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Abstract

Ferrofluids are liquids with a magnetic colloid suspended by Brownian motion
which become magnetized in the presence of an external magnetic field. They
have recently garnered a lot of interest due to their wide range of applications
in industry and biomedicine. For example, ferrofluids are used in rotary seals,
microchannel flows, nanotechnology, and even in experimental cancer treat-
ments. There are two widely-used mathematical models which describe the
motion of ferrofluids; the Rosensweig model derived by Ronald E. Rosensweig,
and the Shliomis model derived by Mark I. Shliomis. In the mathematical
literature, the ferrofluid models remain relatively unexplored. Only a hand-
ful of papers have been written on them, most of which are concerned with
existence of weak solutions or strong solutions. Because the equations describ-
ing ferrofluids build upon the famous Navier-Stokes equations, we expect many
properties which have been proven in the far more extensive literature for those
equations to have an analogous version of themselves hold for the ferrofluid
models. This thesis helps to narrow this gap in the literature by extending the
analysis of classical solutions to both models. In particular, we first show local
well-posedness of classical solutions on the whole three dimensional Fuclidean
space for a regularized version of each model- that a solution exists, is unique
in this class of solutions, and varies continuously with the initial data in the
appropriate topology. Then, we derive so-called Prodi-Serrin type conditions
for the solutions, which are sufficient conditions to extend the solutions we

constructed up to and beyond a time T.
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Chapter 1

Introduction

Ferrohydrodynamics is the study of fluid motion that is influenced by mag-
netic polarization [Ros85]. While many magnetic fluids arise in ferrohydrody-
namics, of particular interest is the study of colloidal ferrofluids— liquids with
nanoscale (3-15nm) ferro- or ferrimagnetic single-domain particles covered in
a dispersant coating (colloid) suspended evenly throughout [Ros85, Cha(2].
The colloid is usually manufactured by first producing magnetic powder, ei-
ther by grinding or chemical precipitation, then mixing it with a dispersant
coating and suspending it in the carrier fluid !. This process allows the fluid to
become magnetized in the presence of an external magnetic field. Originally
patented in the 1960s by NASA engineer Stephen Papell as a potential way
to manipulate rocket fuel in zero gravity [Pap65], ferrofluids were later refined
by Ronald E. Rosensweig and have since seen a wide variety of applications in

engineering and biomedicine.

IFor a more detailed account on the manufacturing of magnetic powders, see [Ros85]



In industry, ferrofluids have been studied for use in deformable mirrors
[LBB*04, LCRT06, BBT07], plastic micropumps and valves [YCP*05, HBLO04],
microchannel flows [STK11, ZDV*13], nanotechnology [ZahOl], bearings
[MHN*03], and seals, loudspeakers, dampers, sensors and gauges [RMC95].
In biomedicine, ferrofluids have been used in targeted drug delivery [GRO5]
and in an experimental cancer treatment called magnetic hyperthermia [LR09,
PCJDO03], in which a magnetic fluid is directed to an infected area and then
heated by oscillating magnetic fields to weaken cancer cells. Despite their wide
range of applications, the mathematical literature contains only a handful of
papers on the models which describe ferrofluids. To the best of my knowledge,

the following works have been done so far (ordered chronologically by year):

Year Authors Model Topic

Venkatasubramanian : . .
2002 Kaloni [VK02] Rosensweig | Stability and Uniqueness

Amirat, Hamdache,

2008 Murat [AHMOS] Rosensweig Global Weak Solutions
2008 Amira[tAgggr]l dache Shliomis Global Weak Solutions
2009 AmiraFAgg;T dache Shliomis Local Strong Solutions
2010 Amira&gf (rﬁl dache Rosensweig Local Strong Solutions
2010 | Tan, Wang [TW10] Shliomis | oPal Strong Solutions,

Blow-up
Global Weak Solutions,
2010 Wang, Tan [WT10] Rosensweig Asymptotics, Relation
to Shliomis model

Nochetto, Salgado,

2015 Thomas [NST15]

Rosensweig Numerical Analysis

Table 1.1: Papers on Ferrohydrodynamics in the Mathematical Literature



The Rosensweig and Shliomis models listed in Table 1.1 are named for their
creators, and are derived under different physical assumptions on the ferrofluid.
Later on, we will learn about these differences, and how the models relate to

each other.

The rest of this thesis is organized as follows: In Chapter 2, we provide a
description of the magnetization, suspension, and magnetic stability of fer-
rofluids, and discuss the Rosensweig and Shliomis models and a magnetic
regularization term that is sometimes added to the models. Next, in Chapter
3 we summarize the results from the literature listed in Table 1.1, grouped by
the topic they cover. Then in Chapter 4, we provide some mathematical back-
ground that we will need to obtain our results, and prove some preliminary
lemmas which will simplify our presentation in the following two chapters. In
Chapter 5, we show local well-posedness of classical solutions for the regu-
larized ferrofluid models in three-dimensional Euclidean space. That is, we
show the existence, uniqueness, and continuous dependence on initial data of
classical solutions to the equations. Then in Chapter 6, we derive Prodi-Serrin
type conditions for both models. First we discuss the prototypal Prodi-Serrin
conditions for solutions of the well-known Navier-Stokes equations. Then we
derive archetypal Prodi-Serrin conditions for solutions of ferrofluid equations
whose existence was shown in the previous step. These conditions guarantee
regularity of our solutions in and beyond the time interval considered. Finally,
in Chapter 7, we comment on some future work that could be done to extend

our results.



Chapter 2

Overview of

Ferrohydrodynamics

In this chapter, we describe in detail some physical properties of ferrofluids,
the equations of ferrohydrodynamics, and the regularized equations of ferro-

hydrodynamics.

2.1 Properties of Ferrofluids

2.1.1 Magnetization

Each colloid particle in a ferrofluid has an embedded magnetic moment. In
the absence of an external magnetic field, the particles are oriented randomly,
so the fluid has no net magnetization [Ros85|. In the presence of an applied

field, particles exhibit superparamagnetism — tendency of molecular moments
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to align with the applied field in the absence of long-range order, but with
higher magnetization in low to moderate fields compared to paramagnetism

[Ros85].

Figure 2.1: Multi-domain particle on left with single domain particle on right [Ger]

Since individual particles are small, the magnetization is treated as being
collinear with the magnetic field (single-domain; see Figure 2.1). Conversely, if
the particles are relatively large, the fluid needs to be treated as micropolar; i.e.
particles are treated as rigid magnetic dipoles [Bus05]. For more information
on micropolar fluids, one can check [Luk99]. Pictured below (Figure 2.2) is
ferrofluid in the presence of a magnetic field applied normal to the surface.

The spikes point in the direction of magnetic field lines.

Figure 2.2: Ferrofluid in the presence of a magnetic field [Jur06]
5)



2.1.2 Suspension

The colloid is suspended in the solvent by Brownian motion— the colloid’s bom-
bardment by fast-moving particles in the solvent [Ros85]. Brownian motion
and the van der Waals attraction therefore present an enormous difficulty in
the stability of ferrofluids: if the magnetic particles collide with each other,
they will agglomerate and sink in the fluid. This is prevented by a dispersant
coating: long chain molecules adsorbed onto the particles’ surfaces [Ros85].
The coating causes steric repulsion between the adsorbed molecules via elastic
“energy bumpers” (if two particles get too close, the energy cost for them to
collide increases) [Ros85]. Molecules with similar properties to the solvent are
chosen so as to disguise the colloid to look like part of the fluid. By these
mechanisms, ferrofluids remain stable with respect to mutual agglomeration

of the colloid particles, and the colloid remains suspended.

2.1.3 Magnetic Stability of Ferrofluids

The presence of a magnetic field can have two effects on a ferrofluid, depend-
ing on its alignment with the fluid’s free surface: tangentially aligned fields
stabilize the fluid surface, whereas fields applied normally to the free surface
lead to normal surface instabilities (e.g. Figure 2.2) [RL09]. In applications
such as rotary feedthroughs and pressure seals for blowers and compressors,
and others mentioned in the introduction, a tangential magnetic field stabi-
lizes the ferrofluid’s free surface [RL09, Ros85]. On the other hand, the normal

surface instabilities are of interest in studying pattern formation.



2.2 Models of Ferrohydrodynamics

In this section we introduce the Rosensweig and Shliomis models of ferrohy-
drodynamics. We begin by presenting the models and a table which explains
each symbol. Next we provide a physical interpretation of individual terms in
the equations. Finally, we discuss the addition of a regularization term to the
magnetization equation of each model which is used in the literature and in

this thesis to prove certain results.

2.2.1 Standard Models
Two mathematical models are given by,
e Rosensweig [RZ02]:

plug +u-Vu)— (n+¢) Au+Vp=po(M-V)H +2¢V x Q (2.1)

pe(Q+u-VQ) = AQ— () + N)V(V-Q) = poM x H+2((V x u—2Q) (2.2)

My +u- VM =Qx M= (M= xoH) (2.3)
T
VxH=0,V-(H+M)=-V-H"" V-u=0, (2.4)
and
e Shliomis [Shl02]:
p(ut+u~Vu)—nAu—l—Vp:uo(M-V)H—I—%V><(M><H) (2.5)
MH—u-VM:%(qu)xM—l(M—XOH)—ﬁMx(MxH) (2.6)
T
VxH=0 V- (H+M)=-V-H" V.u=0, (2.7)



where u, Q, M, and H are functions of (z,t) for z € R and ¢t € (0,00). The

meaning of each term can be found in Table 2.1 below.

u(z,t) | mass-average velocity
140 permeability of free space; 47 x 10" H/m
Q(x,t) | spin velocity of suspension
n shear coefficient of spin viscosity
M (x,t) | magnetization vector of particles
N shear coefficient of bulk viscosity

H(z,t) | magnetic field in suspension

T relaxation time constant

P mass-density of ferrofluid

X0 magnetic susceptibility

n coefficient of shear

K scalar moment

¢ coefficient of vortex viscosity

P dynamical pressure

10) volume fraction of dispersed solid phase
B | wm

o diffusion coefficient that carries spins

Table 2.1: Symbol Convention for Models of Ferrohydrodynamics



2.2.2 Physical Interpretation

Equations (2.1)-(2.4) and (2.5)-(2.7) can be thought of as an extension of the
usual Navier-Stokes equations which describe fluid motion. Ferrohydrodynam-

ics requires extra treatment for the magnetic forces at work. Let us examine

(2.1)-(2.7) individually.

We begin with (2.1), which we will hereafter refer to as the momentum equa-
tion (we also refer to the equation for u in the Shliomis model as its momentum
equation):

pug+u-Vu)—(n+¢) Au+ Vp = pg(M - V)H +2¢V x Q.

(a) (6) (c) (d) (e)

First, (a) (mass-density multiplied by the fluid’s material derivative) describes
the transport of the fluid with respect to time and convection. Next, (b) is
a diffusion term, where 7 A u is a shear stress term with coefficient of shear

n that describes the viscosity of the fluid (see Figure 2.3, Figure 2.4 below).

y dimension
P boundary plate 1
.:. ® o (2D, movirlg) velocity, u
... .. ® g ° - shear stress, t
....... L4 ®
O —>| o o fluid ient, 24
o0 L o ©® y
L]
®
[ ] e o
e © 00 boundary plate (2D, stationary)
Figure 2.3: Diffusion process; par- Figure 2.4: Shear stress on fluid be-
ticles tend to move from high to low tween two boundary plates with top
concentration [Wik08§] plate moving [Wik05]



¢ Awu represents the diffusion caused by vorticity, the local rotational behaviour
of the fluid. The third term (c) corresponds to the pressure gradient, and
accounts for the system’s desire to move to a state of lower pressure. Next,
(d) describes the magnetic force density acting on an incompressible ferrofluid
[RCET05]. Physically it corresponds to ferrofluids wanting to move in the
direction of increasing magnetic field strength [RCE105]. In particular, when
the magnetic field is uniform, term (d) = 0 [RCET05]. Finally, (e) represents
the shear force from the particle’s spin velocity. Together, the terms of this

equation constitute a form of conservation of momentum.
Now we consider (2.2), which we will call the angular momentum equation:

pk(Q+u-VQ) = AQ—(f + N)V(V-Q) = poM x H+2((V x u—29).
S~—— ~~
() (9) (h) (i) )

The first term (f) represents the transport of the fluid’s spin velocity with
respect to time and convection. The second term (g) corresponds to diffu-
sion, where 7’ is the shear coefficient of spin viscosity, and accounts for the
fluid’s viscosity. Next, (h) represents a shear-stress term that describes the
fluid’s viscosity with respect to spin and bulk deformation. (i) represents
a magnetic torque density [RCET05]. This arises in a rotating magnetic field,
wherein the magnetization vector of the colloid particles are not aligned with
the magnetic field in the suspension [RCET05]. In particular, this causes the
colloid and surrounding solvent to rotate [RCE105]. Lastly, (j) describes the
difference of external fluid angular momentum to internal angular momentum

[Ros85].

10



We proceed to investigate (2.3),

1

M VM =Qx M——(M — xoH).

t Tu- VM X T( XoH)

(k) 0 (m) R

(n)

The above is called the magnetization equation for the Rosensweig model (sim-
ilarly we will refer to the equation for M in the Shliomis model as its mag-
netization equation). The first two terms, (k), (1) again describe the material
derivative, this time of the magnetization. The first term on the RHS, (m)
represents the change of the fluid’s magnetic vector [Ros85]. Finally, (n) will

1 1 1
be described in parts. Firstly, — = — + — is given by the sum of the inverses
T

N T
of the Néel time constant and the growfian relaxation time. 7y represents
the time for a particle’s magnetic moment to align with the magnetic field in
the suspension, while 75 describes the time for the whole particle to align with
the magnetic field [RCET05]. Meanwhile, inside the brackets y, represents the
particle’s magnetic susceptibility, and in the low-field limit, yoH is roughly the
equilibrium magnetization. So the final term represents the deviation of the

particles’ magnetization vectors from equilibrium scaled by relaxation time for

realignment with the magnetic field.
There are only three differing terms in the Shliomis model, namely

1
%V X (M x H) from (2.5), §(V X u) X M from (2.6), and M x (M x H)
) ™ g e @

(0) (p)

from (2.6). The first, (o) is the curl of a magnetic torque density scaled
by the permeability of free space, and accounts for the internal rotation of
particles in (2.5). Together, terms (p) and (q) play the same role as (m)

from the Rosensweig model, where Q := 1V X u + Z—SM x H (we will see this

11



substitution gives the Shliomis model below). The last term, (q) in particular
describes the magnetization approaching its equilibrium orientation without
changing length [Shl02]. We remark that the trilinear term (q) will weaken

certain bounds we derive later, on account of having two copies of M.

Finally, we describe (2.4), (2.7). The condition V - u = 0 means the fluid flow
is incompressible (which is a standard assumption for most fluids) [Shl02].
Next, V x H = 0 means the fluid is non-conducting (which is usually assumed
for ferrofluids) [Shl02]. Finally, B = uo(M + H) is the magnetic flux density
of the fluid [VK02]. In particular, V - (H + M) = —V - H** says that, for
non-stationary magnetic fields (V - H** #£ 0), the “flow” of H combined with
the “flow” of M exactly cancels the “flow” of the externally applied magnetic

field.

The key difference between the Rosensweig and Shliomis models is how they
describe internal rotations of the particles. Shliomis describes the rotation as a
magnetic torque due to the ferrofluid magnetization’s nonlinearity [RCE*05].
On the other hand, Rosensweig deals with the rotation by employing inte-
gral balance equations and thermodynamics. [Ros02]. It turns out that the
Shliomis model can be derived from Rosensweig, stated by Wang and Tan
[WT10]. Setting x =1’ = X = 0 (which eliminates all derivatives in the an-
gular momentum equation (2.2) and therefore neglects the effects of terms (f),
(g), and (h) — transport of spin velocity, angular diffusion, and spin shear /bulk

viscosity) in (2.2) gives,

1
Q:§qu+@M><H. (2.8)

4¢
12



Substituting (2.8) into the last term of (2.1), we get

WV XQ =2 (v x (%v ><u+Z—2M x H)) :gAqu%VXMxH. (2.9)

where we have used V - u = 0 from (2.4).
Substituting (2.8) into the first term on the RHS of (2.2) gives,
Ox M= (29 xut PO % B ) x H = 2V xw) x M= 2200 x (M x H).
2 iC 2 AC
(2.10)
Putting (2.9) and (2.10) back into (2.1) and (2.3) gives the Shliomis model,
(2.5)-(2.7).

2.2.3 Regularized Equations: Bloch-Torrey Magnetiza-

tion

In situations where diffusion of the spin magnetic moment isn’t negligible,
one adds a cAM term to the magnetization equations (2.3) and (2.6), where
o > 0 is a diffusion coefficent [AH08]. Equations (2.1)-(2.4) and (2.5)-(2.7)

are replaced by

e Rosensweig [AHMOS|:

plut +u-Vu) —(m+¢) Au+Vp=po(M-V)H +2¢V x Q, (2.11)
p(Q+u-VQ) —n AQ— (' +XN)V(V-Q) = poM x H+ 2¢(V x u—29Q), (2.12)
Mt+u-VM=Q><M7%(fooH)JraAM, (2.13)
VxH=0,V:-(H+M)=-V-H® V. u=0; (2.14)

13



e Shliomis [AHOS]:

plut +u-Vu) —nAut Vp = po(M-V)H + %VX (M x H), (2.15)
1 1

My +u- VM~ 0AM = _(V x u) x M — (M — xoH) = M x (M x H), (2.16)
T

VxH=0, V-(H+M)=-V H® V.u=0; (2.17)

with initial data
ult=0 = uo, Q=0 =0, Mli=0 = Mo, Hli=0 = Ho, (2.18)

and

ult=0 = o, Mli=o = Mo, Hls—o = Ho, (2.19)
respectively. These are called the Rosensweig model with Bloch-Torrey mag-
netization, and Shliomis model with Bloch-Torrey magnetization, respectively.
They are also referred to as regularized ferrohydrodynamics equations, since
the magnetic diffusion term provides extra regularity needed to prove the ex-
istence of weak solutions (see §3.2 on weak solutions in the next chapter). We
will also require the addition of a Bloch-Torrey magnetization term to the
models to prove our results. In addition to facilitating the proofs of stronger
regularity results, adding a second-order derivative to the magnetization equa-
tion allows for additional control on the solution both analytically and numer-
ically. In particular, one can impose additional control on the model through
an extra boundary condition on the magnetization term. We postpone a dis-
cussion on boundary conditions for the models to the next chapter, where we
will see a variety of approaches. On the other hand, our work will be done on

R3, so no boundary conditions are necessary.

14



Chapter 3

Ferrohydrodynamics in the

Mathematical Literature

In this chapter, we provide an overview of work that has been done in the
literature on the ferrohydrodynamics equations. As noted in the introduction,
most of the mathematical literature for ferrohydrodynamics is concerned with
the existence of weak solutions or strong solutions. Therefore, we begin by
summarizing papers which show existence of weak solutions to the ferrofluid
models. We remark that these results require the use of a Bloch-Torrey mag-
netization term. Next, we look at papers which consider the existence and
uniqueness of strong solutions. In contrast to the papers on weak solutions,
the analysis in these papers can be done with or without a Bloch-Torrey mag-
netization term. Finally, we summarize some important points brought up in
a paper on numerical methods by Nochetto et al. [NST15] about boundary

conditions for the magnetization equation of the Rosensweig model.
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3.1 Notations and Assumptions

Common to all papers is the use of certain functions spaces, and assumptions
on the magnetostatic equation, domain, and boundary conditions. Firstly,
most of the authors work on a domain Dy := D x (0,7) where D is a bounded
smooth domain. Furthermore, for the papers about weak solutions, it is com-
mon for the authors to provide the following boundary conditions for u, €2, and

M:
u=0, =0, (VxM)xn=0, M-n=0 ondD x (0,7, (3.1)
(ignoring the condition on €2 for the Shliomis model) and initial conditions
Ulgmo = ug, Q=0 =0, M=o =0in D (3.2)

(again ignoring the condition 2 for the Shliomis model). On the other hand,
papers which consider strong solutions (which don’t add a Bloch-Torrey mag-
netization term that requires additional boundary data for M) have the bound-

ary conditions
u=0 Q=0, (H+M)-n=0 onodD x (0,T) (3.3)

(ignoring the condition on 2 for the Shliomis model). Next, we introduce the
function spaces referred to by the authors. They make use of the usual L and

Sobolev spaces, and additionally define:

16



U:={ve HiD):V-v=0in D},
Uy:={veL*D):V-v=0in D, v-n=_0ondD},
U' := the dual space of U,

M:={qe L*(D):V-qe L*(D), Vxq€ L*(D),q-n=0ondD},

where M is a Hilbert space with inner product

(G, ) m = (q1,9) + (V-q1, V- @) + (V xq1,V X q).

In general, we will denote (following the authors) the L? inner product by
(+,+), and denote the pairing between a Banach space and its dual by (-, )y x
(where the subscript is dropped when the meaning is clear). Also, denote by
C([0,T7; X weak) the set of functions from [0, 7] to the Hilbert space X which

are continuous in the weak topology. In particular,

v, — v in C([0, T]; X weak) if (v,(t),w) — (v(t), w)

uniformly in ¢ for any w € &X”. Finally, we will denote by D'(Dr) or D'(R? x
(0,7)) the space of distributions with respect to which an equation holds

weakly on the domain Dy or R? x (0,T), respectively.

17



3.2 Weak Solutions

The papers by Amirat, Hamdache, and Murat [AHMO8], Amirat and Ham-
dache [AHO8], and Wang and Tan [WT10] show the existence of globally-
defined weak solutions of the Rosensweig model on D, Shliomis model on D,
and the nonhomogeneous Rosensweig model on D, respectively. In all three
papers, it is necessary for the authors to add a Bloch-Torrey magnetization

term 0 AM to the magnetization equation of the model they consider.

3.2.1 Amirat, Hamdache and Murat 2008 (Rosensweig

Model)

In their paper “Global Weak Solutions to Equations of Motion for Magnetic
Fluids” [AHMO0S|, Amirat, Hamdache, and Murat show the existence of global
weak solutions to the Rosensweig system with Bloch-Torrey magnetization
(2.11)-(2.14) on the domain Dy with initial and boundary conditions given by

(3.2), (3.1). Moreover, instead of (2.14), they consider

VxH=0, V-(H+47rM)=F in Dy, (3.5)

with the boundary condition

H-n=0 on 0D x (0,7), (3.6)
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where F' satisfies [,) Fdz = 0 for allt € [0,T]. Next, the initial data is assumed

to satisfy, for some fixed T" > 0:
ug €U, Q€ L*(D), M,ec L*D), (3.7)

F e HY(0,T; L*(D)), / Fdrx =0 in (0,7), (3.8)

and Hy = V¢y, where ¢y is the unique weak solution in H'(D) of
— A¢0 = 47T(v : Mo) — FO in D, (39)
%:0 on 0D, /gzﬁoda,’:O,
on D
and Fy = F|;—o. With this setting in place, the authors define a global weak
solution for their system:

Definition. (u, 2, M, H) is a global weak solution of (2.11)-(2.13), (3.5), (3.2),
(3.1), (3.6) provided the following hold:

(i)

u € L0, T;Uy) N L0, T;U) NC([0, T); Uy weak),
Q€ L>0,T; L*(D)) N L*(0,T; Hy(D)) N C([0,T); L*(D) weak),
M € L>=(0,T; L*(D)) N L*(0,T; M) N C([0,T); L*(D) weak),

H e L=(0,T; L*(D)) N L*(0,T; H'(D));
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(ii) the function H is such that H = V¢ where ¢ € L>(0,T; H'(D)) N

L?(0,T; H*(D)) and solves
—Ap=4n(V-M)—F in Dy,

gZ—O on 9D x (0,7T), /¢daz—0 in (0,7);

(iii) the equations (2.11)-(2.13), (3.5) hold weakly (when tested with v € U,

w € HY(D), and q € M respectively).

This allows the authors to present their main theorem:
Theorem 3.2.1. (Amirat Hamdache Murat Theorem 1 [AHMOS]) Assume
(3.7)-(3.8). Then problem (2.11)-(2.13), (3.5), (3.2), (3.1), (3.6) has a global

weak solution (u, 2, M, H) satisfying the energy inequality
t
Blt) + 01/ E(s)ds < Ey+ Col|[F(s)|% + | F(s)|2)ds ae. t € (0,T),
0

where

p

E(t) = §||U||%2 + 2 HQHLz + = ||M||L2 + HH||L27
p pK 1 Lo

Ey = 5“”{)”%2 + 7“90!@2 + §HM0H%2 + gHHOH%%

EY(t) = nllVullz. + /' [VQZ2 + (0 + )|V - QIZ
1
IV > w2203 + M]3 +0l|V x M]3

1
o(1+ dmpo) ||V - M||72 + ——(pto + X0 + 4mpoxo) || H |7,

AmT

and ||-||z2 denotes the L2-norm on D, and C; and Cy are positive constants de-

pending only on ||uol| 2, |0l 22, | Mol 2, | F'|| ar10,7;22(p)), o, D, and the phys-
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ical constants p,n, ug, x, 7', N, 7 and yo; C7 and Cy are independent of ¢ and
T. Moreover, there exists p € W=1°(0,T; L*(D)) such that equations (2.11)-

(2.13), (3.5), and V - u = 0 hold in D'(Dr).

3.2.2 Amirat and Hamdache 2008 (Shliomis Model)

The next paper of Amirat and Hamdache, “Global weak solutions to a fer-
rofluid flow model [AHOS8], proves the existence of global in time weak solutions
with finite energy to the Shliomis system with Bloch-Torrey magnetization in
the domain Dy. The authors considered system (2.15)-(2.17) on Dy with the
boundary conditions (3.1), initial data (3.2), and the boundary condition for
H:

H-n=-H""n on 0D x (0,T),

where n is the unit outward normal to the boundary 0D. The authors also let
¢ be the scalar function satisfying

H=V¢, V- -(Vo+ M)=Fin Dr, %ZOOD@DX(O,T), (3.10)

where F' = —V - H*" as in the previous paper. The initial data are further

assumed to satisfy,

ug € Uy, My € M, and F € H*(0,T;L*(D)) with /Fda: =0 in (0,7),
D
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where V - (V¢ + M) = F. Finally, denote Hy = Vg, where ¢ is the unique

weak solution in H'(D) of

Apyg = -V -My+ Fyin D, % =0on 0D, / podx = 0. (3.11)
D

Then the authors [AHO8] provide their definition of weak solutions

Definition. (u, M, H) is a weak solution with finite energy to (2.15)-(2.17) if
w € L=(0,T;Up) N L0, T;U) N C([0, T); Uy weak), M € L=(0,T; L*(D)) N
L2(0,T; M)NC([0,T); L*(D) weak), H € L*>(0,T;L*(D))NL*0,T; M) and

(u, M, H) satisfy the conditions:

(i) the function H is such that H = V¢ where ¢ € L>(0,T; H(D)) N
L?*(0,T; H*(D)) and solves the problem

Ap=—-V-M+Fin Dy, 0¢/0n =00on0Dx(0,T), (¢(t);1) =0in (0,7);

(i) for every v € U and ¢ € M, we have

%(u, v) + {(u- V)u,v)+n(Vu, Vv) = (S,v) in D'(Dr),

u(0) = o,

%(M,q) + ((u- VM, q)+0(V x M,V x q)+0o(V-M,V-q)
= <T‘7 q> n D,(DT),
M(0) = My,

where
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S:MO(M-V)H+%V>< (M x H),

1(M—X0H)—ﬂM>< (M x H);

T

1
T =5V x (ux M)
(iii) the energy inequality
t t
E(t) + Cl/ F(s)ds < &+ Cz/ IEG) 72 + 10:F(s)|)72)ds
0 0
holds for all ¢t € [0,T], where C; and Cy are positive constants which

depend only on 7, i, X0, 7, 8,0, and D. Here

& = |luoll72 + IMol|7> + poll Holl32,

E(t) = u(®)llL2 + MBIz + pol H(®)Z2,

where Hy = Vo and ¢y is defined by (3.11). The dissipated energy F

is given by

F(t) =20lIVu®)|z2 + ollV x M#)[72 + o1+ po) IV - M(#)]72)

W 1
+2 ( S+ xo) [HOII72 + | MO)]7

T

+¥|1H(t)uig + o B[| M (2) % H(f)H%z) :

Finally, we can state the main theorem from their paper [AHOS]:

Theorem 3.2.2. Let ug € Uy, My € M and F € H'(0,T;L*(D)) with
Jp, F(t)dz = 0 in (0,7). Then there exists a weak solution with finite en-
ergy (u, M, H) to (2.15)-(2.17) in the sense of the above definition. Moreover,
there exists p € W=1(0, T; L*(D)) such that (2.15)-(2.17) hold in D’(D7).
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3.2.3 Wang and Tan 2010 (Rosensweig Model)

In their paper “Global existence and asymptotic analysis of weak solutions
to the equations of Ferrohydrodynamics” [WT10], Wang and Tan consider
the nonhomogeneous Rosensweig model with Bloch-Torrey magnetization on
Dr. In particular, their model has non-constant density. We copy it here for

convenience ([WT10] equations (1.1)-(1.6)):
pr+ V- (pu) =0, (3.12)

V-u=0, (3.13)

pus 4+ p(u-Viu— (n+ QO)Au+ Vp = po(M - V)H + 2¢V x Q, (3.14)
kpQutkp(u- V) Q=1 AQ— (1 +N )V (V-Q) = 11oM x H+2¢(Vxu—2Q), (3.15)
Mt+(u-V)M—aAM:Q><M—%(M—XOH), (3.16)
VxH=0, V-(H+4rM)=—V H (3.17)

They equip the model with the following initial data:
(p7 PUaPQ7M>|t:0 = (1007(J07507M0) in D? (318>
and boundary data

u=0, Q=0, (VxM)xn=0, M-n=0, Hn=0 on dDx(0,T). (3.19)
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For their main results, they assume (as Amirat et al. did) that V-(H+47M) =

F' and the following compatibility conditions on their initial data:

po >0, po€ L(D), ~>3

5, o, qo = 0 whenever py = 0,

(3.20)
g0 c Ll(D), g0 c Ll(D), M, € LQ(D)

o po
Then they give their definition of a weak solution:
Definition. For a given 7" > 0, the functions (p,u,$2, M, H) are a finite-

energy weak solution of (3.12)-(3.17), (3.18)-(3.19) if the following conditions

are satisfied:

(i) p=>0, pe L®(0,T5L7(D)), u€ L*0,T;U), Q € L*(0,T; Hy(D)),
M, H € L=(0,T; L*(D)) N L*(0,T; M);

(ii) Equation (3.12) is satisfied in D’(Dr). Moreover, provided p,u were
prolonged to be zero on R?\ D, (3.12) holds in D'(R? x (0,T)), i.e.

/ pdy + pu - Vodrdt =0, for any ¢ € C°(R® x (0,7T));
Dr

(iii) Equation (3.14) satisfy the weak formulation:
| o= e Vot (4 OVui Vo
Dr
—po(M -VH) - ¢—2(V x Q- ¢pdadt =0

for any ¢ € C§°(Dy) with V - ¢ = 0.
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(iv) Equations (3.15) hold in D'(Dr); i.e. for any ¢ € C§°(Dr),

/ CkpQ -G — kpQ @ Vo 4+ 'V Vé+ (i + NV - Q)Y - 6)
Dr

—po(M x H) - ¢ —2¢(V x u —29Q) - pdxdt = 0;

(v) Equations (3.16) hold in the sense that for ¢ € C*°(Dr) with
¢-n=0on0D x (0,7T),

—M-pp—MRu:Vo+0(V-M)(V-¢)+0(VxM)(Vxae)

Dy

—(Q x M)-¢+%(M—XOH)-¢dxdt = 0;

(vi) Equation (3.17) (with F = —V - H*"") are satisfied pointwise. Moreover,
we have H = V¢ where ¢ € L>(0,T; H'(D)) N L*(0,T; H*(D)) is the

unique solution of the problem

—A¢p =47V -M —F, %:0 on 0D x (0,7T), /(bd:v:O. (3.21)
D

The authors remark that (3.12)-(3.16) imply any finite energy weak solution

belongs to the class,

p € C([0,T]; L7(D) weak), P(pu) € C([0,T]); L1 (D) weak),
pQ € C([0,T); L3+1 (D) weak), M € C(]0,T); L*(D) weak)
which they note implies the compatibility condition (3.20) is needed. Above,

P is the projection of LP onto the subspace of divergence-free functions {f €

LP: V.- f=0}.
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Next the authors assume the following conditions on F"
F e H'(0,00; I2(D)), / Flo,)dz =0 forall t€(0,00).  (3.22)
D

Therefore by classical regularity theory, H € C([0,T]; L*(D) weak) so that
the authors can impose the initial condition H|,—g = Hy = Vg, where ¢y €

H'(D) is the weak solution of

—A¢0 =47V - MO - Fo,

Gl on 0D, / Podr = 0.
D

on

This allows us to state their main result:

Theorem 3.2.3. (Wang, Tan Theorem 2.1 [WT10]) Assume (3.20), (3.22),
and vy > % Given T" > 0 arbitrarily, then there exists a global-in-time finite
energy weak solution (p, u, 2, M, H) of the system (3.12)-(3.17), (3.18)-(3.19).

Moreover, for any 1 < p <,

/Dpp(x,t)dx:/ngdx vt € [0,7],

and the energy inequality holds in the following sense:

t
0

t
&0 +Cr [ Fls)ds < &+ Ca [ (1P + IR o)

a.e. t € [0,T], where Cy,Cy are positive constants depending only on D, and

physical constants 7, i, o, T, xo, but independent of k,n', N, (,T. The energy

27



functionals £(t), F(t) are defined by

1 k 1 o
t) = —plul® + =p|Q* + = |M* + =|H|? | d
)= [ (GoluP + S0l + S0P+ 22111
F(t) = / N[ Vul® + 0/ |VQP + (i + N)|V - Q + (|V x u — 29 dz
D
1
+/ 0|V><M|2—|—a(1—|—47w0)|V~M\2dx—|—/ —|M|*dx
D DT

n (MoXo n Ho +Xo> |\H 2dz,
T At

and the initial energy by & = fD(%“fO'Q + %liﬁf + %|J\40|2 + §—2|H0|2)d$-

The authors prove this theorem via the Galerkin method. They also prove
two additional theorems. The first is about the long-time behaviour of weak
solutions:

Theorem 3.2.4. (Wang, Tan Theorem 2.2 [WT10] ) For any finite energy
weak solution (p,u,Q, M, H) of (3.12)-(3.17) (3.18)-(3.19) from (3.2.3), let
{ts}nen be an arbitrary sequence of positive real numbers such that

lim,,_ o t, = 0o. We define the time shifts
(pn; Un, Qrm Mna Hn)<x7 t) = (p7 u, Q7 M7 H)(l’, i+ tn)

Then there exists a subsequence still denoted by (p,, tn, Qn, M, H,)(x,t) and

a stationary state p,(z), with [, ps(z)dz = [, po(z)dx, such that as n — oo,

pn — ps weakly star in L°°(0,7; L7(D)),
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and

(tn, U, My, H,) — (0,0,0,0) in L*(0,T; H'(D)).

Lastly, the authors investigate the asymptotic limit of their weak solutions,
and in particular whether letting some parameters go to zero will give the
Shliomis model. They have the following theorem:

Theorem 3.2.5. (Wang Tan Theorem 2.3 [WT10]) Setting k = ' = X,
for every k, let (pF,u*, QF M* H") be weak solutions of (3.12)-(3.17) (3.18)-
(3.19) from Theorem (3.2.3). Then we have, as k — 0, extracting a subse-
quence if necessary, (p*, u*, QF, M* HF) tends to a limit (p, u, Q, M, H), where
(p,u, M, H) is a weak solution of the system (3.23)-(3.27) below with initial

and boundary conditions (3.18), (3.19)

Theorems (3.2.3) and (3.2.5) generalize the work of Amirat et. al [AHMOS,
AHO08| to systems with nonconstant density and show the relationship between
the Rosensweig (3.12)-(3.17) and Shliomis (3.23)-(3.27) (presented below) sys-
tems with non-constant density, and boundary conditions (3.18), (3.19). The

Shliomis system with non-constant density is given by
pt+ V- (pu) =0, (3.23)

Vou=0, (3.24)
pug + pu - Vu — nAu + Vp = (M - V) H + %v x (M x H), (3.25)

L M=o H) = BM x (M x H), (3.26)

T

M+ (u-V)u—cAM = %VX (ux M)

VxH=0, V-(H+4rM)=—-V-H"" (3.27)
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3.3 Strong Solutions

The local existence and asymptotic properties of strong solutions to ferrofluid
models are considered in papers by Amirat and Hamdache [AH09, AH10], Tan
and Wang [TW10] and Venkatasubramanian and Kaloni [VK02]. In the first
two papers, the authors show local existence of strong solutions to the Shliomis
system and Rosensweig system without a Bloch-Torrey magnetization term.
In the paper by Tan and Wang, a blow-up criterion is derived and a condition
for a global strong solution found. Finally, the paper by Venkatasubramanian
and Kaloni shows uniqueness and investigates asymptotic stability for the

Rosensweig system.

3.3.1 Amirat and Hamdache 2009 (Shliomis Model)

In their paper “Strong solutions to the equations of a ferrofluid flow model”
[AH09], Amirat and Hamdache consider the Shliomis system (2.5)-(2.7) on
the domain Dr without a Bloch-Torrey regularization term. They prove local
existence of strong solutions for the system. First, the authors give (2.5)-(2.7)
the initial and boundary data (3.2), (3.3) Again the authors assume that H

satisfies (instead of (2.7)),
V x H =0, V.(H+M):F in Drp,

where again F satisfies [, Fdz = 0 for all ¢ € [0, T].
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Next they assume that

up € H*(D)NU, My e W™(D),

(3.28)

FeW' (0.5 10(D)) for g > 3, and [ Fde=0in 0.7)
D

Their definition of strong solution was the following:
Definition. [AH09] Let ¢ > 3 and r = min{q, 6}. We say that (u, M, H) is a

strong solution in Dy of (2.5)-(2.7) if the following are satisfied:

(i) we C([0,T);U N HA(D)) N Whe(0,T; L*(D)) N L*(0, T; W?" (D)),
M, H € L=(0,T; W (D)) N Wh(0, T; L' (D));

(ii) the function H = V¢ where ¢ € L>°(0,T; W?"(D)) and solves the prob-

lem

~A¢=V-M—F in Dr,

6_¢:_M.n on 0D x (0,7T), /(ﬁdx:() in (0,7);
on D

(iii) Equation (2.5) and V-u = 0 hold in the following sense: for every v € U,

d
p—/u-vdx+p/(u-V)u-vdm+7]/Vu-Vvdx
dt Jp D D

:MO/I)(M'V)H'de+/§ D(Vx(MxH))-vdx in D'((0,7)),

Uli—o = Uo;

(iv) there exists p € L?(0,T; W'(D)) such that equations (2.5)-(2.7) hold

a.e. in D7 and the initial condition on M holds in the sense of traces.
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Then, their main result was the following:
Theorem 3.3.1. (Amirat, Hamdache Theorem 1 [AH09]) Under the assump-
tions (3.28), there is a time 7* > 0 such that (2.5)-(2.7) admits a unique strong

solution (u, M, H) in Dr- in the sense of the above definition.

3.3.2 Amirat and Hamdache 2010 (Rosensweig Model)

The most recent paper “Unique solvability of equations of motion for ferroflu-
ids” [AH10], of Amirat and Hamdache shows local existence of the unique
strong solution to the Rosensweig model (2.1)-(2.4) with no Bloch-Torrey mag-
netization term on Dp with initial and boundary conditions (3.2), (3.3). As
before, the authors suppose that instead of (2.4), the magnetic field satis-
fies

VxH=0, V-(H+M)=F in Dr,

where F' is such that [, Fdz = 0 for all ¢ € [0,T]. Then, they make the
following assumptions on the initial data and F":
ug € H*(D)NU, Qo € H*(D)N Hy (D),

(3.29)
My € WH(D), F e W">(0,T;LYD)), for ¢ > 3.

This allows the authors to give their definition of strong solution,
Definition. (Amirat, Hamdache Definition 1 [AH10]) Let ¢ > 3 and r =
min{q,6}. We say that (u,, M, H) is a strong solution in Dr of (2.1)-(2.3)

with the above conditions if the following conditions are satisfied
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w € L®(0,T; H*(D) NU) N Wh>(0,T; L*(D)) N L*(0, T; W*"(D)),
Q€ L>(0,T; H*(D) N H} (D)) nWh>=(0,T; L*(D)) N L*(0,T; H3*(D)),

M, H € L*(0,T; W"4(D)) N W"(0,T; L*(D));

(ii) the function H is such that H = V¢ where ¢ € L*°(0,T; W?>%(D)) and

solves the problem

~Aé¢=V-M—F in D,

@:_M.n on 0D x (0,T), /gbdx:O in (0,7);
on D

(iii) (2.1) holds weakly; i.e. for every v € U,

d
p—/u-Vvd:c—l—p/(u-V)u«vdx—l—(n—l—C)/Vu~Vvdx
dt D D D

= NO/(M-V)H-vdx—l—QC/(V x Q) -vdx in D'(Dr),
D D

and u—o = uo;

(iv) (2.2) and (2.3) hold a.e. in Dy and the initial conditions on © and M

hold in the sense of traces.

Next, the authors state their main result:
Theorem 3.3.2. (Amirat, Hamdache Theorem 1 [AH10]) Under assumptions
(3.29), there is a time 7" > 0 such that the above problem admits a unique

strong solution (u,$2, M, H) in Dps, in the sense of Definition (3.3.2). More-
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over, there exists p € L2(0,T*;W'"(D)), r = min{q, 6}, such that (2.1),

V - u =0 hold a.e. in Dp«.

3.3.3 Tan and Wang 2010 (Shliomis Model)

In their paper “Global analysis for strong solutions to the equations of a fer-
rofluid flow model” [TW10], Tan and Wang consider the Shliomis model (2.5)-
(2.7) without a Bloch-Torrey magnetization term on R3. They prove local
existence of a unique strong solution, find a finite-time blow-up criterion for
strong solutions, and prove global existence of the strong solutions under cer-
tain smallness assumptions on the initial data and H¢**. Since the domain is
R3, the authors don’t need to prescribe boundary conditions. They impose

the usual initial conditions (3.2) and assume

up € H* with V- uo =0, M, € H>. (3.30)

Additionally they assume the external magnetic field H¢* satisfies,

H®' ¢ L*NL>(0,00; H?),  Hf' € L* N L>*(0,00; HY). (3.31)

Next they give their definition of strong solution (which differs from the defi-
nition given by Amirat and Hamdache in [AH09)):
Definition. We call (u, M, H) a strong solution of (2.5)-(2.7) on (0,7) if

(u, M, H) satisfies equations (2.5), (2.6) a.e. in (0,7) x R3 for some pressure
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function p, with regularity

ue C(0,T); H) N L*0,T; H?),  u, € C([0,T); L*) N L*0,T; HY),

M,H e C([0,T); H?), M, H, € C([0,T); HY).

and H = V¢ where ¢ is the unique solution of

~Ap=V -M+V-H" in R ¢o(xr) =0 as |z| = co.

Then the authors define a blow-up time for a solution of (2.5)-(2.7):
Definition. (Tan and Wang Definition 1.2 [TW10]) We shall call the finite

number 7% a finite blow-up time of the solution (u, M, H) provided that

J(t) <oo for 0<t<T* and lim J(t) = oo,

t—T*

where the functional J(t) is defined by

J(t) := sup {[[u(s)llz> + llue(s)llzz + [ M(5) [z + [ H ()2 + [| Vo)

+ HHt(S)HHl}Jr/O (1) + llue(s) I )ds, ¢ > 0.

Next the authors state their main results. The first is about local existence of
a unique strong solution to the problem:

Theorem 3.3.3. (Tan, Wang Theorem 1.1 [TW10]) Under the assumptions
(3.30)-(3.31), there is a time 7™ such that problem (2.5)-(2.7) admits a unique

strong solution (u, M, H) on (0,T%).
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The second is their finite-time blow-up criterion:
Theorem 3.3.4. (Tan, Wang Theorem 1.2 [TW10] Assume (3.30)-(3.31),
and let (u, M, H) be the strong solution of (2.5)-(2.7) on (0,7*). There exists

K > 0 such that if 7* is the finite blow-up time of (u, M, H), then

/0 (I9(s) 1 + 1M (5)]| ) dt = oo.

Third, they find smallness criteria for the initial data so that the solution is
global:

Theorem 3.3.5. (Tan, Wang Theorem 1.3 [TW10]) There exists a small
constant ¢g > 0 depending only on the physical constants such that if the

initial data ug, Mo, Hp in (3.30) and H*" in (3.31) satisfy
\IJ(O) + Next S €0,

then there exists a unique global strong solution (u, M, H) of (2.5)-(2.7) on

(0, 00) satisfying the regularity (3.3.3) with 7' = oo, and
\If(t) S 0160 Vit Z 0,

where (] is a positive constant depending only on some physical constants.

In the above,

e (t) = {IVu®)lz + lue @72 + 1M (O 2}, ¥(E) = @) + [lu(t)l|72, t >0,

o0
Nett = sup {||H*"(t)]%: + HHf“H?p}Jr/O (L @Ol 7 + 1 HE™ ()]17)dt.

<t<oo
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Finally, the authors investigate how fast their solution decays:
Theorem 3.3.6. (Tan, Wang Theorem 1.4 [TW10]) Suppose (u, M, H) is
the global unique strong solution of (2.5)-(2.7) on (0, c0) obtained in Theorem

(3.3.5) and assume that H" satisfies
[E ()l < COA+)7 V- H ()] < C1+1)77,
with a > 0, a + 8 > 1. Then we have
IM@)72 + 1H )]z < Co(1+4)77,
and if in addition ug € LP with p € [1, 2], then
lu(t)|| 2 < Co(1 + 1),
where oy = min{%(% —3),2a}.

3.3.4 Venkatasubramanian and Kaloni 2002

(Rosensweig Model)

In their paper “Stability and uniqueness of magnetic fluid motions” [VK02],
the authors investigate the Rosensweig model (2.1)-(2.4) on a bounded (possi-
bly time-dependent) domain D = D(t). They impose the additional condition
B = ug(M + H), which along with Vx H =0and V-B =0 (i.e. V-H" =)
constitutes the magnetostatic limit of Maxwell’s equations. Also, instead of

the hydrodynamic pressure p, the authors consider a modified pressure which
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we will ignore for the subsequent discussion (for details see [VK02]). The

authors impose the following boundary conditions on the model:

u = ug on solid boundaries,
Q2 =y on solid boundaries,
f - (B — BY) =0 # is the unit normal and the superscripts ‘i’ and ‘o’

A x (H*— H")=0 denote the inner and outer sides of the boundary.

Next, the authors prove results for “mechanically isolated systems” (systems
where the power supply is negligible):

Theorem 3.3.7. (Venkatasubramanian, Kanoli Theorem 3.1 [VKO02]) The
motion of a magnetic fluid initially at rest and which is mechanically isolated

for all ¢ > 0 is given by

pd p/{ d
Dl oy + 2N )+ 22 Ly + 0 g,
FN )V - QT2 + 0+ OV X ullf2p) + <NV X u = 2972
to(1+x)

For their next result, they define a measure K of the kinetic energy of trans-
lation

1 1
K(t) = 5pllullzz) + 506100220, +2 ol H 17 s

Then they prove the following corollary to their Theorem,
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Corollary 3.3.1. (Venkatasubramanian Kaloni Corollary 3.2 [VK02]) A mag-

netic fluid flow which is mechanically isolated for all ¢ > 0 satisfies

K(t) <0 Vtel0,00).

Next, they improve this result by arriving at the following stronger inequal-
ity:

Theorem 3.3.8. (Venkatasubramanian, Kaloni Theorem 3.3 [VK02]) Let the
flow of a magnetic fluid be mechanically isolated for all ¢ > 0. Then there exists
A € RT such that

K(t)+ AK(t) <0,
where A is the minimum of some constants. (See [VK02] for details)

This gives the asymptotic stability of mechanically isolated equilibrium flows
of the Rosensweig model. Next, the authors consider the difference of two
flows and check if the energy functional of the difference approaches zero as
t — oo. This would prove stability of the flow. They show that under certain
conditions on the Reynolds numbers, the energy of the difference of flows
decays exponentially in time, and if the flows additionally satisfy the same
boundary conditions, they must be identical (i.e. uniqueness). For more details

see [VKO02].
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3.4 Numerical Analysis

3.4.1 Nochetto, Salgado, and Tomas 2015 (Rosensweig

Model)

In their very recent paper “The equations of ferrohydrodynamics: modelling
and numerical methods” [NST15], the authors devise a numerical scheme for
the Rosensweig model on the domain D7 and investigate potential applica-
tions. They also provide a discussion of various physical considerations for the

model.

First of all, the authors note that the magnetic diffusion cAM in (2.13),
(2.16) introduced by Amirat, Hamdache and Murat in [AHMOS8], [AHO8] to
prove the existence of global weak solutions, and which we will use in our proof
of local well-posedness and derivation of Prodi-Serrin conditions may not be
physical (see reference in [NST15]). In practice, o is small enough to make the
diffusion term negligible. However, introducing this term allows for additional
(numerical) control via boundary conditions for the vector Laplacian. Next,
the authors mention a disparity between a common physical assumption for the
model, and the assumption made in [AH10], [AHMO8] which prove existence
results. The authors define H, to be an applied magnetizing field, which
induces the magnetization field M and a demagnetizing field Hy;. Then H =
H, + H, is the effective magnetizing field in the model. The authors mention
that physically it is common to assume that the magnetic susceptibility xo < 1
and consequently set H = H,. Indeed since H = Hy; + H, = V¢ + V¢, and
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the estimate

[Vlz2 < [[M]| 2 (3.32)

holds (see [NST15] §2.2, §5.1), the authors conclude H ~ H, for || - || f2-small
M. Near equlibrium, M ~ xoH (see [NST15] §2), so that if xo < 1, || M]|2
is small, and H ~ H,. Conversely, in [AH10] and [AHMOS§], the authors
define the effective magnetizing field H in such a way that H = H,, which is

equivalent to considering the unforced case (see [NST15] Remark 2.2).

Now we will discuss initial and boundary conditions for the model. As in the
other papers, the authors impose the initial conditions (3.2), and boundary

(no-slip and no-spin) conditions

U|6D><(0,T) =0, Q|8D><(0,T) = 0. (3'33)

for the momentum and angular momentum equations. On the other hand, the
authors discuss a variety of possible boundary conditions for M. They note
that if ¢ = 0, no boundary conditions are needed for M (in agreement with
[AH10]). On the other hand, if ¢ > 0, the authors suggest four different types

of boundary conditions:

o Magnetic boundary conditions (considered in [AHMO08] with g = r = 0):

M-n=g, (VxM)xn=rondDx (0,T),

where g and r are the boundary data.
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o Electric boundary conditions:

V-M=q, Mxn=y ondD x (0,T).

o Robin-like boundary conditions:

VX(Mxn)+ym(M—-(M-nn—y)=rondD x(0,T),

V-M+~v(M-n—g)=qondD x (0,T).

o Natural boundary conditions (considered in [WT10]):

VXx(Mxn)=0, V-M=0 ondD x (0,T).

In the current paper, the authors consider the following three cases of boundary

conditions:

(i) ¢ =0 with no boundary conditions for M;

(ii) o > 0 with natural boundary conditions (same as in [WT10]);

(iii) o > 0 with a variant of the Robin-like boundary conditions.

See [NST15] for their analysis. Next the authors define terms for a formal

energy estimate.
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They denote (switched to the notation of this thesis where applicable)

1
E(u, 2, M, H; 5) := 5(||U(8)Hiz + prl|Q(s) 72 + poll M(s)l 72 + pol H(s)|72),
D(u, Q, M, H;s) := 0| Vu(s) |72 + 17 VQUs) |72 + ool V x M(s)|17
+opol|V - M(s)|[72 + ooV - H(s)|[72 + (o + X[V - Q(s)]72

+ GV xu = 22)(s) 172 + LM ()13

po (1 2
50 (5+3%) IO,

Ho
F(Has ) = Tpol|0cHa(s)]|7 + o (1 X0) [ Ha(s)|72,

and then prove the following:
Proposition 3.4.1. (Nochetto et al. Proposition 3.1 [NST15]) A solution
(u,p, 2, M, H) of (2.11)-(2.14), (3.2), (3.33) satisfying

9¢

“Ap=V-M in D, &£
on

=(H,—M)-n on 9D
has the energy estimate

T T
E(U,Q,M,H;T)+/ D(u,Q,M,H;s)dsS/ F(Hg;s)ds + E(u,Q, M, H;0),
0 0

so that the system is energy-stable. The authors remark that the system is
also energy-stable under their modified Robin-like boundary conditions. Most
of the rest of the paper is devoted to deriving a numerical scheme for the
Rosensweig model. Because numerics are far away from the topic of this
thesis, we refer the reader to the paper [NST15] for details on the scheme, its

stability, etc.
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However we remark that at the end of their paper, the authors perform a
variety of numerical experiments for different physical situations (we list them

here for interested readers):
o Spinning magnet (see §7.1 of [NST15])
o Ferrofluid pumping (see §7.2 of [NST15))

o Ferromagnetic stirring of a passive scalar (see §7.3 of [NST15])
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Chapter 4

Background and Preliminary

Lemmas

In this chapter, we begin by listing some mathematical results we will need
for the proofs in subsequent chapters. Then we prove some lemmas which
will clarify the presentation of our main results. We omit very standard def-
initions and results from the literature of applied mathematics (e.g. Sobolev

spaces).

4.1 Mathematical Background

The purpose of this section is to introduce key definitions and results from the
literature that we will need in subsequent chapters. In particular, we present
some background results needed for the proof of local well-posedness of classical

solutions and for our derivation of Prodi-Serrin type conditions.
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In our proof of local well-posedness, we will use the technique of mollification,
which requires the definition of a standard family of mollifiers:
Definition. (Vicol and Bedrossian Definition D.6 [VB15]) Let

1 : R? — R be a smooth, non-increasing radial function such that

Y(x)dr =1,
RB
and for any n > 0,
/ |z|"(x)dx < oo
R3

(¢ has finite moments). For any ¢ > 0, define

Ve(x) = % (E> : (4.1)

€

Then {t.}.50 is a standard family of mollifiers. Moreover, it is common to

define the corresponding mollification operator

Tef (@) := (e * f)(2), (4.2)

for any f € L (R?).

loc

We will also need the following properties of mollifiers, copied from Majda and
Bertozzi’s book for functions in R3:

Lemma 4.1.1. Properties of Mollifiers (Majda, Bertozzi Lemma 3.5 [MB02]).
Let J. be defined by (4.2). Then J. is a C*° function and

(i) for all v € C°(R3), J.v — v uniformly on any compact subset 2 in R3,
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and

|Tvl[pee < [0 no;
(ii) Mollifiers commute with distribution derivatives,

D*Jv = J.D%, Vla| <k, ve HR?);

(iii) For all u € LP(R3), v € LY(R3), =1,

1,1
P q

/R (Fewpude = / w(Tov)da:

R3

(4.3)

(4.4)

(4.5)

(iv) For allv € H*(R?), J.v converges to v in H* and the rate of convergence

in the H*~! norm is linear in &:
l{% |Tev — o] g = 0,
| Tev = v gr—1 < Cel|v]] e
(v) For all v € H™*(R?),k € Z* U {0}, and € > 0,

Cink
| Feolmse < 2 ol

Ch
| T D* | oo < peverea Ul 123

To show local existence of approximate solutions, we will need the Picard

theorem on a Banach space:
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Theorem 4.1.1. Picard theorem on a Banach space (Majda and Bertozzi
Theorem 3.1 [MB02]). Let O C B be an open subset of a Banach space B

and let F': O — B be a mapping that satisfies the following parameters:
(i) F(X) maps O to B;

(ii) F is locally Lipschitz continuous, i.e., for any X € O there exists L > 0

and an open neighbourhood Ux C O of X such that

|IF(X) - F(X)|lp < L| X — X||p forall X,X e Uy. (4.10)

Then for any X, € O, there exists a time 7" such that the ordinary differential
equation

dX
% = F(X), Xt:O - XO S O, (411)

has a unique (local) solution X € C[(=T,T);O].
In particular, we will take O to be the whole space H*(R3).

To extend the solutions whose existence is guaranteed by the Picard theorem
globally in time, we will need the following theorem about continuing ordinary
differential equations on a Banach space:

Theorem 4.1.2. Continuation of an Autonomous ODE on a Banach Space
(Majda and Bertozzi Theorem 3.8 [MB02]). Let O C B be an open subset
of a Banach space B, and let F' : O — B be a locally Lipschitz continuous
operator. Then the unique solution X € C'([0,7);0) to the autonomous
ODE,

dX
W - F(X), Xt:O - XO E O, (412)
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either exists globally in time, or 7" < oo and X (t) leaves the open set O as

t AT

Thus, if our solution remains bounded for all time in H*, it must exist globally

in time.

Afterwards, we need the Aubin-Lions compactness theorem:

Theorem 4.1.3. (Vicol and Bedrossian Theorem C.6 [VB15]) Let X C Y C
Z be separable, reflexive Banach spaces, such that the embedding X C Y is
compact, and the embedding Y C Z is continuous. Let T > 0, and assume
that we have a sequence of functions {u,},>1 such that there is an M > 0
with ||u,(t)]|x < M and that {u,} is uniformly equicontinuous on [0, 7] with

values in Z. Then the sequencce {u,} is pre compact in C([0,7];Y).

This will give the existence of a limit solution in L%, and convergence (of a

subsequence) to this solution in intermediate norms.

In both the proof of well-posedness and the derivation of Prodi-Serrin condi-
tions, we will use the following form of Gronwall’s inequality:
Lemma 4.1.2. (Robinson Lemma 2.8 [Rob01]) Let z(t) € R satisfy the dif-

ferential inequality

Z-alt) < g(0)a(t) + h(t)
Then
z(t) < z(0)exp[G(t)] +/0 exp[G(t) — G(s)]h(s)ds,
where



In particular, most times we will have h(t) = 0. The exception is for our

Prodi-Serrin conditions when V - H®* £ (.

4.2 Preliminary Lemmas

In this section we present some lemmas that will be used in the proof of our

main results later.

4.2.1 Lemmas to Simplify Computation

We begin by proving a generalized version of Young’s inequality which will
shorten our argument.
Lemma 4.2.1. Let f;, : = 1,...,m be nonnegative real numbers and a; be a

corresponding family of positive constants such that y .-, a; = b. Then,

Hfiai S Zfzb

Proof. We proceed by induction. Suppose a; # 0 only for ¢ = 1,2, and

ay + as = b. Then,
a1 ra (L)as (L)az
VRS AT AR =R+

by Young’s inequality, where 9+ + ¢ = % = 1. Assume the result holds

when m = N. Then, if m = N + 1 and Zie{17_._7N+1} a; = b, we have

N+l N b Nb )
Hfz H fi i) +ayy = Hf S + [
i=1 i=1

Clearly Zf\il a; (Z é’l ai) = b, so the induction assumption gives
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N+1 N+1

=3

K3 3

I

Therefore, by induction, the result holds for all m € N (which proves the

lemma).
U

To prove the limit of the approximate solutions solves the Shliomis or
Rosensweig system, we prove a trivial lemma which allows us to rewrite the
difference of bilinear terms in a desirable way.

Lemma 4.2.2. Let % : (+,-) — - - denote a bilinear operation. Then for any

sequences {ac}.~o, {b°}c=0 with limits a, b, respectively, the following holds:

axb— J[Teaf % Tb°) = (a — a®) % b+ a® * (b—b°) + (1 — Jo)(af  b°)

+ J[(1 = To)a® x b7 + Te[Tea® * (1 — T)b].
(4.13)

Proof. We perform a simple computation. Denote the terms on the right-hand

side of equation (4.13) by Ay, Ag, As, Ay, and As, respectively. Then

a*xb— J.[J.a° x Tb°] = (a — a®) xb° + (a° xb) — J:[T-a® * Tb7]
— A1+ af % (b— ) + af x b — To[Jea® % TbF]
= Ay + Ay + (1 = T) (0 %) + Tela® % b — Joa®  Jub°]
= A1+ Ay + A3+ T[(1 — Te)a® x b° + Jea® x (1 — T2 )b°]

:A1+A2+A3—|—A4+A5.
(4.14)
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4.2.2 Integration By Parts

Lemma 4.2.3. (Integration by Parts) Let 9% and ' be two particular spatial
partial derivatives of order k£ and [ respectively, where k,l > 1 are integers.

Further let f € H*(R3) and g € H'(R?). Then

O folgde = — | OF O gdx (4.15)
RS RS

where (abusing notation) 9*~1, 8'~* denote particular derivatives of order k—1,
[ — 1, respectively. In particular, we can integrate by parts with respect to
x1, Ty, Or x3 in such a way that when we sum over partial derivatives of order
k later, we get the H*~! norm of the function.

Proof. This is a consequence of the density of C§°(R?) in H™(R?) (say m € N).

Let f€,g° € C5°(R3) be sequences of functions which converge to f in H* and
g in H', respectively. Then (4.15) holds for f¢,¢° and

/ ak_lfalgdx—/ ak—lf&algedx
R3 R3

@1 = oty 0 0 (g~ g ))da

<N = o llmas=allgllm + 15 me=rllg — 97 e

— 0 and similarly,

O fo' gde — | 9" 20" g7dr| =
R3 R3

[ (@ (= 100 g+ 0570 g 7))

<\f = fllasllgllme— + 1N mrllg = 97—

— 0,
since f € H*(R3) C H*'(R?) and g € H'(R?) C H'"'(R?) and by the density

of C°(R?) in these spaces.

52



Lemma 4.2.4. Let k € N be arbitrary, and let 0¥ be a particular partial
derivative of order k. Suppose that V- (M + H) =V -H®" =0,V x H =0,
and that M, H € H*(R?). Then,

oM -0"Hdr = — | |0"H|*dx.
R3

R3

Proof. Let M¢, H° € C5°(R?) converge to M, H respectively in H*(R?). The
condition V - H! = ( gives V- M = —V - H® (in H*(R?)). Also, since

V x H® = 0, we have H® = V¢°, where ¢° is some potential function. We

have:
oM - OFHedr = [ O"M*-0FV¢fde = — [ OF(V - M?)0" ¢ dw
R3 R3 R3
= / OF(V - H9)O ¢ dx = — / OFHeOF (V ¢°)dx
R3 R3
=— | |0"H*|dx,
R3

where we have used that partial derivatives commute and that boundary terms
vanish. Finally, similar to Lemma 4.2.3, it is easy to check

M - OF Hdx— O MeO* Hedx

R3 R3

< [M = M| el [ H (| e + | M| e [ H — HE | e

— 0,
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and

/ O"H - 9"Hdx— / O*HEO" HE dx:
]R3

RS

< |[H — H[ge | H [\ ezw + | H | e [ H = HE | v

— 0.

O

Remark. If we instead assume V - H**! # 0 and H®' € H*(R3) in Lemma

4.2.4, the result becomes

O°M -0"Hdr = — | |0FH*de — | OFH - 9"H*"'dx.
R3

R3 R3

One can further show,

Lemma 4.2.5. Let k € N be arbitrary, and let 0¥ be a particular partial
derivative of order k. Suppose V- (H + M) =V - H*' =0,V x H =0, and
that u, M, H € H*(R3). Then,

OOFM) o Ld [
/RS g OHdr =5 | (0t H (4.16)

Proof. Modifying the argument in the previous proof in an obvious way, we

get
k k
/ OTM) gy = —/ OTH) oy
g Ot g Ot
=— 1at|c‘)’fjery2dgc.
RS 2
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By the well-known transport theorem,

d
— 0" H|*dx = OOFH* +V - (u|0*H|*)dx
dt Jaw Q)

Since

Vo (ul0"H*) = [0"H* ¥ - u+u - VIO H|*,
——

=0
and the second term vanishes upon integrating by parts (assuming u, H €

H*(R?) is enough), we have

d
— |8kH|2dx—/ O,|0F H|*dx,
dt Jow Q(t)

which gives (4.16) when taking Q(¢) = R3.

0
Remark. If V- H £ () and H®*' € H*(R?) in Lemma 4.2.5, then modifying

the proof in an obvious way gives,

kM 1d
/ ANTM) | OHdr = —~— | |0"H|*dx — [ 0*HO,0"H*"dx.
R3 at 2 dt R3 R3

4.2.3 Ning Ju’s Lemma

In [Ju06], Ning Ju proposes the following lemma:
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Lemma 4.2.6. (Ning Ju Lemma 2.1 [Ju06]) Suppose that s > 0 and p €
(1,00). If f,g € S, the Schwartz class (for a definition, see for instance

[Duo01]), then

1A°(fg) = FN°gllr < CAIV Fllzollgll 122 + (1]

1A (Fg)lle < C([[ £l 9]

s ||| Lea

wewe + || fllaews gl e

with po, ps € (1, 00) such that

We will replace the differential operator A* = (—A)*/? above with D, and the
Bessel potential space norm || - || gs» with ||D*-||1» via the Gagliardo-Nirenberg
inequality. We will prove a simplified version (for integer derivatives) which
suffices for our analysis. To begin, we prove the following lemma:

11,1 1,1
Lemma 4.2.7. Let p, p1, p2, p3, ps € (1,00) be such that = T =t

and let o, 8 € Z%, be multi-indices satisfying |a| + |3| = k. Then for f, g :

R™ — R™, there exists a € (0, 1) such that

10° 1)@ g)llw < FN15on |1 DF I gl s | D gl - (4.17)

Proof. For fixed «, § with |a| + || = k, it suffices to find ¢, ¢2, and a such

1 11
thata+q—2—pand

0% Fll o < NN 1ID* £l 5 107l o2 < Mgl 23 11D gl

o6



since then (4.17) follows from Hoélder’s inequality:

1(0° )@ 9)l|r < 10°f | Lar [10%g]| oo (4.18)

The Gagliardo-Nirenberg-Sobolev inequality gives the conditions,

b1 P2

o] = 2 = (—3> ot <k _ 3) (l—a),  |o|<(l—ak (419

and

o] = 2 = (—3) at <k: - 3) (1—a),  |8]<ak. (4.20)

q2 b3 y2

Adding the inequalities from (4.19), (4.20) and recalling |«| + || = k, we find

a =12l Then the conditions (4.19), (4.20) become

1 Ja1 |81 1 Jal1 |81

_ Ll T — =t = LN

q1 kE po k pi q2 k ps k pa

Adding these together gives,

Lol jal(l 1y (L, L) i

q1 q2 kE \p2 P3 E \m P4 kp l{:p' b
O

Next we prove a simplified version of Ning Ju’s result for integer deriva-

tives:

o7



Proposition 4.2.1. (Simplified Version of Ning Ju’s Lemma 2.1 [Ju06]) : Let
ke N pe(l,00) and f,g: R" — R". Then,

ID*(f9)lee < CULf Il ID gllzes + 1 D" Fllzes I gllzes),

for pa, p3 € (1, 00) satisfying é = pil + p% = p% + pi4

Proof. By the Leibniz rule,

1D (fo)lle S || D2 @ H@° )| < D 0*H@°9)],.-

laf,|8|<k laf,|8|<k
laf+|81=k r  lel+lBl=k

Then we use Lemma 4.2.7 to bound each term in the sum (for different «, 3)

to find
ID*(fa)llr S D 115 ID* It gl ims | DF gl
lal.|B|<k
laf+| 8=k
where a = % Next, we use Lemma 4.2.1 to separate the terms, and remove

dependence of the sum on «, 3, a. Finally, we absorb the sum into a constant

to finish the proof.

O
Remark. The extreme case of Ning Ju’s lemma, p; = p3 =1, po = py = o0 is
the well-known calculus inequality from partial differential equations theory,

which we will also use later:
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Lemma 4.2.8. Calculus Inequality in R (Majda and Bertozzi Lemma 3.4
[IMB02]) For all k € Z* U {0}, there exists C' > 0 such that, for all u,v €
L> N H*(R3),

luvll e < Cllull [ D*oll 2 + | D*ullal|v] o). (4.21)

4.2.4 Norm Bounds

Now we prove that we can bound the L and H* norms of H by those of M,
and find an a priori estimate for M.
Lemma 4.2.9. Consider (M, H) from (2.11)-(2.14) or (2.15)-(2.17) with V -

He" = (. Then for all 1 < p < oo,

[H e < [[M]] -

~

Proof. First note that

V-(H+M)=-V-H*"=0 gives V-M =-V - H,

V x H=0 gives H= V¢, for some scalar function ¢.

Then, V.M =-V-H =-V - -V¢=—-A¢p, so that

H=V(-A)"YV-M).

We want to write H as the convolution of some kernel with M, however a

singularity will appear, which will force us to use distributional derivatives
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(see Majda, Bertozzi [MB02]). Let n € C5°(R3). Then

Recall the Newtonian potential in R? given by

1

- 47 ||

Ng(I)

satisfies

(=A) ' M(z) = (N3 * M)(x),

and is locally integrable on R®. Then we have,

V(=AM = 5 Vo - Ns(z — y) M (y)dy
1

1
—— | v, (—M@))d
4r Jgs (\x—y\ (y)) Y

1 1
— = | (vo—— ) M)dy.
p ( \x—y\) (w)dy

SO we can write

V(=AM = K(w—y)- M(y)dy,
R
where
1 1 =z
K(z) = -
@) =V o] = T

(4.22)

(4.23)

(4.24)

Next we want to compute the distributional derivative of K from (4.22).
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Since K € L{ (R?), by the dominated convergence theorem and Green’s the-

orem,

o)== [ | [ Ko=) M| (7 ntaae

_ _/RB RsK(w —y)(V- n(af))dl‘} M(y)dy

= —/ lim Kj(m - y)ami(%)dﬂﬂ] Mj(y)dy
r3 [0 JR3\B.(y)

i [ 3 | [ K- nomteis) dy
RS\BE(?/)

eNO Jp3
=lim [ M;(y) {/ Kj(x — y)nim(ﬂf)ds} dy
eNO JR3 8B:(y)
+ lim { / OK;(z — y)m(x)dx} M;(y)dy.
e\ 0 R3 R3\ B. (y)

For the first term, note that

1
| K- pmtan@ds = 5 [ @@
9B (y) TE™ JOB.(y)

(4.25)

dij
— Ejm(y) as € — 0.

Therefore the first term goes to %(M ,n) by the dominated convergence theo-

rem. Note: in the last step of (4.25), we have used the computation

1 1
dme? /8Bg(y) ny(@)(n(z) - nl@))dS = Amred /a&(y)(xjn(x)) nle)as

1
T R

1][ 1
= n-de—l—/ x;V -ndV
3 JB.(y) i 4re Jp.) "

(%)

e—0

— -n5(y),

Lo =



where in the second step we have used the divergence theorem, and (x) has,

1

— x;V -ndV 0.
471'63 /Bg(y) J

4 3
sup |V 7| e 20,

1
< —lel
47['53 xEBE(y) 3

For the second term, we use Fubini’s theorem:

lim [ / 0iK;(x — y)m(x)dw] M;(y)dy
e\O0 JR3 R3\ Be (y)

(4.26)
= lim / 0;Kj(x —y)M;(y)dy | ni(z)dx.
e\O0 JR3 R3\ Be (y)
Thus from (4.2.4)-(4.26),
. 1
i ([ ok - i) ) = (- ). @
N0\ SR\ (y) 3
Since 7 is arbitrary,
1
lim 0; Ki(x —y)M;(y)dy = lim 81~<>M-ydy
BB ooy 1T MW R fo ) % a1 ) 5

exists as a distribution. This is the Cauchy principal-value integral. We denote it

by
PV/ 0 (— 1) M)
rs 0 \Ar|z — y i\Y)ay-
Therefore,
M 1
H="—+PV | 8, ——— | M) 4.2
7Y [0 (=) M0 2

(%)

in the sense of distributions. It remains to show regularity of (xx).
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First we compute,

"\ |z -yl |z —y3

where I3 is the 3x3 identity matrix. This allows us to write,

v2< 1 ):Vm<(—1)(x—y))_ I Le-ye@-—y

Y |z —yf5

(4.29)

PV /Rg i (1) M;(y)dy = PV/ R(z —y)M(y)dy = PV (R x M)(x),

4m|r — y| R3

where R(x) is a kernel of convolution-type given by

1 I3 TQx 1
Ra)= — (-2 +329%) _ g
(=) 4w< 2P T \x|5) 2 )

with Q : R™\ {0} — C homogeneous of degree 0, given by

Then we can write

TM(x) =PV /]1&3 |:E_1y|39(x —y)M(y)dy.

(4.30)

(4.31)

(4.32)

We want to show T' extends to a bounded linear operator T : LP(R3) — LP(R?). To

accomplish this, we use a theorem from Abels’ book:

Theorem 4.2.2. (Abels Theorem 4.19 [Abel2]) Assume that k € L (R™\ {0})

satisfies

/ () |dz < Oy for all 7 > 0,
r<lz|<2r

fr<|;p\<Rk(fE)d$‘ < (Cy forall 0<r <R,

m, o+ f,cjpi<1 k(z)dr exists,
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and the Hormander condition
/ |k(z —y) — k(z)|dz < Bg for all y € R", (4.35)
|z[>2[y]

for some By € (0,00). Then

n

Tf(x)= PV/ k(y)f(z —y)dy for all f € S(R") (4.36)

extends to a bounded linear operator 7' : LP(R"™) — LP(R™) for every 1 < p < oo.

Remark. In the above, S(R") is the Schwartz space.

After the proof of Abels, Theorem 4.19, the authors remark that for R(z) defined

by (4.30), conditions (4.33) and (4.34) are satisfied if and only if

/ Q(z)do(z) = 0 (4.37)
2B, (0)

where o is the surface measure on the sphere, for k € L%OC(RS). We compute

1
/ Q(x)do(z) = - / (s + 3¢ @ 2)do()
0B1(0) T JaB1(0)

1 4
47r< 7T+3<37T>> 0,

where we have used the computation

. 4
/ x ® zdo(x) = / ninjdo(x) = / 63dV = Smd; (4.38)
9B (0) 9B (0) B1(0) 3

by the divergence theorem. Rather than show the Hérmander condition (4.35),
we instead use the following sufficient condition which is much easier to check (see

Abels’ book [Abel2] Lemma 4.3):
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(i) ReCHR?\{0}),

(ii) |VR(z)| < %.

|z

Indeed, the first condition obviously holds, and a simple computation verifies the

second.

By Theorem 4.2.2, we can now bound (%) in equation (4.28) on LP(R3), finally
giving
|H || zr < C||M]| .
U
Corollary 4.2.1. Since 7' is an operator of convolution-type and therefore
commutes with (spatial) derivatives, T also extends to a bounded linear map

on H*, and therefore

[H e S M -

O

~Y

Remark. If V- H" # 0, then ||H|» S || M|e + ||H®"||zr (and similar

similar for H* norm).

To prove local existence of regularized solutions in the local well-posedness
chapter, we will need to bound the time derivative of H.

Lemma 4.2.10. For M, H in (2.15)-(2.17) or (2.11)-(2.14), for all £ > 0,

o s

dM
<C|—

HFE
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Proof. Recall from Lemma 4.2.9 that we can write
M
H = 5 +TM (4.40)

in the sense of distributions, where 7' is the convolution operator defined by

1

TM =PV | O |
re o \d7le —y|

) M (y)dy.
We showed in the lemma that 7' extends to a bounded linear operator T :

LP(R3) — LP(R3) for every 1 < p < oco. From (4.40), we can write

dH 1dM d
% = 5% + £<TM) (4.41)

(as distributions). Then

|5

d 1
=||—-PV [ 0, | —— | M(y)d
" Hdt / ”<4w|x—y|) (w)dy

1 d
= ||P | — ) =M (y)d
H V/RS Or, <4w|x—y|> a W)

dM
<C|—
<o|5

HEk

HEk

Hk

where the inequality holds since, as a convolution operator, 7" commutes with
spatial derivatives and we know it extends to a bounded linear operator on

L?(R3). Together with (4.41), this gives

E »

dM
<C|—

Hk
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Now we prove an a priori estimate for M.
Lemma 4.2.11. Suppose (u,Q, M, H) € C((0,T); H*(R?)) is a solution to
(2.11)-(2.14) with initial data (2.18) in H* or (u, M, H) € C((0,T); H*(R?))

is a solution to (2.15)-(2.17) with initial data (2.19) in H*, for k& > 3 and

V - H®' = (0. Then ”M”I[),p(RB) is uniformly bounded in ¢ on (0,7) for all
2 <p<oo.

Proof. First by the Sobolev embedding theorem,
u, 1, M, H € LP(R?) for all p € [1,00], t € (0,T). (4.43)
Consider a radial cut-off function ¢ € C$°(R?) defined by

1if 2] <1
¢(|z]) == :
0 if |z| > 2

and ¢(|z|) € [0, 1] for |x| € (1,2). For R > 1 define

]

or(|z]) == ¢ (E) e C(R?).

Multiplying the magnetization equation (2.16) or (2.13) by M|M|P~2¢x and

integrating over R? gives (for both models),

/(6tM)-M|M|”‘2¢Rdm+/ [(w-V)M] - M|M|P~2¢prdz
R3 R3
1
_ . p—2 = P
—(T/RS(AM) M|M|P~%prdx T/RB |M[Pprdx (4.44)

+@/ H - M|MP2¢pds.
T JRr3
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We have the identities,
1
(O M) - MM P 2pr = ]30t!M|p¢R, (4.45)
and
1
[(u-V)M] - M|M|P2¢p = 5(u V)| M|Pop, (4.46)
where the second follows from

M.
w- VIMP = w0 MP = pui|M|p_1|—]\j|aiMj = [pwi0; M| M| M|~

= pl(u- V)M MM,

Adding together (4.45) and (4.46) gives
1
(O M) - MIMP2¢p + [(u- V)M] - MIM[P¢p = SDIMPoR. (4.47)

Moreover,

H - MIM"6rde < | dnllool | H || oqes) M7 er
Rs LP (R3)

(4.48)
S IM T gs):

where the first inequality follows from Holder’s inequality and the last from

Lemma 4.2.9. Finally by integrating by parts, we obtain

—g/ (AM) - M|M[P~2ppdx = a(p—l)/ |M [P~V M |%¢pda
R R (4.49)

P / |M[PAGrds.
P Jrs
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Here | - | denotes the Frobenius matrix norm.

In more detail, we have used,
—0'/ (AM) . M|M|p_2¢Rdl’ = —0'/ 8j0jMiMi|M|p_2qudx
R3 R3
= 0’/ 8]MZ3J(MZ]M|p*2¢R)dw
R3
= O'/ ajMiajMi|M|p_2¢Rd$ + O'/ ajMiMi8j|M|”_2gdex
R3 R3

~ ~~

() (b)
+o / 0 M; M| M|P~20;¢ pd,
R3

-~

(c)

where we compute:

o) = [ VMM o,
(b)=(p—2)o /}R3 0; M; M| M |P~* M;0; M; ¢ pdx
~ (=2 [ [VMEMP onde,
) =0 /R |MPAGrdr
Using (4.47)-(4.49), we obtain from (4.44)
[ DM Pomyds S 1MWy + [ 1Ml V)onllimes) +1A0x])da

S (T4 R Mullpo@sy + R2)|[IML, (R3)

~Y

S (L 4+ R | oo ) | M1 5 g
(4.50)
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By the transport theorem,

/ Di(|M[Pér)dz / M|Pé . (4.51)

Integrating both sides of (4.50) from some ¢, € (0,7") to some t € (ty, ") using
(4.51),

t
(/mww@m—/WMwmmmsfu+RWMWWMMﬁ
R3 R3

to

Then for every

R > max{l, sup ||u||Loo(s)}

SE[to,t]

(which is finite since u € C((0,7); H*(R?)) for some k > 5/2), we have

/|M‘p ¢Rdx—/ | M [P (t, ¢Rdaz</ HMHLP(W

Since M € LP(R?), we can take the limit R — oo to get

t
1M e () = DM ey 80) S [ 1M
0

Finally, using the definition of derivative, we find
HMHLp k) S M7 gsy-

A standard application of Gronwall’s inequality gives the result.
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Remark. If V- H®" =£ (), then we have instead,

d exr
ML S ML + T, (4.52)
and Gronwall’s inequality gives,
t
M7 (8) < 1M1 (0) +€t/0 [H % (s)ds. (4.53)

Then M is uniformly bounded in L? if H®* € LP(0,t; LP(R?)) for p > 2.
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Chapter 5

Local Well-Posedness for
Equations of

Ferrohydrodynamics

In this chapter, we prove the Shliomis model with Bloch-Torrey magnetiza-
tion (2.15)-(2.17), and the Rosensweig model with Bloch-Torrey magnetization
(2.11)-(2.14) are locally well-posed for classical solutions. While in the litera-
ture existence and uniqueness of strong solutions has been considered, to the
best of my knowledge, the local well-posedness of classical solutions has not
been. We prove that solutions in C([0,T]; H*(R?)) for k > 5/2 are locally

well-posed for both models.
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5.1 Shliomis Model

First note that throughout this section, we will unapologetically abuse function
space notation for the sake of readability. Specifically, by H* or H*(R3) we
mean either H¥(R?), HY(R3)x H*(R?)x H*(R?), or H*(R3)x H*(R3)x H*(R?),
where H¥(R3) := {f € H*(R3) : V- f = 0}. For any ¢ > 0, we write

(

p (% + PT(Jeu) - V(Tew)]) — nT2Au
= oPI[(T-M?) - V(TH®)] + B TV x (J.M? x J.HF)],
DL + T(Jew) - V(TM?)] — 0 J2AM®
= JTATV X uf) x (TMe)] = 2(M* = xoH?)
—BTNT-M® x (J-M*® x J.H*)|,
\ VxH =0, V-(H+ M?)=-V-H=

(5.1)
where to eliminate the pressure and inccompressibility condition, we have pro-
jected the momentum equation onto the space of divergence functions H¥(R?)
defined above via the Leray projector P. We will refer to equations (5.1) as

the mollified Shliomis equations, and for future reference write them as:

du®
- FE 67 Ms? HE M
7 (u )
dMe
TR G.(u, M¢, H?), (5.2)

Vx H =0, V- (H +M)=-V-H"
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where

pF.(u*, M, H) = —pPT[(Tow’) - V(Teuw)] + n T2 Auf
+ pPI[(TM?) - V(TH*)] (5.3)
+ %JEV x (J.M¢ x J.H?),

and
G(u*,M*, H*) = = T.[(Jew?) - V(T-M?)] + 0 T2 AM®

1 1
+ E‘Z[“ﬂ(v x u®) X (J-M*®)] — ;(M6 — XoH*) (5.4)
— BIT-M® x (T-M*® x J-H?)).
Now we state the main theorem:
Theorem 5.1.1. Suppose (ug, My, Hy) € H* for k > 5/2 and V - H**' = 0.
Then there exists T = (||uo||g*, || Mol zx, || Hol| g=) > 0 such that the Shliomis

model with Bloch-Torrey magnetization; problem (2.15)-(2.17), (2.19) admits

a unique classical solution (u, M, H) € C([0, T]; H*(R3)).

Proof. We prove Theorem 5.1.1 in multiple steps (labelled for the subsection

we will prove them in).

5.1.1 Let {t¢.} be a standard family of mollifiers. We show that for any 0 <

e < 1, there exists a time 7. > 0 and a unique solution
u®, M®, H® € C'([0,T.); H*(R?))
of the mollified Shliomis equations (5.1) with initial conditions

U€|t=0 = J:up, Ms’t:o = J-M,, HE’t:O = J-Hy.
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5.1.2 For each £ > 0, we show the solution from 5.1.1 exists globally in time.

5.1.3 There exists a T' > 0 such that the family (u®, M¢, H®) obeys uniform in

¢ bounds on [0, 7.

5.1.4 (u®, M, H¢) has a subsequence which converges to a limit point (u, M, H)
in C([0,T); L?).

5.1.5 The function (u, M, H) solves the Shliomis system with Bloch-Torrey

magnetization (2.15)-(2.17), (2.19).
5.1.6 (u, M, H) is unique in C([0,T]; H*).

5.1.7 (u, M, H) belongs to C([0,T]; H*).

5.1.1 Local Existence of Regularized Solutions

To prove 5.1.1, we first show the existence of regularized solutions (u, M*, H¢)
to (5.1) locally in time. To do this, we need an equation for the time derivative
of H. Recall from Lemma 4.2.9 we can write H = %M + TM, where T is a
bounded linear operator on LP and H*. Therefore,

dH® 1dM® d

=g o (TM) =W, (5.5)

Also, in Lemma 4.2.10, we showed ||W||zr < ||Ge||gx. With this in mind, note
that (F., G.,W.) : H* x H*(R3) x H*(R?) — H* x H*(R3) x H*(R?) since J.
commmutes with derivatives, P projects onto divergence free functions, and

the divergence of the curl of a vector field is zero. Now, we show (F., G, W;)
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is locally Lipschitz. Let us write

pFo(u®, M®, H®) = —pPT.[(Jeu?) - V(Tou)] + nT2 Aus
+ HPIL(TME) - V(THO)| + TV x (TMF x JLTF)]

= pF! +nF2 + poF? + 2L
(5.6)

Fix 0 < e < 1. We bound, following Majda and Bertozzi’s book [MB02],

1F2 (uh MY HY) = FY (u?, M, HP)|| e
<PT[(Teu') - VIe(u! = w?)]l| g + IPT[(Te(u' = u?)) - V(Teu?)]|| v
< C{l|Teu (| | DMV (uh — u?) | 2 + | D*Tewrt | 12| eV (u — )| oo

+ || Te(u! — w?)|| e[| DF TV (| 2 + | DF T (ut = u?)|| 2] T Vu? || o<
(5.7)

Note that we have used the calculus inequality, Lemma 4.2.8. Finally, by
(4.8) and (4.9),

C
172 (s MY HY) = B (u?, M2 H?) e < (e + (¥l z2) et = e

(5.8)
Next,
Rl MY HY) = 22 A ) s = [ T2 — )]
<P s (5
< Sl =
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Similar to our first estimate, we find

|F2 (!, MY HY) = F2(u?, M2, H?) | g
< PT[(TMY) - VI(H = B[ gx + [PT(Te (M = M?)) - V(T H?)) |
< C{|TM Y| 1o | DF TV (HY = H?)| g2 + | DFTM | 2| JV (H' = H?)| e
| Te (MY = M) o | DY TV H? | 2 + | DY T (M = M?)|| 12| TV H?|| 1< }

< 75 (IMY| g2l HY = H? || g + [ H2|| 2] MY = M| g0) -
£5/

(5.10)

Lastly, we estimate

|FA(ut, MY HY) — FA(u?, M?, H?) | g
<NV x (FeM x To(HY = H?)) || g + IV % (Te(M" = M?) x T-H?)||
< C{| T M| oo | T- DR (HY — H?)|| 2 + || Te(H' — H?)|| oo | T D M| 2
+ | Te(MY = M?)|| oo | T DFH H?|| 2 4 | T H? || oo | T DR (MY — MP) | oo}

C
< S 1Y = HP ||+ 1|2 | M = M2 ).

(5.11)
Altogether, the above estimates give
|F(ut, MY HY) — Fo(u?, M2, H?)|
< Cle, 1|z, (1M 2 [[H|| 2. p, 10, m) % (5.12)

{llu' = w?|lge + [|MY = M| o+ [|[H' — H?|| g0}
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Next, write

G(uf, M#, HY) = —T.[(Tow) - V(T M?)] + 0 J2AM®
1 1

+ §[$(V X uf)] x (J-M*) — ;(ME — XoH")
— 5\75[\75]\48 X (JE./W8 X JZHS)]

1 1
=Gl +0G?+ §G§ + ;Gﬁ + BG?.
We estimate in the same way as above

G2 (!, MY, HY) — G2 (u?, M, HP)|| v

M

C 1 1 2 2 1 2
< @(HU 2| MY = M?|| e + | MP 2 ||lu’ = u?|[ )
and

IG2(u', MY HY) = G2(u?®, M?, H?) | e = | TEA(M = M?)||
< |TZ(MY = M?)| s

C
< S |IMY — MP|| .
19

For G2 we estimate (in the same way as for G1)

IG2(ut, MY, HY) = GEu?, M, H?)|| e
C
< =7 (IM izl =l + a2 MY = M)

Then for G2, we trivially estimate

(5.13)

(5.14)

(5.15)

(5.16)

IG2(ut, MY HY) = G2(u?, M?, H?) || g < | MY = M?|| gr + xoll H' — H?|| g
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Finally we estimate the trilinear term,

IG2(ul, MY HY) — G2(u?, M?, H?)|| g
<N Te(MY = M?) x (T-M* x J-HY)|| e
+ | TeM? x [J-MY x To(HY — H?)]||

+ | T M? X [Jo(M* — M?) x T-H|| g

(5.18)
< (N T MM g | T H | g+ 1| T M2 g | T H? (| ) 1M — M| g
| T M| g | TeMP || g | H — HP| g
C

< gﬁ{(HMWBHHQHL? + || M| g2 | H? || p2) | M = M| g

+ MY 2| M| 2 | HY — H[| g}
Altogether, we have
HGE(ulleaHl) - GE(UJQ?MQ?HQ)HH’“

< O(e, [Ju | 2, M| 2, | H | 225 7, X0, B) % (5.19)

{llu’ = g + [|MY = M|y + [|H' — H?|| 0}

Also note that W, is Lipschitz as T is a bounded linear operator. From (5.12)
and (5.19), we have shown (F., G., W.) is locally Lipschitz on H* x H*(R3) x
H*(R3). Thus by the Picard theorem (Theorem 4.1.1), for any (ug, My, Hy) €

HP* there exists a unique solution

(uf, M*¢, H?) € C'([0,T.); HY), (5.20)

for some 7. > 0. This proves 5.1.1.
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5.1.2 Global Existence of Regularized Solution

For 5.1.2, we prove an energy bound which allows us to continue our solutions
from 5.1.1 for all time. Multiplying the mollified momentum equation in (5.1)

by u¢ and integrating over R?, we have

NI
Q.lg‘

o = =p [ wBTT) - V(T o o [ T

3

t
+m/ﬂWH%MWV%WWI (5.21)

n % TV X (M x J.He)de.
RS

Using property (4.5) of mollifiers from Lemma 4.1.1 and properties of the Leray

projector, we find

R3 R3

R3

and

/R3 WCPT[(J.uf) - V(Touf)]de = %/Rg(jgus) - V(Jouf)dx

_ _1/ (V - Tl ) (Tow)dx = 0.
2 Js

Next, since V X H® =0, 0;H: = 0;H{ so that,
V(TM* - JH7) - Jeu® — (Jeu® - V) IM® - J.H*
= 0j(JM; JH Yu; — Jeu50;JM; I H;
= 0;J-M; Jeu;J-H; + JM;0;J-H; Jou; — Jeuw;0;TJM; J-H;
= J-M;0;J.H: Jous = (J-M*® - VJI.H®) - Jou’.
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Integrating by parts again so the first term on the left-hand side above vanishes,

equation (5.21) becomes

p d 3 g &€ € &€
£ I3 + VT = po [ (T - VI - LHod
R3
(5.22)
+ 50 [ JarV x (JMF % THda,
R3

Next, multiplying the magnetization equation in (5.1) by M*¢ and integrating

over R? gives,

1d
5EHMﬁHiQ + / M* - J[(Tuf) - V(T-M)dz — o | M J2ZAMdx
R3 R3
1
=—— [ M- (M — xoH")dx.
T JR3

(5.23)
Using the same steps as above to deal with the first two terms, and Lemma
4.2.4 for the final term, and multiplying each term by po, equation (5.23) gives

#o 4
2 dt

HoXo
T

(3 € MO € €
IMENZ + poo |V TME||7 + —M 17> + 1|72 = 0. (5.24)

Then, multiplying the magnetization equation from (5.1) by —H¢, and inte-

grating over R? gives

ME
o ome M [ me T \(Tewf) - V(T MO)de + 0 | HEJZAMSdx
R3 dt R3 R3

1 1
= —— H® - J[T(V x u®) x (J-M®)|dx + — H® - (M*® — xoH®)dx
2 [ps T Jr3

+ 6/, JeM® x (J-M*® x J-H®) - J.H"dx.
’ (5.25)

For the first term we use Lemma 4.2.5 to get the time derivative of ||H||p2.

For the second, we use property (4.5) of mollifiers. For the third term, we
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integrate by parts, (keeping in mind V x H* =0 and V - (H® + M¢) = 0)

J-H*AJ.M¢dx = / (J.VH®)*dx.

R3 R3

We leave the fourth term unchanged. For the fifth term, we use Lemma 4.2.4

again. For the final term, we use the vector triple-product, A x (B x C) =

B(A-C)—C(A- B), to get

B[ TM®x (J-M®x JH?) - J.Hdx

]R3
= ﬁ/ [%Ms(jEME . J;He) — %Ha(iME . $M€)] - J.H¢dx
]R?)
_3 / (TM* - THY? — | T.H P\ T M Pda
R3
<0

)

by the Cauchy-Schwarz inequality, so we ignore it in the inequality. After
multiplying each term in the equation by g (ignoring the previous one), this
gives

o d

1
o g MZe + poo | VIHE|IZ: + 1H 7

o(1 + xo0)
o /R (T - V)TN - ToH (5.26)

_ % (T M? x J.H?) - (.Y % uf)da
R3
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Adding together (5.22), (5.24) and (5.26), and using the scalar triple product
A-(BxC)=B-(CxA)=C-(Ax B) gives the a priori bound,

1d Ho
577 (Pl lze + ol MEIZ: + poll HEI172) + mll Vet [2 + M7
N fo(1 + 2x0)

T

(5.27)
25|72 + 200 (| TV MF |72 + | TV HE||72) = 0.

This implies

(pllu (172 + poll ME (172 + pol| H¥(172) < (plluoll72 + ol | Mol| 72 + piol| Hol[72)-
(5.28)

sup
0<t<T
In particular, since all the norms and constants are positive, we have

sup (e + 107+ 1H]12) < Ol + | Moll + 1 Fol2)-(5:29)

Now we use Theorem 4.1.2 to prove our solutions from 5.1.1 exist globally
in time. To this end, we prove an a priori bound on the H* norm of our
solution (u®, M¢, H¢). From the Lipschitz conditions (5.12) and (5.19) with
(u?, M? H?) = (0,0,0),

d I 15 15
yr G PR VA PR A TS
< O(e, 1wl 2y | M| 22, |1HE | 12, 7 X0s By s s m) - (5:30)

Ul azs + M| gz 4 [[HE [ e }-
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Finally, (5.29) changes dependence of the constant in equation (5.31) from the

L? norm of u®, M*¢, H® to the L? norm of the initial data:

d € € €
o Ul M e A L)
S C<€7 HUOHL27 ||M0HL27 ||H0||L27 T, X0, 67 Ps Ko, n)x (531)

(sl as + M|+ [[H | e}

By Gronwall’s lemma, we get
[ e+ 1M e+ (e < (luolls + 1Mol + | Holl e e, (5.32)

so that by Theorem 4.1.2 our solution can be continued indefinitely in time.

5.1.3 Uniform in ¢ Bounds

Now we show that for k > 5/2, our solution is uniformly bounded in ¢ on the
time interval [0, T for some 7" > 0. In particular, we prove the bound

d 3 (3 €
(U e M+ (LHE )

< O+ [l ge + I1MF e + 1HE[I70)"

For simplicity, and because we won’t need a cancellation for the rest of the
proof, we hereafter set the constants p, o, %, 0,(, 7', N, 7 = 1. For k > 5/2, let
O denote a particular derivative of order k. Taking this k-th derivative of the

momentum equation from (5.1), multiplying by 9*u¢, and integrating over R3
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gives,

1d

5 g 10w 7e + 108 TVl 2

- _ / PO* (Jouf - VTou) - OF Toufda + / (T M? -V IT.HE) - O Tufda
R3 R3

- % O (V x (J-M® x J.H?)) - 8" Toufda
R3

= S5+ S5+ S5
(5.33)

Next, taking the k-th derivative of the magnetization equation of (5.1), multi-

plying by 8% M¢, and integrating over R? gives (integrating by parts and using
Lemma 4.2.4),

1d

2dt

=— /R 3 O (Jus - VIM?) - 0F J.M*dx

10" M7z + (|0 TV ME||Z2 + [10° M 72 + (|0 H7 |7

+% O[TV x uf) x (TJ-M*)] - 9" T.M*dx (5.34)
R3

— [ OF|TMF x (T.M°¢ x J.H)] - 0" M*dx

RS

= S+ SE+ SE

Then, taking the k-th derivative of the magnetization equation of (5.1), multi-

plying by —0*H¢, and integrating over R? similarly gives (integrating by parts
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and using Lemmas 4.2.4 and 4.2.5)

1d
§%H0’“H5H%2 + |0 TV HE |72 + 2(|0 HE 7.
= [ (T -VI.M?)- 0" J.Hodx
R3
1
-3 TV x uf) x (JM?)] - O* J.H dx (5.35)
R3

- / OM[T-M® x (J.M? x J.H) - 0" Hedx
R3

= S5 4 S5+ S5

We estimate (integrating by parts, using that H* is an algebra for k > 3/2,

V - uf =0, and the calculus inequality Lemma 4.2.8),

511 S 1 Tz e

/ (O(Teu® - VIu®) — Jeuf - V) dx
R? (5.36)

< ClIDIw oo |u® [ s
For S5, since V x H® =0 and V - (H® + M®) = 0, we have

V. |J(MF + H?) @ J.H® —

EH(:‘ 2

I | = o aag + 17) 9.015] - G50,
= (T M + JHE)O, T Hj — J.HE0; J. HE
— J.MFO,J.HS

= (J.M°® - V)J.HE.
(5.37)
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Therefore we estimate (integrating by parts first),

193] S I DM(TMETH® + JHJH) || 2| D Tewe| | 2
S COYNTM e + 1T L) I TMEN G + | T ) (5-38)

+ 0| DM Tt 2,

where § > 0 is some small constant to be determined later.

Similarly, S5 can be estimated as follows,

1551 S

/ OM(T.M*® x J.H?) - D" uda
R3

< € € k+1 €
SN TM® x T HF || g | D* Teu| 2

S CONTM e + N TH 1 Foe ) WM |7+ 1HE ([ 70) + 8] D™ e[ 7
(5.39)

Next S§ can be estimated by

AR / [0 (Jeu® - VIM®) — Jou® - VO T.Me)0" T M*da
R3

< D> / | D' Jouf || D T M¢|| D* T M? | da:
itj=k+1 7 R
ij>1
S (IDTcw?|| oo || D MF || 12+ | DM Tewe|| 2 | T MF || oo ) | ME | s
S CIDTew oo | M ||+ COTME [ | M| Fe + 61| DFF T 7
(5.40)
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where in the first step we have used V - u = 0.

Then St is controlled by

[S51 S N0*[T(V x ) x (T M) |22 ]| M
< (IDJeu (oo | D*ME | 2 + (| TeMF| o | D Tew || o) | M|

S IDTeu | oo | MF 3 + CEO Moo [|MF] s + 1 D™ Tou |-

(5.41)
Next, Sg can be controlled by,
|6 S 10M(TeM? x (J-M® x THE)) | 2| MF | v
S WTeME || oo | T M X T HE || g
+ | TeM® X T HE || oo || T ME || 23 ) || MF | e
(5.42)
SN TeME | oo (1T ME || oo 1 HE |z 4+ | Te H || oo || M |12 ) | M| e
+ | TeM® 5 T HF || oo | M 30
< C(NTMN oo + (1T HE N Zoo )M e + 11170
For S7, we split the integral into two parts
55| < / T - VI(M® + H)|O" . Hodx
R3
+ || 0T - VIH?)O* T Hodx (5.43)
R3
= S?a + S;b

The second term can be estimated exactly like S§ (replacing M¢ with H*) by

5% ] S CIVTew || oo || HE |30 + CONTHE[Low [ H¥ |70 + 0] DM Ters®| 2.
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For the first term, note (integrating by parts and using V- (a ® b) = a - Vb if

V -a = 0, for both terms in the square brackets when appropriate)
St = / O [Tu; 0, T(M: + H5))0"T.0;¢dx
R3

=| |, D OB |TA TM + H)IO" T

=| [ 9"0;Tu; T(M; + H5)]|0" T.0,¢dx

R3
— kEME HE) - sskaHad
S (ITM? + T HE || oo || DFF 1 2

+ | DH(MF + HE)|| 2| DTou® || oo )| D HE 2
S COYNTME| Lo + || T Zoo I + 01 D" 0”72

+ 1D Jevs [ e (1M gw + IHE[I7).

where in the last step we have again used the corollary to Lemma 4.2.9. Finally

our estimate for S% becomes

57| < 157a] + 157
S COYNTME e + | THE 2o ) | HE 7 + 20| D* 1|7, (5:45)

+ | DT oe (| ME s+ [HE[I7)-
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Next we estimate Sg. Similar to Sg, and using the corollary to Lemma 4.2.9,

|S51 S NOF[T(V x ) x (TMO|| 2 || HE | 1
< (I DFw || oo || D* MF| 2
+ | T ME|| oo | D Tets® | 2) ||| (5.46)
S DT || poe | MF | 7

+ C(O) | T ME|[Toe || HE (|7 + 8[| D T -

Finally, we estimate S§ similar to S:

1551 SN0 (TeM* x (T-MF x THE)) | g2l HF || v
S ([ TeMF | poe | T M X T HF|| e
+ | TeME X TeHE | oo | T ME || g ) |1 HF|| e
(5.47)
S NTME| poe (| T ME || oo || HE || g+ | T HE || oo [|MF || g ) || | e
+ |\ TeME X T HE|| o || ME|| e | || 11

< C(ITMF|[Foe + N T HE o) (IMF g + 1HE[[7)-

Together, estimates (5.36), (5.38), (5.39), (5.40), (5.41), (5.42), (5.45), (5.46),
and (5.47) give,

1d
5 7 106 52 + 10" MEN Tz + 10" HE ([ 72) + 110* T Vul 2 + 0" TV M#|

+[F TV H |2 + (M 72 + 3[10° H |7
< CEO)(ITME | poe + IIT-HE Lo + 1T MO + 1T HE ([ + | DIewf| )

X ([ + IME |+ IHE [ F0) + 76 DM Tew®| 7.
(5.48)
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Choosing 6 < 1/8, summing over all derivatives of order k, and using Young’s
inequality gives,

d £ £ £
2 (U s+ (12 e+ T HE (1)

< O+ | TM e + | TH e+ [ DT |ie)  (5:49)

X (Ll + 1M G+ ILHE )

For the terms involving the L*°-norm of M*® and H*®, we use the Sobolev
inequality || f|| g m®sy < C|| f|lgrsy for k> 3/2. For the || DJ.uf||L~ term, we

have by the Gagliardo Nirenberg inequality,
IDw|| 1o < Ol D™ || flull 122,

< a < 1 foral £ > 5/2. By using Young’s

2 . 1
3 satisfies ;

where a = 5=

inequality, and the Sobolev inequality again, we bound (5.49) by a quadratic:

d g € €
— (U [l M+ (L )
(5.50)

< C(L A+ [l e + 1M e + 1HE[ 1)

Denote E.(t) == 1+ [[u||}x + |M?|3 + [[H®||7;- Then solving inequality
(5.50) gives,

sup E.(t) <

—_— . 2.51
0<t<T 1-— CTEE(O) ( )

In particular, our solution (u®, M€, H®) is uniformly bounded in

C([0,T); H*(R?)) for k > 5/2 for all T < C’EIE(O)'
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Moreover, we can bound the time derivatives 4 (u®, M*, H) as follows: From

equations (5.1) and from relation (4.39),

du®
dt

dMe

n dH*
Hk—2 dt

o

S (e A+ IME e+ 1HE | )

Hk—2
S E.(t)° S E-(0),
(5.52)

for k > 5/2; in the above we have used either the obvious inequalities, or the
Sobolev embedding H* C H*~! on R3 where appropriate to achieve this bound.
Note that if the trilinear term were absent, we could achieve a quadratic
bound here. Thus, our solution (u®, M*¢, H®) is also uniformly bounded in
Lip{[0, T; H*"2(R3)} for k > 5/2.

Remark. Because we were able to ensure all of the (k + 1)-th derivatives fell
on u° in estimates (5.36)-(5.47), this bound can also be achieved for systems

without a Bloch-Torrey magnetization term.
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5.1.4 Limit Point in C([0,T]; L?)

In this subsection, we show the sequence (u®, M, H®) has a subsequence which
converges to a limit point (u, M, H) in the space C([0,T]; L?). Our plan is
to apply the Aubin-Lions compactness theorem (Theorem 4.1.3) to show the
sequence (uf, M¢, H?) is precompact in C([0, T]; H* (R?)) for (k—2) < k' < k.

. /
Then since HF

. is compactly embedded in L2, L?, there exists a subsequence

which converges to a limit point (u, M, H) in C([0,T]; L?). In the previous
step, bounds (5.50) and (5.52) gave us

{(uf, M*¢, H®)} is uniformly bounded in C([0, T|; H*(R?)),
{(uf, M#, H?)} is uniformly bounded in Lip([0, T]; H*"%(R3)),

respectively. In particular, the uniform bound in the Lipschitz space gives
{(uf, M?, H?)} is uniformly equicontinuous on [0, 7] with values in H*"2(R3).
By the Rellich-Kondrachov compactness theorem, the embedding H* ¢ H¥
is locally compact on R3®. Therefore, by Theorem 4.1.3 with X = H*Y =
H¥ 7 = H*2 (u®, M®, H®) is precompact in C([0,T]; H*') for all (k — 2) <
k' < k and therefore has a limit point in C([0,T]; L?). Moreover the subse-

quence of (uf, M¢, H?) converges to (u, M, H) in H* for all (k —2) <k < k.

5.1.5 Limit of Approximate Solutions Solves Equation

In this subsection, we prove that the limit (u, M, H) solves the Shliomis sys-
tem. Using the fact that (u®, M¢, H®) solves (5.1), we obtain considering an
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integrated form of the momentum equation in (5.1) using Lemma 4.2.2:

u(t)fu(O)Jr/O P(u(s) - Vu(s ))ds—ﬁ/ Au(s)ds

Ho !

- P(M(s) ))ds — —/ V x ( (s))ds

= (u(t) —u(t)) — (1 — J)u(0) + /0 P((u(s) — u®(s)) - Vu(s))ds

—|—/0 P(ue(s)~V(u(s)—ua(s)))ds+/0 P(1 — J.)(u®(s) - Vu(s))ds
/ P((1 — Jo)u(s) - Vu® )der/O P(Ju®(s) - V(1 — J)u®(s))ds

2 E _@ ' s) — €(s)) - S S

=1 [ auts) - g2artsas = { [ B0 - 356)) - V(o)

/0 P(M*(s)-V(H(s) — HE(S)))ds—i—/O P(1 — J.)(M®(s) - VH®(s))ds

t

+ [ B((1 - )M (s) - VH)ds + / @M&(s)-V(l—Ja)H%s))ds}
A “(5)) x H(s)lds

+/0 V x [M=(s) x (H s)—Hf(s))]ds—&—/Ot(l—jE)Vx (M= (s) x H(s))ds

w [Tl M) < s+ [ 00 x (1 )

=D1+ Ds+ D3+ Dys+ Ds + Dg+ D7+ Dg + Dg + D1g + D11 + D1o

+ D13+ D14 + D15 + Dig + D17 + Dis.

We take the L?-norm of both sides of equation (5.1.5), and find for the terms

Dy — Dqs:

First, for Dy,
[ D1llze = llu — vl Lo, L2(m3))
(5.53)
—0ase—0.
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Next,
[1Ds]|12 < Celluol|m

(5.54)
—0ase—0,
by Lemma 4.1.1 property (iv). For D3 we find,
t
| Ds]| > S/ [u(s) = w(s)]| 2 [ Vu(s)[| oo ds
0
< Tllu = =0 el = o st (5.55)

—0ase—0,

where we have used the Sobolev embedding H* C Wb (for k > d/2 + 1).

Next, for Dy,

t
[ Dall 2 S/O [u” ()] 2 [Vu(s) = V()| Lodss

< TNuf || oo 0,152 || Vi — Vus || oo 0,7522) (5.56)

< Tlu oo oz 1w — u || Loe 0,0y

—0ase—0,
where we have used the same Sobolev embedding. For Dj, since V - u® = 0,

Dalls < [ 10 = 209 - () @ (6D

< Oe/o [u*(s) @ u(s) || urds (5.57)

< CeT||UE||%oo(o,T;Hk)

—0ase—0,

where we have used || - [[g1 < C||- || 31 and that H* is an algebra for s > 3/2

95



and finally that || - [| 3., < C| - [[g+. Next, for Dg we have

t
D6l > < 05/0 [u" ()| IV U (8) || L~ ds

t
< Ce / ()l [V (5) | = s
0

(5.58)
< CffT”UEH%oo(o,T;Hk)
—0ase—0.
Similarly for D7,
t
1Dl 2 < CE/ [[u" ($) || o< [[u® ()] 2 ds
0
< CETI e o 1,110 (5.59)

—0Qase— 0.

For Dg, we estimate
! 2
[Dsll 2 < C/O [A(u(s) = Teu(s))|| 2ds

< C/o |A(u(s) —u®(s)) + A(1 — To)u®(s) + AT(1 — Te)u®(s)||r2ds

—0ase—0.
(5.60)
The terms Dy, D1y, D12 and D13 can be estimated in the same way as D3, Dy, Dg

and Dy, respectively. Since V- M¢ # 0 in general, we estimate D1, as follows:

T T
IDullz < € / IM(s) - VHE(s)|| eds < / IMES) gl HE()] g
0 0
k—0 9 9
S eT(IMA oo or.mry + 1H T 0,720))
—0ase — 0,
(5.61)
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where £ > 0 was an arbitrarily small positive constant such that k = 5/2 +
k. (Equivalently, we could send x — 0, and use the appropriate Sobolev

inequality.) Using the identity
Vx(AxB)=AN -B)+B(V-A) + (B-V)A— (A-V)B,  (5.62)

we estimate Dqy:

¢
[D1al[z2 < /0 (1M (s) = M=(s)[| L2 [[VH ()| oo + [ M (s) — M=()|| g1 || H(8) || Lo )ds
S TN H| Lo o.1,mm) 1M — M| poo (0,71
+ T||M — M¢| oo 0,780 1 H || oo (0,7:1)

—0ase—0,

(5.63)
and similarly D5:
D152 S TIIME|| oo 0,1 1H — HE || oo (0,11
+ T||H - H6||LOO(O7T;H1)||M6||LOO(O7T;LOO) (564)
—0ase—0.
Next, we estimate Dqg:
t
IDull S & [ 10M5) x HE(5) s
0
t
< &?/ Me(8)|| g2 || HE(8)|| g2ds
i [ M ()| 2 |1 H* () || o (5.65)

< CET(HMEH%/OC(O,T;H’C) + ||H€||i°°(0,T;Hk))

—0ase—0.
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Using the same trick as we did for Dy; (5.61), we find

t
| D17 2 5/ (1= To)M*(s) x H(8)| ga/2+nds
0
t
5/ (1 — J2) M= () || gravaes || HE (5) || asonds
0

t

S e/ 1M ()| o200 || (5) | el (5.66)
0

r—0

(1M e o, amy + 1HE N e o.2,0))

—0ase—0.

Finally, in exactly the same way as for D7, Dig can be estimated by,

1D1sllzz S eT UM oe o,msmaey + I ioe 07,00)) (5.67)
—0ase — 0.

Therefore the limit solution solves the momentum equation.

Similarly, for the magnetization equation,

M(t) — M(0) + /O u(s) - VM(s)ds — o /O AM(s)ds
1 / (V x u(s)) x M(s)ds + %(M(s) — xoH (s))ds
+6/ M(s ) x H(s))ds
= (M(t) — M*(t)) — (1 — J)M(0) + /0 P((u(s) —u(s)) - VM(s))ds
+/ P(ue(s)~V(M(s)—M8(s)))ds+/ P(1 — 7.)(u (s) - VM (s))ds
0 0

t

/ P((1 — J)us(s) - VM®)ds + / P(Ju®(s) - V(1 — Jo)M=(s))ds

0

/ A(M(s) = T2 M= (s))ds — % {/0 [V x (u(s) — u¥(s))] x M(s)]ds
/ [V xu(s)] x (M(s) — M*(s)) +/O (1 =TV x (u®(s)) x M*(s))]ds

0
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+/ TV % [(1 = o) (s)] % M=(s))ds

0

+/O TV x T () x (1 —jE)ME(s)]ds}

o [ age) - 2o = X2 [ a(s) - (o)

0 0

+B{/( (5) = M¥(s)) x (M(s) x H(s))ds
/ M (s) x [M(s) x (H(s) — HE(s))]ds
/ ME(s) x [M(s) x (H(s) — H(s))|ds

+ / (1= J)M=(s) x (M=(s) x H(s))ds
0

+/0t JeM® x [(1 — J)M*®(s) x H]ds + /Ot J-M® x [J-M*® x (1 — jE)HE(s)]ds}

=+ F+F+Fy+Fs+ Fs+ Fr 4+ Fg+ Fo+ Fio + Fi1 + Fio

+ Fig + Fiy + Fi5 + Fig + Fir + Fig + Fig + Foo + Fo

In the same way as D; and Dy, we bound

| Fille = [|M — M?|| Lo 0,1 02(3))

—0ase —0,

[ F2l[r2 < CeuMOHLO"(D,T;H’“)
—0ase—0.

In exactly the same way as D3 — D7, we estimate

1 F5)| 22 < Tl|lu — uf|| oo 0,522y | M || Loo 0,7, 1%) — O,

| Fullze < T||uf|| oo, [|M — ME|| Lo o,750%) — O,
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[ F5]lze < CgT(”UE”%oo(O,T;Hk) + HMEH%OC(O,T;H’C)) — 0,
1F6llz2 < CeT(uf oo ity + MM oo imny) = O,
17722 < CeT(uf oo ity + 1Moo o imam)) — O-

In exactly the same way as Dy,
| Fs||2 — 0 as e — 0.

For Fy, we estimate

t
1Foll 2 5/0 [uls) = u(8)l| e[| M (s)]| L~ ds

S Tju— UaHLOO(O,T;Hl)||M||L°°(0,T;Hk)

—0ase—0.

Next, for Fig,

t
£l 2 §/O IV (8) ]| oo [ M (s) = M= (s)]| L2dls

t
5/0 VU () raseen || M (s) = M= ()| L2ds

Kk—0

S THU’EHL"O(O,T;H’V)HM — MEHL"O(O,T;LQ) —0Qase— 0.

100
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Next, we estimate

t
nﬂmBSe/"vaw@»xM%wmw%@
0

T
S{/Hfo@MmmwMWMMWM%
0

r—0

S 5T(||u€||%°°(0,T;Hk) + ||M€||%°°(O,T;Hk))

(5.78)

—0ase—0.

where k > 0 was an arbitrary positive constant as above. Now we estimate

t
[Fr2ll 2 S 8/0 [[u ()2 [[ M (s) || L= ds

S (0|2 o gy + 1M 2o o ) (5:79)
—0ase—0.
For Fi3, we have (similar to previous estimates)
t
IFallie S [ 106 |9 s
0
S ET)|0 || oo o) 1M | oo 0 000 (5.80)
—0ase— 0.
We trivially estimate,
| Fi4llr2 < C||M — MEHLoo(O,T;LQ) — 0, (5.81)
HF15HL2 S CHH — HEHL‘”(O,T;LQ) — 0. (582)
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Next, we estimate

t
| Fioll 2 5/ M (5) — ME(S) L2 | M ()| oo | HE () | ol
0
SIM = M oran TUM oz + 1 o) 58

—0Qase — 0.

Similarly,
1Fyllze S TNME | o 7o) |1 H = HE ||z 0,7:22) — 0, (5.84)

and

1Pl S TUM oo, | H — HE [l (0,7:22) — 0. (5.85)

Finally we estimate,

t
| Fiol| L2 5/0 (1 — To) M= ()| 2 || M= (8) || Lo 0,120 | H = (8) || oo 0,120y s

S 5T||M€||L°°(O,T;Hk)(||MEH%OO(O,T;H’V) + HHEH%OO(O,T;H’V))

—0ase —0,
(5.86)

and similarly
1F2oll 2 S €T M| oo o) (M oo 0,700y + HHE e 0 100)) = 0, (5.87)

and

[Forllze < gTHMEH%OO(O,T;H’C)||H€||L°°(O,T;Hk) — 0. (5.88)
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The above shows that equations (2.15)-(2.17), (2.19) holds in L? (we don’t
need to consider the equation for the time derivative of H since it is a lin-
ear function of M. However, we can achieve pointwise equality by noting
strong convergence in C([0,T]; H*) for 0 < 7/2 < k implies strong convergence
in C([0,T7; (C*(R?))?) (note that this is sufficient to guarantee continuity of

ug, My, Hy). Therefore (u, M, H) solves the Shliomis model pointwise.

5.1.6 Uniqueness of Limit Solution

Next, we prove uniqueness of the limit solution. Suppose (u!, M, H') and
(u?, M2, H?) are two solutions with the same initial data (ug, My, Hy). Then

they would obey

p{0i(u' — u?) + P[(u' —u?) - Vu' + v - V(u' —u?)]} — nA(u' — u?)
= Puo[(M*' — M?) - VH'] + Puo[M?* - V(H' — H?)] (5.89)

+ %v (MY — M?) x HY + %v x [M? x (H' — H?)],
and

O(M' — M?) + (u' —u?) - VM +u* - V(M — M?)

= IV x (! — )] x M4 (¥ xu?) x (M~ M?)
— %[(Ml — M?) — xo(H" — H*)] + o A(M* — M?) (5.90)

— B{(M" — M?) x [(M* x HY] + M? x [(M" — M?) x H']
+ M? x [M?* x (H' — H?)]}.
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Taking the L%inner product of (5.89) with u — v gives,

pd

AT T I / (W — ) [0 — @?) - Vallde
th ]RZS

— pP /11{3<U1 —u?) - [u? - V(u' —u?)]dr

+ n/]RS(ul —u?) - Aut — u?)de
+MOP/R:«,(M1 — M?)-VH'- (u' —u?)dz
+puelP [ M?*-V(H'— H?) - (u' — u?)dx

]R3

+ % V x [(M! = M?) x HY - (u! — u?)dz
RS

+ % V x [M?x (H' — H?)] - (u' — u?)dx
R3

=G+ G2+ G+ G+ Gs + Gg + G (5.91)
The first term can be estimated by
|G| < pl| Vil [[ o lu” — w? 7. (5.92)

Since V - u? = 0, the second term vanishes. Upon integrating by parts, the
third term becomes negative so move it to the left-hand side to absorb bad

terms together. The fourth term can be bounded as follows:
|Gal S pol[VH oo (| MY = MP|[72 + [[u' — w?[[72). (5.93)

Since V x H* = 0 for i = 1,2, as above M? - V(H' — H?) - (u' — u?) =
V(M? - (H' = H?)) - (u' —u?) — (u' — u?) - VM?*(H' — H?). The first term

vanishes upon integration by parts and we bound the contribution from the
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second by
|G5] < mol| VM| (1 H — HP|[7 + Jlu — w?[172). (5.94)
Integrating by parts to move the derivative to the u terms, we bound
|Gl S NH ([ (I|M" = M2 + ]| V(u! = u?)|[Z2), (5.95)
and similiarly,
Gl S 1Mo (I H = B2 + ][V (u' — u?)22). (5.96)

Taking the L*inner product of equation (5.90) with M — M? gives

liuMl — M?||2 = —/ (u' —u?) - VM- (M' — M?)dz
2 dt RS
—/ w? - V(MY — M?) - (M' — M?*)dx
R3
+/ [V x u'] x (M* — M?) - (M* — M?)dx
R3
+/ [V x (u' —u?)] x M?- (M* — M?)dx
R3
— || M — M?|| 2 +/ (H' — H?) - (M" — M?*)dz
R3

+ [ AM'— M?) - (M' — M?)dx

R3
— [ M?*x [(M'— M?*) x HY - (M" — M?)dx
R3
— [ M?*x[M?x (H'— H?)]- (M' — M?)dx
R3

=h+L+ds+ L+ I+ ds+ I+ Js+Jo. (5.97)
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We estimate,

il S IVM Y|z (ot = w?|[72 + |MF = MP|72). (5.98)

Since u is divergence-free, Jo = 0. Clearly J; = 0. Next,

[ Jal S NMP e (e V (' = u?) |72 + | MY — MP|2). (5.99)

Terms J5, Jg and J; are positive when moved to the left-hand side, and so will

vanish in the inequality. Next, we estimate

| Js| S M || oo || H || oo || M = MP|132, (5.100)

and finally,

ol S NIMP ([T (T = HP|[72 + || MY = MZ|[72). (5.101)

Adding together (5.91) and (5.97), recalling that the time derivative of H is a
bounded linear operator away from the time derivative of M, and taking into

account estimates (5.92), (5.93), (5.94), (5.95), (5.96), (5.98), (5.99), (5.100),
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and (5.101), we get

%(Hul — W3 + MY = M|+ [[H = H?|[72) + 0l V (u — )2
S (IVulllze + IVH o + VM| e + | H [
+ VMoo + | MP || poe (14 [ H |20 + ([ M| 1))  (5:102)
(! = (7o + | M = M?|[32 + [|H — H?||72)
+ (| H | oo + [|M2]] )|V (u — w?)| 22
Choosing

1

e < , 5.103
T o~ + 2] (5.103)

and using Gronwall’s inequality gives uniqueness of solutions (note that the
spatial L> norms are bounded in ¢ on some interval (0,7") by the Sobolev
embedding theorem and the regularity we showed earlier.

Remark. Because none of the previous steps required the use of a Bloch-
Torrey magnetization term, we have also shown the existence of a limiting

solution which is unique in C([0, T]; H*), and solves the Shliomis system.

5.1.7 Regularity of Limit Solution

Finally, we show (u, M, H) € C([0,T]; H*). To accomplish this, we first prove
weak continuity; (u, M, H) € C([0,T]; H* weak). Then we show continuity of

the H* norm of (u, M, H). Together, these imply (u, M, H) € C([0,T]; H).

We begin by proving weak continuity, i.e. (u(t), @) 24 (M (t), )2+ (H(t),v) 2

is continuous in time for ¢,¢,v € H*(R3). Fix test functions ¢,1,v €
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H~*(R3). Then there exist ¢',v’,v" € H**? (which is dense in H~* and dual

to H*2) such that,

16— &l + Y0 = 'l -s + [l — '] -

. (5.104)

< :
— Asupe oy ([[w() lax + 1M @) e + [1H @) 1¢)

For s to be determined later, we write

[{u(t) = uls), )rz + (M(t) = M(s),¢) 2 + (H(t) = H(s),v) 2]
= [u(t) —uls), )2 + (u(t) —u(s), ¢ — &)1
+ (M(t) = M(s),¢) 2 + (M(t) = M(s),9 — 1)1
+ (H(t) — H(s),v) 2 + (H(t) = H(s),v — ') 2]

< lu(t) = u(s) | gr—2 10/ g-rr2 +2 sup [u(®)|[ gl — ¢l
te(0,T)
+ M) — M ()| ar—2 1Y g-r+2 + 2 sup M @&)]| gellt0 — || -+
te(0,T)
FH(t) — H(8)|| e |9 | r-w+2 + 2 sup [H )| lv — V' -+
te(0,

< ([lult) = u(s) x> + M (8) = M(s)l[n-2 + [|H(E) = H(8)[| zx-2)
X (1 [ =rr2 + 19 | zr=rv2 + [V ]| pr-rs2)
+ (1o = &l + 1 = '+ + lu— || )

x 2 sup (lw(®)|lee + (| M@ e + | HE) || )
te(0,7)
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Since (u, M¢, H¢) € Lip([0,T]; H*?), there exists 7. > 0 such that

[ () = u(8) |-z + [ ME(8) = M(s) [ a2 + [|H(2) = H(s)[| 52
€
= ,
2011/ | zr=rs2 + 19 [ -2 + ([0 || 1r-4+2)

(5.105)

for ¢, s € [0,T] such that |t — s| < 7.. Choosing s in this way, from estimates

(5.104) and (5.192) we get

u(t) — u(s), @)z + (M(E) — M(s), ) 2 + (H(t) — H(s),0) 12| <&, (5.106)

so that our solution is uniformly weakly continuous.
Remark. This step also holds without the addition of a Bloch-Torrey mag-

netization term.

Finally, we show ||w(t)|| g + || M ()| g= + || H (t)|| g+ is continuous. We will need
to make use of the Bloch-Torrey magnetization term here. First recall the

bound we proved earlier (5.51)

oi‘ng E.(t) < #7(%(0) =E(0) +

CTE(0)?

T=CTE0) (5.107)

where E.(t) = 14]||uf||3 4 || M=%+ H¢||54 and for clarity we have relabelled
E.(0) = E(0) = 1+ |luoll3s + [[Mol|3x + [|Hol|5- Let us similarly define
E(t) == 1+4||ull3s+|| M|+ H |3 Since for fixed ¢, limsup,_,, E.(t) > E(t),

the bound (5.107) gives

sup E(t) — E(0) < CTE(0y

—_— 5.108
0<t<T - 1- CTE(O) ( )
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This implies limsup,_, o+ £(t) < E(0), or in particular,

1i£§1+1p(HUH?{k M e + 1H ) < ol + 11 Moll s + | Holl 7w (5.109)
On the other hand, since (u, M, H) € C([0,T]; H* weak),

lim inf ([lull e + M1 + 1 I e) = Nuollzge + 1Mollzm + ([ Hollze (5.110)
Thus since the norms are positive,

(ullzx + 1M | s + [[H [ 7x) = lluoll e + | Moll gz + | Holl gz, (5.111)

lim
t—0+
so that we have strong right-continuity at ¢t = 0.

Next, we prove strong right-continuity on (0,7"). Suppose for contradiction
that there exists to € (0, 7] such that ||u(t)|| g + ||M&)|| gr + || H(t)|| z+ is not
right-continuous. Next, recall estimate (5.48) had extra terms on the left-hand
side which were ignored in the subsequent estimate (5.50). Without neglecting

these terms, the estimate reads

1d

5 g7 (U e+ 1M (e + 1 |3ge) + 1TVl + 1TV ME (e + 1TV HE |

< O+ [[u[[Fe + M| T + [ HE[7)2.
(5.112)

In particular, this implies (performing the same estimate for the limit solution)

T

T T
/”vu(t)uzkdt,/ IV M ()| e, and/ IVHO|Eedt (5.113)
0 0 0

are bounded. Therefore, the limit solution (u, M, H) € L*(0,T; H**'), which
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guarantees that for a.e. 7 € (0,1),

(u(-,7), M(-,7), H(-, 7)) € H*"}(R?). (5.114)

Fix 7. By repeating the argument in subsection 5.1.3, at the higher regularity
level (H*1), we find
1

AT, > >0 (5.115)
Colllulm) s + M) s + [1H (7))

such that (u, M,H) € L>®(r,7 + T,; H*Y) N C([r,7 + T]; H*). Since the

solution is not right-continuous at ¢y, we must have T, < ty — 7. Thus

1
() s + 1M () + 1 (7)o 2 P— (5.116)
But then since ty € (0,7,
T
/ () e + 1M ()G + [ ()00 ) dr = o0 (5.117)
0

This is a contradiction to (u, M, H) € L*(0,T; H*1).

Strong left-continuity on (0, 7] can be proven in a very similar way. Suppose

Jtoy € (0, 7] where left-continuity does not hold. For a.e. 7 € (0, to],

(u('vT)vM('vT>7H('aT)) EHk+1(R3)- (5118)
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Fix 7. As before,

1
>
() s + 1M O pes + 1H ) Fpess)

17T, = 0 5.119
e (5.119)

such that (u, M,H) € L®(r,7 + T,; H**Y) N C([r,7 + T,]; H*). Since the
solution is not left-continuous at tq, this gives 7+ T, < tg = T, < tog — T.

Therefore,

1

() e + M () g + 1H () [Fpnen > P

(5.120)

which gives the same contradiction.

5.2 Rosensweig Model

The proof of local well-posedness of classical solutions for the Rosensweig
model with Bloch-Torrey magnetization will be essentially the same as for
the Shliomis model. Therefore, we will omit the details of various estimates
which are no different from those which appear in the proof in the previous sub-
section. Again we will abuse the notation H* so that it either means H*(R3),
H*(R3)* or H*(R3) x H*(R?)3. As we did for the Shliomis model, we write
the mollified Rosensweig model with the momentum equation projected onto

the space of divergence free functions. This is a system of ordinary differential
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equations on the Banach space H¥(R3) x H*(R3) x H*(R3) x H*(R3).

[ (4 + PI[(Tew - V(Tw))
= (n+ QT2 (AW) + poPT(T-M?) - V(J-H®)| + 2¢ TV x (T8),
pr (F + T[(Teus - V(T)])
= T2AQ + (f + N)IT2V(V - Q°) + puoJ:[T-M¢ x J.H¢|
+20(TV x (Jeu®) — 28),
EMF + T ((Jwf) - V(T)M#)] = 0 JZAME + J.[T.0F x JM]
—L(M* — xoH"),

| VXH =0,V (H+M)=-V-H.
(5.121)

We alternatively write (moving terms and dividing by constants where neces-

sary) the momentum, angular momentum, and magnetization equations from

(5.121) as
d;“; = F.(uf, ¢, M*, HF), (5.122)
Qs
— = UL, O, M, H), (5.123)
M€
ddt = G.(uf, Q°, M®, HF), (5.124)

for later convenience. Now we state the main theorem:

Theorem 5.2.1. Suppose that (ug, Qo, My, Hy) € H*(R3?) for k > 5/2 and
V - He"" = (0. Then there exists T = T(||uo|| gx, Q0 x| Mol v, || Hol| ) >
0 such that problem (2.11)-(2.14), (2.18) admits a unique classical solution
(u,Q, M, H) € C([0,T]; H*).

Proof. We prove Theorem 5.2.1 in multiple steps (labelled for the subsection

they will be proved in).

113



5.2.1 Let {¢.} be a standard family of mollifiers. We show that for any ¢ > 0,

there exists a time 7. > 0 and a unique solution

uf, QF, M H® € C([0,T.); (H*(R3))*Y)

of the mollified Rosensweig equations (5.121) with initial conditions

UE‘t:o = J=uo, QE|t=0 = J:8, ME‘t:O = J-M,, HE‘t:O = J:-H,.

5.2.2 For each € > 0, we show the solution from 5.2.1 exists globally in time.

5.2.3 There exists a T' > 0 such that the family (u®, Q°, M€, H?) obeys uniform

in € bounds on [0, 7.

5.2.4 (u®,Q°, M H¢) has a subsequence which converges to a limit point

(w, 2, M, H) in C(0,T]; 17).
5.2.5 The function (u, 2, M, H) solves (2.11)-(2.14), (2.18).
5.2.6 (u,Q, M, H) is unique in C([0,7T]; H).

5.2.7 (u,Q, M, H) belongs to C([0, T]; H).

5.2.1 Local Existence of Regularized Solutions

To prove 5.2.1, we first show the existence of regularized solutions

(us, %, Me, H®) to (5.121) locally in time. Again we define W, (equation
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(5.5)), and use it in the same way as for the Shliomis model:

dHe  1dMe  d . .
=g T (TM) =W (5.125)

Note that (F., U, G., W) : HE x H* x H* x H* — H¥* x H* x H* x H* since J.
commutes with derivatives, IP projects onto divergence free functions, and the
divergence of the curl of a vector is zero. Next, we show that (F., U., G, W¢)
defined by (5.122), (5.123),(5.124), (5.125) is uniformly Lipschitz continuous.

We write

pE-(uf, Q°, M®, H) = —pPJ.[(Jew®) - V(Teud)] + (0 + ¢) T2 (Awf)
+ poPT(TMF) - V(JHT)] + 2TV < (JF)

= pF! + (n+ Q) FZ + poF?2 + 2CFY,

prU-(uf, QF, M®, H?) = —pr J[(Teu®) - V(T0)] + 1 T2 (Aw?)
+ (0 + XN)TEV(V - Q) + o T[T M % J.H]
+2(LV x (To) — 20°)
= prUL + /U + (i + XU + poU2 + 2¢U3,

and
Ge(u", %, M*, H) = = J[(Jew) - V(T-MF)] + 0 T2 (Aw?)

1
+ T[T x JT-M*F| — —=(M*® — xoH)

\]

1
=G +0G?+ G2 + ;G‘;.
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As before, we bound each term following Majda and Bertozzi’s book [MB02].

In exactly the same way as for the Shliomis model, we bound

C
1F2 (ut, @, MY HY) = F2 (u?, Q2 MP, H?)| e < @(HUIHLQ (| z2) 't = || g,

(5.126)

HFf(ul,Ql,Ml,Hl) — Fg(uz,(22,.7\42,1112)||H;c < gHul — U2||Hk, (5.127)
and

1F2(ut, Q1 MY HY) = F2(u?, 9%, M?, H?) ||

o (5.128)
< a2l HY = H e+ [ HP (|2 | MY = M2 g10).
For F*, we bound
[F2(ut, QLMY HY) = FE(u?, 9, M?, H?) ||
(5.129)

C
<NTV % (@ = Q) e < Z (19" = @,

where we have used that J. commutes with derivatives and mollifier property

(4.8).

So altogether for F_., by (5.126), (5.127), (5.128), and (5.129), we have

||F5(’U,1,QI,M1,H1) - FE(U2’92aM2aH2)HHk
< 0(87 HuiHLQ’ HMiHL27 |’Hi||L25 P51, C,,LL())X

{llu' = a®|| s + 19" = Q|| pn + [ M = M| g + [|[H' = H?[| g}
(5.130)

Next, for U., we bound in the same way as for F! (5.126), F? (5.127), and
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F* (5.129),

HUal(u17Qla Mla Hl) - Ual(u27Q2a M27 HQ)HHk
C

Sm(

(5.131)
[t 22190 — Q2| + 192 22 [lu’ = w?[l ),

C
|U2(ur, QY MY HY) — UZ(u?, Q% M2, H?) || gr < = ||QF — Q| e, (5.132)
52

and

|U2(u', QY MY HY) — U2 (u?, 92, M2, H?) || g
C (5.133)
< gllu1 —u*| g + 2|2 = Q|

In the same way as Uj (5.132), we bound
3,1 Ol 17l prl 30,2 02 A2 K2 Chiol o2
|UZ (w0, M7 HY) — UZ(u”, Q5 M=, H) [ ge < 5 [|Q0 — Qe (5.134)
€

Finally we bound

U2 (ut, QY MY HY) = U2 (u?, 2%, M2, H?)|| e
SNTH || MY — M| g + || T-M?|| | |[H' — H?|| e (5.135)
C
<
519

(I 2| MY = MP|| e+ | M g2 || HY = H? || ),

where we have again appealed to the mollifier property (4.9). Altogether,
estimates (5.131), (5.132), (5.134), (5.135), and (5.133) allow us to bound for
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Ue,

U (ut, QY MY, HY) — U (u?, Q% M?, H?)|| g5
< Cle, [[u || g2, 1 2 1M g2, (1 H | 2 ps 5y 1 s N, €, p10) X

{llut = u®| g + 19" = Q2| g + MY = MP|| g + [ H' — H?|[ g}
(5.136)

Next we bound the G. terms. In the same way as U} (5.131) and U2 (5.132)

and U4 (5.135),

IGL(u!, QY MY, HY) — GL(u®, %, M?, H?)|| g
C . ) ) ) X , (5.137)
< m(“u 2| MY — M= gr + | M| 2 flut — u®|| ),

C
G2 (u, QY M HY) — G2(u?, Q% M?, H?)|| e < —2||M1 — M?|| e, (5.138)
g
and

G2t 2 M HY) = G, 02, M2 H)
¢ 1 1 2 2 1 2 (5139)

< UM 198 = 9+ 1922 1 = M2 ).
ck

Finally, we trivially bound

IG2(ut, @, MY, HY) = G2(u?, Q2 M2, H?) | gre < | MY = M| gr + xol [H — H|| v

(5.140)
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Together estimates (5.137), (5.138), (5.139), and (5.140) give

|Ge(u', Q" MY, HY) — Ge(u?,Q%, M?, H?)|
< COfe, HW|L% |’Qi‘|L27 ”MiHLQHLQa g, T, X0) X

{llut —w? g + (19" = Q|| g+ (|MY = MP|| g + | H — H?|| gy}
(5.141)

Again note that W, is Lipschitz since T is a bounded linear operator. Thus

by the Picard theorem (Theorem 4.1.1), there exists a unique solution

(uf,Q°, M¢, H®) € C*([0,T:); HY) (5.142)

for some T, > 0. This proves 5.2.1.

5.2.2 Global Existence of Regularized Solution

To prove 5.2.2, we derive an energy bound that will allow us to continue our
approximate solution from 5.1.1 for all time. Taking the L? inner product of

the momentum equation in (5.121) with u® and integrating by parts, we get

|

P
o g1 L+ + O TVl Lz

U

¢ (5.143)

= / poPTus - [T M - V)T HE + 2 Jeuf - V x J.Qdx.
RB

Again since V x H® = 0 we use the identity

(J-M*®-NJ.H?) - Ju® =V (T.M* - J.H?) - Ju* — (Ju® - V)T-M* - J.H*
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(proved in the previous section) to get,

pd
5%”“6“%#(77 +OITVul|[ 72
(5.144)

= / —poPTM* - [Teu® - V)T-M® +2¢Tu’ -V x JQ%dx.
R3

Next, taking the L? inner product of the angular momentum equation from

(5.121) with Q°, we get

pK d

O I e | TV 2 + (0 + NIV - )2

= / 0T - [T-M? x J-H] + 2C(V x Jou® — 29°) - J-Q°dw.
R3
(5.145)
Taking the L? inner product of the magnetization equation in (5.121) with

poM*e and using Lemma 4.2.4, we get

po d

2O SN, + B2 (1M 3 + x| THE ) = 0. (5.146)

Finally, taking the L? inner product of the magnetization equation in (5.121)
with pgH® and using Lemma 4.2.4 and the scalar triple product (A x B)-C =
(C' x A) - B, we get

2 dtHHEHLQ + 2 (1 + x0)||T-H*|75
= MO/ [(s]sus) . V(‘]eME)] . \75H8d1‘ (5.147)
R3

- uo/ (JQF x J.M°) - J.Hedx.
R3
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Adding (5.144), (5.145), (5.146), and (5.147) gives

1d

5 g7 PIlZe + prIQZNT2 + pol MEIIZ2 + pol H¥|[72)

1
+ 0+ ¢+ DIVl + o [TV + 0 + M) TV - 9872 + — | MEIZ

Ho
T

+ (14 2x0) | HE||2

=2¢ [ (VX JQ) x Jou® + (V x Jeu) - JoQ%dw — 4| T8 |72 + | TV 32
R3
=4¢ [ (V x Jouf) - T-Qdx — 4| T8 |72 + || T- VU 72
R3
= (|l x uf = 2797 1,
(5.148)
where we have integrated the first curl term on the right-hand side by parts,

and used that since V- u® = 0, Au® = =V x (V x u®). Moving the final term

on the right-hand side to the left-hand side, we finally get

1d

5 77 Pl lze + prl| Q1172 + ol ME[IZ2 + ol HEIIZ2)

1
+ 1+ CH+ DITVE Lz + 0 IV e + (0 + XITV - Ql7a + (1M
Ho

+ (14 200) [ HlI72 + IV x uf = 27,9772 = 0.
(5.149)

This implies

sup (pllul7z + sl + moll M7z + poll HEN1Z2)
0<t<T

< (plluollze + Pl Z2 + ol MollZ2 + ol Holl72)-
(5.150)
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Since norms are positive, we have in particular,
sup ([lu”|[ 2+ 2 + [[M| 2 + ([ H | 2)
0=t=T (5.151)
< C(lluollze + [[Q0llz2 + [[ Mo > + ([ Hollz2)-

Once again we use the continuation theorem for ODEs on a Banach space
(Theorem 4.1.2) to show our ODE exists globally in time. To this end, we
prove an a priori bound on the H* norm of (u®, Q¢, M¢, H¢). From the Lipschitz
bounds (5.152), (5.136), and (5.141) with (u!, QY M, H') = (u®, Q°, M*, H?)
and (u?, Q% M? H?) = (0,0,0,0),

d € € € €
g Ul e+ 12 e+ LM e - [ )
S 0(5, ||u€||L27 ||QE||L2a ||M6||L27 ||H€||L27p77]a gﬂ/'LOa Ii,?’]/,/\/,O', T, XO)X

(= g + 121 = Qs + [ M = M| g + | — H?]| ).
(5.152)

Our previous estimate (5.151) changes the dependence of the constant in

(5.152) on (u®,Q°, M¢, H®) to dependence on the initial data,;

d € € € €
g U s A 125 e 4 (1M e A (L)

S C(E, ||u0||L27 ”QO||L27 ”MO||L2> ||HO||L27P7777 C?MOa K, n/7 Al) o,T, XO)X

[l = e + 121 = Q2| pgs + [ M = M|y + | — H?]| ).
(5.153)

By Gronwall’s lemma, this gives

[ e+ 125 e + 15| + L e
(5.154)

< (luollzre + 11901z + 1Mol e + | Hol |z )e
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so our solution can be continued indefinitely in time.

5.2.3 Uniform in € Bounds

In this subsection, we prove that for every k > 5/2, our solution is uniformly

bounded in H*(R?®). In particular, we prove the bound

d I3 I3 € (3]
2 (U It 12 e+ (1M e+ 1)
(5.155)

< (Ul l 7+ 19 N+ 1M+ ).
Since we don’t need terms to cancel each other in this estimate, we set
P, 1, C? Mo, R, nlv /\/7 T, X0 = 1

for simplicity. Let 0% denote a particular derivative of order k for k > 5/2.
Taking the k-th derivative of the momentum equation from (5.121), multiply-

ing by 0*uf, and integrating over R? gives

1d k. el12 k €12
55”(3’ u*l|ze + 2[|0"Vur||7
— | (Tt - VTuE) - O Jude + | OF(TM®-VI.H) - 0" Jufdx
R3 R3
+2 [ 0%V x J.0°) - 0" Tufda
R3

— R, + R, + R,
(5.156)
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Next, taking the k-th derivative of the angular momentum equation from
(5.121), multiplying by 9%Q°, and integrating over R? gives,

Ld

3 10" 3 + VT8 2 + 201059 - T3 + 410403

=— | (T VI T de + | OF(T. M x J.H?) - 08 J.0%dx
R3 R3

+2 [ OF(V x Jouf)oF T da
R3
= Ri + R; + R;.
(5.157)
Then taking the k-th derivative of the magnetization equation, multiplying

by 0% Me¢, integrating over R3, and using Lemma 4.2.4,

1d
5 g 10" ME|[72 + 10° M=z + [0°HE |72 + 10"V T MF| |7
=— | T VIMFTMdx + | F(T.0° x T.M?) - 98 J.Mda
R3 R3
= R + R§.
(5.158)
Finally, taking the k-th derivative of the magnetization equation, multiplying

by 0% H¢, integrating over R®, and using Lemma 4.2.4,

1 d (3] € (3
5@!3’“1{ 72 + 2|0 He |72 + 0°V T H7||72
= | OF(JTu - VIM)O*T.Hodx — | 0%( T x J.M?) - 08 J.H dx
R3 R3
(5.159)

124



Adding (5.160), (5.157), (5.158), and (5.159) gives

1 d g 13 (3 €

§E<H0’“u 72 + [[0°Q° (172 + 10" ME||72 + (|0 HE |7
+ 2||0FVuE |25 + || 0PV T2 + 2|07V - T 22 + 4]|07Q° |3,
+ (|0 M# |22 + 310" HE |72 + 0"V HE |72 + 1|0°V ME| 7

= RS+ RS+ RS + RS + RS + R+ Re + Ry + RS + R,
(5.160)

We estimate each term R — Rj,. First, in exactly the same as ST we bound

|R5| < O\ DIcwr || oo |0 |- (5.161)

Moreover, in exactly the same way as S5, we bound

B3| < C@)(1TMF|| e + | T-HE (o) (NTeME e + 1T HE | ) + 8] DM T 7
(5.162)

For Rj, we bound
[R5 < C(O)[luf e + Ol D" Q7|7 (5.163)

In the same way as Sj, we estimate

RS < CIDIew (|1 Q%1 Fe + CO) | T 70 19|15 + 0] D T 7.
(5.164)
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For Rg, we use Ning Ju’s inequality (Proposition 4.2.1) to get,
RS < (1TeME | oo || H ([ + (T H || oo | MF ]| ) | T2

< NTME oo (L g+ 1927 M ) + N TeHE oo (1M1 7+ 19°]50)-
(5.165)

We trivially estimate

|RE| < C(0)]|1Q°|% + 6| DM e 2. (5.166)

Similar to R}, we estimate

|[R2| < ClDTeus || oo [|MF| [0 + CONTeME |G | MF [T + 6| D e |72

(5.167)
Similar to Rg,
| R5| < (I TME|| oo (||| e+ |\ TeHE || oo [| M2 o ) | T 2% 22
(5.168)
< T oo | MF| g + [T ME| e (1M e + 195 )
Next, Rj can be estimated in exactly the same way as S% by
[R5 S CO)(ITM T + (T H o) IIHE || + 81| D™ ] 2 (5.169)

+ (1D Teu® | poo (1M |3+ IHE[30)-
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Finally, Rj, can be estimated similarly to Rz by

| Riol < (1TeQ o |IMF || e+ | Te ME|| 20w 197 | o )| T ¥ 22

<N T oo (1M e+ 1HE ) + 1 TME oo (197 e + ([ HE |5
(5.170)

Using estimates (5.161), (5.162), (5.163), (5.164), (5.165), (5.166), (5.167),
(5.168), (5.169), and (5.170), summing over all derivatives of order k, using
the Sobolev inequality || f||Le®s) < C||f|/gs for s > 3/2 and the Gagliardo-
Nirenberg inequality || Df| sy < C||D¥ f[|%2 || f]I =" for k > 3/2, and taking

d < 1/6, equation (5.160) gives

d 15 3 (3 (3
(U e N e + 1M e + 1 [[)
(5.171)

< (L Nl + I + 1M s+ 17 ).

Denoting E.(t) := 1+ |[u®||5 + |15 + | MF]1% + [[HE||5, solving the

inequality (5.171) gives,

sup E.(t) < E:(0)

_ 5.172
0<t<T - 1- OTEs(O) ( )

In particular, our solution (u®, ¢, M*® H¢) is uniformly bounded in

C([0,T); H*) for k > 5/2 for all T < Moreover, we can bound the

1
CE:(0)"

time derivatives as follows: From equations (5.121) and from relation (4.39),

du’
dt

dy®

N H dMe
Hk—2 dt

N H dH*®
Hk—2 dt

o

< E(0)2  (5.173)

Hk—2
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for k > 5/2; in the above we have used either the obvious inequalities, or the
locally compact embedding H* C H*~! on R?® where appropriate to achieve
this bound. Note that since there is no M x (M x H) term in the Rosensweig
model, we can achieve a quadratic, rather than a cubic, bound here. Thus,
our solution (uf, M¢, H¢) is uniformly bounded in Lip{[0,T]; H*~?}.

Remark. Since all of the (k + 1)-th derivatives fell on u® or Q¢ in estimates
(5.161)-(5.170), the bounds also hold without a Bloch-Torrey magnetization

term.

5.2.4 Limit Point in C([0,T]; L?)

In this subsection we show the sequence (u®,Q°, M, H®) has a subsequence
which has a limit point (u,Q, M, H) in the space C([0,T]; L?). Our goal is
to apply the Aubin-Lions compactness theorem (Theorem 4.1.3) to show the
sequence

(uf,QF, M*¢, H?) is precompact in C([0,7T]; H*) for k —2 < k' < k. Then
since H* is compactly embedded in L2, L?, there exists a subsequence which
converges to a limit point (u,Q, M, H) in C([0,T]; L?). In the previous step,
bounds (5.171) and (5.173) gave us

{(uf, %, M¢, H?)} is uniformly bounded in C([0, T]; H*),

{(uf, %, M¢, H?)} is uniformly bounded in Lip([0, T|; H*2),
respectively. In particular, the uniform bound in the Lipschitz space gives
{(uf, %, M¢, H?)} is uniformly equicontinuous on [0, 7] with values in H*~2.
By the Rellich-Kondrachov compactness theorem, the embedding H* ¢ H¥

is locally compact on R3. Therefore, by Theorem 4.1.3, with X = H* Y =
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H¥ 7 = H*2 (u®,Qf, M?, H?) is precompact in C([0,7T]; H*) and therefore
has a limit point in C([0, T]; L?). Moreover, the subsequence of (u, Q, M¢, H¢)

converges strongly to (u,Q, M, H) in H* for all (k —2) <k < k.

5.2.5 Limit Solution Solves Equation

In subsection 5.2.5, we prove that the limit (u, 2, M, H) solves the Rosensweig
system. Using the fact that (u®,Q°, M, H*) solves the mollified Rosensweig
equations (5.121), we obtain considering an integrated form of the momentum

equation using Lemma 4.2.2,

w(t)—u(0) + /O P(u(s) - Vu(s))ds —M / Au

—@ t S) - S S—@ S S S
9 [ pr) - Vi) 2p/()vX<M<>xH< )

= (u(t) —w(t)) = (1 = Je)u(0) + /0 P((u(s) = u(s)) - Vu(s))ds
+/0 P(u(s) - V(u(s) —u(s)))ds +/0 P(1 — J2)(u®(s) - Vus(s))ds

s

/ P((1 — J.)u ()-Vug)ds—i—/ P(Jow(s) - V(1 — Je)us(s))ds

0

77+C/ Au qus(s))ds—uo{

) / P((M(s) — M=(s)) - VH(s))ds

0

/O]P’(ME() V(H(s)—Hs(s)))dH/o P(1 — J.)(M=(s) - VH(s))ds

+ /Ot]?(u _ TOME(s) VHE)der/O P(J.M(s) - V(1 — jg)HE(s))ds}
v "1 9V x Q(s)ds + / LIV x (1 - Ts))ds

+ [ 29 % 00 - 07 ())ds

=D1+ Do+ D3+ Dy + D5 + Dg + D7+ Dg + Dg + D1g + D11 + Do

+ D13+ Dia + D15 + Dis + Dir. (5.174)
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We take the L? norm of both sides of equation (5.178), and estimate the
terms. Since the terms D; — D4 are exactly the same in the proof for the
Shliomis model, we only estimate D5 - D7 here (see (5.53), (5.54), (5.55),
(5.56), (5.57), (5.58), (5.59), (5.60), (5.1.5), (5.1.5), (5.61), (5.1.5), (5.1.5), and

(5.63) for the estimates of D; — D14). We bound, using mollifier property (4.8)

||D15||L2 S CT€||QS||L00(O7T;HI€) — O, (5175)
||D16||L2 S CT€||Qa||Loo(O7T;Hk) — O, (5176)

and
||D17||L2 < CT”Q — Qa||Loo(07T;Hk) — 0. (5177)

We do the same for the angular momentum equation from (5.121). Using
the fact (u®,Q°, M¢, H*) solves (5.121), we consider an integrated form of the

angular momentum equation to obtain

Q(t)—Q(O)+/( (s) - Vs ))ds—/ AQ(s)ds
77+X/VVQ )ds — 22 /M ) x H(s
- lm/o V x u(s) — 2Q(s)ds
= Q@) - () — (1 = J)2(0) +/0 ((u(s) —u(s)) - VAQ(s))ds
—I—/O (u®(s) - V(Qs) — Q°(s)))ds —1—/0 (1 —J)(u(s) - VQ°(s))ds
+/0 (1 =T u(s) - VQ)ds —l—/ (Jzu(s) - V(1 — J)¢(s))ds

_i/ ' 20 77 +)\/ 9 e )

P A(() T2Q5(s)) /V — J20%(s))]d
Ho t

+p*${/o (1—-T)M(s) xH(s)ds—i—/O J-((1 — J)M(s) x H(s)ds
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+/0 Te(TM(s) x (1 — TJ-)H(s))ds
+ [ FT () = 27(5) % et (s))as
t . . 2C t
+ /0 T(T-M*(s) x J-(H(s) — H (s)))ds} + piﬁ; {/0 (1 —=T)V x u(s)ds
+/0 TV % [(1 — To)uf(s)]ds +/0 TV % [Te(uls) — uf(s)]ds

t
+/ 2(Q2(s) — Qe(s))ds}

0
=E1+Ey+ E3+ Ey+ Es + Eg + By + Eg + Eg + Eig + E11 + Eio

+ Ei3 + Eia + Ei5 + Ei6 + Ev7 + Ens. (5.178)

All of these can be bounded in a way we have seen before.

Similarly, for the magnetization equation,

M(t) — M(0) + /0 u(s) - VM(s)ds — 0/0 AM(s)ds
1

-3 /Ot(v x u(s)) x M(s)ds + %(M(s) — XoH (s))ds

+ 3 OtM(s) x (M(s) x H(s))ds

= (M(t) — M*(t)) — (1 — J-)M(0) +/O P((u(s) —u(s)) - VM(s))ds
+ / P(u(s) - V(M(s) — M(s)))ds + / P(1 — J.)(uf(s) - VME(s))ds
0 0

S

/ P((1 — J-)u®(s) - VM*)ds —I—/ P(J-u(s) - V(1 = J-)M*(s))ds
0 0

_l’_

+/ A(M(s) - jEQME(s))ds—i—/O (1 7.)[(s) x M(s)|ds

N

[(1 = T)s)] x M(s)ds +/0 J=(TeQ(s) x [(1 = Je)M(s)])ds
(Je(2(s) = 2°(s)) x T=M(s))ds

J=(TeQ(5) x Te(M(s) — M*(s)))ds

+
S ——3
R
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e 2 [ = oo =22 ['1(0) — s
0

T T 0

=F +Fy+ F3+ Fy+ F5 + Fg + F7r + Fg + Fog + Fio + Fi1 + Fio

+ Fig + Fia + Fis. (5.179)

Again we take the L? norm of both sides of the equation and estimate the
terms on the right-hand side. First note that Fi, Fy, F3, Fy, Fx, Fg, F7, Fg, Fly,
and Fi5 can be estimated in the same way as in the proof for the Shliomis

model. We bound

e—0
1 Fo| 2, || Frollr2 | Fiallre < Cel|Q oo om0y | M || oo o710y — 0, (5.180)
and

[Fi2lz2 < Ol = Q| oo 0,7 10) | M [ oo (0. 1,10%) — O, (5.181)
[ Fisll2 < CIM = M*{| oo 07,10 12| o< 0,750%) — 0. (5.182)

We have shown that equations (2.11)-(2.14), (2.18) hold a.e. in (z,t) (again
we don’t need to consider the equation for the time derivative of H since it is
a linear function of M). However, we can achieve pointwise equality by noting
strong convergence in C([0,T]; H*) for 0 < 7/2 < k implies strong conver-
gence in C([0,T); (C%*(R?))?). Therefore (u, 2, M, H) is a classical (pointwise)
solution of the Rosensweig model.

Remark. Note that this argument also holds without the addition of a Bloch-

Torrey magnetization term to the model.
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5.2.6 Uniqueness of Limit Solution

Next we prove uniqueness of the solution above. Suppose (u!, Q', M*' H') and
(u?,Q?, M? H?) are two solutions of the Rosensweig system (2.11)-(2.14) with

the same initial data (ug, Q, My, Hp). Then the solutions would obey

plon(u’ —u?) + P(u! —u?) - Vu' +u® - V(u' — )]} — (n + OA(u! —v?)

=P[(M' — M?)- VH'] + Puo[M?>-V(H' — H*)] +2¢V x (Q' — Q?),
(5.183)

pr{0,(Q — Q) + (u'=?) - VQ + 4% - V(Q' — QD) — 7/A(Q — Q)
— (' +N)V(V - (Q = Q%) = po(M' — M?) x H" + poM? x (H" — H?)

+ 20V x (u' —u?) — 4¢(Q — Q?), and

(5.184)
O(M' — M?) + (u' —u?) - VM +u* - V(M' — M?) + s A(M' — M?)
1
— (O~ 02) x MY+ Q2 x (MY — M?) — —(M* — M?) + 221 — 15?).
T T
(5.185)
Taking the L? inner product of (5.183) with u! — u? gives,
Dl = =~ [ (u! =) (u! ~ 0?) - V'l
R3
- p]P/ (u' —u?) - [u? - V(u' — u?)]dz
R3
+ (n+ C)/ (ut —u?) - A(u! —u?)dx
R (5.186)

+,MOIP’/ (M — M?)-VH' - (u' —u?)dx

R3

+ueP | M?-V(H' — H?) - (u' — u?)dx
R3

+2¢ [ Vx(Q' =07 (u' —u?)dz.

R3
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The only term here which was not dealt with in the proof for the Shliomis

model is the last one. It can be estimated by

‘2( V x (Q = Q) - (u' —u?)de

RS

< CVEQ" = D)L + llu! —w?|72)

(5.187)
Next, taking the L? inner product of (5.184) with Q' — Q2

%Hﬂl — |72 = —pKP /RS(Ql — 0 [(u! = u?) - VQdz
_ p,‘-;IP’/Rg(Ql — Q%) W2 V(! — Q2)]dz
+1f /RS(Q1 — %) - A(Q' — Q)da
0+ X) [ V(T (@ - 0) - (- 0%)da

+ MOIP’/ (M' — M?) x H' - (Q' — Q*)dx
R3

+ P [ M?* x (H' — H?) - (Q' — Q?)dx

R3
+2¢ [ Vx(u'—u?) - (Q - Q%)dx
R3
— 419 — Q7|7
=K1+ Ko+ K3+ Ky + K5+ K¢ + K. (5.188)

Note that integrating by parts gives

Ky =—||V-(Q"=Q%)|3,. (5.189)

The rest of the terms K; — K3, K5 — K; can be estimated in exactly the

same way as previous estimates. Taking the L? inner product of (5.185) with
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M*' — M? gives

1d
—— || M — M| = —/ (u' —u?) - VM- (M' — M?)dz
th R3

- / w? - V(M — M?) - (M' — M?)dx
R3

1
M = M+ X0 — B (MY — MP)dx
T T R3

to [ AWM = M) (M — M?)dx
R3

+/3<91 _ 0 x M- (M — M)
-
+/ QO x (M — M?) - (M — M?)da.

° (5.190)
The first five terms above can be estimated exactly as we did for the Shliomis
model, and the last two can be estimated in the standard way. Adding equa-
tions (5.186), (5.188), and (5.190), using the bounds on 4| M' — M?| ;2 to
bound 14| H' — H?||[2, and using the appropriate estimates (choosing some
e small enough as before) along with Gronwall’s inequality gives uniqueness of
solutions.
Remark. Because none of the previous steps required the use of a Bloch-

Torrey magnetization term, we have also shown the existence of a limiting

solution which is unique in C([0, T]; H*), and solves the Rosensweig system.

5.2.7 Regularity of Limit Solution

Finally we show (u,Q, M, H) € C([0,T]; H*). First we prove weak continuity;
i.e. that (u,Q, M, H) € C(|0,T]; H* weak). Then we show continuity of the

H* norm of (u,Q, M, H). These two ingredients show the continuity above.
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We begin by proving weak continuity, i.e. (u(t), ¢)r24(Q(t),0) 24+ (M (t), )2+
(H(t),v)r2 is continuous in time for ¢, 0,1, v € H*(R3). Fix test functions
¢,0,¢,v € H*(R?) with [|¢]|g-+ = |0l -+ = [[lz-+ = [[v]|g-+ = 1. Then
there exist ¢/, 0 ¢/, v/ € H*?2 (which is dense in H~* and dual to H*?)

such that,

I = &l + 116 = Ol + [ = [+ + [l — '] -
S

= Asupye oy ([l e + 1) e + 1M @) e + [ H ()] )
(5.191)

For s to be determined later, we write

[(u(t) —u(s),d)r2 + (Qt) — Qs),0) 2 + (M(t) — M(s),¥) 2
+ (H(t) — H(s),v) 2]

= [{u(t) —u(s), @)z + (u(t) —u(s), ¢ — ¢) e
+{(Qt) — Qs), 0 2 + () — Qs),0 — ') 12
+ (M (t) — M(s),¢") 2 + (M(t) — M(s), — ') 2
+ (H(t) = H(s),v") 2 + (H(t) — H(s),v — V) 12|

< lu(t) — w(s) | ar—2 16| r—r+2 + 2;(%1;) [w()|| zxlld — &'l e+
+1Q(t) — Q)| 20 | r—#+2 + 2t68(1(1)1>T) 1Q2E) || #1160 — 0] 11—
+ | M(E) = M ()| w2 |9 | r—rr2 + 2;(1[1)1;) M (&) || el — Y| -+

+ | H () — H(s)l| g2l | g—rv2 + 2 sup [ H ()] gl — V|| g
te(0,T

< ([ult) — u(s) sz + [Q(E) — Q)| ez + | M (£) — M (s)|| s
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+ | H(t) — H(s)|| gr—2)
X (10" | r=r+2 4 10| g-r+2 + ||| -rs2 + [|V']] gr-r+2)
+ (Il = &' lg—« + 1|0 — || g+ + | — V' || g+ + [|u— || g-+)

x 2 sup ([[u()llas + QO s + M @) + [1H @) ).
te(0,T)
Since (uf, Q, M¢, H?) € Lip([0,T];; H*2(R?) x H*2(R3) x H*"2(R?)), there

exists 7. > 0 such that

[0 () = u(s) ||z + [|2°(8) = Q)| w2 + [[ MO () = M= ()| v

+ () = H(s) ]| w2
€

< .
= 2([[@' [ w2 + 10 vz £ ([0 vz + ([0 | -rv2)
(5.192)

for ¢,s € [0, 7] such that |t — s| < 7.. Choosing s in this way, from estimates

(5.104) and (5.192) we get

[{u(t)—u(s), §) 2 +(UE)=(s), 0) L2 +(M (t) = M (s), ) L2+ (H (1) = H(s), v) 2| <&, (5.193)

so that our solution is uniformly weakly continuous.
Remark. This also holds without the addition of a Bloch-Torrey magnetiza-

tion term.

Finally, we show |[w(t)| gx + ||Q2(t)|| g+ + [|M ()| g+ + || H (t)|| g+ is continuous.
Our proof requires the use of a Bloch-Torrey magnetization term. First recall

the bound we proved earlier (5.51)

E(0)
E <—" " =F
Sup Be(D) < 7 =G ~ PO+

CTE(0)?

T—CTEQ) (5.194)
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where E.(t) = 1+ |[uf]|3 + |15 + | M=]13, + || H||3, and for clarity we
have relabelled E.(0) = E(0) = 1+ [Juo|2x + [12]5e + | Mol%e + | Hol%. Let
us similarly define E(t) := 1+ ||u|%x + [|Q5: + [|M |15 + [ H |3 Since for

fixed t, limsup,_,, F.(t) > E(t), the bound (5.194) gives

sup E(t) — E(0) < CTE(0y

—_ 5.195
0<t<T - 1- CTE(O) ( )

This implies lim sup,_,q+ E(t) < E(0), or in particular,

1itm§l+lp(|\u||i1k QUG + 1M+ 1H 1) < llwollFe + 190115 + 1Mol Zx + | Holl7-
5

(5.196)
On the other hand, since (u, 2, M, H) € C([0, T]; H* weak),

tian inf ([l 7n + QA7 + 1M1 + 11 F0) = lluoll e + 1905 + [Moll7s + [ Holl 7
(5.197)

Thus since the norms are positive,

Timn (g 12+ e+ L E ) = o+ 192 s+ 1Mo g+ Holl v, (5.198)
so that we have strong right-continuity at ¢ = 0. Next, we show strong

right-continuity on (0,7"). Suppose for contradiction 3¢y € (0,7") such that
right-continuity does not hold. Recall estimate (5.171) had extra terms on
the left-hand side which were ignored. Without neglecting these terms, the
estimate reads

1d

13+ 10+ 1M+ 1 ) + 1TV s+ 1TV

+ | TV ME |3 + || TV HE |3

< O+ [luf | + 19° N e + 1IME( e + 1 HE )%
(5.199)
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In particular, this implies (using the same estimate for the limit equation)

T T T
/ IV a(t)|Ppedt, / IV Pyt + / IV M) |2,
0 0 0 (5.200)

T
and / IV H ()|t
0

are bounded. Therefore, the limit solution (u,Q, M, H) € L*(0,T; H*),

which guarantees that for a.e. 7 € (0, ),
(u(-,7),Q,7), M(-,7), H(-, 7)) € H"'(R?). (5.201)

Fix 7. Then

47 > ! >0

"7 Colllulm) e + 120 s + IM () pes + 1H () )

such that (u,,Q, M, H) € L®(r,7+T,; H**)NC ([, 7+T,]; H*). In particular,

since the solution is not right-continuous at ¢y, this gives T, < tg — 7. Thus

1
() zper + 1D Fpein + 1M ()G + HH () [pren 2 e (0202)

But then since ty € (0,7,
T
/ (lulm) e + 12 Fpeer + M) pes + 1H () )dr = o0,
0

which is a contradiction to (5.201). Similarly one can prove strong left-
continuity on (0,7 (it was done for the Shliomis and the differences between

proving right and left continuity are the same for this proof).
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5.3 A Remark about the Bloch-Torrey Mag-

netization Term

In the above two proofs we highlighted which steps could be done without
the use of a Bloch-Torrey magnetization term. In particular, continuity of the
norm (used to prove the regularity of our solution) was the only property that
ceases to hold in absence of this Bloch-Torrey term. We note that this norm
continuity can be proven without a diffusion term in the case of the Euler
equation (the argument relies on time-reversibility), and that the argument
involving a diffusion term holds for the Navier-Stokes equations. However, for
the Rosensweig and Shliomis models without a Bloch-Torrey magnetization
term, in which some equations have a diffusion term and others don’t, it is
unclear whether it is possible to prove norm continuity. It seems impossible
to decouple the equations, and the two methods of proof are not compatible

in an obvious way.
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Chapter 6

Prodi-Serrin type Conditions for

Ferrohydrodynamics Models

Now we turn our attention to deriving Prodi-Serrin type conditions for the
Shliomis model with Bloch-Torrey magnetization, and Rosensweig model with
Bloch-Torrey magnetization. We begin with a discussion of where Prodi-Serrin
conditions first arose. Then, we derive conditions for the ferrohydrodynamics
models which essentially match the conditions for Navier-Stokes. We first find
a condition for the Shliomis model which is exactly the same as for Navier-
Stokes. Then we derive conditions for the Rosensweig model, which require
an additional (but expected) stipulation for the angular momentum equa-

tion.
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6.1 Classical Prodi-Serrin Conditions

Before deriving Prodi-Serrin type conditions for the equations of ferrohydro-
dynamics, we should understand how they arose historically. The prototypi-
cal Prodi-Serrin conditions were additional constraints one could impose on a
Leray-Hopf weak solution of the Navier-Stokes equations to guarantee that it is
smooth. Recall the three-dimensional incompressible Navier-Stokes equations

are given by,

u +u-Vu=—-Vp+ rvAu, (z,t) € R* x (0, 00), (6.1)
V-u=0, (z,t) € R* x (0, 00), (6.2)
u(z,0) = up(x), r € R3 (6.3)

where w is the velocity field, p is the pressure, and v is the dimensionless
viscosity. In 1934, Jean Leray showed (see [LT16] for a translation by Terrell)

that for arbitrary 7' € (0, oo], there exists u(x,t) satisfying:
(i) uwe L>(0,T; L*(R?)) N L?(0,T; H'(R3));
(ii) w satisfies (6.1) and (6.2) in the sense of distributions;
(iii) (6.3) holds in the L2-sense: limyo [lu(-,t) — uo(+)||z2 = 0;

(iv) w satisfies the energy inequality
t
lu(, )]z +2V/0 V(- 7)[[Z2dr < [luolz:

forall0 <t <T.
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A function u(x,t) satisfying (i)-(iv) is called a Leray-Hopf weak solution for
(6.1)-(6.3) in R? x [0, 7). If a Leray-Hopf weak solution is smooth, then it is
a classical solution, and furthermore unique (in the class of Leray-Hopf weak
solutions). Smoothness can be shown under a variety of additional assumptions
(see for example [Str88]). One class of these assumptions are Prodi-Serrin

conditions: If a Leray-Hopf weak solution u(z,t) further satisfies

2
we L0, T: [P(R¥) with +°><1, S3<p<oos,  (64)
q D

then u(z,t) is smooth. Conditions like (6.4) are proven using energy methods

techniques.

In this thesis, we consider local-in-time classical solutions (whose well-posedness
was shown in the previous chapter) of the Shliomis model with Bloch Torrey
magnetization and Rosensweig model with Bloch-Torrey magnetization. Our
goal is to extend these to global-in-time solutions via Prodi-Serrin type con-
ditions. To accomplish this, we find an energy estimate for which certain
integrability conditions on the solution guarantee its existence up to and be-
yond every time 7" > 0. In contrast to the classical Prodi-Serrin conditions for
the Navier Stokes equations, we don’t use these conditions to prove additional
regularity or uniqueness. Moreover, we start with a classical, local-in-time
solution, instead of a global weak solution. Despite these differences, we will
derive our conditions in the same way the conditions for Navier-Stokes are

derived, and they will turn out to be essentially the same as (6.4).

143



6.2 Shliomis System with Bloch-Torrey type

Magnetization

In this section, we derive Prodi-Serrin type conditions for the Shliomis model

with Bloch-Torrey magnetization. Recall the equations are given by,

p(Ou +u - Vu) —nAu+ Vp = po(M - V)H + B2V x (M x H),
OM + (u- V)M —ocAM = L(V x u) x M — (M — xoH) — BM x (M x H),

V-u=0,V x H=0, V-(H—}—M):—V-Hem.
(6.5)

We have the following theorem:

Theorem 6.2.1. Assume V - H*! = 0 and (ug, My, Hy) € H*(R3) with k >
5/2. Then the following holds:

e If a solution (u, M, H) € C((0,T); H*(R?)) of (6.5) satisfies
we L10,T; LP(R3))  with

+-<1 and 3<p< oo,

<O
Nl w

then the solution exists up to and beyond time 7.

Proof. Denote by 9% some particular k-th order partial derivative. Taking

this k-th order derivative of the momentum equation, dotting with the same
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k-th derivative of u, and integrating over space gives:

pd (OFu)?dx + 77/ (O*Vu)de = —p | O"(u-Vu)d udx

5 dt R3 R3 R3

+po | OF(M - VH)O udx

RS

+ % /Rs(a’w x (M x H)))d"udz

:Sl -+ SQ —+ Sg.
(6.6)

Next, taking k-th order derivative of the magnetization equation, dotting with

O* M, and integrating over space gives:

%%/XWMﬂmza F(AM)O*Mdx — | 0" (u-VM)O"Mdx
R3

R3 R3

+%AﬁwwxwthmMm

! (M — xoH)0* Mdx
T Jr3
— B[ O"(M x (M x H))0"Mdz.
R3

This gives, by using Lemma 4.2.4,

1 1
1d (MMV@+/XﬂMVMF+4%MP+@wWme
2dt [ps R3 T T

— [ - VM M+ [ UV x u) x M) Mdz

R3 2 R3 (67)
—B | O"(M x (M x H))9*Mdx
R3
= Sy + S5+ Se.
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Then, taking k-th order derivative of the magnetization equation again, this

time dotting it with —9*H, and integrating over space gives:

— / (OFO,M) - OFHdx = — o | O*(AM)O*Hdx + | 0"(u-VM)O"Hdx
R3 R3 R3

- % OF((V x u) x M)o*Hdx
R3

+ E OF(M — xoH)0" Hdx

T JR3

+8 | "M x (M x H)o*Hdz.

R3
This gives, by using Lemma 4.2.4 and (4.2.5),

1d

2ar |, (O H / @(Mv&r)%@(akm?)dx

RS

= / OF(u-VM)O*Hdx — %/ OF((V xu) x M) -0FHdx
R3

R?)

+ 8| "M x (M x H))9"Hdx

R3
= S7+ S5+ Sg.
(6.8)
Summing equations (6.6)-(6.8) gives,
ld ke, \2 ko2 k)2
== [ [(0"u)"+ (0"M)" + (0"H)"]|dx
2dt Jps
+ / (@ w2+ Leran? + LE2X0) e pyog,
R3 T T (69)

- / oc(O*VM)? + o(0"VH)*dx
R3

=51+ 8+ S35+ 5S4+ S5+ S6 + 57+ Ss + .

To prove Theorem 6.2.1, we estimate each term on the right-hand side of (6.9).
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First,

1S1] =

% (u - V)0 udzx
R3

/ O - Vu) - 0" ude
R3

(from integrating by parts using Lemma 4.2.3). By Hélder’s inequality,

[Si] < 10"l 210" (u - V)| e
Since V - u = 0, we have

O (u-Vu) =01V - (u®u)
This allows us to use Ning Ju’s inequality (Proposition 4.2.1 as follows:
151 S ullzol| DFullzal| 0% ull 2 S Nlullze | D*ul| 2ol D**ul e,

where i + % = %
Next, we use the Gagliardo-Nirenberg inequality

ID*ullze S 1D ull 2| D u 127,

11

where % = (5 — g) 1-a)+§= % +g=>a=1- %. The inequality requires

a € [0,1] (but we need > 0 to accomplish our plan). In particular, this

forces 3 < p < oo. This gives
1] S Mlullze | D ull g2 | Dl 72 ().
Finally, by Lemma 4.2.1,

2p

[S11 < C@)llull " 1 D*ullze + el D ullZ.. (6.10)
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Second,

|S,| = =[] oYM -VH)" udz|.

OF(M - VH)0" udx
R3

R3

Since V x H =0, 0;H; = 0;H;, and using V - (M + H) = 0, we have
(M-V)H=V-[(M+H)®H— 3HI].

Denote by MH = M ® H and HH = H ® H — %HQI products of M and H
(which obey the product rule and therefore won’t affect the proof, but simplify

the presentation). We have,

1S5| < D¥(MH + HH)0" 'udx
R3
S IDMMH)| 20|05 |2 + || DYHH) | 22|07 2

S (IM|ze|D*H || o + | H || 22| D*M| 2o + | H || o | D" H]|24) |0™ a2
S (IMlze + [1H |2o) | D*M | o[ 0" ul| 2
S (1Mo + [1H [ po) | D* M| g2 | DEFE M 12710 | e,
where in the 5-th step we used Gagliardo Nirenberg inequality with é = (% -
Hl-—a)+%=¢+%= %—iwhichgivesa: 1—%. a € (0,1] gives us

3 < p < oo. Lemma 4.2.1 then allows us to control Sy by

[So] S CEUMI L + 1H| 7D M7z + ea[|0  ulf2 + &2 D M|,
(6.11)

where 3 < p < oo and C(¢) is a constant that depends on ¢; and e5.

Next, we estimate Ss:

1
S| = ‘5/ OF UV x (M x H))0" T udz| .
R3
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In the same way as Sy, we can estimate
2p 2p
1551 S Ce)IMI L + 1HII L) IDPM 72 + 1|0 ull7s + eof DM M|,
(6.12)

where 3 < p < oo and C(¢) is a constant that depends on &1 and &,. Next,

1S4] = OF(u-VM)O*Mdx| =

R3

/R 3 OF - VM)O" ™ Mdx).
Since V - u = 0,

O u-VM) =01V - (u@ M).
Then we can write,

|4 S 1D (u @ M)|[12]| 0" M| 2.

Similar to S; and Ss, this allows us to estimate

1S4l S (1Mol D ull o + llull o || DF M| o) [ 951 M| 2

2p 2

D
S CEOIMIL D ullz: + CE)lullz” [ DFMIIZ: + &1 | D ulf,

~Y

+eo| DMEM |2,
(6.13)

where again 3 < p < oo and C(e) is a constant that depends on e and &.

Now we estimate Ss:

55| = ‘

/ OF((V x u) x M)0*Mdx

N~ N~

OF UM x (V x u))0" Mdx

R3
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By Holder’s inequality and the triangle inequality,

1851 S D 10mud" M 12|09 M|z + (|0 uM || 2|0 M| 2.

m+n=Fk
m,n>1

The right-hand term can be estimated as before;
2p
[OFuM || (|0 F M |2 S Cle) IMI 7" 0% ullZ + 1[0 M7

where p € (3,00). On the other hand, for the sum we bound each term

individually. By Lemma 4.2.7, 3 o € (0,1) such that
1(0™w) (0" M) |2 < [lull o | D ul| | M| | D* M|

This gives, using Young’s inequality,

Y l0muo" M| 20" Ml e S (ull ol DM o+ | M | o | D*ull 2a) [0 M 2,

~

m-+n=~k
m,n>1

which allows us to estimate in the same way as (6.11)
255 Ak 12 25 1k, 112 k1 712 k41, 112
5] < Ce)lull 7 10°M |72 + C) M 77 10%ull 72 + e2ll0™ M7 +e1[|0" ull 7,

(6.14)

where 3 < p < oo and C(e) depends on €, and e.
For Sg, we perform two separate estimates. Firstly, we have

|Sg| = OF(M x (M x H))0*Mdx| < ||0"(M x (M x H))||12]|0"M]|| 2.

R3

We want
|6l S (IM1Z[10°M |72 10" M |5 ().
By Ning Ju’s lemma (Proposition 4.2.1),
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105(M x (M x H))||r2 S | M]|ze | D*(M > H)||ps S |1 M| o || M| zal | DPH | -,
where & + 2+ = 5. Using [|[0'"H||1» < [|0"M||1», and setting p = ¢, this gives,

DM x (M x H))l[z2 S | M7 [|D* M1,

where now 1 =

r

. Next, we use Gagliardo-Nirenberg to get (*):

1_2
2 p

ID*M ]| S | DM M| || D* M|,

1_(1_1 l-a _
where - = (5 —3)a+ 5% =

L1 —%éazg- Then « € [0, 1] implies p € [6, 00].

1
2

Finally we use Lemma 4.2.1 to get,
|S6] S Ce)IMI|E" 10" M| + el| 0" M|, (6.15)

for p > 6.

On the other hand,

|S6| =

/ OF(M x (M x H))o*Mdx

/ OF Y (M x (M x H))0"* Mdx
R3

< 0" HM > (M x H)) |12 [0 M| e

We want
[OF 1 (M x (M x H))l|g2 S IIM||7, (10 M]|2, |05 M| 2.

By using Ning Ju’s inequality (Proposition 4.2.1) twice, we get,

10" (M > (M x H))l|z2 S |M ||| D=1 (M x H))|

LS

S IMI o l| M| e[| D H | o,

+5 =+ 7+ Choosing p = gives,

3_
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1051 (M < (M x H)) i S |MI3 D H o, where 242 =1 (x0).

First recall that ||0™H||r« S ||0™M||La. Next, we want to move the derivative

term up to 0¥ and 9**! terms. First, by the Sobolev embedding theorem,

| DF'M || o S | DEM || with 2 =2 + 1 (5% ).

1
q
Second, by the Gagliardo-Nirenberg inequality,
ID*M]|ze < DM M| DM g2, with = (3 —3) (L—a) + 5.
Solving for p in terms of a gives us the condition we are looking for. In

particular,

2—«a

(x%) _ 2-a
6

=

— (k) —
=

t§= ==

w|Q
SN

wl=
D=
S =

- -

+

w|R
N[

D=

W=

1
-

_|_

D=
wlQ

Q=
N

The requirement « € (0, 1] gives ;% € (3,3) = p € (3,6]. However, (5x) forces

us to choose p > 4. Altogether, we have,
|6 S IM1|30 | D M |2 || D M 1727

Finally, by Lemma 4.2.1,
2p
6] S C(EIMI L. | D" M][72 + el DM M |72, (6.16)

where p € [4,6]. Putting (6.15) and (6.16) together give us the same inequality

with the more general condition p > 4.

In the same way as Sy,

|S7] =

/ OF(u - VM)OFHdx
R3
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can be estimated by

2p

2P 2p_
871 < Cle)ullg* 1D M| Z2 +C ()M 5" | D*ullzo +e1 | DMl 72 +e2]| 0 HIPZ.

(6.17)
with 3 < p < oo and C(e) depends on £, and ¢s.
In exactly the same way as S5, we bound
1 k k
1Ss] = |= | O"((V xwu)x M)-0"Hdx
2 Jus
1
= ‘— O (V x u) x M) - 0" Hdx
2 Jus
by
2p 2p_
[Ss| < CEllull DM 72 + Ce)MIIZ" 1D ullg> + ol D M7 (615)
+ €1||Dk+lu‘|%2 + €1||3k+1HH%2,
where 3 < p < oo and C(e) depends on €; and &.
In exactly the same way as Sg ((6.15), (6.16)),
|So| = OF(M x (M x H))0*Hdx
R3
can be estimated by
< 2p/(P=3)| Dk A 112 k+1 712
~ L 9 .
S0l S C(e)[MI|7s™ " [|1D" M|Z2 + €| D™ H| 72 (6.19)

where again p > 4.

Putting everything together and summing over all partial derivatives of order

k, we get from (6.9) and (6.10), (6.11), (6.12), (6.13), (6.14), (6.15), (6.16),
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(6.17), (6.18), (6.19):

d
77 (el + 1M 170 + L H 1)

DN | —

+ I Vullfp + (1M + 3IH | Ze + VMG + [V H | 7
2p_ 2p_
S CE)lullgn” + 1M 77 ) lull 7 (6.20)
2p_ 2p_ 2p_ 9
-3 -3 -3
+ CE ML + 1H 2" + llull ") M|
+ e[| DM ullfe + (61 + &2) [ DM H|| T2 + eof|[DMM 7

1

5, we can absorb the (k + 1)-th order derivative terms into

Choosing €19 <
terms on the left-hand side of (6.20). We then rearrange terms, adding con-
stants when necessary to get

— (el + 1M1 + N7 )
dt (6.21)

2, o
< C(IMIN "+ IHNE + ullz ) UM N gpe + HH e+ Hlell70)-

Then by Gronwall’s inequality,

E(t) < CE(0) exp < /0 th(s)ds) ,

where
E(t) = ()] + M) 20 + 1H (D) [20),
K(t) = (1ML + 1HIL® + a5,

By Lemma 4.2.11 and Lemma 4.2.9, M, H € LP for all p > 3 are uniformly

bounded in ¢. This gives the result.
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Remark. If V- H" # (0, then by Lemmas 4.2.4 and 4.2.5, the theorem still

holds under the additional conditions

He 9,H* ¢ L* N C((0,T); H*(R?)),

| H"||» is uniformly bounded in on (0, 7).

Indeed, we use Gronwall’s inequality from Robinson’s book [Rob01].
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6.3 Rosensweig System with Bloch-Torrey

type Magnetization

Recall the Rosensweig system with Bloch-Torrey magnetization,

p(Oru+u-Vu) — (n+ )Au+ Vp = po(M - V)H 4+ 2¢V x Q,
PO+ (u-V)Q) =/ AQ — (1 + N)V(V - Q) = poM x H +2¢(V x u — 29),
OM + (u- V)M —ocAM = Q x M — (M — xoH),

V-u=0VxH=0, V-(H+M)=—-V-H"
(6.22)

Since we don’t have Q € LP(R3) (as we do for M), we need a condition on

for this theorem. We prove,

Theorem 6.3.1. Assume V - H*" = 0 and (ug, Qo, Mo, Hy) € H*(R?) with
k > 5/2. Then the following holds:

e If a solution (u, M,Q, H) € C((0,T); H*(R3)) of (6.22) satisfies

2 3
u, e L0, T; LP(R3)) with —-+-<1 and 3<p< oo,
q D

then the solution exists up to and beyond time 7.

Proof. Denote by 9% some particular k-th order partial derivative. Taking

this k-th order derivative of the momentum equation, dotting with the same
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k-th derivative of u, and integrating over space gives:

pd (0™u)?dx + (n + () / (0"Vu)?da
2 dt R3 R3

=—p | OF(u-Vu)oPudr + po [ 0"(M - VH)0 udx

R3 R3

+2¢ | (0*V x Q)0*udx

R3
== Sl —+ SQ + Rl-
(6.23)

Next, taking k-th order derivative of the 2 equation, multiplying by 0*Q), and
integrating over space gives

%% / (0")*dx + / 0 (0"VQ)? + (f + XN)(9°V - Q) + 4¢|0*Q P da
R3

R3
= —p/i/ OF(u - VQ)0*Qdx + Mo/ OF(M x H)o*Qdx
R3 R3
+2¢ | OF(V x u)d*Qda
R3
= Ry + R3 + Ry.
(6.24)

Next, taking k-th order derivative of the magnetization equation, dotting with

OFM , and integrating over space gives:

14 (O"M)*dr = o | O*(AM)O*Mdx — | 0%(u-VM)O*Mdx
2dt R3 R3 R3
21 (M — xoH)O*Mdx + | 9*(Q x M)o*Mdz.
T JR3 R3
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This gives by (4.2.4),

s L@ apae+ [ (@2 + Zpup + Xk
2dt Jgs s - -
= — | "u-VM)*Mdx+ [ OF(Qx M)-0"Mdex  (6.25)
R3 R3
— 84 + R5.

Then, taking k-th order derivative of the magnetization equation again, this
time dotting it with —0* H and integrating over space gives:

— / (O*o,M) - 0" Hdx = —o [ O*(AM)O*Hdx + | 0"(u-VM)O*Hdx
R3

R3 R3

— [ 0F(Q x M)O*Hdx + ! OF(M — xoH)O"Hdzx.

R3 T JR3

Thus by (4.2.4) and (4.2.5),

O / (@) + LX) (gr gy,
th R3 R3 T
= [ O -VM)O*Hdx — | 0*(Qx M)-9"Hdx (6.26)
R3 R3
= S7 + Res.

Summing equations (6.23)-(6.26) gives,

14 [(0%u)? + (0*Q)? + (9" M)* + (0" H)*)du
2dt Jas
# [0+ Q@ TuR + @R+ (f + X)(0h -
R3
A0 + (VMY + o0V HY + (@ M)

k772
. (0"H)* |dx
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=S8+ 8 4+ R +Ry+Rs+Ry+ Sy +Rs + S +Rg.  (6.27)

To prove Theorem 6.3.1, we estimate each term on the right-hand side of
(6.27). First of all, Sy, Sy, Sy, and S; can be estimated as above [(6.10), (6.11),
(6.13), (6.17)]. Next, we estimate

[Ba| =2¢ =2¢

/ (O*V x Q)o*udz
R3

/ (O* IV x Q)0* Hudz
R3

S 1D*Q 2|0 u| .

Young’s inequality immediately gives

|[R1| S CE)IID™ QUL + 2|0 ulZ. (6.28)

Moreover,

O u - V) Qd| .

R3

|Ra| = pr

OF(u - VQ)OFQdx
R3

Similar to our estimate of Sy, note that since V -u =0,
(- -VQ) =01V - (u®Q).
This gives,
|Ra| S 1DMQ @ )| 2]|0° 1 2,
which allows us to estimate in the same way as Sy (6.13):
2p 2p
|Ro| S CEIQUE 1D ull72 +Cle)llull 7" D272 + 1] DFF Lul|72 +e2]| D1 2,

(6.29)

where 3 < p < 0.
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We compute

|R3| = 1o

/ (M x H)OFQdx| < pol|0"(M x H)|| 2|0 Q| L2
R3

Applying Ning Ju’s inequality (Proposition 4.2.1) gives
[Rs| S (IM]|2o | D*H [0 + [ H|o | DM | 26) 0% Q]| e,
where % + % = % Next, the Gagliardo Nirenberg inequality gives,

ID*M||pa < | DM |5 | D M]|12°

L2 o

where ¢ = (3 —3)a+15% = §—§ gives - = §. Then a € [0, 1] gives p € [3, 00)].

We apply the exact same computations for ||D¥H||z«. Now we compute,

[ H|| o ||8F M| 15|85+ M |52 ]| 8% 12
2(1—« e
SH|2, | DEM|PS™ | DE M |25 + (1052

2p
S CENHN L ID*M|Ze + 10°QU 72 + el| DM M 2.
We do the same for the |M||»||0F H|| 1« term. Finally, we have

2p_ 2p_
|Rs| S C)IMIIz" 1 DU H[L: + Cle)1H| 7" | DM |72 + C(e) 10"l 72

+ 61”Dk+1H||%z + 52||Dk+1M”%2,
(6.30)

where 3 < p < oo and C(¢) is a constant that depends on &; and &5.
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Next we estimate R, in the same way as R; (6.28):

|Ry| = 2¢ =2¢

/ O*(V x u)o*Qdx
R3

/ OF YV x w)0" M Qdx
R3

S [1D%ul 210 Q] .

By Young’s inequality,
|[Ra| S C o) D*ullz + el 0 7. (6.31)

Next, consider

IRs| = || 0"(Qx M)-9*Mdx|.

RS

In exactly the same way as R3 (6.30), we can bound

2p_ 2p_

[R5l S CEIMIIE" ID*QIZ + Cl)lIQU " IID" M|z + C(e)|0° M7

+e1| D2 + oDV M2,
(6.32)

where 3 < p < 0o and C(¢) is a constant that depends on £; and es.
Finally, we bound

|Rg| =

O*(Q x M) - oFHdzx|,
R3

again in exactly the same way as R3 (6.30):

|Rsl S CEIMIIE" DIz + C)lIQ 7 D" M|z + C(e) [0 H][7

+ €1||Dk+IQH%2 + <€2||l)k+1]\4||%27
(6.33)

where 3 < p < oo and C(g) is a constant that depends on €; and &;. Now
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by taking (6.10), (6.11), (6.28), (6.29), (6.30), (6.31), (6.13), (6.32), (6.33),

(6.17), and (6.27), and summing over all partial derivatives of order k gives,

1d
5 77 (el 125 + 1M 15 + IH ) + (0 + QUIVallige + 0 [V e
+ (0 + NIV - Qll + 4CQU G + oIV M ][ + ol VH | 7

1 142
+ Y, + P20
T T

IH 7
2p 2p 2p P
SOE)ullz” + ML + 125" + DD e
2p 2p 2p 2p PO
+CE)UMIE + I1HIZ + lulz® + 1917 + DI0" M-
2p 2p
+CE) M7 + llullf” + DD
+ e[ D 2. + (a1 + &2) [ DM H |72 4 &2 DM M|

4 (61 + ) ]|0" 10 2.
(6.34)

Choosing & < 3, we can absorb the (k+1)-th order derivative terms into terms
on the right-hand sice of (6.35). We then rearrange terms, adding constants

when necessary to get

%8@) < CKE®), (6.35)
where
E(t) = (lul®) 3 + 1O Fe + 1M O + 1 H @O 700), (6.36)
K@) = (IMOIE" + IHONE + @)z + 120115 + 1)
Finally, by Gronwall’s inequality,
t
E(t) < E(0)exp (/ lC(s)ds) : (6.37)
0
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Again by Lemma 4.2.11 and Lemma 4.2.9, M, H € LP for all p > 3 are

uniformly bounded in ¢. This gives the result, under the assumptions on w, €2.

O

Remark. If V- H*" = 0, then the additional assumption,

He 9,H" ¢ >N C((0,T); H*(R?)),

| H"|| » is uniformly bounded in on (0, 7).

guarantees the theorem still holds. Again we use the version of Gronwall from

Lemma 4.1.2 in Robinson’s book [Rob01].
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Chapter 7

Conclusion

In this work, we have extended the mathematical literature on Ferrohydro-
dynamics to include analysis of classical solutions. More specifically, we have
proved the local well-posedness of the Rosensweig model with Bloch-Torrey
magnetization, and the Shliomis model with Bloch-Torrey magnetization for
classical solutions. This included constructing a solution in C([0,7T]; H),
showing the solution is unique in this class, and showing the solution changes
continuously with respect to the initial data in the topology of this class.
Then, we derived Prodi-Serrin type conditions for the solutions we constructed.
These conditions (that u,Q € L9(0,T; LP(R?)) with 2+ 2 < 1 and 3 < p < oo,
where the condition on  is disregarded for the Shliomis model) guarantee
that the solutions we previously constructed can be continued up to and be-
yond time 7. Moreover, these conditions essentially agree (or exactly agree
for the Shliomis model) with the conditions for the Navier-Stokes equations,

upon which the Ferrohydrodynamics models are built.
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In our proof of local well-posedness, we needed to include the Bloch-Torrey
magnetization term o AM in the magnetization equation of both models. Oth-
erwise, we would have been unable to prove regularity of the solution con-
structed in the proof, since we would have been unable to prove continuity of
the norm. The techniques to achieve this continuity for the Euler and Navier-
Stokes equations rely on either time-reversibility (for Euler), or a diffusion term
(Navier-Stokes). Because it seems impossible to decouple the equations in the
ferrohydrodynamics models, using a combination of the techniques likely won’t
work. Therefore, we leave the problem of showing continuity of the norm for
future work. Another potential future work could be to extend the use of our
Prodi-Serrin conditions to other classes of solutions (weak solutions or strong
solutions), where they may give additional properties. For example, for Leray-
Hopf weak solutions of the Navier-Stokes equations, these conditions guarantee
smoothness of the solution, and therefore that it is a classical solution, and is

unique.
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