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Abstract

We present an analysis of the superposed incremental deformations of lipid membranes in contact with a circular
substrate. A complete analytical solution describing the morphological transitions of lipid membranes is obtained via
Monge parametric representation and admissible linearization. The corresponding solution demonstrates smooth and
bounded behavior within the finite domain of interest (annular) and, more importantly, shows excellent stability as it
approaches the boundary of the circular substrate with the radius of convergence compatible with a few nanometers.
Under the prescription of the superposed incremental deformations, a complete analysis of the necessary boundary
conditions, the anchoring condition of the lipid molecules on an edge, and other geometrical quantities of the membrane
is illustrated for the case of the circular substrate—-membrane system.
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I. Introduction

In materials perspective, lipid membranes are not ‘simple’ in the sense of Noll [1] due to their distinct lipid
molecule configuration (phospholipids). The orientation of lipid molecules is, in general, accounted for by
introducing a director field ‘d’ in the constitutive modeling level (see, for example, [2]) further requiring the
computation of the strain gradient at each material point. This, together with the complex nature of lipid mem-
brane systems, results in highly non-linear coupled partial differential equations (PDEs), often referred to as
membrane shape equations. Despite their inherent complexity, unlike other non-linear PDE systems, membrane
shape equations enjoy a wide variety of numerical solutions with ensuing ‘smooth/stable’ behavior regard-
less of the choice of boundary conditions (Neumann, Dirichlet and/or mixed). This is mainly attributed to the
positive definiteness of the Helfrich energy potential [3] through the virtual work statement of liquid crystals
dictated by Ericksen [4, 5] and the elastic stability of the membranes with respect to uniqueness theorems
[6]. The aforementioned results further promote theoretical study of the mechanics of lipid membranes and
the resulting numerical models successfully predict various important cellular functions/phenomena such as
substrate—membrane interactions [7], thickness distensions [8] and vesicle formations [9, 10]. However, little
work has been devoted to the analytical aspects, since, in most cases, it is extremely difficult to determine analyt-
ical potentials of the corresponding PDE system satisfying the desired boundary conditions. A limited number
of analytical solutions are reported within the prescription of superposed incremental deformations [11] and
the Monge parametric surface representations (see, for example, [7, 10]), yet their practical implications may
be limited, since the solutions are defined on an unbounded infinite domain. This is due to the imposition of
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an asymptotic decay condition on a ‘remote’ boundary (physically infinite) in an effort to obtain smooth and
bounded solutions within the domain of interest (on the neighborhood of a substrate).

In this manuscript, we demonstrate a rigorous analysis of the superposed incremental deformations of lipid
membranes subjected to substrate interactions. Monge parameterization of a surface is adopted through which
a coupled PDE system is reduced to a single PDE solving the surface elevation of the membrane. In particular,
we adopt physically more deterministic boundary conditions, rather than imposing asymptotic decay conditions
on an external boundary, and obtain a complete analytic solution covering the finite domain of interest. The
resulting solution is smooth and bounded within a finite annular domain and demonstrates excellent stability
even when the radius of the inner boundary (substrate) converges to an order compatible with the nanoscale,
further indicating its ensuing practical applicability (e.g. membrane tethering experiments). In addition, a com-
plete analysis of the necessary boundary conditions is presented (including lipid anchoring conditions on an
edge) under the description of superposed incremental deformations in order to give clarity when applied to
similar kinds of problem. Lastly, we show that under a ‘small’ deformation regime there are no clear dis-
tinctions between the membrane surface (current/deformed configuration) and the projected plane (reference
configuration).

2. Preliminary: Surface geometry of lipid membranes

Let r(6*) define the parametric position vector in three-dimensional space of a point on the membrane surface
with coordinates 0%. The local surface orientation is then given by n(6%) = 58“5 a, X ag, where n is a unit
vector field and a, and ag are the tangent vectors on the deformed surface w defined by r , = 9r/96% = a,;
and £ = e“f/./a is the permutation tensor with @ = det |a,s|. Together, they consists local curvilinear
coordinate of a point on the membrane surface. Here, Greek indices take values of 1 and 2. Thus, for example,
we evaluate e* as e!! = €2 = 0, !> = —¢?! = 1. Einstein summation is applied for repeated indices. The
surface matric aqg is defined by a.g = a, - ag, where the dot stands for the conventional Euclidean inner product
on the enveloping three-dimensional surface. If @ = det(a.p) # 0, the inverse of the matrix surface matric a.g
exists (i.e. a® = (a,p)~") and is referred to as the dual matrix components of ag. In addition, a semi-colon
denotes surface covariant differentiation. For example, a,.g is defined by [12]

Ayp = Bop = Aap — Dygs, (1)
where I, are the Christoffel symbols induced by the surface coordinate on w defined as
Thg =agp-a". )

Here a* is the dual basis on the deformed surface w and is defined as a® = a®? ag. These furnish the well-known
Gauss and Weingarten equations:

ayp = (8g,p - 2")a,+(a, 5 - M =g, + bagMibep = a4 4 - 1 (Gauss), 3)

n,=Mm,- a,g)aﬁ—l—(n,a -mn = — baﬂaﬁ; bep = —n , - ag (Weingarten). 4)

From equations (1) to (3), we obtain
Ay;p = baﬁll. (5)

Further, equation (4) can be rewritten by using the dual matrix a®® (e.g. a,a*® = af) as
n,= —bo,/ga’S = —bayayﬂaﬂ = —bgaﬂ, (6)

where b4 are the coefficients of the second fundamental form and bg are the mixed components of the curvature
(covariant and contravariant). For symmetric curvature tensors, we find that

b,? =bP, = bP forb =b", (7)
and, from the identity (n - ag) , = 0, the symmetric property of the second fundamental form (b.4) can be

bup =M o -ag=MN-28, =N-T gy = bg,, (8)
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given sufficient smoothness of the parametric position vector r(6“) up to the second-order derivative (i.er € C).
Consequently, the mean and Gaussian curvatures are given by [12]

H=3a"bys and K = 36 e""by;bg,., ©9)
where the contravariant cofactor of the curvature can be expressed as
7 s
b = ¢* 8’3be, (10)

and satisfies .
bhb* = Ka™*. (11)

3. Formulations in polar coordinates

Much of the literature simply adopts the following results when linearizing the corresponding shape equations
(under Monge representation):

r(0%) = 6+:zk,
1
SKAN(A2) = 28yz =P, H = 1Az, K =0and

a=1,n=k-V,z a" =e, +z,kandb = szz (up to leading order), (12)

where z represents the elevation above the membrane, and A, and V,, are the projected Laplacian and gradient
on the working coordinate. However, the application of the above results directly in various membrane prob-
lems and may produce incorrect results, since equation (12) is sensitive to the working coordinate system. For
example, the determinant of a is not det |aqg| = a = 1; in fact, a is evaluated as a = 7% in the polar coordinate
system. In addition, the surface Laplacian is often misunderstood as a conventional Laplace operator (A), espe-
cially when using the linearized formula (we will address this in detail in a later section). This further leads to
the incorrect imposition of the necessary boundary conditions. In this section, we present the rigorous derivation
of formulae regarding the superposed incremental deformations of lipid membranes in polar coordinates, which
are most often adopted in these kinds of problems for their guaranteed smoothness on boundaries.
Using polar coordinates r(0%) can be expressed as

r(6%) = re,.(0) + z(r, 0)k, e,.(0) = cosBe; + sinbe;. (13)
Accordingly, we evaluate
ar ar
a; = = e(0)+z ,(r,0)k, a, = 30 = reg(0) +z o(r,0)K, (14)
r
and
ajp=a;-a; =r -|—z,2,, ap =a;-a; =1 +Z,29, app =2 a1 =21 -2 =Z,Z9. (15)

Thus, the determinant of the surface matrix can be obtained:
detlagg| = a = r*(1 +22,) + 2%, (16)
and the components of the inverse matrix (a® = (a,p)~") are then

) 2

r 4z 1+z z,z

, 0 , ,1r4,0

a1 = Ca? = ra? =g = ' (17)
a a a

Since a® = a*Pag, we also find a dual basis (from equations (14 and 17))

1

1 11 12 2, .2 2

a =a a +a‘a=—[(r+z,e —rz,z9e +rz,K],
a ,

1
a’ = —[—rz ,z pe, + (1 +2°,)eg + z gk]. (18)
P :
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In addition, from equation (14), the local surface orientation can be found:

a! x a? 1

n=———=—(—zg4€y —rz € + rk). 19
\/5 \/E( 5 AZ’) , rvr ) ( )
3.1. Curvature tensor, mean and Gaussian curvatures, and Laplace—Beltrami operator

Utilizing the dual basis, the curvature tensor b can be expressed as

b =b,za” ® a’: bup = agq - . (20)
Thus, for example, we evaluate
1 a(e,(6 (7, 0K
bjy=n-a;; = ﬁrz,”; a; | = (e )+8i’ — =2k, @h
and similarly for
1 1
bin =by = %(’”Z, 0 —Z,0), by = ﬁ(”zZ,r + 7z g9). (22)

Therefore, from equations (18) and (20) to (22), the expression of b is given by

VZ yr
b=

2 [(F + 22 p)e, — 12,2, 08 + 22 K] ® [(F + 22p)e, — 12,12, g€ + 172 K]
a’Ja ’ ’ ’ ’

TZ g —Z 9
+;
a*\/a
TZ g —Z ¢
+Z ,
a*\/a
I”ZZ r — ¥Z g ) 2
+———[—1z ,z 9€, +r(1 +z Deo +z gkl ® [—rz 2z g€ + (1 + 27, )69 + 2 6K]. (23)

a*\/a

Lastly, for H and K, we obtain from equations (9), (17), (21) and (22) that

[(r2 + Z,ze)er — 7z, ,Z p€ + rzz?rk] ® [—rz ,z, 0, + (1 + 2’2},)89 + z K]

[—7z 2 0, +r(1 + Z?r)eg +z k] ® [(r2 + z’ze)er —rz .,z g€g + rzz’zrk]

3 2 3 2 2 2
= 27 [z .+ 7z, + 722, Tz zly — 2rz 192,429 +7Z 99 + 72, 00z, + 2z, vz 0l (24)

1
K= —2[1”32, vz + rzzj wZ, 00 — r222r9 +2rz 9 — 229]. (25)
a , .

In the case of Helfrich energy potential, W(H,K;60% = kH?* + kK) [3], the corresponding shape equation is
given by [7]
k[AH +2H(H?> — K) —20H] = P, (26)

where £ is an empirical constant, and A and P are the local Lagrange multiplier and internal pressure, respec-
tively. The delta operator A in equation (26) reads as the Laplace—Beltrami operator. Confusion often arises
between the conventional Laplacian and the Laplace—Beltrami operator, especially when dealing with linearized
formulae. In the present local curvilinear coordinates, the Laplace—Beltrami operator can be evaluated as

Ag = div(gradg) = tr(Vg), o ® a%) = tri(@,pa” © a%) = gapa®”, 27)
for any scalar-valued function ¢, and (Vo) 4 is given by
(Vo).o = (9. 42").a = 9. upd” + 05", - 2p)a” = (9, up — 9. T5p)a" = pupa’. (28)
Thus, AH can be computed from the above as
AH = Hypa® = a® (H op — H ;T}5)

=a'""H 1y +2a"H , + a®?H 5 — a'"(H \T'}, + H,T'%)
—2a"*(H 1T}, + H 2T'},) — a(H Ty, + H ,T'3,), (29)
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where

1
I’ll2 = 1"%1 =a;- al = (eg +z 9k - ;[(r2 +z?9)er —7Z 2, 0€ + rzz’zrk]

rz ,

= a’ (=20 +7z0), (30)
and similarly, we have
Ffz = Ffl = é[r(l +z?,) +2z,24], T}, = érzz, 2,y Ty = é[—r(r2 —I—Z’Z,) + 172,z 09],
Ffl = —ZnZ6, F%z = é[rz, vZ0 + 202 00) (31

Lastly, from equation (18), the tangential surface gradient of a scalar-valued function is given by

]
Vo =9 42" =@ ja' +¢,ra> = fp,r;[(rz +2%)e, — 12,20 + 1z, K]

1
+o. 9;[—1*2, Zoe +1r(1+ Z?r)eg + z k]. (32)

3.2. Superposed incremental deformations in the lipid membrane theory: Polar coordinates

The formulae presented in Sections 1 and 2 can be reduced to more tractable forms under the assumption of
superposed incremental deformations (i.e. the product of derivatives can be neglected, e.g. z ,z o = 0, provided
that the induced deformations are reasonably ‘small’). Typically, attempts are made to obtained a complete
analytic solution. Within this setting, the linearized forms of the covariant and contravariant components of the
surface matrix and the induced determinant (det |aqg| = a = 1) can be obtained as

ay = ? +Z,2r = 1”2, ay =1 —|—Z?0 =1, ap = a1z, ,z, ¢ =0, (33)
detlaggl = a =r*(14+22,) + 2% =1~ (34)
Thus, equations (17) and (34) yield
2 2
BTN eV e S R B B0 (35)
a ’ a r2’ a '

From equations (18) and (35), the linearized form of the dual basis is then given by
|~ 5 1 1
a =e +z,k a"=—e+ —2k. (36)
r r
In addition, from equations (19) and (34), the local surface orientation can be approximated as
N 1
n=k— —Z g€y — Z € = k—VpZ. (37)
r

Utilizing the results in equations (33) to (37), the components of the curvature now take the following reduced
forms:

1 1
b=z, bn=0bn= ;(VZ, = Z0), by = ;(rzz,r +72,6) (38)
Thus, we obtain the linearized expression of b as

~ TZ 9 —Z 0 vz 4z 00 2
b=z (e, ®e.)+ r—z[(er Qeg) + (&g ® €,)] + ,,—z(e9 ®ey) =V,z, (39)
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where ij is the second gradient on the projected plane (£2) and the trace of ij is the Laplacian on 2 (i.e.
tr(VIfz) = Apz2).
Also, from equations (24), (25) and (34), the mean and Gaussian curvatures reduce to

1
H = W[ﬁz, mr rzz, + rzzfr + 7z, ,,z?g —2rz 192,29 +7Z 00 + 72, ggz?r + 2z ,,2729]
1 1 1 1
= E[Z’ T+ ;Z,r + ,ZZ’ 00] = EApZ, (40)
1
K= ;[ﬁz, 2o+ 12wz 00 — P2 + 212,00 — Z29]= 0. (41)

Consequently, from equations (40) and (41) the corresponding shape equation in equation (26) becomes
1
k[AH +2H(H? — K) — 20H] ’EzkApz(Apz — MA,z) = P. (42)

Now consider the Laplace—Beltrami operator under the assumption of superposed incremental deformations.
From equations (30), (31), (35) and (36), the Christoffel symbols reduce to

rz

Il =T3 = —(—z9+12.9)=0, (43)

a

and similarly, we have

2 2 1 2 1

', =I5 =-[r1 +z Dtz .z e]=-,
a r
1 1

Fh = ;rzz, vz =0, lez = ;[—r(r2 +z’2r) + rZZ, vz 0]= —,

2 1 ~ 2 1 ~
', = EZ’ wZo=0, '3, = a[rz, vZ.o+2 0z 00]= 0. (44)

Therefore, from equation (35) and the above, the leading order form of AH is obtained as
AH = Hypa® = a'"H 11 +2a"H 15 4+ a”H p — a''(H T, + H ,T') — 2a"(H T, + H ,T7,)
—a®(H 1Ty, + H 2T3))

1 1 1 1
=Hn+ZHn+-Hi=H,+-H,+5H = AH. (45)
T r r T
Finally, from equation (32), the surface gradient of a scalar-valued function can be linearized as
P L) 2 1 2
Vo =g 4" = @,ra[(" +22)e, — 12,z + 17z k] + 90,9;[—”, rZ0€ + (1 +27,)es + 2 0K]

1
=@ e+ 0 o€ = V0. (46)

The results presented above are clearly different from those obtained in the Cartesian coordinate system
(equation (12)).

Under the prescription of superposed incremental deformations, the corresponding surface Laplacian
(Laplace—Beltrami) and gradient reduce to their conventional counterparts on the projected plane (w),). In addi-
tion, the curvature tensor b reduces to the second gradient of z(r, ) and its trace is the Laplacian on w, on which
the conventional plate bending theory (the Kirchhoff plate model) is built. The results further suggest that, in
the ‘small’ deformation regime, there is no clear distinction between the surface and the projected plane (similar
to the case where the Piola stress and Cauchy stress collapse in linear elasticity). In other words, the linearized
model possesses inherent limitations in the deformation analysis of lipid membranes often experiencing ‘large’
morphological transitions. On the other hand, the analytical expressions obtained from linearized theory can
still be an effective means of analysis particularly in field applications and/or experimental environments, since
they provide instant feedback of the system (e.g. correlations between parameters, visualizing dominant factors,
etc.).
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4. Membrane-substrate interaction problems with a circular substrate

Based on the formulae derived in the previous section, we consider a membrane—substrate interaction problem
in an annular domain. Utilizing Monge parameterization and under the assumption of superposed incremental
deformations, we have

1
SKAN(A2) = 28yz =P, H = 1Az, K =0and

1 1
a= r2, n=Kk-V,z, al = e +z K, a’ = —e + -z K,
r r

and b = ij (up to leading order), (47)

where z(r,0) represents the elevation of the membrane, A, and V, are the Laplacian and gradient on the
projected field, and H and K are the linearized mean and Gaussian curvatures, respectively.

4.1. Edge conditions for an annular domain

The natural boundary condition for the membrane—substrate interaction is given by [7]
F,cosy + F,siny —Mt-(Vry —Bt) =0, F;, — Mt - (Vry — Bt) =0, (48)

where I" is the boundaries of the substrate (I";) and the surrounding bounded domain (I",), B is the curvature
tensor of I' and o is a wetting constant between the walls and the bulk liquid. F,, F,, and M are the boundary
force components and moment, respectively, on dw (see Figure 1). The expression of F), is given by [7]

/ 1 -
Fy = (Wk) — (5 W), v — (Wk), g™ va. (49)
In addition, for the Helfrich-type membrane (e.g. Wx = k etc.), equation (48) reduces to

F, =kt (s) — kH.,. (50)

A membrane—substrate interaction is in general energetically unfavorable since the electrically charged Phos-
pholipids are deviated from the orientation of the substrate referenced by the unit normal N to I" at a point on
dw. The corresponding anchoring condition is defined by [13]

n-N=cosy (51)

in which y is assigned and n is parallel to the director field (d: orientation of phospholipids) of the lipid
membranes (i.e. n - d = 1). In addition, n is the local orientation of the membrane surface (w) and is normal to
both the tangential (7) and normal (v) vectors at a point on the parametric curve r(s) of the membrane. Together,
they form a local basis n = v x t; their projected counterparts on the coordinate plane w, are k = v, x 1, (see
for example Figure 2 for 7 and 7,). In the present case, y = /2 (i.e. n = k = d at the interacting boundary
dw) indicating that the hydrophobic tail groups of the bilayer are in contact with the substrate (circular) and,
therefore, effectively shielded from the surrounding aqueous phase (see [7]). We also note here that, in the
present study, the possibility of lipid tilt is excluded (i.e. in general n - d # 1 in the case of a tilted lipid
membrane).

The arc length derivative of r(S) (under the Monge representation) on the projected curve can be evaluated
as (see Figure 2)

Sy dr dO+z(60)k) db z(#) db K (v K do (52)
=—=—""=— — . — k=1 -k — =1,
ds ds as " \'ao "as p AN BN T
Equation (52) is also equivalent to
, _dr(s)ds , dr(s) ds ,
M) = — 2o =)l = =T o =Rl (53)
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Thus, from equations (52) and (53) we obtain
r(S) = t|r(s)|, ©, + (Vpz - 7,)k, and (54)

()| = |1, + (Vpz - T)k| = /1 + (V2 - 1,)?=1. (55)

Comparing the right-hand sides of equations (54) and (55) yields
T=1,+(Vyz )k (56)
Utilizing the results in (47), the above further gives
v=1xn=[7,+(Vyz-5,)k] x (k—Vyz) = v, + Vyz X 1. (57)

Now, H , can be rewritten as

oH a0¢ d ad a0«
Hv: ._r:aO‘Ha. r :aaHa'aﬁVB:V‘aaHa- (58)
’ 0% ar av ’ 0% av ’ '

By substituting equations (47) and (57) into equation (58), the leading-order expression of H , can be evaluated
on the projected plane as

H,=v-a"H,=[V,+Vyzxt,+...] [e, +z k+...]H,
=v, (e o) =V, V,H. (59)

Also, the arc length derivative of 7(S) on the projected curve is defined by
dt dt dbf

t/(S)zﬁ_%-gzvpr-rp. (60)
In view of equations (59) and (60), equation (50) becomes
F,=kV,t -1, — kv, - V,H. (61)
Here the expression of T can be obtained via the curvature tensor b as
bv.-t =177 =1, (62)
and
b=k(vVeV)+k(T®1)+1(r @Vv+VR® 1), (63)

where b is expressed in local coordinates (n = v x 1), k, and &, are the normal curvatures of w in the directions
of v and 7, respectively, and 7 is the twist of the surface w. Consequently, from equations (47), (56), and (57),
together with equation (62), we find that

T =bv- 1 = [V2(vp+V,ex )] - [ + (Vpz - 5p)K] = 7 - (V,2)Vy. (64)
Finally, the curvatures of the inner and outer boundaries of an annular domain are found to be
B =—r ey ® ey (inner boundary: dw;), B; = —r_ ey ® ey (outer boundary: dw,), (65)

where r; and r, are the radii of the inner and outer boundaries of the annular domain, respectively. Hence, by
noticing the lipid anchoring condition (y = 7 /2) and t = n = k at the boundaries, we find from equation (48)
that
b4 .o g 1
F, cos B} + F, smE — Mt. <V]“ <E) —(-r e ® e(;)t) =F,=o0,
F, — Mz - <vr (%) —(-rley® eg)t) — F, = 0 (on da), (66)

and similarly for the outer boundary:
F,=0, F, =0 (ondw,). (67)



Zeidi and Kim

F(s): parametric arc on W
Owe  membrane:w

Figure 1. Schematic of the substrate-membrane structure.

T: unit tangent
of the curve T

7,: projected
tangent of the
curve

Projected curve of (s)
onto the coordinate plane

Figure 2. Schematic of projected vector of I': Example().

Figure 3. Schematic of the substrate-membrane interaction problem.

n=k

A

subsgtrate

axis of symmetry

Figure 4. Anchoring and edge conditions on the inner and outer boundaries.



10 Mathematics and Mechanics of Solids 00(0)

4.2. Substrate—-membrane interaction problem on an annular domain

We now consider a substrate-membrane problem under the prescription of a superposed incremental deforma-
tion and Monge representation as illustrated in Figure 3. From equation (47), we have that

2H = Apz. (68)
Here, we further limit our analysis to the axisymmetric case considering the uniformity of the lipid distribution
over the domain of interest and geometrical characteristics of an annular membrane. From the result in equation
(68), the membrane shape equation in equation (47) becomes

AH — *H = 0; pu? =21 /k. (69)

Hence, from equations (68) and (69), z(r, ) = z(r) now takes the form

2 2 1
7= (_2> H+¢; Apz=2H = <—2> A,H and (—2> AH =H, (70)
% % %

where ¢ is a harmonic function satisfying A¢ = 0. In the case of axisymmetry, equation (69) further reduces to
rH .+ H , —rp*H = 0; pu? = 20/k. (71)
Accordingly, the general solution of H(7) is then given by
H(r) = Co(=e’r) + CYo((=D’r), (72)

where J, and Y, are the Bessel functions of the first and second kind, respectively. Thus, from equations (70)
and (72), the complete analytical solution of z(7) is given by

2
Z®=(E)W%&ﬂf@+@%mﬂﬁm+C%&ﬂﬁﬂ+a&&ﬂﬁa (73)
where ¢ is the solution of the Laplace equations (i.e. A,p = 0) expressed in terms of Bessel functions as

¢ = GL(—i)w’r) + CiK,((—)’r). (74)

Here, I, and K, are the modified Bessel functions of the first and second kind. We note here that, again,
the emphasis is placed on seeking an analytical solution valid on a ‘finite’ domain rather than an ‘infinite’
unbounded domain. The latter case is the consequence of utilizing asymptotic decay conditions on the remote
boundary which is physically ‘less’ significant and therefore may not be suitable for direct field applications
and/or experiments.

From equations (61) and (66), on d$2; (r; = a, T, = —ey, V, = —e,; see Figure 3), we require
— (0t 10t oH 10H
Fn:k<8 r+_£e0) (—eg) — k(—ey) - ( er+_£ 9) (75)
Since 1= 1 - (V;Z)Vp =—ey- (—er)ij = 0 (equation (64)) and e, - €9 = 1, the above further reduces to
oH o
F,=—=—o0ndQ; (r = a), (76)
or k
and similarly on 9€2, (v, = b, 7, = —ey, v, = —e,; see Figure 3) we obtain
oH
Fr=22 =% 0n a9, (ro = a). 7

or k
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L L L L L L L L o
1 1.5 2 25 3 35 4 45 5 55 6
r

Figure 5. Membrane—substrate interaction z(r) with respect to o;/k when oo /k = 0.12.

Accordingly, from equations (72), (76), and (77), the unknown constants C; and C, can be determined to be
(DY(—Dida) — ()YVi(—i)u’b) and

(=) [Ni(—Dwa) i (—)u’b) — V(=i a))i((—i)u’b)]
(DN (—h’a) — N (=i)u’b)

1=

G =— : . : . : (78)
2T (A~ a) i (—i)edb) — Yi(—Dpda)i(—D)ub)]
Since n = k on the boundaries (see Figure 4), equation (47) yields
a 10 0
n=Kk-V,z— V,z(r) = 8—iq + ;éeg =a—jer =0 on both 9$2; and 0€2,. (79)

Therefore, C; and C4 can be found from equations (73) and (79):

2[(DHK(—i)pda) — (BIK1(—i)u>b)] ond
(=) [L(—Dwa)Ki(—i)u?b) — Ki((—pa)i(—i)ub)]
2[(HL (=Dl a) — ON(=D’b)]

Cy=— . 80
) (=W L (=)’ a)Ki(—)u*b) — Ky (=i a)i ((—i)ub)] (50

Consequently, the solution of z(r) is given by

Gy =—

z(r) = (%) [Cllo(—)’r) + Y, (=)’ r)] + CL(—i)’r) + CaK,(—D)’r), (81)

where the unknown constants C;, C,, C3 and C, are completely determined in equations (78) and (80). The
corresponding results are presented in Figures 5 to 10. We also note here that parameters (e.g. A, k£ and o) in the
simulations are normalized unless otherwise mentioned and the adopted material properties of a membrane are
consistent with the experimental results given in [14, 15] for a lipid membrane of thickness 10 nm in a relaxed
state (i.e. k = 82 x 107" N-mm, k = 0). Figures 5 to 8 demonstrate that solutions for both z(r) and H(r) are
bounded and smooth within a finite domain of interest (annulus). In particular, the results in Figures 9 and 10
illustrate that the solution is smooth and stable as r; converges to a few nanometers which further indicates that
the proposed solution can be employed in membrane tethering experiments knowing the typical length scale of
a phospholipid (see, for example, [16]).

5. Conclusions

In this manuscript, we consider the superposed incremental deformations of lipid membranes interacting with a
circular substrate. Instead of employing asymptotic decay conditions on a ‘remote’ boundary, we imposed physi-
cally more realistic conditions (i.e. traction and lipid orientations) on the deterministic boundary (outer rim of an
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Figure 8. Membrane—substrate interaction when oo/k = 0.12, ¢;/k = 0.61.

annular domain) and obtained a complete analytical solution via the superposed incremental deformations and
Monge surface parameterization. The resulting solution is smooth/stable within the finite annular domain and,
more importantly, demonstrates excellent stability as the radius of the inner boundary (substrate) approaches
a few nanometers. This further promotes practical implications of the model in various field exercises such
as membrane tethering tests and bending experiments. Within the description of the superposed incremental
deformations, we conduct a complete examination of the necessary boundary conditions and other geometrical
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Figure 9. Deformations of a lipid membrane with respect to r; when r, = 0.0l m, op/k = 0.12, o;/k = 0.61.

Figure 10. Simulation result of tethered lipid membrane when oy /k = 0.12, o;/k = 0.61.

quantities of membranes and illustrate that the surface deformed configuration and the projected plane (refer-
ence frame) collapses in the ‘small’ deformation regime. As such, the surface Laplacian (Laplace—Beltrami)
and gradient reduce to their conventional counterparts on the projected plane (w,) and the corresponding cur-
vature tensor b deduces into the second gradient of z(r, #). Its trace is found to be the Laplacian on w, (i.e.
Apz = tr(ij)). In addition, the final deformed configuration is energetically favorable/stable within the adopted
energy functional (Helfrich) and unique by virtue of the virtual work statement [6]. A complete analysis of the
membrane anchoring condition on the boundaries (including lipid orientations) is also presented in an effort to
enhance the applicability of the presented model.

Acknowledgement

The authors would like to thank Dr Peter Schiavone for many useful discussions.

Funding

This work was supported by the Natural Sciences and Engineering Research Council of Canada (grant #RGPIN 04742) and by the
University of Alberta through a start-up grant.

References

[1]  Noll, W. A Mathematical theory of the mechanical behavior of continuous media. Arch Rat Mech Anal 1958; 2: 197-226.

[2]  Steigmann, DJ, Baesu, E, Rudd, RE, et al. On the variational theory of cell-membrane equilibria. Interf Free Bound 2003; 5:
357-366.

[31 Helfrich, W. Elastic properties of lipid bilayers: Theory and possible experiments. Z Naturf 1973; 28(11): 693-703.



14 Mathematics and Mechanics of Solids 00(0)

[4]  Ericksen, JL. Hydrostatic theory of liquid crystals. Arch Rat Mech Anal 1962; 9: 371-378.

[5]  Ericksen, JL. Equilibrium theory of liquid crystals. Adv Lig Cryst 1976; 2: 233-298.

[6]  Ericksen, JL, and Toupin, RA. Implications of Hadamard’s conditions for elastic stability with respect to uniqueness theorems.
Can J Math 1956; 8: 432-436.

[7]  Agrawal, A, and Steigmann, DJ. Boundary-value problems in the theory of lipid membranes. Contin Mech Thermodyn 2009; 21:
57-82.

[81 Kim, CI, and Steigmann, DJ. Distension-induced gradient capillarity in lipid membranes. Contin Mech Thermodyn 2014; 27:
609-621.

[9] Belay, T, Kim, CI, and Schiavone, P. Analytical solution of lipid membrane morphology subjected to boundary forces on the
edges of rectangular membrane. Contin Mech Thermodyn 2016; 28: 305-315.

[10] Belay, T, Kim, CI, and Schiavone, P. Interaction induced morphological transitions of lipid membranes in contact with an elliptical
cross section of a rigid substrate. ASME J Appl Mech 2016; 83(1): 011001.

[11] Ogden, RW. Non-linear elastic deformations. Chichester, UK: Ellis Harwood, 1984.

[12] Sokolnikoff, IS. Tensor analysis: Theory and applications. New York, NY: John Wiley & Sons, Inc., 1951.

[13] Virga, EG. Variational theories for liquid crystals. London: Chapman & Hall, 1947.

[14] Hianik, T, and Passechnik, VI. Bilayer lipid membranes: Structure and mechanical properties. Berlin: Springer, 1995.

[15] Abeyaratne, R. An admissibility condition for equilibrium shocks in finite elasticity. J Elast 1983; 13: 175-184.

[16] Joshua, AJ, Wolfgan, K, and Nam-Joon, C. Biotechnology applications of tethered lipid bilayer membranes. Mater 2012; 5:

2637-2657.





