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Abstract

In this thesis, some topics in convex geometric analysis and discrete tomography are
studied. Firstly, let K be a convex body in the n-dimensional Euclidean space. Is
K uniquely determined by its sections? There are classical results that explain what
happens in the case of sections passing through the origin. However, much less is
known about sections that do not contain the origin. Here, several problems of this
type and the corresponding uniqueness results are established. We also establish a
discrete analogue of the Aleksandrov theorem for the areas and the surface areas of
projections. Finally, we find the best constant for the Grinbaum’s inequality for
projections, which generalizes both Griinbaum’s inequality, and an old inequality of

Minkowski and Radon.
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Chapter 1

Introduction

The contents of this thesis have two main directions pertaining to the results obtained
in [29], [33], [35], [38], and [37]. One is geometric tomography dealing with the unique
determination of convex bodies or discrete convex lattice sets from the size of their

sections or projections. Another one is about the Griinbaum inequality.

1.1 Geometric tomography

The area of mathematics dealing with properties of objects (e.g. convex bodies or
star bodies) based on the size of sections, projections, etc, is known as geometric
tomography. It gives a mathematical basis for imaging by sections or projections,
through the use of penetrating waves. This method can be used to reconstruct a
three-dimensional object from its two-dimensional images and is applicable in ar-
chaeology, astrophysics, atmospheric science, biology, geophysics, materials science,
oceanography, plasma physics, quantum information theory, and radiology.

Below is Minkowski-Funk’s section theorem (coming from Minkowski’s and Funk’s
works on projections and central sections (cf. [11, 22, 31]). Here and below, set

n > 2.



Theorem 1.1.1. Let K and L be origin-symmetric star bodies in R™. Assume that
vol, 1 (KNEL) = vol,, 1 (LNEL) for every € € S™L, where ¢+ = {x € R™: (z,£) = 0}.
Then K = L.

The original approach to this theorem is to use spherical harmonics. A Fourier trans-
form proof can be found in Koldobsky’s book [22]. This theorem is false without the
symmetry condition. For non-symmetric bodies, Falconer [8] and Gardner [11] proved

the following result independently.

Theorem 1.1.2. Let K and L be convex bodies in R™ containing two distinct points

p and q in their interior. If

vol, 1((K —p) N &) = vol, 1 ((L —p) NeL)

and

vol,_1((K —q)N&R) = vol,_1 (L —g)NEY)
for every € € S*71, then K = L.

Recently, a lot of attention has been attracted to the following problem about non-
central sections. It was posed by Barker and Larman in [3], though a similar question

on the sphere was considered earlier by Santald [30].

Problem 1.1.3. Let K and L be convex bodies in R™ that contain a Euclidean ball
B in their interiors. If vol,_1(K N H) = vol,_1(L N H) for every hyperplane H that

supports B, does it follow that K = L?

This problem is still open even in R?. Some particular cases are known to be true. In
particular, a body K in R? all of whose intersections with lines supporting a disk B

have the same length, must itself be a disk; see [3]. The problem also has a positive



answer in the class of convex polytopes in R™; see [34]. Barker and Larman also

suggested a more general version of Problem 1.1.3.

Problem 1.1.4. Let K and L be convex bodies in R™ that contain a convexr body D
in their interiors. If vol,_1(K N H) = vol,_1(L N H) for every hyperplane H that

supports D, does it follow that K = L?

In Chapter 3, we study the following question in the spirit of Gardner-Falconer’s

result.

Problem 1.1.5. Let K and L be convex bodies in R™ that contain two convexr bodies
Dy and Dy in their interiors. If vol, (K N H) = vol,_1(LNH) for every hyperplane

H that supports either Dy or D, does it follow that K = L?

We prove that Problem 1.1.5 has a positive answer in R? under some mild assumptions

on D; and D,. We also study the following closely related problem.

Problem 1.1.6. Let K and L be convex bodies in R™ and let D be a convexr body
in the interior of K N L. If vol,(K N H') = vol,(L N HY) for every hyperplane H
supporting D, does it follow that K = L? Here, H" is the half-space bounded by the

hyperplane H that does not intersect the interior of D.

In R" (n > 3), we give a positive answer to a certain modification of this problem.
In R2?, we obtain some partial results. If D is a disk in R? and K C R? is a convex
body such that voly(K N H') = const for all H supporting D, then K is also a disk.
We also solve a modification of Problem 1.1.6 by adding another body inside K N L

as in Problem 1.1.5. In higher dimensions, we established the following results.

Theorem 1.1.7. Let K and L be convex bodies in R™ containing two distinct points
p and q in their interiors. If for every half-space E whose boundary contains either p

or q one has vol,(K N E) =vol,(LNE), then K = L.



Theorem 1.1.8. Let K and L be convez bodies in R™ (where n is even) and let D be
a cube in the interior of KN L. Ifvol, (K NH) =vol,_1(LNH) for any hyperplane

passing through a vertex of D and an interior point of D, then K = L.

Groemer showed in [16] that convex bodies are uniquely determined by the areas of

“half-sections”.

Theorem 1.1.9. Let K and L be star bodies in R™. For & € S" ! andv € £+ N St
define H(&,v) = {x € R : x € &+ and (x,v) > 0}. If

vol, 1 (K N H(&v)) =vol, 1 (LN H(,v))

for every £ € S" ' and v € - NS, then K = L.
We obtain a version of this result for non-central half-sections.

Theorem 1.1.10. Let K and L be convex bodies in R™, n > 3 that contain a ball D
in their interiors. For a fized point p = DN H and v € S"~! set vf = {x € R™:
(x —p,v) >0}, If vol,_1 (KN HNvf) = vol,_1(LNHNwv) for every H supporting

D and every unit vector v € H — p, then K = L.

Our next result gives a solution Problem 1.1.4 for bodies of revolution when the body

D is in some special position.

Theorem 1.1.11. Let K and L be convex bodies of revolution in R™ with the same
axis of revolution. Let D be a convex body in the interior of both K and L such that
D does not intersect the axis of revolution. If vol,_1(K N H) = vol,_1(L N H) for

every hyperplane H supporting D, then K = L.

There are also many questions in geometric tomography concerning bodies with con-
gruent sections or projections. The following problem is contained in Gardner’s book

[11, Page 289.



Problem 1.1.12. Suppose that 2 < k < n — 1 and that K and L are star bodies in
R™ such that the section K N H is congruent to LN H for all H € G(n,k). Is K a

translate of £ L7

Here, KN H being congruent to LN H means that there exists an orthogonal transfor-
mation ¢ in H such that (K N H) is a translate of LN H. The answer is affirmative
when considering translates only (cf. [11, Theorem 7.1.1]). For the case of rotations
only, in [28] Ryabogin gave an affirmative answer when k& = 2. Some partial results
were obtained by Alfonseca, Cordier, and Ryabogin in [1]. In general, this problem is

still open. Below we study a version of this problem. For ¢ € (0,1), we define
Ci(§) == {z e R" : (z,§) = t[z[}

to be a cone in the direction of &.

Problem 1.1.13. Let K,L C R" be convex bodies containing the origin in their
interiors and t € (0,1). Assume that for every & € S™! there is a rigid motion ¢

such that K N Cy(§) = ¢e(L N Cy(€)). Does it follow that K = L?

In Chapter 4, we give an affirmative answer to this problem under the assumption

that the bodies have C? boundaries.

Theorem 1.1.14. Let K, L C R? be C? convex bodies containing the origin in their
interiors and t € (0,1). Assume that for every & € S™! there is a rotation ¢

preserving & such that K N Cy(§) = ¢pe(L N Cy(&)). Then K = L.

1.2 Discrete tomography

One of subareas of geometric tomography is discrete tomography which is concerned

with the problem of reconstructing finite subsets of the integer lattice from their



sections or projections (see [20]). The following is known as Shepp’s problem.

Problem 1.2.1. Let K be a finite subset of Z". Is K determined by all its discrete

point X -rays?

Here, the discrete point X -ray of K at p in the direction u € S™ is defined by

XpK (u) = [K N (L[O, u] + )],

where | - | is the cardinality of the corresponding finite set, and L[O,u| is the line
passing through O in the direction u. The answer is negative even in dimension 2.
Therefore, it is natural to ask whether it is true for discrete point X-rays at two
distinct points. Dulio, Gardner, and Peri [7] gave a positive answer to this question
under some conditions. They studied convex lattice sets in Z" (i.e. those finite subsets
K C 7", for which K = conv (K) NZ", where conv (K) is the convex hull of K') and
established

Theorem 1.2.2. Let K, and K, be convex lattice sets in Z2. If all the discrete
point X-rays of K, and Ky at two distinct points py,ps € Z* coincide, L[py,ps] N
K; =0, fori=1,2, and conv (K1), conv (K3) either both meet [p1,ps] or both meet
Lip1, p2|\[p1,p2), then K; = Ksy. Here L{py, pa| denote the line passing through p; and

po and [py, pa] is the segment connecting py and ps.

Later, Gardner, Gronchi, and Zong [12] proposed a discrete analogue of the Aleksan-

drov theorem.

Problem 1.2.3. Let K, L C Z" be origin-symmetric convez lattice sets. If |K|éX| =

|L|EL| for every & € Z, is it true that K = L?

Here, |K|€1| is the cardinality of the projection of K onto the hyperplane ¢+. They

gave a negative answer in dimension 2. For higher dimensions, this problem is still



open. Since the answer is negative in dimension 2, can we impose additional conditions
to make the answer affirmative? Another question is whether the counterexample from
[12] is the only counterexample in Z?. Zhou [39] showed that the example given in
[12] is the only counterexample when |K| < 17.

In Chapter 5, we give a positive answer to Problem 1.2.3 in Z? under an additional

hypothesis.

Theorem 1.2.4. Let K and L be origin-symmetric convex lattice polygons in R2?. If
(KNZ2)|EE = [(LNZ2)|EL] and |(2K NZ2)|EX| = |(2LNZ2)|EL| for all € € S, then
K =1L.

In Chapter 6, we study a modification of Problem 1.2.3.

Problem 1.2.5. Let K,L C Z" be the origin-symmetric convezr lattice sets. If
O(K|EH)] = |0(L|EL)| for every € € Z™, is it true that K = L?

Here, the perimeter (or surface area) of the projection of K onto ¢+, for £ € S,
denoted by |0(K[£41)], is the number of points on the boundary of the convex hull
of K|+, We solve Problem 1.2.5 affirmatively when n = 3. In higher dimensions, a
positive answer is obtained in the class of convex lattice sets whose convex hulls are

zonotopes (i.e. finite vector sums of line segments).

Theorem 1.2.6. Let K and L be origin-symmetric convex lattice sets in Z™ with
conv (K) and conv (L) being zonotopes for n > 3. If |0(K|E1)| = |0(L|EH)| for any
EeZ”, then K = L.

1.3 (eometric inequalities

A well-known result in asymptotic geometry is the Griinbaum inequality giving a

lower bound for the volume of halves of a convex body split by an affine hyperplane



passing through the centroid. Let K be a convex body in R™. The centroid of K is

the point
g(K) == Voln(K)_l/ vdz € K.
K

Grinbaum’s inequality states that if g(K) = 0 then

volu(K N éT) > ( n 1)nvoln(K) VeEe s,

n -+

where £1 denotes the half-space {z € R" : (x,&) > 0}. Here, the equality holds for
the direction £ if and only if K is a cone of the form conv {y; + L, y2} with g(K) = 0,
L is an (n — 1)-dimensional convex body in &+, and y;,y, € R™ are points with
(y1,€) < 0 < (y9,&). Mityagin [25] obtained the same result using a different method.
Of a similar nature is the following result of Minkowski and Radon (see Pages 57-58

of [5] and Section 6.1 of [19]). If g(K) = 0, then

1
n+1

hie(©) > () (he(=) + hie(©) ¥ ¢ e s, (1)

where hy(z) := maxyex (z,y) is the support function of K. Here, the equality holds
for ¢ if and only if K is a cone of the form conv{y,y2 + L} with g(K) = 0 and
Y1, Y2, L are as above. An equivalent form of the previous result is —K C nK, which

can be written as

voli(KNENET) S ( 1

VEcGn1), YEeSINE;
vol (K N E) n+1> €Gln1), VEe ’

where G(n, k) denotes the Grassmanian of k-dimensional subspaces of R™.

Recently, in [9] Fradelizi, Meyer, and Yaskin posed and studied an analogue of the



Grinbaum inequality for sections. Note that one cannot apply Griinbaum’s result to
this problem since the centroid of a section is generally different from the centroid of

the body.
Problem 1.3.1. For a convexr body K in R™ with its centroid at the origin, is there
a constant ¢ = c(n, k) > 0 such that

volu,(KNENE) > cevolxy(KNE) VEEG(nk), VEeSINE?

In [9] it was shown that

k+1
volk(KmEng*)ch(HJrk
n_

~(n—k-2)
(k+1)2 > vol,(K N E) (1.2)

for some absolute constant ¢y > 0. However, the best bound for the latter question is
still unknown.
In Chapter 7, partially motivated by Fradelizi-Meyer-Yaskin’s work (the Griinbaum

inequality for sections), a similar problem is considered:

Problem 1.3.2. For a convexr body K in R™ with its centroid at the origin, is there

a constant ¢ = c(n, k) > 0 such that
voly (K|E)N&Y) > evoly(K|E) ¥ E € G(n,k), VEeS™ ' nE?

Here, K|E is the orthogonal projection of K onto E.

We completely solve this problem and obtain an optimal constant together with equal-

ity conditions.

Theorem 1.3.3. Let K be a convex body in R™ with its centroid at the origin, and
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let kK € Z be such that 1 < k <n. Then

voly ((K|E) N &) y < K

k
VEeG(nk), YeEeSTINE;
vol, (K| E) n+1> (n.k), V¢

there is an equality for some E and & if and only if K = conv{y; + L1, ys + Lo} where

Ly C &4 and Li|(EN &) are (k — 1)-dimensional conver bodies;
Ly C E* is an (n — k)-dimensional convex body;

(y1,€) <0 < (y2,8);

g(K) =0.




Chapter 2

Definitions and preliminaries

In this chapter we collect some basic concepts and definitions that we use in the thesis.
For further facts in convex geometry and geometric tomography the reader is referred
to the books by Gardner [11] and Schneider [31].

A set in R" is called conver if it contains the closed line segment joining any two of
its points. A convex set is a convex body if it is compact and has non-empty interior.
A convex body is strictly convex if its boundary contains no line segments.

We say that the set K is origin-symmetric if K = —K, where tK = {tx e R" : x €
K}, teR.

For an integer 1 < k < n, let voly(:) denote k-dimensional Hausdorff measure on R™.
A hyperplane H supports a set E at a point x if x € EN H and E is contained in one
of the two closed half-spaces bounded by H. We say H is a supporting hyperplane of
E if H supports E at some point.

The support function of K is defined by
hi(z) = max{(z,y) : y € K},

for x € R™. If hy is of class C* on R"\{O}, we will simply say that K has a C*

11
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support function. For a convex body K C R? it is often convenient to write hx as
a function of the polar angle 6. So, abusing notation, we will use hx () to denote
hi((cosf,sinf)). If H is the supporting line to K C R? with the outer normal vector
(cosf,sinf), and K has a C'! support function, then K has a unique point of contact
with H, and |hy(6)| is the distance from this point to the foot of the perpendicular
from the origin O to H; see [11, p. 24].

The width function of K in the direction u is
’LUK(U) = hK(U) + hK(—u)

In R?, wg (ut) means the width in the direction perpendicular to u.

Recall that the centroid of K is the point
g(K) = VOln(K)_l/ rdr € K.
K

The conver hull of a set A, denoted by conv A, is the smallest convex set containing
A.

A set K in R" is called a convex polytope if it is a convex hull of finitely many points.
A convex lattice polytope is a polytope all of whose vertices are in Z".

We say A is a convex lattice set if (conv A) NZ" = A.

A compact set L is called a star body if the origin O is an interior point of L, every

line through O meets L in a line segment, and its Minkowsk: functional defined by
x|, = min{a > 0: 2z € aL}

is a continuous function on R™.

The radial function of L is given by pr(z) = ||z||;', for z € R"™\{O}. If x € S"1,
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then pr(z) is just the radius of L in the direction of x.
Let S(R™) be the Schwartz space of infinitely differentiable rapidly decreasing func-
tions on R”. Functions from this space are called test functions. For a function

€ S(R™), its Fourier transform is defined by

1&(&) = /n w(ac)e’i@”’é> dzr, £ € R".

By §’(R™) we denote the space of continuous linear functionals on S(R"). Elements
of this space are referred to as distributions. By (f, %) we denote the action of the
distribution f on the test function . Note that 1/3 is also a test function, which allows
to introduce the following definition. We say that the distribution f is the Fourier

transform of the distribution f, if

for every test function .

If f is an even homogeneous of degree —n + 1 continuous function on R™\{O}, then
f can be thought of as a distribution that acts on test functions by integration. Its
Fourier transform is a continuous function on R™\{O}, homogeneous of degree —1,

whose restriction to S"! is given by

A

F&) = T/smme f)do, ¢e s

The reader is referred to the book [22] for applications of Fourier transforms to the

study of convex bodies.



Chapter 3

Non-central sections of convex

bodies

3.1 Introduction

This chapter is based on [35] and is concerned with the problem of Barker and Larman
(Problem 1.1.3). First of all, it is interesting to see what happens if the hypotheses of
Problems 1.1.4 and 1.1.6 hold for two distinct bodies Dy and D, simultaneously (i.e.
if we double the amount of information). We show that in this case the answer in R?
is affirmative under some mild assumptions on D; and Ds.

We also discuss some higher-dimensional analogues. In particular, Groemer [16] con-
sidered half-planes of the form H(u,w) = {z € R" : x € u*, (z,w) > 0}, where
u € St and w € S" ! Nut. We proved that the equality vol, (K N H(u,w)) =
vol,—1(L N H(u,w)) for all such half-planes implies that K = L. We give a version of
this result for half-planes that do not pass through the origin. Some other types of

sections are also discussed.

14



15
3.2 Main results: 2-dimensional cases.

We will start with the following definition. We say that convex bodies D; and Dy in
R? are admissible if they have C? support functions, D U D is not convex, and there
are only two lines that support both D, and Dy and do not separate Dy and D,. The
last condition is satisfied, when, for example, the bodies D; and D, are disjoint, or
they touch each other, or they overlap, but their boundaries have only two common

points.

Figure 3.1: Two supporting lines are parallel.

q,

Figure 3.2: Two supporting lines are intersecting.

Figures 3.1 and 3.2 show two examples of admissible convex bodies. For simplicity,
the reader could just think of two disks (not necessarily of the same radius) such that
none of them is contained in the other.

We will now prove the following two results.
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Theorem 3.2.1. Let K and L be convex bodies in R? and let Dy and Dy be two
admissible convex bodies in the interior of K N L. If the chords K " H and L N H

have equal length for all H supporting either Dy or Dy, then K = L.

If H is a supporting line to a body D C R?, we will denote by H™ the half-plane

bounded by H and disjoint from the interior of D.

Theorem 3.2.2. Let K and L be convex bodies in R? and let Dy and Dy be two
admissible convex bodies in the interior of K N L. If volo(K N HT) = volo(L N HT)

for every H supporting Dy or Dy, then K = L.

We will obtain these theorems as particular cases of a more general statement, The-

orem 3.2.4 below. First, we will need the following lemma.

Lemma 3.2.3. Let D C R? be a convex body with a C* support function. Let Q € D
and | be the supporting line to D at (). Suppose the origin O is located on the line
perpendicular to | and passing through Q, and O # Q. Consider a polar coordinate

system centered at O with the polar axis O@ Then, for 8 small enough, we have
R (0) sin @ + hp(0) — hp(6) cos§ ~ 0 = sin® 0, (3.1)
where f &~ g means there exist two constants Cy,Cs, such that, Ci g < f < Cag; here,

C1,Cy are only dependent on D.

Proof. Since () is both the point where [ supports D and the foot of the perpendicular
from O to [, it follows that h’,(0) = 0. Thus,

hp(0)
2

hp(0) = hp(0) + 0% + 0(6?).
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Therefore, for € small enough, we have

hp(0) — hp(0) cos b

= hp(0) — (hD(O) + w92 + 0(92)> (1 — ;92 + 0(92))

2
_ hp(0) — h(0)
- 2

~ sin® 0,

0% + 0(6%)

and h,(0) = '5(0)0 + o(6) = 6, thus 1/, () sin 6 ~ sin 6. O

Now let K be a convex body in R", and D be a strictly convex body in the interior
of K. Let H be a supporting plane to D with outer unit normal vector &, and
p = DN H be the corresponding point of contact. If u € S"~!' N &L, we denote by

pr.p(u, &) = prp(u) the radial function of K N H with respect to p.

Theorem 3.2.4. Let K and L be convex bodies in R? and let Dy and Dy be two
admissible convex bodies in the interior of K N L. Assume that for some i > 0 one of

the following two conditions holds:
(I) piK,Dj ('LL, 5) + p%(,Dj (—U, 5) = pi,Dj (U, é) + piL,Dj <—U, 5)7 fOT’ j = 17 2;

(H) OK NOL # 0 and PiK,Dj(%g) - P@(,Dj(_uaf) = PiL,Dj(Ua 5) - PiL,Dj(_%f); for
J=12,

for all £,u € S* such that u L .

Then K = L.

Proof. We will present the proof of the theorem only using condition (I). The other
case is similar and we will just make a brief comment on how the proof should be

adjusted.
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For the reader’s convenience let us first outline the idea of the proof. The proof
consists of four steps. In Step 1 we fix a common supporting line to D; and D5 that
has a certain property. Denoting this line by [, in Step 2 we show that KNl = LNI.
In Step 3 we prove that the boundaries of K and L coincide in some neighborhood of
the line [. This allows to conclude in Step 4 that the boundaries of K and L coincide
everywhere.

Step 1. Since there are two common supporting lines to D; and D, (that do not
separate D; and D), we will denote them by [ and A, and let p; = D1N1, ¢ = D1NA,
Py = DoNl, gg = Dy N A; see Figures 1 and 2. We claim that at least one of the
(possibly degenerate) segments [p1, pa| or [q1, go] is not entirely contained in Dy U Ds.
We will prove this claim in a slightly more general setting, i.e. without the assumption
that D; and Dy are strictly convex. In that case, instead of single points of contact
we may have intervals, and [py, pa] or [q1, ¢2] will just stand for the convex hulls of
the corresponding support sets. To prove the claim, we will argue by contradiction.
Assume that [p1,p2] and [g1, ¢2] are contained in Dy U Dy. Then there are points
p € [p1,p2] and ¢ € [q1, ¢2] that both belong to D; N Dy. We can assume that the
origin is an interior point of the interval [p,q]. Since there are only two common
supporting lines to D; and D5, we have exactly two directions u; and us, such that
hp,(u1) = hp,(u1) and hp, (us) = hp,(usz). These directions divide the circle S! into
two open arcs U; and Us,, satisfying hp, (u) > hp,(u) for all w € Uy, and hp, (u) <
hp,(u) for all u € Us. Thus the line (p, ¢) through the points p and ¢ cuts each of the
bodies D and D5 into two convex parts: Dy = Dy U D19 and Dy = Doy U Dy, such
that D11 D D9y and D1 C Doy. In other words, D U Dy = Dy U Doy, where Dy; and
Doy are separated by I(p, q). Now, if we take two points X, Y € D;UDy, then we have
two cases: either they lie on one side of I(p, ¢), or on different sides. In the first case,

either X, Y € Dyy, or X, Y € Dqy, which means that [X,Y] C D;UD,. In the second
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case, the segment [X, Y] intersects [p, ¢] since p and ¢ belong to supporting lines, and
thus one part of [X,Y] lies in Dyy, and the other in Dsy, which again implies that
[X,Y] C D1 U Dy, meaning that D; U Dy is convex. Contradiction. Thus, we have
proved that at least one of the segments [p1, pa] or [¢1, 2] is not entirely contained
in Dy U Dy. We will assume it is the segment [py, po] and will fix the corresponding

supporting line [.

Figure 3.3: Mapping through supporting lines.

Step 2. Here we will show that 0K Nl = 0L NI. To this end, we define two mappings
1 and g (see Figure 3.3). We will start with ¢1; the other is similar. Let @ be a
point outside of Dy. There are two unique supporting lines to D passing through Q).
Choose the one that lies on the left of the body D;, when viewing from the point Q.
Let T be the point of contact of the chosen supporting line and the body D;. On this

line we take a point ¢1(Q), such that 7 is inside the segment [Q, v1(Q)] and

QT|" + |1 (Q)T|" = ply p, (u, &) + pl.p, (—u, &),

where u is a unit vector parallel to 7@ and ¢ is the outward unit normal vector to D,
at T' (which is perpendicular to u). The definition for ¢y is similar; one only needs

to replace Dy by D,. Note that the domains of ¢; and s include the symmetric
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difference KAL. An important observation is that if () is on the boundary of K
(resp. L), then ¢1(Q), ©1(Q), v2(Q), and ;' (Q) are also on the boundary of K
(resp. L).

Note that there exists at least one point ) € 0K N JL. Otherwise, one of 0K or
0L would be strictly contained inside the other, thus violating condition (1) of the
proposition. The line [ divides the plane into two closed half-planes [T and [~, where
[T is the one that contains Dy and D,y. If Q € [T, then applying ; finitely many
times, we will get a point in [~ (since ¢; cannot miss the whole half-plane), which is
also a common point of the boundaries of K and L. Thus from now on we will assume
that @ € [7. If ) € [, then the proof of Step 2 is finished. If @) is strictly below [, we
will apply the following procedure.

Without loss of generality, we can assume that, if the line A intersects [, then the point
of intersection lies to the left of the point p;, as in Figure 3.2. Let us also denote by X
and Y| the points of intersection of the boundary of K with the line [, as in Figure 3.3.
Let Qo = ¢5 1(Q). The line 1(Q, Qo) through @ and Q is tangent to Dy and therefore
cannot have common points with D; (otherwise rolling this line along the boundary of
D5 we would find a third common supporting line to both D; and D). Now consider

©1(Qo) and the line I(p1(Qo), Qo) through ¢1(Qg) and QQy. Note that p1(Qy) is below
[. Since 1(Q, Qo) and I(¢1(Qo), Qo) are different, the points @ and 1(Qy) are also

> s
different. Moreover, we have Z(¢1(Qo)Qo, p1Xo) < Z(QQo, p1Xo). Repeating this

procedure, we construct Q1 = ©3(¢1(Qo)) and observe that é(cpl(Qo)Ql,plX(\/)) <

Z(¢1(Q0)Qo, p1X0), as in Figure 3.4.

o . . : o
Continuing in this manner, we obtain a sequence of points {Q;}32, and a corre-

sponding sequence of angles {0;}°2,, defined by Q41 = ©5 ' (¢1(Q;)) and 0; =

Z(p1(Q;)Q;,p1X0). We note that Q; € It NOK NIL, and 6; > 6,4, for all j.

Thus, the sequence {6;} is strictly decreasing and positive, and therefore convergent.
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Figure 3.4: Sequence of points.

To reach a contradiction, let us assume that the limit is not zero. Then there is a point
Q= lim;_, @; that lies above the line [ and satisfies ©1(Q) = v2(Q). Thus, we have
a third line that supports both D; and D,. Contradiction. Hence, lim; . 0; = 0,
and we conclude that 0K Nl =0L N1 = {X,, Y}

Step 3. We will prove that 0K and 0L coincide in some one-sided neighborhood of

the point X,. Since
|Yop1|| Xop|

Ropill2oP2l -y
| Xop1|[Yope|

we can choose positive numbers a, b, ¢, d such that

bd
0 <a<|Xopi|, [Yopi| <b, 0 <ec<|Yope|, |Xopa| <d, and — < 1.
ac

b

By the continuity of the boundaries of K, L, D1, and D,, there exist neighborhoods,
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N(Xo), N(Yp), of Xy and Yj respectively, such that

| XT)| > aand | XTy| <d, if X € N(Xop), 5.
3.2

|YT3| > ¢ and |YT4| <b, lfYGN(}/@),

where T is the point of intersection of [ and the line through X supporting D; (if X
is itself on the line [, then we let T} = p;). Similarly, 75 is the point of intersection
of [ and the line through X supporting D, (again, if X is on the line [, then we let
Ty = p2). Here and below, by the supporting lines we mean those that are closest to
[. There is no ambiguity, since X is sufficiently close to [. (The points T3 and Ty are
defined similarly, if we replace X by Y).

Next we claim that there are points of 9K N 0L in the set N'(Xo) N{T. Indeed, if in
Step 2 there was a point (Q € 0K N JL strictly below the line [, then the points from
the corresponding sequence {Q;} all lie in 0K N AL NN (Xo) NIT for i large enough.
If in Step 2 the point @) was on the line [, then we can take ¢ (5 (X)), which will
be strictly below [, and repeat the same procedure.

Our goal is to show that 0K and 0L coincide in N (X,) N{*. Taking a smaller neigh-
borhood N (X)) if needed, we can assume that ¢; (N (Xo) NIT) C N(Y)). Discarding
finitely many terms of the sequence {Q,}, we can also assume that Q; € N'(Xo) Ni*
for all 7 > 0. Now consider the segments of the boundaries of 0K and 0L between the
points 0y and Q);. If they coincide, then we are done, since the boundaries of 0K and
0L would have to coincide between (); and @);41 for all j. So, we will next assume
that 0K and OL are not identically the same between )y and @Q);. Let Ejy be the
component of KAL with endpoints @y and Q1, i.e. Ejy is the subset of (KAL) NI*
located between the lines I(Qo, v1(Qo)) and 1(Q1, ¢1(Qo)). We will define a sequence
of sets {E;}52,, where Ej,1 = ;' (p1(E;)). Each Ej is a component of KAL with
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endpoints Q; and Q.
Now consider a Cartesian coordinate system with [ being the z-axis, and the y-axis
perpendicular to [. We will be using ideas similar to those in [11, Section 5.2]. For a

measurable set £ define

w(E) = [[ Iyl dudy. (33)

Note that v;(E) is invariant under shifts parallel to the z-axis. This allows us to
associate with each D; and D, their own Cartesian systems. In both systems [ is the
x-axis, but in the coordinate system associated with D; the origin is at p;, while in
the system associated with Dy the origin is at ps.

Our goal is to estimate v;(E;). Fix the Cartesian system associated with Dy, with
p1 being the origin. For a point (z,y) € N(Xo) UN(Yy) we will introduce new
coordinates (r,0) as follows. Let 0 = Z(lp1,l), where lg; is the line passing through
(x,y) and supporting D;. Define r to be the signed distance between (z,y) and the
foot of the perpendicular from the point (0,1) to the line lp;. (The word “signed’
means that 7 > 0 in the neighborhood of X and r < 0 in the neighborhood of Yy). Let
hp, (0) be the support function of D; measured from the point (0, 1) in the direction

of (sin#, —cosf). Using that
(z,y) = hp,(0) - (0,1) 4+ r(cosf,sinf) + hp,(0) - (sind, — cosh),

we will write the integral (3.3) in the (7, 0)-coordinates associated with D;. Since the
Jacobian is |r — k', (0)|, and r = A7, (0) corresponds to the point of contact of Iy

and Dy, we get

w(E) = [[ Iy~ drdy
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/pL,Dl (uzg)fh/Dl (9) de
p

o [rsin® + hp, (0) — hp, (0) cos |"2|r — k) (6)] dr

0j+1
E] 1

where u = (cos#,sinf), and £ = (sin 6, — cos #). Here the absolute value of the integral

K,Dq (uf)—h'Dl

L,Dq (u,6) )
/w [rsin® + hip, () sin € + hp, (0) — hp, (0) cos O *r dr
14

K,Dq (u7£)

o,

with respect to r is needed, since we do not know which of px or py is greater.

For small 6, Lemma 3.2.3 yields that
Wp, (0)siné + hp, (0) — hp, (6) cosd ~ sin® 6.
Since Ej is inside N(Xj), there exists a constant C' > 0 such that
(1—-C'sin@)rsin® < rsinf+h7, (0)sinf+hp, (0) —hp, () cosd < (14 C'sinf)rsin,

where we assume that 6 is small enough so that 1 — C'sinf > 0.

If ¢+ > 2, for small § > 0 we have

1—-Csin0\' > 2 CNI=2 N2
1T Csind (rsinf) == < (1 —C'sin6)" " (rsinb)
< |rsind + k', (0)sin6 + hp, (0) — hp, (0) cos 6>

i , 1+ Csinf) > .
< : 1—2 : i—2 < : 2—2‘
< (1+Csinf)" " (rsinf)" = < (1 — Csin@) (rsin@)

On the other hand, for 7 < 2,

(1 + (C'sinf

i—2
- Cond 8) (rsin H)i’Z < (14 C'sin Q)i_Q (rsin 9)"’2

< |rsind + A, (0)sin€ + hp, (0) — hp, (9) cos 6] ?

. . 1— Csinf
gu—cmﬁr%mmw4<< C'sin

i—2
: i—2
= 1—|—C’sin0> (rsin 6)".



25

Thus, for both ¢ > 2 and i < 2, we have

_ . li—2|
1 /% (1—Csinf -
- in 6 i—2
) /9j+1 <1+C’sin9> (sin.6)

) . [i—2]
1 /% [(1+Csinf ,
< Z iné i—2

Plc.on (1) = p, p, (1, €)| d < wi(E)

Py (1:6) = P p, (1, €)] dO. (3.4)

Now apply the same estimates to v;(p1(E;)). Since ¢1(E;) C N(Yp), and assuming

that the constant C' chosen above works for both NV'(Xj) and N (Yp), we get

vi(p1(E5))

) . li—2]

1 % (1—Csind ,
>_ - : 9 i—2
_i/9j+1 <1+Osin0> (sin6)

) . li—2]

1 % (1—Csinf ,
i - e : 9 1—2
i/@Hl <1+Csin9> (sinf)
1 /aj 1-Csind\?" (14 Csing)"™ (sin )2

) 0,,1 \ 1+ C'sinf 1—-Csinf

1— Csing,; )2
> — "7 (E.
_<1+Csin9j> vilEj),

P,y (—10:€) = Pl p, (—u, €)| dB

pZ'K7D1 (u7 5) - pi,Dl (U, 5)‘ o

p?{,Dl (U’7 5) - piL,Dl (u7 5)‘ d9

1—Csinf
1+ Csinf
Define another sequence of angles n; = Z(¢1(Q;)Qj+1,11X0). Then calculations sim-

since is decreasing.

ilar to those above give

1 — Csinn, 22|
vi(Ejy1) 2 (1 i C’sinm) vi(p1(E;))

Thus,

Vi(

. li—2] . 2[i-2|
1 — C'sinn, ? 1 — C'sind,
Ein) 2 <1+Csinnj> <1+Csin0j vi(£) (3:5)
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Observe that (3.2) implies, for all j,

sin 6; sinf;,,sinn; _db
: j+1 _ : j+1 : 1 S =< 1’
sin 0; sinn; sinfd; — ac

and, similarly,
sinn 1 _ db
sinn; T ac

b , : A .

Set 0 = —, where o € (0,1). Then sin6; < 07sinfy < o’ and sinn; < o’ sinny < o’.
ac

For sufficiently small z > 0, we have the following inequalities: 1 4+ < e* and

1 —2 > e 2. Let N > 0 be large enough so that z = Co’/ satisfies the latter two

inequalities for all 7 > N. Then for all j > N, we have

1— Coi 4)i—2| o—2C0 4}i—2] gl
“(Bi) 2 (HCW) nilky) 2 \ ~eer vi(By) = e Py (By).

Using the latter estimate inductively, we get

J
Vi(Ej+1> > H 6712C\zf2|cr Vi<EN>
m=N
J
=expq —12C)i — 2| > o™ vi(Ew)
m=N

> ")/Vi(EN%

where

vzexp{—120|i—2| > crm} > 0.

m=N
Since all Ej; are disjoint, and since v;(Ey) > CN'Vi(Eo) > 0, for some constant C' (by

virtue of (3.5)), we conclude that

UZ'( Ej Ej> = i vi(Ej) > i vi(Ey) = 0.

j=N+1 j=N+1 j=N+1
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Since IN (KAL) = {Xo, Yy}, there exists a triangle T' with one vertex at X satisfying

T'Nl=Xpand U2y, E; CT, implying

j=N+1

However, by [11, Lemma 5.2.4], any triangle of the form 7" = {(z,y) : a|lz — x| <
y < b}, for a,b > 0, has finite v;-measure. We get a contradiction. Thus, 0K = L
in M(Xo)Nit.

Step 4. To finish the proof, we take any point A € 0K. Applying ¢, to A finitely
many times, we can get a point A" in [~ N JK. As in Step 2, produce a sequence
of points Ajy; = @5 (¢1(4;)) with Ay = @5 (A"). As we have seen above, there is
a number M large enough such that Ay, € N(Xy) NIT. Applying the conclusion of
Step 3, we get Ay € 0K NOL. Tracing the sequence {A;} backwards, we conclude
that A € 0K NOL. Therefore, K = L.

We now briefly comment on how to proceed if we use condition (II) of the theorem.
Note that here we require that there is a point @ € K N JL. We define ¢, and ¢,

in a similar way as above, with the only difference that

QT = 1o;( Q)T = Pl p, (1w, €) — P, p, (—1, ),

for 7 = 1,2. The rest of the proof goes without any changes.
O

Remark 3.2.5. The C?-smoothness assumption for the support functions of the
bodies D; and D, can be relaxed. As we saw above, we only need the C? condition
in some neighborhoods of the points p; and p, correspondingly. Moreover, D; or

D, can also be polygons. In the latter case, px p, is not well defined for finitely
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many supporting lines, but this is not an issue. Step 1 of the proof does not need
any changes, since it was proved for bodies that are not necessarily strictly convex.
In Step 2, we consider small one-sided neighborhoods of X, and Yy, where pg p; is
well-defined. As for Step 3, the proof will be similar to [11, Section 5.2], since all
supporting lines to a polygon D; passing through points X € N (X) NI* will contain
the same vertex of D;. Thus, as in [11], the measure v; would be invariant under ;.
So, whenever we speak about admissible bodies, one can consider a larger class of

admissible bodies by including the bodies described in this remark.

Theorem 3.2.1 (with admissible bodies as in the above remark) is now a consequence
of Theorem 3.2.4 (use part (I) with ¢ = 1). The following is an immediate corollary

of Theorem 3.2.1.

Corollary 3.2.6. Let K and L be origin-symmetric convex bodies in R? and let D be
a convex body in the interior of KN L, such that D and —D are admissible bodies. If
the chords K N H and L N H have equal length for all H supporting D, then K = L.

In particular, D can be a disk not centered at the origin.
Using the same ideas, one can prove the following.

Corollary 3.2.7. Let K and L be origin-symmetric convex bodies in R* and let D
be a convex body outside of K U L (either a polygon or a body with a C* support
function). If the chords KN H and L N H have equal length for all H supporting D,
then K = L.

We will now prove Theorem 3.2.2 using the class of admissible bodies described in

Remark 3.2.5.

Proof. First we will prove the following claim. Let K an L be convex bodies in R?, D

be a convex body in the interior of K N L, where D is either a body with C? support
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function or a polygon. If voly(K N HT) = voly(L N HT) for every H supporting D,

then

p%(,D(u'/ g) - P%{}D(_U, 5) - pi,D(ua g) - IO%,D(_ua f),

for every ¢ € St and u € S* N &L, whenever well-defined. (Note that in the case
when D is a polygon, the radial functions above are not well-defined for finitely many

directions ¢ that are orthogonal to the edges of D).

Hn

E, By

\

Figure 3.5: Proof of Corollary 3.2.7.

We will treat simultaneously both the case of smooth bodies and polygons. To prove
the claim, let ¢ be any unit vector (and ¢ is not orthogonal to an edge of D, if D is a
polygon). Let He be the supporting line orthogonal to . Let ¢ € S*NéL. For a small
angle ¢ > 0 let n = cos £ +sin ¢ ¢, and denote by H, the supporting line orthogonal
to 7. Define the following sets: £y = H\H}, E; = Hf NHY, Es = H\H{, and E,
is the curvilinear triangle enclosed by He, H,, and the boundary of D; see Figure 5.
Note that when n and ¢ are close enough, we have Ey C K N L, and Fy is empty if D

is a polygon. By the assumption of the theorem,

vola((Ey U Ee) NK) —vola((E3s U E) NK) = voly((E1 U Ey) N L) —voly((E3 U Ey) N L),



30
implying

volo((Ey U Ey) NK) —vola((EsU Ey) NK) = voly((E1UE,) N L) —voly((Es U Ey) N L).

(3.6)
Now we will consider the following coordinate system (r,#) associated with D. For a
point (x,y) outside of D, we let (z,y) = hp(0) (cos@ & +sinf () + r(sind & — cos b (),
where hp(f) is the support function of D in the direction of v = cos¢ + sinf (.

Setting w = sin§ & — cos A ¢, and observing that the Jacobian is |r + k', (6)], we get

(w,v)+h',(6) —w,v)+h'5(0)
//p” 2l £ 1 (0)| dr do — //p” P £ B (0) dr df

prL,p(w,v)+h',(0) pL,p(—w,v)+h(
_/ / I + Wy (0)| dr df — / / ” e 1 (0) dr do),
%

which after a variable change becomes

¢ rpi,p(w,w) ¢ rpr,p(—w,)
/ / rdrd&—/ / rdrdf
o Jo o Jo
¢ rprL,p(w,v) ¢ rpr,p(—ww)
:/ / rdrd@—/ / rdr df.
o Jo o Jo

Differentiating both sides with respect to ¢, and setting ¢ = 0, we get

P%{,D(U»f) - P%{,D(—U»f) = P%,D(Ua §) — p%,D(‘%f%

as claimed.
To finish the proof of the theorem, note that K NIL NI~ # @, where [ is the
common supporting line to Dy and Dy as in Theorem 3.2.4; otherwise we would have
volo(K N17) < voly(L NI7) or voly(K NI™) > vola(L N17), which contradicts the
hypotheses.

Now the conclusion follows from Theorem 3.2.4. ]
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Corollary 3.2.8. Let K be a convex body in R? and let D be a disk in the interior

of K. If volo(K N H) = const for every H supporting D, then K is also a disk.

Proof. From the proof of Theorem 3.2.2 we see that the condition volo(K N H') = C
for every line H supporting D implies p% p(u, &) — pf p(—u,§) = 0 for all £ € S* and
u € ST N &L Without loss of generality, let D be a disk of radius 1. Consider the
mapping ¢ defined as follows. Let @) be a point outside of D. There are two unique
supporting lines to D passing through ). Choose the one that lies on the right of the
disk D when viewing from the point ). Let T" be the point of contact of the chosen
supporting line and the disk D. On this line we take a point ¢(Q), such that 7" is the
midpoint of the segment [Q, ¢(Q)].

For a point ) € 0K introduce the coordinates (0, 7) so that

Q = (cosf,sinf) + r(sin g, — cosh).

Then,

©(Q) = (0 + 2arctanr,r).

Applying ¢ to ¢(Q) and iterating this procedure, we get a set

E = {((0 + 2narctanr) mod 27),7) : n € N} C OK.

Note that all points in this set are at the same distance from the origin. If arctanr
is an irrational multiple of 7, F is a dense subset of 0K, implying that K is a disk.
If arctanr is a rational multiple of 7, we will argue by contradiction. Assume K is
not a disk. By the continuity of 0K, there exists a point on the boundary of K with

coordinates (¢, r'), such that, arctans’ is an irrational multiple of 7. Contradiction.
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]

Remark 3.2.9. Corollary 3.2.8 was independently obtained by Kurusa and Odor [23].
It also appears that Theorem 3.2.1 was probably known to Barker and Larman. Here,

we get it as a simple consequence of Theorem 3.2.4.

3.3 Main results: Higher dimensional cases.

Theorem 3.3.1. Let K and L be convex bodies in R™ (where n is even) and let D be
a cube in the interior of KN L. If vol,_1(KNH) = vol,_1(LNH) for any hyperplane

passing through a vertex of D and an interior point of D, then K = L.

For € > 0 and ¢ € S" !, denote by
Ul§) ={nes"":(n¢&>v1i-e}
the spherical cap centered at &, and by

E(§) ={nes" " :|(n&|<e}

the neighborhood of the equator S"~1 N &L,

Lemma 3.3.2. Let K and L be convez bodies in R"™ (where n is even) containing the
origin in their interiors. Let £ € S" ! and € > 0. If vol, (K Nut) = vol,_1(LNut)
for everyu € E.(€), then pi " (n)+pi ' (=n) = pi () +p} ' (=n) for everyn € U(€).
Proof. For every even function ¢ € C°°(S™"1) with support in U.(£) U U.(=£), we

have

/S"_K“ﬂfﬂ%"“ | = 2l () da
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= (2m)~" /Sn*l(llchz}”“ + {1 = 2l @) @/ ) |27 (u) du,

where we used Parseval’s formula on the sphere; see [22, Section 3.4].
Since (||| + || — 2| & TH N (u) = 27 (n — 1)vol,,_1 (K Nut) by [22, Lemma 3.7], the

assumption of the lemma yields
(el + 1l =2l w) = (el + 1= 22" (w)

for every u € E.(¢). On the other hand, by formula (3.6) from [14] or [26, Lemma
5.1], we see that (¢(z/|z|)|z]~H)"
s

is supported in F,(&).

Therefore,

[ Ol = o)
= Cm ™ [ el = 2l ) el ) )

= [l 1 = 2l () do.

Since this true for any ¢ € C*(S™"1) with support in U(£) U U (=€), the conclusion

follows. O

Definition 3.3.3. Let D be a convex polytope and vy one of its vertices. Define
Cp(vk) to be the double cone centered at vy, with the property that every point in

Cp(vk) lies on a line through vy that has non-empty intersection with D\ {v}.
Note that when D is a cube, UyCp(vx) = R™.

Remark 3.3.4. For simplicity, we stated Theorem 3.3.1 only in the case when D
is a cube, but, in fact, it remains valid for a larger class of polytopes. In particu-

lar, any centrally symmetric polytope D satisfying the following condition will work:
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UrCp(vk) = R™. Indeed, this condition does not works for all the centrally symmet-
ric polytopes; for example, consider polytope in R® with vertices (1,1,0), (=1,1,0),
(—1,-1,0), (1,—1,0), (2,0,1), and (—2,0,—1), then (0,0,A) ¢ UCp(vy) for suffi-

cient large .

Proof of Theorem 3.3.1. We will prove the theorem for the class of polytopes de-
scribed in Remark 3.3.4. Assume that D is such a polytope and its center of symmetry
is at the origin O.

By Lemma 3.3.2, if v; is a vertex of D, then
n—1 n—1 _ n—1 n—1
PK v, () + PK,vi(_f) = PLw; (&) + PLw; (—¢),

for every £ € S" 1N (Cp(v;) —v;). Here, if p is a point in the interior of L, and L —p
is a star body, then we will use pr , to denote pr_,,.
For a point Q € Cp(v;) define a mapping ¢; as follows. Let ¢;(Q) be the point on

the line through @ and v;, such that v; lies between @) and ¢;(Q), and
|Quil" ™! + @i Q)uil"™" = Pl (€) + i, (=6) = P (€) + pLay (=6),

where ¢ is the unit vector in the direction of m Note that the domain of ¢; is not
the entire set Cp(v;), but it will be enough that ¢; is defined in some neighborhood
of (KAL)N Cp(v;).

Note that 0K N OL # (). Otherwise one of the bodies K or L would be strictly con-
tained inside the other body, thus violating the condition vol,,_1 (KN H) = vol,_1(LN
H) from the statement of the theorem. Consider a point @) € 0K NJL. There exists
a vertex v; of D, such that Q € Cp(v;). Since D is origin-symmetric, there is a vertex
vj = —v;. Our first goal is to show that I(v;, v;) N 0K = l(v;, v;) N OL, where [(v;, v))

is the line through v; and v;. If () belongs to this line, we are done. If not, we will



35

argue as follows.

Since @ € Cp(v;)NOK NOL, then ¢;(Q) is also in Cp(v;)NOK NOL. Let {F,,,} be the
collection of the facets of D that contain the vertex v;, and let {n,,} be collection of
the corresponding outward unit normal vectors. Note that the condition @ € Cp(v;)
means that either <m, Nm) > 0 for all m, or (@, N < 0 for all m. Without loss of

generality we can assume that (@, nm) > 0 for all m (otherwise, take ¢;(Q) instead

of Q).
We claim that @ € Cp(v;) N Cp(v;). Indeed, the outward unit normal vectors to the

facets that contain v; are {—n,,}. Thus,

<@7nm m nm j i) m = <@7nm> + 2<O—'UZ7nm> > 0.

Next we claim that ¢;(Q) € Cp(v;) N Cp(v;). It is clear that ¢;(Q) € Cp(v;). Thus,
it is enough to show that <vi90j(Q;, Nm) < 0 for all m. We have

Ui%‘(QS = O@+Q%(Q3 — O—UZ = @JFO‘Q—U; - O—U;

1Qp;(Q)]
Q]

viwj(Q;:(ﬁ—i-aO—v;—on@—O—vz—l a(ﬁ 1+onvl—(1—a)@—2a(ﬂ.

where o = > 1. So,

Thus, for every m,

(0:05(@): 1) = (1 = @) (03, 1) — 20(00;, 1) < 0

In a similar fashion one can show that ¢;(¢;(Q)) € Cp(v;) N Cp(v;). Thus we can

produce a sequence of points {Qy}7,, where Qy = @ and Q) = ¢;i(¢;(Qk-1)), and
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such that Qr € Cp(v;) N Cp(v;) N OK N OL for all k& > 0. Moreover, all these
points belong to the 2-dimensional plane spanned by the points @, v;, and v;. As in
Proposition 3.2.4 we have the corresponding sequence of angles 6, = L(W—Qz,m),
with 6, < 0,_1. One can see that lim;_,,, 0, = 0. Since @ € K N IL for all k, we
have proved that I(v;, v;) N OK = l(v;,v;) N OL.

Denote the points of intersection of the latter line with the boundaries of K and L
by Xy and Yy, and consider any 2-dimensional plane H through X, and Y. Using
8, Lemma 7], we see that there are neighborhoods N'(Xy) and N (Yy) of X, and Y

correspondingly, such that
HNON(Xo)NOK = HNN(Xo) NAL, and HNN (Yy) NOK = HNN(Yy) NOL.

If P is a point in Cp(v;) N H that does not belong to N (X) or N (Yp), then we apply
¢; and ¢; to produce a sequence of points Py, which after finitely many steps will
belong to N'(Xp) or N (Yp). Thus, Py € 0K NJL for some large N. Applying inverse

maps ¢; = and <pj’1, we conclude that P € 0K N OL. Thus, we have shown that
HnNCp(v) NOK = HNCp(v;) NOL.

Since this is true for every H, we have Cp(v;) N 0K = Cp(v;) N OL.
Now consider any other vertex of D, say v,,, that is connected to v; by an edge. One
can see that

CD(UZ‘) N CD(?)m) NOK NAoL 75 @

Repeating the same process as above, we get

CD(Um) NoK = CD(Um) NoL.
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Since we can do this for every vertex, it follows that Cp(v;) N OK = Cp(vx) NOL for

every k, and thus K = L. O

Remark 3.3.5. How to prove this in odd dimensions? Is there a different condition
that guarantees a positive answer in odd dimensions? It is still an open question. If
we replace the equality of sections by the equality of derivatives of the parallel section
functions, then, for example, in R? first derivatives are not enough; cf. [21, Remark

1].

The next theorem is an analogue of Groemer’s result for half-sections. The difference
is that we look at half-sections that do not pass through the origin. We will adopt
the following notation. For a point p € R" and a vector v € S"~1, define vlf ={z €

R™: (z —p,v) = 0} and v} = {z € R": (x —p,v) > 0}.

Theorem 3.3.6. Let K and L be convex bodies in R™, n > 3, that contain a strictly

convex body D in their interiors. Assume that
vol,_1(K N HNw)) =vol,_1(LNHNv,),

for every hyperplane H supporting D and every unit vector v € H — p, where p =
DNH. Then K = L.

Proof. Let us fix a supporting plane H and consider the equality
vol,_1(K N HNw)) =vol,_1(LNHNv,),
for every unit vector v € H — p. Then [16] implies that

Prin (W) = pic ) (—u) = pi ) (w) — pi )t (—u),
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for every vector u € S N (H — p), where p = DN H.

Now observe that 0K N JL # (); otherwise the condition vol, (K N H Nv}) =
vol,_1 (LN H Nvf) would be violated. Moreover, if @ € 9K NJL, then by [3, Lemma
3] there exists a neighborhood N(Q) of @, such that N (Q)NOK C 0K NOL. Hence,
OK NOL is open in K. On the other hand, by the continuity of the boundaries of

K and L, 0K NOL is closed in 0K . Therefore,

OK NOL = 0K = 0L.

O
Corollary 3.3.7. Let K be a convex body in R™, n > 3, that contains a ball D of
radius t in its interior. If

vol, 1 (K N{&¢t+t€} not) = const,

for every € € S™71 and every vector v € S"I N EL, then K is a Euclidean ball.
In the next theorem we will consider a different type of half-sections.
Theorem 3.3.8. Let K and L be convex bodies in R™, n > 3, that contain a ball D
in their interiors. Assume that

vol, 1(KNHTNvt) =vol, (LN HNovb)
for every hyperplane H supporting D and every unit vector v € H — p, where p =
DNH. Then K = L.

Proof. Let us fix a unit vector v, and consider &, € S" ' N vt such that ¢ L (.

For a small ¢ let n = cosp& + sing (. Without loss of generality we will assume
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that D has radius 1 and is centered at the origin. Consider the affine hyperplanes
He = {x e R" : (2,§) = 1} and H, = {x € R" : (z,n) = 1}. Let the (n — 3)-
dimensional subspace W be the orthogonal compliment of span{¢,(} in v+. Consider
the orthogonal projection of the convex body K Nv* onto the 2-dimensional subspace
spanned by & and (. The picture is identical to Figure 5, with Ey, Es, E3, and F,
defined similarly. If n = 3, we repeat the argument from the proof of Theorem 3.2.2.
If n > 4, we will use the following modification of this argument.

Let E; = E; x W, for i =1, 2, 3, 4. Then the equality
VOln_l(KﬂULﬂHg—)—VOln_l(KﬂULﬂH;) = Voln_l(LﬂvLﬂng)—Voln_l(LﬂvLﬂH:)
implies

vol,_1(K Nvt N (Ey U Ey)) —vol,_1 (K Nvt N (EsU Ey))

= vol,_1(LNvt N (ELUE)) —vol,_ (LNvt N (EsUEy)). (3.7)
For x € span{¢, (}, consider the following parallel section function:
Agrot w (@) = vol,_3(K Nvt N {W + z}).
Then equation (3.7) and the Fubini theorem imply

/ Agrotw(@)dr — / Agrorw(z)dz
FE1UFEy

FE3UEy

= Aprr w(z)dz — / Apnp w(z)de.

FE{UEy E3UEy

Now we will pass to new coordinates (r, ) as in the proof of Theorem 3.2.2, by letting
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x(r,0) = cosO& +sinf  + r(sinf & — cosf (). Then

¢ oo ¢ [0
L[ ke wiaGr0)drds = [* [ rl Ak w(w(r,0)drds
0 0 0 —0o0

¢ roo ¢ 0
=[] A e, 0))drdo — [* [ (r|Avaus w(ar, 6)drdo.
0 JO 0 —00

Differentiating with respect to ¢ and letting ¢ = 0, we get

/ " Arrw (2, 0))dr = / A w (@ (r, 0))dr. (3.8)

—0o0 —00

Note that

AKHUL,W(x(T7 0)) - AKﬂvL,W(g - TC)
= A(K—g)mvl,w(—TQ

= x|zl —¢)de.

ze&tmuin{{z,)=—r}

Therefore, (3.8) and the Fubini theorem give
Lo e Oxallgdr = [ e Oxlelli-e)de.
Passing to polar coordinates in &+ Novt, we get
—n+1 _ —n+1
Lo Ol = [, Q) |z dw.

Observe, that this is true for any ¢ € ¢+ Nvt. Furthermore, for any vector ¥ € &+

there is a vector ¢ € £- Nvt and a number 3 such that ¥ = ¢ + Bv. Therefore, for
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every ¥ € £+ we have

w, 9)||w Hdw—/ w, O ||wl|7" M dw.
oo Dl dw = [ )l

Fixing ¢ and 9, and looking at all v € S"~! N &L, we can consider the latter equality
as the equality of the spherical Radon transforms on S"~' N ¢+, Since the spherical

Radon transform only allows to reconstruct even parts, we get
(w, D) w7 + (—w, D) = wl|ZE" = (w, Dwl| 72 + (~w, 9) || — wl| 72,
for all w,¥ € S~ N &L, That s,
lwllZ2E" = | = wllZ2e" = lwllz2" — | = w72, for allw € S"'Ng™.

We finish the proof as in Theorem 3.3.6. O

Below we will prove an analogue of the result of Falconer [8] and Gardner [11] for

halfspaces. We will need the following lemma.

Lemma 3.3.9. Suppose i > 0. Let K and L be convex bodies in R™, p; and py be

distinct points in the interior of K N L. If for all £ € S™1,

piK,pj (E) - pé(,pj(_g) = pi,pj (5) - pi,pj(_€>7 fOTj = 17 27 (39>

and OK NOL # (), then K = L.

Proof. Let [ be the line passing through p; and py. Our first goal is to prove that
OK NIl =0LNI Let Qo € OKNOL. If Qy € I, we are done. Otherwise, we define

two maps 1, o as follows. If @ is a point distinct from p;, then ¢1(Q) is defined to
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be the point on the line passing through () and p;, such that p; lies between () and
¢1(Q) and
Qp1l" = [P1o1(Q)]" = Py, (€) = Pl (=),

e,

Q|
Note that the domain of ¢; contains the set KAL. The map s is defined similarly

where £ =

with p; replaced by ps.

For the chosen point Qg € 0K N JL consider the 2-dimensional plane H passing
through Qo, p1, and ps. Construct a sequence of points {Q);} € 0K NIJL N H,
satisfying Q41 = ¢35 ' (p1(Q;)), and a sequence of angles {6;} = {Z(m,l)}
One can see that lim;_,., 6; = 0, and therefore the limit

Xo = lim Q)

J]—00

is a point on [N OK N IL. The claim that 0K Nl = dL N1 is now proved.

Let V be any 2-dimensional affine subspace of R™ that contains the line [. Consider
the bodies K NV and L NV in V. The line [ cuts both these bodies in two parts,
KNV =K{UKyand LNV = LU Ly, so that K; and L; are on the same side of
[. Since K Nl = L NI, the following star bodies are well-defined: K = K, U Ly and

L = K, U L;. Condition (3.9) now implies
Pl p, (&) + P (=€) = pi, () + pp, (=), for j=1,2.

Now we can use [11, Theorem 6.2.3] to show that K = L, implying that KNV = LNV

Since V' was an arbitrary affine subspace containing [, it follows that K = L. O

Remark 3.3.10. A version of this lemma for a smaller set of values of i (but without

the assumption OK N OL # ()) was proved by Koldobsky and Shane, [21, Lemma
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6/. They also showed (see [21, Remark 1]) that one can take two balls that satisfy

condition (3.9) with i = 1, but whose boundaries do not intersect. .
With the help of Lemma 3.3.9 we obtain the following result.

Theorem 3.3.11. Let K and L be convex bodies in R™ containing two distinct points

p1 and py in their interiors. If for every v € S™!, we have
+y + C
vol, (K N, ) = vol,(LNw,) for j =1,2,

then K = L.

PTOOf' By [16]7 we have pyll(,pj (5) - p}l(,pj(_5> = pz,pj (6) - p7LL,pj<_£)7 for .7 = 17 27 and
every £ € S 1. Also observe that 0K N OL # (). Otherwise one of K or L would
be strictly contained inside the other, which would contradict the hypothesis of the

theorem. Now the result follows from Lemma 3.3.9. ]

Note that Problem 1.1.3 is open even in the case of bodies of revolution when the
center of the ball lies on the axis of revolution. However, if we consider a ball that

does not intersect the axis of revolution, then the problem has a positive answer.

Theorem 3.3.12. Let K and L be convex bodies of revolution in R™ with the same
axis of revolution. Let D be a convex body in the interior of both K and L such that
D does not intersect the axis of revolution. If for every hyperplane H supporting D
we have

vol,—1(K N H) =vol,_1(LNH),

then K = L.

Proof. Consider the two supporting hyperplanes of D that are perpendicular to the
axis of revolution. Let p and ¢ be the points where these hyperplanes intersect the

axis of revolution.
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Note that every plane passing through p (or ¢) can be rotated around the axis of
revolution until it touches the body D. Due to the rotational symmetry of the bodies

K and L we obtain that

vol, 1 (K N (p+&4)) = vol, (LN (p + €Y)),

and

vol,_1(K N (g + €)= vol,_1(L N (g + &),

for every £ € S™ 1.
The conclusion now follows from the corresponding result of Falconer [8] and Gardner

[11], described in the introduction. O



Chapter 4

On bodies with congruent sections

4.1 Introduction and main result

This chapter deals with Problem 1.1.13 motivated by Problem 1.1.12; see also [11,

Page 289]. Let us recall the statement of the problem.

Problem 4.1.1. Let K,L C R" be convex bodies containing the origin in their inte-
riors and t € (0,1). Assume that for every & € S"! there is a rigid motion ¢¢ such

that K N Cy(&) = ¢e(L N CL(E)). Does it follow that K = L?

Here, for ¢t € (0, 1), we define
Ci(§) ={z e R" : (z,8) = t|z[}

to be a cone in the direction of £. For some special values of ¢, Problem 4.1.1 has an

affirmative answer (see Sacco [30] for details); but in general it is still open.

45
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4.1.1 Main Result

We solve Problem 4.1.1 in R? in the class of C? convex bodies, i.e. convex bodies with

C? boundaries.

Theorem 4.1.2. Let f,g € C*(S?) and t € (0,1). Assume that for every & € S*

there is a rotation ¢¢ around & such that

f(9¢(0)) = 9(0)

for all 0 € SN (€L +t€). Then f = g.

As a corollary of Theorem 4.1.2, we get a positive answer to a version of Problem

4.1.1.

Corollary 4.1.3. Let K, L C R3 be C? convex bodies containing the origin in their
interiors and t € (0,1). Assume that for every & € S™! there is a rotation ¢¢ around

¢ such that K N Cy(&) = ¢pe(LNCy(E)). Then K = L.

4.2 Proof of the main result

For a unit vector £ € S?, we define an open ball on S? with centre at £ to be

B.(§) :==1{0€ 5% 1|0 — ¢ < e},

where || - || is the Euclidean distance. We also define ¢¢ = ¢¢ € SO(3) to be the
rotation around £ by an angle « in the anticlockwise direction. Namely, for any
0 €S2,

D¢ (0) = 0 cos(am) + (€ x 0) sin(ar) + £(E,0)(1 — cos(am)),

where & x 6, (£,0) are usual vector and scalar products in R3.
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Definition 4.2.1. Let f,g,t be as in Theorem 4.1.2. Define the following three sets

in S2,

Zo={€€S%: f(0) = g(9), ¥ € 2N (EF +t&)};
En={§€8%: f(82(0)) = f(0), VO € PN (¢ +1§)}, n=23,...

Econ = SQ\(EU U (Uff:zEn))-

Lemma 4.2.2. =, are closed, for alln=20,2,3,---.

Proof. First, given two non-parallel directions &;,& € S?, we define a map v, ¢, :
L+ 1€ — & + t&y as follows:

Consider the great circle passing through £, &, which intersects & +t£; and & + t&,
at 011,012 and 051, 095 respectively. 61,015 are chosen in such a way that the triple
011, 012,81 X & has a positive orientation. The same is assumed to hold for 6o, 05s.
For any point 6 € S? N (& +t£;), there exists ¢¢, o € SO(3), such that 0 = ¢¢, 4(011).
We define ¢)¢, ¢,(0) := ¢dgy.a(b21). If & = &, we define )¢, ¢,(6) = 6. Note that for any
0 € S*N (& +t&),

[9¢1.62(0) = Oll = [|des,0(021) = dey,0(011)]
1091 cos(am) + (€ x O1) sin(ar) + Ea (6, f1) (1 — cos(ar))

— 11 cos(am) — (&1 x O11) sin(am) — &1(&1, 011) (1 — cos(am))|
101 cos(ar) + tEa(1 — cos(am)) — By cos(arm) — £ (1 — cos(ar))|
<621 cos(am) — 011 cos(am)|| + [[t&2(1 — cos(am)) — t&1(1 — cos(a))|
<[|21 — O1a [ + 2([&1 — &2l

=3[|& — &
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and

Gty 5(Ve, 62(0)) = Ve, 6, (e, 5(0)),  for any 3.

Given a sequence & € Zy with lim; . & = &, for any 6 € S? N (X + ££), we have

| £(0) — g(0)]
<|f(0) = f(Weei ()] + [f (Ve (0) — g, (0))] + |9(¥e e, (0)) — g(0)]
=[1(0) = f(Yee (@) + [9(vee (0) — g(O)].

As & — &, eg, () — 0; hence, by continuity of f and g,
F(6) —g(0)] =0, V8e€S*n (& +15),

which implies £ € =.
Similarly, given a sequence & € =, with lim;_, & = &, for any 0 € S?2 N (X +t€), we

have

|/ (0e,2(6)) — f(0)]

<[f(0e,2(0)) — f(Dg, 2(Vee, (0)))] + | f (D, 2 (e (0))) — f(ee,(6))]
+ [/ Ve, (0)) — f(0)]

=[f(0e,2(0)) = f(theg (D 2(0)))] + | f(thee,(6)) — f(O)]-

As & — &, eg,(0) — 0; hence, by continuity of f,

F(de2(0) — FO) =0, V0e SN (" + 1),

which implies £ € Z,,. O
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Lemma 4.2.3. Suppose that for some & € S? there exists « € Q such that f(peq(0)) =

f(0), VO € 8% (&+ +t€). Then there exists n > 2, such that £ € Z,,.

Proof. Let us write a = g, where p and ¢ are coprime integers. It is sufficient to show

2 mg + 2l for some m,n,l € Z. Indeed, this would imply that

F(0e2(0) = [ (Gem2(0)) = F(demz(0)) = 1(0)

But, since p,q are coprime, there exist k,r € Z, such that pk 4+ qr = 1. If we set

n = q, then
2 = ka +ar) )y + 2r
n q q

]

Lemma 4.2.4. Let f,g,t be as in Theorem 4.1.2. Then Zcon is open and X&) is a

continunous function on =, where

Me) ={a €[0,2) : f(9e.a(0)) = 9(0),¥0 € S* N (£ +18)}.

Proof. If £ € Zcon, A(§) is a single-valued function; otherwise, if a, 8 € A() with

a# f,
F($ea(0) = g(0) = f(es(0)), VO € S* N (£ +16),

implying
F(ga-p(0)) = f(0), V0 € S*N (" +t€).

If a — f3 is irrational, then f(0) = C = g(0), V0 € S?N (£ +t£), which means £ € =,
contradiction. If o — (3 is rational, then by Lemma 4.2.3, £ € =,,, contradiction.
Now assume that =, is not open. There exists £ € Z¢on, such that, for any i € N,

there exists & € B1(&), such that & € =,,., for some n;. If there are infinitely many ¢&;
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that belong to =, then 0 € A(§), that is £ € =g, contradiction. If there are infinitely
many &;, for which n; # 0, then \(¢;) is a multivalued function. Thus there exists
a; € A(&;), such that |a; — A(§)| > ¢, for some € > 0. By compactness of [0, 2], there
exists a subsequence &, , such that limy_, a;, = o, where | — A(§)] > «.

Then for any 0 € S? N (&1 + t€),

|/ (D) (0)) = f(¢ea(0))]
<|f(@erie)(0)) = g(0)] + 19(0) — 9(¢eg;, (0))]

+19Wee, (0) = f(De, o, (Ve ()] + |f (D, 0, Ve, (0))) = f(Dg e, (0))]
=19(0) — 9(veg;, ()] + [f Ve, (De.ai, (0) = f(deald))]-

As k — oo, we have Y, (0) — 0 and Yeg, (d¢a;, (0)) = ¢ea(f); hence, by continuity

of f and g,
| (Sere)(0)) = f(deal®)] =0, VO € S*N (& +18),
implying
|f(9e.a(0)) — g(0)| =0, V0 € S* N (£ + t€),
contradiction.

For the continuity, since A(§) is a single-valued function when & € =, consider a
sequence {&;}5°, € Zeon, such that Z,, 3 £ = lim; o &. By compactness of [0, 2],
there exists a subsequence {&;, }7°,, such that a = limg oo A(&;, ). Then for any

6 € S?2n(&- +t€),

| f(0¢,a(0)) — g(0)]
<|f(@eall) = f(de, aei) (Wes, ()] + [f (D, aes) (Ve (0)) — 9(Yee, ()]
+19(Yeg, (0)) — g(0)]
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=[f(¢ea(0)) = (e, A Ve, (O] + |9(vee, (0)) = g(0)].

As k — oo, we have ¢z, )(Yee, (0)) = dealf) and e, (0) — 0; hence by

continuity of f and g,

£ (9e.a(0)) — g(0)| =0, V0 € S* N (£~ + t€),

that is, A(§) = a. If {A(&)}52, has another subsequence with a different limit 5 # «,

then {«, 5} C A(§), contradicting to the fact that £ € Zop. O

Lemma 4.2.5. Let f,g,t be as in Theorem 4.1.2. Then either {6 € S% : f(0) =
g(0)} = S? or the set

{0€5%: f(0) #9(0)}N[{0 € 5% : Vs f(0) # 0} U{0 € S*: Viag(0) # 0}}]

15 not empty.

Here, Vg is the spherical gradient, that is, for a function f on S2,

(Vsef) (@/l2]) = V (f(z/|2])), = eR/{0}

where f(z/|z|) is the 0-degree homogeneous extension of the function f to R3*/{0}

and V is the gradient in the ambient Euclidean space.

Proof. Assume

{0€S*: f(0)#g)}IN[{0€S*: Vaefd) A0 U{dc S*: Vag(d) #0}] = 0.
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Then
{0€5%: f(0)#9(0)} C{0€5: Vs f(0) =0} N {0 € S?: Vg(0) = 0}.
Since f, g € C?(S?), the set
To:={0€S%: Vef(0) =0y N {0 € S?: Vgg(6) =0}

is closed and f and ¢ are constant in any connected subset of Y.
Note that the set {6 € S* : f(0) # g(0)} is not the whole sphere; otherwise without

loss of generality let f(6) < ¢g(#). Then

/5‘20(£l+t§) 9(0)dv = /gam(gﬂg) f(e(0)) do

= 0)do < 0) do.
520(5l+t£)f( ) Szﬂ(&ﬁs)g( )

Assume there exists z € {§ € S? : f(0) # g(0)}. Choose the largest connected open
neighbourhood N, of z in {6 € S?: f(0) # g(0)}, VO € S. Then the closure of N,
is in Ty and the boundary of N, is a subset of {§ € S?: f() = g()}, which implies
C, = f = g = Cy in the closure of NV, ; contradiction. Hence, {6 € S*: f(0) # g(0)} =
0.

[

Lemma 4.2.6. Let f,g,t be as in Theorem 4.1.2 and & € Zcon. For any point 6 €

SZN (& +t€) consider the curve

A0) = Ucemt4tmnsee)Peao)(n),  where n = de ) (0),
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passing through 0. If A\(§) # 1, then

A@) N S*Nint (€8 +t€)1) # 0.

Here, (- +t&), = {z € R®: (x,&) >t} and int ((¢+ +t&)y) = {z € R®: (x,&) >t}

Proof. Without loss of generality, we can assume that 0 < A(§) < 1. The other case
is similar. Since £ € Z.on, and 0 < A(§) < 1, by Lemma 4.2.4 there exists 0 < ¢ < 1/2
and a ball B.(§) C Zcon such that ¢ < A(() <1 — for any ¢ € B(§).

Now take any § € S* N (£ + t€) and define n = ¢¢ _x¢)(0). We set ¢ = ¢, 4(§) for

some small a > 0 and w = ¢¢ z¢)(n). Then we have

C xXn= d)n,a(g) X1
=(&cos(am) + (n x &) sin(arm) + n(n, &) (1 — cos(am))) x n
=¢ x neos(am) + (§(n,n) — (&, n)) sin(ar)

=¢ x neos(arm) + (£ — tn) sin(am)

and
(€, Q) = (&, nalf))
=(€, & cos(am) + (n x &) sin(am) +1(n, §)(1 — cos(am)))
= cos(am) + t*(1 — cos(ar)). (4.1)
Therefore,

(§,w) =t = (&, dea(n) —t
=(&,ncos(A(Q)m) + (¢ x ) sin(A(C)m) + (1 — cos(A(()m))) — ¢
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=t cos(A(C)m) + (£, & x ncos(am) + (§ — tn) sin(ar)) sin(A(¢))
+ (1 — cos(A(C)m))(cos(am) + t2(1 — cos(am))) — ¢
=t cos(A(O)m) + (1 — 2) sin(ar) sin(A(O)7)
+ (1 = cos(M(¢)))(cos(am) + £*(1 — cos(ar))) — ¢
=(1 — ) sin(am) sin(A(¢)m) + t(1 — cos(A(¢)m))(¢* — 1)(1 — cos(ar))
=(1 = *)(sin(am) sin(A(¢)7) — t(1 — cos(A(¢)m))(1 — cos(ar)))
>(1 — t*)(sin(an) sin(tm) — (1 — cos((1 — ¢)7))(1 — cos(ar)))

>0 for sufficiently small «.

To show
sin(am) sin(er) — (1 — cos((1 — ¢)m))(1 — cos(am)) > 0
for sufficiently small o > 0, we used that for a,b > 0, and x > 0 sufficiently small,

f'(x) =(asinz — b(1 — cosx))’

=qcosx —bsinz > 0

and f(0) = 0.
Hence, w € A(0) N S? Nint ((€+ +t€) ). O

Proof of Theorem 4.1.2. Assume the set {6 € S* : f(0) # g(#)} is not empty. By

Lemma 4.2.5, we have

{0€5%: f(0) #9(0)}N[{0 € 57 : V2 f(0) # 0} U{0 € S*: Viag(0) # 0}] # 0.
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Without loss of generality, we can choose

ve{0€S8%: f(0) #g(0)}n{0 €S : Vs f(0) # 0},

and therefore, there exists an open ball

B(x) c{0e€S*: f(0) #g(0)}n{0 e S*: Vgf(d) #0}.

By the inverse function theorem, the collection of local level sets of f, L(f) :=
{0, }acr<p, is a collection of disjoint C? curves, where ©, := {0 € S* : f(0) =
7} N Be(x).

For curves {©,} C S?, consider their geodesic curvature k,(-). If for every n € O, and
O, € L(f), we have ky(n) = 0, then each ©, belongs to some great circle. Choose one
of these great circles. It divides S? into two hemispheres. Fix one of these hemispheres
and denote it by S2. Consider all circles of the form S? N ({* + t€) that are tangent
to the curves ©, and £ € S7. Denote by X the set of these &.

Now consider the case when for some 7 € (a,b), there exists a § € ©,, such that
ky(0) # 0. Then by C? smoothness of f, there exists a smaller neighbourhood of ,
which we will again denote by B.(x), and a collection of level sets, which we will again
denote by {©; }4<r<p, such that ky(n) # 0 for any n € ©, and a < 7 < b. For each
point n € ©,, consider the great circle which is tangent to ©, at n. Then {O; },<r<p
lie on one side of their tangent great circle. For each 7 and each n € O, consider a
circle S? N (€1 +£€) that is tangent to ©, at n and lies on the other side with respect
to the tangent great circle. Let X be the set of such directions &.

Note that for each O, these £ form a parallel set of ©, on S?, i.e. the envelope of a
family of circles on S? with centres at ©, and of radius ¢. Hence the set ¥ is a union

of such curves and thus contains non-empty interior. We claim Z.,, N int (X) # 0;
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otherwise, int (X) C Zp U (U%,Z,,), but int (X) NZEy = 0, since B.(z) C {6 € S?:
f(0) # g(0)}. Hence, int (3) C U2, =, which implies that (U ,=,,)Nint (X) contains
non-empty interior. By the Baire category theorem and Lemma 4.2.2, there exists
some k € N, such that = Nint (2) contains non-empty interior.

Now assume £ € int (2, N Y), there exists Bs(£) C int (E, NY). For any 6 € &+ + t€,

we have

f(n)=f(0), YneA):= Uge(9i+t9)m35(g)¢g,%(9)

and

fw) =F(0), Vwe Adl) := Upenc0) Use(nt+mnpsie) Po,—2(n)-

Let us show that A¢(¢) has non-empty interior. Note that for any n € A¢(6), by

Equation 4.1 we have
(0,m) = cos(2m/k) + t*(1 — cos(27/k)) =: (1),
where —1 < ¢(t) < 1. If ¢(t) = 0, then A¢(f) C S? N6+, Fix n € A¢(0), then for each

W € Uye (L +4n)nBs(€) %,—2 (),

k

by Equation 4.1 we have

(w,m) =<(t) =0,

which means Uye (1 4408, (6) P 2 (n) is a curve passing through ¢ and contained in
SZNn*. Since A¢(6) is a continuous curve, by changing 1 we see that A¢(f) has the
shape of a sand dial, which we will refer to as > shape.

If0 < (t) < 1, then A¢(0) C S?N(++<(t)0). Fixn € A¢(6), then Uﬂe(nurtn)mB&(g)gbﬁ’_%(n)

gives a curve passing through 6 and contained in S% N (n* + ¢(¢)n). Observe that for
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different n € A¢(#), we have different curves Uﬁe(nLHn)mBé@)(bﬁﬁ%(n) with the only
common point §. Since these curves change continuously, the set A¢(6) again has a
> shape.

If —1 < ¢(t) < 0, use the same argument to show that A¢(#) has a > shape. Therefore,
A¢(0) is a set with non-empty interior on S

Now to reach a contradiction, assume that f is not constant on S? N (1 +¢£). Then
f takes on infinitely many values and so there are infinitely many disjoint sets A¢(6)
with m(A¢(#)) = v > 0, where v is a number independent of § € S?N (£ +t€), which
is impossible. Here m is the Hausdorff measure on S?. On the other hand, if f is a
constant on S? N (£1 +¢€), then & € 2y, which contradicts to int (¥) NZy = (. Thus,
we have proved Z., Nint (X) # (.

Now assume that for every £ € Z.,, Nint (X), we have A(§) = 1. Then there exists
Bs(&) C Zeon Nint () such that A(¢) = 1 for any ¢ € B;s(€). For any 0 € £+ + t£, we

have

gn) = f(0), n € Ae(0) = Uccor110)n;(e)Pc.1(0)

and

f(w) = 9(77) = f(&), Vw € Ag(e) = Unene(0) Yove L +tn)nBs () @9,1(77)-

Following the same argument as above, we have that A¢(6) is a set with non-empty
interior on S2. Therefore, f is a constant on £+ +t¢; otherwise, if f takes on infinitely
many values, then there are infinitely many disjoint sets A¢(6), where m(A¢(0)) =
v > 0; contradiction. But if f is a constant on &+ +t&, then € € =, which contradicts
to € € Econ-

Finally assume that there exists £ € Eg,, Nint (X) such that A\(§) # 1. Then by

Lemma 4.2.4 there exists a neighbourhood B.(§) C Zco, Nint (X) and 6 € ©, € L(f)
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for some 7, such that S2N (61 +t£), N O, = . On the other hand, by Lemma 4.2.6

A(0) = Ueemt4tmnb. ) Peac) (),  where 1 = de _xe)(6),

gives a curve such that A(6) N S? Nint ((§X +t€)4) # 0 and f(w) = f(#) for any
w € A(f). Thus, A(#) U O, must be a level set of f at value 7 but it is not a
1-manifold; contradiction.

Therefore, {6 € S%: f(0) # g(0)} = 0. O



Chapter 5

An analogue of the Aleksandrov
projection theorem for convex

lattice polygons

5.1 Introduction

This chapter studies the discrete version of the Aleksandrov projection theorem. Since
the convex hull of a convex lattice set is a convex lattice polytope, i.e. a polytope all of
whose vertices are in Z", it would be convenient to restate Problem 1.2.3 as follows.
Let K,L C R" be origin-symmetric convex lattice polytopes. If |[(K N Z")|ut| =
(L NZ")|ut| for every u € Z™, is it true that K = L?

In [12], the authors gave a negative answer to Problem 1.2.3 in Z2. However, it is not
known whether there are other counterexamples. Zhou [39] and Xiong [36] showed that
these counterexamples are unique in some special classes. For higher dimensions, this
problem is still open. Since the answer is negative in dimension 2, Gardner, Gronchi,

and Zong asked if it is possible to impose reasonable additional conditions to make
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the answer affirmative. In this chapter, we obtain a positive answer to Problem 1.2.3
in Z? under an additional hypothesis.
If K is a convex lattice polytope, then we define the difference set of the underlying

convex lattice set by

DK :=DKNZ"={u€eZ": 3x;,20 € KNZ", u | 122},

where || means parallel.
For a directed line segment parallel to v € Z™ with the initial point (p1,...,p,) € Z"

and the end point (q1,...,q,) € Z", let

~ /41— D1 dn — Pn
0= ( T )

denote the primitive vector in the direction u, where d = ged(q1 — p1,- -+, Gn — Pn)-
We will need the well-known Pick theorem (see [2, p. 90] or [4, p. 38]). Let K C R?

be a convex lattice polygon. Then
T 2
voly(K) = |K NZ7| — §|8KHZ | —1,

where K is the boundary of K.

We are now ready to state our main result.

Theorem 5.1.1. Let K, L C R? be origin-symmetric convex lattice polygons. If
(K NZ*)|ut| = [(LNZ%)|u]

and

(2K N Z%)|ut| = |(2L N Z%)|u™|
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for alluw € Z2, then K = L.

Remark 5.1.2. It will be clear from the proof that we do not need projections in all

directions, only in directions parallel to the edges of K and L, and one more direction

¢ € Z2\(D,K U D, L).

5.2 Proof of Theorem 5.1.1

Theorem 5.2.1. Let K be an origin-symmetric convex lattice polygon in R? with

edges {e;}3",, where e; and e, 1; are symmetric with respect to the origin. Then

|(KﬂZ2)|ef| = |éi|wK(eiL) +1, for1 <i<n,

where |é;| is the length of the primitive vector parallel to e;.
We will first prove the theorem in a simple case.

Lemma 5.2.2. Let K C R? be a parallelogram with edges {e;}1<i<4, where e; || e3

and ey || eq. Then

(K NZ2)|ej| = |&|wk(eif) + 1, fori=1,2.

Proof. Consider the point lattice A generated by é; and é; and the quotient map
7 :R* — R?/A. Set I(e1) to be the line passing through the origin and parallel to e;.
If z € KNA, then

(@ +1(er)) N (K NZ%)| = |er N Z7).

If v € (KNZ*)\A, then 7((x + I(e;)) N (K NZ?)) contains only one point; otherwise,
x € A. Thus,
(2 + U(er) N (KN Z2)] = |es N 22 — 1.
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One can see that,

(K N A)let| = le; N 22| (5.1)

Furthermore when projecting (K N Z?)\A onto e;, each point in the projection has

le; N Z?| — 1 preimages. Thus,

‘(K QZQ)‘ — |€1 mZ2H€2 ﬂZ2]

KNZ)\A)leiH| = 5.2
(K NZ\Wler ] ez 2
hence, by (5.1) and (5.2),
(K NZ%)| = |ex NZ%[|les N 27|
(K nZ9)let] = ez e
(K NZ%)| = e, N7
= lex N Z2] — 1
(K NZ3* -1
_ Vo 2( | ) :’23 ; | (by Pick’s theorem)
€1 -
_ al(le N2 — Dwk(ef) + e N 2% - 1
|€1 N Z2| -1
= |é1|wK(ef_) + 1.
O

Proof of Theorem 5.2.1. Without loss of generality, we only need to compute |(K N
Z?)|ei|. Create a convex lattice set whose convex hull is a parallelogram with edges
e; and e, 1, denoted by P. Note that, for any z € (K NZ*)\P, x +1(e) N P # 0.
Thus, there exists m € Z, such that x € P + me;, which implies  — me; € P N Z2.

Therefore, by Lemma 5.2.2

(K NZ2)er| = [(PNZ?)ler| = [éxJwx(er) + 1.
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Theorem 5.2.1 implies that if the directions of the edges of K are the same as those

of L, then there is a uniqueness in Problem 1.2.3.

Lemma 5.2.3. Let K be an origin-symmetric convex lattice polygon in Z*. Let u €

DiK. If2([(K N Z*)|ut| — 1) = |(2K N Z?)|u*| — 1, then

(KN Z2)|uL| = |ﬂ|wK(ul) + 1.

Proof. Let u € D1 K. If u is parallel to one of the edges of K, then, by Theorem 5.2.1,
(K NZ?)|ut| = |a|wk (ut) + 1; if not, consider the pair of points (x1,zs) € {(x,y) €
K x K :zy || 4} such that

d(O,7173) = max d(0,7y).
( ! 2) {(z,y)e KX K:xy|a} ( y)

Here, we denoted by O, the origin and d(O, A) = inf,c 4 ||xt—0Ol|2, the distance between
O and a set A. The set {(z,y) € K x K : xy || 4} is not empty, since u € D, K.
Thus, the lines passing through z;, x5 and —z;, —x5 divide R? into three parts E;, Es,
and Fs3, where O € E5, E, F5 are reflections of each other with respect to O and they
overlap on their boundaries.

Note that, Fo N K NZ2? is a convex lattice set and 1, 22, —21, —2 lie on two parallel

edges of F; N K. (Here, F5;N K can be a segment.) Then, by Theorem 5.2.1, we have

(Ey N K NZH|ub| = [t|wgynk (ub) + 1.

Set [(Ey N K NZHut| = |(EsN K NZ%)|ut| =m. We have

(K NZHub| = 2m + |[d|wg,nr (u®) — 1. (5.3)
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On the other hand, |(2E, N 2K N Z*)|ut| = 2|t|wpg,nx (ut) + 1. Moreover, a line [
parallel to u divides 2F; N 2K into two parts of equal width in the direction perpen-
dicular to u, denoted by Ej;3 N 2K and Ej; N 2K, where d(O, Ey1) > d(O, Eq2) and
they overlap on their boundaries.

Note that there exists a pair of points 4,42 € [ N 2K NZ?. To see this, pick a point
z from By N K N Z?* such that wi_,,)(u") = wg(u), where [—z, 2] is the segment
connecting —z and z. Then 2z, 2z, 22y € 2K NZ? implies y; = 2 + 21, ys = 2 + 29 €
2K N1.

Now we obtain Ey; N 2K D FE; N K + z. To see this, assume z1,25 € {z € R? :
(x,v1) = a1}, then (z,v1) = a3 —wg,nx (v1) and (u,v;) = 0. Thus for any x € 1N K,

(x 4+ z,v1) < 2a; — wg,nr(v1), implying = + z € Ey3 N 2K. Therefore, we have

((E11 N2K NZ2)|ut| > |(Ey N K NZ%)|u"| = m.

And since Fj5 N 2K contains a parallelogram ) with vertices 2xq, x1 + T2, Y1, Yo,

[(Eio N 2K NZ*)|ut| = |a|wg(ut) + 1 = |@wg,nx (ub) + 1.

Hence,

|(2E, N 2K N Z*)|u*| > m + |t|wp,qx (u™).

Therefore, since Fy, E3 are reflections of each other with respect to O, we have

(2K NZH)|ut| = 2|(2E1 N 2K N Z%)|u*t| + | (2B, N 2K N Z*)|ut| — 2

> 2(m + |@wg,~k (uh)) + 2|a|we,ak (u™) — 1.
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Then, by the assumption and (5.3),

2(2m + |t we,ni (u) — 2) = 2(|(K N Z?*)|u*| — 1)

= |(2K N Z2)|UL| —1 Z 2(m + |ﬁ‘wElmK(UL)) + 2|ﬂ|wE20K(uL) — 1,

which implies

m > |t|lwg,nx(ut) + 1.

On the other hand, m < |d|wg,~x(ut) + 1, by constructing a large parallelogram
containing £ N K, that has two edges parallel to v and whose width perpendicular
to u is wg,nx(ut); thus,

m = |wg,nx (u) + 1. (5.4)

Finally, by (5.3) and (5.4),

|(K M Zz)]uﬂ = 2m + |IAL|IUE2QK(UJ_) — 1
= || (Qwpg,nx (u") + weynr (uh)) + 1
= |a|(wp,nx (W) + Wenk (u) + wenr (uh)) + 1

= |ijw (u®) +1

O

If we define Ex to be the collection of all directions parallel to the edges of K, one

can easily prove the following Lemma.

Lemma 5.2.4. Let K and L be origin-symmetric convex polygons in R?. If wy (ut) =

wr(ut) for allu € Ex U Ey, then K = L.

Proof of Theorem 5.1.1. Here, we use the weaker condition mentioned in Remark

5.1.2. Note that, |(K NZ?*)|ut| < |KNZ?|, if u € D\ K; but |(K NZ?)|u*| = |KNZ?|,
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if u e Z*\D,K. For any u € Eg, we have u € D;L; indeed, if this is not the case,

then,

(LNZ)|ut] = [LNZ*| = (LNZ?)|e] = [(KNZ2)|§| = |K N Z°| > |(K N Z%)[u*|

for some ¢ € Z*\(D;K U D;L). Then by Lemma 5.2.2, we have

(K NZ%)|ut| = [alwg(ut) +1 and (2K N Z?)|ut| = 2|a|wg (u) + 1.

By the assumption,

QLN Z%)|ut| — 1 = |(2K N Z*)|ut| — 1 = 2|a|wg (u™)

= 2(|(K N Z2)|ut] — 1) = 2((L N 2| - 1).

Applying Lemma 5.2.3,

(LN Z*)|ut| = |a|wg(uh) + 1 = |(K N ZH|ut| = |ajwg (u) + 1. (5.5)

Therefore, by (5.5),

wr(u®) = wr(ub),

for any u € FEg. Similarly, we can show wy (ut) = wg (u't), for any u € Er. Then the

conclusion follows from Lemma 5.2.4. ]



Chapter 6

Unique determination of convex

lattice sets

6.1 Introduction and main results

Note that the Aleksandrov projection theorem is also true for other intrinsic volumes
of projections. For example, if the projections of two origin-symmetric convex bodies
onto all hyperplanes have equal surface areas, then the bodies coincide, [18, p. 115].

In this chapter we suggest to study an analogue of this result in discrete settings. Let
K be a convex lattice set in Z" and u € Z". By the discrete surface area |0(K |ut)|
of the projection of K onto ut we will understand the number of points in K|u' that

lie on the boundary of the convex hull of K|ut, i.e.
(K [u™)| = |(K]u™) N O(conv(K)[u™)].

When K C Z3, we will use the term “discrete perimeter”.
We say that a finite set K in R" is full-dimensional if conv(K’) has non-empty interior.

In questions below, we will only consider full-dimensional convex lattice sets.
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Problem 6.1.1. Let K and L be origin-symmetric full-dimensional convex lattice

sets in 2. If for every u € Z™ we have
(K [u)| = [0(L]u™)],

is then necessarily K = L?
Below we give a positive answer to this problem in Z3.

Theorem 6.1.2. Let K and L be origin-symmetric full-dimensional convex lattice
sets in Z3. If the discrete perimeters of K|ut and Llut are equal for all u € 72, then

K =1L.

As one can see, if we drop the assumption that the sets are full-dimensional, then
Problem 6.1.1 in Z? has a negative answer, since it reduces to Problem 1.2.3 in Z2.

We also solve Problem 6.1.1 in Z™, n > 4, in the class of convex lattice sets whose
convex hulls are zonotopes. Recall that a zonotope is a finite Minkowski sum of closed

line segments, [18, p. 146].

Theorem 6.1.3. Let K and L be origin-symmetric full-dimensional convex lattice

sets in Z", n > 4, such that conv (K) and conv (L) are zonotopes. If
[O(Ku™)] = [0(Llu™)|

for alluw € Z", then K = L.

Let us briefly mention some facts and concepts that are used in this chapter.

Let uq,...,u, be linearly independent vectors in Z", with m < n. The set

A:{Zaiui:aiEZ,forlgigm}

i=1
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is called a sublattice of Z" of rank m. The vectors uq, ..., u,, form a basis of A.
The set
H:{Zbiui:03b7;<1,f0r1§@'§m}

i=1
is called the fundamental parallelepiped of the basis uq, ..., u,,. The m-dimensional
volume of the fundamental parallelepiped does not depend on the choice of the basis
of A; it is called the determinant of A and denoted |A|. For these and other related
results, the reader is referred to the books by Barvinok [2] and Gruber [17].

We will also need the Minkowski uniqueness theorem saying that a convex polytope
in R™ is uniquely determined (up to translation) by the areas of its facets and the

normal vectors to the facets; see [31, p. 397].

6.2 Proofs of the main results

Proof of Theorem 1.3. The idea is to show that for every facet Fi of conv(K),

there is a facet Fy, of conv(L) that is parallel to Fx (and vice versa), and
|0Fx NZ°| = 2|Fx NZ°| = |0F, NZ°| — 2|F, N Z?|. (6.1)

Using (6.1) and Pick’s theorem, we will conclude that for every pair of parallel facets,
volyo(Fx) = vola(Fp), and will use the Minkowski uniqueness theorem to finish the
proof. Below we provide the details.

First we claim that for every facet F of conv(K), there is a facet Fy, of conv(L) that is
parallel to F, and vice versa. Indeed, assume that there exists a facet Fix such that no
facet of conv(L) is parallel to Fi. Note that {6 € S? : § = |u|'u, where u € Z"\{0}}
is a dense subset of S2. One can see that in the statement of the theorem we can take

vectors from the sphere S2. Choose a direction £ € S? that is parallel to Fx (and the
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opposite facet, since K is origin-symmetric) and not parallel to any other facets of
either conv(K) or conv(L). Then, the boundary of conv(K|é1) consists of the edges
e and —e that are the projections of Fx and —F, as well as other edges that are the
projections of some edges of conv(K). The boundary of conv(L|é1) solely consists of
the projections of some edges of conv(L).

Furthermore, we can assume that |K|¢+| = |K| and |L|¢Y| = |L], since there are
only finitely many directions that do not satisfy these equalities. For ¢ small enough,
consider the vectors ( = cos ¢ & +sin¢n and 6 = cos ¢ & — sin ¢ 1, where 7 is the unit
outward normal vector to F. Note that the number of points in K that are projected
to K|¢1, K|¢t, and K0+, and that do not come from the facets Fix and —Fl, is the
same. On the other hand, at least one of the points of Fx belongs to the interior of

either conv(K|¢t) or conv(K|0+). Thus at least one of the two inequalities holds:

[O(KICH)] < |o(K]ET)] or [(K|65)] < [O(K]€T)].

However,

[O(LICT)| = 0(LIE)] and [9(L|6)] = [O(LIg™)-

We get a contradiction. Thus, every facet of conv(K) is parallel to a facet of conv(L)
and vice versa.

To prove (6.1), we will use the following formula:

O(KICH)] + [0(K107)] = 2[0(K[€7)| = 200Fk N Z°| = 4|Fx N Z°| +4.  (6.2)

Let us explain the validity of this equality. First of all, observe that the left-hand side
only sees the points that are projected from Fy and —Fg. (The contribution of the

rest of the boundary of K is annihilated, since the number of points in K that are
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projected to conv(K|¢1), conv(K|¢H), and conv(K|#+1), and that do not come from
the facets Fir and —Fy, is the same). Next we see that O(K|¢1) gets points from
one side of OFk NZ3 (and its reflection about the origin), and 9(K|6+) gets points
from the other side of OF N Z? (and its reflection about the origin). There are two
points on each Fi NZ3 and —Fx N Z? that are projected into both conv(K|¢*) and
conv(K[0+), which yields the constant term equal to 4 in (6.2). Since all points from
Fg and —Fk are projected into different points in (K€1), the latter set has exactly
2|Fx N Z?| points coming from those facets. Formula (6.2) follows.

Now equality (6.2) together with the assumption of the theorem yields (6.1) for every
pair of parallel facets of conv(K') and conv(L).

Let H be the 2-dimensional subspace that is parallel to the facets Fx and Fr. Then,
A = HNZ3 is a lattice of rank 2; see e.g. [32, Chap. I, §2]. Let |A| be the determinant

of the lattice A. By Pick’s theorem and equality (6.1),

1

voly(Fy) = |A|(|FKﬂZ3|—§|8FKﬂZ3|—1)
1

= |A|(|FLNZ3 — §|8FL NZ3 —-1)

= VOlg(FL).

Thus we have proved that for each facet Fj in conv (K), there is a facet [y in
conv (L) (and vice versa), such that Fj and F, are parallel and voly(Fx) = voly(Fp).
Minkowski’s uniqueness theorem then implies that conv (K) = conv (L), or equiva-

lently, K = L.

Before we present the proof of Theorem 1.4, let us introduce the following notation.
If P is a convex body in R", we define the upper boundary Ue(P) of P in the direction
€€ S !tobe

U(P) ={x e P:x+ e ¢ P, Ve> 0},
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and the lower boundary L¢(P) of P in the direction & to be

Le(P):={zeP:x—e¢& P, Ve>0}

If P is a polytope, then Ue(P) is the union of the facets F; of P whose outer normal
vectors n; satisfy the inequality (n;, &) > 0. Similarly, L¢(P) is the union of the facets
F; of P whose outer normal vectors n; satisfy the inequality (n;,&) < 0.

We will need the following lemma that will be used as an analogue of Pick’s Theorem.

Lemma 6.2.1. Let Z be a zonotope with vertices in the lattice A C R™. Let £ € S™1

be a direction that is not parallel to any of the facets of K. Then

vol,(Z) = |A|(|Z N A| — U (Z) NAJ).

This formula is discussed in [6, Section 2.3.2], but, for the sake of completeness, we
outline a sketch of our proof below.

First of all, without loss of generality, we can assume that A = Z". Next we proceed
by induction on the number of summands of Z. The base case is when Z is the sum
of n segments. If Z is a box with facets parallel to the coordinate planes, the formula
is obvious. Furthemore, it is not hard to show that it is true for all parallelotopes.
The inductive step is as follows. Assume that the formula is true for zonotopes that
are the sum of N segments. If Z is the sum of N + 1 segments, it can be written
as the sum of a segment and a zonotope with N summands. If the latter is full-
dimensional, its facets are zonotopes with at most N — 1 summands. (If it is not
full-dimensional, write it as sum of a segment and a zonotope with N —1 summands).
Thus Z can be written as the union of zonotopes (with disjoint interiors) that are
sums of no more than N segments. Next use the induction hypothesis, each of the

component zonotopes contributes its volume, but also its (from direction £) ‘invisible’
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lattice points (and this does not lead to double counts).

We will now present a solution of Problem 6.1.1 in the class of zonotopes in Z".
Proof of Theorem 1.4. The proof is similar to that of Theorem 6.1.2, but some
additional considerations will be needed. Again, we can assume that the hypothesis
of the theorem is true for all directions u from S™~!. Let us denote Zx = conv(K)
and Z;, = conv(L). As above, one can show that for every facet Fy of Zx, there is a
facet Iy, of Zp that is parallel to F, and vice versa.

Let £ € S"! be a vector that is parallel to a facet Fi (and the opposite facet —Fl)
of Zk, but not parallel to any other facet of Zx. Furthermore, we can assume that
|K|¢4| = |K| and |L|¢1| = |L|, since there are only finitely many directions that do
not satisfy these equalities.

Observe that

DK€ = 2|(Fx N Z")|ET] + R(E) = 2| Fx N Z"| + R(S), (6.3)

where R(€) counts those points on the boundary of (Zx N Z")|¢L that did not come
from the facets Fx or —FY.
Let n be the unit outward normal vector to Fix. For ¢ > 0 small enough consider the

vector ( = cos ¢ & +sin ¢n. We claim that

(K¢ = 2|Le(Fk) N Z"] + R(C), (6.4)

where R(¢) counts those points on the boundary of K|+ that did not come from the
facets F or —FY.

Assume for the moment that the claim is proved. Then, by the hypothesis of the
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theorem, we have

(KD = [o(K|¢H)| = [(LIED)] = [O(LI¢T)].

Substituting formulas (6.3) and (6.4), and using the fact that R(§) = R((), and

[Ue (Fic) N 2" = | Le(Fic) N2,

we get

|Fx NZ"| — Ue(Fr) NZ"| = |FL NZ"| — U (F) N Z".

Since any facet of a lattice zonotope is a lattice zonotope, we can apply Lemma 6.2.1
to the facets Fy, Fr and (a shift of) the sublattice A = H NZ", where H is the
subspace parallel to Fx and Fy. Thus, we obtain that vol,,_1(Fx) = vol,,_1(F}), and
we can use Minkowski’s uniqueness theorem to conclude that conv(K) = conv(L), or
equivalently, K = L.

It remains to prove (6.4). We will use the boundary structure of Z and its projection

Zr|€L. One can see that

and

Zg|er =Ue(Zk)|E" = Le(Zk)|ET

Note that
O Zk|er) = 0U(ZK))|ET = A(Le(Zi))IET,
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and for ( = cos ¢ & + sin ¢ n we have
O(Zk|C) = Uc(Zi) N Le(Zr))ICH (6.5)

We see that if 2 € O(Zk|¢t) and x ¢ (FrU(—Fk))|E5, then o € (Us(Zx)NLe(Zk))|EL.
Therefore, R(§) counts the number of lattice points on (Ue(Zk) N Le(Zk)) \ (Frx U
(—Fk)). Note that the latter number does not change if we replace £ by another

vector ¢ that is close enough. In particular,
R(¢) = |(Ue(Zi) N Le(Zk)) \ (Fi U (—Fx))) N 2" (6.6)
Now observe that
U(Zk) =U(Zgk)UFx  and  Lo(Zk) = Le(Zk) U (—Fk).
Hence,
Uc(Zic) N Le(Zic) = Ue(Zic) 0 Le(Zc)) U Ue(Zie) 0 (= Fi)) U (Le(Zic) N Fic),

that is

U(Zk) N L(Zr) = Ue(Zr) N Le(Zx)) VU (—Fr) U Le(Fre).

In view of the latter formula, and (6.5), (6.6), we get

O(K[¢H)| - R(C)
=Ue(Z1c) N Le(Zi) N 27 = |(Ue(Zi) N Le(Zic)) \ (Fic U (=Fx))) N 27|
=[(Us(Zx) N Le(Zr)) UU(—Fg) U Le(Fk)) N Z"|

— | (Ue(Zi) 0 Le(Zk)) \ (Fic U (= Fi))) N 27|



—[Ue(—Fie) N Z"| + |Le(Fie) N 27| = 2|Le(Fie) N 27|

Thus, formula (6.4) is proved. This finishes the proof of the theorem.
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Chapter 7

Grinbaum’s inequality for

projections

7.1 Introduction

This chapter extends Griinbaum’s result [18], bounding the volume of the halves of a
convex body which is split by a hyperplane passing through the centroid.

Recall some notation used in this chapter. Let K be a convex body in R"”; that is, a
convex and compact set with non-empty interior. For integers 1 < k < n, let voli(-)
denote k-dimensional Hausdorff measure on R™. The centroid of K is the point

g(K) = Voln(K)_l/K:de € K.

For £ € S"7 1, let £ denote the half-space {x € R" : (z,&) > 0}.

7
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7.2 Auxiliary Lemmas

We associate with a convex body K C R", z € int(K), and £ € S"! the unique cone
G=G(K,z¢&) = conv{a€ + B,b&}

in R™ for which

. B C ¢tisan (n — 1)-dimensional Euclidean ball centred at the origin;
. a,be R and a < b;

e vol, 1 (K —2)N¢&d) =vol, 1 ((G — 2) N EL);

e vol, 1((K—2)N&t) =vol, 1((G—2)NET);

« volp(K) = volg(G).

We summarize some simple properties of G in the following lemma.

Lemma 7.2.1. Let K be a convexr body in R", z € int(K), and & € S™ 1. Let
G =G(K, z,€) be the previously defined cone. Then

ha(=§) < hx(=€) and  hg(§) < ha(§).
Furthermore,
vol,({x € K: (x,&) > t}) <vol,({x € G: (z,&) >t}) VieER, (7.1)
if there is equality for all t € R, then K = conv{y; + L,y2} where

L C &t is an (n — 1)-dimensional convex body;

(Y1, =) = ha(=€) and  {y2, &) = ha(S).
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Proof. Assume without loss of generality that z is the origin. Let K be the Schwarz

symmetral of K with respect to the direction ¢ (see e.g. [11]). That is, K is the

convex body in R™ for which (K —t£) N &+ is an (n — 1)-dimensional Euclidean ball

centred at the origin in &1 with
vol, 1 (K = t6) NEY) = volo 1 (K =€) N &) YVt € [~huc(=€), hic(€)).
It is easy to see that
hip(£6) = hig(£6), G =G(K,0,£) = G(K,0,¢),

and

vol,({z € K : (2,6) >t}) =vol,({x € K : (z,6) >t}) VteR
Suppose hz(€) > ha(£). We then have

GNEr = comv{GNES hG(6)E) G comv{GNEN hz ()6} € KNEY,

which implies vol, (GNET) < vol, (K NET). This is a contradiction, so hz(&) < ha(§).

Now, there is a ty € (0, hx ()] for which
{reG:0<(2,6) <t} c{xeK:0<(z, <t} (7.2)
and

{reK:to<(x,8) <hgp(Q}C{reCG:to< (2,8 <ha(®};  (7.3)
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otherwise, we will get a contradiction of the convexity of K, or find that vol,(KNET) <
vol,(GNET). The convexity of K, the containment (7.2), and KN&L = GNEL together

imply
Kn{te+ethcanfig+¢t} vie[-ha(©)0). (7.4)
Suppose ha(—€) > hz(—€). With (7.4), we then get
{reK: —hp(=6) < (2,6) <0} S {z € G —hg(—€) < (x,£) < 0}
and
vol,(K) — vol, (K N &%) < vol,(G) — vol, (G N EY),

which is again a contradiction. So hg(—§) < hiz(—¢). Finally, we see that inequality
(7.1) follows from the facts vol,(K) = vol,(G) and vol,(K N &) = vol,(G N &F)
combined with (7.2), (7.3), and (7.4).

If there is equality in inequality (7.1) for all ¢ € R, then there will be equality in (7.2),
(7.3), and (7.4). This shows K = G. Because its Schwarz symmetral is a cone, K

itself must be the cone given in the lemma statement. O

Note 1. The concave functions in this chapter are always assumed to be continuous
on their supports. Of course, the concavity of a function guarantees its continuity on

the interior of its support in general.

Lemma 7.2.2. Let K be a convex body in R, £ € S™ ', andp > 0. Lety : K — R

be a concave function, not identically zero. Put G = G(K,g(y*, K),£). There is a
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unique function ¥ : G — R for which

U = f((-,&)) for some non-decreasing [ : [—hg(—=¢€),ha(§)] = RT;

vol,({xr € K: ¢(x) >7}) =vol,{z € G: ¥(z)>7}) V7€eR.

This U is concave. Furthermore,

(g(W*, K), &) < (9(V7,G),&);

if there is equality, then

K is the cone from the equality case of Lemma 7.2.1,

U(x) = f((z,€)) VzekK

Proof. Put
m = I;él}l{lw(l‘), M = gleai?{w@)
Define functions w : [m, M] — [—ha(=§), ha(€)] and W : [m, M] — R* by

W(r) :=vol,({x € K : ¢o(x) > 7}) =vol,({z € G : (z,£) > w(7)}) (7.5)

for all 7 € [m, M]. Note that |K| = |G| ensures w is well-defined.

. 1. . . .
The function W= is concave and strictly decreasing. As v is concave, we have

MreK:p)>2nt+ (1 -=N{z e K: ¢(x)>mn}

C{zeK:¢@) >+ (11—}
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for all A € [0,1] and 7,75 € [m, M]. Applying the Brunn-Minkowski inequality to
these level sets shows W is concave. The connectedness of K and the continuity of
1) guarantee W is strictly decreasing.

The function w is convex and strictly increasing. Let H > 0 denote the height of the

cone GG, and let V' > 0 denote the (n — 1)-dimensional volume of its base. The set

{r e G: (x,&) >w(r)}

is a cone homothetic to G, with height hg(§) — w(7) and a base of some (n — 1)-

dimensional volume v > 0. It is necessary that

v (ha(§) —w(r) et v(ha(§) —w(T))
V = <> and

SO

As W= is concave and strictly decreasing, w is convex and strictly increasing. It is
then necessary that w has an inverse w™! : [~hg(=£),d] — [m, M| which is concave

and strictly increasing, where 0 := maxw < hg(§).

Define f : [~ha(=€), ha(§)] = RT by

ft):=wt(t) Vte[-hg(=£),0], and f(t):=M Vtcl5ha(é)]

By construction, f is non-decreasing with

vol,({x € K: ¢(x) >7}) =vol,{z € G: f((x,&)) >7}) VT€ER,
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1'is concave and increasing, f is concave.

The uniqueness of f is easy to verify. As w™
Although the upper level sets for ¥ := f((-,£)) have the same volume as the corre-
sponding sets for 1, they are “pushed" further in the direction £&. More precisely, by

equation (7.5) and Lemma 7.2.1,

vol,({z € K : ¢p(2) > 7} n{w € K : (x,6) > t})

IN

min {vol,({z € K : $(z) > 7}),vol,({z € K : {2,&) > 1})}
min {voln({a: €eG: V(x)>71}),vol,({z € G: (x,&) > t})}

IN

=vol,({z € G: W(x) > 7}N{x € G: (x,6) > t}) (7.6)
for all 7,¢t € R. We have

/z/dex:p/ooTp_lW(T)dT:/ VP dx
K 0 a

using the “layer cake representation’ for the L,-norm of a function (e.g. Theorem
1.13 of [24]). The obvious generalization of Theorem 1.13 to products of functions,

and inequality (7.6), give

/K<93,§>¢p dzx
:p/:o /O°° P ol,({z € K : () > 1y n{z € K: (x,6) >t} dtdr
<p [ [T ol (e € G W) 2T} {r € G {n,€) 2 1)) dedr

= /G (@, €) 0P da, (7.7)

where we now assume without loss of generality that hx(—¢) = 0.

Observe that equality in (7.7) implies equality in (7.6) for all 7,¢ € R. Choosing
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T =m gives
Voln({x e K: (x,& > t}) = voln({x €eG: (z,8) > t}) VteR, (7.8)
so K is the cone from the equality case of Lemma 7.2.1. We need to show that
U(x) = f((2,8)) VzeKkK;

this is obvious when m = M, so assume m < M. Now, choosing t = w(r) for

T € [m, M] gives

vol({z € K : (@) 2 7k N {z € K : (2,€) = w(r)})

=vol, ({z € G : (z,€) > w(7)}), (7.9)
because
{reG:V(x)>1={zeG: (x,&) >w()}.
Equalities (7.5), (7.8), and (7.9) show, respectively, that the sets

A, ={x e K: ¢(x)>T1} Bri={r e K: (2,§) >w(r)}

={zeK: f({z,8) =7},

and A, N B, each have the same volume as
Cr={xeG: (x,& >w(r)}

for 7 € [m, M]. Therefore, A, and B, must coincide up to a set of measure zero. We
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also have

A, ={r e K: ¢(x)>71}=1int(A,) and B, =int(B,) (7.10)

for all 7 € [m, M), because 1 is continuous and concave, and B, is always an n-
dimensional cone for 7 < M. If A, # B, for a given 7 € [m, M), then (7.10)
contradicts the fact that A, and B, only differ by a set of measure zero. It then

follows that

Av= () A= () B, =B

m<rT<M m<rT<M

Because the upper level sets for 1) coincide exactly with those for f({-,¢)), we must

have ¥ = f({-,£)). O

Remark 7.2.3. An inspection of Lemma 7.2.2 and its proof shows there is also
a unique function U : K — Rt whose upper level sets have the same volume as

those for 1, and which has the form ¥ = f((,{)) for some mon-decreasing [ -
[—hi (=€), hk(€)] — RY. However, it is interesting to note that this U is not con-
cave in general. For a specific example, take K = conv{(0,0), (1,0), (1,1)} C R?,
£=(1,0)€ S, and

P(z) :=1—(z,§) VoekK.

One will find that

which is in fact convex.
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Lemma 7.2.4. Let K be a convex body in R", & € S™ !, and p > 0. Consider

functions ¢, ® : K — R defined by
¢(x) :=h((z,€))  and  D(z):= (z,§) + hx (=),
for some concave function h : [—hi(—€), hi(€)] = R, not identically zero. Then
(9(¢", K), &) < (g(®F, K), &);

if there is equality, ¢ =71 - P for some T > 0.

Proof. As ® is not identically zero, there is a unique 7 > 0 so that

AWMZ#AWMZAh@Wm

Assuming without loss of generality that hyx(—¢&) =0 and b := hg(§) > 0,

/0 "W (t)vol, (o € K ¢ () — 1)) dt (7.11)

= [ @dr= [ (- wpde= [ pvoha(re K- (6 =)t

0

There exists ty € (0,b) such that h(ty) = 7 - ty; otherwise, equation (7.11) is contra-

dicted. Because h is concave with h(0) > 0,
ht)>7-t Yte[0t), h{t)<7-t Ve [to,b].
We then have

/0 b(t —to) (1) = (7 ) )vol,1({w € K : (2,€) =t})dt <0,
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with h(t) = 7 - t when there is equality. That is,

/Obmp(z) volo 1 ({z € K : (z,€) = t}) dt

S/Obt(r't)pvoln_l({x e K: (z,6) =t})dt,

or rather
Jr{x, )P dx < Ji{x, &) (1 - P)P dx _ Jr{x, )PP dx
Jxorde —  [x(r-Q)Pdx [ ®Pdx
with ¢ = 7 - ® when there is equality. [

Remark 7.2.5. If we alter the statement of Lemma 7.2.4 so that ¢ : K — RT is a
concave function without necessarily having the particular form ¢ = h({-,§)), then it

is possible that

(9(¢", K),&) > (9(®*, K), &).

For example, consider the closed curves

Cl = {(l‘17$27$3) € RS DT € [—1, 1], Ty = 1 — m’ Ty = 0}’
CQ - {(x17x2’$3) € ]R3 I € [_171]a Lo = 17 T3 = M}7

which are arcs on a sphere in R? of radius one and centred at (0,1,0). Let E,H €
G(3,2) denote the x1,x9 - plane and the zy,x3 - plane, respectively. Then K :=
conv{C1} is half of a Euclidean disk in E, L := conv{Cy,Cs} is a convex body in R?,
and K = L|E. For (x1,x9,23) € K, define

d(x1, 22, x3) 1= voly (L N {(x1, x2, x3) + EL}) and  D(x1,x9, 13) := T3
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By the Brunn-Minkowski inequality, ¢ is concave. It can be shown for eacht € [—1,1]

that

LO{(t,0,0) + HY = cono{(t,1 — VI —2,0), (t,1,0), (t,1,VI — )},

which is a right-angled triangle. With this more explicit representation for L, we can

calculate

Jxxopdx
Jx ¢dx

Jxx®dx

R : d
(0, 0.705, 0) an [ Ddi

~ (0, 0.697, 0).

7.3 Main Results

Theorem 7.3.1. Let K be a convex body in R™, and p > 0. Let ¢ : K — R" be a

concave function, not identically zero, with g(y?, K) at the origin. Then

vol, (K N¢ET) - ( n

vVEe st
vol, (K) n—|—1—|—p> $€ ’

there is equality for some & if and only if

K = conv{y: + L,y>};

L C &+ is an (n — 1)-dimensional convez body;

<y17£> <0< <y2>§>a

U(z) =7[{2,§) + hx(=€)] YxeK, forsomer>0;

9P, K) = 0.
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Proof. Put G = G(K,0,§). Define ® : G — R™ by

O(z) = (2,6) + ha(—)  VYazed.

By Lemma 7.2.2 and Lemma 7.2.4,

0— Jrc (@, )PP da < Jol@, §) PP dx — ¢ (7.12)

Jxyprde = [ PPdx

equality implies K and v satisfy the equality conditions given in the theorem state-

ment. Given the definition of G and Lemma 7.2.1,

vol, (K N&T) _ vol,(GNET) - vol,({r € G : (x,§) > c})
vol, (K) vol,(G)  — vol,(G) ’

equality implies equality in (7.12).
Now suppose K and v satisfy these equality conditions, but without the requirement
that the centroid of P is at the origin. Assume without loss of generality that

hrx(—¢&) =0 and b := hg(§) > 0. For some 7 > 0, we have

/K(x,gwp dr = /Obt(T )P <voln1(L) (1 - Z)n_1> dt

L2+ p)T
=b**P7Pvol,_, (L) Im

and

/Kl/,p de = /Ob(T )P (Voln_l(L) (1 — Z>n1> dt

L1+ p)T'(n)

= bHPrPyol, (L) m’
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where I' is the gamma function. So

L fK<x,f>wdx:< 1+p )b
T [eurdz n+l+p)

We can then calculate

vol,—1 ({x € K : (z,&) > d}) _ < n )n
vol, (K) n+l+p)

]

Corollary 7.3.2. Let K be a convex body in R™ with its centroid at the origin, and

let kK € Z be such that 1 < k <n. Then

vol ((K|E) net) . < k

k
VEeG(nk), YeEeSTINE;
vol, (K| E) n+1> (n.k), V&

there is equality for some E and & if and only if K = conv{y; + L1,y2 + Lo} where

Ly C &L and Li|(E N &) are (k — 1)-dimensional conver bodies;
Ly C E* is an (n — k)-dimensional convex body;

(y1,€) <0 < (y2,6);

g(K)=0.

Proof. Suppose 1 < k <n. For E € G(n, k), define ¢ : K|E — R" by

b(@) = [volu (K N {z + BX1)] 7
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By the Brunn-Minkowski inequality, 1 is concave. For all ¢ € S" ' NE

fK|E<$75>¢n_k dx g, &) dx
Jgp¢nFde ol (K)

=0,

so the centroid of ¥™~* is at the origin. Therefore, by Theorem 7.3.1,

ol (K1B) n¢+) EV (kY g
Volk<K|E) ><k+1+(n—k:)>_<n+1> VEe ST NE;

there is equality for some ¢ if and only if

K|E = conv{ys + L,y2};
LCENnét e Gn,k—1)isa (k— 1)-dimensional convex bodys;
(y1,€) <0 < (y2,8); (7.13)

Y(z) =7[(z,&) + hx(=€)] Vxe K|E, forsomeT > 0;

g K|E).

The conditions (7.13) are equivalent to the equality conditions in the corollary state-

ment. O

Lyc E*

Li|(Enet
iEne) K|EC EeGn,k)

Figure 7.1: The equality conditions for Corollary 7.3.2.
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Remark 7.3.3. Observe that for k close to n, the constant of Meyer et al. given in

k
inequality (1.2) is asymptotically equivalent to our constant ¢ = (RLH) . We conjecture

that c is also the best constant for Problem 1.3.1, with equalily conditions similar to

those given in Corollary 7.3.2.
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