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 Abstract 

The interaction between bubbles and solid surfaces is important to a broad range of 

industrial and biological processes. Various experimental techniques have been developed to 

measure the interactions of bubbles approaching solids in a liquid. In this thesis the 

consistency and accuracy of such measurement are tested against Stokes-Reynolds-Young-

Laplace model in which the augmented Young Laplace equation is linearized within the 

interaction zone. The main focus of this thesis is to model thin liquid film drainage using the 

non-linearized Young Laplace equation in combination with the Stokes Reynolds equation. 

The scaled equations of the non-linearized SRYL model do not have a universal nature and 

depend on the physical parameters of system via capillary number. The numerical results 

show that in contrast to the linearized SRYL model, the hydrodynamic resistance force 

predicted from the non-linearized SRYL model strongly depends on the capillary number, 

Ca. The non-linearized SRYL model is compared with the linearized SRYL model at a broad 

range of capillary number from 10
-8 

to 10
-3

. The numerical results show that at low Ca number of 

10
-8 

and smaller, both the non-linearized and linearized SRYL models lead to the same prediction 

for bubble deformation, time dependent force and hydrodynamic force.  Therefore, over this 

range of Ca number both the non-linearized and linearized SRYL models can be confidently 

used to obtain the spatial and temporal evolutions of the film profile, once these models are 

shown to be able to give an accurate prediction of time dependent force profiles. For systems of 

Ca number larger than 10
-8

, the linearized SRYL model predicts a stronger hydrodynamic 

repulsive force, and the maximum difference in prediction between the two models occurs at the 

Ca number around ~ 3.4×10
-5

. The numerical results show that in comparison with the non-
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linearized SRYL model at the same rmax (the boundary of the solution domain), the linearized 

SRYL model overestimates the hydrodynamic resistance force for the Ca numbers tested 

which in turn influences the prediction of bubble deformation and time dependent force profiles.  

However over this high Ca number range, both the non-linearized and linearized SRYL models 

can predict the same time dependent force profiles with different overlaps (different adjustable 

parameters), while there are differences in the prediction of bubble shape and hydrodynamic 

repulsive force. Therefore, even if the linearized SRYL model is shown to be able to give an 

accurate prediction for time variations of the interaction forces over this range of Ca numbers, 

we cannot confidently use the linearized SRYL model to predict the spatial and temporal 

evolutions of the shape of the film trapped between interacting interfaces.  Validation of 

simulation results by thin film profile measurement using thin film force apparatus (TFFA), 

conclude that the non-linearized SRYL model is more accurate for high Ca number systems. 

For a system of very high capillary numbers the non-linearized SRYL model predicts a 

solid-like bubble that does not deform in the approach phase. In contrast, the linearized SRYL 

model is unable to show the bubble rigidity at high capillary numbers. Furthermore the non-

linearized SRYL model is able to predict the critical bubble approach velocity above which the 

bubble behaves like a solid sphere. This study shows that the non-linearized SRYL model is 

needed to study the effect of individual parameters of system such as bubble size, interfacial 

tension and liquid viscosity on the critical bubble approach velocity at which bubble behaves like 

a solid sphere. 

    The non-linearized SRYL model is used to model the measurements of the recently 

developed integrated thin film drainage apparatus (ITFDA) which has been used to measure 

the bubble-particle interactions over a wide range of hydrodynamic conditions. The excellent 
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agreement between the predicted and measured interaction forces between an air bubble and 

solid surface in three liquids of very distinct physicochemical properties demonstrates that 

the non-linearized SRYL model can be applied to the systems of a wider range of bubble 

approach velocity, liquid interfacial tension and viscosity. The excellent agreement suggests 

that the non-linearized SRYL model can be used to obtain quantitative information on film 

profiles during the bubble approach-retract cycle.  The simulation results indicate that the 

minimum film thickness between an air bubble and hydrophilic solid surface in a liquid over 

a given approach period is thinner for the system of low bubble approach velocity, and/or 

low viscosity and high surface tension of the liquids.   

    In this thesis the non-linearized SRYL is further developed to account for the effect 

of solid surface hydrophobicity. The experimental data quantified with the integrated thin film 

drainage apparatus (ITFDA) and the thin film force apparatus (TFFA) was used to validate the 

extended non-linearized SRYL model. The hydrophobic force which was considered as the 

driving force for destabilizing water films on hydrophobic surface was evaluated with the best fit 

between the measured and predicted time evolution forces. The numerical results showed that the 

longer-range hydrophobic force with increasing the surface hydrophobicity was responsible for 

film rupture.  The effect of surface hydrophobicity and bubble approach velocity on the drainage 

rate of intervening liquid film was studied. The results showed that the wetting films formed on 

hydrophobic glass sphere of increasing surface hydrophobicity, thin much faster. Film drainage 

resistance or force barrier are determined to reduce greatly with increasing the solid surface 

hydrophobicity.  Moreover the film drainage resistance or force barrier is found to increase with 

increasing bubble approach velocity.  Decreasing bubble approach velocity or/and increasing 
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surface hydrophobicity are found to decrease the film radius. As a result the film ruptures at 

locations closer to the center of the film. 

The extended non-linearized SRYL model incorporating proper form of hydrophobic 

force is able to predict the critical film thickness where the film ruptures. The prediction of the 

critical film thickness is achieved by solving non-linear SRYL equations without simplifications.  

The simulation results indicate that the critical film thickness increases with increasing surface 

hydrophobicity and bubble approach velocity.  

 

Key Words 

Bubble-particle interaction, film drainage dynamics, induction time, hydrodynamic force, 

hydrophobicity, force barrier, critical film thickness. 
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TPC       Three phase contact 

DDOA   Dimethyldioctyl ammonium 

CTAB    Cetyltrimethyl ammonium bromide 

TFB        Thin film balance 
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Chapter 1 

Introduction 

1.1 Background 

Flotation is the most widely used mineral separation process. This complex process 

depends on the surface properties of mineral particles in a dynamic system in which the 

hydrodynamic effects also have a crucial role for successful flotation. The combination of the 

micro processes involved in flotation leads to the separation of valuable mineral species.  Within 

the micro processes of the flotation as a whole, the attachment between bubbles and solid 

particles is of great importance.  

Early Studies of dynamic interactions involving deformable bubbles and solids were 

conducted by Derjaguin and Kussakov (Derjaguin and Kussakov Reprinted in Prog Surface Sci 

1992). They studied the time-dependent behavior of a rising bubble towards a flat plate under 

buoyancy force. Subsequent dynamic studies aimed at understanding the drainage phenomena of 

the liquid film between deformable droplets/bubbles (Scheludko 1967). A number of different 

experimental techniques have been used to study film drainage and time dependent interactions 

between an air bubble and a solid surface immersed in a liquid (Chan et al. 2011). One of the 

earliest methods to study the dynamic film drainage involving deformable interfaces was based 

on the Scheludko cell (Platikanov 1964; Ivanov 1988; Blake and Kitchener 1972; Schulze 1975). 

This method allows the determination of time evolution of the liquid film thickness, h(t), but it 

was not capable of measuring the interaction forces between an air bubble and a solid surface. 

The atomic force microscope (AFM), on the other hand, has been widely used to measure both 
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static and dynamic interaction forces of deformable bubbles (Ducker et al. 1994; Butt 1994; 

Fielden et al. 1996; Preuss and Butt 1998) approaching solid probe particles in aqueous 

solutions. Neither the thin liquid film apparatus nor the AFM colloid/bubble probe technique is 

able of determining simultaneously the deformation of air bubbles and dynamic interaction 

forces. Moreover, the experiments conducted by the thin liquid film apparatus and AFM probe 

technique are mostly in the low Reynolds number regime. To overcome some of these shortages, 

an integrated thin film drainage apparatus (ITFDA) was developed recently to measure the 

bubble-particle interactions over a wide range of dynamic conditions at bubble Reynolds number 

of 10 (Wang et al. 2012; Wang 2013). ITFDA is capable of measuring simultaneously the 

dynamic forces and the shape of the bubble interacting with solid particles. Since the bubble 

approach velocity can be as high as 5000 m/s, the ITFDA is an appropriate device to study the 

bubble-particle interactions under dynamic conditions (Wang et al. 2012; Wang 2013). 

There are many attempts in the literature to model the thinning of intervening aqueous film 

between an air bubble and solid surface with varying degrees of technical complexity. One 

essential element to understand and predict dynamic interactions involving deformable bubble is 

choosing a proper hydrodynamic model which describes the time and position dependent 

hydrodynamic force arising from the film drainage.  One approach to treat hydrodynamic 

interactions is to solve the complete Stokes flow equations using direct numerical simulations 

(Baldessari and Leal 2006; Yoon et al. 2007).  Another element to understand dynamic 

interactions involving deformable bubble is to describe how drops/bubbles deform and 

characteristic geometries such as dimple. The augmented Young-Laplace equation (Yeh et al. 

1999; Chan et al. 2001) can be used to describe the deformation of a drop/bubble due to the 

proximity of another drop/bubble or solid particle. Furthermore, knowledge about the nature of 
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surface/colloidal forces between interfaces in close proximity is the last essential element to 

determine collision stability or coalescence. There are previous efforts to assemble all these 

essential steps to form a coherent description of dynamic film drainage between deformable 

bubbles and solids (Ivanov et al. 1985; Chan et al. 2009; Baldessari and Leal 2006; Carnie et al. 

2005; Lai and Bremond, N. and Stone, H. A. 2009). However due to the complexity of numerical 

solution of coupled equations, in the early studies the drop interfaces are assumed to be plane 

parallel and for instance, the Stefan–Reynolds flat film model used (Reynolds 1886; Stefan J. 

1874) to model film drainage. This model gives rise to internal inconsistencies with even the 

simplest experiments which led to the introduction of subsequent corrections for the Stefan–

Reynolds flat film model (Coons et al. 2003; Manev and Nguyen 2005; Tsekov 1998; Tsekov 

and Evstatieva 2004). 

In 1973 it is stated (Burrill and Woods 1973) ‘The difficulty encountered in the design and 

operation of industrial equipment in which coalescence occurs is partly due to a lack of 

knowledge of coalescence’. Though this statement is still true and there is a lack of 

understanding of liquid film rupture between droplets and/or bubbles and also between bubbles 

and solids. There have been efforts to measure and predict the dynamics of film drainage and 

time-dependent forces but still, few succeeded to elucidate the underpinning physics of 

coalescence phenomena. Since the thinning and rupture of intervening aqueous film between 

particle and bubble can be the rate determining step in flotation, therefore a better understanding 

of the process from both experimental and theoretical aspects, especially under dynamic 

conditions, remains to be established. 
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1.2. Main contribution 

Improving our appreciation of thin liquid film drainage and rupture phenomena is of great 

importance as the thin liquid film drainage plays a crucial role in various industrial processes, 

most notably in froth flotation used in the separation of mineral particles. The Stokes–Reynolds–

Young–Laplace (SRYL) model is proposed to describe a broad range of experimental studies of 

film drainage and dynamic interaction involving drops and bubbles. Because this model is a 

combination of Stokes–Reynolds equation with the linearized approximation of augmented 

Young-Laplace equation, in this thesis, it is named the linearized SRYL model (LSRYL). It is 

well established that the scaled equations of the LSRYL model do not depend on the capillary 

number (Ca  µV/ ) and behave nearly universal. Consequently all the scaled results about the 

dimple formation, time dependent force, spatial and temporal evolution of film thickness, film 

profiles and film drainage rates are almost the same at broad range of capillary numbers. In this 

thesis, we used the original non-linearized form of augmented Young Laplace equation which 

leads to the appearance of capillary number in the scaled equation.  Hence, at various capillary 

numbers, the scaled results do not behave in a universal way and depend on the capillary 

number. The approach proposed here, is a step forward in reaching greater understanding about 

thin film drainage and rupture phenomena.   

1.3. Objectives of the study 

The objectives of this thesis are: 

1) To compare the non-linearized SRYL model with the previously used linearized SRYL model 

at a broad range of capillary numbers. The aim of this part is to show that in contrast of 

previously used linearized SRYL model, the scaled results obtained using non-linearized SRYL 

model depend on the capillary number. 
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2) To study the dynamic interactions and bubble deformation of an air bubble approaching a 

hydrophilic solid sphere in liquid using non-linearized SRYL model and fit experimental data 

obtained with ITFDA. This part mainly focuses on the effect of surface tension, fluid viscosity 

and bubble approach velocity for bubble deformation and hydrodynamic forces. 

3) To study the dynamic interactions and bubble deformation of an air bubble approaching a 

hydrophobic solid sphere in liquid with the non-linearized SRYL model, the experimental data 

quantified with the ITFDA. This part mainly focuses on the effect of hydrophobicity of the solid 

surface and bubble approach velocity on the film drainage rate. In this part, it is demonstrated 

that the SRYL model is able to numerically predict the critical film thickness where rupture 

occurs. 

1.4. Organization of the thesis 

The thesis is organized into six chapters and the details of the chapters are presented as 

follows: 

Chapter 1 presents the general background of this study and includes introduction, main 

contributions, objectives and outline of the thesis. Chapter 2 provides a literature review of 

experimental and modeling studies on the aqueous film drainage between an air bubble and a 

solid surface. The detailed theoretical and experimental results for the objectives stated in 

Section 1.3 are analyzed and discussed in Chapter 3, Chapter 4 and Chapter 5 of this thesis, 

respectively. Conclusions were drawn based on our findings. Finally, the conclusion and 

summary of the entire research project and recommendations for future work are presented in 

Chapter 6. The Appendix at the end of the thesis provides more detailed information about the 

scaled form of non-linearized SRYL model. 
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Chapter 2 

Literature review 

Flotation is a most preferred method for the mineral separation process. This process is 

widely used in various industries such as mining industry for the recovery of valuable minerals, 

pulp and paper industries for separation of ink, toner, and other unwanted contaminants during 

waste paper recycle operations. Flotation also is used in Canadian oil sands operation, to recover 

bitumen from oil sands. The attachment between air bubbles and solid surfaces is one of the most 

critical sub-processes for the successful flotation. The attachment depends largely on drainage 

kinetics of thin liquid film between solid particles and air bubbles in a dynamic system. This 

thesis focuses on the theoretical study of thin liquid film drainage between an air bubble and a 

solid surface. So the literature reviews comprise of the following components: (1) overview on 

the thin liquid drainage between an air bubble and solid surface, from both experimental and 

theoretical point of view; (2) summary of the critical film thickness and (3) induction time 

studies. 

2.1. Thin liquid film 

Thin liquid films can be formed between bubbles and/or droplets and also between 

bubbles/droplets and/or solids in colloidal system. Many industrial processes and products rely 

on fundamental interfacial interactions which occur in these intervening liquid films.  It is clear 

that a film is thin when its thickness is much smaller than its lateral dimension. However, from a 

physical aspect a liquid film formed between two macroscopic phases is thin when the energy of 

interaction between the two phases across the film is not negligible. Thin liquid film drainage 
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(TLF) between bubbles and solid surfaces is considered as an important key to interpret flotation 

(Frumkin 1933).  Thinning and rupture of intervening aqueous film between particle and bubble 

can be the rate determining step in flotation. Therefore the quantitative understanding of the 

dynamics of thin liquid films is essential and thin film studies attracted lots of researchers for 

many years. A brief historical perspective of research works done in this area is given here. 

2.1.1 Experimental studies 

The interactions between air bubbles and mineral particles in water are of special interest 

due to their importance for mineral flotation processes. First experimental studies of the dynamic 

interactions involving deformable bubbles and a flat plate were carried out by Derjaguin and 

Kussakov (Derjaguin and Kussakov 1992).  In these experiments a bubble was allowed to rise 

against a horizontal glass plate or mica sheet under constant bouncy force. The dynamic behavior 

of the intervening liquid film trapped between bubbles and flat plate was monitored using the 

optical interference technique. By observing the interference fringes Derjaguin and Kussakov 

concluded that the non-equilibrium film profile forms a dimple. However due to experimental 

limitations, they were not able to measure the film thickness. They pointed out that the barrier 

rim of the dimple has significant effect on the time required for the rising bubbles to reach the 

equilibrium state. This method has been used by other researchers to study the approach and 

attachment of an air bubble to a solid surface (Malysa et al. 2005; Krasowska and Malysa 2007). 

A major advance in colloidal science occurred when two groups of scientists, Derjaguin-Landau 

(Derjaguin and Landau 1941; Verwey and Overbeek 1948) and Verwey-Overbeek,(Derjaguin 

and Landau 1941; Verwey and Overbeek 1948) independently published a quantitative 

theoretical analysis of the problem of colloidal stability, known as  DLVO theory. DLVO was 

able to explain the stability of suspensions of solid particles in terms of a balance surface forces 
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acting in thin films. DLVO theory led many researchers to develop experimental techniques to 

study the film drainage and interactions involving bubbles and drops. But despite of the study of  

Derjaguin and Kussakov and success of DLVO theory, many of the later studies ignored the 

importance of interfacial deformations. In these studies, the transient phenomena were generally 

considered using the Reynolds Flat Film model.  

The most extensive experimental studies on film drainage have been carried out using 

Scheludko cell technique (Scheludko 1967). In this technique a captive bubble is pressed against 

a flat silica surface through a capillary tube, or by withdrawing the liquid between two 

approaching surfaces.  The film thickness between the two surfaces is measured using the micro 

interferometric method based on multiple reflection and interference of a monochromatic light. 

Using this method, the time evolution of the central film thickness, h(0,t), can be obtained rather 

than the detailed spatial variations of the position of the film interface. The experimental results 

from the Scheludko cell are mostly interpreted using the Stefan–Reynolds Flat Film model.  

In contrast to the Scheludko cell technique that is concerned with film geometry, the Surface 

Force Apparatus (SFA) and Atomic Force Microscope (AFM) has made possible to measure the 

interaction forces between two approaching surfaces. The SFA technique was pioneered by 

Israelachvili et al. in the early 1970 (Israelachvili and Tabor 1972; Tabor and Winterton 1969). 

In this instrument two surfaces are carefully moved towards and retracted from one another, 

while a direct measurement of colloidal forces at the resolution of 10
-8

 N is provided. This 

technique uses piezoelectric positioning elements and senses the separation between the surfaces 

by optical interferometry to a nanometer resolution. Although the SFA is able to measure the 

interaction forces with high precision, these measurements require the surfaces being transparent, 

which greatly limits its application to only a limited number of materials and systems. The 

http://en.wikipedia.org/wiki/Piezoelectric
http://en.wikipedia.org/wiki/Optical_interferometry
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introduction of AFM by Binnig et al. in 1986 (Binnig et al. 1986), made possible to study almost 

any kind of surfaces (Ducker et al. 1991). In this technique, also called colloidal probe technique, 

a spherical probe particle is attached to the cantilever of the AFM and the lower surface is moved 

up and down using a piezoelectric transducer. The interaction forces are measured by monitoring 

the deflection of cantilever.  The AFM probe technique was first applied to study the aqueous 

intervening film between the air bubble and particle by Ducker et al. (Ducker et al. 1994), Butt 

(Butt 1994) and Fielden et al. (Fielden et al. 1996). In their experiments a small bubble (~500 

μm) is placed on a hydrophobic substrate and a spherical probe particle is attached to the 

cantilever of the AFM. In most of the measurements, the air bubble is moved up and down 

through a piezoelectric transducer to approach to and retract from the probe particle. In some 

cases, the cantilever is driven to approach and retract from the lower air bubble/droplet surface. 

AFM has also been employed to measure forces between a deformable liquid droplet and solid 

particle or between two oil droplets in aqueous solutions (Dagastine et al. 2004; Gunning et al. 

2004; Mulvaney et al. 1996; Snyder et al. 1997). Although the colloidal probe technique AFM 

can provide sufficient information to model the time-dependent force, information about bubble 

deformations is not directly accessible. Despite some successes of the SFA and AFM techniques 

to directly measure the interaction forces between approaching interfaces, a major shortcoming 

of these techniques is that the experiments are conducted at low approach velocities (low 

Reynolds numbers). To overcome this limitation a new Integrated Thin Film Drainage Apparatus 

(ITFDA) was recently designed and constructed to directly and simultaneously measure the 

drainage and interaction forces between two approaching interfaces under a wide range of bubble 

approach velocities (Wang 2013). In this technique an air bubble which is generated at the end of 

a glass capillary tube is moved to approach or retract from the glass sphere. This lower surface is 
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clamped at the free end of a bimorph sensor which is used as a cantilever to measure very small 

forces. In this device the displacement of the glass tube holding the bubble is independently 

measured using a displacement sensor with a sensitivity of 5 μm. As ITFDA is more suitable for 

the real system, the results obtained with ITFDA will be used in this study.  

2.1.2 Theoretical studies  

In a suspending medium, drops move together and this approaching movement leads to 

generate the hydrodynamic interactions that resist the film thinning. At close proximity of 

droplet interfaces, the surface forces also play a role in the film drainage and attachment process. 

The presence of these interaction forces in intervening liquid film cause the interfaces to deform. 

Thus to model time-dependent interactions in the thin film, three key elements must be 

considered as following: 

 (i) A description of how drops/bubbles deform under the influence of stresses arising from 

hydrodynamic flow and surface forces. 

(ii) A description of the hydrodynamic interactions arising from film drainage.  

(iii) A description of the surface or colloidal forces. 

There are many attempts in the literature to assemble all these elements to provide a 

coherent description for film thinning. All these elements affect the collision stability or 

coalescence and must be treated in a consistent way. For example, the deformed interfaces of the 

drops or bubbles determine the boundaries of the thin film where the intervening fluid must flow 

during interaction. As a result, this flow will generate the pressure profiles within the film which 

in turn has an effect on the thin film stability and also characterize the shape of the interfaces. 

Some models such as the Stefan–Reynolds Flat Film model ignore the bubble deformation and as 
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a result gives rise to internal inconsistencies that require subsequent correction. This section will 

concentrate on some fundamental aspects of drop deformation, hydrodynamic interactions and 

the established theories for surface forces. 

2.1.2.1 Bubble deformation  

From the begining of thin liquid film studies, it was recognized that the forces involved in 

film draiange influenced the shapes of drops and bubbles approaching solid surfaces. The British 

physician Thomas Young in 1805 (Young 1805) was the first one who  analyzed the shape of a 

deformable interface under the action of capillary forces without using any equations. Another 

approach for the shape of deformable interface was suggested in terms of the principle of 

minimization of interfacial area under the action of interfacial tension or energy (Gauss 1830).  

All these analysis were under equilibrium conditions. In case of non-equilibrium conditions, 

when both hydrodynamic interactions and surface forces are important,  it is assumed that a drop 

can adjust its shape instantaneously to accommodate changes in the hydrodynamic pressure and 

surfac forces. 

2.1.2.1.1 Augmented Young-Laplace equation  

The augmented Young-Laplace equation was first introduced by both Frumkin and Deryagin 

(Deryagin and Khim 1940; Derjaguin 1955; Frumkin and Khim 1938). Later the deformation of 

droplets were studied in more detail by other researchers (De Gennes 1985; Brochard-Wyart et 

al. 1991).  However, in these theoretical studies a little attention was paid to the thermodynamic 

analysis (Yeh et al. 1999)  introduced for a drop or bubble immersed in a continuous phase and 

residing on a solid surface, Figure 2.1. They demonstrated that the bubble deformation can be 

obtained by minimising the Helmholtz surface  energy of the system.  
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Fig. 2.1 Schematic of an axisymmetric residing drop/bubble of constant surface tension,  , on a 

substrate in which the interaction with a flat surface is concentrated within a small interaction 

zone around the apex (Chan et al. 2011). 

The Helmholtz surface energy in terms of the drop/bubble height, z(r,t), can be written as 

follow:  

     ∫ [ √                      ]    
  

 

 
 (2.1) 

where    
  

  
.      and     denote the surface tension of the solid-liquid and solid-gas 

interfaces.   is the surface tension of liquid-gas or surface energy per unit area. The potential 

energy of interaction per unit area between approaching interfaces in thin liquid film is given by 

E(h), which is related with the disjoining pressure       
     

  
 (Butt et al. 2013). The 

potential energy of interaction, E(h) only affects the apex region of the drop.         ⁄  is the 

capillary pressure and    is the Laplace radius of the drop/bubble. Here the gravitational 

contribution to the free energy has been omitted due to very small drop size, which is in the 

range of millimeter or smaller. Because the surface forces between interacting interfaces are 

functions only of h, then from Figure 2.1, h(r,t) can be written as: 

                    (2.2) 
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The perturbation                       is used in eqn 2.1. To minimize the Helmholtz 

surface energy,   , the first order of its variation,    , considered as zero which yields the 

classic augmented Young-Laplace differential equation: 
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 (2.3) 

   and    show the curvatures in the plane and the axisymmetric drop surfaces, respectively.  A 

repulsive interaction,       , will reduce or flatten the curvature of the drop at the apex. The 

augmented Young-Laplace equation describes droplet shape at equlibrium. For the dynamic 

case, as it already mentioned, it is assumed that the drop can adjust its shape immediately to 

accommodate changes in hydrodynamic and disjoining pressures. This is a reasonable 

assumption as long as changes in velocities of these disturbances are much slower than the speed 

of propagation of interfacial perturbations around the drop. Consequently, the non-equlibrium 

augmented Young-Laplace equation can be obtained by adding the hydrodynamic pressure, p, to 

the right hand side of eqn 2.3: 
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       In this equation, the curvature is experssed in terms of the tangent angle,  , where    

          , see Figure 2.1. The repulsive hydrodynamic pressure (p>0), like repulsive 

disjoining pressure will flatten the interacting zone around the drop apex. The first integral of 

eqn 2.4 with respect to r gives: 
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         ∫[             ]   

 

 

 

 (2.6) 

Some important results regarding to drop deformation can be explained by using eqn. 2.5 

and 2.6 (Chan et al. 2011; Chan et al. 2011).  As expected from the assumption of axial 

symmetry, the drop always has zero slope at the apex, i.e., at r=0 (see Figure 2.1). When 

        , from eqn. 2.5,      is positive and the shape of drop will be always concave, see 

Figure 2.1. Furthermore, outside of interaction zone, corresponds to        (rrim is film 

radius), due to negligible value of interaction forces, the curvature of the drop shape must be 

concave.  

2.1.2.1.2 Solution of the augmented Young-Laplace equation  

A brief summary about the solutions of the augmented Young Laplace equation for two 

different cases are given here and more details can be find in the literature (Chan et al. 2011; 

Chan et al. 2011). 

i. Between a drop/bubble and a flat wall 

ii. Between a drop/bubble and a spherical solid particle 

(i)   Drop/bubble against flat wall 

In the finite domain defined from r=0 to       , the drop interface is approximately flat 

compare to the drop size. Consequently with the assumption of    
  

  
    the augmented 

Young Laplace equation, eqn. 2.4, can be linearised to give: 
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 (2.7) 
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The film thickness in the interaction zone, h, can be derived by numerically integrating of eqn. 

2.7. RL is the Laplace radius and is of the order of the unperturbed drop/bubble radius, Rb (Chan 

et al. 2011; Chan et al. 2011). 

(ii)   Drop/bubble against a spherical particle 

For the interaction between drop or bubble with a solid sphere of radius   , the film 

thickness, h, has to account for variations in the shape of sphere. Using the eqn. 2.4  and 

consider the linearisation in the inner region where  
  

  
  , the augmented Young-Laplace 

equation can be obtained as: 
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 (2.8) 

where        ⁄     ⁄    
. The film thickness in the inner region, h, can be obtained by 

numerically integrating of the eqn. 2.8 (Chan et al. 2011; Chan et al. 2011). 

2.1.2.2 Hydrodynamic 

Frumkin is the first one who paid particular attention to the thinning kinetics of liquid film 

between an air bubble and a solid surface (Frumkin 1933).  He linked thinning kinetic to the 

mechanism of froth flotation. The film rupture and attachment process is controlled by both 

surface forces and hydrodynamic forces. In force measurement experiments, the approaching 

movement of interacting interfaces leads to hydrodynamic interactions that resist the film 

thinning. In this section a particular focus is placed on the film thinning equations and 

hydrodynamic resistance forces between the particle and bubble surfaces.   
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2.1.2.2.1 Stokes–Reynolds lubrication theory 

To formulate the thin film drainage of deformable interfaces in the low Reynolds number 

regime, Stokes flow is appropriate. In most of experiments, it is observed that the continuous 

aqueous phase behaves as a Newtonian fluid with constant shear viscosity μ. Since the film 

thickness is very small compared to the radial extent of the film, the Reynolds lubrication theory 

can be applied to describe the dynamic drainage between deformable interfaces. Using these 

assumptions, the Naveir-Stokes and continuity equations are as following (Chan et al. 2011; 

Chan et al. 2011): 
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 (2.10) 

As it can be seen from eqn. 2.9, within the axisymmetric film of Figure 2.1, the dominant 

velocity component, u(r,z,t) is in the radial r-direction and the pressure, p only varies in the r-

direction. Integrating continuity eqn. 2.10, from z=0 to h(r,t)  gives the general evolution 

equation of the film thickness: 
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 (2.11) 

ur can be calculated by the integration of the Naveir-Stokes equation with respect to z. This 

solution depend on the defined hydrodynamic boundary conditions at the film surface, i.e., at 

z=0 and z=h(r,t). By replacing this solution into eqn. 2.11, provides an equation that relates 

h(r,t) and p(r,t) together. Suitable boundary conditions were selected by considering the 

experimental conditions. For example the assumption of no-slip boundary condition is 
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appropriate when there are surface-active species or contaminations in the system. For 

axisymmetric flow in the radial direction in a film with tangentially immobile 

boundaries,            and         , the ur has obtained as following: 
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 (2.12) 

Substituting eqn. 2.12 into eqn. 2.11, we now obtain Stokes–Reynolds equation for the film 

thickness, that relates h(r,t) and p(r,t) together: 
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 (2.13) 

The fully mobile boundary condition is used for clean system. In this case, the boundary 

condition at the air/water interface is  
   

  
   which lead to: 
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 (2.14) 

Substituting eqn. 2.14 into eqn. 2.11, the Stokes–Reynolds equation for full mobile boundary 

condition obtained as (Chan et al. 2011; Chan et al. 2011): 
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 (2.15) 

2.1.2.2.2 Navier Slip model 

In this model, it is assumed that the variations of the air/water interface mobility are between 

the two limits of no-slip and full-slip boundary conditions. These variations in the interface 

mobility can be modeled by the Navier Slip model characterized by a constant slip length b 

which relates fluid velocity at the interface to the bulk shear stress (Vinogradova 1996): 



18 

 

    
   

  
 

 (2.16) 

where ub is the liquid bulk flow rate, z is the axis perpendicular to the interface. If the viscosity 

of the near-to-interface layer is characterized by average value   , the order of magnitude b can 

be estimated as: 

    
  

  
     (2.17) 

where   is the thickness of the boundary layer and    is the bulk viscosity. At,    ,     , 

which corresponds to the conventional no-slip or tangentially immobile condition at the liquid-

solid interface. It was proposed that the Navier slip model is appropriate for hydrophobic 

surfaces (Vinogradova 1995). The film drainage equation between two solid surfaces that obeys 

the Navier slip boundary condition with the possibility of different slip lengths b0 at z=0 and bh 

at z=h has the following form (Vinogradova 1995): 
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 (2.18) 

Compare to the tangentially immobile model of eqn. 2.13 there is an additional term in the film 

darainage equation of Navier slip model of eqn. 2.18. The classical no-slip or immobile 

condition will be obtained  by setting both slip lengths to zero. 

2.1.2.2.3 Manev-Tsekov-Radoev model 

The shortcomings of the original Reynolds Flat Film model led to develop a complex 

corrections for film draiange rate, such as Teskov-Manev-Radoev experssion. The assumption of 

Flat Film model was first challenged when light scattering experiments indicated that the film 

interfaces are corrugated (Radoev et al. 1983; Manev et al. 1997; Tsekov 1998). The flexibility 
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of the interfaces complicated the problem substantially. Radoev et al.(Radoev et al. 1983) and 

Manev and Pugh (Manev and Pugh 1997) reported thinning velocities of the foam films over a 

wide rang of film radii and demonstarted that there are discrepancies from Reynolds Flat Film 

model. Manev (Manev et al. 1997) and Tsekov (Tsekov 1998) used the experimental data of 

Radoev et al.(Radoev et al. 1983) and proposed that the film pressure increases due to the 

presence of hydrodynamic corrugations. Their work lead to the following expression for thinning 

velocity: 
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In the Tsekov’s velocity experssion, the constant C is unity: 
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Compared to the Reynolds equation for the thinning velocity, the Tsekov’s experssion is less 

dependent on the film radius. And the prediction of  Teskov equation for drainage rate is higher 

than Reynolds model. However, these expressions were not capable of giving quantitative 

agreement with experimental data. The failure of original Reynolds Flat Film model and its 

modifications to predict experimental data, led to the idea to combine the film hydrodynamics 

with bubble/drop interfacial deformations or Stokes–Reynolds–Young–Laplace model.  

2.1.2.2.4 Stokes–Reynolds–Young–Laplace model 

The governing equations of SRYL model were formulated by Ivanov et al.(Ivanov et al. 

1985) to describe the shape of the trapped film between two bubbles. In this model, the Stoke-

Reynolds equation (eqn. 2.13) for tangentially immobile interfaces and proper augmentaed 
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Young-Laplace equation given by eqn. 2.7 or 2.8 are combined and provided a set of coupled 

partial differential equations.  These equations cannot be solved analytically even by considering 

perturbation solutions for weak interactions (Chan et al. 2009; Lai and Bremond, N. and Stone, 

H. A. 2009). The resulting system of these coupled partial differential equations can only be 

solved numerically when the form of the disjoining pressure Π(h) is specified. For numerical 

solution of these equations very significant computational effort is required due to the widely 

different length scales of the problem. In 2005, Carnie et al.(Carnie et al. 2005) has developed a 

new approach that combined boundary conditions specific to experimental setups together with a 

rapid and robust numerical algorithm to solve the SRYL equations. By imposing appropriate 

initial conditions, they solved these equations in the finite domain 0 < r < rmax together with 

boundary conditions at r = 0 and rmax. At r = 0, these boundary conditions are 
  

  
   

  

  
  , 

because of axisymmetry. At r= rmax, the boundary condition for pressure is  (
  

  
)      . The 

drops at the initial separation of closest approach, h0, are undeformed, thus a locally quadratic 

drop shape with the initial film thickness will be in the form (Chan et al. 2011; Chan et al. 2011): 
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(2.21) 

The final boundary condition at r=rmax specifies how the drops are moved and is given by: 
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 (2.22) 

In the force measurement experiments using the atomic force microscope, it is also essential 

to consider the deflection of the force sensing cantilever given by S = F/K, where K is the spring 
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constant of the cantilever. Therefore the last boundary condition, eqn. 2.22, will change to the 

following equation for the drop–wall or drop–particle interaction in AFM experiments (Chan et 

al. 2011; Chan et al. 2011): 
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 (2.23) 

where X is the position of the cantilever which can be controlled independently in the atomic 

force microscope. Eqns. 2.22 and 2.23 are conditions to be imposed at the boundary of the 

solution domain at r = rmax. The Stokes–Reynolds–Young–Laplace equations together with the 

given boundary conditions provide a set of coupled non-linear partial differential equations. This 

differential algebraic equation system can be solved numerically by the “method of lines” using 

standard software packages (Carnie et al. 2005). Since the domain rmax may be up to milimeter 

range while the film thickness may be down in the nanometer range, appropriate scaling of the 

equations is required for numerical robustness. There are several attempts to compare solution of 

SRYL equations and data obtained in different type of experiments that measure deformations 

and forces (Manica et al. 2008; Manica et al. 2007; Klaseboer et al. 2000). This comparison 

indicate good agreements in both spatial and temporal variations of the fringe pattern or the film 

thickness, h(r,t), without any adjustable parameters. This excellent agreement confirms that the 

Stokes–Reynolds–Young–Laplace (SRYL) equations with the assumption of tangentially 

immobile boundary conditions at the drop interfaces and also boundary conditions related to the 

experimental situation  has captured the physical behaviour of the system. There are other 

solutions for the Stokes–Reynolds–Young–Laplace equations beginning with the classical 

Stefan-Reynolds model which will be discussed in more details in the next section.   
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2.1.2.2.5 Stefan–Reynolds Flat Film model 

As it was already mentioned, the SRYL model cannot be solved analytically even for simple 

axisymmetric flow and by considering perturbation solutions in the limit of weak interactions. 

This apparent complexity of the SRYL model led to a number of approximate models aimed to 

describe film drainage process. One of these approximate solutions for the SRYL equations is 

based on the Stefan-Reynolds Flat Film model. The Stefan-Reynolds model has been developed 

with varying degrees of complexity and varying numbers of additional assumptions and 

parameters (Coons et al. 2003; Manev and Nguyen 2005). To illustrate this model, we will 

consider a drop/bubble approaching to a flat solid surface in a continous liquid phase under the 

action of an external force,      , Figure 2.2. In this model, the deformation is assumed to have 

the shape of a circular flat disc with the radius of a, which is parallel to solid surface. Solving the 

Navier-Stokes and continuity equations, eqns. 2.11 and 2.12, gives the pressure profile due to 

viscus flow in the film (    at       ):  

          
  

  
( 

  

  
)         

 (2.24) 

In the persence of surface forces acting across the film of area    , the film drainage 

dynamics is found by a quasi-static force balance in the z direction: 

                          (2.25) 
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Fig. 2.2 Schematic of the Stefan-Reynolds Flat Film model for a drop (or bubble) approaching a 

flat solid surface (Chan et al. 2011). 

where the hydrodynamic force is derived from eqn. 2.24, given by: 
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 (2.26) 

If the disjoining pressure has the van der Waals form:              ⁄ , where A is the 

Hamaker constant, then the combination of eqns. 2.25 and 2.26  gives: 
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 (2.27) 

      By considering both the external force      and the film radius a are independent of time, 

eqn. 2.27 can be integrated to give the coalescence time, t: 
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(2.28) 

where            ⁄  is the scaled film thickness by the initial thickness of    and    

(
   

   
     

)
  ⁄

 and    (
     

   
     

).  Then the coalescence time or the final equilibrium thickness can 

be derived from eqn. 2.28.  
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The analytical results of Stefan-Reynolds Flat Film model are limited to the special case 

where the external force is a known constant such as interaction under bouncy forces. However 

the film radius a is not known, which limits the predictive capabilities of the model. There are 

further developments of this model but the physical meaning of these modifications are not 

always well justified. In summary, in spite of increasing complexity of corrections to Stefan-

Reynolds Flat Film model, it cannot achieve good quantitative agreement with experimental data 

(Ivanov et al. 1985; Manev and Nguyen 2005; Manev et al. 1997; Coons et al. 2003).  

2.1.2.3 Disjoining pressure/surface force  

The term disjoining pressure was historically introduced to explain experiments on the free 

films between air bubbles or between an air bubble and a solid surface, which were performed by 

Derjaguin and co-workers (Derjaguin et al. 1939). In fact, the presence of an additional pressure 

is essential to balance the external forces exerted on the interfaces. A positive disjoining pressure 

is assumed to push the two interfaces apart, “disjoin” the interfaces, and resist the film thinning.  

While a negative disjoining pressure pulls film interfaces together. The disjoining pressure 

alternatively has been defined in terms of thermodynamic variables (Eriksson and Toshev 1982). 

The disjoining pressure is determined by the variation in the Gibbs free energy, G, of the system 

with the film thickness h as (at constant chemical potential, µ, temperature, T and surface area, 

A): 

       
  

  
       

 (2.29) 

 Indirect method of calculating the double layer components of the disjoining pressure is 

often simpler and more effective.  In the colloidal stability theory, it is assumed that the net 

disjoining pressure can be divided into independent and additive components having different 
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origins. DLVO theory named after Derjaguin-Landau-Verwey-Overbeek (Derjaguin and Landau 

1941; Verwey and Overbeek 1948) considers two main contributions to disjoining pressure due 

to van der Waals and electrostatic double layer interaction. The non-DLVO forces which are 

significant to bubble-particle attachment can be steric forces, hydration forces and hydrophobic 

forces. Assuming that the different DLVO and non-DLVO contributions are additive the 

disjoining pressure can be presented as: 

ΠTotal(h) = ΠElectrostatic(h) + ΠVan-der-Waals(h) + ΠSteric(h)+  ΠHydration(h) +ΠHydrophobic(h)  (2.30) 

Israelachvili (Israelachvili. J. 1991) provides a comprehensive review of various interaction 

forces involved in thin films. 

2.1.2.3.1 Electric double layer force 

In general, the electrostatic forces between the charged surfaces or interfaces have received 

extensive attention for colloids and foams. Ionic surfactants or other dissociated species 

assemble at the interface, resulting in a buildup of surface charge. This in turn, creates a diffuse 

layer of counter-ions next to the charged surface which lead to preserve charge neutrally. This 

diffuse layer is partially responsible for the interaction between the charged surfaces. For a thin 

film by assuming a symmetric z-z electrolyte, the contribution of the electrostatic interactions 

can be calculated from the following equation (Newman 1991): 

          [    (
    

   
)   ] 

 (2.31) 

in which e,   ,   , kB and T are the unit of charge, the bulk density of ions in the system, the 

electrostatic potential, Boltzmann constant and absolute temperature, respectively. For relatively 
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low electrostatic potentials, the hyperbolic cosine can be extended and by keeping only the 

lowest order terms, the electrostatic interaction can be given by: 
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)          

 (2.32) 

where q is the charge density,   is the inverse of Debye length and   is the potential at the 

surface. The Debye length is the characteristic separation at which the double layers of each 

interface overlap and begin to interact, and defined as: 
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 (2.33) 

where   is the relative permittivity. A complete discussion of electrostatic forces in thin liquid 

films may be found in Ivanov (Ivanov 1988). 

2.1.2.3.2 Van der Waals force 

One of the most basic forces, present in all system are the van der Waals forces. The van der 

Waals interaction can be calculated using the microscopic approach proposed by Hamaker or the 

macroscopic approach of Lifshitz.   In the microscopic approach the interaction force between 

two macroscopic bodies is calculated  by a pairwise summation of all the relevant microscopic 

interactions, which are assumed to be additive. The Lifshitz approach treats each interacting 

material as a contiuum with certain macroscopic electrodynamic properties. In this approach the 

London-van der Waals interaction is derived by considering the interaction of fluctuating 

electromagnetic fields between the two interacting materials (Mahanty, J.  and Ninham, B.  

1977). The Hameker theory gives: 
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 (2.34) 

in which     is the Hamaker constant for the interaction between two interfaces immersed in the 

same solution. It is important to note that for bubble-particle interactions the Hamaker constant is 

always negative, and thus the van der Waals interactions are repulsive. The investigations shows 

that the results of the Hamaker theory are not significantly different when an experimentally 

determined Hamaker constant based on the Lifshitz theory is used (Nguyen and Schulze 2004). 

2.1.2.3.3 Hydrophobic force 

     It is believed that the hydrophobic forces may be responsible for the film rupture. 

Hydrophobic forces between macroscopic hydrophobic surfaces increase with the 

hydrophobicity of surfaces, as defined by the contact angle of water on these surfaces (Ferrari et 

al. 2012). These forces have been found to be much stronger than the repulsive hydration force 

between hydrophilic surfaces and those predicted on the basis of van der Waals interactions 

(Ferrari et al. 2012). Firstly Israelachvili (Israelachvili and Pashley 1984; Israelachvili and 

Pashley 1982), experimentally determined the hydrophobic attractive forces between mica 

surfaces immersed in cetyltrimethylammonium bromide (CTAB) solutions using surface force 

apparatus. The mica surfaces were rendered moderately hydrophobic by the adsorption of a 

monolayer of this cationic surfactant, giving an advancing water contact angle of 60˚. The 

difference between the experimental data and the DLVO forces attributed to the hydrophobic 

attractive force and can be best fitted by a single exponential function (Kékicheff et al. 1989; 

Herder 1990; Pashley et al. 1985): 

 

 
        

 ⁄   
 (2.35) 
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in which    is the decay length and K is a negative constant. R is the radius of curvature of the 

mica surfaces. In 1988, Claesson (Claesson and Christenson 1988) carried out experiments with 

uncharged Langmuir-Blodgett films of hydrocarbon and fluorocarbon surfactants. The results 

were quite surprising and proved the existence of hydrophobic attractive forces even at 

separation of 90 nm. For these experiments, the hydrophobic force was again fitted by a double 

exponential function with the short-range decay length from 2-3 nm for both surfaces. While the 

long-range decay length was 13 nm for dimethyldioctylammonium (DDOA
+
) ions and 16 nm for 

fluorocarbon surfaces. Some researchers (Yoon et al. 1997) used a power law to represent 

hydrophobic forces (Yoon et al. 1997; Claesson et al. 1986):  

 

 
 

 

   
 

 (2.37) 

  This equation has the same form as the van der Waals-dispersion force, with K being the 

only adjustable parameter. The pioneering efforts to emphasize that the hydrophobic force plays 

an important role in the spontaneous rupture of the thin films between air bubbles in aqueous 

solution were conducted by Tchaliovska, et al.(Tchaliovska et al. 1994) and Pugh et al.(Pugh and 

Yoon 1994).  Tchaliovska measured the thickness of thin flat film in aqueous dodecylammonium 

chloride (RNH3Cl) solutions using the thin film balance (TFB). The results were analyzed using 

the DLVO theory (which considers only electrostatic and dispersion forces) in order to estimate 

the interfacial potential of the liquid-air interface. Then the interfacial potential was calculated 

using the Gibbs adsorption isotherm based on the surface tension data (Motomura et al. 1981). It 

was found that the interfacial potential calculated using DLVO theory were significantly lower 

than those obtained by considering the Gibbs adsorption theory. The discrepancy was attributed 

to an additional attractive force. Pugh and Yoon (Pugh and Yoon 1994) measured the critical 
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film thickness in the presence of nonionic surfactants. Using these experimental results, they 

evaluated the magnitude of the hydrophobic forces using a single exponential force law. With the 

invention of AFM, direct measurement of the interaction forces between a bubble and a solid 

surface became possible (Binnig et al. 1986). Ducker et al. observed an attractive force between 

hydrophilic particles and bubbles probably due to the hydrophobic contamination in the system 

(Ducker et al. 1994; Fielden et al. 1996). The origin of the strong and often long-range attraction 

between hydrophobic surfaces has been the focus of many investigations. Different theories have 

been proposed to explain the origin of hydrophobic forces, involving entropic effects due to 

configurationally orientation and rearrangement of water molecules when two hydrophobic 

surfaces approach each other and correlation of dipoles on hydrophobic domains (Chandler 

2005; Pashley et al. 1985; Ashbaugh et al. 1999; Cheng Y.K. and Rossky 1998). However it is 

difficult to consider the hydrophobic force as a structural force because the molecular dynamic 

simulations showed that restructuring of water is limited to only a few layers of solvent 

molecules, while the long-range attractions are observed in experiment even at h ≈80 nm. In 

summary, there is no a single theory that can account for the diversity of phenomenon observed 

with hydrophobic surfaces. The initial hydrophobic force measurements were followed by a 

large number of studies using SFA and AFM colloidal probe technique. Based on the reported 

data in the literature, the vast majority of interactions measured between hydrophobic surfaces 

can be divided into three categories (Christenson and Claesson 2001). The first category is 

strongly attractive and short range occurs between apparently stable surfaces. The water contact 

angle on these surfaces is well over 90˚, with relatively small hysteresis. These hydrophobic 

forces range up to 20 nm and are not significantly affected by electrolytes. There is no evidence 

about the effects of temperature or pressure on the measured interactions (Parker et al. 1994). In 
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the second type, there is a sharp onset of strongly attractive forces at a distance range from 25 to 

250 nm, due to the presence of submicroscopic bubbles. Such forces have been found with glass 

and silica surfaces rendered hydrophobic by a silanation process in the gas phase. The surfaces of 

this type of behavior showed high contact angles of water usually above 90˚. In the last category, 

a long-range, exponentially decaying attraction forces has been observed. These forces were 

measured between many surfaces rendered hydrophobic by surfactant in situ from aqueous 

(Herder 1990; Yoon and Ravishankar 1996) or cyclohexane solutions (Tsao et al. 1993; Tsao et 

al. 1993). The decay length was found to be in the range of 5 to 50 nm.  

Pan et al. (2011), developed a methodology to calculate disjoining pressure from spatial and 

temporal profiles of wetting films. Their results indicated that the wetting films formed on a 

hydrophobic gold, drain much faster when the receding contact angle increases, due to the 

presence of negative Π(h) in the film. They used a double-exponential function to represent the 

hydrophobic force and the Frumkin–Derjaguin isotherm to analysis the experimental data and 

explain film rupture. They suggested that the short-range hydrophobic force is responsible for the 

rupture of wetting films formed on the hydrophobic surface, while the long-range hydrophobic 

force is responsible for the accelerated film thinning. More recently, Wang et al. (2013) used a 

custom-built integrated thin film drainage apparatus (ITFDA) to measure the dynamic 

interactions between a hydrophobic spherical glass surface and an air bubble under a wide range 

of air bubble approach velocities. Their observations indicated that by increasing the contact 

angle which represents surface hydrophobicity, the film drainage accelerates. In other words the 

surface hydrophobicity can control the thin film draniage between approaching surfaces. In spite 

of the extensive progress and innovations in surface force measurements, it is still a challenge to 

directly measure negative disjoining pressure. There are several reasons that make these 
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measurements difficult, including fast kinetics of film thinning, deformation of air/water 

interface, and complex interactions between hydrodynamic and surface forces.   

2.2. Critical film thickness 

The critical film thickness, where the spontaneous self-destruction of the film occurs, has 

been the subject of several theoretical and experimental investigations during the past four 

decades (Vrij 1966; Radoev et al. 1983; Valkovska et al. 2002; Scheludko and Manev 1968; 

Ivanov et al. 1970; Manev et al. 1974; Sharma and Ruckenstein 1987; Angarska and Manev 

2001; Coons et al. 2003). It has been demonstrated that thin aqueous films are not homogenous 

in thickness. It is assumed by photometric measurements the thinnest part of film is responsible 

for film destruction (Radoev et al. 1983). Vrij (1966) proposed that thin liquid films become 

unstable when long range van der Waals forces induce the growth of capillary waves on the film 

interfaces. However, Vrij derived an approximate equation to predict the critical film thickness 

but this approximate equation is valid where either the Plateau border capillary pressure drops or 

disjoining pressure dominates and controls film drainage. Thus, this approximate equation is not 

applicable for the most general case when both the Plateau pressure and disjoining pressure are 

significant. In fact, Vrij’s theoretical approach predicts much larger values for the critical 

thickness than the experimentally results.  Ivanov et al. (Ivanov et al. 1970) again used the 

corrugations growth rate expressions. This rupture criterion increases the predicted critical film 

thickness by 15 to 20% in comparison to Vrij’s approach (Coons et al. 2003). Several efforts 

have been made to validate these approximate equations obtained from linear stability analysis 

with the experimental measurements of critical thickness (Sharma and Ruckenstein 1987; 

Radoev et al. 1983). Both Sharma et al. and Radoev et al. developed a theoretical correlation 

between the critical film thickness and thinning velocity with different assumption on 
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corrugation growth expression. These theoretical developments referred to the average film 

thickness, while the results were shown to agree closely with the minimum film thickness 

obtained by accounting for the hydrodynamic corrugations along the film interface. The main 

reason for the observed discrepancy between predicted and measured critical thickness is the 

absence of a general theory for the prediction of the hydrodynamic corrugation amplitude and 

accurate data for thinning velocities. As mentioned in free liquid film, the film thickness is not 

homogenous and the dimple forms as thinning proceeds (Manev et al. 1997; Radoev et al. 1983; 

Ivanov 1988). But the drainage theories used to predict the critical film thickness, for instance 

the film drainage equation proposed by Manev et al.(Tsekov 1998; Manev et al. 1997), assume 

that the local film thickness is a homogeneous function of the average film thickness. Reynolds 

model underestimates thinning velocities and the theoretical Manev-Tsekov-Radoev (MTsR) 

equation consistently overestimates thinning velocities (Coons et al. 2005). Consequently, errors 

associated with the drainage theory and the prediction of thinning velocity impress on the 

prediction of the critical film thickness. Despite the numerous efforts, there are significant 

confusions and uncertainties to predict critical film thickness from physiochemical properties of 

the system.   

2.3. Induction time 

The attachment between air bubbles and mineral particles occurs if there is enough bubble-

particle contact time for air bubbles to displace water from mineral surfaces (Wills 1988). Three 

fundamental stages in bubble attachment were proposed by Nguyen et al.(Nguyen et al. 1997): 

(i) aqueous films thin from the initial thickness to a critical thickness, (ii) aqueous films rupture 

and form a three phase contact (TPC) line, and (iii) the expansion of the three phase contact line 

from a critical radius to a minimum radius for a stable attachment. The induction time is defined 
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by sum of these individual times required to complete the bubble-particle attachment processes, 

given by: tin = tt+ tr+ te. 

 Where tin, tt, tr and te are induction time, thinning time, rupture time and expansion time, 

respectively. Due to difficulties of measuring each of these times, they have been measured 

collectively and considered as induction time.  

Early studies for the attachment of an air bubble to a mineral surface or induction time was 

conducted by Sven-Nilsson (Sven-Nilsson 1934) who measured attachment time by periodically 

oscillating a captive air bubble against a flat mineral surface. By using this technique the 

induction time, which is considered being the minimum time required for the aqueous film 

between an air bubble and a solid surface to drain to a critical thickness and rupture, was 

measured.  This technique was developed by Glembotsky (Glembotsky 1953) in which the flat 

mineral surface replaced by a bed of small mineral particles. This technique has been 

successfully used by Eigeles and Volova (Eigeles and Volova 1960) which led to recognize the 

key role of induction time for flotation. They measured the induction time by moving a bed of 

small mineral particles toward and then away from a fixed captive bubble in an aqueous medium.  

Their study revealed that (1) the induction time increases linearly with increasing particle size 

and (2) induction time decreases exponentially with increasing temperature. Research has been 

conducted to understand the effect of water chemistry and particle characteristics on bubble-

particle attachment. Laskowski and Iskra (Laskowski and Iskra ) showed the induction time 

decreases with increasing salt (KCl) concentration due to double layer suppression . The effect of 

pH on induction time was studied by Schulze (Schulze 1984) in a quartz-dodecyl amine system. 

He showed that the induction time decreases with increasing pH and reach to a minimum at pH 

6.5 and a small increase until pH 8, before more decreasing for higher pH value. Despite of the 
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important role of air bubble-particle attachment in flotation, the research of the floatability in 

term of induction time measurement has received moderate attention due to both experimental 

and theoretical difficulties (Ye and Miller 1988).  

The major improvement to measure induction time was achieved by replacing visual 

observations with optical interferometry to accurately determine the critical moment for two 

phase attachment.   In this case the air bubble was driven toward the fixed particles bed and kept 

in contact with the particles bed for a given time and then the bubble was retracted and the 

occurrence of attachment was observed visually (Ye and Miller 1988; Yoon and Yordan 1991; 

Ye et al. 1989).  If the attachment has occurred, the induction time is less or equal to, the contact 

time otherwise the induction time should be greater than the contact time. By using these 

advances in experimental techniques it was found the induction time strongly depends on the 

water chemistry of flotation system and the size of both air bubble and mineral particle. Yoon 

and Yordan (Yoon and Yordan 1991) and Ye and Miller (Ye et al. 1989)  showed that the 

induction time increases linearly by increasing particle size, which was attributed to the longer 

time needed to displace the aqueous intervening film from a larger particle. Gu et al. (Gu et al. 

2004) has developed the induction timer to accurately determine the induction time by 

employing a video-assisted system to monitor the contact process and a high-speed data-

processing system to precisely control the contact time. In this induction timer, certain physical 

and mechanical parameters associated with the measurement were easily controlled and the 

influence of these parameters on the measured induction time investigated rigorously. 

Characterizing the influence of geometrical parameters on the measured induction time 

elucidates the trends of induction time with respect to the given controllable parameters. This 

information enables us to identify the regions in which the variation of induction time with those 
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parameters is minimal.  Therefore, it provides a basis for optimizing the induction time. 

Unfortunately, in the research of Gu, the geometric complexity of the system, precluded any 

such theoretical prediction of the results.  The results indicated that the induction time decreases 

with increasing the temperature and decreasing of bubble size (Gu et al. 2004; Gu et al. 2003). 

The recently introduced integrated thin film drainage apparatus (ITFDA) (Wang et al. 2012; 

Wang et al. 2013) create a possibility to study the thin liquid films confined between an air 

bubble and a hydrophobized glass sphere under wide range of hydrodynamic conditions. This 

technique is able to record the non-equilibrium force applied between two interfaces during the 

measurement and the induction time is measured from the force profiles. From force profiles, the 

induction time is measured as the time from point B to point D (t in = tD –tB), see Figure 2.3. 

Point B presents the moment where the interaction force between two interfaces becomes 

detectable and at point D the interfacial tension force at the TPC line pulls the glass sphere up, 

exhibits a “jump in” of the glass sphere which leads to the film rupture. The results illustrate that 

the liquid film drainage can be greatly controlled by controlling the solid surface hydrophobicity.  

However it is observed an increase in the induction time with increasing bubble drive velocity, 

but after a critical velocity the induction time remains constant (Wang 2013).  
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Fig. 2.3 bimorph signal as a function of measurement time between an air bubble and a 

hydrophobic glass sphere (      ) in 1 mM KCl solutions of pH 5.6. The bubble drive 

velocity was set at 240 μm/s. Inset graph shows a schematic configuration of the integrated thin 

film drainage apparatus (ITFDA) (Wang 2013). 
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Chapter 3 

Study of non-equilibrium interactions between an air bubble and a    

solid surface using linearized and non-linearized forms of 

 SRYL model 

3.1. Introduction 

Thin liquid films form between the dispersed phases in multiphase systems. An improved 

understanding of liquid film stability will benefit numerous industries relying on foam or 

emulsion products (Ivanov 1988; Fuerstenau and Herrera-Urbina Surfactant Science Series 1989; 

Ødegaard 2001). Thin films drain as a consequence of the pressure drop between the film interior 

and the plateau border at its perimeter (Coons et al. 2003; Ivanov 1988). As the film thickness 

decreases, the film pressure increases, which leads to deformation of the flexible interfaces. At 

smaller film thicknesses, the interfaces become more corrugated and form dimples or pimples 

which can lead to film rupture. Film drainage plays an important role in creating the conditions 

required to either maintain a stable film or destabilize the systems.  

There are a number of experimental techniques to measure the non-equilibrium or dynamic 

interaction forces between an air bubble and a solid surface (Chan et al. 2011). The Scheludko 

cell was one of the earliest experimental systems designed to study thin liquid film drainage, in 

which a captive air bubble is pressed against a flat silica surface through a capillary tube 

(Platikanov 1964; Ivanov 1988; Blake and Kitchener 1972; Schulze ), or by withdrawing the 

liquid between the two approaching surfaces (Pan and Yoon 2010). This technique can provide 

the time evolution of the central film thickness, but cannot measure directly the interaction force 
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between an air bubble and a solid surface. The atomic force microscope (AFM) has been widely 

used to measure dynamic interactions between particles and air bubbles (Butt 1994; Butt et al. 

1995; Ducker et al. 1994). However, the AFM method is not capable of measuring the bubble 

deformation. In experiments using the atomic force microscope (AFM) or the thin liquid film 

apparatus, the typical drive velocities span a range of 1–50 µm/s, covering a small range of 

hydrodynamic condition in the intervening liquid film and low bubble Reynolds number. In most 

practical systems such as bubble-particle collision in flotation, the bubble-particle approach 

velocities are much higher, leading to significant hydrodynamic resistance between two 

approaching interfaces. The integrated thin film drainage apparatus (ITFDA) has recently been 

developed to directly and simultaneously measure the drainage time of intervening liquid films 

and corresponding force barrier under a wide range of bubble approach velocity or 

hydrodynamic conditions (Wang et al. 2013). In this device, the bubble approach velocity can be 

as high as 5000 µm/s, approaching to a bubble Reynolds number of 10, which makes the ITFDA 

an appropriate device to study the bubble-solid interactions under dynamic conditions 

encountered in practical systems. 

There are various theoretical approaches to estimate the hydrodynamic interactions between 

deformable drops and bubbles, driven by applied external forces. One of such approaches, which 

have received widespread attention in recent years, is the linearized SRYL (LSRYL) model. The 

governing equations of this model were formulated first by Ivanov et. al to describe the shape of 

the trapped liquid film between two bubbles (Ivanov et al. 1985).  The LSRYL model was 

further developed by considering a new boundary condition, obtained by matched asymptotic 

expansions, to incorporate the weak deformation at the drop scale into the thin film scale 

(Dagastine et al. 2004). The comparison of the model predictions with available experimental 
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data (mostly at low Ca numbers) showed that the early LSRYL model is able to make accurate 

predictions of the shape of deformable films trapped between drops or bubbles as they undergo 

non-equilibrium interactions with solid surfaces or with other drops (Klaseboer et al. 2000; 

Manica and Chan 2011; Manica et al. 2007; Manica et al. 2008; Manica et al. 2008). Moreover, 

good agreements have been reported between the measured non-equilibrium forces involving 

drops and bubbles using the atomic force microscope (AFM) and predictions of the early LSRYL 

model at low Ca numbers (Vakarelski et al. 2010; Webber et al. 2008; Dagastine et al. 2006; 

Manor et al. 2008; Manor et al. 2008; Webber et al. 2008; Dagastine et al. 2004; Dagastine et al. 

2005). One of the limitations of the experimental measurements using the AFM is that the film 

profile between interactiong drops cannot be measured directly. Therefore the LSRYL model has 

been used to infer the spatial  and temporal evolutions of the shape of the film between 

interacting drops and bubbles without experimental validation, after the LSRYL model was 

shown to be able to give an accurate prediction of nonequilibrium forces. Furthermore all these 

experiments and predictions were conducted for systems of low approach velocity or low 

capillary number (Ca=µV/ , in which µ,   and V are viscosity, interfacial tension and bubble 

approach velocity, respectively). The applicability of the existing LSRYL model to the systems 

of moderate to high capillary numbers remains to be determined. In this chapter the non-

linearized SRYL (NSRYL) model is formulated and used to predict the dynamic interaction 

forces between deformable interfaces. In the non-linearized SRYL model, the augmented Young 

Laplace equation is not linearized within the interaction zone, which leads to appearance of Ca 

number in the scaled Young Laplace equation. Consequently the simulation results of NSRYL 

model are dependent on the Ca number.  
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The objective of this study is to compare the numerical results of the NSRYL model with the 

LSRYL model to determine the capillary number range where the LSRYL model is applicable. 

This study attempts to answer the question whether the existing LSRYL model can be 

confidently used to predict the shape of the film between interacting drops and bubbles, even 

though the existing LSRYL model has been proven to be able to predict the time dependent force 

profiles. By identifying the models that can precisely predict the film drainage, it is possible to 

determine whether the film drainage will lead to instability and rupture or not (Coons et al. 2005; 

Coons et al. 2005; Coons et al. 2003) 

3.2. Experimental method 

3.2.1 Materials 

The glass surface used in this study was obtained by melting a 1.5 ± 0.1 mm diameter  

Pyrex rod under a butane-oxygen flame. The glass surface prepared as such was found to be 

molecularly smooth with a peak-to-peak roughness determined by AFM imaging to be less 

than 1.2 nm. The capillary tube and the glass surface were treated in freshly prepared piranha 

solutions (3 H2SO4:1 H2O2, by volume) at 80-90˚C for 30 min, rinsed thoroughly with Milli-

Q water and blow-dried using an ultra-pure nitrogen stream. The surfaces prepared in this 

manner were free of contamination and completely water wettable. The sample chamber was 

cleaned in anhydrous ethyl alcohol (Commercial Alcohols Inc.) under ultrasonication for half 

an hour, rinsed with de-ionized water and then blow-dried with ultrapure nitrogen. The 

chamber was then filled with test solutions and placed on a three-dimensional translation 

stage. The capillary tube was filled with fresh air before being immersed into the solution. 

After generation of the bubble, the system was then left for two hours to equilibrate the 

interfaces.  
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3.2.2 Bubble generation and displacement control 

The glass capillary tube has an inner diameter of 1.1  0.05 mm (Fisher Sci.). One end of 

the glass tube was placed under a butane flame to create a smooth end appropriate for bubble 

generation and film thickness measurements between air bubble and solid surfaces. Extreme 

caution was taken to avoid overheating which would result in a non-symmetric end of the 

glass tube. The bubble generation process and bubble size were monitored by real-time video 

observations. This arrangement allowed reproducible generation of bubbles with desired 

diameters of 1.46 ± 0.01 mm. The other end of the capillary tube was attached to the 

diaphragm of a speaker that was used to control the vertical displacement of the capillary 

tube. A computer-generated waveform was used to control the patterns of the diaphragm 

displacement that in turn drove the attached air bubble towards or away from the lower glass 

surface in the desired manner.  

3.2.3 Film thickness measurement 

For film thickness measurements, a fresh air bubble was generated at the end of the glass 

tube, which is shown schematically in Figure 3.1. The bubble size as well as the gap between 

the bubble and glass surface were precisely controlled with the aid of two CCD cameras 

positioned perpendicular to each other in a horizontal plane near the chamber. These two 

cameras were also used to align the air bubble and the glass surface to geometrical symmetry. 

The air bubble was then driven by the speaker diaphragm through the glass tube towards the 

lower flat glass surface. Initially, the film thickness was reduced by moving the air bubble 

towards the flat glass surface by displacement of the capillary tube. Once interference patterns 

(Newton rings) appeared in the microscopic field of view, the film was allowed to thin 

spontaneously. The images were recorded by a high-speed CCD camera at a speed of 60 frames 
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per second. The interference patterns recorded were used to obtain time dependent film thickness 

profiles of the intervening liquid films trapped between the air bubble and flat glass surface. The 

film thicknesses were calculated using the algorithms described by Nedyalkov et al. (Nedyalkov 

et al. 2007). All the experiments described in this chapter were conducted by Xurui Zhang. 

 

Fig. 3.1. A photograph of the bubble-glass sphere configuration of the thin film force apparatus 

(TFFA). The red line and green square are drawn to ensure the symmetry of the bubble. 

3.3. Augmented Young Laplace model 

The augmented Young-Laplace equation was firstly introduced by both Frumkin and 

Deryagin (Frumkin and Khim 1938; Deryagin and Khim 1940; Derjaguin 1955). In continuation 

of their researches, the deformation of droplets was studied in more detail by other investigators 

(De Gennes 1985; Brochard-Wyart et al. 1991). Yeh et al. (1999) introduced a thermodynamic 

analysis for a drop or bubble residing on a solid surface immersed in a continuous phase. The 

efforts led to the following dynamic augmented Young-Laplace equation: 
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In this equation, the curvature is experssed in terms of the tangent of angle  , where  
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              , see Figure 2.1. Similar to repulsive disjoining pressure, the repulsive 

hydrodynamic pressure (p>0) will flatten the interacting zone around the drop apex. The 

solutions of the augmented Young Laplace equation in the interaction zone serve as a basis to 

define bubble deformation (Chan et al. 2011; Chan et al. 2011).  

3.4. Formulation of the NSRYL model 

The relative motion between interacting drops or between a drop and a solid particle will 

generate hydrodynamic interactions that arise from the flow of the continuous phase. Under 

Stokes flow, liquid film thinning can be described by the Reynolds lubrication theory (Batchelor 

1968; Leal 2007). This theory relates the evolution of the position- and time-dependent 

separation, h(r,t) to the hydrodynamic pressure p(r,t). The Stokes-Reynolds equation for film 

thinning is given by: 
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 (3.2) 

where µ is the shear viscosity of the Newtonian liquid. Implicit in eqn. 3.2 is that the 

hydrodynamic boundary condition at the bubble surface is the same as a tangentially immobile 

boundary condition that holds at the glass surface. Trace surface impurities are suggested as 

being responsible for the observed immobile boundary condition at the bubble surface.   

The liquid-air interface of the film deforms according to the Young-Laplace equation (eqn. 

3.1) as a result of the hydrodynamic and disjoining pressures in the film and the film thickness 

evolution obeys the equation:  
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where   is the surface tension of liquid.
1
  The initial parabolic profile of the bubble is given by:  

           
  

  
 

 (3.4) 

By imposing appropriate initial conditions, eqns. 3.2 and 3.3 are solved in the finite 

domain 0 ≤ r ≤ rmax  together with boundary conditions at r = 0 and rmax. Because of 

axisymmetry, the boundary conditions become: at r = 0  
  

  
         

  

  
  . For the 

pressure at r= rmax , the boundary condition is:  (
  

  
)      . The final boundary 

condition at r = rmax, which takes into account the drop deformation during the approach, is:  
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and the force F(t) is given by  
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in which the hydrodynamic (
icHydrodynamF ) and surface forces (

SurfaceF ) are calculated by: 

                                                

1
 More information for eqn. 3.3 is given in the Appendix A. 
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In eqn. 3.7 the the total force acting on the bubble can be calculated by considering 

hydrodynamic and disjoining pressures, p and П, respectively. In this study only contribution 

from van der Waals and electrical double layer interactions are considered in the disjoining 

pressure in the DLVO theory (Verwey and Overbeek 1955).  

Van der Waals interaction force between an air bubble and the glass surface is calculated 

using Lifshitz theory (Israelachvili. J. 1991) and the electrical double layer force is calculated by 

a numerical solution of the nonlinear Poisson-Boltzmann equation using the algorithm of Chan et 

al (Chan 2002; McCormack et al. 1995). 

3.4.1 Scaling of the governing equations 

The NSRYL equations can be non-dimensionalized with the following scaling 

parameters in which the dimensionless variables are denoted by asterisks (Klaseboer et al. 

2001): 

film thickness: h  [Ca
1/2

R] h
*
  

 radial coordinate: r  [Ca
1/4

R] r
*
 

 time: t  [Ca
1/2

R/V] t
*
              

pressure: p  [ /R] p
*
 

disjoining pressure: П  [ /R] П
*
 

force: F  [( /R) (Ca
1/4

R)
2
 ] F

*
  [Ca

1/2   R] F
*
. 

  

 

(3.8) 

where V ~ dX(t)/dt  is displacement velocity and Ca  µV/   is the capillary number that is 
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the ratio of viscous forces to capillary forces. In terms of the scaled variables, the Stokes-

Reynolds equation that describes film drainage between a bubble and a solid sphere, eqn. 

3.2, becomes:   
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and eqn. 3.3 for film thickness becomes  
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The initial condition, eqn. 3.4 now has the form  
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A remarkable observation of these equations is that the scaled Young Laplace equation 

contains the capillary number. Therefore, in spite of the LSRYL model, the governing 

equations (eqns. 3.9 and 3.10) of the NSRYL model depend on the physical parameters of 

the system via capillary number. Moreover the boundary condition at r
*

max ( eqn. 3.5) has a 

weak logarithmic dependence on the capillary number Ca   
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The left hand side of eqn. 3.10 is the small deformation approximation of mean 

curvature of h
*
. If the disjoining pressure is negligible, that is П

*
 << ( /R), then this 

curvature changes sign when the scaled pressure p
*
  (R/  ) p has the numerical value of 2. 

Further to solve the governing equations of the NSRYL model,  the r
*

max is selected as its 
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maximum value and this is a criterion to solve this model. Using r
*

max as its maximum value 

(especially when this maximum is large compared to the bubble radius) is in contrast with 

the lubrication theory, in which the liquid only assumed to flow in the radial direction.  But 

the presence of continuity equation (in which the liquid assumed to flow in both radial and 

vertical directions) in the Stokes-Reynolds equation,  makes it reasonable to use r
*

max as its 

maximum value in the NSRYL model. 

3.5. Formulation of the LSRYL model 

The Stokes-Reynolds equation by considering the tangentially immobile boundary 

condition at the bubble surface is given by eqn. 3.2. Within the interaction zone or the inner 

region defined by the interval r=0 to r=rrim, the drop interface is relatively flat on the scale 

of the drop size. Considering a good approximation of             , the augmented 

Young–Laplace equation (eqn. 3.1) can be linearized to give:  
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 (3.13) 

The other conditions including the initial and boundary conditions are the same as in the 

NSRYL model, which are described in Section 3.4. The linearized Stokes-Reynolds-Young-

Laplace equations can be cast into a universal form using the scaling parameters given with 

eqn. 3.8. In terms of the scaled variables, the Stokes-Reynolds equation (eqn 3.2) becomes  
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and eqn. 3.13 for film thickness becomes  
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Non-dimensional form of the initial and boundary conditions are the same as in the 

NSRYL model and given by eqns. 3.11 and 3.12. The LSRYL model is well established and 

readers are referred to the literature for more details (Chan et al. 2011; Chan et al. 2011). An 

important feature of governing eqns. 3.14 and 3.15 is their universal nature, i.e., these scaled 

equations contain no other physical parameters except for the scaled disjoining pressure in 

eqn. 3.15. Indeed, the linearized SRYL model has a weak dependency to capillary number 

Ca, only via the boundary condition at r
*

max, eqn. 3.12. However, it was justified that using 

this boundary condition (eqn. 3.12) the predicted force curves are independent of r
*

max for 

r
*

max>15 (Carnie et al. 2005), in this chapter r
*

max is considered as 26 to solve the governing 

equations of the LSRYL model. Similar to the NSRYL model, due to presence of continuity 

equation in the Stokes-Reynolds equation, it is reasonable to use r
*

max as 26 in the LSRYL 

model. 

3.6. The difference between the two model equations: NSRYL and LSRYL 

Comparison between the equations of two models reveals that the only difference 

between the non-linearized and linearized SRYL model is the Young Laplace equation. In 

the scaled Young Laplace equation used in the NSRYL model, eqn. 3.10, the scaled 

hydrodynamic repulsive force can be obtained by the following quation: 
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In the LSRYL model the scaled hydrodynamic force of eqn. 3.15, becomes:   
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This comparison demonstrates that the estimation of two models for the scaled 

hydrodynamic force is different. This comparison also shows that the scaled hydrodynamic 

force predicted by the NSRYL model depends on the Ca number. Therefore it is expected 

that the estimation of the non-equilibrium interaction forces and film profiles by these two 

models would be different as discussed in Section 3.7.  

3.7. Results 

In this section, the dynamic interactions between an air bubble and a hydrophilic flat surface 

are theoretically studied using both the LSRYL and NSRYL models. The numerical results of 

the NSRYL model and LSRYL model are then compared with the experimental data obtained by 

Xurui Zhang. For the theoretical comparison, an air bubble is formed in a liquid at the end of a 

glass capillary tube.  The bubble moves towards and then backs from the solid surface, Figure 

3.2.  This schematic diagram is similar to the Integrated Thin Film Drainage Apparatus (Wang 

2013), which is a combination of induction time instrument (Gu et al. 2003) and Measurement 

and Analysis of Surface Interactions and Forces device (Parker 1992; Parker and Attard 1992), 

except that in the ITFDA a glass sphere instead of flat surface was used as solid surface.  
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Fig. 3.2. Schematic diagram of the geometry between an air bubble and a flat surface at two 

times of 0 (a) and t (b). X(t) measures the distance between the position of the glass capillary 

tube and the reference point of the flat solid surface. R is bubble radius and h(r,t) is the film 

thickness.   is unperturbed angle of the bubble on the bottom of the capillary tube. The capillary 

tube displacement considered as ΔX(t)=X(t)-X0(0). 

Water is considered as the bulk fluid with viscosity and surface tension being 0.001 Pa.s and 

0.072 N/m, respectively. The effect of different bubble driving velocities ranging from 1 µm/s to 

150000 µm/s (corresponding to a capillary number range from 1.4×10
-8

 to 2.06×10
-3

) on the non-

equilibrium interaction forces, the hydrodynamic repulsive force and the film profile is studied. 

To minimize the effect of the disjoining pressure, П(h(r,t)), due to the surface forces, the 

electrical double layer is suppressed by considering high electrolyte concentration of 100mM 

KCl in the current study. By increasing the salt concentration, the double layer repulsive force is 

anticipated to be decreased. As a result, the equilibrium film will be thinner and the dimple will 

take longer to drain (Manica and Chan 2011). Therefore this work is mostly a fundamental study 

on the applicability of the NSRYL model and LSRYL model to predict the hydrodynamic 

repulsive force between two approaching interfaces. In this section, we show the simulation 

results of both the NSRYL and LSRYL models for the interactions between an air bubble and a 
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solid surface over a wide range of Ca numbers from 10
-8

 to 10
-3

. Identical bubble radius of 750 

µm is used in all of the studies reported in this chapter. The parameters used in the theoretical 

study are summarized in Table 3.1. 

Table 3.1. Parameters used in the theoretical study. 

Bubble radius, Rb 750 µm 

Surface tension,       72.8 mN/m 

Viscosity, µ         1 mPa s 

KCl 100 mM 

pH 5.6 

Scaled initial separation, h(0,0) 150  

Scaled approach time 180 

Zeta potential of air bubble -5 mV 

Zeta potential of glass surface -5 mV 

Hamaker constant -8×10
-21

 J 

 

3.7.1 Comparison of the NSRYL model with the LSRYL model 

3.7.1.1 Comparison at Ca number of 10
-8 

We now present results of the LSRYL model and NSRYL model applied to an aqueous thin 

film between a bubble and a hydrophilic flat surface. The results in Figure 3.3 are for an initial 

separation of 13.37 µm of bubble from the solid surface, which is equal to the scaled initial 

separation of   
 =150. The bubble is first driven towards the solid surface at  bubble approach 

velocity of 1 µm/s for 16.05 s, which corresponds to the scaled approach time of t*=180, and 

then it is retracted away from the solid surface at the same velocity. This approach time is 

equivalent to a total glass tube displacement of 16.05 µm. The physical parameters used in the 

NSRYL and LSRYL models calculations are given in Table 3.2. At this capillary number the 

    
  is considered as 26 (correspond to rmax of  ~ 213 µm) to solve both the LSRYL and NSRYL 
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models. Compare to the bubble radius (750 µm) the selected rmax is ~ (0.3Rbubble). In this table, 

the overlap determines the extent that the bubble has been pushed to the solid surface, i.e., the 

extent of bubble deformation. The overlap is calculated as the difference between the glass tube 

displacement and the initial separation, (ΔX- h0).  

Table 3.2. Value of physical parameters used in the NSRYL model and LSRYL model 

calculations at Ca number of 10
-8 

with scaled approach time of 180. 

 Initial separation 

[µm] 

     h0 

Scaled initial 

separation 

  
  

Glass capillary tube 

displacement [µm] 

ΔX 

Overlap [µm] 

ΔX- h0 

LSRYL 13.37 150 16.05 2.674 

NSRYL 13.37 150 16.05 2.674 

 

Figure 3.3a shows the results of time evolution of the scaled interaction force in approach-

retract cycle, while Figure 3.3b shows the non-scaled form of the results. These figures confirm 

that the time dependent force predicted using the NSRYL model matches well with that 

predicted using the LSRYL model. Due to negligible disjoining pressure in the calculations, the 

increasing repulsive force towards the force maximum during the approach phase is solely due to 

hydrodynamic repulsion. The repulsive force then decreases steadily during the retract phase. 

The attractive (negative) force minimum in the retract phase is attributed to the hydrodynamic 

suction as the bubble separates from the solid surface. Similar hydrodynamic attractive force 

during separation of two surfaces in contact is well recognized (Chan et al. 2011).  

The variation of hydrodynamic repulsive force with the central film thickness during the 

approach of the air bubble towards the solid surface is given in Figure 3.3c. The hydrodynamic 

repulsive force is calculated using eqn. 3.7a. This figure shows that the hydrodynamic force 

becomes significantly more repulsive with decreasing film thickness, as water has to be 
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displaced from the intervening aqueous film trapped between the approaching interfaces. The 

results in Figure 3.3c confirm that at low Ca number, both models predict the same variation of 

hydrodynamic repulsive force as a function of film thickness. The inset of Figure 3.3c shows the 

normalized variation of hydrodynamic repulsive force with the film thickness. In Figure 3.3d, 

we show the predicted film profiles with both models during the approach of the air bubble 

towards the solid surface in aqueous electrolyte solutions.  Profiles E1 and E2 present the film 

profile when the dimple starts to form under the condition that the pressure drop across the 

liquid/air interface becomes zero or the scaled film pressure at the center, i.e.      
      , reaches 

2 as shown by eqn. 3.18.  

          (       
      )    [               

                 
      

             
      ]                                                                                

(3.18) 

in which        is Laplace pressure of bubble. After profiles E1 and E2, the large and 

repulsive hydrodynamic force and small disjoining pressure lead to an inversion in the curvature 

and after the approaching time of 16.05 s (t
*
=180) the bubble reaches profiles F1 and F2 at the 

end of approach phase. Profiles E1 and F1 represent the results of the LSRYL model and profiles 

E2 and F2 represent the results of the NSRYL model. Figure 3.3d indicates that both the LSRYL 

and NSRYL models led to the same prediction of spatial evolution of film profile. From profiles 

E1 and E2, the dimple forms at the central film thickness about ~ 48 nm. The minimum film 

thickness reached during the approach cycle is about ~ 33 nm, profiles F1 and F2. The large 

minimum film thickness at the end of approach phase confirms that the long-range 

hydrodynamic pressure rather than the disjoining pressure is responsible for the formation of the 
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dimple and its development. The inset of Figure 3.3d shows the normalized results for the 

variation of film profiles with the film radius. 

        It is known that the experimental techniques based on the AFM can measure the interaction 

force but are incapable of measuring the bubble deformation. The experiments conducted by 

AFM are under low velocity, which mostly give capillary number in the range of 10
-8 

(Nguyen et 

al. 2003; Chan et al. 2011). The results in Figure 3.3 show that at Ca number of 10
-8 

both the 

NSRYL and LSRYL models can be confidently used to predict the spatial and temporal 

evolutions of the film profiles once these two models are shown to be able to predict the non-

equilibrium forces measured by AFM.  

 

Fig. 3.3. (a) Variation of scaled force with scaled time, (b) time dependent force profile, (c) 

variation of hydrodynamic force with thickness of aqueous film at the axis of symmetry, and (d) 

variation of film thickness with film radius in aqueous electrolyte (100 mM KCl, pH = 5.6) at a 
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bubble approach velocity of 1 µm/s, corresponding to a capillary number of 1.4×10
-8

- the 

LSRYL model results are denoted with 1 and the NSRYL model results are denoted with 2. 

Insets: (c) Variation of scaled hydrodynamic force with scaled film thickness at the axis of 

symmetry, and (d) variation of scaled film thickness with scaled film radius. The immobile 

boundary condition at bubble surface was used in the two models. 

       Although Figure 3.3 shows the simulation results of two models with the     
  of 26 

(correspond to rmax of  ~ 213 µm), but the maximum     
  to solve the NSRYL model is ~ 88 

(correspond to rmax of  ~ 720 µm). The comparison of both models with the same     
  of 88 is 

shown in Figure 3.4. This figure demonstrates that even for the Ca number in the range of 10
-8

, 

when the two models are solved with the rmax close to the bubble radius, the difference between 

the prediction of two models for time dependent force profile is remarkable. The difference 

between the predicted force with two models can be important especially when the force is very 

small in the range of nano Newton (nN), but it is not significant for larger force in the range of 

µN (due to the very small Ca number). The inset of Figure 3.4a shows that the LSRYL model 

overestimates the hydrodynamic repulsive force. There is also difference in the prediction of film 

profiles with two models, but this difference is negligible, Figure 3.4b.  Approximately we can 

say that for Ca number in the range of 10
-8

, the prediction of two models for time dependent 

force profile and film profile is the same, especially when the interaction force is in the range of 

µN.   
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Fig. 3.4. (a) Variation of scaled force with scaled time, (b) variation of film thickness with film 

radius in aqueous electrolyte (100 mM KCl, pH = 5.6) at a bubble approach velocity of 1 µm/s, 

corresponding to a capillary number of 1.4×10
-8

- the LSRYL model results are denoted with 1 

and the NSRYL model results are denoted with 2. Insets: (a) Variation of scaled hydrodynamic 

force with scaled film thickness at the axis of symmetry, and (b) variation of scaled film 

thickness with scaled film radius. In this run, the     
   is 88 (correspond to rmax of 720 µm). The 

physical parameters used in the NSRYL and LSRYL models summarized in Table 3.1 and Table 

3.2. The immobile boundary condition at bubble surface was used in the two models. 
 

 

      As mentioned, there is limitation to choose the rmax with the NSRYL model and the 

maximum rmax that the NSRYL model can be solved with that, is around the bubble radius. 

Actually choosing of rmax is very important due to the term (
  

  
)
 

  which is kept in the non-linear 

Young-Laplace equation (eqn. 3.3) of the NSRYL model. The simulation results of the NSRYL 

model shows that the importance of this term (
  

  
)
 

  is around the edge of bubble, Figure 3.5. 

The magnitude of this term is negligible in proximity of the center but its magnitude significantly 

increases around the edge of bubble. As a result the choosing of rmax is very important and should 
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be around the bubble radius. In the LSRYL model, this term is ignored as compared to unity (in 

eqn. 3.3) at all the rmax tested.  

 

Fig. 3.5. Variation of (
  

  
)
 

, in eqn. 3.3, as a function of rmax in aqueous electrolyte solutions 

(100 mM KCl, pH = 5.6) at the bubble approach velocity of 1 µm/s, corresponding to a capillary 

number of 1.4×10
-8

. The physical parameters used in the NSRYL are the same as in Table 3.1 

and Table 3.2. 

3.7.1.2  Comparison at Ca number of 5.15×10
-6 

     In Figure 3.6 we compare the results of the NSRYL model with the predictions of the 

LSRYL model for film drainage between a bubble and a hydrophilic solid surface at bubble 

approach velocity of 375 µm/s. At this capillary number the     
  is considered as 26 and 20 

(correspond to rmax of ~ 935 µm and ~ 719 µm) to solve the LSRYL and NSRYL models, 

respectively. The comparison of both models with the same     
  of 20 (rmax of  ~ 719 µm) can 

be found in Appendix B1.This approach velocity is higher than the approach velocity used in the 

experiments conducted by AFM. Firstly, the bubble is kept at the initial separation of 255.33 µm 

which corresponds to a scaled initial thickness of   
 =150. The bubble moves towards the surface 

for ~0.82 s (t
*
=180) and then away from the surface at the same speed. This approaching time is 
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equivalent to a glass tube displacement of 306.39 µm, Table 3.3. A typical approach-retract 

cycle that shows variations of the interaction force with time is shown in Figures 3.4a. This 

force is mainly from hydrodynamic repulsive force. The results in this figure indicate that the 

predicted force maximum during the approach phase with the NSRYL model is smaller than that 

predicted from the LSRYL model. In other words, the LSRYL model predicts a higher 

hydrodynamic repulsive force for a Ca number of 5.15×10
-6

. The variation of hydrodynamic 

repulsive force with the central film thickness in approach phase is shown in Figure 3.6c. Again 

the results in this figure confirm that for a Ca of 5.15×10
-6

 the LSRYL model predicts higher 

hydrodynamic repulsive force compared to the NSRYL model. In Figure 3.6d, we compare the 

prediction of two models for the spatial evolution of the film profiles when the bubble is driven 

towards the solid surface with the scaled initial thickness of   
 =150. Profiles E1 and E2 

(predicted from the LSRYL model and NSRYL model, respectively) show where the dimple 

starts to form. From profiles E1 and E2, the LSRYL model appears to predict the initial formation 

of dimple at larger film thickness than the NSRYL model. The NSRYL model predicts that the 

dimple initially forms at ~890 nm, while using the LSRYL model dimple appears at ~961 nm. 

Furthermore the higher hydrodynamic force predicted with the LSRYL model influences on the 

minimum film thickness reached during the approach cycle. Profiles F1 and F2 (predicted with 

the LSRYL model and NSRYL model, respectively) of Figure 3.6d show that the minimum film 

thickness reached in the approach phase with the NSRYL model is ~ 598 nm which is smaller 

than ~ 635 nm predicted with the LSRYL model. As we know, the drop deformation (either 

initial formation of dimple or its development) during interaction is determined by the balance 

among the hydrodynamic pressure, disjoining pressure and capillary pressure (Chan et al. 2011). 
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The observed differences in bubble deformation arise from larger hydrodynamic repulsive force 

predicted by the LSRYL model than that predicted by the NSRYL model.  

 Again we solve the system with the LSRYL model by just increasing the initial separation 

to 262.99 µm, corresponding to the scaled initial thickness of 154.5. The bubble is driven to solid 

surface for ~0.82 s (t
*
=180) and then retracts. As shown in Table 3.3, the glass tube 

displacement is the same as 306.39 µm. Therefore at the same glass tube displacement, the 

higher initial separation leads to a lower overlap which means a smaller extent that the bubble 

and solid surface are pushed together. Figure 3.6b shows that by increasing the initial thickness 

the interaction force profile predicted with the LSRYL model (  
 =154.5, denoted with 3) is in 

good agreement with that predicted by the NSRYL model (  
 =150, denoted with 2). However 

by increasing the initial separation to   
 =154.5, the force profile predicted by the LSRYL model 

reaches a smaller force maximum during the approach phase, but the predicted hydrodynamic 

repulsive force with the LSRYL model remains higher than that predicted by the NSRYL model, 

line 3 in Figure 3.6c. The results of the spatial evolution of film profiles using the LSRYL 

model with increasing the scaled initial thickness to   
 =154.5 are given by profiles E3 and F3 in 

Figure 3.6d. Profile E3 which is coincident with profile E1, indicates the formation of dimple at 

~961 nm which is larger than prediction of the NSRYL model. Profile F3 shows that contrary to 

the good agreement for the force profile, the difference between the LSRYL model and NSRYL 

model for spatial evolution of film profile increases and the minimum film thickness in the 

approach phase predicted by the LSRYL model increases to ~ 678 nm. In other words at this Ca 

number, even though the LSRYL model is shown to give an accurate account of time dependent 

force profile, we cannot confidently use the LSRYL model to predict the spatial and temporal 

evolutions of the shape of the film trapped between the interacting interfaces. The comparison of 
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both models at Ca of 5.15×10
-6

 with the same     
  of 20 (rmax of  ~ 719 µm) in the Appendix B1 

shows that there is even more difference between two models compare to Figure 3.6. 

Table 3.3. Value of physical parameters used in the NSRYL model and LSRYL model 

calculations at Ca number of 5.15×10
-6 

with scaled approach time of 180. 

 Initial separation 

[µm] 

h0 

Scaled initial 

separation 

  
  

Glass capillary tube 

displacement [µm] 

ΔX 

Overlap [µm] 

ΔX- h0 

LSRYL 255.33 150 306.39 51.06 

LSRYL 262.99 154.5 306.39 43.40 

NSRYL 255.33 150 306.39 51.06 
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Fig. 3.6. (a) Variation of scaled force with scaled time, (b) time evolution of force, (c) variation 

of hydrodynamic force with thickness of aqueous film at the axis of symmetry, and (d) variation 

of film thickness with film radius in aqueous electrolyte solutions (100 mM KCl, pH = 5.6) at a 

bubble approach velocity of 375 µm/s, , corresponding to a capillary number of 5.15×10
-6

- the 

NSRYL model results are denoted with 2 and the LSRYL model results are denoted with 1 and 

3. Insets: (c) Variation of scaled hydrodynamic force with scaled film thickness at the axis of 

symmetry, and (d) variation of scaled film thickness with scaled film radius. The immobile 

boundary condition at bubble surface was used in the two models. 

3.7.1.3  Comparison at Ca number of 3.4×10
-5 

       In Figure 3.7 we compare the results for the NSRYL model and LSRYL model at 

Ca=3.4×10
-5

, corresponding to a bubble approach velocity of 2500 µm/s. At this capillary 

number the     
  is considered as 26 and 12.9 (correspond to rmax of  ~ 1503 µm and ~ 745 

µm) to solve the LSRYL and NSRYL models, respectively. The maximum rmax that the 

NSRYL model can solve with that, is around the bubble radius (750 µm). The comparison of 

both models with the same     
  of 12.9 (rmax of  ~ 745 µm) can be found in Appendix B2. 

The time-dependent force profile between an air bubble and a hydrophilic solid surface, in 100 

mM KCl aqueous electrolyte solutions, predicted with both models is shown in Figure 3.7a. The 

bubble is initially kept at the separation of 659.26 µm (  
 =150) from the solid surface. The 

bubble is driven towards the solid surface by moving the capillary tube for ~0.32 s (t
*
=180) 

and then retracted at the same speed. The approaching time is equivalent to capillary tube 

displacement of ~791 µm or overlap of ~132 µm, Table 3.4. Figure 3.7a shows that the 

LSRYL model predicted a much larger force maximum of ~12.39 during approach phase as 

compared to the NSRYL model which predicts a force maximum of ~5.01. As already 

mentioned, this force is solely due the hydrodynamic repulsion. It is therefore evident that at 

the Ca number of 3.4×10
-5 

the hydrodynamic repulsive force predicted by the LSRYL model 
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is significantly higher than that predicted by the NSRYL model.  

The variation of hydrodynamic repulsive force with the central film thickness in 

approach phase is shown in Figure 3.7c. The results in this figure confirms that the 

hydrodynamic force calculated with the LSRYL model is significantly higher than that 

calculated by the NSRYL model. The spatial evolution of the film profiles predicted by the 

two models is shown in Figure 3.7d. Profiles E1 and E2 of Figure 3.7d show that the LSRYL 

model predicts the formation of the dimple at ~2481 nm which is much higher than the value 

of ~1828 nm predicted by the NSRYL model. From profile F1 in Figure 3.7d, the LSRYL 

model predicts a minimum film thickness of ~1636 nm reached during the approach. This 

minimum film thickness is much thicker than ~1407 nm predicted by the NSRYL model, 

profile F2. As mentioned earlier, the drop deformation is determined by the balance between 

hydrodynamic pressure, disjoining pressure and capillary pressure (Chan et al. 2011). The  

observed differences can be attributed to different predictions of hydrodynamic repulsive 

force with these two models. The comparison of both models at Ca of 3.4×10
-5

 with the same 

    
  of 12.9 (rmax of  ~ 745 µm) in Appendix B2 shows that there is much more difference 

between the two models as compared with the results in Figure 3.7. 

Table 3.4. Value of physical parameters used in the NSRYL model and LSRYL model 

calculations at Ca number of 3.4×10
-5 

with scaled approach time of 180 

 Initial separation 
[µm] 

h0 

Scaled initial 
separation 

  
  

Glass capillary tube 
displacement [µm] 

ΔX 

Overlap [µm] 

ΔX- h0 

LSRYL 659.26 150 791.11 131.85 

LSRYL 684.26 155.7 791.11 106.85 

NSRYL 659.26 150 791.11 131.85 

 



63 

 

 

Fig. 3.7. (a) Variation of scaled force with scaled time, (b) time evolution of force, (c) variation 

of hydrodynamic force with thickness of aqueous film at the axis of symmetry, and (d) variation 

of film thickness with film radius in aqueous electrolyte solutions (100 mM KCl, pH = 5.6) at a 

bubble approach velocity of 2500 µm/s, corresponding to a capillary number of 3.4×10
-5

-  the 

NSRYL model results are denoted with 2 and the LSRYL model results are denoted with 1 and 

3. Insets: (c) Variation of scaled hydrodynamic force with scaled film thickness at the axis of 

symmetry, and (d) variation of scaled film thickness with scaled film radius. The immobile 

boundary condition at bubble surface was used in the two models. 

Again we solve the system with the LSRYL model by just increasing the initial separation to 

684.26 µm corresponding to the scaled initial thickness of 155.7, Table 3.4. The bubble moves 

towards the solid surface for ~0.32 s (t
*
=180) and then it retracts. The approaching time is 
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equivalent to glass tube displacement of ~791 µm or overlap of ~107 µm. Figure 3.7b indicates 

even by changing the initial film thickness, the interaction force profile predicted with the 

LSRYL model (  
 =155.7, denoted with 3) cannot match with that given by the NSRYL model 

(  
 =150, denoted with 2). However this figure indicates that for approaching time of ~0.28s 

(t
*
=160) , we can reach an acceptable agreement for the time dependent force profile with both 

models.  Profiles E3 and F3 in Figure 3.7d show the film profiles predicted with the LSRYL 

model using the scaled initial film thickness of   
 =155.7. Profile E3 which is coincident with 

profile E1, indicates the dimple first appears at ~2481 nm which is larger than the prediction of 

NSRYL model for dimple formation. Profile F3 shows that by increasing the initial film 

thickness, the difference between the two models increases and the minimum film thickness in 

the approach phase reaches ~1785 nm which is larger than ~1407 nm predicted by the NSRYL 

model. As shown in Section 3.8, the maximum deviation between the two models for prediction 

of the hydrodynamic repulsive force is about a capillary number of ~3.4×10
-5

.  

3.7.1.4 Comparison at Ca number of 1.09×10
-4 

Figure 3.8 shows the comparison of the NSRYL model with the LSRYL model at a 

nominal speed of 8000 µm/s corresponding to a Ca number of 1.09×10
-4

. At this capillary 

number the     
  is considered as 26 and 9.4 (correspond to rmax of  ~ 2010 µm and ~ 727 

µm) to solve the LSRYL and NSRYL models, respectively. The maximum rmax that the 

NSRYL model can be solved with is around the bubble radius (750 µm). The comparison of 

both models with the same     
  of 9.4 (rmax of  ~ 727 µm) can be found in Appendix B3. The 

bubble is first at a distance of 1179.32 µm (  
 =150) from the solid surface. The air bubble is 

driven towards the solid surface  by moving the capillary tube for ~0.17 s (t
*
=180) and then 

it is retracted at the same bubble approach velocity. From Table 3.5 this approaching time is 
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equivalent to capillary tube displacement of ~ 1415 µm correspond to overlap of ~ 236 µm. 

Figure 3.8a shows the time-dependent force profile between an air bubble and a hydrophilic 

solid surface. From this figure, the force maximum predicted with the NSRYL model is ~ 9.91. 

This value is smaller than ~ 12.39 predicted with the LSRYL model. As mentioned the 

hydrodynamic resistance force is responsible for this difference. As shown in Figure 3.8c, 

the hydrodynamic force predicted with the LSRYL model is larger than that predicted by the  

NSRYL model. The spatial evolution of the film profiles predicted with two models have 

been shown in Figure 3.8d. Profiles E1 and E2 of this figure show that dimple initially 

formed at ~4440 nm with the LSRYL model which is higher than ~3794 nm predicted with 

the NSRYL model. Meanwhile profiles F1 and F2 in Figure 3.8d show that the minimum film 

thickness reached during the approach phase with the NSRYL model is ~2840 nm which is 

smaller than ~2930 nm predicted with the LSRYL model. As mentioned earlier, drop 

deformation during interaction is determined by hydrodynamic pressure, disjoining pressure 

and capillary pressure (Chan et al. 2011). Consequently, the different prediction for 

hydrodynamic repulsive force with both models is responsible for the different film profiles. 

Comparison of Figures 3.8a and 3.7a shows that the difference between the force maximum 

predicted with both models at the Ca number of 1.09×10
-4

 is less than that predicted with the Ca 

number of 3.4×10
-5

. Furthermore, the difference between hydrodynamic force predicted with 

these two models at Ca number of 1.09×10
-4 

is less than that predicted at the capillary number of 

3.4×10
-5

, Figures 3.8c and 3.7c. This observation indicates that the capillary number of ~ 

3.4×10
-5

 can be considered as the capillary number in which the difference between the 

hydrodynamic forces predicted with both models has its maximum values.  

Again we solve the above mentioned system with the LSRYL model by just increasing 
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the initial separation to 1203.32 µm corresponding to a scaled initial thickness of 153, Table 

3.5. The air bubble driven towards the solid surface for ~0.17 s (t
*
=180) and then retracts. 

From Table 3.5 this approach time is equivalent to a capillary tube displacement of ~ 1415 

µm corresponding to an overlap of ~ 212 µm. Figure 3.8b demonstrates that there is a good 

agreement in the time dependent force profiles predicted with the LSRYL model (  
     , 
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Fig. 3.8. (a) Variation of scaled force with scaled time, (b) time evolution of force, (c) variation 

of hydrodynamic force with thickness of aqueous film at the axis of symmetry, and (d) variation 

of film thickness with film radius in aqueous electrolyte solutions (100 mM KCl, pH = 5.6) at a 

bubble approach velocity of 8000 µm/s, corresponding to a capillary number of 1.09×10
-4

-  the 

NSRYL model results are denoted with 2 and the LSRYL model results are denoted with 1 and 

3. Insets: (c) Variation of scaled hydrodynamic force with scaled film thickness at the axis of 

symmetry, and (d) variation of scaled film thickness with scaled film radius. The immobile 

boundary condition at bubble surface was used in the two models. 

Table 3.5. Value of physical parameters used in the NSRYL model and LSRYL model 

calculations at Ca number of 1.09×10
-4 

with scaled approach time of 180. 

 Initial separation 
[µm] 

h0 

Scaled initial 
separation 

  
  

Glass capillary tube 
displacement [µm] 

ΔX 

Overlap [µm] 

ΔX- h0 

LSRYL 1179.32 150 1415.18 235.86 

LSRYL 1203.32 153.052 1415.18 211.86 

NSRYL 1179.32 150 1415.18 235.86 

 

denoted with 3) and the NSRYL model (  
     , denoted with 2).  The profiles E3 and 

F3 in Figure 3.8d show the film profiles predicted with the LSRYL model using the scaled 

initial thickness of   
 =153. Profile E3 which is coincident with profile E1, indicates the 

dimple first appears at ~4440 nm which is larger than the prediction of the NSRYL model for 

dimple formation. Contrary to good agreement in the time dependent force, profile F3 shows 

that the difference between the two models to predict the minimum film thickness during the 

approach phase increases. From this figure, the minimum film thickness with the LSRYL 

model (  
 =153) increases to ~3058 nm which is larger than ~2840 nm predicted with the 

NSRYL model. Again aforementioned observations confirm even if the LSRYL model gives 

an accurate prediction for time dependent force profile, this theoretical framework (LSRYL) 
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cannot be used confidently to predict the spatial and temporal evolutions of the shape of 

intervening liquid film. The comparison of both models at Ca of 1.09×10
-4

 with the same 

    
  of 9.4 (rmax of  ~ 727 µm) in Appendix B3 shows that there is much larger difference 

between the two models as compared with the results in Figure 3.8. The results show that by 

decreasing the     
  the overestimation of the hydrodynamic repulsive force predicted with 

the LSRYL model increase which in turn influences the prediction of film profiles.  

3.7.1.5 Comparison at Ca number of 2.3×10
-3 

In Figure 3.9 we compare the NSRYL and LSRYL models at Ca=2.3×10
-3

, corresponding 

to a bubble approach velocity of 165000 µm/s. At this capillary number the     
  is considered 

as 26 and 4.54 (correspond to rmax of  ~ 4285 µm and ~ 750 µm) to solve the LSRYL and 

NSRYL models, respectively. The maximum rmax that the NSRYL model can be solved with 

is around the bubble radius (750 µm). The comparison of both models with closer     
  can 

be found in Appendix B4. The bubble is initially kept at a separation distance of ~ 5431 µm 

(  
 =150) from the solid surface. The bubble is driven towards the solid surface by moving 

the capillary tube for ~ 0.0395 s (t
*
=180) and then it is retracted away at the same bubble 

approach velocity. This approach time is equivalent to capillary tube displacement of ~ 6517 

µm or overlap of ~ 1086 µm, Table 3.6.  

Table 3.6. Value of physical parameters used in the NSRYL model and LSRYL model 

calculations at Ca number of 2.3×10
-3 

with scaled approach time of 180 

 Initial separation 
[µm] 

h0 

Scaled initial 
separation 

  
  

Glass capillary tube 
displacement [µm] 

ΔX 

Overlap [µm] 

ΔX- h0 

LSRYL 5431 150 6517 1086 

NSRYL 5431 150 6517 1086 
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The time-dependent force profiles between an air bubble and a hydrophilic solid surface, in 

100 mM KCl aqueous electrolyte solutions, predicted with these two models are shown in 

Figure 3.9a.  This figure shows that the predicted force maximum during approach phase 

with the NSRYL model sharply increases  to ~ 29 compare to ~12.39  as predicted with the 

LSRYL model. This force is solely due the hydrodynamic repulsion. Line 2 in the inset of 

Figure 3.9a indicates that when the bubble is still far from the solid surface (h
*
=1 

corresponds to h=36.2µm), the predicted hydrodynamic repulsive force with the NSRYL 

model is lower than that predicted with the LSRYL model. But in close proximity to solid 

surface the hydrodynamic repulsive force dramatically increases with the NSRYL model. It 

is very intersting to note that the sudden jump in the hydrodynamic repulsive force with the 

NSRYL model, prevents the bubble from driving to the solid surface. For example, line 2 of 

Figure 3.9a shows that the bubble just can approach the solid surface until proximity of 

point “A” corresponding to a scaled approach time of ~ 170 (time of  ~ 0.0373 s and overlap 

of ~ 724 µm) with the NSRYL model. After point A, the force begins to decrease indicating 

that the proximity of point A can be considered as the position where the bubble bounces 

back from the solid surface. More investigation is needed for the bubble behavior in 

proximity of point “A”.  The LSRYL model is not capable to predict point “A” or the 

position where the force begins to decrease. As a result the LSRYL model is not able to 

predict the bouncing phenomenon.  
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Fig. 3.9. (a) Variation of scaled force with scaled time and (b) variation of film thickness with 

film radius in aqueous electrolyte (100 mM KCl, pH = 5.6) at a bubble approach velocity of 

165000 µm/s, corresponding to a capillary number of 2.3×10
-3

-  the NSRYL model results are 

denoted with 2 and the LSRYL model results are denoted with 1. Insets: (a) Variation of scaled 

hydrodynamic force with scaled film thickness at the axis of symmetry and (b) variation of 

scaled film thickness with scaled film radius. The immobile boundary condition at bubble 

surface was used in the two models.
 

The spatial evolution of the film profiles predicted with the two models has been shown 

in Figure 3.9b. Profiles E1 and E2 show that the dimple initially forms at ~ 19224 nm with 

the LSRYL model which is much larger than ~18890 nm predicted with the NSRYL model.  

From Figure 3.9b, profile E1 develops more and finally reaches to profile F1 at the end of 

approach phase with the LSRYL model. The minimum film thickness during the approach 

using the LSRYL is ~12660 nm. Furthermore, the above mentioned figure shows that the 

profile E2 does not develop and concides well with the profile F2 using the NSRYL model. In 

other words, profile E2 can be considered the end of approach phase with the NSRYL model. 

Both profiles E2 and F2 represent the same position (film profile) in proximity of point A. In 



71 

 

summary, with the NSRYL model bubble does not deform in the approach phase and in the 

proximity of point “A” bubble bounces back from the surface and bubble defromation 

happens in the retract phase, i.e., when bubble bounces back from the surface. The 

comparison of both models at Ca of 2.3×10
-3

 with the more closer     
  in Appendix B4 

shows that by decreasing the     
  the LSRYL model significanty overestimates the 

hydrodynamic repulsive force which in turn influences the prediction of film profiles. Due to 

the large overestimation in the hydrodynamic repulsive force with the LSRYL model, 

recently (Manica et. al, 2013) for very high Ca numbers, the full mobile boundary condition 

at the bubble surface is suggested instead of the immobile boundary condition. The good 

agreement between the LSRYL model and experiment at very high Ca number with full 

mobile boundary condition (Manica et. al, 2013) is attributed to the lower hydrodynamic 

resistance force which arising from the full mobile condition at the bubble surface (Manor et. 

al, 2008). 

Clearly in contrast to the LSRYL model which predicts bubble deformation at all range 

of capillary numbers, the NSRYL model predicts that above a critical capillary number, the 

bubble does not deform and behaves like a solid sphere. In other words, we can say that for a 

specific bulk solution, the NSRYL model is able to numerically predict the critical bubble 

approach velocity where a bubble behaves like a solid sphere. This critical bubble approach 

velocity depends on the size of bubble. In the next section, the critical bubble approach 

velocity for the bubble with a radius of 750 µm in water as bulk solution is predicted with the 

NSRYL model. 

 In the current system, the Reynolds number based on the bubble diameter (db) and 

bubble approach velocity, Re (=  vdb/ ), is in the order of 10
2
, where     
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             and                 are the density and dynamic viscosity of water, 

respectively. Although the Reynolds number that characterizes bubble movement is high (in 

the order of 10
2
), the Reynolds number that characterizes film deformation and draiange is 

small, Refilm<1. For  the above mentioned system for example, Figure 3.10 shows that at the 

film thickness of ~ 20 µm, the film draiange velocity is only ~ 0.0001 m/s, corresponding to 

a film Reynolds number (Refilm=  vh/ ) of ~ 10
-2

 <1. Therefore, the Stokes-Reynolds-Young 

Laplace model based on the lubrication theory can provide a quantitative account of bubble 

deformation and film dranainge dynamics (Manica et al. 2013). 

 

Fig. 3.10. Variation of the film drainage velocity with separation distance at a bubble approach 

velocity of 165000 µm/s, corresponding to a capillary number of 2.3×10
-3

-  for this figure the 

NSRYL model is solved using the initial film thickness and bubble overlap values summarized 

in Table 3.6.
 

3.7.1.6  Wall impact on the approaching bubble 

In a surface force apparatus such as ITFDA the bubble is driven towards a solid surface with 

the aid of glass capillary tube. In the force measurement, a bubble moves with an approximately 

constant bubble approach velocity while it is subjected to time variable forces.  Let us consider 
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an air bubble of 750 µm in radius. The bubble moves towards the solid surface with constant 

bubble approach velocity.  

 

Fig. 3.11. Variation of force with time (a), variation of film thickness with time (b), and variation 

of the difference between local film thickness at center and rim with time (c) in aqueous 

electrolyte solution (100 mM KCl, pH = 5.6) at bubble approach velocity of ~ 155000 µm/s, 

corresponding to a capillary number of 2.18×10
-3

. The immobile boundary condition at bubble 

surface was used in the NSRYL model.
 

Figure 3.11 demonstrates that the critical bubble approach velocity predicted with the 

NSRYL model for the air bubble of 750 µm radius in water is ~ 155000 µm/s (~ 15.5 cm/s). It is 

necessary to mention to solve the NSRYL model, the rmax is the same with the bubble radius (~ 

750 µm). Figures 3.11b and c confirm that the bubble behaves like a solid sphere in the entire 
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approaching process. This prediction for critical bubble approach velocity using the NSRYL 

model is comparable with the data reported in the literature and the Schiller–Naumann formula 

(Clift et al. 1978).  For example for an air bubble with a diameter of 1.5 mm the measured 

critical velocity in tap water is ~ 15 mm/s (Haberman et al. 1953) and for an air bubble with a 

radius of 625 µm, the predicted critical velocity using Schiller–Naumann formula is ~ 13.5 cm/s 

(Clift et al. 1978).  

The NSRYL model provides a new opportunity to study the effect of individual physical 

parameters on the critical bubble approach velocity. This new approach is worth further 

investigation, as we can take into account the bubble deformation and all the physical parameters 

of a system for this prediction. Moreover the NSRYL model can be developed for rising bubble 

to numerically predict the bubble terminal velocity.   

3.7.2 Validation of the NSRYL model 

The thickness of intervening liquid film between an air bubble and a flat hydrophilic glass 

surface at bubble approach velocity of 1000 µm/s in 100 mM KCl solution were measured by 

Xurui Zhang using the thin film force apparatus (TFFA), explained in Section 3.2.  The 

experimental parameters used in this study are summarized in Table 3.7. The radius of bubble at 

the end of the glass tube has an undistorted curvature of 1200 μm. The initial separation, h0, 

between the bubble and the hydrophilic glass surface was adjusted to 300 μm with the aid of the 

CCD camera. The maximum glass tube displacement, Xmax, was set at 400 µm.  In their 

experiment, the bubble first approached with speed of 1000 μm/s towards the flat glass surface 

with a capillary tube displacement of 400 μm. Then the air bubble is held in contact with the flat 

glass surface for 21 minutes (holding phase). The images of interference patterns (Newton rings) 
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recorded by a high-speed CCD camera were used to obtain time dependent film thickness 

profiles of the intervening liquid film trapped between the air bubble and glass surface.  

Table 3.7. Material constants and modified ITFDA parameters. 

Bubble radius, Rb 1200 µm 

Surface tension,       72.8 mN/m 

Viscosity, µ         1 mPa s 

KCl 100 mM 

pH 5.6 

Zeta potential of air bubble -5 mV 

Zeta potential of glass surface -5 mV 

Bubble driving velocity  1000 µm/s 

Initial separation, h(0,0) 300 µm 

Maximum displacement, ΔXmax 400 µm 

Hamaker constant -8×10
-21

 J 

 

Figure 3.12 shows the comparison of the measured film profiles with the predictions from 

both models at different measurement times of 68, 119, 183 and 301 s. The results in this figure 

indicate that the prediction of the film profiles from the NSRYL model using the system 

parameters in Table 3.7 is in good agreement with the experimental data.  In contrast to the good 

agreement between measured and predicted film profiles with the NSRYL model, Figure 3.12b 

indicates a large difference between the experimental data and the prediction of the LSRYL 

model. Due to the lack of time dependent force data, it is difficult to find the uncertainty in 

controlling of the overlap (which is the difference between the tube displacement and initial 

separation) in the experiment. The error in the overlap is artificially compensated by considering 

the initial thickness as an adjustable parameter by comparison of the position where the 

interaction force between an air bubble and solid surface is detectable in both the measured and 

predicted force profiles. This uncertainty in the measurement is due to the fact that the lower 
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solid flat surface in the experiment is not fixed in its position, which led to the uncertainty in the 

overlap measurement. However to decrease the error in the film profile measurement with 

TFFA, a very thick flat solid surface was used for this measurement and at the same time we 

used the minimum possible overlap for this measurement. Consequently, the error in the film 

profile measurement is not expected to be very large, however it is not negligible. 

 

Fig. 3.12. Profile of the aqueous film, h(r,t) between the bubble and the flat glass surface at 

different measurement times during the holding phase (in which the bubble approach velocity is 

zero) predicted with (a) the NSRYL model and (b) the LSRYL model. Experiments are denoted 

by symbols and models by solid lines. The electrolyte concentration is 100 mM KCl and bubble 

approach velocity of 1000 µm/s corresponds to a capillary number of 1.36×10
-5

. The immobile 

boundary condition at bubble surface was used in the two models. 

To model this experimental data with both the NSRYL and LSRYL model, the     
  is 

considered as adjustable parameter which is set as 14.3 and 26 (correspond to rmax of ~ 1050 µm 

and ~ 1921 µm) for the NSRYL and LSRYL models, respectively. The selected adjustable 

parameter for the NSRYL model is in the order of bubble radius (1200 µm) and is more 

reasonable. It is necessary to mention that the LSRYL model is also able to fit with this 
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experimental data but by considering the rmax much larger than 1921 µm. Compared with the 

bubble radius (1200 µm) this adjustable parameter is not acceptable. As a result, this comparison 

confirms that only the NSRYL model can better predict the behavior of bubble in the 

intermediate capillary number region.
2
  

3.8. Discussion 

In this study we compared the NSRYL model with the LSRYL model for a wide range of 

Ca numbers from 10
-8

 to 10
-3

. Figures 3.13a and 3.13b show the normalized hydrodynamic 

repulsive forces predicted with the NSRYL and LSRYL models, respectively.  Figure 3.13b 

shows that the scaled hydrodynamic repulsive force predicted with the LSRYL model (shown in 

the inset of Figures 3.3c, 3.6c, 3.7c and 3.8c) behaves in a universal way and all collapse into 

one single curve. This result is not surprising since the governing equations of the LSRYL model 

(eqns. 3.14 and 3.15) contain no other physical parameters apart from the scaled disjoining 

pressure which is negligible in this study. Only the boundary condition at        
  has a weak 

logarithmic dependence on the capillary number, eqn. 3.12. 

                                                

2 Another way to model this experimental data is that the rmax is considered the same as the bubble radius 

(rbubble ) for both the NSRYL and LSRYL models and then by changing (or adjusting) the initial thickness 

and so the overlap, try to fit the models with the experimental data and then compare the adjusted initial 
thickness predicted from the two models.  
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Fig. 3.13. Variation of the scaled hydrodynamic force with the scaled film thickness at the axis 

of symmetry with (a) the NSRYL model and (b) the LSRYL model at a wide range of Ca 

numbers. 

Figure 3.13a demonstrates the scaled hydrodynamic repulsive forces predicted with the 

NSRYL model (shown in inset of Figures 3.3c, 3.6c, 3.7c and 3.8c) depend on the Ca number 

and do not behave in a universal way. This observation is due to the appearance of capillary 

number in the Young Laplace equation used in the NSRYL model, as shown in eqn. 3.10. 

Figure 3.13a shows that at a Ca number of ~1.4×10
-8 

both models give the same prediction for 

the scaled hydrodynamic force. At larger Ca numbers the NSRYL model gives a lower 

prediction of hydrodynamic repulsive force than that predicted by the LSRYL model. Figure 

3.13a also indicates that the maximum deviation between the two models to calculate the scaled 

hydrodynamic force occurs at Ca number of ~ 3.4×10
-5

.  

The normalized results of time dependent force predicted with the NSRYL model and the 

LSRYL model over a wide range of Ca numbers are shown in Figures 3.14a and 3.14b, 
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respectively. In all of the normalized results, the bubble initially is at the scaled separation of 150 

from the solid surface. The air bubble is driven toward the solid surface for the scaled 

approaching time of 180 before it is retracted. Again Figure 3.14b shows that the normalized 

time dependent force profiles with the LSRYL model (shown in Figures 3.3a, 3.6a, 3.7a and 

3.8a) behave in a universal way for different Ca numbers. In contrast, Figure 3.14a shows that 

the normalized time dependent force profiles predicted with the NSRYL model (shown in 

Figures 3.3a, 3.6a, 3.7a and 3.8a) depend on the Ca numbers and do not collapse into one single 

curve. The results in Figure 3.14a indicate that at Ca number of ~1.4×10
-8 

both models give the 

same prediction for the scaled force profile. However with increasing the capillary numbers, the 

scaled force decreases first, and reaches to its minimum value at Ca number of ~3.4×10
-5 

and 

increases thereafter at higher Ca numbers.  

 

Fig. 3.14. Variation of the scaled force with the scaled time with the NSRYL model (a) and the 

LSRYL model (b) at a wide range of Ca numbers. 
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The normalized results for the spatial evolution of film profile with the two models (shown 

in the inset of Figures 3.3d, 3.6d, 3.7d and 3.8d) have been summarized in Figure 3.15. From 

Figures 3.15b and 3.15d, the bubble deformations predicted with the LSRYL model over this 

wide range of Ca number all collapse into one single curve, i.e., behave in a universal way. As 

mentioned earlier, this is due to the universal nature of the governing equations in this model.  

Figures 3.15a and 3.15b show the critical film profiles where the dimple initially forms 

predicted with the NSRYL model and the LSRYL model, respectively. The film profiles at the 

end of the approach phase with the NSRYL model and LSRYL model are presented in Figures 

3.15c and 3.15d, respectively.   
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Fig. 3.15. Variation of the scaled film profile with the scaled bubble radius using the NSRYL 

model (a): film profile where bubble initially forms and c: film profile at the end of approach) 

and the LSRYL model (b): film profile where bubble initially forms and d: film profile at the end 

of approach). 

Figure 3.15 shows that at low Ca number of ~1.4×10
-8 

both models provide the same 

prediction for the bubble deformation. This is because at Ca number of ~10
-8 

and lower both 

models provide the same estimation of the hydrodynamic repulsive force, Figure 3.13. 

Therefore, both models predict the same bubble deformation since drop deformation is 

determined by overall force exerted on bubble which is in balance with the hydrodynamic     

pressure, disjoining pressure and capillary forces (Chan et al. 2011). By increasing the capillary 

numbers, the LSRYL model predicts the formation of dimple at larger film thickness, as shown 

in Figure 3.15b. Furthermore these two models give different predictions for the film profile at 

the end of the approach, as shown in Figure 3.15c and d. These differences can be attributed to 

the different estimation of the hydrodynamic repulsive force by these two models, Figure 3.13. 

3.9. Conclusions 

The NSRYL model was presented to describe thin film drainage and non-equilibrium 

interactions between an air bubble and flat solid surface. In the NSRYL model the augmented 

Young Laplace equation is not linearized within the interaction zone. Therefore, the governing 

equations of the NSRYL model depend on the physical parameters of the system via Ca number. 

This model was compared with the LSRYL model over a wide range of Ca number from 10
-8 

to 

10
-3

.  

The simulation results indicate that at Ca number of ~ 10
-8 

or smaller, both the NSRYL 

model and LSRYL model provide the same prediction for bubble deformation, time dependent 
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force and hydrodynamic force. Consequently, both models can be confidently used to infer the 

spatial and temporal evolutions of the film profile as these models are shown to be able to give 

an accurate account of the non-equilibrium forces measured by AFM.  

At Ca > 10
-8,

 the LSRYL model led to over estimation of hydrodynamic repulsive force. The 

maximum difference between the two models was observed at the Ca number of ~3.4×10
-5

. The 

over estimation of hydrodynamic repulsive force by the LSRYL model in turn led to inaccurate 

estimation of bubble deformation and time dependent force profiles.  

At Ca > 10
-8,

 the simulation results indicate that changing the initial separation (i.e., the 

overlap) could provide the same prediction on the time dependent force profiles by these two 

models. However, adjusting the initial separation could not provide the same prediction of 

bubble shape and hydrodynamic repulsive force. Therefore at the Ca numbers larger than 10
-8

, 

even though the LSRYL model is shown to give an accurate account of time dependent force 

profiles, we cannot confidently use the LSRYL model to infer the spatial and temporal evolution 

of the shape of the liquid film trapped between the interacting interfaces. At very high capillary 

numbers the NSRYL model predicts that the bubble behaves like a solid sphere and does not 

deform during the approach phase. In contrast the LSRYL model predicts bubble deformation at 

all capillary numbers tested. 

Validation of simulation results by thin film profile measurement using TFFA, conclude that 

the NSRYL model is more accurate for high Ca number systems. With the NSRYL model, we 

can numerically predict the critical bubble approach velocity where bubble behaves like a solid 

sphere. The NSRYL model provides new opportunities to study the effect of individual physical 

parameters of a system such as bubble size, interfacial tension and bulk viscosity on bubble 

deformation. 
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This study reveals that there is limitation for choosing the rmax in the NSRYL model. 

Approximately, the NSRYL model cannot be solved with rmax larger than the bubble radius. The 

maximum selected rmax in this model is around or the same with the bubble radius.   
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Chapter 4 
 

Measurement and modeling on hydrodynamic forces and deformation of   

an air bubble approaching a solid sphere in liquids with the 

 Integrated thin film drainage apparatus (ITFDA) 

4.1. Introduction 

4.1.1 Background and motivations  

Interaction between bubbles and solid surfaces in aqueous solutions plays a crucial role 

in various industrial processes, most notably in froth flotation which is widely used in the 

separation of mineral particles, treatment of wastewater, recycling of fibers from waste 

paper, removal of toxic components from industrial effluent and separation of biological 

cells (Fuerstenau and Herrera-Urbina Surfactant Science Series 1989; Ødegaard 2001). Since 

the selective attachment of air bubbles and particles determines the separation between 

hydrophobic and hydrophilic particles in a flotation cell, understanding bubble-particle 

interactions in froth flotation is of great importance (Luttrell and Yoon 1992; Yoon 1992). 

An important feature of bubble-particle interaction is drainage of aqueous liquid films 

between air bubbles and solid surfaces under the influence of hydrodynamic and surface 

forces, compounded by bubble deformation. Accounting for such deformations under the 

hydrodynamic forces makes analysis of liquid film drainage dynamics much more 

challenging. Derjaguin and Kussakov (Derjaguin and Kussakov Reprinted in Prog Surface 

Sci 1992) are among the first who analyzed non-equilibrium interactions between an air 
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bubble and a flat mica plate. They showed for the first time dimple formation on the bubble 

surface. 

A number of different experimental techniques have been used to study film drainage 

and time dependent interactions between an air bubble and a solid surface immersed in a 

liquid (Chan et al. 2011). One of the earliest methods to study the drainage dynamics of the 

liquid film involving deformable interfaces was based on the Scheludko cell.  In this 

technique, the captive air bubble was pressed against a flat silica surface through a capillary 

tube, (Platikanov 1964; Ivanov 1988; Blake and Kitchener 1972; Schulze 1975) or by pulling 

out the liquid between two approaching surfaces (Pan and Yoon 2010). The film thickness 

between the two surfaces was measured using an interferometric method which was based on 

multiple reflection and interference of a monochromatic light. Using this method, the time 

evolution of the central liquid film thickness, h(t) , was obtained. Although the Scheludko 

thin liquid film apparatus allowed the thickness of center film to be measured accurately, it 

was not capable of measuring the interaction force between an air bubble and a solid surface.  

The atomic force microscope (AFM), on the other hand, has been widely and effectively 

used to measure both static and dynamic interaction forces of deformable bubbles (Ducker et 

al. 1994; Butt 1994; Fielden et al. 1996; Preuss and Butt 1998) or oil drops (Basu and 

Sharma 1996; Mulvaney et al. 1996; Snyder et al. 1997; Hartley et al. 1999; Aston and Berg 

2001; Bhatt et al. 2001; Chan et al. 2001; Nespolo et al. 2003; Dagastine et al. 2004; Gillies 

and Prestidge 2004) approaching solid probe particles in aqueous solutions. In dynamic 

forces measurements between an air bubble and a solid surface using the AFM probe 

technique, a small air bubble (~500 µm) is placed on a hydrophobic substrate and a spherical 

probe particle is attached to one of AFM cantilevers (Aston and Berg 2002; Dagastine et al. 
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2005; Dagastine et al. 2004). In most of the measurements, the air bubble is moved up and 

down by a piezoelectric transducer to approach and retract from the probe particle (Butt et al. 

1995; Ducker et al. 1994; Fielden et al. 1996). In a few cases, the cantilever is driven to 

approach and retract from the lower air bubble/droplet surface (Butt 1994). Alternatively, 

smaller bubbles or oil drops (~100 µm) can also be attached on the cantilever to measure 

their dynamic interactions with solid surfaces. In all the cases, the interaction force as a 

function of bubble displacement is obtained by monitoring the deflection of the cantilever. 

The AFM colloidal or bubble probe technique allowed direct measurement of interaction 

forces, but provided no direct information on bubble deformation.  

Neither the Scheludko thin liquid film apparatus nor the AFM colloid/bubble probe 

technique is capable of determining simultaneously the deformation of air bubbles and 

colloidal forces. Moreover, the experiments conducted by the thin liquid film apparatus and 

AFM probe technique are mostly in the low Reynolds number regime. For example, the 

reported maximum bubble approach velocity towards a particle in AFM measurement was 

~100 m/s,(Nguyen et al. 2003) corresponding to a bubble Reynolds number of ~0.02 which 

is much lower than the Reynolds number of particles-bubble encounters in a flotation cell.  

To better understand interactions between air bubbles and solid particles in aqueous 

media as encountered in flotation practice, it is important to develop a device that measures 

both forces and bubble deformation in systems of higher Reynolds numbers as encountered 

in mineral flotation practice. For this purpose, an integrated thin film drainage apparatus 

(ITFDA) was developed recently to measure the bubble-particle interactions over a wide 

range of dynamic conditions (Wang et al. 2012; Wang 2013). The ITFDA is capable of 

measuring simultaneously the dynamic forces and the geometric properties of the bubble 
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interacting with solid particles. Using the diaphragm of a high frequency speaker as the drive 

of the bubble, the approach velocity of the bubble to a solid particle can be as high as 5000 

m/s, which gives a bubble Reynolds number of 10, making the ITFDA an ideal device to 

study the bubble-particle interactions under dynamic conditions.  

4.1.2 Coverage and scope  

Historically, the systematic investigation of bubble-particle interactions in the context of 

colloid and interface science began in late 1930’s, with Derjaguin and Kussakov (Derjaguin 

and Kussakov Reprinted in Prog Surface Sci 1992) as the pioneers who studied the behavior 

of a bubble in water rising under buoyancy towards a mica plate. The experiment was 

intended to measure surfaces forces that were the foundation of the Derjaguin-Landau-

Verwey-Overbeek theory of colloidal stability (Derjaguin and Landau 1941; Verwey and 

Overbeek 1948). The short-ranged nature of such forces required measurement using 

molecularly smooth surfaces such as a bubble-mica system. In a typical force measurement 

experiment, one either varies the separation between surfaces and measures the force, or 

imposes a known force and observes how the intervening liquid film thins. In the Derjaguin 

and Kussakov experiments, the buoyancy force was known. However, being a time-

dependent dynamic experiment, it was necessary to track the position of the bubble and the 

separation between the bubble surface and the mica plate as a function of time. Furthermore 

for deformable bubbles, it is also necessary to measure the position and interfacial 

deformation of the bubble as a function of time during the experiment.  These technical and 

theoretical challenges were perhaps too overwhelming at the time for quantitative 

measurements. Nonetheless, Derjaguin and Kussakov were able to infer that the 

hydrodynamic repulsion that arose as the bubble approached the mica plate caused the 
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bubble surface to form a dimple whose shape changed over the time. The work by Derjaguin 

and Kussakov demonstrated that any attempt to measure dynamic forces involving 

deformable bubbles has to be able to: i) control and/or measure the force as a function of 

time; ii) measure the spatial and temporal profile of the bubble or the film thickness between 

the bubble and the solid surface; and iii) control and/or measure the position of the moving 

bubble. Missing any of these elements in an experiment or a theoretical model to interpret the 

experimental results would limit the value of the work. 

Due to technical constraints in instrumentation and allowable size of samples, it is not 

easy to incorporate all the above key elements in every experimental approach. As a 

consequence, many papers that appeared in the past that attempted to study bubble-particle 

interactions, unfortunately only provided partial or in some cases even omitted such 

information. Nevertheless the experimental research coupled with a theoretical framework 

that includes all the afore mentioned key information of dynamic force measurements, has 

provided a good understanding of rather complex systems. This overview on the use of the 

integrated thin film drainage apparatus (ITFDA) should be placed into that context with other 

complementary methods of studying the dynamic interactions between deformable bubbles 

and solid surfaces. 

4.2. Dynamic experimental methods  

In this section, we review complementary methods of studying dynamic bubble-solid 

interactions. Although no single approach was capable of including all key elements of 

dynamic experiments discussed in Section 4.1.2, each concentrated on certain key aspects of 

the system that taken together, will form a complete picture and foster an in-depth 

understanding of a rather complex problem. 
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4.2.1 Free bubble rise method 

There have been a number of experiments that considered the rise of mm-size bubbles in 

water impinging on a horizontal solid surface (Tsao and Koch 1997; Klaseboer et al. 2001; 

Krzan and Malysa 2002; Malysa et al. 2005). These studies focused on the trajectories of the 

bubbles that collided with and bounced from the surface. The bubbles in these studies were 

in the millimeter to hundreds of micron size range, with Reynolds number between 200 and 

600, calculated based on the bubble terminal velocity. The initial bubble-solid surface 

encounter was determined to be dominated by inertia effect. The interaction forces in this 

regime were modeled successfully (Klaseboer et al. 2001). Recently, high-speed 

interferometry has been used to provide information on the film deformation and thin liquid 

film drainage mechanisms in this high Reynolds number regime (Hendrix et al. 2012). 

Using smaller bubbles in the tens of micron size range allowed study of colloidal forces 

between rising bubbles and solid surfaces (Parkinson and Ralston 2010). Under such 

conditions the role of surface forces were shown to play an important role in determining 

thin liquid film drainage dynamics between the bubble and the solid surface (Manica et al. 

2010) 

4.2.2 Bubble expansion methods  

With the bubble rise method, the buoyancy force can be controlled by changing bubble 

size. But in order to measure the bubble deformation and film drainage, a larger interaction 

area between the bubble and the solid surface is needed. Detailed measurements of the 

spatial and temporal evolution of a draining aqueous film between a bubble and a smooth 

hydrophilic quartz plate were made in early 1990’s by Fisher et al.(Fisher et al. 1992). Their 
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study concluded that comparing the results from different laboratories was very difficult if 

not impossible, since the method of forming the draining film profoundly affected its shape 

and the kinetics of the evolution of that shape. They pointed out that not all the authors 

publishing in the field were aware of these limitations. They noted a ‘‘scarcity of data where 

the initial conditions for film formation have been reliably and reproducibly controlled’’.  

In the bubble expansion method, (Fisher et al. 1992; Fisher et al. 1991; Hewitt et al. 

1993) a bubble is forced to emerge rapidly (in less than 1 s) out of a (1 mm inner diameter) 

glass capillary tube held perpendicularly to a quartz plate placed 610 µm away. The 

evolution of the trapped water film between the bubble and the plate was measured by 

interferometry from 5 s after the bubble expansion for over 200 s as the film drainage 

proceeded. This was a constant force experiment where the applied force on the bubble was 

estimated to be ~ 40 µN. The detailed sets of experimental data were only analyzed 

quantitatively some 20 years later (Manica and Chan 2011) using the model discussed in 

Section 4.4.  

4.2.3 Surface forces apparatus  

The surface force apparatus, using fringes of equal chromatic order, has provided 

accurate measurement of film thickness at sub-nanometer resolution in elucidating the 

drainage dynamics of water films trapped between a molecular smooth mica plate and a 

mercury drop (Connor and Horn 2003; Manica et al. 2008). Although the apparatus could 

have been used to measure the force, the early experiments mainly focused on the 

measurement of film drainage process. Such studies provided valuable insights into the role 

of hydrodynamic forces along with repulsive and attractive surface forces in determining the 
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film drainage dynamics that led to either a stable equilibrium film or rupture of the film, 

leading to three phase contact.  

The same experimental technique has been used to study the interaction between a 

bubble and a mica plate in a range of monovalent electrolyte solutions of mM concentration 

range (Pushkarova and Horn 2005; Pushkarova and Horn 2008). From these studies, the 

surface potential of the bubbles was found to be negative, with magnitude being less than 10 

mV. However, the observed force displacement behavior remained unexplained (Pushkarova 

and Horn 2008). This is an area worth further investigation, as it is likely to yield some 

extremely interesting results. 

4.2.4 Atomic force microscope 

Complementary to film drainage measurements using the bubble expansion method or 

the surface force apparatus, the atomic force microscope (AFM) has been adapted to measure 

bubble-particle interactions. The earliest attempts used the colloid-probe technique to 

measure the equilibrium force between a colloid particle and sessile bubble on a substrate in 

electrolyte solutions (Butt 1994; Ducker et al. 1994). With the development of the technique 

to attach small, ultrasonically generated bubbles (~100 µm diameter) in water onto the force-

sensing cantilever, (Vakarelski et al. 2008) the time-dependent force between the bubble and 

a solid surface as the cantilever moved towards and away from the solid surface, was 

measured and modeled. The deformation of the bubble and film drainage between a bubble 

and various substrate materials have been studied using this approach (Manor et al. 2008; 

Manor et al. 2008; Tabor et al. 2011). Unfortunately, the flexibility of the AFM in 

undertaking such measurements was offset by the fact that there was no method to measure 

directly the bubble-surface separation or to determine the extent of bubble deformation 
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during the measurement. Such information had to be inferred from theoretical modeling of 

the drainage process. 

4.2.5  An important but less explored domain 

Due to the experimental design, each of the experimental methods described above to 

study bubble-particle interactions has its own strengths, but also suffers some inherent 

limitations. The free bubble rise method is capable of monitoring the motion, collision and 

bounce of the bubble to and from a solid plate surface over a high Reynolds number regime. 

However, to quantify experimentally the effects of bubble deformation and film drainage 

during the course of collision and bounces between the bubble and the solid surface, 

significant technical challenges remain because of the disconnect between the temporal and 

spatial scales involved. 

Studies of bubble-solid interactions using the bubble expansion method or the surface 

force apparatus yielded accurate and valuable information on bubble deformation and film 

drainage. The inherent design of the apparatus limited the experiments to a low Reynolds 

number regime. While it is possible in principle to measure the time dependent force using 

this approach, this has yet to be attempted. 

In contrast, experiments using the AFM are capable of direct measurement of colloidal 

forces at the nN sensitivity. There is also considerable flexibility and controls in bubble 

approach/retract velocities. However, since only bubbles or particles of sizes ~100 µm or less 

can be used in the AFM experiments, direct and precise measurements of bubble deformation 

is difficult if not impossible. Furthermore in common with SFA studies, experiments with 

AFM are typically confined to the low Reynolds number regime. 
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Therefore a relatively unexplored domain, defined by small to intermediate Reynolds 

numbers, the ability to control the bubble-particle collision trajectory, to measure the extent 

of bubble deformation and the drainage of the trapped film between the deformed bubble and 

the particle, presents fertile opportunities for a different experimental approach. The 

integrated thin film drainage apparatus, in its current stage of the development with potential 

extensions, has the promise of adding to this important knowledge domain.  

4.3. Integrated thin film drainage apparatus (ITFDA)  

The current version of the integrated thin film drainage apparatus (ITFDA) is designed 

to measure the force between a solid glass sphere, as a model particle, and a bubble in 

different liquids. The design principle of the ITFDA is similar to that  of an atomic force 

microscope (AFM) and the surface forces apparatus (SFA). It operates in the millimeter size 

range of bubbles and particles – intermediate between that of the AFM and SFA, and allow 

measurement of interaction forces over a wider range of Reynolds numbers. The ITFDA 

incorporates the strength of both SFA and AFM that features the flexibility of measuring the 

time-dependent forces between the bubble and the particle under controlled variations in 

their relative displacement. The radii of the bubble and particle, the initial bubble-particle 

separation and bubble deformation that occur during the interaction are measured from the 

images of real time videos. Another important attribute of the ITFDA is the ability to modify 

the surface properties of the bubble and the glass sphere in situ during the measurement. This 

capability offers the opportunity to study the effect of surfactants on the liquid-air interface, 

the wetting properties of solid surface and the additives in solution on stability and thin film 

drainage dynamics. All of the experiments used in this chapter are conducted by Louxiang 

Wang in 1 mM KCl solutions of pH 5.6 (Wang 2013). 
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4.3.1 Design features  

A schematic diagram of the key components of the ITFDA and a photo of the bubble-

glass sphere configuration is given in Figure 4.1. The apparatus is housed in a stainless 

liquid chamber with two optical grade transparent windows placed perpendicular to each 

other to permit the view and recording of the bubble approaching the sphere particle during 

the measurement for subsequent analysis.  

A bubble is generated at the end of a vertical glass capillary tube that is immersed in the 

test liquid. It is sealed when the bubble attains the required size to be used for force 

measurements. The glass capillary tube, with the bubble attached is positioned above the 

glass sphere. They are aligned in an axisymmetric configuration with the help of two 

perpendicularly positioned cameras in the plane perpendicular to the axis of symmetry, to 

provide views in orthogonal directions. The axisymmetric alignment facilitates theoretical 

analysis. 

The time-dependent interaction between the bubble and the glass sphere is studied as the 

capillary tube drives the bubble to approach or retract away from the solid sphere in a well- 

controlled manner in terms of the extend of bubble-particle overlap and the bubble-particle 

approach/retract velocities. 

4.3.2 Force sensing bimorph 

The glass sphere is attached to the free end of a bimorph cantilever that is used as a force 

sensor. A piezo ceramic actuator with a dimension of 20 mm × 3 mm × 0.3 mm and a 

capacitance of 20 nF (Fuji Ceramics Corp.), is used to fabricate the force sensor. The 

actuator is enclosed in a fluorinated ethylene propylene sheath and mounted on a small 
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stainless steel chamber. The piezoelectric property of the bimorph material generates an 

electrical potential in response to deformation under an external force, F exerted on the glass 

sphere by the approaching bubble. The deformation of bimorph cantilever is determined by 

measuring the voltage. The bimorph force sensor is calibrated by placing small pieces of 

platinum wire of known mass on the cantilever and determing the voltage generated. The 

cantilever used in this study has a force sensitivity in the µN range.  

The ITFDA measures the interaction force in terms of the calibrated output voltage of 

the bimorph sensor. In contrast, the force measurement in AFM is accomplished by 

determining the deflection of a force sensing cantilever using the optical lever technique and 

a position-sensitive photo diode system. After determining the effective spring constant of 

the cantilever, the force is obtained from the product of deflection and the effective spring 

constant of the cantilever.  

 

Fig. 4.1 (a) Schematic diagram of the key components and characteristic parameters of the 

ITFDA: the time-dependent separation distance between the lower surface of the bubble and the 

top surface of the glass sphere at a distance r from the axis of symmetry, h(r,t); inner radius of 

the glass capillary tube, rc; angle of the bubble on the bottom of the capillary tube, θ; bubble 
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radius, Rb; glass sphere radius, Rg; the position of the glass capillary tube relative to the fixed end 

of the cantilever, X(t); and the deflection of the bimorph cantilever, S(t). (b) Photograph of the 

bubble at the end of the glass capillary tube above the glass sphere. The red line and green square 

are drawn to confirm the symmetry of the bubble. 

4.3.3 The glass sphere 

The glass sphere attached to the bimorph used in the current study is obtained by melting 

a 1.5 ± 0.1 mm diameter Pyrex rod under a butane-oxygen flame until the surface tension of 

the melting Pyrex produces nearly a spherical surface with a diameter of 4.5 ± 0.2 mm. The 

spheres prepared this way are molecularly smooth with a peak-to-peak roughness determined 

by AFM imaging to be less than 1.2 nm.  

4.3.4 Bubble generation and displacement control 

The air bubble is generated using a micro-syringe at the end of the glass capillary tube of 

1.10 ± 0.01 mm inner diameter (Fisher Scientific). The end of the glass tube is placed under a 

butane flame to create a smooth end appropriate for bubble generation and force 

measurements. Extreme caution is taken to avoid overheating of the tube to ensure a uniform 

geometric symmetry at the end of the capillary tube. The bubble generation process and its 

size are monitored by real-time video observations. This arrangement allows reproducible 

generation of bubbles with desired diameters of 1.46 ± 0.01 mm. The other end of the 

capillary is attached to the diaphragm of a speaker that is used to control the vertical 

displacement of the capillary tube. A computer-generated waveform is used to control the 

patterns of the diaphragm displacement that in turn drives the attached air bubble towards or 

away from the lower glass sphere in the desired manner.  
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4.3.5 Force measurement protocol  

For a typical force measurement, a fresh air bubble was generated at the end of the glass 

capillary tube. The bubble size and the gap between the bubble and the glass sphere were 

precisely controlled with the aid of two CCD cameras positioned perpendicular  to each other. 

The glass capillary tube, with the attached air bubble, was driven towards and then away 

from the lower glass sphere by the diaphragm of the speaker. A typical approach-retract 

cycle that records variations of the capillary tube position with time, t, is shown in Figure 

4.2. The capillary tube with the bubble attached is first driven towards the lower glass sphere 

by decreasing the distance X(t) between the capillary tube and the fixed end of the cantilever 

(Figure 4.1) in the approach part of the cycle. The voltage to the speaker is then reversed to 

move upward the air bubble away from the glass surface in retraction phase. The time-

dependent voltage applied to the speaker, the actual displacement recorded with a position 

sensitive displacement sensor and bimorph output are recorded for the approach-retract cycle 

and synchronized with the video recording the bubble shape using two CCD cameras placed 

in orthogonal orientations in the plane normal to the direction of bubble displacement.  

Change in the position of glass tube, X(t), is measured by a displacement sensor with a 

detection sensitivity of 5 μm, mounted on the speaker diaphragm. The measured X(t) 

(dotted line) in Figure 4.2a was fitted with a polynomial function to obtain a smooth curve 

(solid line) and hence facilitate the determination of capillary displacement velocity. The 

instantaneous velocity dX(t)/dt was obtained by differentiating this polynomial function as 

shown in Figure 4.2b. The instantaneous values of X(t) and dX(t)/dt were used in all data 

analysis and modeling. 

The initial distance of the closest approach between the bubble and the glass spheres is 
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set to ho = 120 ± 10 µm and the maximum displacement of the capillary tube is set to 160 ± 5 

µm (see Figure 4.2). Such a combination of settings translates to an overlap of the bubble 

and the solid sphere by 40 µm. The ability to measure or specify the initial separation and the 

maximum displacement between the bubble and the sphere, and hence the bubble-particle 

overlap in the ITFDA is one of the advantages of the ITFDA over the AFM. 

 

Fig. 4.2 (a) The measured (points) displacement of the capillary tube ΔX(t) and the 

corresponding polynomial fit (line); and (b) the instantaneous velocity dX(t)/dt (see Figure 

4.1) obtained by differentiating the polynomial, as a function of measurement time. The 

nominal velocity of the approach-retract cycle is 33.4 µm/s. The maximum displacement is 

160 µm.  

  By varying the approach and retract time of the capillary tube for a given displacement, 

the bubble can be driven with nominal velocity from around 30 μm/s to 140 μm/s. In the 

experiment, at least 10 measurements were conducted for each set of conditions. For noise 

reduction, the force signal was processed through a low pass filter with a cut-off frequency 

of 10 Hz. 

The initial separation between the bubble and the glass sphere, ho, the radius of the 
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bubble, Rb, the radius of the glass sphere, Rg, as well as the angle subtended by the bubble at 

the end of the capillary tube, θ (Figure 4.1) can all be determined from the recorded images, 

using the image analysis program interfaced with LabVIEW 8.0. 

4.3.6 Cantilever deflection 

Quantitative modeling of the experimentally measured forces requires to know the value 

of the instantaneous cantilever deflection, S(t). With the linear-dependence of F on the 

deflection S as verified independently, the measured deflection, S(t) of the force sensing 

bimorph allows the calculation of the applied force, F(t) by F(t) = K S(t), if the cantilever 

spring constant, K is available. The bimorph cantilever used in this study has a spring 

constant K in the range of 60 - 70 N/m. To determine S(t) from the measured voltage, the 

relation between the charge (or voltage) developed in the bimorph and the displacement of 

the bimorph, S(t) is first established by placing the glass capillary tube in the direct contact 

with the bimorph cantilever and measure the output voltage of the bimorph due to the change 

in the capillary tube displacement, ΔX(t) that is now equal to the change in the cantilever 

deflection ΔS(t) (see Figure 4.1).  

4.4. Theoretical model  

The theoretical framework that we used to model the measurements of the hydrodynamic 

interaction between a deformable bubble and a glass sphere was established in the third 

chapter of this thesis. Readers are referred to the third chapter of this thesis for a more 

detailed description of the theoretical model. In brief, drainage of the liquid film between the 

bubble and the sphere is described by the Reynolds lubrication theory under Stokes flow. 

This theory relates the evolution of the position- and time-dependent separation, h(r,t) to the 
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hydrodynamic pressure, p(r,t) and the disjoining pressure, П(h(r,t)) arisen from the surface 

forces in the film. The deformation of the liquid-air interface of the bubble is described by 

the non-linearized Young-Laplace equation. The approach is known as the non-linearized 

Stokes-Reynolds-Young-Laplace (NSRYL) model. In the experiments with the ITFDA, the 

displacement function, X(t) of the glass capillary tube drives the space-time evolution of 

these equations. 

4.4.1 Governing equations 

The Stokes-Reynolds equation for film evolution is given by 
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 (4.1) 

where µ is the shear viscosity of the Newtonian liquid. Implicit in eqn. 4.1 is that the 

hydrodynamic boundary condition at the bubble surface is the same as the tangentially 

immobile condition that holds at the glass surface. The usual assumption of a zero tangential 

stress condition at the bubble surface was found to result in a drainage rate that is too fast as 

compared to the observations with the ITFDA. Trace surface impurities are suggested as 

being responsible for the observed immobile boundary condition at the bubble surface.  

The liquid-air interface of the film deforms as a result of the hydrodynamic pressure in 

the film. According to the Young-Laplace model, the film thickness is governed by the 

equation: 
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where   is the surface tension of liquid (Chan et al. 2011). The mean radius, R is defined as a 

characteristic value of the pressure: ( /R) in this problem.  

The Laplace pressure, that is the pressure difference between the interior and the exterior 

of a spherical bubble of radius Rb, is given by (2 /Rb). If the bubble at the end of the 

capillary tube is deformed as a result of interaction, its Laplace pressure will change to 

(2 /RL). If the deformation is small then the approximation: RL  Rb would hold. We can then 

approximate R in eqn. 4.2 by  
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With the initial parabolic profile 

           
  

  
 

 (4.4) 

Eqns. 4.1 and 4.2 are solved in the domain of 0 ≤ r ≤ rmax where the motion of the glass 

capillary tube enters in the boundary condition at r = rmax 
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with D(t)  S(t) + X(t) = F(t)/K + X(t), 
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and the force F(t) is given by 

       ∫ [                    ]     
 

 

 
(4.7) 

In the current study of hydrodynamic interactions using the ITFDA, the effect of the 

disjoining pressure, П(h(r,t)) due to surface forces is negligible because the liquid film 

between the bubble and the glass sphere remains much thicker than the operative range of П, 

which was confirmed experimentally by observing a negligible effect of changing aqueous 

solution pH and electrolyte concentration on the measured force profiles in the current study.  

4.4.2 Scaling and universality of the governing equations  

The non-linearized Stokes-Reynolds-Young-Laplace equations can be cast into a 

universal form with the following scaling in which the dimensionless variables are denoted 

by asterisks:
 36
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(4.8) 

where V ~ dX(t)/dt  is a characteristic velocity and Ca  µV/   is the capillary number that 

measures the ratio of viscous forces to capillary forces. In the present ITFDA experiments, 

the capillary number is small: Ca ~ 10
–6

.  
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In terms of the scaled variables, the Stokes-Reynolds equation that describes film drainage 

between a bubble and a solid sphere, eqn. 4.1, becomes 
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and eqn. 4.2 for film thickness becomes 
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The initial condition, eqn. 4.4 now has the form 

  

h
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A remarkable observation is that these scaled equations depend on the physical 

parameters system via capillary number and disjoining pressure in eqn. 4.10. The boundary 

condition at r
*

max, eqn. 4.5, with dX(t)/dt ~ –V, also has a weak logarithmic dependence on 

the capillary number Ca: 
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(4.12) 

Eqn. 4.12 provides the dependence of film drainage on the interfacial tension and the fluid 

viscosity. The left hand side of eqn. 4.10 represents the small deformation approximation of 

mean curvature of h
*
. If the disjoining pressure is negligible, that is П << ( /R), then this 

curvature changes sign when the scaled pressure p
*
  (R/ ) p has the numerical value of 2.  
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The governing equations, eqns. 4.9 and 4.10 together constitute a differential algebraic 

equation system and can be solved numerically to find the temporal evolution of the 

drainage, deformation of air/liquid interface, and the time dependent forces between 

interacting air bubble and glass sphere. The NSRYL model provides a consistency check on 

results obtained with the ITFDA using fluids of different interfacial tensions and fluid 

viscosities. We will see a demonstration of this application in Section 4.5. 

4.5. Experiments with hydrophilic glass 

Now we present results of force measurements between a bubble and a glass sphere in 

aqueous electrolyte solutions, ethanol and silicone oil using the ITFDA. These fluids are 

chosen to demonstrate the flexibility of the ITFDA: being able to measure hydrodynamic 

interaction in a fluid over a wide range of surface tension, fluid viscosity and driving speed. 

The results will be compared with the non-linearized Stokes-Reynolds-Young-Laplace 

(NSRYL) model outlined in Section 4.4. 

To facilitate comparison across the three liquids, the glass sphere is rendered hydrophilic 

to avoid any possible hydrophobic attraction between the bubble and the glass that might 

rupture the intervening liquid film. A summary of material properties and characteristics of 

the ITFDA is given in Table 4.1. Aqueous KCl electrolyte solution and ethanol have nearly 

identical viscosities but with surface tensions that differ by a factor of 3, whereas ethanol and 

silicone oil have nearly identical surface tensions but have viscosities that differ by a factor 

of 55. Thus measurements using this triplet of fluids allow us to delineate the effects of 

interfacial tension and fluid viscosity on thin liquid film drainage dynamics and validate the 

applicability of NSRYL model over a wider range of fluids and Reynolds numbers.  
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Table 4.1 Material constants and ITFDA parameters. 

Bubble radius, Rb 730 ± 5 µm 

Particle radius, Rg 2200 ± 50 µm 

Geometric mean radius, R 550 µm 

  

Bubble angle at capillary tube,   132º 

  

Surface tension,       – KCl solution 71 mN/m 

           – ethanol 22 mN/m 

           – silicone oil  22 mN/m 

  

Viscosity, µ       – KCl solution  1 mPa s 

         – ethanol  1 mPa s 

         – silicone oil  55 mPa s 

  

Bimorph cantilever constant, K 64 ± 4 N/m 

Initial separation, h(0,0) 123 ± 3 µm 

Maximum displacement, ΔXmax 160 µm 

KCl 1mM 

pH 5.6 

Zeta potential of air bubble -30 mV 

Zeta potential of glass sphere -50 mV 

Hamaker constant -8×10
-21

 J 

4.5.1 Surface treatment 

The capillary tube and the glass sphere were treated in freshly prepared piranha solutions 

(3:1 v/v H2SO4:H2O2) at 80ºC – 90ºC for 30 min, rinsed thoroughly with Milli-Q water and 

blow-dried using an ultra-pure nitrogen stream. The surfaces prepared in this manner were 

free of contamination and completely water wettable. The sample chamber was cleaned in 

the anhydrous ethyl alcohol (Commercial Alcohols Inc.) under ultrasonication for half an 

hour, rinsed with de-ionized water and then blow-dried with ultrapure nitrogen. The bimorph 

beam was mounted on to the chamber wall. A glass sphere was clamped at the free end of the 

bimorph in a dust-free laminar flow environment. The chamber was then filled with test 
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solutions and placed on a three-dimensional translation stage. The capillary tube was filled 

with fresh air before being immersed into the solution. The system was then left for two 

hours to equilibrate the interfaces and to stabilize the bimorph signal before any 

measurement. 

4.5.2 Interaction in aqueous electrolyte solutions 

An example of the time-dependent force profile between an air bubble and a hydrophilic 

glass sphere in 1 mM KCl aqueous electrolye solution of pH 5.6, measured using the ITFDA, 

is shown in Figure 4.3a. The bubble, initially at a separation of 120 µm from the glass 

sphere, is first driven towards the sphere by moving the capillary tube at a nominal velocity 

of 33 µm/s for 160 µm and is then retracted at the same velocity. The repulsive force, rising 

towards the maximum during the approach phase is solely due to hydrodynamic repulsion, 

counterbalanced by the Laplace pressure force from the bubble. The force then decreases at 

the commencement of the retraction phase. The attractive (negative) force minimum is 

attributed to hydrodynamic suction as the bubble separates from the glass sphere.  Using the 

system parameters in Table 4.1, the prediction of the time dependent force from the non-

linearized Stokes-Reynolds-Young-Laplace model is in good agreement with the 

experimental data.  
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Fig. 4.3 Variation of the force F(t) – experiment (dashed line) and model (solid line), calculated 

central film thickness h(0,t) and central pressure p(0,t) as a function of measurement time for an 

air bubble approaching a solid sphere in aqueous electrolyte solution of 1 mM KCl and pH = 5.6 

at nominal velocity of 33 µm/s, corresponding to a Reynolds number Re = 0.05 and capillary 

number of ~ 4.6×10
-7

. Insets of (a): photographs of the bubble and the glass sphere at times 

corresponding to point B, D and F on the force curve. 

In Figure 4.3b, we show the predicted film thickness at the axis of symmetry, h(0,t) as a 

function of measuremnt time. When the force is repulsive, h(0,t) remains approximately 

constant at 310 nm, but briefly attains a minimum value of around 61 nm at the attactive 
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force minimum. In Figure 4.3c. we show the hydrodynamic pressure, p(0,t) at the same 

position. When the force is repulsive, p(0,t) has the constant value of 129 Pa. The force 

minimum is the consequence of the hydrodynamic suction at the negative pressure minimum 

of –860 Pa and h(0,t) ~  61 nm.  

However, both the variation of the film thickness profile, h(r,t) and the pressure profile,  

p(r,t) within the film are more complex and interesting. In Figures 4.4a and 4.4b, we show 

the film profile, h(r,t) at various times along the force profile, F(t) indicated in Figure 4.3a. 

One key feature is the initial development of a dimple at point B, when the film thickness is 

~ 310 nm. The dimple grows to a maximum size at the force maximum (point D) with a 

dimple rim radius of ~ 110 µm. The minimum film thicknesss of ~ 170 nm occurs at the 

dimple rim.  

As discussed in Section 4.4.2, the initial formation of the dimple at a film thickness ~ 

310 nm is due to hydrodynamic repulsion, as the disjoining pressure arising from surface 

forces at such large saparations is negligible. Indeed, turning now to Figure 4.4c for the 

hydrodynamic pressure, we see that at point B, the hydrodynamic pressure p reaches (2 /R), 

scaled Laplace pressure p
*
  (2 /R) p = 2 of the bubble, when the dimple begins to develop.  

During the retraction phase (points D to G in Figure 4.4b), the thickness of most parts of 

the film increases with retraction from D to G, except around the axis of symmetry r = 0. In 

fact, we see in Figures 4.3b and 4.4b that h(0,t) actually decreases to a minimum value ~ 61 

nm at point F, corresponding to the force minimum, before increasing with further retraction. 

This negative pressure is the hydrodynamic suction that gives rise to an attractive retraction 

minimum in the force profile.  
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Fig. 4.4 Thickness of the aqueous film, h(r,t) between the bubble and the glass sphere at 

different measurement times during (a) approach and (b) retraction; and the hydrodynamic 

pressure profile, p(r,t) scaled by ( /R) = 64.5 Pa in the water film during (c) approach and (d) 

retraction. As in Figure 4.3, the electrolyte concentration is 1 mM KCl and the nominal velocity, 

33 µm/s. 

The experiment in Figure 4.3 corresponds to a Reynolds number, Re = 2RρV/µ = 0.05. 

In Figure 4.5 we compare the experimental and theoretical results taken at Re = 0.2, 

corresponding to a nominal bubble velocity of 134 µm/s which is 4 times larger than that for 

the experiment in Figure 4.3, with all other experimental parameters such as bubble size, 

initial separation and total displacement being the same as used in the experiment described 

in Figure 4.3. Qualitatively the results in Figures 4.3 and 4.5 are similar. However, we note 

that the force maximum under higher approach velocity shown in Figure 4.5a is smaller than 

that shown in Figure 4.3a. The result can be understood by investigating bubble deformation 

shown in Figures 4.5d and 4.5e.  
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Fig. 4.5 Variation of the force F(t) – experiment (points) and model (line), calculated central film 

thickness h(0,t) and central pressure p(0,t) as a function of measurement time for an air bubble 

approaching a solid sphere in aqueous electrolyte (1 mM KCl, pH = 5.6) at nominal velocity of 

134 µm/s, corresponding to a Reynolds number Re = 0.2 and capillary number of ~ 1.8×10
-6

. 

Insets: photographs of the bubble and the glass sphere at times indicated on the force curve.  

Since the bubbles have identical radii in both experiments, they have the same Laplace 

pressure: 2 /R = 129 Pa. As the hydrodynamic pressure in the water film due to the approach 
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of the bubble increases to 2 /R, the bubble surface will flatten, resulting in an increase in the 

intervening film (interaction) area. At higher approach velocity of 134 µm/s or higher Re of 

0.2 (Figure 4.5), the hydrodynamic pressure reaches the Laplace pressure at a larger bubble-

particle separation of 635 nm, as compared to the separation of 310 nm for bubble 

approaching at 33 µm/s or Re = 0.05 (Figure 4.3), see curve B in Figures 4.5d and 4.5e. The 

radial extent of the dimple at 134 µm/s or Re = 0.2 is smaller, expanding to around 75 µm 

(curve D in Figure 4.5e) in comparison to around 110 µm for the case of bubble approach 

velocity of 33 µm/s or Re = 0.05 (curve D in Figure 4.5d). Since the force is approximately 

the product of the Laplace pressure and the flattened film area, the smaller flatterned area (or 

radius) at higher bubble approach velocity of 134 µm/s or Re = 0.2 is responsible for the 

observed smaller force maximum.  

It is interesting to note that the minimum film thickness reached before retraction is 50% 

thinner at 61 nm for the lower bubble approach velocity case, as compared to 126 nm for the 

higher bubble approach velocity case. In the context of interactions involving deformable 

surfaces, an important finding from this study is that with all other things being equal, slower 

bubble approach velocity will result in the formation of thinner liquid films. This is in 

contrast to rigid bodies in which a faster drive velocity will lead to smaller separations.  

4.5.3 Interaction in ethanol and silicone oil  

In Figure 4.6 we show the effects of varying the surface tension of liquid by using 

ethanol with a surface tension about one third of the surface tension of water. The effect of 

liquid viscosity is shown in Figure 4.7 by conducting the measurements in silicone oil which 

has a viscosity 54 times higher than the viscosity of ethanol but the same surface tension as 

ethanol (see Table 4.1). 
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The essential difference between the results obtained in water and in ethanol can be 

understood in terms of the difference in Laplace pressure, 2 /R, for the two liquids. For the 

same size of air bubble, the Laplace pressure of air bubble in ethanol is 40 Pa, in comparison 

to 129 Pa for the air bubble in water. Such a difference in the Laplace pressure of the air 

bubble means that with all other things being equal, bubble deformation in ethanol will occur 

at smaller hydrodynamic forces, translating to larger separation distances as shown in 

Figures 4.6d and 4.6e. By the same reasoning developed to account for the decreased 

maximum repulsive forces with increasing bubble approach velocity in water, the maximum 

repulsive force in ethanol at the same bubble approach velocity is found to be only about 

one-thirds of the value obtained for water. 

For an air bubble approaching a solid sphere at 33.4 µm/s in the silicone oil having a 

viscosity 54 times higher than the viscosity of water or ethanol, although the Reynolds 

number is small ~ 10
–4

, the hydrodynamic pressure on the solid sphere from the motion of 

the bubble is much higher. As a result, a larger repulsive force (Figure 4.7a) and a stronger 

hydrodynamic pull-off adhesion (Figure 4.7c) are measured in the silicon oil than in the 

ethanol, although both have the same surface tension of the liquid. Such differences are again 

accounted for by the deformation and flattening of the bubble, now occurring at a much 

larger separation distance of about 4,125 nm in silicon oil, as compared to 600 nm for the 

bubble approaching the solid sphere at the same bubble velocity in the ethanol that has the 

same Laplace pressure of 40 Pa. 
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Fig. 4.6 Variation of the force F(t) – experiment (points) and model (line) along with the 

calculated central film thickness h(0,t) and central pressure p(0,t) as a function of 

measurement time of an air bubble approaching a solid sphere in ethanol at the nominal 

velocity of 33.4 µm/s, , corresponding to a Reynolds number Re = 0.05 and capillary number 

of ~ 1.4×10
-6

. Insets: photographs of the bubble and the glass sphere at the times indicated on 

the force curve. 
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Fig. 4.7 Variation of the force F(t) – experiment (points) and model (line) along with the 

calculated central film thickness h(0,t) and central pressure p(0,t) as a function of measurement 

time of an air bubble approaching a solid sphere in silicone oil at nominal velocity of 33.4 µm/s, 

corresponding to a Reynolds number Re = 10
–4 

and capillary number of 9.1×10
-5

. Insets: photos 

of the bubble and the glass sphere at the times indicated on the force curve. 

4.5.4 Scaling of experimental results  

The above experiments of measuring the hydrodynamic forces between bubbles and 
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solid glass spheres in water, ethanol and silicone oil of different surface tensions and 

viscosities are conducted using the ITFDA at small Reynolds number, Re (< 0.2) and small 

capillary number, Ca (~ 10
–6

), which allows us to compare the experimental results and 

theoretical predictions. In Figure 4.8, the measured contact diameters between the bubble 

and the glass sphere from the side view cameras for all the systems studied are compared 

with the predicted contact diameter or twice the dimple radius, Rf. Considering such a wide 

range of experimental conditions, the agreement is considered remarkably good, 

demonstrating not only the excellent capability of the newly designed ITFDA for studying 

hydrodynamic interactions between deformable surfaces, but also the wider range 

applicability of non-linearized Stokes-Reynolds-Young-Laplace model. 

 

Fig. 4.8 A comparison between the measured and the calculated contact diameter between the 

bubble and the glass sphere in water, ethanol and silicone oil under different approach 

velocities in the repulsive part of the force profiles given in Figures 4.3, 4.5- 4.7. 

To further understand the measured variation of repulsive forces with bubble approach 

velocity, liquid surface tension and viscosity, the measured repulsive forces scaled by 
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Laplace pressure of bubble (2 /Rb) are plotted as a function of film area in Figure 4.9. The 

good correlation between the two parameters suggests that in the absence of surface forces 

(i.e., when the disjoining pressure is very small or negligible), the Laplace pressure of bubble 

during interaction counterbalances the hydrodynamic force which drives bubble deformation. 

Even at relatively high hydrodynamic forces or large deformations, the measured repulsive 

force can be estimated from the product of the Laplace pressure of the undeformed bubble 

and the observed film area.  

 

Fig. 4.9 Correlation between the measured repulsive forces normalized by capillary pressure 

(2 /Rb) and the film area between the bubble and the glass sphere in water, ethanol and silicone 

oil under different drive conditions. 

4.6. Conclusions and future perspectives 

With the ability to measure forces and deformations simultaneously, the development of 

the ITFDA makes it possible to delineate details of the system physics. The ITFDA offers the 

flexibility to vary parameters such as displacement velocity, interfacial tension and viscosity 
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of the fluids and the chemistry to modify the solid surface to variable wettabilities. The 

excellent agreement between the measured in the three fluids of very distinct 

physicochemical properties (viscosity, surface tension and polarity) and the predicted 

interaction forces demonstrates that the NSRYL model can be applied to the systems of a 

wider range of bubble approach velocity, liquid interfacial tension and viscosity. The 

excellent agreement also makes it possible to use the model to infer quantitative information 

about film profiles during the bubble approach-retraction. The simulation results indicate that 

the minimum film thickness in approach phase is thinner for the system of low bubble 

approach velocity, and/or low viscosity and high surface tension of the liquids. The 

agreement between the measured and predicted contact diameter shows the capability of 

ITFDA to accurately measure bubble deformation. The linear relationship between the 

normalized repulsive force by Laplace pressure and bubble deformation confirms the 

interdependence between bubble deformation and the strength of the hydrodynamic 

interaction forces. The results from this study also suggest that even under the relatively high 

hydrodynamic forces or large deformations, the force can be estimated from the product of 

the Laplace pressure of the un-deformed bubble and the film areas. It is our intention to 

further measure the bubble profile with similar experimental systems to fill the gap of 

confirming theoretical prediction with experimental results. In principle, the film thickness 

profile between the glass sphere and the deforming bubble can be measured by 

interferometry. This is an obvious direction for further development of this apparatus. 
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Chapter 5 

Effect of hydrophobicity and bubble approach velocity on stability of 

wetting films between bubble and glass surfaces studied by  

non-linearized SRYL (NSRYL) model 

5.1. Introduction 

Wetting films form when bubbles and oil droplets approach a solid in an immiscible liquid 

(often water). Studying stability of wetting films is a major subject of surface and colloidal 

science. Many industrial processes such as foaming, emulsification, flotation and oil recovery 

operations depend on the stability of the intervening liquid films within these dispersion systems. 

In flotation, for example, the success of air bubble-particle attachment depends largely on the 

stability and drainage rate of thin liquid film between a solid particle and an air bubble (Yoon 

2000; Nguyen and Schulze 2004; Nguyen et al. 1997). If the intervening aqueous film is 

unstable, the particles can attach to the bubble and float, otherwise no flotation would be 

possible. Thus, control of the stability of thin liquid film is of critical importance in flotation. 

Furthermore flotation of valuable particles is achieved through their selective attachment to air 

bubbles. According to the classical DLVO theory, the key parameter controlling the thin liquid 

film stability is the balance between the electrostatic and van der Waals forces. The concept of 

the classical DLVO theory proposed by Derjaguin-Landau (Deryagin and Khim 1940) and 

Verwey-Overbeek, (Verwey and Overbeek 1948) served as a basis for studying the stability of 

the wetting films and colloidal suspensions. However subsequent investigations showed that for 

many systems the classical DLVO theory fails to predict the stability of thin liquid films 
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(Lyklema and Mysels 1965; Tchaliovska et al. 1994; Yoon and Aksoy 1999). This discrepancy 

arises from hydrodynamic fluctuations (Ruckenstein and Churaev 1991) and/or the presence of 

other colloidal forces such as hydrophobic forces (Yoon and Aksoy 1999; Wang and Yoon 2004; 

Angarska et al. 2004). To resolve this controversy, an extended DLVO theory was proposed to 

include the hydrophobic attractive force in the classical DLVO theory (Yoon and Mao 1996; 

Mao and Yoon 1997). Furthermore in dynamic system, the hydrodynamic resistance force plays 

a crucial role in determining the drainage of thin liquid films. The complex interaction of 

hydrodynamic and surface forces (components of extended DLVO theory) ultimately controls 

the stability of wetting films between an air bubble and a solid particle in a liquid (water).  

Early fundamental studies of thin films were conducted in specially designed capillary cells, 

referred to as Scheludko-Exerowa cells (Platikanov 1964; Ivanov 1988; Blake and Kitchener 

1972). The technique has been used to indirectly examine the surface forces. In this technique a 

captive bubble was pressed against a flat silica surface to observe the time dependent drainage 

and stability of thin liquid films using an optical interferometer. A stable aqueous film was 

formed between an air bubble and a hydrophilic flat silica surface as a result of repulsive van der 

Waals and electrostatic double layer forces. The adsorption of cationic surfactants made the 

negatively charged silica surface hydrophobic. As a result the intervening liquid film became 

meta-stable and susceptible to spontaneous rupture (Schulze et al. 2001; Aronson and Princen 

1978). It was observed that the rate of film drainage increased by increasing surface 

hydrophobicity (Pan and Yoon 2010; Pan et al. 2011). Numerous researches have been carried 

out with the colloidal probe technique in AFM invented by Bining et al. (Binnig et al. 1986) to 

study the stability of thin liquid wetting films. One of the common applications of AFM is direct 

force measurement to investigate hydrodynamic and surface forces involved in stabilizing thin 



120 

 

liquid films.  The interaction force between an air bubble and a solid was measured with AFM 

first by Butt (Butt 1994) and Ducker et al. (Ducker et al. 1991; Ducker et al. 1994). The AFM 

technique was further refined by Fielden et al. (Fielden et al. 1996).  In their experiments, an air 

bubble was placed on a hydrophobic surface. A spherical particle was attached to the cantilever 

of AFM, which functioned as the probe of interaction forces. The net interaction force was 

measured by recording the cantilever deflection in response to the interactions between the probe 

and bubble surface using a split photodiode detector. Using this technique, it was observed that 

for hydrophobic particles there is a “jump to contact” into the air bubble at a critical distance. 

The jump-to-contact distance was found to be related to surface hydrophobicity and to be much 

larger for strongly hydrophobic surfaces (Preuss and Butt 1998; Preuss and Butt 1998). In fact 

the jump-to-contact distance of the particle into the air bubble is a strong indicator of the solid 

hydrophobicity. The hydrophobic attractive force is related to contact angle of particles. The 

hydrophobic force becomes stronger and accelerates film drainage for surfaces of larger contact 

angles (Fielden et al. 1996; Nguyen et al. 2003; Ishida 2007).  The AFM has also been used for 

study of hydrodynamic interactions between a mineral particle and an air bubble. However, the 

force measurements were mainly carried out at low approach speed (up to ~100 µm/s) so that the 

hydrodynamic force of the system was not comparable with the hydrodynamic forces of real 

systems, such as in flotation cells. The range and magnitude of the hydrodynamic force were 

found to increase significantly with increasing approach speed (Nguyen et al. 2003; Ishida 2007). 

As a result, the spontaneous rupture of the intervening liquid film was observed at very low 

approaching velocity (Butt 1994; Ducker et al. 1994; Fielden et al. 1996; Preuss and Butt 1998). 

Another technique to directly measure the interaction forces between two approaching interfaces 

is the integrated thin film drainage apparatus (Wang et al. 2012; Wang et al. 2013). The design 
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principle of the ITFDA is similar to the atomic force microscope (AFM). The ITFDA 

incorporates the strength of AFM in having the flexibility to measure the time-dependent forces 

between the bubble and particle under well-controlled relative displacement. This technique is 

able to operate at much greater approaching velocity (up to ~ 5000 µm/s) which makes this 

technique capable of studying hydrodynamic conditions closer to the real system such as 

encountered in flotation.  Under flotation conditions, hydrodynamic resistance force dominates 

the total force until the separation between the two surfaces reduces to approximately “jump to 

contact” distance. This is where the attractive hydrophobic force prevails the film drainage 

resistance, which results in a spontaneous film rupture and leads to the formation of three phase 

contact (TPC). The energy barrier between two interacting surfaces is mainly the result of 

counterbalance between hydrophobic, hydrodynamic, electrostatic and van der Waals forces 

(Yoon and Mao 1996). The external energy of an air bubble approaching a particle must be 

larger than the energy barrier to reach a thermodynamically stable state of TPC after a 

spontaneous film rupture.  

The time needed for the film drainage, i.e., the thinning of intervening liquid film to a 

critical thickness (jump to contact distance) where rupture occurs, is known as the induction time 

(Yoon and Yordan 1991; Ye et al. 1989).  Induction time between an air bubble and mineral 

particles has received extensive attention by researchers (Yoon and Yordan 1991; Ye et al. 1989; 

Gu et al. 2003; Nguyen et al. 1997; Nguyen et al. 1997). The induction time is a critical 

parameter needed to model bubble-particle attachment in flotation. A shorter induction time 

corresponds to a higher probability of bubble-particle attachment (Yoon and Yordan 1991; 

Laskowski et al. 1992; Coons et al. 2003).  
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The critical thickness, where the film rupture occurs, has been the subject of several 

theoretical and experimental investigations during the past four decades (Vrij 1966; Radoev et al. 

1983; Valkovska et al. 2002; Scheludko and Manev 1968; Ivanov et al. 1970; Manev et al. 1974; 

Sharma and Ruckenstein 1987; Angarska and Manev 2001; Coons et al. 2003). In these early 

studies to estimate the critical film thickness, the approximate equations describing film drainage 

(Manev et al. 1997; Coons et al. 2003) and corrugation growth rate derived from linear stability 

studies (Vrij 1966; Sharma and Ruckenstein 1987; Coons et al. 2003) have been used. However, 

the experimental verification of the theories for the critical film thickness has been carried out 

using systems of varying conditions, which makes the comparison of the theories and 

verification of their validity difficult. In spite of comprehensive review by Coons et al. (Coons et 

al. 2003) that summarized the previously available data, there is still lack of direct comparison of 

the experimentally measured and theoretically predicted critical film thickness obtained under 

the same and well defined conditions. Despite the numerous efforts, there are significant 

confusions and uncertainties to predict critical film thickness from physiochemical properties of 

the system.   

In this study we use the Young-Laplace equation to model bubble deformation and the 

Reynolds lubrication theory to account for hydrodynamic interactions with both no-slip and full 

slip boundary conditions at the bubble surface. The complete non-linear form of the governing 

equations was used with no simplifications. This model was developed to account for the effect 

of hydrophobic attractive force. More detailed description on the NSRYL model can be found in 

Section 5.2. The numerical results of the NSRYL model for time dependent force profiles are 

compared with the experimental data obtained using the integrated thin film drainage apparatus 

(ITFDA). The objective of the current study is to evaluate the hydrophobic force which is 
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considered as a driving force for destabilizing water films on hydrophobic surfaces. The effect of 

bubble approaching velocity and solid hydrophobicity on film drainage rate is investigated. This 

work also focuses on the prediction of induction time and force barriers, which are the minimum 

applied force needed to overcome the energy barrier between two surfaces before TPC. 

Furthermore, the current study will investigate the critical film thickness over a wide range of 

solid hydrophobicity and hydrodynamic conditions.   

Theoretical model is developed in Section 5.2. Details of force measurements on bubble-

solid in water using ITFDA are presented in Section 5.3. Measured dynamic forces are compared 

with theory in Section 5.4 and the results are discussed in Section 5.5.  

5.2. Formulation of the problem (model)   

The relative motion between the interacting drops or between the drop and solid particle will 

generate hydrodynamic interactions that arise from the flow of the continuous phase. The flow of 

the thin liquid film trapped by the deformable drop can be described by the Reynolds lubrication 

theory under Stokes flow. This theory relates the evolution of the position- and time-dependent 

separation, h(r,t) to the hydrodynamic pressure, p(r,t). The Stokes-Reynolds equation for film 

evolution is given by: 
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(5.1) 

where µ is the shear viscosity of the Newtonian liquid. Implicit in eqn. 5.1 is that the 

hydrodynamic boundary condition at the bubble surface is the same as the tangentially immobile 

condition that holds at the glass surface. Trace surface active impurities are suggested as being 

responsible for the observed immobile boundary condition at the bubble surface.  
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The liquid-air interface of the film deforms as a result of the hydrodynamic and disjoining 

pressures in the film according to the Young-Laplace model. The film thickness then obeys the 

equation:  
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where   is the surface tension of liquid. The mean radius, R is defined as a characteristic value of 

the pressure: (   ) in this problem. The Laplace pressure, that is the pressure difference 

between the interior and the exterior of a spherical bubble of radius Rb, is given by (2 /Rb). If 

the bubble at the end of the capillary tube is deformed as a result of interaction, its Laplace 

pressure will change to (2 /RL). If the deformation is small, then the approximation: RL  Rb 

would hold. We can then approximate R in eqn. 5.2 by:  

 

 
 

 

  
 

 

  
 

 

  
 

 

  
 

 (5.3) 

with the initial parabolic profile of: 

           
  

 
 

(5.3a) 

By imposing appropriate initial conditions, eqns. 5.1 and 5.2 are solved in the finite domain 

of 0 ≤ r ≤ rmax, together with the boundary conditions at r = 0 and rmax. Because of axisymmetry 

the boundary conditions at r = 0 are 
  

  
   

  

  
  . At r= rmax the boundary condition is: 

 (
  

  
)      . Another boundary condition at r = rmax, which takes into account the drop 

deformation during the approach, is: 
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and the force F(t) is given by: 
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(5.6) 

The force, F(t) acts on the bubble due to the hydrodynamic and disjoining pressures, 

respectively. In this study the hydrodynamic resistance force is calculated by: 
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(5.7) 

In eqn. 5.2, П(h(r,t)) is disjoining pressure due to surface forces. The classical DLVO 

theory recognizes two surface forces, i.e., a double-layer force and a van der Waals 

dispersion force. The van der Waals dispersion force is repulsive in wetting films. The 

double-layer force can also be repulsive in alkaline pH where both the solid/water and 

air/water interfaces are usually charged negatively. The rupture of wetting films formed on 

hydrophobic surfaces can be attributed to the persence of an attractive hydrophobic force. 

We, therefore, use the extented DLVO theory instead of classical DLVO theory in this study:  

            (5.8) 

which includes disjoining pressures due to the van der Waals-dispersion force (  ), electrical 

double-layer force (  ), and hydrophobic force (  ). The electrical double layer force is 

calculated by a numerical solution of the nonlinear Poisson-Boltzmann equation using the 

algorithm of Chan et al. (Chan 2002; McCormack et al. 1995). Hydrophobic forces measured in 
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experiments are usually represented by the exponential functions (Kékicheff et al. 1989; Herder 

1990; Pashley et al. 1985): 

       ( 
 

 
) 

(5.9) 

where   is the decay length (unit of length) and K is a negative constant (unit of pressure). In this 

study we also use a power law of the following form to describe the hydrophobic force (Yoon et 

al. 1997; Claesson et al. 1986): 

    
    

    
 

(5.10) 

where K132 is a constant (unit of energy) representing the magnitude of the hydrophobic force in 

a wetting film.  

Furthermore, the experimental data are re-solved by considering the full mobile 

hydrodynamic boundary condition at the bubble surface in which eqn. 5.1 is replaced by the 

following equation: 
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(5.11) 

Eqns. 5.1 and 5.11 (the Stokes-Reynolds equation for immobile and full mobile 

hydrodynamic boundary condition, respectively) only differ by a factor of 4. In the case of full 

mobile interfaces, the drainage rate of the intervening aqueous film increases as a result of lower 

hydrodynamic resistance arising from the full-slip boundary condition at the bubble surface. 

5.2.1 Scaling of governing equations 

The NSRYL equations can be non-dimensionalized with the following scaling 

parameters, in which the dimensionless variables are denoted by asterisk (Klaseboer et al. 
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2001):  

film thickness: h  [Ca
1/2

R] h
*
  

 radial coordinate: r  [Ca
1/4

R] r
*
 

 time: t  [Ca
1/2

R/V] t
*
              

 pressure: p  [ /R] p
*
 

disjoining pressure: П  [ /R] П
*
 

 force: F  [( /R) (Ca
1/4

R)
2
 ] F

*
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*
 

  

 

(5.12) 

where V ~ dX(t)/dt  is a characteristic velocity and Ca  µV/σ  is the capillary number which 

measures the ratio of viscous forces to capillary forces. In terms of the scaled variables, the 

Stokes-Reynolds equation that describes film drainage between a bubble and a solid sphere, 

i.e., eqns. 5.1 and 5.11, becomes:  
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and eqn. 5.2 for film thickness becomes 
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The initial condition, eqn. 5.3 now has the form  

2
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A remarkable observation of these equations is that the scaled Young Laplace equation 

contains the capillary number. Therefore, the governing equations of NSRYL model (eqns. 
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5.13 and 5.15) depend on the capillary number. Moreover the boundary condition at r*max 

(eqn. 5.4) has a weak logarithmic dependence on the capillary number (Ca): 
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The scaled non-linearized Stokes–Reynolds–Young–Laplace equations, eqns. 5.13 and 

5.15, for immobile hydrodynamic boudary condition, or eqns. 5.14 and 5.15,  for full mobile 

boundary condition constitute a partial differential algebraic equation system. The equations 

can be solved numerically to determine the drainage dynamics of the intervening liquid films, the 

deformation (profile) of the air/liquid interface, and the time dependent forces between 

interacting air bubble and glass sphere.  

5.3. Experimental methods 

The integrated thin film drainage apparatus (ITFDA) is designed to measure the force 

between a bubble or oil droplet and a solid surface in a liquid. More details on this apparatus 

were given in Section 4.2 of Chapter 4. A photo of the bubble-glass sphere configuration of the 

ITFDA is given in Figure 5.1.  The testing surface is housed in a transparent liquid chamber that 

permits the bubble-sphere approaching/attachment process to be viewed by video recording for 

subsequent analysis. A bubble is generated at one end of a vertical glass capillary tube that is 

immersed in the liquid. It is sealed when the bubble attains the required size to be used for the 

force measurement. The glass capillary tube with the bubble attached is positioned above the 

glass sphere. They are aligned in an axisymmetric configuration with the aid of two video 

cameras positioned perpendicularly in the plane perpendicular to the axis of symmetry to provide 

views in orthogonal directions. The axisymmetric alignment facilitates theoretical analysis. The 
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time-dependent interaction between the bubble and the glass sphere is determined as the 

capillary-sphere separation is varied in a controlled manner of prescribed function of time.  

 

Fig. 5.1. A photograph of the bubble-glass sphere configuration in the ITFDA. The horizontal 

red line and green square are drawn to confirm the symmetry of the bubble (Wang 2013). 

The glass sphere is attached to the free end of a bimorph cantilever that is used as a force 

sensor. The piezoelectric property of the bimorph material generates an electrical charge in 

response to the deformation of the bimorph. The force, F exerted on the glass sphere that 

deforms the bimorph cantilever can be obtained by measuring the voltage after the bimorph 

cantilever voltage-force characteristic is calibrated by placing small pieces of platinum wire of 

known mass on the cantilever. The cantilever used in this study has a force sensitivity in the µN 

range. The ITFDA measures independently the interaction force in terms of the calibrated output 

voltage of the bimorph sensor (Wang 2013). 

5.3.1 The glass sphere 

The glass spheres attached to the bimorph used in the current study is obtained by melting a 

1.5 ± 0.1 mm diameter Pyrex rod under a butane-oxygen flame until the surface tension of the 

melting Pyrex produces a spherical surface with a diameter of 4.3 ± 0.2 mm. The glass spheres 



130 

 

prepared this way are molecularly smooth with a peak-to-valley roughness of less than 1.2 nm. 

The glass sphere and capillary tube were treated in freshly prepared piranha solution (3 H2SO4:1 

H2O2, by volume) at 80 - 90 ºC for half an hour, and rinsed with Mili-Q water. The surfaces 

prepared in this manner were free of contamination and completely water-wet with a contact 

angle value of zero. Octadecyltrichlorosilane (OTS), purchased from Sigma-Aldrich, was used to 

prepare 1 mM OTS in toluene (Fisher Scientific) solutions which were used to treat the 

hydrophilic glass spheres. To change the hydrophobicity of the hydrophilic silica surfaces, OTS 

molecules are often used to react with the hydroxyl groups on solid substrate surface, a reaction 

called silanation. It has been reported that different hydrophobicity can be achieved by varying 

the reaction time of silanation. In this study, the hydrophilic glass spheres were treated with 1 

mM OTS in toluene solutions for 5 s, 10 s, 10 min and 10 hours to obtain different 

hydrophobicity of the glass spheres. Potassium chloride (KCl), purchased from Sigma-Aldrich, 

was used as supporting electrolyte, and stock solutions of NaOH and HCl were used as pH 

modifiers. More details about treatment of glass sphere can be found in Wang’s thesis (Wang 

2013). 

5.3.2 Bubble generation and motion control 

The air bubble is inflated at the end of a glass capillary (inner diameter of 1.10 ± 0.01 mm, 

Fisher Scientific) using a micro-syringe. The end of the glass tube is placed under a butane flame 

to create a smooth end appropriate for bubble generation and force measurements. Extreme 

caution is taken to avoid overheating and ensure uniform geometric symmetry of the end of the 

capillary tube.  The bubble generation process and bubble size are monitored by direct video 

observations. This arrangement gives a reproducible bubble diameter of 1.46 ± 0.01 mm. The 

other end of the capillary tube is attached to a speaker diaphragm that is used to control the 
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vertical motion of the capillary tube. A computer-generated waveform is used to vary the 

movement of the speaker diaphragm that in turn moves the attached air bubble towards or away 

from the lower glass sphere in the required manner. 

5.3.3 Force measurement 

For force measurements, a fresh air bubble was generated at the end of the glass tube. The 

bubble size as well as the gap between the bubble and glass sphere were precisely controlled 

with the aid of two CCD cameras positioned perpendicular to each other in a horizontal plane. 

The glass capillary tube, with the attached air bubble, was driven towards and then away from 

the lower glass sphere by the speaker diaphragm. Figure 5.2 shows a representative capillary 

tube position (top) and bimorph signal profile (bottom) as a function of measurement time, 

obtained from a single measurement between an air bubble and a hydrophobic glass sphere of 

  = 38º in 1 mM KCl solutions of pH 5.6. In this measurement, the initial separation distance 

between the air bubble and the glass sphere, h0, was set at 120 µm. A trapezoidal wave was 

generated to produce a movement of glass tube holding the air bubble. As a result, the glass 

tube firstly approached the solid sphere at the constant velocity of 240 µm/s for 1 second, 

from points A to C in Figure 5.2a. Then the air bubble was held in contact with the glass 

sphere for 2 seconds with zero velocity of glass tube, from points C to F. From points F to J, 

the glass tube was retracted from the glass sphere at the same velocity of 240 µm/s for more 

than 1 second. The reason to choose 1 second of retraction is that when the glass tube 

retracted from the glass sphere for 1 second, the glass tube reached its original position 

(point G) while the air bubble remained attaching to the glass sphere. Therefore the glass 

tube was further moved back, up to point J to separate the air bubble from the glass sphere 

and measure the adhesion force.  Finally from point J to K, the glass tube returned to its 
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original position, point K, at the end of the measurement.  

In Figure 5.2b, points A to C show the bimorph signal during the approach cycle. At 

large separation between the air bubble and glass sphere, i.e., from points A to B, there are 

only noise signals with no detectable inteaction forces as indicated by a zero average 

bimorph signal. By further moving the air bubble toward the glass sphere, the separat ion 

between the two interfaces reduces. At small separation, the hydrodynamic repulsive force 

and/or surface forces become significant. The repulsive force between these two surfaces is 

first detected at point B, as indicated by an increase in bimorph signal at this point. The 

repulsive force continues to increase as the bubble is further driven toward the glass sphere 

and reaches the maximum at point C. During the “holding” phase the bimorph signal remains 

constant initially (from points C to D) and drops from 0.34 V at point D to 0.09 V at point E, 

indicating the rupture of the intervening liquid film and the formation of TPC. The interfacial 

tension force at the TPC line pulls the glass sphere up, exhibiting a “jump in” of the glass 

sphere at point D.  From point E to F the signal remains almost constant and at point F, a 

sharp drop in the signal is observed, reflecting the retracting of the bubble on the glass tube 

from the glass sphere, and hence an increase of attractive capillary force from the bubble 

without significant displacement of TPC line. Eventually, the capillary force reaches the 

restoring force of the bimorph and the bubble detaches from the glass sphere at point H, 

where the bimorph signal returns to zero as indicated at point I. Depending on the stability of 

the thin liquid film, the rupture of the film can happen at any time during the measurement, 

i.e., approach, hold or retract period. From this force profile, the induction time or film 

drainage time can be accurately measured as the time from point B to point D. For example, 

the induction time for the system in Figure 5.2b is determined to be 0.59 s. This reading 
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represents the most accurate measurement of true induction time as it can accurately detect 

thin film rupture. This definition of the induction time is used in this study (Wang 2013). 

 

Fig. 5.2 A representative capillary tube position (a) and bimorph signal (b) as a function of 

measurement time between an air bubble and a hydrophobic glass sphere (  = 38º) in 1 mM KCl 

solutions of pH 5.6. The bubble approach velocity was set at 240 µm/s. The inset shows a 

schematic configuration of the integrated thin film drainage apparatus (Wang 2013). 

5.3.4  Bimorph cantilever 

Quantitative modeling of experimental force measurements requires to know the value of the 

instantaneous bimorph cantilever deflection, S(t). Assuming linear behavior that can be verified 

independently, the deflection, S(t) of the force sensing bimorph can be deduced from the force, 

F(t) if the cantilever spring constant, κ is known: S(t) = F(t)/κ. The latter can be obtained by 

placing a known weight at the end of the bimorph cantilever and measure the output voltage of 

the bimorph due to the weight. The bimorph cantilever used in this study has a spring constant κ 

in the range of 60 - 70 N/m. 
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5.4. Results  

The non-equilibrium interactions between an air bubble and a hydrophobic glass sphere are 

studied using the NSRYL model. In this study, the diameter of the air bubbles and glass sphere 

were controlled at 1.5±0.1 mm and 4.3± 0.1 mm, respectively. The initial separation (h0) 

between the air bubble and glass sphere was set at 120 µm. The maximum displacement of glass 

tube was set at 240 µm. Water is used as liquid fluid with the viscosity and surface tension of 

0.001 Pa.s and 0.072 N/m, respectively. For a given hydrophobicity (contact angle), the 

hydrophobic force is evaluated with the best fit of the NSRYL model to the experimental data. 

The effect of solid hydrophobicity and bubble approach velocities on the force barrier and 

induction time is studied. The NSRYL model is also used to predict the critical film thickness of 

the intervening liquid film. All of the experiments used in this chapter are conducted by 

Louxiang Wang and Xurui Zhang in 1 mM KCl solutions of pH 5.6 (Wang 2013). In this study, 

the NSRYL model is solved with different models for hydrophobic force (i.e., the power law and 

exponential form) and by considering both immobile and full mobile boundary conditions at 

bubble surface. To validate the model, the simulation results are first compared with the 

experimental data obtained from ITFDA and thin film force apparatus at contact angle of 52º and 

velocity of 24 µm/s. Details on thin film force apparatus can be found in Chapter 3. Comparison 

of the interaction force profile obtained from ITFDA and critical film thickness obtained from 

thin film force apparatus with the simulation result allows us to select the model more suitable to 

describe hydrophobic forces for current experimental systems.  Then we use this model to study 

the effect of bubble approach velocity and solid surface hydrophobicity (contact angles of 38, 52, 

84 and 103º) on the interactions between bubble and solid sphere. The experimental parameters 

used in this study are summarized in Table 5.1.  
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Table 5.1. Material constants used in the experiments with ITFDA (Israelachvili. J. 1991; Hough 

and White 1980). 

Bubble diameter 1.5±0.1 mm 

Glass sphere diameter  4.3±0.1 mm 

Surface tension,        72.8 mN/m 

Viscosity, µ          1 mPa s 

KCl 1 mM 

pH 5.6 

Zeta potential of air bubble -30 mV 

Zeta potential of glass sphere -50 mV 

Initial separation, h(0,0) 120 µm 

Maximum displacement, ΔXmax 240 µm 

Hamaker constant - 8  -   J 

 

5.4.1 Evaluation of hydrophobic force 

In this section we examine the applicability and accuracy of the NSRYL model with 

different hydrophobic models to predict time dependent force profile and critical film thickness 

at which the thin liquid film ruptures. The power law (eqn. 5.10) and exponential (eqn. 5.9) 

forms of hydrophobic force are used in this study. Both immobile and full mobile boundary 

conditions are considered at bubble surface. For each model, the hydrophobic force constant is 

evaluated with the best fit between the measured and the predicted time dependent force profile 

using a single approach velocity of 24 µm/s for a given contact angle of 52º. Figure 5.3 shows a 

reasonable fit between the measured and the predicted time dependent force profile using 

hydrophobic force constants summarized in Table 5.2. It is evident that with these hydrophobic 

force constants, all the models are able to accurately predict the force barrier of 1 µN. Further 

from the time dependent force profile, the induction time or film drainage time can be accurately 
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determined as the time from point 4, when the hydrodynamic force and/or surface forces become 

significant or detectable,  to point 3, when the thin liquid film ruptures, as shown in Figure 5.3a. 

This figure shows that with proper hydrophobic force constants, all the models are able to 

accurately predict the induction time of t3-t4= 0.24 s. The most important characteristic in regard 

to the occurrence of coalescence is the time evolution of the film thickness at rim, hrim. The time 

dependent film thickness at rim predicted with the different models are shown in the insets of 

Figure 5.3. This figure shows that the different models have different prediction for the critical 

film thickness. The predicted critical film thickness, hcr, from these models is summarized in 

Table 5.2.  

Table 5.2 The best fitted hydrophobic force constants of various models and air bubble surface 

boundary conditions. 

Power law model (eqn. 5.10) K132 (J)  Predicted 
hcr (nm) 

Δhcr = hcr -122.8 
(nm) 

Immobile boundary condition 2×10
-17

  103 -19.8 

Full mobile boundary condition 2.1×10
-18

  40 -82.8 

Exponential model (eqn. 5.9) K (Pa) λ (nm)   

Immobile boundary condition 79925.33 39 198 +75.2 

Full mobile boundary condition                       88736 13.8 70 -52.8 

 

Figure 5.3 shows that the predicted critical film thicknesses are ~ 103 nm and ~ 40 nm 

using power law form of hydrophobic force and immobile and full mobile bubble surface 

boundary conditions, respectively. For the exponential form of hydrophobic force and immobile 

and full mobile boundary conditions, the predicted critical film thicknesses are ~ 198 nm and ~ 

70 nm, respectively. Now we compare these simulation results with the critical film thickness of 

122.8±16.3 nm measured with thin film force apparatus at contact angle of 50º and velocity of 
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24µm/s. The experimental parameters used to measure the critical film thickness with the thin 

film force apparatus are the same as parameters summarized in Table 5.1.  The deviations of the 

simulation results from the measured critical film thickness denoted as Δhcr (Δhcr = hcr -122.8), 

are also given in Table 5.2. The results demonstrate that the NSRYL model with power law form 

of hydrophobic force and immobile boundary condition at the bubble surface has the lowest 

deviation from the experimental data. This model is therefore considered as a more appropriate 

model and used in this study. The results for hydrophobic force constant and critical film 

thickness are comparable with the results determined by Pan et al. (2010). They reported that the 

hydrophobic force constant, K132, changes from   to           for contact angles in the range 

of 17
º
 to 82

º
. Although it should be noted that the prediction of hydrophobic force constant 

depends on the accuracy of theoretical model and in the literature, researchers used approximate 

equations for the prediction of hydrophobic constants. For instance, Pan et al.(2010) used the flat 

film model to determine the hydrophobic force constant. In the rest of this chapter, we will use 

the power law form of hydrophobic force and immobile bubble surface boundary condition in the 

NSRYL model to investigate the effect of bubble approach velocity and hydrophobicity of solid 

surface on the interactions between bubble and hydrophobic glass sphere.  
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Fig. 5.3 Variation of the force F(t) – experiment (dashed line) and model (solid line) for an air 

bubble approaching a hydrophobized solid sphere of   =52
º
 in aqueous electrolyte solution of 1 

mM KCl and pH = 5.6 at bubble approach velocity of 24µm/s. Insets show the calculated film 

thickness at rim h(rrim,t) as a function of time. The NSRYL model (solid line) is solved with (a) 

power law form of hydrophobic force and immobile B.C.; (b) power law form of hydrophobic 

force and full mobile B.C.; (c) exponential form of hydrophobic force and immobile B.C. and (d) 

exponential form of hydrophobic force and full mobile B.C. at bubble surface. The best fitted 

hydrophobic force constants determined with these models are summarized in Table 5.2. 

In Figure 5.4a we show the spatial evolution of film profile, h(r,t) at various time (1, 2 and 

3) along the force profile, F(t) indicated in Figure 5.3a for bubble approach velocity of 24 µm/s. 

One key feature is an initial development of a dimple at point 1 corresponding to bubble 

approach time of 5.42 s, and a minimum film thickness of ~ 239 nm. As bubble continues to 
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approach the dimple grows to a maximum size at the force maximum (point 3, corresponding to 

bubble approach time of 5.56 s) with a dimple rim radius of ~ 28 µm. As shown in Figure 5.3a 

the intervening aqueous film ruptures at point 3. At the moment of rupture (point 3) in Figure 

5.4a the film thickness is ~ 103 nm at the dimple rim.  It is interesting to note that as the bubble 

approaches from points 1 to 2, the central film thickness decreases from 239 nm to 214 nm.  

Further approach of bubble from points 2 to 3 increases the central film thickness from 214 nm 

to 250 nm. The observed variation of central film thickness with bubble approaching time can be 

attributed to a sharp increase in the hydrodynamic resistance force from points 2 to 3, as shown 

in Figure 5.4b with the hydrodynamic resistance force being calculated using eqn. 5.7. This 

figure shows that from points 1 to 2 (t2-t1=0.07 s), the hydrodynamic force increases from 0.77 

µN to 1.41 µN, while from points 2 to 3 (t3-t2=0.07 s), the hydrodynamic force increases from 

1.41 µN to 3.34 µN. In other words, the sharp increase in the hydrodynamic resistance force is 

responsible for the increase in the bubble deformation and surface concavity.  

 

Fig. 5.4 Thickness of the aqueous film, h(r,t) between the bubble and hydrophobic glass 

sphere at different measurement times (a) and corresponding variation of the hydrodynamic 

resistance force (b). As in Figure 5.3a, the contact angle is 52º and the electrolyte 
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concentration is 1 mM KCl at bubble approach velocity of 24 µm/s. The NSRYL model is 

solved with K132 being set of           for immobile bubble surface boundary condition. 

In Figure 5.5 we show the distribution of the film pressure, hydrodynamic pressure, 

hydrophobic pressure and classical disjoining pressure (          
     

     
 ) at various times 

of 1, 2 and 3 indicated in Figure 5.3a for bubble approach velocity of 24 µm/s. All of these 

pressures are scaled values, denoted by asterisks. The pressure drop Δp(r,t) across the liquid/air 

interface is obtained from: 

          (       
      )    [               

                  
      

             
      ] 

 

(5.18) 

in which       . Eqn. 5.18 indicates that for      
         the bubble interface will remain 

a convex shape with the film thickness at the center being smaller than the rest of the film due to 

a positive Δp. When             or      
      =2, dimple starts to form and bubble begins 

to deform.  When      
         or            dimple develops and the thickness of the film 

at the center is larger than that at the rim of the film, i.e., h(rim,t) < h(0,t). In this case the bubble 

interface has a concave shape. Figure 5.4b shows the formation of the dimple at point 1 where 

the film thickness is around 239 nm. At this point, the classical disjoining pressure at such large 

separations is negligible, while the hydrophobic pressure at the moment of dimple formation is at 

play as shown in Figures 5.5b and d, respectively. Figures 5.5c and d show that at point 1 the 

hydrodynamic and hydrophobic pressures in the center [              
          and 

             
         ] are ~ 2.18 and -0.18, respectively. Clearly in the absence of surface 

forces (i.e., when the disjoining pressure is very small or negligible), the formation of dimple at 

point 1 is due to hydrodynamic force counter-balanced by hydrophobic force.  At this point as 
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shown in Figure 5.5a the film pressure p reaches      , the scaled Laplace pressure of the 

bubble      
           , when the dimple starts to form. Eqn. 5.18 also confirms that at 

point 1, the pressure drop at center,         , is zero. As the bubble continues to approach to 

the silica sphere from points 1 to 2, the minimum film thickness reaches ~ 189 nm at point 2 (see 

Figure 5.4a). Figure 5.5b shows that the classical disjoining pressure remains negligible at these 

large separations while Figures 5.5c and d show a gradual increase in hydrodynamic and 

hydrophobic pressures from points 1 to 2. Meanwhile after point 1, pressure drop at the centre of 

the film has a negative value, corresponding to a concave shape of bubble as shown in Figure 

5.4a. From points 2 to 3, all the pressures sharply increase around dimple rim of radius ~ 28 µm, 

lines E.  

 

Fig. 5.5 The film pressure (a), classical disjoining pressure (b), hydrodynamic (c) and 

hydrophobic pressures (d) scaled by ( /R) in the water film.  As in Figure 5.3a, the contact angle 

is 52º and the electrolyte concentration is 1 mM KCl at bubble approach velocity of 24 µm/s. 
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The NSRYL model is solved with K132 being set at           for immobile bubble surface 

boundary condition. 

It is interesting to note that at point 3 i.e., at the moment of film rupture with the minimum 

film thickness at the dimple rim of ~ 103 nm, the film pressure drops as denoted by points F and 

G in Figure 5.5a. In other words for bubble approach velocity of 24 µm/s at point 3, the film 

pressure at dimple rim suddenly drops towards less repulsive and becomes minus (or attractive) 

which leads to spontaneous film rupture at the dimple rim. During the entire film drainage 

process, the hydrodynamic and hydrophobic forces dominate the process. Figure 5.6 shows that 

by decreasing the bubble approach velocity, the film rupture occurs much closer to the center.
3
 

Figure 5.6a is the same as Figure 5.4a.  

 

Fig. 5.6 Thickness of the aqueous film, h(r,t) between the bubble and hydrophobic glass sphere 

at (a) bubble approach velocity of 24 µm/s, which is the same as Figure 5.4a and (b) bubble 

approach velocity of 10 µm/s (b) . The contact angle is 52º and the electrolyte concentration is 1 

mM KCl. The NSRYL model is solved with K132 being set at           for immobile bubble 

                                                

3
 The simulation results indicate that by decreasing the bubble approach velocity or increasing the surface 

hydrophobicity, the dimple rim radius decreases. As a result the film rupture occurs closer to centre with 
decreasing bubble approach velocity or increasing the surface hydrophobicity.   
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surface boundary condition. The modeling parameters used in this study is the same as the 

experimental parameters summarized in Table 5.1. 

5.4.2 Contact angle of 52º  

After establishing the form of hydrophobic force and corresponding hydrophobic force 

constant K132 to be          , the time dependent force profile and film thickness at the rim 

can now be calculated using the NSRYL model. The results are shown in Figure 5.7. For 

comparison, the results for bubble approach velocity of 24 µm/s are shown in Figure 5.7a.  The 

results in Figures 5.7b and 5.7c show a good agreement between the predicted and measured 

force profiles for bubble approach velocities of 120 and 240 µm/s, respectively. 

As shown in Figure 5.7 increasing the bubble approach velocity increases the force barrier 

between the approaching air bubble and the hydrophobic glass sphere, indicating an increase in 

film drainage resistance. For example, the force barrier increases from ~1 µN to ~21.6 µN prior 

to film rupture when the bubble approach velocity increases from 24 to 240µm/s. This result is 

consistent with the data reported in the literature (Wang 2013). The simulation and experimental 

results of induction time are summarized in Figure 5.7d. As shown in this figure the induction 

time increases with increasing bubble approach velocity. However from this figure, the slope of 

increase becomes less with increasing bubble approach velocity. This observation arises from 

two opposite effects of increasing bubble approach velocity on the film drainage rate. Higher 

approach velocity increases both the film radius and hydrodynamic repulsive force which in turn 

retards the film drainage rate. On the other hand, at higher bubble approach velocity the dimple 

initially forms at larger film thickness, which accelerates film drainage rate. These two opposite 

effects cause the film drainage rate and hence the induction times to remain almost constant at 

high bubble approach velocity (Wang 2013). 
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/  

Fig. 5.7 (a), (b) and (c): Variation of the – measured (dashed line) and predicted (solid line) –  

force F(t) and (d): the effect of bubble approach velocity on the induction time, for an air bubble 

approaching a hydrophobized solid sphere of   =52
º
 in aqueous electrolyte solution of 1 mM 

KCl and pH = 5.6 at bubble approach velocities of 24, 120 and 240 µm/s. Insets of (a), (b) and 

(c):  the predicted film thickness at rim h(rrim,t) as a function of time; inset of (d): the effect of 

bubble approach velocity on the critical film thickness. The NSRYL model (solid line) is solved 

with K132 being set at           for the immobile bubble surface boundary condition. 

The inset of Figure 5.7d shows the results of NSRYL model for the critical thickness at 

various bubble approach velocities predicted using power law form of hydrophobic force and 

immobile bubble surface boundary condition. This figure shows that the critical thickness of film 

rupture at the rim increases slightly from 103 to 124 nm by increasing the bubble approach 

velocity from 24 to 240 µm/s. 
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5.4.3 Contact angle of 38º, 84º and 103º  

For the immobile boundary condition and using power law form of hydrophobic force, 

the NSRYL model is solved to determine the time dependent force profile between an 

approaching air bubble and hydrophobic glass sphere of various contact angles of 38º, 84º 

and 103º. The results are shown in Figures 5.8, 5.9 and 5.10, respectively. These figures 

show an excellent fit between the measured and the predicted time dependent force profile, with 

the best fitted hydrophobic force constant K132 to be 4.5×10
-18 

J, 8.6×10
-17 

J and 4×10
-16 

J for 

contact angles of 38º, 84º and 103º, respectively. The results demonstrate that K132 increases 

with increasing contact angle, thereby a stronger and longer range of hydrophobic force increases 

the surface hydrophobicity and is responsible for film rupture (Pan et al. 2011; Pan and Yoon 

2010).  As shown in these figures, increasing the bubble approach velocity increases the force 

barrier dramatically. For instance, the force barrier for solid of contact angle 38º increases from 

~ 2.2 µN to ~ 46.4 µN when the bubble approach velocity increases from 48 to 240 µm/s (see 

Figures 5.8). The insets of these figures show the time dependent film thickness at rim. The 

results show that the critical film thickness increases slightly with increasing bubble approach 

velocity. For example the critical film thickness increases from ~165 nm to ~188 nm by 

increasing bubble approach velocity from 120 µm/s to 480 µm/s for particle of contact angle 84º 

(see Figure 5.9). The simulation and experimental results of induction time are summarized in 

Figure 5.8d, 5.9d and 5.10d. As shown in these figures the induction time increases initially 

with increasing bubble approach velocity. At high bubble approach velocity, the film drainage 

rate and hence the induction time remains almost constant.  
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Fig. 5.8 (a), (b) and (c): Variation of the – measured (dashed line) and predicted (solid line) –  

force F(t) and (d): the effect of bubble approach velocity on the induction time, for an air bubble 

approaching a hydrophobized solid sphere of   =38º in aqueous electrolyte solution of 1 mM 

KCl and pH = 5.6 at bubble approach velocities of 48, 120 and 240 µm/s. Insets of (a), (b) and 

(c):  the predicted film thickness at rim h(rrim,t) as a function of time; inset of (d): the effect of 

bubble approach velocity on the critical film thickness. The NSRYL model (solid line) is solved 

with K132 being set at             for the immobile bubble surface boundary condition. 
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Fig. 5.9 (a), (b) and (c): Variation of the – measured (dashed line) and predicted (solid line) –  

force F(t) and (d): the effect of bubble approach velocity on the induction time, for an air bubble 

approaching a hydrophobized solid sphere of   =84
º
 in aqueous electrolyte solution of 1 mM 

KCl and pH = 5.6 at bubble approach velocities of 120, 240 and 480 µm/s. Insets of (a), (b) and 

(c):  the predicted film thickness at rim h(rrim,t) as a function of time; inset of (d): the effect of 

bubble approach velocity on the critical film thickness. The NSRYL model (solid line) is solved 

with K132 being set at             for the immobile bubble surface boundary condition. 

The predicted critical film thicknesses are summarized in the inset of Figures 5.8d, 5.9d and 

5.10d. It is found for bubble approach velocity of 240 µm/s, the critical film thicknesses are ~ 

85, ~ 178 and ~ 300 nm for contact angles of 38º, 84º and 103º, respectively. In other words, the 

critical film thickness increases dramatically with increasing surface hydrophobicity. The 
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comparison of Figures 5.8, 5.9 and 5.10 reveals that increasing the surface hydrophobicity, 

dramatically reduces the force barrier suggesting a stronger and longer range hydrophobic force. 

For example for bubble approach velocity of 240µm/s, the force barrier reduces from ~5.2 µN to 

~2.8 µN by increasing contact angle from 84º to 103º (Figures 5.9 and 5.10). In the next section 

these results will be discussed in more detail.  

 

Fig. 5.10 (a), (b) and (c): Variation of the – measured (dashed line) and predicted (solid line) –  

force F(t) and (d): the effect of bubble approach velocity on the induction time, for an air bubble 

approaching a hydrophobized solid sphere of   =103
º
 in aqueous electrolyte solution of 1 mM 

KCl and pH = 5.6 at bubble approach velocities of 240, 480 and 4800 µm/s. Insets of (a), (b) and 

(c):  the predicted film thickness at rim h(rrim,t) as a function of time; inset of (d): the effect of 

bubble approach velocity on the critical film thickness. The NSRYL model (solid line) is solved 

with K132 being set at           for the immobile bubble surface boundary condition. 
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5.5. Discussion  

In this study we developed the NSRYL model to study the effect of surface hydrophobicity 

and bubble approach velocity on hydrophobic force, bubble deformation, critical film thickness 

and induction time of bubble-particle attachment. The time dependent force profiles measured 

with the integrated thin film drainage apparatus (ITFDA) and the critical film thickness 

measured with thin film force apparatus (TFFA), were used to validate the model and calibrate 

the hydrophobic force constant. With the best fit between the measured and the predicted time 

dependent force profile, the hydrophobic force constants for solids of different contact angles are 

determined, which are summarized in Table 5.3. This study shows that the developed NSRYL 

model is able to provide valuable information on film profiles, pressure profiles and critical film 

thicknesses.   

Table 5.3 The best fitted of hydrophobic force constant, K132 (J), in eqn. 5.10 using immobile 

bubble surface boundary condition. 

Contact angle (ºC) K132 (J) 

38        4.5        

52         

84       8.6        

103         

 

The simulation results of the NSRYL model for the force barriers and induction times for 

different contact angles are summarized in Figure 5.11.
4
 As shown in Figure 5.11a, increasing 

the bubble approach velocity increased the force barrier between the air bubble and the 

                                                

4
 The hydrophobic force constants for the power law form with full mobile boundary condition and also 

for the exponential form with both immobile and full mobile boundary conditions can be found in the 
Appendix C. 



150 

 

hydrophobic glass sphere, indicating an increase of film drainage resistance. For example for 

contact angle of 38º,  the force barrier increased significantly from 2.2 μN to 45 μN when the 

bubble approach velocity increased from 48 to 240 μm/s. As illustrated in Figures 5.11a, surface 

hydrophobicity has a significant impact on the force barrier. In this figure, the force barrier is 

shown to decrease significantly with increasing surface hydrophobicity. For example for bubble 

approach velocity of 240 µm/s, the force barrier decreases from 45 to 21.6, 5.2 and 2.8 µN when 

the contact angle increases from 38º to 52º, 84º and 103º, respectively. The reduced force barrier 

or film drainage resistance suggests the presence of strong and long-range attractive force which 

depresses the repulsive forces between the bubble and solid of increasing hydrophobicity even at 

high bubble approach velocity. The simulation results show that the attractive hydrophobic force 

predicted with the NSRYL model becomes stronger as the contact angle or surface 

hydrophobicity increases (Table 5.3). The induction time of an air bubble-glass sphere 

attachment is measured and predicted as a function of bubble approach velocity and surface 

hydrophobicity. The results presented in Figure 5.11b show that at the same velocity, the 

induction time decreases with increasing surface hydrophobicity, which demonstrates the 

important role of surface hydrophobicity in the film drainage. The film drainage rate increases 

with increasing the surface hydrophobicity, which is consistent with the results obtained by the 

thin film pressure balance apparatus (Pan et al. 2011; Pan and Yoon 2010). 
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Fig. 5.11 Effect of bubble approach velocity on the force barrier (a), and induction time (b) for 

an air bubble to approach a hydrophobized solid sphere in aqueous electrolyte solution of 1 mM 

KCl and pH = 5.6. Experimental results are given by symbols and model prediction by solid line. 

The NSRYL model is solved with the best fitted hydrophobic force constant K132 to be 4.5×10
-18 

J, 2×10
-17 

J, 8.6×10
-17 

J and 4×10
-16 

J for contact angles of 38º, 52º, 84º and 103º, respectively. 

 

At the same surface hydrophobicity, the induction time increases with increasing bubble 

approach velocity (Figure 5.11b). However the slope of induction time increase becomes slower 

with increasing bubble approach velocity. This observation can be attributed to two opposite 

effects of increasing bubble approach velocity. Firstly, increasing bubble approach velocity 

increases both the film radius and hydrodynamic repulsive force, leading to a decrease in film 

drainage rate. At the same time, the dimple starts to form at larger film thickness at higher 

bubble approach velocity which accelerates the film drainage. These two opposite effects cause 

the film drainage rate and hence the induction times to remain almost constant at high bubble 

approach velocity.   
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Fig. 5.12 Effects of bubble approach velocity and surface hydrophobicity on the predicted 

critical film thickness. The NSRYL model is solved with the best fitted hydrophobic force 

constant K132 to be 4.5×10
-18 

J, 2×10
-17 

J, 8.6×10
-17 

J and 4×10
-16 

J for contact angles of 38º, 52º, 

84º and 103º, respectively.
5
 

Figures 5.12 shows that the critical film thickness increases significantly with increasing 

glass sphere hydrophobicity. For example, for bubble approach velocity of 240 µm/s, the critical 

film thicknesses are ~ 85, ~124, ~ 178 and ~ 300 nm for contact angles of 38º, 52º, 84º and 103º, 

respectively. Figure 5.12 also shows that for a specific surface hydrophobicity, the critical film 

thickness increases slightly with increasing bubble approach velocity. In the next two sections, 

i.e., Sections 5.5.1 and 5.5.2 we will investigate in more details the effect of bubble approach 

velocity and surface hydrophobicity on the film profiles and hence the critical film thickness.   

5.5.1 Effect of approach velocity 

To better understand the effect of bubble approach velocity on bubble deformation and film 

drainage, we compare the film profiles at points 1 (where dimple starts to form) and 3 (at the 

                                                

5 The predicted critical film for the exponential form with both immobile and full mobile boundary 

conditions can be found in the Appendix C. 
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moment of film rupture) of Figure 5.8a at bubble approach velocity of 48µm/s with Figure 5.8c 

at bubble approach velocity of 240µm/s. The surface hydrophobicity or contact angle is the same 

(38º). This comparison is presented in Figure 5.13. One key feature of this figure is that for 

higher bubble approach velocity, the dimple forms at larger film thickness, which accelerate 

liquid film drainage (Figure 5.13a and b). This result is expected as at higher bubble approach 

velocity, the hydrodynamic resistance force increases, which causes the pressure drop across the 

liquid/air interface, Δp(r,t), to become zero at larger film thickness. As indicated in eqn. 5.19 the 

dimple starts to form when Δp(r,t)=0. Figure 5.13 shows that the film thickness where dimple 

starts to form increases from ~ 218 nm to ~349 nm when the bubble approach velocity increases 

from 48 µm/s to 240 µm/s. Another important feature of higher bubble approach velocity is more 

complex film profile in the interaction zone and larger film radius (Figure 5.13). As shown in 

this figure the film radius increases from ~ 80 µm to ~ 250 µm when the bubble approach 

velocity increases from 48 µm/s to 240 µm/s. In other words, decreasing bubble approach 

velocity makes the film rupture to occur at locations much closer to the centre. The intervening 

aqueous film ruptures at points A (          ) and B (          ) for bubble approach 

velocity of 48 µm/s and 240 µm/s, respectively. As a result, the hydrophobic force at point B is 

smaller than at point A. As shown in Figures 5.13c and d, the hydrodynamic resistance force 

which is in the balance by the hydrophobic force (the disjoining pressure is almost negligible at 

these separations), at point B is smaller than at point A. As a result at higher bubble approach 

velocity, smaller hydrophobic force (smaller hydrodynamic repulsive force) at rim is needed to 

make film rupture at larger film thickness.  
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Fig. 5.13 Thickness of the aqueous film, h(r,t) between the bubble and hydrophobized glass 

sphere of   =38º at point 1 where dimple starts to form and point 3 at the moment of film rupture 

for (a) bubble approach velocity of 48 µm/s and (b) bubble approach velocity of 240 µm/s. The 

corresponding hydrodynamic pressure profile,              
       scaled by ( /R) = 125.9 Pa 

for (c) bubble approach velocity of 48 µm/s and (d) velocity of 240 µm/s. As in Figure 5.7, the 

electrolyte concentration is 1 mM KCl and pH = 5.6. The NSRYL model is solved with K132 

being set at 4.5×10
-18  . 

5.5.2 Effect of surface hydrophobicity  

To study the effect of surface hydrophobicity on film rupture and critical film thickness at 

the same bubble approaching velocity of 240 µm/s, we compare the film profiles at points 1 and 

3 of Figure 5.8c of   =38
º
 with Figure 5.10a of   =103

º
. This comparison is presented in 

Figure 5.14. As shown in this figure, higher surface hydrophobicity makes the dimple to form at 

larger film thickness, which accelerates liquid film drainage. The film thickness, where dimple 

initially forms, increases from ~ 349 nm to ~520 nm when the contact angle increases from 38
º
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to 103
º
 (Figure 5.14a and b). Another important feature of Figure 5.14 is the reduction of the 

film radius with increasing surface hydrophobicity. For example the film radius decreases from ~ 

250 µm to ~ 100 µm when the contact angle increases from 38
º
 to 103

º
. As shown in this figure, 

increasing surface hydrophobicity makes the film rupture to occur at locations closer to the 

center.  

Figure 5.14a and b show that the intervening aqueous film ruptures at points A (    

       ) and B (          ). As the hydrophobic force constant, K132 being set at 4.5×10
-

18 
J and 4×10

-16 
J for contact angle of 38

º 
and 103

º
 respectively, the hydrophobic force predicted 

from eqn. 5.10 at point B is smaller than at point A. Figure 5.14c and d indicate that the 

hydrodynamic resistance force which is in the balance with the hydrophobic force (the disjoining 

pressure is almost negligible at these separation), at point B is smaller than at point A. As a result 

larger hydrophobic force (larger hydrodynamic repulsive force) at rim is responsible for film 

rupture at larger film thickness for higher surface hydrophobicity. 
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Fig. 5.14 Thickness of the aqueous film, h(r,t) between the bubble and the hydrophobized glass 

sphere with bubble approach velocity of 240 µm/s  at point 1 where dimple initially forms and 

point 3 where the film ruptures for (a)   =103
º
and (b)   =38

º
. The hydrodynamic pressure 

profile,              
       scaled by ( /R) = 125.9 Pa for (c)   =103

º
 and (d)   =38

º
.  The 

electrolyte concentration is 1 mM KCl and pH = 5.6. The NSRYL model is solved with K132 

being set at 4.5×10
-18   and 4×10

-16   for contact angle of 38
º
 and 103

º
, respectively. 

5.6. Conclusion  

In this study, the NSRYL model was developed to determine the non-equilibrium interaction 

forces exerted by the moving air bubble on hydrophobic glass spheres while providing the spatial 

and temporal evolution of the intervening aqueous film. The experimental data quantified with 

the integrated thin film drainage apparatus (ITFDA) and the thin film force apparatus (TFFA) 

was used to validate the model. The hydrophobic force which was considered as the driving 

force for destabilizing water films on hydrophobic surface was evaluated with the best fit 

between the measured and predicted time evolution forces. The numerical results showed that the 

longer-range hydrophobic force by increasing the surface hydrophobicity was responsible for 

film rupture (Pan and Yoon 2010).  The effect of hydrophobicity and bubble approach velocity 

on the drainage rate of intervening liquid film was studied. The results showed that the wetting 

films formed on hydrophobic glass sphere thin much faster with increasing the surface 

hydrophobicity. It was found that film drainage resistance or force barrier was reduced greatly by 

increasing the solid surface hydrophobicity.  Moreover the film drainage resistance or force 

barrier was found to increase with increasing bubble approach velocity. By decreasing bubble 

approach velocity or/and increasing surface hydrophobicity, the film radius decreased and the 

film rupture occurred at locations closer to the center of the film. 
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This model is able to numerically predict the critical film thickness at the moment of film 

rupture. The prediction of film thickness is achieved by solving non-linear equations with no 

simplifications.  The simulation results indicate that the critical film thickness increases with 

increasing surface hydrophobicity and bubble approach velocity.  

This study reveals that for higher bubble approach velocity, dimple starts to form at larger 

film thickness which accelerates film drainage. Increasing bubble approach velocity increases 

both the film radius and hydrodynamic resistance force, which retards film drainage. These two 

opposite effects of higher bubble approach velocity cause the film drainage rate and hence the 

induction times to remain almost constant at higher bubble approach velocity. For higher surface 

hydrophobicity, dimple starts to form at larger film thickness, which accelerates the film 

drainage. This factor along with the stronger and longer-range hydrophobic force accelerates the 

film drainage dramatically and leads to a much larger critical film thickness.  
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Chapter 6 

Conclusions and future perspectives 

The main conclusions of this thesis and the suggestions for the future research are 

summarized in this chapter. 

6.1. Major conclusions 

In contrast to the linearized SRYL model, the augmented Young Laplace equation is used 

without linearization within the interaction zone for the non-linearized SRYL model. As a result, 

the scaled governing equations of the non- linearized SRYL model do not exhibit the universal 

nature; instead they depend on the physical parameters of system via capillary number. The 

numerical results of non-linearized and linearized SRYL model at a broad range of capillary 

number from 10
-8 

to 10
-3 

show that at low Ca number of 10
-8 

and smaller, both the non-linearized 

and the linearized SRYL models lead to the same prediction for bubble deformation, time 

dependent force and hydrodynamic force.  Therefore, over this range of Ca number both NSRYL 

and LSRYL models can be confidently used to obtain the spatial and temporal evolutions of the 

film profile, once these models are shown to be able to give an accurate prediction of time 

dependent force profiles. 

For systems of Ca number larger than 10
-8

, the LSRYL model predicts a stronger 

hydrodynamic repulsive force, and the maximum difference in prediction between the two 

models occurs at the Ca number around ~ 3.4×10
-5

. The over prediction of hydrodynamic 

repulsive force by the LSRYL model in turn influences the estimation of bubble deformation and 

time dependent force profiles.  However, over this high Ca number range, both the LSRYL and 
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the NSRYL models can predict the same time dependent force profiles with different overlaps, 

while there are differences in the prediction of bubble shape and hydrodynamic repulsive force. 

Therefore, even if the LSRYL model is shown to be able to give an accurate account for time 

variations of the interaction forces over this range of Ca numbers, we cannot confidently use the 

LSRYL model to predict the spatial and temporal evolutions of the shape of the film trapped 

between interacting interfaces.  For a system of very high capillary numbers the NSRYL model 

predicts a solid-like bubble that does not deform in the approach phase. In contrast, the LSRYL 

model is unable to show the bubble rigidity at high capillary numbers. In fact the LSRYL model 

predicts bubble deformation at all capillary numbers studied. Validation of simulation results by 

thin film profile measurement using TFFA, conclude that the NSRYL model is more accurate for 

high Ca number systems.  

Furthermore the NSRYL model is able to predict the critical bubble approach velocity above 

which the bubble behaves like a solid sphere. This study shows that the NSRYL model is needed 

to study the effect of individual parameters of system such as bubble size, interfacial tension and 

liquid viscosity on the critical bubble approach velocity at which bubble behaves like a solid 

sphere.  

Interaction forces between an air bubble and a hydrophilic glass sphere were predicted with 

the NSRYL model, and the results were compared with the data obtained using the ITFDA under 

dynamic conditions. Excellent agreement was observed between the predicted and the measured 

interaction forces in three liquids of very distinct physicochemical properties, demonstrating that 

the NSRYL model can be applied to the systems of a wider range of bubble approach velocity, 

and liquid interfacial tension and viscosity. The excellent agreement suggests that the NSRYL 

model can be used to obtain quantitative information on film profiles during the bubble 
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approach-retract cycle. The simulation results show that the minimum film thickness reached 

over a given approach period is thinner for the system of low bubble approach velocity, and/or 

low viscosity and high surface tension of the liquids. The agreement between the measured and 

predicted contact diameter confirms the capability of the NSRYL to accurately predict bubble 

deformation. Furthermore the linear relationship between the normalized repulsive force by 

Laplace pressure and bubble deformation confirms the interdependence between bubble 

deformation and the strength of the hydrodynamic interaction forces. The results also show that 

even under the relatively high hydrodynamic forces or large bubble deformations, the total force 

between the bubble and hydrophilic glass sphere can be estimated from the product of the 

Laplace pressure of the un-deformed bubble and the radius of the areas of the flattened film. 

 In this study, the NSRYL model was developed to determine the dynamic interaction forces 

exerted by the moving air bubble on hydrophobic glass spheres; while providing the spatial and 

temporal evolution of the intervening aqueous film. The experimental data quantified with the 

integrated thin film drainage apparatus (ITFDA) and the thin film force apparatus (TFFA) was 

used to validate the model. The hydrophobic force which was considered as the driving force for 

destabilizing water films on hydrophobic surface was evaluated with the best fit between the 

measured and predicted time evolution forces. The numerical results showed that the longer-

range hydrophobic force with increasing the surface hydrophobicity was responsible for film 

rupture (Pan and Yoon 2010).  The effect of surface hydrophobicity and bubble approach 

velocity on the drainage rate of intervening liquid film was studied. The results showed that the 

wetting films formed on hydrophobic glass sphere of increasing surface hydrophobicity thin 

much faster. It was found that film drainage resistance or force barrier was reduced greatly by 

increasing the solid surface hydrophobicity.  Moreover the film drainage resistance or force 
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barrier was found to increase with increasing bubble approach velocity. Decreasing bubble 

approach velocity or/and increasing surface hydrophobicity were found to decrease the film 

radius. As a result the film ruptures at locations closer to the center of the film. 

The extended NSRYL model incorporating proper form of hydrophobic force is able to 

predict the critical film thickness where the film ruptures. The prediction of the critical film 

thickness is achieved by solving nonlinear SRYL equations without simplifications.  The 

simulation results indicate that the critical film thickness increases with increasing surface 

hydrophobicity and bubble approach velocity.  

This study reveals that for higher bubble approach velocity, dimple starts to form at larger 

film thickness, which accelerates film drainage. Increasing bubble approach velocity increases 

both the film radius and hydrodynamic resistance force, which retards film drainage. These two 

opposite effects of higher bubble approach velocity cause the film drainage rate and hence the 

induction times to remain almost constant at higher bubble approach velocity. For solids of 

higher surface hydrophobicity, dimple starts to form at larger film thickness, which accelerates 

the film drainage. This factor along with the stronger and longer-range hydrophobic force 

accelerates the film drainage dramatically and lead to a much larger critical film thickness.  

6.2. Suggestions for future research 

 The presence of surfactant in solution, which decreases the surface tension, decreases the 

hydrophobicity of both the glass and bubble surfaces and making the thin liquid film more stable 

(Wang 2013). This observation, i.e., decreasing the film drainage with decreasing the surface 

tension can be theoretically investigated with the NSRYL model.   

 In addition to the reduction of the surface charge, the thin aqueous film becomes more 

stable with increasing solution pH and electrolyte concentration due to a reduced solid 
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hydrophobicity and/or structure breaking of water molecules (Wang 2013). The effects of 

solution pH and electrolyte concentration can be theoretically explored with the NSRYL model. 

 The induction time depends on both the sizes of mineral particles and air bubbles (Ye et 

al. 1989; Yoon and Yordan 1991). The effect of bubble and particle size on the film drainage can 

be theoretically explored with the NSRYL model. 

 Study the interactions of bubbles and solid particles with off-center alignment to illustrate 

the role of shear in bubble-particle attachment. 

 Study the behavior of bubble or bouncing phenomena at high capillary numbers with the 

NSRYL model. 

 Study the effect of individual physicochemical parameters of system on the critical 

bubble approach velocity above which bubble behaves like a solid sphere. 

 Develop the NSRYL model to predict the terminal velocity of rising bubble which is also 

subject to the buoyancy force.   
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Appendix      

Appendix A 

Augmented Young Laplace equation: 
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Left hand side of eqn.1:  
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As a result eqn.1 becomes: 
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With using dimensionless variables (eqn. 3.8) the left hand side of eqn. 2 becomes: 
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Appendix B1 

 

Fig. B1. (a) Variation of scaled force with scaled time, (b) variation of film thickness with film 

radius in aqueous electrolyte (100 mM KCl, pH = 5.6) at a bubble approach velocity of 375 

µm/s, corresponding to a capillary number of 5.15×10
-6

- the LSRYL model results are denoted 

with 1 and the NSRYL model results are denoted with 2. Insets: (a) Variation of scaled 

hydrodynamic force with scaled film thickness at the axis of symmetry, and (b) variation of 

scaled film thickness with scaled film radius. In this run, the     
   is 20 (correspond to rmax of 

719 µm). The physical parameters used in the NSRYL and LSRYL models summarized in Table 

3.1 and 3.3. 
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Appendix B2 

 

Fig. B2. (a) Variation of scaled force with scaled time, (b) variation of film thickness with film 

radius in aqueous electrolyte (100 mM KCl, pH = 5.6) at a bubble approach velocity of 2500 

µm/s, corresponding to a capillary number of 3.4×10
-5

- the LSRYL model results are denoted 

with 1 and the NSRYL model results are denoted with 2. Insets: (a) Variation of scaled 

hydrodynamic force with scaled film thickness at the axis of symmetry, and (b) variation of 

scaled film thickness with scaled film radius. In this run, the     
   is 12.9 (correspond to rmax of 

745 µm). The physical parameters used in the NSRYL and LSRYL models summarized in Table 

3.1 and 3.4. 
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Appendix B3 

 

 

Fig. B3. (a) Variation of scaled force with scaled time, (b) variation of film thickness with 

film radius in aqueous electrolyte (100 mM KCl, pH = 5.6) at a bubble approach velocity of 

8000 µm/s, corresponding to a capillary number of 1.09×10
-4

- the LSRYL model results are 

denoted with 1 and the NSRYL model results are denoted with 2. Insets: (a) Variation of 

scaled hydrodynamic force with scaled film thickness at the axis of symmetry, and (b) 

variation of scaled film thickness with scaled film radius. In this run,  the     
   is 9.4 

(correspond to rmax of 727 µm). The physical parameters used in the NSRYL and LSRYL 

models summarized in Table 3.1 and 3.5. 
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Appendix B4 

 

 

Fig. B4. (a) Variation of scaled force with scaled time, (b) variation of film thickness with 

film radius in aqueous electrolyte (100 mM KCl, pH = 5.6) at a bubble approach velocity of 

165000 µm/s, corresponding to a capillary number of 2.3×10
-3

- the LSRYL model results are 

denoted with 1 and the NSRYL model results are denoted with 2. Insets: (a) Variation of 

scaled hydrodynamic force with scaled film thickness at the axis of symmetry, and (b) 

variation of scaled film thickness with scaled film radius. In this run, the     
   is 4.54 and 8 

(correspond to rmax of 727 µm and 1318 µm) for the NSRYL and LSRYL model, 

respectively. The physical parameters used in the NSRYL and LSRYL models summarized 

in Table 3.1 and 3.6. 
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Appendix C 

With the best fit between the measured and the predicted time dependent force profile, 

the hydrophobic force constants for solids of different contact angles are determined using 

the SRYL model with power law form for hydrophobic force, given in Table C.1. 

TableC.1. The best fitted of hydrophobic force constant, K132 (J), in eqn. 5.10 using full 

mobile bubble surface boundary condition 

Contact angle (ºC) K132 (J) 

38           

52           

84         

103         

 

With the best fit between the measured and the predicted time dependent force profile, 

the hydrophobic force constants for solids of different contact angles are determined using 

the SRYL model with exponential form for hydrophobic force (eqn. 5.9). The results  are 

summrized in Tables C.2 and C.3. 

Figure C.1 shows the effects of bubble approach velocity and surface hydrophobicity on the 

predicted critical film thickness. In this figure the SRYL model is solved with poer law form of 

hydrophobic force with full mobile bubble surface boundary condition. Figures C.1 shows that 

the critical film thickness increases significantly with increasing glass sphere hydrophobicity. 

This figure also show that for a specific surface hydrophobicity, the critical film thickness 

increases slightly with increasing bubble approach velocity. 
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Fig. C.1. Effects of bubble approach velocity and surface hydrophobicity on the predicted 

critical film thickness. The SRYL model is solved with the best fitted hydrophobic force constant 

K132 (J) [in eqn. 5.10] to be 1.1×10
-18

 J,  2.1×10
-18

 J, 7×10
-18

 J and 2×10
-17

 J for contact angles 

of 38º, 52º, 84º and 103º, respectively for full mobile bubble surface boundary condition.  

Table C.2. The best fitted of hydrophobic force constant (decay length, λ(nm)), in eqn. 5.9 

using both immobile and full mobile bubble surface boundary condition 

 Immobile B.C. Full mobile B.C. 

Contact angle 38º 30 11 

Contact angle 52º 39 13.8 

Contact angle 84º 58 20 

Contact angle 103º 70 24 

 

Table C.3. The best fitted of hydrophobic force constant, K(pa), in eqn. 5.9 using both 

immobile and full mobile bubble surface boundary condition 

 Immobile B.C. Full mobile B.C. 

Contact angle 38º 69227 85125 

Contact angle 52º 79925 88736 
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Contact angle 84º 106987 93771 

Contact angle 103º 132160 97894 

Figure C.2 shows the effects of bubble approach velocity and surface hydrophobicity on the 

predicted critical film thickness. In this figure the SRYL model is solved with exponential form 

of hydrophobic force with both immobile and full mobile bubble surface boundary conditions. 

 

Fig. C.2. Effects of bubble approach velocity and surface hydrophobicity on the predicted 

critical film thickness. (a) The SRYL model is solved with the best fitted hydrophobic force 

constant λ (nm) [in eqn. 5.9] to be 30 nm, 39 nm, 58 nm and 70 nm  for contact angles of 38º, 

52º, 84º and 103º, respectively for immobile bubble surface boundary condition. (b) The SRYL 

model is solved with the best fitted hydrophobic force constant λ (nm) [in eqn. 5.9] to be 11 nm, 

13.8 nm, 20 nm and 24 nm  for contact angles of 38º, 52º, 84º and 103º, respectively for full 

mobile bubble surface boundary condition. 

Figures C.2 (a) and (b) show that the critical film thickness increases significantly with 

increasing glass sphere hydrophobicity. These figures also show that for a specific surface 

hydrophobicity, the critical film thickness increases slightly with increasing bubble approach 

velocity. 

 


