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ABSTARCT

The mechanics of fiber-reinforced solids have consistently been the subject of in-
tense study that significantly advances our knowledge and practice in materials
science and engineering. The subject leads to two major branches of researches
involving either the direct investigation of local behaviors of an individual fiber—
matrix system including interfacial region or the development of continuum theory
through which the overall microscopic behavior of fibers is adequately taken into
account in the model of deformations. The former relies on massive identification
procedures, which most often require huge computational resources. Nonetheless,
this approach was used successfully in the analysis of the mechanics of compos-
ite materials. Continuum-based approaches offer the advantages of the contin-
uum descriptions and the associated mathematical framework. In this thesis, a
continuum-based model is presented for the mechanics of unidirectional and bidi-
rectional composites subjected to finite plane deformations (flexure and extension).
This is framed in the development of a constitutive relation within which the con-
straint of material incompressibility is augmented. The elastic resistance of the
fibers is accounted for via the computation of variational derivatives along the
lengths of fibers. The equilibrium equation and necessary boundary conditions are
derived by virtue of the principles of virtual work statement. A rigorous deriva-
tion of the corresponding linear theory is developed and used to obtain analytical
solution for small deformations superposed on large. Also, The solutions of the
resulting Partial Differential Equations (PDEs) are obtained using the Finite El-
ement Analysis (FEA), which demonstrate excellent correspondence with existing
theoretical and experimental results. The numerical results are compared with the
results in literatures (FEniCS Project) showing a good agreement. The proposed

model can serve as an alternative 2D Cosserat theory of nonlinear elasticity.
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Chapter 1
Introduction and Background

We begin this chapter with a brief introduction of fiber-reinforced composites. In
section 1.1, we discuss the strain gradient theory and some examples about continuum-
based models with strain gradient in bending and torsion. Furthermore, section 1.2
provides historical background of higher-order gradient theory and explains Piola’s
contributions and his followers (Truesdell, Mindlin and Toupin). Also, general-
1zed continua s presented in sections 1.5 and 1.4. In section 1.5, we illustrate
application of higher order theory in crack/fatigue, soft materials and fiber rein-
forced composite. Lastly, we will demonstrate goals and advantages of this thesis
i section 1.6.

1.1 Introduction

The mechanics of materials with distinct microstructures has consistently been
the subject of intense study ([1]-[2]) due to their practical importance in mate-
rials science and engineering. It is widely believed that, for many materials, the
microstructure of a material governs the overall mechanical responses of materials
[3]-[4]. Fiber-reinforced composites are a particular case of such materials where
fibers; microstructure of the composite; are embedded in a matrix material. In
practice, these fibers are often presumed to be densely distributed so as to render
the idealization of continuous distribution which further leads to the continuum
description of fiber-composites via a homogenization procedure. Within this pre-

scription, the composites can be regarded as a special type of anisotropic materials
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where the response function depends on the first gradient of deformations, typi-
cally augmented by the constraints of bulk compressibility or fiber inextensibility.
In the latter case, the resulting prediction models are often so constrained that the
corresponding deformation fields are essentially kinematically determinate, par-
ticularly those arise in fibers ([5]-[6]). Nonetheless, continuum-based approaches
were used widely in the analysis of the mechanics of composite materials for their
advantage in the continuum descriptions and the associated mathematical frame
work ([5]-[7]).

The continuum theory, which accounts microstructural effects of fibers on elas-
tic materials, has gained renewed attention in recent years ([8]-[9]). This includes
the refinement of the first-order continuum theory by considering the higher gra-
dient of deformations in an effort to describe the more detailed characterization
of the continua with microstructure. In the case of fiber composites, this means
the incorporation of the bending resistance of the fibers into the models of de-
formations. This is framed in the setting of the nonlinear strain-gradient theory
([10]-[11]) of anisotropic elasticity where the bending resistance of fibers is as-
signed to the changes in curvature of fibers explicitly [8]. The latter is obtained
via the computation of the second gradient of deformations in which the fibers are
regarded as continuous curves defined in convected coordinates. Current appli-
cations of the general theory are discussed in [12]-[13], and mathematical aspects
of the subject are presented in [14]-[15]. A theory for an elastic solid with fiber’s
resistant to flexure, stretch and twist is developed in [16] under the simplified set-
ting of the constraint Cosserat theory. In addition, authors in [17]-[18] discussed
second-gradient theory of elasticity for the mechanics of meshed structures and
examined shear strain distributions of the meshed structure subjected to the plane
bias extension. The majority of the aforementioned studies have been conducted
in the limited scope that either inextensible fibers or single family of fibers are
considered. Moreover, although recent studies [17]-[19] and [20] reveal that the

second-gradient theory accurately predicts the smooth transitions of shear strain
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fields of meshed structures undergoing bias extensions, the compatible results in
the case of general fiber composites remain absent from the literature.

As we discussed above about strain-gradient application and advantages in the
modeling and analysis for the mechanics of fiber-reinforced composite, hear we
present this theory briefly:

When the deformations are small, the second gradient of the deformation can
be neglected. In this case, the relation between stresses and spatial derivatives of
displacement is linear. Due to this linear relation, tractions can be defined by the
unit area of undeformed body. Hence, when applied forces are determined, we can
find corresponding stress fields and displacements by solving a Boundary Value
Problem (BVP) explicitly.

The main interests in the finite elasticity are controllable (exact) deformations.
The common approach to the aforementioned problem is utilizing inverse method.
This method was originally developed by Rivilin [21] at first. When the body is
compressible, only pure homogeneous deformation is admissible (see Ericksen [22]).
Therefore, it is obvious that we have to use approximate methods. These methods

are:

e The first method is that we use polynomial form of strain energy as a function
of strain invariants [2]. This assumption is based on small deformations and

no restrictions are imposed on rotations.

e The second method is that we assume deformations are small but not in-
finitesimal. Thus, the perturbation theory can be used. This method is
formulated and is used for several problems in nonlinear elasticity (see for

example [2]-]6]).

Rivilin [21] developed a new method which called the second gradient elastic-
ity using up to the second order of deformation gradient (see Figure 1.4). In his
method, it is assumed that classical theory is not accurate enough because it only
takes up to first (linear) order of deformations which can not capture large defor-

mations. With some mathematical procedures, Rivilin decreases surface traction
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Figure 1.2: Rate of changes in length via second gradient

BVP to the system of two equations which describes the mechanics of homogeneous
isotropic, elastic and compressible materials. Figures 1.1 and 1.2 show differences
between the first and second gradient theory. Higher order gradient theory ac-
counts relative rotation at each material point of an elastic body. Mathematically,
we can define stress-strain relation for both classical and higher order gradient

continua as given in Eq. (1.1).

Classical continua =— o = f(¢)

Higher order gradient continua = o = f(g, Ve, ...) (1.1)

Also figure 1.3 shows comparison of the extension test by using the first gradient
(linear) and second gradient approaches [23]. First gradient approach results are
close to the fishnet theory which considers fiber composites as lattice (interlocked
fibers). The results of second gradient theory have a good agreement with the
experimental results, where the first gradient simulations were not able to produce

accurate results. The main advantage of second gradient elasticity-based analysis



Chapter 1. Introduction and Background

in the case of bias extension test is to capture transition zones (transitions between
red and green zones and also between blue and green zones as shown in figure 1.3).
In chapter 5, we will present a more detailed numerical and analytical comparisons
which clearly indicate that the our proposed model successfully predicts the smooth
transitions of the shear strain fields unlike those described by the first-order theory

where a significant discontinuity is present.

shear angle [§ 40
35
30
25
20
{15

standard simulation simulation based on
(first gradient) a second gradient approach 0

Figure 1.3: First vs. second gradient elasticity comparsion (Picture taken from: [23])

1.1.1 Examples of models with strain gradient

Examples of models, which are proposed in the case of strain gradient theory, will
be discussed in this section. By using this models, it is possible to incorporate size
effects in torsion and bending analysis.
—Linear elastic material behavior:
o = E(e — I°V?) where | = material parameter. (1.2)
—Bending;:
o = E(e — c.sign(e)Ve) where ¢ = gradient coefficient. (1.3)

—Torsion:

0=G( —¢,(V .V )=, V? ) where ¢, c,= gradient coefficients.  (1.4)
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1.2 Higher-order gradient theory historical back-

ground

This section provides historical background of higher-order gradient theory de-
velopments and explains Piola’s contributions and also his followers: Truesdell,

Mindlin and Toupin.

1.2.1 Piola

Piola was born in Milan on 1794 and received his doctorate degree in mathematics
at University of Pavia. Piola devoted all of his significant scientific life in demon-
strating that the virtual work statement is the most effective and suitable method
for developing new models which are able to show good agreement with experimen-
tal data and also can forecast the existence of unknown phenomena in Continuum
Mechanics. In this part, Piola’s idea and his contributions are illustrated:

Piola suggests the variational principles in the modeling and analysis of con-
tinuum mechanics. In his point of view, Lagrange’s method is the most effective
method. To support this argument, he expresses similarity between the theory of
differential curves and rational mechanics. Piola states that Lagrange reduced all
problems from rational mechanics into the energy minimization problems which
require variational analysis. He also states that the variational principle reduces
the probability of being misled ([24]). He generalized the theory of deformable
bodies (methods of Lagrange). Piola has not considered the particular case of lin-
earized deformation measures. He characterized the continuum models for which
the state of deformation can be expressed by Green deformation measure and its

derivatives with respect to Lagrangian referential coordinates.
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1.2.2 Truesdell

Truesdell was born in California on 1919 and completed his doctorate degree at
Princeton University. He developed foundational rational mechanics in order to
establish mathematical models for continuum mechanics. Also, he had some de-
velopments in the rational thermodynamics.

It is stated in [24] that Truesdell did not fully understand the ideas of Lagrange
and also Piola. Authors in [24] also mentioned that Truesdell does not recall the
fact that Piola has proven the direct relevance between the principle of virtual
work and the balance of momentum (Piola’s theorem). Further, it is concluded in
[24] that Truesdell exaggerated the concept of Cauchy in the procedure of founding
continuum models. However, as shown by Piola, Mindlin, Sedov and Germain, the

role of the Cauchy stress is not pivotal as Truesdell believed [24].

1.2.3 Mindlin and Toupin

Mindlin was born in New York on 1906 and studied mathematics at the Columbia
University. In 1963, Mindlin generalized the classical continuum theory of elastic
body (see section 1.3). One year after Mindlin, Toupin considered this method
in the couple-stresses theories (simplified micropolar elasticity with constrained
microrotations).

Mindlin and Toupin’s efforts are based on the virtual work statement and the
principle of least action. They established the most appropriate continuum models
for the modelling of complex mechanical systems [25]-[26].

In [27], Mindlin incorporates the gradient of virtual deformation up to the third
order. He suggests a model for internal work where the work is expanded by in-
ternal interactions on virtual displacement. He then introduces set of three stress
tensors which are the first, second and third-order gradient of virtual displace-
ment through which he finds admissible contact interactions. Mindlin’s results are

PDEs with admissible boundary conditions. Mindlin uses functional analysis and
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differential geometry in his theory.

1.3 Generalized continuum theory

Due to the rationalization of continuum mechanics by Truesdell (see section 1.2),
generalized continuum theory was very popular on 1960s. Nowadays, researches
regarding these theories are very popular due to their application in tissue engi-
neering, biomechanics and biological membranes.

Two major approaches were developed in order to generalize the classical con-
tinuum theory by incorporating the length scale into the models of deformations.
First approaches is to include additional degree of freedom (DOF) into the models
of deformations. Second methods are developed based on the observation that
strain energy function is combined with high-order gradients (Couple stress the-
ory). Several researchers, for example: Toupin, Mindlin and Koiter adopted these
theory and formulated continuum based models which are in opposition to the
independent director fields theory that Truesdell and Cosserat proposed.

Voigt in [3] considered continua with additional DOF at each material point
(three microrotations DOF). Voigt believed that each point in the body is acting
as a rigid body. The other approach is to consider the microstructures of materials

so that it can accommodate the bending and extension of the material points.

Fﬁiiiﬁ x=x(&, &)

Figure 1.4: Starin grdaient
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Eugene Cosserat and Frangois Cosserat proposed this idea in [28]. They con-
sidered a triad of directors at each point, in addition to position. The gradients
of director were constrained so that only rotational motions are considered. This
allows micro-rotations at each point which is dependent on the position. This
is completely different with the higher-order gradient theory where position and
director fields can be independent.

Toupin and Noll developed coupled-stress theory in [10]. They mentioned that
only the first-order deformation gradient appears in the constitutive relation which
is not accurate enough for their point of view. They proposed that, constitutive
dependence need to be extended in order to include higher-order gradients fields.
More specifically, when the gradients are considered up to N-th order, the cor-
responding function describing materials is necessarily N-order differentiable. In
addition, Reissner [29] developed finite deformation theory based on the model
suggested by Toupin.

In summary, the differences between classical continua and generalized continua

are:
1. Classical Continua:

e 3 displacement components = (u1, usg, u3)

e Symmetric stress tensor = 0 = o'

—Not able to fully cover the macro and nano scales,

—Size-effects cannot be captured.
2. Microstructured continua:
e 3 displacements and 3 microrotations = (uy, us, us, ¥y, P9, ¥s3)

e Asymmetric stress tensor = o # ol

—Introduce material length scale.

—Popular due to their application in modeling and analysis of the bio-

medical, tissue and biological systems.
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Figure 1.5: Schematic for bidirectional and unidirectional fiber

1.4 Gradient elasticity theory for fibre-reinforced

composites

Adkins is the first researcher who developed theory of fibre-reinforced composite
(Figure 1.5). He considered inextensible fibers distributed on surfaces and subse-
quently extended his theory to the case where fibers are distributed uniformly in
a medium [30]. This model can be considered as special cases of Spencer’s theory
which we explain in the next paragraph.

Spencer developed a more comprehensive theory of fibre-reinforced composite
[1]. He used nonlinear anisotropic elasticity in which the constraints of incom-
pressibility and fiber inexetensibity are imposed. In his model, fiber’s bending and
shear motion are excluded. Later, Spencer and Soldatos [8], based on the non-
linear strain gradient ([10]-[11] and [31]), developed the theory which is capable
of accommodating fibers elastic resistance against to twist and shear. Using the
nonlinear strain gradient theory, Del'Isolla and Steigmann [9] considered fabrics
where the gradient is determined from the surface deformation. Finally, Steigmann
[16] eliminated constraints of fibers by means of modeling them as Kirchhoff rods.
He established the theory of fiber reinforced composites where fiber’s resistant to
bending and shear is incorporated. In this theory, the fibers can bend and stretch.

In the case fiber reinforced composites, bending energy in higher order theory
has a finite value which causes smooth transition in contrast to the first order

theory that bending energy is infinite as shown in figure 1.6.

10
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Figure 1.6: Comparsion classical and higher order theory
1.5 Higher-order gradient theory application
e Fiber reinforced composites:

It is necessary to consider the fibre bending stiffness by means of the depen-
dence of the deformation energy (see figure 1.6) on the second deformation gradient
([2]-[6]). Because first-order gradient models can not capture all needed informa-
tion (e.g. microstructure rotations of material; see section 1.4). The mechanical

behavior of fibre-reinforced composites can be expressed by:

1. Considering each fibre as a Euler or Timoshenko beam,

2. Modelling interactions between the fibers by using elastic, visco-elastic or

visco-plastic constraints [24].
This model has some disadvantages such as:

1. Need super-fast calculating devices,

2. No efficient analytical and semi-analytical optimization processes are avail-

able.

In result, when bending resistance of the fibers is considered explicitly based
on higher-order gradient theory, we are able to capture general behaviors of fiber

composites.

e Living Tissues:

11



Chapter 1. Introduction and Background

Due to the complex nature of living tissues, they need to be described with
high-order gradient models [32]. Bone tissues are recommended to be analyzed
and modelled (see Figure 1.7) by using continuum models which incorporate mi-
crostructure [33]. Moreover, the biological activity of living parts of bone tissues
produces a continuous remodelling of them. Living tissues can be modeled as
composites with one family of statistically oriented continuous fibers. The fibre’s
orientation (statistical orientation) can be expressed by using probability distrib-
ution density function. With this assumption, we can model living tissue with the
theory of fiber reinforced composite which discussed in section 1.4 (see Federico
[34]). Authors in [34] mentioned that for modelling tendons and ligaments, we can
use one family of fibers and also for modelling intervertebral disc and adventitial

layer of blood vessel, we have to use two families of fibers [34].

Initial values of
densities

EE—

Calculation of deformation
and starin energy density
Stimulus
——>

calculation

Calculation of
densities rates

Figure 1.7: Analysis of bone remodeling with substitute material

Such phenomena have been studied in [35] in details. Bone tissues are created

with a multiscale structure and thus can show unwanted behaviors, such as:

1. Mechanical instabilities,

2. Internal boundary layer formation for deformation.
e Meta-materials in biological applications:

Tissue can be constructed by adding an artificial, biocompatible and biodegrad-

able material. It is preferable that the added material has the same mechanical and

12



Chapter 1. Introduction and Background

chemical behaviors in compare to the natural tissue in order to retain mechanical
and chemical behaviors in the optimum state. This principle is used in [36] where
it is shown that how the microstructural responses of a hypothetical biodegradable
material may positively influence the remodeling process in a reconstructed bone
tissue (see Fig. 1.8). This opens an important possible fields of researches in this
theory. The synthesis of tailored meta-materials is becoming a more and more

popular research subject.

Material A

H

“H="H

Figure 1.8: Schematic of 2D model bone tissue (Picture taken from: [36])

A metamaterial is a material, designed to have a chemical and mechanical
behavior that can not be find in nature. The designed metamaterials are necessarily
to exhibit mechanical behaviors which have to favor their role as a scaffold on new
bone tissue which need to be formed by a deposit process. Moreover, they need to
be biocompatible so that they do not interfere with the physiological remodeling
and reconstruction activities of cells present in tissue. Their mechanical behavior
need to be optimized by using high-order theory in order to describe bone tissue
remodeling processes. Bone tissue remodeling is a process which the skeleton is
periodically renewed to retain the bone’s biochemical and biomechanical behaviors.
This process is done by removing continuously damaged bone tissue and creating
new one. This Process consists below stages as shown in Fig. 1.9 (see [37]):

—Quinesence,

—Resorption,

—Reversal,

—Formation,

~Mineralization.

13
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Bone lining cells Osteoclast

Osteocytes \\,7

Bone lining cells

Macrophages Osteob\asss

Osteoid

New bone

— Old bone

[ Quinesence e -
i Resorption
Reversal

Formation

Mineralisation "
Quinesence

Figure 1.9: Bone remodeling (Picture taken from: [38])
e Crack and damage:

First order gradient models have been considered to model the crack and plas-
tic deformations of media [39]. Many numerical and conceptual problems arise in
the [39] show the possibility of singular solutions (see [40]). Higher-order gradient
models are used to formulate well-established models, in which the localization of
the material regions where crack is nucleated, has been determined by using the
higher-order gradient (see [41]). In [41], Francfort made the formulation of varia-
tional analysis for modelling crack and damages. The results in Francfort’s paper
show that employing higher-order gradient terms are necessary for this application
and it helps us to obtain the more accurate descriptions of crack-matrix systems

(without singularity issues) [24].

1.6 Goals and Motivations

As we discussed in sections 1.1-1.5, the classical continuum theory (first gradient)
can not describe microstructure continua. In order to make our results close to the
experimental data and also to increase accuracy of them, we have to use higher
gradient theory. In this thesis, we consider bending resistance of the fibers, based
on nonlinear strain gradient theory. In result, we can capture general behaviors
of fiber composites. By using complicated models in the case of fiber reinforced
composite, we need to apply rigorous and advanced numerical and analytical tech-

niques in order to solve governing system of nonlinear coupled equations. The

14



Chapter 1. Introduction and Background

ultimate goal of this study is to develop continuum-based models and solve the
corresponding analytical and numerical solutions of Partial Differential Equations
(PDEs) which are obtained from the gradient elasticity theory for the mechanics of
bidirectional and unidirectional fibers with fibers resistant to flexure and stretches.
In this thesis, we eliminate constraints of fibers by means of modeling them as
Kirchhoff rods so that the fibers can bend and stretch within the medium.[16]. We
develop a continuum-based model for the mechanics of fiber-reinforced subjected
to finite plane deformations. The procedures for developing this model are given
in chapter 2-5. We first define Kinematics and Equilibrium equations by using the
principles of virtual work statement and then successively find governing system of
nonlinear coupled fourth order PDEs in the case of Neo-Hookian type materials.
Neo-Hookian materials was proposed by Mindlin on 1948 and is a hyperelastic ma-
terial model that can be used for prevising the nonlinear stress-strain behavior of
materials. Then, we solve governing equations both analytically and numerically
via Finite Element Method (FEM). In analytical solution, the derivation of the
corresponding linear theory is developed and used to obtain a complete analytical
solution. We develop a model which can serve as an alternative 2D Cosserat theory
of nonlinear elasticity.

The challenging parts of this thesis is, obtaining analytical and numerical solu-
tions of corresponding systems of equation and boundary conditions. This is due
to the fact that the conventional methods, Fourier transform and the method of
separation of variable, are not applicable. Instead, we adapt modified separation
of variable methods and successfully obtain complete analytical solutions for the
small deformations superposed on large which we will explain in detail in chapter 3
to 5. Also, due to the complex nature of the resulting PDEs, it was not possible to
obtain solutions using the commercial numerical softwares (e.g. COMSOL, Maple,
Abaqus and Mathematica). To overcome the difficulties, we developed our own
numerical schemes through which complete numerical solutions are obtained. The

detailed procedures are given in chapter 2 to 5.
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Chapter 1. Introduction and Background

1.7 Structure of Thesis

This thesis consists four main chapters plus introduction and conclusion chapters
and also each chapter starts with an abstract. The main chapters present:

Chapter 2, discusses a continuum model that can accommodate unidirectional
fiber’s elastic resistance to flexure. The fibers are regarded as continuously dis-
tributed spatial rods of Kirchhoff type such that the kinematics are based on their
position field and a director field. Furthermore, we seek a complete model describ-
ing the finite plane deformations of elastic solids reinforced with fibers resistant to
flexure. Hence, we assume that the fiber’s directional field remains in a plane, with
no components in the out of plane direction, and the corresponding deformations
and all material properties are independent of the out of plane coordinate. Within
this prescription, we consider a special case of a Neo-Hookian material reinforced
with a single family of fibers.

Chapter 3, presents mechanics of unidirectional fiber reinforced composites with
fiber resistant to flexure and extension. The results are also compared with the
experimental data demonstrating that the proposed model successfully predicts
the deformed configuration of a crystalline nanocellulose fiber composite subjected
to three-point bending.

A continuum-based model in the analysis of an elastic solid, reinforced with
bidirectional fibers are developed in chapter 4. The results are then compared
with several experimental data demonstrating that the proposed model successfully
predicts the deformed configurations of a crystalline nanocellulose fiber compos-
ite subjected to three-point bending and also corresponds with the experimental
results for T700S carbon—E glass fiber composites.

Chapter 5, illustrates the mechanics of bidirectional fiber reinforced composites
with fiber resistant to flexure and extension. More importantly, the proposed model
assimilates, in the case of bidirectional fiber reinforced composites, the plane bias
extension test and successfully predicts the smooth transitions of the correspond-

ing shear strain fields, as opposed to the first-gradient theory, where the resulting
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shear strain appears to be discontinued. In addition, we develop a compatible
linear theory within the description of superposed incremental deformations. By
employing adapted iterative reduction and eigenfunction expansion methods (mod-
ified separation of variables method), a complete analytical solution is obtained.

Chapter 6, summarizes all chapters and illustrates potential future research
that may be used in the future research.

Throughout all chapters, we make use of a number of well-established symbols
and conventions such as AT, A~! A* and tr(A). These are the transpose, the
inverse, the cofactor and the trace of a tensor A, respectively. The tensor product

of vectors is indicated by interposing the symbol ®, and the Euclidian inner product

of tensors A, B is defined by A - B =tr(AB”); the associated norm iv/A - A. The

2

symbol “|-|” is used to denote the usual Euclidian norm of vectors. Latin and
Greek indices take values in {1,2} and, when repeated, are summed over their
ranges. Lastly, the notation Fa stands for the tensor-valued derivatives of a scalar-

valued function F'(A).

17



Chapter 2

Mechanics of unidirectional
fiber-reinforced composite with

fiber resistant to flexure

In section 2.1, we develop kinematics and equilibrium equation. Furthermore, we
consider a special case of a Neo-Hookian material reinforced with a single family
of fibers in section 2.1.1. Via the method of virtual work and the computation of
variational derivatives along the length of a fiber, the corresponding Fuler equilib-
rium equation, in the form of coupled Partial Differential Equations, is derived.
In section 2.2, we present an analysis for the derivation of the necessary boundary
conditions. In sections 2.3 and 2.4, a set of numerical solutions is obtained via a
finite element analysis. Lastly, in sections 2.5 and 2.6, the development of linear
theory and analytical solution of the present model are discussed.

2.1 Kinematics and Equilibrium Equations

We consider from [8] that the energy density for a fiber-reinforced solid is of the

form

W(F,G) = W(F)+W(G), (2.1)

=
a
1

1
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Chapter 2. Mechanics of 1Dir fiber composite with fiber resistant to flezure

where F' is the gradient of the deformation function (y(X)) and G is the second
gradient of the deformation (G = VF'). Further, C refers to the material property
of fibers which, in general, independent of the deformation gradient (C' = C(F)).
The advantage of adopting above form of energy function is that the bending
energy of the fibers is solely accounted by the strain gradient so that it allows one
to compute energy variations induced by first gradient (F') and second gradient
(G) in a separate manner. This approach has been widely and successfully used in
the relevant studies ([15], [16] and [47]).

The orientation of a particular fiber is given by
A=|d| and 7 = A"'d (2.2)

where

d = FD, (2.3)

in which D is the unit tangent to the fiber trajectory in the reference configuration.
Eq. (2.3) can be derived by taking the derivative of r(s) = x(X(s)), upon making
the identifications D = X'(s) and d = r/(s). Here primes refer to derivatives
with respect to arclength along a fiber in the reference configuration (i.e. (%) =
d(x)/ds). The expression for geodesic curvature of an arc r(s) is then obtained

from Eq. (2.3) as

. _d((s)) _O(FD)dX _

g=1' = S-S =T~ V[FDID. (2.4)

Further, by using the chain rule, the compatibility condition of F is given by
Giap = Fiap = Fipa = Gipa. (2.5)

In this chapter, we adopt the framework of the virtual work statement £ = P in

the derivation of equilibrium equations. From (Eq. 2.1), the potential energy of
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the system is given by
o / W(F, G)dA. (2.6)

To accommodate the bulk incompressibility condition, we consider the following

energy functional

B - / U (F,G.p)dA, 2.7)

w

UF, G, p) = WEFG)-p(J-1),

where J is determinant of F' and p is a Lagrange-multiplier field.

The derivation of the Euler equation and boundary conditions in second-gradient
elasticity is well studied [10]-[11] and [46]. Here, we reproduce the results for the
sake of clarity and completeness of the proposed model. The induced variation of

the energy is then evaluated as

E:/U(F,G, p)dA, (2.8)

where

U(F,Gp) = WeF +Wg-G —pJ, (2.9)

and subscripts denote corresponding partial derivatives. We note here that, within
the framework of the forgoing model, the fiber’s extensibility can be accounted
through the variational computation of the energy density function with respect
to €. In other words, the energy density function is required to be a function of
in addition to F', G and p to accommodate fiber’s extensibility. The corresponding

energy variation is computed as
U(F,Gp, ¢) = WeF + W.é + Wg - G, (2.10)

(A= 1)] = A\, (2.11)
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and

A\ =FD - FD =t7(FD @ FD) = tr((FD & D)FT) ~FD®D]F. (2.12)

The above computations are excluded from the present study in an effort to obtain
mathematically tractable equations. Now, since J = Jr - F=F.F , Eq. (2.8)
yields

E= /[(WF — pF*) -F + Wg-GJdA. (2.13)

Also, from Eq. (2.5), Wg - G can be rewritten as

ow ow ow ow
L Gy = — : — : 2.14
0Giap Gias 0Giap “i,A5 (aGiAB UZ’A) B (8GiAB ) B 4 ( )

where u =  is the variation of the position field. By substituting Eq. (2.14) into
Eq. (2.13), we find

: oW . ~ oW ow
E = /w[(ﬁ —pFiA) Fia+ (aGiABUi,A) B — (aGiAB)B uialdA,  (2.15)

the above becomes

: ow oW : oW
b= — P - FiadA ) N 2.1
/w[aFiA Pl (aGiAB>,B] dd + /aw (8G1~AB UMA) BdS, ( 6)

where N is the rightward unit normal to the boundary curve 0w in the sense of the
Green-stoke’s theorem. If we assume the material response is uniform, Eq. (2.1)

furnishes

Wg-G = Cgg, (2.17)

and

We=Cg®D®D. (2.18)
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For initially straight fibers (i.e. VD = 0), Div(Wg) reduces to

DiU(Wg) = Cgi,BDADB(ei®EA), (2.19)
ow
(8G1AB)’B 9iBUALB

Consequently, Eq. (2.16) becomes

E= / PiaFudA+ | CgiDaDpu; aNpdS, (2.20)
w ow
where
ow
-PiA = - pF{; - C’gi,BDBDA. (2.21)
OF;a

Therefore, the corresponding Euler equation can be obtained as follows

Paa=0 (2.22)

2.1.1 Neo-Hookian Materials

In the case of Neo-Hookian materials, the energy density function is given by

WEFE) = L) =Lu@®EF)=LF.F

2 2 2
H 1 2

where p© and C' are the material constant of the matrix and fiber, respectively.
We mention here that the Neo-Hookian model is suitable for deformation analysis

involving large rotation and small extension such as bending analysis [48]. Accord-
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ingly, from Egs. (2.21-2.22), the corresponding Euler equation can be obtained as

Piaa = plFiaa—paF;y—CgiapDaDp =0, (2.24)

F;ax,A =0

If a fiber-reinforced material consists of a single family of fibers (D = E;, Dy =

1, Dy =0) and subjected to plane deformations, Eq. (2.24) reduces to

NEA,A — p’AF?;‘ — Cgi,ll =0 for i, A= ]_, 2, (225)
and
9 = Fin1=Gm, (2.26)
Fa = 9X, and F}, = €ijeapFip,

where ¢;; is the 2D permutation. Therefore, Eq. (2.26) together with the incom-

pressibility condition furnishes a PDE system solving for x,, x, and p.

2 (X1,11 + X1,22) —Pi1X22 T P2X21 — OX1,1111 = 0,
Iz (X2,11 + X2,22) +piXi2 —P2X1i1 — Cxenin = 0,

X1,1X2,2 — X12X21 = L. (2-27)

2.2 Boundary Conditions

From Eq. (2.16), we have

E= / PiaFiadA + / W2 Ny, (2.28)
w ow aGiAB 7
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where

ow ow
Pa= 0 - | 2.28-1
A aEA Pria <8G1AB) B ( 8 )

Decomposing the above as in (2.15) (i.e. Pau;a = (Pau;).a — Pia au;), the above

yields

E:/ PiAuiNAdS—/PZ'AAUidA—i-/ ow u; o | NpdS, (2.29)
ow w ow \0Giap

and hence the Euler equation P4 4 = 0 which hold in w. With this satisfied, Eq.
(2.29) reduces to

: ow
ow ow \9GiaB
Now, we make use of the normal-tangent decomposition of Vu as;
Vu=Vu(T® T)+Vu(N @ N) = u'®T + un®N (2.31)
where T = X'(s) = k x N is the unit tangent to Ow; and v = du(X (s))/ds and

. . . . !
u v are the tangential and normal derivatives of v on dw (i.e. u; = u; aTa, uin =

u; aN4). Thus, Eq. (2.30) can be rewritten as

E = / Piau; N4dS + ow (u;TANB + u; NNANB) ds. (2.32)
Ow ow 0GiaB ’
Since
oW , oW ’ oW /
TAN TaNpu; TaNg | w, 2.32-1
0Giap P (aGiAB A B“) <0GMB A B) B (2:32-1)
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we obtain

- oW '
E = PiaNs — TyN u;dS
/aw{ e (an-AB ! B)}

ow ow

+

In view of Eq. (2.18) (i.e. Wg = Cg ® D ® D), the above furnishes

E = / {PiANA — (CgiDATADBNB)/} UldS
ow

+/ CgiDaNsDpNpu; ndS — Z |Cg:DATaDpNpu,||
ow

ow 0GiaB NEATE ow \9GiaB ATE

(2.33)

(2.34)

where the double bar symbol refers to the jump across the discontinuities on the

boundary dw (ie. [[*| = (*)7 — (¥)7) and the sum refers to the collection of

all discontinuities. According to virtual work statement (E = P), the admissible

mechanical powers are given by

owy ow

By comparing Egs. (2.34) and (2.35), we obtain

t = PN—(%[C’g(D-T)(D'N)],
m = Cg(D-N)?

f = Cg(D-T)D-N).

(2.35)

(2.36)

which are expressions of edge tractions, edge moments and the corner forces, re-

spectively. For example, if the fiber’s directions are either normal or tangential to
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the boundary, Eq. (2.36) further reduces to

ti = ]DiANAy
m; = CgDsNsDpNg,

fi =0, (2.37)

where

Py = pkia—pFy —CgipDaDp, ¢;=F,apDaDg. (2.38)

2.3 Finite element analysis of the 4th order cou-

pled PDE

It is not trivial to demonstrate numerical analysis procedures for coupled PDE
systems, especially for those with high order terms, since the piece wise linear
function adopted in FE analysis has limited differentiability up to second order.

For pre processing, Eq. (2.27) can be recast as

0 = p (R + X1,22) — AXao + BXxa1 — CRuy,
0 = n (Q + X2722) + Ax19— Bxy1 — CQau,
0 = Q—X171170:R_X2711,

0 = A— X111+ X120) — CRu,

0 = B- M(X2,11 + X2,22) - CQ,lh (2-39)
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where @@ = x;;; and R = x,,;. By employing the Picard iterative process, the

non-linear terms in the above can be treated as

_Ainitialx272+BinitialX2,1 = _A0X272+BOX2,17

Az‘m‘tz‘alXLQ - Bz‘m‘tialX1,1 = AOXLQ - BOX1,1> (2.40)

where the values of A and B continue to be refreshed based on their previous
estimations (e.g. A; and Bj; are updated by their previous values Ay and By) as

iteration progresses. Thus, we write

1

- AN_1X§V,2_1 + BN—1X9,[1_ - _ANXéYQ + BNXé\fly

Avoixts ' = Byoixds T = Anxls — Baxias (2.41)

where N is the number of iterations. The weak form of Eq. (2.39); is given by

0= /wl(M (R + X122) = AXz2 + Bxay — OR1)dQ, (2.42)
0

By applying integration by parts (e.g. u/ WiX120dE) = —u/ w12X12dQ +
e Qe

I / w1 X, ,Ndl') and the Green-stoke’s theorem, the above becomes

0 = / (uwlR — ,qung — w1A0X272 + w1B0X271 + OleR’l)dQ

—|—/ uledeF—/ Cw R NdT, (2.43)
are ’ are
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Similarly, we obtain

I
S~

(pw1 R — pwi X o — w1AoXa s + w1 Boxgy + Cwi i R 1)dS

+/ pwy X1 o NdI' — Cwy R 1Ndl,
ar ’ ar

I
S~

(Hwa@ — prwa 2 X 5 + +w2AoX1 5 — W2 BoXy 1 + Cw21Q 1)d

+

/ung22NdF—/ Cwy@Q 1 NdT',
ar ’ ar

(w3Q + w3 1x11)d — / w3x, NdlL',
or

(s R+ wy1X5,)dSY — / wy X, NdT,
ar

I
S— S

(ws A+ pwg Xy — HwsaX 9 + Cwy i Ry )dS) — / pawsxq  Ndl
aT
—|—/ pwsxq o Ndl' — / CwsR1NdTl',
ar ’ ar
0 = /(w6B + pWws 1 X9 — HWe2Xee + Cws1Q 1)dd — / pweXq 1 N dL
Q or

+/ pweXe o Ndl' — | Cwe@ 1 NdT, (2.44)
or or

where 2, OI' and N are the domain of interest, the associated boundary, and
the rightward unit normal to the boundary JI' in the sense of the Green-stoke’s
theorem, respectively. The unknowns, x;, x5, @, R, A and B can be written in
the form of Lagrangian polynomial such that

() = [(%);¥;] and n =1, 2, 3, 4, (2.45)

J=1
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where W;are the shape functions for the 4-node rectangular element.

§-1)n—-1
Ui(§,n) = ( L( ) (2.46)
E+1D)(1—n
nie — €000
E+1D(n+1
e — EE00D
(1-8mn—1)
iy = S
and
O _ (m=1) 9%y _ (I-m) 9¥3 _ (ntl) 9%y _ —(ntl)
o€ 4 o€ 4 0¢€ 4 o¢ 4
oWy _ (=1 9%y _ —(&+1) 9%y _ (E+1) 9wy _ (1-§)
on 4 on 4 on 4 on 4
Also we have:
1 Y
dr 9 o, ¥y  9V3 OV
P I I (2.47)
9z 0 oUWy  9V3 T
on on S B B ow | | s W
| T4 Y4
dQY = J.d€.dn
Accordingly, the corresponding test function w,, is expressed by
Wy =Y wh, ¥ andm =1, 2, 3,..6, (2.48)

1=1
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where w!, is weight of the test function. In view of Eq. (2.45), the first of Eq.

(2.44); can be rewritten as

0 = Z{/Q(M\I’ijy + OV 1V, )dQ R, — Z{/Q(M\I’i,zq’j,z)dQ}le
j=1 j=1

- Z{/ (A0 0 + U, By, 1)dQ}x)
j=1 79

+ [ (e Nar - [ (CwRNar.
or or

(2.49)

and similarly for the rest of equations. In addition, for the local stiffness matrix,

we find

Kif
K31
K31
K

or alternatively,

Here

Ki
Ko
K
Ki

K
K4
K4
K

Kis
K31
K3
K

Local

X1
X1
X1
X1

Local

(G5 Gy ={F

[#5]

/ (,U\Iji,2\1]j,2>d97
Q

{F'} = —u/ Wx o, Ndl + O/
ore o

Te

F
Fy
Fy
1
F4 4 Local
U; R NdT,

, (2.50)

(2.51)

(2.52)

(2.53)

and similarly for the rest of components (e.g. [KZ'| {x}} = {F?}). Finally, we

assemble the local stiffness matrices and obtain the following systems of equations
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in the Global form.

S Lo B L B L B R R {xi} {F'}
e I Ll I 6 I Ll I D R {xb} {F7}
(3] [sF](KEF (K] (K] (K] Qi Rt
S L B Lo B L B R R {F'}
27 I 5 B i B G I P A; {F7}
&G (KR EP] Y] KT KT | g LB g LS

(2.54)

2.4 Numerical Solution Result

For demonstration purpose, we consider a rectangular fiber composite where one
end is fixed and the other end is subjected to uniform bending in order to examine
fibers’ reinforcing effects against to flexure. We also note here that data are ob-
tained under the normalized setting (e.g. % = 150, % = 5[L]3). The convergence

criteria are set for both non-linear terms and the deformed profiles at y = 0.

|An+1 - An| = €1 S g, |Bn+1 - Bn‘ = €9 S g, (255)

¢ = maximum error = 107

It is clear from Table. 2.1 and Fig. 2.2 that our numerical solution demonstrates
fast convergence within 20 iterations. The deformation profile and contour show
smooth transitions as they approach the boundary (Figs. 2.3-2.5). In addition,
Fig. 2.4. indicates that magnitude of deformation decreases with increasing fiber’s

bending stiffness.
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Table 2.1: Maximum numerical error with respect to the number of iterations.

Number of iterations | Maximum error
1 1.0e 4+ 00
5 4.5¢ — 03
10 2.5e — 06
17 6.2¢ — 11
30 5.8e — 23

Tm

4y p:bulk
C, E: fiber d
\
<« X ¥ 1>
M DR e M
-C c > u
< — >

Figure 2.1: Schematic for unidirectional fiber with moment boundary condition.

2.5 Linear Theory
We consider superposed “small” deformations as

X =X, +ex;lel < 1, (2.56)
where (%), denote configuration of * evaluated at ¢ = 0 and (¥) = 9(x)/0e. In
particular, we denote x = u. Here caution needs to be taken that the present
notation is not confused with the one used for the variational computation. Then,
the deformation gradient tensor can be written by

F = F, + cVu, whereF = Vu. (2.57)

We assume that the body is initially undeformed and stress free at ¢ = 0 (i.e.

F,=1and P, =0). Then, Eq. (2.57) becomes

F=1I+¢cVu, (2.58)
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Figure 2.2: Convergence of the numerical solutions at y = 0.
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Figure 2.3: Deformed configurations with respect to M /p when C/p = 150.

and successively obtain

F ! =1-¢cVuto(e), (2.59)
J =detF =1+ edivu+o(e). (2.60)

Further, in view of Eq. (2.56), Eq. (2.22) can be rewritten as

Div(P) = Div(P,) + eDiv(P) + o(e) = 0. (2.61)
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Figure 2.4: Deformed configurations with respect to C'/ when M /p = 8.
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Figure 2.5: Deformation contour (y/x3+x3) when C/u = 150 and M/ = 8.

Dividing the above by € and let ¢ — 0, we obtain

Div(P) =0 (2.62)

which serves as the linearized Euler equation. Now, from Eq. (2.21), we evaluate

the variation of P with respect to ¢ as

P=WerF — pF — p,F* — CVg(D © D) (2.63)
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where, in the case of Neo-Hookian material (Eq. (2.23)); Wgp = u(e;QE Qe;0E 4).
Thus Eq. (2.62-2.63) furnishes

Div(uF) — Div(pF*) — Div(p,F*) — Div(CVg(D @ D)) = 0. (2.64)

However, from Eq. (2.56), terms in the above further deduce to Div(uF) =
Div(uVu) = pu; aae;,

Div(pF*) = F:Vp=1Vp, (2.65)
Div(F*) = 0,
where IVp is on the current basis (IVp = p,e;) and
Div(pOF*) = p,Div(F*) =0, p, = p = constant (2.66)
We note that p, = p to recover initial stress free state at ¢ = 0 (ie. P, =
uF, — pF* — CVg,(D ® D) = 0). In addition, since g = V[FD|D, we obtain in

the case of initially straight fibers (VD = 0)

Div(CVg(D ® D)) = CDiv[u;apcDaDpDcDpe;QEp]
= CujapcpDaDpDcDpe; (2.67)

F = Vu
Consequently, from Eqgs. (2.64-2.67), the linearized Euler equation is given by

pti aa — pi — Cuj apepDaDpDeDp = 0, (2.68)
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Further, the corresponding bulk incompressibility condition reduces to
(J—1) =F:-F = divu = 0. (2.69)
For a single family of fibers (i.e. D = E;, Dy = 1, Dy = 0), the Eq. (2.68) becomes

Di = RU; A4 — Cu@llll for 2'7 A= 1, 2 (270)

which, together with Eq. (2.69), serves as a compatible linear model of Eq. (2.27)
for small deformations. Finally, the boundary conditions in Eq. (2.26) can be

linearized similarly as the above (t = t, + et + o(e))

t = PN-1 [ogD T)D-N)|.
m = Cg(D-N)?

f = Cg(D-T)(D- N). (2.71)

In particular, if the fiber’s directions are either normal or tangential to the bound-

ary (D-T)(D-N)=0), Eq. (2.71) further reduces to

ii = PiANA7
m; = Cg,DaNsDgNg,
fi = 0 (2.72)

where

Py = Hu; A — p(F:;x)o - poF{iq - CQz‘,BDADBa (2-73)

g; = uiapDaDp.
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and

(Fia)o = dia, . (Fia)o = 6ia at € = 0. (2.74)
Lastly, since JOF}p/0F;4 = FigF}y — FipF} 4 at F,= 1 we obtain

(OF[5/0Fia)e = 06jBoia — 0indja (2.75)

(FpF))is = (8;0ia — 0ipdja)usa.

Thus yields
F;;l = (Divu)din — ua; = —uay. (2.76)

where Divu = 0 from the Linearized incompressibility condition. In the super-
posed incremental deformations, there is no clear distinction between current and

deformed configuration.

2.6 Solution to the linearized problem

We introduce scalar field ¢ as
u =k x V¢, k(unit normal); u; = £xi¢ (2.77)

so that Eq. (2.69) can be automatically satisfied (¢ 15— ¢ 5, = 0). From Eq. (2.77),

the linearized Euler equation Eq. (2.70) can be rewritten as

pi= pEXi (@ a1 + D a22) — Cexi® ai111 (2.78)
By utilizing the compatibility condition for p; (p.; = p.;;), we obtain the following

ODE as;
(1111 + 20 1120 + D 2990) — C(d 11 + B 92) 1111 =0 (2.79)
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The above further reduces to
C
AH — aH 1111 =0, where H = Ag and a=— > 0. (2.80)
1

The general solution for the above equation can be found as (when: 1— 4%m2 < 0)

o = Z[{eamx (A, cos b,z + By, sinby,z) + e % (Cy, cos byx + D,y sin by, ) }
m=1
X (B, cosmy + Fp, sinmy)] + K, (2.81)

where K is a solution of Laplace’s equation (AK = 0) given by

K = Z[(Gn coshnx + H, sinh nx)(I, cosny + J, sin ny)] (2.82)

n=1

and m is separation constants. We note here that the case of 1 — Zl%rn2 > 0 is
excluded, since the strength of fibers is usually far more stronger than those of
bulk materials and therefore physically less meaningful. The unknown constant
real numbers A,,, B, Cos Diny B, Fo, G, Hy, I, and J, can be completely deter-
mined by imposing admissible boundary conditions depicted in Eqs. (2.72-2.76).
The corresponding stress and displacement fields can be also determined through
Egs. (2.73) and (2.77-2.78) (u1 = —¢,, uz = ¢ ;). For example, in the case of
symmetric bending where (Fig. 2.1)

30

. . . . 20 n—1 N .
m = mie; +moey, m; =5H= nz::l E(_l) 2 cos(ﬁ)yel, me =0 (2.83)
and
D = D,E, + DyEy, D, =1, Dy=0. (2.84)
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Figure 2.6: Fourier series convergence

We find

30
o(z,y) = Z[{e“mx (—=Cy, cos bz + Dy sinby,x) + e 4% (C,, co8 bypx + Dy sin by, z) }
n=1

x(sin (57 ) )l

™ C
m = —,.a=—
2d7 M?
2my/a + 1 2my/a — 1

_ 1, _veimya-—1 2.
@m NG » O N (2.85)

and unknown C,, and D,,, can be determined via:

30
: 20 e ™
mp = Cuinn = —¢a = Z %(_1)( e COS(%)ZJ
n=1
mg = C’UJQ’H = ¢7111 =0. (286)

39



Chapter 2. Mechanics of 1Dir fiber composite with fiber resistant to flezure

2.7 Results for Linearized Problem

Using the symmetry condition across x = 0 and the second of Eq. (2.86), we
obtain A,, = —C,, and B,, = D,,. So, the unknowns in Eq. (2.85) are completely
determined. The applied moment is approximated using Fourier series (Eq. (2.83))
indicating fast convergence (30 iterations) and corresponding results are summa-
rized through Fig. 2.7-2.9. Despite the presence of sharp corners, where singular
behaviors of response functions are observed, the obtained solution demonstrates
smooth and continuous deformation profiles with sufficient sensitivities to the pa-
rameters C' and M (Figs. 2.7-2.8). The corresponding deflections are inversely
correlated with fibers’ strength C'/u (Fig. 2.8), while a positive correlation exists
between the deflections and applied bending moments (Fig. 2.7). Analytical so-
lution shows good agreement with FEM solution for the small deformation, while
larger values of M induce a significant discrepancy between the linear and nonlin-
ear solution (Fig. 2.9). This is mainly due to the fact that the presented linear
model accounts only the leading order terms as depicted in Eq. (2.56-2.57).

Deformation Profile aty=0.3
e

Figure 2.7: Deformation profiles with respect to M /p when C'/p = 150.
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Figure 2.8: Deformation profiles with respect to C'/p when M/p = 5.
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Figure 2.9: Nonlinear vs. linear solutions of the bending problem with C'/p = 150.

Figure 2.10: Deformed configuration when C'/y = 150 and M /p = 5.
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Chapter 3

Mechanics of unidirectional
fiber-reinforced composite with
fiber resistant to flexure and
stretch

The kinematics and constitutive framework are presented in section 3.1. Via the
computation of variational derivatives and the virtual-work statement, in section
3.2, the corresponding equilibrium equation is derived. In section 3.2.1, we also
consider an example in the case of Neo-Hookian materials. A set of numerical so-
lutions is obtained via a finite element analysis in sections 3.3 and 3.4. The results
are also compared with the experimental data demonstrating that the proposed model
successfully predicts the deformed configuration of a Crystalline Nanocellulose fiber
composite subjected to 3 point bending. In section 3.5, a rigorous analysis is con-
ducted regarding the necessary boundary conditions. A linear theory and analytical
solution are presented in sections 3.6 and 3.7

3.1 Kinematics and Constitutive Framework

The present model is a special case of the work of [16] in which the author de-
veloped a model incorporating fibers’ resistant to twist in addition to flexure and
stretch. More precisely, the suggested model intends for the analysis of plane finite

deformations of elastic solids reinforced with fibers resistant to extension and flex-

42



Chapter 3. Mechanics of 1Dir fiber composite with fiber resistant to flexure € stretch

ure. We propose that the mechanical response of the fiber material is governed by

the following strain energy function

o~

W(F,G) = W(F)+W(G), (3.1)
W(G)

1
§C(F) g*,

where F is the gradient of the deformation function and G is the second gradient
of the deformation (G = VF). Eq. (3.1) is consistent with the model proposed
by Spencer [8] that, in the case of a single family of fibers, the dependence of the
strain energy on G occurs through g. The orientation of a particular fiber are

given by
dr(s)
ds ’

d
A= |d| and)\T:d;)\EﬁandTE (3.2)

where

d = FD, (3.3)

in which D is the unit tangent to the fiber trajectory in the reference configuration.

Eq. (3.3) can be derived by taking the derivative of r(s) = x(X(s)), upon making

the identifications D = X'(s) and d = r/(s). Here primes refer to derivatives with

respect to arclength along a fiber in the reference configuration ((x)" = d(x)/dS).

The expression for geodesic curvature of an arc is then obtained from Eq. (3.3) as
dF dX

g=r =(FD)=FD+FD' =FD=—_

dX(E@)D) =G(D ® D), (3.4)

for initially straight fibers (i.e. D’ = 0). Also, Egs. (3.2-3.3) furnish

M =FD-FD=F'FD-D=CD-D=C-D®D. (3.5)
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The compatibility condition of F' can be seen as

Giap = Fiap = Fipa = Gipa. (3.6)

Let suppose C'(F) = C' and

—

W (F) =W (I,¢), where I = trC =)\}4+)\3 and ¢ = % (A —1) = %(C-D@D—l).
(3.7)
We then have
W (l,eg)=W(Ie)+ %(J ig]> = W(F,G), (3.8)

To compute response functions OW/0F;4 and OW/0G;4p for the use in the Euler
equation and natural boundary conditions, we use the chain rule
ow - ow

8F1'A 1A + aGiAB G’LAB VVv (3 9)

where the superposed dot refers to derivatives with respect to a parameter at a
certain fixed value (¢ = 0) that labels a one parameter family of deformations.

Accordingly, in view of Eq. (3.8) we have that
W=W(l,eg) = Wil+We+Ws-g, (3.10)

in which we have used the fact that W depends on the deformation through I, €
and g; ultimately F and G. To derive the required expressions, we use (3.7) and
derive

[=[tr(C)] = (I-C) = L.C = 2FF, (3.11)

and (\*) = (FD - FD) then

. . . . T .
e=MA=FD -FD=tr(FD®FD) =tr(FD®D)F )=FD®D-F. (3.12)
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Thus we obtain

W = 2W,FF+WI+Cg-g

— 9W,FF+W.FD@DF+Cg-g. (3.13)
But from (3.1)
W(G)=We G=(;C(F)gl’) =Cg g (3.14)

Also, invoking (3.4), the above yields
We G=Cg-g=G-(Cg®DaD), (3.15)

where g:G(D ® D), D =0 for initially straight fibers. Thus we derive that

ow
0Giap

= Cg;DaDp. (3.16)

In order to accommodate bulk incompressibility, we introduce an augmented energy
potential as

U(l,e,gp)=W(,e,g)—p(J—1). (3.17)

Then
U=W —p(J—1)—pJ =W —pJ, p(J —1) =0 for J = 1. (3.18)

Further, since J = 97 . F = J(FEHT. F=F*. F, combining (3.13) and (3.18)

furnishes

U =2W,FF+W.FD@DF — pF* - F + Cg - g. (3.19)
But from (3.14), the above can be written as
U=@W,F+W.FD®D — pF*) - F + Wg - G. (3.20)
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3.2 Equilibrium

The derivation of the Euler equation and boundary conditions in second-gradient
elasticity is well studied [10]-[11] and [46]. We reproduce here for the sake of
clarity and completeness of the proposed model; in particular, the connections
between the applied loads and the deformations. The weak form of the equations

of equilibrium is given by the virtual-work statement
E=P, (3.21)

where P is the virtual work of the applied loads and the superposed dot refers to

the variational derivative;

o / U(F.G)dA, (3.22)

is the strain energy. We note hear that conservative loads are characterized by the
existence of a potential L such that P = L, and in the present case, the problem
of determining equilibrium deformations is reduced to the problem of minimizing

the potential energy ¥ — L. We have

E:/MEGMA (3.23)

where U is given by (3.20). Writing

oW ow oW o
We - G=-7—Giap=+—Fiap = 55 —Uiap Wi =1i=X;
< 0Giap P T 0GP T 0GP T TN
ow oW ow
A — . — - .24
0Giap " (aGiAB uM) B (an‘AB)B o (3.24)
we have

: ow ow
e an= [ (20 o () wair
/Q N o \0Giap " B o \9Giap ) p 4 (3.25)
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By virtue of Green-Stokes theorem, (3.25) can be rewritten as

: ow ow
Wa - GdA = i ANpdS — i adA,
/ G /maGABu ATE /Q <8G1AB),BU’A

where N is the rightward unit normal to 0. In addition, from (3.15)

/ Wg-GdA = oW o u; ANpdS — / Cg; 5DADpFi4dA,
anAB

= —/C’Vg(D ®D)-FdA+ | W&F"-Nds.
Q

o0N

By combining (3.20), (3.23), and (3.27), we obtain

E:/P~FdA+ WEF]” - Nds,
Q 0N

where

P =2W,F + W.F(D® D) — pF* — CVg(D ® D),

and hence the Euler equation

Div(P) =0,

3.2.1 Neo-Hookian Type Materials

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

In the case of incompressible Neo-Hookian type materials with augmented exten-

sibility, the energy density function can be expressed as
|

Thus (3.5), (3.7) and (3.29) yield

1
P =2F + S E(FD-FD-1)F(D ® D) - pF* — CVg(D ® D),
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and the corresponding Euler equation is obtained as

1
Piaa = 2uFiaa+ §E(FiB,AFjCF}D + FipFijcaFjp + FipFicFjp a)DaDpDcDp

1
_§EEB,ADADB — p}AF;A — Cgi,ABDADB = 0 (333)

If a fiber-reinforced material consists of a single family of fibers (i.e. D = E;, Dy =

1, Dy = 0) and subjected to plane deformations, (3.33) further reduces to

1
Piaa = 2pFiaa+ EE(Fil,lelF’jl + FaFjpa1Fpn+ FaFnFja)

1
_EEELI —paliy —Cgiin =0 fori, A=1,2, (3.34)
and
gi = Fi1, Fia= Xiand F}y = cijeanFip, (3.35)
’ 0X 4
where ¢;; is the 2-D permutation; €13 = —€91 = 1,e11 = —€22 = 0. Therefore, Eq.

(3.35) together with the incompressibility condition (det F =1) furnish a coupled
PDE system:

1
0 = 2M(X1,11 + X1,22) —DiX22 T P2X21 — CX1,1111 - §EX1,11 (3.36)

1
+§E(3X1,11X1,1X1,1 + X111X2,1X2,1 T 2X2,11X1,1X2,1)>

1
0 = 2M<X2,11 + X2,22) —P2X1,1 tPiX12 — OX2,1111 - §EX2,11

1
+§E(3X2,11X2,1X2,1 + X2,11X1,1X1,1 T 2X1,11X2,1X1,1)>

1 = X1,1X2,2 — X1,2X2,1

3.3 FEA of the 4th order coupled PDE

It is not trivial to demonstrate numerical analysis procedures for coupled PDE

systems, especially for those with high order terms. For pre processing, Eq. (3.36)
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can be expressed as

0 = p (R + X1,22) - AX2,2 + BX2,1 - CR,ll - %EQ
+%E(3QX1,1X1,1 + QX21X21 + 2RX11Xa2.1);

0 = pu (Q + X2,22) +Ax12 — Bxi1 —CQu1 — %ER
+%E(3RX2,1X2,1 + RX1,1X1,1 + 2QX2,1X1,1),

0 = CX2,2 - DX1,2 -1, 0=0Q - X1,11>

0 = R—X2,11> OZO_XLD O:D—X2,17

0 = A- H(Xl,n + X1,22> — CRy,

0 = B- M(X2,11 + X2,22) - CQ 11, (3.37)

where ) = x;11, B = X211, ¢ = x3; and D = x5 ;. The non-linear terms in the

above can be replaced by

— AXao+ Bxon = —AoXaa + Boxaa
Ax12—Bxin =  Aoxi2 — Boxaa

CXao — Dxa1 = CoXaa — DoXa1s (3.38)

where the values of A, B and C' continue to be refreshed based on their previous

estimations (4,, B, and C,) as iteration progresses. Therefore, the weak form of
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Eq. (3.37) is obtained by

1

0 = /(uwlR — pwy2Xy 9 — Wi1AogXee + w1 Boxe, + Cwii Ry — §Ew1Q

Q

1

+5Eus(3QCF + QD3 + 2RCoDy))d + / (jwn 1) NdT — / (Cw R 1) NdT,
ar or
1

0 = /([MUQQ — Mw272X272 + +'lU2A()X172 — MQBUXLl + CU}271Q71 — §Ew2R

Q

1
+§w2E(3RD§ + RCZ +2QDyCy))d + /

or

(Hw2 X ) Ndl' — / (Cwe@ 1) NdL,

or

0 = /Oow3X2,2 — DowsXxq 5 — w3)de2,
Q

0 = /(w4Q+w471X171)dQ—/ (waxy,)NdTL,
Q ar

0 = /(w5R+w5,1X271)dQ—/ (w5x271)NdF,
Q

or

0 = /(wﬁC—wGXLl)dQ, 0= /(w7D—w7X271)dQ,
Q Q

0 = /(ng + HWwg1 X1 — HWs2X12 T Cwsg 1R 1)dQ — / (NwSXLl)NdF
Q ar

+/ (ungm)NdF—/ (CwgR 1)ndl,
ar ar

0 = /(W9B + pwg 1 Xo 1 — HWe2Xg e + Cwy1Q 1)d2 — / (pwoxq 1) NdT
Q ar

+/ (ungm)NdF—/ (Cwy@ 1)NdL, (3.39)
ar ar

where the unknowns, x;, X5, @1, K1, A and B can be written in the form
of Lagrangian polynomial such that (x) = >°7_ [(x);¥;(z,y)]. Q, T and N are
the domain of interest, the associated boundary, and the rightward unit normal
to the boundary OI' in the sense of the Green-stoke’s theorem, respectively. The

corresponding test function w is given by

w = Zwi\lfi(m,y), (3.40)
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where W;are the shape functions for the 4-node rectangular element.

4
E+1)(1—n
nie — €000
E+1)(n+1)
e — EE00D
(1-9Hn-1)
e = LY
and
O _ (m=1) 9%y _ (I-m) 9¥3 _ (ntl) 9%y _ —(ntl)
o€ 4 o€ 4 0¢€ 4 o¢ 4
¥y _ (6-1) 9%y —(E+1)  ows _ (E+1) 0¥y _ (19
on 4 on 4 on 4 on 4
Also we have:
1 W
9z 0 AT, 9Ty 93 OV
oo e | _| % % e B || T2 ow
gz O AT, 9Ty 9Vs OV
on on S B B ow | | s W
_964 Ya

dQ = Jdt.dn

(3.41)

(3.42)

Here ¢ and d are dimensions of the domain as illustrated in Fig. 3.1. Using

Lagrangian polynomial representation, the first of (3.39) can be rearranged as

Z{/Q(M‘I’i‘l’j +CW,1V;,)dQ}R; — Z{/Q(M‘I’i,2‘1’j,2)d9}>(1j

— Z{/ (W;A0W;2 + W; BoW,1)dS2}xs;
+> | /

E\If + E\If (3C2 + D2)dQ}Q;

+> { / 5 EVi(2C0 Do) A} R, + / (1®ix12) NdD
Q or

- / (CW;R4)Ndr,
or

o1

(3.43)
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and similarly for the rest of equations. Consequently, we obtain the following

systems of equations

KKK (KM (K] (K] (K] (K) ] T [ (7} ]
(K2 (K2 (K] [K*] (K] [K%] [K¥] [K*) Xl (F}
(K3 (K% (K9] (K% (K% [K%] (K] (K Q? (F3}
U)K (KM (K () (K] (K)|] (F}
N R IS I N R I RS
KO [ [KY KM (K%K ()RS || {Fe}
(K7 (K™K KM (KT () (KT (KT (F}
K] () (KRN (R[] ) (R (Fs}
K"K (K®) (KM (K] (K% (&) K% | L4 | (R

(3.44)
where the expressions of [K“] and F; can be obtained via the standard FEA

procedures, for example;

(K] = /Q (1032 W;)dQ, (3.45)

and

3.4 Numerical Solution Result

For demonstration purpose, a set of numerical solution is obtained for a rectangular
composite reinforced with a single family of fibers subjected to uniform bending

and extension (Fig. 3.1).

We note here that data are obtained under the normalized setting (% = 150, %
100 , % = 5[L]?). A comparison with experimental results is also presented when
a CNC fiber composite (C' = 150G Pa, i = 1G Pa) is subjected to 3 point bending

at —10mm,0 and 10mm. In the test, out of plane direction is aligned with the
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Figure 3.2: Deformed configurations with respect to C'/p when M/p = 0.1E/u = 10.

loading cylinder (Fig. 3.6). This is a special case of the proposed model, when
¢ > d and C'/p = 150 with vanishing F. The results successfully predict the nor-
mal deflections and the corresponding deformation profiles of the CNC composite
strip with configuration factor = 0.526[L]* between the applied load and input
stress on each simulation (0input X = Loadgppiica, Figs. 3.7-3.8). In particular,
Fig. 3.7 illustrates a direct comparison with the bending experiment at maximum
deflection 2.55mm. Despite inevitable uncertainties (image processing and curve
fitting), the obtained solution successfully predicts the normal deflections and the

corresponding deformation profiles of the CNC composite strip.
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Figure 3.3: Deformed contour when C'/pn = 150, E/p = 100 and M/ = 10.
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Figure 3.4: Deformed with respect to £/p when C'/pu = 150, Py /p = 50.
3.5 Boundary conditions
From (3.28), we have

ow

Q 000Gian
Decomposing the above as in (3.24) furnishes
: ow
FE = [PZ-AuiNA + Ui, A NB]dS — BAAuidA, (348)
o9 0Giap Q

With the Euler equation (P4 4 = 0) satisfied on 2, we have

E= / PiauiNadS + / (a—wuw> NpdS. (3.49)
o9 a0 \0GiaB

o4
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W N \

Figure 3.6: Deformation profile (image processing) at 2.55mm: CNC fiber composite.
(Dr. Ayranci and Ms. Garance)

Now, we make use of the normal-tangent decomposition of Vu as;
Vu=Vu(T ® T)+Vu(N ® N) = u'®T + u,x®N (3.50)
where T = X'(s) = k x N is the unit tangent to dw; and u’ = du(X (s))/ds and

. . . !
u y are the tangential and normal derivatives of u on dw (u; = w;aTa, win =

u; aN4). Then, Eq. (3.49) can be rewritten as

o0 o0 aGiAB
Since
oW , oW ’ oW
TyN TuNgu; | — TuNg ) w, 3.52
0Giap P (aGMB 4 B“) (aGiAB 4 B) " (3:52)
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Figure 3.7: Comparison: Theoretical prediction VS Experimental result at 2.55mm

Bending deformation profiles: theoretical predictions
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Figure 3.8: Deformation profiles with respect to o : Theoratical prediction

we arrive at

: oW ’ oW
E = PiaNy — TAN w;dS + ——u; NNANgBdS
/m[ AN (8%3 ) B)] [ NaNs

oW ’
+ TsNpu; | dS. 3.53
/m(aGiAB A B“> (3:53)

With the results in (3.16), the above becomes

E = / {BANA_(OgiDATADBNB)/}uidS“‘/ CgiDaNaDpNpu; ydS
00 o9

—> ICg:DATADsNpu,]| (3.54)
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Figure 3.9: Deformation profiles with respect to o : 3 point bending experiment. (Dr.
Ayranci and Ms. Garance)

where the double bar symbol refers to the jump across the discontinuities on the
boundary 992 (||*|| = (*)* — (¥)7) and the sum refers to the collection of all

discontinuities. It follows from (3.21) that admissible powers are of the form
Owt ow
By comparing (3.54) and (3.55), we obtain

¢ = PN-[Cg(D-T)D N),
m = Cg(DN>2>
f — Cg(D-T)D-N), (3.56)

which are expressions of edge tractions, edge moments and the corner forces, re-

spectively. For example, if the fiber’s directions are either normal or tangential to
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the boundary ((D - T)(D - N) = 0), Eq. (3.56) further reduces to

ti = ]DiANAy
m; = CgDsNsDpNg,

fi =0, (3.57)
where

1
Py = 2uF4+ §E(chFjDDCDD — 1)(FipDpDa) — pF}y — Cg; BDpDay,

9i = FiapDaDp. (3.58)

3.6 Linear Theory

We consider superposed “small” deformations as
X =X, +ex; el < 1, (3.59)

where (*), denote configuration of * evaluated at ¢ = 0 and (¥) = 9(x)/0e. In

particular, we denote y = u. Then, the deformation gradient tensor can be written
by
F =TF, + eVu, whereF = Vu. (3.60)

We assume that the body is initially undeformed and stress free at ¢ =0 (F, =1
and P, = 0). Then, Eq. (3.60) becomes

F =1+ ¢&Vu, (3.61)

and successively obtain

F ! =1-¢eVuto(e), (3.62)

o8
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J =detF =1 + edivu+o(e). (3.63)
Further, in view of Eq. (3.59), Eq. (3.30) can be rewritten as
Div(P) = Div(P,) + eDiv(P) + o) = 0. (3.64)
Divide the above by ¢ and let ¢ — 0, we obtain

Div(P) =0 (3.65)

which serves as the linearized Euler equation. Now, from Eq. (3.29), we evaluate

the variation of P with respect to ¢ as

P = Q(W[[[ + W]sé)Fo + Q(W])OF - pFZ - poF*

F[(Weet + W) F ot (W2)F — CVg|(D ® D). (3.66)
In view of (3.31), the above further reduces to
P=2uF — pF* — p,F* + [EEF,+E2,F — CVg](D ® D), (3.67)
Evaluating limits at ¢ = 0 yields
P=2F — pI — p,F* + [E:I — CVg|(D © D), (3.68)

where p, = 24 to recover the initial stress free state at ¢ = 0.Thus Egs. (3.12),
(3.65) and (3.68) furnish

pi€ = 2pFis ne; + EFjapDaDpD;Dje; — CFis popDaDpDeDpe;,  (3.69)
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We note that, in the superposed incremental deformations, there is no clear dis-
tinction between current and deformed configuration. For a single family of fibers

Eq. (3.69) reduces to
p,iei = 2uu; aa€; + Eug11er — Cuiine;. (3.70)
In addition, the corresponding incompressibility condition reduces to
(J—1) =F:-F =divu =0, (3.71)

which, together with Eq. (3.70), serve as a compatible linear model of Eq. (3.36)
for small deformations. Finally, the boundary conditions in Eq. (3.56) can be

linearized similarly as the above
d
s

t = PN— [CQD-TXD-Nﬂ,

f = CgD- T)(D- N). (3.72)

In particular, if the fiber’s directions are either normal or tangential to the bound-

ary, Eq. (3.72) further reduces to

ii - PiANA7
mi = C§,DaNaDgNp,

and

Pia = 2uFs — poia — poFiy + EF;pDADpD;D; — Cg; gD Dp, (3.74)
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where g, = Fja pDaDp and (F}), = 0;4. Lastly, since JOF g /0F i = Fighy —

FipF;, at Fo=1 we obtain

(0Fjp/0Fia)0 = 0;0ia — dipdja (3.75)

(F;‘ [F])JB = (5jB5z'A - 5iB5jA)Uz‘,A-
Thus
54 = (Divu)dia — ua; = —uag, (3.76)

where Divu = 0 from the Linearized incompressibility condition.

3.7 Solution to the linearized equation

We introduce scalar field ¢ as
u =k x V¢, k(unit normal); u; = i ,, (3.77)

so that Eq. (3.71) can be automatically satisfied (¢ 5 — ¢4, = 0). From (3.77),

the linearized Euler equation (Eq. (3.70)) can be rewritten as

b= QMEAi¢,AAA - E¢,2115i1 - CEM¢,A1111' (3-78)

By utilizing the compatibility condition for p; (p;; = p i ), we obtain the following
ordinary differential equation as;

C
— > 0. 3.79
. (3.79)

=

o « E
A[A¢ - §¢,1111} + §¢,1122 =0, where = ;a

We note here that, the solution of the above equation can not be accommodated
by conventional methods such as the separation of variables method, Fourier trans-

form and polynomial solutions. In view of the solution of the modified Helmholtz
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equation, we assume that ¢ takes the form of ¢ = X (x)sin(my) and obtain

o(x,y) = Z[{Ameﬂ + Bpe T + e (C,,co8bmx + D,y sinb,x) +
m=1

e ( Epycosby,t + F sinb,x)} X (sinmy)], (3.80)

where

B SR e N N YOS !
m = 2d’A 5 (1+2m),D m(2—|—2),
0.5 3
o - D_323+ W_y#_BDQ _ B m' BD
N 34 9A2 27TA3 24 6A2 27TA3 24 6A2?
D 1.B P B
P = = — (22 T=(Q——=— )5 781
34 ol (@ 0 VL (3.78-1)

The unknown constant real numbers A,,, B,,, C,., D,,, E,, and F}, can be
completely determined by imposing admissible boundary conditions depicted in
Egs. (3.73-3.76). The corresponding stress and displacement fields can be also
determined through Eqs. (3.74 and 3.77-3.78) (uy = —¢ 4, us = ¢ ;). In the case
of symmetric bending (Fig. 3.1), we have

30

. . . . 20 n—1 ™™ .
m = mie; + mo€y, My =5H = ; %(—1)T COS(Q—d)yel, mg = 0, (3.81)
and
D = D\E, + DyEy, Dy =1, Dy = 0. (3.82)
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Thus
30
. 20 ™
my U111 ¢ 211 ;1 7m( ) cos( 2 )y

my = Cugi =131 =0,

3.8 Linearized Problem Result

(3.83)

The applied moment is approximated using Fourier series (Eq. (3.81)) indicating

fast convergence and corresponding results are summarized through Figs. 3.11-

3.10. Despite the inherent complexities of the present PDE, the solution demon-

strates reasonable deformation profiles with sufficient sensitivities to the C, u, E

and M (Figs. 3.11-3.12). In addition, analytical solution shows good agreement

with FEM solution for the small deformation, while larger values of M induce a

significant discrepancy between them (Fig. 3.10).

02— 1"+ "7 "7

Analytical: Mg =5
Analytical: Mg =10
0.15 |- Analytical: Mk =15
———FEM: Mg =5

———FEM: M/ =10
> 04 | ———FEM: Mpy=15

0

0 0.1 0.2 0.3

Figure 3.10: FEM VS analytical solutions of bending with C'/pu = 150 and E/u = 100.
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Figure 3.11: Deformation profiles when C'/p = 150 and E/p = 50.
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Figure 3.13: Deformed configuration whetxC'/p = 150, E/u = 100 and M/ = 5.
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Chapter 4

Mechanics of bidirectional
fiber-reinforced composite with

fiber resistant to flexure

Via the computation of variational derivatives along the lengths of fibers and the
virtual-work statement, the corresponding Fuler equilibrium equation is derived in
section 4.1. . In addition, in section 4.1.1, the implementation of the model has
been made for the Neo-Hookean material type. The solution of the resulting Partial
Differential Equations is obtained through finite element analysis in section 4.2 and
4.8 . The results are then compared with experimental data demonstrating that the
proposed model successfully predicts the deformed configurations of a Crystalline
Nanocellulose fiber composite and T700S carbon-E glass fiber composites. In sec-
tion 4.4, we present derivation of the necessary boundary conditions. Lastly, linear
theory and analytical solution are obtained in sections 4.5 and 5.6.

4.1 Kinematics and Equilibrium equations

In view of [8] and [47], we propose that the mechanical response of the fiber material

is governed by the following strain energy function

W(F,G) = W(F)+W(G), (4.1)

2

Y

W(G) = G (F) g+ 50 ()|
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where F is the gradient of the deformation function (x (X)) and G is the second
gradient of the deformation (G = VF). The orientation of particular bidirectional

fibers is given by

A=|n|, p=|7] andl=n\™", m=7p"", (4.2)
FL =)\l and FM =pm, (4.3)

and
F =\ ® L+pm ® M, (4.3-1)

in which L and M are the unit tangent to the fiber’s trajectory in the reference
configuration and 1 and m are their counterparts in the deformed configuration.
Eq. (4.3) can be derived by taking the derivative of r(s(S)) = x(X(S)), upon
making the identifications L :% and 1 = %) and similarly for M. In the present
study, we consider initially an orthonormal set of fibers undergoing conformal

deformations such that
T
M~L:m~1:cos(§):0. (4.4)

The expression for geodesic curvatures of a parametric curve (r(s,u)) in s and

u directions are then obtained from Eq. (4.3) as

L dPr(S)  d(%2)  9(FL)dX

= = = — = VI|FLI]L 4.
ST ds oX a5 L. (45)
and )
dcr(U)  d(57) O(FM)dX

2 _ _ du_/ _ — =V/[FMM 4.6
du? dU 0X dU VIFMIM, (4.6)

The compatibility condition of VF can be seen as
Giap = Fiap = Fip.a = Gipa. (4.7)
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Further, we introduce the following augmented energy functional in order to ac-

commodate the constraint of bulk incompressibility

where J is determinant of F' and p is a Lagrange-multiplier field.

Although the variational analysis arising in second-gradient elasticity is a well
established subject [10]-[11] and [46] , its implementation in the mechanics of fiber-
reinforced composites, particularly in the case of bidirectional fibers, are barely
studied. Here, we reformulate the results for the sake of clarity and completeness;
especially, the connections between the applied loads and the deformations. The

weak form of the equations of equilibrium is given by the virtual-work statement
E=P, (4.9)

where P is the virtual work of the applied loads and the superposed dot refers to

the variational derivative;

E-= /U(F, G)dA (4.10)

is the strain energy. Since the conservative loads are characterized by the existence
of a potential L such that P = L, in the present case, the problem of determining
equilibrium deformations is reduced to the problem of minimizing the potential

energy /' — L. We then have
E = / U (F,G,p)dA, (4.11)
Q

where

U(F,G,p) =WpF+Wg- G —pJ, (4.11-1)

and subscripts denote corresponding partial derivatives (e.g. Wg = 0W/OF). It is
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noted here that the scenario of extensible fibers is excluded from the present study
for conciseness (i.e. no variation is induced with respect to A and p). However, this
can be easily accommodated by modifying the proposed energy density function

in Eq. (4.1). Using the identity J = .J; - F = F* . F, Eq. (4.11) becomes
B / (Wi — pF*) B+ W - GldA. (4.12)
Q

Also from Eq. (4.7), Wg - G can be expressed as

ow . ow ( ow ) ( ow
5= —
B

T G, = 2 , . 41
aGiABGZAB 3GiABuz’A aGiABU%A7 an‘AB)BUZ’A7 (4.13)

where u = y is the induced variation of the position field. Substituting the above

into (4.12) yields

. ow . ow ow
B= (25 —pry ) Fat (2 uia] — uildA,  (4.14
/Q[((?Fm Y A) ! <8GiAB ’A),B (aGiAB),B 4 19

Thus, we obtain

. ow ow . ow
FE = —pFYy — | =—=— F; dA+/ (—Uz >N ds, (4.15
/Q[am Plia (aGmB)B] A oo \ 9G4 ) V5 (415)

where N is the rightward unit normal to the boundary curve 0f2 in the sense of
the Green-stoke’s theorem. In general, the mechanical responses of the engineering

materials are uniform that Eq. (4.1) now furnishes
We - G =Cighg' + Cag” 8", (4.16)
where the expression of Wg can be found as

We = C1g'®L ® L+Cyg’@M @ M. (4.17)
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Further, in the case of initially straight fibers (i.e. VM =0, VL = 0), Div(Wg)

reduces to
Div(Wg) = Cig;gLaLp(e;QE ) + Cag; spMaMp(e;QE )
= (Clgz‘l,BLALB + C29§BMAMB)(GZ‘®EA),
oW
= CgipLalp + Cog} pMaMsp. (4.17-1)
0Giap ) p ’ ’

Consequently, Eq. (4.15) becomes

E = / PiaFadA+ / (Chgt LaLp + Cyg? MaMp)u; ANpdS, (4.18)
Q o0
where
aW * 1 2
PiA: aFA -p iA_Clg@BLALB_CQg@BMAMB- (419)

The corresponding Euler equation is then obtained as
Piaa=0or Div(P)=0. (4.20)

which hold on €.

4.1.1 Neo-Hookean Materials

The energy density function of the incompressible Neo-Hookean materials is given
by

W= gtr(C) - gtr(FTF) - gF F. (4.21)

Thus, from Egs. (4.19-4.20), the corresponding Euler equation can be obtained as

Piaa = pFaa—paFly—Cigiglalp — CoglgMaMp =0, (4.22)

a4 = 0 (Piola’s identity).
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Now consider a fiber-reinforced material which consists of initially orthonormal set
of fibers,
L=E, L1=1 Ly=0 M=E,, M; =0, My=1, (4.23)

and is subjected to plane deformations. Within this prescription, Eq. (4.22) further

reduces to
pFan—paFiy — Cigiyy — Caglgy =0 for i, A=1,2, (4.24)
where
1 2 aXz *
9; = ti11, 9; = Fz’2,2, Fia = X and FiA = 5ij5ABFjB- (4-25)
A
In the above, ¢;; is the 2D permutation; €15 = —e91 = 1,€11 = —€22 = 0. Therefore,

Eq. (4.25) together with the constraint of the bulk incompressibility (det F =1)

yields the following coupled PDE system solving for x;, x, and p.

M (X1,11 + X1,22) —DiX22 Tt P2X21 — ClX1,1111 - C2X1,2222 = 0,
2 (X2,11 + X2,22> T Di1X12 —P2X11 — ClX2,1111 - C2X2,2222 = 0,

X1,1X22 — X1,2X21 = 1. (4.26)

4.2 FEA of the 4th order coupled PDE

It is not trivial to demonstrate numerical analysis procedures for coupled PDE

systems, especially for those with high order terms due to the C! continuity of the
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corresponding Hilbert space. For pre processing, Eq. (4.26) can be recast as

p(R+F)— Axgo + Bxay — CiR 1 — CaF 9y =0,
1 (Q+G)+ Axq o — Bxyg — C1Q 11 — CoG 92 = 0,
OX2,2 - DX1,2 -1=0, Q- X111 = 0,
R_X2,11 =0, C_X1,1 =0, D_X2,1 =0,
F— X122 = 0, G — X2,22 = 0,
A= X111+ X122) — C1R 11 — CaF 95 = 0,

B — pi(X211 + X2,20) — C1Q 11 — C2G 92 = 0. (4.27)

where) = X1,115 R = X2,117F = X1,22) G = X2,22ac = X11 and D = X2,1- The

non-linear terms in the above can be treated as

— AXoo+ Bxanx = —Aoxaz2 t+ BoXai,
Ax12 — Bxi:n =  Aoxi2— Boxig,

CX22— Dx21 =  Coxaa — Doxai, (4.28)

where the values of A, B and C' continue to be refreshed based on their previous

estimations (Ao, By, Cp) as iteration progresses. Therefore, the weak form of Eq.
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(4.27) is obtained by

0 = /(uwlR — pwi1 F' — w1 AgXg o + w1 BoXo + Crwi 1 Ry + Cowy 2 F2)dS
Q
—/ (C’lwlRJ + CleEQ)NdF,
or
0 = /(MIUQQ — pwaG + waAoxy o — waBoxy 1 + Crwe1Q 1 + Cowg oG 2)dS2
Q
_/ (Crwa@ 1 + CowsG o) NdI,
ar
0 = /Oow3X2,2 — Dowsx; o — w3)dS), 0= /
Q

Q
0 = /(w5R+w5,1X2,1)dQ—/
Q

or

(wsQ + wa1 Xy 1)d — / (wax, 1) NdTL,
or

(w5X271)NdF, 0= /(wf;C' - w6X1,1)dQ,
Q

0 = /(w7D—w7X271)dQ, 0= /(ng—l—w&gXl)g)dQ—/ (wsXxy o) NdI,
Q Q ar

0 = /(w9G+w972X272)dQ—/ (w9X272)NdF,
Q or

0 = /(wl(]A + :uwlOJXI,l — /Lw1072X1’2 + Cl'LU1071R71)dQ — / (ILL’U)l()XLl)NdF -+
Q or

/ (/Lwl()Xl’Q)NdP — / (ClwloR,l + CQU)loEg)NdP,
or or

0 = /(wuB + pwi11Xe 1 — HW112X22 + Crwi1Q 1)d2 — / (pw11xg1) VAL +
Q or

/ (uwllx2’2)NdF—/ (CLw11Q 1 + Cowy G o) NdT, (4.29)
or or

where the unknowns (e. g. Xy, X2, @1, R1, A, B etc...) can be written in the
form of Lagrangian polynomial such that (x) = >°7_ [(x);¥;]. ©, ' and N are
the domain of interest, the associated boundary, and the rightward unit normal
to the boundary OI' in the sense of the Green-stoke’s theorem, respectively. The

corresponding test function w is given by

where W;are the shape functions for the 4-node rectangular element.
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Figure 4.1: Schematic of 16 nodes rectangular element
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The assignment of each shape function is illustrated in Fig. 4.1
Using Lagrangian polynomial representation, the first of Eq. (4.29) can be

rewritten as

0 = Z {/S;(/_L\IIZ\I]] + Cl\Ile\I’j’l)dQ}Rj + Z {/Q(ILL\I]Z\IJ] + 02\111'72\11]'72)6“_2}17]' —

i, j=1 i, j=1
i, j=1 Q or

and similarly for the rest of equations. Finally, we obtain the systems of equations

K][E] = [F]. Here [K] and [F] are [11 x 10] and [10 x 1] matrices, respectively
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and [E] is [11 x 1] matrix with unknowns (x;, x,, @1, Ri, A, B etc...). The
expressions of [K%] and [F;| can be obtained via the standard Finite Element

Analysis procedures. For example,
KH = /(/L\Ijl\p] -+ CQ\IIZ”Z\I[‘]"Q)dQ, (432)
Q

and

or

We mention here that other numerical scheme may be adopted such as the methods
presented in [96]-[97]. Fig. 4.2. illustrate performance comparison between the
presented method and the one adopted in [97] which shows good agreement over
the domain of interest. The deformation profiles and contours in Figs. 4.4-4.5
are the predictions from both the proposed numerical scheme and the method in
[96] and [99]. Again, they produce almost identical predictions when performed in
the analogous settings. Lastly, the presented numerical scheme demonstrates fast

convergence within 70 iterations (Fig. 4.5).

Flexural deformation profiles:
T T T

Presented method-1
Presented method-2 |
————— Cuomo et. al. 2016-1
————— Cuomo et. al. 2016-2

-0.01 -

-0.02

-0.03

-0.04

-0.05

-0.06

0.07 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X
Figure 4.2: Performance comparison: Proposed method VS Cuomo et. al. 2016
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Proposed Model
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Figure 4.3: Deformation contours: Proposed method VS Abali et. al. 2017
4.3 Numerical Solution Result

For demonstration purposes, a set of numerical solutions is obtained for a rec-
tangular composite reinforced with bidirectional fibers (orthonormal) subjected to
uniform bending (see Fig. 4.6.). In the simulation, a half problem is considered in
which the corresponding boundary conditions are given as x; 1, = =M/, X211 =
0, xp=0and x; = 0at x =0, and x, 3, = —M/i, X913 = 0, Xp; = 0 and

X11 = 0 at = c. Similar boundary conditions are employed for the upper (y = d)
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Figure 4.4: Deformation profiles: Proposed method VS Abali et. al. 2017

Deformation profiles with respect to the number of interations (N)
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X
Figure 4.5: Convergence analysis.
and bottom (y = —d) faces except boundary moments where we impose zero mo-

ment in order to assimilate flexural deformations (see, [88]-[89]). The results in
Figs. 4.7-4.8 clearly indicate the effects of the second-gradient of the deformations

on the resulting deformed configurations.
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Figure 4.6: Schematic of problem for bidirectional fiber reinforced with moment (M)
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Figure 4.7: Deformed configurations with respect to Cy/p when M/p =50 and

4.4 Boundary conditions

Admissible boundary conditions arising from second gradient continua are well
discussed in [59]-[90]. Here, we reframed the works in the present setting for the

sake of consistency and completeness. From Eq. (4.15), we have

E= / PiaFj dA + / (a—WuLA) NpgdS, (4.34)
Q o0 aGiAB
where
oW oW
P =—— —pEf, — . 4.
L (8%3)3 (435)
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Figure 4.8: Deformation contour (v/x3+x3) when C;/u = 150, C,/p = 100 and
M/u = 30.

Decomposing the above as in (4.13) (i.e. Piau; 4 = (Piau;) 4 — Pia au;) yields

E:/ PZ'AuiNAdS—/PZ'A’AUZ‘dA—I—/ ( ow “LA) NBdS, (436)
oN Q o0 aG(iAB

and hence the Euler equation ;4 4 = 0 which holds in €. With this satisfied, Eq.
(4.36) becomes

E= / Piau;NadS + / (a—Wui,A> NpdS. (4.37)
o0 o0 8Gz’AB

Now, we make use of the normal-tangent decomposition of Vu as;
Vu=Vu(T ® T)+Vu(N® N) = u'QT + u,y®N, (4.38)

where T = X'(S) = k x N is the unit tangent to 9Q. u'and u y are the tangential

. . . . !
and normal derivatives of u on 0€2, respectively (i.e. u; = u; aTa, w;n = u; AN4).
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Accordingly, Eq. (4.37) can be rewritten as

- / Poau;NadS + / oW (u;TANB+ui7NNANB> ds. (4.39)
o0 o0 1AB
Since
oW , oW ' oW '
TANgu, = TANpu; | — TuNg ) w;, 4.40
0Giap AP (aGiAB A B“) (aGiAB 4 B) ! (4.40)
we obtain
E = / {PiANA_( ow TANB) }uldS
o0 an’AB

oW oW ’
i NINaN dS+/ TisNgu; | dS. 4.41
o0 aGiABu NATE a0 (aGiAB Anst ) ( )

In view of Eq. (4.17) (i.e. Wg = C1g'®L ® L+Chg?’0M @ M), Eq. (4.41)

+

furnishes

E = / {PiANA_ (ClgilLATALBNB—FngZ-ZMATAMBNB)/}UidS
o0

+/ (C19i LANALpNp + Cog? MaANsMpNp)u; ndS
00

- Z |(Crgi LaTALENg + Cog; MaATAMpNp)u;

: (4.42)

where the double bar symbol refers to the jump across the discontinuities on the
boundary 99 (i.e. ||*|| = ()" — (¥)7) and the sum refers to the collection of all
discontinuities. Further, the principle of virtual work (E = P) states that the

admissible mechanical powers take the following form

o o0
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Consequently, by comparing Eqgs. (4.42) and (4.43), we obtain

t = PN—% [Cig!(L - T)(L - N) + Cog*(M - T)(M - N)] ,

m = C’lgl(L . N)2 + ngQ(M . N)z,

f = Cig'(L-T)(L-N)+ Cog®(M-T)(M - N). (4.44)

which are expressions of edge tractions, edge moments and the corner forces, re-
spectively. For example, if the fiber’s directions are either normal or tangential
to the boundary (i.e. (L-T)(L-N)=0and (M -T)(M-N) = 0), Eq. (4.44)

further reduces to

ti - PiANA?
m; = C19]LaNsLgNp + Cog?MsNsMpNp,

fi =0, (4.45)
where
Py = pFa—pF, — ClQiBLALB — Chg7 pMaMp,

9i = FiapLaLp and g} = F;4 pMaMsp. (4.46)

4.5 Linear Theory

We consider superposed “small” deformations as
X =X, +ex;lel <1, (4.47)

where (%), denote configuration of * evaluated at ¢ = 0 and (%) = 9(x)/0e. In

particular, we denote x = u. Here caution needs to be taken that the present
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notation is not confused with the one used for the variational computation. Details
regarding the following developments can also be found in [91] where the authors
discussed a compatible linear theory in a similar context. From Eq. (4.47), the

deformation gradient tensor can be written by

F = F, +eVu, where F = Vu. (4.48)

We assume that the body is initially undeformed and stress free at € = 0 (i.e.

F,=1 and P, =0). Hence, Eq. (4.48) becomes

F =1+¢Vu, (4.49)
and successively obtain
F ' =1-¢eVu+to(e), (4.50)
and
J =det F =1+ edivu+o(e). (4.51)

Further, in view of Eq. (4.47), Eq. (4.20) can be rewritten as

.

Div(P) = Div(P,) + eDiv(P) + o(¢) = 0. (4.52)
By dividing the above by ¢ and letting ¢ — 0, we have

Div(P) =0, (4.53)

which serves as the linearized Euler equation. Now, from Eq. (4.19), the induced

variation of P with respect to ¢ is given by

P =WgpF — pF? — p,F* — C1VgH (L @ L) — C,VE2(M @ M), (4.54)
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where, in the case of Neo-Hookean material (Eq. (4.21)); Wep = p(e;QEs@€;E 4).
Thus, Eqgs. (4.53-4.54) yield

Div(u¥) — Div(pF%) — Div(p,F*) — Div[C; Vg (L @ L)+Co Vg (M @ M)] = 0.

(4.55)
However, from Eq. (4.47), the terms in the above further reduce to
Div(uF) = Div(pVu) = pu; aae;, (4.56)
Div(pF:) = F:Vp=1Vp, (4.57)
Div(F*) = 0,
where IVp is on the current basis (i.e. IVp = p.e;) and
Div(p,F*) = p,Div(F*) =0, (4.58)

Do = W = constant

We mention here that p, = p to recover the initial stress free state at € = 0 from the
underlying finite deformation (i.e. P, = yF,—pF:—C,Vg!(L @ L)—C,Vg2(M ® M) = 0).
In addition, since VL = VM = 0 for initially straight fibers, we evaluate

Div(C1VE (L ® L)+C, Vg2 (M @ M))
= C1Div[u; apepLalpLleLp(e,@Ep)| + CoDiv|u; apepMaMpMeMp(e;QEp)]
= ChujapcpLlalpLoLpe; + Couj apepMaMpMeMpe;, (4.59)
F = Vu
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Consequently, from Eqgs. (4.55-4.59), the linearized Euler equation can be derived

as
piaa — pi — CrusapepLlalpLoLp — Couy apepMaMpMeMp =0,  (4.60)

Also, in view of Eqs. (4.48-4.49) and (4.51), the condition of bulk incompressibility
reduces to

(J—1)=F:-F =divu =0. (4.61)

In the case of an orthonormal family of fibers (i.e. L=E;, L1 =1, Ly =0, M =
E,, M; =0, My =1), Eq. (4.60) becomes

Di= MU AA — Olui,llll - C2Ui,2222 fori,A=1,2 (4-62)

which, together with Eq. (4.61), serves as a compatible linear model of Eq. (4.26)
for small deformations superposed on large. Finally, the boundary conditions in

Eq. (4.44) can be linearized similarly as in the above (t = t, + et + o(e))

) . d
t = PN—% [Cig" (L T)(L-N) + Cog*(M - T)(M - N)]
m = Cig"(L-N)*+ Cy8*(M - N)?,

f = Cigh(L-T)(L-N)+Cy8*(M-T)(M-N). (4.63)

In particular, if the fiber’s directions are either normal or tangential to the bound-

ary (ie. (L-T)(L-N)=0and (M-T)(M-N) =0), Eq. (4.63) reduces to

ii = PiANA7
m; = ClgilLANALBNB+CQQ?MANAMBNB,
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where

Pia = puia—p(Fy)o — PoFiy — Crgl pLaLp — Cogl gMaMp,

-1 -2
9i = ujaplLlaLp, g; = FiapMaMp,

and

(;4)0 = 5iA7

(FiA)o = 5iA at e =0.
Further, since JOF/p/0F;4 = FigFy — FjpF}y at F,= 1, we obtain

(0F}5/0Fia)y = 0jp0ia — dindja

(F%[F])jB = <5jB5iA—5iB5jA)U¢,A

Thus

i = (Divu)dia — ua,; = —uag,

(4.65)

(4.66)

(4.67)

(4.68)

where Divu = divu = 0 from the Linearized incompressibility condition. We note

that, in the superposed incremental deformations, there is no clear distinction

between current and deformed configuration.

4.5.1 Solution to the linearized problem

We introduce scalar field ¢ as

u =k x V¢, k(unit normal); u; = i ,,

84
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so that Eq. (4.61) can be automatically satisfied. Thus, the linearized Euler

equation Eq. (4.62) can be rewritten as

Pi = Hexi(@ a1+ D a22) = Creni® nim — C2exid xa0a- (4.70)

By utilizing the compatibility condition of p; (i.e. p;; = pji ), we obtain the

following partial differential equation solving for ¢.

G
1

(@ 1111+ 20 1190 + D 2920) — — (D11 + D 29) 1111 — %(¢,11 + ¢ 99)202 = 0. (4.71)

It is worth mentioning here that the solution of Eq. (4.71) is not accom-
modated by the conventional methods such as the Fourier transform and the
separation of variables. Instead, we adopt the methods of iterative reduction
and principle of eigenfunction expansion, and obtain the potential function for
¢(z, y). The details which can be found in [85]-[87] are intentionally omitted for
the sake of conciseness. The analytical solution ¢ is then converted through map-

ping x =(X1—¢,)e1+(X2+¢ )e; to obtain the complete deformed configurations
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(Figs. 4.9-7). Accordingly, the general solution of Eq. (4.71) can be found as

¢ = Z{e 2” m( mcos( 'Zm\/_ x) + Bysin( ”Qm\/_ >

_‘/272”\/@ w/2m 24D \/2m
e Creos(~————— mSin(~—————

\/1—1—\/40427712—1—1 . \/1+\/4a2m2+1

{E,,cosh( y) + F,, sinh( y)+
20&2 2&2
VV4daam? +1-1 oV VAam?+1-1
G meos( 5 y) + Hpsin( 5 y)}
Qo Qg

+Z{€ e I( ncos( ~2n\/_2 y) + Bysin ”22\/\/2:2_1@)

iz w/2 \/2 Vs —1
e vm <C cos( n y) + Dpsin( 7; @ y))}x

(6%}

V14 \/4041n2 +1 V1 VA +1

{E,,cosh( NeT x) + F), sinh( NoT x)+
4 241-1 v 4 241-1
Gncos(\/ o x)+ Hnsin(\/ "t x)}, (4.72)
201 2011
where ay = Ci/p and as = Cy/p. The unknown constant real numbers A,,,

By, Cry Dy Eny Fry, Gy Hyy Ay, By, Cy, Dy, By, F, Gy, and H, can be com-
pletely determined by imposing admissible boundary conditions as depicted in
Eqgs. (4.63-4.68). The corresponding stress fields can also be obtained through
Egs. (4.65) and (4.69-4.70). For example, in the case of symmetric bending (see
Fig. 4.6.), where

30
n—1

20 n—1 ™
m = mye; + myey, my = Ciuy g = = —Pg; =5 = Z — (—=1)z cos(—

5 Vem

n=1

my = 0. (4.73)
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and for top and bottom surfaces, we impose

2. 0.004 mm
m = mie; + me€q, Mo = 02u2722 = ¢7122 =0.001 = mz:l - (—1) 2 COS(Q—C).I'7
my = 0. (4.74)

4.6 Linearized Problem Result

The applied moment is approximated using Fourier series (see Eq. (4.73-4.74))
indicating fast convergence and the corresponding results are summarized through
Figs. 4.9-7. Despite the inherent complexities of the present PDE (e.g. non-
smooth /singular behavior of the potential as approaching a boundary, discontinu-
ities on the corner vertices), the solution is smooth and stable throughout the entire

domain of interest and displays good agreement with both the experiments [84]
and the corresponding numerical results for a

4.9-7 and 4.11-4.15).

‘small” deformation regime (Figs.
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Figure 4.9: Deformed configurations with respect to Cj/u when M/p =50 and
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4.7 Model verification and validation via exper-

imental results

A comparison with experimental results is performed in this section to determine
the accuracy and utility of the proposed model. Two sets of experiments are
considered for the purpose; one from the inhouse experimental setting and the

other from the work of [84].

4.7.1 3 points bending test: CNC fiber composite

In the experiment, a composite reinforced with CNC fibers (C; = 150G Pa, j =
1GPa) is placed on 3 point bending (at —10mm,0, and 10mm) and the out of
plane direction (z3) is aligned with the loading cylinder (Fig. 4.10). The applied
loads and resulting displacements are simultaneously recorded via the MTS road
cell and data logger. This setting is a special case of the proposed model when
¢ > d and Cy/p = 150 with vanishing Cy/p (Fig. 4.6). The obtained solution
successfully predicts the normal deflections of the CNC composite strip with a con-
figuration factor = 0.526[L]? between the applied load and input stress on each
simulation (it X = Loadappiiea; Table 4.1). Detailed discussions regarding
the second-gradient theory and it’s applications in the relevant experiments can
be found in [93]-[95]. In addition, using a commercial image processing tool, the
experimental deformed profiles are also obtained (maximum deflections at 2.55mm
and 3mm ) and compared with the theoretical predictions. The resulting deforma-
tion profiles from both the experiments and theoretical simulations demonstrate a

close correspondence throughout the domain of interest (Fig. 4.11).

4.7.2 Bending test of bidirectional fiber composites

With regard to the bending test of bidirectional fiber composite reinforced with

E glass and T700S carbon fibers, we took the experimental results from the work
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3\
AN

Figure 4.10: Experimental result and image processing (2.55mm 3mm): CNC
fiber composite.(Dr. Ayranci and Ms. Garance)

Table 4.1: Maximum deflections: Experimental results VS Theoretical predictions

Load,ppiicd (N) | Experiment (mm) | Theory (mm)
0.1 0.349 0.339
0.2 0.682 0.667
0.3 1.001 1.001
04 1.329 1.335
0.5 1.659 1.669
0.6 2.002 2.003
0.7 2.380 2.336

of Dong and Davies ([84]; Fig. 4.7). Three experimental samples are considered:
carbon-carbon fiber; carbon-glass fiber; and glass-glass fiber composites with fiber’s
volume fraction 37.2%, 32.9% and 30.9%, respectively. These fibers are mounted
in the matrix material in the same manner as illustrated in Fig. 4.6. In each
simulation, the material properties of carbon and glass fibers are accommodated by
the parameters C; and Cy (e.g. C; = carbon = 4900M Pa, Cy = glass = 2240M Pa
for a carbon-glass fiber composite). The carbon-class fiber composite case with
volume fraction 32.9% is used for benchmarking data in the identification of the
configuration factor = 0.936 (Fig. 4.12). The factor is then uniformly applied for
the other simulations, with the effects of different fibers’ volume fractions taken
into account. It is clear from Figs. 4.12-4.13 that predictions from both the
nonlinear and linear theory demonstrate a close agreement with the experimental
data. In addition, the proposed model assimilates the results presented in [77]

which demonstrates good agreement up to linear regime (Fig. 4.14). These, in turn,
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Deformation Profiles
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Figure 4.11: Deformation profiles: Theoretical predictions VS Experimental results.

suggest that the second-gradient of the deformations, incorporated in the present
model, accurately represents fiber’s resistant to flexure. Overall, the proposed
models perform well in the prediction of the mechanical behavior of fiber reinforced
composites and therefore they can be easily adopted in field exercises. In particular,
the one from the linear theory is more useful, as it provides an explicit form of

solution rather than a discretized solution.
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Figure 4.12: Strain-stress curve: Carbon-glass fiber composite
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Figure 4.13: Strain-stress curve: Glass-glass fiber composite.
800 T
L . i Average Error=13.9% ]
700 | Linear theory: Analytical
600 f Nonlinear theory: Numerical ’
500 f Experiment ,
1]
4 [ ]
£ 400 - B
b L ]
300 Average Error=4.4% ]
200 * *
100 f 7
0 A
0 0.005 0.01 0.015 0.02 0.025

Strain

Figure 4.14: Strain-stress curve: Carbon-carbon fiber composite.
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Chapter 5

Mechanics of bidirectional
fiber-reinforced composite with
fiber resistant to flexure &

extension

We formulate the constitutive relations by applying the variational principle on the
first and second gradient of deformations, respectively in sections 5.1 and 5.2. We
then in section 5.2.1, consider a special case of a Neo-Hookian material reinforced
with bidirectional fibers and successively derive systems of coupled Partial Differ-
ential Equations. In section 5.3, we present rigorous derivation of the necessary
boundary conditions. The solutions of the resulting PDFEs are obtained via the Fi-
nite Element Analysis in section 5.4, which demonstrate excellent correspondence
with exiting theoretical and experimental results More importantly, the plane bias
extension test and predicts smooth transitions of the corresponding shear strain
fields as opposed to the first-gradient theory. In addition, we develop a compatible
linear theory and analytical solution in sections 5.5 and 5.6.

5.1 Kinematics and Equilibrium equations

Let L and M are the unit tangent to the fiber’s trajectory in the reference con-

figuration and 1 and m are their counterparts in the deformed configuration. The
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orientation of particular bidirectional fibers is then given by

d d
A=|n|= a5 =|r| = a and =9\, m=71u"", (5.1)

where
FL =)l and FM =um, (5.2)

and F is the gradient of the deformation function (x(X)). Eq.(5.2) can be derived
by taking the derivative of r(s(S)) = x(X(S)) with respect to arclength para-

meters S and ultimately s, upon making the identifications L :% and 1 = VCC%
and similarly for M (M =2% and m = V%). Here,dcgg), ‘il(;) and dc(z:)7 dﬁZ) refer

to the arclength derivatives of (x) along fibers’ directions in the reference and de-
formed configurations, respectively. Without loss of generality, it is assumed that

bidirectional fibers are initially orthonormal:

M-L=0. (5.3)

Combining Eqs. (5.2-5.3) furnishes a useful fiber decomposition of the deformation
gradient that
F =\l ® L+pm ® M. (5.3-1)

Therefore, we have, for example, L =L E4 and 1 =l;e; to yield
;= FioLy, (5.3-2)
where {E4}, {e;} are orthonormal bases in the reference and deformed configura-

tions.

The expressions for geodesic curvatures of a parametric curve (r(s,u)) are
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obtained from Eq. (5.2) that

_dr(S) _d()  (FL)dX
and o
Cdr(U) Ay a(FM)dX

In general, most of the fibers are straight prior to deformations. Even for slightly
curved fibers, they can be idealized as ‘fairly straight’ fibers considering their
length scales with respect to that of matrix materials. This suggests that the
gradients of unit tangents in the reference configuration are identically vanishes

(i.,e. VL =VM = 0). Accordingly, Egs. (5.4-5.5) becomes

g1 = VFL®L) (5.6)
go = VFM®M)
We introduce the convention of the second gradient of deformations as
VF = G, (5.6-1)
where the compatibility condition of G is given by
Giap = Fiap = Fip.a = Gipa. (5.7)
Thus
g1 = GL®L)=g,(G) (5.8)
g2 GM e M) =g (G).
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In addition,Egs. (5.1-5.2) furnish
M =FL-FL=F'FL-L=(F'F) - L®L, (5.9)

and similarly for

p? = (FTF) - M ® M. (5.10)

The forgoing developments suggest that the mechanical responses of fibers-matrix

systems can be described by the following energy function

W(F,G) = W(F)+W(G), (5.11)

1 1
W(G) 501 (F) !g1|2 + 502 (F) !g2|2,

where F is the gradient of the deformation function (x(X)) and G is the gradient
of F (ie. G = VF). C(F) refers to the material property of fibers which, in
general, independent of the deformation gradient (i.e. C;(F) = C;). Eq. (5.11)
presumes that fiber’s bending energy is solely accounted by the second gradient
of deformations as depicted in Eq. (5.8)). This concept has been widely and
successfully adopted in relevant subjects ([8] and [47]).

Fibers’ stretch can be computed as

g1 =

(3 —-1) = %[(FTF) -L®L-1], (5.12)

DN | —

and

== (—-1)= %[(FTF) ‘M ® M-1]. (5.13)

DN | —

Clearly, the stretches of fibers’ are F dependent. Eqgs. (5.12-5.13) lead to the
expression of

W (F)=W(le,e2), (5.14)

where I = trC and C = FTF is the right Cauchy—Green deformation tensor which
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is also dependent on F. Consequently, the energy functional (5.11) can be written
explicitly as

o~

1 1
W(F)+W(G) =W (1,81,62,g1,g2) =W (1,61,62)—1—501 |g1|2+502 |g2|2 . (515)

In order to compute variational derivatives of the response function, we use

chain rule
ow . ow . .
F; Giap =W, 5.16
OFia i Giap " (5.16)

where the superposed dot refers to derivatives with respect to a parameter at a
certain fixed value (e.g. ¢ = 0) that labels a one-parameter family of deformations.

Accordingly, in view of equation (5.15), we obtain
W =W(I,e1,e2,81,8) = Wil + W &1 + Weyéo + Wy, - &1 + We, - 82, (5.17)

in which we have used the fact that W depends on the deformation through I, &1,
€2, g1 and gi; ultimately F and G. The required expressions can be equated in
terms of F that

[=[tr(C))=(1-C)=1-C=2F-F. (5.18)

Further, Eq. (5.9) yields
&1 =M =FL-FL =t7(FL® FL) = tr(FL@ L)F ) =FL@L-F.  (5.19)

and similarly for

cy=jp=FM@M-F, (5.20)

In particular, the variational computations with respect to the second gradient of

deformations is equivalent to (see, Eq. 5.115)
W<G) =Wa - G = Cig1°8, + Cag28,, (5.21)
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where g;=G(L®L) and g,=G(M ® M) in the case of initially straight fibers (i.e.
L=M = 0). Therefore, by invoking the above

Wa - G=G- (C1g1 ® L ® L+Chgo@M ®@ M). (5.22)

Consequently, we derive that

ow
0GB

= Ci(q1)iLaLlp + C2(g2)iMaMp. (5.23)

The constraint of bulk incompressibility can be accommodated by introducing

the following form of an augmented energy potential;
U(l,e1,€9, 81, 82) = W(I,e1,€2,81,82) —p(J — 1). (5.24a)
Since J = 22.F = J (F~!)".F = F*-F, Egs. (5.18-5.20) and Eq. (5.24a) furnish

U=2W,FF+W.,FLRLF+ W, FM®MF — pF* - F + Cig, - g1 + Cogs - &5.

(5.25a)
But from (5.21-5.22), the above reduces to
U=@W/,F+W. FLOL+ W, FM®M —pF*) - F+Wg -G,  (5.26)
or in component form;
. L ow .
U= (QWIFZ'A + W FipLaLg+W_ F;gMsMp _pEA)FiA + WGiAB. (5.26—1)
iAB

Eq. 5.26 reflects the fact that material response of the matrix material and stretch
of fibers are computed via the first gradient F, and bending resistant of fibers is

accommodated by the second gradient G (see, also, [8]).
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5.2 Equilibrium

The derivation of the Euler equation and boundary conditions arising in second-
gradient elasticity is well studied [10]-[11] and [46]. We reformulate the results in
the present context for the sake of clarity and completeness. The weak form of the

equilibrium equations is given by the virtual-work statement
E=P (5.27)

where P is the virtual power of the applied loads and the superposed dot refers to

the variational and/or Gateaux derivative;
E:/U@xnwx (5.28)
Q

is the strain energy. In the above (Eq. 5.28), the conservative loads are character-
ized by the existence of a potential L such that P = L. Therefore, the problem
of determining equilibrium deformations is reduced, in the present case, to the
problem of minimizing the potential energy £ — L.

Accordingly, we have

E= /U(F, G)dA, (5.29)

where the expression of Uis given by (5.26). From Eq. (5.7), the energy variations
with respect to the second gradient of deformations (i.e. W(G) = Wg - G), can

be rewritten as

ow ow ow
WG G = anAB G’LAB anAB iA,B — mui,AB (5-30)
and
ow ow ow
—U; = — Uu; - i,A» . 1
an‘ABu AB (8GiABu ’A> B (aGiAB>’B A (5:31)
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where u; = x,is the variation of the position field. Substituting Egs. (5.26, 5.31)

into the above yields

E = /[(2W1Fm + W, FipLalp + W, F,gMsMp — pE}y)u; 4
Q
ow ow
i — ialdA 5.32
* (0G2‘ABU ’A) B (aGiAB)B i (532)

Thus, we obtain

E = /[2W]Fz‘A + W FipLaLlp + W, FipMaMp — pF}y
Q

ow ow
_ wiadA + 1 AN pdS, 5.33
<6Gz‘AB) ,B] A 000GiaB ATE (533)

where N is the rightward unit normal to 0f2 in the scence of Green-Stokes theorem.

Also, for initially straight fibers (i.e. L = M = 0), Div(Wg) reduces to

Div(Wg) = Ci(g1)isLalp(e,@Es) 4+ Ca(g2)isMaMp(e;,QE,)
= [Ci(q1)i,LaLp + Cogi gMaMp)(e;RE ),

ow
( ) = C’l(gl)@BLALB + C2gi2,BMAMB' (534)
aGZ'AB .B

Consequently, Eq. 5.33 furnishes

: . oW .
E= / PaFadA+ | -2Y o Npds, (5.35)
Q 009GiaB

where

Py = 2WFig+ W FpLoaLp+We, Fi g MaMp—pF s —C1(91)i,5LaLp—C2(92)i, sMaMg,
(5.36)

100



Chapter 5. Mechanics of 2Dir fiber composite with fiber resistant to flexure € stretch

and hence the Euler equation is obtained by
Paa=0or Div(P)=0 (5.37)

which holds in €.

5.2.1 Neo-Hookean type materials

In the case of incompressible neo-Hookean type materials, the energy density func-
tion is given by

WYHI) = (I - 3). (5.38)

Further, in order to accommodate fiber’s resistant to extension, we propose the

following augmented energy potential of quadratic form;

1 1
W2(€1, 62) = E1§€% + Egﬁgg. (538—1)

Combining Eqgs. (5.38,2) yields

1 1
W(I,e1,e0) = WHI) +W3(e1,62) = (I — 3) + E1§5§ + E2§5§. (5.38-2)

We now substitute the above into Eq. (5.15) and thereby obtain

1 1 1 1
w (Ia<€17827g17g2) = W(17517€2)+W(G> = MH‘—ElS%—i‘— 2€%+§Cl ]g1|2—|—§Cg |g2|2

2 2
(5.39)

?

where p and C; are the material constant of the matrix and fibers, respectively.

Further, the required expressions are computed via Egs. (5.12-5.13) and 5.38 that

1
W[ = W, Wsl = E1€1 = §E1 (FL -FL — 1) (540)

1
WEQ = E2€2 = §E2 (FM -FM — 1) .
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Thus, Egs. (5.38) becomes

E E
Py = 2uFiq+ TI(FJ'CFJ'DLOLD —1)FipLaLp + 72(FJCFJ-DMCMD — 1)FipMsMp
—pFy — Ci(91)isLalp — Ca(g2)i sMaMp, (5.41)

and the corresponding Euler equation is evaluated as

E
Paa = 0=2uF 40— pF,+ g(FiB,AchFjD + FigFioaFjp

E
+F,pFjcFjpa)LaLlgLeLp + TQ(EB,AF]'CF‘J'D + FipFjc,alp

E
+FigFicF;p A)MaMpMcMp — gﬂgvALALB

E
—72 iBAMAMp — C1(g1)i,apLalp — Co(g2)iapMaMp,  (5.42)

where F}%y 4 = 0 ( Piola’s identity).
Now consider a fiber-reinforced material which consists of initially orthonormal

set of fibers,

L - El; L1 - 1, L2 - O, (543)

M = E;, M;=0, My;=1,
and is subjected to finite plane deformations. Accordingly, Eq. (5.42) reduces to

.  FE
Piaa = 0=2ukFiaa—pli,+ —1(F1'1,1Flejl + FnFjn Fjn+ FaFjFiia)

2
E.
+72(E‘2,2P}2sz + FioFjo oo + FioFjaFjo9)
E E
—?lFil,l - 72171'2,2 - 01(91)1,11 - 02(92)1,22, (5-44)
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where
(91)i = Fag, (92)i = Fiag, (5.45)
ox;
A aXA an 1A €ij€ABL'jB
In the above, ¢;; is the 2—D permutation; c12 = —e91 = 1,611 = —€22 =

0. Consequently, from Eq. (5.44-5.45) together with the constraint of the bulk
incompressibility (det F =1), we derive the following coupled PDE system solving
for x4, x, and p.

Ey Ey

0 = 2p (X1,11 + X1,22) —Pi1Xz22 tP2X21 — 7X1,11 - 7X1,22
Ey
+7(3X1,11X1,1X1,1 + X1,11X2,1X2,1 T 2X2,11X1,1X2,1)
Ey
Jr7(3X1,22><1,2Xl,2 + X1.22X2.2X22 T 2X2,22X1,2X2,2) - 01X1,1111 - C2X1,2222
Ey Ey

0 = 2u (X2,11 + X2,22) T PiX12 —P2Xi1 —

Ey
+7(3X2,11X2,1X2,1 + X211 X1,1X1,1 T 2)(1,11)(1,1)(2,1)

9 X2,11 — 7X2,22

Es
+7(3X2,22X2,2X2,2 T X2,22X1,2X1,2 T 2X1,22X1,2X2,2) - CIX2,1111 - 02X2,2222

I = X1,1X2,2 — X1,2X2,1- (5.46)

5.3 Boundary conditions

Writing Piau; a4 = (Piau;) a4 — Pia au;, we have from Eq. (5.35) that

E = / Pijqu;N4dS — / Py auidA + / (8—Wu,,A) NgdS§, (5.47)
o0 Q oN aGiAB
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where the Green-stoke’s theorem is applied in the first term of Eq. (5.47). Since

the Euler equation P;4 4 = 0 holds in €2, the above reduces to

E= / PauiNadS + / (a—wum> NpdS. (5.48)
o0 o0 \0GiaB

In addition, decomposing Vu in normal and tangential directions furnishes
Vu=Vu(T ® T)+Vu(N® N) = u'®T + u,y®N, (5.49)

where T = X'(S) = k x N is the unit tangent to 9. u'and u y are the tangential
and normal derivatives of u on 0f2, respectively (i.e. u; =u;aTa, u;n =u; AN4).

Hence Eq. (5.48) becomes

ow

o0 0 iAB

E = / PzAulNAdS + (U;TANB + ’UJLNNANB) ds. (550)
0N

By decomposing the second term of Eq. (5.50) as in Eq. (5.48), we obtain

oW TANpu, = oW TANpu; | — oW TaANg | u;, (5.51)
aGiAB

and therefore,

: oW / oW
E = P AN,y — Ti+N uidS—l—/ w; NINANgdS
/m[ AN (aGMB ’ B)] [ NaN

oW '
T TuNgu; | dS. 5.52
\/69 (aGiAB ATBt ) ( )
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In view of Eq. (5.22) (i.e. aggB = C1(g1)iLaLlp + C2(ge)iMaMg), Eq. (5.52) can

be rewritten as

E = / [HANA—(Clg}LATALBNB+(JgngATAMBNB)/]uidS
o0

+/ (C1(g1)iLaANALNp + Cs(g2)iMaNsMpNp)u; ndS
09

- Z |(C1(g1)iLaTaLgNp + Ca(g2)iMaTaMpNp)u;l| (5.53)

where the double bar symbol refers to the jump across the discontinuities on the
boundary 99 (i.e. ||*|| = (*)* — (¥)7) and the sum refers to the collection of all

discontinuities. It is concluded from (5.27) that admissible powers are of the from

owy ow
Therefore, by comparing (5.53) and (5.54), we obtain

d
t; = PiaNa— %[Cl(gl)iLATALBNB + Co(g2)i MATAMpNp],
m; = C1(91)iLaNaLpNp + C2(g2)iMaNsMgpNg,

fi = Ci(g1)iLATALNp + Co(g2)iMaTsMpNp, (5.55)

which are the expressions of edge tractions, edge moments and corner forces, re-
spectively. For example, if the fiber’s directions are either normal or tangential
to the boundary (i.e. (L-T)(L-N)=0and (M-T)(M-N) =0), (5.55) further

reduces to

ti - -PiANAu
m; = C1(91)iLaNaLgNp + C2(g2)iMaNsMpNg,
fi =0, (5.56)
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where

Pia = 2WiFa+ W FipLlalp + W, FigMsMp — pF}y
—C(g1)iLaLlp — C3(92)i BMaMp,
(91)i = FiapLalsg, (5.57)
(92)i = FiapMaMsp.

Consequently, by imposing the admissible boundary conditions (Eq. 5.56), solu-
tions of the PDE system (Eq. 5.46) can be obtained via commercial packages.

5.4 Finite element analysis of the 4th order cou-

pled PDE

Details regarding Finite Element Analysis (FEA) formulations are presented in this
section. It is not trivial to demonstrate numerical analysis procedures for coupled
PDE systems, especially for those with high order terms, since the piece wise linear

function adopted in FE analysis has limited differentiability up to second order.
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For pre processing, Eq. (5.46) can be recast as

E
21 (Q + H) — AS + BD — C1Q 11 — CoH 55 — 7%9 — 2

Es
2

E E
+71(3QO2 +QD?*+2RCD) + 72(3HG2 + HS? +2TGS),

Ey Ey

Q/L (R -+ T) + AG — BC — 01R711 — 021—:22 - 7R — =T

2

E E
+71(3RD2 + RC? 4+ 2QDC) + 72(3TS2 + X2.22G? + 2HSG),

0 =

0 =

0 = CX272_DX1,2_17 O:Q_Xl,lla OZR—X27117
0 = C_Xl,h 02D_X2,1> 02T—X2,22»

0 = S—X2,27 OZG—X1,2> O:H_X1,22a

0 =

A— M(Xl,n + X1,22) —CRy, 0=8B - M(X2,11 + X2,22) = CQ11.(5.58)

where A = p1, B = po, Q = X1,115 R = X2,115 T = X2,225 H = X1,22 C =

X11> D =Xa1, S = Xa2 and G = x; 5. The above non-linear terms can be treated

as, for example:

- AXQ’Q + BX21

AX12 — Bxig

CXa — DXy
3QCC+QDD +2RCD
3RDD + RCC +2QDC
3HGG + HSS +2TGS
3TSS +TGG +2HSG

e

—A0X2,2 + BUX2,17

A0X1,2 - BOXI,D

CUX2,2 - DOX?,I)

3QC2 + QD + 2RCy Dy,
3RD; + RCE + 2QDyCy,
SHG + HS; + 2TGyS,

3TS; + TG + 2HSyG. (5.59)

where the values of A, B, C, D, Q, R, T, H, S and G continue to be refreshed

based on their previous estimations A,, B,, Co, Do, Qo, Ro, To, Ho, So, Go) as
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iteration progresses. Thus, the weak form of Eq. (5.58) is obtained by

0 - /le(zu (Q+ H) — AgS + BoD — C1Q.11 — CoH g — —Q - %H
5(3@02 + QD? +2RCyDy) + %(3}1@2 + HS? + 2T'GySp))ds2,
0 = Qwg(Qu (R+T)+ AyG — BoC — Ci1R 11 — CyT 59 — &R — %T
%(3302 + RC2 +2QDyCy) + E; (3TSZ + TG2 + 2H SyGy))d<,
0 = [ (O~ Dria = 1 0= [ i@ )

S

5(R_X2,11)d97 O/ng;(C X11)dQ

w?(D - X2,1)an 0= / WS(T - Xz,zz)dQv
Q

UMS—MﬂﬂLOZ/wm@—XmMQ
Q

wyy (H — X1,22)an 0= /wa(A - N(Xl,n + X1,22> - C'R,ll)dQ

I
S S—S— 55— 5 —

wi3(B — p(Xa11 + Xa22) — CQ 11)d, (5.60)

where the unknowns (e. g. x;, X3, @1, Ri, A, B etc...) can be written
in the form of Lagrangian polynomial such that (x) = 37 [(*);¥;(z,y)]. The

corresponding test function w is given by

=1

where w; is weight of the test function and W,(x,y) are the shape functions that

1 5 9 13 fl
2 6 10 14 f2
= [ g1 92 g3 ga ]7 (5-62)
3 7 11 15 f3
L 4 8 12 16 1 | f4 a
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where

o) = S O e

nn = WA DIED ) B,
_yy—-5)-4d _y-5u-%)

N €T T T R

Using Lagrangian polynomial representation, the first of Eq. (5.60) can be

rewritten as

a E
igj=1"7%

n E
+ Z [/ 2uT,¥; + CoW, oW 5 — _quiqjj)dQ]Hj
o 2

4,j=1

+ Z[/ AgW,0,d)S; — Z[/ BoW,W,dQ) D;
ij=17% ij=17%
" B ) " B )
+ )1 [ 3 CHdRIQ; + Y 15 [ Wil DA0)Q;
ij=1 Q ij=1 Q
n E1 n E2 )
+Z[7 QzqmpjooDOdQ]RjJr 2[7 Q3qfiquson]Hj
i,j=1 t,j=1

~ B 2 —~ F»
+§—:1[7 /Q \Ifi\IijOdQ]Hiji;[? /Q 20, W, GoSodST;

- / (C10,Q 1 + CoWH o) NdT, (5.63)
or

and similarly for the rest of equations. In the above, ), 9" and N are the domain of
interest, the associated boundary, and the rightward unit normal to the boundary
OI" in the sense of the Green-stoke’s theorem, respectively. Finally, we obtain the

systems of equations [K][E] = [F|. Here [K] and [F] are [13x12] and [12x 1] matrices,
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respectively and [E] is [13 x 1] matrix with unknowns (e. g. x1, X9, @1, R1, A, B
etc...). The expressions of [K%] and [F}] can be obtained via the standard Finite

Element Analysis procedures. For example,

E E
(K] = /Q 200+ Oy W0 0= W+ (30O U0, DY), (5.63-1)
and
Fy = —/ (C1¥:iQ 1 + CoW;H ) NdT'. (5.63-2)
or
t
4y  wbulk
Cr: ﬁ\ber d

M \* 4 M
/'-C C ‘\:h

C:: fiber -d

Schematic of problem for bidirectional fiber reinforced with Moment (M) boundary

condition

Figs. 5.175.3 illustrate the fiber composite’s deformation profiles under the
axial tension. The expression of applied load tension is obtained from Eq. 5.41

that

E,

9 (X1,1X1,1 + X21X2,1 — 1)X1,1 — PXa22 — C'1)(1,111' (5-64)

Puo=2px,, +
It is clear from Fig. 5.1 that the axial extension is sensitive to the fibers’ elastic
resistance in x direction (i.e. Cj, E7). More precisely, the net amount of axial
extension decreases with increasing values of C; and F;. In particular, we simulate
the plane bias extension test in order to examine the effects of second-gradients
of deformations onto the shear responses of the bidirectional fiber composites.

uf ()l

The corresponding shear strains are computed via the relation ¢’ = RS ARG RRTA LI
2 1
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where ¢’ is the rate of shear angle change. The results in Figs. 5.2-5.3 clearly
indicate that the proposed model successfully predicts the smooth transitions of
the shear strain fields unlike those described by the first-order theory where a
significant discontinuity is in present (Fig. 5.4). The compatible results, in the case
of meshed structures, can be found in the work of [17]-[19] which also demonstrate
a close agreement with the presented results (See, for example, Fig. 14 in [19]).
In the simulations, we consider the case where an elastic solid is reinforced with
bidirectional fibers and subjected to finite plane deformations (either axial stretch

or bending is considered) as illustrated in Fig. 5.60. In the assimilation of fiber

N P.,=50, C, /=150, E /=135, C /=150, E /:=1350

o . I
0.5 | | L
] 05 1 15

X
P,,=50, C, /=150, E /=135, C /=150, E /=135

S

1 1
1 15 2 25

X
P, =50, C, /=150, E /=135, C /=150, E /=135

> e <

X

Figure 5.1: Deformation contour (1/x3+x3) with respect to C1/u, when Pi1/p = 50,
Cy/p =150 and Ey/p = 135

composite subject to flexure, we consider a rectangular fiber composites where
one end is fixed and the other end is subjected to constant bending in order to
examine fibers’ reinforcing effects against to flexure. The corresponding boundary
conditions are imposed as; x;;; = —M/p, Xo11 = 0, x; = 0 and x; = 0 at
v =0and x;,; = ~M/u, X911 =0, X1 = 0and x;;, =0 at v = c. For
the upper (y = d) and bottom (y = —d) faces, compatible boundary conditions
are prescribed where we impose zero moment (i.e. X5, = 0 on the designated

boundary). The resulting deformed profiles and contours demonstrate smooth
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Figure 5.2: Shear strain contour with respect to C;/u. when Py /p = 50, Cy/p = 150
and Fs/u = 135.
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Figure 5.3: Shear strain contour with respect to Co/p. when Py /pu = 50, Cy /= 1500
and Fy/u = 1350.

transitions as they approach to the boundary (see, Figs. 5.5). Further, Fig. 5.5
illustrates that the magnitude of deformation decreases as fiber’s bending stiffness
increases.

Comparisons with experimental results is also performed to determine the ac-
curacy and utility of the proposed model. Three sets of experiments are considered

for the purpose; two from inhouse setting and the other from the work of Dong. For
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Figure 5.4: Shear strain contour: 1st gradient (left) VS 2rd gradient (right)

M/js=80, C /u=150,E /u=135 M/ji=60, C/i=100,E ,/1=90, C,/11=150, E /1=135,
08 . I T T

° 3 <
—————

02

Figure 5.5: Deformed configurations with respect to C;/u when M/u=80 and
deformation magnitude contour when M/u=60

inhouse experiments, we considered; 3 point bending test of a crystalline nanocellu-
lose (CNC) fiber composite (Cy = 150G Pa, Ey = 135G Pa, i = 1GPa) and an im-
pact bending test of a Nylon-6 Fiber Neoprene Rubber Composite (C; = 2000M pa,
Ey = 1300Mpa, i = 2Mpa). In the tests, the out of plane direction (x3) is aligned
with the loading cylinder and/or line of impact (see, Fig. 5.6). These are special
cases of the proposed model, when ¢ > d with vanishing Cy/p and Es/p (see,
Fig. 5.62-1). The solutions from our model successfully predict the deformations
of both the CNC composites and the Nylon-6 Fiber Neoprene Rubber Composite
with maximum error less than 3% (Fig. 5.7).

The above results, in turn, suggest that the proposed model accurately de-
scribes fiber’s elastic resistant to flexures and extension through the first and second
gradient of deformations. Lastly, we mention that the presented solution accom-
modate the results from [80] in the limited of vanishing fibers elastic resistance in

y direction (i.e Cy = 0, Fy = 0) in the limit of vanishing material parameters.
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Figure 5.7: Deformation profiles: Experimental results

(See Fig. 5.9).

5.5 Linear Theory

We consider superposed “small” deformations described as
X =X, tex;le <1, (5.65)

where (*), denote configuration of * evaluated at e = 0 and (%) = J(x)/0e. In
particular, we denote x = u in forthcoming derivations where applicable. Here
caution needs to be taken that the present notation is not confused with the one
used for the variational computation. From Eq. (5.65), the deformation gradient
tensor is given by

F =F, + ¢Vu, where F = Vu. (5.66)
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Figure 5.9: Deformation profiles: Proposed model VS Zeidi & Chunil. 2017

We assume that the body is initially undeformed and stress free (i.e. at ¢ = 0,

F,=1and P, = 0). Hence, Eq. (5.66) becomes
F =1+ €Vu, (5.67)
and successively obtain
F ! =1-¢eVuto(e) and J = det F =1 + ediv u+o(e). (5.68a)
Further, in view of Eq. (5.65), Eq. (5.37) can be approximated as

Div(P) = Div(P,) + eDiv(P) + o(e) = 0. (5.69)
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Dividing the above by € and letting ¢ — 0, we obtain
Div(P) =0or Py 4 =0 (5.70)

which serves as the compatible linearized Euler equation. Now, from Eq. (5.36),

the induced variation of P with respect to € can be evaluated as

BA = 2<WII[ + Wlslél + W152é2)(ﬂA)o + 2(WI)OF’iA - p(F:;l)o — Do ::4
+[<WI€1j + W6161é1 + W€1€2é2)(EB>O + (W€1>OEB - Cl(gl)i,B]LALB
+[<W162j + Wslegél + W€2€2é2)(EB)O + (W62>OEB - O2<92)1,B]MAQMg1)

In the case of Neo-Hookean material (Eq. (5.38)) (e.g. Wi =0, Wy, =0, Wy, =

0 etc...), the above reduces to

Py = 2uFis — P(Fa)o — poF’Zq + [Erér(Fi)o + B4 (e1)oFip — Cy (1)i,B)LaLlp
+[Eaéa(Fin)o + Ea(ea)oFin — Co(d2)is)MaMsp, (5.72)

Evaluating limits at ¢ = 0, we have

Pz‘A = 2MFiA — Poia — poF;A + [Eré1dip — C1(01)iB]Lalp
+[E2é90,5 — C2(32)i. 5| MaMp, (5.73)

where p, = 2u to recover the initial stress free state at ¢ = 0 (i.e. Py = 0 at

¢ = 0). In addition, we approximate the fiber’s extensions as

6 =FLRL - F~L®L-F=FcLLc, (5.74)
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and subsequently formulate

(2,UFiA),A = QMEA,A, (poFiZ),A =0, (pdia).a =D,
(Eré16ipLlalp)a = (Eié1LiLp).a= E1FjapLiL;LsLp, and

(C(q)ipLalp)a = (CiFieppLoLlpLaLlp).a= CiFiapepLaLlpLoLl.75)

Similar scheme can be applied for &5 and (g2);. Therefore, from Eqs. (5.70 and

5.73-5.75), the Euler equation for small deformations is given by

0 = Piaa=2puFian—pi+ErFjapLiLiLaLy — CiFiapcpLalpLeLp
+EyFja gMiM;MaMp — CyFya popMaMpMoMop, (5.76)
where, we make use of the identities Div(k) = Div(*j , (po),a =0and (¢1);p =

(Fie.oLeLp) s = FieppLeLp. Alternatively, from Eq. (5.68a), the above can be

rewritten as

Di = 2puiaa+ EvujapLliLiLaLg — CiusapecpLalpLoLp
+E2Uj7ABMiMjMAMB - C2Ui,ABCDMAMBMCMD- (577)

We note here that, the current and deformed configurations are commute in the
case of superposed incremental deformations (i.e. e, = E,). For an orthonormal
family of fibers (ie. L=E;, L1 =1, Ly =0, M = E,, M; =0, My, = 1), Eq.
(5.77) furnishes

p,i = 2/~Lui,AA + E1U1,115z‘1 - Clui,llll + E2U2,225z'2 - C2Uz',2222- (5-78)
Further, in view of Egs. (5.66-5.68a), the condition of bulk incompressibility re-
duces to

(J—1)=F-F =divu=0. (5.79)
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which, together with the Eq. (5.77), serves as a compatible form of the equi-
librium equation (5.46) for small deformations. Lastly, the boundary conditions in
Eq. (5.55) can be approximated similarly as in the above (e.g. t =t, + et + o(e)
etc...)
{; = BiaNa— %[Cl (91)iLATALpNp + Ca(g2):MaTaMpNp),
m; = C1(g1)iLaNaLgNp + Cy(§2)i MaNAMpNp,

fi = C1(q1)iLaTaLpNg + Cs(ga)iMaTaMpNp, (5.80)

In particular, if the fiber’s directions are either normal or tangential to the bound-

ary (i.e. (L-T)(L-N)=0and (M-T)(M-N) =0), Eq. (5.80) yields

t; = DPiaNy,

m; = Cl(gl)iLANALBNB+C2(92)iMANAMBNB7

fi =0, (5.81)
where
Pia = 2pFia—poia — poFy + BrFipLiLiLaLp — Ci(¢n)isLals
+E2FjBMz‘MjMAMB — Cy(§2)i,BMaMp,
(1) = FiC,DLCLD and (§2); = .iC,DMCMD- (5.82)

In addition, since JOF}5/0F;a = Figl}y — FipF}, at € = 0, we obtain
(OFJT"B/GEA)O = (SjB(SiA — (5iB(5jA and (F*F[F])jB = (5j85iA — 5iB(5jA)ui,A> (583)

Therefore,

F;;x = (Divu)dia — ua; = —Ua, (5.84)
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where Divu = 0 from the linearized incompressibility condition.

5.6 Solution to the linearized problem

We introduce scalar field ¢ as
u=kx Vo, u; = 5)\1'925,)\7 (5.85)

so that Eq. (5.79) can be automatically satisfied (i.e. ¢ 15 — ¢4 = 0). Thus, the

linearized Euler equation Eq. (5.78) can be rewritten as

pi= 2M5Ai(¢,A11+¢,A2z)_E1¢,2115z‘1_015/\i¢,>\1111_E2¢,1225i2_025/\z¢,>\2222- (5.86)

By utilizing the compatibility condition of p; (i.e. p;; = pj; ), we obtain the

following partial differential equation solving for ¢.

2ﬂ(¢,1111+2¢,112z+¢,2222)_Cl(¢,11+¢,22),1111_02(¢,11+¢,22),2222—¢,1122(E1+E2) =0,
(5.87)

The above further reduces to

A[AG — a1 111; — Q20 9995 — (81 + B2)P 1120 = 0, (5.88)

Wherea1:%>0, a2:%>0, 61:%>0,62:§—j>0.Wenoteherethat
the solution of Eq. (5.88) is not accommodated by the conventional methods such
as the Fourier transform and the separation of variables. Instead, we adopt the
methods of iterative reduction and principle of eigenfunction expansion, and obtain

the potential function for ¢(z, y). Details are reserved the sake of conciseness
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which can be found in [85]-[87]. The general solution of Eq. (5.88) is obtained as

o(z,y) = Z[{Amexp (T) + Bpexp (—zT') + exp(anz)(Cypcosbp,x + D,,sinb,,z) +
m=1
exp(—anz)(Ey,cosb,x + Fy,sinb,x)} x (sinmy)], (5.89)

where

I R G e O I N O A ).

m 5 |
C 2

P_ 37_9?427 — Q—g 3%’

N

o = J((S-BY (B LoBoy) 2o b g
- 3A  9A2 27A3 T 24 (A2 27A3 24 V6 51

and

m= oo A=—a;, B=(1-m?), C = —m*(aym®—B,—B5+2), D = —m*(aym?+1)
(5.89-2)
The unknown constant real numbers A,,, B,,, Cy., D, E,,, and F,, can be com-
pletely determined by imposing admissible boundary conditions as depicted in
Egs. (5.81-5.84). The analytical solution ¢ is then converted through mapping
X =(X1 — ¢y)er + (Xy + ¢,)ey to obtain the complete deformed configurations
(see, for example, Fig. 5.10). In addition, the corresponding stress fields can also
be obtained through Egs. (5.82) and (5.85-5.86). For example, in the cases of
fiber composites subjected to lateral extension and/or flexure (Fig. 5.62-1), the

expressions of the corresponding boundary conditions can be obtained from Egs.
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(5.81-5.82 and 5.85) that

Extension — Pll = 2#’&171 — p — 2,&’&272 + Elul,l — 01U17111

Flexure — m = mlel + mgeg, ml = Clul,ll andmg =0 (590)

where uy,1 = —¢ 51, U111 = —@ 211, U111 = —@ 9117 and similarly for uy (Eq. 5.85).

In the analysis, the applied tensions and moments are approximated via Fourier

series as;
30
) . 200 1-1 7l
P, =2 —p—2 E - =ol = —(=1)= Y
11 pury —p g e + Fyug ; — Chrug 11p = 50 = IZ:; oy (—1)z COS(Zd)y’
(5.91)
and
30 20 1 ™
m = mse; + moey, my = Cruy 1 =80 = ; %(—1)T cos(%)yem,
me =0, (5.92)

which ensure fast convergence (within 30 iterations). Despite the presence of sharp
corners, where singular behaviors of response functions are often observed, the ob-
tained solutions are smooth and stable throughout the entire domain of interest
(Fig. 5.10) with reasonable sensitivity to the fiber’s resistant to both the exten-
sion and flexure. More precisely, Figs. 5.11-5.12 indicate the inverse correlations
between the magnitude of deformations and fiber’s material constants.

In particular, the linear solution displays good agreements with the nonlinear
solutions and experiments [[84]] for small deformations superposed on large (Fig.
4.13) while it demonstrate discrepancies in the predictions of large deformation
analyses (Fig. 5.13). Overall, the proposed models perform well in the prediction
of the mechanical behavior of fiber-reinforced composites and therefore they can

be easily adopted in field exercises.

121



Chapter 5. Mechanics of 2Dir fiber composite with fiber resistant to flexure € stretch

P,,=50,C /u=100,E /=90, C [p=I50,E /p=135,
L e I A e e L L

02 — —

04 |- -

Fy'S N TN O U s N S
-15 -1 05 0 05 1 15

Figure 5.10: Deformed configurations under axial loading Py;/p = 50
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Figure 5.11: Deformed configurations with respect to E4/p when Py /p = 50.
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Figure 5.12: Deformed configurations with respect to F1/u when Py /p = 50
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Chapter 6

Conclusions and future works

6.1 Conclusions

In this thesis, we have presented a continuum model for the mechanics of elastic
solid reinforced with both unidirectional (see chapter 2 and 3) and bidirectional
(see chapter 4 and 5) fibers in finite plane elastostatics. The primary goal of this
thesis is to find analytical and numerical solutions of differential equations which
are obtained from the gradient elasticity theory. Our works lead to the following

conclusions:

e We have developed analytical and numerical solution for these models. The
fibers are idealized as continuously distributed spatial the Kirchhoff rods and
their elastic resistant to stretch and flexure are incorporated into the models
via the gradient of deformations. Then, the Euler equation and necessary
boundary conditions are derived. These lead to 4th order nonlinear coupled
PDE systems from which a set of numerical solutions describing mechanical

responses of fiber composites are obtained.

e Especially, we examined the plane bias extensions (see chapter 5) in the
case of bidirectional fiber-reinforced composites and demonstrate that the

proposed model successfully predicts the continuous distributions of shear
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strain fields through the second gradient of deformations. Also, a compat-
ible linear theory, including boundary conditions, is developed and used to
obtain complete analytical solutions. The results obtained from the linear
theory demonstrate close agreement with the both numerical predictions and
experiments for the small deformation regime. In addition, the analytical so-
lution for bending exhibits smooth behavior as it approaches the boundary
despite the influences of sharp corners, where singular behaviors of response

functions are often observed.

e We have developed a FEM code to solve 4th order nonlinear coupled PDE
systems. The numerical results are compared with the results in literatures

(FEniCS Project) showing a good agreement (see chapter 4).

e The results are compared with several experimental data demonstrating
that the proposed model successfully predicts the deformed configurations
of a Crystalline Nanocellulose (CNC) fiber composite subjected to three
point bending, and also corresponds with the experimental results for T700S

carbon-E glass fiber composites (see chapter 4 and 5).

e Lastly, we mention that the proposed model can be used as an alternative

2D Cosserat theory of non-linear elasticity.

The hardest parts of this thesis were obtaining analytical and numerical solu-
tions of differential equations. This is due to the fact that the conventional meth-
ods, Fourier transform and the method of separation of variable, are not applicable.
Instead, we adopt iterative reduction and eigenfunction expansion methods (mod-
ified separation of variable methods; see, [85] and [87]) and successfully obtained
complete analytical solutions for the small deformations superposed on large. Also,
due to the complex nature of the resulting PDEs, it was not possible to obtain so-
lutions using the commercial numerical softwares (e.g. COMSOL, Abaqus). To
overcome the difficulties, we developed our own numerical schemes through which

complete numerical solutions are obtained.
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Chapter 6. Conclusions and future works

The thesis initiates the research subject on modeling biomaterials and soft
materials which are very popular these days. While writing the thesis, I have a

great passion and motivation to pursue my Ph.D. study in the field of soft material.

6.2 Future Works

e This work can be extended by using the Mooney-Rivlin model energy func-
tions, for the analysis of soft composite materials such as carbon fiber rubber

composite and human composite tissues.

e As we discussed, so far we studied up to the second order gradient theory. We
can develop third gradient elastic theory in the application of microstructured

continua (see [24]).

e In this work we developed a model for fiber reinforced composite. As we
illustrated in the introduction, we can also model cracks with this theory in

the future.
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