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ABSTRACT
° *
W.L: Stevens initiated research in the general area of;

' random sets by considering arcs of length D (0 <D< 1) at
random points on the circumference of a circle of length unity

. and derived the probability that the circumference is completely
covered. D F. Votaw Jr. considered a somewhat similar but non-
vcircular prohlem and derived the probability function of tho

- measure of a random linear set. ,D.D. Beck, using the methods*of
‘Votaw derived the pr{hab{lity function of the measure of a random
circular set. The ‘results of these authors are reviewed in the

first chapter. ' l T 'Qﬁi . <Y
NE ’ The second chapter 1is de60ted to finding the limiting
jdistribution and the non-central moments of the measure of a

'random circular set for the case D - l/(n+1) 'where n is the

' .number/of arcs The last section of this chapter contains. discussions '

¢ AN

T of plots and tables of the probability ‘function of the measure of

o \
a randOm-circular-set for various valuea‘of n and D, . - e

(iv)

e s

i S v
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/
. " CHAPTER I
' T ~ INTRODUCTION o
C/\? | | ’
Consider n+l poinﬁs 2y {4 = 0,1,...,n) selected }

independentlyvand at random from the interval' (0;1):‘ the distribu-

- tion of any z, being the uniform distribution with distribution

Function

Q. P(z) =z, Ocz<l. © s

— emmm

Order the n+l points in ascendingrorder of magnitude as x,
({ = 0,1,...,n). The totality of all cases in which two of the

zi's aré equal has zero probability and such cases can be excluded

without affecting the problem. Associate with each x, an interval ' \

. . g \-
I, where e o _ o ' : ' |

1 ) ’ ! . . ' \

I (x;, x+D) .‘i'f 131+D..i 1, " S \\
(1.2 = 1= | :
. (xi,l) 7] (0,’xi+D-1) if. §1+D >1
where 0 < ﬁ <1 ad 1w=0,1,...,n.
Let X denote the random set which is the point set sum P

of the (nt+l) in:ervgls {1} and let u(X) bevits'meaéure. -The‘
range of u(X) 1is Dvi u(X_) 2 m, where in' denotes the'min:hnun Of.
1 and (o+1)D. B

D.D. Beck in hi; M. Sc. thesis (196§)’der1ved':he probabiliéy ‘
function of u(X) -ﬁéing_the methods of'D,F..Vﬁtaw Jr.‘(i946). The o
proﬁability fﬁhctiop, fh(x),‘ of the'ranaom varia$1e u(X) is given by SR

Ty




st g RN oot it = 1 et v emi gy A
.

a3 (-nF

. L, - +1y m-§+1
(1.3) fn(x) vn- jgl I-Zo (n-j)!(.‘l'l)! (ﬂj )(n r )

@03 (x-pg40 )™,

where

\

QD < x < (D, q = 1,2,...,M ; -
M = winimm (a, (1/D]) ,

[a] = greatest integer less than or equal to" a ,

and x < m, | )
When m = (n+l)D,i there is a finite probabilit& that the
random set X will consist of wnt+l non-overlapping intervals {I} o
and hence the distribution function, F (x), of the variable' u(x) |
has a discontinuous Jump or saltus point in the case when m = (n+1)D o .
0 at x = m. At such a saltus point the probability function f (x),
“of w(X, is not oefined‘but at all oth;; points it defines the \> # '

nyay i

’ . N . !
~ -  probability demsity. The expected value of u(X) 1s given by

S ~ | -
7 (1.4) E@) =1 - a-p®
and the variance is given by ' . _ T
i . - ) oL - o |
: o 1- o2 w2
: , = (2(-D)" +n(1-20)™" } - (l-D) . ‘
o _ ' , . 0 <D< %- 3
(155) ¢ Var () =4 | |
' ' 2 1
n+2 (1—n) 2_(1-p) F<D<1l. .

AY

For D = 1/(n+l), we show in the second section of

L e — e - TGl A LT OTTTRT
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Chapt:j‘%iethat the kth non-central moment, : m , "of the random

variable [1-u(X)] is given by v

m S
Neh

: 3" L S
(1.6) ) (“*1)( )( -, k=2,
1=1 - .

In the last section of Chapter II we plot and tabulate the function
: %

f (x) bfbr various Values of n and 'D In fact, we attemptéd to

_ find the 1imiting distribution of the standardized varisble u(X) 1in

the case D = l/(n+1) as n tends to infinity, which amounts to
increasing the number of intervals and at the same time contracting

them. Although we were unable to determine it exactly, our results

guggest thst the limiting distribution of the variable obtained by

3

standardizing u(x) - is .standard - ‘normal. We give the method of

analysis we were attempting and indicate where difficulties arose,
in the second chapter. It is unfortunate that we have been unable )

to complete the analysis of the problem, but the psrtial analysis

v‘_gives strong evidence to suggest that the limiting distributionlis

normal. -

Researchv.which one might‘classify under the generalihead-
ing of the measure of a random set, was initiated by a paper, in 1939
by W.L. Stevens. Bec£ in his thesis (1968), gives a good account
of the various papers published in this area since then. Consider
the following problem" take - n+1 arcs of length D, 0<D<1,

at rsndom points on a circle of unit circumference. Let the

location of each arc be represented by the point at its clockwise :

e s



" covered? = Stevens (1939) solved this problem and proved that the

is no vther arc.

. dimensional random variable Z having distribution function F(z).

'Arrange the values in increasing order of magnitude as x

sum of the following intervalsg , A o _ L_,"”

|

‘end.  Choose the end of one arc arbitrarily as the origin and ¢
measure distances anticlockwise around the eirele.' If we cdnsider

the point set sum of all the arcs then this representation of the« ‘
S
random set is equivalent to the linear representation deacribedfﬁ’z'

of the Circle is included in at leaat one of the arcs? Or %ﬁ?

" other words what is the probability that the circle ik;complekely R

required probability is given by

o

(1.7 1- (nﬂ)(l D)+ (™ )(1—21))‘n +oes + (- 1)1‘(”‘*1)(1 w?®,

where k = [1/D]. R

‘4k¥1ﬂbo calculated the frequency distribution of the number
'of-gape. There is said to be a gap after the rth arc if‘for a
distance greater than D 'beyond_the firetvpoint'of tnis arc,‘there

\

In the remainder ‘of this chapter we give the resulte

At S R

obtained by D.F. Votaw Jr. (1946) . Ueing the methods 81VEn in-this
paper, Beck (1968) derived (1. 3) L B

Votaw considered the following non—circular repreeentation:

takea random sample zi (i'~‘1,2,...,n) of n values of -a one’ B

N

/ L . .
SR T B S e m gty e T
G o, e MO A0 A AR o T -

i°® -
i=1 2,...,n and consider the set X consisting of the point set




© (1.8) (x, ~2,x, +2) , 1=1,2,...,n, and 0<D<1.
i 12 i .2 ‘ . ' X

-
. .

This'.representation of the random set X is ‘no’t‘ eq‘uivalen'e
. to t:he.linear repreaent:at,ion described earli‘er which 'waa equivalent .
_to ‘the 'cireula“r renresentation. The difference ariaes when we con-
sider the intervals at the end—po:lnts. Let u(X) be the measure of
'X and define a random variable 'y as y - u(x)-D Then the range
of y 48 0 < y < ml, where By denotes the minimum of 1 and‘ |
o (n-l)D. Votaw showed that if F(z) is given by (1. 1) thea the
‘probability functioﬁ' £ (y) of y is given by | -

o E A :
- ,(1;92 T £ (y) =n g (_l)l(ﬁzlj(n; )(n-j—I)

. (1—;)3’*1 "iy D(J+r)}n 5'_2 .

where B av e H | | o "

o @y« (et1)D , o ] | R

¥ - miotmm 2,010)), ed y<m .

. | Eealso shoved thet the e;psc;ed Yalue. of ".y‘ i’s ‘given by
| .41;10)' ‘ YE(Y) - {% [1- (l-D) ]‘- o LT \
“vRe;:itiné (;;9) ygiéet_v o | | B o

.L ‘ ' \



‘ o . '_1) ‘m=3-1y
(1.11) £ (y) n! Jio Zo z;;:%_T)-T (n )@ r ).
. (1?.,)1*,1“ {y -;D(3+i)}°—1'2r s

o

v v kN I

withvthe same conditions aa'in (1. 9) Comparing (1. 3) and (1. 11), : " ) ’

we see a ;ot of resemblance and the differences may be attributed ‘

to th; following reasons. | ¢
(i) the two representations of the random set are not :equi- -

Q

'valené and hence we have two different random variablea,_ % : i- ; .f;‘
¢ ’ ) g
(ii) Beck 6anidered (n+1) intervala instead Qf the n W
fconaidered by Votaw, and f*, g )0; 3 o ," - ‘
o LS v Lo ' ‘ . “.
(iii) Beck derived the dietribu Jon of the random variable u(X),

’ -

"whereas Votaw derived the d;stribution of u(X)—D



’In;this caaPtér} we present our artempt to find tha'limiting
d;;tribufiqn-of the randoa variable u(X). The case D = 1/(n+l)
1§*6f parficular interest because this amounts to reducing the size

* of each interval I and at the s ame time increasing the total
v number of Such intervals in such a fashion that it 1s just possible

for the circle to be completely covered by the arcs.

2. 1 Preliminggx ’
- h i when D = 1/(n%1) the expressions (1.3), (1.4) and (1.5)

" A

"fg for the probability function f (x) the expected value and the

Tt
i N

variance of p(X) respectively reduce to

L . . PP
R . ' “‘ .
SEaT . .o >

. ' . (- l)r ‘ n+1l n;j+i
(2.1.1) f (x) = n! g “:7‘—-——*“—7 ( YOI
: . j=1 r- (ﬂ 3):(3-1); r
N 5 * ,(% x) [x n+1
.. .
where .
’ . R .
¥ 0 .
_ST-: < %g% s 9=1,2,...,n ' and x<1;
? ; n+l-
(2.1.2) Eu@0) =y <1 - (1- )
¥ * f
 and -. 4« ¢ v
, '_ 2. 1 : 1 ,o#+2 2 (ot2
(2.1..'3)2‘4 Var (u(®) o) = =5 {2(1 - e +nfl - =50 )
Py T okl ’

3

Ly



as 0 < ——;-5_%-, for all n > 1.
e Congider the limiting béhaviour of the expected value and

the variance of the raddom variable wu(X). \From (2.1.2),

(F.1.4) lm o= Um {11 - ™ a=1-et,

e w+l

that is, the expéqted value tends to a constant as n goes to

infinity. However, from (2.1.3),

2 B & 1 .o+2 - 2 .nt2
(2.1.5) 1lim. o = lim {3z [2(1 - n+l) + n(l - =1 ]
n -+ o n > o . .
1 .2n+2 : .
¢ _(l - n+1) }
F
s \ SR | 1 \n+2 1 2n2
e = Un g5 200 - ST - - SpT
n >« R 1 B b
' 2 .n+2 . 2
+ n[(l\-— m)n -~ (1 -r'n% n+2]}

. 1. 2
=el_(eH 0.

Since the limiting variance is-zero; the .imiting distribution of

& . . -

u(X) * appears to be coﬁ;entrated‘on the limiting mean value (l—e?}).
. 5 N i ‘ .

Let us try to find the rate at which oi tends to zero.

Lemma 2.1: -

1im ‘(n+2)0§ = Ze-l - 5e~2‘

n,+ =

Proof: From (2;1.5),



2.2 Limiting Distribution

To find" the limiting distribution of a sequence of

absolutely continuous distributionp‘it suffices to consider the

2 _ 2 _ 1 .at2 1, 20+2
on n+2 {(1 n+1) - - n+1) }
n 2 \n¥2 1 . 2n+2
Srla-Zp™ - a- ™y
Now
.. 2 2 1.2 \2 S
n+ nt+
(1- n+1) - "ﬁ)
2 o2 o 2 1 ol
= (1 - == - (1~ + )
. . n+l ' - ntl (n+1)2
. » o1 2 .n¥l 2 mly
. ) Q-Fp i la-g9-0+ (n+1)(n-1))
er ; . ' .
2 .nt+l 2 nt+l.
" - - nﬂ) ,{1 B R S Y S )
_ (ntl) n _ _(otDn(n-1)
£ 2 2 <3, 3 ° :
2(n+1) " (n-1) 6 (n+1) " (n-1)
Thus
1 .n+2 1 . 2o42,
* lim (p+2)c Um 2{(1 - D™ - a- - }
n+® n -+
2n : n(n+l) 1
+ lim {— o+l (o+l) (n-1) _ 06_)}
. n + .
2 .o+l
‘ ) | - (1 - -n:i") .
— ' = 2(e-'1 - efz) + (-3)e-? - Ze-lv- Se-2 .
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1imit of their moment generating functions {Mn(c)}, where

(2.2.1) M () = g(e™X) . jR etx‘fn(x) dx

R being the range of u(X). Thus

u 1 ' . i
». M (t) = [ BX ¢ (x) ax
_ 1/(n+1) n

tx
e

n . ((2+1)/(n+l) ’
= f fn(x) dx .
=1

£/ (n+l)

Subgtituting the expression for fn(x), we -get

»

(341) /(n+l) 4 2-3

- . e N O VR 1) -3+1
M (1) LZJ al 1Y (n-1)1(3-1)! (n-;)(nr )

£/(n+1) | i=1 r=0
. (-3t ¢ -1—)“_J = ax

’ n £ 2-3 . r o
- t . (-1) +1 -j+1
o Lgl 321 rZO (n-3)!(3-1)! (nj )(n r. )

4

(2+1) / (o+1) Lol
- "‘<1x>“x-‘}++—§’njd‘°
£/ (o+1) |
let (ntl)x = y. Them
‘ . y - O L 2= |
_ _n! 1y (=3+1
(2.2.2) M (t) -»_<n+1>‘¢§1 321 ! (nﬂ (j SVH F)(n )

g+l .
. ty/(n#l) y y_ . j+r ok |
Iz (1 n+l) (n+1 n+1) dy



n',' n % 2-3 i;u
=-— 8 [ " h, _dy,
L gl1 je1 e T d.r
where ‘ v . v ‘
(=T 1y -j4ly \
8y,r " 'ar_r) [CvH (M )3 )
and

L - ty/(n+l) ¥y 31 n-j
R a -’ (E+L1 'L_) .

Consider the triple sum over £, j and r,

S =

dy .
A=1 j=1 r=0

n 2 £~ 2oy
) h
f Jor

8 T

When £ = 1, wemust have j =1 and r =0 and the contribntion '

to S 1isg therefore 81‘0 fi hl 0 dy; When ‘2 -‘2, ‘we must have
? et ] . !

§=1 with r=0,1, or j =2 with r =0; the contributions to.

S from these two cases are therefore : SRR T
o o3 3

A 81,0 L P10 ¥ T 8, fz B

and

2 K

3 , )

L h, . ‘respectively. ’ ' a
82’0 I 2’0 -dY" = p y ) .

Continuing in this manner; it 1s readily verified that the contriBu-

tions of the various éerms resulting from the permitted combinations

'of (z,j r) result'in

-4
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'.M(t)-

=1 ety ;.’D (°+1> (,,._.,ﬂ]

Let g

I
RO

-kl -1
y f ‘ety/(n*'l) Q- ;_%i)j‘
J+r F :

S I

D ind 6 1.9 N 0<z ﬁ 1 end y = [(n+1)-_-j-r;l-z + J-'O-r. o

ntl-j-r °

‘dy = (o#l-3-r)dz. Then

o+l

2 fl t(j+ri-(n+1-:]-r)z{/(n+l)

0 _ \ oo n+1

\
(j_ <n+1-J-r) ?-j-r) (n+1§-j-r) dz

A
- .

ar B OBSCpT e 'c<3+r>/“(n+1>7
o+l le rzo (n“j)!(J"T)! ‘ (n+ )(nr ) e )

: wa-dn,
. (ot1-4-n)" fl, et(?‘ 1) 2 zn-y-lj' (1<z)3 ! 4

(+)™t

S

'. \
12
o+l Tkl | w1
8-31.0f1 10""**311f;."‘11d *8.n-1r‘h1.n‘1dy
N n. '
3 : 1 - . ‘ 1
T 8,0 r: P2,0 Y Byng E P2,0-2 7
+ . .
] .+l ’
* 0 f B W
‘ n n-j . m+l ) K
) g r ~h dy .
3=l rZO 1T Jgee Do¥
» . | e
Thus
n nJ ‘
_ ( 1) +1y m-j+1 v

+r n-j
‘}:I’ ‘.’

1+t+(n+1—j-r)z .1 1



"“ jzl tZo ¥ T G-DT T <n+1;‘)'
: 'e'“”‘?"““’" (&1-’5-:)(1 - %I—;)"'
1l t(l ~ Jﬁ)z ..
. [ . L RTINS
0 L - '

-n jg Z ( 1)r(n-1)[n)(n J) t:(:l+r)/(n+l)(.1 th)n—ﬁ_
'l t(1’ J+_1),

.f?e

Let (i-z) -“q,- dzu-.-dq.> rhe5~,»

?n—j (1&:)?61 az

o .

. ) ‘ :.' - _ _ ‘ 1
(2.2.4) um-ni 2 -DF (“)f“)(“) “’*‘”‘“‘“Du 1‘3)“
. : j-l o

n-j j 1

'Jyxu-lauq)
.fevA ) (1) q.

0

u(K)-un

Consider the standardized variable with moment generating

$-- ' ° n it

function - e

_ (W )-u ) /o, e -wtlo. w@tfo
‘w(t)-E[e . ]‘-e',n nE(c So.en

S

-y tlo .
=e ° u (t/o ) TP

‘From (2.2.6)




“ ™ N 14 .
R (:/o )- (u tla ) 1 ‘
w(t)-ne . [ (;’) (1q)°J*]’
. o 0 31
~(tq/o )+(tqi/(o_(a+1))). =3 3 tqr/("(n"'l)d )
e e ‘n - . | - X (_1) (nrj)e |
’ (1 - n+1) ) i
- Let
B T R '
. . ' N = e n)y so that
: A k=0 a“ :
(2.2.5) - ﬁ - o o L
Z a.k(n) y -e (1 - ;ﬁ]n- .
"L k=0 _

For y- j+r, this yields

(- u+l) D Y 8@ "
k=0 . [
v~ and, since
(\j+r)k (e(j+r) P) ' s
~dp . |p=0
we‘vh_ave ‘
o eemel ey D & s “
P e T e (e‘j‘,‘-”%l '_
L e k=0 ? p=0

Substituting this into the expression for iﬁ(t),r we get

€ . \"VL, ‘l

- a-1
This method of dealing with the teril (1 - -1;_*—;—) | vas

suggested by Dr. Je R. McGtegor. o & ' v

G
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o - !
| k :
(2.2.6) v (t) = I amy(t,0) ,
» . . . k=0 \
where - |
k.
k d ‘
¥ (t,0) = — ¥ (t,p) e
n dpk n IP'O
and
' , . t(l-uy )/a_ (1 -tq/c .
(2.2.7) ¥ (t,p) .= ne nn I e no. . i)
n 0 :
D tad/ (e, )
) G_i) G)(l-q)n Tgte n
=1 . .
- n-j - s tqr/((n+1)o ) - (§+r) + p(J+r) |
R S VL ) PO | dq
. =0 ‘ ' |
t(1-p )/o_ (1 -tq/o_ n C ped 4-
~ne % " [ e 1 G'.b () a-® It
. ' | ta/((x+1)o_) + p-1.3
L I PR | n’ }

ta/((a+l)o ) + p-1 r

n-J . '_j ‘ |
=0 r ~

t(lf-l:!n)/o'n Il —tq/on ‘,

= ne e
| . o
. B n—j‘ 1 j s
Z G"l) q)(l’q)' .q B (1-8) dq ,
g=1 31 S r |
ta/(Gatl)o ) + p1

(2.2.8) . Bme



' t(l-u )/o_ 1 -tq/o )
(2.2.9) ¥ (t,p) = ne non I e % g
o - 0

. o
1 GD Q@™ ta-0a-0" 6 .

16

j-
* Consider
. . - ]
s, =3 CH®@»I? (a0 a8
nol -i n v n-1-v
- L (3D () e’ (a0 a-.y"
-1 -1y m-1+1 |
- {(l-q)(l-B)}n z (“ )(3_ ) {__1__3?_1:_; }V_
Let '
»
q8 .81 ) qB+(1-q)(1-Bl
(1-9) (1-8) - s¥1 vhere 8“ G (-8)-a8
Then

- taepen)™ P ey Ci‘iti §:;i”§}

: ~1 n-1 . Co : _
- {(l-g)(l-B)}n . “1y @141y fa-1yY (gL n-1-v
(s+1/2)%71 L .(n\) )(:1-1-\:)( 2 ). G5 )_

' .y n-1
U a0, 510y

s+l

where Pifio)(s) is the Jacobi polyﬁomiél with paraﬁetérs a=1,

5"0 (see-Szegd '(1974), equation (4.3.2)). Now
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o = 38+(1-q) (1-B) - _  gB+(1-q) (1-8)

(1~q) (1-8)-q8 ~ 1-q-8 ’
8o that
ot1 = QBFL-q-BqB+l-q-8 zci-g)u-e') o
1-9-8 | 1-q-B ©
giving | |
2.2.10 . s, = (1-q- 2 -1 (110) (Ql'qif;:g)*ﬂs*}__

‘Consider the following theorem of Darboux which is given in Szegb
(1974 page 196)

Theorem 2.2.1: Let a and B be,arbitrary real numbers. Then

(u B) -a/2

(x) ~ (x- 1) ‘(x+1) -8/2 {(,+1)1/2 + (x- 1)1/2}a+8

1/2 2

1/2 n*1/2

s (2m) (x"- p--l)

wﬁere x  is outside of the closed interval- [_1,1] This formula
holds uniformly in the exterior of an arbitrary closed curve which

encloses the segment [~1,1)}, 4in the sense that the ratio tends

uniformly,fo 1.

Vo)

" Lemma 2.2.1: g = (lfgzéigﬁ)+QB' ‘1ies outside the interval {-1,1].

. tq/((n+l)o )+p-1
g Proof: , Recall that B =e ‘ » 0 <q< 1 and also B

need only be differentiated with respect to p and t in a neighbour— ,
hood of p =0, ¢t - 0. Therefore, we may take_ -€ <t< € agd

- -6 < pﬂ< 6 ;. and chooee&Le and 6 arbitrarily small. ,Ihﬁs.
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T SR ¢ a1
o (h+l)cn -8 -1 < at)o + pli < (at)o + § 1
. n n .
or a :
(-(ea/ (DO -l(ea/ (D)o )+

e _ . <8<e s .

Thus e T < 1/2 implies that we can choose € and '6 so that

0 < B < 1/2. Also, since 0 < q < 1 there exists qo such that

q0 = ]1-8,. Now '

4 (-QU-Byes |28 ., 30 g)t]
dq. l—Q"B . (l-B‘q) (n+1) ‘

: . , im
By restricting t to an open interval (-e,e); € >0. of

Lo

arbitrarily small width the derivative is positive over the _range

of ¢q except when the function itself is not def&ﬁed at q --1-8.

Now at, A .
/ h
- (I-Q)(I-B)ng : ‘ - (1-9)(1-B)+Q§
c . 0, s l-q-B '~.1 and q = 1{ - l-q-B

Therefore.'s iies outside the_inte:vai' [é1,+l]“ wheh cq-e_(O,l);‘

Thus Theorem 2.2.1 is applicahle,' Note that

- ge g§+1-q-B+QB-1+q+B ' ZIBT.’
- N l-q-B ' 1fq-§

- 80 th#t
l - 4qB(l‘ﬂ) (I‘QZ
(l-q-B)

‘ Then for large n,

o
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p(Ls 0) ¢ l-q)(1—8)+q8) __Z_m_ -1/2 [{2(1_q)(1 B) 1/2 1/2
ik oot _ l-q-B

298
1-q-8: } +{1 qu} ]

. [21r(n-1)] 1/2 [—q-B_f_l_"_‘L)_Ll:_l -1/4

¢ (1-¢-8)° | ‘
‘ { 8+(1_ )(1 8, _11/2 1209 y1/2 (1_8)1/2}9'-14(1/2)
1-q-8 1-q-8 .
| Jg - -(l-q-B)lljz; 1" | | (1— -B)lfzvk
N /] /z 1/2 1/2 1/2, N
L. —l———-ﬂ-z—{ +(1 Q" (1 8) } N T
- 1-q-8) . ¢ :

1/2 g1/2 / . 1/2.2m-1/2
SvaiCh * <1 -0 -/ "
- e)“ 17 LT R

'.'- ‘_ {ql/Z 1/2 + (1- )1/2(1 8)1/2}2n ‘

o Hene aen T T 84 -0 -8y 7
. ) J -

.subs.ticuc;xng in‘ (2,2.1‘0.) vwe.“ get‘

é {q 1/2 1/2 + (-2 8)1/2}211 L
T - 1)n}1/ ¢ 3”‘(1 )1/"(1 s)m‘ )
which when aubstituted in {2 2¢9) yields RETRREE R ':// L
. '/< f, t(l-u Yo }"
(2211 ¥ L(t,p) ~7‘“° S |

2{ (n- 1) “}lfz

e “‘_;tq/a o iq 1/2 1/2 (1 )1/2(3.1 3)1/2}21: o 81k,
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: .’ w . . ‘ ! . . ) ) " . I, I ; ,
To .evaluate thia integral we’ use the following generalization of
Laplace's method (see Olver, 1974,'page 333):
V lp , ) . )

_Theorem 2.2.2: Let

k' - '
I(x) _-'f exp {-xp(t)+x /" r(t)}q(t) dar 3
"y . ‘

1
Sy

:ﬂ"::' S C
where k 1s fixed and positiva, and assume that.' ' o

(i) I%the interval (o, k], p (t) is continuous and positive, g

and the real or complex functions q(t) and - r(t) ‘are continuous.,

(11) "As ¢ + O+ , v
Y v “ 2 u "‘ -
p(t) = p(0) + P g +,Q(t 1)_‘;
p'(t) = u P tu-1_+'0(t 19
) . 9

S Ap=1.
q(t) = Q ;}-1 +oft ,1; )

, o V. , o
r(t) =Rt + O(t-l} ; where P >0,

) ‘ Pl > ? o, }i > O: > p i_O, and v; > v.:.
Then
R ' R 'fXP(O)'* ' - a
. . R, e fa 1
1(x)-9~r <, ) {r+ o}
o 1w w? l"'/‘l (P )sz A
- as x + =, where
v m;p (Al’li,Fl'“' vl—y)v.yende
,'in(a,g;y) ,43 thévFaxepJS'integ:al "
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F,(a,B5y) = r exp {-'ﬁyra}fg.—l?‘dt .
) 0

.(0 <Re.a <1, Re B> 0)

%
]

JIn particular

1 1.

| 1L,
Fi(i)'i’y) + Fi(Z’ 2;lY) 27

exp (-,f— y?)

To apply this theorem to the integral in (2.2.11),’n6te that

?

(1) ldm y =1 - e-1 ,

n
n-+ow

(i1) 1lim (n+2) oz = 2e—1 - Se“2 so that oi =
n -+ e

5|nﬂig

where ki -*_Ze-l - Se-z, and
tq/((q+1)cn)+-p-1 p-1

(111) 8 = e so that for large n, B~ e

Then (2.2.11)'feducgs to

-1 : ‘ - ‘
| L . ~ ta/k_ o (p-1) /4
¥ (t,p) = —— f e | -
n' 2((a-1) "}‘172 q3/4(1_q') 1/4(1_ep-.1> 1/4

s .

0

| 2n
o (gt P2 (g 12y P1)1/2)%0 dq

/n t/k ) (e 1=q)
ne(p—l) 4. 1 e . - 2n

~ _ 6 dq,
2{(n_l)"}lfz(l{_ep 1)‘1/4 0 q3_/4(1_(1)‘1[.4 ,

(2.2.12) =

where

Q(Q:P) = 0= ql/Z e(p’l)/z + (i_q)llz(l-ep-l)llz

’
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e 374 175 49

. [1 ‘(/;t/kn)(e-l—q) ;20
"o q”/*(1-q)

1 ' _ |
- [ ew at-2a e)+n1/2 £ et a-oth

0 n

F‘

(p-1)/2

L2 51, = e

Note that 6(0,p) = (l-e and

0P 1 p) = ePl+1-eP a1, Also,

- %E-e(q,p)'- %-q_%/z e(p_l)zz —-%(l—q)fllz(l-epfl)llz

:—;a e(ep_l,p) =0, Let y=gq - ep-l gso that when q = 0,
y = -ép_l and when q=1, y =1 - ep_l. Thus

¢

so that

~

(/—t/kn)(e -e 1— p-1 | -
: p- |

I
n

1/2 t (-y)}
n .

exp {—n( 2%n e(y+ep l,p))-i'n

[y+eP 134 (1oy-eP H 47 4

Consider I and put w- -y. Then

n.

1

(/nt/k )(e-l—ep-]_‘). ep"1 | ' 1/

In =e n exp {-np(w)+n
1 ‘ . 0

gr(W)}q(w)dw s

dqb .
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p(W) = -2 tn {(1+wﬁgpf1)1/2 (l_eP-l)l(Z + (P 1172 (p-1)/2

V“)v ' . ‘:

1/4,-1

rW) = v  and  q) = [(eP 1) 3% (1meP 1) 1/4)
n » ) )

N

Compare with Theorem 2,2.2, then HX-
A n

this implies R = ﬁ— and v =1 go that p = 2. Now to find
_ ko :

-the value of P, note jthét (w); (0) +P " as w0+ and

w

also p(0) = 0. Thus .
‘

Unm (w) '2 ©) . 14n f-Bﬁgl = lim 2'(w)ﬁ '
w + O+ w w0+ w w0+ 2w

qu .

and also as r(w) = ;— v,

b,

\

-2{%(lﬁ—ep-1)-1/2(l-epfl) 12 _ zl(e(p_l)—w)—l/ze(p-l) /2}

p'(w) = : _' _
, - (;w-ep'l)l/z(l-ep'l).l/z +\(ep-1_w)-l/2e(p-]_)/2
and so p'(0) = 0. ‘Therefore

P= 1inp L"_é(_‘Q - % {(l_ep-l)-l/z + e—(p-—l)/z

“w o> O+
. 1
4{eP L (1-eP71))
Also
1im 353% - Q .
. W+ 0+ A= '

Let A =1, then lim q(w) = Q which implies
w -+ 0+ .

Q= [3P-D/4 (1-eP1)1/41

-
4,/'
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Now applying Theorem (2.2.2),

. -1 p-1 .
(/nt/k (e T-e ) s :
Lose ° — I ReT AR -
1 2(nP) P
Simil.arly R

(/at/k_)(e t-eP7 L

S n R '
I, =e 73 F (2’2" P‘172) .

2  2@p)?

(/_t/k )(e ~1 P 1)‘ 2
~ e

' ‘ 1/2 R
= | - 17z 27 eXP(ZF) .

(nP)
Substituting this into (2.2.12) » we get

.(p-'1)/'4 (hat/k_ )(e "1~ 1)
p-l iz ©

¥ (t,p) = ' 7

2{(n-1) 1r} (1-e

Az, (-D/Z, p-L1/2 72
27 (l-e" . 7) t p-1 p-1
L2 3(p D77 (-7}

P e | v
p—l) 1/4 ktZl ‘

l(l-ep 1)

(1-

 (fat/k ) (e -eP

 ~e

)+t/k e

= exp {g(p)} ,

where




25

Now

d - -
Loy e = 8P i |
'd2-' | o =
;—;2— ¥ (t,p) T e8P ‘{(g'(p),)z +g"(®}
ey o 8B 3
d—p-g ¥ (t,p) Te {(g'(P))” + 38" (P)g" (P)+g'"(p) }
) dk ' ; 38"(‘) k.
oE e TEPHE O ¢ e 6 e ) + L)
' .
"Now :
: p;l 2
8'(P) - - ntk +'% {eP 1(1 ep-l) ez(P‘l)}
, kn
. and i
& - p-1 2 ', 8
g"(p) - ntke + %{ P—l(l P 1)_3 ez(P‘l)}
n Ck
n
3
In general, we shall have '
.dk ...., (t? /k e la-eTl) /nt
b F (60 S (- BEeT } 1+ ot 1’2))
n . ’

- Substituting this into (2.2.6) we get
. N ‘ o ) . . "

- (: /k de (l-e ) ar o1

w(t)~-2 ak(n e ‘(----k—’-)k ’
“ L

vhich by (2.2.5) s
H

A

=
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(tzlki)e-l(l-e_l) —/_te Ik, | /—te n-1
-e K e (l + -7;;733 o
w?ndye -7t -/E:e"l/kn (-1 en(1+(ate ™)/ (k_(a+1)))

@?nde e —vaee i

= e e o n

| (ipare Yk () -2 ntze-]'/(k:-(ﬂﬁz) .

e

| (t /k Je (l-e-l) ‘-/;te~1/kﬁ

[Vﬁte'l/kn - tze-2/2k§]{1+0(n—1)} ’
. e X ‘ : '

(tZ/kﬁ){e‘l-e' -5e (t? /2k )(2e” 13e7%)

- .

Note that k::+ Ze"l--Se-‘2 as n’ goes to infinity. Hence

(t /2 (2™ 1372, (2e” 15672y}
“1im wn(t) = e . S . s

n+>o

Since for every n, w (t) is the moment generating function of
" a- random variable with zero mean and unit variance the same should

be true of 1lim (t) It 18 clear, therefore, that at some
.. n-+o . ’ ’ : N

stage the approximations used ‘have been unsatisfactory since the
,result obtained above implies that the limiting distribution ia
‘normal with zero mean and variance {(2e” -3e )/(2e 1se )}

»
instead of unity. We have not been able to refine the approximations .

.

. to eliminate this discrepancy It is perhaps of some intereat to
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 tic”eva1uatioﬁs-of iftegrals by modifications

'\ of the Laplace‘methe’;'such as we have used“here:.oft:n result in

funetiens ‘which are exact except for tﬁe constants involved. Thus,.l
for example, if one applies the method of Steepest Descenta to: deter—
iﬁne the F—distribution the result is exact except that the- factorials
in. the normalizing constant are replaced by their Stirling 8
approximations. This may provide a clué of where one should look .

to refine ehe analysis to p;oduce the exact result.

o)

2.3 Moments of the Variable {i-u(x)} o

For D = 1/(n+l), ‘this section contains a result about

the non-central moments of the randdm variable (1Jh(xi). a

Theoreﬁ‘2;3.1: The kth non-central moment of . the variable

{1-11 (X) } when D - 1/ (n+1) is given by e G H )
5 - ( 2 -
| | k = 1,2,..§.,n+1 . '

-

m, = E(l-u(x))kﬁ“_

1 'k :
- f» (1-x) £ (x)dx

o f . a I(z+1)/(n+1) ;g - - o IR

(1-x)"f_(x)dx 4 °

=1/ )

bl gt

R
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! ' 1y m-3+1
Ne.
/() 321 ,.X.o (n-J> <3 1)' (°+ )(“ )

n I(1+1)/(n+1) L -3

41
- @0 x - ;11—{-1‘“_—" ax

Comparing ‘with (2.2.2) and following the same analysis as ‘done there,

we get

' n! B B2 DT oty -3+1 :
(2.3.2) o mj-l r.z.o o-N'G-D° ( )(nr )
. | ( 1

'L - T .

Let
T
- | k’*‘.‘l 1 -§-r n—j
I f oo 2 nﬂ) ¥
; ' . y=§-r ' o
{,\and take z ey -sc.w-thgt 0<zx< 1~ and . dy (p+1 3 r)dz.‘..
Then ' _
| 11
I _! - j+r|-(n:i;j..-r)z)k+j-1
o -

_-j+r|-(n+1—i r)z-_Lr n-Jj I

' 1l
(n+l—j-r) f 1- z)k*i'j -1 n j dz |
(tr'l-l)u".k l ‘0 N

. (n+1) a- J— (_n-J+i.k+:l) Y
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e a1y (1 - HE T (a9) ! (-
2 DA - o9 @) T

Substituting in (2.3.2) we get

a B (DT megn oy
LG 321 r.Zo‘(n-J)l(j-l)! G0 e '151*_9 :

)P (4+k=1)!
(nt+k) !

© e (n+l) ' (n-J

Put (j+r)'é i, then

‘ e __n! E . f (-l)i-j“'(n+15!' B (n+1fj;!
_Fi (n¥k) | j=1 154 G-DT FT@HI-DT - a1
; 1 _ 4 otk
S G- A - )
_nlk! I 1 cni {(k+1-15:}.{, @
| @l L 4 G-DT I GF-D!
- 1! 1 otk
SR 1 o) L U
@39 m - o .(-1>1 "j <7 G |
v T ‘(9:k);1—1 =1 ¥
| . @ty 1 4otk
_ (ﬂi )(1 - -D?I) .

Consider the sum

|

~

‘ =3 (kti-1y A i+j iy (ktj-1
i o™ (G - jZO DM OO -
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Compare this with the identity

L s ko mépk
ntpy _ 1 m _ 1
@, et

(see Riordan (1968), page 11). Thus identifying the variables in

. o
. . AN
the two.-sums, we get

k- i+ k+ -1
(1_6- I e Jij)t % I
S =0 ‘ _
Thus (2.3.3) reduces to ” . .. "

n+k

1. 0B ol kel 1
o = otk Z (ni )(1;1) (l = 'an)
. ( Kk ) i=1 v

n+1y k-1y /. { yn+k
( Z ( ) i—l) (1, = ;.Tf)
k ‘ .
k=1,2,...,0H .

2.4 Plots and Tables

The results bf the previous gsection strongly suggest that the limiting

distribution of the thndafdized random variable‘ n(X) is standard

normal when D = 1/(n+1) | In this .section we examine the probability
fgqqcibn,. fn(x), of the random variable u(x) by plotting it
for four values df‘ n. For each value of n, three values of ’
D are considered: one less,thaﬁ, one equal to and one'gréater

than '1/(n+l). Appendix I containsithe programs used for generating

the data,‘Appendix I1 contains the data generated and Appendix III
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containa‘the;_ ploté obtained by using that data. In plot: 2, 3 and
4 the scaling used for the Y axis i1s 1 unit = 2.0. ' ‘
Looking at the plots in Appendix III, it is clear that

the function 1s symmetric only when D = 1/(n+l) and is skewed

in other cases. Also, even for t’e small' values of n conyside“red, )

- the function tends to be a spike as ' n 'increases indicating that

the variance decreases very rapidly.

Al
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PROGRAM I
‘{J‘ .
*****t*#*******#***********#t#**tt****t****t*t**#*#tt*tt**ttt

nnnnnnnnnn

‘30(10(1f10fﬁ(10

THIS PROGRAM FINDS POINTS FOR THE PROBABILITY FUNCTION Pux.f
GIVEN THE VALUE OF N+2 AND THREE VALUES OF D AS INPUT, IT =
PRINTS THF VALUES OF FNX FOR EACH VALUE OF D.INCREMENT IN  x
X Is .02, *
*****#t**#********t******#****#*****t***#**********#*¢t***t**
***t*****#*******#*****************t**********#t*‘#*#* ***#tt*
*®
SUBFOUTINE COMB USES THE ME*HOD oF PASCAL'S TRIANGLB TO %
CALCULATE N CHOOSE M POF VAFIOUS VALUES OF N AND M., A(I,J) *
GIVES THE. VALUE OF I-V CHCOSE J- -1 FOR J < OR = I. . %
. . *
******t*#** t***#**t ********#**#**#*#**#**#***** ***t**** *****t
SUBROUTINE COMB(N2,a) . BT
DIHENéION A (N2,N2) - ‘
DO 5 I=7,N2 :
OA(I,1)=1
Co A(L,I)=1
S - . CONTINUE
N1=N2-1 L - o
Do 10 J=2, N1 o S e
S J1=J+1 - : '

po 10 1=J1, N2 .
 A(I,d)=A(I-% £9) +A (1-1 J 1)
10 CONTINGE. ,
"~ RETURN :
END -

**************************************************t**#*t*****'
» X . %
GIVPN THE HATHIX OF COMBINA”IOVS VALUE .OF. N*Z AND A" VALUE *
OF D, THIS SUBROUTINE CALCULATES AND. PRIVTS THF VALUES OF =
THE PROBABILITY PUNCTIQN F"X. INCREHEN” IN X IS gf2. THE =

nrprror)ncun ,

-

' o
. ‘q~_
N | - |
. . :
,
:



-C
c

€
c
c

l

LAS™ VALUE PRINTED IS (".(,n.0n). . : ' *

4(\?\‘

PR

- *

C*i#t**t***k******#***********tt**t*********t*****************

/

SUBROGTINE POINTS (N2,D,A)
DIMENSICN A (N2,N2) ‘
REAL M1

INTEGER Q,.

B1=0

B2=0

M=INT (1/D)

N1=N2-1

=N1-1

IF (N .LT. M) M=N
41=N1=*D

IFP (M1 .GT. 1) N1=1
DO 15 Q=1,M

X=Q*D ° :
X2= AMIN’(M1,(Q+1)*D) N .
IF (X +LT. X2) GOTO 5 .
GOTO 15 o : :
FNX=" B

po 1) J=1,0Q '

JQ1=Q-3+1

DO 1" R=1,J01

CS=A(NT,J+1) *A(N2,J+1) XA (N2~J,R) *J

*¥(-T) *F¥(R=T) * (1-X) ** (J=1)

IF( ((X=D* (J+R=-16T3 «EQ. (-.T)) .AND,

(N .EQ. J)) GOTO-1C

S=S* (X:D* (J+R- 1) #* (§-0)
FNX=FNX+S

CONTINUE -

WPITE (6,190) X,PNX
FORMAT (* *,F12.8,5X,F12, 8)
X=X+s02

.GOTO 2 -

coNtInge .
WRITE (6,178) B1, 82
RETURN



nNOonNnnnonaAn

MAIN PROGEAM STARTS HERE.

END

EVERY TIME N IS CHANGED., RIGHT NOW N+2=21,

1C

DIMENSION A(21,21)
READ(5,10) N,DY,D2,D2

. FORMAT (I3,2X,3Fu4,4)

CALL COMB(N,R)

CALL PCINTS(N,D1,1)
CALL POINTS (N,D2,A)
CALL POINTS (N,D2,R)
STOP
END

»

36
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C
C

PROGRAM II

2 sk e ok ok e ke ook ok e ok ak ok sk sk e e s ok ok ok ke 3k kol ook ke o a3k e o sk ok ok ke ok
*

CTHIS PROGRAM PLOTS THE FUNCTION FNX.THE INPUT*

noonnonoan

naonnnnan

IS VALUES.OF X AND THE CORRESPONDING VALUES *
OF THE FUNCTION FNX.DATA FOR A PARTICULAR *
VALUE OF N AND THREE VALUES CF D IS GIVEN, *
THE THREE SFTS CF DATA ARE SEPARATED BY A *
VALU®R OF ("e”,(.").SUBROUTINE SMOCTF IS USED*

T0 PLOT A SMOOTH CURVE FOR FACH SET OF DATA.*
5 o o K K o i oK oK ok K ok ki ko ok koK Kok ok ok

CALL PLOTS
CALL PLOT (4.0,4.0,=3)

CALL AXIS(".",".",*FNX',2,6,0,90,.7,0,0

CALL AXIS(OO(\'(‘ n 'X' -1'60",(1‘.0’("(0{.'0.2)

X AND Y AXES HAVE BEEN PLOTTED.SCALING USED IS:
X RXIS, 7 UNIT=,2; Y -AXIS, 1 UNIT=2,C,LENTH OF
THE AXES IS 6 ONITS EACH. ‘ . '
100 FOPUAT(F12 8,5X,P12. e)

po 392 1=1,3 .

READ (5,179) X1,Y1'

X¥=X1=%5 :

CALL SMOOTH{X1,Y1,(
READ (5,170) X1,Y1
10 READ (5,170) X2,Y2

IF ( (X2 .EQ. (.0) AND. (Y2 .EQ, 0.7) )

* GOTO 2C
CX1=X1%x5 .
 Y1=Y1/2.0
CALL SMOOTH (X1, Y1, 2) :
X1=x2 7 ) I
Y1=2Y2 - S .
: GOTO 10
2C X1=X1*5
Y1=Y1/2.0

L

..

37



3

CALL SMOOTH (X1,Y1,-25)
CONTINUE

CALL PLOT(M.0,10,.N,999)
sTop

END

.38
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",41999¢84

* fn(x) .
0.14999998 NN
N.16999996 " 000016060
".18999594 ¢.N0128600
0.20999997 n.0N437998
0,22999990 0,01023997
n,28999988 f.2199999y
.26999986 r,."3455990
~.29999984 n,A5u8798Y
(.29299095 r.L6TU999y -
r, 21999993 N, 13025975

32099991 r.25877347
n,25099a9n n.UBLLI9"S
",27999988 (.67853862
~, 39999986 n,952u984u

1.25765171n5

POINTS OF THE PROBABILITY FUNCTION £ (x)

" N.£3999982 - 1.58527579
' £,144099993 1.75499821
0.46999991 2.69945676
n,18999939 3.47917669
N, 5999987 3.9%491581
n,52999985 4,27682765
454999983 " 4,23099622
£.56999981 4.309556( 1
".58999979 4,45r67863
N.£9999997n 4,12749538
", 67999989 4.16465569
",62999987 . 2.1931800n8
"+.65999985 2.37961674
".67999983 1. 71053791,
f.69999981 1.1725n%61
0.71999979 C.75276834
N, 72999977 r,43578555
Ntl = 5
Y
D=.15

40
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1,25999984
6237999982
. 39999980
(439399998
N,42999996

f,u399999y .

Y.45999992

0,u792999¢

N.499993¢88

0.51999986

n,53999984
0,559¢9987
¢.57999980
r.59999979
r,59999996
¢, 61999995

-+ ",€63999993
0,€65999991

0,67999989

N,69999987

n, 71989985
f.72999983

', 75999981

n,77999979

0,79999977
0.79999995

".81999993

© 0,B83999991 .
- £,85999990
$.87999988

¢.89999986

 1,91259984
1,92999982

{ -

. fn(x)
n.19999999 0,0
'n,21999997 0, 0N016000
N,23999995 nN,10128000
0.25909993 n,0N631998
0.27999991 n,N1¢23997
N,?29999989y N,11999994
n.321999987 r.N3455990
0. 32999985 N, 54879840

0,78191973

N,11663961"

3,15929949
N.15999991
n",24C15969

0,378879u49 -

£.56751919
r,797u32874
1,15999756
1.34655762
1,64847660

. 1,957116%3
. 2.26383495

2.55999565
2.55999756

. 3,12975597
| 3,.50847626
3,71621718
3, 77343559 -
12,69999790

3.51615906

1 3,28207972
2.89792%61

2.50384140

2.M799999%F

2,08030183
1.62296223
1.14687920
N, 76831901
N, 48284267

. £,28000164
D,14336455

continued cee

.41“



x . f.n (x) .
0.95999980 0.01792191
'7.97999978 n.0A224317 -

0.99999976

N.CIC109T

42



n,419994g5
n, 42099083
N,46999981
N,86999979

n,489¢9977 ..

A,LSCEIFRAN
9.51999998

0.5399999¢-
n,55999994
n.57999992"

n,59¢9a99n
1, 61999989
f.630€9987
N, 65209985
n,67999983
n,699c3081
N,71969379
r,73999977
Co 75NN G0
n,76299998
n,78999996
0, 8099999y

0,82929992

. 84995990
1.86999989

r.g8993987

1478791972

 £.11663961

".15999949
421295935
1.276u79%8
n, 21250000
" 41605972
£.57097948
£.76861930
1.00r33855
1.25749779.
1.53145790
1,81257670
2.09521580n
2.326772586
2.62249565

' 2.85785583
2,4417610

3.1257C0NN

- 3.34u435558

2. 41587639

3435674737
3.?96ﬁ3729$

2.94499588

2.62675953 ]

2.26147938

x fn (x)
nN,25000000 0D ‘
1,26999998 N, NANCT6000
nN,239¢999¢ 1.0N128C00
N,.20 999994y N,AN1u21998
N,3299999) 2.,r1023997
f,3499999n n.7199999y4
f.36999989 " ",NHIYE5990
(1423999087 ~,05487984

i3

D= .25

n,9re99985 1.86934992
~ 1,97009082 . 1.47084277
".98999981 1.r850489
1.96999979 . rf,733°6389
r.$8999977 0.43508625
&
| NHL =5

" 43



M o
?t Jg‘f

.fn(x)'

£,250C10ND
7.76999998
n,2899999¢

N.29999995

437999293
N,23°999999
D6 24999996

N,26999995

£,28999992
n,29999998
n,u19¢9996
82999994

,u4999999 .

X
N, 0500300C nn-
€.N6999999 N, NONOANQDN
n,"8999907" n.0nencnAnn
M,N090999¢ ", 00030900
' n,1199%995 1., 0000CNNG
n,12999993 1,00060784
0,14999998 N.NCNN302 .
¢,.%6999996 c,ONrNN2686
",18999994 N.00"21317
1,109990999 r 00055909
0,24999997 N 06308594
e 27999995 n,01525126

C0,M13141992

N,114nr2690
r.36735576
N,607u45716

- 1.,U48858547

3.71749649
4,145766U0
6. 75558186
8. 87857349

19425242710

9.2271837%6

6476822190

5¢32125378

v

~

n, 16999997 2,43540382 .
.G, 08959995 9,75956202
N1 = 10

Dl-.os'

POINTS OF THE PROBABILITY FUNCTION fn(x)
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; X

fn(x)

0. 10rANC0D

< 0L,12000000

¢t,*3999999
"e15999997
".17999995
0,19999992
N, 2CCO0N0S
C,220M0N03
n,ounnenpy
f,25999999
N, 77999997
r.29999995
e 30000007
0,32909095
D.3e0NNAC3
2.367M370 9
0. 2ganncen
n,39990q98
n,urnnpnan
D, 42000008,
T BUCPOCNE
C.uICNNNG;

N, UgACAEN2

AT LLI L
a,5090012
N S2ACCHLEN
B (Y
n,56N0NARNE
9.58MPANCY
N, 6CONARND
1, 600001y
0.620000C12
0. 64ACINAN
A 6RENNNLQ
G, 68300007
A, 70CARICS
N, 760617
n,712000015
f.74000013
60,7600 11
0, 78000009

n.o

n,NOOAYANN -

n,NNCOOAINN
A NONON0N2
ALO0NGNNYS
0, r000nc9n -
N ANCCrOgN
n,OCNr387
n,NNC1368
N,ICICUS23
0L,CO0C14674

LALONPRY91n

r.ONCLGIAC
£.NN124937
r.ANTT6LT
" eN0T762981

0.71752147
N,"38C7797 .

.G3807874

Ne7751429 .

N.27097487
1. 46976069
Ne 77021760
1.77721956
1.19137737

1.74831486

2.43155861
2,195(5310

'3.,95596313

3.,95596504
4.61495N018

5,76993961

5.,22136688"
5.12256392
4,049926199
4,49935627
3.74134350
2.86602782
1.278702174

"o

continued ...
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- X

fn(X)

N,80NC 00T

0,870A7019

n.82n00017
C.8400ND15

N,86r0NN13 -

C.88NNIM11
e 90NNNNYN
7.90M19021
C,92NCHCIN
n,9uhrNN1g
n,96r 0016
-N,980CN014

073132712

0.73124053
0.37004709
0.16275913
r.060T70351
1.61852956
ALY E LT
0.0N435212

S NAPCTE362 | T

NNCONEI32

Ce,PACE155
N.0N0F2963

Ml = 10

l)*fl

e e e
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LR

0489999986~

L E £,®
T AL14999998 . 0.0 i
- N,16999996 " S K ooonrooﬂ
n,18999994 N, A00CC 00D
: n'2r999°92 ,n;nnc=nohz
. .".72999990 S ALA0000N1S .
.@ 24999988 | a, nQnede9c:
n,.26999986 | 0. NN IBT
c.zs9999aa ‘ 2.r00M01328
ﬁ.?9999995 LA, 0002307
« 31999993 ;0NN 5298
n. 2999991 P rN015200
1,.35999990 | - ",NINILENT
127999988 P NI TL556
f,399¢9986 , .0%155953
n;u199993u‘ . n,007T18937
n.43999982 © hL00529526 _
, ." 44999993 ., | c.M870200.
TN, 46999991 s n.n1637739 3
~, 148999989 r,N2989681
o.5ﬂ9999e7‘ n5122u01
n,52399985 ﬁ nss1aswa,
54999983 P Lurentan
”,56999989 22288114
7.58999979 »n.3n261r9n”
¢.5999999" * |° ﬂ.u19asa7o
. Me 6199989 - S r,61553764
1,63999987 'n 87394774
‘0 ,65909985 < 1,20217991
£+67999983 - 1, 60206600
£.699°9981 | . 2.76673431
r.71999979 - 2.57788563
r.72993977 - 2,17473633 -
n, 78999988 2,36125374
", 76999986 - 2,83r15323 °
r.73999084 q 19707966 -
f.8 (999982 . 81191196
n,87999980 . 438504361
n.84999979 4, 24462891
86999977 3,80883213
r,8R999975 3,28210966 -

2.95096559

L4 V o

i

4

. continued ...



X o £
£,91999984 | 2,25574317 .
r.92909982 | 1.56464767 ¥
'¢.$5999987 1,95775485 -
'7,97999978 - 0,48789287
€.99999976 | = C.17744696

> B _ : e,
| N4l = 10,
- U p=1s

A P

1‘\‘,)

- 48



x fn(x)
n,cu703000 n,n
N, r6e99997 0,onaNcaNe

N.MB8699995
t,093299998

r.**399996"

N,*3399994
N, Tur99997
n.*6"99¢95
r.78099992
N,18799996
1,20799994
.ﬁ'77709991

~3499¢95

25499594
~749949Q?
"81 Oq905
n 3r199991
\.32<§9991

27899994
n. . 348029097
", 26809999
- .37599999
©.29599997
~, 41500995
~,4707cd998
~L46299996
n, 46299994
n, 46000997
~,u8999595
f.579999923
n,51699996
r,52699994

O
N J
B
L

rf.,55699492

n,56399995
n,583999923
", 67399991
n.6109999u
n,€3n950a92
N, €57 99097
N.65799¢93
r,67799991

CDLNI0NeNHC

ATt o ToTals Eake Ty
rOKCCNAND
c.onncacnror

R WL LT

(]

N, N0nCNHOCH
r,apennann
N, ACANIANA
A, 00NCIN2

S 0.AN116.

CLOCNC206

nrrr1896

1. 0r0s239n

G E DY BN

,,0,17°707
£0,°1558607
r,rrg48358
~,7T34649238
Nn,"1379764

£,165I8892
AL 48957502

1.75748653

1.37983)uu

2.6767135277
4,486774040
5.18875599

7.78026695 -

B.23877526

. 24987106

7, 71578242
5.92: 3112
5.15394878
3.09r83172
1.,28185538
5,9898€897

f.31209290

r.r6827°U48
n,13635873

n,rHu58340

) N+l = 15

POINTS OF THE PROBABILITY FUNCTION fn(x)v

D =

.047

49

ki



3

x fn(x) ‘
N.06699997 n0
n,rB629S95 - a, 0000000
0.17r699993 N, nNCNON
2.12699991 N, O0eNRN0N
0.%13399994 N, 206000
0,.15399992 S NLINACeNCN
D.%7399991 1, NOORCAND
n,+9309989 0, 0C0NACN
7.,70rg999? A areoncon
0.22199990 n nternon
Nny2Urg99e8 A, PI0E
n.,260©9986 .37
n,26799¢83 NSANPCOrET
n,26799987 N, ONr0IU8

N,20799985

" 0.32799982

n.23499986
f.35499984
.27499982
6.29499980
3.47199983
0.42199981
0.48999979
N, 46199977
ﬂ.u6899§ao

8

_ n,48899

1,5M899976
n,52999975
".53599977
n,55599976
f.5759997u
r.595¢397?2

LL,ENT99975

f.62299973
N, 6U299971

N,66799969
© f,66999972

r.6399997"
0.70999968
".72999966
0.73699969

N,NNANC1638
AL AENCE94T

C.ON014 254
N OCCU2128
~,NAN1I43709:
A, 0045020

rf,"€E57623

",0"1838376
n,"4732316

r.11221516

f.14892495
,31654280
7.62017526
1.11945152
1. 34994507
2,17830563

- 3.22858745

4.38687938
4,78272466
5.753241¢67
6.,30C°5787
6.253217

6.,0882C320

5.,24347"31
4.74568577
2.766v7312

£ 2,-34974480

" continued
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f (x)
n

r.75699967

N, 77699965
¢.79699963
n.87299966
n,82399964
n, 84399962
0.86299967
n,87799963
n.83199962

N.917099960 .

0,93799958
0, 93799961
n,95799959
n,97799957
r. 99799955

1.34495821
f.66u483343
0.27903%68
f.19712759
(76425452

r.f1611321.

n.00323060
r.30134316
AFON26085

n.ReNcT201,

A, rNeTIT4y

7.0NCL6743

C.rCnr26522
r.01N075879
N,00034385

N+1 = 15

D=

e

.067
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x fn(x)
C.C87CONNT - Q49 )
N1 699999 NINCN0NGH
N,12699997 ALNOCANAND
0,.74699996 N ACONNOAN
N,.16699994 A, A000CHON

Ce 17400900
C.19400909

f.21399999 -
N,23399997 .

n.25399995
r,26100004
n,28100I02
I Ta ke Naks Tat offs
£.,22r99098
9,24r99996
£.34830305
0.2689%103
T(.388003N1
0,40 799999
N,427¢9997
AL U350CC 6
T 0 L,4550C 004
N, 47507002
f,u950000N
(,57499999
0,52290077
C.54200006
N,56200" Ny
nN,582700072

Ya,enencocne

D.609CnN0Y
fL,62900A07
0.6490C 005
C.e66900N02
£.689007C ]
5469600010

f.716700)8

0, 72600096
Ne7567N (04
D.776F0702
0.782C2C11

a,00000P0N

NNOCFQCNN

N, onecnenn
A, ancennan

N, ONERNND

n,00000)02
L,AMNANNN1S

nOCNANNGY

.70 261

n.rnrAn"979
SAL,000r 1511
1."CN5983

Ve IP(16722
N.CANLT73%8
r.0N131346
n.rN2guags

F.rP472699°
© 0.21139560 .

f.72593212

r.f5573917
nALnT987277 -

f 14311713

‘".26937126

C. 47976375
£, 80468741
). 9517945
1.47828960
2. 16368580
2.97978401

. 2,8547554D
4.1534%3187
4,91685200
5,43187237

5.37945497

5432227129
5.11C30674 -

continued, ...
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x \\\\\\\fn(x)
N.8030NnN09 4,33485021
¢.823C0n07 3.350¢
0. 84307 105 2.335534
0. 86300004 1.450041977

n,897"n001q0 t.6142r8uUN
0,.91070009 N.26759511
N,I3IINNCCT "0 ,9u427696
7.959%C°905 A, P2U8BY%Y
. 0,9577)(014 N,NT4u3110
N.97777(12 N, N31883N7
N.,99770N01" S0, COrI037

~—"4a

N1 = 15

D = .087
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0, 5r0NO00D
5,5 9999489
0,52999997
N, 54000002

N.56NCNCN0 -

n,56999°99
0,58999997

x ffn(x)
0.02000C00 0." .
0,N5000C00 0. NO000NCN
n,.06900(00 0. 00002200
0."7999998 N, 000NN
n.0R999997 n.0nonenCn
'n,1n999995 0.Nn000CY0N
0,1200000° 0, 00006000
0,13999999 0.20000000
n,”4995998 - 0,00CCr 00N
7.76999996 e nocenyrn
d.187°000N01 - 0,20000900
C.19999999 n.GoNeeIer
0.7°0999998 N, NCANIINY
1,22999996 | . N, AT0NrN921
G,20000901 71.700"N 134
£,25999999 6,00002922
n,26999998 S CL.A0Nr7120

0,28999996 n.AOCT2930
0230000001 £,91212499
",31999999 0e"1499309
n,37699998 - N.03632654
r.34999996 n,17751634
C.367000N 0.5787213
£,38300(NC 1.20739174
G.28999999 2.01778603°
N.4"999997 4.,64319311
e u2cn@n2 6.37778350
L UUNPOREC 9.,77926826
N, 44999999 10.8739357N
t.46993997 10,633437281
0LLUBONNCON2 .~ 9.3928833¢

5.,562Mr2221
3.70538817
1.17961025

045592895
£.07719499

0,01934515

0.02313974

continued ...
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- S
n.73999995 . 1.39458344
0.750CH000 - a, 9375993&‘
0.76999998 367447
0.73399996 . (.11698687
0.80NANIND1 r.N5807549
N, 81999299 SR .N1151742

- 0.82999997 7. 00000341
0. 84999996 0,NN0E2970
0.86999995 n,006r9926
0.88999993 - 0,N037M306
C.89999998 n.nN292845
£.97999996 0.,N93274308 .
0.92999994 N,NN136Y12
n.94999999 r,ICLC8BLE

v st W T TR TP T
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0,26999997 r. 008272474
€.98999995 £.00132161
ML =20 S : .
.03 - | A

POiNTS' OF THE PROBABILITY HJNCTiON fn'(x)



n,31999993
n,329¢9991

. N,28999996
0.36999995

$.28999993

n,209909998

N.u1999896

n,43909094
£, 048999999

C.46999397
0,489°9995

2,50030C0%
£,51999998 -

x fn(x)
LN59CA0CH e.n
r.06999999 N, 000CCA0D
n,rg8999997 0.0n0090N0
' n,N9999996 0, 00000CON
0,11999995 0. 000CLI0D0
n,13999993 0. N0NN0 NN
£.14999598 9. 0000CNON
r.16999996 N, N0NCOICT
0.18999994 0, 0P0CCHAON
,M.19999999 A, 000000
0.21999997 V1, NODCCCO0
n,23999995 - 0, ABNCOCEN
N.250C00C00 0. 00000000
n,26999998 N eNECNINT
n,28999996 N ADOCEI0T
" n,29999995 0. NAOP0CNY9

NOCNONY3Y.

N, NCNCE819
0.000013954
N 00008
C.0nCU6891
V. 0NI96560

0.00276274

n,.M1211893
n,N2350425

A NBIUBETY

0.18411052
£.,28759397

. 64599752

9.53999996 1.29794562
n.54999995 1.76352924
r.56999993 "2,98703903
('.58999991 4,50006390
".59999996 5.2846227

 r.61999995 6.62814231
0.62999993 7.32459641
n.6499998 7.32770157
N.669¢9996 . . 6.61493206
0.63929994 5.16995917
n.69999999 . 4.31777668
N.71999997 2.67052364
o | .

M1 = 20

56



0.71399991

N,.72999989 .

r.75999987
~ 0676999992

x £ (x)
n
€.06999999 N.n .
.N.N8999997 - N.0000000
0.17999995 0.0000C 00N
N.12999994 N, 20000000
fe12999999 1. 000000N
0,15999997 N, O00NNNNN
N.17999995" N.00CONAON
n,19999993 - N 0NOONON
0.27999998 0.N20000 0N
2.22999996 SN NNNARDON
n,24999994 0, NONOCLNQON
£.26999992 LS LI LI
n,2P9¢9997 D NNPONCOO
n.29999995 n.NeNNCAECN
1,31999993 3. 00000N02
n,.239929991 - 0,096 9
n, 2999996 r,NCe0NN19
;" e36999295 N, ooenrng3
. 0,38999993 N, INCI4( 8
N.81399991 S N,NNOr1658
n,41999996 0.37°¢"3246
N,u42999994 0,00111759
0.85992992 N.P0029573
r, 47999990 r.31"123911
r,88999995 n,N"r213511
r,5r 999993 C.lf2671482
r.52999991 L RL,N1581T29
n,54999982 n,"3877158
0.55999994 €.75917258
".57999992 r.13(87237
£,.59999999 0,27¢"5053
' 0,619%9989 £.51951927
0.62999994 r.70165992
€.64993992 1,21254730 .
N.66999990 1, 94695377
n,68999988 . /2.89853191
0.69999992 3.423502945

4,5422¢927

' 5,52599525
6.15758801

6.27902699
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: ‘fn(x).

n,789999an
0.80999988
n.82999986
n.32999991
n.85999990
n.87999988
".89999986
 n,9N0999991
n.92999989
0.94099987

6.06845784
@- 28544044

4,1"895729
2,45872u498

-1.21485519
r.55688423
N,34862763.

"e11256355

£.025710609

".96999985 f,r0372719

n,87999990 “0.N0423571

0,99999988 £.00r17629
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PROBABILITY FUNCTION fn(x) OF THE MEASURE

OF A RANDOM CIRCULAR SET

PLOT 1
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PROBABILITY‘FUNCTIONymfn(x) OF THE MEASURE- -

* OF A RANDOM CIRCULAR SET -

PLOT 2
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PROBABILI’L‘Q FUNCTION f_h(x)“, OF THE MEASURE .~ = . -

OF A RANDOM CIRCULAR SET |

' PLOT 3
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OF A RANDOM CIRCULAR SET -

PLOT 4
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PROBABILITY FUNCTION fn(x) OF THE MEASURE'
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