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ABSTRACT | N

An initially flat rectangular steel platel clamped on
all four siées agaanst rotation and translation, displays
three modes of behaviour as the intensity of a uniform
transverse load increases. These modes are déscribed as
elastic flexural-mehbrane behavioﬁr, inelastic
flekural—membfane action and inelastic membrane action.

For a léng narrow plaéé, eiastic flexuraijmembrane ‘
action exists up to the load taGsing.yieldihg of the extreme
fibres éléhg the long edges on the loaded face. Subsequent -
plastic hinge formation along the long edges reduces the
stiffness. Inelastic flexural—membrane action ends with
complete yielding in tension along the'long.edées. The plate
then acts essentially as a membrane straining inelastically
as yielding gradually progresses from both edges toward the
céntre‘ A lower bbund Eo this behaviour is obtained by
assumming that Poisson's ratio is the elastic value and the
‘maximum membrane stress is the yield stress. A higher lower
bound is obtained by using the ﬁlastic value of éoisson's
ratio. An analysis culminating with inelastic membrane
;action taking into account the stfess~strain relatidnship
beyond yielding is proposed. This analysis shows that the
load deflection curve gradually moves above the lower bounds
because thg edge forces can exceed yield.

A finite element program modelling uniaxial plane
strain conditions,: the inelastic‘Po}éson‘s ratio and the -
stress;strain behaviour to failure gave a lbad—deflection

response closeiy following the three predicted regions of

behaviour. Two failure criteria related to local edge -

iv
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‘conditions have béen‘estaBlished;ﬂa“limiting-tensiye strain
due td bending and tension and théhedge shear'resistance.
The behav}our and failure loads have been congﬁrmed by two
tests. Strain measurements taken during the t%sts
substantiate‘in general the predicted behaviour.
Implications for uiing the ulfimape strength of
continuous steel plates for the d vign of offsﬁore

structures for oil explération and production in the Arctic

are presented. .
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r INTRODUCTION

|
1.1 Scope and ObSect1ves
The overall objective of this research is to provide
analyses that predict éccurately the load-deflection
respénse of transversely loaded continuous steel plates,
1nclud1ng the fallure mode and load and to confirm the

‘anelyees by test. In this work only long plates with aspect

ratios approaching zero have been considered.

-1.2‘General

In the design of flat plate floors the limit- of
structural usefulness is generally considered to be the
flexural strength of the plate system. In some cases the
flexural strength may be even limited to thatvbaged on
elastic behavioflr, neglecting the considerable strength
. beyond first yleld until a failure mechanism debelops
Classicel yield-line theory determihes this latter load
carryiﬁg.capacity. Such limits are ifrelevant for any sYstemw
in which the deflections are not critical and in thch the
increasehin strength due to membrane ‘action can be
considered.

Membrane action develops as the plate deforms and
transverse loads are carried by in-plane tensile stresses.
The two-way membrane action in a plate is analogous to the
one-way action of a cable supporting transverse loads.

Furthermore, for steel plates that are continuous over a



rectangular grld of beams and stiffenerS, such as in a
calsson type structure, full advantage can be taken of the
ductility of the steel and the increased load carrying
capacity of the membrane in the inelastic range. The load
carrying capacity may be‘many times that pfedicted on the.
basis of flexural action alone and still provide any desired
level of safetyi -

Some of epe structures that have been designed or
proposed for oil exploraftion and production in the Arctic
Ocean coneist of sfeel caissons formed from continuous
Qlating supported 1ateraliy by a rectangular grid of
stiffeners, beams and‘girders. Inte:iof rectangular plate
panels are continuous over the supports on all four edges

¢

and can therefore be mode%led as beiﬁg restrained againetz
' rotation and translation along all edges. Under the action
of floe ice the steel plates are subjected to enormous
forces. The ‘economic design of such structures requires,
therefore, that the full strength of the pletes be
mobilized Before design procedufes cankbe-developed fof
this and other applications a comprehen51ve method of
analysis is needed“to descrlbe the complete behav1our of the
plates 1nto the 1nelast1c range, including the fallure mode
and load.

LY

An extensive literature survey has been carried out and

relevant experimental data have been reviewed. Based on this

review and an examination of the limits of behaviour, a

method of analysis is proposed that considers inelastic



’
gl

membrane behaviour. Two failufe criteria have been
established and the results of two computer simulaﬁions
using a finite elemenf method are reportedszhe results of
two tests gn plates subjecteg to fluid pressure and with an

aspect ratio of 1/3, are reported.
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2. LITERATURE REVIEW
Z.l General“
b Literature on continuQus steel plates acted upon by

’transverse loads has been primarlly concerned with

{closed form mathematlcal solutions to define prec1sely the
elastic and elasto plastlc load deflection response and with
permanent inelastic deformations. The inelastic deformations
of a steel plate ship“hull, for example, either’due to
normal operations or collisions, remains an important design
‘cr1terion for naval atchitects. However,.the complexities

'1nvolved in modelling mathematically inelastic plate
behaviour has prohibited_exactness among the numerous
solutions proposed “because of the introduction of
simplifying assumptions. The result 1s that de51gners of
flat plate structures have to estimate behaviour and

‘deformations and, presumeably, ultlmate strengths.

| Generally, an inelastic large deflection analysis must

include: | g

(1) both elastic and inelastic material properties,

(ii) changing plate geometry with Yoading, 1nclud1ng

(iii) elastic and inelastic deflections, and

(iv) load type and location.

Differential equations describing the large deflection
elastic behaviour of uniformly. transversely loaded clamped

rectangular flat steel plates of any aspect ratio were first

._derived by von Karman in 1910. Earlier, Boobnoff (1902) had |

Bl
4



determined the exact solution for an infinitely long plate

(one with an aspect ratio, width/length, of zero).
. A

£

For an infiﬁitely long flat plate the von Karman

Lo E

equations, when shear deformations are neglected, reduce to

[2.1]

Q
=z,
Z
Q,
E

|

4 o Tx
D D

o
Y
V!N

Furthermore, if the term contaihing the membrane force N in
#2.1] is neglected, the equaﬁion reduces to the elastic
small deflection eguation of Lagrange. Some approximate
solutions to the large deflection equations of von Karman
for rectangulé: plates were first presented by,Way (1938).
Levy (1942) used a Fourier series method to sélve the same
equations forua plate with an aspect ratio of 1. To the
authof's knowledge, ho élosed—form solqtion‘to the complete
von Karman equations exists for a pfaté with an aspect ratio
~other than zero. Approximate solutions abound for the
inelasticvbehav}our of transversel§ loaded piates when the
plate paterial is assumed to exhibit elasto-plastic
beﬁaviour. These solutions are generélly cénsidered too
mathematically rigorous for usg»in design.
‘In the design of continuous plating sﬁpported by a
rectangular g;id of beams and‘stiffeners'it may be assdhed
that fhe entire resistance to lateral loads results from

flexural action only. This analysis may be further limited



to elasﬁic behaviour and is considered valid ﬁo use for
design onlyfif it is necessar} to limitvdeflectionswand
ensure elastic behaviour of aﬁe”plate. Alihough plates with
a large span to thickness ratio, say iOO, have negligible
bending resistance they can carry large transvarsé loads
primarily through membrame action.
For a strip of flat pfate one unit wide as) shown in

) )
Fig. 2.1, taken from a plask with an aspect raéto ofaaero,

ER &,
when the stress straln relationship is assumed Mo be

-

‘elasto- plastlc as shown in Fig. 2.2 the un1fonwg

transverse

collapse load as given by numerous authors 1s<¥ﬁf

"5

[2.2] qQ = 16Mp

Thé strip is fixed rotatibnally at the edges but one edge
may’move towards the other.

1f it is assumed, according éq@;he max imum principal
- strain theory, that yielding occurs when thaistrain reaches
the uniaxialﬂzield strain and considering the fact that the
plate strip is two-dimensional, resulting in a biaxial
stress or uniaxial plane strain condition (Lay, 1982), the

fully plastic moment per unit width is determined to be

[2.3] Mp = —L—s
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.Figure 2.1 Transversely loaded plate in flexure
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Figure 2.2 Elasto-plastic moment-curvature relationship
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The maximum principal strain yield criterion'givesj
under a condition of biaxial tension, an equivalent yield
stress equal to oy/(l-vz). This criterion gives a yield
strength’ 2 percent higher than that using the von Mises
maximum energy of distortion theory when Poisson's ratio, v,
is equal to 0.3. For structural steels, an appropriate value
of Poisson's ratio in the elastic range is about 0.3
(Clarkson, 1956; Lay, 1982). Once yielding occura, and
significant portions of the cross-section at fhe.hinge
locations have been strained inelastically, theQappropriate”n
value of Poisson's ratio to be used is Ve the inelastic
value. The inelastic value is commonly taken as 0.5,
implying that zero volume change occurs in the yielding
process, which is consistent w1th the fact that yleldlng.
occurs because of shear distortions. Therefore, subst1tut1ng
[(2.3] in [2.2] and uslng the appropriate lhelast1c value of
Poisson's ratio, the critical uniform transverse load\

causing a collapse mechanism is found to be

[2.4] q. =

' The respectlve upper and lower bound unlformly
dlstrlbuted collapse load for a r1g1dly clamped rectangular

plate given by Jones (1976) and ‘numerous: other authors are

\ ¢



and
(2.6).  q. = MB(q.4 g%

respectively, where B is equal to the aspect ratio,'
wioth/length..with B equal to zero, [2.5]) and IZ.Gj are
identical and equal to [2.2].»

The load-deflection behav1our based on the flexural
- analy51s described above, for a plate wlth L/h equal to. 80
and an aspect ratio of zero, as presented in Fig. 2.3. in
- nondlmensxonallzed~formﬁ con51sts of three stra1gh;\lines.
The fifsf.portion gives:the flexural deflection until-hinoes
i»fo;m at the'edges./The second poftﬁon, wfﬁh 1/5 the slope,
,gives the'ipcfeasing defofmation ocguriné as the plate
deflects,With'ze:o-;otatioaal restraint and constaot moment
‘at the'edges. waenfthe collapse 1oad; q., is reached, a

\mechanism has formed and the plate deflects without limit.

»
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3 T T T
‘L/h = 80, h=30mm
€y = 0.0015, E= 200,000 MPa

> L
q
q; Midspan hinge forms

S R

Edge hinges form
0 1 I\ 1
0 I 2 3

Figure 2.3 Load-deflection behaviour in flexure

)

Figure 2.4 Free body diagram of plate with full edge \\-//

restraint
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2.2‘Timoshenko (1940)

¥l

Tlmoshenko con51dered a str1p of an 1nf1n1tely long

Tplate with an aspect ratio of zero as shown in Fig. 2.4. The

edges ‘are- restrained - rotatlonally and translat1onally and
@ '
upon the appllcatlon @f load g1ve rise there to bendlng

o

ooy
: ijnts Mo and membrane forces S The mldspan or maximum
"”m\ "
deflectlon,,also shown in. Flg 2.4, is Wmax whlle the

deflection at any p051t10n X along the plate length is w. At
any cross-section of the uniformly loaded plate the bending

fmoment is - ) o

[2.7] N_M(x) = $(Lx - x%) = sw + Mo

5 ‘ o 53
\
Under uniaxial plane strain conditions, the moment-curvature

relationship for the rectangular crossfséction_is

where D is equal to the flexﬁral rigidity, ﬁh3/12(1—V2).

Substitdting [2.8] in [2.7] results in

»
dgw Sw 2 Mo
[2.9] -——7+-——=9—(Lx—x)+-——
-dx® D 2D D



T

‘where the.membrane stress parameter, U, is given as

~

S'v{:»

Py,

With the boundary conditions:
(i)

the solution to [2.9] is

&

T = 0 (at x

(i) w = O (at x

.’ 12

0 anq x = L/2)

0)

y | 4 . ..
[2.10] w o= qL [ cosh [U(1 - 2x/L] _ 1]
| 16u3thanh U cosh U N
'qu 2
+‘—'—2' (Lx - x)
su‘p
p )

- YSL_
[2.11] u = Vi%

‘The deflections given by [2.10]

function of the membrane force,

assumed to be small relative to

the extension of the centreline

taken as

Y

are, as would be expeéted, a
S. If the deflections are
the width of the plate, L

14

of the loaded strip can be



S

13

172
[2.12] N = f [ ] ax
; ,

Assuming that the average membrane strain is A/L, the

3

membrane force at the edges becomes ///

[2.13] S = __;AEE;E_
Lt - p©)

By differentiating t2.10] with respect to x and substituting
the result into [2.12], the following expression for

computing U is found:

\
2, 8 - -
Eh o 81 _ 27 27
[2.14] 28 2 ° 7 6 T T8
gL (1 -vp) 16U tanh U 16U sinh U  4U
+ -—-96
8U

.

e

U in [2.14] may be Eaﬁnq\by trial and error for a given load
. TN ’
q and L/h ratio. The corresponding deflections are theQ

determined using [2.10]. The resulting load-deflection -

* b
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response from the analysis presented above for’a plate with
L/h=49.4, where h.= 0. 93 mm, is shown in Fig. 2;5 as curve
E. The unlformly dlstr1buted load g has been |
nondlmen51onallzed by dividing by the collapse load. de given
by [2.4] and the maximum deflectlon’wmax‘has been
nondimensionalized by dividing by the plate thickness, h. In
determining a, P01sson & ratio was taken as 0. 3 as is
appr ate for steel in the elastlc range.

1ne limit to.Timoshenko's elastic analysis occurs when
yielding?begins at an extreme fibre in the plate, point A"
on curve E of Fig. 2.5. This yielding occurs in tension'at g
the edges on the loaded side of the plate where the bendlng
moments are a maximum and where the ten51le membrane force,
S, causes additional tens%%e streSses. In ‘the presence of
the ten51le membrane stresses the moment at first yleld is
less than My. If the moment- curvature relationship of the
plate is assumed to be bilinear, iup to the fully plastlc
momeént Mp as Shown'inﬁFig. 2.2, the hinge at the edge of the
plate forms fully and 1nstantaneously at a moment less than
the fully plastic moment due to the presence of ten51le i
membrane forces, but at a moment greater than that ’
corresponding to first yleld with ten51le forces present
The\greater moment and resolting load carrylng capacity
corresponds to point A in Flg,;2 5 that 11es considerably
—above p01nt A' on curve E. "

Also shown in Fig. 2.5 are the test results of Young

(1959) for a plate with an aspect»rat1o of 1/3 and an L/h of
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1.5 - : ' - :
Test Results of Ybung'———————\& .

1.0} . ——— ]
g £ F
qc ' e

A [ J .
05} Y, L/h = 494 i
E = 205,000 Mpa
0 L .
O 0.5 o)
Whax /h

Figure 2.5 Load-deflection behaviour in flexure with and

without membrane action .
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49.4. It is expected that the central, or maximum‘deflection
of a plate with this aspect ratio would not be significantly
dlfferent from that for a plate with an aspect ratio of zero
(Clarkson, 1956; Hooke, 1970). Young' s test resultﬁ indicate
~that it is valid to consider the. moment—curvature
relatlonshlp to be elasto plastlc in Tlmoshenko s analysis
as the results follow curve E to p01nt A where the analy51s
assumes that h1nges form 1nstantaneously at the edges.

Beyond p01nt A the experlmental data show that the stiffness
. of the plate deter1orates 51gn1f1cantly and markedly
. _ ~

.The load deflecthon response due to flexural act1on

; alone, shown in Flg. 2.5 as curve, F l1es below that

‘jcon51der1ng both flexural and membrane actlon ‘as would be

expected Where the load and correspond1ng deflectlon are
'approxlmately zero the slope of curves E and F are nearly
l1dent1cal~- owever‘ w1th 1ncreased loadlng, curve E lles
.above curve F show1ng that;w1th membrane forces, for a,glven
: deflectron, the,loadwcarrylng capac1ty is lncreased,ilt is
‘ expected that a greager inCrease in'capacity would exist for
Tplates hav1ng relatlvely larger L/h rat1os,:that is membrane
iaction becomes relatlvely more 1mportant 4 '
Tlmoshenko s elastlc solutlon is the same as that
'obtalned by the analyt1cal perturbatlon method of Chien and
Yeh (1957) as also used by Hooke,(1969) when applled to the
von Karman equatlons appllcable to plates w1th any aspect

ratlo but used here for an aspect ratlo of zero. Numerous

~ other authors both of . textbooks and papers have‘as well
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presented numerical elastic and elasto-plastic solutions for
transverqely loaded plates taking into account both flexural
and membrane behaviour. Timoshenko's clbsed~formbsolution
for 1nf1n1tely long plates conflrms the 1terat1ve and
numerical solutlons proposed by others for plates with
aspect ratios other than zero, up to the load corresponding

to edge hinge formation.:

2.3 Clarkson (1956)

The analysis'presented_by Clarkson considered both the
ei;stic and inelastlc performanee'of a transversely loaded,
ri;ldly clamped, initially flat plate. Clarkson selected the
eonvenient power series solution of Chien (1947) to solve
‘the von Karman equatlons, appl1cable to plates of any aspect
ratio, but- used by h1m for an infinitely long plate with an
aspett ;atio‘of zero. The material was assumed to be
homogeaeous and isotropic with Hookean characteristics up to
yield, with a medulps_of elasticity modified by dividing by
1-p2 to take into account the biaxial stress field. Using

the von Mises-Hencky yield criterion for the eqguivalent

stress,

[2.15] o = [ o + g - 0,0, + 37

yielding, in the principal direction of a biaxial stress

2



staté,\was taken to occur at a stress equal to

[2.16] 9 =9y /L1 - v+ ??]1/2

Ly S g

© This critérion, based on the maximum d%Stortion enerqgy
theory, gives‘a tensile yield strength two percent higher_
than thaf uéiné the maximum prihgipa%ﬂstraiﬁ’theory whgn
Poissén‘s'ratio is taken as 0.3;NClérkson assumed that
?oisson's ratio'remained constant at a value of 0.3
througﬁout'the elastic ané pléstié ranges and that the usual
bending theory of thin plates remained valid qyef thes
load-deflection rénge cons{dered. Three different solution
methods were éstablished éhat‘covered the range'betwéen edge
hinge and midspan'hinge formation. In the first method,
termed the completeiélasto~plastic method, the change of
-slope across the elasto—plaséic zone of a hinge was found by
finite difference integratioh. In Clarkson's "corner yield"
method the width of‘the'elasto—plastic strips at the edges,
which develop as load is increased, afe ignored. Hinge
formation is assumed to occur when yielding is experienced
in the extreme tension fibres hext t® the loaded face at
plate boundaries and at the unloaded face at midspan. The
third, or 'plastic-hinge' method assumes instantaneous full

plastic hinge formation only after plasticity has spread

throughout the complete thickness of the plate. All of these

R
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methods géve load deflection responses that were somewhat
stiffer than the test results of Young (1959) and appear
inapplicable when membrane action dominates.

Clarkson performed.tests on 229 mm square plates with
an L/h of" 72." The plates did not, however, exhibit )
significant membrane action or increasing stiffness.
Although Clarkson attempted to fix the edges of the plates,
it is believed that there was a lack of membrdne restraint.,
The results do, however, verify, up to the point just prior
to midspan hinge formation, the extended elastic analysis\of
.Timoshenko and Woinowsky- Krieger (1959) and the approximate
plastic analysis of Jones and Walters (1971) for a plate
with an aspect ratio of 1, |

Clarkson presented design curves based on limiting the
permanent deformation of the plate. The transverse load was
restricted to that causing a plastic hinge to:form at
midspan or to that causing the membrane tension to'reach

two-thirds of the yield stress.

2.4 Young (1959)

Ydung (1959) investigated, both mathematically and
experimentally, long rectangular plates (aspect’ratio
'approaching zero), clamped at the edges and subject to
uniform transverse loads, for the purpose of -developing a
pldstlc design method for ship plating With shear and
strain—hardening effects neglected, Young extended

Timoshenko's elastic solution for infinitely long flat
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plates beyond the formation of hinges at the edges to
midspan hinge formation. In this region of behaviouyr the
analysis assumed tﬁat:

(1) the material had elasto-plastic stress-strain
characteristics,

(ii) partial fixity existed at the edges for the
increment of load bey;nd the formation of the edge hinges,

(iii) the moment capacity deteriorated at the edge as
membrane forces increased,

— (iv) the load carrying capacity increased until the
edge and centreline moments were equal, and

(v) yielding of the material occurred when the
effective stress corresponded fo that given by [2.16].

The solution is iterative.

Young also presented an analysis for the
load-deflection behaviour beyond midspan hinge formation
based gp various assumptions about the middle surface
‘strains étathe plastic hinge locations - which are
_apparenﬁly related to the membrane forces - and considered
the equilibrium of the membrane with both edge and midspan
hinges present. Unfortunately, as shown in Fig. 2.6, the
curve resulting from this anélysis does not pass through‘the
point representing hinge formation at midépan found from the
iterative analysis. No explanation for this anomaly was
given.

Young also proposed a final 1imiting load-~deflection

relationship that is reached when the entire cross-section
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of the plate is yielded in tension and no flexural action

remains. As shown in Fig. 2.6 thisvrelationship is given by

-

Young did not consider the increasing inclination of the
membrane force at the edge as the membrane deflects nor
strain-hardening of the material. An effective Poisson's
ratio of 0.5 was used in this analysis:

The test\values of Young shown in Fig. 2.6 agree well
with Timoshenko's analysis, curve E, up to point A put do .
not coincide with the analyses that predict the load and
deflection corresponding to midspan hinge formation. They

do, however, finally approach the limiting straight line

given by [2.17].

2.5 Hboke (1970)
By using the Marguerre (1938) and von.Karman eguations
for initially deflected plates and flat plates respectively,
Hooke developed solutions similar to those of Nylander -3
(1951) for the post-elastic load-deflection behaviour of
uniformly transversely loaded rectangular platés, clamped at
~all four edges. The solutions were an extension to that of
Clarkson (1956) who initially considered only infinitly -long
flat plates. Good agreement exists between Hooke's analysis

1
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-
Y,

and the test results of Hooke and Rawliﬁé§%(1969) for plates
having aspect ratios less than 1/3. For plgEes having aspect
ratios greater than about. 1/3 the load-deflection test
results of Hooke and Rawlings, and Clarkson, fall

considerably above Hooke's analysis and below his extended

elastic solution.

2.6 Fully Yielded Flexural-Membrane Behaviour

Kennedy and Hafez (1984) studied the behaviour of end
plate connections for steel beams in which the connection
consists simply of a rectangular steel plate welded at right
angles to the beam web and then bolted to a suéportiné
member. Some refinements to their analysis and further
design applications were presented by Kriviak and Kennedy
(1985) . When the end of the beam rotates, the top of the end
plate is pulled transversely away from the supporting
member. In analysing this portion of the end plate
connection a 'T-section' was considered as shown in Fig.
2.7. Starting with the premise that plastic hinges due to

~

flexural action had already formed'a mechanism (which

appears valid for the.small L/h ratios of 11 and 22 in the

end plapgs%, Epe expression derived for the applied force 1s

£S 4Mp

D S . 2
[2.18] T IMp tan a + cos< a
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Fiqure 2.8 Load-deflection béhaviour when fully yielded in
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This expression would be valid for a rectangular plate of
zero aspect ratio, provided'fhat the fﬁlly plastic moment is
computed'taking‘ihfo aécount the uniaxial plane strain( |
conditions. | )

Assumihg that a uniform transverse load, qi rather than
a liﬁebload, T, is acting on the mechanism that is fuiiy7

yielded in flexure and that L ‘is equal to 24, a summation of ..

forces in the y direction gives

[2.19] q = (25 sin a)/L + (2V cos a)/L

U

Summing moments about one end of the plate gives
. v. , c

[2.20] M = VL/(4 cos a) - gL?/16

‘Rearéngihg [2.20] in terms of V and replacing Vv in [2.19]
with this expression gives

-[2.21] E qh; (25 sin af/L -~ (8M cos2 d)/L2 + (q cos2 a)/4

¢

The ‘coexisting axial load and moment is assumed to be given

; : .
by , . : RN
. O :
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By replac1ng the expression for M of [2.22] in [2.21] and

then partlally dlfferentlatlng this new expre551on w1th

respect to S and setting the result equal to zero,
equivalent to stéting that the load is carried by the

stiffest path, i.e. the membrane force S, the membrane force.

[2.23] s = (LSY2 sin a)/8Mp

Substituting this expression and that for M of [2.22] in

[2.21] gives

1]

[2.24] g 16Mp/L? +  (s_? sin? a)/amp /

Furthermore, dividing [2.24] by the critical load of [2.4] °
results in the following nondimensional expression relating .

load to maximum deflect:

AN
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To obtain [2.25], sin a was replaced by using the following

expresiion:
. I -

”;E2u26] tan a = 2W__./L
o

max . : “a

Expression [2.25] is plotted in Fig. 2.7 as curve Y. It
starts with zero deflection at the collapse load as was
assumed in the analysis, aﬁd becomes tangent to curve M,
derived in Chaptér 3\which describes the limiting load fér
full membrane action when tensile yielding of the
cross-section has occured. As curve Y is based on full
yielding of the cross-section; first in flexure and thén in

tension, it must represent an upper-beund to the true

" behaviour.

2.7 Summary
. £
The unifozg transvers “flexuraﬁ collapse load,
generally uysed as a stréﬁgth criterion in the design of flat

plate structures does not reflect the true strength inherent

;



in continubus plating. As plate deflectioné increase,
membrane forces develop and thé overall plate strength
increases. Cbntinuous plate that is designed without
deflection limits can resist tfqnsversé loads many times
that predicted by elastic, elasto-plastic and plastic
mechaniém analyses.

The elastic solution of Tiﬁoshenko for the
loah4deflection behaviour of’plétes,having aspect ratios
approaching zero has been véibdéted'by fests, even when
extended up to complete plastic hinge formation at the plate
édges. However, no analytical solution appears adequate to
define the behaviourwafter edge hinge formation and prior to
complete yielding of.the‘plate cross-section in tension.
Selutibng available fo; the inelastic behaviour.of plates
having aspect ratios other than zero do not predict wéll the
load-deflection behaviour. Youﬁg's limiting curve for
inelastic membrane behaviour is in reasonable agreement with
his test results. By assuming that plastic hinges due to
flexural action have formed a mechanism 'that the
material behaves elasto-pléééigélly, an upper‘bound to the
true load—deflection‘behaviouf has been established as an
e#fension of the Wbrk of Kennedy and Hafez. Strain-hardening
effects have generally been neglected by previous authors
and no ultimate strength predictions and.failure criteria
have been established. Furthermore, methods of providing

adequate restraint such that the membrane forces can be

developed in a flat plate structure have not been discussed.
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3. NEW METHOD OF ANALYSIS

3.1 Introduction

In the literature reviewed on' the analysis of
continuous rectangular steel plates subjected to transverse
loads, both the cont:ibution to strength by the flexural
action and the membrane action have been considered. Lower
-and upper bounds to the true behaviour may, however, be
established’simply by negl;cbing either the bending or

: . r .
flexural resistance of the plate and considering the other.

3.2 Membrane Analysis.Without‘Strain—Hardehing'

For a given deflection, a plate acting as a membrane
and with bending resistance is stronqer than one without
bending resistance. As a corollary, for a given transverse
load a plate with bending resistance wduldjhave less
deflection. Consider a plate of zero aspecﬁ ratio, no
flexural resistance, clamped against translation at the
edges ang of width L subjéq; to a uniformly“aistributed load
d. From the. free body diagfam of a unit width of such a

. plate, shown in Fig. 3.1, by statics,

[3.11  ~ a =

x(L - x) : ' \j

The maximum deflection at x equal to L/2 is

29
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[3.2] Wiy = —

The membrane force S is a maximum at the edge of the plate

and 1is

Combining [3.2] and [3.3] gives

8w S
ma x

[3.4] qg = ,
\[L4 + (aw__ 1?2
max

The slope of the membrane from [3.1] is

and using [3.2],

31
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a—i = 2 (L - 2x)

By assuming relatively small defleétions, i.e. neglecting
the square of differentials, the elongation of the half

length of the midsurface of the membrane from [2.12] and.

[3.6], is

L/2
2 -
. 16W
[3.7] A = J———“‘%L [L2 - 4xL + 4x°] dx
L )
0
and
B9
[3.8] LA = ——
| 3L

The closed-form solution of [3.8] is more convenient than

that found using the exact expression,

,
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L
[3.9] yo= j [[[%‘)—z]zf 1}1/3 1]dx
e ’ 0

which Ean only be evaluated by using a binomial expansion.
In fact, [3.7] and [3.8] results when only the first term of
a binomial expaﬁsioh is used to eval;ate [3.9]. When wmax/L
{s as much as 0.10, the extension, A, is 2.3% less by [3.9]
thén by [3.7]. At this deflection the corresponding, strain
is 0.0267, approximately 18 times the yield strain for a
steel of yield strength of‘300 MPa ana beyond the
straiﬁ-hardening st;qih of common structural steels used in
Canada. Assuming that the deflection of the uniformly
transvérsely loaded hembraﬁe results solely from uniform
straining.and that [3.8] is a valid approximation, the mean

value of the strain 1is

[3.10]

W L
max ] .
L

™

i
w |oo
i

When the plate is behaving elastically, the strains are

small and the assumption of uniform strain is reasonable as

the différence between the minimum axial force in the
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membrane at the midspan and the maximum at the edge 1s
likely to be less than part of 1 percent. Recognizing the
uniaxial plane strain condition, the corresponding maximum

membrane force 1is

[(3.11] 5 = 8 [ Wnax ] Eh
3 (1

Substituting [3.11] in [3.4], the elastic load~deflection

relationship of the transversely loaded membrane 1is

3
64 W
[3.12] « g = __[ max] Eh 1
(1

L 2 \/(Lz + 4w )2
max

This equation shows that the load carried varies as the cube

of the deflection if the ratio Wm x/L is small.

a
Nondimensionalizing [3.12] by dividing by q_ gives

~3 . 0
(s

3 2\,
q 16 W E (1 - » %)
[3.13] — = max P
q 2 _ 2
c o (1 - v WL g )2
. maXx
ﬂ\



e

35

Equation [3.13] 1is plotted in Fig. 3.2 as curve M,. Below
and to the right of this curve, becaﬁse no plate can be more
flexible than a membrane with no flectural resistance, 1s an
inadmissable domain. In [3.13] the value of Poisson's ratio
used to determine the load g is the elastic value, Vv (taken
here to be egual to 0.3), because the membran? is behaving
elastically. To determine the collapse load, Q.. because the
steel will have yielded significantly in bending, Poisson's
ratio is taken as ap=0.5, consistent with the hypothesis, as
stated previously, that in plastic straining no volume
change occurs.

Equations [3.12] and [3.13] are valid only to the load

when the maximum membrane force, S, at the edge reaches the
' 2

p b

assuming a state of biaxial stress exists 1in the membrane

yield force. This maximum value of S is oyh/(1-v

and that yielding occurs as predicted by the max lmum
principal strain theory. The deflection corresponding to

full membrane yielding at the edges from [3.11]) is

30
p3.14] (wmax)Y - L / s

8E

L/2 1.5
/ ‘y

point B on Fig. 3.2~ orresponds to the deflection given by
5

[3.14). With further loading beyond point B, yielding
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progresses from the edges towards the centre.

Assuming for the moment fhat the béhaviour is not
affected by changes in Poisson's ratio due to yielding, the
membrane is capable of carrying an increased load even when
the maximum stress at the edge remains at the yield level
because of the increased angle of inclination ;t the edges
that results through further deflection. This increased
deflection results from the increased straining beyond the
yield strain that gradually progresses from the edges
towards the centre, until the entire membrane is strained
beyond the yield strain and into the strain-ha;dening
region. When the membrane is fully yielded from edge to
edge, the membrane force, a maximum at the edge, wi exceed
the yield’force. Notwithstanding this, if it is assum d that

the maximum membrane force given by [3.11]} is equal to

yield force, and nondimensionalizing [3.4]'by the collapse

load, qc,'gives

2
q 13} (1 - »2 ) 1
[3.15) — = 2[ max ] P
Qe h (1 - vz) 2
J1 + (4Wmax/L)

Plotted in Fig. 3.2 as curve M, [3.15] deviates only
slightly from a straight line because of the square-root
term contalning the ratio wmax/L' However, 1if for any zone

that has yielded a Poisson's ratio of 0.5 is used, [3.15]

5]
o

PR
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becomes

[3.16]

o]
&1
!
(o)

—

3

o

=
T—

In fig. 3.2, [3.16] shown as curve N deviates from Young's
linear relationship, [2.16], by the square-root term. Loads
given by [3.16] onlf apply after yielding has progressed to
the %gntre. Therefore, after a membrane is loaded beyond the
poiﬁt ét which yielding occurs at the edge (point B of Fig.
3.2) the load-deflection path would be expected to gfadually
migrate from that given by [3.15] to that given by [3.161].
Now, considering that when the membrane is fully yielded

from edge to edge, that § maximum membrane force at the

edge will exceed the Yﬂf,:?»OfCE, the load-deflection path

could therefore‘eventuq“ i ¢ even above curve N when

strain-hardening is taken into account.

3.3 Permissible Domain of Behaviour

The analyses presented and those reviewed in the
literature form a permissible domain of behaviour, as shown
in Fig. 3.3, for a plate of zero aspect ratio and an L/h of
57.1. Curve F gives the ljoad—-deflection response assuming
that flexural action only occurs. If membrane action occurs

) .
in the plate as well, the load-deflection response must lie
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above curve F. Curve M, describes the responge when membrane
action only ex1sts and - the behaviour is elastic. This curve
reaches a limiting value at point B when full yielding of»
the cross-section in tension occurs. Beyond point B, curve
Mi’ based on a lower limit to Poisson's ratio of 0.3 in the
1nelast1c range and an elasto plastic stress- strain curve
(no strain-hardening)’, describes 1nelast:c membrane
'behaviout_with deflections increasing as the result of
inelastic strains.

The load—deflection'respomse of a real infinitely=long
continuous plate should not lie below any of these curyes.
Where one of these curves lies below an(?théf’itvis shown as
| a dashed line. : -

Again ignoring strain-hardening, curve N is based on an
inelastic Poisson's ratio of 0.5. Hence, te the right of
pointh that is for relativel; large deflections, the
load- deflectlon response, without cehsidering
strain-hardening, should lie in the shaded area between
curves N and.Mi and beyond curve M, as extehded through
peint B -

’ The curve presuming full yielding of the\cress—section,
first in flexure and then in tension, based‘on Kennedy and
Hafez (1984),is shown as,curee Y in Fig. 3.3. Apart from

" considerations of the change‘in Poisson's ratio or |
strain~hardenih;, this curve represents an upper }imit to

any load-deflection reSponse.
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The elastic flexural membrane response derived‘by
Timoshenko (1940) is shown in Fiéﬁ 3.3 as curve E extended
to point A, as validated by test; based on the assumption
that the moment—curvature relationship is elasto-plastic.

“ Curve E is extended as an upper bound, assuming continued
flexural and membrane load carrying capacity beyond the
yield value, to intersect curve Y Therefore, to the left of
point B the real behaviour of a ‘transversely loaded flat
plate would be expected to lie within the shaded area
bounded by curves F and M, providing the lower limit, and by
curves E and Y providing Ebe upper limit. When
strain-hardening is considered, the real load-deflection
curve to the right of point B would be expected to lied

eventually above curve N.

3.3.1 Postulated Behaviour Without'Strain—Hardening

As derived by Timoshenko and corroborated.by test the
initial-load?deflection,response is elastic flexural
mémbrane action as given by curve E, up to point A“in
Fig.3. d Beyond this point, 1ncrea51ng tqulle straining ~
gradually obllterates the bending stresses until the
‘limiting conditlonrof full ten51le;y1eld1ng of the plate
occurs at pofnt B which is the limit of curve,Me describing
elastic membrane behav1our

h cdfme can,ea51ly be constructed between points A and
B recogn%éing that the load-carrying contribution of

flexural action gradbally disappears between these two
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points. Such a curve, assuming that the flexural
contribution deéreéses parabolically, consistent with the
inéeraction relationship between axial'fo@ce and moment for
a rectangular section} is drawn in Fig. 3;3 and labelled

curve R. The flexural contribution hgs been taken to be the

‘difference between the ordinate of point A on curve E and

the ordinate of point C on the membrane curve, Mg directly
below it. This simplified analysis contains two
counteraéting assumptionss

igrement applied over the entire range

(i) A pardbol ;:»5“,@

) , .3 ;W. . - .
from A t%/p is %ﬁ&@myyronly true if the axial load at point
L2 2

'A were zero. Such is not the case and therefore the curve

from A to B, based on this assumption, would tend to be too
high.
(ii) While the moment developed at the edge is

decreasing there is an increasing moment at midspan.

counteracts that given above.

To the left of point B flexuréldand membrane action
coexist. To fhe right of point B, there is no flexural
action ana the‘ldad-deflection reépqnse would be éxpected to
graduall} move from curve M.l towards curve N as yielding
pfogresses from the edges towards the centre and more and

more of the membrane has an inelastic Poisson's ratio,
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3.3.2 Significance of Strain-Hardening

'Strain- hardenlng comes into pla;’ln two different ways
When plastic hlnges rotate through significant angles,
strain-hardening is likely ﬁoyoccur in the extreme fibres._
Galambos et al. (1978) show that the mean test to predicted
ratio of the fully plastic moment for W shapes is 1.12. This
increase of 12% is probably chiefly due to strain;hardening.

For plates. of rectangular cross-section the effect would be

expected to be less. The most important effect of strains

u‘ ’ . . . .
‘“greater than strain-hardening is the increased tensile

capacity of the plate associated with such strains,coupled
with the increased deflectlons that result, thus providino
more efficient membrane actlon Therefore, to the righrvof
point B the real load—deflection curve would be expected to
lie eventually above curve N based on an elasto-plastic
Stress- straln curve. Provided local e?fects do not dominate,

the steel is finally stfained to the ultimate, at least in

some portions of the: membrane.

3.4 Membrane Analysis Beyond Strain- Hardenlng

The load- deflectlon response of”e plate of zero hspect
ratio subject-to fluid pressure, as opposed to a uniform
transverse load, can easily be determined when the plate

acts purely as a membrane. For a given pressure, the

'embrane force is constant across the short dimension, L.

Corresponding values of the membrane stress and strain are

obtained from the stress-strain curve of the plate material.
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The strain determines the total extended length of the
membrane ‘and the deflected shape is circular. Because the
strain in the long dimension is zero, biaxial tension exists
and the effective stress in the membrane is increased by
1/(1—u2)-times. j

Stang et al. (1946) derive, corroborated: by

experimental evidence, that Poisson's ratio in the inelastic

range or beyond initial yielding is

+
[og]

[3.17] y = 1+ €

where & is equal to the volume change occuring prior to

3
~

yielding and gtthe engineering strain'beyond yieléing.
Equation [3.17] is plotted in Fig. 3.4 for the iinearized-
uniaxial‘stress—éérain curve of Fig. 3.5 and assﬁming an
elastic Poisson's ratio of 0.3 to calcuiate 5.

Curve U of Fig. 3.6 gives the nondimensional
: load—defléction curve for a plate of zero aspeét ratio
subjected to fluid pressure and'héving the uniaxial
stress-strain characteristics given in Fig. 3.5. The kink in
the curve at wmax/h of about 8.2 marks the onset of
strain—hardening of the material. Between point B and the
onsety of striin—hardening, curve U gradually climbs above
curve M. as a result of the gradﬁally increasing value‘of

Poisson's ratio as given by [3.17]). Also shown on Fig. 3.6
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is curve V that is derived based on the same assumptions as
used for curve U but with the maximum Stress set equal to
the yield stress. The difference between curves U and v is
therefore attributable to the increase in strength of the
material following Strain-hardening,

| The difference between curves v and N, betﬁ based on a
maximum uniaxial tensile stress of Oy’ is attributable to
the difference 1in loading. Curve N is for a uniform
transverse load and curve V is drawn for a membrane loaded
by fluid pressure., Without other effects it would be
expected that curve U would extend upward until the ultlmate
.strength of the material in biaxial tension was reached.
3.5 Experimental Verification

Plotted in Fig. 3.7 are test results of Young (1959)

for a plate having an aspect ratio of 1/3 and an L/h of
57.1. These data are in reasonable agreement with curves E
and R for a zero aspect ratio. Hooke (1970) showed that it

was va11d to compare the maximum deflection determined

Above and to the right of point B, the experimental results
gradually move from curve Mi to N and as proposed previously
and even slightly exceed it.

In Fig. 3.8 similar curves, for a plate with an L/h of
-.49.4; are compared with the test results of Young, agéin for

a plate with an aspect ratio of 1/3 The test resultéJare in



49

A

DdW 000602 = 3
210070 =45
wwes'0=y ‘176 =y/7

1 1 1




50

UTeWwop TRINOTABYSQ pue (6561 )bunox jo s3tnsal 3say g-¢ aanbtyg

R A

, y/ xOE>>
2 . |

T

Y
g0 a 2
! 132
bdW 000'G0Z =3
21000 =%
wwes0 =4 ‘b =4/
ﬁ ¢



51

#asonable agreement with the postulated behaviour, although
falling below curve M.. It is possible that inward movement

of the edges of the plate resulted in increased deflections

at the higher load levels. Although the experimental results

tend to follow a portion of the extension of curve M.1 to the
left of point B, and above curve R, this must be considered
a coincidence as curve M.1 is not valid to the left of -point

B where flexural action contributes to the plgﬁe strength.
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4. EDGE EFFECTS AND ULTIMATE STRENGTH ANALYSES

4.1 Introduction

All the relationships describing pure membrane action
(curves M., N, U, and V of Fig; 3.6) are based on the commén
assumption of considering the plate to have zero thickness.
However, to accomodate th® relatively large deformations the

plate of finite thickness must bend at the edges to achieve

_the membrane edge slope required. Significant transverse

/
<

sﬁears also exist at the edges even though no transverse
shegrs exist when the plate acts solely as a membrane.hThese
effects may limit the load that can be éarried by the plate.

The deformations that the blate undergoes ake also
affected by the edgé conditions. Away from the edges the
membrang is relatively stiff. At the edges the pléte is
subjected to both flexural and shear stresses in addition to
membrane stfé%ses. fhough this zone is of lihited extent,
its flexural and.sheariné Qeformations may have a not

insignificant effect on the total deflection of the plate.

4.2 Local Bending
PN -
4 &ﬁ
i - 4 “‘*
4.2.1 Uniform Transverse Loading
Fig. 4.1 illustrates the edge conditions of a plate of
span L. When the deflection of the membrane is relatively

small as shown in Case I the eccentricity of the membrane

force S about the intersection of the edge and the

52
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F.gure 4.1 Membrane edge conditions

~
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m{dsurfece, point O, is also relatively small. With further

loadilng more extensive bending is required at the edge and a

larger eccentricity of the force results as shown in case

II. Thus, with increased deflections even though the plate

is acting essentially as a membrane, the moment at ‘the edge
. . ) . T .

is re-established. This local '(éwphenomenoh is

non-trivial when the,curvatureft' ¥ rains are large. The
largest stfains ekist at the edge of the plete‘on the loaded
face, point K, where tensile strains due to bending and
,membrane tion are additive. A proposed failure criterion
is ‘that failure or rupture occurs whenjthe strain at point K
reaches the ultimate strain,\eu, in biaxial tension.

! Assuming that the strain distr;pution at the
cross-section through points O-and K is linear with an
average axial strain; ep’ equal to that due to the axial
force Po. (see Fig:, 4;2), when the maximum strain due to

bending and axial forces equals €, 8t point K, the radius of

curvature is

e

[4.1] p =

Considering the'free-body'diagram of a unit width of
plate at its edge shown in Fig. 4.2, at point A, a small-
distance from the edge, the bending moment is zero.

Therefore, beyond A, towards the centre, only membrane

',-9

o3 . e A . v
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Figure 4.2 Pree body- diagram of pylate at edge
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action occurs. The ahgle of the membrane, 6, at A is the
mémbrane edge inclination or more-simply the edge
inclination. Assuming that the centreline of the deformed .

: pléte shape between O and A can be described by a cubic
-function, the minimum'gadius of curvature correspbnding to
the maximumsbending strains at the plate edge is by

' geometry,

: _ d cos 6
[4.2] min T T3

McDermott et al. (1974) also used a cubic functién to
describe the geometry with curvature ranging from zero at
‘point A to a maximum value at -the plate edge, yhen analy£ing
hull damage from ship collisions.

. From geometry,,the.eccentricity;:e, of}the max imum
membrane fopcei S, is. ' 3

- . ER T

Summing moments about point O and considering centreline

7

dimensions, the moment at the edge is



L M .2
[4.4] 'Mo‘= Se + qd‘51.n 6

The axial force, Po, is

[4.5] Po = S cos 6

Setting Puin of [4.2] equal to pc'of [4.1], gives

-
YR

- S . h(1 + € ) '
fa.6] NRVa = P .
i ' cos 6 (eu-ep)

£
W

4

Substituting [4.6] in [4.3] gives
L

.2 ' '
h sin® 6 (1 + €_)
P

(473 & = BRI

3 cos @ (eu—ep)

Agprther substitution of [4.6] and [4.7] in [4.4], gives

57
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- Sh sin 6 (1+e ) gh tan29 (1+e¢ )2
[4-8] Mo = p + 5 p
3 cos 6 (eu—ep) (eu-ep)

Under uniaxial plane strain conditions for a unit width of
plate, the maximum membrane force corresponding to uniaxial
stress-strain condition (os,es), based on the maximum

principal strain theory, 1is

[4.9] S =

[4.10] Mo =

and the same substitution in {[4.5]gives
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b3

[4.11]  Po =

The coex1st1ng axial load and moment under ultlmate
conditions at the edge as glven by the 1nteract10n equation

for ‘rectangular sections are

L412) Mo L pRoq®

Because the strains are‘exceptionglly large, Mu is taken as

auh2/4(1-vp?) and Pu is taken as duh/(1-vp2)} Substituting

Mo and Po of [4.10] and [4.11] respectively in [4,12] gives.

. 2 2
T 4 sin” 6 (1+e ) (1-» )
[4.13] [-—5 ] [ L = ]
7, 3 cos 6 (eu-ep)(1—vs )
2q tan® 6 (1-»_2)(1+e )2
+ _ P P .
| ou‘(eu—dg)i . " -
‘ 2
(1-»_2)
b . —E cos2 8 =1
o | (1-» 2)2 '
ul s 7.
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X

This equation is based on the material properties of the

o €

plate 0 g1y

ep, vg and Vp.

Two further equations relating the membrane stress,

ul

lateral load and edge in 'nation are found by considering
the equilibrium conditions of the central portion of the
defbrmed plate acting as a membrane and extending from point
A, as identified in Fig. 4.2 to the similarly located point
A', on the opposite side as shown in Fig. 4.3. The deflected
shape of the membrane is parabolic. Using [3.6] with [3.10]

gives

[4.14] tan § = (6 65)1/2

and ffom [3.4]‘1
v

2 o_h sin 6
S

[4.15]  q@ = 3

(Lr—rzd sin 6)(1 - »g

Equations [4.13], [4.14), and [4.15] are solved itgrétively
as follows: i
(i) For an assumed value of e find og from the

‘stress-strain curve of the plate materigl.'
(ii) Compute the edge inclination 6 and the lagefal

load q from [4.14] and [4.15]. -
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(iii) Substitute the values of €, g and 6 and relevant
material broperpies in [4.13] and iterate using a new value
of és until [4.13] is satisfied. The maximum deflection of

the membrane is found by rearranging [3.10] and is

[a.16] - W= (L - 2d sin 6)(365/8)1/2

Thus, the maximum uniform transverse akoad and corresponding
deflection as limited by local bendind at the edges is

obtained.

4.2.2 Fluid Pressure Loading

Fig. 4.4 shows a'free'boay diagram of one-half of a
membrane strip extending from point A,;és identified in Fig.
4.2, to the centreline when the membrane is loaded by fluid
pressure. The deflected shape is circular and the following

-

two relationships can be derived:

- ,f‘/m = B
sin 6 _ T
[4.17] 6 - 780 (1 + e )
- 1/2
[4.18] W . = (L/2-d sin @) (1 - cos 6)1/2 .

(1 + cos 68)
)



L/2 -dsin®@

Figure 4.4 Free body diagram of membrane under- fluid

- pressure : o
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where 6 is expressed in degrees. Neglecting the weight of
the fluid under pressure, a reasonable assumption when the
pressure becomes large, the pressure per unit width is
equivalent to that given by [4.15]. When considering a
membrane subject to fiuid pressure, the free body diagram of
Figq. 4.2 should be modifieg to include a lateral load due ‘to
this pressure acting over the vertical distance from pbint 0
’to point A and, as well, the weight of the fluid within
these limits. The moments of thesé forces are relatively
small and can be neglected. Again, equations [4. ],‘[4.15]
and [4.17] can be solved 1terar1velyw With the maximum
deflection determlned from [4, 81, t%e maximum f1u1d

pressure as limited by local bending at the edges' is

obtained,

4.2.3 Special Considerations

For both loading cases of uniform transverse load and
fluid pressure the distance. from the edge to point A of F1g
4.2, where only membrane stresses exist, d sin 6, is
typically only about 2% of the span, L, of the plate,

In [4.13] angd [4.15] careful attentlon must be paid to
ﬁhe values used for P01sson S ratio in the inelastic range\'i
and to the maximum strain that can be sustained at the édge.
Fig. 3.4 shows that for the strains in the likely range of 3
té 8%, Poisson's ratio varigs only between J.47 and 0.48 for
a8 steel having the stress-strain characteristics Shownrin

Fig. 3.5,



b

&ébh@bﬁh tﬁewma§1muﬁ

p)

attalnable strain should be based on a. gauge lengﬁ%“n4&.;¢

approaching zero. Determlnatlon of this stralh and the,l; & A
" IR F5 ‘3

correspondlng value of Poisson's ratio are glven 1n the

sectlon on ancillary tests in Chapter 6 D - 5 e

4.3‘Shear Failure ' E oY ‘,73
The maximum transverse load that can be‘céfried mé?ﬂbe

limiéed by'the shear capacity of the plate. For both uniform

ﬁransvérse-or fluid pressure loading (neglecting the weight

of thé*fiuid), the shear per Unit width at the edges of a

plate having an aspect ratio approaching zero, is egual to

qL/2f~Setting this equal to the ultimate shear cabécity ruh

gives

[4.19] q =

Metal forming operations show; when a plate is fully
restrained in bending and tension at the edges and subject
to a sufficiently large.hzgraulic préssure, that it will
shear at the edges similar to the shearing of a
high-strenéth pre-tensioned bolt in a lap joint. CSA
Standard CAN3 S16.1-M84, Steel Structures for Buildings -

Limit State Design (CSa, 1984) gives the ultimate shear
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resistance of such'a high-strength bolt as 0.60 A Fu, as

% determined experimentally. Based on this evidence it would

?; appear reasonable, as an extension of the ' . i
von Mises-Huber-Hencky yie;d criteri%ﬂ?to ultiéate strength

“conditions, to take the ultimate stréhéth T in these

circumstances s o_//3 or 0.577 o .
A u . u

»
o
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5. FINITE ELEMENT ANALYSES

&
5.1 Program and Modell

The ADINA dinite element program (ADINA l981)hwhich
allows for geometrlc and materlal nonllnearltles, was used
to’ pred1ct the behav1our of transversely loaded plates of
‘zero aspect ratio. | .

Flg 5. 1 shows the tno—dimgnsional”through thickness
mesh used with 116 elements and 449 nodes for the half w1dth
of the plate. All 'edge elements were‘llnked to the support
‘as all boundary nodes were fixed against translation and,
.rotation‘ The model therefore d1d not allow -

'through thlckness stralnlng to occur at the edge.

The plates modelled had an - L/h of either 80 or: 103 and
also had dlfferent mater1al propertles. The von Mlses—Hencky
yield crlterlon for a condltlon of plane strain was used.

41

Stralns were determlned at the 2x2 Gau551an 1ntegratlon

&

pomnts of the quadratlc serend1p1ty elements. The maximum

-M'deflectlon at the mldspan, Wmaxf was taken as the deflection

of the mldhelght node The uhiformly distributed load‘was"'

appl1ed in 1ncrements of 0. 1 or" 0,2 times the colLapse load

e w1th the smaller load7rhcrements applled in reg1ons of
s - .,4/

inelastlc behaviour.
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5.2 Elasto-plastic Analysis

Fig. 3.5 where is.also.given:thé experimental results, was «

vield strain of 0.0014; In both cases, Poisson's ratio was
taken to be 0.3 in the eLasticﬂrange and 0.5 in ﬁhe
iﬁelastic range, ” . |

u Thé‘resulting nondimensi%%al'load—deflection curves for

the two plates are shown in Fig. 5.2 and Fig. 5.3-

ite element results are in J

}hﬁ“pézi:lated.behaviour but two

. Leasonable agreement Wi
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‘attributed to the fact that, with the‘bil@near stress-stral“
. curve assumed, the maximum force develqpable (at the edgéﬁﬁ”
is limited to the yield force.'ThuS’With increasing
deflections and therefore increasing edge slope, the
»horizontal\compenentfof the force in the edge row of
elementS'and in all other rows of elements must”becom‘?less.
Con51der1ng a free body diagram of "one half of the plate
w1dth L, the rate of 1ncrease of the applied load caan ‘
decrease when the ;ate of change of the product of . the

/“lncrea51ng max1mum deflectlon and the decreasing horlzontal

componemt of the membrane force decreQSesﬁ“

v ._~

econd, the

B. In tgﬂs method the st1ffness it rmined for a

e glvig dew ectlon i

deflection corres

'the=left,of éo%n- fause the stiffness of the:membrane‘

is increasing with*‘ H casing deflection, the computational  ©
) E e . : b ’

+

Ca procedure underestimates the stiffness for the next
increment and hence tends to give larger deflections (this

of course can be somewhat conwa’ted for by reducing the
load increments). S 'a@d_ ' O | R

The elasto—plastic,finite element results for the plate
i & e | v
havin@”an L/h of 103 are similar to those found for the
plate w1th an L/h of 80 but w1th dlfferent materlal'

¥ i @/\

3» properties. The elasto plastlc~f1n1te element predlctlons
L follow the prev1ously establlshed hypothe51s along curve, R,

“fall below po1nt B do not rlselas hlgh as curve N and

2 . . . k
- s . - - .
&T‘ v§ .t c - -
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o

eventually~fallvb%lowbcurve M l In add1t1on to arguments h
‘preViously presented, the l;ﬂlted number of elements used
.throughxthe thickness at the edges may«not allow yleldlng to
progressﬁgradually enough through this thickness.
| By comparing Figures 5.2 and 5.3 w1th F1gures 37 aﬁd
3.8, the cbrrespondence between the. elasto plastlc f1n1te
element analyses and two of Young 5 test resu&ts can be-
'establlshed The four are in agreement up - to p01nt B Beyond”'
p01nt B, Young's results move to correspond to curve:ﬁ while
the’flnlte element results fall below curves N and M ‘as has :%;
‘been d1scussed ! : » - | | - 15‘ ‘ 'f';§§
5.3 Improved Analysis o
A second flnlte element anat¥51s, 1dent1cal to that )
. ‘described ‘in section 5 2 but us*ng the llnearlzed
W . : ¥
stess~strain-curve of -Fig. 3 5 butépow plotted as a true
stress-strain curve as sgown in Flg. 5.4 to_model the

, . * - ) )
material, was used to predict the load-deflection response

o

of a uni?g?mly transverselywloaded p{ate“ni L/htegual to\
}103 and zero aspect ratio. To accommodate the use of a true
stress straln material model and large plate dlsplacements
an updated Lagranglan formulatlon was used uwggus analysis.
Fig. 5, 3 sh0ws the resultlng nondlmen51onal lodd- -deflection
- )curve and also the results. of thé simpler elasto-plastic
finite element analysis V%$A_‘ k '

-In~Fig 5.5 is shown the deflected ‘two-dimensidnal

a through thlckness mesh from this ana1y51s whe@vthe ..

o - )
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Figure 5.4 Uniaxial true stress-strain curve used 1n

improved finite element analysis
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Figure 5.5 Deflected finite element mesh at q/g
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nondimensional uniform transverse load is equal to 30, From
Fig. 5.3 it is seen that the improved analysis gives a
load-deflection curve beyond point B that lies considerably
above that for the elasto- plastlc analysis. The curve alSou
climbs above curve N ,as the analysis allows the tensile
stress at the edge of the plate to exceed the yield stress
The improved analy51s therefore confirms the hypothesis
that, w1th strain-hardening of the materlal the load-

deflectlon behaviour exceeds curve N’ Wthh is based on a

?max1mum membrane force equal to the yield force and an

effectlve inelastic Poisson's ratio oﬂ 0.5.
Examlolng the results of thlS analysis suggests that

some reflnement of the mesh is in order. At the centrellﬁe'

‘the reflned mesh was used because in early stages of loadxng

f

before membrane action developes significant bending moments’

exist there. At the edge, however, as establlshed in the

section onglocal bending and as corroborated by test a

severe straan gradlent exists through BQQ thickness. The use

'pf even more than 4 layers of elements in this locatlon and

uextendung to about 2% of the span from the edge would be in

% . .

e

order.

R

Secth



6. EXPERIMENTAL PROGRAM
\

6.1 General - : {
7o verify the vérious‘hypothesis put forward, and as
pilot tests for large scale tests to follpw, two tests were

conducted oﬁ 1.47 mm tﬁick hot—rélled st;%l pla®tes 152 mm
wide and 456 mm long, having a ;idth tq'thickness ratio,
L/h of 103 and. an aspect ratio of 1/3ﬁ\The tests Qere
conducted at room temperature, approx1mately 20 C. With this
p%spect ratio the centra1 portlon of the plate panel should
be .in a uniaxial plane strain condition with zero strain %n
the long direction and zero stress through the thickneg.
The platé% were fully restrained on all four sides agalnst

-~

rotatlon and tg@nslat1on and were subject to fluid pressure.
’6.2‘Test Set-up and Procedure

Fig. 6.1 shows a partial cross-s n of the test

L%et—up. The: 16 mm diameter bolts were | ghtened.
‘Translational fesistancé'aﬁgthefgdges 6f thé specimen Waﬁﬁ_
provided‘by spot-welding the 6 mm x 6 mm bar tomthg’tEiLhﬁﬁ »
luplate. Silicone sealaqtf/pread below this restraining bar
and between the specimen and the 25 mm thick base plate
protided‘an effective seal. The base plate and specimen make
up a sélf—contained loading gystem. |

t .

~_Fluid pressure was monitored by a pressufe transducer

online between the test set-up and the hand actuated pump.

Deflections of the test plate normal to the original surface

\ . 77 .
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25 mm steel plate
.47 mm plate specimen
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6.3 Ancillary Tests

L o\ﬂil ‘ : 79'j‘
were measured at several locations using LVDT's (linearly o
variable displacement transducers) that were callbrated ]USt
prior to testing Fig. 6.2 shows the calibration curves w1th
‘é central linear range Electrical resistance strain gauges
'were mounted on both the inner and outer surface of the test
plate The locations of these gauge; and the LVDT's for both
tests are shown in Fig. 6.3 and Fig. . Several of the ’

straln gauges, particularly those mounted across the W1d’ f"‘

of ° the central portion of the plate were capable of
s -
measuring strains in excess of 20%. The lead wires for ’

[y 5 e
traln gauges mounted on the inner surface of the specsm@n

wer@ lead through a conical hole in the base plate wh@sﬁ was

fllled with epoxy resin. This proved effective and no
lee} ge occurred here. All data were recorded using a data
.« * ' )

acquisition system through which the signals are

conditioned, converted from analog to digital form and

W
o
e

stored on disk or tape. With this recording equipment a

large number of virtually simultaneous readings were taken.
» ' .
%

Six plate coupons with a width of about 30 mm, the full
plate thickness of 1.47 mm and a gauge lengthkof 75 mm were:
‘, . '. 4 . { . 4

tested in uniaxial tension to determine the stress—strailn

character151t1cs of the steel plate. A typical stress-strain

" cyrve for a coupon taken*parallel to the width of the plate

w

test specimen is gixgén in Fig. 3.5. Tablgy 6.1 gives

statistical data from 4‘sucﬁ test's. The other two tests veére

A}
¥

, R
T e
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‘doﬁe,on coupons cut perpendicular to the plate width.

-

Table 6.1 Tensile coupon test results

Iy
4

Test’ E ' o ;o e €

y © st I -
" 203,100 . 279 ~0.018 0.36
2 192,800 264 0.017 ° 0.26
¥ 201,600° . 266 ¥ 0.016 0.31
4 " 191,000 272 0.018 “0.26
i ’ =
Mean 197,100 270 ©0.017 0.30

v 7 0.031 0.025 0.019 0.016

& . ) » N
To establish lasal‘straining charateristics, for use in :»
the local bending lalysis and where the test plate 1is
heavily strained, a\tensile coupon 1.47 mm thick by 29.15 mm

'

wide was' loaded to faillure and the stra}n at failure

5 mm. The cross sectional d1men51ons of th

measured over a series o gauge lengths varying from 100 to
/j}falled specimen

at the failure locatlo er§39.51 mm thlck and 22,8‘mm wide.

The variation of fracture strain with gauge length 15 given
in Flg 6 5 and flttlng a n1nth order polynomial to the
curve gives a maximum strain when éxtrapdlated to zero gauge

Iength of 139%. McGregor (1940) verified by test that the

. true or natural strain is
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100 . " " ,
Least squares’ best fit polynomial

80 F ,
- Experimental results

% Strain

t
40 .
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Figure 6.5 Variation of fracture strain with gaugéAlength

—



or

16.21 e = (ho/Bg)

611 e, = tn (A /By

¥

Hosford and“Caddell (1983) suggest that the maximum strain

AN

in a plate under biaxial tension (as is the tase here) is

equal to the natural s{rain at failure:
. .

_By using [6.2] w1th the test measurements, the fallure straln

is calculated to be 131%. This is in good agreement w1th the
result obtalned by the extrapqﬂatlon in Flg 6.5 and is

considered to be the mqpe valid result. The ratio of the

change in thickness of the tensile coupon at the fracture

location to the original thickness divided by the

longitudinal strain of 1.31 gives a value for Poisson's
ratio at failure of 0.50. . | | \&

6.4 Test Behaviour and Observations\

6.4.1 Overall Behaviour
"~ In Fig. 6.6 are plotted load-defléction curves for the
two tests nondimensionalized by dividing the deflection by

the piafe'thickness and by.dividing the pressure by the
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trans&erse load per uhit&areaﬂcausing a plastic mechanism to
form,in a similar'plate‘wiﬁh zero aspect ratio. Although
test 2 failed at a lower load than &est 1, both
loéd—deflection tesppnses are in good’agreement.

On four occasions during test 1, oil was observed
.leaklnq from the test set uﬂ\ At thesedilmes, corresponding
'to a w /h of approx1mately 8, 9, 12 and 15, the load was
;educed or removed and the bolts were ﬁurther tightened.
bUpon removal of the léad, no noticéable decrease in
deflections was observed andAthe plate appeé}ed to retain

L

its "pi}iow—like" shape. When the fluid p:essure was
reapplied5¢he load-deflection response

dced in reverse the
unloading behaviou;ﬁuntil the?érev}bus maximum load had been
reached. Increased loéding resulted in a load*deﬁlection |
behaviour that was simply an extension of that found prior
to unloading; Thé load-deflection behévioﬁr beﬁween points 1
and 2 in Fng”S.S illustrates the case where the pressure
was completélj’removed and then reapplied. In test 2 the
bolts were initially tightened sﬁbstantially more than in
test 1 and.no oil leaks were observed. E;ch‘of the tests
were cqﬁducted over a period of approximately 4 hours.

For both tests, plate deformations became visually

A

apparent soon after & non%imenéional déﬁlection of about 8
ﬁédgbeen exéeeded. The bulgihg of the plate specimens was
conéide{able at the higher load levels. Fig. 6.7, a
photograph of the test set-up just after the plate in test |

failed, shows the "pillowing" effect. At failure, oil
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Spurted out over a length of aboyt 80 mm at the edge along
the mid-length of one of the long sideS. Subsequent
éxamination revealed that the plate had been sheareg in this
location. Fig. 6.8, an end-on view of the failed plate of
test 1 shows the large deflectﬁxn;that have occurred. The
maximum deflection is approximately one-sixth of the span.
In th 'four corners, reverse Curvature occurs and is most

“pron unced on a 45 line rdnning through the corner,

had failed. 1p effect therefore Specimen 2‘did'not fail, but-
rather the restraining device, Measﬁrements of the
croSs:sgction at the middle of the long edges, after

failure, for both tésts showed that the local flexural ang
Shear deformatzzps there were about equal to the plate .
thickness. These deflections are those between the edge ang

»

point A on Fig, 4.2,

6.4.2‘Gauge Measurements

The specimen in test 1 failed at a nondimensional load
Qé 28.6 and a nondimensional deflection of 1511, equivalent
to a fluid pressure of 3850 kPa and a deflection of 22.2 mm
respectively. 'In test 2, when the restraining device failed
the maximum nohdimensional load ang deformation'wefé/55.9
/éndw44fr‘féspeCtively whigh aré equiyalent-to‘3490-kPa énd
21.1 mm, Fig; 6;6 shows that thevtwo tests have

load-deflection curves that agree closely.
/ - ,
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In both tests a number of electrical resistance strain
gauges were mounted on the steel plate specimen to determine
the variation of strain during loading. ,Gauges A-1, A-2Yy
A-3, A-4} A-6, A-7, A-8 and A-9 of test 1 and gauges B:H,
B-2, B-3, B-6, B-8, and B-9 of test 2, located as’éhown in
Fig. 6.3 and Fig. 6.4 respectively, measured strains across
‘the width and were located within the central third of the
plate length. The load-strain response of thegé gauges is
shown in Fig. 6.9, Fig. 6.10 and Fig. 6.11. The general
behaviour of these gauges is the same although the initial

A
rate of change Pf strain with load for gauges A-1, A-2, A-3

and A-4 is less'than that for the remainder. Beyond a
nondimensional load of approximately 8 the strain in all the
dauges increases rapidly at a similar rate. The strains at a
nondimensional load level of 8 correspond to strains in the
yield plateau (ey € est) as may be determined from
Fig.6.9, Fig. 6.10 and Fig. 6.11. It would be expected that
nwitﬁ yielding the strains would tend to increase much more
rapidly with load. From Fig. 6.6 it is seen that at a load
level of about 8 the nondimensionalized deflection value
based on curve U of slightly greater tHan"4 lies between
point B where the membrane is just fully yielded in tension
and the point, Wmax/h'= 8.2, cérrespondihg to the attainment
of the strain-hardening strain. Before reaching the yield
pPlateau the rate of increase of strains exhibited by gauges

mounted on the loaded side is much less than for gauges

mounted on the unloaded side as can be seen by comparing
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Fig. 6.9 to Fig. 6.10 and Fig. 6.11. The reason}for this is
not apparent. ; L
'From Fio. 6.6 the'nondfmensionadized load when

strain- hardenlng 1s reached (eSt = 0.017) is 16.2. Based on
the geometry of the ‘test and this mean value of the straln
’at the mid- thlckneSS of the plate, the strain on the out51de
,surface would be 0.0201 and that on the inner surface,‘ i
| 0\9140 From F1g 6.9 and 6. 10 the outer surface straqps at
thls load level are determined on the average to be 0.023
and the inner surface Strains 0.015. These measured strains
are inureasonabie agreement with those predicted from the
geometry and serve to confirm that the plate is bedng
deformed into a circular shape. In the first test,,the
gauges A in Fig 6.9 and 6.10 generally falled at about the
onset of strain- hardenlng In the second test where some |
high-elongation gauges were used, as shown in Fig; 6.11,
"strains in the gauges continue to increase at about the same
rate beyond the beginning of strain—hardening as before. //

| - The average maximurh strain recorded in test 2 (gaugg/
B-2 and B-3) at a nondimensionalized load of 25.9 was 94047.
The computed nondimensibnalized deflection for this strain

/
s

is 13.8 whereas that measured as shown in Fig. 6.6/ﬁas 4.1,
, ‘ . : A /

These are in reasonable agreement. A
A basic assumption of the analyses presented is‘that
the central one-third of the test specimens would be

‘subjected to a uniaxial plane strain condition, that is,

that the’ longitudinal strains would be zero. From Fig. 6.12,

)
\
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longitudinal gauoes B-4, B-5 and B-7 indicate on the average
a tensile strain, at the nondimensionalized fa1lure load of
25.9, of 0.045. These strains are about 9.7% of the strains
in the transverse dlrectlon and 1nd1cate that not only is
the plate belng prevented from contract1ng in the .
longltudlnal d1rect10n (the Poisson effect) but that tensile
stralns are being developed longitudinally and therefore
that some load is being carried in that direction,

The results of the strain readings of gauge B-12 given
in Fig. 6.12 are .typical of those gauges mounted on the
unloaded face in“the~corners at 45°to‘the long axis of the
specimen. Compressive strains existed there throughout‘tne
test, consistent with the concave npward curvature present

in the corners.

6.5 Comparisons of Results with_Analytfcal Predictions .

’
H

6.5.1 Membranedand ﬁltimate Strength Analyses

Cnrve U in Figq. 6;5~gives the predicted load—deflection
curve based on the complete stress—strain curve of the
material to failure On this curve .are marked the 11m1t1ng
loads as determlned by the maxlmum\straln and shear
criteria. For this plate the lower value of nond1mens1onal
load of 29.5 (shear limit), equ1valent to 3960 kPa, governs
and glvgs a test to predicted ratlo of 0.97 for test. l

Comparing the predicted maximum deflections by curve U with

the values of both tests in the upper ranges gives a test to
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predicted ratio‘of 1.16. Cur*e U does not however“take into
~account the flexural and. she%r deformations that occur
adgacent to the edges. Curve U' shown in Fig. 6.6 is derived
from curve U to take the observed edge deformation into
account based on’ the assumption that this deformation,
observed to be equal to the thickness of the plate, is
proportional to the transverse load. Using the corrected
curve ﬁ' the ratio of the test to predicted deflections

-

near fallure is 1.08.

6Q5.2 Finite Element Analysis

| The results ofwthe finite‘element analysis (F.E.A.)
based on the l1nearized stress strain - curve are’ plotted in
Fig. 6.6 along with the test results. This curve although
drawn for a uniform lateral pressure corroborates reasonably
well the test results for the plate loaded w1th fluid ) ‘:*
4pressure At a nondlmen51onal load of 28 the F.E.A. ' |
deflection is only 85% of the value of test 1. Although not
deflnitely establlshed the reason for the increased
stiffness of the F.E.A. appears to be assoc1ated with the
“boundary conditions of the model. Up to the -shear llmlt the
‘F.E.A. results do however follow qu1te closely the 51mple
ana1y51s of curve U based on the stress-strain curve beyond
strain-hardening. In particular, the F.E.A. shows the same
kink in the load-deflection behaviour at the predicted onset
of strain—hardening at a wmax/h approximately equal to-8.2.

The F.E.A, failure criterion was a maximum -strain of 1,32
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and the curve terminates close to the maximum strain limit
of curve U. No shear criterion limit was modelled in the

F.E.A,

6.5.3 Deformations

| After the failure in test 2, the edge slope of the
plate at the mid-length bf'the long sides was measured tb be
31. Edge slopes of 29.3°and 30.5°were determined from the |
local bending anélysis cdrresponding to strain measurements
ffqm gauges B-2 and B-3 of 6.045 and 0.049 taken just prior
to failure. These strain measurements therefore confirm
those predicted.by the local bending analysis.

The déflectioﬁ measurements providea by the 2 LVDT's
confirmed within 2%, under fluid pressure loading, (when the
centr%l portion of the plate is behaving essentially és an
inelastic membrane) that the shape across the width at the

middle of the long sideskis circular.

6.6 Sumﬁary | . : \

The load-deflection curvés for the twb”tests agree
closely. The m mbrane ‘analysis taking into account‘the'
po;tion of theAsﬁress—strain curve beyond ﬁhe beginning of
strain-hardening is in good agreement with the’ test results.
Forifhis platéﬁthe shear failure ériterion governs and gives
a testj}é?prediéted load. ratio of 0.97. By taking into

accquﬁé the,flexural and shear deformations at the edge the

ratio of fest—to—predicted deflection at failure is 1.08.
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The maximum deflection at failure was found to be greater
‘than one-sixth of the plate width. |

The results of the F.E.A. based on the llnearlzed
complete stress- straln curve fol ow closely the 51mple
.analysis of curve U also based on the stress-strain curve
beyohd stfain-hardening. The maximum load predicted by the
F.E.A. based on an ultimate local s?rain of 1.32 was close -
to the maximum strein failure limit of curve U based on the
same strein. No shear criterion was modelled At the onset
of strain—hardenlng, the F.E.A. shows the same kink in the
load—deflectioq behaviopr at wmax/h eqgual to 8.2 es shown by

the test results and the iheiastic membrane curve U.

Strain gauges'yithin the central third of the length of
the plate that measured strains across the width exhibited |
similar behaviour. Relatively small longitudinal gtrainv
measurements were recorded. Predicted edge slopes of the
plate at the middle of the'long sides at failure were in
good agreement with those ‘obtained from strain measurements.

Prior}td failure,»unloading’results in a near elastic

vload*deflection path that is retraced upon reloading until a

 load gregfef than that acting*p:ior to unloading acts.



7. DESIGN APPLICATION

It éppears tﬁat the full strength ‘of continmous-steel'
plates loaded tréqsversely,could be utilized inAdesigning
offshore oil exploratiop and production structures for use
in the Arétic. Under these circumstances the plétes would be
designed to carry the factored loads-at the ultimate limit
state in accordaq;euwith the criteria established herein,
The plates wouldxbe anaiyzed for whétever distribution of
"ice loads is considered feasible. A nmmbe; of other limit
states or conditions would have to be examined and, 1if
critical, satisfied. These conditions includé the fa%igueu
behaviour, the response under different loading ¢onditlons
andvthe anchorage of the plates around thesperiphery 'so that
the membrane forces.can be éeveloped. The designer should
also be satisfied that tﬁe deflections under service loads
would be acceptabie.‘ '_ |

: mAssumingvthat the plate thickness has been selected

based on membrane action to sustain tﬂe factored transversé
loads when the factored-resistance; baéed on either the
shear failure crlterlon or the maximum straln criterion, has
been reached, the designer would check the deflections at -
séecified load levels. These deflections are expected to be’
‘appreciable and must be éonsidered to be acceptable for the
intended structure. For the plates tested, with a width to
thag(;ess rat1o of about 100, fhe maximum deflection at

/ultlmate load was approximately one-sixth of the width.

- Assuming that the‘load factor consistent with the maximum -

8 101 ‘
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I} ’ ;
load was,féay, 1.5, from Fig. 6.6 the deflection

corresponding to the’'specified load is determined to be
about one- tenth of the span. It is suggested that

pJ

deflections of this order of magnitude would be acceptable,

. for offshore oil exploration and production structutes in

the Arctic. The structure would have the safety level

required and the deflectionS‘would not affect its

acdount.

t . - . . -
' To examine the ‘guestion of fatigue loading consider the
1 ' N

7

loéd—deformation response of Fig. 6.6. Points 1 to 2 and

‘,. _,

po{nts 3 to 4 show the behaviour of the membrane on
unioadlng. On relcading these paths are retraced. If a
‘ertain load, say that represented by point 1 has been
reached and then removed, further cycles of loading to the
same or a lesser level would 51mply cause cycling between
points 2 and 1. If on the other hand the maximum load on a

subsequent cycle wéé intermediate to points 1 and 3, cycling

would occur on~a ;iné"through‘this point at about the same

L3 .
slope as the line joining points 1 and 2. It is anticipated

that a significant number of cycles of loadlng displaying
thlS essentlally elastic behav1our could be withstood before
fatlgue cracking would_ensue. It is further ant1c1pated that
the number of cycies of extreme loadlng that a calsson type

structure used for oil production in the Arctic, when
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designed dt ultimate against ice forces with a return period
of, say, 100 years, would not be sufficient to cause fatigue
failure,

The deflected shape of an individuél plate panel is
directly related to the distribution of loads to which it .
has been subjected. If, therefore, a panel ‘is subjected to a
loading pattern different from that which first occurred, a
new inelastic deflecfgd shape would be developed as shown by
McDermott et al. (19743 provided the second load is
sufficiently large. The panel simply adapts to the new
loading conditions. The variation in loading on a panel is
thereere seen not to be a problem. As a matter of fact the
permanent deformatibns that have occured can ba used
directly to determine the intensity of the force§ to which
plate pan%ls of the structure have been subjected\\The
structure 1tself becomes a conglomeration of V1rtually
1ndestructable ice load measurlng devices. The deflected
shapes prlede a significant clue to the distribution of
load. Theréfore, when subject to ice forces, the steel
plates forming the skin of a caisson type E?}ucture wéuld
act as load measuring dévices. It would be necessary only to

record the deflected shapes. Yearly observations would \

enable ‘the operator to cataloque the forces to which the - \
structure has been subjected, thus aécumulating a body of \
statistical data. 

The total transverse load applied to the steel plates |

or panels must eventually be transferred by the/sﬁpporting
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therefore Mmust sustain the loads as they would in a more
conventlonal de51gn The membrane behav1our requ1res, in
addltlon, that. the tensile forces developed in the panel be
anchored around the pPeriphery of ga series of Panels, Such
anchgrgge can be provided by framing members acting in the

plane of the plate. One solution that appears feasible woulg

/
To utilize the ultlmate capac1ty of Plates, i.e., the

inelastic membrane action, implies that :suth behaviour Wlll
Occur at the low ambient temperatures that can be expected
in the Arctic. Whlle the plates are. subject to extensive
stralnlng they are relatively thin ang should not have
slgnlflcant d1scont1nu1t1es Or stress rajisers. Tests of

plates under cold temperaturesg would éeITﬁeate the

appllcatlon

The use of the fyll Strength of continuous steel plates
as develobed with 1nelast1c membrane action has further
applications in any c1rcumstance5"wh@re the significant
deformations that do develop are not of /mbortance Other
applications could include structures for Storing materials

such as tanks, bins ang hoppers,
}
|

i
i
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¥ 8. SUMMARY AND CONCLUSIONS
b
LS ™

8.1 ngmary and Conclusionsg

1. An extensive literature search has not revealed that
satisfactory solutions exist for the loag- -deflection
response of transversely loaded contlnuous Steel plates
beyond the elastlc limit when taking into accouht both
flexural and membrane action, Many elastic solutions for
the load- ~deflection response of plates having- varying
aspect ratios are available. Some inelastic solutions of
limited apppllcablllty are also available, The 1nelastlc
solutions, extensions of Timoshenko's (1940) elastic
solution, include those of Clarkson (1956), Chien and
Yeh (1956) ang Hooke'(1969,1970), among others, and are

either closed-form or iterative.

2. Experimental data, limited in the inelastic range of
behaViour, show that the elastlc solutions for the

load-deflection response of plates of any aspect ratio

at the edges of the plate. Without considering
stralnfhardenlng, this finding validates the assumption
of using a b111neaq moment - curvature relatlonshlp to

model the flexural behaviour of a steel plate.

&
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\
By considering relationships describing limiting
behavioural modes of transversely loaded continuous
steel plates, the domain in which the load-deflectiodn
response lies is established. The first portion of the
domain governs.the behaviour until full yielding occurs
in tension along the long edges. The second portion,
governing the behaviour when inelastic membrane action
oOccurs, is based on an elasto-plastic stress-strain
relationship. Within this domain the plate first behaves
in a combined flexural membrane mode, until plastic’
hinges form at the edges of the long sides. This hinge
formation results in decreased stiffness. With further
loading flexural membrane action continues but flexural
action is eventually obliterated wheq the entire
cross-section is ylelded in tension. Additional
transverse load can then be applied to the plate as
deflections increase due to increased axial straining.
The analysis, Qérified by test, predicts‘the behaviour

to the point where the membrane is fully yielded in

“tension. Beyond this point, the analysTs wives the

domain in which the load-deflection response \lies, as
Poisson's ratio increases from the elastic to the

inelastic vaﬂ‘% and strains greater than the

~strain—haqdening strain develop in the membrane. The

analysis, as substantiated by the available experlmental
results of others and test data reported here, shows

that a continuous flat plate subjected to uniform-~

A\
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transverse loads and fluid pressure, when membrare

action Is considered; can carry a transverse load many

5

timesjthat determined on the basis of flexural action

only‘ 3

An analy51s culmlnatlng with 1nelast1c membrane

: beﬁgylour and taking into account the stress- strain

curve beyond the beglnnlng of strain- hardenlng gives a

;1oad-deflectlon response 1y1ng'w;th1n the behav1oural

domain to the pointa&hefe the straining beyond the yield

strain piays a role.

'Edge effects, that give rise to local bending and

shearing ‘stresses, limit the -load that can be carried

. and increase the defleotions slightly. Two failure

criteria based on edgeeffects, one related to maximum
tensile straining and the other tb shear loading, have

been developed.

~

‘Two fanitelelement analyses have been performed on an

infinitely long continuous steel plate model. The first
anaiyeis‘is based on an elasto-plastic streSsttfain

relaéionship forbthe-steel and‘the other considers the
complete~stre55—strain curve to failure. Both‘analyses

fpllow“close1y theupredioted behaGiOUr to the load

‘correspondlng to complete y1eld1ng of the membrane in

ten51on at the edges. Beyond thlS the analysis based on

"

-4 ' b=
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suggested.
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the complete stress strain curve gives a load deflection
response that corresponds well with the membrane
analysis predlctlons that include strain-hardening and .
also 1s in reasonable agreement with the test data. Some
modifications to the finite element mesﬁ‘and to the

manner in which the bouq%igies are modelled is

b,
X |

Two tests were conducted on, .47 m@;d%lck i‘ﬁel plates
with an as ECt ‘ratio of 1/3 and a w1dth to thickness

\rath\of B The plates were clamped agalnSt rotatdion

‘and transiatlon at all four edges and subjected to fluid
pressuret Edge shear failure occurred in one plate-at a
preSSﬁfe\\f 3850 kPa, tha- is at 28.6 t1mes that of the
41mple plastlc flexural analysis and is 0.97 of that
predlcted %he average failure deflection is 1,08 times
that predlqted u51ng the inelastic™membrane analysis. In.
the second test the edge restraint failed. Even when
51gn1f1cant inelastic membrane deflectlo;s have occurred
the unloadlng and reloading response is nearly elastic.
The‘behaviour, assuming that inelastic membtane action
(fully predominates, is Well-substantiated by the tests.

\ .
Strain measurements taken on the steel Plates tested are

conslstent w1th the behav1our described herein.
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10. It appears that the inelastic membrane strength of

11.

.2

continuous steel plates loaded transversely could be
utilized in designing the skin plates of caiésop—type
offshore structures for use in the Arctic. The

significant plate deflections that can occur would have

to be considered to be acceptable. It is anticipated

that a significant number of cycles of.loading could be

withstood and therefore that fatigue would not be a
problem.iChanging.tﬁe loading patterns would not unduely
influence the overall behaviour; Té utilize the membfqne
action‘requires proper design of framing members and
steels selected wogld!have,to'be appropriate for use in

" [

the Arctic.

When the load-deflection response is known the plates.

forming the skin of a caisson type structure can be .

utilized as load measuring devices.

Areas'of\Future Work \

The analyses presented are limited to plates of zero
aspect ratio and should be extended to plates with other
aspect ratios.

A number of refinements to the finite element analyses
are Suggested. These include increasing the number of

elemeénts used near the plate edge and changing the



boundary conditions at the fixed edge to model more
closely the real conditions that would”exist there. A
three- dlmen51onal f1n1te element analysis is recommended
for analyzing plates with aspect ratios other than zero.
A.comprehensive test program on tpansversely'loaded

plates w1th well defined materlal propertles and

boundary conditions should be conducted These tests

f -

ShO' re of substantial scale. Parameters to be
anEQngatEd include the aspect ratio and the length to
thickness ratlo

Further knowledge of the behaviour under cyclic loading
and the behaviourvunder low temperature conditions would

be valuable. &

»

Research is needed to determine the effect of the

deflected shape of the piate on the strength and

‘behaviour of supporting frames or ribs. t

Framing methods need to be developed to ensure that the
plates are anchored suff1c1ently such that they may

behave as inelastic members.
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