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P ABSTRACT

- L

iy

Studies of «the Canadian railway svstem have be-

come reguiér events bét few have used the tools of statist-
ical'cgst analysis and p}gductian theory. The first chapter,
reviews é@me studies using these teéhniquési "Produc'tion -
theory din its dual aipétts of profit maximization G% cqst
minimization, as presented by Shephard (1970), is discussed
and related to the railwaV industry in Chapter Two. The.
chapter concludes with a presentation of Shephard's Lemma
which is a VETY:PDFET§UI tool for model estimation. , Func-
tional forms used in most previous cas£ studies have
requirgd the assumptions of nonjointness, separability and
homogegeityi The implications of these assumptions are
discussed at the beginning of Chapteg Thfee, The translog /
function, one of aiseries of feééntly developed functional
forms not requiring these assumptions, is presented as the
model to te used in:this study. The chapter is concluded
by a discussion of the problems of measuring returnsit@
scale and incremental costs when multiple outputs are
produced. Chapter Four spécifiesla model of Canadian rail-
ways using a translog cost function with two inputs and
four outputs. An elasticity of transformaticn measure
\Rarallel to Allen's partial elasticity of substitution is
developed at the end of Chapter Four. The estimation

results are presented in Chapter Five with measures of

Fl

LI}

17



returns to scale and incremental costs. Flasticities of
[4

supply and demand and Al

.

substitution and transformation are also presented.

len's partial elasticities of

!

.

The

final chapter discusses the results as they might affect

. ', . . :
current concerns in'railway policy and suggests areas for-

further study.

vi
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CHAPTER I

1.1 Introduction .

Railway policy has been a current issue through-

Lol

out the history of this country since confederation. The
railway system was formed to bring Canada into existence
and true to its political parentage it has provided over

entury of debate and controversy. Manv studies, in-

o
]

quiries and commissions have examined the railway problem,
most notable are the Roval Commissions which have come
into being on average every ten years. Most recently

the Snavely and Hall Commissions have examined the rail-

- way system in regard to its grain handling operations.

A gfeat‘déal of the studv and discussion of
railway pobicy has concerned the transportation of goods
to and from the“large land-locked area of western Canada.
Rail transportation provided the only efficient means Qf
transportation to and from the prairies until after the
second World War. While it no longer holds this position
for commodities in general, there are still large move-
ments of goods which can be most efficiently moved by
rail. Thus the railway remains a key factor in the

prairie economy.



In 1973 the four western provinces put forward,
at the Westérn Economic Opportunities Conference, a propdsal
for changes to the transportation policy of Canada. Central
to this proposal were major changes in the structure of the
railway industry, The western premiers sought a revision of
the National Transportation Act to emphasize. regicnal devel-
opment. Vcré-specifigally they asked that a '"Western Trans-

p

report to a '"Western Canadian Transportation Tclicy't@w-
mittee."

Direct changes in the ownership of some railwav

plant was also proposed. The western pr@viﬁﬁés also asked

that the federal geverﬁment take over ownership and cp

L"ﬁ

tion of the roadbed and rlght 0f way and to provide access

‘U’ﬂ

to any public carrier wishing to use it. It was hoped that
this would lead the railway industry into more inter-firnm
competition such as with trucking companies whiéh operate
over the same roads.” Furthermore, it was argued, the tal%k
over of the railbed would make the transportation svstenm
more equitable in regard to the éasts bérﬁ directly by Ehe
users of the system. In sypport of ‘E;;"li,:i:»_aiigumzn'l;i it was
noted that therfédefal gev:>nﬁent contributed about 80 per-
cent of the fixed costs for air and water transportatign
but only about 20 percent for rail. Interestingly, the Hall
Commission has since made recommendations that would have
the federal government move in the direction of the ab@ve

’ =

proposals



Full cost disclosure for all forms of transpor-
tation was also called for by the western premiers. ﬁ%%
many years the west has felt that the pricing policies of

the railways have stood as a hindrance to economic de-

- velopment in the region. A lack of cost information has
led to many long hours of debate over the years as to the

~

appropriateness of the rate structure and levels of the
d

railwav system. No single problem has dominated the S
cussion of railway policy as much as costing.

That costs of service shéuld be the basis for
any rates has long been argued,-bcth from an equity and
efficiency point of view. Economic theory is quite
explicit on the need fbr prices to be based on, if not
equal to, the marginal costs of production. Ideally all
prices should equal marginal costs of production but some
situations may arise in which this is not possible or
desirable, the simplest case being that of increasing
returns to scale. }n the early years of the railway it
seems almost certain that increasing feturns-wéfe avail-
able, thus any attempt at marginal cost priciny would leave
total revenues less than total costs. This does not mean
that the marginal cost rule is to be ignored, rather
prices should deviate from marginal costs in a systematic

. %
manner to attain the most efficient rate structure.!

for a discussion of the optimal departure from marginal
cost pricing see Baumol and Bradford (1970). -



One of the assumptions underlying the marginal

L

cost pricing rule is that the distribution of income 1
optimal. Should this not be the case then a movement

away from marginal cost pricing may help to attain a more
™

optimal income distributioni Certain railway policies of
the federal government are explicitly designed to redis-

tribute income among the regions of Canada. .éxsmples of

such - policies are the statutory grain rates, the maritime
freight rate subsidy and the 'bridge' traffic rate.

An eXamination of both the Snavely and Hall Com-
missions reports reveals that the greatest pa%t of théiri
;EEZ‘Eﬁa effort was spent on the question of costs. The
Canadian Transport Commission is currently involved in a
large study of railway costing, further indicating theg
need for information in this area. Common to these
studies is the limited reference to the economic litera-
ture om railway costs and costing in general. In response
to this the following section reviews a number of these
studies. |

Following the review of‘the literature this
thesis will pXoceed to apply received production theory
and statistic#l cost énalysis to the problem of railway
costs in C§pada A model of the cost relations within Canadian railways
will be speci;?gq after a discussion of production theory
and recent develé;ments in functional forms. Upon esti- ..
mation of the model, the results will be discussed in
light of current railway policy.

P



1.2 Review of Previous Studies

Statistical estimation of cost functions for
railways has not generated a large literature aﬁd that which
is to be found concerns mostly American railways. The
following SECtigﬁ briefly reviews the pTrOgTess of statis-
tical railway cost studies from the late 1940's to the most
recent develépments upon which this study is based.

Two early studies of railways were undertaken
by Borts (1952) and (1960). In his first paper Borts di-
videdAthe railway operations into line haul and switching
operations. For each operation outputs Wwere taken to be
exogenous, due to the common carrier nature of the rail-
ways and inputs were€ divided as to those that were endo-
genous and those that were exogenous. A préducticn func-
tion was specified; wherein each of the endogenous inputs
was taken to be a function of the outputs and the exogen-

ous inputs. The production relation took the form

(1.1) ) Xl = fI(Z“ :g, - Zn)
X; = fz(Z;, 22, . s sy Zn)
X = £.(Zyy Zay eeen Lg)

where the X's are the endogenous inputs and the Z's are

the exogenous variables.



Endogenous variables for both the line haul
‘and switching operations were, man-hours of labor services,
tons of fuel consumed, flow of equipment services mgasured
as expenditure on maintenance and flow of-track and struc-
ture serxices, measured as expenditure on maintenance. -
Line-haul outputs were taken to be loaded freight-car
miles, carloads of freight and emptv freight car miles.
Total tractive capacity of freight locomotives and miles
of mainline track represented the exogenous inputs for
the linehaul operation. Switching outputs consisted of
yard switching locomotive miles, yard switching lbcamgtiVé
hours and'car loads of freight. Exogenous inputs were
miles of vard switching track, total tractive capacity
of yard locomotives and the average number of freight
cars standing on the line.

Cross-sectional data from Class I railwavs in
the United States for the year 1948 were used to estimate

the model. Two specifications of the model were estimated.

the second model divided all variables by a measure of

capacity for the railway being observed. Capacity was
measured for the line haul by taking the costs of repro-
duction of all capital equipment employed by the firm and
by miles of track devoted to yard switching for the switch-
ing operation.

Borts was primarily interested in the returns to

scale in the railway industry and calculated the elasti-



city of variable cost to examine this question. He found
that for the switching operation the cost elasticity cal-
culated for each model was not significantly different from
one, thus indicating constant returns to scale. However,
the two models gave quite different results concerning the
line hall operation. The first model again gave a cost

elasticity not significantly different from one but the

]

second model produced a cost elasticity of slightly greater

ale.

L
Ly’

than one-half thus indicating increasing returns to
Borts makes no attempt toO choose between the two models.
In his second article, Borts argues that while

previous studies of railways have noted that the size of
the firm and 1its location in the country will affect 1ts
cost parameters, the specifications used had led to biased
results. Borts demonstrates that by incorrectly entering
the size of the firm into the estimation of the cost func-
tion and due to the 'regression fallacy' previous esti-

mates of returns to scale had been biased toward increas-

ing returns. The regression fallacy is due to actual
output deviating from planned Gutput with a lag in ex-
penditure adjustment. Measuring costs by expenditures as
is geqerally done in cost studies means that if output is
below the expected level, expenditure will Ee above the
actual cost curves due to excess factors being employed.
Conversely, if output is above the expected level then pro-
duction is facilitated by a reduction in stocks through a

lag in expenditure on replacement and maintenance. This



will give observations on expenditure and output that will
fall belqy the true cost function, leading to slope esti-
mates lower)than the true slopes of both the short-run and
long-ruﬁ cbst functions.

Borts then proceeds to develop and estimate a
model for freight services again using CTOSE-SECtidﬂaj

data from 1948. He now emphasizes a functional form

simpler than in his previous study, specifically
(1.2) C = ayy + By,/v, + ¢

'where C is total cost,?2 v, is total loaded and empty
freight car-miles and v, is total loaded freight cars.
Borts proceeded to stratify his data into three
size categories and also into three regional categories,
eastern, western and southern United States. Using co-
variance analysis to estimate the coét elasticities, Borts
examined the within and between category elasticities.
Most strikiﬁg was the difference across regions as the
eastern region exhibited decreasing returns while the
southern and western regions were experiencing increasing
or constant returns to scale. This difference was attri-

buted to the much higher density of traffic in the eastern

region.

2Cost items joint ?o'bassenger and freight services were
not inciuded in total costs.



Comparison of the cost g¢lasticities generated
within and between size clasges supported Borts' conten-
tion that a bias towards increasing returns had existed.
The between-class elasticities were higher than the
within-class elasticities for all fégi@né. Thus estimates
of cost elasticities which do not stratify by size will
generate cost elasticities that are biased downwards.

"Borts concluded by noting thatgtheré was still
‘a good chance his estimates were biased as he had esti-
mated a linear total cost functicng He points.out that
if the true cost function is concave from above as 1is
prediCZid bv economic theory, then theicast elasticit§
will still be biased downward.

) The Interstate Commerce Cﬁmmissian (H]Et‘ruled

in 1962 that they would consider 80 percent of raiiway costs
to be variable for regulatory purposes. Griliches (1972)
reviews the 'magic number' of 80 percent and finds 1t
considerably below the level indicated by his investiga-
tion. Percent variable is defined as the ratio of mafginal

lso referred to as the cost

w
o

cost to average cost and is

he

g
[y

elasticity of output. Grili points out that for

ost functions the percent

[

both curvilinear and linear

o

variable varies throughout the length of the cost function.
It then follows that the point at which percent variable is
i;alculated can greatly influencé the result.

ICC calculations used to establish the 80 per-

cent figure were based on a simple average of the average



cost-output experience of all railways studied. Griliches
argues that this is not the correct procedure as it weights
equally the experiences of some very large and other quite
small railways. Using a weighted average with the propor-
tion of total tons carried as weights Griliches finds that
a more correct estimate of percent variable is over 95 per-
cent.
Noting that the ICC studies also incorrectly

enter the size of the firm and do not correct for the re-

ression fallacy, as previously noted by Borts (1960),

ey

Griliches proceeds to estimate a cost relationship for the

-

‘peficd 1957-1960 using cross-sectional data. Railwayvs
. were divided into two groups due to an observed difference
. in their cost-output patterns. While the large railways
made up ju§t>@ver half the observations, 59 of 97, they
accounted for about 95 percent of the total costs reported.
Percent variable for the large railways was found to be
over 95 percent and not significantly different from 100,
thus indicating constant returns to scale. The smaller
railways were found to have é percent variable of about
60 percent. Griliches concluded with a review of a num-
ber of pubiished studies of railways and noted they in
general suppartéd his findings of constant returns to
scale.

While the traditicnal intefést in railways has
been with regard to returns to scale, more recently the

question of excess capacity has been of interest.
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Keeler (1974, 1976) investigates both these issues, de-
veloping both a short-run and a long-tun cost function for
railways. Keeler pointed out that many past studies had
confused the questions of returns to firm size and re-

turns to density. Proceeding to review Borts (1960) and

-

Grilichés‘(1972), Keeler finds the results from each to be
“biased due to incorrect specification.” He feels that
Borts (1960) has a set of "intérnally inconsistent as-
sumptions.” In deriving both short- and long-run cost

es from the same data, Borts must be assuming

elasticit

-
[¥v]

nonoptimal adjustment and optimal adjustment at the same
time. Keeler further argues that Borts has incorrectly
formed his dependent variable by assuming overhead iosfs
are equal for each ton-mile of passenger and freight SE?;
vice. This leads to a proportional increase in total costs

for all roads thus raising the costs of the larger rail-
roads more than the smaller railroads. Keeler points out
that this will bias the results toward constant returns to
traffic density.

Griliches (1972) is criticized by Keeler in
three areas. The first is an incorrectly specified de;
pendent variable which has the same results as those just
discussed for Borts. Secondly, Griliches drops the length
of track or capacity variable from his estimation based on
a regression result where the vériable was not signifi-
cantly different from -zero using a 5 percent, two-tailed

t-test. Keeler points out the variable is significant



M
LN ]

with a 5 percent, one-tailed t-test and feels Griliches
has used 'a weak reason for throwing out a variable."

Finally, Keeler points out that Griliches mav not have

[y

properly adjusted for heteroscedasticity. Keeler proceeds
to demonstrate that, if indeed excess capacity does exist,
then Griliches' results will be biased toward constant re-
turns. This follows from the fact that with excess ca-

pacity firms will be on short-run cost curves to the left

é& the long-run cost curve. Estimation of a linear cost

cost function with a slope greater than the true cost func-
tion, therefore biasing the results toward constant re-
turﬁsi

Keeler used Créss-sécticnal data for the United
States during the years 1968-1970 to specify a model with
two outputs, passenger and freight services, both measured
in ton-miles. He assumed that all costs could be gharged
to one of these two outputs thus allowing the specifica-
tion of two separate production functions. Using a Cobb-
Douglas form for the production functions, it was assumed
that the coefficients on the fixed input, track services,
were equal for the two production functions. Lagrangean
methods were used to construct a short-run cost function
for each production function. The identity which %equired
that the total fixed input be equal to the sum of the fixed
input allocated £G each service, was used to join the cost

function into a single short-run cost function.

[—
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Keeler, upon testing the degree of homogeneity
of his function, Yound long-run constant returns to firm
size were indicated. Differentiating the short-run cost
function with respect to track, the fixed input, and setting
the result equal to zero, Keeler found an estimate of the
optimal capacity for a given traffic level, He substi-
tuted this estimate into the short-run cost function to
derive a long-run cost envelope. Excess_capacity of over
200,000 miles of track was estimated to exist. [Increas-
ing returns to traffic density are f@un§ to be present
over most rail routes in the United States. Keeler-con-
cluded’ that a large saving could be found by abandonment
of large amounts of track 1in the United States. His find-
ings showed that most of this saving was recoverabte as
only a small portion was sunk costs.

A1l the above papers point out the joint nature
of production in railways but except for the first Borts
article no attempt is made to explicitly model this situ-
ation. Borts (1952) does model each endogenous 1nput as
o2 function of multiple outputs but his model does not re-

late the inputs to each other and thus falls short of
modeling %he full production behavior. Borts (1960) and
Griliches (1972) deal only with freight services thus
implicitly assuming that a separate production function
exists for each of passenger and freight services. Keeler
(1974) while introducing two outputs, still assumes they

have separate production functions. However, there is a

Tl
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study which predates all of the above,'that explicitly
models the joint output nafure of railways.

Klein reported sucﬁ a model in his Textbook of
Econometrice (1953) which was originally presented by him
in a paper for the National Bureau of Economic Research
(1947). Modeling a production function with two outputs
(passenger and freight services) and three inputs (labour,

‘ I
fuel, and capital services), Klein estimated the following.

(1.3) vivs = A xt'x3?x§’:z)t:? »
The y's are outputs and the x's are inputs with z, being
the ave;gge length of haul introduced to account for the
fixed natﬁre of the track and wayv and z, being the per-
centage of freight which was the products of mines. 'This
latter variable was introduced as a first step 1n account-
ing.for thé‘differehceé in costs of moving varioﬁs kinds
of freight. Klein noted that it would have been desirable
to have at least five categories of‘freigﬂi as freight
ton-miles are not a homogeneous'output.

The output function used by Kléin 1is concave v
rather than the predicted convex but Klein reported that
use'of more generally acpep:ed output functions did.not i
change the results of the estimation. Klein:used Cross-
sectional data from 1928 and 1936 to estimate the model.

A cost minimization approach was used to estimate the
L

parameters of the production function, thus explicitly



ﬁ 15
introducing the prices of the inputs- into the estimation.?3
Parameter estimates of the production function indicated
that incregsing returns to scale were present in the rail-
way industry. . : .
There'haVE been a number of reworkings of Klein's

model and data since his original estimation. Chipman
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(1957), Hasenkamp (1976) and Brown
used different estimation procedures and/or different
functional forms to examine Klein's original findings.

Chipman (1957) used input demand équatiéns from Klein's

s

model to estimate the parameters of the model. Testing

for returns to scale Chipman found increasing returns to
scale at the one percent level of significance, thus sup-
porting Klein's results.

Hasenkamp (1976) replaced Klein's output func-
tion with a constant elasticity of transformation functi@ﬁ
which ail@ws for convexity of the output set. Two input
funitiﬁns were estimated, first a Cobb-Douglas and second-
ly a constant elasticity of substitution form. Eswimation’
was undertaken using the system of input demand equations
derived by using Shephard's lemma.“ Hasenkamp imp@sed

the required across-equation restrictions which Chipman

3pean (1936) had pointed out that statistical cost estima-
tion should explicitly take account of input prices. Other studies
have failed to do this generally assuming that prices were The same
for all railways. )

4Gee Chapter Two, Section 2.3 for a discussion of Shephard's
lemma.



had failed to do but the results did not vary greatly.

Increasing returns to scale were again found to be present.

the convexity requirements indicating a concave output
structure,

A further reworking of Klein's ﬁata was done by
Brown et al. (1976). As the model used by Brown et ail.  is
very similar to that used in the remainder or this thesis
Brown et al. spécify a transcendental logarithmic (trans-
log) functional form for the cost function and then employ
Shephard's lemma to derive a system of input demand equa-
tions. The system of demand equations plus the cost func-
tion is estimated using the translog functioﬁai form, al-
lowing Brown et al. to test a number of hypotheses whichi

were implicitly implied in earlier specifications. Tests

separability of inputs and outputs and constant elastici-

ties of substitution. 1In all cases the hypotheses were

. , . ! )
non-separable and did not have constant elasticities of
substitution. Earlier estimates are therefore biased due
to the functional forms used for the model.

Estimates of returns to scale can be calculated

[¥4]

for each firm when homogeneity is not imposed.  Brown et
al. found that all but one of the 66 firms in the sample

had significantly increasing returns to scale. Again the

=
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i@nvexity restrictions on the output function were not
met, thus indicating the optimal position would be to
specialize in one of the two outputs. It is noted by
Brown et al. that specialization is not possible due to
regulation but this does tend to explain the railways'

desire to drop passenger services.

1.3 Overview of Thesis$

Modeling of multi-product technologies has been
greatly advanced re¢en£1y with the work of Shephardz(1970)
and Christensen et al. (1971). Brown et al. (1976?%5ave
used these developments in a railway model while Fués and
waverman (1977) have used them in a study of Bell Canada.
Believing that these techniques can be a valuable aid in
the discussion of costs in the Canadian railway industry,
this thesis develops a model based on the above-mentioned
work. The model is estimated using time series data from
1952 to 1976. Ideally, estimation would bgrbased on cross-
sectiéﬁal data from different sections of the railway sys-
tem over a number of years. Such data, however, are not
publicly available.

| Chapter Two first presents the duality theory of
Shepﬁard (1970) and relates neoclassical production thecory
and duélityFtheéfy to the railway industry. Following
this is a discussion and proof of Shephard's lemma. The

translog cost function is introduced in Chapter Three with



a discussion of its ability to test previously maintained
hypotheses. Shephard's lemma is then used to derive a
system of cost and revenue share equations from the trans-

e and in-

¥+
"
s

log cost function. Measures of returns to sq:

cremental costs are discussed in the final ion of

"
M
¥
i

e
Chapter Three.

| Arﬁadel of the cost relations within Canadian
railways is developed in Chapter Fcur_ﬁith a review of
data sources. Chapter Five discusses the estimation, the
tests conducted and presents the results. The final
chapter reviews Canadian railway policy 1in ligﬁt of the

results and its effect on the economy of western Canada.



CHAPTER 11

Production theory is the basis for all discus-
sions of pricing and regulgtian in economics. This chap-
ter examines the received production theory in light of the
duality theorems of Shepard (1970). Section one of the
chapter discusses the regularity conditions on a standard
EprduCtiGD correspondence and relates these to the present
study of the railway indusify. A cost function is '‘de-
fined for the production correspondence and its regularity
conditions are discussed in Section Two of the chapter.

Shephard's lemma 1is then proven and discussed in the final

section of the chapter.

2.1 Production

Production theory deals with the decisicﬁs of the
firm given the available technology. The firm marks de-
cisions as .to which factors to employ and in what quan-
tities; simultaneously the firm must decide on which guté
put to produce, in what quantitie§ and bv what method.

It is generally assuméd that these decisions are all di-
rected towards the goal of profit maximization, profits

being defined as gross revenues minus all opportunity costs.
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Given the technology available pr@ducfi@n
theory makes certain predictions as to firms' behavior.
These predictions are dependent on both the market structure
in which the firm operates and the goal of profit maxi-
mization. Under certain technologies and/or market con-
ditions production theory predicts firm behavior which
is not optimal for society. Welfare eson@nité calls for
the public regulation of these firms with the proper farm
of regulation depending on the cause of the non-optimal
behavior. If regslatian is to be émplgyéd a good know-
ledge of the production technology available to the firm
is necessary or when it is unavailable 1t must be esti-
mated. This is done by assuming the observed behavior of
firms is consistent with the predictions of production

heory. Then working back from the observations the under-

r+

lving technology can be estimated. Before proceeding to
such an estimation for the Canadian railway system, 1t

is necessary to review received production theory and the
conditions under which it can be applied.

The typical treatment of production theory as-
sumes a firm producing a single homogeneous output from
one or more inputs. Railways do not produce a single
output but rather produce a number of non-homogeneous
outputs. Outputs can be non-homogeneous due to different
qualities or attributes as néted by Spady and‘FriedlandET'
(1978). Although quality differences may also be present,

this study specifies the outputs of railways by attri-



butésgl It is assumed that goods exhibiting certain basic
attributes will require transportation with different
attributes, leading to the four railway outputs defined in
this study. The joint nature of production and the non-
homogeneity of the output favor the use of a multi-product
production function or, as if is also called, a transforma-
tion function. ARathér than specify directly a ‘transform-
ation function, the discussion that follows will be in
terms of a production correspondence as presented 1n
Shephard (1970).

Vectors of inputs and outputs shall be repre-
Sengéd by x = (X1, X2, --.., Xn) and v = (Vi, Y25 +-+»
vm) Tespectively. Only non-negative input and output
vectors will be considered, therefore the sets X an nd Y

can be defined as:

(2.1) X = {x|{x z 0} = R}
(2.2) Y = {yjv = 0} = RY

if#sf‘

The production technologies can then be represented by
the production correspondence T:X-—Y which maps X into

Y. This is a point to set mapping; that is, each vecté
X is 'apped 1ntc the subset of y vectors that can be prn—
duced from x. Given an input vector X, T(x) is the set
of production péssibilities not all of which needxbe ef-

ficient, efficiency being interpreted as engineering



efficiency; that is, to be called efficient an output
vector must be greater than or equal to any other output

vector that could be produced from x:

v' 1s efficient if y', y" e T(x)

and y' > y" for all y"

An inverse correspondence R:Y—X can then be"
defined which maps Y into X. R(y) is the set of input
vectors that will produce at least the output vector Y.
The set R(y) is an isoproduct set, again not all points of
which are efficient. Efficiency now requires that the
input vector be less than or equal to anv other input
vector producing output y. ;

Production theory makes certain.assumptions as
to the nature of technologies available to the firm.
These assumptions can be represented by conditions on
the production correspondence. Such a set of conditions

are presented by Shephard (1970) and are reproduceq below.
T1. % T(0) = {0}.

T2. T(x) is bounded for all xeX.

TS. x' 2 x implies T(x') » T(x).

B P 2 B

22



T4~ (a) If x 2 0, y 2 0 and veT(Ax) for ;Qme scalar
X » 0, then for any scalar £ > 0 there exists

12 scalar »* > 0 such that (8y)eT(A*x)

or/and E ~

nd

4]

eT(3x) for some y > 0

iy

(b) If x > 0, or x z 0
and X > 0, then for any yeY, yeT(A*x) for some

scalar »* > 0.

T5. T is upper semi-continuous on X, implving T(x)

closed for all xeX.
T6. T is quasi-concave on X.

T7. " The output sets T(x) of T are convex for all
xeX.

T8. (a) yeT(x) implies {oy|6e[0,1]} ¢ T(x)
or/and

(b) yeT(x) and 0 = y' =¥ implies y'eT(x).

" The first two conditions merely state in mathema-
tical notation the basic underlying problem in all of eco-
nomics, scarcity; Scarcity is insured as long as no out-
put Eﬁmés from a zero input vector sné only finite amounts
of outputs come from finite amounts of iﬂputé;

Free disposal of inputs is allowed for by con-

dition T3. It states that if one or more mémbersxaf’the

23



24

o
~
m
-y
=
al
-~
lyd
W
[y
m
jo
i+
o
m
=
¥
-
[y}
0%
m
¥
Q
lau]
o]
=
-+
]
o
[ad
-
m
]
-y
i
e ]
)

input vector are increased then the set of output vectors
attainable must be at least as great as it was previously.
This insures that no member or members of the input vec-
tor cén be in such over supply relative!ta other inputs

so as to interfere with the production process. There-
fore, the marginal prgducttgf any input, while it may
reach ZETD,;Hill never beégmé negative (i.e., allows
operation only in the "economic" region of production).

Railway vards can at times become CQTXEE&& as
more rolling stock is combined with the fixed track and
loading facilities. The preceéing-;anditi@n on the pro-
duction technology disallows tﬁé‘péssibility of }his con-
gestion actually reducing the tcgai output. However, the
condition does not preclude handling of congestion; a
condition reflecting diminishing iarginsl productivity of
fixed factors. Siﬁgle track mainline mayv also experience
congestion and again marginal product is assgmed to be
non-negative.

Condition' T4 iis set down in two parts corres-
ponding to what Shephard calls the '"weak and strong
attainability of outputs.' Part (a) refers to the case
where any scalar expansion of an attainable ocutput vector
is possible given S’ﬁe scalar expansion of the input vec-
tors used to attain the original output vector. This im-
piies a homogeneous output or there exists some index of
outputs which allows output to be expressed as a single

L



fixed proportions. Therefore any expansion of one output
requires the expansion of all outputs by some fixed amount. .
The second part of the condition states that a
semi-positive input vector which gives a strictly positive
output vector can be expanded so as to give all possible
output vectors. Output ratios can then be controlled fully
by some scalar expansion of some input vector. Desirable
outputs can thus be expanded while undesirable ones are
controlled or eliminated by a suitable expansion of inputs.
Klein (1953) and others have correctly pointed
out that railways do not produce a homogeneous output.
Strong attainability of outputs is then:reqnifed for the
modelling of the railway industry. However it should be
noted that transportation from A to B always produces in
<ome form the trin from E 4o A, The existence of the
backhaul would indicate that within output classes the
assumption of weak attainability might be agpfgg¥iatei
Data are not available to explicitly model the backhaul,
therefore strong attainability is assumed both be§§38ﬁ
and within output classes. | —~
The closedness implied by the upper semi-
continuity of T insures that the output sets T(x) and
the input sets R(y) will be closed. Closure of the sets
means that the baunﬂarigs'are included in the set. This
cgnéiticn allows the definition of the production possi-

bility frontiers and isoproduct curves as the efficient



subsets of the boundaries of the output and input sets,
respectively,

The sixth and seventh conditions concern the
shape of the production possibility frontiers, thé iso-
product curves and the transformation function. (Quasi-
concavity of T insures eventually dimingshing marginal
product while allowing sections of increasing returns
to scale. Shephard (1970) shows that any quasi-concave
correspondence will have a convex inverse correspondence,
therefore a quasi-concave T implies a convex N, Convexitv
of R means that there will be diminishing or constant

nal rates of substitution for any input set R(v).

e= |
-

arg

Decreasing or constant marginal rates of transformation for

any set T(x) are insured by the convexity of the output set.
In considering the railway industry it is vital

to have the quasi-concavity of T. TRailways experience

very large indivisibilities, particularly with respect to

track and way. These indivisibilities would indicate a

ignificant region of increasing returns to scale should

o

be allowed for explicitly in the production correspondence.

Shephard (1970) points out that conditions six
and seven also allow for "time divisible technologies,"
This <irmply means that if two output vectors can be pro-
duced by a single input vector, then production of each
output vector for a portion of the time interval can ob-
tain a new output vector not otherwise attainable.

Thus any convex combination of the attainable output vecs=

26
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tors from any single input vector are also attainable from
that input vector. Similarly, any convex combination of
input vectors, each of which can produce an output vector
'y, can be used to pf@ducerat least the output vector VY.

Railway technology is, for the most part, time

»
divisible. The same track, rolling stock and labor can

be used over the period of a year to transport a wide
variety of goods between a large number of shipping and
receiving points. Time divisibility of track and way in-
puts is essential since most of the railway system in
Canada is currently characterized by single-track main-
line.

Free disposal of Dutputs is assumed by condition
T8. }arts (a) and (b) indicate the p@551b111t1e; of as-
suming wedk or strong disposal and correspond to parts
T4(a) and T4(b). Weak disposal allows the free dispassl
of any output only if all members of the output vector are
reduced in equal proportion. T8(a) is associated with
T4 (a) where!the ratiaief outputs cannot be cant}alledi
Stréng diép@sél allows the free disposal of dﬁe oT more
components of the output vector in varving proportions
ranging from 0 to 100 percent of the particular output.
The argument why the strong disposal condition, T8(b), 1is
approprlate for a studx of reilways 15, éxactlv parallel to

that for strong attainability and need not be repeated

here.

— N
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ost Functions

The production correspondence defines the tech-
nological possibilities open to the firm thus constrain-

he firm's ability to generate profits. Given any'

[ n

n

[t o]
[

input price vector p = (p;, Py, .., Pn) and any output
price vector q = (q,, qQz, ..., Gm), the firm will adjust
its input and output vectors so as to maximize profits.

{ : .
This can be represented by

(2.3) §a§{qy*px|yET(x),sz(Y)}pEX,qu .

Note that p and q are superimposed on the domains of X
and Y respectively.

Economists have long reali:zed that for any
SingI%iautput vector v, the profit maximization problem |
can be expressed as a cost minimization problem for some
input price vector p; A cost function carrespénding to the
production correspondence T can be defined by

M;n{p-x | x € R(y)}, peX, veY

(2.4) Cly,p)
The cost function C(y,p) %sves the minimum possible total
cost for some output y and input prices p.

Whenever outputs are exogenously determined the
cost function' is the correct tool of analysis to employ.

Railways prior to 1967 faced streng rate regulation, mak-

28



ing output an exogenous variable. Since 1967, railways
have enjoyed somewhat more freedom in setting rates but:

many rates such as the statutory grain rates are still

strictly controlled. 'Noting that there was a rate freeze.

during 1973 and 1974 and that the railways have had many
ccmiitments to shippers pre-dating the 1967 changes;
outputs are assumed to be exogenous throughout the period
covered by this study.

When the production correspondence T:X—=Y has

-3

i

properties T1, ..., T8, the cost function associated with

~ T will have the following properties (Shephard, 1970).

Ci. For all y = 0, C(y,p) is positive and finite

L=

foer any finite p, p =

G%g' C(y,Ap)

C3. - Cy, p +p') 2 C(y,p) *+ C(y,p') for all yeY,

peX, p'eX.
C4. +  C(y,p') 2 C(y,p) for all yeY, p' 2 peX.

CS. C(y,p) ‘is a concave function of p on X for all

Cé6. C(y,p) is a continuous function of p on X for

all yeY.

AC(y,p) for all yeY, peX and Ae(0,+w].



[ -

€7. (a) For any peX, C(8y,p) C(y,p) for yeY and
8 ef(l, + =)
or/and

I

(b) For any peX, C(y',p) 2z C(y,p) for y' =z yeY.

cs. If p> 0 and {||y"[l} — + =, then lim Inf
C(y", p) = +=. | S
/

C9. For any p > 0, C(v,p) .is lower semi-continuous

in y on Y.

Strictly positive costs for any positive output
vector follews from the assumption of Szaféityi Finite
costs for any finite price vector follows from the fact
that all input sets R(y) are bounded, thus cost is the
pfoduct of two finite vectors. -

C2, linear homogeneity of the cost function
with reWigct to prices, is simply the result Qg @ﬁtimal
input vectors being determined by relative rather than
absolute prices. Any scélar expansion of the price vec-
tor will leave relative prices and thus the optimal 1input
vector unchanged. Cost will then rise by the same pré-
portion as the prices.\‘ThiS requires that firms do not
suffer from any money illusion when making production de-
cisions, | 7

Condition C3 states that given any two or more

price vectors, the cost from producing with the optimal
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1
inputs for each price vector will be less than or equal to

the total cost from prﬂéucing with the optimal inputs for
any average of the price vectors. This condition 1is a
result of the convexity of the input sets R(v), which
imposed constant gr diminishing marginal rates of sub-
‘stitution. Following directly from C3 is C4 which says
tha; costs will be monotonicly increasing in prices. An
increase in any one or more of the input prices with all
other input prices constant must produce a total cost at
least as great as that before the price rise.

Concavity of the cost function with respect
to prices, €5, is a direct result of C2 and C3. It im-
plies that any convex combination of price vectors will
produce a total cost greater than or equal to the total
cost of the convex combination of the cost for each price
vector. For a case of seasonally fluctuating input pric-
es, thig condition Shcwé that the producer would be bet-
ter off adjusting the vector of inputs to the varying pric-
es rather than trying to stabilize prices at some average
level.

It should be noted that the above argument criy
tically depends on the attainment of the 6ptimal input;//f
vector for each price vector. Railways have lumpy indi-
‘'visable inputs that may interfere with a smooth gndﬁquiek

adjustment to any change in price ratios. Therefore, the

optimal input vector may not be attainable for some period

which means that some convex combination or other averag-



ing of prices may produce a lower total cost.

Economists refer to the situation where a sub-
set of the input vector cannot be readily adjusted to
price changes as the short run.

long-run cost function, where it is assumed all elements

of t¥e input vector can be changed to any new optimal
~» o . . . 5 =
level. ~In utilizing this model, railwavs are assumed to

have overcome any adjustment problems arising from lumpy

inputs. This assumption, principally relates to the flow

of services from track and way. While it may seem that
track and way cannot be adjusted except by total abandon-
ment this is not strictly true. The flow of SETvices_
from track and wav on many rural branch“liqes have become
dependent on the zurrént level of maintehance. This 1is
possibly best exemplified bv the current condition of

many branch lines insWestern Canada. When track is in

é

the flow of services bhecomes variable.

Lo’

this condition,
Supporting this position is Keeler's (1974) finding that
_only a small portion of way costs are sunk.

The continuity of the cost function for p is a

result of there being no holes in the input sets R(y).

As long as the technology is time divisible there will be

no holes. It has already been noted that railway tech-

nology is time divisible and thus this condition.will be
met.
Condition C7 has two forms dePending'upan ﬁhich

of conditions T8(a) or T8(b) is assumed. It will be re-



called that T8(a) is the assumption of weak disposability
of Qutputs while T8(b) assumes strong disposability of
output. Whichever assumption is made C7 states that the

cost function will be monotonically increasing in out-

i

puts. Any output vector approaching infinity will have
a total cost also approaching infinity for any positive

price vector as stated in CS.\\This is a fuyrther

w

scarcity condition. It states that total cost does not
reach a limit which would mean that for some finite cost
we could get an infinite amount of output.

The final condition on the cost function states
that total cost is lower semi-continuous in v. This means
that at certain points as output is expanded total cost-
may make a discrete jump in value. Lumpy input units can

be accommodated with this condition as it allows that a

new price of rolling stock or vard facilities may be neces-

sary to expand output beyond some point.

As was noted earlier the cost function or the
pfcdgctien relation can be used to examine the profit maxi-
mizing activities of the firm. What is less well known is
that the cost function contains all the necessary informa-

tion to construct the production structure. Shephard

(1970) has proven that given any production structure meet - -

ing conditions T1-T8 there is a cost function with pro-
perties C1-C9. Conversely, given any cost function with

properties C1-C9 there is a production structure meeting
T

\b—‘
....:,

conditions T8.



This duality is very convenient for empirical

work as it allows the modeling of ®ither the production or

be tested by testing whichever is modeled. Choosing which
to model can then be based on the grounds of data and/or

ease of estimation.

2.3 Shephard's Lemma

Shephard's lemma provides a very powerful tool

mation of any produc-

for empirical specification and esti
tion model. For its implementation we require'fhat the
cost function be cantiﬁuaus and differentiable in both
input prices and output quaﬁtities!- Condition C9 on the
cost function must be made more restrictive to meet this
requirement. The lower seﬁi=:@ntinuau5 assumption made
previously must be replaced by a continuous assumption.
This will mean that the function no longer allows for dis-
crete jumps in total cost.S .

Differentiating thgétggt function with respect
‘to both input prices and outbuts, Shephard's lemma states’

that the following relationships hold. .

3C (¥,p)

(2.6) ~LE = q

x* being the optimal vector of inputég

S5Condition C9 need not be changed if only the cost func-
tion and the input demand equations are used for estimation.



The following proof of Shephard's lemma paral-
lels the proof for the profit function presented by
Hasenkamp (1976). First a multiple output production func-

tion is defined as
2.7y ‘ F(x,v) = 0
Where the inputs are now entered as negative qualities.

The following Lagrangian function represents the profit

maximization problem.
(2.8) L = qy + px - A[F(x,y)]

First order conditions for the maximization of (2.8) are

-

as follows.

= , A
I 3FY
(2.10) : P - Ay 0
(2.11)  Fxy) =0

+

-

Rewriting the cost .function in terms of the optimal input

vector it becomes:

(2.12) © C(y,p) = -px* with

35



36

(2.13) x* = f(p,y)
(

y being the exogenous output vector. Y

Differentiating C(y,p) with respect to prices and outputs,

the following expressions result.

4
3C(v,p) - . . ox*
(2.14) 3p x* Py
aC(y,p) . . ,3x*
(2.15) & P

Substituting 2.10 into 2.14 and 2.15 vields

(2.16) 3C(Y,P) - . g .y 2F Ax*

o p ‘ ax 3p
3C(y,p) . . , 3F ax*

(2.17) e 33

Now taking the total derivatives of F(x*;y)’with respect
to the vectors of input prices and outputs produces the
following:

dF(x*,y) , 3x* 3F _

a2 TS

* ' : ’
(2.19) : g££§§4Xl - 3xy aF +,§§.;.o

1

1

Comparing the second expression in 2.16 to 2.18 it is

easily seen that 2.16 reduces to 2.5 thus proving the
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proposition.
L]
(2.5) : : i(iiil = -xk
ap -
Rewriting 2.17 as
) AC(y,p)*. . ,3F ax* _ ,aF  F
(2.20) ay . Aax ay 3y * Aay
= =A£§§t¥£ *A£
L3ax 9V 9V | ERY

Substituting 2.9 and 2.19 into 2.20 the expression re-
duces to 2.6 thus proving the second proposition.
(2.6) 3C(y,p) -

Empirical work is greatly aided ‘by this, as it is now pos-
sible to obtain a system of equations upon specification of
a cost function. Estimation becomes more efficient as

the number of parameters has not been changedlbut addi-

tional information is available.



CHAPTER THREE

Economic theory is usually developed in te;hs_
of implicit functions but before empirical studies can be
carried out an explicit functional form must be specified.
Since information as to the true functional form is rarely
available, it is advantageous to allow for as much flexi-
bility as possible. |

All functional form specifications are, in light
of a lack of knowledge as to the true form, maintained
hypotheses. While this is easily appreci;ted, what may
pass with less notice are any maintained hyvpotheseswhich
are implied by the fuﬁctional form specified. The problem
of embedded maintained hvpotheses haé been‘appreciated for
some time, but only recently have functional forms becbme
available which reduce the need to emplov as restrictive
functional forms. Flexible functional forms now allow
testing, by standard statistical methods, of formerlyvy
maintained hypothese# such as nonjointness, separability
of outputs and inputs, homogeneity and constant elastici-
ties of -substitution. . |

The first section of this chapter discusses

nonjointness, separability and homogeneity and their im-
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lications for the production technology. Then a translog

o
-

st function is specified and certain parameter restric-

]
o

tions are derived. Section Two gae$ on to derive a system
of share equations from the translog cﬁst function and
presents tests for the hypotheses discussed in section
one. Measures of returns to scale and incremental costs

are presented in the final section of the chapter.

3.1 Nonjointness, Separability and Homogeneity

L]

This section examines three properties of pro-

-

duction which have often been held as maintained hypothe-

[

ses in former studies of railway production. As main-

7]

tained hypotheses, the properties of nonjointness, sepa-
Tability and homogeneity restrict the form the production
relation may take. Restrictions embedded in the functional
form force the data to conform to a subset of technologies.
If the true technology is not a member of this subset then
biased estimates will result. What then was the subset

of technology that former railway studies assumed? To
answer this it is necessary to examine each of the formerly.
maintained hypotheses.

Jointness in production refers to a situation in »
which certain factors are inputs to two or more outputs.
The following discussion will use jointness to refer to
both joint and common cost situations as defined in the

regulation literature. Joint cost refers to a situation
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in which outputs must be produced in fixed proportions
while common costs are defined when output proportions can
be varied.

Assuming nonjointness in production impiies that
the firm can identify fully what proportion of each input
is used in the production of each output. Recalling the
multi-product production function (2.7) and expanding the

input and output vectors produces

(3.1) F(xy, X2, «ovy Xps Y1, Y2, vy ¥Ym) = 0

K]

Given an assumption of nonjointness (3.1) can be rewrit-

ten as follows.

(3.2) Fi(xy, X2, «.vy Xp) =y,

Fa(xy, x2, ..., Xa) =y

Ym

Fm(xlp ,xig 5 5 3 xﬁ)

It follows from (3.2) that there are m cost functions to

&

correspond to each of the m production functions and that
in an empirical study the m equations can each be estimated
separately. Given that any single train may carry a wide
variety of goods and that many train units will use the
same track and switching facilities, it would seem an un-
reasonable assumption to maintain that railways are char-

acterized by nonjoint production. Thus it would be pre-



ferable to test for nonjointness rather than have it as
a maintained hypothesis.
e Separability of inputs and outputs ‘has often

been assumed in railway studies. This assumption says that
there 1s a homogeneous output which can be express;d as

a single value, thus implying an index of outputs exists
When dealing with multiple outputs and joint production
this assumes that output substitution possibilities are

independent of the level of any input employed. An output

index means that the production function can be written as
(3.3) . Flh(y),xl = 0

where h(y) is the index function. It is further implied
from this that some input index g(x) exists such that

the production function can be represented as
(3.4) ‘ hiy) + g(x) =0

Separability of inputs and outputs has been shown by
Lau (1969) to be possible if and only if the cost function
is sepafable in outputs, thus the corresponding cost func-

tion is written

(3.5) C(y,p) = Clh(y),pl = 0

-

Implied by this form of the cost function is an assumption
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that the relative marginal costs are independent of input
prices. Such an assumption is very restrictive if rela-
tive input prices change unless all outputs require inputs
in the same proportions. This later condition not being —
very realistic for the railway industry, it would again
be preferable to have separability as a testable hvpothe-
sis.

Hcmaggnsity of the production function means that
for a proportional increase in all 1inputs, theré will be
a proportional change in output. This has often been
assumed for the single output case, represcnted as

(3.6) Y = £(Axy, AXz2, ..., Axp) = A f(x;, X2, «.., X,)
where X = 0 and the function is said to be homogeneous of -
degree r. A generalization to the multi-product case,

which is referred to as almost homogeneity, is suggested

by Lau (1969) and takes the form

(3.7) F(A"y1, «vvy A ¥m, AX1, v+, AXp)

1]
ez
i~
.
<
3

. X1, --.3 Xp)

]
e

erred to as simply homo-

-y

Lo I

e L

Almost homogeneity will be
geneity for the remainder of this thesis.
Brown et al. (1976) note that the homogeneity of

the production function implies the following for the cost

!
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(3.8) C(A\"y,p) = min PilrXi
Thus for the production function to be homogeneous of d
gree T the cost function must be homogeneous of degree
%n outputs.

It was noted in-Chapter Two that condition T6
on the production correspondence allowed for iﬁﬁréasing,
decreasing and constant returns to scale. An assumption
of a homogeneous production function means that only one
of the three scale economies can be present. Given that
neoclassical production theory predicts in general that;g
production will move from a region of increasing returns
through a region of constant returns and on to decreasing
returns, the homogeneous specification would bias the re-
sults unless all observations fell in the same returns to
scale regiqnl Consequently it is more desirable to allow
the function to be nonhomogeneous and tﬁen test the
homogeneity hypothesis. The translog cost function does
not completely solve this problem as it is a quadratic
function while economic theory would in general predict
a cubic total cost function. Estimation may still then
be biased if the observations occur over a wide range

?

of a cubic function. ' , s



3.2 Translog Cost Function

Maintained hypotheses of the form mentioned above

were not imposed purely out of choice in previous produc--

tion studies. Functional forms which allow these hvpo-

theses to be tested have only recently been developed.

Flexible functional forms available include the translog

((hiristensen et al., 1971), the generalized

Leontief

(Diewert, 1971), and the generalized Cobb-Douglas (Diewert

1973). The translog form has become the most widelvy ac-

cepted and shall be adopted for this study.

The translog function is a second order Taylor .

series approximation to an arbitrary cost function. Spe-

cifying a cost function of the translog form gives the

following express»on:

- ) n m ‘
(3.9) In C = ag + Z a; 1n p; + ¢ Bj 1ln Y
i J x
n
+4 72 %y, Inp; 1n Pj

J
: : n
Gij ln y;1n yj *+ ?

i
+

[N

Coge-MD

T
J

Pi; 1n p} 1n Y

Due to the function being a quadratic there are 'a large

number of parameters to be estimated but this problem is

somewhat reduced by the following restrictions.

(3.10) Yij = Yjiooo o i, j =

(3.11) R .Gij = Gji ] » j’.j =

J
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(3.15) for all 3 =1, ..., m

— Y

,Di‘j

- Note that the two adding up constraints on the y's and

the symmetry constraints for the y's are not independent.
That is, the symmetry conditions and any one of the adding
up conditions immediately implies the other adding up con-
dition.

The symmetry conditions follow simply from the
fact that they are caefficients for the same variables and
thus should be equal. Linear homogeneity.of the cost func-
tion in price, condition C2 from Chapter Two, provides the
remaining restrictions as can be seen from the proof be-
low. Only the terms containing prices are reproduced here
to save space. E

A cost function is lineaély homogeneous if and
only if a proportional rise in all prices causes an equai
proportional rise in costs. Thus if the cost function is
ﬁa be linearly h@mcgéﬁe@us, fhe fgilowing equalitf mﬁsf'.

hold when 2 > 0.

45
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"(3.16) ~ 1nAC = % pi +

-

~
o]
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=1y

[T

-

E-p.. In x p;, Iny, +
J .

Inx + 1InC = lnkzai + Ea;lﬁpi *
f 1
l

;'-[lnpilﬂpj + (Inrx)? « 1ﬁ1§? + ZHRPJ]

+
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J
n
z
i

L—MS

oij(lnklnyj + Inp;lny;) +

~Inx + InC = lnkga; + Ea;lﬂpi + 47
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n
Iy, lﬂp,lan +
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nn n n n L
$(In)2ETy;; + J1nATlnpily;; +

(IR i J

n n nm

ilnk§1an§Y;j * tleijlnpilnyj +

m n
1nk§1nYJ§pij *

n
(3.17) 1nx + 1InC = 1InAIZa; + 1nC + 4(1lnir)? zzY'J +
|

n 7 n
yinaZinpify,  + dimafinp;ly, o
i j ' ] N

InATlny ;2
U
SRR

Upon inspection of (3.17) it can be seem that for the
equality to hold equations (3.12) to (3.15) must hold thus
providing the restrictions on the cost function.

Estimation is furfher aided by applying Shephard's
. lemma as presented in Chapter Two. Shephard's lemma allows

the derivation of a system of cost and revenue share equa-



-,
tions from the translog cost function. Differentiating the

cost function with respect to the natural logarithms of

input prices and outputs the following expressions are de-

rived.

‘ .. 3lmC _ 3C , Pi _. B - L

(3-18) " 3np; " 3p; "-T T ‘?Ulnpj ’ Jz’p-i"lnyjf
i=1, , N

: 3lnC _ 3C , Yj _ B rmu. noo

Recalling Shephard's lemma and substituting (2.5) and (2.6)

into (3.18) and (3.19) respectively,

3 _§£ . P_j. = x_?_.p_'L = a—lrﬁ- i =

(3.20) Ip; C C; 3lnp; 1 l, ..,
jﬁ; CYio2 3iY) . 3lnC o= i,

(3.21) Y 4= el STry j=1, ..., m

N

" This procedure produces the following system of n cost
share equations and m revenue share equations which are
suitable for estimation.

*
XiPy

B R 'n . . ~ _.:’1-!;_, P ",ZE.;,'
(3.22) Y *?Yijlnpj +?pijlnyj i=1;7..,n

- . q:Y; m ' n !
(3'23) —JE—'L = BJ + )'Zé,Jlny, ‘+ }‘:lelﬁp' ]

L]
e
3



Including the cost equation there is now a system of
n +m+ 1 equations, which upon the addition of a stochas-
tic specification, is suitable for estimation.

None of the hypotheses discussed in the first
section of this chapter are imposed by the translog func-
tional form. Rather testszcan be designed to examine these
hypotheses. The restrictions, for testing the h@magéneity
of the function in outputs follows directlv from equation
(3.8) using the same method as the proof for the restric-
tions for homogeneity ii prices. If all outputs are in-
creased by the proportion AT, where » > 0, and as a result
cost increases by the proportion A, then theiiast function
is+homogeneous of degree %i For ‘the cost function to be
homogéneous of degree %, the following equality must hold.

Again non-essential terms have been dropped.

m LF L T r‘
IB;InATy; + JZE6;1nATy 1na"y; +
J rJ )

n

(3.24) 1niC

m
;Zpijlnpilnlryj +
i S

m ' mm
m m m m
érlnl%lnyj§6ij * iflﬂl%lnyiféij-*

. A m
. T I Ilﬁ*;lﬂpf;ﬂf‘j
A

TN
“x

Equality of (3.25) will hold if the following conditions

hold.
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(3.26) ;éij =0 : j=1, ..., m
i
. m ' . ‘
(3.27) Xéij = 0 i=1, , M
. J .
m .
(3.28) ZD;J =0 . i=1, ,
J .
m 1 ’
(3.29) ?Bj =T

Again only one of the first two conditions 1is independént>
due to the symmetry conditions. Thus to test for homogene-

ity it is only necessary to test the following joint hypo-

theses.
m .
(3.26) - L6ij =0 ~ j = l, co., m
i
m
(3.28) ;Dij =0 i=1, s N
J .

Should these equalities hold then the cost function will
be homogeneous of degree EBJ and the production function
homogeneous of degree (?B})". Given the function proved
to be homogeneous, a test for constant returns to scale is
to test whether gBJ = 1. }
Brown et al. (1976) establish aréet of conditions
" for separability of the translog cost function. Recalling
that separability implies that the relative mérgiﬁal cgstsr

must be invariant to changes in input prices, the follow-

ing condition must hold.



L
o
3

3 31nC 31nC) _ L
(3.30) alnph(alnyJ /amykJ =0 ik

Using equation (3.19) to substitute into (3.30) the trans-

log condition is found to be

- m .
3 BJ + ?6;J1ny; f
3lnp,

1
[ :q
!
=

(3.31) it
Bk «+ Léjulny; +
i

(3.32) p.. = 0 i=1, ..., n

i
—
3

Brown et al. use this set of restrictions to test for
separability noting that only m(n-1) of the @;j‘s are
independent due to condition (3.15) being imposed. 1If
some p;; = 0 then separability may still hold but this wcgld
rgﬁgéfe that all the ratios of cost elasticities be invari-
ant to the 1®vels of outputs and prices, Brown et al.
choose not to examine this possibility due to its very
restrictive nature.

Testing for nonjointness is more difficult.in

the translog form as it can only be done with an approxi-

mation test as discussed by Denny and Fuss (1977). This - - -~

test requires that the data be scaled so as p; = yj = 1
at the point of approximation. Given this condition

Denny and Pinto (1978) have shown that the necessary reE-
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strictions to test for nonjointness are , .

(3.33) SIJ = EE;EJ i,j=1, ..., m

3.3 Returns to Scale and .Incremental Cost

Returns to scale have traditionally been measured
by examining the output c@gt elasticityv. This 1s-8 gatis=
factory measure when there is a homogeneous output but does
not easily generalize for the case of multiple outputs.

Fuss and Waverman (1977) discuss this quéstiqn and point out

that the correct value to examine 1s e
the change in fTotal CDgiVFESQIfiﬁg from
differential changes in the levels of the

m @ngufs,E

For the translog cost function the expression for the

above mentioned change 1is

(3.34) dinC

L]
— 13

Further specification is required for this expression
to be interpreted as a measure of returns to scale. The

specificétian suggested by Fuss and Waverman (1977) is that

6Melvyn Fuss and Leonard Waverman, "Multi-product Multi-
input Cost Functions for a Regulated Utility: The Case of Telecom-
munications in Canada." (Paper presented at the National Bureau of
Economic Research Conference on Public Regulation, Washington,
December, 1977), p. 10.



(3.35) dlny; = A | 7_ Ci=1, ..., m

i V 1 is a constant
This states that the measurement is to be performed when
a proportional increase in all outputs is considered.
Substituting (3.35) into (3.34) the expression for re-

turns to scale 1is

. moo.
(3.306) = I su——
A : 7

The returns to scale are then indicated by (3.36) being

greater than, less than or equal to one. If Q{SC <1,

then there are increasing returns to scale, with con-

stant and decreasing returns being indicated by Qlyc =1

d1nC
)

nd -

> 1, respectively.

that there does not exist a measure of returns to indi-
vidual outputs that 1is consistent with the measure of
overall returns as defined by (3.36). All attempts to

develop a measure of returns for individual outputs lead

~~

to the possibility of having increasing returns in all

Ly

single outputs but decreasing returns overall. This
inconsistency cannot be overcome and actually becomes more
prébsble when the number of outputs to be considered in-
creases. N | N
While the cost elasticities of ind%vidual outputs

are not generally useful in examining returns to scale,

due to the above, Fuss and Waverman (1977) demonstrate

(¥,
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that they can be used to develop a measure of incremental
cost. Incremental cost is the change .in total cost due

to an increase in_gne output holding all other outputs
constant in.a joint product technology. This differs from
marginal cost as truly joint costs cannot be causally
relat® to any single output. The translog cost function
provides individual cost elasticities of the following .

form:,
&

Rewriting the expression on the left of the equality

and rearranging terms, an expression for §¥%,fesu1tsi
- 1

a1nC aC
3lny; 3y j

[

(3.38)

W

(3.39) es

Evaluating (3.39) with the levels of input pficéé and other

outputs held constant, an expression for the incremental

cost curve (ICC) is obtained. Fuss and Waverman (1977)
present the incremental cost curves for the translog cost

function.

(3.40) ICC(y;) = ;%—Lﬁi + §iilny; +

n —
Epijlnij 1 = 1; g;a,m
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Where ?i and §J are preassigned values of outputs and input
prices; usually at an average level-

The translog functional form, upon the addition
of a stochastic disturbance, allows a more general model-
ing than was previously possible. Chapter Four proceeds
to use thE“SpECifiﬁatiDﬁ outlined in this chapter to de-
velop a framework for analysing the cost relationships in

Canadian railways.



CHAPTER FOUR

Railways are characterized by a multiple input,
multiple output production process. It.is assumed that
the production process can be represented by a single
production funztian,frather than a system of production
functions as specified in Borts (1952). Most previous
studies have iéncentrated on the input set of the railway
industry while assuming one or possibly two outputs.
Klein (1953) p?inted.@ut that five or more categories of

rei

=y

ht services would be required for a complete study of

\m‘

the railway industry. The present study extends the
examination of the output set to include four outputs.
Specifying four outputs was only possible with a simpli-
fied, two factor, input set due to &iif limitations. Whiie
it would have been preferable to estimate the model with
cr@ss—sectiénal data from different track sections on the
various railways, the only public data were for the coun-

try as a whole on a time series basis.

4.1 A Cost Function for Canadian Railways

The Canadian railways are assumed to be charac-

terized by a production function using two inputs and pro-

(¥
[ ¥y



ducing four outputs. Labor services (L), measured as mil-
lions of man-hours, and capital services (K), measured as
millions of dollars of expenditure on materials for
operations and maintenance plés depreciation, are taken to
be the 1inputs of the railwavs. Outputs are measured by
ton-miles of service ;Qr the four outputs specified. The
odtput categories are defined by the type of cargo being
transported with the four cargo tvpes being
1. statutory grains (S),
2. agricultural products (A),
3. products of fcréstsiand mines (F), gnd ’ . -
4. manufactured gaédsg(M)Q .
Statutory grains are defined in the ﬁa%iaﬁal Transpﬁ}ta-i

tion Act while categories two, three and four correspond

to the classifications used by.-the Canadian Transport .

Commission prior to 1969. -
Specification of giéa,t function requires the

prices of the fﬁputs-éndéthe tota] cost of production

(C) in addTtion to the output quantities. The ﬁriﬁé of
labor was taken to beithe average hDUf}y compensation paid
‘to railway employees in each year. There was no readily
':available price for capital but on examination it was found
that expenditures on maferi%és made up the greatest por-
tion of this variable. Thisrbeing the case, the general
wholesale price index was used as a proxy for the price of
capital. fctal cost was measured by the total expenditures

on labor and materials plus the depreciation on track and
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rolling stock. In addition to the above variables, the-

- -

revenue from each output is necessary if the system of
share equations are to be used.
Hicks' neutral technical change is assumed for

railway prcductiani7 This assumption implies that the

level of the cost function théngeslby some fixed propor-. '~

tion over time. Hicks' neutral technical change leaves

-

the substitution possibilities within and between the input
and Ddtput sets unchanged. To allow for the shifting of
.the cost function due to technical change, time is in-.
troduced by a vectér of integers 1-25, carfespgnﬂing to

the years 1952-1976.
With ‘this final variable, the cost function can

be written.as ’ .

F

3 iy
(4.1) 1nC = ap + tT + Za;lnp; + IB8;1lny
! X P! : jJ

(&

S22 ) ,
;¢ Q%Eyiklnpilnpk

+ i%%sjhlnyjlnyh + %%pijlnpflnyj
i,k = L, K
- j,h=S, A, F, M
‘where p and y are inpu% prices and outputs and where-
ag, t, O, Bj, Yike 5Jh§ p;; are parameters to be estimated.
Using Shephard's Lemma, two cost share (CS) and four re-
VEn;e sharée (RS) equations can also be defined.

i
Zpjilny;
J N J

(4.2)

]
("
1]
=]
+
ool o I
-
x
[
=}
o
=
+*

7see Oum (1976) for an example of a translog function with
nonneutral technical change.
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. - » o 2 :
(4.3) RSJ = B + %éjhlnyh + ¥@;j1np;

i,k

L, K

j,h =S, A, F, M
Imposing the restrictions outlinéd in Chapter Three and
the necessary across-equation restrictions wial cagplete
the specification of the cost relations. The symmetry
conditioms and the homogeneity in prices pravidélthe fol-

lowing restrictions.
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When a coefficient appears in more than one equation in
the>5y5tem, a restriction making its value the same in
each equa&icn should be imposed.

L

4.2 Data Specification

The cost function and the share equations were

tatistics Canada .

(¥

estimated using data from publications of

and the Canadian Transport Commission.® Cost and input

8Formerly the Dominion Bureau of Statistics and the Board
of Transport Commissioners of Canada.



déta were taken from the six-part Statistics Canada pub-
lication, Railway Transport. The Canadian Transport Com-
mission's publication, Waybill Analysis Carload All-Ratl
Traffic, was the source of the output data.

Labor inputs were reported as total hours of
émpldyment for all employees. ~ The total compensation paid
to this labor was also reported as well as the average

the above

L]
(s}

e
~ two values. Asvthese data were in current dollar values,’
they were adjusted by the general wholesale price 1index
where 1964 = 100. This index was chosen so that the labor
expenditures would be comparable to the capital expendi-
tures. |

Total expenditures on operations and maintenance
" plus depreciation were reported in Part II of Ratlway
Transpert. The operétions and maintenance expenditures
included labor costs which were netted out to get the ex-
penditure to be included in capital costs. As the price
of materials making up the above expenditure was taken to
be the general wholesale price index, this index was used
to adjust the current dollar values of these expenditures.

Indexing the depreciation costs presented a
further problem. Depreciation is calculated on historical
values and charged in the current period. This means that
the depreciation charge for any one yeaf is made ﬁ%'cf
dollar values from a number of past years, typically -about

20 for the railways. No breakdown of depreciation by year



of purchase was available, so a simple average of the

general whoiesale price index was used té’adjust the de-
preciation coOsts of a given year to their 1964 equivalent.
This is equivalent to assuming that the depreciation 1in
each year is equally distributed over the average lifg of
all depreciable assets. The,averége life of depreciable
‘assets was taken to be 20 years prior to 1968 and 18 vears
subsequently. These figures were based upon an examination
of the average depreciation rate charged by the Canadian
Pacific Railway. Prior to 1968, the average depreciation
rate was approximately 5 percent, indicating an average
life of 20 years. From 1968 onwards, the rate was approxi-
mately 5.5 percent i%dicating an 18-year life for the as-
sets. It was then assumed that these depreciation rates
were characteristic of all Canadian railways.?

Output data were taken from the Waybtill Analystis
Carload All-Rail Traffiec published by the Canadian Trans-
port Commission. This is a sample of car load freight
moving within Caﬁada which excludes trans-border*shipments,
less than car load lots and railswatérﬁfgillshipméhts;
Data on revenue received, tons carried, ton-miles and
revenue per ton-mile are presented.!®

As these data are from a sample whereas the cost

9The general wholesale price index for 1934 was not avail-
able. A straight line averaging of 1933 and 1935 was used.

101n excluding the traffic types mentioned ih the text, #he
sample excludes about 30 percent of all rail traffic.



and input data are for the total traffic, some scaling of
the data was necessary. Scaling was accomplished by
raising the revenue and ton-mile values by the proportion
of total tons carried to the sample tons carried for each
freight class. Data on total tons carried by freight class
are available from Statistics Canada. This scaling as-
sumes that freight movements excluded from the sampling are

distributed in proportion to the sampled freight for each

class. Revenue data was adjusted by the general whole-
sale price index to the same base year as the cost data.

4.3 Input and Qutput Substitution

Substitution among factors or products by firms
and consumers in the face Df relative price changes 1is
‘a fundamental concern Dé economics. When faced with chang-
ing market conditions, the firm must decide how to react
by substituting one input for another, one output for
another or both. Input substitution has been dealt with on
many chasiens but as few previous studies allow for
multiple outputs, the possibilities for output Substifutian
have been less well examined in empirical studies. Firms'

reaction to price changes; Exé of prlmaryxiﬁter§st and to

examine these the elastlcjggesféf:Substltuticn and demand
and supply elasticities areiexamined. j)

Allen (1938) defined a partial elasticity of
" substitution (APES) between two inputs. This is a measure

of the percentage change in factor proportions to a per-



centage change in their price ratio. Allen originally

defined this measure in regard to a production function

A
+
3
L
L]
=

(4.4) f(x;; v ey Kn? Ya+i1s =-=+¢3 Y7

where x and y are inputs and outputs resﬁEQEively_ Writ-
ing the partial deriVvatives of this production function
as f; and the second order partial derivatives as fij!
Allen's partial elasticity of substitution can be written

as

[
-
L
1
[y
L]
L [
o

i’
=]

L]

(e

nn- A

~and Fy is the co-factor of the term fij_;n F.

Uzawa (1962) has shown that this can be written
{
in terms of a cost function, as
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' . 3%C
C —e——
3pdp
(4.6) 9ij = T3C 3C i,j =1, , N
9P apl i z:J

Bernt and Wood (1975) have taken Uzawa's result and .found
that for the translog cost function the elasticity of
substitution can be written as

Y 2 . CS. : , :
(4.7) g = — ’_52% CS; i =1, ..., n

Yij * C5;CSy .
(4.8) Oij = CSICSJ i 1,) ; . .9

"
b
-
.

It should be noted‘that o;; does not in itself have any
interpretat{;n but is calculated because it is useful in
determining the own price elésticity of dem;nd for the
factor. '

Allen (1938) demonstrates the relationship be-
tween his partidl elasticity of substjtution and _the price
elasticity of demand. The frice elasticity of demand be-
ing definedvas' | |

: . B}RXI‘ i o 1
.\(4.9) EIJ. mﬁ ) . » 1,_J . ).-‘-b.,)

when output and other input levels are héld constant.
The.elasticity of demand is a simple function of the APES

and the cost shares.



(4.10) EIJiCSJE‘lJ ‘ i,j =1, ..., n

Bernt and Wood (1975) point out that whereas Ojj = 0ji, it

is not generally the case that E;; = E. ;.

puts. The partial elasticity waulé now measure the per-
centage change in output ratios to a percentége change in
their price ratios. Referring to this elasticity as the
| Allen partial elggiigity of transfarmati@n (APET), it can

be defiﬁed’asgxﬁé following using (4.4). !

;A 4 . Yﬂ*ifﬁ*l + Yﬁ*;fﬂ;g + ... * Yn*mfﬁka D'J '
(4.11) tij = — B E——
by

where D = 0 £, T e

£ fn*x,n*; £

n+1 n+1,n+2 P ’ -

£z fnea,ner fnea,ne2

fﬁ¥m o 1! ' fn+m,n*m-
shd'Dij is the co-factor of the tefm*?;;g;g;j’iﬁ D.
It can be shown (see Appendix A) that this elas-

ticity can be written as
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a . r
R Yi

aq
(4.12) 1., = ——d . i,j =1, ..., n

where R is total revenue. This can also be expressed in

terms of a cost function by

- R 1 ..
(4.13) Tij) = Yy . 3TC i,j =1, ..., n
Ay i3y ] ie

Solving (4.13) in the case of the tianélog cost function
results in

R ' .
(4f14) , Tij = Cs. - . 1,) = 1,

tJ

LN

Price elasticities of supply for the outputs
can be shown to be a function of the APET (see‘Apﬁendix

A). With the price elasticity of supply being defined as
[y . B
]

alny;
(4.15) Esij - gTHaf
: J

The supply elasticities are fully deterﬁineq by the re-

venue shares and the APET.

(4.16) ESij = KjTiJ ¢ i,j = 1, cesy N



Parallel to the substitution case 7;; = T;; but in general

ES;j = ESJ;;

Own price elasticities of demand and the o;;"s

are expected to be negative in sign while the sign of

EIJ

| 4 .
substitutes or complements -- substitutes giving a positive

and o, 1 = j will depend on the factors being net

sign; camglements a negativé sign. The expected signs
are tse opposite for the output set. ES;; and 1;; are
expected to be pgsitive while ES;j and L i = j are
expected to be negative for substitutes and positive for

complements.

=
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CHAPTER FIVE

This chapter presents the empirical results
from estimation of the cost relations outlined in Chapter
Four. Section 5.1 discusses the estimation procedure
used, presents coefficient estimates and tests for homo-
geneity and separability of the prcducti@n function.
Measures Df returns to scale and inéremental costs are
presented in the S?Eéﬁd section of the chapter. The final

section, 5.3, presents esgtimates of the Allen partial

m

lasticities of substitution and transformation and factor,

demand and output supply elasticities with a discus-

sion of tbﬁ}r interpretation.

-

5.1 Estimation of the Cost Relations

Estimation of the cost and revenue share equa!'
tions and the cost function outlined in Chapter Four fol-

lowed the procedure used by Christensen . and Greene (i976),

u

First a disturbance term was added to each of the struc-
tural equations. The error term is added to capture three

effects on the equations: (1) omitted variables, assumed

to each have a small effect but in total is worth noting,

(2) measurement error in the dependent variable, (3) pure
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randomness in economic behavior. It was assumed that
'S

the disturbances were %ointly normally distributed and ad-
ditive. Additive disturbances assume the errors are a
linear extension of the specified equations while the normal
distribution is redﬁired for the test statistics to have
the proper distributions. | |

cellner's seemingly unrelated regressions tech-
nique would seem to be the proper procedure to use for the
system of seven equations as the disturbance terms for
each‘year are likely to be affected by the same EEDngﬁiC
conditions. However, Christensen énd Greéni (1976) point
out that the svstem of equations as it is cu;rentlv <peci-
fied will have a singular estimated disturbance covariance
matrix. This result occurs because the errors on the cost
share equations sum to zero since the cost shares must
sum to one by.definitioh. To avoid the singular covariance
matrix one of the cost share equations must be dropped from
the estimation. The estimation results will in general
depend on the equation dropped, however, Christensen and
Greene (1976) note that if a maximum likelihaadiéstimatérﬁ
is used, the parameter estimates are not affected by the
equation dropped from the system. The method employed
here involves iterating on the Zellner technique which \\
generatesima}imum likelihood estimates upon covérgence. -

The system was estimated using the iterative Zellner tech-

nique with the capital cost share equation dropped from



the system. It should be noted that the estimates will
be slightly biased due to the exclusion of passenger ser-
vice from the outputs. The total costs include expendi-
tures én passenger service but as passenger service makes
up a small pf@pgrtian of the total railway costs and’
revenues this bias should be small. Observed costs will
be above the true cost function for each output level but

a

[

passenge service has been a declining proportion of
ilway output, this upward bias diminishes over the study
period. This Hill tend to bias downwards the estimated
overall returné to scale and the calculated incremental
costs, partlcularly in the early years as the Sleé with
respect to each output will be lower and the averagé costs
higher at each level of output. Incremental costs will
appear to rise more quickly or fall more slowly with out-
put than in actual fact due to the flattening of the ob-
served cost functian; Overall returns to scale will be

affected by both the decreased slope and the increased
\

A
average cost. This is because the overall returns to scale

measure is the sum of the individual cost elasticities which

vary direstly with the slope and inversely with average

cost.

The Allen partial elasticities of transformation

will also be biased downwards. These elasticities depend.
on the inverse of the coefficient on the cross product
terms in outputs £see equation (4.14)1. With the observed

) ) ) C ) ) . .
cost function lying above the true cost function but

approaching it as passenger output declines, the slope

L
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of the obsefvéd cost function will be rising at a rate
faster than ﬁhévtfue cost function. This means the esti-
mated coefficients will be larger than the true coefficients
and therefore the‘estimatéd APET will be smaller than the
true elasticities.

Estimated values of the coefficients of the cost
quLtion are Tépérted in Table 5-1 along with their stan-
dard errors and asymptotic t-statistics. Asymptotic t-
statistics are reported since the test staﬁist{c will have
a t-distribution only in the limit as the ﬁumﬁer of ob-
servations goes to infinity. An R? was calculated for each
of the six equations and these are reported in Table 5-2.
The relatively low R? for the statutory grain revenue
share equation is due to a very unstable revenue share
which foilﬂws from highly variable grain shipments due to
fluctuations in output and world deﬁand. Since Canada ofily
supplies about five percent of the world grain market, 1its
export demand curve is very elastic causing wide variations
in exports with world supply conditions. Canada's ability
to meet export déﬁand also varies widely depending upon the
recent harvests and exports.

The coefficient for Hicks' neutral tecﬁnical
change, t, indicates an exogenous drop of slightly more
than 1 million dollars per vear in the level of total cost.
This is equivalent to a fall of about .04 percent per year.
Tests were performed for homogeneity of production and

separability of inputs and outputs. The west statistics
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Table 5-1 '
1
ESTIMATED TRANSLOG COST FUNCTION
Regression Estimated Standard et in
Coefficient value Error - t-Statistic
a0 7.9582 .03694 5%5_740*
ap . 59843 .00325 184.120%
aK .40157 .00325 123.560*
Bs . 08955 .00169 52.860*
Ba .05489 .00101, 54, 250*
BF .23088 .00456 50.610%
Bm - T L43323 .00879 49, 310%
YL .09727 .01277 7.615%
Yk -.09727 .01277 -7.615*
855 .07053 , 00571 12.350*
SsA -.00887 .00302 -2.935% I\
SsF - *-.02338 .00775 -3.018* )
Ssm -.01347 .00837 -1.610%*
SAA . .04213 .00537 7.845*
SAF .0Q169 . 00534 +315
SamM -.02370 .00572 -4.142*
SFF .19517 : .02124 9.190*
3 -.10411 L .02276 -4.575*
SMm .22110 02777 T 7.961*
pLS .C226E .00540 4,202*
PLA - .01368 .00350 3.906*
PLF ~ -.03922 L01116 -3.515*
PLM .0009% .01243 .795
PKS -.02268 . 00540 #haﬁ\ -4,202*
PKA -.01368 .00350 o\ =3.906*
OKE -03922 ) 01116 3515
PKM . -.00099 )/ .01243° -.795
t -.07001 , .00224 -31.300%

-Number of observations = 25.

=

%#Significant at the one percent level of confidence, two-tailed test.

‘*Signifiéén# at “the six. percent level of confidence, one-tailed test.

of

g



Table 5-2 ~,

GOODNESS OF FIT STATISTIC% s
L :
Equation R?
Cost function . 999
Labor cost share 999
Statutory grain revenue share . 746
Agriculture revenue share .997
Forests and mines revenue share i§?§

Manufactured revenue share




are from an F-distribution Qith the values and degrees of
freedom reported in Table 5-3. Both of the test statistics
are significant at the one percent level, leading to a
rejection of the null hypothesis.of homogeneity and se-
parability. Brown et al. (1976) also reject the hypothesis
of homogeneity and separability and as noted by them, this

leads to a rejection of functional forms used in earlier

T

studies. Rejecting homogeneity allows the returns to scale
to vary throughout the length of the cost function. Non-
separable production indicates that there is not a homo-
geneous output, requiring the explicit modeling of multi-
ple outputs and different input-output substitution pos-

sibilities for each output.

5.2 Returns to Scale and Incremental Costs

=

Overall .returns to scale were estimated for each
of the 25 years in the sample using the overall cost elas-
ticity given by (3.36). The estimated valQes_aﬁd their
95 percent confidence intervals are fE;;TtEd in Table 5-4.
While the point estimates are all less than one, indicating

increasing returns to scale, the confidence intervals for

1969, 1971-1976 include regions of'incréasing, constant

mentioned earlier is allowed for, increasing returns are
indicated for the early vears of the sample with a trend

toward constant and perhaps decreasing returns.

73
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Table 5-3
-~ TESTS FOR HOMOGENEITY AND SEPARABILITY
Null Hypotheses  F-Statistic  DFt DF2
Homogeneous production function 22.318* 5 128
Separable production function 19.120% 4 . 128

¥Significant at the one percent level of confidence. .

5



)
_Table 5-4
... MEASURE OF RETURNS TO SCALE

Year Returns 95 Percent
- to Scale Confidence Interval
1952 . 729 (.893 .564)
1953 AR {.907 .514)
1954 .698 (.91 .486)
1955 .13 (.892 .570)
1956 . 760 (.882 .639)
1957 . 762 (.872 .653)
1958 . 743 (.883 .604)
1959 . 746 (.885 .608)
1960 L1733 (,892 .574)
1961 . 741 (.885 .596)
1962 .757 (.879 .635)
1963 .779 (.861 .697)
1964, .809 . (.840 77
1965 .824 (.901 .748)
1966 829 (.894 .763)
1967 y .B40 (.939 .740)
1968 .844 {,972 .7158)
1969 . 860 {1,022 .698)
1970 . 861 (.980 ,741)
1971 .Bg97 (1.073 L7201
1972, .B93 (1,065, .722)
1973 .924 (1.143 .705)
1974 . 938 (1.183 L.693)
1975 .941 (1.188 , L693)
1976 .931 (1.161 .700).

ﬁ?f- ‘
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Keeler (1976) warned that often discussions of
returns to'scale.confused returns to density and returns to
plant size. The returns measure employed here is a funitiqﬁ
of oﬁtput'levels therefore measuring returns to density.
Keeler (}976) also found increasing returns to density.
This does not mean that all sections of railway in Canada
are experiencing increasing returns to density. Some sec-
tions of track, particularly mainline track, may be in a
decreasing returns situation while other sections may have
a large range of output levels over which increasing
returns still persist. ™ A study using cross-sectional
data would allow the estimation of returns to density for
different sections of line possibly indicating where vari-
ations in rates across regions migh% be justified. :

Incremental cost curves have Eéen calculated for
each of the outputs and presented in Figures 5-1 to 5-4.
The ﬁncreméntal co:ts for'statUtorf grai%tand agricultural

[} . ’
preducts afe constant or slightly increasing while the ins_
cremental costs for manufactured goods clearly decline.
This result is ;;ssibly due to a high pr@pérti@n of fixed
costs being attributed to manufactured output. With the
lafge‘increase in manufactured output over the period of
the study, incremeqtal costs would fall and the large
increase in forgsf and mining output may have meant this
category provided revenues for a larger portion of fixed

costs.

Two incremental cost curves are suggested bv

\ .
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the calculated values for f@rést and ‘mining products.
Incremental costs increase with output for the years 1952
to 1961 while from 1964 to 1976 constant“or slightly de-
clining incremental c@sis are evident. Upon examination,
onel‘bsefves that the output for forest and mining pro-
ducts from 1952 to 1961 rése by appraximétely three billion
ton-miles or slightly greater than a 25 pertent increase
in output over nine years. In the next three yéars, 1961-
1964, output rose by over 65 percent, from 14 billion to
23 billion ton-miles and the increase continued until in
1976 it had increased Ey 135 percent from its 1964 level.

This meant that f@rest%y and mining products which had re-

mained at approximately 28'percent of total output from

1952 to 1961 suddenly rose to 32.5 percent of total Dutput:

i inA1964 and up to 41.6 percent by 1976. It would appear
thét in response to this dramatié increase in demand by
this commodity the railways reorganized production of
their output and in doing so altered the cost relation-

hows a

T
Ly

‘ship. Output in the manufactured goads class

similar increase during the same period with an almost

\200 percent increase in output from 1964 to 1976. How-

.ever, this meant a less dramatic change in the proportion

of total output which rose from 33.6 percent in' 1961 to
38.7 percent in 1976 and norccrrespcﬁding'changé in the
cost-relatian was observed.

Fuss and Waverman (1977) point aut that de-

creasing incremental cost doe$ mot necessartrly mean in-



creasing returns to scale but any increasing incremental
cost curve will indicate decreasing returns. This follows
from the fact that a declining incremental cost curve can

be the result of a large portion of joint costs being at-

tributed to one output. The joint costs are spr

a greater output as output increases giving the
of increasing returns. Rising incremental costs will in-
dicate decreasing returns since if any one output causes
~total cost to rise by a greater proportion than- output, the

rise in total cost from all outputs must be greater in

prcp@rtiéﬁ than the rise in output. Fuss and Waverman (1976)

‘also note that eventually decreasing meturns will exist
: _ ;. o
for any output having g%f% = &, > 0. While none of the

y ;i ,

incremental cost curves can be said to he clearly increasing

. o) o o .
with output, all four of the &;;'s are positive indicating-
at some output level greater than those considered here

any of the outputs could lead to overall decreasing re-

turns to density.

[

5.3 Input and Output Substitution

TherAllen partial elasticity of substitution was

estimated to examine the input substitution possibilities

open to railways. Table §i5xTepérts the APES and the price

elasticities of factor demand with their standard errors.

Values for only 5 of the 25 years are répartéd as the trends

are generally stable. The APES has the expected sign indi-
i



Table 5-5

ALLEN PARTIAL ELASTICITY OF SUBSTITUTION

and \ il
PRICE FLASTICITIFS OF DEMAND
1953 1958 964 1970 1976
QLK‘ .583 . 595 600 .594 .609
(.055) (.053) (.05%) (.05%) (.05
*
ELL -.21€ =-.239 -.249 ~-,237 -.287
F (.020) (.0zn) 1.022) (.021) (.024)
. * *
Ey -.367 - 356 -.350 -.357 Z.325
(.035) (.032) (.031) (.032) (.027)
»
ELK 216 .239 .249 237 .2B4.
) (.020) (.021) (.022) (.021) (.C24)
* =
By .367 356 350 157 325
- (.0p5) v (,032) (.031) (.032) (.027)
*

The brackets contain standard errors.

»
Siagnificant at the one iar’c—en‘r leve! of confidence.
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cating capital and labor are net substitutes as requifedi

by production theary'fcr the two input cases. A hypothesis

jected in this case. The confidence interval for any one
of the 25 point estimates will contain all of the remain-
ing point éstimatesg It should be noted that this result
may depend on the §imp1ified input structure specified here
and should not be taken as a general ‘result.

Estigstes of the price elasticity of factor demand
again have the expected signs. It will be noted thatas
ELL = -E_k and Exk = -Ek_. This result is not generallf-;
true but is found here because the production function re-
cognizes only two inputs. The elasticities are assumed to
be calculated along an isoproduct curve and, since there are
only two inputs, there is only one relative price. A
change in either factor price will cause an equal but
opposite effect on the price ratio. This in turn leads to
‘an equal but opposite change in the demand as you move
along the isoproduct curve. That i;, a move frgmipa{nt A
to point B on the isoproduct curve may result from a given
changgfin the factor price ratios caused by eitger an in-
ireasé in the price of capital for éxamg}e or a fall in
the pfiée of labbr. i E o

Oum (1977) p@infs out that.as long as the
elgsticiiy of demand for the Qutﬁut i§'né§§five, the
estimated elastici'ty of factor demand wzli be'gféater than

the ordinary demamd elasticity, ordinary demand elasticity
#

referring to the case where output is allowed to vary. Own



i~

L 3

price elasticities will be more -elastic when output is
>
allowed to vary while the cross price elasticities would
move towards, zero with the possibiljity that they might be-
A

’

come negat Qe: Assuming for the moment that there is a

. -
single railway dutbht, if it had a price elasticity which
was %ore elastic than -.6; capital and ‘labor would be
gross complements rather than gross substitutes. Oum .
(1977i éstimates‘an elésticity of demand for railﬁay t;éns-
port and finds a ﬁalge considerably greater than -.6,
which would indicate that capital and labor are both net

and gross substitutes. .
"

Allen partial-elasticities of transformation
were estimated and are reported in Table 5-6 with their
standard errors.!! Five of the six APET have negatiQe
signs which i;dicates the outputs are net substitutes. The
one positive elasticity, 1,¢, has a standard efror approxi-
mately three times its own value. The single most strik-
ing thing about-these elasticities is their magnitudes
which are extremely large. Examination of the average
revenues per ton-miles and the output levels show that while
revenue per ton-mile has remained relatively constant for
allyfour outputs, the level of ouiput for forestry. and

mining products and manufactured goods both rose very

sharply over the study period. This led to the output

11These non-1inedr standard errors are calculated by the
procedure given by Bodkin and Klein (1967).
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atios changing dramatically for most of the Dﬁfput clas-

-7 1 4 .
ses while the rate ratios were stable, which accounts for

-

the Iargg values of the elasticities. The relationships
between manufactured goods and agricultural products pro-
vides a good example. From 1964 to 1976 the ®atio of .
manufactured goods output. to agricultural Dutput:rase from
4.26 to 11.48 for a 169 percent increase while the price

ratio for the Same classes fell bv 15 percent from 1.245

I

N Having discovered the technical reason for the
large values of the APET, the question remains as to why
rates and output lé(els behave in this manner. To answer
this éu%sti@ﬂ note thatitﬁe railwais have faced a préglem
of excess capacity for a number of decades. This 1is sup-
ported by the increasing returns to density repartediearli=’
er in this chapter. With a large amount of excess capacity
changeé in output levels do not represent movements along

the isoproduct curve as required for APET, rather they re-

movements from a point within the output set to-

r+

resen

o)

wards the boundary of the set. The observed results are

then due to6 the railways reacting to changing demands for

capacity to meet these increased éemands. Since the meas-
ures reported here do not appear to measure movements from
one equilibrium to another but rather measure a movement
from disequilibrium t@gards‘equilibrium; they do not re-

£

present the transformation possibilities open to the rail-



¥
i
ot
L

Price elasticities of supply are réportéd in
Tables 5-7 to 5-10 with their standard errors. Following
the above discussion, the price elasticities also do not
measure movements along an isoproduct curve. These elas-
ticities arésmcre a result of changing demand patterns g
than the production possibilities of the firm. It is not
Sufgrising!that ra£1w3y§ should move quickly to meet

any increase in demand considering their excess capacity,
what 'is of interest is the fact that there was no great

increase in_average revenues per ton-mile in the face of
-

this dramatic increase in demand. Rates,rather than rise
in response to the increased demand, fell in real terms
during the latter half of the study period. For the manu-

factured goods output this can be explained by the great

increase in competition from trucking at approximately the.

same time as the demand for this service started to rise.

To meet the competition from the trucking industry and

capture some of the increased transport demand for them-

selves, railways were forced to lower rates through agreed

charges and other negotiated rates.

=]

his argument does not hold for the forest and

[F,]

mining products output as in general trucking cannot com-
petezin the transportation of low vaiue bulk commodities.
To see.why the rates for this class have not Tisen with

demand, one must look to the markets in which these pro-

Fl

ducts are sold. A great proportion of the goods in the

88
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forest and mining products category compete on international
markets and thus often face very elgéiic demand curves.

This means that railwavs must keep rates down so that their
shippers can ccmp&gé with other producers. Also contribut-
ing to the lack of ratea%n;réase for fgrestr; and mining
products was the pf@ductién reorganization which caused

the change in the incremental cost curve noted earlier.
ES

Technological change is likely to have had gréat deal

f

to do with this, since specialized cars, loading facili-

ties and unit trains have greatly changed the nature wof the

x

A

period. -

Heaver and Nelson (1977) discuss at lengéh how
intermodal and market competition have forced railwavs to
keep rates at or near competitive levels for manv shipments.
They investigate the post-1967 period, as it was in 1967
that railways were given much more pricing freedom under

the National Transportation Act. Increasing returns to
density will also have been a contributing factor to the

railways' ability to meet the increased demand while 'keeping
y ) :

an hf%athésis of constant returns to density can no longer
be rejected. The cost function was also noted to exhibit
eventually diminishing returns to density due to the &§;;'s
being positive. With this trend towards diminishing re-

turns to density, the railways' future ability to produce



‘at rates which are competitive wil
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Egcity over some sections of track. This study has no

been able to es
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e
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te returns to plant size therefore the

costs cannot be as-
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effect of changing the pl
sessed. ;' ' -

The Snavely and Hall Ccmmissiégs both document
a large amount cf!éxcess capacity TE;;iﬂS on many lines
in western Canada. Given that the measure of avetgée over-
all returns to density réported in Table 5-4 is tending to
constant or diminishing returns, it must be that some lines
in Canada are experiencing little or no excess capaéity.
This Being the case, a study using cross-se ectional data
from thes? more fully utilized rail sections would provide

more aLCUTate estimates of the substitution and traﬂsfarma-’

tion possibilities. . .



CHAPTER SIX, \

4

on received production theory that cou
cussions of railway costs and regulations. After a brief
review of several earlier railway cost studies in Chapter
One, Chapter Two proceeded to discuss received production
theory as presented by Shephard (1970) and highlight its /
implications for railway analvsis. The translog function
and its advantages were discussed in Chapter Three. Among
its advantages are the ?EES?EE number of maintained hvpo-
theses implied by the function, such as homogeneity of
production, separability of production and constant elas-
ticities of substitution and transformation. 'Chapter Five
) .
presented a model of the cost relationships in Canadian
raiiways'using the previously discussed techniques. Esti-
mation procedures and results were reported in Chapter Five.
The results in Chapter Five are generally consis-
tent with those of earlier studies. Hypotheses of homo-
geneity and separability of the production function were
both rejected as they were for a re‘éstimatioﬂ of Klein's
data by Brown et al. (1976). Increasing returns to density

which were found to be significant for most of the study
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= ‘s
=

period are consistent with the findings of Keeler (1974,

1976). whilé the iﬁzreméital cost curves, Allen partial

elasticitvy of substitution and the factor demand elasti- -

C

asily to those reported 1irf ear- ‘

m

cities cannot be compared
lier studies, they seem reasonable in magnitude and of the
expgcted sign. However, when the discussion turns to the

and the supply elasticities, while having acceptable

signs, are very large in magnitude. This would’appear. to

be the result of the observed output adjustments beiﬁg made
within the output set and not along a production possibi-
lity boundary. The size of the "elasticities” and the

length of time over which the high values persist would i
suggest that large amounts of excess éaﬁaiity existed dur-
ing the early years of the study period. IF_indeed produc-
tion is taking place within an output set, then it must be
the case that production is.taking place in the interior of
an input set. This means that the APES and the factor

demand elagtigities are not along an isoproduct curve as
required by their definition, leading to doubt as to their
validity. Since other studies havé not used such a multiple-
output specification, no comparison with earlier work is
possible. Noting that it was only in examining the output
set that this problem became apparent, one can only specu-
late as to results if earlier studies had specified multi-

ple outputs,.

[
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Unfortunately'this means that little can be said
in regard to policy direction; A word of eaution 1s war- -
rented, since one should not expect the output-rate rela-
tions witnessed in thf past dea?de to ne;essarfly continue
'as excess capacity diminishes. Railways' actions for thek
past few decades appear to have been conditioned onn the
existence of excess capacity, however upon reaching the
boundary of the 0utput'set twq options will present them-
selves. First railwavs may choose to stay in the same—
output set and react to any changing conditions by substi-
tuting along the production possibility boundary. Should
“this be thé chosen course, the magnitude and direction of

—_—

the output-rate changes need bear no resemblance to those
observed while moving;wfihiﬁ‘the outpuf sef. .

A second possibility open to the railways would

be to expand capacity so thev would move to a larger output

set. To understand the effects of the railwavs' making

. 1

this choice would reqyire a knowledge of the returns to

plant sice and the size'of én incremental unit of capécity;
As noted earlier, returns to plant size could not be in- :
vestigated in this study, similarly, the aggregated nature
of the present data does not allow an examination of where
excess capacity has, or is likely to disappear. It should
be noted that it is unlikely that all excess capacity will
disappear. institutioqél con;traints on abandonmenﬁ of

some services such as statutory grain shipments will main-

tain excess capacitv. Due to the peaking of some demands



-

railways may maintain capacity to meet these occasions thus

giving the appearance of excess demand over paft Dgzthe
demand cvcle. Any study using less aggregated data will
need to consider the above two sources of measured EXCESE
capacity. i

while the present results from the esti@aﬁién of
the model do)not provide a great deal of paliE;frelatéd
conclusionsy future studies need not suffer this pf@blém;
The framework presented here requires only the proper data
to provide results beneficial to discussions of railway
policy. Cross-sectjonal data for different sections of the
railwavs would allow the model to be expanded to include
the tEChﬁiquESIpTESEDEEd by Keeler (1974, 1976);; This would
mean that both short-run and long-run cost estimates could
be calculated allowing both returns to density and returns
to plant size “to be investigated. _ |

Considering the great deal of time, energy aﬁd mon-
ev that has been éﬁd is continuing to be expended upon the
diééussian of costs in Canadian railways, it is unfortunate

> ,

that ‘economic ana{ysis has been restricted to such a minor
role in the discussion due to inadequate data. It”is hoped
that the current effort to demonstrate the possibilities of .
applying economic analysis to this question ¥%ill result in
further usé of such techniques by railways, regulatory
agencies and othetr concerned parties in order to improve

the railway system for the benefit of all Canadians.
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To simplify the notation for ease of exposition, rewrite

the production function (4.4) as

11
l@]

(A1) flyi, «vv Yms Xpigs »-vs Xman)

where the y's are outputs and the x's are inputs, measured

The APET can now be rewritten as

negatively.

yify * vaf, t aee *f ¥ymfm O ,
(A.2) 1y = 22— P00 = 1, weeprm
YiYj L iz
¥
0 i fs fa A *
[ f1 fin fiz fas
where [ = fa *gl fgg viii
fm . . . . fmm
and D;; is the co-fattor of the term f;; of D. Defining the term
Ki to ge the revenue share of the output yj,
A3 Kj = Yidi 1
. i = = . -~ O = ¥ g M
' R Y191 + ¥2Q2 * ... * ymQnm

where q; is the price of y; and R is total revenue.
written using the result that in equilibrium fji is
price of yj.

) viti
Toyify +yafa v ..o+ ymfm

(A.4) K;j
The first order conditions for profit mgximifa*iaﬁ

(A.5) G = - pm+j 1
fm+j

where p's are the prices of the inputs. Setting j

This can be re-
proportional to the

require

]

[ —
1]

= | and

1, , m

that

. -

1, s m

1, .., N

taking the

-

o



partial derivatives of the production function (A.1) and the m price \
equations (A.5) with respect to q the following system is generated
when outputs are held constant.

Y s
aya Y2 4 + DAL
figih+ fa gt b tm g 7 O
_ Pm _fa -Pmﬂ[f Wi, ¢, 2 s 4 f 1]1
3q1  fm+y fmt1 L 0 13Qa 123y 77 Im 3q,
Pm+1  f Pm+ d 3 Wm| _
__3___{_1__?_; f,,—alk+f22§y~l*.i.+fgm——§-—= =0
91 m+1 m+ o Qi g1
3Pm+, fm pmﬂ[ ) * 3yz Y| -
- - L [ ¢ Y1 4o SY2 4 4 fpy ot =0
3qy  fm+1 fmer | M13an 23491 mm 3Q1J
Rearranging terms this system can be written as ‘
L
d 3 3Ym .
f, Db, 2 L+ fy oo =0
1 3q; 2 3 m g
9p s ' 3y frms+
fl[__‘__ amﬂ] R N PR L. LY
Pm+1 241 a: a1 391 Pm+1
1 apm+1} 3y) 3yz ¥m
$yf|—— —|. + f + f -4+ ..+t —=20
2[Pm+1 3Q1 21 gy 22 3a1 . 2m 3g, .
1 3Pm+1] 3y dyz  ¥Ym
—_— ]+ f + f + ... 4+ fom — = 0
'“[pm, a1 M1 3q, m2 3q1 mmo3g)

Using Cramer's rule to solve for %ﬁl when the x's are held constant.
1

. f )¥
A6y . B gt £y ...ty o D =~ -t B
9q1 Pm+1 ﬁﬁ;l D

t2 fa22 fa23

fg  faz fas
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Substituting (A.5) into (A.6)

(A.7)

e
E

q

Multiplying both sides of (A.7) by I

(A.8) davi ay _ hha By . fiyy Dy

3 v yrar D yiyp D

=

This expression can be rewritten with the substitution of (A.4)

o
(A.9) ayy g Mt tyafa 4. 4 yety) o

3q; v1

— == Kty
YiY1 D -

- Following the same procedure each of the m x m partial
derivatives can be found. One further. resulft will

3 indicate. the
generalization, therefore solving for g%i
1
i
(A.10) Bya .o lma 1O fi s .ty | 4D
91 Pm+1 f2  fa; fai
fs  fa1 fas
: . At
\
m . . - frm
i fme1 Dy ) f
nga%&
Pm+1 D
’ #

Using similar substitution, the following results.

(A.11) iyj,.gl: Kliyi—flr*‘ Yzfi M +‘ymfﬂf)

9 — —— K11
3Q1 Y2 YiY2 D 1h1z,

Generalizing the above results
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EE’L q

(A.12) L3l kg o i =1,
TR X | J

The expression on the left of (A.12) corresponds to the definition
of the price elasticity of supply (ES). The price elasticity of
supply is directly related to the APET”lSSQQQh the revenue share.

(A.13) EElJ = Kji‘ij A i,] =

By substituting (A.3) into (A.12) a new expression for
T;: can be derived.

td
- Ay, Q. q.
- Midy O Yisi
(A.14) —— - T
. QCIJ Y R 4
I

T!i
vy

To ég* Tij in terms of a cost function, first ’ﬁfalt
trom Shepahrd's |emma

¢ _ .
ayj - qJ -
o ? ac] 3
then . — | = —(qg;)
. _ Byi[ayj dy; M ‘
2p g :
(A.15) 3L
ay;ayj Ay;
The inverse function rule states that
-
b e e
dy dy

dx



Equafioh (A.15) and the inverse function rule provide the following

a

' AN 1 1

(A.16 = =
) BQJ 3q ; 3°C
dy; YY)
Substituting (A.16) into (A.14)
R .

. .., T T o,y = .o

(A.17) TIJ — 377 i,d 1, , m
VY] Ay 3y
In order to express T;: in tarms of the translog cost

function it is necessary to evalua+e 32C . First take the partial

: 3Y53YJ
derivative of InC with respect to Inyj.

3lnC m n o .
A - = g .. .4 .. .
(A.18) 3ny, B; + ﬁGIJInyJ ?o'Jlan i

This expression can be written as

3C C
Y Yi

m n
(A.19) '—’3—[8. +§6_5J-lnyj+§oijlnpj] [

Taking the partial derivative of (A.19) with respect to yj will give

107

eeay M

the desired result. |t must be noted, however, that there are two
cases, first when i = | and second when i = j. - First evaluating the

case where i =

a?2Cc  _csij -
YAV ViV "

(A.20)

"When i £ ] the result Is

Caii(1 - Iny;)
(A.21) = ’ i
3y dy; vy’

noH

ceey M
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Substituting (A.20) and (A.21)_into (A.17) the translog forms of 1j
are .

(A.22) tii=__s R . ]
. Cén(l - Inyi) 1, = ,
(A.23) = e '] R m
H Céi.j : ESJ



