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ABSTARCT

The mechanics of …ber-reinforced solids have consistently been the subject of in-

tense study that signi…cantly advances our knowledge and practice in materials

science and engineering. The subject leads to two major branches of researches

involving either the direct investigation of local behaviors of an individual …ber—

matrix system including interfacial region or the development of continuum theory

through which the overall microscopic behavior of …bers is adequately taken into

account in the model of deformations. The former relies on massive identi…cation

procedures, which most often require huge computational resources. Nonetheless,

this approach was used successfully in the analysis of the mechanics of compos-

ite materials. Continuum-based approaches o¤er the advantages of the contin-

uum descriptions and the associated mathematical framework. In this thesis, a

continuum-based model is presented for the mechanics of unidirectional and bidi-

rectional composites subjected to …nite plane deformations (‡exure and extension).

This is framed in the development of a constitutive relation within which the con-

straint of material incompressibility is augmented. The elastic resistance of the

…bers is accounted for via the computation of variational derivatives along the

lengths of …bers. The equilibrium equation and necessary boundary conditions are

derived by virtue of the principles of virtual work statement. A rigorous deriva-

tion of the corresponding linear theory is developed and used to obtain analytical

solution for small deformations superposed on large. Also, The solutions of the

resulting Partial Di¤erential Equations (PDEs) are obtained using the Finite El-

ement Analysis (FEA), which demonstrate excellent correspondence with existing

theoretical and experimental results. The numerical results are compared with the

results in literatures (FEniCS Project) showing a good agreement. The proposed

model can serve as an alternative 2D Cosserat theory of nonlinear elasticity.
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Chapter 1

Introduction and Background

We begin this chapter with a brief introduction of fiber-reinforced composites. In
section 1.1, we discuss the strain gradient theory and some examples about continuum-
based models with strain gradient in bending and torsion. Furthermore, section 1.2
provides historical background of higher-order gradient theory and explains Piola’s
contributions and his followers (Truesdell, Mindlin and Toupin). Also, general-
ized continua is presented in sections 1.3 and 1.4. In section 1.5, we illustrate
application of higher order theory in crack/fatigue, soft materials and fiber rein-
forced composite. Lastly, we will demonstrate goals and advantages of this thesis
in section 1.6.

1.1 Introduction

The mechanics of materials with distinct microstructures has consistently been

the subject of intense study ([1]-[2]) due to their practical importance in mate-

rials science and engineering. It is widely believed that, for many materials, the

microstructure of a material governs the overall mechanical responses of materials

[3]-[4]. Fiber-reinforced composites are a particular case of such materials where

…bers; microstructure of the composite; are embedded in a matrix material. In

practice, these …bers are often presumed to be densely distributed so as to render

the idealization of continuous distribution which further leads to the continuum

description of …ber-composites via a homogenization procedure. Within this pre-

scription, the composites can be regarded as a special type of anisotropic materials

1



Chapter 1. Introduction and Background

where the response function depends on the …rst gradient of deformations, typi-

cally augmented by the constraints of bulk compressibility or …ber inextensibility.

In the latter case, the resulting prediction models are often so constrained that the

corresponding deformation …elds are essentially kinematically determinate, par-

ticularly those arise in …bers ([5]-[6]). Nonetheless, continuum-based approaches

were used widely in the analysis of the mechanics of composite materials for their

advantage in the continuum descriptions and the associated mathematical frame

work ([5]-[7]).

The continuum theory, which accounts microstructural e¤ects of …bers on elas-

tic materials, has gained renewed attention in recent years ([8]-[9]). This includes

the re…nement of the …rst-order continuum theory by considering the higher gra-

dient of deformations in an e¤ort to describe the more detailed characterization

of the continua with microstructure. In the case of …ber composites, this means

the incorporation of the bending resistance of the …bers into the models of de-

formations. This is framed in the setting of the nonlinear strain-gradient theory

([10]-[11]) of anisotropic elasticity where the bending resistance of …bers is as-

signed to the changes in curvature of …bers explicitly [8]. The latter is obtained

via the computation of the second gradient of deformations in which the …bers are

regarded as continuous curves de…ned in convected coordinates. Current appli-

cations of the general theory are discussed in [12]-[13], and mathematical aspects

of the subject are presented in [14]-[15]. A theory for an elastic solid with …ber’s

resistant to ‡exure, stretch and twist is developed in [16] under the simpli…ed set-

ting of the constraint Cosserat theory. In addition, authors in [17]-[18] discussed

second-gradient theory of elasticity for the mechanics of meshed structures and

examined shear strain distributions of the meshed structure subjected to the plane

bias extension. The majority of the aforementioned studies have been conducted

in the limited scope that either inextensible …bers or single family of …bers are

considered. Moreover, although recent studies [17]-[19] and [20] reveal that the

second-gradient theory accurately predicts the smooth transitions of shear strain

2



Chapter 1. Introduction and Background

…elds of meshed structures undergoing bias extensions, the compatible results in

the case of general …ber composites remain absent from the literature.

As we discussed above about strain-gradient application and advantages in the

modeling and analysis for the mechanics of …ber-reinforced composite, hear we

present this theory brie‡y:

When the deformations are small, the second gradient of the deformation can

be neglected. In this case, the relation between stresses and spatial derivatives of

displacement is linear. Due to this linear relation, tractions can be de…ned by the

unit area of undeformed body. Hence, when applied forces are determined, we can

…nd corresponding stress …elds and displacements by solving a Boundary Value

Problem (BVP) explicitly.

The main interests in the …nite elasticity are controllable (exact) deformations.

The common approach to the aforementioned problem is utilizing inverse method.

This method was originally developed by Rivilin [21] at …rst. When the body is

compressible, only pure homogeneous deformation is admissible (see Ericksen [22]).

Therefore, it is obvious that we have to use approximate methods. These methods

are:

• The …rst method is that we use polynomial form of strain energy as a function

of strain invariants [2]. This assumption is based on small deformations and

no restrictions are imposed on rotations.

• The second method is that we assume deformations are small but not in-

…nitesimal. Thus, the perturbation theory can be used. This method is

formulated and is used for several problems in nonlinear elasticity (see for

example [2]-[6]).

Rivilin [21] developed a new method which called the second gradient elastic-

ity using up to the second order of deformation gradient (see Figure 1.4). In his

method, it is assumed that classical theory is not accurate enough because it only

takes up to …rst (linear) order of deformations which can not capture large defor-

mations. With some mathematical procedures, Rivilin decreases surface traction

3



Chapter 1. Introduction and Background

Figure 1.1: Rate of changes in lengths/angles via …rst gradient

Figure 1.2: Rate of changes in length via second gradient

BVP to the system of two equations which describes the mechanics of homogeneous

isotropic, elastic and compressible materials. Figures 1.1 and 1.2 show di¤erences

between the …rst and second gradient theory. Higher order gradient theory ac-

counts relative rotation at each material point of an elastic body. Mathematically,

we can de…ne stress-strain relation for both classical and higher order gradient

continua as given in Eq. (1.1).

Classical continua =⇒ σ = ()

Higher order gradient continua =⇒ σ = (∇ ) (1.1)

Also …gure 1.3 shows comparison of the extension test by using the …rst gradient

(linear) and second gradient approaches [23]. First gradient approach results are

close to the …shnet theory which considers …ber composites as lattice (interlocked

…bers). The results of second gradient theory have a good agreement with the

experimental results, where the …rst gradient simulations were not able to produce

accurate results. The main advantage of second gradient elasticity-based analysis

4



Chapter 1. Introduction and Background

in the case of bias extension test is to capture transition zones (transitions between

red and green zones and also between blue and green zones as shown in …gure 1.3).

In chapter 5, we will present a more detailed numerical and analytical comparisons

which clearly indicate that the our proposed model successfully predicts the smooth

transitions of the shear strain …elds unlike those described by the …rst-order theory

where a signi…cant discontinuity is present.

Figure 1.3: First vs. second gradient elasticity comparsion (Picture taken from: [23])

1.1.1 Examples of models with strain gradient

Examples of models, which are proposed in the case of strain gradient theory, will

be discussed in this section. By using this models, it is possible to incorporate size

e¤ects in torsion and bending analysis.

—Linear elastic material behavior:

σ = (ε− 2∇2ε) where  = material parameter. (1.2)

—Bending:

σ = (ε− sign(ε)∇ε) where  = gradient coe¢cient. (1.3)

—Torsion:

σ = ( − 1(∇ ∇ )0.5−2∇2 ) where 1 2= gradient coe¢cients. (1.4)

5



Chapter 1. Introduction and Background

1.2 Higher-order gradient theory historical back-

ground

This section provides historical background of higher-order gradient theory de-

velopments and explains Piola’s contributions and also his followers: Truesdell,

Mindlin and Toupin.

1.2.1 Piola

Piola was born in Milan on 1794 and received his doctorate degree in mathematics

at University of Pavia. Piola devoted all of his signi…cant scienti…c life in demon-

strating that the virtual work statement is the most e¤ective and suitable method

for developing new models which are able to show good agreement with experimen-

tal data and also can forecast the existence of unknown phenomena in Continuum

Mechanics. In this part, Piola’s idea and his contributions are illustrated:

Piola suggests the variational principles in the modeling and analysis of con-

tinuum mechanics. In his point of view, Lagrange’s method is the most e¤ective

method. To support this argument, he expresses similarity between the theory of

di¤erential curves and rational mechanics. Piola states that Lagrange reduced all

problems from rational mechanics into the energy minimization problems which

require variational analysis. He also states that the variational principle reduces

the probability of being misled ([24]). He generalized the theory of deformable

bodies (methods of Lagrange). Piola has not considered the particular case of lin-

earized deformation measures. He characterized the continuum models for which

the state of deformation can be expressed by Green deformation measure and its

derivatives with respect to Lagrangian referential coordinates.

6



Chapter 1. Introduction and Background

1.2.2 Truesdell

Truesdell was born in California on 1919 and completed his doctorate degree at

Princeton University. He developed foundational rational mechanics in order to

establish mathematical models for continuum mechanics. Also, he had some de-

velopments in the rational thermodynamics.

It is stated in [24] that Truesdell did not fully understand the ideas of Lagrange

and also Piola. Authors in [24] also mentioned that Truesdell does not recall the

fact that Piola has proven the direct relevance between the principle of virtual

work and the balance of momentum (Piola’s theorem). Further, it is concluded in

[24] that Truesdell exaggerated the concept of Cauchy in the procedure of founding

continuum models. However, as shown by Piola, Mindlin, Sedov and Germain, the

role of the Cauchy stress is not pivotal as Truesdell believed [24].

1.2.3 Mindlin and Toupin

Mindlin was born in New York on 1906 and studied mathematics at the Columbia

University. In 1963, Mindlin generalized the classical continuum theory of elastic

body (see section 1.3). One year after Mindlin, Toupin considered this method

in the couple-stresses theories (simpli…ed micropolar elasticity with constrained

microrotations).

Mindlin and Toupin’s e¤orts are based on the virtual work statement and the

principle of least action. They established the most appropriate continuum models

for the modelling of complex mechanical systems [25]-[26].

In [27], Mindlin incorporates the gradient of virtual deformation up to the third

order. He suggests a model for internal work where the work is expanded by in-

ternal interactions on virtual displacement. He then introduces set of three stress

tensors which are the …rst, second and third-order gradient of virtual displace-

ment through which he …nds admissible contact interactions. Mindlin’s results are

PDEs with admissible boundary conditions. Mindlin uses functional analysis and

7



Chapter 1. Introduction and Background

di¤erential geometry in his theory.

1.3 Generalized continuum theory

Due to the rationalization of continuum mechanics by Truesdell (see section 1.2),

generalized continuum theory was very popular on 1960s. Nowadays, researches

regarding these theories are very popular due to their application in tissue engi-

neering, biomechanics and biological membranes.

Two major approaches were developed in order to generalize the classical con-

tinuum theory by incorporating the length scale into the models of deformations.

First approaches is to include additional degree of freedom (DOF) into the models

of deformations. Second methods are developed based on the observation that

strain energy function is combined with high-order gradients (Couple stress the-

ory). Several researchers, for example: Toupin, Mindlin and Koiter adopted these

theory and formulated continuum based models which are in opposition to the

independent director …elds theory that Truesdell and Cosserat proposed.

Voigt in [3] considered continua with additional DOF at each material point

(three microrotations DOF). Voigt believed that each point in the body is acting

as a rigid body. The other approach is to consider the microstructures of materials

so that it can accommodate the bending and extension of the material points.

Figure 1.4: Starin grdaient
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Chapter 1. Introduction and Background

Eugène Cosserat and François Cosserat proposed this idea in [28]. They con-

sidered a triad of directors at each point, in addition to position. The gradients

of director were constrained so that only rotational motions are considered. This

allows micro-rotations at each point which is dependent on the position. This

is completely di¤erent with the higher-order gradient theory where position and

director …elds can be independent.

Toupin and Noll developed coupled-stress theory in [10]. They mentioned that

only the …rst-order deformation gradient appears in the constitutive relation which

is not accurate enough for their point of view. They proposed that, constitutive

dependence need to be extended in order to include higher-order gradients …elds.

More speci…cally, when the gradients are considered up to N-th order, the cor-

responding function describing materials is necessarily N-order di¤erentiable. In

addition, Reissner [29] developed …nite deformation theory based on the model

suggested by Toupin.

In summary, the di¤erences between classical continua and generalized continua

are:

1. Classical Continua:

• 3 displacement components =⇒ (1 2 3)

• Symmetric stress tensor =⇒ σ = σT

—Not able to fully cover the macro and nano scales,

—Size-e¤ects cannot be captured.

2. Microstructured continua:

• 3 displacements and 3 microrotations =⇒ (1 2 3 1 2 3)

• Asymmetric stress tensor =⇒ σ 6= σT

—Introduce material length scale.

—Popular due to their application in modeling and analysis of the bio-

medical, tissue and biological systems.

9
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Figure 1.5: Schematic for bidirectional and unidirectional …ber

1.4 Gradient elasticity theory for …bre-reinforced

composites

Adkins is the …rst researcher who developed theory of …bre-reinforced composite

(Figure 1.5). He considered inextensible …bers distributed on surfaces and subse-

quently extended his theory to the case where …bers are distributed uniformly in

a medium [30]. This model can be considered as special cases of Spencer’s theory

which we explain in the next paragraph.

Spencer developed a more comprehensive theory of …bre-reinforced composite

[1]. He used nonlinear anisotropic elasticity in which the constraints of incom-

pressibility and …ber inexetensibity are imposed. In his model, …ber’s bending and

shear motion are excluded. Later, Spencer and Soldatos [8], based on the non-

linear strain gradient ([10]-[11] and [31]), developed the theory which is capable

of accommodating …bers elastic resistance against to twist and shear. Using the

nonlinear strain gradient theory, Del’Isolla and Steigmann [9] considered fabrics

where the gradient is determined from the surface deformation. Finally, Steigmann

[16] eliminated constraints of …bers by means of modeling them as Kirchho¤ rods.

He established the theory of …ber reinforced composites where …ber’s resistant to

bending and shear is incorporated. In this theory, the …bers can bend and stretch.

In the case …ber reinforced composites, bending energy in higher order theory

has a …nite value which causes smooth transition in contrast to the …rst order

theory that bending energy is in…nite as shown in …gure 1.6.
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Figure 1.6: Comparsion classical and higher order theory

1.5 Higher-order gradient theory application

• Fiber reinforced composites:

It is necessary to consider the …bre bending sti¤ness by means of the depen-

dence of the deformation energy (see …gure 1.6) on the second deformation gradient

([2]-[6]). Because …rst-order gradient models can not capture all needed informa-

tion (e.g. microstructure rotations of material; see section 1.4). The mechanical

behavior of …bre-reinforced composites can be expressed by:

1. Considering each …bre as a Euler or Timoshenko beam,

2. Modelling interactions between the …bers by using elastic, visco-elastic or

visco-plastic constraints [24].

This model has some disadvantages such as:

1. Need super-fast calculating devices,

2. No e¢cient analytical and semi-analytical optimization processes are avail-

able.

In result, when bending resistance of the …bers is considered explicitly based

on higher-order gradient theory, we are able to capture general behaviors of …ber

composites.

• Living Tissues:

11



Chapter 1. Introduction and Background

Due to the complex nature of living tissues, they need to be described with

high-order gradient models [32]. Bone tissues are recommended to be analyzed

and modelled (see Figure 1.7) by using continuum models which incorporate mi-

crostructure [33]. Moreover, the biological activity of living parts of bone tissues

produces a continuous remodelling of them. Living tissues can be modeled as

composites with one family of statistically oriented continuous …bers. The …bre’s

orientation (statistical orientation) can be expressed by using probability distrib-

ution density function. With this assumption, we can model living tissue with the

theory of …ber reinforced composite which discussed in section 1.4 (see Federico

[34]). Authors in [34] mentioned that for modelling tendons and ligaments, we can

use one family of …bers and also for modelling intervertebral disc and adventitial

layer of blood vessel, we have to use two families of …bers [34].

Figure 1.7: Analysis of bone remodeling with substitute material

Such phenomena have been studied in [35] in details. Bone tissues are created

with a multiscale structure and thus can show unwanted behaviors, such as:

1. Mechanical instabilities,

2. Internal boundary layer formation for deformation.

• Meta-materials in biological applications:

Tissue can be constructed by adding an arti…cial, biocompatible and biodegrad-

able material. It is preferable that the added material has the same mechanical and

12



Chapter 1. Introduction and Background

chemical behaviors in compare to the natural tissue in order to retain mechanical

and chemical behaviors in the optimum state. This principle is used in [36] where

it is shown that how the microstructural responses of a hypothetical biodegradable

material may positively in‡uence the remodeling process in a reconstructed bone

tissue (see Fig. 1.8). This opens an important possible …elds of researches in this

theory. The synthesis of tailored meta-materials is becoming a more and more

popular research subject.

Figure 1.8: Schematic of 2D model bone tissue (Picture taken from: [36])

A metamaterial is a material, designed to have a chemical and mechanical

behavior that can not be …nd in nature. The designed metamaterials are necessarily

to exhibit mechanical behaviors which have to favor their role as a sca¤old on new

bone tissue which need to be formed by a deposit process. Moreover, they need to

be biocompatible so that they do not interfere with the physiological remodeling

and reconstruction activities of cells present in tissue. Their mechanical behavior

need to be optimized by using high-order theory in order to describe bone tissue

remodeling processes. Bone tissue remodeling is a process which the skeleton is

periodically renewed to retain the bone’s biochemical and biomechanical behaviors.

This process is done by removing continuously damaged bone tissue and creating

new one. This Process consists below stages as shown in Fig. 1.9 (see [37]):

—Quinesence,

—Resorption,

—Reversal,

—Formation,

—Mineralization.
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Figure 1.9: Bone remodeling (Picture taken from: [38])

• Crack and damage:

First order gradient models have been considered to model the crack and plas-

tic deformations of media [39]. Many numerical and conceptual problems arise in

the [39] show the possibility of singular solutions (see [40]). Higher-order gradient

models are used to formulate well-established models, in which the localization of

the material regions where crack is nucleated, has been determined by using the

higher-order gradient (see [41]). In [41], Francfort made the formulation of varia-

tional analysis for modelling crack and damages. The results in Francfort’s paper

show that employing higher-order gradient terms are necessary for this application

and it helps us to obtain the more accurate descriptions of crack-matrix systems

(without singularity issues) [24].

1.6 Goals and Motivations

As we discussed in sections 1.1-1.5, the classical continuum theory (…rst gradient)

can not describe microstructure continua. In order to make our results close to the

experimental data and also to increase accuracy of them, we have to use higher

gradient theory. In this thesis, we consider bending resistance of the …bers, based

on nonlinear strain gradient theory. In result, we can capture general behaviors

of …ber composites. By using complicated models in the case of …ber reinforced

composite, we need to apply rigorous and advanced numerical and analytical tech-

niques in order to solve governing system of nonlinear coupled equations. The
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ultimate goal of this study is to develop continuum-based models and solve the

corresponding analytical and numerical solutions of Partial Di¤erential Equations

(PDEs) which are obtained from the gradient elasticity theory for the mechanics of

bidirectional and unidirectional …bers with …bers resistant to ‡exure and stretches.

In this thesis, we eliminate constraints of …bers by means of modeling them as

Kirchho¤ rods so that the …bers can bend and stretch within the medium.[16]. We

develop a continuum-based model for the mechanics of …ber-reinforced subjected

to …nite plane deformations. The procedures for developing this model are given

in chapter 2-5. We …rst de…ne Kinematics and Equilibrium equations by using the

principles of virtual work statement and then successively …nd governing system of

nonlinear coupled fourth order PDEs in the case of Neo-Hookian type materials.

Neo-Hookian materials was proposed by Mindlin on 1948 and is a hyperelastic ma-

terial model that can be used for prevising the nonlinear stress-strain behavior of

materials. Then, we solve governing equations both analytically and numerically

via Finite Element Method (FEM). In analytical solution, the derivation of the

corresponding linear theory is developed and used to obtain a complete analytical

solution. We develop a model which can serve as an alternative 2D Cosserat theory

of nonlinear elasticity.

The challenging parts of this thesis is, obtaining analytical and numerical solu-

tions of corresponding systems of equation and boundary conditions. This is due

to the fact that the conventional methods, Fourier transform and the method of

separation of variable, are not applicable. Instead, we adapt modi…ed separation

of variable methods and successfully obtain complete analytical solutions for the

small deformations superposed on large which we will explain in detail in chapter 3

to 5. Also, due to the complex nature of the resulting PDEs, it was not possible to

obtain solutions using the commercial numerical softwares (e.g. COMSOL, Maple,

Abaqus and Mathematica). To overcome the di¢culties, we developed our own

numerical schemes through which complete numerical solutions are obtained. The

detailed procedures are given in chapter 2 to 5.
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Chapter 1. Introduction and Background

1.7 Structure of Thesis

This thesis consists four main chapters plus introduction and conclusion chapters

and also each chapter starts with an abstract. The main chapters present:

Chapter 2 discusses a continuum model that can accommodate unidirectional

…ber’s elastic resistance to flexure. The …bers are regarded as continuously dis-

tributed spatial rods of Kirchho¤ type such that the kinematics are based on their

position …eld and a director …eld. Furthermore, we seek a complete model describ-

ing the …nite plane deformations of elastic solids reinforced with …bers resistant to

‡exure. Hence, we assume that the …ber’s directional …eld remains in a plane, with

no components in the out of plane direction, and the corresponding deformations

and all material properties are independent of the out of plane coordinate. Within

this prescription, we consider a special case of a Neo-Hookian material reinforced

with a single family of …bers.

Chapter 3 presents mechanics of unidirectional …ber reinforced composites with

…ber resistant to flexure and extension. The results are also compared with the

experimental data demonstrating that the proposed model successfully predicts

the deformed con…guration of a crystalline nanocellulose …ber composite subjected

to three-point bending.

A continuum-based model in the analysis of an elastic solid, reinforced with

bidirectional …bers are developed in chapter 4. The results are then compared

with several experimental data demonstrating that the proposed model successfully

predicts the deformed con…gurations of a crystalline nanocellulose …ber compos-

ite subjected to three-point bending and also corresponds with the experimental

results for T700S carbon—E glass …ber composites.

Chapter 5 illustrates the mechanics of bidirectional …ber reinforced composites

with …ber resistant to flexure and extension. More importantly, the proposed model

assimilates, in the case of bidirectional …ber reinforced composites, the plane bias

extension test and successfully predicts the smooth transitions of the correspond-

ing shear strain …elds, as opposed to the …rst-gradient theory, where the resulting
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shear strain appears to be discontinued. In addition, we develop a compatible

linear theory within the description of superposed incremental deformations. By

employing adapted iterative reduction and eigenfunction expansion methods (mod-

i…ed separation of variables method), a complete analytical solution is obtained.

Chapter 6 summarizes all chapters and illustrates potential future research

that may be used in the future research.

Throughout all chapters, we make use of a number of well-established symbols

and conventions such as AT  A−1 A∗ and tr(A) These are the transpose, the

inverse, the cofactor and the trace of a tensor A, respectively. The tensor product

of vectors is indicated by interposing the symbol⊗ and the Euclidian inner product

of tensors A, B is de…ned by A ·B =tr(ABT ); the associated norm i
√
A ·A. The

symbol “ |·| ” is used to denote the usual Euclidian norm of vectors. Latin and

Greek indices take values in {1 2} and, when repeated, are summed over their

ranges. Lastly, the notation A stands for the tensor-valued derivatives of a scalar-

valued function  (A).

17



Chapter 2

Mechanics of unidirectional
…ber-reinforced composite with
…ber resistant to ‡exure

In section 2.1, we develop kinematics and equilibrium equation. Furthermore, we
consider a special case of a Neo-Hookian material reinforced with a single family
of fibers in section 2.1.1. Via the method of virtual work and the computation of
variational derivatives along the length of a fiber, the corresponding Euler equilib-
rium equation, in the form of coupled Partial Differential Equations, is derived.
In section 2.2, we present an analysis for the derivation of the necessary boundary
conditions. In sections 2.3 and 2.4, a set of numerical solutions is obtained via a
finite element analysis. Lastly, in sections 2.5 and 2.6, the development of linear
theory and analytical solution of the present model are discussed.

2.1 Kinematics and Equilibrium Equations

We consider from [8] that the energy density for a …ber-reinforced solid is of the

form

 (FG) = ̂ (F) +  (G) (2.1)

 (G) ≡ 1

2
 (F) |g|2 
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Chapter 2. Mechanics of 1Dir fiber composite with fiber resistant to flexure

where  is the gradient of the deformation function (χ()) and  is the second

gradient of the deformation ( = ∇ ). Further,  refers to the material property

of …bers which, in general, independent of the deformation gradient ( = ( )).

The advantage of adopting above form of energy function is that the bending

energy of the …bers is solely accounted by the strain gradient so that it allows one

to compute energy variations induced by …rst gradient ( ) and second gradient

() in a separate manner. This approach has been widely and successfully used in

the relevant studies ([15], [16] and [47]).

The orientation of a particular …ber is given by

λ = |d| and τ = λ−1d (2.2)

where

d = FD (2.3)

in which D is the unit tangent to the …ber trajectory in the reference con…guration.

Eq. (2.3) can be derived by taking the derivative of r() = χ(X()), upon making

the identi…cations D = X′() and d = r′(). Here primes refer to derivatives

with respect to arclength along a …ber in the reference con…guration (i.e. (∗)′ =

(∗)). The expression for geodesic curvature of an arc r () is then obtained

from Eq. (2.3) as

g = r
′′

=
(r′ ())


=

(FD)

X

X


= ∇[FD]D (2.4)

Further, by using the chain rule, the compatibility condition of F is given by

iAB = iA,B = iB,A = iBA (2.5)

In this chapter, we adopt the framework of the virtual work statement
·
 =  in

the derivation of equilibrium equations. From (Eq. 2.1), the potential energy of
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the system is given by

 =

∫
w

 (FG) (2.6)

To accommodate the bulk incompressibility condition, we consider the following

energy functional

 =

∫
w

 (FG)  (2.7)

 (FG ) =  (FG)− ( − 1)

where  is determinant of  and  is a Lagrange-multiplier …eld.

The derivation of the Euler equation and boundary conditions in second-gradient

elasticity is well studied [10]-[11] and [46]. Here, we reproduce the results for the

sake of clarity and completeness of the proposed model. The induced variation of

the energy is then evaluated as

·
 =

∫
w

·
 (FG )  (2.8)

where
·
 (FG) = F·

·
F + WG·

·
G− 

·
 (2.9)

and subscripts denote corresponding partial derivatives We note here that, within

the framework of the forgoing model, the …ber’s extensibility can be accounted

through the variational computation of the energy density function with respect

to . In other words, the energy density function is required to be a function of 

in addition to  ,  and ρ to accommodate …ber’s extensibility. The corresponding

energy variation is computed as

·
 (FG ) = F

·
F + ε

·
 + G ·

·
G (2.10)

̇
(6)
= [

1

2

(
λ2 − 1

) ·
] =

·
λλ. (2.11)
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and

·
λλ = FD ·

·
FD =(FD⊗

·
FD) = ((FD⊗D)

·
F
T

) = F[D⊗D]·
·
F (2.12)

The above computations are excluded from the present study in an e¤ort to obtain

mathematically tractable equations. Now, since
·
 = F ·

·
 =  ∗ ·

·
  Eq. (2.8)

yields
·
 =

∫
w

[(F − F∗) ·
·
F + WG·

·
G] (2.13)

Also, from Eq. (2.5), G ·
·
G can be rewritten as



iAB

·
iAB =



iAB

i,AB =

(


iAB

i,A

)
,B

−
(



iAB

)
,B

i,A (2.14)

where  =
·
χ is the variation of the position …eld. By substituting Eq. (2.14) into

Eq. (2.13), we …nd

·
 =

∫
w

[

(


iA
−  ∗iA

)
·
·

iA +

(


iAB

i,A

)
,B

−
(



iAB

)
,B

iA] (2.15)

the above becomes

·
 =

∫
w

[


iA
−  ∗iA −

(


iAB

)
,B

]
·

iA +

∫
∂w

(


iAB

i,A

)
B (2.16)

where  is the rightward unit normal to the boundary curve  in the sense of the

Green-stoke’s theorem. If we assume the material response is uniform, Eq. (2.1)

furnishes

G ·
·
G = g· ·g (2.17)

and

G = g ⊗D⊗D (2.18)
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For initially straight …bers (i.e. ∇ = 0), (G) reduces to

(G) = i,BAB(ei⊗EA) (2.19)(


iAB

)
,B

= i,BAB

Consequently, Eq. (2.16) becomes

·
 =

∫
w

iA
·

iA +

∫
∂w

iABi,AB (2.20)

where

iA =


iA
−  ∗iA − i,BBA (2.21)

Therefore, the corresponding Euler equation can be obtained as follows

iA,A = 0 (2.22)

2.1.1 Neo-Hookian Materials

In the case of Neo-Hookian materials, the energy density function is given by

̂ (F) =
µ

2
(C) =

µ

2
(FTF) =

µ

2
F · F

 (FG) =
µ

2
F · F +

1

2
 |g|2 (2.23)

where µ and  are the material constant of the matrix and …ber, respectively.

We mention here that the Neo-Hookian model is suitable for deformation analysis

involving large rotation and small extension such as bending analysis [48]. Accord-
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ingly, from Eqs. (2.21-2.22), the corresponding Euler equation can be obtained as

iA,A = µFiA,A − ,A ∗iA − i,ABAB = 0 (2.24)

 ∗iA,A = 0

If a …ber-reinforced material consists of a single family of …bers ( = 1 1 =

1 2 = 0) and subjected to plane deformations, Eq. (2.24) reduces to

µFiA,A − ,A ∗iA − i,11 = 0 for   = 1 2 (2.25)

and

i = i1,1 = i11, (2.26)

iA =
χi
A

and  ∗iA = ijABjB

where ij is the 2D permutation. Therefore, Eq. (2.26) together with the incom-

pressibility condition furnishes a PDE system solving for χ1χ2 and 

µ
(
χ1,11 + χ1,22

)
− ,1χ2,2 + ,2χ2,1 − χ1,1111 = 0

µ
(
χ2,11 + χ2,22

)
+ ,1χ1,2 − ,2χ1,1 − χ2,1111 = 0

χ1,1χ2,2 − χ1,2χ2,1 = 1 (2.27)

2.2 Boundary Conditions

From Eq. (2.16), we have

·
 =

∫
w

iA
·

iA +

∫
∂w

(


iAB

i,A

)
B (2.28)
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where

iA =


iA
−  ∗iA −

(


iAB

)
,B

 (2.28-1)

Decomposing the above as in (2.15) (i.e. iAi,A = (iAi),A−iA,Ai), the above

yields

·
 =

∫
∂w

iAiA −
∫
w

iA,Ai +

∫
∂w

(


iAB

i,A

)
B (2.29)

and hence the Euler equation iA,A = 0 which hold in  With this satis…ed, Eq.

(2.29) reduces to

·
 =

∫
∂w

iAiA +

∫
∂w

(


iAB

i,A

)
B (2.30)

Now, we make use of the normal-tangent decomposition of ∇ as;

∇u =∇u(T⊗T)+∇u(N⊗N) = u′⊗T + uN⊗N (2.31)

where  = 
′
() =  ×  is the unit tangent to ; and 

′
= ( ()) and

,N are the tangential and normal derivatives of  on  (i.e. 
′
i = i,AA i,N =

i,AA). Thus, Eq. (2.30) can be rewritten as

·
 =

∫
∂w

iAiA +

∫
∂w



iAB

(

′

iAB + i,NAB

)
 (2.32)

Since



iAB

AB
′

i =

(


iAB

ABi

)′
−
(



iAB

AB

)′
i (2.32-1)
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we obtain

·
 =

∫
∂w

{
iAA −

(


iAB

AB

)′}
i

+

∫
∂w



iAB

i,NAB +

∫
∂w

(


iAB

ABi

)′
 (2.33)

In view of Eq. (2.18) (i.e. G =  ⊗ ⊗), the above furnishes

·
 =

∫
∂w

{
iAA − (iAABB)

′
}

i

+

∫
∂w

iAABBi,N −
∑
‖iAABBi‖  (2.34)

where the double bar symbol refers to the jump across the discontinuities on the

boundary  (i.e. ‖∗‖ = (∗)+ − (∗)−) and the sum refers to the collection of

all discontinuities. According to virtual work statement (
·
 =  ), the admissible

mechanical powers are given by

 =

∫
∂wt

ii +

∫
∂w

ii,N +
∑

ii (2.35)

By comparing Eqs. (2.34) and (2.35), we obtain

t = PN− 


[g(D ·T)(D ·N)] 

m = g(D ·N)2

f = g(D ·T)(D ·N) (2.36)

which are expressions of edge tractions, edge moments and the corner forces, re-

spectively. For example, if the …ber’s directions are either normal or tangential to
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the boundary, Eq. (2.36) further reduces to

i = iAA

i = iAABB

i = 0 (2.37)

where

iA = µFiA −  ∗iA − i,BAB i = iA,BAB (2.38)

2.3 Finite element analysis of the 4th order cou-

pled PDE

It is not trivial to demonstrate numerical analysis procedures for coupled PDE

systems, especially for those with high order terms, since the piece wise linear

function adopted in FE analysis has limited di¤erentiability up to second order.

For pre processing, Eq. (2.27) can be recast as

0 = µ
(
 + χ1,22

)
− Aχ2,2 + χ2,1 − ,11

0 = µ
(
 + χ2,22

)
+ Aχ1,2 −χ1,1 − ,11

0 = − χ1,11 0 = − χ2,11

0 = − µ(χ1,11 + χ1,22)− ,11

0 =  − µ(χ2,11 + χ2,22)− ,11 (2.39)
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where  = χ1,11 and  = χ2,11 By employing the Picard iterative process, the

non-linear terms in the above can be treated as

− initialχ2,2 + initialχ2,1 =⇒ −0χ2,2 + 0χ2,1

initialχ1,2 −initialχ1,1 =⇒ 0χ1,2 −0χ1,1 (2.40)

where the values of  and  continue to be refreshed based on their previous

estimations (e.g. 1 and 1 are updated by their previous values 0 and 0) as

iteration progresses. Thus, we write

− N−1χ
N−1
2,2 + N−1χ

N−1
2,1 =⇒ −Nχ

N
2,2 + Nχ

N
2,1

N−1χ
N−1
1,2 −N−1χ

N−1
1,1 =⇒ Nχ

N
1,2 −Nχ

N
1,1 (2.41)

where  is the number of iterations. The weak form of Eq. (2.39)1 is given by

0 =

∫
Ω

1(µ
(
 + χ1,22

)
− Aχ2,2 + χ2,1 − ,11)Ω (2.42)

By applying integration by parts (e.g. µ

∫
Ωe

1χ1,22Ω = −µ
∫

Ωe
1,2χ1,2Ω +

µ

∫
Ωe

1χ1,2Γ) and the Green-stoke’s theorem, the above becomes

0 =

∫
Ωe

(µw1− µw1,2χ1,2 − 10χ2,2 + 10χ2,1 + 1,1,1)Ω

+

∫
∂Γe
µw1χ1,2Γ−

∫
∂Γe

1,1Γ (2.43)
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Similarly, we obtain

0 =

∫
Ω

(µw1− µw1,2χ1,2 − 10χ2,2 + 10χ2,1 + 1,1,1)Ω

+

∫
∂Γ

µw1χ1,2Γ−
∫
∂Γ

1,1Γ

0 =

∫
Ω

(µw2− µw2,2χ2,2 + +20χ1,2 − 20χ1,1 + 2,1,1)Ω

+

∫
∂Γ

µw2χ2,2Γ−
∫
∂Γ

2,1Γ

0 =

∫
Ω

(3 + 3,1χ1,1)Ω−
∫
∂Γ

3χ1,1Γ

0 =

∫
Ω

(4 + 4,1χ2,1)Ω−
∫
∂Γ

4χ2,1Γ

0 =

∫
Ω

(5 + µw4,1χ1,1 − µw5,2χ1,2 + 4,1,1)Ω−
∫
∂Γ

µw5χ1,1Γ

+

∫
∂Γ

µw5χ1,2Γ−
∫
∂Γ

5,1Γ

0 =

∫
Ω

(6 + µw6,1χ2,1 − µw6,2χ2,2 + 5,1,1)Ω−
∫
∂Γ

µw6χ2,1Γ

+

∫
∂Γ

µw6χ2,2Γ−
∫
∂Γ

6,1Γ (2.44)

where Ω, Γ and  are the domain of interest, the associated boundary, and

the rightward unit normal to the boundary Γ in the sense of the Green-stoke’s

theorem, respectively. The unknowns, χ1 χ2    and  can be written in

the form of Lagrangian polynomial such that

(∗) =

n∑
j=1

[(∗)jΨj] and  = 1 2 3 4 (2.45)
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where Ψiare the shape functions for the 4-node rectangular element.

Ψ1(ξ η) =
(ξ − 1)(η − 1)

4
(2.46)

Ψ2(ξ η) =
(ξ + 1)(1− η)

4

Ψ3(ξ η) =
(ξ + 1)(η + 1)

4

Ψ4(ξ η) =
(1− ξ)(η − 1)

4

and

∂Ψ1

∂ξ
= (η−1)

4
∂Ψ2

∂ξ
= (1−η)

4
∂Ψ3

∂ξ
= (η+1)

4
∂Ψ4

∂ξ
= −(η+1)

4

∂Ψ1

∂η
= (ξ−1)

4
∂Ψ2

∂η
= −(ξ+1)

4
∂Ψ3

∂η
= (ξ+1)

4
∂Ψ4

∂η
= (1−ξ)

4

Also we have:

 =

 ∂x
∂ξ

∂y
∂ξ

∂x
∂η

∂y
∂η

 =

 ∂Ψ1

∂ξ
∂Ψ2

∂ξ
∂Ψ3

∂ξ
∂Ψ4

∂ξ

∂Ψ1

∂η
∂Ψ2

∂η
∂Ψ3

∂η
∂Ψ4

∂η




1 1

2 2

3 3

4 4

 (2.47)

Ω = .dξ.dη

Accordingly, the corresponding test function m is expressed by

m =
n∑
i=1

i
mΨi and  = 1 2 3 6 (2.48)
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where i
m is weight of the test function. In view of Eq. (2.45), the …rst of Eq.

(2.44)1 can be rewritten as

0 =
n∑
j=1

{
∫

Ω

(µΨiΨj + Ψi,1Ψj,1)Ω}j −
n∑
j=1

{
∫

Ω

(µΨi,2Ψj,2)Ω}χ1j

−
n∑
j=1

{
∫

Ω

(Ψi0Ψj,2 + Ψi0Ψj,1)Ω}χj
2

+

∫
∂Γ

(µΨiχ1,2)Γ−
∫
∂Γ

(Ψi,1)Γ (2.49)

and similarly for the rest of equations. In addition, for the local sti¤ness matrix,

we …nd


11

11 11
12 11

13 11
14

11
21 11

22 11
23 11

24

11
31 11

32 11
33 11

34

11
41 11

42 11
43 11

44


Local


χ1

1

χ2
1

χ3
1

χ4
1


Local

=


 1

1

 1
2

 1
3

 1
4


Local

 (2.50)

or alternatively, [
11
ij

]
{χi1} = { 1

i } (2.51)

Here [
11
ij

]
=

∫
Ω

(µΨi,2Ψj,2)Ω (2.52)

{ 1
i } = −µ

∫
∂Γe

Ψiχ1,2Γ + 

∫
∂Γe

Ψi,1Γ (2.53)

and similarly for the rest of components (e.g.
[
21
ij

]
{χi2} = { 2

i }). Finally, we

assemble the local sti¤ness matrices and obtain the following systems of equations
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in the Global form.



[
11
ij

] [
12
ij

] [
13
ij

] [
14
ij

] [
15
ij

] [
16
ij

][
21
ij

] [
22
ij

] [
23
ij

] [
24
ij

] [
25
ij

] [
26
ij

][
31
ij

] [
32
ij

] [
33
ij

] [
34
ij

] [
35
ij

] [
36
ij

][
41
ij

] [
42
ij

] [
43
ij

] [
44
ij

] [
45
ij

] [
46
ij

][
51
ij

] [
52
ij

] [
53
ij

] [
54
ij

] [
55
ij

]
[ ij56][

61
ij

] [
62
ij

] [
63
ij

] [
64
ij

] [
65
ij

] [
66
ij

]


Global



{χi1}

{χi2}

i

i

i

i


Global

=



{ 1
i }

{ 2
i }

{ 3
i }

{ 4
i }

{ 5
i }

{ 6
i }


Global

(2.54)

2.4 Numerical Solution Result

For demonstration purpose, we consider a rectangular …ber composite where one

end is …xed and the other end is subjected to uniform bending in order to examine

…bers’ reinforcing e¤ects against to ‡exure. We also note here that data are ob-

tained under the normalized setting (e.g. C
µ

= 150 M
µ

= 5[]3). The convergence

criteria are set for both non-linear terms and the deformed pro…les at  = 0.

|n+1 − n| = 1 ≤  |n+1 −n| = 2 ≤ , (2.55)

 = maximum error = 10−10

It is clear from Table. 2.1 and Fig. 2.2 that our numerical solution demonstrates

fast convergence within 20 iterations. The deformation pro…le and contour show

smooth transitions as they approach the boundary (Figs. 2.3-2.5). In addition,

Fig. 2.4. indicates that magnitude of deformation decreases with increasing …ber’s

bending sti¤ness.
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Table 2.1: Maximum numerical error with respect to the number of iterations.

Number of iterations Maximum error
1 10 + 00
5 45− 03
10 25− 06
17 62− 11
30 58− 23

µ:bulk

x

C, E: fiber d

- d

c- c

y

MM

u1

u2

PP

Figure 2.1: Schematic for unidirectional …ber with moment boundary condition.

2.5 Linear Theory

We consider superposed “small” deformations as

χ = χo + 
·
χ; || � 1 (2.56)

where (∗)o denote con…guration of ∗ evaluated at  = 0 and (
·∗) = (∗) In

particular, we denote
·
χ = u. Here caution needs to be taken that the present

notation is not confused with the one used for the variational computation. Then,

the deformation gradient tensor can be written by

F = Fo + ∇u where
·
F = ∇u (2.57)

We assume that the body is initially undeformed and stress free at  = 0 (i.e.

Fo = I and Po = 0). Then, Eq. (2.57) becomes

F = I + ∇u (2.58)
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
X

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Y

N=30

N=17

N=10

N=5

N=1

Figure 2.2: Convergence of the numerical solutions at  = 0.

Figure 2.3: Deformed con…gurations with respect to /µ when /µ = 150

and successively obtain

F−1 = I− ∇u+() (2.59)

 = detF =1 +  divu+() (2.60)

Further, in view of Eq. (2.56), Eq. (2.22) can be rewritten as

(P) = (Po) + (
·
P) + () = 0 (2.61)
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Figure 2.4: Deformed con…gurations with respect to /µ when /µ = 8

Figure 2.5: Deformation contour (
√
χ2

1+χ2
2) when /µ = 150 and /µ = 8

Dividing the above by  and let → 0 we obtain

(
·
P) = 0 (2.62)

which serves as the linearized Euler equation. Now, from Eq. (2.21), we evaluate

the variation of P with respect to  as

·
P=FF

·
F− ·

F∗o − o
·
F∗ − ∇ ·g(D⊗D) (2.63)
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where, in the case of Neo-Hookian material (Eq. (2.23)); FF = µ(ei⊗EA⊗ei⊗EA)

Thus Eq. (2.62-2.63) furnishes

(µ
·
F)−(

·
F∗o)−(o

·
F∗)−(∇ ·g(D⊗D)) = 0 (2.64)

However, from Eq. (2.56), terms in the above further deduce to (µ
·
F) =

(µ∇u) = µui,AAei

(
·
F∗o) = F∗o∇

·
 = I∇ · (2.65)

(F∗) = 0

where I∇ · is on the current basis (I∇ · =
·

,iei) and

(o
·
F∗) = o(F∗)· = 0, o = µ = constant (2.66)

We note that o = µ to recover initial stress free state at  = 0 (i.e. Po =

µFo − F∗o − ∇go(D⊗D) = 0). In addition, since g = ∇[FD]D we obtain in

the case of initially straight …bers (∇D = 0)

(∇ ·g(D⊗D)) = [i,ABCABCDei⊗ED]

= i,ABCDABCDei (2.67)
·
F = ∇u

Consequently, from Eqs. (2.64-2.67), the linearized Euler equation is given by

µui,AA −
·

,i − i,ABCDABCD = 0 (2.68)
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Further, the corresponding bulk incompressibility condition reduces to

( − 1)· = F∗o ·
·
F = divu = 0 (2.69)

For a single family of …bers (i.e. D = E1 1 = 1 2 = 0), the Eq. (2.68) becomes

·
,i = µui,AA − i,1111 for   = 1 2 (2.70)

which, together with Eq. (2.69), serves as a compatible linear model of Eq. (2.27)

for small deformations. Finally, the boundary conditions in Eq. (2.26) can be

linearized similarly as the above (t = to + 
·
t + ())

·
t =

·
PN− 



[

·
g(D ·T)(D ·N)

]


·
m = 

·
g(D ·N)2

·
f = 

·
g(D ·T)(D ·N) (2.71)

In particular, if the …ber’s directions are either normal or tangential to the bound-

ary ((D ·T)(D ·N) = 0), Eq. (2.71) further reduces to

·
i =

·
 iAA

·
i = 

·
iAABB

·
 i = 0 (2.72)

where

·
 iA = µui,A −

·
( ∗iA)o − o

·
 ∗iA − 

·
i,BAB (2.73)

·
i = i,ABAB
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and

( ∗iA)o = δiA∵ (iA)o = δiA at  = 0 (2.74)

Lastly, since  ∗jBiA =  ∗jB ∗iA −  ∗iB ∗jA at Fo= I we obtain

( ∗jBiA)o = δjBδiA − δiBδjA (2.75)

(F∗F[
·
F])jB = (δjBδiA − δiBδjA)i,A

Thus yields
·

 ∗iA = (u)δiA − A,i = −A,i (2.76)

where u = 0 from the Linearized incompressibility condition. In the super-

posed incremental deformations, there is no clear distinction between current and

deformed con…guration.

2.6 Solution to the linearized problem

We introduce scalar …eld φ as

u = k×∇φ, k(unit normal); i = λiφ,λ (2.77)

so that Eq. (2.69) can be automatically satis…ed (φ,12−φ,21 = 0). From Eq. (2.77),

the linearized Euler equation Eq. (2.70) can be rewritten as

·
,i = µελi(φ,λ11 + φ,λ22)− λiφ,λ1111 (2.78)

By utilizing the compatibility condition for
·

,i (
·

,ij =
·

,ji), we obtain the following

ODE as;

µ(φ,1111 + 2φ,1122 + φ,2222)− (φ,11 + φ,22),1111 = 0 (2.79)
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The above further reduces to

∆ − α,1111 = 0 where  = ∆φ and α =


µ
 0. (2.80)

The general solution for the above equation can be found as (when: 1−4C
µ
2  0)

φ =

∞∑
m=1

[{amx (m cos m + m sin m) + −amx (m cos m + m sin m)}

×(m cos  + m sin )] +  (2.81)

where  is a solution of Laplace’s equation (∆ = 0) given by

 =
∞∑
n=1

[(n cosh  + n sinh )(n cos  + n sin )] (2.82)

and  is separation constants. We note here that the case of 1 − 4C
µ
2  0 is

excluded, since the strength of …bers is usually far more stronger than those of

bulk materials and therefore physically less meaningful. The unknown constant

real numbers m m m m m m n n n and n can be completely deter-

mined by imposing admissible boundary conditions depicted in Eqs. (2.72-2.76).

The corresponding stress and displacement …elds can be also determined through

Eqs. (2.73) and (2.77-2.78) (1 = −φ,2, 2 = φ,1). For example, in the case of

symmetric bending where (Fig. 2.1)

·
m =

·
1e1 +

·
2e2

·
1 = 5 u

30∑
n=1

20

π
(−1)

n−1
2 cos(

π

2
)e1

·
2 = 0 (2.83)

and

D = 1E1 + 2E2 1 = 1 2 = 0 (2.84)
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Figure 2.6: Fourier series convergence

We …nd

φ( ) =
30∑
n=1

[{amx (−m cos m + m sin m) + −amx (m cos m + m sin m)}

×(sin
(π

2

)
)]

 =
π

2
α =



µ


m =

√
2
√
α + 1

2
√
α

 m =

√
2
√
α− 1

2
√
α

 (2.85)

and unknown m and m can be determined via:

·
1 = 1,11 = −φ,211 =

30∑
n=1

20

π
(−1)(n−1)/2 cos(

π

2
)

·
2 = 2,11 = φ,111 = 0 (2.86)
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2.7 Results for Linearized Problem

Using the symmetry condition across  = 0 and the second of Eq. (2.86), we

obtain m = −m and m = m. So, the unknowns in Eq. (2.85) are completely

determined. The applied moment is approximated using Fourier series (Eq. (2.83))

indicating fast convergence (30 iterations) and corresponding results are summa-

rized through Fig. 2.7-2.9. Despite the presence of sharp corners, where singular

behaviors of response functions are observed, the obtained solution demonstrates

smooth and continuous deformation pro…les with su¢cient sensitivities to the pa-

rameters  and  (Figs. 2.7-2.8). The corresponding de‡ections are inversely

correlated with …bers’ strength /µ (Fig. 2.8), while a positive correlation exists

between the de‡ections and applied bending moments (Fig. 2.7). Analytical so-

lution shows good agreement with FEM solution for the small deformation, while

larger values of  induce a signi…cant discrepancy between the linear and nonlin-

ear solution (Fig. 2.9). This is mainly due to the fact that the presented linear

model accounts only the leading order terms as depicted in Eq. (2.56-2.57).
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Deformation Profile at y=0 .3
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Figure 2.7: Deformation pro…les with respect to /µ when /µ = 150
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Figure 2.8: Deformation pro…les with respect to /µ when /µ = 5
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Figure 2.9: Nonlinear vs. linear solutions of the bending problem with /µ = 150
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Figure 2.10: Deformed con…guration when /µ = 150 and /µ = 5
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Chapter 3

Mechanics of unidirectional
…ber-reinforced composite with
…ber resistant to ‡exure and
stretch

The kinematics and constitutive framework are presented in section 3.1. Via the
computation of variational derivatives and the virtual-work statement, in section
3.2, the corresponding equilibrium equation is derived. In section 3.2.1, we also
consider an example in the case of Neo-Hookian materials. A set of numerical so-
lutions is obtained via a finite element analysis in sections 3.3 and 3.4. The results
are also compared with the experimental data demonstrating that the proposed model
successfully predicts the deformed configuration of a Crystalline Nanocellulose fiber
composite subjected to 3 point bending. In section 3.5, a rigorous analysis is con-
ducted regarding the necessary boundary conditions. A linear theory and analytical
solution are presented in sections 3.6 and 3.7

3.1 Kinematics and Constitutive Framework

The present model is a special case of the work of [16] in which the author de-

veloped a model incorporating …bers’ resistant to twist in addition to ‡exure and

stretch. More precisely, the suggested model intends for the analysis of plane …nite

deformations of elastic solids reinforced with …bers resistant to extension and ‡ex-
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ure. We propose that the mechanical response of the …ber material is governed by

the following strain energy function

 (FG) = ̂ (F) +  (G) (3.1)

 (G) ≡ 1

2
 (F) |g|2 

where F is the gradient of the deformation function and G is the second gradient

of the deformation (G = ∇F). Eq. (3.1) is consistent with the model proposed

by Spencer [8] that, in the case of a single family of …bers, the dependence of the

strain energy on G occurs through g. The orientation of a particular …ber are

given by

λ = |d| and λτ = d; λ ≡ 


and τ ≡ r()


 (3.2)

where

d = FD (3.3)

in which D is the unit tangent to the …ber trajectory in the reference con…guration.

Eq. (3.3) can be derived by taking the derivative of r() = χ(X()), upon making

the identi…cations D = X′() and d = r′(). Here primes refer to derivatives with

respect to arclength along a …ber in the reference con…guration ((∗)′ = (∗)).

The expression for geodesic curvature of an arc is then obtained from Eq. (3.3) as

g ≡ r
′′

= (FD)′ = F′D + FD′ = F′D =
dF

dX
(
X


⊗D) =G(D⊗D) (3.4)

for initially straight …bers (i.e. D′ = 0). Also, Eqs. (3.2-3.3) furnish

λ2 = FD · FD = FTFD ·D = CD ·D = C ·D⊗D (3.5)
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The compatibility condition of F can be seen as

iAB = iA,B = iB,A = iBA (3.6)

Let suppose (F) =  and

̂ (F) =  ( )  where  = C =λ2
1+λ2

2 and  =
1

2

(
λ2 − 1

)
=

1

2
(C ·D⊗D−1) 

(3.7)

We then have

 ( g) =  ( ) +
1

2
 |g|2 =  (FG) (3.8)

To compute response functions iA and iAB for the use in the Euler

equation and natural boundary conditions, we use the chain rule



iA

·
iA +



iAB

·
iAB =

·
 (3.9)

where the superposed dot refers to derivatives with respect to a parameter at a

certain …xed value (ε = 0) that labels a one parameter family of deformations.

Accordingly, in view of Eq. (3.8) we have that

·
 =

·
 ( g) = I

·
 + ε

·
 + g ·

·
g (3.10)

in which we have used the fact that  depends on the deformation through , 

and g; ultimately F and G. To derive the required expressions, we use (3.7) and

derive
·
 = [(C)

·
] = (I ·C

·
) = I·

·
C = 2F·

·
F (3.11)

and (λ2
·
) = (FD · FD

·
) then

·
 =

·
λλ = FD ·

·
FD =(FD⊗

·
FD) = ((FD⊗D)

·
F
T

) = FD⊗D·
·
F (3.12)
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Thus we obtain

·
 = 2IF·

·
F + ε

·
λλ+ g · ·g

= 2IF·
·
F + εFD⊗D·

·
F + g · ·g (3.13)

But from (3.1)
·

 (G) = G ·
·
G≡ (

1

2
(F) |g|2

·
) = g · ·g (3.14)

Also, invoking (3.4), the above yields

G ·
·
G = g · ·g =

·
G · (g ⊗D⊗D) (3.15)

where
·
g=

·
G(D⊗D)

·
D = 0 for initially straight …bers. Thus we derive that



iAB

= iAB (3.16)

In order to accommodate bulk incompressibility, we introduce an augmented energy

potential as

( g) =  ( g)− ( − 1) (3.17)

Then

·
 =

·
 − ·

( − 1)− 
·
 =

·
 − 

·


·
( − 1) = 0 for  = 1 (3.18)

Further, since
·
 = ∂J

∂F
·
·
F =  (F−1)

T ·
·
F = F∗ ·

·
F combining (3.13) and (3.18)

furnishes
·
 = 2IF·

·
F + εFD⊗D·

·
F− F∗ ·

·
F + g · ·g (3.19)

But from (3.14), the above can be written as

·
 = (2IF + εFD⊗D− F∗) ·

·
F + G ·

·
G (3.20)
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3.2 Equilibrium

The derivation of the Euler equation and boundary conditions in second-gradient

elasticity is well studied [10]-[11] and [46]. We reproduce here for the sake of

clarity and completeness of the proposed model; in particular, the connections

between the applied loads and the deformations. The weak form of the equations

of equilibrium is given by the virtual-work statement

·
 =  (3.21)

where  is the virtual work of the applied loads and the superposed dot refers to

the variational derivative;

 =

∫
Ω

 (FG)  (3.22)

is the strain energy. We note hear that conservative loads are characterized by the

existence of a potential  such that  =
·
, and in the present case, the problem

of determining equilibrium deformations is reduced to the problem of minimizing

the potential energy  − . We have

·
 =

∫
Ω

·
 (FG)  (3.23)

where
·
 is given by (3.20). Writing

G ·
·
G =



iAB

·
iAB =



iAB

·
 iA,B =



iAB

i,AB; i ≡
·
i =

·
χi



iAB

i,AB =

(


iAB

i,A

)
,B

−
(



iAB

)
,B

i,A (3.24)

we have

∫
Ω

G ·
·
G =

∫
Ω

(


iAB

i,A

)
,B

−
∫

Ω

(


iAB

)
,B

i,A (3.25)
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By virtue of Green-Stokes theorem, (3.25) can be rewritten as

∫
G ·

·
G =

∫
∂Ω



iAB

i,AB −
∫

Ω

(


iAB

)
,B

i,A (3.26)

where N is the rightward unit normal to Ω. In addition, from (3.15)

∫
G ·

·
G =

∫


iAB

i,AB −
∫

i,BAB

·
 iA

= −
∫

Ω

∇g(D⊗D)
·
·F  +

∫
∂Ω

 T
G[
·
F]T ·N (3.27)

By combining (3.20), (3.23), and (3.27), we obtain

·
 =

∫
Ω

P
·
·F  +

∫
∂Ω

 T
G[
·
F]T ·N (3.28)

where

P =2IF + εF(D⊗D)− F∗ − ∇g(D⊗D) (3.29)

and hence the Euler equation

(P) = 0 (3.30)

3.2.1 Neo-Hookian Type Materials

In the case of incompressible Neo-Hookian type materials with augmented exten-

sibility, the energy density function can be expressed as

 = µI +
1

2
2 (3.31)

Thus (3.5), (3.7) and (3.29) yield

P =2µF +
1

2
(FD · FD−1)F(D⊗D)− F∗ − ∇g(D⊗D) (3.32)

47



Chapter 3. Mechanics of 1Dir fiber composite with fiber resistant to flexure & stretch

and the corresponding Euler equation is obtained as

iA,A = 2µFiA,A +
1

2
(iB,AjCjD + iBjC,AjD + iBjCjD,A)ABCD

−1

2
iB,AAB − ,A ∗iA − i,ABAB = 0 (3.33)

If a …ber-reinforced material consists of a single family of …bers (i.e. D = E1 1 =

1 2 = 0) and subjected to plane deformations, (3.33) further reduces to

iA,A = 2µFiA,A +
1

2
(i1,1j1j1 + i1j1,1j1 + i1j1j1,1)

−1

2
i1,1 − ,A ∗iA − i,11 = 0 for   = 1 2 (3.34)

and

i = i1,1, iA =
χi
A

and  ∗iA = ijABjB (3.35)

where ij is the 2-D permutation; 12 = −21 = 1 11 = −22 = 0. Therefore, Eq.

(3.35) together with the incompressibility condition (detF =1) furnish a coupled

PDE system:

0 = 2µ(χ1,11 + χ1,22)− ,1χ2,2 + ,2χ2,1 − χ1,1111 −
1

2
χ1,11 (3.36)

+
1

2
(3χ1,11χ1,1χ1,1 + χ1,11χ2,1χ2,1 + 2χ2,11χ1,1χ2,1)

0 = 2µ(χ2,11 + χ2,22)− ,2χ1,1 + ,1χ1,2 − χ2,1111 −
1

2
χ2,11

+
1

2
(3χ2,11χ2,1χ2,1 + χ2,11χ1,1χ1,1 + 2χ1,11χ2,1χ1,1)

1 = χ1,1χ2,2 − χ1,2χ2,1

3.3 FEA of the 4th order coupled PDE

It is not trivial to demonstrate numerical analysis procedures for coupled PDE

systems, especially for those with high order terms. For pre processing, Eq. (3.36)
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can be expressed as

0 = µ
(
 + χ1,22

)
− Aχ2,2 + χ2,1 − ,11 −

1

2


+
1

2
(3Qχ1,1χ1,1 +Qχ2,1χ2,1 + 2χ1,1χ2,1)

0 = µ
(
 + χ2,22

)
+ Aχ1,2 −χ1,1 − ,11 −

1

2


+
1

2
(3χ2,1χ2,1 + χ1,1χ1,1 + 2Qχ2,1χ1,1)

0 = χ2,2 −χ1,2 − 1 0 = − χ1,11

0 = − χ2,11 0 =  − χ1,1 0 =  − χ2,1

0 = − µ(χ1,11 + χ1,22)− ,11

0 =  − µ(χ2,11 + χ2,22)− ,11 (3.37)

where  = χ1,11  = χ2,11  = χ1,1 and  = χ2,1. The non-linear terms in the

above can be replaced by

− Aχ2,2 + χ2,1 =⇒ −0χ2,2 + 0χ2,1

Aχ1,2 −χ1,1 =⇒ 0χ1,2 −0χ1,1

χ2,2 −χ2,1 =⇒ 0χ2,2 −0χ2,1 (3.38)

where the values of   and  continue to be refreshed based on their previous

estimations (o o and o) as iteration progresses. Therefore, the weak form of
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Eq. (3.37) is obtained by

0 =

∫
Ω

(µw1− µw1,2χ1,2 − 10χ2,2 + 10χ2,1 + 1,1,1 −
1

2
1

+
1

2
1(32

0 + 2
0 + 200))Ω +

∫
∂Γ

(µw1χ1,2)Γ−
∫
∂Γ

(1,1)Γ

0 =

∫
Ω

(µw2− µw2,2χ2,2 + +20χ1,2 − 20χ1,1 + 2,1,1 −
1

2
2

+
1

2
2(32

0 + 2
0 + 200))Ω +

∫
∂Γ

(µw2χ2,2)Γ−
∫
∂Γ

(2,1)Γ

0 =

∫
Ω

03χ2,2 −03χ1,2 − 3)Ω

0 =

∫
Ω

(4 + 4,1χ1,1)Ω−
∫
∂Γ

(4χ1,1)Γ

0 =

∫
Ω

(5 + 5,1χ2,1)Ω−
∫
∂Γ

(5χ2,1)Γ

0 =

∫
Ω

(6 − 6χ1,1)Ω 0 =

∫
Ω

(7 − 7χ2,1)Ω

0 =

∫
Ω

(8 + µw8,1χ1,1 − µw8,2χ1,2 + 8,1,1)Ω−
∫
∂Γ

(µw8χ1,1)Γ

+

∫
∂Γ

(µw8χ1,2)Γ−
∫
∂Γ

(8,1)Γ

0 =

∫
Ω

(9 + µw9,1χ2,1 − µw9,2χ2,2 + 9,1,1)Ω−
∫
∂Γ

(µw9χ2,1)Γ

+

∫
∂Γ

(µw9χ2,2)Γ−
∫
∂Γ

(9,1)Γ (3.39)

where the unknowns, χ1 χ2 1 1  and  can be written in the form

of Lagrangian polynomial such that (∗) =
∑n

j=1[(∗)jΨj( )] Ω, Γ and N are

the domain of interest, the associated boundary, and the rightward unit normal

to the boundary Γ in the sense of the Green-stoke’s theorem, respectively. The

corresponding test function  is given by

 =
∑

iΨi( ) (3.40)
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where Ψiare the shape functions for the 4-node rectangular element.

Ψ1(ξ η) =
(ξ − 1)(η − 1)

4
(3.41)

Ψ2(ξ η) =
(ξ + 1)(1− η)

4

Ψ3(ξ η) =
(ξ + 1)(η + 1)

4

Ψ4(ξ η) =
(1− ξ)(η − 1)

4

and

∂Ψ1

∂ξ
= (η−1)

4
∂Ψ2

∂ξ
= (1−η)

4
∂Ψ3

∂ξ
= (η+1)

4
∂Ψ4

∂ξ
= −(η+1)

4

∂Ψ1

∂η
= (ξ−1)

4
∂Ψ2

∂η
= −(ξ+1)

4
∂Ψ3

∂η
= (ξ+1)

4
∂Ψ4

∂η
= (1−ξ)

4

Also we have:

 =

 ∂x
∂ξ

∂y
∂ξ

∂x
∂η

∂y
∂η

 =

 ∂Ψ1

∂ξ
∂Ψ2

∂ξ
∂Ψ3

∂ξ
∂Ψ4

∂ξ

∂Ψ1

∂η
∂Ψ2

∂η
∂Ψ3

∂η
∂Ψ4

∂η




1 1

2 2

3 3

4 4

 (3.42)

Ω = .dξ.dη

Here  and  are dimensions of the domain as illustrated in Fig. 3.1. Using

Lagrangian polynomial representation, the …rst of (3.39) can be rearranged as

0 =
∑
{
∫

Ω

(µΨiΨj + Ψi,1Ψj,1)Ω}j −
∑
{
∫

Ω

(µΨi,2Ψj,2)Ω}χ1j

−
∑
{
∫

Ω

(Ψi0Ψj,2 + Ψi0Ψj,1)Ω}χ2j

+
∑
{
∫

Ω

− (
1

2
Ψi +

1

2
Ψi(32

0 + 2
0)Ω}j

+
∑
{
∫

Ω

1

2
Ψi(200))Ω}j +

∫
∂Γ

(µΨiχ1,2)Γ (3.43)

−
∫
∂Γ

(Ψi,1)Γ
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and similarly for the rest of equations. Consequently, we obtain the following

systems of equations
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χ1

χ2















=



{1}

{2}

{3}

{4}

{5}

{6}

{7}

{8}

{9}


(3.44)

where the expressions of [ij] and i can be obtained via the standard FEA

procedures, for example;

[
11

]
=

∫
Ω

(µΨi,2Ψj,2)Ω (3.45)

and

{1} = −
∫
∂Γ

(µΨiχ1,2)Γ +

∫
∂Γ

(Ψi,1)Γ (3.46)

3.4 Numerical Solution Result

For demonstration purpose, a set of numerical solution is obtained for a rectangular

composite reinforced with a single family of …bers subjected to uniform bending

and extension (Fig. 3.1).

We note here that data are obtained under the normalized setting (C
µ

= 150 E
µ

=

100  M
µ

= 5[]3). A comparison with experimental results is also presented when

a CNC …ber composite ( = 150 µ = 1) is subjected to 3 point bending

at −10 0 and 10. In the test, out of plane direction is aligned with the
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µ:bulk

x

C, E: fiber d

- d

c- c

y

MM

u1

u2

PP

Figure 3.1: Schemetic for unidirectional …ber with moment and extension BC.
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Initial

C/ =150
C/ =1500

Figure 3.2: Deformed con…gurations with respect to /µ when /µ = 01/µ = 10

loading cylinder (Fig. 3.6). This is a special case of the proposed model, when

�  and /µ = 150 with vanishing . The results successfully predict the nor-

mal de‡ections and the corresponding deformation pro…les of the CNC composite

strip with con…guration factor  = 0526[]2 between the applied load and input

stress on each simulation (σinput ×  = applied, Figs. 3.7-3.8). In particular,

Fig. 3.7 illustrates a direct comparison with the bending experiment at maximum

de‡ection 255. Despite inevitable uncertainties (image processing and curve

…tting), the obtained solution successfully predicts the normal de‡ections and the

corresponding deformation pro…les of the CNC composite strip.
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Figure 3.3: Deformed contour when /µ = 150 /µ = 100 and /µ = 10

0 0 .5 1 1 .5 2 2 .5
X

0

0 .2

0 .4

0 .6

0 .8

1

1 .2

Y

In itia l
E/ =1 0 0
E/ =1 0 0 0

Figure 3.4: Deformed with respect to /µ when /µ = 150 11/µ = 50

3.5 Boundary conditions

From (3.28), we have

·
 =

∫
Ω

iA
·

iA +

∫
∂Ω



iAB

·
iAB (3.47)

Decomposing the above as in (3.24) furnishes

·
 =

∫
∂Ω

[iAiA +

(


iAB

i,A

)
B] −

∫
Ω

iA,Ai (3.48)

With the Euler equation (iA,A = 0) satis…ed on Ω, we have

·
 =

∫
∂Ω

iAiA +

∫
∂Ω

(


iAB

i,A

)
B (3.49)

54



Chapter 3. Mechanics of 1Dir fiber composite with fiber resistant to flexure & stretch

0 0.5 1 1.5 2 2.5
X

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Y

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Figure 3.5: Deformation contour when /µ = 150 /µ = 100 and 11/µ = 50

Figure 3.6: Deformation pro…le (image processing) at 255: CNC …ber composite.
(Dr. Ayranci and Ms. Garance)

Now, we make use of the normal-tangent decomposition of ∇u as;

∇u =∇u(T⊗T)+∇u(N⊗N) = u′⊗T + uN⊗N (3.50)

where T = X
′
() = k×N is the unit tangent to ; and u

′
= u(X ()) and

u,N are the tangential and normal derivatives of u on  (
′
i = i,AA i,N =

i,AA). Then, Eq. (3.49) can be rewritten as

·
 =

∫
∂Ω

iAiA +

∫
∂Ω



iAB

(

′

iAB + i,NAB

)
 (3.51)

Since



iAB

AB
′

i =

(


iAB

ABi

)′
−
(



iAB

AB

)′
i (3.52)
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Figure 3.7: Comparison: Theoretical prediction VS Experimental result at 255
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Figure 3.8: Deformation pro…les with respect to σ : Theoratical prediction

we arrive at

·
 =

∫
∂Ω

[iAA −
(



iAB

AB

)′
]i +

∫
∂Ω



iAB

i,NAB

+

∫
∂Ω

(


iAB

ABi

)′
 (3.53)

With the results in (3.16), the above becomes

·
 =

∫
∂Ω

{
iAA − (iAABB)

′
}

i +

∫
∂Ω

iAABBi,N

−
∑
‖iAABBi‖  (3.54)
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0.5 1.5 2.5

Figure 3.9: Deformation pro…les with respect to σ : 3 point bending experiment. (Dr.
Ayranci and Ms. Garance)

where the double bar symbol refers to the jump across the discontinuities on the

boundary Ω (‖∗‖ = (∗)+ − (∗)−) and the sum refers to the collection of all

discontinuities. It follows from (3.21) that admissible powers are of the form

 =

∫
∂wt

ii +

∫
∂w

ii,N +
∑

ii (3.55)

By comparing (3.54) and (3.55), we obtain

t = PN− 


[g(D ·T)(D ·N)] 

m = g(D ·N)2

f = g(D ·T)(D ·N) (3.56)

which are expressions of edge tractions, edge moments and the corner forces, re-

spectively. For example, if the …ber’s directions are either normal or tangential to
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the boundary ((D ·T)(D ·N) = 0), Eq. (3.56) further reduces to

i = iAA

i = iAABB

i = 0 (3.57)

where

iA = 2µFiA +
1

2
(jCjDCD − 1)(iBBA)−  ∗iA − i,BBA

i = iA,BAB (3.58)

3.6 Linear Theory

We consider superposed “small” deformations as

χ = χo + 
·
χ; || � 1 (3.59)

where (∗)o denote con…guration of ∗ evaluated at  = 0 and (
·∗) = (∗). In

particular, we denote
·
χ = u. Then, the deformation gradient tensor can be written

by

F = Fo + ∇u where
·
F = ∇u (3.60)

We assume that the body is initially undeformed and stress free at  = 0 (Fo = I

and Po = 0). Then, Eq. (3.60) becomes

F = I + ∇u (3.61)

and successively obtain

F−1 = I− ∇u+() (3.62)
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 = detF =1 +  divu+() (3.63)

Further, in view of Eq. (3.59), Eq. (3.30) can be rewritten as

(P) = (Po) + (
·
P) + () = 0 (3.64)

Divide the above by  and let → 0 we obtain

(
·
P) = 0 (3.65)

which serves as the linearized Euler equation. Now, from Eq. (3.29), we evaluate

the variation of P with respect to  as

·
P = 2(II

·
 + Iε

·
)Fo + 2(I)o

·
F− ·

F∗o − o
·
F∗

+[(εε
·
 + εI

·
)Fo+(ε)o

·
F− ∇ ·g](D⊗D) (3.66)

In view of (3.31), the above further reduces to

·
P=2µ

·
F− ·

F∗o − o
·
F∗ + [

·
Fo+o

·
F− ∇ ·g](D⊗D) (3.67)

Evaluating limits at  = 0 yields

·
P=2µ

·
F− ·

I− o
·
F∗ + [

·
I− ∇ ·g](D⊗D) (3.68)

where o = 2µ to recover the initial stress free state at  = 0Thus Eqs. (3.12),

(3.65) and (3.68) furnish

·
,iei = 2µ̇iA,Aei + ̇jA,BABijei − ̇iA,BCDABCDei (3.69)
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We note that, in the superposed incremental deformations, there is no clear dis-

tinction between current and deformed con…guration. For a single family of …bers

Eq. (3.69) reduces to

·
,iei = 2µui,AAei + 1,11e1 − i,1111ei (3.70)

In addition, the corresponding incompressibility condition reduces to

( − 1)· = F∗o ·
·
F = divu = 0 (3.71)

which, together with Eq. (3.70), serve as a compatible linear model of Eq. (3.36)

for small deformations. Finally, the boundary conditions in Eq. (3.56) can be

linearized similarly as the above

·
t =

·
PN− 



[

·
g(D ·T)(D ·N)

]


·
m = 

·
g(D ·N)2

·
f = 

·
g(D ·T)(D ·N) (3.72)

In particular, if the …ber’s directions are either normal or tangential to the bound-

ary, Eq. (3.72) further reduces to

·
i =

·
 iAA

·
i = 

·
iAABB

·
 i = 0 (3.73)

and

·
 iA = 2µ̇iA −

·
pδiA − o

∗
iA + ̇jBABij − 

·
i,BAB (3.74)
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where
·
i = ̇iA,BAB and ( ∗iA)o = δiA Lastly, since  ∗jBiA =  ∗jB ∗iA −

 ∗iB ∗jA at Fo= I we obtain

( ∗jBiA)o = δjBδiA − δiBδjA (3.75)

(F∗F[
·
F])jB = (δjBδiA − δiBδjA)i,A

Thus
·

 ∗iA = (u)δiA − A,i = −A,i (3.76)

where u = 0 from the Linearized incompressibility condition.

3.7 Solution to the linearized equation

We introduce scalar …eld φ as

u = k×∇φ, k(unit normal); i = λiφ,λ (3.77)

so that Eq. (3.71) can be automatically satis…ed (φ,12 − φ,21 = 0). From (3.77),

the linearized Euler equation (Eq. (3.70)) can be rewritten as

·
,i = 2µελiφ,λAA − φ,211δi1 − λiφ,λ1111 (3.78)

By utilizing the compatibility condition for
·

,i (
·

,ij =
·

,ji ), we obtain the following

ordinary di¤erential equation as;

∆[∆φ− α

2
φ,1111] +

α

2
φ,1122 = 0 where β =



µ
, α =



µ
 0. (3.79)

We note here that, the solution of the above equation can not be accommodated

by conventional methods such as the separation of variables method, Fourier trans-

form and polynomial solutions. In view of the solution of the modi…ed Helmholtz
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equation, we assume that φ takes the form of φ = () sin() and obtain

φ( ) =

∞∑
m=1

[{mxT + m−xT + amx(mcosm + m sinm) +

−amx(mcosm + m sin m)} × (sin )] (3.80)

where

m = (05(

√
3

2

(



+ 

))2

+

(
−

2
+



2
− 

3

)2

)0.5+

(
−

2
+



2
− 

3

)
)0.5

m = (05(

√
3

2

(



+ 

))2

+

(
−

2
+



2
− 

3

)2

)0.5−
(
−

2
+



2
− 

3

)
)0.5

 =
π

2
  =

α

2
  = (1 +

α

2
2)  = −2(2 +

β

2
)

 =

(( 

3
− 2

92

)3

+

(
3

273
+

4

2
− 

62

)2
)0.5

− 3

273
− 4

2
+



62

 1
3



 =


3
− 1

9
(



)2  = (− 


− 

3
)0.5 (3.78-1)

The unknown constant real numbers m m m m m and m can be

completely determined by imposing admissible boundary conditions depicted in

Eqs. (3.73-3.76). The corresponding stress and displacement …elds can be also

determined through Eqs. (3.74 and 3.77-3.78) (1 = −φ,2, 2 = φ,1). In the case

of symmetric bending (Fig. 3.1), we have

·
m =

·
1e1 +

·
2e2

·
1 = 5 u

30∑
n=1

20

π
(−1)

n−1
2 cos(

π

2
)e1

·
2 = 0 (3.81)

and

D = 1E1 + 2E2 1 = 1 2 = 0 (3.82)
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Thus

·
1 = 1,11 = −φ,211 =

30∑
n=1

20

π
(−1)(n−1)/2 cos(

π

2
)

·
2 = 2,11 = φ,111 = 0 (3.83)

3.8 Linearized Problem Result

The applied moment is approximated using Fourier series (Eq. (3.81)) indicating

fast convergence and corresponding results are summarized through Figs. 3.11-

3.10. Despite the inherent complexities of the present PDE, the solution demon-

strates reasonable deformation pro…les with su¢cient sensitivities to the , µ,

and  (Figs. 3.11-3.12). In addition, analytical solution shows good agreement

with FEM solution for the small deformation, while larger values of  induce a

signi…cant discrepancy between them (Fig. 3.10).
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Figure 3.10: FEM VS analytical solutions of bending with /µ = 150 and /µ = 100
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Figure 3.11: Deformation pro…les when /µ = 150 and /µ = 50
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Figure 3.12: Deformation pro…les when /µ = 150 and /µ = 50
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Figure 3.13: Deformed con…guration when /µ = 150 /µ = 100 and /µ = 5
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Chapter 4

Mechanics of bidirectional
…ber-reinforced composite with
…ber resistant to ‡exure

Via the computation of variational derivatives along the lengths of fibers and the
virtual-work statement, the corresponding Euler equilibrium equation is derived in
section 4.1. . In addition, in section 4.1.1, the implementation of the model has
been made for the Neo-Hookean material type. The solution of the resulting Partial
Differential Equations is obtained through finite element analysis in section 4.2 and
4.3 . The results are then compared with experimental data demonstrating that the
proposed model successfully predicts the deformed configurations of a Crystalline
Nanocellulose fiber composite and T700S carbon-E glass fiber composites. In sec-
tion 4.4, we present derivation of the necessary boundary conditions. Lastly, linear
theory and analytical solution are obtained in sections 4.5 and 5.6.

4.1 Kinematics and Equilibrium equations

In view of [8] and [47], we propose that the mechanical response of the …ber material

is governed by the following strain energy function

 (FG) = ̂ (F) +  (G) (4.1)

 (G) ≡ 1

2
1 (F)

∣∣g1
∣∣2 +

1

2
2 (F)

∣∣g2
∣∣2 
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where F is the gradient of the deformation function (χ(X)) and G is the second

gradient of the deformation (G = ∇F). The orientation of particular bidirectional

…bers is given by

λ = |η|  µ = |τ | and l = ηλ−1 m = τµ−1. (4.2)

FL =λl and FM =µm (4.3)

and

F =λl⊗ L+µm⊗M (4.3-1)

in which L and M are the unit tangent to the …ber’s trajectory in the reference

con…guration and l and m are their counterparts in the deformed con…guration.

Eq. (4.3) can be derived by taking the derivative of r(()) = χ(X()), upon

making the identi…cations L =dX
dS

and l = dχ
ds

) and similarly for M. In the present

study, we consider initially an orthonormal set of …bers undergoing conformal

deformations such that

M · L = m · l = cos(
π

2
) = 0 (4.4)

The expression for geodesic curvatures of a parametric curve (r ( )) in  and

 directions are then obtained from Eq. (4.3) as

g1 =
2r()

2
=

(r(S)
dS

)


=

(FL)

X

X


= ∇[FL]L (4.5)

and

g2 =
2r()

2
=

(r(U)
dU

)


=

(FM)

X

X


= ∇[FM]M (4.6)

The compatibility condition of ∇F can be seen as

iAB = iA,B = iB,A = iBA (4.7)
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Further, we introduce the following augmented energy functional in order to ac-

commodate the constraint of bulk incompressibility

 (FG) =  (FG)− ( − 1) (4.8)

where  is determinant of F and  is a Lagrange-multiplier …eld.

Although the variational analysis arising in second-gradient elasticity is a well

established subject [10]-[11] and [46] , its implementation in the mechanics of …ber-

reinforced composites, particularly in the case of bidirectional …bers, are barely

studied. Here, we reformulate the results for the sake of clarity and completeness;

especially, the connections between the applied loads and the deformations. The

weak form of the equations of equilibrium is given by the virtual-work statement

·
 =  (4.9)

where  is the virtual work of the applied loads and the superposed dot refers to

the variational derivative;

 =

∫
Ω

 (FG)  (4.10)

is the strain energy. Since the conservative loads are characterized by the existence

of a potential  such that  =
·
, in the present case, the problem of determining

equilibrium deformations is reduced to the problem of minimizing the potential

energy  − . We then have

̇ =

∫
Ω

̇ (FG)  (4.11)

where

̇ (FG) = F·Ḟ + WG · Ġ− ̇ (4.11-1)

and subscripts denote corresponding partial derivatives (e.g. F = F) It is
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noted here that the scenario of extensible …bers is excluded from the present study

for conciseness (i.e. no variation is induced with respect to λ and µ). However, this

can be easily accommodated by modifying the proposed energy density function

in Eq. (4.1). Using the identity ̇ = F · Ḟ = F∗ · Ḟ Eq. (4.11) becomes

̇ =

∫
Ω

[(F − F∗) ·Ḟ + WG · Ġ] (4.12)

Also from Eq. (4.7), G · Ġ can be expressed as



iAB

̇iAB =


iAB

i,AB =

(


iAB

i,A

)
,B

−
(



iAB

)
,B

i,A (4.13)

where  = χ̇ is the induced variation of the position …eld. Substituting the above

into (4.12) yields

̇ =

∫
Ω

[

(


iA
−  ∗iA

)
·̇iA +

(


iAB

i,A

)
,B

−
(



iAB

)
,B

iA] (4.14)

Thus, we obtain

̇ =

∫
Ω

[


iA
−  ∗iA −

(


iAB

)
,B

]̇iA +

∫
∂Ω

(


iAB

i,A

)
B (4.15)

where N is the rightward unit normal to the boundary curve Ω in the sense of

the Green-stoke’s theorem. In general, the mechanical responses of the engineering

materials are uniform that Eq. (4.1) now furnishes

G · Ġ = 1g
1·ġ1 + 2g

2·ġ2 (4.16)

where the expression of G can be found as

G = 1g
1⊗L⊗ L+2g

2⊗M⊗M (4.17)
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Further, in the case of initially straight …bers (i.e. ∇M = 0 ∇L = 0), (G)

reduces to

(G) = 1
1
i,BAB(ei⊗EA) + 2

2
i,BAB(ei⊗EA)

= (1
1
i,BAB + 2

2
i,BAB)(ei⊗EA)(



iAB

)
,B

= 1
1
i,BAB + 2

2
i,BAB (4.17-1)

Consequently, Eq. (4.15) becomes

̇ =

∫
Ω

iȦiA +

∫
∂Ω

(1
1
iAB + 2

2
iAB)i,AB (4.18)

where

iA =


iA
−  ∗iA − 1

1
i,BAB − 2

2
i,BAB (4.19)

The corresponding Euler equation is then obtained as

iA,A = 0 or (P) = 0 (4.20)

which hold on Ω.

4.1.1 Neo-Hookean Materials

The energy density function of the incompressible Neo-Hookean materials is given

by

 =
µ

2
(C) =

µ

2
(FTF) =

µ

2
F · F (4.21)

Thus, from Eqs. (4.19-4.20), the corresponding Euler equation can be obtained as

iA,A = µFiA,A − ,A ∗iA − 1
1
i,BAB − 2

2
i,BAB = 0 (4.22)

 ∗iA,A = 0 (Piola’s identity).
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Now consider a …ber-reinforced material which consists of initially orthonormal set

of …bers,

L = E1 1 = 1 2 = 0 M = E2 1 = 0 2 = 1 (4.23)

and is subjected to plane deformations. Within this prescription, Eq. (4.22) further

reduces to

µFiA,A − ,A ∗iA − 1
1
i,11 − 2

2
i,22 = 0 for   = 1 2 (4.24)

where

1
i = i1,1, 2

i = i2,2, iA =
χi
A

and  ∗iA = ijABjB (4.25)

In the above, ij is the 2D permutation; 12 = −21 = 1 11 = −22 = 0. Therefore,

Eq. (4.25) together with the constraint of the bulk incompressibility (detF =1)

yields the following coupled PDE system solving for χ1χ2 and 

µ
(
χ1,11 + χ1,22

)
− ,1χ2,2 + ,2χ2,1 − 1χ1,1111 − 2χ1,2222 = 0

µ
(
χ2,11 + χ2,22

)
+ ,1χ1,2 − ,2χ1,1 − 1χ2,1111 − 2χ2,2222 = 0

χ1,1χ2,2 − χ1,2χ2,1 = 1 (4.26)

4.2 FEA of the 4th order coupled PDE

It is not trivial to demonstrate numerical analysis procedures for coupled PDE

systems, especially for those with high order terms due to the 1 continuity of the
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corresponding Hilbert space. For pre processing, Eq. (4.26) can be recast as

µ ( +  )− Aχ2,2 + χ2,1 − 1,11 − 2,22 = 0

µ ( + ) + Aχ1,2 −χ1,1 − 1,11 − 2,22 = 0

χ2,2 −χ1,2 − 1 = 0 − χ1,11 = 0

− χ2,11 = 0  − χ1,1 = 0  − χ2,1 = 0

 − χ1,22 = 0 − χ2,22 = 0

− µ(χ1,11 + χ1,22)− 1,11 − 2,22 = 0

 − µ(χ2,11 + χ2,22)− 1,11 − 2,22 = 0 (4.27)

where = χ1,11  = χ2,11  = χ1,22  = χ2,22  = χ1,1 and  = χ2,1 The

non-linear terms in the above can be treated as

− Aχ2,2 + χ2,1 =⇒ −0χ2,2 + 0χ2,1

Aχ1,2 −χ1,1 =⇒ 0χ1,2 −0χ1,1

χ2,2 −χ2,1 =⇒ 0χ2,2 −0χ2,1 (4.28)

where the values of ,  and  continue to be refreshed based on their previous

estimations (0, 0 0) as iteration progresses. Therefore, the weak form of Eq.
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(4.27) is obtained by

0 =

∫
Ω

(µw1− µw1 − 10χ2,2 + 10χ2,1 + 11,1,1 + 21,2,2)Ω

−
∫
∂Γ

(11,1 + 21,2)Γ

0 =

∫
Ω

(µw2− µw2 + 20χ1,2 − 20χ1,1 + 12,1,1 + 22,2,2)Ω

−
∫
∂Γ

(12,1 + 22,2)Γ

0 =

∫
Ω

03χ2,2 −03χ1,2 − 3)Ω 0 =

∫
Ω

(4 + 4,1χ1,1)Ω−
∫
∂Γ

(4χ1,1)Γ

0 =

∫
Ω

(5 + 5,1χ2,1)Ω−
∫
∂Γ

(5χ2,1)Γ 0 =

∫
Ω

(6 − 6χ1,1)Ω

0 =

∫
Ω

(7 − 7χ2,1)Ω 0 =

∫
Ω

(8 + 8,2χ1,2)Ω−
∫
∂Γ

(8χ1,2)Γ

0 =

∫
Ω

(9 + 9,2χ2,2)Ω−
∫
∂Γ

(9χ2,2)Γ

0 =

∫
Ω

(10 + µw10,1χ1,1 − µw10,2χ1,2 + 110,1,1)Ω−
∫
∂Γ

(µw10χ1,1)Γ +∫
∂Γ

(µw10χ1,2)Γ−
∫
∂Γ

(110,1 + 210,2)Γ

0 =

∫
Ω

(11 + µw11,1χ2,1 − µw11,2χ2,2 + 111,1,1)Ω−
∫
∂Γ

(µw11χ2,1)Γ +∫
∂Γ

(µw11χ2,2)Γ−
∫
∂Γ

(111,1 + 211,2)Γ (4.29)

where the unknowns (e. g. χ1 χ2 1 1   etc...) can be written in the

form of Lagrangian polynomial such that (∗) =
∑n

j=1[(∗)jΨj] Ω, Γ and N are

the domain of interest, the associated boundary, and the rightward unit normal

to the boundary Γ in the sense of the Green-stoke’s theorem, respectively. The

corresponding test function  is given by

where Ψiare the shape functions for the 4-node rectangular element.
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Figure 4.1: Schematic of 16 nodes rectangular element
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 (4.31-1)

The assignment of each shape function is illustrated in Fig. 4.1

Using Lagrangian polynomial representation, the …rst of Eq. (4.29) can be

rewritten as

0 =
n∑

i, j=1

{
∫

Ω

(µΨiΨj + 1Ψi,1Ψj,1)Ω}j +
n∑

i, j=1

{
∫

Ω

(µΨiΨj + 2Ψi,2Ψj,2)Ω}j −

n∑
i, j=1

{
∫

Ω

(Ψi0Ψj,2 + Ψi0Ψj,1)Ω}χ2j −
∫
∂Γ

(1Ψi,1 + 2Ψi,2)Γ (4.31)

and similarly for the rest of equations. Finally, we obtain the systems of equations

[K][E] = [F] Here [K] and [F] are [11 × 10] and [10 × 1] matrices, respectively
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and [E] is [11 × 1] matrix with unknowns (χ1 χ2 1 1   etc...). The

expressions of [ij] and [i] can be obtained via the standard Finite Element

Analysis procedures. For example,

11 =

∫
Ω

(µΨiΨj + 2Ψi,2Ψj,2)Ω (4.32)

and

1 =

∫
∂Γ

(1Ψi,1 + 2Ψi,2)Γ (4.33)

We mention here that other numerical scheme may be adopted such as the methods

presented in [96]-[97]. Fig. 4.2. illustrate performance comparison between the

presented method and the one adopted in [97] which shows good agreement over

the domain of interest. The deformation pro…les and contours in Figs. 4.4-4.5

are the predictions from both the proposed numerical scheme and the method in

[96] and [99]. Again, they produce almost identical predictions when performed in

the analogous settings. Lastly, the presented numerical scheme demonstrates fast

convergence within 70 iterations (Fig. 4.5).
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Cuomo et. al . 2016-1
Cuomo et. al . 2016-2

Figure 4.2: Performance comparison: Proposed method VS Cuomo et. al. 2016
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Figure 4.3: Deformation contours: Proposed method VS Abali et. al. 2017

4.3 Numerical Solution Result

For demonstration purposes, a set of numerical solutions is obtained for a rec-

tangular composite reinforced with bidirectional …bers (orthonormal) subjected to

uniform bending (see Fig. 4.6.). In the simulation, a half problem is considered in

which the corresponding boundary conditions are given as χ1,11 = −/µ, χ2,11 =

0  χ2 = 0 and χ1 = 0 at  = 0, and χ1,11 = −/µ, χ2,11 = 0 χ2,1 = 0 and

χ1,1 = 0 at  = . Similar boundary conditions are employed for the upper ( = )
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Figure 4.4: Deformation pro…les: Proposed method VS Abali et. al. 2017
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Figure 4.5: Convergence analysis.

and bottom ( = −) faces except boundary moments where we impose zero mo-

ment in order to assimilate ‡exural deformations (see, [88]-[89]). The results in

Figs. 4.7-4.8 clearly indicate the e¤ects of the second-gradient of the deformations

on the resulting deformed con…gurations.

76



Chapter 4. Mechanics of 2Dir fiber composite with fiber resistant to flexure

µ:bulk

x

C1: fiber d

- d

c- c

y

MM

u2

u1

C2: fiber

Figure 4.6: Schematic of problem for bidirectional …ber reinforced with moment ()
boundary condition.
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Figure 4.7: Deformed con…gurations with respect to 1/µ when /µ = 50 and
2/µ = 100

4.4 Boundary conditions

Admissible boundary conditions arising from second gradient continua are well

discussed in [59]-[90]. Here, we reframed the works in the present setting for the

sake of consistency and completeness. From Eq. (4.15), we have

̇ =

∫
Ω

iȦiA +

∫
∂Ω

(


iAB

i,A

)
B (4.34)

where

iA =


iA
−  ∗iA −

(


iAB

)
,B

 (4.35)
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Figure 4.8: Deformation contour (
√
χ2

1+χ2
2) when 1/µ = 150 1/µ = 100 and

/µ = 30

Decomposing the above as in (4.13) (i.e. iAi,A = (iAi),A − iA,Ai) yields

̇ =

∫
∂Ω

iAiA −
∫

Ω

iA,Ai +

∫
∂Ω

(


iAB

i,A

)
B (4.36)

and hence the Euler equation iA,A = 0 which holds in Ω With this satis…ed, Eq.

(4.36) becomes

̇ =

∫
∂Ω

iAiA +

∫
∂Ω

(


iAB

i,A

)
B (4.37)

Now, we make use of the normal-tangent decomposition of ∇u as;

∇u =∇u(T⊗T)+∇u(N⊗N) = u′⊗T + uN⊗N (4.38)

where T = X
′
() = k×N is the unit tangent to Ω u

′
and u,N are the tangential

and normal derivatives of u on Ω respectively (i.e. 
′
i = i,AA i,N = i,AA).
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Accordingly, Eq. (4.37) can be rewritten as

̇ =

∫
∂Ω

iAiA +

∫
∂Ω



iAB

(

′

iAB + i,NAB

)
 (4.39)

Since



iAB

AB
′

i =

(


iAB

ABi

)′
−
(



iAB

AB

)′
i (4.40)

we obtain

̇ =

∫
∂Ω

{
iAA −

(


iAB

AB

)′}
i

+

∫
∂Ω



iAB

i,NAB +

∫
∂Ω

(


iAB

ABi

)′
 (4.41)

In view of Eq. (4.17) (i.e. G = 1g
1⊗L⊗ L+2g

2⊗M⊗M), Eq. (4.41)

furnishes

̇ =

∫
∂Ω

{
iAA −

(
1

1
iAABB + 2

2
iAABB

)′}
i

+

∫
∂Ω

(1
1
iAABB + 2

2
iAABB)i,N

−
∑∥∥(1

1
iAABB + 2

2
iAABB)i

∥∥  (4.42)

where the double bar symbol refers to the jump across the discontinuities on the

boundary Ω (i.e. ‖∗‖ = (∗)+ − (∗)−) and the sum refers to the collection of all

discontinuities. Further, the principle of virtual work (̇ =  ) states that the

admissible mechanical powers take the following form

 =

∫
∂Ωt

ii +

∫
∂Ω

ii,N +
∑

ii (4.43)
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Consequently, by comparing Eqs. (4.42) and (4.43), we obtain

t = PN− 



[
1g

1(L ·T)(L ·N) + 2g
2(M ·T)(M ·N)

]


m = 1g
1(L ·N)2 + 2g

2(M ·N)2

f = 1g
1(L ·T)(L ·N) + 2g

2(M ·T)(M ·N) (4.44)

which are expressions of edge tractions, edge moments and the corner forces, re-

spectively. For example, if the …ber’s directions are either normal or tangential

to the boundary (i.e. (L ·T)(L ·N) = 0 and (M ·T)(M ·N) = 0), Eq. (4.44)

further reduces to

i = iAA

i = 1
1
iAABB + 2

2
iAABB

i = 0 (4.45)

where

iA = µFiA −  ∗iA − 1
1
i,BAB − 2

2
i,BAB

1
i = iA,BAB and 2

i = iA,BAB (4.46)

4.5 Linear Theory

We consider superposed “small” deformations as

χ = χo + χ̇ ; || � 1 (4.47)

where (∗)o denote con…guration of ∗ evaluated at  = 0 and (∗̇) = (∗) In

particular, we denote χ̇ = . Here caution needs to be taken that the present
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notation is not confused with the one used for the variational computation. Details

regarding the following developments can also be found in [91] where the authors

discussed a compatible linear theory in a similar context. From Eq. (4.47), the

deformation gradient tensor can be written by

F = Fo + ∇u where Ḟ = ∇u (4.48)

We assume that the body is initially undeformed and stress free at  = 0 (i.e.

o =  and o = 0). Hence, Eq. (4.48) becomes

F = I + ∇u (4.49)

and successively obtain

F−1 = I− ∇u+() (4.50)

and

 = detF =1 +  divu+() (4.51)

Further, in view of Eq. (4.47), Eq. (4.20) can be rewritten as

(P) = (Po) + (Ṗ) + () = 0 (4.52)

By dividing the above by  and letting → 0 we have

(Ṗ) = 0 (4.53)

which serves as the linearized Euler equation. Now, from Eq. (4.19), the induced

variation of P with respect to  is given by

Ṗ =FFḞ− ̇F∗o − oḞ
∗ − 1∇ġ1(L⊗ L)− 2∇ġ2(M⊗M) (4.54)
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where, in the case of Neo-Hookean material (Eq. (4.21)); FF = µ(ei⊗EA⊗ei⊗EA)

Thus, Eqs. (4.53-4.54) yield

(µḞ)−(̇F∗o)−(oḞ
∗)−[1∇ġ1(L⊗ L)+2∇ġ2(M⊗M)] = 0

(4.55)

However, from Eq. (4.47), the terms in the above further reduce to

(µḞ) = (µ∇u) = µui,AAei (4.56)

(̇F∗o) = F∗o∇̇ = I∇̇ (4.57)

(F∗) = 0

where I∇ · is on the current basis (i.e I∇ · =
·

,iei) and

(oḞ
∗) = o(F∗)̇ = 0, (4.58)

o = µ = constant

We mention here that o = µ to recover the initial stress free state at  = 0 from the

underlying …nite deformation (i.e. Po = µFo−F∗o−1∇ġ1
o(L⊗ L)−2∇ġ2

o(M⊗M) = 0).

In addition, since ∇L = ∇M = 0 for initially straight …bers, we evaluate

(1∇ġ1(L⊗ L)+2∇ġ2(M⊗M))

= 1[i,ABCDABCD(ei⊗ED)] + 2[i,ABCDABCD(ei⊗ED)]

= 1i,ABCDABCDei + 2i,ABCDABCDei, (4.59)

Ḟ = ∇u
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Consequently, from Eqs. (4.55-4.59), the linearized Euler equation can be derived

as

µui,AA − ̇,i − 1i,ABCDABCD − 2i,ABCDABCD = 0 (4.60)

Also, in view of Eqs. (4.48-4.49) and (4.51), the condition of bulk incompressibility

reduces to

( − 1)̇ = F∗o · Ḟ = divu = 0 (4.61)

In the case of an orthonormal family of …bers (i.e. L = E1 1 = 1 2 = 0 M =

E2 1 = 0 2 = 1), Eq. (4.60) becomes

̇,i = µui,AA − 1i,1111 − 2i,2222 for   = 1 2 (4.62)

which, together with Eq. (4.61), serves as a compatible linear model of Eq. (4.26)

for small deformations superposed on large. Finally, the boundary conditions in

Eq. (4.44) can be linearized similarly as in the above (t = to + 
·
t + ())

ṫ = ṖN− 



[
1ġ

1(L ·T)(L ·N) + 2ġ
2(M ·T)(M ·N)

]


ṁ = 1ġ
1(L ·N)2 + 2ġ

2(M ·N)2

ḟ = 1g
1(L ·T)(L ·N) + 2ġ

2(M ·T)(M ·N) (4.63)

In particular, if the …ber’s directions are either normal or tangential to the bound-

ary (i.e. (L ·T)(L ·N) = 0 and (M ·T)(M ·N) = 0), Eq. (4.63) reduces to

̇i = ̇iAA

̇i = 1̇
1
iAABB + 2̇

2
iAABB

̇i = 0 (4.64)
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where

̇iA = µui,A − ̇( ∗iA)o − ȯ
∗
iA − 1

1
i,BAB − 2

2
i,BAB

̇1
i = i,ABAB ̇2

i = iA,BAB (4.65)

and

( ∗iA)o = δiA (4.66)

(iA)o = δiA at  = 0

Further, since  ∗jBiA =  ∗jB ∗iA −  ∗iB ∗jA at Fo= I we obtain

( ∗jBiA)o = δjBδiA − δiBδjA (4.67)

(F∗F[
·
F])jB = (δjBδiA − δiBδjA)i,A

Thus
·

 ∗iA = (u)δiA − A,i = −A,i (4.68)

where u = divu = 0 from the Linearized incompressibility condition. We note

that, in the superposed incremental deformations, there is no clear distinction

between current and deformed con…guration.

4.5.1 Solution to the linearized problem

We introduce scalar …eld φ as

u = k×∇φ, k(unit normal); i = λiφ,λ (4.69)
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so that Eq. (4.61) can be automatically satis…ed. Thus, the linearized Euler

equation Eq. (4.62) can be rewritten as

·
,i = µελi(φ,λ11 + φ,λ22)− 1λiφ,λ1111 − 2λiφ,λ2222 (4.70)

By utilizing the compatibility condition of
·

,i (i.e.
·

,ij =
·

,ji ), we obtain the

following partial di¤erential equation solving for φ.

(φ,1111 + 2φ,1122 + φ,2222)− 1

µ
(φ,11 + φ,22),1111 −

2

µ
(φ,11 + φ,22),2222 = 0 (4.71)

It is worth mentioning here that the solution of Eq. (4.71) is not accom-

modated by the conventional methods such as the Fourier transform and the

separation of variables. Instead, we adopt the methods of iterative reduction

and principle of eigenfunction expansion, and obtain the potential function for

φ( ). The details which can be found in [85]-[87] are intentionally omitted for

the sake of conciseness. The analytical solution φ is then converted through map-

ping χ =(1−φ,2)e1+(2+φ,1)e2 to obtain the complete deformed con…gurations
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(Figs. 4.9-7). Accordingly, the general solution of Eq. (4.71) can be found as

φ =

∞∑
m=1

{
√

2m
√
α1+1

2
√
α1

x

(
mcos(

√
2
√
α1 − 1

2
√
α1

) + msin(

√
2
√
α1 − 1

2
√
α1

)

)


−
√

2m
√
α1+1

2
√
α1

x

(
mcos(

√
2
√
α1 − 1

2
√
α1

) + msin(

√
2
√
α1 − 1

2
√
α1

)

)
}×

{mcosh(

√
1 +
√

4α22 + 1√
2α2

) + m sinh(

√
1 +
√

4α22 + 1√
2α2

)+

mcos(

√√
4α22 + 1− 1√

2α2

) + msin(

√√
4α22 + 1− 1√

2α2

)}

+
∞∑
n=1

{
√

2n
√
α2+1

2
√
α2

x

(
ncos(

√
2
√
α2 − 1

2
√
α2

) + nsin(

√
2
√
α2 − 1

2
√
α2

)

)


−
√

2n
√
α2+1

2
√
α2

x

(
ncos(

√
2
√
α2 − 1

2
√
α2

) + nsin(

√
2
√
α2 − 1

2
√
α2

)

)
}×

{ncosh(

√
1 +
√

4α12 + 1√
2α1

) + n sinh(

√
1 +
√

4α12 + 1√
2α1

)+

ncos(

√√
4α12 + 1− 1√

2α1

) + nsin(

√√
4α12 + 1− 1√

2α1

)} (4.72)

where α1 = 1/µ and α2 = 2/µ. The unknown constant real numbers m

m m m m m m m n n n n n n n and n can be com-

pletely determined by imposing admissible boundary conditions as depicted in

Eqs. (4.63-4.68). The corresponding stress …elds can also be obtained through

Eqs. (4.65) and (4.69-4.70). For example, in the case of symmetric bending (see

Fig. 4.6.), where

·
m =

·
1e1 +

·
2e2

·
1 = 11,11 = −φ,211 = 5 u

30∑
n=1

20

π
(−1)

n−1
2 cos(

π

2
)em

·
2 = 0 (4.73)
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and for top and bottom surfaces, we impose

·
m =

·
1e1 +

·
2e2

·
2 = 22,22 = φ,122 = 0001 =

30∑
m=1

0004

π
(−1)

m−1
2 cos(

π

2
)

·
1 = 0 (4.74)

4.6 Linearized Problem Result

The applied moment is approximated using Fourier series (see Eq. (4.73-4.74))

indicating fast convergence and the corresponding results are summarized through

Figs. 4.9-7. Despite the inherent complexities of the present PDE (e.g. non-

smooth/singular behavior of the potential as approaching a boundary, discontinu-

ities on the corner vertices), the solution is smooth and stable throughout the entire

domain of interest and displays good agreement with both the experiments [84]

and the corresponding numerical results for a “small” deformation regime (Figs.

4.9-7 and 4.11-4.15).
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Figure 4.9: Deformed con…gurations with respect to 1/µ when /µ = 50 and
2/µ = 100
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4.7 Model veri…cation and validation via exper-

imental results

A comparison with experimental results is performed in this section to determine

the accuracy and utility of the proposed model. Two sets of experiments are

considered for the purpose; one from the inhouse experimental setting and the

other from the work of [84].

4.7.1 3 points bending test: CNC …ber composite

In the experiment, a composite reinforced with CNC …bers (1 = 150 µ =

1) is placed on 3 point bending (at −10 0 and 10) and the out of

plane direction (3) is aligned with the loading cylinder (Fig. 4.10). The applied

loads and resulting displacements are simultaneously recorded via the MTS road

cell and data logger. This setting is a special case of the proposed model when

 �  and 1/µ = 150 with vanishing 2/µ (Fig. 4.6). The obtained solution

successfully predicts the normal de‡ections of the CNC composite strip with a con-

…guration factor  = 0526[]2 between the applied load and input stress on each

simulation (σinput ×  = applied; Table 4.1). Detailed discussions regarding

the second-gradient theory and it’s applications in the relevant experiments can

be found in [93]-[95]. In addition, using a commercial image processing tool, the

experimental deformed pro…les are also obtained (maximum de‡ections at 255

and 3 ) and compared with the theoretical predictions. The resulting deforma-

tion pro…les from both the experiments and theoretical simulations demonstrate a

close correspondence throughout the domain of interest (Fig. 4.11).

4.7.2 Bending test of bidirectional …ber composites

With regard to the bending test of bidirectional …ber composite reinforced with

E glass and T700S carbon …bers, we took the experimental results from the work
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Figure 4.10: Experimental result and image processing (2.55mm 3mm): CNC
…ber composite.(Dr. Ayranci and Ms. Garance)

Table 4.1: Maximum de‡ections: Experimental results VS Theoretical predictions

Loadapplied (N) Experiment (mm) Theory (mm)
0.1 0.349 0.339
0.2 0.682 0.667
0.3 1.001 1.001
0.4 1.329 1.335
0.5 1.659 1.669
0.6 2.002 2.003
0.7 2.380 2.336

of Dong and Davies ([84]; Fig. 4.7). Three experimental samples are considered:

carbon-carbon …ber; carbon-glass …ber; and glass-glass …ber composites with …ber’s

volume fraction 372% 329% and 309%, respectively. These …bers are mounted

in the matrix material in the same manner as illustrated in Fig. 4.6. In each

simulation, the material properties of carbon and glass …bers are accommodated by

the parameters 1 and 2 (e.g. 1 = carbon = 4900, 2 = glass = 2240

for a carbon-glass …ber composite). The carbon-class …ber composite case with

volume fraction 329% is used for benchmarking data in the identi…cation of the

con…guration factor  = 0936 (Fig. 4.12). The factor is then uniformly applied for

the other simulations, with the e¤ects of di¤erent …bers’ volume fractions taken

into account. It is clear from Figs. 4.12-4.13 that predictions from both the

nonlinear and linear theory demonstrate a close agreement with the experimental

data. In addition, the proposed model assimilates the results presented in [77]

which demonstrates good agreement up to linear regime (Fig. 4.14). These, in turn,
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Figure 4.11: Deformation pro…les: Theoretical predictions VS Experimental results.

suggest that the second-gradient of the deformations, incorporated in the present

model, accurately represents …ber’s resistant to ‡exure. Overall, the proposed

models perform well in the prediction of the mechanical behavior of …ber reinforced

composites and therefore they can be easily adopted in …eld exercises. In particular,

the one from the linear theory is more useful, as it provides an explicit form of

solution rather than a discretized solution.
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Figure 4.12: Strain-stress curve: Carbon-glass …ber composite
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Figure 4.13: Strain-stress curve: Glass-glass …ber composite.
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Chapter 5

Mechanics of bidirectional
…ber-reinforced composite with
…ber resistant to ‡exure &
extension

We formulate the constitutive relations by applying the variational principle on the
first and second gradient of deformations, respectively in sections 5.1 and 5.2. We
then in section 5.2.1, consider a special case of a Neo-Hookian material reinforced
with bidirectional fibers and successively derive systems of coupled Partial Differ-
ential Equations. In section 5.3, we present rigorous derivation of the necessary
boundary conditions. The solutions of the resulting PDEs are obtained via the Fi-
nite Element Analysis in section 5.4, which demonstrate excellent correspondence
with exiting theoretical and experimental results More importantly, the plane bias
extension test and predicts smooth transitions of the corresponding shear strain
fields as opposed to the first-gradient theory. In addition, we develop a compatible
linear theory and analytical solution in sections 5.5 and 5.6.

5.1 Kinematics and Equilibrium equations

Let L and M are the unit tangent to the …ber’s trajectory in the reference con-

…guration and l and m are their counterparts in the deformed con…guration. The
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orientation of particular bidirectional …bers is then given by

λ = |η| = 


 µ = |τ | = 


and l = ηλ−1 m = τµ−1, (5.1)

where

FL =λl and FM =µm (5.2)

and F is the gradient of the deformation function (χ(X)). Eq.(5.2) can be derived

by taking the derivative of r(()) = χ(X()) with respect to arclength para-

meters  and ultimately , upon making the identi…cations L =dX
dS

and l = ∇dχ
ds

and similarly for M (M =dX
dU

and m = ∇dχ
du

). Here,d(∗)
dS

 d(∗)
dU

and d(∗)
ds

, d(∗)
du

refer

to the arclength derivatives of (∗) along …bers’ directions in the reference and de-

formed con…gurations, respectively. Without loss of generality, it is assumed that

bidirectional …bers are initially orthonormal:

M · L = 0 (5.3)

Combining Eqs. (5.2-5.3) furnishes a useful …ber decomposition of the deformation

gradient that

F =λl⊗ L+µm⊗M (5.3-1)

Therefore, we have, for example, L =AEA and l =iei to yield

λli = iAA (5.3-2)

where {EA} {ei} are orthonormal bases in the reference and deformed con…gura-

tions.

The expressions for geodesic curvatures of a parametric curve (r ( )) are
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obtained from Eq. (5.2) that

g1 =
2r()

2
=

(r(S)
dS

)


=

(FL)

X

X


= ∇[FL]L (5.4)

and

g2 =
2r()

2
=

(r(U)
dU

)


=

(FM)

X

X


= ∇[FM]M (5.5)

In general, most of the …bers are straight prior to deformations. Even for slightly

curved …bers, they can be idealized as ‘fairly straight’ …bers considering their

length scales with respect to that of matrix materials. This suggests that the

gradients of unit tangents in the reference con…guration are identically vanishes

(i.e. ∇L =∇M = 0). Accordingly, Eqs. (5.4-5.5) becomes

g1 = ∇F(L⊗ L) (5.6)

g2 = ∇F(M⊗M)

We introduce the convention of the second gradient of deformations as

∇F ≡ G (5.6-1)

where the compatibility condition of G is given by

iAB = iA,B = iB,A = iBA (5.7)

Thus

g1 = G(L⊗ L) = g1(G) (5.8)

g2 = G(M⊗M) = g2(G)
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In addition,Eqs. (5.1-5.2) furnish

λ2 = FL · FL = FTFL · L = (FTF) · L⊗ L (5.9)

and similarly for

µ2 = (FTF) ·M⊗M (5.10)

The forgoing developments suggest that the mechanical responses of …bers-matrix

systems can be described by the following energy function

 (FG) = ̂ (F) +  (G) (5.11)

 (G) ≡ 1

2
1 (F) |g1|2 +

1

2
2 (F) |g2|2 

where F is the gradient of the deformation function (χ(X)) and G is the gradient

of F (i.e. G = ∇F). i(F) refers to the material property of …bers which, in

general, independent of the deformation gradient (i.e. i(F) = i). Eq. (5.11)

presumes that …ber’s bending energy is solely accounted by the second gradient

of deformations as depicted in Eq. (5.8)). This concept has been widely and

successfully adopted in relevant subjects ([8] and [47]).

Fibers’ stretch can be computed as

1 =
1

2

(
λ2 − 1

)
=

1

2
[(FTF) · L⊗ L−1] (5.12)

and

2 =
1

2

(
µ2 − 1

)
=

1

2
[(FTF) ·M⊗M−1] (5.13)

Clearly, the stretches of …bers’ are F dependent. Eqs. (5.12-5.13) lead to the

expression of

̂ (F) =  ( 1 2)  (5.14)

where  = C and C = FTF is the right Cauchy—Green deformation tensor which
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is also dependent on F. Consequently, the energy functional (5.11) can be written

explicitly as

̂ (F)+ (G) =  ( 1 2g1g2) =  ( 1 2)+
1

2
1 |g1|2+

1

2
2 |g2|2  (5.15)

In order to compute variational derivatives of the response function, we use

chain rule


iA
̇iA +



iAB

̇iAB = ̇  (5.16)

where the superposed dot refers to derivatives with respect to a parameter at a

certain …xed value (e.g.  = 0) that labels a one-parameter family of deformations.

Accordingly, in view of equation (5.15), we obtain

̇ = ̇ ( 1 2g1g2) = I ̇ + ε1 ̇1 + ε2 ̇2 + g1 · ġ1 + g2 · ġ2 (5.17)

in which we have used the fact that  depends on the deformation through , 1

2 g1 and g1; ultimately F and G. The required expressions can be equated in

terms of F that

̇ = [(C)]̇ = (I ·C)̇ = I · Ċ = 2F · Ḟ (5.18)

Further, Eq. (5.9) yields

̇1 = λ̇λ = FL · ḞL =(FL⊗ ḞL) = ((FL⊗ L)Ḟ
T

) = FL⊗ L · Ḟ (5.19)

and similarly for

̇2 = µ̇µ = FM⊗M · Ḟ (5.20)

In particular, the variational computations with respect to the second gradient of

deformations is equivalent to (see, Eq. 5.112)

̇ (G) = G · Ġ = 1g1·ġ1 + 2g2·ġ2 (5.21)
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where
·
g1=

·
G(L⊗L) and

·
g2=

·
G(M⊗M) in the case of initially straight …bers (i.e.

L̇ = Ṁ = 0). Therefore, by invoking the above

G ·
·
G =

·
G · (1g1 ⊗ L⊗ L+2g2⊗M⊗M) (5.22)

Consequently, we derive that



iAB

= 1(1)iAB + 2(2)iAB (5.23)

The constraint of bulk incompressibility can be accommodated by introducing

the following form of an augmented energy potential;

( 1 2 g1 g2) =  ( 1 2g1g2)− ( − 1) (5.24a)

Since
·
 = ∂J

∂F
·
·
F =  (F−1)

T ·
·
F = F∗ ·

·
F Eqs. (5.18-5.20) and Eq. (5.24a) furnish

·
 = 2IF·

·
F + ε1FL⊗ L·

·
F + ε2FM⊗M·

·
F− F∗ ·

·
F + 1g1 ·

·
g1 + 2g2 ·

·
g2

(5.25a)

But from (5.21-5.22), the above reduces to

·
 = (2IF + ε1FL⊗ L + ε2FM⊗M− F∗) ·

·
F + G ·

·
G (5.26)

or in component form;

·
 = (2IiA+ε1iBAB+ε2iBAB− ∗iA)̇iA+



iAB

̇iAB (5.26-1)

Eq. 5.26 re‡ects the fact that material response of the matrix material and stretch

of …bers are computed via the …rst gradient F, and bending resistant of …bers is

accommodated by the second gradient G (see, also, [8]).
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5.2 Equilibrium

The derivation of the Euler equation and boundary conditions arising in second-

gradient elasticity is well studied [10]-[11] and [46]. We reformulate the results in

the present context for the sake of clarity and completeness. The weak form of the

equilibrium equations is given by the virtual-work statement

·
 =  (5.27)

where  is the virtual power of the applied loads and the superposed dot refers to

the variational and/or Gateâux derivative;

 =

∫
Ω

 (FG)  (5.28)

is the strain energy. In the above (Eq. 5.28), the conservative loads are character-

ized by the existence of a potential  such that  =
·
. Therefore, the problem

of determining equilibrium deformations is reduced, in the present case, to the

problem of minimizing the potential energy  − .

Accordingly, we have
·
 =

∫
Ω

·
 (FG)  (5.29)

where the expression of
·
 is given by (5.26). From Eq. (5.7), the energy variations

with respect to the second gradient of deformations (i.e. ̇ (G) = G ·
·
G), can

be rewritten as

G ·
·
G =



iAB

·
iAB =



iAB

·
 iA,B =



iAB

i,AB (5.30)

and


iAB

i,AB =

(


iAB

i,A

)
,B

−
(



iAB

)
,B

i,A (5.31)
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where i =
·
χiis the variation of the position …eld. Substituting Eqs. (5.26, 5.31)

into the above yields

·
 =

∫
Ω

[(2IiA + ε1iBAB + ε2iBAB −  ∗iA)i,A

+

(


iAB

i,A

)
,B

−
(



iAB

)
,B

i,A] (5.32)

Thus, we obtain

·
 =

∫
Ω

[2IiA + ε1iBAB + ε2iBAB −  ∗iA

−
(



iAB

)
,B

]i,A +

∫
∂Ω



iAB

i,AB (5.33)

where N is the rightward unit normal to Ω in the scence of Green-Stokes theorem.

Also, for initially straight …bers (i.e. L̇ = Ṁ = 0), (G) reduces to

(G) = 1(1)i,BAB(ei⊗EA) + 2(2)i,BAB(ei⊗EA)

= [1(1)i,BAB + 2
2
i,BAB](ei⊗EA)(



iAB

)
,B

= 1(1)i,BAB + 2
2
i,BAB (5.34)

Consequently, Eq. 5.33 furnishes

·
 =

∫
Ω

iȦiA +

∫
∂Ω



iAB

̇iAB (5.35)

where

iA = 2IiA+ε1iBAB+ε2iBAB− ∗iA−1(1)i,BAB−2(2)i,BAB

(5.36)
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and hence the Euler equation is obtained by

iA,A = 0 or (P) = 0 (5.37)

which holds in Ω

5.2.1 Neo-Hookean type materials

In the case of incompressible neo-Hookean type materials, the energy density func-

tion is given by

 1() = µ( − 3) (5.38)

Further, in order to accommodate …ber’s resistant to extension, we propose the

following augmented energy potential of quadratic form;

 2(1 2) = 1
1

2
2

1 + 2
1

2
2

2 (5.38-1)

Combining Eqs. (5.381,2) yields

 ( 1 2) =  1() +  2(1 2) = µ( − 3) + 1
1

2
2

1 + 2
1

2
2

2 (5.38-2)

We now substitute the above into Eq. (5.15) and thereby obtain

 ( 1 2g1g2) =  ( 1 2)+ (G) = µI+
1

2
1

2
1+

1

2
2

2
2+

1

2
1 |g1|2+

1

2
2 |g2|2 

(5.39)

where µ and i are the material constant of the matrix and …bers, respectively.

Further, the required expressions are computed via Eqs. (5.12-5.13) and 5.38 that

I = µ, ε1 = 11 =
1

2
1 (FL · FL− 1) (5.40)

ε2 = 22 =
1

2
2 (FM · FM− 1) 

101



Chapter 5. Mechanics of 2Dir fiber composite with fiber resistant to flexure & stretch

Thus, Eqs. (5.38) becomes

iA = 2µFiA +
1

2
(jCjDCD − 1)iBAB +

2

2
(jCjDCD − 1)iBAB

− ∗iA − 1(1)i,BAB − 2(2)i,BAB (5.41)

and the corresponding Euler equation is evaluated as

iA,A = 0 = 2µFiA,A −  ∗iA +
1

2
(iB,AjCjD + iBjC,AjD

+iBjCjD,A)ABCD +
2

2
(iB,AjCjD + iBjC,AjD

+iBjCjD,A)ABCD −
1

2
iB,AAB

−2

2
iB,AAB − 1(1)i,ABAB − 2(2)i,ABAB (5.42)

where  ∗iA,A = 0 ( Piola’s identity).

Now consider a …ber-reinforced material which consists of initially orthonormal

set of …bers,

L = E1 1 = 1 2 = 0 (5.43)

M = E2 1 = 0 2 = 1

and is subjected to …nite plane deformations. Accordingly, Eq. (5.42) reduces to

iA,A = 0 = 2µFiA,A −  ∗iA +
1

2
(i1,1j1j1 + i1j1,1j1 + i1j1j1,1)

+
2

2
(i2,2j2j2 + i2j2,2j2 + i2j2j2,2)

−1

2
i1,1 −

2

2
i2,2 − 1(1)i,11 − 2(2)i,22 (5.44)
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where

(1)i = i1,1, (2)i = i2,2, (5.45)

iA =
χi
A

and  ∗iA = ijABjB

In the above, ij is the 2−D permutation; 12 = −21 = 1 11 = −22 =

0. Consequently, from Eq. (5.44-5.45) together with the constraint of the bulk

incompressibility (detF =1), we derive the following coupled PDE system solving

for χ1χ2 and 

0 = 2µ
(
χ1,11 + χ1,22

)
− ,1χ2,2 + ,2χ2,1 −

1

2
χ1,11 −

2

2
χ1,22

+
1

2
(3χ1,11χ1,1χ1,1 + χ1,11χ2,1χ2,1 + 2χ2,11χ1,1χ2,1)

+
2

2
(3χ1,22χ1,2χ1,2 + χ1,22χ2,2χ2,2 + 2χ2,22χ1,2χ2,2)− 1χ1,1111 − 2χ1,2222

0 = 2µ
(
χ2,11 + χ2,22

)
+ ,1χ1,2 − ,2χ1,1 −

1

2
χ2,11 −

2

2
χ2,22

+
1

2
(3χ2,11χ2,1χ2,1 + χ2,11χ1,1χ1,1 + 2χ1,11χ1,1χ2,1)

+
2

2
(3χ2,22χ2,2χ2,2 + χ2,22χ1,2χ1,2 + 2χ1,22χ1,2χ2,2)− 1χ2,1111 − 2χ2,2222

1 = χ1,1χ2,2 − χ1,2χ2,1 (5.46)

5.3 Boundary conditions

Writing iAi,A = (iAi),A − iA,Ai, we have from Eq. (5.35) that

̇ =

∫
∂Ω

iAiA −
∫

Ω

iA,Ai +

∫
∂Ω

(


iAB

i,A

)
B (5.47)
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where the Green-stoke’s theorem is applied in the …rst term of Eq. (5.47). Since

the Euler equation iA,A = 0 holds in Ω, the above reduces to

̇ =

∫
∂Ω

iAiA +

∫
∂Ω

(


iAB

i,A

)
B (5.48)

In addition, decomposing ∇u in normal and tangential directions furnishes

∇u =∇u(T⊗T)+∇u(N⊗N) = u′⊗T + uN⊗N (5.49)

where T = X
′
() = k×N is the unit tangent to Ω u

′
and u,N are the tangential

and normal derivatives of u on Ω respectively (i.e. 
′
i = i,AA i,N = i,AA).

Hence Eq. (5.48) becomes

̇ =

∫
∂Ω

iAiA +

∫
∂Ω



iAB

(

′

iAB + i,NAB

)
 (5.50)

By decomposing the second term of Eq. (5.50) as in Eq. (5.48), we obtain



iAB

AB
′

i =

(


iAB

ABi

)′
−
(



iAB

AB

)′
i (5.51)

and therefore,

̇ =

∫
∂Ω

[iAA −
(



iAB

AB

)′
]i +

∫
∂Ω



iAB

i,NAB

+

∫
∂Ω

(


iAB

ABi

)′
 (5.52)
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In view of Eq. (5.22) (i.e. ∂W
∂GiAB

= 1(1)iAB + 2(2)iAB), Eq. (5.52) can

be rewritten as

̇ =

∫
∂Ω

[iAA −
(
1

1
iAABB + 2

2
iAABB

)′
]i

+

∫
∂Ω

(1(1)iAABB + 2(2)iAABB)i,N

−
∑
‖(1(1)iAABB + 2(2)iAABB)i‖  (5.53)

where the double bar symbol refers to the jump across the discontinuities on the

boundary Ω (i.e. ‖∗‖ = (∗)+ − (∗)−) and the sum refers to the collection of all

discontinuities. It is concluded from (5.27) that admissible powers are of the from

 =

∫
∂wt

ii +

∫
∂w

ii,N +
∑

ii (5.54)

Therefore, by comparing (5.53) and (5.54), we obtain

i = iAA −



[1(1)iAABB + 2(2)iAABB]

i = 1(1)iAABB + 2(2)iAABB

i = 1(1)iAABB + 2(2)iAABB (5.55)

which are the expressions of edge tractions, edge moments and corner forces, re-

spectively. For example, if the …ber’s directions are either normal or tangential

to the boundary (i.e. (L ·T)(L ·N) = 0 and (M ·T)(M ·N) = 0), (5.55) further

reduces to

i = iAA

i = 1(1)iAABB + 2(2)iAABB

i = 0 (5.56)
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where

iA = 2IiA + ε1iBAB + ε2iBAB −  ∗iA

−1(1)i,BAB − 2(2)i,BAB

(1)i = iA,BAB, (5.57)

(2)i = iA,BAB

Consequently, by imposing the admissible boundary conditions (Eq. 5.56), solu-

tions of the PDE system (Eq. 5.46) can be obtained via commercial packages.

5.4 Finite element analysis of the 4th order cou-

pled PDE

Details regarding Finite Element Analysis (FEA) formulations are presented in this

section. It is not trivial to demonstrate numerical analysis procedures for coupled

PDE systems, especially for those with high order terms, since the piece wise linear

function adopted in FE analysis has limited di¤erentiability up to second order.
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For pre processing, Eq. (5.46) can be recast as

0 = 2µ ( + )−  +  − 1,11 − 2,22 −
1

2
− 2

2


+
1

2
(32 + 2 + 2) +

2

2
(32 + 2 + 2)

0 = 2µ ( +  ) + − − 1,11 − 2,22 −
1

2
− 2

2


+
1

2
(32 + 2 + 2) +

2

2
(32 + χ2,22

2 + 2)

0 = χ2,2 −χ1,2 − 1 0 = − χ1,11 0 = − χ2,11

0 =  − χ1,1 0 =  − χ2,1 0 =  − χ2,22

0 =  − χ2,2 0 = − χ1,2 0 =  − χ1,22

0 = − µ(χ1,11 + χ1,22)− ,11 0 =  − µ(χ2,11 + χ2,22)− ,11(5.58)

where  = ,1  = ,2  = χ1,11  = χ2,11  = χ2,22  = χ1,22  =

χ1,1  = χ2,1  = χ2,2 and  = χ1,2 The above non-linear terms can be treated

as, for example:

− Aχ2,2 + χ2,1 =⇒ −0χ2,2 + 0χ2,1

Aχ1,2 −χ1,1 =⇒ 0χ1,2 −0χ1,1

χ2,2 −χ2,1 =⇒ 0χ2,2 −0χ2,1

3 +  + 2 =⇒ 32
0 + 2

0 + 200

3 +  + 2 =⇒ 32
0 + 2

0 + 200

3 +  + 2 =⇒ 32
0 + 2

0 + 200

3 +  + 2 =⇒ 32
0 + 2

0 + 200 (5.59)

where the values of  , ,       and  continue to be refreshed

based on their previous estimations o o, 0, 0 0 0 0 0 0 0) as
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iteration progresses. Thus, the weak form of Eq. (5.58) is obtained by

0 =

∫
Ω

1(2µ ( + )− 0 + 0 − 1,11 − 2,22 −
1

2
− 2

2


+
1

2
(32

0 + 2
0 + 200) +

2

2
(32

0 + 2
0 + 200))Ω

0 =

∫
Ω

2(2µ ( +  ) + 0−0 − 1,11 − 2,22 −
1

2
− 2

2


+
1

2
(32

0 + 2
0 + 200) +

2

2
(32

0 + 2
0 + 200))Ω

0 =

∫
Ω

3(χ2,2 −χ1,2 − 1)Ω 0 =

∫
Ω

4(− χ1,11)Ω

0 =

∫
Ω

5(− χ2,11)Ω 0 =

∫
Ω

6( − χ1,1)Ω

0 =

∫
Ω

7( − χ2,1)Ω 0 =

∫
Ω

8( − χ2,22)Ω

0 =

∫
Ω

9( − χ2,2)Ω 0 =

∫
Ω

10(− χ1,2)Ω

0 =

∫
Ω

11( − χ1,22)Ω 0 =

∫
Ω

12(− µ(χ1,11 + χ1,22)− ,11)Ω

0 =

∫
Ω

13( − µ(χ2,11 + χ2,22)− ,11)Ω (5.60)

where the unknowns (e. g. χ1 χ2 1 1   etc...) can be written

in the form of Lagrangian polynomial such that (∗) =
∑n

j=1[(∗)jΨj( )] The

corresponding test function  is given by

 =
n∑
i=1

iΨi( ) (5.61)

where i is weight of the test function and Ψi( ) are the shape functions that


 1  5  9  13

 2  6  10  14

 3  7  11  15

 4  8  12  16

 =


1

2

3

4

 [ 1 2 3 4 ] (5.62)
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where

1() =

(
− c

3

) (
− 2c

3

)
(− )(

− c
3

) (
−2c

3

)
(−)

 2() =

(
− 2c

3

)
(− )(

c
3

) (
− c

3

)
(−2c

3
)



3() =

(
− c

3

)
(− )(

2c
3

) (
c
3

)
(− c

3
)

 4() =

(
− c

3

)
(− 2c

3
)(

c
3

) (
2c
3

)
()

1() =

(
 − d

3

) (
 − 2d

3

)
( − )(

−d
3

) (
−2d

3

)
(−)

 2() =

(
 − 2d

3

)
( − )(

d
3

) (
−d

3

)
(−2d

3
)



3() =

(
 − d

3

)
( − )(

2d
3

) (
d
3

)
(−d

3
)

 4() =

(
 − d

3

)
( − 2d

3
)(

d
3

) (
2d
3

)
()

 (5.62-1)

Using Lagrangian polynomial representation, the …rst of Eq. (5.60) can be

rewritten as

0 =
n∑

i,j=1

[

∫
Ω

(2µΨiΨj + 1Ψi,1Ψj,1 −
1

2
ΨiΨj)Ω]j

+
n∑

i,j=1

[

∫
Ω

(2µΨiΨj + 2Ψi,2Ψj,2 −
2

2
ΨiΨj)Ω]j

+
n∑

i,j=1

[

∫
Ω

0ΨiΨjΩ]j −
n∑

i,j=1

[

∫
Ω

0ΨiΨjΩ]j

+
n∑

i,j=1

[
1

2

∫
Ω

3ΨiΨj
2
0}Ω]j +

n∑
i,j=1

[
1

2

∫
Ω

ΨiΨj
2
0Ω]j

+

n∑
i,j=1

[
1

2

∫
Ω

2ΨiΨj00Ω]j +

n∑
i,j=1

[
2

2

∫
Ω

3ΨiΨj
2
0Ω]j

+
n∑

i,j=1

[
2

2

∫
Ω

ΨiΨj
2
0Ω]j +

n∑
i,j=1

[
2

2

∫
Ω

2ΨiΨj00Ω]j

−
∫
∂Γ

(1Ψi,1 + 2Ψi,2)Γ (5.63)

and similarly for the rest of equations. In the above, Ω, Γ and N are the domain of

interest, the associated boundary, and the rightward unit normal to the boundary

Γ in the sense of the Green-stoke’s theorem, respectively. Finally, we obtain the

systems of equations [K][E] = [F] Here [K] and [F] are [13×12] and [12×1] matrices,
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respectively and [E] is [13× 1] matrix with unknowns (e. g. χ1 χ2 1 1  

etc...). The expressions of [ij] and [i] can be obtained via the standard Finite

Element Analysis procedures. For example,

[
11

]
=

∫
Ω

[2µΨiΨj+1Ψi,1Ψj,1−
1

2
ΨiΨj+

1

2
(3ΨiΨj

2
0 +ΨiΨj

2
0)]Ω (5.63-1)

and

1 = −
∫
∂Γ

(1Ψi,1 + 2Ψi,2)Γ (5.63-2)

µ:bulk

x

C1: fiber d

- d

c- c

y

MM

u2

u1

C2: fiber

Schematic of problem for bidirectional …ber reinforced with Moment () boundary

condition

Figs. 5.1~5.3 illustrate the …ber composite’s deformation pro…les under the

axial tension. The expression of applied load tension is obtained from Eq. 5.41

that

11 = 2µχ1,1 +
1

2
(χ1,1χ1,1 + χ2,1χ2,1 − 1)χ1,1 − pχ2,2 − 1χ1,111 (5.64)

It is clear from Fig. 5.1 that the axial extension is sensitive to the …bers’ elastic

resistance in  direction (i.e. 1 1). More precisely, the net amount of axial

extension decreases with increasing values of 1 and 1. In particular, we simulate

the plane bias extension test in order to examine the e¤ects of second-gradients

of deformations onto the shear responses of the bidirectional …ber composites.

The corresponding shear strains are computed via the relation φ′ =
u′′2 (1+u′1)−u′2u′′1
u′22 +(1+u′1)2

,
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where φ′ is the rate of shear angle change. The results in Figs. 5.2-5.3 clearly

indicate that the proposed model successfully predicts the smooth transitions of

the shear strain …elds unlike those described by the …rst-order theory where a

signi…cant discontinuity is in present (Fig. 5.4). The compatible results, in the case

of meshed structures, can be found in the work of [17]-[19] which also demonstrate

a close agreement with the presented results (See, for example, Fig. 14 in [19]).

In the simulations, we consider the case where an elastic solid is reinforced with

bidirectional …bers and subjected to …nite plane deformations (either axial stretch

or bending is considered) as illustrated in Fig. 5.60. In the assimilation of …ber

Figure 5.1: Deformation contour (
√
χ2

1+χ2
2) with respect to 1/µ, when 11/µ = 50,

2/µ = 150 and 2/µ = 135

composite subject to ‡exure, we consider a rectangular …ber composites where

one end is …xed and the other end is subjected to constant bending in order to

examine …bers’ reinforcing e¤ects against to ‡exure. The corresponding boundary

conditions are imposed as; χ1,11 = −/µ, χ2,11 = 0  χ2 = 0 and χ1 = 0 at

 = 0 and χ1,11 = −/µ, χ2,11 = 0 χ2,1 = 0 and χ1,1 = 0 at  = . For

the upper ( = ) and bottom ( = −) faces, compatible boundary conditions

are prescribed where we impose zero moment (i.e. χ2,22 = 0 on the designated

boundary). The resulting deformed pro…les and contours demonstrate smooth
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Figure 5.2: Shear strain contour with respect to 1/µ. when 11/µ = 50, 2/µ = 150
and 2/µ = 135

Figure 5.3: Shear strain contour with respect to 2/µ. when 11/µ = 50, 1/µ = 1500
and 2/µ = 1350

transitions as they approach to the boundary (see, Figs. 5.5). Further, Fig. 5.5

illustrates that the magnitude of deformation decreases as …ber’s bending sti¤ness

increases.

Comparisons with experimental results is also performed to determine the ac-

curacy and utility of the proposed model. Three sets of experiments are considered

for the purpose; two from inhouse setting and the other from the work of Dong. For
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Figure 5.4: Shear strain contour: 1st gradient (left) VS 2rd gradient (right)

Figure 5.5: Deformed con…gurations with respect to C1/µ when M/µ=80 and
deformation magnitude contour when M/µ=60

inhouse experiments, we considered; 3 point bending test of a crystalline nanocellu-

lose (CNC) …ber composite (1 = 150 1 = 135 µ = 1) and an im-

pact bending test of a Nylon-6 Fiber Neoprene Rubber Composite (1 = 2000

1 = 1300 µ = 2). In the tests, the out of plane direction (3) is aligned

with the loading cylinder and/or line of impact (see, Fig. 5.6). These are special

cases of the proposed model, when  �  with vanishing 2/µ and 2/µ (see,

Fig. 5.62-1). The solutions from our model successfully predict the deformations

of both the CNC composites and the Nylon-6 Fiber Neoprene Rubber Composite

with maximum error less than 3% (Fig. 5.7).

The above results, in turn, suggest that the proposed model accurately de-

scribes …ber’s elastic resistant to ‡exures and extension through the …rst and second

gradient of deformations. Lastly, we mention that the presented solution accom-

modate the results from [80] in the limited of vanishing …bers elastic resistance in

 direction (i.e 2 = 0 2 = 0) in the limit of vanishing material parameters.
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Figure 5.6: Experimental setting: Nylon−6 Fiber Neoprene Rubber Composite.

Figure 5.7: Deformation pro…les: Experimental results

(See Fig. 5.9).

5.5 Linear Theory

We consider superposed “small” deformations described as

χ = χo + εχ̇ ; |ε| � 1 (5.65)

where (∗)o denote con…guration of ∗ evaluated at ε = 0 and (∗̇) = (∗) In

particular, we denote χ̇ = u in forthcoming derivations where applicable. Here

caution needs to be taken that the present notation is not confused with the one

used for the variational computation. From Eq. (5.65), the deformation gradient

tensor is given by

F = Fo + ε∇u where Ḟ = ∇u (5.66)
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Figure 5.9: Deformation pro…les: Proposed model VS Zeidi & Chunil. 2017

We assume that the body is initially undeformed and stress free (i.e. at  = 0

Fo = I and Po = 0). Hence, Eq. (5.66) becomes

F = I + ε∇u (5.67)

and successively obtain

F−1 = I− ε∇u+(ε) and  = detF =1 + ε divu+(ε) (5.68a)

Further, in view of Eq. (5.65), Eq. (5.37) can be approximated as

(P) = (Po) + εD(Ṗ) + (ε) = 0 (5.69)
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Dividing the above by ε and letting ε→ 0 we obtain

(Ṗ) = 0 or ̇iA,A = 0 (5.70)

which serves as the compatible linearized Euler equation. Now, from Eq. (5.36),

the induced variation of P with respect to ε can be evaluated as

̇iA = 2(II ̇ + Iε1 ̇1 + Iε2 ̇2)(iA)o + 2(I)ȯiA − ̇( ∗iA)o − ȯ
∗
iA

+[(Iε1 ̇ + ε1ε1 ̇1 + ε1ε2 ̇2)(iB)o + (ε1)ȯiB − 1(̇1)i,B]AB

+[(Iε2 ̇ + ε1ε2 ̇1 + ε2ε2 ̇2)(iB)o + (ε2)ȯiB − 2(̇2)i,B]AB(5.71)

In the case of Neo-Hookean material (Eq. (5.38)) (e.g. II = 0 Iε1 = 0 Iε2 =

0 etc...), the above reduces to

̇iA = 2µ̇iA − ̇( ∗iA)o − ȯ
∗
iA + [1̇1(iB)o + 1(1)ȯiB − 1(̇1)i,B]AB

+[2̇2(iB)o + 2(2)ȯiB − 2(̇2)i,B]AB (5.72)

Evaluating limits at ε = 0, we have

̇iA = 2µ̇iA − ṗδiA − ȯ
∗
iA + [1̇1δiB − 1(̇1)i,B]AB

+[2̇2δiB − 2(̇2)i,B]AB (5.73)

where o = 2µ to recover the initial stress free state at ε = 0 (i.e. iA = 0 at

ε = 0). In addition, we approximate the …ber’s extensions as

̇1 = FL⊗ L · Ḟ ' L⊗ L · Ḟ = ̇jCjC  (5.74)
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and subsequently formulate

(2µ̇iA),A = 2µ̇iA,A (ȯ
∗
iA),A = 0 (ṗδiA),A = ̇,i

(1̇1δiBAB),A = (1̇1iB),A = 1̇jA,BijAB and

(1(̇1)i,BAB),A = (1̇iC,BDCDAB),A = 1̇iA,BCDABCD(5.75)

Similar scheme can be applied for ̇2 and (̇2)i Therefore, from Eqs. (5.70 and

5.73-5.75), the Euler equation for small deformations is given by

0 = ̇iA,A = 2µ̇iA,A − ̇,i + 1̇jA,BijAB − 1̇iA,BCDABCD

+2̇jA,BijAB − 2̇iA,BCDABCD (5.76)

where, we make use of the identities (∗̇) = (∗)̇ , (o),A = 0 and (̇1)i,B =

(̇iC,DCD),B = ̇iC,BDCD Alternatively, from Eq. (5.68a), the above can be

rewritten as

̇,i = 2µui,AA + 1j,ABijAB − 1i,ABCDABCD

+2j,ABijAB − 2i,ABCDABCD (5.77)

We note here that, the current and deformed con…gurations are commute in the

case of superposed incremental deformations (i.e. eα = Eα). For an orthonormal

family of …bers (i.e. L = E1 1 = 1 2 = 0 M = E2 1 = 0 2 = 1), Eq.

(5.77) furnishes

̇,i = 2µui,AA + 11,11δi1 − 1i,1111 + 22,22δi2 − 2i,2222 (5.78)

Further, in view of Eqs. (5.66-5.68a), the condition of bulk incompressibility re-

duces to

( − 1)̇ = F∗o · Ḟ = divu = 0 (5.79)
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which, together with the Eq. (5.77), serves as a compatible form of the equi-

librium equation (5.46) for small deformations. Lastly, the boundary conditions in

Eq. (5.55) can be approximated similarly as in the above (e.g. t = to + 
·
t + ()

etc...)

̇i = ̇iAA −



[1(̇1)iAABB + 2(̇2)iAABB]

̇i = 1(̇1)iAABB + 2(̇2)iAABB

̇i = 1(̇1)iAABB + 2(̇2)iAABB (5.80)

In particular, if the …ber’s directions are either normal or tangential to the bound-

ary (i.e. (L ·T)(L ·N) = 0 and (M ·T)(M ·N) = 0), Eq. (5.80) yields

̇i = ̇iAA

̇i = 1(̇1)iAABB + 2(̇2)iAABB

̇i = 0 (5.81)

where

̇iA = 2µ̇iA − ṗδiA − ȯ
∗
iA + 1̇jBijAB − 1(̇1)i,BAB

+2̇jBijAB − 2(̇2)i,BAB

(̇1)i = ̇iC,DCD and (̇2)i = ̇iC,DCD (5.82)

In addition, since  ∗jBiA =  ∗jB ∗iA −  ∗iB ∗jA at ε = 0 we obtain

( ∗jBiA)o = δjBδiA − δiBδjA and (F∗F[
·
F])jB = (δjBδiA − δiBδjA)i,A (5.83)

Therefore,
·

 ∗iA = (u)δiA − A,i = −A,i (5.84)
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where u = 0 from the linearized incompressibility condition.

5.6 Solution to the linearized problem

We introduce scalar …eld φ as

u = k×∇φ; i = λiφ,λ (5.85)

so that Eq. (5.79) can be automatically satis…ed (i.e. φ,12 − φ,21 = 0). Thus, the

linearized Euler equation Eq. (5.78) can be rewritten as

̇,i = 2µελi(φ,λ11+φ,λ22)−1φ,211δi1−1λiφ,λ1111−2φ,122δi2−2λiφ,λ2222 (5.86)

By utilizing the compatibility condition of
·

,i (i.e.
·

,ij =
·

,ji ), we obtain the

following partial di¤erential equation solving for φ.

2µ(φ,1111+2φ,1122+φ,2222)−1(φ,11+φ,22),1111−2(φ,11+φ,22),2222−φ,1122(1+2) = 0

(5.87)

The above further reduces to

∆[∆φ− α1φ,1111 − α2φ,2222]− (β1 + β2)φ,1122 = 0 (5.88)

where α1 = C1

2µ
 0 α2 = C2

2µ
 0 β1 = E1

2µ
 0 β2 = E2

2µ
 0 We note here that

the solution of Eq. (5.88) is not accommodated by the conventional methods such

as the Fourier transform and the separation of variables. Instead, we adopt the

methods of iterative reduction and principle of eigenfunction expansion, and obtain

the potential function for φ( ). Details are reserved the sake of conciseness
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which can be found in [85]-[87]. The general solution of Eq. (5.88) is obtained as

φ( ) =
∞∑
m=1

[{mexp ( ) + mexp (− ) + exp(m)(mcosm + msinm) +

exp(−m)(mcosm + m sin m)} × (sin )] (5.89)

where

m =

√√√√√
√(√

3
2
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P
Q
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))2
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)2
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(5.89-1)

and

 =
π

2
  = −α1  = (1−2)  = −2(α2

2−β1−β2+2)  = −4(α2
2+1)

(5.89-2)

The unknown constant real numbers m m m m m and m can be com-

pletely determined by imposing admissible boundary conditions as depicted in

Eqs. (5.81-5.84). The analytical solution φ is then converted through mapping

χ =(1 − φ,2)e1 + (2 + φ,1)e2 to obtain the complete deformed con…gurations

(see, for example, Fig. 5.10). In addition, the corresponding stress …elds can also

be obtained through Eqs. (5.82) and (5.85-5.86). For example, in the cases of

…ber composites subjected to lateral extension and/or ‡exure (Fig. 5.62-1), the

expressions of the corresponding boundary conditions can be obtained from Eqs.
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(5.81-5.82 and 5.85) that

Extension =⇒ ̇11 = 2µu1,1 −
·
− 2µu2,2 + 11,1 − 11,111

Flexure =⇒ ·
m =

·
1e1 +

·
2e2

·
1 = 11,11 and

·
2 = 0 (5.90)

where 1,1 = −φ,21 1,11 = −φ,211 1,111 = −φ,2111 and similarly for 2 (Eq. 5.85).

In the analysis, the applied tensions and moments are approximated via Fourier

series as;

̇11 = 2µu1,1 −
·
− 2µu2,2 + 11,1 − 11,111 = 50 u

30∑
l=1

200

π
(−1)

l−1
2 cos(

π

2
)

(5.91)

and

·
m =

·
1e1 +

·
2e2

·
1 = 11,11 = 80 u

30∑
n=1

20

π
(−1)

n−1
2 cos(

π

2
)em

·
2 = 0 (5.92)

which ensure fast convergence (within 30 iterations). Despite the presence of sharp

corners, where singular behaviors of response functions are often observed, the ob-

tained solutions are smooth and stable throughout the entire domain of interest

(Fig. 5.10) with reasonable sensitivity to the …ber’s resistant to both the exten-

sion and ‡exure. More precisely, Figs. 5.11-5.12 indicate the inverse correlations

between the magnitude of deformations and …ber’s material constants.

In particular, the linear solution displays good agreements with the nonlinear

solutions and experiments [[84]] for small deformations superposed on large (Fig.

4.13) while it demonstrate discrepancies in the predictions of large deformation

analyses (Fig. 5.13). Overall, the proposed models perform well in the prediction

of the mechanical behavior of …ber-reinforced composites and therefore they can

be easily adopted in …eld exercises.
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Figure 5.10: Deformed con…gurations under axial loading 11/µ = 50
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Figure 5.11: Deformed con…gurations with respect to 1/µ when 11/µ = 50.
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Figure 5.12: Deformed con…gurations with respect to 1/µ when 11/µ = 50
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Chapter 6

Conclusions and future works

6.1 Conclusions

In this thesis, we have presented a continuum model for the mechanics of elastic

solid reinforced with both unidirectional (see chapter 2 and 3) and bidirectional

(see chapter 4 and 5) …bers in …nite plane elastostatics. The primary goal of this

thesis is to …nd analytical and numerical solutions of di¤erential equations which

are obtained from the gradient elasticity theory. Our works lead to the following

conclusions:

• We have developed analytical and numerical solution for these models. The

…bers are idealized as continuously distributed spatial the Kirchho¤ rods and

their elastic resistant to stretch and ‡exure are incorporated into the models

via the gradient of deformations. Then, the Euler equation and necessary

boundary conditions are derived. These lead to 4th order nonlinear coupled

PDE systems from which a set of numerical solutions describing mechanical

responses of …ber composites are obtained.

• Especially, we examined the plane bias extensions (see chapter 5) in the

case of bidirectional …ber-reinforced composites and demonstrate that the

proposed model successfully predicts the continuous distributions of shear

124



Chapter 6. Conclusions and future works

strain …elds through the second gradient of deformations. Also, a compat-

ible linear theory, including boundary conditions, is developed and used to

obtain complete analytical solutions. The results obtained from the linear

theory demonstrate close agreement with the both numerical predictions and

experiments for the small deformation regime. In addition, the analytical so-

lution for bending exhibits smooth behavior as it approaches the boundary

despite the in‡uences of sharp corners, where singular behaviors of response

functions are often observed.

• We have developed a FEM code to solve 4th order nonlinear coupled PDE

systems. The numerical results are compared with the results in literatures

(FEniCS Project) showing a good agreement (see chapter 4).

• The results are compared with several experimental data demonstrating

that the proposed model successfully predicts the deformed con…gurations

of a Crystalline Nanocellulose (CNC) …ber composite subjected to three

point bending, and also corresponds with the experimental results for T700S

carbon-E glass …ber composites (see chapter 4 and 5).

• Lastly, we mention that the proposed model can be used as an alternative

2D Cosserat theory of non-linear elasticity.

The hardest parts of this thesis were obtaining analytical and numerical solu-

tions of di¤erential equations. This is due to the fact that the conventional meth-

ods, Fourier transform and the method of separation of variable, are not applicable.

Instead, we adopt iterative reduction and eigenfunction expansion methods (mod-

i…ed separation of variable methods; see, [85] and [87]) and successfully obtained

complete analytical solutions for the small deformations superposed on large. Also,

due to the complex nature of the resulting PDEs, it was not possible to obtain so-

lutions using the commercial numerical softwares (e.g. COMSOL, Abaqus). To

overcome the di¢culties, we developed our own numerical schemes through which

complete numerical solutions are obtained.
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Chapter 6. Conclusions and future works

The thesis initiates the research subject on modeling biomaterials and soft

materials which are very popular these days. While writing the thesis, I have a

great passion and motivation to pursue my Ph.D. study in the …eld of soft material.

6.2 Future Works

• This work can be extended by using the Mooney-Rivlin model energy func-

tions, for the analysis of soft composite materials such as carbon …ber rubber

composite and human composite tissues.

• As we discussed, so far we studied up to the second order gradient theory. We

can develop third gradient elastic theory in the application of microstructured

continua (see [24]).

• In this work we developed a model for …ber reinforced composite. As we

illustrated in the introduction, we can also model cracks with this theory in

the future.
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