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Abstract

This thesis focuses on the measure algebra M (S) of a locally compact
semitopological semigroup S. In particular, we consider the analog of the
group algebra Li(G) of a locally compact group G on S and the topological
amenability of S. Among other results which shall be explained further in the

introduction, the thesis answers the following open problems.

1. Baker 90’ and Dzinotyiweyi 84’ [6, 18]

Let L(S) = {u € M(S); s> 0s % |u| is weakly continuous}. It is known
that if S = G, then L(S) = Li(G). Is L(S) a norm closed ideal of M (S)
that closed under absolute continuity in general? We shall answer this

question in the positive in Section 3.3 and 3.4.

2. Day 82’ [15]

We say S is strong topological left amenable if there is a net of probability
measure (fi,) such that || * pi — po|] — 0 uniformly for all probability
measures v supported on a compact subset K of S. Does strong topo-
logical amenability implies non-trivial L(S)? The background for this
question will be explained fully in Section 4.1, along with a counterexam-

ple that answers this problem in the negative.

3. Wong 79’ [50]
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We say S is topological left amenable if there is a net of probability
measure (p,) such that ||V * g, — pe|| — 0 for any probability measure
v on S. It was shown that when S is a discrete semigroup or a locally
compact group, a locally compact Borel subsemigroup 7" is topological left
amenable if and only if (1) S is topological left T-amenable, that is, there
is a net of probability measures (u,) on S, such that ||v * o — ol — 0
for any probability measure v on S that is supported on T, and (2)
limg, 1o (T) > 0. Does similar result hold for locally compact semitopo-

logical semigroups? We shall prove this result in Section 4.2.
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Chapter 1

Introduction

Throughout the thesis, S is a locally compact semitopological semigroup,
that is, a semigroup with a locally compact topology such that the multiplication
is separately continuous. If the multiplication is jointly continuous, we say S
is a locally compact topological semigroup. We write M (S) as the Banach
algebra of complex Radon measures on S with the total variation norm.

Abstract harmonic analysis is rooted in the study of topological groups.
One of its primary goal is to extend Fourier analysis to non-commutative and
locally compact groups. In the process of studying locally compact groups
G, the Banach algebra L;(G) of complex-valued, integrable Borel functions
with respect to Haar measure plays an important role. It allows us to use the
functional analytic technique to study the underlying group structure. In the
case of locally compact semitopological semigroup, there is no direct extension
of L1(G) due to the lack of a Haar measure. However, it is well-known that
L1(G) is isometrically isomorphic to the closed subalgebra of M (S) consisting
of measures that are absolutely continuous with respect to a Haar measure.
These measures are precisely those complex Radon measures p that are (left)

translation continuous, i.e., the translation map G — M(G) : g — &, * u is



weakly continuous. Based on this characterization, Baker and Baker generalized
L1(G) to locally compact topological semigroup in a paper series [3, 4, 5].
They defined the semigroup algebra L(S) to be the set of complex Radon
measures p such that the translation maps S — M(S) : s +— 0, * |u| and
S — M(S) : s — |u| * d5 are weakly continuous. Note that if S is a locally
compact group, L(S) is exactly Li(S). Among other things, Baker and Baker
proved that L(.S) is a norm closed two-sided ideal of M (.S) that is closed under
absolute continuity. Subspaces of M (S) that have this nature are sometimes
called L-ideals follows the notation of [41]. In literature, the closure of the
union of supports of all measures in L(S) is called the foundation of S. When
S is a locally compact topological semigroup, the foundation of S is a closed
two-sided ideal of S that could be empty. We call S a foundation semigroup
if its foundation is the whole of S. It is natural to expect L(S) to reflect
properties of the foundation of S, like L, (G) reflects that of G, when G is a
locally compact group. Because L(.S) is closed under absolute continuity, a
foundation of a semigroup is always a foundation semigroup. Thus we can
always restrict our attention to the foundation semigroups.

Many authors have extensively studied L(S) for topological foundation
semigroups. For example, Dzinotyiweyi [17] studied L(S) for topological semi-
groups that are not necessarily locally compact; for locally compact topological
semigroups, Sleijpen [39] studied the algebra of right multipliers of L(S); Bami
[7] studied the relationship between the representations of S and the represen-
tations of L(.S) on reflexive Banach spaces; Amini and Medghalchi [1] studied
Fourier algebras on locally compact topological semigroups with continuous
involutions. However, it is not obvious to consider L(S) for semitopological
semigroups because most of the structure theorem of L(S) depends heavily on

the jointly continuous multiplication assumption of S. As mentioned in the
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survey papers of Dzinotyiweyi [18] and Baker [6], they expected the extensively
studied theory of L(S) for locally compact topological semigroup to hold for
locally compact semitopological semigroup, but to prove that L(S) is an L-ideal
in the semitopological case remains a barrier. We shall give a proof of their
conjecture in Chapter 2.

Unlike that of locally compact groups, the existence of L(S) is not guaran-
teed for locally compact semigroups. There has been many attempts to find
the existence a non-trivial L(S), i.e, L(S) # {0}, for example, in the treatises
of Sleijpen [37] and Dzinotyiweyi [17]. We shall give a characterization of L(S)
when S is a compact semitopological semigroup with a left invariant measure
in Section 3.8. A compact semigroup with a dense subgroup is an example for
such semigroups.

Another topic in this thesis is the topological left amenability of S, which
will be introduced in Section 2.3. In short, topological left amenability can
be characterized as the existence of a net of probability measures of left
invariance under different topologies. Along with the studies of different types
of topological amenability for locally compact semitopological semigroups,
Day [15] inquired if a strong type of topological left amenability implies the
existence of non-trivial L(S), since the existence of non-trivial L(S) implies
the coincidence of the strong and the weak topological amenability. We shall
discuss the background of this question in details in Section 4.1 along with a
counterexample to the question.

In analysis, one often cares when we can preserve a property of a substructure
and when we can extend the property from a substructure. For topological
left amenability of a locally compact semitopological semigroup S, we consider
the topological left amenability of its locally compact Borel subsemigroups

T. Wilde [44] and Wong [50] proved respectively that when S is a discrete
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semigroup or a locally compact group, T is topological left amenable if and only
if (1) S has a net of probability measure of left invariance under the translation
of probability measures supported on 7', and (2) the net of probability measure
does not vanish on T'. However, as Wong [50] pointed out, the proof for locally
compact topological semigroup is left open. We shall give a proof of this result
for locally compact semitopological semigroup in Section 4.2.

This thesis is organized as follows:

In Chapter 2, we provide preliminaries needed for this thesis, including the
introduction of measure algebra of a locally compact semitopological semigroup
and a representation of its dual. Then, we describe the origin of topological
amenability and its characterizations in Section 2.3. Section 2.4 - 2.5 are
materials closely related to the hereditary property of topological amenability.
Section 2.6 lists some notations that we frequently use throughout this thesis.

In Chapter 3, we define L(S) to be the set of all complex Radon measures
i, such that the map s — d5 * || (*) is weakly continuous. Such measures
are called left translation continuous measures in this thesis. Recall in Baker
and Baker’s original definition for the topological case, they also require the
right translation map s — |u| * d5 to be weakly continuous. Since the thesis
does not involve results that require this kind of symmetry, we only use the
left translation to define the semigroup algebra L(S). However, it should be
clear that the results in this thesis also work for the two-sided definition. In
Section 3.1 and 3.2, we look at the equivalent definitions of L(S) and discuss if
the total variation |-| is removable from the definition. In Section 3.3 and 3.4,
we prove the conjecture that L(S) is an L-ideal of M (S). In Section 3.5, we
consider the foundation of S, or in another word, the support of L(S), where
we mainly focus on the algebraic and topological properties of the foundation.

In Section 3.6, we study when L(S) has a right identity, and when it has a
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bounded left approximate identity. As a corollary, our result shows L;(G) has
a right identity if and only if it is discrete. In Section 3.6, we prove that in
the presence of a non-trivial L(S), there are abundant measures such that the
left translation map () is norm continuous. Then in Section 3.8, we give a
characterization of L(S), when S is a compact semitopological semigroup with
left invariant measures.

In Chapter 4, we answer the open problem raised by Day in [15] by providing
a counterexample to show that the strong topological left amenability does not
guarantee a non-trivial L(S). In Section 4.2, we give a proof on the hereditary
property of topological amenability, which answers an open problem raised by
Wong [50].

In Chapter 5, we list some problems that are closely related to the thesis

and are believed to be still open, along with some motivational remarks.



Chapter 2

Preliminaries

A semigroup S is a locally compact semitopological semigroup if (1) it is
a locally compact space; (2) the multiplication on S is separately continuous.
Throughout this thesis, S is a locally compact semitopological semigroup unless

otherwise stated.

2.1 Measure Algebras

Let Cy(S) be the set of all continuous functions on S that vanish at infinity.
It is known that Cy(S) is a Banach space under the supremum norm. Let
M(S) be the Banach space of complex Radon measures on S with total
variation norm. By Riesz-Markov Theorem, we can identify M (S) with Cy(S)*.
Let v, € M(S). One can define convolution of the two measures through
(vsp, [y = [[ f(st)dv(s)du(t) for f € Co(S). It is not hard to check that
M (S) with this convolution is a Banach algebra. Wong [48] showed that the

order of this integration is interchangeable. In fact, for f € Li(|v] * |u|),

/fstdy Ydp(t) /fstdu Yv(s) (A



Moreover, [ f(st)dv(s) € Li(|p]) and [ f(st)du(s) € Li(Jv]). The result is not
trivially implied by Fubini’s theorem since the map f o 7 is not measurable on
S x S in general. Here 7 : S x S — S : (s,t) — st. One may find the details
for the argument is in [48, p. 608].

The Banach algebra M(S) is often referred to as the measure algebra of
S, which is the main topic of this thesis. Let p € M(.S), the support of u is
the set suppp = {s € S; |u| (U) > 0 for any open neighborhood U of S}. It
is shown in [48, 4] that for v,u € M(S), supp |v| * |u| = Suppr -suppgu. It
is also worth noting that a set might be |v x p|-measurable but not |v| * |ul-
measurable (see e.g. [26, 19.25]).

The convolution on M () introduces Arens product on M (S)**. Let m,n €

M(S)*, fe M(S)*, v,ue M(S). Then

mxn € M(S)™ mxn(f)=m(nx*f)
nx fe M) nxf(u)=n(f*p)

frpeM(S)  fxuv)=flpxv)

Remark 2.1.1. 1. Symmetrically, we define p* f € M(S)*, such that u x
f(v) = f(v=*p). We can see that M(S)* and M(S)* are both Banach
M (S)-bimodule.

2. Let A be a Banach space. One can naturally embed A into A**. In this

thesis, we constantly treat A as a norm closed subspace of A** whenever needed.

3. Let n € M(S)**. The map M(S)™ — M(S)*™ : m — m % n is weak*
continuous. However M (S)*™ — M (S)™ : m — n % m is not weak™ continuous
in general. The map is weak™® continuous if n € M (S). For details on Arens

product, one may refer to [11, 2.6].



We can introduce a natural order on M (SS) by letting u > 0 if u(E) > 0 for
all Borel subset E of S. Then M (S) is a Banach lattice under this order. Let
v, it. We say v is absolutely continuous with respect to u, denoted as v < p, if
for any € > 0, there is § > 0, such that whenever |u| (E) < § for some Borel
subset E, there is |v| (F) < e. Note that if v < u, then v = nh—{iloy Anlul (see
e.g. [41]).

The following is a list of properties that characterize the weakly compact

subsets of M (S). We shall refer to this result frequently.

Theorem 2.1.2. [25, 16| Let X be a locally compact space. Let A be a subset

of M(X). Then the following are equivalent.
(i) A is relatively weakly compact.

(ii) For each pairwisely disjoint sequence (O;) of open subsets, u(O;) — 0

uniformly for p € A.
(iii) Let e > 0. Then,
a. there is a compact subset K of X, such that |u|(X\K) < ¢ for
pE A
b. for each compact subset K of X, there is an open subset O O K,

such that |u| (O\K) < € for p € A.

(iv) There is a positive measure X in M (.S), such that A is uniformly absolutely
continuous with respect to A. That is, for each £ > 0, there is § > 0, such

that if A\(£) < ¢ for some Borel subset £, then |u| (E) < ¢ for u € A.



2.2 Dual of Measure Algebra

In this section, we identify M (S)* as a subspace of [[ {Loo(|pt]); 1 € M(S)}.
The details of the theory can be found in [47] and [42]. Let u € M(S), we
equip Loo(|p|) with the essential supremum norm |[|-[|,  with respect to p.
Recall for h € Leo(|p1l), (B[], oo = Infny=o supsgy [A(s)].

A function f = (fu)uemes) € [1{Loo(Ji]); 1€ M(S)} is a generalized

function, if

neM(S)

2. If v, e M(S) and v < p, then f, = f, |v|-a.e.

Let GL(S) be the set of all generalized functions. For f € GL(S), let
11l = subPenicsy 1full, oo to be the norm of f. It is not hard to check that
GL(S) equipped with this norm is a Banach space.

In the previous section, we have shown that M (S)* is a Banach M (S)-

bimodule. Let f = (f.)uenm(s) € GL(S), define

Frp=(flusm * Wvenmcsy  mx f = (0* flupu)verm(s)

where

Siutsivl = p(t) Z/f|u|*|u(8t)du(8) 1% i) (8) Z/f|u|*|u(t8)du(8)

From last section, we know that f|,js,| * p and f* fi,. are |v|-measurable.
By using the fact that fi,4,| € Loo(|pt| * |v|) and supp || * |v| = SUuppfi - suppw.
It is not hard to check that both of them are in Lo (|v|). Therefore, GL(S) is
also a Banach M (.S)-bimodule.



Theorem 2.2.1. [47] Let T: GL(S) — M(S)* : Tf(u) = [ fudp. Then T is

an isometric order preserving isomorphism that commutes with translations of

M(S), te, T(f*p) =T(f)*p, T(px*f)=pxT(f).

Remark 2.2.2. 1. As the double dual of the commutative C*-algebra Cy(S),
M(S)* itself is a commutative von Neumann algebra. Let F,G € M(S)*. Let
f=T7'F, g=T7"'G. The Arens product of F' and G, induced by Cy(5),
is F'- G = (fu9u)uem(s)- Then T is an isomorphism between unital Banach
algebras if we equip GL(S) with the coordinate-wise multiplication. The
identity of M(S)* is 1, where 1(p) = u(S) for p € M(S). The identity of

GL(S) is e, where e, =1 |ul|-a.e.. It is clear that T'(e) = 1.

2. Let BM(S) be the set of bounded Borel measurable functions on S. One
can view BM (S) as a subspace of GL(S). It is known that BM (S) is a Banach

space with the supremum norm [|-[|,,. From the definition, ||-||,,, coincide with

sup”’
the norm on GL(S) and equivalently the dual norm on M (S)*, when consider
BM(S) as a subspace of GL(S) and M (S)*. Moreover, if i : BM(S) — M(S)*

or GL(S) is the natural embedding, one has i(l;f) = i(f) % 05 for s € S.

2.3 Amenability

The theory of amenability arose in finding finitely additive positive set
functions on discrete groups that are invariant under group translations. In
1957, Day [12] extended the idea to discrete semigroups and named discrete
semigroup with left invariant positive finitely additive set functions as left
amenable semigroups. His formal definition involves the concept of left invariant
means. Suppose S is a discrete semigroup. Let [,(S) be the Banach space

of all bounded functions on S with supreme norm. An element m € [ (5)*
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is a mean if m(1) = 1 = ||m||, where 1 is the constant 1 function on S. Note
that a mean is always positive. We say a mean m € l,(S)* is left invariant if
m(lsf) = m(f) for all f € 1(5), s € S. Here I,f(t) = f(st) for t € S. The
discrete semigroup S is left amenable if there is a left invariant mean on [ (.5).

Later, amenability was extended to locally compact groups. Let G be a
locally compact group with a Haar measure A. It is well-known that A is unique
up to scalar multiplication. Let L. (G) be the Banach space of essentially
bounded functions on G, with respect to A, with the essential supremum norm
|-l Let Li(G) be the Banach space of integrable functions with respect
to A, with the Ly norm ||-||,. We say G is topological left amenable if there
is m € Loo(G)*, such that ||m|| = 1 = m(1) and v * m = m for all positive
v in Ly1(G) with norm 1. The operation x here is the Arens product on
Lo (G)* = Li(G)** introduced by the convolution on L;(G). As suggested by
Day [12], we may also consider to define amenability on C'B(G), the set of
continuous bounded functions on G. In this case, we say G is left amenable
if there is m € CB(G)*, such that |m| =1 = m(1) and m(lsf) = m(f) for
s € Sand f € CB(G). For locally compact groups, topological left amenability
on L (G) is equivalent to the left amenability on C'B(G). For details, one can

see [23, Section 2.2].

2.3.1 Topological Left Invariant Means

There has been many efforts in literature to extend amenability to semi-
topological semigroups, especially in the locally compact case. Researchers
studied amenability on closed subspace of C'B(S) (e.g. [20], [30], [34], [53]),
and on M (S)* (e.g. [15], [35], [45], [52]). This thesis mainly focus on the later.

As we saw in Remark 2.2.2, C'B(S) can be considered as a closed subspace of
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M (S)*. Thus amenability defined on M (S)* can be viewed as a generalization
of amenability defined on C'B(S5).

Let P(S) be the set of all probability measures on S. We say m € M(S)**
is a mean on M(S)* if ||m|| = m(1) = 1. Recall 1(u) = u(S) for u € M(S).
Then the set M(.S) of all means on M (S)* is a weak™ closed subsemigroup of
M (S)**. By Goldstine theorem, the embedding of P(S) in M (S)** is weak™
dense in M(S). We say a mean m € M(S)** is topological left invariant, if
wxm =m for all p € P(S). Let n € M(S). If m is a topological left invariant
mean, then by Remark 2.1.1, n * m = m, while m % n is again a topological
left invariant mean. We let 90t,(.S) denote the set of topological left invariant
means on M (S)*. It is easy to see that 9,(.S) is a weak™® compact right ideal
of M(S) consisting of right zeros.

Let A be a Banach algebra, X is a Banach A-bimodule. A bounded linear
map D : A — X is a derivation if D(ab) = aD(b) + D(a)b. A derivation
D : A — X is inner if there is x € X, such that D(a) = ax — za.

B. E. Johnson proved in [29, Theorem 2.5] that locally compact group
G is (topological) left amenable if and only if and only if for any Banach
L,(G)-bimodule X, any bounded derivation D : L;(G) — X* is inner. This is
a groundbreaking result for abstract harmonic analysis and is the motivation
to define amenability for Banach algebras. We say a Banach algebra A is
left amenable if for any any Banach A-bimodule X, any bounded derivations
D : A — X*isinner.

However, this result does not hold for semigroups. The reason for the failure
not only lies in the lack of proper definition for L; functions in general. For
example, the discrete semigroup N with addition is a left amenable semigroup
since N is abelian ([12]). However, [;(Z) is not left amenable as a Banach

algebra.
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A. T.-M. Lau [31] generalized the result of Johnson to make sure similar
result holds for locally compact semitopological semigroups. Actually, Lau’s
result works not only for M (S) but also for a class of Banach algebras called
F-algebras or Lau-algebras in some literature. A Banach algebra A is an
F-algebra if A is the predual of some W*-algebra with an identity e and e
is a character of A. An F-algebra A is left amenable if for any Banach A-
bimodule X such that a -z = e(a)z for a € A, x € X, any bounded derivation
D : A — X*isinner. The group algebra L;(G) is an F-algebra since it is the
predual of L, (G). By Remark 2.2.2, we see that M (S) is also an F-algebra.
Similar to topological left invariant means defined on M (S), we can define
topological left invariant means on any F-algebra. Lau [31] showed that for
any F-algebra A, A has a topological left invariant mean if and only if A is left
amenable as an F-algebra. We say this is a generalization of Johnson’s result

because of the following theorem.

Theorem 2.3.1. [32, Corollary 2.3] Let G be a locally compact group. Then

the following are equivalent.
(i) G is (topological) left amenable.
(ii) L1(G) is left amenable as a Banach algebra.
(ili) Li(G) is left amenable as an F-algebra.

(iv) M(Q) is left amenable as an F-algebra.

The following gives a list of characterizations of topological left amenability

on M(S)* that appeared in the literature.

Theorem 2.3.2. [31, 46, 47] Let S be a locally compact semitopological
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semigroup. Then the following are equivalent.
(a) M(S)* has a topological left invariant mean.

(b) There is ¢ € GL(S)*, such that ||¢|| = ¢(e) = 1 and ¢(f * u) = ¢(f) for
f € GL(S). Recall e is an identity of GL(S).

(c) There is a net i, in P(S) such that ||v x o — pa || — 0 for each v € P(S).
Such a net is called an (LSP) net (see [15]).

(d) Foreach FF'e M(S)*, {uxF; pe P(S)}weak* contains a constant func-

tional.
(e) M(S) is left amenable as an F-algebra

(f) For each p € M(S), |u(S)| =inf {||p*v|; v e P(S)}.

Proof. The equivalence of (a) and (b) is proved in [47]; the equivalence of (a),
(c), (d), (f) is proved in [46]; the equivalence of (a) and (e) was proved in
[31]. O

Remark 2.3.3. 1. Actually, a mean on M (S)* is a topological left invari-
ant mean if and only if it is the weak™* limit of an (LSP) net. Suppose
m € M(S) is the weak™ limit of an (LSP) net (u,). Then vxm —m =
weak-lim,, (v * pio — pto) = 0 for all v € P(S). Thus m is a topological
left invariant mean on M (S)*. On the other hand, suppose m is a topo-
logical left invariant mean on M(S)*. By Goldstine theorem, there is a
net (u,) in P(5), such that weak*-lim, pu, = m. Then let f € M(9)*,
Fv*pio — pia) = vem(F) —m(F) = 0. Thus v % jg — i ekl 0 for
all v € P(S). Fix v € P(9), let N, = @!'l{v * y1 — pto}. Then 0 € N,,. Hence

there is a net og € co{pa} C P(S), such that ||v* o —0s]| — 0 for each
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v € P(5). Note that o4 ek m. By applying the ideal of the proof of [12,
Theorem 1], we know that there is a net v, such that weak*-lim v, = m and

|v* vy —vy|| = 0 for all v € P(S).

2. The condition (e) in the above theorem is known as topological right sta-
tionary property, which is important in the theory of amenability in general.
Besides (LSP) nets, the nets that converge to left invariance uniformly are also
studied in [15]. Such nets are called (LSU) nets, as in uniformly convergence to
left invariance on compact sets. We say a locally compact semitopological semi-
group is uniformly topological left amenable (U-TLA) if it has an (LSU) net.
The following gives two equivalent definitions of (LSU) nets, whose equivalence

was proved in [15].

A net (f1,) in P(S) is an (LSU) net if for each compact sets K in S, either,

(a) ||0s * fta — ol — O uniformly over s € K; or

(b) ||V * fte — pta|| — 0 uniformly for v € P(S) supported on K.

Theorem 2.3.4. [15] (i) If (11,) is an (LSP) net, then convoluted on the left
by any probability measure or on the right by any net of probability measure

still returns an (LSP) net.

(ii) If (pa) is an (LSU) net, then convoluted on the left by any point mass

or on the right by any net of probability measure still returns an (LSU) net.

(iii) Suppose there is v € P(S) such that the map s + s * v is norm

continuous. If (1,) is an (LSP) net, then (v * y,) is an (LSU) net.

It is interesting to note that the condition in (iii) is automatically satisfied

for locally compact groups. Let G be a locally compact group. Let M,(G) =
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{ne M(S); g+ 0, % p is norm continuous.}. Then M,(G) is a closed ideal in
M(G) and M,(G) is isometrically isomorphic with L, (G) ([26, Theorem 19.18]).

Later we shall study such left translation continuous measures in Chapter 3.

2.4 Lumpy Subsets

In this section, we look at Borel subsets that approximately supports (LSP)

and (LSU) nets and their translates. To be precise, we say a Borel subset 7 is,

(a) topological left lumpy (TLL), if for each € > 0 and v € P(S), there is
€ P(S), such that v u(T) > 1 — ¢

(b) topological left thick (TLT), if for each € > 0 and compact subset K C S,
there is p € P(S), such that v % u(T) > 1 — € for all v € P(S) supports

on K, ie. suppr C K.

Day [15] extensively studies the equivalent definitions of TLL and TLT. Here
we only include the extreme ones to use exchangeable with our definitions

above. A Borel subset T is,

(a’) TLL, if for each € > 0, v € P(S), thereis s € T', such that v*d,(T) > 1—e.

(b’) TLT, if for each € > 0 and compact subset K C S, there is u € P(S)
with compact support and p(7') = 1, such that v * pu(7) > 1 — € for all

v € P(S) supports on K.

Theorem 2.4.1. [15, Section 5 and 7]

(i) Suppose S is topological left amenable, then a Borel subset is TLL if and
only if there is a topological left invariant mean m on M (S)* such that

m(xr) = 1. Here xr is the characteristic functional of 7" on M(S), that
is, xr(p) = p(T) for pp € M(S).
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(ii) Suppose S has an (LSP) net, then a Borel subset is TLL if and only if
there is an (LSP) net (p,) in P(S) such that p,(7") = 1.

(iii) Suppose S has an (LSU) net, then a Borel subset 7" is TLT if and only if
there is an (LSU) net (uq) in P(S) such that p,(7) = 1.

(iv) If S has an (LSU) net, then a Borel subset is TLL if and only if it is TLT.

(v) If there is p € P(S), such that s — s * g is norm continuous, then a

Borel subset is TLT if and only if it is TLL.

Remark 2.4.2. 1. When S is discrete, it is easy to check that a subset T is
TLL if and only if 7" is TLT if and only if for each finite subset F' C S, there is
t € T, such that F't CT. The last condition is actually the definition of left
thick subsets, from which Day [14] and Wong [49] generalize the concept to
define TLL and TLT subsets respectively. In general, if a Borel subset is TLL
or TLT, then it is left thick. Left thick subsets for discrete semigroups were
studied in [33] and is shown to be closely related to the hereditary property of
left amenability. We shall see the hereditary property in details in the next

section.

2. The set of TLL or TLT subsets is closed under union by definition. It is also
clear that any Borel left ideal of S is a TLT subset and hence a TLL subset.
When S is compact, we have the following closed relations between left thick

subsets and left ideals.

Proposition 2.4.3. Let S be a compact semitopological semigroup, a closed

subset T' C S is left thick if and only if 7" contains a left ideal.

Proof. By the above remark, we know that if T contains a left ideal, then T is
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a TLL or TLT subset, hence T is left thick.

Assume T is left thick, then by definition {s™'T; s € S} has finite intersection

¢ s € S} cannot form an open

property. Since T is closed, we know that {s™'T
cover of S. Otherwise, by the compactness of S, there is a finite subset {s;}!,
in S, such that S = Ul ;s;'T°. Hence N?_,s;'T = (), which is impossible.

=11

Hence there is a € S, such that Sa C T. n

The relationship between left ideals and left thick subsets of discrete semigroups

is studied in [44].

Theorem 2.4.4. [44, Lemma 5.1] Let T be a subset of a discrete semigroup
S. Let S be the Stone-Cech compactification of S. Then T is left thick in S

if and only if the closure of T in 8.5 contains a left ideal of 3S.

Wong [51] later generalizes this result to locally compact semitopological

semigroups.

Theorem 2.4.5. [51] Let S be a locally compact semitopological semigroup.
Let T be a Borel subset of S. Recall M(9) is the set of all means on M (S)*.
Let Mr(S) = {m € M(S); m(xr) = 1}. Then the following are equivalent.
(i) T is TLL.
(i) M7(S) is a left ideal of M(.S).

(i) D7 (S) is left thick in M(S).

We see that Proposition 2.4.3 gives an alternative proof for (iii) <= (ii) in the

above theorem.
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2.5 Locally Compact Subsemigroups

In literature, we often care if a property can be passed down to a subset or
if a property on a subset can be extended to the whole set. In our case, we look
at locally compact subsemigroups to see when left amenability of the original
semigroup can be passed down and when we can extend it from subsemigroups.

The theory was first studied in [12, 33, 44| for discrete semigroups.

Theorem 2.5.1. (1) [12, Theorem 2] Let 7" be a subsemigroup of a discrete
left amenable semigroup S. Suppose if there is a left invariant mean m
on [ (9), such that m(&r) > 0, then T is left amenable. Here &7 is the

characteristic function of 7.

(2) [33, Theorem 9] Let S be a discrete semigroup and 7' is a left thick

subsemigroup of S. Then T is left amenable if and only if S is amenable.

Let S be a discrete semigroup. Let 7' C S be a subsemigroup. We say S' is
left T-amenable if [, (S) has a left T-invariant mean m, i.e., m(l.f) = m(f) for
teT, felo(S). C. Wilde and K. Witz generalized (1) in the above theorem

as follows.

Theorem 2.5.2. [44, Theorem 3.1] Let T be a subset of a discrete semigroup
S. Then T is left amenable if and only if there is a left T-invariant mean m

such that m(&r) > 0.

In literature, Wong [50] is the first to consider hereditary property for
topological left amenability on locally compact semitopological semigroups. He

completely generalized (2) of Theorem 2.5.1 in a later paper.
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Theorem 2.5.3. [51, Theorem 5.2] Let S be a locally compact semitopological
semigroup. Let T be a locally compact Borel subsemigroup S that is TLL.

Then T is topological left amenable if and only if S is topological left amenable.

However, as he points out in the remark on [50, p.309], the complete
generalization of Theorem 2.5.2 is left open. We shall give a proof of the
complete generalization in Chapter 4. The author has published the result in
[27].

2.6 Some Notations

Throughout the thesis, we shall adopt the following notations depending
on the context.

Suppose A, B are subsets of a semitopological semigroup 5.
M (S): the Banach algebra of complex Radon measures on S;
0s: the point evaluation measure at point s € S,
suppu: the support of a measure y;
A: the closure of A in S;
AB = {st; s€ At € B};
A'B={t e S; st € B for somes € A};
&4: characteristic function of A on S}

Xa: characteristic function of A on M(S5).

Suppose A is a subset of a locally convex space with topology 7.
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A: closure of A with respect to 7;
co(A): convex hull of A;

co’ (A): closed convex hull of A

Suppose F is a Banach space.

E* : the continuous dual of F.

(x, f) =(f,x) = f(x), where x € E, f € E*.

21



Chapter 3

Structure of L(S)

3.1 Introduction

In this section, we look at the left translation continuous measures. Through-
out the section, S is a locally compact semitopological semigroup, G is a locally
compact group unless otherwise specified.

A measure p € M(S) is left translation continuous if the left translation
map s — 0, * || of S into M (S) is weakly continuous. Let L(S) to be the set
of left translation continuous measures. If S is a locally compact group, L(.S)
is exactly the group algebra L;(S). When S is a locally compact topological
semigroup, L(.S) has been studied extensively in the literature, especially in
[3, 4, 5, 17, 37]. Their approaches depend heavily on the joint continuous
multiplications on semigroups. We generalize their results on the structure of
L(S) to separately continuous setting.

We begin with the equivalent definitions of left translation continuous
measures that we shall use interchangeably later. We discuss a particular
case when the total variation in the definition can be removed. In section 3.3,

we show that L(.S) is closed under absolute continuity, that is, if u € L(.5)
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and v < pu, then v € L(S). The result leads to the decomposition of M (S)
into L(S) and its orthogonal complement. In section 3.4, we see that L(S)
is a closed two-sided ideal. These two properties of L(S) are crucial in the
study of group algebras. Baker mentioned in his survey paper [6] that unable
to show these two properties is the main hurdle to argue L(S) is a suitable
generalization of group algebra for semitopological semigroups. In Section 3.5,
we look at the support of L(S), a subset of S that we call the foundation
of S in literature. The structure of the foundation is believed to be closely
related to the structure of L(S). We study when L(S) has an identity and
bounded approximation identity in Section 3.6. In Section refnormcts, we
shows the convolutions of any two measures in L(S) is left norm translation
continuous, i.e, the map s +— J, * v * p is norm continuous, given v, u € L(S).
Finally, in Section 3.8, we characterize L(S) for a particular class of compact

semitopological semigroups and list some examples.

3.2 Equivalent Definitions

Lemma 3.2.1. [22] Let X and Y be locally compact spaces. Suppose [ is a
complex valued bounded separately continuous function on X x Y. Then for

p e M(S), the map y — [ f(z,y)du(z) is continuous.

From this result, we have a direct corollary that is very important in this

chapter.

Corollary 3.2.2. If S be a locally compact semitopological semigroup, the
map s — 0 * p is weak™ continuous. In particular, if K is a compact subset of

S, then the set {J, * p; s € K} is weakly closed.
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Lemma 3.2.3. [19, 4.22.1] Let X be a locally compact Hausdorff space. Then
a bounded sequence p, in M (X) is weakly convergent if and only if p,(F) is

convergent to a finite limit for each closed set subset I’ of X.

The following theorem is adapted from [4]. This result offers four equivalent

definitions for L(S) that we use interchangeably later.

Theorem 3.2.4. Let p € M(S). The following statement are equivalent.
(i) If K is a compact subset of S, {Js * u; s € K} is weakly compact.

(ii) If U is an open subset of S that is relatively compact, then {05 * p; s € U}

is relatively weakly compact.
(iii) The map S — M(S) : s — 0, * pu is weakly continuous.

(iv) If F'is a closed subset of S, the map S — C: s+ ds* pu(F) is continuous.

Proof. Clearly, (iii) = (i) and (iii) == (iv). Since S is locally compact, (i) is
equivalent to (ii).

(iv) = (i) Assume the map s — 0, * u(F) is continuous. Let d,, * 1 be a
sequence in {0 * u; s € K}. By Eberlien’s Theorem, it sufficed to show d, * i
is weakly convergent. Since s, is a sequence in K, there exists s € K, such
that s, — s. By (iii), ds, * u(F) — 05 x pu(F') for each closed subset F' of S.
Hence by Lemma 3.2.3, we show 4, * p is weakly convergent.

(i) = (iii) Let s, — s be anet in S. Let K = {x,}. Then K is compact.
By (i), {0s % u; s € K} is weakly compact. By Corollary 3.2.2, {65 % u; s € K}
is weak* compact and Hausdorff, which implies weak topology and weak*

topology coincide on the set. Therefore, d,_ * weak, O * [ O]
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Corollary 3.2.5. If u € L(5), then the map s — J * p is weakly continuous.

Proof. 1f € L(S), then the set {0 % |u|; s € K} is weakly compact. Hence
by Theorem 2.1.2, there is a positive measure A € M(S), such that 0, * |u| < A,
hence dsxpu < A for s € K. That is, {ds * p; s € K} is weakly compact. Hence,

the map s — 5 % p is weakly continuous. O

When S is a locally compact group, it is well-known that s — 65 % p is
weakly continuous if and only if s — d; * || is weakly continuous. Thus we
can remove the |-| in the definition of L(S) given that S is a locally compact
group. However, it is generally not true for semigroups. Baker [5, P692] gives
an example such that s — d, * p is weakly continuous but ds — d * |u] is
not. The same paper also shows that if S is two-sided cancellative and with
jointly continuous multiplication, then the weak continuity of the two maps

are equivalent. We give another condition when the equivalence holds.

Proposition 3.2.6. If S has a dense subgroup, then

L(S)={p € M(S); s+ s * uu is weakly continuous.}

Note that a semigroup with a dense subgroup might not be two-sided
cancellative. It is known that a compact semitopological semigroup is two-sided
cancellative if and only if it is a group (e.g., [8, 3.14]). It is also known that a
compact semitopological semigroup with a dense subgroup is not necessarily a
group (e.g., the weakly almost compactification of a group is such a semigroup).

Thus our result complements that of [5].

Proof. Let G be a dense subgroup of S with identity e. Let U be an open subset
of S. Let x € U, for each open neighborhood O, of z, we have O, N U # 0.
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Let y € O, NU # 0. In particular, O, N U is a neighborhood of y. Hence
O, NUNG # 0, since G is dense in S. Thus U = U N G.

Now let g € G, p € M(S). Since the multiplication on S is separately
continuous, e is an identity of S. Hence {gF;}}_, is a partition of a Borel subset

E, if and only if {F;}", is a partition of g~'F. Then,

8y * || (E) = sup {Z |n(F;)|; F; is a partition of g’lE}
= sup {Z |0, % u(gF;)|; Fiis a partition of g_lE}

= [0 * p| (E)

Suppose U is relatively compact and the map s +— & * p is weakly contin-
uous. Then {d; * p; s € UNG} is relatively weakly compact. By Theorem
2.1.2(iv), the set {|ds * p| = 05 * |u|; s € U NG} is also relatively weakly com-
pact. Recall the map s +— 0,  |u| is always weak™ continuous. Then by the

fact that weak™ and weak topology coincide on relatively weak compact sets,

{6 % |p|; s€U} ={d;*|ul; seUN G}ka is weakly compact. Therefore
e L(S). O

3.3 Absolute Continuity

In order to prove L(S) is closed under absolute continuity for a locally
compact semitopological semigroup S. We need the following measure theoretic

results. For a Borel subset A of S, let £4 be the characteristic function of A.

Lemma 3.3.1. [26, §11] Let u € M(S)". Then for any open subset U C S,
p(U) = sup {/gdu; g€ CeS)T, g < fu}
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For any Borel subset £ C S,

u(E) = inf {/gdp; ¢ < fand f is lower Semicontinuous}

Lemma 3.3.2. Let p € M(S), let F' be a closed subset of S, then

u(F) = in { [ fdus £ ecesyg fF}

Proof. By Lemma 3.3.1,

:M(S)—sup{/fd,u; fe (957, f<§S\F}

= inf{/(l — fdp; feC(S)T, f< €S\F}
f{/fdu, fecs)r, fsz}
4

> in / fdu; > &p is lower Semlcontlnuous} p(F)

Lemma 3.3.3. Let u € M(S)T, let F be a closed subset of S, then s —

ds * p(F') is upper semicontinuous.

Proof. By Lemma 3.3.2, 0, * pu(F) = inf { [ f(st ) fEC(S)T, f>&r}.
Then by Lemma 3.2.2, the function s — g * u(F' ) is the pointwise infimum of a

net of continuous functions. Hence s — 0, * pu(F') is upper semicontinuous. [

Lemma 3.3.4. Let p € M(S)", let F be a closed subset of S. Then for any
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convergent net s, — Sg,
|65, % U(F) — 0y % p(F)| = 0 <= p(s, FAsy ' F) — 0

Proof. “<" is clear. Assume |J5, * p(F') — 05y * p(F')| — 0. Let € > 0, there
exists ap, such that |u(s;'F) — u(sy ' F)| < e whenever a > ag. By Lemma

3.3.3, there exists oy > ay such that,

(s F\sy ' F) = 6, “‘S\SEIF(F) < gy * “‘5\531F<F) +e=c¢
Therefore

p(sq ' FAsg F) = p(sy ' F\sg ' F) + p(sg ' F\s;'F)

=2u(s, F\sg ' F) + pu(sy ' F) — (s, (F)) < 3e

[

Now we are ready to prove the main result of this section.
Theorem 3.3.5. Let u € L(S), let v € M(5). If v < p, then v € L(95).

Proof. Since p € L(S) if and only if |u| € L(S). Thus without loss of generality,
we assume [ is positive.

Let v < p. Then for each € > 0, there exists § > 0, such that |v| (F) < ¢
whenever p(E) < § for some Borel subset F of S. Let s, — sy be a net in S.
Since, p € L(S), by Lemma 3.2, |05, * u(F') — 65, * p(F)| — 0. Then by Lemma
3.3.4, u(s;'FAsy ' F) — 0. Hence there exists ag such that p(s;' FAs;'F) < 6
and |v|(s;'FAsy'F) < e. Therefore, d,, * |v| — 6, * |v|. Since s, is an

arbitrary convergent net in S, we have v € L(S). ]
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A direct implication from the absolute continuity of L(S) is the restriction
of a left translation continuous measure is still left translation continuous. Let
e M(S), let B be a Borel subset of S. We denote the measure pu restricted

on B as u|p, that is, p|p(E) = p(B N E) for Borel subsets £ C S.

Corollary 3.3.6. Let B be a Borel subset of S. If u € L(S), then u|g € L(S).

If we equip M(S) with the natural order, that is, v < p if v(E) < u(E)
holds for all Borel subset E in S, then the measure algebra M (S) is a Banach

lattice under this order.

Lemma 3.3.7. L(S) is a sublattice of M (S).

Proof. Let v, € L(9), let a,b € C. Then from definition of L(S), it is clear
that |ap|+ [bv| € L(S). Since ap+bv < |ap| +|bv|, by Theorem 3.3.5, L(S) is
a subspace of M(S). Let w = |v| + |u|. By Radon-Nykodym Theorem, v = fw,
i = gw for some f,g € Li(w). Note that vV u = (fVglw, v Au=(fAgw.

By Theorem 3.3.5 again, vV u, v A u € L(S). O

Since L(S) is closed under absolute continuity, it is easy to see that L(S) is
also closed under <, that is, L(S) is an order ideal in M (S). Since M(S5) is
order continuous, if we can show L(S) is norm continuous, we may decompose
M(S) in terms of the direct sum of L(S) and its orthogonal complement L(S)*.

For details on the theory of Banach lattices, please see [36].

Theorem 3.3.8. L(S) is a norm closed order ideal of M(S) and M(S) =
L(S) ® L(S)*.

Proof. From the previous remark, it suffices to show L(S) is norm closed in
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M(S). Let pq be a net in L(S) such that pu, LN p for some p € M(S). For

each € > 0, there exists a. such that || — pa. || < e.
Let F' € M(S)*. Suppose sz — So is a net in S. Since p,, € L(S5), there

exists (. such that |F(0s, * fta. — s * fa.)

< ¢ whenever 8 > .. Hence

|F(55[3 * p— O, *N)‘ < ‘F((SS,G *:u_(ssﬁ *:uocs)l + ‘F(dsﬁ * fla. — 0o * fla. )

+ |F(550 * flo, — Oy X )

< 2|p = pa I + |F<555 * fa. — Osy * flo.)

< 3¢

The last inequality hold when g > .. Therefore u € L(S), hence L(S) is a
norm closed order ideal of M (S). O

When S is a locally compact group, it is known that L(S)* contains all
discrete measures unless S is discrete. For locally compact semitopological

semigroup that is right cancellative, we have the following result.

Proposition 3.3.9. Suppose L(S) contains a discrete measure p, then there
exists s € S such that || ({s}) # 0. For each t € S, there exists a neighborhood

U; of t, such that U;s = ts.

Proof. 1t is clear that d; < p, thus s € L(S) since L(S) is closed under
absolute continuity. Let 0 < ¢ < 1/2, then for every t € S, there exists
a neighborhood Uy of t such that |J, * d5(ts) — 0; x d5(ts)| < e. Note that

J, % 05(ts) = 0,5(ts) = 1 if zs = ts and 0 otherwise. Therefore U;s = ts. O

Corollary 3.3.10. If S right cancellative, then L(.S) contains a discrete mea-

sure if and only if S is discrete.
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Proof. 1f S is discrete, the statement is trivial since L(S) = [1(S) = M(95).
Assume L(S) contains a discrete measure pu. By Proposition 3.3.9 and the fact
that S is right cancellative, we know every point in S is open, which means S

is discrete. O

3.4 Ideal Structure

In this section, we show that L(S) is a two-sided ideal of M (S). The results
in this section can be found in [5] and [47]. Even though S is assumed to be
topological in these papers, the ideas can be modified to suit the semitopological

case. We include the proofs here for the sake of completeness.

Lemma 3.4.1. Let p € L(S), then §, x pu for every t € S, pxv € L(S) for
every v € M(S).

Proof. Since 0; * (u + v) = § * u + 0, * v for each v, u € M(S), it suffices to
show the statement holds for positive measures. Suppose p is positive.

Let K be a compact subset in S. Since multiplication in S is separately
continuous, Kt is compact. Hence {d; * d; % u; s € K} = {05 p; s € Kt} is
weakly compact. Thus &; * p € L(.5).

For each F' € M(S)*, we know v« F' € M(S)*. Since pu € L(S), the map

s+ F(0s % uxv) =vx F(ds % ) is continuous. Hence px v € L(S).

Lemma 3.4.2. [47, 4.1] Suppose pu € L(S), then &; * |u] < |v| * |u| for each

t € suppv.

Proof. Suppose the statement does not hold, there exists ¢t € suppr and a Borel
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subset F of S, such that |v| * |u| = 0 but §; * |u| = 6 > 0. Since s > d5 * |y is
weakly continuous, there exists a neighborhood U of ¢, such that 0, *u(E) > §/2
for each z € U. Then

vl 10l (E) = [ 8.5 u(E)iv(z) > 5/2 |v] (V) > 0
which contradict the fact that |v| * |u| (F) = 0. O
Theorem 3.4.3. L(S) is a two-sided ideal of M(S).

Proof. By Lemma 3.4.1, it suffices to show for each u € L(S), v u € L(S) for
all v € M(S). Note that v * p < |v| * |u|, it suffices to show |v] * |u| € L(S),
since L(S) is closed under absolute continuity. If L(S) = M(S), the proof is
obvious. Suppose L(S) # M(S). Since L(S) is a norm closed, there exists
some nonzero F' € M(S)* that vanishes only on L(S). The restriction of F
on Li(|v] = |u|) is Loo(|v| * |u]). Thus there exists f € Loo(|v| * |p|) such that

= [ fdo for all 0 < |v| * |p|. In particular,

F(v*p) /fdy*,u / f(ts)du(s)dv(t) (3.1)
[ 1@ dsspit) 2 [ PGt (32

Since F' vanishes on L(S) and §; x u € L(S), we have F(v x 1) = 0. Therefore
v e L(S). O

Actually, by using the proof of Theorem 3.4.3, we can prove a more general

result.

Corollary 3.4.4. Let A be a closed subspace of L(S). Then A is a two-sided
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ideal of M(S) if and only if for p € A, 65 * p, u*x 05 € A for all s € S.

3.5 Support of L(S) and Foundation Semigroup

Assume L(S) is non-trivial. In this section, we look at the subset of S that
“supports” left weakly translation continuous measures. Recall for p € M(S5),
supppu = {s € S; |u| (U) > 0 for any open neighborhood U of S}. We define

the foundation of S to be

F(S)= |J suppp
(s)

neL

From the definition, we can see that ¢t € F(S) if and only if there exists some
pu € L(S), such that |u| (U) > 0 for all open neighborhood U of ¢t. This is
because if t € F(S) and U is a neighborhood of ¢, then there is p € L(.S), such
that U Nsuppu # (0. Thus pu(U) > 0, since U is an open neighborhood of any

element in U N supppu.

Proposition 3.5.1. Let t € S. Then t € F(5), if and only if for any neigh-

borhood U of ¢, there is v € L(S), such that suppr C U.

Proof. The only if case is trivial. Assume t € F(S). Let U be a neighborhood
of t. By the previous remark, there is u € L(S), such that || (U) > 0. Since
S is locally compact, there is a compact subset K such that t € K C U. Let
v = |u||x. Then suppr C U. We have v € L(S) since L(S) is closed under

absolute continuity. O]

The following result is due to Baker [4].

Proposition 3.5.2. F(S) is a two-sided ideal in S.
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Proof. Let t € F(S), s € S. Let U be an open neighborhood of st. Then
s7'U is an open neighborhood of t. Thus there exists u € L(S), such that
|| (s72U) > 0. Hence 6, * u(U) > 0. Since &5 * u € L(S), by the remark in the

beginning of this section, we know that st € F(.9). O

We say S is a foundation semigroup if F(S) = S. Then any locally compact
group and discrete semigroups are foundation semigroups. To obtain structural
information of the underlying semigroup S from that of L(S), foundation
semigroup seems to be a reasonable assumption. But how to find foundation
semigroups? By Theorem 3.3.5, we know that the restriction of any left
translation continuous measure on a closed subsemigroup is still a left translation
continuous measure, thus as long as L(S) is non-trivial, F(5) is a foundation
semigroup. The following is a simple corollary of the above remark and

Proposition 3.5.2.

Corollary 3.5.3. 1. If S is simple and has a non-trivial L(.S), then S is a

foundation semigroup.

2. Suppose S has an identity e, then S is a foundation semigroup if and only

if for each neighborhood O of e, there is u € L(S), such that |u|(O) > 0.

Later in Section 3.8, we shall see every compact right simple semigroup is a

foundation semigroup.

Proposition 3.5.4. Let O be a Borel subset of S. If there is u € L(S) such
that |u| (O) > 0, then for each s € S, (sO)O~! is a neighborhood of s.

Proof. Without loss of generality, assume p is positive. Let v = ﬂ Then

luloll”
v € L(S), and ||v|| = v(O) = 1. Hence J, * v(sO) = |v| (s7*(s0)) = 1. Since
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the map s+ J, * v is weakly continuous, there exists a neighborhood U of s,
such that 4, * v(sO) > 0 for 2 € U. Thus 27*(sO) N O # ), whenever z € U.
Otherwise v(z7*(sO) U O) > 1. Hence z € (sO)O~! for z € U. Therefore
(sO)O™! is a neighborhood of s. O

With this result, we can have the following result which was shown in [37]

for topological semigroups.

Corollary 3.5.5. Let S be a foundation semigroup. Let O be a subset of S

with nonempty interior, let s € S, then (sO)O~! is a neighborhood of s.

Proof. Since S is a foundation semigroup, if O is a subset of S with nonempty
interior, there is u € L(S), such that |u| (O) > 0. Then by Proposition 3.5.4,
(sO)O™! is a neighborhood of s. O

We say a point « € S has property « if, for any neighborhood O of x and any
s € S, the set (sO)O~! is a neighborhood of s. If z € F(5), then automatically
x has property a. The following result is an interesting application of property

a adapted from [40, 4.2].
Proposition 3.5.6. Let © € S. Suppose,

(1) x has property «;

(2) there is p € M(S), such that the map s+ ds * p is norm continuous at

x.

Then the map s — g, * i is norm continuous on S.

Proof. Let s, — so be anet in S. From (1), there exists nets (z,), (yo) that
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converge to x, such that s,x, = sgy. Then

|G * 11 — Osoz * pll = (|00 * p = Ospan * pf| + ||5SOya * L — sy * ol

< [0z % p = Gy x pal| + |Gy, * 1 — G |

By (2), the map s+ dg * 4 is norm continuous on S. O

One might wonder if the property « can be removed from the above result.

The answer is negative as we can see from the following example.

Example 3.5.7. Let S = [0, 00) with st = max(s,t) and the usual topology.
Then S is a commutative locally compact semitopological semigroup. Let
0 < a<b<c, then cla,b)[a,b)™! = c. By Proposition 3.5.4, || ([a, b)) = 0, for
each p € L(S). However, since [a, b) are arbitrary and the union of such sets
can cover S. We know that L(S) = {0}. In particular, there is no left norm
translation continuous measures on .S.

On the other hand, let v be a positive measure in M (S) with norm 1. Let
p = inf suppr. Since suppv is closed, p € suppr. If p > 0, we claim that the
map s — d, * p is norm continuous on [0, p). To see this, let s <p and E C S

be a Borel subset.

If seF, then v(s™'E)=v([0,s)UE))=v(E);
Ifs¢ FE, s <inf E, then v(s™'E)=v(E);
Ifs¢ E, infE<s<sup F,then v(s'E)=uv((s,00)NE)=v(E);

If s¢ F, sup £ < s, then v(s'E)=0.

Let t, — to < p. Without loss of generality, we may assume t, < p. If

E Nsuppr = 0, then v(s™'E) = 0 for all s € [0,p). If ENsuppr # 0, then
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p < supE, hence v(s™'E) = v(F) for all s € [0,p). Therefore in both cases,
[V(t'E) — v(ty'E)| = 0. Since E is arbitrary, s — &, x v is continuous on

[0,p).

3.6 Identity and Bounded Approximate Identity of L(S)

It is well-known that for a locally compact group G, if L;(G) has an identity,
then G has to be discrete. We generalize this result to foundation semigroups

in this section as a consequence of the following theorem.

Theorem 3.6.1. Let S be a foundation semigroup. Then L(S) has a positive

right identity o if and only if ||o|| =1 = o(z'z) for all z € S.

Proof. Assume L(S) has a positive right identity . Then u(S) = p*o(S) =
w(S)o(S) for all u € L(S). Thus ||o|| = o(S) = 1. Suppose there is x € X,
such that o(x~'x) < 1. By the outer regularity of §, * o, we may find an
open neighborhood O of z, such that o(z7!0) < 1. Since s — J§, x p is
weakly compact, there is an open neighborhood U of x, such that U C O and
o(s7'0) < 1 for s € U. Since S is a foundation semigroup, by Proposition

3.5.1 there is a positive measure p € L(S), such that suppu C U. Then

w(0) =puxo(0) = / ds * 0(O)du(s) < pu(0)

Therefore, o(z7'z) =1 = ||o]|| for z € S.
On the other hand, assume ||o|| =1 =oc(z7'z) forallz € S. Let E C S

be a Borel subset. Then p* o(E) = [ 0 * o(E)du(s) = p(E). O

The above theorem directly implies a well-known result: for a locally

compact group G, the group algebra L, (G) has a (positive) right identity if and
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only if GG is discrete. One might wonder if the similar result holds for locally
compact semitopological semigroup. We shall give an affirmative answer in

Corollary 3.6.5.

Corollary 3.6.2. If S is a foundation semigroup. If L(S) has a positive right

identity o, then S has a right identity.

Proof. By Theorem 3.6.1,m r7 'z # (), which is the set of right identities.
TES
Actually, suppo C ﬂ z b n
€S

Corollary 3.6.3. If S is a foundation semigroup and has finitely many right

identities, then L(.S) has a positive right identity if and only if S is discrete.

Proof. Suppose o is a positive right identity of L(S). By Theorem 3.6.1, the
support of o lies in the set of right identities. Thus if S has finitely many right
identities, there is a right identity e, such that o({e}) > 0. Hence J. € L(S).
By Theorem 3.3.9, for each t € S, there is a neighborhood Uy, of ¢, such that

U, = Uie = te = t. Therefore S is discrete. O

Note that in the previous results, we assume L(S) has a positive right
identity. The reason is we do not know if all right identities of L(S) are positive

unless S has a left identity.

Proposition 3.6.4. Let S be a foundation semigroup. If o is a right identity
of L(S), then o(z™'E) > 0 for x € S and Borel subset F C S. In particular,
if S in addition has a left identity, o is positive. Actually in this case, S is a

discrete semigroup with an identity.

Proof. The proof for this proposition is similar to that of Theorem 3.6.1.
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Suppose o(z7'E) < 0 for some x € S and Borel subset E. Then there is an
open subset U of z, such that o(s™'F) < 0 when s € U. Since S is a foundation
semigroup, there is a positive measure p € L(.S) such that suppu C U. Hence
0 < u(E)=pxo(E) <0. Therefore o(x~*E) > 0 for arbitrary x € S and
Borel subset E.

Suppose S in addition has a left identity e, then for any Borel subset E
of S, o(E) =c(e'E) > 0. Thus o is positive. However, the existence of left
identity implies that S has only one right identity, which is the identity of S at

the same time. By Corollary 3.6.3, S is discrete. [

By using a previous result of this section, we have the following result which

was first shown in [5] for locally compact topological semigroups.

Corollary 3.6.5. If S is a foundation semigroup with an identity, then L(S)

has an identity if and only if S is discrete.

Proof. Let e be the identity of S. If S is discrete, then L(S) = M(S), hence
Je is an identity in L(S). Assume L(S) has an identity 0. By Theorem 3.6.1
and Proposition 3.6.4, ||o|| = 1 = o(e). Thus 0 = §.. Then by Proposition
3.3.9, there is a neighborhood U; of each s € S, such that U; = s. Thus S is

discrete. n

Approximate identity is a weaker sense of identity. A net (e,) is a bounded
left approximate identity of L(.S) if it is norm bounded and for each u € L(5),
€ ¥ [ M p. It is known that L;(G) always has a bounded approximate
identity. The existence of bounded (left) approximate identity is crucial in

the study of group algebra L;(G). The result was generalized for topological

semigroup in [17, 2.10]. Their proof works in the semitopological case. We
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include the proof here for completeness.

Proposition 3.6.6. If S be a foundation semigroup with left identity e, then

L(S) has a bounded left approximate identity.

Proof. Let U, be a decreasing relatively compact neighborhood of e. Since

e € F(9), by 3.5.1, there is a positive net e, in L(.5), such that suppe, C U,

weak*

and ||e,|| = 1. It is clear that e, — d.. Let u € L(S) and F' € L(S)*. Then

3.2

Fleq * 1) = (eq, F(0s % 1)) = (e, F(0 % 1) = F(p)

—
~

Thus e, * 1 =25 4. By [9, P58], there is a net bounded f, € L(S), such

that fa*uﬂ,u. O]

3.7 Norm Continuity

As is well known, if S is a locally compact group, the map s +— d * p is
weakly continuous if and only if it is norm continuous. However, this is in

general not true for locally compact semigroups. Let
L™"(S) ={pn € M(S); s+ ds* |pu| is norm continuous.}

Sleijpen [38, 2.3] construct a locally compact semigroup with jointly continuous
multiplication, such that L"(S) € L(S) and L™(S) is not closed under absolute
continuity.

We shall see later that if v, u € L(S), then s +— dg* v * 1 is norm continuous.
The same result for the topological case can be found in [37, 5.4]. However,

their proof depends on joint continuity. We modified their proof to bypass the
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joint continuity requirement.
Let X and Y be Banach spaces. Let By be the unit ball of X. A linear
operator 7' : X — Y is weakly compact if T'(Byx) = {T'z; x € Bx} is weakly

compact.

Theorem 3.7.1. [13,4.4.5|If T : M(S) — M(S) is a weakly compact operator,

then T" maps relatively weak compact sets to relatively norm compact sets.

Lemma 3.7.2. Let K C S be compact. Suppose s — s % p is weakly

continuous, then the map p, : M(K) — M(S) : v = v * p is weakly compact.

Proof. Let (O;) be a sequence of open and pairwisely disjoint subsets. Since
{ds * u; s € K} is weakly compact, by Theorem 2.1.2, for each € > 0, there
is ig € N, such that whenever i > iy, we have |0, * u(O;)| < e for s € K.
Take v € Byy). Then |v# p(O;)| = | [5 6 * 1(O;)dv(s)| < € if i > ig, which
implies {y * 1y v € By K)} is relatively weak compact. Therefore p, is weakly

compact. O

Theorem 3.7.3. Let v,u € L(S), then the map s — &5 * v % p is norm

continuous.

Proof. Let s, — so be a net in S. Let K = {s,}. Without loss of generality,
we may assume K is compact. Let ¢ > 0. Since {0, xv; s € K}, there is a

compact subset C' of S, such that |5 * v| (S\C) < ¢ for s € K. Then
105 % v % o = (35 v)|o pull < (105 v =05 x )|l ull < ellull (+)

By Theorem 2.1.2, the set {(ds % v)|¢; s € K} is weakly compact, since it

41



is uniformly absolutely continuous with respect to some positive measure.
Since p, : M(C) — M(S) is weakly compact by Lemma 3.7.2, the set
{(6s * v)|c * p; s € K} is relative norm compact by Theorem 3.7.1. Thus
by passing {s,} to a subnet, ||(ds, * V)|c * u — (ds, * V)|c * p]| < & for a > .

Therefore by (*),

1050 % v % po = 05 ¥ v ¥ puf| < 2|p]] +1)e - (@ > )

Thus the map s +— d, * v * 4 is norm continuous. O]

Since L(S) is closed under total variation, we show |v| * |u| € L"™(S), given
v, i € L(S). However, it is not known if v x p € L™(S). Below are some direct

implications of the above theorem.

Corollary 3.7.4. If p is a positive idempotent in L(S), then p € L"(S5).

Corollary 3.7.5. If L(S) has a bounded left approximation identity, then
L(S) = L™(S). In particular, if S is a foundation semigroup with left identity,
then L(S) = L"(S).

Proof. 1f L(S) has a bounded left approximation identity, then by Cohen
Factorization Theorem (e.g. see [11]), for any v € L(S), there is u,0 € L(S),
such that |v| = p* 0. Then by Theorem 3.7.3, v € L"(S). The second part of

this result follows Corollary 3.6.6. m

3.8 Compact Semitopological Semigroups

In this section, we focus on compact semitopological semigroups .S. Compact

semitopological semigroup naturally arises from one point compactification and
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weakly almost periodic compactification of a group. As an application, our
result gives a characterization of L(S) on such semigroups. Before that, we
introduce another decomposition of the measure algebra.

Let Min(S) = {\ € M(S); d,% A = A}. Measures in M,,,(S) are called
left invariant measures. Note that if A is an invariant measure, so is |A|. This
is because 0 * |A| > |dsA| = |A|. Thus ||0s % [A| — |A]|| = (05 x [A| = |A|)(S) = 0.
Let

M (S) = {pu € M(S); u < A for some invariant measure A}

My(S) ={pne M(S); pL Xforall A € My (S)}

Proposition 3.8.1. The sets M, (S) and M,,(S) are norm closed ideals
of M(S), while M(S) is norm closed and invariant under translation of S.

Moreover, M(S) = M,,(S) & M(S).

Proof. As we mentioned in the earlier, M;,,(S) is closed under total variation.
It is also clear that M;,,(S) is a norm closed subspace of M(S). Let (u,) be a
Cauchy sequence in M, (S). Then there is u € M(S) such that pi, I, W, since
M (S) is norm closed. Meanwhile, there is a norm 1 sequence (A,,) in My (S)
such that i, < A,. Since My, (S) is norm closed, the series A = Y7 | =L |\,
exists. Then p, < A for all n, hence p < A. Therefore M,;,(.S) is norm closed.

To see Min,(S) and M, (S) are ideals, it suffices to see them closed under
left and right translations under positive measures in M (S). By the definition
of M, (S) and the fact that M;,,(S) is closed under total variation. It suffices
to show M, (5) is an ideal. Let v € M(S) and A € M, (S). It is easy to

check that v« A = X and ) x v are left invariant measures. Therefore M, (S)

and M, (S) are norm closed ideals of M(.S). As a particular consequence, it is
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easy to check that M(S) is closed under both left and right translations of S.

As for the decomposition, since norm closed order ideals in M(S) are
protective bands complemented by their disjoint complements. As the disjoint
complement M,,(S) in M(S), we have M(S) is norm closed and M(S) =
Mo (S) & My(9). O

Of course the above decomposition is trivial if M, (S) = {0}. When
My (S) is non-trivial, we can identity L(S) with M,,(S) as we show in the

next result.
Theorem 3.8.2. If M;,,(5) # {0}, then L(S) = M, (5).

Proof. The direction M,,(S) C L(S) is obvious since every left invariant
measure is automatically left translation continuous.

Let u € L(S). By Proposition 3.8.1, u = py + pus where py € My,(S)
and py € M(S). If us = 0, the proof is trivial. Suppose py # 0, since
to L pq, we have po < pu. Hence {ds * |us|; s € S} is weakly compact. Further,
K =c0" {8, * |pa|; s € S} is weakly compact by Krein-Smulian theorem. At
the same time, the set is contained in M;(S), since M(.S) is norm closed and
closed under translation of S.

On the other hand, if M;,,(S) # 0, C(S) is left amenable. By Lemma 3.2.1,
it is easy to check the map S x M(S) — M(S) : (s, ) — 0 * pu is separately
continuous when M (S) = Cy(S)* is equipped with weak® topology. Thus by
[34], there is a fixed point A of S in K. By the fact that K C M(S), we have
A = 0. Note that |u(S)| = 0 * |u2] (S). Thus 0 € K implies |uz| (S) = 0.
Therefore ps = 0 and p € L(S). O

Proposition 3.8.3. If S is a compact semigroup with a dense subgroup, then
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L(S) = Mab(S)'

Proof. [8, 4.2.15] showed that if S be a semitopological semigroup with a dense
subgroup, then WAP(S) is left amenable. When S is compact, WAP(S) =
C(S). Hence M, (S) is non-trivial by Riesz representation theorem. Therefore

by Theorem 3.8.2, L(S) = My(S5). O

The previous result is based on the assumption that non-trivial left invariant
(Borel regular) measure exists. Invariant means on compact semitopological
semigroup has been thoroughly studied in the literature. The following gives

some characterizations of the existence of left invariant measures on S.
Theorem 3.8.4. Let S be a compact semitopological semigroup. Then the
following are equivalent.

(i) S has a left invariant measure.

(ii) C(S) is left amenable.

(iii) S contains a compact left invariant subset F', i.e, sF' = F for all s € S.

(iv) S has a unique minimal right ideal.

(v) S is left reversible, that is, the intersection of any two closed right ideal

is non-empty.

Proof. (i) and (ii) are equivalent by Riesz representation theorem. The equiva-
lence of (i) and (iii) was shown in [2, 2.2]. The equivalence of (i) and (iv) was

shown in [8, 3.14]. The equivalence of (iv) and (v) is trivial. O

As an application of the above results, the next result gives an algebraic

description of F(S) for compact semitopological semigroup S.
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Theorem 3.8.5. If M;,,(S) is non-trivial, then F(S) = K(S), the minimal
ideal of S. Moreover, F(S) is a closed right simple subsemigroup with left

identity that is a union of disjoint closed groups.

Proof. From Theorem 3.8.4, we know S has a unique minimal right ideal. Then
by [8, Theorem 2.7 and 2.11], K(S) is the minimal right ideal and a union of
disjoint closed subgroups, each of which is a minimal left ideal of S. Then the
Haar measure on each subgroup canonically extends to invariant measures on
S. Hence by Theorem 3.8.2, K(S) C U{suppA; A € M, (S)} = F(9).

On the other hand, let A be a positive non-zero left invariant measure on S,
then A(S) > A(aS) = d, x AM(aS) > A(S) for all a € S. Hence supp\ C K(S).
As A is arbitrary, F(S) C K(95).

Since F(.5) is a minimal right ideal, it has a left identity. Let a € F(.S), then
aF(S) C F(S) =aS. Since F(S5) is the disjoint union of minimal left ideals, a
might falls in one of them. Since each minimal left ideal is a group, suppose
the one that contains a has an identity e. Then F(S5) = aS = aeS C aF(95).

Therefore F(S) = aF(S) for all a € F(S) and thus F(5) is right simple. [

Corollary 3.8.6. Let S be a compact semitopological semigroup with non-
trivial left invariant measures. Then S is a foundation semigroup if and only if

it is right simple. In this case, S is topological.

Proof. This result is a direct consequence of Theorem 3.8.5. By [8, 4.6], such

S is topological. O]

One might wonder if non-trivial L(.S) implies the existence of left invariant
measures. We do not know the answer, but we were able to loosen the existence

of left invariant measures to the existence of left invariant mean on LUC(S)
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in the presence of non-trivial left translation continuous measure. When S’ is
a locally compact group, the equivalence of left invariant mean on C(S) and
UC(S) is a convenient result for the study of amenability on locally compact

groups.

Theorem 3.8.7. If L(S) is non-trivial, UC(S) has a left invariant mean if

and only if C'(S) has a left invariant mean.

Proof. By Theorem 3.7.3, since L(.S) is non-trivial, there is non-zero u € L™(S).

Let F' € M(S)*. Define f(t) = F(6; * |u|) on S. Suppose s, — s is a net in S.
Irsa f = oIl = sup |F (00 # dso = O 0% )] < [0 1 = 05 ] = 0
te

Thus f € RUC(S). Since S is compact, UC(S) = RUC(S).
Let ¢ be the invariant mean on UC(S). Thus there is a net of finite means

Vo = Z )\aiésai such that v, tweak”, ¢. Then let t € S,
=0

S(f) =Hm > " Ao (F, 64, ) = (FHm > Ao, ds, )
=0

=0

S(If) =Hm > No (F,Gry ) = (F, 0+ Hm Y Ao, s 1)
i=0 1=0

Since K =¢0{ds * |u]; s € S} is weakly compact, by passing to a subnet,

there is 0 = limZ)\aiésaiw € K. Thus (F,0) = (F,d; x o), because ¢(f) =
i=0

o(l.f) for allt € S. Since F is arbitrary in M (S)*, we have d; %0 = 0. Therefore

o is a left invariant measure and C'(S) has a left invariant mean. [

Remark 3.8.8. For a compact semitopological semigroup S, UC(S) has a

right invariant mean if and only if C'(S5) has a right invariant mean (see [20,
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Corollary 4.11] and [8, Theorem 3.14]). However, the author does not know if

the result is true in general for left invariant means.

Example 3.8.9. (a) Let G be a locally compact group. Let S = G U {co} be
the one-point compactification of G. Suppose A € M, (5) is a positive left
invariant measure on S. Then A(G) = §, * A(G) = 0o * A(G) = 0. Thus A
has to be a multiple of d,,. It is easy to check that A = c¢d,, is indeed a left

invariant measure. Thus L(S) = Cds.

(b) Let G be a locally compact group. Let S = G" be the weakly almost
periodic compactification of G. Let R : G — G™ be the canonical embedding
of G to a dense subset of G*. R is injective since Cyp(G) € WAP(G). Then
R*: C(G") - WAP(G) : F — R*F(z) = F(Rx) is isometric and bijective.
Hence R* : WAP(G)* — M(G") : ¢ — R™¢(F) = (¢, R*F) is bijective and
is invariant under left translations of s. Then S has a left invariant measure
A if and only if (R*)~!(|A] /||A]]) is a left invariant mean on W AP(G). Note
that a left invariant mean on WAP(G) is actually an invariant mean and there
is a unique invariant mean on WAP(G) (see e.g. [10]). Therefore, M;,,(5) is
spanned by a unique probability invariant measure X\. Thus F(5) = K(S) =
suppA is a compact group by [8, 3.14] and L(S) = {u € M(S); pu < A}. Note
that K(S) as an ideal of S is disjoint with R(G).

(c) Let G = (C,+) x (T, -), the 2-motion group.

The open sets Us = {(z,w) € G; |z] < d,|arg w| < §} forms a neighborhood
basis of the identity (0,1) in G. Since G is minimal weakly almost periodic,
WAP(G) = Cy(G) & AP(G). It can be shown that AP(G) ~ C(T). To be
specific, if f € AP(G), there exists g € C(T), such that f = g o ¢, where ¢
is the natural projection from G to T. Thus wG ~ G & T with semigroup

operation “-” defined as
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1) fz,ye G, z-y=uzyin G.
2) lfz,yeT,z-y=ayin T.

3) IfeeG yeT,o-y=q(x)yinT, y-z=yq(z)inT.

Therefore T is an ideal in wG. Thus the canonical extension of normalized Haar

measure on T to wG is the unique probability measure that spans M., (wG).
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Chapter 4

Topological Left Amenability

4.1 (LSU) nets and L(S)

Previously in Chapter 1, we have seen the following results.

1. (Theorem 2.3.4) If there is v € P(S), such that the map s — Js * v is
norm continuous, then S has an (LSU) net if and only if it has an (LSP)

net.

2. (Theorem 2.4.1 ) If S has an (LSU) net or there is u € P(S), such that
s+ 0 * @ is norm continuous, then a Borel subset 1" is TLT if and only

if it is TLL.

Because of these results, Day[15, p.84] inquired if the existence of an (LSU)
net implies that of u € P(S), such that s +— ds * v is norm continuous. From
Chapter 2, we know that such a measure exists if and only if L(S) is none
trivial. If L(.S) is non-trivial, there is u € L(S)NP(S), since L(.S) is a two-sided
ideal of the Banach algebra M (S) that is closed under absolutely continuity
(Theorem 3.3.5 and Theorem 3.4.3). Then by Theorem 3.7.3, pu* u € P(S5)

is such a measure. We answer Day’s question in the negative by giving a
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counterexample.

Example 4.1.1. Consider S = [0,00) with max operation and subspace
topology deduced from the natural topology of R. Then S is a commutative
locally compact semitopological semigroup with identity. Let z, — oo be
a sequence in S. Then for each compact subset K, there is nx € N, such
that sz, = z, for n > ng, s € K. Hence |05 * 0, — 04, || — 0 uniformly on
compact subsets and d,, is a (LSU) net.

Suppose L(S) is non-trivial, let v € P(S) N L(S). Let x € suppr. Consider
E = [z + a,z + b] with a,b > 0. Then (z + a)"'FE = [0,z + b], while
(x4+a— 1) E = E for any n € N. Hence 0(y4q) * V(E) — O(pra—1) * V(E) =
v[0,z + a) > 0 independent of the choice of n € N. Therefore, s — ds * v is

not continuous at s = x + a, which is a contradiction.

Remark 4.1.2. When consider the one-point compactification S of S = [0, o),
it is not hard to see ., is the only normalized (left) invariant measure on S.
Thus by Theorem 3.8.2, we know L(S) = Cd.. The above example shows that
the existence of nonzero left translation continuous measure on the S can’t
even pass down to its open dense subsemigroups S. The reason is that L(S)

vanishes on S. Thus as we mentioned earlier, it is more reasonable to expect

L(S) to reflect properties of F'(S), rather than that of the whole semigroup.

Proposition 4.1.3. Suppose L(S) is non-trivial. Then,

(i) S is TLA if and only if there is an (LSU) net (uo) in L(S) N P(S).
Actually, every topological left invariant mean m on M (S)* is a weak™

limit of such a net.

(ii) M(S)* has a topological left invariant mean if and only if there is m €

L(S)**, such that ||m| =m(1) =1 and v *xm = m for all v € L(S).
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Remark 4.1.4. Let G be a locally compact group. It is well-known that M (G)*

has a topological left invariant mean if and only if L. (G) has a topological

left invariant mean (eg. [31, Corollary 4.3]). In the previous proposition, (ii) is

a generalization of this result.

Proof. (i) If L(S) is non-trivial, there is v € P(S) such that s — 6, *x v is

norm continuous as we argued at the beginning of the section. Then by
Theorem 2.3.4 (iii), (v * p,) is an (LSU) net in P(S). Since we have
shown in the previous chapter that L(.S) is an ideal of M (S), the net is
actually in L(S) N P(S).

Let ¢ € 9M(.S). Since L(S) is a left ideal of M(.S), then ¢ is topological left
invariant if and only if it is invariant under left translation of L(S)NP(S).
Consequently, S is TLA if and only if there is a net (o,) in P(S) such
that ||o % 0, — 04| = 0 for o € L(S) N P(S). Let pio = v * 0,. Then
lo is a net in P(S) N L(S) such that ||o % pe — pa|| — 0. Let m =
weak™*-lim p,, € L(S)*. It is easy to check that ||m| = m(1) =1 and
vxm = m for all v € L(S). Conversely, assume there is such an m

in L(S)**. Then by Goldstine theorem, there is p, € L(S) N P(S),

weak* weak

such that p, —— m. Consequently, o * py — o — 0 for o €

L(S)N P(S). Hence 0 € {o*p—p; pe P(S)N L(S)}Weak. Since the
set {o*xpu—p; pe P(S)NL(S)} is convex, there is f, € L(S) N P(S),

such that [|o * f, — fal| = 0.

4.2 Hereditary Property

Throughout this section we let T" be a locally compact Borel subsemigroup

of S,

for example, take T as an open or closed subsemigroup of S. As we
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mentioned in Section 2.5, the generalization of Theorem 2.5.2 is still open
for locally compact semitopological semigroups. We shall give an affirmative
answer to this question in this section.

Definei : M(T) — M(S) : u + iu, where iu(E) = p(ENT) for Borel subset
E C S. Define p: M(S) — M(T) : v — pv, where pv(F) = v(F) for Borel
subset F' C T. Then p o is the identity map on M(T"). Thus in this section,
we let v, p to denote measures in M(S), while vy = pr and pur = pp to denote
their corresponding restriction on 7. We know that M(T) = {ur; u € M(S)}

by previous argument. For each Borel measurable function h on T', we define

B(s):{ h(s) if se€T

0  otherwise
Let p € M(S). If h € Li(|u]), then clearly [ hdur = [, hdp.

Before we prove the main theorem, we need the following result, which is a

generalization of Wong [50, Lemma 3.1].

Lemma 4.2.1. Let v, u € M(S). Then

[(v * p)r — vr * pr| < / ul (s7' TN Te)d]v| (s) + /T W (T N Te)d ]| ul (¢)

Proof. Let h be a bounded Borel measurable function on 7. Note that r;h(s) =

h(st) = r:h(s) for all s,t € T. Since complex Radon measures are bounded,

h is integrable against any positive measure in M (7). Thus by (A) on p.1,
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[ h(st)dvr(s) = [, rih(s)dv(s) is |pur|-integrable for all 4 € M(S). Hence

/ hdvp s g 2 / / A(st)dvr(s)dpr (t)
_ / / reh(s)dv(s)dpr (1)
:iééﬁm@w@mmw
:LlaWW@mw

On the other hand,

/hd(y*,u)T:/zh( 2)dv * p(x //SteT (st)dv(s)du(t)

Thus,

‘/thT*uT—/hd(u*,u)T
‘// h(st)du(t)dv(s
TnTe Tt=1nTe

<l ([l 7T 0Dl o / 1T ATl ()

h(st)dv(s)du(t )‘

By letting h runs out of Cy(.S), we have the desired result.

Corollary 4.2.2. Let T be a Borel locally compact subsemigroup of S. Let

v, € M(S) such that suppr and suppu are contained in 7. Then (v % p)r =

vp *x Ur.

Let m € M(S), we say m is topological left T-invariant if v * m = m for

v € P(S) with suppr C T. We say S is topological left T-amenable if there is a

topological left T-invariant mean on M (S)*. Equivalently, there is exists a net
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0, in P(S), such that ||v * o, — 04| = 0 for each v € P(S) with suppr C T.
The argument is similar to that of the proof of Proposition 4.1.3. Like earlier,
we say T is uniformly topological left T-invariant, if for each compact subset
K C T, there is a net u, in M(S) such that ||V * pa — a|| — 0 uniformly for
v € P(S) with suppr C K.

Theorem 4.2.3. Let S be a locally compact semitopological semigroup. Let
T be a Borel locally compact subsemigroup of S. Then the following are

equivalent.
(i) T"is TLA [resp. U-TLA].

(ii) There is a topological left T-invariant mean [resp. uniformly topological

left T-invariant mean] m on M (S)* such that m(xr) = 1.

(iii) There is a topological left T-invariant mean [resp. uniformly topological

left T-invariant mean] m on M (S)* such that m(xr) > 0.

Proof. The equivalence of (i) and (ii) was shown in [50, Theorem 4.1]. (ii)
implies (iii) is trivial. Thus it suffices to prove (iii) implies (i).

Assume m is a topological left T-invariant mean on M (S)* such that
m(xr) = ¢ > 0. Then there is a net (u,) in P(S) that weak™ converges to
m and ||V * o — plal| = 0 for v € P(S). Without loss of generality, we may
assume /i (1) > § > 0. Let ¢ = (fta)7/1ta(T). Then for each v € P(S) with
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suppr C T,

|2 % 6o — dal = ﬁ e % (1a)r — (o)
1

< (D) v * (pa)r — (V% pa) || + [ (v * pa)T — (pa) 7]

2 _
<2 / a5 T\T)d(s) + v % fe — pta

Since T is a subsemigroup, for s € T, T' C s~ 'T. Therefore,

[0l T AT s) = [ s T) = D))

= V*NQ(T) _Ma(T) < Hy*lua _:ua“

Therefore ||vp * ¢ — ¢ol|| — 0. That is, 7" is TLA. The proof of uniform

case is exactly the same. O]
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Chapter 5

Some Open Problems

In the chapter, we continue to let S be a locally compact semitopological
semigroup. The following lists some questions that are closely related to the

thesis and believed to be open.

1. We have seen that if either S has an (LSU) net or has non-trivial L(.5),
then a Borel subset is TLL if and only if it is TLT. In particular, when
S is a discrete semigroup, or a locally compact group, or a compact
semitopological semigroup with a left invariant Radon measure, the two

definitions coincide. Are the two definitions equivalent in general?

2. We have characterized L(S) for compact semitopological semigroups with
left invariant Radon measures. In this case F(S) is the minimal right
ideal of S and is a topological semigroup. Till now, all examples of foun-
dation semigroups are topological semigroups. Is there a semitopological

foundation semigroup?

3. We have shown in Corollary 3.5.5 that if S is a foundation semigroup,
then (a) for any subset O of S with nonempty interior, (sO)O~! is a

neighborhood of s for any s € S. Does («) imply the existence of a
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non-trivial L(S)?

. A semigroup S is called a Clifford semigroup if it is the union of algebraic
subgroups of S. It has been shown in [37, Theorem 11.5] that every
Clifford semigroup with an identity and a “stip” structure is a foundation
semigroup. However, not every Clifford semigroup with an identity is a
foundation semigroup, for example, the weakly almost compactification
of the 2- motion group in Example 3.8.9 (c¢). Is there always a non-trivial

L(S) for a Clifford semigroup?

. In literature, one say a Banach algebra (A, =) is right (left) weakly
completely continuous, if the map p, : b — ba (N, : b — ab) from A
to A is weakly compact for any a € A. A Banach algebra A is weakly
completely continuous (w.c.c) if it is both right and left weakly completely
continuous. The study for w.c.c. Banach algebras arise from the study
of the group algebra L;(G), where G is a compact group. It has been
shown that a Banach algebra A is right (left) w.c.c. if and only if A is a
left (right) ideal of A** (see [21]). It is also known that L;(G) is w.c.c.
if and only if G is compact (see [43] and [24]). When S is a compact
semitopological semigroup, it is obvious that L(.S) is a right w.c.c.. Does

the converse hold?
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