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Abstract 

Ground source heat pump systems (GSHP), exploiting shallow geothermal energy, have been 

receiving increasing interest for space heating and cooling due to their high energy efficiency and 

low greenhouse gas emissions. A core component of the GSHP system is the ground heat 

exchanger (GHE) that is in contact with the ground. Accurate heat transfer analysis of the GHE is 

vital for optimizing the design and operation of GSHP systems. Among the different types of 

GHEs, the vertical borehole heat exchanger (BHE) is widely used, and various simulation and 

design tools have been developed for BHEs in the past two decades. 

However, current BHE design methods have limitations as they rely on certain assumptions and 

fail to account for real ground conditions such as groundwater flow, multilayered ground 

conditions, and ground surface conditions. It has been proved that these conditions have a 

significant impact on the long-term thermal performance of vertical BHEs, and ignoring them can 

lead to inefficient GSHP systems. To address these issues, this thesis aims to refine the current 

design method by considering these ground conditions in the heat transfer analysis for BHEs. 

The refined BHE design method takes into account non-uniform heat transfer rates in multilayered 

ground conditions. The variation in heat transfer rates is influenced by inhomogeneous ground 

thermal properties and the presence of groundwater flow. When groundwater flow is absent, 

conventional solutions assuming uniform heat transfer rates may overpredict ground temperatures 

in certain layers by up to 50.82%. The effect of inhomogeneous ground thermal properties further 

strengthens the variation in heat transfer rates and temperatures along the borehole. Additionally, 

when groundwater flow is present, the heat transfer rate in the aquifer can be approximately 

21.69% higher than the average rate. The influence of the aquifer was examined, showing that heat 
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transfer in the aquifer strengthens with an increase in flow velocity. The study also examines the 

influence of ground surface conditions, particularly in the case of short boreholes over a long 

period of time. The difference in boundary conditions may lead to an underestimation of up to 

26.3% for a 15-meter BHE after about 35.8 years. The refined design method considers the 

synergistic effect of the circulating fluid and the ground surface condition in analytical solutions, 

extending the impact of the ground surface boundary to greater depths. For example, at the bottom 

of a 70-meter borehole, the underestimation caused by using a constant ground surface temperature 

remains significant at 6.85%. 

In summary, the refined BHE design method offers improved computational time and accuracy, 

making it a promising tool for designing vertical BHEs. It enhances the understanding and 

capabilities of current design methods, leading to more effective and efficient applications of 

shallow geothermal energy in GSHP systems. 
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Chapter 1. Introduction 

1.1. Research background 

In recent years, the mining industry has made commitments to reduce its carbon footprint, aiming 

for net-zero carbon emissions [1]. Presently, the mining sector is characterized by its substantial 

energy demands, a significant portion of which is fulfilled through the combustion of fossil fuels 

[2]. This reliance on fossil fuels is often driven by limited electrical grid capacity and infrastructure 

[3]. Notably, in Canada, the mining industry stands as the largest energy consuming and 

greenhouse gas emitting industrial sector [4]. Many mining activities continually require heat 

related energy, such as for ore processing, temperature control in offices, workshops, living 

quarters, equipment garages, and heating the intake air in underground mines to prevent shaft icing 

in cold climates. In this regard, geothermal systems that harness the heat from the Earth emerged 

as a viable solution [5]. By tapping into geothermal resources, these systems offer a more 

sustainable and energy-efficient alternative to conventional fossil fuel-based heating and cooling 

methods. 

Ground source heat pump (GSHP) systems are the common method for harnessing geothermal 

energy. These systems have gained popularity in residential and commercial buildings due to their 

high energy efficiency and low greenhouse gas emissions [6]. Well-designed systems often exhibit 

a coefficient of performance (COP) of about four or more, delivering at least four units of heating 

or cooling output for one unit of energy input into running the heat pumps (usually electricity) [7]. 

As illustrated in Figure 1-1, this type of system generally contains distribution systems, the heat 

pump, and the ground heat exchanger [8]. An essential challenge in GSHP applications is the 
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accurate sizing of the ground heat exchanger to meet the projected heat demand throughout its 

operational lifespan, which can span several decades. 
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Figure 1-1. Schematics of BHEs system for space (a) heating and (b) cooling. 

 

The vertical borehole heat exchanger (BHE) is one of the most common types of ground heat 

exchanger. In the residential sector of Quebec, Canada, for instance, vertical BHEs hold an 83% 

market dominance [9]. A BHE refers to a closed-loop pipe assembly installed in a vertical 

borehole, as shown in Figure 1-2. Different configurations of pipes can be found in vertical 

boreholes, including U-shaped, parallel double U-shaped, spiral-shaped, and coaxial [10]. The U-

shaped pipe is particularly popular due to its simplicity and cost-effectiveness [11]. The space 

between the borehole wall and the pipes is usually backfilled with silica sand-based grout [12]. In 

this design, a fluid, typically a water and antifreeze mixture, is circulated to facilitate heat transfer 

between the heat pump and the ground  [13, 14]. The active BHE is buried at some depth (D) 
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below the ground surface. The length (H) of the borehole typically ranges from 15 m to 150 m, 

which is strongly depending upon prevailing geological conditions [15, 16].  
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Figure 1-2. Schematic diagram of a BHE with a single U-shaped pipe. 

 

The proper sizing of a BHE system is a primary challenge during the design phase. If the BHE is 

oversized, it can considerably increase upfront costs due to the additional drilling and materials 

for longer BHEs. It also increased electricity consumption for operating the larger system [17]. 

Conversely, an undersized ground heat exchanger will fail to effectively convey an adequate 

amount of heat to the heat pump during heating mode or disperse enough heat to the ground during 

cooling mode. Consequently, the heat pump will consume more electricity to achieve the desired 

heating and cooling output, resulting in a lower COP. Furthermore, in cold climates, an undersized 

design will lead to the heat circulating fluid operates with temperatures below 0 °C. This can lead 
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to the ground temperature dropping below the freezing point, causing freeze-thaw cycles in the 

sediments. When these cycles occur in cohesive sediments, they have the potential to disrupt 

vertical deformability and natural consolidation processes, ultimately resulting in notable and 

irreversible settlements [18]. In general, an improperly sized BHE can lead to an inefficient GSHP 

system, resulting in higher financial expenses and reduced environmental benefits. In more severe 

scenarios, inadequate sizing of a BHE may even contribute to irrecoverable settlements. Therefore, 

it is crucial to establish a proper method for sizing the BHE. 

1.2. Literature review 

Over the last two decades, several simulation and design tools [19-22] have been developed for 

sizing BHEs. Figure 1-3 presents a general flowchart outlining the common simulation process. 

The simulation proceeded with predicting the long-term thermal behaviour of the BHE using non-

dimensional thermal response factors, commonly referred to as g-functions [23]. This g-function 

method was originally introduced by Eskilson [23]. It started with assessing the ground 

temperature regime due to a single BHE. Eskilson achieved this by solving the radial-axial 

transient heat conduction problem in a semi-infinite medium, treating the BHE as a line heat 

source, through a numerical finite-difference approach. Practically, a BHE can be assumed as a 

line heat source due to their substantial aspect ratios, which depths ranging from 15 to 150 m and 

diameters ranging from 0.1 to 0.15 m. Then, Eskilson’s g-functions [23] for a BHE field containing 

multiple boreholes were determined by spatially superimposing the temperature responses 

contributed by each individual BHE within the field. Since the numerical simulation can be time-

consuming and computationally intensive, a relatively large data set of pre-computed g-functions 

for different borehole geometries and borehole field configurations was generated and integrated 
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into BHE design tools, such as GLHEPRO [19], Earth Energy Designer (EED) [20], eQuest [21] 

and EnergyPlus [22]. 

For a specific borehole geometry, a g-function gives the temperature change (ΔT) from its 

undisturbed value (𝑇𝑖), averaged over the borehole wall surface, due to a unit heat flow rate (𝑞𝑙) 

applied at that borehole wall surface [23, 24],  

 

 
𝛥𝑇

𝑞𝑙 2𝜋𝑘𝑠⁄
= 𝑔 (

𝑡

𝑡𝑠
,
𝑟𝑏
𝐻
,
𝐵

𝐻
) (1-1) 

 

where ks [Wm-1K-1] is the ground thermal conductivity, 𝑞𝑙 [Wm-1] is the heat transfer rate per unit 

length and g denotes the g-function. A g-function depends on three non-dimensional parameters: 

(𝑟𝑏 𝐻⁄ ) is the ratio of the borehole radius over the borehole length; (𝐵 𝐻⁄ ) is the ratio of the 

borehole spacing over the borehole length; and (𝑡 𝑡𝑠⁄ ) is the non-dimensional time where 𝑡𝑠 =
𝐻2

9𝛼
 

is the steady-state time, and α [m2s-1] is the ground thermal diffusivity. The g-function reflects the 

capacity of the BHEs to avoid excessive heat accumulation or dissipation in the ground spanning 

several decades, making it a crucial metric for gauging BHE performance. For instance, in heating-

dominated scenarios, a higher g-function value signifies a more substantial reduction in ground 

temperatures due to heat extraction. Consequently, the lower ground temperature leads to reduced 

heat transfer efficiency for the system during later stages. 

Besides Eskilson’s g-functions [23] , Ground Loop Design (GLD) [25] also employed an analytical 

solution known as the finite line source (FLS) solution [26]. Apart from the one employed by GLD, 



6 

 
 

there are various expressions of FLS solutions available in the literature [23, 27-29], all of which 

are theoretically identical to each other. The FLS solution provides analytical g-functions by 

solving the same radial-axial transient heat conduction problem described by Eskilson [23], based 

on Kelvin’s theory [30] of a heat source. Kelvin's theory [30] takes the solution for an 

instantaneous point source in an infinite body as the fundamental solution and then derives the 

solution for a continuous line heat source by integrating the fundamental solution with respect to 

time and space variables [31].  

Once the g-functions have been determined, either numerically or analytically, the temperature 

evolution at the borehole wall in response to time-varying heating and cooling loads can be 

predicted through the well-known Duhamel’s theorem [32],  

 

 𝛥𝑇(𝑡) =
1

2𝜋𝑘𝑠

𝜕

𝜕𝜏
∫
𝑄(𝑡)

𝐻
𝑔 (
𝑡 − 𝜏

𝑡𝑠
,
𝑟𝑏
𝐻
,
𝐵

𝐻
)𝑑𝜏

𝑡

0

 (1-2) 

 

where Q [W] is the time-varying heating and cooling load. For a given borehole wall temperature, 

the circulating fluid temperature can be determined through a static heat transfer analysis for the 

region within the borehole. Numerous models for this specific region have been comprehensively 

reviewed in studies conducted by Lamarche et al. [33] and Javed and Spitler [17]. 
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Figure 1-3. The flowchart of the common BHE simulation process. 

 

Both Eskilson’s g-functions and FLS solutions are widely used in BHE simulations. However, it 

is essential to recognize that these methods involve simplifications that can have significant 

impacts on the long-term thermal performance of BHE systems. Some of these simplifications 

include, but are not limited to,  

a. ignorance of the buried depth D, 

b. ignorance of groundwater advection, 

c. homogeneity assumption of the ground, 
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d. a uniform distribution of the temperature or heat transfer rate over the borehole length, 

e. and a constant ground surface temperature. 

Relevant literature relating to each of the simplifications is reviewed below. 

1.2.1 Buried depth 

The buried depth (D) represents the distance from the ground surface to the starting point of the 

active BHE, where the horizontal connecting piping is buried [34]. In many anlytical solutions [27, 

28, 35, 36], this distance was taken as zero, meaning that the effect of buried depth is ignored. 

However, the buried depth is crucial for accurate BHE system design, particularly in regions with 

cold climates. In cold regions, horizontal connecting piping is normally buried deeper to prevent 

the risk of freeze-thaw cycles in seasonally frozen ground [37]. As the depth increases, the thermal 

resistance of the ground layer above the BHE increases, which reduces the heat flow between the 

ground surface and the BHE [38]. To address the effect of buried depth, Claesson and Javed [29] 

proposed an analytical solution for the BHE including the buried depth term. Later, Cimmino et 

al. [38] and Bandos et al. [39] examined the effect of buried depth from 0 to infinity (∞). Their 

results indicated that the temperature variation caused by buried depth is particularly noticeable in 

the case of short boreholes for a longer period of time, and it becomes more significant for a field 

of multiple short boreholes [38, 39]. In our previous study [40], it found the average non-

dimensional temperature for a 50-metre borehole increased by about 3.55% as buried depth 

increased from 0 m to 8 m. For a 10 × 10 borehole field, Cimmino et al. [38] demonstrated that 

the steady-state value increased by about 33% as the 𝐷 𝐻⁄  ratio enlarged from 0 to 0.2.  
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In summary, neglecting the buried depth in BHE design can lead to an overprediction of the 

exploitable heat from the ground, resulting in an undersized BHE design. Therefore, considering 

the actual buried depth is crucial for accurate BHE design and optimal system performance. 

1.2.2 Groundwater flow 

Current design methods for BHEs typically consider pure conductive heat transfer around BHEs, 

disregarding the influence of groundwater flow. However, extensive studies [41-47] have shown 

that groundwater flow can considerably enhance the thermal performance of BHE systems. Wang 

et al. [47] conducted an in-situ experiment to investigate the impact of groundwater flow on BHE 

performance. The study showed that the groundwater flow strengthened the heat injection and heat 

extraction of the BHE on average by 9.8% and 12.9%, respectively. Angelotti et al. [42] created a 

three-dimensional model and studied the energy performance of a BHE under different 

groundwater velocities. Simulations demonstrated that the heat extraction rate was raised by 22%, 

76%, and 105%, respectively, as the groundwater velocity increased from 0 m/s to 10-6 m/s, 5×10-

6 m/s, and 10-7 m/s. These findings indicate that the groundwater flow enhances the heat transfer 

between the BHE and its surrounding ground, which is beneficial to the long-term performance of 

the BHE system. 

In the last two decades, abundant analytical solutions [35, 36, 48-53] have been developed and 

proposed to evaluate the influence of groundwater flow on BHEs based on the moving line source 

(MLS) theory [31]. However, it is important to note that in these solutions, the buried depth (D) 

has been neglected, which may limit their accuracy in certain scenarios.  
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1.2.3 Stratified ground 

Stratified ground refers to the geological condition where the ground consists of multiple layers 

with different thermal properties. In BHE design methods, the ground is usually treated as a 

homogenous body with an effective value of thermal conductivity, overlooking the influence of 

stratified ground [41]. In real installations, BHE systems often pass through multiple geologic 

layers with different thermal conductivities [54-56]. For instance, in the Hastings Lake Community 

Hall site (Alberta, Canada), geoscience information revealed that the thermal conductivities of 

sediments and rocks in the area tested within a range of 0.62 to 3.22 Wm-1K-1 [56]. Ignoring the 

stratified nature of the ground can lead to inaccuracies in BHE system simulations. Perego et al. 

[57] conducted a study on a GSHP system installed in highly heterogeneous alluvials in Italy. The 

study showed that by ignoring stratifications the simulation underestimated the ground temperature 

change by as much as 25%. Furthermore, the aquifer, a geological body consisting of water-

bearing permeable rock and soil, is another important layer in stratified ground conditions. The 

presence of an aquifer introduces additional influence on the thermal behaviour of BHE systems 

due to the groundwater flow. 

As for the thermal behaviour of a BHE in the multilayered ground, several analytical solutions 

[58-61] have been proposed over the last decade. Abdelaziz et al. [58] approached the problem by 

employing the principle of superposition. In this approach, a BHE was partitioned into distinct line 

heat source segments, corresponding to boundaries of underlying ground layers. By aggregating 

the contributions of these segments, the temperature change at an observation point within the 

ground was evaluated. For analysis simplification, the region between each line heat source 

segment and the observation point was treated as a homogeneous body with effective thermal and 
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physical properties. However, it is important to note that this solution is not derived from the 

governing equation, which can lead to an error of up to 15% when the thermal properties vary 

significantly Nevertheless, maybe due to its simplicity, this approach has also been adopted by 

many other studies [62-65] to account for the multilayered ground conditions. In contrast to 

assuming homogeneity, Pan et al. [59] used the integral-transformation method and proposed a 

cylindrical source solution describing the thermal behaviour of the BHE within multiple ground 

layers. Additionally, Zhou et al. [60] used Green’s function method and derived solutions for two 

ground layers, and the same research group currently extended the capabilities of these solutions 

to accommodate more layers [66]. Considering the actual geologic layers and thermal properties 

of the ground is crucial for more accurate BHE system design and simulation, particularly when 

an aquifer is present. Analytical solutions that consider multilayered ground conditions can offer 

valuable insights into the thermal behaviour of BHE systems for specific geological settings. 

1.2.4 Non-uniform heat transfer rate along the borehole length 

In BHE design methods, a uniform temperature [23] or a constant heat transfer rate [26] was 

prescribed at the borehole wall surface. However, in reality, the heat transfer rate is non-uniformly 

distributed along the borehole depth, and the distribution changes during the operation. The non-

uniformity of the heat transfer rate has been noted by a few researchers. For instance, Jia et al. [67] 

examined the heat transfer rate along a coaxial BHE in a homogeneous condition. Their analytical 

and numerical results demonstrated that the heat transfer rate varied by about 20% between the top 

and bottom areas of a 100-metre BHE. To consider the axial variation, Cimmino [68] proposed a 

solution that incorporated the borehole thermal resistance into the FLS solution. Their findings 

demonstrated that results from the constant heat transfer rate assumption overestimated the thermal 
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response factor by 25.8%, while results from the uniform temperature assumption underestimated 

it by 18.6% in the case of a large field of 10-by-10 boreholes. 

This variation can be further intensified in the layered ground. Deng and Fedler [69] measured and 

simulated the heat transfer rates in a triple-layer soil system comprising coarse sand, clay, and fine 

sand. They found that the coarse sand and fine sand dissipated over 62% and 27% more heat than 

the clay, respectively, during 24 hours of operation [69]. Similarly, Luo et al. [70] examined the 

thermal performance of a BHE in the ground with five bedded layers, including an upper 

unsaturated layer, three middle layers containing groundwater flow, and a lower aquiclude. Their 

results showed that the heat transfer efficacy in the lower aquiclude was about 25.9% lower than 

that in the three middle layers. Neglecting the heat transfer rate variation may result in 

overestimating the temperature for the layers with lower thermal conductivity, as found in a 

sandbox experiment and simulation by Li et al. [71], where the constant heat transfer rate 

overpredicted the clay temperature by up to 76.6%. However, as of now, there is no established 

analytical or semi-analytical solution for BHEs in stratified ground that considers the non-uniform 

distribution of the heat transfer rate along the borehole length. 

1.2.5 Ground surface boundary condition  

Current design methods and most analytical solutions [27-29, 35, 58-61, 68, 72] for BHEs 

implemented a homogenous boundary condition of the first-type (or Dirichlet) at the ground 

surface, where the ground surface temperature remains unchanged at its initial temperature. This 

homogenous boundary condition is mathematically simple but unrealistic in practice since the 

ground surface temperature varies over time. The seasonal and daily temperature oscillations at 

the ground surface (i.e., the non-homogenous boundary condition) can be accounted for by 
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utilizing the superposition principle, as shown in the study by Bandos et al. [26]. The significance 

of time-independent ground surface temperature has been highlighted by Bidarmaghz et al. [73]. 

Specifically, the results indicated that the length could be reduced by approximately 11% and 6% 

for borehole lengths of 30 m and 50 m due to the temperature fluctuations at the ground surface. 

However, it is rather difficult to implement this time-independent temperature as the boundary 

condition in practice, as ground temperature measurements are often limited in duration and 

availability. As an alternative approach, the third-type (or Robin) boundary condition has gained 

more attention in BHE modelling in recent years [74-78]. The third-type boundary condition was 

implemented with a surface energy balance equation [79-81] to describe the heat exchange 

between the ambient and the ground surface. The surface energy balance equation requires 

meteorological data that is more accessible and well-monitored compared to ground temperature 

measurements. In the last decade, the third-type boundary condition has been implemented in a 

few analytical solutions [50-53, 82]. However, these solutions are only available for the 

homogeneous ground, which may limit their accuracy in certain geological conditions. There has 

been no previous work on the BHE that considers the ground surface condition in the multilayered 

ground. 

1.3. Research objective 

The overall objective of the present study is to refine the current BHE design method. To achieve 

this objective, the study addresses several research gaps through four specific sub-objectives, 

which are as follows: 

(1) Develop an analytical solution for a BHE field with groundwater flow, considering the 

impact of buried depth (D). 
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(2) Investigate the effect of non-uniform heat transfer rate on a U-shaped BHE in the 

multilayered ground with aquifers. 

(3) Develop a semi-analytical solution for BHEs in stratified ground conditions, considering 

the non-uniform distribution of heat transfer rate along the borehole length.  

(4) Incorporate ground surface boundary conditions into BHE design and simulation by using 

the third-type (Robin) boundary condition with a surface energy balance equation.  

By addressing these four sub-objectives (shown in Figure 1-4), particularly in scenarios involving 

groundwater flow, multilayered ground conditions, and non-uniform heat transfer rates, the study 

aims to refine the current BHE design methods, as depicted in Figure 1-5. The findings of the study 

aim to provide valuable insights and improve understanding of BHE systems. The refined method 

will contribute to more efficient and reliable BHE systems for geothermal applications. 
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Figure 1-4. Schematic diagrams of ground conditions considered in four sub-objectives. 
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Figure 1-5. The illustration of the refined BHE simulation method. 

 

1.4. Thesis structure 

The study aims to refine the current BHE design methods by considering the effects of buried 

depth, groundwater flow, multilayered ground conditions, non-uniform heat transfer rates, and 

ground surface conditions. As shown in Figure 1-6, the thesis is organized according to the 

objectives of this study and presented in six chapters.  
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Chapter 1
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Chapter 2

A solution for BHE fields with 

groundwater flow, considering the 

impact of buried depth (D).

Chapter 3

Investigations of a U-shaped BHE 

in multilayered ground conditions 

with aquifers

Chapter 4
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BHE in multilayered ground 

conditions

Chapter 5

A solution for a U-shaped BHE in 

multilayered ground with third-

type boundary condition 

Chapter 7

Conclusions and future 

work recommendations

Chapter 6

Demonstration of the 

refined method

 

Figure 1-6. A flow chart showing the outline of this thesis. 

 

Chapter 1 provides an introduction to BHEs, followed by a concise literature review of complex 

ground conditions. The objectives of this work are also presented. 

Chapter 2 presents a solution for a BHE field with groundwater flow. The solution for a BHE 

field was obtained by spatially superposing the solution for a single BHE. A sensitivity analysis 

was carried out to evaluate the effect of the buried depth on heat transfer in BHE fields with 

groundwater flow. The results indicated that neglecting the buried depth leads to an over-

prediction of exploitable heat. This over-prediction is exacerbated by an increasing number of 

boreholes in borehole fields or a decreasing Peclet number.  



18 

 
 

Chapter 3 investigates the effects of the non-uniform heat transfer rate for a U-shaped BHE in a 

layered subsurface with aquifers. A two-way coupling scheme was proposed to analyze the 

simultaneous heat transfer processes occurring inside and outside the borehole. The solution 

derived from this scheme is referred to as the MVQ solution, representing multilayered ground 

with varying heat transfer rates. For the specific parameters considered in this study, the heat 

transfer rate in the aquifer was about 21.69% more than the average rate. Furthermore, the 

influence of the aquifer is examined, showing that heat transfer in the aquifer strengthens with an 

increase in flow velocity. This highlights the importance of the MVQ solution for accurate thermal 

performance predictions of BHEs with aquifers. 

Chapter 4 introduces a novel solution for analyzing the heat transfer outside a BHE in a layered 

subsurface. The proposed solution was integrated with the two-way coupling scheme, referred to 

as the MVQ solution, which considers non-uniform heat transfer rates. A comparison between the 

MVQ solution and an equivalent three-dimensional finite element (FE) model built in COMSOL 

Multiphysics showed a maximum mean absolute percentage error (MAPE) of less than 2.50%. In 

contrast, established analytical solutions that assume uniform heat transfer rates might potentially 

overpredict ground temperatures in certain layers by up to 50.82%. A parameter study revealed 

that inhomogeneous ground thermal properties strengthen the variation in heat transfer rates along 

the borehole length. Consequently, the MVQ solution is deemed essential for accurate thermal 

performance predictions of BHEs in multilayered ground conditions. 

Chapter 5 extends the MVQ solution to consider the influence of the ground surface conditions. 

The extended solution incorporated a third-type boundary condition with a surface energy balance. 

Verification with an exact solution in a homogeneous ground yields a maximum error of 
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approximately 0.2%, showcasing its superior prediction accuracy. A systematic comparison 

revealed that using a constant ground surface temperature generally underestimates temperature 

changes in the ground, particularly for short BHE systems for a longer time. The underestimation 

may be up to 26.3% for a short 15-metre borehole. Additionally, the circulating fluid can transmit 

the impact of the ground surface condition to greater depths. The results indicated that at the 

bottom of a 70-metre borehole, the underestimation caused by using a constant ground surface 

temperature remains significant at 6.85%. These findings emphasize the indispensability of the 

MVQ solution. 

Chapter 6 demonstrates the refined method utilizing the MVQ solution to the design of a BHE. 

The investigation focused on assessing the thermal performance of a BHE within a commercial 

building over a 10-year operational span while incorporating monthly heating and cooling loads. 

The refined method revealed that incorporating the multilayered ground configuration in the 

design phase could lead to a reduction in the depth of the BHE by approximately 14.3% for BHEs 

designed to be 70 metres deep under the conditions investigated in this study. 

Chapter 7 concludes the major findings from this work lists the major limitations of this work and 

suggests a direction for further study. Further research on the BHE system is also recommended.  
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Chapter 2. Considering buried depth for vertical borehole heat exchangers in 

a borehole field with groundwater flow—an extended solution 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This chapter has been accepted as Guo, Y., Hu, X., Banks, J., & Liu, W. V. Considering buried 

depth for vertical borehole heat exchangers in a borehole field with groundwater flow—An 

extended solution. Energy and Buildings, 235, 110722. © Elsevier. (2021).  



21 

 
 

Nomenclature 

B borehole spacing  [m] 

c specific heat capacity  [Jkg-1K-1] 

D buried depth  [m] 

d =
𝐷

𝐻
 

𝑒𝑟𝑓(𝑋) error function 

Fo Fourier number 

H borehole length  [m] 

𝐼0 modified zero order Bessel function 

of the first kind 

k  thermal conductivity  [Wm-1K-1] 

n number of observations 

N number of boreholes in a borehole 

field 

Pe Peclet number 

𝑞𝑙 heat flow rate per unit length of the 

borehole [Wm-1] 

r, r’ radial distance to the source [m] 

𝑟𝑏 radius of the borehole [m] 

R =
𝑟

𝐻
 

s =
1

√4𝛼(𝑡−𝑡′)
 

t, t’ time   [s] 

𝑡𝑠  steady-state time [s] 

T temperature   [°C] 

𝑇0 undisturbed ground temperature [°C] 

𝛥𝑇 temperature variation  [°C] 

U =
𝑢𝑑𝜌𝑤𝑐𝑤

𝜌𝑐
  [ms-1] 

𝑢𝑑 groundwater velocity  [ms-1] 

𝛥𝑋 non-dimensional distance in the x-

direction 

X, Y arguments of functions 

x, y, z, z’ coordinates [m] 

Greek symbols 
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α thermal diffusivity  [m2s-1] 

φ cylindrical coordinate 

ρ density   [kgm-3] 

𝛩 =
2𝜋𝑘𝛥𝑇

𝑞𝑙
 

Subscripts 

A analytical model 

C 3D-FE COMSOL model 

w  water 

b borehole 

Superscripts 

‾ =
1

𝐻
∫ ⋯ 
𝐻

0
𝑑𝑧 ′ integral mean
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2.1. Introduction 

A ground source heat pump (GSHP) is a heat pump system that conveys heat to or from the ground 

[83]. By using a GSHP, low-temperature geothermal energy can be utilized to provide space 

heating and cooling [56]. GSHP systems have been receiving escalating interest due to their high 

energy efficiency, low electricity consumption, and potential to reduce greenhouse gas emissions 

[84]. Up until the end of 2013, the total installed capacity and the annual energy use of GSHP 

systems in Canada were estimated at 1,449 MWt and 11,111 TJ/year, respectively, and 

approximately 120,000 units had been installed nationwide [9, 85]. Among these installations, the 

vertical GSHP system is one of the most-used types, which occupies around 26% of the market 

[85]. 

The major component of a vertical GSHP system is a set of borehole heat exchangers (BHEs) 

buried in the ground (see Figure 2-1) [86]. A BHE normally contains a single (or double) U-tube 

placed in a vertical borehole [15]. The space between the borehole wall and the U-tube is usually 

grouted or backfilled [10]. In the tube, a working fluid (usually a water and antifreeze mixture) is 

circulated to collect/discharge heat from/to the ground, acting as a heat sink/source [10, 28]. A 

primary design parameter for a BHE is the borehole length. A longer length of the borehole 

generally provides an increase in heat extraction/injection [87]; however, the drilling costs also 

increase with the depth drilled [88]. For this reason, the heat exchanger normally comprises a 

borehole field in the order of 10-100 boreholes in non-residential applications [45]. These 

boreholes are normally connected to a single heat pump, and their size is designed to satisfy the 

intended heat demand of the project during the life cycle of the system (usually decades) [89, 90].  
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Figure 2-1. Schematic of borehole heat exchangers (BHEs) in heat extraction mode. Buried depth 

(D) represents the depth at which the horizontal connecting piping is buried. 

 

To determine the size of the BHEs, computer simulations are usually used for predicting the long-

term temperature evolution of the working fluid and the surrounding ground over the expected 

lifetime of the BHE system (usually up to 30 years) [91-93]. For analyzing the long-term heat 

transfer process in the surrounding ground, a simulation method was proposed by Eskilson [23] 

involving the use of non-dimensional thermal response factors, also known as g-functions. They 

have been employed commonly in BHE design tools, such as GLHEPRO [19] and Earth Energy 
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Designer (EED) [20]. For a specific borehole field configuration, the g-function gives the 

relationship between the temperature variation (ΔT) at the borehole wall from its undisturbed value 

(𝑇0) and the time-constant heat flux (𝑞𝑙) applied at that borehole wall surface [23, 24], 

 

 𝛥𝑇 = 𝑇𝑏 − 𝑇0 =
𝑞𝑙

2𝜋𝑘
× 𝑔 (

𝑡

𝑡𝑠
,
𝑟𝑏

𝐻
,
𝐵

𝐻
), (2-1) 

 

where 𝑇𝑏 [K] is the borehole wall temperature, 𝑇0 [K] is the undisturbed ground temperature, 𝑞𝑙 

[Wm-1] is the rate of heat production or withdrawal per unit length, and k [Wm-1K-1] is the ground 

thermal conductivity. As shown in Equation (2-1), the g-function depends on three non-

dimensional parameters: (𝑟𝑏 𝐻⁄ ) is the ratio of the borehole radius over the borehole length; (𝐵 𝐻⁄ ) 

is the ratio of the borehole spacing over the borehole length; and (𝑡 𝑡𝑠⁄ ) is the non-dimensional 

time where 𝑡𝑠 =
𝐻2

9𝛼
 is the steady-state time, and α [m2s-1] is the ground thermal diffusivity [23]. 

Eskilson’s g-function [23] was developed using a numerical finite-difference approach that 

considered the transient radial-axial heat transfer in a single borehole. For a borehole field (a field 

containing multiple boreholes), g-functions were computed by superimposing the numerical 

solutions for each borehole in space to obtain the thermal response from the borehole field [23, 49, 

94]. Because computing g-functions numerically is time-consuming and computationally 

intensive, a relatively large data set of g-functions was pre-computed for different borehole 

geometries and configurations and was embedded in the BHE design tools [29].  
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Eskilson’s g-functions [23], however, were computed considering the pure conductive heat 

transfer around BHEs and ignoring the effect of groundwater advection. In general, the effect of 

groundwater flow is beneficial to the thermal performance of the BHEs. Chiasson et al. [45] 

compared the thermal performance of a 4 × 4 borehole field designed using pure heat conduction 

procedures with that of one simulated by the numerical finite-element model with groundwater 

flow. Comparisons indicated that the borehole fields were generally overdesigned by neglecting 

the groundwater flow. Wang et al. [47] investigated the effect of groundwater flow in an in situ 

experiment of a single BHE. It was shown that the groundwater flow enhanced the heat injection 

and heat extraction of the BHE on average by 9.8% and 12.9%, respectively, compared with the 

numerical results of a pure conductive scenario. In this regard, Sutton et al. [48], Diao et al. [49], 

Molina-Giraldo et al. [35], and Tye-Gingras and Gosselin [36] developed analytical solutions for 

transient heat transfer around BHEs with groundwater flow based on the moving line source 

(MLS) theory [31]. Coupled with a suitable spatial superposition scheme, g-functions have been 

computed based on these analytical solutions over a large range of time scales, borehole 

geometries, and borehole configurations [23, 94]. However, a significant design parameter buried 

depth (D), has been neglected in these MLS solutions.  

For grouted boreholes, the buried depth can represent the depth at which the horizontal connecting 

piping is buried [34]. Horizontal connecting piping is normally buried deeper in cold regions than 

in warm regions to avoid the associated risk of freeze-thaw cycles in seasonally frozen ground 

[37]. As the buried depth increases, the thermal resistance of the ground layer above the boreholes 

increases, which diminishes the heat flow between the ground surface and the BHEs [38]. 

Cimmino et al. [38] showed that the steady-state value of one g-function decreases by about 25% 

as the non-dimensional buried depth (𝐷 𝐻⁄ ) reduces from 0.2 to 0 for a 10 × 10 borehole field. 
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According to the design procedures set forth by ASHRAE (American Society of Heating, 

Refrigerating and Air-Conditioning Engineers) design procedures [95], the total length of 

boreholes depends on three parameters (i.e., effective ground thermal resistance for an annual 

pulse, a peak short-term pulse, and a peak daily pulse) that can be obtained from the g-function. It 

means that a 25% under-prediction of the g-function can lead to an over-prediction of the rate of 

heat exploitation (See Equation (2-1)) and can result in an undersized design by as much as 25%. 

To address the effect of buried depth, Claesson and Javed [29] proposed an analytical solution for 

the transient heat transfer around BHEs including the term buried depth (D). Later, the effect of 

buried depth from 0 to infinity (∞) was examined based on analytical solutions proposed by 

Cimmino et al. [38] and proposed by Bandos et al. [39]. Their results showed that the temperature 

variation caused by buried depth is relatively small for a single deep borehole; however, it becomes 

conspicuous for a field of multiple short boreholes [38, 39].  

In general, neglecting the buried depth leads to an over-prediction of the exploitable heat from the 

ground, resulting in an under-sizing of the BHE design. In our previous study [40], the buried 

depth has been integrated into a new analytical solution—the moving finite line source solution 

considering buried depth (MFLSD) for one single borehole. However, until now, no research has 

been conducted on the use of the MFLSD solution in borehole fields (containing multiple 

boreholes) in common commercial (non-residential) applications. To this end, the objective of the 

present study is to extend the previous MFLSD solution from one single borehole to a borehole 

field and investigate the effect of buried depth in a borehole field with groundwater flow. The 

results can help in the BHEs system designing in commercial (non-residential) applications. 
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2.2. Methodology 

The principle of superposition was employed to extend the MFLSD solution from a single borehole 

to a borehole field. Firstly, the MFLSD solution for a single borehole was briefly introduced. 

Secondly, three spatial superposition models (i.e., in cases M1, M2, and M3) were introduced, 

referring to three different boundary conditions. The three boundary conditions concept was 

originally proposed by Cimmino and Bernier [96]. M1 was then employed with the MFLSD 

solution for borehole fields. After that, the MFLSD solution for borehole fields was numerically 

verified with a three-dimensional (3D) finite element (FE) model constructed in COMSOL 

Multiphysics. For the verification, test cases were designed based on a real GeoExchange system 

project [97] in Edmonton, Canada. Finally, a parametric study was conducted to examine the effect 

of buried depth in three different simple rectangle configurations. The same borehole configuration 

has been used by many other researchers for BHE modelling [38, 49, 89, 98]. The MFLSD 

solution, spatial superposition models, and the 3D-FE COMSOL model are described below. 

2.2.1 Simplifications and the MFLSD solution 

For practical purposes, seven simplifications (S1 to S7) had been made to develop the MFLSD 

solution for a single borehole [40]. Carried over to this study, these assumptions are consistent 

with the work of Eskilson [23] or the work of Tye-Gingras and Gosselin [36]: 

S1: The borehole can be treated as a line source because the radius of the borehole (e.g., 𝑟𝑏 = 0.045 

m) is very small when compared with its length (e.g., H = 70 m) [31]. 
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S2: The ground surrounding the borehole is a homogeneous saturated porous media possessing 

mean thermal properties (i.e., mean thermal conductivity and mean thermal diffusivity) [23]. These 

mean values can be obtained from in situ thermal response tests [99, 100]. 

S3: The ground temperature is simplified using the (homogeneous) undisturbed ground 

temperature (T0) that is approximated as the mean temperature along the borehole [23]. 

S4: The ground surface temperature fluctuation is neglected. The interface between ambient air 

and the ground surface is maintained at a constant temperature, which is equal to the undisturbed 

ground temperature [23]. 

S5: The groundwater is parallel to the ground in the x-direction with a uniform Darcy velocity 𝑢𝑑, 

resulting in an effective thermal transfer velocity 𝑈 =
𝑢𝑑𝜌𝑤𝑐𝑤

𝜌𝑐
 [ms-1]. Herein, 𝜌𝑐 [Jm-3K-1] is the 

volumetric heat capacity of the bulk porous medium, and 𝜌𝑤𝑐𝑤 [Jm-3K-1] is the volumetric heat 

capacity of the groundwater [49]. 

S6: Local thermal equilibrium (LTE) is considered (i.e., the groundwater temperature is the same 

as the ground temperature at any point), which is a commonly used hypothesis for heat transfer in 

porous media [101]. At a macroscopic scale, LTE is valid because the temperatures of water and 

solids vary slowly in time and space, and the difference between them is minimal [102]. 

S7: All thermal and hydraulic properties are not affected by temperatures [36]. This assumption 

can be justified by the small ground temperature variation over the system’s lifespan. In the design, 

the ground temperature variation is controlled at the minimum possible level to utilize geothermal 

energy efficiently [86].  
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Based on these assumptions, the heat transfer problem is seen as a line source with a finite length 

H moving with a speed of U in a homogeneous saturated porous media. If the line source starts 

releasing heat continuously at time zero, the MFLSD solution [40] gives the average temperature 

variation over the borehole length at any later time (t), at any radius (r),  and at any azimuth (φ), 

 

 𝛥𝑇 =
𝑞𝑙

4𝜋𝑘
𝑒𝑥𝑝 (

𝑟𝑈

2𝛼
𝑐𝑜𝑠(𝜑))∫ 𝑒𝑥𝑝 (−

𝑈2

16𝛼2𝑠2
− 𝑟2𝑠2)

∞
1

√4𝛼𝑡

𝐹𝑢𝑛(𝐻𝑠,𝐷𝑠)

𝐻𝑠2
𝑑𝑠, (2-2) 

 

where 

 

 𝐹𝑢𝑛(𝑋, 𝑌) = 2𝑖𝑒𝑟𝑓(𝑋) + 2𝑖𝑒𝑟𝑓(𝑋 + 2𝑌) − 𝑖𝑒𝑟𝑓(2𝑋 + 2𝑌) − 𝑖𝑒𝑟𝑓(2𝑌), (2-3) 

 𝑖𝑒𝑟𝑓(𝑋) = ∫ 𝑒𝑟𝑓(𝑌)
𝑋

0
𝑑𝑌 = 𝑋𝑒𝑟𝑓(𝑋) −

1

√𝜋
(1 − 𝑒−𝑋

2
), (2-4) 

 

and 𝑒𝑟𝑓(𝑋) = 1 −
2

√𝜋
∫ 𝑒−𝑡

2∞

𝑋
𝑑𝑡 is the error function in mathematics. 

The average temperature variation, Equation (2-2), can be integrated over the borehole 

circumference at the borehole radius (where 𝑟 = 𝑟𝑏), 
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 𝛥𝑇 =
𝑞𝑙

4𝜋𝑘
𝐼0 (

𝑟𝑈

2𝛼
) ∫ 𝑒𝑥𝑝 (−

𝑈2

16𝛼2𝑠2
− 𝑟2𝑠2)

∞
1

√4𝛼𝑡

𝐹𝑢𝑛(𝐻𝑠,𝐷𝑠)

𝐻𝑠2
𝑑𝑠, (2-5) 

 

where 𝐼0(𝑋) is a modified zero-order Bessel function of the first kind. 

Both Equations (2-2) and (2-5) can be non-dimensionalized to reduce the number of independent 

variables. The following non-dimensional variables are introduced: 𝛩𝑀𝐹𝐿𝑆𝐷̅̅ ̅̅ ̅̅ ̅̅ ̅ = 2𝜋𝑘𝛥𝑇 𝑞𝑙⁄ , 𝑅𝑏 =

𝑟𝑏 𝐻⁄ , 𝑑 = 𝐷 𝐻⁄ , Fourier number 𝐹𝑜 = 𝛼𝑡 𝐻2⁄ , and Peclet number 𝑃𝑒 = 𝑈𝐻 𝛼⁄ . It is worth noting 

that the non-dimensional variable 𝛩𝑀𝐹𝐿𝑆𝐷̅̅ ̅̅ ̅̅ ̅̅ ̅ has an identical physical meaning with the g-function. 

In order to distinguish the analytical and numerical g-functions, the analytical g-functions are 

denoted by  𝛩(𝑅𝑏 , 𝐹𝑜, 𝑃𝑒, 𝑑). Equations (2-2) and (2-5) can be expressed in non-dimensional 

forms as 

 

 𝛩𝑀𝐹𝐿𝑆𝐷(𝑅𝑏 , 𝜑, 𝐹𝑜, 𝑃𝑒, 𝑑) =
1

2
𝑒𝑥𝑝 (

𝑅𝑏𝑃𝑒

2
𝑐𝑜𝑠(𝜑)) ∫ 𝑒𝑥𝑝 (−

𝑃𝑒2

16𝑠2
− 𝑅𝑏

2𝑠2)
∞
1

√4𝐹𝑜

𝐹𝑢𝑛(𝑠,𝑑⋅𝑠)

𝑠2
𝑑𝑠, (2-6) 

 𝛩𝑀𝐹𝐿𝑆𝐷(𝑅𝑏 , 𝐹𝑜, 𝑃𝑒, 𝑑) =
1

2
𝐼0 (

𝑅𝑏𝑃𝑒

2
)∫ 𝑒𝑥𝑝 (−

𝑃𝑒2

16𝑠2
− 𝑅𝑏

2𝑠2)
∞
1

√4𝐹𝑜

𝐹𝑢𝑛(𝑠,𝑑⋅𝑠)

𝑠2
𝑑𝑠. (2-7) 

 

2.2.2 Principle of superposition for borehole fields 

In non-residential applications, a BHE system normally comprises a borehole field containing 

multiple boreholes. Since multiple boreholes use the same ground resource, adjacent boreholes 

then influence the ground temperature distribution of each other after a few months (the process is 
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also known as thermal interaction) [10]. Accounting for this thermal interaction, g-functions for 

borehole fields are normally calculated by spatial superposition of single borehole solutions [23, 

28, 36]. The principle of superposition can also be employed with the MFLSD solution [40] due 

to the linear relationship between the temperature variation (ΔT) and heat flux (𝑞𝑙 ) (above-

mentioned in the assumption S7). By employing the spatial superposition for the MFLSD solution, 

the temperature variation of a certain borehole i is calculated by superimposing all the response 

factors contributed by all boreholes in the borehole field [36], 

 

 𝛥𝑇𝑖 =
𝑞𝑙𝑖

2𝜋𝑘
𝛩𝑀𝐹𝐿𝑆𝐷 + ∑

𝑞𝑙𝑗

2𝜋𝑘
𝛩𝑗𝑖∀𝑗≠𝑖 , (2-8) 

 

where 𝛩𝑗𝑖 is the thermal effect of borehole j on borehole i in a non-dimensional form, and it can 

be obtained from 

 

 𝛩𝑗𝑖 =
1

2
⋅ 𝑒𝑥𝑝 (

∆𝑋𝑗𝑖𝑃𝑒

2
) ∙ 𝐼0 (

𝑅𝑏𝑃𝑒

2
) ⋅ ∫ 𝑒𝑥𝑝 (−

𝑃𝑒2

16𝑠2
− 𝑅𝑗𝑖

2𝑠2)
∞
1

√4𝐹𝑜

⋅
𝐹𝑢𝑛(𝑠,𝑑⋅𝑠)

𝑠2
𝑑𝑠, (2-9) 

 

with 
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 ∆𝑋𝑗𝑖 =
1

𝐻
|𝑥𝑗 − 𝑥𝑖|,    𝑅𝑗𝑖 =

1

𝐻
√(𝑥𝑗 − 𝑥𝑖)

2
+ (𝑦𝑗 − 𝑦𝑖)

2
, (2-10) 

 

where 𝑅𝑗𝑖 is the non-dimensional distance between the borehole i and the borehole j, and ∆𝑋𝑗𝑖 is 

the non-dimensional distance between the borehole i and the borehole j in the x-direction. 

Superimposing single borehole solutions, the heat flux (𝑞𝑙) of boreholes can be assumed to be 

constant in time, as in case Model 1 (M1), or to vary in time and space, as in cases M2 and M3 

(Table 2-1) [96]. Note that M1 and M2 all can be coupled with the MFLSD solution directly, and 

M3 cannot. These three spatial superposition models are under different boundary conditions along 

and between boreholes as briefly described below. 

Table 2-1. Different models and boundary conditions for spatial superposition. 

Models Boundary condition (BC) along a single 

borehole  

BC between boreholes Reference 

M1 The heat flux is constant along the 

borehole. 

The heat flux is evenly distributed among the 

boreholes. 

[28, 36] 

M2 The heat flux is constant along the 

borehole.  

The heat flux varies to keep the same average 

borehole wall temperature for all boreholes. 

[38, 103] 

M3 The heat flux varies to keep the borehole 

temperature uniformly distributed along 

the borehole. 

The heat flux varies to keep the same average 

borehole wall temperature for all boreholes. 

[96, 104] 
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M1 assumes that the heat flux is evenly distributed among the boreholes [28, 29]. Due to this 

assumption, Equation (2-8) can be simplified to calculate the non-dimensional temperature 

response of a certain borehole i in the borehole field, 

 

 𝛩𝑖 = 𝛩𝑀𝐹𝐿𝑆𝐷 + ∑ 𝛩𝑗𝑖∀𝑗≠𝑖 . (2-11) 

 

Finally, the g-function is obtained by averaging the non-dimensional temperature response of all 

the boreholes in the borehole field, 

 

 

where N is the number of boreholes in a borehole field. 

M2 is based on the assumption that the average borehole wall temperature is the same for all 

boreholes in the field [38]. In case M2, the heat flux is constant along each borehole from top to 

bottom; however, it is different between boreholes and varies over time. Guided by a method 

proposed by Cimmino et al. [38], the temporal superposition is imposed to account for the time-

varying heat flux. The time-varying heat flux is more conveniently treated as stepwise values on 

an hourly basis because the heating and cooling demands are typically presented using annual 

hourly values [105]. With stepwise heat fluxes, the ground temperature variation at the end of the 

 𝛩𝑁̅̅ ̅̅ =
1

𝑁
∑ 𝛩�̅�

𝑁

𝑖=1
, (2-12) 
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nth hour can be computed as a temporal superposition of the response from each of the preceding 

heat loads [105], 

 

 𝛥𝑇(𝑡𝑛) = ∑
𝑞𝑙(𝑡𝑖)

2𝜋𝑘
𝛩𝑀𝐹𝐿𝑆𝐷(𝑡𝑖 − 𝑡𝑖−1)

𝑛
𝑖=1 . (2-13) 

 

A more efficient theoretical approach for this heat conduction problem is to decompose the heat 

fluxes into a series of heat flux increments and superimpose the response of each heat flux 

increment [106], 

 

 𝛥𝑇(𝑡𝑛) = ∑
𝑞𝑙
′(𝑡𝑖)

2𝜋𝑘
𝛩𝑀𝐹𝐿𝑆𝐷(𝑡𝑛 − 𝑡𝑖)

𝑛
𝑖=1 , (2-14) 

 

where 𝑞𝑙
′(𝑡𝑖) = 𝑞𝑙(𝑡𝑖) − 𝑞𝑙(𝑡𝑖−1) is the incremental heat load between two successive heat fluxes. 

Equation (2-14) consists of the linear convolution sum of two discrete sequences, where one 

sequence is the incremental heat load (𝑞𝑙
′), and the other is the thermal response function (g-

function). Marcotte and Pasquier [107] proposed to solve the linear convolution sum efficiently 

using the fast Fourier transform (FFT) algorithms via the circular convolution theorem. 

Specifically, the linear convolution sum of the two discrete sequences can be found by taking an 

FFT of each sequence, multiplying pointwise in the frequency domain, and then performing an 

inverse FFT [108], 
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 2𝜋𝑘𝛥𝑇 = ℑ−1[ℑ(𝑞𝑙
′)ℑ(𝛩𝑀𝐹𝐿𝑆𝐷)], (2-15) 

 

where, in the discrete case, ℑ denotes the FFT, and ℑ−1 denotes the inverse-FFT. 

For two sequences of length n, each sequence must be padded with zeros to extend the length to 

2n-1 to ensure that the circular convolution and the linear convolution can coincide. 

According to Equation (2-15), Equation (2-9) can be Fourier transformed into the frequency 

domain, 

 

 ℑ(2𝜋𝑘∆𝑇) = ∑ ℑ(𝑞𝑙𝑖
′)ℑ(𝛩𝑀𝐹𝐿𝑆𝐷)𝑡𝑖≤𝑡

+ ∑ ∑ ℑ(𝑞𝑙𝑗
′)ℑ(𝛩𝑗→𝑖)𝑡𝑖≤𝑡

𝑁
𝑗=1 & 𝑗≠𝑖 . (2-16) 

 

In addition, the constant total heat flux (𝑞𝑡) is equal to the sum of the heat fluxes of every borehole 

in the field. Due to the linearity of the Fourier transform, the constant total heat flux in the 

frequency domain becomes 

 

 ℑ(𝑞𝑡
′) = ∑ ℑ(𝑞𝑙𝑖

′)𝑁
𝑖=1 . (2-17) 

  

Equations (2-16) and (2-17) form a system of linear equations, 
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[
 
 
 
 
0
0
⋮
0

ℑ(𝑞𝑡
′)]
 
 
 
 

=

[
 
 
 
 
 ℑ(𝛩𝑀𝐹𝐿𝑆𝐷) ℑ(𝛩2→1) ⋯ ℑ(𝛩𝑁→1) −1

ℑ(𝛩1→2) ℑ(𝛩𝑀𝐹𝐿𝑆𝐷) ⋯ ℑ(𝛩𝑁→2) −1

⋮ ⋮ ⋱ ⋮ ⋮

ℑ(𝛩1→𝑁) ℑ(𝛩2→𝑁) ⋯ ℑ(𝛩𝑀𝐹𝐿𝑆𝐷) −1

1 1 1 1 0 ]
 
 
 
 
 

[
 
 
 
 
 
ℑ(𝑞𝑙1

′)

ℑ(𝑞𝑙2
′)

⋮
ℑ(𝑞𝑙𝑁

′)

ℑ(2𝜋𝑘∆𝑇)]
 
 
 
 
 

. (2-18) 

 

The solution of the system of linear equations gives the heat flux in each borehole. The resulting 

non-dimensional temperature response  𝛩𝑀𝐹𝐿𝑆𝐷̅̅ ̅̅ ̅̅ ̅̅ ̅ = 2𝜋𝑘𝛥𝑇 𝑞𝑡 𝑁⁄⁄  becomes the analytical g-

function. 

M3 bears the assumption that the borehole temperature is uniformly distributed along the borehole 

and is equal for all boreholes [96]. This was assumed because the boreholes are connected in 

parallel with the same inlet fluid temperature in common real installations. This assumption was 

imposed on Eskilson’s numerical model [23], and the same assumption was also considered in a 

semi-analytical model proposed by Cimmino and Bernier [96]. In the semi-analytical model, each 

borehole is separated into several segments. Each borehole segment is modelled by a line source 

of finite length, and a finite line source solution proposed by Cimmino and Bernier [96] accounts 

for the wall temperature variation of a segment caused by other segments. The average wall 

temperature is kept the same for all segments by varying the heat flux in each segment. As the 

number of segments increases, the result becomes closer to Eskilson’s g-function; however, there 

is also an increase in calculation time. For instance, the calculation time is about 13 times greater 

for M3 (using 12 segments) than it is for M2 [96].  
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Among these three cases, M1 has gained the most interest in the literature [28, 29, 36, 49]. M1 

was therefore employed in this study. A few studies have shown that the results of M2 are generally 

in good agreement with the results of M1 and M3 for small borehole fields [38, 103]; therefore, 

M2 was used for verification in this study. However, M3 was not employed in this study. Since 

the MFLSD solution is for the average wall temperature of an entire borehole and does not account 

for thermal interaction between borehole segments, the MFLSD solution cannot be coupled with 

the M3 directly. 

2.2.3 Borehole fields 

Employing spatial superposition for the MFLSD solution, the g-function can be computed for 

borehole fields comprising multiple boreholes in arbitrary configurations. In this study, three 

simple rectangle arrays (i.e., 3 × 2 [38, 49, 98, 109], 4 × 4 [45, 68, 89, 110], 10 × 10 [68, 96] 

borehole field) with an equal borehole spacing (B) were used because they have been commonly 

used in the literature. According to the design procedures set forth by ASHRAE [95], a borehole 

spacing from 6 m to 8 m is recommended to reduce the thermal interaction between individual 

boreholes. In Figure 2-2, a 3 × 2 borehole field is presented to show the concept.  
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Figure 2-2. Schematic diagram of a 3 × 2 borehole field. B represents the borehole spacing that is 

the centre-to-centre distance between adjacent boreholes. 

 

2.2.4 A real case scenario used for verification 

For the verification of the g-function from the MFLSD solution for borehole fields, test cases were 

designed based on a real GeoExchange system project [97] in Edmonton, Canada. In the project, 

boreholes were designed with a length of 70 m and a radius of about 0.046 m; they were equally 

spaced at a distance of B = 7.6 m. A borehole spacing from 6 m to 8 m is recommended by the 

design procedures set forth by ASHRAE [95]. These two values (6 m and 8 m) of borehole spacing 

were also selected for the verification.  

The thermal properties of the ground were acquired from an in situ thermal conductivity test [97]. 

The tested undisturbed ground temperature (𝑇0) is 6 °C, the thermal conductivity (k) is 1.59 Wm-

1K-1, and the thermal diffusivity of the borehole (α) is 6.944 × 10-7 m2s-1. The volumetric heat 

capacity of the bulk porous medium (𝜌𝑐) is 2.290 × 106 Jm-3K-1. A transient study was set for a 

sufficiently long time, from ~20 hours (about Fo = 10-5) to ~ 100 years (or Fo = 0.5). For 100-year 
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continuous simulations, the heat injection rate was kept at 𝑞𝑙 = 56 Wm-1, which is the expected 

peak load on the U-tubes for the project. 

Table 2-2. Parameters used in the calculations [97]. 

Parameter Value 

Length of the borehole (H) 70 m 

Borehole radius (𝑟𝑏) 0.04595 m 

Thermal conductivity of the ground (k) 1.59 Wm-1K-1 

Thermal diffusivity of the ground (α) 6.944 × 10-7 m2s-1 

Volumetric heat capacity of the ground (𝜌𝑐) 2.290 × 106 Jm-3K-1 

Volumetric heat capacity of water (𝜌𝑤𝑐𝑤) at 6 °C 4.200 × 106 Jm-3K-1 

 

Although hydraulic conditions were not reported in the project, a preliminary study [40] shows 

that the influence of groundwater flow can be illustrated for the Peclet number Pe > 1.74 on a 

single borehole. Hence, a scenario was defined with a uniform velocity of about 𝑢𝑑 = 4 × 10-8 ms-

1 (or Pe = 7.5) to represent the heat conduction-advection condition. In comparison, another 

scenario was defined at  𝑢𝑑 = 0 ms-1 (or Pe = 0) for the conduction-dominated condition. 

Finally, a customized MATLAB code was employed to calculate the MFLSD solutions for the 

average borehole wall temperature variation (𝛥𝑇). For the evaluation of a single integral, the 
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MATLAB integral function with a tolerance of 10-12 was used. All calculations were performed 

on an Intel Xeon-E3 3.10 GHz processor with 64 GB RAM.  

2.2.5 Model verification through 3D finite element modelling 

Similar to many previous studies [64, 111-113], 3D finite element (FE) modelling in COMSOL 

Multiphysics was used for the verification of g-function from the MFLSD solution. Borehole 

geometries and thermal properties were the same as those tested in the real case scenario. A 3 × 2 

borehole field was selected for verification. A symmetrical boundary condition was applied to 

reduce the domain size by half. Each borehole in the field was represented by a cylinder aligned 

with the z-axis, and its surrounding ground was built as a water-saturated porous medium with 

constant thermal properties. In contrast to the line source in the analytical model, constant 

continuous heat flux was applied directly to the borehole wall in the 3D-FE COMSOL model. This 

difference would result in a great discrepancy between the MFLSD and the 3D-FE COMSOL 

solutions in the short-term. However, the discrepancy is acceptable since the g-functions are used 

for long-term prediction, and some other methods are used for short-term prediction [114-116]. 

For this reason, the reported simulation results for the verification started from 20 hours rather 

than time zero.  

In the 3D-FEM COMSOL model, the initial and boundary conditions were set in such a way that 

they met the assumptions made for the MFLSD solution. A uniform groundwater flow was 

assigned throughout the entire domain along the x-axis. A uniform initial temperature of 6 °C was 

assigned to the entire domain to represent undisturbed ground temperature ( 𝑇0 ). A fixed 

temperature of 6 °C was also assigned to the top boundary to represent constant ground surface 

temperature. 
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A preliminary analysis has been done to ensure the simulation results are independent from the 

model domain. More detailed information is provided in Guo et al. [40]. After the preliminary 

analysis, a model was constructed with a horizontal domain of (x = 800 m) × (y = 200 m) and a 

thickness of (z = 280 m). At the selected domain size, temperature changes at the external 

boundaries were less than 0.003 °C at the end of the simulations. Although the temperature should 

be kept in undisturbed conditions at the far boundary in principle, a 0.003 °C temperature change 

was selected to ensure a reasonable domain size and to preserve calculation accuracy [94].  

To have a more accurate temperature variation at the borehole wall, finer elements (0.018 m) were 

meshed at areas that are close to the borehole, and coarser elements (20 m) were meshed at regions 

that are relatively far away (see Figure 2-3). Tye-Gingras and Gosselin [36] suggested that a mesh-

independent solution can be obtained when the number of meshes is doubled, yielding a relevant 

difference of less than 1% for the results under every time-step. Therefore, a comparison of average 

borehole wall temperatures was carried out with an increasing number of elements on the borehole 

wall boundary. In our case, when the number of elements of the domain was doubled from about 

five million to eleven million, the maximum difference in the average borehole wall temperature 

was about 0.04% in the considered time domain. This difference is acceptable since it is far less 

than 1%. Finally, the mesh geometry with about eleven million (11,000,000) elements was 

selected, which can ensure a reasonable number of elements and preserve calculation accuracy. 
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(a) (b) 

Figure 2-3. Mesh used in numerical simulations using free tetrahedral elements: (a) the mesh of 

the borehole field and (b) the mesh around the top end of a single borehole. Finer elements (0.018 

m) were meshed at areas that were close to the borehole, and coarser elements (20 m) were meshed 

at regions that were relatively far away.  

 

To calculate the discrepancy between the MFLSD solution and the 3D-FE COMSOL solution, the 

mean absolute error (MAE) and root mean squared deviation (RMSD) were computed over the 

given time period from 20 hours to 100 years. MAE and RMSD are two of the most well-known 

and commonly accepted estimators that tell how much spread there is for the solutions in the 

vertical direction [85, 117]. In our case, the MAE represents the average magnitude of the 

differences between the temperature predicted from the MFLSD solution and the temperature 

observed from the 3D-FE COMSOL solution, 

 

 𝑀𝐴𝐸 =
∑ |𝛩𝐴(𝐹𝑜𝑖)−𝛩𝐶(𝐹𝑜𝑖)|
𝑛
𝑖=1

𝑛
, (2-19) 
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and RMSD represents the standard deviation of that difference, 

 

 𝑅𝑀𝑆𝐷 = √
∑ (𝛩𝐴(𝐹𝑜𝑖)−𝛩𝐶(𝐹𝑜𝑖))

2
𝑛
𝑖=1

𝑛
. (2-20) 

 

2.2.6 Criterion 

Acceptable values for MAE and RMSD are chosen for each specific case [118]. In this study, 0.02 

was set as the threshold limit on the MAE and RMSD with respect to 𝛩𝑁 that meets the criterion 

of Molina-Giraldo et al. [35] and the criterion of Tye-Gingras and Gosselin [36]. 

An acceptable limit on oversizing or undersizing depends on the situation, using a simplified 

method to predict the temperature variations in the borehole field (i.e., g-function). In this study,  

a one percent (1%) difference was chosen that meets the criterion of Molina-Giraldo et al. [35] to 

decide whether the effect of buried depth is negligible. With the g-function for d = 0 as the 

reference, the effect of buried depth is not negligible when the discrepancy is over 1% between the 

reference and the MFLSD solution for other various buried depths (i.e., |𝛩𝑁(𝑑) 𝛩𝑁(𝑑 = 0)⁄ −

1| > 1%). At that time, g-functions from the MFLSD solution must be used to address the effect 

of buried depth in a borehole field with groundwater flow. 
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2.3. Results and discussion 

2.3.1 Verification  

A comparison was conducted between the analytical g-functions from the MFLSD solution and 

the results from the 3D-FE COMSOL model. As shown in Figure 2-4, the temperature variation 

(𝛥𝑇) in a 3 × 2 borehole field was plotted against the Fourier number (Fo) for three borehole 

spacings (B = 6 m, B = 7.6 m, and B = 8 m) and two Peclet numbers (Pe = 0 and Pe = 7.5). In 

Figure 2-4, it was shown that the temperature variation obtained from the MFLSD solution was in 

good agreement with the numerical solution generated with COMSOL Multiphysics over a 100-

year (or Fo = 0.5) continuous operation. It can be seen from Table 2-3, for the given results of this 

section, that the maximum values of MAE and RMSD were about 0.012 and 0.015, respectively, 

which are lower than the thresholds of the acceptable MAE (0.02) and RMSD (0.02). Therefore, 

the g-functions from the MFLSD solution for borehole fields were considered to be numerically 

verified.  

In addition, a comparison with the solution by Tye-Gingras and Gosselin [26] was also carried out. 

The g-functions from the MFLSD solution are identical to the solution by Tye-Gingras and 

Gosselin [26] for D = 0 m. However, the solution by Tye-Gingras and Gosselin [26]  

underestimates the temperature variations when buried depth is considered. For instance, the 

results from the solution by Tye-Gingras and Gosselin [26] were smaller than the results from the 

3D-FE COMSOL model by about 7.0% and 4.2% for Pe = 0 and Pe = 7.5, respectively, at 100 

years for D = 8 m and B = 7.6 m. The underestimation is caused by the thermal resistance of the 

ground layer between the ground surface and BHEs. The thermal resistance diminishes the changes 

in temperature [34]. Accounting for the effect of buried depth, the g-function from the MFLSD 
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solution gives a better prediction of the temperature variation of a borehole field with groundwater 

flow in the long term.  

Table 2-3. MAE and MRSD between the g-functions predicted from the MFLSD solution and 

results observed from the 3D-FE COMSOL model. 

Discrepancy Pe = 0  Pe = 7.5 

 B = 6 m 7.6 m 8 m  6 m 7.6 m 8 m 

RMSD 0.015 0.013 0.014  0.008 0.007 0.007 

MAE 0.012 0.010 0.011  0.007 0.006 0.006 
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Figure 2-4. Borehole wall temperatures in a borehole field with 3 × 2 boreholes against the Fourier 

number for the given parameters (a) Pe = 0 and D = 8 m and (b) Pe = 7.5 and D = 8 m. 
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The g-function from the MFLSD solution (in case M1) was also verified with the solution in case 

M2. The non-dimensional temperature response (𝛩𝑁) was plotted in Figure 2-5 for three different 

borehole arrays (i.e., 3 × 2, 4 × 4, 10 × 10 borehole fields). In general, the 𝛩𝑁 tended to reach a 

higher value for a large borehole field. This is because the thermal interaction becomes stronger 

in a large borehole field. As shown in Figure 2-5(a), the MFLSD solution in case M1 is in good 

agreement with the result in case M2 for a 3 × 2 borehole field in a pure heat conduction scenario. 

The difference is only about 0.36% between the two solutions for Fo = 0.5. Therefore, the g-

function from the MFLSD solution (in case M1) was considered to be verified. However, the 

difference became noticeable in a larger borehole field. Due to the greater thermal interaction in 

the larger borehole field, inner boreholes have higher borehole wall temperatures. In case M2, in 

a pure heat conduction scenario that was constrained by the borehole wall temperature, less heat 

was transferred by the inner boreholes, and therefore the borehole wall temperature response 

became smaller [38]. In contrast, when groundwater existed in case M2, more heat was transferred 

by the upper-stream boreholes, and therefore the borehole wall temperature response increased. 
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Figure 2-5. Non-dimensional temperature response from the MFLSD solution in case M1 (solid 

lines) and in case M2 (dashed lines) for three different borehole arrays (B = 7.6 m and D = 8 m). 

 

The computational time was also compared between the MFLSD solution and the 3D-FE model. 

The comparison indicated that using numerical models (i.e., the 3D-FE model) to determine 

temperature variation at the borehole wall is a time-consuming and computationally intensive task. 

For example, the COMSOL results (shown in Figure 2-4) were obtained from numerical 
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simulations that calculated the temperature variation for 96 timesteps. For a scenario with Pe = 

7.5, D = 8 m, and B = 7.6 m, the numerical simulation took 27,669 s (equivalent to 7 hours, 41 

minutes, and 9 seconds) of computing time. The other simulations had a similar computational 

time of about 8 hours. Contrary to the numerical simulations, the analytical simulation (i.e., the 

MFLSD solution) cost 0.62 s in the calculation of the 96 timesteps, and it only took 3,813 s 

(equivalent to 1 hour, 3 minutes, and 33 seconds) in an hourly simulation that contained 876,000 

timesteps. When the number of boreholes was extended to 100 (i.e., in a 10 × 10 borehole field), 

the analytical simulation spent 9.71 s in the calculation of the 96 timesteps. Therefore, it can be 

seen that analytical g-functions are favoured over numerical models for sizing, optimizing, and 

simulating the BHE system due to the superior saving of computational time. 

2.3.2 Borehole field  

Coupled with the superposition scheme, the MFLSD solution was extended from a single borehole 

to a borehole field. In order for the effects of buried depth and groundwater flow in borehole fields 

to be investigated, a parametric study was carried out based on the identified non-dimensional 

variables.  

 The effect of thermal interaction in a borehole field 

Figure 2-6 demonstrates the non-dimensional temperature response 𝛩3×2(𝐹𝑜)obtained with the 

MFLSD solution for Pe = 0, 𝑅𝑏= 0.001, d = 0.02. Based on ASHRAE’s Handbook [95], we 

selected the values of borehole spacing (B) varying from 5 m to 8 m in this section. According to 

the typical length of a vertical borehole (50 m to 150 m), the ratio 𝑏 = 𝐵 𝐻⁄  varying from 0.03 to 

0.2 was considered. Two other values (0.06 and 0.1) were chosen within this range for the 
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sensitivity study. In addition, a theoretical lower bound solution corresponding to b = ∞ was also 

tested to set the lower limit of the solutions, which is identical to the MFLSD solution for a single 

borehole. For every d value, the 𝛩3×2(𝐹𝑜) rises as Fo increases and eventually reaches a steady 

state. As shown in Table 2-4, as the ratio 𝑏 = reduces from 0.2 to 0.03, the steady-state value 

increases from 9.62 to 17.64. This is because the thermal interaction between distant boreholes 

becomes weaker [119]. For the same reason, the influence of the thermal interactions appears early 

with a shorter borehole spacing. For example, all the 𝛩3×2(𝐹𝑜) with different borehole spacing 

overlap at the beginning. Then, the 𝛩3×2(𝐹𝑜) for b = 0.03 increases more dramatically than the 

others at Fo > 10-4. On the contrary, the 𝛩3×2(𝐹𝑜) for b = 0.2 has a similar sharp increase until Fo 

> 4.5 × 10-3. In general, the effect of the thermal interactions appears faster and is stronger when 

the 𝐵 𝐻⁄  ratio is smaller. 

Table 2-4. Non-dimensional temperature response for Pe = 0, 𝑅𝑏= 0.001, d = 0.02, considering 

various d ranging from 0 to infinity. 

Fo Non-dimensional temperature response 

b = 0.03 0.06 0.1 0.2 ∞ 

0.00003 2.10 2.10 2.10 2.10 2.10 

0.0001 2.78 2.73 2.73 2.73 2.73 

0.001 5.76 4.22 3.88 3.85 3.85 

0.01 11.21 8.23 6.48 5.17 4.89 

10 17.64 14.43 12.23 9.62 5.98 
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Figure 2-6. Non-dimensional temperature response from the MFLSD solution for Pe = 0, 𝑅𝑏= 

0.001, and d = 0.02, considering various b ranging from 0 to infinity. 

 

 The effect of buried depth (d) in a borehole field without groundwater flow 

To assess the influence of buried depth in a borehole field, we carried out a comparison between 

the MFLSD solution (𝛩𝑀𝐹𝐿𝑆𝐷) of a single borehole and the solution of borehole fields. The effect 

of buried depth for a single borehole was evaluated in Guo. et al. [40]. Figure 2-7 demonstrates 

the non-dimensional temperature response 𝛩3×2(𝐹𝑜)  obtained with b = 0.1. As shown, the 

𝛩3×2(𝐹𝑜) rises as Fo increases and eventually reaches a steady state. As the ratio 𝑑 = 𝐷 𝐻⁄  is 

enlarged from 0 to 0.2, the steady-state limit increases by 12.22% from 11.97 to 13.43. This 
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percentage difference in a 3 × 2 borehole field is much larger than the percentage difference 

(5.00%) obtained from 𝛩𝑀𝐹𝐿𝑆𝐷 for a single borehole [40]. 
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Figure 2-7. Non-dimensional temperature response from the MFLSD solution for Pe = 0, 𝑅𝑏 = 

0.001, and b = 0.1, considering various d ranging from 0 to 0.2. 

 

Figure 2-8 demonstrates the non-dimensional temperature response for three different rectangle 

borehole arrays. The limits of the solutions for each borehole array were laid out by a lower bound 

solution corresponding to d = 0 and a theoretical upper bound solution corresponding to d = ∞. As 

shown, the interval between upper and lower limits increases as the size of the borehole field 

increases and as time goes on. For Fo = 10, the percentage difference between the upper limit and 

the lower limit increases from 10.22% for a single borehole to 41.47% for a 4 × 4 borehole field, 
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and finally up to 83.06% for a 10 × 10 borehole field. The temperature response for arbitrary d 

differs more significantly from that for the borehole starting from the ground surface (i.e., d = 0) 

in larger borehole fields. This is because the increasing number of boreholes exacerbates the effect 

of buried depth. Therefore, it is concluded that the buried depth is a significant parameter for large 

borehole fields that cannot be neglected in the design of BHE systems. 
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Figure 2-8. Non-dimensional temperature response from the MFLSD solution for different 

rectangle borehole arrays (Pe = 0, 𝑅𝑏 = 0.001, and b = 0.1). The solid lines represent the lower 

bounds, and the dashed lines represent the upper bounds.  

 

 The effect of buried depth (d) in a borehole field with groundwater flow 

A previous study [40] shows that the effect of buried depth for a single borehole heavily depends 

on the groundwater velocity. The increase in the groundwater flow velocity reduces the effect of 
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buried depth. The same influence can also be observed in borehole fields. As shown in Figure 

2-9(a), in a 3 × 2 borehole field, the ratio of  𝛩𝑁(𝑑 = 0.2) 𝛩𝑁(𝑑 = 0)⁄  is about 12% for Pe = 0.1, 

and it falls to about 0.001% for Pe = 1000. Moreover, the ratio of 𝛩𝑁(𝑑 = ∞) 𝛩𝑁(𝑑 = 0)⁄  laid 

out the limit of the effect of buried depth for each borehole array in different groundwater flow 

scenarios. Due to the thermal interaction between the boreholes, the limit expanded as the number 

of boreholes increased. For example, to reduce the percentage difference between 𝛩𝑁(𝑑 = ∞) and 

𝛩𝑁(𝑑 = 0) to less than 1%, the Pe was required to be greater than about 22 for a single borehole, 

43 for a 3 × 2 borehole field, 75 for a 4 × 4 borehole field, and 197 for a 10 × 10 borehole field. In 

other words, although the effect of buried depth could be neglected for Pe > 22 for a single 

borehole, it could not simply be neglected in a large borehole field. Therefore, the analytical g-

function from the MFLSD solution must be used in the BHE design to consider the combined 

effects of buried depth and groundwater flow. 
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Figure 2-9. (a) The percentage difference of the temperature response for various buried depths 

over the temperature response for d = 0, considering various Peclet numbers ranging from 0.1 to 

1000 in a 3 × 2 borehole field; (b) Limits of the percentage difference for different rectangle 

borehole arrays (𝑅𝑏 = 0.001 and b = 0.1). 
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2.4. Influence of buried depth at fixed borehole lengths  

Although the aforementioned non-dimensional variables have obvious advantages, parameters 

with physical meanings are of great concern in engineering design, including borehole length, 

buried depth, and operation time. The non-dimensional borehole wall temperature response was 

calculated for a common borehole length ranging from 50 m to 150 m, 𝑢𝑑 = 4 × 10-8 ms-1, and B 

= 7.6 m with two buried depths of D = 2 m and 8 m. Other borehole geometries and thermal 

properties were the same as in the real GeoExchange system project. The simulation was run for 

30 years (a typical lifetime of GSHP systems [92]).  

As shown in Figure 2-10, it is demonstrated that the impact of buried depth gets larger as the 

borehole length reduces. For example, referring to the solution for the borehole starting from the 

ground surface (i.e., D = 0 m), the 𝛩3×2 rises by 1.81% for a 150 m borehole buried 8 m below the 

surface, and it rises by 6.14% if the borehole is only 50 m in length (see Table 2-5). Meanwhile, 

the rise in temperature response 𝛩𝑁 is much larger for a borehole field than for a single borehole. 

For example, when the buried depth varies from 0 m to 2 m and H = 70 m, the temperature response 

increases by 1.01% for a single borehole, by 1.83% for a 3 × 2 borehole field, by 2.37% for a 4 × 

4 borehole field, and by 3.23% for a 10 × 10 borehole field. For this reason, the buried depth 

becomes a significant parameter for non-residential applications that comprise borehole fields of 

the order of 10-100 boreholes. Neglecting the buried depth, the temperature response of a borehole 

field would be under-predicted, resulting in an over-prediction of the rate of heat exploitation due 

to the borehole wall temperature constraints. Therefore, the g-function from the MFLSD solution 

should be used in the BHE design to provide a better prediction of the temperature variation of a 

borehole field with groundwater flow.   
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Figure 2-10.  Effect of buried depth against various borehole lengths for different rectangle 

borehole arrays.  
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Table 2-5. Non-dimensional temperature response for different buried depths at 30 years (Pe = 

7.5). 

Field Buried depth (D) Non-dimensional temperature response % Difference 

H = 50 m 70 m 100 m 150 m 50 m 70 m 100 m 150 m 

Single 0 m 5.57 5.72 5.83 5.92 Ref 

 2 m 5.65 5.77 5.87 5.94 1.44% 1.01% 0.70% 0.46% 

 8 m 5.72 5.82 5.90 5.97 2.62% 1.84% 1.27% 0.83% 

3 × 2 0 m 8.46 9.02 9.46 9.80 Ref 

 2 m 8.69 9.19 9.58 9.88 2.68% 1.83% 1.23% 0.79% 

 8 m 8.98 9.40 9.73 9.98 6.14% 4.20% 2.81% 1.81% 

4 × 4 0 m 11.68 12.86 13.80 14.54 Ref 

 2 m 12.09 13.17 14.02 14.69 3.56% 2.37% 1.55% 0.98% 

 8 m 12.73 13.63 14.34 14.90 8.97% 5.98% 3.92% 2.48% 

10 × 10 0 m 20.38 24.05 27.08 29.49 Ref 

 2 m 21.41 24.83 27.63 29.86 5.04% 3.23% 2.03% 1.25% 

 8 m 23.33 26.27 28.65 30.54 14.44% 9.22% 5.80% 3.55% 
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2.5. Conclusion 

The following conclusions were drawn from the study: 

(1) The moving finite line source solution while considering buried depth (MFLSD) was 

coupled with a spatial superposition scheme to compute the g-functions for borehole fields. 

The g-functions from the MFLSD solution were verified numerically with a three-

dimensional (3D) finite-element (FE) model. Compared with the numerical 3D-FE model, 

the analytical MFLSD solution is more efficient in light of computational time. For the 

given parameters in this study, the numerical simulation took 27,669 s in the calculation of 

the 96 points in time, and the MFLSD solution cost only 0.62 s for the same calculation. 

(2) The effect of buried depth is amplified in a borehole field due to the thermal interaction 

between boreholes. For the given parameters in this study, the steady-state limit rises by 

about 5.00% as the non-dimensional buried depth (d) is enlarged from 0 to 0.2 for a single 

borehole and the steady-state limit increases by 12.22% from 11.97 to 13.43 for a 3 × 2 

borehole field with the same change in the d value. Therefore, the effect of buried depth 

becomes more significant in a borehole field. 

(3) The buried depth is a significant parameter in the design of the non-residential borehole 

heat exchanger system. For the given parameters in this study (including Peclet number Pe 

= 7.5), for a single borehole with a borehole length of 70 m, the average non-dimensional 

temperature response rises by about 1.01% as the buried depth increases from 0 m to 2 m; 

in a 3 × 2 borehole field, the non-dimensional temperature response rises by about 1.83% 

with the same change in buried depth. The effect of buried depth becomes more apparent 

in a non-residential application, which comprises a borehole field of the order of 10-100 
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boreholes than that of a single borehole or a small 3 × 2 borehole field. Therefore, analytical 

g-functions from the MFLSD solution should be considered in BHE designs for large-scale 

applications. 

 

  



62 
 
 

Chapter 3. Effects of varying heat transfer rates for borehole heat exchangers 

in layered subsurface with groundwater flow 
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varying heat transfer rates for U-shaped borehole heat exchangers in layered subsurface with 
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Nomenclature 

A cross-sectional area of the circulating 

fluid  [m2] 

c specific heat capacity  [Jkg-1K-1] 

D depth   [m] 

d shank spacing  [m] 

dh hydraulic equivalent diameter [m] 

𝑒𝑟𝑓(𝑋) error function 

fD Darcy friction factor 

H borehole length  [m] 

h vertical distance  [m] 

𝐼0 modified zero-order Bessel function 

of the first kind 

k  thermal conductivity  [Wm-1K-1] 

M Mass flow rate  [kgs-1] 

Q heat load  [W] 

𝑞𝑙 heat transfer rate per unit length 

 [Wm-1] 

Δq incremental heat load 

𝑅1
𝛥

,𝑅2
𝛥

,𝑅12
𝛥

 delta-circuit thermal 

resistances [mKW-1] 

r radial distance  [m] 

T temperature   [°C] 

𝛥𝑇 temperature variation  [°C] 

t time   [s] 

U effective thermal transfer velocity 

 [ms-1] 

𝑢𝑑 Darcy velocity  [ms-1] 

V circulating fluid flow rate  [m3s-1]  

v  fluid velocity [ms-1] 

x, y, z, z’ coordinates [m] 

Greek symbols 

α thermal diffusivity  [m2s-1] β dimensionless thermal conductance 
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ρ density   [kgm-3] 

Subscripts 

b borehole  

down downward-flowing fluid 

eff effective properties 

f circulating fluid 

g grout 

in fluid inlet 

o pipe outer wall 

out fluid outlet 

p pipe 

par parallel to bedding planes 

per perpendicular to bedding planes 

up upward-flowing fluid 

w  groundwater 

x, y, z coordinates

Abbreviations

BHE  Borehole heat exchanger 

CQ  Constant heat transfer rate 

FE  Finite element 

GSHP  Ground source heat pump 

MAPE  Mean Absolute Percentage Error 

MFLS  Moving finite line source 

MVQ  Multilayered ground with varying heat transfer rate 
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3.1. Introduction 

The global coalition of countries committed to achieving net-zero carbon emissions by 2050 or 

earlier has propelled the transition towards sustainable energy sources, becoming an ongoing 

endeavour for various industries [120]. Among technologies that are considered renewables, the 

ground source heat pump (GSHP) system has emerged as a standout option, primarily owing to its 

minimal carbon dioxide emissions and remarkable energy efficiency [84]. In comparison to 

traditional heating systems, the GSHP system has demonstrated the potential to cut energy usage 

by over 30% [121] and decrease carbon dioxide emissions by about 20% [122]. 

GSHP systems commonly employ vertical borehole heat exchangers (BHEs), which consist of an 

arrangement of pipes placed within vertical boreholes. The main configurations of these pipes 

currently include U-shaped, double U-shaped, spiral-shaped, and coaxial [10]. Among these, the 

U-shaped pipe configuration is favoured for its simplicity in installation and cost-effectiveness 

[11]. Within the pipes, a fluid mixture consisting of water and antifreeze circulates to facilitate the 

transportation of heat between the heat pump and the ground [13, 14]. Borehole depths commonly 

range from 50 m to 150 m [15], traversing different types of geologic layers through which 

groundwater may flow.  

Extensive studies [42-47] have shown that groundwater flow considerably changes the thermal 

performance of a BHE. In an in-situ experiment conducted by Wang et al. [47], the impacts of 

groundwater flow on BHE performance were investigated, revealing an average enhancement of 

9.8% in heat injection and 12.9% in heat extraction. Similarly, Angelotti et al. [42] created a three-

dimensional model to assess the energy performance of a BHE under different groundwater 
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velocities. Their simulations demonstrated that the heat extraction rate increased by 22%, 76%, 

and 105%, respectively, as the groundwater velocity increased from 0 m/s to 10-6 m/s, 5×10-6 m/s, 

and 10-7 m/s. In summary, groundwater flow plays a significant role in enhancing heat exchange 

between the BHE and its surrounding ground, benefiting the long-term performance of the entire 

GSHP system. 

Over the last two decades, abundant analytical and semi-analytical models [35, 36, 48-50, 53, 64, 

123] have been proposed to address the impact of groundwater flow on BHEs. Based on the 

moving sources theory [31], Diao et al. [49] and Sutton et al. [48] presented the moving infinite 

line source model that approximates the BHE as an infinite line source in an infinite homogenous 

medium with horizontal groundwater advection. Subsequently, Tye-Gingras and Gosselin [36] and 

Molina-Giraldo et al. [35] proposed the moving finite line source (MFLS) model to consider the 

finite length of the BHE. To better reproduce the heat transfer near the surface, Rivera et al. [50] 

and Zhou et al. [53] incorporated a convective boundary at the ground surface. More recently, Hu 

[123] and Erol and François [64] extended the MFLS model to encompass the BHE in multilayered 

ground conditions. However, these previous solutions [35, 36, 48-50, 53, 64, 123] typically 

assumed that the rate of heat transfer per unit borehole length remains constant. This assumption 

contradicts the reality that heat transfer from the BHE to the ground exhibits non-uniform 

variations in both time and depth [17, 124]. Additionally, this variation becomes significantly more 

pronounced in layered ground conditions, particularly in layers where groundwater flow is present. 

As an example, in an investigation carried out by Luo et al. [70] involving a BHE situated in the 

ground with five distinct layers, their findings revealed that the efficacy of heat transfer in the 

layers with groundwater flow was at least 25.9% greater than that in the layers without 
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groundwater flow. It is important to note, neglecting this heat transfer rate variation may result in 

significant temperature overestimations. As emphasized by Li et al. [71], their double-layered 

sandbox experiment and simulation (comprising sand and clay) resulted in temperature 

overpredictions of up to 76.6% in the clay layer due to the assumption of a constant heat transfer 

rate. Such temperature overpredictions can result in the use of oversized BHEs, leading to 

substantial increases in expenses associated with drilling and materials [17].  

Until recently, there have been limited solutions [66, 72, 125] available in the literature for 

addressing the complex issue of heat transfer rate variation in BHEs within multilayered ground 

conditions. For instance, in our previous study [72], we introduced a so-called MVQ solution to 

address this issue. In this acronym, "MVQ" stands for "Multilayered ground with Varying heat 

transfer rate," with "Q" representing the heat transfer rate. Nevertheless, these existing solutions 

[66, 72, 125] were primarily focused on cases of pure heat conduction and did not account for the 

impact of groundwater flow. This represents a significant gap in understanding the actual effect of 

groundwater flow in multilayered ground conditions, which is essential for predicting accurate 

ground temperatures and designing effective GSHP systems. Therefore, the primary objective of 

this study is to bridge the existing research gap by adapting and modifying the MVQ solution to 

accommodate scenarios where groundwater flow is present in the subsurface layers. Despite the 

alterations made, the resulting solution continues to be referred to as the MVQ solution. This 

solution provides a means to approximate the long-term behaviour of BHEs while incorporating 

the effects of groundwater flow. It also offers valuable insights for designing BHE systems in 

practical applications with complex geological conditions. 



68 
 
 

 

3.2. MVQ model 

3.2.1 Problem description 

The illustration in Figure 3-1 outlines the installation of a single BHE within a multilayered 

ground, which includes aquifers. While Figure 3-1 depicts a ground configuration with four layers, 

it is important to note that the model is flexible to accommodate any number of layers, matching 

the geological condition of the site. In this present study, a few assumptions have been made to 

simplify the heat transfer model due to the complexity of heat exchange between the BHE and 

ground: 

a. Groundwater flow: In the context of groundwater flow, the assumption proposed in prior 

studies [35, 36, 49] was adopted, which presumed the water flows uniformly in the x-

direction, parallel to the ground surface, with a consistent Darcy velocity 𝑢𝑑.  

b. Local thermal equilibrium: The concept of local thermal equilibrium was adopted, wherein 

the groundwater temperature aligns with the ground temperature at any given location. This 

assumption is widely used in the context of heat transfer within porous media [101]. It 

holds true at a macroscopic scale since the groundwater movement occurs at a slow pace, 

which results in negligible temperature variations between the water and solid components 

over both time and space [102]. 

c. Initial and boundary conditions: In prior studies of BHEs [10, 86], it is a common practice 

to assume that both initial and boundary conditions are homogenous. This simplification 

was also adopted in this study, which allows us to concentrate our investigation on 
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analyzing temperature changes resulting from the varying heat generation rate of the BHE. 

It is essential to note that the initial and boundary conditions can become non-homogeneous 

due to factors like thermal gradients and temperature fluctuations at the ground surface. 

Such non-homogeneous conditions can be accounted for using the superposition principle, 

as demonstrated in the study of Bandos et al. [26]. 

d. Temperature-independent physical and thermal properties: Thermal properties were 

assumed to remain constant regardless of temperature. This is because the temperature 

range relevant to shallow BHE problems is relatively narrow, and variations in physical 

and thermal properties within this range can be considered negligible [23]. 

 

Figure 3-1. Illustration of a BHE situated within a multilayered ground, considering the presence 

of groundwater flow. 
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In the conventional analysis of shallow BHEs, due to the inherent complexity of the heat transfer 

process, the problem is typically separated into two distinct regions: the interior region within the 

borehole and the exterior region outside the borehole [10, 28, 86]. These two regions are 

interconnected at the interface of the borehole wall.  

In the thermal analysis of the exterior region, the line [27, 28] or cylindrical [126] heat source 

models are widely employed to predict temperature changes at the borehole wall. These models 

necessitate a prescribed heat generation rate for heat sources. For the thermal analysis of the 

interior region, models [127, 128] are used to calculate the outlet fluid temperature. These models 

rely on a given temperature at the borehole wall as a boundary condition. Building upon the 

approach established in our previous study [72], the current study considered a two-way coupling 

scheme that allows for the simultaneous analysis of both the exterior and interior regions, thereby 

addressing the varying heat transfer rate in the BHE.  

3.2.2 Heat transfer outside the borehole 

In the exterior region outside the borehole, the governing three-dimensional (3-D) heat equation is 

expressed within a Cartesian coordinate system (x, y, z) as follows [31]: 

 

 𝜌𝑐
𝜕𝑇

𝜕𝑡
= 𝑘𝑥

𝜕2𝑇

𝜕𝑥2
+ 𝑘𝑦

𝜕2𝑇

𝜕𝑦2
+ 𝑘𝑧

𝜕2𝑇

𝜕𝑧2
− 𝑢𝑑(𝜌𝑐)𝑤

𝜕𝑇

𝜕𝑥
+ 𝑞 (3-1) 
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where T [K] represents the temperature, 𝜌𝑐 [Jm-3K-1] represents the volumetric heat capacity of 

the bulk porous media, (𝜌𝑐)𝑤  [Jm-3K-1] represents the volumetric heat capacity of the 

groundwater, k [Wm-1K-1] represents the thermal conductivity, and q [Wm-3] is the volumetric heat 

source.  

In an infinite medium, the solution to this partial differential equation at any arbitrary point (x, y, 

z) and any given later time (t) due to an instantaneous point source at coordinate (0, 0, z’) releasing 

heat at a time (τ) can be obtained using the Green’s function method [129]: 

 

 𝛥𝑇 =
𝑞(0,0, 𝑧′, 𝜏)

8(𝜌𝑐)𝑒𝑓𝑓√𝛼𝑥𝛼𝑦𝛼𝑧(𝜋(𝑡 − 𝜏))
3
2

exp (−
(𝑥 − 𝑈(𝑡 − 𝜏))

2

4𝛼𝑥(𝑡 − 𝜏)
−

𝑦2

4𝛼𝑦(𝑡 − 𝜏)
−
(𝑧 − 𝑧′)2

4𝛼𝑧(𝑡 − 𝜏)
) (3-2) 

 

where ΔT [K] is the temperature change, 𝑈 =
𝑢𝑑(𝜌𝑐)𝑤

𝜌𝑐
 [ms-1] is the effective thermal transfer 

velocity, and 𝛼 =
𝑘

𝜌𝑐
 [m2s-1] is the thermal diffusivity. 

In this study, when dealing with a horizontally layered medium, the composite medium method 

introduced by Abdelaziz et al. [58] was employed. This approach produces acceptable 

approximations that describe the composite section between the observation point (x, y, z) and the 

heat point source (0, 0, z’) as an equivalent homogeneous medium, and it has been widely accepted 

and has been utilized in numerous other studies [62-65]. Within this framework, the effective 

properties of the composite section are computed by considering the properties and relative 
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fractions of each individual layer. Specifically, the effective volumetric heat capacity of the 

composite section can be obtained by the sum of the heat capacities of different constituent layers 

[130],  

 

 (𝜌𝑐)𝑒𝑓𝑓 =
∑ ℎ𝑗(𝜌𝑐)𝑗
𝑁
𝑖=1

∑ ℎ𝑗
𝑁
𝑖=1

 (3-3) 

 

where (𝜌𝑐)𝑒𝑓𝑓 [Jm-3K-1] is the effective volumetric heat capacity of the composite section, N is 

the number of ground layers in between, and h [m] is the vertical distance within a ground layer.  

Due to the layering configuration, the ground is considered a transversely isotropic material. In 

this context, two effective thermal conductivity components, kpar and kper, are considered, which 

represent the effective thermal conductivity component parallel to and perpendicular to layering 

planes, respectively. With respect to the heat flow direction, ground layers are connected in parallel 

in the horizontal directions. Specifically, in both the x and y-directions, the effective thermal 

conductivity is determined using the parallel model [131, 132], which calculates it as the weighted 

arithmetic mean value, 

 

 𝑘𝑝𝑎𝑟 =
∑ ℎ𝑖𝑘𝑥,𝑖
𝑁
𝑖=1

∑ ℎ𝑖
𝑁
𝑖=1

 (3-4) 
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The effective thermal diffusivity by definition can be estimated as 

 

 𝛼𝑝𝑎𝑟 =
𝑘𝑝𝑎𝑟
(𝜌𝑐)𝑒𝑓𝑓

 (3-5) 

 

In the z-direction, the effective thermal diffusivity is estimated using an expression proposed by 

Schimmel et al. [133], which has the form 

 

 
(∑ ℎ𝑖

𝑁
𝑖=1 )2

𝛼𝑝𝑒𝑟
=∑

ℎ𝑖
2

𝛼𝑧,𝑖

𝑁

𝑖=1

+ 2∑ ∑ ℎ𝑖ℎ𝑗
𝑘𝑧,𝑗

𝑘𝑧,𝑖𝛼𝑧,𝑗

𝑁

𝑗=𝑖+1

𝑁−1

𝑖=1

 (3-6) 

 

It is worth noting that different values of 𝛼𝑝𝑒𝑟  are obtained from Equation (3-6) when the 

arrangement of layers is interchanged. Based on the effective thermal diffusivity obtained from 

Equation (3-6), the effective thermal conductivity in the z-direction is evaluated as 

 

 𝑘𝑝𝑒𝑟 = 𝛼𝑝𝑒𝑟(𝜌𝑐)𝑒𝑓𝑓 (3-7) 
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The ground is typically treated as a semi-infinite medium with a single plane surface that is the 

ground surface. In accordance with prior studies [28, 29, 134], the ground surface is assumed to 

be maintained at a fixed temperature. To achieve this boundary condition, the method of images 

[31] is utilized in the solution. This method involves introducing image heat sinks positioned above 

the actual ground surface. Through the symmetrical distribution of these point heat sources and 

sinks, a stable and fixed temperature is established at the ground surface. Applying the method of 

images yields 

 

 

𝛥𝑇 =
𝑞(0,0, 𝑧′, 𝜏)

8𝑘𝑝𝑎𝑟√𝛼𝑝𝑒𝑟(𝜋(𝑡 − 𝜏))
3
2

exp(−
(𝑥 − 𝑈(𝑡 − 𝜏))

2
+ 𝑦2

4𝛼𝑝𝑎𝑟(𝑡 − 𝜏)
) 

[exp(−
(𝑧 − 𝑧′)2

4𝛼𝑝𝑒𝑟(𝑡 − 𝜏)
) − exp(−

(𝑧 + 𝑧′)2

4𝛼𝑝𝑒𝑟(𝑡 − 𝜏)
)] 

(3-8) 

 

It is important to highlight that the original expression provided by Abdelaziz et al. [58] did not 

satisfy the ground surface boundary condition. However, this issue has been resolved in Equation 

(3-8). 

In accordance with Kelvin’s theory [30] of the heat source, one can perform integration across 

both spatial and temporal variables from the solution for an instantaneous point source to obtain 

the solution for a continuous line heat source [135]. If the heat source releases its energy 

spontaneously from time zero, the average temperature response due to the line heat source 
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segment, which initiates at depth Di and extends for a finite length hi along the vertical z-axis, can 

be expressed as 

 

 
𝛥𝑇 =

𝑞𝑙𝑖

8(𝜋)
3
2

∫ ∫
1

𝑘𝑝𝑎𝑟√𝛼𝑝𝑒𝑟(𝑡 − 𝜏)
3
2

𝐷𝑖+ℎ𝑖

𝐷𝑖

𝑡

0

exp(−
(𝑥 − 𝑈(𝑡 − 𝜏))

2
+ 𝑦2

4𝛼𝑝𝑎𝑟(𝑡 − 𝜏)
) 

[exp (−
(𝑧 − 𝑧′)2

4𝛼𝑝𝑒𝑟(𝑡 − 𝜏)
) − exp(−

(𝑧 + 𝑧′)2

4𝛼𝑝𝑒𝑟(𝑡 − 𝜏)
)] 𝑑𝑧′𝑑𝜏 

(3-9) 

 

where the subscript i denotes the line heat source segment and 𝑞𝑙𝑖  [Wm-1] represents the heat 

generation rate per unit length of line heat source segment i (with 𝑖 = 1,2,⋯𝑁).  

Determining the average temperature over the borehole wall is crucial, as it serves as a boundary 

condition for heat transfer within the interior region. However, calculating this average 

temperature typically involves a surface integration over the borehole wall, which can significantly 

increase computational demands, especially when the effective thermal properties are functions of 

integral variables. To overcome this challenge, we evaluated the effective thermal properties of 

the composite section using the midpoints of both the line heat source segments and the borehole 

wall segments. Consequently, the average temperature change at borehole wall segment j 

attributed to line heat source segment i can be formulated as  
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𝛥𝑇𝑖𝑗

𝑞𝑙𝑖/2𝜋𝑘𝑝𝑎𝑟
=

1

2ℎ𝑗
𝐼0 (

𝑟𝑏𝑈

2𝛼𝑝𝑎𝑟
)∫

1

𝑠2
exp (−

𝑈2

16𝛼𝑝𝑎𝑟𝛼𝑝𝑒𝑟𝑠
2
−
𝛼𝑝𝑒𝑟

𝛼𝑝𝑎𝑟
𝑟𝑏
2𝑠2)

∞

1

√4𝛼𝑝𝑒𝑟𝑡

[−ierf (𝑠(𝐷𝑗

+ ℎ𝑗 − 𝐷𝑖 − ℎ𝑖)) + ierf (𝑠(𝐷𝑗 − 𝐷𝑖 − ℎ𝑖)) + ierf (𝑠(𝐷𝑗 + ℎ𝑗 − 𝐷𝑖))

− ierf (𝑠(𝐷𝑗 − 𝐷𝑖)) − ierf (𝑠(𝐷𝑗 + ℎ𝑗 + 𝐷𝑖 + ℎ𝑖))

+ ierf (𝑠(𝐷𝑗 + 𝐷𝑖 + ℎ𝑖)) + ierf (𝑠(𝐷𝑗 + ℎ𝑗 + 𝐷𝑖)) − ierf (𝑠(𝐷𝑗 + 𝐷𝑖))] 𝑑𝑠 

(3-10) 

 

where 

 

 ierf(𝑋) = ∫ erf(𝑌)
𝑋

0

𝑑𝑌 = 𝑋erf(𝑋) −
1

√𝜋
(1 − 𝑒−𝑋

2
) (3-11) 

 

𝑠 =
1

√4𝛼𝑝𝑒𝑟(𝑡−𝜏)
, rb [m] is the radius of the borehole, erf(𝑋) =

2

√𝜋
∫ 𝑒−𝑡

2𝑋

0
𝑑𝑡 is the error function, 

𝐼0(𝑋) =
1

𝜋
∫ 𝑒𝑋 cos(𝜑)𝑑𝜑
𝜋

0
 is a modified Bessel function of the first kind, and the subscript j denotes 

the borehole wall segment that starts from depth Dj with finite length hj with 𝑗 = 1,2,⋯ , 𝑁. It is 

important to note that the non-dimensional term 
𝛥𝑇𝑖𝑗

𝑞𝑙𝑖/2𝜋𝑘𝑝𝑎𝑟
= 𝛩𝑖𝑗  is also known as the thermal 

response factor. This factor characterizes the temperature change attributed to a unit heat pulse. 

In real BHE applications, ground loads vary with time. Predicting the temperature evolution at the 

borehole wall due to time-varying heat sources can be achieved using the well-known Duhamel's 

theorem [32],  
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 𝛥𝑇𝑖𝑗(𝑡) =
1

2𝜋𝑘𝑝𝑎𝑟

𝜕

𝜕𝜏
∫ 𝑞𝑙𝑖(𝑡)𝛩𝑖𝑗(𝑡 − 𝜏) 𝑑𝜏
𝑡

0

 (3-12) 

 

Due to the software used in building energy simulations, it is common to present heat loads as 

discrete stepwise values [105]. When dealing with stepwise heat loads, the use of Fast Fourier 

Transform (FFT) algorithms is a more efficient approach for the temporal superposition [107]. The 

equation that describes this approach is: 

 

 
𝜕

𝜕𝜏
∫ 𝑞

𝑙𝑖
(𝑡)𝛩𝑖𝑗(𝑡 − 𝜏) 𝑑𝜏

𝑡

0

=∑Δ𝑞
𝑙𝑖
(𝑡𝑝)𝛩𝑖𝑗(𝑡𝑀 − 𝑡𝑝−1)

𝑀

𝑝=1

= ℑ−1 [ℑ(�̂�𝑖𝑗)ℑ (∆�̂�𝑙𝑖)] (3-13) 

 

where subscript 𝑝 = 1, 2,⋯ ,𝑀 denotes the discrete time step, tp [s] represents the discrete time, 

∆𝑞𝑙(𝑡𝑝) = 𝑞𝑙(𝑡𝑝) − 𝑞𝑙(𝑡𝑝−1) corresponds to the incremental heat load between two heat pulses, 

ℑ and ℑ−1 respectively represent the FFT and the inverse-FFT, and �̂�𝑖𝑗 and ∆�̂�𝑙𝑖 are two sequences 

in discrete time. 

Finally, the average temperature 𝑇𝑏𝑗  at borehole wall segment j was evaluated by aggregating the 

contributions of these time-varying line heat source segments, 
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 𝑇𝑏𝑗 =
1

2𝜋
∑

1

𝑘𝑝𝑎𝑟
ℑ−1 [ℑ(�̂�𝑖𝑗)ℑ (∆�̂�𝑙𝑖)]

𝑁

𝑖=1

 (3-14) 

 

3.2.3 Heat transfer within the borehole 

In the interior region within the borehole, heat transfer is represented using a thermal resistance 

circuit in a stationary condition, as detailed in reference [128]. This is illustrated as a delta-circuit 

in Figure 3-2, which connects one borehole wall node and two fluid temperature nodes [136]. This 

delta-circuit thermal resistance model was developed on the assumption that thermal equilibrium 

is immediately established between the inlet and outlet pipes at any given time. For long-term 

predictions, the analytical solution under this assumption has demonstrated notable accuracy and 

reliability, thereby offering a viable approach [137].  

In the delta-circuit thermal resistance model, the conductive heat transfer in the fluid can be 

neglected due to the relatively small temperature gradient along the flow direction (only a few 

degrees Celsius difference from the inlet to the outlet) [128]. Then, at steady-state, the convective 

heat transfer through fluid circulation and the associated heat losses to the surroundings are 

determined through energy conservation equations, 

 

 𝑀𝑐𝑓
𝜕𝑇𝑑𝑜𝑤𝑛
𝜕𝑧

=
𝑇𝑏 − 𝑇𝑑𝑜𝑤𝑛

𝑅1
𝛥 +

𝑇𝑢𝑝 − 𝑇𝑑𝑜𝑤𝑛

𝑅12
𝛥  (3-15) 
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 −𝑀𝑐𝑓
𝜕𝑇𝑢𝑝

𝜕𝑧
=
𝑇𝑏 − 𝑇𝑢𝑝

𝑅2
𝛥 +

𝑇𝑑𝑜𝑤𝑛 − 𝑇𝑢𝑝

𝑅12
𝛥  (3-16) 

 

where 𝑇𝑑𝑜𝑤𝑛 [K] is the temperature for the downward-flowing fluid, 𝑇𝑢𝑝 [K] is the temperature 

for the upward-flowing fluid, 𝑅1
𝛥 , 𝑅2

𝛥  and 𝑅12
𝛥  [mKW-1] represent the delta-circuit thermal 

resistances between the borehole wall node and the circulating fluid nodes, M [m3s-1] is the mass 

flow rate, 𝑐𝑓  [JK-1kg-1] represents the specific heat capacity of the circulating fluid, of the 

circulating. 

 

Figure 3-2. Illustration of the thermal resistance circuit within a borehole segment.  

 

Consistent with the heat transfer analysis outside the borehole, the interior region is also divided 

into segments. We derive the solution to the thermal resistance model described in Equations 

(3-15) and (3-16) for each segment through the utilization of Laplace transforms. It is noteworthy 
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that, although a distinct mathematical function in this study, the methodology shares similarities 

with that outlined by Eskilson [23] and Hellström [128], Therefore, only the final results were 

present, 

 

 

𝑇𝑑𝑜𝑤𝑛𝑗+1(𝑡) = exp(𝛽) [cosh(𝛾) −
𝛽 − 𝛽2 − 𝛽12

𝛾
sinh(𝛾)]

⏟                          
𝑓1(ℎ𝑗)

𝑇𝑑𝑜𝑤𝑛𝑗(𝑡) +
𝛽12
𝛾
exp(𝛽) sinh(𝛾)

⏟            
𝑓2(ℎ𝑗)

𝑇𝑢𝑝𝑗
(𝑡)

+ {1 − exp(𝛽) [cosh(𝛾) +
𝛽 − 𝛽2
𝛾

sinh(𝛾)]}
⏟                          

𝑓4(ℎ𝑗)

𝑇𝑏𝑗  

(3-17) 

 

𝑇𝑢𝑝𝑗+1
(𝑡) = −𝑓2(𝐿𝑖)𝑇𝑑𝑜𝑤𝑛𝑗(𝑡) + exp(𝛽) [cosh(𝛾) +

𝛽 + 𝛽1 + 𝛽12
𝛾

sinh(𝛾)]
⏟                          

𝑓3(ℎ𝑗)

𝑇𝑢𝑝𝑗
(𝑡)

+ {1 − exp(𝛽) [cosh(𝛾) +
𝛽 + 𝛽1
𝛾

sinh(𝛾)]}
⏟                          

𝑓5(ℎ𝑗)

𝑇𝑏𝑗  

(3-18) 

 

where 𝛽1 =
ℎ𝑗

𝑉(𝜌𝑐)𝑓𝑅1
𝛥 , 𝛽2 =

ℎ𝑗

𝑉(𝜌𝑐)𝑓𝑅2
𝛥 , and 𝛽12 =

ℎ𝑗

𝑉(𝜌𝑐)𝑓𝑅12
𝛥  are the dimensionless thermal 

conductance, 𝛽 =
𝛽2−𝛽1

2
, 𝛾 = √

(𝛽1+𝛽2)2

4
+ 𝛽12(𝛽1 + 𝛽2)2 , and cosh(X) and sinh(X) are the 

hyperbolic functions. 

Various types of boundary conditions can be applied to control heat transfer in the circulating fluid, 

including prescribed temperatures at either the inlet or the outlet. In this study, a prescribed heat 

load (𝑄) is considered in alignment with the line heat source solution,  
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 𝑄(𝑡) = 𝑀𝑐𝑓 (𝑇𝑑𝑜𝑤𝑛1 − 𝑇𝑢𝑝1) (3-19) 

 

Equations (3-17) to (3-19) form a system of linear equations, as demonstrated in the example of a 

four-segment scenario. 

 

 [
 
 
 
 
 
 
 
 
 
 −𝑓4(ℎ1)𝑇𝑏1

−𝑓4(ℎ2)𝑇𝑏2

−𝑓4(ℎ3)𝑇𝑏3

[𝑓5(ℎ4) − 𝑓4(ℎ4)]𝑇𝑏4

𝑓5(ℎ1)𝑇𝑏1

𝑓5(ℎ2)𝑇𝑏2

𝑓5(ℎ1)𝑇𝑏3
𝑄 ]

 
 
 
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
 
𝑓1(ℎ1) −1 0 0 𝑓2(ℎ1) 0 0 0

0 𝑓1(ℎ2) −1 0 0 𝑓2(ℎ2) 0 0

0 0 𝑓1(ℎ3) 0 0 0 𝑓2(ℎ3) 0

0 0 0 𝑓1(ℎ4) + 𝑓2(ℎ4) 0 0 0 𝑓2(ℎ4) − 𝑓3(ℎ4)

𝑓2(ℎ1) 0 0 0 1 −𝑓3(ℎ1) 0 0

0 𝑓2(ℎ2) 0 0 0 1 −𝑓3(ℎ2) 0

0 0 𝑓2(ℎ3) 0 0 0 1 −𝑓3(ℎ3)

𝑀𝑐𝑓 0 0 0 −𝑀𝑐𝑓 0 0 0 ]
 
 
 
 
 
 
 
 

[
 
 
 
 
 
 
 
 
 
𝑇𝑑𝑜𝑤𝑛1
𝑇𝑑𝑜𝑤𝑛2
𝑇𝑑𝑜𝑤𝑛3
𝑇𝑑𝑜𝑤𝑛4
𝑇𝑢𝑝1
 𝑇𝑢𝑝2
 𝑇𝑢𝑝3
  𝑇𝑢𝑝4 ]

 
 
 
 
 
 
 
 
 

 

(3-20) 

 

The fluid temperatures are determined by solving these linear equations. The rate of heat 

generation in each segment is determined through the energy conservation equation formulated for 

the circulating fluid, 
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 𝑞𝑙𝑗(𝑡) =
𝑀𝑐𝑓

ℎ𝑗
[𝑇𝑑𝑜𝑤𝑛𝑗(𝑡) − 𝑇𝑑𝑜𝑤𝑛𝑗+1(𝑡) + 𝑇𝑢𝑝𝑗+1

(𝑡) − 𝑇𝑢𝑝𝑗
(𝑡)] (3-21) 

 

3.2.4 Two-way coupling 

The current study employed a two-way coupling approach that combines the line heat source 

solution with a thermal resistance model [128] simultaneously. This coupling approach led to the 

development of the MVQ solution, which is specifically designed to account for the varying heat 

transfer rate over time and depth. The schematic diagram outlining this approach is illustrated in 

Figure 3-3. In this coupling approach, the thermal resistance model calculates the varying heat 

generation rate for the exterior region, while the line heat source model sets the temperature 

boundary conditions for the interior region. These models for the internal and external regions are 

then iterated to refine the temperature and heat transfer rate predictions. Through several iterative 

steps, this process yields a close approximation of the heat transfer rate and temperature 

distribution within each segment at any given time. 
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Figure 3-3. Schematic diagram of the MVQ solution. 

 

3.3. Numerical model and scenarios 

Before discussing the computational results obtained using the MVQ solution, it is necessary to 

ensure its accuracy and reliability. To achieve this, as seen in numerous prior studies [64, 111-

113], a common approach involves the comparison with a 3-D numerical model constructed in a 

finite element (FE) software package. The FE modelling can be validated through a comparison 

with field-scale experimental data available in the literature. While a few laboratory-scale 

experiments [12, 13, 138, 139] have been reported, the sandbox test conducted by Beier et al. [13] 
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was particularly chosen for comparison due to its well-controlled laboratory conditions and the 

availability of more comprehensive measurements compared to other studies. 

3.3.1 Scenario for validation 

The constructed numerical model was first compared with a reference dataset reported by Beier et 

al. [13]. The experimental setup featured a single U-shaped BHE positioned at the centre of a large 

sandbox, as illustrated in Figure 3-4. This setup was designed for investigating the heat transfer 

characteristics of a single BHE within homogeneous ground. 

The dataset included sand temperature measurements at various radial positions within the 

sandbox. Per the study by Beier et al. [13], the thermal conductivity of the sand used in the sandbox 

was independently measured using a transient thermal probe inserted at four different locations. 

These measurements resulted in an average thermal conductivity value of 2.82 Wm-1K-1. Table 

3-1 lists the thermal properties of the materials involved, including the ground, grout, and 

circulating fluid, along with the geometric parameters of the BHE. More in-depth information 

regarding this reference dataset can be found in the original paper by Beier et al. [13]. 
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Figure 3-4. Schematic diagram of the sandbox test. 

  



86 
 
 

 

Table 3-1. Parameters for the sandbox test [13, 140] 

Parameter Symbol Value 

Ground thermal conductivity ks 2.82 Wm-1K-1 

Estimated ground volumetric heat capacity (𝜌𝑐)𝑠  3.2 × 106 Jm-3K-1 

Grout thermal conductivity kg 0.73 Wm-1K-1 

Estimated grout volumetric heat capacity (𝜌𝑐)𝑔  3.8 × 106 Jm-3K-1 

Pipe thermal conductivity kp 0.39 Wm-1K-1 

Fluid thermal conductivity kf 0.60 Wm-1K-1 

Fluid volumetric heat capacity (𝜌𝑐)𝑓  4.181 × 106 Jm-3K-1 

Average flow rate of circulating fluid V 0.197 Ls-1 

Length of the borehole H 18.3 m 

Borehole radius rb 63.0 mm 

Pipe outer radius ro 16.7 mm 

Pipe wall thickness  3.035 mm 

Shank spacing d 53.0 mm 

Heat load Q 1056 W 
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3.3.2 Numerical model 

Based on the previously introduced scenario, 3-D FE models were constructed in COMSOL 

Multiphysics to simulate the heat exchange between the circulating fluid and the surrounding 

ground. Due to the symmetrical geometry of the U-shaped BHE, the computational domain size 

can be reduced by implementing a symmetric boundary condition to the symmetric plane within 

this 3-D FE model. This comprehensive 3-D FE model incorporated the heat conduction equation 

to account for heat transfer within both the ground and the grout material inside the borehole. 

Additionally, it solved the heat convection and diffusion equation for the circulating fluid within 

the pipes. The velocity field of the flow was determined by solving the Navier–Stokes equations 

using a k-epsilon turbulence model [141]. In the simulation, the pipes were intentionally neglected 

to reduce the computational complexity associated with meshing extremely thin pipe walls, which 

were approximately 3.0 mm thick. This simplification was considered because, as per the study by 

Beier [140], the thermal resistance of the pipe becomes negligible and has virtually no impact on 

the results after a few hours of operation (specifically less than 10 hours). To establish the initial 

condition, a uniform temperature was set throughout all components, including the ground, grout, 

and circulating fluid. The exact initial temperature depended on the undisturbed ground 

temperature relevant to the specific scenario being considered. 

To determine the appropriate mesh size, a mesh convergence study was performed. A higher 

concentration of elements was allocated near the borehole region where higher temperature 

gradients were expected. The mesh was refined to ensure that simulation results were not affected 

by changes in mesh size. In this study, convergence was achieved when the difference in borehole 
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wall temperatures obtained from two successive simulations was less than 0.01 °C. Considering 

computational efficiency and accuracy, a mesh with 2,514,171 elements was employed, as shown 

in Figure 3-4. 

3.3.3 Validation of the numerical model  

A comparison was conducted between the results obtained from COMSOL modelling and the 

temperature measurements recorded during the sandbox experiments conducted by Beier et al. 

[13]. Figure 3-5 plots the temperature change from the initial temperature at various radial 

positions, spanning a timeframe from 0 to 3,106 minutes. The plot demonstrates a strong 

agreement between the sandbox measurements and the results from the COMSOL modelling. 

Specifically, the maximum temperature difference at the borehole wall during the entire simulation 

period occurred at the end of the simulation, and it was only 0.20 °C. This difference corresponds 

to approximately 3.05% of the temperature change at the borehole wall. It is worth noting that a 

prior study conducted by Li and Lai [142] also compared the same dataset [13] with their analytical 

solution. In their study [142], they considered a relative error of up to 10% as acceptable between 

the experimental data and their predictions. They found a relative difference of approximately 6% 

that emerged at the borehole wall after about 52 hours. It is essential to acknowledge that a primary 

contributor to the observed discrepancy between the simulation results and the sandbox 

measurements is the estimated thermal conductivity of the sand, which comes with an uncertainty 

of 5% [13]. Despite these factors, the current level of discrepancy, with a maximum percentage 

difference of 3.05% at the borehole wall, remains well within the acceptable threshold. This 
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affirmed the validity and accuracy of the COMSOL model constructed in the current study in 

simulating the behaviour of BHEs. 
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Figure 3-5. Comparison of temperatures in different radial positions between results from the 

COMSOL modelling and experimental measurements [13].  

 

3.3.4 Scenario for ongoing analysis 

The heat transfer of a BHE embedded in a multilayered ground is analyzed using the modified 

MVQ solution and the constructed 3-D FE model. The parameter inputs were taken from a 

previous study by Hu [123]. In the study, the complex geological area consisted of three bedded 
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layers, each possessing distinct thermal and hydraulic characteristics, as depicted in Figure 3-6. 

The middle was an aquifer layer with various groundwater flow velocities equal to 10-8 ms-1, 10-7 

ms-1, and 10-6 ms-1, encompassing a broad velocity range that represented a diverse set of 

hydrogeological conditions [49]. Table 3-2 shows the values of thermal and hydraulic properties 

for each ground layer. Table 3-3 shows the parameters for the borehole geometry.  

Within the 3-D FE model, the treatment of the pipes and circulating fluid differed from the sandbox 

scenario. In the multilayered ground simulation, the pipes and circulating fluid were simplified to 

one-dimensional (1-D) modelling using a non-isothermal pipe flow module [143]. This 1-D 

simplification was chosen to avoid the computational burden associated with meshing extremely 

thin pipes, as the heat capacity of the components within the borehole primarily influences the 

thermal behaviour of the BHE for the initial few hours but becomes less significant after a few 

days [10, 36]. Therefore, the 1-D simplification is suitable for long-term thermal analysis of BHEs. 

The physics interfaces in the pipe flow module define the conservation of energy of the circulating 

fluid inside pipes [143], 

 

 𝐴(𝜌𝑐)𝑓
𝜕𝑇

𝜕𝑡
= 𝐴𝑘𝑓

𝜕2𝑇

𝜕𝑧2
+ 𝑓𝐷

𝐴𝜌𝑓

2𝑑ℎ
|𝑣|3 −𝑀𝑐𝑓

𝜕𝑇

𝜕𝑧
+ 𝑞𝑙𝑝 (3-22) 

 

where A [m2] is cross-sectional area of the circulating fluid, v [ms-1] is the fluid velocity averaged 

at the cross-section, 𝑓𝐷 is Darcy friction factor; dh [m] is hydraulic equivalent diameter, and 𝑞𝑙𝑝 

[Wm-1] is the heat transfer rate per unit length through the pipe wall. The velocity and temperature 
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in Equation (3-22) are modelled as cross-section averaged quantities, exhibiting variation solely 

along the length of the pipes. It aligns with the treatment employed in the thermal resistance model 

described in Equations (3-15) and (3-16). 

In the multilayered ground simulation, a domain independence test was conducted. The primary 

objective of this test is to keep the temperature at the external boundary undisturbed. As suggested 

by Priarone and Fossa [94], a tolerance of 0.005 °C was chosen to ensure the calculation accuracy 

while maintaining a reasonable domain size. Finally, the model domain, measuring 1,800 m in the 

direction of groundwater flow and 300 m perpendicular to the flow direction, was considered 

sufficiently large to prevent external boundary conditions from affecting the results. Finally, the 

mesh convergence study was undertaken, resulting in a mesh consisting of 4,022,935 elements for 

the multilayered ground scenario. 

 

Figure 3-6. Schematic diagram of three bedded layers with an aquifer. Mesh refined near the 

borehole. 
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Table 3-2. Thermal and hydraulic properties of three ground layers. The parameters are presented 

for each ground layer [123]. 

Parameter Top layer Middle layer Bottom layer 

Depth (m) 0 – 20 20 – 38 38 - 63 

Thermal conductivity (Wm-1K-1) 2.12 1.20 1.61 

Specific heat capacity (Jkg-1K-1) 910 2225 1400 

Density (kgm-1) 1880 1680 1980 

 

Table 3-3. Parameter inputs for simulations, based on the work by Hu [123] 

Parameter Symbol Value 

Grout thermal conductivity kg 1.5 Wm-1K-1 

Estimated grout volumetric heat capacity (𝜌𝑐)𝑔  3.2 × 106 Jm-3K-1 

Pipe thermal conductivity kp 0.45 Wm-1K-1 

Fluid thermal conductivity kf 0.599 Wm-1K-1 

Fluid volumetric heat capacity (𝜌𝑐)𝑓  4.2 × 106 Jm-3K-1 

Average mass rate of circulating fluid M 0.2 kgs-1 

Length of the borehole H 63 m 
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Parameter Symbol Value 

Borehole radius rb 0.07 m 

Pipe outer radius ro 0.016 m 

Pipe wall thickness  0.003 m 

Shank spacing d 0.06 m 

Ground load Q 3150 W 

 

3.4. Results and discussion 

3.4.1 Verification 

Figure 3-7 depicts the average temperature at the borehole wall over time, considering four 

different groundwater velocities within the middle layer: 0 ms-1, 10-8 ms-1, 10-7 ms-1, and 10-6 ms-

1. The MVQ solution and the simulation results obtained from COMSOL modelling exhibited a 

strong alignment throughout the entire simulation duration. To quantify this alignment, these 

outcomes were compared using Mean Absolute Percentage Error (MAPE) values, as listed in 

Table 3-4. The MAPE is a widely recognized and commonly used metric for assessing prediction 

accuracy, offering an intuitive measure of relative error [144]. The MAPE is defined as 
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 MAPE =
100%

𝑁
∑|

∆𝑇̅̅̅̅𝑀𝑉𝑄(𝑡𝑖) − ∆𝑇̅̅̅̅ 𝐶𝑂𝑀𝑆𝑂𝐿(𝑡𝑖)

∆𝑇̅̅̅̅ 𝐶𝑂𝑀𝑆𝑂𝐿(𝑡𝑖)
|

𝑁

𝑖=1

 (3-23) 

 

where N denotes the number of sampling times; ∆𝑇̅̅̅̅𝑀𝑉𝑄 represents the average temperature change 

obtained from the MVQ solution at time ti, and ∆𝑇̅̅̅̅ 𝐶𝑂𝑀𝑆𝑂𝐿  represents the average temperature 

change obtained from the COMSOL modelling at time ti. For the specific parameters discussed in 

this study, the MAPE values were approximately 0.62%, 0.61%, 0.64%, and 0.99% for 

groundwater velocities of 0 ms-1, 10-8 ms-1, 10-7 ms-1, and 10-6 ms-1, respectively. Given the small 

MAPE values observed, the MVQ solution can be confidently considered as numerically verified. 

To elucidate the impact of varying heat transfer rates involving groundwater flow in multilayered 

ground conditions, a comparative study was made against two well-established constant heat 

transfer rate (CQ) solutions found in the literature: the solutions proposed by Erol and François 

[64] and Hu [123]. In contrast to the MVQ solution, CQ solutions overestimated temperature 

changes in most scenarios, particularly in the middle and bottom layers. For example, as 

demonstrated in Figure 3-7 (a), when using the solutions proposed by Erol and François [64] and 

Hu [123], the temperature of the middle layer was overestimated by 32.72% and 30.49%, 

respectively. In the same scenario, accounting for varying heat transfer rates, the MVQ solution 

exhibited only a 2.14% deviation from the numerical results. This contrast highlights the superior 

predictive accuracy of the MVQ solution, which can be approximately 15 times more accurate 

compared to the results obtained from CQ solutions. 
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Figure 3-7. The average borehole wall temperature for each layer under four groundwater 

velocities: 0 ms-1, 10-8 ms-1, 10-7 ms-1, and 10-6 ms-1.  
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Table 3-4. The MAPE values between temperatures simulated by the COMSOL modelling and 

those evaluated by (semi-)analytical solutions. 

Groundwater flow velocity (ud) 0 ms-1 10-8 ms-1 10-7 ms-1 10-6 ms-1 

MVQ solution 0.62% 0.61% 0.64% 0.99% 

Solution by Erol and François [64] 15.06% 14.95% 12.95% 9.54% 

Solution by Hu [123] 14.61% 14.53% 13.37% 9.13% 

 

3.4.2 Borehole wall temperature 

Figure 3-8 demonstrates the temperature profile along the borehole wall in a multilayered 

condition, in which the middle layer is subjected to four different groundwater velocities (i.e., 0 

ms-1, 10-8 ms-1, 10-7 ms-1, and 10-6 ms-1). All the solutions discussed here clearly illustrate the 

temperature variations across the different layers. Under scenarios where heat conduction 

dominates, specifically When ud = 0 ms-1, 10-8 ms-1, and 10-7 ms-1, the middle layer exhibited the 

highest temperature among the three ground layers. It can primarily be attributed to the low thermal 

conductivity of the middle layer, which was set at 1.20 Wm-1K-1. However, the introduction of 

groundwater flow within the middle layer facilitated the dissipation of heat away from the 

borehole. As the velocity of the groundwater flow increased, the temperature within the middle 

layer decreased. 

In contrast to the CQ solutions, the temperature variations between ground layers were notably 

smaller in the solutions incorporating a non-uniform heat transfer rate, such as the COMSOL 
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modelling and the MVQ solution. This phenomenon aligns with Newton's law of cooling [145], 

where the heat transfer rate depends on the temperature difference between the circulating fluid 

and the surrounding ground. Accordingly, the circulating fluid tends to discharge more heat into 

layers with lower temperatures while releasing less heat into layers with higher temperatures. This 

phenomenon ultimately results in reduced temperature disparities between ground layers when a 

non-uniform heat transfer rate is accounted for. Capturing this phenomenon, the MVQ solution 

provides better temperature prediction for BHE in multilayered ground conditions with 

groundwater flow.  
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Figure 3-8.  Temperature profiles along the borehole wall at 108s (about 3 years). The middle layer 

was under four different groundwater flow velocities: (a) 0 ms-1, (b) 10-8 ms-1, (c) 10-7 ms-1, and 

(d) 10-6 ms-1. 

 

3.4.3 Profile of heat transfer rate 

Figure 3-9 illustrates profiles of the heat transfer rate under the condition of pure heat conduction 

(i.e., ud = 0 ms-1). In the absence of groundwater flow, both the MVQ solution and the results from 

COMSOL modelling show that the heat transfer rate in the top layer was faster, exceeding the 
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average rate of 50 Wm-1. This contrasted with the uniform distribution assumed in the CQ 

solutions. The reason for this discrepancy is the variation in thermal conductivity among the layers. 

Specifically, the top layer was assigned wait a higher thermal conductivity value of 2.12 Wm-1K-

1, whereas the middle and bottom layers had relatively lower thermal conductivity values of 1.20 

Wm-1K-1 and 1.61 Wm-1K-1, respectively. Thus, the top layer allowed for a more rapid dissipation 

of heat energy due to its higher thermal conductivity. 
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Figure 3-9. The heat transfer rate profiles in the pure heat conduction condition (i.e., no 

groundwater flow, ud = 0 ms-1) at different time intervals: (a) 106 s, (b) 108 s, and (c) 1010 s. 
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When the groundwater flow was involved, it played an important role in enhancing heat transfer 

in the middle layer. As depicted in Figure 3-10, the average heat transfer rate of the middle layer 

experienced a significant increase, going from 38.96 Wm-1 to 40.41 Wm-1 and 55.23 Wm-1 after 

the simulation of the 108 seconds, corresponding to varying groundwater flow velocities of 10-8 

ms-1 to 10-7 ms-1 and 10-6 ms-1, respectively. Notably, under a groundwater flow velocity of 10-6 

ms-1, the rate exceeded the average rate by about 15.33% and it was about 32.41% higher than that 

observed in the bottom layer. These findings are consistent with the study conducted by Luo et al. 

[70] involving a scenario with five bedded layers. Their findings revealed that the efficacy of heat 

transfer in the layers with groundwater flow was at least 25.9% greater than that in the layers 

without groundwater flow. In general, the heat transfer rate is enhanced within layers where the 

groundwater flow is present. By addressing this phenomenon, the MVQ solution provides valuable 

insights into evaluating the actual effect of groundwater flow in multilayered ground conditions.  
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Figure 3-10. The heat transfer rate profiles along the borehole at different groundwater flow 

velocities: (a) 10-8 ms-1, (b) 10-7 ms-1, and (c) 10-6 ms-1. 

 

3.4.4 Upstream and downstream temperature 

Figure 3-11 presents isothermal contours near a BHE in the xz-plane under different groundwater 

flow velocities, based on the COMSOL modelling over a period of 1010 seconds. When there was 

no groundwater flow, the isothermal contours exhibited axial symmetry around the BHE. 

However, in the presence of groundwater flow, heat was transported from the BHE downstream 

due to the flow, resulting in elongated contours in the direction of the flow. The affected region 

expanded as the flow velocity increased. 
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In larger applications such as commercial buildings, the ground heat exchanger system may 

necessitate a borehole field containing tens to hundreds of boreholes [128, 146]. These boreholes 

are usually spaced 6 to 8 meters apart within the field [147]. However, due to the shared utilization 

of the same underground reservoir, adjacent boreholes can significantly influence the heat transfer 

efficiency of each other after a few months [68, 87, 93]. For example, inner boreholes, surrounded 

by adjacent boreholes on all sides, tend to exchange less heat compared to their outer counterparts. 

Furthermore, in the presence of groundwater, downstream boreholes are affected by the heat 

dissipated from upstream boreholes conveyed by the flow. Consequently, as discussed in our 

previous study [148], more heat is transferred by the upstream boreholes than by the downstream 

ones. In this context, it is essential not only to account for the variation in heat transfer rate along 

the boreholes but also to consider the variation of heat load between boreholes. Currently, the 

MVQ solution focuses on a single borehole. Therefore, there is a need to extend the MVQ solution 

to encompass borehole fields, taking into account the intricate interactions that occur within such 

BHE systems. 
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Figure 3-11. The isothermal contours of the ground in an xz-plane view under different 

groundwater flow velocities after 1010 seconds of operation: (a) 0 ms-1, (b) 10-8 ms-1, (c) 10-7 ms-1, 

and (d) 10-6 ms-1. 
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3.5. Conclusion 

This study introduces a novel solution, termed the "MVQ solution" (multilayered ground with 

varying heat transfer rate), for analyzing borehole heat exchangers (BHEs) placed in multilayered 

ground with groundwater flow. The MVQ solution allows a simultaneous analysis of heat transfer 

both outside and with the borehole. It addresses the variation in heat transfer rate over time and 

depth, eliminating the common assumption of a constant heat transfer rate in conventional 

analytical methods. This novel solution holds the potential to facilitate the design of BHE systems, 

making them more thermally efficient in practical engineering applications. The key findings of 

this study are as follows: 

(1) The MVQ solution was verified against a three-dimensional (3-D) numerical model 

established in a commercial finite element software package, specifically COMSOL 

Multiphysics. Over an extended period spanning up to 1010 seconds, the maximum 

percentage difference between the COMSOL modelling results and the MVQ solution was 

2.14%, and the mean absolute percent error remained below 1% in all investigated 

scenarios. This small discrepancy signifies the reliability and potential of the MVQ solution 

for the practical BHE design. 

(2) This study demonstrated that the heat transfer in the layer with groundwater flow intensifies 

as the flow velocity increases. For the given parameters, the presence of groundwater flow 

elevated the average heat transfer rate in the middle layer from 38.96 Wm-1 to 40.41 Wm-

1 and 55.23 Wm-1, as the flow velocity increased from 10-8 ms-1 to 10-7 ms-1 and 10-6 ms-1, 

respectively. This thermal enhancement resulting from groundwater flow is typically 
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neglected in conventional solutions that assume a constant heat transfer rate. By addressing 

this phenomenon, it becomes possible to assess the actual effects of groundwater flow in 

multilayered ground conditions. 

(3) The consideration of varying heat transfer rates in the MVQ solution redistributes heat 

within the multilayered ground, effectively preventing the overestimation of ground 

temperature. In the scenario investigated, neglecting the varying heat transfer rate could 

result in a temperature overprediction of up to 32.72%. Therefore, the MVQ solution is a 

critical tool for more accurate assessments of BHE performance in real-world conditions. 

It offers valuable insights for practical geothermal system design. Consequently, the MVQ 

solution is a critical tool for achieving more accurate assessments of BHE performance in 

real-world conditions. Its application will provide valuable insights for practical 

geothermal system design. 
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Appendix 3-A. Calculation of delta-circuit thermal resistances  

Hellström [128] describes the delta-circuit thermal resistances using the total internal thermal 

resistance (Ra) between the two pipes and the borehole thermal resistance (Rb) between the pipes 

and the borehole wall. For a single U-tube case, if the two pipes are symmetrically placed, the 

three delta-circuit thermal resistances between circulating fluid nodes and the borehole wall node 

are given by 

 

 𝑅1
𝛥 = 𝑅2

𝛥 = 2𝑅𝑏 (A-1) 

 

 𝑅12
𝛥 =

2𝑅𝑎𝑅1
𝛥

2𝑅1
𝛥 − 𝑅𝑎

 (A-2) 

 

The borehole thermal resistance and the total internal resistance can be estimated using the 

multipole method proposed by Bennet et al. [149]. The multipole solution is in the form of a 

mathematical series, i.e. multipole expansion [33]. The accuracy of the approximation is increased 

by increasing the order of the multipole expansion used for the calculation [17]. For a single U-

tube case with two symmetrically placed pipes, Hellström [128] derived the following first-order 

multipole formulae: 
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 𝑅𝑏 =
1

2
[
1

4𝜋𝑘𝑔
(ln (

𝑟𝑏
𝑟𝑜
) + ln (

𝑟𝑏
2𝑑
) + 𝜎 ln (

𝑟𝑏
4

𝑟𝑏
4 − 𝑑4

) − 𝜂𝑏) + 𝑅𝑓 + 𝑅𝑝] (A-3) 

 

 𝑅𝑎 =
1

𝜋𝑘𝑔
[ln (

2𝑑

𝑟𝑜
) + 𝜎 ln (

𝑟𝑏
2 + 𝑑2

𝑟𝑏
2 − 𝑑2

) − 𝜂𝑎] + 2(𝑅𝑓 + 𝑅𝑝) (A-4) 

 

where 𝜎 =
𝑘𝑔−𝑘𝑠𝑖

𝑘𝑔+𝑘𝑠𝑖
, kg [Wm-1K-1] is the thermal conductivity of the grouting material, ro [m] is the 

pipe’s outer radius, d [m] is the shank spacing that is defined as half the centre-to-centre distance 

between the two legs of the U-tube, ηb and ηa are the corrections based on the multipole expansion, 

and Rf and Rp [mKW-1] are the thermal resistances of the circulating fluid and the pipe, 

respectively. The first order corrections are defined by 

 

 𝜂𝑏 =
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2)]
2

1 + 2𝜋𝑘𝑔(𝑅𝑓 + 𝑅𝑝)

1 − 2𝜋𝑘𝑔(𝑅𝑓 + 𝑅𝑝)
(𝑟𝑏
4 − 𝑑4)2 − [

𝑟𝑜
2𝑑
(𝑟𝑏
4 − 𝑑4)]

2
+ 2𝜎 (

𝑟𝑜
𝑟𝑏
)
2
(𝑟𝑏
4 + 𝑑4)

 (A-6) 

 



109 
 
 

 

The pipe and fluid thermal resistances can be found as 

 

 𝑅𝑓𝑝 = 𝑅𝑓 + 𝑅𝑝 =
1

𝜋𝑁𝑢𝑘𝑓
+
ln (

𝑟𝑜
𝑟𝑖
)

2𝜋𝑘𝑝
 (A-7) 

 

where kf and kp [Wm-1K-1] are the thermal conductivity of the circulating fluid and pipe, 

respectively, ri [m] is the pipe’s inner radius, and Nu is the Nusselt number. The Nusselt number 

is evaluated by the Gnielinski correlation [150] for transitional and turbulent flow, 

 

 𝑁𝑢 =
(
𝑓𝐷
8 )
(𝑅𝑒 − 1000)𝑃𝑟

1 + 12.7 (
𝑓𝐷
8
)

1
2
(𝑃𝑟

2
3 − 1)

 (A-8) 

 

where 𝑅𝑒 =
𝜌𝑓

𝜇
∙
2𝑉

𝜋𝑟𝑖
 is the Reynolds number, 𝑃𝑟 =

𝑐𝑓𝜇

𝑘𝑓
 is the Prandtl number, μ [kgm-1s-1] is the 

dynamic viscosity of the circulating fluid, and 𝑓𝐷 is the Darcy friction factor that can be evaluated 

by the Sonnad and Goudar approximation [151], 
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√𝑓
= 0.8686 ln(

0.4587𝑅𝑒

ln(0.4587𝑅𝑒 − 0.28)
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Chapter 4. A new semi-analytical solution addressing varying heat transfer 

rates for U-shaped vertical borehole heat exchangers in multilayered ground 
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solution addressing varying heat transfer rates for U-shaped vertical borehole heat exchangers in 

multilayered ground. Energy, 274, 127373. © Elsevier. (2023). 
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Nomenclature 

c specific heat capacity  [Jkg-1K-1] 

d shank spacing  [m] 

D depth   [m] 

Fo Fourier number 

G Green’s function 

H borehole length  [m] 

k  thermal conductivity  [Wm-1K-1] 

L dimensionless thickness 

𝑞𝑙 heat transfer rate [Wm-1] 

𝑞𝑣 vertical heat flux [Wm-2] 

q’ incremental heat flux 

Q heat load  [W] 

rb borehole radius [m] 

𝑅1
𝛥

,𝑅2
𝛥

,𝑅12
𝛥

delta-circuit thermal resistance 

[mKW-1] 

t time   [s] 

T temperature   [°C] 

𝑇0 undisturbed ground temperature [°C] 

𝛥𝑇 temperature variation  [°C] 

V circulating fluid flow rate  [m3s-1]  

r, r’, z, z’ coordinates [m] 

Greek symbols 

α thermal diffusivity  [m2s-1] 

Θ dimensionless temperature 

ρ density   [kgm-3] 

Subscripts 
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down downward-flowing fluid 

g grout 

i  = 1, 2, … n Layer number 

up upward-flowing fluid 

w  water 

r, z directions 

Superscripts 

̅ =
1

ℎ
∫ ⋯ 

ℎ

0
𝑑𝑧 ′  integral mean 
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4.1. Introduction 

With a growing coalition of countries pledging the goal of net-zero carbon emissions by 2050 or 

earlier, many industries are transitioning towards cleaner energy sources and deploying 

decarbonization solutions [120]. Among various solutions, shallow geothermal energy has been 

receiving increasing interest due to its high energy efficiency and low greenhouse gas emissions 

[152]. By exploiting shallow geothermal energy, ground source heat pump (GSHP) systems 

efficiently provide space heating and cooling as well as domestic hot water in buildings [6]. 

Compared with conventional heating and air-conditioning systems, GSHP systems can reduce 

energy consumption in heating by 30-70% and in cooling by 20-50% [121].  

A core component of the GSHP system is the exterior heat exchanger that is in contact with the 

ground. When installed vertically, a heat exchanger construction usually comprises a single (or 

double) U-tube made of high-density polyethylene pipes placed in a vertical borehole, also known 

as the borehole heat exchanger (BHE) [14]. In the tube, a working fluid (usually a water and 

antifreeze mixture) is circulated to extract heat from the ground or dissipate heat to the ground 

[10].  BHEs are typically installed to a depth ranging from 50 m to 150 m [15]. At such depths, 

engineering applications have commonly found the surrounding ground to be stratified with 

multilayers [54-56]. For example, a drilling project [56] was conducted to investigate the 

geological information in the Edmonton area (Alberta, Canada) for GSHP applications. In the 

project, boreholes encountered a variety of sediments and rocks with thermal conductivities 

ranging from 0.62–3.22 Wm-1K-1 [56]. 

In the current literature, there are a few numerical and experimental studies that have been 

conducted to investigate the heat transfer of BHE in multilayered ground. For instance, Perego et 
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al. [57] studied a GSHP system in Italy that was installed in highly heterogeneous alluvials. The 

study showed that by ignoring stratifications the simulation underestimated the ground temperature 

change by as much as 25%. Deng and Fedler [69] measured and simulated the heat transfer rates 

in a triple-layer soil system comprised of coarse sand, clay, and fine sand. During 24 hours of 

operation, they found that the coarse sand and the fine sand dissipated over 62% and 27% more 

heat than the clay, respectively [69]. Another study by Luo et al. [70] examined the thermal 

performance of a BHE in the ground with five bedded layers, including an upper unsaturated layer, 

three middle layers containing groundwater flow, and a lower aquiclude. The results showed that 

the heat transfer efficacy in the lower layer was about 25.9% lower than that in the aquifers [70].  

In addition to numerical and experimental studies, the literature contains a few available analytical 

solutions for BHE that consider the effects of multilayered ground. A multilayer line source 

solution has been developed by Abdelaziz et al. [58] based on Green’s function method. This study 

[58] addressed the effect of the multilayered ground by utilizing the principle of superposition. 

That is, in horizontally layered ground, a BHE is divided into several line heat source segments by 

the boundary of each ground layer, and then the temperature variation at any arbitrary point in the 

ground is estimated by summing up the contributions of all BHE segments. Also, Zhou et al. [60] 

developed cylindrical and ring-coil heat source solutions for the double-layered ground using 

Green’s function method, and Pan et al. [59] developed a cylindrical source solution for the 

multilayered ground using the integral-transformation method. These solutions [58-60] require a 

prescribed heat transfer rate as the boundary condition, such as a constant heat transfer rate along 

the borehole length [58]. However, this boundary condition (constant heat transfer rate) contradicts 

the reality of varying heat distribution in engineering applications [17]. In fact, the heat transfer 

rate is non-uniformly distribute along the borehole depth, and the distribution is changing during 
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the operation. For example, Monzó et al. [89] examined the heat transfer rate along the BHE depth 

in a homogeneous condition undertook a constant heating load. The numerical results 

demonstrated that the normalized heat transfer rate varied by about 0.92 between the top (about 

1.8) and middle (about 0.88) areas of a 100 m BHE after 1 year operation, while the variation 

increased to about 1.92 after 25 years operation. The non-uniform distribution of the heat transfer 

rate has a significant impact on the thermal performance of BHEs, especially in layered ground. 

This effect has been investigated by Li et al. [71] based on a double-layered (sand and clay) 

sandbox experiment and simulation. The results revealed that the varying heat transfer rate 

provides a more accurate prediction of the ground temperature, while the constant heat transfer 

rate overpredicted the clay temperature by up to 76.6%. The ground temperature represents a 

crucial criterion in the design over the lifespan of a BHE system [86]. In real projects, the design 

goal of a BHE system is to maximize the system’s thermal performance while controlling the 

ground temperature change. Deviating from this goal and overpredicting the ground temperature 

change can result in an underestimation of the geothermal potential and an oversizing of the BHE 

system. The oversized design can considerably increase financial costs due to the additional 

drilling and materials for longer BHEs, as well as the additional energy consumption for operating 

the system [17].  

The downside of the constant heat transfer rate assumption is evident; however, the varying heat 

transfer rates have rarely been studied for U-shaped BHEs in multilayered ground. To this end, the 

objective of this study is to fill this research gap and develop a new semi-analytical solution 

addressing the effects of varying heat transfer rates for vertical borehole heat exchangers in 

multilayered ground. This new solution is named the “MVQ solution”—Multilayered ground with 

Varying heat transfer rates (Q). It is semi-analytical because it involves non-analytical vertical 
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discretization along the borehole length. The MVQ solution aims to improve the design 

expressions for vertical BHEs. It can enable rapid calculations and predict the long-term behaviour 

of BHE systems, and it can provide significant references for the design of BHE systems in shallow 

geothermal applications.  

4.2. MVQ Solution 

4.2.1 Description of the problem 

As illustrated in Figure 4-1, a BHE is installed in the multilayered ground. The ground is 

commonly regarded as a semi-infinite body bounded by the ground surface. Conventional methods 

[86] analyzed the heat transfer problem in two separate regions: one outside the borehole, and one 

within the borehole. Consequently, a boundary condition (e.g., constant heat transfer rate) is 

prescribed along the borehole length at the borehole wall. To address the effect of heat transfer 

rate variation, the two regions need to be analyzed simultaneously. Enlightened by Cimmino [68], 

this study proposes a new method that integrates Green’s function method [31] for the exterior 

region with a thermal resistance model [128] for the interior region. 

To develop the MVQ solution for BHEs, following assumptions are made to simplify the problem. 

These assumptions are consistent with the study by Eskilson [23]: 

a. For the exterior region, the borehole is approximated as a line heat source with its radial 

dimension neglected. This approximation is made because a typical BHE is 50 ∼ 200 m in 

depth and 0.1 ∼ 0.15 m in diameter, having a large aspect ratio. 

b. The ground has a uniform initial temperature, 𝑇0. 
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c. At the ground surface, a fixed temperature (i.e., 𝑇0) was assumed as a boundary condition. 

This assumption is based on the fact that the temperature variation at the ground surface 

vanishes a few metres below ground, and its influence is negligible on the thermal 

performance of BHEs [23].  

d. The thermal properties can be represented by constant values. 

e. For the interior region, the borehole wall temperature is taken to be equal to the average 

temperature over the borehole wall surface as an approximate boundary condition. This 

simplification were widely accepted in the analytical analysis [23, 128, 153] and design 

[95] of shallow BHEs. 

Ground surface

BHE

Downward-flowing fluid

Grout

Layer 1

Inflow

Outflow

Upward-flowing fluidLayer 2

Layer 3

U-tube

Layer 1

Layer 3

Layer 2
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(ρc)2, k2

(ρc)3, k3

 

Figure 4-1. Schematic of a BHE embedded in the multilayered ground. 
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For each layer, the governing heat equation for the cylindrical coordinate system (r, z) can be 

expressed as follows [31]: 

 

 𝜌𝑐
𝜕𝑇

𝜕𝑡
= 𝑘 [

1

𝑟

𝜕

𝜕𝑟
(𝑟
𝜕𝑇

𝜕𝑟
) +

𝜕2𝑇

𝜕𝑧2
] (4-1) 

 

where T [°C] is the temperature, k [Wm-1K-1] is the ground thermal conductivity, and 𝜌𝑐 [Jm-3K-

1] is the volumetric heat capacity of the ground layer. 

4.2.2 Heat transfer outside the borehole 

To analyze the heat transfer outside the BHE systems, many analytical solutions [28, 29, 35, 134] 

have been developed based on Kelvin’s theory [30] of heat source. That is, taking the solution for 

an instantaneous point source as the fundamental solution, the solution for a continuous heat source 

can be obtained by integration of the fundamental solution with respect to the time and the space 

variable [31]. The fundamental solution is given by Green’s function method [31]. However, it is 

difficult to define a Green’s function for the ground with more than three layers due to the 

complexity of the function [154]. Inspired by Cole [155], we assigned a simple Green’s function 

for a homogenous body within each layer, and the heat transfer between adjacent layers were 

approximated using unknown time-varying vertical heat fluxes (qv) at the interfaces.  

As illustrated in Figure 4-2, an unknown time-varying vertical heat flux leaves the lower layer and 

enters the upper layer at each interface, severing as nonhomogeneous boundary conditions of the 
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second kind, i.e., prescribed surface heat flux on the boundary. Then, the problem in each layer 

becomes a nonhomogeneous transient heat conduction problem involving nonhomogeneous 

boundary conditions and internal heat generation. By using the principle of superposition [129], 

the temperature change in a layer at any time (t) and at any arbitrary point (r, z) is calculated by 

superimposing the contributions of the vertical heat fluxes with the contribution of the internal 

heat generation (TE):  

 

 ∆𝑇𝑖(𝑟, 𝑧, 𝑡) = 𝑇𝐸𝑖(𝑟, 𝑧, 𝑡) + 𝑇𝑈𝑖(𝑟, 𝑧, 𝑡) + 𝑇𝑉𝑖(𝑟, 𝑧, 𝑡), 𝑖 = 1, 2,⋯ 𝑛 (4-2) 

 

where ΔT [°C] is the temperature change from the initial temperature (T0) for layers i = 1, 2, … n, 

TU [°C] represents the contribution of the vertical heat flux at the upper boundary surface and TV 

[°C] represents the contribution of the vertical heat flux at the lower boundary surface. It is noted 

that the solution (ΔT1) for the topmost ground layer does not contain the TU term and the solution 

(ΔTn) for the bottommost ground layer does not contain the TV term. 
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Figure 4-2. Schematic of a BHE embedded in the multilayered ground with unknown vertical heat 

fluxes at the interfaces between adjacent layers. Though the triple-layer ground was illustrated, the 

ground can be extended to other numbers of layers, depending on geological conditions. D denotes 

depths. ql is the heat transfer rate per unit length. 

 

The expressions of temperature, TE, TU, and TV, can be found by the method of Green’s functions 

[135],  

 

 𝑇𝐸𝑖(𝑟, 𝑧, 𝑡) =
𝛼𝑖
𝑘𝑖
∫ 𝑞𝑙𝑖(𝜏)∫ 𝐺𝑖(𝑟, 𝑧, 𝑡│0, 𝑧

′, 𝜏) 𝑑𝑧′
𝐻𝑖

0

𝑑𝜏
𝑡

𝜏=0

 (4-3) 

 𝑇𝑈𝑖(𝑟, 𝑧, 𝑡) = −
𝛼𝑖
𝑘𝑖
∫ ∫ 𝑞𝑣𝑖−1(𝑟′, 𝜏)𝐺𝑖(𝑟, 𝑧, 𝑡│𝑟′, 0, 𝜏) 2𝜋𝑟′𝑑𝑟′

𝑟∞

0

𝑑𝜏
𝑡

𝜏=0

 (4-4) 

 𝑇𝑣𝑖(𝑟, 𝑧, 𝑡) =
𝛼𝑖
𝑘𝑖
∫ ∫ 𝑞𝑣𝑖(𝑟′, 𝜏)𝐺𝑖(𝑟, 𝑧, 𝑡│𝑟′, 𝐻𝑖, 𝜏) 2𝜋𝑟′𝑑𝑟′

𝑟∞

0

𝑑𝜏
𝑡

𝜏=0

 (4-5) 
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where Hi [m] is the borehole length in each layer, ql [Wm-1] is the heat transfer rate per unit length 

between the BHE and its surrounding ground, qv [Wm-2] is the unknown vertical heat flux at the 

interfaces, and 𝐺𝑖(𝑟, 𝑧, 𝑡│𝑟′, 𝑧′, 𝜏) denotes the transient Green’s function representing the response 

at a given observation location (r, z) to an impulsive heat source released at time τ [s], located at 

(r', z'). To present the contents of this work with clarity, the numbering system of Green's functions 

described by Cole et al. [135] is adopted. For instance, the bottommost ground layer is considered 

a semi-infinite body heated by a heat flux at the top surface (second-kind boundary condition) and 

unbounded on the other side. The Green's function for this layer is denoted as GZ20. In another 

example, the topmost ground layer is considered a flat plate heated by a heat flux at the bottom 

surface with a fixed temperature at the top surface (first-kind boundary condition). The Green's 

function for this layer is denoted as GZ12. In the same way, the intermediate layer is a flat plate 

with heat fluxes on both sides, and the Green's function is denoted as GZ22. The Green’s functions 

GZ20, GZ12, and GZ22 can be found in Appendix 4-B.  

To approximate an arbitrary 𝑞𝑣(𝑟′) curve, a simple way introduced by Monte et al. [156] is to 

divide the curve into multiple intervals and to apply a uniform heat flux within each of these 

intervals. This results in a stepwise profile as shown Figure 4-3. Applying the stepwise distribution 

of heat flux approximation, the spatial integral in Equations (4-4) and (4-5) can be approximated 

as a summation of the heat flux components, 

 

 ∫ 𝑞𝑣𝑖−1(𝑟′, 𝜏)𝐺𝑖(𝑟, 𝑧, 𝑡│𝑟′, 0, 𝜏) 2𝜋𝑟′𝑑𝑟′
𝑟∞

0

=∑𝑞𝑣𝑖−1,𝑝(𝜏)∫ 𝐺𝑖(𝑟, 𝑧, 𝑡│𝑟′, 0, 𝜏) 2𝜋𝑟′𝑑𝑟′
𝑟𝑝+1

𝑟𝑝

𝑃

𝑝=1

 (4-6) 
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 ∫ 𝑞𝑣𝑖(𝑟′, 𝜏)𝐺𝑖(𝑟, 𝑧, 𝑡│𝑟′, 𝐻𝑖 , 𝜏) 2𝜋𝑟′𝑑𝑟′
𝑟∞

0

=∑𝑞𝑣𝑖,𝑝(𝜏)∫ 𝐺𝑖(𝑟, 𝑧, 𝑡│𝑟′, 𝐻𝑖 , 𝜏) 2𝜋𝑟′𝑑𝑟′
𝑟𝑝+1

𝑟𝑝

𝑃

𝑝=1

 (4-7) 

 

where rp [m] is the radial distance to divide the 𝑞𝑣(𝑟′) curve (with 𝑝 = 1, 2,⋯𝑃), and 𝑟1 = 0 is 

the centreline. The integral of GZ20 over r’ is given in Appendix 4-B. The integral of GZ12 and GZ22 

can be found in the same method. 

 

 

Figure 4-3. A schematic of approximating an unknown heat flux q(r) at the boundary surface using 

a stepwise distribution. 

 

Letting 𝑈𝑖,𝑝(𝑟, 𝑧, 𝑡) =
𝛼𝑖

𝑘𝑖
∫ 𝐺𝑖(𝑟, 𝑧, 𝑡│𝑟′, 0, 𝜏) 2𝜋𝑟′𝑑𝑟′
𝑟𝑝+1

𝑟𝑝
 and 𝑉𝑖,𝑝(𝑟, 𝑧, 𝑡) =

𝛼𝑖

𝑘𝑖
∫ 𝐺𝑖(𝑟, 𝑧, 𝑡│𝑟′, 𝐻, 𝜏) 2𝜋𝑟′𝑑𝑟′
𝑟𝑝+1

𝑟𝑝
, then Equations (4-4) and (4-5) can be rewritten as  
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 𝑇𝑈𝑖(𝑟, 𝑧, 𝑡) = −∫ 𝑈�̅�(𝑟, 𝑧, 𝑡)𝑞𝑣𝑖−1̅̅ ̅̅ ̅̅ (𝜏)𝑑𝜏
𝑡

𝜏=0

 (4-8) 

 𝑇𝑣𝑖(𝑟, 𝑧, 𝑡) = ∫ 𝑉�̅�(𝑟, 𝑧, 𝑡)𝑞𝑣𝑖̅̅ ̅
(𝜏)𝑑𝜏

𝑡

𝜏=0

 (4-9) 

 

where 𝑈�̅� = [𝑈𝑖,1 𝑈𝑖,2 ⋯ 𝑈𝑖,𝑃], 𝑉�̅� = [𝑉𝑖,1 𝑉𝑖,2 ⋯ 𝑉𝑖,𝑃], and 𝑞𝑣𝑖̅̅ ̅̅ =

[
 
 
 
𝑞𝑣𝑖,1
𝑞𝑣𝑖,2
⋮

𝑞𝑣𝑖,𝑃]
 
 
 

. 

In BHE applications, the heat loads are typically presented as stepwise values on an hourly basis 

due to time-varying demands [105]. With a stepwise heat transfer rate, an efficient theoretical 

approach is used to decompose the hourly heat transfer rates into a series of heat transfer rate 

increments and superimpose the response of each heat transfer rate increment [106], 

 

 𝑇𝐸(𝑟, 𝑧, 𝑡𝑚) =∑𝑞′𝑙(𝑡𝑗)𝐸(𝑟, 𝑧, 𝑡𝑚 − 𝑡𝑗)

𝑚

𝑗=1

, 𝑗 = 1, 2,⋯𝑚 (4-10) 

 

where tj is the discrete time that the heat transfer rate varies at (with 𝑗 = 1, 2,⋯𝑚), 𝑞′𝑙(𝑡𝑗) =

𝑞𝑙(𝑡𝑗) − 𝑞𝑙(𝑡𝑗−1) is the incremental heat transfer rate between two consecutive time steps, and 

𝐸𝑖(𝑟, 𝑧, 𝑡) =
𝛼𝑖

𝑘𝑖
∫ 𝐺𝑖(𝑟, 𝑧, 𝑡│0, 𝑧

′, 𝜏) 𝑑𝑧′
𝐻𝑖
0

. 
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The linear convolution sum of the two discrete sequences (i.e., q’l and E), can be solved efficiently 

using the fast Fourier transform (FFT) algorithms via the circular convolution theorem [107]. 

Specifically, the linear convolution sum of the two discrete sequences can be found by taking an 

FFT of each sequence, multiplying them pointwise in the frequency domain, and then performing 

an inverse FFT [108], 

 

 𝑇𝐸(𝑟, 𝑧, 𝑡𝑚) = ℑ
−1[ℑ(𝑞′𝑙)ℑ(𝐸(𝑟, 𝑧))] (4-11) 

 

where, in the discrete case, ℑ denotes the FFT, and ℑ−1 denotes the inverse-FFT. 

Similarly, the linear convolution sum in Equations (4-8) and (4-9) can be rewritten as 

 

 𝑇𝑈𝑖(𝑟, 𝑧, 𝑡𝑚) = −ℑ
−1[ℑ(𝑈�̅�(𝑟, 𝑧))ℑ(𝑞′𝑣−1̅̅ ̅̅ ̅̅ ̅)] (4-12) 

 𝑇𝑣𝑖(𝑟, 𝑧, 𝑡𝑚) = ℑ
−1[ℑ(𝑉�̅�(𝑟, 𝑧))ℑ(𝑞′𝑣̅̅ ̅̅ )] (4-13) 

 

where 𝑞′𝑣(𝑡𝑗) = 𝑞𝑣(𝑡𝑗) − 𝑞𝑣(𝑡𝑗−1) is the incremental heat flux between two consecutive time 

steps. 

Now, Equations (4-11)-(4-13) can be substituted into the Equation (4-2) for the temperature. At 

each interface, and the ground temperature is continuous, 
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 ∆𝑇𝑖+1(𝑟, 𝐷𝑖, 𝑡) = ∆𝑇𝑖(𝑟, 𝐷𝑖 , 𝑡) (4-14) 

 

Regarding Equation (4-14), a system of linear equations is formed at each time step, 

 

 [
ℑ[𝑇𝐸2(𝐷1) − 𝑇𝐸1(𝐷1)]

ℑ[𝑇𝐸3(𝐷2) − 𝑇𝐸2(𝐷2)]
] = [

ℑ[𝑉1̅̅̅̅ (𝐻1) +𝑈2̅̅ ̅̅ (0)] −ℑ[𝑉2̅̅̅̅ (0)]

−ℑ[𝑈2̅̅ ̅̅ (𝐻2)] ℑ[𝑉2̅̅̅̅ (𝐻2) +𝑈3̅̅ ̅̅ (0)]
] [
ℑ (𝑞′𝑣1
̅̅ ̅̅ ̅)

ℑ (𝑞′𝑣2
̅̅ ̅̅ ̅)

] (4-15) 

 

The solution of the system of linear equations gives the vertical heat flux at each interface. By 

substituting the solution back into Equations (4-2), (4-12), and (4-13), the temperature change in 

each ground layer can be determined. In the design [95], the borehole wall temperature is taken to 

be equal to the average temperature over the borehole wall surface as an approximate boundary 

condition. The average temperature can be obtained by spatial integration over the length of the 

borehole in each ground layer, 

 

 𝑇𝑏𝑖 =
∫ ∆𝑇𝑖(𝑟𝑏 , 𝑧)𝑑𝑧
𝐻𝑖
0

𝐻𝑖
 (4-16) 

 

4.2.3 Heat transfer within the borehole 

As illuminated by Cimmino [68], the heat transfer inside the borehole is incorporated by which 

the heat transfer rate varying along the borehole depth is considered. The heat transfer within a 
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borehole is often analyzed as a steady-state thermal resistance between the circulating fluid and 

the borehole wall. Within the borehole region, a delta-circuit is formed by connecting the two fluid 

temperature nodes and one borehole wall node (as shown in Figure 4-4), where the two fluid nodes 

address the different temperatures within the two pipes.  

 

Figure 4-4. The schematic figure for the delta-circuit thermal resistance model with a single U-

tube.  

 

Taking account of the fluid temperature variation along the borehole depth, energy balance 

equations can be written for both the upward-flowing fluid (𝑇𝑢𝑝) and the downward-flowing fluid 

(𝑇𝑑𝑜𝑤𝑛), 

 

 𝑉(𝜌𝑐)𝑓
𝜕𝑇𝑑𝑜𝑤𝑛
𝜕𝑧

=
𝑇𝑏 − 𝑇𝑑𝑜𝑤𝑛

𝑅1
𝛥 +

𝑇𝑢𝑝 − 𝑇𝑑𝑜𝑤𝑛

𝑅12
𝛥  (4-17) 
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 −𝑉(𝜌𝑐)𝑓
𝜕𝑇𝑢𝑝

𝜕𝑧
=
𝑇𝑏 − 𝑇𝑢𝑝

𝑅2
𝛥 +

𝑇𝑑𝑜𝑤𝑛 − 𝑇𝑢𝑝

𝑅12
𝛥  (4-18) 

 

where 𝑅1
𝛥

, 𝑅2
𝛥

 and 𝑅12
𝛥

 [mKW-1] are three delta-circuit thermal resistances between the circulating 

fluid nodes, the borehole wall node, (𝜌𝑐)𝑓  [Jm-3K-1], is the volumetric heat capacity of the 

circulating fluid, and V [m3s-1] is the average flow rate of the circulating fluid. 

A general solution to Equations (4-17) and (4-18) is derived using Laplace transforms and is given 

by Eskilson [23] and Hellström [128]. Assuming a uniform wall temperature in each ground layer, 

the quasi-three-dimensional solution for the downward-flowing fluid (𝑇𝑑𝑜𝑤𝑛) is 

 

 𝑇𝑑𝑜𝑤𝑛𝑖(𝐿𝑖, 𝑡) = 𝑇𝑑𝑜𝑤𝑛𝑖(0, 𝑡) ∙ 𝑓1(𝐿𝑖) + 𝑇𝑢𝑝𝑖
(0, 𝑡) ∙ 𝑓2(𝐿𝑖) + 𝑇𝑏𝑖 ∙ 𝑓4(𝐿𝑖) (4-19) 

 

and for the upward-flowing fluid (𝑇𝑢𝑝) is 

 

 𝑇𝑢𝑝𝑖
(𝐿𝑖, 𝑡) = −𝑇𝑑𝑜𝑤𝑛𝑖(0, 𝑡) ∙ 𝑓2(𝐿𝑖) + 𝑇𝑢𝑝𝑖

(0, 𝑡) ∙ 𝑓3(𝐿𝑖) + 𝑇𝑏𝑖 ∙ 𝑓5(𝐿𝑖) (4-20) 

 

where  
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 𝑓1(𝐿𝑖) = exp(𝛽𝐿𝑖) ∙ [cosh(𝛾𝐿𝑖) −
𝛽 − 𝛽2 − 𝛽12

𝛾
sinh(𝛾𝐿𝑖)] (4-21) 

 𝑓2(𝐿𝑖) =
𝛽12
𝛾
∙ exp(𝛽𝐿𝑖) ∙ sinh(𝛾𝐿𝑖) (4-22) 

 𝑓3(𝐿𝑖) = exp(𝛽𝐿𝑖) [cosh(𝛾𝐿𝑖) +
𝛽 + 𝛽1 + 𝛽12

𝛾
sinh(𝛾𝐿𝑖)] (4-23) 

 𝑓4(𝐿𝑖) = 1 − exp(𝛽𝐿𝑖) [cosh(𝛾𝐿𝑖) +
𝛽 − 𝛽2
𝛾

sinh(𝛾𝐿𝑖)] (4-24) 

 𝑓5(𝐿𝑖) = 1 − exp(𝛽𝐿𝑖) [cosh(𝛾𝐿𝑖) +
𝛽 + 𝛽1
𝛾

sinh(𝛾𝐿𝑖)] (4-25) 

 

𝐿𝑖 =
𝑧−𝐷𝑖−1

𝐻𝑖
 is the dimensionless length from the top of each layer, 𝛽1 =

𝐻𝑖

𝑉(𝜌𝑐)𝑓𝑅1
𝛥, 𝛽2 =

𝐻𝑖

𝑉(𝜌𝑐)𝑓𝑅2
𝛥, 

and 𝛽12 =
𝐻𝑖

𝑉(𝜌𝑐)𝑓𝑅12
𝛥  are the dimensionless thermal conductance, 𝛽 =

𝛽2−𝛽1

2
, 𝛾 =

√
(𝛽1+𝛽2)2

4
+ 𝛽12(𝛽1 + 𝛽2)2, and sinh(X) and cosh(X) are hyperbolic functions. The calculations of 

delta-circuit thermal resistances are presented in Appendix 3-A. 

At each interface, a relationship is given by the continuity of the fluid temperature, 

 

 𝑇𝑑𝑜𝑤𝑛𝑖(𝐻𝑖, 𝑡) = 𝑇𝑑𝑜𝑤𝑛𝑖+1(0, 𝑡) (4-26) 

 𝑇𝑢𝑝𝑖
(𝐻𝑖, 𝑡) = 𝑇𝑢𝑝𝑖+1

(0, 𝑡) (4-27) 
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In addition, a temperature difference is imposed between the pipe inlet and outlet accounting for 

heat load (𝑄) according to 

 

 𝑄(𝑡) = 𝑉(𝜌𝑐)𝑓 (𝑇𝑑𝑜𝑤𝑛1 − 𝑇𝑢𝑝1) (4-28) 

 

Equations (4-19)- (4-28) form a system of linear equations, 

 

 
[
 
 
 
 
 
 
 −𝑓4(𝐻1)𝑇𝑏1

−𝑓4(𝐻2)𝑇𝑏2

[𝑓5(𝐻3) − 𝑓4(𝐻3)]𝑇𝑏3

𝑓5(𝐻1)𝑇𝑏1

𝑓5(𝐻2)𝑇𝑏2
𝑄 ]

 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
𝑓1(𝐻1) −1 0 𝑓2(𝐻1) 0 0

0 𝑓1(𝐻2) −1 0 𝑓2(𝐻2) 0

0 0 𝑓1(𝐻3) + 𝑓2(𝐻3) 0 0 𝑓2(𝐻3) − 𝑓3(𝐻3)

𝑓2(𝐻1) 0 0 1 −𝑓3(𝐻1) 0

0 𝑓2(𝐻2) 0 0 1 −𝑓3(𝐻2)

𝑉(𝜌𝑐)𝑓 0 0 −𝑉(𝜌𝑐)𝑓 0 0 ]
 
 
 
 
 
 

[
 
 
 
 
 
 
𝑇𝑑𝑜𝑤𝑛1
𝑇𝑑𝑜𝑤𝑛2
𝑇𝑑𝑜𝑤𝑛3
𝑇𝑢𝑝1
𝑇𝑢𝑝2
𝑇𝑢𝑝3 ]

 
 
 
 
 
 

 

(4-29) 

 

The solution of the system of linear equations gives the fluid temperatures. The heat transfer rate 

per unit length in each ground layer is given by an energy balance on the circulating fluid, 
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 𝑞𝑙𝑖(𝑡) =
𝑉(𝜌𝑐)𝑓

𝐻𝑖
[𝑇𝑑𝑜𝑤𝑛𝑖−1(𝑡) − 𝑇𝑑𝑜𝑤𝑛𝑖(𝑡) + 𝑇𝑢𝑝𝑖

(𝑡) − 𝑇𝑢𝑝𝑖−1
(𝑡)] (4-30) 

 

4.2.4 Calculation process  

The flowchart of the calculation process is shown in Figure 4-5. To address the effect of the heat 

transfer rate variation, the heat transfer inside and outside the borehole is analyzed simultaneously. 

At each time step, the calculation process starts with an initial guess of the temperature at the 

borehole wall. The guess value can be the temperature obtained from the previous time step. Then, 

iterating the two matrixes (i.e., Equations (4-15) and (4-29)), the output from one matrix is used 

as the input to the other matrix. The error of the solution is estimated while solving matrixes. The 

tolerance was set to be 10-6 °C to preserve calculation accuracy. When the error estimate is less 

than the tolerance, the temperature change and heat transfer rate in each layer are returned.  



133 
 

Start

 new Tb – Tb    

Tolerance 
No

End

Yes

Compute the vertical heat 

flux at each interface (qv) 

using Eq. (11)

Compute new 

temperature changes (Tb) 

using Eq. (12)

(1) Heat transfer outside 

the borehole

Layer 1

α1, k1

Layer 2

α2, k2

Ground Surface

Layer 3

α3, k3

ql1

ql2

ql3

qv1

qv2

Tb1

Tb2

Tb3

BHE

Initial guess of Tb

Compute fluid 

temperatures using Eq. 

(19)

Compute new ql using 

Eq. (20)

ql

(2) Heat transfer within 

the borehole
Ground Surface

ql1

ql2

ql3

Tb1

Tb2

Tb3

Circulating Fluid

Tdown3

Tdown1

Tdown2

Tup1

Tup2

Tup3

Update Tb

(i.e., Tb = new Tb)

        Heat flux

        Downward-flowing pipe

        Upward-flowing pipe  

Figure 4-5. The flowchart of the calculation process. 

 

The results are converted to dimensionless forms to show the generality of application to a broad 

class of situations rather than to just one set of dimensional parameters. The dimensionless form 

has been widely used in other studies [10, 23, 28] since it reduces the number of variables and 

facilitates the analysis. In the current study, two dimensionless variables are additionally 

introduced: the Fourier number and the thermal response factor. Taking the length of the borehole 

(H) as the characteristic length, the Fourier number is given by 𝐹𝑜 = 𝛼1𝑡 𝐻
2⁄ . The thermal 

response factor (Θ) gives the dimensionless temperature change responding to a unit heat transfer 

rate (Q/H = 1 Wm-1), and it is expressed as [23, 95] 
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 𝛩 = 2𝜋𝑘1
𝑇 − 𝑇0
𝑄 𝐻⁄

 (4-31) 

 

where T0 [°C] is the undisturbed ground temperature. 

 

4.3. Numerical verification 

Before discussing the MVQ solution’s computational results, numerical verification is necessary 

to determine whether it provides satisfactory predictions for BHE problems. In the ongoing 

analysis, all semi-analytical results were computed with MATLAB scripts in which the MVQ 

solutions were implemented, and the MATLAB vpaintegral function was used for evaluating 

integrals. In a manner similar to many previous studies [64, 111-113], detailed 3-D finite-element 

(FE) modelling in COMSOL Multiphysics was used for numerical verification.  

The verification of the MVQ solution was done under simplified scenarios, i.e., the double-layered 

ground scenarios, which were similar to previous studies [59, 60]. The layer interface divided the 

borehole into two equal parts. The upper layer extended from the ground surface to the middle of 

the borehole, and the lower layer extended from there to infinity. Different thermal conductivity 

values were assigned to each layer to examine their effect on the varying heat transfer rate in a 

pure conductive condition. Typical thermal conductivity values of geologic materials usually fall 

in the range of 1.00 – 4.00 Wm−1K−1 [157]. Therefore, values within this range were assigned to 

the upper and lower layers, respectively. To simplify the discussion, the values for density and 

specific heat capacity were set the same for each layer. The borehole was designed based on a 
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BHE project in Edmonton, Canada [97]. Its geometric parameters and thermal properties are listed 

in Table 4-1. 

Table 4-1. Parameter inputs for simulations 

Parameter Symbol Value 

Grout thermal conductivity kg 1.47 Wm-1K-1 

Grout volumetric heat capacity (𝜌𝑐)𝑔  3.21 × 106 Jm-3K-1 

Pipe thermal conductivity kp 0.38 Wm-1K-1 

Fluid thermal conductivity kf 0.60 Wm-1K-1 

Fluid volumetric heat capacity (𝜌𝑐)𝑓  4.11 × 106 Jm-3K-1 

Fluid viscosity μ 0.00255 kgm-1s-1 

Average flow rate of working fluid V 0.00271 m3s-1 

Length of the borehole H 70 m 

Borehole radius rb 45.95 mm 

Pipe outer radius ro 13.35 mm 

Pipe wall thickness  2.45 mm 

Shank spacing d 48.00 mm 
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In the 3-D FE model, a symmetrical boundary condition was applied to reduce the domain size by 

half. The fluid flow and heat transfer in the pipes were expressed in one dimension with a non-

isothermal pipe flow model developed by Lurie [143]. 

A preliminary analysis was completed to ensure that the simulation results are independent of the 

model domain and the mesh geometry. The model domain was determined to be large enough such 

that the far-field temperature at the external boundary would change by less than 0.005 °C within 

the simulated time. In principle, the temperature at the far boundary is supposed to be kept in an 

undisturbed condition; the selected 0.005 °C tolerance assures a reasonable domain size and 

preserves calculation accuracy [94]. To have a more accurate evaluation of temperature around the 

borehole wall, finer elements (0.01 m) meshed at areas that were close to the borehole, and coarser 

elements (50 m) meshed at regions that were relatively far away, as shown in Figure 4-6.  

 

  

(a) (b) 

Figure 4-6. Mesh is used in numerical simulations using free tetrahedral elements: (a) the mesh of 

the ground and (b) the mesh around the top end of the BHE. Finer elements (0.01 m) meshed at 

areas that were close to the borehole, and coarser elements (50 m) meshed at regions that were 

relatively far away.  
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The initial and boundary conditions were set in such a way that they met the assumptions made 

for the MVQ solution. A uniform initial ground temperature of 0 °C was assigned to the entire 

domain to represent an undisturbed ground temperature (𝑇0 ). A fixed temperature was also 

assigned to the top boundary to represent a constant ground surface temperature, which is equal to 

the undisturbed ground temperature. Because the model domain is large enough, applying either 

fixed temperature boundary conditions or insulation boundary conditions on the external 

boundaries gives the same result. 

To calculate the discrepancy between the MVQ solution and the numerical results, mean absolute 

percent error (MAPE) was computed over the given time period. MAPE is a well-known and 

commonly accepted measure of the accuracy of a prediction and works intuitively in terms of 

relative error [144]. MAPE is given as 

 

 𝑀𝐴𝑃𝐸 =
100%

𝑁
∑|

𝛩𝐴(𝐹𝑜𝑖) − 𝛩𝐶(𝐹𝑜𝑖)

𝛩𝐶(𝐹𝑜𝑖)
|

𝑁

𝑖=1

 (4-32) 

 

where N denotes the sampling times, 𝛩𝐴is the MVQ solution, and 𝛩𝐶 is the COMSOL modelling. 

 

4.4. Method of comparison study and parametric analysis 

The MVQ solution was compared with the results of numerical simulations for verification 

purposes. Meanwhile, a comparison with the constant heat transfer rate solutions was conducted 

to specify the effect of varying heat transfer rates in the multilayered ground. It is worth noting 
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that a few multilayer solutions are available in the literature [58-61]. These available solutions 

were developed using different methods and simplified the BHE in different geometries (see Table 

4-2). The solution by Hu [61] and the solution by Abdelaziz et al. [58] were selected in the 

comparison study, since they adopted the same heat source configuration as this work (line heat 

source). It is worth noting that the solution by Abdelaziz et al. [58] introduced a simple formula 

for heat transfer rate in each layer, and the solution were adopted by many other studies [62-65].  

Table 4-2. Currently available multilayer solutions 

Multilayer solutions 

Heat source 

configuration 

Methods 

Solution by Hu [61] Line Green's function method 

Solution by Abdelaziz et al. [58] Line Green's function method 

Solution by Zhou et al. [60] 
Cylindrical, 

ring-coil 

Separation of variables 

method, 

Green's function method 

Solution by Pan et al. [59] Cylindrical 

Laplace transform, 

Hankel transform, 

Numerical inverse transforms 

 

A feature of the MVQ solution is its ability to deal with the multilayered ground. To demonstrate 

this feature, the MVQ solution is further examined under different stratification conditions, as 

listed in Table 4-3. In these scenarios, the double-layered ground is defined by the thermal 

conductivity ratio (k1/k2), the volumetric heat capacity ratio ((𝜌𝑐)1 (𝜌𝑐)2⁄ ), and the dimensionless 

lower layer thickness (H2/H). In Scenario 1, the thermal conductivity ratio ranges from 1 to 1/4, 
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since typical thermal conductivity values of geologic materials usually fall in the range of 1.00- 

4.00 Wm−1K−1 [157]; in Scenario 2, the volumetric heat capacity ratio varies from 1/2 to 2; and in 

Scenario 3, the thickness of the lower layer changes from 0.1 to 0.9 of the borehole length. To 

highlight the feature of the multilayered ground, the thermal conductivity ratio is taken as 1/4 in 

Scenario 3. 

Table 4-3. Ground parameters of the three test scenarios 

Ground scenarios k1/k2 (𝝆𝒄)𝟏 (𝝆𝒄)𝟐⁄  H2/H 

Scenario 1 1, 2/3, 1/2, and 1/4 1 1/2 

Scenario 2 1 1/2, 1, 2 1/2 

Scenario 3 1/4 1 0.1-0.9 

 

4.5. Results and discussion 

4.5.1 Verification  

A comparison was conducted between the MVQ solution and the numerical results. All 

dimensional numerical results were converted into dimensionless forms to show the generality of 

application to a broad class of situations rather than to just one set of dimensional parameters. As 

shown in Figure 4-7, the dimensionless temperature change at the borehole wall was plotted 

against the Fourier number for three thermal conductivity ratios (1/4, 1/2, and 1). Over the 

simulation period, the MVQ solution presented a good agreement with numerical results. The 

results were compared in terms of MAPE values. Table 4-4 shows that, for the given parameters 

of this section, the MAPE yields values of about 2.49%, 1.90%, and 1.60% for three thermal 

conductivity ratios of 1/4, 1/2, and 1, respectively. The acceptable value for MAPE was decided 
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for each specific case [118]. Regarding the homogeneous condition (k1/k2 = 1), Zhang et al. [158] 

have proposed a model with a varying heat transfer rate profile, which presents the MAPE value 

of 1.68%. The same study also considers 6% as the allowable threshold limit on the relative error, 

while the maximum relative error of the model [158] is 3.85%. In the current study, the maximum 

relative error for the MVQ solution was found to be 4.42% in the homogeneous condition. Since 

the maximum relative error is lower than the suggested allowable threshold, the MVQ solution is 

considered to be verified. 
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Figure 4-7. The dimensionless temperature change at the borehole wall averaged over the upper 

layer (red) and lower layer (blue) for three thermal conductivity ratios. 
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Table 4-4. MAPE between the temperature changes predicted from (semi-)analytical solutions and 

that simulated from the numerical model. 

Thermal conductivity ratio (k1/k2) 1/4 1/2 1/1 

MVQ solution 2.49% 1.90% 1.60% 

Solution by Hu [61] 50.82% 24.05% 2.10% 

Solution by Abdelaziz et al. [58] 16.88% 7.93% 2.10% 

 

4.5.2 Comparison with constant heat transfer rate solutions 

A comparison with constant heat transfer rate solutions was also conducted to specify the effect of 

varying heat transfer rates in the multilayered ground. The two multilayer line source solutions 

[58, 61] was selected for the comparison. Figure 4-7 shows a large discrepancy between the MVQ 

solution and the constant heat transfer rate solutions. For the thermal conductivity ratio of 1/2, the 

constant heat transfer rate solutions overestimate the temperature change in the upper layer, and 

the overestimation gets larger with time. In the end, the dimensionless temperature change in the 

upper layer was 4.52 when computed by the MVQ solution, and it was 4.50 when given by the 

numerical simulation. This value is overestimated by 11.45% and 29.93% using the solution by 

Abdelaziz et al. [58] and the solution by Hu [61], respectively. The overestimation of temperature, 

caused by constant heat transfer rate solutions, can be more clearly seen in the temperature profiles 

across the entire depth of the borehole. As shown in Figure 4-8, when Fo = 1, the maximum 

overprediction of the solution by Hu [61] is about 38.82% which occurred at about z = 25 m. The 

overestimation could be further increased if the thermal conductivity varies to a larger extent 

between layers. For the thermal conductivity ratio of 1/4, the overestimation can reach 97.55% 
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with the solution by Hu [61]. The same phenomenon has been observed by Li et al. [71] in a 

double-layered (sand and clay) sandbox experiment and simulations. In that study [71], the 

temperature of the clay was overpredicted by up to 76.6%. As shown in the maximum 

overestimation occurs near the middle of the top layer. In general, the constant heat transfer rate 

assumption could significantly reduce the accuracy of the temperature prediction in the 

multilayered ground, causing improper BHE design. 

In comparison with the constant heat transfer rate solutions, the MVQ solution exhibited a better 

agreement with the numerical results. For example, the constant heat transfer rate solution differed 

by 50.82% from the numerical results for the thermal conductivity ratio of 1/4, while the MVQ 

solution differed by 2.49% from the numerical results in the same case (see Table 4-4). Overall, 

the results show that the MVQ solution has superior accuracy compared to the constant heat 

transfer rate solutions. 
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Figure 4-8. The temperature profiles at the borehole wall for conductivity ratio of 1/2 at different 

times. 

 

4.5.3 Heat transfer rate profiles 

Figure 4-9 describes the heat transfer rate profiles along the borehole at different times. Referring 

to the definition of the thermal response factor [23], a unit heat transfer rate (Q/H = 1 Wm-1) was 

initially assigned to the borehole. Compared with the linear distribution predicted by the constant 

heat transfer rate solutions, the heat transfer rate was faster (> 1 Wm-1) in the lower layer for both 

the MVQ solution and the numerical results. This can be explained using the following relationship 

[10, 31]: 𝑞𝑙 =
∆𝑇

𝑅𝑏
, where ΔT [°C] is the temperature difference between the circulating fluid and 

the borehole wall, and Rb [mKW-1] denotes the steady-state borehole thermal resistance per unit 

length. As indicated in the relationship, the heat transfer rate is directly proportional to the 

temperature difference between the circulating fluid and the borehole wall. In Scenario 1, a higher 
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thermal conductivity is assigned to the lower layer, thus the heat energy can be dissipated to distant 

places in the lower layer more rapidly, leading to smaller temperature change over time (blue lines) 

near the borehole wall as shown in Figure 4-7 (a) and (b). For this reason, the temperature 

difference between the circulating fluid and the borehole wall is much greater in the lower layer 

than in the upper layer (see Figure 4-10). Therefore, more heat (> 1 Wm-1) is transferred through 

the lower layer than through the upper layer. By capturing the varying heat transfer rate, the MVQ 

solution exhibits its capability of analyzing the BHE problem in the multilayered ground. In the 

BHE design and simulation, constant heat transfer rate solutions evenly distribute heat along the 

borehole, yielding an overprediction of the temperature in the ground layers with relatively higher 

thermal conductivity values. By contrast, the MVQ solution can redistribute heat to the ground 

layers with relatively higher thermal conductivity values. Thus, it prevents temperature 

overprediction, avoids the underestimation of the geothermal potential, and provides more 

thermally efficient designs. 

In Figure 4-9, numerical results exhibit an increase in the heat transfer rate near the ends of the 

borehole. For example, the heat transfer rate rises to 1.29 Wm-1 at 0.5 m below the ground surface 

at Fo = 1, which is much greater than the average value (0.77 Wm-1) in the upper layer. A similar 

distribution is also found in simulations for a double-layered (sand and clay) sandbox [71] and the 

homogenous ground [96]. In the double-layered sandbox simulation [71], the heat flux transferred 

through the borehole wall exceeded 1250 Wm-2 near the top end, and dropped to about around 600 

Wm-2 at the middle of the top layer. Li et al. [71] pointed out that the more heat transferred near 

the top end is caused by the fixed temperature boundary condition at the ground surface. While 

the borehole wall temperature increases over time, the ground surface temperature maintains its 

initial value (0 °C). Hence, the temperature difference is enlarged between the borehole wall and 
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the ground surface, leading to a higher heat transfer rate near the surface. However, because more 

complex ground surface conditions in engineering applications may be encountered—such as air 

convection, evaporation, and surface radiation [76]—the boundary condition at the ground surface 

should be further studied for the MVQ solution in our future work. 

 

Figure 4-9. The dimensionless heat transfer rate profiles along the borehole at different times. 
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Figure 4-10. The dimensionless temperature profiles for both borehole wall and circulating fluid 

at different times. 

 

4.5.4 Computational time 

Computational time is another important aspect used to compare (semi-)analytical and numerical 

models. In this work, computational time represents the total amount of time required to execute 

MATLAB scripts or numerical simulations. All calculations were performed on an Intel Xeon-E3 

3.10 GHz processor with 64 GB RAM. 

To obtain the data for Figure 4-7, the computational time for each method is listed in Table 4-5. 

Compared with the solution by Abdelaziz et al. [58], the simulation of the MVQ solution took 

1,394 s (23.23 minutes) of computing time, which is almost triple the time of computing. This is 

due to the fact that the MVQ is time-dependent, and therefore, smaller time intervals were selected 

to approximate the time-varying heat transfer rate. Although the MVQ solution took more time, it 

offered more accurate temperature predictions. For example, the MAPE values for the MVQ 

solution and the solution by Abdelaziz et al. [58] are 2.49% and 53.41%, respectively, when the 
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thermal conductivity ratio is 1/4. In addition, compared with numerical simulations, the MVQ 

solution is more computationally efficient from the viewpoint of time usage. The numerical 

simulation consumed 54,410 s, whereas the MVQ solution used 1,394 s, which is a thirty-nine-

fold reduction in computational time. The computational time determines the productivity of a 

given method since models are executed repeatedly for sizing, optimizing, and simulating the BHE 

system. In engineering applications, rapid computation is a major reason that analytical solutions 

are generally favoured over numerical models [43]. Several well-known design tools for BHEs 

have been developed based on analytical solutions, including GchpCalc [159], Ground Loop 

Design [25] and GeoStar [160]. Meanwhile, analytical solutions are widely used in optimizing 

BHE fields and energy extraction [93, 161, 162]. The superior computational time and acceptable 

accuracy gives the MVQ solution great potential for BHE design. 

Table 4-5. Comparison of the computational time for the analytical and numerical solutions. 

Solutions Computational time (s) 

MVQ solution 1,394 

Solution by Abdelaziz et al. [58] 564 

Numerical simulations 54,410 

 

4.6. Heat transfer in double-layered ground 

4.6.1 Impact of thermal conductivity ratio and volumetric heat capacity ratio 

In engineering applications, the multilayered ground exhibits the inhomogeneity of thermal 

properties (including thermal conductivity and volumetric heat capacity). However, in the 
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literature, the impact of inhomogeneity on the heat transfer rate profile has been examined only 

under a single set of ground parameters [71]. The relationship between thermal properties and the 

non-linear heat transfer rate has not been investigated. To reveal the relationship, the MVQ 

solution was examined under different stratification scenarios defined by the thermal conductivity 

ratio (k1/k2) and the volumetric heat capacity ratio ((𝜌𝑐)1 (𝜌𝑐)2⁄ ). 

In Scenario 1, the thermal conductivity ratio ranges from 1 to 1/4, since typical thermal 

conductivity values of geologic materials usually fall in the range of 1.00 – 4.00 Wm−1K−1 [157]. 

For these thermal conductivity ratios, the dimensionless heat transfer rate at the borehole wall is 

plotted against the Fourier number (see Figure 4-11). The dimensionless heat transfer rate is 

defined as 𝑞𝑙1 𝑞𝑙2⁄ . Excluding the homogenous condition (k1/k2 = 1), the ratio of heat transfer rates 

is less than 1 over the simulation period in all other three cases, which means that more heat is 

transferred through the lower layer than through the upper layer. As previously discussed, this is 

due to the higher thermal conductivity of the lower layer. At the end of the simulation, the ratio of 

heat transfer rates dropped from 0.81 to 0.63 and 0.36, respectively, as the thermal conductivity 

ratio varied from 2/3 to 1/2 and 1/4. One can conclude that the heat transfer rate variation between 

ground layers was intensified as the thermal conductivities between ground layers varied to a 

greater extent. 
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Figure 4-11. The dimensionless heat transfer rate at the borehole wall in the double-layered ground 

for the thermal conductivity ratios of 1, 2/3, 1/2, and 1/4. 

 

Figure 4-12 shows the dimensionless heat transfer rate at the borehole wall against the Fourier 

number for various volumetric heat capacity ratios in Scenario 2. For the volumetric heat capacity 

ratios of 1/2 and 2, the volumetric thermal capacities of the upper and lower layers are opposite, 

while the thermal conductivities of the two layers are the same. In the long-term (Fo > 10-2), the 

ratio of heat transfer rates is greater than 1 and increases with time in all three cases. In other 

words, more heat is transferred through the upper layer than through the lower layer. As previously 

discussed, this is caused by the fixed temperature boundary condition at the ground surface. For 

the MVQ solution, the long-term ground surface boundary condition should be further improved 

in our future work. For Fo < 10-2, the layer absorbs more heat near the borehole with a higher value 
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of the volumetric heat capacity, but the difference in the heat transfer rate between the two layers 

slowly diminishes as Fo increases. Taking (𝜌𝑐)1 (𝜌𝑐)2⁄ = 2 for example, the ratio of heat transfer 

rates is around 1.09 at Fo = 10-4, which means that the upper layer absorbs more heat than the 

lower layer by about 9%. After that, the percentage difference reduces to 6.84% at Fo = 10-2. This 

phenomenon can be explained by the volumetric heat capacity. The volumetric heat capacity of a 

material is associated with the amount of heat desired to cause an increase in the material’s 

temperature. With a larger value of the volumetric heat capacity, the upper layer requires more 

heat to raise its temperature, leading to a smaller temperature change over time near the borehole 

wall. This coincides with the results reported by Luo et al. [65]. Luo et al. [65] simulated a coaxial 

borehole heat exchanger in a double-layered scenario, using the same thermal conductivity ratio 

and volumetric heat capacity ratio as Scenario 2. For (𝜌𝑐)1 (𝜌𝑐)2⁄ = 2 , the simulated 

dimensionless borehole wall temperature was about 0.37 near the middle of the upper layer while 

it was about 0.43 near the middle of the lower layer [65]. Consequently, more heat was transferred 

through the upper layer due to the greater temperature difference between the circulating fluid and 

borehole wall in that layer. Afterwards, as the area near the borehole gradually reached a quasi-

steady state, the impact of the volumetric heat capacity diminished. 
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Figure 4-12. The dimensionless heat transfer rate at the borehole wall in the double-layered ground 

for the volumetric heat capacity ratios of 1/2, 1, and 2. 

 

As the above parametric studies depicted, the inhomogeneity of both thermal conductivity and 

volumetric heat capacity has a vital effect on the variation of the heat transfer rate. The ground 

layers with higher values of thermal conductivity and volumetric heat capacity express the 

slowness of transferring heat near the borehole wall. In engineering applications, boreholes may 

encounter a variety of sediments and rocks with various thermal properties [56]. By employing the 

MVQ solution, the heat transfer rate in each layer can be accurately addressed under different 

ground scenarios, which helps keep drilling and operating costs at a minimum. 
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4.6.2 Effect of thickness 

Besides the thermal properties, the thickness fraction of each layer (Hi/H) is another important 

parameter for the analysis of the heat distribution in the double-layered ground. The thickness of 

each ground layer may differ greatly from the layers above or below it. For example, an installation 

in Nuremberg (Germany) [70] showed that the borehole penetrated five major geological layers, 

and their thickness varied from 4 m to 30 m. To illustrate the effect of thickness, this study 

investigated the heat load in each layer under different thickness ratios between the lower layer 

and the borehole length. 

In Figure 4-13, the dimensionless heat load of the lower layer (Q2) is plotted against the thickness 

fraction of the lower layer (H2/H) for Fo = 1. To highlight the inhomogeneity of the multilayered 

ground, the thermal conductivity ratio is kept at 1/4. If employing a constant heat flow rate per 

unit length, the heat load of each layer should be proportional to its thickness. However, this 

relationship becomes non-linear when the varying heat flow rate is considered. For example, 30% 

of the BHE in the lower layer provides more than half of the total heat load (57.04%), and this 

value rises to 73.28% when half of the BHE length is installed in the lower layer. This tendency 

has not been discussed in previous studies [58-60, 71], since the assumption is often made that the 

two layers have the same thickness. In general, the influence of the thickness fraction of each layer 

is significant to the BHE system’s thermal performance, especially when the thermal properties of 

the ground layers have obvious differences. Thus, is it important for the designer to have a good 

understanding of the composition, thickness, and thermal properties of the geological materials for 

the BHE installation. In relation to the geotechnical information, the MVQ can accurately 

distribute heat to each ground layer, leading to thermally efficient designs. 
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Figure 4-13. The heat load in the lower layer of a double-layered ground for the thermal 

conductivity ratio of 1/4 and Fo = 1. 

 

4.7. Conclusion 

An innovative solution was proposed in this study for vertical BHEs in multilayered ground. The 

new solution was named the “MVQ solution”—Multilayered ground with Varying heat transfer 

rates (Q). The main novelty of the MVQ solution is that it has the capacity to analyze the heat 

transfer both outside and inside the borehole simultaneously. Therefore, the MVQ solution can 

address varying heat transfer rates along the borehole length in multilayered ground. The MVQ 

solution also features superior computational time and accuracy, which can improve the design 

expressions for vertical BHEs and ultimately provide more thermally efficient designs of BHE 

systems in geothermal applications. The following conclusions were drawn from the study: 
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(1) The MVQ solution was compared with a 3-D FE model constructed with COMSOL 

Multiphysics for verification purposes. The mean absolute percent error between the MVQ 

solution and the numerical results was less than 2.50%, which is acceptable in engineering 

applications. The MVQ solution was thus verified numerically. Moreover, the MVQ 

solution provides a significant reduction of computational time; compared with numerical 

simulations, the MVQ solution can cut computational time by a factor of 39 times. Because 

of its superior computational time and accuracy, the MVQ solution has great potential in 

the design of vertical BHEs. 

(2) The MVQ solution addresses the heat flux variation along the borehole length in 

multilayered ground. Conventional solutions prescribe a constant heat transfer rate along 

the borehole length, and thus overestimate the temperature of the ground layer with a 

relatively lower thermal conductivity value. For the given parameters in the double-layered 

scenario, the constant heat transfer rate assumption results in an overprediction of up to 

97.55%. By addressing the heat transfer rate variation, the MVQ solution can accurately 

predict the ground temperature change, leading to a refined design of the BHE system. 

(3) The heat flow rate in the multilayered ground is impacted by both the thermal conductivity 

ratio (k1/k2) and volumetric heat capacity ratio ((𝜌𝑐)1 (𝜌𝑐)2⁄ ). The inhomogeneity of the 

volumetric heat capacity ratio has an impact on the heat transfer rate variation between 

layers in an early period (i.e., Fo smaller than 10-2), and its impact gradually diminishes. 

In contrast, the inhomogeneity of thermal conductivity strengthens the heat transfer rate 

variation with time in most cases. The heat transfer rate variation also intensifies under 

larger thermal conductivity ratios (i.e., 1/4). For the given parameters in this study, the 
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lower layer extracted the heat about three times as quickly as the upper layer when the 

thermal conductivity ratio was 1/4. 

(4) The MVQ solution redistributes the heat along the borehole length in the multilayered 

ground. This significantly affects the thermal performance of BHEs in each layer. For the 

given parameters in this study, 57.04% of the thermal energy was shown to be provided by 

30% of the BHE length installed in more conductive ground layers. Thus, the MVQ 

solution is indispensable for thermal performance predictions of BHEs in the multilayered 

ground. The MVQ solution is an effective and accurate design tool for vertical BHEs. 
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Appendix 4-B. Green’s functions used in the study 

In this study, a set of exact Green’s functions was used to solve the heat conduction problem. 

Transient Green’s functions 𝐺(𝑟, 𝑧, 𝑡│𝑟′, 𝑧′, 𝜏)  give the fundamental solution of the partial 

differential equation (Equation (4-1)) at a given observation location (r, z) to an impulsive heat 

source released at time τ, located at (r', z'). Green’s functions can be found in many different 

textbooks [31, 129, 135].  

The bottommost layer, considered as a semi-infinite body heated by a heat flux at 𝑧 = 0 with a 

heat source at (r’, z'), can be described by [135] 

 

 

𝐺𝑍20(𝑟, 𝑧, 𝑡│𝑟′, 𝑧′, 𝜏) =
1

8(𝜋𝛼(𝑡 − 𝜏))
3
2

𝐼0 (
𝑟𝑟′

2𝛼(𝑡 − 𝜏)
)

⋅ [𝑒𝑥𝑝(−
𝑟2 + 𝑟′2 + (𝑧 − 𝑧′)2

4𝛼(𝑡 − 𝜏)
) + 𝑒𝑥𝑝(−

𝑟2 + 𝑟′2 + (𝑧 + 𝑧′)2

4𝛼(𝑡 − 𝜏)
)] 

(B-1) 

 

where 𝐼0(𝑋) is a modified zero-order Bessel function of the first kind. 

When the source is located at the centreline of the body at 𝑟′ = 0, the solution is reduced to 

 

 𝐺𝑍20(𝑟, 𝑧, 𝑡│𝑟′, 𝑧′, 𝜏) =
1

8(𝜋𝛼(𝑡 − 𝜏))
3
2

[𝑒𝑥𝑝(−
𝑟2 + (𝑧 − 𝑧′)2

4𝛼(𝑡 − 𝜏)
) + 𝑒𝑥𝑝 (−

𝑟2 + (𝑧 + 𝑧′)2

4𝛼(𝑡 − 𝜏)
)] (B-2) 

 

The integral over z’ from 0 to H is 
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 ∫ 𝐺𝑍20(𝑟, 𝑧, 𝑡│0, 𝑧′, 𝜏)𝑑𝑧′
𝐻

𝑧′=0

=
1

8𝜋𝛼(𝑡 − 𝜏)
𝑒𝑥𝑝 (−

𝑟2

4𝛼(𝑡 − 𝜏)
) [erf (

𝐻 − 𝑧

√4𝛼(𝑡 − 𝜏)
) + erf (

𝐻 + 𝑧

√4𝛼(𝑡 − 𝜏)
)] (B-3) 

 

At the interface 𝑧 = 0, the body subjected a heat flux rj < r’ < rj+1. However, the form of Equation 

(B-1) is difficult for subsequent integration over r’. An alternative form of GZ20 is [135] 

 

 

𝐺𝑍20(𝑟, 𝑧, 𝑡│𝑟′, 𝑧′, 𝜏) =
1

4𝜋
3
2(𝛼(𝑡 − 𝜏))

1
2

[𝑒𝑥𝑝(−
(𝑧 − 𝑧′)2

4𝛼(𝑡 − 𝜏)
) + 𝑒𝑥𝑝 (−

(𝑧 + 𝑧′)2

4𝛼(𝑡 − 𝜏)
)]

⋅ ∫ 𝑒𝑥𝑝(−𝛼(𝑡 − 𝜏)𝛽2)𝛽𝐽0(𝛽𝑟)𝐽0(𝛽𝑟′)𝑑𝛽
∞

𝛽=0

 

(B-4) 

 

using the integral [129] 

 

 ∫ 𝑒𝑥𝑝(−𝛼(𝑡 − 𝜏)𝛽2)𝛽𝐽0(𝛽𝑟)𝐽0(𝛽𝑟′)𝑑𝛽
∞

𝛽=0

=
1

2𝛼(𝑡 − 𝜏)
𝑒𝑥𝑝 (−

𝑟2 + 𝑟′
2

4𝛼(𝑡 − 𝜏)
) 𝐼0 (

𝑟𝑟′

2𝛼(𝑡 − 𝜏)
), (B-5) 

 

where 𝐽0(𝑋) is a zero-order Bessel function of the first kind. 

The form of Equation (B-4) can be integrated separately over r’, since the integral on r’ acts only 

on the term 𝐽0(𝛽𝑟′), 

 



159 
 

 ∫ 𝐽0(𝛽𝑟′)2𝜋𝑟′𝑑𝑟′
𝑟𝑝+1

𝑟′=𝑟𝑝

=
2𝜋[𝑟𝑝+1𝐽1(𝑟𝑝+1𝛽) − 𝑟𝑝𝐽1(𝑟𝑝𝛽)]

𝛽
 (B-6) 

 

where 𝐽1(𝑋) is a first-order Bessel function of the first kind. 

The topmost layer, subjected to a heat flux at 𝑧 = 𝐻 with a fixed temperature at the 𝑧 = 0 and a 

heat source at (0, z'), can be described by [135] 

 

 

𝐺𝑍12(𝑟, 𝑧, 𝑡│0, 𝑧′, 𝜏) =
1

8(𝜋𝛼(𝑡 − 𝜏))
3
2

⋅ ∑ (−1)𝑛 [𝑒𝑥𝑝(−
𝑟2 + (2𝑛𝐻 + 𝑧 − 𝑧′)2

4𝛼(𝑡 − 𝜏)
) − 𝑒𝑥𝑝(−

𝑟2 + (2𝑛𝐻 + 𝑧 + 𝑧′)2

4𝛼(𝑡 − 𝜏)
)]

∞

𝑛=−∞

 

(B-7) 

 

The integral over z’ from 0 to H is 

 

 

∫ 𝐺𝑍12(𝑟, 𝑧, 𝑡│0, 𝑧′, 𝜏)𝑑𝑧′
𝐻

𝑧′=0

=
1

8𝜋𝛼(𝑡 − 𝜏)
𝑒𝑥𝑝 (−

𝑟2

4𝛼(𝑡 − 𝜏)
)

⋅ ∑ (−1)𝑛 [2erf (
2𝑛𝐻 + 𝑧

√4𝛼(𝑡 − 𝜏)
) − erf (

(2𝑛 − 1)𝐻 + 𝑧

√4𝛼(𝑡 − 𝜏)
) − erf(

(2𝑛 + 1)𝐻 + 𝑧

√4𝛼(𝑡 − 𝜏)
)]

∞

𝑛=−∞

 

(B-8) 

 

The intermediate layers, heated by heat fluxes at 𝑧 = 0 and H with a heat source at (0, z'), can be 

described by [135] 
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 𝐺𝑍22(𝑟, 𝑧, 𝑡│𝑟′, 𝑧′, 𝜏) =
1

8(𝜋𝛼(𝑡 − 𝜏))
3
2

∑ [𝑒𝑥𝑝 (−
𝑟2 + (2𝑛𝐻 + 𝑧 − 𝑧′)2

4𝛼(𝑡 − 𝜏)
) − 𝑒𝑥𝑝 (−

𝑟2 + (2𝑛𝐻 + 𝑧 + 𝑧′)2

4𝛼(𝑡 − 𝜏)
)]

∞

𝑛=−∞

 (B-9) 

 

The integral over z’ from 0 to H is 

 

 ∫ 𝐺𝑍22(𝑟, 𝑧, 𝑡│0, 𝑧′, 𝜏)𝑑𝑧′
𝐻

𝑧′=0

=
1

8𝜋𝛼(𝑡 − 𝜏)
𝑒𝑥𝑝(−

𝑟2

4𝛼(𝑡 − 𝜏)
) ∑ [erf(

(2𝑛 + 1)𝐻 + 𝑧

√4𝛼(𝑡 − 𝜏)
) − erf (

(2𝑛 − 1)𝐻 + 𝑧

√4𝛼(𝑡 − 𝜏)
)]

∞

𝑛=−∞

 (B-10) 

 

The alternative forms of GZ12 and GZ22 are found by substituting Equation (B-5) into Equations (B-

7) and (B-9), respectively. 
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Chapter 5. A new semi-analytical solution for U-shaped vertical borehole heat 

exchangers in multilayered ground with third-type boundary condition 
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Nomenclature 

A albedo 

c specific heat capacity  [Jkg-1K-1] 

d shank spacing  [m] 

D depth   [m] 

Fo Fourier number 

g rate of energy generation [Wm-3] 

G Green’s function 

h overall heat transfer coefficient 

[Wm−2K−1] 

H borehole length  [m] 

H1, H2 two ends of borehole [m] 

k  thermal conductivity  [Wm-1K-1] 

L ground layer thickness [m] 

𝑞𝑙 heat transfer rate [Wm-1] 

𝑞𝑣 vertical heat flux [Wm-2] 

𝛥𝑞 incremental heat flux 

Q heat load  [W] 

r, r’ radial coordinate [m] 

𝑅1
𝛥

, 𝑅2
𝛥

, 𝑅12
𝛥

 delta-circuit thermal 

resistance [mKW-1] 

S incident solar radiation [Wm−2] 

t time   [s] 

T temperature   [°C] 

𝑇0 undisturbed ground temperature [°C] 

𝛥𝑇 temperature variation  [°C] 

V circulating fluid flow rate  [m3s-1]  

z, z’ axial coordinate [m] 

α thermal diffusivity  [m2s-1] 

𝛽1, 𝛽2, 𝛽12 dimensionless thermal 

conductance 

𝜀∆𝑅 net long-wave radiation [Wm−2] 

Θ dimensionless temperature 

λE latent heat flux [Wm−2] 

ρ density   [kgm-3] 
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𝜓 influence function  

Subscripts 

amb ambient air 

b borehole 

down downward-flowing fluid 

E contribution of heat generation 

g grout 

i  = 1, 2, … I - 1 ground layer 

I  bottommost layer 

j = 1, 2, … J line source segment 

m, n = 1, 2, … N surface element 

p = 1, 2, … P time step 

up upward-flowing fluid 

U contribution of upper surface 

boundary 

V contribution of lower surface 

boundary 

w  water 

r, z directions
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5.1. Introduction 

To avert the worst impacts of climate change, an expanding alliance of countries pledged a goal 

of achieving net-zero emissions by 2050 [120]. A significant aspect in attaining this goal is 

addressing the contribution of heat consumption to global CO2 emissions, which accounts for more 

than 40% (13.1 Gt) of energy-related CO2 emissions in 2020 [163]. A measure to reduce the carbon 

footprint associated with heating is the global transition from fossil-based systems to renewable 

heat technologies (such as bioenergy, solar thermal, and heat pumps) [164]. Among these viable 

options, heat pumps have been recognized as the “central technology” by International Energy 

Agency (IEA) for fuel-shifting and heat decarbonization [165]. 

Heat pumps harness the heat from surroundings sources such as air and ground, and then amplify 

the heat to provide heating. These systems can also be reversed for cooling purposes. In 

comparison with the air source systems, ground source systems offer significant benefits, including 

over 30% reduction in energy consumption [121] and a decrease in carbon footprint by 20%-22% 

[122]. In ground source heat pump (GSHP) systems, the vertical borehole heat exchanger (BHE) 

is commonly employed to collect heat from the ground and convey it to the heat pump. Drilled 

boreholes typically reach depths between 15 m and 120 m, passing through various geologic layers 

with different thermal properties [54-56]. For instance, as outlined in a geoscience information 

report for investigating GSHP application at the Hastings Lake Community Hall site in Alberta, 

Canada, thermal conductivities of sediments and rocks were tested within a range of 0.62 to 3.22 

Wm-1K-1 [56]. 

As for the thermal behavior of a BHE in the multilayered ground, several analytical and semi-

analytical solutions [58-61, 72] have been proposed over the last decade. Abdelaziz et al. [58] 
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approached the problem by employing the principle of superposition. In this approach, a BHE was 

partitioned into distinct line heat source segments, corresponding to boundaries of underlying 

ground layers. By aggregating the contributions of these segments, the temperature change at an 

observation point within the ground was evaluated. For analysis simplification, the region between 

each line heat source segment and the observation point was treated as a homogeneous body with 

effective thermal and physical properties. It is worth noting that this assumption of homogeneity 

has also been adopted by many other studies [62-65] to account for the multilayered ground 

conditions. Unlike assuming homogeneity, Pan et al. [59] used the integral-transformation method 

and proposed a cylindrical source solution describing the thermal behaviour of the BHE within 

multiple ground layers. Additionally, Zhou et al. [60] used Green’s function method and derived 

solutions for two ground layers, and the same research group currently extended the capabilities 

of these solutions to accommodate more layers [66]. In our previous study [72], we presented a 

semi-analytical model to analyze the BHE in multilayered ground. The model takes into 

consideration the non-uniform heat transfer rate along the length of the borehole, incorporating a 

two-way coupling of the heat transfer occurring inside and outside the borehole. These solutions 

[58-61, 72] were derived by solving the transient heat conduction problem with a boundary 

condition at the ground surface. 

In the modelling of BHEs, the proper treatment of the ground surface boundary is essential for 

assessing the thermal performance of the system. Most analytical solutions [27-29, 35, 58-61, 68, 

72] implemented a homogenous boundary condition of the first-type (or Dirichlet) at the ground 

surface, where the ground surface temperature remains unchanged at its initial temperature. This 

homogenous boundary condition is mathematically simple but unrealistic in practice since the 

ground surface temperature varies over time. The seasonal and daily temperature oscillations at 
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the ground surface (i.e., the non-homogenous boundary condition) can be accounted for by 

utilizing the superposition principle, as shown in the study by Bandos et al. [26]. The significance 

of time-independent ground surface temperature has been highlighted by Bidarmaghz et al. [73]. 

Specifically, the results indicated that the length could be reduced by approximately 11% and 6% 

for borehole lengths of 30 m and 50 m due to the temperature fluctuations at the ground surface. 

However, it might be difficult to implement this time-dependent temperature as the boundary 

condition in practice, as ground surface temperature measurements are often limited in availability. 

For example, despite having over 350 weather stations across Alberta, Canada, providing 

comprehensive meteorological data, less than 10% of them actively monitor ground surface 

temperatures [166]. As an alternative to relying on ground surface temperature, a third-type (or 

Robin) boundary condition, which considers the energy balance at the ground surface, has gained 

more attention in GSHP modelling in recent years [74-78]. The surface energy balance involves 

balancing net radiation, the fluxes of sensible and latent heat, and the heat flux from or to the 

subsurface [79, 80]. This approach requires meteorological data, including ambient air 

temperature, wind speed, and incoming solar radiation. Such meteorological data is typically more 

accessible and better-monitored than ground surface temperature measurements. It is noteworthy 

that Oosterkamp et al. [167] conducted a comprehensive investigation into eight different ground 

surface boundary conditions and their impact on predicting the thermal regime in the ground. The 

findings revealed that employing the measured ground surface temperature and the surface energy 

balance equation as the ground surface boundary condition leads to highly accurate predictions of 

the soil temperature. 

Until recently, while a few analytical solutions [50-53, 82] for BHEs have incorporated the third-

type boundary condition at the ground surface, these have been limited to homogeneous ground 
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conditions. Meanwhile, analytical solutions [58-61, 72] for a BHE in multilayered ground have 

typically been constrained to a homogeneous Dirichlet boundary condition at the ground surface. 

Remarkably, there has been no prior (semi-)analytical solution for BHEs considering the ground 

surface condition in a multilayered ground, creating a significant research gap in predicting ground 

temperatures and designing GSHP systems. This study fills this research gap by extending the 

previously proposed MVQ solution that is described in our previous study [72]. Here, the MVQ is 

an acronym for multilayered ground with varying heat transfer rates. Through this study, we aim 

to enhance the understanding of the ground surface conditions in BHE simulations and provide 

improved approximations of their long-term behaviour. The findings of this study will serve as 

valuable references for researchers and practitioners involved in the design and implementation of 

BHE systems.  

5.2. Model development 

5.2.1 Problem description  

The heat transfer problem of a BHE installed in the multilayered ground is illustrated in Figure 

5-1. The thermal analysis of this problem can be approached by decomposing the problem into 

two distinct regions: the interior region within the borehole and the exterior region outside the 

borehole [10, 28, 86]. These two regions are then recoupled at the interface of the borehole wall. 

For simplification, several assumptions have been made, which are aligned with the study 

conducted by Eskilson [23]: 

a. Within the borehole, the average surface temperature is used for the borehole wall. This 

approximation relaxes the stringent requirement of temperature continuity and heat flux 

continuity at the interface between the borehole and the surrounding ground. It has gained 
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wide acceptance in both analytical analysis [23, 128, 153] and design [95] of shallow 

BHEs. 

b. Outside the borehole, the borehole is simplified as a line heat source. This simplification 

is employed due to the large aspect ratio of typical BHEs, which depths ranging from 15 

to 120 m and diameters ranging from 0.1 to 0.15 m. 

c. The ground has a uniform initial temperature, 𝑇0, which aligns with existing analytical 

solutions [10, 27, 28]. Although the non-uniform initial temperature caused by the thermal 

gradient can be considered using the superposition principle, as shown in the study by 

Bandos et al. [26], for the sake of simplicity, the current study assumes a uniform initial 

temperature.  

d. The thermal properties are independent of temperature. This assumption was made because 

the range of temperature concerned in the shallow BHE problem is relatively small, and 

the variation in thermal properties within this temperature range can be negligible [23].  
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Figure 5-1. Schematic of a U-shaped BHE drilled into the ground passing through multiple ground 

layers. 

 

In the exterior region, the governing equation of heat conduction in the cylindrical coordinate 

system (r, z) can be represented by the following governing equation [31] 

 

 𝜌𝑐
𝜕𝑇

𝜕𝑡
=
1

𝑟

𝜕

𝜕𝑟
(𝑘𝑟

𝜕𝑇

𝜕𝑟
) +

𝜕

𝜕𝑧
(𝑘
𝜕𝑇

𝜕𝑧
) + 𝑔(𝑟, 𝑧, 𝑡) (5-1) 

 

where 𝜌𝑐  [Jm-3K-1] is the volumetric heat capacity, k [Wm-1K-1] is the ground thermal 

conductivity, T [°C] is the temperature, and 𝑔(𝑟, 𝑧, 𝑡) [Wm-3] is the rate of energy generation per 

unit volume.  
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The ground, bounded by the ground surface on one side, is typically considered a semi-infinite 

body that extends indefinitely on the other side. At the ground surface, the heat flux can be 

described with a general energy balance equation [168], 

 

 −𝑘
𝜕𝑇

𝜕𝑧
|
𝑧=0

= ℎ(𝑇𝑎𝑚𝑏 − 𝑇|𝑧=0) + [(1 − 𝐴)𝑆 − 𝐿𝑅 − 𝜆𝐸] (5-2) 

 

where Tamb [°C] is the ambient air temperature at a reference height, h [Wm−2K−1] is the overall 

heat transfer coefficient from the ground surface to the reference height, A is the albedo, S [Wm−2] 

is the magnitude of solar radiation, LR [Wm−2] is the net long-wave radiation, and λE [Wm−2] is 

the latent heat flux due to evaporation. The detailed formulations of LR and λE are available in the 

literature, as presented in studies conducted by Badache et al. [80] and Aguareles et al. [169].  

In terms of heat conduction, other boundary conditions for the differential equation (Equation 

(5-1)) are given by 

 

 𝑇(𝑧 → ∞) = 𝑇0 (5-3) 

 
𝜕𝑇

𝜕𝑟
|
𝑟=0

= 0 (5-4) 

 𝑇(𝑟 → ∞) = 𝑇0 (5-5) 

  



171 
 

In addition to the exterior boundary conditions (Equations (5-2)-(5-5)), the boundary conditions 

for the interface between the two layers are also considered. According to the principle of energy 

conservation, the heat flux leaving one layer through the interface is equal to the heat flux entering 

the other layer. 

 

 −𝑘𝑖+1
𝜕𝑇𝑖+1
𝜕𝑧𝑖+1

|
𝑧𝑖+1=0

= −𝑘𝑖
𝜕𝑇𝑖
𝜕𝑧𝑖
|
𝑧𝑖=𝐿𝑖

 (5-6) 

 

where subscript i denotes the ground layer with 𝑖 = 1, 2,⋯ , 𝐼 − 1, and I denotes the bottommost 

layer. The temperature difference between adjacent layers is directly proportional to the heat flux 

passing through a contact resistance at each interface. To simplify the analysis, we considered a 

simplified scenario where adjacent layers are in perfect thermal contact. In the simplified scenario, 

the interface boundary condition can be described by the continuity of temperature, 

 

 𝑇𝑖+1(𝑟, 0, 𝑡) = 𝑇𝑖(𝑟, 𝐿𝑖, 𝑡) (5-7) 

 

5.2.2 Heat transfer outside the borehole 

 Homogenous ground 

By considering the ground as a homogenous body, numerous analytical solutions [28, 29, 35, 134] 

have been developed using Green’s function method [31]. The transient Green’s functions 
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𝐺(𝑟, 𝑧, 𝑡|𝑟′, 𝑧′, 𝜏) solve the governing equation (Equation (5-1)) at any time t and observation 

location (r, z) within the domain, due to an impulsive point heat source located at (r', z') and 

released at time τ. Numerous textbooks [31, 129, 135] offer references to Green’s functions. The 

temperature change due to an instantaneous point source at (0, z') is given by Green's function 

[135],  

 

 Δ𝑇 = 𝑇 − 𝑇0 =
𝑄𝑝

𝜌𝑐
𝐺𝑅00(𝑟, 𝑡|0, 𝜏)𝐺𝑍30(𝑧, 𝑡|𝑧

′, 𝜏) (5-8) 

 𝐺𝑅00(𝑟, 𝑡│𝑟
′, 𝜏) =

1

4𝜋𝛼(𝑡 − 𝜏)
exp [−

𝑟2 + 𝑟′
2

4𝛼(𝑡 − 𝜏)
] 𝐼0 [

𝑟𝑟′

2𝛼(𝑡 − 𝜏)
] (5-9) 

 

𝐺𝑍30(𝑧, 𝑡|𝑧′, 𝜏) =
1

2√𝜋𝛼(𝑡 − 𝜏)
{exp [−

(𝑧 − 𝑧′)2

4𝛼(𝑡 − 𝜏)
] + exp [−

(𝑧 + 𝑧′)2

4𝛼(𝑡 − 𝜏)
]}

−
ℎ

𝑘
exp [𝛼(𝑡 − 𝜏)

ℎ2

𝑘2
+
ℎ

𝑘
(𝑧 + 𝑧′)] erfc [

𝑧 + 𝑧′

√4𝛼(𝑡 − 𝜏)
+
ℎ

𝑘
√4𝛼(𝑡 − 𝜏)] 

(5-10) 

 

where Qp [W] is the point heat source, ΔT [°C] denotes the temperature change, 𝐼0(𝑋) is a modified 

zero-order Bessel function of the first kind, and erfc(𝑋) is the complementary error function in 

mathematics. To clearly convey the information contained in this work, a numbering system 

outlined by Cole et al. [135] for Green's functions is employed herein. For example, GR00 denotes 

Green's function for the radial heat flow in the infinite body, and GZ30 describes Green's function 

for the axial heat flow in the semi-infinite body with a third-type boundary condition.  

By integrating the instantaneous point source solution (Equation (5-8)) over space and time, the 

solution for a continuous line heat source (𝐷𝑗 < 𝑧
′ < 𝐷𝑗+1) is obtained [31], 
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 𝑇𝐸(𝑟, 𝑧, 𝑡) =
𝑞𝑙
𝜌𝑐
∫ ∫ 𝐺𝑅00(𝑟, 𝑡|0, 𝜏)𝐺𝑍30(𝑧, 𝑡|𝑧

′, 𝜏)𝑑𝑧′𝑑𝜏
𝐷2

𝑧′=𝐷1

𝑡

𝜏=0

 (5-11) 

 

where D1 and D2 [m] are two ends of the line heat source with 𝐷1 < 𝑧
′ < 𝐷2, 𝑞𝑙 =

𝑄

𝐷2−𝐷1
 [Wm-1] 

is the heat transfer rate per unit length, Q [W] is the heat load on the line heat source, and TE [°C] 

is the temperature response due to the line heat source.  

For BHE applications, a dimensionless parameter known as the thermal response factor is widely 

used in some software design tools for sizing the design length [86]. Thermal response factors 

describe the temperature change, averaged over the borehole wall surface, due to a unit heat flow 

rate.  

 

 𝛩𝐸 =
�̅�𝐸

𝑞𝑙 2𝜋𝑘⁄
 (5-12) 

 �̅�𝐸(𝑟𝑏, 𝑡) =
1

𝐻2 − 𝐻1
∫ 𝑇𝐸(𝑟𝑏, 𝑧, 𝑡)𝑑𝑧
𝐻2

𝑧=𝐻1

 (5-13) 

 

where H1 and H2 [m] are two ends of the borehole with 𝐻1 < 𝑧 < 𝐻2, and rb [m] is the radius of 

the borehole. 
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Interchanging the order of integration, followed by using the substitution 𝑠 =
1

√4𝛼(𝑡−𝜏)
, the 

temporal integral of GZ30 from τ = 0 to t is 

 

 

∫ 𝐺𝑅00(𝑟𝑏 , 𝑡|0, 𝜏)𝐺𝑍30(𝑧, 𝑡|𝑧
′, 𝜏)𝑑𝜏

𝑡

𝜏=0

=
1

4𝜋𝛼
∫ exp(−𝑟𝑏

2𝑠2)𝑔1(𝑧, 𝑧
′, 𝑠)

∞

1 √4𝛼𝑡⁄

𝑑𝑠 

(5-14) 

 

𝑔1(𝑧, 𝑧
′, 𝑠) =

2

√𝜋
exp[−(𝑧 − 𝑧′)2𝑠2] +

2

√𝜋
exp[−(𝑧 + 𝑧′)2𝑠2]

−
2ℎ

𝑠𝑘
exp [

ℎ2

4𝑠2𝑘2
+
ℎ

𝑘
(𝑧 + 𝑧′)] erfc [(𝑧 + 𝑧′)𝑠 +

ℎ

2𝑠𝑘
] 

(5-15) 

 

The double integral on space variables z and z’ acts only on the function 𝑓1(𝑧, 𝑧
′, 𝑠), and the double 

integral is given by 

 

 ∫ ∫ 𝑔1(𝑧, 𝑧
′, 𝑠)𝑑𝑧′𝑑𝑧

𝐷𝑗+1

𝑧′=𝐷𝑗

𝐻2

𝑧=𝐻1

=
𝑔2(𝑠)

𝑠2
−
2𝑘

𝑠ℎ
𝑔3(𝑠) (5-16) 

 
𝑔2(𝑠) = −ierf[𝑠(𝐻1 −𝐷1)] + ierf[𝑠(𝐻1 − 𝐷2)] + ierf[𝑠(𝐻2 − 𝐷1)] − ierf[𝑠(𝐻2 − 𝐷2)] − ierf[𝑠(𝐻1 + 𝐷1)]

+ ierf[𝑠(𝐻1 + 𝐷2)] + ierf[𝑠(𝐻2 +𝐷1)] − ierf[𝑠(𝐻2 + 𝐷2)] 
(5-17) 



175 
 

 

𝑔3(𝑠) = erf[𝑠(𝐻1 +𝐷𝑗)] + exp [
ℎ2

4𝑠2𝑘2
+
ℎ

𝑘
(𝐻1 + 𝐷1)] erfc [(𝐻1 + 𝐷1)𝑠 +

ℎ

2𝑠𝑘
] − erf[𝑠(𝐻1 +𝐷2)]

− exp [
ℎ2

4𝑠2𝑘2
+
ℎ

𝑘
(𝐻1 +𝐷2)] erfc [(𝐻1 + 𝐷2)𝑠 +

ℎ

2𝑠𝑘
] − erf[𝑠(𝐻2 + 𝐷1)]

− exp [
ℎ2

4𝑠2𝑘2
+
ℎ

𝑘
(𝐻2 + 𝐷1)] erfc [(𝐻2 +𝐷1)𝑠 +

ℎ

2𝑠𝑘
] + erf[𝑠(𝐻2 + 𝐷2)]

+ exp [
ℎ2

4𝑠2𝑘2
+
ℎ

𝑘
(𝐻2 + 𝐷2)] erfc [(𝐻2 + 𝐷2)𝑠 +

ℎ

2𝑠𝑘
] 

(5-18) 

 

where erf(𝑋) is the error function, and ierf(𝑋) = ∫ erf(𝑥)
𝑋

0
𝑑𝑥 = 𝑋erf(𝑋) +

1

√𝜋
(𝑒−𝑋

2
− 1). 

Finally, the thermal response factor can be written as  

 

 

𝛩𝐸 (
𝑟𝑏
𝐻
,
𝛼𝑡

𝑟𝑏2
,
ℎ

𝑘
) =

�̅�𝐸
𝑞𝑙 2𝜋𝑘⁄

=
1

2(𝐻2 − 𝐻1)
∫ exp(−𝑟𝑏

2𝑠2) [
𝑔2(𝑠)

𝑠2
−
2𝑘

𝑠ℎ
𝑔3(𝑠)]

∞

1 √4𝛼𝑡⁄

𝑑𝑠 

(5-19) 

 

 Multilayered ground 

For the ground with more than three layers, Green’s function is difficult to define due to the 

complexity of the function [154]. Herein, we utilized the unsteady surface element method [170], 

a robust technique used to solve transient heat transfer problems associated with layered bodies. 

The unsteady surface element method is a boundary discretization method that divides the interface 

into N surface elements (which are not necessarily equal), as illustrated in Figure 5-2. At the 

interface of two contacting layers, the boundary conditions described in Equations (5-6) and (5-7) 
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necessitate the matching of vertical heat flux and temperature for all points along the interface at 

all times. However, the unsteady surface element method [170] considers a less stringent 

requirement that the surface-average temperatures match simultaneously between the coupled 

surface elements, 

 

 ∆𝑇̅̅̅̅ 𝑖+1,𝑛(0, 𝑡) = ∆𝑇̅̅̅̅ 𝑖,𝑛(𝐿𝑖, 𝑡),    for 𝑖 = 1, 2,⋯    and 𝑛 = 1,2,⋯ ,𝑁 (5-20) 

 

where the subscript i denotes the ground layer, ∆𝑇̅̅̅̅ 𝑖,𝑛(𝑡) represents the surface-average temperature 

of surface element n (with 𝑛 = 1,2,⋯𝑁), rn [m] is the outer dimension of the surface element, 

𝑟𝑁−1 [m] denotes the distance where the temperature remains unaffected by the line heat source, 

and the outermost surface element N is boundless as extending from 𝑟𝑁−1 to infinity. For higher 

precision in temperature values, smaller surface elements can be selected. In the current study, the 

error of the proposed solution was smaller than 0.61% with four surface elements.  
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Figure 5-2. A schematic of the surface element method for the interface of two contacting layers. 

 

At the interface of two contacting layers, a vertical heat flux (qv) transfers heat from the lower 

layer to the upper layer (i.e., conservation of energy). The vertical heat flux varies with time and 

varies across the boundary surface. In each homogenous layer, the vertical heat flux is seen as a 

prescribed heat flux at the boundary surface, which is known as a second-type boundary condition. 

The temperature change in each layer is calculated by applying the principle of superposition [52], 

where the contributions of the line heat source and the vertical heat fluxes are superimposed (as 

illustrated in Figure 5-3), 
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 ∆𝑇𝑖(𝑟, 𝑧, 𝑡) = 𝑇𝐸𝑖(𝑟, 𝑧, 𝑡) − 𝑇𝑈𝑖(𝑟, 𝑧, 𝑡) + 𝑇𝑉𝑖(𝑟, 𝑧, 𝑡),    for 𝑖 = 1, 2,⋯ , 𝐼 (5-21) 

 

where TU and TV [°C] are the temperature responses due to the vertical heat flux at the boundary 

surfaces, subscripts U and V respectively denote the upper and the lower surfaces, and TE [°C] is 

the temperature response due to the line heat source. Since the bottommost ground layer does not 

have a lower surface, the TV term would not be included in its temperature solution. By using 

Green’s functions method [135], the expressions of temperature, TE, TU, and TV, can be found,  

 

 𝑇𝐸𝑖(𝑟, 𝑧, 𝑡) =
𝛼𝑖
𝑘𝑖
∫ ∫ 𝑞𝑙𝑖(𝑧

′, 𝜏)𝐺𝑅00(𝑟, 𝑡|0, 𝜏)𝐺𝑖(𝑧, 𝑡|𝑧
′, 𝜏) 𝑑𝑧′

𝐿𝑖

𝑧′=0

𝑑𝜏
𝑡

𝜏=0

 (5-22) 

 𝑇𝑈𝑖(𝑟, 𝑧, 𝑡) =
𝛼𝑖
𝑘𝑖
∫ ∫ 𝑞𝑣𝑖−1(𝑟

′, 𝜏)𝐺𝑅00(𝑟, 𝑡|𝑟
′, 𝜏)𝐺𝑖(𝑧, 𝑡|0, 𝜏) 2𝜋𝑟

′𝑑𝑟′
∞

𝑟′=0

𝑑𝜏
𝑡

𝜏=0

 (5-23) 

 𝑇𝑉𝑖(𝑟, 𝑧, 𝑡) =
𝛼𝑖
𝑘𝑖
∫ ∫ 𝑞𝑣𝑖(𝑟

′, 𝜏)𝐺𝑅00(𝑟, 𝑡|𝑟
′, 𝜏)𝐺𝑖(𝑧, 𝑡|𝐿𝑖 , 𝜏) 2𝜋𝑟

′𝑑𝑟′
∞

𝑟′=0

𝑑𝜏
𝑡

𝜏=0

 (5-24) 

 

where Li [m] is the thickness of each ground layer, and qv [Wm-2] is the unknown vertical heat flux 

at the interfaces. Following the numbering system [135], the number 2 is assigned to the 

boundaries with prescribed heat flux (or second-type boundary conditions). Accordingly, the 

topmost, intermediated, and bottommost ground layers are referred to as GZ32, GZ22, GZ20, 

respectively. The corresponding Green’s functions for these layers are provided in the Appendix 

5-C. 
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Figure 5-3. A schematic of the superposition scheme for heat generation and non-homogenous 

boundary conditions. 

 

The unknown vertical heat flux with spatial variation can be approximated by applying a uniform 

heat flux within each surface element, resulting in a stepwise profile as illustrated in Figure 5-4. 

Then, the spatial integral in Equations (5-23) and (5-24) can be approximated by summing up the 

individual heat flux components, 
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𝛼𝑖
𝑘𝑖
∫ 𝑞𝑣𝑖−1(𝑟

′, 𝜏)𝐺𝑅00(𝑟, 𝑡|𝑟
′, 𝜏)𝐺𝑖(𝑧, 𝑡|0, 𝜏) 2𝜋𝑟

′𝑑𝑟′
∞

𝑟′=0

= ∑ 𝑞𝑣𝑖−1,𝑚(𝜏)
𝛼𝑖
𝑘𝑖
𝐺𝑖(𝑧, 𝑡|0, 𝜏)∫ 𝐺𝑅00(𝑟, 𝑡|𝑟

′, 𝜏)2𝜋𝑟′𝑑𝑟′
𝑟𝑛

𝑟′=0⏟                          
𝜓𝑈𝑖,𝑚(𝑟,𝑧,𝑡−𝜏)

𝑁

𝑚=𝑛=1

 

(5-25) 

 

𝛼𝑖
𝑘𝑖
∫ 𝑞𝑣𝑖(𝑟

′, 𝜏)𝐺𝑅00(𝑟, 𝑡|𝑟
′, 𝜏)𝐺𝑖(𝑧, 𝑡|𝐿𝑖 , 𝜏) 2𝜋𝑟

′𝑑𝑟′
∞

𝑟′=0

= ∑ 𝑞𝑣𝑖,𝑚(𝜏)
𝛼𝑖
𝑘𝑖
𝐺𝑖(𝑧, 𝑡|𝐿𝑖 , 𝜏)∫ 𝐺𝑅00(𝑟, 𝑡|𝑟

′, 𝜏) 2𝜋𝑟′𝑑𝑟′
𝑟𝑛

𝑟′=0⏟                            
𝜓𝑉𝑖,𝑚(𝑟,𝑧,𝑡−𝜏)

𝑁

𝑚=𝑛=1

 

(5-26) 

 

where 𝜓𝑈𝑖,𝑚 and 𝜓𝑉𝑖,𝑚 are influence functions that represent the temperature response at location 

(r, z) due to a unit step heat flux over the surface element m (with 𝑚 = 1,2,⋯ ,𝑁).  

Similarly, the line heat source in each layer is divided into J segments, and a uniform heat transfer 

rate is applied within each segment. The number of segments in each layer is not necessarily equal. 

The spatial integral in Equation (5-22) is then replaced with a summation of the line heat source 

segments, 

 

 

𝛼𝑖
𝑘𝑖
∫ 𝑞𝑙𝑖(𝑧

′, 𝜏)𝐺𝑅00(𝑟, 𝑡|0, 𝜏)𝐺𝑖(𝑧, 𝑡|𝑧
′, 𝜏) 𝑑𝑧′

𝐿𝑖

𝑧′=0

=∑𝑞𝑙𝑖,𝑗(𝜏)
𝛼𝑖
𝑘𝑖
𝐺𝑅00(𝑟, 𝑡|0, 𝜏)∫ 𝐺𝑖(𝑧, 𝑡|𝑧

′, 𝜏) 𝑑𝑧′
𝐷𝑗

𝑧′=𝐷𝑗−1⏟                        
𝜓𝐸𝑖,𝑗(𝑟,𝑧,𝑡−𝜏)

𝐽

𝑗=1

 

(5-27) 
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where subscript 𝑗 = 1,2⋯ 𝐽 denotes the line heat source segment, and 𝜓𝐸𝑗 is temperature response 

at location (r, z) due to a unit line heat source segment (𝐷𝑗−1 < 𝑧
′ < 𝐷𝑗). 

 

Figure 5-4. A schematic of discretizing the surface heat flux and the line heat source. (a) The 

unknown heat flux at boundary surfaces is approximated using a stepwise distribution; (b) the line 

heat source is approximated using a stepwise distribution. 

 

For each interface (z = 0 or Li), by taking the surface average over the surface element n, one can 

get the influence functions that represent the surface-average temperature response of the element 

n for a unit step heat flux over the surface element m, 

 

 �̅�𝑈𝑚𝑛(𝑧, 𝑡 − 𝜏) =
1

𝜋(𝑟𝑛
2−𝑟𝑛−1

2 )
∫ 𝜓𝑈𝑚(𝑟, 𝑧, 𝑡 − 𝜏) 𝑑𝑟
𝑟𝑛
𝑟=𝑟𝑛−1

,    for 𝑚 = 1,2,⋯ ,𝑁 (5-28) 
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 �̅�𝑉𝑚𝑛(𝑧, 𝑡 − 𝜏) =
1

𝜋(𝑟𝑛
2−𝑟𝑛−1

2 )
∫ 𝜓𝑉𝑚(𝑟, 𝑧, 𝑡 − 𝜏) 𝑑𝑟
𝑟𝑛
𝑟=𝑟𝑛−1

,    for 𝑚 = 1,2,⋯ , 𝑁 (5-29) 

 

for a unit line heat source segment j, 

 

 �̅�𝐸𝑗𝑛(𝑧, 𝑡 − 𝜏) =
1

𝜋(𝑟𝑛
2−𝑟𝑛−1

2 )
∫ 𝜓𝐸𝑗(𝑟, 𝑧, 𝑡 − 𝜏) 𝑑𝑟
𝑟𝑛
𝑟=𝑟𝑛−1

,    for 𝑗 = 1,2,⋯ , 𝐽 (5-30) 

 

Notice that influence functions �̅� involve double integrals. These integrations can be performed 

analytically and are given in the Appendix 5-C.  

In BHE applications, it is common to present heat loads (Q) as stepwise values due to varying 

demands over time [105]. The stepwise approximation over time can also be applied to vertical 

heat fluxes. With stepwise values of q (including both 𝑞𝑙  and 𝑞𝑣 ) over time, the temperature 

response at the end of Pth time step is computed as a temporal superposition of the response for 

each of the preceding time steps. An alternative, more efficient approach involves converting 

stepwise values of q into a series of increments Δq. Subsequently, the linear convolution sum of 

Δq and 𝜓 is efficiently solved by the fast Fourier transform (FFT) algorithms [107]. Using this 

approach [107], the temporal integrals in Equations (5-22)-(5-24) are performed 

 

 ∫ 𝑞(𝜏)𝜓(𝑡 − 𝜏)𝑑𝜏
𝑡

𝜏=0

=∑∆𝑞(𝑡𝑝)𝜓(𝑡𝑃 − 𝑡𝑝)

𝑃

𝑝=1

= ℑ−1[ℑ(𝜓)ℑ(∆𝑞)] (5-31) 
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where subscript 𝑝 = 1, 2,⋯𝑃 denotes the time step, tp [s] is the discrete time, ∆𝑞(𝑡𝑝) = 𝑞(𝑡𝑝) −

𝑞(𝑡𝑝−1), ℑ represents the FFT, and ℑ−1 represents the inverse-FFT. 

Finally, the surface-average temperature ∆𝑇𝑖,𝑛 can be written for the surface element n (with 𝑛 =

1,2,⋯ ,𝑁) at z = 0 or Li in layer i, 

 

 

∆𝑇̅̅̅̅ 𝑖,𝑛(𝑧, 𝑡𝑝) =∑ℑ−1 [ℑ (�̅�𝐸𝑖,𝑗𝑛(𝑧)) ℑ(∆𝑞𝑙𝑖,𝑗)]

𝐽

𝑗=1

− ∑ ℑ−1 [ℑ (�̅�𝑈𝑖,𝑚𝑛(𝑧)) ℑ (∆𝑞𝑣𝑖−1,𝑚)]

𝑁

𝑚=1

+ ∑ ℑ−1 [ℑ (�̅�𝑉𝑖,𝑚𝑛(𝑧))ℑ (∆𝑞𝑣𝑖,𝑚)]

𝑁

𝑚=1

 

(5-32) 

 

Equation (5-32) can be expressed in matrices, 

 

 ∆𝑇̿̿̿̿ 𝑖(𝑧, 𝑡𝑝) = ℑ
−1[�̿�𝐸𝑖(𝑧)∆𝑞

̿̿̿̿
𝑙𝑖
] − ℑ−1[�̿�𝑈𝑖(𝑧)∆𝑞

̿̿̿̿
𝑣𝑖−1

] + ℑ−1[�̿�𝑉𝑖(𝑧)∆𝑞
̿̿̿̿

𝑣𝑖
] (5-33) 

 

where 
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 ∆𝑇̿̿̿̿ 𝑖 = [

∆�̅�𝑖,1

∆�̅�𝑖,2

⋮
∆�̅�𝑖,𝑁

] (5-34) 

 �̿�𝐸𝑖 =

[
 
 
 
 
 ℑ (�̅�𝐸𝑖,11) ℑ(�̅�𝐸𝑖,21) ⋯ ℑ(�̅�𝐸𝑖,𝐽1)

ℑ (�̅�𝐸𝑖,12) ℑ(�̅�𝐸𝑖,22) ⋯ ℑ(�̅�𝐸𝑖,𝐽2)

⋮ ⋮ ⋱ ⋮

ℑ (�̅�𝐸𝑖,1𝑁) ℑ (�̅�𝐸𝑖,2𝑁) ⋯ ℑ(�̅�𝐸𝑖,𝐽𝑁)]
 
 
 
 
 

,    ∆𝑞̿̿̿̿ 𝑙𝑖 =

[
 
 
 
 
 ℑ (∆𝑞𝑙𝑖,1)

ℑ (∆𝑞𝑙𝑖,2)

⋮

ℑ (∆𝑞𝑙𝑖,𝐽)]
 
 
 
 
 

 (5-35) 

 

�̿�𝑈𝑖 =

[
 
 
 
 
 ℑ (�̅�𝑈𝑖,11) ℑ (�̅�𝑈𝑖,21) ⋯ ℑ(�̅�𝑈𝑖,𝑁1)

ℑ (�̅�𝑈𝑖,12) ℑ (�̅�𝑈𝑖,22) ⋯ ℑ(�̅�𝑈𝑖,𝑁2)

⋮ ⋮ ⋱ ⋮

ℑ (�̅�𝑈𝑖,1𝑁) ℑ (�̅�𝑈𝑖,2𝑁) ⋯ ℑ(�̅�𝑈𝑖,𝑁𝑁)]
 
 
 
 
 

,    ∆𝑞̿̿̿̿ 𝑣𝑖 =

[
 
 
 
 
 ℑ (∆𝑞𝑣𝑖,1)

ℑ (∆𝑞𝑣𝑖,2)

⋮

ℑ (∆𝑞𝑣𝑖,𝑁)]
 
 
 
 
 

, 

and �̿�𝑉𝑖 =

[
 
 
 
 
 ℑ (�̅�𝑉𝑖,11) ℑ (�̅�𝑉𝑖,21) ⋯ ℑ(�̅�𝑉𝑖,𝑁1)

ℑ (�̅�𝑉𝑖,12) ℑ (�̅�𝑉𝑖,22) ⋯ ℑ(�̅�𝑉𝑖,𝑁2)

⋮ ⋮ ⋱ ⋮

ℑ (�̅�𝑉𝑖,1𝑁) ℑ(�̅�𝑉𝑖,2𝑁) ⋯ ℑ(�̅�𝑉𝑖,𝑁𝑁)]
 
 
 
 
 

 

(5-36) 

 

By introducing Equation (5-33) into the interface boundary condition Equation (5-20), a set of 

linear equations is formed at each time step. It can be expressed in matrices, 

 

 

[
 
 
 
 �̿�𝐸2(0)∆𝑞

̿̿̿̿
𝑙2
− �̿�𝐸1(𝐿1)∆𝑞

̿̿̿̿
𝑙1

�̿�𝐸3(0)∆𝑞
̿̿̿̿

𝑙3
− �̿�𝐸2(𝐿2)∆𝑞

̿̿̿̿
𝑙2

⋮

�̿�𝐸𝐼(0)∆𝑞
̿̿̿̿

𝑙𝐼
− �̿�𝐸𝐼−1(𝐿𝐼−1)∆𝑞

̿̿̿̿
𝑙𝐼−1]

 
 
 
 

=

[
 
 
 
 
 
 �̿�𝑈2

(0) + �̿�𝑉1(𝐿1) −�̿�𝑈1(𝐿1) 0 ⋯ 0

−�̿�𝑉2(0) �̿�𝑈3(0) + �̿�𝑉2(𝐿2) −�̿�𝑈2(𝐿2) ⋱ ⋮

0 −�̿�𝑉3(0) ⋱ ⋱ 0

⋮ ⋱ ⋱ ⋱ −�̿�𝑈𝐼−1(𝐿𝐼−1)

0 ⋯ 0 −�̿�𝑉𝐼(0) �̿�𝑈𝐼(0) + �̿�𝑉𝐼−1(𝐿𝐼−1)]
 
 
 
 
 
 

[
 
 
 
 ∆𝑞
̿̿̿̿

𝑣1

∆𝑞̿̿̿̿ 𝑣2
⋮

∆𝑞̿̿̿̿ 𝑣𝐼−1]
 
 
 
 

 

(5-37) 
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By solving the above linear equations, the vertical heat flux over each surface element at each 

interface is provided. From the solutions of vertical heat fluxes, the temperature change ∆𝑇𝑖 at 

location (r, z) in for 𝑖 = 1, 2,⋯ , 𝐼 can be determined,  

 

 

∆𝑇𝑖(𝑟, 𝑧, 𝑡) =∑ℑ−1 [ℑ (𝜓𝐸𝑖,𝑗(𝑟, 𝑧)) ℑ (∆𝑞𝑙𝑖,𝑗)]

𝐽

𝑗=1

− ∑ ℑ−1 [ℑ (𝜓𝑈𝑖,𝑚(𝑟, 𝑧))ℑ (∆𝑞𝑣𝑖−1,𝑚)]

𝑁

𝑚=1

+ ∑ ℑ−1 [ℑ (𝜓𝑉𝑖,𝑚(𝑟, 𝑧)) ℑ (∆𝑞𝑣𝑖,𝑚)]

𝑁

𝑚=1

 

(5-38) 

 

5.2.3 Heat transfer inside the borehole 

Inside a borehole, a heat exchanger is installed to facilitate the circulation of a heat-carrying fluid. 

One commonly used configuration for the heat exchanger is a U-shaped pipe, which has gained 

significant popularity due to its ease of installation and cost-effectiveness [11]. To analyze the heat 

transfer within the borehole region, a delta-circuit thermal resistance model [23, 128] is employed, 

considering the interaction between the borehole wall and the circulating fluid. As shown in Figure 

5-5, a delta circuit is established by connecting one node representing the temperature at the 

borehole wall and two nodes representing fluid temperatures. These two fluid nodes represent 

distinct temperatures within the respective pipes. According to the principle of energy 

conservation, the temperatures of the downward-flowing (𝑇𝑑𝑜𝑤𝑛) and upward-flowing (𝑇𝑢𝑝) fluids 

are formulated,  
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 −𝑉(𝜌𝑐)𝑓
𝜕𝑇𝑢𝑝

𝜕𝑧
=
𝑇𝑏 − 𝑇𝑢𝑝

𝑅2
𝛥 +

𝑇𝑑𝑜𝑤𝑛 − 𝑇𝑢𝑝

𝑅12
𝛥  (5-39) 

 𝑉(𝜌𝑐)𝑓
𝜕𝑇𝑑𝑜𝑤𝑛
𝜕𝑧

=
𝑇𝑏 − 𝑇𝑑𝑜𝑤𝑛

𝑅1
𝛥 +

𝑇𝑢𝑝 − 𝑇𝑑𝑜𝑤𝑛

𝑅12
𝛥  (5-40) 

 

where V [m3s-1] is the volumetric flow rate of the fluid, (𝜌𝑐)𝑓 [Jm-3K-1] is the volumetric heat 

capacity of the fluid, and 𝑅1
𝛥 , 𝑅2

𝛥  and 𝑅12
𝛥  [mKW-1] are three thermal resistances between the 

nodes.  
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Figure 5-5. A schematic of the heat transfer inside the borehole with a single U-shaped pipe. A 

delta-circuit thermal resistance model is established by connecting temperature nodes with 

corresponding thermal resistances. 

 

Eskilson [23] and Hellström [128] have derived a general solution for the fluid temperatures 

through Laplace transforms. This solution is given by the following expressions: 

 



188 
 

 

𝑇𝑑𝑜𝑤𝑛𝑖+1(𝑡) = exp(𝛽) [cosh(𝛾) −
𝛽 − 𝛽2 − 𝛽12

𝛾
sinh(𝛾)]

⏟                          
𝑓1(𝐿𝑖)

𝑇𝑑𝑜𝑤𝑛𝑖(𝑡) +
𝛽12
𝛾
exp(𝛽) sinh(𝛾)

⏟            
𝑓2(𝐿𝑖)

𝑇𝑢𝑝𝑖
(𝑡)

+ {1 − exp(𝛽) [cosh(𝛾) +
𝛽 − 𝛽2
𝛾

sinh(𝛾)]}
⏟                          

𝑓4(𝐿𝑖)

𝑇𝑏𝑖 

(5-41) 

 

𝑇𝑢𝑝𝑖+1
(𝑡) = −𝑓2(𝐿𝑖)𝑇𝑑𝑜𝑤𝑛𝑖(𝑡) + exp(𝛽) [cosh(𝛾) +

𝛽 + 𝛽1 + 𝛽12
𝛾

sinh(𝛾)]
⏟                          

𝑓3(𝐿𝑖)

𝑇𝑢𝑝𝑖
(𝑡)

+ {1 − exp(𝛽) [cosh(𝛾) +
𝛽 + 𝛽1
𝛾

sinh(𝛾)]}
⏟                          

𝑓5(𝐿𝑖)

𝑇𝑏𝑖 

(5-42) 

 

where 𝛽1 =
𝐿𝑖

𝑉(𝜌𝑐)𝑓𝑅1
𝛥 , 𝛽2 =

𝐿𝑖

𝑉(𝜌𝑐)𝑓𝑅2
𝛥 , and 𝛽12 =

𝐿𝑖

𝑉(𝜌𝑐)𝑓𝑅12
𝛥  are the dimensionless thermal 

conductance, 𝛽 =
𝛽2−𝛽1

2
, 𝛾 = √

(𝛽1+𝛽2)2

4
+ 𝛽12(𝛽1 + 𝛽2)2, and sinh(X) and cosh(X) are hyperbolic 

functions. Furthermore, heat loads yield a difference between the inlet and outlet temperatures,  

 

 𝑄(𝑡) = 𝑉(𝜌𝑐)𝑓 (𝑇𝑑𝑜𝑤𝑛1(𝑡) − 𝑇𝑢𝑝1
(𝑡)) (5-43) 

 

A set of linear equations was established with Equations(5-41)–(5-43), 
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[
 
 
 
 
 
 
 
 −𝑓4(𝐿1)𝑇𝑏1

𝑓5(𝐿1)𝑇𝑏1

−𝑓4(𝐿2)𝑇𝑏2

𝑓5(𝐿2)𝑇𝑏2
⋮

[𝑓5(𝐿𝐼) − 𝑓4(𝐿𝐼)]𝑇𝑏𝐼
𝑄 ]

 
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
𝑓1(𝐿1) 𝑓2(𝐿1) −1 0 ⋯ 0 0

𝑓2(𝐿1) −𝑓3(𝐿1) 0 1 ⋱ 0 0

0 0 𝑓1(𝐿2) 𝑓2(𝐿2) ⋱ 0 0

0 0 𝑓2(𝐿2) −𝑓3(𝐿2) ⋱ 0 0
⋮ ⋱ ⋱ ⋱ ⋱ ⋱ ⋮
0 0 0 0 ⋱ 𝑓1(𝐿𝐼) + 𝑓2(𝐿𝐼) 𝑓2(𝐿𝐼) − 𝑓3(𝐿𝐼)

𝑉(𝜌𝑐)𝑓 −𝑉(𝜌𝑐)𝑓 0 0 ⋯ 0 0 ]
 
 
 
 
 
 
 

[
 
 
 
 
 
 
 
𝑇𝑑𝑜𝑤𝑛1
𝑇𝑢𝑝1
𝑇𝑑𝑜𝑤𝑛2
𝑇𝑢𝑝2
⋮

𝑇𝑑𝑜𝑤𝑛𝐼
𝑇𝑢𝑝𝐼 ]

 
 
 
 
 
 
 

 

(5-44) 

 

The fluid temperatures can be determined by solving the above linear equations. The heat transfer 

rate of each line heat source segment is calculated by performing an energy balance on the 

circulating fluid, 

 

 𝑞𝑙𝑖(𝑡) =
𝑉(𝜌𝑐)𝑓

𝐿𝑖
[𝑇𝑑𝑜𝑤𝑛𝑖(𝑡) − 𝑇𝑑𝑜𝑤𝑛𝑖+1(𝑡) + 𝑇𝑢𝑝𝑖+1

(𝑡) − 𝑇𝑢𝑝𝑖
(𝑡)] (5-45) 

 

5.2.4 Two-way coupling scheme 

The two-way coupling scheme takes into account the simultaneous heat transfer processes 

occurring inside and outside the borehole (Figure 5-6). By employing this scheme, the solution 

specifically accounts for the variation in heat transfer rates over time and depth. It was referred to 
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as the MVQ solution [72], where MVQ is an acronym for multilayered ground with varying heat 

transfer rates.  

The scheme initiates a guess for borehole wall temperatures, which can be the temperatures 

calculated from the preceding time step. The undisturbed ground temperature would be the initial 

guess for the first time step. The models for the internal and external regions are then iterated, with 

the output from one model serving as the input for the other model, as depicted in Figure 5-6. In 

the current study, the temperature responses and heat transfer rates were determined and returned 

within a maximum of 22 iterations. To improve convergence, it is suggested to explore the use of 

a root-finding method in future studies. 
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Figure 5-6. The flowchart of the two-way coupling scheme. 
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5.3. Verification and scenarios 

5.3.1 Model verification 

Prior to delving into the results of the MVQ solution, it is necessary to ensure the correctness of 

the temperature expressions, computational algorithm, and computer code. The MVQ solution can 

be verified by comparing its results to those obtained from an exact solution, i.e., the line heat 

source solution (Equation(5-19)). This verification was performed in a scenario where the thermal 

properties within the two layers were assumed to be identical, as the exact solution is only valid in 

a homogeneous ground. In the ongoing analysis, both solutions were implemented and evaluated 

in MATLAB. In line with many previous studies [64, 111-113], a double-layered ground scenario 

was employed. In this scenario, the borehole was evenly divided into two parts by the interface of 

two horizontally stratified ground layers. 

In addition to the exact solution, a detailed finite-element (FE) model was constructed in COMSOL 

Multiphysics for verification purposes. The COMSOL model was initially verified in a 

homogeneous ground scenario, and then a comparison was made between the results obtained from 

the COMSOL model and those obtained from the MVQ solution in a scenario where the thermal 

properties differed between the two layers. To mitigate computational requirements, a two-

dimensional axisymmetric model was employed in the finite element analysis. A higher 

concentration of elements was allocated near the borehole region where higher temperature 

gradients were anticipated. In accordance with the assumption for analytical solutions, a uniform 

initial condition was set across the entire domain. Additionally, a preliminary investigation was 

performed to make sure that simulation outcomes remained independent of the mesh resolution 

and domain size. As a result, it was determined that the model domain, measuring 500 m in width 
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and 500 m in thickness, was sufficiently large to prevent external boundary conditions from 

influencing the results. The mesh resolution was refined by progressively increasing the number 

of elements in the region near the borehole and throughout the entire domain until the mesh 

produced a mesh-independent solution. 

5.3.2 Scenarios 

The MVQ solution was demonstrated in five scenarios, as listed in Table 5-1. In Scenarios 1-3, 

the verification of the MVQ solution was carried out by comparing its results to those obtained 

from the exact solution and the COMSOL model. In these scenarios, the borehole configuration 

was disregarded and simplified as a line, and a uniform heat flow rate was assumed along the entire 

length of the line throughout the analysis. This simplification aligns with the analytical solutions 

for BHEs in the homogeneous ground with either the first-type [27-29, 35, 68] or third-type [50-

53, 82] boundary conditions. By considering a uniform heat transfer rate, the analysis maintains 

consistency with these established analytical solutions. However, this simplification overlooks the 

heat transfer that occurs through the circulation of the heat-carrying fluid inside the borehole. The 

circulation of the fluid within the borehole results in a non-uniform distribution of the heat transfer 

rate along the length of the borehole, and this distribution dynamically changes during system 

operation [72]. To take account of the effects of circulating fluid, the heat transfer inside the 

borehole is incorporated in Scenarios 4 and 5.  
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Table 5-1. Ground parameters used in five test scenarios 

Ground scenarios 𝒌𝟏 𝒌𝟐⁄  𝒓𝒃 𝑯⁄  𝒉 𝒌⁄  [m-1] 

Scenario 1 1 0.00042, 0.0015, and 0.005 0.5 

Scenario 2 1, 1/2, and 1/4 0.00042 0.5 

Scenario 3 1 0.00042-0.005 0-∞ 

Scenarios 4 & 5 1/2 0.00066 0.5 

 

Scenarios 1-3 were specifically designed to explore and analyze the solutions based on four key 

parameters. These parameters are crucial in defining the characteristics of the solutions. They 

include Fourier number 𝐹𝑜 =
𝛼𝑡

𝑟𝑏
2 representing the dimensionless time, borehole geometry 𝑟𝑏 𝐻⁄ , 

thermal conductivity ratio 𝑘1 𝑘2⁄  defining the double-layered ground, and the h / k ratio [m-1]. It is 

important to note that the volumetric heat capacity values were kept consistent across all layers for 

simplicity. 

Scenario 1 involved calculating the dimensionless mean temperature response at the borehole wall 

as a function of Fourier number for different borehole geometries in homogenous conditions. The 

ratio of 𝑟𝑏 𝐻⁄  ranged from around 0.00042 to 0.005, corresponding to typical borehole diameters 

of 0.1 m to 0.15 m and lengths of 15 m to 120 m.  

Scenario 2 aimed to examine the accuracy of the MVQ solution in the multilayered ground. The 

range of thermal conductivity ratios investigated spanned from 1 to 1/4. This range covers the 

typical thermal conductivity values observed in geological materials, which typically fall within 

the range from 1.00 to 4.00 Wm−1K−1 [157]. 
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Scenario 3 investigated the influence of the ground surface condition. The overall heat transfer 

coefficient h theoretically ranges between 0 and infinite, representing a perfectly insulated and a 

first-type boundary condition at the ground surface, respectively. The actual value of h varies under 

diverse ambient conditions, including factors such as wind speed, vegetation [171, 172], snow 

cover [173, 174], and insulation layers [175]. In alignment with established solutions [50, 51, 82], 

our study examined two theoretical extreme values (0 and infinite) for h and an additional value 

of 0.5 m-1 for the h / k ratio. 

Scenarios 4 and 5 incorporated the heat transfer inside the borehole. The specific details and values 

for the input parameters related to the internal region can be found in Table 5-2. In these two 

scenarios, a comprehensive 3-D FE model was developed for verification. The details of the 3-D 

FE model have been extensively discussed in our previous study [72]. In Scenario 4, the heat-

carrying fluid within the borehole is assumed to have a slightly higher temperature than the 

surrounding ground, and it continuously releases heat at a rate of ql = 1 Wm-1. In the same way as 

calculating thermal response factors, Scenario 5 evaluated the temperature change, averaged over 

the borehole wall surface, responding to a unit heat flux at the ground surface. In this scenario, the 

heat load on the BHE is set to zero.  
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Table 5-2. Input parameters for the internal region 

Parameter Symbol Value 

Grout thermal conductivity kg 1.47 Wm-1K-1 

Grout volumetric heat capacity (𝜌𝑐)𝑔  3.21 × 106 Jm-3K-1 

Pipe thermal conductivity kp 0.38 Wm-1K-1 

Fluid thermal conductivity kf 0.60 Wm-1K-1 

Fluid volumetric heat capacity (𝜌𝑐)𝑓  4.11 × 106 Jm-3K-1 

Fluid viscosity μ 0.00255 kgm-1s-1 

Volumetric fluid flow rate V 0.00271 m3s-1 

Borehole length  H 70 m 

Borehole radius rb 45.95 mm 

Pipe outer radius ro 13.35 mm 

Pipe wall thickness  2.45 mm 

Shank spacing d 48.00 mm 
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5.4. Results and discussion 

5.4.1 Verification  

In order to verify the MVQ solution, it was compared the exact solution and the numerical results 

under a homogeneous condition. In this verification process, a uniform heat flow rate was 

maintained at all times.  

Figure 5-7 depicts the relationship between the dimensionless mean borehole wall temperature and 

the Fourier number for a BHE with three different 𝑟𝑏 𝐻⁄  ratios. For each 𝑟𝑏 𝐻⁄  ratio, the 

dimensionless mean temperature response demonstrates a monotonic increase as the Fo increases, 

eventually reaching a steady state. Over the simulation period, minor discrepancies were observed 

between the MVQ solution and the exact solution, particularly for longer times. For example, at 

𝐹𝑜 = 2 × 105, the relative error was measured to be 0.20%, 0.15%, and 0.07% for BHE with 

𝑟𝑏 𝐻⁄  ratios of 0.00042, 0.0015, and 0.005, respectively. Given that the maximum error was 

observed in the short borehole scenario, the subsequent examination continued with the same 

borehole geometric parameters. 

In Figure 5-8, the dimensionless mean temperature response at the borehole wall is presented as a 

function of Fourier number. As the exact solution is unavailable, the comparison is only conducted 

between the MVQ solution and the numerical results. Similar to the homogeneous condition, minor 

discrepancies were observed at longer times. At the end (𝐹𝑜 = 2 × 105), the maximum relative 

difference was found to be 0.20%, 0.32%, and 0.61% for double-layered ground with 𝑘1 𝑘2⁄  ratios 

of 1, 1/2, and 1/4, respectively. It is noted that the value of 𝐹𝑜 = 2 × 105 corresponds to about 

35.8 years for a geologic material with a thermal diffusivity of 10-6 m2s-1 (such as clay and 

sandstone) when considering a borehole diameter of 0.15 m. Further testing revealed that reducing 
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the size of the surface elements leads to a decrease in the observed discrepancies. Nevertheless, 

this refinement results in a notable rise in computational time. In our current study, the solution 

error was found to be less than 0.61% with four surface elements. This level of accuracy is deemed 

satisfactory to confirm the correctness of the MVQ solution. 
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Figure 5-7. The dimensionless mean temperature response at the borehole wall as a function of 

Fourier number for three different borehole geometries in homogenous conditions. 
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Figure 5-8. The dimensionless mean temperature response at the borehole wall as a function of 

Fourier number for three different thermal conductivity ratios. 

 

5.4.2 Effects of ground surface boundary conditions  

Existing analytical solutions [27-29, 35, 59, 68, 72] for BHEs often utilize the homogeneous 

boundary condition of the first-type at the ground surface, assuming that the ground surface 

temperature remains zero. The first-type boundary condition can be seen as a special case of the 

third-type boundary condition, where the h / k ratio approaches infinity. To evaluate the impact of 

ground surface boundary conditions, the finite line source (FLS) solution derived by Claesson and 

Javed [29] employing the homogeneous boundary condition of the first-type is considered as the 
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benchmark. The relative difference between the mean borehole wall temperature using first-type 

and third-type surface boundaries can be defined as 

 

 Relative difference = 100% × (
𝛩𝐸(

ℎ

𝑘
)

𝛩𝐹𝐿𝑆
− 1) (5-46) 

 

Consistent with the FLS solution [29], only homogeneous boundary conditions were considered 

in these calculations. Figure 5-9 illustrates the relative differences observed at various Fo values, 

corresponding to different h / k ratios. Both the MVQ solution and the exact solution are presented 

in the plot, and they show a strong agreement with each other throughout the simulation period. In 

Figure 5-9, the relative difference exhibits an increase as the h / k ratio decreases. Specifically, the 

relative difference spans from 1.2% to 26.3% as the h / k ratio varies from 5 m-1 to 0 (perfectly 

insulated) for 𝐹𝑜 = 2 × 105. This trend is attributed to the fact that a smaller h / k ratio signifies 

stronger thermal insulation at the ground surface, thereby enhancing the heat accumulation below 

the ground surface. In contrast, the traditional finite line source (FLS) solution neglects thermal 

insulation, resulting in an underestimation of the temperature response in the ground. Besides, for 

a given borehole length, the relative differences tend to increase as the Fo value increases. For 

instance, when Fo < 103, the relative differences remain below 5%; for 𝐹𝑜 = 2 × 105, the relative 

differences range from 26.3% to 1.2% as the h / k ratio varies from 0 (perfectly insulated) to 5, 

indicating a significant impact of the ground surface condition on BHE performance. This increase 

in relative differences over time highlights the growing influence of the ground surface condition 

on the BHE system, as heat requires time to diffuse through the subsurface.  
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It is crucial to acknowledge that many real-world scenarios may involve small values of h, 

primarily due to the thermal insulation effect of the ground cover. For instance, BHE systems find 

widespread use in thermal energy storage applications, as highlighted in studies [175-178]; In these 

applications, the ground is covered by a layer of insulation to prevent heat losses to the 

environment. Commonly used insulating materials with thermal conductivities between 0.03 and 

0.05 Wm-1K-1 [179] can reduce the value of h to less than 0.25 Wm-2K-1, when there is a 0.2 m 

insulation layer [178]. Another scenario is the presence of seasonal snow cover in cold climates, 

which acts as an insulator of the ground and dampens surface temperature variations. For long-

term thermal analysis considering the effects of snow cover on ground temperatures, the snow 

cover can be represented as a simple constant thermal resistance based on its thickness and thermal 

conductivity [180]. Assuming a thermal conductivity of snow cover as 0.26 Wm-1K-1 and a 

maximum depth of about 0.8 m as given in [181], the resulting overall heat transfer coefficient can 

be as small as 0.325 Wm-2K-1 associated with the thermal resistance of the snow layer. In general, 

it is crucial to incorporate the thermal insulation effects at the ground surface in BHE analyses, 

with a careful consideration of the value of h, particularly for short BHE systems in the long term. 
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Figure 5-9. Relative differences between solutions with first-type and third-type surface boundary 

conditions at various Fo values correspond to different h / k ratios. 

 

5.4.3 Synergistic effects of the heat-carrying fluid circulation 

In the previous analysis, the results were presented based on the assumption of a uniform heat 

transfer rate along the borehole length, neglecting the influence of the heat-carrying fluid 

circulation. When the heat-carrying fluid circulates within the borehole, it transports and 

redistributes heat along the length of the borehole [72]. Therefore, it is essential to investigate the 

synergistic effect of the circulating fluid and the ground surface condition in the heat transfer 

analysis.  
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Figure 5-10 illustrates the dimensionless temperature profiles along the length of the borehole for 

different ground surface boundary conditions at different times. Under the circumstance of two 

ground layers, the higher thermal conductivity facilitated a faster dissipation of heat to distant 

locations in the lower ground layer. Consequently, at the borehole wall, the temperature change in 

the lower layer is relatively smaller compared with that in the upper layer. By comparing the 

temperature profiles, it becomes evident that the impact of the ground surface condition can be 

observed throughout the entire borehole. In comparison to the case with ℎ 𝑘⁄ = 0.5, employing 

the first-type boundary condition underestimates the mean borehole wall temperature by 0.88%, 

1.44%, and 1.87% at approximately 1 year, 10 years, and 80 years, respectively. Furthermore, in 

comparison to the case with the perfectly insulated ground surface (ℎ 𝑘⁄ = 0), the underestimation 

is even more significant. It exceeded 1.61%, 3.74%, and 8.34% at approximately 1 year, 10 years, 

and 80 years, respectively. In this case, the underestimation of temperature was still notable at 70 

m below the ground surface, which corresponds to the bottom of the borehole. The underestimation 

exceeded 1.27%, 2.99%, and 6.85% at approximately 1 year, 10 years, and 80 years, respectively. 

This finding contradicts the observations in the literature. Established analytical solutions [50-53, 

82] that employ the third-type boundary conditions have reported that the impact of the ground 

surface condition diminishes a few metres below the surface. For instance, in the scenario 

investigated by Rivera et al. [50], the depth impacted by the ground surface condition was found 

to be less than 7.5 m at steady-state conditions (𝐹𝑜 = ∞).  

The contrasting results in our study can be attributed to the influence of heat-carrying fluid 

circulation. The circulation of the fluid within the borehole results in a non-uniform distribution 

of the heat transfer rate along the depth of the borehole, as shown in Figure 5-11. In comparison 

to the homogeneous boundary condition of the first-type, the third-type boundary condition results 
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in reduced heat transfer near the ground surface and more heat transfer at greater depths. With 

more heat being injected at greater depths, the surrounding temperature accordingly experiences a 

greater increase. By incorporating the ground surface condition with the heat-carrying fluid 

circulation, the MVQ solution prevents underprediction of temperatures at greater depths. 

Consequently, using the MVQ solution avoids overestimation of the geothermal potential, and 

helps prevent undersized designs. 
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Figure 5-10. Dimensionless temperature profiles along the borehole length at three different times. 
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Figure 5-11. Heat transfer rate profiles at about 80 years 

 

5.4.4 Influence of the nonhomogeneous boundary condition on the temperature 

One primary characteristic of the MVQ solution is to include the contribution of the 

nonhomogeneous boundary condition. Figure 5-12 presents the dimensionless mean borehole wall 

temperature resulting from a unit heat flux at the ground surface. The temperature response 
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demonstrates a consistent increase as the Fo value increases, indicating that the nonhomogeneous 

ground surface condition has an impact on the long-term temperature changes in the ground. The 

influence of the nonhomogeneous boundary condition is crucial in practical BHE applications, 

particularly when there is a disparity between heating and cooling loads. In cold climates such as 

Edmonton (Alberta, Canada), the annual heating load is significantly higher (3.8-fold) than the 

annual cooling load [182]. When operating the BHE system for heating purposes, the ambient 

temperature is typically colder than the ground temperature, resulting in heat loss from the ground 

surface to the surrounding environment. Excess cooling at the ground surface can accumulate in 

the ground, gradually lowering the average temperature over time. In this case, neglecting the 

nonhomogeneous boundary condition may overestimate the thermal potential of the ground, 

leading to undersized designs of ground heat exchangers. Undersized designs can limit the heat 

transfer capacity of the system, causing insufficient heating performance and potentially requiring 

additional heating sources. By accounting for the nonhomogeneous boundary condition, the MVQ 

solution aids in preventing undersized designs of BHE systems, optimizing their performance, and 

maximizing energy efficiency. 
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Figure 5-12. The dimensionless mean borehole wall temperature response to a unit heat flux at the 

ground surface as a function of Fourier number. 

 

5.5. Conclusion  

This study presents an innovative solution for borehole heat exchangers (BHEs) drilled in the 

layered ground, incorporating a third-type boundary condition. This solution extends the MVQ 

solution (Multilayered ground with Varying heat transfer rates) proposed in our previous study. 

The significant contribution of this study lies in accounting for the impact of the ground surface 

condition. Additionally, the MVQ solution exhibits remarkable accuracy, making it a valuable tool 

for improving the BHE design. Based on the study, the following conclusions can be drawn: 
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(1) The MVQ solution was verified by comparing it with an exact solution (i.e., line heat 

source solution) in the homogenous ground. The maximum relative error was found to be 

less than 0.2% between the MVQ solution and the exact solution. Additionally, the MVQ 

solution was compared with a two-dimensional finite element model created using 

COMSOL Multiphysics, and the maximum relative difference was found to be less than 

0.61%. These minor discrepancies are deemed acceptable within engineering applications. 

The MVQ solution, given its remarkable accuracy, holds significant potential for designing 

BHEs. 

(2) The influence of the ground surface condition was addressed in the MVQ solution. It has 

been observed that this influence is particularly significant in the case of short boreholes 

for a longer period of time. For the given parameters in this study, the relative difference 

from different boundary conditions may be up to 26.3% for a 15-metre BHE at 𝐹𝑜 =

2 × 105. By accounting for the impact of the ground surface condition, the MVQ solution 

enables accurate prediction of the ground temperature. Consequently, this solution can 

contribute to refining the design of BHE systems. 

(3) It is the first time to consider the synergistic effect of the circulating fluid and the ground 

surface condition in analytical solutions. This synergistic effect leads to an extension of the 

impact of the ground surface boundary to greater depths. In comparison to the case with a 

perfectly insulated ground surface, employing the first-type boundary condition leads to a 

notable underestimation of the temperature in the ground by approximately 8.34%. Such 

underestimation is even apparent at a depth of 70 meters below the ground surface, with a 

value of 6.85%. By incorporating the heat transfer inside the borehole, the MVQ solution 
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prevents underprediction of temperatures at greater depths. This is crucial for accurate 

temperature analysis and preventing undersized designs of BHE systems. 

 

Appendix 5-C. Green’s functions and their integrals used in the study 

The Green’s functions GZ32, GZ22, and Gz20, used to describe the topmost, intermediated and 

bottommost ground layers, can be found in Appendix X of the book [135] 

 

 𝐺𝑍32(𝑧, 𝑡│𝑧
′, 𝜏) =

2

𝐿𝑖
∑ {

𝛽𝑚
2 + 𝐵2

𝛽𝑚
2 + 𝐵2 + 𝐵

exp [−
𝛽𝑚
2 𝛼𝑖(𝑡 − 𝜏)

𝐿𝑖
2 ] cos [𝛽𝑚 (1 −

𝑧

𝐿𝑖
)] cos [𝛽𝑚 (1 −

𝑧′

𝐿𝑖
)]}

∞

𝑚=1

 (C-1) 

 𝐺𝑍22(𝑧, 𝑡│𝑧
′, 𝜏) =

1

2√𝜋𝛼𝑖(𝑡 − 𝜏)
∑ {exp [−

(2𝑚𝐿𝑖 + 𝑧 − 𝑧
′)2

4𝛼𝑖(𝑡 − 𝜏)
] + exp [−

(2𝑚𝐿𝑖 + 𝑧 + 𝑧
′)2

4𝛼𝑖(𝑡 − 𝜏)
]}

∞

𝑚=−∞

 (C-2) 

 𝐺𝑍20(𝑧, 𝑡│𝑧
′, 𝜏) =

1

2√𝜋𝛼𝐼(𝑡 − 𝜏)
{exp [−

(𝑧 − 𝑧′)2

4𝛼𝐼(𝑡 − 𝜏)
] + exp [−

(𝑧 + 𝑧′)2

4𝛼𝐼(𝑡 − 𝜏)
]} (C-3) 

 

where 𝐵 =
ℎ

𝑘1
𝐿1 and 𝛽𝑚 tan 𝛽𝑚 = 𝐵 is the eigencondition. 

The integrals of these Green’s functions over z’ for a line heat source segment (𝐷𝑗−1 < 𝑧
′ < 𝐷𝑗) 

are 
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∫ 𝐺𝑍32(𝑧, 𝑡│𝑧
′, 𝜏)𝑑𝑧′

𝐷𝑗

𝑧′=𝐷𝑗−1

=
2

𝛽𝑚
∑ {

𝛽𝑚
2 + 𝐵2

𝛽𝑚
2 + 𝐵2 + 𝐵

exp [−
𝛽𝑚
2 𝛼𝑖(𝑡 − 𝜏)

𝐿𝑖
2 ]

∞

𝑚=1

× cos [𝛽𝑚 (1 −
𝑧

𝐿𝑖
)] {sin [𝛽𝑚 (1 −

𝐷𝑗−1

𝐿𝑖
)] − sin [𝛽𝑚 (1 −

𝐷𝑗

𝐿𝑖
)]}} 

(C-4) 

 

∫ 𝐺𝑍22(𝑧, 𝑡│𝑧
′, 𝜏)𝑑𝑧′

𝐷𝑗

𝑧′=𝐷𝑗−1

=
1

2
∑ {erf (

2𝑚𝐿𝑖 + 𝑧 − 𝐷𝑗−1

√4𝛼𝑖(𝑡 − 𝜏)
) − erf (

2𝑚𝐿𝑖 + 𝑧 − 𝐷𝑗

√4𝛼𝑖(𝑡 − 𝜏)
)

∞

𝑚=−∞

− erf (
2𝑚𝐿𝑖 + 𝑧 + 𝐷𝑗

√4𝛼𝑖(𝑡 − 𝜏)
) + erf (

2𝑚𝐿𝑖 + 𝑧 + 𝐷𝑗−1

√4𝛼𝑖(𝑡 − 𝜏)
)} 

(C-5) 

 

∫ 𝐺𝑍20(𝑧, 𝑡│𝑧
′, 𝜏)𝑑𝑧′

𝐷𝑗

𝑧′=𝐷𝑗−1

=
1

2
{erf [

𝑧 − 𝐷𝑗−1

√4𝛼𝐼(𝑡 − 𝜏)
] − erf [

𝑧 − 𝐷𝑗

√4𝛼𝐼(𝑡 − 𝜏)
] + erf [

𝑧 + 𝐷𝑗

√4𝛼𝐼(𝑡 − 𝜏)
]

− erf [
𝑧 + 𝐷𝑗−1

√4𝛼𝐼(𝑡 − 𝜏)
]} 

(C-6) 

 

The Green's function GR00 in Equation (5-9) is challenging to integrate over r’, thus its other form 

is considered [51] 

 

 

1

4𝜋𝛼(𝑡 − 𝜏)
𝑒𝑥𝑝 (−

𝑟2 + 𝑟′
2

4𝛼(𝑡 − 𝜏)
) 𝐼0 (

𝑟𝑟′

2𝛼(𝑡 − 𝜏)
)

=
1

2𝜋
∫ exp[−𝛼(𝑡 − 𝜏)𝛽2]𝐽0(𝛽𝑟)𝐽0(𝛽𝑟

′)𝛽𝑑𝛽
∞

𝛽=0

 

(C-7) 
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where 𝐽0(𝑋) is a zero-order Bessel function of the first kind. This form allows the independent 

computation of the integral over r’ and the average over r, since they are performed on separate 

terms, 

 

 
∫ 𝐽0(𝛽𝑟

′)2𝜋𝑟′𝑑𝑟′
𝑟𝑚

𝑟′=𝑟𝑚−1

=
2𝜋

𝛽
[𝑟𝑚𝐽1(𝛽𝑟𝑚) − 𝑟𝑚−1𝐽1(𝛽𝑟𝑚−1)] 

(C-8) 

 1

𝜋(𝑟𝑛
2 − 𝑟𝑛−1

2 )
∫ 𝐽0(𝛽𝑟)2𝜋𝑟𝑑𝑟
𝑟𝑛

𝑟=𝑟𝑛−1

=
2

𝛽(𝑟𝑛−1
2 − 𝑟𝑛

2)
[𝑟𝑛𝐽1(𝛽𝑟𝑛) − 𝑟𝑛−1𝐽1(𝛽𝑟𝑛−1)] 

(C-9) 

 

where 𝐽1(𝑋) is a first-order Bessel function of the first kind. 
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Chapter 6. Long-term performance of a vertical ground heat exchanger: a 

monthly simulation-based analysis 

6.1. Introduction 

To mitigate the severe consequences of climate change, nations worldwide have united under the 

banner of achieving net-zero emissions by 2050 [120]. One pivotal factor in attaining this goal is 

addressing the considerable contribution of heat consumption to global CO2 emissions, which 

accounts for more than 40% (13.1 Gt) of energy-related CO2 emissions in 2020 [163]. This statistic 

underscores the pressing need to tackle heat-related emissions, thereby underscoring the necessity 

for adopting high-efficiency heating and cooling systems. Among various measures to reduce the 

carbon footprint associated with heating, ground source heat pump systems (GSHP) have garnered 

increasing attention due to their potential for high energy efficiency and minimal greenhouse gas 

emissions [6]. By harnessing shallow geothermal energy from the Earth, GSHP systems offer a 

promising approach to decarbonizing the heating sector. 

A typical GSHP configuration includes essential components such as distribution systems within 

buildings, the heat pump itself, and the ground heat exchanger [8]. As illustrated in Figure 6-1. 

when heating is required, a mixture of antifreeze and water circulates through the system, 

absorbing geothermal heat from the ground and channelling it to the heat pump. Conversely, 

during warmer months, excess heat is transferred back into the ground. A significant challenge in 
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the design phase of GSHP systems centers on the proper sizing of the ground heat exchanger to 

satisfy the intended heat demand over its lifespan, which can span several decades. 

Heat
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Heating

(a) Heating

  

Heat
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Cold
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Figure 6-1. Schematics of BHEs system for space (a) heating and (b) cooling. 

 

One of the most widely employed types of ground heat exchanger is the vertical borehole heat 

exchanger (BHE) [9, 85, 183]. Over the last two decades, several simulation and design tools [19-

22] have been developed to facilitate the analysis of BHE systems. These tools encompasses both 

conductive heat transfer external to the borehole and convective heat transfer within the pipes, 

enabling the computation of the outlet fluid temperature. To solve the transient heat transfer 

problem external to a single borehole, a two-dimensional radial-axial mesh is employed, and an 

explicit finite difference method is utilized, as described in the study of Eskilson [23]. By 

superposing the solution for a single borehole across space for various geometric patterns (such as 

rectangular, circular, and open rectangular arrangements), the solution for borehole fields 

containing multiple boreholes can be evaluated [23, 49, 94]. Eskilson [23] converted the solution 
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of specific borehole field patterns into a set of non-dimensional thermal response factors, known 

as g-functions. These Eskilson's g-functions have been widely implemented in some tools such as 

GLHEPRO [19], Earth Energy Designer (EED) [20], eQuest [21] and EnergyPlus [22]. In contrast 

to the numerical approach, abundant analytical solutions [27-29, 35, 58-61, 68, 72] have been 

established for the transient heat transfer problem external to a single borehole. These analytical 

solutions offer an alternative means of calculating g-functions. The analytical solution [26] has 

also been implemented in the design tools such as Ground Loop Design (GLD) [25]. When the 

responses to a unit heat pulse is characterized using g-functions, the temperature evolution at the 

borehole wall due to time-varying heating and cooling loads can be predicted through the well-

known Duhamel’s theorem [32],  

 

 𝛥𝑇(𝑡) =
1

2𝜋𝑘𝑠

𝜕

𝜕𝜏
∫
𝑄(𝑡)

𝐻
𝑔 (
𝑡 − 𝜏

𝑡𝑠
,
𝑟𝑏
𝐻
,
𝐵

𝐻
)𝑑𝜏

𝑡

0

 (6-1) 

 

where ΔT [°C] is the temperature change at the borehole wall, ks [Wm-1K-1] is the ground thermal 

conductivity, Q [W] is the time-varying heating and cooling load, H [m] is the borehole length, t 

and τ [s] denotes the time, and g denotes the g-function. A g-function depends on three non-

dimensional parameters: (𝑟𝑏 𝐻⁄ ) is the ratio of the borehole radius over the borehole length; (𝐵 𝐻⁄ ) 

is the ratio of the borehole spacing over the borehole length; and (𝑡 𝑡𝑠⁄ ) is the non-dimensional 

time where 𝑡𝑠 =
𝐻2

9𝛼
 is the steady-state time, and α [m2s-1] is the ground thermal diffusivity. Once 

the borehole wall temperature is established, the fluid temperature can be approximated through a 

static analysis within the borehole region. 
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Over the past two decades, abundant (semi-)analytical solutions had been established to analyze 

the complex heat transfer processes for a single BHE, as alternatives to Eskilson's g-functions or 

FLS solutions. In Table 2, we present an overview of the key features and characteristics of these 

established solutions. In parallel with these (semi-)analytical solutions, numerical modelling is 

another vital tool for heat transfer analysis in the theoretical research of BHEs for studying 

complex and realistic scenarios, including situations involving temperature-dependent thermal 

properties [184, 185]. However, (semi-)analytical solutions are often favoured for engineering and 

practical applications due to their speed and simplicity. This preference arises because numerical 

simulations often demand substantial computational resources and can be time-consuming, 

primarily due to the large aspect ratio of the BHE and the broad time scales involved, ranging from 

hours to decades in lifecycle simulations. 

In preceding chapters, we proposed a solution that can supplant Eskilson’s g-functions or FLS 

solutions. The proposed solution is named the MVQ solution, which stands for "Multilayered 

ground with Varying heat transfer rates." As the name implies, a primary characteristic of the 

MVQ solution is to address the non-uniform distribution of heat transfer rate for a BHE within the 

multilayered ground. To showcase the refined method based on the MVQ solution, a long-term 

monthly simulation was conducted. This refined method seeks to deepen the comprehension of 

ground conditions in BHE simulations and to provide more accurate approximations of their long-

term behaviour.
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Table 6-1. Summary of heat transfer models for vertical BHE simulations. 

Studies Methods 

Axial 

heat 

transfer 

Layered 

ground 

profile 

Ground 

-water 

flow 

Nonuniformity 

of heat 

transfer rate 

Robin 

boundary 

condition 

Comments 

Ingersoll and 

Plass [186], 

Carslaw and 

Jaeger [31] 

Infinite line 

source model* 
     

It is the first presented model related to the BHE 

problem.  

Eskilson [23], 

Zeng et al [27], 

Lamarche and 

Beauchamp [28] 

Finite line 

source (FLS) 

model      

The FLS model can predict long-term responses, 

taking into account axial heat transfer. The 

integration of these solutions and the application of 

spatial superposition principles have been 

extensively used in BHE designs. 

Cimmino et al. 

[38] 
Segmented 

FLS 

     

To the best of the author's knowledge, this study is 

the first to address the non-uniformity of the heat 

transfer rate along the borehole length in analytical 

solutions. In this model, the line source is divided 

into multiple segments, and the ground temperature 

response can be evaluated by summing up the 

contributions from all these segments. 

Abdelaziz et al. 

[58], Jin et al. 

[62] 

Segmented 

FLS and 

composite 

section 

method      

The composite medium method, introduced by 

Abdelaziz et al. [58], provides reasonable 

approximations of ground temperature. It has been 

widely accepted and has been utilized in numerous 

other studies [62-65]. However, it is important to 

note that this approach is not derived directly from 

the governing equation, and the expression 

presented by Abdelaziz et al. [58] does not fulfill the 

ground surface boundary condition. 

Luo et al. [63, 

65] 
Segmented 

FLS and 

composite 

section 

method 

     

The composite medium method was implemented to 

account for multilayered ground conditions. To the 

best of the author's knowledge, this solution, by 

accounting for variations in heat transfer rates, 

might significantly reduce errors in temperature 
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Studies Methods 

Axial 

heat 

transfer 

Layered 

ground 

profile 

Ground 

-water 

flow 

Nonuniformity 

of heat 

transfer rate 

Robin 

boundary 

condition 

Comments 

predictions caused by the composite medium 

method. 

Bnilam and Al-

Khoury [125] 
Spectral 

element 

method 
     

Several solutions have been proposed for a BHE 

within multilayered ground using various methods. 

From the author's perspective, the solution presented 

by Guo et al. [72] seems to be more easily 

extendable to scenarios involving more than three 

layers when compared to other solutions. 
Pan et al. [59] Integral-

transform 

method 
     

Zhang et al. [66] Separation of 

variables 
     

Guo et al. [72] 

(Chapter 4) 

Unsteady 

surface 

element 

method 

     

Diao et al. [49] Moving 

infinite line 

source (MILS) 

model  

     

This model incorporated the influence of 

groundwater velocity on BHE responses by 

applying the moving source theory [31]. 

Molina-Giraldo 

et al. [35] 

Moving finite 

line source 

(MFLS) 

model  

     

It is a combination of the FLS solution and MILS 

solution. 

Hu [61], Erol 

and Francos [64] 

Segmented 

MFLS 
     

These solutions were expanded from the MFLS 

solution to encompass the BHE in multilayered 

ground conditions. In comparison to the other two 

solutions, our solution effectively addresses 

variations in heat transfer rates over both time and 

depth, thus avoiding temperature overpredictions by 

up to 32.72%. 

Guo et al. 

(Chapter 3) 

Segmented 

MFLS and 

composite      
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Studies Methods 

Axial 

heat 

transfer 

Layered 

ground 

profile 

Ground 

-water 

flow 

Nonuniformity 

of heat 

transfer rate 

Robin 

boundary 

condition 

Comments 

section 

method 

Pan et al. [82] Integral-

transform 

method 
     

These solutions are formulated considering a 

homogeneous ground with a Robin (or third-type) 

boundary condition. Additionally, Rivera et al. [49, 

50] considered horizontal groundwater flow, while 

Zhou et al. [51, 52] accounted for groundwater flow 

in both horizontal and vertical directions. 
Rivera et al. [50, 

51], Zhou et al. 

[52, 53] 

Green’s 

function 

method 
     

Guo et al. 

(Chapter 5) 

Unsteady 

surface 

element 

method 
     

It is the first time to consider the synergistic effect 

of the circulating fluid and the ground surface 

condition in analytical solutions. This synergistic 

effect leads to an extension of the impact of the 

ground surface boundary to greater depths. 

* Most of the listed line source models were solved using the Green's function method. 
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6.2. Case study 

The case study focuses on simulating a single borehole heat exchanger (BHE) for a commercial 

building located in Edmonton, Alberta. To exemplify the refined method, this study incorporated 

the design specifications of the ground heat exchanger, alongside ground thermal properties and 

the monthly heating and cooling loads, into the MVQ solution. In parallel, a comparison was drawn 

by executing a simulation using the GLD software and developing a numerical model through 

COMSOL Multiphysics, utilizing identical input parameters for a long-term assessment. 

6.2.1 Thermal properties and geometric parameters 

The case study considered a simplified double-layered ground configuration, aimed at 

emphasizing the consequences of a non-uniform distribution of heat transfer rates in a BHE. The 

layer interface divided the borehole into two equal parts. The upper layer extended from the ground 

surface to the middle of the borehole, and the lower layer extended from there to infinity. The 

thermal conductivity values assigned to these layers were distinct, with 1.0 and 2.0 Wm−1K−1 for 

the upper and lower layers, respectively. To facilitate clarity in the discussion, the volumetric heat 

capacity value was kept uniform at 2.0 × 106 Jm-3K-1 for both layers. The borehole was designed 

based on a real world BHE project in Edmonton, Canada [97]. Its geometric parameters and 

thermal properties are listed in Table 6-2.  
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Table 6-2. Parameter inputs for simulations 

Parameter Symbol Value 

Undisturbed ground temperature 𝑇0  6 °C 

Grout thermal conductivity kg 1.47 Wm-1K-1 

Grout volumetric heat capacity (𝜌𝑐)𝑔  3.21 × 106 Jm-3K-1 

Pipe thermal conductivity kp 0.38 Wm-1K-1 

Fluid thermal conductivity kf 0.60 Wm-1K-1 

Fluid volumetric heat capacity (𝜌𝑐)𝑓  4.11 × 106 Jm-3K-1 

Fluid viscosity μ 0.00255 kgm-1s-1 

Average flow rate of working fluid V 0.00271 m3s-1 

Length of the borehole H 70 m 

Borehole radius rb 45.95 mm 

Pipe outer radius ro 13.35 mm 

Pipe wall thickness  2.45 mm 

Shank spacing d 48.00 mm 
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6.2.2 Heating and cooling loads 

The building was meticulously designed to achieve net-zero energy consumption, signifying that 

it will generate as much energy on-site as it consumes within a year. Numerous measures were 

implemented to reduce the energy demands, encompassing enhancing the building envelope, 

installing energy-efficient mechanical systems and lighting, introducing well-insulated windows, 

and more. Consequently, the energy modelling revealed that the cooling demands of the building 

surpass its heating demands on an annual basis due to the large amounts of internal gains (coming 

from lightening, people, electrical equipment and appliances, solar radiations through transparent 

surfaces). Specifically, the annual cooling and heating loads are quantified at 140,986 and 35,013 

kWh, respectively. In response to this unique energy profile, the design firm has devised a 

geothermal field consisting of 32 boreholes. Detailed design specifics are confidential and 

therefore not disclosed in this thesis.  

The design firm has provided the cooling and heating load data on an hourly basis thought the 

year. To suit the input requirements of the design tool GLD [25], we have integrated these hourly 

loads into monthly data sets, as depicted in Figure 6-2. In this study, simulations were extended 

over a period of 30 years that is the typical lifespan of BHE systems.  
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Figure 6-2. A simplified cyclic thermal load for a single borehole. 

 

6.2.3 BHE simulation and design methods  

The thermal performance of the Borehole Heat Exchanger (BHE) was assessed through three 

different methods, including simulation with GLD software, a numerical model built using 

COMSOL Multiphysics, and the refined method involving the MVQ solution. 
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 GLD software 

GLD [25] is a commercial design tool extensively employed for the design of GSHP systems. 

According to the International Ground Source Heat Pump Association (IGSHPA), GLD is 

recognized as the world’s leading commercial design tool and is employed by design professionals 

in over 60 countries [187]. In the context of BHE design, GLD offers a dedicated Borehole Design 

module that serves as a comprehensive platform for inputting various design parameters. These 

parameters are organized into distinct panels that align with specific categories such as fluid, soil, 

and bore. Once parameters have been filled, the software then undertakes calculations to determine 

key outputs such as borehole wall temperature and fluid temperature. The calculation process is 

outlined in Figure 6.3 and is also employed in many other design tools [19-22], making it a 

commonly used approach for BHE system design. Overall, GLD's efficient framework streamlines 

the entire design process, making it user-friendly and intuitive for engineers in the field. 
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Figure 6-3.The flowchart of the BHE simulation process commonly used in BHE design tools. 

 

Within the GLD software, the double-layered ground configuration under investigation was 

simplified into a homogeneous body, as boxed in Figure 6-4 (b). Consequently, the effective 

thermal properties were automatically derived through the computation of a weighted arithmetic 

mean value. It is important to acknowledge that such a simplification overlook the complexities 

inherent in the actual system, potentially leading to insufficient designs. The limitations of this 

simplification will be discussed in detail in Section 6.3. 
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Figure 6-4. User interfaces of the GLD for inputting design parameters in categories such as (a) 

circulating fluid, (b) the ground, (c) borehole, and (d) borehole field arrangement. 

 

 Numerical model 

The thermal behaviour of the BHE and its surrounding can also be simulated through numerical 

models constructed in a finite element (FE) software package. However, the numerical modelling 
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and simulation of transient heat transfer within the BHE prove to be significantly computationally 

intensive due to the extreme aspect ratio of the BHE [188]. In order to mitigate the computational 

burden, Al-Khoury and Bonnier [189] first introduced an approach of using one-dimensional finite 

element representations to model the region within the BHE. Furthermore, in an alternative 

strategy, Diersch et al. [188] proposed that the region within the BHE can be modelled utilizing 

an analytical model, i.e., the delta-circuit thermal resistance model [136]. This model was 

developed on the assumption that thermal equilibrium is immediately established between the inlet 

and outlet pipes at any given time. For long-term predictions, the analytical solution under this 

assumption has demonstrated notable accuracy and reliability, thereby offering a viable approach 

[137].  

The strategy proposed by Diersch et al. [188] was implemented within the framework of this study 

to mitigate computational requirements. More specifically, we seamlessly integrated COMSOL 

Multiphysics with MATLAB using the LiveLink for MATLAB, as depicted in Figure 6-5. This 

feature enabled the creation of a MATLAB file version of simulations developed in COMSOL 

Multiphysics. With this functionality, we utilized the COMSOL Multiphysics solvers to handle 

transient heat transfer outside the borehole, while concurrently conducting the static heat transfer 

analysis within the borehole using MATLAB computing software.  



227 
 

 

Figure 6-5. The illustration of the BHE simulation using numerical modelling. This simulation 

seamlessly integrates COMSOL Multiphysics with MATLAB, allowing the modelling through 

programming within the MATLAB environment. 

 

Building the COMSOL model object involves several steps: 

Geometry: A two-dimensional (2-D) axisymmetric model was constructed for conducting 

finite element analyses. In this model, the BHE systems were represented using a set of 

line segments that substitutes the BHE components, including the fluid, pipes, and grout. 

The model domain needs to be large enough to represent the ground, which is considered 

a semi-infinite medium. Based on a domain independence test, it was determined that a 

model domain measuring 500 meters in width and 500 meters in thickness is sufficiently 

large. This size ensures that external boundary conditions do not disrupt the temperature 

distributions within the ground.  
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Physics: The Heat Transfer in Solids Interface is used to model the BHE problem. A 

uniform initial ground temperature of 6 °C was assigned to the entire domain, mirroring an 

undisturbed ground temperature (𝑇0). To model the BHE, line heat sources were applied 

along the line segments that represent the borehole. As exemplified in Figure 6-6, the 

magnitude of these line heat sources were determined by evaluating the thermal resistance 

model [136] within the MATLAB environment. These magnitudes can be either positive 

or negative, corresponding to the heat injection or extraction associated with the BHE.  

Mesh: A mesh was created for the 2-D axisymmetric model. To anticipate higher 

temperature gradients near the borehole, a denser concentration of elements was allocated 

in that specific region. A common characteristic of numerical models is that their results 

are influenced by the mesh size. In order to mitigate this dependency, a convergence test 

was executed. The mesh resolution was systematically refined by progressively increasing 

the element count in the vicinity of the borehole and across the entire domain until a mesh-

independent solution was achieved. Finally, the mesh used in the simulation is shown in 

Figure 6-7. 

Study: A Time Dependent study was added for the transient heat transfer problem. 
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Figure 6-6. The simplification of the BHE with a series of line segments in the numerical model. 

These line segments are associated with a delta-circuit thermal resistance model that is tailored to 

simulate the heat transfer of a single U-shaped BHE. 
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Figure 6-7. Two-dimensional triangular mesh used in numerical simulations. (Finer elements 

meshed at areas that were close to the borehole, and coarser elements meshed at regions that were 

relatively far away.) 

 

The constructed COMSOL model object is shown in Figure 6-8. This COMSOL model object was 

seamlessly integrated with MATLAB through LiveLink for MATLAB. The major benefit of this 

integration is to command the COMSOL model using MATLAB scripts, including tasks such as 

updating the line heat sources. Another benefit is the ability to access results from the MATLAB 

workspace, allowing for tasks such as probing the borehole wall temperature. Once the COMSOL 

model object is constructed and the MATLAB scripts are prepared, the simulation can be executed 

within the MATLAB environment. 
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Figure 6-8. The constructed COMSOL model object and the associated MATLAB file. 

 

 Refined method based on the MVQ solution 

Figure 6-9 shows a refined method for BHE simulation based on the MVQ solution that has been 

extensively introduced in Chapters 3-5. This refined method was implemented in MATLAB, 

where numerous commands and MATLAB functions were combined to create MATLAB scripts 

that automate the entire calculation process. By simply modifying input parameters according to 
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the specific case, running the script will return the borehole wall temperature and the fluid 

temperature. Several screenshots of the MATLAB script are presented in Figure 6-10. 

 

Figure 6-9. The illustration of the refined BHE simulation method based on the MVQ solution. 

 

 

Figure 6-10. Screenshots of MATLAB scripts for the BHE simulation. This includes (a) input 

parameters and (b) the MVQ solution, results in the MATLAB workspace, and a plot of the 

borehole wall temperature. 
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6.2.4 Coefficient of performance and energy efficiency ratio 

The efficiency of a GSHP system is typically measured by its coefficient of performance (COP) 

and energy efficiency ratio (EER). The COP is a ratio that indicates the amount of heat (in kW) 

the heat pump transfers for each unit of electrical energy (in kW) it consumes, and EER is 

determined by dividing the cooling capacity of the heat pump (in Btu/h) by the electrical energy 

input (in W) at a specific temperature. A higher COP indicates better heating efficiency, while a 

higher EER points to better cooling efficiency. 

As introduced in studies by Tang and Nowamooz [190], Hein et al. [191], and Casasso and Sethi 

[192], the heat pump COP can be modeled as a linear function of the outlet temperature of the 

circulating fluid (Tout), also referred to as the inlet temperature of the heat pump. Drawing on 

information from Bosch [193], a linear relationship was established between the fluid outlet 

temperature and the COP, specifically for their water-to-air geothermal heat pump. In contrast, a 

parabolic relationship could potentially offer a more accurate fitting when considering the fluid 

outlet temperature in relation to the EER. Figure 6-11 illustrates these relationships derived 

through data fitting analysis. 
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Figure 6-11. Variation of heat pump COP in heating mode and heat pump EER in cooling mode. 

 

6.3. Results and discussion 

Figure 6-12 depicts the average temperature at the borehole wall analyzed across a 30-year 

operational period. It is worth noting that the COMSOL simulation was limited to a 10-year span 

due to the substantial computational resources required by the numerical model. Despite this 

shorter timeframe, it shows a significant agreement between the outcomes from the refined method 

and the COMSOL modelling. In particular, the maximum temperature difference at the borehole 

wall throughout the 10-year simulation period was merely 0.15 °C. A comparison was conducted 
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between the results obtained from COMSOL modelling and the temperature measurements 

recorded during the sandbox experiments conducted by Beier et al. [13]. 

Over the span of the 30-year operational period, the ground exhibited gradual warming due to the 

accumulation of yearly net thermal storage within it. This observation is pertinent considering the 

cooling-dominant nature of the case under investigation. During the 1st year, the average 

temperature obtained from the COMSOL simulation exhibited fluctuations spanning from 3.22 °C 

to 14.58 °C, yielding a range of 11.36 °C. In comparison to the COMSOL simulation wherein the 

multilayered ground configuration is considered, the outcomes from the GLD software indicate 

that the simplification of stratified ground as a homogenous body leads to an overestimation of the 

average borehole wall temperature. The maximum overestimation, by about 1.17 °C, was found in 

August. By the 10th year, the average temperature at the borehole wall had risen, peaking at 15.44 

°C in August. This upward trend in temperature resulted in a corresponding amplification in 

discrepancies between the results obtained from the COMSOL simulation and the GLD software. 

Notably, the maximum overestimation was measured at 1.72 °C in August, underscoring the 

significance of stratified ground in augmenting the performance of the BHE in the analyzed case.  
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Figure 6-12. Average temperature at the borehole wall over a 30-year operational span. 

 

To quantify this effect in terms of BHE length, a systematic simulation was undertaken wherein 

progressively shorter BHEs were simulated until the outcomes aligned with those from the GLD 

software. As illustrated in Figure 6-13, when the multilayered ground configuration was taken into 

account, it was determined that a BHE with a depth of 60 meters could effectively meet the same 

heating and cooling requirements as a 70-metre BHE analyzed with the GLD software. In other 

words, by incorporating the multilayered ground configuration into the engineering design of 

BHEs, it is possible to achieve approximately 14.3% reduction in BHE length without 

compromising thermal performance. This reduction in length carries substantial implications in 
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terms of cost savings. In a practical context, the cost of drilling and installing BHEs in Canada is 

estimated at around C$70 per metre [194]. Given this context, the geothermal field in this case 

study consisting of 32 boreholes could be saved by about C$22,400. This financial advantage 

underscores the practical importance of this refined method, utilizing the MVQ solution, in the 

engineering design of BHEs. 

 

Figure 6-13. Average borehole wall temperature of a shortened BHE (60 m) obtained from the 

refined method. 

 

Table 6-3 lists the COP over the heating season and seasonal energy efficiency ratio (SEER) over 

the cooling season of the first decade. The SEER is determined by dividing the total cooling output 
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provided over the cooling season (in Btu) by the total electrical energy consumption of the heat 

pump (in Wh). It decreases from 30.6 to 29.5 due to the ground temperature rise in a cooling-

dominant case. In comparison to air conditioner (AC) units, most of which fall within a 13 to 21 

SEER rating, the application of GSHP systems can lead to an energy consumption reduction of 

over 28% in space cooling. On the contrary, the most prominent advantage of employing a GSHP 

system lies in its high efficiency for heating applications. In comparison to electric furnaces, a 

GSHP system can potentially yield energy consumption savings of approximately 77%.  

Taking the CO2 equivalent emissions into consideration, which on average is 540 grams per 

kilowatt-hour of electricity consumed in Alberta, Canada [195], the operation of a GSHP system 

has the capacity to reduce CO2 equivalent emissions by more than 18 tonnes annually. The savings 

in CO2 equivalent emissions over the 30-year operational period was plotted in Figure 6-14.  This 

comparison underscores the energy-efficient and environmentally-friendly attributes of GSHP 

technology. In the case invested in this study, the GSHP system is employed for space heating and 

cooling purposes. Given its notable efficiency, it is recommended to explore the integration of 

domestic water heating, which could further enhance the overall efficiency of the energy systems. 
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Table 6-3. System efficiencies and energy savings. 

Year 

Cooling Heating 

CO2e-

savingc (t) SEER 
Input electrical 

energy (kWh) 

Energy-

savinga 
COP 

Input electrical 

energy (kWh) 

Energy-

savingb 

1 30.6 15699 31.5% 4.30 8134 76.8% 18.41 

2 30.2 15955 30.4% 4.35 8047 77.0% 18.32 

3 29.9 16069 29.9% 4.37 8011 77.1% 18.27 

4 29.8 16141 29.5% 4.38 7990 77.2% 18.25 

5 29.7 16194 29.3% 4.39 7975 77.2% 18.23 

6 29.6 16234 29.1% 4.40 7963 77.3% 18.21 

7 29.6 16266 29.0% 4.40 7954 77.3% 18.20 

8 29.5 16293 28.9% 4.41 7946 77.3% 18.19 

9 29.5 16316 28.8% 4.41 7940 77.3% 18.18 

10 29.5 16335 28.7% 4.41 7934 77.3% 18.17 

a Comparing with 21 SEER AC units. 

b Comparing with electric furnaces. 

c Referring to 540 grams of CO2 equivalent per kilowatt hour (540 g/kWh) [195]. 

 



240 
 

 

 

Figure 6-14.Saving of energy consumption and CO2 equivalent emissions over the span of the 30-

year operational period. 
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It is essential to recognize that, beyond electric-driven heat pumps, vapor-compression cycles of 

heat pumps can also be directly powered by a diesel engine [196] or a gas engine [197, 198]. In 

the case of an engine-driven heat pump, the incorporation of waste heat recovered from the engine 

coolant and exhaust gas makes the system highly energy-efficient [196, 199]. For instance, in a 

performance analysis of a diesel engine-driven heat pump [196], it was determined that the heat 

output relative to the fuel heat input ratio can reach up to 1.33. This high-efficiency underscores 

the potential of a diesel-driven heat pump as a practical solution for providing heating and cooling 

at off-grid mining sites, where conventional power sources may be limited. 

6.4. Conclusion  

This study has demonstrated a refined method for the design of borehole heat exchangers (BHEs) 

utilizing the MVQ (Multilayered ground with Varying heat transfer rates) solution proposed in 

earlier chapters. The investigation focused on assessing the thermal performance of a BHE within 

a commercial building over a 30-year operational span while incorporating monthly heating and 

cooling loads. The analysis involved the use of three methods: a conventional design tool named 

GLD, a numerical model created in COMSOL Multiphysics, and the refined design method 

employing the MVQ solution. Notably, the COMSOL simulation and the refined method 

considered a multilayered ground configuration. the GLD software simplified the multilayered 

ground configuration as a homogenous body. 

The comparative study underscored that the conventional design tools adopting the homogeneous 

assumption might lead to underestimation of the thermal potential within the ground. This 

underestimation, in turn, could result in an oversized design of the BHE. The influence of the 

multilayered ground configuration was quantified in terms of BHE length. The refined method 
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revealed that incorporating the multilayered ground configuration in the design process could lead 

to a reduction in the depth of the BHE by approximately 14.3% for BHEs designed to be 70 metres 

deep under the conditions investigated in this study. By accounting for this effect, the refined 

design method can make the overall system more efficient and cost-effective. In comparison to the 

conventional space heating and cooling methods, the operation of a GSHP system can potentially 

reduce energy consumption in heating by around 77% and in cooling by over 28%. 
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Chapter 7. Conclusions and recommendations for future work 

7.1. Conclusions 

The main work of this thesis is the development of new solutions for borehole heat exchangers 

(BHEs) to analyze the complex heat transfer processes. The proposed solution is named the MVQ 

solution, which stands for "Multilayered ground with Varying heat transfer rates." By introducing 

the MVQ solution, current BHE design methods can be refined, allowing for the consideration of 

more complex real ground conditions, including multilayered ground structures, groundwater 

flow, and ground surface conditions. With the MVQ solution, this thesis thoroughly analyzes and 

discusses the heat transfer process of vertical BHEs under real ground conditions. The main 

conclusions drawn from the study are summarized as follows: 

(1) The MVQ solution addresses the varying heat transfer rate for a BHE in the multilayered 

ground. Conventional solutions, which prescribe a uniform heat transfer rate along the 

borehole length, tend to overestimate the temperature of the ground layer with a relatively 

lower thermal conductivity value. In a double-layered scenario, the uniform heat transfer 

rate assumption resulted in a temperature overprediction of up to 97.55% for the given 

parameters. By addressing the heat transfer rate variation, the MVQ solution provides can 

accurate predictions of ground temperature changes, enabling a refined design of the BHE 

system. 

(2) The MVQ solution addresses the varying heat transfer rate for a BHE with an aquifer. 

Conventional solutions prescribe a uniform heat transfer rate along the borehole length, 

thus neglecting the thermal enhancement resulting from groundwater flow. The influence 

of groundwater flow was examined in three bedded layers, with the middle layer being the 
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aquifer. For the given parameters, the results showed an enhanced average heat transfer 

rate for the middle layer, increasing from 34.60 Wm-1 to 41.00 Wm-1 and 60.84 Wm-1 as 

the flow velocity increased from 10-8 ms-1 to 10-7 ms-1 and 10-6 ms-1, respectively. By 

addressing the varying heat transfer rate, the MVQ solution effectively considers the 

thermal enhancement due to groundwater flow, leading to a refined design of the BHE 

system. 

(3) The heat transfer rate in the multilayered ground is impacted by both the thermal 

conductivity ratio (𝑘1 𝑘2⁄ ) and volumetric heat capacity ratio ((𝜌𝑐)1 (𝜌𝑐)2⁄ ). The variation 

in volumetric heat capacity affects the heat transfer rate between layers primarily during 

the early period, and its impact gradually diminishes over time. In contrast, the 

inhomogeneity of thermal conductivity strengthens the heat transfer rate variation as time 

progresses in most cases. Additionally, when there are larger thermal conductivity ratios 

(e.g., 1/4), the heat transfer rate variation becomes more pronounced. For the specific 

parameters used in this study, when the thermal conductivity ratio was 1/4, the lower layer 

extracted heat approximately three times as quickly as the upper layer. 

(4) A novel solution has been proposed for analyzing heat transfer occurring outside the 

borehole in a multilayered body. This solution is based on the unsteady surface element 

method, which divides the layer interface into surface elements. To verify its accuracy, the 

solution was compared with an exact solution (line heat source solution) in a homogenous 

ground condition. The results of the comparison show that the maximum relative error is 

less than 1.6% when using only one surface element and is further reduced to 0.2% with 

three surface elements. In the comparison with a two-dimensional finite element (FE) 

model created using COMSOL Multiphysics, the maximum relative difference was found 
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to be less than 0.61% with three surface elements when the thermal conductivity ratio was 

1/4. This indicates that the novel solution is highly accurate, even with a relatively small 

number of surface elements. Overall, the minor discrepancies observed in the comparisons 

are considered acceptable within engineering applications. 

(5) The buried depth is a significant parameter in the design of the BHE systems. In the study, 

with given parameters (including a Peclet number of 7.5), the temperature response factor 

increased by about 1.01% as the buried depth of a single 70-metre borehole is increased 

from 0 m to 2 m. This increase raised to 1.83% and 3.23% in a 3 × 2 borehole field and a 

10 × 10 borehole field, respectively. These results highlight the significance of considering 

buried depth in the design of BHE systems, especially for larger-scale installations 

involving multiple boreholes. 

(6) The MVQ solution addresses the influence of the ground surface condition. This influence 

is particularly significant in the case of short boreholes for a longer period of time. For the 

given parameters in this study, the relative difference from different boundary conditions 

may be up to 26.3% for a 15-metre BHE after about 35.8 years. 

(7) It is the first time to consider the synergistic effect of the circulating fluid and the ground 

surface condition in analytical solutions. This synergistic effect leads to an extension of the 

impact of the ground surface boundary to greater depths. In the case with a perfectly 

insulated ground surface, conventional solutions (employing the homogenous boundary 

condition of the first-type) may lead to a notable underestimation of the ground temperature 

by approximately 8.34%. Such underestimation is even apparent at a depth of 70 meters 

below the ground surface, with a value of 6.85%. By incorporating the heat transfer inside 
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the borehole, the MVQ solution prevents underprediction of temperatures at greater depths. 

This is crucial for accurate temperature analysis and preventing undersized designs of BHE 

systems. 

(8) The refined method revealed that incorporating the multilayered ground configuration in 

the design process could lead to a reduction in the depth of the BHE by approximately 

14.3% for BHEs designed to be 70 metres deep under the conditions investigated in this 

study. By accounting for this effect, the refined design method can make the overall system 

more efficient and cost-effective. 

(9) From the viewpoint of time usage, the refined design method is more computationally 

efficient than numerical simulations. For the specific parameters used in this study, the 

refined design method consumed 1,394 s, which represents about a thirty-nine-fold 

reduction in computational time compared to numerical simulations. Because of its 

superior computational time and accuracy, the MVQ solution has great potential in the 

design of vertical BHEs. 

7.2. Key contributions 

The findings from this study are significant for the BHE applications. The key contributions of 

this thesis are listed as follows: 

(1) This study introduces a comprehensive and accurate approach for analyzing BHEs in 

complex ground conditions, including multilayered ground structures, groundwater flow, 

and ground surface conditions. This refinement overcomes the limitations of current design 

methods and enables more realistic simulations of BHE performance. 
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(2) For the first time, the axial variation of heat transfer rate is investigated for BHE with 

aquifers. The presence of groundwater flow in aquifers can significantly enhance the heat 

transfer rate in those layers, leading to improved overall thermal performance of the BHE 

system. The consideration of the varying heat transfer rate is indispensable for accurately 

predicting the thermal performance of BHE systems in such complex geological settings. 

(3) Innovatively, this study considers the synergistic effect of the circulating fluid and the 

ground surface condition in BHE design methods. This effect becomes important in 

practical BHE applications, especially when there is a disparity between heating and 

cooling loads. When a BHE system operates for heating purposes, the ambient temperature 

is typically colder than the ground temperature, leading to heat loss from the ground surface 

to the surrounding environment. This excess cooling at the ground surface can accumulate 

in the ground over time, gradually reducing the thermal potential of the ground. By 

accounting for this effect, the refined design method aids in preventing undersized designs 

and securing the long-term performance of the BHE systems. 

(4) The refined BHE method offers superior computational time and accuracy, making it a 

promising tool for designing vertical BHEs. It enhances the understanding and capabilities 

of the current design methods, paving the way for more effective shallow geothermal 

applications. 

(5) The case investigated in this study revealed that incorporating the multilayered ground 

configuration in the design process using the refined method could lead to a reduction in 

the depth of the BHE by approximately 14.3% for a 70-metre BHE. In comparison to the 

conventional space heating and cooling methods, the operation of a GSHP system can 
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potentially reduce energy consumption in heating by around 77% and in cooling by over 

28%, leading a saving of CO2 equivalent emissions by an estimated 18 tonnes annually. 

7.3. Limitations and future work 

(1) In order to fully utilize the refined method to consider multilayered ground structures, one 

needs the ground thermal properties in different layers. However, these data cannot be 

obtained from the conventional thermal response test [41] that is an indirect and in-situ 

method used to determine the integrated ground thermal property along the borehole length. 

A common approach to obtain thermal properties for ground layers is laboratory 

measurements of rock samples [54, 56]. However, variations in water content and in-situ 

stress can lead to significant differences in thermal conductivity between the in-situ 

condition and the laboratory condition, with deviations reaching as high as four times. 

However, due to alterations in water content and in-situ stress, the thermal conductivity 

measured in laboratory conditions can significantly differ from that observed in-situ, with 

variations as high as four times [200]. A feasible solution is to use distributed temperature 

sensing technologies, such as optical fiber sensor cables [54, 201] or temperature sensor 

cables [202], to measure temperature distribution along the length of the borehole. This 

allows the calculation of the thermal conductivity for each ground layer based on 

temperature changes. 

(2) The geothermal potential for BHE systems gradually diminishes during continuous 

operation and imbalanced loads. In cold climates, the heat extraction from the ground 

commonly exceeds the heat injection into the ground due to substantial heating demands. 

The disparity between cooling and heating loads results in the temperature drawdown in 
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the ground, leading to a lower Coefficient of Performance (COP) after a few years of 

operation. Introducing solar energy into the ground will compensate for the temperature 

reduction and enhance the overall efficiency of the system, as evidenced by studies [203-

205]. The current model for GSHPs can be extended to include solar heat. The hybrid 

systems will further enhance overall system efficiency, leading to substantial energy 

savings.  

(3) In Chapters 4 and 5, a novel solution was proposed for analyzing heat transfer occurring 

outside the borehole in a multilayered body. However, this solution is not applicable to 

BHEs with aquifers. To analyze the effect of aquifer, the composite medium method 

introduced by Abdelaziz et al. [58] was employed in Chapter 3 of the current study. It is 

important to note that this method [58] is not derived from the governing equation, which 

can lead to an error of up to 15% when the thermal properties vary significantly. As far as 

the authors' knowledge goes, there are only two approaches used in the established 

solutions to account for the multilayered ground condition with aquifers. One approach is 

the composite medium method, which has been widely adopted by many other studies [62-

65]. The alternative approach is to neglect the vertical heat transfer between layers [206], 

which may raise errors in the long-term. In comparison to these two approaches, the 

unsteady surface element method [170] used in the novel solution have possesses unique 

strengths in dealing with layered bodies. Therefore, the proposed solution needs to be 

further extended and improved to address the effect of aquifers. 

(4) In the thermal analysis within the borehole region, thermal resistance models [23, 127, 128, 

189, 207] are commonly employed, where the circulating fluid is represented as a lumped 

point. The lumped system assumes a uniform flow of the circulating fluid, which 
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contradicts the fact that the flow in the pipe is turbulent most of the time. In the literature 

to date, the influence of the uniform flow assumption has not been investigated. In future 

research, it is essential to systematically examine the difference in the borehole wall 

temperature caused by the uniform flow and turbulent flow. If a significant difference is 

observed, the effect of turbulent flow should be addressed in subsequent studies.  

(5) The refined design method for the shallow BHEs can generally be adapted for medium 

deep (MD) BHEs with the depth ranging from 200m to 3000 m. In the literature, thermal 

analysis of MD-BHEs is primarily conducted through numerical simulations [184, 208-

212]. These simulations typically involve solving the conductive and convective heat 

transfer, similar to the analysis for shallow BHEs. In the MD-BHE system, the temperature 

distribution typically varies between 20 °C and 90 °C. This relatively large temperature 

range in the reservoir significantly affects the physical and thermal properties of the 

circulating fluid and the ground, such as density, thermal conductivity, and volumetric heat 

capacity. It is vital to consider the non-linearity in the heat transfer problems when 

properties are temperature dependent. Addressing the nonlinear heat transfer is necessary 

to extend the validity of the BHE design method to deeper geothermal applications. 
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