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Abstract

In this thesis, we prove the non-amenability of the Banach algebra B(FE),
the Banach algebra of all operators on an infinite dimensional Banach space F,
where, for p € [1,00), E is an infinite dimensional £P-space in the sense of Lin-
denstrauss and Pelczyniski. In addition, we prove that SS(F), the Banach alge-
bra of all strictly singular operators on F, is not weakly amenable if E = C[0, 1]
or £ = L?[0,1], where p € [1,00). Then we generalize this last result to all

infinite dimensional separable £P-space E such that E % ¢ where p € (1, 00).

i



To my father, for all the sacrifices he had made on our behalf

il



Acknowledgments

o _©

Pl

In the name of Allah the most Merciful and Beneficent

First and Foremost praise is to ALLAH, the Almighty, the greatest of all,
on whom we ultimately depend for sustenance and guidance. I would like to
thank Almighty Allah for giving me the strength and patience to work through
all these years so that today I can stand proudly with my head held high.

I would like to express my profound gratitude to my supervisor; Professor
Volker Runde, whose expertise, understanding and patience, added consid-
erably to my graduate experience and help me grow as a mathematician. I
greatly appreciate the freedom you have given me to find my own path.

My sincere gratitude is reserved for Professor Vladimir Troitsky for his
contributions of time, discussions and ideas during my graduate program.

Many thanks to the supervision committee : Professor Anthony To-Ming
Lau, Professor Arno Berger, Doctor Zinaida Lykova and Professor Nicolas
Guay for serving as my committee members.

I would like to extend my thanks to the staff of the Department of Mathe-
matical and Statistical Sciences at the University of Alberta for their kindness.
The financial support they provided me is gratefully acknowledged.

Lastly, my greatest gratitude is to my family for all their love and support.
I am forever indebted to my parents for giving me the opportunities and expe-
riences that have made me who I am today and for showing faith in me. Many

thanks to my mother in-law for her unconditional love and support, and to my



brother, my brothers in-law, my sisters, my sisters in-law, my nephews and
nieces for their continued encouragements. 1 owe a special note of gratitude
to my beloved husband, Omar. He has been deeply supportive and caring at
times I thought it would be impossible to continue and helped me to keep ev-
erything in perspective. I appreciate my little son, Kenan, whose smile always

breathes new life into me.



Contents

1 Introduction and Preliminaries
1.1 Banach Space Theory . . . . . . . . ... ... ... ... ...
1.2 Amenable Banach Algebras . . . .. .. ... ... ......
1.3 £P-Spaces . . . . . ...
1.4 Non-Amenability of B(?) . . .. .. ... ... ... ... ..

2 Non-Amenability of B(FE)
2.1 Non-Amenability of £°(KC(0P)) . . . . ... ... L.
2.2 Non-Amenability of B(E) . . ... ... ... ... .. ....
2.3 On the non-Amenability of B(E) for an £*-space £ . . . . . .

3 On the Weak Amenability of SS(X)
3.1 The Product of Strictly Singular Operators . . . . . . . .. ..
3.2 The Non-Amenability of SS(X) . . . . .. ... ... ... ..

4 Remarks and Open Problems
4.1 Remarks On Chapter 2 and Related Problems . . . . . . . ..
4.2 Remarks on Chapter 3 and Related Problems . . . . . .. ..

Bibliography

vi

21
22
29
37

42
43
46

48
48
50

52



Chapter 1

Introduction and Preliminaries

The existence of a finitely additive set function which is invariant under a
certain group action was studied extensively in the days of Banach and Tarski.
It turns out that groups that possess a left invariant finitely additive measure
have nice properties and were called amenable by Mahlon M. Day in 1949. In a
totally different area of Mathematics, a certain type of cohomology, known as
Hochschild cohomology, was introduced in [Hoc45] by G. Hochschild in 1945
to study properties in abstract algebra, and was extended to the theory of
Banach algebras by H. Kamowitz in 1962, [Kam62].

In 1972, B. E. Johnson characterized amenable locally compact groups G
through the first cohomology group of the Banach algebra L'(G). In his mem-
oir, Johnson proved that a locally compact group G is amenable if, and only if,
the Banach algebra L'(G) has a trivial first cohomology group H'(L'(G), X*).
Since then, the Banach algebras that satisfy the the last property, having triv-
ial first cohomology groups with coefficients in dual Banach bimodules, are
to be amenable . Due to Johnson’s work, the notion of amenability has been

transferred from groups to Banach algebras, and the theory of amenable Ba-
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nach algebras has been developed ever since.

Over the years, several generalizations of amenability have been introduced
by numerous authors, among those is the concept of weak amenability. Weak
amenability of Banach algebras was first introduced for commutative Banach
algebras by W. Bade, P. C. Curtis and H. Dales in [BCD87], and was then
generalized by B. E. Johnson to general Banach algebras [Joh87]. A Banach
algebra 2 is weakly amenable if the first cohomology group H! (2, 2*) is trivial.
(Clearly, every amenable Banach algebra is weakly amenable.

Characterizing the amenable members of a certain class of Banach algebras
is interesting under many aspects. For instance, a C* algebra 2 is always
weakly amenable but 2( is amenable if, and only if, 2 is nuclear, [Con78] and
[Haa83]. The group algebra L'(G) is always weakly amenable but is amenable
if, and only if, the group G is amenable, [Joh72] and [Joh87]. Another Banach
algebra that so many researchers were interested in is the Banach algebra of all
approximable operators on a Banach space X, A(X), which is the norm closure
of the linear space of all finite rank operators on X. Under some conditions,
A(X) is nothing but IC(X), the Banach algebra of all compact operators on
X. Extensive research has been done to characterize the weak amenability
and the amenability of the Banach algebra A(X) in terms of properties of the
underlying Banach space X. On the other hand, less work has been done to
investigate the weak amenability and the amenability of the Banach algebra
B(X) of all operators on a Banach space X, and, to the author’s knowledge,
no work has been done so far to investigate that of the Banach algebra SS(X)
of all strictly singular operators on X.

Investigating the amenability of the Banach algebra B(X) for an infinite
dimensional Banach space X was first motivated by the following questions

that were raised by B. E. Johnson in [Joh72]:
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Preliminaries

Question 1. Does there exist an infinite dimensional Banach space X such
that B(X) is amenable?
Question 2. Does there exist a Hilbert space H such that B(#) is amenable?

Since for any Hilbert space #H, the Banach algebra B(H) is a von Neumann
algebra, i.e., a C*-algebra such that B(H) = Y™ for some Banach space Y, the
amenability of B(#H) was fully characterized due to a result by S. Wassermann
in [Was76] and the equivalence between nuclearity and amenability for C*-
algebras, [Con78] and [Haa83]. Combining these results, it has been shown
that B(#H) is amenable if, and only if, dimH < oo, so in particular B(¢?) is
not amenable. One expects that such a condition still holds in the Banach
space case. Surprisingly, an infinite dimensional Banach space F 4y such that
B(E4p) is amenable exists due to S. Argyros and R. Haydon in [AH11].

For several years, it has not been known whether B(¢?) is amenable for any
p # 2, till 2004 when C. Read proved the non-amenability of B(¢!). Read’s
proof was simplified by Pisier in [Pis04] and eventually was simplified even
more by N. Ozawa in [Oza04]. In [Oza04], N. Ozawa managed to provide a
proof that simultaneously establishes the non-amenability of several Banach
algebras, including B(¢') and B(¢>). Another contribution in this direction
was made by M. Daws and V. Runde in [DRO7]. Their approach was to
investigate the consequences of the hypothetical amenability of the Banach
algebra B((P), and they proved, among other results, that the amenability
of the Banach algebra B(¢?) forces the Banach algebra (> (K(¢* & (7)) to be
amenable. This last implication was the start of Runde’s work in 2010, where
V. Runde provided a proof that establishes the non-amenability of the Banach
algebra (> (IC(¢* & ¢F)), and hence that of the Banach algebra B(¢?). In fact,
Runde’s result states that for any p € (1, 00), the Banach algebra B(F) is not

amenable if £ ~ (P(E) and E is an £P-space in the sense of Lindenstrauss and
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Pelczynski.

The purpose of this thesis is to generalize this last result by V. Runde. We
first prove the non amenability of B(E) if F is an infinite dimensional £'-space
such that £ ~ ('(E) or if E is an infinite dimensional £>-space such that
E ~ ¢y(E). Then, we prove that the Banach algebra B(F) is not amenable for
any infinite dimensional £P-space E such that E % (P(E), p € [1, 00). Finally,
we prove that for a special class of Banach spaces, the Banach algebra SS(X)
is not weakly amenable, and hence not amenable. In particular, if p € [1, 00)
the Banach algebras SS(L?[0,1]), and SS(C0, 1]) are not amenable.

In Chapter One, we introduce some basic definitions and standard results
that have been used throughout this thesis. As a general guide, the results
we quote in Section One can be found in [FHH"10], [Ryal3] and [Dal00].
Material of Section Two and that of Section Four can be found in [Run02],
whereas most of the results we quote in Section Three can be found in [LP68]
and [LR69]. In Chapter Two, we generalize Runde’s result and prove the non-
amenability of the Banach algebra B(F) for any infinite dimensional £P-space
E (p € [1,00)). Chapter Three is dedicated to discussing the weak amenability
of the Banach algebra SS(F) for an infinite dimensional separable £P-space F,
and we conclude this thesis with some remarks and open problems in Chapter

Four.

1.1 Banach Space Theory

Let X and Y be Banach spaces. By an operator 7' : X — Y we mean
a bounded linear map from X into Y, and the Banach space of all opera-
tors from X into Y will be denoted by B(X,Y), and If X =Y, then we write
B(X). By Ix € B(X) we mean the identity operator on X and by a projection
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P € B(X) we mean an operator P : X — X such that P(P(z)) = P(z) for
each x € X, ie., P2 = P. If Z is a closed subspace of X, we will write Z C X.
All subspaces will be be assumed to be closed unless otherwise stated. A sub-
space Z C X is said to be complemented, and will be denoted by Z S X , if
there exists a projection P € B(X) such that P(X) = Z. The dual space of X
is denoted by X*, and the canonical pairing of X and X* is denoted by (.,.).
Two Banach spaces X and Y are said to be isomorphic, in symbols X ~ Y,
if there exists an isomorphism operator 7' € B(X,Y'), that is, a bijection op-
erator T'. If X ~ Y then the Banach-Mazur distance between X and Y is
defined by d(X,Y) = inf{||T||||T~*| ;T is an isomorphism}.

An operator T € B(X,Y) is called compact if T'(B;(X)) is relatively compact
in Y, where By(X) is the unit ball of X, and T is called strictly singular if there
is no infinite dimensional subspace Z C X such that 7], is an isomorphism
into Y. The closed subspace of all compact operators from X into Y, respec-
tively all strictly singular operators from X into Y, is denoted by K(X,Y),
respectively SS(X,Y). If X =Y, then we write £(X) and SS(X).

Let (X;)iea be a family of Banach spaces. We write I1;c5 X; for its Cartesian

product. For p € [1,00), we set

r-P X = { i) € ieaXp s > [la]l” < oo}
€A €A
it is a normed space that becomes a Banach space if equipped with the norm

1/p
], = (ZHMH”) . x= () e -P X

i€A



Preliminaries

Furthermore, we define

P x; = {(%) € ILieaXi ; sup [|z]| < 00} ;

icA i€

which is, also, a Banach space under the norm

2]l = sup [z, @ = () € - EP X
ien ieA

By co- @,c4 Xi we mean the closure of those (z;) € (*-@,., X; for which
x; = 0 for all but finitely many ¢« € A. If X; = X for all i € A, then
we write P(A, X), £°(A, X) and co(A, X) for (- P, Xi, (°-P,., X; and
co- B,cp Xi, respectively, and if A = Nand X; = X for all i € N, then we write
(P(X), 0>°(X) and ¢o(X) for 7(N, X), ¢>°(N, X) and ¢(N, X), respectively. If
X = C, then (?(X) = (¢ for all p € [1,00], and ¢y(X) = ¢o. A well-known
fact in functional analysis is that (?(¢?) ~ (P(N? C) ~ (*(C) = (7 for all
p € [1,00], similarly cy(cy) =~ co(N?,C) =~ ¢o(C) = ¢p. For p € [1,00], let ¢ be
the conjugate of p, i.e., ! + L 1. We denote by (0,,) (respectively, (0;)) the
standard basis of /* or CZ()? (reZpectively, 7).

Let X and Y be Banach spaces. For z € X and y € Y, consider the
operator T' : X* — Y defined by: T(f) = (f,z)y, for all f € X*. Then
T e B(X*Y) with ||T|| = ||z|||]y||. We write x ® y for T
Let X®Y =span{z®y:x € X,y € Y}. Then X ® Y is a linear subspace of
B(X*,Y). One can define many norms on X ® Y, however, we are interested

in the following two norms:
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1. The injective norm: For u = Z ; ®y; € X ®Y, define

=1

n

> (foaayi

i=1

, fexr.

Y

Then ||ul|. is just the operator norm of u : X* — Y. The normed space
(X ®Y,||.||c) need not be complete. By X ®.Y we mean the completion
of the normed space (X ® Y, |.||c), and we call it the injective tensor

product of X and Y.

2. The projective norm: For u = Z r; @y; € X ®Y, define

i=1

n
lull = inf Y flzl il
i=1

where the infimum is taken over all representations of v in X ® Y. Then
(X ®Y,||.|lx) is a normed space that need not be complete. Let X ®,Y
denote the completion of (X ® Y, |.]|z). Then X ®, Y is called the

projective tensor product of X and Y.

For further information about norms on tensor product of Banach spaces we

refer the reader to [Ryal3].

Definition 1.1. [Dal00] A Banach algebra 2 is a Banach space with an as-
sociative and distributive multiplication such that for all a,b € 2 and for all
A € C A(ab) = (Aa)b = a(Ab) and such that ||ab|| < [|a||||]|.

An involution on a Banach algebra 2 is a continuous map a — a* from 2l into

2 such that for all a,b € 2 and all A € C

o (a+b)"=a"+0b"
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o (\a)* = \a*.

o (ab)* =b*a*.
If in addition, ||a*a| = ||a||? for all @ € 2, then A is called a C*—algebra.

Let 2 be a Banach algebra and let J C 2 be a closed subspace. If for all
a € A and for all x € J: ax € J and za € J, then J is called an ideal. A
Banach algebra 2 is called unital if there exists an element 1 € 2 such that
al = 1a = a for all a € A. The element 1 is called a unit. If 2 is not unital,
then we define the unitization of 2, A* = 2A x C. Under the multiplication
(a,\).(b,y) = (ab + \b + va, \vy), 2A* becomes a unital Banach algebra with
unit 1 = (0, 1) that contains 2 as a closed ideal.
By a left (right) bounded approximate identity in 2f we mean a bounded
net (e,) such that liin €al = a (lign ae, = a) for each a € 2A. A bounded
approximate identity for 2 (BAI) is a bounded net (e,) which is both left
and a right bounded approximate identity. By a homomorphism ¢ between
two Banach algebra 2 and ‘B we mean an operator ¢ : 2l — ‘B such that
w(ab) = p(a)p(b) for all a,b € 2.

Example 1.1. Let X be a Banach space. Then B(X) is a unital Banach alge-
bra. Both IC(X) and SS(X) are closed ideals in B(X), and K(X) C SS(X).

We should point out here that a Banach space isomorphism ¢ € B(X,Y)
between two Banach spaces X and Y induces a Banach algebra homomorphism
¢ from the Banach algebra B(X) onto the Banach algebra B(Y') defined as
follows: ¢(T') = Tyt
Some important results regarding the ideals IC(X') and SS(X) for the classical

sequence spaces are the following:
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Theorem 1.2 (Pitt’s Theorem). [FHH" 10, Proposition 4.49] Let 1 < p < r < o0

and let X =" or cg. Then every operator T : X — (P is compact.
On the other hand, we have the following:

Theorem 1.3. [AK06, Theorem 2.1.9] Let 1 < p # r < oo, then every

operator T' : (P — (" 1s strictly singular.

Example 1.2. Let 2 be a Banach algebra. Then co(A) and (P(A), forp € [1, o0],

are also Banach algebras under point-wise multiplication.

Theorem 1.4. [FGMG67] Let p € [1,00) and X = (P or ¢y. Then (X)) is the

only non-trivial proper ideal in B(X).

For two Banach algebras 2l and B, the A ®, B is always a Banach algebra

under the point-wise multiplication; i.e.,

(a®b)(c®d) =ac®bd (a,c € A,b,d € B).

Definition 1.5. [Run02, Section 2.2] If 2 is a Banach algebra, then the cor-
responding diagonal operator A : A ®, A — 2 is defined through

A(a ® b) = ab.

The following result is a well-known fact in operator theory, the proof of

which can be obtained from [Dal00, Corollary 2.9.15].

Theorem 1.6. Let 2 be a Banach algebra with a bounded approrimate iden-
tity. Then (>°(21) also has a bounded approximate identity.
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1.2 Amenable Banach Algebras

In this section, we will present different, but equivalent, definitions of amenable
Banach algebras that are being used in this thesis, together with some main

properties and examples.

Definition 1.7. [Run02, Definition 2.1.1] Let 2 be a Banach algebra and
X be Banach space. Then X is called a Banach left 2-module if a mapping

(a,x) — a.x from Ax X into X is bilinear and satisfies the following conditions:
1. for all a,b € A, and for all x € X : a.(b.x) = (ab).x.

2. there exists a positive constant C' such that
la.z|| < Clalll[z]], (o €A xeX).

If a mapping (a,z) — x.a is bilinear and satisfies the conditions:
1. for all a,b € A, Vxr € X : (z.a).b = x.(ab).

2. there exists a positive constant C' such that

z.al < Cllaflflzl,  (a€AzeX),

then X is called a Banach right 2-module. X is called a Banach 2-bimodule
if it is both a left 2-module and a right 2-module. such that

a.(z.b) = (a.x).b (a,beA xe X).

Let 2 be a Banach algebra and X and Y be Banach 2A-bimodules. A

homomorphism ¢ : X — Y is said to be a bimodule homomorphism if ¢

10
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preserves the module multiplication, i.e.,
p(a.x.b) = a.p(x).b (a,be A,z e X).
For any Banach algebra 2, 2 @, 2 is a Banach 2A—bimodule through
a.b®c)=ab®c and (b®c)a=Db®ca (a,b,c e A).

With respect to this module structure and the point-wise multiplication on

A ®, A, the diagonal operator A is a bimodule homomorphism.

Definition 1.8. [Run02, Section 2.1] Let 2 be a Banach algebra and X be a
Banach 2-bimodule. A bounded linear map D : A — X is called a derivation
if for all a,b € A :

D(ab) = a.D(b) 4+ D(a).b

If in addition, there exists x € X such that for all a € 2:
D(a) = a.x — z.a,

then D is called an inner derivation.

Let Z1(21, X) C B(2, X) denote the closed subspace of all derivations from
2l into X, and B' (2, X') denote the space of all inner derivations in Z(2, X).
Then B' (2, X) is a subspace of Z!(2, X) that need not to be closed.

Definition 1.9. [Run02, Section 2.1] Let 2 be a Banach algebra and X be a
Banach 2A-bimodule. Then

HY A X) = 21U X) /B (A, X)

11
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is called the first Hochschild cohomology group of 2 with coefficients in X

It turns out that the module action of 2l on X is preserved by duality, and

hence we get:
Theorem 1.10. [Run02, Ezercise 2.1.1] Let 2 be a Banach algebra and X be

a Banach 2A-bimodule. Then X* becomes a Banach 2A-bimodule through

(x,¢.a) = {a.x,p) and (x,a.¢0) = (x.a,0),

where a € A, x € X, and ¢ € X*. In this case, X* is called a dual Banach

bimodule.

Now we are ready to define the amenability and the weak amenability of

Banach algebras as defined by B. E. Johnson in [Joh72] and [Joh87].

Definition 1.11. [Run02, Definition 2.1.9 and Definition 4.2.1] A Banach
algebra 21 is called amenable if H'(2A, X*) = 0 for every dual Banach 2A-
bimodule X*. If H'(2(,2A*) = 0, then 2 is called weakly amenable.

Example 1.3. 1. Let G be an amenable locally compact group. Then the
Banach algebra L*(GQ) is amenable.

2. Fvery C*-algebra is weakly amenable, but a C*-algebra is amenable if,

and only if, it is nuclear.
3. C 1s an amenable Banach algebra with the usual product and norm.

4. Let M, (1) denote the algebra of all n x n matrices with entries from the
Banach algebra 2A. Then M, = M,(C) is amenable. Moreover, if 2 is
amenable, then so is M, (2L).

12
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A question naturally arises: from the amenability of a Banach algebra, can
we determine whether another Banach algebra is amenable or not? Thankfully

in some cases, the answer is, yes we can.

Theorem 1.12. [Run02, Proposition 2.3.1] Let A and B be Banach algebras,
and let ¢ : A — B be a continuous homomorphism with a dense range in ‘B.
If A is amenable, then so is B. In particular, if J C A is a closed ideal and

2 is amenable, then A/ J is amenable.

An immediate consequence of Theorem 1.12 is the fact that amenability
of Banach algebras is preserved by Banach algebras isomorphisms. Unfortu-
nately, the amenability of a Banach algebra 2l is not inherited by arbitrary

closed ideals in 2. On the other hand, we have the following:

Theorem 1.13. [Run02, Theorem 2.3.7] Let 2 be an amenable Banach alge-
bra, and J be a closed ideal of . The the following are equivalent:

(i) J is amenable.
(ii) J has a bounded approximate identity.
(7i) J is weakly complemented.

Theorem 1.14. [Run02, Theorem 2.5.10] Let A be an amenable Banach al-
gebra, and J be a closed ideal of A such that both J and A/J are amenable.

Then A is amenable.

Corollary 1.15. [Run02, Corollary 2.3.11] A Banach algebra 2 is amenable

if. and only if, its unitization A* is amenable.

Remark 1.16. The hereditary properties of weak amenability are not as nice as

those for amenability. For example, while the amenability of 2 forces 2 to be

13
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amenable, this is not the case for weak amenability as shown by B. E. Johnson
and M. White in [JW] in which the authors proved that the augmentation
ideal J of the Banach algebra L'(SL(2,R)) is not weakly amenable but its
unitization .J* is weakly amenable. Where for a locally compact group G with
a Haar measure h, the augmentation ideal J of the Banach algebra L'(G) is

defined as follows:

J={feL'G) : /Gfdh:O}.

We now turn our attention to an equivalent characterization for the amenabil-

ity of Banach algebras.

Theorem 1.17. [Oza04, Definition 1.2] Let 2 be a unital Banach algebra.

Then 2 is amenable if there exists a constant C' > 0 such that: for any finite

set ' C A and e > 0, there exists T' = Zak ® b, € AR A such that
k=1

(i) A(T)=1.
(i) ||z T —T.x|, <e foralazeF.
(iii) | T~ <C.
The following Theorem is an elementary fact, we will use the version from
[HR13].

Theorem 1.18 (Cohen’s Factorization Theorem). Let 2 be a Banach algebra
with norm ||.|| having a bounded left approximate identity [bounded by d]. If X
is a Banach left A-module with norm ||.||, then A.X ={ay: a €A,y € X}
1s a closed subspace of X. More precisely, let z be an element in the closed
linear span S of A.X, and suppose that 6 > 0. Then there exists an element

a € A and an element y € X such that

14
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(i) z = a.y.

(i) [lall < d.

(ii2) |y — 2| < 6.

One implication of Theorem 1.18 is that for a Banach algebra with a
bounded left approximate identity, A? = linear span{ab : a,b € 2} is dense in
2, [HR13, Corollary 32.26]. In fact, a stronger statement is also true:

Theorem 1.19. [Run02, Ezercise 4.2.1(i)] If 2 is weakly amenable, then A

18 dense in 2.
One last property of amenable Banach algebras is the following:

Proposition 1.20. [Runi0a, Lemma 1.2] Let A be a unital amenable Ba-
nach algebra. Then for any ¢ > 0 and any finite set F C A, there are
ay, b1, ...,a., b, € A such that the following holds:

T

k=1

<e (x € F). (1.2)

Zxak ®bk — ag ®bk$
k=1

1.3 £P-Spaces

In [LP68], J. Lindenstrauss and A. Pelczyniski introduced a new class of Banach
spaces known as the £P- spaces. These are spaces which locally look like the
(P-spaces. In this section we recall the definition of these spaces from [LP68§]

and list some of their properties.

Definition 1.21. [LP68, Definition 3.1] Let 1 < p < oo and 1 < X\ < oc.

A Banach space E is said to be a £8-space if for every finite dimensional

15
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subspace Y C E, there are n € N and an n-dimensional subspace Z C E such
that Y C Z and d(Z, ) < X\, where d is the Banach-Mazur distance.
A Banach space E is said to be an £P-space if it is an £5-space for some

A < 0.
Example 1.4. [LP68]

o Let p € [1,00]. Then LP(u)-spaces, i.e., spaces of p-integrable functions

on some measure space, P are £P-spaces.

o Ifpe (1,00), then (> @ (P and (P((?) are mutually non-isomorphic £P-

Spaces.

e Let K be a compact Hausdorff space. The Banach space C(K) (the space

of continuous functions on K ) and cy are £>-spaces.

e The class of £%-spaces coincides with the class of spaces isomorphic to

Hilbert spaces.

In 1972, H. Rosenthal proved the existence of other £P-spaces. Rosenthal’s
result in [Ros70] led to the construction of infinitely many non-isomorphic
separable infinite dimensional examples in [Sch75], and eventually to the con-
struction of uncountable many isomorphically distinct separable infinite di-
mensional £P-spaces in [BRS81].

Some properties of the £P-spaces are:

Proposition 1.22. [LR69, Theorem IIl] Let E be a Banach space and p € [1,00].
Then

(i) E is a £P-space if, and only if, its dual E* is a £1-space; where q is the
conjugate of p.
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(ii) If E is a £P-space, then any complemented subspace M C E which is
not isomorphic to a Hilbert space is a £P-space. If p =1 or oo, then M

cannot be isomorphic to an infinite dimensional Hilbert space.
(iii) If E is a £P-space, then E has the bounded approximation property.

The main properties of £P-spaces that turn out to be useful in our study

of the amenability of the Banach algebras B(E) and SS(E) are the following:

Theorem 1.23. [LR69, Theorem 1.1] Let p € [1,00| and E be an £P-space.
Then E is isomorphic to a subspace of LP (i) for some measure . Moreover,
if p € (1,00), then E is isomorphic to a complemented subspace of LP(u), and

if E is separable, then E is isomorphic to a complemented subspace of LP[0,1].

Theorem 1.24. [LP(8, Proposition 7.3] Let p € [1,00) and let E be an infinite
dimensional £P-space. Then E contains a complemented subspace isomorphic

to (P.

Theorem 1.25. [Ryal3, FEzercise 3.9] Let E and F be £>°-spaces. Then
E ®. F is also an £>*-space.

Theorem 1.26. [GJW94, Theorem 6.4] Let p € [1,00] and let E be an £P-
space. Then KC(E) is amenable.

A distinguished result regarding the amenability of the Banach algebra
(*(K(F)) if E is an £P-space for some p is due to M.Daws and V.Runde in
[DRO7], in which the authors proved the following:

Theorem 1.27. [DR0O7, Theorem 4.3] Let p € [1,00] and let A be an index

set. Then one of the following assertions is true:

o (>®(N,K(F)) is amenable for every infinite dimensional £P-space E.
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o (*(A\,K(F)) is not amenable for any infinite dimensional £P-space E.

Theorem 1.28. [RuniOa, Theorem 3.2] Let p € (1,00). Then (>°(K(¢? & (F))

1s not amenable.
Consequently, one has the following:

Corollary 1.29. [Runl0a, Proposition 4.3] Let p € (1,00) and let E be an

infinite dimensional £P-space. Then (> (K(FE)) is not amenable.

1.4 Non-Amenability of B(/)

In his memoir [Joh72], B. E. Johnson asked:

e Is B(X) ever amenable for an infinite dimensional Banach space X7

[Joh72, 10.4].

e Is B(H) amenable for an infinite dimensional Hilbert space H? [Joh72,
10.2).

The Hilbert space case was solved shortly afterwards. In [Was76], S. Wasser-
mann showed that a nuclear von Neumann algebra had to be subhomogeneous.
This result together with the equivalence between nuclearity and amenability
for C*-algebras means that B(H) can not be amenable unless dimH < oo.
Ever since, some progress has been done to solve the general Banach space

case. In [Rea06], C. J. Read proved the following:

Theorem 1.30. [Rea06, Theorem 1.1] The Banach algebra B(¢') is not amenable.

Moreover, he showed that:

Theorem 1.31. [Rea06, Corollary 5.1] Forp € [1,00]\{2} the Banach algebra
> — GB B((F) is not amenable.

n=1
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Read’s proof was simplified by Pisier in [Pis04], and eventually, N. Ozawa
simplified Pisier’s proof even further and provided a proof that simultaneously

established the non-amenability of several Banach algebras.

Theorem 1.32. [Oza0/4, Theorem 1] The Banach algebra B(¢?) is not amenable
for p € {1,2,00}, and for any p € [1,00] \ {2} the Banach algebra (> —
@B(ﬁﬁ) is not amenable.

n=1

Even though it is not explicitly stated in [Oza04], the proof of Theorem
1.32 works also for B(cy).
In [DRO7], M. Daws and V. Runde investigated the consequences the hypo-
thetical amenability of B(¢?) for p € (1,00) \ {2} would have, and they proved

the following:

Proposition 1.33. [DR07, Theorem 2.1] Let p € [1,00) and X be a Banach

space. Then

(i) the Banach algebra B(¢P(X)) is amenable if, and only if, (>°(B((*(X)))

1s amenable.

(ii) the Banach algebra B(cy(X)) is amenable if, and only if, (°°(B(co(X)))

1s amenable.

Since Vp € [1,00], IC(¢P) is amenable and hence has a BAI, then by The-
orem 1.6, /*(C(¢P)) also has a BAI. Consequently, the amenability of B(¢?)
forces (>°(B(¢?)) to be amenable by Proposition 1.33. Being a closed ideal in
>°(B(¢P)) with a BAI, ¢>°(KC(¢?)) is an amenable Banach algebra in its own.
Together with Theorem 1.27 and Theorem 1.28, one can easily see why the
following should hold:
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Theorem 1.34. [Runi0a, Corollary 4.5] Let p € (1,00) and E be an £P-
space such that E ~ (P(E). Then B(FE) is not amenable. In particular, B((P)
and B(LP[0,1]) are not amenable.

Remark 1.35. It is worth pointing out that not every £P-space E is isomorphic
to (?(FE). For instance; for p € (1,00) the Banach space E = (* @ (P is an
£P-space and so is the Banach space (P({?). Thus, F # (P(E).
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Chapter 2

Non-Amenability of B(F)

In 2004, N. Ozawa provided a proof that simultaneously established the non-
amenability of some Banach algebras such as B(cy) and B(¢?) if p = {1,2,00}.
Later on, V. Runde proved the non-amenability of the Banach algebra 5(¢?) for
all p € (1,00). In his paper [Runl0a], Runde pointed out that Ozawa’s proof
could be used to establish the non-amenability of the Banach algebra B(¢),
though Runde’s result establishes the non-amenability of the Banach algebra
B(E) for the class of £P-spaces E such that E ~ ¢?(F), where p € (1,00).

The purpose of the present chapter is to generalize Runde’s result. We first
prove the non-amenability of the Banach algebra B(E) for any £!-space (£>-
space), such that £ ~ (*(E), (respectively, E ~ co(F)). The non-amenability
of the Banach algebra B(FE) for any £P-space F such that E % (P(FE) for any
p € [1,00), is shown in Section Two, and in Section Three we present examples

of £>- spaces E for which the Banach algebra B(F) is, and is not, amenable.
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2.1 Non-Amenability of (> (K((7))

In this section we will prove the non-amenability of the Banach algebras
(>(KC(4)) and £°(K(co)) by adopting Ozawa’s proof in [Oza04] which mainly
uses Lemma 2.3 below.

Before we start the proof, we should point out that an important role in
Ozawa’s proof has been played by the fact that the group SL(3,Z) is finitely
generated, which is due to a property called Kazhdan’s property, or property
(7).

Recall that a topological group G is a group G endowed with a topology such
that the multiplication map (z,y) — zy : G x G — G and inversion are con-
tinuous. By a unitary representation (7, H) of a topological group G we mean
a group homomorphism 7 : G — U(H) such that for all { € H, the map
g — m(g)C is continuous, where U(H) is the group of all unitary operators on
H. For a subset ) C G and € > 0, 7 is said to have a (Q, €)-invariant vector

if there exists ¢ € H such that sup ||7(z)¢ — || < €[]
TEQ

Definition 2.1. A topological group G has Kazhdan’s property, or property
(T), if there are a compact subset () C G and an € > 0 such that every
unitary representation (7, H) of G which has a (Q, €)-invariant vector also has

a non-zero invariant vector.

Proposition 2.2. The group SL(n,Z) of all n x n matrices with determinant
equal to 1 and with entries in Z has property (T') for all n > 3, and hence
SL(n,Z) is finitely generated.

For more on Kazhdan’s property we refer to [BALHV0S|.
Let o be the set of all primes and fix p € p. We write Z, for the finite field
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Z/pZ and define an equivalence relationship on Zf; as follows: for any non-
zero points x,y € Z?;, x is equivalent to y if there is A € Z, such that y = Ax.
The resulting set of equivalence classes is called the projective plane over Z,
and will be denoted by P,. Consider now the group SL(3,Z) that acts on
Z;O; through matrix multiplication, which induces an action of SL(3,Z) on P,.

Consequently, one has a unitary representation

T, SL(3,Z) — B(ﬁﬁppl).

|Pp| _

Choose a subset S, of P, such that |S,| = and define an invertible

isometry v, € B(Eﬁpp') \ {m,(SL(3,Z))} through

ex ;xef,
Up(€X) =
—ex X&),

where (ex) is the standard basis for €|2P,)|- Since the group SL(3,Z) is finitely
generated with generators say, 1, ..., T, we will write 7(z,,41) for v,.

We can now state Ozawa’s Lemma as formulated in [Runl0a].

Lemma 2.3. [Runl0a, Ozawa’s Lemma/ It is impossible to find, for each

€ >0, a number r € N with the following property:

foreach p € @, there are (i p, M1 py ooy Grops Mrp € €|2]P>p| such that Z Chp @ Nep 7 0
k=1
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and for any j € {1,...,m+ 1}

I Z Chp @ Tieyp — (Tp(5) @ Tp (@) (Cep @ T p) ||€“P ®nl? <

[Pp|
,
5” ; Ckp ® nk,pHEfpp‘@Trél?Ppl

To prove the main result, we require two more lemmas.

Lemma 2.4. [Oza04, Lemma 2.1] Let p € {1,2,00} and q be the conjugate of
p, and let (6,) and (6}) be the canonical unit vectors in (P and (7 respectively.
Then for any N € N and any operators S € B((P, (%), R € B((1,(%) the
following inequality holds:

ZIIS e 1R7(5,) e, < NISIRI-

Now, let I denote the disjoint union of {P,; p € p}. Then, one can make

the following identification:

gl @glﬂ’p\’ (1)

pEP
and
Co = C() = Cy — @émp" (2)
pEP
Lemma 2.5. Let X = (' (or X = ¢y). Then (> — @B ie,)) € 7 (K(X))

pEP
for p =1 (respectively p = 0 ).

Proof. We only prove the case X = (.
Foreachp € p,let P, : (* — Ellp  be the projection onto the first |P,|—coordinates,
and let U, = {P,TP,; T € K(¢*)}. Then, each U, is isomorphic to B(fﬁp )-
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Hence, for each p € p, B(Eﬁpp‘) C K(¢%). Consequently, (> — @peg,B(fﬁpp') -

(K (0Y)). O

Remark 2.6. e Let X = ¢! (or X = ¢y). Then the Banach algebra (>°(B(X))
can be embedded into B(X).

e The Banach spaces Eﬁp | and €|1P | are finite dimensional and hence are
p p

isomorphic.

Now, we are ready to prove the main result:

Theorem 2.7. Let X = (' (or X = ¢y). Then the Banach algebra (>°(K(X))

15 not amenable.

Proof. We will only prove the case when X = ¢!, the case X = ¢ follows
analogously.
For the sake of contradiction, assume that ¢>(K(¢')) is amenable, and so is
2(K(01))*
Let F = {(r,(t;))pep 1 € {Losm + 1}} C 0 = @,e, B, ) C £=(K()).
Let € > 0, ?nd obtain, by Proposition 1.20, ay, by, ..., a,, b, € £>°(K(¢*))* such

that T = Z ar @ by € L2°(KC(H)* @, £°(K(€Y))* satisfies the following condi-

) k=1
tions:

AT) =1 (2.1)

€

(). T = Ty (25)) |l < — G=1L.,m+1). (22

Let P, be as in Lemma 2.5, and define

T,(x) = Z Poarex @ Pobres € €|2JP>,3| Qr EIQJP’,JI‘
k=1
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Then

ST e o, > 130D (Poases Pbiel)

el xeP k=1

= YN PRases, )|

xeP k=1

= TT(Z kapCLk) = TT(Z akkap)
k=1 k=1

=Tr(P,) = [Py]. (2.3)

On the other hand, letting S = P,a;, and R = P}b; and applying Lemma
2.4, we get

> IParexIPibiexll < IBlIPpan | IP5Bll < [Pplllaxl| 1B

xeP
and hence,
YO P arex|Pibierll < 1B llawll[bxl-
xCP k=1 k=1
Thus,
STl o0 < BT
x€eP
Similarly,
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Z 1T5(x) = (mp(2;) ®n Wp(zj))Tp<X)Hffﬂmp@ﬁeﬁ)p‘

SIBT = (mp(2y) T-(m, (@)1, ()

<P, |HT.(7rp(xj)) — (my(z;)). 7|l (Since each 7,(x;) is an isometry)

< p— 1]]P> \ (by (2.2) above).
Thus
m—+1
SN IT) — (mpla) ©r m e DT, 0| < By (24)
xeP j=1

Combining (2.3) and (2.4) together, we get that there must be an & € P such
that

m+41

Z 1T5(x) = (mp(x;) ®n 7Tp(%))Tp(§<)||€|2P ©nld < €||Tp(§<)||éﬁp ®nll |
p p p p
and thus, the following inequality holds for any j € {1,..,m + 1}

IT,(8) = (7l25) @ 7@ TR, 0ner, < Tl o,

which contradicts Lemma 2.3 by letting (., = Pyarex and n, = P;bZe*
Hence, (>°(K(¢")) is not amenable.
O

Since the amenability of (>°(KC(¢')) (respectively, ¢*(K(cy))) is equivalent
to the amenability of (*°(K(E)) for any £'-space E (respectively, any £>°-space
E), we obtain:

Corollary 2.8. Let p € [1,00] and let E be an £°-space. Then (*(IC(E)) is

not amenable.
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Proof. Since the case p € (1,00) had already been stated in Corollary 1.29,
we only need to prove the case p = 1,00. So let p = 1 or oo and let E be
an £P-space. Then by Theorem 1.27, (*°(IC(E)) is amenable if, and only if,
(>(IC(¢P)) is amenable. Since ¢*°(KC(¢?)) is not amenable, by Theorem 2.7,
then (*°(IC(E)) is not amenable. O

We recall that for any infinite dimensional £P-space E such that E ~ (?(E),
the Banach algebra B(FE) is not amenable for any p € (1,00) as shown by V.

Runde (Theorem 1.34). We now generalize this result:

Theorem 2.9. Let p € [1,00) and let E be an infinite dimensional £P-space
(respectively, an infinite dimensional £°—space) such that E ~ (P(E) (respec-

tively, E ~ co(E)). Then B(E) is not amenable.

Proof. Let E be as above and assume towards a contradiction that B(E) is
amenable. Then, by Proposition 1.33 , ¢*(B(E)) is also amenable. Since
(*(KC(E)) is a closed ideal in *°(B(F)) with a bounded approximate identity,
the amenability of (> (B(FE)) forces (> (K(FE)) to be amenable, which contra-
dicts Corollary 2.8. Hence, B(E) is not amenable. O
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2.2 Non-Amenability of B(F)

In this section, F is assumed to be an infinite dimensional £P-space such that
E # (*(E) with p € [1,00). We recall first, by Theorem 1.24, that E contains
a complemented copy of /. Thus, £ = X & (7, where X is either a Hilbert

space or an £P-space. Consequently, B(FE) has a matrix-like structure:

B(X) B, X)
B(X,7) B

In order to prove the non amenability of B(E), we will need the following the-
orem. Theorem 2.10 below is due to Gronbaek, Willis and Johnson ([GJW94)),

though the version we include here is the one mentioned in [DRO7].

Theorem 2.10. [DRO07, Theorem 1.2] Let A be a Banach algebra and let
P € M(2() be a projection. Let Py = Iy — Py. Suppose further that the
diagonal map A maps PoAP; @, PiRAP, onto PoRAP,. Then A is amenable if,
and only if, P\AP; is amenable.

The notion M(2l) stands for the multiplier algebra of 2. A double multi-
plier on a Banach algebra 2l is a pair of operators, (L, R), on 2l which satisfies:

for all a and b € A :
L(ab) = L(a)b; R(ab) =aR(b); and aL(b) = R(a)b.

The set of all double multipliers on 2 is denoted by M(21). Then M(2) is a
Banach space under the norm |[|(L, R)|| = max{||L||, ||R||}, which becomes a
Banach algebra if endowed with the product (Lq, Ry)(Le, R2) = (L1 L2, RoRy).
If 2 is unital, then M(2() = 2. For more information about the multiplier
algebra we refer the reader to [Pal94, Sec. 1.2].
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Now, if X is a Banach space such that X =Y & Z, and by setting P, to be
the projection onto Y and P, to be the projection onto Z, Theorem 2.10 can

be stated as follows:

Proposition 2.11. Let X be an infinite dimensional Banach space such that
X =Y @ Z for some infinite dimensional subspaces Y and Z. Suppose further
that every operator on Z factors through Y, i.e., for all T € B(Z), there are
operators R € B(Y,Z) and S € B(Z,Y) such that T = RS. Then B(X) is

amenable if, and only if, B(Y') is amenable.

We will first assume that X is a Hilbert space, and hence p € (1,00). In
order to prove the non amenability of B(E) in this case, the following long-
known fact in functional analysis will be needed. We will provide the proof

for the reader’s convenience.

Proposition 2.12. Let H be an infinite dimensional Hilbert space and let
p € [1,00)\ {2}. Then B(H,P) = KC(H,P) if p <2, and IC(H, ) C B(H, ()
ifp>2.

Proof. Assume first that p < 2 and let T" € B(#H, ). We want to prove that
the sequence (T'(x,)) C (P has a convergent subsequence for any bounded
sequence (z,) C H.

So let (z,) C H be a bounded sequence and let Y = [z,] C H be the closed
linear span of {1, zs,x3,...}. Then Y ~ Z C (2 being a separable subspace
of H. Consider the operator T =T}, : Y — 7. Then T can be viewed as a
bounded operator T : 2 — 2. Since p < 2, then by Pitt’s Theorem, T is
compact, and hence T'(x,) has a convergent subsequence in 7. Since (x,,) is
arbitrary, we get that T € KC(H, (7).

Now, let p > 2 and assume towards a contradiction that IC(H, ) = B(H, (7).
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Then, and since the conjugate of any compact operator is again a compact
operator, we get (09, H) = B(¢4,H), where ¢ < 2 is the conjugate of p.
Which contradicts the fact that the inclusion map i : £9 — ¢2 is not compact.
Hence, K(H, ?) C B(H, (P)if p > 2. If p = 2, then H contains a complemented
subspace isomorphic to ¢2. Let P : H — (? be the projection operator onto
(2. Then P € B(H,(*)/K(H, (?). O

In fact, Proposition 2.12, establishes the non-amenability of the Banach
algebra B(H @ ¢P). This is due to the following result by Daws and Runde in
[DRO7]. We will provide here the version included in [Runl0a].

Lemma 2.13. [Run, Theorem 3.4.3] Let E and F' be Banach spaces such that
B(E,F)=K(E,F) and K(F,E) C B(F,E). Then B(E® F) is not amenable.

In particular, we have:

Corollary 2.14. Let p € (1,00) \ {2}, and let E be an infinite dimensional
£P-space such that E = H @& (7 for some Hilbert space H. Then B(E) is not

amenable.

Proof. Let E be an infinite dimensional £P-space such that F = H & 7 for

some Hilbert space H. Then

B(H) B(P,H)
B(H, (")  B(P)

If H is finite dimensional, then by combining Theorem 1.34 and Proposition
2.11, we conclude that the Banach algebra B(E) is not amenable. So assume

that dimH = oo.
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If p € (2,00), then by the separability of /7 and by Pitt’s Theorem, we get
KH) KPP, H KH) B(P,H
e [ K00 ke (koo sew)
K(H, ) K(er) K(H, ) K(e)
Hence, the Calkin algebra C(F) has the form

C(E) = B(E)/K(E) = (C(;{) C(Zp)> B (C(;{) C((Zp)> © (3 2) :

where J = B(H, (?)/IC(H, (7). Then, by Proposition 2.12, J # 0. Assume now
that B(F) is amenable, then so is the Calkin algebra C(FE). Consequently, the

()

is amenable, which contradicts Cohen’s Factorization Theorem (Theorem 1.18)

complemented closed ideal

since .J is nilpotent. Hence, B(E) is not amenable.

Similarly, if p € (1,2), then by Proposition 2.12, we get

o ( K(H) IC(KP,’H)) ) ( K(H) IC(EP,’H,)) |
KM, 7)) K () B, ) K(7)

Consequently, the amenability of B(E) forces the Calkin algebra
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to be amenable, which forces the nilpotent complemented ideal

0 L
0 0

L=

to be amenable, where L = B(¢?, H)/K(¢?,H). Which is again a contradiction.
Hence, B(F) is not amenable. O

Finally, to prove our main result the following will be needed:
For an infinite dimensional £P-space £ = X @ (P, let P, P, € B(FE) be the
projections onto X and ¢ respectively. For each S® R € B(FE) ® B(FE) define
the product (PL® P)(S®R) = PLS®RP, and (S® R)(P,® P,) = SP,® PR.

Lemma 2.15. Let S, R € B(FE) and let P, € B(E) be the projection on X . If
d=) A ®B; € B(X)®B(X) such that A(d) = Ix, then

i=1

A((S®R)d) =A((S® R)(P,® Py))
Proof. Since P;(X) = Iy, one has

A((S® R)d) = A((S® R)(P, ® P1)d)
= zn:SPlAiB,-PlR
= SP!R=SPR
=A((S® R)(P,® P))

Now, we are ready to prove our main result:
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Theorem 2.16. Let p € [1,00), and let E be an infinite dimensional £P-space.
Then B(E) is not amenable.

Proof. We only need to prove the non-amenability of B(E) if E = X & (P,
where X is an £°—space such that X % 7(X).

Note first that if X is finite dimensional, then X ~ ¢ for some n € N. Hence,
X < ¢ oand consequently, every operator on X factors through (. Thus,
by combining Theorem 1.34 and Proposition 2.11, B(E) is not amenable. So
assume from now on that X is an infinite dimensional £P-space such that
X #£(P(X), and let A > 0 be such that || P < A.

Assume towards a contradiction that B(E) is amenable. Since X is also an £F-
space, then X also contains a complemented copy of /7. Hence, every operator
T € B((P) factors through X. Consequently, and by Proposition 2.11, B(X)
is also amenable.

Since both B(E) and B(X) are amenable, then there are positive constants
(', Cy such that for any €; > 0 and any €, > 0 and for any finite sets F; C B(FE)
and Fy C B(X), there are d; € B(E)® B(E) and dy € B(X) ® B(X) such that

the following conditions are satisfied:
1. A(dy) =1 and A(dy) = Ix.
2. [(Ir®@A-A® Ip)di|| <& (VAE F),
and
|(Ix ® B—B® Ix)ds| < e (VB € F3).
3. ||di|| < Cy and ||ds| < Cs.

Let C3 = A?C1(Cy + A), and let € > 0.
For any finite set F' = {T; :i=1,2,--- ,n} C B({P), let
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. . 0 0
FL=<T,= ci=1,2,--- ,n p C B(E) be the embedding of F' into

0 7;
B(E). Similarly, let F} be the embedding of F into B(X). Since B(E) and

B(X) are amenable, find dy € B(E) ® B(E) and dj € B(X) ® B(X) such
that for any A € F},

€
Ip@A—A®Ig)d; R
Iz ® ® Ip)dg || < G 1)

and define

drp = (P, ® Pg)&l@(&lp2 + PR P,).

Then
el < NP5 Ndg 1l (ldg |l + 1PF]]) < XCi(Co + A) = Cs.

Letting d = dj, in Lemma 2.15, we get
A(dp) = A((Py @ Py)dp, (dg, + Py @ Py))
= P, A(dp (dp, + P ® P)) Py

= Py A(dp, (P ® P+ P, ® Py)) Py

= PIpPy =Py =P, = Ip.
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Finally, let T € F'. Then

Up@T =T @ Ip)dp|| = (I @ T =T @ Ip)(P2 @ P2)dp (dp, + P> @ P))]|
=[(P2@P)Ip®T =T & Ig)dg (dp, + P> ® P))|
<Pl I @T =T @ Ip)dg | |(dp, + P2 @ P2))|

e

A 2
< )\2(CQ+)\2)(02+)\)<6.

Equivalently, B(¢?) is amenable, which contradicts Theorem 1.30 and Theorem

1.34. Hence, B(FE) is not amenable. O

Remark 2.17. In [AF96], A. Arias and J. Farmer proved that for a separable
£P-space E with p € (1,00), the Banach algebra B(E) ~ B({?). So the non-
amenability of B(E) for such an £P-space E follows from Theorem 1.12 and
Theorem 1.34. Though, our proofs in Theorem 2.16 and Corollary 2.14 work
for any £P-space F.
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2.3 On the non-Amenability of B(E) for an
L£>*-space F

We dedicate this section to study the amenability of B(E) if E is an £>-space.
We will present some £>-spaces for which the Banach algebra of bounded

operators is, and is not, amenable.

Definition 2.18. An infinite dimensional Banach space X is said to have
few operators if every operator T' € B(X) is strictly singular perturbation
of the identity operator, that is T is expressible as & + Al for some strictly
singular operator S and some A € C. If every operator T' € B(X) is a compact

perturbation of the identity, then X is said to have a very few operators.

The existence of a Banach space with few operators was first proved by
Gowers and Maurey [GM93]. A Banach space with very few operators exists
due to S. Argyros and R. Haydon in 2009, and a Banach space with few but
not very few operators was constructed by M. Tarbard in 2012. Interestingly
enough, all three of these spaces are hereditarily indecomposable (HI) £°°-
spaces. In fact, it has been shown in [Fer97] that a complex Banach space
X is HI if, and only if, every operator from a subspace of X into X is a
strictly singular perturbation of a multiple of the identity. We recall that a
Banach space X is said to be hereditarily indecomposable (HI) if no infinite
dimensional subspace of X can be decomposed into a direct sum of further

two infinite dimensional subspaces.

Theorem 2.19. [GM93] There ezists a hereditarily indecomposable infinite
dimensional, reflexive, separable real Banach space Eqyr such that every oper-
ator T on a subspace Y of Eqyr is a strictly singular perturbation of a multiple

of the identity operator.
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Theorem 2.20. [AH11] There exists a hereditarily indecomposable separable
£ _space Eap with By ~ (' such that

B(Eag) = K(Ean) @ Cy.
Theorem 2.21. [Tar12] Given any k € N,k > 2, there is a hereditarily

indecomposable separable £°-Banach space Eyy with Ey =~ ' such that:

(i) There is a strictly singular non-compact operator S € B(Eyy,,) such that
S is nilpotent of degree k, i.e., ST # 0,1 <j <k —1 and S* = 0.

(ii) The set {S7; j € {1,....k — 1}} is linearly independent in the Calkin

algebra C(Ey,).
k—1
(i1i) Every T € B(Ey,) can be uniquely represented as Z NS+ K, where
=0

)‘j eR and K € ’C(EMk)

We will start by presenting an £-space F for which B(F) is amenable.
Consider the Banach space E 45 constructed by Argyros and Haydon. V. Runde
in his expository paper [Runl0b] pointed out that any finite direct sum of the
Banach space E 4y provides a positive answer to the question raised in [Joh72,

Question 10.4].

Theorem 2.22. Let Eapy be the Banach space of Argyros and Haydon. Then
B(Ean) is amenable. Moreover, for each n € N, the Banach algebra B(E,,) is

amenable, where E, = @ FEam.

i=1
Proof. Since B(Eay) = K(Ean) @ Cy, it is enough to prove the amenability
of K(Eag). Since Eup is an £>-space, then by Theorem 1.26 , K(Eapy) is
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amenable, and hence by Theorem 1.14, B(E4p) is also amenable. Moreover,
since K(E,) = M,(K(Eag)), then K(E,) is amenable. As B(E,) = K(E,) ®
M, and M, is amenable, then B(E,) is also amenable. O

A natural question arises here: what happens if we take an infinite direct
o

sum of the space E g ? For instance, if E = ¢y — @ Eag = co(Fan), is B(E)
i=1

still amenable?

In order to answer this question, the following proposition will be needed.

Proposition 2.23. [Ryal3, Example 3.3] For any Banach space X, co@.X =~
co(X)

In particular, one gets that ¢y ®. co = co(co) = cp, and hence we prove the

following:

Theorem 2.24. Let Ey be the space of Argyros and Haydon, and let E =
co(Eap). Then B(E) is not amenable.

Proof. 1t is enough to prove that F is an £>-space such that E ~ ¢o(F), as
for such Banach spaces Theorem 2.9 establishes the non-amenability of B(E).
Notice first that since E = c¢o(Eap), then by Proposition 2.23, E ~ ¢ ®, Eap.

Thus by Theorem 1.25, F is a £°°-space. Moreover,
co(E) ~co®c F =~ ¢y @ o R Enpr.

But ¢y ® ¢ =~ cg. Hence, E ~ ¢y(F). O

Similarly, one can prove that B(CY0,1]) is not amenable. To prove this,
recall first that the Cantor set Q = {0,1}", the topological space that is

identified as the countable product of the two-point set {0, 1}, endowed with
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the product topology. The following is a well-known fact about the space of

all real valued, continuous functions on ).
Proposition 2.25. [AK06, Proposition 4.4.5] C(2) ~ ¢y(C(Q2)).
We will also need the following result by A. Miljutin in [Mil66].

Proposition 2.26 (Miljutin’s Theorem). Suppose K is an uncountable com-

pact metric space. Then C(K) ~ C([0,1]).
Now, we prove

Theorem 2.27. The Banach algebra B(C(K)) is not amenable for any un-

countable compact metric space K. In particular, B(C[0,1]) is not amenable.

Proof. Let K is an uncountable compact metric space. Then C'(K) ~ ¢o(C(K))
since C(K) ~ C(R). Since, by Miljutin’s Theorem, C10,1] ~ C(K), we con-
clude that C10,1] ~ ¢o(C10,1]). Hence, by Theorem 2.9, both B(C[0, 1]) and
B(C(K)) are not amenable. O

Finally, we will prove the non-amenability of the Banach algebra B(Eyy, ).

To do that, the following lemma is needed.

Lemma 2.28 ([Tarl2]). For each k € N,k > 2, the Calkin algebra C(Eyy,) is
isomorphic, as a Banach algebra, to the subalgebra A C M, of all k X k upper

triangular Toeplitz matrices, i.e., the subalgebra A generated by

r J \

0<j<k—-1
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Theorem 2.29. For each k € N,k > 2, the Banach algebra B(E)y,) is not

amenable.

Proof. 1t is enough to prove the non-amenability of the Calkin algebra C(Eyy, ).
Since C(Ey, ) =~ A, then it is enough to prove the non-amenability of A.

Since A is the algebra of all £ x k upper triangular Toeplitz matrices, then
every matrix M € A can be expressed as M = agl, + a1 B + ... + a1 B¥ 1,

where

Now, assume towards a contradiction that A is amenable.

Then every complemented ideal is amenable by Theorem 1.13.

Consider now the ideal J = [B*!] C A, that is the ideal generated by the
operator B¥~!. Then J is a nilpotent ideal of degree two. Clearly, J is a closed
complemented ideal, and hence by Theorem 1.13, J is amenable, which con-
tradicts Cohen’s Factorization theorem. Thus, A , and consequently C(E)y, ),

is not amenable. OJ
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Chapter 3

On the Weak Amenability of
SS(X)

The class of strictly singular operators was first introduced by T. Kato in
[Kat5h8] as an extension of compact operators and in connection with the theory
of Fredholm operators. In general, strictly singular operators behave in a
different way compared to the way the compact operators do. For instance,
in general strictly singular operators are not stable under duality whereas an
operator T' € B(X,Y) is compact if, and only if, T* € B(Y™*, X*) is compact.
However, an operator T' € B(LP[0,1]) is strictly singular if, and only if, T* €
B(L9[0,1]) is strictly singular ([Mil70], [Wei77]).

A Banach space X is called simple if X(X) is the only non-trivial closed ideal
in B(X), in that case SS(X) = K(X). The Banach spaces that are known to
be simple so far are /7, p € [1,00), ¢y and the Banach space E4y. On the other
hand, it has been shown that K(X) C SS(X) if X = L?[0,1] or X = (0, 1]
and hence, L?[0, 1] and C0, 1] are not simple, [FGM67]. Moreover, V. Milman

proved that the product of any two strictly singular operators on L?[0, 1] or
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C[0,1] is in fact a compact operator, [Mil70]. In this chapter, we will first
generalize Milman’s results for any separable £P-space E, with p € (1, 00), and
then for such £P-spaces, the non-amenability of the Banach algebra SS(F) will

be shown in Section Two.

3.1 The Product of Strictly Singular Opera-
tors

We start this section with the following fact:

Theorem 3.1. [FGM67] Let p € [1,00) \ {2} and let X = LP[0,1]. Then
K(X)C SS(X).

Later on, V. Milman proved the following:

Theorem 3.2. [Mil70] Let p € [1,00) and let X = LP[0,1] or X = C]0,1].
Then TS € K(X) for allT,S € SS(X).

In order to prove that for any separable £P-space such that F % (P the
Banach algebra SS(FE) enjoys that same properties, the following lemma from

[JO74] is needed:

Lemma 3.3. [JO74, Corollary 1] Suppose that E is a separable £P-space (1 <

p < 00,p # 2) such that no subspace of E is isomorphic to (*. Then E ~ (P.
Now we prove:

Theorem 3.4. Let p € (1,00) \ {2} and let E be a separable £P-space such
that E % (. Then K(E) € SS(E).
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Proof. Let p and E be as above. Then by Lemma 3.3, there exists a subspace
Z C FE such that Z ~ (2. Let J : > — Z be the isomorphism. Moreover,
by Theorem 1.24, F contains a complemented copy of /7. Set P to be the
projection P : E — 7. Now, for p < 2, let i, : # — (* be the inclusion
map. Then by Theorem 1.3, the map 4,9 is a non-compact strictly singular

operator. Consequently, the map T': K — E
T'=Ji,s P

is a non-compact strictly singular operator on F.
Now, let p > 2 and let iy, : > — ¢ and j, : /? — E be the embedding
of /2 into ¢? and the embedding of ¢? into E respectively. Then the map
S:F—F

S = Jp 2, J!

is a non-compact strictly singular operator on £ since the map iy, is a non-

compact strictly singular operator. O]

Theorem 3.5. Let p € (1,00) and let E be a separable £P-space. Then T'S €
IKC(E) for all T,S € SS(E).

Proof. Let E be as above. Then by Theorem 1.23, E is isomorphic to a
complemented subspace of LP[0,1]. Thus, there exists a subspace Y C L?[0, 1]
such that LP[0,1] =Y @ E. Consequently,

B(Y) B(E,Y)

B(L7[0,1]) =
e B(Y,E) B(E)

44



On the Weak Amenability of SS(X)

0 0
Now, let T,S € SS(F). Clearly, the operators T = ( ) and S =
0T

0 0
( ) € SS(L*[0,1]). Consequently, by Theorem 3.2,
0 S

(o 0 ) ( K(Y) IC(E,Y))
TS = € K(L7[0, 1]) = .
0 TS K(Y,E) K(E)

Thus, TS € K(E). Since T and S were arbitrary, we get SS*(E) C K(E). O
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3.2 The Non-Amenability of SS(X)

In this section, we will prove that SS(X) is not weakly amenable and hence

not amenable for a specific class of Banach spaces.

Theorem 3.6. Let X be an infinite dimensional Banach space such that

K(X) € SS(X) and such that TS € K(X) for all T,S € SS(X). Then
SS(X) is not weakly amenable.

Proof. Let X be as above and assume towards a contradiction that SS(X) is
weakly amenable. Then by Theorem 1.19, SS?(X) is dense in SS(X). Thus,
we get

SS(X) =88*(X) C K(X) € SS(X),

=

which is a contradiction. Hence, S§(X) is not weakly amenable. O

Remark 3.7. Using the same argument as in the proof of Theorem 3.6, one can
show that SS(X) does not have a BAI whenever X is a Banach space that

satisfies the conditions of Theorem 3.6.

Corollary 3.8. Let X be an infinite dimensional Banach space such that
K(X) € SS(X) and such that TS € K(X) for all T,S € SS(X). Then
SS(X) is not amenable.

Proof. Let X be as above and assume that SS(X) is amenable. Then SS(X)

is weakly amenable which contradicts Theorem 3.6. O]
In particular, we have

Corollary 3.9. Let p € (1,00) and let E be an infinite dimensional separable
L£P-space such that E # (*, E = L'0,1] or E = C[0,1]. Then SS(E) is not

weakly amenable.
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Remark 3.10. A Banach algebra 2 is called self-induced 2 ®gy A ~ 2A, where
ARy A = AR\ A/N, where N = span{a.rx ® y — z ® y.a; a,z,y € A}.
The concept of self-induced Banach algebras was introduced in [Grg95] as a
generalization of unital Banach algebras. It has been shown that every unital
Banach algebra is self-induced, and in fact every Banach algebra with a BAI is
self-induced. Another characterization for self-inducedness for Banach algebra
is the following: a Banach algebra 2l is self-induced if, and only if, A? is
dense in 2 and every balanced bilinear map ¢ : 2 x 2l — C is of the form
¢(a,b) = f(ab) for some f € A*. The proof of Theorem 3.6 also means that
SS(LP[0,1]) for instance is not self-induced, even though both B(L?[0, 1]) and
IC(LP[0, 1]) are self-induced.
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Chapter 4

Remarks and Open Problems

In this chapter, we make some remarks on our work and also some natural

questions related to some results obtained in this thesis.

4.1 Remarks On Chapter 2 and Related Prob-
lems

The problem of characterizing the amenability of the Banach algebra £>°(2)
in terms of properties of the underlying Banach algebra 2 is still open. In
[SG02], F. Séanchez and R. Garcia claimed that under certain conditions, the
Banach algebra 20** can be considered as a quotient of £/*°(2l); hence, if 2A** is
not amenable, then neither is £>°(21). Unfortunately, M. Daws and V. Runde
pointed out a mistake in the proof of Sdnchez and Garcia, and so far it is not
known whether Sanchez and Garcia’s claim is true or not. As we focus on
the Banach algebra of all operators on infinite dimensional Banach spaces, we
consider the Banach algebra (> (B(X)), which is not amenable whenever B(X)

is not amenable. In fact, even when B(E4p) is amenable, the Banach algebra
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(>(B(Eag)) turns out not to be amenable. This follows from the fact that
(®(B(Eag)) = (>*°(K(Eap)) & €>° and that the Banach algebra (*(IC(Ean))
is not amenable by Corollary 2.8.

Conjecture 1. For a Banach space X, the Banach algebra (>*(B(X)) is
amenable if, and only if, X is finite dimensional.

On the other hand, we think that the Banach algebra ¢(*(IC(E)) is weakly
amenable for any £P-space, p € [1, 00, but we do not have a proof for that.
Open Problem 1. Let p € [1,00] \ {2}, and let £ be an infinite dimensional
£P-space. Is (> (K(FE)) weakly amenable? In particular, is (> (K (7)) weakly
amenable?

In his expository paper, V. Runde concluded his paper with the following ques-
tion, [Runl0b, Question 3]:

Question. Is there an infinite dimensional Banach space X such that C(X)
is amenable and infinite dimensional?

We doubt that there is a positive answer for this question. As we saw in Sec-
tion 2.3, even finite dimensional Calkin algebras need not be amenable. We
think that the amenability of the Banach algebra B(X) forces any quotient
of B(X) to be finite dimensional, so we are wondering whether the following
conjecture is true or not:

Conjecture 2. For an infinite dimensional Banach space X, if B(X) is
amenable, then the Calkin algebra C(X) is finite dimensional. Moreover, if
J C B(X) is a closed ideal, and B(X) is amenable, then the quotient algebra
B(X)/J is finite dimensional.

Unfortunately, the Banach space F iy is simple, and hence we cannot test
whether this claim is true or not using this Banach space. On the other hand,
since the Banach algebra B(FEqg)) is amenable if, and only if, the Banach alge-

bra SS(E¢as) is amenable, then investigating the amenability of the Banach
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algebra SS(Egys) for the Banach space of Gowers and Maurey will shed light
whether our claim is correct or not.

Open Problem 2. Is the Banach algebra SS(E¢ys) amenable?

Using Theorem 1.13, if SS(E¢as) is amenable, then the closed ideal KC(Ega)
is amenable if, and only if, it has a BAI It is not known whether K(E¢qp) is
amenable or not.

Another approach to investigating the amenability of the SS(FEgyy) is to study
whether it has a BAI or not.

Finally, in Section 2.3, we proved that the Banach algebra B(X) is not amenable
for the classical £°-spaces, and we provided examples of HI-spaces for which
the Banach algebra of all operators is, and is not amenable. So we ask:
Open Problem 3. For which £>-spaces E are the Banach algebra B(E)

amenable?

4.2 Remarks on Chapter 3 and Related Prob-
lems

Definition 4.1. Let Y be a Banach space and let A C Y be a subset. Then A

is called spaceable if AU{0} contains an infinite dimensional closed subspace.

Spaceability of subsets in vector spaces was first introduced in [AGSO05].
If Y is taken to be the Banach algebra of all operators on a Banach space
X, and A is taken to be the quotient algebra of two closed ideals in B(X),
then the spaceability of A becomes a tool to measure how large is the quotient
algebra A. In [HRS15], Herndndez et al. investigated the spaceability of the
set A = T7,(X,Y)/I5(X,Y) for some operators ideals Z5(X,Y) C Z;(X,Y),

and gave sufficient conditions on the Banach spaces X and Y to obtain the

50



Remarks and Open Problems

spaceability of A. Among other results, the authors proved the following:

Theorem 4.2. [HRS15] Let X be a Banach space such that X ~ (*(X) for
some p € [1,00) or X =~ ¢o(X). Then the Banach algebra SS(X)/K(X) is
spaceable if and only SS(X)/K(X) # 0.

The fact that SS(X)/K(X) # 0 plays a role in proving the non-amenability
of the Banach algebra SS(X) if X = LP[0,1] or X = C[0,1]. Since the
spaceability of the quotient algebra SS(X)/K(X) is equivalent to the existence
of a non-compact strictly singular operator on those Banach spaces, we ask
the following question:

Open Problem 4. Let p € [1,00) and let E be an infinite dimensional £P-
space such that E 2 (P(E). Is SS(X)/K(X) spaceable?

Keeping in mind that the fact the product of strictly singular operators is
compact on X = LP[0,1] or X = ([0, 1] also plays a role in the proof of
Theorem 3.6 , we are wondering if Milman’s result can be generalized to general
LP-spaces.

Open Problem 5. Let p € [1,00 \ {2} and let £ be an infinite dimensional
£P-space such that SS(X)/K(X) # 0. Is the product of any two strictly
singular operators compact?

We do not know if the spaceability of the quotient algebra 2/.J is sufficient
for the non-amenability of the Banach algebra 2(, so we generalize Conjecture
two:

Conjecture 3. Let 2 be an infinite dimensional Banach algebra, and let
J C A be a non-trivial closed ideal. Then if 2 is amenable, then 2(/.J is not
spaceable.

We do not know whether the converse of Conjecture 3 is true.
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