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boundary Tayer flows.

‘;g(‘b

“ ABSTRACT
The possTbility of fi]m¥cooling the. B;wa11 (1nsu1ator wal])
of an MHD generator duct has been 1nvest1gated theoret1ca]1y A |

potass1um seeded n1trogen p]asma as the pr1mary and secondary f1u1ds

vls cons1dered and the compress1b1e turbulent boundary layer equat1ons'

are so]ved numer1ca]1y-us1ng the 1mp11c1t f1n1te-d1fference scheme of-»

-

‘Patankar and Spa]djng.' This»numerical method has been modified in a¢)M

general way ‘to inc1udelche effects of -electromagnetic body- forces Such

. that it can be applied to other than film—coo]ing flow problems which

fnvo?ve the action‘of such body forces The equat1ons solved are.

- overall cont1nu1ty, momentum and energy as well as e]ectron conserva-

tion and energy to account for e]ectron thermal non- equilibrium and

finite- rate 1on1zat1on in non equ111br1um generaths A m1x1ng-1ength

scheme‘to model MHD damp1ng of turbulent f]uctuat1ons is proposed by

~exploiting the analogy which can be drawn between MHD and wall suction.

.

Results show.that the adiabatic film-cooling effectiveness
is significantly increased‘and that MhD'turbu1ent damping noticeably
increases the effectiveness even further but to a lesser extentl

"An optimum magnetic f1e]d intensity exists for wh1ch ma x i mum
film- coo11ng effect1veness is obtained for a particular f]ow
condition. The MHD film- cool1ng process is found to be as sens1t1ve

or less to initial f]ow parameters and geometry as has been observed in



AN

ord1nary hydrodynam1c f1ows, but 1n4t1a] magnet1c field perscr1p-

- tions must be as true to phys1cal rea11ty as poss1b1e ' Non-equ1]1brium
.effects are found to produce near- wa]l current dens1ty 1ncreases ;which
_1Pf1uence the f11m -cooling effect1vepes§ in a comp11cated way, the

'met outcome of wh1ch results in a decreased effect1veness but stjiL]l

_s1gn1f1cant1y larger than its OHD counterpart.

e
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CHAPTER I -
STATEMENT OF THE PROBLEM AND ASSOCIATED LITERATURE

1.1 Introduction i
. . 'L} “ ‘ ‘
ﬁagnetohydrodynam1c (MHD) gas flows inVolve, by necessity,
the use, of h1gh temperature work1ng fluids to ensure an adequate elec-

" trical conduct1v1ty even w1th the add1t10n of read11y 1on1zab1e seed

materials such as the a1ka11 metals. In particular, for MHD generators,

temperatureg:bf‘appruximate1y 2500°C are encountered in combustion or J

open-cycle equilibrium generators whereas somewhat ]owg%ﬁjﬂuid
temperatures, apbroximate1y 1800°C, are required'fﬁr noﬁ—equi]ibr%um,
closed ¢ycle generatorﬁ. Since one of the major obstacles to achiev—
ing acceptable generator duty cycles between maintenance shutdown is
the problem []]+ of materials which can withstand high generator-duct
temperatures,it would seem ﬁeaningful to inyestigate the possibi11ty
of protecting the MHD duct walls from these}t}gh temperatures by-
cooling techniques which have proven to be extremely effective it
ordinary hydrodynamics (OHD) flow applications.

Cooling of MHD channel walls is usually accomplished
externally by means of circulating water intcnntact with the exterior
surface of the walls, by water~jacket designs or possibly, when
considering the insulator walls, hy a specially constructed componsite
wall decigned to have a high ovevall thermal conductivity te permit

a large heat trancfer rate while at the same time remaining a qood

-
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Numbers in square brackets indicate references listed.



| electrical insu]atorx\ In OHD flows it is known that cooling methods
1nVo]ving mass transfer at the syrface iA contact with the hot fluid
stream-are much more effective than coo]ing'fhe wall on the inside.
It was therefore suggested to investigate tﬁe possibility of transpi-
ration cooling applied to the insulator or B-walls of ;n MHD4generqtoﬁ
and séme results répresenting first order effects obtainéd‘froh simple
integral methods Qith permeable-wall boundafy conditfoné a%e presented
as a separate Study found in Appendix A. Objections to this effort
were. later raised when considering the practical applications pf
constructinq‘such a porous MHD duct and a film-cooling tec;;iqge was

“instead proposéd for this investigation.

The need to pfotect surfaces which are subjected to high
\ o :
temperature environments has existed for other than MHD flows for a
long time. Generally, the high temperature environment is a gaseous

one_ such as those experienced in the ionized air stream surrounding

- reZentry vehicles, rockets. plasma jets. and high performance gas

turbineq.'
Sophisticated methods of cooling have heen employed over the
‘1ast 30 years which include the intraduction of a secondary fluid
into the houadary layer of the <urface which must.be protected
leation is another mathod, which is well known fyom itg application
to re-entry vphirlos'in NASA s space m"\qv'am.* In such method<s . an
added coating to the surface knowp ac 3 "hpa\'t shield” decomposes and,

through sublimination and other highly endnthermic processes, a large

quantity of heat is ahsorbed by the heat-shield material. Tranepiration

TBrewer, R. A. and Brant, D. N., "Thermal Protection System for the
Galileo Mission Atmospheric Entry Probe" AIAA Paper No. 8) N3%8. 1980

iy



.cobling (ie. coolwng by mass tranéfer‘or sweat) is a second method
which can be applied to a surfaceimaqe'of pordus materials. The cooler
secondary fluid "diffuses" -through chh a permeable surface before
enﬁry into the'ﬁoundary layer.

_Ab]ation and transbiration'céo1ing are‘efimérily effective
in protecting the region where the materials ablates and‘thé secondary
fluid énters the boundary layer. in addition to heat absorption by
this material or fluid, the boundary layer is efféctive1y thickened by
the mass addition which further reduces the heat transfer rate due to“
smaller surface gradients. The short-comings of thesé two‘méthods,
however, é;e that ablation conling is limited to systems characterized
by high heat fluxes of short duration and transpiration cooling re-
quires porous materials which do not pncsess the necessary structural
strength, which in most cases is a necessity in applications where such
high temperatures are encountered., The pnres, furthermore. have a
tendency of becoming clogged resulting in relatively short duty cyclies.

A third effective mefLod of éoo]ing inva1ang_secondary fuild
injection ihtd_tﬁe downstream boundary layer is termed 'film-coolina'.
The primary ohjective’of film-cooling is to keep the surface down-
stream of the injection slot conl Figure 1.1 represents <rhematig511y
“a typical film . cnoling slot which would be installed at dicrrete
locations along a suf face to pratect jt not only in the immediate
region of the fluid injection, but also for a considerable diztance
downstream. The flow far do&nstream of rhe‘rnolanr ivjpcfi0r|}1ut

¢

is, in fact, similar to that downstream of a sweat nr abtlation

conled surface. Furthepmore, film-cooling acould he used to shield
. \ ‘
- ™ °



a surface from radiative heat transfer in éddition to reducing the
convection heat‘transfer rate from the Hot main.stream to the exposed
wall. Radiative shielding cbu]d;be effeéted with gas particle suspen-
sions or by use of a liquid coolant. The ppesent wdrk does not
consider such processes, however, and is‘restricted only to the
influence of MHD Sody forces and p]ésma non—equilibriﬁm on. the f/lmw

\

cooling effectiveness which will be defined next. In addition, only

B

two -dimens.innal rompreqclhlo flnwc, 1nc1ud1ng axisymmetrical qpomotr1eq.

Will be con51dovod here.
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1.1.1 Adiabatié—Wa]] Film-Cooling Ef%ectiveness
| .Forathe thermal design of a surface in contéct with a higﬁ
temperature fluid, the engineer requites information‘ﬁn the heat-trans-
fer rate between the surface and f]ﬁf& and the variation of the surface
temperature along the direction of flow when heat transfer at the
fluid/surface interface is prévented. This would represent the maxi-
mum temperature to which the surface would be subjected without inter-
nal Qa]l coo]ing‘énd is known as the adiabatic w;11-temperature, Taw
.fhe qene{al problem in fi]m;éoo1ing theory is to predict khg relation-
shfp between fhe wall temperature distribytion and heat traﬁsfer,
§1ven a certain mainctream flnw. secondary injectioa.f]o@ and specific <ot
geometry. The design problem. posed ma? also be to pFedict the sernn
dary- flow needed to mai#tain the wall‘surface température below a
rertain Uermfssib]a'value for a given mainstyream flow, glot genmetyy
and ajlowable wall heat tvansfer  The heat transfer is characterized
»

by the Stanton number ST, and the adiabatic Qall temperature by a
film-cooling effectiveness, n, and given hoth these valye<. the
orginder is told all that he needs to know for further design.

The Stanton numbe: ST iq”thp P'fsenf5 SRR RN cnoling is

de ! i"]ed ‘in tha inn ~antinpgl wq‘Y, Fn (]l )

s qw'f(hr»h”\‘-“ll(:] t ‘)

0 Tinee

h U (1 2



2

and

= ¢ . ro, 2 S
ST = /LC,(Te-T ) + 5 Uc™] ogl RN

Equation (1.4) is wrfttgn in terms of quantities which the

designer can easily eva]héte together wi;h_what he desires to know,

I

which i< the heat flux. ﬁw. to the wall. T .

<@

The adiabatic wall temperature, T.., is a function of the

- Cop
primary ard sacondary flow fields, slot geometry, and temperatures of

aw

= L~

the twe fluid streams. By defining a dimensionless adiabatic wall =s
temperature, n, c"lled the film-conling effectiveness, this température

depandenre can he oliminated. For constant ;proporty flows the film-

¢ Ting effe 17 anegs is defined by
n - Taw - IG { (-I 5)
Tr:_ Tr; .
' .H.ﬁ' i - - N ]
At the inja tian slot, Taw TC’ and n = 1. Generally

b

< - i i ‘;=\ X = oa
Taw . TG and TC IG so‘thqt n varies from unity it x» 0 to 0 at x

l=pa Fig. 1.1) where; because ofICQntinual mixing of the tun gas streams,
th~ adiabatic wall temparatyre approaches that 6fvth; free stream.

For variable property flows, the wall temperatu?e"ip the slot
would be evpprted to be the recnvery temperature of the injected gas

whereas far downstream,'ihé adiabatic wall temperature would be the

recavery ' mperature, rV"UOf the mainstyream gas. As a cancequence. anv
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ahﬁ?opriate expression often used for compressible film-cooling is'_ 
-1 _—
aw r :
' : n., = vT——s5— : _ (1.6) ~ ~—_
. | : or ‘TC TF . . .

/

whichjis seen to be equivalent. to Eq.(llS)when compressibi1ity effeéts
can be neglected. . | -
( For the large temperature differgnqés encountered in high
temperature MHchhahne1 flows, an-effectiveness similar to Eq. (1.6)
wiT].be_émp]dyed extept‘that the carresponding enthalpies witilbe
substituted fof temperatures. Hence in thgibresént work, the film-
cooling effectiveness is defined as

Raw =~ Pr

° - " m= _-A ) (7
’ ' hC hr _ .

which can be rewritten in term of temperatures as

%
. Tow ™ (Te + 3 G ) - s
n = Y > . .
) (Tg-Te) +_——2C'”p (Ug-Uc")

) ‘ G . . .o
from which the designer can determine Taw n terms of known quantities.

Most investfgations into. film-coolihg have dealt with the deter-

mination of heat trapsfer coefficient and adiabatic wall tempefatures as <
separate studies with a major emphasis op‘predicting and/or measuriqg
" the film-cooling effectiveness, n. A common finding is that the heat

transfer coefficient is close to that without injection which implies

@

that it is primari]y determined by the mainstream flow. The adiabatic

.wall tgmpgfatu?e;,however, varies significdnt]y from that without

R T T I T S A P :
seandaﬁ& gas- injection which'makes it:more .difficult, and perhaps

' b e e T T T e ‘e I
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more important; to predi;t. ~“In the present work, only the effects of
non-equj]ihriumlflow.and-MHD body forces'(both on average velocities
and turbulent fluctuations) on the flow and temperature f1e1ds and
adiabatic-wall fi]m-cdo]jng effectiveness, will be 1nvest1gated.
1.¥;2 Fiimdéodifn@ Slot Geometry and‘Theoretica] F]ow Model

) The film- coo]1ng effect1veness and wall heat flux are depen-
dent on a large number of var1ab1es such as slot geometry, propert1es
of both pr1mary and secondary fTQws initial ve10c1ty and temperature

(dens1ty) rat1os of the: two gas %treams (often correlated in terms ofu

a blowing parameter Q = p U 7°GUF) .1ntens1ty of freestream turbulence,

etc.

Experiﬁentai’inyestigat%ons»reqdire di]ident efforts to ob-
tain many data records and lengthy.modifications to change the experi;
mental apparatus. Often the results from experimenfa] measurements
proved the effort not to be worth while, If on the other hand, 3
reliable theoretical predittion method can be d€v1sed whlch arcurate]y
models the film-cooling process, the theoretician needs only change a
few statements in the computer program and the re§u1ts are re]at%ve1y
quickly ohtained. |

One such 9red1ct1on method: 1S that dev1sed by Patankar and
Spa]d1ng {2] and has been successfu]]y app11ed to OHD f11m coo11ngA
pred]ct1ons in Ref {3] Un11ke many other methods of predicting
boundary layer flows, that of Ret..[Rj ean,handTe”veloeity hrofifeé

exhibiting maxima. [t has therefore also been adopted in the present

work and was mndified in a general way to allow analysis of MHD flows

Tt ey n



as 1s'deta11ea in Chapter IV.. The theoret1ca1 model of the MHD film-
coo]jng slot is shown in Fig. 1.], The boundary 1ayer flow under
these’cdnaitions will be turPulent and thermal non-equilibrium and
'rfnite rate ionization will be considered. ,
The mefhod of solution is of the finite*difference rariety
‘and one main feature 1s that the computational gr1d of nodes fits the
“houndary 1ayer exactly; its w1dth grows or contracts at the sad‘?rate
as the boundary, layer itse]f. Th1s enab\es’the same number of nodes
in the y (or'w) direction to accurafe]y calculate dependent variable
gradients as the marching procedure advance§ downstream; Furthermore,
in'the near wall regions of the boundary layer where qradients change
rap1d1y, the Couette flow analysis of the present method prec]udes the
requ1rement of a very large number of nodal points which is character
istic of other methods which employ constant qrid spacings across the
entire width of fhe boundary']ayer. For such methndc the numher of
nodal points is large by necessity and must increase 3s dnwnstream
solutions develop in nrdev that gradients near the wall may he caley
lated sufficiently accurafe.: In the Dre<ent method fhe 1enqth\of com-
-nuting time is significantly reduced by virtue of a smaller number of
?grid pojnte;wh%ch cypically ma y an1y be nf the order of 50 while other

methods require of the order of 1000 for similar acturacy.

v
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1.2 Review of Associated Literature
1.2.1  Non-Equilibrium MHD Channel-Flow Research and Developments

The effects of thermal non-equilibrium and finite rate recom
bination were studied in the insulator boundary layer of 3 potassium-
seeded nitrogen cove-flow MHD Hall-neutralized Faraday accelerator bv
D. W. Cott [4.5]. The non-similar . compressible baundary layer was
assumed ré be laminar and two dimen<ianal. Tlhe general multi flyid
con<ervation equations were derived from Roltzmann's aquat%én and a
two -fluid mndel was adopted cansicting of the over-all gas and the

s

electron species. A collisinnless sheath was assumed aqd“mé?;hed
wifh the houndary layer equations which were then snlved nunwriraljy
using the method of Ref. [6] For the laminar flow considered little
accuracy was lost hy solving the e ized equations all the way to
the wall without a Counette:flow maodel foar the nverall gas for fho‘
Blectyon gas boundafy layer, however, the Cauette flow concept nffeyed
a convenient methad of coupling the sheath mived boaundary conditions
to the I}neavized electron dif%ucinu anH ehé{qv ;qua}imns, An fteré-: =‘h
tion procedire was devised which matched the sheath transitinn'reinné
treated as the Covette flou végion, with the finite d%%fovonrp %O]Htiﬂh
Gf the opter edde batindavy '5v3r flow Tt was rconcluded that thesmal
non equilihyiom can lead tn ;iqﬁifivan? R wall €h6rfi“q in lung
rhannels | and 'ha.t Hall efferts choyld not 'a aglected when Tarvge
R fieclde are eviommtared and that “peyation i= nat paticeahly affected
h.\ R TR I R R R T A I R T N N A L L R R Y

heath



. High and Felderman [7], considered the compressible,
turbulent, boundary layer flow over the B-wall of an MHD accelerator
and solved the equations using the same implicit finite~différencp
method of Patankar ahd Spalding [6]). The multi-fluid conservation
equations of 0. Cott [4,5], were formulated for two-dimensional
unsteady turbylent flow over a flat plate. The flow variables were
evpressed as the sum of a mean part and a fluctuating part of the
form O = Q + Q'. The equations wererewritten into divergence form
and then averaged over a time interval that is large compared to the
fluctuations. Following classical turbulent boundary-layer theory
~nly per tubations of the form (pv) 0" were retained.

High and Fe2lderman modified the Couette flow curve fits of
Ref . [61, given for the alobal momentum and enerqy equatinns, to

include tte MHD terms in the solytinne Foy the elnctynon gas, a free

moler ylay sheath was also assumed to evist near the wall,  The electyon

fluv from the continyum analysis ic matched tn the fren molerylay 1o
arpeec the cheath follawing tho der’ ations el Shovaae S N S

The yoqulting expressione ured viere

MO T 1)
B e ""p ] . ' e g [T
¢ " . ' a 1

The <antinmum pvpracsion for the flyvy n the left hand <ide
cantain the aiadiente A€ 1 ad T wheyeas the fror molecplay exrres
) e
sinn o ac the vight contvine the values of (a1 Faunting the
e o

tinaum electran enervagy flyv at the edge af the sheath to the froe

mvlacylay eperaqyv fluvy acvpss the <heath vielde a second valation

11
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where again a relation resulted hetween the gradient of he and the

value nf he at the wall.
W

For the Couette-flow curve fits/of electron energy and con-

centration the wall fluv could be expreJted in terms of the dependent

variable at the wall by using the boundary conditions of Eqs. (1.9)

and (1.10). The equations were then_.solved by Runge-Kutta methods and

curve fit with the wall values as parameters. These solutions,

. * .
however | ascumed a constant electron current JP7 across the Couette
layer)

tinbylent fluctyating quantities

and the analysis alsa did net cansider any MUD damping of the

far the case nF‘finife vate ionization, 0 = g (nP.Te\, no
significant amnynt of ionization non equiliby iym was ohserved in the
boundavy layer evcept near the wall jin the Couyette-flow region. A
small amount of electron thermal non-equilihrium was observed which,
hecayse of the strong dependence of the slectrical conductivity on
electron temparatipe, cauced <ignificant differences from calculatinne
ysing thermal equilibrium.  Inclusion of the Hall current was also
~hevn ta change the hniindary layer charvarcteristics sybstantially.

Sherman, Yeh. Recshotko. and McAssey .Jv. [R,9] studied’ the

compmr oacsibhle boundary Tlaver in a plasma whirh wac in electron
s

with Dr. E. Reshotko while he was a guest speakgr at the Un1vers1ty of

PPN

"The author had an opportunity to discuss varﬁif; aspects of this study

A]berta, Mechan1ca1 Eng1neer1ng Department

12
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thermal non-équi]ibrium and jﬁ which i&nization and fecombination'
occurred.a1so qt‘finite rate;;'rThe §urface considered was partly"
..an 1nsu1ator,ahdipart1y‘a-thermfonica11f‘ eﬁiif{hg electrode. The
- flow was laminar and a muTti;f1uid MHD model was assumed.  Thé,'
governing equations wefé éé]&éd:using'their'OWn finite-difference
scheme and results obtained shoWed‘that the efécﬁron‘temperature...,\‘
can differ significaﬁt]y frqm:thé heavy pértié]é-temperature...The.
presence of finite rates influenced the eTéctrbn density‘considerab]y.
The heat transfer due to electron impact and electron temperature
gradient was considerably 1es§.tﬁah the!heat'trahsfér due ‘to heavy .
pérticle temperature gradients and was ihf]uenced by the'magnétjg
field and the current.

Other ré]ated studies of the effects of thermal non-equili
by fum and finito-rat; fonization are contained in Refs. [10], [11]. and

[»7.

1.7 2  MHD Turbulence and Turbulent Flows

A relativelv recent text hook entitled "MHD-TTows and Turhu-
lence” [13] rontains two evcellent <ections (Tart 111 and V) on MHD
Turbulence, and General Pyoblems nf Tuihulence Roth thepretical and
exper imental studies ave precented.

An analytical invectigation of hoth developing and fully
developed MHD rhannel flow was the subject of A PhD thecic hy
Seaglinne [14]). The theoretical derivation of Ref<, [15] and [16] for
a two-fluid model was utilized to describe the turbulent MHD

boundary .laver. VThé eddy diffusion of momentum in the near wall’

-

B I
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\
‘boundary layer was based on a modified mixing-length theory according
to Refs. [17], [18] and [19]. In the outer layer £he eddy viscosity

was.based on a modification of the “1ntermittent'eddijiscosity" based

~on studies conducted by Klebanoff [20]. Solutions to the developing

“turbulent -MHD boundary 1ayef'equations were arrived at by a Tinear-

ization technique and solved with an implicit finite-difference

, ~method developed by Cebeci and Smith [21,22]. Solutions were presented

Lo .
for channel flow Reyno]ds numbers ranging from 104 to 4 x 105 and for

- PN

Hartmann’numbers from 0 to 1200 .Results showed that for the turbulent.
Tflow’ case, the 1mportant phys1caT parameters such’ as dwsp]ace&ént
thickness mOmentum th1ckness and sk1n fr1ct1on coefficient qhowed
both a_.strong Hartmann and Reyno]ds number dependpnce The resu1ts
a1so exhibited -the effect of detransition from turbulent to laminar
flow when the ratin of Hartmann number to Reynolds number exceeded
1/225 . Asymptotic splutions for fully developed flow showed quite
close agreement wi{ippvporimental data and with similar theoretical
analysis of Lykoudis and Rrouilette [17,18]. A carrelation of the

skin-friction coefficient based on a laminar sub-Tayer and torbglent

core model was darived with Peynelde and Hartmann ngmheys ac parameter o

This agread to within 104 nf the evperimental Adata of Ref [17] TV
analycis wag limited by the assuymptions of incompressible flow,
>electrically non -conducting chanrel walls, small magnetic Reynolds

number ahsence of an erternally applied electyic field, a maaretic

field fixed relative to the channel, negligible Hall effects,

electrically neutrairfluid, steady state flow, and two-dimensional
constant<property flow-in which only electromagnetic body forces are present.

s



Experimental measurements of turbulent friction factors of
electrically conducting ]iquids‘in pipes and the  influence of a ‘long-
itu@ina]]y applied magnetic field were reported by Levin and Chinenkov
[23]. This was paralleled with a theoretical study by Levin [24],
which adopted a similar approach taken by Lykoudis and Bfoui]ette (18]
for deriving a first order effect of the MHD body- forces on the turbu-
lent velocity fluctuations. Fxperimental défa was obtained for a wiée

range of Reynclds and Hartmann numbers and results showed that a

cubstantial increase in the Hartmdnn number compared to tho<e'feﬁe?ted‘

in. the literature was reqqired to“reguqe the fri@ﬁion factor by
ébﬁFog{ﬁééply an order of magnitide. |

Other relative theoretical studies of MHD turbulent flows
and MHb turbulence modé1ing inéludihq'ﬁfx{nq—]ehqfh theories are
found in Pef [2687]. which consider coampres<ible tuyrbylent MHD boundary
Taveys: The work in Ref. [26] chowed that the power ountrut of a Hall
genarator depends styangly on the wall tempevatur'a undey 1hminay , full
developed flow conditions, but that this dependence is greatly »oducot
when the turbulent boundary layer velocity profile was aSSumpa; This
would imply a favoyrahle effect of fi&m-coolinq on MHD oeﬁerafor per-
frrmance, <ince the injoection of a se-andary conlant fl,id vesylte
a tinbulent baundary laver downstream fyom Vﬁo ﬁ]nf Moyeau [27].

applies spectrum tensor analysis and deyiver apect um functionn= anl

dicty ibytion and trancfor of enerqy in vave numhey eprce for dnyle
diccipation ard indurced electypic fiel!! The study ie ynctrictrd to
the domain of small magnetic Peynoalds numboypg  Pa 1. <o that the
m
-
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‘the tﬁrbulent_motion which in turn precludes turbylent friction,f With

.l. .
. ; }

LN

: B
fluctuations of the magnetic f1e1d are negl1gvble compared with those of

Y

the ve]oc1ty since |b|"Re fu'] Ju. A system of” equat1ons is presented

in Refs. [28,29] for calculating the average and pqlsatlvg velocity and .

temperature characteristics in a turbulent jet of an inCOﬁpréséfble
conducting liquid in the presence of a longitudinal or transverse

magnetic field (R%n<< 1). The semi-empirical Kb1m0§orov relation for

the energy dissipation and the Rotta relation for the dxchange term were

_employed as well as employing the gradient repfesentation of the turbu-

._dlent:diffusion. -An .MHD analdgue of the Peandt1 formula for‘the,fnictibn

stress and the heat flux were dpriJédi. THe so-callad first Prandtl

formuW¥, for example, was written as

T. 09 P67 AUy B (1

where 6” is a function »nf the la-al jpteractinn par~me'eyr
.Y(fFR?/P)/(QU/QV), with o - 1 R, wheya R ig agecuymed ta he ronectand
N2 <1) and must he determined from ovper iment
[t is also shown that for some limiting value of the Tocal

interaction parameter (Stuadrt number) there is complete suppressinn of

an increase in Stuart number, the MHD Prandt) nuymber increases and in
the 1imiting cace approaches unity.

Further experimental jinvectigatinng intn the effort of
electyomagnetic fields qgn turhulence fluctuations are precented in

Pefe [20  [31] and ['??],
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1.2.3 OHD Fi1m—Coqling'Research and Developméntc

An excellent review of film=cooling investigations is pre-
spntod by Go]dste1n [33].~\The.génera1 tﬁeory and. method of analvsjs’
is dlSCUSSGd for two- and threp d1mens1ona1 film- coo11nq-of Loth
incompressiblie and compress1b1e f1ows Also included is a summary of
run cond1t1ons and geOmefry deta11r for 40 9xpnv1mpnta1 1nvest1gatlon“

including those of Wilson [34.35]. The influence of variahle free

stream velocity, free stream turbulence, film-cooling slot geometry

-

and foreign gas injection an the fimecéoifnq'effe(tiJénets and heat
trang?;r a;e discussed. An in-depth review of three-dimensipnal film-
croling ie also included. )

A general review of the Patankér and Spalding nubterical

solution pracedure [21, is presented by Spalding in Ref. [36]. Roth
the geperal behaviour of the film-cooling effectivenecs, n, and
Stavnton numhey . ST, are analyzed in refarence ta yarijatiang in nara.
meters <uch as <lot gqeomntry, secandary-to-primary gas -elocity ratine,
free . ctyeam Mach number, raolapt fdmbdcfffbn‘ ;fr, The geneval methnd
of salution evalved from oarlinr film- ronllng 1nv0<f1qaf1on< At [mperial
College, |ondon, su;h as thdce ronducfed hy Colo and <pa1d1nq (3]
The method has been cnmparnd favouvahly with exper imental measuyemant-
invalving different Ur/HG.,Tn/YG, FC/“G ratinos ae well asg fnroiq”‘gac
injertion, Allowance fay free -tyeamctyrbulence ic incorporated intn
the nuymericrgl finitq-d}ffqrnnrp procedure Furthey refinements were

necessary, hewever  for the influence of slot lip thirknesc for which

rvper imantal measurements did not support thenretical predictions.
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1.2.4 MHD Film-Cooling Research and Developments
(It was mentioned earlier that ongppotential application of

Film Pﬂﬂllnq géchnlques is for placma 1or< and torcho:. Shiver
[37,38] consxdered*f1?m coo11ng a plasma torch as a means or improving
the overall'energy convers1on pff1c19nvy of the torch. Regenerative
coollnq methods had been successfully used to cool plasma tarches and
have produced higher operating efficiency, defined as the ratio of fhé
anergy content nf the emerging gaS'étreémiﬁo the éleétrd651~energy"
input. Torches with transpiration-cooled anodes have produced effi .
ciencies of 80.to 90 percent compared to 50 to 70 percent efficiencies
far the conventional wat;r-cnolpd toveh The work by Shiver reprpqpnf;d
the first evperimenta] invcgtiqation of film conling applied to plagma
torechec A gas stahilized constricted-arc type torch waé ronstyucted
wit“ interchangeable water canled copber and film-cnoled ~arbon annde~
%ov the use with argon. A §hp1i awﬁ +ﬁhn ralovimetoy ne chnctric od
to defmmiﬁe the anarvgy contenpt rfr the tHoyeh pfflue ot Trets ware 'r';|
ducted with each toreh in which are current ard gas flow rate werae
celected 35 the gperating Qariabléz | Two teﬁt.vunc were also made
using the film conléd torfh, during which the arc Currént ana primary
gas flow rate weve maintained ronctant, while the cacondary (oonatant)
flaw wa* . arind

The rpqﬁ]fq indicatad that  for approvximately tha came tats’
gas flow rate and are curvent, the torech equipped with a film.-cnonled

carhon anode was approvimately 20 percent mava efficient than a ful!

Wi\f‘or‘l.(‘(\oled tareh The film conled tpreh afficioncyv yanaed fvpm 0



to 90 percent, while the water-conled efficiency rangéd from 60 to 70
percent for gas flow rates hetween 0.20 1bs/min. to 0.57 lbs/min. An
error analyeis jndicated fhaf results obtafnod were envyect to within

. .

Theoretical studies of either tran<niratiqn or film-cooling
~applied to MHD flows include those of D'Sa [39j; who considered a
hydro-magnetic wall jet. The effect of méqnetic forces eon the laminay
wall Je‘t of an electrigally conductina, incompressihle flyid of constant
Pv‘n'ppv"fiec was studied theoretically The impoged magnetic field was
assumed ta he uniform and pormal to the wall, which cauld ha paroys m
<lotted ta allow Ru;finn, Plowing aov tangential injection The »naly: i~
was limitod to Taminar, incompyescibhlo, congtant proper ty flewe Th~
Levv-1ees transformation was used and 2 <eries evprnsion wae snught
about the ron-magnet¥ic salution af the transformed baundary Vayer
oqd;fiidc, The ro&uira% sering wag conctryctad in powers of the «n
»h;;lipd ivutgfacrion parameter N\(. Sometimgq refervad ta »5 the Stuygyt
numher . which phycicaliy repvngpnfgrhe ratio of magnetic *n ineytial
farras The ;vesul ting Yineay 5(]lij‘af'i0"\§ weré snlved using a modified
Punge Yutta method together with Newton-Raphson iteration for rh. peo
valyes of the wall blowing (ﬁuctioﬁj pavameter vapr dredting pither
impprmashle wall caetion ov injection. .
Luft and Podkiewicz [40] aoplicrd the Yarman P"hlhanfzv

to(hniqna to nlbtain ralotineg of the MHD "nyndary laver flow nver an
inceul~tod fiat plat: in the preconce af o mifoy tyaneves “o magnet i

-
o and amifaymly apptiod wal]l =~ 4 i T ompry aecibln s bgnt
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property flow was also assumed and a further traﬁSfPrmatiO” of
variables following the mathod of Lew (see REF.[8] of Appendix A)‘waé.
perform d hoafere deriving the integral equation for MHD flate-pTate
suction flow. Asymptotic MHD-suction pr&fi]es were obtained aﬁé fully
develnp-d bourdary laiarc illustrated for.combinea Hartmann numbers and
suttir oefficients. Developing velarity profiles and average «kin
-0 i coefficients weve derjved. J

The similarities observed in this investigation hetween =uc
tion and MHD velocity profiles led to the P'Oﬂﬁ@?a modification of the
cons‘ant A: appearing in the laminar cublayer portjon of the two-layer
eddy vicrasity mndel of turbulence ag digcyssed in §°”ti°”.34? of thic
thesis. The romrlete fivst order analysis of "B surtion hounda?y
layer flaw hy 1u‘r and RodkiQQiﬁz is presented ii A”r””ﬁiy Aoand e
;.\.-1\,,v¢:| as opAart of the precsent thesis work.

Sych [11] used a variational mathod to investigote fha atoad
state flow of a conducting Fluid in A “traight channel of bectangt)
croc= caction with Ylan”/nrén ragnetic field whaon thé'ﬂ ic feyred f1n
thronah the side walls.  The Tiguid viseasity wa: taken intn a raunt

Y
Aeowell ag the covductivity af the channal wall: perien'icolay, ta ') -
cvteynal maqretic fiald Pomd = abtqined weye viced &m0 oo
Lozrae o an MIN goneyatoy

Ja'n and Mehta [72] presented an exact solution in a cloaced
fror o for the by doamagnetic equatinpe for an incomprecsible. viscous.
and clecty e by cond o ting f1yid (low thynuqh ;n annulug with poreuc
wall in "ha progonea - f v2d73] trancyorcae cagnetic finld Solutions

f e o Rt e L Sab e iag Tha aoyma | Aacuamptinn onf
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v/vH << 1 ie. low Magnetic Reynolds number, and the pressure distri-
bution was discussed—for this casé. The ana{ysis.qu aTéo extended to
iﬁc]ude_para11e1 MHD Couette flow.

The present worklinyestigatesbthe adiabatic film-cooling

effectiveness of film-cooling the insulator (B) wall of both an MHD

~equilibrium Faraday generator -and an MHD non-equilibrium Faraday gen-

emator. Turbulent 2-D flow, including the damping of turbu}ent'fluc,

tuations by the electromagnetic fields is considered allowing for plasma

electron thermal non-equilibrium and finite-rate ionization. The

' implicit finite-difference method of Patankdr and Spaldijng [2] is

modified in a general way to allow MHD flow calculations. On the basis
of éhé literature review presented here, such a film-cooling investi-
gation has not been undertaken before. Additional research papers
consulted in preparation of this thesis are foynd in Refs. [83] to

[58] inclusive.



. - . CHAPTER 11

ow

B @ THEORETICAL DEVELOPMENT ;&

¢

2.1 Boundary Layeﬁ Equat1dhs ‘Er&tyt. L £

The development of the equations of motion for a two-dimen- ,
sional, turbulent, non~équ11ibrium p]a;ma flow in an MHD duct follows.
closely the dpr1vat1on of their laminar c0unterpart given in detail- in
Ref.[4]. The c1a551ca1 derivation is performed where the var{ables are
expressed as the sum of a mean part and a fluctuating part after which
the equations are averaged over a time interval which is 1érqe.com—
pared to the perioa of the fluctuations. The mixing-length concept i
" used téza%fect closure of the system of equations and only the houn-
dary layer on the B-wall (insulator wall) {s considered. With referenre

to the coordinate system shown in Fig 2.1, the followimg eauatinng cap

he shown to be jdentical with those given in Pef [7]

-insulated { B-woll )
(top & bottom)

e —1t—=Ug (Plasma)

- :_’ —e e -‘--———-7L’"’——--’—-X

- - constant cross

Uc// // “ sectional aren A

electrode

Fig. 2.1 Schematic of MHD-Channel Cn-ordinate System
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‘n.n * 2mm kT \3/2 e /kT
K - e (_g e.} s . e (2.9)

h

and the partition function can he approximated by

»

AREECAREES LIS RTINS IR O S T LR S

(T < 6000°K)

~

3.91
Yy T e re————— et otn ——— e o ~ C, °
' by 77O L T (T~ 8080%K)

For the case of finite rate nr frozen ionization the mass
fractinn is nhtained from the «~lu'jor o' Fq. (2.5) and the ele~tyon
rvedac’ ion term oot pproy imated hy ar ovmpivical cvpregsien aijen

o :

onef fR]

Tl alary Ivancsport Troperties
The mnlprular trancepart vyopervties yequived in the governing
aguatdi ne v the yicongity of the gas, the electrn thermal candyc.

tivity and the ele tyical condy tivity af the gae, Suthroyland’q yie

cor " L P A e e e fha s dTamingne i e Thy ot by ey P
e
‘" YN '
” 1 onoe L0 SR I TR A T0 S R U PR
Vthey pvoperties ha been taker fyom Pef [5] e
! o e r

elactran tharmal conductivity e gbtained from
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5 v - - ¥
2. _
: 1 ek e ] 1 Loy
ke sl == o | Telom -5 (2.12)
e 0 o e :

where vy and T0 are defined in Refs. [4,59]. The electrical conductivity

e - o P - . oA . e .

i% given by the-expression- . . L T
e2n g
@ =3 L. - 0 (7.13)
e 4 8mE 2 Q ]-A
. TET Y (Y N n. . .
005 AL sfe < s ?
with the plortvon-elefrron interactinn correction @ivon hy
' 2 2 : i - .
2.5( ) qu)ngoeq)_ /Y ”'sqgs )
vooo___sfe T TN osfe o L 00 (2an)
\ ‘ .
? { 2 1.(20n1) n 0, + z A(S n 0
5 e ei ng  § ‘pn
ste
whaere 'the axpressiaons YTor A(z) . A(S) A . Q. are defined in Ref [A0].
es es el .
The nquation nf state as u<ed in Ref [K] i~
, - ¢ - k. .
P p7RT and p_ - — pC T= (2.15)
s m © o
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where T.is in. °K and p is in atmospheres. |
The collisional energy term in Eq (2.5) (last term) is derived

- §
f t : '_-S * . _ . . .
rom the expression 3kCepsz;e ﬁ; VEs (TS Te) as 1s shown in detail in

Ref.[4] where §. is the fractional energy loss during ad inelastic

collision of an electron with speciev”s” (8 =1)-and these

elastic

~inelastic U8sses are-lumped into one term, §_ .., defined by Ref. [61].
om /& L R R
ST, ‘?g/ s_ses (2.18)
eff E »k )
s¥e < es

Experiments performed in ReﬁLg?]inchéte that. for the nitra~

gen background gas (&, - 18) considered here,

8
N2 off
o e
lesg constant at 7 X 10 for ”2 temperatures in the range of 2800°K to

50007K. Tn cantrast, far air. Ref [7] qives &

remaing more or

3

o~ P b ~ 3

ol f 2.9% X 10 which
corvasponds to.a Rair'oﬁ about 150. Needless to say the prﬁbovtiaé of

artual combustion gases in real MHD generator installations must bhe

accurately established before a meaningful compayisan between the thenyy

and experiment can be made.
The Prandtl and Schmidt numbers were assumed to be equal
wﬁih the Jaminay valyec af 0 7 snd theiy tuvhylent coynterpart as~igned

the valuees of 0 O

~

7 2 Peundary Conditinns

The dependent variables. in Fqs.(?.l)to(2.6)mus* he specifierd

at the rhannel insulatoyr wall in the free ~tream »ond "t the €ilm

conling <lnt avit bt bagin the jnteqiatinng,

%

Car



Boundary values at the wall for ve]pf{tyiéna éﬁ%ﬁdpr-arg;‘fu
"u¥v=67and'%§.w'3 0. For the electron mass, Co > AN electron sheath
analysis is performed following the pﬁocéduré of Sherman, et al.
[8.9]. A co]lision1e§s frge molecular shéath is assumed to exist
at the wall and the electron flux across the sheath is matched with

the continuum electron flux at the edge of the sheath resulting in [7]:

&

Ay

DT,

= W
" r'wCe Y om, . (2 19)
w i .

‘ a[c;e(m@/n]L o K

A =imilar analysis for the electron energy flux results in

k ah ' afc_(1+T /T
R [%.e.] TN )([_e __.& ),l -

) XA S e i Ay T~

Pe w W

(P 20n)
NP 3/2
2 8y T mm ™

e, (&) (2 )h : e e

wR e (R e )

Fquations (2.19) and (2.20) serve as mixed bhoundary conditions far the
electron maks fraction Ce and electron enthalpy he, respectively  fm
the case of frozen and finite-rate ioni7ation~reco"WWv$finn. When
pquilibrium jonization-vecombination is considered, Fq (2 20) anly

ic used as houndary C6ndifion for he frqm‘whirh Cn can he ovalyated
ysing the Saha éqnilihrium relationship.

The electric and nﬁqn0fir field pavamnfgy;tfz and R are
specified independently and are assumed constant across the aenerator
duct. Actually FZ ic ralculated from a given load pavaneter Kl {oftrn
rafrrred to as either a genevator or a pump cantficient ) dofined by

3 . .
v + 2. - applied electric
| - BU(‘ induced elacty ic

-
—f -
0 1M
——
Al

(2 71



- .

is_positive when»Ez_is_jn“the same direction as

L
the induced field (accelerator mode) and negative when Ez'is directed

whéré the sign of K
opposite to B”G as ih/tho case nf a generator. According to a study
by Swift-Hook and Wright [63], an pptimum generator design is
achieved w;pn ]Kl{ ~ 7% and fﬂic is the value prescribed at the

film conling slot exity With an appropriate variatinn in the extefﬂa'
load resistance, E_ can be bept canstant by alloving ¥ to vary as M
with downstream distance, x.

The effeéf: of Hall currents rcar he assessed by setting
men and hy pplying an clectric field rx “uch that the f;;° ctrean
only is H»1) peutralized (ipy;nip)r"ith ’x calrulnted from Fo. (7 €1
cvaluysted jn the free <styeam When a1 ';"“""" e e Veddebey
vantes tad Fhan jov N eaveyrvwhe e

The fioe ctypam kaundayy rcanditions ava specifiad fram the
solptinn of the ape-direncional cove flow equrtiong whirh may he
nhtainoad fyom Fac (5 D ta (2 Fity dropping A'Y transverse gradirnt
terms frurthermor e | prayiogs incestigation  nan pacilibe iom pla~e .
rharnel flowe [R 71, indicate thzt the rove qan i pgcont igliy in
i(‘ni?a':(\n-vn!‘!vx"'hiv\nf‘i'\n enuilibyivm <o that the electyon nygrkey

der-ity oy mage fyactin: can be calegtatad £ am the S3hy equiliby i

yelatiopa O 40 "y dm oY daent vy fy ' . ! Come e e
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2.4 Calculation of ‘Axidl Fléw Variables

Downstream pressure is calculated in accordance with Patankar

8

and Spalding’'s procedyre £ bandling confined flowe [7] ucing the
| v f

rloag Elaw farmia]a

F' 20dn  mudT
dp .. A A

d A A _dx AT dy (r Q)
d\l t ..
) my /[
Who"\‘) 7 <o [ LN 'f\v-|r\—_~> R "‘IY“ ;‘, Te bhor oy g 1vor Sy At )
[N [
1 ’1\/ IR
due # A #
[ ' ' o f VA \”‘»' ‘.‘”.' l,,,.,,'v- ' Wi 1
.‘ ) I
‘l -
Onea the ropeipre q adiapt bpo " aan htained ‘vown T, [0 2p
by L v ~“9|\I|\ : Vhie ¢ ot . LI TN ' o
ik !
Yodr hd

A misprint in Ref. [2] is noted hove in the

denmminstay which §=
incorvactly written ag 1.my/Ap
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Felderman

Previous investigations by Cott

7],

[4.5] and

High and

showed that ionizational equilibrium exists in the

core flow <o that the downstream electyan enthalpy cap be determingd
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Tn dafine the initjal velocity profile, therefore, the quan-

tities oo U, U 808

e l 6 N ., n and n_ must be specified. The

G* w' wr Lt G

initial thicknesc of the boundary 1»yev‘ yG' identifies the grid line

w © 1, hich defines the guter edge ~f the 'ayor ac it develors down-
stregm The fpner edge ~f the layer at vy = 0 rnaincidec with the film.
o led w1l where the grid line has the value o - 0.

Tnitial nas and elertran temperatyr: rotiles weaye acssumed

fonal an! mife oA ynac the et oand in the (el vpsam g varying

e arve e oy
Al \ \/( "\ cernctan b (° QA)
(\"l‘l) (v l(\ { \’\" (735)
y . { ’-|'\ "‘ ety (7 'Jﬁ\

Finally  the elocrfron mars frorctinn, £ . wac ecaleulated
' e
,'QTQ\_)];’]g innizational equiliby ium from Fq, (?7‘5 Hmv‘ma1 and ion.

izational eq-ilib ium 3ve agg mod in defining initial Bound=ry layes

i
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a~ciwing a step functinn 1 the vagne! ic firld pavameter B (from 0 to

n Conglact st v,'\’ n) tho Tnitin] yalun foy B wace applied ac 3



B

1inear function of x until a finite value of x/yC was reached, after
which B remained constant withx. The.effegt of'choosing different
values of X/yc,at which B becomes a constant is assessedqﬁnd dis--
cussed in Section 5.3.4. Typica) values of x/y. assigned were 20, 10,

and 1, where the smaller value of x/yb approachés closeg‘to.a step

function for B(x). *
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Figq. 2.7 Totr o Velocity Tlow Madel Accumed in Pregent Work



CHAPTER 111

SOLUTTONS TO THE GOVERNING EQUATIONS

3.1 Numerical Solution Procedure

The numérica] methéd adopted here to solve the MHD boundary
layer equations is that of Patankar and Spalding first described in
detail in Refs. [2] and [6]. 1It's particular application to the OHD
fi]m“cogling praocess is described in generality in Ref. [64] and a

‘specific application to evaluate the effects of such parameters as slot

1ip thickness, free stream rurhulénrq, initial Qplﬂrity profiles, free
stream to slot velocity rating etc. on'thenrpfical film ronling pre
dictions is demonstrated in Ref. [3].

The Patankar-Spalding formulation transfarms the governing
equations from the Cartesian tn the Von Micec convdinate cyctom with

the change of variahleg defined hy-

E - v, ¢ = [lpudy

such that

(3.1)

T i<
@
(e8]

The transformed momentum equatinn (2 2), fov evample =

then readily dévg]nped hy substitutjon of (3 1) ta ahtain

CUlAE T U Ay Ay A Ay

a_,x_a_g] .pvag;._lae_vae.+ -
. 7V
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Replacing £ by x after having performed the differentiation and

} ,

rearranging, Eq., (3.2) becomes

u .3 ul 1 3p, s |
ax v Meff PY 3u o (ot Je8) (3.3)

The x - Yy grid is next confined to the boundary layer region
only, by a non-dimensionalizing of Eq.(3.2) with respect to i hy

defining a dimensionless «tream function

IP - WI
— et (3.1
'l'F ) %

[

wher e Q»I and w[-_: are the values of the stveam fyunctio s at the inner an!
outer bonndaries respectivel: The effect ig a grid which grows »°
with the boundary layer in a continunus manpar and 3 (roms =t oap

iahle which variec alwaye hetween zevo and anjty

The momentym oq”afiv»n (Y Y in teyme of X a0 thien hipeoanen

’m' "*u}(m' '——m t | Y

QE.T P sy g [ err U au) 0 ap in B )

: - ; - — .te . _:___ —— :—‘ ~

R ! jr JI A7 o (.”‘ | ) ,\r.\} (] A 7 y
I I

(3.5)
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vher o
. "
igﬁtzg - _.e_ , & (3.11)
Oeffe Cp le P

ThP§°;equafionc share the common form

20 (b B Dqe By g (2 12)

A IS

with convection terms on the left, conduction terme first on the righ

3

ard all other terms not involving 3w lumped into one source term "d”

o N dwl e dwE Lo
The terms mI and mE defined by a;' - -mlland a;' - »mF

rervesent the rates of mass transfer across the T and F houndariac
At 5 Tine of symmatry the mas<-trancfor rate is 7ero while at ~ wall
the mass ffuv 15 derjved from qivnw bheundary conditione Hthon the F
boundary carvyespondc tn the "edge” af a honndory laver. a< in the

Probﬁem considered here, an expreccion for Qf (TMG) myct te dev’vwr
to determine the amout of mass entrained hy the brwvﬂary lavey ot

ite Tgn=tin yith thae (. en ﬁ"%nm: Tha momertgm et dng (2 7) in the
R S O TP N

ou P . (1
tou 32 (;Q ‘{\’RV)

Sinen dip the limit ac appreacheg yr.nvpygcf;ﬁ”(7 IR

. 1
aleo hol!' tyga intt dpgide tle hﬁ”ndary‘ Qubﬁfifu’iAn hack inta i
mampe b o e nt g \,i‘.,]*,. e ""i!ad NI

Tion oy e et e o

by

HI' ' i
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This Timit will exist and be finite if the mixing-length
concept is employed <ince ueff will vanish simultaneously as du/dy

approaches zero. For example, substitution of Prandtl's mixing-length

2
} - . - OA
1ypothesic Magp T

%%#i”rq exprassion (1.14) vields for the entrain-

mont vy qte

'

m; = 1im 70Q2 ém% }, (3.18)
B ay" |

[t is perhaps worth noting at this point that film.cooling

* v

. .
mathematical computational-techniques employing a simple mixing-length.
addy-visco=ity hypothesis have heen shown to he capable nf corvectly

doc“vibing the tvandg and magnitudec of impor tant propertier of wall

.

jet ant wall.wake flowg. Additional refeyences inclyde the work of
Yacker and Whitelaw [65] who emploved the Prandtl-Kolmngnray model of

fuvhulence with g simple ewmpivi- al nup-pqginnufbr the length srale tn

obtain cati=factnry pradic tinne aypr n wide vaoge nf (il "nYing flow

~itiectinng

V2 ntn Madifications to Fffective Vigcosit Hypotheacic B

The effartive vigrncity hypothesis assumes that in the
, , . ¢ du
evprecsinn for the effective shear stregs v -

=, M
eff “eff dy eff
compesed of 3 Taminag vicrnsity v rlus an eddy vicearity which,

is'

i
trpe P hee b ey g Frandtl ¢ mivirg lenath theoy v omay Yo v ittan ae

2
4 o (\0 l 'Ml/;&y I (’{]G)

Varicus empivical velatione have henan derived for the miving

Tength "¢" and many nf thege can ha ay reagsed by tha generval farm
q y n Y q

+0ften Klebanoff's intermittency factor T is included in the expres-

sion for ¢ for the region away ffom the wall, but it will be assumed
unity here.

40
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2 = Dy, f(x,y/y,) (3.17)

where "D" is a general damping function which is zero at the wall and
equal to unity at large distances from the wall. "Y' is some chara-.
teristic thickness of the boundary lay&r and "f" is some function

which permits the miving length tn vary with downstyveam and crocs

ctyeam dirvections .

.
3

Several madels for "9" have been proposed for the vegian
near a film-cooling slot and attempts to account for the effercts of
relaxation or slot lip thickness far examble have resulted in fairly
accurate predictions hy a judicious choice of the function "f" and
appropriate modifications of the effective diffusivity profiles neay
the slnt evit. InPef [6A] ahyidging technique is employed as shown in
Fig 3 1 to preclyde the uynrealistic ncrurence nf A vanishing diffu-
sivity at prints of velncity extremum In Rpf,[67] furthey modifjcatinns

are imposed on the bridged profile to represent the effect of slot

1ip thicknesa in the form of an “additive" diffusitivity alce ahown
in fiq_'l ]

fo g
Y 1 bridged " profile .

7/
s
v
- /

7 T additive

diffusivity
Heff
a) Velocity profile b) Effective viscocity profile

Fig. 3.1 Bridging technique for effective viscosity

-



For Mach.3 and h{gher MacH number flows, Bushnell
[68] reports good agreement with pxperi%ental velocity profiles and
heat trancfer rates by assuming a certain value for the mixing angle
a,{Fig.1.1)and prescribing a mixing~length proportional to the loral

baundarv-layer thickness & Flow relaxation down-stream of the

i,
conling slet is divided intn three regions and a mayimum mixing-length
V - .08 85 is prescribed wheve O VC/?' Yoo " Vo and Yo o Ynq
vespectivelv.. The simplified procedure i% rlaimed to he applicable
to the near slot (X/yC ¢« 30) as well ac the fér slot (x/yC ~ 30)
regions even though tha haundary.laver equations are not valid in the
neay gt rpginn
Pelaxatinn effectn coqu be approximately accounted for in

Re f Wg]“y acéxninq that the miving-length ic a functian of a QOIﬁriM
mofile shage factny Aec-avding te the wark of Maice and MeDevald
(797 miving length value= for cduilihvium incompres<sible flowe can
he used for compragsible equilibyium' flows with adiabatic WP]I" up te
Mach numbey § The function f(y,y/\C) was therefare rhocad A A
functinn nf the jincompressible form factor which is defined as the
ratio of the disb]érpmont thirckness tn the momentum thi"kness, Thy e
functiona) variations~derived from exnerimental recults were 'yviad
with a'ﬁﬂad'af‘" variatipn giving the hect aQFer?nf neaps the ind of

. . N

the velaxatinn region fov recaverv fram wall plowing

Tn the present werk the effertive vicrnnity je ag-inga-

Irff

in much the same manner as was done hy Cale ant Sralding 3] with

{oay they l')'\diri'ﬂti(\;i': "’l\'vﬁl‘\.noti in an atfnmp' o Yoyt f vy t he
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influence of the magnetic hady force. The contribution to Haff of
shear-generated turbulence is accomplished hy adop_'_cing a mixing length

Pt

profile i1Tustrated in Fin. 3.%§Whirh i< a&§§ourfate ta a3 velorit
l ?-l«." ’ R

annffi]e as 47\~r\pr‘0'pd f;:\nl A ‘:nqap!‘inl ;";‘?Cfi'\n Q]I)f.:

a7

' v o
’ R
} 6 \ W’v "-;'r'
714 DAy,
Vi Y y g IS? ’
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O
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\‘\ padl N : . PR A _"n hK
(f:w' ? wv:::7:::TF"ﬂm o - . Y
‘ |
v ' ‘R'l/?\"v\;v
) () ()
[ I PR Pty [ Absolute tangqnti»l [ T X I | N

70‘01;'\ q.wd;rno

Fig 17 FffPC'ivo vigennity miviva lTength made ]

Tn Tig. 2 ~(b) bad winimum  alap | Y Ar boy i -
' g. (b)Y » celartad winimum 11y Ay [min teviines rcharacter i
terathe (\o‘l? <y0)?4 and (Vn>§6 Far these for wall venigng fvy v

fe accigned an empiyical "‘i“i"Q length onst ' 3 and the convherponding

miving lengthe are’then o‘? - Dy n\(\’)?n avd o Sy )
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The value of © i talefl as 0 "'J5 an 'he MHD fTamping functian D will he
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Fanation (3.16) used in conjunction with an 9 y profile
csuch as Fig. 3 2(c) wuld yesult in vaniching « in some regions af the
Q
boundary layer  An unveaclic!ic 7orn value for ¢ is precluded by

making an allawance for local "free stream” turbuylence and postulating

that 7 never falls helow a vé]ueiﬁ;pira‘ nf the fluctuating companent

of the loral "free ctream™ velarity Thig minimum fluctuating comrovent

" min is atsgmpd to be proportional to the local velarity | navnly o "
'”” whev e r“ s vet anothey empirical constant taken ng = 07

¥
Mear the wall the mivinn.length ic prescribed hy tha ncnal

linnar "ariat‘ion 0 = Dyy Wif’h K - Oﬂ?r; Hp-e l’hp damp;v\q fune fi(\”' N
will he a wodijfied Van Nriest function which is derived in ttae follny
ing ranner Torac~aunt for the increasing'y predominant “aflyen o of
the "amirar vie aci'y . o up noapproachin a <alid Low o g

b
[‘ ’] ')"7:'{@7 4 the JO‘f)Cit\/ Aie'y it ian ppaymal o
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arn

The quantity J(nv) with units of velncity ic then yeplared by the

is n~w rerlaced hy

“fricticon velocity" /(Tw/rw\ and the constant A,

. + . + e
I given »e A - A (v /{\ ] with A rfhyvyron to agree with cyur\g'i
wh o :

Al v n

meypy b
{

Gpnava|i7inq this dampino elfert to include blown platec ny
adverce rmecaitv e gradients for whi-h the 1p-al cheayr qtress ran vary
mavkelly with v in t'e reginn near t'e wa'l . Fay- [71] amoq others,

A
tad,.
Aarque that 'H"é&lﬂ'al sh~ar <'r1erg ic mnve lilely tg affort the Ynra)

damping and sught to he uged in the ronetant A rather than t'e ghea

ctrecs oat pfther evhiemit, a¢ the houndary la er. Hence thr firct
. bl
Yo e ot e ta vigrane AL ! Ptte
\
' ' ) T
1 I '
'
vihye ! v } ' ! v R A
. . £
h A R VR VR TR S REY TR T RTRRL TP Y " o de t o T
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ou S ou v
— v
at '

v ditions
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first problem using Eq (3 21) wag #8000 r
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tinns, D2 ‘s used to reprccent both wall and MHD damping of "' and N,

ic uced to 3drount oy 1D damping away from the wall The final
R R IEIE RET T STE AN RTR BN { " |')_ they ofne N N N I
P o-odnopop ) (1 ~g)
1 21

" : . : : . . . . .
nonmal vefinement intyadiucad i thic diccartation, i+ an
attempt tn account foy the chape alteration of the gross velaci'y m
fila hy th mignetic bhad. frrca, invalves a modifiration af the Con
stan! /\'(‘ Te OHDY flows, A 76 ig .nftnh racumed ayen thaagh it hax
(¢]

heep sha b be inflyen ed arpy P(‘hﬁh]y by ofhar tartnre -ur' as tyars

pProat o el Mmeec e qrodientg representa h revare a e v ognd o

Yoty ir\n fos e e "1‘ Vs v,: f ‘ X ' " ',,]

~
!
A ! D b e ) . [
¥ 1
1
' )
" ‘ [ " 1 (3]

'

Ny ann "y h tyeaon wall S"Cti“" an ! """ﬂn?tic hody force

o
1 ! e . . . :-,
Infivesce oo th gy share of the yelor ity protiloeigwas first noine
2
eut by 1okt [ 7] The ~img' banpeaie 1y o rnere nf \,;"L‘] SUCt‘." anved

maguat i fietd A i oyoegbi o atod oy bher o by gt oand Cofy jowicy 'ar!

Equetivn (XY »f v jo rapey L o b apprayc o /\ppeﬁ"&g.x N IS R
3 i

9 b,
. R B 2 N
"o hQ Yo L . ' wy tor ‘Q?%l"}«“ﬁ'
. 3

~

-

© 0 ocsamptotic suction profile (Pec 1 1)



for evample) and fdefiving - -y (" (; \/,'(,.) thic enction profile
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Trois dmme liately apparent that.m  in (7.28) nlavs an jfdentiral role
at stotion plave 'n the vnlnrify pvafi‘a given by Bn (1.20) FqHafion
(1 nf et [A%] e also scen tmovetiin the asymptotic suction profil-
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CHAPTER IV
-UNIVERSAL MHD MODIFICATIONS TO THE PATANKAR
-AND SPALDING NUMERICAL SOLUTION PROCEDUBE

/

.o

4:1 MHD Wall Functiod Modifications

The methpd'of‘Paténkar and'Spa1ding'invo1Ves a 'Couette

flow' analysis near a wall wherein the x-wise convection 1s~neg1ected.

~ by virtue of the.vé1ocity component u being small. “The fluxes of

mass, momentum and energy are determ1ned from the so]ut1on of ordi-
nary. differential equations whuch can be solved once for a11 Thé
momentum equation 1ncTud1ng the MHD term may then be wr1tten fof an

impermeable wall as

dr _ . du, dp,
dy pv dy * dx " Jez By
: Yy J ,
= P ap 4 s '
. T J (dX_ + Je, By)dy
where ° i
. je. = (E+uB, )-BE
2 1467 l oo
and ’
q _ du : .
. = ueffa—j ‘
d Im terms’of'qimehéionless variables (defined ‘in the
nomenclature) this equation can be written as

»
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+
' Y
. P,T ‘ _ u
MR éL- J [ : L (t,pc) *+ JeB | — _q"
- W - c v (TWDC)
This suggests the definition
U
- c (3
; Je, = (JeZBy)
/(1)
Ww'c
v : - +
| such ﬁhat - y
L J (p' + je;)dy
(o}
+
. + + du . . . ‘
Since T = u —F the equation to be integrated is then
. d :
Mo
. y+
) +
- . 1 F J (p++3e:)dy L
du_ . 0 (4.1)
+ + ,

dy W
] Py

vefining further (similar to the Lykoudis parameter A2 introduced

in Ref. [73])

2
(e} * = _g__ , m+ = SC_BL},JL_
: e PeTw
|
E E
+ o .+
and e - —Z E, = X » Je, may
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For the electromagnetic field influence on the recovery

factor itf%urns out to be more cenvenient to define an electric field

parameter without reference to the magnetic field. Hence Tet

+ 00 y . . ,
e = EZ v (Ocué)/Tw and if we further restrict the solutions to be

valid for‘neg‘.gibie Hall effect in the. Couette region the current

density can be expressed as
L4

. jé; =mot [E: + u+] (4.3)

The“evoTution of the parameter e+; which is related to E; by .
et = v (mf)E; will be demonstrated in the following section deal-
ing with the integration of the Couette flow equations.

The glbha1 energy equation in the Couette region may be

*.
written as
dH d . PR
W o—— T -— {1
v dy dy ( h nri 19757 .
whera '
| 3T RN
b " f . ‘
- . _effsh 3T " “e AU
Th Pr .. 3y g ay ke y szvs‘s (4'1)
effq S .

or, in terms of the dimens%]ess variables (defined in the nomén-

clature), ot '
¥ Pr- +2 Pr
. t
d$+ =‘____$ff + !?‘. [(1 v Prco) d—“;-- -2 '-—e~f~f- J jetErdy )(4-5)
dy u ’ ) dy oy .

/

s : + . J .
Treatung'u', Preff and o as known functions of y . the .solutions

to Fgs. (4.1) and (4.5) may be written formally as functions of the

F
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ygrious parameters, namely u+ = fu(m+,p+.E;,y+)

. EF + + 4+ o+ ) W O+ _+ o+
and d’ (by](m ' P vEZvvy " Y) ?f¢’?(m P szy_y ,PY‘)
Specifying these solutions appropriate to the outer edgé of the
Couette region, the rates of transfer of momentum. heat, and mass
(in the aeneral case) across the Couette flow may'b%{expressed in
terms of a drag coefficient s, a Stanton number ST, and a recovery

factor v. 1t may be shown that

- _2 - ? v
§ = fu,c = rw/zoc“c )
]
(N - f = N N
lJ.qu:,],c) 1h/{(um1 Hw.ad)r\rnr ) (1.6)
-2 . 2.,
' : frfn?fll,c ( w,ad hr-\/(ur )

Finally, the parameterc pertinent ta the solution of the
equations above, may be combined in cucQ\a way that Expressions for s.
St and Re can be derived as functions of the more common dimensionlesc<
numbers. These are: the Reyholds numbef of the Couette flow Re;”a
pressuyre gradient parameter [ the Hartmann nu%ber Ha based on the

thickness of the Couette layer: and a newly introduced electrin

”
field pavameter, F. Their definitionc are "

52



53

‘~ =++:‘
Re = uy_ = (ouy/u)C
++.+2 -2
F=rpy/lu) = (y/eu ")dp/dx (4.7)
+ +, + Ezyc
F=e yc/uC z S v (nc/uc)
C \"

‘ .+ :
Ha = v (m )_yc z Byc/ (”c/“c)

Before the integration of Eqs. (4.1) and (4.5) is carried
: ‘ ) 7
out, it is possible to eliminate the tyrbu]ence parameter K by a

further change of variableés defined as follows:

y* - Ky
* +
nu* - ¥u
¢r - Kb
A* = kat
(4.8a)
p
¥ o .
P K
m;
me* -~
K?
E* - KE
Z
.+
je_ = JeZ/K



R*

F*x

R*

F*

E’*

(e*y*/u*)c

The equations to be integrated then become

with

and

+|H+.

=

(p* + ie*)dy*

* *
[Ez+u ] .
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(4.10)

(4.11)
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: y*

Pr

ae* - du* , _eff .

dy vt ok | (1-Pregel2u g - 2 = jexExdy* | (4.12)

0

4.2 Integration of’'the Couette Flow Equations
. N

Assuming both the pressure gradient and current density to
be independent of y across the Couette layer. Eq. (4.10) can be inte-

grated to yield

e 1k (pr 4 jex) v (4.13)

and the curve-fitted solutions of Patankar and Spalding could be used.

by merely defining an effective pressure gradient parameter such that

+

c
+,2
c) .

M

+ L+
Fogr = (P # Jez) (4.14)

(u

This was the approach adopted in Ref. [7]'a1thougﬁﬁéhé authors concede’
that perhaps je; choyld be allawed to vary with y as is evident from
expression (4.11). In this thesis relations will be presented which

do éllow jP; to vary as prescribed by Fq. (4.11) although., as was

done in the general OHD method of Patankar and Spalding, a constant

property Couette flow will be assumed such that ~' =1 will also be

imposed.
- Substitution of £q. (4.11) into Eq. (4.10) yields
3 y* .
e e (pros m*F;) y* .4 m* J ©ourdy* - (4.15)
y* o
R P;{f y* b om* I u*dy* (4.16)
o]
with px. .. = .p* + m*E; (4.17)

eff

oo, . .
Private communication.



™

¥
>
which can be interpreted as an effective pressure gradient parameter.

It is evident from this that, in the presence,of»a magnetic field
(m* # 0), the effecti&e pressure gradient is a]fered only if an elec-
tric field is also present; that is,‘E;'must not be zero.

Now, strictly speaking, in addition to Re, there are three
independent parameters. p*, m*, and E;. which can influence thé
solution to Eq. (4.9). Fortunately as Eq. (4.16) shows. however,
there are efféctive]y only two free pérameters. nahely, *ff and m*,
since p*., m* and E; appear as a group to form a sing1e“:§§fficient

of y* in Eq. (4.16). The equation for the shear stress, Eq. (4.9),

. may then be integrated and curve fit for two special cases: one with

ngf = 0 and the other with m* = 0. For m* = 0 no electromagnetic
effects are present and the golytion given by Patankar and Spalding
for the effect of pressure aradient on drag, must be v:rovered. Thi-
provided a ropvenient check on the computer routine written for tha

draq roefficient < The curve-fitted cnlutinn foy thic rage is

oiven ac [7]

1.6
s* 4FRRE

SR 5 4] (4.18)
O T[12.8%°7 4 reR Y

* L Y * 3 * = * = ()
where so is the value of s* as a function of R W1th Peff m .
Then, if a,curve—fifted solution for P:ff = 0 could also be found,
the resultant expression for s*/s; as a function of R*, D‘. m* and
i L.

E; could be assumedf to be formed of the product of this solution

with Eq. (4.18) in which F* would be replaced by an effective pressure

1 . . . .
This assumption must be tested hy comparing the results it vields
with an exact integration which is done in Table 1.
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gradient parameter F*c¢ computed by replacing p* with p*

?
Free = (p* mrEx) yx/u* (4.19)

Refore procel#ding with the details of curve fitting the

solutions for P;ff = 0, the equation for tntal enthalpy with m* and

p:ff At parameters will now alsn he written for eomplateness:

Pr
do* _ eff W _ . du*
dy* ”;T-“ 1Y [(1"P'nfr) i v
\ T Pers '
oy p:ff [ eV J Ay ]] (a
1

Fyvthermare . <ubstityting the results aof Sertin. ¥ 7

(1\' 1
Pios tn irtegration. the velorita equation (1 Q) bacome:
+
du* . 21 —_— (v o1
Ty ;
. Voo 0 ay et )

. i
with Eq. (4 1R8) rroviding the link foy Figuve 4 1 showe typical

vesulte ohtained from the numerical integration af fq. (4 21). The

w

curve of vt oye y* for m* - 0 corresponds exactly to the curve labelled

-
4

+
p* ~ 0 in Ref. [2] as it should"

-

4 7% Cuvvye . Titting the Integrated Momentum Equation Shear Stiess

«

A convenient feature of the method of Fatankar and Spalding [7]

for OHD flows is the ability to condense the integrated Counette flow

t
Note that in Ref. [2], m* represents a mass transfer parameter and is

not 1o be confused with the magnetin field parameter m* ac defined
in thig the<ig,

aff* that is
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nq

equations into a set of algehraic equations. Sych equations will
nw o he derived in this sectian for MUD flpwg with the folleviing resd]ts
We v'nquiyp v gingle nquafinn far the curves showp in rlq 4.1
. . * '

for p* S0, Tiqure 1.2 ic a plot of <*/<* againct Ha for varioys

eff 0
Peynolds number<, R*  Analngous to the effect of mace transfer eon

b, .. . . .
draa illustvated by sivilar curves in Ref. [21 it is ob<erved that
the hovizental distavece bhetween ‘ny tw? ‘curves of copstant PY g approyi-
mately uniform for a1l ,alyes of o+ Q; This suggests that all the
curves could be made to ¢ollarce on to + ticqgla cyrve if the abscissa

o 1

were multiplied by a function nf p*
Inv the techniaue of cuyyve fitting 2-d Fayamet-r cormplal ion

(see, for example. R-f  [7%], [7¢]) one yeua''y tyivee t~ nhtai-

linear *el~ti pehips amora thego pPavavetzy g T prIntting gwye*
! 0
. * :
aga'n~t 'a o oactangula grarh vapes | Vine voen o ave . cnfoy Tyt

nnot obta’ned Poferying hack to Fq (1 '8) it i~ ohe 4 ed “ha* the

”?anfif field pavametor m* appears only tn the iy 't pawer a N
'

LA n

*
cinge foaralationg ghows m* related to H=~ th aash or - 1y % Ty i

r

: *
Ttete beobyyicgoa v]ot of 5*/g: againc’ Ha e b e iy g )T

L K TR R N A T A ! o '
R e
*
§_ £} h s
- %
0
where » and h my~t he regar det re funetione of P* HNew o foar A1
- *
rurves shown  <* ek whapg Ha - 0 as 1 chould by definit i Lagea
)

This result further sub~tantiat~s the analogy hetveen wall -ucti
[

foan = Fvanefar ) apd N eflactr iyt Mmopesed by byl epd e

e A v Akt aneT e ST
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a1 and'b ~ b(R*).
-To evaluate b as a fungtion of R*, a straight line was

eventually ~htained when plotting the slope b against R* on log-log

.

coordinateg 3 is shown 'n Tig. 4.4, Evidently, b has the fun~tinnal

m

relat - - nt candt poaphically we {ind o= J17.56, and m = 1 341
e .
116 %
Lo 1 117 nsope A’
oamp |
*2 4 27)
] _Ha oo (
1 3ig
0 ONRR R*

If the ~mpivical values nf s*/cg computed from Fq. (4.22) are now
rlotted against the evact yalues of §*/:: taken from the numerical

integvﬂfiﬂn nf the rﬁnﬁffp-f]nw aquaticn~  a 1% dogiee line is ev

rected if » ~ne to-one ~~rrespondence is ‘o he ohtained  Figure 4 ©

chow” cuch a plet an' §i' i< nlceryed 'hat agrerment ig fairly good

2
v

. \
ovey > epy bein vange of ot/ ek rd for Nevnnlde numbey g Ay eater thap
0

ahogt 100 Fov grall v vl ec nf D* #ha royyac davinte a rpcgive!

from the evart .3'lve ol o oy e bian Loy cmnd 1 Dea ont 4o Ny

i
myet To deyjood

In order tg devrive a suitah!es small -RPeynoldc number correc-

tion, the nhvinue solytion ic to p‘of_ the di{fovgy\rn & v (S*/S*‘)

0/ evaet
(Qﬂ/:z)emp 2qainst (tﬁ/qg)emp for varieu= P* and hope for a
family of styaight lines This procedure failed and = f]of nf &
” ,
vervsns MAT was attemprted with equal fark of <uyrcac. Tinaliv. a
lot of & againe ) q¥*/ gk ialdad a coR of veazonably ctyaiqht
r gainst (S*/58) amp ¥

'Tynical valuers of R* = u*y* mre in Fho vange of ahout 10 tg 1000
ar geen fyvom Fig A1
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"\J

lines such that the general form of the equation for § could be
written as

*2 ‘ ;
T.385

6 = b(R*) Ha
0.0085 R*

The new expression for (s*/s*) (which idea]]y#eduals

o’emp,2
N e
(s /So)exact) may now be wr1tt?n as (s */so)emp ]t 8or .
(s*/§ x) =1+ [h(R*) - 1] ta’ (4.23)
o’emp,2 ‘ . 0.0085.R*1'345

Evidently the funct1on b(R*) in Eq. (4. 23). must péssess the prbperty:
b(0) =A1, so that the second term remains finite (which, incidenta]fy,
is an obvious flaw in expression (4.22)) and also it must somehow ap-
proach zero asymptotically for large values of R*. This immediately

m m T~
SR e_2'303nR* A trial and error

 suggests the form b(R*) = 10
solution of p]ottiﬁé b(R*) on semi-log paper revealed a linear curve
for m = 1.5 from which fhé constént n.was finally evaluated as

].31 X 10'3. Hence the resulting empirical expréssion for the mag-

netic field influence on the drag coefficient takes the form

- *2
-3,,1.5 : ;
(s*/s* 1 - []-exp( -3.02 x 10 "R* "7)] — (4.24)
o’emp, 2 . 0.0085 R*1 345 )
' "Figure 4.6 illustrates a plot of (s*/s*)exact Versus (s*/sg)emp and

‘ aéreemeht js deemed to be reasonable.

it now remains to deal with the most-géﬁera] situation,
namé]y Ehét gor which all the paramefers R*, p*, m?,}and E; are. pre-
scribed 1ndependént]yband where, specifically, the pressuré gradient

is non-zero or the electric field parameter E; takes on values other

% @«
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4 ¢ N
than those dictated by E; = - p*/m*-.Jr The approach~aqopted in Ref._[2] T
to a similar situation,implies that a general formula be assumed by
forming the product of Eq;. (4.24) and (4.18) with F* replaced by '
F*cc defined in Eq. (4.19). In Table 1 is given a comparison of such

a product solution with the exact values for sf/sg. The agreement is

\Eiéh“to be satisfactory for a range of'representative flow parameters.

Table 1
R* - H; F;ff | (s*/sg)exact; (s*/SS?emp % Deviation
14.69 0 0.0148 0.890 0.920 4.00
15.94 0.179  0.0252 0.800 0.850 6.40
18.33 0 -0:0148 1.050 1.080 3.20
18.76  0.223  -0.0178 1.020 - 1.070 .y, . 5.40
- 19.52  0.050 -0.0033 0.970 1.020 Sl 10 . »-
20.47 0.224 0 0.910 . 0.970% " 7.60
\%1.¢m 0.900 -0.0138 0.806 0.741 8.17
86.54 0.150 -0.0045 0.998 1.020 2.46
101.16 06 0 0.883 0.885 §-22
102.97 0.810 -0.0275 "~ 1.080 1.010 6.75
103.28 0.510 -0.0046 0.960 0.970 0.75
105.11  1.160 0 0.730 0.710 2.70
328.38 0 -0.1002 1.673 1.715 2.51
491.71  2.680° 0 . 0.818 0.797 2.62
503.33 0.700 -0.0135 1.068 1.073 0.43
90386 4.470 0 0.763 0.751 1.58
973.34 0 .  0.0528 0.668 0.684 2.42
1035.05 6.320 0 0.598 0.586 2.07
1047.57 3.900 -0.0200 .0.988 0.956 3/35
1107.97 0 0.0815 0.529 0.532 0.59

o
L

TELpress%on (4.24) is valid fof non-zero pressure gradients also as
long as the electric field E; satisfies this relation.



It is evident from Table 1 that within a deviation of plus or minus

10% the wall shear stress can be calculated from ];
- ’ ~AF% *
/sx [ - 4F ffR - 4} 1.6 )
0,emp [12.82+24p¥Z 2]

*2

1 - [1—exp(-3.02x10'3R*]'5)] Ha

0.0085R*]'345) (4.25)

[N

It should be pointed out that in using Eq. (4.25) the magni-
tude of the parameters such-as H; must be limited so as to avoid zero

or negat1ve values of (s*/so)emﬁ since this would indicate boundary
. ) g

layer separation. Ca%hula;1ons reveal, for example, that for F;ff =0,

and R* = 25, H; must ‘be < 1 in order that Eq. (4.25) be accurate to
*

< - within 10%. If Ha = ByC Y (qc/uc) is calculated for typical values

of B =5 Tesla (webers/mz), Yo = 5 % 10'4m, . =10 mhoAE and

* . .
He = 10 -4 kgm/m-sec, then Ha'= 0.78. Hence Eq. (4.25) does not pose
L any phys1ca1 limitations since, to the author's knowledge, max1mum

magnet1c f1e1ds which can be generated by present day super- conduct1ng

magnets are of the order of 7.5 Teslas.

4.4 Curve Fittiné the Integrated‘Energy Equation - Recovery Factor
In order to fofmu]ate thewgffect on the recovery factor,
r/rO, due to the magnetic and electric fields in a similar ma;ner as
was done for‘s*/sg, it is evident that Eq.(4.20), with m* &nd peff as
parameters, must.be re-written since, as expression. (4.27) shows, E;

cannot be assigned different values via Pk wiﬂQ~m* = 0. Further-

more, with m* appearing in the denominator; integration of Eq. (4.20)

. (,/‘?'*~\\\

’
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cannot be performed with m* = Q.
*
‘Recalling Eq. (4.12)3 the integral /Y je E*dy can be re-
Mwritten in fhe following way. First, the integrand mdy be written
as ' .
| oy E 2" o.u E BQ
je;E; -.Ccz ', ccz

T2‘ T2
w W

{ )
]

Next, by introducing a previous]y.défineﬂ'eﬁeétric field parameter

we obtain ) .

jexex = e*2 4/ (m*)eryu* | (3.26)

The-simultaneous equations to bé integrated then become Eq. (4.21)

with T+ given by R

™ =14 (pr o+ e*y/ m*)y* + m* J u*dy* (4.27)

A | .

and the energy équation by

 Pr.
dor _ Plere , W du*
dy* uﬂ& Fak |- Preee) 2 gyw
2pr et o o ‘
tertye e v me 1) (azem)
. n s » .
A o P SR
Figure 4.7 shows integration results with. p* =m* = 0 when r/r
¢
p]otteQ aga1nst E*2 Curve fitting these results gives the fol]ow1ng
h\‘\r \ N ’ » .
! ' e \
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empirical expressions:

1 + exp(-0.01875R*) (E*)°

] r/r R* < 55
) - (4.29)
1+ 20(R%) 0% ex)2 paTs 55

r/r0

]

In Table 2 are given the results obtained from expressions (4.29)
$ . P '
and compared with the exact values.

»

\ Table 2 .
~’\\ ; . SR* tE*r (r/ro)éxact (r/ro)emp % Deviation
- 7 N kI
1M . ~3.33 10.00 . 10.03 0.3
53 5.69 12.57 =« 12.99 v 3.3
102 Y 2.83, 2.58 . 2.56 0.8
200 13.49 - 18.91 18.67 . 1.3
527 0.93 1.04 " 103 1.0
- 7.75 a1, 40.07 .
& /ﬁ$659 4 6, . 0.07 a7
. . = ‘ +
S - Integ{;tion results with non-zero pressure gradient (p* # 0)

and magnéiic fie]d*(m* £ 0) revealggvr/ro to be a weak functién of p*
and not a d1’r:ect-1’un<;1;ionJr of Ha when E* = 0. For small non-zero
values of E* thg inf]uencé of. H;7on r/r0 appeafs to be neg]igib]é SO
tBat Eq. (4.19) can be consideéed to acéount for the primary electro-
magnetic effects on the.recovery factor. For large electric fields,

" however, such as those encountered in MHD accelerators, a further

, ’

"modification to these expressions) would be necessary.

4

e Y o . L3 ) ° N

“Note howéxer that -even in this case, r/r_ will be an indirect func-
tion of,Ha since this parameter inf]uepcgs the wall shear stress
. which in turn affects the viscous dissipation. .

\
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CHAPTER V

DISCUSSTON OF PESULTS AND CONCLUSTONS

\

5.1 General Discussion

In order to asseSS't{e fundamental influences of MHD body
forces and Joulean dissipation on the adiabatic film-cooling effec-
tiveness, several computation§ were perforﬁed by assuming thermal
and ionizational equilibrium as discussed in Section 5.3. This assumes’

\that the electron gas is at the |same temperature as the plasma and

that éhe mass electron number density can be calculated from the
Saha relation, Fq. (7 7) Thede resylts w11] also b“ requ1red for
assessing the effects of thermal non equilibrium and finite rates as
discussed in Section 5.4.

The MHD effects on tﬁe adiabatic film-cooling effectivenecs,
n, are c]eér]y éhown in the figqus discussed in the following
Sections. However, to researcﬁ and understaﬁd the causes for the
observed effects, it becomes necesséry to examine a more intimate
picture of the phenomena; examination of fhg velocity and temperature
prafiles across the boundary layer helps to provi&e this insight.
These profiles as well as corresponding electric current and plasma
condactiv}ty profile< are examined in detail in the following
Sections

- Previous -research into OHD film cooling has shown that the

process depends on many\Factors. Examples of these would be the

3
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“n

geometry of the'Film-cooTing injection slot, the properties of the ‘

primar} and sécondary (coolant) flows, the rate of coolént b]owing
repnésented by a QloQing parameter Q=pCUC/pGUG, ratios such as‘those )
of temperdtures, TC/TG (or densities) and ve]o@ﬁties. UC/UG’ magniéude
of free stream turbulence intensity, magnitudes of favourable or adverse
pressure gradients, chemical co%position P@ cooTant fluid etc. Clearly.
a reliable theoretical prediction procedure can be an expedient
comput;tion tool to assess the effects of many of these parameters,

without resorting to costly and time consuming experimental measurements,

72

by simply changing a few program statements or data cards. Any theoretical

computationa! method must, however, agree to within acceptable limits
with experimental measurements whenever these are available.

Section 542‘assesses the reliability of the present numerical
procedﬁre by comparing its predictions with experimental results as
well as with predictions obtained with a similar procedure when
applied to OHD film-co0ling problems.

_For the numerical solution techniques, it-also becopes
1mportant‘to investigate the sensitivity of predictions to the initial
conditions. These are assumed to‘exist-at thg beginning of the
numericalfmarchiqg pf;cedure and, in this case, represent assumed
conditions at the film-cooling slot exit. If results prove to be
strongly dependent on the prescribed .initial conditions, then it
becomes necessary to solve the fully deveioped'MHb channgﬂ flow
upstream of the s]ét and théh adopt these solutions to obtain the

initial conditions at the slot exit. Section 5.3.4. includes an

gnaJySis of the.influence,of initial magnetic field variation on the
' : N



boundary layer velocity and temperature profiles and hence on the

film-cooling effectiveness.

o

Section 5.4 considers the influence of thermal non-equilij-

brium and finite-rate ionization on the MHD film-cooling effectiveness.

Core flow or free-stream conditions are chosen such that little or no
electron thermal non-equilibrium would exist. This insures that any
differences from the equilibrium solutions will be boundary layer

. AY

effects and not due to free stream effects.

Furthermore, in order to preclude complications for the non-

equilibrium analysis resulting from Hall currents, jex, the assumption
of infinitely segmented electrodes will be made such that jex=0
everywhere. To assess Hall current effects in the boundqry layer.
this restriction is later replaced with the assumption of %feé~stream
Hall-neutralized flow, jex,G=0 and finally the condition Ex=0 is'

imposed which represents an MHD channel for which the Hall potentia)

is short-circuited,

5.2 Evaluation of Computational Procedure for OHD Film Cooling Flows
For the purposes of testing the lengthy computer program

written for this thesis, the ‘film-cooling effectiveness predictions

derived fro 1t for ord1nary hydrodynamic flows (OHD) were compared

both with sﬂm*lgx caﬂcu]at1on technxques (3], and with experi-
mental data, [64j

\t._

égThe preséht Compater method was cnmpsred with that of

Cole and. Spa]dr’g [3] for which their ”standard Cdse" results are

shown for eomparkson in F1g 5.1vv The initial flow parameters are

73
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detailed in a tabular form in Fig. 5.1. It can be seen that both
computer predictions are virtually identical from which }t may be
conc1ud°d that the program is functioning properly.

Add1tlona1 v%11dat1on and credence to the numer1ca1 tech-
nique, in general, is provided by favourable comparison with the
experimental measurements of Burns and Stollery [64]‘?0? diffefent
combinations of main and coolant gases. Figure 5.1 displays results
for helium and arcton-12 coolant ﬁnjection at different coolant-
main-gas velocity and density ratios. It is concluded that agreement
between prediction and experimenl"is\satisfactory.

5.3 Thermal and Tonizational Equilibrium MHD Film-€ooling

Mariy ﬁon fifm-cooled MHD flows have been studied under the
assumption of thermal equilibrium between the electron gas and
carrier gas temperature with the electron number density, Ne (or mass
fraction Ce), calculated from the §aha gequilibrium relation. This
assumption is generally valid for open-cycle combuséion MHD generators.
Eqpilibrium conditions have afso been. assumed in this Section So that
the influence of electromagnetic body forces and Joule dissipation on
the film-cooling ef%ilfiveness can be assessed in the light nf general

MHD effects on plasma channel flows.

5.2 MHD Inf]uence on Film-cooled Boundary Layer Ve]oc1ty Prof11es i
and Film-Cealing Effectiveness

The close agreement achieved hoth with the prediction metho
’ \

of Cole and Spalding [3] and with -evpay iment as shown in Fig. & 1 is.
“ /
in part, due to having chosén identical initial velocity profiles at the
. 8
¢
>



film—cooling slot exitfin the predictton‘method This 1n}t1a1 prof1]e
was also chosen for the developing MHD flow field and i% shown p10tted
in Fig. 5.2a as represented by x/yc=

. Many computer‘runs were performed with differentncombinations
of the parameters available, such as B, U /Uro’ Q, etc A typicai case
is represented in Fig. 5.2 where two 1dent1ca1 runs were performed
except that one is for OHD flow (B=0) and the other 1s for MHD flow .
(ie. B=2). The run conditions are detailed on F1g. 5.2a, wh1ch compares
developing velocity profiles in MHD and OHD flows in the near-siot region.
Similar velocity profiles for larger d%wn-stream distances-.are plotted
in Fig. 5.'2b.

The deve]oping veTocity'profiles for OHD film-coaling are

typical of what is obta1ned by other procedures and exper1menta]
measurements. Spalding [51] makes note of developxng veloc1ty profiles -

becoming ”radua11y fu]]er . . but, that even at 100 slot- he1gQ£s N .

downstream the profjles have not 1°StdﬂJ] trace of their,ortgﬁna1ﬁ

depressmn “ A similar trend is obsepqu-vt""

seen to deve]op the character1st1cs of a susta1ned wall jet f1qy
The MHD ve]oc1ty prof11es are showing a relative acce]erat1on of the
boundary 1ay9r fluid with that of the free stream (core flow), s1nce

the Tx8 retard1ng forre 1s less intense 1n the boundary 1ayer where

L &
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lower temperatures result in lower ptasma electrical conductivity. A
The corresponddng eIectrica]-currentland conductivity profi]es'at the
safiie downstream distances are shown in Fig: 5.5 and Fig. 5.7, respec-

tively.

The MHD veloclty prof11es 1mp]y that as the magnet1c f1e1d

strength B, is 1ncreased more mass. flow An the channel gets

confined in the boundary layers of the insulator wal]s. The sus-

taining of a wall jet type flow by the'magnetic,body‘forces wou]d be

i . ‘ . . : . \
expected ‘to Rave a.beneficial 1nfTuence.on the film-cooling effec-

tiveness, ‘ 1east for smaller va]ues of B

w1th reference to F1g 5. 2 the wa]] Jet can be 1mag1ned as

' originating near the ‘mid point of ‘the upper slot. 14p and emerg1ng )
into a unescent\f}UTd. The jet flow would act as a barrier to =’
mixing of the primary‘(core) ahdvsecondary (coolant) gases. At
1arger values of B, however the higher J X B forces in the free ,
stream would d1rect most of the channel mass flow into the boundary
layers of the B wa]]s The hotter core f]ow gas wou]d therefore be ,
forced " into the boundary layer in suff1c1ent quantity to. rap1d1y

heat up the coolant, resu]t1ng in a decrease in effeét1veness It

- would also be expected by the observed 1arge d1fference 1n velocity
profiles between OHD and MHD flow, that the difference in n would also
be re]ative1y large a]thoudh the difference in-n from one non-zero

-value of B to another would be expected less prondunced.

The film-cooling effectiveness is shown on Fig. 5.3 and -

R 3

plotted for d1fferent values of magnet1c field, B. It can be seen

that the expected behav1our of n from study1ng the velocity profiles of
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Mf1g 5.2, is borne out by “the observed behav1our of n wh1ch 1ndeed
supports the predﬁcted observat1ons A1l runs were performed w1th ~'.

4 the flow parameters as shown,and only the magnet1c f1e1d B, was,,

var1ed Curves plotted are for B=0, 1, 2, and ‘7.

| It is seen that: the increase 1n4n from B 0 to B=1 1s re]a- e

-ft1ve]y much greater than that for B= 1 to B=2. In fact the pred1cted
decrease in n for ]arger va]ues of B is borne out by the curves for

| B=2 and B=7 The 1atter actua11y shows that the magnet1c*f1e1d re—

‘tarding force for B=7 is suff1c1ent1y strong enough to cause flow

" separation at approx1mate1y 55- s]otﬂhe1ghts downstream from_the s1ot
Texit. o o . IR ;.' '

~ The optimum maonetic-fie1d'intensity-resu]ting in the -
1argest increase in film- cooling effect1veness is seen from F1g 5. 3

- to occur for va]ues of B between 1 and 2 By way of compar1son, the .

OHD f11m-coo11ng effect1Veness is reduced to SQﬁ at 120 slot he1ghts : ZQ

downstream whereas a similar reductidn by SOA dOes not occur until ’3‘

_ approx1mate1y 250 s]ot he]ghts downstream have been reached in the.

MHD case.

PR P

The influence of the'magnet?c‘ffer'damping of the turbulent

velocity fluctuations on" the Film- -cooling effectiveness is also #11- o

-l

o ustrated in F1g 5 3. Because any damping of. turbu]ent f]uctuat1ons

would reduce the rate of mixihg of the pr1mary and secondary streams,
the film-cooling effect1veness would be expected to increase and~th1s
is verified in Fig. 5.3. The average increase in h for a maonetic

field parameter B=2 is geen to be 15% for the run conditions shown.
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“The plot of’the ve]oc1ty prof1]es in. F1g 5 2b- also shows the

.

1ocus of velocity max1ma in the MHD boundary 1ayer f]ow “The gradua]

decreas1ngbtrend of th1s curve can be attr1buted to the increase of

. electron current den51ty, Je R at c]oser d1stantes from the wal]s

These currents, in turn, resu]t fromfh1gher plaSma.conduct1v1t1es

-

-which are strong functlons of temperature and electron number density.

wh1ch, as seen from F1g 5.4, are 1ncreas1ng at points closer to the ,
wa]] as- the downstream f]ow develops ~ (The natural var1at1on.of Te' R

with temperature (or degree of Jonwzat1dn)}behayes accqrding to the

- fo]Towing pattern; For degrees of -ionization Tess than 6 1%, Te is

an exponent1a1 functwon of T, r1s1ng rapidly; as the 1on1zat1on

‘exceeds this Valde, Te v T3/2). The equilibrium: electron mass-fraction

profiles, C;'/,C s are.p]dtted in Fig. 5.6 fbr‘simiTar run-cdnditions
: » Ceg

and with B=b and B=2. All computat1ona1 runs presented 1n th1s wOrk

1nc1ude electromagnet1c field, damp1ng of turbu]ent f]uctuat1ons

5.3.2 MHD Influence on F11m Cooled Boundary Layer Temperature
Profiles and Film- Coo]1ng Effectiveness

EDEFESS: I

S S -2

The character1st1cs of a wa11 Jet f]ow for the MHD velocity

‘prof11es shown in F1g 5.2 would result in the. upper ha]f of the Jet

drawing into it the hotter fluid. of the core flow wh11e the 1ower

half of the jet would do the same for the coolant fluid.

As discussed in the previous Section 5.3.1, the effeet of
this jet in keeping tuo fluid streams “separated” for a constderab]e
distance denstream;;results.in a reduced heat transfer between them
since -the rate of m{xing is reduced and veldcity f]uctuatjons are

damped. 4This wOuld‘resu]t in Tower boundary layer temperatures‘ﬁearf

e A A BT S el I
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] the wa]] and hence an. 1ntreased effectlveness Both these observa-»
;t1ons are §ubstant1ated from F1gs 5.3, 5.4 where the expected |
trends are eas11y seen. w1th the,run cond1t1ons used- for Fig. 5. 4
‘ the reduct1on ih boundarx layer temperatures near the wall, when
‘ .gaing from OHD f]ow to MHD film- coo]1ng (g 2 in th1s case), 1s
approx1mate1y 10% at downstream d1stances of 1ﬁterest The correspond-
ing increase in film-cooling effect1veness is/seen from Fig. 5.3, and,
for a particular downstream pos1t1on of’ x/yC 200, amounts ‘to approx-~
imately 557 The temperature prof11e given For twenty slot- helghts -
1n Fig. 5.4 shows the effect of convect1ve heat transfer resu]t1ng
from the core f]ow mass entrdined into the m1x1ng reg1on ‘as den1cted :
by the ‘velocity prof11e depress1on for x/yC =20 and, at th; same B
normal distance from the wall, as’ seen by compar1ng Figs. 5.2 and S.u.
The core flow temperature d1fference for a zero and non- zero (B 2)‘ |
magnet1c field are not significant, so that the norma11zed temperature
curves in Fig. 5.4 can be compared direct]y as actual temperature
differences. For example, at x/yc=150, the free stream temperature,
TG; for theIOHD‘flowg is 2995°K and for B=2 this Va]ue is 2946°K - a
nominal Z%flower value.

Bécause of some.primary and secondary flow mixing and resulting
convection heat transfer as well as heat transfer through conduction,
the temperature at increasing distances from the slot increases at
closer pojnts to the wall. This trend is clearly evident on Fig. 5.4

which results in part from the decreasing locus of the velocity maxima

as discussed in Fig. 5.2b.

84
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. Ug, =280 m/s

Uc =140 m/s © Te/Tgq =05
Tg, =3000°K ‘%/%‘:«2.0

Te =1500°K ~ B =20

-0.2 -0l 0O 01 02 03 04 05 06 0.7 0.8 0.9

|°z/'°z,c; L

Fig.5.5 Electron-Current Density Boundary -
Layer Profiles, Equilibrium Case
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The temperature boundary layer prof11es observed for the
run cond1t1ons of Fig 5 .4 .do th display any. sign of Joule. d1ss1pa-
t1ve heat1ng, even it 350 s]ot heights’ downstream The prof11es “
‘ show that the temperature in the film-cooled boundary layer is | |
everywhere 1ess than that of the free stream. Jou]e dissipation . ..;f_
i’effects are, of course, more pronounced in electrode'boundary layers '
Fiwhere high electric currents prevail. * Viscous dissipative heatinglt" =
_ﬁis‘seen to be 1nsignificant as well for these run COnditions' tl

Actual MHD generator channe] B walls will, of course, not
’be comp]ete]y ad1abat1c espec1a11y when high temperature gas f]ows are
bencountered. The heat transfér experienced in actual channel walls
would reduce boundary layer temperatures so that Fig 5.4 represents
the maximum possible temperatures attainab]euin the boundary layer.
As“mentioned ear]ier, this is the most lmportant information: requ1red
‘by the des1gn eng1neer for the generator design a]though the heat
' transfer rate would have to be known to predict MHD generator per-
| formance and eff1c1ency
| In comparing Fig 5.2, 5.3, and 5.4 together it is apparent
that for equ111br1um plasma flow, the maJov cause for the opbserved
1ncrease in the film-cooling effectiveness over that in QOHD flows,
is the s1qn1f1cant alteration of the boundary-layer velocity prof11es
with annvec1ah1p contributions to higher n resulting from MHD turbulnnre

damping and reduced houndary laver temperatires at rhe wall.
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.5.3.3 InfTuencesovaariation'in'Flow Parameters on MHD F1Tm Coo]1ng

Effectiveness at Constant Magnetic Field

n

. As mentioned in Section 1.2. 3 extens1ve research both .

-exper1menta1 and theoretical, has been undertaken for OHD f1]m--

v
cooling. to ‘investigate the 1nf1uences of different f]ow parameters '

)

on the film- coo11ng’eff tiveness. Some of the stud1es relevant .
to the tangent1al 1nJect on s]ot geometry (chdSen for the present ’
1nvest1gat1on) are br1ef1y d1scussed here Nh1telaw [77] presented
measurements of the 1mpeerous wa]] effect1veness of a two d1men-

s1ona1 wall ]et The measurements were obtained us1ng slot he1ghts

of 0. 5, 0 ?5 0.132 and O 074 1nches, several slot- tqﬁfree stream L

velacity ratios U ¢/Ug, Tranging from 0.288 to 2. 66,_and cqo?&nt

3

Reynolds numbers, 745 < Re < 44, 000. The measurements conf1rmed

results from other 1nvest1gators that the opt1mum effect1veness is

_ obta1ned when U /UG Ts close to un1ty but that the magn1tude of n ‘ ) 7

pt
is dependent upon the s]ot height to a con31derab1e extent

Eckert and. B1rkebak [78] studied the effect of s]ot geometry -
on film-cooling in a system which used a1r in the pr1mary and

secondary flows. Exper1menes were made with a tangent1a1 1n3ect1on

slot and velocity and temperature boundary layer profiles were mea-
- sured from which the film-cooling effectiveness 'was calculated. -

Wider slots gave better performance in the sense that less miXing'

occurred at the slot exit resu1t1ng in somewhat higher va]ues of n.

Resu]ts when compared to measurements of Seban and Back [79 80}

i

1nd1cated that the opt1mum slot. geometry depends on the rat1p of. the

mass velocities in the main (pr1mary) Stream and in the coolant
)

(secondary) stream and also on -its range of variation._. 9

‘
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£

P T T T ST
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numerical procedure to 1nvest1gate the influence of the 1n1t1a1

K

Co]e and Spa]d1ng [3] app11ed the1r f1n1te d1fference

~ velocity prof11e shape and s]ot lip th1ckness, tL’ On n and made
compar1sons with- the exper1menta] measurements of others. The shape :

'of the 1n1t1a1 velocity prof11e was found to have a weak 1nf1uence on

the adiabatic wall effectiveness althouqh a more rea11st1c initial
ve]oc1ty profile, also prescribed in the present work gave better
agreement with exper1ment for the near s]ot reg1on over the range
of ve10c1ty ratios computed 0.5 <u /U <107, The effect of t

L
was not: comp]ete]y resolved and further refinement was planned for

»

1mproved compar1son with exper1menta1 measurements

Measurements made by Kacker and Whitelaw [81] re]ated to

“ the 1nf1uence of 1n1t1a1 ve]oc1ty proflies at the tanget1a1 1nJect1on

slot, supported conclus1ons that such f11m cooled boundary 1ayers

have short 11ved memorxes The effect on the 1mperv1ous wall effect-

s 2

t1veness_pf the th1ckness of the 1n1t1a1 boundary Tayer on the upper’

4
11p of the 510t was shown to be not greater than 5 per’ cent fIhe oy

ERN

' range of ve10c1ty ratios . cons;dered was 0 3 < U: /U < 2 05

The same authors [65] also used a numer1ca1 procedure for so]v1ng

the steady, two- d1mens1ona1, constant. property form of the. Nav1er—

'Stokes equat1ons to obta1n pred1ct1ons of mean and’ f]uctuat1ng pro—

pert1es downstream of a tangent1a1 1nJect1on film- scooting slot.

Among the parameters stud1ed whmcb 1nf1uence f11m cool1ng effect1ve-
ness, Lere the ve10c1ty rat1o Reyno1ds number, upper 11p boundary- “

<

- layer’ th1ckness, shape of the 410t velocity prof11es,.slot and free-

stream turbu]ence 1ntens1t1es, and the slot 1lip th1ckness

90

2
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In order to assess the correspond1ng influence of some o?‘x '

AN
these parameters on. the MHD f11m cool1ng effectiveness, severaﬂ runs

were performed where the magnet1c field was kept/ed”stant‘fé 2 in
this case) -and other parameters were var1ed fﬁgure 5.8 shows the
fj]m cooling effect1veness at d1fferent magy1tudes of prtmary and
secondary flow velocities and temperatur T Two computatfons are ,
also shown at s1m1]ar temperatures and/9e1oc1t1es but with B=0 to

O~ —
illustrate the-re]atr)y 1nf1uence of B compared with. the effects of

other flow parameters

It can.be seen that the 1nf1uence of ve]oc1ty and tempera—

ture on the OHD film- coo11ng effect1veness (curves 6 and 7) is much.

more.pronounced‘than the correspond1ng influence of the same parameters .

on the MHD fi]m-coo]tng effectiveness (curwes 1 and 4). .Ig other-
_words the ex1stence of electromagnet1c body forces suppresses the'
magnitude of the influence that these ‘same parameters exert on n in
OHD film-cooling. flows.

it is observed, furthermore, that the magnitude of change.in
i -from OHD to MHD ti?m-cooltng effectiveness depends_significant]y on
the magnitudes of‘the initial velocities and temperatures of the
primary and secondary f1ows (curves 1 and 7 and 4 and 6).

The d1fferenée "in magn1tude as well as in d1rect1on depends
a]so on the downstream p051t1on of the reg1on in question. For
examp]e, at 200 slot heights the 1ncrease,1n n from OHD to MHD flow
was on1y about 18% for UG =250, U.=125, T 2500 T =1250 (curves 1‘

C G
and 7) while the correspond1ng increase in N was approxwmately 250%

91
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for UGo=580‘ UC=29O, TGO=3OOO; TC=1500 (curves 4 and 6)! For- both

run comparisons it is observed that in_the near-siot region (small

x/yc) the film-cooling effectiveness is reduced for MHD f]ohs. The
cross over poinﬁ occurs at x/yC = 80 for the.lowér initia]»ve]ocities
and tehperatures-(curves 1 and 7) while a-similar change occurs at
x/yC = 60 fOr the higher initial values (cUrves 4 and 6),

The re5u]ts shown on Fig. 5.8 .also 1nd1cate that for a specific

value of magnet1c field (B=2 in this case), the film-cogling effect-

iveness remains a fairly constant function of x/yc after certain

-

values of initial ve]ocity and temperature have been reached. For
example, at x/yC 200 the increase in MHD f11m coo11ng effectiveness was

approximately 19% in chang1ng from U.. =250, UC—125, T..=2500, Tb—]ZSO

Go Go

to UGO=350, UC=175, TGO=3OOG. TC=1500 (curves 1 and 3). Any further

in¢rease in these parameters resylted in a negligible change of

‘ L

film-cooling effectiveness (curves 2, 3, and 4).
A finéT'observation made in Fig.w5.8 concerns curve 3 with

=lOdO, U~.=500, T 0=3500, T.=2000, and B=2. The effectiveness is

Yso c G c
seen to drop off rapidly to zero at approximate]y 2Q0 slot heights

downstream Th1s wou]d 1nd1cate that the flow has become choked at
x/yC 200 which is a consequence of the phys:ca] channel size and

slot geometry chosen in the present work and the fact that the

initial Mach number was already close to unity ( =0.86).

Go

3

5:3.4 Influence of Initial Magnetic Field, B_(x), Variation on
Boundary Layer Profiles and Film-Cooling Fffectiveness

Because of computational problems arising in the finite-

difference technique, Sherman, et al. [8] ware farced to allow a
N

93

T T



1

94

gradual but rapid incfgase in axial vafiation of the assumedwinitia1’<-'

Amagnetjcffie]d BofX). Similar difficulties arose also in the.present B ST
in;estigation whére computational problems were encountereqiin psing

E é step function for_Bo(x) at x=0. " . . | |
4 | It has been shown in OHD fi]m—céo]ing research, for example
Refs. [3] and [65], that the shape of the jnitja] boundary layer pro-
‘f11és have relatively small effects on n at downstream distances of

mgin jﬁ%ergst. Compufations performed;in the present wdrk indicate*tbdt

'sfmi1aéicon§1usjons can be stated for the MHD fi]m-céo]ing effectivé¥
ness. The fﬁhc%ional relationships foh=Bo(x), assumed as initial
condition for the MHD finite—differenée prbtedure, however, have

shown to be of mgre significance. Sever51 runs were therefore

performed with a linearly increasing funcfipn, Bo(x), whose slope was
varied in a'gradua1 approach to a step function.. Figure 5.9 compares
the developing veiocity profiles for the identical run conditions

Jshown'excépt‘that (x/yc)max=l and 10, respectively, in thg.relation
BoBmax 2t X/YcT(x/¥e) o where B =2, The shape of the prdfi]gs

are similar in each case but, as expected,hfﬁb-magnetit field which
réaches its maximum at closer distances t& the slot,‘induced a

greater acceleration of the boundary layer fluid re]ative to that in

the freestream. The ‘difference in velocity profiles is still eviden£

at approximétely 150 qiot heights although its magnitude ha; negligible
influence on tdé film-cooling effecfivenoss (shown on Fig. &.11) for

the same run conditions (curve$ 1 and 2).

Figure 5.9 alsd Shbwq how the MHD Ve]oéity boundary-tayer

profiles become fuller with an increase in the velocity ratin maxima

v
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Unax’ Ug at farther‘distances downstream. Thie is"a eonseduence of the
“increasing mass entrainment into the boundary layer flow, resu]ting
Y;om greater downstreamle]ectromagnetic retarding torces on the

core flow and the requirement fon'coqservation of mass flow along tﬁe
channel.

The temperature profiles resu1ting from the\kwo different
Functiona{ va]ues for_B x) . are p]otted on Fig. 5. 10. The computat1ona1
prob]ems are evident from the ]arge temperature overshoot at y/yG- 5 and
x/yC . The profile at x/y, (for the magnetic field equal to its
ma ximum at (x/yc)max—l (dashed curve» is seen recover1ng from the
sudden change in magnetic field. The velocity profiles in Fig. 5. 9
(fof the case of magnetic field which is still deve]op]ng, having
reached approx1mately 50% of its maximum value at x/yC ) are seen to
be we]] behaved. At twenty slot he1ghts however, the first prof11e
appears to have,recovered (solid curve) while the second case prof1le,

that w1tH‘(x/yC)maX—10 is st111 show1ng signs. of 1nstab111ty It ds
| noted in Fig. 5.10 that, s1m1]ar to the downstream’ convergenre of
“velocity prof11es, the temperature proft]eS‘pecome virtually identical
" at -approximately 150 Js’]ot h,e‘i‘ght‘s.

Ftom these results, it was decided that all subsequent com-
putations would be performed with a magnetic fie]d‘B reaehing its
maximum constant value at x/yC=1 since,/among other reasons, the
magnetic field iﬁvactUal MHD generator ducts would already be fully
establiehed at the film-cooling slot. Any instabilities which were
encountered in the initial steps of the computational marching pro-

'cedu{e were -completely damped at twenty slot heights. downstream.

3 \\ i
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€ It shou]d perhaps be noted that damping of any 1n1t1a1
instabilities c0u1d have been-accomp11shed at even smaller d1stancesa
by choos1ng appropr1ate smaller increments Ax in the forward step of '
the finite-difference procedure. '

Figure\S.12 disp1ays more intermediate developing temperature
profiles for the same run cond1t1ons shown on Fig. 5. 10§ solid curve§
represent B 1max t (x /yC)max 10. It can be seen that the prof1fes
converge at the wa]] for downstream d1stances.up to approx1mate1y 30
slot heights, beyond which Tqw increases to its recovery value. The
Jower boundary of the mixing core,emerging from the slot lip is
therefore seen to impinge on the film-cooled wall at x/yC=3O and
represents the'point at which the film-cooling effectiveness begins to

decrease from unity. s
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5.4 Thermal and Ionizational Non-Equilibrium MHD Film-Cooling ;
Solutions toEqs. (2.4) and (2.5), governing electron -

conservation and temperature; were more diffjcu]t to obtain. Because

of the strong.dependénce of the plasma electrical propertiés,on(;he

electron temperature, Te* very small forward steps, AXx = 0(10-6

), and
extended brecision numerical computétions aé well as an iteration
procedure for the wall éhectron poncentratioﬁs and temperatures were
required. “

The MHD influence on the near-slot velocity profiles aré
shown in Fig. 5.13, where they are compared with those of <imilar MHD
run conditions Eut for equilibrium flow. The elentromagnetic body
forces for non;equilibrium flows are seen to have a similar influence
on the velocity pvofi]es,gs was observed in Fig. 5.7 except that the
effect is significantly mare pronounced for nen equilibriuym conditione
The jarqer 3 X 8 forces resulting from the relatijve higher curvent
deﬁsitigf (shown plotted in Fig. 5.14) have the éffect of decfrnyind
the velocity maxima nearer to the film-cooling #lot and cause the
profiles to hecome fuller at smaller downstregé diﬁtances than was
the case for equilibrium MHD flows, Fig. 5.13. The yeloci;y profiles
farther away from the injection.s]dt are show# in Fig. 5.15.. LOSarion
of the velocity maxima for the Aon-equilibrium profillys in thi-
figure is somewhat Tower.

The resulting influence on the near <lot boundary layer
temperature profiles can be seen on Fig &.16. The temperature in the
boundary layer near the wall is increased ”iqnifiééntly as. a vesilt

>

of the increase in higher temperature core flow beroming entrained
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into the mixing region as is evident trom the non—equi1ibriunj‘ e
velocity prof11es shown prev1ous]y in F1g ‘5. 13. It is noted, however,
that the non- equﬂfﬁrwm effect on the achabatm wall temperature 1s
not as pronounced and Ta is seen t& be 1ncreased oth sllght1y above
its equilibriumff1ow counterpart. The electron temperature on the
other hand, has its greatest riée.ab0ve the[main'gas temperatUre

in the rear wall req1on although any apprec1ab]e 1ncrease in. heat

o

transfer to the wall due to the higher electron temperature is not
evident.
4
The higher current dens1t1es in the near wall reg1on a]so
produce a greater MHD turbu]ence damping which, in turn, reduce heat
transfer from the hotteg £far-wall boundary layer region towards the
colder wall. The tanoentia]~jnjection of the colde¢ secondary fluid
is seen to abhsorb any temperature increases near the wall which would
be expected from higher Joule dissipation in the non-equilibrium case.
Farthe' downstream from the film-cooling slot, however, some increase
in;the near wall boundary layer temperature is evident from Fig. 5.16.
This is due to increasing Joule dissipation resu]ting from the higher
non~equilibrium current densities as Sshown plotted on Fig. 5.164. The *
"magnitude of the maximum current'overshoot observed in the présent
solutions is considerably less than that reported 1anef{-[7], where
the near wall current densities were as high as eight times their.free
stream value It can be expected that the film—cooling fluid acte‘”
to reduce the magnitude of the tncrease in electron temperatare pbove’
that‘of the main aas, but when compared tn thé Targe current overéhoots

-

\

103

L AN o S B e

e s T

R

SO PR




o4 .
\

NI T T T AR A R )
N - AR EE

EN
¥
Ny o4
. //.f .ﬂJ
R K
* (.//
Yo
.a - .Mr
v .

9]1j01d Asueq usiin) 10A01-Aiopiinog uo waqunb3-uoN J0 8T PG BY
s - C | | o v O._.NO_ \NO_ - | . | _ | ‘ H‘ N .,_ w
: €L 71 1t 0l 60 80 L0 90 SO ¥#0 €0 Z0 (0 O ro- Nd-u o

S LA LI B NP S o S i i s e inka st BRI AT

-

E:_;n_,___3001c02, fm—em

wouqyinby

,N_.,u g

x
- .
‘.
: - - e
ﬁ‘ i 4 . s
B L a——— oa— 3
B
& 4
’ 2
. : ,



10_5‘

B

co_uox 0§ Joy- nw_co._n_ b.uo_w> BuljooD -wjiy QHW Yo wnuqijinb3-uoN jo Uotw w_ G o_u_

9L ¥1 Tt OL 80 90 ¥0 o0 O ’ : . .17 .
91 r1L L 0L 80 90 ¥0 ZO O 5 ‘ ot oS¢
9L YL T 0L 80 90 ¥0 O O aa .00z
| T9L YL TL 0L 80 90 ¥0 IO O . © 0S1
. 2n/n 9L ¥l .TL 0l 80 90 ¥O0 TO O 0oL
: . : 9l ¥l Z1 Ol 80 90 ¥9 0 0 OL~"AMm
_. _ _\+\r BRI A e au e Ty pan SRR S Y e [ "
P \\\\ \\ \\ - ) w L
I \\v Py \\ \\ * s . t ]
’ 7 - Py / \ 10
4 4 7 e / / g °
/ / Vd 7 / / P, T
/. / Ve 7 / / ' X
i / / e , / —fz0
t / 4 y / / . 1
\ " \\ \ . . / \\ 3 1..
AN \ / ; _\ \\ e 7 P )
. \ ' / ;o
- \ f - — - \ / 4 3
N\ \ \ /- / .M LR
AN \ Yo
\ \ N \ ! / .
./ . \ [y I J " .
N ! N\ // \ ) ! 1 ' 4. :
N \ AN - \ L wnuqiInb3-uoN ' --~-"$Q
NN\ \ N \ E::n__.:cm 7 a4
\ -\ \ \ \ \ , S (2]
S \ A \ \ . A FA m o,
\ A\ \ \ \ \ :
\ \ AR \ \ . —L0
' \ \ \ \ » 4
\ _‘ v v \ , , ;
__h , ] \ =80
) ' — — 3 uL B
o - Hx 4 o
00L 0s¢E 00¢ . 06l - 001 0L - =% i
: ‘_ ‘ oo IR
E



A7

&

$8|1joi4 o‘_BEmnEm..— 18407 bomcaom uo E:rj__SUm coZ *o -umtm olG” a_m

-0l 60 80 LO 90 SO no : . o . oS¢
0L 60 80 £0 90 S0 0O - T oot
0l 60 80 L0 90 SO ¥O0° . ' - 00t
- . 0L 60 80 L0 90 S0 ¥O ., ) : ]9
. 0t 60 80 O 90 €0 .70 ¢ . oz
91/1 0L 60 80 LG 90 SO ¥0 o o
, o 60 co L0 90 S0 ¥0 0= A/
LI R F ) L B L B B ) e i i I
_— ) “ ' ! | “- « 1 N
\ __ _— \_ ! .\.\\ — : . Lo
__‘ ! 1 l \ \ - \.&, Lo ] ) . "~
] ! o -7 : \ L —..
i ! -~ . : , 120
_ ] ! \ - : . . ¢
! I ! A ‘ .
- | 1 ! \ \ \\\\\\ ] / ] . ! I.QO
! I K al ] -
/ , / \\\\ | .
il / 7t | \ &|r 0
’ 1/ 2! \ 7 | .
/ / ;) ] \
! 4 ;S y_\ A TIse
~: \\\ \\\ \\\ . . “ “ \ -1 >\%
i \\. S/ \ _ _\ B L
\s \\\ . s ~_ “\ y »
. . / / ) W ﬂ N
\\ K ; “\ ) . JHN 0
1 / I, ~ _ . —
\\ : \ ! : waLqQiIb3-UoN" Z -~ -=-="18°0
/ N 4
! . _ E::n__::cm N I
i —16°0
., _ m P .o
0S¢ 00z 001 0S 0z ot 0 = A/ “ o
T - ’ ..f .aw e
. N . Am

T AT S TR R

q



1C7

- I T e Y T, T S ey R N et eyt TR R e b e T e g e g
A : T : ; B ! : B b A

$S8UBALI D844 Buljoo)-w|ty QHW uo E:_B__Swm-coz *o oucoazc, LG By

%/ x _ |
o_ochow 14 € K o_.omnom ¥ € . 2 OL6 8 £

T 1T T T T 17

I'T‘l T " L

|

|

L I L L L B A O . L L B B TTTJe
90"
l{u
180
wauqyeby-uoN 7 TTTTTTT T80
—_— ‘wAuqyinby - o
‘wnuqinbg M —-— 1 p
- L U -0
, ,4 Mo 00SL= 2L Ho000€ . 2 .

SwOez = °n

9Z0=OW s/w opl=on

e

1 ______L_m._



108

obtained‘in Reﬁ'[7], the éignjficaht]y higher freesfream current
densitieé app]jed there must also be taken into consideration.

The higher adiabatic wall temperatures result in a lower
film-cooling effectiveness as shown in Fig. 5.17. The.effectfveness
is lower than both the equilibrium MHD value and the OHD film-cooling
effeétiveness in the near-slot region. At approximately 60 slot heights
downstream, the non-equilibrium effectiveness becomes greater than its.
OHD counterpart a]thqugh it remains less than the equi]ibrium MHD
value at all downstream ]ocations The d1fferenre between equilibrium
" and non-equilibrium MHD effect1veness also grows 1arqpr at greater
downstream distances, partly as a result of increased non-equilibrium
rurrént densities giving rise to greater Jou1é dissipation.

The 1arger_3 X E forces near the wall can also be seen in
Fig. 5.15 to result in a shift of the maximum vglocity overshoot
closer towards the wall which in turn results in a areater mixing of
the hotter free stream fluid with the coolifig layer. Both this
effecf and lncrpa§1ng Joule d1§s1pat1on near the wall result in lower
MHD f11m cooling effectiveness when compared with the Pqul]lhrlum case.

For the cases computed (up to the maximum downstream station
indicated By qu. 5.17). both éQUifibrium aNH non-equilibrium film-
vooling effectiveness were. areater than their OHD counterpart in the

far Adownstream reginn which ic of magt interest ta the decigner

R.85 Conclusiang
The fundamental procecs of tangential-injection film cnoling

has been investigated themetically for cocling the B-walls of both
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’

equilibrium and non-equilibrium MHD generators. The gengral finite-
differerte method of Patankar andv§pa1ding for Solving heat and méss
transfer boundary layer flows has been modified in ‘a universal way to
allow MHD heat and mass transfer flow analysis.” The free molecuiar
sheath analysis required for noﬁ—equi]ibrium conditions, however,
requires individual analysis for the flow conditions under consider-

ation.

The overall influence of electromagnetic body forces\on the

»

adiabatic film-cooling effectiveness results in a ﬁ{gnificant differ-
ence over its OHD counterpart. As the magnetic field induction, B,
is increased from zero to moderate values, an‘increase‘in n is observed
‘and this increase grows 1argerbwith increasjng distahce downstream

from the coolant injection slot. A< an example for the flow condifions
shown in Fig. ?.3 an increase of 23% is abserved at %/yc=100 and

86% at x/ycvgab when Rvis changed from 0 ta 1. As the magnetic field
inducfjon is increased further to B=2 the film-cooling effectiveness f
is not significantly altered farther downstream. Nearer the slot, /
howeder, n is decréased and for x/_yC < 60 the decrease results in a f
Tower fi]m-cob]ihg effectiveness when compared with the OHD case. As

B is further increased to'extreme1y large values, the film-cooling
effectiveness continues to decrease in the near-slot region whereas
fatther downstream boundéry layer separation or choking of the channel
flow will occur. Thus, there appears an optimum value of magnetic

field intensity which will resulf in maximum film-cooting effectiveness

for any ane particular set of flow conditions. For the run conditions,

of Fig. 5.3, this optimum magnetic field occurs for values of B

-~

between 1 and 2. ’ ‘A;> '



A]]owance for e]ectromagnetic field damping of turbulent
f]uctuations has an apprec1ab1e 1nf]uence on the MHD film-cooling
\\seffeqt1veness . With a particular va]ue of B=2, f6¢'examp1e and the

flow conditions indicated on Fig.'S;B; MHD damping of turbuleat_ fluc-

tuations results in an aVerage'TS%v{héréasé in the film-cooling effec- -

tiveness. Allowancg for MHD.turbu1enCe-dampﬁng.Shoqu'thekeforé.be.'
included in any MHD film-cooling prediétidns.
The influence of initial flow parameters and injectior sTot -

geometry on the film- coo]1ng effect1vene$s 1s not the same for MHD

110

flows when compared with: OHD f]ows Because the,yg]ocity-proﬁm1es-are L

-

significantly altered in MHD b0undary»1ayek$:.the bptimum Fi]h—cobﬂingM
effectiveness is not necessarily obtained with a coolant-to-primary
flow velocity ratfo of unity as has been shown the case_in OHD film-
cooling pfocesses. The optimum velocity ratio UC/UGo to achieve haximum
effectiveness at any given magnetic field intensity has not been
, .1nvest1qated in the present work. This could, however, be determined
if many more runs were performed w1th the present numerical method
The MHD f11m—coo11ng effectiveness is influenced to a lesser
deﬁree’than its OHD counterpart for similar changes in the initial
velocity and temperatqre ratios,UC/UG0 and TC/TGO. The MHD film-
cooling effectiveness does, however, depend on the magnitude of these
initial profiles. For a constant magnetic field induction, increases
in effect}veness are relatively larger at lower values of initial
velocities and temperatures. A definite range of magnitudes for initial
~velocities and.temperatures. is obtained which result in-negligible -

further changes {ﬁ'éfféétiVéhess»at;any;gjvénvmaghétﬁc fiéld.ihtensity.

v A
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‘These observat1ons were made by keeping the ratios U /U and T /T

o constant at O 5 The influence of variable initial rat1os at constant

magnet1c field has not been investigated here a]though, again, such

. sensitivity ana1y31s could be performed w1th add1t1ona1 runs of the

-present computatwonal procedure,

The sens1t1v1ty of the MHD film-cooling effectwveness to

1n1tia1 fiow_cond1t1ons is no more‘pronounced than what has been

‘observed in OHD fflmécoolihg'stddies. The choice of initial condition

for the magnet1c field induction, however, 1nf1uences the downstream

"fsd1utron for n “in d Thoré sidrificant’ Way A]though the percentagé R
'<d1fference 1n magn1tude observed 1n the effectwveness is re]at1ve1y
"“small, this d1fference‘JS'susta1ned'for ]onger dwstances downstream

from the 1n3ect1on s]ot It JS therefore more 1mportant to perscribe

1n1t1a1 magnet1c f1e1d var1at1ons as arcurately 'as poss1b1e than is
necessary for other initial flow conditions in either MHD or OHD .film-
cooling predictions. ‘ /// s

Thermal non-equilibrium and finite-rate ionization have a
significant influence on film-coolfng effectiveness. The major cause
for this is the alterations of the boundary layer velocity profiles
resulting from 1arger_3 X B forces. These in turn are the result of
increased near-wall current densities, jeZ, due to the stronq depen
dence of/plasma electrical properties on electron temperature and

number density.

In the near-slot region the coolant fluid precludes any

- s1gn1ﬁ1cant thermaT non- equ111br1um and temperature r1se wh1ch woqu

be attr1buted to dou]e d1sswpat1on »There isa bqlk,temperature‘r1sef

ki P - - -
.1v

4
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in ghe mixing region as a result of .the flow velocity distribution
although the adiabatic wall temperature, and hence the fllm coo]1ng
effectiveness, is changed only s]1ght1y from that in equ1]1br1um MHD
flows. . Farther downstream however, an 1ncreas1ng current density
over -shoot deve1ops near the wall wh1ch 1nfluences the film- coo11ng
'effect1veness in several ways. F1rst, a 1arger ve}ocity maxima is
sproduced in the boundary 1ayer and the resu]t1ng wall-jet like flow
serves to 1ncrease the film- coo]1ng effect1veness in_a manner similar
to the one observed “in the equ111brLum case. " The sh1ft1ng of -this

velocity maxima c]oser to the wa]], on the other hand, br1ngs more of

112

the hotter core-flow gases in Closer contact with. the. coolant gas Tayer,_jv

producing a more rapid temperature rise of the coo]ant gas. Second]y,
~a larger current density~proﬂuced greater MHD‘dampfng'of turbulent
Fluctudtions such that the‘nate»of'thts.temperature rise is tempered
to some degree. ;‘
Finally. the increasing current densities at larger down-

stream distances resulting from greater non-equilibrium conditionsg,

' produce a slight increase in the near- -wall temperature due to Jou]e

dissipation. This 1ncrease is noticeable but re]at1ve]y sma]1 for the

flow conditions assumed. The net influence of non-equilibrium
therefore is to produce a film-cooling effeotivenessﬁthat is reduced
from its equilibrium counterpart,, but remains greater than that for
an equivalent OHD f]ow:

For equal wall thermal protection, therefore, mare film-
cooling slots are required for non-equilihrium MHD generators than for

equilibrium, combustion driven generators. As a matter of relative

7’"



:compar1son, if the film- coo]1ng effectiveness for -a channe] wa]] were
_perm1tted by. destign to- reduce to 50% of its 1n1t1a] va]ue, then for a

-part1cu1ar set of flow cond1t1ons, the MHD equ111br1um channe1 shoqu

have tangent1a] 1nJect1on spaced at 250 slot heights, the MHD non-':

quu111br1um channel at 190 slot he1ghts and the OHD channe] at 120
stot heights.
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APPENDIX A
On Flat Piate.Boundary'Layer Flow Subjected to
| Suction and Transveése-Magnetic’Fie]d
_Bernard:H. Luft and Czeslaw M. Rodkiewicz - |
Department of Mechanical Engineering

University of Alberta, Edmonton, Canada

Abstract J ' | -7
The Karman-Pohlhausen fechnique is apﬁ]ied to bbtain a solu-
tion of MHD*boundary'1axgr f]ow~overvan_insu1aied~semi—jqfinite flat
plate in the presence of a uniform transverse magnetic %1efd gnd uni-~
form suction app]ied-at the plate surface. The fluid assumed to be
incompressible and have a cop;ta&g coefficient of electrical conduc-
tivity. The usual MHD\assumptionsware adopfed amoﬁg which' the magnetic
Reynolds number is considered to be small enough such that induced
-current effects becomé negligible.. Two cases are considered: the
first is usually referred to as magnetic field fixed relative to the
fluid far from the plate and the second designated as magnetid field
fixed relativé tb the plate. Eor the first case aﬁ ‘;ympfntic - MHD
suction profile is obtained and the advent of the fully developed
boundary layer is illustrated for combfned Hartmann numbers and suction
coefficients. 'Deve1oping velocity profiles and average skin friction
coeffiéfentc are also derived. For the second rase, boundary layer
separation’ is predicted for an impermeable wall at a Stuart number of

unity in spite of a nonexistent pressyre gradient, IInfortunately, the
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R

~1ntegra1 method w1th a fourth order po]ynom1a1 ve]oc1ty‘prof11e was-

- -

not able to predict the points. of separat1on for suct1on and magnet1c

-field applied- s1mu1taneously;



_ Nomenclature. - . .

magnetic field

local skin friction coefficient (=Tw/% pU&z)

average skin frfctibn coefficient “

suction coefficient (=|vw[/Um)

reference plate length h .
Hartmann numbed (=YBL/b/uf)

interéction.parameter (= oBzL/oUm)

Stuart ndhber or local ‘interaction parameter (~WR2x/hUm\
Reynolds number (#UmL/v)

Tocal Reyno]dshnumbef (-11_¢70)

free stream v@locity

uniform upstréém velocity

x~component of velocity

uniform suction velocity .
coordina%és parallel and normal to plate. respactively
boundaryllayen.thickness

disp]ﬁcement thickness ‘
momentum thickness

fluid dynamic viscosity

fluid kinematic viscosity

FTuid mass density

fluid electrically rconductivity

wall shear ctyess
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v
Subscripts
B = magnetic field
e = free-stream conditions
r = reference based on plate length L
5 , = separatio%
W = evaluated at the wall
0 = zero suction
o = uniform upstream conditions * :
\
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Introduction

Magnetohydrodynamic (MHD) flows over a porous surface are en-
countered in studying vortex type MHD geﬁerators1 or when considerinb
the possibility of appiying transpiration cooling to the channel walls
of an MHD converter. 1In such cases it becomes necessary to solve the
flow equatiohs in the presence of permeable wall boundary conditions.
Hydromagnetic flows with porous walls have interested previous authors
among which are E .R. D'Sa2 who obtained a series solution for the hydro.
magnetic wall jet including the effects of suction and bldwing at the
wall and R.K. Jain aqd K.N. Mehta3 consideved the problem of laminav
hydrnmaqnetiﬁ flow in an annulus with porous walls. In qehpral the
problem is complicated but <implifying assumptinng are pnssihle that
pevmit ealutinpg from which fivet arder effects can be inferred

The ¥arman-Pohlhausen method has already heen found yseful
in solving the MHD boundary layver equations in the ahsence of guction
or hlowing. Maciulaitis and Loeffler’ used a-parabnlic velocity prafila
in their investiqatioh of MHD channel entrance flowe, W .C ﬁq(ratrq
chase 3 profile that was a function of the Hartmanp numher in his
study af hvdvomagnetic channel entvance flows. laicer and Rovnheysth
propoased a modified fourth degree polynomisl velreity profile ta ind luis
adverce free gtream preccure gradients for flows nf incompreccible,
conducting fluids over semi infinite boundaries. The madifi atinn
velinquishes the nsyal mvdinavy hydindynamic (OHD) rnndi;inn that
3 n/gy? vanigh in the free c<tream and veplaras thig by a conditiaon on
the third devivative at the wall. later, Ramamnnrthv7 vecenlves the

problems treated by Rocsow8 and others using the Xarman Pohlhausen



method with the modified velocity profile and obtains.excellent agree-
ment as well as improvements over the solutions obtained earlier. In

the present investigation the modified fourth degree polynomial profile

Is not necessitated since an adverse pressure gradient is not considered.

For the case referred tp by Rossow as "magnetic field fixed relative
: |

to the fluid", an expodéntial profile similar to that prescrihed by
H.G. Lewq for OHD flat plate flow é%th Qniform suction will be employed
For the second case ref;fred to as "magnetié field fixed velative to
the plate", the usual fourth deqree polynomgal profile i< adopted since

in general this yialds stightly hettoy peeglte than the evprnential

assumption

Caveyning Fquatione and Selutinne

M- mathematical mndel concists af a boundavy layer flow nver
an 919;tviﬁal1v inculated flat plate in the presence of a constant
trancverce magnetic field B which may be stationary or m(;\/ing with ‘
constant veloerity ”B relativa tn fhe nlate  The fluyid i< assumed to
be incompressible with constant electrical conductivity n, density o
and viscosity u. Wa further assume that no alectric field is applied
and that the uniform upstream velacity U_ is undisturbed; that is. the
magnetic field ic asasumed ta vanich abvuptly upstream from the Yeading
edg~ ~f the plate.

Applicaticon af the integral method vagults in the fallewing
general differential equation which ic compavable to that given in
Peferenreg 4, 5 and 6§ in the ahconra of wall suctiaon:

, 45, du 2 v

‘ e, dB - ¥
Ve ax + (7%5*%)) e 7% o Vedy - Uevw@ 0 ()
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The first case of interest arises when UB =‘Ue’= Uco are constant.

Following Lew’ we introduce new variables ) and £ defined by

_, , - 25 2 -
aeg) - - Re; G4 §.(F)/2 and £ RpL CQ Cq Rey with s = &/L,

X - x/LRpL, y T y/8 and = u/!'_ we obtain the fallowing dimension-

Tess equation:

o *

2 0] T e on [ oo @ 2

o) y w

where the cohbined magnetic and suction effects are related by a single '$\
parameter I defined hv I = N/ReL Q - (M/RelCQ)Z. Even for an imperme- ’
able wall the boundary layer hehaves asymptotically as x - i; This

: 1
“symptetic enlution, ac given hy Guvevich ot al O. is

pu - (3)

where Yy = ar§ v/t To solve equation (?) we will want to choonse
an é?nonential profile of a particular form and to illusfrate thg

Justification for this choice we first resolve the momenthm:équation
fey zero cuyction and compave the resultc with several ex1st1ng smﬁu

Coe A LD
tinne Tha non dimencinngl equation to he cnlyed ig vmw "“:ﬁfk 'g

d . - — - M = _ 1 U
aE- rAn J (1 u)dy] ¢ (57 \0 J (1-u)dy - no (=
Q) 0 24 w

~ 0

o

with AO - nel&r/Z and £ - Re

(3) we ave led to ascime A velncity distribution of the form

L?;' Considering the asymptotic solution



. | ; _My g o - L
& ' , u=1-e .(1-rﬂ37l<(ﬂ) . (5) -

-

%’(Grz(i) -'1) as determined from the boundary condition -

where K(x)
(2%0/37%),,

- MZGF. Expression (5)'satisfieslthe remaining boundary . -
conditions u(0) = 0'(x) = U“;(m).é U(=) -1 =0 and Qégnote that when {??*w
§,=1,K=0, y'f,yr andfhence the required asymptotic solufidﬁ (3) .

is recovered. Substitution of (5) into equatién (4) and defin1ng 4 -

¢ = )\O/ReL results in the differential equation

S L _4“:‘ . 2 .
Ay w2 8og - 0oy~ + 1. - .
e Z(Re ) { T > } (6) .

0 L ¢0( -4¢0 +11). . .

¢ 1.

-16¢03—12¢0

_ The solution of (6) subject to 6y = 0 at £, = 0 is éasily found to be

c, | C Ca C
1L (agrap) (ay-a) Alegray) Yaymeg) !
- 'TB‘ ]n{ C D 1..‘

a 5 a C6 i
' S |

} ()

with the constants given by

v

3 p0n 2111 4 ap 3,0 2 1,1
2 . e o 2 2
) 2a, (ay -3y )

" 17a
. _ 1
G

.2
_2a](a] -,

1
g

+202,74115 a,-2 . ~17a,%-202, 24115 a,+2
C, ‘ '
) 4 2
)

3
_ "'] 7a2

i

C3.

20,(n%-2%) 2a,(a; -3,

JREECY, TR GRS,

o~

ETARE PG N
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34a,%-23  <38a,%423

Cs = v 7 Gt 7 -
_ 2(a] -a,") 7 Z(a] -a2 )
a. = (5119291/2 al = (__ﬁl )]/2"

1 = 8- > T2 8 :
Usiﬁg solution' (7) the local skin friction'coefffcient and = - - ﬂ
_d1sp1acement th1ckness can now be p1otted as a funct1on of Stuart ; ;
' number Ny g1ven that ‘ l
et b, 2 01 : &
.and %
. K . . A
17 _ 5.3 2 ' 4
T F _2¢0(‘2‘ - 29, 4) (9) i
- 3
F1gure 1 sho%s fa1r1y good agreement with ‘the other resuTts shown al- @
though a somewhat h1gher sk1n fract1oﬂ coefficient .is obta1ned * s ié
Return1ng now to the solutlonvoﬁ,equa;1on (2) with suction . i
present, an asymptotic - MHD suctioh brofi?e is easily.sﬁown to be S é
_ o R \. .é
u=1 e oo
' 2
] 1 ' "
where A = 5+ /(z + 1) and n = ylv,I/v. An obvious choice for u 3

~r- a .
now is expression (5)«with A simply replacing the Hartmann number M,

can

Tpali

Hence we assume e

DR SR
el
T

jltﬁappearS‘that Raméméorthy7 incorrectly plotted c%M instead of
-c%ReL/M Express1ons used to p1ot -Rossow's resu1t58 for lei .2 are
c%ReE/MA (.664+2. 29N 2 768N )//N and 6 M/L = (1.73-2.21Nx)/Nx
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. |
T-e  (1-A¥K(X) S

=
0

The parameter K(X) is thenfbiven by -

o

.
L A(A+2))-41x .
= BGREPL - e

obtained from the condition that at the plate surface - ReL Q
'(au/a“) (s u/ay )w + N ReL r2. The remaining boundary conditions
are again automatically satisfied by expression (11)." Furthermore,
the asymptotic solution is also recovered with K = 0, which occurs
when % = (A-A/T¥AT)/41 = - 1, since with |x| = 1. = nin view of

= 2|AL§f Insertion o?‘(11) into the Kdrmdn equation (?2) résu1fs
in the ordinary differential equation

¢

d - 2AO+A) P (2m+A?)2 4 81x2(21x2 200-A%) ]

=288 360 A T 1A% 0 (610041 0 1A ZeATr £ 383)

(13)

which agrees with the non-magnetic case of Lew9 for I =0 (A-1)
specialized for zero Mach number and with the coefficient of 12 corrected
to 37. Equat1on (13) is not easily integrated in closed form for I # 0
and a numer1ca1 solution was obtained subject to = 0 when £ = 0.

The developing velocity profiles for severa1 values of the
magnetic suction parameter T are shown in Fig. 2. The displacement

thicknese, defined by

w' o A 4AN+3A —4IA
v ;2 ( Ty } (14)
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is plotted in Fig. 3. It 15 évident that the displacement fhickness is'
-~ reduced and the fully developed boundary layer is approached at smaller
£ as 1 increases. Expression (14) is easily verified to approach its
asymptotic value of 1/A when X = - 1/2. Defining the fully developed
condition to occur at 99% of this value it is possible to illustrate
the combined effect of suction and magnetic field on the attainment
of the asymptotic state Figure 4 indicates the position on. the plate
corresponding to fully deve]oped conditions as a function of M/ReL
(ratio of ponderomotive force to inertia force) with CQ as a parameter.
.For sufficiently weak magnét{c fields (or 10Q electrical.conductivity)
the magnitude of suction primarily dgtermines the asymptotic position. .
Conversely, fpr large values of M/Re the behav1our corresponds more
as if the plqﬁe were impermeable. Gurevich et a1]0 determine from a
series solution without suction that at a Stuart numbeér of approxi-
mately 2 or larger, the boundary layer behaviour d}ffers lTittle from
its asymptotic state. Ffom the present analysis a corresponding value ,
of Nx = 1.42 has Eeen obtained.

It is"also desired to know the influence of magnetic field
and suction on the average skin friction coefficient defined as

o e \
_-Tf () 'dx=--§»f 1Yy g (15) »
X w ’

/ g-
o 0] 0 Y w

y—

C -

Figure 5 shows the behaviour of CF with local Reynolds number, The
asymptotic solution of 2AC, is indicated as well and the approximate

Reynolds number at which it is approached can be determined from Fig. 4.
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. . 8
Also shown are some zero suction results obtained by Rossow .
o

= 0. The resul™
8,11

The second case of interest occurs when UB

ting differential equation is that considered by<V.J. Rossow and

E.R. U'Saz. Assuming that no mégnetic interac&}én occurs with U_, the

free stream velocity is now given b.v{Ue = U, - qux/p or Ue/UM =1 - 1f

= The dimensionless momentum integral equation is now

,"“ i o ¥ . ] _ *
20-18) D | u*(1-6%)d7] - 4D [ oramag <1 22 e 1)
0 V w
where u* = u/Uy. . Since in this case there is no a priori reason to
assume a velocity profile of:a particular form. tha usual pnlynomial

W

distribution is adepted-viz.,

X — P o~ : .
u* v oav + byaVQ rv3 v dy : ()

with coefficientsbgiven by a = 6/(x+3). b = 60/ (2+3)) « = - 2(M3)/ (0D
and d - 3(x+1)/(2+3). .Substitution of (17) into equation (18) recults

in the equation

4

a1 350#0 7 0%3e3) v an(3) (0 36037)

_-— T —— ( ‘ ° \
1)
dz 2(7-7¢% Ay v /T ]]Q}? SRR R BY

which once~again can be made tn agree with the ivwmnpy*p_::z:ih]g ver<ion
9
nf lew's™ equation (19) when T - 0.
/ The dieplacamant thircknace and lpral cheay ctrace coaffirient

are given by

e N B e T L R R A ed e S e Ll

e e ST
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- _ A(4x+9) .

and | L
T S (20)

)
An unfortunate shortcoming @f assumption (17) is that the asymptotic

state for the non—magnétic case cannot be attained. As x » =

d]lvw[/v > 1 and equation (19) shows that X for this value is imaginary.

Lew has shown that the useful range of values for A is only 0 >x > -1

3 —

which also turns out to be the case for 1 # 0.
Again we resolve the purely magnetic g*se nsing (17) wi'hont
the medification prnposed Sn Ref. 6, and compavre the recults /ith an

exigtinm enlotion The nar dimepeisng !l equation e 1o 01 <) (g, thd

oy ¥

)
, 4 -
h (5,;; \”nhgf; [0 J TR AR ETIN

(]

R 1
~ M ’ . “ - ] 3U" n [
lﬁZ‘) o J a* (1 ur)dy - Zi“'l =) (~1
| 0 oy
(A} w
- , W
and the can'ficientg in (17) take the values of a : 2. b = . - ?
and ot ! The woalation foy the Stuart numher® ic now
I ]_ (22}
: Sy =t v 2
[ §T5'(M¢O) ]

- . — .
The Stgaf¥ number N fs 1dentical with the parameter mx defined by
Rossow®, ! | , . .
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and the exprqﬁg%gg for the average skin friction becomes

Mo
Mo, My
TR M, %)
r 3rE (Meg))

A comparison of CF nbtained from the polyngmial distribution with that

obtained by Rossow8 with M/Rel - 10“3 ic shown in Table 1 ¢

- F;'""w"i h32§§ow**m'*iqn (237
0.01 0.0132 0.0133
0.10 © 0.0038 g 0.0040
0.18 : 0.0n29 N . 0032
n oo ; 0 0024 N onog

Tabh e ) Comparicon of Aieyage Skin Fyi o vion

1
Crelficimant (" X M'Dn' 1N

FAauation (]8).was again inteqrated numerically satisfying
L . .
the condition Y - N 3¢ F - N The local ckin frictian fyam equation
(?0) ie plotted in Iig. € at a particulas lregtion nn the plate given

1 . .
hy "px -0 The restrictad vange nf \ is seen te ho 3 Timitation

the vaguetic parvameter M/Re, for which 3 soluytinn je “htained when

L
AN

suction ie pyecant and a continuation up to the roint of separatinn

(C; NY van thevafpre, not pneccihle Nevey thelere  the ﬂnmﬁinod
T.328°1. 79N H T.328-1.79N
Doerng ¢ yoenlt i< ( — — x = . ( P A ) 2] e 2
1 Re v

Dpv L . N

oo
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effect of suction and magnetic field on the local shear stress before
separation, is indicated. When Ca = 0, howeyer ., the expression far

the 1aral shdar <tresgs
A

Re, 2(1 N, )

ny o — e e xm (24)
3
o 315 1 v
BE N i SRR
q Ny)

indicates that separation océurs when the Stuart number Nx = 1, which

in Fig. 6* occurs when M/Re, = 10'?. If a dimensionless point of

ssparatinq is defined by ;s -(U /v)x we can pfot the relationship
between k and Q where k is a constant in tho free-stream potpntxa]
flow of the g'onn lle/llm - ZDU /\)) . quure 7 shows XS as a funrticn »
nf P'and is démpared-with xs‘when separat{pn is due ta an adverse
pressure gradient, In thé latter ra:e‘phé well known relationship in
Referen;; i? i QS - 0.125/k wheréac from the present analysis we oh
tain Qs A The veasn for the downstyeam displggemenf af the
sepavation point (o1 the magnatic case is a result of the fact tha*
hydvndyn:mic prescure qradiqnt ic transmitted to {hg plate <urface
vhievess tha magnetic hody force vanishes there foy this case,

It quld he of interect tn include surtinn or b]nwiné in the
aralyis ¢f ~hapnel entrance region proablems considered in References
A and & 1Tf a rolynomial profile were ascumed the modifiration pro -
pesed by Heicer and Resvhevar ypnld venet - (")n‘/wvwsw HPr'"~?(qﬁ” ST

C Pa = gy, ey )
0 . e

.
p
N
5
A
)
¥
3

¥
b
CA
S
vd
¥
"..'

SRV S

Rossow s result shown for comparison was term1nated at M/ReL =~ 4,5 x
10-3 since it ceases to be valid beyond N, = 0.2.

o :
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