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Abstract

Wireless cooperative networks have recently attracted the attention of many researchers

as well as industry because such networks promise large diversity gains and increased ca-

pacity compared to other wireless communication systems. Accurate performance analysis

of wireless cooperative systems is now important, since it enables the design of wireless

communication systems with enhanced performance.

The thesis focuses on two main categories of systems: dual-hop amplify-and-forward

(AF) relaying systems and multihop AF relaying systems. For dual-hop AF systems, gen-

eral probabilistic analysis is developed to obtain novel, exact analytical expressions for the

probability density function (PDF) and the cumulative distribution function (CDF) of the

instantaneous end-to-end signal-to-noise ratio (SNR) of variable gain AF relaying systems

operating over Rayleigh, Nakagami-m and Rician fading channels, as well as asymmetric

systems operating over mixed Nakagami-m and Rician fading links. Performance metrics,

such as the average symbol error probability, outage probability and ergodic capacity, are

calculated using the derived PDF and CDF expressions. Dual-hop AF systems under adap-

tive power transmission are also studied and closed-form expressions for the ergodic capacity

of such systems are obtained. Dual-hop AF systems with relay selection are also analyzed

and various techniques of relay selection are considered. This probabilistic analysis permits

the comparison of dual-hop AF systems with different relay selection criteria, and leads to

the factors that should be considered in designing such systems.

For multihop AF systems, the generalized transformed characteristic function (GTCF)

methods are proposed. The GTCF methods are new transform methods that constitute a

general framework for exact analysis of generic multihop cooperative relaying systems. This

ii



framework is valid for any modulation scheme, any fading channel distribution and any

number of relays. The GTCF method is used in the thesis to obtain exact solutions for the

ergodic capacity, outage probability and the average symbol error probability of multihop

AF relaying systems. A strength of the GTCF approach is that it can be used with tractable

computational effort. The thesis shows the cases where the strength of the GTCF method

is paramount, and identifies as well the cases where the use of the GTCF method is not

recommended. The thesis also studies the effects of the numbers of hops, as well as the

parameters of the fading channels on the system performance in multihop AF relaying. The

GTCF methods are also used to analyze multi-branch multihop AF systems, obtain exact

performance metrics of such systems and study the effects of the numbers of branches as

well as the numbers of relays per branch on performance metrics of these systems.

Finally, dual-hop AF systems with relay selection are compared to multihop AF systems,

through studying the dependence of the performance metrics on the numbers of relays and

the links’ fading parameters. The purpose of this comparison is to identify the strengths

and weaknesses of multihop AF configurations as opposed to relay selection in dual-hop AF

configurations. As a result of this comparison, system design criteria are proposed.

iii



Preface

The research included in this thesis was conducted under the supervision of, and in collab-

oration with Professor Norman C. Beaulieu. The findings of the research are published as

co-authored articles in The Institute of Electrical and Electronics Engineers (IEEE) journals

and conference proceedings.

Chapter 3 of this thesis is published as:

S. S. Soliman and N. C. Beaulieu, “The bottleneck effect of Rician fading in dissimilar

dual-hop AF relaying systems,” IEEE Trans. Veh. Technol., vol. 63, no. 4, pp. 1957–1965,

May 2014.

Chapter 4 of this thesis is published as:

S. S. Soliman and N. C. Beaulieu, “On the exact capacity of dual-hop AF relaying with

adaptive channel inversion,” in GLOBECOM Workshops (GC Wkshps), 2012 IEEE, Dec.

2012, pp. 441–446.

Chapter 5 of this thesis is published as:

S. S. Soliman and N. C. Beaulieu, “Exact analysis of dual-hop AF maximum end-to-end

SNR relay selection,” IEEE Trans. Commun., vol. 60, no. 8, pp. 2135–2145, Aug. 2012.

Chapter 6 of this thesis is published as:

S. S. Soliman and N. C. Beaulieu, “Exact analytical solution for AF relaying systems

with full selection diversity,” in IEEE Int. Conf. Commun., Jun. 2012, pp. 3995–4000.

Chapter 7 of this thesis is published as:

N. C. Beaulieu and S. S. Soliman, “Exact analysis of multihop amplify-and-forward

relaying systems over general fading links,” IEEE Trans. Commun., vol. 60, no. 8, pp.

2123–2134, Aug. 2012.

iv



Chapter 8 of this thesis is published as:

S. S. Soliman and N. C. Beaulieu, “The modified GTCF method and its application

to multi-branch multihop relaying systems with full selection diversity,” in 6th Joint IFIP

Wireless and Mobile Networking Conf. (WMNC), 2013, Apr. 2013, pp. 1–6.

Chapter 9 of this thesis is published as:

S. S. Soliman and N. C. Beaulieu, “Dual-hop Vs multihop AF relaying systems,” in IEEE

Global Telecommun. Conf., Dec. 2013, pp. 4299–4305.

v



To my wife, Martina

my Kids, Jessica and Stephen

my brother, Fady

And my parents, Soliman and Mervat

vi



Acknowledgments

“The Lord has done great things for us, And we are glad.”

Psalms 126:3

First of all, I would like to express my deepest gratitude to my Lord and God Jesus

Christ for making this come true, as “The God of heaven Himself will prosper us; therefore

we His servants will arise and build.”

I would like also to gratefully thank my research supervisor, Professor Norman C.

Beaulieu for his continuous guidance, support, and encouragement during the course of

my Ph.D. program. His incredible experience, knowledge, and supervision skills are the

elements of success of this research. My work with Dr. Beaulieu shaped considerably my

research experience as well as my professional development.

I am also thankful to Professor Ying Tsui for his supervision during the last phases

of my Ph.D. program. Dr. Tsui was of a great help for me during thesis writing. His

vast experience in research and supervising graduate students was a great asset for me to

conclude my Ph.D. program.

I would like also to thank Professor Ha H. Nguyen, from the Department of Electrical

and Computer Engineering, University of Saskatchewan, Professor Douglas Wiens, from

the Department of Mathematical and Statistical Sciences, University of Alberta, as well as

Professor Witold Krzymien, Dr. Hai Jiang and Dr. Yindi Jing for their careful reading of

my thesis and for their valuable comments and suggestions.

vii



I am also grateful to my colleagues and friends at the iCORE Wireless Communications

Laboratory (iWCL). They have always been supportive, collaborative and encouraging. It

was a great pleasure to have discussions with them on academic as well as non-academic

subjects.

Last, but not least, my sincerest appreciation and gratitude to my wife and love, Martina

who has always been by my side, supporting, encouraging and inspiring me towards reaching

higher. I am also grateful to my little daughter, Jessica, whose smile was always enough

to alleviate any burdens and to give me a great boost to continue, as well as to my son,

Stephen, who was a grace and charm during the very last stages of my thesis writing. Finally,

I am sincerely thankful to my parents and brother for their unconditional love, continuous

support and for providing me the motivations to pursue my Ph.D. degree.

viii



Table of Contents

1 Introduction 1

1.1 Cooperative Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Thesis Motivation and Contributions . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Impact and Significance of Thesis Contributions . . . . . . . . . . . . . . . . 9

1.4 Thesis Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Background and Related Works 18

2.1 Concepts of Cooperative Communications . . . . . . . . . . . . . . . . . . . . 18

2.1.1 Processing Techniques at Relays . . . . . . . . . . . . . . . . . . . . . 18

2.1.2 Cooperative Relaying Methods . . . . . . . . . . . . . . . . . . . . . . 19

2.1.3 Modes of Operation of Relays . . . . . . . . . . . . . . . . . . . . . . . 20

2.2 General System Configurations and Models . . . . . . . . . . . . . . . . . . . 20

2.3 Related Work and Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3.1 Conventional AF Relaying Systems . . . . . . . . . . . . . . . . . . . . 22

2.3.2 Asymmetric Dual-Hop AF Relaying Systems . . . . . . . . . . . . . . 25

2.3.3 AF Relaying Systems With Adaptive Transmission . . . . . . . . . . . 26

2.3.4 AF Relaying Systems With Relay Selection . . . . . . . . . . . . . . . 26

2.4 Detailed Thesis Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.4.1 Contributions to Dual-Hop AF Systems . . . . . . . . . . . . . . . . . 28

2.4.2 Contributions to Multihop AF Systems . . . . . . . . . . . . . . . . . 31

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

ix



3 The Effect of Rician Fading in Dual-Hop AF Relaying Systems 41

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2 System And Channel Models . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 Dual-Hop AF Relaying Over Rician Fading Links . . . . . . . . . . . . . . . . 44

3.3.1 The PDF of γ
t

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.3.2 The CDF of γ
t

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.4 Dual-Hop AF Relaying Over Mixed Fading Links . . . . . . . . . . . . . . . . 49

3.4.1 Diversity Order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.5 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.A Evaluation of the Integral I1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.B Evaluation of the Integral I2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4 Dual-Hop AF Systems With Adaptive Power Transmission 66

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.2 System And Channel Models . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.3 Capacity Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.4 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5 Dual-Hop AF Systems with Maximum End-to-End SNR Relay Selection 85

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.2 System And Channel Models . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.3 Maximum End-to-End SNR Relay Selection . . . . . . . . . . . . . . . . . . . 91

5.4 Partial Relay Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.5 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

x



6 Dual-Hop AF Relaying Systems With Full Selection Diversity 118

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6.2 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

6.3 Full Selection Dual-Hop AF Systems . . . . . . . . . . . . . . . . . . . . . . . 122

6.4 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

7 The GTCF Method for Multihop AF Systems 139

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

7.2 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

7.3 GTCF Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

7.4 The Characteristic Function of Zn . . . . . . . . . . . . . . . . . . . . . . . 147

7.5 Computational Considerations . . . . . . . . . . . . . . . . . . . . . . . . . . 149

7.6 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

7.7 Limiting Distribution for γ
t

. . . . . . . . . . . . . . . . . . . . . . . . . . . 157

7.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

8 The Modified-GTCF Method for Multi-Branch Multihop AF Systems 173

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

8.2 The Modified GTCF Method . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

8.3 Multi-Branch Multihop AF Systems . . . . . . . . . . . . . . . . . . . . . . . 178

8.4 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

8.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

9 Dual-Hop vs Multihop AF Relaying Systems 193

9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

9.2 Dual-Hop AF Systems With Relay Selection . . . . . . . . . . . . . . . . . . . 196

9.3 The M-GTCF Method For Multihop AF Systems . . . . . . . . . . . . . . . . 200

xi



9.4 Dual-Hop With Relay Selection vs Multihop AF Systems . . . . . . . . . . . 202

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214

10 Concluding Remarks and Future Directions 216

10.1 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216

10.2 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220

Bibliography 221

xii



List of Tables

3.1 fγ
t
(r) in (3.9) for different levels of truncation at N and M (K1 = 1, K2 = 1) 47

4.1 Values of the optimum cutoff threshold level, γ
opt

, for different Nakagami-m

fading links with γ2 = 0.5 γ1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.1 Truncated values of fγ
S−Rn−D

(r) in (5.10) for different values of truncated

summations at N and M . Values are calculated for K1 = K2 = 2 . . . . . . . 99

7.1 Representations of the integration complexity of the different cases using the

GTCF method and exact evaluation using the PDFs of the link SNRs . . . . 151

7.2 Mean, variance, absolute third moment and minimum acceptable N for CLT

approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

9.1 Values of the fading parameters for the links of systems in Fig. 9.2 . . . . . . 199

xiii



List of Figures

2.1 Dual-hop AF relaying systems. The source node, S, and the destination node,

D, communicate through the intermediate relay node, R. . . . . . . . . . . . 34

2.2 Multihop amplify-and-forward relaying network. The source, R0, and the

destination, RN , communicate through N − 1 intermediate relay nodes, R1,

R2, ..., RN−1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.1 The average symbol error probability for dual-hop AF relaying systems with 8-

QAM modulation. Identically distributed Rayleigh, Nakagami-m (m = 2, 3)

and Rician (K = 1, 2) fading links, as well as mixed Nakagami-m/Rician links

(m1 = 3,K2 = 2), are assumed. . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.2 Outage probability for dual-hop AF relaying systems for γ = 10 dB. Iden-

tically distributed Rayleigh, Nakagami-m (m = 2, 3) and Rician (K = 1, 2)

fading links, as well as mixed Nakagami-m/Rician links (m1 = 3,K2 = 2),

are assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.3 The average symbol error probability for dual-hop AF relaying systems with

mixed Nakagami-m/Rician fading links and with BPSK modulation. Lower

bounds in [5], shown in dashed-doted lines, and lower bounds in [7], shown

in dashed lines, are plotted for comparison. . . . . . . . . . . . . . . . . . . . 60

3.4 Outage probability for dual-hop AF relaying systems with mixed Nakagami-

m/Rician fading links for γ = 10 dB. Different cases of the Nakagami-m

fading parameter, m1, are shown. . . . . . . . . . . . . . . . . . . . . . . . . 61

xiv



3.5 The ergodic capacity for dual-hop AF relaying systems with mixed Nakagami-

m/Rician fading links. Different cases of the Nakagami-m fading parameter,

m1, are shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.6 The average symbol error probability for dual-hop AF relaying systems with

mixed Nakagami-m/Rician fading links and with BPSK modulation. Differ-

ent cases of the Rician fading parameter, K2, are shown. . . . . . . . . . . . 63

4.1 Dual-hop AF relaying system with adaptive source power transmission / chan-

nel inversion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.2 The channel capacity per unit bandwidth versus the cutoff threshold level, γ0.

Dual-hop AF relaying systems operating over Nakagami-m fading links with

m1 = 2 and m2 = 3 are assumed. A truncated channel inversion adaptation

scheme is employed. Different cases of balanced and unbalanced SNR are

assumed, γ2 = α γ1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.3 The channel capacity per unit bandwidth versus the cutoff threshold level, γ0.

Dual-hop AF systems operating over Nakagami-m fading links are assumed.

A truncated channel inversion adaptation scheme is employed. Different cases

of balanced and unbalanced SNR are assumed, γ2 = α γ1, where the system’s

total available power is assumed fixed. . . . . . . . . . . . . . . . . . . . . . 80

4.4 The channel capacity per unit bandwidth of dual-hop AF relaying systems op-

erating over Nakagami-m fading links, employing truncated channel inversion

adaptation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.5 Outage probability of dual-hop AF relaying systems operating over Nakagami-

m fading links, employing truncated channel inversion adaptation. . . . . . . 82

5.1 Dual-hop amplify-and-forward relaying network. One of the N relays, R1,

R2, · · · , RN is selected to relay the data signal between the source, S, and

the destination, D. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

xv



5.2 The average symbol error probability of dual-hop opportunistic AF relaying

systems with maximum end-to-end SNR relay selection and BPSK modula-

tion. Identically distributed Rayleigh, Nakagami-m (m = 2, 3) and Rician

(K = 1, 2) fading links are assumed. Relay selection pool of size N = 3 is

assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.3 Outage probability of dual-hop opportunistic AF relaying systems with max-

imum end-to-end SNR relay selection. Identically distributed Nakagami-m

(m = 1, 2, 3) and Rician (K = 1, 2) fading links, with average link SNR

γ = 10 dB, are assumed. Relay selection pool of size N = 3 is assumed. . . 107

5.4 The ergodic capacity of dual-hop opportunistic AF relaying systems with

maximum end-to-end SNR relay selection. Identically distributed Nakagami-

m (m = 3) fading links are assumed. Different numbers of relays are assumed,

N = 3, 8. The upper bounds of [15] are shown with dashed lines. . . . . . . . 108

5.5 The average symbol error probability of dual-hop opportunistic AF relaying

systems with maximum end-to-end SNR relay selection and BPSK modula-

tion. Identically distributed Nakagami-m (m = 3) fading links are assumed.

Different numbers of relays, N = 3, 8, are assumed. The lower bounds of [15]

are shown with dashed lines. . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

5.6 The average symbol error probability of dual-hop opportunistic AF relaying

systems with maximum end-to-end SNR relay selection and BPSK modu-

lation. Identically distributed Rayleigh, Nakagami-m (m = 3) and Rician

(K = 2) fading links are assumed. Different numbers of relays, N = 1, 4, 8,

are assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.7 Outage probability of dual-hop AF relaying systems with maximum end-

to-end SNR relay selection. Identically distributed Rayleigh, Nakagami-m

(m = 3) and Rician (K = 2) fading links with γ = 10 dB are assumed.

Different numbers of relays, N = 1, 4, 8, are assumed. . . . . . . . . . . . . . 111

xvi



5.8 The ergodic capacity of dual-hop AF relaying systems with relay selection.

Identically distributed Nakagami-m (m = 2) fading links are assumed. Differ-

ent numbers of relays, N = 1, 3, 6, are assumed. Results for both the partial

relay selection method, denoted R −D, and the maximum end-to-end SNR

relay selection method, denoted E − E, are shown. . . . . . . . . . . . . . . 112

5.9 The average symbol error probability of dual-hop AF relaying system with

relay selection and BPSK modulation. Identically distributed Nakagami-m

(m = 2) fading links are assumed. Different numbers of relays, N = 1, 3, 6,

are assumed. Results for both the partial relay selection method, denoted

R − D, and the maximum end-to-end SNR relay selection method, denoted

E − E, are shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.10 Outage probability of dual-hop AF relaying system with relay selection. Iden-

tically distributed Nakagami-m (m = 2) fading links with, γ = 10 dB, are

assumed. Different numbers of relays, N = 1, 3, 6, are assumed. Results for

both the partial relay selection method, denoted R − D, and the maximum

end-to-end SNR relay selection method, denoted E − E, are shown. . . . . . 114

6.1 Dual-hop full selection amplify-and-forward relaying network. Either the di-

rect path, S −D, is selected for direct data signal transmission or one of the

N relays, R1, R2, · · · , RN is selected to relay the data signal between the

source, S, and the destination, D. . . . . . . . . . . . . . . . . . . . . . . . . 130

6.2 The average symbol error probability of dual-hop full selection diversity AF

relaying systems with BPSK modulation. The number of candidate relays is

assumed to be N = 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

6.3 Outage probability of dual-hop full selection diversity AF relaying systems at

γ = 10 dB. The number of candidate relays is assumed to be N = 3. . . . . 132

6.4 The average symbol error probability of dual-hop full selection diversity AF

relaying system with BPSK modulation. Identically distributed Rayleigh

fading links are assumed. Lower bounds of [12] are shown with dashed lines. 133

xvii



6.5 The average symbol error probability of full selection diversity dual-hop AF

relaying systems with BPSK modulation. Identically distributed Rayleigh

and Nakagami-m (m = 3) fading links are assumed. Different numbers of

relays, N = 2, 4, 8, are assumed. . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.6 Outage probability of dual-hop full selection diversity AF relaying systems at

γ = 10 dB. Identically distributed Rayleigh and Nakagami-m (m = 3) fading

links are assumed. Different numbers of candidate relays, N = 2, 4, 8, are

assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6.7 The average symbol error probability of dual-hop full selection diversity AF

relaying system with BPSK modulation. Systems using only the direct single-

hop path, and systems using only dual-hop paths for relay selection are shown

for comparison. Identically distributed Nakagami-m (m = 4) fading links are

assumed. Different numbers of relays, N = 2, 6, are assumed. . . . . . . . . . 136

7.1 The ergodic capacity for five-hop (N = 5) AF relaying systems. Rayleigh,

i.i.d. Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2) fading links are

assumed. i.ni.d. Nakagami-m (m1 = 1.5, m2 = 2.0, m3 = 2.5, m4 = 3.0,

m5 = 3.5) and i.ni.d. Rician (K1 = 1, K2 = 2, K3 = 3, K4 = 4, K5 = 5)

fading links are also shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7.2 The outage probability for five-hop (N = 5) AF relaying systems. Rayleigh,

i.i.d. Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2) fading links are

assumed. i.ni.d. Nakagami-m (m1 = 1.5, m2 = 2.0, m3 = 2.5, m4 = 3.0,

m5 = 3.5) and i.ni.d. Rician (K1 = 1, K2 = 2, K3 = 3, K4 = 4, K5 = 5)

fading links are also shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

7.3 The average symbol error probability for five-hop (N = 5) AF relaying

systems with BPSK modulation. Rayleigh, i.i.d. Nakagami-m (m = 2.5)

and i.i.d. Rician (K = 2) fading links are assumed. i.ni.d. Nakagami-m

(m1 = 1.5, m2 = 2.0, m3 = 2.5, m4 = 3.0, m5 = 3.5) and i.ni.d. Rician

(K1 = 1, K2 = 2, K3 = 3, K4 = 4, K5 = 5) fading links are also shown. . . . 163

xviii



7.4 The average symbol error probability for five-hop (N = 5) AF relaying sys-

tems with BPSK modulation. Case (1) represents i.i.d. Rayleigh (m = 1)

links. Case (2) represents i.i.d. Nakagami-m (m = 2.5) links. Case (3) rep-

resents i.ni.d. Nakagami-m (m1 = 1.5, m2 = 2.0, m3 = 2.5, m4 = 3.0, m5 =

3.5) links. Case (4) represents i.ni.d. Nakagami-m (m1 = 1.0, m2 = 1.5,

m3 = 2.0, m4 = 2.5, m5 = 3.0) links. Case (5) represents i.ni.d. Nakagami-m

(m1 = 2.5, m2 = 3.0, m3 = 3.5, m4 = 4.0, m5 = 4.5) links. . . . . . . . . . . 164

7.5 The exact probability density function of the instantaneous end-to-end re-

ceived SNR for different numbers of multihops, N = 4, 5 and 6. Identically

distributed Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2) fading links are

assumed. Fixed total available power, P , is assumed for all cases. . . . . . . 165

7.6 The average symbol error probability for multihop (N = 4, 5 and 6) AF

relaying systems with BPSK modulation. Rayleigh, i.i.d. Nakagami-m (m =

2.5) and i.i.d. Rician (K = 2) fading links are assumed. . . . . . . . . . . . . 166

7.7 The outage probability for multihop (N = 4, 5 and 6) AF relaying systems.

Rayleigh, i.i.d. Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2) fading links

are assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

7.8 The ergodic capacity for multihop (N = 4, 5 and 6) AF relaying systems.

Identically distributed Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2)

fading links are assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

7.9 The CDF of the random variable Zt obtained using the GTCF method for

N = 20, 200 and 1000. Nakagami-m fading links with m = 2.5 and γ = 20

dB are assumed. The CDF of the standard normal distribution is shown for

comparison. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

8.1 Multi-branch, multihop amplify-and-forward relaying network with full route

selection diversity. Either the direct path, S −D, is selected for direct data

signal transmission or one of the L multihop branches is selected to relay the

data signal between the source, S, and the destination, D. . . . . . . . . . . . 184

xix



8.2 The average symbol error probability for multi-branch (L = 3), multihop

(N = 4) AF relaying systems with BPSK modulation. Rayleigh and identi-

cally distributed Nakagami-m fading links are assumed. . . . . . . . . . . . . 185

8.3 The outage probability for multi-branch (L = 3), multihop (N = 4) AF relay-

ing systems at γ0 = 10 dB. Rayleigh and identically distributed Nakagami-m

fading links are assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

8.4 The average symbol error probability for multi-branch (L = 3), multihop

(N = 4) AF relaying systems with BPSK modulation. Rayleigh and identi-

cally distributed Rician fading links are assumed. . . . . . . . . . . . . . . . 187

8.5 The outage probability for multi-branch (L = 3), multihop (N = 4) AF

relaying systems at γ0 = 10 dB. Rayleigh and identically distributed Rician

fading links are assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

8.6 The outage probability for multi-branch (L = 2), multihop (N = 2, 3 and

4) AF relaying systems at γ0 = 10 dB. Identically distributed Nakagami-m,

with m = 1.7, and identically distributed Rician, with K = 4.2, fading links

are assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

8.7 The average symbol error probability for multi-branch (L = 1, 2 and 3),

multihop (N = 4) AF relaying systems with BPSK modulation. Identically

distributed Nakagami-m, with m = 3.4, and identically distributed Rician,

with K = 1.5, fading links are assumed. . . . . . . . . . . . . . . . . . . . . . 190

9.1 Dual-hop amplify-and-forward relaying network. One of the N relays, R1,

R2, · · · , RN is selected to relay the data signal between the source, S, and

the destination, D. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

9.2 The outage probability, at γ = 10 dB, for dual-hop AF relaying systems with

relay selection from N = 2, 3 and 4 available relays. Identically distributed

Nakagami-m links per branch, but non-identically distributed branches are

assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

xx



9.3 The outage probability, at γ = 10 dB, for dual-hop AF relaying systems

with relay selection from N = 3 available relays. Non-identically distributed

Nakagami-m links per branch, and non-identically distributed branches are

assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

9.4 Multihop amplify-and-forward relaying network. The source, S, and the des-

tination, D, communicate through N intermediate relay nodes, R1, R2, · · · ,
RN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

9.5 The outage probability, at P/N0 = 10 dB, for dual-hop AF relaying systems

with relay selection from N = 2, 3 and 4 available relays, and multihop AF re-

laying systems with N = 2, 3 and 4 intermediate relays. Multihop AF systems

with equal power distribution and other power distributions are considered.

The total available system power is fixed for all systems. Rayleigh fading

links are assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

9.6 The average symbol error probability for dual-hop AF relaying systems with

relay selection from N = 2, 3 and 4 available relays, and multihop AF relaying

systems with N = 2, 3 and 4 intermediate relays. Multihop AF systems with

equal power distribution and other power distributions are considered. The

total available system power is fixed for all systems. Rayleigh fading links

and BPSK modulation are assumed. . . . . . . . . . . . . . . . . . . . . . . . 212

9.7 The average symbol error probability for dual-hop AF relaying systems with

relay selection from N = 2, 3 and 4 available relays, and multihop AF relaying

systems with N = 2, 3 and 4 intermediate relays. Multihop AF systems with

equal power distribution are considered. The total available system power

is fixed for all systems. Non-identically distributed Nakagami-m fading links

and BPSK modulation are assumed. . . . . . . . . . . . . . . . . . . . . . . . 213

xxi



Chapter 1

Introduction

Today’s demand for wireless communication services is rapidly increasing, and customers

require high quality services with high data rates, continuous connectivity, enhanced security,

high levels of mobility and low costs. Meanwhile, wireless communication channels suffer

frommany factors that degrade the performance of the communication system in terms of the

quality and the capacity(1) of transmission. Impairments in wireless channels may include

signal multi-path fading, co-channel interference, adjacent channel interference, noise, signal

shadowing and propagation loss. Faced with an ever increasing demand for user services and

a finite spectrum resource, new and improved technologies are being developed to permit

future wireless networks to sustain the demands and quality of these services.

The cooperative network concept represents a technique that is not only a method to

provide extended coverage of the wireless communication systems, but also can significantly

increase the system capacity and diversity gain(2) in wireless networks. Therefore, cooper-

(1)Capacity in general can refer to the number of users of a communication system or the amount of data
transmitted over a communication channel. In the context of this thesis, channel capacity refers to the
Shannon capacity, defined as the theoretical upper bound for the maximum error-free data transmission
rate that a communication channel can support [1]. In this thesis, the term “ergodic capacity” is also used
referring to the ensemble average of the maximum achievable information rate over the distribution of the
communication channel [2].
(2)The term diversity gain or diversity order is used to express the increase in the limiting slope of the

average error probability versus average signal-to-noise ratio (SNR) curve [1]. Mathematically, diversity gain
can be defined in general as;

Gd = − lim
SNR→∞

logPe(SNR)

logSNR

where Pe(SNR) is the average error probability and Gd is the diversity gain [3].
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ative systems are under intense study for current and future generation wireless standards

[4]–[17]. For example, relaying is a key new functionality introduced in LTE-Advanced(3). In

LTE-Advanced systems, the relay nodes are low power base stations that provide enhanced

coverage and capacity, especially at cell edges [20].

1.1 Cooperative Systems

Cooperative communication systems are different from the conventional direct source-to-

destination communication systems. In cooperative systems, idle nodes, whether stationary

or mobile, cooperate with nearby active sources to send data signals to an intended receiver.

The source node sends the data signal to one or more of the intermediate nodes, called relays.

These relays in turn perform some distributed processing on the received signals before

retransmitting the signal to the next node. The next node may be the destination, in which

case the system is referred to as a dual-hop relaying system. When the next node is another

relay, the system is referred to as a multihop relaying system. Cooperation can be employed

when reliable direct communication(4) is not possible, because the source and destination

are too far away from each other, or the connecting channel is severely faded. It can be

used as well in the existence of direct access to enhance the overall system performance.

Through cooperative communication, a virtual multi antenna system(5) is created, resulting

in enhanced reliability, throughput, and broader coverage due to the effectiveness of such

cooperative communication in mitigating pass loss and fading [21].

1.2 Thesis Motivation and Contributions

Cooperative communication systems have the potential for a wide range of practical appli-

cations such as local/home networking, environmental data collection and control, security

(3)LTE-Advanced is the mobile communication standard approved as the 4G system, and it is a major
enhancement of the Long Term Evolution (LTE) standard [18]–[20].
(4)Note that direct communication does not necessarily mean the presence of line-of-sight between the

source and the destination.
(5)Note that multi antenna systems were proposed to mitigate channel impairments and to increase data

rates. However, cost, size and hardware limitations can prevent these systems from practical implementation,
such as in wireless sensor networks.
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monitoring, and crisis management applications. The common requirements of these ap-

plications are wide coverage area, large number of cheap nodes, availability of alternative

communication paths in cases of link failures, low outage and error probabilities as well as

high reliability. These requirements can be achieved by relays with group cooperation. For

this reason much research has been devoted to the study of cooperative systems, perfor-

mance analysis, developing relaying protocols, designing efficient receivers, and optimizing

power allocation among nodes. An important percentage of the state-of-the-art research is

devoted to amplify-and-forward (AF) relaying systems. Compared to other relay process-

ing techniques, AF relaying is advantageous in terms of power consumption and complex-

ity of implementation. Moreover, for applications in which the security of information is

paramount, AF relaying provides a higher level of security than other processing techniques.

Details about AF relaying and the relay processing techniques in general are discussed in

Chapter 2. In spite of the fact that hundreds of research contributions are concerned with

cooperative communication systems, a number of challenging problems are still unsolved,

and need to be addressed before the standardization and implementation of cooperative

systems can be in effect.

For these reasons, this thesis focuses on AF wireless cooperative communication sys-

tems. Throughout this thesis, novel probabilistic and transform analyses are proposed to

address interesting open challenges. For dual-hop AF systems, theoretical probabilistic and

statistical analysis is used as a mathematical tool to address some of the open challenges.

For multihop AF systems, new transform methods are proposed and used with the stan-

dard characteristic function approaches to solve problems in relaying that previously were

unsolved. Numerical calculations, where deemed practical, are also used in-part to evaluate

integral expressions for which a closed-form solution is not tractable. Note that the trape-

zoidal rule [22,23] in calculating integrals is followed in evaluating such integral expressions.

Monte Carlo simulations are also used, wherever needed, to verify the results obtained by

the analytical and numerical methods. In the following, open challenges and the thesis con-

tributions are outlined, followed by the significance of these contributions and their impact

in theory and practice.
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• Performance analysis of dual-hop relaying systems

Relaying systems offer a technique that can be used in ad-hoc or cellular networks for

performance enhancement and coverage extension with low complexity. Dual-hop AF

relaying systems are the simplest of relaying systems, yet they can provide performance

enhancement comparable to conventional direct communication systems. Performance

metrics of dual-hop AF systems were evaluated in [5, 6, 24, 25] and many other pub-

lications. However, performance of these systems was evaluated in terms of bounds

and/or approximations. Moreover, performance metrics were obtained for systems

operating over Rayleigh or Nakagami-m fading links, and none of these publications

considered the case of systems operating over Rician fading links.

Although both the Nakagami-m and the Rician fading distributions converge to the

Rayleigh fading distribution, they represent models with different physical origins and

each of them describes the fading process from a different perspective. While the

Nakagami-m model gives the best fit to land-mobile and indoor-mobile multipath

propagation, the Rician model is used to model propagation paths consisting of one

strong direct line-of-sight (LOS) component in addition to random weaker scattered

components [1]. The study of systems operating over Rician fading links is as im-

portant as the study of systems operating over Nakagami-m fading links, because in

many practical situations, the propagation link includes a strong LOS component and

is more accurately fitted to the Rician model. For example, in an IEEE802.16j relay

network, a link between a WiMAX base station, located at the top of a mountain,

and a relay station is a Rician fading link because of the LOS component, while a link

between a relay station and a mobile station, in an urban area, is best modeled by

Nakagami-m fading(6). Although the authors in [1] proposed a one-to-one mapping

between the m parameter of the Nakagami-m distribution and the K parameter of

the Rician distribution, the differences in the performance metrics, of systems operat-

ing over Rician and Nakagami-m fading links, will not diminish for values of m and

K chosen according to the “equivalence” suggested in [1, eq. (2.26)]. This is shown

(6)For this reason, relay stations in WiMAX systems are supposed to work in LOS as well as non-LOS
propagation conditions [26].
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by examples presented in Chapter 3 and Chapter 7 for dual-hop and multihop AF

systems, respectively.

Relaying systems operating over Rician fading links were addressed in [27]–[29]. How-

ever, results reported therein are either limited to performance bounds, or approxi-

mations. Results on the ergodic capacity of similar systems were also obtained in [30]

in forms of infinite summations that are mathematically involved due to the mathe-

matical forms of their summands. However, the results in [30] can not be extended

to obtain other performance metrics of these systems, such as outage probability and

average error probability. In this thesis, Chapter 3 studies dual-hop AF systems op-

erating over Rician fading links as well as dissimilar dual-hop AF systems operating

over mixed Nakagami-m/Rician fading links. Solutions for the statistics as well as the

performance metrics(7) of these systems are evaluated and compared to performance

bounds in the literature. Solutions presented in Chapter 3 are precise exact results

rather than bounds, and although some of those solutions are expressed in the form

of infinite summations, the summands are basic functions that can be readily found in

software packages and a finite number of terms of the summations are sufficient to get

highly accurate results and achieve the required precision. Using these performance

metrics, the LOS component present in Rician fading links is studied, and its effect

on the overall system performance is considered.

Another challenge is transmission rate and power in relaying systems. Adaptive trans-

mission(8) can be employed in relaying systems to provide enhanced utilization of the

channel [32]. In such adaptive systems, the source adapts its rate and/or power based

on the channel variations using feedback from the destination to the source. Multiple

source-adaptive transmission techniques were studied in [33]–[36]. However, results in

the literature are based either on the harmonic mean bound or the minimum SNR

bound of the end-to-end SNR. Although performance metrics based on these bounds

(7)Statistics obtained in this thesis are the probability density function (PDF) and the cumulative distri-
bution function (CDF). Other statistics such as the moment generating function (MGF) can be evaluated
in terms of the PDF or the CDF. In this thesis also, the performance metrics considered are the outage
probability, the average symbol error probability as well as the ergodic capacity.
(8)In this thesis, as well as in many publications, adaptive transmission refers to the rate of transmission and

the power of transmission. Other techniques of adaptation can be considered, such as adaptive modulation
at the source [31]. However, this is not the scope of this thesis.
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may be acceptable for certain system parameters and operating conditions, they can

also be highly unacceptable for other practical system parameters and operating con-

ditions. In Chapter 4 of this thesis, exact expressions are obtained in closed-form for

the capacity of dual-hop AF systems with adaptive channel inversion. The outage

probability of these systems is also obtained. In addition, the effects of unbalanced

links, where the average SNRs of the two hops are not necessarily similar, are studied.

This study is motivated by the fact that power efficiency is an important factor for

any communication system. Consequently, achieving the optimal power allocation is

an important design criterion.

• Relay selection and diversity systems

Diversity techniques have been used for decades to enhance the performance of com-

munication systems. In relaying systems, cooperative diversity is shown to provide

spatial diversity even when multiple antennas are not available at each node. Relay

selection has been among the diversity techniques that attracted many scholars due to

its low implementation complexity and comparable performance to more complicated

techniques like maximal ratio combining (MRC) [37]–[44]. In systems employing relay

selection techniques, only the best relay is selected for cooperation, and the selection

algorithm is implemented at the destination, and a feedback channel is used to acti-

vate the selected relay. Different selection techniques can be considered and the pool

of available paths varies according to the selection technique. Although many results

of the performance metrics of relay selection systems are presented in the literature,

these results are approximate and are not tight for some ranges of SNR of practical

interest.

There are two major drawbacks of the insufficient tightness of such results. The first of

them is the magnitude of the inaccuracy of the performance bound relative to the exact

performance. The second drawback is that those performance bounds overestimate the

actual system performance. Such drawbacks disqualify those performance bounds as

tools for conservative system design. An example in Chapter 5 shows that the exact

average error probability of relay selection dual-hop AF systems, with practical system
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and channel parameters, is around an order of magnitude higher than that estimated

by the performance bounds at low-to-medium SNR levels. The gap increases to two

orders of magnitude at higher SNR levels.

In Chapter 5 and Chapter 6, the thesis investigates relay selection in AF relaying

systems to obtain accurate results on performance metrics of these systems. Systems

studied include those operating over Nakagami-m as well as Rician fading links. It is

shown in Chapters 5 and 6 that performance bounds in the literature can be unaccept-

ably loose(9), especially for less severe fading links and for high numbers of available

relays. While in Chapter 5, only dual-hop links are considered for the selection pool,

Chapter 6 considers also the direct link between the source and the destination for

selection. Selection criteria based on local as well as global channel estimations are

considered and results of both cases are put in comparison to investigate the practical

benefit of each criterion.

• Performance analysis of multihop and multihop diversity relaying systems

Performance metrics of multihop AF relaying systems have been studied in [7]–[14],

as well as in other publications. However, performance of these relaying systems has

been evaluated in terms of bounds or in terms of approximations. Unfortunately, the

performance bounds can be loose for moderate-to-large values of SNR and for larger

numbers of hops [8]. It is then important to find methods to obtain accurate solutions

of the statistics and the performance metrics of multihop AF relaying systems.

In Chapter 7, a transform technique is proposed to solve a family of problems whose

exact solutions were intractable using the common PDF approaches or the known

MGF approaches. This technique is referred to as the generalized transform charac-

teristic function (GTCF) method. This method can be applied for systems operating

over general fading links to transform the analysis into a new domain, so that the

characteristic function of the newly transformed parameters is used to obtain exact

statistics of the end-to-end SNR. Such statistics can be used to obtain the performance

metrics of multihop AF systems.

(9)In some of the examples shown in the thesis, the performance gap between exact results obtained in this
thesis and approximate results in the literature exceeds an order of magnitude.
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Another open problem that was not thoroughly studied in the literature is the evalu-

ation of performance metrics of multi-branch multihop AF systems. Although those

systems were addressed in [45,46], solutions therein are valid only for systems operat-

ing over lognormal fading channels [45] or for systems operating over Rayleigh fading

links [46]. To-date, no exact results for performance metrics have been reported for

such systems operating over Nakagami-m fading links nor for systems operating over

Rician fading links. Chapter 8 solves this challenging problem using a modified version

of the GTCF method. The modified GTCF (M-GTCF) method is developed in that

chapter to reduce the computational complexity that can arise from using the GTCF

method, as described in Chapter 7, to evaluate the performance of multihop diversity

systems. Chapter 8 also studies the effects of the channel parameters and the system

parameters on the performance metrics of the whole system.

• Dual-hop or multihop?

Although the literature is rich in results on the analysis of multihop AF relaying

systems, yet there are very few results comparing different variations of systems to

each other. Such comparisons are necessary to discover the areas of application, and

operating conditions under which each system is superior in performance and achieves

the least costs in terms of complexity, resources and overhead. Chapter 9 of this

thesis addresses this issue by comparing dual-hop AF systems with relay selection to

single-branch multihop AF systems. This comparison is important because while it is

known that dual-hop AF systems operate better in terms of the maximum achievable

throughput, multihop AF systems experience enhanced performance as the number of

intermediate relays increases. The comparison in Chapter 9 takes into consideration

the possibility that individual links are independent but non-identically distributed

to explore the actual dependence of performance enhancements on the channel fading

parameters.
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1.3 Impact and Significance of Thesis Contributions

The impact of the contributions of this thesis, detailed in Chapter 2, is multi-fold. From

the theoretical engineering perspective, the thesis influences the theory of analysis and de-

sign of AF cooperative relaying systems through presenting novel analytical solutions, some

of them in closed-form, for the statistics and performance metrics of dual-hop AF systems.

Those proposed expressions do not only allow the accurate analysis of AF relaying systems,

which was previously done through bounds and/or approximations that were not sufficiently

accurate in many cases, but also they allow the investigation of the effects of system param-

eters on the performance. This in turns leads to an enhanced design and optimization of

such systems.

Other significantly important contributions of this thesis are the GTCF methods. The

GTCF methods proposed in this thesis represent new theoretical approaches which use a

new transform domain to find solutions for a problem which was extremely difficult to solve.

The new transform domain can be used not only for the problems under consideration in this

thesis, but also for other similar problems of similar difficulty, and hence the GTCF methods

can be considered a new engineering science transform method for the field of cooperative

wireless communication.

From the practical perspective, the findings of this thesis have a significant impact on

the implementation of AF relaying systems. As will be shown in the subsequent chapters,

although AF relaying systems in general are promising systems with many potential applica-

tions, they can be of marginal benefits in some cases depending on the operating conditions.

It is globally known that the enhancement of the communications system performance and

achieving high-level application-based requirements occurs at the expense of added costs to

the system implementation. In this thesis, system configurations with diminishing benefits

are distinguished from those with practically valuable benefits to provide design engineers

with a helpful tool in the cost-benefit analysis of AF relaying systems. Such an important

tool is not only useful in cellular communications systems, but also in many application-

driven cooperative systems.
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1.4 Thesis Structure

This thesis is written in a paper-based format, with the exception of Chapter 2, which

describes the basics of cooperative communications and presents a background on the related

works. The rest of the chapters is a collection of peer reviewed research contributions(10) from

my investigations on general dual-hop and multihop AF relaying systems. Consequently,

each chapter has its own introduction, literature review and list of references. The chapters

of this thesis can be grouped in two major parts; dual-hop AF systems and multihop AF

systems. Contributions to the probabilistic analysis and design of dual-hop AF systems

are presented in Chapters 3 to 6. Chapter 3(11) studies conventional dual-hop AF relaying

systems where only one relay node is available to relay the radio signal to the destination.

Dual-hop AF systems operating over Rician fading links are analyzed in Section 3.3 and

dissimilar dual-hop AF systems operating over mixed Nakagami-m/Rician fading links are

analyzed in Section 3.4. In Chapter 4(12), dual-hop AF systems under adaptive transmission

are studied. One of the main source-adaptive transmission techniques is considered, namely,

truncated channel inversion with fixed rate. Section 4.2 explains the model of the system

under study in this chapter, and Section 4.3 includes analysis and derivation of the capacity

expressions.

In Chapter 5(13), dual-hop AF relaying systems with relay selection are studied. Two

relay selection criteria are considered in this chapter. In Section 5.3, systems adopting

maximum end-to-end SNR relay selection technique are studied. In Section 5.4, dual-hop

AF systems with partial relay selection (maximum relay-to-destination SNR relay selection

is taken as example) are investigated. Section 5.5 uses numerical examples to verify the

analytical results, compare the novel results to those in the literature, and to study the

(10)Note that the paper contributions used to structure this thesis are published in top international journals
in the field of communications, such as the IEEE Transactions on Communications and the IEEE Transac-
tions on Vehicular Technology. The included conference papers are also published in the proceedings and
presented in top, flagship IEEE conferences, such as IEEE Global Communications Conference (GLOBE-
COM) and IEEE International Conference on Communications (ICC). These conferences usually attract a
large number of scientific papers, from which only a small fraction (around 30%) are accepted for publication
after rigorous peer review.
(11)The results in Chapter 3 are presented as a version of [47]. However, more related results were presented
at the IEEE Global Communications Conference (GLOBECOM) 2012, and can be found in [48].
(12)The results in Chapter 4 are presented as a version of [49].
(13)The results in Chapter 5 are presented as a version of [50]. However, more related results were pre-
sented at the IEEE Vehicular Technology Conference (VTC) Fall 2012 [51], and at the IEEE International
Conference on Computing, Networking and Communications (ICNC) 2013 [52].
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effects of the number of relays in the selection pool size on system performance. At the

end of this part of the thesis, dual-hop AF relaying systems with full selection diversity are

investigated in Chapter 6(14).

The second part of the thesis focuses on multihop AF systems. Chapter 7(15) presents

the GTCF method, and uses it to obtain solutions for multihop single-branch AF relaying

systems. Section 7.2 explains the system model of multihop AF relaying networks. The

GTCF method is explained in detail in Section 7.3 and Section 7.4. A study on the com-

putational complexity of the GTCF method is presented in Section 7.5. In Section 7.6,

simulation results and discussions are presented, and the impact of system and channel pa-

rameters on system performance is explored. The existence of a limiting distribution for the

instantaneous end-to-end SNR of multihop AF systems is explored in Section 7.7. The rate

of convergence and accuracy of this limiting distribution are discussed in the same section.

Section 7.8 concludes the main results on multihop AF relaying systems.

In Chapter 8(16) the M-GTCF method is presented and is used to analyze multi-branch

multihop AF systems. Section 8.2 explains the steps of the M-GTCF method and shows its

advantage over other methods. Multi-branch multihop AF relaying systems are studied in

Section 8.3, and numerical examples are shown in Section 8.4 to study the effects of the link

fading parameters as well as the system parameters on the performance metrics. Finally,

Chapter 9(17) compares dual-hop AF systems to multihop AF systems. More insights into

dual-hop AF systems with relay selection are discussed in Section 9.2 to show the dependence

of the diversity orders of such systems on the fading links’ parameters. Similar insights are

obtained for multihop AF systems in Section 9.3, and Section 9.4 compares dual-hop AF

systems with relay selection to multihop AF systems in order to derive practical design

criteria for AF relaying systems.

Finally, Chapter 10 summarizes the concluding remarks and discusses the possible future

work using results presented in this thesis.

(14)The results in Chapter 6 are presented as a version of [53].
(15)The results in Chapter 7 are presented as a version of [54]. Related results were presented at the
IEEE Global Communications Conference (GLOBECOM) 2011 [55], and at the IEEE Vehicular Technology
Conference (VTC) Fall 2012 [56].
(16)The results in Chapter 8 are presented as a version of [57].
(17)The results in Chapter 9 are presented as a version of [58].
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Chapter 2

Background and Related Works

In this chapter, the main concepts of cooperative networks are described. In addition, a

literature review of the related work and its limitations are presented, followed by a detailed

description of the major thesis contributions.

2.1 Concepts of Cooperative Communications

2.1.1 Processing Techniques at Relays

The most popular and studied relaying techniques [1] are amplify-and-forward (AF), or

equivalently non-regenerative relaying, and decode-and-forward (DF), called also regenera-

tive relaying. In AF relaying systems, the relays amplify the received signals before forward-

ing to the next node, while in DF relaying systems, the relay nodes completely decode the

received signals, regenerate them and forward the reconstructed signals to the next node.

DF relaying requires more processing at the relay nodes than AF relaying. Complexity and

power consumption are disadvantages of the DF scheme. AF relaying systems can be further

classified based on the amplification factor used at the relaying nodes. If the amplification

factor is adapted so that to provide constant power at the relay’s transmitter output, the

technique is referred to as variable-gain AF relaying. In order to implement variable-gain
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AF, channel state information (CSI) should be known at the relays(1), that is why this tech-

nique is referred to as CSI-assisted AF relaying [3,4]. On the other hand, if the amplification

factor at the relays is fixed, the relaying technique is referred to as fixed-gain AF relaying.

2.1.2 Cooperative Relaying Methods

Cooperative relaying methods are classified into fixed relaying, selective relaying and

incremental relaying. In dual-hop cooperative systems using fixed relaying, the relay receives

the data signal transmitted by the source, processes it according to the underlying processing

technique and retransmits the processed signal to the destination. In multihop cooperative

system, the procedure is performed at each relay in turn. Although increasing the number of

hops helps improving the system performance, that improvement is limited to SNR gain. On

the other hand, selective relaying methods can be used to enhance the system performance

through diversity gain. Many selective relaying methods are proposed in literature. In

the most common selective relaying methods, one relay is selected to relay the data signal

to the destination. Selection methods usually require centralized implementation and the

availability of CSI at the selection center. The most common selection criteria are:

a) Partial relay selection, where the relay selection is based on CSI about either the source-

to-relay link or the relay-to-destination link.

b) Maximum end-to-end SNR relay selection, where the relay selection is based on CSI

about the source-to-destination, or equivalently the end-to-end, link.

c) Full selection diversity, where the single-hop path from the source to the destination is

considered in the selection process and end-to-end SNR is taken as the selection metric.

Incremental relaying is another form of selective relaying techniques, in which the single-

hop link from the source to the destination is triggered for transmission if the received SNR

over this link is above a certain SNR threshold, otherwise the relaying link is preferred for

transmission. Although incremental relaying results in enhanced system performance, that

enhancement occurs at the expense of added system complexity and overhead.

(1)Note that the required CSI at the relay can be obtained by employing conventional channel estimation
techniques [2]
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2.1.3 Modes of Operation of Relays

Modes of operation of relays, as of all communication nodes, can be classified as full-

duplex and half-duplex operation. In full-duplex operation, relays can receive and transmit

simultaneously, while in half-duplex operation, relays can either receive or transmit in a given

time slot over a given frequency band. Due to the broadcasting nature and the practical

difficulty of electrically isolating transmit and receive circuitry, full-duplex operation is not

yet practically implemented. Instead, half-duplex operation is commonly used in relaying

systems. Moreover, time division multiple access is employed to achieve orthogonality and

reduce interference.

2.2 General System Configurations and Models

In this section, cooperative AF systems studied in this thesis are explained. Fig. 2.1 shows

the simplest dual-hop cooperative system, where a source node, S, and a destination node,

D, communicate through one intermediate relay node, R. The source node, S, transmits

the data signal to the relay node, R, over the first (source-to-relay) link, S − R. Assuming

that the source node transmits a signal s(t), with average source transmitter power, P0, and

that the source-to-relay link experiences channel fading of amplitude α1, the signal, r(t),

received at the relay node is expressed as

r(t) = α1 ×
√
P0 × s(t) + n1(t) (2.1)

where n1(t) is additive white Gaussian noise (AWGN), with single-sided power spectral

density (PSD) N01 , at the relay node. The relay node, in turn, amplifies the received signal

and transmits the amplified signal to the destination node D over the second (relay-to-

destination) link, R − D. The signal, d(t), received at the destination node can be then

expressed as

d(t) = α2 ×
(
A
[
α1 ×

√
P0 × s(t) + n1(t)

])
+ n2(t) (2.2)

where A is the amplification factor at the relay node, α2 is the fading amplitude of the relay-

to-destination link, and where n2(t) is AWGN with single-sided PSD N02 ,at the destination

20



node. The instantaneous end-to-end SNR at the destination node can be then written as

γ
t

=
P0|α2Aα1|2

|α2A|2 ×N01 +N02

=

P0|α1|2
N01

× P1|α2|2
N02

P1|α2|2
N02

+
P1

A2N01

. (2.3)

In the case of variable-gain AF relaying systems, the amplification factor at the relay node

is determined so as to provide a fixed output at the relay node and is given as

A =

√
P1

P0 |α1|2 +N01

(2.4)

where P1 is the average transmitter power at the relay node. Substituting the amplification

factor (2.4) into (2.3) results in

γ
t
=

γ
1
γ

2

γ
1
+ γ

2
+ 1

(2.5a)

where γ
i
, i = 1, 2 represents the instantaneous received SNR on the ith link defined as

γ
i
=

Pi−1

N0i

|αi|2 . (2.5b)

For multihop AF relaying systems, shown in Fig. 2.2. The source node, R0, and the des-

tination node, RN , communicate throughN−1 intermediate relay nodes, R1, R2, · · · , RN−1.

The source node, R0, transmits the data signal to the first relay, R1, over the first link. The

first relay, in turn, amplifies the received signal and transmits the amplified signal to the

next node, and so on to the destination node. Similar to (2.4), the amplification factor, Ai,

at the ith relay node, Ri, is given as

Ai =

√
Pi

Pi−1 |αi|2 +N0i

(2.6)

where Pi, i = 0, 1, · · · , N − 1, is the transmitter power at the ith node, αi, i = 1, 2, · · · , N ,

is the amplitude fading gain of the ith link, between node Ri−1 and node Ri, and where

N0i, i = 1, 2, · · · , N , is the single-sided PSD of AWGN at the ith node. Extending the
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input/output signal model in (2.1)-(2.3) to the case of multihop AF systems, and using the

variable-gain amplification factor (2.6), the instantaneous end-to-end received SNR at the

destination, γ
t
, is given as

γ
t
=

[
N∏
i=1

(
1 +

1

γ
i

)
− 1

]−1

(2.7)

where γ
i
, i = 1, 2, · · · , N represents the instantaneous received SNR over the ith link and is

defined in (2.5b).

2.3 Related Work and Limitations

2.3.1 Conventional AF Relaying Systems

• Performance Bounds for Multihop AF Systems

Much research and publication has focused on the performance of AF relaying systems.

The average probability of error and outage probability of dual-hop transmission over

Rayleigh fading channels were studied in [5, 6]. In [5], the authors assumed semi-blind

relays, which do not have access to the instantaneous CSI of the first hop, but have only

statistical CSI about the first hop. In [6], the authors presented an approximation for the

end-to-end received signal-to-noise ratio (SNR) using the harmonic mean of two independent

exponential random variables and in [7], the harmonic mean approximation was used to ob-

tain an approximate expression for the moment generating function (MGF) of the reciprocal

of the end-to-end SNR for multihop transmission over Nakagami-m fading channels. An ap-

proximation to outage probability was then obtained via numerical inversion of the Laplace

transform. Performance bounds on outages and the average error probabilities of AF trans-

mission over Nakagami-m fading channels were also obtained in [8]. In [9], single-integral

expressions for the average error probability of general wireless communication systems were

obtained in terms of the MGF of the reciprocal of the instantaneous end-to-end SNR. This

general framework was applied to AF relaying systems. The authors in [10] used the same

MGF approach to find expressions for the average error probabilities and outage probabili-

ties for some special cases of Nakagami-m fading channels, where the fading index of each
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hop is an odd multiple of one-half. The MGF approach was also adopted in [4] and [11].

However, all the results in [4,8]–[11] are based on an approximate harmonic mean expression

for the instantaneous end-to-end SNR. It was found that the bounds based on the direct

harmonic mean approximation of the individual per hop instantaneous SNRs, are not tight

for small-to-moderate values of SNR, and for Nakagami-m fading channels for large values

of m [8, 9]. Moreover, increasing the number of hops may decrease the tightness of those

bounds.

• Performance Approximations for Multihop AF Systems

In [12], a new approximation was proposed, in which the harmonic mean of the minimum

of the SNRs of the first P hops and the minimum SNRs of the remaining hops was used to

obtain new bounds. The new bounds were obtained for independent and non-identically dis-

tributed Rayleigh fading channels and for independent and identically distributed Nakagami-

m fading channels for integer values of m. It was concluded in [12] that the proposed bounds

outperform the existing bounds, particularly for severe fading environments and for medium-

to-large SNRs. In [13] and [14] another new approximation was proposed that has the same

computational complexity as the previous bounds in the literature, while it is more accurate,

especially for small-to-medium values of SNR. The key idea was to use a scaling factor to

reduce the approximation errors at small-to-medium values of SNR. Compared to previous

bounds, the new approximation results in more accurate prediction of the performance. All

of the previously mentioned work reports approximations because no exact solution for the

end-to-end received SNR of multihop AF relaying was known at that time.

• Performance of Fixed-Gain Dual-Hop AF Systems

Reference [15] presented a closed-form expression for the average bit error probability

of AF fixed gain dual-hop relaying systems operating over Nakagami-m links for integer

values of m. The expression presented in [15] involves a double-summation of complicated

operands. The asymptotic average bit error probability, at large SNR, for arbitrary m

was also evaluated in [15]. In [16] also, closed-form expressions for the probability density

function (PDF) and the cumulative distribution function (CDF) of dual-hop AF relaying
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systems operating over Nakagami-m fading channels with integer values of m were derived.

However, those expressions were not used to evaluate performance metrics of AF systems

with variable gain amplification factor, such as the average symbol error probability and the

ergodic capacity.

• Performance of Dual-Hop AF Systems With Selection Diversity

The authors in [17] studied the performance of beamforming in dual-hop AF relay net-

works operating over Rayleigh fading links. In the analysis conducted in [17], the authors

obtained closed-form expressions for the CDF and the PDF of dual-hop AF networks. How-

ever, those expressions are valid only for Rayleigh fading links, and the PDF expression is

valid only in the case of the harmonic mean bound. In [18], the authors obtained closed-

form expressions for the average bit error rate and outage probability for differential equal

gain combining in cooperative diversity networks. Those expressions are valid only for the

dual-hop case and for Nakagami-m fading links with integer values of the fading parameter

m. However, the results in [17, 18] were not extended to the case of multihop AF relaying

systems. In [19], dual-hop AF systems with selection diversity were studied and an exact

closed-form expression for the outage probability was derived for the case of Nakagami-m

fading links with integer values of m, yet that expression was not used to obtain other

performance metrics.

• Ergodic Capacity of Multihop AF Systems

Performance metrics, especially the ergodic capacity, of dual-hop and multihop AF relay-

ing systems were also studied in [20]–[23]. In [20], the authors used an infinite series for

the logarithmic function to compute the ergodic capacity of multihop AF relaying systems

operating over generalized fading links. The expression for the ergodic capacity in the case

of Rician fading links involves (N+1)-fold nested infinite summations of arguments which

involve Whittaker or Meijer-G functions for N -hop AF relaying systems. The authors in

[20] also presented an alternative framework for the special case of dual-hop AF relaying

systems operating over Nakagami-m and generalized-K fading links. However, no special

results were reported for the case of Rician fading links. In [21], the authors used a similar
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approach to that used in [20] to obtain a closed-form expression for the ergodic capacity

of dual-hop AF relaying systems with relay selection. Although the result in [21] can be

used for the case of dual-hop AF relaying without relay selection, it is limited to systems

operating over Rayleigh fading links, and generalizing the results to the case of Rician fading

links seems intractable. The authors in [22] have proposed an error analysis for the average

error probability in multihop AF relaying systems. However the results in [22] are based

on the harmonic mean approximation of the end-to-end SNR and are only valid for systems

operating over Nakagami-m links. In [23], the authors applied the harmonic mean bound

and used numerical inversion of the Laplace transform to obtain an upper bound to the

outage probability of dual-hop AF systems with maximum-ratio combining in Rician fading

environments.

2.3.2 Asymmetric Dual-Hop AF Relaying Systems

Asymmetric dual-hop AF relaying systems are dual-hop AF systems in which the individ-

ual hops’ fadings follow different fading distribution families. In this thesis, the particular

case of interest is the case of asymmetric (sometimes referred to as dissimilar or mixed)

dual-hop systems where one of the fading hops follows a Nakagami-m distribution, while

the other follows Rician fading links. These systems are of practical significance, due to

the difference in nature of the underlying models for Nakagami-m and Rician fading distri-

butions. Such AF relaying systems were partially studied in [24]–[26]. The authors in [24]

obtained an exact expression for the outage probability of dual-hop AF systems operating

over mixed Rayleigh/Rician fading channels; however, that exact expression was not used

to obtain other performance metrics. Instead, the authors used an approximation of the

end-to-end SNR to obtain the average error probability of the system. The authors also

presented a lower bound on the average error probability based on approximating the end-

to-end SNR by the minimum value of the SNRs on the individual fading links. In [25] also,

the authors studied the case of mixed Rayleigh/Rician fading channels for dual-hop, fixed

gain relaying systems, and obtained infinite-series representations for the outage probability

and the average bit error probability of these systems. The case of dual-hop AF systems

with mixed Nakagami-m and Rician fading links was studied in [26]. The authors in [26]
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adopted the approximation used in [24] to approximate the outage probability and the av-

erage error probability of the proposed system. Since the results presented in [24] and [26]

are based on approximations of the instantaneous end-to-end SNR, they are not exact.

2.3.3 AF Relaying Systems With Adaptive Transmission

All the previous work considered fixed rate and fixed power transmission. Adaptive trans-

mission can be employed in cooperative wireless systems to provide enhanced utilization of

the channel [27]. In [28]–[31], the authors used adaptive source transmission with AF re-

laying. The authors in [28] derived upper bounds to adaptive transmission for dual-hop

AF systems with MRC at the destination in the case of Rayleigh fading links. In [29],

the authors developed a framework based on the MGF approach to find bounds to the

ergodic capacity of adaptive transmission AF systems operating over Nakagami-m fading

links. The performance bounds in [28] and [29] were based on the minimum SNR bound

of the end-to-end SNR. The authors in [30] used the harmonic mean bound to obtain the-

oretical approximations for the capacity, as well as the outage probability, of multihop AF

systems under adaptive transmission. In [31], the authors studied the effect of outdated

channel information on the capacity of dual-hop AF selection relaying systems under adap-

tive transmission in the case of Rayleigh fading links. However, the authors in [31] used the

minimum SNR bound for the end-to-end SNR.

2.3.4 AF Relaying Systems With Relay Selection

This subsection presents literature review on relaying systems with relay selection. Relay

selection was proposed to enhance the performance of AF relaying systems and was studied

in [32]–[46]. In [32], the authors developed a distributed relay selection method based on

measurements of the instantaneous channel conditions. That selection method requires no

topology information. The authors in [33] and [34] approximated the end-to-end SNR, for

each possible relay connection, by the minimum value of the SNRs of the source-to-relay and

relay-to-destination links. This selection criterion can be referred to as “Best Worse Channel

Selection” [46]. The approximate SNR was then used to obtain closed-form approximations
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for the average symbol error probability of AF selection systems operating over Nakagami-m

fading channels and over generalized gamma fading channels. In [35], the authors examined

the problem of opportunistic communications in dual-hop AF relaying systems, and they

considered the presence of the direct path link between the source and the destination. The

authors in [35], used MRC at the receiver for combining signals from the direct path and the

best dual-hop path. However, the authors used the harmonic mean approximation for the

end-to-end SNR, and therefore did not obtain exact solutions for the performance metrics of

such systems. This selection criterion can be referred to as “Best Harmonic Mean Selection”

[46].

The authors in [36] analyzed the same system as in [35], but they used the minimum

SNR bound for their analysis to obtain bounds to the performance metrics rather than

exact results. Reference [37] also used the minimum SNR bound to get bounds on the

performance metrics of dual-hop systems with relay selection, but they proposed a Kth

opportunistic relaying scheme, where the Kth best relay is selected to relay the radio signal,

rather than the best relay. Note that, while the authors in [35] examined systems operating

over Nakagami-m fading channels, the analysis in [36] and [37] was applied only to systems

operating over Rayleigh fading channels. In [38], the authors used the minimum SNR

approximation to obtain lower bounds and asymptotic expressions for the average error

probability of the AF relaying systems with full selection diversity, where the direct single-

hop path between the source and the destination is considered in the path selection set.

In other work, such as [21], the authors used a partial relay selection method, which is a

version of the “Nearest Neighbor Selection” criterion [46], based on measurements of the

relay-to-destination channel conditions only. This method of relay selection requires fewer

channel measurements as it depends on the estimated conditions of the relay-to-destination

links only. While the authors in [32]–[45] studied only single relay selection, single as well

as multiple relay selection were rigorously studied in [46].
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2.4 Detailed Thesis Contributions

The work presented in this thesis contributes to the exact statistical and performance

analysis of dual-hop AF systems, as a special case, and multihop AF systems, as a general

case.

2.4.1 Contributions to Dual-Hop AF Systems

Precise analytical(2) expressions, for the exact PDF and the exact CDF of the end-to-end

SNR of dual-hop AF relaying systems operating over Rician fading links, or asymmetric

dual-hop AF systems operating over mixed Nakagami-m/Rician fading links have not been

previously obtained. Consequently, exact performance metrics of such systems were not

available. In this thesis, dual-hop AF relaying systems operating over Rician/Rician fad-

ing channels and those operating over mixed Nakagami-m/Rician are studied. The main

contributions in this aspect are:

1. A precise analytical expression for the PDF of the exact end-to-end SNR of dual-hop

AF relaying systems operating over Rician fading links is obtained. This is different

from the expression obtained in [23], because it is based on the exact expression of the

end-to-end SNR rather than the harmonic mean bound used in [23].

2. An exact expression for the outage probability is also derived. This is also different

from the expression obtained in [23] because it is exact, and does not require numerical

calculations of inverse Laplace transform. Although the authors in [16] derived closed-

form expressions for the PDF and outage probability of dual-hop AF systems operating

over Rayleigh fading links and Nakagami-m fading links, no closed-form expressions

for these statistics were reported in literature for the case of Rician fading links.

(2)An analytical expression is a mathematical expression, which is constructed using basic well-known
operations and functions. In general, the concept of well-known functions varies according to the context.
In engineering problems, well-known functions are more numerous than in other contexts. However, it is still
generally accepted to consider expressions including Bessel functions, gamma functions and often infinite
series as analytical expressions. This definition of analytical expressions is used in literature for infinite
summations of readily available expressions such as in [3]. As a special case, a closed-form expression is
expressed in terms of finite number of well-known functions. However, many publications in the field of
wireless communications consider that expressions involving infinite summations of well-known functions
are also closed-form expressions, e.g. [20, Table I].
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3. A solution for the average symbol error probability is obtained, taking into account

the exact end-to-end SNR. Exact solutions for the outage probability and the average

symbol error probability have not been previously reported.

4. A solution for the ergodic capacity is obtained. This solution is obtained in terms of

the modified Bessel function of the second kind and has the same formal computational

complexity as the solution presented in [20].

5. Precise expressions for the PDF and the CDF of the end-to-end SNR of dissimilar

dual-hop AF systems. Note that outage probability derived in [24] represents only a

special case of the expression presented in this thesis.

6. Exact performance analysis of dissimilar dual-hop AF systems. Solutions derived for

the average symbol error probability and outage probability represent the first results

that are based on the exact expression of the end-to-end SNR. Solution for the ergodic

capacity represents the first result for the ergodic capacity performance of dual-hop AF

systems operating over mixed fading channels. Note that this thesis studies dual-hop,

variable-gain AF systems, rather than the fixed-gain AF systems studied in [25].

The thesis also studies dual-hop AF relaying systems under adaptive transmission. In

here, an adaptive scheme consisting of channel inversion with fixed rate is adopted because

it has the lowest implementation complexity among other adaptive schemes, as the source

only adjusts its transmission power. The thesis contributions to these systems are:

1. Derivation of the first exact closed-form expression of the capacity of dual-hop AF

relaying systems with adaptive channel inversion in the case of Nakagami-m fading

links. An exact closed-form expression for the outage probability of these systems is

also derived. These expressions are the first exact expressions in the literature that

are based on the exact end-to-end SNR.

2. The effects of unbalanced links, where the average SNRs of the first and the second

links are not necessarily similar, are studied. System performance is compared to that

of systems with balanced links.
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Another contribution of the thesis is the study of dual-hop AF systems with relay selec-

tion. Relay selection in dual-hop AF systems can be based on various selection criteria as

explained in the previous sections. In this thesis, three main selection criteria are consid-

ered, and the thesis contributes the first exact statistical analysis and performance results

for dual-hop AF systems with relay selection as follows:

1. Exact closed-form expressions for the PDF and the CDF of the end-to-end SNR of

dual-hop AF relaying systems with partial relay selection, operating over Nakagami-m

fading channels. Also for dual-hop AF systems with maximum end-to-end SNR relay

selection, and dual-hop AF systems with full selection diversity, precise analytical

results for the statistics of the end-to-end SNR are obtained for systems operating

over Nakagami-m and Rician fading links as well as for asymmetric systems operating

over mixed Nakagami-m/Rician fading links. Both cases of independent and identically

distributed (i.i.d.) links as well as independent and non-identically distributed (i.ni.d.)

links are considered.

2. The derived expressions are used to obtain precise results for outage probability, the

average symbol error probability and ergodic capacity, of dual-hop AF systems with

relay selection.

3. Studying the effects of increasing the numbers of relays in the relay selection pool, as

well as the effects of the parameters of the fading links on the performance metrics in

relaying systems with relay selection.

4. Comparing the exact results obtained in the thesis to performance bounds presented

previously in the literature such as those presented in [32]–[34, 38].

5. Comparisons between dual-hop AF systems without relay selection and those with

different relay selection criteria.

6. Recommendations to designers of practical systems with relay selection are presented.

These recommendations are to distinguish between operating conditions that can result

in worthwhile system improvements, and other conditions which result in diminishing

benefits at the expense of excess costs of resources.
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2.4.2 Contributions to Multihop AF Systems

For the more general case of multihop AF systems, a novel theoretical approach is devel-

oped for the analysis and design of multihop AF relaying systems. A generalized transformed

characteristic function (GTCF) approach is proposed to obtain an exact integral solution for

the PDF of the instantaneous end-to-end SNR. This solution leads to exact integral solutions

for the average symbol error probability, outage probability and ergodic capacity. These so-

lutions are valid for any fading distribution. It is important to confirm that the GTCF is

different from the conventional MGF approaches. It uses a new transform domain to solve

a family of problems whose exact solutions were intractable using the common probabil-

ity density approaches or the MGF approaches. It is shown in this thesis that performance

bounds based on the harmonic mean approximation for the end-to-end SNR are only accept-

able for large values of SNR, and can become dramatically inaccurate for small-to-medium

values of SNR. This emphasizes the value of exact analysis of multihop AF systems. Note

that the use of transform methods to solve difficult problems in a transform domain is a

key approach in wireless communication theory (e.g. Fourier and Laplace transforms) and

other recent work [47, 48] has contributed new transform methods. The method proposed

represents a novel transform technique that can be used to solve heretofore difficult problems

in cooperative wireless networks.

In this thesis, The GTCF method is proposed and is used to obtain exact performance

metrics of multihop AF relaying networks. A strength of the GTCF approach is that it can

be used for any fading channel distribution with tractable computational effort. A computa-

tional complexity analysis is presented to show such strength. Examples consider Rayleigh,

Rician and Nakagami-m fading distributions. Both cases of i.i.d. fading links and i.ni.d.

fading links are examined. The GTCF is also used for the cases of asymmetric multihop

systems, where the individual links follow different fading distribution families. This thesis

also studies the effects of the numbers of hops on the system performance of multihop AF

relaying systems. This study shows that there is a trade-off for the improvement of the

average symbol error probability and outages against the achievable system throughput.

In this thesis also, a modification to the GTCF method is proposed to reduce the compu-
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tational complexity of the GTCF method. For multihop AF relaying systems operating over

arbitrary Nakagami-m or Rician fading links, the GTCF method is used to obtain two-fold

integral expressions for outage probability, average symbol error probability and the ergodic

capacity. For systems involving selection diversity, the complexity of the GTCF method

increases to three-fold integral calculation. The modified GTCF (M-GTCF) proposed in

this thesis reduces the computational complexity of outage probability to a single-fold semi-

infinite integral for multihop AF systems, as well as for AF systems involving selection

diversity such as multi-branch multihop AF systems with full selection diversity. The M-

GTCF method also reduces the computational complexity in the calculation of the average

symbol error probability of systems with diversity selection into two-fold integration rather

than three-fold integration.

The M-GTCF method is used to obtain exact solutions for the performance metrics of

multi-branch multihop AF relaying systems, operating over Nakagami-m and Rician fading

links. Multi-branch multihop AF systems were studied in [49, 50]. However the results

obtained in [49] are valid only for systems operating over lognormal fading channels, and

require computational complexity higher than that required for the GTCF and the M-GTCF

methods. Also the results in [50] are valid only for systems operating over Rayleigh fading

channels, and are based on the harmonic mean approximation of the end-to-end SNR. It

will be shown throughout the thesis that performance bounds based on the harmonic mean

approximation for the end-to-end SNR is only acceptable for large values of SNR, and

can become dramatically inaccurate for small-to-medium values of SNR. To the best of

the author’s knowledge, no exact results for performance metrics have been reported in

the literature for such systems operating over Nakagami-m fading channels with arbitrary

fading parameters, nor for systems operating over Rician fading channels. This emphasizes

the value of exact analysis of multihop AF systems using the GTCF and the M-GTCF

transform methods. With the help of the results obtained using the M-GTCF method,

the effects of the fading parameters, the numbers of hops per branch, and the numbers

of branches on the performance metrics of multi-branch multihop AF systems are studied.

General cases where the different branches have different numbers of hops, and where the

different hops are non-identically distributed fading links are considered.
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Finally, the thesis compares dual-hop AF relaying systems with relay selection to mul-

tihop AF systems. The purpose of this comparison is to provide design recommendations

for the practical planning of wireless cooperative networks. Note that the general topol-

ogy setup of a group of intermediate relay nodes is a multi-branch multihop topology. The

thesis compares only the two extreme cases of multi-branch dual-hop systems with relay

selection(3) and single-branch multihop systems.

(3)Note that relay selection in this case is equivalent to branch selection, since each branch includes only
one intermediate relay node.
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Figure 2.1: Dual-hop AF relaying systems. The source node, S, and the destination node, D,
communicate through the intermediate relay node, R.
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Figure 2.2: Multihop amplify-and-forward relaying network. The source, R0, and the destination,
RN , communicate through N − 1 intermediate relay nodes, R1, R2, ..., RN−1.
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Chapter 3

The Effect of Rician Fading in

Dual-Hop AF Relaying Systems

In this chapter(1), dual-hop amplify-and-forward (AF) relaying systems without relay

selection are studied. New exact expressions of the probability density function (PDF) and

the cumulative distribution function (CDF) of the instantaneous end-to-end signal-to-noise

ratio (SNR) are obtained for dual-hop AF relaying systems operating over Rician fading

channels as well as for dissimilar dual-hop AF systems operating over mixed Nakagami-

m/Rician fading channels. Exact solutions for the outage probability, and exact single-

integral solutions for the ergodic capacity and the average symbol error probability are

derived. For the case of dissimilar dual-hop AF systems, the exact performance metrics are

compared to performance bounds in the literature. It is shown that the existing performance

bounds are not tight for medium ranges of SNR. The effects of the Rician and Nakagami-m

fading parameters on the performance metrics of the different systems are also studied.

(1)A version of this chapter has been published in the IEEE Transactions on Vehicular Technology:
S. S. Soliman and N. C. Beaulieu, “The bottleneck effect of Rician fading in dissimilar dual-hop AF relaying
systems,” IEEE Trans. Veh. Technol., vol. 63, no. 4, pp. 1957–1965, May 2014.
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3.1 Introduction

In this chapter, we study dual-hop AF relaying systems operating over Rician fading

channels and dissimilar dual-hop AF systems operating over Rician/Nakagami-m fading

channels. To the best of the authors’ knowledge, closed-form expressions for the exact

PDF and the exact CDF of the end-to-end SNR of dual-hop AF relaying systems operating

over Rician fading links, have not been obtained previously. The main contributions of the

chapter are:

1) A precise analytical expression for the PDF of the exact end-to-end SNR of dual-hop

AF relaying systems operating over Rician fading links is obtained. This is different from

an expression obtained in [1], because it is based on the exact expression of the end-to-end

SNR rather than the harmonic mean bound used in [1].

2) A precise analytical expression for the outage probability is also derived. This is also

different from the expression obtained in [1] because it is exact, and does not require numer-

ical calculations of inverse Laplace transforms. Although the authors in [2] and [3] derived

closed-form expressions for the PDF and the outage probability of dual-hop AF relaying

systems operating over Rayleigh fading links and Nakagami-m fading links, respectively, no

precise expression for these statistics were reported in literature for the Rician fading case.

3) An analytical solution for the average symbol error probability is obtained, taking

into account the exact end-to-end SNR. Exact solutions for the outage probability and the

average symbol error probability have not been previously reported.

4) An analytical solution for the ergodic capacity is obtained. This solution has the

same formal computational complexity as the solution presented in [4], with the advantage

of involving the modified Bessel function of the second kind instead of the Meijer-G function.

The Bessel functions are available as built-in functions in more software packages than the

Meijer-G function.

5) A comparison of the performance metrics of dual-hop AF relaying systems operating

over Rician fading links with those operating over Rayleigh and Nakagami-m fading links.

In this chapter, we also study dissimilar dual-hop AF relaying systems operating over

mixed Nakagami-m/Rician fading links. The case of mixed, or asymmetric, fading links in
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AF relaying systems was partially studied in [5]–[7]. The authors in [5] obtained an expres-

sion for the outage probability of dual-hop AF systems operating over mixed Rayleigh/Rician

fading channels; however, that expression was not used to obtain other performance metrics.

Instead, the authors used an approximation of the end-to-end SNR to obtain the average

error probability of the system. The authors also presented a lower bound to the aver-

age error probability based on approximating the end-to-end SNR by the minimum value

of the fading SNRs on the individual links. In [6] also, the authors studied the case of

mixed Rayleigh/Rician fading channels for dual-hop, fixed gain relaying systems, and ob-

tained infinite-series representations for the outage probability and the average bit error

probability of these systems. The case of dual-hop AF systems with mixed Nakagami-m

and Rician fading links was studied in [7]. The authors in [7] adopted the approximation

used in [5] to approximate the outage probability and the average error probability of the

proposed system. Since the results presented in [5] and [7] are based on approximations for

the end-to-end SNR, they are not exact. This chapter presents the first precise statistical

analysis of dissimilar dual-hop, variable gain AF systems operating over mixed Nakagami-

m/Rician fading channels. Also the first precise analytical results for the average symbol

error probability, outage probability and ergodic capacity of such dual-hop AF systems are

obtained.

3.2 System And Channel Models

The system under study is a dual-hop AF relaying system, shown in [8, Fig. 1]. A source

node, S, and a destination node, D, communicate through one intermediate relay node, R.

The source node, S, transmits the data signal to the relay node, R, over the first link, S−R.

The relay node, in turn, amplifies the received signal and transmits the amplified signal to

the destination node D over the second link, R−D. The amplification factor, A, at the relay

node, R, is given by [9] as A =
√

P1

P0|α1|2+N01

, where Pi, i = 0, 1, is the transmitter power at

the source node and the relay node, respectively, and where αi, i = 1, 2, and N0i, i = 1, 2,

are respectively the fading gain of the ith link, and the noise power at the ith node. Time

division multiple access is assumed for transmission over both links and orthogonal, half-
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duplex operation is implemented to avoid inter-signal interference. Note that the direct

source-to-destination link is considered absent. This does not only mean the absence of

a line-of-sight from the source to the destination, but also that a multipath link from the

source to the destination cannot be established. This assumption is realistic in many cases,

for example when the distance between the source and the destination is larger than the

radio coverage of the source transmitter. The exact instantaneous end-to-end received SNR

at the destination, γ
t
, is given by [8, eq. (5)]

γ
t
=

γ
1
γ

2

γ
1
+ γ

2
+ 1

(3.1)

where γ
i
= Pi−1

N0i

|αi|2 , i = 1, 2 represents the instantaneous received SNR on the ith link.

The PDF and CDF expressions for the common fading channel distributions can be found

in [10]. When the PDF of the instantaneous end-to-end SNR, γ
t
, is known, different system

performance metrics can be evaluated. The ergodic capacity, the outage probability and

the average symbol error probability can be obtained using expressions in [10, eq. (15.21)],

[10, eq. (15.6)] and [10, eq. (5.1)], respectively.

3.3 Dual-Hop AF Relaying Over Rician Fading Links

In order to study the performance of dual-hop AF systems, the expression (3.1) can be

used for direct and exact integral evaluation of the performance metrics. Although such a

“brute-force” method results in exact performance metrics, more elegant analytical solution

is possible. It can be shown that the PDF and the CDF of the end-to-end SNR, γ
t
, can be

found respectively as

fγ
t
(r) =

∫ ∞

r

γ
2
(γ

2
+ 1)

(γ
2
− r)2

fγ
1

(
(γ

2
+ 1)r

γ
2
− r

)
fγ

2
(γ

2
) dγ

2
(3.2)

and

Pout =Fγ
t
(γ

th
)

=1−
∫ ∞

γ
th

[
1− Fγ

1

(
(γ

2
+ 1)γ

th

γ
2
− γ

th

)]
fγ

2
(γ

2
) dγ

2
. (3.3)
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Some different versions of the integral expression in (3.3) do exist in literature, as in [11, eq.

(9)] and [12, eq. (24)]. However, in all of these publications, the expression (3.3) was used

either for Rayleigh or Nakagami-m fading links, and in none of them was the expression

used to determine the outage probability for dual-hop AF systems operating over Rician

links or over mixed Nakagami-m/Rician fading links with arbitrary fading parameters.

3.3.1 The PDF of γ
t

The PDF of γ
i
for Rician fading links [10, eq. (2.16)] is substituted into (3.2) resulting in

fγ
t
(r) =

∫ ∞

x=r

x(x + 1)

(x − r)2

(
1 +K2

γ2

e−K2 exp

[
−1 +K2

γ2

x

]
I0

(
2

√
K2(1 +K2)

γ2

x

))

×
(
1 +K1

γ1

e−K1 exp

[
−1 +K1

γ1

(
(x+ 1)r

x− r

)]
I0

(
2

√
K1(1 +K1)

γ1

(
(x+ 1)r

x− r

)))
dx.

(3.4)

To proceed, we use the infinite series representation [13, eq. (9.6.10)] for the Bessel function

I0(·), namely,

I0

(
2

√
Ki(1 +Ki)

γi

x

)
=

∞∑
n=0

ai(n)x
n (3.5a)

where

ai(n) =
1

(n!)2

(
Ki(1 +Ki)

γi

)n
. (3.5b)

Note that the expansion of the Bessel function in the form of an infinite series is widely

known. However, it is used here to get a closed-form solution to the integral in (3.4).

Substituting the Bessel function expansion into (3.4) results in

fγ
t
(r) =

∫ ∞

x=r

x(x + 1)

(x − r)2

(
1 +K2

γ2

e−K2 exp

[
−1 +K2

γ2

x

] ∞∑
m=0

a2(m)xm

)

×
(
1 +K1

γ1

e−K1 exp

[
−1 +K1

γ1

(
(x+ 1)r

x− r

)] ∞∑
n=0

a1(n)

(
(x+ 1)r

x− r

)n
)

dx. (3.6)

Interchanging the order of summation and integration, we obtain
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fγ
t
(r) =

(
1 +K1

γ1

)(
1 +K2

γ2

)
e−(K1+K2)

∞∑
n=0

∞∑
m=0

a1(n)a2(m)

∫ ∞

x=r

x(x + 1)

(x− r)2

×
(
(x+ 1)r

x− r

)n

exp

[
−1 +K1

γ1

(
(x+ 1)r

x− r

)]
xm exp

[
−1 +K2

γ2

x

]
dx. (3.7)

The interchange of order is justified by a theorem on the integration of an infinite series

over an infinite interval in [14, pp. 452 – 453]; The conditions of the theorem in [14] are

satisfied by the operands in (3.6). The integral in (3.7) can be solved, and an infinite-series

expression (2) for the PDF of the instantaneous end-to-end SNR for dual-hop AF relaying

systems operating over Rician fading links is obtained as

fγ
t
(r) = C ×

∞∑
n=0

∞∑
m=0

a1(n)a2(m)× I1

(
r;n,m,

1 +K1

γ1

,
1 +K2

γ2

)
(3.8)

where C =
(

1+K1

γ1

)(
1+K2

γ2

)
e−(K1+K2) and I1 (r;α, β, θ, φ) is defined and evaluated in

closed-form in Appendix A (3.28), in terms of the modified Bessel function of the sec-

ond kind [13, eq. (9.6.2)]. Recall that two-fold infinite summations, such as that in (3.8),

are widely accepted in the literature, such as in [15, eq. (14)-(20)], due to the increased

computational capabilities of software packages on the current computing platforms.

Note also that although the expression in (3.8) involves two-fold infinite summations, the

summands decay (slightly faster than) exponentially (3) with increase of n and m, because

of the 1
(n!)2 and 1

(m!)2 factors in the Bessel function expansion, and hence, a truncated sum-

mation with a finite number of terms will achieve a required accuracy. A precise analytical

finite-series expression of the PDF can be then obtained as

fγ
t
(r) = C ×

N∑
n=0

M∑
m=0

a1(n)a2(m)× I1

(
r;n,m,

1 +K1

γ1

,
1 +K2

γ2

)
. (3.9)

Table 3.1 shows the results of evaluating the PDF in (3.9) at upper limits N andM . The case

of K1 = 1, K2 = 1 is taken as an example to construct the table for several combinations of

the input parameters γ1, γ2 and r. The table shows the decimal places that did not change,

(2)Note that the expression in (3.8) is different from the expression in [1, eq. (12)] because the later is
based on the harmonic mean bound of the end-to-end SNR.
(3)Stirling’s approximation specifies that n! grows as en lnn , and hence 1

(n!)2
decays as e−2n lnn.
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Table 3.1: fγt (r) in (3.9) for different levels of truncation at N and M (K1 = 1, K2 = 1)

N
M

γ1 = γ2 = 1, r = 1 γ1 = γ2 = 10, r = 1 γ1 = γ2 = 10, r = 10
RTEfγ

t
(r)

(γ1 = γ2 = r = 1)

10 0.065802449485052 0.191057526388050 0.013440582557497 1.4761 × 10−7

15 0.065802459198237 0.191057527934062 0.013440583587683 2.7024 × 10−13

20 0.065802459198255 0.191057527934065 0.013440583587685 1.0704 × 10−19

25 0.065802459198255 0.191057527934065 0.013440583587685 1.3242 × 10−26

by adding more terms to the summations, in bold. Table 3.1 indicates that a finite number

of terms can be used for the summation in (3.8) with a negligible truncation error.

To show that truncation error arising in the evaluation of (3.9) is negligible, an analysis

of the truncation errors is presented. The truncation error resulting from truncating the

summations in (3.9) at upper limits N and M can be obtained as

TE
(
fγ

t
(r)
)
= C ×

[ ∞∑
n=0

∞∑
m=M+1

a1(n)a2(m)× I1

(
r;n,m,

1 +K1

γ1

,
1 +K2

γ2

)

+

∞∑
n=N+1

M∑
m=0

a1(n)a2(m)× I1

(
r;n,m,

1 +K1

γ1

,
1 +K2

γ2

)]
. (3.10)

The relative truncation error in the PDF calculation, RTEfγt
(r), can be consequently ob-

tained as

RTEfγ
t
(r) =

∣∣∣∣∣∣∣∣∣∣
TE
(
fγ

t
(r)
)

C ×
∞∑
n=0

∞∑
m=0

a1(n)a2(m)I1

(
r;n,m,

1 +K1

γ1

,
1 +K2

γ2

)
∣∣∣∣∣∣∣∣∣∣

(3.11)

where |A| is the absolute value of A. The last column of Table 3.1 shows the values of the

relative truncation error in (3.11) for different values of the upper limits N and M . It can

be seen that the truncation error is negligible for a moderate number of terms, and the

truncation error decreases dramatically as the number of terms increases. It is concluded

then that the finite-series expression (3.9) can be used to obtain precise values of the PDF

of the end-to-end SNR in the case of dual-hop systems operating over Rician fading links.
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3.3.2 The CDF of γ
t

In the following, we use the single-fold integral (3.3) to obtain the CDF of the instanta-

neous end-to-end SNR of dual-hop AF relaying systems operating over Rician fading links.

Substituting the CDF of Rician distribution into (3.3) results in

Fγ
t
(γ

th
) = 1−

∫ ∞

x=γ
th

Q1

(√
2K1 ,

√
2

(
1 +K1

γ1

)(
(x+ 1)γ

th

x− γ
th

))
fγ

2
(x) dx. (3.12)

Using the infinite series representation of the first-orderMarcumQ-function in [10, eq.(4.35)],

in addition to the infinite series representation of the modified Bessel function of the first

kind in [13, eq.(9.6.10)], the expression in (3.12) can be rewritten, after mathematical sim-

plification, as

Fγ
t
(γ

th
) = 1− exp[− (K1 +K2)]

∫ ∞

x=γ
th

∞∑
l=0

∞∑
n=0

1

(l + n)! n!
K1

l+n

(
1 +K1

γ1

)n

× exp

[
−1 +K1

γ1

(
(x+ 1)γ

th

x− γ
th

)](
(x+ 1)γ

th

x− γ
th

)n

×
(
1 +K2

γ2

)
exp

[
−1 +K2

γ2

x

] ∞∑
m=0

(
1

(m!)2

(
K2(1 +K2)

γ2

)m)
xm dx. (3.13)

Interchanging the order of summation and integration in (3.13), and after further mathe-

matical manipulation, the CDF of the end-to-end SNR in the case of mixed fading links can

be expressed as

Fγ
t
(γ

th
) = 1−

∞∑
l=0

∞∑
n=0

∞∑
m=0

D(n,m)× I2

(
γ

th
, n,m,

1 +K1

γ1

,
1 +K2

γ2

)
(3.14a)

where

D(n,m) =
K1

l+n K2
m

(l + n)! n! (m!)
2

(
1 +K1

γ1

)n(
1 +K2

γ2

)m+1

exp [− (K1 +K2)] . (3.14b)

I2 (r;α, β, θ, φ) is defined and evaluated in Appendix B (3.31). Although the expression in

(3.14) involves nested infinite summations, the summands decay rapidly with increase of l, n

and m, because of the 1
(l+n)! n! (m!)2 factor. The rate of decay is e−(l+n) ln(l+n)−n lnn−2m lnm
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and hence a truncated summation with a finite number of terms will achieve required accu-

racy. A precise analytical finite-series expression of the CDF can be then obtained as

Fγ
t
(γ

th
) = 1−

L∑
l=0

N∑
n=0

M∑
m=0

D(n,m)× I2

(
γ

th
, n,m,

1 +K1

γ1

,
1 +K2

γ2

)
. (3.15)

For Rayleigh fading links, putting K1 = K2 = 0 into (3.8) and (3.14) results in the expres-

sions [2, eq. (3)] and [2, eq. (2)], respectively, as a special case of the Rician expressions.

3.4 Dual-Hop AF Relaying Over Mixed Fading Links

In this section, the case when the source-to-relay link and the relay-to-destination link

experience different fading conditions is studied. The Rician fading distribution is used

to characterize fading channels consisting of a strong direct line-of-sight (LOS) component

as well as other randomly scattered components. On the other hand, in the absence of a

LOS component, the Nakagami-m fading channel model becomes more suitable to represent

the wireless channel propagation. Moreover, there are many practical situations where

the Rician links will be cascaded with Nakagami-m links or vice verse. For example, an

up-link from downtown to a mountain repeater represents a scatter channel environment,

appropriately modeled by the Nakagami-m model, while a down-link from the mountain

repeater to a destination will include a LOS component, and hence be properly represented

by the Rician fading model. Therefore, it is important to study dual-hop AF transmission

with mixed fading links [5]–[7].

The PDF of γ
t
is obtained by substituting the PDF of the Nakagami-m fading distribu-

tion for fγ
1
(x) and the PDF of the Rician fading distribution for fγ

2
(x) into (3.2) resulting

in

fγ
t
(r) =

(
m1

γ1

)m1 1

Γ(m1)

1 +K2

γ2

exp [−K2]

∫ ∞

x=r

x(x + 1)

(x− r)2

(
(x+ 1)r

x− r

)m1−1

× exp

[
−m1

γ1

(
(x+ 1)r

x− r

)]
exp

[
−1 +K2

γ2

x

]
I0

(
2

√
K2(1 +K2)

γ2

x

)
dx. (3.16)

Following similar procedure as in the previous section, a closed-form expression for the PDF
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of the end-to-end SNR in the case of mixed fading links can be then obtained as

fγ
t
(r) =

(
m1

γ1

)m1 1

Γ(m1)

1 +K2

γ2

e−K2

N∑
n=0

a2(n)I1

(
r;m1 − 1, n,

m1

γ1

,
1 +K2

γ2

)
. (3.17)

The CDF of the instantaneous end-to-end SNR of dual-hop AF relaying systems oper-

ating over mixed fading channels is obtained by substituting the PDF of the Rician fading

distribution for fγ
2
(x), and the CDF of Nakagami-m fading channels for Fγ

1
(r), into (3.3).

Using the finite series representation of the lower incomplete gamma function in the CDF of

the Nakagami-m fading distribution [16, eq.(8.352.1)], and the series expansion of the Bessel

function we get

Fγ
t
(r) = 1−

m1−1∑
j=0

∞∑
n=0

(
m1

γ1

)j
1

j!

1 +K2

γ2

e−K2a2(n)

∫ ∞

x=r

(
(x+ 1)r

x− r

)j

× exp

[
−m1

γ1

(
(x+ 1)r

x− r

)]
xn exp

[
−1 +K2

γ2

x

]
dx. (3.18)

The CDF of the end-to-end SNR of dual-hop AF systems operating over mixed Nakagami-

m/Rician fading links is then given as

Fγ
t
(r) = 1 −

m1−1∑
j=0

N∑
n=0

(
m1

γ1

)j
1

j!

1 +K2

γ2

e−K2a2(n) × I2

(
r; j, n,

m1

γ1

,
1 +K2

γ2

)
. (3.19)

Note that for the special case when the first link follows a Rayleigh fading distribution, the

expression in (3.19) reduces to [5, eq. (8)], as required.

3.4.1 Diversity Order

The diversity gain for dual-hop AF systems operating over Rician fading links and dissim-

ilar dual-hop AF systems operating over Nakagami-m/Rician fading links can be obtained

from the PDF or CDF expressions using asymptotic analysis and the method described in

[17]. The average symbol error probability of the system can be obtained by substituting

the PDF, in (3.17) for example, into [10, eq. (5.1)], Ps = E
{
bQ
(√

a γ
t

)}
, and it can be
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expressed as

Ps ≈ (Gaγ)
−Gd + o

(
γ−(Gd)

)
(3.20)

where Gd is the system’s diversity order. To obtain the diversity gain, it is assumed that

the ratio between γ2 and γ1 is fixed, i.e. γ2 ∝ γ1 ∝ γ. We substitute r = βγ, and

use mathematical analysis to express the PDF of the end-to-end SNR, fγ
t
(r), in the form,

fγ
t
(β) = α (β)

t
+ o (βt). This results in Gd = t + 1 as shown in [17]. To get to the end

result, we use the limiting form of the modified Bessel function of the second kind [13, eq.

(9.6.9)], namely,

Kν(z) ∼ 1

2
Γ(ν)

(
1

2
z

)−ν

. (3.21)

The form in (3.21) is valid for fixed ν and for z → 0. Recognizing that a2(n) ∝ γ−n in

(3.17), it can be found that fγt
(β) ∝ (β)

0
+o
(
β0
)
, and hence the diversity order of dissimilar

dual-hop AF systems operating over mixed Nakagami-m/Rician fading links is limited to

1 irrespective the value of the fading parameter m1. This will be shown using numerical

examples in the next section. Note that the approximation e−x ∼ 1 − x, when x → 0, was

used to obtain the previous result. Similar analysis can be applied to the case of dual-hop

AF systems operating over Rician fading links.

3.5 Numerical Examples

In this section, different performance metrics are used to study the behaviours of dual-

hop variable gain AF relaying systems. Outage probabilities are directly evaluated using

the CDF expressions of the end-to-end SNR. The average symbol error probability and the

ergodic capacity can be obtained by substituting the PDF expressions of the end-to-end

SNR into [10, eq. (5.1)] and [10, eq. (15.21)], respectively. Alternate methods use the CDF

expressions to obtain these performance metrics. For example, the ergodic capacity can be

obtained by substituting the CDF expressions into [18, eq. (4)].

Figs. 3.1 and 3.2 show, respectively, the average symbol error probability versus the link

average SNR, γ, and the outage probability versus the threshold SNR, γ
th
, for dual-hop AF

relaying systems. Identical Rayleigh fading links, Nakagami-m fading links with m = 2, 3,
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and Rician fading links with K = 1, 2, as well as mixed Nakagami-m/Rician fading links

with m1 = 3,K2 = 2, are assumed. M -QAM modulation with M = 8, is assumed, so the

values of the parameters (a, b) of the average symbol error probability, Ps = E
{
bQ
(√

a γ
t

)}
,

are set to
(

3
M−1 , 4− 4√

M

)
[10]. We assume also an uniform power allocation policy, that

is the total available power, P , is evenly allocated to the source and the relay. Without

loss of generality, we assume equal noise powers, N0, at all the nodes. We assume the

links are balanced and γ1 = γ2 = γ. Note that we make these simplifying assumptions in

the examples for convenience; they are not required by the analysis. The figures show, as

expected, precise agreement between the results obtained from the theoretical analysis and

simulation results at all values of SNR, for all the different performance measures.

Many important observations can be made from Figs. 3.1 and 3.2. Note first that the

system performance improves, as expected, for the less severe Rician and Nakagami-m fading

channels. It is observed also that the limiting slopes of the average symbol error probability

curves in Fig. 3.1 and the limiting slopes of the outage probability curves in Fig. 3.2 are

proportional to the value of the fading parameter m in the case of Nakagami-m fading links.

On the other hand, the limiting slopes of the average symbol error probability and outage

probability curves in the case of Rician fadings and mixed Nakagami-m/Rician fadings, are

the same as the limiting slopes for Rayleigh fading links, irrespective of the values of the

fading parameters. This results in a considerable SNR gain for systems subject to Nakagami-

m fading links over those subject to Rician or Rayleigh fading links for sufficiently large SNR.

It can be observed also that the performance of a dual-hop AF relaying system operating

over mixed Nakagami-m/Rician fading links with m1 = 3 and K2 = 2 is better than for a

system operating over Rician fading links with K1 = K2 = 2 and worse than one operating

over Nakagami-m fading links with m1 = m2 = 3. For example, the outage probability at

threshold SNR γ
th

= −6 dB is 1.3× 10−2 for the mixed links system, while it is 2.7× 10−2

for the Rician links system and 2.5× 10−4 for the Nakagami-m links system.

In the next example, we compare the exact average symbol error probability of dual-

hop AF relaying systems operating over mixed fading channels to lower bounds reported in

the literature. Fig. 3.3 shows the average symbol error probability versus the link average

SNR, γ, of dual-hop AF systems operating over different groups of mixed fading channels.
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For this figure, binary phase shift keying (BPSK) is assumed, so that the values of the

parameters (a, b) in Ps = E
{
bQ
(√

a γ
t

)}
are set to (2, 1) [10]. Lower bounds, based on

the approximation γ
t1

=
γ
1
γ
2

γ
1
+γ

2

in [5] and [7] are shown, and lower bounds, based on the

approximation γ
t2

= min {γ
1
, γ

2
} in [5] are also shown for the cases when the first link fading

is Rayleigh distributed. The figure shows precise agreement between the results obtained

from the analytical method presented in this chapter, and the simulation results. Here, the

summation in (3.17) was truncated at the 35th term. It was found that adding more terms

does not affect the result in the 15th decimal place.

We next develop two sets of examples, for the case of mixed fading links, to explore the

effects of changing the Nakagami-m parameter,m1, while having the Rician parameter fixed,

as well as the effects of changing the Rician parameter, K2, while having the Nakagami-m

parameter unchanged. Figs. 3.4 and 3.5 show respectively the outage probability, at γ = 10

dB, versus the threshold SNR, γ
th
, and the ergodic capacity versus the average link SNR, γ.

Dual-hop AF systems with Rician parameterK2 = 5 and different values of the Nakagami-m

parameter, m1 = 1, 3, 5 and 11, are considered. The performance metrics for a dual-hop

AF system operating over Rayleigh fading links are shown also for comparison. Many

worthwhile observations can be drawn from these figures. It can be seen from Fig. 3.5 that

the ergodic capacity is improved, as expected, with less severe fading links. For example, as

the fading parameter m1 increases, the ergodic capacity increases at all values of γ, however

the improvement, which can be achieved in the ergodic capacity, is modest. Improvements

can be also observed in the outage probability curves in Fig. 3.4. However, it is observed

that the limiting slopes of the outage probability curves for the different cases of m1 are the

same as the limiting slopes of the curves for the case of Rayleigh fading links, m1 = 1 and

K2 = 0. This shows that the presence of a Rician fading link represents a bottleneck to the

performance improvement, and can be intuitively explained for the system model considered.

It is well known that the overall limiting slope of the performance curves is proportional to

the minimum of the limiting slope caused by the first link and that caused by the second link

[3]. Since the Rician fading link results in a limiting slope, of performance curves, similar

to that of Rayleigh fading links, it represents a bottleneck preventing the increase of the

overall limiting slope, even with increase of Nakagami-m parameter, m1. Moreover, it can be
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observed that as the fading parameter, m1, increases, the system improvement can become

negligible. For example, an outage probability of 2× 10−3 occurs at γ
th

= −17.87 dB when

m1 = 1 and K2 = 5, and it occurs at γ
th

= −5.72 dB when m1 = 3 and K2 = 5, which is

a large SNR gain of 12.15 dB. On the other hand, the same outage occurs at γ
th

= −5.32
dB when m1 = 5 and K2 = 5, and at γ

th
= −5.24 dB when m1 = 11 and K2 = 5, which

is a negligible improvement from the case where m1 = 3. It can be concluded, then, that

increasing m1 at fixed values of K2 has diminishing returns.

Fig. 3.6 shows the average symbol error probability of dual-hop AF systems with

Nakagami-m parameter m1 = 4 and different values of the Rician parameter, K2 = 0, 3, 5

and 7. As observed in the previous example set, the limiting slopes of the average symbol

error probability for the different cases of the K2 parameter, are the same as the limiting

slopes of the average symbol error probability for the case of Rayleigh fading links. How-

ever, in contrast to the results of the previous example set, there exists a substantial SNR

gain resulting from increasing the fading parameter, K2. For example, an average symbol

error probability of 10−3 occurs at γ = 24 dB when m1 = 4 and K2 = 0, and it occurs at

γ = 17.71 dB when m1 = 4 and K2 = 3, at γ = 14.27 dB when m1 = 4 and K2 = 5 and

at γ = 12.99 dB when m1 = 4 and K2 = 7. It can be concluded that the Rician fading

parameter has a great impact on the performance metrics of dual-hop AF relaying systems

operating over mixed Nakagami-m/Rician fading links.

3.6 Conclusion

New theoretical, precise expressions for the probability density function and the cumu-

lative distribution function of the instantaneous end-to-end SNR of dual-hop AF relaying

systems have been derived. The expressions were obtained for dual-hop systems operat-

ing over Rician fading channels, as well as for dissimilar dual-hop systems operating over

mixed Nakagami-m/Rician fading channels. The derived expressions were used to obtain

the outage probability, average symbol error probability and ergodic capacity of different AF

systems. It was shown that the effects of the channel fading parameters on the performance

metrics vary according to the nature of the communication links. It was shown also that
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for the case of dissimilar dual-hop systems with mixed Nakagami-m/Rician fading links, an

increase in the Nakagami-m parameter has diminishing returns on the performance metrics

as long as the Rician parameter is unchanged, while an increase in the Rician parameter

results in a notable SNR gain even when the Nakagami-m parameter is fixed.

3.A Evaluation of the Integral I1

The integral I1 (r;α, β, θ, φ) is defined as

I1 (r;α, β, θ, φ) =

∫ ∞

x=r

x(x+ 1)

(x− r)2

[
(x+ 1) r

x− r

]α
xβ

× exp

(
−θ
[
(x+ 1) r

x− r

])
exp (−φ x) dx. (3.22)

Using a change of variables, y =
x

r
− 1, the integral I1 can be written as

I1 (r;α, β, θ, φ) =

∫ ∞

y=0

[
r + (2r + 1) y−1 + (r + 1) y−2

] [
r +

r + 1

y

]α
[r (y + 1)]

β

× exp

(
−θ
[
r +

r + 1

y

])
exp (−φ [r y + r]) dy (3.23)

which can be rewritten as

I1 (r;α, β, θ, φ) = exp [− (θ + φ) r] r(α+β)

∫ ∞

y=0

[
r + (2r + 1) y−1 + (r + 1) y−2

]

×
[
1 +

r + 1

r
y−1

]α
[1 + y]

β
exp
[−θ (r + 1) y−1 − φ r y

]
dy. (3.24)

Assuming integer values for both α and β, the binomial expansion in [16, eq. (1.111)] can

be applied to the two terms,

[
1 +

r + 1

r
y−1

]α
and [1 + y]

β
, resulting in

I1 (r;α, β, θ, φ) = exp [− (θ + φ) r] r(α+β)

∫ ∞

y=0

[
r + (2r + 1) y−1 + (r + 1) y−2

]

×
[

α∑
k=0

(
α

k

)(
r + 1

r

)k

y−k

]⎡⎣ β∑
j=0

(
β

j

)
yj

⎤
⎦ exp [−θ (r + 1) y−1 − φ r y

]
dy. (3.25)
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Exchanging the order of summation and integration results in

I1 (r;α, β, θ, φ) = exp [− (θ + φ) r] r(α+β)
α∑

k=0

β∑
j=0

(
α

k

)(
β

j

)(
r + 1

r

)k

×
∫ ∞

y=0

[
r + (2r + 1) y−1 + (r + 1) y−2

]
yj−k exp

[−θ (r + 1) y−1 − φ r y
]
dy. (3.26)

The expression in (3.26) can be written as

I1 (r;α, β, θ, φ) = exp [− (θ + φ) r] r(α+β)
α∑

k=0

β∑
j=0

(
α

k

)(
β

j

)(
r + 1

r

)k

× [r I(j − k) + (2r + 1) I(j − k − 1) + (r + 1) I(j − k − 2)] (3.27a)

where the integral I(ν) is defined as

I(ν) =

∫ ∞

y=0

yν exp
[−θ (r + 1) y−1 − φ r y

]
dy (3.27b)

and can be solved using [16, eq. (3.471.9)] as

I(ν) = 2

(
θ (r + 1)

φ r

)( ν+1

2 )
Kν+1

(
2
√
θ φ r(r + 1)

)
. (3.27c)

After some mathematical manipulation, the integral I1 can be evaluated as

I1 (r;α, β, θ, φ) = 2 exp [− (θ + φ) r] r(α+β)
α∑

k=0

β∑
j=0

(
α

k

)(
β

j

)(
θ

φ

) j−k
2
(
r + 1

r

) j+k
2

×
[√

θ

φ
r(r + 1)Kj−k+1

(
2
√
θ φ r(r + 1)

)
+ (2r + 1)Kj−k

(
2
√
θ φ r(r + 1)

)

+

√
φ

θ
r(r + 1)Kj−k−1

(
2
√
θ φ r(r + 1)

)]
. (3.28)
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3.B Evaluation of the Integral I2

The integral I2 (r;α, β, θ, φ) is defined as

I2 (r;α, β, θ, φ) =

∫ ∞

x=r

[
(x+ 1) r

x− r

]α
xβ exp

(
−θ
[
(x+ 1) r

x− r

])
exp (−φ x) dx. (3.29)

Using a change of variables y =
x

r
− 1, the integral I2 can be written as

I2 (r;α, β, θ, φ) =

∫ ∞

y=0

rα
[
1 +

r + 1

r
y−1

]α
rβ [y + 1]β

× exp

(
−θ
[
r +

r + 1

y

])
exp (−φ [r y + r]) r dy. (3.30)

Assuming integer values for both α and β, the binomial expansion can be used as previously,

and exchanging the order of summation and integration, I2 can be obtained as

I2 (r;α, β, θ, φ) = 2 exp [− (θ + φ) r] r(α+β+1)
α∑

k=0

β∑
j=0

(
α

k

)(
β

j

)

×
(
θ

φ

) j−k+1

2
(
r + 1

r

) j+k+1

2

Kj−k+1

(
2
√
θ φ r(r + 1)

)
. (3.31)
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Figure 3.1: The average symbol error probability for dual-hop AF relaying systems with 8-QAM
modulation. Identically distributed Rayleigh, Nakagami-m (m = 2, 3) and Rician (K = 1, 2) fading
links, as well as mixed Nakagami-m/Rician links (m1 = 3,K2 = 2), are assumed.
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Figure 3.2: Outage probability for dual-hop AF relaying systems for γ = 10 dB. Identically
distributed Rayleigh, Nakagami-m (m = 2, 3) and Rician (K = 1, 2) fading links, as well as mixed
Nakagami-m/Rician links (m1 = 3, K2 = 2), are assumed.
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Figure 3.3: The average symbol error probability for dual-hop AF relaying systems with mixed
Nakagami-m/Rician fading links and with BPSK modulation. Lower bounds in [5], shown in
dashed-doted lines, and lower bounds in [7], shown in dashed lines, are plotted for comparison.

60



Threshold SNR, γ
th

(dB)

O
u
ta
g
e
p
ro
b
a
b
il
it
y,

P
o
u
t

Simulation

Simulation

Simulation

Simulation

Simulation

m1 = 1, K2 = 0

m1 = 1, K2 = 5

m1 = 3, K2 = 5

m1 = 5, K2 = 5

m1 = 11, K2 = 5

Figure 3.4: Outage probability for dual-hop AF relaying systems with mixed Nakagami-m/Rician
fading links for γ = 10 dB. Different cases of the Nakagami-m fading parameter, m1, are shown.
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Figure 3.5: The ergodic capacity for dual-hop AF relaying systems with mixed Nakagami-
m/Rician fading links. Different cases of the Nakagami-m fading parameter, m1, are shown.
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Figure 3.6: The average symbol error probability for dual-hop AF relaying systems with mixed
Nakagami-m/Rician fading links and with BPSK modulation. Different cases of the Rician fading
parameter, K2, are shown.
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Chapter 4

Dual-Hop AF Systems With

Adaptive Power Transmission

In this chapter(1), dual-hop AF relaying systems with adaptive power transmission are

studied. A new exact closed-form expression is derived for the capacity of dual-hop AF

relaying systems with adaptive channel inversion operating over Nakagami-m fading chan-

nels. Truncated channel inversion, at a certain cutoff signal-to-noise ratio (SNR), is assumed

to avoid capacity loss resulting in the case of non-truncated channel inversion. The cutoff

SNR is selected so as to maximize the system capacity. The results represent the first ex-

act solutions for dual-hop AF systems under adaptive power transmission. The capacity

of the systems under study is derived in terms of modified Bessel functions of the second

kind, commonly available in mathematical software. The accuracies of the analytical results

presented in this chapter are verified by Monte Carlo simulations.

(1)A version of this chapter has been presented in the IEEE Global Communications Conference (GLOBE-
COM) 2012:
S. S. Soliman and N. C. Beaulieu, “On the exact capacity of dual-hop AF relaying with adaptive channel
inversion,” in GLOBECOM Workshops (GC Wkshps), 2012 IEEE, Dec. 2012, pp. 441–446.
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4.1 Introduction

Cooperative networks have received much interest in the literature recently because of

their capability of providing extended coverage for wireless networks in addition to offering

significant increases in the capacity and diversity gain of the networks [1]–[5]. The authors in

[1] studied the outage probability and the average error probability of dual-hop relaying over

Rayleigh fading channels using a harmonic mean bound for the end-to-end signal-to-noise

ratio (SNR). In [2], the authors also used the harmonic mean bound to derive single-integral

expressions for the average error probability of general wireless communication systems in

terms of the moment generating function (MGF) of the reciprocal of the instantaneous

end-to-end SNR and applied this approach to AF relaying systems. In [3], the authors

studied dual-hop amplify-and-forward (AF) systems with selection diversity and derived

closed-form expressions for the outage probability for systems operating over Nakagami-

m fading links with integer values of m. The authors in [4, 5] presented the generalized

transformed characteristic function (GTCF) approach to obtain exact analytical solutions

for the performance metrics of multihop AF relaying systems operating over general fading

links. Results derived in [4, 5] are based on the exact end-to-end SNR of the system, and

it was shown that the harmonic mean bound can be loose for small-to-moderate values of

SNR and for certain fading conditions. It was shown also in [5] that the ergodic capacity of

multihop AF systems decreases as the number of hops increases.

The capacity of AF relaying systems has been considered in some works. The authors

in [6] computed the ergodic capacity of multihop AF systems using an infinite series of the

logarithmic function. The authors also presented an alternative framework for the special

case of dual-hop AF relaying systems operating over Nakagami-m and generalized-K fading

links. In [7], the authors used a similar approach to that used in [6] to obtain a closed-form

expression for the ergodic capacity of dual-hop AF relaying systems with relay selection for

the case of Rayleigh fading links.

However, all the previous work considered fixed rate and fixed power transmission. Adap-

tive transmission can be employed in cooperative wireless systems to provide enhanced uti-

lization of the channel [8]. In [9]–[12], the authors used adaptive source transmission with
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AF relaying. The authors in [9] derived upper bounds to adaptive transmission for dual-hop

AF systems with maximum ratio combining (MRC) at the destination in the case of Rayleigh

fading links. In [10], the authors developed a framework based on the MGF approach to

find bounds for the ergodic capacity of adaptive transmission AF systems operating over

Nakagami-m fading links. The performance bounds in [9] and [10] were based on the min-

imum SNR bound of the end-to-end SNR. The authors in [11] used the harmonic mean

bound to obtain theoretical approximations for the capacity, as well as the outage proba-

bility, of multihop AF systems under adaptive transmission. Recently, the authors in [12]

studied the effect of outdated channel information on the capacity of dual-hop AF selection

relaying systems under adaptive transmission in the case of Rayleigh fading links. However,

the authors in [12] used the minimum SNR bound for the end-to-end SNR.

In this chapter, we derive the first exact closed-form expression for the capacity of dual-

hop AF relaying systems with adaptive channel inversion in the case of Nakagami-m fading

links. An exact closed-form expression for the outage probability of these systems is also

derived. To the best of the authors’ knowledge, these expressions are the first exact expres-

sions in the literature that are based on the exact end-to-end SNR. We adopt the adaptive

scheme consisting of channel inversion with fixed rate because it has the lowest implementa-

tion complexity among adaptive schemes, as the source only adjusts its transmission power.

We study the effect of unbalanced links, where the average SNRs of the first and the second

links are not necessarily similar, and compare the system performance to that of systems

with balanced links.

The remainder of the chapter is organized as follows. In Section 4.2, the system and chan-

nel models are presented. A closed-form expression for the capacity of dual-hop AF relaying

systems under adaptive truncated channel inversion is derived in Section 4.3. In Section

4.4, numerical examples and discussions are presented. Finally, the chapter is concluded in

Section 4.5.
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4.2 System And Channel Models

The system under study is a dual-hop AF relaying system with adaptive source transmis-

sion, shown in Fig. 4.1. The source node and the destination node communicate through

one intermediate relay node. The source node transmits the data signal to the relay node

over the first link, S−R. The relay node, in turn, amplifies the received signal and transmits

the amplified signal to the destination node over the second link, R−D. The amplification

factor, A, at the relay node, is given by [11, 13] as

A =

√
P1

P0 |α1|2 +N01

(4.1)

where P0 is the transmitter power at the source node, P1 is the transmitter power at the

relay node, and where α1, and N01, are respectively the fading gain of the first link, and the

noise power at the relay node. Time division multiple access is assumed for transmission

over both links and orthogonal, half-duplex operation is implemented to avoid inter-signal

interference. The exact instantaneous end-to-end received SNR at the destination, γ
t
, is

given by [1, eq. (5)]

γ
t
=

γ
1
γ

2

γ
1
+ γ

2
+ 1

(4.2a)

where γ
i
, i = 1, 2 represents the instantaneous received SNR over the ith link, defined as

γ
i
=

Pi−1

N0i

|αi|2 . (4.2b)

It was found in [14] that the probability density function (PDF) of the instantaneous end-

to-end SNR, γ
t
, as defined in (4.2a), can be obtained in a single integral closed-form as

fγ
t
(r) =

∫ ∞

x=r

x(x + 1)

(x− r)2
fγ

1

(
(x+ 1)r

x− r

)
fγ

2
(x)dx. (4.3)

The expression in (4.3) can be used with any arbitrary fading distributions, fγ
1
(γ

1
) and

fγ
2
(γ

2
), to obtain the PDF of the instantaneous end-to-end SNR.

For the adaptive systems considered in this chapter, the source adjusts its transmission

power based on variations in the channel measurements. This necessitates estimation of
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channel conditions at the receiver and channel state information (CSI) feedback to the

power control module at the source. In the following section, an analysis of the channel

capacity of dual-hop AF systems with adaptive channel inversion is presented.

4.3 Capacity Analysis

In the original adaptive dual-hop AF systems, the source only adapts its power through

channel inversion techniques, to maintain a constant SNR level at the destination, while the

transmission rate is kept fixed. The channel capacity per unit bandwidth of a dual-hop AF

relaying system employing channel inversion (CI) is given by [8, eq. (46)]

CCI =
1

2
log2

⎛
⎜⎜⎝1 +

1∫ ∞

0

1

γ
fγ

t
(γ)dγ

⎞
⎟⎟⎠ (4.4)

where the 1
2 factor accounts for the bandwidth used by orthogonal transmission over both

the S−R and the R−D links. A drawback of this direct channel inversion technique is that

the transmitter power has to compensate for deep fades of the channel, which results in large

capacity loss [8]. A better approach is to use a truncated inversion technique. This technique

inverts only the channel fadings above a certain SNR cutoff level, γ
0
. Data transmission is

stopped whenever the received SNR is below than the cutoff level, resulting in an outage

of Pout(γ
0
) = Pr(γ

t
≤ γ

0
). The channel capacity per unit bandwidth of a dual-hop AF

relaying system with truncated channel inversion (TCI) is given by [8, eq. (47)]

CTCI =
1

2
log2

(
1 +

1

I(γ
0
)

)
Pr(γ

t
≥ γ

0
) (4.5a)

where Pr(γ
t
≥ γ

0
) is recognized as 1− Pout(γ

0
), and where

I(γ
0
) =

∫ ∞

γ
0

1

γ
fγ

t
(γ)dγ. (4.5b)

In the following, we derive a closed-form expression for the channel capacity in (4.5) for the

case of Nakagami-m fading links.
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Substituting by the PDF expression (4.3) into (4.5b), the integral in (4.5b) can be written

as

I(γ
0
) =

∫ ∞

γ
0

1

r
fγ

t
(r)dr

=

∫ ∞

γ
0

1

r

[∫ ∞

x=r

x(x + 1)

(x − r)2
fγ

1

(
(x+ 1)r

x− r

)
fγ

2
(x)dx

]
dr

=

∫ ∞

x=γ
0

fγ
2
(x)

∫ ∞

r=γ
0

1

r

x(x+ 1)

(x− r)2
fγ

1

(
(x + 1)r

x− r

)
drdx

=

∫ ∞

x=γ
0

fγ
2
(x)ζ(x; γ

0
)dx (4.6a)

where

ζ(x; γ
0
) =

∫ ∞

r=γ
0

1

r

x(x + 1)

(x− r)2
fγ

1

(
(x + 1)r

x− r

)
dr. (4.6b)

Using a change of variables, y =
(x+ 1)r

x− r
, the integral expression in (4.6b) can be rewritten

as

ζ(x; γ
0
) =

∫ ∞

y=y
0

(
1

x
+

1

y
+

1

xy

)
fγ

1
(y) dy

=

(
1 +

1

x

)
ξ1(x; y

0
) +

1

x
ξ0(x; y

0
) (4.7a)

where

ξi(x; y
0
) =

∫ ∞

y=y
0

1

yi
fγ

1
(y) dy (4.7b)

and

y
0
=

(x+ 1)γ
0

x− γ
0

. (4.7c)

To get a closed-form expression for the integral in (4.7b) for the case of Nakagami-m fading

links, the PDF fγ
1
(y) can be replaced by the PDF expression for the Nakagami-m distribu-

tion found at [15, eq. (2.21)] resulting in

ξi(x; y
0
) =

(
m1

γ1

)i
1

Γ(m1)
Γupp

(
m1 − i ,

m1

γ1

y
0

)
(4.8)

where γj is the average SNR of the jth link, and where Γupp(α, y) is the upper incomplete

71



gamma function [16, eq. (8.350.2)]. Substituting (4.8) into (4.7a), we obtain a closed-form

expression for (4.6b).

To find a closed-form expression for the integral in (4.6a), we use the finite series expan-

sion of the upper incomplete gamma function in [16, eq. (8.352.2)], resulting in

ξi(x; y
0
) =

(
m1

γ1

)i
Γ(m1 − i)

Γ(m1)
exp

[
−m1

γ1

y
0

]
×

m1−1−i∑
n=0

1

n!

(
m1

γ1

)n
yn
0
. (4.9)

Note that the expression in (4.9) is valid for integer values of m1 > i. The expression (4.6a)

can be then written as

I(γ
0
) =

∫ ∞

x=γ
0

fγ
2
(x)

(
1 +

1

x

)
m1

γ1

1

m1 − 1
exp

[
−m1

γ1

y
0

]m1−2∑
n=0

1

n!

(
m1

γ1

)n
yn
0
dx

+

∫ ∞

x=γ
0

fγ
2
(x)

1

x
exp

[
−m1

γ1

y
0

]m1−1∑
n=0

1

n!

(
m1

γ1

)n
yn
0
dx. (4.10)

Substituting for fγ
2
(x) from [15, eq. (2.21)] into (4.10), and exchanging the order of sum-

mation and integration, we obtain

I(γ
0
) = C2 C1

m1−2∑
n=0

1

n!

(
m1

γ1

)n
× (Ψm2−1 +Ψm2−2)

+ C2

m1−1∑
n=0

1

n!

(
m1

γ1

)n
×Ψm2−2 (4.11a)

where

C2 =

(
m2

γ2

)m2 1

Γ(m2)
(4.11b)

C1 =
m1

γ1

1

m1 − 1
(4.11c)

and

Ψα =

∫ ∞

x=γ
0

xα exp

[
−m2

γ2

x

]
yn
0
exp

[
−m1

γ1

y
0

]
dx (4.11d)

where y
0
was defined in (4.7c). Note that we can interchange the order of summation and

integration in (4.10) based on a theorem on the infinite interval integration of a finite interval

series found in [17, p. 453]. The theorem in [17] can be applied because its conditions are
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satisfied by the operands in (4.10).

Substituting (4.7c) into (4.11d), and using a change of variables, namely, z =
x

γ
0

− 1,

the integral Ψα can be written as

Ψα =

∫ ∞

z=0

γα

0
[1 + z]

α
exp

[
−m2

γ2

[
γ

0
z + γ

0

]]
γn

0

×
[
1 +

γ
0
+ 1

γ
0

z−1

]n
exp

[
−m1

γ1

(
γ

0
+

γ
0
+ 1

z

)]
γ

0
dz. (4.12)

Applying the binomial expansion in [16, eq. (1.111)] to the two power terms in (4.12),

namely, [1 + z]
α
and

[
1 +

γ
0
+1

γ
0

z−1
]n

, and exchanging the order of summation and integra-

tion results

Ψα = 2 exp

[
−
(
m1

γ1

+
m2

γ2

)
γ

0

]
γ(n+α+1)

0

n∑
k=0

α∑
j=0

(
n

k

)(
α

j

)

×
(
m1/γ1

m2/γ2

) j−k+1

2

(
γ

0
+ 1

γ
0

) j+k+1

2

Kj−k+1

(
2

√
m1

γ1

m2

γ2

γ
0
(γ

0
+ 1)

)
(4.13)

where Kν(·) is the νth- order modified Bessel function of the second kind [18, eq. (9.6.2)],

and
(
P
Q

)
is the binomial coefficient. Substituting (4.13) into (4.11a), a closed-form expression

is obtained for I(γ
0
).

An expression for Pout(γ
0
) can be obtained following similar procedure, resulting in

Pout(γ
0
) = 1− C2

m1−1∑
n=0

1

n!

(
m1

γ1

)n
Ψm2−1. (4.14)

A similar expression was used in [3, eq. (12)] to obtain the outage probability of dual-hop AF

systems with path selection diversity. However, this expression was not used to obtain other

system performance metrics in [3]. This expression is reproduced here for easy reference.

Substituting (4.14) and (4.11a) into (4.5a), a closed-form expression for the capacity of

dual-hop AF relaying systems with adaptive truncated channel inversion is obtained.

In this chapter, we chose the cutoff SNR level which maximizes the system capacity as

defined in (4.5a). This cutoff SNR level can be obtained by solving the equation ∂CTCI

∂γ
0

= 0.
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That is

∂

∂γ
0

[
1

2
log2

(
1 +

1

I(γ
0
)

)(
1− Pout(γ

0
)
)]

= 0 (4.15)

which can be solved resulting in the equation

ln

(
1 +

1

I(γ
0
)

)
=

1− Pout(γ
0
)

γ
0
I(γ

0
)
(
1 + I(γ

0
)
) . (4.16)

Substituting (4.11) and (4.14) for I(γ
0
) and Pout(γ

0
), respectively, into (4.16), the cutoff

SNR level can be numerically obtained.

Finally, the adaptive power transmission P
TCI

(γ
t
) at a source employing truncated chan-

nel inversion can vary subject to an average power constraint Pav as [19, eq. (4.19)]

P
TCI

(γ
t
)

Pav

=

⎧⎪⎨
⎪⎩

0, γ
t
< γ

0

1

γ
t
I(γ

0
)
, γ

t
≥ γ

0

. (4.17)

4.4 Numerical Examples

In this section, we use some examples to show the behaviour of dual-hop AF relaying sys-

tems operating over Nakagami-m fading channels employing the truncated channel inversion

adaptation technique. We assume equal noise powers, N0, at the relay and the destination.

We assume also that time division multiple access is considered for transmission over both

links and orthogonal, half-duplex operation is implemented to avoid inter-signal interference.

Finally, we assume and study both the cases of balanced links, where γ1 = γ2 = γ, and

unbalanced links, where γ2 = α γ1.

In the first example, Fig. 4.2 shows the channel capacity per unit bandwidth, of dual-hop

AF relaying systems employing truncated channel inversion adaptive transmission, versus

the cutoff threshold SNR level γ
0
, for different values of γ1, and for the case of m1 = 2

and m2 = 3. Different cases of balanced links, γ2 = γ1, and unbalanced links γ2 = 0.5 γ1,

γ2 = 2 γ1, are plotted for comparison. The figure shows that there is a cutoff SNR level

for which the capacity per unit bandwidth is maximized. For example, the capacity per

unit bandwidth is maximized for the balanced links case at γ
0
= −1.0259 dB for γ1 = 5
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dB, while it is maximized at γ
0
= 2.5324 dB for γ1 = 10 dB. It can be seen also that, at

any cutoff SNR level, the channel capacity per unit bandwidth for the case of γ2 = 2 γ1 is

higher than that for the case of γ2 = γ1, which in turn is higher than that for the case of

γ2 = 0.5 γ1. This is expected because in the case of γ2 = 2 γ1, more power is allocated to

the system than in the other cases. It can be shown also that the optimum cutoff SNR value

is affected by the imbalance factor α. In order to have fair comparison between different

systems employing balanced and unbalanced links, the total system power should be kept

fixed for all systems.

Fig. 4.3 shows the channel capacity per unit bandwidth for two different sets of systems,

each having the same total system power-to-noise power ratio, P/N0 (this preserves the total

system power). The systems of the first set are operating over non-identically distributed

Nakagami-m fading links with m1 = 2 and m2 = 3, and the value of P/N0 is set to 10 dB.

The average link SNRs are related to each other and to P/N0 as γ2 = α γ1 =
α

α+ 1
P/N0,

where α is the imbalance factor. Fig. 4.3 shows that systems with balanced links exhibit

higher channel capacity than systems with unbalanced links, and that the optimum cutoff

SNR which maximizes the channel capacity, is also higher for systems with balanced links.

It can be observed also that as the imbalance factor, α, increases in the range 0 < α ≤ 1,

the channel capacity increases, while as it increases in the range α ≥ 1, the channel capacity

decreases, for all values of the cutoff SNR γ
0
. Similar observations can be seen in the curves

of the second set of systems in Fig. 4.3. The second set of systems are operating over

identically distributed Nakagami-m fading links with m1 = m2 = 5, and the value of P/N0

is set to 5 dB. In addition to the previous observations, a symmetry in performance can be

seen for both unbalanced systems with γ2 = α γ1, and unbalanced systems with γ2 =
1

α
γ1.

This symmetry is achieved because the instantaneous end-to-end SNR, γ
t
, is symmetric with

respect to γ
1
and γ

2
as evident in (4.2a), in addition to the assumption that both the first

and the second fading links are identically distributed. This symmetry does not exist if the

fading links are non-identically distributed as shown by the curves for the first set of systems.

It can be concluded then that systems with balanced links achieve higher channel capacity

per unit bandwidth, whether the fading links are identically or non-identically distributed.

This represents a design criteria for system designers.
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Table 4.1: Values of the optimum cutoff threshold level, γ
opt

, for different Nakagami-m fading
links with γ2 = 0.5 γ1

γ1
(dB)

Optimum γ
0
(γ

opt
)

m1 = 2, m2 = 3

Optimum γ
0
(γ

opt
)

m1 = 5, m2 = 5

0 0.2110 0.2034

5 0.5835 0.6034

10 1.3695 1.4764

15 2.9972 3.3474

20 6.6782 7.7332

In the next example, we study the performance of dual-hop AF relaying systems un-

der adaptive truncated channel inversion and cutoff SNR optimization. Figs. 4.4 and 4.5

show respectively the channel capacity per unit bandwidth, ε, and the outage probability,

Pout(γ
opt

), versus the first link’s average SNR, γ1, for different Nakagami-m fading links

with γ2 = 0.5 γ1. Table 4.1 shows the values of the optimum cutoff SNR, γ
opt

, for two

different cases of Nakagami-m fading links. The results in Table 4.1 emphasize a previous

conclusion that the optimum cutoff SNR increases unbounded with increase in the average

link SNRs. These results are also used to generate the curves in Figs. 4.4 and 4.5. Precise

agreement between Monte Carlo simulation results and the analytical results can be seen

in both figures. Fig. 4.4 shows that the channel capacity increases with increase of the

channel fading parameters m1 and m2, however, the increase is negligible. For example,

the channel capacity per unit bandwidth at γ1 = 20 dB is 2.223 bps/Hz for systems with

m1 = 2,m2 = 3, while it is 2.449 pbs/Hz for systems with m1 = 10,m2 = 7. On the

other hand, the outage probability of the system is significantly improved by larger values

of the channel fading parameters. For example, the outage probability at γ1 = 20 dB is

1.61 × 10−2 for systems with m1 = 2,m2 = 5, while it is 5.76 × 10−4 for systems with

m1 = 5,m2 = 7. The reason for such remarkable improvement is that the limiting slopes of

the outage probability curves are proportional to the m parameter of Nakagami-m fading

links.
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4.5 Conclusion

New, exact closed-form expression for the channel capacity of dual-hop AF relaying sys-

tems with adaptive truncated channel inversion was derived for systems operating over

Nakagami-m fading links. The derived expression is the first exact solution for the channel

capacity of dual-hop systems with truncated channel inversion power adaptation. A maxi-

mum channel capacity criteria was considered to find the optimum cutoff SNR truncation

levels. The results obtained analytically were verified by Monte Carlo simulations. Different

cases of systems with balanced and unbalanced links were considered. It was shown that

systems with balanced links achieve higher channel capacity for all cutoff SNR values and

exhibit higher values of the optimum cutoff SNR.
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Figure 4.1: Dual-hop AF relaying system with adaptive source power transmission / channel
inversion.
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Figure 4.2: The channel capacity per unit bandwidth versus the cutoff threshold level, γ0. Dual-
hop AF relaying systems operating over Nakagami-m fading links with m1 = 2 and m2 = 3 are
assumed. A truncated channel inversion adaptation scheme is employed. Different cases of balanced
and unbalanced SNR are assumed, γ2 = α γ1.
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Figure 4.3: The channel capacity per unit bandwidth versus the cutoff threshold level, γ0. Dual-
hop AF systems operating over Nakagami-m fading links are assumed. A truncated channel inver-
sion adaptation scheme is employed. Different cases of balanced and unbalanced SNR are assumed,
γ2 = α γ1, where the system’s total available power is assumed fixed.
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Figure 4.4: The channel capacity per unit bandwidth of dual-hop AF relaying systems operating
over Nakagami-m fading links, employing truncated channel inversion adaptation.
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Figure 4.5: Outage probability of dual-hop AF relaying systems operating over Nakagami-m
fading links, employing truncated channel inversion adaptation.
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Chapter 5

Dual-Hop AF Systems with

Maximum End-to-End SNR

Relay Selection

In this chapter(1), dual-hop amplify-and-forward (AF) relaying systems with maximum

end-to-end SNR relay selection are studied. In these systems, a relaying node is selected from

N available relays based on a maximum end-to-end SNR policy. New, precise expressions

are derived for the PDF and the CDF of the end-to-end SNR of such systems. The results

are precise for any number of candidate relays and Rayleigh, Nakagami-m or Rician fading

distributions. The effects of different channel fading parameters and the number of relays in

the relay selection pool are studied. The system performance is compared to that of dual-

hop AF systems without relay selection and to dual-hop AF relaying systems with partial

relay selection. This selection method provides diversity gain over dual-hop AF relaying

systems without relay selection and over systems with partial relay selection. The diversity

gain is proportional to the relay selection pool size, N .

(1)A version of this chapter has been published in the IEEE Transactions on Communications:
S. S. Soliman and N. C. Beaulieu, “‘Exact analysis of dual-hop AF maximum end-to-end SNR relay selec-
tion,” IEEE Trans. Commun., vol. 60, no. 8, pp. 2135–2145, Aug. 2012.
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5.1 Introduction

Cooperative schemes have been recently proposed as a promising technique for high qual-

ity wireless communication services. The concept of cooperative networking represents a

technique that can significantly increase the system capacity and diversity gain in wireless

networks [1]–[9]. In cooperative networks, the source sends the data signal to one or more

intermediate nodes called relays. These relays perform some distributed processing on the

received signals and then retransmit the processed signal to the next node. The next node

may be the destination, in the case of dual-hop relaying systems, or it may be another

relay node, in the case of multihop relaying systems. The most popular and studied relay-

ing protocols are amplify-and-forward (AF) and decode-and-forward (DF). In AF relaying

systems, the relays amplify the received signal before forwarding it to the next node while

in DF relaying systems, the relay nodes completely decode the received signal, regenerate

it and forward the reconstructed signal to the next node. This requires more processing

power and complexity at the relay nodes than the AF technique and represents the main

disadvantages of the DF scheme.

Much research has focused on predicting the performance of AF relaying systems. The

outage probability and the average symbol probability of error of dual-hop transmission over

Rayleigh fading channels were studied in [2]. In [2], the authors presented an approximation

for the end-to-end received signal-to-noise ratio (SNR) using the harmonic mean of two

independent exponential random variables and in [3], the harmonic mean approximation was

again used to obtain an approximate expression for the moment generating function (MGF)

of the reciprocal of the end-to-end SNR for multihop transmission over Nakagami-m fading

channels. The approximate outage probability was then obtained via numerical inversion

of the Laplace transform. It has since been found, that the bounds based on the direct

harmonic mean approximation of the individual per hop instantaneous SNRs are not tight

for small-to-moderate values of SNR, and for Nakagami-m fading channels for large values of

m [4,5]. Moreover, increasing the number of hops may decrease the tightness of those bounds.

In [6] and [7] an approximation was proposed that has the same computational complexity

as the previous bounds in the literature, while being more accurate, especially for small-
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to-medium values of SNR. Compared to other bounds, the new approximation gives more

accurate prediction of the exact performance. In [8] and [9], a novel theoretical technique, the

generalized transformed characteristic function (GTCF) approach, was proposed and was

used to obtain the first exact analytical results for the ergodic capacity, the average error

probability and outage probability of multihop AF systems operating over general fading

channels. In [10], the dual-hop AF system with selection diversity was studied and an exact

closed-form expression for the outage probability was derived for the case of Nakagami-m

fading links with integer values of m; yet, that expression was not used to obtain other

important performance metrics. In [11], dual-hop AF systems were studied, and exact

closed-form expressions for the PDF and the CDF of the end-to-end SNR were derived

for the general cases of Nakagami-m, Rician fading links and mixed Nakagami-m/Rician

fading links. Exact closed-form expressions for the PDF and the CDF of the end-to-end

SNR of opportunistic dual-hop AF systems were derived in [12]. The expressions derived

in both [11] and [12] were then used to obtain exact solutions for the ergodic capacity,

outage probability and the average error probability of dual-hop AF systems without relay

selection, and opportunistic dual-hop AF relaying systems with relay selection based on the

relay-to-destination link transmission statistics, respectively.

In this chapter, we use the closed-form expressions for the PDF and the CDF of the end-

to-end SNR of dual-hop AF systems derived in [11](2) to obtain the first exact closed-form

expressions for the PDF and the CDF of the end-to-end SNR of a dual-hop opportunistic

AF relaying system with maximum end-to-end SNR relay selection. The maximum end-to-

end SNR relay selection scheme was proposed in [13]–[15]. The work in [11] and [12] did

not consider the maximum end-to-end SNR relay selection criterion. Relay selection in AF

relaying systems was previously proposed in [13]–[19] to enhance the performance of AF

relaying systems. In [13], the authors developed a distributed relay selection method that

requires no topology information and it was based on measurements of the instantaneous

channel conditions. In [14], the authors adopted that relay selection method in AF relaying

systems, while also combining both the direct path and the dual-hop path signals with MRC

receivers at the destination. They obtained closed-form expressions for the average sym-

(2)These PDF and CDF expressions can be found in Chapter 3 of this thesis.
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bol error probability for such systems operating over Nakagami-m fading channels. In [15],

the authors also adopted the relay selection method in [13] and derived closed-form expres-

sions for performance bounds on dual-hop AF relaying systems operating over generalized

gamma fading channels. In [13]–[15], the authors approximated the end-to-end SNR, for

each possible relay connection, using the minimum value of the SNRs of the source-to-relay

and relay-to-destination links. This approximation is not tight and results obtained using

it are not tight for some ranges of SNR of practical interest. This limitation will be shown

in the examples of the present chapter. In [16, 17], the authors examine the same problem

considered in [14], but they used the harmonic mean approximation of the end-to-end SNR,

and therefore did not obtain exact solutions. In other works, [18, 19], the authors used

another relay selection method that was based on measurements of the relay-to-destination

channel conditions, but exact results for the performance metrics of such systems operating

in Nakagami-m fading channels were not derived. Exact results for this selection method

were obtained in [12] and it was found that increasing the number of relays in the relay

selection pool has diminishing returns because the relay selection is based only on the relay-

to-destination link statistics(3).

The contributions of the chapter are 1) obtaining the first exact results for the perfor-

mance metrics of dual-hop opportunistic AF systems with maximum end-to-end SNR relay

selection, 2) obtaining these performance metrics for systems operating over Rician fading

links as well as over Nakagami-m fading links, 3) determining how loose the performance

bounds presented previously in the literature are, 4) comparing the results obtained for the

relay selection system to the results when no relay selection is adopted, 5) showing the large

benefits of using a maximum end-to-end SNR relay selection criterion over a maximum relay-

to-destination SNR relay selection criterion through numerical examples, and 6) studying

the effect of increasing the number of relays in the relay selection pool on the performance

metrics.

The remainder of the chapter is organized as follows. In Section 5.2, the system and

channel models under study are presented along with the system assumptions. The maxi-

mum end-to-end SNR relay selection method is explained in detail, discussed and analyzed

(3)Detailed analysis and general results for this selection method can be found in [20]
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in Section 5.3. In Section 5.4, some particulars of the maximum relay-to-destination SNR

relay selection method are recalled briefly for the purpose of comparison with the maximum

end-to-end SNR relay selection method. In Section 5.5, the new solutions are used to obtain

numerical results for the ergodic capacity, outage probability and average error probabil-

ity of dual-hop opportunistic AF relaying with maximum end-to-end SNR relay selection

for the cases of Rayleigh, Nakagami-m and Rician fading channels. Finally, the chapter is

concluded in Section 5.6.

5.2 System And Channel Models

The system under study is a dual-hop opportunistic AF relaying system, shown in Fig. 5.1.

The source node, S, and the destination node, D, communicate through one intermediate

relay node, R, selected from N candidate relay nodes, R1, R2, · · · , RN . The source node,

S, transmits the data signal to the selected (best) relay, R, over the first link, S − R. The

relay node, in turn, amplifies the received signal and transmits the amplified signal to the

destination node over the second link, R−D. The amplification factor, A, at the relay node,

R, is given in [1] as A =

√
P1

P0 |α1|2 +N01

, where P0 is the transmitter power at the source

node, P1 is the transmitter power at the relay node, αi, i = 1, 2 is the fading gain of the

ith link and where N01
and N02

are respectively, the noise power at the relay node and the

destination node. Time division multiple access is assumed for transmission over both links

and orthogonal, half-duplex operation is implemented to avoid inter-signal interference. The

exact instantaneous end-to-end received SNR at the destination, γ
t
, is given by [2, eq. (2)]

γ
t
=

γ
1
γ

2

γ
1
+ γ

2
+ 1

(5.1a)

where γ
i
, i = 1, 2 represents the instantaneous received SNR over the ith link defined as

γ
i
=

Pi−1

N0i

|αi|2 . (5.1b)

Note that γ
1
and γ

2
are the SNRs of the fading links associated with the selected relaying

node.
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Assuming that all the link fadings are statistically independent Nakagami-m fading links,

the probability density function (PDF) of the SNR, γ
n
, for any of the source-to-relay links,

S −Rn, or any of the relay-to-destination links, Rn −D, is given by [21],

fγn
(r) =

(
mn

γ
n

)mn 1

Γ(mn)
rmn−1 exp

[
−mn

γ
n

r

]
, r � 0 (5.2)

where Γ(·) is the gamma function and γ
n
= E {γ

n
} is the link’s average SNR, where E {· }

is the expectation operator. For Rician fading links, the PDF of γ
n
is given by [21],

fγn
(r) =

(
1 +Kn

γn

)
exp [−Kn] exp

[
−1 +Kn

γn

r

]
× I0

(
2

√
Kn

(
1 +Kn

γn

)
r

)
, r � 0

(5.3)

where Kn is the ratio of the power of the line-of-sight (LOS) component to the average

power of the scattered component and Iα(·) is the α
th- order modified Bessel function of the

first kind [22, eq. (9.6.10)]. Note that for Rayleigh fading links, the PDF of γ
n
is obtained

by substituting m = 1 into (5.2), or by substituting K = 0 into (5.3). The cumulative

distribution function (CDF) of γ
n
for Nakagami-m fading links is

Fγn
(r) =

Γinc

(
mn ,

mn

γn

r

)
Γ(mn)

, r � 0 (5.4)

where Γinc(α, x) is the lower incomplete gamma function [23, eq. (8.350.1)]. For Rician

fading channels, the CDF of γ
n
is,

Fγn
(r) = 1−Q1

(√
2Kn ,

√
2

(
1 +Kn

γn

)
r

)
, r � 0 (5.5)

where Qj(α, β) is the jth- order Marcum Q -function [21, eq. (4.60)]. For the special case

of Rayleigh fading, the CDF of γ
n
is obtained by substituting m = 1 into (5.4), or by

substituting K = 0 into (5.5), resulting in

Fγn
(r) = 1− exp

[
− 1

γn

r

]
, r � 0. (5.6)
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5.3 Maximum End-to-End SNR Relay Selection

In this section, we adopt a distributed method to select the best relay. The selection

method is independent of the network topology and is based on local measurements of the

instantaneous channel transmission conditions. The selection method follows a SNR policy

in the sense that the selected best relay is the relay which, when used for relaying, achieves

a maximum instantaneous SNR.

The work presented here is different from that presented in [12]. In [12], the instantaneous

SNRs of only the relay-to-destination links were taken into consideration in the selection

process. This selection is optimum, from the SNR perspective, if the fading of the source-

to-relay link is the same for all of the N candidate relays. However, the more general and

more practical case is when the different source-to-relay links exhibit different fadings with

possibly the same fading statistics. In this practical case, it makes more sense that the

selection process should be based on both the source-to-relay link SNR and the relay-to-

destination link SNR.

The system presented here adopts the latter selection method, in which the relaying node

is selected such that the instantaneous end-to-end SNR is maximized [13]–[15], i.e.

max
Rn∈{R1,··· ,RN}

γ
S−Rn−D

⇒ γ
t

(5.7a)

where γ
S−Rn−D

is the instantaneous end-to-end SNR of the path through the nth relay, Rn,

defined as

γ
S−Rn−D

=
γ

S−Rn
γ

Rn−D

γ
S−Rn

+ γ
Rn−D

+ 1
(5.7b)

where γ
S−Rn

is the instantaneous SNR of the S − Rn link between the source and the nth

relay, and γ
Rn−D

is the instantaneous SNR of the Rn −D link between the nth relay and

the destination.

Exact closed-form expressions for the PDF and the CDF of the SNR, γ
S−Rn−D

, of

dual-hop AF systems were obtained in [11] for the common link fading distributions. For

Nakagami-m fading links, the PDF of γ
S−Rn−D

is given by
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fγ
S−Rn−D

(r) = 2

(
m1

γ1

)m1 1

Γ(m1)

(
m2

γ2

)m2 1

Γ(m2)
exp

[
−
(
m1

γ1

+
m2

γ2

)
r

]
rm1+m2−2

×
m1−1∑
k=0

m2−1∑
j=0

(
m1 − 1

k

)(
m2 − 1

j

)(
m1γ2

m2γ1

) j−k
2
(
r + 1

r

) j+k
2

×
[√

m1γ2

m2γ1

r(r + 1)Kj−k+1

(
2

√
m1m2

γ1γ2

r(r + 1)

)
+ (2r + 1)Kj−k

(
2

√
m1m2

γ1γ2

r(r + 1)

)

+

√
m2γ1

m1γ2

r(r + 1)Kj−k−1

(
2

√
m1m2

γ1γ2

r(r + 1)

)]
(5.8)

where Kν(·) is the νth- order modified Bessel function of the second kind [22, eq. (9.6.2)]

and where
(
P
Q

)
is the binomial coefficient. The CDF of γ

S−Rn−D
is given by

Fγ
S−Rn−D

(r) = 1− 2

(
m2

γ2

)m2 1

Γ(m2)
exp

[
−
(
m1

γ1

+
m2

γ2

)
r

]m1−1∑
n=0

1

n!

(
m1

γ1

)n
rn+m2

×
n∑

k=0

m2−1∑
j=0

(
n

k

)(
m2 − 1

j

)
×
(
m1γ2

m2γ1

) j−k+1

2
(
r + 1

r

) j+k+1

2

Kj−k+1

(
2

√
m1m2

γ1γ2

r(r + 1)

)
.

(5.9)

It is noted that a similar expression to (5.9) has been previously presented in [10, eq. (12)],

however the system performance metrics for the variable-gain AF relaying system in [10]

were not obtained. The PDF in (5.8) can be derived by taking the derivative of (5.9) but

we present both for easy reference. Note also that the expressions in (5.8) and (5.9) are

valid for integer values of m1 and m2 [11]. For Nakagami-m fading links with non-integer

values of m, interpolation can be used to obtain extended results. For Rician fading links,

the PDF, fγ
S−Rn−D

(r), and the CDF, Fγ
S−Rn−D

(r), are given in closed-forms as

fγ
S−Rn−D

(r) = 2A1 A2 e
−(K1+K2) exp [− (A1 +A2) r]

∞∑
n=0

∞∑
m=0

a1(n)a2(m) rn+m

×
n∑

k=0

m∑
j=0

(
n

k

)(
m

j

)(
A1

A2

) j−k
2
(
r + 1

r

) j+k
2

×
[√

A1

A2
r(r + 1)Kj−k+1

(
2
√
A1 A2 r(r + 1)

)
+ (2r + 1)Kj−k

(
2
√
A1 A2 r(r + 1)

)

+

√
A2

A1
r(r + 1)Kj−k−1

(
2
√
A1 A2 r(r + 1)

)]
(5.10)
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and

Fγ
S−Rn−D

(r) = 1− 2 e−(K1+K2) exp [− (A1 +A2) r]

∞∑
l=0

∞∑
n=0

∞∑
m=0

K1
l+n K2

m

(l + n)! n! (m!)
2

× (A1)
n
(A2)

m+1
rn+m+1

n∑
k=0

m∑
j=0

(
n

k

)(
m

j

)
×
(
A1

A2

) j−k+1

2
(
r + 1

r

) j+k+1

2

×Kj−k+1

(
2
√
A1 A2 r(r + 1)

)
(5.11)

respectively, where

Ai =
(1 +Ki)

γi

(5.12a)

ai(n) =
1

(n!)2
(Ki ×Ai)

n
. (5.12b)

The analytical derivations of (5.10) and (5.11) have been presented in detail in [11]. For the

special case of Rayleigh fading links, the PDF and the CDF expressions reduce to

fγ
S−Rn−D

(r) =
2

γ1γ2

exp

[
−
(

1

γ1

+
1

γ2

)
r

]

×
[(√

γ2

γ1

+

√
γ1

γ2

)√
r(r + 1)K1

(
2

√
r(r + 1)

γ1γ2

)
+(2r + 1)K0

(
2

√
r(r + 1)

γ1γ2

)]
(5.13)

and

Fγ
S−Rn−D

(r) = 1− 2 exp

[
−
(

1

γ1

+
1

γ2

)
r

]√
r(r + 1)

γ1γ2

K1

(
2

√
r(r + 1)

γ1γ2

)
. (5.14)

With the knowledge of the PDF, fγ
S−Rn−D

(r), and the CDF, Fγ
S−Rn−D

(r), of γ
S−Rn−D

,

order statistics can be used to obtain the PDF and the CDF of the end-to-end SNR, γ
t
.

The PDF of the kth order statistic is given by [24, p. 198]

fy
k
(y

k
) =

N !

(k − 1)!(N − k)!
f(y

k
) [F (y

k
)]
k−1

[1− F (y
k
)]
N−k

(5.15)

where y
k
is the kth order statistic, defined as the kth minimum random variable of total N

random variables [25, p. 192], and f(·) and F (·) are the PDF and the CDF, respectively, of
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the N independent and identically distributed (i.i.d.) ordered random variables. Since γ
t

is selected as the maximum (N th order statistic) of the N source-to-destination link SNRs,

γ
S−Rn−D

, the PDF of γ
t
can be written as,

fγ
t
(r) = Nfγ

S−Rn−D
(r)
[
Fγ

S−Rn−D
(r)
]N−1

(5.16)

and the CDF of γ
t
can be written as,

Fγ
t
(r) =

[
Fγ

S−Rn−D
(r)
]N

. (5.17)

To get the end result, we substitute (5.8) and (5.9) for Nakagami-m fading links, or (5.10)

and (5.11) for Rician fading links or (5.13) and (5.14) for Rayleigh fading links into (5.16) and

(5.17) to obtain closed-form expressions for the PDF and the CDF of the instantaneous end-

to-end SNR of opportunistic dual-hop AF relaying system with maximum end-to-end SNR

relay selection. These expressions represent the first exact, closed-form expressions obtained

for γ
t
defined in (5.7). Note that although the expression in (5.10) and the expression

in (5.11) involve nested infinite summations, the summands decay (slightly faster than)

exponentially (4) for the high order terms, because of the “factorial” factors, and hence, a

truncated summation with a finite number of terms will achieve a required accuracy. Owing

to this rapid rate of convergence, a careful empirical test for convergence is allowable and also

for truncation error estimation. Estimation of the truncation errors will be shown through

the numerical examples.

When the PDF and the CDF of the instantaneous end-to-end SNR, γ
t
, are known,

different system performance metrics can be evaluated. The outage probability, Pout, defined

as the probability that the instantaneous end-to-end SNR falls below a certain threshold

SNR, γ
th
, is given by [21, eq. (15.6)]

Pout = Pr {γ
t
� γ

th
} =

∫ γ
th

0

fγ
t
(r)dr = Fγ

t
(γ

th
). (5.18)

(4)Stirling’s approximation specifies that n! grows as en lnn , and hence 1
(n!)2

decays as e−2n lnn, and
1

(l+n)!n!(m!)2
decays as e−(l+n) ln(l+n)−n lnn−2m lnm.
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The ergodic capacity, ε, can be evaluated using [21, eq. (15.21)]

ε =
1

2
E {log2(1 + γ

t
)}

=
1

2

∫ ∞

0

log2(1 + r)fγ
t
(r)dr. (5.19)

where the 1
2 factor accounts for orthogonal transmission over the two links, and the average

symbol error probability, Ps, is defined as [21, eq. (5.1)]

Ps = E
{
bQ
(√

a γ
t

)}
=

∫ ∞

0

bQ
(√

a r
)
fγ

t
(r)dr (5.20)

where Q(·) is the Gaussian Q -function [21] and the parameters (a, b) depend on the modula-

tion scheme. Note that the outage probability, Pout, can be obtained by direct substitution

into the closed-form CDF expression (5.17), while the calculation of the ergodic capacity,

ε, and the average error probability, Ps, involves a single-fold integral that is evaluated

numerically using common software packages such as MATLAB. Numerical evaluation of

single-fold integrals is widely practiced in the literature [21].

5.4 Partial Relay Selection

In this section, we recall briefly the mechanics of dual-hop AF relaying systems with

maximum relay-to-destination SNR relay selection [18, 19](5). To the best of the authors’

knowledge, a comparison between the performance of dual-hop AF relaying systems em-

ploying maximum end-to-end SNR relay selection method and those employing maximum

relay-to-destination relay selection method does not exist in the literature. In this chapter,

we undertake such comparisons between both relay selection methods and we will see the

large performance benefits of systems adopting the maximum end-to-end SNR relay selec-

tion method over those adopting the maximum relay-to-destination relay selection method.

For the maximum relay-to-destination selection method, the relaying node is selected such

(5)Note that maximum relay-to-destination SNR relay selection and maximum source-to-relay SNR relay
selection are possible versions of partial relay selection. Detained analysis and results on partial relay
selection can be found in [20]
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that the instantaneous SNR of the relay-to-destination link is maximized [12, 18, 19], i.e.

max
Rn∈{R1,··· ,RN}

γ
Rn−D

⇒ γ
2

(5.21)

where γ
Rn−D

is the instantaneous SNR of the Rn − D link between the nth relay and the

destination. A detailed derivation for the exact PDF and the exact CDF of the instanta-

neous end-to-end SNR of dual-hop AF relaying systems following this selection method was

reported in [12]. It was found that the PDF of γ
t
, in the case of Nakagami-m fading links

for integer values of m1 and m2, is

fγ
t
(r) = N

(
m1

γ1

)m1
(
m2

γ2

)m2 1

Γ(m1)Γ(m2)

N−1∑
l=0

(
N − 1

l

)
(−1)l

m2−1∑
n1=0

· · ·
m2−1∑
nl=0

(
m2

γ
2

)∑l
i=1

ni

× 1∏l
i=1 ni!

I1

(
r;m1 − 1, m2 − 1 +

l∑
i=1

ni,
m1

γ
1

,
m2

γ
2

(1 + l)

)
(5.22a)

where I1(r;α, β, θ, φ) is defined as

I1 (r;α, β, θ, φ) = 2 exp [− (θ + φ) r] r(α+β)
α∑

k=0

β∑
j=0

(
α

k

)(
β

j

)(
θ

φ

) j−k
2
(
r + 1

r

) j+k
2

×
[√

θ

φ
r(r + 1)Kj−k+1

(
2
√
θ φ r(r + 1)

)
+ (2r + 1)Kj−k

(
2
√
θ φ r(r + 1)

)

+

√
φ

θ
r(r + 1)Kj−k−1

(
2
√
θ φ r(r + 1)

)]
. (5.22b)

The CDF of γ
t
was also obtained as

Fγ
t
(r) = 1−N

(
m2

γ2

)m2 1

Γ(m2)

m1−1∑
n=0

1

n!

(
m1

γ1

)n N−1∑
l=0

(
N − 1

l

)
(−1)l

×
m2−1∑
n1=0

· · ·
m2−1∑
nl=0

(
m2

γ
2

)∑l
i=1

ni 1∏l
i=1 ni!

× I2

(
r;n, m2 − 1 +

l∑
i=1

ni,
m1

γ
1

,
m2

γ
2

(1 + l)

)
(5.23a)
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where I2(r;α, β, θ, φ) is defined as

I2 (r;α, β, θ, φ) = 2 exp [− (θ + φ) r] r(α+β+1)
α∑

k=0

β∑
j=0

(
α

k

)(
β

j

)

×
(
θ

φ

) j−k+1

2
(
r + 1

r

) j+k+1

2

Kj−k+1

(
2
√
θ φ r(r + 1)

)
. (5.23b)

Note that for the special case of Rayleigh fading links, m1 = m2 = 1, and the PDF in (5.22)

and the CDF in (5.23) reduce to

fγ
t
(r) =

2N

γ1γ2

N−1∑
l=0

(
N − 1

l

)
(−1)l exp

[
−
(

1

γ1

+
1 + l

γ2

)
r

]

×
[(√

γ2

(1 + l)γ1

+

√
(1 + l)γ1

γ2

)√
r(r + 1)K1

(
2

√
(1 + l)r(r + 1)

γ1γ2

)

+(2r + 1)K0

(
2

√
(1 + l)r(r + 1)

γ1γ2

)]
(5.24)

and

Fγ
t
(r) = 1− 2N

N−1∑
l=0

(
N − 1

l

)
(−1)l exp

[
−
(

1

γ1

+
1 + l

γ2

)
r

]

×
√

r(r + 1)

γ1γ2(1 + l)
K1

(
2

√
(1 + l)r(r + 1)

γ1γ2

)
(5.25)

respectively. Note that systems with relay selection based on maximum source-to-relay SNR

policy as in [26] will have the same analysis as that presented for systems with relay selection

based on maximum relay-to-destination SNR policy, because the instantaneous end-to-end

SNR in (5.1a) is symmetric with respect to γ
1
and γ

2
.

5.5 Numerical Examples

In this section, results obtained using the exact analysis of dual-hop opportunistic AF re-

laying with maximum end-to-end SNR selection are presented. Recall that no exact solutions

for such systems, in the case of general fading environments, are known and only perfor-
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mance bounds have been reported in the literature. Many of these bounds, as in [13]–[15],

are based on the approximation γ
S−Rn−D

= min
(
γ

S−Rn
, γ

Rn−D

)
. In notable recent work,

performance bounds were derived in [15] for the case of statistically independent distributed

generalized gamma fading channels. However, it will be shown that those bounds are loose

for the Nakagami-m fading channels, in spite of the fact that Nakagami-m distribution is a

special case of the generalized gamma distribution.

Different performance metrics are used to study the behaviour of opportunistic dual-

hop AF relaying system with maximum end-to-end SNR relay selection. Figs. 5.2 and 5.3

show, respectively, the average symbol error probability versus the link average SNR, γ, and

outage probability, at γ = 10 dB, versus the threshold SNR, γ
th

for opportunistic dual-hop

AF systems. Identical Rayleigh, Nakagami-m fading links with m = 2, 3, and Rician fading

links with K = 1, 2 are assumed for the case of N = 3 available relays. Binary phase shift

keying (BPSK) is assumed, so the values of the parameters (a, b) in (5.20) are set to (2, 1).

The figures show precise agreement between the results obtained from the analytical solution

and simulation results at all values of SNR, for all the link fading distributions. Note that

for the cases of Rician fading links, each of the infinite summations in (5.10) and (5.11) was

truncated at the 20th term. It was found that adding more terms does not affect the result

in the 10th decimal figure. Table 5.1 shows the results of evaluating the PDF in (5.10) using

summations truncated at upper limits N and M , respectively. The case of K1 = K2 = 2 is

taken as an example to construct the table for several combinations of the input parameters

γ1, γ2 and r. The table shows the decimal places that did not change, by adding more terms

to the summations, in bold. Table 5.1 indicates that a finite number of terms can be used

for the summations in (5.10) with a negligible truncation error.

Many important observations can be drawn from these figures. As expected, the per-

formance is improved for the less severe Nakagami-m and Rician fading channels compared

to the performance of Rayleigh fading channels. For example, we see in Fig. 5.2 that an

average error probability of 10−3 occurs at γ = 13.32 dB for Rayleigh fading links, while it

occurs at γ = 12.43 dB and γ = 11.39 dB for Rician fading links with K = 1 and K = 2,

respectively and it occurs at γ = 10.85 dB and γ = 10.26 dB for Nakagami-m fading links

with m = 2 and m = 3, respectively. However, there is a dramatic difference in the system
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Table 5.1: Truncated values of fγ
S−Rn−D

(r) in (5.10) for different values of truncated summations
at N and M . Values are calculated for K1 = K2 = 2

N = M γ1 = γ2 = 1 and r = 1 γ1 = γ2 = 10 and r = 1 γ1 = γ2 = 10 and r = 10

10 0.047265324863485 0.150249941032347 0.012125231960593

15 0.047273874549155 0.150250869199197 0.012126286303458

20 0.047273875089465 0.150250869251333 0.012126286362109

25 0.047273875089472 0.150250869251334 0.012126286362110

30 0.047273875089472 0.150250869251334 0.012126286362110

performance in the case of Nakagami-m fading links compared to the system performance

in the case of Rician fading links. It can be noticed that the limiting slopes of the aver-

age error probability curves in Fig. 5.2 and the limiting slopes of the outage probability

curves in Fig. 5.3 in the case of Rician fading links are the same as the limiting slopes for

the average error probability and outage probability curves in the case of Rayleigh fading

links, irrespective of the value of the line of sight factor K. On the other hand, the limiting

slopes of the average error probability curves and the outage probability curves in the case

of Nakagami-m fading links are affected by the value of the fading parameter m. For exam-

ple, in the case of Nakagami-m fading links with m = 2 and m = 3, the limiting slopes of

the average error probability and outage probability curves are 2 and 3 times the limiting

slopes for the case of Rayleigh fading links (m = 1). This implies that the high SNR system

performance is strongly influenced by the Nakagami fading parameter m in contrast with

the Rician fading parameter K. For example reading from Fig. 5.3, at a threshold SNR

γ
th

= 2 dB, the outage probability is 4.85× 10−2 in the case of Rayleigh fading links, while

it is 2.75× 10−2 and 1.07× 10−2 for Rician fading links with K = 1 and K = 2, respectively

and it is 3.50× 10−3 and 2.87× 10−4 for Nakagami-m fading links with m = 2 and m = 3

respectively.

It is worth mentioning that although both the Nakagami-m and the Rician fading distri-

butions converge to the Rayleigh fading distribution, they represent models with different

physical origins and each of them describes the fading process from a different perspec-
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tive. The differences in the “limiting slopes” of the average error probability curves and

the outage probability curves will not diminish for values of m and K chosen according to

the “equivalence” suggested in [21, eq. (2.26)]. The authors in [21] proposed a one-to-one

mapping between the m parameter of the Nakagami-m distribution and the K parameter

of the Rician distribution. This mapping was originally proposed by Nakagami in [27, eqs.

(55) and (56)]. The mapping in [27] was based on equating statistical quantifiers, namely

the mean and the variance, of both distributions, and in [21], the authors reproduced the

mapping relations through equating the amount of fading associated with the Nakagami-m

fading distribution to that associated with the Rician distribution, resulting in the mapping

equations [21, eq. (2.26)]. However, the author in [28] questioned the practical utility of

mapping techniques based on fitting envelope statistics around the mean or median, rather

than in the tails of the distributions. It can be shown that although the mapping equations

in [21, eq. (2.26)] can result in Nakagami-m and Rician fading distributions with similar

mean and variance, the tails of the distributions will be dramatically different, which in turn

affects the slopes of the average error probability curves and the outage probability curves

in different manners as shown and explained in our numerical examples.

We next compare the results obtained by the exact method to the recent performance

bounds proposed in [15]. It was claimed in [15] that the proposed performance bounds are

tight in the case of generalized gamma fading channels. Rayleigh and Nakagami-m fadings

are special cases of the generalized gamma fading, yet the authors did not show in [15] any

examples concerning the performance of the system for these common fading distributions.

In Figs. 5.4 and 5.5 we show the ergodic capacity and the average error probability obtained

by the exact integral solution for the dual-hop opportunistic AF system with maximum

end-to-end SNR relay selection for N = 3 and 8. We show also the upper bound on the

ergodic capacity and the lower bound on the average error probability proposed in [15].

Nakagami-m fading links with m = 3 are assumed. The figures show that the bounds

proposed in [15] are loose for all the SNR ranges of interest. For example, the lower bound

for N = 3 estimates the value of γ, at which an average error probability of 10−4 occurs,

1.7 dB lower than its precise value. The bound becomes more loose for N = 8. For

example, an average error probability of 10−5 occurs at γ = 12.1 dB, while the lower bound
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estimates that the same average error probability occurs at γ = 9.7 dB. Note that the lower

bound underestimates the required SNR by 2.4 dB. This emphasizes two reasons for the

importance of the exact analysis presented in this chapter. The magnitude of the inaccuracy

of the bound is unacceptable for some design prediction applications, and the fact that the

bound underestimates, rather than overestimates, a required SNR disqualifies it as a tool

for conservative system design.

In the next example set, we study the effect of increasing the number of relays, N , in

the relay selection pool on the system performance. Figs. 5.6 and 5.7 show respectively

the average error probability and the outage probability, at γ = 10 , for dual-hop AF max-

imum end-to-end SNR relay selection with identical Rayleigh, Nakagami-m, with m = 3,

and Rician, with K = 2, fading links. Different numbers of the available candidate relays

are assumed, N = 4, 8. The case of dual-hop AF systems without relay selection, N = 1,

is shown as well for comparison. The figures show, as expected, that the performance is

improved with increasing the number of available relays for the different channel fading dis-

tributions. It can be shown also that the limiting slopes of the average error probability and

the outage probability curves are affected by the number of relays in the relay selection pool.

This represents a major advantage of maximum end-to-end SNR relay selection; it achieves

a diversity gain proportional to the number of relays in the selection pool. This behaviour

is different from the behaviour of opportunistic dual-hop AF systems with relay selection

methods that rely on the relay-to-destination SNR only [12]. In the case of maximum relay-

to-destination SNR relay selection, discussed in [12], it was found that the limiting slopes of

the average error probability and outage probability curves are not affected by the increase

of the number of the available relays, and that the performance enhancement returns are

diminishing for larger numbers of relays, N . This will be shown thoroughly in the next

example set. On contrary, the performance of dual-hop AF maximum end-to-end SNR relay

selection is well improved by increasing the number of relays. For example, an average error

probability of 10−3 occurs at γ = 13.65 dB, γ = 9.77 dB and γ = 8.79 dB for N = 1,

N = 4 and N = 8, respectively, in the case of Nakagami-m fading links with m = 3. Also

an outage probability of 10−3 occurs at γ
th

= 1.235 dB and γ
th

= 4.421 dB for N = 4 and

N = 8, respectively, in the case of Rician fading links with K = 2.
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In the last example set, we show some important aspects of the system performance

and how strongly it is influenced by the method of relay selection adopted by the system.

Figs. 5.8, 5.9 and 5.10 show the ergodic capacity, the average error probability and outage

probability for dual-hop AF systems with maximum end-to-end SNR relay selection, denoted

E − E, and dual-hop AF systems with maximum relay-to-destination SNR relay selection,

denotedR−D. Performance metrics of dual-hop AF relaying systems without relay selection,

N = 1, are also shown for comparison. Identical Nakagami-m fading links, with m = 2, are

assumed. Fig. 5.8 shows that the ergodic capacity is improved, when any of the two relay

selection methods is used, over the case of dual-hop AF relaying without relay selection.

The results in the figure also show that the ergodic capacity of the dual-hop AF relaying

systems adopting the maximum end-to-end SNR relay selection method is higher than that

of dual-hop AF relaying systems adopting the maximum relay-to-destination SNR relay

selection method. For example, the ergodic capacity at γ = 10 dB is 1.053 for the case

of dual-hop AF systems without relay selection, while it is 1.236 and 1.299 for N = 3 and

N = 6, respectively, in the case of dual-hop AF systems with maximum relay-to-destination

SNR relay selection, and it is 1.344 and 1.479 for N = 3 and N = 6, respectively, in the case

of dual-hop AF systems with maximum end-to-end SNR relay selection. This behaviour is

expected because relay selection in the latter method is based on more link state information.

Even more dramatic differences in performance arising from the method of relay selection can

be observed from the average error probability curves in Fig. 5.9 and the outage probability

curves in Fig. 5.10. It is observed that for the maximum relay-to-destination SNR selection

method, increasing the number of relays in the selection pool to N = 3 and to N = 6,

does not change the limiting slope of the average error probability curves in Fig. 5.9 and

the limiting slopes of the outage probability curves in Fig. 5.10; they are the same as the

limiting slopes of the average error probability curves and the outage probability curves for

the case of no relay selection (N = 1). Moreover, the improvement in performance when

N increases from 3 to 6 is modest. For example it can be observed from Fig. 5.9 that

at γ = 12 dB, the average error probability of the dual-hop AF system with maximum

relay-to-destination SNR relay selection is 3.38 × 10−3 for the case of N = 3, while it is

reduced only to 3.04× 10−3 for the case of N = 6. This improvement is not worthwhile and
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may well be vitiated by implementation losses or component variation in practical systems.

On the other hand, when the maximum end-to-end SNR relay selection method is used, the

limiting slopes of the average error probability curves and the outage probability curves are

proportional to the number of relays in the selection pool, and hence the improvement in

performance is huge. This emphasizes the diversity gain advantage achieved by maximum

end-to-end SNR relay selection systems. For example, the average error probability at

γ = 12 dB is 3.45 × 10−4 for N = 3 and 3.75 × 10−5 for N = 6, when the maximum

end-to-end SNR relay selection method is used, an order of magnitude improvement. These

observations lead to the conclusion that increasing the size of the relay selection pool in the

case of the maximum relay-to-destination SNR relay selection method may be a waste of

power and computational resources because the returns are only modest improvements in the

system performance, while using more relays in the selection pool has significant benefits

in enhancing the system performance in the case of the maximum end-to-end SNR relay

selection method. For example, reading from Fig. 5.10 for average SNR, γ = 10 dB, and

at a threshold SNR γ
th

= 2 dB, the outage probability for maximum relay-to-destination

SNR relay selection method with N = 6 is 5.39 × 10−2, while the outage probability for

maximum end-to-end SNR relay selection method with only N = 3 is 3.49× 10−3.

5.6 Conclusion

New analytical, exact closed-form expressions for the PDF and the CDF of a dual-hop

opportunistic AF relaying system with maximum end-to-end SNR relay selection have been

derived. The derived expressions were used to obtain the first exact results for the ergodic

capacity, outage probability and the average symbol error probability of opportunistic dual-

hop AF relaying wireless networks with relay selection over Rayleigh, Nakagami-m and

Rician fading channels. The exact results will be useful in design applications improving

upon some of the existing performance bounds that underestimate system performance. The

effect of increasing the number of relays in the relay selection pool was investigated and it

was observed that the ergodic capacity, outage probability and the average error probability

are improved with increasing the size of the relay selection pool, as expected. Moreover, it
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was observed that at high SNR values, the limiting slopes of the average error probability

curves and the outage probability curves are strongly influenced by the selection pool size in

contrast to the behaviour of dual-hop AF systems following a maximum relay-to-destination

SNR selection method(6). It was shown that the dual-hop AF relaying systems, adopting

maximum end-to-end SNR relay selection, exhibit a diversity gain over dual-hop AF systems

without relay selection and over those using maximum relay-to-destination relay selection,

for the same relay selection pool size.

(6)Note that this conclusion is valid for systems operating over i.i.d. fading links. General conclusions for
the cases of systems operating over i.ni.d. can be found in Chapter 9 of this thesis.
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Figure 5.1: Dual-hop amplify-and-forward relaying network. One of the N relays, R1, R2, · · · ,
RN is selected to relay the data signal between the source, S, and the destination, D.
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Figure 5.2: The average symbol error probability of dual-hop opportunistic AF relaying systems
with maximum end-to-end SNR relay selection and BPSK modulation. Identically distributed
Rayleigh, Nakagami-m (m = 2, 3) and Rician (K = 1, 2) fading links are assumed. Relay selection
pool of size N = 3 is assumed.
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Figure 5.3: Outage probability of dual-hop opportunistic AF relaying systems with maximum end-
to-end SNR relay selection. Identically distributed Nakagami-m (m = 1, 2, 3) and Rician (K = 1, 2)
fading links, with average link SNR γ = 10 dB, are assumed. Relay selection pool of size N = 3 is
assumed.
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Figure 5.4: The ergodic capacity of dual-hop opportunistic AF relaying systems with maximum
end-to-end SNR relay selection. Identically distributed Nakagami-m (m = 3) fading links are
assumed. Different numbers of relays are assumed, N = 3, 8. The upper bounds of [15] are shown
with dashed lines.
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Figure 5.5: The average symbol error probability of dual-hop opportunistic AF relaying systems
with maximum end-to-end SNR relay selection and BPSK modulation. Identically distributed
Nakagami-m (m = 3) fading links are assumed. Different numbers of relays, N = 3, 8, are assumed.
The lower bounds of [15] are shown with dashed lines.
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Figure 5.6: The average symbol error probability of dual-hop opportunistic AF relaying systems
with maximum end-to-end SNR relay selection and BPSK modulation. Identically distributed
Rayleigh, Nakagami-m (m = 3) and Rician (K = 2) fading links are assumed. Different numbers
of relays, N = 1, 4, 8, are assumed.
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Figure 5.7: Outage probability of dual-hop AF relaying systems with maximum end-to-end SNR
relay selection. Identically distributed Rayleigh, Nakagami-m (m = 3) and Rician (K = 2) fading
links with γ = 10 dB are assumed. Different numbers of relays, N = 1, 4, 8, are assumed.
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Figure 5.8: The ergodic capacity of dual-hop AF relaying systems with relay selection. Identically
distributed Nakagami-m (m = 2) fading links are assumed. Different numbers of relays, N = 1, 3, 6,
are assumed. Results for both the partial relay selection method, denoted R−D, and the maximum
end-to-end SNR relay selection method, denoted E − E, are shown.
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Figure 5.9: The average symbol error probability of dual-hop AF relaying system with relay
selection and BPSK modulation. Identically distributed Nakagami-m (m = 2) fading links are
assumed. Different numbers of relays, N = 1, 3, 6, are assumed. Results for both the partial
relay selection method, denoted R−D, and the maximum end-to-end SNR relay selection method,
denoted E −E, are shown.
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Figure 5.10: Outage probability of dual-hop AF relaying system with relay selection. Identically
distributed Nakagami-m (m = 2) fading links with, γ = 10 dB, are assumed. Different numbers
of relays, N = 1, 3, 6, are assumed. Results for both the partial relay selection method, denoted
R−D, and the maximum end-to-end SNR relay selection method, denoted E −E, are shown.

114



References

[1] J. N. Laneman, D. N. C. Tse, and G. W. Wornell, “Cooperative diversity in wireless networks:

Efficient protocols and outage behavior,” IEEE Trans. Inform. Theory, vol. 50, no. 12, pp.

3062–3080, Dec. 2004.

[2] M. O. Hasna and M. S. Alouini, “End-to-end performance of transmission systems with relays

over Rayleigh-fading channels,” IEEE Trans. Wireless Commun., vol. 2, no. 6, pp. 1126–1131,

Nov. 2003.

[3] ——, “Outage probability of multihop transmission over Nakagami fading channels,” IEEE

Commun. Lett., vol. 7, no. 5, pp. 216–218, May 2003.

[4] G. K. Karagiannidis, T. A. Tsiftsis, and R. K. Mallik, “Bounds for multihop relayed com-

munications in Nakagami-m fading,” IEEE Trans. Commun., vol. 54, no. 1, pp. 18–22, Jan.

2006.

[5] G. Farhadi and N. C. Beaulieu, “A general framework for symbol error probability analysis of

wireless systems and its application in amplify-and-forward multihop relaying,” IEEE Trans.

Veh. Technol., vol. 59, no. 3, pp. 1505–1510, Mar. 2010.

[6] N. C. Beaulieu and Y. Chen, “An accurate approximation to the average error probability of

cooperative diversity in Nakagami-m fading,” IEEE Trans. Wireless Commun., vol. 9, no. 9,

pp. 2707–2711, Sep. 2010.

[7] N. C. Beaulieu, G. Farhadi, and Y. Chen, “Amplify-and-forward multihop relaying with adap-

tive M-QAM in Nakagami-m fading,” in IEEE Global Telecommun. Conf., Dec. 2011, pp.

1–6.

[8] N. C. Beaulieu and S. S. Soliman, “Exact analysis of multihop amplify-and-forward relaying

systems over general fading links,” IEEE Trans. Commun., vol. 60, no. 8, pp. 2123–2134, Aug.

2012.

115



[9] ——, “Exact analytical solution for end-to-end SNR of multihop AF relaying systems,” in

GLOBECOM Workshops (GC Wkshps), 2011 IEEE, Dec. 2011, pp. 580–585.

[10] T. A. Tsiftsis, G. K. Karagiannidis, P. T. Mathiopoulos, and S. A. Kotsopoulos, “Nonregener-

ative dual-hop cooperative links with selection diversity,” EURASIP J. on Wireless Commun.

and Networking, vol. 2006, p. 8 pages, 2006.

[11] S. S. Soliman and N. C. Beaulieu, “The bottleneck effect of Rician fading in dissimilar dual-hop

AF relaying systems,” IEEE Trans. Veh. Technol., vol. 63, no. 4, pp. 1957–1965, May 2014.

[12] ——, “Exact analytical solution for dual-hop and opportunistic dual-hop AF relaying systems,”

in IEEE 76th Veh. Technol. Conf. (VTC 2012-Fall), Sep. 2012, pp. 1–5.

[13] A. Bletsas, A. Khisti, D. P. Reed, and A. Lippman, “A simple cooperative diversity method

based on network path selection,” IEEE J. Select. Areas Commun., vol. 24, no. 3, pp. 659–672,

Mar. 2006.

[14] O. Waqar, D. C. McLernon, and M. Ghogho, “Performance analysis of non-regenerative oppor-

tunistic relaying in Nakagami-m fading,” in IEEE 20th Int. Symposium on Personal, Indoor

and Mobile Radio Commun., Sep. 2009, pp. 231–235.

[15] H. Y. Lateef, D. C. McLernon, and M. Ghogho, “Performance analysis of cooperative commu-

nications with opportunistic relaying,” IEEE Eleventh Int. Workshop on Sig. Proc. Advances

in Wireless Commun. (SPAWC), pp. 1–5, Jun. 2010.

[16] R. Yuan, T. Zhang, J. Zhang, J. Huang, and Z. Feng, “Opportunistic cooperative communica-

tions over Nakagami-m fading channels,” IEICE Trans. on Commun., vol. E93-B, no. 10, pp.

2812–2816, Oct. 2010.

[17] R. Yuan, T. Zhang, J. Huang, J. Zhang, and Z. Feng, “Performance analysis of opportunistic

cooperative communication over Nakagami-m fading channels,” in IEEE Int. Conf. on Wireless

Commun., Networking and Infor. Security (WCNIS), Jun. 2010, pp. 49–53.

[18] D. B. da Costa and S. Aı̈ssa, “Amplify-and-forward relaying in channel-noise-assisted cooper-

ative networks with relay selection,” IEEE Commun. Lett., vol. 14, no. 7, pp. 608–610, Jul.

2010.

[19] L. Fan, X. Lei, and W. Li, “Exact closed-form expression for ergodic capacity of amplify-and-

forward relaying in channel-noise-assisted cooperative networks with relay selection,” IEEE

Commun. Lett., vol. 15, no. 3, pp. 332–333, Mar. 2011.

116



[20] S. S. Soliman and N. C. Beaulieu, “Design factors for dual-hop af systems with partial relay

selection,” in International Symposium on Information Theory and its Applications (ISITA),

2014, Oct 2014, pp. 1–5.

[21] M. K. Simon and M.-S. Alouini, Digital Communication over Fading Channels, 2nd ed. New

York: Wiley, 2005.

[22] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs,

and Mathematical Tables, 9th ed. New York: Dover, 1972.

[23] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, 6th ed. San

Diego: Academic, 2000.

[24] R. V. Hogg and A. T. Craig, Introduction to Mathematical Statistics, 5th ed. Upper Saddle

River: Prentice-Hall, 1995.

[25] A. Papoulis and S. U. Pillai, Probability, Random Variables and Stochastic Processes, 4th ed.

Boston: McGraw-Hill, 2002.

[26] I. Krikidis, J. S. Thompson, S. McLaughlin, and N. Goertz, “Amplify-and-forward with partial

relay selection,” IEEE Commun. Lett., vol. 12, no. 4, pp. 235–237, Apr. 2008.

[27] M. Nakagami, “The m-distribution, a general formula of intensity of rapid fading,” Statistical

Methods in Radio Wave Propagation, pp. 3–36, 1960.

[28] S. Stein, “Fading channel issues in system engineering,” IEEE J. Select. Areas Commun., vol. 5,

no. 2, pp. 68–89, Feb. 1987.

117



Chapter 6

Dual-Hop AF Relaying Systems

With Full Selection Diversity

In this chapter(1), dual-hop amplify-and-forward (AF) relaying systems with full selection

diversity are studied. When the direct path, from the source to the destination is available

and considered in the selection set, full selection diversity is achieved. The selection process

follows a maximum SNR policy, such that the path of the maximum end-to-end SNR is used

as the communication link, whether this path is the direct path or one of the dual-hop paths.

Expressions are derived for the PDF and the CDF of the end-to-end SNR. These expressions

are used to obtain the first precise results for the average symbol error probability and the

outage probability of such AF relaying systems. The system performance is compared to

that of conventional wireless systems which use only the direct link between the source and

the destination for communication. The system performance is compared also to that of

dual-hop AF system with other relay selection criteria. Results show that the performance

of full selection diversity systems is superior to those in the comparison, and that the system

provides diversity gain, proportional to the selection set size, N + 1.

(1)A version of this chapter has been presented in the IEEE International Conference on Communications
(ICC) 2012:
S. S. Soliman and N. C. Beaulieu, “‘Exact analytical solution for AF relaying systems with full selection
diversity,” in IEEE Int. Conf. Commun., Jun. 2012, pp. 3995–4000.
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6.1 Introduction

The concept of cooperative networks has been recently proposed for wireless communica-

tion systems as a solution for the increasing number of users and the increasing demand for

high quality wireless services [1]–[7]. Cooperative networks are based on cooperation from

idle users to relay the radio signals from the source to the destination. The most popular and

studied relaying protocols are amplify-and-forward (AF) and decode-and-forward (DF). In

AF relaying systems, the relays amplify the received signal before forwarding it to the next

node, while in DF relaying systems, the relay nodes completely decode the received signal,

regenerate it and forward the reconstructed signal to the next node. This requires more

processing power and complexity at the relay nodes than the AF technique and represents

the main disadvantages of the DF scheme. In [1], the authors used a harmonic mean approx-

imation to obtain an approximate expression for the moment generating function (MGF)

of the reciprocal of the end-to-end SNR for multihop transmission over Nakagami-m fading

channels. The authors then used numerical inversion of the Laplace transform to obtain an

approximate expression for the outage probability. It has since been found, that the bounds

based on the direct harmonic mean approximation of the individual per hop instantaneous

SNRs are not tight for small-to-moderate values of SNR, nor for Nakagami-m fading chan-

nels for large values of m [2, 3]. Moreover, increasing the number of hops may decrease

the tightness of those bounds. In [4] and [5] an approximation was proposed that has the

same computational complexity as the previous bounds in the literature, while being more

accurate, especially for small-to-medium values of SNR. In [6], the special case of dual-hop

AF systems was studied, and exact closed-form expressions for the PDF and the CDF of

the end-to-end SNR were derived for the general cases of Nakagami-m and Rician fading

links. The derived expressions were then used to obtain exact solutions for the outage prob-

ability, ergodic capacity and the average error probability of dual-hop AF systems. In [7],

a novel theoretical technique, the generalized transformed characteristic function (GTCF)

approach, was proposed and was used to obtain the first exact analytical results for the out-

age probability, ergodic capacity and the average error probability of multihop AF systems

operating over general fading channels.
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Relay selection in cooperative networks has been also a voracious field that attracted

many authors. Relay selection in AF relaying systems was proposed in [8]–[12] to enhance

the performance of AF relaying systems. In [8], the authors developed a distributed relay se-

lection method, based on measurements of the instantaneous channel conditions. In [9], the

authors adopted that relay selection method in AF relaying systems, while also combining

both the direct path and the dual-hop path signals with MRC receivers at the destination.

They obtained closed-form expressions for bounds on the average symbol error probability

for such systems operating over Nakagami-m fading channels. In [8,9], the authors approx-

imated the end-to-end SNR, for each possible relay connection, using the minimum value of

the SNRs of the source-to-relay and relay-to-destination links. This approximation is not

tight and results obtained using it are not tight for some ranges of SNR of practical inter-

est. This limitation will be shown in the examples of the present chapter. In other works,

[10, 11], the authors used another relay selection method that was based on measurements

of the relay-to-destination channel conditions, but exact results for the performance metrics

of such systems operating in Nakagami-m fading channels were not derived. Exact results

for this selection method were obtained in [6] and it was found that increasing the number

of relays in the relay selection pool has diminishing returns because the relay selection is

based only on the relay-to-destination link statistics. In a recent work [12], the authors

studied AF systems with selection diversity. In [12], the strongest link among the direct

path and the N dual-hop AF path is selected for communication between the source and

the destination. The authors therein obtained a lower bound and asymptotic expressions

for the average error probability of the proposed system.

In this chapter, we use the closed-form expressions for the PDF and the CDF of the

end-to-end SNR of dual-hop AF systems derived in [6] to obtain the first exact closed-form

expressions for the PDF and the CDF of the end-to-end SNR of the full selection dual-hop

opportunistic AF relaying system presented in [12] . We then obtain the first exact analytical

results for the performance metrics of such opportunistic AF systems which consider both

the direct path and the candidate dual-hop paths for path selection. We compare the results

obtained for the full selection system to those of a conventional direct path communication

system and to those of an opportunistic dual-hop AF relaying system with maximum end-
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to-end SNR relay selection, where the direct path does not exist, and we show that the full

selection system is superior to both. We also study the effect of increasing the number of

candidate paths on the performance metrics.

The remainder of the chapter is organized as follows. In Section 6.2, the system model

under study is presented along with the system assumptions. The full selection AF system

is analyzed, closed-form expressions are obtained for the PDF and the CDF of the end-

to-end SNR, and exact solutions for the performance metrics are obtained in Section 6.3.

In Section 6.4, the derived analytical solutions are used to obtain numerical results for the

outage probability and the average error probability of full selection dual-hop opportunistic

AF relaying systems for different cases of Nakagami-m fading channels. Finally, the chapter

is concluded in Section 6.5.

6.2 System Model

The system under study is shown in Fig. 6.1. In a full selection AF relaying system,

there exists a set of potential paths for communication between the source node, S, and

the destination node, D. The source and the destination can communicate directly through

the direct path link, S −D, or they can communicate through one of the N dual-hop path

links, S − Rn − D. Only one path is selected for communication based on a maximum

SNR policy. For the direct path, S−D, the source node transmits the radio signal directly,

in a single-hop, to the destination node. In this case, the end-to-end SNR is given as

γ
0
= P

N0
|α0|2, where P is the total available power for transmission, N0 is the noise power

at the destination node, and α0 is the fading gain of the direct path link. For any of the N

dual-hop paths, S − Rn −D, the source node transmits the radio signal to the relay node,

Rn, n = 1, 2, · · · , N , over the S − Rn link. The relay node, in turn, amplifies the received

signal and retransmits the amplified signal to the destination node over the Rn − D link.

For variable gain AF relaying, the amplification factor, A, at any relay node, Rn, depends

on the channel state information and it is given in [4, 13] as A =
√

P1

P0|α1|2+N01

, where P0

is the transmitter power at the source node in the case of dual-hop transmission, P1 is the

transmitter power at any relay node, αi, i = 1, 2 is the fading gain of the ith link and where
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N01
and N02

are respectively, the noise power at any relay node and at the destination

node. Orthogonal, half-duplex operation is implemented to avoid inter-signal interference

and time division multiple access is assumed for transmission over both links. The exact

instantaneous received SNR at the destination through any of the dual-hop paths, γ
n
, is

given by [12, eq. (1)]

γ
n
=

γ
S−Rn

γ
Rn−D

γ
S−Rn

+ γ
Rn−D

+ 1
(6.1)

where γ
S−Rn

= P0

N01

|α1|2 represents the instantaneous received SNR over the S − Rn link

and γ
Rn−D

= P1

N02

|α2|2 represents the instantaneous received SNR over the Rn −D link.

The channel conditions are estimated at the receiver, and a decision is taken to select

one of the potential N + 1 paths for the radio signal transmission. The path with the

maximum end-to-end SNR is selected. If the direct link path is selected, the signal is

transmitted directly from the source to the destination using the total available power per

transmission, P . If one of the dual-hop paths is selected, a portion of the total power, P0, is

used at the source to transmit the signal to the selected relay, while the remaining portion,

P1 = P − P0, is used at the relay to amplify the signal and transmit it to the destination.

We assume that all the link fadings are statistically independent, and that they follow a

Nakagami-m fading distribution. Note that the Rayleigh fading distribution is a special

case of the Nakagami-m fading distribution. The probability density functions (PDFs) and

the cumulative distribution function (CDFs) of the common fading distributions can be

found in [14].

6.3 Full Selection Dual-Hop AF Systems

In this section, we derive exact expressions for the PDF and the CDF of the instantaneous

end-to-end SNR of full selection AF relaying systems, and use these expressions to obtain

exact solutions for the outage probability and the average symbol error probability of the

studied systems. We adopt a SNR based method to select the “best” path. The selection

method is independent of the network topology and is based on local measurements of

the instantaneous channel transmission conditions. The selection method follows a SNR

policy in the sense that the selected best path is the path which achieves a maximum
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instantaneous end-to-end SNR. In some of the related research work [10, 11], the direct

path was excluded from the path selection process. Moreover, the instantaneous SNRs of

only the relay-to-destination links were taken into consideration in the selection process.

This selection is optimum, from the SNR perspective, if the direct path is not available for

communication, for example when the source and the destination are too far from each other,

and if the link fading of the source-to-relay link is the same for all of the N candidate relays.

However, the more general and more practical case is when the different source-to-relay

links exhibit different fadings with possibly the same fading statistics, and when the direct

path communication is available. Note that a line of sight (LOS) may not exist between the

source and the destination, but still direct path communication is possible via multipath

propagation. In this practical case, the selection process should be based on both the direct

source-to-destination link SNR and the dual-hop source-relay-destination link SNR. The

system presented here adopts the latter selection method, in which the communication path

is selected such that the instantaneous end-to-end SNR is maximized, i.e.

max {γ
0
, γ

m
} ⇒ γ

t
(6.2a)

where γ0 is the end-to-end SNR of the direct path, defined in the previous section, and

where

max
n∈{1,2,··· ,N}

γ
n
⇒ γ

m
(6.2b)

where γ
n
, n = 1, 2, · · · , N is the end-to-end SNR of any dual-hop path, previously defined

in (6.1).

With the knowledge of the PDFs, fγ
0
(r) and fγm

(r), and the CDF, Fγ
0
(r) and Fγm

(r),

of γ
0
and γ

m
, respectively, order statistics can be used to obtain the PDF and the CDF of

the end-to-end SNR, γ
t
, [15, p. 192] as

fγ
t
(r) = fγ

0
(r)Fγm

(r) + Fγ
0
(r)fγm

(r) (6.3)

and

Fγ
t
(r) = Fγ

0
(r)Fγm

(r). (6.4)
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Since γ
m
is selected as the maximum of the N candidate source-relay-destination link SNRs,

γ
n
, as in (6.2b), the PDF of γ

m
can be written as,

fγm
(r) = Nfγn

(r)
[
Fγn

(r)
]N−1

(6.5)

and the CDF of γ
m

can be written as,

Fγm
(r) =

[
Fγn

(r)
]N

. (6.6)

Exact closed-form expressions for the PDF and the CDF of the SNR, γ
n
, of dual-hop

AF systems were obtained in [6] for the common link fading distributions. For Nakagami-m

fading links, the PDF of γ
n
is given by

fγn
(r) = Cf I1(r;m1 − 1,m2 − 1,

m1

γ1

,
m2

γ2

) (6.7a)

where Cf =
(

m1

γ1

)m1
1

Γ(m1)

(
m2

γ2

)m2
1

Γ(m2)
, where γi, i = 1, 2 is the average SNR of the ith

link in the dual-hop path, and where I1(r;α, β, θ, φ) is given as [6, eq. (6b)]

I1 (r;α, β, θ, φ) = 2 exp [− (θ + φ) r] r(α+β)
α∑

k=0

β∑
j=0

(
α

k

)(
β

j

)(
θ

φ

) j−k
2
(
r + 1

r

) j+k
2

×
[√

θ

φ
r(r + 1)Kj−k+1

(
2
√
θ φ r(r + 1)

)
+ (2r + 1)Kj−k

(
2
√
θ φ r(r + 1)

)

+

√
φ

θ
r(r + 1)Kj−k−1

(
2
√
θ φ r(r + 1)

)]
. (6.7b)

where Kν(·) is the νth- order modified Bessel function of the second kind [16, eq. (9.6.2)]

and where
(
P
Q

)
is the binomial coefficient. The CDF of γ

n
is given by

Fγn
(r) = 1−

m1−1∑
n=0

CF (n)I2(r;n,m2 − 1,
m1

γ1

,
m2

γ2

) (6.8a)

where CF (n) =
(

m1

γ1

)n
1
n!

(
m2

γ2

)m2
1

Γ(m2)
, and where I2(r;α, β, θ, φ) is given in [6, eq. (8b)]

as

124



I2 (r;α, β, θ, φ) = 2 exp [− (θ + φ) r] r(α+β+1)
α∑

k=0

β∑
j=0

(
α

k

)(
β

j

)

×
(
θ

φ

) j−k+1

2
(
r + 1

r

) j+k+1

2

Kj−k+1

(
2
√
θ φ r(r + 1)

)
. (6.8b)

Note that the expressions in (6.7) and (6.8) are valid for integer values of m1 and m2 [6].

For Nakagami-m fading links with non-integer values of m, interpolation can be used to

estimate results for non-integer values of m.

To get the end result, we substitute (6.7) and (6.8) into (6.5) and (6.6), and substitute

the result into (6.3) and (6.4) to obtain closed-form expressions for the PDF and the CDF

of the instantaneous end-to-end SNR of full selection dual-hop AF relaying systems. These

expressions represent the first exact, closed-form expressions obtained for γ
t
defined in (6.2).

Note that the same analysis can be extended to the case of Rician fading channels, and

closed-form expressions for the PDF and the CDF of the SNR, γ
n
, of dual-hop AF systems

were obtained in [6] for Rician link fadings, but this analysis is omitted here because of

space restrictions.

When the PDF and the CDF of the instantaneous end-to-end SNR, γ
t
, are known,

different system performance metrics can be evaluated. The outage probability, Pout, defined

as the probability that the instantaneous end-to-end SNR falls below a certain threshold

SNR, γ
th
, is given by [14, eq. (15.6)]

Pout = Pr {γ
t
� γ

th
} = Fγ

t
(γ

th
). (6.9)

The average symbol error probability, Ps, is defined as [14, eq. (5.1)]

Ps = E
{
bQ
(√

a γ
t

)}
=

∫ ∞

0

bQ
(√

a r
)
fγ

t
(r)dr (6.10)

where Q(·) is the Gaussian Q -function [14] and the parameters (a, b) depend on the modu-

lation scheme.

Note that the outage probability, Pout, can be obtained by direct substitution into the

closed-form CDF expression (6.4), while the calculation of the average error probability,
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Ps, involves a single-fold integral that can be evaluated numerically using common software

packages such as MATLAB.

6.4 Numerical Examples

In this section, we present results obtained using the exact analysis of full selection dual-

hop AF relaying systems. We use the outage probability and the average error probability

to study the behaviour of such systems. Binary phase shift keying (BPSK) is assumed and

the values of the parameters (a, b) in (6.10) are set to (2, 1). We assume an uniform power

allocation policy, in the case of dual-hop transmission, that is the total available power, P ,

is evenly allocated to the source and the relay. Without loss of generality, we assume equal

noise powers, N0, at all the nodes. The relays are assumed to be located at equal distances

from the source and the destination and normalized distances are assumed, i.e. dhop = 1
M
,

so according to the Friss propagation model [17], the average SNR over any link is given as

γi = M δ−1 P
N0

where M = 1 in the case of direct path transmission and M = 2 in the case

of dual-hop transmission, and where δ is the path loss exponent, taken equal to 3 in the

following example sets. According to these assumptions, γ1 = γ2 = 2× γ0 = γ, where γ0 is

the average SNR of the direct path link.

In the first example set, Figs. 6.2 and 6.3 show, respectively, the average symbol error

probability versus the link average SNR, γ, and outage probability, at γ = 10 dB, versus the

threshold SNR, γ
th

for full selection dual-hop AF systems. Identically distributed Rayleigh,

Nakagami-m fading links, as well as non-identically distributed Nakagami-m fading links, are

assumed for the case of N = 3 available relays. The figures show precise agreement between

the results obtained from the analytical solution and simulation results at all values of SNR,

for all the different cases of link fading distributions. Many important observations can be

made from these figures. As expected, the performance is improved with the less severe

Nakagami-m fading channels compared to the performance of Rayleigh fading channels. For

example, an outage probability of 10−2 occurs at γ
th

= 1.65 dB in the case of Rayleigh

fading links, while it occurs at γ
th

= 4.84 dB in the case of Nakagami-m fading links with

m0 = m1 = m2 = 3.
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It is also observed that the limiting slopes of the average error probability curves and the

outage probability curves depend on the fading parameters m0,m1 and m3. For example,

it can be seen from Fig. 6.2, that an average error probability of 10−4 occurs at γ = 13.05

dB for the case of m0 = 3,m1 = m2 = 1, while it occurs at γ = 11.73 dB for the case of

m0 = 1,m1 = m2 = 3. The same observation can be made from Fig. 6.3. For example, for

the different cases of m0 = 3, an outage probability of 10−3 occurs at γ
th

= 0.93 dB in the

case of m1 = m2 = 1, while it occurs at γ
th

= 1.76 dB in the case of m1 = 1,m2 = 2 and

at γ
th

= 3.67 dB in the case of m1 = m2 = 3.

We next compare the accuracy obtained by the exact analytical method to that of one

of the recent, state-of-the-art performance bounds. Recall that no exact solutions for such

systems, in the case of general fading environments, are known and only performance bounds

have been reported in the literature. Many of these bounds, as in [9, 12], are based on the

approximation γ
n

= min
{
γ

S−Rn
, γ

Rn−D

}
, for the exact expression in (6.1). In [12], the

authors used this approximation to obtain lower bounds and asymptotic expressions for the

average error probability of the AF relaying systems under study. In Fig. 6.4, we show

the average error probability obtained by the exact analytical method for the full selection

dual-hop AF system for N = 1, 3, 5 and 15. We show also the lower bound on the average

error probability proposed in [12]. Rayleigh fading links are assumed. The figure shows that

the bounds proposed in [12] are not precise for some SNR ranges of interest. For example,

the lower bound for the case of N = 3 estimates the value of γ, at which an average error

probability of 10−4 occurs, 0.9 dB lower than its precise value. The bound becomes more

loose for N = 15. For example, an average error probability of 10−4 occurs at γ = 9.77

dB, while the lower bound estimates that the same average error probability occurs at

γ = 7.92 dB. Note that the lower bound underestimates the required SNR by 1.85 dB. This

emphasizes two reasons for the value of the exact analysis presented in this chapter. The

magnitude of the inaccuracy of the bound may be undesirable for some design prediction

applications, and the fact that the bound underestimates, rather than overestimates, a

required SNR disqualifies it as a tool for conservative system design.

In the next example set, we study the effect of increasing the number of candidate

relays, N , on the system performance. Figs. 6.5 and 6.6 show respectively the average error
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probability and the outage probability, at γ = 10 dB, for full selection dual-hop AF relaying

systems with identical Rayleigh and Nakagami-m, with m = 3, fading links. Different

numbers of available candidate relays are assumed, N = 2, 4 and 8. The figures show that

the limiting slopes of the average error probability curves and the outage probability curves

are affected by the number of candidate dual-hop paths and that the system performance

is greatly improved by increasing the number of candidate relays. For example, an average

error probability of 10−5 occurs at γ = 13.82 dB, γ = 12.57 dB and γ = 11.68 dB for

N = 2, N = 4 and N = 8, respectively, in the case of Nakagami-m fading links with m = 3.

Also an outage probability of 10−3 occurs at γ
th

= −3.68 dB for N = 2, while it occurs

at γ
th

= 0.44 dB for N = 4 and at γ
th

= 3.47 dB for N = 8, in the case of Rayleigh

fading links. It can be concluded that the system provides diversity gain, proportional to

the selection set size, N + 1.

In the last example, we compare the system performance to that of the conventional

wireless systems which use only the direct link between the source and the destination for

communication. The system performance is compared also to that of an opportunistic dual-

hop AF system with maximum end-to-end SNR relay selection that excludes the direct path

from the selection set. Fig. 6.7 shows the average error probability of the three systems

operating over Nakagami-m fading links with m = 4. For the systems with path selection,

different numbers of relays are assumed, N = 2, 6. Results show that the performance of

a full selection dual-hop AF relaying system is superior to that of both of the other two

systems. For example, an average error probability of 2× 10−4 occurs at γ = 15.27 dB in

the case of the conventional direct path communication system, and it occurs at γ = 12.16

dB for the opportunistic dual-hop AF system with maximum end-to-end SNR relay selection

excluding the direct path, while it occurs at γ = 11.21 dB for the full selection dual-hop

AF system with N = 2. This indicates that both the direct path link, and the candidate

dual-hop links should be included in the selection process for maximum system performance.
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6.5 Conclusion

Novel exact closed-form expressions for the PDF and the CDF of a full selection dual-hop

AF relaying system have been analytically derived. The derived expressions were used to

obtain the first exact analytical results for the outage probability and the average error

probability of dual-hop AF relaying wireless networks with full selection over Nakagami-m

fading channels. It was shown that the derived analytical method provides exact results,

in contrast to state-of-the-art works that report only performance bounds. The effect of

increasing the number of candidate relays was investigated and it was observed that a

diversity gain, proportional to the total number of possible paths, is provided. The system

performance was compared to that of a conventional, direct path communication system

and to that of opportunistic dual-hop AF relaying systems with maximum end-to-end SNR

relay selection, which neglect the direct path. It was found that the full selection system

performance is superior(2) to both.

(2)Note that performance metrics considered for comparison in this Chapter are the outage and average
symbol error probabilities. However, from a system throughput perspective, transmission over a dual-hop
path represents a loss of throughput compared to transmission over direct single-hop path because in the
first, end-to-end transmission occurs over two time slots, while in the later, end-to-end transmission occurs
over only one time slot.
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Figure 6.1: Dual-hop full selection amplify-and-forward relaying network. Either the direct path,
S − D, is selected for direct data signal transmission or one of the N relays, R1, R2, · · · , RN is
selected to relay the data signal between the source, S, and the destination, D.
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Figure 6.2: The average symbol error probability of dual-hop full selection diversity AF relaying
systems with BPSK modulation. The number of candidate relays is assumed to be N = 3.
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Figure 6.3: Outage probability of dual-hop full selection diversity AF relaying systems at γ = 10
dB. The number of candidate relays is assumed to be N = 3.
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Figure 6.4: The average symbol error probability of dual-hop full selection diversity AF relaying
system with BPSK modulation. Identically distributed Rayleigh fading links are assumed. Lower
bounds of [12] are shown with dashed lines.
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Figure 6.5: The average symbol error probability of full selection diversity dual-hop AF relaying
systems with BPSK modulation. Identically distributed Rayleigh and Nakagami-m (m = 3) fading
links are assumed. Different numbers of relays, N = 2, 4, 8, are assumed.
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Figure 6.6: Outage probability of dual-hop full selection diversity AF relaying systems at γ = 10
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numbers of candidate relays, N = 2, 4, 8, are assumed.
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Chapter 7

The GTCF Method for

Multihop AF Systems

In this chapter(1), a theoretical approach is developed for the analysis and design of

multihop AF relaying systems. A generalized transformed characteristic function (GTCF)

approach is proposed to obtain an exact integral solution for the probability density function

(PDF) of the instantaneous end-to-end signal-to-noise ratio (SNR) of general multihop AF

relaying systems. This solution leads to exact integral solutions for the average symbol error

probability, outage probability and ergodic capacity that are valid for any fading distribution.

The results are precise for any number of hops and can accommodate any channel fading

distribution. The theory provides the first exact theoretical solutions for numbers of hops

N > 2. Cases of identically and non-identically distributed fading links are investigated, as

well as the case of dissimilar links, in which the link fadings follow different distributions.

The effects of the numbers of hops, N , on the performance metrics are also studied. The

presence of a limiting distribution for the end-to-end received SNR, with increasing number

of relays, as well as the accuracy and rate of convergence of such limiting distribution are

explored.

(1)A version of this chapter has been published in the IEEE Transactions on Communications:
N. C. Beaulieu and S. S. Soliman, “Exact analysis of multihop amplify-and-forward relaying systems over
general fading links,” IEEE Trans. Commun., vol. 60, no. 8, pp. 2123–2134, Aug. 2012.
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7.1 Introduction

Wireless channels suffer from many factors that degrade the performance of the commu-

nication system in terms of the quality and the capacity of transmission. Capacity may

refer to the number of users or the amount of data transmitted over the wireless channel.

Impairments in the wireless channel may include signal fading, co-channel interference, ad-

jacent channel interference, noise, signal shadowing and propagation loss. Faced with an

ever increasing demand for user services and a finite spectrum resource, new and improved

techniques are being developed to permit future wireless networks to sustain the increas-

ing demands for services and the quality of these services. Cooperative networks, recently

proposed, are receiving intense study for future generation wireless standards [1]–[15]. The

cooperative network concept represents a technique that can significantly increase the system

capacity and diversity gain in wireless networks.

In cooperative systems, idle users (nodes) are used as relays between the source and the

destination. Accurate performance analysis of cooperative diversity systems is important

since it enables the design of networks for maximum utility and performance. The most

popular and studied relaying techniques are amplify-and-forward (AF), or equivalently non-

regenerative relaying, and decode-and-forward (DF), called also regenerative relaying. DF

relaying requires more processing at the relay nodes than AF and the complexity and power

consumption are disadvantages of the DF scheme. In cooperative diversity networks, the

same signal is transmitted through a direct path, from the source to the destination, as

well. Once the destination receives all the different versions of the signal, through the direct

path and the relays, they can be combined using any of the well known receiver diversity

combining techniques.

Much research and publication has focused on the performance of AF relaying systems.

The outage probability and the average probability of error of dual-hop transmission over

Rayleigh fading channels were studied in [1,2]. In [1], the authors assumed semi-blind relays,

which do not have access to the instantaneous channel state information (CSI) of the first

hop, but have statistical CSI about the first hop. In [2], the authors presented an approx-

imation for the end-to-end received signal-to-noise ratio (SNR) using the harmonic mean
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of two independent exponential random variables and in [3], the harmonic mean approx-

imation was again used to obtain an approximate expression for the moment generating

function (MGF) of the reciprocal of the end-to-end SNR for multihop transmission over

Nakagami-m fading channels. The approximate outage probability was then obtained via

numerical inversion of the Laplace transform. Performance bounds on the outages and error

probabilities of AF transmission over Nakagami-m fading channels were also obtained in [4].

In [5], single-integral expressions for the average error probability of general wireless commu-

nication systems were obtained in terms of the MGF of the reciprocal of the instantaneous

end-to-end SNR. This general framework was applied to AF relaying systems. The authors

in [6] used the same MGF approach to find expressions for the average error probability and

the outage probability for some special cases of Nakagami-m fading channels, where the fad-

ing index of each hop is an odd multiple of one-half. The MGF approach was also adopted

in [7] and [8]. However, all the results in [4]–[8] are based on the approximate harmonic

mean expression for the end-to-end SNR. It was found that the bounds based on the direct

harmonic mean approximation of the individual per hop instantaneous SNRs, are not tight

for small-to-moderate values of SNR, and for Nakagami-m fading channels for large values of

m. Moreover, increasing the number of hops may decrease the tightness of those bounds. In

[9], an approximation was proposed in which the harmonic mean of the minimum of the first

P hop SNRs and the minimum of the remaining hop SNRs is used to obtain new bounds.

The new bounds were obtained for independent and non-identically distributed Rayleigh

fading channels and for independent and identically distributed Nakagami-m fading chan-

nels for integer values of m. It was concluded in [9] that the proposed bounds outperform the

existing bounds, particularly for severe fading environments and for medium-to-large SNRs.

In [10] and [11] another new approximation was proposed that has the same computational

complexity as the previous bounds in the literature, while it is more accurate, especially

for small-to-medium values of SNR. The key idea was to use a scaling factor to reduce the

approximation errors at small-to-medium values of SNR. Compared with previous bounds,

the new approximation gives more accurate estimate of the performance. All of the previ-

ously mentioned work reports approximations because no exact solution for the end-to-end

received SNR of multihop AF relaying is known. In [13], the authors found closed-form
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expressions for the average bit error rate and outage probability for differential equal gain

combining in cooperative diversity networks. Those expressions are valid only for the dual-

hop case and for Nakagami-m fading links with integer values of the fading parameter m.

Reference [14] presented a closed-form expression for the average bit error probability of AF

fixed gain dual-hop relaying systems over Nakagami-m links for integer values of m. The

asymptotic average bit error probability for arbitrary m was also evaluated. However, the

results in [13, 14] were not extended to the case of multihop AF relaying systems.

In this chapter, we develop a novel theoretical approach for the analysis and design

of AF relaying systems. A generalized transformed characteristic function (GTCF) ap-

proach is proposed to obtain an exact integral solution for the probability density function

(PDF) of the end-to-end SNR. This solution leads to exact integral solutions for the av-

erage symbol error probability, outage probability and ergodic capacity that are valid for

any fading distribution. The GTCF method is used here to obtain the ergodic capacity,

outage probability and the average symbol error probability of multihop AF relaying net-

works. A strength of the GTCF approach is that it can be used for any fading channel

distribution with tractable computational effort. Examples will consider Rayleigh, Rician

and Nakagami-m fading distributions. Both the independent and identically distributed

(i.i.d.) case and the independent and non-identically distributed (i.ni.d.) case are exam-

ined. We show that the GTCF can be also used for the cases of mixed fading, where the

links follow different fading distribution families. Note that the GTCF approach presented

in this chapter is advantageous over the methods presented in [15]. The authors in [15] pre-

sented a framework for performance analysis of multihop multi-branch AF relaying systems.

They derived expressions to obtain exact performance metrics for the systems under study.

However, the expressions derived therein are valid only for systems operating over lognormal

fading channels and can not be extended to other fading channel distributions. Moreover,

the computational complexity of those expressions, as studied from [15, Table I], imposes

practical limits on their usage. For example, for a N -hop single-branch AF relaying system,

the computational complexity of the expressions presented in [15] is exponential in terms of

N , while the GTCF method has fixed computational complexity, and this complexity is far

less than that in [15] for any number of hops, N . The superiority of the GTCF approach
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becomes more obvious for large numbers of hops, N . We also study the effect of the number

of hops on the system performance in multihop relaying. Finally, we study the existence of

a limiting distribution for the end-to-end received SNR with an increasing number of relays,

and examine the rate of convergence and accuracy of this limiting distribution for estimating

performance in practical applications.

The remainder of the chapter is organized as follows. In Section 7.2, the system model

under study is presented along with the system assumptions. The GTCF approach is ex-

plained in detail and discussed in Section 7.3. Some closed-form expressions for the trans-

formed characteristic function are obtained in Section 7.4. In Section 7.5, computational

considerations of the GTCF method and alternate exact solutions are examined. In Section

7.6, the GTCF method is employed to obtain numerical results for the performance metrics

of Rayleigh, Nakagami-m and Rician fading multihop relaying for both i.i.d. and i.ni.d.

cases. A central limit theorem argument is applied in Section 7.7 to find a limiting distri-

bution for the end-to-end received SNR and the Berry-Esseen theorem is used to study the

accuracy and the rate of convergence of the limiting distribution for practical applications.

Finally, the chapter is concluded in Section 7.8.

7.2 System Model

The system under study is a multihop AF relaying system, shown in [16, Fig. 1]. The

source node, R0, and the destination node, RN , communicate through (N -1) intermediate

relay nodes, R1, R2, · · · , RN−1. The source node, R0, transmits the data signal to the first

relay, R1, over the first link. The first relay, in turn, amplifies the received signal and

transmits the amplified signal to the next node, and so on to the destination node. The

amplification factor, An, at the nth relay node, Rn, is given by [12] as

An =

√
Pn

Pn−1 |αn|2 +N0n

(7.1)

where Pn, n = 0, 1, · · · , N−1, is the transmitter power at the nth node, and where αn, n =

1, 2, · · · , N , and N0n, n = 1, 2, · · · , N , are respectively the fading gain of the nth link,
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between node Rn−1 and node Rn, and the noise power at the nth node. Orthogonal time

slots are assigned to each of the transmitting nodes in order to avoid inter-signal-interference

and to achieve half-duplex operation. The instantaneous end-to-end received SNR at the

destination, γ
t
, is given by [2, eq. (2)]

γ
t
=

[
N∏

n=1

(
1 +

1

γ
n

)
− 1

]−1

(7.2a)

where γ
n
, n = 1, 2, · · · , N represents the instantaneous received SNR over the nth link

defined as

γ
n
=

Pn−1

N0n

|αn|2 . (7.2b)

When the PDF of the instantaneous end-to-end SNR, γ
t
, is available, different system

performance metrics can be evaluated. The ergodic capacity, ε, can be evaluated using

[17, eq. (15.21)]

ε =
1

N
E {log2(1 + γ

t
)} = 1

N

∫ ∞

0

log2(1 + r)fγ
t
(r)dr. (7.3)

where the
1

N
factor accounts for orthogonal transmission over the N links. Note that the

ergodic capacity, or equivalently, the average Shannon capacity per unit bandwidth, is used

as a benchmark to compare the spectral efficiency of all practical transmission techniques

[17]. The outage probability, Pout, defined as the probability that the instantaneous end-to-

end SNR falls below a certain threshold SNR, γ
th
, is given by [17, eq. (15.6)]

Pout = Pr {γ
t
� γ

th
} =

∫ γ
th

0

fγ
t
(r)dr (7.4)

and the average symbol error probability, Ps, is defined as [17, eq. (5.1)]

Ps = E
{
bQ(

√
aγ

t
)
}
=

∫ ∞

0

bQ(
√
a r)fγ

t
(r)dr (7.5)

where Q(·) is the Gaussian Q -function [17] and the parameters (a, b) depend on the modu-

lation scheme.
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7.3 GTCF Method

An exact solution for the instantaneous end-to-end received SNR for multihop AF relaying

systems is not known [6,9]–[11]. To find the performance statistics, references [5,6,9,10] use

the approximate expression

1

γ
t

=
N∑

n=1

[
1

γ
n

]
(7.6)

which represents an upper bound for the exact end-to-end received SNR. The statistics

needed to evaluate the performance in wireless communication systems include the PDF

and the moment generating function (MGF) or the characteristic function (CHF) of γ
t
.

The generalized transformed characteristic function (GTCF) method is a new approach

developed to find the exact statistics of the instantaneous end-to-end SNR, γ
t
. This allows

finding exact solutions for the performance metrics such as ergodic capacity, outage proba-

bility and average symbol error probability. The GTCF can be illustrated by rewriting the

expression in (7.2a) as, (
1 +

1

γ
t

)
=

N∏
n=1

(
1 +

1

γ
n

)
. (7.7)

Then, taking the logarithm of both sides of (7.7) results in

Zt =

N∑
n=1

Zn (7.8a)

where

Zt = ln

(
1 +

1

γ
t

)
(7.8b)

Zn = ln

(
1 +

1

γ
n

)
. (7.8c)

Since γ
t
and γ

n
are random variables, then Zt and Zn are new transformed random vari-

ables. With the assumption that γn, n = 1, 2, · · · , N are statistically independent, then the

transformed random variables, Zn, are statistically independent as well [18, p. 244], and we

can form the GTCF of the new transformed random variable, Zt, as

ΦZt
(ω) =

N∏
n=1

ΦZn
(ω) (7.9a)
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where

ΦZn
(ω) =

∫ ∞

0

fzn(r)e
jωrdr (7.9b)

and

fzn(r) =
er

(er − 1)
2 fγn

(
1

er − 1

)
(7.9c)

where (7.9c) can be derived according to a theorem on transformation of random variables

[18, Ch. 7]

The computation of ΦZn
(ω) by itself involves a single integration. In some cases, (7.9b)

will have a closed-form expression and consequently, ΦZt
(ω) will have a closed-form ex-

pression. In other cases, when no closed-form expression is known, numerical integration

techniques can be used to calculate the single-fold integral (7.9b). The numerical integra-

tion will be feasible because the PDF of Zn, fzn(r), is a well-behaved function, in the sense

that lim
r→∞ fzn(r) = e−rfγn

(0). Therefore, fzn(r), as an integrand, is a rapidly exponentially

decaying function. Rice [19, 20] reported the benefits of using the trapezoidal rule in calcu-

lating integrals involving such functions. Noteworthy, the trapezoidal rule gives the exact,

aliased result when used to calculate integral transforms [19, 20].

As the next step, it is straightforward to find the PDF of the transformed random

variable, Zt, using the inverse transformation,

fzt(r) =
1

2π

∫ ∞

−∞
ΦZt

(ω)e−jωrdω. (7.10)

To get the end result, the PDF of the instantaneous end-to-end received SNR, γ
t
, we need

to express the PDF of γ
t
in terms of the PDF of Zt. To do this, we rewrite (7.8b) as,

γt =
1

eZt − 1
(7.11)

and then use the standard technique for determining the PDF of a transformation of a

random variable [18, Ch. 7] to obtain

fγt
(r) =

1

r(r + 1)
fzt

(
ln

(
1 +

1

r

))
. (7.12)
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Eq. (7.12) will be used with (7.3), (7.4) and (7.5) to calculate the ergodic capacity, outage

probability and average symbol error probability, respectively.

7.4 The Characteristic Function of Zn

As discussed in the previous section, the computation of the transformed characteristic

function, ΦZn
(ω), of the transformed random variable, Zn, involves a single-fold integral as

shown in (7.9b). In this section, we show that, for Rayleigh, Nakagami-m and Rician fading

links, there exist closed-form expressions for the characteristic functions. To proceed, we

substitute (7.9c) into (7.9b) to obtain

ΦZn
(ω) =

∫ ∞

0

er

(er − 1)
2 fγn

(
1

er − 1

)
ejωrdr. (7.13)

Then, using the variable transformation, x =
1

er − 1
, and after manipulation, (7.13) is

transformed into

ΦZn
(ω) =

∫ ∞

0

fγn
(x)

(
1 +

1

x

)jω

dx. (7.14)

For Nakagami-m fading links, fγn
(x) is defined in [17, eq. (2.21)]. Substituting for the

Nakagami-m fading distribution into (7.14) results in

ΦZn
(ω) =

∫ ∞

0

C xm−1 exp

[
−m

γn

x

](
1 +

1

x

)jω

dx (7.15)

where C =

(
m

γn

)m
1

Γ(m)
and γn is the channel’s average SNR. Eq. (7.15) can be rewritten

and solved as

ΦZn
(ω) = C

∫ ∞

0

exp

[
−m

γn

x

]
xm−1−jω (1 + x)

jω
dx

= CΓ(m− jω)U

(
m− jω, m+ 1,

m

γn

)
(7.16)

where U(a, b, z) is the Tricomi confluent hypergeometric function defined in [21, eq. (13.2.5)].

Using a Kummer transformation [21, eq. (13.1.29)], namely U(a, b, z) = z1−b U(a − b +

1, 2 − b, z), a closed-form expression for the characteristic function, ΦZn
(ω), in the case of
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Nakagami-m fading links, is obtained as

ΦZn
(ω) =

1

Γ(m)
Γ(m− jω) U

(
−jω, 1−m,

m

γn

)
. (7.17)

For Rician fading links, substituting the infinite series representation for the Bessel func-

tion I0(·) [21, eq. (9.6.10)] into the PDF of the Rician fading distribution [17, eq. (2.16)],

and following the same procedure as before, the transformed characteristic function ΦZt
(ω)

can be written as

ΦZn
(ω) =

∫ ∞

0

exp [−K]α
∞∑
i=0

βi exp [−αx]xi

(
1 +

1

x

)jω

dx (7.18)

where α = 1+K
γ

and βi =
(Kα)i

(i!)2 . Eq. (7.18) can be rewritten as

ΦZn
(ω) = exp [−K]α

∞∑
i=0

βi

∫ ∞

0

exp [−αx]xi

(
1 +

1

x

)jω

dx (7.19)

resulting in

ΦZn
(ω) = exp [−K]α

∞∑
i=0

βiΓ(i+ 1− jω) U (i+ 1− jω, i+ 2, α) . (7.20)

Using the same previous Kummer transformation, a closed-form expression for ΦZn
(ω) in

the case of Rician fading links is obtained as

ΦZn
(ω) =

∞∑
i=0

Ci Γ(i+ 1− jω) U (−jω, −i, α) (7.21)

where Ci = e−K Ki

(i!)2 and K is the ratio of the power of the line-of-sight (LOS) component

to the average power of the scattered component. Although the expression in (7.21) involves

an infinite summation, it is found that the summands decay exponentially, or slightly faster,

with the increase of i, because Stirling’s approximation specifies that i! grows as ei ln i , and

hence 1
(i!)2 decays as e−2i ln i, and hence, a truncated summation with a finite number of

terms will reliably achieve a required accuracy. Owing to this rapid rate of convergence, a

careful empirical test for convergence is allowable and also for truncation error estimation.
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7.5 Computational Considerations

A strength of the GTCF method is that in addition to providing exact results, which can

be obtained for any general case of multihop AF systems with general fading distributions,

it is computationally far less complex than other approaches that will give exact results.

Previous exact methods, small in number, apply only for special cases of the AF systems.

In this section, we discuss the computational considerations and the ostensible complexity

of the GTCF method. In the best case, (7.10) will have a closed-form solution and then the

PDF of γ
t
, given by (7.12), will be in closed-form. In other cases, the PDF of γ

t
must be

computed using (7.12) and numerical integration of (7.10). This is the case for the major

fading distributions; Rayleigh, Nakagami-m and Rician link fading.

In the case where no closed-form solutions are available for any of the integrals involved,

but the link fadings are statistically identical or statistically identical to a scale factor,

the GTCF method will require a 3-fold numerical integration. Note that the links can be

statistically identical to a scale factor if the link SNRs follow the same distribution with the

same fading parameters but they differ in the value of the average link SNRs, γn.

In the worst case where no closed-form solutions are available for any of the integrals

involved and the links are not statistically identically distributed, the GTCF method will

require a (N + 2)-fold numerical integration, whether the links have dissimilar fading pa-

rameters or have different fading distributions other than the major fading distributions.

To see this, let Gγ
t
(γ

t
) represent a performance metric; for example, Gγ

t
(γ

t
) may rep-

resent the ergodic capacity for which Gγ
t
(γ

t
) =

1

N
log2(1 + γ

t
) in (7.3), or it may represent

the average symbol error probability for which Gγ
t
(γ

t
) = bQ

(√
a γ

t

)
in (7.5), or it may

represent the outage probability for which Gγ
t
(γ

t
) = 1−U (γ

t
− γ

th
) in (7.4), where U (·) is

the unit step function. Then an end-to-end performance measure, PM , will have the form

PM
(
Gγ

t

)
=

∫ ∞

0

Gγ
t
(r) fγ

t
(r) dr. (7.22)

Table 7.1 shows the composite integral expressions required by the GTCF method, for

different cases of complexity, and for exact evaluation using the distributions of the compo-

nent link SNRs.
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The expressions (A), (B) and (D) in Table 7.1, can be derived by substituting (7.12) into

(7.22) resulting in

PM
(
Gγ

t

)
=

∫ ∞

0

Gγ
t
(r) fγ

t
(r)dr

=

∫ ∞

0

Gγ
t
(r)

1

r(r + 1)
fzt

(
ln

(
1 +

1

r

))
dr. (7.23)

Then using the variable transformation, x = ln
(
1 + 1

r
)
, the expression in (7.23) becomes

PM
(
Gγ

t

)
=

∫ ∞

0

Gγ
t

(
1

ex − 1

)
fzt(x)dx. (7.24)

And finally, using (7.10), the expression in (7.24) becomes

PM
(
Gγ

t

)
=

∫ ∞

0

Gγ
t

(
1

ex − 1

)(
1

2π

∫ ∞

−∞
ΦZt

(ω)e−jωxdω

)
dx. (7.25)

Eq. (7.25) represents the composite integral expression for the GTCF method in the most

general case. Cases (A), (B), (C) and (D) are now explained each in turn.

Case (A) occurs when a closed-form expression for ΦZn
(ω) is known. For example, in

the case of Rayleigh, Nakagami-m or Rician fading links, whether the link fadings are statis-

tically identical or not, a closed-form expression for ΦZt
(ω) can be obtained by substituting

the suitable expression for ΦZn
(ω), (7.17) for Nakagami-m fading links, or (7.21) for Ri-

cian fading links, into (7.9a). Substituting the obtained expression for ΦZt
(ω) into (7.25)

results in the two-fold integral expression (A) in Table 7.1. In the worst case, when the

double-integral expression (7.25) can not be evaluated in closed-form, it can be numerically

evaluated using available software packages such as MATLAB and MATHEMATICA. Note

that numerical calculation of a two-fold integral is widely practiced in the literature [17].

Note that in the case of mixed fading links, where the link fadings follow different families

of the major fading distributions, the application of the GTCF approach requires only the

two-fold integral expression (A).

Case (B) occurs when no closed-form expression for ΦZn
(ω) is known, but the link

fadings are statistically identical or statistically identical to a scale factor. The link fadings
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Table 7.1: Representations of the integration complexity of the different cases using the GTCF
method and exact evaluation using the PDFs of the link SNRs

Case Representation

(A)
(2)-fold

PM
(
Gγ

t

)
=

∫
∞

0
Gγ

t

(
1

ex − 1

)(
1

2π

∫
∞

−∞

N∏
n=1

[
Φ

Zn
(ω)

]
e−jωxdω

)
dx

(B)
(3)-fold

PM
(
Gγ

t

)
=

∫
∞

0
Gγ

t

(
1

ex − 1

)(
1

2π

∫
∞

−∞

N∏
n=1

[∫
∞

0
fzn (σ)e

jωσdσ

]
e−jωxdω

)
dx

(C)
(N)-fold

PM
(
Gγ

t

)
=

∫
∞

r
N

=0

∫
∞

r
N−1

=0
· · ·

∫
∞

r
2
=0

∫
∞

r
1
=0

Gγ
t

⎛
⎝
[

N∏
n=1

(
1 +

1

rn

)
− 1

]−1
⎞
⎠

×fγ
N
(rN )fγ

N−1
(rN−1

) · · · fγ
2
(r

2
)fγ

1
(r

1
) dr

1
dr

2
· · · drN−1

drN

(D)
(N+2)-
fold

PM
(
Gγ

t

)
=

∫
∞

0
Gγ

t

(
1

ex − 1

)(
1

2π

∫
∞

−∞

N∏
n=1

[∫
∞

0
fzn (σ)e

jωσdσ

]
e−jωxdω

)
dx

are statistically identical to a factor when the average link SNRs are scaled versions of

each other. In this case, the characteristic functions, ΦZn
(ω), are compressed, or expanded,

versions of each other. To clarify this, assume that γn = αn γ1, n = 2, 3, · · · , N , then

fzn (r) =
1

αn

fz
1

(
r

αn

)
(7.26)

resulting in

ΦZn
(ω) =

∫ ∞

0

fzn (r)e
jωrdr

=

∫ ∞

0

1

αn

fz
1

(
r

αn

)
ejωrdr

=

∫ ∞

0

fz
1
(x) ejωαnxdx

= ΦZ
1
(αn ω) . (7.27)

In these cases, the integral definition in (7.9b) will be used and the performance metrics are

represented by (B) in Table 7.1. Evaluation of this representation involves a 3-fold numerical

151



integral because, either in case of statistically identical links or links statistically identical

to a factor, the numerical calculation of the innermost integral in (B) is done only once,

resulting in a computational complexity of 3 nested numerical integrals.

Case (C) represents the integration complexity of exact evaluation using the PDFs of

the component link SNRs. The representation (C) in Table 7.1 involves a N -fold integral,

and it represents the conventional numerical evaluation method, however, to the best of

the authors’ knowledge, it was not reported before in the literature. This N -fold integral

is not simplified even when the links are identically distributed, because of the presence of

the complicated, inseparable function, Gγ
t
(γ

t
), where γ

t
is defined in (7.2). Recalling that

the computational effort required to compute a N -fold integral grows exponentially with

N clarifies the computational advantage of using the GTCF method in cases (A) and (B),

especially for large numbers of links, N.

Finally, case (D) occurs when no closed-form expression for ΦZn
(ω) is known and the

individual links have different fading distributions or similar fading distributions with dif-

ferent fading parameters, i.e. the individual link PDFs do not follow the relation (7.26).

In this case, the calculation of the performance metrics using the GTCF method requires a

(N + 2)-fold numerical integration as shown by (D) in Table 7.1. Using the GTCF method

in this case is not indicated because it has higher complexity than the direct method using

the PDFs of the component links SNRs.

It should be emphasized that for the different situations where the link fadings follow

any of the major fading distributions, the computational complexity of the GTCF will be

always as in case (A); a two-fold numerical integration, irrespective of the number of hops.

7.6 Numerical Examples

In this section, the GTCF method is used to examine AF relaying systems operating in

Rayleigh, Nakagami-m and Rician fading channels. Multihop systems with i.i.d. and i.ni.d.

links are considered. The links can be non-identically distributed if the fading parameters,

m in the case of Nakagami-m fading and K in the case of Rician fading, are different from

each other and/or the average link signal-to-noise ratios (SNRs), γ, are not the same for all
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the links. We assume an uniform power allocation policy, that is the total available power,

P, is evenly allocated to the source and the relays. Without loss of generality, we assume

equal noise powers, N0, at all the nodes. The nodes are assumed to be located at equal

distances from each other, and fixed and normalized distance between the source and the

destination is assumed, so that dhop =
1

N
, and according to the Friss propagation model

[22], the average SNR over any link is given by [11]

γ = N δ−1 P

N0
(7.28)

where δ is the path loss component, taken equal to 3 in the following examples. Binary

phase shift keying (BPSK) modulation is assumed, so the parameter (a, b) in (7.5) is equal

to (2, 1) [17].

The first set of examples confirms the accuracy and versatility of the GTCF approach. It

shows the average error probability, outage probability and the ergodic capacity for a five-hop

(N = 5) AF system with i.i.d. Rayleigh, Nakagami-m (m1 = m2 = m3 = m4 = m5 = 2.5)

and Rician (K1 = K2 = K3 = K4 = K5 = 2) fading links. The same system performance

metrics are shown for i.ni.d. Nakagami-m fading links (m1 = 1.5, m2 = 2.0, m3 = 2.5,

m4 = 3.0, m5 = 3.5) and i.ni.d. Rician (K1 = 1, K2 = 2, K3 = 3, K4 = 4, K5 = 5) fading

links. As expected from the analysis, Figs. 7.1, 7.2 and 7.3 show precise matches between

the results obtained from the GTCF method and simulation results at all values of P/N0

for the different performance measures. Note that for the cases of Rician fading links, the

infinite summation of (7.21) was truncated at the 20th term to obtain the characteristic

functions of the transformed random variables. It was found that adding more terms does

not affect the result in the 10th decimal figure.

It is noteworthy that the GTCF is computationally advantageous over simulations. Due

to the limited memory capacity and processing capabilities of software packages, simulations

can not be used efficiently to obtain very small values of the average error probability, less

than or equal to 10−7, because in order to achieve the required accuracy, a huge number

of randomly generated samples, 109 samples or more, will be required for the simulations.

For most software packages, such as MATLAB, the memory capabilities do not support
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such sizes of samples. Moreover, the processing time for such numbers of samples will

be unacceptably long. For example, in order to obtain the average error probability at

P/N0 = 20 dB , assuming 10 iterations with 108 samples per iteration, with N = 5,

the required processing time is 480 seconds on average. On the other hand, using the

GTCF method, the problem of memory capacity does not exist, because fewer numbers of

samples per characteristic function and probability density function are required to get the

results to the required accuracy, even for very small values of the average error probability.

The required processing time for the GTCF method is only 51 seconds on average. This

emphasizes the computational efficiency of the GTCF method compared to simulations.

The figures show some interesting aspects of the performance measures and their rela-

tionship to the type of fading. Fig. 7.1 shows that the ergodic capacity is better for the less

severely faded Nakagami-m and Rician fading channels than the Rayleigh channels; however,

the differences are modest being less than 15.8% for all values of P/N0 less than 20 dB. Yet,

dramatic differences in performance arising from the type of fading are seen in the average

error probability in Fig. 7.3 and the outage probability in Fig. 7.2. It is observed that al-

though the Rician links, for both identical and non-identical cases, outperform the Rayleigh

links, the slopes of the Rician average error probability curves in Fig. 7.3 are the same as

the slope of the Rayleigh curve for average error probabilities less than 4× 10−2. The same

behaviour is observed for outage probability in Fig. 7.2. The slopes of the Rician outage

probability curves are the same as the slope of the Rayleigh curve for values of outage less

than 2× 10−1. The behaviour of the Nakagami-m links is markedly different. The limiting

slopes of the average error probability curves in Fig. 7.3 and the limiting slope of the outage

probability curves in Fig. 7.2 are greater than those for the Rician and Rayleigh curves and

the limiting slopes change with variation of the fading parameters, m1,m2,m3,m4 and m5.

This behaviour is expected [23, Fig. 8]. The limiting slopes of the Rician outage and average

error probability curves will be the same as the slope of the Rayleigh curves irrespective of

the value of the fading parameter, K [24, Figs. 1–3], [25, Figs. 4–6]. On the contrary, the

limiting slopes of the Nakagami-m outage and average error probability curves are functions

of the fading parameter m, and increase with increasing m [5, Fig. 2], [10, Fig. 6]. This

behaviour of the Nakagami-m model implies that the Nakagami-m model will always exhibit
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better performance than the Rician model, for sufficiently large SNR for all values of m > 1,

regardless of the value of the Rician parameter K. For example, assuming i.i.d links, the

average error probability for the Nakagami-m links with m = 2.5 at P/N0 = 15 dB is not

achieved by Rician links unless the fading parameter K is at least equal to 10.2, i.e. the

power of the LOS signal component on each of the 5 hops, is 10.2 times the power of the

scattered signal component.

The next example set affirms the previous observations and shows further interesting

observations. Fig. 7.4 shows the average error probability for 5 different cases of five-

hop AF relaying systems over Nakagami-m fading links. The first two cases represent

identical Rayleigh (mn = 1, n = 1, 2, 3, 4, 5) links and identical Nakagami-m (mn = 2.5, n =

1, 2, 3, 4, 5) links. The other three cases represent non-identical Nakagami-m links with

different values of the fading parameters mn. In case (3), min {mn} = 1.5 while in cases

(4) and (5), min {mn} = 1 and 2.5 respectively. It is observed, as in the previous set of

examples, that the limiting slope of the average error probability curves is dependent on the

fading parameter m. However, this limiting slope does not depend on the fading parameters

of all the links. It is observed that the limiting slope is dependent only on the value of the

smallest fading parameter, min {mn}. It is seen in Fig. 7.4 that the limiting slope of case

(1), where (mn = 1, n = 1, 2, 3, 4, 5), is the same as the limiting slope of case (4), where

min {mn} = 1. The same observation is true for cases (4) and (5). Similar behaviour is

seen in [14, Figs. 1, 2] for dual-hop AF systems. Note that the dependence of the limiting

slope of the average error probability curve on the value of the smallest fading parameter,

min {mn}, is not affected by the placement of the link which attains this smallest value of

the fading parameters. This can be seen from (7.2a) which shows that the instantaneous

end-to-end SNR, γ
t
, is symmetric with respect to all the individual link SNRs, γ

n
. On

the other hand as expected, the larger the values of the fading parameters, other than the

smallest one, the better the performance of the system. For example, at P/N0 = 10 dB,

the average error probability for case (2), mn = 2.5, is 1.1× 10−5, while it is 2.6× 10−6 for

case (5) where m1 = 2.5, m2 = 3.0, m3 = 3.5, m4 = 4.0, m5 = 4.5.

In the next example, the exact PDF of the instantaneous end-to-end received SNR is

obtained by applying the GTCF method to different multihop systems over i.i.d Nakagami-m
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and i.i.d Rician links. The value of P/N0 is taken equal to 0 dB and the PDF is obtained for

N = 4, 5 and 6. Fig. 7.5 shows the probability density functions for the cases of Nakagami-m

links with m = 2.5 and Rician links with K = 2. From the figure it can be observed that, as

the number of intermediate links, N, between the source and the destination increases, the

end-to-end SNR will be spread over a wider range of values; the mode of the PDF moves

to larger values and its height decreases. Recall that the distance between the source and

the destination is assumed fixed for all values of N (2). This behaviour is characteristic of

the PDF of a sum of independent random variables, and is interesting given that (7.2a)

is a highly nonlinear function of the γ
n
, rather than a linear summation. Central limit

theorems hold for many linear sums of independent random variables, and it is intriguing

to ask whether a limit theorem holds for the nonlinear combination of the γ
n
specified by

(7.2a). It will be shown in Section 7.7 that a limiting distribution exists for (7.2a) and the

limiting distribution will be determined.

The next set of examples study the effect of increasing the number of hops on the

different performance metrics. The average error probability and outage probability are

shown in Figs. 7.6 and 7.7, respectively, for multihop AF relaying systems with N = 4, 5

and 6. Rayleigh, identical Nakagami-m (m = 2.5) and identical Rician (K = 2) fading

channels are considered in the examples. The ergodic capacity is also shown in Fig. 7.8

for the identical Nakagami-m and Rician links. Many observations can be drawn from the

figures. The first observation is that the limiting slope of the average error probability

curves, for all fading distribution cases, is independent of the number of hops, N. Note

that the system model assumes that the data signal is received at the destination through

only the multihop relay path. On the other hand, there is an effective SNR gain achieved by

using more intermediate relays. For example, to achieve an average error probability of 10−5

over the Nakagami-m links, a five-hop system requires 1.50 dB less average SNR than that

(2)Note that for the case of systems operating over Nakagami-m fading links, with m > 1, as the end-to-end
SNR approaches zero, its PDF approaches zero as well, i.e.

fγ
t
(0) = 0.

On the other hand, for systems operating over Rayleigh or Rician fading links, as the end-to-end SNR
approaches zero, its PDF approaches infinity (which cannot be easily shown in Fig. 7.5), i.e.

lim
r→0

fγ
t
(r) =∞.

These results can be analytically verified using the GTCF equations.
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required by a four-hop system, while a six-hop system requires 2.64 dB less average SNR.

Also, the outage probability is improved by increasing the number of hops. For example,

in Fig. 7.7, for the Nakagami-m links system, a target value of outage of 10−3 occurs at

γ
th

= −6.077 dB for N = 4, while it occurs at γ
th

= −4.436 dB and −3.105 dB for N = 5

and 6, respectively.

Another observation concerning the ergodic capacity can be drawn from Fig. 7.8. It can

be noticed that with increasing the number of hops, N, the ergodic capacity, ε, decreases. For

example, for the Rician fading case at P/N0 = 15 dB, the ergodic capacities for N = 4, 5 and

6 are 1.492, 1.242 and 1.069 bps/Hz. The decrease in the ergodic capacity is to be expected.

Since the relaying is time division multiplexed on orthogonal channels, the time-bandwidth

resources consumed to send the message end-to-end increases with the number of relaying

transmissions and the capacity per link decreases when fixed bandwidth transmission is

employed.

7.7 Limiting Distribution for γ
t

In this section, we investigate the existence of a limiting distribution for the end-to-end

received SNR, γ
t
. We had earlier noted the similarity of the changes in the end-to-end

SNR distribution with an increasing number of relays, to the changes in the distribution

of a sum of independent random variables with an increasing number of summands. We

start the investigation from the summation of the statistically independent transformed

random variables, Zn, in eq. (7.8a). We assume that all the link fadings are statistically

identical, implying that all the random variables Zn are also identically distributed. In

this case, we apply the central limit theorem (CLT) found at [26, Theorem 4.20] to the

distribution of the random variable Zt. Assuming each of the random variables Zn has

mean E {Zn} = μ and variance E
{
(Zn − μ)2

}
= σ2, then the distribution of the random

variable Zt =
N∑

n=1

Zn approaches a normal distribution with mean Nμ and variance Nσ2,

i.e. F (Zt) � Φ

(
Zt −Nμ√

Nσ2

)
as N → ∞ [18, p. 278], or equivalently the distribution of

the normalized random variable Zt =
1√
Nσ2

(
N∑

n=1

Zn −Nμ

)
tends to a standard normal
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distribution, Φ(Zt). Since the random variables Zn are of continuous type, the density

function of Zt approaches a normal density N (0, 1). Accordingly, a limiting PDF for the

end-to-end received SNR is obtained using (7.12) as

fγ
t
(r) �

1√
2πNσ2

1

r(r + 1)
× exp

(
− 1

2Nσ2

(
ln

(
1 +

1

r

)
−Nμ

)2
)
. (7.29)

The accuracy in using the limiting PDF in (7.29) to approximate the true PDF for finite

values of N depends on the rate of convergence of the CLT for this case as N increases. Fig.

7.9 shows the CDF of Zt for N = 20, 200 and 1000 Nakagami-m fading links with m = 2.5

and γ = 20 dB. The CDF of the standard normal distribution is shown as well. It can be

seen that the CLT normal approximation is poor even for a number of links as large as 200.

We conclude that the limiting distribution cannot be used to approximate the end-to-end

SNR distribution for practical numbers of relay links. This reinforces the value of the GTCF

method for obtaining accurate results.

The slow rate of convergence evidenced in our examples is surprising, and some affir-

mation is warranted. The Berry-Esseen theorem [26, Theorem 4.24] gives a bound for the

accuracy of the normal approximation and quantifies the rate at which the convergence to

normality takes place. The Berry-Esseen theorem states that

sup
t∈�

|F (t)− Φ(t)| ≤ B
ρ

σ3

1√
N

(7.30)

where � is the set of real numbers, F (t) is the CDF of Zt =
1√
Nσ2

(
N∑

n=1

Zn −Nμ

)
, Φ(t)

is the standard normal CDF, ρ = E
{
|Zn − μ|3

}
is the absolute third moment of Zn and B

is a constant that does not depend on N . The exact value of the constant B is not known

although there has been much research conducted to find upper and lower bounds for B. It

can be seen from this theorem that the rate of convergence of the CLT is proportional to

B
ρ

σ3
and is on the order of

1√
N

.

Table 7.2 shows the mean, μ, the variance, σ2 and the absolute third moment, ρ, of

the random variables Zn, for Nakagami-m fading links with m = 2.5 for the cases when

γ = 1, 10 and 20 dB. The ratios
(
ρ/σ3

)2
are shown as well. Since the value of the constant
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Table 7.2: Mean, variance, absolute third moment and minimum acceptable N for CLT approxi-
mation

γ μ σ2 ρ
(
ρ/σ3

)2 N |
Nu=12

0 dB 0.861556 0.180470 0.168039 4.804 35

10 dB 0.144593 0.015523 0.008339 18.589 133

20 dB 0.016331 0.000364 0.0000795 130.825 930

B is crucial in the Berry-Esseen theorem and an exact value for this constant is not known, we

will make an assessment based on comparison to the accuracy of the CLT in approximating

the distribution of the sum of 12 uniform U(0, 1) random variables. The latter was widely

used as an approximation for the Gaussian distribution for decades before the advent of high

powered personal computers. In the following, we find the number of links, N , such that

the CLT normal approximation of Zt, is comparably accurate. Assuming a certain level of

accuracy α, such that sup
t∈�

|F (t)− Φ(t)| ≤ B
ρ

σ3

1√
N
≤ α, then the minimum number of i.i.d.

random variables, N , required to achieve this level of accuracy is N =

(
B

ρ

σ3

1

α

)2

. Since

B and α are constants that do not depend on the distribution of Zn, then
N1

N2
=

(
ρ1/σ

3
1

)2
(ρ2/σ3

2)
2 ,

where Ni is the minimum number of i.i.d. random variables Zni
, with statistical parameters

σi and ρi, required to achieve the target accuracy. The last column of Table 7.2 shows the

number of fading links, N , compared to Nu = 12 for the U(0, 1) summation, at which the

approximating distribution in (7.29) approaches the exact distribution.

As expected, it can be observed from the values in Table 7.2 that the CLT normal

approximation is much more accurate for smaller values of the average SNR γ. Moreover, it

can be observed that very large values of N are required to achieve an acceptable accuracy

of the CLT approximation in the relaying problem.
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7.8 Conclusion

New exact solutions for performance metrics of multihop AF relaying networks have

been derived through the application of the generalized transformed characteristic func-

tion method. The GTCF approach was used to obtain the first exact theoretical results for

the ergodic capacity, outage probability and the average symbol error probability of multi-

hop AF relaying wireless networks with more than two hops. The method can be used for

any fading distribution. Closed-form expressions for the transformed characteristic function

were obtained for Rayleigh, Nakagami-m and Rician fading links. The computational com-

plexity of the GTCF method was discussed and its computational complexity advantage

over other exact methods was quantified. The effect of having non-identical links as well

as the effect of increasing the number of relaying nodes were investigated. It was observed

that the limiting slope of the average error probability curve is determined only by the

smallest value of the fading parameter, m, in the case of Nakagami-m links. It was also

found that increasing the number of hops improves the average error probability and outage

performance of the AF relaying system under a total network power constraint. On the

other hand, increasing the number of hops results in reduction of the ergodic capacity. A

limiting distribution for the end-to-end received SNR with increasing number of relays was

obtained by applying a central limit theorem. The accuracy and rate of convergence of the

limiting distribution were studied using the Berry-Esseen theorem. It was found that for

practical numbers of hops, the limiting distribution is not an accurate estimate of the true

distribution, especially at high values of the average SNR.
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Figure 7.1: The ergodic capacity for five-hop (N = 5) AF relaying systems. Rayleigh, i.i.d.
Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2) fading links are assumed. i.ni.d. Nakagami-m
(m1 = 1.5, m2 = 2.0, m3 = 2.5, m4 = 3.0, m5 = 3.5) and i.ni.d. Rician (K1 = 1, K2 = 2, K3 = 3,
K4 = 4, K5 = 5) fading links are also shown.
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Figure 7.2: The outage probability for five-hop (N = 5) AF relaying systems. Rayleigh, i.i.d.
Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2) fading links are assumed. i.ni.d. Nakagami-m
(m1 = 1.5, m2 = 2.0, m3 = 2.5, m4 = 3.0, m5 = 3.5) and i.ni.d. Rician (K1 = 1, K2 = 2, K3 = 3,
K4 = 4, K5 = 5) fading links are also shown.

162



Average SNR, P/N0 (dB)

A
v
er
a
g
e
sy
m
b
o
l
er
ro
r
p
ro
b
a
b
il
it
y,

P
s

Simulation

Simulation

Simulation

Simulation

Simulation

GTCF–Rayleigh

GTCF–Nakagami(m = 2.5)

GTCF–Rician(K = 2)

GTCF–Nakagami(i.ni.d.)

GTCF–Rician(i.ni.d.)

Figure 7.3: The average symbol error probability for five-hop (N = 5) AF relaying systems with
BPSK modulation. Rayleigh, i.i.d. Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2) fading links
are assumed. i.ni.d. Nakagami-m (m1 = 1.5, m2 = 2.0, m3 = 2.5, m4 = 3.0, m5 = 3.5) and i.ni.d.
Rician (K1 = 1, K2 = 2, K3 = 3, K4 = 4, K5 = 5) fading links are also shown.
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Figure 7.4: The average symbol error probability for five-hop (N = 5) AF relaying systems with
BPSK modulation. Case (1) represents i.i.d. Rayleigh (m = 1) links. Case (2) represents i.i.d.
Nakagami-m (m = 2.5) links. Case (3) represents i.ni.d. Nakagami-m (m1 = 1.5, m2 = 2.0,
m3 = 2.5, m4 = 3.0, m5 = 3.5) links. Case (4) represents i.ni.d. Nakagami-m (m1 = 1.0, m2 = 1.5,
m3 = 2.0, m4 = 2.5, m5 = 3.0) links. Case (5) represents i.ni.d. Nakagami-m (m1 = 2.5, m2 = 3.0,
m3 = 3.5, m4 = 4.0, m5 = 4.5) links.
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Figure 7.5: The exact probability density function of the instantaneous end-to-end received SNR
for different numbers of multihops, N = 4, 5 and 6. Identically distributed Nakagami-m (m = 2.5)
and i.i.d. Rician (K = 2) fading links are assumed. Fixed total available power, P , is assumed for
all cases.
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Figure 7.6: The average symbol error probability for multihop (N = 4, 5 and 6) AF relaying
systems with BPSK modulation. Rayleigh, i.i.d. Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2)
fading links are assumed.
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Figure 7.7: The outage probability for multihop (N = 4, 5 and 6) AF relaying systems. Rayleigh,
i.i.d. Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2) fading links are assumed.
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Figure 7.8: The ergodic capacity for multihop (N = 4, 5 and 6) AF relaying systems. Identically
distributed Nakagami-m (m = 2.5) and i.i.d. Rician (K = 2) fading links are assumed.
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Figure 7.9: The CDF of the random variable Zt obtained using the GTCF method for N = 20, 200
and 1000. Nakagami-m fading links with m = 2.5 and γ = 20 dB are assumed. The CDF of the
standard normal distribution is shown for comparison.
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Chapter 8

The Modified-GTCF Method

for Multi-Branch Multihop AF

Systems

In this chapter(1), a modification to the new transform method, the generalized trans-

formed characteristic function (GTCF), is proposed to reduce its computational complexity.

The modified GTCF (M-GTCF) gives exact solutions, in single-integral form, for the prob-

ability density function and the cumulative distribution function of the end-to-end received

signal-to-noise ratio (SNR) of multihop amplify-and-forward (AF) relaying systems. The

M-GTCF method is applied to obtain exact, integral solutions for the average symbol er-

ror probability and outage probability of multi-branch, multihop AF relaying systems with

full selection diversity. The results are precise for any number of hops, N , any number of

branches, L, and can accommodate any channel fading distribution. The GTCF method can

provide exact solution for such systems. However, the M-GTCF method provides the first

exact theoretical solution for such systems with complexity less than the GTCF method.

(1)A version of this chapter has been presented in the 6th joint IFIP/IEEE Wireless and Mobile Computing
Conference (WCNC) 2013:
S. S. Soliman and N. C. Beaulieu, “The modified GTCF method and its application to multi-branch multihop
relaying systems with full selection diversity,” in 6th Joint IFIP Wireless and Mobile Networking Conf.
(WMNC), 2013, Apr. 2013, pp. 1–6.
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8.1 Introduction

Cooperative networks have attracted the focus of many researchers as well as industry

because such networks promise large diversity gain and increased capacity compared to other

wireless systems [1]–[12]. Much research has concentrated on AF cooperative relaying due

to its advantages in terms of complexity and power consumption.

The authors in [1] presented an approximation for the end-to-end received signal-to-noise

ratio (SNR) using the harmonic mean of two independent exponential random variables in

order to study the outage probability and the average error probability of dual-hop systems

operating over Rayleigh channels. In [2], the authors used the harmonic mean bound to

obtain an approximation of the outage probability of multihop systems, operating over

Nakagami-m fading channels, using a numerical inversion of the Laplace transform of the

moment generating function (MGF) of the reciprocal of the end-to-end SNR. Meanwhile,

it has been found that bounds based on the direct harmonic mean approximation of the

individual per hop instantaneous SNRs, are neither tight for small-to-moderate values of

SNR, nor for Nakagami-m fading channels for large values of m [3,4]. In [5] the authors used

a scaling factor to reduce approximation errors, and presented an approximate solution for

the performance metrics of multihop AF systems. That solution has the same computational

complexity as some previous results in the literature, while being more accurate, especially

for small-to-medium values of SNR.

In [6], the authors examined the problem of opportunistic communications in dual-hop

AF relaying systems, where they considered the presence of the direct path link between the

source and the destination, and used maximum ratio combining (MRC) at the receiver for

combining signals from the direct path and the best dual-hop path. However, the authors

used the harmonic mean approximation for the end-to-end SNR, and therefore did not obtain

exact solutions for the performance metrics of such systems. The authors in [7] analyzed

the same system in [6], but they used the minimum SNR bound for their analysis to obtain

bounds to the performance metrics rather than exact results. Reference [8] also used the

minimum SNR bound to get bounds to the performance metrics of dual-hop systems with

relay selection, but they proposed a Kth opportunistic relaying scheme, where the Kth

174



best relay is selected to relay the radio signal, rather than the best relay selection scheme.

Note that, while the authors in [6] examined systems operating over Nakagami-m fading

channels, the analysis in [7] and [8] was applied only to systems operating over Rayleigh

fading channels.

The authors in [1]–[8] presented bounds and/or approximations to the different systems’

performance metrics, however, accurate performance analysis of cooperative diversity sys-

tems is important, as it enables the design of networks for maximum utility and performance

as well as minimum cost. In [9], the authors derived exact closed-form expressions for the

PDF and the CDF of the end-to-end SNR of dual-hop AF relaying systems with full selec-

tion diversity. Full selection diversity was defined in [9] for relaying systems where a direct

path between the source and the destination exists. Exact results on the average symbol

error probability, outage probability and the ergodic capacity were obtained in [9] for sys-

tems operating over Nakagami-m fading links with integer values of the fading parameter m.

In [10]–[12], a new analytical approach, the generalized transformed characteristic function

(GTCF), was proposed to obtain the first exact analytical results for the average error prob-

ability, outage probability and ergodic capacity for multihop AF relaying systems operating

over general fading channels. The GTCF is different from the conventional MGF approaches.

It uses a new transform domain to solve a family of problems whose exact solutions were

intractable using the common probability density approaches or the MGF approaches. It

was shown in [11] that performance bounds based on the harmonic mean approximation for

the end-to-end SNR is only acceptable for large values of SNR, and becomes dramatically

inaccurate for small-to-medium values of SNR. This emphasizes the value of exact analysis

of multihop AF systems. Note that the use of transform methods to solve difficult problems

in a transform domain is a key approach in wireless communication theory (e.g. Fourier and

Laplace transforms) and other recent work [13,14] has contributed new transform methods.

The work herein presents a novel transform technique that can be used to solve heretofore

difficult problems in cooperative wireless networks.

In this chapter, we propose a modification to the GTCF method to enhance its computa-

tional complexity. For multihop AF relaying systems operating over arbitrary Nakagami-m

or Rician fading links, the GTCF method was used to obtain two-fold integral expressions
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for the outage probability, average symbol error probability and the ergodic capacity [12, Ta-

ble I]. For systems involving selection diversity, the complexity of the GTCF method will

increase to three-fold integral calculation. The modified GTCF (M-GTCF) proposed in

this chapter reduces the computational complexity of the outage probability to a single-fold

semi-infinite integral for multihop AF systems, as well as AF systems involving selection

diversity such as multi-branch multihop AF systems with full selection diversity. The M-

GTCF method also reduces the computational complexity of the average error probability

of systems with diversity selection to two-fold integration rather than three-fold integration.

The main contributions of this chapter are: 1) Proposing the M-GTCF method with

reduced computational complexity compared to the GTCF method and compared to direct

evaluation methods. 2) Using the M-GTCF method to obtain exact, single-integral solution

for the outage probability of multihop AF systems. 3) Using the M-GTCF method to obtain

the first exact, integral solutions for the outage probability and the average symbol error

probability of multi-branch multihop AF relaying systems operating over Nakagami-m and

Rician fading links. 4) Studying the effects of the fading parameters, the number of hops

per branch, and the number of branches on the system performance metrics. To the best

of the authors’ knowledge, no exact results for performance metrics have been reported in

the literature for systems operating over Nakagami-m fading channels with arbitrary fading

parameters, nor for systems operating over Rician fading channels. Note that although it

is commonly known that Rician fading channels can be modeled by Nakagami-m channels,

however, it was shown and proved in [15] that this is not always true.

The remainder of the chapter is organized as follows. In Section 8.2, the modified GTCF

method is proposed and its computational complexity is explained. In Section 8.3, an ap-

plication of the M-GTCF method is discussed. Multi-branch multihop AF relaying systems

with full selection diversity are analyzed in Section 8.3 using the M-GTCF method, and

the first exact solutions for the outage probability and the average symbol error probability

are obtained. Numerical examples are presented in Section 8.4 to study the behaviour of

multi-branch multihop AF systems. The effects of the fading parameters, number of hops

per branch and number of branches on the system performance are also studied. Finally,

the conclusions of the chapter are drawn in Section 8.5.
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8.2 The Modified GTCF Method

The GTCF method was proposed in [10]–[12] to obtain the exact statistics of the instan-

taneous end-to-end SNR of multihop AF relaying systems. It was shown in [11] that for

the common channel fading distributions, Rayleigh, Nakagami-m and Rician, the GTCF

has a fixed complexity of 2-fold numerical integration to obtain the outage probability and

the average symbol error probability of AF systems with number of hops N > 2. The

complexity of using the GTCF method increases for more complicated systems such as mul-

tihop multi-branch AF systems with full selection diversity. In this section, we propose the

modified GTCF (M-GTCF) method which employes a modification that reduces the com-

putational complexity of the GTCF method and permits obtaining exact solutions for the

outage probability and the average error probability of complicated relaying system with

less computational complexity.

The steps of the GTCF method were shown in [12, eq. (2)]. The M-GTCF method starts

with the first three steps of the GTCF method [12, eqs. (2a–2c)] to obtain the characteristic

function of the end-to-end transformed random variable Zt in terms of the characteristic

functions of the transformed random variables Zn. The characteristic functions, ΦZn
(ω),

of the transformed random variables, Zn, were obtained in [11] in closed-form expressions

for the common channel fading distributions, Nakagami-m [11, eq. (17)] and Rician [11, eq.

(21)]. The M-GTCF then continues as follows:

4. Find the CDF of the end-to-end transformed random variable Zt:

Fzt(r) =
1

2
− 1

π

∫ ∞

0

1

ω
� [ΦZt

(ω)e−jωr
]
dω (8.1a)

where �[h(x)] is the imaginary part of h(x).

5. Find the CDF of the end-to-end SNR γ
t
:

Fγ
t
(r) = 1− Fzt

(
ln

(
1 +

1

r

))
. (8.1b)

Note that eq. (8.1a) is obtained using Gil-Pelaez inversion theorem [16]. In the worst case,
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when the integral in (8.1a) is not solved in closed-form, the CDF of the end-to-end SNR γ
t

can be obtained in a single-fold integral form by substituting (8.1a) into (8.1b) resulting in

Fγ
t
(r) =

1

2
+

1

π

∫ ∞

0

1

ω
�
[
ΦZt

(ω)

(
1 +

1

r

)−jω
]
dω. (8.2)

The PDF of the end-to-end SNR γ
t
can be then obtained by differentiating the CDF ex-

pression in (8.2). Note that the outage probability, Pout(γth
) = Fγ

t
(γ

th
), of multihop AF

systems can be obtained by direct substitution into (8.2). This shows the advantage of the

M-GTCF method over the GTCF method, where the outage probability is obtained by a

single-fold semi-infinite integral rather than a double-fold integral as provided by the GTCF

method.

8.3 Multi-Branch Multihop AF Systems

In this section, the M-GTCF method is used to obtain exact solutions for the outage

probability and the average symbol error probability of multi-branch multihop AF systems

with full selection diversity. The system under study is shown in Fig. 8.1. The communica-

tion between the source node, S, and the destination node, D, can be through a single-hop

direct path from S to D, or through one of the available L multihop branches. For the

direct path, S −D, the source node transmits the radio signal directly, in a single-hop, to

the destination node. In this case, the end-to-end SNR is given as γ
0
= P

N0
|α0|2, where P

is the total available power for transmission, N0 is the noise power at the destination node,

and α0 is the fading gain of the direct path link. For any of the L multihop branches, the

source node transmits the radio signal to the destination through N AF relays.

For variable gain AF relaying, the exact instantaneous received SNR at the destination

through any of the multihop branches, γ
l
, is given by [1, eq. (2)]

γ
l
=

[
N∏

n=1

(
1 +

1

γ
n

)
− 1

]−1

(8.3)

where γ
n
= Pn−1

N0n
|αn|2 , n = 1, 2, · · · , N represents the instantaneous received SNR over the
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nth link, where Pn, n = 1, 2, · · · , N−1, is the transmitter power at the nth relay, and where

αn, n = 1, 2, · · · , N , and N0n, n = 1, 2, · · · , N , are respectively the fading gain of the nth

link, and the noise power at the nth node.

The channel conditions are estimated at the receiver, and a decision is taken to select

one of the potential L+ 1 branches for the radio signal transmission. The branch with the

maximum end-to-end SNR is selected. If the direct link branch is selected, the signal is

transmitted directly from the source to the destination using the total available power per

transmission, P . If one of the multihop branches is selected, the total power is distributed

to be used among the source and the relay nodes to transmit and relay the signal to the

destination. We assume that all the link fadings are statistically independent, and that

they follow Nakagami-m or Rician fading distributions. Note that the Rayleigh fading

distribution is a special case of the Nakagami-m or the Rician fading distribution. Without

loss of generality, we assume the preliminary case of independent and identically distributed

(i.i.d.) branches. The probability density functions (PDFs) and the cumulative distribution

function (CDFs) of the common fading distributions can be found in [17].

The communication branch is selected such that the instantaneous end-to-end SNR is

maximized, i.e.

max {γ
0
, γ

m
} ⇒ γ

t
(8.4a)

where γ0 is the end-to-end SNR of the direct path, and where

max
l∈{1,2,··· ,L}

γ
l
⇒ γ

m
(8.4b)

where γ
l
, n = 1, 2, · · · , L is the end-to-end SNR of any multihop branch, defined in (8.3).

The PDF, fγ
l
(r), and the CDF, Fγ

l
(r), of the SNR of the multihop branches, γ

l
, can be

obtained for using the M-GTCF method by numerical calculation of a single-fold integral,

as explained in the previous section.

Since γ
m

is selected as the maximum of the L i.i.d. candidate multihop branch SNRs,

γ
l
, as in (8.4b), the PDF of γ

m
can be written as,

fγm
(r) = Lfγ

l
(r)
[
Fγ

l
(r)
]L−1

(8.5)
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and the CDF of γ
m

can be written as,

Fγm
(r) =

[
Fγ

l
(r)
]L

. (8.6)

With the knowledge of the PDFs, fγ
0
(r) and fγm

(r), and the CDF, Fγ
0
(r) and Fγm

(r),

of γ
0
and γ

m
, respectively, order statistics can be used to obtain the PDF and the CDF of

the end-to-end SNR, γ
t
, [18, p. 192] as

fγ
t
(r) = fγ

0
(r)Fγm

(r) + Fγ
0
(r)fγm

(r) (8.7)

and

Fγ
t
(r) = Fγ

0
(r)Fγm

(r). (8.8)

The expressions for the PDF in (8.7) and the CDF in (8.8) represent the first exact, single-

integral expressions obtained for γ
t
defined in (8.4). The outage probability of multi-branch

multihop systems with full selection diversity can be then obtained through direct substitu-

tion into (8.8), while the average symbol error probability can be obtained by substituting

(8.7) into [17, eq. (5.1)].

8.4 Numerical Examples

In this section, the outage probability and the average error probability are used to study

the behaviour of multi-branch multihop AF systems with full selection diversity. Binary

phase shift keying (BPSK) is assumed as well as an uniform power allocation policy, in the

case of multihop transmission, i.e. the total available power, P , is evenly allocated to the

source and the relays. We assume also equal noise powers, N0, at all the nodes. The relays

are assumed evenly located between the source and the destination and normalized distances

are assumed, i.e. dhop = 1
N
, so according to the Friss propagation model [19], the average

SNR over any link is given as γi = N δ−1 P
N0

where N = 1 in the case of the direct path,

N ≥ 2 in the case of multihop paths, and δ is the path loss exponent, taken as 3. According

to these assumptions, γl = N2 × γ0, where γ0 is the average SNR of the direct path.
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The first example set studies multi-branch multihop AF systems, with L = 3 branches,

each of N = 4 hops, operating over Nakagami-m fading links. Figs. 8.2 and 8.3 show the

average symbol error probability, Ps, versus the direct link average SNR, γ0, and the outage

probability, Pout, at γ0 = 10 dB, versus the threshold SNR, γ
th
, respectively. Without loss

of generality, independent and identically distributed (i.i.d.) Nakagami-m fading channels,

with different values of the fading parameter m, are assumed. Note that the steps of the M-

GTCF method do not require the fading links to be i.i.d., and the computational complexity

is not affected by this condition. Figs. 8.2 and 8.3 show that results obtained by the M-

GTCF method are in precise agreement with the Monte Carlo simulation results, for different

values of the Nakagami-m parameter. As expected, it can be seen in the figures that the

system performance improves as the fading parameter m increases. It can also be seen that

the limiting slopes of the average error probability curves and the outage probability curves

are proportional to the fading parameter m. This results in a remarkable improvement in

the system performance. For example, the average symbol error probability, at an average

SNR of γ0 = 5 dB, for the case of Rayleigh fading links is 7.47×10−4, while it is 7.37×10−5

and 5.022× 10−6 for Nakagami-m links with m = 1.7 and m = 3.4, respectively.

The second example set studies multi-branch multihop AF systems operating over Rician

fading links. Figs. 8.4 and 8.5 show the average error probability and the outage probability,

respectively. Independent and identically distributed Rician fading links, with different

values of the line-of-sight (LOS) Rician parameter K are considered. As previously, the

results show precise agreement between the results obtained by the M-GTCF method and the

simulation results. As expected, the system performance improves as the Rician parameter

K increases. For example, an outage probability of 10−3 occurs at γ
th

= 6.42 dB in the

case of Rayleigh fading links, while it occurs at γ
th

= 8.13 dB in the case of K = 1.5 and at

γ
th

= 11.54 dB and γ
th

= 12.86 dB for K = 4.2 and K = 6.7, respectively.

The next example studies the effect of the number of hops, N , per branch on the system

performance metrics. Fig. 8.6 shows the outage probability at γ0 = 10 dB, versus the

threshold SNR, γ
th
, for multi-branch systems with L = 2 and different values of the number

of hops per branch N = 2, 3 and 4. Nakagami-m links with m = 1.7 and Rician links with

K = 4.2 are considered. Fig. 8.6 shows that the outage probability of the system improves
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as the number of hops per branch increases. For example, the outage probability of systems

operating over Nakagami-m links, at γ
th

= 8 dB, is 1.18 × 10−2 for N = 2, while it is

2.63 × 10−3 and 7.02 × 10−4 for N = 3 and N = 4, respectively. However, it can be seen

from the figure that the limiting slopes of the outage probability curve are not affected by

the increase in the number of hops per branch. In contrast, an increase in the number of

hops per branch results in an SNR gain. For example, an outage probability of 10−3 occurs

at γ
th

= 7.25 dB in the case of Rician fading links and N = 2, while it occurs at γ
th

= 8.62

dB in the case of N = 3 and at γ
th

= 9.64 dB in the case of N = 4.

The last example studies the effect of the number of potential branches on the system

performance. Fig. (8.7) shows the average symbol error probability versus the direct link

average SNR, γ
0
, for multihop systems with N = 4 and different numbers of branches

L = 1, 2 and 3. Nakagami-m links with m = 3.4 and Rician links with K = 1.5 are

considered. Fig. 8.7 shows that the average error probability of the system improves as

the number of branches increases. For example, the average error probability of systems

operating over Rician fading channels, at γ0 = 6 dB is 2.89 × 10−3 for the case of L = 1

branch, while it is 3.95× 10−4 and 8.13× 10−5 for L = 2 and L = 3, respectively. Moreover,

it can be seen from the figure that the limiting slopes of the average error probability

curves are affected by the number of branches. This behaviour is different from the systems’

behaviour with respect to the number of hops per branch as shown in the previous example.

This behaviour results in a remarkable improvement in the average error probability with

an increase in the number of branches. For example, an average error probability of 10−4

occurs at γ0 = 7.39 dB in the case of Nakagami-m fading links and L = 1, while it occurs

at γ0 = 5.37 dB and γ0 = 4.62 dB in the cases of L = 2 and L = 3, respectively.

8.5 Conclusion

A new theoretical method, the modified generalized transformed characteristic function,

is proposed as a modification in the use of the newly proposed transform domain to re-

duce the computational complexity of the generalized transformed characteristic function.

The M-GTCF method provides exact, single-integral solutions for the outage probability
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of multihop AF systems. The M-GTCF method was used to obtain the first exact results

for the average symbol error probability and the outage probability of multi-branch multi-

hop amplify-and-forward relaying systems with full selection diversity. The method can be

used for arbitrary link fading distributions. It was shown that the results obtained from

the M-GTCF method are in precise agreement with Monte Carlo simulation results, for the

common fading distributions with various values of the fading parameters. It was observed

that although the limiting slopes of the average symbol error probability and the outage

probability curves are not affected by the number of hops per branch, they are directly

proportional to the number of potential branches.

183



Figure 8.1: Multi-branch, multihop amplify-and-forward relaying network with full route selection
diversity. Either the direct path, S−D, is selected for direct data signal transmission or one of the
L multihop branches is selected to relay the data signal between the source, S, and the destination,
D.
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Figure 8.2: The average symbol error probability for multi-branch (L = 3), multihop (N = 4) AF
relaying systems with BPSK modulation. Rayleigh and identically distributed Nakagami-m fading
links are assumed.
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Figure 8.3: The outage probability for multi-branch (L = 3), multihop (N = 4) AF relaying
systems at γ0 = 10 dB. Rayleigh and identically distributed Nakagami-m fading links are assumed.
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Figure 8.4: The average symbol error probability for multi-branch (L = 3), multihop (N = 4) AF
relaying systems with BPSK modulation. Rayleigh and identically distributed Rician fading links
are assumed.
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Figure 8.5: The outage probability for multi-branch (L = 3), multihop (N = 4) AF relaying
systems at γ0 = 10 dB. Rayleigh and identically distributed Rician fading links are assumed.
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Figure 8.6: The outage probability for multi-branch (L = 2), multihop (N = 2, 3 and 4) AF
relaying systems at γ0 = 10 dB. Identically distributed Nakagami-m, with m = 1.7, and identically
distributed Rician, with K = 4.2, fading links are assumed.
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Figure 8.7: The average symbol error probability for multi-branch (L = 1, 2 and 3), multihop
(N = 4) AF relaying systems with BPSK modulation. Identically distributed Nakagami-m, with
m = 3.4, and identically distributed Rician, with K = 1.5, fading links are assumed.
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Chapter 9

Dual-Hop vs Multihop AF

Relaying Systems

In this chapter(1), dual-hop amplify-and-forward (AF) systems with relay selection are

compared to multihop AF systems. Closed-form expression for the outage probability of

dual-hop amplify-and-forward (AF) systems with relay selection from N independent and

non-identically (i.ni.d.) distributed dual-hop branches is obtained. The probability density

function of the end-to-end signal-to-noise ratio (SNR) is also obtained and is used to precisely

obtain the average symbol error probability for systems operating over i.ni.d. Nakagami-m

fading links. The modified generalized transformed characteristic function (M-GTCF) is

used to analyze multihop AF relaying systems operating over N i.ni.d. Nakagami-m fading

links. In comparison of systems under study, it is shown that dual-hop AF systems can

significantly outperform multihop AF systems. These findings are used to propose criteria

for practical design of wireless cooperative systems.

(1)A version of this chapter has been presented in the IEEE Global Communications Conference (GLOBE-
COM) 2013:
S. S. Soliman and N. C. Beaulieu, “Dual-hop Vs multihop AF relaying systems,” in IEEE Global Telecom-
mun. Conf., Dec. 2013, pp. 4299–4305.
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9.1 Introduction

Wireless cooperative communication systems have been one of the main interests for

researchers for a decade [1]–[10]. Amplify-and-forward (AF) relaying systems have gained

special interest because of the advantages of AF relaying in terms of power consumption and

complexity. The authors in [1] and [2] presented a harmonic mean approximation for the end-

to-end received signal-to-noise ratio (SNR) to study bounds to the outage probability and

the average error probability of dual-hop systems operating over Rayleigh and Nakagami-m

fading channels. However, it has been found that bounds based on the direct harmonic

mean approximation of the individual per hop instantaneous SNRs, are neither tight for

small-to-moderate values of SNR, nor for Nakagami-m fading channels for large values of m

[3].

In [4], the authors used maximum ratio combining (MRC) to combine signals from the

direct path, between the source and the destination, and the best dual-hop path. They

used the harmonic mean bound to obtain bounds to the performance metrics of such sys-

tems. Reference [5] used a different bound, the minimum SNR bound, to get bounds to

the performance metrics of dual-hop systems with relay selection, but they proposed a Kth

opportunistic relaying scheme, where the Kth best relay is selected to relay the radio signal,

rather than the best relay selection scheme. Note that, while the authors in [4] examined

systems operating over Nakagami-m fading channels, the analysis in [5] was applied only to

systems operating over Rayleigh fading channels.

The authors in [1]–[5] presented bounds and/or approximations to the different systems’

performance metrics, however, accurate performance analysis of cooperative diversity sys-

tems is important, as it enables the design of networks for maximum utility and performance

as well as minimum cost.

In [6], the authors derived closed-form expressions for the probability density function,

cumulative distribution function and the moment generating function (MGF) of dual-hop

AF relaying systems operating over Nakagami-m fading links. However, the results in [6]

were not used to obtain the exact performance metrics of variable-gain AF relaying systems.

In [7], the authors derived exact expressions for the probability density function and the
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cumulative distribution function of dual-hop AF systems operating over Rician fading links,

as well as dual-hop AF systems with partial relay selection. The results in [7] were used to

obtain the exact performance metrics of such systems.

In [8]–[10], a new analytical approach, the generalized transformed characteristic func-

tion (GTCF), was proposed to obtain the first exact analytical results for the average error

probability, outage probability and ergodic capacity for multihop AF relaying systems op-

erating over general fading channels. The GTCF is different from the conventional MGF

approaches. It uses a new transform domain to solve a family of problems whose exact

solutions were intractable using the common probability density approaches or the moment

generating function approaches. Note that the use of transform methods to solve difficult

problems in a transform domain is a key approach in wireless communication theory (e.g.

Fourier and Laplace transforms) and other recent work [11, 12] has contributed new trans-

form methods. The work in [8]–[10] presents a novel transform technique that can be used

to solve heretofore difficult problems in cooperative wireless networks. It was shown in [9]

that performance bounds based on the harmonic mean approximation for the end-to-end

SNR are only acceptable for large values of SNR, and become dramatically inaccurate for

small-to-medium values of SNR. This emphasizes the value of exact analysis of multihop

AF systems.

In this chapter, we use the expressions obtained in [6] to obtain the first, exact-closed form

results of the outage probability of dual-hop AF systems with relay selection fromN available

relays operating over Nakagami-m fading links. An exact closed-form expression of the PDF

of the end-to-end SNR of such systems is also obtained and is used to obtain the average

symbol error probability of these systems. The results in this chapter are obtained for the

most general case of independent but non-identically distributed candidate branches, as

well as independent but non-identically distributed source-to-relay and relay-to-destination

links per dual-hop branch. In [13, 14] the authors studied only the special case of systems

operating over independent and identically distributed fading links, and consequently, a

full study about the effects of the channel fading parameters was not presented therein. We

study the effects of the fading parameters as well as the number of available relays, N , on the

systems performance. In this chapter also we use a modified version of the GTCF [8]–[10] to
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obtain the performance metrics of multihop AF relaying systems operating over independent

but non-identically distributed fading links. The modified-GTCF method is used to obtain

the performance metrics of multihop AF systems using reduced computational complexity

than that needed by the GTCF. The major contribution of this chapter is in presenting

the first comparison between multihop AF systems and dual-hop AF systems with relay

selection based on fair basis of comparison. The motivation of such comparison is to find

the dependence of the performance metrics of both groups of systems on the numbers of

relays as well as the links fading parameters, and to use such comparison to propose multiple

criteria for the practical design of AF cooperative systems.

9.2 Dual-Hop AF Systems With Relay Selection

Dual-hop AF systems with relay selection from N available relays are shown in Fig. 9.1.

The source node, S, and the destination node, D, communicate through a selected relay

of the available N relay nodes. The relay node is selected based on local measurements

of the instantaneous channel conditions. A maximum end-to-end relay selection policy is

adopted, where the relay which achieves the maximum source-to-destination SNR is selected

to amplify the signal received from the source, and forward the amplified radio signal to

the destination. The amplification factor, A, at the relay node, R, is given in [15] as A =√
P1

P0|α1|2+N01

, where P0 is the transmitter power at the source node, P1 is the transmitter

power at the relay node, αi, i = 1, 2 is the fading gain of the ith link and where N01
and N02

are respectively, the noise power at the relay node and the destination node. Half-duplex

operation is implemented to avoid inter-signal interference. For each dual-hop branch, the

exact instantaneous end-to-end received SNR at the destination, γ
S−Rn−D

, is given by [1, eq.

(2)]

γ
S−Rn−D

=
γ

S−Rn
γ

Rn−D

γ
S−Rn

+ γ
Rn−D

+ 1
(9.1a)

where γ
S−Rn

is the instantaneous SNR of the S − Rn link between the source and the nth

relay, and γ
Rn−D

is the instantaneous SNR of the Rn −D link between the nth relay and

the destination.
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The instantaneous received SNR over any of those links is defined as

γ
i
=

Pi−1

N0i

|αi|2 . (9.1b)

Exact closed-form expressions for the PDF and the CDF of the SNR, γ
S−Rn−D

, of dual-

hop AF systems were obtained in [6] for systems operating over Nakagami-m fading links,

and in [7] for systems operating over Rician fading links. For the case of Nakagami-m

links, the PDF, fγ
S−Rn−D

(r), of γ
S−Rn−D

can be obtained from [6, eq. (4)], and the CDF,

Fγ
S−Rn−D

(r), of γ
S−Rn−D

can be obtained from [6, eq. (2)]. According to the maximum

end-to-end relay selection policy taken into consideration, the total end-to-end instantaneous

SNR of dual-hop AF systems with relay selection can be obtained as

γ
t
= max

Rn∈{R1,··· ,RN}
γ

S−Rn−D
(9.2)

Assuming the most general case that the available source-to-destination branches are inde-

pendent but non-identically distributed (i.ni.d.), order statistics [16] can be used to obtain

the PDF of the total end-to-end SNR, γ
t
, as

fγ
t
(r) =

N∑
i=1

fi(r)
N∏

j=1
j �=i

Fj(r) (9.3)

where fi(r) and Fi(r) are, respectively, the PDF and the CDF of the ith source-to-destination

branch. The CDF of the total end-to-end SNR, γ
t
, can be also obtained as

Fγ
t
(r) =

N∏
j=1

Fj(r). (9.4)

With the PDF and the CDF of the end-to-end SNR known, the performance metrics

of the system can be evaluated. The average symbol error probability, Ps, is obtained as

[17, eq. (5.1)]

Ps = E
{
bQ
(√

a γ
t

)}
=

∫ ∞

0

bQ
(√

a r
)
fγ

t
(r)dr (9.5)

where Q(·) is the Gaussian Q -function [17], a and b depend on the modulation scheme.
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The outage probability, P0ut, can be also obtained as [17, eq. (15.6)]

Pout = Pr {γ
t
� γ

th
} =

∫ γ
th

0

fγ
t
(r)dr = Fγ

t
(γ

th
) (9.6)

where γ
th

is a threshold SNR, below which the system is considered in outage. Note that

the result in (9.6) represents the first exact, closed-form solution for the outage probability

of dual-hop AF systems with relay selection operating over i.ni.d. Nakagami-m fading

branches. The exact average symbol error probability of these systems is also obtained by

numerically evaluating the single-fold integral in (9.5) using common software packages.

In the following examples, we use the analytical result in (9.6) to study the behaviour of

dual-hop AF systems with relay selection, and the dependence of the system performance

on the number of available relays, N , in the selection pool as well as on the values of the

fading parameters.

The first example studies the effect of the number of the available relays, N , in the

relay selection pool on the performance of dual-hop AF systems. Fig. 9.2 shows the outage

probability of dual-hop AF systems with relay selection from N available relays, versus the

threshold SNR, γ
th
. It is assumed the N possible dual-hop branches are independent but

non-identically distributed (i.ni.d.). It is assumed also in this example that for each dual-

hop branch, the source-to-relay link and the relay-to-destination link are independent and

identically distributed (i.i.d.), i.e. m1i = m2i = mi.

The figure shows the curves for the outage probabilities, at γ = 10 dB, of different groups

of systems with different numbers of available relays, N , and different fading parameters,

mi. The systems parameters for different systems are shown in Table 9.1. Similar total

available power is assumed for all systems to achieve fair basis of comparison.

It can be observed from the figure that there is a precise agreement between the ana-

lytical results and the Monte Carlo results. Moreover, It can be observed that the limiting

slopes of the outage probability curves are not proportional to the number of relays available

in the selection pool as would be expected. Rather, the limiting slopes of the outage proba-

bility curves are proportional to the sum of the Nakagami-m parameters of the N available

branches,
∑

mi. For example, the first group of systems shown in Fig. 9.2 is a group of 3
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Table 9.1: Values of the fading parameters for the links of systems in Fig. 9.2

Links Parameters
Group

1
Group

2
Group

3

N = 2 (m1,m2) (4, 2) (3, 2) (3, 1)

N = 3 (m1,m2,m3) (2, 1, 3) (2, 2, 1) (2, 1, 1)

N = 4 (m1,m2,m3,m4) (1, 2, 2, 1) (2, 1, 1, 1) (1, 1, 1, 1)

∑
mi 6 5 4

systems, with different numbers of available relays, N , yet the limiting slopes of their outage

probability curves are the same because each of them has
∑

mi = 6. Moreover, it can be

observed that irrespective the number of available branches, and irrespective the individ-

ual values of the fading parameters of the links in each branch, the system performance is

dependent only on
∑

mi.

The next example emphasizes the previous observation and adds more insight into it. Fig.

9.3 shows the outage probability of dual-hop AF systems with relay selection from N = 3

available relays. For this example, the source-to-relay link and the relay-to-destination link

are independent and non-identically distributed (i.ni.d.), i.e. m1i 
= m2i. The values of the

Nakagami-m parameter of all N = 3 possible pairs of links are shown in the legend of Fig.

9.3. It can be observed that the limiting slopes of the outage probability curve is proportional

to the sum of the minimums of the fading parameters of the source-to-relay and relay-to-

destination links of each branch, i.e.
∑

imin{m1i,m2i} where i = 1, 2, · · · , N . The values of

the fading parameters other than the minimum ones result in an SNR gain. For example, the

outage probability curve of dual-hop AF systems with fading parameters (2, 2)−(1, 3)−(3, 4)

has a limiting slope equal to that of dual-hop AF systems with (2, 4)−(2, 3)−(2, 5), because

both have
∑

imin{m1i,m2i} = 6. However, the latter system has an SNR gain advantage

because it is operating over less sever fading links.

It can be concluded then that the presence of fewer but less sever available links results in

a more significant improvement in the system performance compared to the presence of more

available links with smaller values of the fading parameters, mi. Moreover, for each available

199



dual-hop branch, the weaker link represents a bottleneck for the system performance. These

conclusions leads to important design criteria that can be used by designers of practical

communication systems.

9.3 The M-GTCF Method For Multihop AF Systems

This section studies the performance metrics of multihop AF systems, shown in Fig. 9.4,

operating over independent but non-identically distributed (i.ni.d.) Nakagami-m fading

links. The exact instantaneous end-to-end SNR of multihop AF systems, with N relays, can

be obtained as

γ
t
=

[
N+1∏
n=1

(
1 +

1

γ
n

)
− 1

]−1

(9.7)

where γ
n
, n = 1, 2, · · · , N + 1 represents the instantaneous received SNR over the nth link.

The generalized transformed characteristic function (GTCF) method was proposed in

[8]–[10] to obtain the exact statistics of the instantaneous end-to-end SNR of multihop AF

relaying systems. The main idea of the GTCF approach is that the expression in (9.7) can be

rewritten as,
(
1 + 1

γt

)
=
∏N+1

n=1

(
1 + 1

γn

)
. Then, taking the logarithm of both sides of this

equation results in Zt =
∑N+1

n=1 Zn, Assuming that γ
n
, n = 1, 2, · · · , N + 1 are statistically

independent, then the transformed random variables, Zn, are statistically independent as

well [18, p. 244]. It was shown in [9] that for the common channel fading distributions,

Rayleigh, Nakagami-m and Rician, the GTCF has a fixed complexity of 2-fold numerical

integration to obtain the outage probability and the average symbol error probability of AF

systems with number of hops N > 2. This complexity can be further reduced to a single-fold

numerical integration through introducing a modification to the GTCF method. The steps

of the modified GTCF (M-GTCF) can be summarized as follows:

1. Find the PDF of the transformed random variables Zn:

fzn(r) =
er

(er − 1)
2 fγn

(
1

er − 1

)
. (9.8a)
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2. Find the CHF of the transformed random variables Zn:

ΦZn
(ω) =

∫ ∞

0

fzn(r)e
jωrdr. (9.8b)

3. Find the CHF of the end-to-end transformed random variable Zt:

ΦZt
(ω) =

N+1∏
n=1

ΦZn
(ω). (9.8c)

4. Find the CDF of the end-to-end transformed random variable Zt:

Fzt(r) =
1

2
− 1

π

∫ ∞

0

1

ω
� [ΦZt

(ω)e−jωr
]
dω (9.8d)

where �[h(x)] is the imaginary part of h(x), and (9.8d) is obtained using Gil-Pelaez

inversion theorem [19].

5. Find the CDF of the end-to-end SNR γ
t
:

Fγ
t
(r) = 1− Fzt

(
ln

(
1 +

1

r

))
. (9.8e)

For Nakagami-m fading links, the CHF of the transformed random variable, Zn, was ob-

tained as [9]

ΦZn
(ω) =

Γ(mn − jω)

Γ(mn)
U

(
−jω, 1−mn,

mn

γn

)
. (9.9)

where U(a, b, z) is the Tricomi confluent hypergeometric function defined in [20, eq. (13.2.5)].

The outage probability of multihop AF systems can be then obtained by substituting (9.9)

into (9.8c), and then into (9.8d) and (9.8e), respectively, resulting in

Fγ
t
(r) =

1

2
+

1

π

∫ ∞

0

1

ω
�
[
ΦZt

(ω)

(
1 +

1

r

)−jω
]
dω. (9.10)

Differentiating the expression in (9.10), the PDF of the end-to-end SNR of multihop AF

systems is obtained and can be used with (9.5) to obtain the exact average symbol error

probability of multihop AF relaying systems.
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9.4 Dual-Hop With Relay Selection vs Multihop AF

Systems

In this section, we use the results obtained in Section 9.2 and in Section 9.3 to compare

dual-hop AF systems with relay selection to multihop AF systems, through series of exam-

ples. The focus of the following examples will be on the outage probability and the average

error probability. It is known that while dual-hop AF systems require only 2 time intervals

to fulfill a complete source-to-destination transmission, multihop AF systems with, N in-

termediate relays, require N + 1 time intervals. That results in a higher ergodic capacity

of dual-hop AF systems than that of multihop AF systems. Figs. 9.5 and 9.6 show respec-

tively the outage probability, at P
N0

= 10 dB, versus the threshold SNR, γ
th
, and the average

symbol error probability versus the average SNR, P
N0

, for different groups of dual-hop and

multihop AF relaying systems.

The first group of systems, denoted “EP” in Figs. 9.5 and 9.6, is a group of multihop

AF relaying systems, where the total available power is equally distributed to the source

node and the N intermediate relaying nodes. We assume equal noise powers, N0, at all

the nodes. The relays are assumed evenly located between the source and the destination

and normalized distances are assumed, i.e. dhop = 1
N+1 . According to the Friss propagation

model [21], the average SNR over any link is given as γi = (N+1)δ−1 P
N0

for i = 1, 2, · · · , N+1

where N is the number of available relays in the multihop path, and where δ is the path

loss exponent, taken equal to 3 in the following examples.

The second group of systems is a group of dual-hop AF relaying systems with relay

selection from N available relays. The total power is equally distributed among the source

node and the selected relay. Thus half the total power is used by the source node to broadcast

the data signal to the relays, and the selected best relay uses half the total power to forward

the radio signal to the destination node. It is assumed also that the N candidate relays are

equally located from the source and the destination, so according to the Friss propagation

model, the average SNR over both the source-to-relay link and the relay-to-destination link

is given as γi = (2)δ−1 P
N0

for i = 1, 2. It is assumed that the source-to-relay and the

relay-to-destination distances can be covered by signals from the source and the relay.
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The third group of systems, denoted “HP” in Figs. 9.5 and 9.6, is a group of multihop

AF relaying systems where the total available power is distributed such that the source

node uses half of the total available power to broadcast the radio signal, and the remaining

power is equally distributed among the N intermediate relays to relay the signal to the

destination. With the assumption of equal noise powers at all nodes, and evenly distributed

relays between the source and the destination, the average SNR of the first link is given

as γ1 = 1
2 (N + 1)δ P

N0
, while the average SNR of the subsequent links is given as γi =

1
2 (N + 1)δ(N)−1 P

N0
for i = 2, 3, · · · , N + 1. For this example, it is assumed that all the

systems are operating over Rayleigh fading links. For the average symbol error probability,

binary phase shift keying (BPSK) is assumed. For each of the three groups of systems, the

system performance is tested for numbers of relays N = 2, 3 and 4. For fair comparison,

it is assumed that the total available power, P , is kept fixed for all systems and scenarios.

Monte Carlo simulation results for all systems are also shown in Figs. 9.5 and 9.6.

It can be observed that there is precise agreement between the analytical results and the

Monte Carlo simulation results for all multihop and dual-hop systems. It can be observed

also that for all numbers N of the intermediate relays, multihop AF relaying systems where

the power is equally distributed among the source node and the relay nodes outperform

multihop AF relaying systems where half the total power is dedicated to the source and

the remaining part is equally distributed to the relay nodes. For example, it can be seen

in Fig. 9.5 that for N = 4, the outage probability of the later system is 3.25 × 10−2 at a

threshold SNR of γ
th

= 0 dB, while it is 2.32× 10−2 for multihop systems with equal power

distribution. It can be observed also that both the average symbol error probability and

the outage probability are improved with larger numbers of hops, N + 1. For example, Fig.

9.6 shows that for multihop AF relaying systems with equal power distribution, the average

symbol error probability, at P
N0

= 20 dB, is 8.61 × 10−4 for N = 2, while it is 5.11 × 10−4

for N = 4. However, it can be observed that limiting slopes of the outage probability curves

and the average symbol error probability curves for both groups of multihop systems are

the same, irrespective the number of hops, N + 1.

It can be then concluded from the previous observations that multihop AF relaying

systems with equal power distribution among the available nodes outperform multihop AF
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systems with other power distributions. This conclusion is valid with the assumption of

equal noise powers at all nodes. It can be concluded also that the performance improvement

associated with the increase in the number of hops is limited to an SNR gain.

On the other hand, it can be observed from Figs. 9.5 and 9.6 that dual-hop AF systems

with relay selection from N available relays significantly outperform multihop AF systems

with N relays. For example, the outage probability at a threshold SNR of γ
th

= 0 is

2.32 × 10−2 for multihop AF systems with equal power distribution and N = 4 relays,

while an outage probability of 1.02 × 10−5 occurs at the same threshold SNR for dual-

hop AF systems with relay selection from N = 4 available relays. Moreover, it can be

observed that, in contrast with multihop AF systems, the limiting slopes of the outage

probability curves and the average symbol error probability curves are dependent on the

number of available relays in the selection pool, N . This complies with the conclusions

drawn from Figs. 9.2 and 9.3, that the limiting slopes of the outage probability curves and

the average symbol error probability curves are proportional to
∑

i min{m1i,m2i} where i =
1, 2, · · · , N . In case of Rayleigh fading links, mj = 1 and the limiting slopes are proportional

to
∑

i min{m1i,m2i} = N . This results in a significantly remarkable improvement in the

performance of dual-hop AF systems with the increase in the number of available relays,

N , in the selection pool. For example, the average symbol error probability of dual-hop

AF systems with relay selection, at P
N0

= 16 dB, is 6.71 × 10−5 for N = 2, while it is

2.36 × 10−6 and 9.43 × 10−8 for N = 3 and N = 4, respectively. It can be concluded

then that for Rayleigh fading links, for a certain number of available relay nodes and fixed

source and destination, planning the system in the form of a dual-hop AF system with best

relay selection from the available relays, if the communication radii permit that, results in a

better performance than planning it in the form of a multihop AF system. Of course there

is an overhead for the selection procedure, but assuming centric selection at the destination

with sufficient power resources, the selection overhead becomes negligible compared to the

improved system performance. This represents another useful design and planning criteria

for wireless cooperative systems. It can be concluded also that adding more relays to the

selection pool of dual-hop systems with relay selection remarkably enhances the system

performance compared to adding relays to the single multihop branch of multihop systems.
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In the last example, we compare the system performance of multihop AF systems with

equal power distribution to the source node and the N relay nodes, i.e. γi = (N + 1)δ−1 P
N0

for i = 1, 2, · · · , N+1, to the performance of dual-hop AF systems with relay selection from

N available relays, when all systems are operating over independent but non-identically

distributed Nakagami-m links. Fig. 9.7 shows the average symbol error probability of these

systems with N = 2, 3 and 4 for different values of the fading parameters, mi, as shown

in the legend of Fig. 9.7. For dual-hop AF systems, it is assumed that for every dual-

hop branch, the source-to-relay link and the relay-to-destination link are independent and

identically distributed, i,e, mi1 = mi2 = mi. The results shown in Fig. 9.7 emphasize

the previous observations. The first group of curves is for 3 multihop AF systems with

fading parameters m1 = 1,m2 = 2,m3 = 1, m1 = 1,m2 = 2,m3 = 1,m4 = 3, and

m1 = 1,m2 = 2,m3 = 1,m4 = 3,m5 = 6, respectively. It can be observed that the limiting

slopes of the average symbol error probability curves for all three systems are the same and

similar to the limiting slopes of the average error probability curves of multihop AF systems

operating over Rayleigh fading links in Fig. 9.6. This is because the limiting slope of the

average symbol error probability curve in the case of multihop AF relaying systems operating

over Nakagami-m fading links is proportional to the minimum of the fading parameters of

the individual links, i.e. min{mi}. Thus, for the first group of systems, the limiting slopes

of the average error probability curves are proportional to min{mi} = 1. The second

group of systems are multihop AF systems with fading parameters m1 = 2,m2 = 3,m3 = 4,

m1 = 2,m2 = 3,m3 = 4,m4 = 5, andm1 = 2,m2 = 3,m3 = 4,m4 = 5,m5 = 6, respectively.

It can be seen from Fig. 9.7 that the limiting slopes of the average error probability curves,

for this group of systems, are proportional to min{mi} = 2.

The third and fourth groups of systems are dual-hop AF systems with relay selection,

operating over Nakagami-m fading links of parameter similar to those for the first and second

groups of systems, respectively. It can be observed that the limiting slopes for the average

error probability curves for these systems is proportional to
∑{mi} rather than min{mi}

in the case of multihop AF systems. This emphasizes the practical benefit of dual-hop AF

systems over multihop AF systems. For example, for a multihop AF system with N = 2

relays, operating over Nakagami-m fading links with parameters m1 = 2,m2 = 3,m3 = 4,
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the average symbol error probability, at P
N0

= 14 dB, is 1.68× 10−5 and the limiting slope

of the average error probability curve is min{mi} = 2. On the other hand, for a dual-hop

AF system with N = 2 relays, operating over Nakagami-m fading links with parameters

m1 = 2,m2 = 3, the average symbol error probability, at P
N0

= 14 dB, is 7.61×10−8 and the

limiting slope of the average error probability curve is
∑{mi} = 5. Similar observations can

be drawn for the remaining systems. It can be concluded then that dual-hop AF systems

with relay selection have a diversity order advantage over multihop AF systems, resulting

from the selection among multiple branches. This advantage exists for systems operating

over Rayleigh as well as Nakagami-m fading links, and it results in a significant performance

enhancement in favor of dual-hop AF systems with relay selection, compared to multihop AF

systems with same number of relays and same link fading parameters. It can be concluded

also that while the weakest link, of lowest value of the fading parameter, m, is a bottleneck

for the performance improvement in the case of multihop AF systems, because the diversity

order is proportional to min{mi}, this bottleneck does not exist for dual-hop AF systems

with relay selection because the contribution of the weakest branch is overridden by other

branches in the selection pool.

• Remarks

Note that the comparisons presented in this Chapter are preliminary investigations about

the relative performance of systems under comparison. Further investigations would include

the effects of multiple factors that were not addressed in this Chapter. These factors include,

but not limited to,

1. The selection overhead added to relay selection systems.

2. The effects of outdated channel estimations.

3. The relative locations of the available relay nodes with respect to the source and

destination nodes.
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Figure 9.1: Dual-hop amplify-and-forward relaying network. One of the N relays, R1, R2, · · · ,
RN is selected to relay the data signal between the source, S, and the destination, D.
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Figure 9.2: The outage probability, at γ = 10 dB, for dual-hop AF relaying systems with relay
selection from N = 2, 3 and 4 available relays. Identically distributed Nakagami-m links per branch,
but non-identically distributed branches are assumed.
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(2, 2)− (1, 3)− (3, 4)
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Figure 9.3: The outage probability, at γ = 10 dB, for dual-hop AF relaying systems with relay
selection from N = 3 available relays. Non-identically distributed Nakagami-m links per branch,
and non-identically distributed branches are assumed.
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Figure 9.4: Multihop amplify-and-forward relaying network. The source, S, and the destination,
D, communicate through N intermediate relay nodes, R1, R2, · · · , RN .
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Figure 9.5: The outage probability, at P/N0 = 10 dB, for dual-hop AF relaying systems with relay
selection from N = 2, 3 and 4 available relays, and multihop AF relaying systems with N = 2, 3
and 4 intermediate relays. Multihop AF systems with equal power distribution and other power
distributions are considered. The total available system power is fixed for all systems. Rayleigh
fading links are assumed.

211



Average SNR, P/N0 (dB)

A
v
er
a
g
e
sy
m
b
o
l
er
ro
r
p
ro
b
a
b
il
it
y,

P
s

Simulation

Simulation

Simulation

Simulation

Simulation

Simulation

Simulation

Simulation

Simulation

N = 2 - Multihop - EP

N = 3 - Multihop - EP

N = 4 - Multihop - EP

N = 2 - Multihop - HP

N = 3 - Multihop - HP

N = 4 - Multihop - HP

N = 2 - Dualhop

N = 3 - Dualhop

N = 4 - Dualhop

Multihop Systems

Dual-hop Systems

Figure 9.6: The average symbol error probability for dual-hop AF relaying systems with relay
selection from N = 2, 3 and 4 available relays, and multihop AF relaying systems with N = 2, 3
and 4 intermediate relays. Multihop AF systems with equal power distribution and other power
distributions are considered. The total available system power is fixed for all systems. Rayleigh
fading links and BPSK modulation are assumed.
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Figure 9.7: The average symbol error probability for dual-hop AF relaying systems with relay
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and 4 intermediate relays. Multihop AF systems with equal power distribution are considered. The
total available system power is fixed for all systems. Non-identically distributed Nakagami-m fading
links and BPSK modulation are assumed.
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Chapter 10

Concluding Remarks and

Future Directions

10.1 Concluding Remarks

In this thesis, novel exact performance analysis was presented for different wireless coop-

erative systems. Systems studied in this thesis are:

1) Dual-hop AF relaying systems without relay selection.

2) Dual-hop AF relaying systems operating under adaptive power transmission.

3) Dual-hop AF relaying systems with partial relay selection.

4) Dual-hop AF relaying systems with maximum end-to-end SNR relay selection.

5) Dual-hop AF relaying systems with full selection diversity.

6) General multihop AF relaying systems.

7) Multi-branch multihop AF relaying systems with full selection diversity.

Dependence of the system performance on the channel fading parameters, system parameters

and numbers of relays was explored. It was found that while the Nakagami-m parameter,

m, has an effect on the diversity gain, as well as on the SNR gain of the system, the Rician

parameter, K, only affects the system’s SNR gain. It was shown that when combined

together, the Rician parameter results in a bottleneck to the improvement of the system’s
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performance.

It was also found that the dependence of the system’s diversity gain on the selection

pool size is related to the relay selection technique used in systems with relay selection.

For dual-hop AF systems with partial relay selection operating over Nakagami-m fading

links, the diversity gain was found proportional to min{m1, Nm2}, in the case of maximum

relay-to-destination SNR selection, or to min{Nm1,m2}, in the case of source-to-relay SNR

selection. For these systems, it was shown that increasing the selection pool size beyond

m1

m2
( or

m2

m1
) is of limited practical benefit. On the other hand, for dual-hop AF systems

with maximum end-to-end SNR relay selection operating over Nakagami-m fading links, the

system’s diversity gain is proportional to
∑

imin{m1i,m2i}. In the special case of i.i.d.

links, the diversity gain is proportional to N . This means that the presence of fewer but

less severely fading available links results in a more significant improvement in the system

performance compared to the presence of more available links with smaller values of the

fading parameters. These conclusions lead to important design criteria that can be used by

designers of practical communication systems.

For multihop AF systems, the GTCF method was proposed as a general framework

that can provide exact solutions for the performance metrics of these systems. The GTCF

method presents a transform technique that can be used to solve heretofore difficult problems

in cooperative wireless networks. It was found that for multihop AF systems, diversity gain

is not affected by numbers of hops. On the other hand, the SNR gain is influenced by

numbers of hops. The more hops, the better the system’s performance. However, it was

found that there is a trade-off for the improvement of system’s outage and average symbol

error probabilities against the system’s ergodic capacity. It was also found that the diversity

gain of multihop AF systems operating over Nakagami-m fading links is limited by the fading

conditions of the weakest hop, and is proportional to min{mi}. Note that, in addition to

systems analyzed by the GTCF method in this thesis, the GTCF method can be used to

analyze other systems. The GTCF method was used in [1] to find exact performance metrics

of multihop AF systems operating in co-channel interference (CCI). The GTCF method was

also used in [2] to investigate multihop cooperative networks implementing CSI-assisted AF

relaying in the presence of in-phase and quadrature-phase (I/Q) imbalance. For multi-
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branch multihop AF relaying systems, it was found that while the system’s diversity order

is not affected by the number of hops per branch, it is affected by the presence of multiple

available branches.

In this thesis also, dual-hop AF systems with maximum end-to-end SNR relay selection

were compared to multihop AF systems. It was shown that dual-hop AF systems with relay

selection have a diversity order advantage over multihop AF systems, resulting from selection

among multiple branches. This advantage results in a significant performance enhancement

in favor of dual-hop AF systems with relay selection. It was shown also that while the

weakest link is a bottleneck for the performance improvement in the case of multihop AF

systems, this bottleneck does not exist for dual-hop AF systems with relay selection because

the contribution of the weakest branch is overridden by other branches in the selection pool.

10.2 Future Directions

It is fundamental to study optimized designs of wireless cooperative network. The work

presented in this thesis can be considered as basis for other studies in several ways. A

number of possible future directions are:

1) Designing multihop AF systems with optimum power allocation among the different

nodes of multihop paths. Equal power allocation was considered in the literature and in this

thesis. Different power allocation schemes can be promising and may achieve higher system

performance if adapted and optimized based on the system parameters.

2) Exact analysis and optimized design of high order multihop AF systems, such as

multiple-input multiple-output (MIMO) multihop AF systems. In these systems, the source

node, relay nodes and/or destination node can be equipped with multiple transmit/receive

antennas. Transmit beamforming and receiver combining techniques proved to enhance

the performance of wireless communication systems. Integrating MIMO operation with

multihop relaying systems will result in significant improvements to the quality of service

provided by wireless systems. Using the methods and frameworks proposed in this thesis

permits improved designs of such systems based on different design criteria, such as maxi-

mum throughput, minimum outage probability, etc.
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3) The results presented in this thesis can be extended to multiuser systems. Multiuser

systems provide advances in the system capacity and can provide significant diversity gains.

Applying the cooperative concept on multiuser systems will boost the performance of wireless

communication systems and promises as a future standard of mobile communications, in

particular, and wireless communications, in general.

4) Analysis and design of wireless cooperative systems in dynamic environment. The

results in the literature as well as the results presented in this thesis consider static con-

figuration of end nodes and relaying nodes. In a dynamic environment, end nodes as well

as relying nodes can be mobile. This imposes new challenges for the analysis and design of

cooperative systems.

5) The methods proposed in this thesis can be also used for wireless sensor networks

(WSN). Wireless sensor networks have wide range of applications including environmental

monitoring, security surveillance, military applications and others. A WSN is composed

of large numbers of sensor nodes with relatively limited energy storage, as well as limited

processing and communications capabilities. Sensor nodes are responsible for gathering,

processing and transmitting data to an end observer. In most cases, direct single-hop trans-

mission is not possible. Using an optimally designed multihop cooperative infrastructure can

result in better exploitation of WSN, increases the reliability and enhances fault-tolerance

of such systems.
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