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Abstract 

The problem of low dissolved oxygen (DO) level has been found to be 

widespread in ice-covered or polluted rivers. This thesis is targeted at providing 

some fundamental studies on the remediation measure of injecting air/oxygen 

via existing effluent diffusers to increase river’s DO level, with two main 

focuses: effluent mixing from multiport diffusers and bubbly jets in crossflows.  

A comprehensive literature review was first provided on transport of 

conservative chemicals with jets and plumes in the environment. Effluent mixing 

in rivers was studied based on a field dye test, and the mixing was further 

divided into near-field and far-field mixing. In the near-field (within the 

vertically fully mixed distance), effluent mixing from a multiport diffuser was 

studied in four zones: free jet zone, jet surface impingement zone, merging zone 

and river vertical mixing zone. The applicability of prevailing models for 

multiport diffusers was examined. In the far-field, river transverse mixing 

dominates further mixing of effluent. A modified streamtube method was 

proposed to describe transverse mixing. This method can produce a reliable 

mixing coefficient even with relatively low-quality field data. Effects of river 

discharge variation and ice cover on dimensional and dimensionless transverse 

mixing coefficient were investigated in a fixed river reach.  

Bubble plumes and bubbly jets produced by injecting air-water mixtures 

via a nozzle, were studied in crossflows in a large laboratory channel. Their 

general behaviors, mainly trajectories, were first photographically studied. Air 

and water discharges at the nozzle and the strength of crossflows were found to 



 

 

have significant impacts on the general behaviors. Proposed models could well 

simulate the trajectories of both gas-phase plumes and liquid-phase jets in 

crossflows. Detailed measurements on bubble properties in bubble plumes and 

bubbly jets in a crossflow were then conducted with a fiber-optic probe. 

Distributions of gas void fractions, bubble frequency, bubble velocity, bubble 

diameter and specific interfacial area were obtained at different crosssections. 

Centerline properties and spreading rates of bubble plumes were investigated. 

Relation of bubble slip velocity versus bubble diameter for bubbly jets in 

crossflow was obtained, and compared with those for single isolated bubbles and 

bubbly jets in stagnant water.  
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Chapter 1  
 

  General Introduction 

1.1 Research background 

Dissolved oxygen (DO) is one of the most essential water quality parameters and the 

maintenance of a certain level of DO is crucial for a healthy river ecosystem. However, 

severe winter DO depletions have been found wide-spread in rivers throughout the 

arctic and sub-arctic regions of Russia, Alaska, and northern Canada (Whitfield and 

McNaughton 1986; Chambers 2000). Low DO levels may severely affect the feeding 

rate, spawning, hatch and even the survival of fish and benthic macroinvertebrate 

species (Chambers 2000). The low DO levels in northern rivers are typically caused by 

the low river discharge in the winter, prevention of surface reaeration by ice cover, 

industrial and municipal wastewater discharges, and the bottom sediment oxygen 

demand (Lima Neto et al. 2007).  

An example of ice covered rivers with low concentrations of DO is the 

Athabasca River. The Athabasca River, with an annualized discharge of 661 m
3
/s, is an 

important river in northern Alberta, Canada. It supplies water to numerous local 

communities, Alberta’s five pulp and paper mills and Canada’s oil sand industry, and 

receives effluents from them. The river also provides important habitat for more than 30 

species of fish. The current guidelines for DO threshold values in Alberta are 5.0 mg/L 

for acute exposure and 6.5 mg/L for 7-day chronic exposure (Alberta Environment 

1999). In the winter, the DO level in the Athabasca River has been reported to drop 

below the chronic guideline (Chambers et al. 2006; Lima Neto et al. 2007). For 
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instance, as shown in Fig. 1-1, in 2003, the DO concentration decreased below 6.5 mg/L 

for a period of 42 days upstream of the Grand Rapids.  

In the Athabasca River, a direct and low-cost remediation measure was reported 

by Lima Neto et al. (2007) to increase the DO level by injecting liquid oxygen via the 

existing effluent diffusers along the river. Two field oxygen injection tests have been 

conducted through the diffuser of Alberta-Pacific Forest Industries Inc., with an 

injection rate of up to 5,000 lb/day. Analysis shows that the absorption rate of injected 

oxygen into water may reach as high as 50%, suggesting the effectiveness of this 

method.  

In order to better understand and further improve the effect and efficiency of 

oxygen injection, two important processes must be studied: the bubbly jet process and 

the river mixing process downstream of a multiport diffuser. The first process transfers 

the injected air/oxygen into river water through the spread, breakup and diffusion of the 

air bubbles before they escape into the air, while the second process governs the 

advection and turbulent diffusion of DO further downstream and across the river. The 

study on river mixing itself is also important for delineating effluent plume and 

assessing its environmental impact, as required by the current Environment Canada’s 

Environmental Effects Monitoring Programs (Environment Canada, 

http://www.ec.gc.ca/esee-eem/default.asp?lang=En&n=4CDB9968-1). The river mixing 

study provides a hydrodynamic mixing basis for the study of air/oxygen injection. 

The focus of this thesis is on both the river mixing process and bubbly jet 

process. A comprehensive literature review on transport of conservative chemicals with 

turbulent jets and plumes in the environment was first conducted to provide a solid 

foundation for the following studies. The river mixing was studied based on a field dye 

test. The river mixing was further divided into near-field and far-field mixing, which are 
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defined as mixing within and beyond the vertically fully mixed distance, respectively. In 

the near-field, the challenge is on the performance of a river multiport diffuser on 

effluent mixing and its interaction with river ambient flow. In the far-field, river 

geometry and hydraulic characteristics govern the transverse mixing and the difficulty is 

on the effects of seasonal variation of river discharge and ice cover on transverse mixing 

coefficient. The bubbly jet process was studied in the laboratory. Bubble plumes were 

produced by injecting air into water via a nozzle, while bubbly jets were made by 

injecting a mixture of air and water into water. Bubbly jets have been studied in 

stagnant water by Lima Neto et al. (2008a,b,c,d), Lima Neto (2011) and others. This 

study introduced crossflow, which is typically present in rivers. Crossflow significantly 

complicates bubbly jets, and relevant studies have been rarely reported. The present 

study contained two parts, with the first one on the general behaviors (e.g., trajectories) 

of bubbly jets in different crossflows and the second one on the detailed measurement of 

bubble properties in a single crossflow. All the above mentioned issues are to be 

addressed in this thesis. 

  This thesis will improve the knowledge on three aspects: performance of river 

multiport diffuser; river vertical and transverse mixing; and bubble plumes and bubbly 

jets in crossflow. This thesis also provide detailed field and laboratory data for the 

development and calibration of computational dynamics models on multiport diffusers, 

river mixing, and air-water two-phase jets and plumes. In particular, this thesis is useful 

in guiding the activities such as effluent mixing and air/oxygen injection for river water 

quality improvement.  
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1.2 Thesis outline 

This thesis is written in paper format and composed of five contributions on effluent 

mixing in rivers and bubbly jets in crossflow. Each contribution is presented in a 

separate chapter, and the following is a brief introduction. 

In Chapter 2, a comprehensive literature review is presented on transport with 

jets and plumes of conservative chemicals in the environment. This chapter includes the 

review on various types of jets and plumes, including simple jets and plumes, buoyant 

jets, wall jets, surface jets, jets and plumes in coflow and crossflow, multiple jets, 

bubbly and slurry jets and plumes. The chapter provides a general foundation for the 

following studies of effluent near-field mixing from a multiport diffuser and bubbly jets 

in crossflow. 

In Chapter 3, near-field mixing downstream of a multiport diffuser in a shallow 

river is studied with a field dye test. The near-field mixing is analyzed in four zones: the 

free jet zone, the jet surface impingement zone, the merging zone and the vertical 

mixing zone. The field data is also used to examine the applicability of some prevailing 

models for multiport diffusers. The main objective is to better understand the mixing 

performance of multiport diffusers in rivers of shallowness and with strong crossflow.  

In Chapter 4, far-field transverse mixing in an unregulated northern river is 

studied based on field dye tests. The main focus is on the effects of river discharge 

variation and ice cover on transverse mixing in a fixed river reach. A modified 

streamtube method is also proposed to describe transverse mixing. The method can 

produce reliable mixing coefficient even with relatively low-quality field data. 

 In Chapter 5, general behaviors (mainly trajectories) of bubble plumes and 

bubbly jets in different crossflows are studied in a large laboratory flume. Pure water 

jets are also included in the experiments for comparison purpose. Effects of air and 
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water flow rates at the nozzle and strength of crossflow are examined. Models proposed 

are able to well simulate both the trajectories of gas-phase plumes and liquid phase jets 

for bubble plumes and bubbly jets in crossflow. 

 In Chapter 6, bubble properties of bubble plumes and bubbly jets in a crossflow 

are measured in detail by using a double-tip optical probe system. The distributions of 

gas void fractions, bubble frequency, bubble velocity, bubble diameter and specific 

interfacial area are obtained at different cross-sections of bubble plumes and bubbly jets. 

Air mass flux at each section is integrated and compared with the injection flux. Bubble 

properties are studied along bubble plume centerlines and compared with the change of 

centerline concentration and velocity in single-phase jet in crossflow. Spreading rates of 

bubble plumes are next examined. Bubble induced water velocity in bubble plumes is 

studied. The relation of bubble slip velocity versus bubble diameter in crossflow is 

investigated and compared with those for single isolated bubbles and bubbly jets in 

stagnant water. Finally, aeration potential of each experiment is studied and a bubble 

diameter is recommended for artificial aeration in practice.  

In Chapter 7, some general conclusions are made and recommendations for 

future research are provided. 
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Figure 1-1 DO concentrations in the Athabasca River upstream of Grand Rapids in 

2003 (modified from Chambers et al. 2006) 
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Chapter 2  
 

Transport with Jets and Plumes of Chemicals in the 

Environment – a Literature Review
*
 

Jets and plumes are common in our environment. Some examples of jets are: 

wastewater discharged from an outfall; emission from an aircraft or vehicle; and the 

eruption of volcano. Some examples of plumes are: the smoke from a chimney stack or 

cigarette; the thermal plumes from a fire; municipal wastewater or hot water discharged 

in deep water; and oil spill from sea bed. One of the most important features of jets or 

plumes is their ability of entraining ambient fluid and achieve self-dilution. This greatly 

triggers our interests to study jets and plumes. This chapter is a review of the studies on 

turbulent jets and plumes, with a focus on the transport of conservative pollutants. 

 

2.1 Introduction 

The earliest experimental study of turbulent jets appears to be the work of Trupel on 

circular jets in 1915 (Abramovich 1963). FÖrthman performed an experimental study of 

plane turbulent jets in 1934 and his work also considered plane turbulent wall jets 

(FÖrthman 1936). The results of these investigations showed the similarity of the 

velocity profiles at different distances from the sources of the jets. These studies were 

followed by the extensive investigations of Hinze and Zijnen (1949) on circular jets and 

Albertson et al. (1950) for plane and circular jets. Turbulence characteristics of plane 

 
 

*
 The content of this chapter has been published as a book chapter. Zhang, W.M., Rajaratnam, N, 

and Zhu, D.Z. (2011). “Transport with Jets and Plumes of Chemicals in the Environment”, 

Encyclopedia of Sustainability Science and Technology, Robert A. Meyers (ed.), DOI 

10.1007/978-1-4419-0851-3, Springer, 25p.   



9 

 

jets were studied by Heskestad (1965) for plane jets and Wygnanski and Fielder (1969) 

for circular jets. Theoretical solutions for plane jets were developed by Tollmien in 

1926 for plane jets and by Goertler in 1942 for circular jets (Rajaratnam 1976). 

Numerical studies of turbulent jets followed, starting with the work of Rodi and 

Spalding (1970). Abramovich (1963), Rajaratnam (1976) and Fischer et al. (1979) 

provided comprehensive treatment of jets.   

Turner (1973) provides an introduction to study turbulent plumes in his book on 

Buoyancy Effects in Fluids. Rouse et al. (1952) performed an experimental study of 

plane and circular plumes wherein they found that the velocity and density defect 

profiles were similar if proper scales were chosen for velocity, width and density defect. 

Morton et al. (1956) published an integral study of plumes, wherein the concept of 

entrainment coefficient was introduced. Since then numerous studies have been 

conducted on turbulent plumes and forced turbulent plumes (buoyant jets). These 

studies have been summarized in Chen and Rodi (1980) and Lee and Chu (2003). 

Turbulent jets and plumes have been studied extensively not only because these flows 

are very interesting but also that they are of considerable practical importance in the 

fields of hydraulic, mechanical, aeronautical, environmental, and chemical engineering 

and many other fields.   

This chapter will first review the most classic and well-established theories on 

simple jets or plumes in stagnant water, and then consider effects of boundaries 

including: the bed (wall) and the surface of ambient fluid; coflowing and cross-flowing 

ambient fluid; and the interaction of neighboring jets in the case of multiple jets. Next, 

two kind of multiphase jets and plumes – bubbly jets and plumes; and slurry jets and 

plumes – will be briefly introduced. Multiphase jets and plumes are much more 

complicated compared to the single-phase ones, but have gained more interest in recent 
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years because of their wide applications. Finally, some directions for future researches 

will be highlighted.       

  

2.2 Turbulent Jets and Plumes in Stagnant Environment  

In this section, the focus is on the transport of conservative pollutants in a steady-state 

turbulent jet or plume issuing from a simple (plane or circular) nozzle into stagnant 

ambient fluid of large extent.  Such jets or plumes are called simple jets or simple 

plumes. Theories in this area have been well established. Close to the nozzle exit, there 

is a wedge-like or cone-like region termed “potential core” where the width of initial 

velocity distribution decays to a point. The length of the potential core is very short, 

about 10.4b0 for a plane jet where b0 is the half slot width, or 6.2d0 for a circular jet 

where d0 is the nozzle diameter (Lee and Chu 2003). Therefore, for practical purposes, 

our attention will be limited on the flow beyond the potential core, i.e. in the “fully 

developed flow” region (see Fig. 2-1). The reader who is interested in flow development 

region may refer to Rajaratnam (1976). 

 

2.2.1 Simple Jets 

The integral method is the most common method for analyzing simple jets or plumes. 

The following is a brief introduction on this method. For a plane jet as shown in Fig. 2-

1, the Reynolds-averaged Navier-Stokes equation in x direction, continuity equation and 

pollutant conservation equation, respectively, can be simplified as (Rajaratnam 1976):  
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where u and v are the time-averaged velocities in x and y directions, respectively; C is 

the pollutant concentration; ρ is the density of the fluid;   is the turbulent shear stress;   

is the mean value of turbulent diffusion coefficient.  

After multiplying Eq. (2.1) by   and then integrating from     to    , Eq. 

(2.1) becomes: 

 

  
    

 

 

                                                              

Eq. (2.4) states that the jet momentum flux at different x-sections is conserved. Using 

Eq. (2.2) and integrating the first term of Eq. (2.2) from     to    , we have: 

   

  
 

 

  
  

 

 

                                                       

where    is the jet volume flux per unit slot length. The entrainment hypothesis assumes 

that the entrainment velocity               , where    is called the jet 

entrainment coefficient;   is jet centerline (maximum) velocity; the negative sign 

indicates the ambient fluid is entrained into the jet.  Eq. (2.5) says that the jet volume 

flux increases with traveling distance x due to the entrainment of ambient fluid, which 

explains the ability of jet in diluting pollutants. Similarly, integrating Eq. (2.3) from 

    to    , we have: 

 

  
   

 

 

                                                                 

Eq. (2.6) states that the mass fluxes of pollutants at different x-sections are conserved if 

the chemical or biological reactions of pollutants are not considered.    

Numerous laboratory experiments and numerical simulations have confirmed 

that: beyond the potential core, the jet velocity or concentration exhibits self-similarity. 
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The most widely used expression for such similarity is the Gaussian distribution, which 

represents laboratory data satisfactorily: 

 

  
         

 

 
 
 

                                                       

 

  
         

 

   
                                                       

where    is the jet time-averaged centerline (maximum) concentration; b is the jet 

velocity half-width where the velocity is 50% (if   =0.693, refer to Fig. 2-1) or 37% (if 

  =1) of   ;     defines the jet concentration half-width where the concentration is 

50% or 37% of   ;    is the ratio of concentration half-width to velocity half-width. 

Using Eqs. (2.4) - (2.8), the analytical solutions for plane jets can be derived, as shown 

in Table 2-1. The coefficients of the solutions are mainly determined from experimental 

results and integrations. 

Using the same procedures as above, the equations of momentum flux, volume 

flux and pollutant mass flux for a circular jet can be derived. These equations suggest 

that: the jet momentum flux at any x-section is conserved; the jet volume flux across any 

x-section increases with traveling distance due to the entrainment of ambient fluid; 

Although the entrainment causes the pollutant get diluted within the jet core, the mass 

flux of any conservative pollutant at any x-section is conserved. The solutions to these 

equations for circular jets are summarized in Table 2-1. 

 

2.2.2 Simple Plumes 

A plume is produced from a steady discharge of a fluid whose motion is controlled by 

its buoyancy, with negligible effect of initial momentum. First, a plane plume of density 

   issued into a stagnant unstratified ambient fluid of density  is considered. It is 

assumed that          (true for most practical cases), where the initial density 



13 

 

defect          . After some manipulation, the Reynolds-averaged Navier-Stokes 

equation in x direction becomes: 

 
  

  
   

  

  
 

 

  

  

  
  

  

  
                                                 

where        ; and   is the plume density. For a plane plume, the continuity 

equation and pollutant conservation equation can be simplified in the same form as for a 

plane jet (Eqs. (2.2) and (2.3)).   

Using the integral method, Eq. (2.9) can be reduced to:  

 

  
    

 

 

       
 

 

                                                    

Eq. (2.10) says that axial momentum flux increases in x direction, and the increase rate 

is equal to the buoyancy per unit length (in x direction) of the plume.  For a plane 

plume, the continuity equation and pollutant conservation equation can be reduced the 

same as Eqs. (2.5) and (2.6). Eq. (2.5) states that the volume flux of a plume increases 

due to the entrainment of ambient fluid, and Eq. (2.6) states that although the 

concentration of pollutant decreases, its total mass flux is conserved. Note that C in Eq. 

(2.6) can be also interpreted as   , and then Eq. (2.6) becomes the integral form of 

buoyancy conservation equation.    

Experimental results show that: similarly as for jets, the plume velocity or 

concentration also exhibit self-similarity and the Gaussian distribution can well describe 

it. Using the Gaussian profiles (Eqs. (2.7) and (2.8)), the analytical solutions for a plane 

plume can be derived as shown in Table 2-2. The coefficients differ slightly in different 

references as they are determined using the results of different experiments. Here, to 

constitute the solutions, an useful dimensionless parameter is introduced: the 

densimetric Froude number at the slot exit                   (for circular plume, 

                 ). 
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For a circular plume, the Reynolds-averaged Navier-Stokes equations, 

continuity equation and pollutant conservation equation can be simplified, and the 

integral method can be used to obtain their integral forms of the equations. These 

equations indicate that:  the momentum flux in the plume increases with axial (x) 

direction, and the increase rate is equal to the buoyant force per unit axial length; the 

volume flux in the plume increases due to the entrainment of ambient fluid; the 

pollutant mass flux (or the flux of density defect) remains invariant in the axial 

direction. The analytical solutions for a circular plume are also presented in Table 2-2. 

The constants in these equations change slightly in different references where different 

experimental results were used. 

 

2.2.3 Buoyant Jets 

For a buoyant jet, the initial momentum flux cannot be neglected. Near the nozzle (slot) 

exit, it is expected that the buoyant flow will be like a jet; after some distance from the 

exit where the increase of momentum flux is much larger than the initial momentum 

flux, the buoyant flow will behave like a plume. For a plane buoyant jet, based on 

dimensional analysis, a characteristic length scale to judge whether the buoyant flow 

behaves like a jet or plume may be defined as: 

    
  

  
   

                                                            

where the initial specific momentum flux       ; the initial specific buoyancy flux 

           . If the jet centerline trajectory     , the buoyant jet can be treated 

as a pure jet and the simple jet equations can be used; if     , it can be treated as a 

pure plume and the simple plume equations are valid. Buoyant jets will be plume-like 

beyond          (Kotsovinos and List 1977; Papanicolaou and List 1988). 
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Characteristic length scale of jet/plume can only roughly help us calculate the 

evolution of a buoyant jet. The Reynolds equations, continuity equation and pollutant 

mass conservation equations can be simplified and the integral method can be used to 

obtain the analytical solutions. For a plane buoyant jet, the integral forms of the 

momentum, continuity, pollutant mass (or buoyancy) conservation equations are the 

same as Eqs. (2.10), (2.5) and (2.6), respectively. Here, for a buoyant jet, the integral 

form of energy equation needs to be introduced (as a result of multiplying Eq. (2.9) by   

and integrating from     to    ):  

 

  
 

   

 

 

 

       
  

  

 

 

        
 

 

                                 

Eq. (2.12) states that the flux of kinetic energy in the jet plume is decreased by 

turbulence production (first term in the right hand side of Eq. (2.12)) and increased by 

the work done by buoyancy (second term in the right hand side). 

The Gaussian type self-similarity equations are still valid for plane buoyant jets. 

Using Eqs. (2.7) and (2.8), as well as the experimental results on the jet spreading rate 

      and on the ratio of the concentration half-width to the velocity half-width     , 

and after some mathematical manipulations, the solutions for a plane buoyant jet can be 

obtained as shown in Table 2-3. It is interesting to note that: in Table 2-3, the jet 

centerline concentration or velocity equation is composed of two parts, corresponding to 

two limits (pure jet-like or pure plume-like conditions). 

The characteristic length scale for a buoyant circular jet or plume is:  

    
  

   

  
   

                                                                 

Similarly, for a buoyant circular jet, the integral equations of the momentum, continuity, 

pollutant mass (or buoyancy) conservation and kinetic energy can be obtained. Using 
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the Gaussian distribution for jet velocity or concentration and some experimental data, 

the analytical solutions for buoyant circular jets are shown in Table 2-3. 

 

2.3 Effect of Boundaries on Jets and Plumes  

In this section, the effect of different types of boundaries on jets and plumes will be 

considered, including the solid bed (wall), the free surface of ambient fluid, the 

coflowing or crossflowing ambient fluid, and the neighboring jets in the case of multiple 

jets. 

 

2.3.1 Wall Jets 

Wall jets are the jets discharged tangentially or at certain angles to a solid boundary 

(wall) (see Fig. 2-2). A simple case is first considered: a plane jet discharged 

tangentially to a smooth flat plate in deep still ambient fluid of the same kind. For 

turbulent plane wall jets with high Reynolds numbers (                 , 

where   is the kinematic viscosity of the fluid) at the slot exit, the length of the potential 

core will be (6.1~6.7)    (Rajaratnam 1976), which is in the same range as for simple 

jets. As expected, experiments show that: near the wall, there exists a thin layer 

(boundary layer) where the jet velocity increases from zero at the wall to a maximum 

velocity   ; above the boundary layer (named free mixing region), the jet velocity 

decreases from    to zero at some large distance y from the wall. Similarly as for 

simple jets, the jet width may be defined as where the jet velocity is 50% (or 37%) of 

   and         (i.e. in the free mixing region). In the boundary layer region, the 

boundary layer theories may be used to further divide this region into two or three sub-

layers: in the sub-layer very close to the wall, the velocity distribution is linear with y; 

some distance away from the wall, the velocity distribution can be described by the 



17 

 

logarithmic law (Schlichting and Gersten 2000).  For the velocity distributions of the 

entire wall jet, after some distance (about 20   ) from the slot exit, they exhibit self-

similarity (FÖrthmann 1934; Verhoff 1963). Verhoff (1963) proposed an empirical 

equation which agreed well with the experimental data: 

 

  
      

 

 
               

 

 
                                          

Using the equations of motion and the integral method, the following results for 

plane wall jets are obtained:         ;    . The detailed results are listed in Table 

2-4. To study the effect of wall roughness on wall jets, readers may refer to Rajaratnam 

(1967), Tachie et al. (2004), Dey et al. (2010) and Rostamy et al. (2010). To study the 

jets impinging on walls, readers may refer to Beltaos and Rajaratnam (1972), 

Rajaratnam (1976) and Chan et al. (2003). 

For non-buoyant circular wall jets (herein termed “bluff wall jet” to include 

semi-circular and rectangular wall jets with aspect ratio not very different from unity; 

the properties of bluff jets are not very different from those of circular jets), a number of 

studies have been conducted: square wall jets by Sforza and Herbst (1970), circular wall 

jets by Newman et al. (1972), bluff (including square, rectangular, circular, elliptic, and 

equilateral triangular) wall jets by Rajaratnam and Pani (1974), square wall jets by 

L  bcke et al. (2003) and circular wall jets by Agelin-Chaab (2010). These experiments 

show that after some distance from the potential core, the velocity distributions both in 

the vertical central plane and in the horizontal plane (see Fig. 2-2) are self-similar. From 

similarity analysis on the equations of motion or from dimensional analysis, the 

following results can be obtained for bluff wall jets:       ;     ;      

(Rajaratnam 1976). Experimental results support these predictions, and the results are 

listed in Table 2-4. 
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2.3.2 Surface Jets 

A surface jet can be produced by discharging a fluid at the surface of an ambient fluid 

(see Fig. 2-3). One typical example is the surface discharge of heated water from a 

power plant through either an open-channel or a pipe into an ocean, a lake or river. 

Rivers flowing into lakes, reservoirs and oceans and storm water discharges into rivers 

may be also viewed as surface jets. In this section, our attention will be limited in the 

region from the end of the jet potential core to the end of the near-field (where the 

mixing is still dominated by the jet momentum and buoyancy). The length of the near 

field is in the order of        (Rajaratnam 1984), where    is the cross-sectional area 

of the flow at discharge. For the mixing in the far-field (where the turbulence in rivers, 

lakes or oceans dominates further mixing), readers can refer to Fischer et al. (1979) and 

Rutherford (1994).      

Non-buoyant plane surface jets in stagnant water are now considered. Eqs. (2.1) 

- (2.8) for plane submerged jets also work for plane surface jets. Using the integral 

method and some mathematical manipulations, some useful results can be obtained: 

        ;    ;         , which are in the same form as those for plane 

submerged jets (Table 2-1). Experiments on plane surface jets were conducted by Chu 

and Vanvari (1976), Rajaratnam and Humphries (1984) and others. The experimental 

results are listed in Table 2-5. The results confirm that essentially a plane surface jet is 

quite similar to half of the corresponding plane submerged jet, but with slightly different 

coefficients. For example, the jet spreading rate of plane surface jets           , 

smaller than the value of  0.10 for plane submerged jets.   

Next, non-buoyant bluff surface jets in stagnant water are considered. From the 

experiments of Rajaratnam and Humphries (1984), the Gaussian function describes the 

velocity distributions well both in vertical (half-Gaussian) and transverse directions, 
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unless there is excess wave generation at the water surface (in this case    occurs some 

distance below the water surface). Using the integral method, it can be shown that: 

      ;     ;     , which are in the same forms as for circular submerged jets. 

Rajaratnam and Humphries’ experimental results show that: the jet spreading rate in the 

transverse direction            , twice of that in the vertical direction        

     . The phenomenon of the several times faster transverse spreading has also been 

observed in the studies of Anthony and Willmarth (1992), Gholamreza-kashi et al. 

(2007), and Cuthbertson and Davies (2008). These studies further found that: there 

exists a thin layer (called “surface current”) at the free surface, which exhibits even 

faster transverse spreading compared to that below the layer. Comparing Table 2-5 with 

Table 2-4, one may find that surface jets are somehow similar to wall jets, e.g., they 

both spread faster in the horizontal direction than in the vertical direction due to the 

boundary constraint in the vertical direction, and they have similar forms of jet 

equations. 

For the surface discharges such as heated water into rivers or wastewater into 

the oceans, the effect of buoyancy needs to be considered. Experimental results have 

indicated that the behavior of buoyant surface jets is mainly controlled by three 

parameters: the Richardson number at the outfall,                
   ; the depth 

(thickness) of the surface jet,    (or    for a plane jet); the depth of the surface stratified 

layer formed at the end of the near-field of the surface jet,   
    . For a buoyant surface jet 

with a fixed    , depending on the value of     
     , there could be four possible 

hydraulic phenomena: a surface jet, a surface (density) jump at the outfall, a surface jet 

followed by a surface jump, or a drowned jump. Rajaratnam and Subramanyan (1985) 

presented a graph to distinguish which of the four possibilities may happen for a plane 

buoyant surface jet. For the case of a pure plane buoyant surface jet (without any jump), 
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the experiments of Rajaratnam and Subramanyan (1985) show that: initially the jet 

spreading rate       follows the equation of the plane non-buoyant surface jet, but 

after some longitudinal distance, the spreading rate slows down, and eventually the jet 

thickness approaches a constant. In other words, generally the buoyancy effect 

constrains the spreading of a plane surface jet. Their results also indicate that:      is 

self-similar at different x sections, however these self-similarities can no longer be 

described by the Gaussian distribution and seem to be related with    . The results of 

Chu and Vanvari (1976) reveal that: the entrainment coefficient    of a plane buoyant 

surface jet decreases continuously with the increase of bulk     (defined as 

             
   ) with x; and    equals to zero when    increases to 0.2.  

For bluff buoyant surface jets, a number of experiments have shown that the jet 

behavior is strongly affected by     at the outfall. For convenience, bluff surface jets 

may be classified into two classes, the small     class (       ) and the large     

class (       ). From a number of experiments, the common findings for the two 

classes are that: the vertical velocity profile u(y) in the center-plane and the transverse 

(across the jet) velocity profile u(z) just below the water surface are self-similar; and the 

self-similarities can be well described by half-Gaussian or Gaussian distribution. Using 

the similarity analysis of the simplified equations of motion, the following relations can 

be obtained: for the small     class,       ,       ,     ,     ; and for the 

large     class,         ,         ,     constant,     . Detailed results are 

listed in Table 2-6. 

 

2.3.3 Jets and Plumes in Coflow 

Similarly as solid bed or free surface of ambient fluid, coflowing or crossflowing 

ambient fluid itself can be viewed as some sort of boundary affecting jet behavior. Jets 
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in coflow exist when jets are discharged in the direction of flowing ambient fluids (Fig. 

2-4). Extensive experimental or numerical studies show that: beyond the potential core, 

the jet concentration and the jet excess velocity relative to the ambient velocity exhibit 

self-similarity. The self-similarity may be described by the Gaussian distribution, 

exponent function, or cosine expression (Rajaratnam 1976; Lee and Chu 2003). In the 

following, plane jets and circular jets in uniform coflow will be first briefly introduced.  

For coflowing plane jets, the integral form of equation of motion is:  

 

  
          

 

 

                                                         

where        , the jet excess velocity. Eq. (2.15) states that the excess momentum 

flux is conserved in x direction. Using Eq. (2.15) and similarity analysis, Rajaratnam 

(1976) obtained the following asymptotic relations: for the strong jet region (i.e. 

        ),           and    ; and for the weak jet region (i.e.        

 ),           and       . Based on the experimental results in the literature, 

Rajaratnam (1976) derived that: 

   

          
 

    

     
                                                    

 

  
       

 

  
 

 

  
    

       
     

                                    

where α = U0/Ua, the ratio of jet exit velocity to ambient velocity. Note that Rajaratnam 

(1976) also summarized other more complex forms of equations for     and  , which 

were derived by Patel (1971) and Pande and Rajaratnam (1979).  

For circular jets in coflow, the integral momentum equation can be derived:  
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which says that the jet excess momentum is conserved in axial direction. Using Eq. 

(2.18) and similarity analysis on the equations of motion, Rajaratnam (1976) presented 

the following asymptotic relations: for the strong jet region (i.e.         ), 

        and    ; for the weak jet region (i.e.         ),           and 

      . Pande and Rajaratnam (1979) proposed a complex expression for    . Lee 

and Chu (2003) also derived asymptotic solutions for circular jets in coflow: for the 

strong jet region, the jet solution is assumed to be the same as in stagnant water (see 

Table 2-1); for the weak jet region,  

   

  
      

 

  
   

                                                     

 

  
        

 

  
   

                                                     

where   
 

 is the excess momentum length scale defined as    
      ;     

            
   , the jet specific excess momentum at discharge.   

To completely model circular jets in coflow, Lee and Chu (2003) formulated an 

integral model based on a Lagrangian jet spreading hypothesis:  

       
 

    
                                                  

   

  
   

  

    
                                                        

where         ;       
  ;    and   are respectively the excess velocity and 

half of the width of the top-hat profile (instead of the Gaussian profile) of an equivalent 

jet, which carries the same mass flow and excess momentum flux as the actual jet; 

         in stagnant water. It can be proved that          and      , 

where     and   are respectively the maximum excess velocity and 37% half-width for 

the Gaussian profile. From Eqs. (2.21) - (2.22),    and   can be solved. The actual jet 

centerline dilution can be obtained: 
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where    and    are the initial jet discharge and concentration, respectively;   is the 

ratio of concentration half-width to velocity half-width using the Gaussian profile 

(     ). The modeling results of Lee and Chu (2003) reveal that: the centerline 

dilution of a circular jet in coflow is only slightly smaller than that in stagnant water; 

and the centerline excess velocity decays in a similar way as in stagnant water. 

 

2.3.4 Jets and Plumes in Crossflow 

Now consider a non-buoyant circular jet discharged at an oblique angle (but not 0 or 

180 degree) to a flowing ambient fluid. In fact, most outfalls or diffusers in oceans or 

rivers discharge effluents as jets in crossflow, as the jet (effluent) dilution can be 

considerably enhanced even in a weak crossflow (Rajaratnam 1976; Lee and Chu 2003). 

Jets in crossflow has been studied extensively by Abramovich (1963), Rajaratnam 

(1976), Fischer et al. (1979), Wright (1977; 1984), Andreopoulos (1985), Hodgson and 

Rajaratnam (1992), Margason (1993), Smith and Mungal (1998), Lee and Chu (2003), 

Huang et al. (2005), Kikkert et al. (2009) and others. According to these studies, the 

evolution of jets in crossflow can be divided into three regions: the potential core 

region, the maximum deflection region, and the vortex region (see Fig. 2-5). The length 

of the potential core has been found to be mostly controlled by the relative strength of 

the jet compared to the crossflow (α = U0/Ua), and typically in the range of 2d0 to 6d0 

which is smaller than that of a free jet (Pratte and Baines 1967).  

Beyond the potential core region, the jet would be largely deflected due to the 

stagnation pressure exerted by the free stream and the entrainment of ambient fluid (and 

thus horizontal momentum). Jet deflection probably is the most distinct feature in 
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crossflow. After the maximum deflection region, the jet would be gradually parallel to 

the direction of ambient flow. Laboratory experiments (Abramovich 1963; Hodgson and 

Rajaratnam 1992; Lee and Chu 2003) and numerical simulations (Lee and Chu 2003) 

have found that: after some distance beyond the potential core, the jet cross-section 

would be like a kidney shape with a pair of two counter-rotating vortices (see Fig. 2-5). 

The vortex pair significantly entrains ambient fluid in the form of tornado vortices into 

the jet (Lee and Chu 2003), which explains the considerable enhancement of jet dilution 

in crossflow. The concentrations at the centers of the two vortices have been found to be 

about 1.1-1.6 times of the jet centerline concentration (Hodgson and Rajaratnam 1992; 

Lee and Chu 2003).   

For non-buoyant jets in crossflow, it is common to analyze them in three 

regions: the momentum dominated near field (MDNF), the momentum dominated far 

field (MDFF) and the transition between MDNF and MDFF. If the jet trajectory   

  , where    is defined as:          

   
   

   

  
                                                                  

and     is the vertical momentum at the exit, then the jet is in MDNF, where the effect 

of jet momentum is much stronger than that of the ambient crossflow. In MDNF, the 

classic equations for jets in stagnant ambient fluid are approximately valid. If     , 

the jet is in MDFF, where the effect of ambient crossflow is dominant over the jet 

momentum. In MDFF, the jet properties can be studied with physical and numerical 

models. Fischer et al. (1979) used dimensional analysis to find the asymptotic formulas 

for MDNF and MDFF. Lee and Chu (2003) studied the jets in MDFF based on the 

analogy to advected line puffs. Using length scale analysis and numerical models, they 

proposed the formulas which can represent satisfactorily experimental results:        



25 

 

  

  
      

 

  
                                                             

                                                                         

       
    

 

  
                                                           

where    is the vertical location of the centerline concentration;     is the vertical 

centerline half-width defined by 37% of the centerline concentration;     is the 

centerline dilution.  

The most common jet discharge angle in crossflow is 90 degree, i.e. jets are 

discharged at right angle to the ambient crossflow. Rajaratnam (1976) summarized the 

early studies in 1950s to 1970s that mostly focused on jet trajectories. Hodgson and 

Rajaratnam (1992) conducted detailed laboratory experiments on circular jets at right 

angle to crossflow and proposed the following equations:  

                                                                     

  

   
      

 

   
                                                          

  

   
      

 

   
                                                         

  

   
      

 

   
                                                         

where    and    are the jet width and thickness (see Fig. 2-5). Eqs. (2.28) - (2.31) have 

also been validated by a field experiment in the Lesser Slave River, Canada. Hodgson 

and Rajaratnam’s equations are mainly derived based on the experiments conducted in 

the range of             . It is interesting to note that Hodgson and Rajaratnam’s 

expressions fit the experimental data satisfactorily both in MDNF, MDFF and the 

transition between the two. 
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  Now consider a circular plume in crossflow. Similarly as   , a length scale    

needs to be defined to compare the relative strength of plume buoyancy with crossflow: 

   
  

  
                                                                   

If the jet trajectory     , then the plume is in the buoyancy dominated near field 

(BDNF) where the effect of buoyancy is dominant over crossflow; if     , then 

plume is in the buoyancy dominated far field (BDFF) where the effect of crossflow is 

more pronounced than the buoyancy. In BDNF, the plume is essentially vertical and 

only slightly advected, thus the equations for plumes in stagnant fluid are approximately 

valid. Similarly as jets in crossflow, after some distance from the nozzle, the plume 

cross-section will become a kidney shape that is made up of a vortex pair, and the 

concentration at the centers of the vortices have been found to be 1.4-1.7 times of the 

plume centerline concentration. In BDFF, the plume bends over and finally approaches 

the ambient flow direction. The analysis on the plume properties in BDFF relies on 

experiments or numerical models. Based on the equations of motion and the use of 

similarity solutions, Fischer et al. (1979) derived asymptotic formulas for the BDNF and 

BDFF. As the plume in BDFF behaves similarly as the advected line thermal, Lee and 

Chu (2003) used numerical models to obtain the plume characteristics. The predictions 

are comparable to experimental results. The formulas Lee and Chu derived are:          

  

  
     

 

  
                                                                

                                                                           

       
    

 

  
                                                            

Note Eq. (2.35) for BDFF is exactly in the same form as the equation for MDFF.  

Now consider the case of a circular buoyant jet in crossflow. In this case, the 

relative strengths of buoyancy, momentum and crossflow need to be considered. If 
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     , then the jet would in sequence experience in MDNF, MDFF and BDFF; if 

     , then the sequence would be MDNF, BDNF and BDFF (Fischer et al. 1979; 

Lee and Chu 2003; Lam et al. 2006). Equations should be selected carefully according 

to the studied location of the jet (e.g., in MDNF or MDFF or BDNF or BDFF). The 

transitions between MDNF and MDFF and between BDNF and BDFF are better treated 

using numerical models (Lee and Chu 2003). 

For jets directed at an oblique angle to crossflow, the reader may refer to Platten 

and Keffer (1971) and Kikkert et al. (2009). For plane jets and plume in crossflow, the 

reader may refer to Girshovich (1966), Jones and Wille (1996), Kalita et al. (2002) and 

Huang et al. (2005). 

 

2.3.5 Multiple Jets 

Effluents may be discharged via single port outfalls or multiport diffusers. Multiport 

diffusers are commonly used given their fast mixing and diluting ability and thus less 

adverse impacts on the environment. The jets issuing from the ports of a multiport 

diffuser are usually viewed as multiple jets. The characteristics of multiple jets are 

primarily determined by the arrangements of multiport diffusers. Generally, multiport 

diffusers can be classified into three categories: unidirectional diffuser (where net 

horizontal momentum flux is imparted perpendicular to diffuser line), staged diffuser 

(where net horizontal momentum flux is imparted parallel to the diffuser line), and 

alternating diffuser (where no net horizontal momentum flux is imparted) (Doneker and 

Jirka 2007). Fig. 2-6 illustrates one typical example of a unidirectional diffuser. It can 

be expected that different types of diffusers have significantly different jet mixing and 

spreading properties. 
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Studies on multiple jets (or diffusers) have been reported extensively in the past 

decades (Knystautas 1964; Jirka and Harleman 1973; Fischer et al. 1979; Lee and Jirka 

1980; Adams 1982; Jirka and Akar 1991; Huang et al. 1996; Kim and Seo 2000; Lee 

and Chu 2003; Wang and Davidson 2003; Tian et al. 2004; Tang et al. 2008; Zhang and 

Zhu 2011; and others). Most of these studies focused on the deep water ambient 

condition (e.g., in oceans and lakes), and limited studies dealt with the shallow water 

condition (e.g., in rivers). In this section, only the deep water condition is considered. 

Theoretically, multiple jets in sequence experience: the individual free jet zone (where 

jets has no effect on each other), the jet merging zone (where the interaction between 

jets are strong), and the 2-dimenstional zone thereafter (Parr and Sayre 1979; Zhang and 

Zhu 2011) (see Fig. 2-7). In practice, multiple jets are usually simplified as one line 

momentum source, neglecting the interactions between individual jets that are complex 

and not well understood (Jirka and Harleman 1973; Lee 1980). 

 Previously, some basic characteristics of three-dimentional free jets and two-

dimentional (plane) jets have been introduced; hence, in the following, the studies on 

the merging process of unidirectional non-buoyant circular jets will be briefly 

summarized. As yet, only limited studies on jet merging have been reported (Knystautas 

1964; Hodgson et al. 1999; Pun et al. 2000; Wang and Davidson 2003; Pani et al. 2009). 

To calculate the concentration or velocity field in the jet merging process, the most 

widely-used method is superposition. However, as the momentum equation is nonlinear, 

simple superposition of individual jets would overestimate the jet velocity. Knystautas 

(1964) studied the velocity field of merging jets in still ambient fluid and showed that 

the jet velocity can be modeled by superposing the momentum (  ) of individual jets 

(based on Reichardt’s hypothesis). Hodgson et al. (1999) proposed the following 

equation for the velocity field of the merging jets in still water: 
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where (2n+1) is the number of jets; the centerline velocity of each individual jet 

              ; L is the distance between the centers of neighboring jets; z is the 

transverse distance from the central jet axis. Hodgson et al. (1999) extended the 

Reichardt’s hypothesis on lateral transport of momentum to the lateral transport of 

pollutant, and showed that uC is additive. After solving the velocity field from Eq. 

(2.36), the pollutant concentration field can be obtained from Eq. (2.37): 

        

    

    

               
    

 
   

    

    

                              

where the centerline concentration of each individual jet              . Hodgson’s 

experimental results validated the use of Eqs. (2.36) - (2.37).  

Hodgson et al. (1999) revealed some basic physics in the jet merging, where the 

jet spreading rate       and the ratio of the jet concentration half-width to the velocity 

half-width      are both assumed to be constant during merging. Wang and Davidson 

(2003) developed a similar model for jet merging in stagnant ambient fluid, but allows 

the change of       and      during merging, as well as the change of these 

parameters in horizontal (the jet merging) plane and vertical (the free entrainment) 

plane. Theoretical analysis and experimental data indicate that: the jet merging in 

stagnant ambient fluid occurs at           . Note that in Wang and Davidson 

(2003), the start of merging refers to the location where the jet interaction begins to 

influence the bulk properties of the central jet, which is beyond the location where the 

physical jet boundaries start intersecting. By studying their experimental data and that of 

Knystautas (1964), Wang and Davidson (2003) found that: during the jet merging, the 

jet spreading rate       (or       ) increases by 30% in the vertical plane, while it 
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decreases by a similar amount in the horizontal plane; the ratio of velocity half-width in 

the vertical plane to that in the horizontal plane                       increase from 1 to 

1.5 during merging; the ratio of concentration half-widths                           

increase from 1 to 1.8. Obviously, the jet merging process constrains the jet spreading 

and thus dilution in the jet merging plane, while accelerates them in the free entrainment 

plane. This phenomenon is similar to the boundary effects found in wall jets or surface 

jets.  

In recent years, researchers started to study the jet merging in coflow (Pun et al. 

2000; Pani et al. 2009). Pun et al. (2000) developed a multiple-point hybrid model for 

merging jets in coflow, which combines a length-scale model and an Eulerian-integral 

model. The model allows multiple transition points for each parameter (jet velocity, 

spread and dilution), instead of a single transition point for all these parameters. The 

multiple-point hybrid model is shown to be able to significantly reduce transition errors 

during merging compared to the single-point model, and predicts favorable results 

compared to the integral solution. Pani et al. (2009) developed a model based on 

Reichardt’s hypothesis for multiple coflowing jets. Instead of momentum (   ) is 

additive in stagnant water, Pani et al. showed that the excess momentum (   ) is 

additive in coflow and follows Gaussian distribution. Using the method of superposition 

and a generalized spreading hypothesis, Pani et al. presented the equations for 

predicting the velocity field and centerline dilution downstream of multiple circular jets 

in coflow, which appeared to agree with the experimental data. 
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2.4 Multiphase Jets and Plumes  

In this section, two kind of multiphase jets and plumes will be introduced: bubbly jets 

and plumes and slurry jets and plumes. Both of them have wide engineering 

applications. 

 

2.4.1 Bubbly Jets and Plumes 

Bubbly jets are produced by injecting gas-liquid mixtures into liquids, while bubble 

plumes are produced by injecting gases into liquids. Bubble plumes and bubbly jets are 

widely used to achieve artificial aeration, circulation and mixing in confined reactors, 

aeration tanks, polluted water bodies, ice-covered rivers, and deep stratified lakes and 

reservoirs (Whipple and Yu 1970; Wüest et al. 1992; Schierholz et al. 2006; Lima Neto 

et al. 2007). Such kind of gas-liquid two phase flow is also common in hydraulic 

structures, e.g., the gas super-saturation downstream of hydro-power dams. So far, most 

of the early studies were conducted in confined setups, where the sizes and geometry of 

the setup further complicates the characteristics of bubbly jets and plumes (Lima Neto et 

al. 2008c). In this section, studies in stagnant water of relatively large scale will be first 

briefly introduced and then flowing ambient fluid will be considered.  

For two-phase flows, the dissolving of the gas phase into the liquid phase can be 

derived from Fick’s law of diffusion as (Mueller et al. 2002):  

  

  
                                                                 

where C is the dissolved gas (e.g., oxygen) concentration in the liquid; CS is the 

dissolved gas concentration at saturation; t is the time;    is the gas transfer coefficient; 

a is the gas-liquid interfacial area per unit liquid volume (also named the specific 

interfacial area). From Eq. (2.38), the gas transfer rate is mainly controlled by   and a, 
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which differ significantly in different setups. Previous studies (Barnhart 1969; 

Motarjemi and Jameson 1978) have shown that these two parameters are greatly 

influenced by bubble size. Bubble size depends on a number of factors: nozzle sizes and 

types, initial gas volume fractions, the solubility and mass transfer ability of the gas, 

turbulence intensity and flow structure of the ambient liquid, impurities and surfactants 

in the ambient liquid, and etc. (Clift et al. 1978; Lima Neto et al. 2008a,b,c,d). Lima 

Neto et al. (2008b) proposed a criterion to judge the sizes and shapes of the bubbles 

produced by injecting a mixture of air and water into water: if the nozzle Reynolds 

number             < 8000 (where     is the superficial water velocity based on 

the water discharge at the nozzle and nozzle diameter   ), then large and irregular 

bubbles will be produced; if     8000, smaller and uniform bubbles will be produced.  

A decrease in gas discharge or an increase in liquid discharge will decrease the bubble 

size (Varley 1995; Lima Neto 2008b,d).   

Now consider the vertical injection of a pure gas into a pure stagnant liquid. The 

bubbles produced at the orifice will coalescence/breakup and rise, inducing ambient 

liquid entrained into the bubble core and the dissolving of the gas into the ambient. 

Lima Neto et al. (2008a) studied air injection into still water with six different nozzles 

(single orifice, multiple orifices and airstone), and found that the water entrained into 

the bubble core under different initial air discharges    and nozzle types can be 

described as a function of    and vertical distance from the nozzles.    

For a vertical bubbly jet in stagnant liquid, Milgram (1983), Brevik and 

Kristainsen (2002), and Lima Neto et al. (2008b) reported that: the bubble area typically 

only occupies 50-90% of the bubbly jet in the radial direction. Lima Neto et al. (2008b) 

studied bubbly jets produced by injecting a mixture of air-water into stagnant water and 

found that: the more uniform and smaller the bubble sizes, the wider the bubble core can 
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spread in the radial direction; within the bubbly jets, the radial distributions of the time 

averaged bubble concentration (void fraction) and water velocity of the mean flow can 

be well described by Gaussian distributions, similarly as for single-phase jets or plumes; 

db/dx of the bubbly jets is close to that of the pure water jet.  

Although the existence of bubbles seems not to change the Gaussian profiles, 

the entrainment of the ambient into the bubbly jets is enhanced. Milgram (1983), 

Socolofsky and Adams (2002), Brevik and Kristainsen (2002), and Lima Neto et al. 

(2008b) reported an entrainment coefficient of bubbly jets in the range of 0.03-0.15, 

much larger than the values of pure jets or plumes. The additional entrainment probably 

associates with the bubble wakes (Leitch and Baines 1989) and additional liquid 

turbulence caused by interactions of the bubbles and their wakes (Lima Neto et al. 

2008b). At a specific height of the centerline of a bubbly jet, Lima Neto et al. (2008b) 

compared the liquid volume flux    of the bubbly jet with that of a pure water jet with 

the same nozzle diameter and water flow rate:  

  

        
             

  

  
                                           

where the initial gas volume fraction                 ;     and     are the 

initial volumetric flow rates of air and water, respectively. It can be expected that the 

average dilution for a bubbly jet is larger than that of a pure jet due to the additional 

entrainment of ambient water as shown in the right hand side of Eq. (2.39).  

For a bubbly jet injected horizontally into a stagnant liquid, there are only 

limited experimental studies (Varley 1995; Morchain et al. 2000; Fonade et al. 2001; 

Lima Neto et al. 2008d). Lima Neto et al. (2008d) studied the injection of air-water 

mixtures into a water tank of relatively large and reported that: first, the bubbly jet come 

out of the nozzle as a whole quasi-horizontal bubbly jet where bubble 

breakup/coalescence occurs and only a few bubbles escape from the bubbly jet and rise 
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vertically due to buoyancy; then, there follows a separation zone where the quasi-

vertical bubble plume partially separates from the water jet (when the initial gas volume 

fraction    < 0.15, the bubble plume completely separates from the water jet); finally, 

the bubble plume continues rising and the water jet impinges the water surface and 

becomes surface jet. In Lima Neto et al. (2008d), the length and width of the bubble 

plume, as well as the centerline trajectories of the bubble plume and water jet were also 

proposed in dimensionless forms. 

Bubble properties and mean liquid flow of bubbly jets could be non-

dimensionalized as functions of the initial gas volume fraction and nozzle Reynolds 

number for the vertical injection or as functions of the initial gas volume fraction and 

nozzle densimetric Froude number for the horizontal injection (Lima Neto et al. 

2008b,d). The variation of bubble properties and mean liquid flow along the jet 

centerline and across the jet needs further study. For bubble plume modeling, the reader 

may refer to Bravo et al. (2007).  

Crossflow will exert substantial effects on bubbly jets or bubble plumes, of 

which the most distinguishing is the separation of bubble plumes (named generally as 

dispersed phases) from the entrained ambient fluids (continuous phases) (Scolofsky and 

Adam 2002). So far, limited studies exist on bubbly jets or bubble plumes in crossflow. 

Socolofsky and Adams (2002) conducted laboratory experiments on bubble plumes 

produced by injecting air, air and oil, as well as air and alcohol in uniform crossflow. In 

weak crossflow, the separation between the bubble plumes and the entrained fluid does 

not occur before the plumes reach the surface. While in strong crossflow, the separation 

is significant and the separation height    can be given by an empirical relation: 
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where   is the horizontal crossflow velocity;    is the bubble slip (terminal rise) 

velocity;        ;    is the discharge of the plume fluid;               ;    is 

the ambient density of water;    is the density of the plume fluid. Socolofsky and 

Adams also reported that: before   , the plumes can be treated as single-phase plumes; 

after   , the bubble plumes follow the trajectory of the vector sum of    and   (i.e. the 

bubble plumes rise in a linear line), and the separated entrained fluid behaves like a 

momentum jet (the momentum is gained by the acceleration of bubbles before the 

separation). 

 

2.4.2 Slurry Jets and Plumes 

Slurry jets are produced by injecting a mixture of liquid phase and solid phase (such as 

sand or clay particles). Slurry jets have wide applications in pumping industrial (e.g., 

mining or petroleum) tailings into settling tanks, dredging and land reclamation, 

discharging storm water and industrial waters that have solid particles, and etc. A 

number of experimental and numerical studies in this area have been reported (Brush 

1962; Singansetti 1966; Awaya et al. 1985; Parthasarathy and Faeth 1987; Mazurek et 

al. 2002; Jiang et al. 2005; Hall et al. 2010). Usually, two injection ways were used, 

vertically upward and vertically downward. In the following, the main focus will be on 

the vertically downward injection of slurry jets into stagnant ambient fluids. Compared 

to single-phase jets, the adding of the solid phase will change the properties of the flow 

(Sheen et al. 1994).  

Previous experiments have indicated that the velocity and concentration of the 

solid phase across slurry jets follow self similar Gaussian distributions (Singansetti 

1966; Jiang et al. 2005; Hall et al. 2010). In the slurry jets with dilute solid particles, 

Jiang et al. (2005) reported that the velocity and concentration of the liquid phase also 
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exhibit self similar Gaussian profiles. However, this may not be valid for the slurry jets 

with solid particles of high concentration.  

The spreading of the solid phase has been found to increase linearly along the 

axial direction (Brush 1962; Mazurek et al. 2002; Hall et al. 2010). Brush (1962) 

reported that the spreading rate of the velocity of the solid phase        depended on 

the particle size. Mazurek et al. (2002) confirmed this by photographic measurements 

on sand jets, and further generalized the spreading as a function of the initial 

densimetric Froude number of the solid particle. Recently, Hall et al. (2010) conducted 

detailed experiments on pure sand jets and sand-water slurry jets in stagnant water. With 

the densimetric Froude number at the nozzle exit (                     where 

   is the initial velocity of the sand particle from a nozzle of diameter    and    is sand 

density) in the range of 2 ~ 6,        measured 0.087~0.109, not very different from 

that of single-phase jets in stagnant fluids. The difference lies in the ratio of 

concentration to velocity spreading rates of the solid phase (       ). Hall et al. (2010) 

reported that, for sand jets and slurry jets with high    (    ),         = 0.86 ~ 0.92, 

which means the sand concentration spreads slower than the velocity; and for slurry jets 

with low    (    ),              which means they have almost equal spreading 

rates. This finding is contrary to the classic single-phase jet theory, which states that the 

concentration scale spreads faster than the velocity scale (        ).   

Similar as single-phase jets, along the axial direction of slurry jets, the velocity 

and concentration of both solid phase and liquid phase decay rapidly. According to Hall 

et al. (2010), beyond the potential core (about        
   ), the axial concentration of 

the solid phase can be well described by:  
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In Eq. (41), the -5/3 power relation is very similar to that of single-phase plume (Table 

2-2), as Eq. (2.41) was established in the region at       where the buoyant slurry jet 

behaved like a slurry plume (Papanicolaou and List 1988). Similar -5/3 power relation 

was also built for the sand concentration in sand jets. For both sand jets and slurry jets, 

the axial velocity of the solid phase was found to decrease rapidly and then reach a final 

plateau region. Generally, before the plateau region, the axial velocity of the solid phase 

in slurry jets can be well represented by: 

 
    

  
 

    

 
 

    
         

                                                      

Similar as Eq. (2.42), for sand jets, before reaching the velocity plateau region, 

the axial sand velocity was also found to follow the -1/3 power relation, which is very 

similar to that of single-phase plumes (Table 2-2). The terminal (settling) centerline 

velocity of the solid phase was found in the range of 0.32 ~ 0.43 m/s, which is larger 

than the settling velocity of 0.033 m/s for individual solid particles. The larger terminal 

velocity probably can be attributed to the interactions between solid particles, i.e. the 

wake of previous solid particles tends to decrease the drag forces for the following 

particles.  

For the studies dealing with particle interactions, the reader may refer to Lain 

and Garcia (2006), Tamburello and Amitay (2008), and Yan et al. (2008). For the effect 

of solid particle size on velocity distribution, concentration profile and turbulent 

properties, the reader may refer to Azimi et al. (2011). For vertically upward slurry jets, 

the reader may refer to Jiang et al. (2005). 
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2.5 Future directions  

Some of the basic characteristics of a variety of jets and plumes have been 

reviewed, including simple jets and plumes, buoyant jets, surface jets, wall jets, jets and 

plumes in coflow and crossflow, multiple jets, bubbly jets and plumes, and slurry jets 

and plumes. The turbulence and turbulence structures in these flows have not been 

discussed. Interested readers may refer to the works of Heskestad (1965), Wygnanski 

and Fielder (1969), and Launder and Rodi (1983). Also, the behaviors of jets and 

plumes in stratified environment have not been covered. The readers may refer to the 

works of Morton et al. (1956), Turner (1973), and Roberts et al. (1989 a, b). To 

facilitate the applications of jets and plumes theories, software packages have been 

developed. The USEPA-supported CORMIX is perhaps the most commonly-used 

expert system for dealing with environmental problems involving jets and plumes. 

Other models are VISJET and Visual Plume.  

In addition to the simple jets and plumes, all the other varieties of jets and plumes 

still require research studies. This constitutes the general tone for the future research. 

Herein, some of key areas are listed as follows: 

 Physics and models of bubbly jets, and their application in aeration and mixing 

of ponds, lakes, and wastewater treatment plants; 

 Physics and models of slurry jets, and their industrial applications; 

 Physics and models of three phase jets and plumes, especially oil-water-gas 

plumes produced by oil spills in oceans; 

 Physics and models of jets and plumes in stratified environment; 

 Development, improvement and validation of computational fluid dynamics 

(CFD) modeling (such as direct numerical modeling (DNS), large eddy 

simulation (LES), k-epsilon modeling and others). 
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Table 2-1. Summary of Mean Properties of Simple Plane Jet and Circular Jet (data 

sources: Rajaratnam 1976[1]; Fischer et al. 1979 [2]; Rajaratnam 1984 [3]; Lee and Chu 

2003 [4]) 

Parameter Plane Jet Circular Jet 

Maximum (centerline) 

concentration    

  

  
 

  

     
  

where   = 3.37 in [2], 3.45 in 

[3], 3.21 in [4], 

  

  
 

  

    
  

where   = 4.96 in [2], 5.34 in 

[3], 5.26 in [4] 

Cross-sectional average 

concentration      

  

    
   ,  

where   = 1.2 in [2],  

1.25 in [4] 

  

    
     

where   = 1.4 in [2], 1.76 in 

[3], 1.68 in [4] 

Maximum (centerline) 

velocity    

  

  
 

  

     
  

where   = 3.50 in [1], 3.41 

in [2], 3.65 in [4] 

  

  
 

  

    
  

where   = 6.3 in [1], 6.2 in 

[2] and [4], 6.13 in [3] 

Velocity half-width b
*
 

     , where   = 0.10 in 

[1], 0.116 in [2], 0.097 in [3], 

0.12 in [4] 

     , where   = 0.10 in 

[1], 0.107 in [2], 0.096 in [3], 

0.114 in [4] 

Concentration half-width 

bC
*
 

       , where   = 1.35 

in [2] and [4], 1.17 in [3] 

       , where   = 1.19 

in [2],  1.17 in [3], 1.2 in [4] 

Entrainment coefficient       = 0.053 in [1] and [4] 
  = 0.026 in [1], 0.028 in 

[3], 0.057  in [4] 

Note: 
*
 in [2] & [4], b (or bC) is defined as where the velocity (or concentration) is 37% of    (or 

  ); while in others, defined as 50% of    (or   ).  
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Table 2-2. Summary of Mean Properties of Plane Plume and Circular Plume (data 

sources: Fischer et al. 1979 [1]; Rajaratnam 1984 [2]; Lee and Chu 2003 [3]) 

Parameter Plane Plume Circular Plume 

Maximum (centerline) 

concentration    or density 

defect     

  

  
 

   

   
 

    
   

    
  

where    
  

  
  

  
  

  

   = 3.78 in [1], 3.84 in [2],  

4.25 in [3] 

  

  
 

   

   
 

    
   

           

where    
  

  
  

  
  

 

   = 7.75 in [1], 7.83 or 9.37 

in [2], 8.90 in [3], 

Cross-sectional average 

concentration      

  

    
   , where   = 1.32 in 

[2], 1.25 in [3] 

  

    
   , where   = 1.40 in 

[1], 1.70 in [3] 

Maximum (centerline) 

velocity    

  

  
 

  

  
     

where   = 2.09 in [1], 2.52 

in [2], 2.85 in [3], 

  

  
 

  

  
              

where   = 4.34 in [1], 4.00 or 

4.33 in [2], 4.35 in [3], 

Velocity half-width b
*
 

     , where   = 0.116 in 

[1] and [3], 0.128 in [2] 

     , where   = 0.100 in 

[1], 0.085 in [2], 0.105 in [3], 

Concentration half-width 

bC
*
 

       , where   =1.35 

in [1] and [3], 1.17 in [2] 

       , where   =1.20 in 

[1], 1.16 in [2], 1.19 in [3] 

Entrainment Coefficient    
   = 0.136 in [2], 

0.103 in [3] 

   = 0.047 in [2], 

0.088 in [3] 

Note: 
*
 in [1] & [3], b (or bC) is defined as where the velocity (or concentration) is 37% of 

   (or   ); while in others, defined as 50% of    (or   ).    
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Table 2-3. Summary of Mean Properties of Turbulent Buoyant Jet (data sources: 

Rajaratnam 1984 [1]; Lee and Chu 2003 [2]) 

Parameter Plane Buoyant Jet Circular Buoyant Jet 

Characteristic length 

for jet/plume    
   

  

  
   

    
  

   

  
   

 

Maximum (centerline) 

concentration    or 

density defect     

  

  
 

   

   
 

   

 
   

  
  

   

             

 

      
   

where    
  

  
  

  
  

,     = 12.75, 

    = 21.19,      = 50.0 in [1] 

  

  
 

   

   
 

   

 
   

  
  

 

  
       

 

  
      

  

where     = 100,     = 1920,  

    = 6720 in [1] 

Cross-sectional 

average 

concentration      

  

    
    

 

  
  = 1.24 

where         = 1.35 in [2] 

  

    
      in [1] 

  

    
   

 

  
        

where         
 
= 1.2 in [2] 

Maximum (centerline) 

velocity    

  

  
  

   

  
  

   

          
     

where    =21.2,    = 50.7 in [1] 

  

  
  

   

  
       

 
   

       
     

where    =64.75, 

    = 223.25 in [1] 

Velocity half-width b 
       

where   = 0.097 in [1] 

       

where   = 0.097 in [1] 

Concentration half-

width bC 

         

where   =1.18 in [1] 

         

where   =1.16 in [1] 

Entrainment 

Coefficient    

       
            

    
     

 

         

  

where     and    is the 

entrainment coefficients for the 

plane jet and plume respectively, 

   = 17.1,    = 41.4 in [1] 

       
   

    
     

 

       

  

where    =0.44,    =20.74,  

   =2.38 in [1] 
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Table 2-4. Summary of Mean Properties of Plane Wall Jet and Bluff Wall Jet (data 

sources: Rajaratnam and Subramanya 1967 [1]; Rajaratnam and Pani 1974 [2]; 

Rajaratnam 1976[3]; Launder and Rodi 1983 [4]) 

Parameter Plane Wall Jet Bluff Wall Jet 

Maximum (centerline) 

concentration      

Cross-sectional average 

concentration      

    

  
 

  

    
  

where   = 4.032 in [3]  

Maximum (centerline) 

velocity    

  

  
 

  

     
  

where   = 3.50 in [1] & [3]  

Velocity half-width b 

      

where   = 0.068 in [3]; 

      = 0.073 in [4] 

 

  

  

         

 

 
 

  

 
    

 

 
      

where    =0.045,    =0.20, 

B is the nozzle (horizontal)  

width in [2] & [3]; 

       = 0.048 and 

       = 0.26 in [4] 

Concentration half-width bC   

Entrainment Coefficient       = 0.035 in [3]  
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Table 2-5. Summary of Mean Properties of Non-buoyant Plane Surface Jet and Bluff 

Surface Jet (data sources: Rajaratnam 1976[1]; Rajaratnam 1984 [2]; Rajaratnam and 

Humphries 1984 [3]; Gholamreza-kashi et al. 2007 [4]) 

Parameter Non-buoyant Plane Surface Jet Non-buoyant Bluff Surface Jet 

Maximum (centerline) 

concentration    
  

Cross-sectional average 

concentration      
  

Maximum (centerline) 

velocity    

  

  
 

  

     
, 

where   = 3.1 in [3] 

  

  
 

  

    
, 

where   = 13 in [4] 

Velocity half-width b 
          

where   = 0.07 in [2] & [3] 

In transverse direction: 

          , 

In vertical direction: 

          , 

where    = 0.09 in [2] & [3], 

0.12 (below the free surface) 

and 0.22 (at the free surface) 

in [4]; and    = 0.044 in [2] 

& [3], 0.025 in [4]  

Concentration half-width bC 
         

where   = 1.15 in [2] 
 

Entrainment Coefficient       = 0.037 in [2]  
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Table 2-6. Summary of Mean Properties of Buoyant Plane Surface Jet and Bluff 

Surface Jet (data sources: Chu and Vanvari 1976 [1]; Pande and Rajaratnam 1977 [2]; 

Rajaratnam 1984 [3]; Rajaratnam 1985 [4]; Rajaratnam and Subramanyan 1985 [5]) 

Parameter Buoyant Plane Surface Jet 
Buoyant Bluff Surface 

Jet with         

Buoyant Bluff Surface 

Jet with         

Maximum 

(centerline) 

concentration    

  

  

  
 

  

       
   , where 

  = 2.83 in [3] 

Cross-sectional 

average 

concentration      

  

 

Maximum 

(centerline) 

velocity    

     exhibits self-

similarity, but cannot be 

well described by Gaussian 

profile, as        at 

        [5] 

  

  
 

     
    

     
, where 

  = 15.3 in [3] & [4] 

  

  
 

  

           
    

where   = 1.25 in [3] 

Velocity half-

width b 

First      increases 

linearly as non-buoyant 

surface jet to some point 

     (the location depends 

on     ); then the increase 

rate        decreases non-

linearly; finally approaches 

asymptotically a horizontal 

line [5].   

           

           

 where     decreases 

with     (   = 0.044 for 

   =0, 0.02 for 

   =0.038, 0 for 

   =0.09);     increases 

with     in [3] & [4] 

   

  

 
   

   
   

 

  

   

     
 

   

      

where     is the average 

of   which changes 

slightly with y;    =0.29 

in [2], 0.26 in [3]; 

   =0.54 in [3] 

Concentration 

half-width bC 
 

           

           

where    = 1.0 in [3] & 

[4] and    = 1.15 in [3]  

           

           

where    = 1.12 in [2] & 

[3]; and    = 1.9 in [2], 

1.6 in [3] 

Entrainment 

Coefficient     

   decreases from about 

0.04 to 0 when    increases 

from 0 (non-buoyant plane 

surface jet) to 0.2  [1] 
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Figure 2-1. Schematic of a simple plane jet (for circular jet, replace 2b0 by d0 and y by r) 
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Figure 2-2. Schematic of (a) plane and (b) bluff wall jets 

 

 

 

      

 

 

(a) 

(b) 
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Figure 2-3. Schematic of (a) plane and (b) bluff surface jets 

 

  

(a) 

(b) 
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Figure 2-4. Schematic of plane jets in coflow (for circular jets, replace 2b0 by d0 and y by r) 
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Figure 2-5. Schematic of jets in crossflow 
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Figure 2-6. An example of a unidirectional diffuser 
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Figure 2-7. (a) Schematic of multiple merging jets, with the indication of (b) jet cross-

section deformation (modified from Wang and Davidson 2003) 

(a) 

(b) 
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Chapter 3  
 

  Near-Field Mixing Downstream of a Multiport 

Diffuser in a Shallow River
*
 

3.1 Introduction 

Multiport diffusers are commonly used to quickly mix effluents to reduce their 

environmental impact. Their performances have been investigated intensively in the past 

few decades (e.g., Knystautas 1964; Jirka and Harleman 1973; Fischer et al. 1979; Lee 

and Jirka 1980; Adams 1982; Huang et al. 1996; Kim and Seo 2000; Lee and Chu 2003; 

Wang and Davidson 2003; Jirka 2004; Tian et al. 2004; Tang et al. 2008). Most of these 

studies, however, focused on ocean diffusers, and limited studies dealt with river 

diffusers. River conditions are significantly different than oceanic conditions due to 

their relative shallowness and strong crossflow (i.e., river velocities). Despite the wide 

use of river diffusers, there have been virtually no reported field studies on the near-

field mixing downstream of such diffusers. It is important to gain a better understanding 

of river diffusers to properly assess the environmental impact of effluent discharge and 

to improve their design. 

In this study, we will examine the performance of a river diffuser in the 

Athabasca River located in Northern Alberta, Canada. The Athabasca River is a large 

river (with an annual discharge of 661 m
3
/s) and receives effluents from Alberta’s five 

pulp mills through multiport diffusers. The river experiences low dissolved oxygen 

 

 
*
 The content of this chapter has been published as: Zhang, W.M., and Zhu, D.Z. (2011). “Near-

field mixing downstream of a multiport diffuser in a shallow river.” J. Environ. Eng., ASCE, 

137(4), 230-240.  
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 levels during the winter due to the thick ice covering the surface (which prevents 

surface re-aeration) and low winter river discharge. To remediate this, Lima Neto et al. 

(2007) proposed injecting oxygen into the river through existing effluent diffusers. 

However, to increase the oxygen transfer efficiency from gas to dissolved form in the 

river, a better understanding of mixing downstream of diffusers is critical. Moreover, 

the mixing study is also required by current Environment Canada’s regulations that the 

effluent plumes be delineated and their impact assessed. 

Parr and Sayre (1979) studied the near-field mixing of multiple jets in shallow 

flowing water and divided the mixing region into three zones: an individual jet zone, a 

merging zone (where the individual jets merge in transverse direction), and 2-

dimensional zone thereafter. Parr and Melville (1981) and Adams (1982) proposed 

analytical models to predict the bulk dilution for river diffusers without giving the 

locations where the prediction takes place. Lee (1985) found little difference between 

these two models.  

Many experiments on individual jets have been conducted, and relations for jets 

in stagnant water, coflow, and crossflow have been built (Rajaratnam 1976; Fischer et 

al. 1979; Lee and Chu 2003). However, for a jet with an arbitrary discharge angle, our 

knowledge is still limited, and we must rely on numerical models such as the integral 

model (Jirka 2004). Of the limited experimental studies performed, Platten and Keffer 

(1971) examined the trajectories of jets directed at 60-135º from the ambient velocity. 

More recently, Kikkert et al. (2009) studied the trajectories, spreads, and dilutions of 

jets discharged at 0-90º from the ambient velocity.  

The jet merging process is usually neglected for multiport diffusers. For 

example, the concept of “equivalent slot diffuser” treats the whole diffuser as one line 

source (Jirka and Harleman 1973). In engineering design, sufficient distance should be 
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provided between the diffuser’s ports to adequately use the diluting ability of each port 

(Wang and Davidson 2003). Otherwise, individual jets will interact with each other. 

Hodgson (1991) showed that simple superposition of individual jets would overestimate 

the jet velocity and concentration. Literature on jet merging has been scarce, and most 

studies were conducted in still ambient fluids (Knystautas 1964; Hodgson et al. 1999; 

Wang and Davidson 2003). Recently a few studies in coflow have also been reported 

(Pun et al. 2000; Pani et al. 2009).  

Given the shallowness of rivers, mixing could be greatly affected by the water 

surface or the river bed. Only a few studies have been reported in this area. Rajaratnam 

(1976) summarized some earlier studies on the effect of the river bed on mixing. 

Hodgson (1991) reported the complex surface impingement by circular jets in 

crossflow. Doneker and Jirka (2007) also presented some results on bottom attachments 

and surface impingements of jets. Cuthbertson and Davies (2008) reported that the 

water surface significantly enlarges the lateral spread of jets in still water. Such 

phenomenon has also been confirmed by velocity measurement and flow visualization 

for surface jets (Anthony and Willmarth 1992).  

A number of software has been developed to model the performance of 

multiport diffusers including CORMIX, Visual Plume, and VISJET. CORMIX and 

Visual Plume are among the US Envrionmental Protection Agency’s approved software 

for effluent disposal in bounded and unbounded surface water, respectively, and 

VISJET is recently developed software for effluent discharge in unbounded water. 

Although these models have shown consistent results compared to some laboratory and 

field data from oceans and lakes (Tsanis et al. 1994; Jirka 2004), there are no reported 

studies on their applications for river diffusers. Recently Tang et al. (2008) used a 

computational fluid dynamics model to simulate the three-dimensional features of 
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thermal discharge in a natural river. However, the model was only calibrated within a 

distance of 1.5 m downstream of two ports of a diffuser.  

This chapter studied the near-field mixing downstream of a river diffuser before 

vertical mixing was complete. The fieldwork included a dye test, bathymetry surveys 

and flow measurements. Water samples were collected at different vertical and 

transverse locations at various sections. The near-field mixing was analyzed in four 

zones (Fig. 3-1): free jet zone, jet surface impingement zone, merging zone, and vertical 

mixing zone. Analytical models were proposed after the jets impinged the water surface. 

The field data was also used to evaluate some existing models for diffusers.  

 

3.2 Field Work and Dye Test Results 

3.2.1 Field Work 

A field dye test was conducted within a 32-km reach to study the mixing of effluent 

from Alberta Pacific Forest Inc.’s (Al-Pac’s) diffuser in the Athabasca River. The 

diffuser, located in the thalweg near the right bank, has 25 ports, of which 20 are 

currently used (Fig. 3-2(a)). The ports, 15 cm in diameter and 2 m apart, are 

unidirectional and approximately 1 m above the river bed. The angle between the ports 

and the bed is 45º, and the projection of the ports on the horizontal plane is parallel to 

the river velocity. The end of diffuser’s base is sealed.  

The fieldwork was conducted from September 22 to October 3, 2008, when the 

river discharge was low before the formation of ice in the river. In the first 3.5 km sub-

reach, the bathymetry was surveyed in detail using a Trimble R8 Real Time Kinematic 

(RTK) GPS simultaneously with a SonarLite Echo sounder. The RTK GPS records 

positions with an accuracy of 1-2 cm, and the echo sounder measures depths with an 

accuracy of ±2.5 cm. The bathymetry survey results near Al-Pac’s diffuser are shown in 



64 

 

Fig. 3-2(b). Under the conditions investigated, the river width was approximately 260 

m, the cross-sectional average depth was 1.6 m, and the average depth in the effluent 

region was 2.4 m. Due to the river’s shallowness and the 45º port angle, surface 

impingement by the jets were visually observed approximately 4 m downstream of the 

diffuser, and the impingement lasted 1-2.5 m.  

Velocities and discharges were measured at six sections using a SonTek 3.0 

MHz Acoustic Doppler Profiler (ADP). Each section was measured at least three times, 

and the ADP gave quite stable river discharges. The ADP also gave depth-average 

velocities and cumulative discharges across each section. At the time of the dye test, the 

river discharge measured 224.2 ±0.3 m
3
/s, the cross-sectional average velocity was 0.54 

m/s, and the averaged velocity in the effluent region was 0.64 m/s. Measurement data on 

bathymetry, river discharge, and water surface elevation was used to build a two-

dimensional (depth-averaged) hydrodynamic model using River 2D. The model was 

then calibrated with average errors of 0.02 m/s for velocity and 1.83 m
3
/s for cumulative 

discharge. The distribution of cumulative discharge from the calibrated model is shown 

in Fig. 3-2(c). 

In the dye test, Rhodamine WT (80.63 ±2.30 g/L) was injected at 14.17 ±0.16 

mL/min continuously for 45 hours by a peristaltic pump into the effluent pipeline, 

which was located at 5 km upstream of the diffuser. The effluent discharge and 

temperature were monitored by Al-Pac and averaged 956.6 ±6.3 L/s and 27.2 ±0.1 °C, 

respectively, during the dye test. The average river water temperature was 11.6 °C. 

Water samples were taken at five sections (4.8 m, 20.0 m, 33.3 m, 60.4 m, and 114.1 m) 

downstream of the diffuser. At each section, 20 sampling sites were selected covering a 

width of about 80 m (Fig. 3-2(c)). For the first four sections, at each sampling site, 

samples (250 mL each) were collected simultaneously at four depths from the water 
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surface (0, 0.5 m, 1 m and 1.5 m). Thus a total of 80 samples were collected at each 

section. Three sampling sites were chosen exactly at the impingement locations at 

Section 4.8 m. In the last section (where the vertical mixing was expected to be 

complete), samples were only taken at a depth of 0.5 m. Although the horizontal 

sampling positions were recorded by RTK GPS, the actual error for these positions was 

approximately 1 m, which arose from the moving of the boat, thus creating the distance 

lag between the sampling site and GPS recorded site.  

Samples were kept in fridge before dye concentrations were measured using a 

Turner Quantech Fluorometer. The fluorometer was calibrated between 0 and 5,000 

parts per trillion (ppt), with an average relative error of 1%. Each sample was measured 

at least three times with a standard deviation of about 3 ppt. Recovery ratios (defined as 

the fluorescence of the tested water standard over the background fluorescence divided 

by the fluorescence of the distilled water standard) were 98.8 ±2.1% and 96.3 ±3.3% for 

the river water and the effluent, respectively. This suggests that the physical and 

chemical properties of the tested waters do not interfere the reading of fluorescence. 

Background concentrations of the effluent and the river water were 610.87 ±2.79 ppt 

and 31.63 ±1.21 ppt, respectively. These values were within the normal background 

range of pure water (20 ppt) and raw sewage (1,000 ppt), and were caused by the 

fluorescence of extraneous materials in the water and a small emission from water itself 

(Turner Designs 2001). The river background value has been removed from the 

concentration values in this study.  

The conservation of dye mass flux is important for evaluating a dye test. As the 

concentration field is rather three-dimensional in the near field, it is difficult to directly 

calculate the conservation ratio. Thus the dye mass flux was calculated after vertical 

mixing was complete (starting from Section 114 m). For six far-field sections, the 
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average value of this ratio was 96.7 ±8.4% (Table 3-1). The conservation of dye mass 

flux in the far field was quite encouraging for the analysis in the near field.  

 

3.2.2 Dye Test Results 

The dye test results are shown in Figs. 3-3 and 3-4. From Fig. 3-3, the peak 

concentration drops quickly as the effluent travels downstream. The concentration 

decreased from 20,522 ppt (C0) inside the diffuser to 1,638 ppt (C/C0 = 0.080) at Section 

4.8 m and further to 409 ppt (C/C0 = 0.020) at Section 114 m. This reflects the fast 

diluting ability of the multiport diffuser. It is interesting to notice the wave-shape lateral 

concentration distributions, and usually three peaks were detected at each section. The 

three peaks at Section 4.8 m corresponded to the sampling locations specially selected at 

the three jet impingement locations at the water surface. Given there were 20 sampling 

sites at each section, many other peaks would have been missed.  

The concentrations near the diffuser, especially at Section 4.8 m, strongly 

depended on their sampling positions. At Sites A, B and C of Section 4.8 m (Fig. 3-

3(a)), the concentrations at all depths were small, suggesting that these sites were in the 

middle of two neighboring jets, which had not merged yet. Examination of their GPS 

positions and the concentrations at the neighboring sites further shows that these sites 

were approximately 1 m upstream of the impingement locations. For example, at Site A, 

the water surface concentration was 0, however, at Site E (almost the same transverse 

location as A), the water surface concentration was as high as 1,579 ppt (C/C0 = 0.077). 

The same concentration jump also occurred at Sites C and F (Fig. 3-3(a)). At Site D, the 

concentration at the water surface was lower than the concentrations found at depths of 

0.5 m and 1.0 m, which suggests that the jet was approaching but had not reached the 

water surface there (i.e., Site D was a little upstream of the impingement location). 
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The concentrations at the downstream sections were expected to be much less 

sensitive to the sampling positions than at Section 4.8 m. With the merging of jets, the 

lateral concentration difference became smaller (Fig. 3-4). At Section 114 m, the lateral 

concentration distribution began to evolve into a (skewed) Gaussian distribution and 

finally was so at 516 m downstream of the diffuser (Zhang and Zhu 2011).  

Note that in addition to the sampling positions, river turbulence could also 

contribute to the wave-shape (peak-trough) lateral concentration distribution. In this 

study, because of the constraint of the moving boat for sampling, each sample was taken 

within approximately 1.5-2 seconds, which was close to the estimated integral time 

scale (less than 1.7 seconds) of the river turbulence. Longer sampling time would better 

eliminate the effect of river turbulence on the concentration fluctuation of samples and 

produce a smoother lateral concentration distribution. However, this was not employed 

in the field because not only it would greatly complex the sampling setup and 

procedure, but more importantly, the influence of river turbulence on the lateral 

concentration distribution was expected to be small compared to that of the sampling 

positions.  

Indeed, river turbulence would induce some uncertainty in the concentration 

measurement near the jet edges, but such influence was limited at the jet centerline 

where the focus of this study was. The jet exit velocity from the ports of the diffuser 

was 2.7 m/s, much larger than the river velocity. Therefore, near the diffuser, the peak 

concentrations were not affected by river turbulence. On the other hand, if river 

turbulence was dominant, the concentration fluctuations at the downstream sections 

should be as large as that at Section 4.8 m; on the contrary, Fig. 3-4 shows much smaller 

fluctuations at the downstream sections. Moreover, according to the analysis with 

CORMIX, the jets of the diffuser completed merging with each other shortly after the 
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diffuser, and then the lateral range of uniform dye concentration was wide (over 40 m). 

Thus, the effect of river turbulence (including secondary flows) should be limited on the 

lateral concentration distribution after the merging. Furthermore, the limited effect of 

river turbulence on the samples can be double checked from the conservation ratio of 

dye mass flux measured at each section (see Table 3-1).        

Generally concentrations at the water surface were highest and dropped with 

depth, but the vertical concentration differences decreased with longitudinal distance. At 

Section 4.8 m, the concentration difference at the water surface and the depth of 1.5 m 

was as high as 1,500 ppt (ΔC/C0 = 0.073), while the difference was only 170 ppt (ΔC/C0 

= 0.008) at Section 60.4 m. This suggests the dye at Section 60.4 m approached, but had 

not yet reached complete vertical mixing. As shown in Fig. 3-3, after the jets impinged 

the water surface, the dye diffused from the water surface toward the river bed. 

Peak concentrations were noticed at the off-shore end of the effluent region 

(Figs. 3-3 and 3-4). The locations of these peaks were consistent with cumulative 

discharges at different sections (Fig. 3-4). Initially the effluent was distributed within a 

width of 38 m (20 ports) along the diffuser. This width did not increase much at the 

downstream sections (with an average of 41.2 m as shown in Fig. 3-3), indicating that 

the advection was much stronger than the jet spread and transverse turbulent diffusion. 

In Fig. 3-4, the cumulative discharges at different sections were consistent in the 

effluent region; within this region, the river discharge measured 59.7 ±1.1 m
3
/s (26.6% 

of the total). 

 

3.3 Result Analysis 

Some length scales are examined here to obtain an overall understanding of the 

turbulent buoyant jets from the diffuser. The ratio of jet exit velocity (U0) to ambient 
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river velocity (u) is 4.3, and the initial density difference (Δρ0/ρa) is 3.1‰, where ρa is 

the density of the ambient water. The initial densimetric Froude number (
0 0 0U g d' ) is 

40.2, where d0 is the port diameter; g0’= gΔρ0/ρ; and g is the acceleration due to gravity. 

The buoyancy length scale for a buoyant jet in crossflow is lb = B0/u
3
 = 0.01 m, where 

the initial specific buoyancy flux B0 = g0’Q0; and Q0 is the jet discharge at one port. The 

momentum length scale for a buoyant jet in crossflow is lm = M0
1/2

/u = 0.57 m, where 

the initial specific momentum flux M0 = U0Q0. The characteristic length for jet/plume in 

still water is LM = M0
3/4

/B0
1/2

 = 5.67 m.  

According to Fischer et al. (1979) and Lam et al. (2006), with lb << lm, the jets 

in our study can be described as weakly buoyant jets in strong crossflow, which 

experience in sequence momentum dominated near field, momentum dominated far 

field, and buoyancy dominated far field. In other words, the jets are first momentum 

dominated within 0.57 m, and beyond that, the ambient flow becomes dominant. Given 

LM = 5.67 m, the buoyancy is not important compared to the momentum when the 

effluent impinges on the water surface as the water depth above the diffuser’s ports (1.4 

m) is small than LM. At the surface impingement location (near Section 4.8 m), the 

minimum dilution was 13.3 times, and thus, the maximum temperature difference there 

was only 1.2 °C or Δρ/ρa = 0.23‰. Due to the weak buoyancy at the impingement 

location, according to Doneker and Jirka (1990), buoyant surface spreading will not 

happen, and the further mixing can be characterized as passive dispersion induced by 

river turbulence.  

In the following analysis, the minimum dilution will be compared with jet 

theories to further understand the general behavior of jets from the diffuser. Mixing will 

be analyzed in four zones, and CORMIX will be used for comparison. Furthermore, 
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analytical models will be built after the jets impinge the water surface. The buoyancy 

effect will be considered in the CORMIX models, but not in the analytical models. 

  

3.3.1 Minimum Dilution 

Minimum dilution, the key parameter to assess an effluent discharge, is defined as 

C0/Cm, where Cm is the maximum concentration at a downstream section. To assess the 

whole diffuser, Cm was considered to be the average of the three peak concentrations 

detected at each section (Fig. 3-3). As it was difficult to obtain more peaks in the field, 

the average of the three peaks, to a large extent, represent the minimum diluting ability 

of the whole diffuser. 

The measurement of C0/Cm is shown in Fig. 3-5. In Fig. 3-5(a), the length of the 

potential core was estimated to be 2d0. According to Rajaratnam (1976), the potential 

core length of a circular jet in crossflow depends on U0/u, and in our study, the length 

was calculated to be 3d0. This length further reduced to about 2d0 on the x (longitudinal) 

axis due to the 45º discharge angle. In Fig. 3-5(a), the entire 114 m can be divided into 

two parts, each fitted with a power law relation. From Fig. 3-5(b), the slope of C0/Cm 

decreases dramatically with the downstream distance as the jet entrainment is more 

effective in mixing compared to the river turbulence. 

The measurement of C0/Cm may be compared with jet theories to indicate 

whether the jets behave more like circular (or plane jets) in crossflow or coflow. The 

equations currently available are:  

Circular Jet in Crossflow (Hodgson and Rajaratnam 1992) 

   
0.56

0 01.09( / )mC C x d                                          (2.1) 

Circular Jet in Coflow (Lee and Chu 2003)   

                           
0.5

0 0 00.174( / )m eC C xM Q                                        (2.2) 
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Plane Jet in Coflow (Pun et al. 2000) 

           
0.5 0.5 0.5

0 2 2 0( 1) (2 / ) ( ) /( / ) m c q p eC C I k I l x M u                     (2.3) 

where Me0 is the jet excess momentum; lp is the distance between ports; Ic2 and Iq3 are 

constants of 2.3 and 1.8; and k, the jet spread rate, is about 0.11. Note that Eq. (2.1) was 

selected for the momentum dominated far field, which started from x = 0.57 m (lm) in 

our study. Lee and Chu (2003) also proposed a comparable equation to Eq. (2.1). Eq. 

(2.3) was selected for weak plane jet since the plane jet was calculated to become weak 

after x = 1.3 m in our study (according to Pun et al. 2000).  

Eqs. (2.1) - (2.3) are plotted in Fig. 3-5(b). Generally, Eqs (2.1) - (2.2) over-

predict C0/Cm, as these equations were built for one port of a diffuser. However, Eq. 

(2.3) gives more favorable results, which suggests that the jets with U0/u = 4.3 and a 45º 

discharge angle will bend and merge quickly, and behave more like a weak plane jet in 

coflow afterwards. This general behavior originates from the measured C0/Cm ~ x
0.5

 (Fig. 

3-5(a)), which is similar to Eq. (2.3). Some discrepancies exist between Eq. (2.3) and 

the measurement at the start (x = 0 - 4.8 m) and end (x = 60.4 - 114.1 m) of the study 

reach. This is because initially the jets are independent circular jets, and as jets travel 

greater distances, the water surface and the river bed limits the further dilution of jets, 

whereas Eq. (2.3) assumes the infinity of the ambient. 

As shown in Fig. 3-5(a), between the potential core (2d0) and Section 4.8 m 

(32d0), the measured C0/Cm ~ x
0.93

 is similar to Eq. (2.2). However, Eq. (2.2) 

underestimates C0/Cm at Section 4.8 m, since crossflow is more favorable for jet dilution 

than coflow (Lee and Chu 2003). For a jet discharged at 45º to an infinitely large 

ambient, C0/Cm is expected to have a smaller exponent for x (i.e., 0.5-1, where 0.5 and 1 

are from the relations for a circular jet in crossflow and coflow, respectively).  
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The present results are also comparable with the laboratory results in a study of 

multiple nonbuoyant circular jets in crossflow (Moawad and Rajaratnam 1998). Parr 

and Sayre (1979) developed an equation for C0/Cm based on experiments of multiple jets 

in shallow flowing water: 

0 0 00.28( / 2.5)      for  2 ( ) /   m a j jC C x d x d q q q                   (2.4)                                                                        

where qa is the average ambient discharge per unit width assigned to a diffuser’s port; 

and qj is the diffuser discharge per unit length. In the valid range for Eq. (2.4), the 

predicted C0/Cm for our study are 9.7 and 38.0 at x = 4.8 m and 20 m, respectively, 

which are close to the corresponding field values of 13.2 and 31.4. Note that when x 

increases, Eq. (2.4) tends to over-predict C0/Cm, even when compared to Parr and 

Sayre’s own data. 

 

3.3.2 Zone I: Free Jet Zone 

Free jet means that the jet does not contact the water surface, river bed, or neighboring 

jets. Current theories mainly apply for jets in stagnant fluids, although some studies 

have also been reported in coflow and crossflow (Lee and Chu 2003; Jirka 2004). For 

jets with an arbitrary discharge angle, numerical models need to be relied on. In this 

study, the most widely used software, CORMIX 5.0GT, will be used. CORMIX 

incorporates several independent models such as CORMIX1 for single-port discharge 

and CORMIX2 for multiport discharge. The average velocity and depth in the effluent 

region (Table 3-2) were used for modeling. 

The results for jet trajectories from CORMIX1 are shown in Fig. 3-6. CORMIX 

defines the jet width as the location where the concentration is 37% or 46% of the local 

centerline concentration. For consistency, these are adjusted to the more commonly used 

“jet half-width” where the concentration is 50% of the centerline. As shown in Fig. 3-
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6(a), the free jet zone is short: only 3.3 m (22d0) downstream of the diffuser. The angle 

between the jet and ambient velocity decreases quickly from the initial 45º to 15º at x = 

1 m, and further to 8º at x = 3.3 m, suggesting the general behavior of a jet with a 45º 

angle and U0/u = 4.3 would be more like a jet in coflow instead of crossflow. The same 

conclusion was drawn from the comparison of C0/Cm with jet theories.  

In Fig. 3-6(b), the jet half-width appears to increase linearly in the aerial view, 

and the jet spread rate is about 0.08 for the 50% jet half-width, or about 0.10 for the 

37% jet half-width. This is close to the value of 0.11 for the 37% jet half-width of a 

circular jet in stagnant water (Lee and Chu 2003). The jet centerline excess velocity was 

predicted to decease quickly from the initial 2.3 m/s to 0.7 m/s at x = 1 m, and further to 

0.2 m/s at x = 3.3 m. 

 

3.3.3 Zone II: Jet Surface Impingement Zone 

Surface impingement by jets is rather complex as it is strongly dynamic and three-

dimensional. In Fig. 3-6(a), the jet thickness of this zone seems stable. However, in the 

transverse direction, the jet half-width suddenly increases from 0.3 m (2d0) to 0.75 m 

(5d0) at x = 3.3 - 4.5 m (22d0 - 30d0). This results in a jet spread rate of 0.38, 

approximately 4.7 times of that in the free jet zone (Fig. 3-6(b)). This sudden lateral 

increase is caused by the vertical restriction of jet spread exerted by the water surface. 

The sudden increase in jet width and the stableness in jet thickness indicate that surface 

impingement can enhance dilution. In a study of vertical buoyant jets in stagnant 

shallow water, Kuang and Lee (2006) reported that the dilution can increase 3-6 times 

near surface impingement due to an internal hydraulic jump. The predicted location and 

length of the surface impingement zone was consistent with field observations. 
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So far, no other jet model has been found to be capable of dealing with surface 

impingement, and the literature has also been quite limited. Hodgson (1991) used 

photography to study the effect of finite depth on circular jets in crossflow and found 

that the jets would eventually rise to a stable terminal layer near the water surface 

(before vertical dispersion). For our study, the terminal layer was calculated to be from 

the water surface to a depth of 0.62 m (4.1d0), which is comparable to a depth of 0.79 m 

(5.3d0) from CORMIX1.  

Hodgson (1991) also studied the effect of surface impingement on the lateral 

enlargement of jet spread and found that the enlargement was related to U0d0/(uH0), 

where H0 is the depth at jet discharge. Using his experimental data, the lateral jet spread 

rate with impingement was estimated to be 7.2 times the value without impingement for 

our study. This is close to the 4.7 times from CORMIX1. Similar phenomena have also 

been observed for surface jets, and the ratio of jet lateral spread rates with and without 

surface effect was 3.9 - 6.3 (Anthony and Willmarth 1992). Three-dimensional 

computational fluid dynamics models will be needed to study the details of this 

problem. 

 

3.3.4 Zone III: Merging Zone – Passive Dispersion Analysis 

Due to the energy dissipation during surface impingement, the jet centerline excess 

velocity would greatly decay from 0.2 m/s at x = 3.3 m. Thus beyond the surface 

impingement, i.e., from x = 4.5 m (30d0), further mixing can be treated as passive 

dispersion. CORMIX1 and superposition can be used to simulate the concentration field 

induced by all the ports. In Fig. 3-6(b), the 50% jet half-widths would interact at x = 6 m 

(40d0), indicating that the jet merging approaches completion there. Using the concept 

of “equivalent slot diffuser”, CORMIX2 neglects the individual jet spreading and 
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merging processes. As the predictions from CORMIX were not quite satisfactory for our 

study (Figs. 3-7 and 3-8), analytical dispersion models were developed using the 

measurement results at Section 4.8 m (32d0 or 2H, where H is river depth) as initial 

conditions.  

The analytical models are based on assuming 20 steady-state point sources 2 m 

apart from each other at the water surface some distance upstream of Section 4.8 m. For 

each source, the advection-diffusion equation is: 

2 2 2

2 2 2x y z

C C C C
u D D D

x x y z

   
  

   
’

’ ’
                                   (2.5) 

where x’ is the longitudinal coordinate from the virtual origin of a point source (note x 

starts from the diffuser); y is the transverse coordinate; z is the vertical coordinate from 

the water surface; and D is the turbulent diffusion coefficient. Neglecting the diffusion 

in the x’ direction as it is small than the advection, the analytical solution to the 

concentration field induced by all 20 sources is: 

2 220
0

1

2 / 20 ( )
( , , ) exp

4 44

i

i y zy z

M y y z
C x y z

D t D tD D x





 
   

  
’

’
 + Images               (2.6) 

where yi is the lateral position of the ith source;
0M



is the dye injection rate for the whole 

diffuser; t = x’/u is the time for  the dye to travel from the virtual origin to x’; the 

coefficient value of 2 expresses the reflecting effect at the water surface; and the image 

term is introduced to account for the river bed. 

Beyond the surface impingement, the concentrations at the water surface were 

greater than at any other depths. Thus the merging process was focused at the water 

surface (z = 0). From Eq. (2.6),  

220
0

1

2 / 20 ( )
( , ,0) exp

44

i

i yy z

M y y
C x y

D tD D x





 
  

  
’

’
 + Images 
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1

( )
exp 0.693 i

m

i

y y
C

b

 
  

 
  + Images                            (2.7) 

where
1 0/(40 )m y zC M D D x



 ’is the maximum concentration induced by one point 

source; and b is Gaussian 50% half-width. From Eq. (2.7), it can be easily shown: 

2 /(2.772 )yt b D  or 2.772 yb D t                                    (2.8) 

The initial conditions at Section 4.8 m are: Cm1,4.8 = 1,549 ppt (C/C0 = 0.075); and b4.8 = 

0.9 m. The value of b4.8 was determined by matching the modeled concentration profile 

with the measurement points excluding Points A-D as stated before (Fig. 3-7(a)). The 

transverse diffusion coefficient is Dy = 0.30u
*
H = 0.044 m

2
/s, where u

*
 is the shear 

velocity. The coefficient 0.30 was calculated using the method of moment based on the 

dye test results within the entire 32-km reach (Zhang and Zhu 2009). In Eq. (2.8), the 

time for the  dye to arrive at Section 4.8 m is t4.8 = 6.6 s, which means the virtual origin 

of a point source is 4.2 m upstream of Section 4.8 m, close to the diffuser’s location. 

The time for the dye to arrive at any location x can be calculated by
4.8 ( 4.8) /t t x u   ; 

thus, the value of b at x can be calculated using Eq. (2.8). The maximum concentration 

at x can be calculated using
1 1,4.8 4.8m mC C t t . The concentration field induced by all the 

sources can be calculated using Eq. (2.7).  

Modeled and measured concentration profiles at the water surface are shown in 

Fig. 3-7. It is clear that, within a short distance, the effluent would complete merging 

(defined as where the lateral variation of concentration is less than 5% of the mean 

concentration). The complete merging location was calculated to be x = 6.0 m (40d0 or 

3lp) (i.e., only 1.5 m after surface impingement). Wang and Davidson (2003) proposed a 

merging zone of 4.5lp< x < 12lp for circular jets in still water. Their merging distance is 

longer than our result, as there is no surface impingement in their study, and the 

impingement accelerates the merging (Fig. 3-6(b)). Pani et al. (2009) presented an 
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example of applying Reichardt’s hypothesis for multiple jets in coflow and reported that 

the jets completed merging at x ≈ 7lp. Surface impingement was also not considered in 

Pani’s study.  

 

3.3.5 Zone IV: Vertical Mixing Zone 

For x > 6 m (40d0 or 2.5H), the following mixing can be referred as vertical mixing. In 

this zone, the predicted concentration profiles at the water surface will be first 

examined. In Fig. 3-7, generally the present model and CORMIX1 are better than 

CORMIX2. CORMIX1 under-predicts the concentrations at Section 4.8 m. For 

CORMIX2, as the prediction is either flux-averaged or depth-averaged, its prediction is 

much smaller than the measurement. With the increase of x, the CORMIX2 prediction is 

more accurate (Fig. 3-7(d)-(e)) as the vertical mixing is more approached completion. 

Vertical concentration profiles in this zone will be next examined. Three 

methods were used to test the sensitivity of the modeling results to different initial 

conditions. Method 1 assumes 20 point sources (as stated above) with Gaussian 

concentration distribution in the lateral direction and half Gaussian in the vertical 

direction for each point source. Method 2 assumes a lateral uniform source with half 

Gaussian in the vertical direction. Method 3 assumes a uniform source both in the lateral 

and vertical directions.  

Method 1: This method is based on three-dimensional dispersion. Eq. (2.6) can 

be rewritten as:  

2 2

/

(2 )
( , , ) ( , ,0) exp( ) exp( )

4 4
w o

z z

z H z
C x y z C x y

D t D t

 
    

 
’ ’                       (2.9)    

where 
/ ( , ,0)w oC x y’  is the water surface concentration without the river bed effect as 

expressed in the superposition term of Eq. (2.7), and it has already been calculated 
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during the water surface concentration profile modeling. The second term with the 

square bracket accounts for the river bed. The vertical diffusion coefficient can be 

calculated from Cm1 as 2 2

0 1/(40 )z y mD M D C x


 ’ . By using the initial conditions at 

Section 4.8 m and the known injection rate, Dz was derived to be 0.013 m
2
/s. This value 

approximates the 0.011 m
2
/s value derived from the classical formula of Dz = 0.067u

*
H 

(Fischer et al. 1979).  

Method 2: As lateral merging completes at x = 6 m, this method is based on 

two-dimensional dispersion: 

2
202

( , ) exp( ) Image exp 0.693( ) Image
44

m

zz

M z z
C x z C

D t bLu D t



 
      

 
’       (3.10) 

where t = (x’/u) and b can be related as in Eq. (2.8); x’ is the virtual origin of line 

source; L is the effluent width; and the image term can be written similarly as in Eq. 

(2.9). The only initial condition needed for this method is Cm,4.8 = 1,549 ppt. The 

Gaussian 50% half-thickness b can be calculated from Cm as
0 ( 2.772)mb M C Lu 



 . 

Using L = 41.2 m (Fig. 3-3), b4.8 was 0.45 m, which can be further examined by fitting 

the half Gaussian profile with the measurement points (Fig. 3-8(a)). At x, 

,4.8 4.8m mC C t t , and b can be calculated using Eq. (2.8). In Eq. (2.10), Cm ~ x’
-0.5

 

arises from the lateral merging of 20 sources, each having Cm ~ x’
-1

 as seen in Eq. (2.7). 

The measurement of Cm ~ x
-0.5

 in Fig. 3-5(a) confirms the use of Eq. (2.10).  

Method 3: As the jets impinged the water surface, it is possible to further 

simplify the initial vertical concentration profile as a top-hat with a thickness of h. Then 

the concentration field becomes: 

 ,4.8 ( )
( , ) exp( )

44

h
m

h
zz

C z
C x z d

D tD t







 ’  + Image                           (3.11) 
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where   has the same meaning as z; and h can be calculated as h = HCf /Cm,4.8, where Cf  

is the concentration  for  complete vertical mixing. The solution is: 

,4.8
( , ) ( ) ( )

2 4 4

m

z z

C z h z h
C x z erf erf

D t D t

  
  

  

’ +Image                      (3.12) 

where erf is the error function. The image term expressing the river bed effect can be 

easily written.  

The modeled vertical concentration profiles are shown in Fig. 3-8. Generally, 

the analytical models give satisfactory predictions, CORMIX1 predicates faster vertical 

mixing, and CORMIX2 gives an unsatisfying results. There are little differences among 

the present three methods, suggesting the initial conditions are not very important for 

the vertical mixing. However, the measurement does show that the half Gaussian 

vertical profile is more reasonable than the top-hat after surface impingement. At 

Section 4.8 m, CORMIX2 gives flux averaged concentrations, but obviously the 

location is not properly predicted. With the increase of x, the present methods give 

better predictions.  

The length for complete vertical mixing (xv) is defined as the distance where the 

vertical variation of concentrations is less than 5% of the depth-averaged concentration. 

CORMIX1 and CORMIX2 predict xv to be 50 m (21.7H) and 19 m (7.9H), respectively. 

However the field data show that xv is beyond 60.4 m (Fig. 3-8(d)). CORMIX1 

underestimates the value because it uses a large vertical diffusion coefficient (Dz = 0.03 

m
2
/s), three times the value from the well-known Dz = 0.067u

*
H. For CORMIX2, the 

underestimation is caused by assuming that xv happens at “about five layer depths from 

the diffuser”. This assumption seems doubtable from our data. The present models 

predicted xv as 94 m (38.9H). According to Fischer et al. (1979), xv can be also roughly 
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estimated using 20.4 zuH D = 114 m (47.2H), where 0.4 was selected for the effluent 

discharged at the water surface.  

 

3.4 Discussions 

The performances of CORMIX and the present models on minimum dilutions are 

shown in Fig. 3-5(c). Note in CORMIX2, C0/Cm has a discrete point at x = 19 m (7.9H), 

which is caused by the use of different modules before (plane jet module) and after 

(dispersion module) 19 m. Before x = 19 m, CORMIX2 only predicts flux averaged 

dilutions, and the plane jet centerline dilutions can be estimated through dividing by a 

coefficient of 1.3 (Doneker and Jirka 2007). For CORMIX1, superposition was only 

used in the passive dispersion zone. The predictions from the present models with and 

without the river bed effect are both shown in Fig. 3-5(c).  

In Fig. 3-5(c), generally CORMIX over-predicts C0/Cm, and the analytical 

models match the measurements well. From CORMIX1, the predicted C0/Cm increases 

quickly from 8.8 to 16.3 in the surface impingement zone. And at Section 4.8 m, C0/Cm 

reaches 17.0, which is a little higher than the measurement of 13.2 since CORMIX1 

models the vertical mixing faster (Fig. 3-8 (a)). The analytical models with and without 

the river bed effect only differ slightly beyond x = 60 m (24.9H) since the effect of the 

river bed on the water surface concentrations is small. 

Two other widely used software for multiport diffusers were also examined: 

VISJET 2.0 and Visual Plume 1.0. These two software, mainly developed for deep 

water discharges, stop running when the jets impinge the water surface. However, their 

predictions before the impingement can be used to calibrate CORMIX. The comparison 

shows that VISJET and Visual Plume predict similar jet trajectories and dilutions in the 
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free jet zone as CORMIX. This suggests the reliability of the CORMIX modeling 

results in the free jet zone, even though we do not have field data in this zone.  

In all the above models, the river velocity is assumed to be constant. However, 

the ambient velocity changes in the transverse direction, which may affect the lateral 

concentration distribution. The off-shore end of Al-Pac’s diffuser extends near the end 

of the thalweg (Fig. 3-2); thus, the velocity there is lower than the velocity near the 

center of the diffuser. As an example, the ADP measurement at Section 20 m, together 

with the lateral concentration distribution, are shown in Fig. 3-9. The high 

concentrations at the off-shore end are related with the corresponding lower ambient 

velocities. Our results show that, on average, if the ambient velocity decreased by 29%, 

the concentration would increase by 38%. Moawad and Rajaratnam (1998) also reported 

in laboratory study that: if the ambient velocity decreased by 42% while keeping other 

conditions the same, the concentration would increase on average by 57%. Similar 

results can be also obtained using CORMIX1.  

 

3.5 Summary and Conclusions 

In Chapter 3, near-field effluent mixing downstream of a multiport diffuser was studied 

in a wide shallow river. Concentration was measured both in vertical and transverse 

locations at five sections in a reach of 114 m (761d0 or 47.3H). Near-field mixing was 

analyzed in four zones: the free jet zone, the jet surface impingement zone, the merging 

zone, and the vertical mixing zone. Analytical models were proposed for the three-

dimensional concentration field after the jets impinged the water surface. Some existing 

models for multiport diffusers were also examined. The main conclusions are:  
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(1) Dilution was found to occur much quicker near the diffuser than far away from 

it. Dilution for complete vertical mixing was mainly controlled by the portion of 

the river discharge that was occupied by the diffuser.  

(2) In the free jet zone, various computer models gave consistent results on 

trajectories and dilutions. This zone was modeled within a downstream distance 

of 3.3 m (22d0).  

(3) Surface impingement would cause a sudden increase of jet width in the lateral 

direction and enhance dilution. Most existing models were unable to deal with 

this complex problem, and only CORMIX1 was able to model this to some 

degree. The result shows that the impingement lasted from x = 3.3 to 4.5 m (22 - 

30d0), which is consistent to field observation.  

(4) Beyond surface impingement, further mixing could be treated as passive 

dispersion. Analytical models give satisfactory predictions of the three-

dimensional concentration field. The lateral jet merging was accelerated by the 

surface impingement, and the merging completed at x = 6.0 m (3lp).  

(5) The vertical mixing zone was identified as x = 6.0 - 91.4 m (2.5 - 37.9H), and 

the mixing was found to be insensitive to initial condition using a half Gaussian 

or top-hat distribution. The vertical mixing coefficient was found to be 0.013 

m
2
/s, close to the value of 0.011 m

2
/s derived from the classic formula of Dz = 

0.067u
*
H.  

 

For similar studies in the future, we recommend conducting detailed 

measurements at a section downstream of the impingement location and using the 

models presented in this study. If no field measurements have been conducted, we 
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recommend using CORMIX1 to obtain the minimum dilution after surface impingement 

and Method 2 (Eq. 2.10) to model the near-field dispersion. CORMIX2 is only 

recommended after vertical mixing is complete.  

 

Notation 

The flowing symbols are used in this chapter: 

B0    =      initial (specific) buoyancy flux (m
4
/s

3
); 

b      =     half-width for Gaussian concentration profile (m); 

C        =     dye concentration (ppt); 

C0      =      dye concentration inside the diffuser (ppt); 

Cf       =      concentration for complete vertical mixing (ppt); 

Cm      =      maximum concentration at a certain section (ppt); 

Cm1   =       maximum concentration induced by one point source (ppt); 

D      =      turbulent diffusion coefficient (m
2
/s); 

d0        =       port diameter (m); 

H      =       river depth (m);  

h       =       initial top-hat thickness (m); 

L       =       lateral width of dye distribution (m); 

lb      =       buoyancy length scale for a jet in crossflow (m); 

lM      =      characteristic length for jet/plume (m); 

lm      =       momentum length scale for a jet in crossflow (m); 

lp      =       distance between ports (m); 

0M


  =      dye injection rate (µg/s); 

M0     =      initial (specific) momentum flux (m
4
/s

2
); 

0eM   =      jet excess momentum; 

Q      =       total river discharge (m
3
/s); 

Q0      =       jet discharge for a diffuser’s port (m
3
/s);  

t       =      time (s); 

U0    =      jet exit velocity (m/s); 

u       =      river velocity (m/s); 

u
*
     =      shear velocity (m/s);  
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x       =      longitudinal distance downstream of the diffuser; 

x’      =      longitudinal distance downstream of the virtual origin of a point source (m); 

xv      =      length for vertically complete mixing (m) 

y        =      transverse coordinate (m); 

yi      =       lateral position of the ith point source (m);  

z,   =      vertical coordinate (m); 
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Table 3-1. Measured Dye Mass Flux Compared to the Injection 

 

 

Section (km) 
0/M M

 

(%) 

0.114  90.93 

0.260  89.82 

0.516  91.42 

1.282  111.76 

2.260 101.08 

4.131 95.48 

Average 96.75 
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Table 3-2. Main Physical Parameters for the Effluent, Ambient and Diffuser 

  

 

 Parameters Values 

Effluent 

Flow rate (m
3
/s) 0.957 

Effluent temperature (ºC) 27.2 

Discharge concentration (ppt) 20522 

Ambient
*
 

River discharge (m
3
/s) 224.2 

Avg. river depth in effluent region (m) 2.41 

Avg. river velocity in effluent region (m/s) 0.64 

Water temperature (ºC) 11.6 

Diffuser 

Angle between diffuser and river velocity (º) 90 

Number of ports  20 

Distance between ports (m) 2 

Nearest port to right bank (m) 32.4 

Avg. height of ports above river bed (m)
 
 1 

Port diameter (m) 0.15 

Vertical angle between ports and river velocity (º) 45 

Horizontal angle between ports and river velocity (º) 0 
 

*
 Manning’s n was 0.033 based on the velocity, water surface slope, and bathymetry field data.
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Figure 3-1. Schematic of the near-field mixing processes for a diffuser with an oblique 

angle into a shallow river: (a) aerial view; (b) side view  
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Figure 3-2. (a) Arrangement of Al-Pac’s diffuser; (b) river bathymetry near the diffuser; 

(c) dye sampling sites at 4.8 m, 20.0 m, 33.3 m, 60.4 m, and 114.1 m downstream of the 

diffuser, with indication of cumulative discharge distribution 
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Figure 3-3. Measured dye concentrations at different sections 
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Figure 3-4. Water surface concentrations with cumulative discharges at different 

sections 
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Figure 3-5. (a) Measured minimum dilutions; (b) comparison with jet theories; (c) 

comparison with CORMIX and present models 
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Figure 3-6. Modeling results of two neighboring jets from CORMIX1: (a) vertical 

trajectories; (b) horizontal trajectories  
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Figure 3-7. Measured and modeled concentration profiles at the water surface at various 

sections 
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Figure 3-8. Measured and modeled vertical concentration profiles at various sections 
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Figure 3-9. Effect of river velocity on lateral concentration distribution at Section 20 m 
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Chapter 4  
 

Transverse Mixing in an Unregulated Northern River
*
 

4.1 Introduction 

The Athabasca River in Alberta, Canada is a northern unregulated natural river (Fig. 4-

1). Its discharge varies from about 1500 m
3
/s in the summer to less than 100 m

3
/s in the 

winter. The river receives effluents from five of Alberta’s pulp and paper mills and 

supplies water to Canada’s oil sands industry. In the winter, the river discharge is low 

and ice cover prevents surface re-aeration. The river’s dissolved oxygen may drop 

below the critical level for fish and benthic macroinvertebrate species due to the 

wastewater discharges and the bottom sediment oxygen demand (Lima Neto et al. 

2007). In Alberta, it is required that effluent plumes are delineated and the distances for 

100-times dilution are reported in order to assess the environmental impact (Beak 1995).  

Given that natural rivers are usually much wider compared to their depth, 

transverse mixing dominates the effluent mixing process. The transverse mixing 

coefficient, Ey, is commonly used to describe this process. Fischer et al. (1979) and 

Rutherford (1994) provided some general guidelines for the selection of Ey values in 

natural rivers. For northern unregulated rivers such as the Athabasca River, however, 

the highly seasonal variation of river discharge and the existence of ice cover in the 

winter, pose challenges to predict Ey. Some limited studies on the effects of river 

discharge and ice cover on Ey often give contradicting results (Elhadi et al. 1984; 

Rutherford 1994).  

 

 

 
*
 The content of this chapter has been published as: Zhang, W.M., and Zhu, D.Z. (2011). 

“Transverse mixing in an unregulated natural river.” J. Hydraul. Eng., ASCE, 137(11), 1426-

1440.  
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In this study, a field dye test was conducted to study the effluent mixing 

characteristics downstream of the diffuser of Alberta Pacific Forest Inc. (Al-Pac) in the 

Athabasca River. The near-field mixing characteristics (within the first 114 m, before 

the completion of vertical mixing) were analyzed in Chapter 3. Chapter 4 focuses on the 

transverse mixing from 114 m to 32.6 km downstream of the diffuser. The distribution 

of cumulative discharge is constructed based on the river cross-sectional shapes, and a 

modified method is proposed to calculate the transverse mixing coefficient. Effects of 

river discharge and ice cover on transverse mixing are discussed. The mixing length for 

100-times dilution is then examined under varying river discharges with and without ice 

cover. Chapter 4 will improve our understanding on transverse mixing in unregulated 

northern rivers. In particular, this study will provide a hydrodynamic mixing basis for 

the proposed oxygen injections through the existing effluent diffusers to improve the 

level of dissolved oxygen in the ice-covered Athabasca River.  

 

4.2 Literature Review 

Transverse mixing in rivers has been actively studied since the middle of the 20th 

century. Early studies were summarized by Fischer et al. (1979), Elhadi et al. (1984) 

and Rutherford (1994), while more recent studies were reported by Boxall and Guymer 

(2003), Baek et al. (2006), Seo et al. (2006), Albers and Steffler (2007), Jeon et al. 

(2007), Dow et al. (2009) and others. Transverse mixing coefficient, Ey, is commonly 

non-dimensionalized as Ey/U
*
H, where H is the average river depth; and the average 

river shear velocity *U gRS , where g is the gravitational acceleration, R is the 

hydraulic radius, and S is the water surface slope. Fischer et al. (1979) and Rutherford 

(1994) summarized that: Ey/U
*
H = 0.1 - 0.3 for relatively straight channels, 0.3 - 0.9 for 

gently meandering channels, and 1 - 3 for sharp curved channels. The large variations in 
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Ey/U
*
H is probably due to the site-specific nature of transverse mixing (Dow et al. 2009) 

as well as the differences in the field work designs and data analyses (Rutherford 1994).  

A number of factors may affect the value of Ey, for example, river sinuosity, 

local curvature, river width, depth, discharge, river shear velocity, and ice cover. Of 

these factors, river sinuosity has been identified to have a significant effect on Ey. An 

increase in river sinuosity will greatly increase the value of Ey (Jeon et al. 2007). 

Rutherford (1994) summarized that downstream of some river bends, Ey could increase 

by 2 - 6 times. Boxall and Guymer (2003) studied a laboratory meandering channel and 

found that Ey increased around the bends and then decreased in the straight reaches after 

the bends. Similar phenomenon was also reported in Dow et al. (2009) in the North 

Saskatchewan River. Boxall and Guymer (2003) also developed an integrated approach 

to predict Ey along a meandering channel. Albers and Steffler (2007) proposed an 

analytical equation to quantify the change of Ey along a bend. The increase of Ey at 

bends is mainly caused by the helical motion of secondary currents. There have been a 

few recent attempts in measuring the three-dimensional flow structures at bends in 

laboratory models and river channels (Boxall and Guymer 2003; Szupiany et al. 2007) 

in an effort to link them to transverse mixing. 

Jeon et al. (2007) summarized previous studies, and developed an empirical 

equation for Ey/U
*
H which increased with river sinuosity, the ratio of river velocity to 

shear velocity, and river aspect ratio. However, these parameters as well as a few others, 

such as the ratio of river depth (or width) to the radius of river bend as reported by 

Fischer et al. (1979), have not been widely verified and adopted. No confirmed 

conclusion has been drawn on the effect of river discharge on transverse mixing 

coefficients in natural rivers. Based on studies in 23 rivers, Rutherford (1994) 

summarized that generally Ey increased with river discharge while Ey/U
*
H remained 
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constant. Sayre (1979) noted that Ey decreased by 3 times around a bend in the Missouri 

River when the river discharge increased. Putz et al. (2000) reported that Ey/U
*
H 

decreased slightly from 0.48 to 0.34 when the river discharge increased from 84 to 960 

m
3
/s.  

Ice cover significantly increases the difficulty in conducting dye tests, and its 

effect on the transverse mixing coefficient has not been well understood (Elhadi et al. 

1984). Previous studies in ice-covered rivers are listed in Table 4-1. Engmann (1974) 

used a wood cover to simulate the ice cover in a straight laboratory flume and found that 

wood cover reduced Ey and Ey/U
*
H by approximately half, but it had little effect on 

Ey/U
*
R. Notice that with ice cover, the hydraulic radius R is about 0.5H. Engman and 

Kellerhals (1974) reported in the Lesser Slave River that with ice cover and a discharge 

decreased by 56% in the winter, Ey, Ey/U
*
H and Ey/U

*
R were reduced by 87%, 75% and 

48%, respectively, compared to their open-water values. Beltaos (1980) found in the 

Athabasca River that with a discharge reduction of 69 - 81% under the ice-cover, Ey and 

Ey/U
*
H were reduced by 57 - 85% and 23 - 32%, respectively, whereas Ey/U

*
R was 

increased by 37 - 55%, compared to their open-water values. However, in the ice-

covered Beaver River, Beltaos (1980) reported an increase of 26% in Ey/U
*
H, which is 

contrary to the finding from the Athabasca River, and an increase of 151% in Ey/U
*
R, 

which is much larger than that from the Athabasca River. Lau (1985) reported in the 

Nith River and Grand River that Ey was reduced by half; Ey/U
*
H almost remained 

constant; and Ey/U
*
R was increased significantly under the ice cover. Neill et al. (1995) 

reported in the ice-covered Peace River that Ey/U
*
H = 0.21, which appears smaller than 

the common open-water value for such a meandering river reach. From Table 4-1, the 

effect of ice cover is usually compounded with the effect of discharge variation.  
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A number of field mixing studies have been reported for the Athabasca River 

near Al-Pac. Beltaos (1980) conducted two dye tests in 1974 (open-water condition) and 

1975 (ice-covered condition).Van Der Vinne (1993) conducted a dye test in 1992 (ice-

covered condition). Beak (1995) conducted two dye tests in 1994 (open-water 

condition) and 1995 (ice-covered condition), but the mixing coefficients were not 

calculated. Putz and Smith (2001) conducted two dye tests in 1997 (open-water 

condition). The results of these field studies will be discussed in this study.  

Several methods have been reported for analyzing dye test results to obtain Ey. 

The most classic method is the standard “method of moments” (Fischer et al. 1979), 

which is based on the change of the variance of transverse concentration profiles with 

longitudinal distance. However, this method is only valid before the plume reaches any 

bank. Holly et al. (1972) derived the “generalized method of moments” to account for 

the bank effect. But Holly’s method is based on Cartesian coordinates and requires 

information about the transverse velocities that are typically difficult to measure. 

Beltaos (1980) and Rutherford (1994) further developed the generalized method of 

moments by using the concept of “cumulative discharge” to include the effect of non-

zero transverse velocities in natural rivers. Another common method to determine Ey is 

based on finding the best-fit simulation with the measurement (Lau and Krishnappan 

1981; Putz and Smith 2001). Note that the above methods can be directly applied to 

analyze results from steady dye injection. For slug dye tests (i.e. with transient dye 

injection), the “routing procedure” has been widely used (Fischer et al. 1979; Baek et al. 

2006; Seo et al. 2006). The following is a brief introduction on the methods of 

moments, as steady dye injection is more commonly used than transient injection.    
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Standard Method of Moments:    By using the concept of cumulative 

discharge, the depth-averaged, steady-state mixing equation becomes (Yotsukura and 

Sayre 1976): 

2

2

C C
D

x q

 


 
                                                     (4.1) 

where C is the tracer (e.g. dye) concentration; x is the longitudinal distance; D is the 

factor of diffusion; and q is the cumulative discharge. In Eq. (4.1), D is the cross-

sectional average of mxh
2
uey, where mx is a metric coefficient and close to 1; h is the 

local river depth; u is the local river velocity in the x direction; and ey is the local 

transverse mixing coefficient. q is defined as
0

y

uhdy , with y being the transverse 

distance from one bank to the other. To derive Eq. (4.1), D is assumed to be constant 

across the river.     

Based on C - q profiles at different cross-sections, the method of moments is the 

most widely accepted method (thus this method is termed “standard”) to calculate D: 

2
1

2

qd
D

dx


                                                     (4.2) 

where σq
2
 is the variance of a C - q profile. Eq. (4.2) is only valid before the plume 

impinges the nearest bank, as beyond that the plume no longer follows a Gaussian 

distribution. σq
2
 is defined as: 

2 2

0
0 0

( )
Q Q

q q q Cdq Cdq                                       (4.3) 

where q0 is the centroid of the C - q profile; and Q is the river discharge. The reach 

averaged transverse mixing coefficient, Ey, can then be calculated (Beltaos 1980): 

2y

D
E

UH
                                                      (4.4) 

where U is the average river velocity; ψ is the dimensionless shape-velocity factor, 

expressed as: 
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2

2 0

1 Q

xm uh dq
UH Q

                                              (4.5) 

Rutherford (1994) summarized that ψ is normally between 1.0 and 3.6 for natural rivers.   

Generalized Method of Moments:    Beltaos (1980) and Rutherford (1994) 

derived a generalized method of moments to account for the bank effect, respectively. 

The general form is: 

2

0
2 ( )

x

q D f x dx                                                  (4.6) 

Beltaos (1980) used the plume concentrations at the banks to calculate f(x): 

0 0( ) 1 (1 ) RB LB
q qC C

f x
Q C Q C 

                                         (4.7) 

where CRB and CLB are the concentrations at the right and left banks, respectively; C∞ is 

the concentration of complete transverse mixing. Before the plume reaches either bank, 

f(x) = 1, and Eq. (4.6) reduces to Eq. (4.2). Rutherford (1994) used the whole 

concentration profile across a section to calculate f(x): 

0 0
( ) ( )

Q QC
f x q q dq Cdq

q



 

                                     (4.8) 

where φ is used to describe the change of D across the section. If φ = 1 (i.e. D is uniform 

across the section) and the plume does not reach either bank, integrating Eq. (4.8) by 

parts results in f(x) = 1, and Eq. (4.6) reduces to Eq. (4.2). From Eq. (4.6), when σq
2 
is 

plotted with
0

( )
x

f x dx , half of the slope of the fitted straight line will be the value of D. 

Ey can then be calculated by using Eqs. (4.4) - (4.5).  

 

4.3 Field Work 

The field work was conducted from September 22 to October 3, 2008 when the 

discharge was low before ice formation in the river. The location of the 32.58 km study 
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reach is shown in Fig. 4-1. In the first 3.5 km sub-reach, the bathymetry was surveyed in 

detail by using simultaneously a Trimble R8 real time kinematic global positioning 

system (RTK GPS) and a SonarLite echosounder. The RTK GPS records position with 

an accuracy of 1 - 2 cm, and the echosounder records depth with an accuracy of ±2.5 

cm. Bathymetry data were used to build a two-dimensional (depth-averaged) 

hydrodynamic model. Beyond the bathymetry survey region, the river cross-sectional 

shapes were measured with a survey rod and a hand-held GPS. The accuracy of the 

handheld GPS is in the order of 1-2 m.  

A SonTek 3.0 MHz acoustic Doppler profiler (ADP) was used to measure the 

river velocities and discharges. The blanking distance from the ADP transducer to the 

first measurement cell was 0.2 m where no measurements can be made. For the reason 

of acoustic reflection from the river bed, ADP also does not measure the area close to 

the bed. The 1/6 power law velocity profile was used by the ADP to extrapolate 

velocities above (near water surface) and below (near the bed) the measurement area 

(SonTek/YSI 2005). Each section was measured three times, and the ADP gave quite 

stable river discharge values. The ADP also gave local depth-average velocities and 

cumulative discharges across the sections. Note that in this study, the ADP was mainly 

designed to measure the river discharge in the moving vessel measurement mode, and 

thus the ADP was not able to give accurate values for transverse and vertical velocity 

components (typically only a few percent of the longitudinal velocity). At the time of 

the dye test, the measured river discharge was between 224 - 251 m
3
/s and velocities 

0.44 - 0.69 m/s (Table 4-2). The increase of river discharge along the study reach arose 

from the inflows of La Biche River (Fig. 4-1) and a number of small creeks at the banks.   

Rhodamine WT of 80.63 ± 2.30 g/L was injected by a peristaltic pump into the 

effluent pipeline located 5 km upstream of the diffuser at a rate of 14.17 ± 0.16 mL/min 
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continuously for 45 hrs. The diffuser, located in the right (looking downstream) half of 

the river, was using 20 ports, spaced 2 m apart. The effluent discharge and temperature 

averaged 977.1 ± 23.7 L/s and 27.5 ± 0.3 °C, respectively. A total of 12 dye sections 

were selected (see Fig. 4-1 and Table 4-2). At each section, about 20 water samples 

were collected at a depth of 0.5 m. The sampling positions were recorded by the RTK 

GPS within the first 4 km downstream of the diffuser and by the handheld GPS beyond 

that.  

Dye concentrations in water samples were measured by using a Turner 

Quantech fluorometer, which was calibrated between 0 to 5000 parts per trillion (ppt) 

with an average relative error of 1%. Each sample was measured at least three times 

with a standard deviation of approximately 3 ppt. Measurements show that the chemical 

and physical properties of the river water or the effluent does not interfere with the 

reading of fluorescence (see the recovery ratios in Zhang and Zhu 2011). Background 

concentrations of the effluent and the river water were 610.87 ± 2.79 ppt and 31.63 ± 

1.21 ppt, respectively, which were within the normal background range of pure water 

(20 ppt) and raw sewage (1,000 ppt) (Turner Designs 2001). The river background value 

has been removed from the concentration values in this study. 

The dye test results and the cross-sectional shapes are shown in Fig. 4-2. At 

Section 4.13 km, there is an island in the river (Fig. 4-1), and only the bathymetry of the 

main (right) channel is presented, because the left channel is rather shallow and dye 

concentrations were measured at zero. From Fig. 4-2, the cross-sectional shapes are 

highly irregular, and the plume gradually mixes across the river. The dye concentration 

was 20,104 ppt inside the diffuser. According to the analysis in the near-field, complete 

vertical mixing was already achieved at Section 114 m (Zhang and Zhu 2011). The 

maximum concentration at this location was 409 ppt, about 50 times (minimum) 
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dilution. This rapid dilution was mainly due to the use of the multiport diffuser. At 

Section 32.6 km, the maximum dye concentration was 125 ppt, about 161 times dilution 

from Al-Pac’s diffuser or 3.2 times dilution from Section 114 m due to the river 

transverse mixing.  

Fig. 4-2 also shows that the plume contracted from about 150 m at Section 4.13 

km to about 100 m at Section 6.63 km. This highlights the necessity to use the concept 

of cumulative discharge. There are two out-of-trend points at Sections 13.7 km and 24.5 

km. Re-examination excluded human errors. Evidence shows that this section of the 

river has significant groundwater discharge (P. McEachern, Alberta Environment, 

private communication, Aug. 28, 2009). These two points were excluded from the 

following analysis. 

 

4.4 Estimate of Cumulative Discharge and Conservation of Dye Mass Flux 

From the 12 dye sections, 4 sections (114 m, 2.26 km, 13.73 km, and 32.58 km) were 

measured with the ADP, which calculated the cumulative discharge directly. For the 

other 8 sections, cumulative discharge needed to be estimated. It will be useful to have a 

reliable method to predict the distribution of cumulative discharge across a river, as 

velocity measurement is usually time-consuming. In addition, there is always a need to 

adjust the velocity measurement results for different river discharge conditions.  

Several methods to predict the cumulative discharge have been reported. They 

essentially divide a cross-section into sub-sections and assume that at each sub-section 

velocity follows the same relation as that for the whole cross-section. Beltaos (1980) 

and Rutherford (1994) proposed the use of Manning or Chezy equations to estimate the 

local depth-averaged velocity, but their methods have not been examined against 

measurements. Smith (1983) suggested an untested expression similar to the Chezy 
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equation, and Boxall and Guymer (2003) found this expression provided good 

estimation for cumulative discharge across a laboratory channel. 

In this study, the Manning equation was applied to each sub-section. The river 

discharge can be written as: 

1
2 51 2
3 32

0 0

1B BS
Q R S hdy h dy

n n
                                        (4.9) 

where B is the river width; and n is the Manning’s coefficient. At each cross-section, if 

Q and local depth h(y) are known, the coefficient 
1

2S n  can be easily determined to be 

5

3

0

B

Q h dy . Then the local depth-averaged velocity, u, and cumulative discharge, q, can 

be calculated as: 

1
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3

S
u h

n
  ; 

0
( )

y

q y uhdy                                         (4.10) 

As an example, the estimated u and q were compared with the field 

measurements at Section 13.73 km in Fig. 4-3. The u estimation is satisfactory, and the 

q estimation is quite good as q is an integral property not particularly sensitive to the 

variation of velocity. Comparisons of the estimated q with the measured q at eight 

sections are listed in Table 4-3. Within approximately one boat length from the start or 

end of an ADP track, the standard deviations of the velocity measurements were high 

(see Fig. 4-3). Thus, comparisons were only made beyond these distances to exclude the 

boat influence on the measurements. Generally, the absolute values of relative error for 

u estimation averaged 15.81 ± 2.07 % (similar to Table 4-3, not shown here). The 

absolute values of relative error for q estimation averaged 5.42 ± 2.84 %, which is on 

the same error level as reported by Boxall and Guymer (2003) in a laboratory channel. 

The measured dye concentrations were plotted with measured (at Sections 114 

m, 2.26 km, 13.73 km and 32.58 km) or estimated (at all the other sections) cumulative 
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discharges in Fig. 4-4. Dye mass flux, M, at each section was calculated and compared 

with the initial dye mass injection rate, M0: 

0 0
0

100%
Q

M M Cdq M                                          (4.11) 

where C is the measured dye concentration. The calculation results are also shown in 

Fig. 4-4, where the average M/M0 = 97.0 ± 7.8%.  

There are two sections where the dye mass fluxes were not well conserved. At 

Section 1.28 km, the dye mass flux was over-estimated by 12%. The error mainly 

originated from the insufficient samples that were collected between points A and B in 

Fig. 4-4(4), and a straight line was used to interpolate the concentrations between A and 

B. At Section 6.63 km, the dye mass flux was underestimated by 15%, which is 

probably due to the error in the q estimation. From Fig. 4-1, Section 6.63 km is located 

at the apex of a bend, where the flow structure is rather complex. 

 

4.5 A Modified Method for Calculating Transverse Mixing Coefficient 

4.5.1 Modified Method 

All the existing methods for calculating transverse mixing coefficient, Ey, use raw field 

data directly, thus, the results depend strongly on the data quality, especially on the C - 

q profiles. However, it is usually difficult to control the quality of field data; for 

example, dye mass flux may not be well conserved; water samples may not be sufficient 

within the plume at certain sections; some samples may have excessively high or low 

concentrations (due to human errors, background value of other effluent sources, or 

dilution by groundwater). These will directly affect the calculation results. Thus, the raw 

data should be first adjusted or pre-processed. For this reason, a modified method is 
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proposed to best-fit the raw field data by using analytical solutions on the concentration 

profiles, and the best-fitted profiles are used to calculate Ey. 

Assuming the factor of diffusion, D, is constant from the dye injection location 

to any specified section x, the analytical solution to Eq. (4.1) follows the Gaussian 

distribution for a steady-state point source (Fischer et al. 1979):  

2

0 1( )
( , ) exp[ ] Images

44


  

M q q
C x q

DxDx
                           (4.12) 

where q1 is the cumulative discharge at the dye injection location and image sources are 

introduced to account for the reflection at the banks. When the injection occurs over a 

range of cumulative discharge from q = a to q = b (i.e. a line source such as from a 

diffuser), Eq. (4.12) can be integrated:  
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Let ( ) 4q q Dx   ’ and use the definition of the error function

2

0
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x

erf x d    , the solution to Eq. (4.13) is: 
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             (4.14) 

In Eq. (4.12) or (4.14), D is the only variable, and is determined by the method of least 

squares to best fit the measurement data.  

Based on the best-fitted C - q profiles (not the raw field data), Beltaos’ or 

Rutherford’s generalized method of moments is used to calculate D. Although D values 

can be also obtained in best-fitting the measured concentration profiles by using Eq. 

(4.12) or (4.14), these D values are the average between the location of the source (x = 

0) and the studied section x. Thus they are unable to reflect the change of D values from 

section to section, which is the most concerned in river mixing studies. From D, Ey can 

be calculated according to Eqs. (4.4) - (4.5). 
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4.5.2 Comparison of Methods  

Based on the 2008 (present) dye test results, the modified method is compared with the 

standard and generalized method of moments. Basic hydraulic parameters at the 12 dye 

sections are listed in Table 4-2. In Table 4-2, the resulting shape-velocity factors, ψ, 

confirms the summary by Rutherford (1994) that ψ is normally in the range of 1.0 - 3.6 

for natural rivers. At Section 8.48 km, ψ = 5.11, which is caused by the highly irregular 

cross-sectional shape (see Fig. 4-2(8)). Following Eq. (4.2) or (4.6), transverse variance 

σq
2
 is plotted versus x or 

0
( )

x

f x dx  for the three methods in Fig. 4-5.  

Note that in Figs. 4-5(b) and 4-5(c), Beltaos’ generalized method of moments 

was used. Although Rutherford’s generalized method of moments (Eq. (4.8)) were 

successfully used by Rutherford (1994) and Boxall and Guymer (2003), in this study, 

negative values of f(x) were obtained at Sections 24.49 km and 32.58 km, where the 

values of C q  were positive (see Fig. 4-4(11) and 4-4(12)). This resulted in a negative 

value of D between the two sections, which is physically impossible. For the modified 

method in Fig. 4-5(c), σq
2
 was calculated based on the best-fitted C - q profiles in Fig. 4-

4, where it shows that the Gaussian type distribution works well to delineate the plume 

across a natural river.  

From the slopes of the fitted lines in Fig. 4-5, transverse mixing coefficients 

were calculated and shown in Table 4-4. From the standard method of moments in Fig. 

4-5(a), it appears the whole reach can be divided into 3 sub-reaches, with Ey/U
*
H = 0.30 

in the first 13.73 km. The results for the other two sub-reaches are unreliable, as the dye 

already contacted the banks there. From Beltaos’ generalized method of moments in 

Fig. 4-5(b), the total study reach can be divided into 2 sub-reaches, with Ey/U
*
H = 0.33 

in the first 13.73 km and 0.43 in the following 18.85 km. Similarly, from the modified 
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method in Fig. 4-5(c), Ey/U
*
H = 0.34 in the first 13.73 km and 0.51 in the following 

18.85 km. It appears that the sharp bend near 13.73 km divides the whole study reach 

into two sub-reaches. The second sub-reach has a larger river sinuosity than the first 

sub-reach and thus has a larger value of Ey/U
*
H (Jeon et al. 2007).  

Beltaos’ generalized method of moments takes into account the bank effect, and 

thus is superior to the standard method of moments (Table 4-4). With increasing bank 

effects, the standard method of moments increasingly underestimates D or Ey/U
*
H from 

40% in the sub-reach 13.73 - 24.49 km to 75% in the sub-reach 24.49 - 32.58 km. The 

modified method gives similar results as Beltaos’ generalized method of moments 

because the variances σq
2
 calculated from the best-fitted C - q profiles are, overall, close 

to those from the unprocessed C - q profiles (Fig. 4-5). The modified method has clear 

advantages when the quality of field data is relatively low. For instance, at Section 1.28 

km, insufficient samples were taken between Points A and B in Fig. 4-4(4) (e.g., sparse 

data points). If the raw data are used directly with a linear interpolation between A and 

B, the variance σq
2
 (and thus D and Ey) would be overestimated by 109% compared to 

using the curved line based on Eq. (4.14) in Fig. 4-4(4). It is clear that the sparseness of 

raw field data will have less impact on the accuracy of the results if the modified 

method is used, because this method only uses the raw field data to calibrate the 

modeled concentration profiles.     

As shown in Figs. 4-5(b) and 4-5(c), the modified method significantly 

improves the correlation of data sets. The generalized method of moments can only 

show some general trends of D along the study reach (i.e. its local changes are 

unreliable). For instance, σq
2
 decreases obviously at three sections in Fig. 4-5(b), 

resulting in negative local values of D that are physically impossible. Negative local 

values of D were also frequently encountered in many previous studies, as the quality 
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control over field data was difficult. In contrast, the modified method allows the 

examination of D (and thus Ey) all along the river. Note that in Fig. 4-5(c), σq
2
 slightly 

decreases (6%) at one section (6.63 km), which is mainly caused by the error in the q 

estimation at this section as stated before. Overall, through pre-processing the field data, 

the modified method is able to improve or ensure the data reliability, as illustrated at 

Section 1.28 km. 

 

4.5.3 Application of the Modified Method 

The modified method is now further examined by applying it to two other field dye tests 

in both open-water and ice-covered conditions. Beak (1995) conducted two dye tests via 

Al-Pac’s diffuser in 1994 (open-water) and 1995 (ice-covered), but the mixing 

coefficients were not calculated.   

Beak’s 1994 dye test:    Dye concentrations were measured with transverse 

distances at nine sections (Table 4-5), and river velocities were measured at four of 

these sections. For the sections without velocity measurements, Eqs. (4.9) - (4.10) were 

used to estimate q. The C - q profiles are shown in Fig. 4-6, where the concentrations 

are in parts per billion (ppb). The average dye mass flux, M/M0 = 90.2 ± 9.5 %. In Fig. 

4-6, the locations of peak concentrations change slightly at different sections, mainly 

because of the inconsistency in the measurement results of river discharge (see Table 4-

5). The modeled results according to Eq. (4.14) are also shown in Fig. 4-6, and are in 

good agreement with the measurements. The variances σq
2 

from the C - q profiles are 

plotted in Fig. 4-7(a). Similarly, the study reach can be divided into two subreaches, and 

their mixing coefficients are listed in Table 4-6.  

Comparing Table 4-6 with Table 4-4, the values of D, Ey and Ey/U
*
H in the first 

sub-reach were respectively 21%, 33%, and 44% higher in the 1994 dye test than those 
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in the 2008 dye test. The higher values of Ey and Ey/U
*
H in the 1994 test mainly 

originate from the higher value of D, which is further because of the high value of σq
2
 at 

Section 16 km in the 1994 test (Fig. 4-7(a)). The faster lateral spread of the plume at 

Section 16 km is caused by the sharp bend near 13.7 km (Fig. 4-1). If one more cross-

section had been measured near the sharp bend in the 1994 test, the values of D, Ey and 

Ey/U
*
H would be close to the values in the 2008 test. This suggests the importance of 

correctly selecting measurement sections. In the second sub-reach, the differences 

between the 1994 and 2008 dye tests for the values of D, Ey and Ey/U
*
H were 6%, 7% 

and 13%, respectively. The reason for the small differences is that the sub-reach 16 - 32 

km in the 1994 test is actually located within the sub-reach 13.73 - 32.58 km in the 2008 

test. From the above analysis, although essentially the same, the 2008 test gives more 

reliable results than the 1994 test (which would overestimate Ey/U
*
H by 22% for the 

whole 32 km reach). 

Beak’s 1995 dye test:    Six to ten holes were drilled through an ice cover of 

0.5 m thickness to take water samples at each of the 5 sections listed in Table 4-5. Since 

no velocity measurements were conducted, the river velocity and cumulative discharge 

needed to be estimated. No estimating method has been reported specifically for ice-

covered rivers. With the ice cover, the Manning equation is still valid (Ashton 1986), 

and thus Eq. (4.9) is still reasonable. But Manning’s n should be interpreted as 

composite Manning’s n induced by the river bed and ice cover, and the coefficient in 

Eqs. (4.9) - (4.10) becomes to be 2
-2/3

S
1/2

/n. Moreover, the accuracies of Eqs. (4.9) - 

(4.10) are expected to be lower for ice-covered rivers, because the roughness of ice 

cover is site- and time-specific (Engman 1974; Ashton 1986). For the Feb. 1995 dye 

test, the cross-sectional average velocity was estimated in this study to be 0.26 - 0.35 
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m/s at Q = 84 m
3
/s, close to the measurement of 0.23 and 0.32 m/s at two sections at Q 

= 92 m
3
/s in the same reach in Feb. 1992 (Van Der Vinne 1993). 

The C - q profiles are shown in Fig. 4-8, with average dye mass flux M/M0 = 

94.6 ± 10.2 %. In Fig. 4-8, the modeled results by using Eq. (4.14) are also shown. Note 

that at Section 8 km, the measured concentration near the right bank is lower than the 

modeled value probably due to the tributary creek flows; at Section 64 km, the low 

M/M0 value indicates the inaccuracy in either the measured concentration and/or the 

river discharge. The overall good match with the measurements indicates the suitability 

of Eq. (4.14) for ice-covered rivers. More importantly, from Fig. 4-8, six water samples 

at each section appear to be sufficient to calibrate Eq. (4.14), indicating that the number 

of water samples for a field dye test may be reduced by more than 50%. The variance 

σq
2 
was plotted in Fig. 4-7(b), and the resulting mixing coefficients are listed in Table 4-

6. Here, the 32 km reach can be treated as a whole, with Ey/U
*
H = 0.33. The 1994 and 

1995 dye tests confirm that the modified method applies for steady-state mixing 

problems in both open-water and ice-covered conditions.  

        

4.6 Discussions 

Five other dye tests have also been reported in or close to the present study reach, in 

addition to the 2008 (present) dye test and Beak’s 1995 dye test. A total of seven dye 

tests provide a rare and valuable opportunity to examine the effects of river discharge 

and ice cover on transverse mixing coefficients in a fixed reach. Note that in this 

discussion, Beak’s 1994 dye test is not included because it would overestimate Ey/U
*
H 

by 22% as analyzed before.     

Beltaos (1980) conducted two dye tests in a 17.6 km reach downstream of the 

Athabasca Town (see Fig. 4-1) in the Athabasca River in 1974 (open-water) and 1975 
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(ice-covered) when Q = 566 and 105 m
3
/s, respectively. Although Beltaos’ study reach 

is about 23 km upstream of the present, the channel characteristics are quite similar 

(Putz et al. 2000), e.g., the channel width, cross-sectional shape, sinuosity, bed and bank 

materials. This suggests that the mixing coefficients in these two reaches should be 

close. Van Der Vinne (1993) conducted a dye test from the Athabasca Town to the 

Calling River (see Fig. 4-1) in ice-covered condition in 1992 when Q = 166 m
3
/s. His 

study reach was 76.9 km, which included the 32.6 km present reach. Putz and Smith 

(2001) conducted two dye tests under Q = 960 and 876 m
3
/s in 1997 (open-water). Their 

study reach was also 32 km, but started from 1 km upstream of Al-Pac’s diffuser.  

All the mixing coefficients from the above seven dye tests are plotted versus Q 

in Fig. 4-9. Note that in Putz and Smith (2001), only Ey/U
*
H was reported. Ey was 

calculated by using the widely-accepted rule that river shear velocity is about 1/10 of 

the mean velocity (Roberts and Webster 2002). The 1/10 rule can be checked in Table 

4-3 and some other studies such as Engmann and Kellerhals (1974). The factor of 

diffusion D was calculated by using Eq. (4.4), where the shape-velocity factor ψ was 

estimated to be 1.30 and 1.33 for Q = 960 and 876 m
3
/s, respectively, based on Eq. (4.5).  

 

4.6.1 Effect of River Discharge 

Fig. 4-9 indicates that the variation of Q significantly affects Ey and D, but it has limited 

effect on Ey/U
*
H. For Q = 84 - 960 m

3
/s, the average value of Ey/U

*
H = 0.36 ± 0.05, 

with a standard deviation of about 14% of its mean value. As it is expected that all the 

data points can be subject to an uncertainty of up to 20%, it is reasonable to conclude 

that the variation of Q has limited influence on Ey/U
*
H.  
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In Fig. 4-9(a), the relationship of Ey vs. Q can be well fitted with a straight line: 

Ey = αQ, where α=1.3×10
-4

. At Q = 0, Ey should be 0, meaning the straight line must 

start from the origin. By using the Manning equation for Q, one obtains:  

1

6
*

yE B
R

U H n g


                                                (4.15) 

Eq. (4.15) may be approximated as: Ey/U
*
H 

1

06R R  = 1, which explains the 

approximate constant value of Ey/U
*
H in Fig. 4-9(b). By using α = 1.3×10

-4
, the river 

width B = 274 m, g = 9.81 m/s
2
, and Manning’s n = 0.033 (Zhang and Zhu 2011), 

B n g is calculated to be 0.34, quite close to Ey/U
*
H = 0.36 in Fig. 4-9(b).  

Fig. 4-9(b) appears to show that Ey/U
*
H decreases slightly with the increase of 

Q in open-water conditions. However, by relating R with Q through the Manning 

equation, Eq. (4.15) shows that Ey/U
*
H will be proportional to Q

1/10
, i.e., it will increase 

slightly with the increase of Q. The difference in the Ey/U
*
H vs. Q relation is likely due 

to many of the simplifications involved in the above derivations. In addition, a slight 

change in the Ey vs. Q relation will also change this trend. For instance, if a power law 

relation such as Ey = 4.3×10
-4

 Q
0.81

 (with correlation coefficient R
2
 = 0.988) is used to fit 

the data sets in Fig. 4-9(a), then Ey/U
*
H will be proportional to Q

-0.09
, which can reflect 

the slightly decreasing trend of Ey/U
*
H with Q.  

In Fig. 4-9(c), the relationship of D vs. Q may be well fitted by a power law: D 

= εQ
2
, where ε = 1.67×10

-6
. If D is non-dimensionalized in the form of DB/Q

2
 (Gowda 

1984), then  

2DB Q B                                                   (4.16) 

By using ε = 1.67 × 10
-6

 and B = 274 m, DB/Q
2
 is calculated to be 4.6 × 10

-4
, close to 

the value of DB/Q
2
 = (4.4 ± 1.2) × 10

-4
, which is obtained from plotting DB/Q

2
 with Q 

(similar to Fig. 4-9(b), not shown here).  
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These results are compared with limited previous studies. Rutherford (1994) 

summarized 53 studies in 23 rivers, and found that overall, Ey increased with Q, whereas 

Ey/U
*
H remained constant. However, Rutherford (1994) questioned the suitability of 

this general trend for a fixed river or river reach. Putz et al. (2000) studied the same 

reach as in the present study, and reported that Ey/U
*
H decreased from 0.48 to 0.34 

when Q increased. From Figs. 4-9(a) and 4-9(b), it is reasonable to conclude that 

Ey/U
*
H is overall (considering both open-water and ice-covered conditions) a constant 

for varying Q in the fixed reach, and there appears to be a trend that Ey/U
*
H slightly 

decreases with the increase of Q in open-water conditions.  

   

4.6.2 Effect of Ice Cover 

The effect of ice cover was first examined through the comparison of the 2008 dye test 

(open-water) with the 1995 dye test (ice-covered). From Figs. 4-5(c) and 4-7(b), the 

study reach can be treated as a whole in ice-covered condition, without the need to 

divide it into several sub-reaches as in open-water condition. This is likely due to the 

fact that the additional friction induced by the ice cover may reduce the secondary 

circulations at river bends (Engmann and Kellerhals 1974).  

In ice-covered condition, the lateral spread of the plume (indicated by σq
2
) was 

only about 1/10 of their open-water values. Thus, the values of D reduced to 1/4 - 1/16 

and Ey to 1/2 - 1/4 in the winter (see Tables 4-4 and 4-6). From Table 4-1, the present 

result of the Ey value being reduced on average by 68% in ice-covered condition is 

comparable to the 50 - 88% reductions reported by Engmann (1974), Engmann and 

Kellerhals (1974), Beltaos (1980), and Lau (1985). From Fig. 4-9(a), the decrease of Ey 

is mainly caused by the reduction of Q in the winter.  
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From Fig. 4-9(b), with ice cover, Ey/U
*
H = 0.31 ± 0.03, about 21% smaller than 

the open-water value of 0.39 ± 0.05; and DB/Q
2
 is about 35% smaller (similar to Fig. 4-

9(b), not shown here). This finding, i.e., smaller values of Ey/U
*
H obtained in ice-

covered condition, agrees with all the previous results listed in Table 4-1, with the 

exception of Beltaos (1980) who reported a 26% increase of Ey/U
*
H in the Beaver 

River. The present 21% reduction of Ey/U
*
H in ice-covered condition is different from 

the 50 - 75% reductions in the studies of Engmann (1974) and Engmann and Kellerhals 

(1974), and the 4 - 5% reductions in the study of Lau (1985), but quite comparable to 

the reductions of 23% and 32% at two reaches of the Athabasca River in the study of 

Beltaos (1980). As Beltaos’ and the present study are both in the Athabasca River, it is 

possible that the reduction amount of Ey/U
*
H is river-specific due to different ice cover 

and flow conditions. Further research will be needed to fully understand this.  

The following physical processes may explain the reduction of Ey/U
*
H in ice-

covered condition. With the introduction of ice cover, the additional friction will 

generate more river turbulence and thus Ey increases; meanwhile, the typical one large 

circulation eddy spanning the cross-section at bends (Chow 1959; Fischer et al. 1979) in 

open-water condition will break into two smaller counter-rotating circulation eddies in 

ice-covered condition (as measured by Demers et al. 2010), and thus, Ey decreases. 

Since the secondary flow typically has more pronounced effect on Ey than the ice cover 

induced river turbulence (Fischer et al. 1979), the general result is that Ey/U
*
H decreases 

in ice-covered condition. Recently, Dow (2009) measured the flow field below a 

floating ice cover in a laboratory straight flume and showed that the effect of ice cover 

on the longitudinal velocity is limited within a small region close to the ice cover.  
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4.6.3 Mixing Length for 100-times Dilution 

As an application of the above discussion, the mixing length for 100-times dilution was 

examined for Al-Pac’s effluent under varying river discharges with and without ice 

cover. The dilution here refers to minimum dilution. The effluent discharge was 

assumed to be the same as that during the 2008 dye test (0.977 m
3
/s). For simplification, 

the river width was assumed constant for different Q because it only increases by 2 - 8% 

at high Q. The water surface level during the 2008 dye test serves as a base; the water 

levels at other Q were estimated by using the Manning equation; and the distributions of 

q were estimated based on Eqs. (4.9) - (4.10). The plume was modeled with Eq. (4.14), 

where the value of D = 1.67 × 10
-6

Q
2
 as shown in Fig. 4-9(c). To examine the 

sensitivity of the mixing length to D, a 15% increase (or decrease) of the D value was 

tested. The results are shown in Fig. 4-10. 

From Fig. 4-10, river discharge has a significant influence on the mixing length. 

For the range of Q = 100 - 500 m
3
/s, with the decrease of Q, the mixing length increases 

dramatically, e.g., when Q drops from 400 to 100 m
3
/s, the mixing length increases from 

1 to 216 km. For Q < 97.7 m
3
/s (100 times of the effluent discharge), the river is 

incapable of diluting the effluent 100 times, i.e. the mixing length is infinity. For Q ≥ 

426 m
3
/s, the river discharge that Al-Pac’s diffuser spans over, (b – a)  ≥ 97.7 m

3
/s, 

means the mixing length is 0 since Eq. (4.14) assumes immediate mixing of the effluent 

with the river flow between q = a and q = b. In this case, the near-field mixing should be 

studied. According to Zhang and Zhu (2011), the near-field mixing length is about 100 

m. If the value of D increases (or decreases) 15%, the mixing length will decrease 13% 

(or increase 18%). At the Q during the 2008 dye test, the mixing length was calculated 

to be 6.2 - 8.4 km, a little smaller than the measurement of 8.5 - 13.7 km. The 
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underestimation is mainly because of the simplification that only one D value was used 

in the whole reach without the consideration of its local variation.  

        

4.7 Summaries and Conclusions 

A field dye test was conducted to study the transverse mixing in a 32.58 km reach of the 

Athabasca River in northern Canada. A method for estimating cumulative discharge was 

developed by using the river bathymetry and the Manning equation across a river 

section. This method was shown to be accurate, with relative error of 5.42 ± 2.84 %. A 

modified method was proposed for calculating transverse mixing coefficient, Ey, which 

first uses raw field data to calibrate analytical concentration profiles and then uses the 

calibrated profiles to calculate Ey. The major advantage of this modified method is that 

it can produce reliable mixing coefficients in both open-water and ice-covered 

conditions even with relatively poor quality field data (e.g., sparse measurement points 

or some erroneous data points). The modified method, together with the method for 

estimating cumulative discharge, can greatly reduce the workload of a field dye test, as 

velocity measurements are not required at each section and less water samples are 

needed.  

The effects of river discharge and ice cover on transverse mixing were 

examined. In the present study reach, Ey and D (factor of diffusion) were found to 

follow approximately linear and quadratic relations, respectively, with Q (from 84 to 

960 m
3
/s). However, overall Ey/U

*
H appeared unaffected (14%) by the variation of Q in 

both open-water and ice-covered conditions. In open-water condition, with increase of 

Q (from 238 to 960 m
3
/s), Ey/U

*
H appeared to decrease slightly (22%). In ice-covered 

condition, Ey/U
*
H was found to be 21% smaller than the average open-water value. The 

50 - 88% reductions in Ey in ice-covered condition reported previously and in the 
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present study were caused by the reduction of the winter Q. The effect of river discharge 

on transverse mixing was then demonstrated in an analysis of mixing length for 100-

times dilution. When Q decreases, the mixing length would increase greatly from 

approximately 100 m to hundreds of kilometers. If the D value increases (or decreases) 

by 15%, the mixing length will decrease by 13% (or increase by 18%). 

As a note for further research on transverse mixing in rivers, it will be important 

to obtain three-dimensional velocity measurement in the field, relate these results to the 

river hydrodynamic and morphodynamic features, and finally elucidate how these 

parameters control transverse mixing.  
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Table 4-1. Studies of Transverse Mixing Coefficients in Ice-covered Rivers 

 

Study Reach 
Surface 

condition 

Q 

(m
3
/s) 

U 

(m/s) 

B 

(m) 

H 

(m) 

Ey 

(m
2
/s) 

y

*

E

U H
 y

*

E

U R
 

Engmann 

(1974)
1
 

Straight lab. flume 
Open-water 0.007 0.12 1.22 0.05 0.85×10

-4
 0.16  0.17 

Ice-covered 0.007 0.12 1.22 0.05 0.46×10
-4

 0.08 -50% 0.16 

           

Engman & 

Kellerhals 

(1974) 

Lesser Slave River, 

d/s Lesser Slave 

Lake 

Open-water 59.7 0.62 42.5 2.29 0.040 0.36  0.33 

Ice-covered 26.1 0.37 35.3 1.99 0.005 0.09 -75% 0.17 

           

Beltaos 

(1980) 

Athabasca River, 

d/s Ft. MacMurray 

Open-water 776 0.95 373 2.20 0.092 0.75  0.75 

Ice-covered 240 0.49 252 1.92 0.040 0.58 -23% 1.16 

           

Beltaos 

(1980) 

Athabasca River, 

d/s Athabasca 

Open-water 566 0.86 320 2.05 0.066 0.41  0.41 

Ice-covered 105 0.40 276 0.96 0.010 0.28 -32% 0.56 

           

Beltaos 

(1980) 

Beaver River, d/s 

Beaver Crossing 

Open-water 20.5 0.50 42.7 0.96 0.043 1.01  1.01 

Ice-covered 6.5 0.28 38.7 0.61 0.019 1.27 +26% 2.54 

           

Lau  

(1985)
 2
 

Nith River, near 

Canning 

Open-water 3.1 0.16 36.0 0.54 0.028 0.66  0.69 

Ice-covered 3.8 0.23 37.5 0.44 0.014 0.63 -5% 1.26 

           

Lau  

(1985) 

Grand River, near 

West Montrose 

Open-water 7.9 0.40 48.0 0.41 0.007 0.24  0.25 

Ice-covered 5.2 0.34 50.8 0.30 0.003 0.23 -4% 0.46 

           

Present
3
 

Athabasca River, 

d/s Al-Pac 

Open-water 238.4 0.56 274 1.58 0.037 0.44  0.44 

Ice-covered 84.0 0.28 261 1.17 0.012 0.33 -25% 0.66 
 

1
Only one data set is included in this table; other data sets have similar results; 

2
Only the data set near Canning is included in this table; the data sets near the other two locations 

(Philipsburg and Plattsville) have similar results; 

3
The data sets are calculated on the basis of the 2008 dye test (open-water) and the 1995 dye test 

(ice-covered); the 1994 dye test (open-water) essentially has similar results as the 2008 test, but 

slightly overestimates Ey (for details, see the application of the modified method); 

4
The positive or negative sign indicates the increase or decrease in the value of Ey/U

*
H compared 

to the open-water value. 

 

4 
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Table 4-2. Basic Hydraulic Parameters in the Study Reach in 2008 Dye Test 

 

Section 

(m) 

Q 

(m
3
/s) 

U 

(m/s) 

B 

(m) 

H 

(m) 

S0 

(×10
-4

) 

U* 

(m/s) 
ψ 

114.1* 223.95 0.51 261.50 1.70 

1.566 

0.051 1.91 

260 223.95 0.44 309.49 1.65 0.050 1.59 

516 223.95 0.46 339.82 1.45 0.047 1.44 

1,282 223.95 0.46 335.99 1.46 0.047 2.48 

2,260* 224.42 0.53 284.70 1.48 0.048 1.45 

4,131  224.42
1
 0.64 221.45 1.27 0.044 1.41 

6,631 224.42 0.60 214.12 1.76 0.052 1.32 

8,484 224.42 0.48 398.22 1.18 0.043   5.11
2
 

13,729* 231.38 0.63 250.30 1.46 0.047 1.56 

15,922 245.01 0.69 193.50 1.84 0.053 2.64 

24,493 251.45 0.67 222.02 1.69 0.051 1.47 

32,579* 251.45 0.62 207.40 1.97 0.055 2.03 

 

*ADP measurement sections; for other sections, Q is estimated on the basis of the ADP 

measurement and the inflows of tributaries and creeks along the river.  
1
Total river discharge, while other values at this section were in the primary (right) channel; 

2
 Value not used for calculating reach-average value; 
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Table 4-3. Comparison of Estimated Cumulative Discharges with ADP measurements   

 

Section 

(m) 

Absolute value of relative error
1
 for cumulative discharge (%) 

1st Measurement
 2
 2nd Measurement 3rd Measurement Section 

Avg.
 3 

 S.D.
3
 Avg. S.D. Avg. S.D. Avg. S.D. 

-496* 2.83 4.40 2.26 3.35 2.62 3.70 

5.42 2.84 

4.8* 12.66 16.13 6.78 8.80 8.92 10.39 

20.0* 6.63 5.59 4.04 3.20 4.96 4.00 

33.3* 1.97 2.61 3.30 4.36 4.11 3.83 

114.1 7.53 5.73 8.93 6.94 9.65 7.92 

2,260 3.82 8.44 3.68 3.73 9.16 12.36 

13,729 4.02 3.24 3.80 3.75 3.33
4
 2.91

4
 

32,579 5.68 5.68 4.02 3.25 / / 
 

1
 Absolute value of relative error =    

                Estimated value - Measured value Measured value 100% ; 

2 
Compare with the first ADP measurement at a section; 

3
 Avg. and S.D. stand for average and standard deviation, respectively;  

4
 For details, see Fig. 4-3. 

*Used for the near-field mixing analysis (see Zhang and Zhu 2011), and listed herein to 

further examine the accuracy of the estimating method.  
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Table 4-4. Transverse Mixing Coefficients Calculated by Using the Standard Method of 

Moments, Beltaos’ Generalized Method of Moments, and Modified Method Proposed in 

this Study 

 

Method 
Sub-reach 

(km) 

D 

(m
5
/s

2
) 

Uavg 

(m/s) 

Havg 

(m) 
ψavg 

U*avg 

(m/s) 

Ey 

(m
2
/s) 

y

*

E

U H
 y

*

E

U H
avg( )  

Standard 

Moments 

0.114 - 13.73 0.0427 0.53 1.49 1.64 0.050 0.022 0.30 

/ 13.73 - 24.49 0.0802 0.66 1.67 1.89 0.051 0.023  0.27
×
 

24.49 - 32.58 0.0420 0.64 1.83 1.75 0.053 0.011  0.11
×
 

          
Generalized 

Moments 

0.114 - 13.73 0.0447 0.53 1.49 1.64 0.048 0.023 0.33 
0.39 

13.73 - 32.58 0.1487 0.65 1.74 1.92 0.052 0.039 0.43 

          

Modified 
0.114 - 13.73 0.0465 0.53 1.49 1.64 0.048 0.024 0.34 

0.44 
13.73 - 32.58 0.1745 0.65 1.74 1.92 0.052 0.046 0.51 

 
×
 where method is invalid, but listed here for comparison purpose. 



129 

 

Table 4-5. Basic Hydraulic Parameters in 1994 and 1995 Dye Tests 

  

Section 

(km) 

Hice
1
 

(m) 

Q 

(m
3
/s) 

U 

(m/s) 

B 

(m) 

H
1
 

(m) 

U* 

(m/s) 
ψ 

 

Oct. 1994
2
 

0.05 

0 

258.2 0.58 257 1.72 0.051 1.47 

0.5 250.4 0.64 325 1.20 0.043 1.59 

1 276.7 0.63 337 1.30 0.045 1.49 

2 269.8 0.60 350 1.29 0.045 1.53 

4  269.8
3
 0.81 212 1.23 0.043 1.51 

8 283.5 0.57 334 1.48 0.048 1.30 

16 255.4 0.73 251 1.39 0.046 1.35 

32 285.8 0.72 203 1.95 0.055 1.97 

64 274.3 0.92 215 1.39 0.046 1.43 

        

Feb. 1995
4
  

0.05 0.55 

84 

0.29 257 1.13 0.029 3.53 

8 0.41 0.26 334 0.95 0.027 1.99 

16 0.50 0.28 251 1.19 0.030 1.43 

32 0.50 0.29 203 1.42 0.033 2.76 

64 0.54 0.35 215 1.13 0.029 1.66 

 
1
Hice and H are the cross-sectional average ice thickness and the free water depth, 

respectively;  
2
Water surface slope was not measured and expected to be the same as in this study 

because the discharges were close to each other;  
3
Total river discharge, whereas other values at this section were in the primary (right) 

channel; 
4
Water surface slope was not measured and should be close to the slope before the 

formation of ice cover in Oct. 1994 (Engmann and Kellerhals 1974; Ashton 1986). 
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Table 4-6. Transverse Mixing Coefficients in 1994 and 1995 Dye Tests Calculated by 

Using Modified Method Proposed in this Study 

 

Sub-reach 

(km) 

D 

(m
5
/s

2
) 

Uavg 

(m/s) 

Havg 

(m) 
ψavg 

U*avg 

(m/s) 

Ey 

(m
2
/s) 

y

*

E

U H
 y

*

E

U H
avg( )  

         
Oct. 1994 

0.05 - 16 0.0563 0.62 1.40 1.45 0.046 0.032 0.49 
0.53 

16 - 32
1
 0.1637 0.72 1.67 1.66 0.050 0.049 0.58 

         
Feb. 1995 (Ice-covered River) 

0.05 - 32
1
 0.0109 0.28 1.17 2.43 0.030 0.012 0.33 0.33 

 
1
To compare with the 2008 dye test, the study reach was chosen as the first 32 km.
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Figure 4-1. Study reach in the Athabasca River, with the study location indicated in the 

top right provincial map of Alberta, Canada  
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Figure 4-2. Measured dye concentrations (filled triangle solid line) at different sections 

with indication of river depths (open circle dashed line) 
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Figure 4-3. Comparisons of measured velocities with indication of standard deviations 

and cumulative discharges with estimated values across Section 13.73 km
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Figure 4-4. Measured (open square) and modeled (line) dye concentrations versus cumulative 

discharges at different sections, where M/M0 indicates the ratio of measured dye mass flux, by 

using the measured concentrations, to the initial dye injection rate; M/M0 = 100% for the modeled 

concentration profiles; Points A and B in Fig. 4-4(4) are discussed in this study  
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Figure 4-5. Change of variances of transverse concentration profiles along the river by 

using (a) standard method of moments; (b) generalized method of moments; and (c) the 

modified method proposed in this study 
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Figure 4-6. Modeled and measured dye concentrations at different sections in 1994 dye 

test where M/M0 indicates the ratio of measured dye mass flux, by using the measured 

concentrations, to the initial dye injection rate 
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Figure 4-7. Change of variances of transverse concentration profiles along the river in 

(a) 1994 and (b) 1995 dye tests, by using the modified method proposed in this study 
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Figure 4-8. Modeled and measured dye concentrations at different sections in 1995 dye 

test in ice-covered condition, where M/M0 indicates the ratio of measured dye mass flux, 

by using the measured concentrations, to the initial dye injection rate 
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Figure 4-9. Effect of river discharge on (a) dimensional; (b) dimensionless transverse 

mixing coefficient; and (c) dimensional factor of diffusion  
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Figure 4-10. Mixing lengths for 100-times dilution under varying discharges with and 

without ice cover 
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Chapter 5  
 

Trajectories of Bubble Plumes and Bubbly Jets in 

Crossflows
*
 

5.1 Introduction 

A bubble plume is generated by the injection of a gas (e.g., air) into a liquid (e.g., water) 

usually via a nozzle or slot, while a bubbly jet is produced by the injection of a pre-

mixed gas-liquid mixture into a liquid. Bubble plumes and bubbly jets have wide 

applications in: providing artificial aeration and mixing in natural water bodies, 

wastewater treatment plants and chemical reactors; de-stratifying lakes or reservoirs; 

preventing ice formation in harbors; assessing the impact of accidental blowout of sub-

sea oil and gas wells and confining the spills; and etc. Studies on bubble plumes and 

bubbly jets have been reported in various areas of application (Clift et al. 1978; Milgram 

1983; Sun and Faeth 1986a, b; Wüest et al. 1992; Socolofsky and Adams 2002; Sahoo 

and Luketina 2003, 2006; Seol et al. 2007; Lima Neto et al. 2008a, b, c, d; Norman and 

Revankar 2011; Lima Neto 2012; many others).  

Almost all the studies focus on the case of stagnant ambient fluids (typically, 

water), and rarely on the case of cross-flowing ambient fluids. However, crossflows are 

present in many of the above-mentioned applications (Socolofsky and Adams 2002), 

especially in artificial aeration in rivers as reported by Lima Neto et al. (2007). The 

necessity to understand bubble plumes and bubbly jets in crossflows and their scarcity 

 

 

 
*
 The content of this chapter is currently being prepared as a journal manuscript: Zhang, W.M., 

and Zhu, D.Z. (2012). “Trajectories of bubble plumes and bubbly jets in crossflows.” Int. J. 

Multiphase Flow, to be submitted. 
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in the literature stimulate the current research. As a start, Chapter 5 focuses on the 

general behavior of bubble plumes and bubbly jets in crossflows, i.e., their trajectories. 

Detailed measurements on the distributions of bubble properties at different sections 

from the nozzle, including bubble velocity, bubble size, bubble frequency, specific 

interfacial area and gas void fraction, are provided in Chapter 6.  

To the authors’ knowledge, only two studies in the literature (i.e., Mannasseh et 

al. 1998; Socolofsky and Adams 2002) reported bubble plumes or bubbly jets in 

crossflows, with a focus both on the plume or jet trajectories. Mannasseh et al. (1998) 

experimentally studied the trajectories of bubble plumes with an air discharge of 

approximately 0.08 liters per minute (LPM) and bubble diameter of approximately 4 

mm in cross-flowing water of 0.14 - 0.22 m/s. From a plan view, they observed that the 

trajectories of bubble plumes, depending on the crossflow velocities, could be furcated 

into a pair of or multiple sinusoidal paths with amplitudes and wave lengths of 

magnitude of 1 cm and 3 cm, respectively. From a side view, their images showed that 

the trajectories of bubble plumes could be well approximated as linear lines with 

different angles to the crossflow.  

Socolofsky and Adams (2002) studied the trajectories of air bubble plumes, and 

air-oil and air-alcohol multiphase plumes in cross-flowing water of 0.02 - 0.2 m/s. The 

air was discharged via an aquarium airstone at a rate of 0.2 - 2.5 LPM; the oil and 

alcohol were discharged through diffusers at a rate of 0.3 - 1 LPM and 0.2 - 0.4 LPM, 

respectively. In weak crossflows, they found that the bubbles stayed with the entrained 

ambient water (visualized with dye) or other dispersed phase (oil or alcohol) till to the 

water surface of 0.6 m height. However, in strong crossflows, within a short distance, 

the bubble column separated from the entrained ambient water or other dispersed phase 

(oil or alcohol) due to the buoyancy of bubbles. But further separation of other dispersed 
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phase from the entrained ambient water was not observed. An empirical equation was 

proposed for the separation height of the bubble column, hs, as a function of crossflow 

velocity, bubble slip velocity and total kinematic buoyancy flux of the mixed plume. 

From trajectory modeling, Socolofsky and Adams found that: below hs, multi-phase 

plumes behaved like well-mixed single-phase plumes. Above hs, the separated bubble 

columns exhibited linear trajectories, which were determined by the vector sum of 

crossflow velocity and bubble slip velocity; and the separated continuous phase behaved 

as a momentum jet where the momentum was inherited from the entrainment and 

acceleration of the multi-phase plume before the separation.  

A few studies have reported the trajectories of bubble plumes or bubbly jets in 

stagnant water. Lima Neto et al. (2008b) observed a linear spread of bubbly jets, with a 

spreading rate of 0.11-0.14 for the jet half-width (where the water velocity was 37% of 

the jet centerline velocity) and a rate of 0.18 for the jet visual boundary. Their results 

were close to the spreading rate of approximately 0.10 for the half-width of pure water 

jets (Rajaratnam 1976; Lee and Chu 2003), and thus appeared to suggest that bubbles 

that existed within 60 - 70% of the radius of bubbly jet had little impact on the water jet 

spreading in bubbly jets. Others studies have reported the ratio of bubble core radius to 

liquid jet radius for bubble plumes or bubbly jets in the range of 40 - 100% and 

spreading rate in the range of 0.10-0.20, as summarized in Milgram (1983), Lima Neto 

et al. (2008b, c) and Lima Neto (2012).  

To study bubbly jet trajectory, it is crucial to know the liquid (water) velocity at 

the nozzle exit, Uw0. However, the compressibility of the gas (air) at the nozzle exit 

complicates this problem, and as yet, no method has been reported to accurately 

determine it. The concept of superficial water velocity has been used (Lima Neto et al. 
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2008b, d), which assumes that the area occupied by the gas phase at the nozzle exit is 

negligible: 

0 2

4
 w

w

Q
U

d
                                                        (5.1)        

where Qw is the injected water flow rate; and d is the nozzle diameter. Lima Neto (2012) 

calculated the water velocity assuming that the area ratio occupied by the gas phase at 

the nozzle exit was equal to the volumetric fraction of injected gas (i.e., gas is totally 

incompressible): 
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a w

Q
C

Q Q
                                (5.2) 

where C0 is the gas volume fraction; Qa is the injected air flow rate. The real value of 

Uw0 should be between the two extremes of Eqs. (5.1) and (5.2).                  

Compared to bubble plumes and bubbly jets in crossflows, theories of single-

phase jets in crossflows are more advanced. Single-phase jets in crossflow can be well 

simulated with commercial software such as CORMIX, Visual Plume and VISJET, or 

with empirical relations established on experimental results. The case of pure water jets 

can be used as the control for the study of bubbly jets in crossflows. Numerous studies 

have been reported on single-phase jet trajectories in crossflows (Pratte and Baines 1967; 

Rajaratnam 1976; Wright 1977a, b; Fischer et al. 1979; Hodgson and Rajaratnam 1992; 

Davidson and Pun 1999; Hodgson et al. 1999; Lee and Chu 2003; many others). Wright 

(1977 a, b) conducted both photographic and concentration measurements for water jets 

in crossflows. Based on photographic experiments, Wright proposed the following 

equation for jet centerline in the momentum dominated near field (MDNF) and 

momentum dominated far field (MDFF), respectively:  

In MDNF (z ≤ Lm),            1/ 2

1( )Cz x
C

d d 
             

1 2/3

2.07
1.88 C


                   (5.3)        
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In MDFF (z > Lm),             1/3

2 ( )Cz x
C

d d 
            1/ 6

2 0.82C                          (5.4) 

where x and zc are the longitudinal and vertical distances from the nozzle, respectively; 

α is the ratio of jet exit velocity at the nozzle to the crossflow velocity, U0/U; Lm is a 

length scale, defined as M0
1/2

/U, where M0 is the specific momentum flux at the nozzle 

exit. Wright also proposed similar equations based on concentration measurements, with 

slightly different values of C1 and C2. Wright’s results showed that the concentration 

centerline could be 20% higher than that determined from photographs (the middle of 

upper and lower jet visual boundaries). Hodgson and Rajaratnam (1992) conducted both 

laboratory and field experiments for jet concentration and proposed the following 

equation for jet centerline:  

0.261.46( )Cz x

d d 
                                               (5.5)  

Based on numerical models of advected line puff and experimental results of jet 

concentration, Lee and Chu (2003) proposed that:       

In MDNF (z ≤ Lm),            1/ 22.65( )C

m m

z x

L L
                                              (5.6)        

In MDFF (z > Lm),             1/31.56( )C

m m

z x

L L
                                              (5.7) 

One can see that Eqs. (5.3) - (5.7) are all in similar forms, but with different coefficients 

and exponents.  

This chapter presents a study on the general behaviors of bubble plumes and 

bubbly jets in crossflows, with a focus on their trajectories. Fifteen combinations of air-

water mixture were injected through a single orifice nozzle into three crossflows, i.e., a 

total of 45 experimental conditions were studied. The trajectories of bubble columns and 

water jets were studied with photographic techniques and image processing. The 

locations where the bubbles separate from the water jets were investigated, and an 
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empirical relation was proposed for the separation height. The case of pure water jets 

was also examined and used as the basis to understand the effect of bubbles on the water 

jets in bubbly jets. This study is probably the first one that systematically studies the 

trajectories of air bubble plumes and air-water bubbly jets in cross-flowing ambient 

water. This study will contribute the understanding of general behaviors of bubble 

plumes and bubbly jets in crossflow, and advance their applications such as in artificial 

aeration and mixing in the environment in rivers and oil-gas blowouts in oceans.    

 

5.2 Experimental apparatus and procedures 

The experiments were conducted in a large tilting flume of 25 m × 1.2 m × 0.8 m 

(L×W×H) in the T. Blench Hydraulics Laboratory at the University of Alberta. The side 

walls and flume bed are made of fiberglass and glass. The water is recirculated by a 

pump between the flume and an underground sump. A honeycomb flow straightener in 

the feed plenum is used to uniformly distribute the water before entering the flume, and 

a tailgate is used to control the water depth. The experimental apparatus was built at 14 

m from the flume entrance. In all experiments, the flume was kept horizontal and the 

water depth was controlled at a constant 65 cm. Three water discharges were used, 

15.7±0.5, 155.4±0.4 and 366.4±0.7 L/s, which corresponded to the cross-sectional 

average velocity of 0.02, 0.20, and 0.47 m/s, respectively (see Table 5-1).  

Fig. 5-1 shows the schematic of the experimental setup. A single-orifice nozzle 

was built vertically in the middle of the flume. The nozzle exit with a diameter of 6 mm, 

was 12 cm above the flume bed. This distance was determined from a preliminary 

Acoustic Doppler Velocimeter (ADV) test (Wang 2011), and was set to have a more 

uniform distribution of ambient velocity in the vertical direction and to exclude the 

Coanda effect exerted by the flume bed on the water jets. The ADV test also showed 
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that the side walls of the flume only had a significant effect on the transverse 

distribution of ambient velocity within 20 cm from the walls, which is far beyond the 

diffusion zone of bubbly jets. Air-water mixtures were injected via the nozzle into the 

crossflows. Air and water were pre-mixed inside a Venturi injector (Model 384, Mazzei 

Injector Corp.) before the nozzle exit. The air was provided from a gas line of the 

laboratory. A pressure-regulating valve was used to keep the air at 1 atm and constant 

flow rate. The air flow rate was controlled by an air rotameter. The water was supplied 

by a pump and its flow rate was controlled by a valve. The air and water flow rates were 

read directly from their rotameters. The fluctuations of the air and water flow rates were 

estimated to be less than 2% of their mean values. In this study, fifteen combinations of 

air and water flow rates were selected with three ambient crossflows (i.e., a total of 45 

cases), including the cases of pure water jets, pure bubble plumes, and bubbly jets (see 

Table 5-1).  

To visualize the trajectories of bubbly jets and water jets, dye was injected into 

the water pipeline before the water pump (see Fig. 5-1). Images of the jet trajectories 

were captured with a high resolution (1392×1040 pixels) charge coupled device (CCD) 

camera (TM-1040 CL, Pulnix America Inc.) at one side of the flume. The camera was 

controlled by a computer frame grabber system (Streams 5, IO Industries Inc.), with a 

frame rate of 30 frames per second and an exposure time of 1/2000 seconds. 

Background light was provided by 2×1000 watts halogen lamps diffused in a softbox of 

1.2 m × 0.9 m (L×H) at the other side of the flume. The images were set to cover an area 

of 73.7×55.0 cm
2
, with a resolution of 18.9 pixels/cm. For each of the 45 experimental 

cases, images were taken for a period of 30 - 40 seconds, and 10 images that were 

evenly distributed within such period were selected for image processing. In each image, 

upper and lower boundaries of a bubbly jet or a water jet were determined, and the jet 
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centerline was defined as the middle of the upper and lower bounds. The average from 

the 10 images was used as the jet boundary or centerline in each experiment. The 

standard deviation from 10 images was 0.2-1.1 cm and not shown in the figures for 

clarity. 

Two commonly used dyes, Rhodamine W.T. (Keystone Aniline Corp.) and a 

brilliant red liquid food color (Dawn Food Products Inc.), were tested before the 

experiments. Fig. 5-2 shows that Rhodamine W.T. has an enormous impact on bubbles: 

it makes bubbles much smaller and spread much wider, which may be because surface 

tension of the water is changed due to the addition of the dye; while the effect of the 

food color is negligible. Therefore, it is important to point out that Rhodamine W.T. is 

not suitable for visualization of bubble plumes or bubbly jets. In this study, the food 

color was selected. The density of the raw food color measured 1012.9 kg/m
3
 at 20 °C. 

As the food color was mixed with water in the pipeline (see Fig. 5-1), the density of the 

water-dye mixture at the nozzle exit was estimated to be at most 998.6 kg/m
3
, very close 

to that of pure water (998.2 kg/m
3
). Thus the density increase due to use of the food 

color was neglected.  

 

5.3 Trajectory Results and Analysis 

5.3.1 Pure Water Jets  

Photos of pure water jets, bubble plumes and bubbly jets in crossflows of 0.02, 0.20 and 

0.47 m/s are shown in Fig. 5-3 - Fig.5-5. Pure water jets in this study were used as 

references to examine the effect of bubbles in the case of bubbly jets. The results of pure 

water jets were also used to validate the relations proposed by Wright (1977a), Hodgson 

and Rajaratnam (1992) and Lee and Chu (2003) for single-phase jets in crossflows (Eqs. 

5.3-5.7). Based on the validation, one of the three relations was selected for the 
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separated water jets in bubbly jets. Note that Experiment C-0-1 was not included for the 

validation because the lower jet boundary was below the camera window as shown in 

Fig. 5-5.   

The measurement results of water jet centerlines and modeled jet centerlines are 

shown in Fig. 5-6. Overall, the modeling results are satisfactory. The modeled 

centerlines by using the equations of Wright (1977a) and Lee and Chu (2003) may not 

appear continuous at some points because two equations were used in MDNF and 

MDFF. As can be seen in Fig. 5-6, Lee and Chu’s equation best fits the measurements 

in the crossflow of 0.02 m/s, while Wright’s and Hodgson and Rajaratnam’s equations 

better agree the measurements in the crossflow of 0.20 and 0.47 m/s. It is interesting to 

note that for relatively weak jets in strong crossflow as shown in Experiments B-0-1 and 

C-0-3 (also see C-0-1 in Fig. 5-5), the measurements at the end of jet centerlines are 2-4 

cm below the predictions from Wright’s and Hodgson and Rajaratnam’s equations. This 

is possible because that the water jets are near the flume bed and the entrainment of 

ambient water into the jets causes a pressure drop in the ambient that sucks the jets to 

move close to or attach the flume bed (Coanada effect). In addition, preliminary ADV 

tests showed a downward velocity of 2.6% of the cross-sectional average velocity near 

the nozzle exit location (i.e., 0.52 and 1.3 cm/s for the crossflows of 0.20 and 0.47 m/s, 

respectively) (Wang 2011), which might be another reason for the centerlines being 

below Wright’s and Hodgson and Rajaratnam’s predictions. For bubbly jets, since the 

water jets only become separated from bubbles in the strong crossflows (0.20 and 0.47 

m/s), the equations of Wright (1977a) or Hodgson and Rajaratnam (1992) can be used 

for separated water jets. In this study, the equations of Wright (1977a) were selected 

simply because they were based on photographic techniques, same as in this study.        
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5.3.2 Pure Bubble Plumes  

As shown in Fig. 5-3 - Fig. 5-5, a pure bubble plume approximately follows a straight 

line downstream of the injection location. Similar straight-line bubble plume trajectories 

were reported in Manasseh et al. (1998) and Socolofsky and Adams (2002). The angle 

of the straight line mainly depends on the strength of the crossflow: a stronger crossflow 

corresponds to a smaller angle from the horizontal plane, as expected. On the other hand, 

the angle is not sensitive to the air discharge at the nozzle exit or bubble size: an 

increase of Qa only slightly increases the plume angle. Fig. 5-3 - Fig. 5-5 also show that 

at a small value of Qa (1 LPM), bubble size is more uniform; with the increase of Qa (3 

or 5 LPM), bubble size increases obviously, and smaller bubbles appear due to the 

breakup of large bubbles. Observation on bubble size distributions in strong crossflow 

(0.20 or 0.5 m/s) shows that larger bubbles tend to be at the upstream side of a bubble 

plume and smaller bubbles tend to be at the downstream side. This “fractionation” effect 

cannot be observed in weak crossflow (0.02 m/s). Moreover, in strong crossflow, 

bubbles appear to be more flattened because of the shear stress exerted by the crossflow 

on the bubble surface.  

Since pure bubble plumes follow the trajectories of straight lines, the modeling 

becomes simple as long as the angles of the straight lines, θ, are determined. In the 

experiments with the crossflow of 0.20 m/s, bubble velocities in the direction of bubble 

plume centerlines, Ub, were measured across Section 100d from the nozzle exit by using 

an optical probe system (for details, see Chapter 6). If the value of Ub is assumed to be 

only composed of the crossflow velocity U and bubble slip (or terminal rise) velocity US, 

that is, the water velocity induced by bubble passage and bubble wakes along the bubble 

plume centerline Uwater is negligible (U = (Ub - Uwater)×cos (θ) ≈ Ub × cos (θ)), then the 

angle of bubble plume centerline can be calculated to be θ = arccosine(U/Ub). The 
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calculation results are shown in Fig. 5-7(a), and they are obviously larger than the 

angles directly measured from images. This indicates that the above assumption is 

invalid, i.e., Ub is also composed of the bubble-induced water velocity along the bubble 

plume centerline Uwater in addition to U and US.  

Socolofsky and Adams (2002) reported that bubble plume centerline followed 

the trajectory of vector sum of bubble slip velocity US and crossflow velocity U. The 

method of using arctangent(US/U) is tried next to determine the angle of a bubble plume 

centerline, and the key is to obtain the value of US. Direct measurement of US is rather 

challenging because of the difficulty in accurate measurement of bubble-induced water 

velocity in a bubble plume (US = (Ub - Uwater)×sin (θ)). For single isolated bubbles in pure 

water at 20°C, Clift et al. (1978) reported the classic graph of US versus bubble diameter 

of volume-equivalent sphere, db. For db > 1.3 mm, as in this study (see Table 5-1), they 

reported that: 

    22.14 0.505 S b bU d gd                                       (5.8) 

where σ is the surface tension of air-water interface; ρ is the density of water; and g is 

the gravitational acceleration. Based on the bubble sizes measured in the crossflow of 

0.20 m/s (see Chapter 6), the angles by using the method of arctangent(US/U) are also 

shown in Fig. 5-7(a). The calculation agrees well with the angles from images. Different 

bubble plumes containing bubbles of different sizes have similar plume angles because 

US is not very sensitive to the change of db (as can be shown in Eq. (5.8)). From the 

comparison of the angles from arccosine(U/Ub) and arctangent(US/U) with those from 

images, it may be concluded that: Ub in the direction of bubble plume angle is composed 

of bubble slip velocity US, crossflow velocity U and bubble-induced water velocity 

Uwater; and Uwater is also in the direction of bubble plume angle (otherwise, bubble plume 

trajectory will not be at the angle determined by US and U).  
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The modeled bubble plume centerlines by using the method of arctangent(US/U) 

for the crossflow of 0.20 m/s are shown in Fig. 5-8, together with the direct 

measurements from images. Fig. 5-8 shows that the modeled centerlines are in good 

agreement with the measurements. Assuming that bubble sizes are not substantially 

different in different crossflows (as can be observed in Fig. 5-3 - Fig. 5-5), the 

measurement results of db at the crossflow of 0.20 m/s and thus US were used for the 

modeling in the other two crossflows. The modeling results are present in Figs. 5-9 and 

5-10 with good agreement, which is partially because of the insensitiveness of US to db.      

   

5.3.3 Bubbly Jets  

As can be seen in Fig. 5-3 - Fig. 5-5, properties of bubbly jets depend strongly on the 

water flow rates at the nozzle Qw. An increase in Qw breaks large bubbles into small 

ones due to the shear forces on the bubble surface exerted by the mean flow and 

turbulence of the water jets. However, if Qw is small, the forces are not large enough to 

break all the large bubbles, resulting a mixture of both large and small bubbles (see the 

experiments with Qw = 1 LPM in Fig. 5-3 - Fig. 5-5). On the other hand, if Qw is large 

enough, bubble sizes are small and more uniform (see the experiments with Qw = 3 or 5 

LPM). Lima Neto et al. (2008b) conducted experiments of bubbly jets in stagnant water 

and proposed that the nozzle Reynolds number based on the superficial water velocity at 

the nozzle (Eq. (5.1)) and nozzle diameter should be large than 8,000 to cause large 

bubbles broken into small ones of uniform size. This criterion in stagnant water has 

been checked in this study: it is still valid for bubbly jets in crossflow. From Fig. 5-3 - 

Fig. 5-5, crossflow has negligible effect on the breakup of bubbles because the breakup 

mainly occurs near the nozzle where the jet momentum is more important. For the 

experiments with small Qw (1 LPM), the bubble plumes in bubbly jets are more close to 
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pure bubble plumes, and straight lines can well describe the bubble plume centerline 

trajectories. Similarly as for pure bubble plume, these centerlines can be modeled by 

using the method of arctangent(US/U) (see Fig. 5-7(a)), where US is calculated from Eq. 

(5.8) based on the measurements of bubble size. The modeling results of centerline 

trajectories agree well with the measurements, as shown in Fig. 5-8 - Fig. 5-10. 

Properties of bubbly jets also strongly rely on the strength of crossflows. In 

weak crossflows, as seen in Fig. 5-3, bubbles are mixed with (not separated from) the 

water jet. In stagnant water, Lima Neto et al. (2008b) reported that the bubble core 

radius occupied 55-70% of the water jet radius, and the spreading rate of the water jet’s 

visual edge was approximately 0.18. In the weak crossflow of 0.02 m/s, the present 

experiments show that the ratio of bubble core radius to water jet radius is the range of 

57-82%, and the spreading rate of water jet’s visual boundary is in the range of 0.19-

0.20, close to the results in the stagnant water. This suggests that weak crossflow does 

not significantly change the general properties of bubbly jets, compared to those in 

stagnant water. However, one thing that weak crossflow does change is the leakage of 

dye from the water jet into the downstream ambient. The images in Fig. 5-3 were taken 

at the beginning of jet injection. After a few seconds, leakages could be more clearly 

observed.   

In strong crossflows, the most distinct feature of bubbly jets is the separation of 

bubble plumes from water jets after some distance away from the injection location. 

From Figs. 5-4 and 5-5, an increase in crossflow strength accelerates the separation, 

while an increase in Qa or Qw delays the separation. Fig. 5-11 presents a typical example 

of a bubbly jet of in strong crossflow. Six zones may be defined to better describe the 

relevant phenomenon. Zone I is the bubbly jet zone, where bubbles are well-mixed with 

the water jet because of the strong momentum of the water jet near the nozzle. Zone II is 
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the transition zone, where bubbles start to rise and accumulate near the upper boundary 

of the water jet due to the buoyancy of the bubbles and due to the momentum decay of 

the water jet along the jet centerline. Zone III is the separated bubble plume zone, where 

bubbles have completely separated from the water jet. Note that for a bubbly jet in 

strong crossflows, the whole trajectory of bubble plume from Zone I to III can no longer 

be simply approximated as a straight line from the nozzle, which is different from that 

of a pure bubble plume. Zone IV is the separated water jet zone, where bubbles no 

longer exist inside the water jet. Zone V is the fine bubble zone, where rather tiny 

bubbles (with diameters in the order of 0.1 mm) can be observed downstream of the 

bubble plume. Tiny bubbles behind a larger bubble plume present another example of 

the fractioning ability of crossflow. Zone VI is the possible leakage zone and the 

leakage occurs when eddies at the jet lower boundary can no longer be entrained back to 

the jet and thus are flushed downstream (see Experiments. B-3-5 and B-5-5 in Fig. 5-4). 

Similar leakage phenomenon of jets or plumes in crossflow has also been observed by 

Davidson and Pun (1999) and Socolofsky and Adams (2002). From this study, the 

leakage appears to occur more easily in a weak crossflow, as a strong crossflow tend to 

suppress rising of the water jet and thus the leakage. 

It is interesting to note the effect of bubbles in bubbly jets. First, the existence 

of bubbles tends to lift up the water jets due to the buoyancy of bubbles. This can be 

observed both in a weak crossflow (see Experiments A-1-1 and A-0-1 in Fig. 5-3) and a 

strong crossflow (see in Figs. 5-4 and 5-5). Such lifting effect can be more easily 

observed in a strong crossflow (see the lift of water jet centerlines) and in the 

experiments with large bubbles. Second, the existence of bubbles enhances jet mixing, 

especially with large bubbles. For instance, in the Experiments B-1-1, dye in the water 

jet is diffused in the range of 1/2 of the water depth, and in the experiments of B-3-1 and 
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B-5-1 (see Fig. 5-4), dye exists almost the whole range of the water depth. Significant 

enhancement of jet mixing due to the bubbles can be also observed in Experiments C-1-

1. C-3-1 and C-5-1 in Fig. 5-5. This suggests that large bubbles are more preferable than 

small bubbles for the purpose of artificial mixing, as recommended by Wüest et al. 

(1992). Small bubbles, of course, are preferred for artificial aeration due to the large air-

water interfacial area, as suggested by Wüest et al. (1992) and Sahoo and Luketina 

(2003). Small bubbles are also able to enhance jet mixing to a certain degree (see Fig. 5-

12). Fig. 5-12 presents the water jet’s visual half-thickness Wz along the jet centerline ζ 

with Qa = 0 - 5 LPM and Qw = 3 LPM, where the existence of small bubbles is seen to 

help the jet diffusion and thus the jet mixing.         

It is also important to summarize the effect of crossflow on bubbly jets. First, 

crossflow bends bubbly jets as it bends pure water jets. Second, crossflow causes 

fractionation of bubbly jets. The fractionation effect can be observed in the experiments 

with small Qw (1 LPM) where large bubbles appear in the upstream side and small 

bubbles in the downstream side. The separation of the bubble plumes from the water jets 

in bubbly jets also essentially reflects the fractionation effect. Third, with the increase of 

crossflow strength, the centerlines of both bubble plume and water jets are suppressed 

downwards, and the thicknesses of water jets are decreased, as clearly shown in Fig. 5-

12(b).              

 

5.3.4 Modeling of the Water Jets in Bubbly Jets in Strong Crossflows 

In the following, the centerlines of bubbly jets in strong crossflows are modeled, 

including the centerlines of water jets and bubble plumes both before and after the 

separation. To model the water jet centerline, it is crucial to determine the water 

velocity at the nozzle exit Uw0, although this is challenging for bubbly jets as stated 
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earlier. In this study, bubbly jets were ejected into the air, and the jet maximum rise 

heights, Hmax, were recorded. This provides a simple way to estimate Uw0, assuming no 

energy loss during the rise of jets: 

0 max2wU gH                                                      (5.9)     

Note that Eq. (5.9) is an estimate of Uw0 and it is assumed that the value of Uw0 is not 

significantly affected with or without the additional pressure exerted by the ambient 

water above the nozzle (0.53 m in this study). Eq. (5.9) is first examined for the case of 

pure water jets. Fig. 5-13(a) presents the measurement results of maximum rise heights, 

and Fig. 5-13(b) shows the comparison Uw0 by comparing Eq. (5.9) with its theoretical 

values (Eq. (5.1)) for the case of pure water jets. As seen in Fig. 5-13(b), the differences 

are 14.4%, 2.4% and 3.4% for Qw = 1, 3 and 5 LPM, respectively. The larger difference 

for Qw = 1 is mainly because that Hmax measured only 2.35 cm and a small reading error 

in Hmax would cause large difference in Uw0. Fig. 5-13(b) verifies the use of Eq. (5.9) for 

pure water jets.  

For bubbly jets, the measurements of Hmax for nine combinations of Qa and Qw 

are also shown in Fig. 5-13(a), and the calculated values of Uw0 are listed in Table 5-1. 

Fig. 5-13(a) shows the substantial impact of Qa on Hmax, and thus on Uw0. Eq. (5.1) 

ignores the impact of gas-phase and will significantly underestimate Uw0. On the other 

hand, Eq. (5.2) assumes that the gas-phase is totally uncompressible, and will 

overestimate Uw0. As seen from Table 5-1, the values of Uw0 from Eq. (5.9) are between 

the two extreme values from Eqs. (5.1) and (5.2), and are more physically reasonable. 

The values of Uw0 from Eq. (5.9) might be used to speculate the area ratios occupied by 

the liquid phase at the nozzle exit, and the result show that they are 18.7±12.2% larger 

than the liquid volume fraction, i.e., (1-C0). This suggests that the compressibility of 
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gas-phase at the nozzle exit is important. The compressibility appears to relate with both 

Qa and Qw.           

The values of Uw0 from Eq. (5.9) and the validated equations of Wright (1977a) 

(Eqs. (5.3) - (5.4)) were used to model the water jet centerlines in bubbly jets. The 

modeling results are shown in Figs. 5-14 and 5-15. Generally, the modeled centerlines 

are desirable, especially for the experiments in the crossflow of 0.47 m/s in Fig. 5-15. In 

the crossflow of 0.20 m/s, as seen from Fig. 5-14, the modeled centerlines are located 

slightly below the measured centerlines, contrary to the finding that the modeled 

centerlines are slightly higher in the case of pure water jets as shown in Fig. 5-6. The 

comparison between Figs 5-14 and 5-6 reflects the lift of water jets due to the bubbles. 

Such lift is more obvious with the increase of Qa (see Experiments B-3-3 and B-5-3 in 

Fig. 5-14), but less obvious with the increase of Qw (see Experiments B-5-3 and B-5-5). 

The fact that the water jets in bubbly jets are higher than pure water jets as shown in Fig. 

5-4 is attributed to two important reasons: the increase of Uw0 and thus jet momentum in 

bubbly jets (the primary reason); and the lift forces due to the bubbles, which cannot be 

ignored for large Qa. A similar conclusion on the lift of water jets by bubbles in bubbly 

jets can be made in the crossflow of 0.47 m/s by comparing Fig. 5-15 with Fig. 5-6. But, 

in stronger crossflow, such lift is insensitive to the change of Qa or Qw.          

 

5.3.5 Modeling of the Bubble Plumes in Bubbly Jets in Strong Crossflows 

To model the bubble plume centerline in a bubbly jet, it is important to first know the 

location where bubbles separate from the water jet. Similar to Socolofsky and Adams 

(2002), the separation location in this study is defined as the intersection point of the 

water jet centerline and the bubble plume centerline (see Fig. 5-11). Below the 

separation height, HS, the bubble plume centerline can be modeled the same way as the 



158 

 

water jet centerline as bubbles are well mixed with the water jet. Above HS, the bubble 

plume centerline can be modeled as a straight line, as seen in Figs. 5-4, 5-5, and 5-11.     

From Figs. 5-4 and 5-5, the value of HS appears to increase with the increase of 

air discharge Qa or water discharge Qw, while it decreases with the increase of ambient 

velocity U. As the increase of Qa or Qw means the increase of Uw0 (see Fig. 5-13 and 

Table 5-1), HS is plotted versus Uw0/U = α in Fig. 5-16. In addition, if α = 0, then in 

theory, HS = 0. As shown in Fig. 5-16, HS follows a simple linear relation with α for 

both crossflow conditions:  

0.896SH          with   2 0.95R                           (5.10) 

where R is the correlation coefficient. Note that in Fig. 5-16, HS is not non-

dimensionalized because both the nozzle diameter and ambient water depth, which are 

normally used as the length scales for non-dimensionalization of jets in crossflow, are 

constant in this study. 

In the experiments in the crossflow of 0.20 m/s, as shown in Chapter 6, bubble-

induced water velocity along the bubble plume centerline is negligible for the case of 

bubbly jets with large Qw (3 or 5 LPM), thus Ub can be treated as vector sum of US and 

U. Therefore, the angle of the bubble plume centerline θ in a bubbly jet can be 

calculated to be arccosine(U/Ub). Fig. 5-7(b) shows that the calculated centerline angles 

are close to those directly measured from images. Note that, as explained earlier, the 

method of using arccosine(U/Ub) does not apply for the cases of pure bubble plumes and 

bubbly jets with small Qw (1 LPM), because it overestimates the centerline angles, as 

shown in Fig. 5-7(a). In this study, the method of arccosine(U/Ub) is used for modeling 

bubble plume centerlines after the separation in bubbly jets. If no measurement is 

conducted on Ub, then the angle of a bubble plume centerline θ can be calculated to be 

arctangent(US/U), where US can be estimated based on the US versus db relation 
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provided by Clift et al. (1978). The values of angle θ based on arctangent(US/U) and 

Clift et al. (1978) were examined to be rather close to (2 degrees difference) those from 

the method of arccosine(U/Ub) (see Fig. 5-7(b)).    

The modeling results of the bubble plume centerlines in bubbly jets in the 

crossflow of 0.20 m/s are present in Fig. 5-17. In general, the modeling agrees with the 

measurements. Below the separation height HS obtained from Eq. (5.10), the bubble 

plume (to be exact, bubbly jet) centerlines are the same as that of water jets (see Fig. 5-

14). Above HS, the modeled centerlines are slightly lower than the measured ones, 

because of the underestimation of the jet centerlines before the separation and because 

of the error in Eq. (5.10) to estimate HS. From the images, bubble sizes are similar in the 

crossflows of 0.20 m/s and 0.47 m/s, hence it is reasonable to assume that bubble slip 

velocity US = Ub×sin(θ) in the crossflow of 0.20 m/s is close to that in the crossflow of 

0.47 m/s. Similarly, the modeling results in the crossflow of 0.47 m/s are shown in Fig. 

5-18, and the modeling is satisfactory.            

 

5.4 Summary and Conclusions 

In Chapter 5, bubble plumes and bubbly jets, as well as pure water jets, were 

photographically studied in three crossflows. The focus is on the centerline trajectories 

of bubble plumes and bubbly jets, and the cases of water jets were used as references. 

Bubble plumes and bubbly jets were produced by injecting different combinations of air 

and water flows via a single-orifice nozzle. In total, 45 cases of bubble plumes, bubbly 

jets and pure water jets were studied. Effect of air or water discharge at the nozzle on 

the properties of bubble plumes and bubbly jets were examined. Effect of crossflow 

strength was also studied. Centerline trajectories of bubble plumes and bubbly jets were 

modeled. Because literatures on bubbly jets in crossflow are rare, this study will provide 
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scientific basis for the activities such as artificial mixing and aeration in rivers and oil-

gas blowout in oceans. The main conclusions are as follows: 

 

(1) Properties of bubble plumes and bubbly jets depend strongly on the air and 

water flow rates at the nozzle exit (Qa and Qw). A nozzle Reynolds number of 

Re = 8,000 based on the superficial water velocity at the nozzle is required to 

breakup large bubbles into small bubbles of uniform size. This criterion, 

proposed by Lima Neto et al. (2008b) in stagnant water, still hold true for 

bubbly jets in crossflow. Both large and small bubbles lift up water jets in 

bubbly jets and enhance water jet mixing.   

(2) Properties of bubble plumes and bubbly jets also rely on the strength of 

crossflow. In weak crossflows, bubble plumes are mixed with water jets in 

bubbly jets; while in strong crossflows, bubble plumes separate from water jets 

in bubbly jets. The separation height HS was found to be proportional to the 

ratio of water velocity at the nozzle exit Uw0 to crossflow velocity U (Eq. (5.10)).   

(3) For pure bubble plumes and bubbly jets with small Qw (1 LPM or Re < 8,000), 

the bubble plume centerline can be well modeled with a straight line. The angle 

of the straight line can be well predicted from arctangent(US/U), but are 

overestimated from arccosine(U/Ub), where US is the bubble slip velocity for 

single isolated bubbles reported by Clift et al. (1978) and Ub is the bubble 

velocity measured along a bubble plume centerline. For bubbly jets with large 

Qw (3 or 5 LPM, or Re ≥ 8,000), the angle of straight bubble plume centerlines 

after separation can be well predicted by both methods. This indicates that 

bubble-induced water velocity along the bubble plume centerline exists for the 
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case of pure bubble plumes and bubbly jets with small Qw, but it is negligible in 

bubbly jets with large Qw.  

(4) The case of pure water jets were used to validate the equations of jets in 

crossflow proposed in literature, and the equations of Wright (1977a) were 

selected for modeling the water jets in bubbly jets. The water velocity at the 

nozzle exit Uw0 is required for the modeling. For bubbly jets, Uw0 based on the 

maximum rise height of bubbly jets in air appears to be reasonable, and the 

modeling agrees well with the measurements.                    
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Table 5-1. Experimental Conditions for Bubble Plumes and Bubbly Jets in Crossflows 

 

Ambient 

Experiments Qa Qw C0 db
2
 Uw0 (m/s)

 3
 

I.D. 
1
 (LPM) (LPM) 

 
(mm) 

Method 

I 

Method 

II 

Method 

III 

Condition A:  

U = 0.02 m/s; 

 

 

Condition B:  

U = 0.20 m/s; 

 

 

Condition C: 

U = 0.47 m/s 

 

A/B/C-0-1 0 1 0 / 0.59 0.59 0.68 

A/B/C-0-3 0 3 0 / 1.78 1.78 1.82 

A/B/C-0-5 0 5 0 / 2.97 2.97 3.07 

    

  

  A/B/C-1-0 1 0 1.00 8.47 / / / 

A/B/C-1-1 1 1 0.50 7.81 0.59 1.19 1.01 

A/B/C-1-3 1 3 0.25 1.96 1.78 2.37 1.98 

A/B/C-1-5 1 5 0.17 1.73 2.97 3.56 3.31 

    

  

  A/B/C-3-0 3 0 1.00 9.84 / / / 

A/B/C-3-1 3 1 0.75 8.68 0.59 2.37 1.95 

A/B/C-3-3 3 3 0.50 2.46 1.78 3.56 3.13 

A/B/C-3-5 3 5 0.38 2.10 2.97 4.75 4.60 

    

  

  A/B/C-5-0 5 0 1.00 10.87 / / / 

A/B/C-5-1 5 1 0.83 8.91 0.59 3.56 2.50 

A/B/C-5-3 5 3 0.63 2.93 1.78 4.75 3.60 

A/B/C-5-5 5 5 0.50 2.22 2.97 5.93 5.31 

 

Notes: 
1
 The first character stands for ambient condition, A or B or C; the numbers are injected 

air and water flow rates in the nozzle, respectively;  

                   2
 Average bubble diameters were measured at Section 100d from the nozzle by using an 

optical probe system in the crossflow of 0.20 m/s (for details, see Zhang and Zhu 

2012); 

                   3
 Methods I, II and III are based on Eqs. (5.1), (5.2) and (5.9), respectively. 
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Figure 5-1. Schematic of the experimental setup; experiment shown in the photo: Expt. B-3-3
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Figure 5-2. Effect of dye on bubble properties in Expt. B-1-3, (a) without dye; (b) with 

Rhodamine W.T.; and (c) with a liquid food color 

(a) 

(b) 

(c) 
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Figure 5-3. Photos of pure water jets, bubble plumes and bubbly jets at an ambient velocity of 0.02 m/s; photo size: 73.7 × 55.0 cm
2
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Figure 5-4. Photos of pure water jets, bubble plumes and bubbly jets at an ambient velocity of 0.20 m/s; photo size: 73.7 × 55.0 cm
2
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Figure 5-5. Photos of pure water jets, bubble plumes and bubbly jets at an ambient velocity of 0.47 m/s; photo size: 73.7 × 55.0 cm
2
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 Figure 5-6. Comparison of measurement results of jet centerlines with previous studies for the case of pure water jets
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Figure 5-7. Comparison of the angle of bubble plume centerline from images with that 

from arccosine (U/Ub) and that from arctangent (US/U) in the crossflow of U = 0.20 m/s, 

where Ub is the measured bubble velocity along the centerline and US is the bubble slip 

velocity from Clift et al. (1978); (a) for the cases of pure bubble plumes and bubbly jets 

with small Qw and (b) for the case of bubbly jets with large Qw  
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Figure 5-8. Comparison of measured bubble plume centerlines with modeled 

centerlines for the case of pure bubble plumes and the case of bubbly jets with small Qw 

in the crossflow of 0.20 m/s 
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Figure 5-9. Comparison of measured bubble plume centerlines with modeled 

centerlines for the case of pure bubble plumes and the case of bubbly jets with small Qw 

in the crossflow of 0.47 m/s 
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Figure 5-10. Comparison of measured bubble plume centerlines with modeled 

centerlines for the case of pure bubble plumes and the case of bubbly jets with small Qw 

in the crossflow of 0.02 m/s 
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Figure 5-11. Division of six zones for the case of bubbly jets: I, bubbly jet zone where 

bubbles and water jet are well mixed; II, transition zone where bubble start separating 

from water jet; III, zone of separated bubble plume; IV, zone of separated water jet; V, a 

zone where rather tiny bubbles can be observed; VI, a zone where possible leakage from 

bubbly jet or water jet may occur. Definition of separation height, HS, is also illustrated. 

Photo shown is for Experiment B-1-5. 
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Figure 5-12. (a) Effect of the existence of bubbles on the water jet half-thickness Wz 

along the jet centerline ζ in the bubbly jet experiments with Qw = 3 LPM and U = 0.20 

m/s; (b) Effect of the strength of crossflow on Wz in the bubbly jet experiments with Qa 

= 1 LPM and Qw = 3 LPM  
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Figure 5-13. (a) Measurement result of max rise height of bubbly jets and pure water 

jets; (b) comparison of water velocities at the nozzle exit based on max rise height with 

theoretical values for the case of pure water jets  
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Figure 5-14. Comparison of measurement results of water jet centerlines with modeled 

centerlines for the case of bubbly jets in the crossflow of 0.20 m/s 
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Figure 5-15. Comparison of measurement results of water jet centerlines with modeled 

centerlines for the case of bubbly jets in the crossflow of 0.47 m/s 
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Figure 5-16. Relation of separation height, HS, with α for bubbly jets 
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Figure 5-17. Comparison of measurement results of bubble plume centerlines with 

modeled centerlines for the case of bubbly jets in the crossflow of 0.20 m/s 
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Figure 5-18. Comparison of measurement results of bubble plume centerlines with 

modeled centerlines for the case of bubbly jets in the crossflow of 0.47 m/s 
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Chapter 6  
 

  Measurements of Bubble Plumes and Bubbly Jets in a 

Crossflow
*
 

6.1 Introduction 

The low dissolved oxygen (DO) problem has also been found to be widespread in ice-

covered rivers throughout the arctic and sub-arctic regions of Russia, Alaska, and 

Canada (Whitfield and McNaughton 1986; Chambers 2000) when river discharge is low 

and ice cover prevents reaeration at the water surface. This problem is also frequently 

encountered in polluted water bodies worldwide. The Athabasca River, which is the 

concerned river in this study, is an important river in northern Alberta, Canada. It not 

only supplies water to Alberta’s pulp and paper mills industry and Canada’s oil sand 

industry and receives effluents from them, but also provides habitat for more than 30 

species of fish. In winters, the river’s DO has been reported to drop below the chronic 

guideline of 6.5 mg/L currently used in Alberta, as a result of industrial wastewater 

discharge and sediment oxygen demand at the river bottom (Lima Neto et al. 2007). 

Low DO level might severely affect the feeding rate, spawning, hatch and even the 

survival of fish and benthic macroinvertebrate species (Chambers 2000). 

Lima Neto et al. (2007) reported a direct and low-cost remediation measure to 

increase the DO level in the Athabasca River: injecting pure oxygen or air through the 

existing effluent diffusers of the pulp and paper mills along the river. Two field oxygen 

 

 

 
*
 The content of this chapter has been edited and submitted as a journal manuscript: Zhang, 

W.M., and Zhu, D.Z. (2012). “Measurements of bubble plumes and bubbly jets in a crossflow.” 

J. Fluid Mech., submitted. 
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injection tests have been conducted and the results showed that the absorption rate of 

the injected oxygen into the river water could reach as high as 50%. The mixture of air 

(or gas oxygen)-water (effluent) injected via nozzles of the diffuser into the cross-

flowing river water is essentially the problem of bubble plumes and bubbly jets in 

crossflow. A bubble plume is produced by the injection of a gas into a liquid usually via 

a nozzle or slot, while a bubbly jet is produced by the injection of a gas-liquid mixture 

into a liquid.  

To improve the gas oxygen absorption rate, it is crucial to study the bubble 

properties in bubble plumes and bubbly jets such as bubble size and velocity. Previously, 

laboratory experiments have been conducted in stagnant water (see Lima Neto et al. 

2008a,b,c,d; Lima Neto 2012). In this study, cross-flowing ambient flow is introduced 

in a large laboratory flume. By using a double-tip optical fiber probe system, this study 

provides systematic and detailed measurements on the evolution of bubble properties in 

bubble plumes and bubbly jets along their trajectories in a crossflow. The measurement 

results will be useful for the development and validation of computer models on 

multiphase jets and plumes. This study will improve the understanding on bubble 

plumes and bubbly jets in crossflow, and thus guide the activities such as artificial 

aeration and mixing in the environment where crossflow is present (e.g., in rivers). 

 

6.2 Literature Review  

In addition to the application of artificial aeration and mixing in low DO water bodies, 

bubble plumes and bubbly jets are also widely used in lake or reservoir destratification, 

heat exchanger and industrial reactors, bubble breakwaters, ice prevention in harbors, 

and assessing the impact of accidental blowout of sub-sea oil and gas wells. Because of 

the wide applications, bubble plumes and bubbly jets have been under active research 
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for the last several decades (Milgram 1983; Sun and Faeth 1986a,b; Wüest et al. 1992; 

Socolofsky and Adams 2002; Sahoo and Luketina 2003; Seol et al. 2007; Norman and 

Revankar 2011; Fox 2012; many others). However, most of the studies were conducted 

in stagnant water, and only two studies (i.e., Mannasseh et al. 1998; Socolofsky and 

Adams 2002) were found by the authors in crossflow while crossflow is typically 

present in many of applications mentioned above. In this section, studies in stagnant 

water will be first reviewed as they are the foundation for the studies in crossflow, 

followed by the limited studies in crossflow.  

Compared with bubble plumes, bubbly jets were reported to be able to produce 

smaller bubbles without the use of porous airstone that is susceptible to clogging (Lima 

Neto et al. 2008b,d). Thus bubbly jets attract growing interests because of the higher gas 

transfer efficiency and lower construction and maintenance costs (Fonade et al. 2001; 

Lima Neto et al. 2008a,b,d). The property of a bubble plume or bubbly jet has been 

reported to be determined by numerous factors, including gas and liquid flow rates, 

nozzle types and sizes, injection directions (e.g., horizontal or vertical), ambient flow 

conditions, container sizes and geometries, liquid impurity and surfactants (Clift et al. 

1978; Lima Neto et al. 2008a,b,c,d). 

For a bubble plume or bubbly jet in stagnant water, some basic but important 

features reported in the literature are summarized as follows. First, within a short 

distance from the nozzle, bubble breakup/coalescence takes place that is rather 

complicated (Varley 1995). The breakup frequency and the size of resulting daughter 

bubbles have been reported by Martínez-Bazán et al. (1999a,b), and the breakup 

mechanisms and theoretical models have been reviewed by Liao and Lucas (2009). 

Beyond some distance where bubble diameter is smaller than a critical diameter 

(defined from the equivalence of turbulence stresses to surface tension forces), no 
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further breakup occurs and the probability distribution function remains frozen 

(Martínez-Bazán et al. 1999a). Second, the radial range of bubbles only occupy a 

fraction of a bubble plume or bubbly jet, and the ratio of the radius of the bubble core to 

the radius of the liquid jet  is typically in the range of 0.4 - 1.0 (Milgram 1983; Lima 

Neto et al. 2008b; Lima Neto 2012). This ratio is expected to increase with the 

increasing value of plume (or jet) velocity relative to the bubble slip velocity (Milgram 

1983). Third, the centerline of the bubble core usually exhibits periodic oscillation with 

regard to the nozzle centerline (also called the wandering motion) in both confined and 

unconfined setups (Milgram 1983; Lima Neto et al. 2008c). The oscillation in a 

frequency of 0.1 - 0.2 Hz that is not present in single-phase jets or plumes, is usually 

attributed to buoyancy driven instability strengthened by the walls, if any, and/or the 

coherent flow structure (Lima Neto et al. 2008c). Forth, in the case of shallow ambient 

water, when a bubble plume or bubbly jet reaches the water surface, surface jet forms 

and re-circulating cells exists in both confined and unconfined setups (Fanneløp et al. 

1991; Lima Neto et al. 2008c).  

Fifth, inside the bubble core, bubbles rise due to buoyancy, and the rise velocity 

is higher than the liquid velocity. Bubble slip velocity, defined as the relative bubble 

velocity to the liquid velocity, is usually in the range of 0.2 - 0.8 m/s and mainly 

depends on bubble diameter (Milgram 1983; Simonnet et al. 2007; Lima Neto et al. 

2008b; Lima Neto 2012). Smaller bubbles usually correspond to smaller bubble slip 

velocity (Sahoo and Luketina 2003; Lima Neto et al. 2008b). Bubble slip velocity in a 

bubble plume or bubble jet has been reported 2-6 times higher than the rise velocity of 

an isolated bubble with a similar diameter in stagnant water because of the drag 

reduction for the trailing bubbles in the wakes of the leading bubbles (Krishna et al. 

1999; Ruzicka 2000; Lima Neto et al. 2008b). Sixth, the radial distributions of bubble 
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velocity and gas void fraction are usually assumed to be Gaussian in the models 

developed for bubble plumes or bubbly jets (Milgram 1983; Fanneløp et al. 1991; 

Wüest et al. 1992; Norman and Revankar 2011; Lima Neto 2012). The measurement 

results of Milgram (1983), Sun and Faeth (1986a,b) and Lima Neto et al. (2008b) 

confirmed the Gaussian distribution of bubble velocity, while the result of Seol et al. 

(2007) showed a distribution between Gaussian and top-hat for the bubble velocity. 

Stanley and Nikitopoulos (1996) stated that the bubble velocity distribution may not be 

Gaussian because bubble velocity non-linearly depends on bubble size and the size 

distribution may not be Gaussian. Their measurement on bubble velocity distribution 

was not Gaussian, but not dramatically different from it. The measurement of Lima 

Neto et al. (2008b,d) on gas void fraction approximately followed Gaussian.         

In the bubble core, bubble size (diameter) is the key parameter that controls the 

mass transfer (dissolution) of the gas into the liquid. The mass transfer process can be 

expressed as (Mueller et al. 2002; Lima Neto et al. 2008a): 

  L s

dC
K a C C

dt
                                              (6.1) 

where KL is the mass transfer coefficient or the liquid film coefficient; a is the gas-liquid 

interfacial area per unit volume or specific interfacial area; CS is the saturation 

concentration of the dissolved gas in the liquid; and C is the current concentration of the 

dissolved gas. The two parameters of KL and a are perhaps mostly controlled by bubble 

diameter (Sahoo and Luketina 2003; Lima Neto et al. 2008a). Motarjemi and Jameson 

(1978) reported for oxygen adsorption in water that KL increased from 0.005 cm/s to the 

peak value of 0.05 cm/s when bubble diameter db increased from 0.2 mm to 2 mm, but 

further increase of db resulted in a slight decrease of KL (or treated as a constant in 

Wüest et al. (1992)). Obviously, the specific interfacial area a decreases with the 

increase of db and with the expansion of a bubble plume or bubble jet. In addition, 
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bubble size determines bubble shape and rise velocity (Clift et al. 1978), and thus the 

residence time in the liquid that directly affect the amount of gas transferred. Generally, 

it appears that smaller bubbles promote the gas transfer process. To achieve smaller 

bubble diameter, single orifice nozzle with smaller nozzle size, multiple-orifice nozzle 

and porous airstone can be used as reported in Lima Neto et al. (2008a). Moreover, 

compared to bubble plumes, bubbly jets may produce bubbles with significantly smaller 

and more uniform sizes as a result of the breakup of large bubbles due to the mean 

velocity and turbulence of the injected liquid (Lima Neto et al. 2008b,d). Lima Neto et 

al. (2008b) proposed a criterion for the initiation of air-bubble breakup process in water: 

a nozzle Reynolds number based on the superficial water velocity is larger than 8,000, 

or a Weber number based on bubble slip velocity is larger than 25. The optimum bubble 

size for aeration and mixing has been studied by Motarjemi and Jameson (1978), Wüest 

et al. (1992), and Sahoo and Luketina (2003; 2006).  

With the introduction of bubbles, the properties of plumes or jets may be 

changed compared to those of single-phase plumes or jets. First, the liquid velocity is 

enhanced, but its radial distribution remains unchanged. The increase of liquid velocity 

is because of the less area occupied by the liquid at the nozzle exit and of the possible 

enhancement of velocity due to bubble wakes. In the confined setups of Kumar et al. 

(1989) and Iguchi et al. (1997), only a slight increases of liquid velocity were observed, 

but 2-4 times increases were reported in a large tank by Lima Neto et al. (2008b,d). The 

experimental results of Sun and Faeth (1986a,b), Kumar et al. (1989), Iguchi et al. 

(1997), Seol et al. (2007), and Lima Neto et al. (2008b,d), confirmed the Gaussian 

distribution of liquid velocity at sections up to 72d where d is the nozzle diameter, with 

initial gas volume fraction at the nozzle up to 83% (100% for bubble plume). Second, 

the existence of bubbles modifies the turbulence level of the liquid phase. At present, no 
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confirmed conclusion can be made as to the turbulence is enhanced or suppressed 

because both the two possibilities has been reported (see the summaries of Kumar et al. 

1989; Stanley and Nikitopoulos 1996; Rensen et al. 2005; Akhmetbekov et al. 2010). 

Perhaps the increase or decrease of turbulence relates to the relative size of bubbles 

compared to turbulent eddies (Kumar et al. 1989), and to different experimental setups 

and conditions such as different discrete and continuous phases used.  

Third, bubbles increase the entrainment of the ambient liquid into bubble 

plumes or bubbly jets. Based on an experiment in a large tank, Lima Neto et al. (2008b) 

reported that at 43 cm above the nozzle, the liquid entrainment in bubbly (air-water) jets 

could be 1.0 - 4.5 times of that in pure water jets with the same water flow rates at the 

nozzle, and this ratio increased with initial gas volume fraction, and decreased with the 

nozzle Reynolds number. By using the “entrainment hypothesis” as in single-phase 

plumes or jets (Morton et al. 1956), the entrainment coefficient for bubble plumes and 

bubbly jets have been reported in the range of 0.04-0.15 (Milgram 1983; Fanneløp et al. 

1991; Seol et al. 2007; Lima Neto et al. 2008b; Lima Neto 2012). Although this is a 

wide range, most studies reported an entrainment coefficient larger than those in single-

phase circular jets or plumes, and the additional entrainment is usually attributed to the 

wake effect of bubbles. Some empirical relations have been proposed for the 

entrainment coefficient in bubble plumes or bubbly jets as a function of bubble Froude 

number (Milgram 1983), of bubble slip velocity, kinematic buoyancy flux and the 

height above the nozzle (Seol et al. 2007), and of a densimetric Froude number at the 

nozzle exit (Lima Neto 2012). Forth, the existence of bubbles may affect the spreading 

rates of bubble plumes or bubbly jets. The spreading rates have been reported to be 

0.11-0.14 in the experiments of Lima Neto et al. 2008(b, c), which appears slightly 
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different from the spreading rate of close to 0.1 for single-phase circular jets or plumes 

(Rajaratnam 1976; Lee and Chu 2003). 

For a bubble plume or bubbly jet in stagnant water, unlike a single-phase plume 

or jet, no simple and ready-to-use relations have been reported for the axial and radial 

distributions of bubble properties (e.g., void fraction) and liquid properties (e.g., liquid 

velocity). The most prevailing way to predict these distributions is the use of integral 

models, which are established based on modifying the classical integral models for 

single-phase plumes or jets. The works of Milgram (1983), Fanneløp et al. (1991), 

Wüest et al. (1992), Socolofsky et al. (2008), Lima Neto (2012) and others have shown 

some promising aspects of the integral models when compared to experimental results. 

The drawback of the integral models is that the equations need to be solved numerically, 

requiring certain mathematic skills. Computational fluid dynamics (CFD) models, 

widely-used in single-phase jets or plumes, have been also used in bubble plumes or 

bubbly jets. Among the early attempts in CFD models are Sun and Faeth (1986a,b) and 

in recent years, CFD modeling studies have been reported more and more frequently, 

such as direct numerical simulation (DNS) by Esmaeeli and Tryggvason (1998; 1999), 

large eddy simulation (LES) by Dhotre et al. (2009) and Fox (2012) and others. 

Generally, the mechanisms related with bubbles are not well understood, including the 

bubble breakup/coalescence, shape change, oscillation, and rotation of bubble itself, the 

wake effect of bubbles, bubble-bubble interactions, bubble-continuous (liquid) phase 

interactions, and etc. More high quality measurements on bubble or liquid properties 

will definitely promote the development and validation of CFD models.         

To measure bubble properties, non-intrusive and intrusive methods can be used. 

The most common non-intrusive method includes the use of photography technique for 

bubble number, size, void fraction and velocity (Kumar et al. 1989; Krishana et al. 
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1999), laser Doppler anemometer/velocimetry (LDA or LDV) for mean and fluctuating 

velocities of both bubbles and liquid phase (Sun and Faeth 1986a,b), and phase Doppler 

anemometer/velocimetry (PDA or PDV) for bubble size and velocity (Stanley and 

Nikitopoulos 1996). Other reported non-intrusive methods are the use of particle image 

velocimetry (PIV) and particle tracking velocimetry (PTV) with image processing 

technique for the velocity field of both bubbles and liquid phase (Seol et al. 2007), and 

planar fluorescence for bubble imaging (PFBI) for bubble size and velocity 

(Akhmetbekov et al. 2010), and others. The non-intrusive techniques can be only used 

for the case of low gas void fractions (typically a few percents). For the case of higher 

gas void fractions, intrusive method is much more reliable (Chanson 2002; Chang et al. 

2003). The most common intrusive techniques are the use of the optical fiber probes 

(Boes and Hager 2003; Chang et al. 2003; Kiambi et al. 2003; Murzyn et al. 2005; 

Chaumat et al. 2005; Simonnet et al. 2007; Rojas and Loewen 2007; Lima Neto 

2008a,b,c,d) and conductivity/resistivity probes (Chanson 2002). From these probes, 

local information at a measurement point can be obtained, including gas void fraction, 

bubble number, frequency, size, velocity and specific interfacial area. To obtain a 

whole-picture, measurement needs to be conducted at many points, which is time-

consuming. To measure the liquid phase velocity, bubbles significantly adds the 

difficulty. The use of LDA (or LDV) appears to be the most widely used technique (Sun 

and Faeth 1986a,b; Kumar et al. 1989; Simonnet et al. 2007), and this technique has 

been reported by Simonnet et al. (2007) in a bubble plume with a local gas void fraction 

up to 35%. When gas void fraction is low (a few percents), mini propeller anemometers 

(Milgram 1983; Fanneløp et al. 1999; Lima Neto 2008a), PIV (Seol et al. 2007), and hot 

film anemometers (Rensen et al. 2005) have also been used to measure the liquid 
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velocity. A more complete review on the measurement techniques in gas-liquid flows 

can be found in Boyer et al. (2002). 

Above is a brief review of the studies on bubble plumes and bubbly jets in 

stagnant ambient fluids. So far, rather limited studies have been reported in crossflow, 

although single-phase jets or plumes in crossflow have been reported by Rajaratnam 

(1976), Lee and Chu (2003) and others. Manasseh et al. (1998) observed air bubble 

trajectory in cross-flowing water, and reported that, for bubbles with a diameter of 

approximately 4 mm and bubbling rate of 44 Hz (numbers of bubbles per second) at the 

nozzle, bubble trajectory in plan view may become two sinusoidal paths or multiple 

paths, which appeared to depend on the crossflow velocity. In side view, bubble 

trajectory approximated a linear line in different crossflow velocities, but with a 

different angle to the crossflow velocity. Socolofsky and Adams (2002) reported 

laboratory experiments of multi-phase plumes produced by injecting air or a mixture of 

air and liquid (oil or alcohol) in uniform cross-flowing water. They observed the 

separation of dispersed phase (bubbles) from the continuous phase (entrained ambient 

fluid) or other dispersed phases (oil or alcohol) at certain height due to the buoyancy of 

the bubbles, and proposed an empirical relation for the separation height. Above this 

height, the trajectory of bubble column was found to generally follow a linear line, 

which was governed by the vector sum of bubble slip velocity and cross-flowing 

velocity. The separated continuous-phase plume behaved like a momentum jet, and the 

momentum was originated from the entrainment and acceleration of the multiphase 

plume before the separation. A similar separation of air bubble plumes from water jets 

has been also observed by Lima Neto et al. (2008d) in an experiment of horizontally 

injected bubbly jets in stagnant water.  
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From this literature review, it is clear that bubble plumes and bubbly jets are 

being actively studied in stagnant water. More studies are needed to further understand 

both bubble and liquid properties. Studies in crossflow are quite limited. To the authors’ 

knowledge, no experimental study has been reported on the investigation of bubble 

properties in crossflow by using the techniques such as the optical fiber probes, which is 

the main focus of this study. In this study, at the crossflow of 0.20 m/s, more than 2,070 

points at five sections (20d -100d) were systematically measured on bubble properties 

by using a double tip optical fiber probe system for twelve bubble plumes and bubbly 

jets.                          

 

6.3 Experimental Setup and Procedure 

6.3.1 Apparatus and Procedure 

The experiments were conducted in a large tilting flume of 25 m × 1.2 m × 0.8 m 

(L×W×H) in the T. Blench Hydraulics Laboratory at the University of Alberta. The 

flume is made of glass and smooth fiberglass. Honeycomb flow straightener in the feed 

plenum is used to uniformly distribute water to the flume. The water depth in the flume 

can be controlled with a tailgate. The water is re-circulated by a pump between the 

flume and an underground sump of about 300 m
3
. In this study, the flume was kept at a 

slope of zero (horizontal), and was operated at a discharge of 155.8±0.5 L/s and a water 

depth of 65±0.1 cm, i.e., at a cross-sectional average velocity of approximately 0.20 m/s.  

The experimental apparatus were built at about 14 m downstream of the flume 

entrance (see Fig. 6-1). A nozzle was set vertically in the middle of the flume transect. 

The nozzle exit, with a diameter of 6 mm, was 12 cm above the flume bed. This 

distance was determined from a preliminary Acoustic Doppler Velocimeter (ADV) test 

to exclude the effect of bed roughness and thus to have a more uniform vertical 
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distribution of ambient velocity in the measurement zone. The ADV test also showed 

that the side walls of the flume only had a significant effect on transverse distribution of 

ambient velocity within 20 cm from the each side wall, which is beyond the 

measurement zone (± 12.5 cm from the middle of the flume). Before exiting from the 

nozzle, air and water were completely mixed in a Venturi injector (Model 384, Mazzei 

Injector Corp.). The air was supplied from a gas line of the laboratory, and a pressure-

regulating valve was used to keep the air at 1 atm and constant flow rates. The air and 

water discharges were controlled with rotameters. In this study, the air discharge Qa was 

set to be 1, 3, and 5 Liters per minute (LPM), and the water discharge Qw was 0, 1, 3, 

and 5 LPM. The fluctuations of the air discharge and water discharge were less than 2%.  

To visualize the trajectories of bubbly jets, dye was injected into the water 

pipeline upstream of the water pump. Images of the trajectories were captured with a 

high resolution charge coupled device (CCD) camera (TM-1040 CL, Pulnix America 

Inc.), which was controlled by a computer frame grabber system (Streams 5, IO 

Industries Inc.). The frame rate was set to be 30 frames per second, and the exposure 

time 1/2000 seconds. To clearly capture images of individual bubbles, a 8-48 mm 

Pentax TV zoom lens was used. The background light was provided by 2×1000 watts 

halogen lamps and diffused in a softbox of 1.2 m × 0.9 m (L×H).  

Bubble properties were measured by using a commercial double-tip optical 

fiber probe system (RBI Instruments Inc.). Similar RBI optical probe system have been 

used by Boes and Hager (2003), Kiambi et al. (2003), Murzyn et al. 2005, Chaumat et al. 

(2005), Simonnet et al. (2007) and Lima Neto et al. (2008a,b,d). The system consists of 

an optical probe, an electronic unit, an acquisition box, and user interface software. The 

principal of phase detection by the system is as follows: an optoelectronic module emits 

infrared light through fiber-optic cables to two sapphire tips of the probe; the sensitive 
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surface of the cone-shaped tip behaves as a Descartes prism, i.e., the emitted light is 

refracted when the tip is surrounded with liquid and reflected back when surrounded 

with gas; the reflected light is converted with a photo-sensitive diode to electronic signal, 

which is then amplified and detected through a threshold technique. From the two-state 

signal corresponding to air or water at each tip, bubble frequency (or number) f and gas 

void fraction α can be obtained. By cross-correlating the signals from the two tips, 

bubble traveling time from one tip to the other can be estimated, and bubble velocity ub 

can be calculated because the distance between the tips is fixed. Bubble specific 

interracial area, a, and bubble mean Sauter diameter, db, are calculated by the optical 

probe system, respectively, as: 

4 ba f u                                                         (6.2) 

3 2b bd u f                                                      (6.3) 

In this study, the distance between the tips measured to be 1.17±0.01 mm. The 

end of the tips was approximately 30 μm. The sampling rate of the signals could reach 

up to 1 MHz. An oscilloscope (TDS 210, Tektronix Inc.) was used to visualize the 

electronic signals to ensure that the optical probe system worked properly during the 

experiments. The optical probe was positioned with a computer-controlled traverse 

system (NF90, Velmex Inc.) in the vertical and transverse directions, and positioned 

manually in the longitudinal direction. The positioning error of the traverse system was 

tested to be less than 0.1 mm, and the error in the longitudinal direction was estimated 

to be approximately 0.1-0.2 mm.  

In this study, a total of 12 experimental scenarios were investigated (see Table 

6-1), with initial gas volume fraction at the nozzle α0 ranging from 0.17-1. The optical 

probe was adjusted to be aligned with the angle of a bubble plume based on the CCD 

images taken before the experiments. In each scenario, five cross-sections at distances 
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of 20d, 40d, 60d, 80d, and 100d along the centerline trajectory ξ of bubble plumes from 

the nozzle exit were selected for measurement, where d is the diameter at the nozzle exit. 

The first section was chosen to be 20d to try to avoid the complex bubble 

breakup/coalescence near the nozzle (Varley 1995; Martínez-Bazán et al. 1999a). At 

each section, measurements were conducted along a “cross” (se Fig. 6-1): first, 

measurements were taken in the η direction in the vertical plane parallel to the side 

walls in the middle of the flume, where η is perpendicular to the plume centerline 

trajectory ξ and points downwards; then, measurements were carried out in the 

transverse y direction along the point that had the peak value of void fraction in the η 

direction. For measurements in either the η or y direction, 12-21 points were selected 

within the bubble plume range. To have an overall understanding of the distribution of 

bubble properties at a whole cross-section, two cross-sections were measured at a mesh 

of 1 cm × 1.25 cm, that is, Section 80d in Expt. 3-0 (in this study, the experiment I.D. is 

composed of two numbers: the first and second numbers represent the air and water 

flow rates in the unit of LPM in the nozzle, i.e., Qa and Qw respectively) and Section 

80d in Expt. 3-3. The two sections were selected for the cases of bubble plumes and 

bubbly jets, respectively, without any significant influence of the initial jet momentum 

and the free water surface in the flume.  

In this study, a total of 2,070 points were measured with a measurement period 

of 3 minutes for each point. If the measurement values at a point appeared suspicious, 

measurement would be repeated. Thus a total of 2,425 times measurements were 

conducted. The 60 points that had peak gas void fractions measured in the η direction 

were also measured in the y direction at different times. On average, the relative 

differences between the two measurements at one location were only -4.2±6.6 % for 

bubble numbers, -4.7±6.6 % for void fraction, 0.6±3.9 % for bubble velocity, -4.6±6.8 % 
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for bubble interfacial area, and -0.13±5.6 % for bubble diameter. This suggested a high 

repeatability of the experiments in this study. The differences mainly originated from 

the slight differences in the control of the flow discharge in the flume and air and water 

discharges at the nozzle each day, which is inevitable.  

 

6.3.2 Calibration of the Optical Probe System 

The optical probe system was calibrated in gas void fraction, bubble size and bubble 

velocity before the experiments. Based on Chang et al. (2003) and Lima Neto et al. 

(2008a), the calibration of gas void fraction was conducted in a PVC cylinder (see Fig. 

6-2). Air from the laboratory gas line was diffused via a porous airstone, and the air 

flow rate was controlled with a rotameter. The global gas void fraction in the cylinder 

can be calculated to be αglobal = h0/(h0+hi), where h0 is the water depth before air 

injection; and hi is the increase of the water depth due to the existence of bubbles. The 

local void fraction αlocal at the measurement point from the optical probe was assumed to 

be the same as the global void fraction because of the use of an airstone. Chang et al. 

(2003) further adjusted the value of αlocal considering the change of hydrostatic pressure 

when bubbles rose. Because the relative influence of pressure change on αlocal is less 

than a few percent and other complex factors might also affect the value of αlocal, e.g., 

bubble breakup/coalescence, bubble wakes, bubble shape distortion when pierced by the 

tips of the optical probe, boundary effect of the cylinder and etc., the adjustment of αlocal 

due to change of hydrostatic pressure was simply neglected in this calibration.    

The comparison of gas void fractions measured with the optical probe with 

those from the bubble cylinder is shown in Fig. 6-3(a). Generally, the optical probe is 

rather accurate in terms of gas void fraction. In the testing range of gas void fraction α ≤ 

20% (the maximum α = 17.2% in this study), the optical probe underestimates on 
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average only by -2.2±3.3%. The relative error level obtained in this study is consistent 

with the relative error of -3% reported by Chang et al. (2003) and -11% by Lima Neto et 

al. (2008a) both of whom used the same calibration method as in this study, -(6-14)% by 

Kiambi et al. (2003) who compared the optical probe measurement with image 

processing, and 12% by Simonnet et al. (2007) who compared the results from an 

optical probe with those from pressure probes. Notice that both the two tips of the 

optical probe can independently measure the gas void fraction, and the values in Fig. 6-

3(a) and the following figures are from the first (lower) tip. In this study, the second 

(higher) tip was found to detect 0-30% fewer bubbles than the first one. This is a 

common problem in intrusive probes and is in agreement with the result of 24-32% 

fewer bubbles detected by the second tip in Kiambi et al. (2003) because of the 

interference of the first tip on bubble shapes and trajectories.  

The calibration of bubble size and bubble velocity was performed in the flume 

(see Fig. 6-1) with a water depth of 65 cm and an ambient velocity of only 2 cm/s. The 

ambient flow was controlled to be as close to stagnant water as possible to avoid the 

effect of crossflow on bubble trajectories. Air of low flow rates was injected through the 

nozzle to produce dilute bubble plumes. Individual bubbles passing by the optical 

probes were captured by the CCD camera. When bubbles were dilute enough, each 

bubble pierced by the tips of the probe could be identified by comparing image 

recording time and signal recording time from the probe system; otherwise, some 

judgments might be required by analyzing previous and succeeding images. For the 

identified bubbles in the images, the equivalent bubble diameter (diameter of the sphere 

of equivalent projected area) and bubble velocity were determined and compared to 

those from the optical probe. 
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The calibration results of bubble diameter are shown in Fig. 6-3(b). From Fig. 

6-3(b), in the testing range of db = 2-12 mm, the optical probe system underestimates 

bubble diameter on average by 26.6%, which is similar to the 12-27% difference 

obtained by Chaumat et al. (2005) and the 10% difference by Lima Neto (2008a). The 

large difference between the probe measurement and image processing is caused by the 

assumption used in Eq. (6.3): bubbles rise rectilinearly and are spherical. This 

assumption is only approximately valid when bubbles are small. From Fig. 6-3(b), at a 

bubble diameter of 2.3 mm, the probe measurement only differs 3% compared to that 

from the image processing. Larger bubbles tend to be ellipsoidal and the following 

equation has been used to account for the non-sphericity of bubbles (Moursali et al. 

1995; Simonnet et al. 2007): 

2/33 2b bd u f                                                 (6.4) 

where χ is the major to minor axis ratio. In this study, the χ value was found to be 1.1 

for db = 2.3 mm, and 1.5-2 for db = 4-12 mm. With the correction in Eq. (6.4), for large 

bubbles, measured bubble diameters only differs approximately 6% from the image 

processing, much smaller than the 27% difference before the correction as shown in Fig. 

6-3(b).  

From the calibration, in this study, if the bubble diameter measured from the 

optical probe system db ≤ 4 mm, the measurement value were used directly; however, if 

db > 4 mm, Eq. (6.4) was used to correct the db values. To simply the correction, an 

average value of χ =1.78 was used, close to the value of χ =1.67 for bubbles in a similar 

range of 4-10 mm in Simonnet et al. (2007). The constant χ value would produce a 

diameter difference of less than 7% between the probe measurement and image 

processing.               
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Fig. 6-3(c) shows the calibration results of bubble velocity. In the testing range 

of ub = 0-0.6 m/s, the optical probe system overestimated the bubble velocity on average 

by 9%, compared to the velocity obtained from image processing. The present result is 

similar to the calibration results of 5% overestimation reported in Kiambi et al. (2003), 

5-6% difference in Chang et al. (2003), 10-30% overestimation in Chaumat et al. (2005), 

approximately 15% uncertainty in Simonnet et al. (2007), and 29% overestimation in 

Lima Neto (2008a).  

 

6.4 Results and Analysis 

Photos of the bubble plumes or bubbly jets in all the 12 experimental conditions are 

shown in Fig. 6-4. As can be clearly observed, bubble properties (at least bubble size 

and shape) of pure bubble plumes (Qw = 0 LPM) are close to those of bubbly jets with 

small Qw (1 LPM), and bubble properties of bubbly jets with large Qw (3 or 5 LPM) are 

close to each other. The bubble size in the first case is much larger than that in the 

second case, which will be analyzed later.   

For a bubble plume, the trajectory approximates a quasi-line, as observed in 

Manasseh et al. (1998) and Socolofsky and Adams (2002). The quasi-linear trajectory is 

controlled by the vector sum of ambient crossflow and bubble rise velocity (Socolofsky 

and Adams 2002). For a bubbly jet, it is clear that near the nozzle, its trajectory is 

vertically upward because the initial jet momentum is dominant over the strength of 

crossflow; away from the nozzle (10d-20d), there is a short transition region where the 

bubbly jet trajectory is bent over by the crossflow as the jet momentum decays along the 

trajectory; further away from the nozzle (beyond 20d), the trajectory of bubble column 

is close to quasi-linear, similar to the trajectory of a bubble plume, suggesting that the 

residue of jet momentum is no longer important. An interesting phenomenon for a 
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bubbly jet in crossflow is the separation of the discrete phase (bubbles) from the 

continuous phase (water jet) (see Fig. 6-4) as reported by Socolofsky and Adams (2002), 

which is caused by the buoyancy of the discrete phase. The trajectories of pure water 

jets, bubble plumes and bubbly jets at an ambient velocity of 0.20 m/s in this study, as 

well as at other two ambient velocities (0.02 and 0.47 m/s) were studied systematically 

in Chapter 5.  

Chapter 6 focuses the measurement results from the optical probe system at the 

five Sections (20d - 100d as shown in Fig. 6-4) along the trajectory of the 12 bubble 

plumes and bubbly jets. A typical example of time series of gas void fraction and bubble 

velocity obtained from the optical probe system is present in Fig. 6-5. From Fig. 6-5, a 

measurement period of 3 minutes is sufficient to produce reliable time-averaged values. 

This period is within the measurement period of 1-5 minutes for similar optical probes 

in Chang et al. (2003), Chaumat et al. (2005) and Lima Neto et al. (2008a,b,d). An 

example of bubble size distribution at a measurement point is shown in Fig. 6-6. As 

shown, the size distribution resembles lognormal curve, close to those reported by 

Varley (1995) and Lima Neto et al. (2008a,b,d) for bubble plumes or bubbly jets in 

stagnant water. Moreover from Fig. 6-6, with the increase of water discharge at the 

nozzle, both bubble diameter and its range decrease, which are also similar to those 

found in Lima Neto et al. (2008a,b,d). The change of bubble diameter with water 

discharge can be also seen clearly in Table 6-1.    

 

6.4.1 Gas Void Fraction 

The measurement results of gas void fraction, α, in the η and y directions are shown in 

Figs. 6-7 and 6-8, respectively. At one location, measurements might be conducted 

more than once, and all the measurement results are shown in the figures to reflect the 
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level of data fluctuation. The measurement results are then non-dimensionalized and 

fitted with the Gaussian distribution by using the method of least squares, as shown in 

Figs. 6-9 and 6-10: 

2

max exp 0.693( )   tb     or  2

max exp 0.693( )   wy b            (6.5) 

where αmax is the maximum gas void fraction; bt and bw are half-thickness (in the η 

direction) and half-width (in the y direction) of a bubble plume or bubbly jet, 

respectively. The half-thickness or half-width here is defined similarly as in single-

phase jets or plumes (Rajaratnam 1976): the location where α/αmax = 50%. Note that in 

Figs. 6-7, 6-8 and the following figures, the location of the centerline trajectory of a 

bubble plume or bubbly jet, i.e., η = 0 and y = 0, was determined (for η = 0) or adjusted 

(for y = 0, typically a few millimeters adjustment from the physical location of half of 

the flume width) from fitting the measurement results of α with the Gaussian 

distribution. The adjustment for y = 0 was done because jets from the nozzle would be 

inclined at an angle of approximate 1.3˚ from the middle of the flume to the right bank 

(looking downstream) due to the accuracy in the nozzle configuration. 

Fig. 6-7 or 6-8 shows that with the increase of traveling distance from the 

nozzle, the peak value of α becomes smaller and the distribution of α becomes wider, 

similar to the concentration evolution in single-phase jets or plumes (Rajaratnam 1976; 

Lee and Chu 2003). Note that at Section 100d in several experiments such as Expts 5-0, 

5-1, 5-3 and 5-5, measurements stopped at locations close to the water surface. Due to 

the hindering effect of water surface on the escape of bubbles into air, the values of α at 

these points may appear higher than the values without the water surface effect.  

The experimental results indicate that α value increases with the increase of Qa, 

while it decreases with the increase of Qw. With the increase of Qa, e.g., from Expt. 1-0 

to Expt. 3-0 and further to Expt. 5-0, both bubble frequency and bubble size increases 
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(see Figs. 6-11 and 6-16), resulting αmax value at Section 20d increases from 8.4% to 

14.6% and further to 17.2%. With the increase of Qw, large bubbles will break into 

smaller bubbles due to the mean water velocity and turbulence of the water jet (Lima 

Neto et al. 2008b,d). Although the total number of bubbles increases, bubbles are also 

diffused more widely (see Figs. 6-8 and 6-20), thus the local change of bubble 

frequency might be small (see Fig. 6-11). Overall, bubble size deceases significantly 

while the change of bubble frequency is small, thus α value decreases. At Section 20d in 

particular, with a larger Qw, bubble frequency might increase significantly (see Expts. 3-

3 and 3-5 in Fig. 6-11) because the length of potential core increases with the ratio of jet 

exit velocity to ambient velocity in crossflow (Rajaratnam 1976). Thus at Section 20d, 

although bubble diameter decreases, α might still be comparable to that with smaller Qw 

(see Expts. 3-3 and 3-5 in Fig. 6-7). It is interesting to note that with the increase of Qw, 

the gaps of α among Sections 40d, 60d, 80d, and 100d become smaller. This indicates 

that the water discharge at the nozzle helps bubbles get diffused wider and reach a stable 

state faster. 

By comparing Figs. 6-7 with 6-8, it can be observed that at Qw = 0 or 1 LPM, 

the spreading range of α is larger in the η direction than that in the y direction (also see 

Fig. 6-20). This is because for a bubble plume or bubbly jet with small Qw, buoyancy 

exerts additional force on bubbles to spread wider in the η direction, while no such 

forces exist in the y direction. On the contrary, for a bubbly jet with Qw = 3 or 5 LPM, 

the spreading range is smaller in the η direction than that in the y direction (also see Fig. 

6-20). The comparison of the spreading range of gas void fraction in the η direction and 

that in the y direction can be also clearly seen from Fig. 6-31. 

As shown in Figs. 6-9 and 6-10, the distribution of α generally follows the 

Gaussian distribution at different sections in both the η and y directions in all the 
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experiments. The present Gaussian distribution in crossflow is similar to the 

approximated Gaussian distribution of α for bubbly jets in stagnant water reported by 

Lima Neto et al. (2008b,d), suggesting no obvious effect of crossflow on the distribution 

of α. The present results are also similar to the approximated Gaussian distribution of 

time-averaged concentration in single-phase jets in crossflow reported by Smith and 

Mungal (1998) and Lee and Chu (2003). And the reason for such similarity might be 

that the value of α in the present study is low, less than 18% and mostly in the range of 

0.5-10%.               

 From Fig. 6-10, it is interesting to point out that at Qw = 3 or 5 LPM, the 

measurement points in the y direction appear to be slightly flatter than the Gaussian 

distribution, and the points near the plume centerline are more close to the top-hat 

distribution. The flatter distribution in the y direction at a larger value of Qw perhaps is 

related to the fact that at a larger Qw, the separation of bubble column from water jet is 

lagged (see Fig. 6-4) and thus the suppressing effect of crossflow on the spread of 

bubbly jets in the η direction is more obvious (e.g., see Expts. 3-1 and 3-3 in Fig. 6-7), 

resulting in a wider spread of bubbly jets in the y direction (see Figs. 6-8 and 6-20). 

Similar wider spread in the y direction has been also reported in single-phase jets in 

crossflow (Lee and Chu 2003). 

 

6.4.2 Bubble Frequency 

The measurement results of bubble frequency, f, in the η and y directions are shown in 

Figs. 6-11 and 6-12. Similar as for gas void fraction, the distribution of f generally 

follows the Gaussian distribution in both the η and y directions. Also similarly, in the y 

direction, Fig. 6-12 shows the distribution of f follows a distribution between the 

Gaussian and top-hat in the experiments with Qw = 3 or 5 LPM.   
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With the increase of Qa, f increases as expected. For instance, from Expt. 1-0 to 

Expt. 3-0 and further to Expt. 5-0, the maximum value of f at Section 20d increases 

from 7.3 Hz to 12.5 Hz and further to 13.6 Hz. While with the increase of Qw, more 

bubbles are produced due to the breakup of large bubbles; meanwhile, the spread of a 

bubbly jet is enhanced; as a result f might increase (e.g., see Expts. 3-1 and 3-3 in Fig. 

6-11), or decrease or be comparable as before (e.g., see Expts. 3-0 and 3-1). At Section 

20d, with the increase of Qw, f increases significantly and reaches a value of up to 80 Hz 

(i.e., 14,400 bubbles detected in 3 minutes) in Expt. 5-5. Comparing Fig. 6-11 with Fig. 

6-12, the same conclusion can be drawn on the spread of bubble plumes or bubbly jets 

as that from gas void fraction: at Qw = 0 or 1 LPM, the spreading range is larger in the η 

direction than that in the y direction; however, at Qw = 3 or 5 LPM, just to the contrary.      

 

6.4.3 Bubble Velocity 

In the η direction: The measurement results of bubble velocity, ub, in the η direction 

are shown in Fig. 6-13. Note that for the measurement results of ub (Figs. 6-13 and 6-15) 

and bubble diameter db (Figs. 6-16 and 6-17), the data points with gas void fraction of α 

< 0.05% (i.e., usually the number of bubbles detected within 3 minutes < 20-30) were 

discarded and not shown in the figures. This ensures the statistical meaning of the data, 

because both ub and db relies on the statistics of the signals obtained from the two tips of 

the optical probe. Even the data with α < 0.05% have been filtered, some data 

fluctuations could be still observed at the edge of a bubble plume or bubbly jet in these 

figures.  

In all the 12 experiments, as shown in Fig. 6-13, the distribution of ub no longer 

follows the Gaussian distribution in the η direction, which is rather different from that of 

gas void fraction (Fig. 6-7). The present result in the η direction in crossflow is also 
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different from the results in stagnant water where Milgram (1983), Sun and Faeth 

(1986a,b) and Lima Neto et al. (2008b) measured the Gaussian distributions of ub, 

Stanley and Nikitopoulos (1996) reported a distribution not dramatically different from 

the Gaussian, and Seol et al. (2007) found a distribution between the Gaussian and the 

top-hat. This suggests the important effect of crossflow on bubble velocity. Fig. 6-13 

shows that ub in the upstream side (-η direction; see Fig. 6-1) is generally smaller than 

that in the downstream side (+η direction). This interesting phenomenon is related with 

the distribution of db, the wake effect of bubbles, and the separation of bubbles from 

water jets.  

For pure bubble plumes or bubbly jets with small Qw (1 LPM), the peak values 

of db appear in the downstream side (see Fig. 6-16), which is in accordance with the 

location of peak values of ub. Further examination of Figs. 6-13 and 6-16 reveals that: 

the difference of ub between the upstream and downstream sides is much more obvious 

than that for db (e.g., see Sections 20d and 40d in Expt. 3-0); and at Sections 80d and 

100d, db is comparable or even larger in the upstream side, which is contrary to the trend 

for ub. Larger value of ub in the downstream side might be further explained by the 

bubble wake effect.   

For the case of pure bubble plumes and bubbly jets with Qw = 1 LPM, Fig. 6-14 

shows a typical example of possible wake effect of preceding bubbles on a single 

trailing bubble. The images show that: when a single trailing bubble is close to some 

leading bubbles, first the trailing bubble aligns itself behind the leading bubbles; then 

the bubble gets elongated and sucked into the wakes of leading bubbles. A very similar 

process has been reported by Krishna et al. (1999) who studied bubble wake effect of 

large gas bubbles in water. They also reported an acceleration process as the trailing 

bubble approached the leading bubble, which is confirmed here in Fig. 6-14(b) - Fig. 6-
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14(d). Due to the acceleration, the trailing bubble finally coalesces into the leading 

bubbles, and rises slower as a whole afterwards, as shown in Fig. 6-14(d) - Fig. 6-14(e), 

because bubbles become flat and thus the drag increases. The acceleration - deceleration 

process shown in Fig. 6-14(b) - Fig. 6-14(e) can be noticed even with naked eyes during 

the experiments. Further examination suggests that this process is in accordance with 

the larger bubble velocity in the downstream side and smaller velocity in the upstream 

side. As will be discussed later (Fig. 6-33 - Fig. 6-35), bubble wake effect is significant 

in the experiments where bubbles are larger (pure bubble plumes or bubbly jets with Qw 

= 1 LPM), while it is relatively weak in the experiments where bubbles are much 

smaller (bubbly jets with Qw = 3 or 5 LPM).  

For the case of bubbly jets with Qw = 3 or 5 LPM, the distribution of ub is 

mainly affected by the jet initial momentum and the separation of bubbles from water 

jets.  Expt. 3-5 or 5-5 in Fig. 6-13 is a typical example to show the evolution of ub in a 

bubbly jet. Near the nozzle where the jet remaining momentum is still dominant over 

the crossflow, ub follows the Gaussian distribution as in a single-phase jet. However, 

with the increase of the traveling distance from the nozzle, the jet momentum attenuates 

and bubbles start to separate from the water jet (Fig. 6-4). In this separation process, 

bubbles in the downstream side are still in the water jet, while bubbles in the upstream 

side have completely separated from the water jet, resulting in larger values of ub in the 

downstream side because ub actually contains the water jet velocity. By comparing Fig. 

6-4 with Fig. 6-13, it can be found that: the gradual shift of the centerline (peak value 

location) of the distribution of ub to the downstream side is in accordance with the 

gradual separation of bubbles from the water jet. Once the separation is complete, ub 

reaches a terminal velocity of approximately 0.4 m/s along the bubble column centerline 

in all the 12 experiments. The terminal rise velocity of bubbles will be discussed later in 
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Fig. 6-33 - Fig. 6-35. In Expt. 1-3 or 3-3, the Gaussian distribution of ub is expected to 

occur at a location lower than the first measurement location (Section 20d). 

Overall, with the increase of Qa, ub increases; but the increase might not be 

obvious if the Qa has already reached a certain value because further increase in Qa 

increases both buoyancy and drag forces of bubbles. For example, the maximum value 

of ub increases from 0.48 m/s in Expt. 1-0 to 0.74 m/s in Expt. 3-0, and it only further 

increases to 0.83 m/s in Expt. 5-0. With the increase in Qw, ub may (see Expts 3-3 and 3-

5) or may not (see Expts 3-1 and 3-3) increase. This depends on the balance between the 

increase of ub due to the increase of initial momentum of the water jet, and the decrease 

of ub due to the decrease of db caused by bubble breakup induced by the water jet.  

In the y direction: The measurement results of ub distribution in the y direction 

are shown in Fig. 6-15. In all the experiments, the distribution is generally symmetric 

and follows the Gaussian distribution, which is quite different from that in the η 

direction. The Gaussian distribution agrees with the results of bubble plumes or bubbly 

jets in stagnant water (Milgram 1983; Sun and Faeth 1986a,b; Lima Neto et al. 2008b). 

The symmetry of ub is because that every point in the y direction is equally affected by 

the bubble wakes in the upstream side or by the separation of bubbles from the water 

jets. Notice that the measurement of ub in Fig. 6-15 was conducted at η = 0 (see Fig. 6-

1), and thus its peak values are usually smaller than the peak values in Fig. 6-13.   

As indicated from the comparison of Fig. 6-15 with Fig. 6-17, in a bubble 

plume, it appears that the distribution of ub in the y direction is mostly affected by 

bubble size; while in a bubbly jet, the distribution is also affected by the initial jet 

momentum. Moreover, comparison of Fig. 6-13 with Fig. 6-15 also suggests that: in a 

bubbly jet, ub reaches terminal velocities in the y direction faster than that in the η 

direction (e.g., see Expt. 3-3 and 3-5) because of the wider spread of a bubbly jet in the 
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y direction as suggested from the distribution of gas void fraction in Figs. 6-7 and 6-8 

(see also Fig. 6-20).   

 

6.4.4 Bubble Diameter 

In the η direction: The measurement results of the distribution of bubble diameter, db, 

in the η direction are shown in Fig. 6-16. As only db > 4 mm was adjusted for bubble 

non-sphericity, it may appear a sudden jump of bubble diameter near db = 4 mm in Fig. 

6-16 (e.g., at Section 20d in Expts. 1-0 and 1-1). At Section 100d in Expt. 5-3, the large 

value of db in the upstream side is because the measurement location is close to the 

water surface, as stated previously.    

The experimental results show that Qa and Qw have the most important impact 

on db. Generally, with an increase of Qa, db increases (e.g., see Expts. 1-0 and 3-0 in Fig. 

6-16), while with an increase of Qw, db decreases (e.g., see Expts. 3-1 and 3-3). Of 

course, such increase or decrease of db might be slight if Qa or Qw has already reached a 

certain value (e.g., see Expts. 3-3 and 3-5). In this study, the maximum db was around 

20 mm in Expt. 5-0, and the minimum db was 1.5 - 2 mm in Expt. 1-5. By comparing 

the experiments with Qw = 1 LPM and those with Qw = 3 LPM, it appears that there 

might exist a critical value of Qw between 1 LPM and 3 LPM, which is able to obviously 

break large bubbles (db = 10 - 20 mm) into much smaller ones (db = 2 - 4 mm). The 

criterion to produce small bubbles will be discussed later in Fig. 6-29(b).   

As shown in Fig. 6-16, it is interesting to note that bubble size becomes smaller 

with the traveling distance from the nozzle. This suggests that bubbles become flatter 

when bubbles rise because of the hydrostatic pressure of the ambient water on bubbles’ 

leading surface even though the pressure decreases slightly during the rise of bubbles. 

The flattening of bubbles indicates the increase of drag force of bubbles and the drag 
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force will eventually reach an equivalent value with buoyancy force, resulting in 

bubbles rising in uniform motion (as seen from the terminal velocity in Fig. 6-13).       

For a bubble plume or bubbly jet with small Qw (1 LPM), Expt. 3-0 or 5-0 in 

Fig. 6-16 is a typical example to show the evolution of db in the η direction. The larger 

db in the downstream side at Section 20d is consistent with the observation from the 

CCD images. This is related to that bubbles exiting from the nozzle is tall and slim in 

shape and it is easier for larger bubbles to be flushed to the downstream side because of 

the larger contact area with the crossflow. Meanwhile, the mean flow and turbulence of 

the crossflow may break the bubbles that are directly contacted with crossflow in the 

upstream side into smaller ones. With the increase of traveling distance from the nozzle, 

larger bubbles tend to migrate from the downstream side to the upstream side because of 

the buoyancy of large bubbles, while smaller bubbles tend to move to the downstream 

side (see Sections 80d and 100d in Expt. 3-0). Similar “fractionation” effect of 

crossflow on bubbles of different sizes was also observed by Socolofsky and Adams 

(2002).   

For a bubbly jet, Expt. 3-5 or 5-5 in Fig. 6-16 presents a typical example to 

show the evolution of db. It is clear that the initial jet momentum also affect the 

evolution. When Qw is large enough (5 LPM), the jet mean velocity and turbulence 

directly break large bubbles into smaller ones (see Section 20d in Expt. 5-5) and such 

breakup is strongest in the jet centerline where the velocity is maximum (see Fig. 6-13). 

Then, large amount of smaller bubbles coalesce and thus db increases (See Section 40d 

in Expt. 3-5). Afterwards, db decreases because of the flattening of bubbles when 

bubbles rise as stated previously. Finally, db is approximately uniform in the η direction 

if Qw is large enough (See Sections 80d and 100d in Expt. 3-5). However, if Qw is not 

large enough (3 LPM), db finally appears larger in the downstream side than in the 
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upstream side (see Sections 80d and 100d in Expt. 1-3, 3-3 and 5-3), contrary to the 

trend in a bubble plume. Smaller db in the upstream side in Expt. 3-3 (and Expts. 1-3 

and 5-3) is in accordance with the CCD images and with the longer tail in the upstream 

side in the distribution of gas void fraction (see Fig. 6-7). This is probably related with 

the relative strength of crossflow, water jet and buoyancy of bubbles. In Expts. 1-3, 3-3 

and 5-3, db at Section 20d is not the minimum probably because that Qw is not large 

enough to directly produce bubbles small enough as in Expt. 5-5; db reaches the 

minimum at Section 40d perhaps because of the continuous breakup of bubbles exerted 

by the water jet.    

In the y direction: The measurement results of the distribution of db in the y 

direction are shown in Fig. 6-17. For bubble plumes and bubbly jets with Qw = 1 LPM, 

although there might be some data fluctuation at the plume edge due to small number of 

bubbles detected within the measurement period, generally the distribution of db follows 

the Gaussian distribution in all the experiments. This distribution is rather different from 

the asymmetric distribution in the η direction. The symmetric distribution of db in the y 

direction is because of the symmetric effects of bubble wakes and separation of bubbles 

from the water jets in the y direction, as stated previously.  

For bubbly jets with Qw = 3 and 5 LPM, the distribution of db in the y direction 

is also affected by the initial jet momentum as in the η direction. At Section 20d, the 

distribution approximates an inverted Gaussian distribution (e.g., see Expt. 3-5 or 5-5). 

In the experiments with Qw = 3 LPM, it appears that Qw is not large enough to make db 

smallest at once; while in the experiments with Qw = 5 LPM, db becomes minimum at 

Section 20d. In a bubbly jet, as suggested from the comparison of Fig. 6-17 with Fig. 6-

16, there appears a trend that db becomes uniform after some distance from the nozzle 

can be realized faster in the y direction than that in the η direction. 
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6.4.5 Specific Interfacial Area 

The measurement results of the distribution of specific interfacial area, a, in the η and y 

directions are shown in Figs. 6-18 and 6-19. Similarly as for gas void fraction or bubble 

frequency, the distribution of a generally follows the Gaussian distribution in all the 12 

experiments. And also similarly, for bubbly jets with Qw = 3 or 5 LPM, the distribution 

of a may follows the Gaussian at Section 20d, but beyond Section 20d, it appears to 

follow a distribution between the Gaussian and the top-hat. 

From Eq. (6.2), a is affected by both bubble frequency f and bubble velocity ub. 

Because the data range for f (generally 0 - 20, see Fig. 6-11) is much larger than that for 

ub (generally 0.3 - 0.8 m/s, see Fig. 6-13), the distribution of a is mainly affected by the 

distribution of f. This explains the similarity between the distributions of a with f (see 

Figs. 6-18 and 6-19, with comparison to Figs. 6-11 and 6-12). At Section 20d in the 

experiments with Qw = 5 LPM, because of the large value of ub there, the distribution of 

a is also affected by the distribution of ub, which explains the difference between the 

peak values of a in the experiments with Qw = 5 LPM and that in the experiments with 

Qw = 0 - 3 LPM (see Fig. 6-18) is not as obvious as the difference for the peak value of f 

(see Fig. 6-11).         

 

6.4.6 Cross-sectional Distribution 

Above, the measurement results of bubble properties are reported only in one direction, 

either the η or y direction. In order to have an overall view, measurements were also 

conducted with a measurement mesh of 1 cm × 1.25 cm at the whole sections of 80d in 

Expts. 3-0 and 3-3. For each experiment, at least 200 points were measured with non-

zero data (in the bubble zone). The distribution of gas void fraction α is shown in Fig. 6-
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20, where the widely-used plume boundary defined as the location corresponding to 

5%αmax is also presented.  

From Fig. 6-20, the shape of the distribution of α in a bubble plume is 

significantly different from that in a bubbly jet. In a bubble plume, the shape is close to 

an ellipse, with the axis in the η direction slightly longer than that in the y direction. The 

reason for the major axis in the η direction is that the buoyancy makes large bubbles 

spread wider in that direction as shown in Fig. 6-4. While in a bubbly jet, the 

distribution of α appears in a kidney shape. The kidney shape is similar to that in a 

single-phase jet or plume in crossflow, which is caused by the two counter-rotating 

vortices developed in the bent-over region of a jet or plume in crossflow (Smith and 

Mungal 1998; Lee and Chu 2003). At Section 80d in Expt. 3-3, the bubble column has 

already separated from the water jet (see Fig. 6-4), and the kidney shape is expected to 

inherit from the bubbly jet before the separation. The wider transverse range of the 

kidney shape clearly explains the wider distribution of α in the y direction than the 

Gaussian distribution, as stated earlier. It is interesting to note that the symmetric 

distribution of α with respect to the plane of y = 0 in a bubble plume, but not in a bubbly 

jet. The slight asymmetry of α in a bubbly jet is similar to the slight asymmetry of 

concentration distribution in single-phase jets in crossflow reported by Smith and 

Mungal (1998).       

The distributions of bubble frequency, bubble velocity, bubble diameter, and 

specific interfacial area at Section 80d in Expts 3-0 and 3-3 are shown in Fig. 6-21 - Fig. 

6-24. Their general ellipse or kidney shapes are similar to that of α in Fig. 6-20 as 

expected, however the inner distributions may be rather different. By comparing Figs. 6-

21 and 6-24 with Fig. 6-20, the inner distributions of bubble frequency and bubble 

specific interfacial area for either a bubble plume or a bubbly jet are very similar to that 
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of α. But the inner distributions of bubble velocity and bubble diameter are rather 

different from that of α. Fig. 6-22 shows that in a bubble plume, bubble velocity ub is 

largest near the centerline of the flume (i.e., y = 0) and in the downstream side (i.e, η > 0) 

of the cross-section; while in a bubbly jet, ub is more uniform and only slightly larger in 

the downstream side. Fig. 6-23 shows that in a bubble plume, bubble diameter is larger 

in the upstream side; while in a bubbly jet, it is more uniform and slightly larger in the 

downstream side. These findings are in accordance with those reported previously in the 

η or y direction.         

 

6.5 Discussions 

6.5.1 Properties along the Centerlines of Bubble Plumes and Bubbly Jets 

Bubble properties along the centerlines of bubble plumes and bubbly jets are shown in 

Fig. 6-25 - Fig. 6-30. Fig. 6-25(a) presents the change of dimensional gas void fraction 

α along the centerline trajectories ξ/d. From Fig. 6-25(a), α generally decreases with the 

increase of ξ/d due to the spread of a bubble plume or bubbly jet in both the η and y 

directions. Meanwhile from Fig. 6-25(a), in pure bubble plumes or bubbly jets with 

small Qw (1 LPM), there appears a trend that the decreasing of α slows down with the 

increase of ξ/d; and in bubbly jets with large Qw (3 or 5 LPM), this trend can be clearly 

demonstrated by the fact that α will reach a terminal stable value at ξ/d = 40 - 60. There 

should exist a terminal value of α for either a bubble plume or bubbly jet because 

bubbles are expected not to diffuse unlimitedly or freely as dye (or pollutants) in the 

ambient water. In case of bubbly jets with large Qw (3 or 5 LPM), the water jets quickly 

diffuses bubbles to a certain range, which explains why α reaches the terminal value 

faster in this case than that in the case of bubble plumes or bubbly jets with small Qw (in 

which the jet effect is limited due to the small jet initial momentum). After bubble 
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separation from the water jets, turbulent diffusion of the ambient water is not strong 

enough to obviously diffuse bubbles further to a larger range, which is supported by the 

observation that the thickness of bubble column does not obviously increase after the 

bubble separation as shown in the CCD images in Fig. 6-4. In fact, the locations where 

α reaches the terminal value, ξ/d = 40 – 60, approximates the separation locations of 

bubbles from the water jets as can be seen from the comparison of Fig. 6-25(a) with Fig. 

6-4.      

In Fig. 6-25(b), the case of bubbly jets with large Qw (3 or 5 LPM) is non-

dimensionalized, as this case has small bubbles that are the interest for artificial aeration. 

The following equation is used to describe the trend of α along the centerlines of bubbly 

jets with large Qw:  

1.512.70( / )t SH       for   / 2SH     with  R
2
 = 0.94                 (6.6) 

where αt is the terminal value of α; HS is the separation height of bubbles from the water 

jets (defined as the vertical height of the intersection of water jet centerline with bubble 

column centerline ξ); and R is the correlation coefficient.  From Fig. 6-25(b), Eq. (6.6) 

fits α nicely before α reaches the terminal value at ξ/HS = 2; and afterwards, α = αt. It is 

interesting to note that: in this study, ξ/HS = 2 is the critical point for α reaching the 

terminal value. Whether this is experiment-specific or not needs more experiments.       

To further understand the change of α with centerline trajectory ξ/d, Expt. 5-5 is 

selected as an example and its experimental result is compared with the modeling result 

of a single-phase jet in crossflow by using CORMIX1 in Fig. 6-26(a). CORMIX is the 

US Environmental Protection Agency’s approved software that is widely used for 

modeling jets or plumes discharged into the ambient water. In Fig. 6-26(a), the single-

phase jet is assigned with an initial concentration C0 = α0 and initial jet exit velocity U0 

= Uw0 as in Expt. 5-5. Note that, here, Uw0 is based on the maximum rise height of a 
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bubbly jet injected in air (i.e., method III in Table 6-1; this method is preferable than the 

other two methods, for details, Chapter 5). As shown in Fig. 6-26(a), the experimental 

result is generally close to the modeling result in the study range of ξ/d ≤ 100. For ξ/d ≤ 

60, the measurement result of α is slightly smaller than the modeling result, because 

CORMIX1 assumes equal spread of single-phase jet in either η or y direction in 

crossflow while in reality jet in crossflow spreads faster in the y direction (Rajaratnam 

1978; Lee and Chu 2003). For ξ/d ≥ 80, the measurement result is larger than the 

modeling result because the limited spread of bubble range after bubble separation as 

discussed earlier.    

Fig. 6-27 presents the change of bubble velocity along the centerline of a bubble 

plume or bubbly jet. Similarly as α, ub decreases along ξ/d until it reaches a terminal 

stable velocity of 0.35-0.50 m/s in the centerline (ξ) direction. In Expts 1-0 and 1-1, the 

terminal velocity has been reached even at ξ/d = 20. The terminal velocity is reached 

once the buoyancy force of a bubble is equivalent to the drag force. And the terminal 

velocity mainly depends on bubble diameter, which will be discussed further in Fig. 6-

33. For the Expt. 5-5, the experimental result of ub is compared with the modeling result 

of single-phase jet centerline velocity in Fig. 6-26(b). As seen from Fig. 6-26(b), the 

experimental result is generally close to the modeling result. At ξ/d = 20, the ub value is 

smaller than the single-phase jet velocity because some of the jet energy is dissipated in 

breaking bubbles near the nozzle and diffusing bubbles away from the nozzle. Beyond 

ξ/d ≥ 60, ub reaches a terminal value while the single-phase jet velocity continues to 

decay, which explains the experimental result is larger than the modeling result at ξ/d ≥ 

60. Fig. 6-28 shows the change of bubble frequency along the centerlines of bubble 

plumes or bubbly jets. As shown, f decreases with ξ/d before reaching a terminal value, 

similar to that of α. It also appears that f reaches its terminal value faster than α.  
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Fig. 6-29(a) presents the change of bubble diameter along the centerline of a 

bubble plume or bubbly jet. The decreasing trend of db with ξ/d only appears in Expts 3-

0, 3-1, 5-0 and 5-1, in which bubbles are large near the injection location and potentially 

experience bubble breakups afterwards. Roughly three ranges of db can be detected in 

Fig. 6-29(a): 2-4 mm, 8-10 mm, and 11-17 mm. The present results of db are plotted 

with a nozzle Reynolds number Re based on nozzle diameter and the superficial water 

velocity at the nozzle (Method I in Table 6-1) in Fig. 6-29(b), together with the results 

of Lima Neto et al. (2008b) for bubbly jets in stagnant water. From Fig. 6-29(b), the 

present results in crossflow are close to that in stagnant water, suggesting that the 

present strength of crossflow (0.20 m/s) has negligible effect on changing db. Lima Neto 

et al. (2008b) proposed that a simple criterion for the breakup of larger bubbles into 

smaller ones: Re based on superficial water velocity at nozzle should be larger than 

8,000. From Fig. 6-29, this criterion proposed in stagnant water is still valid for bubbly 

jets in crossflow. Fig. 6-30 presents the change of specific interfacial area along the 

centerlines, which is similar to the change of bubble frequency in Fig. 6-24 and the 

similarity can be explained from Eq. (6.2).     

 

6.5.2 Spreading Rates of Bubble Plumes and Bubbly Jets 

Based on the Gaussian distribution of gas void fraction (Figs. 6-9 and 6-10), spreads of 

bubble plumes or bubbly jets are examined in all 12 experiments and the results are 

shown as examples in Fig. 6-31. Note that in Fig. 6-31, the half-thicknesses and half-

widths at the nozzle exit location are also presented, assuming that they are equal to half 

of the nozzle diameter, i.e., bt/d = 0.5 and bw/d = 0.5. As can be seen from Fig. 6-31, the 

spread of a pure bubble plume is quite different from that of a bubbly jet. In the case of 

a pure bubble plume, the spread can be approximated as a single straight line; while in 
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the case of a bubbly jet, the spread needs to be described with two straight lines. The 

joint of the two straight lines approximately reflect the location where bubbles separate 

from the water jet (see Figs. 6-31 and 6-4). Moreover, in the case of pure bubble plumes 

and bubbly jets with small Qw (1 LPM), the half-thickness bt is larger than the half-

width bw at the same location; while in the case of a bubbly jet with large Qw (3 or 5 

LPM), bw is larger, as already shown in Fig. 6-20. From the spreading results of all the 

12 experiments, the sectional distributions of gas void fraction in Fig. 6-20 are 

representative for the cases of pure bubble plumes and bubbly jets, respectively.  

In the case of pure bubble plumes, the spreading rates (the slope of fitted 

straight line) of half-thickness bt and half-width bw are found to be 0.05-0.08 and 0.04-

0.05, respectively, both of which are smaller than the typical spreading rate of 

approximately 0.10 for single-phase jets or plumes in stagnant water (Rajaratnam 1976; 

Lee and Chu 2003).The spreading rate of bt increases with the increase of Qa, which is 

in accordance with the larger vertical range of air bubbles as shown in Expt. 5-0 in Fig. 

6-4. Such trend also applies for the spreading rate of bw, but not as obvious as for bt.  

In the case of bubbly jets with small Qw (1 LPM), two straight lines are used to 

fit the experimental results before and after the separation location approximately at ξ/d 

= 20. Within ξ/d = 20, the spreading rates of bt and bw are found to be 0.08-0.13 and 

0.07-0.11, which are close to each other and close to that of single-phase jets or plumes 

in stagnant water. Beyond ξ/d = 20, both the spreading rates of bt and bw are in the range 

of 0.03-0.05, which are similar to the spreading rates of 0.06 in the case of bubbly jets 

with small Qw in stagnant water reported by Lima Neto et al. (2008b). Note that in Lima 

Neto et al. (2008b), the definition of bt or bw was defined as the location where the gas 

void fraction was 37% (e
-1

) of its maximum value, and thus their bt or bw value and 

spreading rate should be 1.2 times of those in this study.  



218 

 

In the case of bubbly jets with large Qw (3 or 5 LPM), again two straight lines 

are needed to fit the experimental results. Within the separation location, the spreading 

rates of bt and bw are found to be 0.10 and 0.14-0.21, respectively. Before the separation, 

bubbles are well mixed with the water jets (see Fig. 6-4) and thus the spreading rate of 

bt is measured to be exactly the same as that in single-phase jets. The spreading rate of 

bt in this study is also close to the spreading rate of 0.10 (also the definition of 37% for 

jet half-width or half-thickness was used) in the case of bubbly jets with large Qw in 

stagnant water reported by Lima Neto et al. (2008b). The larger spreading rate of bw is 

due to the formation of two counter-rotating vortices in the transverse direction for jets 

in crossflow (also see Fig. 6-20). The larger spreading rate of bw compared to bt is 

different from the case of bubbly jets in stagnant water where the jet spreading is 

symmetrical. Beyond the separation location, the spreading rates of bt and bw are found 

to be 0.01-0.02 and 0.02-0.07, respectively. Note that the negative spreading rate of -

0.01 obtained for bt in Expt. 3-5 possibly arises from experimental errors. After the 

separation, the spreading rates of bt and bw are much smaller compared to those before 

the separation. The small spreading rate of bt agrees with the observation in the CCD 

images in Fig. 6-4 that bubble plume thickness does not increase obviously after bubble 

separation from the water jets.              

 

6.5.3 Conservation of Air Flow Rate 

In this study, the background air concentration in the ambient water is expected to be 

close to its saturation concentration because of the continuous recirculation (each half 

an hour) of the water between the sump and the flume that is about 3 m above the sump 

water surface. Moreover, the contact time of injected air bubbles with the ambient water 
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is short, less than 1.3 seconds. Therefore, the injected air flow rate via the nozzle is 

expected to conserve during the rise of bubbles.  

At a downstream section, the air flow rate can be calculated with the following 

formula: 

               
 

 
  a bQ U d dy                                                    (6.7) 

2 2

max exp 0.693( ) exp 0.693( )        t wb y b                         (6.8) 

where Eq. (6.8) is based on the Gaussian distribution of α in both the η and y directions 

(see Figs. 6-9 and 6-10). In the experiments of bubbly jets with large Qw (3 or 5 LPM), 

bubble velocity Ub can be well assumed to follow the top-hat distribution 

(approximately 0.4 m/s in the ξ direction, see Figs. 6-13 and 6-15) at Sections 80d and 

100d after the separation of bubbles with the water jets. For these sections, analytical 

solution to Eq. (6.7) can be obtained by integrating and by using the definition of error 

function: 

max1.44a b t wQ U b b                                                 (6.9) 

The integration results are shown in Fig. 6-32 and compared with the injected air flow 

rates at the nozzle. 

Fig. 6-32 shows that: the air flow rates from integration are generally close to 

the injected rates. On average, the integrated value of Qa is (12.9 ± 11.1)% smaller than 

the injected value. The discrepancy mainly originates from the assumption of Gaussian 

distribution of α in the y direction, which in fact is a distribution between Gaussian and 

top-hat as stated previously. Another reason for the smaller integrated value of Qa might 

be the fact that: rather tiny bubbles, with diameters in the magnitude of 0.1 mm, were 

observed downstream of bubbly jets, but cannot be detected by the optical probe. The 

smaller integrated value of Qa could be also because of the dissolution of injected air 

into the water. Of course, measurement errors in Ub (9%) and α (2%) could be another 
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error source. Moreover, error could also originate from the fact that the measurements in 

the η and y direction were conducted in two different days, when the controls in the 

ambient flow, air discharge and water discharge were inevitably slightly different. 

Overall, the conservation of air flow rate, to a large extent, suggests that the reliability 

of the measurement results from the optical probe. 

 

6.5.4 Bubble Slip Velocity  

Bubble slip velocity, US, also called terminal rise velocity, refers to the bubble velocity 

Ub relative to the bubble-induced water velocity Ubw in the vertical direction insider a 

bubble plume:  

( )sin S b bwU U U                                                 (6.10) 

where θ is the angle of centerline ξ with respect to the ambient water velocity. For each 

experimental condition in this study, θ was measured from the processing of 10 images 

(for details, see Chapter 5). Since traditional methods, such as ADV and PIV, are not 

able to measure Ubw because of the existence of bubbles, Ubw is first assumed to be small 

in this study. The results of US = Ub×sinθ versus bubble diameter db are shown in Fig. 6-

33, where Ub uses the measurement results at Section 100d. In Fig. 6-33, the classic 

relation of US versus db for single isolated air bubbles in stagnant water at 20°C (the 

same temperature in this study) reported by Clift et al. (1978) are also presented, 

together with the experimental results of bubbly jets in stagnant water reported by Lima 

Neto et al. (2008b)  

As can be seen in Fig. 6-33, the present results of US without the consideration 

of Ubw lie between the relations reported by Clift et al. (1978) and Lima Neto et al. 

(2008b). For the case of bubbly jets with large Qw (3 or 5 LPM), the present results are 

generally close to that of Clift et al. (1978). With the increase of Qa (i.e., larger and 
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more bubbles), such as in Expts. 5-3 and 5-5, the present results are slightly larger than 

that of Clift et al. (1978). On the other hand, for the case of pure bubble plumes and 

bubbly jets with small Qw (1 LPM), the present results are obviously larger than that of 

Clift et al. (1978), and the difference becomes larger with the increase of Qa.  

The importance of Ubw is then examined from dye stripe experiments as shown 

in Fig. 6-34. In these experiments, dye stripes, used as tracer to track the vertical 

movement of the ambient water inside bubbles, were released with negligible initial 

momentum upstream of bubble plumes or bubbly jets. From the dye stripe experiments, 

it can be confirmed that Ubw is important in the case of large bubbles (bubble plumes 

and bubbly jet with small Qw), while it is small in the case of small bubbles (bubbly jets 

with large Qw). Also as seen from Expt. 3-0 in Fig. 6-34, it appears that Ubw is primarily 

caused by passage of large bubbles and secondarily by bubble wakes.  

In the case of bubble plumes and bubbly jet with small Qw, as shown in the 

modeling of bubble plume centerline ξ in Chapter 5, the centerline angle θ from images 

is rather close to the angle determined from the ambient velocity U and US from Clift et 

al. (1978), i.e., arctan(US/U), but it is obviously smaller than the angle determined from 

U and ub from the optical probe, i.e., arcos(U/ub). This again confirms the important 

existence of Ubw in this case. This also indicates that the difference between the present 

results of US and that of Clift et al. (1978) in Fig. 6-33, ΔUS, possibly reflects the value 

of Ubw in the vertical direction, Ubw,v. Fig. 6-35 presents the comparison between ΔUS 

and Ubw,v, where Ubw,v is estimated from the centerline movement of dye stripes. As 

shown, the general difference between ΔUS and Ubw,v is only (-11.9±12.3)%. Fig. 6-35 

confirms that: if Ubw is considered, the present results of US are generally close to that of 

single isolated bubbles reported by Clift et al. (1978). The present results of US in 

crossflow are smaller than that of Lima Neto et al. (2008b) in stagnant water, possibly 
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because that in crossflow, bubble wakes are flushed downstream and thus have a less 

effect on Ubw, while in stagnant water trailing bubbles are directly in the wakes of 

preceding bubbles.         

 

6.5.5 Aeration Potential and Bubble Size Recommended for Artificial Aeration 

Bubble size might be the most important parameter that needs to be considered in the 

design and operation of an aeration system, as it directly affects the mass transfer 

coefficient KL, specific interfacial area a and bubble slip velocity US (thus the residence 

time) (Lima Neto et al. 2008a). In addition, the air flow rate Qa also affects the aeration 

efficiency by affecting the value of specific interfacial area a (see Fig. 6-18). In order to 

have a direct judgment in the aeration ability of each experiment, aeration potential, 

defined as in Eq. (6.11), was calculated at Section 80d.  

max1.44
 

 
  L L t wK ad dy K a bb                                     (6.11) 

where the distribution of a was assumed to be Gaussian in both the η and y directions 

(see Figs. 6-18 and 6-19), and for simplicity, its half-thickness or half-width was 

assumed to be the same as that for gas void fraction; amax was the maximum value of a 

measured at Section 80d; and KL was assumed to be constant (0.04 cm/s) for db > 1.3 

mm according to Wüest et al. (1992). The calculation results are shown in Fig. 6-36. 

Obviously, smaller value of bubble diameter (e.g., see Expts. 5-3 and 5-5 in Table 6-1 

and Fig. 6-36) and larger value of air flow rate (e.g., see Expts. 3-5 and 5-5 in Fig. 6-36) 

are more favorable for artificial aeration. The use of large Qw (3 or 5 LPM) to produce 

bubbles of small db (2-3 mm) can increase by several times the aeration ability of the 

setup (e.g., see Expts. 5-0 and 5-5 in Fig. 6-36).    

As to the optimum bubble diameter db for efficient artificial aeration, Motarjemi 

and Jameson (1978) recommended db in the range of 0.3 - 1 mm, although KL reached 
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its peak value at db ≈ 2 mm. This range is much smaller than the typical diameter of 2 - 

5 mm used in aeration of effluents and natural waters (Sahoo and Luketina 2003) since 

there appears no easy or cheap way to produce such tiny bubbles in large quantities 

(Motarjemi and Jameson 1978; Sahoo and Luketina 2006). In practice, Wüest et al. 

(1992) recommended db of 1.6 - 2 mm for efficient oxygenation in a deep stratified lake, 

and db of about 20 mm for artificial mixing. Considering both mechanical efficiency and 

oxygen dissolution efficiency, Sahoo and Luketina (2003) suggested db of close to 2 

mm for oxygen transfer from air bubbles into the water of a linearly stratified reservoir. 

According to Sarimeseli and Kelbaliyev (2004), for air bubbles in water, the 

maximum stable bubble diameter depends mainly on the energy dissipation rate per unit 

mass (turbulence level). From the present experiments, it is rather easy to break bubbles 

with db >10 mm into bubbles with db in the range of 2-3 mm (see Table 6-1) as along as 

providing certain turbulence level (Re > 8,000 based on superficial water velocity at the 

nozzle exit, see Fig. 6-29(b)). However, it appears relatively difficult to further break 

bubbles into those with db < 2 mm by further increasing turbulence level (see Expts. 1-3 

and 1-5, 3-3 and 3-5, 5-3 and 5-5 in Table 6-1). Similar statement was also made by 

Sahoo and Luketina (2006). Further increase of turbulence level might be able to 

produce tiny bubbles with db = 1-2 mm or even smaller (speculated from Section 20d in 

Expt. 5-5 in Fig. 6-16), however, these bubbles are expected to coalesce at some 

distance away from the nozzle where the turbulence level is not as strong as that near 

the nozzle.  

In the present study, the minimum stable bubble diameter measured at sufficient 

distance away from the nozzle is 1.8 mm, which occurs in the Expt. 1-5 with the 

experimental condition of Re > 8,000 and the smallest ratio of Qa/Qw. This size is quite 

comparable to the smallest bubble sizes obtained in Lima Neto et al. (2008 b,d) who 
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used a similar setup as the present in a large tank (Table 6-2). This suggests that the 

effect of the present crossflow is relatively small compared to that of bubbly jet 

turbulence. Other relevant studies in the literature are also listed in Table 6-2. In the 

study of Martínez-bazán et al. (1999a), tiny bubbles with db = 0.5-1 mm were produced 

due to the large Re and the small value of Qa (thus less probability of coalescence 

among bubbles away from the nozzle). The use of needle nozzles for air injection and 

grid for enhancing turbulence might also make bubble size smaller. The studies of 

Stanley & Nikitopoulos (1996) and Kumar et al. (1989) provide a general idea of bubble 

size, although their results were obtained near the nozzle exit. From Table 6-2, it may be 

inferred that: to produce bubbles in large quantities with large value of Qa, the minimum 

stable bubble diameter can be controlled approximately 2 mm. Thus, bubbles of 2 mm, 

at this stage, are recommended for the practical activities of artificial aeration. 

 

6.6 Summaries and Conclusions 

In Chapter 6, bubble properties in bubble plumes and bubbly jets in a crossflow of 0.20 

m/s were studied by using a calibrated double-tip optical probe system. A total of 12 

bubble plumes and bubbly jets were produced by injecting different combination of air 

and water flows via a single-orifice nozzle. For each of the 12 experiments, 

measurements were conducted in both the η and y directions (see Fig. 6-1) at 5 sections, 

i.e., Sections 20d, 40d, 60d, 80d and 100d where d is the nozzle diameter. To have an 

overall view, the whole section of 80d was also measured in detail in two experiments. 

Totally, 2,070 points were measured, with each one measured for 3 minutes. This study 

probably is the first one that reports detailed measurements on bubble properties for 

bubble plumes and bubbly jets in crossflow. Thus, this study will improve the 

understanding on bubble plumes and bubbly jets in crossflow, and enhance their 
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practical applications such as in artificial aeration and mixing in the environment where 

crossflow is present (e.g., in rivers and oceans). This study also provides valuable data 

for the development and calibration of computational fluid dynamics models on air-

water two-phase flows. The main conclusions from this study are as follows: 

 

(1) In general, the 12 experiments can be divided into two cases, the case of pure 

bubble plumes and  bubbly jets with small water discharge at the nozzle Qw (1 LPM) 

that has large and irregular bubbles; and the case of bubbly jets with large Qw (3 or 

5 LPM) that has small and uniform bubbles. A more general criterion to have the 

second case is that: the nozzle Reynolds number based on superficial water velocity 

at the nozzle, Re, should be larger than 8,000. This criterion proposed for bubbly 

jets in stagnant water by Lima Neto et al. (2008b) is still valid for bubbly jets in 

crossflow.   

(2) The distributions of gas void fraction, bubble frequency and specific interfacial area 

are found to generally follow the Gaussian distribution in both the η and y 

directions. Particularly, in the case of bubbly jets with large Qw (3 or 5 LPM; or Re > 

8,000), their distribution in the y direction is between the Gaussian and the top-hat 

distributions.  

(3) The distribution of bubble velocity is found not symmetrical in the η direction and 

bubble velocity in the downstream side is larger, which is related with the bubble 

wake effect in a bubble plume and separation of bubbles from water jet in a bubbly 

jet. However, its distribution in the y direction is found to be a symmetrical 

Gaussian. The distribution of bubble diameter is found rather complex, and is 

affected primarily by air and water discharges at the nozzle and the distance from 

the nozzle.    
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(4) The detailed cross-sectional measurements show a shape of ellipse for a bubble 

plume, with the axis in the η direction slightly longer than that in the y direction; 

while it is a kidney shape for a bubbly jet, which is similar to that for a single-phase 

jet or plume in crossflow.  

(5) Overall, bubble property values decay with the increase of bubble plume centerline 

trajectory until they reach a terminal and stable value. An empirical relation is 

proposed for gas void fraction. 

(6) In the case of pure bubble plumes, the spreading rates of half-thickness and half-

width (defined as 50% of the centerline gas void fraction) are found to be 0.05-0.08 

and 0.04-0.05, respectively, both smaller than that of simple jets or plumes. In the 

case of bubbly jets, the spreading rates are close to that of single-phase jets in 

crossflow before the separation of bubbles from the water jets; after the separation, 

they become obviously smaller. The air flow rates were calculated to be conserved.  

(7) In the case of pure bubble plumes and bubbly jets with small Qw (1 LPM or Re ≤ 

8,000), bubble induced water velocity inside bubble plumes is important and cannot 

be neglected; while, in the case of bubbly jets with large Qw (3 or 5 LPM or Re > 

8,000), it is negligible. The present results on bubble slip velocity is close to that of 

single isolated bubbles in stagnant water, rather than that of bubbly jets in stagnant 

water. Aeration potential of each of the 12 experiments was calculated and bubbles 

of db ≈ 2 mm are recommended for artificial aeration in practice.                     
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Table 6-1. Experimental Conditions for Bubble Plumes and Bubbly Jets in the 

Crossflow of 0.20 m/s 

 

  

  

    Method I
*
  Method II

*
 Method III

*
 

Experiment Qa Qw α0 db
**

 Uw0 Re Uw0 Re Uw0 Re 

I.D. (LPM) (LPM) 

 

(mm) (m/s) 

 

(m/s)  (m/s)  

1-0 1 0 1.00 8.31 0 0 0 0 0 0 

1-1 1 1 0.50 7.74 0.59 3,537 1.18 7,074 1.01 6,089 

1-3 1 3 0.25 2.02 1.77 10,610 2.36 14,147 1.98 11,871 

1-5 1 5 0.17 1.77 2.95 17,684 3.54 21,221 3.31 19,879 

    

  

  

   

3-0 3 0 1.00 9.46 0 0 0 0 0 0 

3-1 3 1 0.75 8.77 0.59 3,537 2.36 14,147 1.95 11,721 

3-3 3 3 0.50 2.44 1.77 10,610 3.54 21,221 3.13 18,783 

3-5 3 5 0.38 2.11 2.95 17,684 4.72 28,294 4.60 27,613 

    

  

  

   

5-0 5 0 1.00 10.93 0 0 0 0 0 0 

5-1 5 1 0.83 9.05 0.59 3,537 3.54 21,221 2.50 15,022 

5-3 5 3 0.63 2.79 1.77 10,610 4.72 28,294 3.60 21,583 

5-5 5 5 0.50 2.19 2.95 17,684 5.89  35,368 5.31 31,887 

 

Note: 
*
 Method I uses the concept of superficial water velocity at the nozzle: Uw0 = 4Qw/πd

2
;  

             Method II considers the initial gas volume fraction: Uw0 = 4Qw/[(1-C0)πd
2
]; 

             Method III is based on the maximum rise height Hmax: Uw0 = (2g Hmax)
1/2

; 

         
**

 Mean bubble diameter based on measurement at Section 80d in both η and y directions. 
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Table 6-2 Summary of minimum mean bubble diameter in experiments of air-water bubbly jets discharged via nozzles in water  

 

Study Setup 
Qa 

(LPM) 

Qw 

(LPM) 

Nozzle Diameter d 

(mm) 

Uw0
2
 

(m/s) 

Re
3
 

(10
3
) 

Min. Mean db 

(mm) 

Present 
1
 

Large flume 

(with crossflow) 

1 3 6 1.77 10.6 2 

1 5 6 2.95 17.7 1.8 
        

Lima Neto et al. 

(2008b) 
1
 

Large tank 

0.4 5 6 2.95 17.7 1.7 

1 5 6 2.95 17.7 2.1 

0.4 7 9 1.83 16.5 2 
        

Lima Neto et al. 

(2008d) 
1
 

Large tank 1 7 6 4.13 24.8 1.8 

        

Milenkovic et al. 

(2005) 
Large tank 4.15 122.15 

dwater = 90; 

dair = 3.4 (39 needle nozzles) 
0.32 28.8 2 

        

Martínez-bazán et al. 

(1999a) 
Large tank 

0.065-

0.072 
1.8-7.2 

Effective dwater =1.5-3; 

dair = 0.4-1.2 (1 needle nozzle) 
17 26-51 

0.5-1(1.4-2 near the 

air nozzle exit) 
        

Iguchi et al. 

(1997) 
Confined column 0.06-2.4 

2.52-

4.98 
5 

2.14-

4.23 

10.7-

21.2 
2 (1-3) 

        

Stanley & 

Nikitopoulos (1996) 
Large tank 0.03 6.35 12.7 0.84 10.7 

1.5-2.4 near the 

nozzle exit 
        

Kumar et al. 

(1989) 
Confined tank 

0.06-

0.64 

2.75-

5.33 

dwater = 12.5 (with grid); 

dair = 0.5 (3 needle nozzles) 

0.37-

0.73 
4.6-9.1 

0.6-2 near the 

nozzle exit 
   

 

Note: 
1
 only several sets of the experiments that produced smallest bubbles are present; 

          
2
 superficial water velocity at the nozzle exit;  

          
3
 based on superficial water velocity and nozzle diameter.   
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Figure 6-1. Schematic of experimental setup in a flume of 25 m × 1.2 m × 0.8 m (L × W × H)  
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Figure 6-2. Cylinder used to calibrate gas void fraction measurement by using the 

optical probe 
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Figure 6-3. Calibration of the optical probe on (a) void fraction, (b) bubble diameter, 

and (c) bubble velocity  
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Figure 6-4. Photos of bubble plumes or bubbly jets in 12 experimental conditions; side view, photo size: 73.7 × 55.0 cm
2
; the first and second 

numbers in the experiment scenarios represent the gas and water discharges at the nozzle exit (unit: LPM), respectively, and the same way will be 

used in all the following figures  
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Figure 6-5. Typical time series of gas void fraction and bubble velocity obtained from the optical probe system; time series using moving average,  

with time step of 1 second and averaging window size of 2 seconds; measurement taken near the bubbly jet centerline (η = -0.14 cm, y = 0.35 cm) 

at Section 80d in Experiment 3-3. 
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Figure 6-6. Typical bubble size distribution measured at the bubble plume centerline at Section 80d in each experiment; data were directly 

obtained from the optical probe system, without adjustment for bubble non-sphericity, to exclude the change of size distribution due to the 

adjustment 
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Figure 6-7. Distribution of gas void fraction in the η direction  
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Figure 6-8. Distribution of gas void fraction in the y direction 
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Figure 6-9. Distribution of dimensionless gas void fraction in the η direction 
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Figure 6-10. Distribution of dimensionless gas void fraction in the y direction
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Figure 6-11. Distribution of bubble frequency in the η direction 
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Figure 6-12. Distribution of bubble frequency in the y direction
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Figure 6-13. Distribution of bubble velocity in the η direction          

-10 -5 0 5 10
0.2

0.3

0.4

0.5

 (cm)

u
b
 (

m
/s

)

-10 -5 0 5 10
0.2

0.4

0.6

0.8

 (cm)

u
b
 (

m
/s

)

-10 -5 0 5 10
0.2

0.4

0.6

0.8

 (cm)

u
b
 (

m
/s

)

-10 -5 0 5 10
0.2

0.4

0.6

0.8

1

 (cm)

u
b
 (

m
/s

)

-10 -5 0 5 10
0.2

0.4

0.6

0.8

 (cm)

u
b
 (

m
/s

)

-10 -5 0 5 10
0.2

0.4

0.6

0.8

1

1.2

 (cm)

u
b
 (

m
/s

)

-10 -5 0 5 10
0.2

0.4

0.6

0.8

 (cm)

u
b
 (

m
/s

)

-10 -5 0 5 10
0.2

0.4

0.6

0.8

 (cm)

u
b
 (

m
/s

)

-10 -5 0 5 10
0.2

0.4

0.6

0.8

1

 (cm)

u
b
 (

m
/s

)

-10 -5 0 5 10
0.2

0.4

0.6

0.8

 (cm)

u
b
 (

m
/s

)

-10 -5 0 5 10
0.2

0.4

0.6

0.8

1

1.2

 (cm)

u
b
 (

m
/s

)

Expt. 1-0  1-3  1-5  

3-0  3-1  3-3  3-5  

5-0  5-1  5-3  5-5  

-10 -5 0 5 10
0.2

0.3

0.4

0.5

 (cm)
u

b
 (

m
/s

)

-10 -5 0 5 10
0

2

4

6

8

Dist. to centerline (cm)


 (

%
)

 

 20d

40d

60d

80d

100d

-10 -5 0 5 10
0

2

4

6

8

Dist. to centerline (cm)


 (

%
)

 

  20d

 40d

 60d

 80d

100d

-10 -5 0 5 10
0

2

4

6

8

Dist. to centerline (cm)


 (

%
)

 

  20d

 40d

 60d

 80d

100d

1-1  



246 

 

 

 

 

 

 

 

   
 

 

 

 

 

Figure 6-14. Possible effect of bubble wakes on a single bubble in Expt. 5-0; although tracking the same bubble may not appear direct in part of 

the images in Fig. (b)-(e), it is more direct by comparing the whole images; bubble velocities are based on the vertical locations of the front of the 

bubble, i.e. vertical interfacial velocities, and the interfacial velocity is used in the RBI optical probe system (Kiambi et al. 2003); image size in (a): 

73.7 × 55.0 cm
2
 and in (b)-(e): 5.5×18.8 cm

2
  

  

Water surface 

ub, vertical = 0.67 m/s 0.99 m/s 0.34 m/s 

(a) t = 0 s, Expt. 5-0 

Water surface 

(b) t = 0 s (c) t = 34 ms (d) t = 67 ms (e) t = 101 ms 
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Figure 6-15. Distribution of bubble velocity in the y direction
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Figure 6-16. Distribution of bubble diameter in the η direction 
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Figure 6-17. Distribution of bubble diameter in the y direction
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Figure 6-18. Distribution of specific interfacial area in the η direction
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Figure 6-19. Distribution of specific interfacial area in the y direction
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Figure 6-20. Distribution of void fraction at Section 80d in (a) experiment 3-0 and (b) 

experiment 3-3, with a measurement mesh of 1×1.25 cm
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Figure 6-21. Distribution of bubble frequency at Section 80d in (a) experiment 3-0 and 

(b) experiment 3-3, with a measurement mesh of 1×1.25 cm
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Figure 6-22. Distribution of bubble velocity at Section 80d in (a) experiment 3-0 and (b) 

experiment 3-3, with a measurement mesh of 1×1.25 cm
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Figure 6-23. Distribution of bubble diameter at Section 80d in (a) experiment 3-0 and 

(b) experiment 3-3, with a measurement mesh of 1×1.25 cm
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Figure 6-24. Distribution of bubble specific interfacial area at Section 80d in (a) 

experiment 3-0 and (b) experiment 3-3, with a measurement mesh of 1×1.25 cm
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Figure 6-25. Change of (a) dimensional gas void fraction along the centerlines of 

bubble plumes or bubbly jets; and (b) dimensionless gas void fraction along the 

centerlines of bubbly jets with Qw = 3 or 5 LPM (Re > 8,000) 
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Figure 6-26. Comparison between the experimental result of Expt. 5-5 and the 

modeling result from CORMIX1 for a single-phase jet in crossflow that has initial 

concentration C0 = α0 and initial velocity U0 = Uw0 (using Method III in Table 1) as in 

Expt. 5-5, (a) dimensionless centerline gas void fraction or concentration and (b) 

dimensionless centerline bubble velocity or jet velocity 
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Figure 6-27. Change of bubble velocity along the centerlines of bubble plumes or 

bubbly jets 
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Figure 6-28. Change of bubble frequency along the centerlines of bubble plumes or 

bubbly jets 
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Figure 6-29. (a) Change of bubble diameter along the centerlines of bubble plumes or 

bubbly jets; (b) change of bubble diameter at the centerlines at Section 100d with 

Reynolds number based on superficial water velocity at the nozzle exit 
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Figure 6-30. Change of specific interfacial area along the centerlines of bubble plumes 

or bubbly jet 
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Figure 6-31. Spreads of the bubble plumes or bubbly jets in all the 12 experiments  
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Figure 6-32. Comparison of air flow rates at Sections 80d and 100d from integration of 

Eq. (6.7) with their injected rates in the experiments of bubbly jets 
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Figure 6-33. Relation of bubble slip velocity with bubble diameter for bubble plumes 

and bubbly jets in crossflow, without the consideration of bubble-induced water 

velocities inside bubble plumes 
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Figure 6-34. Dye stripe experiments to show the strengths of bubble-induced water velocities inside bubble plumes 

12.3 cm 
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Figure 6-35. Comparison of average difference of bubble slip velocity from the present 

measurement and that from Clift et al. (1978) in Fig. 6-33, ΔUS, with bubble induced 

water velocity in the vertical direction Ubw,v estimated from videos of dye stripe 

experiments 
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Figure 6-36. Aeration potential (
 

   LK ad dy ) at Section 80d in each experiment 
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Chapter 7  
 

  General Conclusions and Recommendations for 

Future Research 

7.1 General Conclusions 

This thesis studied two important aspects related with air/oxygen injection through 

existing effluent diffusers to improve DO levels in rivers: effluent mixing; and bubbly 

jets in crossflow. Detailed conclusions can be found in each of the preceding five 

chapters. More general conclusions are summarized as follows:  

 

 In Chapter 2, based on a comprehensive literature review, it was found that all 

varieties of jets and plumes except simple jets and plumes are still currently 

under active studies. 

 In Chapter 3, based on a field dye test, it was found that the near-field mixing of 

effluents discharged from a multiport diffuser into a shallow river will in 

sequence experience four zones: the free jet zone, the jet surface impingement 

zone, the merging zone, and the vertical mixing zone. The current knowledge in 

the second and third zones is limited. 

 In Chapter 4, it was found that the variation of river discharge has a significant 

(linear positive correlation) impact on dimensional transverse mixing 

coefficient in a fixed river reach, but not on the dimensionless coefficient. Ice 

cover tends to reduce the dimensionless transverse mixing coefficient. 

 In Chapter 5, it was found that the general behaviors of bubble plumes and 

bubbly jets in crossflows are strongly affected by the air and water flow rates at 
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the nozzle and by the strength of crossflow. Large bubbles are more preferable 

for artificial mixing, while small bubbles are better for artificial aeration.  

 In Chapter 6, for bubble plumes and bubbly jets in crossflow, it was found that 

the Gaussian distribution generally can well describe the distributions of gas 

void fraction, bubble frequency and specific interfacial area. The distributions 

of bubble velocity and bubble diameter are more complex. The spreading rate of 

bubble plumes decreases after the separation of bubbles from bubbly jets. 

Bubble induced water velocity is substantial in bubble plumes with large 

bubbles, while it is small in bubbly jets with small bubbles. Bubble slip velocity 

is close to that of single isolated bubbles in stagnant water.  

 

7.2 Recommendations for Future Research 

Overall, this thesis contributes to the knowledge of the performance of multiport 

diffuser, river mixing, artificial aeration and mixing in crossflow. There are still many 

aspects left to continue research in these broad areas. The followings are recommended 

for future research:  

 

On Effluent Mixing in Rivers: 

 Experimental studies on the jet merging and jet impingement at the water 

surface; and their Computational Fluid Dynamics (CFD) modeling; 

 Application of CFD modeling for the near-field mixing downstream of an 

outfall or multiport diffuser; 

 Field measurements on the helical motion (secondary flow) in a river, and relate 

it with transverse mixing coefficient; 



271 

 

 Continue the endeavor to try to establish a more accurate and widely-accepted 

empirical formula for transverse mixing coefficient, which might include 

parameters on both river hydrodynamics and morphodynamic features. 

 

On Bubble Plumes and Bubbly Jets in Crossflow 

 Experimental studies on the effect of different nozzle types and sizes in 

crossflow, e.g., multiport diffusers; 

 Experimental studies on the effect of crossflow strength on the distributions of 

bubble properties; 

 Experimental studies on the effect of water depth and ice cover on bubble 

properties; 

 Experimental investigation of the effect of bubbles on the turbulence of water 

jets for the case of bubbly jets;  

 Experimental studies on direct measurements of dissolved oxygen with bubble 

properties; 

 Experimental studies in stratified ambient crossflow; 

 Experimental studies with the introduction of solid particles, i.e., gas-liquid-

solid multiphase jets and plumes; 

 Developments and calibration of CFD models on two-phase or multiphase jets 

and plumes with and without crossflow. 
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