It is easy to see that (Al(t) converges monotonically to the value

0F — 05\/)\20§ +2050,\p + 0% — (A\o% + a50,p) > 0, (3.9)

as time t — 0o. The convergence property of ﬁ(t) tells us the precision of the
drift estimate goes from an initial condition to a steady state in the long time
run. By the evolution of Riccati ODE, we obtain that the monotone solution

Q(t) on (0,00) has the bounds
min(6o, 0%) < Q(t) < max(6y,0%), Vt € [0,T], (3.10)

notice that 6y, 6" are independent of ¢.
Under the observation filtration F*, the stock price process can be derived

using the innovation process of (3.5) as follows

dSt = /./ZtStdt + USStd/Wt, te [O, T] (311)

29



The habit formation process z; still satisfies (3.4). However, the pair (,¢) is
now F-progressively measurable.
By the same procedure, as in the full information case, the dynamic of the

wealth process under ]Ff are given by
dXt = (Wtﬁt — Ct)dt + Usﬂtd/Wt, XO = Xy, t e [O, T] (312)

And no bankruptcy is allowed, that means the investor’s wealth remains non-

negative: X; > 0,t € [0, 7.

3.3 Utility Maximization and HJB Equation

Our goal is to maximize the consumption with habit formation and the ter-
minal wealth, for investors endowed with exponential utility preference, under
the partial observation filtration F°. Mathematically, this objective can be

stated as follows

T
v(xo, 20,10, 00) =  sup E[/ —e (72 — e7 T, (3.13)
(m,c)eA(xo) 0

where A(xg) is the set of admissible pairs defined in Definition 2.10. This
optimization problem is a stochastic control problem which can be reduced to

solve a Hamilton-Jacobi-Bellman (HJB hereafter) equation.
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3.3.1 The form of HIB Equation

We look for a smooth function defined as

T
o(t,x,z,m,0) = sup E(/ —e ) s—e T\ X, =1, 2 = 2, 0y =1, = 9),
(m,c)eA(z0) t
(3.14)

and notice that

6(07 €T, z,m, 9) = U($O> 205 Mo, 90)

By Definition 2.4, on an appropriate domain the following process
o~ t ~
V(g i / e s 1 B(t, X, 20, i ), t € [0,T],
0

is a local super-martingale for each admissible control (7, ¢;) € A(xy).

Because for each (7, ¢;) € A(xg) and Vt € [0,T] we have
E[}’;(mC) (t) ‘ ‘FO] < ?(W’C)(O) = ’U(.CEo, 20, 705 90)7
For the optimal control pair (7}, ¢f) € A(zo):
T (kK t * * -~
Y (e () ::/ —e =) ds 4 0(t, X7, 2 g, ), e (0,77,
0
is a local martingale,because for (7*, ¢*) € A(x¢) and V¢t € [0,T] we have

E[YT (1) | Fo] = YT (0) = (o, 20, 70, 0o).
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From Section 3.2 , we know that the conditional variance process Q, = Q(t, 6)
is a deterministic function of time. Therefore, the variable 6 in the definition
of ¥ can be set as a deterministic function of ¢, and 6 = (¢, 6y) depending on
the parameter 6y. So the dimension of the function ¥ can be reduced. Hence,

we can define a new function V (¢, x, z,7n;60y) as
V(t,z,z,m;60p) :=0(t, x,z,m,0(t, 6)), (3.15)

and our goal can be simplified into finding a smooth enough function V (¢, x, z, n; 6)
on some appropriate domain, denoted by V (¢, z, z,n), such that for each fixed

initial value Q(0) = 6,
t
Y (ma(t) = / —e =) LVt Xy 2, ), VE € (0,7, (3.16)
0

is a super-martingale for each (m,¢;) € A(xg), and is a martingale for the
optimal control (7}, ¢}) € A(zo).

Therefore, the control problem (3.13) can be reduced to an HJB equation.

Theorem 3.1: The optimal value function V(t,x,z,n) defined in (3.15), is

the solution for the following HJB equation

(Qt) + o50,p)?
20%

Vi — alt)zVe = A — @)V, + Vo + max | —cV,, + d(t)V

1 ~
—e‘(c‘z)} + max [Wan + 5057 Vew + Vo (Q(t) + USUuP> W} =0,
(3.17)

—T

with the terminal condition V(T,z,z,nm) = —e
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Proof. By applying 1td’s formula to V (¢, Xy, 2, [iy), we get

dV(t, Xt, Zty /./Zt> = V;dt + deXt + Vzdzt + ‘/ndﬁt
1 1 1 ~ o~
+§de < Xy, Xp > +§szd < Zt, % > +§V;md <ty fht >
+Vood < Xi, 20 > +Vid < X, 1y > +Vipd < 24, 1y >

— Vit +V, ((mﬁt —e)dt + asmd/Wt> LV ((5(t)ct - a(t)zt)dt>
Q N 1

V(M= e+ (F

+(Q(t) + 050,p)*
20%
= [V} + %(Wt//l\t _ACt) + Vz<5(t)ct - a(t)zt) - V;YO‘('Et — i)

I (Q(t)+‘75‘7 P)2
+505m, Voo + = £

O, +
+<V};(as7rt) + V},(M
s

Vindt + Vs (ﬁt + Ugaup> dt

Vi + Vanmi (ﬁt + Ugaupﬂ dt

))th.
As a result, for each (my,¢;) € A(xg),
t
yme(t) = / —e () LV (X ), Yt € (0,7,
0

is a local super-martingale if and only if V' satisfies

(Qt) + 050,p)?
20?q

1 ~
—6_(C_z)] + [W?]Vx + 50?9’”2‘/9690 + ‘/;977 (Q(t) + JSJMP> W] S O’

Vi - alt)2V. — An — i)V +

Vi + [—cvx + sV,
(3.18)

for all (m;, ¢;) € A(xo). And for optimal control pair (7}, ¢}) € A(zo),

t
Y(ﬂ*,c*)(t) == / _ei(cziz:)ds + V<t7 Xt*a Z:a //It)a vt € [07 T]’
0
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is a local martingale if and only if V' satisfies

(Qt) + o50,p)?
20%
* 1 ~
—ele _Z)} + [ﬂ*n‘/; + 50%(#*)2%90 + Van (Q(t) + Ugaup> W*] =0.
(3.19)

Vi — a(t)=V. — Ay — i)V +

Vi + | —¢'Va OV

Then, by combining (3.18) and (3.19), we conclude that (3.17) holds.
From (3.14) and (3.15), we get

V(T,x,z,n;0) =0(T,z,2,1n,0(T,6y)) = sup E —e X | Xo =, 20 = 2z, ir = 1, QT = 0]

T,ceA

—T

= —€

This ends the proof of this theorem. m

3.3.2 Explicit Solution of the HJB Equation

We use the first order condition to find feedback form for the optimal control

pair (7", c") € A(xg). If V(¢,x,z,7n) is smooth enough, we get
Ve +6(t)V. + e =0,

NV + 102V + Vxn(ﬁ(t) +og0,p) = 0.

Therefore, the optimal control pair is given by

(tyx,z,m) =z —In(V, = §(t)V2),

Vs = () +050,p)Var (3.20)

2
Us%z

7T*<t7 x? Z? 77) -
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By inserting (3.20) into (3.17), we get the following PDE

0=V, —a(t)zV, — AX(n—p)V, + (5‘/2 - Va:) <Z +1—In(V, — 5Vz)>

LV + () + 050.p) Vay)?
2 J%Vm ’

() + 050,p)?

+ 20%

Vim (3.21)

In order to solve this PDE explicitly, we propose the following candidate func-

tion of V(¢,z, z,n)

V(t,z,2,n) = —M(t,n) exp(—¢(t, )z +mit, 'r])z). (3.22)

Here, ¢(t,n), m(t,n) and M (t,n) are functions to be determined.

Thanks to the terminal condition V(7' z, z,n) = —e *, we get the following
¢(T,n) =1, m(T,n) =0 and M(T,n)=1.

We calculate the derivatives of (3.22)

M
Vi= Mtv + (th - ¢t513)va
V. =mV,
M
V, ==LV + (myz — ¢,x)V,
V4 M
Vim = ﬁ‘/ + 2(myz — @7@#‘/ + (M2 = Gpyx)V + (M2 — ¢n$)2vv
Vx = _¢Va
‘/zx - ¢2V7

M,
‘/xn - _¢nv - qbﬁnv - ¢(mnz - (bUI)V?
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and substitute them in (3.21). Then, after dividing the resulting equation by

V', we get
M, M,
Mﬁ%— (myz —;ﬁtl‘) —azm + Blﬁ +ﬁﬁ1 (myz — ¢yx) p
+iw + 02( — Oy ) 2 2?? (M2 — Gymx) + ﬁ(mnz - ¢nx)2
—i—z(l —m)(¢ + om) + gbx(gzﬁ +0m) — (In(¢ 4 dm) 4+ In(M) — 1)(¢ + dm)
552 (77‘1‘5227 +52 — Bapyx + Bamyz)? = 0,
where
ﬁQ(t) = Qt -+ 0s0,pP-
After arranging terms in the previous PDE, we get
2
z|my —am + Bimy, + &mn]]\\/‘; + 2ﬁ2 Moy %( +ﬁ2zn +52%)+
(1-m)(6+ 5m>] + 60— fugy - L <z>n— - ﬁaﬁm P+
S
M,
221,20 oo o] + 2y 5,20 %v—

772 2 ¢2 5 M2 ﬁ_g(bnMn

(Ino +0m) + (M) = D)6 +0m) = 505 =5 5 52 = 2,20 ~ oF oM

pméy _BaMy

0% ¢ o M

Since this equation holds for all > 0 and z > 0, then the following hold

53 n 53 BZmn Cbn
My am+ﬁlmn+0§mnM+20%mnn = (n +52¢+52 7)

(3.23)
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o 52 62 52¢n ¢77 %
¢t /31¢77 ¢n M ¢7m O_S ( +62 ¢ +52 M) (3'24)
+¢(p+ om) = o,
and
Mt 51 f—zﬁ — (In(¢p + 6m) + In(M) — 1)(¢ + 6m)
S
e @B M BeM, Bmo, M, (3.25)

-1 2 P2 Tm P2 R/ o

20%  20%¢%* 20:iM? o2 ng 0% ¢ J% M

In order to simplify the problem, we propose to set the unknown functions
o(t,n) = o(t) and m(t,n) = m(t) as functions of time t only with the terminal
condition ¢(7') = 1 and m(7T) = 0. Throughout the rest of this section, we

have the following assumption.
Assumption 3: We assume that a(t) = a and §(t) = & are constant numbers.

Then, (3.23) and (3.24) take the following forms

my—am+ (1—=m)(¢g+dm)=0, ¢y—od(d+0m)=0, m(T)=0, and o(T) =

(3.26)
Lemma 3.1: The pair (¢, m) solution to (3.26) is given by
1 T 5
if a=
L+ (T —t)+ sa(T — )% ’
o(t) =
(6 —a)? .
= aP —5—al—a)([ -1 +sctaay I a7o

(3.27)
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and

( T—1t r 5
if o=
14+ (T —t) + 5a(T — t)* ’
m(t) =
(5 _ CY) (ea(Tft) _ efoz(Tft) + e((Sfcy)(Tft) . 1) ‘ 5
(6= —0-a@-a)T -t sev o T @70
(3.28)
Proof. We rewrite equation (3.26) as
my —am @y
o1 o ¢rom=T0) (3.29)
and derive
gb(t) — e~ ftT I'(u)du
(3.30)

T
m(t) — / F(S)efs F(u)du—i—a(t—s)ds‘
t
Now, we insert these in
¢+ om=T(t)
and multiply both side by e~ Jo D(w)du—at afterwards, and get
T T s t s t
e Jo F(u)duat+5/ F(S)Gi I F(u)duasds_(s/ F(s)e* Jo F(u)dufasds _ F(t)e* Jo F(u)dufat.
0 0
(3.31)

Put
g(t) == T(t)e JoT(ihu=ot, (3.32)

Then (3.31) becomes

¢
g(t) = Are ™ + 64, — 5/ g(s)ds,
0
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T
where A, = ¢~ T@d anq 4, = / [(s)e”Jo F@du=as g are constant num-
0

bers.

By differentiating the above equality, we get
g (t) = —=dg(t) — aAe .
1) For a # 6, the solution to above ODE is given by

T
g(t) = Ayel0=)Te=0t 4 aAl(e‘st)/ 035,

t

(3.34) and (3.32) leads to

L (=Tt _q),

T
NG ft C(u)du _ (§—a)(T—t)
(t)e e + R

By integrating the above equation on [t, T, we get

eftTF(u)du:l_ _ (T—t)—l——

Then, by combining (3.35) and (3.36), I'(¢) is given by

§(6 — @)= (5 — )
(0 —a)2—0—a(d—a)(T —t)+ deld=—)T=)"

r(t) =

39
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(2) For o = 6, the solution to (3.33) is given by

g(t) = Ay (1 + o(T — 1)) (3.37)

(3.37) and (3.32) leads to
T(t)el Twde — 1 4 o(T — 1), (3.38)
By integrating the above equation on [t, T, we get
el T g () 4 %a(T _ 2. (3.39)

Then, by combining (3.38) and (3.39), I'(¢) is given by

a(T —t)+1

() = : .
1+(T—t)+§oz(T—t)2

Combining the above two scenarios, I'(t) is given by

( a(T'—t)+1

1 , a=90
1+(T—t)+§oz(T—t)2
I(t) = (3.40)

5(6 — )el=T=) _ (5§ — )
L0 —a)2 =80 —a(d —a)(T —t) + de=a)(T-1)’

a # 0.
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Denote f(t) as the denominator of I'(¢)

1+(T—t)+%a(T—t)2, a=94
ft) = (3.41)
(6 —a)? —0—a(d—a)(T —t)+ 00T oL

Then, from (3.40), we deduce that

o) = 1
et T B (342)
m(t) = —m/t f(s)e *ds.

Thus, by integration by parts, the proof of the lemma follows immediately.

O

Now, we focus on solving the remaining PDE (3.25). By substituting m,, =
0 and ¢, = 0 into (3.25), we get

(3.43)

The solution of this PDE is given by the following.

Lemma 3.2: The function

M(t, ) = exp (A(t>n2 + B(t)n + C(t)) , (3.44)
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is the solution of equation (3.43).

Here, A(t) satisfies the following ODE equation,

1
PRE TP W S LR S (3.45)

O'S O'S 205

and B and C' are given by

B(t) :2;@/\/tTA(s)exp</:[)\+M—i—F(u) 26( )2 T2 Au)]du )ds,

U% s
ct= [ ree( [ [AuB(uH%B(u)? B(;QAH

“D(w) In(D(w)) + F(u)]du) ds.
(3.46)

Proof. We assume M (t,n) takes the following form

M(t, ) = exp <A(t)772 4 B(t)n + C(t)) .

By calculating the derivatives of M and inserting them in (3.43), we get

2 1
2[At (ﬁ+2A+F)A+ B2A2——]+n[Bt (A+&+F)B
0s 20% Os
B2AB+2,MA +C, —TC + At B+2ﬂ2 B2A (In(T') — )T = 0.
‘75 o}

(3.47)

Since 7 is arbitrary, (3.43) holds if and only if the following equations hold

2 1
Ay — (2—52+2A+F)A+ ﬁ2A2——:0,
a O' 205
B, — ()\+&+F)B+ ’BQAB+2uAA_o (3.48)
g g

BQ 62/1 (In(T) — )T = 0.

Us

Cy —TCH+ A\ B+
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As a result, we finish the proof of this lemma. m

Theorem 3.2: The function

V(t,x,z,mn) = — exp{—gb(t)x +m(t)z + A(t)n* + B(t)n + C(t)} (3.49)

is the solution of the HJB equation (3.17), where ¢(t) and m(t) are given by
(3.27) and (3.28) respectively, while A(t), B(t) and C(t) are given by (3.45)
and (3.46).

3.3.3 The Optimal Control Policies

The solution (3.49) to the HJB equation (3.17) coincides with the optimal

value function defined in (3.13):
V(0, 2o, 20, no; bo) = v(x0, 20, M0, Oo)- (3.50)

Theorem 3.3: The optimal investment policy m;, optimal consumption rate

c; and the optimal habit level are given by

o _ Bt (Q + 050,0) (27A(1) + B(1))

; 3.51
t (D) 3o
¢ = (1=m(t) = +6()X] +Y (¢, i), (3.52

and

¢ —m(s))—« S t t —m(u))—«a u
z =206f0 <6(1 ) >d +/ 6(¢5X;‘+Y(s,ﬁs))efs <5(1 ) >d ds.
0

(3.53)
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Here, X™ is the optimal wealth process and is the solution of following SDE
t
dX; = dK, — ¢(t) X dt + ((m(t) —1) / 5¢5Xs*ds)dt, X: =m0, (3.54)
0
where

* tH s(1—m(s))—a | ds
AR = THdS,— Y (1, fu)dt + ((m(t)—l)zoefo( Ry )ai
t

f; (6(1—m(u))—a> du

#(omte) = 1) [0 s, )t

and for any n € R
Y(t.7) = = (At + B)n(t) + C(t)) — n((t) + dm).

Proof. Apply the first order condition to the HJB equation, we can easily get
the feedback forms of ¢* and 7*. Now we need to find out the optimal wealth

process and the optimal habit formation process. First, we define
Y(t,n) = = (A9 + Bl + C(1)) = In(6(t) + om).

Since

c(t,x,z,m) = (1 —m)z+ o(t)x + Y(t,n).

Then, we have

¢ =t XP, 2 i) = (1 - m(t))z;: +O()X] + Y (L, Fie). (3.55)
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The optimal habit formation process satisfies
dz; = (0c; — az))dt.

By substituting the (3.55) into the above equation , we get

dz = (5((1 —m(t)z + o) X; + Y(t, ﬁt)) - az;)dt

= (61— m(t)) — o) zjdt + (o)X + Y (2, 7)) dt. 1220

which is equivalent to (3.53). Moreover, we also know that the optimal wealth
process satisfies
T

AX; = gdS, = cjdt

By inserting (3.55) into above equation, we get the SDE for the optimal wealth

process

dt

N—

4X; = sy = (1= m(®)5 + ()X +Y (6.7
-5,
P T A T

0

ds; — (d)(t)Xf FY (4, ﬁt))dt + (m(t) — 1)x

This proves (3.54), and the proof of this theorem is completed. O

Based on the explicit structures, we can easily provide some qualitative anal-

ysis on the optimal policies and optimal value function.

Corollary 3.3.1: The following properties hold:

1) The optimal value function V (¢, z, z,n) is strictly increasing and concave
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in x, while is decreasing and concave in z, just like the utility function

for consumption and terminal wealth U(c, z).

2) The feedback form 7*(¢,z, z,1) dose not depend on z nor on z. As a
result, the optimal portfolio dose not change when wealth process/stan-

dard living process is increasing or decreasing.

3) The feedback form c¢*(¢,x, z,n) is increasing in = and increasing in z. As
a result, the optimal consumption rate becomes higher when investor’s

wealth/ standard living is increasing.

Proof. 1) The function f(t) defined in (3.41) is a decreasing function on

[0, 7] and notice that

is always positive. Thus, f(¢) is positive for all ¢ € [0,7]. Moreover,
from (3.27), (3.28) and (3.44), we conclude that ¢(t) and M(t,n) are
positive, and m(t) is non-negative on [0, 7.

By calculating the derivatives of V', we get

V, = v _ dpMe=P7Tm= > (),
ox
V.. = a_VQ _ _¢2Mef¢a:+mz <0
xTxr T an - ?
V.= v —mMe™ "t < (),
0z
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and

o2

szz — — _m2M6—¢x+mz S 0.
0%z

Therefore, V (t,z,2,n) is strictly increasing and concave in x, while is

decreasing and concave in z.

2) From (3.51), we conclude that 7*(t,z, z,n) = 7*(t,n) does not depend

o1n xr nor on z.

3) On the one hand, according to (3.52), we know that:
¢* is increasing in z, if 1 —m > 0;
¢* does not depend on z, if m = 1;
¢" is decreasing in z, if 1 —m < 0.
On the other hand, from (3.42), we have

—eot ftT f'(s)e™@5ds — f(t)
f(t) '

m(t) —1=

Put

y(t) == —e / F(s)esds — f(2),

which is the numerator of m(¢) — 1. Then, the derivative of y is given by

Y (t) = —ae™ /T 1(s)e™**ds.

Since f'(t) < 0, we know that ¢'(¢) > 0. The maximum value of y

on [0,7] is y(T) = —f(T) < 0. Thus, y is negative for all ¢ € [0,T].
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Moreover, f(t) is positive for all ¢ € [0,7]. Then, 1 —m > 0 for all

t € [0,7]. That means ¢* is always increasing in z.
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Chapter 4

Stochastic Volatility Model

In this chapter, we address the problem of optimal investment and consump-
tion under the volatility model. To this end, we start by introducing the

stochastic volatility model.

4.1 The Volatility Model

In this chapter, we introduce the stochastic volatility model with constant drift
& in time horizon [0, T']. We still consider (2, F, P) as a complete probability
space equipped with a filtration F = (F)¢cjo,r] satisfying the usual conditions.
And the filtration F*® = (Es)te[O,T] is the aggregate information about the
stock price. Since the volatility of the stock price can be estimated from
the quadratic variation of In(S;), we actually know everything just from the

information of stock price. Thus, in this model, filtration F = F~.
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The price of the stock satisfies the following SDE

ds,
?t = pdt + o,dW,,  S(0) =50 >0, te0,T],

t

and the volatility is given by
doy = =Ny — 0)dt + 0odBy, o(0) =09, te€[0,T].

Here, W and B are two F-adapted Brownian motion with correlation coefficient
p € [—1,1]. And oy is a positive constant. Other parameters p, A, 6 and & are
non-negative constants.

Assume ¢; is the consumption rate of investor at time ¢ and 7; is the

portfolio or trading strategy at time t. Then, the wealth process is given by
dXy = (mp — ¢)dt + mpo dWy, X (0) =29 >0, te[0,T].
And the habit level still satisfies the following dynamic
dzy = (0(t)er — alt)z)dt, t e [0,T].

Throughout the rest of this chapter, we consider investors with either power

preference or exponential preference.
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4.2 The Case of Power Preference

In this section, we assume that investors are endowed with power utility pref-

erence. Mathematically, our objective can be formulated as follows

T — 2 )P X )P
v(xg, 20,00) = sup E(/ (cs = 2) ds + (X7) ), (4.1)
(m,c)eA(z0) 0 p p

here, p # 0 and p < 1 represents the risk aversion coefficient. To solve this

optimal problem, we define a smooth function

T PR p
V(t,z,z,0) = sup E(/ (cs = 2) ds + (X7) Xi=x,2=2,0,= 0),
(m,c)eA(zo) t p p
(4.2)
2P
with the terminal condition V(T z,z,0) = o

Theorem 4.1: The optimal value function V (t,x, z,0) defined in (4.2) is the

solution for the following HJB equation

02 2 — P
Vi—a(t)zV, — XMoo —a)V, + TUVM + max[—cV, + c¢6(t)V, + (e pz) ]
1
+ max|[muV, + §7T202Vm + 1phc*V,,] = 0.
(4.3)
Moreover, the optimal control pair has the following feedback forms
1
(tw,z,m) =2+ (Vo = 0()Ve)r T,

—Ve = 0%0pVas (44)

Tr*(t’ x? Z? 77) = O_2V

Proof. Following the same procedure as in Theorem 3.1, we can easily get the
above HJB equation by using the properties of martingale and 1t6’s formula.

Applying first order condition to this HJB equation, we derive the feedback
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forms of the optimal consumption and optimal portfolio. m

By inserting the optimal control pair (4.4) in (4.3), the HJB equation

becomes the following PDE

_ 0%02 1—p 1
V= (t)2V: = Mo = 00V + 5 Vo + (Ve = V)LV, = 0V)71 — 2)

_ WVt 0%0pVee)®
202V, '

(4.5)

Assumption 4: For the rest of this section, we assume the above PDE, (4.5),

has a unique classical (twice continuously differentiable) solution.
Lemma 4.1: V(t,x,z,0) defined in (4.2) is homogeneous in (z, z).

Proof. Due to the homogeneity property of the power utility function and the
linearity of dynamics for X; and z;, for any x > 0,z > 0 and the positive

constant k£, we have

kX 1)
p

T _ P
V(ta k?l’, I{IZ, 0) = Sup[/ <kcs kZS) ds + ( ] = k’pV(t, T, z, 0)'
t p

,C

O

Since V(t,z, z,0) is homogeneous in (x, z) with degree p, it makes sense

for us to guess that V' takes the following form

[x —m(t,o)z]P

p

V(t,x,z,0) = M(t, o), (4.6)

here, m(t,o) and M(t,o) are functions to be determined. Thanks to the
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. - xP
terminal condition V (7', x, z,0) = —, we have

m(T,0) =0 and M(T,o) = 1.

We calculate the derivatives of (4.6)

V
Vi, = —myz[z — mz]PT M + MtMJ
V. = —m[z —mz]P"' M,
V
VO' - — o - p_lM MO'_’
mez[z —mz| + i V
Voo = =Moozt — mzP*M + m22%[x — m2P2(p — )M — 2myz[x — m2]P" My, + Mype—,

M
V=[x —mz]P"' M,

Vie = (p = D[z — mz]"* M,

Vie = —mgz[x — mz}p_z(p —1O)M + [z — mz]p_lMU,

and substitute them in (4.5). After dividing the resulting equation by [x—mz]?,

we get
0?02 0%02m?z

[—mt+a(t)m~|—)\(0t—5)ma—Ttmw M( — (1 -p?)
M, zM

—(144(t Opmg + 070 (p* — 1)—~ U]
N (1+ (KZ[@)"‘ZQPT + 07 (p )Mm v me
P2 o= 0) 2 4 TNy 4 M (14 3(ym) T

p P p

2(92 2 M2 2 2]

g:7pP —"+M—M—|—MMU:0.

2(1=p) M~ 207(1—p) 1—p

Since for every x > 0 and z > 0, above equation holds. Thus, we have

0%c?
—my + a(t)m + Noy — d)my — 5 L My ()
M, ’
— (14 §(t)ym) + pbpmy + 026 (p* — 1)Mmg =0,
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M, M, 0202 , , 1—
—t—/\(a—ﬁ)——f- ? ]\40'0—i_*]\4ﬁ(1—i_é(t)rn)E p
p B o 2D, ) (4.8)
A L VAL Y
20l—p) M 20%(1—p) 1—p 7 7
and
6202
;=11 - p*) = 0. (4.9)

From (4.9), we know m, = 0 for p # £1. Therefore, we conclude m is just a

function of ¢. Then (4.7) is reduced to the following ODE
—my +a(t)m — (1+0(t)ym) =0, m(T) = 0.
The solution to above equation is

m(t) = /t Texp( /t S(é(u)—a(u))du)ds, te [0, 7). (4.10)

We set the following power transform

Then, the non-linear PDE for M (t, o) is transferred to a PDE for N(t,0)

1lpp _ 6?02 6%c*p , , N?

N, <— Ao — )No 79N, ).
B N1+ s(m) =0

2021 —p)? +{+dem)r =0

(4.11)

with N(T,0) = 1.
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Theorem 4.2: If the Assumption 4 holds, then the function

[z —m(t,o)z]P

p

V(t,z,z,0) =

N(t,o)'?, (4.12)

is the solution to the HJB equation (4.3), where m(t) is given by (4.10) and
N(t, o) is the solution to (4.11).

The solution (4.12) to the HJB equation coincides with the optimal value
function defined in (4.1):

V (0, 20, 20, 00) = v(20, 20, 00)-

Theorem 4.3: The optimal consumption rate c;, optimal investment policy

7, , the optimal habit level z; and the optimal wealth process X, are given

by
. Yy L
Ny(t, o) L
— Y* 4.14
Tt <9p N(t, o) + o (1 —p)) t ( )

= Zoefot (5(u)—a(u)>du N /t (6(5) Yy (14 (S(S)m(S))pll)ef: (6(u)—a(u)>dud8

0 N(s,o04)
= F(t,Y)),
(4.15)

and

X =Y +m(t)z]. (4.16)
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Here, Y[ is the solution of following stochastic differential equation

dYi’ = (‘9/“") ]JVVU((:;)) * a?(lu —-p) N (tl, T 5(15)]31((”)”?)}/:“
* o ty 0t 1% «
_(1 +m(t) (5@) . a(t)))F(t,Yt )dt + <¢9pat Mo o (_4]?7))5@ dw,.

Proof. Apply the first order condition to HJB equation, we can easily get the

feedback form of ¢* and 7*. Define Y, := X — m(¢)z;. Then, we have

dY; = d(XF —m(t)2}) = ((ﬁu —e)dt + am;‘th> — m(t) (5@)@; - a(t)z:)dt.
(4.18)
Put (4.13) and (4.14) into above equation, we derive (4.17). Moreover, the

optimal habit formation process satisfies
dz; = (0(t)c; — alt)z;)dt.

By substituting the (4.14) into above equation, we get

dor = (5@) (z: LY i+ 5(t)m(t))ﬁ) - a(t)z;)dt

N(t, O't)
" o 1 L
- (5(15) - a(t))zt -+ (0, 5o (14 Sym(e) 7 dr,
which is equivalent to (4.15). This ends the proof of this theorem O
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4.3 The Case of Exponential Preference

Now, we take the utility function under exponential preference. In this section,

our objective can be formulated as follows

T
v(xg, 20,00) = sup E[/ —e (T gy — o7, (4.19)
0

T,cEA

To solve this optimization problem, we define a smooth function

T
V(t,z,z,0) = sup E(/ —e T ds — e T IXy =1, 2 = 2,0 = 0>,
(re)eAzo) i

(4.20)

with terminal condition V(T x, z,0) = —e™".

Theorem 4.4: The optimal value function V (t, x, z, o) defined in (4.20) is the

solution for the following HJB equation

2 2
Vi—a(t)zV., — Mo —&)Vy + TUVM + max[—cV, + cd(t)V, — e~ )]
1
+ max[ruV, + §7r202Vm + 7plo*V,,] = 0.

(4.21)

And the optimal control pair takes the following form

c(tyx,z,m) =z —In(V, — §(t)V2),

—uV, — a20pV,, (4.22)

ﬂ-*(t7x7z7 /'7) = O_2V
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By inserting (4.22) in (4.21), the HJB equation becomes the following PDE

0?02

V= alt)zVe = Mo = 0o + = Voo + (5vz - vx) (z 1 1In(V, — 5\/2))
(,UVr + U29P‘/;w)2

202V,
(4.23)

Assumption 5: For the rest of this section, we assume the above PDE, (4.23),

has a unique classical (twice continuously differentiable) solution.

We propose the following candidate function of V (¢, x, z, o)
V(t,z,2,0) = —M(t, o) exp(—qb(t, o)z +mt, a)z), (4.24)

here, ¢(t,0), m(t,o) and M(t,o) are functions to be determined. We calculate
the derivatives of (4.24)
M
Vi= Mtv + (myz — 1)V,
V.=mV,
M,
Vo=—V+ (maz - ¢01‘)V2

M
M, M,
Vaa — Vv + Q(maz - gbax)_v + (mO'O'Z - ¢00x)v + (mUZ - ¢‘7$)2‘/’
M M
‘/x - _¢V7
%x - ¢2V7

Vi = =00V = 952V — 6(myz — ,2)V.
(4.25)

By substituting them in (4.23) and dividing V' on the resulting equation, we
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get

Mt ez — ) — azm — N0 — 0) 22 — Ao — ) (my2 — dp2)
]\49202 M, M. M
+ ( i + Q(maz - ¢ax>_0 + (moaz - gbaax) + (maz - ¢Ux)2)

2 M M ,UQ 292/)2 M
+(z+ 1+ 1In(¢V 4+ dmV))(dm + ¢) — 297 T&(cbg + gbﬁ" + ¢(myz
~0na))? = up( S+ 7+ (1 — dra)) =0

To simplify our calculation, we assume that m = m(t) and ¢ = ¢(t) are just

functions of t. Then, above equation can be reduced to the following

M, M, 0%c*M,,

— + (myz — ppx) —azm — Mo — 0)— +

M M 2 M ﬂ2 0.292p2 M? M
+(z4+ 1+ In(¢p+ dm) + ¢x — mz +In M)(0m + ¢) — W_TM; —p@pﬁa = 0.

Since for any x > 0 and z > 0, this equation is satisfied. Thus, we get the

following equations

my — am + (1 —m)(6m + ¢) = 0, (4.27)
¢ — ¢(om + ¢) =0, 42
and
M, _ M, a*Pp® M7  0°0° My,
ST <A(a—a)+u9p>ﬁ— B ﬁ; 2 M (4.29)
+(1 +1In(¢ + om) +In M)(¢ + dm) — % =0
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For (4.29), we set the following exponential transform

M(t, o) = eVt

Then the above PDE for M(t,0) is transferred to a PDE for N (¢, o)

o262 020>

N; — (/\(O' —0)+ ,w9p> N, + (1—p))N2+ —N,,

) 2 (4.30)
+(6+ om)N + (1 4 (o + 5m)>(¢ + m) — % —0.

g

Theorem 4.5: If the Assumption 5 holds, then the function
V(t,z,2,0) = — exp(—qb(t)a: +m(t)z + N, a)), (4.31)

is the solution of the HJB equation (4.21), here, (4.27) and (4.28) are al-
ready solved in Chapter 3 Lemma 3.1. And N (t,0) is the solution of (4.30).

The solution (4.31) of the HJB equation coincides with the optimal value
function defined in (4.20):

V (0, zg, 20, 00) = v(xg, 20, 00)- (4.32)

Theorem 4.6: The optimal investment policy m;, optimal consumption rate
c; and the optimal habit level are given by
. Iz Op

T 200 o)

No(t>0t>7 (433)

¢ = (L =m(t))z + () X7 — N(t,00) —In(¢(t) + 6(¢)m(t)),  (4.34)
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zf =2 exp(/ot (5(u) — d(u)m(u) — a(u))du)

[ T(56) (601X = N )~ n(ots) + 5(spm(s))) (439
X exp(/st (5(u) — §(u)m(u) — a(u))du)]du = F(t, X]).

Here, X[ is the optimal wealth process and is the solution of following SDE

L (1 Opp . () S
dXt—(atQQS(t)Jr—gb()N(t t))dt+( (1) 1)F(t,X)Zt SXdt
POt
(Nt 00) + In(o(2) + d(e)mi(2) ) dt + (W( 5+ o et o)W,

Xg = Xy.
(4.36)

Proof. Apply the first order condition to the HIJB equation (4.21), we can

easily get the feedback forms of ¢* and 7*. The optimal habit level z; satisfies
dzf = (6(t)c; — a(t)z;))dt.
By substituting (4.34) into above equation , we get

azi = (80 (1= m®)} + o)X} = N(t,0) = n((t) + 5(ym(1)) — a(t)z ) di

= (8() = m@3(t) - a()) zidt + 5(6) ($(1)X; = N(t, o) — n(9(t) + S(t)m(t)) )
(4.37)

which is equivalent to (4.35). Moreover, by inserting (4.34) and (4.33) in
dX] = (7fp — ¢;)dt + oym; dWy,

we derive (4.36). This ends the proof of this theorem. O
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Chapter 5

The Martingale Approach

In the previous two chapters, we use the stochastic control techniques to reduce
the optimization problem into solving an associated HJB equation. In this
chapter, we introduce the martingale approach. This method is based on the
completeness of the market and the optimization problem can be reduced to

the calculation of expected values.

5.1 The Case of Complete Information

5.1.1 The Economy and the Optimal Problem

We still assume risk-free interest rate r = 0, and the process of risky asset

price S; satisfies the following stochastic differential equation

ds,
?t = tht + Udet, Sy = Sg, t€ [O,T}, (51)
t
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and the drift process p; is given by the following dynamic

The two processes W and B are standard Brownian Motion with correlation

coefficient p € [—1,1]. The standard of living is given by

2 = 29 exp(— /Ot audu> + /Ot O exp(— /: audu> csds, (5.3)

which equivalent to
dzy = (0cr — auzy)dt, 20 >0; t€[0,77.

The wealth process X satisfies the no-bankruptcy condition X; > 0 for all
t € [0,7], and X; solves the SDE below

dXt = (7rt,ut — Ct)dt + WtUSth, XO =g > 07 t e [O,T] (54)

In this chapter, preferences are defined over consumption plans and can
be represented by the non-separable von Neumann-Morgenstern index U(c) =
E| / ' u(ct, z¢)]. Our goal now is to find the optimal consumption ¢* to maxi-
mizg Ulc):

T
V(zg;m,e)= sup Ule) = supr)E[/O u(ct, z¢)dt], (5.5)

(m,c)EA(z0) (m,e)eA(

here, A(xg) is the set of admissible pairs defined in Definition 2.10.
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5.1.2 Useful Intermediate Results

In this subsection, we derive new results that will play important roles in the

rest of the thesis.

Remark 5.1: The market price of risk process 6 = {0; }+cjo,r) under complete

information model is given by

0, =" telo,T) (5.6)

T

T

Since / 02dt < sup ]ut]2—2 < 0o. Hence, 0 is integrable with respect to
0 0<t<T 0s

w.

Lemma 5.1: The market price of risk 6 can be written as

0, = h(t) + ZEG(t), telo,T), (5.7)

gs

Here,

hit) = E2e 4 (M 1),
9s os (5.8)

t
G(t) = / e dB,.
0

To proof Lemma 5.1, we need to introduce the following lemma.

Lemma 5.2: The unique solution of the following stochastic differential equa-
tion:

AP, = —APdt + dZ,, t€[0,T],

18

t
Pt:eM(POJr/ eMdz,), telo,T),
0
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where, Z; is a Ité process.
Proof of Lemma 5.1. Applying the above Lemma 5.2 to (5.2), the drift process
can be calculated as follows

t
e = poe M+ (e — 1) + au/ e*dB,, tel0,T).
0

According to (5.6), the proof of (5.7) follows immediately. O

Throughout the rest of the thesis, we consider a process n = (1¢)cjo,1)

defined as follows

t t
N 1= exp [—/ OsdWy — %/ 93d5:|7 t €[0,7]. (5.9)
0 0

From Remark 5.1, we know @ is integrable with respect to W, so n is well-
defined on [0, T7.
Proposition 5.1: The following assertions hold:

1) The process n; defined in (5.9) is a martingale. And the probability measure
Q defined as
Q(A) = Elnrlal, A€ Fr, (5.10)

18 a risk-neutral probability. This measure is equivalent to P and unique due

to the completeness of the market.

2) The following processes:

o t
W, o= Wt+/ 0.ds, te 0,7, (5.11)
0
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and

t
Bt = Bt +/ pesds, te [O,T], (512)
0
are both standard (Q)-Brownian motions.

The proof of Proposition 5.1 segments a technical but interesting lemma which

is a version of Gronwall’s lemma (see |7]).

Lemma 5.3: Suppose (3 is a positive number, f and g are two differentiable

functions. If f satisfies

/OT m(s)df (s) < /OT m(s)dg(s) +B/OT m(s) f(s)ds, (5.13)

for any non-negative and bounded Borel function m, then we have
¢
f(t) < eﬁt/ e g (s)ds.
0

1
Proof. For ¢ > 0, put m(s) := —1j;44.. Then, (5.13) becomes
£

9 S

0492 J0) 4D =00 5 [
By letting € go to zero, we get

f(t) <dgt)+pBf(t), t>0.

Obviously there exists an non-negative function k& such that

') =Bft)+d(t) —k(t), t>0.
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The solution to above differential equation is given by

f(t)= eﬁt/o e P5(g'(5) — k(s))ds < eﬁt/o e g/ (s)ds, t>0.

Since k(t) > 0, the proof of the lemma follows immediately. O
Proof of Proposition 5.1.

1) By applying Itd formula to (5.9), we get
dny = —0mdWy, mo=1, t€[0,T].

T
Since 7, is continuous and / 02dt < co. We derive
0

T T
/ 02nidt < sup (Ut)2/ 07dt < oo.
0 0

0<t<T

This leads to conclude that is 1 a positive local martingale and is locally
bounded as it is continuous. Let (7},),>1 be a sequence of stopping times

that increasing to infinity and

sup ¢ < ¢,
t<Tp,
where ¢ is a constant. Put
fu(t) = Elniar, m(nent,) — mear, + 1. (5.14)

Since Mian is bounded and xzln(z) — 2 + 1 > 0, the function f,(¢) is

non-negative and is well defined. Furthermore, by applying [t6 formula
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to nln(n) —n+ 1, we get

tATy
Falt) = Bl W) = o, + 11 = 38 [ (o, )
0

t : (5.15)
1 2 1 2

= —E/ 1{s§Tn}77505d8 = —/ E(l{ngn}U505>d8.
2 0 2 0

Consider a non-negative and bounded Borel function m. Then, using

above inequality, we get

T 1 T 1 T
| st =5 [ m EQ s =5 [ B en,n)ds
0 0 0

2

1 TNy,

§E/ m(s)ns,\Tnegds.
0

Since n; > 0 for all ¢ € [0, 7], by applying the Young’s inequality (ab <

e’ +blnb — b, for b > 0), for any o > 0 we have

T 1 TNT,
dfo(s) = - E o, 02d
| s =58 [ misnatias

T,
< E/ m(s) [6%92 + <ns/\Tn 1n(775/\Tn) B nSAT"ﬂds
0 o Q o
' 502 ! TsAT; NsaT, NsAT,
SE/ m(s)e298ds+/ m(S)E< n (AT n>d8.
0 0 a a o

(5.16)
Thanks to

E(nSATn ln(ns/\Tn) . NsA\T;,

1 1 1
) - _E <773/\Tn ln(US/\Tn) - 775/\Tn + 1) - _E<?75/\Tn ln(a))
«Q (0% « « (0% (0%

the inequality (5.16) becomes

/m Vi (s /m a2 1—|—lna /m Vi (s
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A direct application of Lemma 5.3, we conclude that

(%

o agp 1+1 T op2 1
f"(T> < 62/ 675E<€56'S — + na)ds < 62/ 675E<€§9s _ E)ds
0 0

Qg

Now, we just need to prove E(e3%) is finite. To this end, we remark

that
o2

07 < 2h3(t) + 2 “GQ()
S

where h(t) and G(t) are given by (5.8). Then we obtain

2

E exp(%@f) < exp (ahz(t)> FE exp (a—GQ( )) (5.18)

Us

t
/ e dy and using
0

tnqw|tqw

. Ou Opu ' As 2 2
Since =G(t) = — [ €dBs ~ N(0,r;), r; =

gs as
the distribution density function, we derive

2

“+o00o
Yy dy
FElex (oz—G2 / ex eX (——)
[exp p P52 e

/ > 1 2ria 2) dy
ex

0 p 2r7 V2T

\/1 — 27’t

Since « is arbitrary positive number, we set

1
= — < —,
“ 4r2 " 2r}

Therefore, for any ¢ € [0,T], we conclude that

ah2 (t) 6ah2 (t)
<y, (5.19)

Eexp( 02) —1—27} < 5 =
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1 _
where O] = 5 exp((w)zeQ’\T> is a positive constant. By inserting
os

(5.19) into (5.17), we get,

T In o
[e%

fn(t) S (& (01 + 7)T7 for all ¢ 2 0.

Hence, due to Fatou’s lemma and xlnx — x4+ 1 > 0, we get
E(nr n(nr) —nr +1) < lim fo(T) < +o0

According to Doob’s inequality (see Theorem 2.1), we have E(supn;) <
t<T

~+00. This proves that n; is an uniformly integrable martingale.

2) Since 7 is a martingale, it is easy to prove that these two processes defined
in (5.11) and (5.12) are Brownian motions under () by using Girsanov’s

theorem (see Theorem 2.3 ).

5.1.3 Optimal Policies for General Case

We consider a generalization of the "linear" parametric utility. For the class

of "linear" utilities u(c, z) = v(c — z), we have the following assumption.

Assumption 6: The function v(-) : R" U {0} — R is increasing and strictly

concave and has the following properties:

1) v'(00) = lim v'(z) = 0,

T—r00

2) v'(0) = lim v'(z) = oc.

x—0
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Remark 5.2: The functions that we studied before like power utility u(c, z) =

(c—2)
p

—(c—=

and exponential utility u(c, z) = —e ) satisfy Assumption 6.

For the utilities satisfied the above assumption, we provide the following ex-

plicit solutions for optimal policies.

Theorem 5.1: Consider the economy introduced in Subsection 5.1.1 and sup-

pose that Assumption 6 hold. Define the non-negative, adapted process

Y= {’Yt}te[o,T] as

() =y 1+ 8,9 [/tT exp - /:(au ~d)du)ds | F|)  (5.20)

and denote

¢ =1+ 6,E? [/tT exp<— /:(% - (5u)du> ds | ]—“t}, (5.21)

then we have v,(y) = ynyo;. Let I represents the inverse of the function v'(-)

and let y* denote the unique solution of the following equation:

t

x(y) = B9 [/OT (zo exp<—/0 (o — 5u)du> + I(ynecry)
+/0t S, exp<_ /:(O‘“ B 5u)du>1(yﬁs¢s)d8> dt} (5.22)

:xo
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The optimal control pair (7*,c") is given by

¢ = 2o exp(— /Ot(ozu — 5u)dU> + I(y™ ner)

t

# [ sven(= [ o= 8 1t mos

0 (5.23)

where ¥* = {Y] hep) is square-integrable, adapted process that uniquely

T T
represents the martingale E9 [/ cids | Fy] — EQ[/ cids], i.e.
0 0

t . T T
/wdes:EQ[/ c:ds|]-"t]—EQ[/ ctds).
0 0 0

The associated optimal standard of living process and optimal wealth process

are given by

2i =2 exp(— /Ot(au — 5u)du>
—l—/ot s exp(— /:(ozu — 5“)du>[(y*775¢8))d57 (5.24)

t t
X =z — / cyds + | i dWs.
0 0

Remark 5.3: The process v, (y) is the state price density 7, adjusted by

5 E° [/tT exp(— /ts(ozu—5u)du> ds | }}] The factor 6, % [/tT exp(— /ts(ozu—

(5u)du> ds | F;| represents the cost at time ¢ of the subsistence consumption

policy ¢, = 25,5 >t per unit of time t standard of living.

The above Theorem 5.1 was first introduced in [8]. We cite the proof of this

theorem and develop as follows.
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Proof of Theorem 3.1. The following equation has the recursive linear struc-

ture:

Ve = Yne + 5tE[/tT exp(— /tS audu>fysds | .7-}} (5.25)

This equation can be solved by repeated iteration, letting the number of iter-
ations tend to oco. Alternatively, it can be verified by substitution that (5.20)
is a solution. Indeed, the process v.(y) = ym¢: of (5.20) solves (5.25) if and

only if

77t<1+5tEQ[/tTeXp<—/t (ay — & )du)d5|ftD _
+ 5tEUtT exp(- /t vy ), (14 0, B9 [/T exp(- /sl(au —d,)du)dl | .| )ds | ]

Simplifying and using the properties of 1 leads to

5[ [ oo(- [ da)as | 7]
:EQ;/tZeXp<—/t:ozudu>Zj< +<5SEQ/ exp /l . — 6. du dl\f})ds\ft}
:EQ_/t exp(—/t audu><1+5sEQ[/ exp< /(au )du)dl|]—"]>ds|]-}].

(5.26)

S

Define the following processes

Y, = /tT exp(— /t audu> (1 + 6, /ST exp(— /sl(au . 6u)du>dl> ds,

and
T s

H, E/ exp(—/ (v, — 6u)du>ds.
t t

(5.26) can be expressed as E9[H, | F;] = E?[Y; | F;]. To prove the result, we
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show that Y; coincides with H; (P - a.s). Standard computations yield

vi- /tTexp( [ du)as + /T{exp( /Saudu)as [ esp(= [ (- saar)ar}as
- / exp( /1t audu ds + / / exp / udu + /0 ldudu> exp(— /0 Séudu>dl>ds
/ / 5. exp / audu + /0 6udu) exp( /0 5udu)dl)ds.

The second integral of (5.27) equals:

/ / exp /ozudu—l—/l 5udu exp / .d
< /t exp(— /tozudu+/l5 du) exp(— / Sudu )dl)
:/tTexp(— /tl(ozu—éu)du> (1—eXp( /t 5u)du>dl.

By using the integration by parts, the third integral of (5.27) can be written

(5.27)

as

_ T/tT /ts s e:cp(— /tl o, du -+ #l 6udu) exp(— /Os 6udu)dl)ds
= / exp(—/ o, du) (exp(—/ 0y )du — 1>ds
¢ ¢

s

Substituting back into (5.27) then we have:

T s
Y, = / exp(—/ (v, — 5u)du> ds = H;.
t t

For the standard of living process, z;/(y) is the unique solution to dz; =
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<5t(y77tgbt)) — oztzt> dt. Then, the candidate optimal habit level is given by

2(y) = 20 exp<— /O t(au - 5u)du) + /0 s, exp(— / t(ozu - 5u)du>l(yns¢s)ds.

The candidate optimal policy is ¢;(y) = z + v *(%(y)), so our candidate

consumption process becomes

) = 20050 [ (=) + [ svexp(~ [ (=~ B Homo)ds + Hmo).

To complete the proof, we show existence of a unique multiplier that satisfies

the static budget constraint. It is straightforward to verify that the function

t

x(y) = E9 [/OT (zo exp(—/0 (v — 5u)d“>1(ynt¢t)
+ /Ot by exp(— /st(au — Gu)du ) (yn..)ds ) d]

0, 00] — [zOEQ ( /0 Texp(— /0 (o —(5u)du)dt),oo]

is continuous and strictly decreasing with limiting values x(0) = oo and
t

T
x(00) = 2 E© (/ exp(—/ (v — 6u)du> dt). Since x(y) is strictly decreas-
0 0

ing, y* is unique .

5.1.4 The Case of Exponential Preference

Under complete information with habit formation case, Detemple and Zap-

atero have already calculated the optimal policies for logarithmic and power
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utilities in [8]. Therefore, in this subsection, we consider that investors are
endowed with exponential utility preference. To get the the explicit solution

under this case, we need to calculate the following expectations.

Lemma 5.4: We have the following expectations under Q):

t )\— )\
E°[9,] = / (—MB’\S — ﬂe_)‘s) exp(ULpeA(S—t)>dS 4 Ho exp(—gﬂp 61—A1t>7
0

os Os osA o TsA
(5.28)
t t il A
EQ[/ eMdB,) = E°[G(t)] = / (—Me)‘s — ﬂe"\s)exp<0—ipe)‘(s_t)>ds
0 0 Ou Oy ~\ogA
Ho OuP 1-xt) _ Ho —xe M xe
+0u0“eXp<ag)\€ ) Uue Uu(e 1),
(5.29)
and
EQGA(1)] = — (e — 1) — 2p / h(8)EQG () exp(ZL2t (e — ) )ds
(5.30)
Proof. From (5.7), the expectation of 6; becomes
EQ[6)] = h(t) + ZLER[G (1)) (5.31)

gs

Here, h(t) and G(t) are defined in (5.8). To compute the above expectation,

we need to calculate E9[G(t)] first. From Proposition 5.1, we know

EQG(t)] = E9| / CNaB] - B9 / "N ods] = —p / "M ERds. (5.32)

0 0 0
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Combining above equation with (5.31), we get

EQ0,] = h(t) — p2= / "N Qg ds (5.33)

0s Jo

If we denote f(t) := E@[f,], and differentiate above equation, we get the

following differential equation

F1(t) = B (t) — p2le f(t).

gs

The solution to above ODE is

t )\— )\
F(t) = E9[0,] = / (DHrs _2HO sy exp(Me’\(S*t))ds—k@exp(Melf*t)
0o 0s s OgA os T

Put the above result into (5.32), we can get the (5.29). Now, we focus on

calculating the expectation of G*(¢). Applying It6 formula to G*(t), we get
t _ t
G*(t) = / G(s)(eMdB, — phye dt) +/ e?ds.
0 0
Therefore, the expectation of G*(t) becomes
t t
EC[G*(t)] = —Qp/ EQ[G(S)GS]e’\Sdt—i—/ e ds. (5.34)
0 0

Since

ER[G()0] = h(t) E[G(1)] + 2£ E[GA(1).
gs
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Inserting above expectation into (5.34), we get

EQ[G*(t)] = —2p /0 t(h@)EQ[G(s)]+@EQ[G2(S)1)6ASdt+ /0 Lo (5.35)

gs

Again, by denoting g(t) := E?[G*(t)] and differentiating above equation, we
get
o
g'(t) = e = 2ph(t) EY[G(t)] — QPG_ZQMf(t)'

The solution to above ODE is given by

EQ[G2(1)] = /O t(eQ’\S — 2ph(s)EQG(s)] exp(%g—g(e)‘s - e“))ds
_ %(e”‘t —1) -2 /0 () ERLG(s)] exp<2—)\pz—:( e )ds

Suppose the utility function takes the exponential form, we have the fol-

lowing theorem.

Theorem 5.2: If the utility function takes the form of u(c—z) = —e~ (™) or

—x

v(x) = —e *. Then, the following assertions hold:

e The optimal consumption rate c; is

t
C: = zpe Jo (cu—=0u)du _ ln(y*)(l _|_/ 5567 /s (auféu)duds)
0 (5.36)

t
- ln(nt(bt) - / 53 ln(ns(bs)e* I (au*(;u)duds
0
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e The optimal standard of living 2 is

t
Z: = zpe~ fg(auf(su)du o h’l(’y*)/ S.e” fst(auféu)duds
0

t . (5.37)
- / 0 In(nsg,)e™ J: (Cumotugs,
0
e The optimal wealth process X is
T T
X;_x0+EQ[/ cids | F —EQ[/ ctds). (5.38)
t 0
Here,
T t
= on{ [ [ i o,
r 70 T .
—E° / In(n.¢y)dt — E° / ( / Sy Js(Camdduyy (n b Vds)dt
0 o Jo
T

T . _1
X[EQ/ (1+/ 5se_fs(““_5“)d“ds)dt] }
0 0
(5.39)

Proof. For exponential utility v(x) = —e™*, we obtain I(yn¢;) = — In(yndy).
Following the construction outlined in the proof of Theorem 5.1 produces the

following candidate of consumption process

t
cily) = zpe JoCn=d _n(y, (y)) — / §se Js an=0wdu 1y (o (4))ds
0
t

= 2pe~ fg(au*(su)d’u o hl(y)(l + / 5567 f;(auf(Su)dudS)
0

t
— In(nr) —/ O ln(ns(ps)e*fs (au—bu)du g o
0
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Substituting ¢;(y) in (5.22) and solving the equation x(y) = zo leads to

T T
_ln(y*)[EQ/ (1+/ 5se_fs(a“_5“)dud8)dt}
0 0 o T
= [xo—zoEQ/ e‘fo(o‘"_du)d“dt—i-EQ/ In(r ) dt
0

+E° /T (/toése J: (ou—bu)du ln(nsgbs)ds) dt]
o o

From above equation, we get

T
Y= exp{ [zOEQ / e~ Jo(ou=bu)dugy To
0

T T t
—E9 / In(n,p)dt — E° / ( / 5Se’fs(““’5u)duln(nsgbs)ds)dt]
0 0 0

x [EQ /T(l + /t Sye™ ff(au—éwd"ds)dt} _1}.
0 0

Therefore, the optimal consumption rate is ¢; = ¢;(y*). And put the optimal

c¢; into (5.24) derive (5.37) immediately. O

For the case when the parameters a and 0 are deterministic, we get more

simplified results.

Corollary 5.2.1: If parameters a; and d; are deterministic. Then, the follow-

ing assertions hold:

e The optimal consumption rate ¢ is

t
C: =5 Jo (au—du)du _ ln(y*) (1 + / §te* Js (auféu)duds)
0
T
t

t t T l
—/ 5se_fs(°‘“_5“)d“<ln(775)+ln(1+5s/ e_fs(a"_‘s”‘)dudl)>ds.
0 s
(5.40)
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e The optimal standard of living z; is

t
Z;( = zp€~ f(f(aufﬁu)du _ ln(y*) (/ 5t67 f:(aufzsu)dudS)
0

T
/ g™ @0 () + (1 46, / e hewbugr)) g,
0 ’ (5.41)

e The optimal wealth process X; is
T T
X =x0+ EQ[/ cids | Fi| — EQ[/ cids]. (5.42)
t 0

Here,

T
Y= exp{ [zo / e~ Jolau—du)du gy _ T
0

T T T .
— / E9In(n,)dt — / <1n(1—{—(5t / e li <au—5u>d“ds))dt
0 0 t
/ /5e NG u>d"(EQ1n(ns)+1n1+5/ e Jalou= d“dz))ds)dt}

/ 1+/ AT 5“d“ds)dt] 1}.

and we have

(5.43)

ECln(n,) = %/0 h(s)*ds +2 / EQ[G(s)ﬂdH@/O h(s)E[G(s)]ds,

here h(t) and G, are defined in (5.8). Moreover, E9[G?(t)] and E9[G(t)]
are calculated in (5.30) and (5.29).
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Proof. If a and ¢ are deterministic, we have

E“? [/tT exp(— /:(au — (5u)du>ds | Fi| = /tT exp(— /St(au - 5u)du>ds.

Thus,
o(t) =1+ 0, /tT exp(— /ts(au — 5u)du> ds) . (5.44)

Substituting (5.44) into (5.40), we get

t
c; = Zpe Jotou=du)du _ In(y™) (1 +/ Se s (au—5u)dud8>
T 0
t

t T
_ / 556_ S5 (u—du)du (111(775) + 111(1 + 55 / e fsl(au_éu)dudl))dt,
0 s

then substituting (5.44) into equation (5.43)

T
Y :exp{ [20/ e_fot(o‘“_‘s“)d“dt—
T 0
- / EQ(lrl(nt@))dt— / / §ye e o= ”)d"EQ<ln(nsq§s))ds)dt]
/ 1+/ AT 5“d“ds)dt] 1}
—exp{[ / e~ Jo(eu=bu)dugy
T 0 T T
- / E91In(n,)dt — / (1n(1+5t / e*ff(au*‘sﬂd“ds))dt
0 0 t

T T .
/ ( / goe N (a“_5")du<Ean(ns)+ln(1—i—5 / e—fsm—‘su)d"dl))ds)dt}

/ 1+/ §ye™ du (o= d”ds)dt] 1}.

(5.45)
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Moreover, from (5.9) and (5.7), we get

E9n(n,) = E°[— / AW, - 3 / 92ds]
— B9 /edw+ EQ/92ds :—EQ[/ QdW]—i—;EQ[/ 02ds]
0 0

— %EQ[/Oth( )2ds + U— 1tG(s) ds + 27 Oth(s)G(s)ds}

QUSt 78 t
_%[/O h(s) ds+ZZ/ EQ[G(s)Q]ds+2Z—Z/O h(s)EQ[G(sﬂds]-

Here, h(t) and G(t) are defined in (5.8). And E[G(t)], E9[G(t)?] have already
been calculated in Lemma 5.4.

]

For the case when parameters a and ¢ are constant, we have the following

corollary.

Corollary 5.2.2: If parameters a; = « and §; = § are constants, the following

assertions hold:

e The optimal consumption rate ¢ is

¢} = zoe (O —ln(y*)< - G t)
o —
a 0 (o
—<1n(m)—i—ln( —5 T o ( O(T=1)) )
(a—0)(t—s - _ 0 —(a=6)(T-5)
/0 de” <1n( )—I—ln(a — —5¢ ))ds.

e The optimal standard of living z; is

)
_ —la—d)t
04—5(1 ¢ )>

' (a—0)(t—s) - (a—8)(T—s)
_/0 de (111(775) + ln(a 5 a5 ))ds.

zf = zpe” (@70t ln(y*)(
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e The optimal wealth process X; is
T T
X =z + EQ[/ cids | Fy] — EQ[/ ctds).
0 0

Here,

Yy = exp{ [ 0 (1 —e @9y g,

p @0 T
o
_ E9] _ @ —(a—0)t
/0 n(ne)dt /0 (a—(5 a—o° )

L s (B 4 (= = e gl

o Jo 5 ° a—0 a—90

o —(a=8T _ -t

X[a—§T+(a—5)2(€ 1)} }

Proof. If parameters a; = o and §; = § are constants, we have

T
E< _ t — 5 du \ds | F, :L 1 — ¢ (@=0)(T—1)
exp (v, — 0y)du )ds | Fi a—é( e ).
t s

Thus,

o) =1+ (1 — e (@=0T=0y (5.46)

a—9
Inserting above equation into (5.40), (5.43) and (5.42) ends the proof of this

corollary immediately. [

5.2 The Case of Partial Information

In this chapter, we study the case under partial observations setting. In Section

3.2, we use the filtering technique to transform our optimization problem from
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partial information context to full information context. For ¢ € [0,7], the

processes after transforming are given as follows

dS =
?t :ﬁtdt+USth, SO = S0,
t ~
. . O +os0o =~
~ 1~ 20 =~ A -~
ﬂ%_[_?“3+&'ép—zQQH%1—fwiﬁ,f%—EWm—mf\Eﬂ—%7
s

dz(t) = (0(t)er — aft)z)dt, 2z = 2,
dXy = (T, — ¢)dt + Us/ﬁtth, Xo = x9,

where ¢, and 7, are adapted to F° only. From (3.7), we know €, is a function

of time.

Remark 5.4: The market price of risk process § = {@}te[o,T] under partial

observations model is given by
6, =" telo,1. (5.47)

Since 6 takes the similar form with 6. And from (3.10) in Section 3.2, we

know
(% + 050,p) - (max(6y, 6*) + os0,p)
> b) )

2
Og Og

where, constant max(fy,0*) is the upper bound of Q;. Thus, similar to

Remark 5.1, we conclude that 0 is integrable with respect to w.

Moreover, we have the following lemma towards 9.
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Lemma 5.5: The market price of risk 0 can be calculated as follows
0, = h(t) + —— G, telo,T), (5.48)

Here,

s 4 98 (5.49)
Gt:/ 6)\de1§.
0

Proof. Applying Lemma 5.2 to (5.47), then the proof of this lemma is com-
pleted. O

Since 5,5 is integrable with respect to /Wt, the process

t 1 t
n = exp(—/ 0, dW,, — —/ %du>,
0 2 Jo

is well-defined on [0, 7]. And we have the following important proposition.

Proposition 5.2: The following assertions hold:

1) The process 1 defined above is a martingale. The probability measure @
defined by
Q(A) = Elijrlal, A€ Fy, (5.50)

18 a risk-neutral probability. This measure is equivalent to P and unique due

to the completeness of the market.

2) The following process

t
W$:m+/@@ te0.7]. (5.51)
0
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s a standard QQ-Brownian motion.

Proof. Follow the same procedure, as in Proposition 5.1, we can prove this

proposition easily by using Lemma 5.3 and Theorem 2.3. O]

To prepare the next section, we denote

b =1+ 5,59 [/T exp(— /s(au — (5u)du)ds ] ]—"ﬂ (5.52)
t ¢

And we introduce the following lemma.

Lemma 5.6: The following expectations under @ can be calculated:

BRG] = ht) = Hoen 4 F o ), (5.53)
(OFS gs
and
[t o
E9| / M dW,] = 0. (5.54)
0

ER[G,). (5.55)

And
R t B t N
E°[G,] = E9J / MdW,] = — / M EC[f,]ds. (5.56)
0 0

By inserting above equation in (5.55), we get the following differential equation

by denoting f(t) := E@[é\t]



t
To solve above equation, we define F'(t) := / ¢ f(s)ds. Then above equation
0

becomes

~ 0
F/(t) _ eAth(t) _ ( t+02—50,up)

Og

ME(t).

The solution to above ODE is given by

t 5 (0
F(t) :/ e*h(s)exp (/ we’\“du>d&
0 ¢

g

Therefore,

7(t) = httyexp /t t @L+—W€)‘“du) —h(t).

g

This ends the proof of this lemma. m

5.2.1 The Case of Logarithmic Preference

In this subsection, we consider that investors are endowed with the exponential

utility of u(c—z) = In(¢—2z) or v = In(z). Then we have the following theorem.
Theorem 5.3: The following assertions hold:

e The optimal consumption rate ¢,(t) is

a(t):zOe—f5<a“—5u>d“+@*> m / §e Jilonmbdtu (b ) ds|
(5.57)

e The optimal standard of living Z.(t) is

t
Z.(t) = zge~ Jolowmdu)du 47 )1 / §ye Js on=dwdu(m 54145 (5.58)
0
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e The optimal wealth process )/(\'t* 18

X; =0+ B9 / e (s)ds | 7] - B9 /O as)ds] (5:59)

Here,

~ rr . 1
Us = [a:o — ZOEQ/ e~ Jo (a“_‘su)dudt}
0

T (5.60)
X[EQ/O ((Wﬁbt /56 [ e du("]s¢s) 1d5)dt}

Proof. For power utility v(z) = In(x), we obtain I(/y\?hat)) = @ﬁtat)_l. Then

it is easy to prove above theorem by applying Theorem 5.1. O]

For the case when the parameters o and 9 are deterministic, the above theorem

can be simplified as follows.

Corollary 5.3.1: The following hold for a and ¢ are deterministic :

e The optimal consumption rate ¢, (t) is

—1
/C\*(t) _ Zoeffg(auféu)du _'_ A -1 [ 1<1 + 615/ t( uféu)dud8>

¢ ‘ T _1
/ o et (1 g, / “heabatgr) g,
0

(5.61)

e The optimal standard of living Zz,(t) is

: T -1
2,(t) = zoe~ Jolau=du)du 4 (7 )= / §ye o Cumdiddugy- 1(1+55 / e’fsl(a“"s“)d“dl) ds.
0 s
(5.62)
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e The optimal wealth process )/(\'f is

~ T T
X =z + EQ[/ Cu(s)ds | F] — EQ[/ . (s)ds].
t 0

Here,

T . -1 T T . _1
Yu = (a:o - 20/ e o (““_5“)d“dt) X (/ [(1 + (Zs/ e i (au—éu)d“ds)
0 ¢

+ / e (}5 (0u=8u)du (1 + 0, / Ll <au*5u>d“dz> _lds] dt) .
’ ’ (5.63)

Proof. For deterministic parameters a; and d;, we have 7;(y) = @77}5,5 Here

o~ T S
o =1+ 5t/ eXp(—/ (v, — 5u)du>ds.
t t

Substituting it into equation (5.57) and (5.60), we get

T t -1
Ui = (il'o - zo/ e~ Jo (a“*‘su)d“dt)
®) TO ~ t t ~
x E¥ [/ ((ﬁt@)_l +/ 5.6 s (0‘1‘_5“)d“¢8_1ds) dt]
" T t ’ -1 T ~ T . 1
— (:L‘Q — ZO/ e fo (Oéu—5u)dudt) % </ [EQ[;,/Tl] (1 + 51&/ e~ ft (au—éu)dud$>
t 0 Or zi
¢ ~ . _
+/ by el Bl pQR (14 4, / e~ sty " ] ar
: T -1 [T r . -1
= (Qjo — ZO/ e Jo (Oéu—(su)duds X </ [(1 + 515/ e~ J; (Oéu—tsu)duds)
0 0 t

+ /0 e Lo (1 +6, / ' e‘fi(av—5v>d”du) 1ds] dt).

S

(5.64)
and the optimal consumption rate is ¢, (t) = ¢(y*). The proof of this corollary

is completed. O
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For the case when the parameters o and 0 are constants, we have the following

corollary.

Corollary 5.3.2: If oy = o and d; = ¢ are constant, the following assertions

hold:
e The optimal consumption rate ¢ (t) is

. o __ ! 0 (oo
0= 0 [ ()

/ pen om0 (L e o) ]

e The optimal standard of living Zz.(t) is

-1

t 5 1
2(4) = zge @ 4 (7, 1/ s f(afé)(tfs)&1< o 7(a76)(Tfs)) ds.
Z() 20€ +(y) 0 € Ms a—236 04—56 S

e The optimal wealth process )/(\'f is

~ T R T
X; =z + E@[/ G(s)ds | FP] - EQ[/ .(s)ds).
t 0

Here,

T

7. = o - azo 5(6_(a_m ) ([ 1G5 : )
. N L P S

o ffa e (G ) )

5.2.2 The Case of Power Preference

For this subsection, we consider that investors are endow with the power utility

(c—2)P ar : . :
or v(x) = —, with the risk aversion coefficient p < 1 and
p p

ulc—z) =
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p#0.

Theorem 5.4: The following assertions hold:

e The optimal consumption rate ¢,(t) is

-~ 1

t
Cu(t) = zoe™ Bt (G175 | (7:6,)7T + / N (N
0
(5.65)

e The optimal standard of living Z.(t) is
= ¢ Su)d ~\ -1 ' ¢ Su)du =~ T\
2,(t) = zge~ Jo(aumdu)du | (y*)fﬂl/ Sye~ Js(cumdudu(m 6 Vi1 ds.  (5.66)
0
e The optimal wealth process )A(t* is

. T = T
X =x0+ EQ[/ C(s)ds | FP]— EQ[/ e (s)ds]. (5.67)
t 0
Here,

A T t p—1
0

<82 [ (@t + [ e ot g ras)ar] ™
’ ’ (5.68)

P ~ ~
Proof. For power utility v(x) = x—, we obtain [(ym:¢:) = (fjﬁtqﬁt)zﬂ%l
p

By (5.22) we get the following equation for y*

EQ [t/OT (zo eXp(Z /Ot(au — 5u)du> + (g;ﬁt(gt)p%l
+/O Js exp<—/s (o, — 5u)du> (Zﬁﬁsaﬁs)ﬁds)dt]
= Xy-.
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Solving above equation we get

Put 7. into equation (5.23), we get the optimal policies. ]

For the case when the parameters a; and ¢; are deterministic, we have the

following corollary.

Corollary 5.4.1: If oy and ¢; are deterministic, the following hold:

e The optimal consumption rate ¢,(t) is

t L T S %
Cu(t) = zoe™ Jolow=du)du 4 (?7*)"%1 X [ﬁtp_l <1 + 5t/ e i (““’5“)d“ds> o

t
1

t T _1
+ / 556_ f:(au—éu)duﬁlﬂj (1 4 65 / e~ fsl(au—(su)dudZ) p—1 dS} '
0 s

e The optimal standard of living Zz, () is

t T 1
2(t) = zpe~ Jolewmddu 4 (3 7o / 58e—f5<au“5")d“ﬁ§il(1+5s / ¢ hembingy) T g,
0 s

e The optimal wealth process )?t* is

~ (T . rT
X =z + EQ[/ e (s)ds | FP] — EQ[/ C.(s)ds].
¢ 0
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Here,
1

T . pfl T P T . L
Ui = (ivo - 20/ e b (““‘5“)d“dt) X (/ [E[ﬁ” 1](1 - 6t/ e e (0‘“‘5")d“ds>"
0 t

A

t t _P_ j 1—
+ / 5se*fs<au*5u>d"E[ﬁ§—1]<1+5S / e*fi(au*%)d“dz)" ds]dt) "
0

S

Proof. For deterministic coefficients «; and d;, we have 7;(y) = g/jﬁtéﬁ\t, where

o~ T S
o =1+ 5t/ eXp(—/ (v, — 5u)du>ds.
t t

Substituting it into (5.68), then we get

1

T . p—1 T " T . 1
Y = (xo - Zo/ e o (a“’éu)d“dt) X (/ [EQ[ﬁtp '] <1 + 5t/ e i (a“"s“)d“ds) o
t 0 OT . i 1—p
/ 5 6_f~ Qy— duEQ[ ](1 + 5 / e—fs(au—(su)dudl) p—1 dS] dt)
0 s
T 1 T b T 1
= (2o — 2 ¢~ Jo(@u=du)du g : X / Enr! 5/ e~ Ji (au=bu)du g o) P71
(r0=2 [ ) () (e | )

?

/0 §ye Js (=t gl 1](1+55 / efi(au%)dudz)”‘lds}dt)l_p.

and inserting above equation into (5.65), (5.66) and (5.67) we prove the corol-

lary. O]

For the case when parameters o and d are constant, the above corollary can

be further simplified.

Corollary 5.4.2: If oy = « and §; = ¢ are constant, the following assertions

hold:
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e The optimal consumption rate ¢,(t) is

a(t) = zoe @I 4 ()7 T x [?7”11< o 0 e’(a"s)T) o
- Ot ) ! a—0 a—90 )
1 =
+ / 56_(04_5)@_5)77? < a ) 6_(a_5)(T—s)> p—1 ds] .
0 a—0 a—90

e The optimal standard of living Zz () is

t 1 5 %
Z(t) = 2e” @V 4 (7,) 71 /0 ge =)= (Oﬁ i 5e—<a—5><T—S>)p "ds.

e The optimal wealth process )?t* is

~ (T . rT
X =z0+ EQ[/ C(s)ds | FP] — EQ[/ Cx(s)ds].
¢ 0

5= (o0 (e ) () [ (G - )

t P ) %1 I=p
5 —(oz—(S)(t—S)E Asp,l < « . —(a—d)(T—s)) I3 d :|dt> )
+/o ‘ 7] a—90 o— (56 ’

5.2.3 The Case of Exponential Preference

In this subsection, we take the exponential form of u(c — z) = —e™“™*) or

v(r) = —e

Theorem 5.5: The following assertions hold:
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e The optimal consumption rate ¢,(t) is

C.(t) :zoe’fot(o‘“ u) —In(7.)(1 +/ 0g€ — (e d“ds)

- ln(ﬁt(/b\t) - / 5 1n(7]8¢ ) fg (au—éu)duds‘
0
e The standard of living Z.(t) is

E*(t):zoe’fot(a“*‘;“)d 0 (Y. /56 Ji(@u=8u)du g

/ s In( 775<Z5s “Ou)du g
e The optimal wealth process )?t* 18

~ T T
X =z + EQ[/ Cu(s)ds | Fo] — EQ[/ . (s5)ds].
t 0

Here,

{ [ / e fot(o‘“_‘;“)d“dt — Zo
Q

—FE / In(ugy)dt — E@ / / NG d“ln(ns¢s)ds)dt]

x[ /1+/ A 5ud“ds)dt] 1}.

For the case with deterministic parameters a; and d;, we have the following

corollary.

Corollary 5.5.1: If o and 9, are deterministic, the following assertions hold:
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e The optimal consumption rate ¢,(t) is

t
/C\* (t) = Zoef fO (au*(su)d’lll _ ln<@\*) (1 + / 6t€7 fg (auf(su)duds)
T 0
~ (@) + (146, [ fiesigy))

t

t T
- / 5Se_fs(°‘“_5“)d“(ln(ﬁs)—i—ln(l—l—és / e-f!<%—5u>ducz1)>ds.
0

s

e The optimal standard of living Zz.(t) is

t
/z\*(t) = zpe~ Jo (@u—=bu)du __ hl(?//\*)(/ 5t6_ /s (au—éu)duds)
0

t T
— / 5Se*fs'<ar5u>dU(1n(ﬁs)+1n(1+53 / e*fi(aHu)dUdZ))ds.
0 s

e The optimal wealth process )?t* is

~ T R T
X;‘:x0+EQ[/ E*(s)ds|]:f]—EQ[/ .(s)ds].
t 0

Here,

T t
5o [ o,
r 70 T T .
- / EIn(n,)dt — / <1n(1—|—(5t / e’ft(a“"su)d“ds)>dt

0 0 t

/ /5e—£ (=) d“(Ean(ns)Jrln (1+96, / ~ i (=) d“dl))ds)dt}
—1

/ 1+/ je Ji (=) d“ds)dt} }

IR 1 [/~ ﬁ 2 ps
and E9In(7,) = 5/ (h? + ({2 + 059,up) / e”‘"du) ds.
0 0

1
0g

Further, for the case with constant parameters oy = o and 6; = 9, we have the
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following corollary.

Corollary 5.5.2: If oy = « and §; = ¢ are constant, the following assertions

hold:

e The optimal consumption rate ¢, (t) is

. (o . a 0 (oo
e (t) = zpe ¢ 5)t—1n(y*)(a_5 5 ( 5)t>
a )
A1 _ —(a—8)(T—t)
(Gl +In( =5 - =5 >?5
_ ~(@=8)(t=9) (1n(7 * ~(a=8)(T~5)
/0 de (111(773) + ln(a 5 T o s¢ ))ds.

e The optimal standard of living Zz,(t) is

2.(t) = z0e~ @9 —In(7) (%(1 - e—<a—5>t))

' 5om(a=9)(t-9) @
— [ eladits (1 ) +1 -
/0 e n(®s) +In(—

e The optimal wealth process )?: is

~ (T . rT
X/ =x0+ EQ[/ e(s)ds | FP]— EQ[/ C.(s)ds].
¢ 0

Here,

-~ 20 —(a=9)T
- = 1 — e (@=0)Ty _
4 exp{[a_(s( ‘ )= o

T T
5 5
— | EQWm@,)dt — S ~(a—o)t
/0 () /0 <oz—5 a—d" >

T t
_ (a-8)(t—s) ( 0 (7 a0 (as)Ts)
/0 (/0 de 5 (E In(f,) + In(—— - —— ))ds)dt]

X [a i 5T + (0 —0) (e (=0T _ 1)] 1}7
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. 1 t, O 2 s R
and E9In(7,) = 5/ <h2 + ({2 + 059,0) / 62’\“du>ds, here hy =
0 0

HO =xs + ﬂ(e’\s —1).
(OFN (OFS
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