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Reinforced Concrete Buildings

LECTURE 1

INTRODUCTION TO THE 1971 ACI CODE

by

R.N. McManus



INTRODUCTION TO THE 1971 A.C.I. CODE

R. N. McManus, P, Eng.

One would think, after more than 60 years of re-
inforced concrete design by code that very little scope would
remain for change.

Changes in design practice however, as reflected
in building codes, have been continuous since the first joint
committee report.

Throughout this périod‘there has been a regular,
if at times unsteady, transition from elastic analysis and
permissible stresses to ultimate strength concepts and
vacceptable factors of safety.

The flat slab enjoyed an advantage over other
types of construction for years because the code recognized,
from tests, its capability of mobilizing capacity beyond
elastic limits at any one point.

Similarly load tests on columns proved their ul-
timate capacity went beyond transformed elastic limits,
particularly eccentrically loaded compression members.

The most recent A.C.I. Code, - 318 - 63 continued
this trend to the point where working stress design and
ultimate strength design were, to all intents and purposes,
given equal billing.

A.C.I. 318 - 71 has carried this transition to

the point where it is basically an ultimate strength design
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code which pays small lip service to working stress design.

There are other basic changes in philosophy and
technical approach as well. They will be dealt with briefly
at this time to highlight the concepts but most of them will
be covered in more detail by others.

First of all the provisions of the code are all
based on normal reinforcement having a yield point of
60,000 p.s.i. Other grades of reinforcement may be used,with
modification to the code requirements.

Although there is a separate chapter covering
prestressed concrete, the requirements for prestressed con-
crete have been pretty well integrated throughout the code.
This is approaching the European practice of treating pre-
stressed concrete as reinforced concrete under special
initial conditions.

The general trend of reducing the factors of
safety has continued but not without the imposition of ad-
ditionai safequards. Chapter 4 "Concrete Quality" requires
that the history of strength and standard deviation of the
proposed mix be known or else the mix must be designed for
much higher strength than required. Where durability and
water tightness are factors,minimum values of f'c are set
for both normal weight and lightweight aggregate concretes.

Chapter 8 - "Analysis and Design - General Con-
siderations" appears to be working stress design. Close
examination will show, however, that this is really only true

with regard to flexure. Other sections of this chapter
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all refer to corresponding chapters in the code which them-
selves are based on ultimate strength design.

Chapter 9 - "Strength and Serviceability Require-
ments", Based on the increased quality control requirements of
Chapter 4, the load factors of Chapter 9 are reduced an
average of about 6 per cent compared to 318 -~ 63.

Also in this chapter deflection control is spelled
out with lightweight aggregate concrete covered for the first
time.

Chapter 12 - "Development of Reinforcement"” rep-
resents a departure from the time-honoured procedure of re-
lating unit bond stress to shear. All reinforcement is
now simply required to have sufficient length of embedment, or
end anchorage, to develop the necessary tension or compression. é
The critical points are defined and formulae for development
length of deformed bars, deformed wire, welded wire mesh
and prestressing strand are given. These formulae for normal
reinforcing are stated in terms of the size of the bar, the
yield point of the steel and the strength of the concrete.

Lightweight aggregate concrete is covered by
factors related to the type of mix or the strength of con-
crete and its tensile splitting strength when this is known.

A.C.I. - 318 - 63 did not differentiate between normal and
lightweight aggregate concrete so far as bond stress was

concerned.



Chapter 15 - "Footings" has been changed notably
with regard to the transfer of stress at the base of a column
or pedestal. Dowels are only required to carry the excess
load over that permitted on the concrete itself. The dowel
area is not necessarily related to the area of reinforcement
in the compression member at all.

This change is somewhat odd in that the bearing
stress permitted on concrete is quite a bit higher than per-
missible axial stresses under service load conditions on
a column. This section would appear to be satisfactory so
far as the footing is concerned where the total area is
considerably greater than the loaded area. It would appear,
however, that the lower end of the column concrete, at least
over the development length of the reinforcement, could be
highly stressed.

Chapter 19 - "Shells and Folded Plate Members"
is a completely new section in this code. The provisions are

quite general and elastic analysis is specified.

Chapter 20 - "Strength Evaluation of Existing
Structures" is considerably expanded, over A.C.I. - 318 - 63 -
"Load Tests of Structures". The general criterion for a

structure under test load is that it shall not show "visible
evidence of failure". The deflection and recovery criterion
include prestressed concrete and the total test load set up

is a constant percentage of theoretical design strength.



In summary the new code:

1. Leans heavily towards U.S.D.

2. Has a completely new approach to bond in
terms of development length.

3. 1Integrates prestressed concrete to a large
degree.

4. Continues the trend of lower factors of
safety combined with higher standards of
quality control.

5. Recognizes the increased use of structural
lightweight concrete.

A word on the C.S.A. - N.B.C. Joint Committee on
Reinforced Concrete Design. The Committee has met twice in
preparation of a new code. The 1970 edition is not really

new since it is simply an edited version of the 1965 code.

The A.C.I. - 1971 is being used as a working model

and committee members have now prepared the first draft of
the proposed chapters of our code based largely on the
A.C.I. - 318 - 71.

These drafts will be considered at a meeting in
June 1971 and re-worked for a fall meeting, after which the
first draft of the new code will go out for public comment.

A final meeting in 1972 should deal with the
public comments and C.S.A. - A 23-3 should be ready for

publication in late 1972 or early 1973.

ey e Sm——
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Reinforced Concrete Buildings

LECTURE 2

SHEAR DESIGN PROVISIONS FOR DEEP BEAMS
BRACKETS AND SLABS

by

J.G. MacGregor



CHAPTER 11

SHEAR STRENGTH

Chapter 11 deals with the shear and torsional strength of‘pre—
stressed and reinforced concrete beams, and the shear strength of deep
beams, brackets and corbels, slabs and walls, Dr. Warwaruk will deal

with design for torsion, this paper will consider the rest of the Chapter.

Basic Design Relationships for Shear Strength-~11.2, 11.4, 11.5

The basic design nrocedure and the basic equations for Ve for
reinforced or prestressed concrete beams are essentially unchanged from
the 1963 Code. The reader should refer to References 1, 2, or 3 or any
standard textbook on reinforced or prestressed concrete for an explanation

of the use of these equations.

Throughout the chapter the capacity reduction factor, ¢, has
been included in the equations for computing the ultimate shear stresses,
Ve rather than in the equations for the shear carried by the concrete
or the web reinforcement.

Minimum Web Reinforcement--11.1 and 11.2

Whenever the nominal ultimate shear stress exceeds 1/2 Ve



the 1971 Code requires a minimum amount of web reinforcement. This is
desirable because web reinforcement restrains the growth of inclined

cracking increasing the ductility and provides a warning in situations
where inclined cracking may form suddenly due to an unexpected loading.

The required minimum amount of web reinforcement is given by:

AV = 50 b'S/fy (]]"])

A f

. e - u = 3
or: Vu © Ve ?BT%' 50 psi

~ Thus, whenever Vg S Vet 50 psi it is not necessary to design

web reinforcement beyond providing the minimum amount.

Shear Strength of Lightweight Concrete Beams--11.3

This section gives two ways in which the shear strength equations
can be modified when Tightweight aggregate concrete is used. The concept
is essentially the same as in the 1963 ACI Code except that the values have

been somewhat liberalized and simplified.

Combined Shear and Axial Load--11.43 and 11.4.4

The 1963 Code required that members subjected to combined axial

Toad and bending should be designed using:

Vud

VC = 1.9 f(': + 2500pw M (]]_4)



. [ (4t‘d)
where: M = Mu - Nu g (11-5)

Because this leads to a very tedious design procedure, the 1971
Code allows the use of a simple alternate procedure based on Equations

(11-6) and (11-7):

Shear plus Axial Compression:

Ve = 2(1 +0.0005 N /A ) S, (11-7)

Shear plus Axial Tension:

v, = 2(1 + 0.002 Nu/Ag) % (11-8)

where N is negative in tension and Nu/Ag is expressed in psi. These

four equations are discussed in Reference 3 and are compared in Figure 1.

Shear Strength of Prestressed Concrete Building Members--11,5.1

The equations for the shear in the concrete in préstressed beams,
Vei and Vew (11-11 and 11-12), are essentially the same as the corresponding
equations in the 1963 Code. These equations were developed for use in the
design of composite prestressed concrete bridce members and become very
tedious when used to check the shear strength of slender uniformly loaded
building members. Equation (11-10) has been added to provide a simple
means of computing Ve in such cases. It becomes excessively conservative
for composite I-section bridge girders but is reasonable in the range of
parameters involved in bui]dings.3

v d

v.=0.6fF + 700 o~ :
c c My (11-10)



where: 2 /fc < v 2 5 /fé

In applying this equation to simply supported uniformly loaded

beams V d/M can be expressed as:

%) (A)

These three relationships can be plotted in design charts of the
form shown in Figure 2. The use of equation (11-10) is illustrated in

Reference 3.

~ Shear Strength of Deep Beams--11.9

In the ACI Code, the design of web reinforcement is based on

the equation:

v. =v_ + v (8)

where v& is the shear carried by the web reinforcement. For beams having

a span to depth ratio, %./d of 5 or more and for deep beams (zc/d < 5)
which are not loaded at the top of the compression face, Ve is taken as

the inclined cracking shear for concrete as given in Sections 11.4.1 and 2.
For the special case of deep beams loaded on their top surface, the shear
carried by the concrete, Ve is greater than the inclined cracking shear

as shown in Figures 3 and 4. This is caused by arch action in the concrete
between the load and the support. Equation (11-22) takes this into account

by multiplying the cracking shear, given by the second term of the equation,

by a linear increase for small M/Vd ratios, given by the first term:
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vd
v_ = [3.5 ~(2.5)(M /V d)] x [1.9/F" + 2500p o ]
¢ uu ¢ WM (11-22)

where 2 /Fé.ﬁ Ve 5_6 ;*é and the first term shall not exceed 2:5: Mu
and Vu are the shear and moment at the critical sections described in

Section 11.9.3 and shown in Figures 3 and 4. Values of Ve from this
equation are plotted in Figure 5. It should be noted, however, that
unsightly inclined cracks may be present at working loads if the working

load shear stress is significantly higher than the dashed line in Figure 5.

The upper limit on shear stress at ultimate is given by Section
11.9.4 and Equation (11-23). The upper and Tower limits are illustrated

in Figure 6.

If the ultimate shear stress exceeds Veo web reinforcement must

be provided for the excess. Based on the classical truss analogy for web

reinforcement it can be shown that the shear carried by stirrups in a beam

is equal to:
Avf . _
(vu-vc) = ETEX-[s1n a (sin o cot 6 + cos a)] (c)
= inclination of crack

where 6

inclination of web reinforcement

o

The ACI equations for the design of vertical and inclined stirrups
(11-3 and 11-4) are derived from this by assuming 0=45°. 1In a deep beam,
however, the diagonal cracks will be considerably steeper than 45° and
Equations (11-3 and 11-4) do not apply to this case. Due to the steep

cracks the efficiency of vertical web reinforcement is greatly reduced and
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as a result, both vertical and horizontal web reinforcement are required.
For the special case of combined vertical reinforcement (area = AV, a = 90°)

and horizontal reinforcement (area = Avh’ a = 00), Equation C becomes:

Af A f
-V 2 vh . 2
(vu - Vc) = BTEX‘COS o + 5 sin® @ )

Tests have shown that 6 is a function of M/Vd or zc/d and this has been

taken into account in deriving the code equation 11-24 from Equation D.

A[1-a ) A 'I]JL/d Q
s J\T 12 5 (11-24)

Example 1 in the Appendix illustrates the shear design procedure

for deep beams.

Shear Friction--11.15

In very short members such as corbels, brackets or the end regions
of precast beams the concrete is stressed essentially in pure shear. If a
crack forms due to any cause in an unfavorable location as shown in Figure 7
shear stresses along the crack may be resisted by friction, provided there

is a normal force across the crack to develop the frictional force.4

This normal force may be obtained by placing reinforcement across the crack.
As sl1ip occurs along the crack the irregularities of the crack cause the
opposing faces to separate, stressing the reinforcement in tension. A
balancing compressive stress will then exist in the concrete and friction

will be developed.
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The successful application of the shear-friction concept dépends

on the proper choice of the assumed crack. Typical examples are shown in

Figure 7.
The required area, Avf’ of shear friction reinforcement is com-
puted by:
A, = !!_u
vf ¢ yH (11-30)

where ¢ is the capacity reduction factor given in Section 9.2 which is
equal to 0.85 for shear, and u is a coefficient of friction ranging from
1.4 for monolithically cast concrete to 0.7 for concrete placed against
clean, unpainted, as-rolled structural steel. The upper Timit of the

shear stress on the failure surface is given as the smailer of O.Zfé or

800 psi.

If tensile stresses are present across the assumed crack, rein-
forcement for the tension must be provided in addition to that provided

for shear friction.

The designer must also ensure that the reinforcement is all ade-

quately anchored and this frequently requires special details.

Example 2 illustrates the use of the Shear-Friction concept in

the design of a corbel.

Special Provisions for Brackets and Corbels--11.14

Although brackets and corbels can be designed satisfactorily
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using the shear-friction concept, additional design equations and require-
ments are given in Section 11.14. In general these are considerably more
complicated than the shear-friction concept and should only be used when

shear-friction is not applicable, e.g., if a/d exceeds 0.5. The equations

in 11.14 are based on tests reported in Reference 5.

The corbel designed in Example 2 is redesigned in Example 3

using Section 11.14 fdr comparison of the two methods.

Shear Strength of Slabs and Footings--11.10 and 11.12

The basic requirements for punching shear and one-way shear in
slabs and footings are unchanged in this Code. Similarly, the effect of

holes on the perimeter effective for shear remains essentially unchanged.

Shear Reinforcement in Slabs and Footings--11.11

The three types of web reinforcement shown in Figure 8 are con-
sidered in this section. The major problem involved in the type shown in
Figure 8(a) is the anchorage of the bars at the top and bottom of each
of the legs. Tests have shown that type (b) provides a positive anchorage

6

and leads to a very ductile failure.” The steel shearhead shown in (c)

will be discussed more fully in the next section of this paper.

In a slab which is not reinforced for shear the maximum allowable
shear stress at ultimate is 4'/¥Z.on a section at d/2 from the column.
Because of the triaxial compressions under and around the column this value
is twice that allowed in a beam. As the section is moved away from the

column, the confining compressive stress disappears rapidly and the shear
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"that can be carried by the concrete drops to 2 ffé. For this reason,

shear reinforcement in slabs must be designed for all shear in excess of

2 fé and must continue until the shear stresses drop below this value.

Structural Steel Shearheads--11.11.2

Based on extensive tests reported in Reference 7 structural
steel shearheads are permitted at interior supports of slabs. .The
design of a shear head must satisfy three criteria:

1. The flexural capacity of the shearhead must be large enough
that the shear capacity of the slab is reached before the shearhead yields.
The moments in the shearheads are a function of the ratio, K, of the stiff-
nesses of a shearhead arm and a specified strip of slab, and the projection
of the shearhead from the face of the column. Based on an assumed shear
distribution along the arm of the shearhead the plastic moment capacity

of each arm must equal or exceed:

.Vu c]
My = gg [h + KlLg - 27 (11-26)

2. The ultimate shear stress v shall not exceed 4 fé on a
critical section located as shown in Figure 9.

3. Once itéms 1 and 2 are satisfied, the negative moment rein-
foréement in the slab can be reduced within limits to account for the moment

in the shearhead. The amount of this reduction is given in Section 11.11.2.5.
Reference 7 gives an example of the design of a shearhead. -

Transfer of Moments to Columns--11.13

Section 11.13.1 requires lateral reinforcement equal to the minimum
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amount given by Equation (11-1) within all exterior beam-column or slab-
column connections. Such reinforcement restrains the diagonal cracks

8 In seismic regions

which occur in the exterior joints of a building.
ties are also required in interior joints. The forces leading to these

cracks are illustrated in Figure 10.

The computation of the shear stresses resulting from the transfer
of moments from a slab to a column is made more explicit in the 1971 Code
than it was in the 1963 Code. The critical section for transferring shears
due to unbalanced moments is assumed to be the same as for vertical shears.
About 40 per cent of the unbalanced moments are transferred by shear stresses
and about 60 per cent by flexure. The shear stresses on this section are
assumed to be distributed as shown in Figure 11 and are calculated using

Equations E and F:

v KMC
u AB
Vap = 1+
AB KZ' Jc (E)
) Vu KMCCD
and VCD_T- 3
C c (F)

where K is the fraction of moment transferred by shear on this perimeter
as given by section 11.13.2. For a square column, K = 0.4, Jc is the
moment of inertia used in computing the shear stresses due to flexure.

It is equal to the sum of polar moments of inertia of sides AD and BC plus

Ay2 terms for AB and CD. For an interior column Jc is given by:
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d(cptd)® (e} c]+i)2
=21z * —1—{ * 2dlerd) 7

Polar I of AD Aj2 for AB
, and BC and CD

(6)

The area A.C is the perimeter A-B-C-D multiplied by the effective depth, d.

A similar derivation can be followed for an exterior column using
the critical section shown in Figure (b). Example 4 illustrates the calcula-

tion of the shearing stresses due to moment-transfer in a flat plate.

Special Provisions for Shear Walls--11.16

The designer of a shear wall is allowed to use the regular
_equations for combined shear and axial load given in Section 11.4.4, or
he can use Equations (11-31) and (11-32). These latter two equations,
respectively, are similar to Equations (11-12) and (11-11) for prestressed
concrete beams. Special limits on the shear and longitudinal reinforce-

ment are given for various ratios of u to v, and various wall heights.
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Summar:

Many of the gaps in Chapters 12 and 17 of the 1963 ACI Code have
been filled in the new Code. Since the various relationships are essentially
empirical they tend to be complex and Timited in application. A major
effort will be made in the next decade to simplify this Chapter of the
ACI Code.
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APPENDIX

DESIGN EXAMPLES

Examplé 1--Design a Deep Beam for Two Concentrated Loads

Design a beam to span 21 feet and support its own dead load plus

two concentrated loads located 7 feet from each support.

©
1

1.4D + 1.7L = 350K

u
fc = 3000 psi
fy - main reinforcement = 60,000 psi

web reinforcement = 40,000 psi

Choose the basic section on the basis of flexure assuming normal

assumptions hold.

Require: d =72 in.
b =12 in.
zc/d =21/6 = 3.5

From Section 10.7 it is all right to us2 normal flexural equations.

Main reinforcement AS = 9,36 in.2

Ultimate DL of beam ND 1.5 (6.5 x 1 x 0.15)

1.46 K/ft.
Reaction R = 350 + 1.46 x 21/2 = 365.2K

Check Shear at Critical Section (Section 11.9.3)

Critical section is 0.5a = 0.5 x 7 ft. = 3.5 ft. from support.
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V, = R - 3.5u; = 365.3 - 5.1 = 360.2K
360200 . |
Vu = Tox72x0.85 - 491 psi (Eqn. 11-3)

__2__ - (- +
Max. allowable vu =3 (10f3.5) fc 9 fc 493 psi

therefore all right.

Compute Ve at Critical Section

R+V
M, = (0.5a)(—2) = 3.5 (365.3 : 360.2y - 1270 ft.k

Mu/vud 1270/(360.2 x 6) = 0.586

Vud/Mu 1.71
p =9.36/(12 x 72) = 0.0108
From Eqn.(11-22)

[3.5 - 2.5(Mu/Vud)] =2.03 < 2.5

and Ve = 2.03 (1.9/3000 + 2500 x 0.0108 x 1.71)
= 2.03 x 150 = 305 psi
Max Ve © 6 fé = 329 psi

Use Ve © 305 psi

Since Ve T 305 psi < Vy = 491 psi Require Web Reinforcement

Design Web Reinforcement

Equation 11-24:

A, 1 +.2/d A 1T -2 /d (v, - v.)b'
(=L ¢ + vh c - u ¢
i e B o M P 7
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where: (v. -v_)b' _ ant
u c _ (491 - 305) x 12 _ 0.056

f 40000

1 +.2./d
¢ 4y -123.5 -0.35

—~
—
N

1
-
N

0.625

{

Therefore:

A A
0.375 (ZY) +0.625 (glﬁ - 0.056
| h

From this equation it can be seen that Avh will be more effective

than Av' Therefore assume:

=1
Av/S T2 (Avh/sh)
- 1
0.056 = 0.375 x & (A, /s,) + 0.625 (A, /5,)
and  A/s, = 0.069 inZ/in = 0.82 inZ/ft
Minimum A . = 0.0025 b_ = 0.35 in%/ft (11.9.6)
vh Sh

Maximum s, = d/3 = 24 in or 18 in maximum

Horizontal Stirrups--Use #6 @ 6 in. on centers.

0.41 inZ/ft.

A/s = 0.035 in2/in

Minimum A = 0.0015 bs = 0.22 inl/ft.

Maximum sh =d/5 = 14.4 in.




21.

Vertical Stirrups--Use #5 at 9 in. on center.

Note that the inclined cracking shear stress is about

1.9 fé,+ 2500p %ﬂ = 150 psi. This is only 30% of the shear stress at

ultimate and as a result there probably will be visible inclined cracks

at working loads.
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Example 2--Design a Corbel using Shear-Friction for Vertical and

Horizontal Loads

Given--Corbels on two sides of a 14 inch square column support beam reactions
which act 4 inches from the face of the column. Due to restraint
of shrinkage and time dependent camber a horizontal force acts on

this connection.

It

Reactions--Dead Load = 25.0K

40.0K

Live Load

Horizontal Load = 40.0K

From Section 9.3: Vu = 1.4D + 1.7L = 103K

From Section 11.14.2 (as revised): T, = 1.7H = 68K

Use fé = 5000 psi
fy = 40,000 psi

Assume the corbels have the shape shown, Assume that the
critical crack intersects the sloping side about half-way along the side

as shown in Figure 12(a). Length of crack = 12 inches.

V, = 103K
- 103000 _ .
uT Tex 1z T 614 Ps

Maximum allowable Vy © O.Zfé = 1000 psi or 800 psi

therefore all right.

R
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Design Reinforcement for Shear Frictijon

~ v
Eqn. (11-30): A . = -2
| vf ¢>?yu
where u = 1.4.
A 103 = 2.17 in 2

vf  0.85 x 40 x 1.4

Design Reinforcement for Horizontal Tension

_ 68 _ .
Ast 0.8 x 40 2.00 in

2

2

Total as required =2.17 + 2.00 = 4.17 in

It would appear to be good practice to satisfy Section 11.14.4

regarding the amount and distribution of the reinforcement:

Top steel = A_ = %—x 4.17 = 2.78 in®

1 2

Stirrups = AS = 3 X 4.17 = 1.39 in

h

Use 4 #8 Bars as top reinforcement, AS = 3.16 in2

Use 4 #4 Closed Ties, A = 1.60 in2

h
Place reinforcement as shown in the,sketch. According to 11.14.2 »
A f

p=ﬁfojyf=onw3

where d is at face of column.

_ 3.1 _
P = ya(16 - z.0) = 0-0161

therefore all right.

Use Corbel as shown in Fig. 12(a).
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Example 3--Redesign Corbel from Example 2 Using 11.14

Loading, material strengths, etc. as given for Example 2.

Compute Allowable Ultimate Shear Stress:

= [6.5 - 5. 1,/68/103][1 - 0.5a/d} x {} + [64 + 160,/(68 /103 ]p}

O

/5000 = 167 (1 - 0.5a/d)(1 + 148p)

16 inches therefore d = 16 - 2 = 14 in.

Assume: Overall depth

a/d

0.286

4/14

P = Ppay = 0-13fL/f, = 0.0167 (Section 11.14.2)

Therefore u 167(1 - 0.5 x 0.286)(1 + 148 x 0.0167)

500 psi

Compute Depth Required

Vu 103000 _

d = ” = Taxeon = 14-75 in.

Height required = 14.75 + 2.0 in. = 16.75 in.
Say 17 in. d =15 in.

Choose Reinforcement

As required = 0.0167 x 14 x 15 = 3.50 in.°

Use 2 #9 and 2 #8 Top Reinforcement AS = 3.58 in2

Compute Stirrups

A

0.5A_ (Section 11.14.4)
Sh s
1.75 in?
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Use 3 double leg #5 ties AS = 1.86 1‘n2

‘ h
Use Corbel as shown in Figure 12(b).

Example 4--Compute the Shear Stresses at an Interior Column Due to

Shear and Moment

Given a 7 inch flat plate supported by 14 inch by 16 inch
colums. At a typical interior column the shear force on the critical
perimeter for two-way shear (Section 11.10.2) is Vu = 95 kips. The
unbalanced moment computed according to Section 13.3.5 is 13.5 ft. K

about an axis parallel to the 14 inch side of the column.
fé = 3000 psi
Compute the maximum shear stresses in the slab at this joint.

Average Effective depth d = 5.75 inches

From Equation E:
) KMcAB

v=_U
+
S

2[(14+5.75)+(16+5.75)1x 5.75
2

where: A

478 1in

fraction of moment transferred‘by shear

]
(1- 1+ H < a) .
3 'CZW' (Sect1on 11.]3.2)

~
n

0.41

= "moment of inertia" of shear surface. Eqn. G

3 3
2-{5.75(}g+5.75) + (16+5.{g)5.75 }

+2(5.75(14+5.75) (1823:75)2)

(=)
|

4

37411 in.
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, = 94000 | 0.41x13.5x12x21.25/2
178 37411

196 + 18.8 psi
214.8 psi

i

v, allow = f/FL = 219 psi

The shearing stresses are ok at an interior column.

Note that in this case the shears due to moment were 12 percent of the

total shear at this point.
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REINFORCED CONCRETE SLABS

Introduction

The provisions for reinforced concrete slabs in the new building code
are substantially revised from the previous requirements. In fact, the
word “"revised" may be inadequate and it would be more accurate to state
that the old provisions have been deleted and a new set inserted in their
place. These new provisions reflect a new philosophy in the design of
reinforced concrete slabs. It is this new philosophy that is examined in

this paper.

For better understanding of this new approach let us first review the
~philosophy or basis of the previous code requirments for slab design.
Immediately one is confronted with a decision, whether to examine the basis
for "two-way" slabs or the basis for "flat" slabs, since each is treated

as a separate structural component even to the extent of placing the
requirements in different chapters of the code. The reason for the very

different requirements is that each system has a unique genesis.

Patents were issued for reinforced concrete slabs as early as 1854
and 1867 but the analyses were based on the reinforcing acting as either
the tie to én arch or as a catenary, the concrete being used primarily
as a filler. The structures built were restricted to small spans on a
grid-work of closely spaced beams and were not economical. Lacking a means
of analysing such highly redundant structures, it was not until the end
of the nineteenth century that designers showed an interest in reinforced

concrete slabs.
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Not surprisingly, early designers turned to classical plate theory for
means of ana]ysis, the governing differential equation for plates having
been'presented by Lagrange as early as 1807. However, it was not until
1899 that Levy, using an infinite series of hyperbolic functions, solved
this equation for single rectangular panels supporting a distributed
Toad. In 1909 similar problems were solved by Ritz using energy methods.
Sinoe these solutions assumed simply-supported or clamped edges only, the
panel boundaries were non-deflecting and the slab bending moments based
on these solutions are valid only when stiff beams are present on all
four sides of each panel. This type of solution forms the basis for
thé present methods of "two-way" slab design wherein the slab moments are
obtained from a set of coefficients based on an elastic analysis, and the
beams are proportioned for the remainder of the static moment. Consistent
with the origina] assumptions of non-deflecting panel boundaries the

required beams are generally quite stiff.

In 1903, C.A.P. Turner received a patent for a "mushroom" slab, that
is, a slab supported directly on the column with no beams spanning between
colums. His first design was rejected by the local building authority
but two years later he built the first such slab in Minneapolis. Since
. there was no rigorous mathematical basis for the design, a performance
load test was required. Without becoming involved with the details of the
long standing debate as to the validity of these load tests, suffice it to
say that his flat slab and the slabs of his many competitors were deemed
satisfactory. éy 1913 over 1,000 such slabs had been built. However, in

1914, Nichols established a simple criteria for the minimum moment that
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‘must exist across critical sections to satisfy basic equilibrium which
seemed contrary to the widely accepted understanding of the behaviour

of flat slabs. This difference between Nichols' theoretical requirements
and the supposedly measured moments in the Toad tests was partially
reconciled by Westergaard and Slater in their now famous paper. Based

on this paper the prdvisions for flat slabs were introduced into the 1921
edition_of the ACI code and except for the introduction of the frame
method in the 1941 edition, there have been no major changes in the code

requirements.

Although the two design procedures have existed side by side for
ha]f a century, it has long been realized that neither procedure was entirely
satisfactory. To begin with the very names, "two-way and flat" are
meaningless, (See Fig. 1), since both systems carry load by two-way
action, both have flat top surfaces and except for the special case of the
flat plates, both have projections below the bottom surface. These terms
- have been discarded in the new code and have been replaced by the simpler,
“more descriptive terms of"slabs with beams" and "slabs without beams",
respectively. In the past there has been no provision for designing slab
systems that fall between these two defined systems, ie: a slab supported
on shallow beams of specified depth. However, the most unsatisfactory
aspect of the two systems was the great difference in factors of safety
based On'ultimate load carrying capacity. A series of test slabs were
initiated at the University of I1linois in 1958'to obtain reliable data

at failure and to serve as the basis of evaluating several analytical
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solutions which were being obtained concurrently. These test slabs which
were chosen to be typical of their respective prototypes yielded the

following results.

Type of Slab : Design Live Load Fof S=F.L. -1.5DL
L.L.

Two-way - 50 psf 6.4

Flat Plate 40 psf 3.3

Flat Slab 100 psf 2.1

Obviously such discrepancies in ultimate behaviour could not be
permitted to continue to exist for éssentia]]y the same structural element,
especialTy since other sections of the code are based on load factors
applied to an ultimate strength design procedure. A new philosphy of
design was needed which could incorporate much of the vast accumulated
new knowledge of slab behaviour. It had been observed that reinforced
cohcréte slabs were capable of a great deal of redistribution of the
stress resultants and that the slab could carry any load if capacity
corresponding to any statically admissable moment distribution was provided.
. However, it was also observed that the redistribution of the stress
resultants was accompanied by cracking and deflections which may not be
tolerable. Thus, some effort must be made to distribute moments such
that serviceability requirements are assured. It is on sdch observations

that the new code provisions are based.
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Sl1ab Thickness

No discussion of reinforced concrete slabs would be complete without

. examining the requirements for‘s1ab thickness. Previous codes have
specified minimum slab thicknesses as a means of controlling deflections

to acceptable limits and, in keeping with the concept of designing slabs
according to their origin, two sets of minimum thicknesses were required.
To be consistent with the new philosophy of a common design procedure for
all slabs, new criteria were required. A logical beginning to develop this
criteria is to list the major factors which influence slab deflections.

Briefly these are:

Magnitude of Live Load
Slab Stiffness

Presence of stiffening elements

Time - dependent effects

The magnitude of 1ive load has ah obvious influence on deflection but
since its distribution and occurrence is frequently of a random nature
and since its effects on deflection are considered indirectly when
proportioning for the required moment capacity, the new code provisions,
like the previous provisions, do not consider live load as a primary

'variable.

Previously in determining slab thickness no distinction was made
between edge and interior panels, panel shape or the size of the supborting
columns and/or capitals, if any, all of which have a substantial influence
and are considered in the new provisions. In addition to considering the
presence of drop panels and the use of higher strength steels, the two
factors presently considered for flat slabs,the new provisions must also

be able to consider the effects of any stiffening beams.
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The expression for minimum slab thickness, which is applicable to all
slabs reinforced in two directions, is given in the code as follows:
“T1C7(800T¥70;005.fxz ,,,,,

t = '
36,000 + 5000 S[Hav - 0.5 (1—Ra)(1+1/5)]

By specifying the minimum thickness in terms of clear span, Le» instead
of the center to center span used previously, advantage is taken of the
beneficial effect of large column sections or column capitals in reducing

slab deflections.

The term in the numerator in parentheses provides the greater slab thick-
ness required to compensate for the descrease in stiffness caused by the
greater degree of cracking associated with the higher allewable steel
stresses. In ACI 318-63 this increase in thickness was 10% for each 10,000
psi increase retained in the proposed revisions for one-way slabs. However,
this increase for two-way slabs is reduced to 5% for each 10,000 psi increase
in fy above 40,000 psi, since under service load conditions this type of slab

is less likely to be cracked and thus is less sensitive to changes in steel

_stresses.
The shape and position of the panel is considered by terms S and Ra,

respectively. S is defined as the ratio of long to short clear spans and
Ra as the rétio of length of continuous edges to total perimeter of a slab
panel. The effect of a stiffening beam of any depth is given by Hav which
is defined as the average value of the ratios of beam to slab flexural
stiffnesses on all sides of the panel. The effects of these variablés is
clearly seen in Fig. 2 where plots are presented for corner and interiof

panels.
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For many slabs commonly used in practice, for example slabs with ¢/ ¢
ratios of 0.1, the thickness required by the abOve equation is greater
than that required by the present code. For this reason it is specified

that the thickness need not be greater than

t=2 (800 + 0.005 fy)

36,000
which for fy = 40,000 psi, reduces to lc/36.

On the other hand, for very stiff beams, the required thickness can

become less than desireable, so a Timiting minimum thickness of

Lc (800 +0.005 f)

t = 36,000 + 5000 (1+R.)

is specified. For square panels, this corresponds to beams having an

average flexural stiffness reatio of 2.0.

In addition, for panels having discontinuous‘edges, either an edge
beam having a minimum stiffness of H = 0.8 shall be provided or the
minimum'thicknesses shall be increased by 10%. However, if.a drop panel
having dimensions at least one-third of the clear spans and a projection
below the slab of at least t/4, the required minimum thickness may be

‘reduced by 10%.

Notwithstanding the computed thicknesses from the above expression, the

thickness shall not be less than the fb]lowing values.

For slabs without beams or drop panels. 5 in.
For slabs without beams but with drop panels. 4 in.
For slabs with beams on all four edges with a value

of Hav at least equal to 2.0 3 1/2 in.
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| With the development of such numerical techniques as finite element
and finite difference methods,it is possible to compute slab deflections
taking into account the size and shape of the panel, the condition of
support, the nature of restraint at the panel edges, the modulus of elasticity
and variation§ in the effective moment of inertia of the concrete sections.
When such factors are considered, the designer has the option of using any
slab section, providing the computed deflections are less than the tabulated
maximum allowable computed deflections listed in the code. Exbressions for
the modulus of elasticity for the concrete and the effective moment of
inertia of the critical sections to be used in the deflection calculations
are also specified in the code but, since they are not restricted to slab

design, will not be discussed further.

To compute the additional long time reflections the computed
immediate deflections should be multiplied by the new factor
2 - 1.2 (AL / ASTJ but not less than 0.6. This factor is identical
with the previous factor when the area of compression steel is zero or

equaf to the area of tension steel but slightly greater for intermediate

values.

Methods of Analysis

Why should a building code detail the procedure for the analysis of
'slab systems when it does not do so for any other structural element? Why
not specify "A slab system may be designed by any procedure satisfying the

conditions of equilibrium and geometrical compatability, provided it is
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shown that the strength furnished is at least that of the specified load

factors and all serviceability conditions, including the specified limits
on deflections, are met"? The portion in quotations is essentially the

first paragraph of the section entitled Design Procedures in the new code.
However, since analyses meeting these requirements are not readily avail-

able, the code outlines two procedures which may be followed.

The first procedure is known as the Direct Design Method (DDM) and
may be used for all slabs consisting of more or less recfangu]ar panels
and supported on reasonably regularly spaced supports. Where these
conditions are not met a more general method, known as the Equivalent Frame
Method (EFM), may be used which assumes that the slab-beam column system
~may be analysed as a series of plane frames. Both procedures are

described in detail in the following sections.

Direct Design Method

Most concrete floor systems consist of rectangular panels supported
on columns of more or less regular spacing. Stiffening elements such as
| beams, drop panels or Column capitals may also be provided. For such cases
a simple straightforward method of analysis referred to as the Direct
Design Method, is permitted. In summary this procedure consists of the
- following steps:
(a) Determination of total static design moment for each span.

(b) Proportioning this total moment to positive and negat1ve
design moments at the critical sections.

(c) Proportioning these design moments between column and middle
strips.
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(d) Checking support stiffnesses for pattern loading effects.

(e) Design for shear.

Although the method resembles the former empirical method for flat
slabs there are many important differences. However, Tike the empirical
method, there must be some limitations of geometry for its use. These

limitations are compared below.

Empirical Method ; Direct Design Method

ACI318-63 ACI318-71
3 spans - continuous no change
maximum column offset 10% nd change

panel length

paneT width < 1.33 2.0
span <

adjacent span - 1.20 1.33
live load <

dead Toad - 3.0 no change

In general the direct Design Method may be used for a greater range
of slab geometry that the previous empirical method. An additional
restriction is placed on the use of the Direct Design Method in that where
a panel is supported by beams on all sides, the relative stiffness of the
beams in the two perpendicular directions given by H] 222/H2212 shall not
be less than 0.2 and 5.0. During the compilation of the numerical solutions
for slabs in the I11inois slab program on which the new code provisions are
based, it became apparent that it would be impossible to include all
possible variab]es; It was decided to define two dimensionless ratios, namely

HILZZ/HZQIZ and H]“Z/ll’ which would be used to proportion slab moments. The

first ratio is equal to unity when the beam stiffness in each direction is
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proportional to the span length, a condition that was assumed throughout

the slab program and also exists in most slabs in practice. The range

of variation of this ratio was rather arbitrarily set. Subsequent

analyses at the University of Alberta show that even within the 1imft set

by the code it is possible to have localized conditions of one-way behaviour
which results in substantially different patterns of moments. fhe second

ratio H]QZ/Q] is the parameter used to define column strip stiffness.

The total static design moment is computed for each span in a strip
bounded laterally by the centerline of the panel on each side of the
supports and is defined as the absolute sum of the positive and average
negative moments. By equilibrium this moment is

2
My = Wkote
8

The critical section for negative moment is the face of the column,
capital or wall. The clear spans zc is also measured from this position
and must be greater than 0.65 times the corresponding center to center

span. This value of M0 is compared with the corresponding value in the

previous code in Fig. 3.

This total moment, Mo’ must now be proportioned between the negative
and positive critical sections. This split is made on the basis of the
stiffnesses of the supporting columns as shown in Fig. 4. It is assumed
that interior columns do not rotate, hence the split is éimi]ar to that of
a continuous1y, uniformly loaded beam, in this case for interior panels,

0.65 Mo for negative moments and 0.35 Mo for positive moments. Studies
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have shown fhat the moments in the exterior panel are sensitive to the degree of
restraint provided at the discontinuous edge. For example when the

exterior column has essentially no flexural stiffness the exterior negative
design moment is approximately zero. However, even if the exterior column

has infinite flexural stiffness the moments will still not be distributed

as for an interior panel unless an extremely stiff beam in torsion is also
provided to prevent rotation of the discontinuous edge. For this reason

the exterior panel moments are expressed in terms of an equivalent column
'stiffness ratio Ké, which is a function of both the exterior column
stiffness and torsional stiffness of the edge slab and beam strip. Equivalent
column stiffnesses are discussed in detail in the next section for the

Equivalent Frame Method.

Once the negative and positive design moments across critical sections
have been determined for each panel they must be distributed laterally.
This is.sfmp]ified, as in previous codes, to assuming uniform distribution
across column and middle strips. However, a column strip is now defined as
a design strip with a width of 0.25 22, but not greater than 0.25 21, on
each side of the column centerline and includes beams, if any. In short,
the width of the column strip is one-half the shorter panel span. The middle
strip is the design strip bounded by the column strips. At interior sections
the portion assigned to the column strip is specified as a function of the
effective column strip stiffness and the panel aspect ratio as shown in
Fig. 5. Across the exterior section the proportion assigned to the column
strip is reduced as the torsional stiffness of the edge members is

increased, reflecting the more uniform distribution when a large edge
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member is provided.

Where beams are part of the column strip, the beam shall be prop-
ortioned to resist 85 percent of the column strip moment if H]£2/£] is
equal or greater than 1.0. For values of this ratio between 1.0 and
zero, the proportion resisted by the beam shall be obtained by linear
interpolation between 85 and zero percent. The beam must also be

“designed to carry any loading that is applied directly to the beam.

Middle strips are designed for the remainder of the design moment
not specified for column strips. The code also permits modifying any
moment value up to 10% providing the total moment in any panel remains

unaltered.

Since the above distributions are based on no rotation of interior
supports, the supporting elements above and below the slab shall be
designed tovresist in direct proportion to their stiffnesses, a minimum

moment equal to

2 wioifo1)2
M = 0-080{(Wp+0.5% )e,8 "-Whas(21)]
1

]+'—'|
e

where wb, zé and 2& refer to the shorter span.

In addition, where the ratio of live to dead 1oad exceeds 0.5 the
designer must consider the effects of pattem loading by either:
(a) provide a sum of flexural stiffnesses of the.columns
above and below the slab, K', greater than a tabulated

minimum stiffness K; given in the code, or
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(b) multiply the positive bending moments in the panels

supported by thosg columns by the factor

Fete 2 Ky

- YT
4+wD/wL Kr
It is seen that this ratio will always be greater than 1.0 when its use

is required.

- The total shear on each panel must be accounted for. Where beams
are present with a ratio, H]22/21, equal to or greater than 1.0, the beam
shall resist the shear caused by loads in tributary areas bounded by
45 degree lines drawn from the panel corners and the panel centerline
parallel to the long sides. For values of H]Qé/£1 less than 1.0 the
shear is obtained by linear interpolation assuming for H1 = 0 the beam

carries no load.

Equivalent Frame Method

In the Equivalent Frame Method the structure is considered as a
series of frames taken in both the longitudinal and transverse directions.
Eéch frame consists of a row of equivalent columns or supports and slab-
beam strips bounded laterally by the center line of the panel on each
side of the center line of the columns or supports. For vertical
loadihg, each floor together with its column above and below may be
analyzed separately and the far ends of the columns may be assumed
fixed. However, the stiffnesses assigned to the various members of

these frames have been chénged completely from previous procedures to
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permit a more accurate representation of the actual three-dimensional

. slab-beam column system by the equivalent two-dimensional elastic

frame. The factors required for the Cross moment distribution, namely
the fixed end moment coefficient, the stiffness factor and the carry-

over factor, must be evaluated for each element of the equivalent frame.

A typical slab-beam element for a portion of an equivalent frame is
shown in Fig. 6. The moment of inertia for this element between the
~ faces of the columns, brackets or columns is based on the uncracked
cross-section of the concrete including beam or drop panel, if any.
The moment of inertia between the center of the column and the face of
the column, bracket or capital is to be considered finite and is

dependent on the transverse dimensions of the panel and support.

To approximate actual slab behavior under unequal loading on
adjacent panels, or unequal adjacent panel lengths, the equivalent
column is considered to consist of the actual column plus an attached
torsional member running transverse to the direction in which the moments
are being determined as shown in Fig. 7. The transverse slab-beam may
~ rotate even though the column is infinitely stiff, thus pemitting
consideration of the moment redistribution between adjacent panels.
This equivalent column element is also used for the exterior columns in

the Direct Design Method.

The stiffness of the equivalent column, Kec’ is determined from

the expression
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l =]—+l
Kec ZKC Kt
k E_ I
_ _cccc
where KC S
= stiffness of attached column
K = 9 ECSC

= torsional stiffness of attached transverse slab-beam

elements.

In computing the stiffness of the column, KC » the moment of inertia
is to be assumed infinite from the top to the bottom of the slab-beam
or capital as indicated in Fig. 6. The attached torsional members for
monolithic construction are considered to include, in addition to the
beam, that portion of the slab on each side of the beam extending a
distance equal to the beam projection either above or below the slab,
whichever is greater, but not more than four times the slab thickness.
The torsional constant, C, can be computed for this transverse member
by dividing the cross section into separate rectangular parts and

carrying out the summation

3
= - Hxy
C=2x(1 - 0.63 y) 3

After evaluating the necessary factors from the slab-beam and
column elements the equivalent frame is analyzed by elastic analysis.
Where live load does not exceed three-quarters of the dead load or

nature of 1ive load is such that all panels must be loaded simultaneously,



maximum moments are obtained assuming full live load over entire system.
For other conditions maximum moments may be obtained by considering
pattern loading using three-quarters of full design 1live load on

appropriate panels.

Since the analysis of the frame is based on center to center lengths
the negative moments may be reduced to those occurring at a critical
section taken at the face of rectilinear supports. At exterior supports
provided with brackets or capitals the critical section for negative
moment in the direction perpendicular to the edge shall be taken at a
distance not greater than one-half the projection of the bracket or
capital beyond the face of the column. It should be noted that this is
different than the Tocation of the critical section by the Direct Design
Method. Circular or regular polygonal supports shall be treated as
square supports having the same area. These design moments at critical
sections are distributed between column and middle strips in the same
manner as for the Direct Design Method. Columns, however, are designed

to resist the moments obtained from the frame analysis.

Where the slab-system is within the limitations of geometry required
for the Direct Design Method and analysis has been performed by the
Equivalent Frame Method, the absolute sum of the positive and average
negative design moments in any panel need not exceed the total static

moment required by the former method.

54,
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Conclusion

Initially the new provisions may appear more complex than former
.procedures but this is due to lack of familiarity with the new and
familiarity with the old. In addition to a rational theoretical back-
ground, the new procedures enjoy a logic of design which, once grasped,

permits the design to flow smoothly from one step to another.

The new provisions were neither divinely inspired nor do they cover
all possible slab configurations, deficiencies which also existed with
the previous code. While the new provisions have less restrictions for
their use than the proliferation of methods that existed previously
they were designed to apply only to slab systems cdnsisting of reason-
ably regular rectangular panels on isolated column supports and so carry
load in two directions. Thus any discontinuities of support such as
randomly placed stiff beams, columns elongated in plan or other factors
which produce localized one-way behavior should be carefully examined

by the designer and appropriate modifications made.

Notwithstanding the Timitations of the new provisions, they do
provide for the first time, a method of design that provides a consistent
factor of safety to all types of slab systems. The elimination from the
code of the artificial differences between slabs with or slabs without

beams must be considered an achievement.
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Appendix - Design Example

To illustrate the use of the design procedures outlined in
the code consider the strip of a slab system shown in Fig. 8. A variety
of support conditions are used to demonstrate the calculations for
stiffness. The ratio of adjacent span Tengths, numbers of spans etc.
were chosen so that the Direct Design Method may be used but since the
geometry is at the extreme limits permitted for this method it is expected
that some differences may be expected from the Equivalent Frame Method

solution.

For computing the stiffnesses of column and slab-beam
elements for the Equivalent Frame Method the new code gives specific
procedures for determining the moments of inertia to be used at the
various sections. No such definitions are included with the Direct
Design Method so it is permissable to consider the column and slab-beam
elements as prismatic and compute stiffnesses by the we11 known expression
4 EI/% for each member where % is the center to center length. For most
cases the difference between this assumption and the assumption of stiff-
nesses for the EFM are not large. For this design example the design
moments were obtained assuming prismatic sections for the DDM. The
corresponding moments using the stiffnesses as obtained from the EFM are

shown at the bottom in parenthesis.

The stiffnesses required for the column and slab-beam elements

in the EFM (see Fig. 8) may be obtained using column analogy and tabulated.
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Since both c]/l] and c2/SL2 can vary independently at each end a compre-

hensive table of the required factors for all practical condition would

be voluminous. However studies by the writer have indicated that by
assuming the ratios c,/%; and c,/%, at the far end are equal to the
respectiye ratios at the near end, relatively simple tables can be pro-
duced in terms of the remaining two variables, namely c]/z] and c2/22 at
the near end. Examples of these tables taken from a paper by the writer
which has been accepted for publication in the Journal of the American
Concrete Institute, are included to assist in evaluating the necessary
factors. Values in the calculations obtained from the tables are indicated

by square parenthesis.

Since the 1ive load is only three-quarters of the dead load
the frame need only be analyzed for full load on each span. After
balancing the moments in the frame the negative moments may be reduced to
those at the critical sections located at the face of the columns or
capitals except for line D where the critical section is at one-half the
projection of the capital from the column face (see Section 13.4.2).

Also for span CD the final moments may be reduced so that the sum of the
positive and average negative moments does not exceed,M0 (see Section

13.4.5).

Only the design moments for the columns and critical slab
sections are shown. A complete design would of course include design for

shear and choice of reinforcing.
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Reinforced Concrete Buildings
LECTURE 4
DESIGN OF TALL REINFORCED CONCRETE BUILDINGS
by

M. Fintel



DESIGN OF TALL REINFORCED CONCRETE BUILDINGS
M. Fintel

Taller and taller buildings are now being built of reinforced
concrete. Figure 1 shows the 70 story; 645 foot high Lake Point Tower
in Chicago. This building has three wings 65 feet wide, each of which
extends 117 feet from the triangular shear wall assembly in the center
of the building. The floors are 8 inch 1ightweight concrete flat plates.
The columns are normal weight concrete. Weather permitting, the building

was cast at the rate of one floor every three working days.

Figure 2 shows a model of the 713 foot high 52 story - One
Shell Plaza in Houston. This is an office building built entirely of
lightweight concrete. The building is a "tube-in-tube" structure with a
shear wall core and exterior columns and spandrel beams resisting lateral
loads. The floors consist of one way concrete joists spanning from the

outside walls to the core with two way joists in the corners.

This paper presents a review of the various structural systems
currently employed in the construction of tall concrete buildings. The
choice of building type, the problems in the design of such buildings and
the reinforcement required for seismic conditions are discussed in this
paper.

Reference:
ACI Committee 442, "Response of Buildings to Lateral
Forces", ACI Journal, February 1971, pp. 81-107.

72.



-
S
-
on

o
A G

THI
:S?H; il
i

Lecture 4 Figure 1 Lake Point Tower, Chicago



Lecture 4

Figure 2

JSINIET
i,
M

liitti‘i";m?“.;i iy ti sgﬁgﬁii

AT
Wiy munmﬁ' ;mmmm:

iy

! mmunxmmn:g:;"
iy T

nmmmn':mlmmm,
iy W
i AT LTI
i G,

LTI LTI,

W LT, IHm

TR

LT
i T

(U LTI

nmm LT

' ll‘mlmmnmmlnmuummlmum
mmummmtmmmmunmmmmn

LT LTI
R
HTHIHmnnmm

TN
U

I
RN

k HH]
‘ mmmmmumlmmm
i
'ggag::glI!llﬂlllllmllmﬂﬂﬂmlml 5;

i g
:‘mmm;;mu:iiﬂ:iggggmsml{,gg,{

I :
“““iﬂmn!‘znnigggggm .

Model of One Shell Plaza, Houston



Reinforced Concrete Buildings

LECTURE 5

DESIGN FOR TORSION

by

J. Warwaruk



May 1971

TORSION 73.

by
J. Warwaruk
Professor of Civil Engineering
The University of Alberta

INTRODUCTION

Torsion was generally nof taken into account in the
design of reinforced concrete structures in the past as it was
assumed that the torsional stresses were minor and could be taken
care of by large factors of safety used in design. More recently
as design procedures have been refined and factors of safety re-
duced it becomes necessary to take torsion explicitly into design.
This 1is particularly important for those cases where torsion
moments may be of the same order of magnitude as flexural moments
as for example, in beams curved in plan, beams framing into other

beams, cantilever slabs, spiral staircases, etc.

This paper presents the basis for the current torsion
design procedures for reinforced concrete as presented in ACI
318-71 and the NBC/CSA building codes. These design requirements
are based on the work of ACI Committee 438 - Torsion and over the
last half decade have gone through several modifications to
reach the form in which they exist today. Although these require-
ments are empirical in nature, they representva reasonably con-
servation design procedure for members subjected to torsion com-

bined with other forces and moments,.

[E——
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BROAD PHILOSOPHY OF DESIGN

The approach to design of a reinforced concrete member
subjected to torsion alone is analogous to that for design in
flexural shear. Figure 1 illustrates that the resistancé of a
member subjected either to flexural shear or to torsion is made up

of two parts:

(i) the contribution of the strength of the concrete com-
pression zone;

(ii) the contribution of the web reinforcement.

It is difficult to assess precisely the contribution of
the compression zone because of the very complex stress situation
eXisting there but results of tests are useful for establishing
such contribution. For flexural shear it has been shown (1) that
the contribution of the concrete compression zone to shear strength
is approximately equal to the shear which causes diagonal tension
to occur. For torsion alone the contribution of the concrete
compression zone to the ultimate torsional strength may be taken
as about one-half the torsional moment which causes diagonal ten-

sion cracking to occur (2).

The action of web reinforcement in resisting torsion
alone is similar to its action in resisting flexural shear. In
both cases, as shown in Figure 2 the web reinforcement may be
considered to act as part of a truss in combination with inclined
compression struts of concrete which are formed by diagonal

tension cracking, and with longitudinal reinforcement.
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Torsion causes principal tension stresses on all faces
of a beam and web reinforcement therefore must be provided in
each face. For this closed loop stirrups must be used; U shaped
stirrups commonly used for flexural shear reinforcement are not

suitable for torsion.

To this point the discussion has been restricted to
design philosophy for torsion alone or flexural shear alone. In
practice members must usually be designed for combinations of
torsion, shear and bending moment. When both flexural shear and
torsion are present in a member they interact with one another
and the shear and the torsion which a member can resist simultan-
eously is less than the flexural shear or the torsion which the
member can resist when either shear or torsion acts alone. This
is illustrated by results of tests (2) summarized in Figure 3
for different cross-sections of beams having no web reinforcement,
and in the case of the rectangular beams having M/Vd values
ranging from 3 to 6. The value of M/Vd does not significantly
affect the shape of the interaction curve although it does affect
the value of V0 . A circular arc interaction curve was there-
fore used to calculate the contribution of concrete to strength
in flexural shear and torsion when shear and torsion act simult-

aneously in beams with no web reinforcement.

The interaction of torsion with flexural shear in beams
having web reinforcement is not well understood. The design pro-

cedure adopted for beam thus loaded is as follows. For the part
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of the strength contributed by the concreté a circular inter-
action curve is used, as discussed in the preceding paragraph.

For the other part of the torsional and flexural shear strengths
contributed by the reinforcement the interaction curve between
torsion and shear lies close to a straight line. -Hence a straight
line interaction curve was adopted. This is the same as saying
that the reinforcement for torsion and flexural shear should be

added.

In summary, the procedure for design for torsion and
other forces acting on a reinforced concrete section is that
listed below.

(i) Compute the nominal shear stresses due to torsion and
flexural shear.

(ii) Determine the contribution of the concrete to the
' resistance of nominal shear stresses.

(iii) Provide web and longitudinal reinforcement to take the
difference between (i) and (ii) above.
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BACKGROUND OF DESIGN RELATIONSHIPS

The following sections present relationship for the
design of reinforced concrete cross-sections when subjected to

torsion and other forces.

(a) ACI 318-71: Equation 11-16
The strength of beams with no web reinforcement sub-

jected to pure torsion can be expressed as

Moy = @ x2 y fy (1)

for both elastic and plastic theories. Based on elastic theory
a 1is the St. Venant's coefficient and varies from 1/5 to 1/3.
Based on the plastic theory o varies from 1/3 to 1/2. Recently
a new theory based on an ultimate strength approach (3) has been
formulated; it uses a constant value for o = 1/3. The term ft
is the diagonal tension stress and is numerically equal to the
shear stress due to‘torsion, Ty - Thus for a rectangular beam

at ultimate strength

B 2
Mtu = 1/3 x~ vy oy

and rearranging
Wt T (2)
[f the member has flanges they contribute to the

strength in torsion. Details of such flange contributions are

presented in Appendix 1. Thus, taking the contribution of the
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flanges and incorporating the capacity reduction factor ¢ ,
Equation 2 becomes

3 M

tu .
T, T T (11-16)
o L XY
Limit on t : For pure torsion the shear stress due to torsion

T. shall not exceed 2.4/?;T . This is based on the contribution
of concrete to the ultimate strength of a beam with web reinforce-
ment (4). This torsional shear stress corresponds to a torque
about 40 percent of the cracking torque of a beam without web
reinforcement (5), and is conservative for predicting torsional
cracking.

When the nominal ultimate shear stress dﬁe to torsion
only is less than 1.5/?;T torsion effects are neglected. This
stress corresbonds to about 25 percent of the pure torsional
strength of a member without web reinforcement and torsional
stresses of such magnitude will not cause a significant reduction

in ultimate strength either in flexure or shear.

(b) ACI 318-71: Equation 11-3

_ u (11-3)

This has been discussed in shear design.

Limit on v : The shear stress carried by the-concrete shall

not exceed 2/fc'
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(c) ACI 318-71: Equation 11-17

In the case of combined torsion, flexural shear and
flexure the interaction of torsion and shear is taken into account
explicitly (2) using a circular interaction curve between torsion
and shear. The detailed derivation of this relationship is given

in Appendix 2,

Thus the contribution to the total capacity of a beam

by concrete resisting torsion when subjected to combined loading

is
2.4/?C'
L (11-17)
2
/1 + (1.2 Vu/Tu)
Limit oh T ¢ The maximum value of the torsion stress that a

member may carry is restricted to

12V?c'
T, ° (11-18)

/1 + (1.2 vu/ru)2

and is based on Equation 11-17 but 1limiting the numerator to
12/?c' which is the maximum torsional stress observed in tests
of beams subjected to pure torsion in which the reinforcement

still yielded before concrete crushed.

‘(d) ACI 318-71: Equation 11-9

Equation 11-9 can be derived in a manner similar to that
used in deriving Equation 11-17. It represents the nominal per-
missible shear stress carried by the concrete for combined torsion,

flexural shear and flexural loading.
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2/F " ’
S | (11-9)
Mo+ (x, /1.2 e

(e) ACI 318-71: Equation 11-19
When the ultimate torsional shear stress T, exceeds
the permissible torsional shear stress, T s the excessive shear

stress (ru - rc) must be resisted by torsional reinforcement (5).

For beams containing longitudinal and transverse web
reinforcement and subjected to torsion only it is shown (6) that

the ultimate torque can be calculated by

A, f
i t Ty
Tu T0 e Xy —3 (3)

Where X1 and yy are the smaller and larger legs of
a closed stirrup At is the cross-sectional area of one leg is a ‘
closed stirrup, fy is the yield strength of the reinforcement,
and s is the stirrup spacing. The parameter X1 ¥y At fy/s
is referred to as the reinforcement factor. Figure 4 presents
typical results of tests on beams at PCA (6,7). T0 is the
vertical intercept, @ is the slope of the straight line. The
value of @ was found to be mainly a function of m , the ratio
of the volume of longitudinal reinforcement to volume of stirrups,
and y]/x] . These test data indicate that @ 1is equal to
(0.66m + 0.33 y]/x]). The following equation was presented (7)

as representing the strength in torsion of beams reinforced with

Tongitudinal steel and stirrups. Committee 438 (5) assumed for
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85. ?
practical purposes that the amount of longitudinal steel would

be equal to the amount of stirrups and hence m = 1

2 . y
Cx — 1 t 'y
T, = 5L (2.4/F7) + (0.66 + 0.33 ;T) X7 ¥y (4)

The first term of Equation 4 is the strength of concrete beams
without web reinforcement where 2.4¢fc' was the reéommended
‘maximum shear stress due to torsion only carried by an unrein-

forced concrete cross-section.

Modifying Equation 4 and expressing it in stress terms

and substituting Ao for Ay

3T y X1y A f .3
u 1 1 71 0
_ = 2.4/ + (0.66 + 0.33 —) J
xzy c X1 x2y 3

letting: T, = M, , substituting z %2 y for %2 y , and solving

for A, yields ;
(T—T)SEXZy

A = u 0 (11-19)
0 3 Q X1 Y fy

where o = (0.66 + 0.33 y]/x])

with a maximum value for o of 1.5 (5).

(f) ACI 318-71: Equation 11-20
Torsional reinforcement must consist of longitudinal
and web reinforcement because both types of reinforcement are
needed to resist diagonal tension stresses. The ultimate torsional ‘

strength cannot be increased if either one of the two types of re-
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inforcement is absent. Equation 11-20 which forms part of the
requirement for longitudinal bars is derived from the assumption
‘that the volume percentage of longitudinal reinforcement is equal

- to the volume percentage of stirrups (4).

) Xp Yy
A, = 2A, |+ : (11-20)

(g) ACI 318-71: Equation 11-21

This equation forms the other part of the requirement
for longitudinal bars and it was first presented in (8) with its
objective being to increase longitudinal torsional reinforcement

for small amounts of torsion stirrups.
- 400 x s Ty S Yi]
A = ( ) -2 A [- — (11-21)
[} [ fy &y + Y 9] 3

(h) Other Reinforcement Details

The reinforcement required to resist torsion is simply

added to that required to resist flexural shear and bending (5).

The spacing of closed stirrups shall not exceed

(x; + yq)
—g—— or 12 inches,

which ever is smaller. This requirement is based on test results
(8,9).

The minimum area of closed stirrups provided shall be

A + 2Ao = 50 b's/fy
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This is a recommendation by Committee 438 (9) and represents
minimum amount of web reinforcement for combined torsion and shear
be made the same as that for shear without torsion and that the
accompanying longitudinal reinforcement be increased so that the
total volume of minimum torsion reinforcement remains the same
as in the original Committee 438 report (5). This requirement

complements Equation 11-21.

Distribution of longitudinal reinforcement around the
perimeter of the stirrups involves placing at least one Tongitudinal
bar in each corner and spaced no more than 12 inches apart. Long-

itudinal bars must be #3 or larger.

The provision requiring torsional reinforcement to be
provided at least (d + b) beyond the point theoretically required
is to account for and intercept torsional diagonal tension cracks

which normally develop in a spiral form.



DESIGN EXAMPLE

This example involves the design of the beam shown in
elevation in Fig. 5 . The beam carries the loading shown in section on
Fig. 5 . Since the analysis of the structure is not the subject of this
example, only a summary of the design moment,shear and torque are
presented in Fig. 6 . The material strengths used in this design are

fe = 4000 psi and fy = 60,000 psi.

The flexural reinforcement requirement at the column face,
using a singly reinforced rectangular section is 4.64 sq.in. At midspan,
using an L section, 2.88 sq.in are required. These are indicated in

Fig. 7 .

The design which follows is mainly that for the section at a
distance d from the column face. Only a summary of the design at other

sections is presented.

88.
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Flexural and Torsional Shear Stresses

Effective overhanging width = 3 (Thickness of Slab) = 18 in.
From Fig. 8:

2 2 2 3

IX“y = 16 x 24 + 6° x 18 = 6792 in

At distance d from column face, Vu= 71kips Tu= 526 in-kips

Yu 7100

Eq. (11-3) v, © 760 = 085 x TE X = 249 psi

3Ty 3.526000

Eq. (11-16) <. = = 3:526000 . 573 psi
| u” ol | 0856792
Sect. 11.7.1 Ty, min = 1+5 /?Z'= 1.5 V4000 = 95 psi < 273 psi
12/F7 —
Eq. (11-18) 1, _ = c = - 12/4000 = 5245273
1+ (1'2Vu/Tu)2 "1+ (1.2 x 249/273)2
2/ F1 000
Eq. (11-9) Ve = < 5 = 2/4000 y = 91 psi
A+ (r /T2v,)? /T + (273/1.2 x 289)
2.4/F7 ___
Eq. (11-17) 1 ¢ 2.4/4000 = 105 psi

¢ A7 (1.2vu/ru)2 A+ (1.2.289/273)2

Flexural Shear and Torque Carried by Concrete

Vo = v, bd=0.8591 x 16:21 = 26 kips
2
T, = ¢1, 2531— = 0.85 x 105 Q%gg = 202 in kips

(These values are entered in Fig. 6)
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Shear Web Reinforcement

Eq. (11-13) A = 0y = VIb o (049 - 91)16 = 0.0421 in2/in

f
s y 60000
Ea. (11-1) A,y . 300" - 3016 - 0.0133 1n2/in < 0.0421 inZ/in
s min y
- d_21 -
Sect. 11.1.4 Smax = 3 - 5 10.5 in

Torsional Web Reinforcement

Concrete cover is 2.0 in.for bottom and top faces and 1.5 for

side faces. Assume No. 4 bars for closed stirrups.

X; =16 - 2 (1.75) = 12.5 in
y1 = 24 - 2 (2.25) = 19.5 in
_ I 19.5 _
Sect. 11.8.2 2= 0.66 + 0.33 = = 0.66 + 0.33 5= 1.175< 1.5
1

At distance d from column face

>

(t -1 )szy
Eq. (11-19) 0. ' u c _ (273-105)6792 = 0.022] inz/in
lelfy 3x1.175x12.5x19.5x60000 '

s 3Q

XYY 125 41905

Sect. 11.8.3 nax 7 = )

wn

= 8 in <« governs

12 in

w
fl

max
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Total Web Reinforcement

At distance d from column face

b
p-J

0 % = 0.0221 + -;- 0.0421 = 0.0432 in%/in

— +
s

s = 0:0432 = 4,6 in use 4.0 in for No. 4 bars

Torsional Longitudinal Reinforcement

At distance d from column face

A
Eq. (11-20) A, = 2% (x; + y;) = 2 x (0.02221)(12.5 + 19.5)= 1.41 in’ governs
A
_ | 400x _Tu 2 "o
. (12 Ay = | () - B2 | (g )
r |
= | 80 (s ) - 2 (0.0221)] (12.5 + 19.5) = 0.37 in?

Smax‘ 12 in

Longitudinal bars are needed at mid-height to satisfy the spacing

requirement.
s' = ]7 (24 - 3.0 - 3.0) = 9.0 < 12.0

Assume equal area of steel at the three levels

A
2’ = -1-'.-4;]_= ] 2
'3_'_ 3 0047 in

Use 2 No. 5 bars at the middle level.

A
7 = 2 (0.31) = 0.62 in% > 0.47 in®

Then the steel area for the top and bottom levels are

= - . 2
A,, top = A,» bottom = %_(1.41 - 0.62) = 0.40 in



Total Longitudinal Reinforcement

Torsional longitudinal bars at column face should be identical

to those at a distance and from column face.

Top Bars at Column Face

A+ Ags top = 4.64 + 0.40 = 5.04 in’

Use 5 No. 9 bars A, + Ay, top = 5(1.00) = 5,00 = 5.04

Bottom Bars at Column Face

AL+ A,, bottom = 0 + 0.40 = 0.40 in?

Sect. 12.2.1 1 AS (at mid-span) = 1 (2.88) = 0.72 1‘n2 <+ governs
4q 4

Summary of Reinforcement

See Table 1.

95.

teromss e e




~r—

Table 1. Summary of Reinforcement

96.

Column Distance
Items Units Face d from Distancel from Center of Span - ft.
column 9 6 3 0
- face
, Web Reinforcement
Vu-vc kips - 45 31 14 0 0
T,T, in.-kips - 320 219 99 0 0
A,/2s in.2/4n. - 0.0211 | 0.0145} o0.0065] 0 0
A/s in.2/in —-- 0.0221 0.0151{ 0.0068] © 0
(A,/25)+(A /s) in.2/1in. - 0.0432 0.0296 | 0.0133} o 0
. 4.6 6.7 15.0 % o
s m. Tt ‘ use 4 inJ use 6 inl.use 8 iﬁwuse 8 il use 8 inJ
Top Longitudinal Bars
M, n.-kips 4640 3150 1160 0 0 0
T, T, in.-kips -- 320 219 99 0 0
Ay in.2 4.64 3.15 1.16 0 0 0
A, >top in.2 0.40 0.40 0.27 0.12| o 0
AHA, s top in.2 5.04 3.45 1.43 0.12] o 0
Bars 5 No. 9
Bottom Longitudinal Bars
M Tn.-Kips 0 0 220 1850 2750 3190
T, T, in.-kips - 320 219 99 0 0
Ag in.2 0 0 0.20 1671 2.48] 2.88
A, bottom in.2 0.40 0.40 0.27 0.12] o 0
AS*+A, sbottom in.2 0.40 0.40 0.47 1.79 2.48 2.88
Bars 2 No. 771 5 No. 7

* Governed by Sect. 11.1.3
** Governed by Sect. 12.2.1



Check Minimum Web Width

Use "Ultimate Strength Design Hanbook", Vol. I, ACI SP-17, P.93,

Top bars at Column Face (5 No. 9 Bars)

bmin = 14 in. for 5 No. 9 bars

14 < 16

Bottom Bars at Center of Beam (5 No. 7 Bars)

bmin = 12.5 <16

Cut-off Points for Top Bars

Extension beyond the point at which it is no longer required to
resist flexure (Section 12.1.4)
d =21 in <« governs
12 (Bar Diameter) = 12 x 1.13 = 13.5 in
First Cut-off Length for 1 No. 9 Bar

Steel area requirement (Fig. 9):

A = 4 x 1.00 = 4.00 in?

Af
A _4.00 x 60000
a = 67@%?;*5 = 0.85 x 4000 x 16 ~ +-41

M, = 0.9 x 4.0 x 60000 (21 - 45319 = 4059
Entering Fig. 6 .. Ly = 7"

Development length required for top bars

Sect. 12.5.1 a, and b,

Ly = 1.4 0.04 asf = 1.4 x0.04 x 1.00 x 60000 _ 53 < governs
— /4000
/fc

Section 12.1.4
d + Ld =21 + 53 =74 in

97.
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Second Cut-off Length for 2 No. 9 Bars

d+ L] + Ld =21 +7 + 53 - 81 in

The remaining 2 No. 9 bars will be carried throughout the beam
to satisfy Sect. 11.8.5

Cut-off Points for Bottom Bars

Extension beyond moment diagram
Sect 12.1.4 d =21 in <« governs
12 (Bar Diameter) = 12 x 0.875 = 10.5 in
First Cut-off Length for 1 No. 7 Bar

Steel area requirement (from Fig. 9)

A = 4 x 0.60 = 2.40
A f
ATy _2.40 x 60000
d = 0.857"_b - 0.85 x 4000 x 16 - 2-647
M, = 0.9 x 2.40 x 60000 (21 - 342519 = 2550 in kips

Entering Fig. 6 . . Ly = 4' =48" <« governs

Development length requirement for bottom bars

0.04 a f

Sect. 12.5.1 a, _ 0.04 x 0.60 x 60000

Ly =
AT /4000

= 23 in

Sect. 12.1.4 d + L] =21 + 48 = 69 in

Check Cut-off Bars_in _Tension Zone (59" from Center of Span)

Shear at cut of point = 34 kips

Sect. 12.1.6.1 %-of permitted shear =

w|ro

(v, + 0 Afy)

w[m

[?6 +0.85 x 0.40 (60 2%:]= 46 > 34

S
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Second Cut-off Length for 2 No. 7 Bars

Steel area requirement (from Fig; 9)

2 x 0.60 = 1.20

b
L}

1.20 x 60000 _
a = 5 g5 % 4000 x 176 _ |32

0.9 x 1.20 x 60000 (21 - 1:%359 = 1318 in kips

=
]

Entering Fig. 6 ... L2 =7.1' = 85"

Sect. 12.1.4 d + L2 =21 + 85 = 106 in
d + L] + Ld =21 +48 + 17 = 86" <« governs

Check 2 No. 7 Bars at Inflection Points

v =897y 193 4+ 7.0 = 59 kips

u 159
- ay _ 1.324, . . s
Muo = Asfy(d - 2) = 1.20 X 60000 (21 - 5 ) = 1.464 in kips

Sect. 12.2.3 La =d =21 in

Muo 1464
Sect. 12.2.3 —— + L. = —=—+ 21 = 46 in

Vu a 59

Ld = 23 in < 46 1in

Reinforcement Details

See Fig.10.
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APPENDIX I

Flanged Sections

In calculating the nominal total design torsion stress, Ty?
the denominator contains szy which: "shall be taken as the component
rectangles of the section but the overhanging flange width used in design
shall not exceed three times the flange thickness". The following

paragraph presents more details regarding this calculation.

2y for flanges sections

The calculation of the quantity =x
depends on the selection of component rectangles. These rectangles should
not overlap. In the normal case where the closed stirrups are installed
in the stem, as shown in Fig. A-1-b, the quantity szy should be taken
as the x2y values of the web extending through the over-all depth of the

2y values of the outstanding flanges. However, in the

section plus the «x
special case of cross sections such as Fig. A-1-c, it would be more advan-
tageous to install the closed stirrups in the upper wider rectangular
portion. In the latter case the szy value should be taken as the x2y
value of the upper wide component rectangle plus the narrow vertical but-
standing stem. In the case of members without web reinforcement, the
component rectangles should not overlap and may be taken so as to result

in the highest possible szy.
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APPENDIX II

Derivation of Equations 11-17, 11-9, and 11-18.

The basic derivation of these equations involves the use of a

circular interaction curve between flexural shear and torsion:

Vi\2 T,\2 )
v *t\7) =1.0
o 0

This has been expressed (2) in terms of stresses

v 2 T 2
<‘-,@-) =2 =10
o C

Modifying Ve, 2 1+ <b_> 2 (&)2 .2
Y ‘T c
, ca c

~-at a particular section: t/v 1is constant

at diagonal cracking: t/v = 2 rca/vca

at ultimate t/v = ru/vu

from above tca/vCa = g/2v

‘ T, \ 2/v:\2 5
so that vca2 1+ <?V;' ?;- =AvC

or v =

1
3
f ==
S~
]
<
o

[ ==




106.

Using design consistent with ACI 318-63 - Ve and Te become

2¢ /?Z' and 2.4¢ /fz_resp., and if ¢ = 0.85 1is used for torsion as

for shear then TC/VC = 1.2 and

, | _
ca T 5
1+ 2.4v
T

Committee 438 (5) suggested that the coefficient 2.4 in the above
equations be replaced by 3. In the Proposed Revision of ACI 318-63,
February 1970, Eqs. 11-9 and 11-17 contained the constant 3 in the
denominator. Subsequently in discussion of the revisions to ACI 318-63
(9), Conmittee 438 reduced the constant from 3 to 1.2 stating - "The
revised Eq. 11-9 and 11-17 provide a practically more convenient

transition from the case of pure torsion to that of shear-flexure."

Equation 11-18 is derived using a circular interaction curve as

follows:

2
ru(max) 2 . vu(max)

N — = 1.0
12 /TC 10 /TC
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DESIGN OF SLENDER REINFORCED CONCRETE COLUMNS

J.G. MacGregor

BEHAVIOR OF SLENDER REINFORCED CONCRETE COLUMNS

In this paper the term "short column" is used to denote a column which
has a strength equal to or greater than that computed for the cross
section using the forces and moments obtained from a nopinal analysis
and the normal assumptions for combined bending and axial load. A
"slender column' is defined as a column whose strength is reduced by
second-order deformations. By these definitions a column with a given
slenderness ratio may be a short column under one set of restraints and

loadings and a slender column under another combination of restraints.

The effect of slenderness on a slender column is illustrated in Fig. 1.
The maximum moment in the column occurs at Section A-A, due to the com-
bination of the initial eccentricity e in the column and the deflection
A at this point. Two types of failure can occur. First, the column may
be stable‘at the deflection Al, but the axial load P and the moment M
at Section A-A may exceed the strength of that cross section. This type

" of failure, known as a "material failure," is illustrated by Column 1 in
Fig. 1 (¢) and is the type which will generally occur in practical building
columns which are braced against sway. Second, as shown for Column 2 in
Fig. 1 (¢), if the column is very slender it may reach a deflection A2
due to the axial force P and the end moment Pe, such that the value

of 8M/8P is zero or negative. This type of failure is known as a '"stability

107.
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failure" and may occur in slender columns in sway frames.

Major Variables Affecting the Strength of Slender Hinged Columns

Broms and Viestl and, mére recently, Pfrang and Siess2 have presented
comprehensive discussions of the effects of a number of variables on the
strength of‘restrained and uﬁrestrained columns. These two studies have
shown that the three most significant variables affecting the strength
and behavior of a slender hinged column are: the slenderness ratio h/t;
the end eccentricity e/t; and the ratio of end eccentricities e1/e2. The
effects of these variables are strongly interrelated, as illustrated in
Fig. 2. This figure presents three series of load-moment interaction
curves fér hinged columns with various el/e2 ratios. The interaction
diagrams are presented in terms of the maximum loads and moments that

can be applied at the ends of columns with various slenderness ratios, as

discussed in the previous section.

A hinged column will be weakened if at any séction the sum of the moments
due to the end eccentricities or imperfections, and the column deflections
exceeds the maximum moment in the undeflected column., In a column sub-
jected to symmetrical single curvature the column deflections will always
increase the column moments. Thus, in Fig. 2 (a) the interaction diagrams

for all h/t values greater than zero fall inside the interaction diagram

for the cross section (h/t = 0).

In the case of double curvature, however, this will not always be true,

since the maximum applied moment occurs at one or both ends of the column
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while the maximum deflection moments occuf between the column ends. This
is illustrated by the interaction diagrams for h/t = 30 in Fig. 2 (¢).
This column is weakened by the column deflections for small eccentricities
where the sum of the deflection moments and the applied moments lead to
maximum moments greater than the applied moments. For larger eccentricities,
however, the maximum moments will always occur at the ends of the column

and as a result there is no weakening due to length.

Broms and Viest1 showed that an increase in the prdportion of the load
carried by the reinforcement led to a more stable column. Thus, columns
with high concrete strengths fé and/or low reinforcement percentages p
tended to be most strongly affected by length. In other words, as the

p/fé ratio is increased, the column tends to be more stable.

Sustained loads tend to weaken a hinged slendervcolumn by increasing the
column deflections. Hinged columns bent in symmetrical single curvature
will always be weakened by sustained loads. The effect of sustained loads
on the strength of hinged columns bent ip double curvature is much less

pronounced, especially if the end eccentricities are large.

Behavior of Columns in Braced Frames

Fig. 3 shows a restrained column bent in single curvature. An axial load

P and an unbalanced moment Mex are applied to the joint at each end of

t
the column. The external moment Mext is resisted by the restraints Mr
and the column Mc as shown in Fig. 3 (b). Thé maximum moment in the

column is the sum of the column end moment Mc and the deflection moment
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Md as shown in Fig. 3 (c) and Eq. (1): .

ax d ext { K +
m [ X Kb (1)

The column end moment is a direct function of the relative stiffnesses
of column and beam. As the column deflects laterally under axial load
and moment, the column stiffness is reduced so that more of the external
moment at the joint is resisted by the beams and less by the column.
Inelastic action in the column tends to hasten this reduction in the
column stiffness thus reducing the moment developed at the ends of the
column still further. On the other hand, inelastic action in the beam

tends to throw moment back into the column.

The deflection moment is affected by the same variables that affect the

column stiffness. An increase in the deflection moment tends to weaken

the column. P

For short restfainedﬁ661uﬁns, the reduction in the column end moment due
to axial load may be larger than the increase in moment due to deflegtions.
As a result, the maximum moment in the column is decreased below the value
from a first-order analysis and the axial load capacity of the column
increases. For a slender restrained column, however, the deflection
moments tend to increase more rapidly than the restraint moments and the

over-all effect is a weakening of the column because the maximum moment

is increased.
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Fig. 4 (a) shows Frame F2 tested by Furlong and Ferguson3. This frame
was loaded so that the columns deflected in é single~curvature mode. The
columns had h/t = 20 (kh/r = 57) and an initial eccentricity ratio e/t =
0.106. TFailure occurred at Section A at midheight of one of the columns.
In Fig. 4 (b) the load and moment history at Sections A and B is super-
imposed on an interaction diagram for that column. The moment at B
corresponds to the moment Mc at the end of the columm in Fig. 3 (c¢).
Although the loads P and oP were proportionally applied, the variation
in moment at Section B is not linear with increasing load because the
column stiffness decreased more rapidly than the beam stiffness. The
moment at Section A, the failure section, is equal to the sum of the
moment at Section B plus the moments due to the column deflection, as
indicated by Eq. (1) and Fig. 3 (c). The intersection of the interaction

diagram and the line for Section A corresponded to column failure.

Figure 4 also illustrates a common error in frame analysis. The e/t of

the applied loads computed using the momentsvof inertia of the uncracked
concrete sections is shown by the dashed line. The actual initial e/t
measured in the test would be represented by a line lying between the

two soliq curves with an e/t of about 0.14. Thus, the column attracted
more moment than predicted by the analysis because the column was uncracked
through most of the loading history while the beams were cracked. This

problem is discussed more fully in Reference 4.

Behavior of Slender Columns in Sway Frames

The behavior of a column free to sway is markedly different from that of

JE—
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a column restrained against sway. As the stiffness of the lateral

restraints is decreased, there is a transition from the no-sway to the

sway case. -

A column in a frame without lateral restraint must depend largely on
the beams to prevent sidesway collapse. If the beams are quite flexible,
the column will behave essentially as a rigid body and the frame will

deflect laterally due primarily to the bending of the beams. If the

restraints are stiff, the column will resist some lateral deflection

by bending of the column itself. 1In either case, however, the frame
will form an unstable mechanism if the beams yield and can no longer
restrain the columns. An increase in the degree of rotational restraint
will always increase the strength of a column that is free to sway,

unless, of course, the restraints yield.

With the presence of even a small amount of lateral restraint the behavior
and capacity of the column changes significantlys. Since part of the.
lateral load is resisted by the lateral restraint, the column no lqnger
deflects as a rigid body and flexural déflections of the column begin to
play an important role in the column behavior. 'However, since a laterally
unrestrained column depends entirely on its rotational restraints for
stability, the column becomes unstable if these restraints yield.
Because of this potentially large reduction in the strength of the frame
due to yielding of the restraining beams, it is essential that design of

these beams reflect the magnified column end moments which they will be

called on to resist.



Summary of the Primary Factors Affecting the Strength of Slender Columns

This brief review of column behavior suggests that the principal variables

affecting the strength of slender columns are:

‘1. The degree of rotational end restraint. An increase in the degree
of eﬁd restraint will increase the capacity of a column. The effect
of the restraints is less marked if they yield under the moments
transferred to them by the columm.

2. The degree of lateral restraint. A completely unbraced column is
significantly weaker than a braced column, but a relatively small
amount of bracing is enough to increase the strength almost to that
of a completely braced frame. The strength of an unbraced column
is strongly dependent on the rotational capacity of the restraining
beams.

3. The slenderness ratio h/t, the end eccentricity e/t, and the ratio
of end eccentricities el/ez. All have a significant and strongly
interrelated effect. Ve

4. The ratio p/fé. An increase in this ratia tends to increase the stability
of a column.

5. Sustained loads. These loads increase the column deflections and

usually decrease the strength of slender columns.

THE DESIGN OF SLENDER COLUMNS

Sections 10.10 and 10.11 of ACI 318—716 recommend the use of a second-
order structural analysis in the design of slender columns. The term

"second-order" analysis is used to describe an analysis that considers
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the effects of column and frame deflections on moments and the effects of
axial loads on the member stiffnesses. .Such an analysis should be carried
out for the frames in combination with any bracing members or shear walls

that exist.

Alternately, design may be based on the axial loads and moments from a
conventional structural analysis and the effects of slenderness oﬁ
column strengtﬁs are approximated by multiplying the column moments by
a "moment magnifier" F which will be defined later in the paper.This
procedure is similar to the beam column design procedure in the recent
CSA Standard S16-1969, ''Steel Structures for Buildings"7. It cannot be
emphasized too strongly that, for unbraced frames, the design procedure
based on a second-order frame analysis is preferable because it adequately
estimates the behavior of the structure. Such analyses are currently
available and during the 1970's when the next ACI Code is in use should
become readily available to consulting firms.

.//

Approximate Design Method for Slender Concrete Columns

Figure 1 (a) shows an elastic beam-column bent in single curvature. The

maximum moment in this column is given by Equation (2):

Miax = Mo + P4 ‘ )

where M = Pe
o

116.
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A good approximation of the maximum moment in a beam~column can be found
from Equation (3)

PS
0

M =M+ ,
max o 1 P/Pc (3)

where 60 is the deflection caused by M if P = 0. This equation can be

conveniently rewritten as:

M (1 + yP/P)
M __o c
max (a1 - P/Pc) %)

where for a simply supported member with uniform cross-section:

5_EL
V-1

MoL ' i : (5)

For the column shown in Figure 1 (a) ¢ = 0.273. Values for other cases

are given in Reference 8.
Equation (4) is approximated for design purposes by Equation (6):-
M

M =_— 9 : .
max 1 - (P/Pc) (6)

Equation (6) is reasonably accurate for a column bent in uniform single
curvature because in this case the maximum moment and maximum deflection

occur at the same point. In the more usual case where the end moments



are not equal, the maximum moment may be estimated using an "equivalent
uniform moment" CmMo’ which would lead to the same long column strength

as the actual moment diagram. Thus, Equation (6) becomes:

Ci%o
Mpax = 1= (P/Pc) 2 M (7

118.

where Cm is the ratio of the equivalent uniform end moment to the numerically

larger end moment. The CSA Standard S—167 calls for the working stress

design of eccentrically loaded steel columns using Equation (8):

M _
g' + Mmax 5.1
allow allow (8)

where M is defined using Equation (7).
max
For reinforced concrete columns, the design can be based on the axial
load P from a first-order analysis and the moment M from Equation (7).
; max

This design procedure closely approximates the actual case shown in
Figure 1 (b) in which the most highly stressed section, Section A-A,

is loaded with an axial load P and a moment Pe + PA equivalent to Mﬁax'
The application of this design procedure to concrete columns is discussed

briefly in the following section., TFor more details and a design example

the reader is referred to Reference (9).



Application of Approximate Design Method

The 1971 ACIL Code6 states that:

 10.11.5--Compression members shall be designed using

the design axial load from a conventional frame analysis

and a magnified moment M defined by Equation (10-4).

M= T, » (10-4)
where
cm
F=——F7= >1.0
l_Pu/ ch (10-5)
2
and Pc = _TL.E—I_Z
(kh) (10-6)

In lieu of a more precise calculation, EI in Equation

(10-6) may be taken either as

EI /5+E1
cg s's

1+ Ry (10-7)

El =
or conservatively

EI /2.5
c8e_ _

EI =
1+R) (10-8)

In Equation (10-5), for members braced against sidesway

and without transverse loads between supports Cm may

119.
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be taken as

C, = 0.6+ 0.4(M /M) (10-9)

but not less than 0.4.

For all other cases Cm shall be taken as 1.0.

Definition of EI

The moment magnifier is computed using Equation (10—5); The main problem
in applying the moment magnifier concept to an inelastic, non-homogeneous
material such as reinforced concrete is the manner in which the critical
load of the column is defined. 1In particular, it is difficult to choose
a value of thé stiffness parameter EI which will reasonably approximaté
the variations in stiffness due to cracking, creep, and the nonlinearity
of the concrete stress—-strain curve.
4 g

The values of EI defined by Equations (10-7) and (10-8) are recommended
for use when more precise values are not available. These equations
approximate the lower limits to EI for practical cross sections and, hence
are conservative for secondary moment calculations. Three procedures were
followed to arrive at these two expressions for EIL:

1. EI values were estimated from a systematically

varied series of theoretical load-moment-curavture

diagrams for practical column sections.

2. The effective EI values were computed for each

of the University of Texas frame tests.



3. Finally, similar effective EI values were computed

for a series of frames simulated by the computer.

Because slender columns generally fail in compression with small e/t
values as shown in a survey of actual building cases, and because the
effect of axial loads is more pronounced for small e/t values and high

P/Po values, Equations (10-7) and (10-8) were chosen to fit this region.

Equation (10-7) represents a lower limit of the practical range of column
EI values especially for columms with large percentages of reinforcement.
On the other hand, the EI values from Equation (10-8) are not unreasonable
for steel percentages up to about 2.5 per cent but greatly underestimate
fhe effect of the reinforcement in heavily reinforced columnsg. In many
cases where reinforcement percentages are low or slenderness effects are
not very substantial the re1§tive simplicity of Equations (10-8) is
desirableg. g

Research is currently underway at the University of Alberta to develop

improved equations for the EI of practical column sections.
The recently published "ACI Ultimate Strength Design Handbook, Volume 2--
Columns"10 contains tables of EI values computed using Equation (10-8)

and presents equations for IS for three practical reinforcement patterns.

‘The Effect of Sustained Loads

The creep due to sustained loads increases the column deflections and in

121.
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many cases this additional deflection results.in a reduction in the column
capacity. This effect may be taken into account by increasing the deflection
term 60 in Equation (3) or (5), or by increasing the moment multiplier. As
an interim solution the latter has been accomplished by reducing the value

of EI to an "Effective Modulus."” This is done by dividing the EI term by
(1+ Rm) wheré R.m is the ratio of dead load moment to total load moment.
This factor has been chosen to give the correct trend when compared to
analyses and tests of columns under sustained loads. This procedure is

also under study at the present time.

The Equivalent Uniform Moment Term, Cm

The column is designed for the maximum end moment M2 multiplied by the
moment magnifier F and by an equivalent moment correction factor Cm.

The aerivation of the moment-magnifier term F assumes that the maximum
moment is at or near the midheight of the column., If the maximum applied
mbment occurs at one end of the column, the ﬁaximum moment along the length
of the column caﬁnqt be found by adding the maximum end moment and the
maximum deflection moment, since the two occur at different sections in
the column. The design of such columns can be based on an equivalent
symmetrical single curvature bending moment diagram which would give
rise to the same maximum moment as occurs under the actual loading.- In
the equivalent moment diagram each end of the column is subjected to

a moment equal to CmP times the maximum end eccentricity ey However,

the maximum moment from such an analysis cannot be less than the maximum

end moment Pe2.
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For braced columns Cm is defined by Equation (10-9) in the same manner as

in Reference 7.

The Effective Length of Columns

The basic slender compression member design equations in Section 10.11.5
were deriﬁed for hinged columns. For festrained columns the basic equations
must be modified to account for the effect of the end restraints. This is
done by using an "effective length" kh in the computation of slenderness
ratios, as is used for beam column design in the CSA Standard S—167.
Section 10.11.3 requires the following values of k:

10.11.3--For compression members braced against

sidesway, the effective length factor k shall be taken

as 1.0, unless an analysis shows that a lower value

may be used. For compression members not braced

against sidesway, the effective length factor k shall

be determined with due consideratién of cracking and

reinforcement on relative stiffness, and shall not

be less than 1.0.

The ACI-ASCE Committee on Reinforced Concrete Columns proposed that the
effective lengths be computed in a more or less standard way by use of
the Jackson and Moreland Alignment Chartss. These charts allow graphical
determination of the value of k for a typical interior column of constant

cross section in a high multi-bay frame.
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Because the éehavior of braced and unbraced frames is so different, it 1is
difficult to derive a single all-encompassing design rule for columns in
both types of frames. For this reason it has been traditional to present
one set of effective length factors for "completely braced frames" and
anotﬁer set of factors for "completely unbraced" frames. This distinction
has been retained in Paragraph 10.11.3 of the 1971 ACI Code. However, no
guidance is given for what constitutes bracing. This problem has recently

"been clarified by Adams in a discussion of the design of steel columnsll.

Figure 5 shows columns with and without lateral displacements of the ends.
If tranélation is prevented, the buckled shape is as shown in Figure 5 (a).
The moments M1 and M2 are the applied end moments while MRl and MR2 are
resfraining moments caused by the rotations of the end restraints as the
column deflects. Horizontal forces, H, are present if the end moments

are unequal. At midhéight there are secondary moments equal to the axial
load times the deflections shown shaded. To account for the restraining

moments MRl and Mes in the design of this 'braced" column an effective

length less than the real length is used to compute the lateral deflections.

1f, however, the column is free to sway laterally as shown in Figure 5 (b),
the moments Ml and M2 must equilibriate not only any horizontal load, H,
but also a moment PA. The secondary moments in this column can be divided
into two components, one due to the additional horizontal reaction or sway
force PA/h necessary to resist the axial force in the deformed position and
the second equal to the axial load times the‘&eflections from the chord

line, shown shaded. If there is no bracing the sway force PA/h must be

provided by increased column moments. These are accounted for in design



===~

H—01) Mg
P
SM
H= =4

(a) Sway Prevented

125.

PA 2 M

He == = =2

H ,

~ (b) Sway Permitted

FIGURE 5 Forces in' Deflected Columns



126.

if the effective length factors for the unbraced case are used in calculating

the moment magnifier.

On the other hand, if a "second-order" structural analysis is carried out
including the effects»of both the ‘applied loads and the sway forces, the
latter have been accounted for in the analysis and need not be considered
a second time in proportioning the column. Under these conditions the
design would be based on the effective length for a "braced" column to

include the effect of the deflections of the column from the chord.

The computation of sway forces for the combined loading case is relatively
simple. The lateral and vertical loads are applied to the structure and
the reletive lateral displacement at each floor level is computed by a
first order elastie analysis ignoring PA terms. These displacements are
denoted as A in Figure 6, where i denotes the floor level. The additional
story shears due to the vertical loads are computed as LP, (;—:> Qhere Pi
represents the axial force in a column of the ith story and the summation
is performed for all columns in the story. At a given floor level, the
sway force will be the algebraic sum of the story shears from the columns

above and below the floor, as shown in Figure 6.

If the sway forces are small relative to the applied lateral loads then

the deflections, Ai, will be approximately correct and the calculated sway
forces will be sufficiently accurate. These are added to the applied
lateral loads and the total forces and moments in the.etructure are computed.
Generally one cycle will be enough except in the case of tall slender

structures. .



127.

[ .

g

| Aj P'i ' o
}8 Pf+l ZSi+]
hi+
" hs SWAY »-—-L> —> —>
| FORCE & ~—  <——  =—
: z P A .
| hj
)

FIGURE 6 Calculation of Sway Force



128.

If the sway forces are large these must be added to the original lateral
loads and new deflections computed. New sway forces are computed and the

process repeated until convergence is obtained.

Fey12 and Parme13 have both shown that the total first and second order
deflections in the ith story, (A + AZ)i can be estimated directly by

Equation (9):

A+ A2)i ) 1
Ai 1 - GT/N zpi | (9)

where~6T is the first order lateral deflection at the top of the building
due to a unit lateral load applied at each story, and N is the overall

height of the building.

Although design procedures based on an elastic second-order analysis and
ultimate strength design of cfoss—sections are a lower-bound solution for
the strength of a tall building frame, the true strength of such a‘frame
is not known from such a procedure. Fof this reason, elastic-plastic,
second-order analyses of frames and frame-shear wall structures are highly

desiréble. One such analysis is described in References 14 and 15.

Moments in Beams in Unbraced Frames

The‘strength of a laterally unbraced frame is governed by the stability of
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the columns and by the degree of end restraint provided by the beams in

the frame. If,plastic hinges form in the restraining beams, the structure
approaches a mechanism and its axial load capacity is drastically reduced.
In the absence of a comprehensivé structural analysis of the type described
above the designer is required to make certain that the restraining flexural
members have the capacity to resist the amplified column moments and hence
can restrain the columns in the manner assumed in fhe derivation of‘the

slender column design equations.

Limits of Applicability of the Approximate Method

A great many columns are sufficiently stocky or sufficiently well-restrained
that they can essentially develop the full cross section strength (assumed
here as anything up to a 5 per cent strength loss). The designer's job

is considerably simplified if these columns are excluded from the range of
slenderness ratios to be considered in design. For compression members
braced against sidesway the 1971 ACI Code states that the effects of
slenderness may be neglected when kh/r is less than 34—12M1/M2. For com-
pression members not braced against sidesway, the effects of sienderness

may be neglected when kh/r is less than 22.

The lower limit,bkh/r = 22, applies for columns bent in symmetrical single
curvature and columns in unbraced frames. This corresponds to h/t values

of about 7.5 for hinged columns, 9 for restrained colums in braced frames,
and 4.5 for restrained columns in unbraced frames. For a column in double

curvature with one end moment equal to minus one-~half the other, the column

[——
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is assumed to be short if kh/r is less than 40. This corresponds to h/t
values of about 13 and 16, respectively, for hinged and restrained columns
in braced frames. A survey of the normal range of column variables suggests
that less than 10 per cent éf the‘columns in braced frames and less than

60 per cent of the columns in sway frames qualify as slender columms.
For kh/r greater than 100 the ACI Code requires a second-order analysis.

Design of Columns for which Moments Have Not Been Computed

Both the 1963 and 1971 ACI Codes require all columns to be designed for a
minimum eccentricity of 0.1t. 1In addition, if column moments have not been
computed in the analysis, both codes require that the column be considered
as bent in single curvature for slenderness computations. The governing
relationships from both codes are plotted in Figure 7. The liberalized

R factor equation proposed on Page 160 of the February 1970 ACI Journal

has not been plotted because this equation igﬁéres sustained loads and

in the author's opinion should not be used.

CONCLUSIONS

This paper presents and documents the new procedures for slender column
design in the 1971 ACI Code. It proposes use of a rational second-order
structural analysis wherever possible or practical. 1In place of such

an analysis an approximate design method is used based on a moment magnifier

principal and similar to the procedure used under the CSA Specification S-16.

131.
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CHAPTER 10 - FLEXURE AND AXIAL LOADS 134.

J. G. MacGregor

Portions of Chapters 9, 15, 16 and 19 of the 1963 ACI Code have
been collected together in Chapter 10 of the 1971 ACI Code. This éhapter
deals with the entire range of members from beams through beam-columns

to columns.

Perhaps the most noticeable change is the elimination of the
detailed equations for Mu and Pu which previously were presented in
Chapters 16 and 19. Another major deletion concerns the minimum column
sizes in Section 912 (a) of the 1963 code. This has been done to allow

the use of very small columns in building systems.

Minimum Eccentricities - Section 10.3.6

The minimum eccentricities for columns, stated in Section 10.3.6,
include the old 0.1t and 0.05t rules plus a minimum of 1 inch for cast-
in-place columns or 0.6 inches for highly controlled precast columns.

This, in part,.offsets the fact that smaller columns can be built.

Crack Widths - Section 10.6

Section 10.6 presents Timitations on the distribution.of flexural
reinforcemeht- These are intended to 1imit the width of cracks to
certain desirable values. Because unforeseen cracks will occur even in
the most carefully designed structure, the code provisions are pfesented
in terms of an unidentifiable variable, Z, for the protection of the
designer. Crack widths are to be checked whenever the design yield

strength exceeds 40,000 psi.
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Slender Columns - Section 10.10 and 10.11

A major change in Chapter 10 involves the method of designing
of slender columns. Instead of designing for P /R and M{/R where R was
a reduction factor less than 1.0, as in past ACI Codes, the 1971 Code
will require that slender columns be designed for the axial load P, and
FML‘where F is a moment multiplier of the form:

1
F=1- Pu/Pc

m
et

where: P = n2
(kh)?

This procedure is explained on Pages 6-28 of the January 1970, ACI
Journal and on Pages 158 and 159 of the February 1970 ACI Journal.

Bearing - Section 10.14

For the first time, ultimate bearing stresses are presented in
the ACI Code. If the bearing area is surrounded by restraining'concrete
the permissable bearing stress on the loaded area can be increased by up

to two times.

Composite Columns - Section 10.15

Composite columns fall in the area between steel and concrete
construction. This was considered in preparing the 1969 CSA S-16 and
the 1970 CSA A23.3 standards and for this reason these documents appear

more satisfactory than Section 10.15 of the ACI Code.
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Walls - Section 10.176

Walls can be designed as compression members under Chapter 10 or
as walls under Chapter 14. Chapter 14 can only be used {f the eccentricity
of the load is less than t/6. The wall load equation (14-1) as revised
in the September 1970 ACI Journal yié]ds results similar to the slender

column provisions in Section 10.11 for e = t/6.
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9.5.3 Nonprestressed two-way construction

9.5.3.1 Minimum thickness. The minimum
thicknesses of slabs or other two-way construc-
tion for floors designed in accordance with the
provisions of Chapter 13, and having a ratio of
long to short span not excceding two, shall be
governed by Eq. (9-6), (9-7), and (9-8), and the
other provisions of this section

. 1(800 -+ 0.005f,)
36,000 + 50008 [H,, — 05 (1 — Rg) (1 F 1/5)7

(9-6)
. but not less than
. (800 4- 0.005f,)
b= 36,000 + 5000S (1 4 Ro) (9-7
The thickness need not be more than
800 -}- 0.
¢ — 1800 - 0.005f,) 03

36,000

However, the thickness shall be not less than the
following values:
For slabs without beams or drop panels ...5 in,
For slabs without beams, but with drop
panels satisfying Section 9.5.3.2 ........ 4 in.
For slabs having beams on all four edges
with a value of H,, at least equal to
20 e 3% in.
9.5.3.2 Drop panels. For slabs without beams
but with drop panels having a length in each
direction equal to at least one-third the clear span
length in that direction and a projection below
the slab of at least t/4, the thickness required by
Eq. (9-6) or (9-7) may be reduced by 10 percent.
9.5.3.3 Edge beams. At discontinuous edges,
an edge beam shall be provided having a stiffness
such that the value of H is at least 0.50, or the
minimum thickness required by Eq. (9-6), (9-7),
or Section 9.5.3.2 shall be increased by at lcast
10 percent in the panel having a discontinuous
edge.
9.5.34 Computation of immediate deflection.
Thicknesses less than those required in this sec-
tion may be used only if it is shown by computa-

_ tion that the deflection will not exceed the limits
in Table 9.5(b). Deilections shall be computed
. taking into account the size and shape of the

panel, the conditions of support, and the nature
of restraints at the panel edges. For such com-
putations, the modulus of elasticity of the con-
crete shall be as specified in Section 8.3.1. The
effective moment of incrtia shall be that given
by Eq. (9-4); other values may be uscd if they
result in predictions of deflection in reasonable
agreement with the results of comprchensive
tests. Long-time dceflections shall be computed
in accordance with Scction 9.5.2.3.
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CHAPTER 10—FLEXURE AND AXIAL LOABS

10.0—Notation

a

A

Ay
Av

A,

E,
E,

El

§s

I,

L

tu

]

i

]

i

depth of oquivalcnt' rectanpular stress
block, defined by Scction 10.2.7

— effective tension arca of concrete sur-

rounding the main tension reinforcing
bars and having the same centroid as that
reinforcement, divided by the number of
bars, sq in. When the main reinforcement
consists of several bar sizes the number
of bars shall be compuled as the total
steel arca divided by the arca of the

Jargest bar used
loaded arca )
maximum area of the portion of the supporting

surface that is geometrically similar to and

concentric with the loaded arca”

arca of core of spirally reinforced column
measured to the outside diameter of the
spiral, sq in..

gross arca of section

arca of tension reinforcement, sq in.

area of compression reinforcement, sq in.
area of structural sicel or tubing in a
composite section

width of compression face of member
distance {rom extreme compression fiber
to neutral axis

a factor relating the actual moment dia-
gram to an cquivalent uniform moment
diagram

distance from extreme compression fiber
to centroid of tension reinforcement, in.
dead loads, or their related internal mo-
ments and forces

eccentricity of design load parallel to axis
measured from the centroid of the sec-
tion. It may be calculated by conven-
tional methods of frame analysis
modulus of elasticily of concrete, psi. See
Section 8.3.1

modulus of elasticity of steel, psi. See
Section 8.3.2

stiffness of compression members. Sce
2q. (10-8) and Eq. (10-9)

specified compressive strength of con-
crete, psi

caleulated stress in reinforcement at ser-
vice loads, ksi

specificd yicld strength of rcinforce-
ment, psi

moment magnification factor. Sce Sec-
tion 10.11.5

unsuppotted length of compression mem-
ber :

moment of inertia of gross concrete sec-
tion about the centroidal axis, negleeting
the reinforeement

nioment of inertia of reinforcement about
the centroidal axis of the member cross
section

I; = moment of inertia of structural steel or
tubing in a cross scction about the cen-
troidal axis of the member cross section

k = effective length factor for compression
members .

k, = afactor defined in Sectinn 10.2.7

L = live loads, or their related internal mo-
ments and forces

M = moment to be uscd for design of com-

pression member
M, = value of smaller end moment on co:n-
pression member calculated from a con-
ventional clastic frame analysis, positive
if member is bent in single curvature,
negative if bent in double curvature
value of larger end moment on com-
pression member caleulated from a con-
ventional clastic frame analysis, always
. positive '
p = A,/bd
Alfbd
reinforcement ratio producing balanced
conditions. See Section 10.3.3
ratio of volume of spiral reinforcement
to total volume of core (out to cut of
spirals) of a spirally reinforced concrete
or composite column
critical Joad. See Section 10.11.5
axial design load in compression mernber
radius of gyration of the cross section of
a compression member
. the ratio of maxirum design dead load
moment to maximum design total load
moment, always positive
over-all thickness or depth of a seclion
or diamcter of a circular section, in. ,
ty = thickness of concrete cover mcasured
from the extreme tension fiber lo the
center of the bar located closest thereto

M,

.u\
il

P

Ds

o
it

.,
1l

s
3
il

g
il

Z = a quantity limiting distribution of flex-
ural reinforcement. See Scetion 10.6
¢ = capacity reduction factor. See Scction 9.2
10.1-—Scope

10.1.1—This chapter covers the design of mem-
bers subjcct to flexure or to axial loads or to
both flexure and axial Joads.

10.2—Assumptions

10.2.1—The strength design of members for
flexure and axial loads shall be based on the
assumptions given in this section, and on satis-
faction of the applicable conditions of cquilibrium
and compatibility of strains.
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10.2.2—Strain in the reinforcing steel and con-
crete shall be assumed directly proportional” to
the distance from the neutral axis.

10.2.3--The maximum usable strain at the ex-
treme concrete compression fiber shall be as-
sumed equal to 0.003.

10.24-—Slress  in reinforcement below the
specificd yicld strength, f,, for the grade of steel
used shall be taken as E, times the stecl strain.
For strains greater than that corresponding to f,,
the stress in the reinforcement shall be considered
independent of strain and equal to f,.

10.2.5—Tensile strength of the concrete shall be
neglected in flexural calculations of reinforced
concrete, except when meeting the requirements
of Section 18.4.

10.2.6—The relationship between the concrete
compressive stress distribution and the concrete
strain may be assumed to be a rectangle, trapezoid,
parabola, or any other shape which results in
prediction of strength ir substantial agreement
with the results of comprehensive tests.

10.2.7—The requirements of Section 10.2.6 may
be considered satisfied by an equivalent rectangu-
lar concrele stress distribution which is defined
as follows: A concrete stress of 0.85f/ shall be
assumed uniformly distributed over an equivalent
compression zone bounded by the cdges of the
cross section and a straight line located parallel
to the ncutral axis at a distance a = k¢ from the
fiber of maximum compressive strain. The dis-
tance ¢ from the fiber of maximum strain to the
neutral axis is measured in a direction perpendicu-
lar to that axis. The fraction k, shall be taken as
0.85 for strengths, f, up to 4000 psi and shall be
reduced continuously at a rate of 0.05 for each
1000 psi of strength in excess of 40C0 psi.

10.3—General principles and requiremeats

10.3.1 - The design of cross sections
subject to flexure or combined flexure
and axial load shall be based on stress
and strain compatibility using the
assumptions in Section 10.2.

10.3.2 - For flexural members, and for
members under combined flexure and axial
load controlled by Section 9.2.1.2(d),
the reinforcement ratio, p, shall not
exceed 0.75 of that ratio which would
produce balanced conditions for the
section under flexure without axial
load. .

10.3.3—DBalanced conditions exist at a cross sec-
tion when the tension reinforcoment reaches its
specified yield strength, f,, just as the concrete
in compression reaches its assumed ultimate strain
of 0.003.

3.

10.3.4—All cross scclions subject to a compres-
sion load shall be designed for the applied mo-
ments which can accompany this loading condi-
tion, including slenderness effects according to
the requirements of Scclions 10.10 and 10.11.

10.3.5—Compression reinforcement in conjunc-
tion with additional tension reinforcement may be

used to increase the capacily of a flexural mem-
ber.

. v e - -
10.3.6—AIl members subjceted to a compression
load shall be designed for the eccentricity e cor-
responding to the maximum moment which can
accompany this loading ccndition, but not less
than 1 in., or 0.05¢ for spirally reinforced or com-
posite steel encased compression members, or
0.10t for tied compression members, about cither
principal axis. For precast members, the
.minimum design eccentricity may be
reduced to not less than 0.6 in.
provided that the manufacturing and
erection tolerances are limited to
one-third of the minimum design

eccentricity. Include slenderness effects accord
ing to the requirements of Sections 10.10 and 10.11

10.4—Distance between lateral supports of flexural
members

10.4.1—The spacing of lateral supports for a
beam shall not exceed 50 timies the least width b
of compression flange or face. Effects of lateral
eccentricity of load shall be taken into account in

determining the spacing of lateral supports.

10.5—Minimum reinforcement of flexural sections

10.5.1—A§ any section of a flexural member (ex-
cept slabs of uniform thickness) where positive
reinforcement is required by analvsis, the ratio
p supplied shall not be less than 200/f, unless
the area of reinforcement provided at every sce-
tion; positive or negative, is at lcast onc-third
greater than that required by analysis. In T-beams
where the stem is in tension, the ratio p shall be
computed for this purpose using the width of the
stem.

10.5.2—1In structural slabs of uniform thickness,
the minimum amount of reinforcement in the di-
rection of the span shall not be less than that
required for shrinkage and temperature reinforce-
ment (see Section 7.13).



10.6 - Distribution of flexural rein-
forcement in beams and one-way slabs.

10.6.1 - This section prescribes
rules for the distribution of flexural
reinforcement in beams and in one-way
slabs; that is slabs reinforced to
resist flexural reinforcement in beams
and in one-way slabs; that is slabs
reinforced to resist flexural stresses
in only one direction. The distribution
of reinforcement in two-way slabs shall
be as required in Section 13.5.

10.62 —Only deformed reinforcement shall be
used. Tension rcinforcement shall be well dis-
tributed in the zones of maximum concrete ten-
sion. Where flanges are in tension, a part of the
main tension reinforcement shall be distributed
over the effective flange width or a width equal
to one-tenth of the span, whichever is smaller. If
the cffective flange width exceeds one-tenth of
the span, some longitudinal reinforcement shall
be provided in the outer portions of the flange.

10.6.3—When the design yield strength f, for
tension reinforcement exceceds 40,000 psi, the cross

" seclions of maximum positive and negative mo-
ment shall be so proportioned that the quantity
Z given by

Z=1{VtA (10-2) -

does not excced the values given by Section
10.64. The calculated flexural stress in the rein-
forcement at service loads f.,, in kips per sq
in,, shall be computed as the bending moment
divided by the product of the steel arca and the
internal moment arm. In licu of such computa-
tions, f, may be taken as 60 percent of the specified
yield strength f,.

10.64—The quantity Z shall not exceed 175
kips per in. for intcrior exposure and 145 kips
per in. for cxierior exposure. Eq. (10-2) does not
apply to structures subjected to very aggressive

_exposure or designed to be walertight; special
precautions are reguired and must be investigated
for such cascs.

10.65—If the depth of the web exceeds 3 ft,
longitudinal reinforcement having a total area at
least cqual to 10 percont of the main {ension
steel arca shall be placed ncar the faces of the
web and distributed in the zone of flexural ten-
sion with a spacing not more than 12'in. or the
width of the web, whichever is less. Such rein-
forcement may be taken into account in com-
putation of the strength only i{ a strain com-

patibility analysis is made to delermine stresses

in the individual bars.

10.7—Dcep flexursl members

10.7.1—Flexural members with over-all depth-
span ratios greater than 2/5 for continuous spans,
or 4/5 for simnple spans, shall Le designed as deep
beams tlaking account of nonlincar distribution
of stress and lateral buckling.

The design of such mcmbers for shear effects
shall be in accordance with Secction 11.9. The
minimum horizontal and vertical reinforcement in
the faces shall be the greater of the requirements
of Section 11.9.6 or Scetion 14.0.2 The minimum -
principal tension reinforcement shall conform to
Section 10.5.

10.8—Limiting dimensions for compression
members

10.8.1 Isolated compression member with
multiple spirals—If two or more interlocking
spirals are used in a compression member, the
outer boundary of the compression member shall
be taken at a distance outside the extreme limits
of the spiral cqual to the rcquircinents of Sce-
tion 7.14.1.

10.9—Limits for reinforcement of compression
racmbers

10.9.1—The vertical reinforcement for noncom-
posite compression members shall be not less than
0.01 nor more than 0.08 times the gross arca of

the section. The minimum number of bars in
compression members shall be six for bars
in a circular arrangement and four for
bars in a rectangular arrangement.

10.9.2—The ratio of spiral reinforecement p,
shall be not less than the value given by

P, = 0.45(A, /A, — 1)f//], (10-3)

where f, is the specified yicld strength of spiral
;‘einforcemcnt but not more_than 60,000 psi.

10.10—Slenderness effects in compression
members

10.10.1—The design of compression members
shall be based on forces and moments determined
from an analysis of the structure. Such an analysis
shall take into account the influence of axial loads
and variable moment of inertia on member stiff-
ness and fixed-end moments, the effect of deflee-
tions on the moments and forces, and the cifects
of the duration of the loads.

10.10.2—In licu of the procedure described in
Scction 10.10.1, the design of compression mem-
bers muy be based on the approximate procedure
presented in Scction 10.11. The detailed require-
ments of Section 10.11 do not need Lo be applied
il design is carried out according to Scction
10.10.1.



10.11—Approximate cvaluation of slenderness
offccts

10.1L.1---The unsupported length h of a com-
pression member shall be taken as the clear dis-
tance, between floor slabs, yrirders, or other mem-
bers capable of providing lateral support for the
compression member. Where capilals or haunches
are present, the unsupported length shall be
mceasured to the lower extremity of the capital
or haunch in the plane considered. '

10.11.2—The radius of gyration r may be taken
equal to 0.30 times the over-all dimension in the
direction in which stability is being considered
for rectangular compression members, and 0.25
times the diameter for circular compression mem-
bers. ¥For other thapes, r may be computed for
the gross concrete section.

10.11.3—For compression members braced
against sidesway, the effective length factor k
shall be taken as 1.0, unless an analysis shows
that a lower value may be used. For compres-
sion members not braced against sidesway, the
effective length factor k shall be determined
with due consideration of crack-
ing and reinforcement on relative stiffness, and
shall be greater than 1.0
10.11.4—For compression members braced
against sidesway, the effects of slenderness may
be neglected when ki/r is less than 34 — 123, /M.
For compression members not braced against
sidesway, the effects of slenderncss may be ne-
glected when kh/r is less than 22, For all com-
pression members with kh/r greater than 109,
an analysis as defined in Scction 10.10.1 shall
be made.
10.11.5—Compression memters shall be designed
using the design axial load {rom a conventional
frame analysis and a magnified moment M de-
fined by Eq. (10-4).

M =FM, (10-4)
where
C
m

Foeoo— —
1l- Pu/(t)Pc

> 1.0 (10-5)

and
__ ®EI
°™ (kh)?

In licu of a more precise calculation, EI in Eq.
(10-6) may be taken cither as

(10-6)

_EL/5 - B, L
El = ST (!10-7)

or conscrvatively
El - Blo/25 (10-8)

1+ R,

5.

In Eq. (10-5), for members braced against sides-
way and without transverse loads telween sup-
ports C,, may be taken as

C, = 0.6 -4- 0.4(M,/M.) (10-9)

but not less than 0.4, .

¥or all other cases C,, shall be taken as 1.0.

10.11.5.1In frames not braced against side-

sway, the value of F shall be computed for the
entire story assuming all columns to be loaded.
In Eq. (10-5), P, and P. shall be taken as

Py and LPc for all of the columns in the
story. In designing each column within the story,
F shall be taken as the larger value computed
for the entire story or computed for the individual
column assuming its ends to be braced against
sidesway.

10.11.5. 2 When compression members are
subject to bending about both principal axes, the
moment about each axis shall be amplified by
F, computed from the corresponding conditions
of restraint about that axis,

10.11.6 -~ When design of compression
members is governed by the minimum
eccentricities specified in Section
10.3.6, M2 in Equation (10.4) shall be
based on the specified minimum eccen-
tricity, with conditions of curvature
determined by either of the following:

(a) When the actual computed eccen-
tricities are less than the specified
minimum, the computed end moments may
be used to evaluate the conditions of
curvature.

(b) If computations show that there is
no eccentricity at both ends of the mem-
ber, conditions of curvature shall be

based on a ratio of M1/Mz equal to one.

10.11.7—In structures which are not braced
against sidesway, the flexural members shall be
designed for the total magnified end meoments
of the compression members at the joint.

10.12—Axially loaded members supporting flat
slabs

10.12.1—All axially loaded members supporting
flat slabs shall be dcesigned as provided in this
chapter and in accordance with the additional
requirements of Chapter 13.

10.13—Transmission of column loads thrauyh floor
system

10.12.1—When the specified strength of concrete
in columns excceds that specified {or the floar
system by more than 40 percent, transmigsion
of load shall be provided by one of the following:



{a) Concrete of the strength specificd for the
column shall be placed in the floor for an area
four times the column arecas about Lhe. column,
well integrated into fJoor concrete, and placed
in accordance with Section 6.4.2.

(b) The capacity of the column through the

-floor system shall be coinputed using the weaker

eoncrete strength with vertical dowels and spirals
as requirced. -

(c) For columns laterally supported on four -
sides by beams of approximatcly equal depth or

" by slabs, the capacity may be computed by using

an assumed concrete strength in the column
formulas equal to 75 percent of the column. con-
crete strength plus 35 percent of the floor con-
crete strength,

10.14—Bcaring

10.14.1 — Bearing stresses shall not exceed 0.85¢f,
except as provided below.

10.14.2 — When the supporting surface is wider tl"ian
the loaded area on all sides, the permissible bearing

stress on the loaded area may be multiplied by VAvY'/Ab,
but not more than 2.

10.14.3 — When the supporting surface is sloped or
stepped. Av' may be taken as the area of the lower base
of the largest frustrum of a right pyramid or cone con-
tained wholly within the support and having for its
upper base the loaded area, and havii.g side slopes of 1
vertical to 2 or more horizontal.

10.14.4 — This section does not apply to post-tension-
ing anchorages.
10.15-—Composite compression members

10.15.1—Composite compression members shall
include all concrete compression members rein-
forced longitudinally with structural stecl shape,
pipe, or tubing with or without Jongitudinal bars.

10.15.2—The strength of composite compression
members shall be computed for the same limiting
conditions applicable to ordinary reinforced con-
crete members. Any direct compression load ca-
pacily assigned to the conercte in a member
must be transferred to the concrete by members
or brackets in dircet bearing on the compression
member concrete. All compression Joad capacily
not assigned to the concrete shall be developed by
dircct conncction to the structural steel shape,

pipe, or tube.

10.15.3—VYor slenderness calculations, the radius
of gyration of the composite seetion shall be not

greater than the value given by

1
Ed, +ElI,

r= [ (10-10)
5 EA, -+ EA,

For computing P. in Fq. (10-6), EI of the com-

posite section shall be not greater than

6.

| E.1,/5 4 E,I, )
El = —1—_FR—~—— (10-11)
10.154—Where the composite compression mem-
ber consists of a stecl encased concrete core,
the thickness of the steel cncasmm,nt shall be

greater than

b 1/—3%—, for cach face of width b (10-12)
or

o

FTR for circular sections of diameter t

(10-13)

Longitudinal bars within the encasement may be
considered in computing A, and I,.

10.15.5—Where the composite compression mem-
ber consists of a spiral bound concrete encasc-
ment around a structural steel core, f.” shall be
not less than 2500 psi and spiral reinforcement
shall conform to Eg. (10-3). The design yield
strength of the structural steel core shall be the
specified minimum yield strength for the grade of
structural stecl used but not to exceed 50,000 psi.
Longitudinal reinforcing bars within the spiral
shall be not less than 0.01 nor more than 0.08
times the net concrete section and may be con-
sidered in computing A, and I,.

10.15.6—Where the composite compression mem-
ber consists of laterally tied concrcte around a
structural steel core, f.” shall be not less than 2500
psi and the design yicld strength of the structural
stecl core shall be the specified minimum yield
strength for.the grade of structural steel used
but not to excced 50,000 psi. Lateral ties shall
extend completely around the steel core. Lateral
ties shall be #5 bars, or smaller bars having a
diameter not less than 1/50 the Jongest side or
diameter of the cross section, but not sinaller than
#3. The vertical spacing of lateral ties shall not
excced one-half the least width of the cross sec-
tion, or 48 tie bar diameters, or 16 longitudinal

bar diameters. Welded wire fabric of equivalent
area may be used.

Longitudinal reinforcing bars w:thm the ties,
not less than 0.01 nor more than 0.03 times the
net concrete section, shall be provided. These
shall be spaced not greater than one-half the least
width of the cross section. A longitudinal bar
shall be placed at cach corner of a rectanrular
eross section. Bars placed within the lateral tics
may be considered in computing A, for strength
calculations but not I, for slenderness caleula-
tions.



10.16—Speccial provisions for walls

10.16.1— Walls may be designed under the ~
provisions of this chapter with the
limitations and exceptions of this section:
or under Chapter 14.
10.16.2

“The minimum ratio of vertical reinforcement to

gross conercte arca shali be:
“(a) 0.6012 for deformed bars not larger thon #5 and
with a specificd yield strength of 60,000 psi or greater,

or

“(b) 0.0015 for other deformed bars, or

“(e) 0.0012 for welded wire fabric not larger than
% in. in diameter”

10.16.3—Vertical reinforcement shall be spaced
not farther apart than three times the wall thick-
ness nor 18 in.

10.16.4—Verlical reinforcement need not be pro-
vided with lateral ties if such reinforcement is
0.01 times the. gross concrete .area or less, or
w'g'ere such reinforcement is not reqdired as
cqmpressive force and if the diameter of
réinforcing does not exceet 5/8 in. or one-
hglf the concrete cover, whichever is greater.

10.16.5—The minimum ratio of horizontal rein-
forcement to gross concrete arca shall be:
(a) 0.6020 for deformed bars not larger than
#5 and with a specified yield strength of 60,000
_ psiorgreateror :
(b) 0.0025 for other deformed bars, or
(c) 0.0020 for welded wire fabric not larger
‘than 3% in. in diameter
10.16.6-—-Horizontal reinforcement shall be
spaced not farther apart than onc¢ and one-half
. times the wall thickness nor 18 in,

e
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- 11.0—Notation

‘a = shear span, distance between concen~
trated load and face of support
A, = gross area of section, sq in.
A, = area of horizontal wall reinforcement
. within a distance s,, sq in.
=: area of one leg of a closed stirrup
:sisting torsion within a distance s, sq

>
!

. :vA;p = total area of longntudmal rcmforccment
; Coe to resist torsion, sq in.
. A, = area of tension reinforcement, sq in.
. "A,* = area of prestressed reinforcement
- .As = area of shear reinforcement within a
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.
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distance s, or vertical wal! reinforce-
ment within a distance s, sq in.
A,y = area of shear-friction reinforcement, sq
. m.’ .
An = area of shear reinforcement parallel to
. the main tension reinforcement, sq in.
b = width of compression face of member

b’ ='web width, or diameter of circu-
lar section, in.

b, = pcnphery of critical sectxon for slabs
" andfootings
. € == size of column, capital, or bracket mea-
sured in the direction in which moments
are being determined
€3 = size of column, capital, or bracket mea-
sured transverse to the direction in
. . which moments are being determined
. D = horizontal length of wall
d = the distance from extreme compression
- fiber to centroid of tension reinforce-
_ment, in.
f." spccxtxcd compressive strcngth "ot con-
crete, psi :

m = square root of specified comprcsswe
) strength of concrete, psi

fe = stress due to dead load, at the extreme™

fiber of a section at which tensile

stresses are caused by applied loads, psi

T ],. = compressive stress in the concrete, after

* all prestress losses have occurred, at the
" centroid of the cross section resisting
the applicd loads or at the junction of
the web and flange when the centroid

- lies in the flange, psi. (In a composite
. member, f,, will be the resultant com-

fse

I

fo

s

pressive stress at the centroid of the
composite scction, or at the junction of
the web and flange when the centroid
lies within the flange, due to both pre-
stress and to the bending momants re-
sisted by the precast member acting
alone)

compressive stress in concrete due to
prestress only after all losses. at the
extreme fiber of a section at which
tensile stresses are caused by applied

" Joads, psi

specified yield strength of remforce-
ment, psi
ultimate strength of prestressing stcel.

psi .
average splitting tensile strength of

. lightweight aggregate concrete, psi

e

‘total depth of shearhead cross section
total height of wall from its base {o its
top

moment of inertia of

section resisting exter-

nally applied loads.

ratio of stiffness of shearhead arm to
surrounding composite slab section. Sece
Section 11.11.2

clear span, measured face to face of sup-
ports

= length of shearhead arm from centroid
of concentrated load or reaction.

I

applied design load moment at a scctnon

in.-lb

modified bending moment

crackmg moment

maximum bending moment due to ex-
ternally applied design loads

required full plastic moment of shear-
head cross section

moment resistance contributed by
shearhead reinforcement

design torsional moment

design axial load normal to the cross
section occurring simultaneously with
V, to be taken as positive for compres-
sion, negative for tension, and to include’
the effcets of tension due to shrinkage

. and creep
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p = AJbd

Pn = the ratio of vertical reinforcement
arca to thc gross concrete arca of
a shear wall

Ph = the ratio of horizontal reinforce-
ment arca to the gross concrete
arca of a shear wall .

Pv = (As + Avh)/b_d

po ‘== AJbd A

" §° == shear or torsion recinforcement spacing

in a direction parallel to the longi-
) tudinal reinforcement
8y = shear or torsion reinforcement spacing
in a direction perpendicular to the longi-
tudinal reinforcement or spacing of
horizontal reinforcement in a wall
s, = spacing of vertical reinforcement in a
wall
T = design tensile force on bracket or corbel
) acting simultaneously with V,
t = total depth of section or thickness of
. wall v
v, ~= nominal permissible shear stress carried
by concrete . .
vs == shear stress at diagonal cracking due to
2ll design loads, when such cracking is

-

' the result of combined shear and mo-
: ment .
Voo = shear stress at diagonal cracking due to

all design loads, when such cracking is
the result ‘of excessive principal tensile
stresses in the web :
nominal total design shear stress

po
Oy =
=

Ve shear force at section due to dead load
V: = shear force at section occurring simul-
" tancously with M, ,
V, = vertical component of the effective pre-
stress force at the section considered
WV, == total applicd design shear jorce at sec-
. tion .
2 = shorter over-all dimension of a rec-
tangular part of a cross section
x, = shorter center-to-center dimension of a
closed rectangular stirrup
y = longer over-all dimension of a rec-
tangular part of a cross section
yn = longer center-to-center dimension of a
closed rectangular stirrup .
y¢ = distance from the centroidal axis of
gross scction, neglecting the reinforce-
ment, to the extreme fiber in tension
@ == angle between inclined web bars and

longitudinal axis of member

of the flexural reinfprce_ment.

\
i

1 = a cocfficicnt as a function of y,/x\. Sce
Scction 11.8.2

p = coclficient of friction. Sec Section 11.15
1, = nominal permissible torsion stress
. carried by concrete

% = nominal total désign torsion stress

¢ = capacity reduction factor. Scc Scction

9.2

11.i—General reinforcement requircments
11.1.1—A minimum area of shear reinforce-

ment shall be provided in all reinforced, pre-
stressed, and nonprestressed concrete flexural
members except: :

(a) Slabs and footings
 (b) Concrete joist floor construction defined by
Section 8.8 S
(¢) Beams where the total depth does not ex-
ceed either 10 in., two and one-half times the
thickness of the flange, or one-half the width of

- the web

. (d) Where v, is less than onc-half of v,

This requirement may be waived if it is shown
by test that the required ultimate flexural and
shear capacity can be developed when shear rein-
forcement is omitted. :

11.1.2 - Where shear reinforcement is

required by Section 11.1.1 or by calcu-
lations, and the nominal torsion stress 24"

-does not exceed 1.5Vf; , the minimum

area in square inches shall be

. Ay =50b's/ly (11-1)
for prestressed and nonprestressed
members where b' and s are in inches.
Alternatively, a minimum area

AS* . fs. 'S d
N80 g da b (11-2)
may be used for prestressed members

having an effective prestress force at
least equal to 40 percent of tensile strength

. y7e
Where the nominal torsion stress &, is
greater than 1.5 ch', and where web

.reinforcement is required by Section 11.1.1

or by calculations; the minimum area of
closed stirrups provided shall be
Ay + 2Ap= 50b‘s/fy
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1003 ~The desigo yield strength of shear and
torsion rcinforcemaent shall not-cxceed 60,090 psi.
11.1.4—Shear reinforcement may consist of:

- (a) Stirrups perpendicular to the axis of the
member : _ ,
(b) Welded wire fabric with wires located per-

' pendicular to the axis of the member

Where shear reinforcement is required and is
placed perpendicular to the axis of the member,
it shall be spaced not further apart than 0.50d in
nonprestressed concrete and 075t in prestressed
concrete, but not more than 24 in.

11.1.5—For reinforced concrete members with-
out prestressing, shear reinforcement may  also
consist of: . ‘

. (a) Stirrups making an angle of 45 deg or more
with the longitudinal tension bars .

(b) Longitudinal bars with a bent portion mak-

ing an angle of 30 deg or more with the longi-

. tudinal tensile bars

(c)_Combinations of stirrups and bent bars

[

Inclined -s_t.i-r-r-u;s.—a-nwd-'"l')zﬁt bars shall be so
spaced that every 45 deg line, extending toward

" the reaction from the middepth of the member,

0.50d, to the longitudinal tensions bars, shall be

.- erossed by at least one line of web reinforcement.

$1.1.6—Torsion reinforcement where required
by Section 11.7 shall consist of closed stirrups,

~

closed ties, or spirals combined with longitudinal bars.

A

. 11.17—Stirrups and other bars or wires used

as shear or torsion reinforcement shall extend to
& distance d from the extreme compression fiber
and shall be anchored at both ends according to
Sections 7.1 and 12.13 to develop the design yield
strength of the reinforcement. :

11.2—Shear strength

11.'2,1 - The nominal shear stress vy
shall be computed by:

-4 (a) For members of constant depth

vy = _Vu S (11-3) .
& b'd :
(b) For members of varying depth
Vg * -}1:- tan 8 ‘
ve (11-3a)
@ b'd
{n which the negative sign applies
where the bending moment, M, in-
creases numerically in the same

direction as the depth, d, increases
and the positive sign wherc the moment

decreases in this direction.

0. .

The distance d shall be taken {rom the extreme
compression fiber to the centroid of the longi-
tudinal tension reinforceinent, but not less than
0.80¢ for prestressed concrete members.

- For circular scctions, d nced not be taken

less than the distance from the extreme
compression fiber to the centroid of the
longitudinal reinforcement in the opposite
half of the member. :
11.2.2—When the reaction, in the direction of
the applied: shear, introduces compression into the
end region of the member, scctions located less
than a distance d from the face of the support may
be designed for the same v, as that computed at
a distance d; for prestressed concrete, sections lo-
cated at a distance less than t/2 may be designed

. for the shear computed at t/2.

11.2.3—The shear stress carried by the con-
crete, v,, shall be calculated according to Section
114 or 115. Wherever applicable, the effects of
inclined flexural compression in variable-depth
members may be included, and effects of axial
tension due to restrained shrinkage and crecp shall

_ be considered.

. 11.24—When v, exceeds v., shear reinforcement
shall be provided according to Section 11.6.
11.2.5—For deep bcams, slabs, ‘walls, brackets,
and corbels the special provisions of Sections 11.9
through 11.16 shall apply.

11.3—Lightvreight concrete shear and torsion
stresses :

The provisions of this chapter for nominal shear
stress v, and nominal torsion stress t. carried by
the concrete apply to normal weight concrete.
When lightweight aggregate concretes are used,
the following modifications shall apply:

11.3.1—The provisions for v, and 1. shall be

modified by substituting f,,/6.7 for Y {., but the

_value of §,,/6.7 used shall not exceed Vf.. The *

value of f,, shall be specificd and the concrete

* proportionéd in accordance with Section 4.2.

11.3.2 - When f;; i$ not specified, all
values of‘/f_é affecting v, 5, and Mgy '
‘shall be multiplied by 0.75 for "all -

light weight" concrete, and 0.85 for "sand
lightweight" concrete. Linear interpolatios
may be used when partial sand replacement

1s used.

* 11.4—Nominal permissible shear stress for
nonprestressed concrcte rembers

11.4.1—The shear stress carried by the concrete,

v,, shall not exceed 2V, unless a more detailed

analysis is made in accordance with Section 1142
or 11.4.3. For members subjected to axial load
or torsion, v. shall not excced values given in
Scctions 11.4.3 through 11.4.5.
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11.4.2—The nominal shear stress v, shall not
exceed:

' v = 1.9V, 4 2500p, YE;-‘! :

but v, shall not be greater than 3.5V . M, is the
bending moment occurring simultancously with
V. at the section considered, but V,d/M, shall not
be taken greater than 1.0 in computmg v, from
Eq. (11-4).

11.4.3—For members subJectcd to axial com-
pression, Eq. (11-4) may be used, except that M’
shall be substituted for M,, and M’ shall be per-
mitted to have values less than V.d

(11-4')

M=M, N, (4t Eod) 9 1)
Alternatn ely, v. may be computed by:

v = 2(1 4 0.0005 N,/A,,)\’ f’ (11-6)
However v, shall not exceed:

, v =35\7" \’1-1-0002N,,/A (11-7)
The quantity N,/A, shall be expressed in psi.

11.44—For members subjected to significant
axial tension, web reinforcement shall be de-
signed to carry the total shear, unless a maoare
detailed analysis is made using

v,=2(140002NJAY VTP (11-8)

where N, is negative for tension. The quantity
N.,/A, shall be expressed in psi.
11.4.5—At cross sections subjected to a nominal

- torsion stress, ., exceeding L5\ [, computed by
. Eq. (11-16), v, shall not exceed

Ve 11-9)
e ST o/ 1. tvg)T (11-

11.5—Nominal permissible shear stress for
prestreseed concrete members

. 11.5.1—For members having an effective pre-
stress force at least equal to 40 percent of the
tensile_strength of the flexural reinforcement,
unlcss a more detailed analysis is made in accor-
dance with Scction 11.5.2, the nominal shear stress
carried by the concrete, v, shall not exceed

v.d

v, = 0.6V { + 700 T (11-10)

. but v, need not be taken less than 2V f. nor shall

v, be greater than 5Vf7. M, is the bending mo-
ment occurring simultanccusly with V,, but

V.d/M, shall not be taken greater than 1.0. When

applying Eq. (11-10), d shall be the distance from
. the extreme compression fiber to the centroid of
the prestressing tendons.

11,
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11.5.2—Except as allowed in Scction 11.5.1 the

shear stress v, shall be computed. as the lesser of

Vs OF Veuo

vz 067 + e (X,--——ﬁ’"’ M) (11.1)
but need not be taken less than 1.7V]/, where

Me= (l/y:) (VT + foe — fo)-
=3T3t g (112
Alternately, v may be taken as the shear

stress corresponding to a multiple of dead load
plus live load which results in a computed prin-

_ cipal tensile stress of 4V ] at the centroidal axis
of the member, or at the intersection of the flange

and the web when the centroidal axis is in the
flange. In a composite member, the principal
tensile stress shall be computed using the cross
section which resists live load.

11521 In Eq. (11-11) and (11-12), d shall be

the distance from the extreme compression fiber

to the centroid of the prestressing tendons or

. 0.8t, whichever is greater. .

1152 The values of M, and V; in Eq. (11-11)
shall be computed from the load distribution
causing maximum moment to occur at the section.

11.5.3—In a pretensioned member in which the
section at a distance t/2 from the face of the sup-
port is closer to the end of the beam than the
development length of. the tendons, the reduced
prestress shall be considered when calculating
Ve This value of v shall also be taken as the
maximum limit for Eq. (11-10). The prestress
force may be assumed to vary linearly from zero
at the end of the tendon to a maximum at a dis-

" tance from the end of the tendon equal to the
transfer length, assumed to be 50 dia-

meters for strand and 100 diameters for
single wire. ‘

11.6—Design of shear veinforcemlcnt

~11.6.1—Shear reinforcement _shall conform to
the general requirements of Section 11.1. When
shear reinforcement perpendicular to the longi-
tudinal axis is used, the required area of shear

_ reinforcement shall be not less than

R .
A= . —v)b's (11-13)
11.6.2—When inclined stirrups or bent bars are
used as shear reinforcement in reinforced concrete
members, the following provisions apply:

12,
.

11.6.2.1 When inclined stirrups are used, the
required area shall be not less than

_ we—v)b’s
A= {, (sina 4 cosa) (1-19)
. 11.6.2.2 When shear reinforcement consists of
a single bar or a single group of parallel bars,
all bent up at the same distance from the sup-
port, the required area shall be not less than

a _ (vu—v)bd
A=t T sina (11-15)

in which (v, — v.) shall not exceed XAV E
11.6.2.3 When shear reinforcement consists . -
_of a series of parallel bent-up bars or groups of
. parallel bent-up bars at different distances from
the support, the required area shall be not less
than that computed by Eq. (11-14). :
11.6.24 Only the center three-fourths of the
inclined portion of any longitudinal bar that is’
bent shall be considered effcctive for shear rein-
forcement. : S

11.6.2.5 Where more than one type of shear
reinforcement is used to reinforce the same
portion of the web, stirrups shall be provicded
to carry at least one third of the total shear take
by the reinforcement. The required area shall b
computed as the sum for the various types separ
ately with v being included only once.

11.6.3—When (r. — v,) exceeds 4V, the maxi-
mum spacings given in Scctions 11.1.4 and 11.1.5
shall be reduced by one-half. )

11.6.4—The value of (v, — v,) shall not exceed

V7. .

11.7—Combined torsion and shear for nonpre-
stressed members ' -

11.7.0—Torsion effects shall be included for
shear and bending whenever the nominal torsion
.stress 1, exceeds 1.5V f. Otherwise, torsion ef-
fects may be neglected.

11.7.2—For members with rectangular or
flanged sections, 1, shall be computed by

x, = IM,./$32%y (11-16)

The sum 3x%y shall be taken for the component
rectangles of the section, but the overhanging
flange width used in design shall not exceed three
times the thickness of the flange.

11.7.3—A rectangular box section may be taken
as a solid section, provided that the wall thick-
ness t is at least x/4. A box scction with a wall
thickness less than z/4, but greater than x/10,
may also be taken as a solid scction except that
2% shall be multiplied by 4t/x. When t is less
than x/10, the stiffness of the wall shall be con-
sidered. Fillets shall be provided at interior cor-
ners of all box scctions.



ll'H-—«Sccuom located less than a distance d
from the face of the support may be designed

: for the same torsion, 1, as that computed at a
- distance d.

11.7.5—The nominal torsion stress carried by the
concrete, 1, in reinforced concrete members shall
not exceed -
24VFe

e T T (ll-l'l)
\/l + (l.zvu/lu):'

311.7.6—For members subjected to significant
axial tension, torsion reinforcement shall be de-

- signed to carry the total torque, unless a more de-

) whichevcr is the greatcr where 24, u
need not be taken as lcss than 50b's/fy."

tailed analysis is made in which 1. 'given by Eq.
(11-17) and v, given by Eq. (11-9) shall be mul-

© ftiplied by (14 0.002N./A,), where N, is negative
", for tension.

11.7.1—The torsion stress T, shall not exceed

. -

Vi e
-—-—-———————-—-— 11-18
T \/1 + (l Zvu/'lu)z ( )

n 8-—Dcsugn of torsion rcmfovccmcnf

11.8.1—Torsion reinforcement, where required,
shall be provided in addition to reinforcement re-
quired to resist shear, flexure, and axial forces.
The reinforcement required for torsion may be
combined with that required for other forces, pro-
vided the area furnished is thc sum of the in-
dividually required areas and the most restrictive
requirements for spacing and placement are met.

_© -11.8.2 The required area of closed stirrups
_shall be computed by

(1, — 1) s3x%y

(11-19)

: A‘w-(m:c,y,(i )
Cewhere ® = [0.66+0.33(y1/z1)], but not more
than 1.50." - - .
1.83

“The spacmg of clos¢d
stirrups shall not exceed (x1+4 yn)/4 or 12 in., which-
ever js the smaller.”

“ll.&(—The required area of longitudinal\bars shall
be computed by
Ar=24,0EU (11-20)

or by .
) - 2,;,](5_1;_1!_1) (11-21)

sed in Eq. (11-21)

‘ 400rs [t
Al - [ (‘(u + Vv

#11.8.5 — The spacing of longitudinal bars, not less
than #3 in size, distributed around the perimeter t_)f
the stirrups, shall not exceed 12 in. At lcast one longi=
tudmal bar shall be placed in each corner of the stir-
rups.”
11.8.6—Torsion reinforcement shall be provided

at lcast a distance (d 4 b) beyond the point
theoretically required.

11.9—Special provisions for dcep beams

.11.9.1~-Thesc provisions apply when 1./d is less
than 5 and the members are Joaded at the top or
compression face.

11.9.2—The nominal shear stress v, carried by
the concrete shall be determined by

L V= [35— (2.5) (M./V.d)]
X [1.9\":7 + 2500 p,, %19

except that the term [3.5 — (2.5) (3./V.d)] shall

not exceed 2.5, and v, shall not exceed 6V f/. M,
and V, are the bending moment and shear oc-

(11-22)

13.

curring simultancously at the critical section de-

fined by Secction 11.93. In lieu of Eq. (11- 2”),

* v, may be taken as 2V T

11.9.3—The critical section for shear measured
from the face of the support shall be taken at 0.15
1. for uniformly loaded beams and 0.50a for beams
with concentrated loads, but not greater than d.

:  Shear reinforcement .required at the critical sec-

tion shall be used throughout the span.
11.94—The shear stress v, shall not exceed
8V . when l./d is less than 2. When 1./d is be-
tween 2 and 5, v, shall not exceed
n=20+L/OVE  (129)
11.9.5—The arca of shear reinforcement shall
be computed from

( ) (1 +1/d ) (AM) (& = 1/d)
s ) t\s /T .
) P U2 L (11-24)
’ S fy
11.9.6—The aréa of shear reinforcement A, per-
pendicular to the main reinforcement shall not be
less than 0.0015bs, and s shall not exceed d/5 or
18 in. The area of shear reinforcement A,,, parallel
to the main reinforcement shall not be less than
0.0025bs,, and s, shall not-excecd d/3 or 18 in.’

31.10—Special provisions for slabs and footings

11.10.1—The shear strength of slabs and foot--

ings in the vicinity of concentrated loads or re-
actions is governed by the more severe of two
conditions:

(a) The slab or footing acting ecssentially as a
_wide beam, with a potential diagonal crack ex-
"tending in a plane across the entire width. This
casc shall be considered in accordance with Sec-
tions 11.1 through 11.6

(b) Two-way action for thc slab or footing,
with potential diagonal cracking along the sur-
face of a truncated cone or pyramid around the
concentrated load or reaction. In this case, the
slab or footing shall be designed as specified in
the remainder of this section

rmeoa e



1).10-2 - The critical . .ction for two;way
action shall be perpendicular to the plane
of the slab and located so that its periph~
ery Is a minimum and approaches nocloser
than d/2 to thc periphery of the concen-
trated load or reaction area.

11.10-3- The nominal shear stress. for two-
way action shall be computed by

Yy = V./¢bed © (11-25)

‘{n which V, and b, are taken at the critical sec-
.tion specified in Scction 11.10.2. The shear stress

v, shall not exceed v, = 4\’.f_,,’ unless shear rein-

- forcement is provided. A maximum increase of

50 percent in v, is permitted if shear reinforce-
ment is provided in accordance with Section
11.11.1, and a maximum increase of 75 percent is
permitted if shearhead reinforcement is provided
in accordance with Scction 11.11.2.

11.11—Shear reinforcement in slabs and footings

11.11.1 - Shear reinforcement consisting
of bars or wires anchored in accordance
with Section 12.13 may be provided in
slabs. For design of such shear reinforce-
ment, shear stresses shall be investigated
at the critical section defined in Section
11.10.2 and at successive sections more -
distant from the support; and the shear

‘stress, V¢, carried by the concrete at any

section shall not exceed 2 fe . Where vy
exceeds vg, the shear reinforcement shall
be provided according to Section 11.6

11.11.2—Shear reinforcement within the slab
consisting of steel I or channel shapes shall be
designed in accordance with the following provi-
sions, which do not apply where shear is trans-
ferred to a column at an edge or a corner of a
slab.” At exterior columns, special designs are re- ’
quired. .
11.11.2.1 Each shearhcad shall consist of steel
shapes fabricated by welding inte four identical
arms at right angles and continuous through the
column section. The ends of shearhcads may be
cut at angles not less than 30 deg with the hori-
zontal, provided that the plastic moment ca-
pacity of the remaining tapered section is ade-
quate to resist the shear force attributed to that
arm of the shearhead. The ratio K between the
stiffness for each shearhead arm and that for the
surrounding composite cracked slab section of
width (c: 4 d) shall not be less than 0.15. All
compression flanges of the steel shapes shall be
located within 0.3d of the compression surface
of the condrete slab. The steel shapes shall not be
deeper than 70 times their web thickness.

14,

11.11.22 7 1 full plastic moment of resis- .
tance M, requacd for each arm of the shearhead
shall be computed by

M, = {—85 [h.-}- K (L. - %“)] (11-26)

. where ¢ is the capacity reduction factor for

flexure and L, is the minimumn length of each

shearhead arm required to comply with the re-

* quirements of Sections 11.11.2.3 and 11.11.2.4.

11.11.2.3 The critical slab section shall be
perpendicular to the plane of the slab. The sec-
tion shall cross cach shearhcad arm three-quarters
of the distance, L, — (¢,/2), from the column face
to the end of the shearhead, and it shall be so
located that its periphery is a minimum. How-
ever, the critical section need not approach closer

~ than d/2 to the periphery of the column.

1) X S ‘The shear stress v, ‘shﬁll
not exceed 4V §” on the critical section.

11.11.2.5 The shearhead may be assumed to
contribute a resisting moment M, to each column
trip of the slab computed by

y= ﬂ‘s_"; (L. - —92‘—) (11-27)
where & is the capacity reduction factor for
flexure, and L, is the length of each sheartead
arm actually provided. However, M, shall excecd
neither 30 pereent of the total moment resistance
required for each column strip of the slab, nor
the change in column strip moment over the
length L, nor. the value of M, given by Eq.
(11-26). R .

11.12—Openings in slabs

11.12.1—When openings in slabs  and footings
are located at a distance less than ten times the
thickness of the slab from a concentrated load or
reaction. or when openings in flat slabs are lo-
cated within the column strips as defined in
Chapter 13, the critical sections specified in Sec-
tions 11.10.2 and 11.11.2.3 shall be modified as
follows: .

(a) For slabs without shearheads, that part of
the periphery of the eritical section which is en-
closed by radial projections of the openings to the
centroid of the loaded arca shall be considered
incffcctive o ’

{b) For slabs with shearhcads, one-half of that
part of the periphery specified in (a) shall be
considered ineffective .



"11.13 - Transfer of moments to columns

11.13.1 - Shear forces excrted by unbal- ~ 11144—Closed stirrups or tics parallel to the

anced loads at connections to columns
shall be considercd in the design of
latcral reinforcement in the column.

;.atcral reinforcement not less than that
required by Eg. (11-1) shall be provided
within the connections, except those not
part of a primary seismic load-resisting
system which arc restrained on four sides

by beams or slabs of approximately
equal depth.

11.13.2—When anbalanced gravity load, wind,
earthquake, or other lateral forces cause transfer
of bending moment between slap and column,

a fraction of the moment given by

- 1 )
AT L2, fet-d
( l+3“’ c;+d
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main tension reinforcement having a total cross-
sectional arca A, not less than 0.504, shall be
uniformly distributed within two-thirds of the
effective depth adjacent to the main tension rein-
forcement. :
11.14.5—The ratio p=A4,/bd shall not be less

than 0.04 (f¢'/f,). » .
17.15—Shcar-friction : :

11.15.1—These provisions apply where it is in-
appropriate to consider shear as a mecasure of

'diagonal tension, and particularly in design of

reinforcing details for precast concrete struc-
tures. . :
11.152—A crack shall be assumed to occur
along the shear path. Relative displacement shall
be considered resisted by friction maintained by
shear-friction reinforcement across the crack. This

Sha]l be considered transferred by eccentricity
of the shear about the centroid of the critical
- section defined in Section 11.10.2. Shear stresses
shall be taken as varying lincarly about the
centroid of the critical scction and the shear
* “stress v, shall not exceed 4Y f." i
11.14—-Special provisions for brackets and corbels

11.14.1--These provisions apply to brackets
and corbels having a shear-span-to-depth ratio,
a/d, of unity or less. When the shear-span-to-
depth-ratio a/d is one-half or less, the design
provisions of Section 11.15 inay be used in lieu of
-Eq. (11-28) and (11-29), except that all limita-
tions on quantity and spacing of reinforcement in
Section 11.14 shall apply. The distance d shall be
measured at a section adjacent to the face of the
support, but shall not be taken greater than twice
the depth of the corbel or bracket at the outside
edge of the bearing areca. _

11.14.2—The shear stress shall not excced

v, = (65— 5.1V (T/V.)1[1 —05(e/d)]

% {1+ [64 + 160V (T/V.IIp} VIS (11-28)
where p shall not exceed 0.13 f/f, and TV shall
hot be taken less than 0.20. The tensile
force T, shall be regarded as a live load
even when it results from creep, shrink~

age or temperature change.
11.14.3—When provisions are made to avoid
tension due to restrained shrinkage and erecp, so
that the member is subject to shear and moment
only, v, shall not exceed
vy == 6.5[1 — 0.5(a/d)I[1 4 Gip.] K
’ : A (11-29)
where po= (A, + A.)/bd, but not greater than
0.20 f,/f,, and A shall not exceed A,

11.16—Special provisions for walls ‘

reinforcement shall be approximately per-
pendicular to the assumed crack. ‘

11.15.3—The shear stress v, shall not exceed

0.2 f//, nor 800 psi. .
11.15.4—The required area of reinforcement
A, shall be computed by
: V.
Ay =2 11-30
it ¢fv|"- ( )

The design yield strength f, shall not exceed 60,-
000 psi. The coefficient of {riction, g, shall be 14
for concrete cast monolithically, 1.0 for concrete
placed against hardened concrete, and 0.7 for con-
crete placed against as-rolled structural steel. ”

11.15.5—Direct tension across the assumed crack

shall be provided for by additional reinforce-
" ment. ) '

11.15.6—The shear-friction reinforcement shall

be well distributed across the assumed crack and
shall be adequately anchored on both sides by
embedment, hooks, or welding to special devices.

11.15.7—When shear is transferred between con-

crete placed against hardened concrete, the inter-
face shall be rough with a full amplitude of ap-
proximately % in. When shear is transferred
betwern as-rolled stecl and concrete, the steel
shall be clean and without paint.

#11.16.1 — Design for horizontal shear forces in the

plane of the wall shall be in accordance with Scction
11.16. The nominal shear stress, ve, shall be computed

*,’y Ve o (11-3D)

Yy = ——7

where d shall be taken equal to 0.8D. A larger value of
d, equal to the distance from the extreme compression

fiber to the. center of force of all reinforcement in ten-.

sion, may be used when determined by a strain com-
patibility_analysis."

[
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11.16.2—Sections located closer to the base than
- a distance D/2 or onc-half of the wall height,
whichever is less, may be designed for the same
v, as that computed at a distance D/2 or onc-half
the height. : .

11.16.3—The shear stress carried by the con
. crete, v, shall not be taken greater than the
" lesser value computed from '

ve=33VT7 + 3%"- o )
and .
o .. D (1.25v7? +025
v, =067+ M — (11-33)
. B T .

where N, i3 negative for tension.

However, y, may be taken as 2V if N, is com-
pression or Section 11.4.4 may be applied if N,
is tension. ’

#§1.364 — When vy is less than v/2, reinforcement
‘shall be provided in accordance with the provisions
below or in accordance with Chapter 14. When vu ex-
ceeds vc/2, wall reinforcement for resisting shear shall
econform to Sections 11.16.4.1 and 11.16.4.2.

#11.16.4.1 The area of horizontal shear reinforce-
ment shall be not less than than computed by Eq. (11-
13). The ratio, ps, of horizontal reinforcement area to
the gross concrete area shall be at lcast 0.0025. The
spacing of horizontal reinforcement shall not exceed
D/S, 3t, nor 18 in.

“11.164.2 The ratio of vertical reinforcement area to
gross concrete arca shall be not legs than

Pa = 0.0025 4 0.5 (2.5 - .%..) (pr —0.0025) - (11-34)

nor 0.0025, but need not be greater than the value of

P required by Section 11.16.4.1. The spacing of vertical

zeinforcement shall not exceed D/3, 3¢, nor 18 in. *
#11.16.5 — The total design shear stress, vy, at any

o

“section shall not exceed 10v/fc"

#11,16.6 — Design for shear forces perpendicular to
the face of the wall shall be in accordance with pro-
vislons for slabs in Section 11.10.”

PRI
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STENIS @ RLENENT

LT SOUARE OR

RECTANGULAR PAMELS

13.0—Notation
¢ = Size of rectangular column, capital, wall,

H,

I,

e

K

KI

nunn ]

i

H

T

Il

or bracket racasured transverse to the
dircetion in- which moments are being
determined
cross-sectional constant to define the tor-
sional properties of edge beams and at-
tached torsional members. Sce Eq. (13-7)
modulus of clasticity for beam concrete
modulus of clasticity for column concrete
modulus of clasticity for slab concrete
height o column, center-to-conter of
floors or roof
ratio of flexural stiffness of beam scction
to the flexural stiffness of a width of
slab bounded laterally by the center line
of the adjacent panel (if any) on each
side of the beam

cblb ’
T I,
H'in the dircction of 1

H in the dircction of I,

moment of inertia about centroidal axis
of gross scction of a beam as defined in
Section 13.1.5

moment of incrtia of gross cross section
of columns

moment of inertia about centroidal axis
of gross scction of slab = t3/12 X width
of slab specified in definitions H and R
flexural stiffness of bcam, moment per
unit rotation

flexural stiffness of column; moment per
unit rotation

flexural stiffness of an equivatent col-
umn; moment per unit rotation (See &7. 43+ -5)
flexural stiffness of slab; moment per
unit rotation

torsional stiffness of torsional member;
moment per unit rotation

ratio of flexural stiffness of the columns
above and below the slab to the com-

" bined flexural stifiness of the slab and

beam at a joint taken in the direction
moments are heing determined

XK.
(K, +K)

== ralio of flexura!l stiffness of the equivalent col-
umn to the combined flexural stiffness of the
slab and beam at a joint t-i.cn in the direction
mornents arc being determined

= o Jee .o
3 (K, ++ Kp) N

K/ = minimum K’ to satisfy Scction 13.3.6.1(a)
l. = length of clear span, in the direction mo-

ments are being determined, measured
face-to-face of supports -
Iy = length of span in the direction moments
are being determined, measured ccntcr-
to-center of supports
I, = length of span transverse to !;, measured
center-to-center of supports
M, = total static design moment
R = ratio of lorsional stiffness of edge beam

section to the flexural stiffness of a width

of slab equal to the span length of the
beam, center to center of supports
_ EaC
T 2B,
t = over-all thickness of member, in.
w = design Joad per unit area
wp == design dead load per unit area
wy, = design live load per unit arca

x == shorter over-all dimension of a rectangu-
lar part of a cross section
y = longer over-all dimension of a rectangu-

lar part of a cross section
13.1 -~ Scope and definitions

13.1.1 - The provisions of this
chapter govern the design of slab
systems reinforced for flexure in
more than one direction with or
without beams between supports.

Solid slabs and slabs with recesses
or pockets made by permanent or
removable fillers between ribs or
Joists in two directions are included
under this definition., Slabs with
pancled ceilings are also included
under this definition provided the
panel of recduced thickness lies
entirely within the middle strips,
and is at lcast two-thirds the thick-
ness of the rcmainder of the slab,
exclusive of the drop pinel, and is
not less than 4 in, thick. The thick-
nesses shall satisf{y rcquirements of
Sections 9.5.3.

[S———,
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STRUCTURAL SYSTENIS QR ELENENTS

CHAPTER 13—SLAD SYSTEMS WITH MULTIPLE SQUARE OR
RECTANGULAR PAMELS

13.0—Notation
= Size of rectangular column, capital, wall,

C2

Q

33

munn

= :-,va:q

K,
Kl

i

or bracket measured transverse to the
dircction in which moments are being
determined

cross-sectional constant to define the tor-
sional properties of edge beams and at-
tached torsional members. See Eq. (13-7)
modulus of clasticity for beam concrete
modulus of elasticity for column concrete
modulus of elasticity for slab concrete
height o column, center-to-center of
floors or roof

ratio of flexural stiffness of beam scction
to the flexural stiffness of a width of
slab bounded laterally by the center line
of the adjacent panel (if any) on each
side of the beam

Ee d

E..l,

H:-in the direction of l,

H in the dircction of 1,

moment of incrtia about centroidal axis
of gross scction of a beam as defined in
Section 13.1.5

moment of inertia of gross cross section
of columns

moment of inertia about centroidal axis
of gross scction of slab = t3/12 X width
of slab specificd in definitions H and R
flexural stiffness of beam; moment per
unit rotation

=: flexural stiffness of column; moment per

unit rotation
flexural stiffness of an equivalent col-
umn; moment per unit rotation (See £7. 35
flexural stiffness of slab; moment per
unit rotation
torsional stiffness of torsxonal member;
moment per unit rotation
ratio of flexural stiffness of the columns
above and below the slab to the com-
bined flexural stifiness of the slab and
beam at a joint taken in the direction
moments are being determined

2 K.

=IKFR)

= ratno ot llexurnl stiffness of the equivalent col-
umn to the combined flexural stiffness of the
slab end beam at a joirt til.en in the direction
mornents arc being detcrmined

- Kee
(K, -+ Kb)

K, == minimum K’ to satisfy Scction 13.3.6.1 (a)

= length of clear span, in the direction mo-
ments are being determined, measured
face-to-face of supports '

li = length of span in the dircetion moments
are being determined, measured center-
to-center of supports

I = length of span transverse 1o 1;, measured
center-to-center of supports

= total static design moment

R = ratio of torsional stiffness of edge beam
section to the flexural stiffness of a width
of slab equal to the span length of the
beam, center to center of supports

EaC

= 2E.I,
t = over-all thickness of member, in.
w = design load per unit area

wp == design dead load per unit area
wy, = doesign live load per unit area

x = shorter over-all dimension of a rectangu-
lar part of a cross section
Y = longer over-all dimension of a rectangu-

lar part of a cross section
13.1 ~ Scope and definitions

13.1.1 - The provisions of this
chapter govern the design of slab
systems reinforced for flexure in
more than one direction with or -
without beams between supports.

Solid slabs and slabs with recesses
or pockets made by permanent or
removable fillers between ribs or
Joists in two directions are included
under this definition, Slabs with
paneled ceilings are also included
under this definition provided the
panel of reduced thickness lies
entirely within the middle strips,
and is at least two-thirds the thick-
ness of the remainder of the slab,
exclusive of the drop panel, and is
not less than 4 in. thick. The thick-
nesses shall satisfy requirements of
Sections 9.5.3.



13.1.2---A column strip is a design strip with a
width of 0.251, but not greater than 0.251, on each
sidé of"the collumn center line. The strip includes
beams, il any.

13.1.3- -A middle strip is a design strip bounded
by two column strips.

13.1.4--A panel is bounded by column or wall
center lines on all sides,

13.1.5—For monolithic or fully composite con-
struction, the beam includes that portion of the
slab on each side of the beam extending a dis-
tance cqual to the projection of the beam above

or below the slab whichever is greater,
but not greater than four times the slab
thickness.

' 13.1.6—The slab may be supported on walls,
columns, or beams. No portion of a column capi-
tal shall be considered for structural purposes
which lics outside the largest right circular cone
or pyramid with a 90 deg vertex which can be
included within "the outlines of the supporting
clement.

13.2—Design procedures

13.2.1—A slab system may be designed by any
procedure satisfying the conditions of equilibrium
and geometrical compatibility provided it is shown
that the strength furnished is at least that re-
quired considering Scctions 9.2 and 9.3, and that
all serviceability conditions, including the speci-
fied limits on deflections, are met.

"13.2.2—A slab system, including the slab and
any supporting beams, columns, and walls, may be
designed directly by cither of the procedures de-
seribed in this chapter: (A) The Direct-Design
Method (Scction 13.3) or (B) The Equivalent-
Frame Method (Scction 13.4).

13.2.3—The slabs and beams shall be propor-
tioned for the design bending moments prevail-
ing at every scction. .

13.24-—-When unbalanced gravity load, wind,
earthquake, or other lateral loads cause transfer
of bending moment between slab and column,
the flexural stresses on the critical section shall
be investigated by a rational analysis, and the
cross scction proportioned according to the re-
quirements of Section 11.13.2. Concentration of
reinforcement over the column hcead by closer
spacing or additional reinforcement may be used
to resist the moment on this section. A slab
width between lines that are t/2 on cach side
of the column or capital may be considered cf-
fective.

13.2.5—Design for the transmission of load from
the slab to the supporting walls and columns
through shear and torsion shall be in accordance
with Chapter 11,

19.

13.3—Direct design method

13.3.1 Limitations

13.3.1.1 There shall be a minimum of three
continuous spans in cach direction.

13.3.1.2 The pancls shall be reclangular with
the ratio of the longer to shorter spans within a
panel not greater than 2.0.

13.3.1.3 The successive span lengths in each
direction shall not differ by more than one-third
of the longer span.

13.3.14  Columns may be offset a maximum
of 10 percent of the span, in direction of the

offset, from cither axis between center lines of

successive columns.
133.1.5 The live load shall not exceed three
times the dead load.

13.3.1.6 If a panel is supported by beams on -

all sides, the relative stiffness of the beams in
the two perpendicular dircetions

H,l2
shall not be less than 0.2 nor greater than 5.0.
13.3.1.7 Variations from the limitations of
this section may be considered acceptable if
demonstrated by analysis that the requirements
of Section 13.2.1 are satisfied.

(13-1)

13.3.2 Total static design moment for a span
13.3.2.1 The total static desicn moment for
a span shall be determined in a strip bounded
laterally by the center line of the panel on each
side of the center line of the supports. The ab-

solute sum of the positive and average negative

bending moments in each direction shall be not
less than

wllz2 .
8

Where the transverse span-of the panels on either
side of the center linc of supports varies, L. shall
be taken as the average of the transverse spans.
When the span adjacent and parallel to an edge
is being considered, the distance from the edge
to the pancl center line shall be substituted for
l. in Eq. (13-2).

13.3.22 The clear span I. shall extend from
face to face of columns, capitals, brackets, or
walls. The value of I, used in Eq. (13.2) shall be
not less than 0.65!,. Circular supports shall he
treated as square supports having the same arca,

M, = (13-2)

13.3.3 Negative and positive design moments
13.3.3.1 The negative desizn moment shall be
located at the face of reetanjpular supports. Cir-
cular supporls shall be treated as square supports
having the same area.

O ] werrmr—




13.3.3.2 In an interior span, the total static
design moment A, shall be distributed as follows:

Negative design moment ... .. .. L ....0.65
Positive design moment ... ... ... ...0.35

13.3.3.3 In an end span, the total static de-
sign moment M, shall be distributed as follows:

Interior negative design moment
.................. [0 75— 0.10/(1 -}- 1/K.) ]

Positive design moment ..........
................... [0.63 — 0.28/(1 + 1/K.)]

Extcnor negative design moment

........ et (085 (1 4-1/KN]

where K¢ is computed for the exterior column.

13.3.34 The negative moment section shall
be designed to resist the larger of the two in-
terior negative design moments determined for
the spans framing into a common support unless
an analysis is made to distribute the unbalanced
moment in accordance with the stiffnesses of the
adjoining elements.

13.34 Design moments and shears in column
and middle strips and beams
13.34.1 The column strips shall be pro-
portioned to resist the following portions in per-
cent of the interior negative design moment:

12/l ! 0.5 [1.0 | 20
Hi=0 % 75
(Hil2/b) = 1.0 90 45

Lincar interpolations shall be made between the
valucs shown.

13.34.2 The column strip shall be propor-
tioned to resist the following portions in percent
of the exterior negative design moment:

1a/ly 0.5 1.0]20
R=0 100 100

Hi=0 R=25 75 75
N R=0 100 100
(Hils/ls)y = 1.0 I R=75 ) T3

Linear interpolations shall be made between the

values shown.
Where the exterior support consists of column

" or wall extending for a distance cqual to or greater

‘than three-quarters of the 1. used to compute
M,, the exterior negative moment shall be con-
sidered to be uniformly distributed across L.

1334.3 The column strip shall be pro-
portioned to resist the following portions in per-
cent of the positive design mornent:

12/l | 0.5 ]1.0f 20
Hi=0 60 60
(Hle/l) =10 20 45

Lincar interpolations shall be made between the
values shown.

20.

13.344 The beam shall be proportioned to
resist 85 pereent of the column strip moment if
(H,l./l) is equal to or greater than 1.0. For
values of (H,l./l)) between 1.0 and zero, the
proportion of moment to be resisted by the beam
shall be obtained by linear interpolation between
85 and zero percent. Moments caused by loads
applied on the beam and not considered in the
slab design, shall be determined directly. The slab
in the column strip shall be proportioned to resist
that portion of the design moment not resisted
by the beam.

13.34.5 That portion of the design moment
not resisted by the column strip shall be pro-
portionately assigned to the corresponding half
middle strips. Each middle strip shall be pro-
portioned to resist the sum of the moments as-
signed to its two half middle strips. The middle
strip adjacent to and parallel with an edge sup-
ported by a wall shall be proportioned to resist
twice the moment assigned to the half middle
strip corresponding to the first row of intcrior
supports.

13346 A design moment may be modified
by 10 percent provided the total static design mo-
ment for the panel in the direction considered
is not less than that required by Eq. (13-2).

'

13.34.7 Beams with (H,l./l;) equal to or
greater than 1.0 shall be proportioned to resist
the shear caused by loads in tributary arecas
bounded by 45 deg lines drawn from the corners
of the pancls and the center line of the panels
parallel to the long sides. For values of (H;l./l,)
less than 1.0, the shear on the beam may be ob-
tained by linear interpolation, assuming that for
H =0 the beams carry no load. In addition, all
beams shall be proportioned to resist the shear
caused by dircetly applicd loads.

13.34.8 The shoar stresses in the slab may
be computed on the assumption that the load is
distributed to the supporting beams in accordance
with Section 13.3.4.7. The total shear occurring
on the pancl shall be accounted for.

13.3.4.9 The shear stresses shall satisfy the
requirements of Chapter 11.

13.3.4.10 Edge bcams or the edges of the
slab shall be proportioned to resist in torsion
their share of the exterior negative design mo-
ments.

13.3.5 Moments in columns and walls

13.3.5.1 Columns and walls built integrally
with the slab system shall resist moments arising
from loads on the slab system.



13.3.5.2 At an interior support, the support-‘

ing clements above and below the slab shall
resist the ‘moment specified by Eq. (13-3) in
direct proportion to thcir stiffnesses unless a
gencral analysis is made.

M = 0.08[ (w;, 4 0.5w,) 1.l *
; 1
—wp'l’ (1?2 (1 - ——,)
n ( ) ]/ '} ]{c

where wp’, I and 1, refer to the shortler span.
13.3.6 Provisions jor effects of pattern loadings
13.3.6.1 Wheie the ratio of live to dead load
exceeds 0.5, one of the following conditions shall
be satisfied:

(13-3)

TABLE 13.3.6.1—MINIMUM K.’

134.1.2 Each such frame may be analyzed in
its entirety, or, for vertical loading, each floor
thercof and the roof may be analyzed scparately
with its columns as they occur above and below,
the columns being assumed fixed at their remote
ends. Where slab-beams are thus analyzed sep-
arately, it may be assumed in determining the
bending moment at a given support that the slab-
beam is fixed at any support two panels distant
therefrom provided the slab continues beyond
that point,

13.4.1.3 The moment of inertia of the slab:
beam or column at any cross section outside of
the joint or column capital may be based on the
cross-sectional arca of the concrete. Variation
in the moments of inertia of the slab-beams and

e

Liveload | Aspect ratio | Relative beam stiffness, H columns along their axes shall be taken into ac- !
Deadload | | 2/l 6 |05 [10]20] 40 count. i
0.5 0.5-2.0 0 |0 ;0 |0 |O 13.4.14 The moment of inertia of the slab- -
1.0 0.5 06lo o 1o |o beam from the center of the column to the face
0.8 670 |0 |0 |oO of the column, bracket, or capital shall be as-
1.0 o7({01]0 {0 |O sumed equal to the moment of inertia of the
“1.25 0810410 10 |0 slab-beam at the face of the column, bracket, or
2.0 1205020 0 R e X o
capital divided by the quantily (I — c2/I:)* where
20 g: :g gg g 9 g g ¢: and l; are measured transverse to the diree-
10 veloslozlo |o tion moments are being detcrmined.
1.25 19/10f05l0 {0 134.1.5 The equivalent column shall be
2.0 49;16108)03)0 assumed to consist of the actual columns )
3.0 0.5 18{05[01|0 |0 above and below the slab beam plus an
0.8 20(09(03,0 |0 attached torsional member transverse to the
:-gs gg (l)g gg 82 g direction in which moments are being deter-
2:0 13.0 26 =05l 03 mined and extending to the bounding lateral

panel center lines on each side of the columr

(2) The sum of flexural stiffnesses of the col-

umns above and below the slab shall be such that
~ K’ is not less than the minimum K,/ specified in

Table 13.3.6.1

(b) If the columns do not satisfy (a), the design
positive bending moments in the panels supported
by thosc golunins shall be multipiied by the coct- .
ficient I* deterinined from g, (1-4)

_'_ 2 - wp/w, Ig_)
I G o) B

13.4—-Equivalent frarac metbod

1341 Assumptions-~Tn design by the equivalent

frame method the following assumptions shall be
used and uil sections of «labs and supporting mem-
bers shall be proportioned for the moments and
shears thus obtained.

134.1.1 The structure shall be considered to
be made up »f equivalent frames on column lines
taken lonpitudinally and transversely through the
building. “ach frame consists of a row of
equivalent columns or supports and slab-beam
strips, bounded laterally by the center line of the
panel on cach side of the center line of the
columns or suoports. rames adjacent and paratlel
to an edge shall be bounded by the edge and the
center line of the adjacent panel.

The flexibility (inverse of the stiffness)

of the equivalent column shall be taken
as the sum of the flexibilities of the

columns above and below the slab beam and

the flexibility of the torsional members

i { 1 .
—_— o = == 3-5
K, ZK,‘ + K, (13-5)

In compuling the stiffness of the column K,
the moment of inertia shall be assumed infinite
from the top to the bottom of the slab-beam at
the joint.

The attached torsional members shall be as-
sumed to have a constant cross section throughout
their length consisting-of the larger of:

(a) A portion of the slab having a width equal
to that of the column, bracket or capital

in the direction . in which moments are
being considered

(b) For monolithic or fully composite construc-
tion, the portion of the slab specified in (2) plus
that part of the transverse beam above and below
the slab

(¢) The transverse beam as defined in Scction
13.1.5. '



22.

supporting element., Circular or regular
polygonal supports shall be treated
as square supports having the same area.

. The stiffness K, of the torsional member
shall be calculated by the following expression:

Re =2 Pes® 3 (13-¢)
, Ly(1=c,/2,)
where <y and 2,2 are related to the measured

13.4.3 Distribution of panel moments—Dending
at critical sections across the slab-beam strip of
cach frame shall be distributed to the column

transverse spans on each si . . R
' P ach side of the column strips, middle slrips, and beams as specificed in

The constant C in Eq.(13-6) may be evaluated

for the cross section by dividing it into

separate rectangular parts and carrying out

the following summation:
C=3(1-06Z)u
y/ 3

If the values of 1/K, as computed by Eq. (13-6)
differ on the two sides of the column, the aver-
age of the two values should be used. Where
beams frame into the column in the direction
moments are being determined, the value of 1/K,
as computed by Eq. (13-6) shall be multiplied by
the ratio of the moment of inertia of the slab
without such beam to the moment of inertia of the
slab with such beam.

13.4.1.6 Where metal column capitals are
used, account may be taken of their contributions
to stiffness and resistance to bending and to shear.

134.1.7 The change in length of columns and
slabs due to dircct stress, and deflections due to
shear, may be neglected.

134.18 When the loading pattern is known,
the structure shall be analyzed for that load.
When the live load is variable but does not ex-
ceed threc-quarters of the dead load, or the
nature of the live load is such that all panels

(13-7)

will be loaded simultaneously, the maximum mo-- -

ments may be assumed to occur at all sections
when full design live load is on the entire slab
system. For other conditions, maximum positive
moment near midspan of a panel may be assumed
to occur when three-quarters of the full design
live load is*on the panel and on alternate panels;
and maximum negative moment in the slab at a
support may be assumed to occur when three-
quarters of ihe full design live load is on the
adjacent pancls only. In no case shall the design
moments be taken as less than these occurring
with full design live load on all panels,

13.4.2 Negative design moment—At interior sup-
ports, the critical section for negative moment, in
both the column and middle strips, shall be taken
at the face of rectilincar supports. At exterior
supports provided with brackets or capitals, the
eritical scction for negative moment in the di-
rection perpendicular to the edie shall be taken
at a distance from the face of the supporting ele-
ment not greater than onc-half the projection of

the bracket or capital Leyond the face of the

-or columns,

" provisions of Chapter 12.

Section 13.3.4.

1344 Column moments—Moments determined
for the equivalent columns in the frame analysis
shall be used in the design of the columns.

. 1345 Sum of positive and everaege negative
moments—Slabs within the limitations ef Sec-
tion 13.3, when designed by the equivalent frame
analysis method, may have the resulting analyti-
cal moments reduced in such proportion that the
numerical sum of the positive and average nega-
tive bending moments used in design need not

.exceed the value obtained from Eq. (13-2).

13.5-—51ab reinforcement

13.5.1-—-The spacing of the bars at critical sec-
tions shall not exceed two times the slab thick-
ness, except for those portions of the slab area
which may be of cellular or ribbed construction
In the slab over the cellular spaces, reinforce-
ment shall be provided as required by Scction

13.5.2—In exterior spans, all positive reinforce-
ment perpendicular to the discontinuous edge
shall extend to the edge of the slab and Kave
embedment, straight or hooked, of at least 6 in.
in spandrel beams, walls, or columns, where ‘pro-
vided. All negative reinforcement perpendicular
to the discontinuous edge shall be bent, hooked,
or otherwise anchored, in spandrel beams, walls,
Where the slab
or colums to be developed at the face
of the support according to the
Where the
slab is not supported by a spandrel beam
or wall, ow where the slab cantilevers
the support, anchorage of reinforcement
may be within the slab.

13.5.3—The area of reinforcement shall be de-
termined from the bending moments at the critical
sections but shall not be less than required by
Section 7.13. .

13.54—In slabs supported on beams having a
value of H greater than 1.0, special reinforce-
ment shall be provided at exterior corners in both
the bottom and top of the slab. This rcinforce-
ment shall be provided for a distance in cach
dircction from the corner cqual to onc-fifth the
longer span. '



The reinforcement in both the top and bottom
of the slab shall be sufficient to resist a moment
equal to the maximum positive. moment per foot
of width in the slab. The direction of the mo-
ment is parallel to the diagonal from the corner
in the top of the slab and perpendicular to the
diagonal in the bottom of the slab. In cither the
top or bottom of the slab, the reinforcement may
be placed in a single band in the direction of
the moment or in two bands parallel to the sides
.of the slab. .

13.5.5—Where a drop panel is used to reduce
the amount of negative reinforcement over the
column of a flat slab, such drop shall extend in

each dircction a distance equal to at least one-

third the span length in that direction and the
projection below the slab should be at least one-
quarter the thickness beyond the drop. T'or deter-
mining reinforcement, the thickness of the drop
panel below the slab shall not be assumed to be
more than one-fourth the distance from the
edge of the drop panel to the edge of the column
capital. .

13.5.6—In addition to the other requircments of
this section, reinforcement shall have the mini-
mum lengths given in Fig. 13.5.6. Where adjacent
spans are unequal, the extension of negative rein-
forcement ‘
as prescribed in Fig. 13.5.6 shall be based on the
requirements of the longer span.

13.6—Openings in the slab system

13.6.1—Openings of any size may be provided
in the slab system if it is shown by analysis that
the strength furnished is at least that required
with consideration of Scctions 9.2 and 9.3, and
that all serviccability conditions, including the
specified limits on deflections, are met.

12.6.2—0Openings conforming to the following
requirements may be provided in slab systems not
having beams without special analysis as required
in Section 13.6.1. ]

(a) Opecnings of any size may be placed in the
. area within the middle half of the span in cach
direction, provided the total amount of rcinforce-
ment required for the pancl without the open-
ing is maintained

28,

(b) In the arca common to two column strips,
not more than onc-cizhth of the width of strip
in either span shall be interrupted by the open-
ings. The cquivalent of reinforcement interrupted
shall be added on all sides of the openings

(c¢) In the area common to one column strip
and one middle strip, not more than one-quarter
of the reinforcement in either strip shall be in-
terrupted by the opening. The equivalent of rein-
forcement interrupted shall be added on all sides
of the opcnings

(d) The shear requirements of Chapter 11
shall be satisfied
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