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Abstract:

It has been proven in other sources that spectral curves, (3, z,y), where X
is a compact Riemann surface, and meromophic functions x and y satisfy
a polynomial equation (and subject to certain admissibility conditions), can
be used with the topological recursion to construct the WKB expansion for
the quantization of said curve. In this paper we prove an extension of that
connection for spectral curves, (3, u,y), where u is meromorphic only on an
open region of X, and z = e“ may or may not be meromorphic on ¥, so long
as ydu is meromorphic on X; we will see that the admissibility condition still
holds, and that there are added constraints. We provide a rigorous proof for
dealing with spectral curves where u is meromorphic on X, but provide only
a conceptual argument and affirmative examples for dealing with spectral

curves where u is not meromorphic on 3.
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1 INTRODUCTION

1 Introduction

The topological recursion is a structure, that has emerged in the last few
decades, with intimate connections to a wide range of fields in both math-
ematics and physics ([6][7][8][12][14]). We will introduce the details of the
topological recursion in the following sections, and go into some of these con-
nections; for now it is enough to understand that the topological recursion is
a recursive structure for defining an infinite set of n-differentials, call them
Wy.'s, from the data of something called a ’spectral curve’ which can be
thought of as the data of an irreducible algebraic curve. The spectral curve
can also be expressed as (X, x,y), where ¥ is a compact Riemann surface,
and z and y are meromorphic functions on .

We will set up the definition of the spectral curve in Section 2.2, and of
topological recursion in Sections 2.4 and 2.6. We will discuss the connections
between the topological recursion and a few other relevant fields in Section
2.7.

The results of [2][3][4][9] establish, and prove in a broad class of cases, a
particularly interesting connection between the topological recursion and the
method of WKB in solving differential equations. The topic of this thesis is
to extend the result of those papers to a broader class. The basic idea behind
the connection between WKB and the topological recursion is that the W ,,’s,
defined through the recursion, can be used to construct a wavefunction, v,

which is annihilated by a differential equation that is the 'quantization’ of



1 INTRODUCTION

the spectral curve; this last process precisely mirrors WKB.

We will go over the details of WKB in Section 2.1, and quantization
procedure in Section 2.3, in case the reader is not familiar. We will also
introduce the connection between WKB and the topological recursion, in
detail, in Section 2.5.

As was mentioned, the purpose of this thesis is to extend the pre-existing
results to a wider class of spectral curves. Currently, in [2], the connection
between WKB and topological recursion has been proven for spectral curves
S = (¥,z,y), with  and y meromorphic on ¥ (cases where the spectral
curves are given by the zero locus of a polynomial in x and y), subject to
an admissibility condition that we will define. The key here is that the
differential, y - dx, is meromorphic on ¥, since this object plays a key role in
the topological recursion; as we will see, this condition needs to be maintained
in the classes we will consider.

We would like to extend this to the following two main new classes:

Definition 1.1. The first class, for which we extend the WKB-TR connec-
tion, are spectral curves, (3, u,y), where ¥ is a compact Riemann surface, y
and x = e* are meromorphic functions on ¥, but v is a meromorphic function

only on an open region of ¥. Then, y - du = ydf is meromorphic on X.
Here is an example of a spectral curve which falls into this class:

Example 1.2.

Yy —e'y+1=0, (1.0.1)
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This is an example that we will solve explicitly in Section 5. We can parame-
terize the curve as: (u,y) = (log(z+1), z), where z € ¥ = CP'. Then, we can

see that u(z) is a meromorphic function only on the open subset CP'\ {+i}.

22—1

=57 dz is meromorphic on the Riemann sphere.

Here, y - du = ydf =

As we will see, in Section 3, dealing with curves of this sort requires
only a minor (but non-trivial) modification of the proof in [2]. We highlight
that, while our approach for this class is proven rigorously, there are still
significant challenges to overcome. In [2], and in this thesis, we can only
prove the connection for a subclass of cases, cases which satisfy a particular
’admissibility’ condition (which we will define later). For now it is enough
to understand that extending the proof (being able to relax the admissibility
condition) will require a modification of the method we use.! There are also

added constraints, that we will address in Section 3.2.

Definition 1.3. The second class of cases we consider is spectral curves,
(3, u,y), where 3 is a compact Riemann surface, y is meromorphic on ¥,
u is meromorphic on an open region of ¥, but x = €* is not meromorphic
on . More specifically, we will restrict this class further to be such that
u=1log(f(z))+p(z), where f(z) and p(z) are polynomials; then y - dzx is still

meromorphic on X..

An example of this class of cases is the following:

'Tt’s not yet clear how large a modification is required.
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Example 1.4.

ye ¥ —x =0, zeC (1.0.2)

Here, x € C*, and so we can change variables to x = e%, u € C. This is
an example of a spectral curve which, we will see, arises out of the study
of simple Hurwitz numbers. We can parameterize this curve as: (u,y) =
(log (ze7*), z). We see that y is meromorphic on the Riemann sphere, but

x = e" is not, it has an essential singularity at oo. Moreover, y - du = ydf =

1—2
z

dz, which is meromorphic on the Riemann sphere.

To deal with this second class we consider a sequence of spectral curves,
(3, ur,y), with e’ meromorphic 3, and such that v = lim, . u,. Then,
the claim is that we can apply the previously mentioned approach to this
sequence of spectral curves, and take the limit » — oo at the end to recover
the quantum curve for this class. This approach for dealing with the second
class of curves does not currently have a rigorous proof, but it does appear
to work in the examples considered. We will discuss this in Section 3.3. For
progress to be made in this field a rigorous proof of the material in Section
3.3 is required.

Finally, in Section 5, we will look at some examples that have been worked
out using the methods of this thesis, these have all been verified computa-

tionally to low order.



2 BACKGROUND

2 Background

2.1 WKB Approximation

WKB? approximation is a method for solving finite, linear, differential equa-

tions, involving a very small parameter, e:

n n—1

€' —— + En_la"—1<x)dxn—1

dam + . +ao(x)| P(z) =0 (2.1.1)

The ay(x) here are rational functions in x, and they may also be polynomials
in € such that they can satisfy other orderings.
An approximate solution for (2.1.1) is found by assuming an asymptotic

exponential solution for v, of the form:

P(z) ~ exp (% Zeksk(x)> (2.1.2)

k=0

The Si(x)’s are functions of = that need to be solved for, by plugging
(2.1.2) into (2.1.1). The result is a power series in €, where each order can be
solved in terms of the previous orders; we will see an example of this shortly.

WKB is an approach used to solve many problems in quantum mechanics;
in that case we use the small parameter ¢ = h. Here h is Plank’s constant,
a parameter that appears ubiquitously in quantum mechanics: h — 0 repre-
sents the macroscopic (or non-quantum) limit, where the physical equations

should reduce to those of classical mechanics.

2Gregor Wentzel [22, Hans Kramers [18], Leon Brillouin [10]
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Example 2.1. As an example of the application of WKB, let’s consider the

differential equation, called the ’Airy differential equation’:

dx?

[th—Q—:c} V=0 (2.1.3)

We will come back to this example multiple times in this paper, as an illus-
tration of the WKB-topological recursion connection®. The solution of the
Airy differential equation are the two Airy functions; the WKB expansion
gives the asymptotic expansion of these functions.

Making the WKB assumption (2.1.2), and plugging into (2.1.3), gives the

expression:

i RS () + (i hkg,@(x)) — x| exp (% i hkSk(zr)> =0 (2.1.4)

Which we can write in orders of h to get:

OR%): (Sp)*—x=0 (2.1.5)

O(RY): Sy +2S,S,=0 (2.1.6)

O™ : S+ S8, =0, m>0 (2.1.7)
k=0

The above expressions can be used to solve all S;’s, giving us the full WKB

3We will see, in Section 2.5, that it is related to something called the ’Airy curve’, that
we will define in Section 2.2
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asymptotic solution.
The time-independent Schrodinger equation is a key equation in quantum

mechanics:

(th—z —2m(V (x) — E)) Y(r) =0 (2.1.8)

dz?

The solution of this represents the spatial part of the quantum wavefunction,
¥ (x), of a particle moving in one-dimension in a potential energy field V' (z),
and with energy E. This equation is obviously of the same form as (2.1.3),
in an appropriate potential V' (z).

In some form or another, all modern physics can be expressed in terms
of differential equations. The WKB-topological recursion connection is a
connection between the fields of differential equations and geometric surfaces
(namely, compact Riemann surfaces). From the above example alone we can

see some of the importance of such a connection.

We note one possible alternative approach to dealing with the class of

spectral curves considered in this thesis. Exponential operators are defined

in terms of the series: el = Yoo %. The topic of this thesis will involve

extending the WKB-topological recursion connection to the case of infinite

order differential equations:

4 X n "
SOESY %% (2) (2.1.9)

n=0

One way to view these kinds of equations is as follows: If we consider the
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Maclaurin series of our function, 1 (x) = > 7, azz*. Then, for all k > 0:

k
k: —n
a (apx®) = ay Z oy dx”x = ay, Z (n) "2 = ap (v +€)F  (2.1.10)
n=0

Therefore, e“asi)(z) = ¥(x + €). Here we can see the connection between
infinite order differential equations and difference equations.

It might be interesting, in future analysis, to consider how difference equa-
tions relate to the topological recursion, since one can apply WKB analysis
to difference equations, [15]. That will not be the approach of this thesis
though; here we will attempt a truncation method, where we will be trun-
cating the infinite order equations at some r, dealing with finite differential
equations and taking the limit » — oo at the end; this is described in Section

3.3.

2.2 Spectral Curves and Their Geometry

The key ingredient in the topological recursion is the spectral curve, and we
will introduce that structure in this section.

The spectral curve can be thought of in two ways, and to understand
both we will introduce the concept of an algebraic curve, defined on the two

dimensional complex plane:

P(z,y) =0, (z,y) e CxC, (2.2.1)
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where P(z,y) is a polynomial; the algebraic curve itself is the zero locus of
this polynomial.

For the spectral curve we will start with the following definition ([2][3][4][14]):

Definition 2.2. A spectral curve, written in this paper as S = (X, z,y),
is defined by a Torelli marked genus g compact Riemann surface X, and

meromorphic functions, z and y, defined on .

"Torelli marked’ means that the compact Riemann surface has a choice of
symplectic basis of cycles. For g = 0 spectral curves (where ¥ is the Riemann
sphere) the basis is trivial. For higher genus curves ’symplectic basis of
cycles’ simply means that you have 2g non-contractible cycles satisfying the

conditions, [14]:
AZ' N Bj - 51'7]’7 Az N Aj == 0, Bz N Bj - 0 (222)

We note that this basis is not unique, and the W, ,,’s do depend upon the
choice of basis.
Given that x and y are meromorphic they must satisfy a polynomial

equation, as above:

P(z,y) = po(x)y" +pr(@)y" " + . 4 proa(@)y +pe(@) = Y praa(z)y’ =0
i=0
(2.2.3)
And this is another way of viewing a spectral curve: as an irreducible alge-

braic curve given by the above equation.

9
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Figure 1: An example of symplectic basis of cycles for a torus (g = 1).

Definition 2.3. If g = 0 we say that the spectral curve is rational.

In this section we will be focusing only on rational spectral curves, where

x and y can be parameterized by rational functions.

Definition 2.4. A spectral curve is called reqular if the differential form dx
has only a finite number of zeros, that are all simple, and the zeros of dy do

not coincide with the zeros of dx.

Why this interest in the zeros of dz? One way of viewing the meromorphic
function x is as a branched covering, x : ¥ — CP*; Figure 2. Let x be a
degree d-branched covering of : this means that, locally around any point
p € ¥, x(z) can be seen as a map z — 2™, |m| < d. Here m is referred to as
the 'multiplicity’ of the point p, we’ll write it m,. Then, m, = ord,(dz) + 1
if p is not a pole of z, and m, = —ord,(x) if p is a pole of x. This allows us

to the define the following:

10
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Definition 2.5. We can define the ramification points of ¥ as the points
p € X such that m, > 2, which is equivalent to the set of points that are
zeroes of dx, and poles of x with order greater than one. Seen another way,
the ramification points are the points where sheets of the branched covering

x collide.

Definition 2.6. The branch points are the points, z(a;), where a; are the
ramification points. They are the points whose pre-image, =!(z(a;)) consists

of a set of points which number < d.

The topological recursion involves calculating residues at the ramification

points of our spectral curve, and summing over all these residues.

AV
/

2

&)

—s
X(ay) x(a3)

CP'

Figure 2: An example of a degree 4 branched covering, given by a function
x. Ramification points a1, as,as and branch points z(ay), x(a2), z(as), with
Mg, = 2, Mg, = 3, and m,, = 2. All other points, p € X, have m, = 1.

X
—
_lQ,
~

On ¥, near the ramification point, for a regular spectral curve, there is
then exactly one other point, called the ’conjugate point’ such that z(z) =

x(Z). The Eynard, Orantin topological recursion that we will introduce in

11
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Section 2.4 deals only with regular spectral curves, but it has been extended,

in [3] since then to include arbitrary ramification.

Definition 2.7. We can define the set R as being the ramification points
of our spectral curve S, equivalently the zeros of dr and poles of x of order

greater than one. R = {ay,...,a,}, n € N.
Now, let’s look at some examples of spectral curves.

Example 2.8. The first example is called the ’Airy curve’. This is an ex-
ample we mentioned briefly in Section 2.1. The defining polynomial of the
spectral curve is:

y-—ax =0, (x,y) (2.2.4)

x and y can be parameterized by z(z) = 2% and y(z) = z, both meromorphic
on the Riemann sphere. Thus we can see x as a double branched covering,

with R = {0,00}. The conjugate point, for any z € CP'\{0, 00}, is 7 = —2.

Example 2.9. We can consider the following spectral curve, that will play
key importance in this thesis; we can refer to this spectral curve as the 'r-spin
Hurwitz’ curve, since, as we wil see in Section 2.7, it comes out of the study

of r-spin Hurwitz numbers.

ye ¥ —x =0, 2eC" (2.2.5)

. T
We can take z = e, and parameterize the curve as, y = z, u = log(ze™* ).

Therefore, y is meromorphic on the Riemann sphere, but = is not (it has

12
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an essential singularity at co). R is then the set composed of the roots of:

1—rz7t=0.

There are plenty of more examples of spectral curves in [2][3][4][12][14],

and in Section 5.

2.3 Quantum Curves and Quantization

A key approach to solving problems connected to the Topological Recursion
deals with what is called the 'quantization’ of an algebraic curve. Quantiza-
tion follows from the approach in going from classical to quantum physics,
9], whereby the classical coordinates are turned into quantum operators,
that obey certain commutation relations.

Referring to the algebraic curve, defined in (2.2.1), we have that (z,y) —

(Z,y), with  and y operators such that:

[z,y] = —h (2.3.1)

This turns the polynomial P(x,y) into an operator, ﬁ(ﬁc\, Y), acting on the

space of functions. We can expand the operator perturbatively, in powers of
h as, [17):

P = Py+ hP, + h*Py + ... (2.3.2)

Where Py = P, and the O[h] terms are referred to as 'quantum corrections’.

Because of the commutation relation (2.3.1), this expansion is not unique;

13
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changing the ordering of # and y in P(z, y) changes the powers of A in P(Z,7),
for example. We can choose a ’canonical’ ordering, along with a choice of
coordinates, mirroring the approach in quantizing classical mechanics. We

define the operators:

d
F-z,  §=ho, (2.3.3)

where T and ¥ are then analogous to the position and momentum operators,
respectively, in quantum mechanics. There is then a 'natural’ ordering, in
which all instances of i appear to the right of 7.

When we look at the extension of spectral curves, given in Definitions 1.1
and 1.3, it will be natural to choose change of coordinates x = e*, and the
operators:

d
=, §=ho [0, =~h (2.3.4)

The idea here being that we are quantizing the symplectic space in the vari-
ables v and y, with the symplectic bilinear form du A dy.

In the WKB-topological recursion connection, we find that a quantiza-
tion of our spectral curve precisely annihilates a specific wavefunction, formed
from the topological recursion. It is interesting to note that the quantization
appeared, for a long time, to be picking out only a particular ordering (not
necessarily the natural one), and it was not understood why. It was discov-
ered in [2] that an assumption was being implicitly made, and that other

orderings of the quantization do actually appear.?

4We will discuss this in more detail in Section 4.4, and we will see cases of this in the
Examples. It is still not understood how to get all orderings of the quantum curve.

14
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2.4 Eynard, Orantin Topological Recursion

As was mentioned, the topological recursion is a device for generating, re-

cursively, a series of meromorphic symmetric n-forms, living on:

StT=5x..x8 (2.4.1)
n times

Where "X’ is the cartesian product, and S is the spectral curve (defined in
Section 2.2). We will refer to these meromorphic differentials as W, ,,’s, with
g > 1, n >0, they are sometimes also referred to as ’Correlation Functions’.
The Topological Recursion was originally derived from matrix model theory,
but it was quickly found that it had deep underlying connections to many

other fields. Some of these connections will be discussed in Section 2.7.
In this section we will introduce the original topological recursion, first
presented formally by Eynard and Orantin in [14], in 2008. First, we need

to set up some preliminary definitions, as they were first presented in [14]:

Definition 2.10. The Canonical Bilinear Differential of the Second Kind
(sometimes referred to as the 'Bergmann Kernel’), written Wy (21, 22), is
the unique bilinear differential living on S? satisfying the conditions that:
A.) It is symmetric in its two variables z; and z. B.) Its only pole is a

double pole at z; = z5, and locally around this diagonal:

1

Woalar, 22) = ((Zl — z)?

+ regular) dz1dzy (2.4.2)

15
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C.) It satisfies the normalization condition:

7{ Woa(z1,22) =0, Vi=1,...,79 (2.4.3)
A;

Where g is the genus of the spectral curve, and A; are the basis of cycles
discussed in Section 2.2. The uniqueness of Wy 4 is guaranteed by conditions

B and C above.

On genus zero spectral curves, which will be the focus of this paper, W o

has the simple form:
ledZQ
2

(21 — 22)

Woa(z1, 22) = (2.4.4)

On higher genus curves, W, can be a lot more complicated.

Definition 2.11. The Recursion Kernel is defined globally in zy on the

spectral curve, near any branchpoint in z, as follows:

. f;:b W0,2(207 Z’)

K02 =46 —y@a )

(2.4.5)

where b is an arbitrary base point.

Given the above definitions we can now define the W, ,,’s on the spectral

curve using the topological recursion, [14]:

Definition 2.12. Given a regular, rational, spectral curve S, we can define
the following meromorphic differentials recursively, living on S™. This re-

cursion has the initial conditions: Wy;(z) = y(2)dz(z), and Wy o (21, 22) as

16
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defined above. Then, for all other 2g — 2 +n > 0 we have:

Woari(z0,3) = ) ResK (20, 2)

a€R

g ’
X Wg—l,n+1(2727 J) + Z Z Wh,l—HI\(Za I)Wg—h,1+n—\l|(zu J\I) (246)

h=0 ICJ
Where J = {z,...,2,} and the 3" means that we exclude from the sum

(h,I) = {(0,0),(g,J)}. This is a recursion in 2g — 2 + n.

One very useful way of understanding the topological recursion is in terms
of degeneration of compact Riemann surfaces, with marked points. There
are two ways that you can you can pull apart a compact Riemann surface of
genus ¢, that are demonstrated in Figure 3. One can view the degeneration as
taking two cycles of our compact Riemann surface and pinching them to form
a point. If the two pinched cycles are homologically unequal we get two new
compact Riemann surfaces, of genus g; + g2 = g. If they are homologically
trivial we get a single new compact Riemann surface of genus g — 1. This
is exactly what (2.4.6) is doing: W, 11 is constructed by summing over
all the decompositions of the genus g compact Riemann surface with n + 1
marked points (multiplied by an appropriate weight, this is discussed in more
detail in [14]). These degenerations are themselves the previous W, ,’s in the
recursion. More on this graphical representation can be found in [3][4][14].

From the above constructed W, ,’s we can define a number of other in-

17
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Figure 3: Deconstruction of a genus 3 torus with three marked points
(p1,p2,p3) into a genus 2 torus with three marked points, or into a genus 1
torus with one marked point and a genus 2 torus with two marked points.
This is done through removing a sphere with two punctures.

teresting objects. An important construction is the Fy’s, or ’free energies’.

Definition 2.13. The free energies are defined from the W, ,’s as follows:

F, = 2g1_ o> Res., ( /b Zy(t)d:z:(t)) W () (2.4.7)

a€ER

With arbitrary base point b.

2.5 WKB-Topological Recursion Connection

Now that we've introduced all the background information, as well as the
topological recursion, we can introduce the connection that is the basis of

this thesis; we have been calling it the WKB-topological recursion connection.

18
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The basic idea is that, from the W, ,’s generated by a spectral curve S,
we can construct a wave-function W, that mirrors (2.1.2) the assumption of
WKB, and that is precisely annihilated by the quantization of S. Put more

concretely, we can construct:

U(z) = exp (%ZZ%[...[Wg,n(m,...,zno, (2.5.1)

g=0 n=1

where b is an arbitrary base point. Then, the claim is that ¥ satisfies the
following;:

PV =0 (2.5.2)

Where P is a quantization of our spectral curve, as discussed in (2.3.2). We
could call (2.5.2) ’Schrédinger like’ ([3]), in that it resembles the Schrédinger
equation which operates in the same non-commutative algebra. The WKB-
TR connection has been proven for all rational spectral curves of the form
2.2.1, subject to an admissibility condition (Definition 2.14), as we will see
in Section 2.6; the purpose of this paper is to extend it to broader classes of
spectral curves: the first class given by Definition 1.1, and the second class
given by Definition 1.3.

We will see Section 2.7 where (2.5.1) originally came from. The connection

was proven for a few cases individually®. A more general proof for all spectral

5The Airy curve case we saw in Section 2.1 and 2.2 is a fairly straight forward and
useful example to work through. The proof involves many of the same steps as the general
proof that we will do in Section 4. The first step is to deal with the residue in (2.4.6),
using the fact that ¥ is a compact Riemann surface we flip the contour integral to pick
up all other poles not in R. Then, we integrate, sum over, and principally specialize, the

19
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curves of the form (2.2.1), with Wy, = ydx, was worked out in [2]. As was
mentioned, this process mirrors the WKB approximation procedure, in the
sense that the W, ,,’s are intimately connected to the Sy’s defined in (2.1.2).
The topological recursion itself mirrors the recursion arising out of the WKB
process, (2.1.7).

Note too, from the form of (2.5.1) and (2.3), that Sj = y; this too is
something that we see in WKB, the A independent terms in the expansion
simply give back the spectral curve under this substitution. In this way we
can view the Si’s of (2.1.2), which are defined recursively in terms of 5§ =y

and z, as being functions living on our spectral curve.

2.6 Global Topological Recursion

In the years following the first presentation of the topological recursion mod-
ifications to the original Eynard, Orantin version were made. Specifically,
in reference to the WKB-TR connection, what was needed was a way of
constructing the wave-function ¥, and proving that it is annihilated by the
quantum curve, for some class of cases.

The first step was to extend the topological recursion to deal with spectral
curves with arbitrary ramification, this was done in [4]. You can recall,
from Section 2.4, that the Eynard, Orantin recursion is only applicable for

spectral curves where the branched covering contains simple branch points.

Wyn's in a way that produces (2.5.1). The resultant wavefunction can then be seen to
satisfy the equation (2.1.3). As we will see in Section 3.3 this flipping the residue trick
brings up a new set of problems when we are dealing with log singularities.
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In [4] they constructed formulation of the topological recursion with arbitrary
ramification, is equivalent to the original recursion if we restrict to simple
ramification points.

As we discussed in Section 2.4, we can understand the topological recur-
sion as degenerations of Riemann surfaces, where we are removing a Rie-
mann sphere with two marked points. The reformulation of the topological
recursion for arbitrary ramification can be viewed graphically as forming the
Wy.'s by removing a Riemann sphere with k-marked points, and summing
over all possible ways of doing this, for k = 2,...,n where n is the order of
the branched covering given by x. More details on this graphical perspective
can be found in [4]. In many ways, this graphical approach formed the basis
for how this reformulation of the topological recursion was carried out.

The second major reformulation of the topological recursion came in [3].
The Eynard, Orantin topological recursion, of (2.4.6), involves a residue
calculation where the integrand is defined locally around the ramification
points. In [3] they extend the differential so that it is well-defined globally,
on Y, as a contour surrounding all the ramification points. This will simplify
our approach to proving the WKB-TR connection.

Finally, we’ll be examining closely the reformulation of the topological
recursion carried out in [2], in which the formulation was changed again,
and the WKB-topological recursion connection was proved for all spectral
curves of the form (2.2.3), subject to an admissibility connection we will

define shortly. This class of spectral curves for which the WKB conjecture
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has been proven are genus 0 curves, with x and y meromorphic, and which

satisfy the following definition, [2]:

Definition 2.14. A spectral curve is considered admissible if: A.) Its Newton
polygon has no interior points, and B.) The curve is smooth at the point

(z,y) = (0,0), if that point is on the curve {P(z,y) = 0} C C.

The definition of the Newton polygon is given explicitly in [2][12], and
here in Definition 4.1. The method by which the WKB-topological recursion

connection is proved will be gone over in more detail in Section 4.

2.7 Connections to Other Fields

One of the factors that make the topological recursion such an interesting area
of study is its connections to many, seemingly disparate, fields of mathematics
and physics. It is beyond the scope of this paper to go into all of these
connections in depth, as each of the connected fields are broad subjects in
their own right. For a more in depth discussion of some of these connections
see [7][12][14][20][24]. Here, we will address only a few of the connections.
The topological recursion originally emerged out of the field of Matrix
Models, and we will discuss this more in this section. Later we will examine
some examples that will demonstrate the connection between the topological

recursion and Hurwitz numbers, which we will also discuss in this section.
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2.7.1 Matrix Models

Roughly speaking random matrix models is the study of random Hermitian
matrices of size N, and their statistical properties, under certain conditions.
More precisely, we are interested in the expectation value of the eigenvalues,
specifically in the limit where N gets very large. The probability density
function for the eigenvalues will converge to a density function, which has
compact support, and is therefore represented by an algebraic curve. From
the data of the matrix model one can construct a spectral curve, although
the method by which one does this is complicated; many of the objects we
will introduce in this section are invariants of that spectral curve, and lead
towards the formulation of the topological recursion.

We define the partition function as:

7 = /HN du(M) = /HN dMe= 5 (2.7.1)

Where we are integrating over the space of Hermitian matrices of size N,
and dp is a family of measures depending on N. Then, Sy = NTrV (M)
(where V(M) is a particular polynomial) can be viewed as the action of a
zero-dimensional quantum gauge theory.

The partition function has a large N expansion of the form:

log(Z) = > N*"F, (2.7.2)
g=0

23



2.7 Connections to Other Fields 2 BACKGROUND

These Fy’s can in turn be calculated entirely from the data of the spectral
curve, which comes out of the data of the matrix models. These are connected
to the free energies that were discussed in Definition 2.13; calculating them
is the key to calculating the partition function in the large N limit. The key
is that these objects are invariants of the spectral curve, they depend only
on it.

Given the gauge invariant quantum field theory of (2.7.1), we would obvi-
ously like to calculate expectation values of gauge invariant operators. For ex-
ample the expectation value of some general operator such as: (TrM™ .. TrM"),
with ny,...,n, € {0} UZ". Given that, one can Taylor expand the following

expectation value as:

1 1
T 2
< rxl - M rxk—M>

]' n n,
- Z m(Ter...TrM By (2.7.3)

N1y N

Where z is just a variable. In this view, we are interested in is the following

objects:

= 1 1
W21, ..., ) = N (Tr LT

. 2.7.4
r1— M xn—M> (2.7.4)

Since Taylor expanding these gives all the expectation values of our matrix
model theory. N"2 is a normalization factor, and ¢ here stands for the
connected diagrams only of the path integral. These are n-point correla-
tion functions in our quantum field theory; what we're interested in is the
asymptotic expansion of these Wn, for very large N. These objects have

a topological expansion in 1/N? written in terms of functions, which when
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multiplied by the appropriate differential, are precisely the W, ,,’s the topo-
logical recursion produces (hence the reason we also refer to the Wy, ’s as
correlation functions). These objects also only depend on the geometry of
the spectral curve.

We can also construct what’s called the 'wavefunction’, by examining

another kind of expectation value, [13]:

(det(z — M)) =(eTr{os@=M)) (2.7.5)

_(eJ TG

1 [® g dx dx;,
_<Zﬁ/oo/oo () (%_M)>
1t [T
:Zﬁ/ / Wz, ..., xh)dx)...dz),

:632" % 2 [Z W@, )da .. da),

¢($) ::xNef;(Wl(x,)_%)dIleZnﬂ L2 2 Wa(2h .3, )da .. da),

The first line use the determinant-trace relation: for some matrix L, det(L) =
eToe(L)) In the last line we define the wavefunction, which is precisely what
we will be using in (4.4.12). The wavefunction, ¢ constructed above can be
shown to (under certain conditions, and making a number of assumptions)
satisfy a specific differential equation. It is the form of 1 above, and it’s
connection to the correlation functions W, ,’s, that leads us to the WKB-

topological recursion connection; what we are doing in this thesis, and in [2]
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is to establish that connection directly from the topological recursion.

The evolution of this subject led to the dropping of matrix models alto-
gether, and the focusing on the relationship between the topological recursion
itself and the spectral curve. Recall that the probability density function for
our random matrices gives us an spectral curve, which in turn gives us the
W,.n's. These correlation functions are invariants of our spectral curve. Not
all spectral curves come from the asymptotic behaviour of random matri-
ces though; therefore we are justified in dropping the matrix dependence
altogether and focusing just on the topological recursion itself.

We stress that the study of matrix models does not provide a proof of
the WKB-TR connection. The above is established only in certain cases
of spectral curves, under a large set of assumptions. The conjecture, of
the WKB-TR connection, is that this connection between the topological
recursion and WKB is that it is a general one.

For more details on this subject see [12][13][14].

2.7.2 Hurwitz Numbers

Simple Hurwitz numbers, H,, (1), are defined as the number of homotopy
classes of, genus g, branched coverings of the Riemann sphere CP!, which
have a specific profile of ramification points. The profile of the ramification
points is that the branched covering has a branch point at co € CP! with a
ramification index g = (3 > po > ... > py), and a finite number of other

simple branch points. We already discussed branched coverings in Section
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2.2.

Simple Hurwitz numbers can also be viewed in a group theoretic sense. If
we label the sheets, and view them as a set, then the simple branch points are
transpositions, t;; according to the Riemann Hurwitz formula, there are 2g —
24n—|p| such points; here |pu| = """ | 1;, the degree of the branched covering.
The special branch point at infinity is an element, o, in the conjugacy class
given by p, of the symmetry group of the set of labeled sheets. We also have
the condition that ¢y - £ - ... - t3g_94n—|, - 0 = 1, since our branched covering
represents a compact smooth surface. Then, Hy,(x) counts the number of
such cases that satisfy the above conditions. Calculating these numbers in
this way is non-trivial.

As an example we can consider Hy;(u), the number of ramified coverings
of the Riemann sphere, with one fully ramified point, and p — 1 simple
ramification points. The result is very simple, it is Caley’s formula, Hy ;(u) =

(#*~2, but proving this is non-trivial. Now, we can define the following objects:

Wyn(x1, ... xn) = Z 09 —2 —|—n T Z He’“ o (i) (2.7.6)

HEZLT g€Sy, i=1

These are, once again, related to the W,,’s that are calculated using the
topological recursion; now we see them emerge as a type of discrete Laplace

transform of the Hurwitz numbers. Then, we have:

00 k—2
Woq(x Z i =: y(x) (2.7.7)

k=1
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Applying the Lagrange Inversion formula to the middle infinite sum we get

the equation:

e = y(z)e v® (2.7.8)

The spectral curve of (2.7.8) is studied in [7] from the point of view of Hurwitz
numbers, and we will study it in the examples in Section 5, from the point
of view of the results of this thesis.

We can also define r-spin Hurwitz numbers, Hg(,,r,%(u), as counting the
same, homology equivalent, number of branch coverings of the Riemann
sphere, with a special point at infinity with ramification profile p, and all
other branch points having ramification profiles as r + 1 cycles. We saw the
resultant spectral curve, for r-spin Hurwitz numbers, in Example 2.9. These
results are studied specifically in [20], and we will see an example of this in
Section 5.

For more details on Hurwitz numbers see [7][12]]20][16].
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3 Extension of WKB-TR Connection

3.1 Set Up

As we’ve seen in previous sections, the WKB-topological recursion connection
has already been proven in a broad class of cases; in this section we will extend
that to a broader class. We are extending the proof of the WKB-topological
recursion connection to spectral curves that fit into the first class and second
class of spectral curves, defined in Definitions 1.1 and 1.3 respectively. The
class of spectral curves for which we are proving the connection is still subject

to the admissibility condition of Definition 2.14.

3.2 First Class

As defined in Definition 1.1, the first class of spectral curves we prove an
extension of the WKB-TR connection for spectral curves, (3, u,y), where X
is a compact Riemann surface, y and x = e* are meromorphic functions on
Y2, but u is a meromorphic function only on an open region of X.

A key feature of the topological recursion is that, for a spectral curve
(3, z,y), it does not depend explicitly on the meromorphic function z; it de-
pends instead on the differential dx; this has a direct impact when considering
spectral curves in the first class. First, note that the first class of spectral
curves is exactly equivalent to spectral curves of the form proven in [2], but

with dx replaced by dz/x (the logarithmic differential).® Therefore, extend-

6In other words, spectral curves (3, x,%), with ¥ a compact Riemann surface, x and y
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3.3 Second Class 3 EXTENSION OF WKB-TR CONNECTION

ing the WKB-TR connection to the first class of curves involves the simple
(but, non-trivial) modification of the proof of [2] such that Wy, = ydx/x.

The proof, with the above modification, is carried out in Section 4, and
follows [2] almost exactly. We find that the admissibility condition of Defini-
tion 2.14 still holds in our case, and this severely restricts the curves that we
would like to study. This admissibility condition comes about because a key
part of producing the quantum curve involves taking a limit, which is only
possible if this condition holds.

We find that the modification to [2], replacing dx with dz/x, leads to a
nearly identical result with only minor modifications. Namely, the quantum
curve that annihilates our wavefunction is given in the key result, Theorem
4.34, which is nearly identical to the result of [2]; one must be careful though
as there are subtle differences. One key difference between our result and that
of [2] is that we are able to explicitly use simple zeroes of x as our choice of
integration divisor, to simplify the result of 4.34. On the other hand we are
not able to use, as choice of integration divisor, points in R; in [2] they could
sometimes use this choice of divisor so long as the W, ,,’s did not have a pole

there; in our case the W, ,’s will always have poles at points in R.

3.3 Second Class

The bigger challenge arises when we consider the second class of spectral

curves, Definition 1.3. This second class was defined as the spectral curves,

meromorphic on ¥. Now, instead of taking Wy 1 = ydz as in [2], we take Wy 1 = ydz/x.
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(3, u,y), where ¥ is a compact Riemann surface, y is meromorphic on X,
u =log(f(z)) + p(z) (where f(z) and p(z) are polynomials) is meromorphic
on an open region of .

The spectral curves given by the above definition are not given by the
zero locus of a polynomial (we can see that, for example, in equation (2.9));
but, Wy 1 = vy - du is still meromorphic on the ¥. Because this spectral curve
is not given by a polynomial in x and y, we cannot proceed using the methods
developed so far, in this thesis and in [2]. We therefore present a different
method for dealing with these curves, involving a limit of spectral curves
which converge to our desired one, and where we can evaluate each curve in
the sequence.

If T[S] is the topological recursion applied to some spectral curve, S
as given in Definition 1.3, and we have that lim,_ . S, = S, where all S,
are spectral curves falling into the class given by Definition 1.1, then the
hypothesis of this section is that:

T[S] = T[lim S,] = lim T[S,] (3.3.1)

700 r—00

Said more precisely, given some r-indexed sequence of spectral curves, .S,,
each of which fall into the first class of spectral curves given in Definition
1.1, we can generate an infinite set of Wg(r,% objects, which can be assembled
into a wavefunction that is precisely annihilated by the quantum curve; the

(unproven) hypothesis of this section is that the W,,’s generated by the
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limit of this sequence of spectral curves, S, is the limit of the set of Wg(ﬁz’s

generated by the spectral curves in this sequence.
S, —— {Wg(ﬁi};fnzo — (QuantumCurve),

Diagrammatically: lr oo lTﬁoo

S —— Wyt > (QuantumCurve)

Where the dotted arrow represents that there is not currently a general way of
constructing the quantum curve directly. The arrow from (QuantumCurve),
to (QuantumClurve) is the basis of this section. This process, if true, would
allow us to use the methods of Section 3.2, on spectral curves that fall into
the, previously defined, second class. In this case, what we end up with is
an infinite order differential equation; and the second question is whether
complications arise in going from finite order to infinite order differential
equations.

A key point here is that, as of this writing, the approach outlined in
this section has not been proven; a concrete proof is needed to fully justify
this approach. That being said, the approach described in this section, for
dealing with the second class of spectral curves, does appear to work in all
the examples considered; we will look at examples that can be evaluated in

Section 5.
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4 Proof of First Class

4.1 Defining Terms

A key feature of the topological recursion is that the meromorphic function
x does not appear explicitly in the recursion, the differential dx appears
only. This guides us in what approach we should use when extending the
approach of [2] to curves that fall into the first class, of Definition 1.1. The
idea is straightforward enough: We simply modify the proof of [2], replacing
dx with the logarithmic differential, dz/z, and consider the implications of
that change.

In the analysis that follows in this section we will follow the method of
2] very closely, we will state most of the definitions, theorems, etc, verbatim
from that paper, with the alterations made clear; we will omit a lot of the
more detailed analysis, referring the reader to other sources if they require
more clarity.

If we rewrite (2.2.1) as follows:

P(z,y) = Z a; o'y’ =0 (4.1.1)
(i,5)€A

Then, we can define the Newton Polygon as (Definition 2.3 in [2]):

Definition 4.1. The Newton Polygon A is the convex hull of the set A.
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And we can define the objects, for m =0, ..., r:
a, = inf{a|(a,m) € A}, B =sup{a|(a,m) € A} (4.1.2)

Then we have that the number of interior points is given by:

r—1
Number of interior points of A = Z([ﬁﬂ — || — 1) (4.1.3)

=1

Which should clarify Definition 2.14, which will still hold in the cases we
study here.

It is also useful to define the following:

n—1
P.(z,y) = an_l_k(x)yk, n=2..r (4.1.4)
k=1

Where the p,(x)’s are coming from equation (2.2.3) for a degree r spectral
curve.

If we write the divisor of a meromorphic function f as div(f), and divy(f)
as the divisor of zeroes, and div.(f) as the divisor of poles, then we have

the following:

Lemma 4.2. For m = 2,...,7r,

dZU(Pm) 2 Oér,erldiVo(l’) — ﬁr,erldiVoo(l') (415)
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This is Lemma 2.5 in [2]. The proof is in [1].
We still consider the set R to be as defined in Definition 2.7, as the zeroes
of dx and poles of x of order 2 or greater.

We can define the following, useful:

Definition 4.3.

7(2) =7 (7(2)), T(2)=7(2)\{z} (4.1.6)

7(z) is a map that takes a point in 3 and maps it to the set of pre-images (see
branched coverings in Section 2.2). 7 : 3 — CP! is the branched covering,

that in our case is given by .

We can also define the following, which are Definitions 2.11 and 2.12 in

2], but for genus 0 curves:

Definition 4.4.

w'(2) = dz( ! ! ) (4.1.7)

z—a z-—2b

Where a and b are arbitrary points.

ledZQ
B = — 4.1.
(217 22) (Zl _ 22)2 ( 8)
We also define the initial conditions for the recursion:
dz(z
Woi(z) :=y(z) 2) Woa(z1, 22) := B(z1, 22) (4.1.9)
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Noting the change made to W ;.
We can also define the following useful notation:
Definition 4.5. A C; Bif AC B and |A| = k.

Definition 4.6. S(t) is the set of set partitions of ensemble t

4.2 The Topological Recursion

We will now build towards a useful reformulation of the topological recursion,

as stated in Definition 2.12. First, we define (Definition 3.4 in [2]):

Definition 4.7. Given the W, ,11’s, meromorphic differentials on X", with

g>0,n>0and k> 1. Also, t = {t1,...,tx} and z = {21, ..., 2z, }. Define:

! £(pe)

ROW,paa(tiz) = > > LT Wt 1 (s )

HESO) ) S L gy )k N
(4.2.1)

The prime over the third sum means that we exclude all terms that have

contributions from Wy ;. W means the disjoint union of sets. Also:

R(O)Wg,nﬂ(z) 1= 0g,00n,0, (4.2.2)

Now, we can give a rewritten version of the topological recursion (Defini-

tion 3.6 in [2]):
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Definition 4.8. Take a spectral curve as defined previously, (3, x,y), and
7 : 3% — CP! degree r branched covering given by x, and the definitions 4.4.
Also, let z = {z1,...,2,} € X", n>0,9g>0and 2g —2+n > 0. We can
construct the unique symmetric meromorphic differentials W, , on ¥" with

poles along R as follows:

Wyni1(20,2) = ZRes i Z (_1)k+1wz_a(ZO)R(k+l)W (2,B(2);2)
g,n+1\~0; g E(k)(z,ﬁ(z)) g,n+1\~» )

a€R k=1 B(2)C7'(2)
(4.2.3)
Where:
k
E® (b, te) = [ [(Wou(2) — Woa(t:)). (4.2.4)

i=1

a here is an arbitrary base point on X, that doesn’t effect the result.

Given that statement of the topological recursion, we will now reformulate
it into a form better suited for our purposes. This begins with the following

definition.

Definition 4.9. Given the W, ,1’s, meromorphic differentials on X", with

g>0,n>0and k> 1. Also, t = {t1,...,tx} and z = {21, ..., 2z, }. Define:

£(p)

EOWynia(tiz) = > Y > LT Wt (i, J2)
=1

HES(t) Lﬂf(:“l) Ji=z Zf(:#l) gi=g+€(n)—k
(4.2.5)

Also:
EOWyn11(2) = 6400n0, (4.2.6)
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The only difference between this and Definition 4.7 is that we have re-
moved the prime over the third sum.

Then we have the following lemmas (Lemmas 3.12-3.14 in [2]):

Lemma 4.10. For all g,n >0 and k > 1,

R(k)Wg,n+1 (tv Z) = R(kil)ngl,nJrQ(t\{tk}; z, tk)

+ 3> (REIW a8\ {tk}: 1) W g (. J2). - (4.2.7)

J1wWJa=z g1+g2=g

The prime over the summation means that we exclude the case (go, J2) =

(0,0).

Similarly, we have:

Lemma 4.11. For all g,n, k > 0,

S(k) Wg,nJrl (t7 Z) = g(kil)wgfl,nJrQ(t\{tk}; z, tk)

™ Z Z (5(k71)Wg1,\J1|+1(t\{tk};Jl)) Weo 1 go41(tr, J2).  (4.2.8)

J1wWJo=z g1+g2=g

Then we obtain the following relationship between R®W, .. 1(t;z) and
g(k) Wg,n+1 (tv Z):
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Lemma 4.12. For all g,n,k > 0,

k
EOWy 1 (6:2) =ROWy 1 (t:2) + > > EOW(BREIW, i (b B 2)

i=1 BC;t

k
=3 D EMW i (BRE W, (8 55 2), (4.2.9)

i=0 BC;t

The proof of these lemmas is exactly as in [2], as they do not depend on

the form of Wy, and that is the only thing we have changed so far.

Definition 4.13. For g,n,k > 0:
an—i—l(z Z) = Z gtk gn+1 B( );Z)- (4.2.10)
B(z)CkT(2)

Also, note that, V(g,n):
Qg n+1( z) =0, for all k& > r. (4.2.11)

This is Definition 3.15 in [2].

Then,

Qir11(2) = 6,000, (4.2.12)

Follows by definition.

For the Qékl) (z), by definition, we have:

ngl)(z): Z HW01 Bi(2)), (4.2.13)

B(z)CkT(2) i=1
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Which will be useful later. This implies that:

U
B

x(z)

Q4(2) = (—py2el2) (4.2.14)

This refers to Example 3.19 in [2], but is modified by our change to Wy ;.
The py here are the terms from (2.2.3). Note our change in notation though,
where p;(2) := p;(z(2)), to simplify things.

This leads to the following, Lemma 3.21 in [2]:

Lemma 4.14. For 29 —2+n > 0,

g1 (2:2) = 0. (4.2.15)

And:
W,y pi(z)de(z) 191
QO,I(Z) - pO(Z) 33'(2’) ) ( L. 6)
dx(z)dx(z)
Wy % _
Qual(z;21) = T Bz, 1) = @) — 2(2) (4.2.17)
Proof. The proof is trivial from above. [

Now, we can state our reformulation of the topological recursion, this will

be Theorem 3.22 in [2]:

Theorem 4.15. The topological recursion as stated in 4.8 is equivalent to

the following, for 2g —2+n > 0:

0= Z ‘5265 (w*™*(20)Qgn+1(2;2)) (4.2.18)

a€R
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where Qg n41(%;2) is defined:

7)) = ) P - ZT ngn-i-l( ):U(Z)k
Qua(z9) = e (PO() (1 )

(4.2.19)

with P(x,y) =0 as defined in (2.2.3).

Proof. The proof follows almost exactly as in [2], this is because up until now
we have only changed W, ;, and most of the proof does not depend on this
change.

Starting with Definition 4.8:

5 Z Res Z Z (— 1)k+1W27a(20)R(k+1)W (z,6(2);2)
gn+1 0,2 E(k)(Z,ﬁ(Z)) g,n+1\{~» )
aER k=1 B(2)Cx7/(2)

(4.2.20)

We can put all the terms on a common denominator:

) el
Wl ZR( P (2} (2)-

x Y (=) EED (G a(2))RPFIW, (2, B(2)2) | (4.2.21)
a(z)wp(z)="7'(2)

Where we are using the fact that B*~(z, 7(2)) = [TZ{ (Wo ()= Woa(ri(=) =
L= ! = x(z r—1
5 T~ ) = )
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This we can replace, by the argument given in [2], with:

) WECESEOS
Moo Z&( el

a€ER

xS ()PED (5 a(2) RIDW, 0 (B(=)i2) | . (4.2.22)

a(2)¥B(2)=T(2)
15(2)|=2

Now, we bring the LHS to the RHS, so that the terms with |3(z)| = 1
are included in the sum:

Wyn+1(20,2) = — Resw® ™ (20) Wy nt1(2, 2)

2=20

= Z Resw™ Wynt1(z,2)

1 g
+ %lzl (f B(Z,Z(]) f;eBi Wg,n+1(zaz)

zEA;

- % B(ZWZO)f Wg,n+1(z7z))
z€B; ZEA;

K3

— Z Res (wz_a(ZO)Wg,n+1 (2, Z))

— Z 1}23 (po(zg_;dz;oc;(;z;(zl)r_ E(r—l)(z; T’(Z))ng_,_l(z, z))
acER oy

g (P (e

—a;ffa ( 0P (2)dx (=)
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In the second line the Riemann’s bilinear identity was used to pick up residues
at the other poles. B(z,z) and W, are normalized on A-cycles and thus

the integrals vanish.

So that, from (4.2.22), we get:

P ey
0‘25a< 2 (o)

a€R

<3 (OB al) RV, (B(2);2) |, (4.2.24)
a(2)wB(2)=T(z)

Where, now subsets 3(z) C; 7(z) are included in the sum.

Now, recall:

=) (1) W0,1(Z>|a|7j Z g(j)W(JJ(’V(Z)) (4.2.25)
Which follows just by definition.

We want to collect terms in the second sum of (4.2.24) by order in Wy 1(2).

We have the following: j = || and k = |5] + ||, we have |o| —j =1 — || —
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|v| = r — k. This gives us:

Z (_1)|5\E(Ia\)(z; a(z))R(|5|)Wg7n+1(5(z); z)
a(2)¥p(2)=7(2)

= Z ) Woa(z) " Z EPOWo1(v(2)RIPDW, 0 11(B(2); 2)
¥(2)¥B(2)Cr7(2)

— Z WO 1 Z g g n+1 ( )) Z)
aCr7(2)

_ r kE (k)

— Z Qg n—l—l(z Z)

_ oy (B)da(z)
2(2)"po(2)

Qgn+1(2;2) (4.2.26)

The second equality comes from Lemma 4.12. And that proves the Theorem.

4.3 Pole Analysis

Now we will try to get rid of the residue in Theorem 4.15. It is useful to

define the following objects, Definition 4.1 in [2]:

Definition 4.16.

Upiaa(z:2) = 3 EOWnn(B(2);2). (43.1)

B(2)Cr7'(2)

And, for k=0, 9 > 0and n > 0:

Ué?r)wrl(z) = 04,000,0- (4.3.2)
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We have that for all admissible (g,n):
Uéizﬂ(z; z) =0, for all & > r. (4.3.3)
Again, just from definition, we have that:

(4.3.4)

AU = (MDY G (435)
=y (), u(2)) + =) (436)

Using (4.1.4).

Then, we have:

Lemma 4.17. For all g,n, k > 0,

an—i—l( ) I’Jg(n,—l—l(’Z Z>+Uk11n)+2<zvz7z>

D D0 Ui (5 ) Wana(z J). (43.7)

J1wJo=z g14+g2=g

Whose proof is exactly as in [2] (Lemma 4.5 in that paper).

The next Corollary is Corollary 4.6 in [2], only the fourth term has
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changed due to the changes we made previously:

Corollary 4.18. For all g,n,k > 0,

k k k—1
QY (z2) = UM (z2) + UL (252, 2)

(k—1)
Z Z Ugl |J1|+1 Jl)Ug \J2|+1(Z7 JQ)

J1WJ2=z g1+g2=9g

_ @) dr) ey N de()de(z) e, gL
po(Z) .CE(Z) Ug’n'H +Z ) QZ(Z ))QUgn ( ) \{ z}) (438)

Proof. Follows from Lemma 4.17, Lemma 4.14 and:
Qyoni1(2:2) = Wyni1(2,2) + Uy )1 (5 2). (43.9)

The following is Lemma 4.7 in [2], and the proof follows the same as in

that paper with only minor modifications.

Lemma 4.19. For the topological recursion of Theorem 4.15, for 2g—2+n >
0, the object,

dx(z) 2 kQ n+1( z)x(2)"
Quni1(22) = g5~ | po(2) D_(=1)*y(z) "=~
! G (2)2(2) p dx(z)*
(4.3.10)
only has poles at the coinciding points, ie. at z € 7(z;), for i = 1,...,n.

Proof. First, we show that it does not have poles on R. We begin with the
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statement of Theorem 4.15:

0= Z Resw™™*(20) Qgn+1(2; 2). (4.3.11)

Assuming (), ,+1(z;2) has a pole of order m+1 > 1 at the ramification point

a € R, then in locally near a we can write:

Qi1 (:2) ~ ﬁ Spari(2) (14 O(: — a) (4.3.12)

Assuming S, ,,+1(z) # 0. Recall, Q,n+1(2;2) is a meromorphic 1-form in z.

We can also Taylor expand w*~“(2), at a, in the same local neighborhood:

~ Z 2 —a)*¢, (205 ) (4.3.13)
k=0

€.k (20; @) being a meromorphic 1-form of 2 analytical everywhere but at a,
where it has a pole of order k+1 (this comes from the definition of w*~(z),
which we skipped over in this paper, but is given more explicitly in [2]).

Again, in the same local neighborhood, we have the Laurent expansion:

Ear(20) ~ (zoil% (14 O(z —a)) (4.3.14)
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We can write:

0= Z E{:ebsw27a(20> Qg,nJrl(Z; Z)

=Resw™(20) Qgn+1(2:2) lefsw (20) Qgms1(z;2),  (4.3.15)
b#a

The second term doesn’t have poles at 2y — a, only the term with the residue

at 2 — a does. So:

terms holomorphic at zg — a =Res w*™%(29) Qg.n+1(2;2)
zZ=qa

=Sgn+1(2) &am(20)(1+ O(20 —a)) (4.3.16)

A contradiction if the RHS is not analytical at zp — a. Therefore, Qg ,+1(2; 2)
cannot have poles on R.

Where else can @g,11(%;2z) have poles? From (4.3.10), we can see that
the only poles can come from the coinciding points, and the punctures (the
points p € ¥ that are poles of x and y). The W,,’s, (g,n) # (0,1),(0,2),
only have poles on R. W;, only give poles at the coinciding points, and
Wy, could only give poles at the punctures. The argument that Qg ,+1(2;2)
doesn’t have poles at the punctures follows exactly the same as the argument
that it doesn’t have poles on R.

Therefore ), ,,+1(2,2) can only have poles at coinciding points. |

The purpose behind the previous Lemma is that we are interested in the
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following object:

po(2)QU, 1 (5 2)a (=)™
dx(z)™ ’

m=1,...,r (4.3.17)
Which will play a key role in what follows.
First, the following Lemmas (Lemma 4.8 and 4.9 in [2]):

Lemma 4.20. For m =0,...,r,

Po(2)QYY (2)a(2)™
dx(z)™

= (=1)"pm(2). (4.3.18)

Proof. This is (4.2.14). |

Lemma 4.21. Form=1,...,r,

p(2)Q0Y (2™ az) (U E)e)" ! po()
w()lenlda(em T \ae) —a(a) \ da(a)m T (el

+(—1)m_1x(z)( Pr-i1(2) Pm-1(1) ))) (4.3.19)

.’L'(Z) LarferlJ o l‘(zl) LarferlJ

Q, is defined in (4.1.2).

Note the differences here between this result and Lemma 4.9 of [2]. Here,
as well as the z(2;)™ ! terms that arise out of our original change, we also

have the appearance of x(z) terms in the first and second line.

Proof. This proof follows almost exactly as in [2].

dr(z)dz(z1)

Form=11is trivial, Ué?l) =1 and Qgg(Z, Zl) = m
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For m =2,...,r, we get:

Po(2)QY5 (2)x(2)™ 2 B(r
da(z)™ B kz; dz(2) dx(z)m1
=yt ( Z PSS ),y ()
« B(n(2), 21)x(2)
+ > ) pml(z)> (4.3.20)

With the first equality coming by definition, and the second equality

coming from (4.3.6).

We evaluate the second term by recognizing that:

S Bu(z).a) __ da(z)
—~  dx(z) T (z(2) — 2(21))? (4.3.21)
Therefore:
r—1 B(m(2), z1)x(2) B " iz (=)
k=0 dz(z) Pm-1(2) =pm-1(2)2( )(ZL‘(Z) —x(21))?

=Pm-1(2) 2(2) d, (W) (4.3.22)
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Then, the first term of (4.3.20) becomes:

« B(n(2), 21)x(2)
2 2(2) P (2(2),y(m(2)))
= i: Resz’—m(z) fé;’)’ Zi)j((§>) P, (x(zl)v y(zl))
= B(Z, z1)x(2) w(z) oI By (x(2), y(2))
— kz:% Resy—r,(2) () — 2(2) L Yy

With «,, defined in (4.1.2).
Then, we have Lemma 4.2, and that the spectral curves are admissible,

so have no interior points. This implies that:

v (%) > (i1 = i1 )AVO(®) = (Bromss = [Brmer] + Delivae()

> — dive(2) (4.3.24)

Therefore:

B, 2)a(2) 2(2)\ ) Pua(), 4()
z(2') — z(2) x(z")lor—m1]

(4.3.25)

Only has poles in 2" at 2’ = 7(2) and 2’ = z; from the B(z/, z1)z(z). There-

fore, we can flip the residue calculation giving:
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2(z)  Pn(z(z), y(m)))
(4.3.26)

Giving us the final result:

Ppo(2)Q5 (2)a(z)™
dx(z)™

= (—1)md, (

z(z) z(2) ! Br(a(21), y(21)) x(Z)pm—l(Z))

r(2) —x(z1)  w(z)ler-mil x(2) — x(z1)

_ o()lar—men] w(z) (Ui )e)™ ! pol(z)
( ) [dm (gj(z) —33(21) ( dx(zl)m*1 ;E(Zl)LOlr—m-HJ

et (G B W] o

x(z)lor—mi] N (2 ) ler-m+1]

|
Now, we can turn to the (g,n) # (0,0), (0, 1).
The following Lemma is Lemma 4.10 in [2]:
Lemma 4.22. For the following r-differential:
T - r— Q T\ 2
Q(2) = dx(2)" Y (=1)*y(2) 'f% (4.3.28)
k=1
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With Qg (z(z)) being k-differentials, pulled-back from the base. Then these

must have the form (denoting 7(z) = {79(2),...,7-1(2)}):
r—1 (k—1) k—1
Qu(z(2)) = —po(2)dz(z k BP Q(7i(2)) Uoa (7, (Z)k)xl(z) ‘
— \ 5, (1i(2)) dx(z)" dz(z)
(4.3.29)
Proof. Again, this proof follows as in [2], with only minor changes.
Denoting 7(z) = {70(2),...,7_1(2)}, and such that z = 79(2).
For any Y we have:
P(z(2),Y)
— =po(2) Y —y(9))
Y y(z) q€eT!(2)
r—1
=po(2) [ [(¥ = y(ri(2)))
i=1
-1
—pO()Z lek Z Hy
k=0 BCrT(2) q€B
r—1 (k) k
Up,i (2)x(2)
= —1)ky iRl 4.3.

po(2) Y (—1D)fy(z)rF 1222 — —y(z)éip. (4.3.31)
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Therefore:

: = ( 1 Q(nl2) Uéﬁ”<n-<z>>x<z>k—1>

P(r(z) de(zy  da(z)]

(2 — B (2)a(z)k
:Z Q(T"—())po(z> (_1)ky<z>r7k71U, (dx((;))k (2)

—Q(2). (4.3.32)

[
This gives us the following relation (exactly the same result as Corollary
4.11 in [2]):
Corollary 4.23. For 2g —2+n>0and m=1,...,r,
1

Qi (252) = = 3 (Quaea (2 UG (7(2))) (4.3.33)

ﬁ
I

e
Il

Proof. The proof is identical to that given in [2], with consideration given to

the changes we have made so far. [

This leads to the following, important, theorem (Theorem 4.12 in [2]):
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Theorem 4.24. For2g—14+n>0, m=1,...,r:

Po(2) Qo (25 2)a(2)"
x(z)lor—mildz(z)m

- i d., ( 1 (Ug(jz_l)@i? z\{z})z(z)™  po(z)

z(2) — 2(2) dx(z;)m1 () Lor—me1]

While, for (g,n) = (0,1), m=1,...,r:

P(2)Q03 (2 2)(2)" d( z(2) (Ué??‘”(znx(zl)m—l Po(z1)
L\ 2(2)

z(z)ler—maldy(z)m —x(21) dr(z)m1 x(z1)lor—m1l

—i—(—l)m_lx(z)( Pm-1(2) Pm-1(21) ))) (4.3.35)

x(z) \_Oér—m+1J - .Z‘(Zl) \_Oér—m+1J

And, with (g,n) = (0,0), m=0,...,r:

po(2)Q0Y (2)z(2)™
dx(z)™

= (—1)"pm(2) (4.3.36)

Proof. Again, of course, we follow the proof of [2] closely.
The (g,n) = (0,0) and (g,n) = (0,1) statements are just Lemmas 4.20
and 4.21.

Focusing on 2g—2+n > 0. The case m = 1 gives just 0 = 0, by definition.
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Focusing on m = 2,...,r then. By Corollary 4.23:

po(2)Quia (:8)2(z)" i Qunir ((2); 2)2(2) Ugh ™" (1 (=) po(2)(2)™

dx(z)™ — dz(z) dx(z)m—1
= (=" (kz_% ez nH(;;iZ’ Z)x(z)Pm(x(z%y(Tk(z)))

Where the second line comes from (4.3.6).

The second term after the equality is zero, since:

r—1
> Qe (Te(2)12) = QL)1 (52) = 0 (4.3.38)
k=0

Then, we have that:

—_

<

Qg1 (Th(2); 2)2(2)

B
Il
o

r—1 /.
= Resu_r, () Qsnn(2)a(z) Po(x(2),y(2")
k=0

z(2") — x(2)

r—1 /. / /
— 2(2)* 11 3 Resun o Qgﬁ;})(z_ : ;Z)@ PZ((jgfaz,_ZszlJ)) (4.3.39)
k=0

Then, by the argument used in the proof of 4.21 we can say that the
only poles of the integrand are at 2’ = 74(z) and at the poles of Q,,+1(2; 2).

We know from Lemma 4.19 that @, ,41(%";z) only has poles at 2’ = 7,(z;).
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Therefore, (4.3.39) equals:

oIS S R, Quarn (12)2(2) Pu(a().y(2)
R EErENE
oS 2(2) Pu(a(2), y(1u(')))

1
I.a'r m+1J Z Reszlfzj Qg n+1(7_k( )? Y/
0

j=1 k=

Then, from (4.3.37), we have:

Po(2)Qu s (2 2)x(2)™
dx(z)™

_ ()l mzz an+1 m( )i 2)2(2) Pu((2)), y(72(2))))

E =1 k=0 —(2) ORI

LS @g nH Tk<z )z)z(z) UST ™ (7))o ()am ()

— 057‘ m+1J es
J=1 k=0 Z'=z; — ZL"(Z) ZL‘(Z’) Lar—m+1JdI(zl)m—1
n r—1 . ,
lar—m+1](_1ym R Qunr1((2);2)2(2)  pm-1(2')
+ z(2) (1) ;kzzoz,ffj z(2) — z(z) (2 lor—me1]

(4.3.41)

Using (4.3.6) again in the second equality. Again, the second term is zero by
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equation (4.3.38). So, we get:

Po(2) Qg (2:2)(2)™

dx(z)™
) SR @gnﬂ rk<z>7z>x<z> Ust ™ (7 (2)po(#) 2™ (2)
B J le kZO —z(2) x(2)ler—mirldp (2 )m—1
. an+1(2 z)po(2') x(2)a™ (<)

2= (o) — 2 (@)@l ldn ()

(o) et S oy BE 2V (2 5 o) 2(2)2m 1 (2)
B D R =) — el o o (T

(m—1) m—1
|_ocr —_— Ugn (255 2\{2})po(2;) ©(2)2™ (%)
Zdzg ( — 2(2))x () el da(z;)m1 >

(4.3.42)

The following is Lemma 4.13 in [2]:

o8



4.4 Quantum curves 4 PROOF OF FIRST CLASS

Lemma 4.25.
m(z)  UgnEoe@™  p(s) Ulie(z22)2(2)" ! a(z)
x(z)lor—mt] dx(z)™ x(z)lor—mt] dr(z)m1 dz(z)

p(z)  Upnid (ziz)a(z)™!
w(z)ermnl T da ()

+ Z Z 91n|J11|)+1 Z Jl) ( )m ' ng \J2|+1<Z; JQ).Z'(Z)
Loer— m+1J ym—1 dx( )

J1WJ2=z g1+g2=g

dz () gﬁlkzz\{aw (2)™
- Z [ [ar m+1J ( (z

+

) — 2(z)) dw(z)m-
N —IC) 2(2)  Ugn (ziz\ {z)e(z)m
*\ 2Glernal 2(z) = 2(z) dar ()]

) S ]

+5g,05n,1(—1)m‘1x(z)dzl( 1 (;v(iﬁaifi)m _ pma(z1) ))

$(Z) - ZL'(Zl) aj(zl)Lar—m-HJ

+ 6g,00n,0(—1

(4.3.43)

Proof. Theorem 4.24 and Corollary 4.18. |

4.4 Quantum curves

Now, we can move on to the final step, by integrating (4.3.43).

The following is Definition 5.1 in [2].

Definition 4.26. For D = ). o;[p;], a divisor on ¥, p; € ¥. Denoting its
degree deg D = ), ;. The set of degree 0 divisors of ¥ is called Divy(3).

Focusing on D € Divy(X), then we can define integration of a meromor-
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phic one-form v(z) on X:

/D u(z):;ai /b "), (4.4.1)

b € X an arbitrary base point. The integration contours being unique homol-
ogy chains (b, p;) that do not intersect our basis of non-contractible cycles.
Since we assumed that D is a degree 0 divisor, the integral does not depend

on the choice of base point b.
We assume that the divisors are chosen so that the integrals converge.

Definition 4.27. Let D;,...,D, be n arbitrary degree 0 divisors on 3.
Define:

G" (% Dy,...,D,) ::/D / US (2521, 7). (4.4.2)
1 n

Then we can set all divisors equal (called principle specialization):

Gélf7)1+1(z;D):/[)~-~/DUéfQH(z;zl,...,zn), (4.4.3)

Lemma 4.28. Denoting D = {Ds,..., D,}, with D; = >« [2;], and
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D, 1 = oz’ + D' where D’ is an arbitrary divisor of degree —a:

po(z2) Gz Dja(= )"
x(z)lor—mt] dz(

po(z) a( (Gg (2D, Doyt <z>’f-1>

az(z)ler- m+1J dx x(z)k1

p1(2) Géknﬂ(z D)z(z) ko Pe(2)
x(z)m_m dz(z ) -1 D z(z)lar-m+1]

91 |J1|+1(Z Ji)x(2)* 1G92|J2\+1(29J2)I(Z)

+ La,« m+1J Z Z k 1 diL‘( )

J1wJo=D g1+g2=g

2(2)  Go V(D \ {D})a(2)F !
B Z Z [ LO‘T mHJ z(2) dx(z)k-1

‘|— 5g 05n0(

— x(zi;)
 polzy) 2(2) G (25 D\ {D:} (=)
2 (zij)lor=—m+) x(2) — 2(z4) dw(z; )k
(2) pr-1(2) _ pr-1(21,5
a2 (e (o~
(4.4.4)
Proof. Integration of Lemma 4.25. |

Now, we principal specialize giving us a modified version of Lemma 5.5

from [2]:

Lemma 4.29. Setting all divisors equal, containing the point z:

D;=D=az+ Z %, (4.4.5)
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This gives from (4.4.4):

po(2) Gy (2 D)a(2)"
x(z) lor—my1] dx(z)k

_ po(2)x(2) d Gé]:,l)m(z'? D)x ()"
a(n + Da(z)ler—mil dz(z) da(2/ )1 .
(o) GU (o Dyp(z)h! . 2
e iUmJ ) +d(x( >) S il %

G (D) < Gl (2 D)a(2)

Lar MZ > m.n_ I dx() d(2)

m=0 g1+g2=g
D)z (z)*~

N vz GG
2 [ e EEE i

A
 pol(z) 1(2) G (255 D)a(z)t
(z)lor-miil 2(z) — w(25) dav(z;)*
aa() 4 () GO Dy
dr(z') \ z(z’)ler—ms1] dx(z')k1 .

ot [Z s (572 (o ~ oo

Proof. The specialization process is straightforward. The 1/(n + 1) and n
factors come from the nature of the specialization process, the derivatives ac-
tually being partial derivatives. For example, if we take some F,,(t1, ..., t,),

function on the base, symmetric in all variables:

d
7 Fon Zat gntl,...,tn)|t1:mtn:t:n~8—tng,n(t1,...,tn) (4.4.7)
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Only the last derivative terms require attention. As D; — D, 1/(z(z) —
x(z;)) = 1/(z(z) — x(z;)), as long as z; # z. When z,; — z, the limit
with the denominator 1/(x(z) — x(z;;) tends to the derivative, giving the

last lines. |

Definition 4.30. For m =1, ..., r, define:

<. R2etn GV (2 D)a(2)"
n! dx(z)™

(4.4.8)

Then &y(z; D) = 1, and define & (z; D) = 0 for all k£ < 0. Also, &(z; D) =0

for all k£ > r.

In what follows we will write &,,(z; D), and d/dz, with understanding
that these are functions in z € 3.
Then, following the method we had discussed earlier, we will sum over g

and n in (4.4.6):

po(x)

xtav'fmelJ

pr() pi(z)

x Lar'an»lJ o x La7'77n+1j

po(w)

x[a'r'f’m#»lJ

+hzaixf$‘ ( Po() Er1(z; D)——p()(xi) Jfk—l(xiSD)>

&(z; D) = Ep—1(2; D)+ §e—1(z; D)&i (2 D)

x[arfrrH»lJ Lar—m+1
(2

JrE oL (Mﬁk_1(x/; D)) +ha 2 % (M&c—l(l‘/; D)>

leaT,m+1J x’Lar7m+1J ez

T Pe—1(x)  proa(z) d { pri()
B hz OéZLL' — fL’Z (:L‘l_ar—m-&-lj o ILar,m+1J - hax% m (449)

1

And, we are nearing the end of our analysis. We note the changes between

this result, and eq.(5.8) of [2]. Note the extra x terms in the second, third and
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4.4 Quantum curves 4 PROOF OF FIRST CLASS

fourth lines that aren’t in the [2] version. These are key, since they will be-

come part of the logarithmic derivative when we consider the transformation

of variables: = = e*, g4 = 4
) dx du

Now, we assume that « = 1/, or @« = +1, which gives (Lemma 5.8 in
[2]):

Lemma 4.31. If D = a[z] + ), o;[2] € Divy(X) with e = %1, we obtain

the following differential recursion relation for the &’s, k > 1:

po() Pi() p1(z) ()
pler—ky1] £k<$, D)_xlarkaJ - _JZLO‘T*kJrlJ gk—l(lﬁ D) + —aj'[arkarlJ §k_1(x; D)& (x; D)
x po(2) : po(;) ‘
+hz aiZL’ —T; <{L’Lark+lJ 5k—1(l’, D> - mgk—l(xia D)

x pkq(ﬂ?) pkq(l’i)
_ hzalaj — (x\_ar—k+lj - ;L‘LaT_IH_lJ

7 7

+ ho‘xi (Mﬁkl(l‘;l))) — ho xi (p’“‘—l(x)>

dx I‘La'rfkﬁ*lJ dx xLO‘Tfk+1J

(4.4.10)

Where again, the derivative in the last line comes about through the
product rule.
Assume the z; are not in R, so our integrals will converge. Let ag = o =

+1 and zg = z.
Definition 4.32. For m =0, ..., r, define:

1

x lar—m]

Y (w3 D) = (D) [po(2)&m (23 D) — pp ()] (4.4.11)
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4.4 Quantum curves 4 PROOF OF FIRST CLASS

Where:
Rr29+n—2 dx(z1)dx(z9) ))

Y(D) —er JpWoa @(Z@,n#(o,l)im fD"'fD(WQ*"(Zl """ #n)=09,000,2 T ST

(4.4.12)

Note, that the integral | p Wo,1 may need to be regularized. But this will
play no role in the following because changing the regularization of [ » Woa

only amounts to multiplying (D) by a constant.
Then, we have (the equivalent of Lemma 5.10 in [2]):

Lemma 4.33. For m = r:

vn(a: D) = ~Ly ) (4.4.13)
For m = 1:
b (a; D) = ahﬁ?ﬁL m%@D(D) (4.4.14)

Proof. This follows as in [2], with some minor modifications.

Y, (x; D) follows since &, = 0.

65



4.4 Quantum curves 4 PROOF OF FIRST CLASS

We have:

po<x>h%m¢<m
=po(:v) h2g+!n : d/ /( o zl,...,zn)—ag,odn,z(dx(zl)d‘“z?) )

n x(z1) — x(22))?

p h29+" / / ( i1 (22155 2n) = Gg.00m1 (ﬁgzzdigb))z)

(4.4.15)
Where in the second line we are not integrating over z.
We also have the result, from Lemma 4.14:
dx(z) dx(z)dx(z
Wyn o 2)FUY) ) = @ 2@ 5 5000
g, +1(Z7217 7 >+ n+1<’z Zl, 72 ) po(f[,') I(Z) g,O ,0+ (QC(Z _$(Z1))2 g,O 1
(4.4.16)
This, together with (4.4.15), gives:
d _ polx), pi(z)
po(a:)h%lmb(D) = aT§1(z, D) — a—— (4.4.17)
Therefore:
d
apo(:c)hxd—w(D) = 9y (z; D)zlor—1] (4.4.18)
x
|

Then we get (Theorem 5.11 in [2]):
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4.4 Quantum curves 4 PROOF OF FIRST CLASS

Theorem 4.34. For k=2, ...,r, we have:

d Lar k) Pi— 1( ) [ar—1]
hoow— (Yp-1(2; D)) = m%( ;D) — po@)zlorri]

—hZaz (W13 D) = Y (@i D)) (44.19)

Y1(z; D)

And:

pr(z)zlor—1]

o (2) 1] Y1(z; D)

Ly ooD) — o (P2) _ Lonl)
haw@%(%l))—h (pr(x) T )¢T( aD)

(4.4.20)
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We can write the above in matriz form:

Y1(x; D)
haxdi
v wr—l(l‘; D)
¢r(x§ D)
p1(x) T

_pT,1(x)xL°‘T—1J
po(gj)xLO‘IJ
__pT(I)xLar71J
po(x)xL&OJ

o; T

r — T

_hZ

Y1(w; D)

¢r—1(x§ D)

zleold

xLO‘IJ

ha (x’Lxg - Lad)

Pr (m

+hZ

o; T

r — T

Proof. The proof of (4.4.20) is as follows. ¢,.(x; D) =

68

V1 (24, D)

¢r—1 (ZL‘“ D)
0

V1(z; D)

%4(95; D)
Yr(x; D)

(4.4.21)

) (D). So, using

o xLO‘UJ
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Lemma 4.33.:
hax—,(v; D) = — haxdix (Zrtifj)w(D)) (4.4.22)
=~ fow (Z/LXJ) ~ lao] xpﬁ;gﬁl) WD) = ha pTLExOJ) dO:lJc (D)
(4.4.23)
r(@) _ Lao pr(x)ler]
=hox (pr(x) - )@Dr(x,D) po () 2o0] 1(z; D)
(4.4.24)

Then, for k = 2,...,r we take (4.4.10) multiplied by ¥(D):

xl_a'rfkj aj’LaT—lJ

11 (5 D)E-1 (25 D)

€T Lar7k+l

+h2az — wk 1(#; D) — Yp_1(zs; D))

+ hatp(D) xd% (Mgk \(z;D) — p’“‘—l(x)) (4.4.25)

plor—ky] rlor—k+1]

The last term can be re-written as:

ho x%(l/’k_l(x; D)) — ﬁﬁ(ﬁo(l‘)&—l(% D) — pp-1(z)) I%¢(D)
(4.4.26)

Then, using Lemma 4.33 again, this equals:

xtarflj

(fk—l(ﬂﬁ; D) — pkl(x)) 1 (z; D) (4.4.27)

d
hal‘a(@bk—l(x;D)) - po()

plor—ki1]
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4.4 Quantum curves 4 PROOF OF FIRST CLASS

This gives (4.4.19).
|

Now, we do a change of coordinates to get the following Lemma (unique

from [2]).

Lemma 4.35. Defining new coordinates z = e¢*, we get the following result:

For k = 2,...,r, we have:

d u eu(Larka) u Di— 1( u) u(lar—1])
ho g e (5 D)) = m@”k(e D) = ey ¥

1(e"; D)

—ﬁZaz T —(Yr-1(€" D) — (€5 D)) (4.4.28)

And:

Aoy — e (P sy Pl
haduwr(e’D)_h (pr(eu) LOJ)¢T( D) pole® )eu Levo]) Ui(e*; D)

(4.4.29)
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We can write the above in matrix form:

Y1 (e*; D)
d
hOé d_ =
Y wr‘fl(e%D)
U (e"; D)
(e*) cular_2l) N
_i(l)(e“) ()] Y1 (e*; D)
r—1(e® eu(Larflj) 671‘“& ) w.
=" pégeuieu(laﬂ) eu(La(;J) 1/17,,1(6 aD)
(ew)et(lar—1)) /(e .
_P—pf)(el)eu(m‘oj) grgeug — |ao] . (e*; D)
1(e*; D) Y (e*; D)
—hY TRy (4.4.30)
T O T [ ealen D) T Ly (e D)
0 0

Proof. This is a basic change of variables. Note that wherever there was a
% in our result there was always an x joining it. This includes the result
(4.4.29), where the L p, (z) becomes Lp,(e*). But, note the 1/z in (4.4.29)

disappears, so the result is a bit different from [2]. [ |

4.5 Special choices of integration divisors

Now, we will be looking at choices of integration divisors that simplify the

results of Theorem 4.34. This analysis follows as in [2], but we will be

71



4.5 Special choices of integration divisors 4 PROOF OF FIRST CLASS

switching between x and u coordinates as is convenient. We note here that,
unlike in [2], we can consider as integration divisor zeroes of x. The reason
for this will be explained in the subsection 4.5.2.

On the other hand though, we can only consider simple poles and simple
zeroes of x. We can use, as our integration divisor, points in R so long as the
W,.’s don’t have poles there. In [2] this was the case if the recursion kernel
had a zero there of degree > 2, so that it could cancel out the degree 2 order
pole coming from B(z,7'(z)). In our case this is never true though, since we
have x/dx in the recursion kernel instead of 1/dz; that always gives a simple

zero or pole. So, we cannot consider integration divisors that are in R.

4.5.1 Simple Pole of x

The first choice we look at is:
D =[-8, (45.1)

So, a = 1, and § is a simple pole of x (not in R).
Then, our result of Theorem 4.34 simplifies as:
I_ar IcJ Oé'r 1J
T pr—1(x)x
et s D) = T

)
(121)% (#1(2): D) (45.2)

d
hx%(wk,l(x; D))=

xLar k+1

+ halim,, g
L1
Then, we get the result (Lemma 5.13 in [2]):
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4.5 Special choices of integration divisors 4 PROOF OF FIRST CLASS

Lemma 4.36. For 3, simple pole of = (or a pole of  where the W, ,’s are

all holomorphic), and k =1,...,r — 1,

. - Pryi(a(21),y(21))
lim ——————————= =(D) 1
Z1I£I>1ﬁ .Z'(Zl) d}( ) 211£>n,3 .Z'(Zl)\_ar—kj"rl

(4.5.3)

Because of the admissibility condition in Definition 2.14, these limits are

finite.

Proof. First, note:

(20 D) = (D) sy (a(2))alr (21): D) = pu(a(20)) (45.4)

Then, as z; — [ (remembering [ is a pole of 2 where the correlation functions

are holomorphic) the dominant term will be the one containing the most

instances of Wy (%) = y(zl)‘ﬁl((jll)). In other words:

(D) lim

21— W

(D) tim Do) y(z1)

a8 x(zg)lor—kltl

®) 21)Po\T1(21))T1\ 21 b
: ((—Uka’l( )Zil(;)’z) =) —pk(x(zﬂ))

(4.5.5)

Note, this leading order behaviour of the limit argument is the same one
used in [2]. The argument works in our case as well, because of the modified
nature of Wy ;. B is a pole of z, so is a simple pole at dz/z(3), and therefore

x/dx(p) is a simple zero. & has the form given in (4.4.8), and so all terms
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4.5 Special choices of integration divisors 4 PROOF OF FIRST CLASS

will be zero in the limit, except those that contribute a da*/2z*. The final

limit is finite by equation (4.3.24).

[ |

To simplify our results further, we can define:
o Pep((z), (1)) -
Cr = 2111215 PP I k=1,...,r—1. (4.5.6)
Allowing us to re-write the above as:
. Up(x(21); D) glool
lim ———————= = D)=—— ;D 4.5.
leinﬂ T Zl) Ckw( ) pr(x) Ok¢T(x’ ) ( 5 7)

And, we can re-write the system of differential equations from the (4.5.2)

as:

d xtarka pk71<x>$tar71J
hx%(@bk—ﬂx, D)) = pe ] Uy(2; D) — po()alern]

x[aOJ

pr(z)

V1 (x5 D)

—hx

Chrtby(23 D) (4.5.8)

Then, we can define the following objects:

D; = e d

= hml’%, 1 = 1,...,’/" (459)

This gives us (Lemma 5.14 from [2]):
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4.5 Special choices of integration divisors 4 PROOF OF FIRST CLASS

Lemma 4.37.

T x r—1(T (X
Dng...Dr_lmDr—l—Dng...D MDT_NL...JFP 1@) o, Pel@)

rlor] T2 ] zlea] 71T lao]
xLaT—1J xLO‘T—QJ
—hCIDlDQ...Dr,Q r——— — thDlDQ...DT,3 r—— ...
xLar72J x\.arfﬂ
w[alJ
—hC’T_l Z m ’QZ)(D) =0 (4510)

This is a particular quantization of the spectral curve defined by P(x,y) = 0,

as we will see below.

Proof. We can use, from Lemma 4.33:

bol@: D) = 2Dy )= 20 p Ly sy

-~ plao) = plee] Y gy

To rewrite (4.5.8) as:

Pi—1(2) wlor—h)

Ur(z; D) = Dy _pp1¥p—1(x; D)+ D, _j1(D)—hx P Ty Cr—19(D)

(4.5.12)

xlor—k1]

For k = r, the above becomes:

Lo ]
Pr-1(T x
xLLEJ )Dlw(D) —ha s Coah(D) - (4.5.13)

Up(z; D) = D1y (z; D) +

For k =r — 1, gives:

Pr_a(7) wlozl

r_1(x; D) = Dat)_o(x; D) + o] Dyy(D)—hx o]

C,_oh(D) (4.5.14)
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Combining these gives:

63 D) = Dy Dty o D) + D=2 Doy 1 P2 iy

x|_042j I‘LalJ
x\_OQJ xl_alj
— th X WCT,Qw(D) —hx Wcr,lw(D) (4515)
Then, continuing this process gives the result. [

If we have the very special case that |«;| = 0, for i = 1,...,7 then this
simplifies further. D; = hx% = h%, for i = 0,...,r and (writing the result

in u coordinates):

r dr_l U d r— dr_2 u d U d u
h Wpo(@ )@—Fh 1du’"*2p1(€ )@+...+hpr_1(€ )@ +pr(e )
r—1 dT_Q u r—2 dr—3 u u
h 01 d’u,rfze —h 02 duT*3e — .. hCr,1€ w(D> =0 (4516)

And, if the Cy, =0, k =1, ..., — 1, then this obviously simplifies further. In
this case we have the quantization that was given in equation (2.3.4).

With ordering:

T "poleNT+ T p1(e)T + . + proa (€ + (") =0 (4.5.17)

As in [2], we can generalize this for different orderings of quantizations. If

x has more poles, that satisfy our holomorphicity condition, 5;, 1 = 1, ..., n.
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4.5 Special choices of integration divisors 4 PROOF OF FIRST CLASS

Then:
D =[z] = > ulB (4.5.18)

Where > | p; = 1. Then, the same steps as above, defining the objects:

: . Prpi(z(21), y(21)) :
() . k+1 1) 1 . _ _
c,/ = Z}I_)I%l s k=1,..,r—1, 1=1,..,n (4.5.19)

Then, we get the result of Lemma 4.37, with C}, replaced with ", ,u,-C,ii).

4.5.2 Simple Zero of x

As a divergence on the analysis of [2], we can also examine what happens in

the case that we choose the divisor:
D =[] - [l (4.5.20)

Yo is a simple zero of x, and therefore not in R.

Then, we have from Theorem 4.34, for k =2, ...,r

d x\-a’“ kJ pkil(x)xl.av"flj
ha$%(¢k—l($7D)) Ty ¢k< D) - W%(LD)
+pi1(2; D) — b lim ey (2(21); D) (4.5.21)

Then, we have the following Lemma:
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Lemma 4.38. For vy, a simple zero of z, and k =1,...,r — 1,
. o . Poa(a(21),y(21))
Jim y(a(z0); D) = 9(D) lim S (45.22)

Because of the admissibility condition in Definition 2.14, these limits are

finite.
Proof. First, note:

1
x(zl) Lo —k]

Ur(z(21); D) = (D) (Po((21))€k(21(21); D) =pi(x(21))) (4.5.23)

Then:

lim g (z(21); D)

®) Z1)Po\T1\%1))T1{~1 F
=(D) Z}i_r)r}m ZL‘l(Zl)ll.ar—k <<_1)kU0’1( )Zl<‘1(2(1)k)> =) —pk(x(zl))>
=uiD) i AR 521

By the same argument as Lemma as 4.36. z; — 7 the dominant term will

dr1(z1)

) In other

be the one containing the most instances of Wy 1(z1) = y(21)
words: g is a simple zero of z, and therefore z/dz () is also a simple zero.
& has the form given in (4.4.8), and so all terms will be zero in the limit
(because 7 is not in R), except those that contribute a dz*/z*. Then, by
equation (4.3.24), the limits are finite.

They could not use this argument in [2], since there they had a limit
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involving 1/dx, and Wy 1(z1) = y(z1)dz(z1); at a zero of x the Wy 1(21) terms

will not dominate since they will all go to zero. [

Then, we define:

Pk+1($(21>??/(21)> E=1

E, =1 o, r—1. 4.5.25
R P [T AR (4.5.25)
Allowing us to re-write the above as:
i B (D) = " By (D 152
Jim Gn(o(21)iD) = Bub(D) =~ SBu(eiD) (4520
And, we can simplify (4.5.21) as:
d ajtarka pk_l(x)l'tar71J
hax— (Yk-1(2; D)) =~y (e D) — W%(% D)
lao]
+ by (23 D) + h}%Ek—ﬂ/fr(x; D) (45.27)
Then, we have (4.5.9) again:
Lo
D; = h— d iy (4.5.28)

rloa] Uy
And defining:

L]
rleii]

Lo d
—h— ( 1) (4.5.2)

xlai-1] x% B
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In this situation we have the following result:

Lemma 4.39.

x 1 (T (
rrr Wy e o 2@y @)y pe(e)
—lor] po Py o] —To0]

plor—1] rlor—2] rlai]
2 T ] + hESsFVFs.. F"—?’xLar,J wt+hE, o —— ool (D) =0

+hE\FVFy. F

(4.5.30)

Proof. Proof is same as what we did in 4.37

We can use, from Lemma 4.33:

d

v0). wn(eiD) = B he L) (4530

pr(z)

;L‘LOCOJ

Ur(z; D) = —
To rewrite (4.5.27) as

pk71<x>
:L'LarkarlJ

VYp(x; D) = Dy_jpp1¥p—1(x; D) + D, _y19(D)

xLankJrlJ x[ar k+1J

For k = r, the above becomes:

xrleal
r(2:D) = Fotya(a:0) + P D) 4 h% B (D) (45.39)
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4.5 Special choices of integration divisors 4 PROOF OF FIRST CLASS

For k =r — 1, gives:

laz]
Pr_a(x x
20 (D) + oy Broat(D) (15.3)

qu(l’; D) = F2wr72('x; D) +

Combining these gives:

by (2 D) = FyFytbr_o(ar; D) + F Pr2() Dopy(D) + 2 ’"*1(“”)D1¢(D)

gjLaZJ xLalj
xl_O‘QJ xtalj
+ AP g Byt (D) + hrr By th(D) - (4.5.35)

This is continued all the way till k£ = 2, gives:

po(x) pi(z) wlor—
1/J2<I, D) = Fr—lmDrw(D) + xLarflj Dr—lw(D) + hmEﬂ/](D)
(4.5.36)
Putting this all together gives the result. [

In the special case that |«;| = 0, for ¢ = 1,...,r, and E, = 0 for k =
1,...,7 — 1, then this simplifies further. We get (writing the result in u

coordinates):

r d T u d r—1 d e u d
[h (@ - 1) po(e )@‘Fh <@ - 1) pie )%

+.. + hpr_l(e“)% +pr(e“)} (D) =0 (4.5.37)
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Which, using the binomial theorem, can be written as:

[hr (Z () <—1>T-1-kj—;> o)

k=0
r—2
-2 d* d
hr—l r -1 r—2—k " uy
* (k:o ( k )( ) duk> pile )du

This completes our modification of the result of [2]. As you can see, we
followed that papers analysis very closely, and the result aligns very much

with theirs, with some modifications. The reader can find examples of this

result in Section 5.
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5 EXAMPLES

5 Examples

To begin with we will look at a few examples of spectral curves that were
also looked at in [2], only here we are using the results of Section 4.1; we can
compare the similarities and differences between these results and those of
2]. Following that we will look at a couple of examples which use the results
of Section 3.3.

All the examples we give in this section have been worked out compu-
tationally using Mathematica, for the first few W, ,’s, to show that they
give the matching quantum curve (to low order in ). The approach here
relies heavily on the work carried out in Section 4, and we will refer to the

appropriate definitions and terms where needed.

5.1 y*—e"y+1=0

Here a > 2. We consider that £ = e" is meromorphic on the Riemann

/a o0}, Its Newton polygon is

sphere, and u is meromorphic on CP'\{(—1)
the polygon with vertices at (0,0), (1,1) and (0,a). The || =0,7=0,...,a.

The a; were defined in equation (4.1.2).

5.1.1 a=2

The curve can be parameterized by (u,y) = (log(z),y) = (log(z + 1), 2).
Considering it as a curve in z, R = {£1}. z has simple poles at z = 0, and

Z = OQ.

83
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p0<£€) = 1? pl(x) =7, and p2<l') = 1. So:

Py(z,y) = po(z)y =y (5.1.1)

If we consider the case where we evaluate using the pole at z = oo as our

choice of integration divisor (D = [z] — [00]), then:

2
Cr= tim YD) gy L (5.1.2)
a0 x1(21) oo 27 41

The C} were defined in equation (4.5.6).
So, from (4.5.16), we have:

<h2d—2 _pen L +1-— he“) (D) =0 (5.1.3)

du? du

Which is equivalent to:

2
(hQ% - h%e“ + 1) Y(D) =0 (5.1.4)

This is the following quantization:

(u,y) = (u,y) = (u h%) (5.1.5)

@ =y + 1)y =0 (5.1.6)
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We could also consider the case of choosing z = 0 as our integration

divisor (D = [2] — [0]). Then we get:

2

¢y = lim Z;jr - = (5.1.7)
Our result, from (4.5.16), then is:
(fﬁd—Q _her L + 1) Y(D) =0 (5.1.8)
du? du
Which is a choice of ordering:
7 —e"g+ 1) =0 (5.1.9)

5.1.2 a>2

Now, we have a parameterization (u,y) = (log(z),y) = (log(¥**), z). Then,
R equals the z such that 2¢ = a—il and infinity. 2z has a simple pole at
z = 0 and a pole at infinity. z = oo is in R; in [2] they can still use this
as an integration divisor since their W, ,’s do not diverge there; ours do (an

algorithmic computation confirms this), and so we cannot use z = oc.

Choosing D = [z] — [0], we get:

k k+1
C) = lim y(=1) = lim l =
2120 x(z1) 21020 4+ 1
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And, so we get the quantum curve:

de d
°Z_ _het— 1)y = 1.11
(h B >w 0 (5.1.11)

In this case, we only got one ordering of the quantization of our spectral

curve.

5.2 eyY4+y+1=0

With a > 2. Again, we consider that x = e* is meromorphic on the Riemann
sphere, and u is meromorphic on CP*\{—1, c0}. In this case we will see that
we will get three different orderings, depending on our choice of integration
divisor.

The Newton polygon here is the polygon with vertices at (0,0), (0,1),
and (1,a). Then |a;| =0 and |a,] = 1.

5.2.1 a=2

We have a parameterization (u,y) = (log(z),y) = (log(=5+),2). In this
case R = {—2, 0}. We have, as choices for integration divisor, z = —1 and

z = 00, being the zeros of z, not in R.

If we take D = [z] — [—1], we have that:
i (o0 D) = 9(D) Jim po(aey(z) =0 (521)
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Then, from Theorem 4.34:
d u u —Uu u
h@(wl(e ;D)) = a(e"; D) — e "1 (e"; D) + by (x; D) (5.2.2)

We have that:

d
Ya(e"; D) = =(D), (e D) = 6“71@1#(13) (5.2.3)
Therefore:
d d d d
2 7 u il 2 u —
(h due o + hdu h T + 1) Y =0 (5.2.4)

Which, is equivalent to:
h%ud—2+hi+1 =0 (5.2.5)
du? du B o
Or, we can take D = [z] — [o0]:
Jim vy (2(=1): D) = ¥(D) lim po(a(z)y(z) = —0(D)  (5.26)

Then, from Theorem 4.34:

h% (11 (e%; D)) = y(e"; D) — e "y (e¥; D) + h(vr (23 D) + (D)) (5.2.7)
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And, since (5.2.3), we get:
2 d u 2 u d
h—e"—+h——he"—+1—-nh|¢Y=0 (5.2.8)
Which, is equivalent to:

5 o d° d

If we then do the transformation 1/; = e ", so that 15’ = e (¢ — 1),
and ¢ = e~“(¢y)" — 24’ +1). So, we get:

2d2 U d 7

And, these are two of the three different orderings of the quantization

that we can get using the approach of this thesis.

5.2.2 a>2

We note, in [2] they study the spectral curve zy®+y+1 (which is very similar
to ours, only theirs was a spectral curve in x and y, ours is a spectral curve
in u and y, with x = €*). They cannot analyze in any great detail the case
a > 2, because of the challenges in investigating divisors that are zeroes of
x, in that paper. Here, we can investigate this case, since we have a way for
dealing with divisors that are simple zeroes of x.

We have the parameterization (u,y) = (log(z),y) = (log(=%2), 2). Ram-

Z(L
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ification points at z = 1% and infinity, and 2 = 0.
We can consider the divisor D = [z] — [—1]:
—20(z1 + 1)

E, = lim po(zl)y(zl)k = lim
z1—>—1

where the Ej were defined in equation (4.5.25).

Then, from (4.5.38):

a—1
a a—1 a—1—k dk ud d
h (Z( . )( 1) ol K e

k=0

Which, is equivalent to:

a* d
hte" h— +1 = 2.1
( edua+ du+)¢ 0 (5.2.13)

Then, we consider D = [z] — [o0]:

S
E, = lim po(z1)y(z1)" = lim ———" =0, k=1,..,a—2 (5.2.14)
z21—00 Z1—00 Zl
20 — 2071
Epq = lim ——— =1 (5.2.15)
21—00 ’Zl

Then, we get:

(& fa—1 e d\ d o d
[h (I;( . )(—1) 1kw>e%+h@+1—h (D) =0
(5.2.16)

If we then do the transformation ¢ = e "4, so that ¢/ = e (Y — ),
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and 1" = e (Y" — 29" + ). So, we get:

d* d ~
f—e" —+1 = 2.1
(h T +hdu+ )w 0 (5.2.17)

This gives us three possible orderings of the quantization of our spectral
curve. The question then arises, how do we get the other orderings? This is

a question to which we do not yet have an answer.

5.3 ey’ —ey+1=0

Once again, we consider that z = e" is meromorphic on the Riemann sphere,
and u is meromorphic on CP'\{0,0c0}. By the Newton polygon we have
o] =0 for i = 0,1, and |a] = 1. We can parameterize this as (u,y) =

(log(z),y) = (1og(z'i21), 1). So, R = {0,2}, = has simple poles at z = 1 and

z = o0, and a zero at z = 0 but this is in R.

If we choose D = [z] — [1]:

Cy = tim PEYED) (l) =1 (5.3.1)

z1—1 X Zl) z1—1
So, from Lemma 4.37:

hQ%e“d%L - he“d%b +1-— he“] (D) =0 (5.3.2)
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Which, is the same as:

d ,d d
h2@e“@ — et + 11 Y =0 (5.3.3)

Or, we can choose D = [z] — [o0]:

cnzlmlﬁgﬁ%ﬁlzlml(i):o (5.3.4)

21—00 x(21> Z1—>00 Zl
So, we get the quantum curve:

d ., d d
h2@e“@ — he“@ + 1} Y =0 (5.3.5)

AN

And so, given the quantization (u,y) — (u,y) (u, h%), we get the

orderings:

ey — ge* + 1)y =0,

(7" — 5 + 1)y =0 (5.3.6)

54 ye V' —2=0

This is a curve such that x = e" is not meromorphic on the Riemann sphere,
with ¢ € Z*. This is an important curve, coming out of the connection to
Hurwitz numbers; we saw an outline of this in Section 2.7. The case where
g = 1 arises out of simple Hurwitz numbers, the relevant application of which

was studied in [7]. The case ¢ > 1 comes from what are called r-spin Hurwitz
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numbers, these were studied in [20].

The standard parameterization of this curve is (u,y) = (log(z),y) =
(log (ze‘zq) ,2). This spectral curve falls into the second class of spectral
curves we considered an extension for, and therefore we use the method of

Section 3.3.

5.4.1 Applying Truncation Method
Therefore, using the method of Section 3.3, we consider the truncated curve:

r (_1 nyqn+1 —1) . -1 r—1 .
2 )n—v‘l" - %yq H*ﬁy“ ()Y e =0
=0 i l i

(5.4.1)
This is a curve of order qr + 1, where x and y are meromorphic functions
on the Riemann sphere. Then, we will take r — oco at the end to get back to

our original curve. The Newton polygon is the polygon with vertices (1,0),

(0,1) and (0,¢r +1). Then || =0, fori=1,...,qr + 1, and |ap| = 1.

S0, pgn(x) = (&1_);;"’ n=0,1,2,..,r, and py41(xr) = —z, and zero for
. . r —1)"y n+1
all others. We can parameterize this curve as: y = 2z, v = ) | %
Then:
dr(z) _ Yoo EEGEE 14 0(2) (542)
x(z) ST, M O(z) o

R equals the roots of this, and infinity. We can see that z = 0 is a simple
zero of x not in R. So, we will consider the result of Lemma 4.39. In our

case, B, =0, for k=1,...,r — 1.
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Therefore, we have, (4.5.38):

qr r—k
qr ar —1)k d? i
"o <Z(k)( V qwr ) "

k=0

gr—1 r—1—k
- gr —1 e d? d
R (Z ( k )<_1) = Ky

k=0

d
ot Py — e“] »(D)=0 (5.4.3)

Or, simplified as:

r qn - _
(—=1)" "k (gn)! am=* d
qn Ch— — et o =
[Zh ; k'nl(gn — k)! duan—+ hdu |v=0 (5.4.4)

n=0 k

Which, taking r — oo, gives:

s 1 d ul
{exp(—h (@—1> )h@—e}w—()

Or, using:

X nEan mn—k m
@Chqaﬁtimmgbu¢ — ebu Z c"h Z (mn> bk d ¢ _ ebuechq(%+b) (b

a, b, ¢ are constants.
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We get the result:

d q_de

Which can be seen clearly as the quantization of our original spectral curve,

with the operators 4 = v and iy = hd%, and choice of ordering:
[ —e"e” ]y =0 (5.4.6)

5.4.2 Quantum Curve From Hurwitz Numbers

Now, we can compare our result to the quantum curve arrived at in [7][20],
which is arrived at using methods coming directly out of Hurwitz numbers.
This result is achieved completely independently from the topological recur-
sion; but we should arrive at the same final quantum curve, since (as was
discussed in Section 2.7) the topological recursion structure can be seen as

being intimately connected to Hurwitz numbers. In [20] they achieve:

d RaS emudpudi ~
[h% — e3exp ( l_oq +d1u R (5.4.7)
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— [h% _ eﬂf[exp (% (;’) {% - ﬂ )] D=0 (54.8)

We can compare the results of (5.4.5) and (5.4.8), for different choice of
q, we see that the operator is not the same, except for ¢ = 1. But, we can
do a transformation that shows that our result actually is the same as that
achieved in [20].

Assume an operator, A\, such that A\w = z/;, where 1) is our constructed
wavefunction, and 1) is the function defined in [20]. Then, if we assume that
A= exp< - lakd(ik>7 where ¢ < p € Z' and a; are constants. We get

(rewriting our result, (5.4.5), and acting on it with A):

[h__e [ew (1% {%H}“)p
_ %g_euﬁe@(m_m—i(g) ] Yo ([ )

il (T 00
) : ) (5.4.9)

Therefore, comparing (5.4.9) and (5.4.8), we want the two operators to
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be the same. For this to be true we must have that:

( S (k> d ) HZ;%’QW exp (hq (g)%%) , if q is even
eXp ag| . - | =
1 /) du? .
h=1=0 Z;ig,,,, exp <hq (,Z)L d” ) , if q is odd
(5.4.10)

- (q+1—Fk) duF

Matching the coefficients for the derivatives gives p — 1 equations to solve for
ag, k=1,..,p— 1. It is easy to show that there exists a unique solution for
all ay, for any given q. What this shows is that the function arrived at in [20]
is the same as our wavefunction multiplied by ﬁ, as given by above; it would
be interesting to study why this is the case, and what this can tell us about

the connection between the topological recursion and Hurwitz numbers.

2
5.5 eVt —1=0
Standard parameterization: y = z, x = ygeyg+y. Truncated as:

r n n+k+2
v

km_kﬂ—xzo (5.5.1)

n=0 k=0

This is a spectral curve of order 2r + 2. Can parameterize as y = z,

o r n Zn+k+2 1
= ano Zk:o k(n—Fk)!" Pori2—-m = ol
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6 Conclusion

To summarize, we found an extension to the results of [2], proving the WKB-
topological recursion connection for a a broader class of spectral curve - those
falling into the classes of Definitions 1.1 and 1.3. We found that the admis-
sibility condition, Definition 2.14, still holds as in [2]. Also, the extension
for the second class, of Definition 1.3, does not have a formal proof as of the
writing of this thesis, but does appear to work in the examples considered.
We found that, unlike in [2], we can only consider the simple poles and sim-
ple zeroes of = as integration divisors; but, also unlike that paper, we can
consider the simple zeroes of x in any case considered.

At the conclusion of this thesis, the following open questions remain:

1. We require a rigorous proof of the method for dealing with spectral

curves in the second class.

2. For what spectral curves does the limiting procedure, described in Sec-
tion 3.3, succeed or fail in producing the quantum curve? Presumably
by answering question one, this question would be answered. For ex-

ample, the spectral curve:

p
Z age™¥ —e' =0, (6.0.1)
k=0

where the a;’s and ny’s are constants, and p € Z*. This curve clearly

does not fall into the second class, and yet the methods of this thesis
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do appear to produce the correct quantum curve (although the result

has not been checked computationally).

3. The admissibility condition, of Definition 2.14, needs to be overcome.

This is a challenge, not only for this thesis, but also in [2].

4. How does one arrive at all possible orderings of the quantum curve.
This is also a challenge in [2]. By answering question 3 this problem

may become more clear.

This concludes the analysis of this thesis.
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