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KR - ABSTRACT

In the f1rs‘\part of the thesis we 1nvest1gate the product1v1ty
of weak m-n compactness wh1ch co?erc three ma1n concepts: H(i),

feebly compact and weakiy Lindelof. In the later part, we considef

the possible improvements and gener¥Ttzations of Arhangel'sKii's,’

famous theorem (1970),

Bl

¥ < 2HOOX00

for. Tz““spaées, where L(X) is the Lindelbf_degree and x(X) is the

L : w

. ' . .
character of the space X. . : "

AN

. Chapter I contalns a brief hlstor of cardlnal 1nvarlants ip
P 5 Y

topology and def1n1t10ns of/gégerallzed fopo]og1ca1 HOt]OHS‘WlTh
necessary basic theorems, ‘ -

i} \
Chapter II is devoted to a short swrvey of m n  coampact

topological spacec and co~idere the prob]ler nf precervation of tightne-

in large py(\(‘ucrg nf N mepgr‘r spg' ew To 'l\j voTpact v sho‘, thoat
tightness behg\/e'- crmi oyt Cl»r‘\vq toer In I-v:n]"""--. ~ne l(w‘p]ly 1 ;vw](.’]'r'\f.
. " epa ea and hep# in preduct o o of Lindeldf, :f_‘ Pf»‘spaces.

i!
i

. * . . .
In Chapter TI]. we introduce strong - m-n filters and study
P . A -
productsvof two spaces and then large prod -t (and weal topo! gi &' - -
By doing this we ob'ain wfficient conditi - v facter epn

[

'hf’ p,-r‘-wr' 7'». o f v LY e [ A
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Chapter 1V is malnly devoted to a study qf two 1nteresting ' e
! [
cardinal. functlons, the - L1ndelof degree L(X) and the weak ﬁ@“ﬂelﬁf
.y

number, wL(X). Here we introduce a new card1na1 fupctzon, the. almost’

Lindelof degree aL(X), which sat1sf1es, : %
A B : e

wL(X) < aL(X) < L(X) N

_for any space X and prove that

x| < 22LOOX)

03

for T

o Spaces. Next, we obtain-results similar to the above fhvolving

wl (X) and study relations between L(X) apd wi(X) bw introdugﬁng

“avdival fypction, ' nef wnmhe

W . S |
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"In 1929, P.S. Alexandroff and P.S. Uryshon introduced H--losed

i W ’ ‘.,

spaces VYo 104Y

oo . P
spaces as a natural generalization”of compact, T
' . £

K7

?

C. Chevalley and 0. Frink proved thaﬁ an arhbitrary product nf
.s )b ; . N .
? H-clesed spaces is H-tlosed. Z. Frolik, W. Comfort, A Hager and

S. Negfépontis have studjed another generalizatinn.nf compract (Linde' -
spaceS, namely weakly Lindeldf spaces. Tn 1072 M {llmer faw] hac
extended some of the resnlts of the above mathematician-, hy provi-e
that fhe w?ﬂkly [indelnf property in ga prnducr‘;par“ i determirod

by finite subproducte The ~kove tw~ varistior~ of compactrecs are

special caces af the cernyral coraept ‘gﬂk mn cermpzctr:ca oend poc

A
of our interect i< ten 'i'*" l\'&lir“fv' LI BIPTR R 1 [ S '
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After this theoreﬁ, cardinal functions in topology played an

active role. I. Juhdsz has written a definitive text (see [34]) in

this field, including all the new cardinal functions and hew results.

| N
A< a natural generalization of L(X), the weak Lindelﬁf number wL(X)

(< L(*)) was first introduced in [A] anAd theﬁe it s proved that,

if Y disa T, spdce, then
*J

’
&

x| < 20X

»

M

The remaining part of rur i“terest is to <tndy the cardinal functien
wL{¥) in contvast rn T(X) and to c-nsider possible improvemrnts ¢
2K o ld s et and (R)Y te 'ﬁn rTaeg oFf T spaces,

4

"hapter T is devnt d to a Frief study 7 Fasi- tor~l~gical potio s

1

torr e by 'n"n‘nv nghi' ' R e | L . B ' L A A I A B U TP
1 ¥ L) 1
Chapte YT, v m i im e ts e ye e Tightnoae §n r.,.,.;,y,.
o f m coampa vt oepnc: o in ‘he fqe'ayp e We h'gin thic hn
g ing a hevt envey Al the theary o f m n coypoct epac-e acd poaving
Topreduet the o em whiohy P rtintly exten’s Hablo' ¢ thenyem 4 of [~2)
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Let X = II{Xi :1 € I} be a quasi n-paracempact

épace. Let » be a regular cardinal and
M

suppose each Y. s ~-n compact, <n-discrete

" and Ty Ther X 5e¢ - n compart

Tet X - T{v 4 « 1} 1.y D osp LX) -4 0 1) where 27D
1 1

den- tec the tightness of ¥ We defive X tc be 2 CTC (n, i), ay
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In Chapter IV, we introduce a new cardinal function, the almost
\*Lindele degree, al(X), which agrees with L(X) on T3 spaces but

which is pftén smaller than L(X) on T2 spaces, and prove that

’

\

MRS

bR

Ceq

N'xt, we irtredice, via local n-bases, a new class of spares. the

veoral epace Vs ~laes “ ntains T4 spaces and

I\(l . _)\,."7 (X)wv (V)Y '

vhe X ie o TMonormal space. This extends (B).
%}nl «nmpact subeets hehave nicely in T2 spaces, it is of

inte -t tn lta‘n upper bounds for the numbsr ¢’ ~“rwpact cubsets

Cve £ Tre this diverticn. we show that foy 1 P M

5
- : T “
- E ) LA {NY ' ' y
[ le gy . rex EARUEEN ?
‘- N [_QJ)_
Fi ally  we jtro’uce n new cardi- C i e e Yy
e o ot f oy vegyu'a spaces,
t Vit LA R ]
Fac" ~harter jg divided into cecricong and auhrea~tiong Th' main
reo-ults ‘n each cenheccti o on gy Yabelled h'\’ 't’fgfﬂrs AR CDT LANE Vhen
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subsection, then we use only the subsection number followed by the

corresponding letter. We follow this pattern by indicating chapte-
Al
number, sertion number. subsection rmmber and the cosvespanding

-

letter, as necessaTy. , -
. N .

The cardinal frneticrne which are not defined here can b
found in .Juhfs7z revt [3'] and fcr t 10l giral concepts whicrh are
[ ry ] ot r-'r‘v‘ e

need without any speci”‘ [

text 2f Willayd (AR
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C Definition. Tet (¥ <) he a linearly ordered =et. Then a subset

A f X ir sgid to ke cofinal v v if for every x ¢ Y. there exists

2

" enech thst x < a,
Conver frmally wo ideptify A infinite ¢ardinal a with the
teact ecvdical "2 S U T BN "he we con define the
‘Cin;{l;r_\' o ar
e o] ! )t ' (AT !
v HE ¢
te  'our oot ). (Fes ! 1o
{3) ) {1

[f"%njljrv); A T ) ) 1 P BN he regn]av i vl op
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3
We note that. « ie glwavae a yegulay cavrdinal for apy carding)

The cofinality of an infinite cavdinal «o can be regarded as the

leagt cardinal R cuch that n can he decomprsed into vunion of f

1

et each of vhich has czrydinolity leasa than ne an eyxamr '«
o0
' “hye - f vy - 1"
M U Ry " H“ o
1 -0
Mewe e 0T cneeds i o' goropestie of card nale
F Defiriticn clieat o ot TR TR c
T A X
() v 2o oand
'\
(i3) ’ oy oAt
(3533 & Yovyergalae \
Acrardina' Wb AN HE : ¢ 1-v o inacce sil
cardinal ! » ‘ ' et
Ck .
W T ( ' - S T ,
o \ ' ' - t oone i, jraccore Vo f



each i. Then we define 0

Mk o ie 1= JulX, ti e T},
and

ﬂ{ki S BET B Iﬂin ie 1TV,

The fallewing reselte will he nweeful in the sequel (see [30]):

v re v i an ipfivirte cardinal and k. > 0 for each i < ),
i
Yor s o Lok )
iy T v ie 'n jnpfinirte cardinal and (Vv - i V) i a nop-
hl
v ol ser i cavdingls  vhap
A i V- fenpl), P v
. ]
Tin “orvnduce - o R [ R R AN R R )
i '3t‘
. , S e . 13 B 1 .
' IR v tinnle 1T gt Adrpme ne
T . )
‘ ' BYIRED B I Th L ’ ! n
n



To illustrate,.note that

(i) T o > NO, then
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2. Cardinal Invariants g

The development and use of cardinal invariants in topology ﬁas
been significant. At early stages of topology, character x(x)),
pseudocharacter (¢(X)) and weight (W(X)) played an -important role.
Afrer 1970, other cardiral invariants such as the Lindelsf degree
(1.(X)), density (d(X)) and spread (s(X)) have takeg ap active role.
As we <chall see, manv v91;n%1~ reenlts can he formulated in terms of

2rdinal {pnvariante,

A. Rasic Definitions. T.e' X be anv topological space and let a e X,
Then an oper nejghbanrhoed hace at a i< a collection Va nf epen
snbeete of M euch that §f V  ig any open snbser comtaining  a, then

*h e xjimtg come 1 = U csuch that a « 1J c V.
a -

Tf 7 is o= 71 'dcr, then a pseudnhase o' 2 is 3 collection
Y ' Lot B St v ieh that
Ia’ nfw oW
[ Ter v be Aany tepaloacicn] “race and let X € X Then we
define, (. V) - m?n{ll’ l U i oan apen neighbonrheood hase at x and
v %

chavacter V(Y)Y of X  agt

. ﬂ'-z
x(X) - soplyx(x,X) * x ¢ YD ’
. _ T A L Ly o s TRERENI LR . ", .
(ii) Tet ¥ be a T]' ~space and let  x « X" T&;'ie'ﬁ\ we defipe "
w g o ‘

‘,,(x ) X) - “\#"{T'ﬁ.’vl Hf Y. oo ;., 2 Vi mg e x1. . .and. the pﬁﬁuﬂ&‘d)aracr_e}: .

vy { v ac

-



VOO = suplY(x,X) : x € X).

2

(iii) Let X be any topolngical «pace. Then we define the'Weight

w(X) of X as,

.

wW(X) = min{ [R] + B ic a hace foy Y} 4 R(f

a

(iv) TLet X bhe any ropnlogiéa] space. Then we say that Vv
k-Lindelof if and onlv if every npn cover of X has 2 sub.~ver of

corvdipnaliry or moet k. Wr define the I,inde]af de‘gree (Y ¢ f voooan,

LX) 5 minf}h ¥ fe b Tindeldf) - n

"
14
(v let R be anyv rtopalpgical eve o Ther we define tho deneits
d0x o v ac .
1§ i '-\:vf"rl «@ it YA e gn YN .
I}
(vi) "t M [ RN Vo 1. e 1 fin Sy v
f N
vt ' +
P T tovic 1 Toeta We b thiet for ar ragp tagi =1 gqpe o YV
A\ . .
JEvyY Tnoprnoeal ol par hetweon oV and V(X) Pe ceaa
T-rge Tn *he rarly par! of the tyentieth century P Alev - ' ! S

”r} sty , pT""V“d t! o f(\"ﬁ!\"ing remarbabhle reaplr oo

f The v m 1o e vty eocp 0 F 0 spaes T over



§ggce' (x(X) = RO).

(ii) Theorem. Let X be a compact T2-space. Then x(X) = y¢X).
We note that this result can be extehded to locally compact Tz-spaces.
Thus = the weight w(X) < [X| for all locally compact Tz-spaces.

o

Among all sepavation Axjoms, normality plays an important role.
V.R. .Jenes (1937) has proved an interesting lemma concerning norwal
spaces. To ctaﬁi’the lemma y<ing cardinal invariants we Tequire a

definition.

Definition. ‘tet X be anv topnlrgi~al space. Then we define the closed

“pread (XY nf v as.

PEX) = supl[B] : B is n closed discrete subspace of X} + R 0

cas . . d

(1i4) Lemma (Jones). If X is normal. then p(x) <« 290X

We arply thic "erma ¢ - the Moore plare M T r this we note that

I,(M) NS Aot o » Thus M e a nornr normal (r‘ﬁm‘p]ere]y rem)]ay')

Al

.. ‘race.

Metnal deve'ospment of cardinal invariants, has hegun after 1070,
- . ¥
) .. .
Thie jg mainly Aduve ta the fameye th~ovem of AV, Arhancel'skii which
answered a Tong standing pr hlem. nf ' Alexandraff and P Urysohn, namely

Advpa cvery fivat Conint 7}\]¢~~ cempact T? space have r_‘_ﬂTd‘i“ﬂlity ar mogt - ?

Arbannellgkii's ancunsr taben the fellewing form:

(I Theayam A1 a1 Vi Vet Y be g Tﬂ B8 AR AN AR Thioawn

R A



In the latter part of 1970, the development of cardinaPl functions
in topology has proceeded rapidly. As a result of this many new
cardinal functions have heen added., Amang them we shall consider mainly,

the fnllowing cardinal functiens in addition *n (XY (YY) WIX),T.(X),

vy and Q(’(‘ (See [’;d]).

(A) tightnecs . JXY | (tr 7800 00 o i
(H) r charnetrey - nx(\()-

(¢) closed spread - p(X).

(Y sV n)avity SOXY
\
" Examples. The following standard exampl s nre eicountered
Ty e t1y in oy work and it ig very usefal e tnev the yglues of oo

cay nal funetions opn these spacea:

(o the countable complément ftop ' re o N noohle =et
witr' cardinalir, V.
{hy the Alesandenff v oy of ¥ [ ' . N

() the Moo plane

(A the Aleeandraff der ( W ot : 1
"

{ ) the Ordinal erace,

(61 the Tvehoneff laek

[ Mice'nel e Vines (al- ! ) !

[N the Tovgenfroey 1iae

[ thr Corpe T ]



D.- Chart. We sﬂall give the\values of x, ¥, 8, nx. d. w, p, L and s
for the spaces (a) to (j) in a tabular form.

Let ¢(X) be a cardinal fuhctiog on a topological space X.
Then ¢*(X) denotes, -sup{&(Y): Y’EAX}~ If ¢ = ¢*, then we say that

% 1is monotone.

We note that, "y, ¢, 2, and w are monotone

SPACFS X(X)Ixz‘(x)lam[wm d(X)]c(X)Iw(x) p(X) | LX) | s(X)
| ] i T
(a) okl k| **1 R RO RO I ®
L | ol | | | | /
R N T I | | | | j
™ B B B A O B N L TSR S
| [ I | | I |
() P N R O S O TN T VS TP U T
’ 0 Al
I T U T U L 0y | |
| | | | | | | | |
)\‘ \_‘ ] P ] \
(d) o1 Por B | T B T N T
l | | i | | | | |
(e) e b e b2 1 e 1 e 1 e x| o8| c
| | L | | b0y 0y
S T T B I T | 1
R e R T T S R T I ¢ °
| | | | I | I |
(¢ A R B O N A O N
R T T | | 19 |
| | | | | | | I |
. yo y » ’ » ' . N »
(r R T L I T T I SR PO T P
| | | | o ! | |
(i) » | |» | - I » I » | ¢ | ¢ | ¢
" ' o 0
" R T T | | | 1
| I | | i b ! |
3 ! |8 1 . 1 ] ‘\
(i) | | L AL R T S T S SR
L N T T B R

>

Ne't, e shel! $ivi an fwpargar: recult which we sh=11 use frequently

(¥
' R R A P A Y o Then "] < anY ).



F. Note.

cannet he‘relaxed to T

N

It is easy to construct an example via

1

G. Example. Let X - [O.I]P. Then Y i«

R A I NO

Thar

rrd (XY  oc.

he poaj vty A

N,

to show that

in the hyprthacic «f rhe theovyem E.

11

T?
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3. m-n Filters

In the theory of convergence and compactness, filters play an
- K-

jmportant role. We know that open filters are used in the study of
H(i) -pnc~ (cee [62]) and 7 filters are used in the study of ;he

Srene Creh compactificarion (<ee [10]). We shall define m-n filters,

vhirh were €5y dvty 7«1 hy TP tanghan [73].

A Definition Aeolle tin T of enlsets of a set X has the

’n-intuvgqctinn 'pylyr-n"\ ’ s on])’ if fory ench Fo (e F W'ith

|7 | noool s ¢. ‘
| A \
A cellection T f »n.oompty -nbeets ~f a2 -t X dis said to
beo<p-nte1e 56 cnd ondy 0 ey enes Tro 1 yieh 7]« n ) theve
[} 1 1 - ' 1N |}\n ! v T
n Definition A filtr ' -+ - eor ¥ ‘s a non-emrt c¢ollection
ot Tty 1tk Tete o v ¥ W Vo A cndey fing e Ty v:p(-tihyw‘.

' ".'[“'S’ t rv' ey

SRR T oot T i« called » hase 60 T
Al
Lo " ! o te ' oblte~tion of o111 ~arec which
T
R
{ Definitin ‘vomn fil er T vnget Y ie o fi'ter on X

ieh Tt vy tntevcactjor pr ety and bhas a base F ~f cardj-
. 1. tha ny equal to m.
A\

mn sto'lo fltnay o3 et X js 3 fi'ter on

[ 7 . [N I PP I SN ~we thar oy



.'Y/
equal to m. M

¢

n Fxample<

(i) Jet ¥ be any ‘ir ~ ntahl-

dennte the meigh-n ~h- d = 't at x -

inficite capdiv 0 v oA : i

(i) T et \ ¥ e [ .

v Anf i e e

' ! 1

vrop
1

Voot he g ' N i !
H R ga o { )
an T™on LA N '

¢ TV

Vg 1

N ( 1
e :
n 1
) ' ,

v L mea ! '
n i [
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filtey

t

A

ny\(l

XY

then

>

"o
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B
1

Than

r
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4, Generalized Products

- We chall ‘n'~1in5 the main facts about the k hox topology on the
rroduct U{Xi - T, This i< a generali-ation of the Ty honnff

" Tyt tor\hlog\ wh=r e 1 i nar o3t re Fcarvtinal peml oy s [:,"]\

A Definition, '=t M = "[W_ - « '} whrre W, is n
: . 1 1
b R | B B Ve voengs { w S
Cov [ . 1w, X
i :
oy nvg'"p‘,s' M - n[(:‘. - 7) je a Vo oG o r'.t)l'""‘v f ”\'
j :
Lot lye T b et 0y . [ Y e ln((!)l \,”
R. Definition 1o h AR SR T B The tape' gy cen-rated hv rh
— —— - — 1

~qh te of tha ¢ ym | ”’w_ LS T 1 whevyo —neh W, 1S opr 1 ¢
]

v '

vyl |D{W\[ Sk ie called rthe k-bov tapnlrogy on the vl e v anrt
[N - .

i e dapoted by (V\‘/ whe' o | S n

{
"H\”"_é\:pyrirulav, i f vl( ?’”f tj“;n) the 1 H v Vrp-](-g. on v 3
1 e prndnet tep 1ogy 1f 1 - lTl' thon the ! Co '
v ' imr ef v Y 2 the Ny opelopy o v
LR | L e A T S v ol
' } v \ T 1



X to XI,’. In particular if T1' = {i)
rrojection map L X -+ X‘i'

9

lLet W - H{Wi: ie I

Then we have the following:

i

J
(i) |rzrnl,(wn| LICA

where W, s

16

then we get the usual

a syhserr ~f X for

i

i e 1 R(W) .

where

.

V- T}[Vi t i e T3

hen the frllawing =ve

.. o)
(Vi) P (w \ n(w )
LTI I EITAY
[ T W then 11."\7) - X fev ald
i 3
r Frop sition. Ter U PO i e T) e d e
1
t and O\ : | fooy g : '
1 1 .
' Coo et
(vy U b .
ARRINIA o seme §o: RO 4 ROV,
Vooonon prvy Yo 1 . o, o
anc 1 v
1 e : (|) n Rt
(i EER) Tvivial
Civy o i Tvi gl

TV ey heeee Uy g

AR

LI F'o- R(M) a RIVY, "



17

(ii) T i< continuous.

(iii) T is open.

Proof  The above properticrs fellow (vom yemark (.

.

Furthermoye we note *the following: Tet X(T') - {x - X Pxlos ai
for i1 1"} wfnrp a - (ai) is a fixed peint in X, Then X(7')
is homeomorphic to ”I')k' ar a <nhepace cof ()’(11(, Thic f 1lowr
from the (it thay - VY P hameomorphies Faem NT ) (2P
(v oy
| S

¢. Definltion. Tet X = WY o ® < ¥} and ler a  (r) "roa fixed

I)r)inr ip X. Then we d@fino the " wral sy e f v 5 T o e N Ve s

A AT R O |li e T :v: £ ad] - )

3 3
whpre v de an jnfinire cardinal, We note th 1t vy - CX(TT T e
Y v
whve, I- - (T Pro- T an? "['! . Y} ) The | @ - sy A Japean
A the [\q’- 0oty apd nothe o v e \ ' . Cy ) o
\ ‘ 1 ' \ 1 ,
. Theovm v : e
AN Wl v
1.
Pt et oo .
. vore
" H 1 DIrwy
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Then p ¢ W and we shall show that b’ﬁ vy(X). Consider

[1i e Tip, #a}] < [ROM] < k <y

and hence p ¢ y(X). Therefore vy(X) is a dense subspace of (X)k.

As a special case if we take k = Yy = 1(0, then the weak-
topological sum, &o(nxi) is a dense subspace of X in the product

topology.,

T. Example. Tet Xi = N, for 1 = 1,2,..., then RO(HXi) is not
dense in_ (”Vj)p becanse if A, # P, for all i ¢ I,.then

]
r R,(MX.» bt {p} is an open subset of (TIXi)R . Thus, the

1
oyl o | EE cannet he relaxed In G.
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CHAPTER II: m-n COMPACT SPACES

'l.  Some Properties of m-n Compact Spaces

1.1. Basic Properties

Compactness, countable compactness and the Lindeldf property are
special cases of a more general concept: m-n compactness. In this
section we shall study some properties of m n rompact spaces,  Our

notation follows that of Noble [53]

A. Definition. let m and n be infinite cardinals with m > n. A

topological space X is said to be m-n_ compact if and only if every

open cnver I of X af cardinality < m has a suhcover of cardindliry

We sav X ix vy corpact if ard en'y if Y ic mon compace

" Spdeial Cases

(i) . Mﬂ compncet apaces (‘(\u\p,’;r'r epnecpec

04

(Vi) x = compacr spacec = countably compact spantes

PN

(Piiy o~ N, compact spaces = Lindeldf spaces.. . .

- a .. Y . . .

s

We will show next that m-n filters can be used to characterize -

. m-n_compact spaces. First we require a definition.,
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C. ‘Definitién Let. F be a f1lter on a. topqlog;cal space x Théﬁfj

'we deflne the adherent of F- as

g F L hfﬁ1 P FFL S

-

The follow1ng lemma 1sqproved by Gal [18] but the proof w111

. e o o~ o oae e -'-n-,j - P v B
. be reproduoed»here since our term1nology 15 dlfferent T e s

32

D. Lemma. Let X be a topological épéce. Then the following ane

equivalent:

(i) X is m-n compact,
(ii) every family of closed subsets of X with the <n-inter-
section property also has the fim"intersection property,

(ii31) for every m-n filter T on X, ad T # ¢.

Proof. (i) -~ (ii). Let (Fi: i e ¥} he a family of closed subsets
rf X with the -1 intersection property. Then {X-F{ 1 ¢ I} does

not centain Aan open ceveyr of X of eize <m  and hence {F. : 3 « T}
j

hon rhe <m intevsection property

(i) - (iii)  ler [ bean mon filter on X and let Fa

be a3 bhace of T with |rBI ( m. Then er (F f: € rB1 is a collection

of closed subsets of X with the <n-intersection property and hence
L B P A

ad ”-B#(b e Ce L

-

-,

{1q1) = (1) Suppose X‘ s not- .mrn°;compact;..Then, thene;

exists an: Qpen cover {Ui: ie I} Qf X With-‘1ll¥§3mfiaﬁd-th

$ubcover of cardina]ity'iéés‘than n. Henég,.

5
-

Ryt O Y e e P )

AW
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is'an m-n filter base on X but ad FB = ¢. Hence, we have a

contradiction.

n 5
E. Corollary. If n is vegular and m" = m, then a topologjgal space

~

X is m-n compact if and only if every m-n stable filter on X has

" 'a non-empty adherent, . : .

a

/

"-YE.‘ ngigipigp. A topological spage is said to be -<n-discrete if and

and on)v if every point of ¥ hac 4 - n stable neighbourhond base

G. Theorem. Let X he 3 T?' ‘n di~crere epare. Soppoce ench owo oo ¥

[N

. n .
has 2 m-n compact neighbeurhon? TF m is regular, m - m nand

(Y)Y < m, rhen x{\() < m

Procf. 1¢t R he = rnollection . ope neightonrheoads of  x ¢ X with

w
i

IR‘(l cm an | fx)Y -~ . [R R . P\(‘ T-+ V. bhe ap o n ¢ mpact neigh
hbouthnod of ¥ T et t ‘ ("' H-nl, U T ”(Rxl ! The we nhall chow
tha? UXIV SO N BTOR ZET § PR B ic a deighhonrheod haece ot X . Tet V  be
anv ap-~n neighbonrhand of  © ond enppnse (X V) 0 (U.AK) AP ey ey
n, l’v Then ('\(I(VJ] Yo je 7 mn atalle ‘3|!f:v' b noo ve

ad, (V1 (K n X-v1) < o f'x) no(N.V) o K
vC(()é)r% (X Vy o ¥
- X

s{xhn (X V) - ob



By corollary E, this is a contradiction. Now it follows that

x(X) <m. -

7‘6-099?011?fz- Let X be a TS’ m-m compaCt, <'n4disérete.§pace;'
n

n ts regular, m =’m\“ﬁnd"ﬁ(xj”f_hﬁ’theﬁ;t}(Xj E:h:f

- , 1.2 f}_‘oiettion Maps

22

f

..

-We. shall show that, under suitable conditions on facrtor spaces,’

the projecticon map parallel to an m-n compact factor is a closed map.

A.  Proposition. Tet the projection Ty

tX >~ Y > X be a closed map.

Suppose Y is a - n discrete, T fﬁpace and y(p,X) = n (> Nh) for some

]

»

P - X, Then, .Y 1is n-n- compact.

LS

.- A S

Y . a e

Proof. Supp~=e Y is nof 'h-n compact. - Then there exists a :hen",

filtes haee 1 on ¥ =snuch that F = ¢, [ \

)

whepe  W(in) is the leact crdinal of Pardina]ity ", Tet

- (v e W(n)) he an open n;ighhnnr}mod baca 17t P and ler
r o

S - X - %Y. Then.

o

o pEu(s a ¢ W(n))

. . o~ .and -

—



for all % e Win). Let y« ¥, Since nF = &, there exists.an
ay € W(n) and an open set W of Y such that y ¢ W and W Ka = &,
’ ' 0
We set,
Foe GTB, ¥ ¥ 7w T WY
L ,n>
and nnre that (p,v) ¢ F, and hesa€e /p ¢ "X(F) Rnt
;;TFS > WTEX TN O WeNYY
and thue p - ;;TFT_ Thie 3= » ce~rrradjeation hecause Ty e porlng-

mar

B. Proposition. If X is < n-discrete and has’ character < m and Y

is m-n compact, then the projection Ty ¥ x Y+ X ie n clased map.

Proof. Let F ~ X ~ Y be.a closed =et awd “¢-ﬁx(fj, Let ¥ heoa

neighborrhood evatem ar  x  in Y wi;h val . W ser

and let uv(ﬁ) - (ny((:] 0 oe ") Then eaci 1y ny((:\ Ta v bonee { o0 oy

m-n filter on Y and hence, by 2-B, we can find =some

'y'gvn(;;fﬁﬁ “G e G}. Now, if V and W ave neighbourhoods nf x an/

2 - S S I ;
v, thenm W meets nY(ﬂxl(V) n 1Y and hence "Y“W) ty (VY n F 7 %

Thue every hasic neiphbanrhipnd U o« W Al (x 1) i VoY mes e

and hep-e (v vV ~ T F Than cYenxly | v - 1'\/”'\
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. B b”r‘&_S;
2. Products, 5f Lindel6f Spaces -

Our main. aim is to. prove that a product of Lindel®f, T., P-spaces

is Lindelof whenever it is quasi paracompact.

R e

701, Basic Terminology

We shall define quaci paracompactness and show that the class of
quasj paracompact spaces is larger than the class of paracompatt,
Tz—spaces
A. Definition. let X be a topelogical space. A collection ( of

Jelinition ; .
subse*s of ¥ is <aid to be jgn;gl9§qg9"pggsgrx£gg.if and onlv if for

svevy (' c C with |C'| -

. VI e e Y w (e, i

whop sy > N

P Fxampl=~s
(3 Every lesally finite coallection ig - n-clnsure preserving
for everv n.
.. L ‘ .
(1) Ler X be a <n-discrete space. Then any collection of

subsets of X is - n-clacure Preserving. '

¢. Definition. A T,-space X is said to be quasi n-paracompact if and

only if.every open cover ~f X has an open, < n “losure preserving

refinement .



o

_ﬁ Tz—space X is said to be guasi parvacoiipact if and only if

is quasi Rl-paracompacr.

25

ar

+ . . The class .of quasi n paracompact spaces contains the class of
paracompact spaces and the class ~f n-discrere 1? srace Thue the
class of quasi paracimpact spares - larper thon “he " rara
{
coympne v T’)-Spnr-o_:
.
> 7 Countahle Products
We shal' consider the p= ' ' ' AT e

“the product i° wrrmad oand "

A. Theorem (/' F

«n-discrerte and has charactey - v foy

n
regular and

R. Corollar v Tet " T e - oy

cme et and oo 13 ! !
" ‘ rnnrﬂ('v
Sine v ; v ! [ A

€ Theorem 'V

PE Tandeltdf

Next o oaehial

canditinn 1+ thie ' y¢ et hy

prove R

. Vaughan {73 T oaat

m = m, then "iVY L

comettey arh oAy

m-n  compa-ct.

.f"‘d 'if n

m. (\Y[‘!ff
~ v L3
| 1
1
t v ' 1 '
! h o v
ey 1 (]
[ 1



D. Theorem. If X IT{Xi i« I} is a normal spacé and if each X. )
is T., then 311 Yo cimtohly many of the )(i are countably compact,
\\

¥ Prepesitior ,,

vy T~ e a T] apar T e oa countably compacbr,
! ' [ ! © 'inite

tisy 10y vt oo ¥ e »  compact, then X x V is

' mpo

Proof. (i} 1§ v Vot 5 ZAgheakly infinite ;’..vme’v R, then B is closed
and diccretea This i~ a2 -ntradiction ' e X jg CPI""‘Jb]Y C(;mﬁéét.
feve o ¥ i finitae .

Y Standovt wmetho e wayk |

X v

We shall sheo tht nore-lity and palfcompact ess cpincido in"the .
Y B S A A X P ‘ni218f . ' P.spaces
! foopes i Tf v E - ' ! e ro th

. G vl iy le s

iy M i T ndel ! !

Ciiy voomal

Ty Ty, BT T oo R R T P IEIY

! (i) tiin LTS B R voom standa-d - - 1
{13 (117 T Yous £y by o D
1 { \ 1 1o copr oo Y LN R I



e
G: Proposition. - Let X = H(Xi: i « 1} bhe a normal Tl—space. If each

X, is ~m compact and - n-discretr. where m is a vegnlar cardinal

oy

then X {is «~-n compact

Proof Rv theoremr D. therr exi~te a countabhle agbsatr T ~f 7 cench

that X - X' ~ X] . wheye ‘(' ie o~ e tgl] [l’!jdl][' of - r'rvmparY
<n-dis rete :rrc-  an vy e oan an ' Ter ot fEa e ey
e 1 v ! " . "r\'v;[\!‘r !

= 1 Ty
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Since |[T1] - n,'x isf'dfn compact. - s
B. Qorolllary_.' Eveﬂeracompacr T7--s~pace yith a dense w»-n compact
“vbpace is -~ n compaet. )
‘ Cprollqu. Evers ~sparakie, pardacompact T245pace is Lindeldf.
" Theerem [the vem 2'3 of [12]). lLet n >n o~y f..R() an%h n>a >N
with regular oand ~tyera'y . inaccessihle. Let {Xi Ji.e I} be a
12090y of cpacie giel thay ("’Yia i, - I'l‘m i m-n compaét for all
voer (1 T LA "7‘)0 ic o n compact with _r,esbPrf
' hom e gy ' .
\\
{
T Cer 17ga . » 1 vegutay and strongly
v i) fopil- of fpares guch rhiog
: Pt o ' LA I en
¥ o
! P ! 't oty vy res auch that anc!
' ' ' ! o regular cardino
" , o Sééﬁdf;
¥
o
f We o thee by op ' L " cowpac
onee wy oy L 3-F, ot .
. g
'h;:xem - ' ”fV; ! ben quenad n-papv w1 g space
v : S | Trege cagh ‘Fv' ' R

0
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~* ¢ <nsdiscrete and T5; then X is =-n compact,

e

Lt

b

B e weny ® W e L, ow o e
Préof. Since RO(TI{)(’i :1 € I}) 1is a dense, =-n ' tompact subspace of’\x,

the resiilt?follows Py +lemma 3-A.

H. Corollarv. Tet X = m{" & 1) be a quwei paracompact space I°€

each \(-. . S ST ‘Hf" T . Cohe v N HENEEEE R RTIER It s

“pace,
1
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3. Locally e-p Compag; Spaces

A » . e A . ™
“ [N . . -

We define locally w.p compact spaces and study the basic

rvoperties of this claes,

A Definition. A topolngical space X is said to he locally «-p
compact if everv x ¢ X has a nejghbourhood bhase consisting of w-n
comrart subsets, where n > R,

A lecalls - ”0 compact space is called a locally compact space

el Taeaty 1 MPNTTospace e called 3 locally Lindeldf. space.

" Examples.
(i) The ser of rationale. nc a snhepace of R. is JACQ]IY
Pirdelof ki onot 1oraliy compact,
(ii)Y Tet X ho an reountable liserete space. We adioin an
evEYA Toir v pe v oy a “recify it - eighhourhoods to he A {p}
wh o ye A Yoand Y LA ie (hrghle e ncighhourhonds of ﬁnint.s of
X vomain 1 e The oo v e 1ad the one point

Linde¥8f exten ion of X.

We 'ZG "he fO]]ﬁvinf‘ fYerertiee

{ o1 A RSN B RO DU A A L ¥ o0y
(thy v i~
K
(e v 1o T ‘pAar i
{1 T A ¢ v o it empact, thog IA, R

’

ot R I Temr 0l M e pet Tacally Tompact .



31

C. Some Properties. The following properties are useful and they are

« h a1 Lt e aa T sy 8 aa D e g

easy consequences of the definition A:

(i) In the presence of regularity, to show that a space X is
locally ®-n compact it is sufficient to find one «=-n compact

neighbourhood at each x ¢ X. Thus every = n comﬁact. T space is

3
locally ~-v» compact.

(ii) Fverv open cubspace of a regular, locally =.n compact
space is locallv = n compact. )

(iii) Jet X bhe a - n-discrete T2 space Then eQery locally N

compact subcet is the intersection of an open set and a closed set.

. . .2
(iv) Tet X be a locally ~-n compact, Tz, - n-discrete space.

If A is dense in X, then A i= jocally = n compacr if and anly if

A is apen.

PD. Definition. A topolegical =pace X s said t>» be » k(n)-space if

for eaehh A - X the set

A is open in X if and onty if A 0 T s
yen 3e 7 for every o~ - compoc! subsetr Z o' {,
] * \ v et S | N | Ty PR forowe \ N . T - [ IR |
A oy o 0y ey . cr
'oapne e
T Py spevm i rjomn oo L L I N compac toopn faon F(n) ypoac e
Fv oo f Sty porse i n Toveally - 1 compa(" space and Ao T - oprr
i T e enerny n  cempact enbert 7 of X lLet a < A and 1-
. o~ - "

M tYe =a m o cempact pne gttt ourheod of  a,  Thepn we note thet
n vooe (-t Tow 7t 1 crpen Yo v angl et 0T o [T
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PR . .. . B v N

discrete spaces are. locally w—h compact fpr any Rs. the‘property Lpgally‘

° .
P R R v, .no-.."m'l-’-

. ~ . .
b Py : ~ R Q;-&..»oabco _"‘o.-‘,-!ﬂ,.*-',

” LA DR

“ed-n’ compact need not be preserved by contlnuous maps.

v’

F. Note. Contlnuous open maps preserve local «-n compactness. but not

J A R e . .. « EE N
¥ B .- “ . . N .
St N

contlnuous closed maps : .

G. Theorem. Let X be é,TS-space; Then X is a k(n)-space if-gnd

only if X is a quotient of some locally w-n compact space.

R{ggﬁ. ‘Suppose X is-a kfn)-space. Let B(n) d;>§;e the‘collectioh
of all «-n compact subspaces of X. //ln)l . For each
. “"14> .

B ¢ B(n) we set
B(t) = B x t where t e k.

Then Y, the topological union of {B(tj.:tJ£~k}, is locally [ w-n
compact and the map f:Y » X defined by .f(x,t) = x 1is a quotient
map. This completes the preof of necessity.

’ % , .

Suppose e: Y » X isna quotient mép and Y is locally o-n .
compact. Tet ﬁ: he 2 cubset of X such that Un B is epen‘in B for
every R ¢ B(n). Teot y . n'](”\ and let V he a locally «-n compact
neighbonrhand of vy Then 11 4 p(V) s open in p(V) and hence there
exists an open suhset G af X ench rhat U o p(V) = p(V) n G. Now.

we note r}wv\t

y « ~'I';;"‘(l‘,) n Int Vc p.](U).

-1 . . . X . . Y
Henee p (1IN is opren in Y Since p is 2 quotient map, U is open

in X IThizx pyavee the sufficiency:
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_ 4. 'Tightness in Product.Spaces
> - L. o . E R L (LS ce o on - v ow o . -
e v LTa T W T e @ Nt T e e, -.4.1.. ;:l Jow lem w.o TS T e -“ . e ” C® © - e v -

We consider the following question:.

Is 3(XxY) < 3a(X)-23(Y) where

.

X and Y are any two tdpélbg}dal'spﬁéés?f'ﬁ_-' Lo

o T o
- .. R S T s mee e o |
“& s ... .. A.1. Finite Products T
' - o . ‘."45. F7 2% - o ‘
We shall shoy that for-certain classes of spaces, =~ =~
3(XXY) = 3(X) - a(Y).
g T ey ey ks " .
. Lt - . @ P . e, FRa B " .

A. Definition. Let pe X, Se X and p e 5. Then, we define.

g - B(p5S,X) =-min {|M| : M e S- and p e M}
a(bﬁk) = sup {8(p,S,X) :'p ¢ S}

and © A(X)7* sup (36p,X) ip e X} 4 N

L

which is called the E}gh}pg§§ of X.

B. Some Terminologx{ If R = {Rir e TV ie mre collection nf

toprlngicsl «epacea, we define,

ST(R) Tosp fAa(R) 1 oe 1)

Wer sl 'pvruh\nv R - iR, -3+ ") Nrocey ve Tigh"'w-‘fss 1f nnd

i
oy 3 F
AP Y |1[»wI(R)_
Tay Finitely mam A S oM thi~ veduecee 100
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CA0IX,) < A(X)) S 3K ... B(X ).

Cr e .
higig 'S -. e e e« « PR
C. Definitiofn.- A&

space. X -is called a.8C(ni)-Spage fof 1°F.1,2;3.%. "

if X 1is an =-n compact, < n-discrete, Ti—space.

A space X is called a GLC(n,i)-space for i = 1,2,3,4 if X

is a ioc&llyQ‘w-n: Eoﬁpéét,t7<nhaisdrete,-'Tiispace:.‘AIWays, o

-

- we

GC(n,i} < GLC(n,i) for i = 1,2,3,4.

-~ .

D. Proposition.- If.-'X. is a GC(n,3) space, then X is (strongly)
paracompact and T2. |

"Proof.- The case n s RO is stfaight—forﬁard. We shall thus consider

1 3

only 'n> X_ . Since X is a T P-space, "easily X is zefo-
dimensional. Thus, if ({ is an open cover of X, then we can find a

refinement V of U , consisting of cg-open sets with |V| < n. ‘Let
v = {va: ac ke Wn)l. Now we set Wé = Va - u{VB: B < o} for each
v - k. Then, clearly {Wq: n ¢ k} 1is an open star-finite refinement

of U Hence X 1is (strongly) paracompact and Ty

Next, we prove a basic result which genevalizes Juhdsz's lemma

fo? the compact case (page 113 [24]).
““.

. .. P i .
F. Lemma, Jf X is a < n-discrete Tl—Space and Y 1is an «<n

:u\mTuphr 7"’57,"797 erace, thV)
A0V < a(X) - A(Y) o

Proof- Ter ¥ = 2(X) - »(¥Y) and =uppose H < X » Y 1is k-closed. It

ERNY Y S5 SV S NN 1 [P o |



.vLetf (p,q) e H. If T =Hn ({p}xY), then T is k-closed and

hencé,closed in {p} x Y, and hence closed in X x Y. We need dnly show

s - s

qemn(m. N
o AJSﬂpRose  q ¢ m (7). °Sigce nYI”{p}Jx Y ;s aihqmeqydyphi;mﬂ-wyng
"is closed in Y.a Let V :bé'a,closéd ﬁéighbbu?ﬁobd of q “such’ that .
"V nY(T) = ¢. Note that since X x V is a neighbourhood of (p,q)
;ndvm(pIQJmé H, we have (p,q) ¢ (XxV) nH. But (XxY) nH is a
closed subset of‘ H; ana gen;é k—élgs;é ig i ¥ Y..:Sinéev Y is e-n

compact and - X is <n-discrete, T is closed by 1.2 B. Thus

ﬂx[(XX V) n H] 1is k-closed and hence closed in X. Then, since " is

continuous,

P e vX[(Xx V) n H] « nx[(X*<V)‘n H]

= nx[(X>(V) n HJ] .

So for some v ¢ V, (p.v) « H. But then v ¢ nY(T) n VvV, a contradicrion.

F. Theoram. Tf Y s - n-discrete, T, and Y i+ Tacally o~ n

compact 'l‘Z . then
L & B WA B WA

Proof. Tet k - afX)-3(Y) and lerv Hc X x Y be k closed, Choose
(p,a) « H. Tet V be anv clased o compact ne‘qhbn;rhmod of 4
Then X ¥ V ic¢ cloced in ¥ Y ooand (X V) < k¥ by D Ruor

H " (Xf.x) is k»cjh?ed in X <« V, and thus  loced in Vv e

fy o« H (Y « ') nm o qv ' LA ty Y ,on
) ‘F]V»V n v
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"C.';beollarx.__lf Xl,Xz,'...,xn are FLC(n,S) spaces, then-

n s
BT X)) 23Xy s el 3(X) .
coedi=l o7 - :
Proof. By induction, moting that - 1. . . .. .

-

"Xl X .. X Xk = (Xlx ...% xk-l) x Xk‘

X

o - “ ks
“ -«
v

and that X1 x ., X Xk_i is <n discrete and Tl’ while Xk is

locally «-n compact and Tz, so that

acx{x e X xk) < a(x1 X Lox X0 ) - 9(*

by F.
| - o
Thus, finite products ofuiocally compact, Tz—spaces (= GLC(&gO,S))
preserve tightness and so also do finite products of locally Lindelof

T, P-spaces (= GLC( X,:3)). and so on  We shall consider infinite

products in the pext section.

4.2. Large Products

Tn this section, we shall extend the results nf the previons

ections tn grhithnary proaducts,

A.  Notation et R - ﬁ(Rit i ¢ I} and suppose J ¢ T. The subproduct

M. :i <« J) of R will be denoted by R. and the projection of R onto
] ‘ S _

J

Ry vill b~ dencred by nJ ~ Tor a2 <R and A c R, the images ﬂJ(a)

pe b, (Y i) he dennted by A, and /\T respectively,



.t

'B.'_Pfogﬁsition; If each fihite subproduct .0f a product R ='H{Ri:'i'é'1f

preserves tightness, then R preserves tightness. .

Proof. Let R = {R,:i e I and set k = [I[3_(R). Let

1 ={Jcil:|J]< R(g. Suppose A c R is k-closed and a-€ A. ' Then

for J"E'f{F):‘gs 'belbngs to nJ(K) c A ~

fi§d By < A; with |B

Since a(Rj) K, we. can

1A

J°,

< k' such that a_-«¢ B

J| J J-

FQK‘?ach,,b € B,J , choose"x;" ¢ A so that . n_(x = b, and set

b b)

Cy = {XBJ b« BJ}.

Clearly [CT| = IBJ[ < k and hence if C =vU{CJ J e L(F)}. then € « A

Cand le] <k |T] -k

But a e C. For if U = UJ x T R. 1is a basic open neighbour-
~ : idJ .
v — —— .
hood of a, then since wJ(a)-e By = “J(GJ) . we have Ujn nJ(CJ) # 9,

‘and thus U 'n C]‘# ¢, whence U nC # ¢.

Thus a € A, and A is closed.

C. Thpore%. TE P, feoa AIO(n TU g G ael 0y
Aalnn = D2 _(R)
(nm.) REEEG:
Proonf Apr'™s R et 7T
In & .0 of [?1) it ic chown thar foy apy ol lec s in of

compact. T7 Apace: ’”i S Ty n(ﬂRi) i |r| 3I(P\

.

The special “neec of € grrnralize thic recly



D: Corollary. If Ri is’ loFally cdmpact and .'I‘2 for egch 1 eI,

then a(nRi') = |1} - 8, (R).
. . . - B o

Proof. Locally compact, T, = GLC(X,,3).

E. Coroll'arz . If Ry is a locally Lindelof, Ty, P-space for each

. . ] &
ie 1, then 3(MR;) = 1] - 3;(R).

Proof. Locally lindelof, T,;,, P-space E"'GLC(RI,S).

e s



CHAPTER II1: WEAKLY m-n COMPACT SPACES

1. Some Properties of Weakly m-n Compact Spaces

1.1. Basic FacE§
L&

The pfoperripn H(i). feebly compact and weakly Lindel&f are
special gaﬂe? of the general concept weak m-n compactness. TIn this

section we shall study baric properties ~f wrakly mn compact spar

b4
: ' \
A. Definition. A topclogicel space X i snid ro be weakly m b

compact if and onlv i f eyerv onpen cover nf X of ecardina'irte  cow b
A enb familv nf cardinality 2 on with dernce union, wheve m ~ n ¥
A rnpologicn] space X is gsaid 'n br wea"ly e.ny cerpaet !

-7

and anly if X is weally "won compact [ SR " B

‘?v*e‘cia‘ Ca§es e [e an-d [60]\

(i) Wenkly - » mpact s1aces Wi crrcen
{vi) We b )y N ! campn oS : fe b AT CREE
A [ RN B e cmpe t T N
1 I
v‘ LR T TP v W1 e ETER AR | N |
(- NDefinitt n Ve e M né oo+ : Voo e s v - )
,,..q‘,l\ I H v e we - + Ty



PN , ”

|[U| <m, has a sub-family V with V] <n and” E ¢ V.
- ‘ -
It is. clear that every weakly m-n compact set.is re,Iatiirély_
weakly "m-n compa-e Tn general, the converse is not true, except for

nr\(n‘ r?'vl'\:; ot c

M. Example. Tet Y he g discrere subspace of BN - N, with cardinality
c fer ¥ - X1 ogs a.vhspace of AN.. Then X ic a relatively
PRIy TEndel T bt Oy har e wesl Ty Tindeld! Hdre X is a

AN TS NPT ¥

HortowA ehall s A ie pyapertieg of weakly mw-n compact a

~r n =
o
! Frvopoe "ion ’
(7Y T+ n be an infinite cardinal. .If (Xi: ie Tl is a {'
I B B P Cretzrively weakly mon crmpact subsets of X, then
; . : Ciatiy 1y weally mop ¢ mpact | 1\r.0V';r'ed III < Cf(ﬂ)-
(7Y Tf v a- dense oy Tartiua) a0 rompact svﬁset.
1 . H Wl mon cempg f: |
[ AR TR TR ! [ AR vy ™pa ' oepnre i«
vee by m (m""qr'l
) Ve A . wto m:n Tt cpar e e
R vy ' "y .
/
IR L B IR : " cens e o0f the ”"(‘"‘f'”"A“
1 v {

\ m.n nr ey



space X. Tet -V be an open cover of B of rar! n-liry
for each V ¢ V w~ select »n open stbser U o "

V=1U,o B Nm - qvov -V x R} i

with 10 1w
v Rt
IR T
iy
1 ] IAN B
1oy n o v It ' ! .
! Propesiti‘ - '
“vtirs
(iy p ¢ !
c !
{ v v P
"\’
Fro f L | ! F Ly N 1y '
W [ ! Tt e h I . ¥
thoany { ' {
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- <
Wy . N

G Cercllary. 16 X g weaklv m-n ‘com yact and Y is co act, then
( ATy ‘ P &mp

»

¥ ¥ e weakly  pen Chmpdct

. .
N

Tve 1 proiectic wgn LIV Y * X =caricfies the properties

/

'~ Specia) Preperties

Tooghia ~0 07 oL g 0 "ot eriel myopaertias of weakly wm.p

r b orem otanpa gicnl Tpac’ A = weably g compact if,ever)'

reoa e T ke of N e e ey mn compact

Frocd oy I voopr 1 covay ( X nf r'z'vdjnq'liry < m, Tf U -

fs r- y L R S | Rx()-ﬁ) Ther clearly R = =
"y
' ! ¥ I [ L T L Y
' i
’ ‘\-< [ 1 9 v
‘ ! [ « ¥ T .
Ve , . A L Hed i 1 we have-
' Ceraltars oy 'P"t‘lvir'n' cpac: X Few ey mon compact 1f arp!



We shall show that the property weak m-n

cleosed heveditary. This i
weak mn compactness and
€. Tvomple  Whenevey

thas

(1) \ ie venkly -~ h\ compart, and
'4>\
(i \ Wos g ¢ Vaged 5 v~ heynire of cavdipalin, 1
To e thi- 1t Y he any T, s ace with diciaint dan
Ao and R, vtere ML n and der Y he b 5 cyape epace of
cordinetios ! We form YV by oadiaining th Tire b mrage
N
o . : o o TN iy . ' T ! 1
[ Pl bt A v i
I Al ' I v)gig]\l-hny}\ et } in
Yare th ce Ny [a) \ H A e Uy veooe Vo
fovayding’ iy ! w0 1 . ' t
‘ T o \ h " v oon o ) ' ) k
i N ' ! ' "oy I . " | \
! t
§ vt IR Y's n g \ I !
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compactness 1s not

s one of the intrin<ic djfferences between

ol
mn fcompac-?nﬂ:q .
n > N there existe » T

0 2

pnre

1

s h

.‘}1. p -
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="
E. Proposition. Let X be a regular, quasi n-paracompact space. If

.

X is weakly =-n compact, then X is w-n compdct.

Proof. "let U be an open cover of X.‘,Since X 1is regular, we can °’
find an open refinement V of U such that for each Ve V, V'c U for
csome U ¢« U Now let W  be an open, <n-ciosuré preserving refinement
of V. Since Y is weakly =.n compact, there exists a W’ c W of
cardinality m oand X - o{W:W . W) . For each W ¢ w, W ¢ U for

s ome U The "heve eaxicrs ' < I of cardinality - n  and

.

-—

Covollary The property  weak ~.n compactness coincides with e-n

comracincts deoparacimpa v 1 epaces apd in ¢ n.discrate, regular spaces.

-

- Example. Tet v s the cne-p-int Lindelof extension of an uncount-

nt Tiichet space - f cordinality b Let Y be thn Alexandroff double
!

. T"+n Y hags » cleced powhrra dense subspace FE  of cardinality

g A="3re g new topalogy on Y i the following manner:

(i) the neipht covhonde of point- of v U yargin unchgneed,

P o . B hot 4 cf e i o ' oy e Fovm,
R SRS
i '
€ 1Al Te ¢+ neichbougy' ad of P in the cryigined (’(‘p(‘](\gv of Y.
v I\
ot thie gy o we net:s the ,. Co_lI* - g ] for alil
o] ) 1 . (] A Y P fO
’ N v T Tindal LA TP wo love the fa)lowing:

[ ' Vinde !
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(iij Z is a P-space,
(iii) L(Z) = c(2) = k,

(iv) Z is T

1]

2"
Thus the class of weakly Lindelof 'Tq, P-spaces is larger 'han the class

of Lindeldf, T,. P-spaces.



2. Some Charagterizations &

2.1. Filters
( | "

Be generalizing the intersection pfoperties satisfied by open
filtefs we.wish td define strong m-n filters and using tﬁis generalized
notion .we shail characterize weakly m-n compact spaces (see [18]).

// AL ngipitione A collection F of subsets of a spacé X is said to

have the < n-Strong intersection property if for each F' c F with

Qﬁ"] < n, we have Int(nF') # 5.
J A ?Qllection F of non-empty subsets of a space X 1is-said to

be <n-strongly stable if for each F' < F . with |F'| < n we have

Int(nF') > F for some F ¢ F,

e .
B. Definition. A strong m—ﬂcffiiteyv F on a space X is a filter on

X which has the < n-strong intersection property and has a base FB of

cavdinality less than or equal to m.

A strong m-n stahle fi;gpr F on X is a filter on X which

hnae the «¢n.ctrong gto'le 1voperty and hne a hpen rB of oardina]ity
Yesa thap or equ~l tn m

" Remark. Sryeng m.n filters are topological obiects but m-n

fitve - ("ilters) are ser rheoretical nhierts; every strong m-n filter

LS N filter Wt nat foenveygely |

n CooampYe Tar N Ve g l‘ epace with charactar < k., let.- X be a
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non-isolated point of X. Then the neighbou{hood system Vx at x is

a m-n filter but not a strong m-n filter, where m > n > k.

E. Definition. A filtef F is said to be of type k if |F| <k for

every. F € FB where FB. is 'some filter base for F.

”

F. Note. Every strong m-n stable filter on a k-separable space X

«

induces 2 finer m-n stable filter nf type k.

G. Lemma, Let T be a strong m-n filter on the space X. Let n be

R . " n
a regular cardinal number and let m~ = z{mk: k < n} = m. Then there

~
. : . ) ~_ .
exists a strong m-n stable filter G on X such that G > F.

]

Proof. Let F. be a filter base for F. Let G_ = {Int(nF'):F'c FB

— —— B ’ B
' X n n :
and |F'| < n}. Then lGBI 5_!FB|~ <m =m, LeF G' < G and
|G'| < n. Then Int(nG') = Int(n (Tnt(nF'))) > Int(nF") where
“n <n : <n

' < F. and. since n is regular, |F"| < n. Hence the filter G

B
mevnred by (’-‘R ia a stvyopng m.n <tahle filter on X and ¢ o F.

The ahnve lemws chows that every srrong m-n filrer can he

embedded in 2 streng wom stakle filrter provided ©  in vegular nnd

n !

m - om L 4
H. Theorem Ter vV be a tepelogical space Ther the folleowing nre
raqnivalent

(i) X is weallv m.n compact,

(ii) "very familv of cloged -ubsere of X with tha «n =vs na

A Y
R AREEEARIT DYooy T e gy - rl\n " titarees t Ty vy fy

(



- _ . .
(iii) Every strong m-n filter on X has an adherent point.

Proof. (i) = (ii): Let {F :i e I} be a family of closed subsets of
X witi the <n-strong intersection property. Then ({X- Fi; ie I}
contains no m-fold open cover of X and hence {Fi: i € I} has the

< m-intersection property.

Vs

(ii) => (iii): Let F,k be a strong m-n filter on X. Let FB

be a base for F such tﬁat IFB| :_ﬁ. Then {F:F ¢ FB} has -the
< n-strong intersection property and Py the hypothesis, nFB £ 0.
Theréfore F has an adherent point.

(i11) — (1): If X is nof weakly m-n compact, then thefe
exists an m-fold open cover ‘TGi :1 e I} of X with no denséysub-family
of cardinality strictly less than n. Hence {X - Gi: i € I} has the
< n—strpAé intgrsection property and therefore {X - Gi :ie I} is a

filter sub-base for some strong m-n filter F. But nF = AT

a{X- G, o ie T} = o. We have a contradittion and hence the result.

. - n .
I. Corollary. Let n bhe a regular cardinal and let m = m. Then a
topolngical space X is weakly m-n compéft if and onlv if every

stvong m »n  ~table filter on X has a non empty adherent.

giqof Thi= follows from lemma G above.

? 2 Continuous Maps

I8
B

We wich ro rharacterize weakly m-n  compact spaces using the
teeal character ~f rhe points of (‘,9Yf(‘() f(X) where f:X ~Y is a

coont Lpange mar Wa w311 (\vywv]ny gtyl\v\g m n t'“}‘]f‘ f]'lt‘?"S.

4
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-A. Proposition. Let X be a <n-discrete, non weakly m-n compact
) : , n .
Tz—space, where n 1is regular and m~ = m. Then there exists a

<n-discrete T2~spaCe Y and a continuous map f:X -+ Y such that

(i) Cty £(X) =Y and

(ii) Y - f(X) has a point of local character < m.

L3

Proof. Let F = {Fk: k ¢ I} be a strong m-n  stable filter base on X
such that nv? =¢. Let Y =X u {w} where w ¢ X, with the topology
given by the open subsets of X together with the sets of the form

Int Fk u {w} where k ¢ I. Then the inclusion map i:X -+ Y 1is

continuous and it is easy to see that Y sat@es the ahove properties.

B. Proposition. Let X be a weakly m-n compact space. Let Y be a
<n-discrete T2~space and let f: X > Y be a continuous map. Then
clY f(X) - £f(X) has no points of local charaeter < m.

. » - \
Proof. Suppose CQY £(X) ¢ f(X) has a point y of local character « m

lLet v be an open neighbourhood base at v wirh || < m. Then
V[f(X) i< a strong m.n  stable Filtey hace U AN RS A'A A

y é f(XY. T1r follows that

prro{(y\(v:\F(x))] Ve vl canlv]uv U R
-t
But then £(X) i~ not weakly w v compact, a contradicti o
C. Theorem. A - n discrete, T? spece X is weakly mon compact §if

and only i? for enaoh n o disovora T, spa~a Y and for each continn. .
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L ' . .80 -
S . e . . . M FAREN
~ o & ~ |
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14

map f: X -» Y, CEY ~£(X) - f(X) has no points of local ‘chara.ct-'é,r <m

’

?
where n. is regular a = m, A o
P eI ,.__.l*\:".*.‘ )
e -2 _ e m .
- Proof. Necessity follows from proposition B. To:pmevessutfy oy,
- . 0" N I > )Y PN
) e, L

. NG,
suppose X is not weakly m-n. coﬂbact, Then bfkpropqgitienx’ e have

~

a space Y which is <n-discre;e and T2 while CzY £(X) - £(X) contains

a point of local character < m. Hence we have a contradiction.. = .
The following special case of C -is of interest: - J

' A _ \

D. Corollary. . A topological space X is feebly compact if and only if
for each Tz—space Y and for each continuous map f:X-+Y, £
CQY f(X) - £f(X) 1is nowhere first countidble in Y.
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<« -

3. Products of Two Spaces

3.1. Machinery ‘

We extend the method of Vaughan [73] to the setting of weakly

m-n compact spaces.

A. nginition. A space X 1is said to satisfv the property 1 if

m, n

and only if for every strong m-n filter hase T on X, there existe

Al

a compact subset K of X and a strong mn stable filter bhase G

such that G > F an? G - ”y where U Pooan open neighhoyrhood e

v
of K. ‘&:

R. Proposition.

(1) let X be a spacn which cati=fier the py 1y j i,
) e
X is weaklvy m-n compacr.
: oo
(i) Tet n bhe o vegular cardinal +d wm - = o e
weak 1y mon ompact R : AL NE: X v ' o
catiafios b |
m n
’
PTOOf. (3 Tt 1 hr . D mon fivtyer " A4 R TEET TN v
centicfice *he 1y ety i e e ‘e a e veng m o crable 310 ay
m.on
G and X nd o cevracr e v ¥V Al Ny U ogtgr 1 0 t
Henece o1 &5 G and 9 8 0 x0T o b v Yot LA
Y
e ol 1y m o oty N
]
. v
(;;) Ter 1 ' [ b IEARRN m o on FiYtony b e e v "hhen =3 e
n .
D ,,.’,.vn. e ™ o thevre pxiat~ ¢ Ty g ™ o ctabite 3V ray hine.

1 . IR R I RN T < r f;inf'r K Vo PR mon conp e [ I
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.3

exists some x e»nf'; let Vx be an open neighbourhood base at x with
IVXI <m. Take K ={x} and G = F' v VK; then we note that G is a
strong m-n stable filter base on X, G > F' > F and G > V?.
Therefore X satisfies the property 1 .

m,n

’ . n ] ) .
C.-ﬂgggpqgitioq. Let 0 be regular and m~ = m. Then every locally

' -
compact weakly m n compact space X satisfies the property 1m n*
»

Froof. let F bhe a strong m-n filter base o X. Since n is
n . X
regulary and m = m, there avictc = strong m n <table filter hase F!

sthorthat 77 0 1 and cinee Ve weakly m n compact, there exists

T e oI’ Tet ¥ - be a comparr neighbourhood of x; then F'lK =
4@

(Fa ¥ T .7 i a ctrong men stahle filter base on X and
7 T Pt orfw "y MHence X eatjisfies the property_ iﬁ n-
14

.
n Frop~ itic: et X Y be a bicontinuse (open and continuous)
ontn nony 1e L ' ‘ IR ;"‘ N then s carinfine the
prore i
pTOQf Tt ! be a <tvong wn filrer hace on v Thep cince T 4«
contain v, ]'7) -~ Of ](r)' Pee T1 ic a ctromg moq filrter bhase on

X znd =since ¥ qoviotia tha~ rroprrvtry 7 . there exicgts o strong w ow»
m.on

stable filt 0 bowea  o» Vo v and a compoot anhser K of X such that

e

G ~ (F) Ayt aQ Uy Ther ainee f ie open ., f(G) ‘;q a <trong

mn atal 1y TV ey hace gy v anAd “inece f Ve onro f(G) T and N
) (

LA Since v i cont ingoag  fE) ieoa Compgct snheet nf\ Y .

N
D
-
o]
-

w ooy



E. Corollary. Let X = H{Xi: i € 1} with the product topology

Suppose X satisfies the ry-perty 1 i ther averv eub proaduct of
m,n

v
.

has the proporryv |

,n
Proof. 1.et Xoo mmi¥, o4 - 1) where T 1 ™ free
i ba el i
Ty S S i C i e cpenoapd ot ‘(' ' ' ' . 'y
s rr dive re l"f Twp F‘.(gc’ng
We now inv stigate th prode tis of ' P
i technd e o f R EREY X ! ot t 1
A Lemma Tet £ ¥ Y e eomntine us ey Ter 1 4, cEy -
m o etahle filra: boe, ' » an LIPS Cyep "o o
Al
Fi' er hae 4 S I ol e, i
1
i f ¢ :G) v 1 .
AVS
FPro f W ' ' ' . ¢ v] IF ,

1 . ‘
T 1 ‘ V ' , H’ F an:d '

" | ' ' vl H ) nd

[ C ‘nre T n ' ire '

)

=
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and hence F v f'lfc) is a strong m-n <cvable filter base-on X.

L2 n
R. Theorem Let n be a regular rardinal and m™ ~m. let X be a

space which ~atisfies the p- perty Tm " If Y is weakly m-n compact,
then ¥ 2 v i weally m.n  ompact. o
o
Pronf -t 7 ke a ctvarg qev stab'e filter on X ~ V. Then, since
oy Y ds ar ~pan map, nl(r‘) ‘s a c<trong m-n stable filter
hhaom e v ' oo yy e X B 2R T R PP the v ef' i~ . there ex’ re a
e y m,n 3
streng won o te Tilter he 5 on *nd  “ompact subset ¥ of X
: ! , -1
@t o' thar (@ : "Y' gnd " Ter et " (G), then by 1
e Yeega A0 Srrtmre o crehle {320 hgge on X ¥ V. Again,
L Yodmar e mar o 0 (MY e g strong m-n stable
. ~ \
{i " on Y oand sirce Vo i weal'y m-n  campart “;;(i) £ 5,
! ;:Tf’h—” ard let Eobe o o, neichhorrhood of Y. Then w-
4 !
i
U & 7’ ¥ Oof v P el Tewy ey ey F T‘_’AF, Her¢ -
! n ' : i o oy Q_.o‘mﬁarv
.
. . . , ' ' . ) i ) ey t enpo
{ ¢ @y) “ t ' |} n ¥ rac I
Y g chrve e - ' ' v then
. a e 1 Y
0
v .
Frendf Tnl " U oo "' and
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E.  Theorem.

Let

Fer et e e s e T A 1L e

n’

be two spaces which

the pr~peérty

Ppggf.
since
cstabl
r“n:
H -1

agnin'

1.

X

ot

T be

satiefio-

f:]lpr bp.-l-

fitr v base G

P
t v "g
4
;
A Ih~
ore !
vt

T e ()

catisfv 'he property 1

be a *egular cardinal and m

R R

3

Then

stoong m.p  srable filtoy hase on

thn Y Yoy oy
TY ) m n

[

! AR X o 3 anpa(' ~nheceo

t

. ther existe 3
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Lot

N

| nl(f) and ?1 R ""an bv the lemma .,
1
n;l(”lﬂ ie o a wrroyg "o bt filrer bhaz  on X
~ine: ? car et i re o rxicte a g ' "
9 o ! ‘ 1 talbizer ¥ o L3N]
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]
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property Tm n* there exists a strong m-n stable filter base G1 on X

, 1

and a compact subset K, <X. such that G.>r (F) and G, > V, . Then

1M 1T . 177k, |

b lemma 2 A, Hl = FVW;](GI) is a strong m-n stable filter base on X.
(wa

New i,nducfiver assume thgt for ench i<k, a compact Ki c Xi and
‘*'ng m n stahle filtey bgce 91. on  X. have been found such that’
(iv G, - VV and ' J
i
-1
tir M= Ty vl @5 - 12,0 V)] e a strong m-n stable

filter base on X.

Sive - “u‘\ rtisfiers the property im n it is”clear that there exists a
.
N . ¢
oY,y Ty T n strong v <tahle filter base Gk41 on
, bV that .
ti) (‘]4 , (/V .oand o - E
| IV
'] . ' - P % N
e b1 Meuq) i 2 <tvong m-n stable filter base’pn X .
e, N T O PO B Yo oan?t oy §o=1,2,..

o= R IR R A 1 1
1 3
.
. ' : o o [ ' and ! ' SR ltery haee on v
l}md

P e i

ar ety ¥ ie pme o it "ellowe that folly o # 4., Thue T  hae
" mp oy oq nt Voooapt b 2V 1 X is weakly m n  compact
P (oxe lavv 1+ v ni{x. ) . } and let n ke g regular
) ; ,
S Tine b it " -y v e - ach Y. is woal«'ly mn compact,

1
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4. Large Products . T

In general dense subspaces will not inherit the prorerty weakly
Lindelof frelatively weakly Lindeldf). In this section we = neidor 1he

fr1Yowirg problem in a more general SP*Ting:

let. X - WIX. i « T}  Let y be an infinite
cardirnl. Ts the property weakly Lindeldf ip

V(HV;) dateymined by finite sub-products of HXi?

4.1 Machinery

We chall estahlich two special raccs of the maip the e b

rensidayicg v weak '(‘DO'](“': 21 enps of v ey, oo

9
A Definition. Tet B ‘te = hase fv o rmiqlegire ~pocd ¥ The

ie  aid b B weakly n crmpact 6 o0t gt o fe v ey
o, 1 N i M [BER A l"l m LI [ ' T Y . h !
bl ) e {
I
( \
W ’ L T N B e 1) RS LT A o nrpact
i

( ' PR | ' et at W o
. ™y '

(11) 13 * o . ! ' ' H : 1
~e comypnct
F Prnp'-c:'ip ' n e ' { v E . PRI TR PR N
1 it \ '
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.

Proof. (i) If y is regular, then y = y and hence Y < n.
(ii) If Y is singular, then since n is regular, we have

— +
y «n. Hence y -~y < n.

&

€ Remark v in rhe proposition B is a regular cardinal.

" Heration. Let I be any indexing set. Then we denote,

-
Gy 1Y - Z{]le:k <y} and

(ir Py = {1 e T |1 < y) S ‘

F'ooLemma. Ter ¥ = H{Xi: i« I} and let m > n zgégxp) > ]I[I'z
y > v s R Snppoca (XI')P is weakly m-n complct fqi all I'¢ Pty(ll

Thén (MY ic wenkly m-p compact relative tn (nxj)k. .

Preof We nate that Y(Hxi) = 0{X(T") : I' ¢ Py(1\1 and cince VY (I')
. N
i+ " meomarphic to (XT|)| . v (IX.Y  is the |7] fold union ~( #oakly

Comp ey qlﬂ-y(-r\nhnq ~nf (”Y')]/ Hen: o we have tbe lemma by 7.1 F.
1

1'e ceote W ~ ”{w' 1 e T) where each Wi IQ open in xi and
3

Tow | ! forn the canonica' basis ’%T (HXi)k. Let A c H{Xi: ie T
Pt the oo ol basic for A coneists of all sets of the form
A W it 1 [T Too ¢hi - revm;uﬂlﬁg) we reph%aso the 1emma E

ol e

e ' : TVoant Jet o ms ny of (n) - lTIY‘wy > k> NO.
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Suppose (XI,)k is weakly m-n compact with respect to its canonicgl
v

basis for all I' ¢ P (I). Then Y(ij) is weakly m-n compact with
y <y
respect to its canonical basis.’

G. Theorem. Let X = T{X,:ieT) and let m>n> |I] >y > k> v

Suppose n is regular and <trongly y~inacces$ib1eiapd'suppnse (XI"k
is weakly m n compact for all J' « P (T). Then 'Y(HXi) is weakly
7y

menocompact yelative to  (MX.),
ik

Proof. Consider |I|Y = X{]YIk- Vvl > [1] >y and since n s

regular and stvongly y-inac-essible w~ ha'r n = ¢f(n) and IIIX < mn.

|Y

He’n(:e m>n - (‘f(n) ~ l'[ > oy > k N » 0 Al thies e e v vom ipan "PP]V

1 comma F to obtain the thecrem

’

Tn the above the rer theve je a vegtriction an the - s iy 1, '
' Aavdd s ygieh T [ coditien ia the neo ot
1 al

Main 1 eorem

| RPN catrghlich riye pmoin thearem nl ut r\yn:‘ rt ol Al T n
ﬁlnr\gl' ep oec bw ent ' LA . ' ' . AEEYR A BN R .. [

‘FOI' HE "Y]

A, Theorer Tt m o~ op vy > ko> » 0N st et n be vegaley ond
strorely | iracce cible Ter ¥ - r{v 3 TV ond let He'tiemqy, 50010
' 1
eark 1 e apen in Y and R | Sl where l”l < Surpose
(v ) it ovenb 1y . mpact £ v oAl 1 L SRR R LA SRR -

Ty 3
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Proof. Let y =y if y is regular and 7='y+ if y 1is singular.

Then y 1is regular and §':'p. By theorem 1-G, Y(XI,) is weakly m-n )
compact relative to (Xi,)k} for all 1I' ¢ J§ (I). We note that
wI,(y(Hxi)) = y(XI,) and hence {nI,(U) :Ue U} is an m-fold open

cover of Y(XI,) where I' c I. Let I' e P (I); then there exists a
\ <7 A

UT,.E'U such that IUI,I < n and

y(XI,) cCl (U{"I'(U)f U e UI,}) . (N

-~ =v ST I s
let I1 I and |Il| <n and let Fl {UI, I € 57111) and '%ﬂ}g
has the property (1) . Let. I, = I, u R(Fl) where R(FI) =

PN s U e UT, and UI' € F]]' Trivially. R(Fl) < I and therefore

12CI.

We note thewfollowing:

(i) 0 - U <m for all 1T o P_(1)).
B <Y ] .
(i [ P_(T] - |T0Y 4f y i< regular and | P_(1.)] < ]I, |T

if y i stngular

Since n  ie styongly  y-jnarseccible, |P_'(T])l - n for all Yy < n.

. Y
LR Y o have the fellavivg:
(i) |R(r1)| n.
(2)
(ii) |l_>| - N
Inductively we define ,a - "'{UT‘ R S <F’;(I Y} and Ia*] = Ia u R(F.a)
for - ; . Ter I" - (T 4 <y} and U' = U{Fa: o < ;}'. Since n
o

i- repnlar and [T | n for 211 & - y we have

X3



|I*| <n and
. (3
jurf <n. -

Each UI. c U and therefore ééch.\iu c U and hence U' < U. We shall

A3

prove that

Y(IX,) < ull" .

let x € y(ﬂXi) and let V = ﬁ(vi: i € I} be a basic open neighbourhood
of x finé'(HXi)k .  Then we have |R(V)| <k <y f.;' and hence there

exists an a < y such that

R(V) n I* =R(V) n I_. ' '(4)

Let H =~ R(V) a1 ; then H -~ T cf and |H| < k <y and, by (1),
!

there exists 2 U ¢ U” - Fa such thatr

11”(”‘) 0 '\'”(V) f . (q)

Since W T RN - T : and, by (1),

Py L VY - (RO B T ]\r\R(W
ql

- RO o (TN nT*Y n RP(V)

1

- R(”‘ f (R(V) 0N T") 0 ‘N'] (“‘

S RIM o RIVY o T

Now 11 4 V # 1 »r~nd thorefore V o (ul1’) # 9. This is true for

cvary neipghhovrhoad Vo of v and thevanfers we have y (I )~ :]77:
: i
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For k < Yv,"'y(Hx;l)' is a dense subspace of (nxi)k;f and we are

ready to give the main theorem. ' S & -

~ . ”

B. Theorem. Let m>n >y > k> R and let n be regular and
strongly y-inaccessible. Let X = H{Xi: i € 1} and suppose (xi')k is
weakly m-n . compact for all 1I' € fY(I). Let B be the canonical Eése
‘for the product space (HXi)k . Then (IIXi)k is B-weakly m-n cqmpact.
If n 1is strongly Y-inaccessib}e and if d(xi) < n for each

i € I, then each Xi has a dense subset Ai with IAil < n. Hence AI;
is a depse subset of (XI,)k and IAI,I <n fgr‘all I'.e PY(I) Qhere
Yy <n and A §%§3Ai:vi e 1}. Thereforg d(XI,) < n and hence (XI;)k

s

is weakly @®-n com%act for all 1I' € Py(I). Thus we have the following:
C. Corollary. Let X :.H{Xi: ie I}, 1@‘} n>y>%k?> RO and suppose
n i= regular and strongly y-inaccessible. If d(Xi) <n for all iel,

then (X)) i< weakly = n compact.
ik

4.3. Weakly w«-n _GCompact Spaces

-\
We recall that B-weak «-n compactness is equivalent to weak
~ n compactness and hence we obtain product theorems for weakly ©-n
compact spncgs as special cases of theorem ?-B (see [76]).
A. Theorem. Ler X = H;Xi: i«<l} and let n >y >k >R 0 Suppose
n is regular and strongly y-inaccessible. Then (Hxi)k is weakly \
w.n compact if and onlv if (XI,]k is weakly «-n compact for all.

1t T (T).
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B. Coroliary. Let X =1I{X.:i e I} with the usual product-.zopology
“and let n be a regular cardinal. Then X is weakly «-n compact if

and only if every finite sub-product of X is weakly =-n compact.

Proof. ~ Necessity follows from the fact that LT X > XI, is continuous
for every 1I' c I.

On the other hand, note that regular cardinals are infinite and
every_infinite cardinal is strongly Ro-inaccessible. Hence taking
Yy =k = RO in theorem.A, wé oBtain sufficiency.

Let X = H{Xi: i € I}. Then, according to theorem 2.3 A, ifﬁééch
Xi 15 weakly «-n compact and < n-discrete (or each Xi is weakly «-n

compact and_fbcally compact) where n 1is regular, then X is weakly

Tl
=-n compact, for ail I' ¢ P(R ().
: 1
Now we are ready to produce two theorems regardirg weakly «~. n

i

compact spaces.

.

C. Theorem. ler X = H{Xi' i e Tl and lat n he a vegn! v cardinal
Suppose each X. i< <n-discrete. Then X is wenltv o cwpacr if
i
and only if each X. s weakly ~-p coampo-t
i

D Theorem. Tet X = n(Xi 1« J) and let n he an uncountnt !

regular cavdinal. Suppese each Xi is locally compact. Thern X s
weakly  ~.m compact if and on¥y 3if each X, i< weabkly =~ n ampacr
. : i Yo
Since b{o and R] are veguler cardinal= taking », !

n ”1 respectively Ain O, vinld tha follauing vaculs~



E. Corollary.
(i) A non-empty product is H-closed if and 6n1y if each féctbr
‘space is H-closed (see [39]).
. (ii) A non—ehpty prqduét of P—sp?cés is weakly Lindeldf if and
onl} if eéch factor space is weakly Lindélaf.! | |
F. Note. Let Y be the weakly Lindelof P-space constfuctéd’in 1.2 G.

Then vk (k > C) has the following properties:

(i) weakly Lindelof and T,, ' | ,

{(i1) non-separable, -
(i11) Non-cellular,
(iv) nen .normal.
TaVipg n = b*] in theorem D. we ohtain the following:

G. Theorem let X - n{Xi: i e I}. Suppose each Xi is locally

compact. Then #X is weakly Lindeldf if and only if each X; is

weakly Linde1cf,

v



CHAPTER IV: CARDINAL INVARIANTS

1. The Almost Lindelf Number

1.1. Basic Results.

.

In this section, we will introduce a new cardinal fun-rion, the

almost rinJQIBF numher  ~1 (¥)  of a topolngical space X.

.

A. Definition. A suhset E of a topological space X is said to be

» ! .
almost k-Lindelof if and only if everv X oren cover U of E has a sub-

syvetem (I' ~f ecardinalitv -~ ¥ with F ~ 0«1 - Y. We nov Ae Fine,

AL(E.X) = min{k * ¥ i almost ¥ Tint 17¢)

and define rhe almost Lind~187 nyurber 1 (7) nf X g

Al (X) - cuplat(r ¥y o0 oo s loged st o ot v
R. Definition AN topnlaoiecgl rva - X i said ro Ve weakly k Tindelbf
if and ~olv {f every orn cver ' of X has a enbh ayeatem ([0 oF
cavdinnliry < k with v " Nete ! v thig jg ~quival.

"w\-iy)g thot X 18 wenlkly - ¥ compact

We dofina tho weak 1Tindelof number  wl ‘YQ v ae
wl (VY = min{b - ¥ HIE "nak]yP Tintainf) e Y
 Remark. For anv tepelogical sy-oe AN R N2 '

F "y yvyeognlavy ap - ¢ LA Ty
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We next present examples which show these cardinal functions will

in general, differ. ‘ 4 ;

D. Example. Let X be the closed upper'half plane in R
E - X be the x-axis. The Basic neighbourhoods of x ¢ X - E. will be

as usual in R2 , while the basic neighbourhoods of points Z ¢ E will

Ve, rﬁn forw
Voo X B ]|x- Z“ <elu {7

(Col)l thie spare A
Facily, VY i a 17% (and thus T2) space in which E is a
di-crere cloced subspace of cardinality €. It follows that L(Y) =Q.

N . A . ’ :
To cee that al(¥) - R | it will he enough to note that aL(B,Y) = N

0 0
frv ary R ¢ T since the osﬂn upprer balf plane in Y  is hereditarily
Tindna!s a1l whe oy ' and R are disjnint in ¥ a[.(A.Y) + 9L(B,Y)_>_
nl ¢ ' )} Fre 34 (1 ;j@. ¥ pen cover of R o T 1 if R d"ndtes
- : e T I R R X L "hen
‘tn,fl)l" : ’lv"l e
v open cover of R in R, whish is hoyeditarily Tindelnf
Thus in nen regular gpaces, we mav find T (Y)Y - T (¥},
N~ 'tk 0 v ek T apace Cemertynsted G Ty 0 e For this
| aX '

Al (V) " nowlL (V). ¥

[} .
vy .. ., "hor Y. e nld 1ty ey Tiyal fanet iane wi (¥) al.(X) and



"(¥) are distinct ip T, spaces.

For notationral convenien:e we use P(X) for

’

<
A

(Y (piff R 41

E. _I_,_a_mma Tet X he g v space. The lX’ - ,”\,‘-(Y)l(w\-\(\(\

Proof. let B be a dense suk e' of gsuch tha R <« avo
- N '

koo YN (X)2(X). - Since a(X' ' AT e - ‘

7 =~y N [n\' T FfﬂlOW“ thione

al (T iy

i < of D
a0
rd ("
!
7 N
Tty ’ 7",{rll,
i
A Yy
LI
1 Thecver A T T x b ‘

Preof.  Fee 0 n0X0 ()3(N) Fea s

e nedi hhoa e Ny " AR S I
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A o« : { K
u{Ox X €U Fa o < £}}
- /
where |Ul <k and X - ull # &, then FE - vl # 6. Now let F, = {p},
whe =~ p is an arbitrarv point of X. Suppose we have defined Fa’
. | 3
f“r «  r. with lFal <7 let ' SRR o
- M )
0 U{Ox. X € ng Fq
and ler Nr = (X - yll:U< 0 and Ul < x¥. we select one point from
vhov negpty et 'in. 0* and form the set F.
We rede Foo= By lT A T ET). Then F, is closed and by
Te r» F, | v e vm e thar . X - U{FE £ o< k+} and thus
R
Iz ”.]1?” ( Vrngelalii ety o " bhe a T7 %pﬂf’e. Then
« (X Y,
' v ' J X be a T?.ST'Y ~ TV I I )()n (’ )w (X).
_— Coe ok Bl s enkee of N cph ahar [ < d(X) and for
' L B -1 ¢ p w IUPI < "x (X). Let
R s aeh + [ ) ﬁnd Tot ) P
" { ot 1 ) ”
1 { 1
LT Co oo tho ‘ LT o " € neighbour-
v v
\ 'I | 1 ' .
1



Then for each K € Kb, peKn Bp. Hence
} =n{KaB «KeK]}.
i "Btk kg

Now the map p =+ {K n Bp: K € Kp} from X to the collection

’[[B]ik]f--k is one to one. Thus,

o X
1X| < (dx®)

- (‘fX)ﬂX(X)‘J.(X)
1. Corollary. , L
. . ¥)
(i) Let X be a T2~<par° Then |¥| - ﬂ‘"\y( (see 5 of
[341).
. o (Y Y
(i) Len Y be a T, spac=. Then M < ArXy (Y
1 Main Results
- We <h31l shoi that for a 17 space X, |X| < ?aI(X\ e whieh
ftwe v uee the calobrated thenvem (7 G) of AV, Arhang. ' F7 137m

'iryst v'e 19t~ 0 pre ey ot *heoyeti- r -ult

A Proposition. Let ¥ ber v set such thav Iyl ~ % > ant

Pet O p<A(x) { p<k(x) b a ~rr mapping.  Tlen the e aviats 1

A e X such that [A] =k == A = C(PY Lo caewey Moo

roof., We l“*ﬂ rhat
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Now we apply 2.24 of [34].

.
L

~ R. Theorem. Let X be a T,-space. Then |[X] ilzaL(X)w(x)nx(X)a(X).

Proof. Let B8 = aL(X)p(X)mx(X)3a(X), and let k = 2°. - Let 0x be a
collection of open neighbourhood of x such that JOX| <B and T

{x} = n{V:V € 0;}. We shall write, UA = u{0x: X € A} and let‘ G be

.‘J .
a set mapping,
§ .
P(B(X) -+ P< (X).
Tet A ¢ P- (X); then we set
AiB

UA 1 . p<F(”A) "X - w{U:U ey} # o}.

N-w it i< rlear that IVAI < 26 - k. For each ( ¢ VA , We select

: ”
PUN X - (T D and we vrite C(A) = KRG InTplD T U ¢ VD
SR roo .,
Prnyl o« oo
- of
V.

DRI e nerte that  G(A) > A for every A ¢ P<B

We now apply Proposition A to ohtain a set B c X with .|B] =k

(X).

Al R 5 G(N) for every A ¢ P(B(B)(‘ We claim that X = B.

First, since 2(Y) < B, it follows that B is a closed subset of
¥ New dnpnose X - B # ¢. sav q ¢ X - B. For each y ¢ B, we select

e

T Y 0 such thar a £ U and cinrcra al B Y)Y - 0 ehaea ~Awicen -
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Y € P<B(B) "such that B E_U{Vy: y € Y} € X - {q}. -Thus
u ='{Vy: y €Y} e VY and by the construction, p(U) € G(Y) ¢ B. But

p() € X - U{Vy: y € Y} ¢ X B. Hence, we have a contradictjon.

C. Corollary. Let X be a ', spice. Then |X| :_ZaL(x)X(X].

Following the main lines of the proof of the *'r vem R, with a

ey

-
sligh;J‘UHT?ication, we obrain th-~ following resutir:

D. Theorem. Let X be - ". cpoce. Then
- VOO
x| < 2?H7CO¥E

We shall extend the above result, to obtain an upper bound for the

cardinality of the family K(X) of compact sub-ets of a Tz—space X.

E. Definition. We denote the pseudocharacter of a subset C of X by

¥(C,X). Then the compact psendocharacter WK(X) of X 1is defined as

r

WK(X)‘r enplY(C,X) - € is a compart subset of X).

Jt is clear that #(X) < ¥ (X) and we shall show that, ¥ 00 < aLt(x).

v Vvﬂvwsir40Q: Let ¥ be a‘Tz‘ﬁpace, Then
WK(X)'i_aL*(X).

Ezoqf3 Ler  '*(X) - k. 'Let C 'be a compact subset of X and let p

be 3 point in C. Then we can find two disjoint open-subsets Up and

Vool voe Up and C c Vp‘ Thus Up n C = 4. Now since
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aL(X-C,X) <k, fhere eéxists a B e [X—C];i*f such that X - C ¢
u{ﬂp: p € B}. Hence C g_n{x—ﬁp: p € BY and since Cc X - ﬁp for
every p ¢ B. We have Y¥(C.X) < k. From this it follows that,

WK(X) < k.

G. Theorem. Let X be a T,-space. Then [K(X)| :.zaL*(X)¢(X)_

Proof. Let k = aL*(X)@(X); For any {p;q} € [X]2 with p # q, sélect
disjoinf open'sets Up,q and Vp,q such that p'e Up,q and q ¢ Vp,qf
Let B be the family of all finite intersections formed by.;gtb of the
form V Q- Then by fheorém D, |B| < |X|-§_2k. Let K"bé a.compact
subset of X and let p Z K. Then there exists a Bp € B such that

‘p € Bp c Ep c X - K. Therefo?e; if F 1is a closed sybset of X-K,

then’ G = {B_:p'e F} is an open cover of F and, since aL(F,X) < k,.
' ) , p | <

there exists a G' ¢ [G]:k such that

Fc u{ﬁpﬁ Bp € Gj} = A(G") < X~ K.

Now we recall that WK(X\ < k, and hence X-K = U{Fa :a < k}, where
each Fa. is closed. Thus we can write X-K = u{A(G') :a < k} and

sinde there are at most Zk ‘A(G') sets, it follows that

3

Koo | < 29K

H. Proposition. Let X be a Tz—space;' Then @(X) < L*(X).

Proof. Let x-e¢ X and let Vx be a éollection of open neighbourhoods



of x such that {x} = n{V :Ve Vx}. Then there exists a sub-collection

B of V_ such that |B | < L*(X) and
X x x' ="

X - {x} %;U{X-V : v e‘Bx} )
/‘\ " N ¥
Hence, {x} =n{V:V e Bx}."Thus ﬁfx,X) < L*(X). Since x € X is

arbitrary, it follows that

P(X) < L*(X).

I. Remark. * We conclude this section by noting that,.Theofem G

a . . 1

ngraiizes_tﬂo important theorems 2.1 and 2.7 of ([5]. .
. . , .

-

simultaneously

-

. TR S o &
Proof. We apply theorem G and proposition H.
In the next section we.shall show that, the cardinal invariant

aL(X) 1is better than L(X) in respect of estimations of the cardinality

of X and the cardinality of K(X), for Tz—spacesw

1.3. Examples

We shall construct an example to show that there are Tz—spaces

where alL(X) 1is relatively small compared to L(X) and c(X).

A. Method. Let: T be the product of the k copies.of the unit
interval I. ‘Then T ‘has a closed nowhere deﬁse subset E of
hqardiﬁality Zk.‘ Let X be the set T with topblogy described as
follows. The ﬁeighbéurhodds of points p ¢ T-;E will be unchanged in.

X. while neighbourhoods of points p ¢ E will take the form



UI’; = (U-E) v {p},

where U is a neighbourhaod of p in T.
Clearly, X is a Tz-spacerand sinée E is a closed discrete
subset of X of cardinality Zk, L(X) = Zk. We shall sh&%‘that

aL*(X) = k.

B. Lemma. Let T and X be the spaces mentioned in A. Let U be

an open subset in T with pe Un E. Then uCle; 2 u.

Proof. Let x ¢ Q” ‘If x ¢ E, then "x € U;' and thefefore we assﬁmev
that x € Un E. Let V; be‘a qeighbourhood of x in% X. Then

V; = (V-E) v {x) where V is qpen‘in T. Then U and V are

both neighbourhoods of X in T and ‘hence U B V is a neighbourhood
of x .in T. Since E 1is nowhere dense, we must have‘ (UnV) ~E £ 9.
Now, it follows that VinUs#oe. Thus x e CiyUs . ' This proves the

lemma.

C. Proposition (5.3 of [34]). Let R = H{Ri: i € I}, where each Ri

is a Tl—space. Then

(i) w(R)

, I, e WI (R) /\/’ 4

A @ =1 -vm -

4

~ Now, L*(T) <k and (M = k, where T is the space meniidned

in A. Thus, using the space X of A, wg'éstablish the'fqllowing:

D. Proposition. For each cardimal k > ﬁ(o, there is a‘Tz-épace X with,

\



W e -k

(ii) LX) .

n
N
N\

it
o

(di1) x(X) = k. -

i

. Proof. The space X constructed in A will serve. We note that,
[x] é;zk;’in fact according to 3-G, |[K(X)| = Zk.

,
7.

. -
Yo o
.

‘ Our next aim is to show that there are tzggpaces X Jwith L(X)

and c(X) both larger than aL(X).

E. Prbposition. For each cardinal k 3_@(0, there is a Tz—spape Y
with, A\ ’
(i) aL(Y) < k

K

L(Y)
k

]
N

c(Y5

-~Proof. Let X1 be the space constructed via T4 in A. Let X, be’

v 2
the Alexandroff double of T. Then we take Y to be the topological

union of Xl' and X,. Since X, is an open subspace of Y and
4 c(XZ) = zk, it follows that Y = XI ® X2 has the aequired properties.
: : - Tk :
1% is also clear that x(Y) =k and |Y| = 2x,
_ V. :

v

75
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2. The Weak ?Lindelsf.Numbef'jg'~  o -
Our main objective is to investigate the following problem:

Lef X be a T3-spaCe; Let wL(X) denote the weak
Lindeldf number of X and let x(X) denote the

X,

7 character of X. 1Is, -

\

x| < 2MLOOX)

2.1. Related Results

( Wq,shal} define a new cardinal function, the quasi Lindelof
number, which we shall denote by qL(X), and we show that qL(X) is a
_ N\ _ ' '
common lower bound for aL(X) and c(X).

A. Definition." A subset E of X 1is said to be relatively weakly

k-Lindelof if and only if every X-open cover U of E Ahas a subsystem

U of cardlnallty <k with E E_UU' . ' (

Note that this is equivalent to saying that E is relatively
A | ! .

weakly w-k' compact.

e

'B. Definition. We "define the relat1ve weak L1nde10f number RWL(E) of

. Ec X as, 'RwL(E) = min{k: E is relat1ve1y weakly k- Llﬁdelﬁf}

we deflne the quas1 Lindelof number qL(X) = sup{RwL(E) 1s_a.c19§ed
subset of X} + m.
For every closed subéet ‘E of X, RwL(E) < aL(X) Thus it

is clear that, wL(X) < qL(X) < aL(X) < L(X).
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By ‘the next proposition it will follow that 'qL(X) < c(X).

c. Proposition. Let X be any'topological space. Then the following(

are equivalent:

(1) c(X) < n,

(ii) if U 1is a collection of open subsets of X such that

r

X = ull, then there exists a U' c U such that |U'| <n and X = ul",
(iii) if U 1is any collection of open subsets of X, then there
o - ‘

exists a U' c U such that, [U'| <n and,ull c V07 .

<

Proof. See 3.2 of [9].

4

D. Example. Let X be the product of Rl c¢opies of the natural

numbers .N. Let Y be the Alexandroff doublélof the unit interval  1I.

We take V “as the topological sum X @ Y. Then V is a Ty, Space and

by ¢, qL(X) = ¢ (X) Nb and since qL(V) < dL(X) + qL(Y). we

/4

conclude(

N

(1) aL(V) = &,

(1) LV) = &

. . ’ C & . ,
Since, in normal:spaces qL(X) =twL(X) we state a refinement of .Juhasz's

theorem 2.36 [34], in the . following manner:

E. Theorem. Let X be a T, space. Then [X| < ox (X)qL(X)
- .}

EAN
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2.2. n-Noml Spaces

4 . ‘ ‘ . ) " * . .
We shall in;roduce a new class of spacés, the N-normal (IIN)

'spaces, and we .prove -that Xl < ZWL(X)X(¥) for all X ¢ IN where
p - .

Ty @ N g Ty. This extends the result 2.36 Of [34].

A. Definition. Let a ¢ X. A local n-base at a in X is ﬁvfamély

u, of proper; non-empty open subsets of X such that every heighbour-

-

hood of a contains a member of ua'

A normal local g-base is a local y-base wifh the propert} that the

¢losures of the members are normal subspaces.

B. Definition.. A Ts-space X is called f-normal (IN) if and only if

X has.a normal local y-base ua for every a ¢ D, where D 1is some

dense subset of X.

t

3.

C. Note. The following classes of spaces belong to the class /HN}'
. ~ \ : ’
(i) locally-metrizable and T3, - : —

<£ (ii) locally paragompact and FTS,.

) . i

(iid) lécally normal'and T3,

' e 4 . .- o

(iv) locally Lindelof and T .

L

. In particular every T4—spacé belongs to the class 1IN,
, | :

D. Example. The Moore plane is a locally Lindeldf, Ts;spacéﬁhnd hence
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- . . .
it belongs to the class 1IN, but it is not &'4-spac§<.
¥ : .
_E. Definition. Let X be a topological space. Then we define,
= - - ,
lull = sup { [U] : U e uld, B ’
A(a,X) = mﬁn {k:a has a local w-base Ua with
: )
IUQH <kl R
A(D) = sup'{A(a,X) :'a ¢ D},
A(X) = min {A(D) : D = X},
R(X) = log A(X). - : | '

&4
¢

F."Theorém. Let X be a Ty space. Then

4

! x| < 20X COREO :

~ Proof. Let a = wL(X)XLx)R(X) and k = 2%, +Supppse IXI > k. Let
| N 3 S :
U, be an open neighbourhood base at a with Iua| <a. Llet Be P (X).

Let up = ull,:2 e B} and let Vp = {Uc Ug : |u} < a and

X - UuB # 6}. We note that |VB| < k. Sincer;ﬁ(X) < o, therg exists
o - ' ' ,
some D c X such that ¥ = D and A(D) < k. Henc® for ‘each ( ¢ Vg

‘there exists a non-empty open Subset K{§) such that;

-" » .

_ . }
(i) KW) ¢ X - W ’

(ii) KW < k. } o e

We shall define G.:P_ '(X) ~ P (X) by G(B) = Bu(ulK(W) : U e Vgl
. . , - ~ ..
Then, there exists some A c X such that |A&] = k .and A > G(B)

B¢ P(a(A). We claim that, X = A%, Suppose X - AD # o,

TS N

<a

for every
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A\ A
Then since X is regular, there exists a2 point q and an open

-

subset, U in X such that q e U cl cX - Ao'. Let Vo= X - B, ) _Then

— —

A0 <V and since RwL(AO) < a, there ekists a Be P<u(;05~ such that,‘

0

A Eu{Va:VéeUa, VaE_Y and a ¢ B}
<V
b4 . cX-U. '

Now since 3 (X) < a, A 1is a closed subset of X and hence B ¢ P<‘a('A)]'-

"

y Let . U {'Va iV, e Ua, V <V and a ¢ B}; then | Ue VB and hence

n

a
cwe have K(U) < [G(B)]° <A’ c A ¢ WT. But KQU) < X - WO. This is

™~ a contradiction. Hence it follows that |X| < k.

G. Corollary. If X ¢ NN, then we have Ix| < ML(XIx(X)

Proof. By E of 2.2, we note that R(X) < wL(X)x(K). "Now by the

theorem, ‘ . ‘ ‘ ’

L(X)x(X))ML(X)x(X)

.
LN

-

. MLOOX()

- .
-8 A .
«
. . N : -
B

2.3, ‘Nq_rmal Tl-Spaces

We shall define a new cardinal funftion pmw(X) and we prove

) ' that for normal, T,-spaces [X} < prw ()WL VXY also obtain

P
vy

 -_ '11\ upper bound for the number of compact subsets K(X) in a ‘normél,
v 4 T . c ’

de . L o -~
We by proving, ' :

» .«
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|K(X)‘I < lpTl’W(X)WL(X) .

Let é be a dense subset of X such that |B| < d(X). Let

B = U{UpiAP € g} where 'up is a local ﬁ-base at p. Then, clearly
B is a v-base for X. ) '

We shall study speéial open covers. An open ?ovér G is said to

be a strong open cover of X if it satisfies the following properties:
W ),\
(1) For distinct points x and y in X, there exists a
G € G such that x ¢ G and y ¢ G,
%

- ' (ii) If B¢ B and a ¢ B, then there exists a G e G such
. .3 :

//”\‘ that a ¢ G and Gn B = ¢, where B is the n-base ahove.

>

&

‘A, Definitiion (Charlesworth [9]). We define

o

prw(X) = min {k: X hns a strong open ~aver G such that each

print of -X s in at most k members of G} + a(o.

In a Tz~space. s (X) < prw(X) < pw(X).

B. Proposition. Let X be a set, let k be an infinite cardinal »nd
suppose G < P(X) is such that each point of X is in at most k
members of G. 'If. B is a subset of X, then the cardinality of the
set of all finite minimal covers of B by elements of € does not.
excedd k. P

A

(This is-Miscenko's lemma.) _ o ;

C. Lemmi;g‘HEQ. X be a T,-space.. Then |X| i‘d(x)w(X)a(X)..{
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1
o

Proof. Let B be a dense subset of X such that |B] < d(X). Let
w(X)a(X) Then, since 3 (X) < k, we. can write X ='U{T T < B,

IT| < k}. But note that, w(T) < p(T) -‘and: by 2.2 of [9]

7] < pcf)m"

< 24D

Tt follows that Ix| < 2¥. |p[¥

< amk

L

= VXX

D. Lemma. Let X be 5znorma1, Tl-space. Then d(X) i_pﬁw(X)VL(x)./
Proof. Let k = prw(X) and A = wL(X). We*shall_défine;
<k* k? <kA
G: [X])-] - [X]" . Let A e tX]= and let G be a strong open.cover
of X - such ihat each poiht of X is in at most k members of G¢
We set G, =™(6cG:GnA#e) and M = (U-c {G']i3: X - 0 # ¢}, °
- A G /A . .
Now for each ( «¢ MA’ choose pll) ¢ X - uU and set, G(A)

L]

MU IR U e M) since M, | < % I s
’[G(A)[ i_ix,+ x*

= K. o :

. A B . . -0
Hence, G(A) € [X]k and this completes the cbpstruction of thgf
set mapping G. . )

Now, by transfirite induction, we shall construct sets Aa for o
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- b y
a
(i5) T(M) = ¢ .
»
pos Yy ,) “ - o . . " .
ivi)y  T( ) N , ‘ ‘
@
(ivy  TIPTY m o
.:’
. .“ < .
B 1, peondn compactpen e n.'vnhe-r DC(V) (‘f 4 je defl"%
o cup (|G : € is a Jocally finite ‘ ¥ .
collection nf nor empty open suhqer%‘of X} . .
2 .
e traminel gy g Topn]uni(‘al ';pnlp X is ‘t\seudﬁ-compdct lf and
: ) o - o
! 1m(‘(\ ¢ b”_ . -
vt 3« ¢lear that pc(X) < ](X) . Thics does not guarantee any
it 2 et een Tindelef epaces and pQ?"f‘d—compact spaces . The two
i ATitapent g we knoor by wel]l Kpewm evamples On = [O,u)])
4
“ rhle TMndelnf nomher  V(Y) gL .
LYAS . N v‘ N » .
) ref a
Fxar \¢ IRTEI T RpID Then QXY - & o 2nd 1Y) "
[ . \ v | 2 S R ' : ¢ Vi et
! ' v Coapal el oAl pe e Tappe e X e eably a
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-

+

G of non-empty open subsets of X such that |G| =m . Let

G = {Gi: i« m+¥; and, for each n - m+, U = X- u{Ci: i > a}. Then

Lo |
' + . i - 3’ + .
fU "a em} 1is an open coaver-of X and since >{Ua g em} is an
a ]

. . . + . . . y e
increasing collection and m is a vegnlar cardipal, it follows that ¥

4 N .
cannot Lo weak m ™m sevmmget

G Corollary. O(X) - wi(¥)

In rarticnlar, O(X) < <(X),

H.  Theorem. Let X be a reé%Tﬁr space. Then L(X) f'Q(X)T(X).‘"

Proof. Let o = O()T(X). ledt YV -a ¢ I} hea turf for X wich

|]’ < xan& |V | < e f“v/ovgr\ A i, Let G he an oﬁeﬁ crver f

X and let HH ba the ceollection nf 11 rrantahle v "~ s ‘f 6‘ﬁm9' ' ‘
(: . WG‘ et U - [\/ SV N R [YAREERND R ! 2 [ . Ty ) IRIYa
b -
V' = (v ! vl ‘ny ot " ") Ky nevt » tha '('| < - and '
](’I R W, rhinll & oo t - o o et oy LRSS I [ PN
LX) - ~ | T . . ! (- " Ve e Fipee T {a) fe T iode
R U RN " ~s~'h *hor  T{3) « H where ‘H 1s an e
of X H"nfe4€here exists F ¢ P R (1) Portar )
)
n{m{V eV a e U T A ' ' v
(Y.
Thee yve vre 07 8 !

C e
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. . e

' ‘ » ¥

Chapter I.

' , 5',;:1 -

No new ‘results are contained 1n this chapter.d The material is

'n*voductory and can be found in standard references foﬁgthe most ﬁart.

Qection 1 containe an outline of basic facts about‘cardinal

arithmetic.
Section 2 is our introduction to narﬂinal 1nvar{ant§; pafticularly

(X)), ¢(X) and L(X). Historical facts about cardinal invarfants can -be

found&n {1] and [3].

. -
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frregtigated by.J.E. Vaughan {n 1972, ’
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-

v

. ,":— ¢ . - . .

appears as 1.3 in Ulmer's [69]. Althpngh 4.3C, 4.3D and 4A.3C wsy he
% 5

similar theorems for ‘m-n

- l

"compactness can he found fn VYgophap ')

T
A

Theorem 3.3A unifiéé Theorer: 4.6 ¢\t 4~ : v
,Scérborough and Stome [6217.
S
oL s
. .
Chapter 1IV. .
The proof of 1.'F ofven lara §g e'mplor thaw 1v 0 gty .

2.27 of [34]). 1. {e en dm vocemant of Thaoyes Y g f '] ' om
well brnowe elacay tochafggen of Q‘rv'-r\u' 1 1 LA pent e . } o
drag ‘.76' hbut ' e v et e, v aad e by t

'!)h:’nz' [?/0]. ' iR te ¢ ve b @' vrt o

—_—

Tha materfrl ~f ao

7.2 YV rutlne v ey Vot hie amran P v i
I A O T TS B PP '
YOorn g b o ¢
1" - t
'

Qn

Tty



BIBLIOGRAPHY

ATFXANDROFF, F. Some resulte in the theory of topological spaces.
Rl)cci?n’Ma')« Sy veye 15 2 (]pgn)' 23.R3, o

‘PUANGEL'SKIT, *.V. ©n the cardinality cf 1°t ~qyntohie compacta
Soviet Math Dabi  ]Q (1069), or1 otg \

APUANGEL'“KTT. A.V. Stgucture and ‘lassificatior of topological
spacas and cardinal {pvariante Prrecian Math  Surveys 33.6 (1

"''L, M., GINSPURG, J. and WCOD®, G  Ca'dinal inrqualiti-s for
terological spaces invelving the venl Tindeldf numher oo fri
7. ¥ath, 70 (1979), ' a4c

RURKE, T. 2'd VCLEL © TH- rmuoatb » of ~mpact s tsets ~f a

top: Togt . pe y oo e ot Car 5;: (1Q7€) 36" 26R

CUUTAN G HL e e S EE Y CR A KIL B

cor e

CAPT AN I R , L R N P ‘ . I o oot [
Croar g T IFIEE TP U Ayes R O S v
'"RIEY nip . o ! ity b 0y ' 1
Vs ' ¢! ‘ 1 ’ e 0
CUREN T Tt ot} o ' "o
[ V! [
TTORT WL Trves of gy s ' ' ' S
T I ' I Ve 1
MPFORY W ¢ rd CUGREYONTG @ The T'eary - ¢ v B
C[\v;'v"' : "\"v ey 1 a0 Vooea d LA |
CFORT ) w0 Cemp "neee 1i'e rope ie for gerernlis !
fop 1o e Poacifi- 0 ol e g1 vy v g
Ql‘f‘/‘\/\” . ”.‘ :jerpr ‘;7F(‘ vorog ! ft: ,-f v \,‘» TN . 1 '
.y 1 v Ny [N | LA | N LI A 1z AL PO |
h-' ‘, ” v“r lcl 1 ) ",‘ ' 1
“ [ ' t



" 92

17. FERDOS, P. and RADQ, R. Intersection theorems for «vstem of cnte
J. Londen Math. Soc. 35 (1960); &5 90.
17 ©AL, I.S. ™ the theory of (m,n)-compact topolrgical spaces
Pacifi~- 1 Math. 58 (1058). 721-774
10 CTLIMAN, L. and JERISON, M. Rings ~f (Coptinnovns Functions
3] Ve N "Pv.ﬂ"t*, Prin cten 1000
UAJUK, D.W  and TOND A L@ Lightly compact' spaces n' infra
o ~! gpn ecc | SRR me s Math “oc. 48 (1 °§% 170 197
! VININATL, 0 gand JUHAST . n Jdiscrete subspacc: f e lepd !
space 1 Indag "ot 19 (196 7Y | 143 10/
"TUINAL, an’? 'JHAS7 . 1. “» discrete rub-npa forepet e
~pacr T Tndag  Marh 1] (1094C0) 17 T
VNINATL O o d TUB S7 T “n discretr e b pe b
LIERD voval Toap 1ogy oA ‘\|‘v-l A > ! ]
OMONRT A Oy e -
Ty n KRN .t e
WD on LA ! '
Y .y .o
toner, On ' 8 weith f g ' ' ' !
o . 1Y 1) 1
ot rr fin vy ey { r"a'vg“ b1y en o ! !
1 . ' ' [ A A B A
DEr P b Vew proof of by ' (LR Yoan o b AN
ca vy of topo? v vt v
Y‘ fof LI B
[t nov L B 1 ! ! toa
t T [} R T L |
M [} ' 1 "he o \ v 1 H "'vr e \ v r a
HARTZ 1 0ol ey o opae ' '
e TR ' ) '
1 !



34.

qe

JUHASZ, 1.

Cardinal Functions in Togology - Ten Years Later.

Math. Cent um, Amsterdam, 1980,

\
¥ATETOV, M.
35 (1948%) .

KELLEY, J 1
277-28"

'FI1OF, F.

"N Acnad

LTU, HEN TV

130 (100

" LYHIN,

1T nlhu 1

"""RUZEWSKT,

cepacse (-

”'CH:A,E' , 1
e Tt

HICHATT | F
4 (rer

"'CHAE', F.
~, o

TUCHARY

Math ‘o
CORTTY, K
pra ¢y
TTOWKA | Q

funat .

1"‘4‘/""]_ K

UGATA

S
MAKANC

Tolkn v

RI¥

Complete nnvmaljty of cay*esian rroducts
"1.274. ’

Turd. Marh

frrvergence Snovopelogh e vabh . 3 1T (1070)

M gpacea foviet Ma;l\ Nekd R (1767} . R40 #"9>

Sur qwelques prints de la theorie A- .

ancemhton

e Parie 13- (1003)y 607 T
VUL Abgelite'y - laaad Spacec Trave mey, Moth o Qae
¢ 104
On tightness and Srslip numler in crep Y and in
epace - Seviet Ma'h  Dell | 13 (1077)

F. Separabilite ¢ multiplication cartesiennr '~ -
rologiques. Frnd. Math. 34 (1047), 127.1°2

Tepeleogies 0n =paces o qypacr . Tone ey
BEARAE I 171 10

A note ‘' n A Acmwmpact gpo- - ' Vo Pyt ¢
7711 1R

Avcrher not- » 1y oeappact ' M beth,

VL o8 poe

~f

Ye' anotter note on parc. e r

10 (]”r'.ﬂ)A TH0 Ty
e rv-'-]-ry,}. (\f. M spe e ' ' e 'R
T neticpals oo u>§form]y clesed -7 ¢ ! o

Tond v b q¢ (1ggey ey w-

\\ -t
§ ape [ Mo h g :'ﬂa;%' N A TR
fo ¢ R Vo . Ty T Toqr
\
Froove Ve no Yop ot v teeg “y !
1



N

[ NOBLE, N. Product= with clr<ed proiactioneg 1 Ty ane \;n‘ tiath.
Sor 140 (1969), 381.201

S%3. NOBLE, N. Products with clased proiections T Trane Amer  Mag'
Soc. 160 (1971), 170.183
. i
54. N”BlF,_M and VLMER, M FaCt”ring fooctinns ov o temian paede o
Trvons  Amry Math  “oec P67 (1077) I79 330,

i 'L, R. €hort vroofs f two 'hecr ms or cardinality of ' pele:
epacee PO Acad Tesler: [N 20 (10741, 124% ' an

" VONDITZERNY, E. Vower ry ' ' ws te wlee ot cpac- RIS IO
11 (1014y 875 R-

" "“SS, vV A and CIONF ., A.H. Uroductsg nf cepn TR [ T Avp e s
Math. Manthily 71 (1064), 08 {3

R PUDPIN, M.E. A norwal hereditarily sep=r~hlr Pindedlt oo
T1linois J Math, 16 (197 721 €2¢

Lo AKS, V. and “TEFHF''SON, R.'. Jr., 'reducts -/ = cagract -p
Troc  Amer  Matl Cac 28 (1071), 20 'en

“APIRCVSYIT, R F. Tigcrete sub paces of ' g1 ¢ -0y -
Soviet Mar' DL 1% (1077) 0 "7 gn

"1 SAPTROVEKTT, PLE On th dersity ~f oy 1 K
Math. Dek! 13 (1o 'y, 12 v g2

‘o " ARBOR "VIGH, T, a ' ST "'F, B ¥ Agceg o '
Trane Arey | SR T 101 veaqy Tooroa e

* 7URGENFUEY, " M th torslogire' pr dier .

Nt A | X TR N DI U

o TEPHE' OM T oML T Piier te s s te f porfar Ty v
Tov e Man Math X A A B2 e

v

CYETHENISOY DM T and 7 AV V¥ "ediets f inj ]

™o | S Ireres Ty ooy Yy, . 10 '
"ONF ALY Moy “rnEctn et Ty
(A 5‘ (K .
"ONF L ' R B ) s
[SXATA TR I
CHOY TP A, Ut - di tor ' ) ' ! e N
A VAR (]()".n)_ BRI Ch
TUMEPL M. Tyoduce ey C,

f ) IR



o

i
e UNYSOHN, ﬁber die Machtigkeit ‘der zusammenhangenden Mengen.
Math, Ann. 94 6'075), 262-295.

v A ) A
71 VAINSTEEN, A. On closed mappings of metric spaces. Dokl. Akad.
Nauk. SSSR (N.S.) 57.

'N DER SLOT, J. Somr propertin~s related to compAactness.
Mathemat1c~1 Centrr tvact No 10, Mathematisch. Crntyunm,
Amcterdam, 1766,

"CUGHA', J.F  Troduct spaces with compar 'nee- 1ike propevties,
Dulr Math 1 39 (1972), &11./AY°

' "UGHAN, 1 E. Some recent results in the theory f [a,b]-compactness,
TOPO-72- Ger-ral Iopology and its Applications. Lecture Netes in
Mathematice, 2°R (Spvingey Vevlag, B rling, 1074), 534 550

"UGHAN. J.E. Scwe preprrties rel-'~' vq fa h]-compactness.
Tond  Math, 87 (1075), 21 2ap

"UGHAN, T.E Froducts of tr Vogira] epacrs  General Topology and

Appl. §F (1 "Ry, 70" e

"FTORIS. 1. Bereichs 7evite cordry o MHavarshe “re “uy Mathematil

AT 33 (1927 4 62

b . atti - ' T S T - W f W oA %g
v

Lt [ NI A ) e

X Yo n






