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Abstract

In this dissertation, we advance the theoretical understanding of two fami-
lies of Reinforcement Learning (RL) methods: Classification-based policy
iteration (CBPI) and model-based reinforcement learning (MBRL) with
factored semi-linear models.

In contrast to generalized policy iteration, CBPI does not rely on value-
function estimates (value estimates for all states and actions). Instead, CBPI
uses a classifier to learn how to discriminate value-maximizing actions based
on value estimates for a set of observed states and actions. This creates the
potential for learning effective policies in settings where estimating value
functions is challenging, but where good value estimates can be obtained
and good actions can be distinguished from sub-optimal ones.

Previous theoretical work on CBPI has required classifiers that are com-
puted by solving a combinatorial problem, which we can expect to be
computationally hard (with minimization of the infamous 0-1 loss as a
special case). In contrast, classifiers that are computed by solving convex
minimization problems (which can be done efficiently) enjoy limited or no
performance guarantees, namely, bounds on the cost-sensitive generaliza-
tion of the misclassification probability, the so-called “true risk”. Therefore,
we only have instances of CBPI that enjoy theoretical guarantees but cannot
be used in practice, or vice-versa. We present a theoretical analysis of CBPI

that fills this gap, by providing theoretical guarantees for instances of CBPI
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that can be used in practice (by virtue of the classification methods used).

Our analysis extends an existing theoretical analysis of CBPI, and incor-
porates performance guarantees for classification methods that minimize
a cost-sensitive multiclass convex surrogate loss that generalizes the hinge
loss. The hinge loss has been widely used in the design of classification
methods, including the popular support vector machines (SVMs). As part of
our analysis, we also present results for cost-sensitive multiclass classifica-
tion: Novel expected surrogate loss (surrogate-risk) bounds, as well as tools
for converting surrogate risk bounds into true risk bounds. This is done
with the help of novel calibration functions that are specific to cost-sensitive
multiclass classification losses. Moreover, our analysis of CBPI can be easily
adjusted to accommodate for different classification methods, provided
that the corresponding surrogate risk bounds and calibration functions are
available.

We also present policy error bounds for MBRL methods that use factored
semi-linear models. The factored semi-linear model framework generalizes
the factored linear model framework and many existing MBRL methods.
Notably, factored semi-linear models generalize a recent trend of MBRL
methods that depart from learning “traditional” MDP models in order
to achieve flexibility, computational efficiency, data efficiency and good
empirical performance. As such, factored semi-linear models are both
tlexible and geared toward efficient policy computation, with instances that
have been shown to be promising in practice.

The policy error bounds that we present improve the previously existing
bounds by relaxing conditions, refining the bounds themselves, and increas-
ing the scope of models that they apply to—namely, factored semi-linear

models. These bounds allow us to understand the policy error in norms
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other than the overly-harsh supremum norm. For example, our L (y) norm
results allow us to see that policy error bounds for MBRL methods with
factored semi-linear models are less sensitive to covariate-shift than policy
error bounds for competing methods, such as approximate linear program-
ming or approximate dynamic programming methods. This robustness
suggests that MBRL methods with factored semi-linear models have much

potential to be a valid alternative to popular non-model-based RL methods.
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Preface

The introduction to reinforcement learning in Chapter 1 presents concepts
and ideas from Puterman (1994); Bertsekas and Tsitsiklis (1996); Sutton and
Barto (1998); Bertsekas (2007); Szepesvéri (2010); Bertsekas (2016). The rest
of this dissertation is grounded on joint work with the author’s supervisor,
Csaba Szepesvari.

Chapter 2 is original to this dissertation, and the original results therein
have not been previously published. The results are closest to recent work
of the author, Csaba Szepesvari and Mohammad Ghavamzadeh (Avila Pires
et al., 2013; Avila Pires and Szepesvdri, 2016a).

Chapter 3 is also original to this dissertation, and the original results
therein have not been previously published. The results build on those of
Chapter 2, and most closely on the work of Lazaric et al. (2016).

Chapter 4 is an updated version of a conference paper authored by the
author and Csaba Szepesvari (Avila Pires and Szepesvari, 2016b). While
the text and comments are largely taken from the conference paper, in
Chapter 4 I fully develop an extension of factored linear models that was
only briefly discussed in the related work section (Section 6) of Avila Pires
and Szepesvdri (2016b): In the updated results, we are no longer required
to have a join-homomorphism assumption (cf. Theorems 11 and 12 of
Avila Pires and Szepesvari, 2016b), and I generalize the factored linear
model framework to what we call factored semi-linear models.
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vi



Acknowledgments

I have had a great time at the University of Alberta. My time there has been
not just two graduate programs, MSc and PhD, but life: My experiences
at the University are part of who I am, and have dramatically shaped my
foreseeable future.

At the University of Alberta, during my PhD, I met my sweet, dear wife
Mahsa—without her support and love, I would have achieved nothing. She
is the joy of my days.

Although I have been physically distant from my beloved parents, Fer-
nando and Lélia, they have incessantly and warmly supported me, loving
me without reservation. All my achievements stems from their dedication
and love as parents and friends.

For these seven years that comprised the MSc and PhD, I have worked
with Prof. Csaba Szepesvari, who teaches and works with absolute pa-
tience, diligence and passionate devotion. Csaba is a fantastic supervisor,
researcher, mentor, colleague and friend, from whom I have learned im-
mensely, and to whom I am extremely grateful.

I must also extend my gratitude to all who have supported me through-
out these many years. I give especial thanks to

¢ all my friends and family, in Canada, Brazil and elsewhere, in particu-
lar Levi, Estacio, Leticia (and their baby whom we all love, Helena),
Gabriel, Thais, and Arthur;

¢ the Basilian Fathers, in particular Frs. Glenn, Dave, Terry and Don, as
well as all the community and friends from St. Joseph’s College, where
I have grown in faith, and found hope and support in the difficult
times;

¢ my Sensei, Sean Bowen, and my fellow karateka;
¢ the University of Alberta faculty, in particular Prof. Dale Schuurmans;

¢ the staff at the Department of Computer Science, the International
Centre, and the Counseling and Clinical Services, in particular Jason
Murray;

vii



Thanks be also, and above all, to God, from Whom flow all the generosity
and love that I have received from all around me, and from Whom comes
all that is good, and all the gifts that I have been given. May this work and
my work serve to further His love in this world.

$ o4 %

This work was supported by Alberta Innovates Technology Futures and
NSERC. My special thanks to Professors Csaba Szepesvari, Dale Schuur-
mans, Andréds Gyorgy, Ivan Mizera and Ambuj Tewari for their valuable
assistance and feedback in the preparation of this work.

viii



Contents

1 Introduction 1
1.1 Reinforcement Learning . . . .. ... ... ........... 2
1.1.1 Problem Definition . . . .. ... ... .. ... ..... 2
1.1.2  Dynamic Programming . ... ... ........... 5
1.2 Contributions and Dissertation Outline . . ... .. ... ... 7
2 Cost-sensitive Multiclass Classification 12
2.1 Problem Definition . . ... ... ... ... ... ........ 13
2.2 Empirical Risk Minimization, Surrogate Risk, and Risk Bounds 15
2.3 Calibration Functions . . . . . . .. ... . ... ... ...... 20
2.3.1 General Calibration Functions . . .. ... .. .. ... 20
2.3.2 Calibration Functions for LE™W . . . . ... ... ... 22
2.3.3 Calibration Functions for LZhang . ... 23
234 Relaxing the Assumption of Non-negative Costs . . . 25
2.3.5 Calibration Functions by Reduction to Cost-Insensitive

Classification . . .. ... ... ... ... ........ 25
24 Surrogate Risk Bounds . . ... ... ....... ... .. ... 27
241 A Variant of the Classification Learning Problem . .. 28
242 RiskBounds . . ... ... ... ... ... .. . ..... 33
2.4.3 Discussion and Related Work . . . . .. ... ... ... 39
25 Conclusion . . . . . . . .. . 40
3 Classification-Based Policy Iteration 44
3.1 A Unified Viewof CBPI . . .. ... ... ... ... ...... 46
3.2 An Extended Analysisof CBPI . . .. ... ........... 50
3.2.1 Preliminaries . . .. ... ... ... ... ... ... 50
322 TrueRiskBounds. ... ... ...... ... ...... 53
3.2.3 Policy ErrorBounds . . .. ................ 55
33 Conclusion . . . . . . ... .. 57

4 Model-Based Reinforcement Learning with Factored Semi-Linear
Models 59
41 Preliminaries. . . . . . . . . . . . . e 63
4.2 Factored Semi-Linear Models . . . . .. ... .. ... ..... 64

X



43 Assumptions. . . ... ... ... ... L L
44 Results . ... ... .
441 A ViabilityResult. . . . ... ... ... . ... ...
4.4.2 Previous Results on the Policy Error . . . . . ... ...
443 Bounds on the Policy Error in Factored Semi-linear
Models . . . .. ... .. .
45 Conclusion . . .. ... ... . L o L oo
5 Conclusion
Bibliography
A Proofs
Al Chapter2Proofs . ... .............. . ... ....
A1l Section23Proofs. . ... ... ... ... .. .....
Al12 Section24Proofs. .. ........ ... .. ......
A2 Chapter3Proofs .. ............ ... .. .. ....
A3 Chapter4Proofs . .......... ... ... . ... ....



List of Figures

41 Commutative diagrams showing the operators and the spaces
that theyacton. . ... ... ... .. ... . ... . ... ...

xi



List of Symbols

SR

ZRESRO00ZFTT
——

—

~

AROT TR OES T

(Reinforcement Learning) State space of an MDP . . . . . . 2
Action spaceofanMDP . . . . . ... ..o oo 2
Apolicy ... ... . 3
Discount factor underlying the expected discounted total

reward . . ... 4
Reward functionofanMDP . . . ... ... ... ... ... 4
Transition probability kernel of an MDP . . . . . . ... .. 5
Value functionof apolicy r. . . . . ... ........... 5
Optimal value function . ... ... ... ... ........ 5
Space of all stationary deterministic policies . . . . ... .. 5
Anoptimal policy . ... ... ... ... ... .. .. ... 5
RY 6
RYA 6
Bellman return operator . . . . . ... ... ... ....... 7
Maximum selection operator . . . . ... ... ........ 7
Greedy operator . . .. ... .. ... ... ... ... ... 7
(Classification) A cost vector . . . . . ... ... ....... 13
(Classification) Input space . . . .. ... ........... 13
Setoflabels . . ... ... ... .. .. ... ... .. ... 13
Indicator function. . . . . ... ... . .o o L 14
All-ones vector (of appropriate dimension) . . . . ... ... 15
Natural numbers {1,2,...} .. .. ... ... ... ...... 15
{1,...,n} o 15
Feature extractor . . .. ... ... ... ... ... ..... 15
Asurrogateloss. . . . .. ... Lo Lo L L 16
Score set (of a surrogateloss) . . . . ... ... ... ... 16
Set of score functions . . . . .. ... ... Lo L. 17
(Classification) Maximum selector . . . . .. ... ... ... 17
Calibration function . .. ... ... ... .. ......... 18
(In a bound) confidence parameter . . . . . . ... ... ... 18
The left factor of factored semi-linear models . . . ... .. 64
The right factor of factored semi-linear models . . ... .. 64
The linear compression operator of factored semi-linear

models . . . ... ... 64

Xii



List of Abbreviations

RL Reinforcement Learning . . . . ... ... ... .......
MDP  Markov Decision Process . . . . . . .. ... .. ... ...
DP Dynamic Programming . . ... ... ... .........

wrt.  withrespectto. . . . ... ... ..o Lo Lo
w.p. with probability . . . ... .. ... ... .. 0000
s.t. suchthat . .. ... ... .. ... .. ... . ... ...
CBPI  Classification-Based Policy Iteration . . . . ... ... ...
MBRL Model-Based Reinforcement Learning . . . . .. ... ...
DPL  Direct Policy Learning . . . . .. ... ... .........
GPI Generalized Policy Iteration . . . . .. ... ... ... ...
ERM  Empirical Risk Minimization . ... ... .. ... .....
SVM  Support Vector Machine . . . . ... .............

xiii



Chapter 1

Introduction

Consider an agent that interacts with the environment by taking an action
and then observing some information about the environment, along with
a numerical reward signal. Reinforcement learning (RL) is the problem of
constructing agents that interact with an unknown environment in the
described fashion and are capable of maximizing the amount of reward that
they collect on the long run.

Reinforcement Learning is well-suited for designing goal-oriented agents
with the potential to succeed in a variety of tasks without requiring too
much (though often benefiting from) prior knowledge about each specific
task. The field of RL has been subject of much research and the years have
seen many successful applications. From the theoretical point of view, RL is
related to a series of challenging and interesting problems, e.g., controlling
systems with complex dynamics, dealing with delayed feedback structure,
exploration, covariate shift, and even supervised learning (e.g., regression
and classification).

In this chapter, we will give a minimalistic introduction to the reinforce-
ment learning problem in its most studied setting, where the environment
is treated as a Markov Decision Process (MDP). We also introduce Dynamic
Programming (DP), the standard approach to “solve” MDPs. There is a
vast body of literature on various reinforcement learning methods that we
do not discuss in this dissertation, as well as variants of the basic MDP

framework. We refer the reader to the works of Puterman (1994); Bertsekas



and Tsitsiklis (1996); Sutton and Barto (1998); Bertsekas (2007); Szepesvari
(2010); Busoniu et al. (2010b); Powell (2011); Wiering and van Otterlo (2012);
Bertsekas (2016), who give a comprehensive treatment of Reinforcement
Learning.

We will close this introductory chapter with an outline of this dissertation
and an overview of the scientific contributions presented in each of the

subsequent chapters.

1.1 Reinforcement Learning

In this section we define the reinforcement learning problem in the MDP
framework, and introduce dynamic programming. This section is derived
from the works of Puterman (1994), Bertsekas and Tsitsiklis (1996), Sutton
and Barto (1998), Szepesvari (2010) and Bertsekas (2010).

1.1.1 Problem Definition

We will treat the environment as a Markov Decision Process (MDP). An
MDP is a discrete-time sequential decision framework where at each time-

'a random state? X; taking values

step t the agent is assumed to observe
in a state space X, takes a (possibly-random) action A; taking values in an

action space A, observers a random state X;;; € X and a random reward

1 It may not always be the case that the agent is able to fully observe the state of the
environment, or that the environment is even Markovian. The framework of partially-
observable MDPs (POMDPs) (Spaan, 2012) allows us to consider scenarios where agents
do not fully observe the state of a finite MDP, and to account for these partial observations.
Hutter (2014) shows that if the environment (be it partially-observable, non-Markov,
adversarial, etc.) enjoys some regularities then we do not lose much by assuming that it is
an MDP and then using an optimal policy for this MDP to act in the environment.

2 In this dissertation, we omit technical details related to measurability, as they are
well-understood. We will assume that sets and functions are measurable with respect to
(w.rt.) the underlying measure spaces. Moreover, predicates of the form [for any Z’ C Z]
should be read as [for any measurable Z’ C Z]. We will mention measurability explicitly
in the few situations where this technicality must be treated with care. To shorten notation,
for a random variable Z taking values in some Z and some random variable W, we will
treat P(Z| W) as a o(W)-measurable distribution p such that p(Z') =P(Z € Z/'| W) for
all measurable Z’ C Z. This notation only clashes with standard notation when Z takes
values in {0,1} (almost-surely), which will not happen in this dissertation. As usual,
conditioning on W should be read as conditioning on the sigma-algebra generated by W.
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Ri11 € R, takes another action A;;1 € A, etc. The random variables
(Xt4+1, R41) (t > 0) are assumed to be Markov, that is, they are conditionally

independent of the “past” (Xo, Ao, R1, X1, ..., Xi—1, At—1) given the “present
(X, Ap):

P( X1, Rit1]| Xo, Ao, R, X1, .., X, At) = P( X1, Repa| X, Ar),  (1.1.1)

where Xj ~ « is a random initial state and « is the initial state distribution of
the MDP. We will refer to the sequence Xy, Ag, Ry, X1,..., X fort > 0as a
trajectory.

In the MDP framework, agents are merely strategies for choosing
(Ao, A1, ...). A strategy for choosing actions is called a policy, which maps

trajectories to distributions over the set of actions .4, that is
At ~ 7T(X0,A0, Rl, Xl,...,Xt). (112)

Optionally, we may restrict the actions that policies may choose at each
state. In this straightforward extension of the MDP framework, there is a
function a : X — 24 and policies are restricted to satisfy A; € a(X;) with
probability (w.p.) one. In this text, in order to simplify notation, we will
not use this extension, but the results do not depend on the simplifying
assumption that all actions are allowed at all states.

We say that a policy 7t is stationary if the actions A; depend only on the
respective X;, that is, if for all t > 0

]P(Al’| XO/ AO/Rll Xl/ .- -/Xt) - ]P(Ai" Xt)/

in which case we can write A; ~ 71(X;). We say that 7 is deterministic if
71(X;) is degenerate, i.e., there exists f : X — A such that (s.t.) A; = f(X;)
w.p. one. In this case we will abuse notation and write A; = 7(X;).

As mentioned before, the goal in the reinforcement learning problem is
to compute policies that are capable of maximizing the amount of reward
that they collect on the long run. The long-run aspect is important, as

normally we are not interested in policies that maximize only the expected
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immediate reward E(R;), or E(R;) in step t. Rather, we want a policy
7 that chooses (Ag, A1, ...) so as to maximize the expected discounted total

reward, or expected return®

E (i fyt_lRt>, (1.1.3)
t=1

where ¢ € [0,1) is a so-called discount factor. The closer 7 is to one, the
greater the weight given to rewards in the distant future. We will assume
that the rewards are s.t. (1.1.3) is well-defined and finite, regardless of 7t and
«. As an example, it would be sufficient take uniformly bounded rewards:
sup,|R¢| < max W.p. one, for some constant rmax < 0.

It is possible to impose additional assumptions so that (1.1.3) also holds
with 7 = 1 (see Bertsekas and Tsitsiklis, 1996, Section 2.1, pp. 12-14 and
Szepesvari, 2010, Section 2.2, p. 11), leading to an undiscounted objective.
When v = 1, the MDP is assumed to be episodic, in the following sense:
An MDP is episodic if it has a set of terminal states T C X satisfying
P(X;41 € T,Ri41 =0/ X; € T) = 1. In other words, terminal states are
absorbing and incur zero return for any agent acting in the MDP. An
additional restricting and simplifying assumption often made in literature
is that a terminal state is eventually always reached, regardless of how the
actions are chosen by the policy. Formally, for some t large enough we have
X € T w.p. one.

It is also possible to have undiscounted (y = 1) MDPs with a different
goal, such as maximizing the average reward (Bertsekas and Tsitsiklis, 1996,

Section 2.1, p. 15):

t
lirtrL sogp]E (t% ;)RSﬂ). (1.1.4)
Throughout this text, we will assume that maximizing the expected dis-
counted /undiscounted total reward is the objective of the agent.

From now on, we will assume that the action space is A is finite, and

that rewards R; are given by a reward function r : X x A — R so that

3 We define 7 = 1if vy = 0.



r(Xt, At) = E(Ryy1] Xt, At) holds w.p. one. The assumption that rewards
are deterministic is a simplifying assumption that can be removed without
much effort. The MDP can then be written as a tuple (X, A, P,r,«,7),
where the only component that remains to be introduced is P, the transition

probability kernel of the MDP, defined such that
Xip1 ~ P(Xe, At)

w.p. one. Formally, P maps X x A to probability measures over X and
satisfies that, for Y C X, (x,a) — P(x,a)(U) is measurable. That such a

kernel exists follows from (1.1.1) under mild assumptions on X

1.1.2 Dynamic Programming

Our goal is to construct a policy 7 so as to maximize the expected return
given in (1.1.3). Whether and under which circumstances we can succeed
will depend on a variety of factors, including the type and the amount of
information available to us. In the simplest setting, the MDP is known, in
which case we can choose 7t so as to maximize the value of each state x, i.e.,

the total expected discounted reward of 7t given that the initial state Xj is x:

X0:x>,

with (X, A;) satisfying (1.1.1) and (1.1.2). V™ is called the value function of

V7(x) = E ( Y IR
t=1

t. The largest possible value function is the optimal value function, defined
by
V*(x) = sup V7 (x). (1.1.5)
s

A policy whose value function is optimal is called an optimal policy, and
will be denoted by 7t*. Note that while the optimal value function is
unique, there may be multiple optimal policies (in which case 77* will
denote an arbitrary optimal policy). Letting IT = A% be the set of stationary
deterministic policies, it is known that if v < 1 then V*(x) = sup . V" (x)

and an optimal stationary deterministic policy 7t* € I1 exists (Szepesvaéri,



2010, Section 2.3, p. 14). When < = 1, similar statements can be made
under additional assumptions on the reward function (see Bertsekas, 2010,
Chapter 7: Corollary 2.2 and Proposition 3).

To find 7t*, we can first solve the Bellman optimality equation (Szepesvari,
2010, Section 2.2, p. 15) for V*. This equation states that V* must satisfy, for
allx e X

V*(x) = maax]E(RtH + YV (Xps1)| Xt = x, Ar = a). (1.1.6)

Once V* is found, for each x we can simply take 77%(x) to be a maximizing
action in (1.1.6). Another powerful fact is that any V : X — R that satisfies
the fixed point equation (1.1.6) must be equal to V¥, i.e., (1.1.6) has a unique
tixed point. Therefore, we have a clear approach to find 77*: Find the fixed
point of (1.1.6) and take, for each x, 77%(x) as a maximizing action in (1.1.6).
This approach is known as dynamic programming.

We can re-write (1.1.6) compactly using operator notation, which we now
introduce (reproduced here from Avila Pires and Szepesvari, 2016b, Section
2). Recall that “a Banach space is a normed [vector] space that is also a complete
metric space under the metric induced by its norm” (Aliprantis and Border, 2007,
Definition 6.1, p. 228). We let (V, || - ||y) be a Banach space of real-valued
functions over X, equipped with a given norm, and (V4| - ||,4) be a
Banach space of functions mapping A to V. We assume V contains the value
functions of all deterministic stationary policies (all 7= € IT), V4 contains
the action-value functions? of all 7t € I1. Of course, since A is finite, VA
can also be identified with the set {(x,a) — (V(a))(x) : V € YA}, which is
a set of X x A — R functions. For V € VA and a € A, we will use V* as

an alternate notation to V(a) = x — V(x,a). Conveniently, V* € V. With

% The action-value function of a policy 7 is defined by

i ')’tilRt
t=1

V7™ (x,a) = ]E(

onx,A0:a>,

for x € X and a € A, with A; ~ 1(Xo, Ao, Ry, X1, ..., X¢) (t > 1). Typically, action-value
functions are denoted by the symbol Q, but we use V™ for both (state-) value functions
and action-value functions, and the distinction will be clear from the context.

6



a slight abuse of notation, we take P = (P?),c4 where P? is the V — V
right linear operator defined by (P?V)(x) = E(V(Xi41)| Xt = x, At = a)
with X1 ~ P (X, Ar) (we assume that V € V implies integrability, so that
the integrals are well defined). We also treat P as a V — V4 linear operator
defined by (PV)? = P(V?) fora € Aand V € V. We also assume that
the reward function r is an element of V4, so r*(x) will be used to denote
r(x,a).

The Bellman return operator Tp : V — VA, is defined by TpV = r + yPV.
and the so-called maximum selection operator M : VA — V is defined by

(MV)(x) = max, V*(x). We can therefore write (1.1.6) in compact form:
V¥ = MTpV* 1.1.7)

and we can also define the greedy operator G : V4 — I1, which selects the
maximizing actions chosen by M:

GV(x) = argmax V*(x)

a
for all x € X, with ties broken arbitrarily. As mentioned, under some
conditions (e.g., v < 1) GTV* is an optimal policy.

The performance of a policy 7t will be given by the policy error
Vs =V=ly,

and different choices of the norm || - ||,, can be made. For example, a com-
mon choice is the supremum norm ||V ||, = sup, .|V (x)|. In Sections 3.2.3
and 4.4 we will look at policy error bounds with the supremum norm, as

well as other choices of || - ||,

1.2 Contributions and Dissertation Outline

It is already known that DP allows us find an optimal stationary determin-
istic policy in an MDD, i.e., it essentially solves the MDP. It can be carried

out, for example, via linear programming (de Farias and Van Roy, 2003),



policy iteration, or value iteration (Szepesvari, 2010, Section 2.4, pp. 16—
17). However, DP requires that we know r and P, and, even if we do,
DP is intractable if the cardinality of X x A is too large. As remarked by
Szepesvari (2010), DP is intractable in all but the simplest MDPs, and RL
methods (insofar as an optimal policy is being sought) one way or another
are approximately doing DP in settings where there is only “indirect access”
to P and maybe r, and where X x .4 may be prohibitively large.

In this dissertation, we present advances in the theoretical understand-
ing of Classification-Based Policy Iteration (CBPI, Farahmand et al., 2014;
Lazaric et al., 2016) and Model-Based Reinforcement Learning (MBRL) with
factored semi-linear models. Our emphasis is on analyzing practical meth-
ods, that is, reinforcement learning methods that compute policies efficiently.
Evidently, we want practical algorithms to produce effective policies, and in
this text we focus on provable effectiveness, namely, theoretical guarantees
in the form of policy error bounds.

CBPI falls under the category of so-called Direct Policy Learning (DPL)
methods, which also includes, e.g., policy gradient (Sutton et al., 1999),
conservative policy iteration (Kakade and Langford, 2002), and classification-
based methods for learning non-stationary policies (Langford and Zadrozny,
2003; Bagnell et al., 2003; Langford and Zadrozny, 2005). The notable trait
of DPL methods is that they do not necessarily rely on estimating value-
functions, but only on value estimates at certain state-action pairs. In
contrast, many popular RL methods, e.g., SARSA, Q-learning, (Sutton and
Barto, 1998), approximate policy iteration (Scherrer, 2014) and fitted Q-
iteration (Antos et al., 2008a), are instances of Generalized Policy Iteration
(GPI, Sutton and Barto, 1998, Section 4.6, p. 106), and, as such, rely (at least
procedurally) on estimating value functions. While it is not clear whether
GPI inherently depends on “accurate” value-function estimates, the existing
performance guarantees (policy error bounds) for these methods do degrade
when value-function estimates are poor (see, for example Bertsekas, 2012,

Proposition 3.1).



It is important to emphasize that estimating value functions is different
from estimating values at a given set of state-action pairs—which DPL
methods do resort to. Accurate value function estimates should yield good
(greedy) policies, however, it is plausible to expect that such estimates not be
necessary for constructing effective policies. Therefore, one can anticipate
that there will be cases where accurate value function estimates cannot be
constructed and GPI may fail, but where DPL can succeed in constructing
effective policies. As a motivating example, in SZ-Tetris (Burgiel, 1997)
a simple set of features proposed by Bertsekas and Ioffe (1996) is likely
not expressive enough for representing value functions (parametrically),
as evidenced by poor performance of GPI methods (Bertsekas and Ioffe,
1996; Szita and Szepesvari, 2010). However, the features are still expressive
enough for good policies to be represented, as we can see from the per-
formance of local-search methods (Szita and Loérincz, 2006). Because DPL
methods may avoid estimating value functions, they hold the promise to
leverage the representation in order to learn good policies directly, using
value estimates only.

CBPI, at its core, makes use of a classification method, and therefore
has the potential to succeed where classifiers can be effective in using
value estimates to discriminate better actions (actions with higher value)
from sub-optimal ones, and where the representation allows generalizing
this “effective action discrimination” across the state space. Indeed, the
performance of a CBPI method is inherently tied to the performance of the
classification algorithm used, and in order to present policy error bounds
for CBPI, we need performance bounds classification.

The two existing analysis of CBPI (Farahmand et al., 2014; Lazaric et al.,
2016) rely on classification methods that solve a combinatorial problem,
which can often be computationally hard. In contrast, classification methods
that require solving convex minimization problems (which can often be
done efficiently) enjoy limited or no performance guarantees. Therefore, we

only have instances of CBPI that enjoy theoretical guarantees but cannot be



used in practice, or vice-versa. The theoretical analysis of CBPI presented
in this dissertation fills this gap, by providing theoretical guarantees for
instances of CBPI that can be used in practice (by virtue of the classification
methods used).

Our first analysis, therefore is not of reinforcement learning methods,
but of cost-sensitive multiclass classification algorithms. In Chapter 2, we
look at the popular approach of empirical risk minimization applied to
surrogate convex losses. This approach leads to what we informally call
practical classification methods, that is, methods that are efficient and can
be used in practice. We present novel surrogate risk bounds for these “em-
pirical surrogate risk minimizers” and a particular family of cost-sensitive
multiclass classification losses. We also present specific results for convert-
ing these surrogate risk bounds into true risk bounds. Our surrogate risk
bounds allow us to understand, as a special case, the performance of a
cost-sensitive generalization of the hinge loss, which has been used in the
design of many classification algorithms, including the popular support
vector machine (SVM, Hastie et al., 2009, Chapter 12, p. 417).

In Chapter 3, we then present our analysis of CBPL. The central result of
this analysis is a policy error bound derived from the work of Lazaric et al.
(2016), and which incorporates the results developed in Chapter 2.

In Chapter 4, we present policy error bounds for MBRL methods with
factored semi-linear models. MBRL methods have often been regarded as
inefficient or not scalable. However, they have recently been the subject
of a number of works that have focused on efficient methods with a great
potential to be competitive with other (“model-free”) methods (Ormoneit
and Sen, 2002; Barreto et al., 2011; Griinewélder et al., 2012; Kveton and
Theocharous, 2012; Lever et al., 2016). We present an updated version of the
work of Avila Pires and Szepesvari (2016b), with policy error bounds for
MBRL methods that use what we call factored semi-linear models. Factored-
linear-model methods generalize many previously proposed model-based

reinforcement learning methods, including the efficient MBRL methods just
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mentioned. Although factored semi-linear models are a mild generalization
of factored linear models, we are able to increase the scope of the policy
error bounds of Avila Pires and Szepesvari (2016b), which, differently from
ours, did not apply to all factored-linear-model methods. Moreover, the
factored semi-linear model framework is flexible and allows the design of a
number of “practical” (i.e., computationally efficient) MBRL methods.

The policy error bounds presented in Chapter 4, besides having an
increased scope (i.e., factored semi-linear models), also improve on the
previously existing bounds by relaxing conditions and refining the bounds
themselves. The bounds allow us to understand the policy error in norms
other than the overly-harsh supremum norm, which has, nevertheless, been
a common choice for policy error bounds in the RL literature (and, to
the best of our knowledge, the only such choice for policy error bounds
concerning MBRL methods).

We conclude this dissertation with Chapter 5, where we have a final

discussion of CBPI and MBRL.
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Chapter 2

Cost-sensitive Multiclass
Classification

In this chapter, we present some supervised-learning results, for the problem
of cost-sensitive multiclass classification (henceforth simply called classifi-
cation). We first introduce the classification problem (Section 2.1), as well
as Empirical Risk Minimization (ERM) with surrogate losses as a means to
solve the classification problem, and the concept of calibration functions
(Section 2.2). Calibration functions allow us to convert surrogate risk bounds
into true risk bounds for minimizers of the surrogate risk.

The first set of results that we present (Section 2.3) concerns bounds on
the true risk, i.e., the original risk in the classification problem, called the
cost-sensitive error. The cost-sensitive error generalizes the misclassification
probability of cost-insensitive multiclass classification. More specifically, we
present calibration functions for a family of novel cost-sensitive surrogate
loss based on the work of Zhang (2004) for multiclass classification.

The second set of results (Section 2.4) are surrogate bounds for classi-
tiers obtained by a specific classification method based on a cost-sensitive
surrogate loss proposed by Avila Pires et al. (2013) as a generalization of a
cost-insensitive multiclass classification loss proposed by Lee et al. (2004).
Surprisingly, to the best of our knowledge, these are the first surrogate
risk bounds in the context of cost-sensitive multiclass classification, and the

tirst “calibration-compatible” bounds in the context of (cost-sensitive and
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cost-insensitive) multiclass classification. By “calibration-compatible” we
mean that we are able to use calibration functions to convert these surrogate
risk bounds into true risk bounds.

We conclude this chapter (Section 2.5) with a discussion about extensions
of our result, most notably extensions that obtain so-called fast-rates by
incorporating the Mammen-Tsybakov noise condition (see Boucheron et al.,
2005).

The results in Sections 2.3 and 2.4 set the foundations for extending
the analysis of Lazaric et al. (2016) to what we call practical instances of
CBP], that is, instances with classification methods that employ surrogate
empirical risk minimization with a convex loss. Interestingly, the extensions
discussed in Section 2.5 are quite pertinent to the analysis of CBPI presented
by Farahmand et al. (2014), suggesting that their analysis could be extended
to practical instances of CBPI, based on our analysis in Chapter 3 and

fast-rate extensions of our results in this chapter.

2.1 Problem Definition

In classification (in the formulation used by Avila Pires et al., 2013) we
observe the jointly distributed random variables (X, C) taking values in X’ x
RPI and distributed according to an unknown p. The set X is a measurable
set! and the set ) is a finite set of labels?, here assumed to be (without
loss of generality) {1,...,|)|}. Differently from multiclass classification, or
more conventional views of cost-sensitive multiclass classification, in our
framework there is no notion of a (random) “correct label” Y. The goal is to

find a classifier g : X — ) that minimizes the risk or classification cost:

R(g) =E <Cg(X))/

! Note that for now we are outside of the reinforcement learning setting outlined in
Chapter 1, but in Chapter 3 the set X will be both the “input space” in classification, and
the state space of the MDP.

2 We use “class” and “label” interchangeably, and the distinction from “class” in the
sense of a collection or set (e.g., a hypothesis class) will be clear from context.
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or, alternatively, the excess risk w.r.t. a “baseline” set of classifiers G C yx

R(g) — inf R(g'),
g'eg
whenever (infycg R(g')| < oco.

Cost-sensitive classification with random costs has been studied by
Zadrozny and Elkan (2001); Brefeld et al. (2003); Zadrozny et al. (2003). If the
costs are fixed we recover “traditional” cost-sensitive classification (Shalev-
Shwartz and Ben-David, 2014, Section 17.2.2, p. 194). In cost-insensitive
classification, one starts from the pair (X, Y) of jointly-distributed X x Y-
valued random variables, where Y is the random “true label” mentioned
earlier. Cost-insensitive classification can be seen as a special case of cost-
sensitive classification where the costs satisfy Cy = I{Y =k} (k € )) w.p.
one, where I{ - } is the indicator function. In binary classification we simply
have | Y| = 2.

In the classification learning problem, we observe a sample?
S=((X1,C1),...,(Xu,Cn))

and our goal is to construct a classifier G depending on S that minimizes,

with high probability, the conditional risk given the sample:

R(G,S) = E(Cerx ),

where ((X1,C1),...,(Xy,Cy), (X,C)) ~ p"*L.

Additional notation. We let Ay be the |)|-dimensional simplex. We
abuse notation and let Ay denote the set of all probability measures p
over RV s.t. |E(Cy)| is well-defined and finite for all k € J) when C ~ p.
We call these distributions cost distributions. We will call cost distributions

for which the costs are non-negative w.p. one non-negative-cost distributions.

3 Note that a subscripted C will denote both a coordinate of C (Ci) and a cost-vector
observed in the sample S (C;), and these two uses will be easy to distinguish from context.
The k-th coordinate of the i-th cost-vector in S will be denoted by C;.
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We let pc|x denote the conditional distribution of C given X, 1 and 0
denote, respectively, all-ones and all-zeros vectors of appropriate dimension,
IN denote the natural numbers, [n] = {1,...,n} for n € N, [0] = O,
aAb = min(a,b) and a Vb = max(a,b). For simplicity, we assume that
argmin and argmax are singletons (which can be enforced by breaking
ties in some arbitrary, fixed way). We also assume that objectives with an
argmin do have a minimizer, but it is easy to re-do our derivations with

infima and approximate minimizers.

2.2 Empirical Risk Minimization, Surrogate Risk,
and Risk Bounds

ERM (Steinwart and Christmann, 2008, p. 8; Shalev-Shwartz and Ben-David,
2014, p. 15), a typical approach to solve classification, prescribes that we

take a minimizer G of the empirical risk

R(g,S) = Cig(x)

S

n
i=1
over the set of classifiers G, that is
G = argminR(g, S).
g€G

ERM has been widely studied (see, for example, Koltchinskii, 2011; Vapnik,
2013) and enjoys performance guarantees in the form high-probability
bounds on R(@, S) (see, e.g. Vapnik, 2013, Chapter 3).

The empirical risk is not convex, however: Calculating G is a combina-
torial problem and can be computationally hard for typical choices of G
(Hoffgen et al., 1995; Steinwart and Christmann, 2008, p. 59 and p. 62). One

such typical choice is Up_( Gp,5, Where

GpB = {x — argmax(¢p(x, k), w) : w € RY s.t. ||w]| < B},
k

is the set of bounded linear classifiers w.r.t. a feature extractor ¢ : X x Y —

R?, with B > 0 and some norm || - ||.
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Following the approach of empirical surrogate-risk minimization (see
Steinwart and Christmann, 2008, Chapter 3), we introduce a convex cost-
sensitive surrogate loss L : S x RVl — R, where S ¢ RPI is a non-empty
set of scores compatible with the loss. While a number of losses for cost-
insensitive multiclass classification have been proposed (see Mason et al.,
2000; Crammer and Singer, 2003; Lee et al., 2004; Rifkin and Klautau, 2004;
Zhang, 2004; Zou et al., 2006; Gneiting and Raftery, 2007; Liu, 2007; Nock
and Nielsen, 2009; Reid and Williamson, 2010; Mroueh et al., 2012; Beijbom
et al., 2014; Shi et al., 2015), surrogate losses for cost-sensitive multiclass
losses are fewer in number (see, for example Tsochantaridis et al., 2005;
Guruprasad and Agarwal, 2012; Avila Pires et al., 2013; Ramaswamy et al.,
2013). As we will see in Section 2.3.3, however, some general principles can
be used to generalize cost-insensitive losses to the cost-sensitive case.

As an example, L can be the cost-sensitive generalization (proposed by

Avila Pires et al., 2013) of the loss of Lee et al. (2004)%, :

1Y
L"W(s,c) = Y crop(si) (22.1)
k=1

where ¢ : R — R is a convex’

score transformation function, for example, the
hinge transformation function ¢""8¢(t) = (1 4 t). The score set for L'™W
is the set of sum-to-zero scores Sy = {s ceRPI:1Ts = O}. Typical choices of
score sets for other losses include itself R1YI (Zhang, 2004), R/~ (Mroueh
et al., 2012) and Ay (Reid and Williamson, 2010).
We wish to find a score function h : X — S that minimizes the surrogate
risk
RY™ (1) = E(L(h(X),C)),

or, alternatively, the excess surrogate risk s.t. to a baseline set of score functions

4 The loss LM™WCT 1 S x Y — R proposed by Lee et al. (2004) is defined as LFWC (s, ) =
Yky ¢(sx) and has score set Sy, defined below.

5 The reader may notice that convexity of ¢ alone is not enough to ensure that LMW is
convex (in the first argument), because the costs can be negative. For L®W, assuming that
the costs are non-negative w.p. one addresses the convexity issue, and, as we will see in
Section 2.3.4, will create only mild limitations.
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H c (RYHY

R{™(g) — inf RET(H),

whenever |infy ey R§"“"(h')| < co. Where the choice of L is clear from the
context, we will drop the subscript from the surrogate risks. We can use
empirical surrogate-risk minimization, so we take a minimizer H of the

empirical surrogate risk
R™™(h,S) = = Y L(h(X;),Ci)

over the set of score functions H, that is

H = argmin R® (1, S). (2.2.2)
heH

Then L, S and H are chosen so that H can be computed efficiently. A num-
ber of popular classification algorithms can be seen to perform empirical
surrogate-risk minimization—to mention a few, SVMs, ridge regression, the
Lasso, logistic regression, and AdaBoost (see Hastie et al., 2009, Table 21.1,
and Sections 3.4, 4.4.1 and 10.4).

Even though we attempt to minimize the surrogate risk using ERM,
our goal is still to minimize the true risk, that is, the classification cost. In
order to convert scores into class predictions, we use the maximum selector

f: RVl = Y defined by

f(s) = argmax s.
k

We can also hope to obtain high-probability bounds on the surrogate
R (H, S), but how can we obtain high-probability bounds on the true risk
R(f o H,S)? One way to do so is to use calibration functions, which allow
us to convert surrogate risk bounds into true risk bounds. Definition 2.2.1
defines calibration functions as introduced by Steinwart (2007), and Theo-
rem 2.2.2 (due to Bartlett et al., 2006 for the binary case and to Steinwart,
2007 for the general case) shows how they can be used to obtain true risk

bounds.
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Definition 2.2.1 (Calibration function, Definition 2.7 of Steinwart, 2007). A
function 6 : (0,00) X Agjy| — [0, 00] is a calibration function for a surrogate loss
L with score set S if (e, p) > 0 for all ¢ > 0 and every cost distribution p, and if,
forall s € § and e > 0, the inequality
E(L(s,C)) — inglE(L(s,C)) < (g p)
s'e
implies that

E (Cf(S)) — klgjf;IE(Ck) <g,

when C ~ p.

Theorem 2.2.2 (Theorem 2.8 of Steinwart, 2007). Given a surrogate loss L with
score set S, assume that L and S have a calibration function 6. Assume also that
|E(Cx| X)| exists and is finite w.p. one for all k € Y and that E (inf;cs L(s, C)| X)
is measurable. Then, for any 6 € (0,1) and € > 0, the following holds: If

R7(H,S) — inf R (h) < E (5(8, pC|X)>

holds with probability at least 1 — 6, then
R(foH,S)—infR(g) < ¢
s

also holds with probability at least 1 — 4.

Typically, the calibration function will be easy to invert; for example,
for LMW with @hing¢ we can take (e, p) = ¢ for every non-negative-cost
distribution® p (Avila Pires et al., 2013, Table 1). As another example, for
LMW with gsauared () = (1 4 t)2, if there is a constant ¢ s.t. for every non-
negative-cost distribution p s.t. C ~ p we have E(min; Cx + max; C) < ¢,
then we can take (g, p) = % (Avila Pires et al., 2013, Table 1). We can then
apply Theorem 2.2.2 by starting from a guarantee that

R (H,S) — inf R (k) < t

6 In Section 2.3.4 we discuss how to obtain guarantees similar to those of Theorem 2.2.2
for cost distributions when the calibration function is only defined for to non-negative-cost
distributions.
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for some t > 0 with probability at least 1 — §, to obtain that
R(foH,S) —infR(g) < 6 1(t)
8

with probability at least 1 — 6, where 671 (t) = inf{e : inf,cp 6(¢, p) > t} for
some P s.t. pcjx € P w.p. one. Note that without constraints on P (for
example, the assumption on ¢ above) we may have inf,cp é(e, p) = 0, in
which case the true risk bound is vacuous.

It is important to emphasize that the strategy for using Theorem 2.2.2 is
inherently non-parametric, that is, it involves bounds where we “compete”
against all score functions and classifiers, not just baselines. On the other
hand, surrogate risk guarantees often have the form

Rsurr(I’_\I/S) . hlnft Rsurr(h) <t
S

with high-probability, in which case Theorem 2.2.2 gives us
R(foH,S)—infR(g) < 6~ 1(t + AW (H)),
s
where ASY(H) is the surrogate approximation error of H.:

ASUI‘I‘(H) - I/}g{[ Rsurr(h) _ ]-{ll/f Rsurr(h),

where the second infimum is taken over all (measurable) score functions. In
such a non-parametric setting, one should trade off t and H in such a way
that 5~ 1(t + ASWT(H)) is minimized (see Steinwart and Christmann, 2008,
p- 8).

In Section 3.2, we will apply Theorem 2.2.2 following the steps outlined
above in order to obtain true risk bounds for classifiers computed by a
classification methods used in CBPI. In the remainder of this chapter, we
will take a closer look at existing and novel calibration functions for spe-
cific surrogate losses, as well as novel surrogate risk bounds for empirical

surrogate-risk minimization with LMW as the surrogate loss.
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2.3 Calibration Functions

In this section we present different cost-sensitive multiclass classification
surrogate loss functions and their respective calibration functions.

We start by instantiating the framework of Steinwart (2007) for the
specific case of classification in Section 2.3.1, as done by Avila Pires et al.
(2013). In Section 2.3.2, we present a calibration function for LW derived
by Avila Pires et al. (2013).

In Section 2.3.3, we present LZhang 4 novel cost-sensitive generalization
of a multiclass loss studied by Zhang (2004) (which, in turn generalizes the
multiclass logistic regression loss and a number of so-called “decoupled”
losses). We reuse results of Avila Pires and Szepesvari (2016a) for the cost-
insensitive decoupled losses proposed by Zhang (2004) to derive calibration
functions for decoupled versions of LZhans,

In order to be convex (and for the calibration functions to hold), the losses
LMW and L.7hang both require the costs to be non-negative. In Section 2.3.4,
we show that this limitation can be partially overcome: We can obtain true
risk bounds with real-valued costs by shifting these costs to be non-negative
and then using LMW or [Zhans,

Finally, for the sake of completeness, we also show how to construct
cost-sensitive losses from cost-insensitive losses that is similarly to the
strategy employed by Zadrozny et al., 2003 to solve cost-sensitive binary
classification using cost-insensitive binary classification algorithms. We also
show how to obtain calibration functions for these cost-sensitive losses, from
calibration functions of the cost-insensitive losses. While this approach is
relatively straightforward, we show that it can produce losses with poor
scaling, as well as calibration functions that introduce undesirable factors

into the true risk bounds.

2.3.1 General Calibration Functions

Steinwart (2007) defined a function dmax : [0,00) X Agy — [0,00) that
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depends on the given surrogate loss and constitutes a key notion for cal-
ibration functions. dmax is special because no calibration function for the
given surrogate loss is larger than dmax (Steinwart, 2007). Hence, if dmax is
a calibration function, it is called the maximum calibration function. Conve-
niently, any positive lower bound to the maximum calibration function is
also a calibration function, which is a useful fact for understanding and
calculating calibration functions for specific surrogate losses.

In order to define dmax, we must define three useful concepts (see Defini-
tion 2.3.1): The set of scores in S whose maximum coordinate is j (M(S, ),
the set of scores that give e-sub-optimal class predictions (7 (S, ¢,¢)), and
the set of e-sub-optimal maximum-probability indices (7 (¢, c)). A score
s € S is e-sub-optimal for a given c € Rl if ¢ F(s) — miny ¢ > €. Otherwise,

s is e-optimal.
Definition 2.3.1. Given a set of scores S C RIY| let, for e > 0 and ¢ € R

M(S,j) = {s €S:sj= mliaxsk}, T(S,¢e,c) = U M(S,¢,j),

Jrej—ming cp>e

J(e,c) = argmax{cj 1cj— mkinck > s}.
J

We will override notation and use R*"™" to denote the pointwise surrogate
risk R : § X Ajy| — R for a surrogate loss L : S x Y — R with § C RV,
defined by

Ry (s, p) = E(L(s,C)),

where C ~ p (cf. Definition 2.2.1). As with the surrogate risk, where
the choice of L is clear from context, we will drop the subscript from the
pointwise surrogate risk.

In Definition 2.3.2, we present dmax (€, p), which is the difference between
the smallest surrogate risk of any e-suboptimal score and the optimal
surrogate risk, when C ~ p. If any score has surrogate risk closer to the
optimal surrogate risk than dmax(¢, p), the score must be e-optimal w.r.t.

E(C). Confronting this fact with Definition 2.2.1, we see that if dmayx is
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positive for all € > 0, then it is a calibration function. It is, however, a
calibration function only for the pointwise surrogate risk defined in terms

of cost distributions p.

Definition 2.3.2. Given a surrogate loss L with score set S, let

Senax (€, -~ inf Rsurr , — inf RSwr p).
ax(&p) senél,l,m(c» (s,p) inf (s,p)

If dmax(€) > 0 for all € > 0, then it is called the maximum calibration function.

In the binary case, we can expect dmax to be easy to calculate, but this may
not be the case in the multiclass case. Thus, one strategy to obtain calibration
functions for multiclass losses is to lower-bound émax by a function that
resembles Jmax in the binary case. We will use the function dpinary given
in Definition 2.3.3 to do so. With some assumptions on the surrogate
loss, it is possible to show that dmax and dpinary coincide in the binary case
for non-negative-cost distributions (see Avila Pires and Szepesvari, 2016a,

Proposition 15).
Definition 2.3.3. Given a surrogate loss L with score set S, let

.. / . /
(5binary(e, p) = Sléqbf: Rsurr(S, p ) _ Slg‘g Rsurr(sl p )’
51=52

where in the right-hand side S C R? and p' is the distribution of the random
variable (C;,, C;,), with je € J (¢,IE(C)) and jo € J(0,]E(C)).

2.3.2 Calibration Functions for LMW

Avila Pires et al. (2013) proposed L'W—defined in (2.2.1)—as a cost-
sensitive generalization of the loss of Lee et al. (2004), and lower-bounded
dmax bY Opinary, as shown in Theorem 2.3.4. Avila Pires et al. (2013, Table 1)
also calculated dpinary for different choices of ¢. Theorem 2.3.4 only applies
to non-negative-cost distributions, but, as mentioned earlier, this limitation

will be addressed in Section 2.3.4.
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Theorem 2.3.4 (Theorem 2.2, Avila Pires et al., 2013). Consider L = LW

with ¢ convex and S = Sy. For every non-negative-cost distribution p, if

inf R® (s, p) > —oo,
seS

then for all € > 0 we have

Omax (& p) = (Sbinary(ef Pl)/

where p' is the distribution of the random variable (C;,, C;,), with je € J (e, (C))

and jo € J(0,IE(C)) (breaking ties arbitrarily). Moreover, the above holds with
equality when || = 2.

2.3.3 Calibration Functions for [Zhang

Zhang (2004) investigated, among other surrogate losses, the loss

L2085, y) = gp(sy) + F (% (P(Sk)>/
k=1
with S = RV, ¢ non-decreasing, and with 1, F and ¢ chosen so that
[#hangCl s convex. As pointed out by Zhang (2004), L#han8<T generalizes,
for example, the multiclass logistic regression loss (obtained by taking
Y(t) =t, F(t) = Int and ¢(t) = ¢P(t) = e'). Apart from the difference
in score sets, we can also recover LIW i

L#hangCl (by taking ¢(t) = —@(t) and F(t) = t). Moreover, if F(t) = t, then

in the cost-insensitive setting from

the loss is said to be decoupled, in the sense that the surrogate risk can be
written as a summation over k € ) with unconstrained scores.

Our generalization of [Zhang,Cl ¢ the cost-sensitive case, called LZhang,
is given in Definition 2.3.5. We use the surrogate risk as the basis for
generalizing the loss: In the cost-insensitive case, with Y ~ p and p € Ay,

we have

| 1V
IE(LZhanngI S, Y ) Zpklp Sk +F(Z (P Sk )

and we would like that if s € S minimizes s’ — Rzg;gng( ,p), then ps() =

maxj pi holds. It is natural, therefore, that in LZhang ve have a notion of
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“gain” multiplying each (sx) term. Using a negative cost —cy as gain is the
first idea that comes to mind, but we instead use maxy ¢y — c;. Because
this notion of “gain” is non-negative, we will able to re-use some results by
Avila Pires and Szepesvari (2016a) concerning L#"8<T when computing
calibration functions for L?h"8. The term multiplying F (Z,'(y‘l go(sk)> is
chosen so that it dominates all the “gains” (as 1 dominates all py) and
helps ensure that inf,cs LZ"¥"8(s,c) > —co for all ¢ € RPI. This lower-
boundedness is important so that dmax is well- defined. Other options for
dominating terms are available: For example, Zk 1 (maxk/ cp — k), which is

explored in Section 2.3.5.

Definition 2.3.5. The loss L?""8 : S x ) x RVl — R is defined as
|V |V
L7hang (s, ¢) = Z(II}(Z/[X e — ) P(sg) + ( max ) Z ?(sr)
k=1

and has score set S = RV,

We can see that L?"8 indeed generalizes L“"a"8Cl by taking c; =
I{k # y}, where y is the correct class.

In Theorem 2.3.6 we lower-bound dmax by dpinary for LZhang with P
non-decreasing, F(t) = t, and ¢ convex, and score set S = RYI. Both
the form and the proof techniques used are similar for Theorems 2.3.4
and 2.3.6. In particular, Theorem 2.3.6 also only applies to non-negative-cost

distributions.

Theorem 2.3.6. Consider L = L?"8 convex with 1 non-decreasing and F(t) = t.

For every non-negative-cost distribution p, if

inf R® (s, p) > —oo,
seS

then for all € > 0 we have

Omax(&,p) > 5binary(5r Pl)/

where p' is the distribution of the random variable (Cj, Cj,), with j. € J (¢, —E(C))

and jo € J(0,—IE(C)) (breaking ties arbitrarily). Moreover, the above holds with
equality when || = 2.
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Proof. See Appendix A.1.1, page 100. O

2.3.4 Relaxing the Assumption of Non-negative Costs

As discussed earlier, Theorems 2.3.4 and 2.3.6 require the costs to be non-
negative w.p. one. Proposition 2.3.7 shows us how to convert surrogate
risk bounds into true risk bounds using calibration functions that requires
non-negative-cost distributions. More specifically, Proposition 2.3.7 instructs
to shift the costs to make them non-negative, and then use the surrogate

loss whose calibration function requires non-negative costs.

Proposition 2.3.7. Consider a cost-sensitive surrogate loss L with score set S.
Assume that there is a calibration function & for L : S x RY! = R and any non-
negative-cost distribution p. Then for all s € S, € > 0 and any cost distribution

p,
Rsurr(sl p/) _ mf Rsurr(s/, p/) < 5(€’ pl)

s'eS
implies that

R(s,p) — inf R(s', p) <&,

where p' is the distribution of the random variable C — 1(miny Cy), and C ~ p.
Proof. See Appendix A.1.1, page 101. O

So far, we have reported a calibration function for LMW established one
for L?hang, and shown how to sidestep the requirement of these calibration
functions that the cost distribution be a non-negative-cost distribution. We
will conclude this section with a presentation on a different and simple
strategy to construct cost-sensitive surrogate losses and obtain calibration

functions for them.

2.3.5 Calibration Functions by Reduction to Cost-Insensitive
Classification

An alternative way to obtain calibration functions for cost-sensitive classi-

fication is to use losses that effectively reduce cost-sensitive classification
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to cost-insensitive classification. This strategy was used by Zadrozny et al.
(2003) to solve cost-sensitive classification problems using cost-insensitive
classification algorithms. This reduction allows us to easily use calibration
functions for the cost-insensitive loss to construct calibration functions for
the cost-sensitive loss.

To perform the reduction, we are given a cost-insensitive surrogate loss

L:S x Y — R and we define the loss LRed : § x RYI — R

1|
L¥ed(s,c) = Y (u(c) — ) L(s, k), (2.3.1)
k=1

where u : RVl — R is an coordinate-wise upper-bound function satisfying
u(c) > max; ci for all ¢ € RYI. For convenience, we will use the shorthand
= Z,le (u(c) — cx). We can see that taking L = LMW (resp. [ = [Zhang/C)
and constructing Llff’ud does not give us the same surrogate risk as LMW

(resp. L#han8), Indeed, taking L = L#han8CT gives us

)
1y (57) = ) (maxcic— (s
v )
+ (Z(H}f}xq’c - ck)> F (Z (P(Sk)>-
k=1 k=1

In addition, the scale of LIL{,ef(s, c) can be undesirably sensitive to large |)|

and large costs. For example, with LIL{’ef obtained from L = LMWCT we have
Lie4(0,¢) = (|¥] = 1)2g(0).

In contrast,

LY™W(0,¢) = ¢9(0).

Poor scaling is undesirable for risk bounds, since the scale will usually ap-
pear as a constant factor (for example, cf. the scale of LW and Lemma 2.4.8
in Section 2.4).

As an advantage of using a “reduction loss”, it is straightforward to
construct a calibration function for LIL{Zd from a calibration function for L, as

shown in Theorem 2.3.8. For example, Theorem 2.3.8 with L = LEWACT and
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@8 gives us 6(¢, p) = e. However, using Theorem 2.3.8 for other losses
may introduce additional constant factors during the bound conversion:
For example, if 6(¢,q) = % (for example, for LMW with psauared a5 seen
in Table 1 of Avila Pires et al., 2013), we get an extra factor of \/C in the true

risk bound.

Theorem 2.3.8. Let L be a cost-insensitive surrogate loss and Llff’f be the corre-
sponding cost-sensitive loss for reduction, as given in (2.3.1). If 6 is a calibration

function for L, then for any cost-distribution p, the function (¢, p) — ¢6(&,q) is a

calibration function for Llfild and the cost-distribution p, where
~ Y|
c=|V[Eu(C) - ) E(Cy),
k=1

C ~ pand q € Ay is given by g; = LE(C)) —E(Cy)) (k€ V).

Proof. See Appendix A.1.1, page 102. O

2.4 Surrogate Risk Bounds

In this section, we present surrogate risk bounds for empirical risk min-
imizers of the cost-sensitive multiclass classification surrogate loss L"™W
(scaled by ﬁ). As we will discuss in Section 2.4.3, there are no surrogate
risk bounds that apply to cost-sensitive multiclass classification methods.

This section’s results are part of our effort toward an analysis of CBPI
with practical classification methods: Besides having the means to convert
surrogate risk bounds into true risk bounds (namely, calibration functions),
it is imperative that we establish surrogate risk bounds for some cost-
sensitive classification methods. Therefore, the setup of the classification
learning problem in this section will be slightly more general than the one
presented in Section 2.1, and substantially similar to the one considered in
Section 3.2.

To obtain the risk bounds, we will use a usual strategy for similar bounds

in cost-insensitive classification (and, more generally, the concentration of
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some empirical processes, Pollard, 1984): Bound the deviation between the
empirical surrogate risk of an individual score function and its surrogate
risk, take a union-bound over an appropriately chosen covering of the
set of all score functions, and bound the size of the covering. A similar
strategy involves a Rademacher complexity appearing explicitly (following
Bartlett and Mendelson, 2002, Proof of Theorem 5, p. 228). A Rademacher
complexity does appear in the proofs of Lemmas 2.4.9 and 2.4.12, and
we further upper-bound it terms of covering numbers of the hypothesis
class, with the hope that such upper-bounding will be instructive, and will
address some of the challenges related to bounding surrogate risks in the
context of cost-sensitive multiclass classification.

The novel surrogate risk bounds for cost-sensitive classification presented
here are given in terms of co/co-norm covering numbers of the set of score
functions restricted to the sample (Lemma 2.4.9), and in terms of Frobenius-
norm covering numbers (Lemma 2.4.12). We also bound these covering
numbers for well-known classes of linear score functions, and instantiate the
respective surrogate risk bounds. We start by introducing the cost-sensitive
classification setting for our bounds (Section 2.4.1), then we present our
results (Section 2.4.2), and last we discuss related work (Section 2.4.3).

Extensions of the results in this section will be discussed in Section 2.5.

2.4.1 A Variant of the Classification Learning Problem

We will introduce a variant of the classification learning problem with
m € IN cost observations per instance X;. This variant is strongly related to
the setting considered by Lazaric et al. (2016) for their analysis of CBPI, and
will allow us to apply the surrogate risk bounds developed in this section
in order to obtain our performance guarantees for CBPI in Section 3.2. With
an abuse of notation, we will override S and H defined in Section 2.1.

Fix a surrogate loss L : S x RVl — R where S ¢ RI¥ is its set of scores.

We are given a sample
S=((X1,Cla-- Cly)r s (X, ot Cro))s (2.4.1)
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with each X; € X and CZ{/]- e RYI; the statistical nature of S will be detailed
later in Assumption 2.4.2.

We want to calculate Ty #(11,8) for a H C (RP1)¥ so that for all positive
¢ small enough we have, with probability at least 1 —J,

Ri™(H,S) = inf Ri“(h) < Typu(n,0),

where”
m

H = argmin % i Y- L(h(X),Ci)) (2.4.2)
heH i=1j=1
(cf. Hin (2.2.2), Section 2.1).

Our first result, Proposition 2.4.1, can be easily obtained by looking at
the proof of Theorem 5 of Bartlett and Mendelson (2002). Proposition 2.4.1
gives us an excess risk bound provided that we can: i) bound the deviation
between the empirical surrogate risk of any individual score function in
H and its surrogate risk (the second term in the right-hand side of the
bound in Proposition 2.4.1); and ii) bound the same deviation for all score
functions in H simultaneously (the third term in right-hand side of the

bound in Proposition 2.4.1).

Proposition 2.4.1 (Adapted from the proof Theorem 5 of Bartlett and
Mendelson, 2002). For any surrogate loss L : S x RVl — R and h € H,

RsLurr(H’S) < RsLurr(h’S)

+ |RE(h, $) = RY™ (h, S)| + sup |RE™(H, 8) = RE™ (K, S)

WeH

holds with probability one.

The rest of this section is devoted to bounding the two terms in the
second line of the inequality in Proposition 2.4.1. There is a large number

of settings we can study, simply by making different choices for

1. the statistical nature of the sample S,

7 In our results, we will ensure that infy,cy R§"™(h) > —oo, so that the excess surrogate
risk is well-defined.
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2. the surrogate loss L that we minimize, and its components (e.g., ¢ for

LMW or Y, F and ¢ for LZhang),
3. the set of score functions H.
We will present risk bounds in the following setting:
1. The sample S satisfies Assumption 2.4.2 8,

Assumption 2.4.2 (Statistical properties of the sample). The random
variables Xy,..., X, are iid. Foralli € [n],j € [m], k€Y

1. (Cjy -+, Ci i) are conditionally independent given X;

i,m

2. (Ci,j,k’ cee, C,’w.,k) are independent

3. (X;, le’]-) and (X, C) are i.i.d.

Furthermore, there exist non-negative constants Cmax and Cp, S.t., with

probability one, maxy Cy € [0, Cmax] and max E(Cy| X) € [0, Chyaxl-
2. We use the scaled surrogate loss (s, c) — ﬁLLLW(S, ¢) (with an abuse

1
V]

function ¢ : R — R satisfying Assumptions 2.4.3 and 2.4.4. As-

of notation, we will call this loss < LMW), with score transformation
sumption 2.4.4 ensures that ¢ is Lipschitz in a specific interval (which
later will be the range of the scores). Lipschitzness in an interval (as
opposed to Lipschitzness in IR) is used so that our results apply to
more choices of ¢, including ¢®P, for example. For the remainder of
Section 2.4, the surrogate risks and empirical surrogate risks will all

be defined w.r.t. |17|LLLW, unless subscripted to denote otherwise.

Assumption 2.4.3 (¢ is non-negative-finite-valued). We have inf; ¢(t) >
0 and supy, p(t') < oo forall t € R.

8 We point out that (C
dent.

1(,]',1’ : "’Czl',j,ly\) (for any i € [n] and j € [m]) need not be indepen-
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Assumption 2.4.4 (¢ is Lipschitz in an interval). The function Lip i
[0, 00) — [0, 00] upper-bounds the Lipschitz constant of ¢ in the interval
[—T,T] forall T € R:
_ /
i rel—T e = H
. Our risk bounds given in terms of covering numbers will hold for any
H c (RY)¥ with bounded scores (see Assumption 2.4.5), but we will

only present covering-number bounds for linear score functions (with

bounded weights, w.r.t. a feature extractor) from
Hys = { (x,0) = (p(x,k),w) : w € (RY |- |) sit. |[w] < B}

for a norm || - || on R? with dual || - ||,, B > 0 and a feature extractor
¢: X xY — (RY||-|,) satisfying Assumption 2.4.6. In particular, if
¢ satisties Assumption 2.4.5 and ¢ is non-decreasing, Assumption 2.4.5
is satisfied with @max1;, = ¢(BB:). If ¢ is finite-valued, Assump-
tion 2.4.5 is an assumption on H only, but at our convenience we use

a constant that bounds the transformed scores.

Assumption 2.4.5 (Scores are bounded). There exists a constant @max 1

s.t.

sup  @(h(xX)k) < PmaxH-
heH xeX ke)

Assumption 2.4.6 (Feature vectors have bounded norm). There exists

Bi > 0s.t. sup ¢y reyll9(x, k)|, < B

The structure we chose for the costs will allow us to analyze CBPI in the

setting studied by Lazaric et al. (2016) (detailed in Section 3.2). As a special

case, with m = 1 we recover our original classification learning problem

from Section 2.1 (although taking m = 1 in our bounds ahead will give

slightly worse constant factors than if we use m = 1 in the analysis from

the outset). The surrogate loss

LMW is amenable to our analysis due to its

simple structure. Moreover, Theorem 2.3.4 gives us calibration functions
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for this loss if we impose some additional assumptions on H to ensure
that scores always sum to zero. As we discuss in Section 2.5, it would be
interesting to generalize our bounds beyond our specific choice of surrogate
loss.

To conclude these preliminaries, we present some additional definitions.

For p > 1 the p-norm over R? is defined by

d
ol =) _luil?,
=1

and ||v||,, = max;|y;| for v € R¥. Definition 2.4.7 introduces coverings in

vector spaces equipped with a semi-norm.

Definition 2.4.7. Given a vector space F and a semi-norm || - ||  over F, we say

that a set C C F' C F is an e-covering of F' in || - || 7 if

inf||f — f'|| - < e
fslggl}chf fllr<e

The F-norm-e-covering number of F' is defined for all € > 0 as
Ny, (& F') = inf{|C| : C is an e-covering of F' in || - || £ }.

In this section, we are interested in || - [|-covering numbers of the restric-
tion of score functions to n-sized samples, denoted by Ny : R x N x
(RPN — INU {0} (the || - || is a norm over R"*V) and defined by

NH.H(S,n,H) = sup N|\'\|(€’{(i’k) = h(xj)g:heH}). (24.3)

(X100 ) EXT
We also define p o H = {@poh:h € H}. We will only consider two norms

over RVl the max-norm and the Frobenius norm, defined respectively

by

v = max |v;
|| ||oo/oo i€[n],k€y| 1,k

7

lollr =

for v € R"™IYl, and we will write Ny, /o = Njq|\..,., as well as N = Ny, ..
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2.4.2 Risk Bounds

Our first result, Lemma 2.4.8, gives an upper-bound on how fast the em-
pirical surrogate risk concentrates around the surrogate risk, with high
probability. We need to account for the fact that for each i € [n] the cost
estimates C;,l’ el Cl{,m are not independent, albeit conditionally indepen-
dent given X;. To do so, we follow the strategy used by Lazaric et al. (2016,
Lemmas 3 and 4): We first study the concentration of the empirical risk
around its expectation conditioned on Xj, ..., X;, then we study the con-
centration of this quantity around the surrogate risk. However, differently
from Lazaric et al. (2016), who upper-bound the costs uniformly (using
only Cmax), we note that this two-step concentration analysis allows us to
have Cj,,, appear multiplying the “slower” n=2 term, with the potentially
bigger Cnax multiplying the “faster” (nm)_% term. Occasionally, we may
be able to choose m, in which case we can make a choice that minimizes
the upper-bound of Lemma 2.4.8 up to constant factors: m = (%)2 (cf.

m = 1 suggested by Lazaric et al., 2016, Theorem 5).

Lemma 2.4.8. For any ‘H C H satisfying Assumption 2.4.5, ¢ satisfying As-
sumptions 2.4.3 and 2.4.4, 6 € (0,1) and h € H, if S satisfies Assumption 2.4.2
then we have with probability at least 1 — ¢ that

~ 1 4 /1
Rsurr(h) . Rsurr(h, S)’ < Pmax H % In g <C1,'nax + Ciax E) .

We can follow the steps of Pollard (1984, Symmetrization, pp. 14-15,
and Theorem 24, pp. 25-26) and use Lemma 2.4.8 to bound the con-
centration of the empirical risk for all score functions in H (simultane-
ously). Differently from Pollard (1984), we must account for dependen-
cies in the sample and make sure that the bound is given in terms of
a covering number of the set {(i, k) — @(h(X;)x) : h € H}, rather than
{(i, j k) — le’].,kq)(h(Xi)k) the ’H}. Covering number bounds for the latter
set may be significantly looser than covering number bounds for the former

set.
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Lemma 2.4.9 gives a bound on the concentration of empirical risks of
all score functions in /. We can see that the dependencies on n and m are
inherited from Lemma 2.4.8 (up to constant factors), and that the covering
number Ny /o (24)"‘#}‘,11,7{) appears. As we will see in Lemma 2.4.10
and Theorem 2.4.11, for Hy g, our upper-bound on the logarithm of this
covering number scales linearly with d (the number of features) and loga-

rithmically with m and n.

Lemma 2.4.9. For any H C ‘H satisfying Assumption 2.4.5, ¢ satisfying As-
sumptions 2.4.3 and 2.4.4, and 6 € (0,1), if S satisfies Assumption 2.4.2 then we
have with probability at least 1 — J that

sup
heH

ﬁsurr(hls) . Rsurr(h)‘

where

Lemma 2.4.10 gives us a covering number bound for Hy p. The result
relies on well-known bounds on the maximum size of a minimum-covering
of the d-dimensional ball of radius B. Indeed, we can transform such a
covering into a covering of {(i,k) — ¢(h(X;)x)) : h € H}, by Lipschitzness
of w — (¢(x,k), w) and of ¢ in the interval [—BB,, BB,].

Lemma 2.4.10. With ¢ satisfying Assumption 2.4.6 and ¢ satisfying Assump-
tions 2.4.3 and 2.4.4, for any n € IN, we have that

lnNoo/OO(s,n,q)o’}-[(P,B) < dln<1 4 ZBEB*LipgD(BB*))

We can plug Lemma 2.4.10 into Lemma 2.4.9 to get risk bounds for
empirical surrogate risk minimizers (of LMWY in Hy,B, as seen in Theo-

rem 2.4.11. The scaling of the risk bound in Theorem 2.4.11 is the “usual”

Inn

in terms of n: proportional to |/ =%, where the Inn factor comes from the

covering number bound (as we will mention in Section 2.5, the dependency
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may be improved if refine the proof of Lemma 2.4.9). On the other hand, in
terms of m the bound in Theorem 2.4.11 scales with v/Inm, since ultimately
the term 2C},, dominates Cmax \/% . As a sanity check, we see that the risk
bound scales with the square-root of the number of features, which upper-
bounds the graph dimension of 7—[4,, B (combine Daniely et al., 2013, Theorem
3.5 and Anthony and Bartlett, 2009, Theorem 3.5, p. 37). In this sense, the
right-hand side is somewhat similar to what we would obtain for empirical

true-risk minimization over linear classifiers. (Of course, Theorem 2.4.11

gives us a surrogate-risk bound for empirical surrogate risk minimizers in

Hy,B-)

Theorem 2.4.11. With ¢ satisfying Assumptions 2.4.3 and 2.4.4, ¢ satisfying
Assumption 2.4.6, for any 6 € (0,1) if S satisfies Assumption 2.4.2 then we have
with probability at least 1 — J that

Rsurr(Hq),B, S) . hé%f Rsurr(h, S)
¢,B

32d . 20c /1
< 2¢(BB.) 71r17<2qu+cmax Z)

BB.Li BB,
c= |1+ 1pq,( )nm .
¢(BB)

In a non-parametric setting, we see that Theorem 2.4.11 allows us to

where

have B “grow” polynomially with n without affecting the risk bound by
more than a constant factor. This is convenient when the feature extractor
is expressive enough for the approximation error, the surrogate risk of the
best score function in Hy g, to decrease significantly as B — oo, in which
case one could choose B to trade off the risk bound and the approximation
error.

Because we are controlling the magnitude of the weights underlying
the score functions (via the constant B), we would expect risk bounds
with a better scaling in terms of 4, as, for example, controlling the 1-norm

does (Bartlett et al., 2012, Theorem 1.2), rather than, for example, V/d as in
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Theorem 2.4.11. In this sense, can we improve over Theorem 2.4.11? Indeed
we can, if we use different covering numbers.

Lemma 2.4.12 is an analogue of Lemma 2.4.9 that uses Frobenius-norm
covering numbers instead of co/co-norm covering numbers. The bound
in Lemma 2.4.12 is quite similar to the one in Lemma 2.4.9, except for the
covering number and the resolution of the covering (for an e-covering, we
informally refer to % as its resolution). In Lemma 2.4.9, we need a covering
whose resolution scales with nm, whereas in Lemma 2.4.12 the resolution of

the covering scales with , /ﬁ. This scaling may be an artifact of the proof,

and the factor of \/% Vv %) in (2.4.4) may be avoidable, but we have
not been able to remove it. On its own, Lemma 2.4.12 does not necessarily
improve over Lemma 2.4.9. However, for Hy p we can use a result by Zhang

(2002) to show an improvement over Theorem 2.4.11.

Lemma 2.4.12. For any H C H satisfying Assumption 2.4.5, ¢ satisfying As-
sumptions 2.4.3 and 2.4.4, and 6 € (0,1), if S satisfies Assumption 2.4.2 then we
have with probability at least 1 — J that

sup ﬁsurr(h,s) . Rsurr(h)‘
heH
32 . 16N /1
< Pmax,H 7 In T <2C;nax + Cmax %) ’
where
1 C;nax
N = Nr| ¢maxn |y| —V —=],npoH|. (2.4.4)

m  Cmax

Lemma 2.4.13 is the analogue of Lemma 2.4.10 for Frobenius-norm
covering numbers. The result itself is a simple consequence of covering
numbers bounds due to Zhang (2002, Theorem 3 and Corollary 3). We
can see that the bound on the logarithm of the covering number scales
quadratically with resolution of the covering, but only logarithmically with
the number of features—or, if the norm underlying the definition of H g

is a Frobenius norm, the bound does not depend at all on the number of
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features (but scales logarithmically with the sample size and the number of

classes).

Lemma 2.4.13. If ¢ satisfies Assumption 2.4.6, ¢ satisfies Assumptions 2.4.3
and 2.4.4, and the norm underlying the definition of He,p is || - ||, for p = 1, then
for any n € IN we have that

Lip,,(BB.)BB.
InNp(e,n, ¢ 0o Hyp) < - log,(2d +1).
If, additionally, p = 2, then we also have
Lip,,(BB.

)BB,\ >
lan(s,n,gooH(P,B) < log, (n|Y| +1).

£

To conclude this section, we present Theorem 2.4.14, which is obtained
by combining Lemmas 2.4.12 and 2.4.13. We see that the bound in Theo-
rem 2.4.14 is the maximum of two bounds, and the condition (2.4.5) deter-
mines (up to constant factors) which one of the two is worse. Indeed, if
Equation (2.4.5) holds we have 1 V e = &1, otherwise we have €1 V 3 < 6es.
The bound in Theorem 2.4.14 does not scale with m, since for m large
enough the constant 2C},, dominates in €1, and ¢; is constant w.r.t. m.
In contrast, the bound Theorem 2.4.11 scales with vInm. Moreover, the
scaling of the bound in Theorem 2.4.14 in terms of d greatly improves over
Theorem 2.4.11, with a stronger dependence on the constants BB, (and the
Lipschitz constant of ¢). In a non-parametric setting, in contrast to Theo-
rem 2.4.11, where we could scale B polynomially with n without affecting
the bound significantly, here we can scale d polynomially with n without
significant effects on the bound, for B constant. The most interesting aspect
of Theorem 2.4.14 is that the bound does not scale with the number of
classes—ultimately, as |)/| increases (and everything else is fixed), we will
have &¢; > €. How is the the cost-sensitive classification problem in our
setting not statistically harder for |)| very large? It is likely that even the

best hypothesis in H, g cannot do well in challenging instances with too
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many classes, since the hypotheses in H, 5 have limited expressiveness
(constrained by d and B), so competing against the best hypothesis in H, s

should not become more challenging with very large |J|.

Theorem 2.4.14. With ¢ satisfying Assumptions 2.4.3 and 2.4.4, ¢ satisfying
Assumption 2.4.6, for any § € (0,1) if S satisfies Assumption 2.4.2 then we have
with probability at least 1 — J that

RV(A,S) ~ inf RV(LS) <1 Ve,
E€riy,B

(BB, \/_m 2d+1) (zc;naﬁcmax\/%),

o 32 . 20(2d +1)
€2 = 12Lip,,(BB.) BB..Cinax n|y|ln 5

where

Moreover, if

1 y cl . . Lipq)(BB*)BB* L
m  Cmax ¢(BB.) V|

then €1 > €5, otherwise €1 < 6¢5.

(2.4.5)

In the common setting where we have one d’-dimensional weight vector
for each class (“class-independent weights”), each constrained to have norm
at most some B’, the bound in Theorem 2.4.14 scales with /In|)|. To see
this, consider the setting where ¢(x, k) = ¢ (x) ® e, where ¢’ : X — R? is
a feature extractor over X only, ® denotes the Kronecker product, and e is
the k-th |V|-dimensional elementary vector. If the norm underlying Hg 5
is the Frobenius norm, we can constrain the 2-norm of the weight vectors
for each class individually, to be at most B/, which gives us the hypothesis
class H(P, VB
but d = |Y|d’. Therefore, ¢1 in Theorem 2.4.14 scales with /In[)] and ¢,

becomes

In this case, we still have sup; 4 v xeylh(x)k| < BBy,

Rsurr(ﬁ, S) — hei%pr RSurr(h, S)

/
< 12Lip,,(B'B.)B'B.Crax \/31121 02 |§y‘ +1)
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2.4.3 Discussion and Related Work

Comparison to other surrogate risk bounds. To the best of our knowl-
edge, there are no surrogate risk bounds in cost-sensitive multiclass classi-
fication. In binary classification, Vapnik (2013, p. 76) upper-bounded the
performance of the empirical true risk minimizer in the context of cost-
sensitive classification. The surrogate risk bound presented by Zadrozny
et al. (2003, Theorem 2.2) is about converting bounds on the cost-insensitive
true risk into bounds on the cost-sensitive true risk, whereas Scott (2011)
have explored bound conversion in cost-sensitive binary classification using
calibration functions.

Koltchinskii and Panchenko (2002), Mohri et al. (2012, Theorem 8.1,
p. 187), Kuznetsov et al. (2014), Lei et al. (2015) and Maximov and Reshetova
(2015) present surrogate bounds in the context of cost-insensitive multi-
class classification. The surrogate loss used is the margin loss, defined by
Lyz(s,y) = ¢(z + maxy ., s, —sy) for some ¢ s.t. ¢(t) > I{t > 0} for all
t € R, and z > 0. There is some intersection of all those results and ours,
because in all cases the main challenge is bounding
sup ‘ﬁsuff(ﬁ, S) — RSrT(H, 5)‘

heH

with high probability (see Proposition 2.4.1). However, the surrogate loss
we consider, & LMW

k]
from the margin loss L., so that we cannot meaningfully compare bounds

in the cost-insensitive case, is substantially different

if the goal is minimizing the surrogate risk. Nevertheless, we could consider

comparing true risk bounds obtained from these surrogate risk bounds.

True risk bounds. While no |)| appears in the surrogate risk bounds
given by Theorem 2.4.14, that is not the case for the true risk bounds
we can get from our surrogate risk bounds given by Theorem 2.4.11 or
Theorem 2.4.14 (see also Theorem 3.2.4). By reduction to Theorem 2.3.4, if
5(¢) is a calibration function for LMW, then 4:5(¢) is a calibration function

V|
for ﬁLLLW (see also Definition 2.2.1), so based on the current results we
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need to scale surrogate risk bounds by |)| before converting them into
true risk bounds. As we will discuss in Section 2.5, the appearance of this
undesirable factor of |)| is a limitation of the calibration results.
Koltchinskii and Panchenko (2002), Mohri et al. (2012, Theorem 8.1,
p. 187), Kuznetsov et al. (2014), Lei et al. (2015) and Maximov and Reshetova
(2015) obtain true risk bounds for their surrogate risk bounds by using the

fact that for every score function & we have (w.p. one)
T (H(X)) # Y} < inf Ly-(h(X), Y). (2.46)

It is possible to show (see Avila Pires and Szepesvari, 2016a, Section 2)
that (2.4.6) can be hopelessly loose even if f o h for some I € H is optimal,
and that we should use calibration functions to perform bound conversion
instead. However, the margin loss is not amenable to a calibration argu-
ment: For example, if ¢ is non-decreasing, we can show that L, can be
transformed into an instance of the loss of Crammer and Singer (2003), for

which no calibration function exists’ (see Zhang, 2004).

2.5 Conclusion

In this chapter, we presented a novel cost-sensitive multiclass classification
loss, and a calibration function for it. This novel loss, LZhang, generalizes
the loss proposed by Zhang (2004), which in turn generalizes, among
other losses the multiclass logistic regression loss. We also described a
simple process to obtain cost-sensitive losses and calibration functions from
cost-insensitive losses and their calibration functions. Moreover, we have

also presented novel surrogate risk bounds for the cost-sensitive multiclass

9 Nevertheless, margin losses are popular choices in empirical studies (see, e.g. Bakir
et al., 2007), with evidence of good performance in low-noise settings (Dogan et al., 2016).
Moreover, the loss of Crammer and Singer (2003) in the cost-insensitive setting is known to
have a calibration function w.r.t. distributions of Y where some one label has probability
at least % (Zhang, 2004, p. 1233). It may be the case that under the Mammen-Tsybakov
Noise condition (Mammen and Tsybakov, 1999; Boucheron et al., 2005; Bartlett et al., 2006)
one can obtain calibration functions for the loss of Crammer and Singer (2003) (and other
margin losses), but to the best of our knowledge this line of work has not yet been pursued.
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LYW There is a number of

classification. These bounds apply to the loss
interesting refinements and extensions that we can consider to our bounds.

The calibration function in Theorem 2.3.6 applies to a decoupled variant
of the loss proposed by Zhang (2004). Avila Pires and Szepesvari (2016a)
presents calibration functions to the cost-insensitive logistic regression loss
as well, so it would be interesting to have results for the coupled formulation,
at the very least for a cost-sensitive generalization of the logistic regression
loss.

Because we presented a calibration function for a decoupled L7ha"8 (with
¥ non-decreasing and F(t) = t), we could think of surrogate risk bounds

LLLW

for it as well, besides just . These results would be a standard exercise

of re-doing the analysis in Section 2.4 with a loss that, from the point of
view of the analysis, is similar to LW,

A more interesting endeavor would be to re-do the analyses in Sec-
tions 2.3 and 2.4 using the Mammen-Tsybakov Noise condition (Mammen
and Tsybakov, 1999; Boucheron et al., 2005; Bartlett et al., 2006). The
Mammen-Tsybakov noise condition, in binary classification, condition in-
terpolates between a noiseless-label (realizable) scenario and a scenario

with no assumptions on the marginal distributions of Y given X. The

rates of the true-risk upper-bounds obtained for empirical true-risk min-

imization interpolate between the usual y/1-rates (in the no-assumption
scenario) and fast, %-rates in the noiseless scenario (Boucheron et al., 2005).
Bartlett et al. (2006) presented similar results (interpolating rates for true-
risk upper-bounds) for empirical surrogate-risk minimizers in the case
of cost-insensitive binary classification with strictly convex margin-based
losses (that is, L'™ with ¢ strictly convex and || = 2). Avila Pires and
Szepesvdri (2016a) extended the calibration results of Bartlett et al. (2006)
to the cost-insensitive multiclass case, but did not present surrogate risk
bounds as Bartlett et al. (2006) did. Farahmand et al. (2014) generalized the
Mammen-Tsybakov noise condition to the cost-sensitive multiclass classifica-

tion case, and presented true-risk bounds for empirical true-risk minimizers.
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Therefore, what remains to be done is to: i) generalize the fast-rate calibra-
tion results of Bartlett et al. (2006); Avila Pires and Szepesvéri (2016a) to
the cost-sensitive case; ii) re-do the analysis in Section 2.4 with Bernstein’s
inequality (Steinwart and Christmann, 2008, Theorem 6.12, p. 213) instead
of Hoeffding’s inequality (see Boucheron et al., 2005, Section 5.2); and iii)
bound Var(L(h(X),C) — L(h'(X),C)) for any h, ' € H. The third step has
been done for the cost-insensitive binary case by Bartlett et al. (2006, see
Theorems 4 and 5), where it has been noted that, in order to obtain fast-rates,
strictly convex surrogate losses are recommended.

While the extensions of our results to L?"®"8 do not seem very interesting,
the fast-rate extensions using the Mammen-Tsybakov noise condition with
strongly convex L#'a%8 are much more appealing. For example, we could
take Y(t) = —t, and ¢ = ¢%P, which give us losses related to logistic
regression (in particular, as mentioned before, with F(t) = Int in the cost-
insensitive case we get the logistic regression loss).

We are also able to improve Lemmas 2.4.9 and 2.4.12. In the proofs of
these results, after a symmetrization step, we have used a union bound over
a covering of {(i, k) — @(h(X;)x : h € H} to obtain the final result. Using
this union-bound is sub-optimal, and the bounds of Lemmas 2.4.9 and 2.4.12
can be improved (with better dependencies on covering numbers) if we
using chaining instead (see Koltchinskii, 2011, Chapter 3 and Steinwart and
Christmann, 2008, Chapter 7).

The techniques used for obtaining calibration functions also have room
for improvement. As claimed in Section 2.4.3 (and as we will see in Sec-
tion 3.2), when converting surrogate risk bounds using Theorem 2.3.4 (and
also Theorem 2.3.6), a factor of |)| is introduced to the true risk bounds.
This is a flaw of results that lower-bound dmax by dpinary- We speculate that
a bound of the form dmax (&, p) > Jpinary (&, p') (cf. Theorems 2.3.4 and 2.3.6)
is not possible (even up to constant factors) for |17|LLLW or ‘17|LZhang, but at
the same time we may be able to improve Theorems 2.3.4 and 2.3.6.

While the focus of this chapter and, in fact, this dissertation, is theo-
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retical, there is interesting empirical research where surrogate losses are
compared. For example, Dogan et al. (2016) experimentally compare differ-
ent cost-insensitive multiclass classification surrogate losses, where most
loss choices (including LMW<CT) provide competitive results on the datasets
considered, except in seemingly low-noise scenario, where the loss pro-
posed by Crammer and Singer (2003) is preferable in both predictive and
computational performance. To the best of our knowledge, empirical com-
parisons in the cost-sensitive multiclass case have not been pursued, but,
in our opinion, they would be interesting. The cost-sensitive setting (with
random costs) can be quite different from the cost-insensitive setting. On
the one hand, misclassification (w.r.t. the label with lowest expected cost) is
not an issue if another low-cost label is chosen. On the other hand, noise on
the costs can affect classifiers in ways that are not understood (as observed

by Pires and Szepesvéri, 2015, in the context of CBPI).
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Chapter 3

Classification-Based Policy
Iteration

In this chapter, we present an extended analysis of Classification-Based Pol-
icy Iteration. As remarked in Section 1.2, CBPI falls under the category of
so-called direct policy learning (DPL) methods, which also includes policy
gradient (Sutton et al., 1999), conservative policy iteration (Kakade and Lang-
ford, 2002), and classification-based methods for learning non-stationary
policies (Langford and Zadrozny, 2003; Bagnell et al., 2003; Langford and
Zadrozny, 2005). The common feature of these methods is that they attempt
to learn a policy without estimating value functions. This creates the poten-
tial for DPL methods to perform well in scenarios where generalized policy
iteration (GPI) may fail, e.g., when the representation is expressive enough
for representing near-optimal policies, but not near-optimal value functions.
One such case is the (SZ-)Tetris scenario outlined in Section 1.2.

At the core of CBPI there is a classification method, whose performance
(the true risk) is determinant to the performance (the policy error) of the
policies computed by CBPI. The two existing analysis of CBPI (Farahmand
et al., 2014; Lazaric et al., 2016) apply to instances of CBPI that rely on
an “impractical” classification method (recall that by “practical” we mean
classification algorithms that can be executed efficiently and therefore used
in practice). The method used is empirical true-risk minimization, where

the true risk is the cost-sensitive classification error. Because the empirical
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true risk is not convex, empirical true-risk minimization may require solving
a combinatorial problem that is often computationally hard (see Section 2.2).
Therefore, we have performance guarantees for CBPI methods that we
cannot use in practice, and we can define instances of CBPI that we can
use in practice, but which enjoy no performance guarantees. What we
do in this chapter is to extend the analysis of Lazaric et al. (2016), so that
we have performance guarantees for instances of CBPI that use a practical
classification method.

The classification algorithm that we consider in this chapter corresponds
to empirical surrogate-risk minimization with the surrogate loss L"™ and
@Min8e over the set of linear score functions H 5. Not surprisingly, this is the
classification method for which we have presented surrogate risk bounds in
Section 2.4. Moreover, we can use calibration functions from Theorem 2.3.4
to convert these surrogate risk bounds into true risk bounds. These true
risk bounds can then be plugged into a result by Lazaric et al. (2016) that
gives us a bound on the policy error of the policy constructed by CBP]I, as a
function of the performance of the classification method used.

The outline of this chapter is as follows. We start by introducing CBPI
through a novel, unified view of the method, in Section 3.1. This unified
view of CBPI encompasses the different variants of the method studied in
the literature, and allows us to really understand what is, in our opinion,
the essential structure of CBPI, and also to identify the components that
can be easily changed. In Section 3.2, we present the analysis of CBPI per se,
and in Section 3.3 we discuss future work.

While we do not develop an extension of the analysis of CBPI by Farah-
mand et al. (2014), the extensions discussed in Section 2.5 are much relevant

to their analysis of CBPI, and we discuss these connections in Section 3.3.
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3.1 A Unified View of CBPI

The classification-based policy iteration algorithm is given in Algorithms 3.1.1

and 3.1.2. Each iteration in CBPI requires three (blackbox) components to

Algorithm 3.1.1 Classification-based policy iteration

input: An initial policy 7y, a number of iterations K, a per-iteration number
of observed states n
output: A policy g
procedure CBPI(K, 71, n)
for k € [K] do
Set the state provider STATES
Set the cost estimator COSTESTIMATE
Set the cost-sensitive multiclass classification method CLASSIFIER
(x1,...,%y) < STATES(n)
7T < ITERATION( (X1, ..., X, ), COSTESTIMATE, CLASSIFIER)
end for
end procedure

be set: a state provider STATES, a cost estimator COSTESTIMATE, and a clas-
sification method CLASSIFIER (the components are named after what they
yield). Then CBPI constructs a policy using the ITERATION procedure, which
is the defining trait of CBPI in comparison to other policy iteration methods.

Algorithm 3.1.2 gives a detailed description of ITERATION. Different variants

Algorithm 3.1.2 Iteration routine for CBPL
input: States (x1,...,x,) € X", a cost estimator COSTESTIMATE, a cost-
sensitive classification method CLASSIFIER
output: A policy
procedure ITERATION((x1, ..., X;;), COSTESTIMATE, CLASSIFIER)
foralli € [n],a e Ado
Ciq < COSTESTIMATE(X;, a)
end for
return CLASSIFIER(X, ..., X, Cq1,...,Cy) > Vi, x; € X, C; € RA
end procedure

of CBPI have been analyzed and evaluated empirically (Bagnell et al., 2003;
Fern et al., 2003; Lagoudakis and Parr, 2003a; Lazaric et al., 2010; Gabillon
et al., 2011, 2013; Farahmand et al., 2014; Lazaric et al., 2016), and all these
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methods are described by Algorithm 3.1.1 and Algorithm 3.1.2, with the dif-
ferences lying in which specific choices are made for the three components,
StATES, COSTESTIMATE and CLASSIFIER.

Indeed, at each iteration these CBPI instances can be seen to execute
the following steps: i) for a given set of states and actions, a blackbox
CosTESTIMATE produces an estimate of the cost associated with taking each
action at each given state; and ii) a CLASSIFIER produces an approximately
greedy policy from the costs estimates. Between iterations, as seen in Algo-
rithm 3.1.1, StaTEs, COSTESTIMATE, CLASSIFIER and the states (x1,...,xy)
may change. For example, the CosTEsTIMATE blackbox may work as follows.
Monte Carlo value estimates are generated by performing rollouts with a
behavior policy 7t (which can change between iterations) and then these
value estimates are used to construct the cost estimates. For a given value
estimate V € RI! for a state x, at least two different cost-estimates can be
obtained: The negative value estimates —V and the estimated disadvantages
of the actions (max, V;)1 — V. The second option may be used if the costs
are required by the CLASSIFIER to be non-negative (as will be the case in
Section 3.2).

In practice, we may want to use Algorithm 3.1.2 with state-dependent
action spaces, which is typically an extension that can be easily incorporated
into common classification methods. We could further generalize Algo-
rithm 3.1.2 to allow a sequence of state-action pairs ((x1,a1),...,(xn, an)) €
(X x A)" to be given as an argument. This generalization would require
CLASSIFIER to be able to generalize both across states and actions, which is to
the best of our knowledge unexplored in cost-sensitive classification, albeit
conceivable, based the structured predi(:’cion1 literature (see, e.g., Pérez-Cruz

et al., 2007; Bakir et al., 2007).

! Structured prediction can be seen as cost-insensitive classification with an extremely
large number of classes where classes may be related under some notion of similarity,
and where minimizing typical classification losses cannot be done because the cost of
computing minimizers and evaluating these losses typically scales linearly with the number
of classes, as we can see from Table 3 in Avila Pires and Szepesvari (2016a).
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The nature of the value estimates underlying the cost estimates can vary
greatly. For example, Lazaric et al. (2010), Lazaric et al. (2016) and Bagnell
et al. (2003) use the average of Monte Carlo rollouts as the value estimator.
Farahmand et al. (2014), Gabillon et al. (2011) and Gabillon et al. (2013), in
contrast, use hybrid estimates that combine value-function estimates and
value estimates. Moreover, it is possible to have COSTESTIMATE reuse obser-
vations (similarly to Lagoudakis and Parr, 2003b) over different iterations,
or to combine policies from previous iterations into a rollout policy (Bagnell
et al., 2003).

The state provider STATEs is critical to the performance and analysis of
CBPI. Bagnell et al. (2003); Farahmand et al. (2014); Lazaric et al. (2016) as-
sume that STATES allows us to observe i.i.d. states from a given distribution.
Evidently, the nature of the distribution will affect the policy error guaran-
tees that we can obtain (see the concentrability coefficients in Theorem 3.2.7).
For example, a distribution that is closer to a stationary distribution of the
optimal policy can be expected to lead to better classifiers (that is, better
policies). Relaxations of the i.i.d. assumption, e.g. fast mixing, have been
explored in the context of other policy iteration methods (e.g. Antos et al.,,
2008b), but not in CBPI], to the best of our knowledge.

As for CLASSIFIER, we can see it as an operator G’ : R"| — T, in which

case the k-th iteration of CBPI produces
e =G'v

where v} ~ (TpV7%)?(x;) for a given sequence (x1,...,%,) € X", and . is
a policy underlying the cost estimates produced by CoSTESTIMATE (in some
instances we may have 71, = 713_1). For classifiers based on score functions,
we can further write

. = GHo

where H : R"l — VA gives us score functions over the whole state-action

space, and G is the greedy operator. In contrast, GPI outputs
T = GV
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at iteration k, where V ~ Tp V-1 and 7y is some initial policy. The fact
that Hv is a scores function (and not a value function estimate, such as V)
means that we can be much more flexible about its construction. Indeed, it
suffices for GHv ~ 7t* for us to perform well, even if MHv is not close to
MTpV* at all. On the other hand, GPI relies on having V ~ TpV*, as we
can see from policy error bounds, which are given in terms of ||V — V*||
(Bertsekas, 2012, Proposition 3.1).

The CLASSIFIER routine has seen different instantiations in the literature.
Fern et al. (2003) use rule-based classifiers. Lagoudakis and Parr (2003a)
take (with ties broken arbitrarily)

argmin — Z ]I{ mt(x;) # argmm C; k}

rerr iz
which Li et al. (2007) show not to be a sensible objective for CLASSIFIER
because it is not cost-sensitive (thus underweighting errors that cause
large losses in terms of the return, and overweighting errors that do not
significantly affect the return). Lazaric et al. (2010); Farahmand et al. (2014);
Lazaric et al. (2016) propose taking

argmin — ZC”T (3.1.1)
et i35

with IT" C II given. Lazaric et al. (2010); Farahmand et al. (2014) use
disadvantages as the costs, whereas Lazaric et al. (2016) use negative values.
Objective (3.1.1) is the empirical classification cost (see Section 2.2), which is
non-convex and is usually not efficiently minimizable. This non-convexity
issue can be remedied by replacing the costs (Cy,...,C,) with a convex
cost-sensitive surrogate loss, as we have done in Section 2.2 Replacing the
costs with a convex loss in (3.1.1) solves a practical problem, but creates a
gap between instances of CBPI that can be used and instances that enjoy
the statistical guarantees presented by Farahmand et al. (2014); Lazaric et al.
(2016). Bridging this gap is the theme of the next section, and to do so we

will use the classification results established in Chapter 2.
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3.2 An Extended Analysis of CBPI

With the cost-sensitive classification surrogate risk bounds from Section 2.4
and the ability to convert surrogate risk bounds into true risk bounds,
thanks to Section 2.3, we are able to extend the analysis of Lazaric et al.
(2016) so that it applies to practical instances of CBP], i.e., instances that
rely on empirical surrogate-risk minimization. Once we have a true risk
bound for the classifier, we can simply plug it in the bound of Theorem
7 of Lazaric et al. (2016) (presented as Theorem 3.2.7 here), to get error
propagation results.

We will start this section by introducing the setting considered by Lazaric
et al. (2016) in a “single-iteration” manner, in Section 3.2.1. This will give
us single-iteration descriptions of STATES and COSTESTIMATE, and simplify
the statement of our true risk bounds for CLASSIFIER, which are given in
Section 3.2.2.

At the end of this section, in Section 3.2.3, we will describe how STATES
and CosTESTIMATE change at each iteration of CBPI and report Theo-
rem 3.2.7, the policy error bound shown by Lazaric et al. (2016) into which

we can plug our true risk bounds.

3.2.1 Preliminaries

Consider states (Xi,...,X,) € X" and define, for j € [m], a € A and
teh—1]
Xija0 = Xi, Ajjao =4,
Xijat ~ P(Xijat-1,Aijat-1), Aijar ~ T(Xijar) (32.1)
Tija = Xija0 Aijaor- -0 Xijap—1, Aijan1-
where 7T is a given evaluation policy and & > 0 is a horizon. The sample
(X1,...,X;) and the trajectories will be assumed to satisfy Assumption 3.2.1.

For convenience, we let (X, T') be jointly-distributed random variables that

share the common distribution and are independent of (X;, T; ;) (i € [n],j €

[m]).
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Assumption 3.2.1. The (Xy,...,X,) arei.id. Foralli € [n], j € [m],a € A,
1. (Ti1a -, Tima) are conditionally independent given X;,
2. (Tyjas---, Tyja) are independent,
3. (Tija,-- -, Tij4)) need not be independent.

One can generate trajectories that satisfy Assumption 3.2.1 by using
Monte Carlo rollouts with common random numbers (Schruben, 2010)
shared among actions, but independent for each i € [n] and j € [m]. We

detine the return along a trajectory

h—1
Ret(xOI ag, - -, Xp-1, ah—l) = Z ,Ytr(xf/ at)/
t=0

which provides a biased estimate of the value of the state-action pair (X;, a).
Rather than assuming that this bias is bounded, as done by Lazaric et al.
(2016), we will require that the bias of the differences between the returns
along two trajectories (for the same state but different actions) be bounded,
as seen in Assumption 3.2.2. If the rewards are uniformly bounded in abso-
lute value by rmax, then Assumption 3.2.2 is satisfied with B, = 4%rmax.
However, Assumption 3.2.2 can be satisfied with smaller values, depending
on the statistical nature of the trajectories. For example, informally, if the
rollout policy 7 is likely to recover from mistakes in a long trajectory (and
yield close returns for two long trajectories starting from the same state but
different actions), we can expect the bias in Assumption 3.2.2 to be much
smaller than 4%rmax, especially for large y. The truncation bias bounded
by Assumption 3.2.2 can help control the variance of the returns, which has
may negatively affect the performance of classifiers and CBPI (Pires and

Szepesvari, 2015).

Assumption 3.2.2. There exists a non-negative constant B j, s.t.

E (max(V”(X,a) —VA(X,a')) — (Ret(T,) — Ret(Ta/))) < Bop

a,a
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In the instance of CBPI analyzed by Lazaric et al. (2016), the CLASSIFIER
procedure is required minimize the empirical classification cost, which
(as discussed in Section 2.2) can be computationally hard. Therefore, we
will resort to empirical surrogate-risk minimization with L™V, so that we
can benefit from the guarantees from Chapter 2. We want to set up the
classification problem so that we can satisfy Assumption 2.4.2 (Section 2.4).
To that end, we the state space A" as the input space, take J = A, and define

C!

ij,a

= maxRet(T;; ) — Ret(T; ) (3.2.2)
p o o

and C = max, Ret(T,/) — Ret(T,). (We need the costs to be non-negative,
so we cannot take Cf/j/a = —Ret(T; ) unless the returns are non-positive
with probability one.)

We also choose ¢ in LMW to be ¢""8¢, which has calibration function
5(e) = e (Avila Pires et al., 2013, Table 1). Choosing ¢""8¢ allows us to
satisfy Assumption 2.4.3, Assumption 2.4.4 with Lip jing(t) = 1 for all
t > 0, and Assumption 2.4.5 with @pnax % 0B = 1+ BB*. In order to use
our calibration-function results (see Section 2.3.2) to convert surrogate risk
bounds into true risk bounds, we must ensure that all scores output by
score functions in Hp ¢ sum to zero, so we will impose Assumption 3.2.3
on ¢.

Assumption 3.2.3. Forall x € X, ZJ;i'l $(x,a) = 0,

The policy output in an iteration of CBPI will be the output of the
CrassiFIER procedure outlined in Algorithm 3.2.3, that is, the classifier
outputs 7 = f o H, where H is as given in (2.4.2) (page 29), with L = LMW,
@ = M"8¢ and H = Hy,5- The sample given to the CLASSIFIER procedure

will be as given in (2.4.1) (page 28):

S = ((Xl,lel,...,C{,m),...,(Xn, ;/1,...,C,'Lm)).

We can then use Theorems 2.4.11 and 2.4.14 to obtain true risk bounds for

the classifier 7t.
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Algorithm 3.2.3 CLASSIFIER procedure analyzed in this section.

input: A sample ((x1,¢1),..., (X, cn)) € (X x RMI)", a set of score func-
tions H C (RANHY

output: A classifier f o h
procedure CLASSIFIER((X1,¢1), ..., (Xy,¢n), H)

return
n |Al

h € argmin —— Z Z cia@(h (3.2.3)
WeH |‘A| i=1a=

end procedure

3.2.2 True Risk Bounds

Our first result is Theorem 3.2.4, which is obtained by combining Theo-
rems 2.3.4 and 2.4.11. Differently from the surrogate risk bounds, which had
mild (or constant) scaling with |.4], the scaling of the true risk bounds in
Theorem 3.2.4 with |.A] is linear. This scaling comes from a limitation of the
calibration analysis, as discussed in Section 2.5. The factor of |.A| also scales
the approximation error, which in Theorem 3.2.4 is given in terms of LMW,

not |17|LLLW. A choice of m that minimizes the bound in Theorem 3.2.4 (up

to constant factors) is m = (%)2 In contrast, Lazaric et al. (2016) recom-
mend (based on their bounds) that one choose m = 1. The choice informed
by Theorem 3.2.4 is somewhat in line with some of the conclusions of Pires
and Szepesvari (2015), which stated that variance in the cost estimates could
negatively affect the performance of CLassiFiER and CBPI. Although we did
not express the bounds in terms of variances, we carried out our analysis so
that we could understand whether there could be any benefit in using more
than one rollout (m > 1) for the cost estimates. Asymptotically, there is no
benefit, but m can be used to eliminate potentially large constant factors
The bias of

the truncated rollouts, B j, is also different from the one used by Lazaric

from the bound, since Cmax could be much larger than Cj,,,.

et al. (2016). Our choice emphasizes that truncation of the trajectories can
help, since we can trade-off By j,, Cmax, and Cj,,,. In the illustrative scenario

where 7 is likely to recover early from the forceful choice of Aj in the
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rollouts, we would benefit from truncating the trajectories with a small £,
which would not produce a large bias B, ;, but would have the potential to
significantly decrease Cmax and CJ,,. Theorem 3.2.4 indicates that proper

rollout truncation may benefit performance.

Theorem 3.2.4. Consider a sample S satisfying Assumptions 3.2.1 and 3.2.2,
where costs defined as in (3.2.2) and trajectories as in (3.2.1)). Consider also ¢
satisfying Assumptions 3.2.3 and 2.4.6. For any ¢ € (0, 1) we have with probability
at least 1 — J that

sup B (V7(X, 7 (X)) ~ B(V"(X, A(X)|$)

< inf Rt () = inf R (1) + B

324 20(1 1
+2|A](1+BB*)\/ —In ( ;r”m) <2C§nax+Cmax\/E>

We are also able to use our results based on Frobenius-norm coverings

to get Theorem 3.2.5. As expected from how Theorem 2.4.11 compares to
Theorem 2.4.14, we see a logarithmic dependence on the number of features
the bound of Theorem 3.2.5, as opposed to the square-root dependence seen
in Theorem 3.2.4. As in Theorem 3.2.4, the bound in Theorem 3.2.5 scales
with | A|, also as a result of the calibration function used. More importantly,
Theorem 3.2.5 informs us to the same choice of m as Theorem 3.2.4 to
minimize the bound in Theorem 3.2.5 (up to constant factors), that is
m = (%)2 However, the impact of this choice is not as favorable as in
Theorem 3.2.4, because if the ratio % is too small in the sense of (3.2.4)

(which would mean a larger benefit in using the suggested m), the bound

in Theorem 3.2.5 will be given by &5.

Theorem 3.2.5. Consider a sample S satisfying Assumptions 3.2.1 and 3.2.2,
where costs defined as in (3.2.2) and trajectories as in (3.2.1)). Consider also ¢

satisfying Assumptions 3.2.3 and 2.4.6. For any 6 € (0,1) we have with probability
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at least 1 — ¢ that

sup E (V”(X, 7T/(X))) —E(VH(X,7(X))|S)
' ell
< hlg?f{ Rtiw(h) — he(g\lﬁ\)/" Titw(h) + (e1Vea) + By,

where

32 2002411 1
e1 = 2|A|(1 + BB,) 7111% <2C£nax+Cmaxw/a),

B 32 . 20(2d +1)

1. c BB, 1
—y max > Y 3.2.4
m ' Cmax — 1+ BB, \| |4] (3.24)

then €1 > €5, otherwise €1 < 6¢5.

Moreover, if

To conclude our analysis, we will present Theorem 7 of Lazaric et al.
(2016), which gives us policy error bounds for CBPI, and with which we

can immediately combine Theorems 3.2.4 and 3.2.5.

3.2.3 Policy Error Bounds

So far, we have described the setup for a single iteration of CBPI. For the
policy iteration with K € IN iterations, we assume that we are given a policy
mp € I1, a sequence of measures py, ..., px—1 over X, and the CLASSIFIER
method. In Definition 3.2.6 we introduce the samples used by CLASSIFIER at

each iteration.

Definition 3.2.6. For each k € [K], let 7t = A(Sy_1) and where each Sy is an
independent sample satisfying

Sk = ((Xl,Cill,...,C{,m),...,(Xn, ,’1,1,...,C,’,l,m))

with (X1,...,Xn) ~ p}_y, the costs Cl{,j defined as in (3.2.2), and the trajectories

as in (3.2.1), with © = m_;.
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We also define, for V € V),

IVl = [ V) an(),

and

[Vle = sup|V (x)],
xeX

under the respective assumptions that value functions are bounded in norm.

Now that we have outlined the setting studied by Lazaric et al. (2016),
we are able to report their policy error bounds as a function of the true
risk of the classifiers used: Theorem 3.2.7 gives us policy error bounds for
the policy 7t obtained after K iterations of CBPI, using CLASSIFIER at each
iteration. We can then immediately plug Theorems 3.2.4 and 3.2.5 as (3.2.7)
into Theorem 3.2.7 to obtain policy error bounds for our practical classifiers.
We see that the concentrability coefficients, the quality of the initial policy
1o and <y affect our decision of when to stop the iteration, but if we have a
tixed “data budget” we need to look at the bound differently: It may seem
as though the bounds scale logarithmically on the number of iterations, but
the fact that the samples Sy, ..., Sk are independent introduces a factor of

VK to the bounds, since we would observe \/if states at each iteration.

Theorem 3.2.7 (Adapted from Theorem 7, Lazaric et al., 2016). Given K € IN;
measures y, p and p1 = ... = px = p over X; a cost-sensitive classification
algorithm CLASSIFIER; and 7ty € 11, assume that CLASSIFIER runs algorithm A at
each iteration with inputs Sy, ..., Sy defined as in Definition 3.2.6. Assume that
forany § € (0,1) and k € [K] we have with probability at least 1 — §

sup IE(V1(X, 7'(X))) — E(V™ (X, 7(X))| Sk-1) < exs

n'ell
for some & 5, where X ~ px_q = p.

If the concentrability coefficient C,,, satisfies Assumption 1 of Lazaric et al.

(2016), then for any 6 € (0,1) we have with probability at least 1 — 6

C
VE_ VK|, < A KV vyl 4 PP axe
n I =27 bt T = 1

)
k,?l
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Alternatively, if the concentrability coefficient Cep satisfies Assumption 2 of
Lazaric et al. (2016), then for any 6 € (0,1) we have with probability at least 1 — &

Coo
VE V|| < AR Vv T2 maxe, ;.
” Hoo = H ”oo (1 _ ,)/)2 ke |K] k%

3.3 Conclusion

In this chapter, we have used the surrogate and true risk bounds presented
in Chapter 2 in order to extend the analysis of Lazaric et al. (2016) so that it
applies to classification methods that can be used in practice, in particular,
the empirical risk minimizer of L'™W with ¢"i"8¢ (a convex surrogate loss)
over Hy g (a space of linear classifiers), which can be seen to correspond to
a cost-sensitive multiclass SVM.

In Section 2.5, we have touched on fast rates based on the Mammen-
Tsybakov noise condition and strongly convex surrogate losses. Bounds
of this nature are quite relevant to CBPI. Farahmand et al. (2014) have
used the Mammen-Tsybakov noise condition to obtain fast rates for the
empirical risk minimizer of classification cost. As remarked by them, large
gaps between optimal and sub-optimal actions should be detected by the
classifier, and taking sub-optimal actions is not really an issue where gaps
are small. This intuition translates as true risk bounds with faster rates, due
to the Mammen-Tsybakov noise condition.

Following the discussion in Section 2.5, if the Mammen-Tsybakov noise
condition can be leveraged to obtain cost-sensitive classification surrogate
and true risk bounds with faster rates, then it would be interesting to see
them applied in order to extend the analysis of Farahmand et al. (2014).

Also as mentioned in Section 2.5, refining the analysis of Section 2.4 to
incorporate the Mammen-Tsybakov noise condition would require replacing
Hoeftding’s inequality with Bernstein’s inequality. This would expose
the cost variances and help analyze some of the phenomena observed by
Pires and Szepesvari (2015)—in particular, that large cost variance could

render classification methods ineffective. An interesting development, then,
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would be to seek a better understanding of the truncation bias B ), (see
Assumption 3.2.2), in order to make a more informed bias-variance tradeoff.

One can also consider relaxing the i.i.d. assumption underlying the data
provided to the classifier, for example, introducing fast mixing (Antos et al.,
2008b) in (X3,...,Xy). Alternatively, fast mixing could be assumed for
the trajectories T;,, which could be a start for better understanding the
truncation bias B, . In particular, can fast-mixing trajectories make a case
in favor of having small /i (trajectories truncated early) without incurring a
large return bias?

Directions pertaining to empirical evaluations of CBPI can also be pur-
sued. It remains to be understood the practical benefits of a particular
choice of surrogate loss in the context of CBPI. As mentioned in Section 2.5,
there are empirical comparisons between surrogate losses in the context of
cost-insensitive classification, but a comparison in the cost-sensitive case
is lacking. In particular, there is very little understanding (theoretical or
empirical) of the cost-sensitive case with random costs. Pires and Szepesvdri
(2015) have shown a simple MDP where large variance in the cost estimates
lead to poor classifiers (classifiers with large true risk) and, as a conse-
quence, policies that do not perform well. Therefore, it would be interesting
to understand how to construct low-variance cost estimates that yield effec-
tive classifiers. One way to construct such estimates is the aforementioned
truncation of Monte Carlo rollouts, another are the hybrid cost estimates

(Gabillon et al., 2013; Farahmand et al., 2014).
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Chapter 4

Model-Based Reinforcement
Learning with Factored
Semi-Linear Models

An alternative to approximately solving an MDP by policy iteration (e.g.
GPI, CPI, CBPI) is to learn a model of the MDP dynamics P, and somehow
use the model instead of P to perform dynamic programming. This is
called model-based reinforcement learning (MBRL).

According to Sutton and Barto (1998) (Section 9.1, p. 227), a model should
approximate P(x,a) for every (x,a) € X x A. While this requirement is
sufficient for dealing with the statistical challenges of DP, is often difficult to
satisfy and it does not address the potential intractability of DP. The recent
years have witnessed a renewed interest in MBRL, with the emergence of
approaches that did not necessarily try to approximate P(x,a) for every
(x,a) € X x A, and eventually led to a quite flexible concept of what a
model should be.

Barreto et al. (2011); Kveton and Theocharous (2012) and Precup et al.
(2012), building on the seminal work of Ormoneit and Sen (2002), studied
various approaches to stochastic factorizations of the transition probability
kernel, while Griinewailder et al. (2012) proposed to use RKHS embeddings
to approximate the transition kernel, with further enhancements proposed
recently by Lever et al. (2016). A key common feature of these otherwise

distant-looking works is that once the model is set up, it leads to a policy in
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a computationally efficient way (i.e., in polynomial time and space in the
size of the model). Having realized that this is not a mere coincidence, Yao
et al. (2014) introduced the concept of factored linear models, which keeps
the advantageous computational properties, while generalizing all previous
works. While efficient computation is a necessity, efficient learning and
good performance of the policy are equally important. In this chapter we
focus on the second of these criteria, namely the performance of the policy
derived from the model, more specifically, the policy error as a function of
model errors. The argument for omitting the learning part for the time being
is that one should better understand first what errors need to be controlled
because this will influence the choice of the learning objective and hence the
algorithms (we also note in passing that, in the above-mentioned examples,
the statistical analysis of the model learning algorithms is well understood
by now).

We are not the first to consider the performance of the policy (the policy
error) as a function of the model errors. Most of the previously mentioned
works also present policy error bounds of this nature. However, all these
works derive bounds that express model errors in a supremum norm. While
the supremum norm is a convenient choice when working with MDPs
(which give the theoretical foundations in these works), an observation that
goes back to at least Whitt (1978) is that the supremum norm is also known
to be a rather unforgiving metric: In learning settings, when data comes
from a large cardinality set, and the data may have an uneven distribution,
while the objects of interest lack appropriate smoothness, or other helpful
structural properties, we expect errors measured in the supremum norm
to decrease rather slowly. Furthermore, most learning algorithms aim to
reduce some weighted norms, hence deriving bounds for the supremum
norm is neither natural, nor desirable. Can existing bounds of the policy
error from the MBRL literature be extended to other norms? In the analogue
context of approximate dynamic programming methods, Munos (2003)

pioneered a technique to allow the use of weighted LF-norms to bound the
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policy error, while in the context of approximate linear programming (ALP),
de Farias and Van Roy (2003) proposed a different technique to allow the
use of weighted supremum norms, both leading to substantial further work
(Busoniu et al., 2010a, 2012). While the use of weighted norms is a major
advance, these bounds do not come without any caveats. In particular, in
ALP, the bounds rely on the similarity of the so-called constraint sampling
distribution to the stationary distribution u* of the optimal policy, while in
ADP they rely on the similarity of the data sampling distribution and the
start-state distribution, leading to hard to control error terms. Can this be
avoided by model-based approaches?

In this chapter, we present bounds on the policy error of policies de-
rived from factored semi-linear models in MBRL, following the work of
Avila Pires and Szepesvéri (2016b), but mildly generalizing the factored lin-
ear model framework. The policy error is bounded in supremum, weighted
supremum and weighted LF norms (Theorems 4.4.3, 4.4.5 and 4.4.7). The
results hold under some conditions: the left factor of the approximate factor-
ization of the transition kernel must satisfy a mild boundedness condition
(Assumption 4.3.7), while the right is not constrained. Avila Pires and
Szepesvari (2016b) assume that the right factor is a join-homomorphism!.
We introduce, however, a third component of the factored semi-linear mod-
els, which is restricted to be a collection of linear operators (which is, itself
an operator). In the work of Avila Pires and Szepesvari (2016b), each opera-
tor in this collection coincided with the (linear) right factor of the model.
The last condition is that the product of the third-component operator and
the left factor satisfy a norm constraint. This last condition is not mild as
the others, but it i) generalizes the conditions used to derive previous policy
error bounds; and ii) can be easier to enforce as it constrains the norm of
a low-dimensional operator, unlike the analogue constraints in previous

works. In addition, relinquishing the join-homomorphism condition used

1 An operator | from a semi-lattice (U,V) into the semi-lattice (U’,V) is a join-
homomorphism if J(U vV U') = (JU)V (JU') for any U, U’ € U (see Avila Pires and
Szepesvdri, 2016b, Assumption 2)).
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by Avila Pires and Szepesvari (2016b) allows us to generalize essentially all
previous work on MBRL that uses the model to compute a policy using DP.

We recover results for unfactored semi-linear models that satisfy a
contraction assumption, including previously proposed supremum norm
bounds. In addition to being able to recover previous results, we also
provide a new type of analysis, which has interesting implications. The new
analysis shows that MBRL can in fact escape the sensitivities in ALP and
ADP (cf. Theorem 4.4.7, term ¢1), answering the above major question on the
positive. In fact, the new bound also shows the potential for better scaling
with the discount factor, which is another surprising result. We attribute
this success to the systematic use of the language of Banach lattices, which
forced us to discover amongst other things a definition of mixed norms
for action-value functions which is general, yet makes the so-called value
selection operators non-expansions (cf. Proposition 4.3.2). For the skeptics
who believe that MBRL is “hard” because the derived policy cannot be good
before the model approximates “reality” uniformly everywhere, we point
out that already the first ever bound derived for policy error in MBRL (due
to Whitt, 1978) shows that the model has to be accurate only in an extremely
localized way. Our bounds also share this characteristic of previous bounds.

Our analysis builds on techniques borrowed from approximate policy
iteration (API) and approximate linear programming (ALP), and provide
new insights to existing results for ALP (Proposition 4.3.5). However, the
MBRL setup we consider is nevertheless different from API and ALP, so the
connections in our proofs are not a mere translation of API or ALP results
to MBRL, as we will explain in Section 4.5, which is also attested by the
novel features of our bounds.

In Section 4.2, we will introduce factored semi-linear models. After
this, we state our assumptions in Section 4.3, present our main results in
Section 4.4, and close with placing our work in the context of existing work,
and providing an outlook for future work in Section 4.5. The novel proofs

can be found in Appendix A.3, whereas the proofs of accessory results from
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Avila Pires and Szepesvdri (2016b) are not presented here.

4,1 Preliminaries

In this section, we build on the definitions given in Section 1.1.2. There,
we have introduced the Banach spaces (V, || - ||y) and (VA, || - ||,y4), which
have been assumed to contain the value functions and action value functions,
respectively, of all deterministic stationary policies. In this chapter, we will
choose || - ||y to be supremum, weighted supremum, or L”(y) norms. The
choice of || - ||;4 will in general depend on that of || - ||y, but this will
be made clear in the actual context. As mentioned in Chapter 1, V4 can
also be identified with the set of real-valued functions with domain X x A
(since A is finite). Recall that we are using V* as an alternate notation to
V(a), and that we denote by P? the V — V right linear operator defined
by (P*V)(x) = E(V(X;41)| Xt = x, Ay = a) (we have assumed that V € V
implies integrability, so the integrals are well defined). We also view P*
as a left linear operator, acting over the space of probability measures
defined over X: P : M1(X) — My (X), (WP?)(X') = [du(x)dP*(X'|x),
n e Mi(X), X C X. In what follows, whenever a norm is uniquely
identifiable from its argument, we will drop the index of the norm denoting
the underlying space.

We extend Bellman return operator defined in Section 1.1.2 to accept
any linear operator 7 : V — VA by defining: T/V = r+ JV (V € V).
Then Tp is the Bellman return operator originally defined in Section 1.1.2.
Recall that the maximum selection operator M : VA — V is defined by
(MV)(x) = max, V*(x).

Then MTp corresponds to the Bellman optimality operator and the optimal
value function is known to satisfy V* = MTpV* (Puterman, 1994, Section
6.2). a non-linear fixed-point equation, which is known as the Bellman
optimality equation. The greedy operator G : VA — TI, which selects the

maximizing actions chosen by M, is defined by GV (x) = argmax, V*(x)
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(x € X, with ties broken arbitrarily). Recall that GTV* is an optimal policy
(Puterman, 1994, Section 6.2.4).

As we have postulated in the introduction, RL methods are, one way or
another, trying to perform DP efficiently. In this chapter, we will do so with
online planning. In the online planning problem, we wish to compute, at any
given state x, an action that a near-optimal policy would take. The attribute
“online” signifies that one is allowed some amount of calculation for each
state. By collecting all actions at all states, a planning method defines a
policy 7t. Apart from computation, planning methods are compared by how
good the policy they return is, i.e., by the policy error of 7z. One approach
to efficient online planning is to use an abstract model which i) contains
relevant information about the MDD, ii) can be efficiently constructed, and
iii) allows 7t(x) to be computed efficiently at any state x. The online
planning we are interested in uses a special type of abstract models, called

factored semi-linear models.

4.2 Factored Semi-Linear Models

In this section, we define factored semi-linear models, the core of our MBRL
approach. We also show examples of MBRL approaches that use factored
linear models. We are not aware of methods that rely on non-linear factored
semi-linear models, so the generalization from factored linear models, which
were introduced by Yao et al. (2014), and factored semi-linear models is
mild and technical.

In a factored linear model we approximate the MDP’s stochastic kernel P
as the product of two operators, QR. Similarly to factored linear models,
Yao et al. (2014), we have Q = (Q"),c 4, with each Q% : W — VA linear, and
also a collection of linear operators R’ = (R'*),c 4 and each R : W — V
linear. The operator R : W — V (with W defined below), differently from
the one proposed by Yao et al. (2014), need not be linear or equal to each

R'®. The term “semi-linear” refers to the fact that each (Q)” is linear, but

64



not R. While only Q and R form the approximation of P, we will see that
the operator R’ is also essential to the factored semi-linear model approach
we use, and to the construction of 7.

The space W = (W, || - |lw) is a Banach space of functions with (mea-
surable) domain Z, and W+ is a Banach space of A — W (cf. V, VA, W
and VA). We will refer to W and W+ as the compressed spaces, and, occa-
sionally, the spaces V and VA will be called uncompressed. These names
come from the fact that often we will want to choose Z to be “small”. In
fact, for computational reasons one should choose 7 to be finite, in which
case W will be a finite-dimensional Euclidean space. We also allow infinite
Z, so that we can then use Z = X" and compare the tightness of our results
to existing results that consider unfactored linear models.

In this work, for simplicity, we assume that the reward function r remains
the same in the factored linear model (the extension of our results to the
case when the reward function is also approximated is routine). Formally,
we will call a tuple of the form (X, A4, Q, R, R/,r) a factored semi-linear
model, where Q, R and R’ are as above. While a factored linear model
defines a pseudo-MDP (Yao et al., 2014), a factored semi-linear model defines
a generalization of pseudo-MDPs where the transition dynamics are non-
linear.

We must define some additional operators in order to describe how we
use factored linear models to derive policies. We define the shorthands
Trig = R'Tg = R'r + yR’'Q (the equality holds by linearity of R’) and
Tor = TogR = r + QR (by definition of the Bellman return operator).
Finally, M’ : WA — W, the compressed counterpart of the maximum
selection operator M, is defined by (M'w)(i) = max,cqw®(i) (i € I),
and the compressed counterpart of the greedy operator is G/, mapping
elements of W+ to policies over Z. (i.e., M’ Cwy = M'w for w € WA). The
relationship between these operators is shown on Figure 4.1.

The factored semi-linear model approach to reinforcement learning is as follows:
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Figure 4.1: Commutative diagrams showing the operators and the spaces
that they act on.

Given the factored linear model (X, A4, Q, R, R/, r), we take the policy
# = GTou", 4.2.1)
where
u' = M'Trigu*. (4.2.2)

that is, the policy 7t does a Bellman lookahead with Tg from u* € W, a
function that satisfies a fixed-point equation. Note that even when X is
very large, or infinite, V¥ can be finite dimensional, in which case a good
approximation to u* can often be found in a computationally efficient
manner, for example by iterating uy,1 = M'Tr/guy, which can be seen as
a form of value iteration (Yao et al., 2014). The dashed lines on the left
subfigure on Figure 4.1 show that this computation can be done over the
compressed spaces W and W. The diagram also shows that once u*
is found, Tg extends this function to V4, from where using the greedy
operator G one obtains a policy. Note that in the applications the policy
itself does not need to be explicitly represented, but the actions that the
policy takes in a particular state x € X can be computed “on demand”
given u* and the Bellman return operator Tg. (The right-hand side figure
shows some more useful relationships between the operators involved.) We
will say that this approach is viable when u* is well-defined. In our bounds,

we will make use of an additional policy, ' : Z — A, defined by
ﬁj = G/TR/QM*,. (423)
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This is a policy over Z derived from u* and its use is merely technical.
Factored semi-linear models (presently, also factored linear models)
allow one to analyze modeling errors in seemingly distant model-based
planning methods in a unified manner. This will be illustrated soon by de-
scribing how models proposed in numerous previous works can be written
in a factored form (this was also shortly mentioned by Yao et al., 2014).
Before describing these previous models, we need some more definitions,
to be able to describe the differences and similarities between them. In
particular, the models will differ in terms of whether R is stochastic, or
more specifically R is also a point-evaluator. Recall that the operator R is
stochastic if infy>oinf,(RV)(x) > 0 and R1y = 1)y where 1y(x) = 1 for
all x € X and (1yy); = 1 for all i € Z. Here, we started to use w; instead of
w(i) to reduce clutter. Also, we say that R is a point-evaluator if Z indexes
elements of X and (RV); = V(x;) for alli € Z,V € V. Note that point
evaluators are stochastic. Choosing Z = X allows us to choose R to be the
identity, which becomes a point evaluator when choosing x; =i, i € 7.
When R is a point selector and R’ = R for all 2 € A, a short direct
calculation shows that RM = M'R’/, which means that on Figure 4.1 the
solid cycle and the dashed cycle starting from )V are equivalent and we
can interweave solid and dashed lines. For example, starting from V:
MToM'TrigR = (MTgr)?. The equivalence M'Tr/g = RMTg gives that
U* = MTgu* is a fixed point of MTgog, and that the identity u* = RU*
also holds (see Theorem 4.4.1). It also follows that if M'Tg/¢ is a contraction
(though MTor may not be), the factored semi-linear model approach (now
a factored linear model approach due to the choice of R) is viable. To the
best of our knowledge, Avila Pires and Szepesvari (2016b) were the first
to make this observation. In all previous works, viability was achieved by
assuming that Q and R are both stochastic, or that R is a point evaluator
and QR is a non-expansion in supremum norm. (In both cases, both MTor:
and M'Tg/ g are contractions in supremum norm, so u* is well-defined and

the factored linear model approach is viable.)
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With this, we are ready to present different instances of the factored

linear model approach:

Example 4.2.1 (Kernel-based reinforcement learning). In kernel-based rein-
forcement learning (KBRL), introduced by Ormoneit and Sen (2002), Z is
indexing elements of X, and Q is a stochastic operator constructed from

kernel functions at elements of S = {x; : i € Z}. Moreover,

(a) Sisani.i.d.sample from X = R and R is a point evaluator (Ormoneit

and Sen, 2002); or

(b) S is a set of reference states and R is stochastic (Barreto et al., 2011;

Kveton and Theocharous, 2012; Precup et al., 2012).

KBRL is viable because Q and R are stochastic, so R’Q is also stochastic.

Example 4.2.2 (Pseudo-MDPs). Pseudo-MDPs (Yao et al., 2014) are factored
linear models with a point evaluator R. In pseudo-MDPs, Q is no longer
stochastic, but QR is assumed to be a non-expansion in supremum norm
(Griinewalder et al., 2012; Yao et al., 2014; Lever et al., 2016). It can be shown
that under this assumption both MTor and M'Tx/g are contractions. In
the approach of these authors, one should take 77 = GTgrU*, where U* is
the fixed point of MTgr. Our formulation still applies, though, because we
can show that u* = RU* is the fixed point of M'Tx/g (see Theorem 4.4.1),
so that 7 = GTorU" = GTou™* = 7. Here, Q is essentially learned using a

penalized least-squared approach.

Example 4.2.3 (State aggregation). State aggregation (Whitt, 1978; Bertsekas,
2011) in MBRL generalizes KBRL. Here, too, Z is an index set over X', and
{x; :i € I} is the set of reference states. In hard aggregation, R is a point

evaluator, while in soft aggregation (Singh et al., 1995) it is stochastic.

Example 4.2.4 (MDP homomorphisms). MDP homomorphisms (Ravindran,
2004; Sorg and Singh, 2009) can be used for transfer learning in reinforce-
ment learning. Here, 7 is not identified with an index set over X. If R is a

point-evaluator, we recover MDP homomorphisms per se (Ravindran, 2004),
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and the more general case of R stochastic yields soft MRP homomorphisms
(Sorg and Singh, 2009).

Example 4.2.5 (Unfactored linear models). It is possible to recover unfactored
linear models as a special case of factored linear models by taking W =V,
and R to be the identity mapping. For the approach to be viable, it is
sufficient for Q to be stochastic, which is often assumed with unfactored

linear models.

4.3 Assumptions

The purpose of this section is to state and discuss the assumptions that will
be used in our subsequent results.

Our first assumption states that the operators M : VA — V, M’ : WA —
W, and the related policy based value selector operators M™ : VA — V) and
M'™ : WA — W to be defined soon are non-expansions. The operator M” is
defined by (M™V)(x) = V™) (x) (x € X, 7 € IT), while (M w); = wf/(i)
(ieZ n': 7T — A). Now, recall that an operator | : £ — F mapping
between Banach spaces £ = (&, |- ||¢), F = (F, || - ||z) is called a non-
expansion when its Lipschitz constant does not exceed one. The Lipschitz
constant of | is defined by

() - IJe ')
Lip(]) = P e
where we follow the convention that the identity of the norm is derived
from what space the argument belongs to. Note the dependence of Lip on
the norms of £ and F, which we suppressed. The definition implies that
for any e, ¢/, ||[Je — Je'|| < Lip(J)|le — ¢’||. Useful properties of Lip include
that it is submultiplicative (Lip(J]') < Lip(J)Lip(J')), it is invariant to
constant shifts of operators (Lip(] + ¢) = Lip(J), where ] + e is defined
by (] +e)e’ = e+ Je') and when ] is a linear operator, Lip(J) = ||]||, the

induced operator norm of |, which is defined by

) Je
1= sup 1L
ec&,e#0 e
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Again, the induced norm depends on the norms that the operator acts
between, but we suppress this dependence.

Let us now formally state the aforementioned assumption:

Assumption 4.3.1 (Non-expanding selectors). We have Lip(M) < 1, and
Lip(M') < 1. Forany my € 11, mp : T — A, we have Lip(M™) < 1 and
Lip(M'™) < 1.

Note that this assumption constrains what norms can be selected for the
spaces VA, V, WA and W. Assumption 4.3.1 will be helpful to establish
that various operators involving M are Lipschitz with a factor strictly below
one, i.e., that they are contractions. For example, to establish that MTp is
a contraction, one can use Lip(MTp) < Lip(M)Lip(Tp) < v Lip(P) =
v||P||, reducing the question to showing y||P|| < 1. Similar arguments
work the other operators that will involve M’, M”, or M’ '

As it was alluded to earlier, we will use a number of different norms.
However, in all cases we choose the norm for V4 (W) based on the norm of
YV (respectively, the norm of V) to be a mixed max-norm: In particular, for ¢/
being either V or W, the norm of ! will be defined as ||U]||;;1 = [ M) Ul
where M| : UA — U is defined by (M U)(-) = max, [U?(-)|. We call the
resulting norm the mixed max-norm w.r.t. the norm of U.

The next proposition shows that this choice of the mixed norm makes
Assumption 4.3.1 hold whenever the underlying spaces are so-called Banach
lattices (Meyer-Nieber, 1991). Recall that a lattice is a non-empty set ¢/ with
a partial ordering < such that every pair f, g € U has a supremum (or least
upper bound), denoted by f V g, and an infimum (greatest lower bound),
denoted by f A g. Spaces of real-valued functions are lattices with the
componentwise ordering, our default choice in what follows when it comes
to V and W. Operator V is also called a join, a terminology we will adopt.
A vector lattice U is a lattice that is also a vector space. In a vector lattice,
for fel, f+ =fVO0, f- =(—f)VO0and |f| = f+ + f- (these generalize

the usual definitions of positive part, negative part and absolute value). A
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Banach lattice U/ is a normed vector lattice where U/ is also a Banach space
and the norm satisfies that for any f,g € V, |f| < |¢g| = |If]] < |lg]|-
Note that (V, V) is a semi-lattice (a lattice with only a join). With this we

are ready to restate and prove the said statement:

Proposition 4.3.2. Assume that V and VW are Banach lattices. Then Assump-
tion 4.3.1 is satisfied.

Proof. See Appendix A.3, page 111. O

Let us now define the norms we will use in this paper. The weighted
supremum norm of a function f : Z — R with respect to weight w : Z —
R, is defined as || f||co,w = SUp,cz |f(2)|/w(z). When w =1 (i.e., w(z) = 1
for all z € Z), we drop w from the index and use ||f|lw. For p > 1, the
LP(p)-norm of f is defined as ||f||ﬁp = [;|f(z)|Pdu(z). By slightly abusing
notation, the mixed norm of space U derived from || - ||cow, OF || - ||, Will
be denoted identically (i.e., for V € VA, ||V||eow is @ mixed norm defined
using M)|). Since these norms make their underlying spaces a Banach

lattice, we immediately get the following corollary to Proposition 4.3.2:

Corollary 4.3.3. Assume that the norms over V and VV are supremum norms,
weighted supremum norms, or LP (1) and LP (o) norms, and equip the spaces VA

and W with the respective mixed norms. Then Assumption 4.3.1 is satisfied.
Proof. See Corollary 2, Avila Pires and Szepesvari (2016b). O

Our subsequent assumptions will ensure that certain operators are
contractions in appropriate norms. We start with the simplest of these

assumptions:
Assumption 4.3.4. The following holds for Q and R': |R'Q|| < 1.

Note that R'Qisa (W, | - [lw) = (WA, || - |,y4) operator and the norm
used in Assumption 4.3.4 is the respective operator norm. As mentioned
earlier, whenever Assumption 4.3.1 holds (which is the case for the norms

under which we bound the policy error, see Corollary 4.3.3), we have that
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Lip(M'Trio) < 7||R'QJ|, and then Assumption 4.3.4 implies that M'Tr/o
is a y-contraction (again, for the respective operator norm). That R'Q is a
map between the compressed spaces VW and W is significant: When W
is a finite dimensional space, Assumption 4.3.4 can be enforced during a
learning procedure as done, e.g., by Yao et al. (2014). In fact, Yao et al. (2014)
argue by means of some examples that enforcing this constraint as opposed
to enforcing || QR || < 1 (which may be difficult to enforce as it constrains
the norm of an operator between potentially infinite dimensional spaces)
can lead to better results in some learning settings.

When the norms are specifically chosen to be weighted supremum
norms, the previous assumption can be replaced by a weaker one, to be
stated next. To state this assumption, we need to introduce the concept
of Lyapunov functions, building on a more specialized definition due to
de Farias and Van Roy (2003). As de Farias and Van Roy (2003) showed by
means of an example, using weighted supremum norms can greatly reduce
the error bounds. Intuitively, one achieves this by assigning large weights to
unimportant states, i.e., to states that are infrequently visited by any policy.
Indeed, one should not expect much data, or a good behavior at such states,
but since they are not visited often, the errors made at such states can be
safely discounted.

Given Z = (Z, || -

o), With w : Z — R, and an operator | : Z — Z,

first let us define

Buj =7 sup [|fllecs-

| fl=w

Then, we say that the function wfisf v-Lyapunov with respect to operator
J if By, < 1. We also extend the definition for operators of the form
K: Z — 24, ie, when K = (K%),c4. In this case, we say that w is 7-
Lyapunov w.r.t. K if it is y-Lyapunov w.r.t. each operator K* for any a € A.
If ] satisfies Jf < J|f| for all f € Z (e.g., if ] is a stochastic operator), then
the definition of By, ; simplifies to y||Jw||, ,,, coinciding with the definition
of de Farias and Van Roy (2003).

Lyapunov functions enable us to ensure that MTp, M™Tp (7 € II) and
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M'Tg: g are contractions in the corresponding weighted supremum norms.

For this, notice that the following hold:

Proposition 4.3.5. Given (U, || - Jwithv:U — Ry, and [ : U — U, if

each | is a linear operator, then v Lip(]) = By,J.

loo,v

Now, if v is y-Lyapunov w.r.t. the probability kernel P, then we immedi-
ately get from Corollary 4.3.3 and Proposition 4.3.5 that MTp and M™Tp
(for any 7t € IT) are B, p-contractions in v-weighted supremum norm. Simi-
larly, if 77 is y-Lyapunov w.r.t. R'Q, then M'Tr/g is a B, r/g-contraction in
n-weighted supremum norm.

With this, we can state the assumption that we will use to relax Assump-
tion 4.3.4 when the norms used the respective function spaces are weighted
supremum norms. In what follows we fix two functions, v : V — R, and

n: W — R, which will act as weighting functions.

Assumption 4.3.6 (Lyapunov weights). The following hold for Q, R', v, and n:
(1) v is y-Lyapunov w.r.t. P;
(ii) n is y-Lyapunov w.r.t. R’ Q.

Note that choosing the weight function v to be the constant one function,
Assumption 4.3.6(i) is automatically satisfied, while choosing 7 to be the
constant one function, Assumption 4.3.6(ii) is equivalent to Assumption 4.3.4
when the norm used there is the supremum norm.

Some (but not all) of our bounds will have a dependency on Lip(Tg) =
7||Q|l- Therefore, we will also make Assumption 4.3.7 to avoid vacuous

bounds.
Assumption 4.3.7. We have that B = || Q|| < co.

Note that this assumption is mild: Learning procedures would more
often than not guarantee finiteness of the objects they return. In fact, by
appropriate normalization, even ||Q|| < 1 can be arranged (if necessary), as

done for example by Griinewilder et al. (2012).
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4.4 Results

In this section we present our main results. We start with a viability result
(explaining why our minimal assumptions are sufficient for the existence
of the policy whose performance we are interested in), followed by a short
review of previous bounds on the policy error. These previous bounds
provide the context for our new results, which we present afterwards.
After each result we discuss their relative merits and present their proofs.
Differently from Avila Pires and Szepesvéri (2016b), we do not not assume

that R is a join-homomorphism, or that R’* = R for each a € A.

4.4.1 A Viability Result

Theorem 4.4.1 formalizes that u* is well-defined (the MBRL approach with
factored semi-linear models is viable) under Assumption 4.3.4 or Assump-
tion 4.3.6 (ii), provided that the norm over WA is a mixed max-norm w.r.t.
the norm over W. Theorem 4.4.1 shows that M'Tg/¢ is a contraction (in
||-Il,y) and we can compute u* by value iteration. Therefore, as remarked
in Section 4.1, if the compressed space W is finite dimensional, we are
able to evaluate M'Tx/g and thus also approximate u* efficiently (up to the
desired accuracy). Evaluating 7t(x) can be done by computing (Tou*)(x)
for each x as needed. As we have relinquished the join-homomorphism
assumption, we can no longer say that MTo has a fixed point (which holds
if R is a join-homomorphism and R’? = R for each a € A, cf. Theorem 4.4.1
Avila Pires and Szepesviri, 2016b, Theorem 5).

The fixed point u*, the contraction M'Tgr, and the quantity? U* =

MTgu*, will play pivotal roles in our bounds.

Theorem 4.4.1. Assume that the norm over W is the mixed max-norm w.r.t.
the norm over W, and let Assumption 4.3.4 or Assumption 4.3.6 (ii) hold. Then

M'Tgig is a contraction w.r.t. the norm underlying W, M'Trio has a unique

2 If we define R to satisfy RU* = u*, we get back that U* is a fixed point of MTgog,
although that does not seem to have any practical significance in our bounds.
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fixed point u*, and the iteration w1 = M'Triguy converges geometrically to u*,

forany ug € W.

Proof. See the first part of the proof of Theorem 5 of Avila Pires and
Szepesvari (2016b). In essence, this result is a simple application of Banach’s

fixed point theorem. O

As pointed out in Section 4.1, to the best of our knowledge, all previous
works either assumed or imposed a contraction property on MTgg. In fact,
with the exception of Yao et al. (2014), all previous works required QR to be

stochastic, so Theorem 4.4.1 is a notable relaxation of viability requirements.

4.4.2 Previous Results on the Policy Error

The typical MBRL performance bound is a supremum-norm bound on the
policy error of 77 = GT3 V, where P is stochastic and V is the fixed point of

MT;.

Theorem 4.4.2 (Baseline bound on MBRL policy error). Consider some tran-
sition probability kernel P for the state and action spaces X and A. Let V be the
fixed point of M T, and 7t = GT7317. Then

|ve—v7A|| < 2__77"(73 — 75)17H00.

This result is essentially contained in the works of Whitt (1978, Corol-
lary to Theorem 3.1), Singh and Yee (1994, Corollary 2)3, Bertsekas (2012,
Proposition 3.1), and Griinewdlder et al. (2011, Lemma 1.1).

An important implication of this result, which we feel is often overlooked,
is that the approximation P to P does not have to be precise everywhere
(at all functions V € V), but only at V, the fixed point of the approximate
model—a self-fulfilling prophecy, prone to failure? To understand why this
works, consider the case when PV perfectly matches PV, i.e., when the

bound on the right-hand side is zero. In this case V = MTﬁV = MTpV,

3 Singh and Yee (1994) correctly bound [|V* — V7|
suggests that they are bounding a different quantity.

- but their statement of Corollary 2
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which implies that V = V* and, & = GT75‘7 = GTpV* is optimal. The moral
is that models do not have to be precise everywhere; if PV can be estimated, the
above inequality can be used to derive a posteriori bounds on the policy error and
even form the basis of improving the model. This can be viewed as a major,
unexpected win for model-based RL.

Ormoneit and Sen (2002); Barreto et al. (2011); Barreto and Fragoso
(2011); Precup et al. (2012); Barreto et al. (2014b,a) bound ||V* — V||« rather
than the policy error. We emphasize (see Avila Pires and Szepesvari, 2016b,
Appendix D) that || V* — V||« is not the correct quantity to bound in order
to understand the quality of 7, and that the policy error should be bounded.
As remarked by Avila Pires and Szepesvari (2016b, Appendix D), in ADP
it is sufficient to bound the deviation between the optimal value function
and the value estimate that generates the policy, in order to understand the

policy error in supremum norm.

4.4.3 Bounds on the Policy Error in Factored Semi-linear
Models

Our first novel result is a supremum-norm bound for policy error when we
use factored semi-linear models: Theorem 4.4.3. Because we can recover
results for unfactored linear models by taking R and R’ to be the identity
mapping over X, we can use Theorem 4.4.3 to get a bound that is tighter
than Theorem 4.4.2. Strictly speaking, taking Q stochastic, R and each
R'™ for a € A as the identity mapping, and upper-bounding the right-
hand side of Theorem 4.4.3 by 2¢, gives us Theorem 4.4.2. Avila Pires
and Szepesvari (2016b, Proposition 16) show that Theorem 4.4.3 if R is a
join-homomorphism and R’ = R for each a € A. is tight.

Theorem 4.4.3 (Supremum-norm bound with linear R'). Given linear R’, let
7t be the policy derived from the factored semi-linear model defined using (4.2.1)
and (4.2.2). If Assumptions 4.3.4 and 4.3.7 hold, then

HV* - VﬁHOo < (V) +e(V7),
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where

e(V) =min(e1(V),e2) ,

) By?
a(v) = inf, (71PV - QRVI + 5 [R'(PV - QRV)|

—|—€3(V,R)) ,
. Y x *
o= P - o,

B
e3(V*, R) = %HRMTPV* ~ M'R'TpV*

Hoo ’
e3(VE,R) = %”RMﬁTpvﬁ - MR TRV .
Proof. See Appendix A.3, page 114. O

From Theorem 4.4.3, we see that it is enough if the model is good in the
sense of minimizing €,, which depends on how the model interacts u*. If
Qu* is close PU* = PMTgu* our model will be good. We can say that the
term with &, may lead to a posteriori bounds, while the ¢ terms are better
treated as a priori bounds, due to the presence of V* and V7, objects in the
true MDP.

A striking feature of Theorem 4.4.3 is the €1 (V') term. It means that if B
is not too big, and if the error of the model at V* and V7 in the compressed
space WA and the term e3(V, R) are small, then the term that depends on
ﬁ is small. Moreover, we can expect the error in the compressed space to
be easier to control than |PV — QRV||.,, depending on the choice of R.

The term e3(V, R) (cf. Theorem 4.4.3 and Theorem 8 of Avila Pires and
Szepesvéri, 2016b) is the price that we pay for not being able to use the
identity RM = M'R’. If the identity does hold, and if we define linear R
so that RU* = u*, we immediately Theorem 8.

Perhaps more interestingly, one will notice that R is only used in the
bound, since & = GTou* and u* = M'Tr/ou*, so we can make an oracle

choice of R that minimizes ¢1(V) Moreover, a different choice of R can be

made for each individual bound, so different choices can be made for &1 (V7)
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and &1 (V*). In particular, because R may be non-linear, we may choose it

so that RMTpV* = M'R'TpV*, which gives us (using that V* = MTpV*)

2
e1(V*) < v||PV* — QM'R'TpV*||  + %HR’(PV* — OQM'R'TpV")|| -
(4.4.1)

We are also able to compare Theorem 4.4.3 with Proposition 1 of Barreto

leo

et al. (2014a), who study a factored linear model approach with stochastic
R/, finite-dimensional V and W, and HV* Hoo < I%r for some C. In their
setting, the reward vector is not known, so R'r is replaced by an ' € WA,

Proposition 1 of Barreto et al. (2014a) gives us

[V — MOM' (' + Qu*)||, < : i ,YHr - o,
C /
+(11—7)2HP— oR/|. (4.42)
M o

We can eliminate the first term in (4.4.2) by using an uncompressed guess
r"" € VA for r and bounding ||V* — M(r" 4+ Qu*)|| .. Moreover, the factor
C

of 7= can be avoided (see the discussion of Theorem 4.4.2 in Section 4.4).

If R’ is stochastic and B > 1, in Theorem 4.4.3 we can upper-bound

. By
* < f _ * _ k * 4.
(V) < inf ((ZLIPV - ORV eV R)) (4

since Lip(R’) < 1. We may choose R in (4.4.3) so that, for example,
e3(V*,R) = 0, although this choice may adversely affect the first term in
the right-hand side of (4.4.3). In contrast, the term in (4.4.2) greatly restricts
the choices of Q. Having max,; min;(1 — Qf.”j) = 0 in the setting of Barreto
et al. (2014a) but being able to chose R’ to be stochastic is comparable to, in
our setting, allowing Q to be stochastic, requiring R to be a point selector,
and having (R')* = R for all a € A.
The proof of Theorem 4.4.3 uses the triangle inequality

v =V < IV —ur|| + Ju* = V7, (4.4.4)

combined with Lemma 4.4.4 stated next. Though technical, Lemma 4.4.4 is

the cornerstone of our policy error bounds, just as Lemma 9 of Avila Pires
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and Szepesvari (2016b) is the cornerstone of theirs. Indeed, once we gener-
alize Lemma 9 to factored semi-linear models (thus obtaining Lemma 4.4.4),
the policy error bounds in this text follow with little extra effort: We simply
need to redo the proofs of each policy error bound by Avila Pires and
Szepesvari (2016b)) with Lemma 4.4.4 instead of Lemma 9, which is a
straightforward task.

Lemma 4.4.4. Given linear R’, assume that yLip(R'Q) < a < 1 and that
Assumptions 4.3.1 and 4.3.7 hold. The following holds with (V,N,N',N") =
(V*, M, M', 1) and with (V,N,N',N") = (Vﬁ, M, M, Mﬁ):

|V =W <[PV - Qu7|, (4.4.5)
and for any R : V — W (that may depend on V):

By? .,
L |[R/(PV - QRV)|
(4.4.6)

+ 1B_—7m||RNTpV ~N'R'TpV|

|V =W < 7PV - QRV|| +

Additionally, if v Lip(N"P) < B < 1, we also have that
IV —u|| < ﬁnpu* —ou'. (4.47)
Proof. See Appendix A.3, page 111. O

Compared to Lemma 9, we also added an extra inequality to Lemma 4.4.4:
(4.4.5). This inequality is a simple observation that may be useful as a crite-
rion to minimize—we see that the ADMM objective used by Yao et al. (2014)
is related to minimizing the right-hand side of (4.4.5) subject to ensuring
that Assumption 4.3.4 is satisfied.

Lemma 4.4.4 (4.4.6) can be interpreted as the bound we get by doing a
Bellman lookahead with MTg, followed by application of the well-known
bound for an a-contraction T with fixed point V (Bertsekas, 2007):

_ 1
HV—VH < —|v-Tv| (4.4.8)

(with T = M'Tg/g in the case of Lemma 4.4.4). Similarly, taking T = MTp
(T = M"'Tp) in (4.4.8) combined with yLip(P) < B < 1 (yLip(M*P) <
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B < 1), allows us to see that MTp (M7Tp)is a B-contraction, so (4.4.8) gives
us Lemma 4.4.4 (4.4.7) for V* (V™). Lemma 4.4.4 (4.4.6) is also interesting
in the special case of unfactored linear models (when R is the identity
mapping) with O as a non-expansion (e.g., Q stochastic): Because B =1

and a = 7, the bound becomes
x 24
IV -wl < == 1P = QR)VI,

and in this case no looseness was introduced by doing a Bellman lookahead
and then applying (4.4.8), relative to applying (4.4.8) directly. This will
allow us to recover results for unfactored linear models from the bounds
we derive from Lemma 4.4.4.

Many of the remarks about Theorem 4.4.3 pertaining to R and e3(V,R)
are in fact a consequence of the bounds in Lemma 4.4.4. As this is our
cornerstone lemma, we will be able to make similar remarks for the other
bounds as well. For example, we can see that ¢3(V, R) from Theorem 4.4.3
appears in (4.4.6) as the price we pay for not having the identity RM =
M'R’. Moreover, in Lemma 4.4.4 we are able to make oracle choices of R
(different choices for V* and V%), and we can generalize (4.4.1) by choosing
R so that it gives e3(V, R) = 0. Turning back to Theorem 4.4.3, we can use
it to crudely upper-bound the policy error in L”(y) norm, but the bound
we obtain this way is not very interesting. This is because supremum norm
bounds, though easy to prove, can be too harsh: V* and V7 can be close
in other meaningful norms, while not being close in supremum norm, in
which case the right-hand side of the bound in Theorem 4.4.3 can be large
even if the left-hand side is small (see Avila Pires and Szepesvari, 2016b,
Proposition 17).

De Farias and Van Roy (2003) show that the harshness of the supremum
norm can be mitigated by considering the policy error in weighted supre-
mum norm. Intuitively, the error in states that are unlikely to be visited by
7t* should be underweighted, as we discussed earlier. Thus, one alternative

to supremum norm bounds is to use a generalization of Theorem 4.4.3 for
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the weighted supremum norm:

Theorem 4.4.5 (Weighted supremum norm bound with linear R’). Given
linear R', let 7t be the policy derived from the factored linear model defined using
(4.2.1) and (4.2.2). If Assumptions 4.3.6 and 4.3.7 hold, then

HV* — Vi <e(vr) +e(v),

Hoo,v

where

e(V) =min(e1(V),e2),

) Bv?
a(v)= inf | (1PV— QRV|., + 15— |RI(PV - QRY

1- :BU,R’Q )Hoo’rl

+e3<v,R>) ,

_ T ¥ Op*
€ = 1_‘BV’PHPU Qu ||oo,1/’
(V' R) = — 20 |[RMTpV* — MR'TpV*||
1- :Bn,R/Q oo
es(V,R) = — 2T |[RMATpVR — MAR' TV .
1- ,317,72’9 ol
Proof. See Appendix A.3, page 113. O

Under Assumption 4.3.4 and Assumption 4.3.6 (i), Theorem 4.4.5 holds
with B, /g = . The comments about ¢1(V), &2 and &3(V,R) in Theo-
rems 4.4.2 and 4.4.3 are also valid for Theorem 4.4.5, but the dependencies
are, evidently, expressed in different norms. Moreover, by taking v = x — 1
and 7 = i — 1, and by realizing that v is y-Lyapunov w.r.t. P and, under
Assumption 4.3.4, 11 is y-Lyapunov w.r.t. R'Q, we recover Theorem 4.4.3
from Theorem 4.4.5. Previously, weighted-supremum norm bounds were
derived for ALP. However, the weakness of these bounds is that they are
sensitive to the measure-change between the “ideal constraint sampling
distribution” (which depends on unknown quantities whose knowledge
basically implies the knowledge of the optimal policy) and the actual one
used in the algorithm (de Farias and Van Roy, 2003).

81



Normally, we are interested in the policy error w.r.t. an initial state distri-
bution, or a stationary distribution of a policy (e.g., a stationary distribution
of 7t*), and we can naturally consider the policy error in L!(y) norm, where
u is a measure over X that we are interested in. We can get an immediate
bound for the more general L7 (y) norm (for any p > 1) of the policy error,

using Theorem 4.4.5.

Theorem 4.4.6 (Weighted supremum norm bound for the policy error in
LP(u) norm, with linear R’). Given linear R’, let 7t be the policy derived from
the factored linear model defined using (4.2.1) and (4.2.2). If Assumptions 4.3.6
and 4.3.7 holds for the weighted supremum norm over V4 and WA, then

V*—VﬁH < Nllup (e(VF) +e(VF)),
| oy S Il (e(V) +e(v)
where €, €1, € and €3 are as in Theorem 4.4.5.

Proof. See Appendix A.3, page 114. O

However, we can also bound the policy error in L”(u) “directly”, i.e., in
terms of model errors in L”(y) norm, as Theorem 4.4.7, to be stated next,
shows. In order to state Theorem 4.4.7, we need to use a concentrability
coefficient Cx p ,, ¢ (although part of our bound will be free of this coefficient).
Consider a measure & over X, and the operator [ — yM*P : (V, || - || ep) =
WVl ll,p)- ¥ 1= ¥M”™P has no inverse (as an operator acting between the
above two spaces), define C, 2 p ;¢ = oo, otherwise let the concentrability

coefficient be

Crapue = (1= 1) Lip((1=yMP)h) = (1= )| (1 - ym*P) 7!
(4.4.9)
(Note that here both Lip(-) and ||-|| hide a dependence on ¢, 7 and p.)
As opposed to previous uses of concentrability coefficients (Munos, 2003;
Farahmand et al., 2010), our coefficient depends only on the policy com-
puted, which makes it more suitable for the estimation of our bound. In

case the C, 2 p ¢ is not very large, we can get meaningful bounds from
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Theorem 4.4.7 from ¢;, but even if C, 7 p s = o and ¢; is vacuous, we
can still get a priori bounds with a dependence on &1 (V?), in addition to
the dependence on &1 (V*). The €1 (V) term can be analyzed similarly to its
analogues in Theorems 4.4.3 and 4.4.5, modulo the norm differences. We
are flexible about the choice of || - ||yy (Which nonetheless affects Assump-
tions 4.3.4 and 4.3.7). One may think of choosing || - ||y = || - ||,y for some
p, however with this norm choice, Assumption 4.3.4 becomes restrictive.
When it comes to satisfying Assumption 4.3.4, a weighted supremum norm
is reasonable, as discussed earlier, so we choose this norm as the norm over
the compressed space W in Theorem 4.4.7. We emphasize that e1(V) is
independent of the concentrability coefficient. Further, as remarked before-
hand, its dependence on the discount factor can be quite mild (if the second

term in the definition of &7 is small).

Theorem 4.4.7 (L?(¢) norm bound with linear R’). Given linear R’, let 7t
be the policy derived from the factored linear model defined using (4.2.1) and
(4.2.2). Choose the norms so that || - [y = || - [|upand || - [[w = || - ey If
Assumptions 4.3.4 and 4.3.7 hold, then

HV* . VﬁHW < e (V) +min<el(vﬁ),sz>,

By

e1(V) = inf (’yHPV - ORV|,, + =

|R'(PV —QRV)|
RYV—=W

o,1
+ 83(V, R)) ,
— i * *
&y = C%ﬁlpl‘u,g EHPU — QU ||C,p ,
B
e3(V*,R) = %HRMTPV* - MRV,
A B A A A/ A
es(VH,R) = %HRM”TPV” - MR TV,
where Cy 7p uc i defined in (4.4.9).

Proof. See Appendix A.3, page 113. O
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4.5 Conclusion

Our results in this chapter generalize the results of Avila Pires and Szepesvari
(2016b), from which this chapter is largely derived. The results of Avila Pires
and Szepesvari (2016b), in turn, unify, strengthen and extend previous works
The unifying framework of factored linear models was introduced by Yao
et al. (2014), and in this chapter we have mildly generalized it to a factored
semi-linear model framework. This generalization is not significant in terms
of coverage, as factored linear models already cover all previous work that
we are aware of and that is also covered by factored semi-linear models.
Nevertheless, having R non-linear adds flexibility to the framework.

Our focus has been the derivation of policy error bounds, and we have
put aside issues of designing and analyzing algorithms to learn models. We
believe that the when developing theories for reinforcement learning one
should start by figuring out what quantities control the policy error of a
given methods. Then, one is in a better position to design learning algo-
rithms which then control the said quantities (this is distantly reminiscent
to choosing surrogate losses in supervised learning).

Previous work that derives policy error bounds goes back to at least
Whitt (1978). In fact, looking at the literature we see that the results of Whitt
(1978) have been independently re-derived in part or as a whole multiple
times (often confounded with the issue of statistical questions), e.g., in the
works mentioned in Section 4.2. Compared to the work of Whitt (1978),
main advances in deriving policy error bounds have been the introduction
of norms other than the supremum norm, though this happened in different
contexts (e.g. de Farias and Van Roy, 2003; Munos, 2003), and breaking
down the bound of Whitt (1978) to more specialized models (e.g. Ormoneit
and Sen, 2002; Ravindran, 2004; Barreto et al., 2011; Sorg and Singh, 2009).

One of the main novelties of Avila Pires and Szepesvari (2016b) presented
in this chapter is that previous techniques are imported to model-based

RL to obtain policy error bounds in norms other than (unweighted) supre-
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mum norms. In particular, to derive policy error bounds that use weighted
supremum norms, we are building on the work of de Farias and Van Roy
(2003), and we bring Lyapunov analysis from the approximate linear pro-
gramming (ALP) methodology to model-based RL. At the same time, to
derive policy error bounds that use weighted LF-norms we import ideas
from Munos (2003), who analyzed approximate dynamic programming
(ADP) algorithms. During this process we streamlined the definitions from
these works by sticking to the language of operator algebras (specifically,
Banach lattices). The use of this language has two main benefits: It allowed
us to present shorter and rather direct proofs, while it also shed light on
the algebraic and geometric assumptions that were key in the proofs. We
believe that our operator algebra approach could also improve previous
results in either ALP or ADP. An interesting avenue for further work is to
investigate the minimum set of assumptions under which our calculations
remain valid: At present it appears that we use very little of the rich struc-
ture of the function spaces involved. We speculate that the results can also
be proven in certain max-plus (a.k.a. tropical) algebras, leading to results
that may hold, e.g., for various versions of sequential games.

Another major novel aspect of the present work is that we tightened
previous bounds. In particular, our bounds come in two forms: One
form (the “e1” term) tells us how model errors should be controlled in the
compressed space (with the compression depending on the choice of R) and
traded off with the error incurred by us not being able to use the identity
RM = M'R'. The other form (the “&,” term) tells us that it is enough if the
compressed fixed point applied to the model operator (Qu*) approximates
the true model operator at U* (PU*), with U* = MTou* being a quantity
derived from the model.

While we shorten and improve previous results, we also managed to
relax the key condition of previous works that required that the Bellman
operator acting on uncompressed value functions and underlying the model

needs to be a contraction. While we are still relying on contraction-type
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arguments, the contraction arguments are used with the compressed space,
as previously suggested (but not analyzed) by Yao et al. (2014). We feel that
it is more natural to require that the Bellman operator for the compressed
space be a contraction than to require the same for the respective operator
acting on the uncompressed space. Indeed, our bounds show that this
second assumption is entirely superfluous (cf. the “e,” terms).

In this chapter, we have also relaxed the assumption used by Avila Pires
and Szepesvari (2016b) that R is a join-homomorphism and that R" = R
for each a € A. This allows us to extend the scope of our results to
MBRL methods that use factored linear models, but where R and R’ can
be any linear operator (and different from each other). This family of
methods includes, for example, state-aggregation (soft or not) or stochastic
factorization Van Roy (2006); Barreto et al. (2011), where R and R’ are linear
(and stochastic) but not join-homomorphisms.

While Avila Pires and Szepesvéri (2016b) sketched a generalization
of their results to linear R, we have realized that R need not be linear
or known (so oracle choices can be made to optimize the bound). This
relaxation does not affect the error term additional error terms introduced
in Theorem 12 of Avila Pires and Szepesvdri (2016b) (cf. Theorem 4.4.7).

Our results (as a consequence of the cornerstone result, Lemma 4.4.4, and
similarly to Lemma 9 and the other results of Avila Pires and Szepesvari,
2016b) show a curious scaling as a function of 1/(1 — ). In fact, the astute
reader may recall that policy error bounds typically scale with 1/(1 — )2
A little thinking reveals that our result may be subject to the same scaling:
Just like in Theorem 4.4.2, where V hides 1/(1 — 7), in the above bounds the
value functions themselves bring in another 1/(1 — 1), too. Is the scaling
with 1/(1 — 7)? necessary? The answer is no: Theorem 4.1 of Van Roy (2006)
shows that in some version of state-aggregation the policy error can scale
with 1/ (1 — ) only (as a side-note, the only result so far with this property).
Thus, it may be worthwhile to look at the differences between Theorem 4.1

and the above result. First, recall that in his Theorem 4.1 Van Roy (2006)
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bounds the error of the policy 7% that is greedy with respect to the fixed point
U* of MTgR, where R = R is chosen to depend on the policy (for some
policy 71, R is a weighted Euclidean projection to the compressed space
induced by the aggregation, where the weights depend on the stationary
distribution of 7). Formally, the policy is defined by 7 = GTgg,U* where
U* = MTgg ,U*. Similar to our results (and differently from the ones in
Avila Pires and Szepesvari, 2016b), U* = MTgu* is not necessarily the fixed
point of MTgor. In contrast, however, our result is proven for general R. At
this time it is not clear whether with a specific choice of R (like R7) the
terms involved in the definition of €; would cancel the additional 1/(1 — 7)
factor. For what it is worth, we note that for the “counterexample” that
Van Roy (2006) presents, when R = R 5, €1 scales with 1/(1 — 7) only (as
opposed to scaling with 1/ (1 — )?), showing that our bound has the ability
to exploit the benefits of a “good” choice of R. However, it remains to be
seen whether this, or some other systematic way of choosing R, or at the
very least some choice of R will always cancel the extra 1/(1 — -y) factor.

Empirical studies can also clarify which specific instances of MBRL
with factored semi-linear models (perhaps, with factored linear models)
are preferable. We can mention successful applications in the context of
kernel-based reinforcement learning (Griinewélder et al., 2012; Yao et al,,
2014; Lever et al., 2016), where, however, scaling with the amount of data
available for constructing the model is still needs to be improved. Lever et al.
(2016) attack this scalability issue using compression techniques, and there
are a number of other works that provide potential tools for addressing
the scalability issue (see Le et al., 2013; Hsieh et al., 2014, and references
therein).

To summarize, this chapter advances our understanding of model errors
on policy error in reinforcement learning. We improve previous bounds
by using a versatile set of norms and introduce new bounds which has
the potential of better scaling with the discount factor, while at the same

time we extend the range of the models by relaxing previous assumptions.

87



These generalized results yield bounds for (to the best of our knowledge)
all previous MBRL works that rely on factored linear models. By effectively
using the language of Banach lattices, the proofs the results by Avila Pires
and Szepesvdri (2016b) are shorter, while at the same time hold the promise
of being generalizable beyond MDPs. We believe that our approach may
lead to advances in the analysis and design of alternate approaches to
reinforcement learning, namely both in approximate linear programming

and approximate dynamic programming.
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Chapter 5

Conclusion

In this dissertation, we have analyzed CBPI with practical classifiers and
MBRL with factored semi-linear models. Both analyses have been an effort
toward the development of practical RL algorithms, i.e., algorithms that
can be executed with a small (polynomial) amount of computation, while
yielding effective policies in a number of scenarios.

We have presented results in the context of classification. Although these
results are also of independent interest, our aim was to establish supporting
results for policy error bounds referring to CBPI. We have also presented
policy error bounds for MBRL methods that use factored semi-linear models,
an abstract framework that generalizes many MBRL methods, including
promising approaches that have been subject of recent interested in the
community.

With these results, we have strengthened the theoretical foundations of
CBPI and MBRL methods, and with them we hope to encourage experimen-
tal studies both to validate our findings, and also reveal where the analyses
can be refined.

A number of experimental studies related to our theoretical work can be
carried out, concerning CBPI and MBRL with factored semi-linear models.
For example, empirical comparisons of different surrogate losses in the
contexts of cost-sensitive classification and of CBPI are lacking. One can
also investigate and compare, based on empirical evidence, specific instances

of MBRL methods with factored semi-linear (or linear) models.
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We can also mention a interesting extensions of our reinforcement learn-
ing results to different settings. For example, the average reward setting and
MDPs with infinitely many actions. Extensions to infinite |.4| seem more
plausible for the MBRL results, because classification methods are still often
quite dependent on finiteness of the number of actions, both statistically,
as we can see from the upper-bounds, and computationally, as we can see
from the structure of losses often considered and the need to evaluate the
maximum selector for score functions. The structured prediction literature
has made progress in the direction of handling a large number of classes,
but, to the best of of knowledge and in our opinion, there is still quite a
jump from finite to infinite A ()).

A very interesting (and challenging!) direction for future work is to
understand the covariate-shift issues that affect the policy error bounds that
we have presented. In CBPI, we may be able to improve the policy error
bounds that we have used (Theorem 3.2.7). Clearly, the behavior policy used
to generate data at the beginning of each iteration has a determining effect
on the policy error bounds. MBRL with factored semi-linear models, on the
other hand, are more robust to covariate-shift effects. Is this a peculiarity of

factored semi-linear models, or can we obtain similar results for, say, CBPI?
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Appendix A

Proofs

A.1 Chapter 2 Proofs

A.1.1 Section 2.3 Proofs

To prove Theorem 2.3.6, we will use the following result by Avila Pires and

Szepesvari (2016a).

Lemma A.1.1 (Adapted from Lemma 19 of Avila Pires and Szepesvari,
2016a). Consider LZha8CL convex with 1 non-decreasing and S = RIY|. Then
forall p € Ay, withY ~ p, and every € > 0, we have that

inf E (LZhanngI(s,Y)) - inf E (LZhanngI(s,Y)>.
s€T(S,e,~p) SEM(S,je)NM(S jo)

Proof of Theorem 2.3.6, page 24. The this proof reuses Lemma A.1.1 and then
mirrors the proof of Lemma 20 of Avila Pires and Szepesvari (2016a).

Fix the distribution p of C, any ¢ > 0, and pick je € J (¢, E(C)) and jp €
J(0,E(C)) (breaking ties arbitrarily). Let py = E(maxy cpy —cx) (k € )),
p=1y0 g =p o (k€ V), & =p"ej,€T(,—q) and jy € T(0,—q)
(again, breaking ties arbitrarily). We have that g € Ay and

| V|
R (s,p) = 3 i) + B (maxar ) Y (s
k=1 k=1
— ‘(—)Rsurr(slq),

where RSUT is the surrogate risk w.r.t. L?ha8<! (and the same choices of v,
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@, but with F(t) = p~'E(max c¢) t). Since for any j € )|,
max —Cc +cj= (mlflxrr}ce/lx Cp — Ck) — (n}jlx cw—Cj)=0p <m]?x qx — qj),

we get that 7(S, ¢, E(C)) = T(S,p e, —q) and J(t,E(C)) = J(p~'t, —q)
for every t > 0.
We can now apply Lemma A.1.1, by recalling that ¢ is non-decreasing

by assumption:

inf R3Y ™ (s, = inf R3Y T (s,
se€T (S, E(C)) ( P) s€T(S,p 'e,—q) ( p)

inf R (s,q)
s€ET(S,p 'e,—q)

inf R (s, q)
SEM(S,1,)NM(S,jp)

inf R (s,
SEM(S,1,)NM(S,jp) (5 p)

: f Rsurr , .
semis Smsin X P

Il
|

I
=]

Letting p’ be the distribution of the random variable (C;

o7 C]'S), we get that

5m (€, — inf RSurr , _ Rsur /’
ax (& p) e S,jlsr)lm " s,jo)f,ig (s,p) (s, p)

> inf su Rsurr(sl )_Rsurr(sll )
s€ M(S,je)NM(S,jo) s’eg P P

se=skke{jejo}

— inf sup Rsurr(S’ p/) . Rsurr(S/, p/)
SSE_SS; s'eS
=

= 5binary (Sr P) .

The result for |Y| = 2 is follows from Definitions 2.3.2 and 2.3.3
combined with the result of Lemma A.1.1, since in this case M(S,je) N
M(S,jo) ={s€S:s51 =52} O

Proof of Proposition 2.3.7, page 25. Then the result follows by combining Def-
inition 2.2.1 and the fact that

) — i p) = —minCy ) —minE( Cy —minC
R(s,p’) — inf R(s', p') IE(Cf(S) min k) min (k min k>

s'eS
= E(Cy) - min E (Cy)
R



Proof of Theorem 2.3.8, page 27. We have that
rRed (S, p) = CRE™ (s, q).
For all s € § and every non-negative-cost distribution p and € > 0, if

R7™(s,q) — inf R7™M(s,q9) < 5(_,q> (A.1.1)
s'eS

then
e
max qx — 4 f(s) < =
by the assumption that L has calibration function J. Since
E(m]?qu — qf(s)> = mkaxlE(u(C)) —E(Cy) —E(u(C))+E (Cf(s)>
=E (Cf(s)> - mkinlE(Ck),

it follows that (¢, p) + ¢6(£,q) is a calibration function for LRed and the

cost-distribution p. O

A.1.2 Section 2.4 Proofs

Proof of Proposition 2.4.1, page 29. By simple algebra,

Rsurr(H, S) < R\surr(ﬁ, S) + sup
heH

= inf R (k, S
Jof R0 S) sy

< hln,ft Rsurr(hls) + R\surr(hls) _ Rsurr(hls)’
S

ﬁsurr(h’ S) _ Rsurr(h, S)‘

Rsurr(h S) Rsurr(h’ S)‘

+ sup
het

ﬁsurr(h/ S) . Rsurr(h, S)‘

Proof of Lemma 2.4.8, page 33. Fix § € (0,1). We have that

n o m |V
ZZ C]k(P )

i=1j=1i=1

RSUI‘I‘ (h S
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and also

]E(I?S‘m(h,s))Xl,...,Xn> D & ZEE( Cixp(h(Xi)r)| Xi),

for any j € [m].

We will first study the concentration of the empirical risk of a single i €
H “with respect to” the cost estimates, that is, conditioned on (X3, ..., X,)
(in which case all C; ; are independent). Then we will analyze the analogue,
not conditioned on (X,..., Xy).

By Hoeffding’s inequality (Steinwart and Christmann, 2008, Theorem
6.10, p. 211), forany h € H

RS (1, S) — E (ﬁsurf(h, 5)] Xi,.. x)

/1
< Cmaxq’max,’H 2n_m In 5

with probability at least 1 — §, since for each i € [n] and j € [m] we have,

I

with probability one,

1Y
|y| Z Cz;kq) ) < Cmax(Pmax”H (A.1.2)

Applying Hoeffding’s inequality once more to remove the conditioning on

(X1,...,Xu) gives us

’]E (ﬁsurf(h, 5)’ Xi,.. Xn> _E (ﬁsurr(h, S)> ‘

/1 4
S C;nax (Pmax,’l-[ % In 5/

with probability at least 1 — 2, where now

V|

0< Dlilk E (Clu@(1(X0)6)| Xi) < Chax Pona (A13)

The result follows by taking a union-bound over both uses of Hoeffding’s
inequality, and by realizing that, by Assumption 2.4.2, [E <ﬁs‘m(h, S )) =
RSY(h) for any h € H. O
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Proof of Lemma 2.4.9, page 34. Fix 6 € (0,1), as well as & > 0 and

0<a <a (A.1.4)

to be specified later.
Let

S" = ((X1,Cl 1y i) o) (Xaws Chyts e s Chy)),
S = ((X1,Cl1r s Chp)reses Xy Choys s Clo)),

S/ = ((Xn+1/ 1/1—&—1,1' Tty ;1+1,m)' teey (X2n/ Cén,lf Ty Cén,m))'

We will apply symmetrization in this proof), and let (o4, ...,0,) be ii.d.
Rademacher ({—1,1}-valued uniform) random variables. Define the vectors
l(h,S) =vec((i,j, k) — ¢(h(X;,k))) and ¢(S) = vec((i, ], k) — o Cl’]k)
and note that ||c(S)||; < Cmax with probability one.

nm|y|

Let C be a minimum Cf;/ —covering of {¢(h,S):h € H} in oco-norm.
We first claim that |C]| < Noo/oo< N ’H) We have that! E(h,S)i,]-,k =
€(h,S) ) forevery h € H,i € [n], ],j' € [m] and k € Y, so without loss of
generality we drop the second index in ¢(h, S), and then it is easy to see

from (2.4.3) that |C| < Noo/oo< N, ’H)

1 We abuse notation and denote let £(h, S )(l-,]-,k) denote the appropriate coordinate of
£(h, S) with the “flattened” index corresponding to (i, j, k).

104



By symmetrization (Pollard, 1984, pp. 14-15), we get that for some 1’ € C

P | sup
heH
> 4&)

< 2P| sup
— 2P ( sup|(c(S), £(h, S)) — (c(S'), £(h,S"))]| > 4zx>

R\surr(hls) . Rsurr(h)’ > 80()

R\surr(h’ S) . R\surr(h, S/)

heH
heH
< 4P| sup|{c(S),¢(h,S))| > 204)
heH

< 4P| [{c(S), L0, S))| + zgch(S),é(h,S) — (i, 8))| > m)

< 4P Kas»ewcs»|+ndsm1igﬂﬂhS)—fwcswm:>mﬂ

§4PO@SLKW5D\>@+4POVGN1ﬁﬁﬁ@ﬁ)—ﬂﬁswm>“>

= 4P (|(c(5), LI, 9))| > ).

In order to perform the symmetrization, we must use (in the first line above)

Lemma 2.4.8 with § = %, which imposes a restriction on a:

/1 /1
4o > Pmax,H (C;nax m In 8 + Crax m In 8) . (A.1.5)

Moreover, in the symmetrization we can only “swap” the observations
(X;, Cl(,l, ., Cl’m) with their counterparts in S’, but not each individual Cl{’j
and their counterparts in S’, hence the Rademacher variables (o7, ..., 0,)
appear.

Similar to Pollard (1984, Theorem 24, pp. 25-26), we use the union bound
to get that

necC

]P(}sl/lgy(c(S),ﬁ(h’,S)ﬂ > tx) < Y P([{c(S),£(H,S9))| > w),

and then we bound each summand on the right-hand side individually?.

2 We have to be mindful that the supremum over &’ € C can be shown to be measurable,
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By realizing that for every i’ € C we have
E((c(S),£(H,S))|S) =0,

and adapting the proof of Lemma 2.4.8 with minor modifications, we can

see that for all /' € C we have, with probability at least 1 — —4N(z 7y
{c(S),£(H,S))]

1 16N (a’
< zqomax,HC;nax\/% In 5( ) (A.1.6)

1 _ 16N(a)

*+ PmaxH Cmax \/an In o)

In contrast to the result of Lemma 2.4.8, a factor of 2 appears multiply-

ing the first term in the right-hand side of (A.1.6), because the range of

0;E(Cijk| Xi,07) is [~Cinaxs Cinax]- The factor of two does not appear on

the second term of the right-hand side of (A.1.6) because for all i € [n], the

range of ]UiCi,J-,k‘ is [0, Cmax| with probability one. Take

o — o CmaxPmax, 3
nm

4

and

1 . 16N« 1 16N (&’
K = 8(Pmax,7-l <2C1/nax \/% lI’l 5( ) + Cmax\/znm ln 5( )) .

We can see that both (A.1.4) and (A.1.5) are satisfied, and the result follows

by simple algebra. O

Proof of Lemma 2.4.10, page 34. Fix any (x1,...,x,) € X" and define the
shorthand V = {(i,k) — h(x;j) : h € Hgp}. For any v,0" € V, we have
that

|9(@) = 9(0)|| 00 /00 = II;!’%X‘(P(Ui,k) — (Vi)

< Lip(P(BB*) IIZ}%X|Ui,k - Uf,k|

= Lip,(BB.)|[v — /|| eo-

because we can assume that C is finite (otherwise Ny (&;X, n, 7—[> = oo and the lemma

holds vacuously). Then the supremum is just a maximum, which is measurable as long as
H is a set of measurable score functions, which is assumed.
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Above, we have used that sup;, 4, ,c v rcylh(x)i| < BB. (by Holder’s in-
equality). Moreover, each v € V corresponds to at least one w € R? s.t.
|w|| < B and vjx = (¢(x;,k),w) for all i € [n] and k € ), so for any

v,v' €V we have w,w' € RY s.t.
[0 = 0'l] o0 = max|{@(xi, k), w — w')| < Buf|w —w|.

Therefore, the e-covering number of the d-dimensional unit ball in ||-|| gives
us an W-covering number of ¢ oV in co/co-norm. It is well-known
that there exists an e-covering of the d-dimensional unit ball in ||- || with size

at most (1 + 2)?, which gives the result. O

Proof of Theorem 2.4.11, page 35. This result follows by combining Proposi-
tion 2.4.1 and Lemmas 2.4.8 to 2.4.10. We take Lemma 2.4.8 to hold with
probability at least 1 — %(5 and Lemma 2.4.9 with probability at least 1 — %(5,
and we upper-bound the left-hand side of Lemma 2.4.8 by the left-hand
side of Lemma 2.4.9.

We point out that Assumptions 2.4.2 to 2.4.4 and 2.4.6 are assumed to
hold and that Assumption 2.4.5 is satisfied with ¢nax % 0B = BB, so the

assumptions of Lemmas 2.4.8 and 2.4.9 are satisfied. O

Sketch of proof, Lemma 2.4.12, page 36. Lemma 2.4.12 follows from some (care-
ful) modifications to the proof of Lemma 2.4.9, and different choices of

vV ”m|y|0€/

x, o’ and, of course, the covering C. Let C be a B e -covering of
{¢(h,S) : h € H} in 2-norm.

In the symmetrization step, we use the Cauchy-Schwarz inequality
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(instead of Holder’s inequality with ||-||; and ||-||,,) to see that

P | sup
heH

< 4]P<‘<c |+sup|<c ((h,S)—L(I',S))| > 2oc>

R\surr(hls) . Rsurr(h)’ > 8IX>

| /\

S)HI+le(s szﬂwmﬁ)—aw£w2>m0
heH

< 4R(1c9),104,9) > )+ 40 1)1 supl 05 5) 10,5, >
), L(H,S))| > a) +4P (o' > «)
(e(S),£(H, $))| > a),

o~ o~
o
—~
V)

where we have used that

Cmax
le(S)]l, £ —F—=
2 vnm|)Y|
and that &’ < a. We observe that j — ¢(h, S)(i, ], k) is constant for all i € [n]
and k € ), so an \/i%-covering of {(i,k) — ¢(h(X;)x : h € H} in Frobenius
norm immediately gives us an e-covering of {/(h,S) : h € H} in 2-norm,

and vice-versa.

Choosing « as in the proof of Lemma 2.4.9 and

1 [ Cmax
o = (Pmax,’H\/;( \/% \ Cinax)

ensures that #’ < &, and gives the result. O

Proof of Lemma 2.4.13, page 37. Fix any (x1,...,x,) € X" and define the
shorthand V = {(i,k) — h(x;);:h € Hyp}. For any 0,0/ € V, we have
that

lo(@) = ¢ ()¢ = Lip, (BB.)[[v — ||,

since supycy v v key | H(X)k| < BB (by Holder’s inequality). Thus,

Ng(e,n, ¢ o qu,B) < N, (%, {vec(v) :v € V})

Lip,
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To obtain the first bound in Lemma 2.4.13, we use Theorem 2 of Zhang

(2002), which gives us covering number bounds for V:

B?B?
log, Ny (g, {vec(v) :v € V}) < [ = *w log,(2d + 1).

For the second result, we use Corollary 3 of Zhang (2002), which tells us

that if p = 2 then

B?B?2
log, Na(, {vec(v) : v € V}) < [ 82*} log,(21]Y] + 1),

since vec(v) is n|)|-dimensional for v € V. O

A.2 Chapter 3 Proofs

Proof of Theorem 2.4.14, page 38. This result follows by combining Proposi-
tion 2.4.1 and Lemmas 2.4.8, 2.4.12 and 2.4.13. Assumptions 2.4.2 to 2.4.4
and 2.4.6 are assumed to hold and Assumption 2.4.5 is satistied with
Pmax,Hyp = BB, so the assumptions of Lemmas 2.4.8 and 2.4.12 are satis-
tied. With simple algebra, we can verify the the claim that if (2.4.5) then
€1 > €y, otherwise g1 < 6¢5.

We take Lemma 2.4.8 to hold with probability at least 1 — 16 and
Lemma 2.4.12 with probability at least 1 — %(5, and we upper-bound the
left-hand side of Lemma 2.4.8 by the left-hand side of Lemma 2.4.12. If
(2.4.5) holds, we also use

-1
C;nax l vV C;nax < Cmax
\/E m Cmax

and

-1
Cmax l \/ Cl,nax < Cmax
Vnm M Cmax '
Then, if (2.4.5) holds,

Rsurr(f_j’s) =, i%f Rsurr(h,S), <eg =¢€ Vey,
S ¢,B

otherwise,

R (H,S) —  dnf RS™T(1, S) < es.
c ¢,B
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The result follows by upper-bounding e, < &1 V &3, which is not too loose:

If Equation (2.4.5) fails to hold, then &1 V &5 < 6¢5. O

Proof of Theorem 3.2.4, page 54. Let h be as in (3.2.3), which gives us h = H
(see (2.4.2) with L = HWLLLW'CS and H =Hgpp)and 7t = f o H. We define
the shorthands

32d . 20(1 /1
sli2|A|(1+BB*)\/ —In ( ;an) <2C;nax+cmax E)

ex = inf R (h)— inf S ().
hHg WLLLW() he (RIANY WLLLW()

The true risk of 77’ € IT in our setting corresponds to, for any i € [n], j € [m],

1 m
R(n') =E (a /):1 Cz{,j’,rc(Xi)> = (Cn(x))'
j'=

Moreover, the true risk of 7t conditioned on the sample S is
R(#,S) = E (cﬁ(x)‘ ).

The sample S satisfies Assumption 2.4.2, p""8¢ satisfies Assumption 2.4.3
as well as Assumption 2.4.4 with Lip (T) = 1 for all T € R, ¢ has been
assumed to satisfy Assumption 2.4.6 and H p satisfies Assumption 2.4.5
with ¢max,#, ; = 1+ BB:. Thus, we can apply Theorem 2.4.11, so that
ETELLW(H ) — hé%f,, . RS%ELLW (h) <&
with probability at least 1 — §, where we have also used that ¢ < (1 + nm).
Then

S (H) — he(g}«f“l)?f i (h) < [Al(e1 +e2).

Note that above the surrogate risks are w.r.t. the unscaled loss LMPWACS,
which has calibration function §(e) = ¢, as shown by Avila Pires et al. (2013,
Table 1) provided that {h(x):h € Hpp} C Sp for all x € X (that is, all
scores sum to zero), which is ensured by Assumption 3.2.3.

Therefore, by Theorem 2.2.2, we have

R(H,S)— inf R(h) < |A|(e1+¢2)
he(RMHX
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with probability at least 1 — 4. Let 7/ = GV (the greedy policy w.r.t. the
value-function of 7). For all i € [n] and j € [m], we have
. . )
R(H,$) ~ inf R(7) > E (Cacx) - cn//(x)‘ s)
= IE(Ret(Tn//( )) —Ret(T

)|)

(X)) S) = B
(

> E(V7(X, 7(X))) - IE(V”(X
V(X 7(X))|S) — B

= sup E(V™(X, '(X))) — E(

' ell
Above, we have used Assumption 3.2.2.

Combining the derivations above, we get that for all 7= € I1
E(VH(X, k(X)) — E(VH(X, AH(X))|S) < |Al(e1 +€2) + Br,
which concludes the proof. O

Sketch of the proof of Theorem 3.2.5, page 54. The proof of Theorem 3.2.5 fol-
lows the same arguments as Theorem 3.2.4, but we use Theorem 2.4.14

instead of Theorem 2.4.11. O]

A.3 Chapter 4 Proofs

Proof of Proposition 4.3.2, page 71. To see why this holds, take for example
M. Then for any U,V € VA MU - MV < MH(U — V) (< denotes the
componentwise ordering) and by swapping the order of U, V, we also get
|IMU — MV| < M},(U — V). Now, since for any f,g € V, |f| < |g| implies
1Al < lgll, we get [MU — MV < [|M_ (U~ V)| = U - V] For
MT, since it is a linear operator, Lip(M™) = ||[M”||, and for any V € V4,
| ip(M™) < Lip(M) < 1. The statement is proven

for the other operators analogously. O

Proof of Lemma 4.4.4, page 79. We start by recalling the definition of U,
U* = MTgou*, and the identity u* = N'Tr/ou*, which holds because

Lip(N'Trig) < 1 as a consequence of our assumptions. We also have
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V = NTpV. Here, however, the identities RM = M'R/, U* = MTorU*
and RU* = u* do not necessarily hold.

Inequality (4.4.5) is a fairly simple observation:

|V —U*|| = INTpV — NTou"|
< 7Lip(N)[[PV — Qu*|
< 7Lip(N)[[PV — Qu7.

In order to prove (4.4.6), it suffices to use a variant of the proof of Lemma

15 of Avila Pires and Szepesvari (2016b), as follows:

|V —U*|| = [NTpV — NTgqu"||
< |[NTpV — NTorV|| + [NTorV — NTou"|
< 9 Lip(N)||PV — QRV|| + Lip(NTg)||RV — u*||
<[PV - QRV| + By || RV —u*|.

Lemma 14 of Avila Pires and Szepesvari (2016b) with T = N'Tr/o and

a=>b=ua<1givesus

1
1—ak

1
< m||RNT7>V — N'R'TorV||

IRV —u*|| = inf IRV — (N'Trig)*RV||

1
<71 (||RNT7>V — N'R'TpV||
+ |[N'R'TpV — N’R’TQRVH>
< ﬁ(HRNTPV — N'R'TpV| +v||R(PV - QRV)||).

Note that linearity of R’ is used so that R'TpV — R'TorV = R/(PV —
QRYV). Hence, (4.4.6) holds.

To obtain (4.4.7), we first point out that Lip(MTp) < 9 Lip(P) and
that, since M7 is linear, Lip(M”Tp) = 7 Lip(M?P). We cannot use that

U* = MTgorU*, so we just use Lemma 14 of Avila Pires and Szepesvari
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(2016b) with T = NTp and a = b = < 1 instead:

1
V—-U*|| = inf ——||U" — NTpU*
1

< ——||[NTou* — NTpU"

< 7pINTou ~ NTHU|
24 * *
— —Puri.
glow —Pu|

]

Proof of Theorem 4.4.5, page 81. We start with the triangle inequality in (4.4.4).
To obtain &1 (V) we use Lemma 4.4.4-(4.4.6) with a = B, z/o. The conditions
of Lemma 4.4.4-(4.4.6) are fulfilled by Corollary 4.3.3 and Assumption 4.3.7,
and because 7 is y-Lyapunov w.r.t. R’'Q (via Assumption 4.3.6-(ii)).
Lemma 4.4.4-(4.4.6) gives ¢, after we realize that Lip(MTp) < ¢ Lip(P) =
By < 1and that Lip(M*Tp) < 4 Lip(P) = vBy < 1, since v is y-Lyapunov
w.rt. P by Assumption 4.3.6-(i). O

Proof of Theorem 4.4.7, page 83. The first step is to use (4.4.4). Then we see
that Corollary 4.3.3 ensures that Assumption 4.3.1 is satisfied, and Assump-
tion 4.3.4 guarantees that ||R’'Q|| < 1. Thus, Lemma 4.4.4-(4.4.6) with &« = 7y
gives us |[U* = V||, , <ei(V) for V e {V*, V7.

To bound ||U* — V7 Hy,p < &5(V") we proceed exactly as in the proof of
Theorem 4.4.7. If (I — yM™P) is not invertible, then Cyapue = o and the

result holds vacuously, so assume otherwise. Since V' = M TpV7,

A

(I —yM*P)V? = M.

Moreover,

u* — yM*PU* — M™r = U* — M TpU*.
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Hence,

Hu . vﬁHy - H(I A MFPY (I — yMAP) (U — Vﬁ)HW

<L1p((I—’)/M”73 H (I — yM*P)(U" Vﬁ)H

cmpyg1 Hu — MATpU

Gp
C%npygl HM Tou" — MATpU*

¢y
< Cyapue LlP(Mn)mHPU* — Qu'|e,

To conclude, we use that Lip(M”) < 1 by Corollary 4.3.3. O

Proof of Theorem 4.4.6, page 82. Since

1
VIl < @ DPIVIleowr = 1vllp 1V]Ieows
we can apply Theorem 4.4.5 to obtain the result. O

Proof of Theorem 4.4.3, page 76. We start by verifying the assumptions of
Lemma 4.4.4, so that we can bound the terms on the right-hand side of
(4.4.4) with the help of this lemma. Lemma 4.4.4 needs: Assumption 4.3.1,
Assumption 4.3.7, yLip(R'Q) < 1, yLip(P) < 1 and ¢ Lip(M*P) < 1.
Assumption 4.3.1 holds by Corollary 4.3.3, whose assumptions are satisfied
because Theorem 4.4.3 uses supremum norms. Assumption 4.3.7 holds
by assumption. Next, Assumption 4.3.4 implies that y Lip(R'Q) < vy < 1.
Because Lip(P) = 1 in supremum norm, we get y Lip(P) < o < 1. Finally,
Lip(P) = 1 and Assumption 4.3.1 imply together that Lip(M*P) < y < 1.
The result is obtained by using Lemma 4.4.4 (with & = 8 = ) to bound the
terms on the right-hand side of (4.4.4). O
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