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| : . ABSTRACT
l a

The propertles of eleven types of matrlx
sequences are studled towards the development of
fast matrlx 1nver51on algorlthms. Among thosef.

sequences are sequences of spec1al Vandermonde
matrlces, row—w1se Kronecker matrlces, comp051te

N . . . .
. : L . . -

mabrlces,»etc.
_Ah meplex’Kronecker SystémQOf'equations is Kh

studied A fast solutlon of the m—plex system turns

.Aout to be a usual multlpllcatlon of a rectangularlzed

~-constant vector w1bh Kronecker factor matrlces 1nver— 'gx
ted and transposed 1nd1v1dually.

ER . This fast solutlon of a system of equatlons,

~ v o

'.together with the fast 1nver51on of row-w1se Kronecker

[

‘ matrlces and spec1al Vandefmonde matrlces, prov1des a B
teChnlque of - economlcally SOlVlng a. system of thousands o
- of equatlons arlslng w1th the optlcal 1nverse scatterf'a'f

\

1ng problem.

@

v
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I, -INTRODUCTION -

L.

Y

l.l;;bpticalrlnverse'Scatteringféroblem S

. A coherent laser beam passes through a sem1~.
|}‘ L

. transparent, weakly scatterlng object and forms an

)

interferencé attekn under. far-fleld condltlons.
. A\ 8

Is 1t poss1ble to getermlne ‘the Optlcal structure of

) ~\J"~

_such an obeect ‘making use of the informatlon recorded'>

t'Thls is the optlcai 1nverse scattering pfbblem._xl ;“:

An 1nterference pattern records\Q\}y the magnl--

-tude of an optlcal wave.- The phase of such a Wave

'rcannot be- recorded dlrectly by any 1nstruments of today's_

"»‘technology Wlthéut thls 1nformatlon, the spatlal dls-{;i

L trlbutlon of the phase of a propagated Wavefront, and

o rtlons due to Goodman (1967), Lesem, Hirsch Jordan

.. 2 c".’
f;hence the optical structure of a scatterer, cannot be

ﬁdreconstructed ! For thls reason, the optlcal 1nverse
- scatterlng problem has been con31dered a dlfflcult 1f
| “5not an unsolvable one..; Ldi‘?iipw_ i ‘” Ki__w'.‘_H
I A breakthrough was made by Gabor (1951) who re-""
.-lconstructéﬂ the image of a three—dimens1ona1 reflecting;rj

[object from a two-dlmen51ona1 photographic reéording.hmpuf

lﬁﬂls technlque was 1ater develoﬁed to become holography,}j?

15:[and conv1nced people that some phase informatlon was

‘“:inieed reCo ‘ed 1n an 1nterference pattern. Contribu—ffﬂf

(1967, 1968), chkling (1968) proved that a three,;ha.




d;mensional lmage can be reconstructed not only by
- optlcal methods but also by comput&}g from holographlc'
data.; Wolf (1970, 1971) and Carter (1970) studied

»

three dlmenslcnal transmlttlng objects by off«axls . ~-
*holography Wolf concluded that some of the spatlal L
frequenc1es of such an object Can be detec}ed from |

holographlc data but that 1n order to achieveia com-ff'

i

plete three dlmensiopél reconstructlon the object under '

/

study has to be rotated._ He poxnted out that hologra—.fﬁ

V ¢

phlc reCOnstructlon may be good to & resolutlon of aboutfj

9 tlmes the vacuum wavelength of llght.. :_f

r. Another approach towards the 1nverse scatterlng

.-J

problem parallel to holography Qent on in x—ray crystal-frlfff
lography.\ X ray radlatlon has a much shorter wavelengthii S

i t\an an optlcal laser. Kendrew (1962) and Perutz (1964)71;ftﬁ
” N - . °
attached/a khown molecule to the molecule of unknown

structure éo\measure both magnitude and phase of the

dlffracted x-ray radiatlon, and were able to sketch the:-,
» ey /
proflle of the object molecular structure by comparlng

*

the lnterference paﬁterns obtalned with and w1thout the"y
known molecule attached ko the object morecule. Sayredf*"hﬁ
(l974) clarmed that computer reconstructlon from x-ray

patterns carrled out qy IBM researchers achieVed a f;;:fyt*‘i,
.:\k/spatlal resolutlon of 1. 5 3 Both holography and x_ray.
)' crystallg;raphy represent a diffracted fleld uy uniform f?#{f;;



.‘(-‘

plane waves and process both the magnltude and the phase

'. transmltted by these wav ™

ty .

v1975(l)),,who proposed a thr

B There ls a recent attempt to measure and to pro—
cess the magnitude and the phase of plane-wave compon—

ents of the nonuniform type of the field aris;'

a dlffracting or refracting object | Thls/hew approach

may be divided. 1nto three steps _fyh >.

<

'd_A.» To recover from interference fringe patterns.._'“

the spatial distrlbutlon of magnitude and
phase of an optical-wave field in the far—‘
5 field region. . | | |

°  B.. To compute the spatlal dlstrlbution og the

:riOb]eCt near field from the complex-amplitudeap-va'f

field data 1n the far—field region.,f~"' -

Ce To determine thé optical structure of a ff.jﬂ

-r

.,,V.Vlr ‘:. e

".ffscattering object from the near-field data.- lwf“tjg

-;Step A ‘was’ solved by S[hmidt—Weinmar (1973(1),

e-reference-beam method

"jBy this method the magnitude and the phase at any point

t?in the far—field region can be computed from three

hﬁinterference fringe patterns obtained with one and the~rffffrﬁ

'same obJect field superimposed upon three versions of

7a coherent reference field Schmidt-Weinmar (1975(2))

‘ %;also published a theory concerning step B‘f Step C has

?

e

._-‘

"'unot yet been completed but preliminary results ooncern-f;,ng

.;fing ssep C were presented by Schmidt-Weinmar (1971;:‘pjff;{f;f



2 . : ’ 2, ? LI - Y ‘|

\ - - . N |
1973(2)) to the Optlcal Society of Amerlca. K _f; ‘d»t
' g
‘With the new approach the scattered fleld,at any.

~

'p01nt in the far-fleld reglon 1s con51dered to be- the

L]

global effect of many Huygen s po;nt source flelds

‘that emerge -from inside the scatterlng object.. These
- » i *

source flelds,belng act1Vated oy the~1nc1dent laser
.beam may number . 1n the}thousands.< In mathematlcal terms,.

theuQPatial dlstributlonﬂof the scattered far fleld 1s ’
related to the Spatlal dlstrlbutlon of these p01nt i] ool
?) } - 3

sources by a llnear mapp1ng.~ To determlae the spatial

. dlstrlbutlon of these p01nt sburces requ1res the solu-‘
ttlon of a llnear system of p0581bly thousands ef 'hfd
' equatlons. Thls system!of eguations 1s nelther sparse' =

' ~nor dlagonally domlnant.i Solv1ng 1t hy Gaussian§ {'i;3¢ftj

,\,

'..Ellmlnatlon 1s 1mpract1cable ow1ng to the hundreds of
pages of storage space and the amount of CPU tlmeijf?}5
'frequlred Hence, a spec1al computlng technlque/

'Tls sought that requlres less storage aﬂd compu lng time‘/ .
xmthan any of the convdnt10nal methods for the solutronl
. ' ? PR e B " . :

ffof such a. system of equatlons.,;



1. 2 Conventlonal Methods‘of SOIV1ng a Large System of . -

' Eguatlons

l.2a Solving a System -by Matrithnversion

" . . o

Consider a linear algebraigq system over the com-
plex.field |
Mx=y T ’(1.2’.1)’_\

where M is a non-51ngular square matrlx of size (n n)
and Y is a matr{*)of 51ze (n m) contalnlng m sets of
», :
data. - The system Wlll yleld
X=M Yﬂ‘”v _ Lo o ,A“,..‘l ‘(1:2.2)
‘ where X has 'a dlmen51on (n m) glving“un m se;;»o§ unlque
v,solutlons to (1 2. l) If M is unltary, (l a 2);w1ll‘ ~w’fi

X = iy ST R

M belndhthe Hermltlan twénspose ‘of matrix M.. Otherw1se, L

: M-l needs to be evaluated and the lengthy calculatlons

_normally requlre ‘the use of an\electronlc computer.;

v A
b

Apart from obtalnlng the solution X by 1nverting
gthe coeffchent matrlx M}.(l 2 l) can be'solved by other o

1nto two

methods as well These methods usually f;”
'categoriesl dlrect methods and 1terat1ve me hods.’ Each

'.emethod has its advantages and disadvantages and selec— ;;;:
- \

itlon df these methods depends largely upon the Structure Vfﬂﬂhiu'

‘,fof the coefflcient matrix M - ;fihyf:'}'~ljg,hf..xpjff?ijh3iﬁ



)
' 1.2p Qinect Methods

The major dlfflculty in the use of dlrect methods
“ljes in th number of arlthmetlc operatlons requlred

the number/of operations needed by

.:various metho _ r theacase in whlch Y is m1(n 1).

" vector, as’ summarlzed by Westlake (1968) With the '.
hexceptlon of trlangular and trld;agonal systems, all ”
{hlect methods need a number of multlpllcatlons propor—ﬁ
tional to n3.. When n 1s Marge, say, n 1s larger than 2G,
'_dlrect methods W1ll be co;tly. The. problem w1ll become ;j'

partlcularly serlous when M contains many eldments whose .

absolute values are less than one. Repeated multlpllca—¢:

¥

Another weak(é/'
. . . ") T } vll -‘7._‘1~‘
~‘they ‘usually 1nVOlve too many subtragtlons, which W1ll__.f

. } _ i
-ea31ly magnlfy percentage errors.- Normally dlrect

| methods are considered.appllcable to small systems of ﬁ,'

-equa¢ions. For large systems, dlrect methods are usedhh_;f

3

- only when no other better methodé can be found Q:'

. 1:>.-‘

\1‘rl 2 Iteratlve Methods'lu

1

s

' One of the 1ntr1n51c advantages of. these methodsz.j“'

:lS that errors due‘to computer round~qff etc. may be

tlons of these small e.ements may result 1n underflow.:': N

‘t pf the dlrect methods 1s that}‘fﬂ%"

' damped out as the 1teratlon continues.' The major dis-hifﬂyhg,?l,

',advantage of all 1terat1ve methods 1s that convergence;i"z

o

usually requlres a dlagonally domlnant coefflcient %;*1?ff“u'



TABLE -~ _
* Number of mthmenc operahons
(A is an n x n matrix) .

Method

Direct
Lot

AX=p

i x
S

~ Gaussian .
Elimination

Jordan

Doolittle

~ Cholesky

- (symmetric)

Crout '
Triangular
- system’

Product form ..
- of the inverse

Tridiagohal

root

© recip.

X

a3 xa.

I
I

A=

int + n' — §n

A" int + n

RV R N
.-,}n?-ln'« S

ln’ + in’

4(n - l)

s

e

,}n’+n‘-£n
At —§n .
R L LR 7Y

Herative
15}

U‘cr ltﬁr?uon §

. Jacobi and
Seidel

:Steepest -

- descent
(gradient)
" .Conjugate - -
- gradient
(not symm.)
Successive.
ovenclaxanon
. Pcaccman——'
 Rachford
. Newton-".
- Rephson
" Analogue.

R 3n'+6n+2 s
“ *~(..+1) -
o 2n’+.‘8nv-;':

S wGme2

Cwaner




matrix. For‘afsuitable cl%ss of systems of'equations,_

.1terat1ve methods are very eff1c1ent, while for other
'y ’ .
classes, 1terat1ve methods need not even converge.

When Y 1s an (n ) matrlx both drrect methods g
and 1terat1Ve methods have to be applled m tlmes 1n'i
order to get the m. sets of answers for Xy Therefore,
the procedure of 1nvert1ng the coeff101ent matrlx ’? .
-prellmlnary to solvrng the system of equatlons 1s_:ff.~
often favoured srnce we only need to 1nvert M once.ﬁA
bfor all m. sets of data. a ;." 'fly;1'lﬁ’1 N ‘f”‘l;th :ty

- P ) . o

"\ 1. 3 Redundancy Technlques in Matrlx.DecompOSLtion )
Good (1958) showed that we may encounter matrlces'txt'
.that can be decomposed 1nto a product of several sparse ;i;dd
matrlces, and that 1n thlS case manlpulating the sparse‘if;[j
matrlces can save a number of mathematlcal operatlons R
and Storage space.f He Suggested the technlque can. be f*'f
;applled to speed up matrlx—vGCtor mU1tlplicatlon,‘dr'”i

Cooley and Tukey (1965) dellberately created

l redundant Eactors in. a Fourler trahsform»matrlx so that ﬁ';f_

the matrlx can be decomposed into two or more sparse;'ﬁa

tﬁh;matrices for easy manipulatlon.; ThlS is the well—known

HEFast Fourler Transform algorlthm, Wthh paVed the Way for 2f
development of the Fast Hadamard Transform, etc., at a

;'-4later date. Thellhelmer (1969) formulates the actual

L



iprocedure‘for erplicitly carryln ont snch.a"matrix}“ﬁ
decomposition. | - E | | L
| Andrews and Kane (1970) applled the techn&cues ‘o
to bulld a. Kronecker matrlx model and they proved that ;
' many fast transform matrlces are 1n fact spec1al cases
of their Kronecker model ‘ Thelr 1nVestlgatlon has led
- to the dlscovery of new‘orthogonal matrlces such asl
generallzed Hadamard generallzed Walsh and generallzed
Haar transforms.' | l | _,i{lA | |
- ’ The advantage of employlng redundant factors was i
‘ summarlzed by Andrews (1970) ‘ suppose that a matrlx ?f?'
' of order p by p can.be expressed as a. product of n
sparse matrlces each of p2 non-redundant entrles.b Whenjkgixﬁj
the orlglnal matrix 1s multlplled by a vectorﬁor size |
p r only npf 1 multipllcatlons and the same number of
.addltlons are necessary.‘ ThlS compares favourably thhhd”*
:the p multlpllcatrons and addltlons normally requlredff:"

cTe

if the matrlx 1s not decomposed.
© 1.4 Solutlon of Inverse Scatterlng Problem by Matrix gffﬁ"n_f

‘ DeCOmp031tlon '?:*jf*J'"f~

C T '.J-*~A»x

o The system of equations that arlses from scatter-ijﬁ’
g A R A

1n<% theory (see Eq. (7 3. 7)) may be put in the form .

o P'f“ F' The vector E 1s the unknown, whlch contalns
as 1ts elements the scattered-fleld sou:ce den51ties at 7f;lji



"f,the solutlon of P"f.%EEf;fhv;Qf;.f‘ggﬁ,d“

10 -

'polnts.(XQ,y ;2 Yy, v = l 2,;.‘;n, w1th1n the scatterl g
.objéct ‘The Jector F'.contalns the scattered-fleld
famplltudes. at some p01nts (Kxu Yu ), u=1 2,...,
fln the farefield reglon. The propagator matrlx P" ;ts'
as-a llnear operator mapplng the vector £ 1nto the vec

' tor F', With 2 glven set of data E' and a known propae'd
',.gator P, it is possrble to determine f by solv1ng the -;'
| system of equatlons P'.f'— F'il The present problem 1s L
'how to obtaln f dulckly and accurately.

. Both P' and F' depend on the two 1ndependent
.7var1ables K and Ky, whereas f does not We are free :
to choose in the (K ,K )-plane some partlcular polnts.
;(Kxu'Kyu)' wthh w1ll glve P' a 51mp11f1ed form P (and

.3,

%-modlfy Fl accordlngly to F) to allow a fast solutlon of:::

t Pf = F The £ ylelded by P f F w111 be the same as. ~h

e R e o

“x' P' has all ltS elements exggassrble in terms of
‘ o : *««‘.1 R
"the products of three perlodlc functlons-'Pﬁ§.=if'

"exp(—1x~K )exp(-Tvayu)exp( iz K, )” If we. mak?txvaui‘

"lfftake the same values modulo Zn for all elements 1n any :

Kt

'I;column of P then we have created a redundant factor

.exp(-leKxu) In a 51m11ar‘manner, 1f vayu has the

-fv_same value modulo 2n 1n any column of P,‘we have a

"Mfredundant factor exp( iy K. ) These facts enable us

o v yu G
"mto apply decomp051tlon technlques to handle P.5~<§?3ffih:§fjfﬁ

PRREY
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In'actual practlce, let ‘us assume that“our ;
ptical problem requireseu1equi-spaced grid of source
a p01nts Ye can write, x oy jlvAX, yV = jszy,sz5,13vAz;'
where - Ax, Ay, Az are constants andﬂjl,ijé, j3;are.threeg'
1 sets~of posrtive 1ntegers;."In order tolsample F‘regularly-

at- pOints on (K /K ) plane, weushall assrgn K

' kl AR+ k3 (2pn/Ax) and K, s;kZuAK + k4 (2qn/Ay),

Y
where kl' k2, k3, k4, P, q arejall 1ntegers and AK

AKy are constants. By lettingfjl, ]2, ]3 be 1ncreased
row—Wise 1ex1cogngph1cally in steps of 1, and k2, kl’ k4,‘ o
k3 be 1ncreased column-wise lex1cograph1cally 1n steps *:}'7b'

of 1, P w111 become a matrix "of: row-wise Kronecker pro-"
- . B o L
: ducts of three smaller matrices R s and T , with m =00
' » L R A R S
'1,2,..., where R,, ,'and T correspond to the three space-iavn

periodic functions in. the elements of P : =
Ail At thlS juncture, Wouk p01nted out that R, S, and

vaiﬁ all are of the Vandermonde type and we already havei,:
quick methods for inverting them.: Hence we can expect

a solution of the system of equations P f F results.f,ffﬁf‘

/- : e
in the fOrm f . (S @ R) lF" = (s 8 5 1)3", where F" s .o

' a vector function of T 1 ‘ta i

In the course of developing our fast/solutﬂon for

P f-— F, a number of fast algorithms were discovered
for the inver31on of special types of large matrices.

We have found that among the Vandermonde matrices, there if**?



~."-’Vj'}scattern.ng theory, and a complete method of solutio

-ffAn error bound 1s found for thermethod of solution :

‘fx?:developed in Part two..

'_5fthe array Rect(Rect f)

.-Llnver51on of those sequences introduced in the thesis.

are two spe01al types whose 1nversion requlres only

-

conjugatlon or phy51cal ‘rotation of the matrlx. _It_mf

o is convenlent to make R and S of these types to save .

e

iarlthmetlc operatlons. , "ﬂ‘? '”':3,' . ,“"j T”

We have further noted that the Kronecker product

[ ]

(g7t ® R ) is Stlll a matrlx of cons;derable 51ze so' j"*“u

|

l
I

"lengthy.' Improvement 1s made by dlsplacihg s1de-w1se -

5the elements of vectors f and F" to form rectangularlzed

I ‘>\ a

"farrays (Rectdf) and (Rect F") respectlvely.; Then system

/H.

- P:f F 1s flnally transformed 1nto Rect(Rect f)

(Rect F")(S l)t, The unknownv complek scattered—”"

Thle thesrs w1ll be presented 1n three parts.

12

.that matrlx-vector multlpllcation (S 8 R” )F" becomes ijl:

,*fleld source den51t1es f are obtalned 1n the elements of _ﬁ”

Part one descrlbes the propertles of eleven types f;w 1

’ of matrix sequences whlch appear 1n our maln algorithm

Part two deals with an’ applicatlon of the fast

Part three consrsts of an error analy31s offthe"

o and develops Some fast algorlthms for computer inVersion.\_fM

%;falgorrthms to the optical 1nverse scattering PIOblem,“fiﬂ""

QﬂWe develop a: spec1a1 system of equatlons for the?inverSe ;ﬂi,



. PART ONE .

~ FAST INVERSION OF MATRICES ' - . ' .
e e



~II.  SELF~INVERTING SEQUENCES OF MATRICES

r ' . a :

2.1 Matrix Sequences

Deflnltlon The matrices Ml,Mz,....,M Mr+l"""'

M, are called a sequence if. they are related by a re- -

-'curSion formula 1- 'iv” o fvb[jﬁ.‘, L ',?;'.f .{' -

e gt R
Of special interest to us is the 31mp135t case onf:

'ithe above, in Wthh a matrix in the sequence depends

.' only on the matrlx Just before 1t, namely,ei e:i!

R S . S . = |
,ltThlS type of sequence w1ll be the ma1n subject of dls-'ff
-c-cu351on in. this thesis.f;,'f'f;fl;igﬁi':uhvifA;ilag.fﬂ"

. Definltion If.all the member matrices Ml,Mz,;.,,,fé
;M are orthogonal matrices, the sequence of matrices R

'TW111 be called an orthogonal sequence of matrices.- R

s, .-","‘ g

o~

Deflnition The inverse pf a sequence 13'definedff1ff

e

i,'itself

Proof-f Since the sequence consists only o'

'u'gonal symmetrical matrices, whi#h are self—inverting,



‘ member matrices. e | : fj-s

member matrices.’ '

.defined
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invertlng the sequence w111 not change any of its LR

-

A“Generalnzed'Definition‘v;n/tﬁ%i thesiS,.a.f'

:property modifier will be attached to a sequence 1f

the modifler descrlbes the common properties of 1ts
%:hexample 1s the term’"orthogonal sequence"

bove. This %erm means a sequence of ortho—ff RS

'gonal matrices" ; Other terms to appear later 1n thls';f

'a,ftheSis w1ll be' 1nverte&" ’"symmetrical“ "quasi-rﬂ""' :

;ﬂ~notations will be adopted

-‘orthogonal" prqpuct of" sequences, etc., which willﬁq;fffl

‘.re5pectively contain the meaning of sequences of

..“‘.

'?"inverted". "symmetrical"'a qua51¥orthogonal" - product

) f"'member matrlces, etc.

Matrix Notatlons In thiu thesis, it 1s often

ilfnecessary to break up a matrix intq 1ts compo%ents,
'i»or to rotate 1t by 90 degrees, or to turn a matrix up

:_side down., For the sake of convenience, the following

v 5ﬂ;lkf$;i:e

M(n,m) represents a matrix M of dimen31on nxm.'

M(n) will be used 1n the place of M(n n) for Shﬂrtgf;fﬁ

M(n) will indicate a row vector of A elements.'

"{@}M(n ) w111 represent a column veétor of n elements.
B ﬁfiiM? means the transpose of M e | :
'l;ﬁrt



v

indicates the matrix M being .turned dpsidé

e

“down.

<Y

1ndlcates the matrlx M belng phy51cally rotated __":

‘ ielockw1se through an angle of 90 degrees. f’ '

ﬁFor example, o o | ' ”
S Pame )

W212m22‘§23m3_i(t‘*‘vyﬁw;'fff°ef;f:»ﬁ-5>??'1‘”

MM ms)

...  . o "pzl)mllf;n-“i”

|

Whenever possible, ‘we . shall USe lower—case lettersfff

"a b,c,... to denote elements of a matrlx.{ These small

S letters w1ll be subscrlpted or double subscripted to

,ftindlcate the row and column where an element stands in LR

'f;a vector or 1n a matrlx.; The capital lettersaA B,C,
“fw1ll be used to denote a matrix or vector, and Will be

'"‘subscrlpted if they are’ rows or columns of a matrlx.,,ﬁe?ﬁ

; fThus, follow1ng the above examples, we have

REREES 13" M2l = )
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\fqhe“dguble suhscripteiuill be writEEn slnoly
‘side-by side; as»in méz;'to-saVetyping'space;fuwhen; o
ever confu51on may arlse, a cOmma W1ll be used as- a -
QEparator, as‘ln mll 2¢ When a varlable, ée. g;er}hisib
subscrlpted w1th another subscrlpted varlable, e;gr k
;.le or J2, the subscrlpt of the second varlable or;l’
varlables w1kﬂ be placed along 51de for convenlence f
rn typlng. »Thus rkz_qlllibe txped‘as rsz.'Jidzléé;Ah
fa1, g2t etc'@ e ",':'-.'- - i
: Furthermore, a preflx subscrlpt attached to ail,,."'
| natrlx or Vector notatlon uould 1nd1cate the bel of

b .
a nUmbered matrlx or vector.. Hence

M(2 3) means matrlx No. l of 51ze (2 3) s e
M2(3) means the second row of matrlx No. Addf{;Lf&Tfff
- W1th 3 elements 1n thls row matrlx.g'fil

2M3(2') means the th1rd column of matrlx No 2 S

w1th a 51ze of 2 elements.;»m"

2 2 The I' Sequence _;;dh\ i}f»;fr#%'-}'”’

Gl = R

B Deflnltlon Sequence I' 1s the sequence gene-.'xffi,fﬁW”

rated by the recurstoﬁ formula
O(n ) I'(n)
. .‘1; "_L ° (n)

g ] meL2d @2

® ”-f;.°$4_; L Tﬂfv-:‘f '“<c;1- S
w1th I'(l) E [l] .Zjﬂgﬁigf,fﬁfﬁffff_jm»P??Tgf?;jﬁ?*ﬁ.;=3r

';,,_seguence, 'I-'~'f. is. also kngwn as the "Exchange Matrlx" Sequence.

?f”f;i.q Prqpertles ‘
'"V‘f~l From the deflnltlon, 1t lS obvxous that

Sequence I" 1s a}symmetrical sequence; }f:}*5f7ﬂj 5
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/"-> . B ' "v : ) ] /w;r‘ : ‘,'):\, ,

\ N4
4=

- member mAtrices I'(n) equal to the mirror“image;ofjthe
identity matrices I(n). Thus,‘ P L,_v' T

o
(s

' ITmy=| 1

(2:..2”."2)4 .

e (n’)%{ 1'% (n) j R

w1th t 1ndlcat1ng a- transpose.‘
2._ I' 1s an orthogonal sequence‘f_- ;:};
q I (n)I' (n). I(n) | 31“-v';k';'£3;2f3)j

'¢3., The above 1nd1cates that the square of any  ;tL._

. member matrlx of I'.lS an 1den§}ty matrlx

- : " . : o - s 0 . S S ) Wt - "

[1 (n)] i’_I_'(n-)j’-_j 9,_;.{_" (2 2 4)

N 4}' From Theorem 2 l, 1t is clear that Sequence
”Ifﬁls self—lnvertlng.z 5ﬁ" e e R

‘“’ -1 ‘n> (225)

B 5- Multiplicatlon by quuence I' from 1ef.t

wlll turn a sequence up Slde down. Let the sequencé
R 4

I'cn) M(n) ﬂun)
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For example: B g S o
o 1) [2 3} (4 5}y - .
- S = I T o (2.2.7) ¢
. 1,‘0 : 4 5 12 3 _ _ » ’ '_. o :_ o

.6; Multipllcatlon from rlqht by Sequence I' w111 ’

turn any sequence member left to right. _For example,'

SISE 'ﬂ N

From property 4 above we. have obtalned our B S

o -

- f(2.2;8)/:fe;.

T

Fast Algorlthm

The lnverse of Sequence I' 1s Just the Sequence ':“’p
. ' . S o :

It 1tself

2.3 -The A Seqﬁencej;'~

.Deflnltlon An A sequence 1s one whlch satlsfles
"the recurslon formﬁla, . |
o N A(k) k o o R L T I
AGeHm) = | 2.3,

; w;th A(l)..[dj, and both k- and m are p tlve 1ntegers._”n<“'ﬁ'

i Theorem 2 3. 1 Sequence A is a symmetrical sequence.“],fé

.A(n) At (n) (2 3 2)

Proof" I'(m) is symmetrrcal according to (2 2 2)

“:If A(k) is symmetr1cal then (2 3 l) shows that A(k+m) 'ff“fi



will‘also be eymmetrical. Since the-sequence stérts

with A(1) Qﬂ[l].which.is symmetrical) by mathematical‘
e o LT e D

induction, all member matrices'in the sequence will be = .

synmetrical, o Lo , S .

' Theorem 2.3.2'.A(n) is an Qrtthbnal seQuenée;e.fj
Ama ) =1m) . (2.3.3)
* Proof: _Erom;(2;3,2) andH(z,34l)rewfthanf?k*“ﬁ;:

A (k)
A(n)A (n) A (n)-

/ :
Frqm (2 2 4), I' (m) ?Xm) Wthh is an identlty

P . . »

_'nmatrlx., PrOV1ded A(k) 1s orthogonal from (2 3 2),

A (k). —.A(k)A (k)-I(k) Whlch 1s also an ldentlty matrxx.ﬁ"‘?j

~‘:(2 3. 4) becomes

.:ﬁnexfif : I(k)

"-A“”A(m ‘Q~~,.f}-xmﬂm Iun. k@}éﬁ":&

Ry

'_:‘0 I(m)

\':Therefore A(n) is orthogonal : Now A(l) # [1] is ortho-W-}

:gonal by mathematlcal lnductlon it 1s establlshed that

ProperAy of Sequence A Any member matxix A(n) of

20

3che SequencevA is a'permutatlon matrix.e Postmultiplying ;{:ﬂeg

. e ENE
any matrlx by A(n) means td’permute the respective matrix@f;;{;

"éCOIumns._ ‘The following example illustrates the manner T



Lo

“ of.permutation: . SRR
. froo) . . o
Camsfoor] L s

f234) (243 T
Cseram =576l @
890f . (809} -~ S
Coo (234 (z3e)y o .
AG3) 567 =[890 . (2.3.8)
lBoof lse7) oo

\(2 3 8) 1nd1cates that premultiplylng by A(n)
' ﬁeéns to’ permute some of the rows of a matrlx. , _
. as a special case, let k min (2 LR 1) Then the31 ::t:
i A.sequence‘eX1sts Aily for some values of n, ‘i, e. only 1 : .'ﬁ
| B B ;r:zﬁa‘po$i£i§é¥intéQéf:}~; if":'

' The sequence is

- a@

y

o~

[-Y

S

l

l
RIS B |
R Catiubdan Sl

i

]

L

N

W

O

S



I
1
I
[

» [

B Y B ete.

!
!
1

The recursion formula for this special case is

e

‘ | 'A(n)-. o .}
A=
o ) T

v

 Theorem'2.1 gives a = .

22.

' 'Fast Algorithm The inverse of sequence A is the =

Jseqﬁencéfitsélf;:f};f‘L 
A %(n')=A(n), ”:.,- . SRS

T 3 B TR
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° III. 'QUASI-UNITARY SEQUENCES

3.1 Quasifunitary SeguéncesW

Deflnltlons' Chapter IT 1ntroduced two sequences
e and A which satlsfy I'I't =1 and AA I and I'2 I =
"and A2 - I, Fast algorlthms were derlved for these two.ﬁrA
- : X . .\~- : » :

. sequences..»
To generallze the algorlthmj the 1dent1ty matrlx:,,_

: |
‘I above 1s now replaced by a non—51ngular dlagonal

_matrlx D. We shall call any sequenCe Q hav1ng the

'characterlstlc QQ ‘D a quasi-orthogonal sequence, hav—' ;\f

- ing the characterlstlc QQI— D Q Q* ,’a qua51~unitary

'_sequence, and hav1ng the characterlstlc Q D a’ qua81- o

;self-lnvertlng sequence.v A qua51~self—1nvertrng sequence;ff

o v

is a spe01al case of a qua51 orthogonal sequence, and a’ ';ffﬁ

:dqua51-orthogonal sequenCe is a. 5pec1a1 case of a quasi~'féfﬁu

i

:junitary sequence.. S |
| Thelr fast inversion formulascan ea51ly be derlved T
'sfrom the deflnltlons | L

o A
o Y

 quasi-self- . | .2 .t
:*invsr;ing».-.;a-- Q=D

‘,:orthogonal S .'QtQ":' s

D
D H
* quasi-unitary | ‘oot =p .
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'ln order to.i ert avdiagonal'matrix Dy it is

hfonlilnecess“. .eciprocate its,dlaéonal.elements.
‘:Therefore, the algorlthms 1n the above table 1nd1cate- ‘
that to 1nveft a sequence Q, we. need only to transpose"h}
vgiQ (or conjugate and transpose Q),'and modlfy ltS rows'v*".‘"
’or columns as approprlate Wlth the rec1procals of thev;}§ &’

;respectlve elements of D.

2

_ 3 2 The Dlagonal Sequence .;.l

Definltlon SequencefD'isfanyiseqnencensatisffingx:v

Vjthe recur51on

D(k)

D(k+m) ‘.3QJQ](3;2;;5~N |

o | jq_. D (in) J |
h.fwith k and m belng arbltrary p051t1ve integers and D(k)lfff;f
"?and D(m) belng dlagonal matrlces-,fiffgfﬁiv 3

Propertles The following propertles are obvious,?fef?;

h~§1; Sequence D 1s a diagonal sequence.rA,-7?"”“”““"‘“

’”*7f92. Sequence D is quasi—orthogonal S
l, another

'LVJ§3; The inverse of D 1s sequence D
~-diagonal sequence with

' -._1 .e .
y-,uu.,~r l/d.

D <n) :,:"

‘ﬁg Fast Algorlthm To'invert

3ﬁfsary to reciprocate the diagonal element&
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3.3 The B Sequence

 Definition Seqhence]B is deﬁined'by:the‘:ecpréion ”1

formula -

| »Bﬁx;b;;iﬁu,,;mx7khbm) Bm) o
B(2n) = | ;‘V~,A-T. EERER TR (Y ER T (3 3, 1) ;11;

[

(n) I(n)f -I(n) I(n) -I(n) leitt_-,:~j\¢j7

“swith B(l) [1] L
th It follows from the deflnition that the B

jsequence con51sts only of those B(n) where hhﬂfof
R e e g

thherefdréT,-f;

;;1;,,13:423*;:5,~r!°“ S

B (2) . J [ = [ ,
“l.:;. lo 1 1 1 Al ‘-l | .}.,;;,

,ﬁ¢~z

By

Il

e {B(Z) - ] I(2) I(z)J 1
By sf
e I(2) 1(2) 1@




o ltooo-1 o o 0;.91 L

L O

1111 011 1 1)

Jorrros 01 0 -1
1
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26

0-1 0 1 0-1 of

O T

o o o
fo

. ;1 L

0o
fo

00 : o"j};'le'f:',' T

N . c

’f;Sequence B ls clearly not orthogonal E[fﬁ“ﬁiﬁﬂ¥ﬂ?}'

’feTheorem 3 3 Sequence B is quasi~orthogonal :ff.,‘Jf?

f'Proof

:ﬂﬁB(Zﬁ) [
IR '?ng

 Let us form a

B(ax)Bt (k)

_2 I

From (3 3 1) }5"jg-?_? obs

H(n);

OHI(m x(n)} [B(n) Bm

uJB(k) B(k)][Bt(k) I(k)
le(k)~-I(k)

128(k)B (k) :

(3 3. &
I(n) I(n)'-I(n) O . R

I(n)~-I(n)

product of B(Zk) and B (Zk)

Bt (k) -1 (k)
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starts w1th a. q;agonal matrlx B(l) [l], 1t can be o f,(

seen from (3 3 5) that B(2)B (2) B(4)B (4),... are

!

all dlagonal

R Now let

S "ttq Y - -124] B ST LR e

' B(n)B-Kn),=jD'(n)~;u T Venwgfvv';_t-(3y3@6)~
Settlng k l 2 4 8,... 1n (3 3. 5), the actual value of

sequence D'

ooy

Sty

o Therefore sequence B is qua81-orthogonal

1s calculated as fcllows-scffﬁeeweb'”r:_7][t;q L

;2
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L.

Fast Algorlthm The lnverse of D' can be obtalned

by rec1procat1ng the dlagonal elements of its member
matrlx. Or alternatively, re01procat1ng the flrst half
of 1ts member matrlx (dlagonal elements only), and

repla01ng the dlagonal elements 1n the second half w1th e

- a constantAO,S.
5 R .

'(n)K\.O

gI(n):fb

\(Zn) (3.3.9)

Then the 1nverse of Sequence B 1s obtained from

. In other words, the inverse of Sequence B is the trams- = -

elements of the member matrices 1n sequence“D'¢

Sequence B can also be called a non~normallred

5- "Haar matrlx" sequence, Wlth proper permutatioan



~IV. VANDERMONDE SEQUENCES

4.1 VandermOndéfsequenCef ""iff7' AT

Definition Given a sequence oﬁ.dlstlnct numbers,.’

‘;real or complex, denoted by xl,xz,x3,...,xN,a sequence
j.of matrlces, called the v sequence, can be generated by
SVl = U n=1,2,3,0008-1 0 (4.

o ke Ry T e e e e e
with rafﬂ'

2

Coxg (n) [xi‘ x xg ; .';”..','xl

:2 ”,Tjﬁqh'j'ﬁff n“ll

. ) X (n )_[l X Xn+l ooo-o Xn+l

n+1 n+1

'..The member matrlces 1n the v sequence are called oy
. , ‘

They'tak

"dﬂVandermonde matrlces of non—confluent type.w

]ifthe form :ff
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Macon and- Spltzbard (1959) flrst derlved a set

of formulas relatlng a. Vandermonde matrlx w1th its |
'.1nverse.f These formulas are compllcated ‘ Parker

'j(l964) worked out another method sultable for computer fl§~;

.1mp1ementat10n. On the same ba51s, Traub (1966) de81gned |
';two algorlthms. He recommended hls Algorlthm I for
con2 4 whlch requlres n(1n—9)/2 multlpllcatlons and

'5n(n~l)/2 addltlons to 1nvert a Vandermonde matrlx.'
'lBallester and Pereyra (1967) found that to solve a non-lfiﬁf*
;confluent Vandermonde system of equatlons, only n(3n—1)/2
/ffmultlpllcatlons and the same number of addltlons are
7:irequired However, uslng thelr algorithm to inVert a FH"C;'“
::!Vandermonde matrlx requlres\more arithmetlc operations}f;;f-f
';than using Traub's algorithm I More contxibutlons on

";fthe inver51on of generalized and confluent Vanderﬁonde

’due to Kan (l97l),éBjO#Ckvand Elfving.(1972)9

1972) and Goknar (1973).“"‘

~

'1f;(lQ§4l._ Brlefly, his method*isﬁ




Let a polynomial G(x) be formed with roots x&‘_ N

-(v~=,1,2,3,...,n) equal to the elements in the second o

N e .
row of V(n) in (4 l 2) S P AR R

RN -

'Then;letvgu(x)ihe;anothér.poiylomialfofjxisdchéthatf o

'EiCompute the coefflcients of ~g (x)/G'(x ), G'(x) being

' ;_the derivative of G(x) These coefficients are the ‘Elﬂiff

\;-:elements in - row u of a matrix M(n).f Proceeding w1th

~,3,...,n, a: full matrix M(n) w111 be formed .
”:(n) 1s the required 1nverse of V(n) ' S

"s§Proof of the method'

_'Tﬂhjia From the COmputatlon of M(n) and (4 1 2), 1t
lls clear that the product M(n)V(n) will be a matrix W1th,*”"

‘tfits element 1n row u and column v equal to»-gu(x )/G'(xu}

‘"fff; From the definition of a derizjtive, we have

“>ZG?(x) llm G(x)/(x-x )
T x+x e
“r“The rlght hand smde of (4 1 5) 1s -gu(x) according to
N 47 3
'*ﬁf(4 l 4). The‘efore G'(x) approaches -gu?x)thenvx,

;'ltapproaches xu, or



3. (4.1.4) indicatés that .
a0 - k) =0 Eor- v, (4.1.7)
94 (%) = 9 . or. ng(xv)/G ng)_ 9 7f0? 'Vf‘“_(4flfjf;-
4. -From 1,and (4.1.6) and (4.1,7). it follows

~ that -

-y ..

M(n)’th)"%xi(n),a.i“,' SR -fﬂ°’.: & .18 o

}_AThatLis te;say ; }7

ThlS 91ves a general formula for the 1nver31on of‘f}f'f”

-5‘(4 1. 2)

(n) = D). vy o (41l0)

:’where D(n) 1s a dlagonal matrix equdi to

I RS

i‘xl)

5 'r"“ H (X
: 1#1

= H (xi-x ) ¥
._«:;m;;;:ﬁ ' i#n ‘ J; .

’Q_V(n) is a Square matrix whose elements are elementary

:'symmetrlc functions:ar"

. . : o



n-1 factors
i#1 -? i,j#1 - ,j.;k#l

® o 00 000800
z

-\

i#n- i#n T ,J..k#n 1

As an’ exampie.', 'ft_a}{ﬂé _ril = 4'.-‘ Then
- () ™ (xa ‘). (x xl) B
l

X, X, X # B ' Q(X -X )};(x ) (x -X )

- Gy -xy)” 1<x “x5) 1(x4 ’3>"

.T;f x2+x3+x4  x2x3+x3x4+x x 2x3$4 a
1 x +xq4x) +x X
Loxyptxorx, X 2+X2x4 1 1x2x4ig

+X . +X . +x.X- +x

A fFfom_(4;l;§}, (4 1 4) and (4 1 10) we - can see that
.8 (fi)‘f; 1$&1 e e
S

S d ,:_{ﬁxy_‘

‘lgi(gi;

Fast Algorlthm Traub (1966) denoted the elements :

. .’\" . i /
-uaof an 1nverted Vandermonée matrlx by

(1] f%.)" I (xyx, )/2'... ) (xixj,,xk»«ﬁ-lyly

11 ey z' (x,x, )/2 S (3 An=1) 1

1l e ] (X-Xjf/zi,.-: I XJ'°xk»“nf:}

.

33

ool . '-(x 'x43 l(x x4) (x x4’f}lf:

3 4-l3 3%g" X4%y 194 RO

u fxl- 2¥¥3 41 2 2%3" 3 1 1 23 3f f-',;;_ij.jjﬂ-fﬁgfp *~;

(4, 1, 14Y[ﬂf s

*l: “vi. d, (comparejw;th;4;i;10);”;'U:7* 'g(43i;15f7i7f fi?f

V155 Yy Sie

)
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‘He then suggested that any Jth elementary symmetric

functlon can be calculated by recurslon formulas

8. - W» ) vy
R A g -
]

(4 l 16)

The calculatlon of all the aJ requ1r%§ n(n-l)/z multl-uﬁ'p- S
pllcatlons and the same numher of addltlons.,yﬁ..:

For-each,; j l 2,...,n, Yiﬂ may be computed by

;,xijﬂ xl =13 1+a ?m;A , 3‘ - 2, 3""'“‘ n.fi“
T : ‘ (4117)

| ’"!i 1 ?'1&

_ All the v i3, may be obtalned w1th n(n—2) multlpllcatlonsl
ﬂ,and n(n—l) addltlons. Then di' may bé computed as’ below j7

N

for n(n—l) multlpllcatﬁons and ‘same. number of additlons(cff_f7
*éfmfklfot ,%v*jw J~23“.”n.dﬁ'
B N ER I & SETORE Ny B TSI

N

Let us assume that div151on tlme is comparable to

‘cSIa multipllcatlon tlme for the above calculatlons._ Then



:, the iast step'in'fraubjs algetitum-ie‘td-peffotu the.'
l multlpllcatloﬁs in (4.1. 15), and thls needs n(n-1)

E multlpllcatlons (the flrst column of V(n) is always.t

a unit Vector) Altogether, we need n(7n—9)/2 multl—{
pllcatlons and Sn(n—l)/z addltlons. -Thls is Traub'

‘.flrst algorlthm for 1nverting a non- confluent Vander—“_‘t'

,monde matrix.

1-{ Deflnltion The C. Sequence is generated by the j f -
',formula' o ' R A e

Cln+l) = f o0 o L a2y

withcq) = [xlg
B xi

“n *n oo x ]

n - K n
X (n )= [xl 2 3 e x ]

a'f -

1f7A:meﬁbe;Lmatrix 1n the sequence will take the form (R

g S
ef*1:x1 £ B
s %2 3. -
x2 'xz xz l ..‘ ..I x

LN

=

w b ":':'?_9' 5 -2 ':i‘

e e s e e e see

‘_ kxn xn ".1';»".""‘_.' o0 s J, 4._'4 ~ o, : B

R
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‘Hd.Properties T dvi'@

| j> . .'l;L.Every tow in.C(nf'isfa‘poﬁeh.eednenoéiﬁ S
.'2; AC(n) can be factorlzed 1nto two' matrlces, a

the flrst belng a dlagonal one, the second belng a,ih'v

o transposed Vandermonde.
(v f—;.:' ".‘_?'*Z"i : n—ltfhfh
cCmy=| L = pm)vim)

| R TR & FERRTRTES, RN~ [ SRR R

(4 2. 3) S
53.d1¢he¢inv¢rge of C(n) is’ obtalned from (4 2 3),f

- namely

¢ rny = DmvEm) 1t [--vt'?(n)i-'{l.‘ (n)- [v (n)] tpT (
S ".”."“CWAT~'..; Sl Ll
o S e (4 2. 4)Q;p¢,a
Fast Algorlthm The 1nverse of Sequence C 13 g

.‘,-

d51mply a transposed 1nverted Vandermonde sequence,
ldmodlfled by a rec1proca1 of the flrst column of its

*sfmember natrlx, the Vandermonde be1ng formed by dividlng f?ffl

d]ﬂeach row of C(n) w1th the flrst element in each row;”7fif5;dff
AR e e D
An example 15 glven below.clg‘(-*fﬂ-' '

When n = 4' we have o

M
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| . .
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~
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(4) 1 1[D L= v @imwn @

[V

2

TN
[

X +X'3

Xg 1 1*x2+x4

l

+X +X

"2

]= | .

3

{3x bl X +x4x2 XX +x3x +x4xl lx2+x2x4

273 3 4

. L x2x3x4

4xl l +X X +X3X

.-;.?‘1.1?" X %) X4 *)%¥s. ’

l/{x

1("2 1)(x l)ex 1”

: —1/{x2(xl 2)(x xq)(x x )}

l/{x (x 3)(x x )(X x )}

| "1/{"4‘x x4"x2 4)(x -x4)}f,;;ﬁ;?*

 ifcond1t1oned and for Whlch there iS’aﬁ'aster inversion kA

'ifmethod These are the types of Vande:monde matrices thate

:Q;are to be ufed in our optical equatlons.

G
TR A,} S
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. 4.3 fThefEsSeqﬁenCe.t

”';LSequence C w1th

Deflnltlon Sequfnce E is a spec1a1 case df>

,ku;=}exp(—ni(2uei)/n)i':; fi?=._1,ie:v'2's(4_3;;yfjj,j“w
L ey, é,...n;jﬁ;*;

. gfdr ﬁ’: 2 and r = 1 2 3 4,...., the E sequence takes

o

’“-]jzﬁ§nxz)5_r;.3f:f‘,J;_g;j*i;sggbgfﬁﬁxzyﬁjii;jta~'" i

;”,fast algorlthm described:in (4 z 4 .
3f However, a. still faster méthodscan

3*,§help of Sequence I' |

L

. ‘»u.,‘-:i ‘o,-Ao.-‘o'_.Q'-.“"' B T S R R

.j@gslnce Sequence E is a spec1a1 case f;”’”
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Theorem 4. 3 The PerUCt Of Sequence E and 1ts _-{’.y'““

l’transpose is equal to the Sequence I';‘multlplled by n,.

LI

L

.A_E(n)sEt(ng?='n_1i(ﬁ)ﬂ-:'»f¥’"i];f;QQ_fj};"(ﬁ§3§3)"""

Proof Accordlng to (4 3 l) and (4 2 2), a- membé%“_fef:

:fmatrlx of the Sequence E can be wrltten as' ‘ f.'

.,jexp(k ) exﬁijgi)1;;;{\é#9fnkiiffe;"”{..:ff'

o fkﬁf = -in (2u—l ) /n. e L e e

N The element in row u and C?lhmh{Vféf?E(aniSjiE:?51-*f”

Let eu be an element 1n the utharowfand vthf'o‘umn&?

'ﬂ;ﬂof the matrlx product E(n)E (n)’”' €

I ﬂ’” Ve
e z xp(rk )ex (rk”)
RS ._1J
Z exp[r(k +kv)]

l)/n]

S {w S .
Z ( 2ﬂri(u+v—
r-l o
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' The matrix product. can be reconstructed from e' :'

.'yeTherefore the theorem 1s establlshed j‘f?:ﬁfeeﬁf;}t;ffff)?;
Sectlon 2 2 explalned that I' sequence is self-' f,{;’

""vflnvertlng From (4 3 7) it 1s clear that

Lm) \Etm 1 (n)/n (438> L

,’;,E (n) I'(n) means to rotate the matrlx E(n) Clcckwise
‘tfthrough a rlght angle, and no m“1tipllcationils“"'

’17;Thls leads to our ﬁ:,;f*“

§ ”"(. n =

'";?the notathon 7"*”'e.' i




then

BRI

[PV)
w

By =

il A

Property of Seqpence E ~The transposéd 1nverted E ';e:

bv'eeeqeence is the sequence E belng turned upsxdedown =

- 'i"Tand lelded by N I « SRR
R R 3H.UV*Y'-“.1“"f"1“,7g'jq5.‘v*-§ew.;e.

( (n)) (n)/n -ff}f;?;°{§ f'§1fi;fiﬁ(;;3;12;etifip;f

= Proof Slnce from (2 2 6) I'(n)E(n) E(n)

“.eTherefore, from (4 3 9>,;:{_faﬁ}” fe

t~“ m“’*ﬂm”"mm"f@ﬁﬁ%&fﬁm@gag

[

s

4.4 The Fourier Trahsform Seguence
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The F(n) here 1s usually referred to as a Fourler
transform matrlx._ The sequence F can be formally

N.deflned as follows. 'fifﬁ"

DeflnltlonL The Fourler transform sequence F 1s
- a sequence generated by e
S Emx (n')

T wimr oo e o

with -

meo o

rm tif&rgw;<~»

,&l;lxika);%?:Qt n+l 2n+2 n(n+l)] ‘gpguie_fgggiffw =

ﬂZSAs far

(n) to be




Al
<

i S o for all u#v,:s:.ncew 1scycllc |

0
Neaam

g Therefore F(n)F*(n) I(n)n, pr F (n) F*(n)/n._aﬁtffh‘ﬁ

Fast Algorlthm To 1nvert Sequence F, 1t lS only

fnecessary to conjugate the whole sequence F and to d1-.?gf*5ffff}

6

‘;‘V1de the result by n, n belng the 51ze of member matrlx

\rf,¢F(n) The ;nver51on formula 1s r (n) F*(n)/n._r-°'ﬁ E

Property of Sequence E From (4 4(1) and (4 4 3), -eifﬁ;i}h

*hflt is clear that both F andﬁgi; sequences are symmetrlehﬂf]f".

Ee
e
1=



R

][ I(n) I(n)] | [ H(n) H(n)J v' ’>f,;f
= (5. l.,f
“]F.(_n),;.:s_l(_r})_ x-E(n) "E{n)

3 The H Sequence con51sts only of matILCes of f;flf

..;;?“: r being a Positive 1nteger.‘ The flrSt{;f}




"
!
=t
L
1
-
!
—
-
|
|
[

t
=
L
=
A
et
'
(%]
[
[N
i
(o=

,-.H(8J¢=;g;{_..; ;;s3‘? 55:“,ﬂ#: §‘*_ ;}g;jéié(fiﬁ/gjf’f

- h\"l'

If We form the product Of H (n) and' ‘. ,

;§. us1ng the formula 1n (s 1 1), thenw\v_"”,{&fkfg*“_K,il~

H(n/2) H(n/Z)HH (n/2) —E (n/z) Py

, H(n)H (n)"‘«‘ o
L ‘y»n';-# :E(n/z) E (n/2) Ht(n/2)

[ZH(n/Z)H (n/2)
e :",‘:H(n)H (n) ,

el .‘ DR



‘fv;;p031tive integer)

)

!
: 5 N . 'n:
l

o (5.1.5)

!

q'

|

|

|

|

R I
@H(a)Ht(8)”=f_‘7f+é—é—*4f—4-65--;;;~_~'”-N

’ ' ]

|

i

I

i

!

|

!

. Proof-’ When ‘n .= l /H(l)H (1) ] and lA(l) [1]
. <‘.Hence (5 l 6) holds gm n,s 1 7 el g

a3

If (5 l gpwfg true for n'~ k,‘ac_ rding to (5 l 4)

47”*and (& 3 1),-

- PR s
A e
v

B | 2H(k)H (k)
-.ﬁ;H(Zk)H (2k) [ .

o

‘W*That is to say. (5 l 6) is also:trzfzf'”*'

4hﬁfthe theorem is established_fo*h

v



"qfseveral simpler sequence ' In SUCh a case.it”la

N , : Mo
Fast Algorithm From (5.1.6)

L n) = 58 m)a™t(a)/n.
But (2.3.10) shows that A™h(n) = A(n),’ therefore
- . . .o : ' S N

Y

47

BT (n) = Ht*ﬂ)A(ﬁi/n1 e __‘i\(SLl;Q),}'i

97 .

-

The 1nVerse of H sequence is a transposed H
sequence multlplled by Sequence A and d1v1ded by n.
Slnce multlplylng by Sequence A/means permutlng

some of the matrix columns of Ht, 1nverting Sequence H

RN

-is identlcal to transp051ng H,vd1v1d1ng py n, and then f*

~_permut1ng some of the columns.'

Starting from ;he next section, the operator/e 15'.1'

.to be employed to 51mp11fy our statements for the remain-

ing of the the31s. A 8 B means a Kronecker product
'».performed w1th the two matrlces A and B, In Appendix

.hthe propertles of a: Kronecker operator 1s descrlbed for

easy reference.. o .

'-,5{2“'KroneCkerf8equence.»
| There are some sequences whlch appear difficult

':vto lnvert when taken as a whole,,but an analytical study

f the sequence may dlsclose that it 1s éomposedffrom | ‘dff,g

!

'?:possible to invert the component sequences one.by nne

;las partial solutlons, then piece together the partial



_solutlons 1n some way to obtaln the 1nverse of the

' orlginal sequence, The rest of thlS chapter w1ll glve )
v_fexamples which 1llustrate the method The next sectlons
w1ll 1ntroduce sequences L and W ‘ These are the |
sequences to appear rather frequently 1n Part Two of

the thesxs. The general form of the sequences wxll be
v.studied here. | | o o

_ Let us consmder-a sequence whose member matrlr takes

the form (see Sectlon 2. l/for notatlon of subscrlpts)

'-'oo..--o-ooooio--cu.oocg /

e Nl

‘.o..oooooooooouo‘.ooo "l

(S 2 l)

The matrlx contains only those elements which are
|

11 21 12921 Ljf*'}ffff‘{ff"ff"_ 1 31 2 JzQﬁ

48

[ 11 1 rlz 11'°°r1 Jl 11 11 12 12 12"'”1 J131 Jz.;fia‘

o -/ B R
21 11 rzz 11"'r2 ,J18 11 rzl 12 228 2"'r2,31 10J2,~;__
31,18 ®11 51,2 R ) ‘ra-i*a.’is'lfaz
21 21 TySa1 LR g e ) 2 JlSZ J2*}'

\rJl,lSJZ,l irJl.’?‘st'_:z A. . .:x.,:‘,i.-;v._ . ... . , . j Jl Jl JZ,JZJ‘,Y N

the products of rij and suv' and r and s are respectively ff

the elements of sequences R and S where



>“C;?matr1ces R and s indlvidually, second, form the Kronecker’

:kﬁ_iproduct of the 1nverted R.and S..ﬂThe Kronecker product

49 -

120 f13 e Tral |
© 0 [F21 T2z T2z et Tag |
.~. R(Jl)fée ) s . L '{

s e 000 e 00800

SN o £ % e S U 5 O SRR S 6 )
s [ILN9L,2700, 3T RV

511 slzf,513’.f55?’.11.32;.1“?"

SO TP

»305?

74,, -.“’:.l...tl.

‘<$J2?i$32v2?J2w3’?'ﬂ.fsdz;Jz;”i"" B
nthen the sequence descrlbed 1n (5 2 1) can also be
,deflned By the t.ﬁ'f : S o o ‘

g Deflnxtlon_ Sequence L 1s a Kronecker product ”] :ﬂ:ffﬁ

‘of two sequences R and S.;:}fﬂt
Accordlhg té the Properttes.given.in Apéendix I, nrfff7‘7
we ‘h-ave " | / B o ,

"L';(Jid

Vﬂ' Fast Algorithm The 1nverse of an L sequence can f”;f

Arfbé obtalned 1n two steps: first, invert the factor

‘nthus obtained 1s the inverted L sequejce; ;?»fff7ﬂzﬁ
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(5 2. 4) requlres only Jng multlpllcations, plus

Athe necessary operatlons to 1nVert‘R and S 1nd1v16ually. e

:'5.3<-waawise'krohecketjseqpenee';”’

.‘_._mari__r.l.exj: '_ ‘. . , I : ‘ -

1. It consists only of those matrices W(n) with
R0y 'ﬁl:‘FJlsz«beihé.posit1Ve.in#éséxs;.;-
'.‘;2 The elements of W(n) contaln only Power pro—'f

,3dﬁets of two complex sets of numbers t and z, where

{tllt21t3]oooooooootJlJz}

: | {21122r23l-copoono-le}ﬂ1 -f
.""W‘J )) = el o
;f“lﬁ7‘ | 2 3v. a 2 2 2

At 1 z) 1 % 1"21 tl PUSTRSR 1"21

Caeg2e LAt 2 »ff«~
'I. 1.2.1 2.'...'.21 tz ZItziﬂi..‘. ,‘.11":‘..‘

"W"""'.'“‘; _"'oooocobb..“‘t:
. i : e . i

1%z zlth LaeEeeeneen o

.2 J2+l 1  ;;.';ﬂﬁ&f?foa

el e

; Here the subscripts and superscrlpts
'fjfollow the notatlons stated 1n Sectlon 2 l..m;{fwe

= %1"-_']



- .1ncreaSe by one every Jl columns. The powers of zl

'] yof z reach a maximum of Jl' then the powers of z start

'hfwaabove descrlptlons can be srmplifled to the

hd . ;
j3f ‘The t has\one value 1n each row of W(J éjir?ch;
"but the value varles frdm row to row.i_" ‘ "‘h
h_4, The - z,has the ‘same Value ln each Tow and o
}ialso the'same value 1n consecutlve sets of J2 rows.:lc
:”The value of z changes after every J2 rows. |

2'5; The powers are so arranged that the powers

’of t are kept at one for the flrst Jl columns, and

vf;lncrement by one from column to column until the powers

l . —

°r"from one agaln and contlnue to increment by one from

A

"»column to column

A careful study of (5 3 1) discloses that the P o

' f".}"quences' T, ’.= 1,2, 3,...,.11
1T(J ) e z (Jl)

T(J ) o z (J

\;‘m_blq-z)}-.; “

LoHE

v'i-.ooovooo-"

S
Cp
Ly

geny Here Zuf(“j'i') 1sthe uthrow ofmatrixZ(J
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o [P I

RSN B

2
L AR

S

' J2+1 J2+l "". J2+l'i:zitf:: |
S ”th'4TJ.»“32»7Qﬁff}f f y“;~~
J2+2 J2+2 "": J2+2'ﬂ if‘f s

ek L eam

o fx”.} ”“2°"'tﬁﬁ'¢f  J2 ;3715' ﬂ3£?3§f;f}ifff_  =77';f7 ’

(Jl l)J2+2 "‘i: (31-1)32t2gf.

.' --..DD...Q.

S 2 ﬁtn =
_Q_ J1J2 JlJZ ..'.1*i]fff

';}to obtain Z l(Jlféét
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-2‘ Form all T(J ) as 1n (5 3 4) and lnvert them

~lto yleld T (J ), 2 (J ),....,Jl (J )a‘

y

"-,3. A suitable arrangement of Kronecker products ;L;"
'of the inverted components w111 glve an inverted sequence |

o W g e T T e

in}(J 2) [ (J ) a zl (J ') 2 (J ) e z2 (J' )..;5§ﬁjfg;a

*fgj;;qlﬁ (J ) e le(Jl )1 L (5 3 6)

Proof of the Fast Algorlthm For the sake of easy '57’

"VIZfexplanatlon, 1et us form a 11near system of equatlons of

_1riorder JlJZ,

W‘JlJz) X(J Jz"‘ Y(Jl 2" ‘:i{rifgi?éj)ifdm‘

»tﬁ»where w 1s deflned by (5f3?2)jand

X(J ) [xl & X

‘ffffOur a1m 1s to solva forfx

'3ffbe identlcal to W l

o=

in (5 3 6)

(5 3 7) glving
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B U | LR A

EERE S

i (R

o dle b B
o . L N ‘ L T T
Qinoo_...l» °f - . B e e @e s ee e -
: ! : s e 0w . . S : :

A\ . S ..
e e .0
. ~ N

*s e ene T oo : R ~o'o’--.¢66.
v : | e e 0@ :

T(J )@z (J Lf#jijé};f(Y(J1~1)J2+l""YJlJ2)

(5 3 9)

The rlght hand sxde of (5 3 9) has a column vector

v'f} Y of I "elements These elements are split up Lnto Jl

S 1 2
l~ groups of J2 elements each The flrst group only relates

to T(J_,fn e zl(J ), in (s 3. 9) FR e

‘1T<Jz’“ AL ’{Ylyz Y:rz’

. or. '1? :

Ty [(,(—, P Ma

l”f’Invertlng 1T(J ) to obtain ?M(J:yi“
v;’lT (Jz’~- IM(J );;:ﬂlfjfff'.;l.#'
»*-3Th¢ﬁff>“7f3ﬁi?:fﬁ[fﬁfﬁﬂ*?f%?f}m}gf"
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[I(J ) 8 Zl(Jl)] is a checker—board matrix, each row 473t51f
(1.e each Zl(Jl)) operates on. a dlfferent set of ele-"iﬁ lf
7 [ments of x It is possible to Spllt Q; 3 11) into ;ff;1ii
5ffJ2 equatlons as follows ﬂf,fﬁj_ff_v I RS T

.ii(?ikjixlik;;_}..szl] ".[2M1(J2)][yl ‘.sz] ,xSéééiggi;?;f_

'_w.t.tooo.o‘o-' PN

rjﬁz @ in (53.9). By the sane

'fbbtaln another_J“*;”*

'f{ZZ(Jl)][xJ1+1'-xfir j e

[Z (Jl’lfx(dz 1)J1+1"?J132 5

All other groups cf
similar way. L

‘\~.- :

The“ "3 1ist_ 5f3 12a),3E~;~~

equations of all_other groups together to



-1

(Jl)
22fq; ' :'ﬁ

(Jl) 1%

G D s

Slmilarly, puttlng all*the‘second

'ffgroup together w1ll give“

P an ) e




C57
Generallzatlon» T and Z were define& in (5 3 3) L

| N o
V‘and (5 3 4) as\Vandermonde matrlces for illustratlon :

fuonly., Readers may have notlced that 1n our proof of £a f;j;{
».Zthe fast algorlthm, T and Z were treated as general |

KY

{ﬁ'matrices, and that the power serles characteris?;ff

;fderlvatlon.v Therefore the restrictlons (5>,;Ffﬁ_l




,ﬁg'» Inspegtlon shows thaS?(l) the upper half of W(8)

'has 1ts even columns 1dentlcal to its odd columns, (2)

iulln the lower half of W(B), the even columns double

‘l-their precedlng columns, and (3) the upper half cf
'?;W(B) has its odd columns 1dentlcal to the odd columns
Vlin the 1ower half of W(8). This leads us to rewrite

ffW(a) as

TM) . [l:‘




~r1 0. 2 1Ff ,
ey 2 1 0 o' B
TTT4) = ] R L (s 3 21§
g f;w,l_.;-o 1 3 1 G :z*a='“\ffa_ﬁ. :

‘4-g1“* s ’o 1 —6 o}[fa?i
.From (5 3 6), (8) can be computed u31ng (5 3 20) and‘ :

flf(s 3 21).~ H,f"

 ;with (5 3 22)



L .vig SYSTEMS or EQUATIONS WITH
| KRONECKER COEFFICIENT MATRICES

. >
B : .j o L
: i ';‘1_.\ N oo

6.1, System Solution by.Matrix Invexsion . = . .. ool
. T ~ T , - ~ T _._"“. q .v'_‘ 1:-_".‘"' . . ‘. ..‘: . .V o : -. . K
i C;“)n:'sidexf ‘the ‘_F-‘S'VY,sx_tém‘:o:f-‘ é&uaé,igﬁgs’-ﬁfﬁ g

[s(J ) ¥ R(J )]x(J;L 2') Y(J J2) i (6 1"1)‘( -

ffﬁThe technlque develgped 1n (5 214) shows that (6 1 l)

7}has the solutlon _fr”}~ﬁ:57x7?ffA'f7"ﬁ“

X (J LS

'~'."s>-
> o

%5'4 3 9). Then

ﬂf_for CQmput;ng X.,ulfﬁi¢

To perform the arlthmetlc_

tin

JIJg multaplications to yieldf”

[§ @ ﬁ] v .‘




.61
;Additions;nsually'need}much less time than muftipli— o
1cations.._The CPU time.required’for.additionsdmaY'bem:7
ignored-for~the’Sake_of~simplicity..
Potal operations= 2(3.3.)2%+ 3.3, = 2-(J 392 (6 -1.’4»)
operations=£iiyval T vy B Ayl o Bt

¥

z'aré-lafge?f

‘hif.Ji;J
This 1nd1cates that uS1ng matrlx 1nVer51on to solve
A(6 1, l) has a dlstinct advantageiover u51ng Gau551an

'-Elimlnatlon, whlch normally needs (JlJz) /3 operatlons.’ R
gHowever, (6% l 3) //es not glve the qulckest solutlon N
: for (64 l l). There 1s a st111 fastér algorithm based

‘-on transformatlon oﬁ the system (see 6 2 la) Thls s;ft‘u‘
falgorlt!m can 501ve (6 l 1) in J J2(J1;'2)' ? h‘; R
: operatlons. ‘ i O

° "

. 6.2 Solutlon of a 2Aplex System by Rectangular121ng
the Unknown Vector ' ' R

= o e

| Deflnitlon A vector X(n‘) 1s sald to be rectan-A.s{"

gularlzed into a matrlx X(n/k k) 1f 1ts n elements aref-‘
_split 1nto k groups in the origlnal order, and the f} |
:groups are dlsplaced 51dew15e in k columns with n/k
lelements in each column ) An qperator Rectk 1s used
1nfo;ith;s-pnrposew_ For example,]'fi;f;;~1;-hf;}e;;:9f;,e"

. - — (3 .
y 1 ™ g P —

ac . T O

_ Notee We, assuhe n divisible by k. .

T‘g‘x..‘ . " o ., Lo . o S - . ‘. S T '(’: RO



.X’(24;l).v_ ().{l Xy Xy ?(_24) .

oy kg x|
CRect, x= |72 78 M1 %0

_4‘ . :'..oto-o.o.

o ".'!"6»?. f‘l 18 24J j &.,'

If X is a matrlx, then to rectangularlze X would meanlﬁi'

* L
to rectangularlze each of the columns of X
R (o B .’;‘1‘0 -"""‘22_ .
.Reth?ReCt4X):é : xzixs x8 11 - x233_*65

R ',,6 _,9{_. :12_ “_;‘--"2,4'

In general, Rect x(a b) = X(a/k bk).
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Deflnltlon A llnear system of equations L(n)x(n )—V' '1

Y(n ) 1s sald to be m—plex if 1ts coeff1c1ent matrix L(n)

v,
1s a. Kronecker product of m matrlcesa L(n) = Sl(Jl) 8

S (J2) 8 ;...3 S (J )’ n = l 2 3.00J o, . . . ‘
- Theorem 6 2 PrOV1ded L(J ) =, S(J ) 9 R(J ),

: the 2 plex system of equatlons L(J )X(J Ji)-—Y(J

can be transformed 1nto the following:‘.tfc'» '7;/ .

o .
o B

-'ﬁherej(eee’section 24}'f°fn9¢ﬁéﬁi9ﬂ'6f55ubé¢riP€S)fﬁ:5¢

2 Y)[S.“(Jz?lfL Pf:xéé?e%?;.;jh“ 

Note- Ekstrom (1973) deflned 5~"Stacking Operator to '?ﬁ_;ra




N N

%, xdiél‘ ’,‘2-Ji+1 x('~'!»2."1)~7H1-+1' o

|*2 Jl+1 2J1+2 "":X(Jz l)Jl+2

[

Rect X o (6:2.2)
) o-o.l-ocr.onc-._ \‘\ . . .

....X

{1 x231=fx3J1' J1J2 "en;~j -

‘fand RecthY is same as RectJZX except that x lS replaced

<

In other words, (6 2 l) glves the solutlon of fhe.~
2-plex system as (6 Ztla) ‘; |

"3;  Rect&éx;;i[k (J )](Rect Y)[S (J )] (6 2 lar ;e_

: 1
[N

- . Proof: - Substltutlng (6 1 1) 1nto L x Y yields o
"jsllrll*sllrlz'"’f-gl;szngl_' 1;,_ﬂ§*ﬁjyl,

.~c...o..‘000 o : .'.» S Ooo , ‘,0..0'_v ‘ /

21 F11 21 12 "'f_ 52,02’ 1 J1._¥Ji+i_; LA ESE R

\d2,1 Jlbla"ff‘;'J21J2>31531J\:J1J21:*r_YJlazjn;a

"Put 1ng the lst (J +l)th (ZJ $l)th, (BJ +1)th

fequatlons toge er and combining r with x to fomm a

':term, (6 2 3) becomes,j

8



o v, ) R -o. ‘ - e . r. .
{511 11 13000812 S12-+-51,02) [Fxr [N
%21 S21 82177522 S220+:Sy,02(|F12%2 . | [Yorer o

o‘.'oooclbl;'o o Jews oo : t 'or.‘oor.'_.-':-_-.'

LSJgfi'SJZ,lf';$32,2..f"sJ2J2J_#i,jl#Ji&2';lY(JZ l)Jl+lJJ°
;(6 2 4) has a coefficient matrlx of size J XJlJz.' Since“
eVery 'S repeats Jl times 1n the matrix,_(s 2 4) can be

fwritten as | ‘ | R
"Sli?Flzfslj‘f'Si;Jéf (Jl) .fvflf:’,c}’ﬁfi.ix

BRI

S ee a0 s e L e ewee oo. ERX TN

(6 2 5)}7*5;4“"

The matrix S(J ) 1n (6 2 S) can be inverted
SR R S'n(J D IR

vPre-multiplying (6 2 5) with (6 2 Sa), the flrst eqnation

R,l “? »1.’;"‘."1-" 3 eeee gy 610 2.:.’”.9’:.1f'_f’;’~71t1‘ o Yia2s
. 1\ o . . . . . i e B RS ‘
Similarly, the second, third, etc. equations of €

_are'];



| e . o
'"Rl‘Jl)‘xJ1+1 '231’ T ’(Yl le+l"'y(J2 l)Jl+l)

(6 2. 6b)1‘ gf»”

'?Rl‘Jl)‘x2J1+1' x3Jl) 3 (J ’(Y; YJl+1 "Y(Jz l)J1+l)

(5 2. 6c)»;f~.j.

veeseasensecser e .

. ‘Q .

]Rl(Jl’(x(Jz l)Jl+l" leJZ);; (Jz’(Yl yJl+1 EE

"'Y(Jz 1)J1+1’

. Then/ we. put the 2nd, (33 +2)th (2Jl+2)th, ....._-*ﬂ;ojf[

';equatlons of (6 2 3) together, and in the same manner
qwe shall obtaln G R |
:R (Jl)(x

1 2-~-x 1).fj 1 9) YJ1+2"°Y(J2-1)Ji+z

 “ (J "xaful"'szl)”Sz 3 ’(Yz YJ1+2“ y(Jz 1)J1+2) ‘fr?f”“”*i

v A P
o T
veeT N

65

(6 2 66)‘-‘5 ﬁ‘.{; = :"

l%—é t,..'

(6 2 7a);;fﬁe;ff

We can also put the 3rd, (J +3)th, etc. équations.ugﬂ;f;?f

‘eof (6 2 3) together and obtain another set of eqpations%5f§f¥f5“

The next step Wlll be to put (6 2 6a)1 (6L2”7a)

N

,.and the flrst equatlons of all other sets of equations ‘”;,

htogether._ This w1ll yield . fi:ffﬂ?af“go
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~fﬁ;;"7";';7"""'i ",(M

;f F—Rect “[S l(J )] ’{?;:J:-“Q“(szrajifﬁh'

_Premn'l.t_'i'p_lyiingﬂ ;[_(76‘;.?‘2.'8_)}: w‘i-ith_'R (Jl) .

(xl...le> }-R (J ) RecthY[S (J )1 ‘;(sgg;égt‘}ji;f

'.,Slmllarly, puttlng (6 2 Gb), (6 2 7b) etc. together .m:ﬁ*

:g,ﬁw1ll give ;ff  1}

'ffvarlables X and Y are rectangularlzed At the same

ijfsmall‘matrlces. the premultiplying matrix

. ‘Jl+1""‘2.:r1""R

S

(J ) Rect y[s2 (J )1 i.f' 5.2.10)

‘fCombinlng (6.2. 9),A(éﬁz;iqrfAnaﬁsimiiaglfarmuxas;?ﬁiiié.T»\’ o

‘,glve (6 2 la).

Fast Algorithm Theorem 6 2 shows al way to trans—vfefif“'

f’;form one llnear system into another as stated in (6 2 la){}f:jf

1In the course of the transformatlon the column vector _"tﬂiﬁﬂ

j};time, the coeff1c1ent matrix L 1s broken up into two

l

and the

e e

s postmultiplying matrlx (S ) A necessary and suffl- fagi]g4p

.




L4

_ o ST 4 O P PRI R
RectJ2X R(J ) Rect 2Y S(J )/n,- —JlJz f.'-_.;'(6;..'2.,f1,1-);’0 | '.
Then solutlon of the 2—plex system turns out to be a jﬁ}gg;-
’ multlpllcatlon of three matrlces, and a div181on by n.,

The total number of arlthmetic operatlons 155%3?],e'7.

2l '
L 3% J1J2+J

o1 J2 = J (J1+J2) d“; 1f JI'JZ are large.iwff.ffﬁ

| (6.2 12)""1‘;;'1."5 |
‘hfﬂbAs we. all know, Gauss Ellmination lS the host

P§PUIar method for solVlng a system of equatlons Wlth

{ non-dlagonally domlnant coeff1c1ents.t Gauss E}lmlnatlonﬁtffﬁ?i

requires Ji 2/3 number of multlplications in thls case.n:;ft{:h

Comparlson between these methods 1s\illustratedﬂin the'fff;ffgj

follow1ng table~

| o Est;mated,CPU Tlme onr
Number Of Complex 1f;; f IBM 36Q/67 machine u
Unknowns n--JlXJ2 (a) - .Ratyo.
L e ‘ngauss Elim.;fFast Algor__" '

l6 55“""8&0- 5m-sec. 11




. ?6§ 5;

A Nmneficai_‘Ekamél‘en_Vsiolvei_:”‘_ e
7 ;3fL:;3 f{SSH 35 - 3 '*.3“F:OSf—"G5th'ﬁ?; fl{35f§;;“ :
Ji6 ne5 33 s e :._',1,5; (] ns |

BN ERE

1
| 1.2
e s s —as T 3535 |x
| | e

Lo msmas s a2 i3 ) Lo

( 5213)

The coefficxent matr:l.x can be decomposed J.nto a N

.{Kronecker product. o ' e

:  5j;€;é5Ef;3 , ,.foﬁfif ;iﬁ i: iﬁ3;;£ﬂflli33t;;;;i ;1f: &3 ﬁ“f
L= T T e D es e R (621

: f?l?€9 b*?A$  ,-1/ 35‘;kfn1.l"°{"

By a usual *metho'd'," we can find .

N f*

Cfr 'TO O SN e
1’ 1 al g e

:'-5:’"‘” “’ .,O.-"‘ [

1 0 ,'j-:-f’_’ )

'.;gxerefcre



A ) N .
[

‘[*1‘33 Xg x7] =A[ 2 1][1 £35-1. 3 0. os - 45]1. -0 0]
L%, *Af*ﬁ'x8h-‘--fl.,l 2 3 l 4.- l '1 0.

N

o
s,

N
O :.:0 ""

1o

1 2. o 1 T T

‘\

6 3 Solutlon of an m-plex System by Rectangularlzlng B

'3[13( the Unknown Vector

The technlque developed 1n the last sectlon will
R ; f.
. be extended to an m—plex system L(n)x(n ) Y(n ), where

ﬁ”L(n) %ﬂ a Kronecker product of m matrlces‘533;f7iflnfff
1) G...@ S (J

ptL(Jl 2 3...3 )- s (J ) e s (J ) @ Sl(Jl)-ST

Theorem 6 }.1 If L(n) -»S (J ) 0 S

j}system L X Y can be transformed into}ﬁ

L;S (J ).RectJ‘X . RectJ ¥ Sr l(Jr 1) 1%;»

| Proof: From (6.2,1) it is’clear that the solut
:ﬂéff’; Ido ""‘ ; ‘1 RS '

o 1 s
Rect X Sr l Rect. Y S A

por i

fiTransposxng both sides of (6 3 4) .gihﬁﬂ,”"”



.;“:701

fRebtt X=‘<S Rect Y s t) ,s -1 Rect§ ' s (s 3 5)

iy Recty, |
. Premultlplylng (5 3, 5) w1th S establlshes (643 2).1} ;gﬁf§Q

Theorem 6 3 2 If the coeff1c1ent matrlx of an

o m—plex system takes the form of (6 3 l), then the system f”j
L P L R : 2058

;fcan be transformed 1nto S

T i et SRR

';tReCt ( )(RectJ(m 2)(...(RectJlY§l,fS2 )'.'.{wfhf_ﬁ_'”'\:"

°m= Z)Sm 1 ‘6 3 7)

'»f{proéf??fﬁefﬁthéféystéh:be*“

I By 8 e @8 08 XX 6B

| Theorem 6:3.1 will transform ws a> inte o

t - SO ”;ﬁ"
Jlx Rect Y Sl-

Jl

"Sm;ejsm;i-egfeg]a;sg;gect
~ Again, Theorem 6 4 1 w111 turni(ﬁ 3 9) into fffffif
‘«aas-.-_~< S ~a,.,_ e
| o e E SR
Jl .

" Rect

f\v,m_ m l ...9 83 Rect

Vv ; » . o ‘ » t
,.,: Recth(RectJl

YSl )S |




. i

: RectJ(m l)RectJ(m Z)ReCtJ(m 3)"'R 23?¢fq1&xffv:"‘

. S RectJ(m l)(RectJ(m 2)(...(Rect Z(RECtJ;~¥'§ .::[t%,

B N T
1’52’--n nlz’%nl B I R e

"16;4-imatrixaiﬁvéf§idh'by*Reétaﬁgniafizatibnarééﬁniquési*?"

Flndlng a matrlx 1nverse by solving a system of
'.5equatlons 1s a well-known method., Now that We haVe a L

yffast method to solve a system of equations, we hope that Q

'~5our fast method can help to 1nvert a matrix;'lf";ymlte
o Let us begln by repla01ng the data Y in Ml 2 1)

;Jw1th a unlt matrlx I(n)

n

M(n) X(n) I(n)

ﬁNSolvlng thls system of equatlons, We shall thain X(n): Lo
(fwhlch 1s the inverse of M(n) B e

x(n) (n) I(n) (n)

ﬁjmethod (5 2 la), namely

t 2I)S E

fLRect 72"

J2(L (n)) = R (Jl)(Rec



Then we have the L

of Rect

JZ(L

™.

(n))

tony, after t

Since RectazI contains nothing butigf“

b

rearranglng the elementsAefh‘

zeros and ones, 1t needs no arithmetic Qperations whenf51fﬁ

multlplled by another matrlx.;

The whole equation

(6 4 3) needs Jl 2 multlpllcations.f This 1s the‘same'aaf,f

u81ng (5 2 4).T‘,]gf;t]§

a]summarz“gz;;,;.A1a.n.t.a,waﬁa-.

‘f number of oPeratlons required for calculating L

W

T

We prov1de a table to compare all the methods

introduced 1n this chapter.ﬁ

e

This table does not include o

the necessary number of operaﬂions to invert R and S.

ey ey

MATRIX INVERSION L

(S@R)

ﬂGaués;Eliﬁ;

Kronecker

Mat Inv.ﬂ

'r;gi%;;s_targag,;;f"*

LT

‘fﬁfNG.
w;MULTIP

OF"';
e Y

B A
0 1™ R

J

.;;-Rgg;g~

'1&J”¥w5§ei5ké¥"';ﬂﬂ
' (1968) B




AIM

T3

: e *f*?*?***?*%**????%**%?5*1;Tl}
%L.SoLviNG&A‘s¥s$EMGOF-sovATIONs;LX%KSQRixéxa?tf

 METHOD..

Gahss;Eliﬁ~

Kronecker -

Mat..

FORMULA

X=1Th Y

[f*gk?*%@kfl

%

S

RectX=R(Recty) s

N0, OF
- “MULTIP.

f.+ JlJ N
+ J132/3;‘;y;,~-.

:':29

2 2
2

g5

S SR O
PR O CREE

SoEan "u;"’]:;"-f-
J (J1+J2)

- Rer

7ﬁ‘fwesflakeﬁ

| oasss) |

(6.2.12) (6.2.12).

- ..“..

In the llght of the above, we conclude that

,i(6 2, la) 1s the best algorithm for solv1ng a systeh A

,pof equatlons with L

fHowever, 1f our alm is merely to flnd an- inverse

ffthen (5 2 4) and (6 4 3) are equally efflcient

S 8 R as its coeffxcxent‘ma ‘ix :,;ﬁffi
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"'VII. OUR APPROACH TO A COMPUTATIONAL SOLUTION

AR

7.1 The Physical Problem. . o

7.1a rScalar‘Treatment?of.a‘Vector Fiefd't'
o ‘ . . - .‘iVY :

A tlme-harmonlc of an electromagnetlc fleld has
two- components an électrlc fleld and a magnetlc field

each W1th three spatial components. Thug the electrlc

":

fleld 1s wrltten as. E 5 (E Ey B ) ,and the magnetlc f-

?_ﬁleld as H f-(Hx(Hy,Hz) It is our usual practlce to &

study only the x—dlrebtlonal component of the electrlcf

‘fleld, Wthh we call L . The other components will '

b

behave in. a 31m11ar manner as E

' The component E :1s a functlon of time and Space,,—-“
' w1th ‘a frequency w, and a leadlng phase angle ¢ |

fMathematlcally, it 1s *-ﬂ. I }t?f'“f fh{i‘;utg;fl‘i
L T ;“f."'€7hV.<g’ T T ,
B FE (6,Y2,8) 2 AlXyy,z)coslutdg (x,g,2k] 0

-
-0

1T

-

iRefuix;Y;zfexp(€i¢t)]‘}f;, fﬁ’;¢744'f“

1 where u(x,y,z)-A(x,y,z)exp( i¢) 1s the complex amplid f*

'tude of E, ‘fgllff a'“:ffVVfifjv;ffL-f*7;7f17.i~f

,'7 . eaTe g
To study the optlcal fleld, 1t 1s sufficient to

'study u only

7 lb Propagation in Isotroplc Non-homogeneous:' f% hj

Medium  ;°

,»
A
AT




: " a6

An optlcal wave in vacuum satlsfles the homo-

: geneous Helmholtz equatlon.f In the presence of a .'
'seml transparent object w1th refractlve 1ndex n(x,y,z),‘ 1
whlch varles slowly in space such that l(V )/n |<<(10) 41.
-meter (see Appendlk V), the optlcal wave w1ll be

propagated accordlng to ;‘

V.2u‘--,f'k:c2)_ nPat=o . (s

Equation (7 1, l) is a Schrodlnger s equatlon, where
k= 2n/A is tﬁe wave number of a coherent monochromatlc .

"o
source of llght, and Vz’ls the Laplace operator.lv

':7;lcflThe Bcattered Fieiddj
In the space where 11ght is- scattered the optlcal
fleld is composed of two flelds~ the source-free back-“ R
“ground fleld and the fleld scattered by the ob;ebt

.o‘» S

;Let us- denote these frelds w1th u and u
"_.ﬁ-?.ﬁ* f'u”ﬂjf. ffg"“:l:r' .filf}f’}_55j(7i1;2fe3:fi

Slnce u 'propagates in a; homogeneous medlum, rt 'fygj;{

fcan be descrlbed by a Hetholtz equation-'7”:

B

“);_yiemsc i

G



f'Vzu.f + k2~u =

lse ¥ Ko Yse -ho fn -1) u . S -u-(j’L'él

Let us define the seatterihg'potential fs'é ¥k§(h2-{lf,L

_ Theh

’ 17;ld Born‘leirst,Abpreximatibn*",

| *In many cases, the fleld u scattered by a sem1~£

. sc
'_tiigsparent object lS weak compared to the background ‘,i

: ;fleld U To 51mp11fy (7 1. 5) we shalli accordlng to
ifABorn s theory, replace u w1th u -so that the right handh‘h

f;>51de of 7.1, 5) becomes 1ndependent of us Then the ,f;fﬁlvf

‘f'equatlon for the propagatlon of u cf idkw:
*jv pSCJ+tko‘uS¢f”lfs_Po:; h*ﬁlgf"?}'?fzfﬂf(7’1‘§!'”-“"

. f Q. "‘-J

| is a non—homogeneous Helmholtz partial d1fferential

“.equatlon. ' ' _ _ T
: : ' o R e SRR AR
e A partlcular solutlon of (7 1 6) is (see Ap'endix‘::j‘

.ffw1th V representlng the VOlume of the scatter;ng Object,
dV dx dy dz (see Flgdl)"{*y:ff;fff R _
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A Direction of
Laser-Beam

. «FIG.1 THE SPACE VECTORS

'3
;

o Igr_i.orgdf
o Length . e

i e .)S_'i.
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B
C v . 8
N

© .G . denoting the Green's functioh given by
;TeXpKiikaX';XJ) R J2; $Ch1f R L
= " ‘with i .___.__1' ST 7,1.8)

IR A B L IR

o0 e

[x,y,z] belng a space vector p01nt1ng to the,,fi

Xz
._p031t10n of dV 1n51de the scatterlng object»_ﬁﬁt;

[x y .z ] belng another vector p01nt1ng toijdf‘

d

Rl

‘X;
“u-a p01nt (x',y ,z ) elther 1n the far-fleld

.::t: i..lﬁreglon where/ugc is: measured or W1th1n the I

tt{,lfe ;,Fscatterer. -};tjif' it;”;:f}i PR "fff}f'g S

_7,',?1e ' The '..Far;miéld’App’roximatioﬁ- T

..I

.lgfiSubJect to the condltlon (see Schm1dt-Weinmar,f1°'

8 lxlzxx R L e ms» L

ftT;f- X[ can be approx1mated by IX*I -:T—TT for the :71';ﬁe§flf

t‘numerator 1n (7 l 8) and by IX‘I for the denomlnatorff_jff*fﬁ“
ftThe former approxlmatlon 1s lllustrated ln Flgure 2.g}ef{;,fﬁj

. Here " ” 1nd1cates an"- 1nner Vector pmodueﬁ..a,ﬁ“
" . “ tﬁ .

We shall 1ntroduce a new vector K whose magnitude’ﬁ&ifjf

.o,._ :

rgls always a COnstant equal to k i and whose directlof;e$7?$¥?°

f;wzll be the same as the far—fleld p01nter x'

_Then (7.1.7) is simplified tq

o @ AR R V Lo e




'v[functlons of x,

80

exp(lk lx'l) . . - S "J. L o
u_ .= _‘I eXp(-l K+ X)(ff u ) dV '(7¢l.11)
R 4n|x l VAT AN I EER

; ;" j L
~;To convert the above to a dlgltlzedmform, we let

P = g SC L :Zi::”f’“fi Tiﬁk“£7;¥‘l2) .
'/exp(lk ,X'])¢(K)AV @:; ”'Y' ‘ f‘_';‘:ﬁﬂ' ,;?.L

'twhere ¢(K) 1s a form factor, and AV AxAyAz 1s the
}f“dlgltal equlvalent of dV.1 We also let ;

B ff u T (7113)

v

%'A result 15 yml ded as ‘f" ‘ SRR

o 5§’ e e

Hence f depends 'n x._yf;ui”'

fiidepend on K
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nby K has only two degrees of freedom 1nstead of

‘,-three. If K and Ky'are the two free dlmen51ons,

"then the thlrd d1mensron is determlned by K and Ky;“ifﬁ"‘ﬁ
 Hence K = (KK ,K,) %5 K, /K - k2 - K2 SR
X! Y . ' Tx Tyt

F is- proportlonal to u (see 7 1 12) lfiQ,f‘”
‘.;1represents the scattered rleld 1n the far fleld :.m,f_efs
.reglon._ The magnltude and phase of uS can be frw |
f{}jmeasured under far—fleld condltlons (Schmldt Welnmar,rggﬁf
ii11975(l)) and hence F may now be considered as a. set }:h
_:_éof known quantitles, which are the lnput data to our.f-:j’
:a_inverse scatterlng problem.{ Slnce usc ls i quCtion Ly

‘) of X'/ whlch 1s a function of K, we conclu e that F

‘,”}has two degrees of freedom represented by K and K'F**;fd

faf77:23-bissfefévaepresehéafiaﬁsa*i-*
The rest of thlS chapter will be devoted‘to‘.
qlldefinlng our problem in terms amenable to numerical¢

*;fanaly91s., This sectlon describes a dlscrete_coorK'

,jdlnate system in the spaae'domain.m'

\will establish a system of equations suitableufor

'ﬁ?jcomputer solutlon.ﬁfz;dV'



}irectangular blocklets of equal 51zes.; rhe scattered
t.fleld source w1th1n each blocklet wall be averaged ”
:and assumed to be orlglnated from the blocklet center.f;;‘hw
o Our spatlal coordlnates are chosen such that e
the entlre scatterer lles in the first octant, and
axes are parallel to the edges of the block.; If Qe

¥ 3 ST
‘call the dlmenSLOns of each blocklet Ax, Ay, Az, then "52;3

.:1the coordlnate orlgln should be placed at a distance

h-fﬁ[Axo AY; Az] from the center of a corner blocklet ,,,Jﬁh”

(Flg-' 3) SR '- R
' Let Ji.. 2, J3 be the number of blocklets 1n the.;;;,,

”132, 33 be the count?fg°f

- y— z- dlrectlons._ Let also J”.
‘*flnumbers in. the three directions. Let>again X..[x y z]‘

.;fbe the coordlnates of the centers of the blocklets..




o A SCATTERER AND THE SP)\CE 1§ SUBDIVIDE_D |
. 27ITS OCCUPIED! ~INTO BLOCKLETS
R --BLOCK SHAPED SPACE T e T

e 2sz1' M’A
b .JaJ,.

THE vth’ BLOCKLET
IS'REPRESENTED.
BY. A'SOURCE POINT
;f AT iTs CEN/TER

(xv yv yz )




12J} ?

o All varlables assoc1ated W1th a. blocklet can K
. ya :

"‘n0w be labelled. The flrst varlable 1nvolved 1s X

from (7 2. l) and (7 2 2), v = {l 2,...,J

Attachlng v to x and modlfylng (7 2 2)’ 'fgsﬁfffleﬁ"

K [*eryyv.zv,] = U,ivAx oy dgytel e 7“.7;:?']3;" o
The second Varlable associated w1th blocklets 1s ff'fﬁ

'f f 1s a hypothetlcal quantlty, 1ocated at the center,”ﬁf

35;}of each blocklet (see Flg.:3), to repnesent a mean value

”iof scattered—fleld source densi;y Withln the b1°Cklet~_lff.f
vijThe definltlon of fiis glven by equation (Z.l 13) as,f;%:ﬁ;f

5.7the product df the scattering potential and the back-:s“saﬁ”

3o

‘f§fground field f 1s a funbtion of X We shall attach

:3,the same subscrip€ v to X and f

ZjlfSince all the f are subscrlpted /fhese f for z

’N}fl 2,...,Jl 2J3, Wlll be listed togetherjgfjff”



- _ | i
'-finite“in number, labelled from l to JlJzJ3’,Vlﬁd_ltf}_f_h'
located at X where X lS deflned in (7 2 3) ‘ejEQFJEEZ

- scatterer 1s represented by the grid structure 1n
- B 2 :
whlch to each grid p01nt we attach a hypothetical

quantlty called the scattered—field source density
f whlch is defined 1n 1. 13).;tffl;ff?;ésk,cﬂ;L;j“}i_¥f§;

g "‘.

7 3 The System of Equations

_ Each point on the grid structure, except those:f _i
| Polnts w1th f is considered the location cf“an*‘. ‘i
indep;ndent source of Optlcal disturbance.i Itvemits 'f
an optlcal ane which prqpagates 1n A mannex » ‘ﬂ

by equation (7 l l) The combined effect of‘aﬁ



86

‘:equatlons to solve for these unknowns simultaneously

.dHow to select these equatlons to expedlte our. numer1-757b'f'u
fcal computatlon if a tOplC to be dealt w1th in:
Chapter IX.' At thls stage it may be sufflcient to

faSSume that we can choose, 1n some sultable way, J1J2J3l; fff

1’.vectors K labelled as, K w1th
f;The sets of data F should correspond to K ; and be-j}liffi“f;
'?labelled as P ' Lol

a F=Fa1 - fif%é_n k= Ku <7 3. 4’

Tl .

'lsArranglnq the F 1n the © der of u, we have the vector’f;;ﬂfa

th(nV)

el ] 3 — SR
2 ¥ [ J1J2J3 .
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P =P@E@D - (o

_ ‘ . Lo o S A
- where = .. S "5&."7hﬁe“7'”l"

(exp(—lK1 Xl) exp( 1K1-X2) ..; exp( 1K JlJ2J3) )

i _exp( iK‘ ) eXp( 1L2-x )....'exp( 1K2 J1J2J3) 4]f:ﬂ

- P(n)— oolc.t‘oo-.oo‘-.nooo.enp o .\

'-‘, exp( ik

JlJ2J3 xl) ben exP( iKJ1J2J3-.J1J2J3’ﬂg;,
SR ‘f‘[; i B 7!"_ (7 3. 8)
Let. the :'..(u_,vx_r)?th ‘element of P be p . i then

‘..pgv;s»expwrlxu+vasf;};g,a;;;a_;,,;;f;ﬁff»x7¢3;sx;*f;
Since P is not diagonally domlnant, solution of

7-A (7 3 6) by iteratlve methods w111 not converge. fAﬁﬂ;fﬁfe7fa

'..ﬂg

;fattempt was made to solve (7 3 6) by Gaussian Eliminf_,foﬁf

‘fftion- the computlng tlme taken on IBM/3605was"ii

P ".’n.‘
g

"egé}féffcdﬁplex:ﬁhkndwﬁsjjejﬂeqﬁi#e

PUtime in seconds i

e




VIII. METHOD OF SOLUTION® . . ..

u).'

o

a1 Outline ofgthe. Method | ,_’~~,f“ﬁ7j?1,; S

Our method 1n solv1ng Rfﬂ— F is guided by the T*»é;f3h
.ffollow1ng Lo - ZQ,AV‘}’ - |

l The values of K = [Kxu'Kyu’K ] for u 3
"jﬁ 1 2,...,n w1ll be taken to. be n different
B TR
:.p01nts on a sphere’in'the X- domain [See o
. .EF‘“Q .

'.f;equatLon (7 l lO)] ThlS spherlcal surfaceﬂv .

g

s continuous.; We can choose any n p01nts

7““on thlS spherical surface as Kl'Kz""'K

'fé{jThe selection of K w111 not affect the fiiffﬁ,fFf?‘

f}funknowns f ’ because f is a function of X

*7%not of K (see Section 7 l)._;f'jf?"lfm

! ciQfThe selection of K will affect p and F L
el ‘”‘; 4w:13hﬁ*
‘ .(see 7 3 9 and 7 3 2) We hope that'agclever Jﬁfe

”f.selection of K may simplify P to on;'

izﬁ;matrices in Part I.“



o ) ' o ' , 1. . ‘ .
It would be difficult to {dentify P with the patterns
of any slmple sequence that we - previouslx‘lntroduced

. The best we can hope %or 1s that by a selectlon of K

‘

P can be “irned 1nto a product of some sort 1nv01V1ng

-three fa. or matrlces,,so that the system gf F w1ll

»

' :
be solved\eventually by matrix decompositlon technlques.

3

Our method 1s based on treatlng P as a row-W1se
L \

-Kroneqker product sequence W, con51st1ng of a:ffﬁ

fKronecker sequenge L and a Vandermonde sequence C

~ The matrlces in sequence C cap readlﬂy be lnverteo as~
" a partial solutlon. Then the rest of the syStem w1llh
lbe handlgg as a 2—plex system with L RQ@ 'S as its.

_coeffic1ent matrg and R and S wrll be 1nvérted as

_another two partlal solutions. All these partial soluvvy

'tlons are then pleced together to yleld a: final answer. o

a ’

The follow1ng sectlons give a detalled explana-‘”

" tion,
.

8.2 ;Creation of RowAﬁedundancies~o"

i.' '
Iy

., Let us rewrlte (7 3 9) 1n a form more convenient
»forrmanipulation.’ By (8 l l) and (7 2 3), w th Int{A}

'indlcatlng the 1nteger part of a real number A, and

A:(B) mod(C) 1nd1cating the remainder integer resulting _fd

:hfrom B/C e



Y

+ yVKyLi + zVKzu)}

BR o - ' ) ) .
= exp(—iKu-Xv) :_exp{—i(xvK

P
uv Xu.

A %

’

]

exp{-i(lexKxu + J,A¥K,

el yu
= r1J31 5'1":]‘2}3\:;'3 ' \a

u A (8‘2'1’,"

v=1,2, ..., JTJzJj ,

{Int[(v—l)/J ]}mod(J ) + l

e

| j3"=; ,Int\{ (v-1)/3,3 333 + i

-e '

H ‘.. N o
1

: 'exP:(”i‘“A % Kx{i’

n -
i

',"?XP(-i Ay Ko ,

ot
It

.The relations for Jl' jzf jjthere are the;iﬁversé.;
?‘functions of (722, 2) =.T ﬂf";:»;,tj’-ﬁ_’;_ hjtfg[jj
Jl’ ch 33 w1ll be 1ncreased lexicographically

accordlng to (7 2 l)., We shall obtain a row P (n)

l
from (8 2 l) for a partlcular value of u, and in th;s

| -

rpw, 2 3 elements of P w1ll have the same factor rﬁjl

I3 e;ements w111 have the same factor s&j‘, and Jl ”52'

.;elements w1ll have the same factor t33

R
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8.3 Creation of Cclumn RedUndancieS'l”v

.1n th

In order to turn P(n) 1nto W(n) (only redundancy

e rows of P(n) is not/enough We must create

column-ylse redundancy (see Section 5:i3)..

'l s/Column-w1se redundancy ¢can be obtalned by select—:

1ng K
‘patte

detdi

that’ we can succeed in splltting the n varlables r into v

in spec1a1 ways, and there are two p0551ble -

rns of redundancles. These will be dlscussed ln"’“

1 in Chapter XI'. In thlS chapter, let us assume

J J2 gr%ups, and a551gn one. common value to the J3 ;
varlgbles ru ln_each-group.r This means;.f '_hy-k{
l_",«='..“»l L
Ta.T Tkl ccnstant o ST
S RUERTRS
k, = {Int[(u-l)/J ]}mod(J]t) +1=1, 2,...,J1.. SR
In a simllar manner, we shall assume that we can 5,*"
l.achieve . - C EE
R e | | Lo(8.3.2)
Lk, »s Int{(u-l)/J3J1}+ 1= 1 2,..., 2 e
b Lol N O . '-—_
2 (8 3 1) and (8 3 2) change (8 2 1) into o
B Fu« cote s w3
_:"‘ We did not ass1gn common values to the variable |
: t&fl;Nor dld we change the subscript u for t »ThiSyisg,f'"



' due to the fact that only two degrees'of ffeedom K’
' andey:were'assiened*to”x; K w1ll be dependent on .

X
’ a851gned a common value but depends on the values

-chose for r' and s
n ‘u u

(8 3 3) ylelds the follow1ng format for P(n)

.

t IBS t - Jl 2 JlsJ2

2
1 1% 1""1 1 1 1 1 r"rl 1

) ri?ltl 151
rlsltz.rlel 2 rlslt2 g 7"'f" s l l

4o

2% 1 J3+l e'f:f‘?'{" T t

*‘P(n)

.'rJisltszé 'f"{ﬂfi-;j%]°'”

x..

PN
oop.ol.'

F51%52ta19233 ,i:_ ‘e;«.:7;r,3f;:' st ot

'.I/

LI T

['8;4_ A1§e5raiénS61utipn‘r;f:vgf-Afaf;iff;f}f,7'

LN

B . . . o _ . L
"..'c'c..tll.“ . : 'ooooon

5 T J1 Jth3
1 1 J3 R T o F1 81 %3

91,323
2 51"

Jl J2. J3

K and‘Ky (sée'Sectionr7 l) Therefore t°'cannot be

J3y -

2N
I3

t2

3

3+1

T2f1faaez ot e

. ".;

92

l \2 J2J3+l ‘o0 o q‘...:. . ) .- ‘ : : ,A . . .. .... ‘.'1: - |

91%32% {l.*‘

4)2f75‘

fmhé'mafrixfptﬁ)‘hastlqéJ§ r9ﬁsgfﬂThe{urh rewrf"r;”*?*2L



LT X -2 3. ' ¥
' = ' ! ' '
,Pu(n) . [rusutu ru sutu ‘u Suty =oee- ru uu

s 2t r

2 ' '
"u u-Tu

r's'“t !
“Yutu u Tu
. N

......l.......l..‘lit-l /

,J2 2,032, 43,92

" ] L 2
rusu tu ru u by Tu Sy By _'u,- Sa By

r

e credeens : ceves r .o S N
‘rusuti rﬁzs&ti":;";'fféf"‘{"f;;';""

. .»... e .;. cenee .‘. ‘e .‘.-”.' R USRI S \
e r'Jls'Jztg3]
: : 1-”< _ R (8 4 l)

O SN T Sy
5‘Letting u = 1 2 3,.,.,Jl 2 3, the whole matrix P can be
Written out., _'3-;g ;Q;g;g/‘:t’fm' f?ﬂ: f § §;,v' .".

‘ Subjec£ to the format (8 3, 4), P(n) can’ be re—‘ ﬂf”‘
A'written as_il'7 A IR "jjvJ4fff' |

ﬁfgii;r T(J3) a L (J )
B ST e
,_P(nxfé '-....e.{...Ij‘u'*'f‘A ﬁfy f"jzj;i#E ﬁ*;:f(g?4}?,’5@{fﬂff.

‘Jlaz

‘\.

where '



' J1J2

JTT(J )

.0........

J3‘.l".....

- 2
[x)s 1 151 rl 1<e
f 2 -
J3+l tJ3+1
Lo : 2 N ’
J3+2t-33+2_3~j-f
‘;hf.f.fﬂitiff ‘
{t233 tzja |

t

o 2
NS
e ae ooo . PN d‘-'-. s e -‘o .

(J1J2 l)J3+l e
T(J ) :

2 ‘...
J1J2 JlJ2 .

'I..

JlJz‘J [rJl J2 Jl J2""

™

(8 4 2) has the structure

"\n 52
334y

. Jl J2
ooooh r2 sll

.ieﬁgg,*'“"
(J1J2~1)J3+l e

Y

151

J3 :
Ja+2

QI3
2J3 jg =

J3

J3 lflt
JlJ2 B

Jl J2

‘g-»’

rJl le uf.@ﬂJﬁ:;ffegf

of the matrix W in

/",A

- The llnear system of equations given by the

' matrix (8 4 2) con51sts of JlJ2

of the form I'f:fgfejh?;‘;;; T

sets of systems I

- 94



Ty

n-[E(m4l)J3+l

"‘ i : L F(m—l‘)J3+2' o .

evecsacvoe ) 12. (844)

I

‘F(ﬁfl)J3+J3Iv

_.Acco:ding‘tel(6;2.1);the'above'sys£em paﬁ be.tranéforﬁedi'e‘

. tO ) . . . A . . ) '._, - . = . VI
i * . . T : ! ' Y - . “” e

e 1(F(me1)33+1[;ﬁ~-

L (3,3, )Rect 3f— Reetqs- F (m- l)J3+2 mT«-‘J3>rs £854f§f

"Q..O..-vf'-.

(-f(mel)J3+J§Jj¥~;‘r

, Lettlng m'— 1, 2,...,Jl 2, (8 4 5) becomes

(Jl 2)Rect 3f Rect (E 2 oo J3) -, ,(J3) Sy

P2 17 Reetsst = (asey Fages ~°-.-:'.-:-7I-F,2J$..’- SR CRPCRCE

I JlJZ(Jl 2)RGCt 3f (F(J1J2-1)J3+1 ...-fﬁffk,;f":""~

JlJ2J3)JlJ2T (J3) . fﬁa{#fﬂ;ffj
Thg equatlons in (8 4 6) are combined to yield
R (F, 1"' 33)1 (J )

R (e J3+1“‘F2J3)2 (J3’
LW@pTpIRect g =] el

"FJ1J2J3)J1J2 (J )ﬁ§?ffififf

e (¥ (JlJZ-l)J3+l




Cor .

N ~ ) . -

Let'F" be the right hand- ‘$ide of (8.4.7).
. - . i . ‘l\ » ) FEEI Y . . N .
L(J,3,) Recty f = F_(J1q2fq3)"" - _v(8o4.8)

! The structure of each row of the matrlx L(J 2)

iis seen in (8 A 1) and (8 4, 3).‘ It indlcates that L
is-a Kronecker matrlx of the form | L . T

A 4

L(3,9;) - R 95y

S saey

3a.qe"'i'”2 7“3*7 SJZ- L
4802 faz. Syateter Sgaf o
S ‘3 ﬁ;”-**ﬁ-f'- -il_ff' *h“

LIRRS

By applylng Theorem 6. 2, (8 4 8) will.be transe

-

.}-/: ' RectJZRect 3f R (Jl) RectazF" gf-FJz)f?‘g'ﬁ’;plff““
S Sy e T
h[;’_rhig*is og;”fast*sointion_ofj?(hlf(h?)ﬁ#;?(q{)“
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¢ A
\

8.5 Computing Timei ‘ c \ .

The approx1mate number of compl X multipllcatlons f‘.

| requlred for our fast algorlthm is lls'ed below-“
oo . R
o - ‘ \ . - r— “‘,I _’\1\!\‘ ) -
A Main- Ac\}onsv' ~"No. of Camplex
.3?°¢ed9re . Requlred ' ~ ‘Multiplications
B ) ’ . € . . Nt * L
SN ,‘ SEMNPRRELS S - _"'*\\.": )
l;‘inputlaata  iRead R,5,T, F Find - Nil- (see Section.-
U BT R
| 1 ye ;, | ,.,‘” _v',' \\v .
-2.'Invert 3.3, ~parkerts method = | 73,9, (J ) /2 T L
121 > ekt o .
and Traub's- Lo

ndermond . s B ‘ o SN
.X:tnice: 7? algorithm I: = - }“.;. t;-:;‘%"_ B \\g~

| _3::QbmpﬁﬁéfF", -Multlply P 3‘°7—‘31325‘337%:1;7“x'
i w0 t(J )‘for} EﬂﬂT""”‘ '
- m = 1,.0.'J Jﬁ/y

"T‘w”

r;7ff“'fw<.ua’” S “vau‘u T . '
. 4. Compute f;}-'Multiply threeii_’ J§J2+J1J§4J J2 3
o o | matrices of sizes o

uf Jli1,J1xJ o T, )(J1+J2+J3)
,ufJ xJ and lelde_';'jk , e iy

e T

.

The above sum up to JlJ (4 5J3+J1+J +J3) complex _hi?fi

ufmnltiplications.”-i Q"

Let Jl 2

= J. = J3— 20 then we have a system f;i?dbﬁ;?fﬁﬁi;\
fvequations to solve. ajii . | B SRR i

Using our fast algorithm about 744000 multipli- j,:?;:"“

’;cations are needed.. If IBM 360/67 machines are used :fifff"

for computation, solution of the system of equations ﬁe,317lf;',



Ed j‘ . . . . A'

'needs only a mlnute executlon tlme. (Complllng tlme

-

18 not 1ncluded in the flgure as the program and sub-

N

routlnes can be complled beforehand aﬁﬂ the ObJQCt
“program is stored) / |

- \

§;6h StOrage-Space 3' o

»

To %toie a coefflclent matrlx P(Jl 2 3) would :ri' ‘
.- require (J 3) complex words, whereas storlng 1ts Aff-'

“Kronecker factor matrlces R, S, and T only needs

./
.Ji-+J§-+J1J2J§ complex words. As a matter of fact,ﬁ_,ﬁg

©we need not: store the whole Vandermonde matrlx. We Qf,fhéfj]hs

can. store only the flrst columns of R'«%} T then the':

other columns can be generated from the”elements of Lfﬁ, ;itlﬂf
-their flrst column. ‘In so dolng we can reduce the o
h,storage space to Jl+ J2+ l 5 3 complex words only4

fIn the latter case, to generate ghe Other Columns lmplles Sl
;extra multlpllcatlons., Whether thlS 1s worthwhlle -}A;Tﬂﬁdi
ﬁfdepends on. the 51ze of T(J e If J ‘is. big, the "

Tlatter 1S Preferable.p-ffrflﬁ"i _}ﬂfﬂf7fl;iji,_gﬁf“3¥7viq.*

u""\‘_ S e

"?«f Let us assume Jl- J2- J3 20,,stor1ng the matrlx
P normally requires 64m complex words.i Storing R, S,
5;T in full needs 160k complex words only. Our algorlthm I

lgdoes not requlre the matrlx P hence 160h complex

-fwords are sufflclent for our use. If we store the
‘ e R
;flrst columns of R S and T then it needs 8 4K complex e

pWQrds, w1th an’ extra Jl 3/2 multlpllcatlons to



generate the full matrlces R, S, and T 'This extra .

number 1n thls case is 80000 multlpl tlons, aboﬁt

"10% of the 744 000 multlpllcatlons orlglnally Fequired

by our fast algor;thm.,v' N

l

\\ Furthermore,'our algorlthm handles the Ji 2‘ ,

matrlces_ T, one at a. txme._ A large number-of work

o spaces can be ass1gned to the same core - space. ﬁhus-

1t reduces the amount of core storage consmderably.

N .
La
I .
/. . A
-/ . .
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IX. ' SELECTION OF PHASE ANGLES

We showed in- Chapxer VIII that a fest algor;thm

Cy o

-can be developed 1f we make some of(ﬁhe r take a)
..common value rkl andialso make ‘some of the su take aﬂ'
.\common value SkZ’l We have, however, left out 2 1mpor-
'htant p01nts unexpla;ned in Sectlon 8 3 »How can "we
‘-make ru and su take common values" What is the phy—'~
i51cal meanlng of equa1121ng some‘of these parameters’
The current chapter W1ll answer these questlons 1n

9.1 . Principles of-Selection . ~ .. - ;
CoL T - v [ S

| The elements of P 4re given by (7.3.9)3 .+
lK"X may be con51dered as a phase angle of p The
phase anéle 1s resolved lnto 3 phase angle components '\\f
;Adescrlbed by (8 1 1), namely,«,” }L,‘ : - '
,1? ’1“’“‘ * 32‘“’“ + ’3“"“ ORI U I S
is decomposed 1nto 3 components 1n'7fff7*‘

Then, pﬁ;

(8 2 1) »
P . Jl 32 j3’" R ﬁflltft§f’.#n';5;fk;;j}

L0100



T R
RS (\_ ., 01

; ( .
| 3 | . ’ ‘, ' ’. |
| _ _ - A |
~ The relatlons betwegn the p components and phase R o
‘an;le components are stated 1n (8. 2. 2) : - o '“ .
5' | [r&'=;exp(-iAxKxﬁ) _7’ i ';;e.' , - L ,
sy =‘eXPXTiAyKyﬁ% {f ;a_h‘°'“' h{h }A: _(9.lf4)A
\tp'=merp(-iAszu)}' :\ ; f | ;u' ‘;Qp"“;fgj’l;f f “
,t | In order to haue repeated volues for r' and Su" °
- which, are perlodlc functlons, 1t 1s only necessary to: .
4se1ect values modulo 2n of AxK anﬂ AyKy for\d;ffej . ,
rgentAvalues o-f u. ' »' | o . . - \ | ‘_-; | K ’ T
"Q.i Now we have our ffrst guldlng prlnciple for 5
.‘selectlng the phase angles' | . N | N
;_; We mustocreate redundanc1e5/by selectlng valuesfdhi:
'modulo 2ﬂ for Axh and Ay& V,{-ZTQC:E '; .?

We note that selectlng a common va ue fz u may RS T
h™

'result 1n a 51ngular matrlx R (see 8 4 9)'w contalnsjwi';'

3'.only rkl as 1ts elements. Slmalar problems mayval§$

-

e arlse when we equallze the su values.v Furthermore,.

l
i

fthe selectlon of AxK and AyK w111 automatlcally

‘g

r;produce the AzK values (see Section 9 2) AzK wrll ,-i

zu -
-31n turn determlne the values of t : and hence the ma-_;r”-:

:‘trlces T, WhlGh may be 51ngular as uell.: mherefore ?;fﬁV';hx{

-

,.* ol SR s - AR PRI

. our second pr1nc1ple 1s._7jr.~“"' cenT

The selectlon of phase components AXK and Ay Yu ﬁgflgfzh

fshould not result 1n any of R S,~ T,_or P matrlces
*ubelng 51ngu1ar, otherw1se 1nver51on of the matrxx

PR RTIENS T



cOncerned will be lnfeasible.and.our fast’algorlthml

will fail,
- :
Besides these pr1n01ples, we have our thlrd

4

LY

.pr1n01ple, namely, to select the phase angles so as'

‘ to stablllze the Vandermonde matrlces mT._ Our
fourth principle 1s to select phase angles to turn'
matrlces g‘and S 1nto E sequences, étc, All these

-pr1n01p1es will’ be explalned in the subsequent

B sectlons of thls chapter.

".

9. 2 Graphlcal Representatlon of Phase Angles

-

Let?lt be remembered that K is a tﬁree-dlmen—-
s1onal vector w1th only two 1ndependent componentf/’ \
it is chosen on the surface of a sphere (Sect10n17 1

refers) If we select K and«Ky .for a-partlcular

'pu, then K 1s determlned by the equatlon of the sphere.;;”

102

Slnce Ax, Ayﬁ Az are chosen by our physmal problem and

‘we are not free to asslgn a value Just for the sake of

a fast algorlthm, we can’ only select\two of the three* RS

phaSe components of p : Usually we select AxK "@’gﬂff"
§ uy §

yu

Lselected values of AxK ’, AyKy and Az.

AyK: »andlleave AzK' to be determlned later 'y the :

'lIn other words, we can now 51mp11fy our sel,ctlonfia;

'_of phase angles to the selectlon of p01nts 1n the Planei*'*'

\ .
*thh axes AxK and AyKy. For u = 1 2,...,n, we are. o

v



-

N

requ1red to select n- p01nts (AxK 0’ AyK )‘in this

plane.. These p01nts are actually the prOJectlons of

n 3- dlmen31onal phase angle vectors (AXKxu’ Ayh

AzK 4) onto the (AxK , AyK ) plane.r'_

yu

R If Axk u,and AyI\yu are subject to no. restrlc—.

tlQDS, the n pOlntS or phase angles may be randomly

scattered on the (AxK ’ AyK ) plane as. shOWn 1n Flg. 4.”

103

i In ?,real—lmaglnary graphlcal representatlon of complex -

,numbers, r' and s' termlnate on -a unlt 01rcle. .

u

u
1n the bottom plcture of Flg 4,

Pt o
ry. and

- §_~

In order that P be tuzned 1nto (8 3 4) we shall

put restrlctlons on AxK Kyu

what 1s requlred by (8 & )

¥

(l) The J1 2 Jq rows of matrlx P w1*} be div1ded }-f”‘:

d Ayh . Let us’ recall e

1nto JlJZ groups of J3 rows each N The values

)

| kl (see 8. 3 1)

,¢’=groups of J3 rows each are equal to a common

.

»value sk2 (see 8 3 2)

In addltlon to these, we haVe‘

.of-r.u for every group takes a common value

| {2)fThe values of EM for every consecutzv; Jl

s take phase angles of arbltrarynmgnltude as 1llustrated

(3) The valS%s of t may be repeated for some rows._;?:ihf

‘pgt_._‘? But t must not be repeated w1th1n any group

f of J3 rows,-otherw1se T(J ) w111 have twoj.~;;?}f"
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rows ldentlcal, and consequently becomes.; B

51ngu1ar (see 8. 4 3 for T(J3)) “This

'requlremend mearis.

®n-1)7,417 %‘_tm-'m3+zf. z‘ %3’ Cfor m=1,2,0. 0005

~(§.2;1) =
Sectlons 9 3 and 9 4 w1ll show how these requ;re—«,;-

ments can be met.

9. 3 Creatlon of Column Redundan01es by Selectlng Phase

| Angles (The Flrst Jq Rows of P)

In thlS group, 1 < u 5 J3 From (8 3. l) and f’n"

l and k 1.

(8 3 2) we have k 2

l

.‘

';'.9'33.'seléctionebfeA*K¥x,ef.; :
© (8.3.1) ‘indicates that we require
| |

Ly

To comply with this requirement we 3elect

ue;?Kxn,=a.35*1}+~2pﬁﬂ}j:( ;fAf_;;lfj:_?;7;(9}352{jf,",

.)where.p is . an 1nteger,_and Axle 14 a value to be
-.deflned 1ater (e g,_see 9 5 1) At the moment AxK l
.jmay be honsniered as arbitra;y. pu should bé different }

Y

1for dlfferEnt u 1n the flrst J3 rows. f{f}ﬁf eI'fLa¥ .




Substltutlng (9 3.2) into (8 2

( 4 i

Let u'e 1,2,;;;,J3 in (9 3 3), and P{A} lndrcate the ¢,”
pr1nc1pal value of a complex number A.~_If'we;set;kie_l}w;Af

(9.3.3)vbeoomes _ﬁf_dl‘e -d~_ R

RN D u : |_‘ = N "___,_,‘:.
IRt E{ 1} e it

Thls 1s 1dent1cal to (9 3 l) and to (8 3 l) 19 3 4)

means. that all the r for l s u s J will have the same
\ . .
pr1n01pal angle, therefore they are comblned 1nto one

vector Whlch we haVe named rl (See Flg. 5) Kxﬁiff'?"‘

57

then w1ll not be randomly placed Thelr values differ T

from one another by a multlple of Zn, as glven 1n (9 3 2). i”;ifd

B <

. 9-3b'TSelection‘offAkaffafjf'Eﬂﬁ’f'\fﬁffﬁf{f;fglk‘fufu_i)w
CIna ,5'-imil’af",jméhner;; we “can choose S

e o . . v'.:

f-where q 1s an 1nteger, and AyKyl 1s a constant to be

N

deflned later., Substltutlng the Tbove info (8 2 2)

ylelds

This isidentical to (8.3.2). .




.AyKy4 T‘_"-"‘,T—";_-ff- —————1“‘ et

; .;":"AyK‘y3“ R T -'f" 3

Kz T - ’“'-"'? w2 |

|
o byKp e Lo
|
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.'\v....‘ . ‘ R

AxKx

| AxK,d Asz Bk, 3 AxKx4

FIG 5 ASPECIFICALLY cnossN Ku TO YIELDf

o |mag|nary

84‘53 82g P (81) 8|

. " ,».:,_‘;,':silzaxp( |AyKy;)
’ ‘,~-'-_.-_.-£..':f|“°xP (-IAXK”)

ff;;f:r,,=exp( iAxK,“f‘Zpu:“ :;'-
| ,]j-‘r?':,s.,=axp(-aAyKyIquurr)»_.;

REDUNDANT FACTORS s
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¥

- 9.3¢ 'RestrictiOn‘forNAvoiding Sinéularity'

(9 2 1) requlres that all t must be dlfferent

“‘for T'sus J3 * since t = exp (- lAzK a) =Lf?fh477?3,‘h

‘exp( 1Az)/h K?- K2 ),'(9.2.1).can_be interez-_

Syw
preted as: S SRR
| {(l) Among"t'he‘J3 sets of (K u’ K ) values, any
| two sets hav1ng the same absolute values of
..X and Ky w1ll yaeld a s1ngular T(J ) " :
&hat 1s tqbsay, once the flrst vecton K1 fﬁl‘f;i

1s chosen,:37i

'ffKQﬁlhf lhxll ?f" ul = lxylff5;fﬂ[F;f5lhh‘9f3ﬁ7?5h77775
should not both be true.hfhl

Y v .'.’-- o

(2) Interchange of absolute values of K and K
'nigj w111 also result 1n a singular T(JB) That

is to say,,;ufk*;

»'5Q should not both be true.,,;f‘:" »

 ”octagon w1th the vertlces symmetr?cal to Kl w1th res~ ffhﬁif

5ﬂpect to the coordlnate axes and also thh respect3

:ftwo 45° 1nc11ned llnes., Then the vertlces are the
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FiG. 6 ~THE FORBIDDEN OCTAGON VERTICES ON (K, K,)BLANE

.. N
S 3 -
S L
s 5 .

oy

FIG.7 THE FORBIDDEN ELLIPSES ON"(AxKy,AyK,) P




.‘;forbldden,po;nts for K, .1n the group of J3 values of a
U Only one vertex is’ permitted ta- be chosen.f

(3) Nevertheless (0.2 1) would mean mOre for- :

--bldden p01nts. Construct an axls AzK perpendlcular o
to our (&kK ,AyK ) plane. The three axes AxK %t Ayxy
‘and AzK form a phase domaln..f_" A sphere &n the

orlglnal K domaln (ref Sectlon 7 l) was descrlbed\lag

-

-"‘o".:

* Since our axes have been rescaled, (9e3;9lfbecones;fg“"f.;

PR T LT ER s

i ’ - ' S ’ ;_.:;.&;,,:;J,w,j AR
" i + - + =_k- R £ $3,10)
.;Ax3 - ,A¥2’,e;7 A22 ,;;*e°::rg\1a2' f"’“f S

iTwhich 1s the equatlon of an’ e111p501d 1n the phase
| When A#K i and AyKyl.are selected the value AzK 1h}
.1s on’ the surface of the e111p301d glven by (9 3 10) i

.SuppoYe another p01nt K 1s to be selected A Kéﬁfand%;;;afﬁi“
'lAZKzl should not dlffer by an 1ntegral multlple of Zﬂ'fg

otherwxse we w1ll have a 81ngular T(J ) Thls glves

Ayhe relatlon‘l"'h.

’”Azx # AzK 1 +- 2dﬂ ,* d = any in.eger-n .

‘fwg“gi;wﬂl A
R

As 1llustrated 1n Flg. 7, we have a family of

.,forbldden elllpses on the (Axk . AyK ) plane:j%bn;“‘

_fone p01nt K a’ l s u z J3, lS allowed_to}be selected n.
n O ST e
;such a famaly of elllpses.s.; S



111

.

" Wethave reason to suspect that (9 3 2)and (9 3 5) :
mlght contradlct (9.3. 7), (9 3 8) ox’ (9 3. 12) To ST

_clarlfy thls, let us. flrst cons1der the relatlon between :;"

(9:3.2), (9.3.5) and 9.3 12), 7‘la,',m;;fff’”“[_f'“

| Theorem 9, 3 Prov1ded AxK 1/n and AyK l/" are

;ratlonal numbers, and k2 _ Kil

| yl not equal to a Sy
-PerfeCt square, the famlly of elllpses, contarnlng the S

: pOlnt (AxK l’ AyK l) and represented by jll._t;*;fj?.?
F*AZKZu“?rAszi:+ 2dﬁ-i“ fd béing?énjinte§é;f,f{j;{g?g;;j);]a-uf*t

-w1ll not conta;n the p01nt (AxK al. AyKy ) where gf}fifi~

.Axgxﬁ;éjA,K 1t 2pn_ B LI N D s O RN
o 'A 3 o \ P,q belng J.ntegers . G (79f“;'3'.'14.)'_-__.1"".“?

lf_proof Substltutlng (9 3 12) and (9 3 14; 1nto ;f?'”i

12% s

f(9 3 10) glves'j'a;'

1(le+2pn/Ax) +(K l+2qn/Ay) +(K +2dn/Az) 7‘k2 4“{?;3;161255;;5f¥

fRemember that (K 1, hyl' Kzl) satlsfy (9}3 Q{yig *
(9 3 16) and dlvnde the whole equatlon by 4n2;



it

.1ntegers, /Ax p q/Ay , Q/Az are ratlonal numbers..

The only 1rratlonal term is. AzK l/n- Azjk l yl/ . f-/'f“
.Hence all the terms 1n (9 3, 9) w1ll not be’ summed up o
to zero.‘ Thls proves that (9 3 14) does not contra—';_
"dlct (9.3.13). 1In other words, (9 3.2) and (9 3. 5)
V;present no(fontradlctlon w;th (9 3 12) or (9 3 ll)

Now we con51der the relatlon between (9 3 2),

(9 3 5) and (9 3 7) _ These three eq ._tlons lndlcate S
'A’*"’:“‘*** | “-"‘*‘xlif"?"?:’*f ’-‘4’“&1 e

yl+ 2q1r = +‘AyK

‘are both true.,}j]i'

AyK . AyK y]_ ‘

¥hyu, =
‘Solving (9. 318)showsthat we mayhavetroublewhen e

'éithér'baﬁ'°£;“:6fhf_'Akkrr=¢;ﬁp;f ahdieﬁf’f‘m"'hh' 'fhf% ;2:
S e T .‘-#'~-Ay¢r ', R (9.3, 19)];:Ti

Jeitherj§;§fq_fa]or AyKyl—'-nq , are both true.a- e

iThe flrst equatlon ln (9 3 19) gives K symmetr1cal to
X Ky w1th respect to the AxK ax18. To avoxd this troﬁy Jﬁﬂ{fﬁf

mble, we can elther set AxK lvnot equal to 1ntegra1

omultrple of n, or simply select Kl and K Honfthe rlght

ﬂ(or on the 1eft) half of the (AxKx, AyK ) planeﬁxplg,e)

ﬂThe second equatlon in (9 3 19) shows K symmetrlcal to
e o

i l w1th respect to the AyK axis,,and thls symmetéi

Y
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Cm. We can also select Ky and K, 1n the upper . (or the
lower) half of -the coordlnate plane.

Flnally, let us con51der the relataon between
(9 3. 2), (9 3 5) and (9 3 8) These equatlons 1nd1-l

cate that we may have trouble 1f - ,5;.-"'." }1;,_

GRS Y 2ene iRy ane
SR T S (9 3, 20)

: _Ayﬁiﬁ;'Aygyi* Zgn=alAngl Jare both ttue.:;

-(9.3.20);isfeduivaléht-tosay;We”shonid‘avoidlkf7 .

L l_" AyKyl »""g.p".’-"-‘._"f-.',,2-4‘1-'. ” o 3 \ i»f’ |

4

fIn other‘words, 1f the dlfference between (ot snm of)
;Abel and AyKYl 1s 1ntegral multlple of 2w,4K w111 be ;f;;;?}{?
symmetrlcal to K1 w1th respect to one of the 45° ‘ Hi:l‘
'1nclined llnes (see Flg 8) To avoxd thls symmetry,:f‘

:we should elther av01d the difference or: sum of the

Q.

fcoordlnates of hl belng a. 2w multlple, or select all
-the K p01nts 1n a quadrant of the (AxK , AyK ) plane
'formed by two 45° 1ncllned l1nes.Af;f;f;vaffwﬁJCEh:fVﬂ?ﬁ”;J

- To summarlze the above, we should aVUld taking l“ﬁfffe}ﬁ

,A' xl and AyKY"equal to 1ntegral multlples of :‘ \

-If the worst comes to the WOrst, thls being unaVOldable;fj_xf”fff

(AXK ; AyK ) plane (Flg.vB)

‘L' v
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\ To be avmded \ \
if AxK,d*AyK N X gt
' ""‘21rp or 21rq NN

Lo e FIG e e
f_'{, }zowss TO BE AVOIDED IF THE COORDINATES K,,, y,
or-' THE PREVIOUS POINT ‘ARE. - CHOSEN SUCH THAT

EITHER BxKy. OR AyKy, I8 EQUAL TO
A MULTIPLE OF 77 .
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9 4 Creatlon of Column Redundan01es by. Selectlng Phase AR

Angles (the Remalnlng Rqws of’ BJ

For the second group of J3 values o

the K forﬁJ3+l u~S‘2J3, sellptlon w1ll pro'-ed 1n

a 51mllar manner. The only two dlfferences arevr 3+l‘h

’

fvalue selected preV1ously 1n Sectlon 9 3 and rJ3+l ‘w:;i.'
P . o,
arbltrary but should not be equal to r1 1n order to’l.(-

~avoid a. 51ngular R(J )

S33+1 T $J3+2 T oede ¥ 82J3 3{?1}': -‘5?1:; o
e e RS (941)

L
ll

N S Z
Ty3+1 T t3342 T ooee 2J3 P{:'CJ3+1} r 7‘ r
.J.g‘o F6f7thé_third group, the same way of selectlon of

K, applles,.and we have another group of J3 &’élifhp}%H

oequal to the sl determlned 1n Sectlon 9 3 kae also Fff*h;o"

have another group of J3 all equal to_x3,_wﬁlch

In thlS manner, K w1ll be selected for Jl groups
:iof J
'.‘value»sl for all these rows, and Jl dlfferent values ;;‘”“
Of rkl, kl l 2,.00'J1

,Then we shall select h for the next Jl groups of

3 rows 1n P The result 1s that we have only one:fh*e-“"b

_J3 rows 1n P We shall have an 82' Whlch 18 differentﬂgﬁ;ji*:*i‘

*from sl, for all these rows.i However, the r w1ll not G

-

fbe randomly chosen. r Wlll be ln Jl groups of J'?ﬁfdzi“ht'vf
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values each,.and they should be equal»te'rl}rz,...,

J1 respectlvely

" We shall proceed until we assign allfK'-fbf'ali

% *the rows. When this proCeSS‘is cqmpleted we shall

b

1.0
!

o Ut

fmafr;x P, The pattern lS N

We know that the selectlon of AxK :

_have J, different values of s,, and Jl dlfferent

S 2 o
Valuesiof rkl; We have soefar_no'rest;lctions.fo;

these Qalues.. But we underétand7tha

,once7Werhayev
chosen the Jl AxK values and J2 AyKy value
and s, ‘all the K, w1ll be determlned b{ our me e

Just descrlbed

‘9.5"Stabiliiing‘theeVandegmdn&e”Matrieesf’»77

. - : g'& ' .'p
From Sectlons 9% 3a through 9 3c we haVe Set a’

deflnlte pattern for selectlng phase angles for -

R “‘AXle;*-?Ruvv; and TR

Lt zqﬁn.u' o ~_'_ oo

.

AyK.
Y,y

I

xu and AyKy WIll 'cﬁ_ﬂ”" .
eventuaiiy result 1n a serles of matrlces T(J3): q;’fﬁf-vﬁﬂf

1 2,...,J1Jg, whlch (see 8. 4 3) a|'cagndermonde

matrlces belonglng t° Sequence C. To avoid & s?ngular_fﬂf¢’°*

yu should in generalf

not equal a multlple of N (see Sectlon 9 3c). ;ifgf@;ﬁﬁf

T(J3)“be1ng created, AxK and AyK
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, -We'have so far.notvbeen concernedlwith”the‘actual
vélues of’Axkhizand AyKyl, hence the actual values of
AXer and Ayhyﬁ These actual values will be dlscussed fﬂn
‘1n Section 9 & and Chapter XI S

We have not yet mentloned the cholce of values p
and qy although on’ some occa51ons ‘we’ sald that p and
. R : A
’a‘q are both 1ntegers. In thls sectlon we shall descrlbe A

: *how to f1nd the,optlmal pu and q to gulde-our cholce.yj}7
| To startf he descrlpt&on, 1et us refer to Sectlon
4, 2, 1n whlch 1t was indlcated that Vandermonde matrlces:
_are known to be 1ll—cond1t10ned aﬁ% attentlon should be fj
‘.:Iald to 1nstab111ty. Our alm 1s to selgct p and q .
‘fsuch that T(J3) can be stablllzed to the best posslble
,eextent o e | ‘*:fij;tgj";;:r;;.,;:,‘%
. The’ 1nver51Qn of Sequence C 1s glven 1n'(4 2 5)‘t~_h
:f'The matrlx [D(n)D (n)] contalns factors (xl—xz),-‘ ';
(x 3),_(xl 3) (x2 4 '...~etc¢v-If xl:;swtqo»closed°»~
fi to x2 ;n value, then [D(n)D (n)] W111 have.most of its fi
‘h;dlagonal elements contalnlng very small denomlnators,r,af
-3consequent1y the 1nvers1on of T(J3) becomés unstable.i;yr”
.nInstablllty w111 also occur when any one of the S
lfxl,xz,...,xJ3 is equal to any of the others.f To aVOLd

?f'thls..we have to maxlmize the dlfferences between anyih?vb

‘ tpalr of them.;f'v]tif:f(hx_‘. .
In cur: case, the elements of T(J ) are denoted ' hﬂ

i&by tl't2""'tJ3 f We select any two consecut1Ve t' hﬁf;ijiﬂﬁr



. o o R
" and call them t, and tj. ‘Since * .,

u
;'t is a‘complex number.* To'maximize*the-diffefenée .

u
,fbetween all the t‘s would mean to separate the t' :
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w1th equal angles Wlthln Qn (see Flgs._g and 10) -};,;al“

é?‘KZi?"A?}sz

SubstitUtihg xr:;ﬁ' for K u»Qdiviaiﬁg k9;5;3)fby_Az; SR

o “yu
o and u51ng (9 5. 1), -

/ f -.-.(K( fzp..ﬂ/Ax) — (I‘y1+2q]"/AY) e ,

~"‘ TUIN

/7 (le+2pkn/Ax) (x +2qk1r/Ay) ‘=21r(3'*k)/(AZJ

:"\_,,

'e_zn(jek)/Jsc;f.lfg,5f_5j5(§,s;3);f{Qg“,

’ﬁiAfa.L;V;fi g_f'efl-, i _af*ifefPfﬁ;i;ef;,:. (9 5 4Xa"

‘..(':

']MOV1ng the flrst square—root term to the rlght of

‘-(9 5. 4)’ squarlng b°th 51d35 and cancelling kz .inj*?}f“.-n

(le+2pkn/Ax) - (K +2qkﬂ/Ay)

z j

(ZnIJ-k]/AZJ (x +zpj w/Ax) EET T ARy

(K 1+2q ﬂ/AY) ~ 4, (;ﬁ-,—;k)/_(Azgg){;g,;'?,;.f NCH T

thancellinga xl vand Kyi atérms'aﬁfiﬁf,ifﬁ
‘:i; 4 : o 2
,14“(p Pk)K l/Ax+-41r(qj-qk)K 1/Ay+-4ﬂ F(pj-pk)/Ax

J

"-.'+(q2 qﬁ)/Ay }-41r (J—k) /(AzJ ) 24 4m< j(j-k)/(AzJ )20




L \l'rnagindfy

Fl6. 9 OPTIMIZED vecroas t,,fa, f L
SUBTEND EQUAL ANGLES AND HAVE UNITY MODULIV" :
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For 51mp11c1ty, let us assume that we' have o
selected Kl and we w1sh to see how we are g01ng to '
| select K2,K3...-to max1mlze the stablllty.. In thlsvc"
\case, pk =0, qk 0, We can wrlte pJ as p,-and qjs;
. as q.e We also assume that Ax Ay (9 5 6)

becomes '

prKx1+quKy +np +wq +N/J AzK 1/J ,0,5¢ﬁ;.;§-‘93§;7l7ﬂ~i0'

SolV1ng for d .

yl-'/(AyKyl)~—4n(p AxK l+1rp +n/J AzK l/J )
‘ Coam ‘: B I
e R e;.;?"f,vﬁ'ff”*:'
o 'f(9.5:8)f;u
We wrlte p as p and q as q because the value obtalned
f‘ 1s -an optlmal value, not the actual selected value of p
and q.“ . , o o ‘ , S
| As‘a numerlcal example, we haVe the following
S experlmental data._fft;f;_ﬂffﬁ;lh;a}x S
Ch= 2008 B

= Az= 10 mlcron '10

=g
o
]
N
U

<
"~

U AXK, 0 8 radlans

- AYK

R »yl; 0 8 radlans ' fﬁ@f?‘fif{




'.".%‘107 mefer7¥ il .
lev ; meter ;f{' fevffﬂaiv le."?yf}ﬁjLKSJS;iO)ff_"

:zl 100 ?ad}enef_v. ’
.SinCe'AZK'i >> AxK and AzK 1'>> AyKyl;:we can 1gnore

the terms lﬂVOlVlng AxK 1 and AyKyl in- (9 5 8), 1€aV1nglvf;.7

o)
n
R
. N c
=t
™~
Q
=
)
-
™~
[

B e

o

'*fj P and q must be 1ntegers, an ldeal solution for T

the above WOuld be p =2 and q -2 ThlS ylelds ‘an
5 optlmal K dlstrlbutlon on the (AXK AyK ) Plane.tfefy'flu»'
From ‘9 2+ l’ a“d ‘9 5 9) ',

. '._‘.

'; A‘:{Kxn Q‘Kx1+(n l)4n,i}i?;ﬁft-u,_‘y
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A

"If thls requlrement 1s not met, p and q will be less‘p

-2

‘,:than p and q .~_"'

e Belonging to the & gequence
So‘far the values rl....‘Ji;'si;t;;.st;eortes-f;p¥f‘”
‘;\pondlng to AXKx((k —l)J3+1j'and to AyKy((kz-l)J +1)
- for kl = 1 2,... l’ k2 = l 2,...J2, remaln free; we . _
t}}can take advantage of these values to further expedlte ,f}f{'{{f
'ﬁlour‘computatlon. We know that rl‘i"f‘l are the flrst
:1,columns of matrlx R(J ) and sl..;.st are those of

863, in (8 4. 9) o In our fast algorlthm (3 4. 10),u,f_[§:?«97"f’

,‘R(J ) has to be 1nVerted and S(J ) has to beslnverted

1,and transposed Perhaps a clever ch01ceioffthese Wlll

' fmake the 1nvers1ons easy.-_=-"

“'vf one way to gchleve thlS 1s to select’ fe}”éhethef;;f;;;f;j

Way, see Chapter XI)
| A"Kx((k -l)J +1) = "(2"1 1)/34

 The. fr.e-sixi:t'f:éf theselectmn is

rkl exp (-M/Jl) ext




Vq\i:‘i23f
o ThlS selectlon has av01ded Axh =-—pn,‘thus aveided‘y'
.'the AXK, -aXlS symmetry (ref 9 3 19) Comparlng the
- Tabove w1th (4 3 l), we can see that rkl are 1dent1cal

g to the first column of E(J ) 1n the E sequence. Thls

;‘1s followed 1mmed1ately by the easy 1nver510n
' ; R L A

Ny - R‘Jl’ =*.,K9¢612>;{-§7~" |
'»éimaigfiyLWe:shailaseiecﬁ;

~;:.AYKy((k l)J +1) "(Zk 1’/J21'gf5»;'421956r3?lff_ﬁ1
T:Thls selectlon Wlll av01d the AyKYraxis symmetry and

“*3..<Jz’v%'sxﬁz>7f;]};£?;.:éf:Lf¢1~;~74f7i7‘9'6*4‘iff |
ffTherefore the solutlon to Pf F 1n (8 4 10) becomes
;“Recth Rect 3 f = R(Jl) Rect

o ;:netfasis?ii#-as“i#tqiz¥fé¢¢¢£sf¢4Jééé7¢gr!i

3T, W *L%"?”P""S?_t‘%"e'intgqers.-‘%".

;;Then let

_ (k 1) p ! : ‘k -Int{ (u—]_)mOd (J )/J4 }+1=l 2' ' e

;qu=(k 1 75)q k4~(u-l)mod(J )+1=1 2,...,J»

’4From (9 3 2) and (9 3 5)’ &héieii;}:
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AXEK *
‘xu

i

ﬂ(?&l*l)/Jl.*‘zﬂkjfl)ﬁo“ | oo
o Coe T (9.6.9)

AyK"

Kyu n(ZkZ-;)/Jz.f'Z(k4e;f7§)anA‘

'.”u}=h3j*(k4f;)J5;+ (gl-l?Jf 4-(k l)J5 4 1 ‘s[;"9?9‘4°1»ﬁ e

A numerlcal example w1ll be glven 1n the next
o chapter. The follow1ng 1s a summary of selectlon of

ll 2IJ

are. determlned by the physical model
_j}’ln Flg.iggf:iQ_fﬂ*"‘.. E |

4'J5 are determlned by (9 6 6) . 7

kl,kz,k3,k4,p ,q are determlned by (8 3 1),
(8,13 2), (9 6 7), (9 6 8), where p

| and q are obtalned from (9 5 8), pnd

Dol u— L 2,...J13233.. ff:;;fﬁ"”“ h' |

. 31,32,33 can | be calculated frem (8 2 2) for

B S 2'°°'31 57 3"‘“"”L,,',,,
“fhiAkKQu and AyKy are obtalned from (9.6 9),,?
| °‘”‘*VA from (9 3, 10) “

i . ,,c

ViFrom the above we shall be able/to determine r,s,t
.f‘R s, T L, etc..~]" R : _ e ;
The method of parameter selectlon helps to achieve

;?the follow1ng-e

(l) The matrlx.P created w111 complyvrlt,
réif?; o : ' f

given by (323§;1§;§¢



;Slngularlty in R, S or T matrlces has been

_,~aV01ded

3y

Stablllty in the T matrlces 1s optlmlzed;f."4

. 125'

Matrlces R and S belong to the E'sequence,:7’f.uf_-

"'and are easy for 1nver51on

".-(SX

‘fqulckly 1nverted

e

The matrlces T, heneéﬂmftrlx P,can be

We shall see 1n Chapter XII, that the bestfnﬁ*7”

I

”h.,fcondltlon number for P 1s obtalned throughf&f’7}vmﬁ

T

htfe;selectlng phase angles 1n the ways descrlbedb.?f .



X. A COMPUTED EXAMPLE ' -

10 l A SlmEllfled Phy81cal System
. : A

: Let Jl— J2 43§'4 The scatterlhg object 1s' -
represented by 4X4X4 = 64 grld p01nts, to each of whlch
41s attached a- scattered fleld source den51ty f . For the \r

' sake of easy comprehen51on, only 8 grld p01nts are =

aSSLgned a non—zero source fleld den51ty f = 2+1 where
,fiz- —l, and at the other‘p01nts the source den51t1es are

-

assumed nll.“ F1g ll shows the actual assumed posxtlons

:-of non—zero source fields as follows. ffltl”

S 2'+1 for v= 34 35 46 47 so 51 62 63 . S
Cf, = ERIR (1011)
AETR (e for other values of v-.x;i”a_ff.;{ e

_a” o

L o o , S Do S
We know we have contanuous far-fleld data avall— o
:ﬁ‘able.” Let us see how we are g01ng to choose a K whlch

-lleads us’ to select the data F at proper poxnts and

:;}determine the matrlx P for a qUICk solutlon of Pf :;f“;g;ls

11;o;zi*seiecticnﬁaffpnaéé*Aﬁgiesf;ffjjﬂfﬁﬁfwfw'*“““

'; Let J3~ J 4Jsj-z X 2 From(9610)Wehave

El
R

‘fk3:fj?Kk;%;;;fafﬁrlfrriegxkéfrxlgggx4é

L]

- The k's will be computed from u according.to {



127

"The blocklet Iabell!ed R
. with v=50 SR

T
- ‘assumed ut-,‘g_
SR S blbcklet e

: :' for other values of‘ v S

f-ilFlG [ HE -5 SCATTERER |s REPRESENTEQ B -eneurif-
NONZERO SOURCE DENSITY -S_AMP'*‘ES |
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(8.3.2), (9:5.7), (9.5.8):

160

62

N
(22
[N

LEE ool sl o]l ls ] <]

R

- Assum1ng Ax Ay Az and AZk - 52 8, from
5(9 6 1), (9 3 10) and (9 5 11) we hail R

'= ~*{AxK'

xl o 25n,; AyKyl?"o 25n,{ then AzK 1 p 62’}Zifif; g

el +/62/41r ';_'1-1/15 J4 9-%,
36 e 7? e

.A sultable pa1r of solutlon w1ll be q

?fFrom (9 6 9),-,,. §”'

ns.

ﬂ~AXKXﬁij._4 25n + 4nk + O Sﬂkl“_% .&'

R
ll

~?ﬁ;'2 25n + 21rk4 . 0,5"k21__,_
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\l

By aseigning the k valuée'ae°giveniin Ene'Tabler
above we have 64 Values of K ,_the pr03ectlons of |
'whlch onto the (AxK AyK ) plane form a selectlon RS _wvt
pattern as shown 1n Flg. 12 The actual values of 'u
‘are’ calculated by computer and are llstéd 1n Appendlx

II. AzK is calculated accordlng to {/f“

Az /& K ;\5IK25 o :'v(10_2,3xlj

Computatlon of rkl’ sk2 can be.done u51ng (9 3 4)

' and (9“3 6).. Computatlon of t W1ll be ln accordance
lwIth (8.2, 2) These values form the matrlces R(4),

S(4) and T(4/ We store these matrlces lnstead of ;*j“
storlng P to save space.',i g Tl RN

e I

RN
' Invthls exampleﬁ,we,haVeog;o

'exp[ J.AxK ]= exp[ m( -4, 25+4k +o Sk )] (10‘;?2"'.»-‘4)} foabei

*"~

exp[ 1ﬂ(0 Skl-O 25)], -_1— 1 2 3 4

- i e

= exP['lAyKy | 'exp[ m( -2. 25+2k +o 5k )J (1025)

exp[ 1n(0 Sk -0 25)], - 2 1 2 3 4

Therefore rkl /- sk2 or R(4) S(4) ‘T‘hxe_t "g"e'n'.e_r_a“t:ecil:i,_dat_j:'ba:}"'»_.:_

;?1n Appendlx III glve kjt{_%?flﬂv‘qg}f3fiag§f1pﬁvf“7f"
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| A seu—:crlow PATTERN FOR K,.Kz. .K64 | '
As PROJECTED ONTO THE (AxKx,AyKy)PLANE L

(The numbers attached to eoch pomt are: the volues of u)
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(/zaciy2 - l-;/‘(-l—l)/z j.;i?f o

L
)

R = | T =E(4) . (10.2.6).
| o |VZ(-141) /2 -1 /7(i$i)/2-1§ e 1 R

1
vP.

{/§(1+ix/2r 'ii.:'/f(gi+i)/gl'ff1,df;f
‘We can be sure that the 1nverse of R(4) or S(4) 1s

HR(4)/4 and the ordlnary 1nvers1on algorlthms are not

. ] s
'dneeded e _r“,\ ' :
. L v : . : v

fTh T(4) matrlces, for m l 2,...,16 are also

;llsted in Appendlx III Every T&A) 1s a C(4) matr1x.~__
_hIts second column equals the square of 1ts flrst h?,:*;Pth::;
;column, and 1ts thlrd column equals the cube of its :

. flrst column, etc. Hence our fast 1nver510n algorlthm

for sequence C w1ll apply, Furthermore, lt can be ‘.
'verlfled from the numer1ca1 data, that tl, t2' t3and

't4 in eVery T(4) subtend big angles between them, so ’;fi;;hf
jthat T(4) becomes well-conditloned as a result of e
"adoptlng the optxmléed valuea for p and qu R

\

F w1ll be sunulated6 usmng the R, S, T and the
ﬂf values 1n (10 l l). The s1mulated F w111 be our data

;for the system Pf —tﬁ‘i o
o W T ,
Then we SOlVe the system Pf F by our fast

‘algorlthm to obtaln f, and compare the obtained f w;th

.the £ 1n (1o 1 1). céfﬂV;wVQﬂf’ﬂ;'ﬁfffa“ﬁ:fﬁffﬁfff"ﬂ,:A~.tf¥i;;
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- 10.3 Computer‘Programs

- ~

: .h.onr‘computlng program is wrltten 1n three parﬁs;.
(A) A program to generate K X components, R(4),
t 5(4), T(4) ‘and. 1 and to store the data’
'gln flle DATA. o o ‘ ‘ -”. L o
.;1135 A program to solve Pf F by fast algorlthm
? :fThls program 1s complled and the object
| -:program 1s stored 1n flle COMPUT | h.
efCYWAn executlon program to run COMPUT usrng data N
din DATA " e g;" . }‘ \" L
‘The: program in’ full 1s attached in. Appendlx III
'computer outputs are also enclosed It ;s 1nterest1ng ffﬁ';
zt° note that to solve Pf F usxng a- set of qiven data :Si;
_.requlres only program (C), Wthh needs 2 2 seconds donh
| CPU tlme for J J = J3 4 | The max1mum error shown |

"1 2
“1n the computed f does not exceed 0 0006% whlch should

}be acceptable to both 501entif1c research and the optical

flndustry




- XI. VARIATIONS OF THE METHOD OF SOLUTION - = -/

ill l Factor Matrlces Belonglng to the Fourler Transform AR

: 4
\

[

The algorlthm descrlbed xn preV1ous chapters has
“been based on formula (8 4 10), namely "
’When R and S belong to the E sequence, we have (9.. 5)

'Réct N

oty Rect 3f R(J )(Rect F")S(J )/J teéfffi;;i;é)ifff.ff'

J

L vAs.an alternatlve method, we can replace (9 6 l)

;and (”.6 3) by

;AXKx((k -1)J +1)' z"kll/Jl 'AYKy((k -l)J 3. +1= 2’”‘2’VJ ‘Tfﬂfﬁj_

T T Coan 1, 3) ’-};:f,’;if_"-f_-i_.*"f'

fThéa.ffdmrkd.4;§)55' jf"i‘ Lo
R(J ) = F*(J ) | ,“*‘7’r"§¥¢?lff ”

NJ)—FHJ)

. »\.

;The F matrlces are members of the sequence describedﬂin,

h(4 4 1).; From (4 4 3) we have
g 13?11w'5 F(J )/J
»v;~_3r__1 1

A
\'l

(J ) y= F(J2
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. - e |. o ;ﬁ.'QVf;j::.ﬂff L
~RectJ2 Rect 3:f- F(J )(Rect F')F(J )/Jl 2‘~ "(%;f177)fgs»'?~

When Jl— J2 J3— 4, the selectlon pattern of K

: 1s shown in. Flg. l3 whlch 1s 51m11ar to Flg. 12 except

‘.Cthat all p01nts are shlfted by a. dlstance (n/4,‘n/4)

Ah Slnce (ll 1 7). 1s as 31mple as (ll l 2), the
'udnumber of multlpllcatlons requlred w1ll be the same, 1 e.,':"

(4 5J2+J1+J2+J As far as storage space 1s con-bﬂm'

3 |
: cerned, we can store a 31ngle w (see 4 4 l) 1nstead of R

S e ,
Ml;storlng the whole Fourler transform matrlx.,:t Hence the

Wt

'ifstorage Qf P can be SImpllfled t° Storlng J1J2 matrlces ;ff”V'“

7}; of T,-a[d each T needs only to store 1ts fxrst column,'“

,ﬁas the other: columns of a Vandermonde matrlx are easxly

?2‘generated from the flrst column elements.nt
| Andrews (1970) called the Kronecker matrlx L.’
fdeflned by | i e ey 5
L = s e R F* e F* ST

ﬁfja generallzed Walsh transform matrlx, whlch_i“'orthogo_

*{2n_1 An alternative solutlon of Lffff*tt‘J

ll;have already explalned this in Sect;on



5 55'59

35 39 43 ’47

ERCRA CI

SR 0 (TRcTRcTn IR T 54 583

33"’:374-"-4-1'3'-'-_4’,5.”‘;-__"; *34 38 42 46 o

L AN ALTERNATIVE SELEC,T- ON PAT
“USING' THE: FOURIER TRANSI
| (The numbers attoc,hed to eac point ar







© XII. SEQUENCE CONDITION NUMBERS AND ERROR ANALYSIS,

| l2?l7‘Tdiin§'é'N¥coﬁdi£ion’ﬁumbeff“/

o The relative error in. solv1ng a system of equatlonsﬁ’;1

}..;le related to the errors in the system s coeff1c1ents jimf

'»_.and in the constant vectors., Wlth AX, AY, AM denotlng ;e;;nt

njthe errors. in SYstems Mx Y the relatlon glven, for _i'*””h'

:57;1nstance by Isaacson and Keller (1966), ls 'ff;:i;irﬁﬁ:“'.

_fj";”'“”'_mln HMH !Hml HAMHJ "('1“2'; '1,'
B e T et (T " T S
’:fiéne val;dlty'ot the abeve 1a‘subject to IIAM'l IIM-I'|< l:;;if

“—VIn usual practlce, AM is rather'small so that we have




It
n T | S . )
""j..'-—(—"g, S .
[\
*

"‘;We can, iR addltlon to the above, use. the Euclldean.f T

: 1g,norm for M Let M be complex, of 51ze (n n), wlth

'A_,the modull of 1ts elements denoted by |m l, then o
o R ~:u,v;_*“Yle,_:;x,;- L e

@ Since o

T'M-f”aof N

llMIlz ||MHE *uuuz Sl
e e (12 1 6)
”M'l||2s llm‘lllEsn;‘llM 1H2 i |

‘“?9(12 1 3) 1mp11es

7). Hiay: ba writts

xfftfqeﬂiiigyl,
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ol L 1.--2_.: HMH J

(12 1 9)

N(M) 1s a measure of the effect on an approx1mate

;'«1f1nverse of matrlx M, and a low value of N(M) usually

'ﬂlmplles a. hlgh accuracy of the system s solutlon. Wefff'~f'

"fknow that N(M) ‘is always equal to or qreater than }fﬂﬂi_;;f*

| "__unlty. We would llke to have the sequences whose

:member matrlces M have thelr N(M) not much greater
1ythan 1. O, so that the accuracy of 1nvers1on is guaran-_'i“‘

qfteed

In thls chapter we shall examlne the condltion

&W.f‘numbers of some of the sequences that we have 1ntro~ ﬂ];'nntf

”ﬂ?;duced and show that most of them have a unlty condl~"5iﬁ’ .

}3tlon number. ,w“ -ab~31:,_»jfy.-
o e A P T

..'_-712 2 Sequence E~

In sequence E (see 4 3 4), all the

‘hﬁjhaVe a- unlty modulus

)y

n ,

- euve"P(lvw(Zu 1)/n)




e ‘w0
f"&.; t | | 4 R

IR gl HEHE/n : HEHE/n~ LG22
3'Thé§¢fore4a,* '”' 

w N‘E’ - bl | 'E’ll = A e
In the case thateR(J ) and S(J ) belong to the ?;fﬁ;fjﬂ“ 
7e;jE sequence,ithen accordlng to (12 2 5) : ‘
'~“1 "V"Y[”*f“'*F-,.;Tfffﬁ';~Q:.Q:.;ffolz,Z;ﬁ)93;;;";L

7\?:1253finﬁiiér,Trathofﬁ'sequénag.i,fﬁﬂ;_i -

i“ LAs shown 1n (4 4 1),‘the sequence has as 1ts‘;}3;"

"vmatrlx elements f where

‘~-:fh%1‘ exp( iZﬂuv/n)

""”Vﬁff*?ﬁi?" x

- sequence,’
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z B
TE .

It

[}

S T gy

-
]
[

fs.1.2) 0

T,he,g'f, T H =1 was denVed m (SLI 8)

A 15 mé a, Permutatlon matrlx and' oes not affect the



’ ' / In the case that R, S bFlong to sequence F :

| (12 5\ 3) stJ.ll holds. [ T TR r

e%’a&

>ﬂ12 6 The Vanéermonde Sequences

'.Vl .

Sequence C 1s deflned 1n (4 2 2) whlch glves

‘"The 1nVerse of C 1s glven ln (4 2 4) and (4 2 5)

vi'-b'From (4 2 5) 1t 1s seen that

(,

+ [(l+ |x

ffffdlt‘on number depends on the:denomina ors'inv01V1ngf




X -xl), (x3 l) (x3 2),.etc., If an xk 1s close to‘

‘ some other Xj' we shall “have a Very large N(C) Thls -

'.\
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B

X

"e conflrms what we clalmed earller-i the Vandermonde rfﬁ'"

_,'\

mq;rlces canreaslly become mnstable._ ;a”“

Fortunately, thls thesxs does not use the general

/"

“1fsequence C.; We are only lnterested 1n a spec1al case

'-'Let us see whether seguence T 1s unstable.f'”

! m | [
e oL E u

'f'frequlres t\at t

7\ - kS H_'_,,-A;T{Z
From (8 2 2) We have I LI L R

.“cFﬁVT?f§XP(+1Y4?KZu1sf,"" .

; ;xﬁtglexplrlé?KZQ)r?" =

:,.v Also |t l ';2?5544?5f1f75557ff;%5?7?*H -

J3
I It
v uv

J,r:g<

1. t;z.

'f'i°f C, whlch we called sequence T deflned 1n (8 4 3)°,j;j:vffa




e expect that T fs clcseipég
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Because T 1s of the Vandermonde type t 'EXP012HUV%J'+IVM
The optlmlzatlon actually turns T 1nto a Fourler trans— -
form matrlx g1ven by (4 4, 1), poSt-mUltlplled by a.

u

dlagonél rotatlon matrlx D"

T= w- | wnere.o!f:e—dia,g(ia.-i;a..'.:.'ivot.;i..."-.'i_J*a‘)’lx<12:,6!9>-’-.' |

||T'1| IE-1 ln"’% "ll | »-l |:-"1|| —l IF*I 1E/J
. =||F||E/J l,gi §-;gj - ;.;;;17_“ (12 6 10)
Therefore, the condltlon number of T is

.u“'

N('r) = J"ll m[E HT“lllE - a 3L

‘3 -J3 1,‘“1f

but not equal to them.

Hence N(T) w111 be nea?f;7*75

s, .
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All | T(J,) are optimized matrices‘. From (12 6. 11),
N(-Tt) _ N( T) are. all close to unlty. Let us ogll‘_-""

‘the max1mum condltlon number N ax:fu-fd.‘

0N

o = ) D
Let [IA T||2 ||AmT ||2 be. the 2-norm of the 'ﬁggf_L)
’jjerrors in. the computatlon of the T matrlces._llAmTll
;°:w1ll be aue to round—off errors only._ It will be small
oand (12 1. 3) applxes.. v ,.',,.]” ,_‘_ S
s o : _
Let ]IA F"Hz and HAmFHZ - HA (Rect“spF)Hz

be the 2—norms Of the measurement error for

Fn and (Rect F)

*~Ato one another by

HAmF"||2 J N(m'l‘)

"_of the' form (12 7. 1). :_ _'

'jrelatlons of the form



. oy

square—roots of both 51des, and leidlng by []F“l]z,

IIAFHIIZ/IIP"'IZ S J3 Nma:?‘Emax 1vﬁ:fi¢r7f??€7?5)73

‘ After flndlng F"l our algorlthm (8 4 8) proceeds fﬁ"
to flnd f by solv1ng a system of equatlons Lf B

From (12 1 9) and (12 7 5)’ ?fi'fuff;fLV[Tfﬁf?**i5' Tw f;ffe¢

||Af||2  ':Tf-f{f|1AFnll§3jf

It Hz

la N(L) 33 Nmax “nax*

'”0_)‘_ .

(12 7. 7)
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‘ 2 Whether we fonbe ‘R and S 1nto sequence E, :

or 1nto sequence F the result w1ll be the same-""“\

S ;N(R) = . 1 N(S) = 1

o 3 Sequences L and H have unlty condltlon<fu"h‘

fﬁnumbers.' They should be 1deal for 1nver510n.

4 The matrlx T can ea51ly become unstable.;,'jgz..f.h:

| However, 1t can be optlmlzed towards a Fourler

transform matrlx, ln whlch case 1t w1ll enjoy a unlty

RN

"condltlon number.;,"f[“vf;fﬁ;x jQﬁw;;ijzj.af'a;jff.n*i;iigov

v,lherrors in the data F._

i-fﬁiequations Pf -fF.?g e

5 The accuracy °f our faSt algorithm can be ?f::f}o:]

'hT:Aexpressed by an error bound

n Max. Am Iz

HFII‘2

It can be-f



XTI, pi_scussxpn |

. . s SR
t Thls chapter summarlzes our method Of solution to

t

“.1nverse scatterlng oroblem and the mathematlcs developedfl

-

1n thlS the51s. The advantages and dlsadvantages of

our approaeh as c0mpared wlth other exlstlng methods ’f*”

ﬂ QW111 be rev1ewed

Yoy

!J113;1ffLeneleseffRecbhstfuotionj fﬁikq"




: . - oL ;

frequenemes, can be extracted The phase lnformatlon,
B \ B :

whlch no phy51cal 1nstruments of our tlme can detect

dlrectly, has to be sensed by an 1nterferrometr”c

method 11ke holography or a three-reference -
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132 Récorjxséfuct”:ifdns- of Objects near. the Resolution Limit
Two successful approaches have been made prev1ously

f,}'to 3—D reconstructlon.‘ These were computer holography

'";fand X-ray Crystallography. both are lensless*methodg,,.

HOlographlc technlques are llmxted to some appli- 1ffjaf"

catlons. They requlre 1n particul

S




IR 15 |

'if_molecules such as. large HUClelc—a01ﬂ polymers (see
;}Chapllne and Wood- X—ray Lasers, Physacs Tq§ay, June g}j}f

The approach developed 1n thls thes H’w1ll be

SR ;comblned with the three—reference—beam method to

"erf‘of the scattered field gource den81ty'

Tcompute, from far—fleld data, the spatlalﬁdistribution

1a refresents

'5;a scatterer._ The scattered fleld;source density,ls S




either the 1mage of an object or some dlstributlon']fj
belonglng to a propagated optlcal fleld, or some |

céded message from whxch an 1mage or the dlstrfbution

1n Space of an optlcal-wave field may;b recevered |

'g such Iarge matrlces becauS'“of5th”"

CPU t me and the large lo)
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 ffthe columns of an 1nverted factor matrix, w1th .f?cﬂiv
'"f}the other constltuent matrlces 1nverted -

fw_ﬁ(j)ff‘A technlque for solv1ng a system o eqif"ions

"fjfhas been glVen based on rectangularizationm? An  f§f3




B Data F(K ,Kye are Xvallable at’ any p01nt R
'"“'~it "25f*2'- 2";*5???*5'ﬁlf_

' lfthe K—domaln.z - 3,5', , "

,jf_Our 3-D reconstructlon 1s simpllfied to an lnverse‘ i

,:fhumapping of F, the fargfleld data, onto f the scattered

flej.d source dens;.ty, Or, 1n Othe "WOrds to s°lv1ng




‘F?o;the dlrectlons of exther AxK or AYK .;ﬁ

155

o ' . . - . A .o .

ﬂahredundant factg}s 1n matrzx P, so that P can be.ﬁlfiﬂv,“3xﬁﬁ-
1£;€dEComposed to allow the appllcatlon of fast matrxx
figlnver31oﬂs._ The selectlon patﬂern ln the (AXK ,AyK )
?€plane has J3 rectangular blocks where J is the number

’“1fof samples 1n space 1n the z—dlrectlon.f Theadlstances

VS

”“,h{between these blocks are equal to multlple;:of Zw ln._; G

'he'blocks are ;?ﬁ{h

”Q_all 1dent1cal; each block contains a mesh of Jl 2

"gipolnts; where Jl and J2 are the-number of sample poxnts

““fjln space 1n the x— and y-dlrections. e

Our tast algortthms begin by rearranging*the_data




After these three 1nverse-operatlons we shall C
/. g G R

',obtaln the requlred scattered~f1eld source densxty f, o

R and the equatlon Pf F 1s solved

\

fif3’fthhe Vandermonde matrlces T i m==1 2',.55

3v;(4)z;“Computat10n errors are ml“imlzed~_gﬁr;;r?

f;Jl+J +J J. J3 complex words core storage,

| :??T13§5t1°V3f511/;;sult of the Method Presented ;;};ff:j,fif;;

_.ef  Our method of solutlon has been deSLgned to y1eld
an optlmum result w1th regard to the follow1ng condl- ;;k %,”,

tlons.,f"ﬂﬁ<a»,.na-r‘

'1F*fl)"77The solution of the linear system Pf=F is speeded. .

f51ﬁp.f§;?fffh;“%;aﬁgrj,,;_:,,;e.

3»(2)hC.R and S ‘are. matrlces for which a method of fast ff}:fk

.o-1nvers£en/waj£s.Jr3ﬂuff_v;,‘

"’Jstabillzed

Afga'computer storage requlrements are optlmize

2 l 2




P L

[}

'13;6' Prop05edeirectiohsffdrfFutureAResgarch-. nw-“'”
- In v;ew of the above dlscuss1ons tHe followxng

‘may be suggested for future reSearch as a contlnuatlon |

o

l'eof the thes{s'”':”yth.”.'ri, ~.'ﬂ”“ :fhtlhAfftf;:
(1) -To dlscover other fast-1nvert1ble matrlcesfﬁor _1jf*

_the categoriea mentloned 1n Part I of the thesés

::(2)1‘LT0 develop other part1al lnver31on technlques Jf¢;fs"'
V.for compos1te matrices, : |

: _(3)'r3An experlmental reallzatlon of the 1nverse "f,.veffgv-?;
-.scatterlng process to reconstruct the phy81cal L

ﬁ:structure of a, real obgec%,;,

'hfuc(i)f_fTo compute the optlcal fxeld nean and 1nside a/ff;-,
H:;scatterer glven the magnltude and phase of the |

| fartiels, 'i’ﬁﬁ*ﬁf%7gféiffl:¢,a;;sft" .

:”fi,(S)vV]Exten81on of the work towards reconstru'tion'oﬁ
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" KRONECKER PRODUCT OF MATRICES' =~ .

Deflnxtlon A Kronecker multlpllcatlon 1s repre—,”dfu

j"‘sent:ed by the operator 6. Let A = {a }and B = {bijlﬁ,51“7

’ ”7be two matrlces of 31ze (n m) and (p,q) respectively;fyff”"

""’:"'{Then the multlpllcatmn ie B Ylelds SRR T

,‘; ’

.]A G ng {a }

- f as a Kronecker product or. Kroneckef matulx of size.
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(A 6 B) 1j=5A7;5é:B ; if the 1nverses exxst._;..f

Decompositlon of a Kronecker Matrix A Kronecker

'J;vmatrlx can be decomposed lnto an ordlnary product of

“1';matr;ces whlch are sparse and of the same size as the

f;f;orlginal Kronecker matrlx. For example, ff;{iffffzt*fiiﬁh:' .




DXKX(
R "{';DXKX(
 DXKX( &
" UDXKX('5

| APPENDIX I THE 64 VALUES OF K. SELECTED BY COMPUTER =

’3fnxKX(

NN-A

o
-
o
b
o
O\

Ky = (axKy

o.7esao,.;_v
713,35177 D

"0.78540 - DYKY( 3)="
©13,35177.  DYKY(:4)="
- 2,35619° . DYKY (.'5)= 0,
1“: 92256 D vBYy= - R

B T R e F VP o SEREE.
T R SR S e
A¥Kpy B2 e

. DXKX(. !

- DXKX(11
 DXKX (12) =, |

DXRX(14) = 1
. DXKX(16) =

U DXKX(17)=. 0,
. DXRX(18) =

-~ DXKX (30) =" 1

2.35619 - DYKY( 7)
14 92256  DYKY
1/3,92699 TYKY(:
16,49335 -
.3 92699 -
549779
8,06415"
5.49779:
18, 06415

DXRK(
. DXRX(

ommq

l! ll ll il ll ﬂ II Il . ll ID

)
)=
) 2
)=
)
)=
) =
3) =
) =
DXRX (10) =
)

W

. DXRX(13)=

. DXRX(15)=.

: 13435177
:;1nxxx(19)—,;0.785u0
. 'DXKX (20) = 13,:3517
- DXKX(21)= . 2,3
:;;nxxx(zzx—""“

-"DXKX (24) = 14,92256
»1;nxxx¢25)—;;ajghgi”
- DXKX(26) = 16,493
©DXRK(27)= . 3.92
¢~Dxxxczar-¢”'_j;,u
- DXKX(29)= .5.4977

Q'HDXKX(31)’¢i.¢ggw,
;.Dxxx(ag) 18,0641




- DXRX(42)=
- - DXRX (43) ="
.. DXKX (4y)="
CDXKX{(M5) =
. DXKX (46)="
. DXEX(47)= .
~ "DXKX (48)=
. DXKX(49)= -’
. DXKX(50)=

-/ DXKX (59) =

~ DXKX(52)=
 "DXEX(53) ="
“DXKX (54) =

- DXRX {55) =
. DXKX (56) =

DXKX(5Ty= .
DXRX(58) =
- DXKX(59)=

f;.nxxx(sa)-

- DXKX-(61) =
';;DXKX(62)“

' DXKX(63)= -
| fnxxx(ea)-.

16. 49335
3.92699
16 qgsasf'--f-@ bl

5 “9779¢fg -

5 u977a,‘
18.06815. "
*13.35177@~

-0.78540 -
13.35177.
2.35619
14,92256, -

2035619;3
L14,92256
- 3092699“?
16, Q9335“
3,92699

16¥19335:
15,49779 s

AH6U15 . DYRY(62)="

N },7ﬁpm~‘v  {$
f;nrxx(su)z 11 78097?.m;5.

18, osu15ff

:Qn!xx(uz)—
:;DYKY(QB)-:x

fnxxr(u7)=

. DYRY(50)= =
. DYKY(51)="

. DYKY(53)F
'DYKT(54)= .
ﬁDYK!(SS);\-, 3037 .DZKZ (5!
* DIKY(56)=/11.78097  DiKZ (56)
‘LYRY(57) »
" DYKY.(58)= »
»D!KY(SQ)z; 1:78097..
DEKY(60)= 11,7809

3.9259 D

10, 21017?aﬂnzuz(a7)fgs ,
10 21017;{]pzxz(gg,- , i27292 -
'f" iJQ'DZKZ(ngygf.Lx \
5, 49779;:yDZKZ(50) K
"QDZKZ(51)ff'u;;4 )08 .
'”ZDZKZ(SZ)-, 0.

DYKY (48)=
DYKY (49)="

nrxr¢52)-;_,;ﬂjh !}

DYKY(61)=. ‘;




o f;j*;fffg:;- ;-;,;: APPENDIX 111 .
'*‘;AA A Computer Program to Generate Matrlces R, S, T, o
' ;i;and pata F, and Store ‘the: outputs in File DATA. ;J;Lf’"

” e *****t*** paosnau TO GENERATE DATA *t******

o ISN‘0002ﬁ“~foA couplzx R(u u),m(16 a u)

~ ~ISN.0003 ~ ' .. COMPLEX CMPLX,F(16),. BIGrtsu)

LT ISHU 0004 f'yf':;= 'COMMON “NX,NY, NZ, THORI. . ,.,ﬁ._-
- ~ISR:0005 . . °.. - . READ (5,20) NX, NY, ¥z, ox T

. ISN°0006 20  PORMAT (312,FS5: 2) S

CLCISNT0007 oo T NXY=NX#NY jﬁf.,*

‘i'yuISN;OOOB't}{z;N;f nxyz-uxy*uz B

-!ISN70009xr€N°-, TﬂOPI = 6 2831853

coupurza sxuuLaman nnra'

S ISN oo1ou,'-‘u>iav~
S ISNT001
i ISK 0012~J_3e_..:

LISk 0013 -

CUUISNG0018-

. ISN 0015 1

- ISN 0016 ..

SIS 00177

- ISN 0018 -

L IsN oo1g,fr-axa,-cf (7,50).
| IsN 0020 . “WRITE (7,5,y
R T RT) KA N

' g,Isu‘ooz1¢=~.;;._=; unzrn(7, 50) (BIGE(T

©ISF 0022 50 PORMAT - (4(Ft
Cgswoos - smop =**«

Isn'oozwj;¢¢.‘ BND

*opmzcns ™ zrrzcm* 5; HMMES  MAD

i g ’
‘ppmxcus ™ zrrzcr* souncn,xacn
 ;*51Am1sT1cs* souncxi L ATENENT

E?*SIATISTICS* NO DIAGNOS!ICS‘GEHBRLTBD

7,****** Eun or coapzlarzcﬁ

Vg;i;{ COHPILBK STATISTICS-



¢~ 168ff

e

BTS anmnau ﬂ (os REL 21 7) (crzou) »»*~f f.ff]f7Q;f7

1SN

1SN

o  ;15“
~ISN

S IsE
ﬁ';;:ﬂISNL
1SN

CISN

}':f;ISN

,g}jjisn
. ISN

Lo ISN.
ISH

. ISN

... IsN
¥l }I$N-
. 1SN
o JISN

'¥?ISN

U ISN
. ISN.
TSN

‘?EISN

 §*oPT1oNs I EIFECT*hi ;”
;AU*OPTICNS IN rrrzcr*ﬂ?f

fff*smawlsmzcs*
'f *smATIsT1cs*
ffja:as** zun cr COHPILATION”******

COUPILER STATISTICS': ELAPSED TIHB

| COHPILER OPTIONS -.NAHE=> HAIN OPT 01 IINECNT-S9,

0002

0003 -
0004
.0005.
0006+ .
ooongfj,g;
09@3* 1, “
0009 -
0011
0013f;"”ﬂ
' fkv-gp':,;.)) COSA=O 0000
0015

0016

ﬁC

oo1ez”;.f~“

'OOZOQf S
0022
0023
0024 |
0025
0026
0027,
0028 .
0029
0030

.%10
*51150
BT A

180 ¢
B

souacx smarnuzums = Qf

A
NO DIAGNOSTICS GBEER]TED _

souacx EBCDIC,NOLIST,DECK NOLoan,NOHap

' SUBROUTINB GENR(R NN)

. GENERATION OF MATRIX R a s, n—s IN THIS casn.
'COMPLEX- R(XN, nu),cupxx S oY
A=3.141593 /NN .o R

DO 10 J1=1 NN =fi; i“ f t  ﬂi“iﬁﬁ»?:%iilﬁ/
JJ=(2*J1-1) --,57; S T
DO 10 J 1 NN 'nt”}: f,L%,:f ?:;ff}\ O . 

- cosa = COS(A*JJ*J) S S e

CTFE (COSA.LT.-0.999999) cosa--1. -

~IF (COSA,GT,0.999999) cosa=1.,,.hr" ey ST
. IF((COSA,LT.0. oooooz) ann.(cosa sra-o.j 0002,

nm=anxavn “”wﬁﬁ4514_A
- TF (SINLm T- 999999) SINA“ v } B
I?((SINA.LT. .000002).aun.(srnn GT.-0.00000Z B
»)) SINA=0. 0000 Sl e RO
IR (s:nn.zm.-o.ssssss) SIHA—T"””"
 R(91,9). -ycapLx(cosa sxnn)
~WRITE (6,
FORNAT 1'1')
‘DO 170 I=1,4

“WRITE (6, 180) e e T
ronuar (=) : : o ' SR

(6,30) - ((R{J1 J),J=1 nu),a1=1 HN)“"*‘
roasn,u(u(r7 ,r?;a 1)/, Y

>ﬁxuﬁ= nnxw,o?r=o1,zzuzcnr“




PN s

HTS PORTRAN H (OS RIL 21 7) (CTZO“)

L 1sE

M; Isﬁ

. ISN

C oISk
. ASN
?“ISNﬁ

3$5f~I$u
<o ISN

S IsW
- ISN

 frﬂI$R
-.-ISN

oo TSN
co ISN
- IsN:
T TSN
S ISH-

“ISN

. ISN
- - ISK.

R €1 |
. ISN
- ISN

o IsH

18N

oo ISN.
AgffSN

-I‘ﬁxsu
- I8N
o U ISNS
. ISN.
S ISH
Gl ISR
- ISW
’17”?ISH
L ISN
”JISH
‘ISN-

7f? Isy.

COHEILER OPTICNS - ﬂAHE~ HAIN OPT 01 LINECNT 59,

L ISN'0003
Isw

0002 .

0004

;ooosﬁﬁffi‘”

0006 ..
0007.

,0008£ l.H

0010

;0011?4357

0012‘[f""
0013

:001qﬂwffufﬁ'
0015 -~

0015,'f3“

0017 - -

0919»7157
002°[¥7ﬁ'~4

,oozz'f~~f-h;
0023 = .-

oOzu‘.ut"

0025
0026
0027 -

0028. "
0029;1” o

0031757x;5*-

0032f1f3”-:”
0033

0034
0035
0Q3§f §]‘
0037
0038 -
0039 .
Qo040 .
0041 .
0042 .

" 13

‘1 170
180"

suanourzuz cznr(m er 6&)

€009 .~

“u NIgNT+1

'.f. ACTUAL ronunLn'Is ***

.120'
: .IZ")='1F9 5’
| k=

160

| SOURCE, EBCDIC, NOLxsw,chKfNCLoan ﬁbuapf'f

‘ GENERATION OF MATRIX. T.»_waf‘fof;gtft}Qi_">””"‘
_COMMON. NX,NY,Ng,TWOPT. . . - .. . . =
. COMBLEX. T(NIY uz NZ), CHPLX - I
oxsq-ox*ox L _:,Ju;,;if;?;;_,QAJ;¥‘~3‘f
~NZD2 = -uz/z.i S = V',~ZY~;€ e e TR
A‘3 141593 /nx*2. - \ _

3, 141593 /NX*2, ... RS PR LU TR
ron 'SAKE QF: SIHPLICITY Dxxx IS wn:mmzn ls xx, S
DYKY AS YK, DZKZ &S ZK.- o IR,
-1K1==3,141593 /NY=6.2831853. ‘,~,;¢;3
| XKO==3, 1u1593 /ux-12 56637“'“"“; R
- N=0. e R T L e e e
BNT = o Rt *“.“»'i$-:: e ’

Do 110 K2=1 N!

YKI=YK14B - ‘_~=r:_“fpn_¢jw£%=
- XK1=XKO y‘j:'*‘“'*-=l}J,ruﬁ;:fAﬁ R S R
/DO 110 K1=1, N D T T e
x51=xx1+; ””W,~=»-,--..s~-s:f-

CHNT= HNT +1

CNT=0 L

¥IK=YK1 -

D0 110 R4=1,2

x-zx+6.2as185

CXR=XRY

D0 110 K3=1, nznz T R
XKEXK+12, 56637 N

N=N*1

szz_ S
'DZ* (SQRT (OK'SQ= (DXKX/DX) **2- (D! Y/DY) *%2)
zx-sqam(qxsq-xx*Xx-!x*zx);p g
WRITE- (6, 120) ‘N XK, N
“FORMAT ('} DIKX‘F;, ’

T(NNT, BT x) |
cour:uux <

po” 170 1:1.u A
“WRITE (6,180)’3'“

- FORMAT - ('=1y ..
DO 160 K1#1,6 o
ua:rn(6.1“0)((r(x1.j;f“



1Sk oouaﬂ‘
~ ISN 0044 .
UISN 0045,
", 'ISN 0046 -

140

‘Do’ 200 I=1,2"

200

IsN.0047 .- -

,waxgxzxsfjaoy;f,f, _
DO 190 K1= 7,NXY

'7roauam(- T=!,u(u(r7 u F7 4,1x)/,
“HRITE (6,150) -

o

170



ISN 6048 - 190 ° WRITE(S, 1u0)((r(x1 K2 xa),xa 1, NZ) xz—n-&Zyn'f
ISN Oo49 RETORN - b TR
Isto00s0  C om0 ;.._,_,.wi;h,’, o

*OPTIONS IN zrrxcr* s~-f nauz:;‘ua:n opr-o1,LGzcnr=59, R

."*oPTICNs N xrrzcw* ' souscs, EBCDIC NOLIST,DECK N ““  f» 0.
 '*szAr1sT1cs* Fouacz'smaggusnms Cow ,pnoanu s1zE =f*[fi57§2 ;
{:,*sthISTICS* Ho. DIAGNOSTICS GENERATED ufl?:f'“ PR S
'. *¢#*** END CF COHPIIATION Aharn >

Cournzﬁ STATE szzcs: mpssn mm o we2esec.
SRR L I T e e



o . an

IS FORTRAN H (0S ﬁzi 21,7y (cmzou)

COBPILER OPIIONS - NAME= HAIN , QFT= 01 LINECNT=59,

‘ R SOURCE, EBCDIC NOLIST DECK, NCLOAD,NOHAP
© ISN 0002 . sunﬁoumxun GENBF(EIGF R,T) .
) - C 'K BOUTINE T0 SIMULATE THE DATA BIGF .
C. . POR SAKE OF SIMPLICITY, X~ SCATTERING OBJECT
v' C.. . IS REPRESENTED BY SCATTERING POTENTIALS AT
o C " POINTS: (2,1, 3), (2 4 3),‘(2,1 ), (2,4,4),
c: (3,1,3) + (3,4,3) . 1:4), (3,4,4) WHERE
.+ . ¢’  SHALLF = 241, 1**2--1, orannwxsn SHALLP = 0.
ISN 0003 * . COMHON NX,NY,NZ,TWOPI: o
~ .ISN 0004 - .-  DIMENSION L1(8),L2(8), L3(8) .
- ISN 0005 - COMPLEX: BIGF(ﬁu) SMALLF .~ Ve
~ISN 0006 - o ~ COMELEX R(NX,NX), CBPLX.T(]S Nz, kz) e
ISN 0007 -~ -* DO 1 I=1,4 R S
, TSN 0008 ;’l's' WRITE (6,2) . u'f,- [ R RO
. ISN 0009 ¢~ .2 C.PORMAT (VSt). oo o e e
ISN 0010 - . T NXYZ = nx*nr*nz Af ,;',.ﬂ':‘*-" P
; ISN-001Y.. - - N=0 L
. ISN 0012 . . S!ALLF = CBPLX(2.,1 )
. ISK0013° -1 . DO 400 I=1,8
. ISN 0014 . 400 in 410, L1(I) L2(I),L3(I)
- YISN 0015 [ 410 zokuAT (311)
' ISN 0016 . 420  N=N¢t1 ".{"Jf o
ISN 0017 o - BIGP(N) = CHPLX (0..0 ) T N
. ISN 0018 <. - " NNT =(R=1)/NZ¥1 - “;j R T
© ISN 0019 '+ - NR = MOD((N=1)/RZ,NX) + 1
. ISN70020 - . . - NS'= (N=1)/ (NX*NZ) ¢ 1~
7 ISN 00219 -@/.;-f NT = MOD(N=1%; nz;+1 5
ISN 0022 - " DO 430 I=1,8.
ISN 0023 *,uao}g BIGT(N)‘BIGF(N)+R‘NR,L1(I))*B(NS L2(I))*T(
- ' "' «KNT,NT,L3(I)) #SHALLE - | A
ISN 0024 -,_,:: 1P (N.GE. nx!Z) GO TO 4ao
ISN 0026 - - GO: TO 420 o _;-_;y- DR
y:su 0027 . - uu0~“ DO 450 I=1, uxtz e ;v.'rg;;f*?fgfegi,
~“T ISN 0028 - 450 . .WRITE(6, a51) I,BIGP(I) SRS o
.. ISN 0029 " 451  PORMAT( 1ox,' 4 EIGR(' 12,')n',r15 7 r15 7/)
ISN 0030 . RETURN e T
ISN 0031“f' w". BND P ;Ji ::,;,‘ FfE;»f*Q?ﬁg;);iiJ’;
Iﬁ*opr:ous IN zrrzcm* xauxaﬂ aAIN.OPT=01 anxcnmsse, ,,»:~¢*‘~; S

- #OFTICHS TH rrrrcm: 5 ;, SouRCE, BBCDIC,NOLIST,DBCK.NOLO!D,nOulp
;fvsramxsrlcs* sonncs STATBHENTS = ';'_ 30 ,pnocanu s:zx "‘i‘ 12az;*

f tté*** "END or COHPILRTIOﬂ #***qi

Lo

COBPILBE smarx;;xcs. B BLAPSBD TIBE



173

<

e I o . .

. The Matrix R(4) or 5(4) Gemerated by Computer

. 7=1.0000.-0,7071-0. 7071 =1.0000 0
.~ 140000~ 0,7071=0, 7071 ~1.0000 0
*=1,0000 ~0,7071 .0.7071 =1.0000 0

©.1.0000 ~0.7071 .0, 7071 =1.0000 0.

“R= 0.7071=0.7071
T 20.7071-0.7071
- =0,7071°0.7¢71
70,7071 0.7071

0
0

-Y-X-1-D
e e g B
Sooo

v



T— 0. 9991
- -0.0980
0.9065

i$ef;0f3°06f

= 0.9967

Tfo.2617

- 0.8891.

o -0.6215

i ;T3‘0;9873'

:.—0(6215

. 0.8501:.0,
S =0.8816-

/. 7= 0.9616

- =0,9002

._'.>'0078161
©=0.5992.

“.T=_009967

"~ 0.0579 0,99
10,5923
0:8737

f'f,_o 3057

864,

wlfw= 0. 9928‘
1-0 3006
0.7816

f,f f9-7§73

.fﬂl ‘17A 

R

E The 16 Matrlces T(4) Generated by Computer F

0 0&17

1049952
044222

013538

0. 0809

0.9651

0.4577
0.7834

0.1590 ..
0{783“f
. 5266
0%“720'“

10,2743
“0.6208-0.7839

0.4354

0.6238
0.0388

0..0809

bg9983

051300,
'0.9538

0 6013

0 9965 0 0833

=0,9808 0, 1951

0.6435 0.7655

=0.8193-0.5733"

0.9869 0.1613"
~0.8630-0.5052
0.5810.0,8139
=0.2274-0,9738 .

09694,

0.‘218 0 9751

0.9970-0.0776

10,9869 0, 16133
-0,9933 0.1156
10,2984 0,9548
-o;sg57+o;asopf

009712 biééész
-0.8193-0.5733 "
0,6238 - 0,2218:0.9751

0. 17?5-0.98“1

1315§]f
~0.2274-0,9738'
0.4453 0,8954,

~0,0929
sus-o,eszzv

0. 8495 0:5276 ,
=0.2176"
=0.4349
=+o;3932,

0 9922 0 12“7
"0.2903 009569
10,2602 09656

0.7931-0;6091

. _ . .

0. 9706 o.

041440

0. 9ou230‘uz11

o'es#@f
049042 04271

-0 0961'0.9954

016721(

0. 9706”

0 9989-0.0“6

0.9356 0.3532_1

6091

+0.4349 0,9005: <0,
0. u9n9~o 690 -

0 7931-0f

uosf
0.7135=0,7007 -
0.9896 =0,32u9

;'0 8966}

dfnéo9'

0.9957
Eﬂo.

o.7uoq
0..9760
0.9005
;0.11624

’o 2406}
=041729-0..9849
=043249 0,9457 .+0,8219 0,5696" -

7204045108955

)w--T

o 9351 0. 16591f§.“
0.9239-0,3826 -
=0.1718 0.9851

»o 3925.0 93955~**‘“.

0. 9uaouo.31eap,..j-;,
0.4895.0,8720 -
0.9458.
Ouua29

8029 05961
‘°c8966:0 Nﬂ29a-';‘¢_;
=0.6033 047975 °

0-0 9229e:ijeﬂ;f

0.3z 0. essaf‘”““"(

<0.2291-0.§736 .

ogurs tas
0.9880-0, 1547 . -

0.9480 0.3183
049733+0.229

8860 0. 4629 °

Ouanzs 0.9395;j;5114;,



.gsf;: 7 <_.:J:"

. T=°0,9803 0.1577

_ " =0.1474=0,9891 .
10,7296 0.6838 -

-:-0.9593 o 2823

~=0.6529 .0, 7574,

‘-_m- 0.9501 0. 3121
©7 =0.91730,3981

0.6430. 0,7659

’~.ff -0, 9859-0 1673

; (¢;:0;937330;1590

f"-0'0226 10,6957
0.6430 0.7659

vg¢. 0. 6832 0.7302

fr- 0. 9803 0. 19??%

. =0.3768 0.5263
0.6120 0, 7909

-0.9002 0. u354_

L=, 9616 0.2743
© . =0,71240,7017
. 0.5470 0.8371
o *0.9992 0. 0388

f;~ms“o;9225‘o;3860-
. =0.9469.0,3215

L 0.4831 058965,

e 0.9616 0. 27935

,;\T§:0;95QJUO;3121U
© =0, 4864 0.,8737-
7 7704.3700.0.9290
- ;'-o 9868,0.1619

"tfo¢91u2=o;ap53j

0.8218 0. 3877

0.0647.0.9979
0.8406-0. 5916
Lo X -

. «m‘ .

0 8052 0 5929-

0. 6830!0 7304

=0.1731 0.9849
0. 9640 0, 3293

9849

o 9213 0, 3377:
=0.7161= o.é§ao:
=0%2509. 0.9680
o 620829 78391

0. aass 0. 5276»
Q,0152-0.6959
-0,40150,9159-
o. 9970-0.0776.

10,9494 o 3139]
=0,9990-0, 0452
'=0.,1731: 0,

2 =0 oesa-o. 97e¢

175

TR .
s,

04 &269@0 5623
0,8454 70,5341
=0,6352,0..7723
-0 6536

0{5800
=0.3358
-0.8656

| o,.-’ai.z;;s‘
04919 .
0.5007

-O 8755-0 4832'

0.0677-0,5977

=0,8656 0, 5007..
(07739 0.6333‘

‘\'.V

<0,9191
-oﬂz17s

0 6721
10,6908
-0.9863
'-0c9932

047230

0.7019 0. v1223if;ffff3]a
0,7933-0.6088 =0,

=0,6074 0, 7944 -
0.6714 .0, 7411,3;4¢

[T v_ ) '?

. =0¢1431.0.9897.

... 0.406910.9135 -
y.,.-o.8615 0.50773

'=0+.7262°0, 68

0.8052 0.592933”

0, aues o 5276f
=0,9590=0,2833 -

0.6721 o’vno

-0.5267=0, 8500*,jff7aff

0. 9a76-o,

0 8874 0 “609'

0. 8269 0 5623
0.9164=0.4003. '.;vA,,;f;
043940 =0,874

0 9760

o.?dbu

04 699n 0 71R7i’u '

=0.9565 042916 -
=0.9916 0.1291 -
05413“%0;91063y, e

0. 2968 0. 95u9fffjg‘.‘

=0.0670-0,5978 "

-0.9401=0.3410 =~

0.7828. o.ezza<;sr _f]

P

o.1sn9,.,‘-;

: 0.0175—0.508 ﬂf ; ﬂ
~0.6689°0,7433 0. , 3086 -
0 “%}5-0.87482

O 8029 0.59611“ 3
049959 0.,0902
~0.9401-0.3810 / * ) .
f01991310?132“7:5""'




’-_T- 0.9225 0. 3860.

-0.7929 0.6094

- 0,2945 0,9557
i -0.9687 o.zuau

f.m= 0.8703 0. u9257"

. =0.5793.0.2024

“0¢1776 0.9841

;”'- -o 7587-0.6514

0 7019 0 7122

0,2573+0.9663
-0.8266 0.5628
0. 8766 0 4813

: 148 0. 8573
0.9181-0.3965
-0 .9366 0,3495
O 1513 0 9885

o 3726 o 9280}
0.3848 0.9230
<0.7813<0.6242"
-0.7295-0 6839,

o 0258 0. 99971
-0,8188 0,5741" .
-0, 5104=0, 8600 -

0 5231-0 auan

_,, R

10,0146 0. 9999:;,
“0.8676-0.4973 "
0.3665-0.9304

045368 .0. ausv;‘i;“’»”

-o 0699 0. éezv;-

0,6856-0.7279.
0,7557=0,6550 . .«
1-0 9542 0,2991 ..



The 64 Values of F “Generated by Computer :?;f[,753"

emer( )=

o BIER( 1= -

] o Q{EIGF( “)-5f}f

‘f:azsr( 5)- '

| 55 316?( 6)="

1iEIcy( g),ffﬁ,f
'ejf1 077921§jﬁfﬂ
o f}2.5166521jfj§
| _je7f{faxsr(12)-7¢igfﬁo.2393295f;
nq'firflazer(13)=f;fjﬂfo 3399563§f1*>f5

171 267131&

CUBIGE(INE

7{ftﬁBIGF( 7)=-f3;
. e)-fﬂf?f

'T~j}]excr(1o)=5§;;

U BIGR(Mhys

=6, 2256298
. 5613050,,;g~

PARRD "

‘géicf(i§5=ffgjj-2 21ssazoffex

1.7786561 -

o 9osuu32§1
2.1614275
oz
sy

mtere)s 0039820

,;t*ffﬂn:sr(17)—{;;;iet;afn,
o srerae= e

'“?,1nxer119)=Vfﬁ?ifvbrvva:w

"ffffﬁzer(z1)=?aiﬁ

"fw v.

.:,’

n 652a271;i§j£e;;, ie:‘::;T
'-5 7637615i{;51fff*,~°*j’“'"
?-3 737337‘7Lf?ﬂ o |

01844349

fff-1 szodéozx.fff?f1715 f J5 e
1,7-1 3039981?ﬁ;jﬂ;ffiq“kﬁvi{* »?
Ny, 34558307"%a‘*x:"'ﬁ
.0 5006903?_5,
;ﬁjrz,sgga;zZﬁ '
20.3698998




- stere2)s
< Cawraga:
'ffifexcr(zu)—fif
f ff51GF(25)- '
"”aBIGF(26)=;;{ f
'-finxsr(27)-!ff
5f] BIGF(28)=Hﬁ |
lfirnzcr(29)-<i 
~ 172165(30)-};7f
D oBer(ane -
;” 5§;sr‘3z)ffj,>
 BreR(an=
*i&a:sr(su)=£ w<
'1iffzcr(35)=§;;jf-s 51657o1ﬁfgj
| if-ﬁ 09c29727;;
25111656

| BeE(36)e
ﬁ,rrlsr(37)={¥;

BIePGB)Y | ~1.at6670H

fﬁaxcr(39)

}ffx;ﬁ{{£§@34§sifi
'1”5*5353582f{<f
‘20007019
-2 5111609f?
1. uszovodﬁj  e
i '-o 2n90253f.'f]F :',f, 
;3i10 6993713;}ffif{ﬂfii"‘f*
0.5681009

o uszosasi*;;
10 62258919}_
-3 0517388

=12, 59212uafff§
- -0, 33763ufjff;

'_‘..3}

s

’ff,alcf(QZ’"i°'”
‘]]faxcr(u3)=f>
_f[fnier(au)af'”

'f[nzcr(u5)=;
. BIGE (46)=
'Taezcz(a71=§

;f¥3153159l?f;a11;i@fiﬂ;fﬁ

5. 8762512 ?

57505895fﬂ
9, 1aoza93f;;é

*-3 73733afff;;”

Co17e

2, 5768169jaf;f:f;f*"'
0, eos7aussz Lo

f‘-2 1733590ff:3,5ﬁff:

5 5165777

“‘-s 77053171ffV*i73*‘f5"'

1 236ueasi¥;f;y S |

f 1u vsaasozﬁz
5 512798327”
-12 69”1;63;




t;.FBIGF(HQ)‘F“:l
$ :BIGF(50)-g5 
‘a:{‘azcr(51)—:"
&3;5BIGP(52)- '4
e BIGF(53) = ._ ;
e
Tfi;fiéf(55f%5’*5’
ormereeye
'ﬂffnxsr(sv)=:f§;
© BIGR(58)=
.;;,BIGP(SQ)-£ t
x}L;BIGP(éo)*__ ;,_0‘07u2826 ;%;
; Mb{_EIGP(G'l) _
|  Ei¢I{ﬁ?)e;;'

o 8399525  :
a4, o7;2971i:f;?
~1 1ua9039;5
-1, 5398525fjf° e
L szzgqso;,:»1_1‘83572107;;,;_;ga;1
£1,0397530

»{;2&4583943jf{
| 50.21%9306
-2, 054336815?

6. 091zsuz; jf,
v. _0. 32 84 1 35
f-n 7900763

serens ,31808_.‘

'f@ﬂyﬁfj

[{T-s 179u376fff""w
 f-o 2827371ﬁ* 

ff-o 8253107f iﬁa>_  i 
. 1 uogasaak;}é;g; f3~ 3

179

037700

57-0“70997321flf §§¥:;§;t
:-o¢s1492233ﬁ;; g
ComuT2n

5‘0 319“571:?ﬂfff ff_“f”i7
-o 5a98953;g;5u ¢!;_$~ |

o 7790203;j'1

8passoa§




“ﬁf'bh deree‘Prograﬁito"Solve Pff=’F'w-"3

 ﬂ jI80t;

ThlS program is to be complled under *FORTG and the L‘rf?jf;

“1ob]ect program w1ll be stored ‘in. Flle COMPUT for later use.e .‘ff%:

..,Isu;
o ISN
-ISN ,
0005 .
0006 - rc*f

ISN

TSN

" ISN:

L ISN
' ISN
1SN

f ISNﬁ
: iISN:
lb-ISN.

ISN
ISN .
:LIIS ;
" ISN
Co ISN
< ~ISN.
LISN- ol
10025 e

‘?fxsn

"IN 00
10027

© - ISN

.j}isur
. ISN.
CUISN
v ISN
. ISN:

—ISN

ISK:
© ISN;

ISN

CUISN

s
.; . ﬁ'

50002<"
0003

.C‘

0007:j o

0008 . .-

0019';*#f_
0010~

0011 o
0012 -
0013‘.{

0014 .

4Odf6;?

- 158 0015

0017,;xff

{ 0018

&9

0019 .

0020 - - "
-0021*{N.g
0022 . -
0023

310f

0024

Ohiﬁrfﬂ”

0033;,.;?7)7

00347 .
0 35ﬁ-§xf~'
0036 . 7

0037 .
0038;f

"iﬁh.NZ) K1=1, NXY)

- DO-320-J%1, N2

¢
,.:320
L‘.;gfyﬁc .
0028
0029 -,
0030 -
0031
0032 5

********* HAIN PROGRLH *******# A
coupmnx R (4, 4),T(16,4,4),0(16, u) V(u a)
. ‘COMPLEX 'CMPLX,F (16)., - BIGP(su) ‘

COHPLEX M (4, u),Q(u) suALLr(su) L
couuou ux NY, NZ,THOPI AT N R
nz=u TR
Nz-Q' S

ux! NI*NY L
nx!z~nxt*uz S 71»} ~\i;<r_*:~aaa;.avrfy~‘g
‘TWOPI =.6. 2831853 g " ““r“o; -;,

i READ (7, 50) ((R(J1 J) J-1 NI) J1 1 NX)

" FORMAT - (4 (F15.7, P15, )y '~ﬂ4,.
READ (7 50l (((T(K1 K2, x3) x3 1,N2),K2—1. Hk,ag

READ (7, 50) (BIGF(T) I=1,xrm) L
SOLUTION ‘oF Pr=BIGr ron r. uszuc rasr ALGORH.

nr —o

DO 330 1 1 uxv ' '“'*
CALL Tnansr(axsr nr r Nu)

D0 310 J=1,N2 ‘ L
D0 310 K=1,¥8z2"
-V {(J,K). = T(I J, x)
CONTINUE . e _
~CALL INVV . (v, ZoM). e
“CALL” HlTHIT;ﬂ,P,Q;J.t:'ﬂ'"i‘

TRLNSPOSING ﬂ'

conrludé
sonvxuc‘szsixn chuun BY QLUHN

CNP=0
D0, 350121
.DO"340::3=1,¥
F(J) = 0,I)
" CAIL LANSCL(F,

conrxugx




 *opT1ous IN EFFECT* n NAHE— uAIN OPT-01,LINECNT 59,1, ”.f' \
| *OPTTONS N EFFECT*.' _f souxca EBCDIC,NOLIST DECK NOLoiD NOHAP .
;«*STATISTICS* o souacz STLTEHENTS ;7_ 37 ,PROGRAH SIZE 5122f1
's*STATISTTcs* NO DTAGNOSTICS GENERATED : San R

"l'i"‘***** ZEND OF COHPILLTICN ******

COHPILER STATISTICS.;.fELKPSEnlgiuzfj §7;f§;é56f§ﬁC}f}jvﬁi: ‘*-



oo o : 182 '.
"t ums FORTRAN H (os REL 21 7 (crzou)

e COHPILER OPTIONS --NAHB—‘ HAIN 0PT-01 LINECNT 59, RN
B . : souncz EBCDIC NOLIST nncx NOLOAD uouap

B ~ -

R R o _ R ,,,_ » ¢f_
o Isn-oooz;',;N,u;‘;;SUBROUTINB TBANSF(BIGF,NF r 315 SRR
.y ... €o N 'BROUTINE TO TRANSFER THE ELEHBN!S OF BIGF,A_
-7 €. FROM . (NF+1)TH TO (NF+NZ)TH, TO TBE F(NZ).“‘
© “ISN-0003 . COMPLEX: r(16),nrcr(ﬁu) S
- ISN0004 . - DO 10I= 1,
o ISN 0005 = . - NP = NP+l B
w7 ISN-0006 .. 10 - P(I) = BIGF(NF)
© . ISN 0007 - f’;BETURN 1.--3 e ;,=-w T e
-*.ISN 0008}._:y;:»iy~BN9 ;gff!uf;ff:gf”;;Vg;ﬁ,;fffﬁgfv*'—’='f

'{ *opm1oNs IN EFFECT*}  NAHE“ “MAIN, OPT-01,LINECNT 59.

”{*oprxons IN zrrscm*g sodncn EBCDIC"NOLIST nch uonoao HOHAP

.,_r.

%?*STATISTICS* B souncn $mamsnznrs 3-; 7 ,pnocxau sxzz 3?356}v

g *sIATIsT1cs* No @DIAGNOSTICS Grunaamzn _;;;{]v,“f
?jt***** znn OF. COHPILATION ******

COHPILER STATISTICS. ELA?SED TIHE




e

R T S o
«=;‘uTs roBmBAN'a (0S REL 21.7) - (cwzou) .
e COHPILER OPTIONS»- NAMES MAIN,OPTZ01, LINECNT—59 ROy
B L, -SOURCE, nacnzc NOLIST  DECK; NOLOAD,NonAp,

ISN 0002 *ﬁ.SUBROQTINE INVE(E N, Q) e S
»J-gg@>' T i A ROUTINE TO INVERT A- SPECIAL nATRIx 3.-;..;._;_
<. . .. ' . HERE Q IS EQUAL TO.E ROTATED CLOCKHISE.- e
IS 10003 - .COMPLEX E(N, N),Q(N N) e s
N 0004 . . p0.50\I3= 1,N N
ISN;00057j; S D0 .50 I= 1, N LRI *;_,_;_'_ ST
- ~ISN-0006 .. 50" " Q(J,J3)=E{N -a3+1,a)/n U
'Isng0007;¢¢,<v:;w;aagwunu e R T
ISNiOOOBgSHT?_ﬂ:7g END

an

L s
i

: "'*OPTIGNS IN Euzcrm‘j_-- NAHE—- '} HAIN 0?T-01,LINECNT=59-

Qf}*oprlous IN EF?ECT*: SOURCE EBCDIC,NOLIST DBCK,NOLOAD,HOHAP

gl ;ISTICS* f souacz smamnnnu&s —Efﬁq;  7 ,PROGRAN SIzz ,?fﬁééi
4 ;*STATISTICS* no DIAGNOSTICS Grnxnxgsn “”i_j;Jj;:*””""?’ SElE
‘;f****** END or COHPILATION ~¢**** ';" :
. COHPILER smaw:smxcs«' ELAPSED TIME |
y T - ;2%5 :¥££m,,

SRUAN




. HTS FORTRAN B (os FEL 21 7) - (cméﬁﬁwf

COHPILER OPTIONS - NAHE" MAIN, OPm=O1 LINECNT=59, »
: N SOURCE EBCDTC NOL¢ST DECK NOLOAD NOHAP‘

-~ ISN 0002 T susnoumznn MATHLT(A B,C N, N,L) B
- [ -C . THE SUBROUTINE WILL COMPUTE. HATRIX C(g,L) as L
e pnonucm OF A(M,N)- AND B(N,L). _ o
©_ISN 0003 . - . . . COMFLEX - A(M, u) B(N 1), C(H L)
- " ISN 0004 ... COMPLEX CEPLX
"ISN0005° .- DO.10 I=1,M’ .,,. ujf'gﬁL .'._g
- ISN 0006 . . -. . p0o-10 J=1,L IR ﬁaf;~'
~0 ISN-0007 . -aC(I,J)-cupLx(o.,o )
. ISN 0008 .. ' . DO-10 K=1,N :
0 ISN.0009 - 10 - CYT, J)-C(I J)+A(I K)*B(K,J)
. . ISN 0010 f--ﬂRETURN
: U_ ISN oo11.;~“ ) :jafxun

ﬁr?*Oszcns 1N EIFECT* zﬁ, NAHE" uazu,orr=o1,L1nzcuT=59,

gitopmrons N EFFECT* “} SOURCE.EBCDIC.NOIISI nncx NOLOLD nouxp

‘ ~*§IATISTICS* souncz STATEHENTS j_j 1o ,pnosnau s:zz = cvf”shajﬂ

'  *STATISTICS* NO DIAGHOSTICS GENERATED

- * ‘_.

4“#***** END cr COHPIIATION #*#*** o SFQT”tg{%ffﬂqéf?”qu;fwfil?iz,
COHPILER STATISTICS. ELAPSED TINE 653 8ECi L

R



HTS PORTRAN H (os FEL 21.7) (cmzoﬂy

:x""

185

o COHPILER 0PTIONS = NAHE- HAIN OP.L 01 LINECNT'59
SOURCE EBCDIC NOLIST DECK NOLSAD NOHAP

AN
LA

ISN 0002 . ,-sunnoumxnr %Rdur(c M.

ca,

S

&=

C - THE SUBROUTINE WILL ourpﬁm THE MATRIX ¢ e

IsN 0003 .. COMPLEX' . "C/(H, L)
“ISN 0004 - Do A I=1,4
~ ISN 0005 - ;1 - WRITE (6,2)

- ISN 0006 ~ 2+ FORMAT . (=) ,:‘_ﬁ{j ffr;:hAn.é~f=<*>

ISN 0007 . - po. 10 I=1,M P,
‘ISN 0008 . 10 . PRINT 20, I,“:(I,J) =141y
ISN 0009 -~ 20° ° PORMAT (10X, ¢
ISN 0010 . ,“;'BETURN°~“:’

r(',xz,-)=' r15 7 r15 7;7

L jISN'j0011. 'BND : oy '_ ‘_a

'1'*oprIch IN. zrrncm* tf; NAHE-. HAIN OPT—O!,LINECNT-SQ,

i

0 -

T

B o ‘, . e

‘if*OPIIONS N, EFFECT* ;5] souac3 EBCDIC,NOLIST DECK,NOLOKD NOHAP

--'-':*STATISTICS*. SOURCE smsuznrs 10 ,PROGEAN. s:zz 'Zau
(e FTCEE e

?@;*STATISTICS* NO DIAGNOSTICS GEnERkTBD y;T;’-‘*
ﬁft***** END or COHPILAWICN *#****:‘

COHPILEB STAIISTICS. EIAPSBD TIuE ;¥¥

| e7ssTsEe.




_ T o " . ' . ’ . )
? o ! R
"MIS. FORTRAN H (S REL 21.7)  (cT204) .. - P
' COHPILER OPTIONS - NAME= MAINNOPT= 01, LINECNT=59,
_ SOURCE, EBCDIC, NOLIST DECK, NCLOAD NOHAP

M
c : _
- ISN 0002 = - _,“SUBROU&INE 'LAMSOL (Y, N y R X,N)
_ + . C . A ROUTINE TO COMPUTE (RH13(U)(SH1@)
- IEN 0003 ., COMMON NX,NY,NZ,TWOPI
* ISN 0004 ' COMPLEX R{(4, u)lo(u 4),SM1T (4,4)
ISN 0005 - COMPLEX Y (NXY),M (4,4),F (4, A) U4, u),x(am
. ISN 0006 . 'CALL INVE(R,NX,Q) .
- ISN 0007 ..~ CALL ARANGE(Y,NXY,U,NX, NY)
ISN~0008 ) ' CALL INTRAN (R,NX, SM1I) o L
IsN.0009 - CALL (HATHLT (U, su1 ¥, NX,NY,NY) IR
ISN 0010 - ) CALL'MATMIT(Q,N, 7, NX NX, NY) . .
ISN 0011 : DO 10 J=1,NY - . T
ISN 0012 : 'DO 10 I=1,Nx | s
ISN 0013 o WsNer L e
CISN 0014 10 X (N) F(I J) ] S '
ISN 0015 . "RETURN - . | : SN
1SN oons - END . |
(*OPIIONS IN EFFECT* NAME= uAiN opPT= 01,L1NECNT 59,
*OPTIONS IN EFFECT*r'V souacx EBCDIC,NOLIST DECK,NOLOAD NOHAP
'-_*STATISTICS* , SOURCE ST%TEHENTS #. f; 15 ,pnpcaau s:zz = u1252

o b
'*STATISTICS* NO DIAGNOSTICS GENERATED

~ ****** END. or COlPIlATICN ******

| COMPILER STATISTICSY ELAPSED TIHE " .. .806 SEC. .
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o

MTS FORTRAN 'H (0S REL 21, 7) (cizou)

s ' COHPILER OPTIONS - NAME= HAIN'}OPT 01, LINECNT 59,
B —_— - SOURCE E?CDIC NOLIST DECK NCI.OAD NOHAP

/

ISN 0002 ~° SUBROUTINE ARANGE(X N, XPRIHE  NBYJ, J) .
: s C -~ A ROUTINE TO' REARRANGE A (N, 1) MATRIX TO
L C.> FORM A(N/J,J) MATRIX. _ -
ISN 0003 ' ~COMPLEX X(N) . ,XPRIME (NBYJ,J) .
. ISN 0004 oL I=0. - e
- ISN, 0005 ~ ¥0 10 NN=1,0. . - . .
ISN 00Q6 ;/ DO 10 Mi=1, NBYJ K @ N
ISN OO%{E{ Lo I=I49, e - A
"ISN 0008 10 . XPRIME (MM, NN)*I(I) IR S
ISN 0009 - RETURN ' : R SN
ISN 0010 ,'- .‘- .END : T S o
.*OPTICNS IN EEFECT*' -.;-NAME=, uAIN'opT=01;LINEcnf=59,'v-
*OPTIONS IN EFFECT* souacz EBCDIC,NOLIST DECK , NOLOAD, NouAp
‘”*STATISTICS* B souaca STATEHENTS } _9 ‘PROG AH szzx = (>3a1o,;;

A ¥ W
_*smAmIsf&cs* ‘NO DIAGVOSTICS GINERATED 5

****** END OF COHPIIATICN *****% ;

. v
COHPILER STAIISTICS‘ ELAPSED TIHB:a‘ﬂ-fg_j;SMB'SBCQ



MTS FORTRAN H (0S REL<21.7) - (cT 2ou) |
» - ' -
' | COMPILER OPTTONS - NAME= Hg,opr 01, LINECNT=59,
. | SOURCE, EBCDIC N?LIST DECK, NCLOAD NOMAP
. 1
- . |
. G
ISN 0Q02- " SUBROUTINE INTRAN(E;N,Q) -, .
., . C . . INVERT AND TRANSPOSE MATRIX E, OR TURN E up
| 3. C 'SIDE DOWN o
ISN 0003 - COMPLEX .E (N,N), o, N) |
ISN 0004 DO 50.33=1,N L
ISN 0005 DO 50 J=1,N - DT
ISN 0006 50 Q(J,d3) —.E(N+1 -J J3)/N . |
ISN 0007 © °  RETURN . - LT
ISN. 0008 . " END " - .‘ 3 o
_ *OPTIONS IN EFFECT* ~ . Namg= UAIN,OPT-01 LINECNT 59, SR g
' '. " ~4 N _. . .e ) “ ‘ . .
.  *OFTICNS Iq?EfEECT*, " sOURCE, EBCDIC NOLIST DECK,NOLOAD NOHAP o
: *STATISTICS*'.. souncz STATEHENTS 4-- A 7»,PROGRAH SIZE #- - 562 B
*STATISTTCS* ‘uo DIAGNCSTICS GENERATED . - : 7;
1.****** END CF COHPILA#ION [y = ) '-] P R
. COMPILER STATISTICS: ELAPSED TINE . 770 SEC.

T W



1 ‘ . : ‘
TS FORTRAN H (0S REL 21.7{§ o (crzou)

ISN

ISN

“ISN
- ISN

ISN

"ISN
ISN
ISN
ISN

I8N
ISN
ISN

ISN
. ISN

SIS
ISN

.. "ISN
ISN
ISN

8 ISy

U ISN
ISN
ISN

ISN
- ISN

.. ISN
 ISN

© U ISN
ISN

. ISN
- ISN
ISN
'ISN

© ¥sy

- - ISN
. ISN

ISN

- -1ISN
" ISN

ISN

- ISN

ISN’

T B 189

.

COHPILER OP;IONS = NAME=" MAIN OPT 01 LINECNT 5q

0002
0003"

0004
0005
0006
0007

0008 -
0009 -
0010 .
0011

0012

0013
0014
0015

0016

0017
0018
0019
10020
0021

0022

0023 -
0024

0025
0026
0027

0028
0029
0030 "
0031
0032 . -
0033 .4 i
0034 - -
10035
10036

0037
0038 °
0039

,ooaqﬁ'
0041
0042

0043

ooau -

SOURCE,EBCDIC NOL151 DLCK NOLOAD NOMAP

SUBROUTINE INVV(AA N, AINV) :

A ROUTINE ' TO INVERT VANDERHONDE MATRIX
COMPLEX A, AINV,AR,W © -

COMPLEX CMPLX o

.DIMENSION AA(N N) AINV(N N) A(20 uo; ID(261
" NN=N¢1.

N2=2*%N - . S N SR
'DO100 I=1,N e ' SN

. ID(I)=I

DO 100 J=1,N . .

100 A (1,4d) <A (T,d) .
D0 200 I=1,N

SRR

© 200,

300

-—h

Do 200 3= hN N2 - S DR
'A(I Jy=0, - LT R ].-“:.f

DO 300 I=1,N B RIS
A(I,N+I)= 1.._ R R RN 2
K=1 -J, : Aw'_ T
CONTINUE ‘ SR
II(CABS(A(K K))) 3, 999 3 R
KR=K+1. . . I A

‘DO 4. J-KK N2 ' *t R

| A(K,J) A(K J)/A(K K)

DO 4 I=1,N

o IE(R-T) 41,4,41.

=A (I,K)*A(K,J) -»"tf;ﬁl,f"‘

© A(I,3)=A(I,d)=¥

10
11

12 -

999

© . IF (CABS(A(L, J))-.OOO1*CABS(H)) 42,4, u
.82

A(T,J)s CMPLX(O.,O ) R .;.{J;-_s*
- CONTINUE - | e e
K=KK .
IF (R-N)1,2,5 LR T L e
DO 12 °I=1,N {:rv;a« LT e N T
‘DO 11 J=1,8 - "*.-.:-=T';Ai_ e r R

.ff7fxr(1n(a) 1)11 8, 11 TN A EED T R S
-8 T

D0 10 Ko N - " T
CAINV(I, K)=A(J N*K) T P R e e
CONTINUE . . o 0 oo o o Vel ok
'CONTINUE f':f».;s. e L T
GONTINDE .. .. =00 . i el
RETURN ‘“f.'
PRINT 1000 °

1000 FORMAT(1QH MAIRIX IS SINGULAR)

(RETURN s S e fi ;G#na; L



Ty

; l o ' ) . - ‘
_*OPTICNS IN EFPECT* L NAHE= uAINioPT=01,LINECNT=59, R T

N

-*opmxons N EFFECT* o souacs EBCLIC, NOLIST DECK NOLOAJ,NOHAP
#smamlsrxcs*_- . SOURCE STATEMENTS = 43! PROG an SIZE é* 78uu

'*STATISTICS* No DIAGNOSTICS GENERATED N

-;*t**** END CF COHPIIATICN ****** )

.COM?ILER STATTSTICS' : ELAPSED TIHE o 2,500 SECs

tedt
L

. #STATISTICS* . NO DIAGNCSTICS THIS STEP
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J"v : ;c. The Executlon Program | .
. ) ’ »:sv

-

ThlS program reads in: the data from flle Data and.
' solvestjm equatlons u51ng the fast algorlthm 1n (9 5, 5)

The whole program has only two control cards'“
$RUN COMPUT 74qA?A ' S ~"1ﬂ ST
$ENDFILE Co '

;
.'?

o Oﬁtput of the program is 1 sted 1n next page. :_héiu'};
R result shows that the total«eiéiitlon time\in solv1ng a T
llnean'system'of 84 complex equatlons (128 unkngwns)/hasiéaf
been reduced to 2 18 seconds.}r@;fir,fh" L S

ipe maxlmum relatlve error occurs 1n the 1maginaryf:?;;;f
value of f 62 where :f““:f]@i;“: 3t el S e e

. . (»A RS

| 1. ooooooo - o. 9999945
Mar‘hel_Error—, = l,QQOOOQO ~ —O 00054%
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',“f(-7)§'
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‘f(10)
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S oralyE
| "j- f(15{=f§<
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”"'-o 0000026 ?:
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| -0, 0000007 (f
-0, oooooouf f.f

B . / SR .j:t
0. oooooo7;-- -0, oooeozs;{__;q
| '1-0 ooooo15}”
T e
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o rans
T orens .
Corens
”"F(23)='f%
 huye
CE@S)= L

o 0.0000053  ‘5

-0.0000068 |

‘”~_i£(33y§;‘ff

r@us

Lorens :
o r (33) = e -\0‘ 000003’
’ “kfr(39)

B (R
oran=

",jff(BG)%;,ﬁj

-  ?}?(#1)- :  [

'*o.b000029
0,0000066"

0.0000017
. ey .

=0.0000047

‘-“—6.ogbbpgo7

." ‘ 0s oooooas‘

ooy Ui
: -o.ooooo13;!ff,ff]f "f ? §jf5;
0. oooooa9f§$;ﬂ“f¥ffﬁz*r??F~
o ooooozsflr' e
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-0, oqoooaefﬁﬂ,
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)

RV O
T |

-

USER?

N . 5'

S ,>‘_****
O
’ Cokkkk

7T akkk

LRk,

BN T
‘ _\_‘f‘;***

sokokok
ok
U Aok

kkok

UNIVERSITY OP.ALBERTA‘COMPUTING'SERVICES'j

ON AT 13 19 08

OFF AT 13:19. 22 :
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522

.~ 195

. | § N
(SYSTEM AR205)

Coe

| sAr uxi503/75 "'faqu
‘ SAT HAY 03/75 o

U233 MIN

2.18 SEC. S z-ﬁ
+516 PAGE=MIN,
0052 PAGE-HRyuvaﬁT
Her e

18
48 M
o Ll
. $1.60°



~

i .

” where u (Xﬁ) is the optlcal f1e1d scattered by a weakly

formed 1n51de each blocklet and then be summed up block-" f;

APPENDIK IV 4 -

DIGITIZATION OF A,s'CA'Dqg;ING' FORMULA

..Q ‘

f The theoretlcal derlvatlon 1n Chapter VII arrrved'\ -

at the formula (7 1 7)' Whlch i :_‘;fr P’;' |

" c"‘f’."ﬂ.= | f;??s"/"‘-"/x‘) £ sxy @_zo'_j(xj» dv <A4._1)-_ S

‘,m scatterrng object of mlcroscoplc 5129'5':
f (X) 1s the scatterlng potentlal of the object '

u (X) 1s an 1nc1dent fleld ' e@ef_jfifﬂg f"

o G(X'/X) is a. Green s functlon chosen to be
»";gjﬂfjn'-exp(lk |X'—X|»%n[X'-X|

5 '.-./.1 R TR
_O, . / = . L .o

Integratlon OVer the volume V w1ll flrst be per-.“f-7‘:

/

let/ bfy blocklet

ny /(x-) Z }. G(Xl/X) f (x> u (X) dV :?, = (Aéﬁé)_f

S/

.'/ ’

'vand (7 1 10),

(X') 2~[T? exp(-1K X) u (X) f (X) dv.,gb;;t
Ly - s

?L_, . 4n|x'|""‘ VAV e

(A4 3)

Let the vector X be resolved 1nto two components f,g[gj;

Puttlng in- the ffr—fleld approxlmatlon glven 1n (7 1 8),

]
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B
X=X, beX . o (A434)]
x w1ll be a vector p01nt1ng to the center of the vthf {f( .

- 2. \ R |
‘ -blocklet, as deflned in (7.2.1). GX w111\§e a vector B -

'from the center of" the vth blbcklet pointing to any "

p01nt X withln the vth blocklet

_exp(lkol.xl ,) X o | e - o = e
u (X') = ———— "f - exp[-iK- (X. +8X)] -

U K reX) £S(X, +8X) dVA - .‘-;(A'4;-A,S._), SRR

| The 1n$1dent fleld u (X +6X) w1ll be spllt up 1€f5fefw5‘“

into two  parts. Co
- L '"f u (X +5X) S A . :'“;;g.?f S
'fPhy51ca1 meanlqg of (A4 6) can be seen 1f, for 1nstance,‘f;fn:f
”’u (X) is a plane wave propagated along the directlon of

' Z-axls. In thlS case,

u (x +6X) exp{lk (z +dz)] .}fff7ffi:(Aé;g)jg%fi'

-~.'),.

L <6> / ("..v), xpw >w> e

fu (x +GX) may be COhSldered as separable anto two waves-“}of;afﬂﬂ

"u (x 7 acts l;ke a carrler wave, whlch 1s actually the

'incldent wave u (X) measured at the center of the vth

‘blbcklet o u (GX) 1s a modulator wave, Wthh look@yafter

»



\

' ]

X is constant for- the 1ntegral over V v?

-

. ’ o | 'A'a L ’ . . ’. .. ' - : ,{’ B
the'gha€g/gifference within the vth blocklet ;t ghpws'.

,5fs‘over the vth blocklet"'
, b

: space of a- blocklet - We can then ass

_ Then the left band 51de of (A4 11) becpmes f (X )._ The

j 1ntegral 1n (A4 lO)r» Let,us call the denomlnator of

,o':.(x)’ E f '. ""“‘éxp_‘(-:ix,-, 6X) ﬁg,i(lﬁ'i{)f‘lf-dff-’ v T ‘(1',\'4"-113)'

o

the Z dlrectlon, L,,‘ﬁffifllﬁftnf*;.J . “ﬁ*z/¥y€f19¥%:

) that in- this ‘case u, (GX) 1s 1ndependent of Vi

' : g

". From (A4 5), and wrltlng f (X +6X) as- f (GX) 51nce'-f'

v
. SN

u C(X‘.)= — ‘E exp(—lK X ) u (Xt)
ar|x! | . VA

Vil

ex‘p '(;'iK.. ;sx_) | '%'(}ax), fS (8%). .dv._ o (Ad 10)

| %ekp(ikoixﬁf) B R : {
v

T :.

g . . .
PR . . T S
¢ U * IS

Deflne f as a Welghted stqtlst;cal average of : ?_

by

fv Q(-m 6X)u (Gx)f (6% dV°

i j e‘xp( 11< 6X)u (5x> AV

S0

(X ) 5,

4

.,/ ",' ‘.,‘.

}n many cases, fg(x) varles very slowly w1th1n the tlny

o

L M R 10

R
numerator on the rlght hand side of (A4 ll) 18 the

e

ot
..."

When the 1nc1dent Wave u 1s a plane ane along
. a_;,. BRI

@411l

"198"
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a

a(K) =_IV exp (~iK. 8X) exS(ikoaz) av
v « | ¥

Ax/2°  Ay/2  Az/2 - R - -
. . o J exP(-lK 5§7;K Gy—lK 62+1k Gz)
“hx/2 -dy/e-letz/z T s

sin (K _px/2) siﬁgszy/z) 51n[(K -k )Az/2] -
T TRT T TR AT : &, X )Az/2 “AV

L

L may
i This shows that ¢(K) 1s»1ndependent of v. “It'is'the ‘
$ame for all blocklets. (A4 14) also shows that when ‘.‘h |

Ax, Ay, Az approach zero, i. €. the blocklets become -

very small ¢(K) approaches l, a(K) approachgg»&% ¢(K)
[ »

1s flnlte if AxK AyKy Az(K’ ) are not multlples of 2n. gvf'

SubStltutlng (s, 11) through (A4 14) into (A4 105

. -exp(lk IX l)

(x'n,- ] exp(-iK.x, yu, (x JE, (x )¢(K)Av. o

4m|X* | NV B L
| E .n'*]; “*;7_rf;t';i (a4 15)}"

Slnce ¢(K) and AV, are both lnd;%endent Qf v’ they can l7}5:

be taken out of the summatlon symboI

'A-exp(lk IX l)¢(K)AV Lo N
(X') = — Z exp(‘—i’K-fXV')

Z:g(ax)d(ay)d(az) :"'§> - “

o N ‘ - .
$(K)-AV, where” ¢(K) 1s called a form factor. . .

YO
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Let

L amxe
F(K)z —=2S— | K= K X' e
CooexpUk IXTDemav o o0 O x0T

'y .

£X,) = u, () £ (x) SNCRUN

F(R) = [ exp(-iKeX ) £(X ) . . - . (A4.19) -
v - Tl AR

© .

-,



APPENDIX V-

A

-pROPAGATIOQLOE-QIGHT IN A'QUASI-ﬁOMOGENEOUS*MEDIUM i

Y

B

J"

Let the behaV1our of 11ght in’ atpnﬂ-homogeneous

medlum be descrlbed by the Maxwell equatlons (AS l) and

' materlal equatlons (A5.2) and (A5 30

.'

B curl H -

L

curl E +

le D

B .
For a nonuconductlve angfn

‘_trlc charge den31ty p and the electrlc current den51ty L

3 are both zeyl and the permeabllity u 18 equal to

'_.unlty.'~

=

Hence

‘.

. eurl H -

Qe

d
Eia

Q-

P
frt'?,‘

e

4np

ﬁéE‘

e f

ol
He
i
]

Av’ .

| i:aio,(aE)?L"“'“

5v’Apply1ng
(A5 4b), .._5

the operator curl to both 51des of

AP
T “J.I‘_

-

(A1)

Comsay

;’fCR5{35,?!f?}a7“

on-magnetlc medlum, the elec-g_f-”“

(AS 4c)ﬁrif~“’

. ,m.‘ :
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curl corl,E; !

"on—»

gL curl H=0 .. o (A5.5) .
o A ‘ B =
»Pﬁttlng (aS. 4a) 1nto (A5 5),

| ' 2

'chrl.curl.E +'j% ilz-b 0. o . (A5.6) B
_ ettt T s R

o '-cu'rl"c’urr'_'z +'_€2, -2'-‘»: ‘,=_.,o"., T _--]\‘(As‘."7)“;,!
- - B R RS

Y

‘ﬁRemember the mathematlcal relatlons between the ,-”Jﬁ

‘ vector operators curlﬂ dlv, and grad (seg for example,-
~ Plpe Mathematucs for Englneers and Phys¢c1sts. .ChaptLSQ }rf“

' p.394 McGraw Hlll 1958)

i -.

:oufl_bﬁrl’ﬁ.s.éradrdiyfﬁﬁéqvgg'; »:ff;> r‘A$;8)Vﬂ:"j:’

@iv (€E) = ¢ iV E + E-(grade) . - .. as.e) .
| From (A5.7) ahd (as.8), "
L VE- 9r_3d- dlvE+%—7E=0 L msa0) L
(.Taklng grad of (AS 9), subStltutlng 1t 1nto (AS 10),vf“ -jf,m

t,also u31ng (AS 4c),_- “*Vr;"le-\”r-’: ”fﬂ :

L :fV2E~+‘ —23 E+—grad (~ . grad e) ';A -(AS;II)['LT

_lem

I
7
A

'_E. Equatlon (As 11) descrlbes, 1n exact mathematlcal

':tterms, the optlcal wave E propagated 1n a non-homogeneous,

o non—conductlve, non-magnetlc medlum._ 51nce the material




. e

" case of a plane ane propagated in z-dlrectlon, '~?7ZJI

- PEin (AS 11) s of the order (1014)E meters’ -2,

'; the second term 1s of the order of (Lplz)E tc“(1014)E

: Then A

| | is: usuallY greater than l and 1ess than 100 Then

s

, is.non-homogeneous, EVShould ie'a“functidn.of.(x;yfil;;

For SOmefphysical problems, varles very slowly in

comparlson w1th the varlatlon of an Optlcal fleld E

in space. In thlS case, the last term in (AS ll) is-

.negllglbly small and may be dropped " To. Justlfy th15j>~f

31mpllf1cat10n, let us estlmate the actual values of
X v /

‘the three terms 1n (AS ll) As a very rough estlmate, ;:l_A

we shall assume that E 1s a: plane ane.H:.U*.'
R S - L
Sectlon 7 la glves E Re[u eXp(-lwt)] In thev;-ﬂ

‘i.' A - .

A . DL e

o B4 Roln gttt g et

‘,\'.-'. T ; Te

2. 425

v ‘i ,ffk-f%;,jx;'fqig .*.,ft';: vn?:;.*: -
VE 7 Re[( k ).A:eXp\,(.-'i’wt;'—'ikoz):J = 5k-§ E. (A5.13)

Iaz ,hq_ ‘v -:ltf:ﬁ :3:mvz:ﬁ :ih:t.m‘s_”‘;:t:"_oi‘ﬁj]

.-;AS we all know,;k ”—‘zn/k ana'x lS in the nelghbor-.T“W'z'

w

fhood of . 6(10 ) meters.% ThlS show§ that the flrst term :ifjft

The second term 1n (55 ll) 1s
Ag_

2 R ‘

-52- 3-2 -%Reu-wz ) & exp <-:.wUkoz SR é AL

¢ttt | ¢




.meters’z, or has a similar magnitude aékthg’firsgff

‘term.

Regardlng the thlrd term grad(— . grad e) 1n ’

(A5 ll),'lf e varies slowly 1n space, we can expect
(lO;4fdmeter572

Eqpaticm‘(ﬂﬁelSYimeams:f:u

|(10 )E| >> |— grad grad el |grad(— -grad eH (A5 16)

R3

, In thrs case the thlrd term 1s of much smaller order

"ithan theicther two terms._ Equation (AS ll) can be

.vwrltten Wlth the thlrd term neglected : Thus

‘f;The 1ast equatlon corresponds to eguatlon (7.1 l) iflE
'f*lfls rep%aced by 1ts scalar representatxon u. ThlS eqUa-llkyf;

_ftlon 1s val1d subject to the cOndition (AS 151

| :jfcondltlon (AS 15) glven by

%R em) ,er/c}: w- ;'.="v’._E-"”-l.’ii-;:4(2#/%’4. E T

o P
ot

TE fz -3-7 { o Cel .(asv.r;,7>_<_.'-fﬁ-

l"

‘ ’VSubstltutlng (AS 14) 1nto (AS 17) and wrltxng e-'§2nn)

2

sz k2 n2 E oi(“;w[g. (AS 18)

l[%\jn )]/nzl << (10)14 meters 2

d Agaln,

204

Y

,>5f1%'V?él5} ‘:l“7; 5 :(Ag;is)g.:m

Q:lf € is. replaced by (an) s we have the restrlctlvef:}yefﬁ




L APPENDIXEVI“

SOLUTION OF A NON HOMOGENEOUS HELMHOLTZ PARTIAL _';.;f;ﬁ
R DIFFERENTIAL EQUATION ,1*' o
f'_gg;;Q; "We are. g01ng to solve the equatlon 1n (7 l 6) for fo

“¢qsci’.The equatlon takes the fOrm-ﬁlv

. ,\2Q;*} s a';'“fQﬁﬁxefﬂ f'-~?§f¢3s755¢77{*;ﬂ ff“if“
o Tlse MRolge T EM e Pansiy

e

¢¢r_v%<gwx%fﬁfm?;#m*yfcﬁfumsr,v'

Slnce the scattered fleld 1s due to multlpﬂ§\?01nt
',_'sources of den31ty f uo} contalned W1th1n the volume V, .

“fﬁ we shall choose the p01nt-source Green s functlon
o v “v_:;;,,, . . ~j”;‘,"}»fr-;“i‘f~_fﬁfi B \
B T exp(lk lx' xl) R e L
S G= TRl L ey

*“Thls Green s functlon has two propertles;gffffﬂf:

I_rgl.‘ leferentlatlng (A6 3) glvestf“

_9G- G(:L S

alx';'xl | lx -xl

.‘| : RN
. '9“52;;%¥;Thig'pfeen-s;ﬁuncfionréatisfies?wi,a_,*;,gif?-'f

v eade =o)L

2G=G (X' "X) -kg G.




» r:kln the dlrectlon of (X'-X), becomestgf7~55}7"

'Q‘ﬁ\\We shall make use of the second form.of Green s T
theorem, whlch states © * 5: f‘r['.\ "1.tlh' Tt'jh"hl‘“ R

’J'TGV1“5¢‘;us¢VrG)¢V55f,(GVuscff?sévg*'dATﬁf’5,‘A5j7?".«,
: The left hand 51de of (A6 7), on substitutlon
w1th (A6 2) and (A6 6), g:Lves ‘ B
J (- Gk u’ +Gf u *-us sz u a(x'-x)]dv SRR
'?_Jv[9~fsqudV-§;FSCXx’[_'}fﬁ“fi,ﬁf};ﬁgk;fféﬁ?g’f;f5"h*”

' . R Lo
SRR ,Aaf-._' SR DI
AN o . .

The rlght hand 51de of (A6 7), taklng the gradlents

e ]

i;‘ Substlgytlon of (A6 4) turhs (AG 9)rto e ‘

..;'. e K6 X0) o
f [ *rt-rx B tet, ltx'-,xr.]]d],‘ . W60
CA e‘;., RS A .'~ﬁ'ef“f ”;ﬁ . \

g

We have the radlatlon condltlon (see, for example,

Butkov 1968, P- 538 and p.617) Tifgf'fff;b;;?lﬂ;jfj

a‘u - . N
IX xl(”‘—T““‘ J-k ) - O, when x'—x +m
3|X XI s i

73T9A;s¢,gy;jif*

Therefore (A6 10), or- the rlght hand

dlsappears under far_fleld Cdﬁdltlonh*-""

\




-,\v~ Equatlng the left hand 51dedk36 8) to zero, o

we have & *4_{7

'sc .
- V j, ' :
. B

wﬁwﬁ&ch is the requ1red solutlon (7 1. 7) to\equatlon

207

v ”=-J.G-fsqb W 1>kA64l3)§;3"'

(7 l 6) ThlS solutlon expresses the scatte ed fleld }gv,' -

u '1n terms 6f the source dlstrlbutlon f uo

e v,r any

01nt X' 1n51de or, outslde the scatterer, in part1cular¥,§7“7w
p -

NETRI

. for X' in the far-fleld reglon.



