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Notational Conventions

.

.

A Tudction denoted, f(r.y) in Cartesian coordinates will be denoted by f(r.8) in

')OIQ coordinates, ,

[“( £.y) denotes the complex conjugate 81 f(r.y).
»

JUx.y) "g(x.y) denotgs the convolution of the Tunctions f(r,y) and g(£.y).

~

FT[f(r.y)] represents the two dimensional Fourier Transform of f{r.y).

FT,[/(r.y)] represents the one dimensional Fourier Transform, in the variablé ., of

-

flr.y).

f

On the photographic plates, black represents small values, and white represents

'

large values,

.




Chapter 1

S Introduction

» -

This theais is concerned with ways of representing (li;{i!:xl images sueh ha e
representation i indepepdent of as many pardmeters anpossible. Specific parameters
include: position, scale, orientation, ete, Paramcter indgpemlonl representation iy usu-
ally termed “invariance coding™. Invariance coding, that is, the problem of converting
an image in a form which i invariant fo certain geometric and afline transforms, ix of

intereat in digital image processing, By utilizing image transformations, one may cons

" ’. N . . .
vert an image to sueh a form in which certdin properties are more casily comparuble,

This thesis will look for representations which allow recognition of rotated or sealed
. ’ ' \ .

objects, C ‘ -

1.1. Definition of the Problem = .

The location of an object within a scene is a relatively simple task for a human to

-

perform. However, this problem of image recognition is difficult for a computer to per-

o . N N r '
form as a digital image processing task, and appears in many forms, The notion of

recognitidn in itsell is not clearly defined. ln what,ways can the viewer recognize an

image? How is it decided if two images are the same? One form of recognition

involves deciding in which particular class, of a given set of image classes, an input
image belongs. Usually the-classes have been predefined and the assignment to a class

may be based on predefined rules. Early computer recognition systems sach as those

“of Uhr and Vossler [19] are of this type. Recognition of typewritten characters also

falls in this type of recugnition problem.

Another form of image recognition could be that of classilying abstrarct images.

. . - ) ‘ .
Abstract images are charactgrized by a property or group of propertices. Ex:.nmpl(w of

.

this include recognizing geometric shapes such as circles, squares, trapezoids and trian-

‘gles. A similar method is that of classification by function. Objccts may be



recognized as belonging to a class by the function they perform racher than a ~pecific

N

appearance, or shape. Chairs,lamps, ete. are objects recognized by function [11].

a

Other images are recognized by a.complete structural analysis, This (ype of

\
\

L . ‘ e N .
recognition represents an image as a set’ of primitives, and the relationships between

N et neaen

these elements, Handwritten characters ate not of a specific form, as typewritten char-
\ . 0 . . .
acters are, but they are still recognizable through an analysis of their constituent com-

poncnts (or features) and the relative position and size of these components, 'l‘llh type

of rccognli(.ion has been explored by many (2,9]. /i

- In cach of the above deseriptions, recogntion does not depend on the observa-

tional conditions, but rather on the object itself. The size, position, and orientation

A
4

was not a factor. The recognition process is invariant under projective and affine

transforms [19]. The question occurs: Can this same invariant recognition be achieved
in digital image processing? A predefined model of the image can be used or assump-

tions can be made about the image so that a normalization process can be applied to a
‘ \

given image in order to centre the image at a specific location, size and orientation.

-

Such normalization requires a priori knowledge about the image and thus’is not gen-

)

cral enough for a recognition system. The problem is to find a recognition process to

determine if two images are similar (within a geometric or affine transform] without J
priori knowledge about the images.

[y

* In 1964. Van der Lugt [21] introduced the idea of matched filtering to locate a sig-
: -

nal embedded in a scene.” The matched filtér provides shift-invariant pattern recogni-

tion which is limited to finding a pattern only when the size and orientation of the
image is known. \When the size and orientation are not known, however; the problem
: o o . - . .

becomes much more difficult. Systems have been proposed offering rotation or size

invariance [7] [17]. These systems usually forfeit uniqueness, of are semsitive to noise.

or are subject to error. Indeed the "invariance coding problem" is precisely concerned



with developing matching techniques which are rotation, scale and shift invariant and,

while preserving uniqueness of the pattern. are not sensitive to noixe cffeets,

N
.

1.2. Applications

' '

The applications of a recognition system offering both rotation and scale invari-
p Y

ance are the same as for existing recognition systems. Without the constraint of exact

size and orientation. recognition is poasible without preprocessing to register two

»
1

images, Text written with different font sizex should.still be recognizable by a charue-

v

ter recognition system, Aerial photographs cannot realistically be taken from a fixed

dixtance so their amtysis would require scale invariance to overcome the size changes

due to the dilferent distances at which photos are taken. Navigation and computer

’

[
‘

guidance systems could use invariant transforms té match maps drawn at different

scales.  Medical jmaging systems perform x-ray analysis, such as tumour detection,

Robotics, and- vision systems in industry requiring the recognition of objeets would
' ) . i .

benelit, since many objects used by snch syxtemy should be recognizable regardless of

w

b7 and orientation.

1.3. The Invariance Coding Problem

The invariance coding .problem requires the development of. miutching techniques

which are rotation, ~eale and shi{t invariant. and which preserve nnigueness, This see-
tion is intended to establish the approach to this problem that the thesis will take.

The invariance coding problem will be considered nsing a formal muthemutieal

~

approach.

All forms of recognition require some form of description or representation of an
. ) A B '
image. Such representations include: a description of features: a semantic net connect-

ing features, their-relation to each other and their relation to other objects in the

image [2]: and a-mathematical function. In this thesis, functional representation will.



be used to form.nhze the recognnnon problem:, \n image is deﬁned as a funcnon‘

Al

¢

J{z.y) where mch \.llue flz.y) repre:en(s (he light mtemlh at (he point (r, y) In an

’

image processing application such as in this thesis, some assumptions can be made

about this function [23]. Typically [(:,y) is bbunded, non-zero only withi:n a finite

region (optlcal systems bave a finite ﬁeld of vnew) and image functions are-asiumed to

.

be: analytically well-bcl;a‘Vcd. that is; they are mtegrable, dlﬂcrentmbig*, have no.

infinite dixcontinuitiex and only a finite number of discontinuities. Furthermore. in any
finite ncighbourhood they have a finite number of maxima and minima. These

‘axsumptions are reasonable for an image.

1.3.1. Measurement of Match

Using the functiona!l representation. and computing some distance metric between
the two functions (or between a transform of the two functions) it is possible to meas-
ure how “close” the two functions are and hence determine how alike the two images

iven a reference pattern (or signal, or image). f{r.y) and a test pattern g(z.y)

are. (
one would like a method of determining how closely g(z.y) fnqtches ftr.y). Typically.

g(z.y) is smaller than f(r.y) and it would be desirable to klnow'u'here\w»ithin flr.y)

¢
-

does g(r.y) match the closest. There are various match criteria used over the decades

[2:‘3]' including (within a region A): ’ ¢

All of the above compite the ima‘ges on a' pixel by pixel basis. The third match cri-

terion gives rise to cross correlatlon tec_hnLques as one candecnde lf i test image.

gl y) matcbes an ilgage f(r. y) at any posmon The Cross correlatlon is deﬁﬁed by

.

Crluv)= fff(z.y)g(;-i- u,y+v)d:dy.‘ 1.2

From the mean s’q_u:ire measur# of match: A = ff(f— g)? the fbllowing is obtained:

Ca . . - I Y

"‘K'f\‘lfw-‘gll.::{fl/‘ylz {f([—g) - ¥

&
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A= fJumerafIr e ffee 2 i

A

oo

' 3

. ’ . ;) . . ‘r ‘ -
Which, gives A=0 if and only if f(z.y) and g(z.yl@tch exagtly.- Observe that A s’

smaliest when the last term, If/g is largest. The Cauchy-Schwarz inequality gives,.,
' A . ' n

" .

. !
.
- s

for nonnegative f and g: ‘ .

- ! . \

. IIfgsb\/ff/Q-Ug‘-‘.“” I
LA ‘ A AL o . vof

'

.
- . [ B o . A
s

\ ‘ ‘ ‘
is not, in general, constant, the "normalized” (pre-whitened)gcross corretition function

N/g is: ‘ ‘ — St

S A L0, o s
. \/J'J'f"' . T
A . . '

Svhich, -agdin, is-a measure of the match between.f and. g which takes into account the
/ ‘ '
fngrgy ofl g- "

This match measure is optimal when the images [‘(z,y‘) and g(r.y) di‘ll'or"!)‘y a

translation plus statistically independent additive Gaussian noise or when the match

' -

« iterion ix the minimization of the mean-squared error of two images [23]. However. if

the images do not have the same orientation and size this method degrades rapidly.

[}

Since each of the above measures of match is based on a pixel-by-pixel comparison.
scaled and rotated images could oot be expected to match since there is only one point

" in a scaked or rotated image that does not change from the original image.

¢

.. The matched filter and cross correlation techniques provide a method for recog-

nizing images at a.xpecific orientation and size. At the time these. techniques were

- —_—— -

introduced, Doyle [12] claimed that it is "impractical te include distortions such as’

[N

rotations and dilations” in a recognition system. Since that time. various technigues

i

.+ have been used to make it possible to recognize objects under various geometric
. ' . . S s - ’ o : f : ) e

oL . [N

with equality httained if and only if f(z,y)="cg(£.y), ¢ being a scalar [23]. Since JJe
' ‘ oo . ' Ve : A

.

XY
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transformations, ~ This thesis will review fechniques for image recognition which
N A} L] " .
approach the problem on a functional basis. o

S

Invariance coding deals with the problem of finding a representation of an image

.

" such that the representation is invariant to-certain transforms; in particular, transla-

| tion, ro(.nt‘it;‘n, and _‘s'c:\lcf. Thus 'by ‘transfdrrning the~imzrge to a new represcntatjou
. ‘ : .. ' T
which posscases invarians prcﬁ)pert‘ies, comparisons,of images can be made inv.(‘!ria new
space. This'lallows :'x_roncllusion Lo‘,bc drawrl‘ about the original ivmage: in (ho‘sp:nrinl
‘do‘urain." All t'.e,rlmiquesfcqnsidered_ are n;agnflude-.in‘van'ant. that is, the l:le[l)resentut.‘ion

[}

of the image in a complex plane possesses a const.n.nt magnitude for the mappings of
. ) \

s . .
———

geometrically transformed images. \\nth constant magmtude in the comple\ plane.
the phase component can vary. Thus tbe combmed -magnitude and phase of a

1 - ' ' N
trnusform o uniquely represent an i,mage |n‘the complex plane:

Tlm thesis wtll «tud) the mzrthemaucal problem of invariant encoding of images

in two dimensions. Based on the properties of the techmques revnewed a hew (lecom-‘
‘ .

position of an image is.introduced having inhe'rent. scale and rotation invariant proper-’

vy . . ‘
ties. This transform provides the representation of the image in a form which allows
us to determine if images in the spatial domain are the same, within scaling and rota-
¥ ' ' ' . Ct .
. ) ‘ - T
tion.
. N . . . ! - ' a N -

. ' ’

1.4. Outline of the Thesis

‘ R\ . '.‘ . - S . 5. ‘ ot o . '
C‘haptcr 2 contains bnckground matenal on .which all further work'is based and
from w hl(‘h .xll comparlsom 'md ev aluatlons are drawn Current Lcchmqucs I'or recogni®

, : \ - |
tion under un'xge translanon scnlmg and rotation are presenLed L -

~ Chapter 3. propos‘es a new int-égra_l t_ransfdrm‘. for‘ﬁc:‘xle and ro'tat,ibn in\'.;ai'iam' |

-encoding of iiliagés, This transform is ‘seen to be an ettensnon of the e\Isuno_

B

tramforme preqented in: Chapter 2. Propertles of thns transform are ewplored
S/ . . C Ly

. ! . . ® "

”i&‘.
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Al . .
Chapter 1 presents experiments in which the methods for jnvariance coding dis-

N

cussed in the preceding two chapters are compared and evaluated. o
C o ) . . o * i
(‘hapter 5 presents the conclusions and offers a simmary!



Chapter 2 . . o

A . ‘ ‘ . . ¢ -

" Background ' :

- ! : i ‘ ‘
This chapter looks at various techniques currently employed in invariant recogni-
tion of images. All methods reviewed here consider the invariance coding problem as
described in the first chapter: Find a representation of the image, either by one

. - é

transformation or a serf€stof transformations such that geometric transformations per-

formed on the original image will not affect the representation.

‘ P . ‘ . . . -t "‘ ' ‘!‘,' ' oo
xz.l.'lntrpduction B : ;

There have been many investigations into invariant operators with the property

. "

" that scaling the im':we and then ‘p‘erforming-the transform or transforming the image -

and then scaling the tranﬂform ‘are equnvalent[lS] This' does not agree with the

® .

(Lcﬁnit.ion of invariance used in this, thesis, thus Lhese transforms will not be con-
*@;‘M‘d The m'xtche(l filter is dlqcus*ted as it was one of the ﬁrst comp:mxou tech-.
hl
niques nn(l ~t|ll is. the moqt frcquentl\ used criterion. \’e\t circular sy mmemc ﬁller\
and circular harmonic image dcéo.mposit.ions are reviewe’d.‘ These techniques are rota-
- .o " ' . ' o . ) . g .
tion invariant mechanisms for rqcogni'tion. The Fourier-Mellin technique's‘ul:“o have -

rot.mon m\ ariance and i in ad(lmon to thm have scale and posmon ln\ ariance but Joxe

uniqueues.s Each techmque ts e\plamed to '1llow comparlqons on’ a theorenml basis

-

and to provide the b:;yck'groun.d]’necessnry for the discussions in Chapter'~l. .
2. Matyphéd‘ Filter‘s - L

Tll(‘ mdtchvd f'hol lhoorem »4(:1(0\ that for ﬁn(lmv ma(chos betw een tompl itte. .

and an lmage f bv crow correlanug an a\b;}rary ﬁher mth f the bsaf filter to use i :J
ltﬂelf w hen f conwate of a \lgnal g, tr'mﬂlated to an) poutlon plm ~t'mou.u\ W hnv

' ’_noise /nl Je., f= g+ n. The term best 1ndf?&!’q3 optlmal in a mean-equ.xre orror sense.

i

,' or opnmnl in ma\lmlzlng the ratlo of snvnal power to e\pected none po“er( see [ ]
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: : ‘ - i N

' to~ _‘.' R : , ub'_, o ’ - L C e ,
" However, if g is a rotated version of f then'the theorem does not hold. In fact for rota-

W|ll recognnze una«res under rot'mons 'lrlns ﬁlter uses a proper clrcular 3) mmetrlc
N \
4 ,..’

component of the pattern of |ntercst h(z,y), rather than f n%elf The opnmlzed

N

‘ ’ I
tions larger than %5 to 10° the decay is too great, and no match will be found using
these cross correlation techniques, -~~~ ' .

Vo ‘. v o . '_ . s * o ! ' ' ! :
~ Since using the nordialized cross correl\ation.‘N/g for'matching a template g(r.y)
. with an image f(z,y) is very sensitive to changes in scale and orient.ation,j_t_ca'nnJl. be
“used for matchin\gyfcr-arbitrary ropatio‘sjand scale sizes.. One solution is to use mnny.'
templates for f(z.y), of different orientations and sizes, Usipg many te‘mplate:‘i f_or‘
; e'\ch pattern is not feasible, as storage reqmrements for many templates become unrea-
v ﬂonnble and computatron time increases with the number of temphtcs Thls approach’

. <

lacks elegance: It is a method of overcoming the short-comings of the m‘at‘chcd filter,

but it is not a solution to the problem of invariant recognition. : 0

2.3. Filtering with Circularly Symmetrical Functions " o

The idea of circular symmetrical filtering [29].is to use'the optimum circular sym-
metric function instead of f(r,y) as input to.the conventional maiched filter. With
the conventional filter. if g{z.y)=f(z—a,y—=b) then the cross correlation:

Cy=flz=a,y—=b)*f(zy) o
. [ ‘<Y‘L ‘_‘ S : '
- Vields-a peak-at the point (n,b)‘ The function ‘/(i,y) ran be expressed as:
P AP f(ly) h(zy)+L(zy) . T T 2
where h{r.y)is a circuqar ‘symmefric f‘unction. Now the cross correlation is .
. . . ’ i O . ] ) . i ' . ‘- ' . " r.‘ ' )
C ety = fle= g b) Shy) # f(z= ay=b) Kry). 23
Ifa proper lz(.t J) is chosen then ‘ B Do e
g / f(z-a y b)‘h(.r &) : Lo 244
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'\I:(,r.y‘) is cnlled“t'he‘opl:'rrxt)rrx ci'r_rula} ‘sym‘métr'ic filter (OCSF). The resulti[ig filter iy

' '*, ) X i

‘ clnimvd\o be rotation ‘nnd space in\‘aria'nt, These claims, how‘bqr, are subje'c't to

- some clarlﬁcauon as J.here are’ sope questions whlcb arise from the above dlscussmn

Lo V . .

(l) Is h(z,y J) required to be circularly symmetnc to gam rotauon mvanauce’ (2) W h'n

deﬁnes an optimal h(z y)’ That is, ¥ whlch cnrcular symmetric compouents should be

uulnzed? (‘3) }\round whlch pomt should h(z y) be cnrcular symmetric? (Lhat, is, where_ ‘

. is the centre of expnnsnoxﬂ) R ' a
. R ot ’

‘ [n answer to the ﬁ‘rs(.'problem above, it can be shown that the transfer function of
a spacg-invariant and rotation invariant linear system' must be: circularly symmetric
(see [29]). " o

Using mean-square error to define optimal match-and assuming that the centre

has been found (Question 3 above has been solved), then let thecentre be (0.0) in our
coordinate system. Qur optimization criterion is: '
. . . . N . ' ' ‘ " [

. ‘ o ff If h|*drdy= minimym. 2
' [ ' . . v ) ’ . .
The poth{ion j(r.e)'\vill be used for polar represg_ntatjon. Using fir,8)=hir)+ Kr.8)

Yang e‘v";L [29] prc;ve”th:{t' the required h*is:" A
Mry= 717{ Sr s ‘4 S A-z.‘s» S

L i ' T o S ) ST .
Thls l'ormula c'm be' uqed to calculate the cnrcular sy mmetric components h(r) |f ’
~ . . » (e R |

. ‘ ,
lhe reqmrod centre is found ‘ R ‘ - -

Lo To‘solvé;QAesti'on‘ (3) ,above_',\‘th‘e‘cenire of symmctry is t;he,_p_qili’tf, (d,b)at \'v'hic"b',

s """"’ ) ?

J‘L |f(,- e)—h(r)l rdrde ﬂnmmum. i

' “here f(r 0)=fo(rc0ﬂ(9)+ a rﬁm(e)-i- b) for ﬁo ;n the onglnal coordlnate S)stem L sing

the reﬂult from’ abowe SR SR R - T b

N o B




‘

/'U)"'—‘—I f(r(‘o~6+n rxm(H-b)(lQ o R

..n
' . O .
' v

The conditions found for the centre of symmetry are (see [29] for the derivation);

m.‘ " N o N ! )
—f I_f /. (rc0ﬁ9+a rﬁ|n0+ b)do| *rdr=0, . 29
S K [_f /o (rcos9+a rin®+ b)d0| rdr=0 S 2000

. ‘ab :
“Without'an analytic expression for f,(£.y). however, it is. difficult: to find the ventre
: ' P . . . o o o . oY
usiag this derivation, o S ‘ ¢
‘J . . . » ‘ . ‘ S ' : .‘. . ', ‘. . n N .
Another problem to consider is that the peak'of ('/,, is not, in general, at\the ori-
gin of the outpu( coor(lm ne sy 'ilem ev en \f the opnmum Sy mmclrlc conlro of /(: I/’
commd(w \\llh tbe origin of the mput coor(lm'xle xystem.. Ro(.ntmg the pattern f(£.9)

around itwoblimum centre of,symmetry (0.0) ,the peuk of 'y is not only rotated bt

also shifted. Thus the peak denotes recognition. but not.the position at which recogni-

'
~

tion occurred.,

The claim that this method is shift-iuvnri:mt. must -be' taken wi(h a r'r;rin‘ of ~ult.

Fmdm«r the ceutre of (he rot'xted lmage and then e‘(pandmg about this cuntr(' is

M

equivnlcnt to com;erling (he coordinate systems so (‘hnt.‘the' imagos :xre.:nlignml, rln(l-‘

y- . . ' , L A,

" ing the centre is an important part of the invariance coding problem. -
' . R ) N ‘ “ . . . ‘ ’y"v I ‘o: '\ 

2.4. Circulai' Harmonic Decompbsit'ion o L

H«u Arsenault and \pnl [l.] use cnrcular harmomc e\pansmn based on wo:l\ ori-

-

v

gmallv done in lmave reconstrycnon [10] Thelr method*decomposes the funcuon lnm '

&,c:rcul:\r harmonuj componems of (.h.e fo,rm:, e

m-—@

me)ﬂ 2 l"‘""’"" SR "'2?.‘411.,-!_;“}‘



\ “ Iy l' ' (R4 5
2 . ,
. i - ) 12
where, e B ' ' i '
,\A =*~f/(r e)e"“‘"de S ¢
A target rotated by ap angle a would be repreé‘ent'ed by':
f(r 6+a)== 2 fM( )e”‘”cl““ I 213
‘In C'a;.tesian coordinates f(r,Q) and f{r,8+a) are exgre‘ss‘ed‘as‘ fo{z,y) and falz.y)
respectively. Using a conventional matchéd filter the Q\gﬁf;ut is: AT A
R N (2 y)= II fa(én)f (e 20— y)dedn. R 5
thQre denotes complex conjugzmon Wbe'rll a-'='0 t.h'is.is tbe autocorrelalion of f with

the pe.nl\ at =0, y=0 Por an arbltrarv value of a, the centre ‘value (1—0 y=0) may
J- S
not he the correlation peak. Hsu etul [17] define C(a)such that

. .

® g
('(a)=(‘ (00)=frdrj/(r 0+a)f’(r, 8)de. 2050
. .
rléing (‘(jlul.miq‘ns“zv.l_l :1‘['1(1,_-‘2.1‘31hi‘s“re‘duc.es to: - L B ‘ ' .
e o (TZ‘R E e/’""‘ frlf (r)l dr L 7 '2.‘16

o

.
v

. I‘hn coulre correl.mou \'ﬂue is a sum dependmv on comrlbutnom fro;n all cnrcul‘xr‘

' lmrmomc componeurﬂ" 'md in vcner’xl mnea mth @ Therefore if more‘t,han one cnr-

. I N " B Pr——
cular lmrmonlc compouem of the tarvet ls u%ed theu the‘ centre correlanon \alue is

.

-‘rqla'tcon:trafaanl: bsmg_onl_v one component,;' howev’ér, t‘hls"value‘fdoes pot.ch_“ange.

o .

. IR . o o ! O o \ v
" .~'One circular harmounic component is defined as: + ' .. .= |«
o e S flreime e T

'Bs;r\:'e"t-h:;tf fo(l:‘,‘.,e)‘ is t-_h"e“ Q'C‘SE"'(]“‘eﬁnéd"‘in_ i'lie~iprey;ivdus' section. The cross correla:- ,'

e
S '
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tion of f{r.y) with a single component f,.(r.0) vielids

" 2 . . g
. .
. i 1,

E I o Calm=Aeme s
where: o o ) ‘ o . .
! . - v o v ® o » . ' . ! '
. o 0 A=2m Jr|fa(r)|Hdr, S B L T
- \ ‘ ‘ 0 o L . '
. I ‘ °
L -, h

[

and’ |C(@)|*= |4 |*= constant for any a,  Thus the amplitude of the centre cross
. i f . » f > ! '

correlation value is invariant for rotations in the original imagé.” This depends heavily

3
v

' i .: ' 0-
on the coutro‘of e,\p:msion. which was asspmed to be the origin in'the ,:\l)ove dm‘lh-

sion' The proper cen(re can be determmed anal)tlc illy such (lm( (hé cculrc \u-l(h

|(,,,| 4s A maximum W hen a match is.made as dhcusscd in the pro\mux ﬁeclmu (see

' '

[ 0]) ln pr:l(‘('i(‘(‘ this cqntre cannot be found as firstly, it require:} an’ :mnl\vtic'form of -
] - A ‘ b o R ; g ‘ ) :
" [and secondly, the centre depends on m. the component used. so- will be dillerent for

cach component. Also. this matches the test pattern to only, one of the circular b~

X J » . , . . ‘ oot . : ‘ o
%ﬁ(‘?uic componeut~ of the target, This brings forth the question of which harmounic

v PN

' " ! 1 ' . . | . r e . ! '
order should be used, Experiments performled by Arsenault et'al., find that the ‘hap-

monic or“der to be used depends. on 'the images being used. .-\lso. (o (lh‘crmnu:m-
[ a ¢ iR ' .
bct\\(‘én \Illlll'll‘ obJec(,s. such as the. Ieller\ E md F l\no“ lcdge .nbout tho ()l)j(‘(‘l\ e

1
c A o ! ' 4

be u«ed to, mcre‘ne roco"mt-lou, cap'xbllmes [L] To (llscrlmm.xle l)el“ e('u lhv Icll(‘(\ E

ancl ‘F tho fuc( th'n F h as Nome x\ mmetr\ w hnle F does not w a8 me(l 'md lhw e ablml L
(he experimeu(érs' to eliminu(e ull e\‘(_-u or(ler com‘pohe,n(s from léstinf'. Th'u.s.' lhi"\' CL
mcthod could be uxeful |f rcco"mzma cla«es of obJects pnor tests ('dn be- uw(l 1o

Y] . . e
] Lt “ L.

decide whlch lmrmonlm should be used to help dl'i(ll]"‘lllsh between parucul.xr classc;s
B R ' u : . . SN
) This does no‘t."prov'ide ‘:( g?ne'r:\l-method to de.c-iele \vhich‘harmonic'.s‘ to_ use*foi m"bitr:ix")."

T Lo PN
.o . . o, o

( Lt

images; e TS } . X ,
As \\nh the oC \F ﬂm‘ method clalms to be shlft lnvanam Thls lS true if both

.

the |mave and the teet pattern are expandcd about thelr proper exp'msion cemres

: Lo : S L . : [



¥ Once again, locating the centre of expansion is non-trivial,
-1 < ‘ ‘
S ‘f- ) ) ) . n

A mmhhwl fersion of the above mmhml was cmployed by \\ " .xml St uk (23],

[INY

w
('u~((‘chmq(nwcmmvd the need to find the expansion centre by using a common

-

centre for :xll)componc‘ng:« (the geometric centre could be used), and considered N har-
% : A
monic references. Theirvector signature approach used a reference veetor

ot A

" 4 B : Rn(IRII'IH.‘I----VIR’,\‘”- 2020

where P
. e ‘ F snanat . .
‘ ! s 11" ' > R
! I 'ul [‘)n=j J‘ f(!-y) f"(\l‘,y)({l({y, .»IJI
o N - e
(~ame an Hew et al, [17]) and the veetor - . . '
g AR o C=CL GO, 22
‘where '
) Cp= f f g(r.y) f,.(x y)dady. 2.3
for the test scene g(z.y). Then by uysing X=R~C and taking the norm [|X||—(X X"
s ; } n g
theRést criterion becomies’ ﬂ
‘ » gy
[IX]| =T target present ] - - .
> T target .absent. o 1 '_ . 2.21

This approach removed the need to find the expansion centre, However. the com-
ponenty, which must be used to match, must be determined by tests. Experiments by

’

Wy nnd Stark [‘28] showed improvo(l results using more than one circular harmonic

compononl even, thou h the proper cxp.xmlon centre was not used Also. thys vector

.~ignmuro np[)roncll ‘hn‘(l’bi‘tler results in a noisy image.

o
W >

\g1m ‘the question arises of which harmonics to use. This also requires 2.\’ cross

P
»

'corrvhmon\ m '1ddmon to calculating NV harmonic components Jt is questionable

ll *d

A% ( ’ '
,whtﬁﬂicr thlﬁ prO\'ld(“i any improvement over using a convennonal matched filter and

»

' rq}ating:;; be test pattern. ;

"o

. X i .-. .
A:_i ) J



2.5. Fourier-Mellin Transforms

\ [ -
! b -

The circular harmonie decomposition does provide rptation invariant recosmton

and preserves unigqueness (Equation 2.11). Using the properties of The conventionnl
. Al
.

Fourier transform and geometric coordinate transforms, Casaxent and Paaltis [¥] wnd

»
»

Cavanagh (9], obtain cncoding of images which is invariant to translational, rotational

v

and scale changes but forfeits uniqueness, This technique uses some properties of The
Fourier and Mellin transforms, The-properties used in ‘t‘ho following discussion are
. ! -

preseated here (for further reference see 4, 13)).

2.5.1. Properties of the Fourier and Mellin Transforms’

" o

Given an image f(r.y) the Fourier Transform is defined by: '

~
® )

FT(f(r.y)] = Flo,w)= _[ f [(z.y)erp|— J2m(w, 1+ w y)|dsdy, 2,25

,
where i V ~1 and o, and w, are the spatial frequencies measured in eycles per pie-

ture [22].

v

The shift property of the Eourier Transform is:

. F:T[[(“z—a,y—ﬁ)] = F(‘w‘,wy)c.rp[~j‘Z‘n’((p,cc‘l‘w!/B)], : 2,20
which gives: ' .
.o
, . . -
O FTf(ry)]lF = IFT[f{z—a.y=B)]|". 2.2

. " N
Thus. the Fourier Power Spectrum.” [FT{/(r.y)]]-. is invariant to shifts in the input

image, For scaling and rotation this is oot true. We have,

a

. ' . “,‘ (l)' t.
FT(/(azay) = IT'FH—&—.-;'—). 2.28

] o

flz.y) rotqtcs thl spectral magnitude’ IF(w‘.m_v)l. '

Similarly. a rotation of the image
. ) P

* Givena fu-nction._ f(r). the Mellin Tranajor;n in 1 is defined l;}':



e

'

v

 MT(f(£)] = Mw,) = f f(:)rh’u‘-ld:. . -_’.‘_N,)'
o 0 -

The magnitude of this transform is invariant to scale changes:

IMT/(2)] = IMT{/(az)] . 2,30

Obviously, by a logarithmic scaling, z=¢" we have;

M(w,) = FT[f(e")). . 2,31

A

2.5.2. Use of the Fourier and Mellin Transforms in Matching

' .
4 .

Using the properties above, Psaltis and Casasent (7] and Cavanagh (9] obtain
' \

fuvariant coding of images through a series of transforms. .
The power spectrum [F(w,,w )| is invariant to shifts in the input image f(1.y);
Rowever, scaling the input image scales the power spectrum and rotations in the input

image rotate the power spectrum. Therefore, by changing the power spectrum to polar
. , ‘ 1

w :
coordinates, r=wa+ w; and 8=tan~!(=%) _scale and rotational changes are now
, ™
z . "

.

cach isolated to one dimension, A function denoted. F(r.8), is obtained which is the
polar representation of the power spectrum. {Note: this is a real function since the

:

power spectrum is real. not to be confused with the Fourier transform, Flo,,)).

2.5.3. 'Scale Invariance of the Fourier-Mellin Techniques
Y

A scale change in |[F(w,.w )| by a does not effect the 8 coordinate of £(r.8).
Only the r coordinate is cffected by scaling. By performing a one dimensional Mellin

transform in r on F(r.8) yields a completely scale invariant transform:

Mo, 8) = MT[Fire)] o

- w, -1

F(r.8)r '

[ 34
w
()

dr.

u "
& Sy 8



If M\ (w,.8)=MT(F(r.8)] and M (w,.8)=MT|[F(ar.8)] then M(w,8)=a """\ (w,.6)
So | M= [M,] Now. by using the change of coordinates: p=ln(r). F(r.8) becomes

F(c"’,O) and

M, 8)=f ﬂr,e‘)ﬁ’“»—";’—
0
= J Fleeg)er=edp . 2.33

= FT[F(e*0)).

Thus the Fourier tragsform of the logarithmic scaling in r of F(r.e) yields a 1-D :\I(~|li;1
transform in r,
2.5.4. Rotation Invariance of the Fourier-Mellin Techniques

~

As with the stale invariance. a rotation of f(1.y) by a rotates the power spectrum
[F(m,‘u;y)l thus affecting onl_v.(hc 8 coordinate of F(r,e). The result of a rotation will
be a shift in the transform spnc‘e but the shift is not the same for all partx of the ¢
image. Part of the image is ;‘bif(cd by —(‘."n’—a).‘ (See figure 2.1 ). The rest of,‘\(l‘u-
image is shifted by a. Consider the image as two parts, flry)y=[ley)+ [ (1.y).

where f, is rotated by a. f, lQ 27— a; obtaining their power spectra followed by the

- polar coordinate change gives:

—'.(r.9)= i’—,ir.ﬂ)fi‘_‘_.(r.e'). . —_— | 251

with G denoting the one dimensional Fourier transform'in the 8 direction:.

R

T @

(iI{r.wg) = fil(rlwo)'+ G ir.w,). 2.35
For |
F(r8)=F (r0+a)+ Fy(r8+20-a). . . 2.36
we get . ! ' ' ‘



N '

§ G(r.mg = G‘l(r.molc—)“°a + C.'._‘(r.w'o)e’w"('"—a) 2,37
‘ : : .

\ )
(from'the shift property of the Fourier Transform ). TLis is the “cyclic™ wrap-around

. -

property (see [23]), - .

Cartesian Coordinates

! ’- ofr
Log-Polar Coordinates _ ‘

Figure 2.1 Effect of Rotation on Polar Representation

\cnle invariance arises from a- oue-dlmensnonal Fourier transform of F(e" 9) fa . .

[y

one-(llmomlounl Mellin tramformauon of F(r 8)) and rotauon invariance irises from a -
one dlmons:onnl Fourier transforni' in 0. Equiv’alently this is-a twb dimensionnl Fourier'
transform of F(e".e).'resulting in both scale and rotat‘ioh‘in'variance. Thm wall be

\ o

* denoted M(w,,w3). (The use of the Mellin transform notation helps to dmmgm:h 1 -15 '



.

a .\lcilin transform). Thus the Fohrvie/r-.\leilin (FM) transforms are:

"

FT,[MT, (F(r.0)]) = M(w,.w,) C | 2w
. o
= "I;(mp!w0)+x‘[2(mp'm9) .
and o '
FTo(MT,[Flar,0+a)]] = M'(w,,0,). - 2.30
‘ i : ~>‘-;(u lna+wga) =l lnatwglin-a) v
= M (w,wgle ~°F +'\’:(“?p-“’o)€ < e

Ol

The Mellin-type cross correlation, FT™'[M M}, contains the xcale factor and rotation

angle information in the crosy correlation peaks. There ‘are two cross’ correlation

peaks: the peak ‘of,F(e",ﬁ)‘Fl(e",O)‘isvlocate‘d at p'=lnad’'=«a and the peak. of
ﬁ_.(c",&)'ﬁ_‘( e?,0) is located at p’=1na,0’=2m+a (see [5,6]).- The location of the peaks
permits the retrieval of the scale factor, a, and the rotational :mgle. a. Psaltis and *

Casasent [7] claim that this information can be used to normalize the "test™ image and

then follow with a couventional matched filter. The information obtuined. however,

Ina and a. must first be used to scale the original po%er spectra and rhe phase spectgn

(which to this point has'never been used). Then. the inverse Fourier tfansform of ihe
: .

spectra gives thé "unrotated” and "unscaled” version of the test image. Thiy may now

o

be used i n\cpnvcnnonnl matched filter. "Note. however. that in order 1o normalize

- : g . . ' ' R . ’ . .
the test image. in any other way. it is necessary 1o know about which centre the rora-
tion and sealing was performed. This information is not available from the ahove

derivation.
. .

This method matches power spectra of images. Since the power spectrum is not

“unique, all jmages with the same power spectrum are recognized as being similar (up 1o
v " ! ' ' ' ' ) . . ' . ' . :

. translation, rotatjon ‘and ‘scaling). The loss of uniqueness-makes this teéchnique.-

inherently subject to error in recognition.

4 .
’ . N



"2.8. Summary RN

C) " Current (ochmquca for rotation and scale invariant [ecognmon have been’

presente(l. " These techniques establish a basis for comparison. . Analysis of these

B , "
- i

~ \ . .
mecthods provides insights into possible improvements and objectives for an invariant

i 1
recognition system, .

4

"
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- Chapter 3 e
\ : R - :
- Log-Polar Circular Harmonic Decomposition
This Chapter explores a new integral transform, The transform represents an

image in a rotation and scale invariant form. Other properties of the transform are

investigated. It is shown that this tra®sform can be ®xpanded and, in this higher

-

L

_dimensional form, the representatiop also achieves shift invariance.” .~ "~

3.1. Ir‘xﬂtro‘duction

N

In the ‘previous chapter, different existéng methods to obtain representation of

" objects invdriant to rotations and scaling were explored. These methods had common
. featurds which are desirable in a recognition system. Most methods exhibited invari-
f ,

“ance in the modulus of the eransform. The following has been seen:

FTU(= 0=l = IFT(zll . IMT{f(a)]l = IMT{L ],
and from the cir.clixllkz}l:“; lmrmohics,' |Ca(a)] = 4], and frox the‘Fc;m"ier-.\le'llin‘(I(‘{riy:h

“tion: - ‘ : e . -

a

|§T{ZP[|FT[f1|]}|=*1‘FT{LP[’|:FTU1|]}L- s

a o e

whcre LP represents t.hev‘log-‘polar codrdinate change‘, and [ is a ro’tate(‘l :md :«cznlgrcl‘

version of the function f Thus, thcsc mapplngs to. the complex planc r(-presenl an

s
-

image such thut the m'lgmtudc is mvanant to certam changes tn the orlgm.xl image.

a
'md in the case of the rOlll’ler ‘znd \Ielhn tr'msforms the ph'xse conrponcnt retains

- in?ex‘tible. '

e

\

Tln gives a reference pomt from which it is. pomble to’ estabhsh a nel of rrlforn

Lhat. lf satlsﬁed mll yield an lnvarmnt t.mnsform'mon Thxs chapter accomplnhm

e'no‘ugh information to uniquely reprcsent« the‘lmage. Hencc. these ’lransforms are

such a task.- B_y ‘s’at.isl'ying 3, set of cnt‘ena, a new transform'émgrgés which‘hns"-speciﬁc" o

'
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N in\-:xrinm properties. Additional properties ofqhiS‘transform are invesligme(l‘ includ-

h

ing an o\tcnﬂnon of the transform to increase its r(‘cognmon capabilities 10 mcludc ‘
shift invariance,

' L o . -
-3.2. Criteria for Invariant Recognition

! A set of criteria are now established that include all the desired invariant proper-
ties. As described by Braccini [3], a general integral transformation of the image func-

\
e »

tion f(r.y) can be defined and specifi¢ properties on the kernel of the integral can be’
imposed. Formally..

.
)

gluvy= ff [(z,y)w(u.‘v:x,y)dzdy : ) . 3.2

for some weighting function w(i.v;r,y). If {u.v;z.y) can be found such that the new
represeatation of f{z.y). g( u.v). \allows easy cg‘)vmp‘:u‘isons “of ‘properties of.sp:l‘!iul

‘images then this representation can be used to determide matches. Call g(u.¢) the

’
\
"

response of f{r.y) to w( u,('::.‘y)v.“ Define. g, o(u.v) as the response of f(dr.8+a) 1o
m‘(vu.v;z.u). Thus. glu, e )_'_]l ol w.r): 9, Jl(u.r)is the T‘OS.[)OD.\(’ to a rotation by a and -
Ja l,( u, «-) denotes re\ponw to' a smle ch.moe by a>0 The crnorm for rol.mon and

scale invariance requi‘re, t\hat. the respon§es for_totated and scaled images be expressed

— L}

T N LTI A
Q | ((n 9y al ) = §(ut)1m(11um) e B
for complex ‘cdns(;nut‘s 1].[3. and re.a.l n>;0. mth. P : o o
B ('(3) lgxo(“ U)I = |91¢.(" 1')| lgao(“ l')l R X
(C%) lmphea |q( u v)|= |§(u v |=1 Further, wnth (C-ll B=‘ , nthenme ‘t‘he‘."‘

transl‘orms map scaled |ma¢es to scaledgtransforms (18] contrary to the goal -\s a ﬁnal

e

cnterlon (C5) the tmanorm ﬂhould be lnvemble. Theee cntena formallv state that; :

f(.t y). a ﬂcaled versaon of f(z y) and a rotated verﬂlon of f(: y) all unlquelv map to_ .

oy




.‘ ! ! B ' . .
’ ‘ . v. N ‘ . , p
functions.in the complex plane which have the same magnitude at any point. .

'3.3. Sufﬁcient Conditions for Invariance Coding "

s

The nature of the weighting function that satisfies the above criteria is now inves-

‘tigated. — ‘ ‘ b L ‘
. ~ First, scale invariance: . o v
Yoolw.t) = [ f [\(az,ay)o(u,v;z,y)dzdy L
letting p=ar and 7= ay this yieMs: |
= ; : = f f [l(p.‘r)m(.;;.n;P—,I-)—l—;-dpd'r. o o 3‘.‘()
—-m a a a‘- . X ; .
y o
Using criterion (C1): "~ B 3
c 1 p ‘ T :
palwew) = J f o m)olu v Dydpds
' B ( - . .
=( u.t-)f'f fl(p"r)w(ﬁt:.B‘(';p,T),'(l\pdj
" ?'Y((l.l')gl.O(Bll,Bt.')‘, . L ‘ ERR | 3%
"“which implies: ‘ R A — Do
(*) -—_m(u.ﬁ:%.i—)#y( u.r)o(Bu.Brip.t) , ‘ 3.8
" For rota‘tibn‘ ihi";triance:"' o CoL .
'..'g,".;(u.z'f)‘= f_f fi(zcos;xf— ysitia.z:sinra*f‘ycq.sa')m(h.v:.t.y)_d-.tdy. e 3.9
F A S ' :
‘c.hnngivng to polar'coordinates. r“-.=,'v\/.t-"+ y° 'a'nd'e‘=ta.n*',"(%)‘.":t'bis yields: ‘
E & - 1 "b'
: it v



R e L
. ‘y'l.a(t;_t') = ff f,(r.9+a)ui(u,‘u:r‘,e)rdrde,
. 0y I 4 .
letting =0+ a: ,' . o | d
‘ A . | | ’
‘ : . I"_"n-faﬂn ‘ . ‘ : .‘ o
= J Lrd)6(u,vir,b—a)rdrdd,
@ 0 "yj } P_‘ ‘ ‘
. \ "tl '
using periodicity of f: - .
| | B . ‘A ‘ .

on®,

=L A1, vir g a)rdrde.
0 } ‘ Ve ‘ “

' [

Using criterion (C'2): 0

Q:a(Ul)=:ff f,(r.e)(lﬁ(u.v;r,e‘—a).rdrde
‘ 00

fsgv(a..-).?jv} f,(r,;))us(m.,ﬁu;r,e)rdrde
00 SRR
, :-‘-F( ,;‘.-)l(].::“(mz.nv't').
-'\'\':hichvgive‘s.ﬁ,r o ' o - ‘ -
3 (“‘) ui(‘u,v:r:,O—a')="‘.§(u,v)c6(1‘]'q.n?v;r‘,e).
T° s;;mmari;g tll;cegliéf.ing~C.0n'ailgions\ (l)lxivw:_‘\vv'.it.h cyr‘iferioti'_u)ﬁ=8=1':" .

e (*) -i—l?"l"’("“""lz‘ev‘si)lé‘ﬁ(‘tl.t')y w(B"“."Bv:p.'f) o
: as a'a

C= ‘Y(u'v)‘w(!{;'v;p,-r)l 'l .

(%) Glwdrd=a)= fuei(nuaer8)
. . B ’ h . . . DL \1 ; . g
- = Elu,v)olu,vir,8) N
‘ L i o ‘ {}57:‘ o \\.\\

R
o



Cwith (4% Tyfree)]| = (o)l = 1. - |

There are numerous functions-which may satisfy any of the above criteria, The

’

condition (***) suggests looking at complex exponential "{fupc(‘ions of 1h¢ form
v LI . ¢ ' ", PU . . '
. exp[/A(u,v)], for a real function, A(u,v)! R ‘ .
3.4." Proposed Transform ‘ | b ‘ . -
The f’unct‘,ions: o S
’ . ‘ 1 : S . v O . K | n I,. R -
(A) o(uvry)= ’T;’T""p- ~Jjrulp{ vV =+ y-) . 37
‘ oIty : o , . o
and ‘ ‘ ‘, A ‘
\ A ‘= jLetan "M AL : o '
(B) wlu v;zr.y)=e . I 308
. ’ ) ‘ ‘:/ ‘ ‘ ’
with renl.cé)nst,zm(s K,IC, are investigated. Observe that for (A): : ;,_v’j
. . . . . e >y
w(u l..‘;t. ..‘L = _‘i_.x é—/nuln(\/z"‘+y2)+)xuln(n) ’
' a'a 3 Ir_)+ y'_} .
. . "
. . N R ‘ :
’ = ¢ /nulla).q% w(u,viz,y). 3 _ C319
L Thus. (*})is satisfied, and y( w:v)= e 7%ulo(e) which satisfies (““). However. -
“;( u,v;‘rve-*-a) ;_" %x e-)"‘xu{n(r) . . , N o . . ‘ Y
1 =o(u.vir.8) . S ' o 3.20 -
‘. ‘ v ’ , ‘
satisfying (**) but'is not unique as Elu.v)= 1 Similarly for (B): :
Via(u,vir 8 ba) e Ttiore) ;
' ,=.‘e"JCva)(!'t."t":r.,e)-‘ JE T & 1 0

‘Thus":{*’»‘);is s:it-fisﬁéd, ‘fxnd\gl(.u.v);‘ve“"“'“‘ Wh_ic‘h sati'sﬁgs (***). But,’




4 ' :-)’5
' T Te%
! ) plrian " Y )
w(u.(';—{‘,‘L) = az
O a a ‘
- {vtap” & "
Y {7 -~
) x
. L . \ “
} _ R
) ‘ ‘ =w(u.vir,y), o,
. A . . ‘
}

.80 (*) is not satisfied,

These functions, however, ¢an be combined 50 that all conditions are satisfied:

» w(u,v;r.y)= ——l‘—("\‘_p —jmkln(\/zg‘-f- y'z)—jgt-tan"(l)J,T " 3.23
o Ay M . ' 2] ‘ .
‘or in polar coordinates:
. | . |
Ca(u.eir.8) = -1TX e~ Jxuln(r)=;Lve . - ‘ 3.24

r

. Tl}\is function w :‘am‘iéﬁes criteria (C1) g_l_lrodgh (C-?).‘ThEIﬂl see:

\

_wof "-"IL.}L) = ,—“—:—:&\'p [—Ijm‘:[‘ln(vzc+ y-)- lﬂ(d)];]'ljutnn”i( _;‘;_.'L)]
‘ . 20 A o T

e a- ' j-‘.?. y
ey

.= qlsnuln(a) ——lffxp [-;jKuln(\/zr-’-i-’y'-’)—j{t-t:.;ﬁ"‘('l)] 3.25 .
v : : ¢ - .

=+ y-
. =afe'l"'"‘?_(“v).m'(u,v;z’,y)'; o o S " SEra
~ N s : - . ,
<>
- Cdlu.vir,0—a) ==l—_,exp [—jxul'n(r)v'—jl;b‘[e—‘d]] .‘
: S S P s «
oL T melle -:ex‘p[—izxuln(r)—ihte] — ... . 326
Lo - ) S 5 X r. L . ' -"\. “’ B ' . . . L

et

'- +The tan-lufunt',ticim is-taken as the principsl bf;mclyl.‘[ 2“1'rv];ih\qc_¢or.d with st_an&;rd"pr{,c.*l‘ ‘

..Aice with polar-forms of transform domain ¢oordinatés and comphex.function values [23], -
A . 'I i - 4‘ e L ,"_‘ c .' I e . "1 . . ,‘ ,.-
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g Q & . .
' ‘ — 27
N K
3 . X ‘ ‘ . o .
= ol er,8), - e,
’|

. '

Thus ("), and (**) are satisfied. Further, & u,v)=e/t" and y(u,v)= c/nuinen l)ofrh -

\ -
satisly (***). This function ‘also satisfies criterion(C5), invertibility, uy_will be shown
) ‘ ! o i* . ‘y w‘ +
next, g .
3.4.1. Invertibility of the Transform o o )
Usimg ‘the :quvo Criteria, (\vi(‘h“n scaling factor —-)l: ). the response of 1he e,
" ‘ ‘ . I .‘
- function, f(r:y)ix; BT ' : o .
' i ' L ‘ . ' [ . , % g
' . ‘ M \’ ’ .
o) =‘2l—wff Jlry)o(u,ciry)didy e 227
. L f o .
‘ £~ Hry)——exp *f'md"(‘\/f"* vi)= jLetan~ YLy L dedy
- g 2m 2.7 : -+ y- . " ‘ o ‘
o ‘ ' 3.28
TV ® o T :
= L f f(re)Lox emimuinirimstee ap a0 L a9
2“‘0& ' I"‘ S . ‘

. 2ar Fa . [ ’ '

S RO PIONY ) VTE .
= e— |e e "INy Vl(fv)—— l(uOdG‘ R 330

217 9 { /(f ) o r ¢ ’ Y,

[ . r

» ! - . A
® . mlw

= __1__ J’ f(r‘e)r'—zﬁu*l‘}{,— .cf)("ode . ‘ . ’ 3“ "
0 y ‘ , . L , " -

2 ey

L= M(ku.8)e 180 q9. S L Cl U332 0

where 7 S T S T S

LS

Ve . L p ,H ) » ;

U Mku®)= [ f(r @) iRty 333
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)

“The quantity in squage brackets in bquation 3.31 is the Mellin transform in r,

M{xu.8): this transform is followed by a circular harmonic decompoaition ax described
by Arsenault et al,, which is actually the calculation of the Fourier series coeflicients
for M(xw,8). Both the Mellin transform and the Fouriep series are invertible, hence

flr.y)ecan be r('covél;cd from g(wu,v),

The inverse Mellin transform is given by [4]:
‘ , N
‘ Lo f\(r_e) = —l—-f M(xu 0)ri""d(xu), , ' w3l
<A , v m T,
and the inverse of the Fourier scries is given by:
" ] Mixu,0) = > g(u,v)erte® C3.35
‘ . (== - i ‘
Thux the inversion formula for g(u,v) ix: ‘ B
f‘(r,ﬁ) = _21?-[ E glu.v)erte® frrmvd(xu), 3.30
~o l{pm—w

..‘.A~
which now satisfies criterion (('5). The kernel, w(u.v:r,y), satisfies all llF«i xpvcgiml

eriterin 1 and therefore the integral transform with w as the kernel provides rotation
amd seale invarinucde, Using the rv.\ul(‘s} that Mellin transforms in r are Fourier

. v M ]
teansforms tn /n(r) and that the decomposition in 8 is circular h:x':qlo'nic. the 90«"0m-
! , , :

position i Equation 3,27 will be called the Log Polar Circular Harmonic Decomposi-

i~ ,
tion. LP@]D. o ‘ ' . .
> ] ’ ' : ‘

The lransféf?\\‘ exhibits all normal convergence properties' of the Fourier transform (xe€ [4] for di--
cussion on the convergence of Fourier and Mellin transforms). . A
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3.4.2. Shift Invariance

This is a transform mapping the image to a representation in the complex plane

such that the spectral magnitude of ar image and a target image are invariant to
changes in either scale or orientation of the images, This transform, however, is not

invariant to shifts in the input images, This technique also has a proper centre, which

S

was arbitrarily denoted (0.0) in the above derivation. In fact, eriteria C'1 and 2

o

required  rotation and scale in\':\ri:mco nbou\i-*jthc origin, Hence the derivation

Y

inherently imposed shift variance, Any point. (£, yy) can be used as the centre, Fol-

lowing the above derivation obtain w':

~]nuln(vi2*!j:)~,(ut‘.\n"l[y;]
Xe g

B ot '

w(u,viry)=
, oty

~

where =1~ 1, and y=y~y,. The centre (1, y,) is again a proper erpanaion conlre,

r
The problem of obtaining invariance ‘about any arbitrary point will be discuxsed later!

-
Rotation and scale invariance can be achieved once the proper expansion centre is

. N . . n » » n .‘\'
known, however, it cannot be claimed that this is a shift invariant transform since the

-

problem of finding the centre has yet to be solved. ‘ -

3.5. Properties of the Transform

The kernel. w(u.r:ir.y). derived in the preceding section vields an integral
. ' \ . .
transform of a function, f(r.y). which has the desired invariant properties and i~

invertible. hence it is unique for each image. Now, properties of this transform are

investigated.

What does this kernel look like? The kernel of the transform. w. ix a complex
function. The real®and imaginary parts of the kernel are depicted in Plate 3.1, and
Plate 3.2. Plate 3.1 shows the functions RE[r--w{u.eir.8)]=cos[—u In{r)= r8] and

Plate 3.2 shows the fuactions [M[r -w(u.v:r.8)]=sin[—u In(r)=¢8] for u =

0.1.2.4,816,31 and v = 0,1.2.4.8.16,31, where u varies along the horizontal axis and »
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varies along the vertical axis, The maxima and minima of the kernels are the parts of

the function which are attenuated through the filter or blocked out,

The relationship:, ' .
glu,v) = Tzl?ff Jlr,y)o(u,v;z,y)dzdy, . " 3.38

A

will be denoted f(r,y)-—-g{u,v). Given the relationships; f,(r.y)-=g,(u,v) and
[.A1.y)==g:(u,v), Table 3.1 shows properties of this transform. Proofs of these proper-

tiex arc given in the appendices,

. 3.8. Calculation of the Transform

The relationship: . —_——
S i ' - \/ 24 o0~ ~yL )
1 1 gnuln( Y 254 ¢=)= ) {vtan (z)
u,v) = — I,y)———¢t . drd 3.39
gtwe) = 50 J I ey y
or in polar coordinates:
glu.e) = ==f  f(r.@)"emime 80 grag, . 3.10
- 0o r-
. "y
uses real constants k.{. For k=2n {=2m and letting p=1In(r) in Equation 3.40:
, 1 2w ﬂ)‘
t.r} = ——— ] c®. 0 e"].“rrup(-}'_‘ﬂrOd d6
Jotwry = g =L fien8) P
1 . A L .
== e— (4 A2’ .
s FT(/(c.0)]. A2 .K.J‘l‘

. ]
henece Fourter techniques could be employed in the calculation.
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Table 3.1 Properties of Proposed Transform

U M(z,y)

glu,v)= jz-!-;ff/mdzdy
l,inenr'rt._v~'1“ of (z,y)+bf(2.y) [-cgy(u,v)+ bga(n.v)
‘| Scaling t f(ar.8) e"""‘“’g(u,v)
Rotation 't fire+a) efeg(u.v)
Diﬂ'er'énti:\tion - jx In(r)f(r.8) %g(u‘(;)‘ ‘ '
ﬁ EEE
. y d ‘
—J{08/(r.8) 31?9("-"1

-xL0Intr)f(r.0).

3- .
drdu g( u.c)

Modulation t

f(r_e)clknlnr+1u(0

L glu=No=p)

v

('onqu:uiou f-'(r.O) . gt~ u.— x.')]‘
'Rc:xl and | | RE[f(r.O)] %[g( (t'.,z-)+‘g(-'u..- )’

Imaginary Parts

N

-;—{m u.t")*« gl—u.— 1')']( |

t for comple

x¢.band real a.eAp .

32
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This will not, however. yield the same results as direct computation, 'l‘hc‘prol)l(‘m lies

in the conversion to the log-polar coordinate system. Points close to the origin are

.\mplcd more than points hrtber from the ongm (see Figure 3,1 ). Tlm hq;,hcr resolu-

r .

tion at the ongm places grmler weight on these \1luc«w Tlna makes the comput:‘mmr
much more sensitive to the centre of expansion and a ‘illght de\nnon of the ceutre (as
little as 4 pixelsin a 64 by 64 image) greatly reduccs the’ mn(ching :\bilitim. "Satn pling‘

in log-polar coordinates is discussed in {10,27].

‘ 4
A ‘ 3";1

Cartesian Coordinates .

Log-Polar Coordinates

[

-

Figure 3.1 ! Log-Polar Coordinate Transform

\)

3.7. Commutativity of Transfbrrrxatic;ns,

~ Although computing the log-polar representation of the powerspectrum, and com-
’I ) ' . ~ . - : " ' l
puting the powerspectrum of the log-polar representation of the image both _v(ic'l(l rota-

tion and scale invariant properties, these transformations do not commute. In general

/ ' f

iFT[LP([rrrage)]Ieaﬁ LP(‘IFT[l‘m‘age]["“)‘.*‘ ' o ",!2

lf the lo«rpolar transform‘rs performed using: the proper centre (| e. the cemre of :

“rotation or scale chano'e) then rotauons and scale chanves in-the orlgmal rmngc becomo_
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shifts in the log-polar representation of the image, The magnitude of the Feouricr

o

F . . . P e ' » ap! I'\\ _ . . ' N
transform of this log-polar image is invariant to shifts in the input image. hence the
_powerspectrum of the log-polar image is the same for an image, and a rotated, scaled

version of the image. ‘The proper centre;, however, must be used or this does not.hohl,

¢ L
.

No proper centre jistrequired for converting to log-polar coordinates in the Fourier

domain as t,he powerspectrum is centred about the origin. Rot'a'tio-ns :\nd,scnlingx in
‘ ,

the lm'\ge domain still m'lmfest themselvesas rotations and scalmgﬂ in the Founer

(lpm'nn Tnl\mg the log- pol'\r represcntatlon of the power spectrum now converts the
- - - - '{j . - ' ,lﬂ
rotations and scnllngs.to shlftﬁ. Hence this representation is not the same Tor #n

image and a rotated! scaled version of the jmage. To eliminate the effects of the shifis,

an additional, Fourier or other shift-invariant transform is required. Also. although no

|
.

pro.pe'rce.ntr'e is required.. the position infprmmion of the original im:\ve was contained
in the phaqe component of the Fourler transform which was discarded at. lh;* ﬁr\l step.
\ll umquoness is lost as IFT[[(z J)“‘ (Ioeﬂ not contain enoutYh mfornnnon 1o recon-
struct [ unless the ‘input image hns zero plmse (wbich means that (he input image |

"must be circular symmetric which, in general. is not true).’

LN

3. 8 Lack of Shlft Invariance with LPCHD in 2- Ij . T N

 The propOs‘e,q trgnsform lackS‘shil'c ilnvariance. Recall 9% a(u () is deﬁued as thc

response of ‘f:( ar,0+a) to w(u.v;r,y). The.oiiginf:':l derivation was ‘based on'the criteria:

(C'1) ,g',,.n(‘u,z")'= ¥( u:'t')gl".,(“[Su.Bt') L - 3.3
( ("‘2*) . <l ule) §( u, t)gl ,)('nu 'qz') o I REY .
for (‘Ol.l.li)lt‘ix cdlist.i\nt‘; .ﬁ.B;‘vwit.h:"' B - , | L e “
(C3)" lgyolu,v)l. = lgalwe) = lgaglwv)l s 345

- : . .
. '

- Or, [ ' ol : L "
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e Iy(u.v)|=1&(u.v)|=1

and. (C1)  B=m=1,(C5) the transform should be invertible. Observe that conditions’

(C1) and (C'2) require rotation and scale invariance about the origin. Hence, the

" derivation implicitly fmposed the lack of shift invariance. One cannot dixcuss rotations
and- scaling without specifying a "centre” for these geometric transformations. Now

consider the centre as part of the calculation. Chosing an arbitrary ‘point (r_.y ) ax the
, ' . . o ‘ o -
centre of rotation and scaling then the same result will be derived with r and -y

replaced by z—r_ and y—y,. as described in Section 3.3.2. This still lacks shift thvari-

ance. ‘ ‘ L '

To zain shift invariance, the original criterion must be extended to include qu

arbitrary point ax 'the centre. Define. Joa s o(n.v) as the response of flar8+a) 1o

.

! ‘ ; N - Y=y ‘ \ ‘
d{u.vir.y), where r=\/(:—716):+(y—yc)"‘ and 6=tan"! Y . Now, ¢, , (ur)
. : T o 4= o

¢

~

denotes response to a scale change by a 1 g, ,, ,(u.r) denotes fesponse to u rotution
' oY .

by @« where both these changes are centred at any point (r..y,). Now., the criterin

’

»

become:,
V) oy lwie) = yw)g g, (BuBr) ) A
- o (('2') gl‘,d.zc,yn( ";") = E(»"-f")gl,o,:_,y,(ﬁ“-"7‘") AR 3'3
for ("quvlplex'con'st.am's 1.8. with: . L L ‘ .
(:(':;',) A',g“‘-iv‘-‘ :".y,'( u.v)| = _Iga,h,:l ."1('_“""”' = |g~l:a‘1._.‘ !/:( we)l o 3. 1‘9.

( L -]

: \v..'i‘t:b |¥( !\l.‘l')l= |E(u v)lé  and (C1) ‘ B='r|= 1, \;(C‘S"v) the ‘t.ran's'for_m’-should‘B;"ihi'érti; , e

_This new criterion-would allow one to have rotations and scalings about any. arbi-’

trary point. Also. note that. 9’!.0,:‘,.9,( u.v} and g,4,., (u,v) represeént rotation by 0°.
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and scaling by a factor of 1 where these "identity™ operations afe performed about

dilferent poih(.;s. thus qri‘(crion ((.:3*;) also specifies ghift.‘ invariance. Itis not clear, hp\vﬁ

‘mci that inv ertlbllltv JS po‘mble ”mth these conditions, Since vy and € do not klepend‘

ou the centre. aud condnmn (C“Z) lmphes Lhat the magmtude is iAvariant to \hlfl"

e ‘

',ro(zmon and scale’-cbanves about any point, therefore, ‘the zxrgnmen(

N
[

lrg [Jna ;. y(u u)] must contam enough mformauon to >J|quelv represent tho four

»

p:xrnméters'a,alzo and y,.. Since o zmd‘E are only »functions s of two variables u and ¢,

*the above four parameters could not uniquely be represented by these functions. Thus

l'!w‘cri‘terion ((‘5')"coul(l ‘not be s_atisﬁed, gi‘vén (C1').(C2"), and (C3).-
 ‘Consider the centre as a parameter in the proposed -method and allow w.y and & ‘

. - . . . . ‘
] ] .

to be functions of r_.y.: o R

-/,xulﬂ(\/(.i“tf)g*(y4 QJQ)' s{vtan~! [—Z:—"—]

I,

" ". . e ‘ . ‘ ) ‘ ‘ v )
ol vy ryl= — — - : 3.50
R R VRPN S PR, ,

then the response of f(r.y) to olu.vir .y r.y)is

\

r=z

N I — U irdy. 351
, ) J(“ v, 'rc_:yt _J;—J; f(ly) ’I ) ‘k(l_lc‘)'.‘.‘.(y_.yc):.‘ . “J J‘ |

o ‘\o il IJ,( w.r, 0 O)I lg.;('ci.l'..foiy_g,)lc' ih‘é‘nzl"

‘ —)Mxln(:\/(z;x,)'-‘-r(y—y )3)—;§(-13n_l[',~u l

o f (1 J)—-f (a(.r l,,)CO\d—‘ﬂ(J Ju)\ma (n(z—z,,)~1na+ a(J J )co~a) oBaL

i

or \ome.a>0 aeR Tlm “ould aol\e the problem ol' rot.mon se: nlo .md ‘hnfl iny ar-

: ‘ant encodlng of lm'xge but thn ﬂolunon to rotatlon. scalc- and %hlft invariant recovm- .

' ”non does not Ile m 2 dlmenﬁnons It appears that umqueneﬂs':can onl\ be vuaramood :

! :‘.‘»‘ B o v

: when hlgher dlmenﬂons are consldered Once Lhe proper expanqlon centre has been .
' 'found then rot:mou and ecale changes can be dealt wn,h usmg methods (.eﬂcrlbed ear-

| . ller in- thls ch’xpter Fmdm" the proper evpanﬂlon centre, however |< a hrge part of
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- the problem of invariance coding,

‘ , /

: , : J

3.9. Summary - , . . : . {
" ‘ "

A new integral transform with inherent rotatiopal and scale invariant properties

“has been introduced. This transform was derived using criteria.which were establishied

.in’ reviewing existing techniques. The resulting transform. as it turns out, can 'be

3
/

o

vicwed as an extension of these existing techniques. This transform exhibits proper-:

ties analdgous to the Fourier transform and can in fact be viewed as a Fourier .

. I

transform in the log-polar coordinate spacé. This transform is invertible and hence

'

provides a unique reprcseu'mion,for cach image. The transform is also extendible 1o

include shift-invariance: however, to do 50 requires forfeiting uniqueness or considering
N 1 ) . . " . t

higher dimensions. Thus'a theoretical solition to the problem of finding o representa-

. tion of anm image which is Wwvariant to rotational and scaling changes has been pro-

vided. | ‘ ; , o - e

.
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SR Experiments ¢ . S

. 14

In Lhe previous chapters, techmques for mvanant recognmop were introduced,

‘This ch.lpter \vlll examine the performance of thosdﬂmethods for lmage reco«’nmon

Vi

Each method is éompdre'(l_using different criteria:

¢ , . ‘ ' o .

-‘b.ls rhe‘mcthod’easily z‘md q]u‘ick\ly comput«able?‘ ‘ ‘ L

-

)

\

e\ lmt mfm;,mm ?B, cnn be obtained from the image tr'msform Is the~m<‘(ho(l

,\6‘.

mverubl
‘ ' | ~ y';.“ - ' 4 “ ’ i ) . ! ' - - ‘ - o
.® How well does thix method work in recognizing objects?

'® Are invariant forms of images obtained? S .
- . .

@ \What limitations does this method have in pattern recognition’

This chapter wilt consider each of these questions in turn. The first section looks at

fA

the recognition capabilities: determining how well the transforms work in recognizing

- 1 i hl

objects, discriminating betweén similar objects, and recognizing images in the presence

of noixe. The first section will also consider the question of whethier or not the method

“obtains a l'rlﬂ.\'/inv:xri:nm form of the image. As previously stated. an invariant form of

the i,umge enables an ease of compnrisons of diﬂ'erem properties of the test vilu:xg‘es..
N .

The l'orm obt.unod shoul(l not roqmre exce‘mve comput:mon to determme lf a m: uch

LIS -~ . )

*

tr'msl'orm ﬂpace m pnrtlcnlar whelher the transform retalm enonwh image mfmm -

t,ionr lol»roconxn:uc'l 'th'e‘orlfr'lh:ul'mmfre 'Ihe ne\t ~ectlon \H“ conwcler lhe lnnv .nml

o

-t

N

h:ns I)een foun(l‘ The U(‘\t qcctlon \nll (lIS(‘llS‘i thc lmave lnformatlon comame(l in the

- Lo

- N

wp.xcc roqunromonl\ fm' compullnv mch tr'msform 'I‘he l.N \ecnon (ll\(‘ll\\(‘\ lhc Il\(‘\

'\

.m(l hmlt.mom of mrh uwthod in p.morn recovnmon b'hed -on thc r(‘wlh of l]u‘\v

o
¢

' J‘ox'pofimcnts.". ‘- o e e . AT S \




4.1. Recognition Qapdbilities | o . .

How to determjine how well a matching technique works? Optimally. a recogni-

.

' . . .
. | f .

' '

tion 'system that will successfully match occurrences of an object, regardless of poai-

¢ ' .

Lo ‘ o ! ! R . .
“tion, size or orientation, and "mismatch” with other objects is desired, Various texts
have been performed to determine how closely the techniques under review meet this

criteria, First each method will be tested to confirm that the object matches success-

fully .with scaled and rotated versions of 'itself. Next, the ability to discriminate

between the object and dissimilar objects is tested, The third (‘estﬁ‘invc.ﬂiﬁg:\‘!o recog-

nition between the object and objects similar to the reference object, such as the letter
. , B .

H compared W‘i‘;.h,x\'. E compared with F. and 'C cbmp}xr(':d with G and O Finally the

[ .
.

trunsforms are tested in the presence of noise,” These tests should indicate how wel a
R ’ - ’ [\ ! ' ‘ ‘ ’ <o
technique works. .
,‘ "‘ : ’b' o , ‘ ‘ " S
In order to provide :\_’kl(‘nsure of how well each transform performs. the matching
criterion used must be considered. For the vector signature method. a threshold value,

T. must be found. which maximizes the number of matches while minimizing the

number of fualse ularms. -Both the Fourier-Mellin technique and the technigues. pro- .

posed in. C‘h:npior 3 are 'm:lgnitud('-m\'urlunlf to rotations .md scnllng~ in the ~p:uinl

domain.. lhu~ thc uorm.nlu(‘(l (‘row correlation’ (see \ectlon 1. !) \/7 \\ould lu(hc e

“how close the spéclrum,m:ntch. The CTOSS corr'elutiou‘operalidn‘ consi(l'ers wbcth(-r the
Loy R . . . . v . : i . B . ;
~fupctions match in any position and,the only required.value is that of the origin. which’

indicates whether the images match inthe current position. Also. the correlation tech:

niqubs'will }'ickl ‘u"pc:xk iff= g I'or any .s‘c:gl.f_xr c. Since the techniques are magnitude’

. |m .xn'\m. a roqmr(‘(l m: nch occurs for c 1 onl\" Il;éréforo'. a mc:m-s‘qil:nr(' cli[']'m'cn((c"

. bolwéon‘ t'h(‘ mu(lc ~p(‘clr'x \\I“ bo usod as in .uldmon.nl wuur(‘ of mnlrh

%

. L : Co
bemeen the maf'mtude ﬂpec(rn. Deﬁne \I-,-m(-u l) as the m.xgmlude ~pectr.; for llu- .

— -

'tranﬂform of/, tben tbe me'xn <quare dlﬁ'erence bemecu the tr'msform of{ .m(l (h.n of O

[T . C A

\ .gtxs:‘ :



—

VEE\[‘[T(/)(“ )= \IT(”(I( 1)]

Y ov

[
v
\

1.1

I\\
\-

This would give a measure of how “close™ the mappings of the two images are and
N . i ) ) i . " . v ' “ )

therefore a measure of "similarity” between the image, f, and the test pattern, g.
[ fi” . ] R L ! '

4.'2." Results o o . ‘ .. o ,' '\"

1 - ¢ N . . Vo )
' »

"Tests were qrformed on \‘anous simple 'kma es s as geometnc fi ures* cu‘cle*
P P \

¢

:«qmre* recmngles’ a \lalteqe-t) pe cross, 2 par\allel bars and| (he 1Iphabe(|c clnmm

ters: H N.E.F, 0, Z c. C D l L T. The un'x\ges were. tes(ed at \anodﬁmonen(.\-'
tions, scqle ﬂze\s‘ an(l posmons The results of the tes(s Are suﬂk‘n'\rlzed below The\c

tests. de(ermme W hether the tmnsforms could lmanan\jy reco«’mk an objek‘t under

scale and rotfation changes and whether the‘re was a dism; ion between an object and

o

different obj‘ccts. L '{‘ests‘were run to determine the ability of%ch method in discrim-

_inating between similar objects such as parallel bars, ||, and th}\letr‘eg H:\the letters E

and F: (hc leuor 0O a'nd»(‘: and other similarities. Further tests in‘i‘r\sn ate the porfor-
\

mance in’ lhe pre~en~e of nonse Two types of nonse were 'xdd(‘(l to (he l\n e: (l)
Y

(x'\ll“l'lﬂ w hne noise’ mth zero mcan :md variances lO 20 30, and 40 andl (2) pro<—

TR I

\

enco of more th.m one object in the scene. Then each melbod was tested to (letermlne'
- . . i . '
l
‘Uhe S(‘nsi!i\'it)’”tb' sm‘allxlisp,lnccmems of the centre. Thgvrcsults for cach m tho(l are -
. 3

- now considered. PRI S ‘ ' L
. ‘ ‘ . 7 “ oL . . ) e o ) \
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4.2.1. C‘irc‘ular‘ Harmecnic Techniques

- The vector signature method performed well. Images and rotated versions of the

image coyld be correctly recognized and comparisons of an image with a different
. > — . - o

‘object can be "mismatched” for correctly chosen thr’eéhpld value. Experiments had 5o

. be performed to determine a "good” threshold value. False alarms were infrequent for
; . \ , . ) ‘ \ .

15
" -

correct'ly chosen coinponems' and 'threého'ld values. This method hOW(’\'(‘l“. misxed
. ; .

01)_](‘(‘(5 in the presence of no:se and ‘was ver) sensmve to the centre, Table 4,1 '«ho“n

some tvplcal resuhs uxmg lhlS techmque Plate 4.lvshow3,imnges' and their circul::_r ’ ’

“ ! . . t
| .

harmonic comp’oncnts.
T‘he work of Hsu, Arsenault et al., [l ] suggests th:xt. rccoouilion i po.ssiblc using

only one circular harmonic component. lf the proper e\pnnslou <eéntre is found .uul
the correct component i3 chosen, then tbis may be so; however, both finding the cen-
. ) , Lo ‘ . \\ ‘ ‘ ) . Lo . “ ‘ . ) ‘
tre and chosing the correct component are difficult tasks to perform in the general case
, ) [N . o . [ ) ‘ ' o . ) .
,W'hen no nss'ump(‘ions“'are‘ made about the image, The vector signature approach pro-

N

posed by \\ u dﬂ(l Stark {38] ives improvcd resu‘lt‘s in noise .tmd elir‘nin;x‘tc:f,(he‘prol)-.
Ic-m of ﬁn(hng (he proper. e\p'mslon centre. hence thw .xpproqch was xboromrhh Imlnd

The circular harmomc (‘ro“ correhtnon Lgdm_Lque depends ﬂtronfrlv on lhe compouf*nu

i \

.md thrcshol(l \'\lue used The chonce of componems could be detcrmmcd l)\ tests:

. .
4

.'lxowcver.‘ this requiros kno‘\vle(lge”‘:‘\bout ihe image. To disl.inguisb‘anl-[ﬂ fmrfnﬁ :_x' dissimi-
Inr‘ol)joct ‘such as.a C‘ is*po.sail)le with vurio‘us componcnts' and'a high thro.s%fold; value.

Fo (INm"lmh an E flom an F is. lﬂlpl‘O\(‘(l if onl\ even componenl-«.nro uw(l ¢ ~iu" v
Lo n . p N X | ‘
: llu‘ nomnon in \(‘ctnon 2. } .m(l T.nhle 11w horc Eis thc r(‘fcrcnce nm.wc .m(I ¥ |~ llu-

| test p.mern the \'xluc of ||\ X H" is 1392 using all'e even componenu ) <10 m(l IOR»

'-..

using-all ol romponomq 1 <16, Incontrast, to dmmvumh anl from a pair of p.nrallol‘ o

_,_‘, . . . L . N

' ‘barx || recorrnmou is nnproved lf onlv oqd components are used lsmg lhe l as tbe;

‘e “

reforence |mave and the bars as the' test pattern the value of H\ X H" is '342 using nll R

-

i

'even componenh m <16 an(l 421 usmg all odd components m <16 ln‘ addmon to -

i

o ' i H y
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_determining which coofﬁcionln. there is also the problem in determining a threshold
‘value, T'. Using all components, m <10, a threshold value of T=1000 will correctly
i(lcn.lif): all occurrences of an B at vni‘ious rot.n(‘i?ns including those with white noise
‘:ul(l‘(‘(l. and will correctly eliminaso nI..l occurrences of an F. This value of T.will not

identify a square and a rotated square. Hence there is no general rule that can be used

' ' ' . . .
to determine which components to use and un :\Ppropriate value of T to use with those
compbnehls.

- Table 1.1 Vector Signature Results ‘
. .
R Image 1 | lmage 2 - af ] X X||* using components, m:
1 | \ .
K \ 0-l5 even 0-5 odd
CIE- : | 5] 2913 | 21006 | 1427 | 1644
= . Ny .
’ ~ _|E E 60 107.0 287.0 106.3 288.9
E 0 |d® | 90 0.0 00 | 0.0 0.0
(9]
E | E 180 0.0 0.0 0.0 0.0
fe P ] o | is318 | 13525 ["9408.0 | 10858
Square | Square. 45 | 2085.0 | 2118.4 | 31086 | 2077.3
e Bars | Bars. | 45 | 6412 | 6371 | 3408 | 1285
S 1A .
Bars - P 0 | 78’1 247.6 564.3 7543
F - | F 15 3915 | 1035 366.3 3775
Square | Rectangle | 0 | 30826 | 2180.8 | 2870.9 | 2820.7

t « is the rotation angle, in degrees. between the images.

?

/'« Plate 1.1 shows the first through sixth circular harmonic components of the test
: ! Circular
~image. and the cross correlation of the reference image with these components.

s
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Plate 4.1 Circular Harmonic Components

ROW:

1/2: realf/imaginary part of ¢ircular harwonic components 1.2 and 3
31 cross correlution of circular harmonic components with image file
4/5: real/imaginary part of circular barmonic components 4.5 and 6
6: cross corrclation of circular harmonic components with image file

"

, .\ L
[}
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3 ~

. : o
The real and imaginary parts of the components are shown since these are complex
‘ . . :

functions. and the magnitude of the cross correlation is shown. In the first image, a
square iy used as a refcrence image and a square rotated 45° is used as the test image,

hence this is the crosscorrelation of an image and its own circular barmonic com--

. [
poncnts. In the middle image a square is used as.a reference image and a parallel bars,

) .

|]. are used as the test image. In the right picture, a letter E is u3ed as a reference
Cimage and a letter E rotated 60° is used as the test image.

&
4.2.2. Fourier-Mellin Techniques

The Fourier-Mellin method recognized objects at various rotations and scale

sizes. This method had the highest frequency of false alarms. For example, on 50 tests

’ N ’
using the letter E compared to other letters and objects, and using a 907¢ criterion for

\

the cross correlation peaks, 7 objects were missed and 7 false alarms occurred. Ty pi-
ﬁ h . ' .

cally. the objects missed involved comparisons between objects with a large difference
»

in the relative scale (4% ) and noisy images. The false alarms occurred between objects

that had less than a 90 correlation when conventional cross corxglation . techniques .

. N ' ' .
were applied. Filse alarms occurred between the letters F and N, E and H. and E and

'

f

I': and between the geometric figures of a square and rectangle, and the letter O com-

pared to the square. However, this method showed no sensitivity to the centre.

»

Although the Fourier-Mellin techniques are not sensitive to the centre. scaling

problems occur in the digital implementation. The logpolar spectra of the power spec-

\

“tra of the images will differ by shifts, if the original images differ by rotations or scale

changes. -This dilference can be eliminated by the final Fourier transform used: "how-

ever. this transform does not account for the variation in the P/l?;g_\' in the images.

The logpolar images have variations due.to the scaling of the power spectrum. Refer-
v . ~

ring to Plate 4.3, as the images are scaled down. the power spectrum grows (see Equa- -

PR .

tion 2.29) and hence the energy in the power'spectrum isgreater. Cavanagh [9] men-



-

T

tioned t¢his briefly in a déscripti(ﬁ of‘the\compq(.:\tion of this method. and suggested
'c‘on\'crtiug to zero-medn amplitude, Converting to a fixed mean. ho—\fo\-or. does m‘)(‘
overcome the «eahm—p;oblom The reﬂulnng Fourier-Mellin transform cannot be
me.nurcd with 8, (Equation 1.1), w&hout some form of norm'xllmtlon Using a cross
correlation of spéctra will work, but as menlioned‘enrlief.in the ch:xp((r. this extra
computation should not be necessary, as a truly invariant form of the image ﬂho‘u.l(l be

comparable pixel by pixel..

4
Further probleins arise due to the aperture effect {4.15]. If the logpolar image is

-

) ‘

too large then the power spectra of the logpolar image is "interesting” (i.c.. nou-zero)

close to the origin. In a digital computation, values of points between the pixels ean
B ) .

only be interpolated and hence once mapped to the frequency domain, all ¥alues of the

-

power spectra are mapped to a few pixels, If the logpolar image is compressed to over-

come these aperture effects (as suggested by [9]) the information is lost in the compres-
i . ! ' o

sion.. This trade-off is "tricky” to balance. Further problems are encountered when

deriving the values of the relative scaling a and the relative orientation a between two

: 2
images. The peaks should occur at (Ine, 2w+ a) and (/na.a). In the process of scaling,
y o . - '

the scale changes performed must be kept track of in order to determine where the

peaks lie. For small yvalues of a. such as a <1, the exaét value of a was not derivable

LT -

without usmg a small mmphn«r rate for r. The overhead lere is in (1) determining

how to scnle the logpolar image of the power spoctrum' (i.e.. the sampling rate inr) and 7
v

9
(2) m.unt'umng a rocord of these. changes mpor(lor to locqte the cross. 'rorrvl.umu peaks

. .

and (3) performing tlw'sc:xlingﬂ (each is O(n-) operation). l?l' the required sampling

rate in r is high, the size of the image must be increased.



4.2.3. Fourier Transforms of Log-polar I‘rﬂ'a.ges

The Fourier transform of the log-polar image provides accurate matching. The

'
Rws

' . \ ' Lo . : ¢
method pérforms well in discriminating between different objects. False alarms occur

with similar objects such as the letters E and F, H and | | The Fourier ttansform of the -

N A

~ ‘ R
Iogpolar lm'lge has varylng results in the presence of noise. For more than one object

in the image, the results are poor, -and for images with Gaussnan noise added the
rcsults varied depénding on the image. For some images, such as the letter E, noise

has less effect than with the image of a square (See Table 4.2 ). This method. however,
is very sensitive to the centre. For example, moving the centre of one image up 2 pixé'l:«
and right 2 pixels caused the auto correlation peak to drop to 64%.

. " ~"

\s with the Fourier-Mellin techniques, this method can not b:e mﬂeasure;l with &
without some form of pormalization performed ;)n th log-polar iméxges.l Cross correla-
tion of log pblar images coluld be qsed, but' again, ihis is not a truly.ﬁnvariant rcpre.aén- '
tatian of the image. Plate 1.4 shows 'it.nages with their log-polar repres;en(ati‘;)n an-d'

the cross correlation of the log-polar images.

o ' . . , 13
4.2.4. Log-Polar Circular'Harmonic Decomposition.

9

. The direct computation of the method proposed in Chapter 3 ldenuﬁed ro(ated

and ﬂmlod \erﬂlonﬁ of the same image and successfullv eliminated objects dnﬂ'ﬁrmv
IR

from the image. False alarms occurred with similar images. This method 'pe‘rformed

'

well in noise but is sensitive to the‘centre.'

This method mapped images lnto a form such that their ﬁpectr'z could be com-

pared without any normallzntloni or scahug. As seen in Table 4.2, the spectra of
. rotated or scaled images did not vary greatly.
1 .

- e i } . ) .
. . . .



lec-lZ Fourier-Mellin T,ra\nsform% o

< Eacb ro“ contmnﬂ (a) the image: (b) the po“er spe('lrum of the.i lmdge (c) the log- :

.

polar coordm.xte repreﬂom'mon of lhe power ﬂpectrum nnd (d) the Founcr po“cr
ﬂpoclrum of the |00-p0|ar lm.we (w lnrh is. the Founer-\lellus tr.umform of lho on"m.nl

im: m') For the lo«'pol'nr mnf'o- tlu- hornont.nl axis is In(r) .md |ho wrm'.ll axis is 0.

A}




Plate 4.3 Fquri'cr-‘\lellin'Ti'ansfor‘ms P

- . : ) . Al

E'uch row conl.nns. (a) thei |ma0e (I)) the power: spectrum of the image (c) the Iom

pol'ur coor(hn'uo roprcwm.xlxon of lhe po“er ﬁpcclrum and (d) the Founcr pm\er\

.

' spcclrum of the Iog-pbl:ir’ imugc. \t’bi‘ch‘ is thc F‘o‘urier-.\lellin lransform of (he original»
P . o ’ LR . [ o
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Plate 4.4 Crosscorrelation of Lo’g-Polé.r Trénéfbfméd'lfnéges s -

R o . e

Logpolar' t‘ransform' of e'aéh 1mage follov'ved»'by a con\"em‘iohal crbsscorrelation.' :
 The.i |mages were cemred about the geometrlc ceptre whlcb was uscd as, the centre for

the log. polar coordmate tranﬂformatlon whlch bas lu(r) as the. borlzontal axis and the

-

verticalaxisisﬂ.\ REL R ‘ o




5
R
.
|
;
-
Plate 4.5 Spectral Magnitude using the Proposed Method
Yoo e
T
g
i “S " . I‘ J
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Plate 4.6 Cross Correlation of "‘Spec.t.,rhl Ma,gnitixde o

'I‘he spectral magmtude of each 1mage is obtamed usmg the transform proposed in

Chapt er 3 These spectra were then used as mput to a com entlonal crosscorrelauon

v
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Tuble 1,2 Comparison of Fourier-\Mellin and Proposed Transform -

N

v -

Image Image " Relative’ Relative Difference in Spectra
Sl 2 Scale - ‘drien‘nation\ | |
a a’ FM t LPCHD |
E | E, 0.5~ 0 | 2742 ‘s.é
o E 033 0 ’ 39_{).0 o
E B 1.0 5o 719 . o
‘ ! ' N
E E ‘ ‘0‘.5 45 220.5 3.8
o E B .0 60 90.9 0.9
\ ,
| B 0.5 60 217.1 o
l B 1.0 90 99}‘.1 01-0
E E 05 90 2363 3.8
£ B 1.0 180 0.0 , (5.,0
B F Lo 0 1074 0.1
15 F 0.5 "0 1766 5.8
E. 'r(f("l:m‘gvlcl- l.b ) "0 | HT "».Z
I , ‘bi)ﬂ:xrs“ | | 10 o 9.2 SR
r;qu':lrcf sfqu:nrg‘ “ .'l‘.‘()'_ ‘ | -‘}5“ 21_:.2 ()': ’
‘ ,rc(‘t':u‘n‘gle. ; "‘;‘r(-f‘t‘:mglve‘ ,,1;0 - {5 (3.(5;9 [ )
: ‘.r‘<;c‘tv:1ﬁglc'~, l)l:irré ST 1.9 0. 43,4 2.4,
r(‘("tfuﬂ;glf , 'ih‘([li(ll‘(" lO ‘_'FO ll f)(); .Zl
T'T.h.i,‘,-.ll‘\'(“‘*‘l}l(“"Ivl‘()l.‘l‘l‘llllilli.(l‘(‘l‘ Fa
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. Table 1.3 Effect of Noise on Recognition

N

o
[

D Noise LPCH‘ o ‘LPE‘ - . FM ‘I\f‘e.ctgr Signature Methods

‘(‘r'-‘ ) R, 5 L II\’\'II“ u:;ing ‘componen'ts:j ‘

: f.} . ‘(\»15. Tos . | 1015
E|E P 2L b.‘;oso' '32.913 | 2319.4883 | 1093.4539 | 2436.:82.49
le'le | 2 | 143020 | 09823 | 33860 | 0000117 173.7680 112.5997 |
|& | E1s | 20 | 158082 | 0.8085 51867 | 816.1863 (BRLTOTT | 1224457
B Foo| 20 | 1aasan 0.9‘702‘ 13808 ‘100'8.715.3'. 1055.8096 '1:311.58;10
lefe | w0 .;;7.02?3' 0.9365 | 50.950 8‘07‘.'12‘304‘ 118.1128 | ' 281.6892 |
E [ Et5 0 | 3631015 | 0810 | s7.020 | 7388741 337.3830 | 354.6499
ofo o 108919 0.7301 | 75.626 | 3782.9302 | 1912,8863 | 3143.0802
o |o SR R EREEE] 0.7227 146,278 | 42001541 | 23467518 | 45139751
o {oi| 20 | 227115 05341 | 130,588 | 3547.7596 | 2305.9012 | 3909.35.43
|o "c{is 10 ':;.n.’xz‘z.nlr 0.6427 | 148.951 ‘.3266.2260. ‘1642.8028 3512.9005 |

-1 = image: &= \/2( 4 =B, ) A (lnplatement of centre P

\/fff




4.3. Information Contained in Transform Space. S

\
|

Thix section will consider what information is obtained in the transform spjce,

'

\The first question considered is whether the transform coatains the information to.

[ .

reconstruct the original image. The second secticn will look at other information con-

tained in the transform space..
e .

4.3.1. -Uniqueness,

‘The invertibility of a transform is crucial if the'transform is to be used in pattern

o

' . ) ' a S L4 [ ' » ! ‘ .. ‘ . Lo
than one image in the <patial domajn will map to the same function in the transform

space, If the transform space contains enough information to reconstruct the 6rigin:n|

v ' o : : R to
"

image, then the transform space representation can be treated 4s an alternate form of
] ° i Y *

,
'

the image. The Fourier &mnsfo'rm is 'such a transform. In the discrete case, this

.

transform can represent exactly an nX n image. Operations can be performed in either

.

+the spatial (image) domain or the [requency (Fourier) domain. Eithér form of the

‘

© limage is an equ,i\;nlbut representation since one form can be converted to the other

“nhou( |o>w of’ luformanon ThH 1y pe of umqucnew is dcstr'\blc ina tr.m\fm m, Now
. ’ .
conxuler,mch of the tr'msforuh revle“ed in Clnp(ers 2 .md 3

. ' N
f

»‘v“ Cve ’)’p‘ 2 : ’ ) ‘.\" :
."‘:P‘ W’ﬁ)n t(‘chnlquc\ w hcrc an nn.l"'o j'(r 9) is. roprescmv(l asi .

P
.

. : . f(r 9)= 2 fm(r)(:l"'6 . o o ¢ :'.-

i | X . fo— ! B ."’-—’, . ! L : o 2
whereé N
T pnmgffreenmde.

1

Tlm (ransform is m\ornblc lt should- l)e noted tlml since thw docompmmou 1S a

Fourler ﬂcrleﬂ in: 8 for cnc.h \alue of r, the numbor of coe(ﬁclems [,,,(r) th.u .nrr-,"

. l
PR

“recognition. A transform lacking uniqueness cannot give accurate results since more
‘ : \ , , ‘ .

Cu‘cul.lr harmonic nnlchlno' lechmquc* are’ bas(‘(l on circular. harmonic recons



" \
) S ) o [ \
)

coeﬂlcnems will be «uﬂicnenl (o reconstruct the | 1mage5 for non 3ymmetnc lmrl"'f‘i the:

\

)
- e

mage c:mnot be accurately reconstructed wnth 128 coefﬁments ‘Hence it, is pqssil’)le to

ump toa domam in whlch all.image mformatlon' is represented howeVer Lhe mze of the
alternate represeutat,ion is’ l:x’rge. X o e : e, -

' N N N ' . ' ," ' PR .l ) . . . ‘. ' " B o .,' R
5 . Fourier:Mellin techniques are not invertible. Since only the power spectrum’ of

- the image is used, there ix not sufficient information to reconstruct the image, .The.

N .

vpln:isfe information was "discarded” 4t the first stép: It may be argued that phase infor- '

\ . . N .
. . ‘ ' . , '

mation is still aviilable and thns the image‘ is _recoverable. Hov‘veve\r. in,t,he ﬁ‘iml Mel-
Ny L. . '
lin repreﬁent'mon “the onl) way to. rebu:ld Lhe lmage is tp reverse’ each step \mqe the

m(crmednte ﬁ(eps inv olve sc:\hng, to reduce qperture eﬂ'ects and norm.xllz:ulon 'to

. . ‘
! [ .

eqtmllze grey Ie\cls ‘each ﬁtep C'm onI) be reversed lf dne keepﬁ (racl\ of the pammea T

" oo '
h ' "

LOFS N‘d in oach of lhose ~\tepax ! The tr'\nsformed lmage ltself does not conlnm J“ (he

- A Lo “\ 1 '
necexary i'm:nge info‘rmal.ioin. o e . ‘, :

The log polnr Fourler method- used to mlculale the transform m Chapter 3 ls

. ". ‘ W 4

8"

SV n(hewus. ol‘ un.l-re;, ﬁom the tr'l form Gpac

L
Cor

'

,






— - At
' vl ! .
to the basisfunctiops and hience they can be reconstrueted with fewer coeflicients,

: - . -"\

4.3.2. Other Information

Iy

In addition to tontaining information to reconstruct the image, one would like to
extract additional information, such as the relative orientation and size between two
objects, As seen in Section 1.4, the cross correlation function, Crlu,v) yields a peak

‘ N

at (w, ) if and only if f(r.y)% cg(2+u.y+v) for scalar e. Thus the relative displace-

. . N 13 N v X ' I}
ment Between. two 'images can be derived from the location of the cross correlation

of the transforms Ynd check the results

peak, Consider similar propertics for=8
ny
from tests to sce how aceurate the information is.

' -~
—

In the circular harmonic methods, the centre correl_alion“’@:\lue between an image

f(r:8) and one circular hnrmonic'combéﬂent of f(r,0+a)is given by:
* ‘ \ .

Cala) = Aem where A = 21 f o [f(r)f dr. o
0
: S

For any a. (' (a)[* = | |*=conatant. Thus using any m, the value of @ can be

eftracted from Equation 4.4, Given two centre #alues:

.
v . -

-
.

yma,

Cul@) = Cal0)™ and  Cplas) = (0]l 2, 1.

.

-}

~

. Lo . L0 S
solve the right hand side of the equation above for (,,(0) and substitute jt into the left

‘ . A\
~ hand cquation; , o | .
\, o . -
;MI‘.._ -ﬁ‘. (~m(ul)= [(-m(a:)c—)ma:]ellf"ﬂl = Cm(d‘:)e)m(al“a:‘)_ ‘ 1.6
tearranging this: - ’
SR o miay=a) (’,,,(al)(‘,;(aQ) ‘ . ~ oy
LR I('m(a'.‘)": k '
* which yields: . . | B : ‘ .
T . I C C. " '
+ mloy=a.) = arg n(%) ":(:!4') . : 1.8
- ! . lcm(a’."l. .



' ' . ",

'

'

Since arg(z] is a many-valued function, this requires a choice of which beanch to use
andd this jaformation ix not-available from the above expression. Tests indieated that
the hurxlno‘nic, m=1, gave moxt accurate results using the principal branch, Arg(s]
(Any complex analysis text, such as (20], will discuss the complex exponential), An
example of these derivations is given in Table 4.1 for cross cor‘rolmionn‘of the !Nu‘r' DN

and circular harmonic components of rotated versions of E, This table shows a fairly

f
'

accurate extraction of the relative orientation of two images,

»
A . \
Table 4.4 Information Extraction Using Circular Harmonices
Image: b using a0, =0, (,(0)=33.01733-23.37.105] | ‘
m | «a Centre Value Cala) | Derived a
b 15° +| 6.802149-10.587307] 44275 ‘('
' 1] 600 | -4.533462-38.729923; | 65.704 /\ '

/

4.3.2:1. Fourter-Mellin Techniques

‘Although this technique lacks uniqueness, information is available in the

“ . ' .
sransform space. The location of the cross correlation peaks contain the relative orien-

. . v N . ‘ iy . . . .
tation and scale of two images, Psaltis and Casasent fully describe this derivation in

‘ y ,

[7]. The Fourier transform of the product of M Yw,,wg) and M (w,.wg). FT[M M ] is

the Melin-type crgss correlation. If two images are rotated or scaled versions of euch
n ‘ .

other then the peaks of the Mellin-type cross correlation occur at (u.e)=(In(a)27+a)

and (u.¢)=(In(a).x). Thus by analyzing the cross correlation peaks. the relative scale

factor a and the relative orientation a can be derived. As fndicated in the previous

. o

" section. there are some difliculties in extracting this information. The scale used in the

.

. * .
log polar conversion must be kept track of and this scale must be fine enough to

- . . .

- ) ‘ -



. . . |
N :
extract these values, Typical values of a such ax S a <1 have = 69 </n{a) <0 henee

the extraction of {n(a) requires a very small scule for _\:nmpl‘ingr in eI order o
represent the im:ngc and accurately extract the value of {n(a) requires enlurgine 1 he
‘dig‘i(nl representation of the image to compensate for the high s:\mplin;o' fr(\q'uonc.\' inr,
Text results had n(a)=0 for all scaling. These tests, however, did not incro‘:m* the

\

size of the image to compensate for this problem,

4.3.2.2. Logpolar Fourijer Tecﬁniques

Similarly to the Cartesian cross corrcla(io,p. the ]ogpolnr%‘ourier cnlcnxl:x§i<)§i of
the proposed transform in[?hnpte’r 3 contains inform:\lion in the location of the cross
correlation peaks. -As described above, a peak occurs at (u.e) il and only if

. : ‘
J(r.y)=cgls+ u y+r) for scalar ¢, thus {pdicating the relalive displacement, Since:
the logpolar representation of tlhe image converts rotations and dilations in(o .\‘l"ljrl.\ in

In(r). and 8. the pcaks of the croxs correlation of the logpolar images indicates the
relative changes in In(r) .'and 8. Thus a bfak at (u,r) occurs if and only ;f
1 l::(}).6)=_ cg(In(r)+ u,0+ ¢) for scalar ¢. A displacement of « in the In(r) direction of
the logpolar ilm:.nge represents '1 sca‘le"change from r to e“r in the Cartesian coordi-
nates dnd. a displacement of v in the ‘(5‘(lil;ee4-km..of the logpolar image represents a
rotation from 8 to tv:*-‘enin the Cfurtc:;ian coordinates {see Figure 4.1 ). Plate 4.8 shows
images, and the crloss-correl:xtion of the log polar image of the upper right hand image

with the log polar image of each of the images. The peak moves along the horizontal

¥ ' . - 0 q' . . -
axis, which corresponds to the In(r) axis, indicating a scaling in the images. (
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Figure

‘lo(r)

]

\

ln(r)

}

ln(r)

4.1 Effect of Rotation and Sealing on Logpolar Fpages

Table 4,5 lnformation From Logpolar Cross Correlation Peaks

.

o

e
Val

»

/, I lmng‘e Relation | Peak Location, | Corresponding ("h:mgcw

a a® [lnr.8] - a Fd"

' rect | rect 1.0 5] [ %)] 1.00° 15.0
E E 2.0 0 | [-11+.0) .93 0.0

E E 2.0 45 "[-107.7(%’)1 | 1.83 301

_ In(mazr) o =
7= — . for size =

srze

63 and maxr

315V
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Plate 4.8 Crosscorrelation of Log-Polar Images

Information extraction using ¢rosscdrrelation of Log-Polar images

locations indicate the relative orientation and scaling between images.

where the peak




“ .

4.3.2.3. Direct Computation of Proposed Method -

Similarly to the above two techniques, the relative orientation and xcale changes

\ .

can be derived _from the tran.ﬂ'oi:m of tl;é image. Using the rotation ‘:n‘xd scale invari-
ant propérties from table 3.1, one does not need the Icroas correiatioh of (\"O‘lrzlnhf()fil;ﬂ
in order to extract the abovae'information. As with the circular hnrmoqic:«, only’ t\s-‘(;
pointx of the transform are &quired. For T[f(r.0)]=g(n.v): |

T[f((“_.e*.a)]:,e}m\ln(n)-fjl'Cng( ‘U.l'\'. . ‘ o 1.9

e :
Thu\ using only' two points, (x,.v,) and (11‘,3.1':) for functions [l(r.6)=f(‘n“,"\r_9+ a,) and

f;(’F19)=f(a._\r,6-+'-a._,):

s : . in + Jv . .
! T(fi(r.0)] = glu,p) = " () }(a'g(u.v) ‘ : 110
and i
’ ] /f » lunln(n )+ jria
‘ T[f_‘.(r.O}} = gfuv) = ¢ ST ). P A
Rearranging the above yields; ‘ P
“ ‘ \
! ' ‘ . ' - l il o
o, “gluar) = g(u.v)e Juninla I tos 2
and
' - l - ' '
‘g(u\‘l') = glu.v)e A "(n”.‘l"a‘;' b
Equating the right band sides above: .
‘ ‘ -
\ C e
- - yurln{a )= iia., o 2 udnia ) g ‘
- g (w.w)e IMIITIE ey ) TR g Ry
. . L . < A Y
" or, rearranging this, yvields:
<. i nl- ) ‘ N N ‘ . , N
}‘HKIIII(::’{ + )'( °l-"‘2.' y'( “."’g‘:( " ‘,") . .
e F T= ——— 115
s S o gtue)p
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gy(u.v)gs(u.v)
PATRYI

gx[ln(—zi—)] + z-;‘[ml—‘cxg]'s= arg 116 .

“Using two points, (u,,v,) and (u,,v,), and using the above equation ope can solve for

‘ . ' N
“ 1 TS . . .
the relative scale change, — and the relative orientation a; —a,. Note, the two points
' . . ",y wy . . . . . \ ‘

required must satisfy —# —=in order to yield a unique solution for the'resulting sys- -

r

A 2

tem of equations. As with the circular harmonics. arg|z] is a .many valued function.
Lo : [

however tests show that u.'sing the points (0.1) and (1,0) and the princibnl branch Arg..

we get accurate results. Table 4.0 show the results of extracting information from the
“transform, where a and a are the relative orientation and scale size, respectively.

between image | and image 2.

Table 4.6 Information Extraction Using Préposed Method

+ | Imagel lvmagc"z all a - derived a? | derived'a |
E | E |l 1| 5.000002 | 1.002517
£ E 0°] 0.5 | 0.000000 (’);5‘0-'1134
B E 60 05 I.59.3'819'30 0196877
_E%: __E"A‘ 1 60, 1,1‘ 59.89%535 0.9(3‘6(;00‘
| E% E 452 44;503665 1.‘599.194;._-;‘
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4.4. Sensitivity of Recognitio

n'to the Centre:

63

Tests were performed to determine the sensitivity of the methods to <light dis-

placements of the centre. The Fourier-Mellin technique is not sensitive to the centre

since it uses the power spectrum, which is invari

‘the image itself. Table 4.7 summarizes typical resul

ant to shifts in the.image. instead of

» .

\f(‘(‘(Ol‘.‘ :«‘ig"‘n:\t‘ur’e methods will require a high threshold v;xlue, T>‘IOOO. in okwlcr to

recognize an image that has not beenrotated; this may cause many false alarms.

\.r‘} o

. - .:,.“ '
Table 1.7 Sensitivity of Recognition to Displacements of the Centre

i

ts. where it can be seen that the

LPCH VLPF | FM Vector Signature Methods
1 ‘A. 3 . R 5 v JIV-X]|* using éormwnonls;
'N 0-15 )5 10-15

| 2 12389 | 0.961414 | 0.00003 | 953.9030 | 3551031 '«s-zr.fr:»:
| 1 5.5997_8 0.92’9-333 0.00001. “35.7088‘ -z:z':,.:';zsm_ : 1009.:‘;.090
k| 2V2 10.1197 | 08763 o.oooo-z}: 12601815 vr#n.c:s:séi 1'()9:.«‘5‘-::.".'”: |
E Y2 ‘101}.0702 0'.«“.-36 0.000015 - 1473.\:‘;353 (9262400 | 11359899
e f =2 [ 1.836608 | 0.7726 d.gooqg(- | 10074871 | 18624199 | 20 r.}.srx#
j}g. T |- 3.730500 | 0.5002 ) Ao.Ooovo/"',(ﬁﬁ;\u‘sé‘ 1927200 | 29198086
e z\/? 22301 [.0.5701 0.000?)"@ '223:;;12530 9930712 | i1
Ta Ve 2597 0,330 Q;OQQ(');9~' | 1603@&2 IIR.".-:i.ﬁ;)ll‘ 2516723
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. Plate 4.9 Effect of Centre with Log-Polar qurielr Tranbfol‘xﬁé ‘

+

.

Logpolar trancform of each’ 1mage followed b) a con\'entlonal crosscorrelanon.‘ ‘

'Tbe ﬂecond lmage shows the crosscorrelatlon of the letter E (centred) and thg letters E

s

mth the certre: mm ed The dlsplacements (m pixels) are
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4.5, Computer Timehnd,‘Space Requireme’nts ‘ L
The nme 'md sp'xcc requxremcnu in order to compu(e tho mo(h(xlﬂ <lo*cr|l>ul tn

(
Ch .nptcrﬂ 2. 'md 3' are now consldered \\The emphasm of thls (hcw« is on ~ol\|n-r the

problem of i lnvarmnce coding not algonthm analysis; howcvcr the mctbod\ mmt be

compulnble to be appllcable in a reahsuc dlgltal image. proces«mg mu'mou. [n the _

following sectidns all coor(lma(e tr'msfo mutlons were performed using bilinear inter-

polation as (leﬂcnhcd in [ZS] which is ap ()(n ) alvornhm and fast Fourier (vrhmqm-\
as dexcribed in [lii.l»l (5] are emplmel in computmv lounor (r.unl'ornn and croas
correlations, which: require time  O(n*log.(n)). .»\ll cnltlxl:stions are performed u.\in,-';

floating lpoim arithmetic on a VAX 11/780 running UNIX.f ‘ | I

4%5.1. Calculating Circular Harmonic Components

This method requires. for each m: (1) the computation of the circular harmonic

gcomponent [, (r)e/™® of the reference image: (2) the autocorrelation of the reference

+ ' . ) °
v

th (‘irrul‘nr’hnrmoni‘(‘- (‘omponont'..(B) the computation of lho cirrul:n"

h.umomc (‘ompon(‘nl Jm(r)el”“’ of (ho test pattern: (l) the (‘mw corr('i umn uf Ill(' .

refmonco image wnll the circular halmomc conuponeut of the to\l p.nllorn. .md (3) lln-

v

'comp:‘lrlsox l)C()\‘Cell tho ccn_t-rc \:aluos’of (.hc‘:m(ocorrolntlon function andl lho crosy ¥ .

v
'

' .
“~

¢ + The Cross c'orrclnvnon of lbe n‘nngro, /(:.3 a'n('l the m'h circular h:nrn‘mnu- coim-

‘ pmxent were, (‘-ll(‘lll.ll(‘(l using con\eutmn || Fast l mmer t(-chmqu(-x (in" real, Hllllll-‘
3 | | ¢ i ‘

plications .n a mc.mlro of ume and 'n~~|1111|||«' rho images. .ll‘(‘ nX n sn-p~ (I) .nn(I ( I

' requt@hme O(n ) and steps (2) and (-l) requlre O(n Iog (n)) 5lep (.)) roqulres con-

v,

o qtant nme To utlllze the vector ﬁlvn'nure method ﬁtep (1) H) must be perl’ornwd for’.

‘ ;

: each m, and the comp’mﬂon ||\ X II"' rcq&cs O(m) mulllpllcallons Thns llw lt)l.ll

~ ‘e B .
! " ' . ‘ ; . R .

) "-"Regis.téred' :t.rixder;fx:;rk ‘of,'.;\‘T&;T in the USA andqutheri‘c;c)qtl’ir:iefs.“_”v g ' Sl e
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, R ' - . . . . . , o

time requxred to calculate one comp'mson usmf' “the vector signature approach is:

.

()(mn log., (n)+mn 4 m).
* . For storige, each component is complex and requires space O(2nx2n). The cqn'xf

ponents. however, need not be stored. only the centre cross correlation is required. .
. . . " » - ‘ ! .

]
¥

4,'5‘.\2. Calculating Fourief-Mellin Transforms o _ .

* The Fourier-Mellin transform was computed much as described by 7.9]. This

method requires: ' o ‘ K
(1) the power spectrum of the reference image: o S LZ.""B T

~(2) the logpolar conversion of the powerspectrum:

(3) :lppropnnl.e scnhng and normallzmlon; . .

( 1) lhe power «peetrum of the log pol.nr image: L o
(5) the power 5péctrnm of the test pattern; . o R
(6) the logpolar conversion of the powerspectrum:

(7) :nb"propri:nt'e scaling and normalization:

(‘<) the power ~<pectrum of tho log polar image: and’

B

(‘l) (‘omp.n‘hon of (hc \;)octrn enhcr by cross. (‘orreln(lon or pl\el by pl\(-l comp.mxon

I‘lm tccbnlque rcqunres tnue O(n"log.n+ n-) aud‘spacc O(»ln'-")' for the complex:

v
v

'imngvs. : s 1 l .

- 4,5‘.3,. C'al‘cu:;l_at‘-in‘gvvax"‘ct)posied*‘Metth Using D'igect Calcula;ﬁié'h.

" Diréet mlculmlon \ms u~od m the C dl‘l(“l.’lﬂ roor(hm(e system toav oul problomx

v

1\|lh n‘\olunon (hlfercnces The b asis: I'uuctlom Co
5 Sy : S : .
R L 1 - “-—)nuln(vx +u ) ;;u-'an" -L) . . .
Bm,(r y)" - Xe . , o o . 117
e I‘*'y“ R P, B - : DS
: erg_ cqmput-cd l_'or 7-75 lxx;<?.—_ 75 v <2— and,storq(l Thlb comput.mon roqmrml ‘
. mne O(n ( l ) '\nd ﬂt‘or‘we om (. l) to store, the b'1~e:~ Cii\'én‘k.‘(,ll:.l‘tf.‘lll(" basis .-



functions need only be.computed once the direct computation of the method proposed

)
.

in Chapter 3 requires O(n*('V) to compute g(u, ) for j%—s u <_(T'.—~;‘)—S v<% and

storage O(20F) go store g(u,v). T R

4.5.4. Calculating Proposed Method Using Fourier Techniques C

~  For comp:iri:son, the Fourjer transforlﬂ ofthe log-.polnr image /‘(p,e)'#-f(eo.e)
& '

o, :
where p?ln(r) was compu(ed and cross correlauons o[ log polnr images - were

ev:\lumcd As (ll'\(‘ll\\(‘d in C h'npter 3. thls calculmlon will dlﬂ'cr from llw pr()p()\ul‘

1 I '

(echni;que due to'the rc.\'olutiqu (liﬂ'el‘encc at the origin. L

[

’
‘

Computation using the Fourier transform of the log-polar represeptation of the'
. t g | , » A : a
image takes time (J(n”) to convert to log-polar form and Q(n*Jog.(n)) for the caleubis

tion of the Fourier tr#nsform, Storage requirements are O(n-) to store the image,

4.6. Summary ‘ ‘ ‘ - ' . " “
In’ previous chapters, techniques for invariant recognition were introduced, The
1 X ' .

’ ) ' ' ’ h ) - "o . " - “
tests in this chapter provide a.basis for comparison of tlhe use of the techuiques

described in ('hnplc‘ﬂ! 9 -and 3. The experiments reveal problems in the digital tmple

. . ll . N - i " N N " N
m(’n(:xtion \v'hich are not :xppnrent. from the theory. The following observations huve

3 been ma(le e: nrller in the ch’xpter ' N
} . . . - /‘/ \

’(l) the cnrcular h'xrmomc ‘techniques requlrc thls to detcrmme which compﬂn(-nh 1o
use. 'md to’ “find an 1pproprmte threshol(l value: . : .. o / oy
+ ' . v / .

(2) the cnrculur h.nrmomc tccbmquvs 'md the LPCHD propose(l in C’!T;;)tor 3 are wlm-

‘

B .lne to dlsplacements of thc centre, tbaL is, thc) have np shlft inv anancc

(3) the complete set of harmomc components umquely descnbes the unafre ho“ ever,

- usmg only a few harmomcs is. not a umquc rcpresentauon of t\he lmave. ' LT
X . ‘ LA
4) mcludmg more than one object m an nmage caused recogmuon problems for: all

. ‘ Vel ,\ A \



-
ol

“‘““(\z‘i).'foh‘,I‘ ‘

o

(9) Ihe LPCHD works “ell ,m nmse*" :

L

PN . oy . . . ,
LR TR v . * . . ' P '
3 L, L ) Al AT [ . . <

LR S ‘:\j:'\;“: P \',‘ . . f‘,_‘l ‘ ' . ,‘,'
(o) In ordcr to comp'xre thc Pouner-\lellm represenmnons a normnhzatqon mlm bc -

[N i
' L N .
' ."' . " N N

performod or compnrnons must be made usmg the normahzed crou correl.mon \,1.

v
‘
.y‘ [ .
T ! .
¢ '

R L S ! . :
thereforc this is’ ot an lm armm form of the lmage’ Lo AR
.. ‘ ‘" ' ' v. ' ' '

(0) Tbe Founcr- ‘ "m,‘rep’reSeh"mtion‘isgn‘ot.':un‘lqu.e, this causes inaccuracy in matching

.
. ' e : ' . ' .
oA ,‘- [, L S R ' : v [ \

reauhq o ‘w,".“ )
' \"w N ' ' ' '. S Teao

'
o
v

r'uoly extract mformanon zmd to accurat.ely represent aal[ mformat;on Lherefore lbe

" v . r v

* ' o

O

; :llt‘ must hc‘ mcrcosed or some |nformauon muﬂt be dqscarded

i N yv

‘ansform propowd m Chaptér 3 LDCHD 18 an, mvarmnt form Wllhoul any

[ PR . \ .
. . i , G K . [T
! . . - . i

'normxllmtlon ‘<-' ST e ‘

SRR o
Vi : v : s
) W ’

l‘ + (10) LP( HD elther reqmres large amounts Jof space (to store Lhe basm flmcuom) or:

. (12) T,he F’ounie‘xl‘-x\lellin ‘téchnique exper.iei)ce‘s mo:g- ‘false alarms. including false

' much more computer time, to" calcula(e the transform

claxslﬁmtf

: mlned beforchand throuah teets Howevgr, wnthout, posntlon mformatlon or \cule‘.

B ?\, Soonb

cu'cular harmomc omponent\and then perform?no 2‘\' cross correlauons the qum xon g

f [
.—\ .

N

(ll) Both t,he Founer-Melhn repreﬁentatlon aud Lbe proposed tnn:form have

N
. 1

' (h[ﬁculr; dncglm)na(mg between sgm:lar ob;‘écts whllc the vector «lgn‘uure melho<l~

performed av cll w hen lmng :x "good” chonce of harmomcs and threshon ~value;

,."il:xrm"swisin-g objects ‘t.h':in'w‘er‘e not close.

F‘rotn theﬂe observatlous some coaclusnons can be drawn about the uses of each of :

these met hod‘x

v

Clrcuhr harmomc techmques wull work well in. :m appllcatlon th.n requnres

n of Obj(‘(‘t\ mto predeﬁned classes Uuder theee cu'(‘umﬂt 'mces. the chonce*

\

: nlcs nnd the threshold value whlch "best, xdenuﬁes each class coul(ﬁ\be deter-;

v

1nvanance. nnd copsu!errng that the vector s:vnature method requ:res computmg 2\'

o

r

anses s to \\ hether‘thls ‘techmque |s ,an mprovement, over- usnng a convcnnonal: e




»

m.uche(l ﬁltor 'md rom(m e'mh te%t mmge .

. B S . L ,
" . 1 . R ?,
l LA !

\\ ith tlle [«ouner— Yellm (echmques the lac}\ of umquenesq gmphm po«nl)lc‘ inac-

. s

‘curaey in uint‘chmg, n addmon wnth a dlgnal lmplemenl'\uon erorﬁ ‘u:e .xddcd \\uh

‘euch,.compumuou Fourler transform and power spectra calculmlon logpol.\r coord|~

Lo »

’n e converwou, compre-mon to reduce aperture eﬂects, :sud agmn Fourier xmnal‘orm '

. ‘ , \
and power'gp‘qctra calculation. Arlso as meuuoned e‘xrller lbe i‘ourler—\lelhn powcr- v
R Y L B Ctn : C A v
spectrum: ' . L oo BRI A
A ' ' . ! " C ! ‘ \ ‘ ! . '»‘ . . ' ' ’
j SRR IF’ﬁ{\ﬁ [IFT( Imagc )[ ] B S R
? " ‘ L t " ‘.\ . ’ ’ ‘ .
, . ) ] " ' ":., . !
A% not a (rul\' inv nrmnt form of the i 1m:\ge one -mll mus( use cross corrcl.mon or ~omc
Y

form of n‘ormnlizutiou (o_ compzxre‘thia represent‘at,iogg ‘ T‘lxi‘si.‘lmethb'd‘ is‘ iud(frd‘f:::«tcr

» . o ‘x "'

thap using multlple templmes at various onentzmons ‘and snzes Here (he ,‘queﬂnon

‘

‘o . +
" -
f \

arises as to how n(‘(‘ur:\te the pesults are 1nd how can the mxlts be (‘omp.xred mlhoul

A
[ v

h:x\"ing to perform addi‘t‘i%&l cross correlations’. R Sy e A

In contrast. the l.mnsform proposed }’u thnpt‘er'S is an ini":\ri:xht ‘for'm of a rot‘:ue(l'

[ [ . ' . -
‘oor xc.nle(l lm.me,.ho“ ev er, n l'lc,ks (r'm?lémon mv:;rm\nce nn(l is slow to <'0mputc.a ( ow-
paring _],(u v) dlrectI\ “’Nx g.a( u, l/ I‘or each (u r') detcrmmes whq(her a -m'xtch h.n

A . . ' ’ e i
' occurred " In order to h:ne accur'\te results the mmges must be ccntrcd nl)ou( lho ‘

Vv

" . . ' . Lo . h

m’x.m.mt pom( (th.nt |- the pomt wblcb does not chanve 'xfter performmg a rol.zllon or
: smhn'r of thomnve) Thm is a_non- trnnl tnsk \lso Lho comput.xtlon is slo“ 10 r()m-
\

o [ . . ' N

- pul,e"mau_{' v,'alu‘e"s‘ of gl u.r): ho(vever,‘"t‘lfe"numbor of‘\'alues uheede(lgg,_o cx“l‘irblié‘h.?:;. E

. ; LA . e - } - A ) . R

m.'m‘h is ndt ‘high (}ls!l.‘l"“_\"“ 16 will do). v o O
) . L ' ‘ : ‘ v

"‘. -

———'F-be tcsts have xho“n lhat. under c.ert:un cpndmons wheu the posmou of .m
. . . . ‘g .

Obj(‘(‘[ is l\no“n the propo&ed transl‘orm enahles the mappmg of an, lm.m-. to 1 '

\

‘ “repreﬂenhtlon th:u “'l“ allou comp:mson of the :pertra. and one r'xu (lclermmo

. b3 R

wh‘ether‘ Qb'jectsl ;'ma;t_c‘h‘(u‘p .;o,-scaling or' rotnt.iqn) h}deed under such condmons.

2y Lo . o P r' . _. A

o .. et : ) u.,"\.w Lo : e e e
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using such a technjgue would surpass the gse of a conventional matched filter requiring
. , N . Y

* )

mauny templates. In any redl application, the canstraint of finding the proper centre of

“an object seriously inhibits the use of suck a method. .
~ > . o

/ ' y



e

‘ ’ Chapter 5

Summary and Conclusions

”

The intent Qf this research was to explore the problem of encoding images in a
\

form which-is 'nvnrinm to geometric transforms in the spatial domain, Thix thesis
b ' o '
investigated image transforms which ‘produce such an encoding. ' After reviewing
‘ j
current techniques in the literature, the desired invariant propertics were' used to
. . . :

develop a kernel for an integral transform such that this transform satisfied specific
invariant properties. This technique was then tested to insure that it was digitally
. : ' 13

feasible and tests were pesformed to compare it to existing methods, '

! . : 0 .
Results of thie tests indicate that the method works well in recognizing objeets
. ’[“ ) '
but has weaknegses in discriminating between similar objects and has no position
j : ‘ : i
invariance due tlé the dependence of the method on the centre. The dependence on the
{ N i .
centre, howe\'m/.‘seems "natural” for rotation and scale invariance as iggdoes not make

. . . [}

sensc towdisquss these rransforms without mention of the centre. In addition. the pro- ‘

posed mefhod can be expauded to include position inv:xriance '(:«‘% Section 3.8), but

Y

using magnitude invariance and uniqueness as cntcrm the solutlon dor% not appear to

.
- -

lie in 2 D. '\\lthoul ‘a pnon knowlcdve tlm solunon wor]\‘} as well as existing tech--

t

]
niqucs‘ ln ,':\d(litidn. the proposed technique .mat‘homm.icnlly solves the probl(-m of
. f ' .

Do . L e
-

. ' - I’ . i M ‘n " - r . .
unique invariant encoding of rotated and scaled images.

f , e

A . - ' . : . o

5.1. Furt,hech}i'k Coe e S

. . '

Thus the problem of hmhug an encodmg of an |magc in2- D whnch is invariant

.

. 9‘3"

to geometric transforma has ‘not yet becn solved: Th& e\panslon of the metbod dxs-‘

, .<

cussed in \ecnon 3.8 to mnl’nde the centre, does solve the problem: ho“ewr. the com-

. .plexity i l< mcre'\‘ted ﬁlnce the solunon isin a four (llmensmual space.: Further v.ork in

* L b VT,

th:s areq would mclude determmug if the problem is solvable in 2 dlmq\nﬁ)ns. and

.%ndmons are- ﬁq\hred fo.r mva‘rl.mce coding (C h zpter '3
ak, T

vdetermmmg what ne%f&._

- . PR -
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[N

i ) . . ‘n . N '
considered gnlyvsufficient - conditions), Also, the approach used in Chapter 3 could be

L} ]
considered in determining o recognition transform for higher dimensions,
red 2

The t,és('.s performed in Chapter 4 indicate that work could be done in developifg

t

’
)

fast algorithins for the computation of the transform. The difficulties with similar
| ‘ . :
objects migh'lt. be improved through the use of edge-only information, Sincef,(hia
t i ) .
improves the!performance of a conventional magched filter, perhaps a similar tech-

nique will ilerovc the performance of this transform.
Further Study is also possible in- ‘the area of human vision, The literature

(8,24.25] suggasts that the human eye performs a log-polar transform. There have also
been arguments as to whether or not the eye performs a Fourier transform (&]. It

might be afh interesting problem to study the feasibility of the preposed transform
C . . ) _ ,
since it is essentially s combinatton Iow:g-polar and Fourieér transform.

1
1 : \

-
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° Appendix Al )
I Proofs of P‘xv‘ope.rties
Table 3.1 listed properties of the transform of f(z.y), given by
, glu, v) = f ff(z y)m(u v;z,y)dzdy ) Al
. —_0 - ‘ ¢ -, ) . . oo . .
—)mnln(v,12+ y"‘)- );(vlan '(iL) o o . N
: — dzdy, , A2
_f,, _J;f( )< P v, o
' orin polar coordinates: ) ‘ f@lﬁ S v
' \
2 g o ® ) . .' | o o "
. . J‘ J'l‘(r e)e )&uln(r) ;(uo dr L£r e " . A i A3
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