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Abstract

Measurements in the process industry can arrive with fast or slow sampling rates. Fast
measurements such as flowrate and temperature are sampled frequently and are obtained
instantly after sampling. The slow measurements, which are usually related with chemical
quality variables such as product composition, are sampled infrequently and have some delay
due to the laboratory analysis. Moreover, sample collection for laboratory analysis may
extend over a significant time interval, and the slow measurements are actually functions of
all the states during the sampling period. Our objective is to develop a multirate state and
parameter estimation method for this situation.

In state estimation, the objective is to fuse the two kinds of measurements to provide
a more accurate estimation of the system’s states. We propose two methods to solve the
problem, the exact Bayesian approach and the augmented state approach. In the exact
Bayesian approach, the algorithm is developed by implementing Bayes’ rule. In the aug-
mented state approach, the system is reformulated by augmenting the current state with
past information required for fusing the slow measurements and then apply general state
estimation procedures. For system identification, the parameters are estimated along with
the time delays using a particle filter (PF) under the framework of the expectation max-
imization (EM) algorithm. The performance of the proposed methods for both state and
parameter estimation are demonstrated though simulation and experimental studies and by
comparison with methods that only use the fast measurements.

Finally, the proposed state and parameter estimation methods are applied to the FWKO

vessel to demonstrate their effectiveness and applicability.
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Chapter 1

Introduction

1.1 Motivation

In the process industry, measurements are used to monitor and control the system. Typically,
measurements that arrive frequently and online are called fast measurements, while those are
infrequent and usually have some delay are named as slow measurements. It is common to
see both kinds of measurements in one process system. For example, in a distillation column,
the tray temperatures are fast measurements and the top and bottom product concentrations
are slow measurements that are sampled irregularly and needed to be sent to laboratory for
analysis. The slow measurements or laboratory measurements have three characteristics: (1)
they are more accurate than fast measurements; (2) they have delays due to the laboratory
analysis; (3) they are actually functions of all the states during the sampling period.

Although systems that contain both fast and slow measurements are universal, there is
little research related to the third characteristic mentioned above, and even that focuses
on state estimation. In [20], Fatehi and Huang considered multirate and variable delayed
measurements for a linear system. In another paper [21], they proposed a state estima-
tion method based on the Kalman filter for a linear state space model which consists of
fast and slow integrated measurements. Guo and Huang [30] proposed a variable dimension
unscented Kalman filter (VD-UKF) to estimate the states with infrequent, delayed and in-
tegral measurements for a nonlinear system. Motivated by the importance of the multirate
measurements problem and these researches, in this thesis, we present two different state es-
timation algorithms for nonlinear multirate measurements and a parameter algorithm under
the same assumptions.

The following three sections in this chapter will briefly introduce the general state-space
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model formulation, nonlinear filters used in the second chapter, and the expectation maxi-
mization (EM) algorithm applied in the third chapter. In the final section, the thesis outline

and contributions are illustrated.

1.2 Dynamic state space model

The nonlinear state space model is a general class of models to represent nonlinear dynamic
systems. The general nonlinear and non-Gaussian state space model can be expressed as

follows,

v =f ($k71,uk71,wk71) (1-1)
yr = h (T, vp) (1.2)

where x; € R" is the system state vector; u;p € R™ is the input vector; y, € R™ is the
measurement; f and h are nonlinear functions; w;, € R™ and v, € R™ are process noise and
measurement noise, respectively. It can also be represented as a state transition probability
density p (x| xx—1,ur_1) and a measurement probability density p (yx | zx). It can be seen
that the states follow a first order Markov process and the measurements are assumed to be
independent given the states [40].

In this thesis, we will assume that the process and measurement noises follow Gaussian
distributions with zero means. And the state space model is specified by moving the noise

term out from the nonlinear function as an addend,
rr = f(Tp-1, Up—1) + W1 (1.3)
yr = h (zx) + vk (1.4)
Then the state transition and measurement probability densities are
P @k | 2re1,up—) = N (f (w1, ur-1) , Q) (1.5)
p (e | k) = N (h(zy), R) (1.6)

where () and R are covariances of w; and vy, respectively.

1.3 State estimation

In state estimation, the goal is to compute the posterior density p (zx | y1.x), where y1., =

{y1,92, -+ ,yr}. If we know the posterior density, we can easily derive various estimates of
2
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Figure 1.1: Schematic of the unscented transformation [46]

the system’s states including means, modes, medians and confidence intervals [47]. Bayesian
methods provide a rigorous general framework for state estimation problems [29]. In Chapter
2, we will develop a state estimation algorithm named the exact Bayesian method by applying
Bayesian rules. For the general state space model in Section 1.2, the optimal solution is
called recursive Bayesian estimation, also known as a Bayes filter. The Bayes filter contains
two stages: prediction and update. The prediction stage applies the Chapman—Kolmogorov

equation [1]:

p(x | Yrg—1) = /p(xk | Tp—1, up—1)p (Th—1 | Yrk—1) dTp—1 (1.7)

Then, the Bayesian rule is used to provide the basis for the update stage,

Py | zk) p (zk | Y1:6-1)

p @k | yrw) = (1.8)
Pk | Yy1:-1)
where p (yr | y1.k—1) is the normalizing constant, and is obtained as,
Yk | yra—1) = /p(yk | z) p (k| Y1) dog (1.9)

When the system model is linear with white Gaussian noise, the Bayes filter becomes equiv-
alent to the Kalman filter [45]. Next, we introduce two nonlinear filters, the unscented
Kalman filter (UKF) and the particle filter (PF), which are built based on the Bayes filter

framework.

1.3.1 Unscented Kalman filter

The unscented Kalman filter (UKF) provides a Gaussian approximation to the posterior
density p (zx | y1.x). In the UKF, the state distribution is represented by a set of sigma

points selected using a deterministic sampling approach called the unscented transform.
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These sigma points completely capture the true mean and covariance of the state for the
Gaussian case, and when propagated through the true nonlinear functions, they can capture
the posterior mean and covariance accurately to the second order for any nonlinearity, with
errors only introduced in the third and higher orders [47]. Another advantage of the UKF is
that it removes the requirement to explicitly calculate Jacobians or partial derivatives [34],
[48]. Figure 1.1 shows the schematic of the unscented transformation used in the UKF.

To formulate the UKF, assume the density p (x| y1.x) is approximated as a Gaussian
distribution with a mean pj, and a covariance 7. Then, the UKF is recursive and formulated

in the prediction and update steps as in [48].

1. The prediction step

Calculate the sigma points as follows:

X0 = (1.10)

7

ngui_<ﬂ/(nz+n)2;§) i=ng+1,-,2n, (1.12)

(2

where £ is a scaling parameter and ( (ng + K) Zi) _is the ith row or column of the matrix

square root of (n, + ) X3. The first order weights for sigma points are determined as follows:

W™ = &/ (n, + k) (1.13)
wm — k)2 (ng + k) i=1,---,2n, (1.14)

7

The second order weights are

Wi =/ (ne + &) + (1 - a® + B) (1.15)
w© — i=1,---,2n, (1.16)

2 K3

where « controls the spread of the sigma points and S is related to the distribution of the

state. Note that the summation of the weights for sigma points is equal to 1. The state



mean and covariance are predicted by propagating sigma points as follows:

X12+1|k =f (Xli7uk—1)

2N4

g1k = Z I/I/i(m)Xk-i-l“f
i=0

2Ng

; T
ek = Z W k+1|k Mi+1|k) (‘Xlz+1|k - M£+1|k) +@Q
The measurement prediction is

yli+1|k =h (sz;+1|k)

2Ny

W = D W Vs
=0

2. The update step

Calculate the UKF gain as follows:

2N4

i Y % Y r
k+1\k Z W (kalk - 'uk+1\k) (yk+1|k: - 'uk+1|k> + R

2nz
PO

W(C) Xi T yz Y T
k+1k — Z i ( k+1lk — Mk+1|k) k+1)k — M1k
i=0
zy y !
K1 = Ek+1|k (Ek+1\k>
Finally, the posterior state mean and covariance are obtained as

x I Y
Higp1 = Hipgpqp + Kyt (yk+1 - ,Uk+1|k>

T T
EkJrl - Ek+1|k Kk+12k+1|kKk+l

More details about the UKF are available in [33].

1.3.2 Particle filter

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)
(1.26)

Unlike most other nonlinear Bayes filters, the particle filter (PF) does not rely on linearization

or a Gaussian assumption [40]. It is a sequential Monte Carlo method that approximates the

posterior density with a set of weighted particles [4], [17], [29], [31], in a discrete summation

form:

p (x| yix) = Zwk

5

(1.27)



where z! represents the " particle, w! is the associated weight, ¢ (-) is the Dirac delta
function and N is the number of particles.

The ideal case for Monte Carlo sampling is to generate particles directly from the
true posterior density p (z | y1.x), which is unavailable [40]. So a technique called im-
portance sampling is utilized to sample particles in PF. The importance sampling density,
q (g | 1.6-1,Y1:), 1S €asy to be sample from and approximates the true posterior density.
The PF has been shown to be asymptotically unbiased if the support region for p (xy | y1.x)
is a subset of the region of ¢ (x | x1.4-1, y1.x) [16]. After sampling the particles, the weights

are given by ' S
i i p(yk | 23)p (% | x;cfl)

wy, X w4 — (1.28)
q (xk; ‘ xl;k;_la yl:k)
For derivation of this equation, readers are referred to [4].
In [36], it is shown that the optimal importance sampling density is
q(wr | Z1g-1,y16) = p (k| Trp—1, Y1x) (1.29)

But the optimal importance sampling density is generally unknown except for two cases.
The first case is when the state space consists of a finite number of states [18]. The second
case is when the state transition function is nonlinear and the measurements are linear [11],
[16]. Therefore, in this thesis, we will choose the most common used importance density,
i.e. the state transition density p (x| xx_1), since the state space model is known. Then,

equation (1.28) reduces to
w}, o< wi_yp (ye | ) (1.30)

A general problem in the PF is the degeneracy phenomenon [16]. In order to avoid this
problem, a common solution is to apply a resampling step after the weight update. Several
resampling strategies are introduced and compared in [15]. In this thesis, we will use the
systematic resampling method.

The steps of PF for the state estimation are summarized as follows:

1. Initialization: Generate {xg}f\il from the initial state density p (zg), set w) = 1/N for
t1=1,---,N,and k = 1.

. N . )
2. Prediction: Predict {x2|k71} according to x2|k71 ~p (IEk \ 352_1) fori=1,---,N.
1

i=



Wy _1P <Z/k- | x2|k_1>

e :
Zj:l Wy,_1p <yk | x?ﬂk—l)

3. Update: Compute the weights as wi|k71 = fori=1,---,N.

) ) ) N
4. Resampling: Generate posterior particles {xﬁg}f\il from particle set {x}dk_l, w’i:'k_l}iﬂ

according to the resampling strategy, and set wi = 1/N fori=1,--- | N.

5. Output: Estimate the state as 7, = le\il wixt set k:=k+ 1 and go back to step 2.

1.4 Parameter estimation

To conduct the state estimation, we always need an accurate state space model to represent
the system. This motivates the parameter estimation problem of the multirate measurements
system in Chapter 3. For the parameter estimation of a nonlinear state space model, there
are two commonly used solutions. The first method is to combine the parameters that need
to be estimated with the system state and to apply filtering approaches to the augmented
state [9], [38]. However, the estimated parameters using this method have large covariances
[3]. Another method is the maximum likelihood (ML) algorithm to find the parameters that
maximize the joint probability of measurements [27], [39]. In this section, we will focus on

the expectation maximization (EM) algorithm, which is a well known ML-based method.

1.4.1 EM algorithm

The EM algorithm [12] is recursive and consists of two steps, the expectation step and the
maximization step. In the first step, the latent or hidden data Z are estimated given the
observed data Y, and the current estimate of the model parameters. In the second step,
the parameters are updated by maximizing the likelihood function (called the @ function)
under the assumption that the hidden data are known [7]. Convergence of the algorithm is
assured as the () function is guaranteed to increase at each iteration.

The following is the formulation of the EM algorithm. In the expectation step, the @

function is defined as
Q0 ]0,) = Ezy,,.0, {10g [P (Z, Yobs | 04)]}

(1.31)
= /log [P (Z, Yobs | 0n)] D (Z | Yobs, 0) dZ



where 6, is the parameter estimate after n iterations. The maximization step maximizes the

(@ function with respect to 6:
Opi1 = arg méaJXQ 0]6,) (1.32)

By implementing the expectation and maximization steps recursively, a good enough esti-

mates for the parameter 6 can be obtained.

1.5 Thesis outline and contributions

The rest of this thesis is organized as follows:

In Chapter 2, two algorithms are proposed to solve the state estimation problem for
multirate system with variable measurement delays. The first algorithm is named as the exact
Bayesian approach, which is developed by implementing Bayes’ rule. The other algorithm
is called the augmented state approach. In this approach, the system is reformulated by
augmenting the current state with past information required for fusing the slow delayed
laboratory measurements. The performance of the proposed methods are demonstrated
through simulation and experimental studies by implementing the particle filter and the
UKF.

In Chapter 3, a parameter estimation method is presented for the same system. We
estimate the parameters along with the time delays using a particle filter under the framework
of the EM algorithm. In the evaluation section, the proposed method is compared with the
algorithm that only uses the fast measurements.

In Chapter 4, the proposed state and parameter estimation methods are applied to a
FWEKO vessel. The implementation procedures and results are discussed in this chapter.

Chapter 5 summarizes the main results of this thesis and provides some perspectives for

future research.

A note on notation

In the following chapters, three dots between delimiters (parenthesis, brackets, or braces)

means that the quantity between the delimiters is the same as the quantity between the



previous set of identical delimiters in the same equation. For example,

(A+ BCD)+(---)" = (A+ BCD) + (A+ BCD)" (1.33a)
(A4+BCD)' E7*(---)=(A+ BCD)" E™' (A + BCD) (1.33b)



Chapter 2

State estimation for multirate
measurements in the presence of
integral term and variable
measurement delay

2.1 Introduction

In the process industry, laboratory analysis is commonly used to provide accurate measure-
ments for chemical quality variables, such as composition of chemicals and so on [20]. These
variables are usually not available for fast online measurements, or they are measured on line
with large errors. To obtain more accurate estimates for these variables, laboratory mea-
surements can be used to improve the performance of fast online state estimation. However,
in many cases, laboratory samples are collected gradually in a specific container for a period
of time [21], and the collected time and the sampling time can be irregular. Moreover, the
result from laboratory analysis, which can be seen as a measurement of the integrated state,
may be delayed variably. All these factors make the fusion of fast online measurements and
slow delayed laboratory measurements difficult.

There are many methods to incorporate delayed and infrequent measurements as intro-
duced in [26]. However, there are very few theoretical studies on this subject. Guo and
Huang [30] proposed a variable dimension unscented Kalman filter (VD-UKF) to estimate
the states with infrequent, delayed and integral measurements. They constructed a variable
dimension augmented state space model consisting of the original states and the integral

states. By applying UKF on this augmented model, the states can be estimated just as

10



fusing fast measurements and slow delayed integral measurements. This approach is an ex-
tension of the sample-state augmentation method which is usually applied to the delayed
measurement problem. The VD-UKF proposed by Guo and Huang is useful but difficult to
implement. On the other hand, Fatehi and Huang [20], [21] proposed some simpler methods,
but they treated this problem separately and only addressed the linear case. In [20], they con-
sidered multirate and variable delayed measurements, and proposed a fusion method named
the modified delayed track to track fusion (MDTTF) as the extension of MTTF method
from [23]. They applied MDTTF on a linear process to fuse the fast rate (delay-free but less
accurate) measurements with the slow rate (delayed but more accurate) measurements to
improve the state estimation through Kalman filter. In another paper [21], they considered
the delay-free integrated measurement problem assuming the integrated time was fixed, and
proposed a slow-rate integrated measurement Kalman filter (IMKF) to estimate the states
frequently when there were only integrated measurements. In addition, they utilized the
general optimal estimation fusion [6] to fuse the estimates of the same state from IMKF and
fast measurement Kalman filter (FMKF).

Because most industrial processes are nonlinear and linearizing the system can lead to
large errors, we focus on nonlinear systems. The most commonly used algorithms to solve the
problem of non-Gaussian, nonlinear state estimation are the extended Kalman filter (EKF),
unscented Kalman filter (UKF) and particle filter (PF). The EKF is based upon the principle
of linearizing the measurements and evolution models using Taylor series expansions, which
may lead to poor representations of the nonlinear functions and probability distributions
of interest [47]. The UKF, which uses the unscented transformation, is an extension of
the Kalman filter that reduces the linearization errors of the EKF. The UKF can provide
significant improvement over the EKF [43]. The PF, which is also called sequential Monte
Carlo method, is a completely nonlinear state estimator. The main idea behind the PF is
importance sampling. It uses a set of weighted particles to represent the posterior density.

In this chapter, we present two methods: the first is called the exact Bayesian approach,
which is an extension method from [52], and the second is the augmented state method.
These two methods are implemented on both the PF and UKF. Besides, the proposed meth-
ods are compared through simulation and experimental case studies. The remainder of this
chapter is organized as follows. The problem statement is presented in Section 2.2. In Sec-

tions 2.3 and 2.4, the exact Bayesian approach and augmented state method are introduced,
11



respectively, with their implementations of PF and UKF in each section. In Section 2.5, the
proposed algorithms are tested by simulations and experimental studies. Section 2.6 is the

conclusion of this chapter.

2.2 Problem statement

Consider the following discrete time system:

Tp = f(Tp_1, Up—1) + Wr (2.1a)
yl = b () +0f (2.1b)
Viny = b (ma,11,) + 0 ) (2.1c)

where x5, € R is the state to be estimated, and the initial state xq follows the distribution
p(x0); ur, € R™ is the input vector which is known (for the sake of simplicity in presentation,
it is omitted in the following derivation); y,{ € R™ is the fast and regular measurement and
?/ZZ(J') € R (j € Z,) is the slow and irregular laboratory measurement of a integral term:;
and f, h/ and A™ are nonlinear functions. The noise terms w; € R", v}: € R" and
U;ZZ(]') € R™' are i.4.d. Gaussian with zero mean and covariance matrices @, R/ and R™,

respectively. m, 1, € R™ is the integral term which represents the sample collected from

time instant s; to s; + 1 (I; € Z), it can be calculated as

53+l]
o, = 3 o
i:Sj
Another representation of my, 4, is
Mesj+i; = Cé(j)Xé(j) (2.2b)
where
Ci(]) - [Csj Csj+1 - CSj+lj] € Rrmx(+hna
1/ - T T T T L1,
XlG)=[2% 2T, .. 2T, ] eRGHD

As the slow irregular laboratory measurement Yij) 18 usually delayed and much more
accurate than the fast measurement, the measurement arrives at time step k,(j) = s;+(;+d;,
where d; € Z is the delayed time, and the noise covariance R™ is much smaller than R/. As

illustrated in Figure 2.1, the sampling interval is p; which is assumed p; > [; 4+ d; + 1.
12
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Figure 2.1: System with fast and delayed slow measurements

The goal is to estimate the state by fusing the fast measurements and delayed slow
integral laboratory measurements. As the fast measurements are online and frequent, the
frequent state estimation can be conducted using fast measurements, while the delayed slow
integral laboratory measurements are used to improve the accuracy of the estimation.

The state estimation can also be seen as a filtering problem. In Bayesian filtering, the task
is to derive the posterior density, denoted as p (z, | y1.x). For our system, the measurements
y1.x consist of both fast and slow measurements arriving at and before time instant k, i.e.
e {y{:k, yE(l):ks(j)} where k4(j) < k. Once the posterior density is derived, it is easy to
obtain a point estimate of xj, such as the mean, mode or median. The next two sections

describe the estimation of the posterior density p (l‘k G | ylzks(j)), which is defined as
P (2r.() | Y1) 20 <xks(j> | yl:srl,yfj;ks(j),yz;‘@)) (2.3)

where Yi:s;—1 £ {y{:sj—la yg(l):ks(jfl)}'

13



2.3 Exact Bayesian solution
2.3.1 Bayesian approach

According to Bayes’ rule, the posterior density in equation (2.3) can be calculated as

m ! f
p <yks () | kas(j)»yl:sj-—l;ysj;ks(j),1> p (xks(j) | yl:sj—laysj:ks(j)>

p (J;ks | Yok, J)) ¥ f
fp (yk’ | Ik (4)» Y1. :s;—1 ysj ks (])_1> D (.Tk | Y1: Sj-l?ys ks (5) ) d.rk‘ )
(2.4)

where p (xks | Y1:s;-1, ys " (J)> can be obtained from frequent state estimation, the likeli-

hood p ( | Thy(j)s Ylis;—15 yfj:ks(j)_1> is calculated as follows

m f —

p (yks(j) | ka(j)’yl:sj_l’ys]-:ks(j)—l> -
/ (yks | Mg, +1; )p (mSj“l‘lj | Tks(5)r Y1:sj—1, ygj;ks(]‘)_1> dmsj-‘rl]- (25>
In equation (2.5), the first term in the right hand side is determined by the slow mea-
surement equation (2.1c). For the second term, because the relationship between my,

and X!(j) is linear, it is equivalent to calculate p <X§(]) | Thy(), Y1is;—1, yS] ka(j)— ) So the

remaining task is to obtain this probability density, for which we consider two cases.
Case 1: The delayed time d; = 1, that is k(j) = s; + [; + 1. Using Bayes’ rule yields

p (@0 | X206 2 (XE0) Loyt 0 )1 )

I P (@ | XED) 2 (XU g, 10 1) 4XL0)
(2.6)

In equation (2.6), because of the 4, in X!(5), p (zx,j) | X.(j)) can be derived directly

(Xl( ) | l'k yl:sj'flayi;;ks(j)—l) =

from the state transition equation (2.1a). (X L) | sy -1, yfj ke ()— ) is a smoothing density
of X'(5). Thus, p (Xl( METR yl:sj_hysj-:k:s(j)—l) can be calculated from equation (2.6).

Case 2: The delayed time d; > 1, that is k(j) > s; + [; + 1. First, rewrite the density as

p (Xi(j) | xks(j%yl:srlvyfj:ks(j)—1> -

/ (Xl( ) | Ts;+1,+15 Y1 srl,ysj s+ )p <$sj+lj+1 \ xks(j),ylzsjfl,ygj;ks(jyl) dx5j+lj+1 (2.7)

14



which has made use of the Markov property of the state. The first term on the right hand

side of equation (2.7) is given from Bayes’ rule:

p (Xé(J) | Isj-+lj+17?Jl:sj—l,yfj:sﬁlj) =
p (x8j+lj+1 ’ Xé(]))p <Xé(]) ‘ yl:Sj—].)y,‘!j;sj{»lj)

S P (o | XU 2 (XEG) 910,10, ) AXL)

(2.8)

which can be fully constructed similar to equation (2.6). The second term on the right hand
side of equation (2.7) needs to be obtained recursively. For n = ky(j) — 2, ks(j) —3,- -+, s; +
l; +1,
A f —
p (xn | Tks(4) yl:Sj_17y5j;kS(j)_1) -

/p (mn | Tnt1, Yi:sj—15 yé:n) p <xn+1 | Tks(4)s Y1:s;—15 ygj:ks(j)—l) drny1 (2.9)
p (xn | Tni1, yl:s]-—lu ygjn) n equation (29) 1S given by

; P (Tnt1 | ) p (xn | yl:sjfl,yfjﬁ
p <':ETL | ':E’I’L-‘r].? ylZSj—].? ysj:n> = f (210)
fp (xn+1 | xn)p <xn | yl:sj-—la ijin) dwn

where p (2,41 | ,) is determined by state transition equation, p <a:n | Y1:s,-1, ygjm> can be
obtained from frequent state estimation. The initial value of the second term on the right
hand side in equation (2.9) is p (:Uks(j),l | xks(j),ylzsj,l,yfj:ks(j%l). It can be obtained by
substituting n = k,(j) — 1 into equation (2.10).

From the derivation above, we can see that the sufficient statistics to get the target
. : . ks (4) .
posterior density are p (Xi(]) | Y1:s;-1, yszsﬁlj) and {p <xn | Y1:s;-1, yﬁj;n>} e Figure
n=sj+l;
2.2 is the schematic of exact Bayesian method. It should be noted that this method needs

to store this information until the delayed slow measurement y;" (j) arrives.

2.3.2 Particle filter implementation

ks(j)
If the PF is implemented, the statistics {p (:vn | y1;sj_1,y§ n)} are approximated
N 7 n:8j+lj+1
by particle sets {a:fl(l), wﬂ:(l) n=s;+10;+1-- ,ks(j)} from frequent state estimation.
i=1

Since X!(j) is just a combination of system states, p (Xé 7) | Yrs;—1, yfj;%,j) can be derived

15
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Figure 2.2: Schematic of the exact Bayesian method

by storing the particle trajectory from time s; to s; 4+ [; and it is assumed to be described

by the particle set {{Xl }f T, 7W3C}r)l } . Note that Wii)lj = wfj(lej.

Now, we have

N
f ~ f(l) f()
i=1

Then, substitute equation (2.11) into equation (2.4) and get

N I 1) f 1)
2 i1 Wy, ()P (yksu)‘ (j)=yltsr1=ysj:ks<j>—1)5 (“"ks(ﬂ ~ h()

) (2.12)

P (@) | viw) = N
1@ (m | S0 f
2 rm1 Wi ()P (yksm |*’”ks(jwyltsrl’ysj:ks(j)A)

Consider another representation of p (a:ks(j) | Y1k, (j)) as

P (Th,(j) | Yika(i)) Zwk ) (:cks(j xi(())> (2.13)

By comparing equations (2.12) and (2.13), it’s easy to find

w!@ oy (ym 1) !
('l) _ k (J)p (yk‘s(]) | xks(])’ yl:S]'—ly ysjks(])_1>

ksG) " N f(r) m f(r) s (2.14)
D rm1 Wi, ()P (yks(j) | xks(j)vyl:Srl’ys]-:ks(j)—1>

Thus, the goal is to obtain p <yk ) | J),yl sj—1s ySJ k() ) in equation (2.14). In the

16



Bayesian approach (Section 2.3.1), this density can be calculated as equation (2.5). Suppose

! (@) f(@) L L (r)
<X () | :Uk () Yrs;—1 Y s] ks (4)— 1) ZW ( )5 <X {X ks(j)q)
(2.15)
where Wk(r <x£(()])) is the weight of the particle {Xé (7) },(: , given the state xk(()) Then

P (mstj | xk )]')7 Yl:s;—15 yfj:ks(j%l) in equation (2.5) can be approximated by the particle set

v (r) O &
{ X ke (5)—17 Weat)—1 (xks(j)> }r=1‘ Therefore,

N
m f(@) f ~ (r) f(@) m L(; Ly
p <yks(j) | xks(j)aylzsj-—laysj:ks(j)_1> ~ ZWks(j)— (xk G )) b (yks(j) | Cs(.]) {Xs(]> ks(j)—1>
r=1
(2.16)
Substituting equation (2.16) into equation (2.14) yields
N @) ) f(@) m L(; 10\

O D1 Wy ,(j)WkS(j)—l (xk (‘)) p (yks(j) | C5() {XS(J }k ()— 1) 51

ks(]) ( . 7)

Zt 1 Z =1 wl{j?)WIg?()j)—l <$£S(?)> p <?/ks | CLU) XL )}k (G)— )

Then, the remaining task is to obtain the particle set { {X1(5) g)(j)q ; W,grgj) (a:i(l()]))}
S S S _1
which approximates the density p <Xl( ) | xk (j)  Ylis;—15 ysJ ko )_1> in equation (2.15). There

are two cases as discussed in the Bayesian approach (Section 2.3.1).

Case 1: The delayed time d; = 1, that is k(j) = s;+1;+1. p(X.(j) | xks )) yl:sj—hy;;:ks(j)—l)
is calculated through equation (2.6). By substituting the particle representation of
(Xl( ) | Yis,—15 ysj ey ) it can be derived that

(Xl( ) | L. (z) Yi: Sj—lﬂysf] ks() 1) ~

f(r) (r)

B, Vo0 0S)

I stfzp (£, 11X G)H)

Therefore, by comparing equations (2.18) and (2.15), one can note

xU(q (r) Xl f(r) 92,19
{ s(] }k { }sj+lj ( ’ a>
fr) L(j f(r)

(r) 1) Wsﬁl'p (mksﬁ |{X J) 8j+l->

W= (fkso)) TSN ) l (2.19b)
S Wl p (210, 1 4G

17



Case 2: The delayed time d; > 1, that is ky(j) > s;+1;4+1. p(X.(j) | :cks )) yl:srlayfj;ks(j)_J
can be calculated through equation (2.7). Substituting p(X!(j) | Y1.s,-1, yfj:SjHj) ~

Zr L SJH (Xl —{XL(5) s(-l-)l) into equation (2.8), the first term on the

right hand side of equation (2.7) can be calculated as

(Xl( ) | Lsj+l;+1) Ylisj—1s ?JS] s+ ) ~
N f(r f(r) f(r)
Zrzl WSJ(Jrg p <x5]+l +1 | {Xl 55+ ) 0 <Xl {Xl sj+l;
N n
2 n—1 WSJ;(H) p <$s]+lj+1 | {X:0 >}s]+l )

) (2.20)

Suppose the second term on the right hand side of equation (2.7) can be written as

f() f ~
P (.rs]-—i-lj—i—l | xks(j)’ yl:S]'—ly ysj:ks(j)_:l) ~
f(r) f@) f(r)
Wsj+ 411k (5)—1 (xk (J)) g (xsj+lj+1 - xsj+lj+1\ks(j)—1> (2.21)
r=1
Substituting equations (2.20) and (2.21) into equation (2.7) and comparing with equation
(2.15), we can see that

10 () L f@r)
{X.(5) b = {X.(j }SNJ_ (2.22a)
f(@® f(@) I l f(r)
w < £ ) — o i Wi 41,41k ()—1 <:1c m) D <:1C5J+l ks () {X 5j+lj>
ks()=1 \Ths() ) = VW siHl ® I
t=1 Zn 1 +l p( sj+l]-+1|k:s(j)—1 | { ( >}s]+l >
(2.22b)
Now, the only unknown information is {xf () w!™ (xf © >}N in
’ s+ +11ks () =17 s+ +1lks () -1 \ ks () ) S, 4

equation (2.21). In order to obtain this particle set, first using equation (2.10) and replacing
p (:Cn | Y1:5,-1 yﬁjn) by its discrete representation, p (gcn | Tty Yius; -1, ygjn) is given by
SN whp (a:nH | xfi(i)) 5 <;,;n N x£<i>)

S whp (2 | 2l0)

p (% | $n+1,y1:sj—1yy§;m> ~ (2.23)

The density p (:r;nﬂ | xi(?]), Yiis;— 1, yfj:ks(j)_l) in equation (2.9) is written as

(i) £6) £(r)
p (“”nﬂ RTINS 1> an+1|ks(1 < ks(j)> 0 <f”"+1 - xn+1|ks(j)—1) (2:24)

18



Then, substituting equations (2.23) and (2.24) into equation (2.9) yields

7() f ~
p (.Tn | xks(j)yy128j717y5]-;ks(j)—1> ~

£(0) ( 1 (@) ) ( f(t) f(r))
N N ) 22 ) p | z
ks () —1 \ Ty n1lks(j)—1
E :wf;(?") § LIk () G) ko) 6(xn —xfl(r)) (2.25)
N f(a) Q) q)
- =1 D g1 W D (2 \:Cn

The above can be written as

) o) )
where
(7”) r
Tolks(5)—1 — )" (2.27a)
0 () ) £r)
wlio) sy (off)) = wi® i w1 (7)) P (-1 |2 (2.27h)
nlks () =1 \ ks (5) N fa), (@) (@) '
t=1 21 Wn P (xn+1\k* -1 | 2 )

The recursion in equation (2.27) is carried out for n = ks(j)—2, ks(j)—3, - -+, s;+1;+1. At

N
the end of the recursion, {xf,@lﬁlms (-1 wfj(:)ljﬂ\ks ()-1 (xi(’(;))} _ can be obtained. The ini-

3N
: f(r) f(r) [ f(r) f(r) (4) :

tial values of {xn\ks(j)fl’wn|ks(j)71(wks(j))}r:1 are {xk ()10 Wi ()1 ks () 1(xks(j))} which

can be calculated using equation (2.23). This completes the PF implementation. We call this

algorithm as EB-PF. Algorithm 1 shows the pseudo-code of one fusion loop in EB-PF. The re-

N

quired particle sets {{Xl( )}fﬁu : SJ;H } B and { IO Wi = s, 4141, ks(j)}'

1=

are available from the previous filtering.

2.3.3 Unscented Kalman filter implementation

The unscented Kalman filter (UKF), like other Gaussian filters, assumes that all filtering
density are Gaussian. It approximates the target posterior density p (mks(j) | yl:ks(j)) using
a Gaussian distribution A/ (uis(j)‘ ko

s(5)
ylzsj_l,ygjm)}:ig L4 ATE represented as Gaussian distributions {A (,un|n, !

Eis(j)‘ks(j)). In this assumption, the densities {p(:vn \
s(4)
n|n>}n sj+l+1
obtained directly from the UKF, while p(X.(j) | y1;3j_1,y§jzsj+lj) needs to be calculated
additionally.
Prior to derive the target posterior density, two propositions are introduced as the ex-

panded forms of Proposition 1 and 2 in [10].
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Algorithm 1 EB-PF for estimating the posterior density p (mks(j) | ylzks(j))

. . N . LN
. f@  f@ . . (@) fG
Input: {wn( ),wn( n=s;+1;+1,.., k:s(])}i: and {{Xl o ’W5j+)lj}i:1

NN
Output: Updated weights {w(l)( .)}

f@)
for particles { (])}z

=1 1
1: %% Calculate particle set {{Xl J) l(g ()1 W: ( 1@ )}
2: if ky(j) = s; +1; + 1 then
3: forr=1 :](V)do o
) 1/ - r . 1/ - r
4 {Xs(j)}ks(j)—l - {Xs( sj+1;
f(r) l f(r)
() (D Wi (ot | {0 1)
g Wks(j)—l (mks(j)> - f(n) ! f(n)
S Wity (xks(j) (X1 >}5J+l )
6: end for
7: else N
J(r) f(r) f(@)
8: %% Calculate particle set { s (1) =1 W, 141 ks () -1 (:pks(j)> }Til
9: for r=1: N do
f(r) _ )
10: Tho()-1ks ()1 = Tho(5)-1
f(r) f(r)
£(r) 0 wlgy-ap (oL >|‘”’f b1)
11: W ()~ 11ks (5)—1 (% j ) =
s(3)—1lks (5)— () Z w!® 2! ‘x)
t=1 Who(j)—1P \ Uk, (a s ()~
12: end for
13: if ks(j) > s; +1; + 2 then
14: forn=4ks(j)—2:5;+1;+1do
15: fOI‘T(—)l'NdO()
. f(r _ fr
16: Tyl ()1 = Tn
) f(r) F@ \ _
17 Wl (j)-1 \© ( ksm) =
f(@®) f(@) f(t) f(r)
0 |y CntlkG)-1 (xksu))p (xnﬂ\ksm 1| >
e wn” |20 N @ (10 /()
q
2 q=1WnP <$n+1lks(j)fl | )
19: end for
20: end for
21: end if
22: forr=1: N do
AR = (N,
| (") 760\
24: Wh.(y-1 (“’ksm) =
£ f(@) £ l f(r)
. Wi |5 wsﬁl +1|i~c<> ( <]>> ( Tyt -1 | GO +z>
: SJ+lj t=1
200 (21 iy | IXEOIH,)
26: end for
27: end if
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NN
28: %% Calculate the output {wl(:s)(j)}

29: fori=1: N do
N f@) yp(r)
D rm1 Wi Wks(j)f (ZU

i=1

f@) ! L (r)
ks(])) p (yks(J | G5 {X (J)—1>

(i) ) !
30: wy, G) =
s w! O ™ f(®) m :
Zt 1 Z W, )Wks(j)_l (xks(])> p <yk;5(j) | CL() {XEG )}k ()— >
31: end for

Proposition 1. A density p (A, | Cy, By.r) which can be calculated as
P(AT, C, | Bl:T)
p(Ct | Bl:T)

where T <t < T, Ay, By and C) are related variables, can be approrimated as a Gaussian

p(A; | Cy, Byr) = (2.28)

distribution N (A, | M,S). The moments of this approximation are in general computed

through

M = NT|T + ET T (Zt|T) ' (C - NﬁT) (2.29a)
S = ET|T ETt\T (Et|T) - (ETt\T) (229b>

where N (,uflT, E’TL"T) is the Gaussian approzimation of p (A, | Bir), N (uﬁT, Et|T> is the

EAC

i S the covariance of A, and Cy given

Gaussian approzimation of p(Cy | Br.r), and
Bl:T'
Proof for Proposition 1. Assume the joint distribution p (A,, C; | Bi.r) in equation (2.28)

can be approximated by a Gaussian distribution, that is

p(A’T7Ct | Bl;T) <{Z;|;} [(2;?%;) E:/:ﬂ]) _ ./\/'(p,, E)
(

Substituting the equation above into equation (2.28) yields

1
(2m)"ATO|s

p<AT | Ct7 Bl:T) ~

1
(2m) |

_
(2m)" 1]

—
[l )

il

l
D
»
T
—N
|
= o
—~
i
\]

|
e
U
L
S~—
——

where

M= MT|T + Z‘rt|T (Et|T) - (C - “ﬁT)
S = ET|T Ert\T (Et|T) B (ZT t‘T)

This concludes the proof of Proposition 1. O
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Proposition 2. For a density p (A, | Bi.r) which can be calculated as

p(r | Bur) = [ (A | CoBrua)p (G| Bur) dC, (2.30)

where 7 < t < T, C} and By satisfy the hidden Markov property and Ay is a related vari-
able, the mean and covariance of a Gaussian approzimation to the density p (A, | Bi.r) are

generally computed as

'uf\T - “f\t—l + J- (:“ﬁT - Mﬁtq) (2.31a)
Shr = B + I (S — Sijeey) J7 (2.31b)

-1
Jr = 27t|t 1 (Zt|t 1) (2.31c)

where N <,u;4|t_1,2f|t_l> is the Gaussian approzimation of p (A, | Brs_1), N (Mﬁt—p Eﬁt 1)
is the Gaussian approximation of p (Cy | Bi4—1), Zfﬁt | 18 the covariance of A, and Cy given

Biy_1, and N </Lt‘T, t|T> is the Gaussian approzimation of p (Cy | By.r).

Proof for Proposition 2. To compute the density p (A, | Bi.r) in equation (2.30), we need to
first obtain the conditional density p (A, | Ct, Bi.—1) and formulate it as an unnormalized
density in Cy, then multiply it by p (C; | Bi.r), and finally integrate over C.

From Proposition 1, we know a density with formulation as p (A, | Cy, By.r) can be ap-
proximated as a Gaussian distribution. In Proposition 2, we add an assumption that C; and
B, satisfy the hidden Markov property, so p (A, | Cy, Bi.r) = p (A, | Ct, B14—1). By applying
Proposition 1, p (A, | Cy, B14_1) can be approximated as N (A, | M, S), where

M = ,uf|t_1 + JT (Ot - Ngt—l)
S = Eﬂt 1 J (ETt\t 1)T
J- —Ert\t 1 (Etlt 1) 1

The square root of the exponent of N (A, | M,S) contains
A’T - M =7 (AT) - ‘]Tot
with v(A,;) = A, — Nf\pl + JTutC‘tfl, which is a linear function of both A, and C;. By

reformulating N (A, | M, S) as a Gaussian of J,C; with mean -y (A,) and unchanged variance
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S, we can obtain

N<A7' | M’S) :N(JTCt | /Y(AT)7S)
1 1 T -1 o e
= WGXP {—5 (J:Cr =7 (A4:))" S ( )}

exp { =1 (C, = I (A) TSV () )

Jenre (urs)
= 51N (Ct | M1721)

:gl

where £, = \/(271’)”07”’4 ((JTS=2T)7Y/ISI, = J='y (A;) and ¥y = (JTTSAJT)A. Note
that the matrix J. defined in equation (2.31c) may not be quadratic, so for the non-quadratic
case, we can use the pseudo-inverse instead.

Multiplying the new distribution with the Gaussian approximation of p (Cy | By.7), which
is N (uﬁT, 25T>, we can derive

e N (Cy | 1, B0) N (it i) = €182 (1) N (Cy | o, B)

where
_ —177 T —1
H2 = [21 L4+ (Et(fT) } [21 llul + (Et(fT) NﬁT}
-1
Yy = [E;l + (Zfr) 1}
\/|22| [ c\T (vc -1 cC Ty—1
€2 (1) = ~ XP1 75 [lh D (:ut\T) (Et|T) M — Ha X Mz]
V@) |2

Since we integrate over Cy in equation (2.30), we are only interested in the parts which
are independent of C;. They are the constants £; and &9 (141), where the constant €5 (p1) can
be rewritten as €5 (A,) by reversing the step that inverted the matrix J,. Then, €5 (A4,) is
given by

&2 (Ar) = e’V (Ar | Nf|T= 2;4|T)

where

Mf\T = #f\t—l + Jr (NﬁT - Mﬁtq)
Ef\T = quq +Jr (Et(fT - Et?t—l) JTT

23



As g167! = 1, the desired density is
p(AT ‘ Bl:T) ( T ’ :u7-|T’ Z7-|T>
This concludes the proof of Proposition 2. n

Using Bayes’ rule, equation (2.4) can also be written as

m f
b (xks(j)7yks(j) | yl:Sj—lﬂysj;kS(j)>

m f
p (yks(j) | Yi:s;—15 ysj:ks(j)>

P (Tr) | Y1) = (2.32)

Assume the joint distribution p (xks(j) Yer(i) | Y1:s;-1, yf " (J)> in equation (2.32) can be

approximated by a Gaussian distribution

f xf m
Ms . Y )ke() Sha(i)lke
k (ks () ks(5)|ks(5) ks(5)|ks(5)

Then, applying Proposition 1, let 7 =t =T = ky(j), A, = Tr, (), Brr = {y1;s]-_1, ygj:ks(j)}

and C; = Yir (i) the Gaussian approximation of p (l'lgs(j) | yl:ks(]’)) can be obtained as

T - :Ef m ym -1 m ym

ks (3)lks () = Mm( e T Sk lka () (stmms(j)) <?Jks<j> - 'uks(j)|ks(j)> (2.34a)
()3 . .Tf SCf m ym —1 ymxf

Zhlea() = Zhe @) T Sha()lks() (Eksmmsu)) k() k) (2.34b)

Thus, the remaining task is to calculate the covariance X7 ks(j)‘ ke () and the Gaussian ap-
proximation of p <y,’;'z(j) | Y1is;-1, yfj:ks(j)> in equation (2.33). Once the Gaussian approxima-
tion has been obtained, we can use the unscented transformation to calculate the covariance
Exf(m'k () Unless otherwise specified, this method is used to obtain covariances in the

following derivation. Generally, p (y;’z( i) | Y1:s;—1, y;: :ks(j)> can be derived as

p (yzz(]) ‘ yl:sj-—laygj;;ks(j)> - /p (yk ‘ M, +1; )p (m8j+lj ‘ yl:Sj—laygj:ks(j)) dmsj+zj (235)

where the only unknown statistic is the smoothing density of integral term m, ;. Just as
in equation (2.5), since the relationship between my,;, and X'(j) is linear, we can obtain

the smoothing density by calculating p (X LG) |y 5515 yf s (])) which can be computed as

p (Xé(ﬁ | Y1 55— 1aysj (J))
/ (Xl( ) | Ts;+1+15 Ylis;— lvysj 55+ >p <1’sj+lj+1 ‘ yl:Sj—].?y:si:ks(j)) dl"sj+lj+1 (2.36)
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By comparison, it is seen that equation (2.36) is very similar to equation (2.7), but easier
to calculate. Using Proposition 2, the approximated moments of p (Xﬁ () | Yres; -1, yi;m(;’))

are calculated as

xf xf X (, =f zf
Hi ks ) = Haglsy+; T 5 <Msj+z ks () T Hsjt s+, > (2.37a)
X! o <A\ T
ESJUCS Zs]‘s i+l + '] <ES i++1ks (4 i) 28j+lj+1|s]'+lj) (JS]' ) (237b>
-1
xf XFof zf
JSj = ZSj,Sj+lj+1|8j+lj <28j+lj+1|8j+lj> (237C)

where A/ (,us 5 725(5,-“,-) is the Gaussian approximation of p (Xl( ) | Yris,—1, ysj s+, )
and N <,usj+l ks () Zin_H'k (j)> is the Gaussian approximation of the smoothing den-
sity p (msﬁl 41 | Yrs;— 1,y§ o > if ks(j) > s; +1; + 1. Specifically, the smoothing density
P <x5j+lj+1 | Y1:s;-1, yi;:ks(j)> can be calculated recursively. For n = ky(j), ks(j) —1,--- ,s; +

l+2

p <xn—1 ’ yl:sj—la y;:ks(J)) = /p <xn—1 | ZEmylzsj—l,yfj;an p (xn | yl:sj—la yfjks(])> d:L‘n
(2.38)

which can be described in terms of a Gaussian distribution by applying Proposition 2.

xf zf zf zf

Hn—11ks(j) = Hn—1jn—1 + Jn1 (/’l’nlks(j) - /“Ln\n71> (239&)
of of of

Y k() = Zn—tjn—1 T Jn—1 <Zn|ks(g) an 1) JI (2.39Db)

-1
Jn 1 _Zn 1,n|ln—1 (En\n 1> (239C)

The final task is to calculate p (Xé(]) | ylzsj—hyfj:sjﬂj). As defined in Section 2.2,
. T
Xl(j) = [:UST] :Ez;ﬂ $zj+zj] , thus

T

T T T
xf _ of of zf
Msj‘sj+lj o |:<1u8]'|5j+lj) <M8j+1|$j+lj e 'uS]'—I—l]'|$j+lj (2408’)
zf zf zf
Sj|8j+lj 28j,8j+1|8j+lj 28j,8j+lj|5j+lj
e ! U 24
xf o 8j+178j|5j+lj S‘j+1|5]'+lj Sj-‘rl,Sj-l-lj‘Sj-‘rl]' (2 40b>
Sj‘Sj-i-lj - : . . . .
zf fo . fo
sjtljssilsi+ly  Tsjtlisitllsitl sj+ilsj+l;

These elements in equation (2.40b) can be computed as follows, for n = s; +1;,s; + [ —
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17..'73‘7.—'_1

zf zf of 2f
Nn71|8j+lj == /’l’nfl‘nfl + Jn*l <Hn|3j+lj - ,u‘n‘nfl) (241&)
xf zf zf zf
Zn—1|sj+lj = Zn—1|n—1 + Jn—l <2n|sj+lj - ann_1> JT,{—I (241b)
zf zf -1
Jp1 = Zn—l,n\n—l (En\n—l) (241C>

This completes the UKF implementation. This method is referred to EB-UKF, which
is shown in Algorithm 2. From the derivation above, it can be found that the additional

si+l;
statistics {N (Mﬁfw N >} "7 are needed to approximate p (X L) | yrsy—1 yszsj +lj), and

n=s;

the one-step-ahead predictive distributions {N (Uﬁnq’ ye!

njn—1

ks (4)

)} are also used. Al-
n=s;+1

though these predictions can be obtained directly from the filtering densities, for computing

efficiency, we assume they are saved during previous filtering process.

2.4 Augmented state method

In order to apply this method, the original system model has to be reformulated. By refor-
mulating the model, the state and integral term would be estimated simultaneously when
the slow delayed measurement arrives, which means the target posterior density becomes
D (:L‘ks(j), Mg 41, | y1;ks(j))- Obviously, adding the integral term m,,;, has no impact for us to
estimate wy,(j). Besides, since we consider all information we have until time instant k,(j)

just as in the exact Bayesian solution, these two methods would lead to a similar result.

2.4.1 Reformulation of the system model

The integral term my, ;. can be calculated recursively as

MEr1 = Mg+ Crkr1Tka1
(2.42)
=My + Crgr f (T, Un) + Cry1Wi

for k = s;,5; +1,...,s; + [; — 1. The initial value of m;, in equation (2.42) is m,, = c,, ;.

Next, let us define an augmented state as,

o BT w7 or k= syt
2 = S ' (2.43)
[#F ml ] for k=s;+0+1, .. k()
One can see that the augmented state z} only exists when k = s;,s; + 1,...,ks(j),

which is the period to collect integral samples and analyze slow measurements. For other
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Algorithm 2 EB-UKF for estimating the posterior density p ($k5 | Y1k, () )

Input: {/\/’ ('unlnvzfl(n)}k s(9) and {N (uﬁfn_l,znm 1)} ks(4)

n=s; n=s;+1

Output: Gaussian approximation N <,u§ ks ()? Sha () (j)> ~p (x N | ylzks(j))

. s f
1: %% Calculating N <u§§‘sj+lj, E§§|sj+zj> ~p (Xl( ) | Yrs;-1, ysj 55,
2: forn=s;+10;:5,+1do

S A sl )
3 n— ln|n 1 nln—1
f f
4 'U’ZCL 1|sj+1; = 'un 1jn—1 + Jna ('U’fdsj—i—l - Iu£|n 1)
. T
5 En 1]s;+1; En 1jn—1 + Jn ( n|s;j+l; n\n 1> Jnfl

6: end for .
7 /LXf = zf g 2 g .. 2 !
b Hls i+ Hs,|si+1; Fis;41)s;+1; Hs ;415541
zf zf zf
ZSj|Sj+lj ZSj,Sj+1|Sj+lj ESj,Sj+lj|S]'+lj
st yaf U 52

g nX/ _ | Tsitlsilsi+ sjt+1lsj+; sj+1s5 4|8+,
: Sj‘Sj-f—lj - . . . .

zf Z:cf . Ea:f

Sj-l—lj,s]"sj'-f—lj 8j+lj75j+1|8j+lj 8j+lj|8j+lj

; xf xf ~
9: %% Calculating N/ <st+zj+1|ks(j)a Zsj+lj+1\ks(j)> ~p <x5j+lj+1 | Y1:s,-1 yi;:mu))

10: lf k?s(j) = Sj + lj + 1 then
f

11: af —
' “sjf+lj+1lks(j) = “ksﬁj)ws(j)
120 Bk G) = She()lkG)
13: else
14: for n = ky(j) : s, +1; +2 do
~1
o of
15: J Zn 1n|n 1 <En|n 1)
xf zf
16: Iun—l|ks(j) = 'un 1jn—1 + Jn 1 ('un|k Iun|n l>
xf zf
17: 2 k() = bl 11 T Jn1 < ks () — Zmln— 1) I
18: end for
19: end if
) f s
20: %% Calculating N <u§§‘ks(j),2§§|ks(j)> ~p (X (J) | y1s;— 1795 ks(])>
21: JX = wX'e! ! -
L sj Sj,5j+lj+1|8j+lj Sj+lj+1|8j+lj

. ¢ I ¢4 X7 xf _ o axf
22: H‘sﬂks(j) - /"63j|3j+l]~ + JS]' H’Sj+l‘+l|ks(j) ILLS]'+I'+1‘SJ‘+I]'

.oyx/f x/ X/ zf zf x/f
23 E’Sj‘ks(]) 251‘5]+l + Jsj (ES +l +1‘ks( ESJ“Fl +1|S]+l ) <J3j )

" ~ f
24: %% Calculating N <”Zs(j)|ks<j>vEks(mks(a‘)) ~p (yksm | ylisrl’%:ksm)
2nx +1
25: Use the unscented transformation to get sigma points {X ks (])} ;

xf xf
N (/‘snksm’ anksu))

=1
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26: fori=1:2nx +1do

2 Ve = 0" (Cl( D ka6 >>
28: end for
2nx+1 Wz

29: /Lk Dks(G) — Zz 1 yllﬁs(])“‘?s(])

2nx+1 4 i m
302 Zy ()\ks() —= ZZ f W (yks - |ks luks( )|k’s(J ) ( ) + R

31: %% Calculating output N (uk lks(3) Sha(3) ks > P (Tr,6) | Y1ka())
xfym

. x ym ym
32 M, () ke () = “ks<a>|ks<>+Z ks (1) ks (5) (E s(j)|ksu>> (yksm ”kswks(a’))

Ly _ oyt zfy y™ ymaf
330 XL ka() = She()ka(i) — Sk (a>|ks<><2ks<j>|ks(j>> 2ty () Ik ()

time, there are normal states and fast measurements in the system. So as to estimate
P (@h,()s Mesy; | Yrka()) =D (x%s(j) | ylzks(j)), a new model of augmented state is defined for
this special period.

The augmented state transition equation is, for k = s;,s; + 1, ..., ks(j) — 1,

=, o L] o

My + Grr1f (Th, uk) Gt 1W
where the initial value of z¢ is Ty = [xg; mSTJ , the covariance of process noise in equation

‘e — Q (9k+1Q)T }
(2.44) is QY LJkHQ Ge1 Qg7 | and

_Jea for k=s5,5+1,...,5+1;
TE=N0 for k=s;+1L+1,.... k(j)

For time from s; to k(j) — 1, the measurement equation is the same as equation (2.1b). At

time k(j), the measurement equation becomes

i) = h(2h,) + i) (2.45)

where

f f f

a _ |Yri) {h (Zh.(s ))} a | Yk()
Yksj) = |, m h (xy, Uks(j) = |, m
o= [0 net) = [ ol - |k
R0

0 R™|

After reformulation, it is much easier to fuse two measurements according to Bayes’ rule

3 a 3 a
The variance of vy () is Ry =

as
a |ma . x¢ . | e f .
P\ Yr.(G) | Tra() ) P\ Tra(y) | Y15 =1 Ys ik (j)—1

a f a
Jp (yks(]) | 2 >p (Iks(j) | yl:sj—l’ij:ks(j)—l) dxy )
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Figure 2.3: Schematic of the augmented state method

In equation (2.46), the first term in the numerator can be derived from equation (2.45),
while the second term can be obtained through Bayes filter using the augmented state model.
Figure 2.3 is the schematic of the augmented state method. Thus, the only required statistic
is the initial value used in the Bayes filter, i.e. p (x‘;j | Y1:s,-1, ygj). In this section, two Bayes
filters, the particle filter and the unscented Kalman filter are both applied just as described

in Section 2.3.

2.4.2 Implementations of the PF and UKF

T
In the particle filter, since x‘;j = [:pT (cs].xsj)T} , the density p (xgj \ ylzsj,l,yg) can be

8]
. NN . \T N\ T
approximated by the particle set {:L’?]f @ ngf (7’)} , where x‘jjf @ [(df”) (Csj $£]_(Z)> }
i=1

and w;ljf @ — wfj(i). This method is named as AS-PF. The algorithm of AS-PF is described
in Algorithm 3.

Before implementing the UKF, it should be noted that the covariance of Ty 18 singular
which can lead to many problems in calculation process. The solution is to use p(xgj 41 |

@

f e ey . . . . o
Ylis;—15 ysj:SjH) as the initial value. Assume its approximation is N(/szHlS]_H, Esj+1|sj+1)=

where

_fo |

T _ s;j+1ls;+1

Msj+1\sj+1 - nfbf ! (247&)

_Iusj--‘r1|s]-+1
i f fmf
@ yzlim

% _ s;+1|s;+1 si+1|s;+1

Sj+1‘8j+1 - ngbfa;f / lef J (247b)
L $j+1‘8]'+1 Sj-l-l‘sj—f—l
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Algorithm 3 AS-PF for estimating the posterior density p (zx, () | y1:4.(j))

N

Input: {:Us](l),ws]( )}'
R

Output: {xk (i) Wk. (j)}

1: %% Calculating the particle set {xs] @) ngf(z)}
i=1

2: mf:j() = cijg)
)©) . .
5 a0 [x% and wtf = )

af@) af@ N
: %% Calculating the particle set {xk -1 Whs ()— 1}
i i=1

4
5. forn =s;,5;+1,...,ks(j) —2 do
6 for z' = 1 2,...,N do

7

n+1 - f <$n U ) +w(l)

8: mngf)l = mi + gn+1$£E|—)1
f(@)
9: Iaj_:_(i) = xr}J(rl)
mn—i—l
10: ?Li(l) o< Wn 2 (ynJrl | anrl))
11: end for

122 if Neff < Ny then

, YN
13: Resample {xiﬁi),wﬂf)}izl
14: end if

15: end for

N
16: %% Calculating the output particle set { (1)( ) w,(C )(])}

=1
17: for i =1,2,..., N do

@ f(@) (@)

18w G =f (xks(j)—l’uks(j)‘1> Tk
16 ) 1)

19: mks(j) = mks(?)_l + gks(])xks(j)

1) xi(?')
200 TGy = |00

ks(5)
af(i) af(i) f(@)
21: Wy () X wk (j)—1P <yks @) Es ks (7)
) @ _ @ @ _ af(i)
20wy = T and wlg) = wil
23: end for

24: if Neff < Ny then
25: Resample {x’(j)(j)’w’(;)(j)}

) sG) J 21
26: end if
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mS

faf
symlz
sj+1]s;+1

and sj+1]s;+1

In equations (2.47a) and (2.47b), the unknown statistics M:;:-Hsd—&-l’ )3

are calculated as

f f !
m _ x x
lj’sj-—‘rl\s]-—i—l - Csjﬂs]'\s]-—&-l + Csj+1l’1’5j+l|s]-+1

md

I T f T f
— z x x
Esj-"l‘sj‘i‘l - CSJ'ES]'ISJ'HCSJ' T CSJ'“ES]'HISJHCS]'H + 26,2,

o
j,8j+1|3]'+1 Sj+1
mf xS _ zf xf
G141 = CoMg s ]s; 11 T Csit1 g 4 1)s, 11
where N ( p®’ s is the Gaussian approximation of p ( z;, | y and
lusj\sj—}—l’ 558541 pp p s yl:sjrflaysj:sj-s-l )

zf

. . . f
53y85-+1]s;4+1 19 the covariance of T, and g 41 given {y1;5j—1, Ysjis 41 (-

P <$5j | yl:Sj—lyysj,l-].:sj_J'_l) = /p (ij | $3j+1791:5j—1,y§].> P (xs]-—f—l | yl:s]-—la ygj;st) d$5j+1

(2.48)
Thus, N (,uj]ﬂsj 1 Efj‘slj +1) can be calculated using Proposition 2.
xf xf xf zf

/"LS]'|SJ'+1 - /"LSjlsj' + JS]' <M8j+1|8j+1 - Msj+1|s]-> (2498’)

- e of o T
E5]-|5j-i-1 - Zs]-|s]- + ‘]Sj (Es]-+l|s]-+1 - Zs]'-l—l\sj) Js]- (249b)

J,, =5 s ) 2.49

sj T “sjsi+1]sy ( 8j+1|8j> ( : C)

This method is named as AS-UKF.

2.5 Simulation and experimental evaluation

In this section, the proposed methods are evaluated through simulation and experimental
studies. In the first example, two cases are tested to see the impact of increasing integral time
l; and delayed time d;. In the second example, the proposed methods are experimentally

studied on a hybrid tank.

2.5.1 Simulation study

The first example is based on the model of a continuous fermenter [30], [32], [35]. The process
consists of a constant volume reactor in which a single, rate limiting substrate promotes

biomass growth and product formation. The process model is

X =-DX +pu(S,P)X (2.50a)

S=D(S;—S) = ——u(S,P) X (2.50D)
X/S

P=—DP+[au(S,P)+ 6] X (2.50c)
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where X, S and P are the biomass, substrate, and product concentration, respectively; D
is the dilution rate; Sy is the feed substrate concentration; and Yx,s, o and 3 are yield
parameters. The specific growth rate p is modeled as

S, P) = . 2.51
LCEES e (251)

where fi,,, is the maximum specific growth rate; P,,, K,, and K; are constant parameters.
Nominal operating conditions are shown in Table 2.1. The state and fast measurement
vectors are defined as

r=[x s P]" 4 =P (2.52)

Table 2.1: Nominal operating conditions for the fermenter model [32]

Variable Value Variable Value
Yx/s 0.4 g/g o 2.2 g/g
15 0.2 h! hm 0.48 h™!
P, 50 g/L K, 1.2 g/L
K; 22 g/LL Sy 20 g/L
D 0.202 h™! X 6.0 g/L
S 5.0 g/L P 19.14 g/L

The system is discretized with a sampling interval of At = 1/60 h = 1 min, and simulated
for 700 time steps from the initial condition zy = [ 6 5 194 ]T. The covariances of states

and fast measurements are Q = 0.01/5 and R/ = 1, respectively. The integral term M, 11, 18

defined as

s+l

1
M, 41, = E Z X (2.53)

1=S5j

The slow measurement equation is
Virgy = [0 0 1 [y, + 0l (2.54)

where the covariance of VRt () 18 R™ = 107% Simulations start from a initial guess &, =
[ 6.03 4.98 19 | with the covariance Py = diag {0.09,0.06,0.9}. Because the results are
influenced by both integral time /; and delayed time d;, simulations are conducted by con-
sidering these two factors separately. In the first case, different values of [; are tested with
delayed time d; = 0 and the time between two slow measurements p; = [; + 1. For the

second case, the integral time is set to be a constant [; = 1, and different values of delayed
32
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Figure 2.4: True product concentration z3, fast measurement y/ and integrated laboratory
measurement y™ with [; = 10,d; =0

time d; are simulated with p; = [; +d; +1 = d; + 2. Although all three states can be
estimated, we compare the estimation of product concentration P, since only P is measured.
For comparison, the Average Root Mean Squared Error (ARMSE) is used, which is defined

as

T

ARMSE — - i 1 3 ( “”)2 (2.55)
= M 2 T ek .

k=1

where e,(cn) is the estimation error of product concentration P at k time instant for the

n' simulation run, T is the simulation horizon which is 700 in our case, and M is the
number of simulation runs. The simulation results of two cases are shown in Table 2.2 and
2.3, respectively, where each result comes from a Monte Carlo simulation with 100 runs.
The ARMSE of the PF and UKF that only use fast measurements are 0.3280 and 0.3189,
respectively. Figure 2.4 is a plot of the state P, its fast measurements with high noise, and
integrated no-delay laboratory measurements with integral time [; = 10.

As can be seen from Table 2.2, with the integral time [; increasing, the estimation errors

of all algorithms become larger. Besides, no matter the value of /;, they perform better than
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Table 2.2: Estimation errors (ARMSE) of different algorithms with d; = 0, R™ = 10~%

Algorithm EB-PF AS-PF EB-UKF AS-UKF
lj=1 0.1146 0.1168  0.0860 0.0860
l; =2 0.1587 0.1611  0.1206 0.1210

=3 0.1986 0.1971  0.1544 0.1549

<

[

l; =4 0.2162 0.2172  0.1684 0.1685
l; =5 0.2447 0.2444  0.1918 0.1919
[; =6 0.2612 0.2670  0.2058 0.2067
l; =17 0.2819 0.2817  0.2192 0.2201
l; =8 0.2959 0.2966  0.2333 0.2328
;=9 0.3066 0.3034  0.2434 0.2426
[; =10 0.3143 0.3162  0.2563 0.2547

Table 2.3: Estimation errors (ARMSE) of different algorithms with {; = 1, R™ = 106

Algorithm EB-PF AS-PF EB-UKF AS-UKF
d; =1 0.1683 0.2113  0.1468 0.1472
d; =2 0.2119 0.2771  0.1819 0.1823
dj =3 0.2442  0.3234  0.2199 0.2192

<

d; =4 0.2604 0.3334  0.2269 0.2273
d; =5 0.2791 0.3544  0.2563 0.2563
d; =6 0.2949 0.3647  0.2683 0.2644

the PF and UKF that only use fast measurements. Figure 2.5 shows that the differences in
UKF-based methods and PF-based methods are very small. That is because when d; = 0, the
exact Bayesian algorithm and the augmented state algorithm are actually the same. Figure
2.6 illustrates that the estimated variance of z3 decreases once the laboratory measurement
arrives. Although the variance goes back to the normal value gradually as there are only fast
measurements, it is still smaller than the minimum variance of the UKF. Therefore, fusing
the laboratory measurements can improve the accuracy of estimation.

From Table 2.3, we can see that the estimation errors of all algorithms increase with the
delayed time d; becoming large. The UKF-based methods result in similar performance,
while the PF-based methods have large differences. Comparing within Table 2.2 and 2.3,
we find that the UKF-based methods always result in more accurate estimation than the
PF-based methods. By looking into the estimation process, we can find the reason is sample
impoverishment in the PF [4]. Because the noise of the slow laboratory measurements is so
small, there are very few particles left after the resampling step, which leads to reduction of
particle diversity and hence poor estimation. Furthermore, the large delay time d; aggravates
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Figure 2.5: Simulation results of PF-based approaches and UKF-based approaches with
l; = 3,d; = 0. Top: Results of PF-based approaches with PF only using fast measurements.
Bottom: Results of UKF-based approaches with UKF only using fast measurements.
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Figure 2.6: Estimated variance of z3 during a simulation process with [; = 10,d; = 0

the sample impoverishment problem. But since EB-PF has a smoothing step, the sample
impoverishment is relieved a little, which makes it perform better than AS-PF (see in Table
2.3).

A possible solution for the sample impoverishment problem is to use a larger number of
particles, but this can greatly increase the computation load. So another solution is used
in this section which is to enlarge the estimated noise covariance R™. As shown in Table
2.4 and 2.5, increasing R™ relieves the sample impoverishment problem and decreases the
estimation errors. Figure 2.7 shows the error bounds for different PF-based algorithms. The

error bounds of the proposed methods are smaller than PF method.

2.5.2 Experimental evaluation on a hybrid tank

The proposed algorithms are experimentally evaluated on a hybrid tank at the University
of Alberta. Figure 2.8 shows the experimental setup. There are three tanks in this system.
However, in this experiment, only the left and middle tanks are used. The schematic of the
experiment system is shown in Figure 2.9. Water is pumped into the left tank, and can flow
to the middle tank through the valve V. The water levels of both tanks are measured using
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Table 2.4: Estimation errors (ARMSE) of PF-based algorithms with different R™ and d; =0

R"=10"" R™ =10
EB-PF_AS-PF EB-PF ASPF
[=1 0.0904 0.0907 0.0997 0.1002
;=2 01257 01269 0.1335 0.1329

Algorithm

l; = 0.1619 0.1616 0.1616 0.1630
l; = 0.1806 0.1854 0.1845 0.1841
l; =5 0.2042 0.2056 0.2021  0.2028
l; = 0.2246  0.2228 0.2191 0.2195
;=17 0.2327 0.2340 0.2282 0.2303
l; = 0.2494 0.2509 0.2424 0.2430
l; = 0.2657 0.2641 0.2558 0.2560

l; =10 0.2840 0.2808 0.2692 0.2666

Table 2.5: Estimation errors (ARMSE) of PF-based algorithms with different R™ and l;=1

R"=10" R™ =10
EB-PF_ASPF EB-PF ASPF
dj=1 01531 0.1564 0.1563 0.1560
dj=2 01912 0.1979 0.1905 0.1896

Algorithm

d; =3 0.2345 0.2488 0.2322 0.2314
d; =4 0.2437 0.2622 0.2418 0.2432
dj =5 0.2729 0.2978 0.2681 0.2691
d; =6 0.2813 0.3139 0.2763  0.2779

differential pressure (DP) level sensors.
The nonlinear state space model of the experiment plant derived using first principle

modelling is as follows [19]-[21]:

. —k 1
hy = —2/hi — b + —q; (2.56a)
Si Si
: k —k
P = — A/l — By + ——/m, (2.56b)
Sm Sim,

where h; and h,, are the water level of the left and middle tank, respectively, g; is the flow
of the pump, s; and s, are the cross-sectional area of the tanks, which are equal to 243.22
cm?, and k; = 25.62, ky = 13.47 are the coefficients of valves V; and V5.

In the experiment, an RBS signal input around the operating point is used as the flow of
the pump. To test the proposed approaches, the nonlinear state space model is discretized
with a sampling time At = 1s. The system state is defined as © = [b; hy,]" and the fast

measurement is middle tank level y/ = [0 1]z. It is assumed that process noise wj, and
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Figure 2.7: Error bounds of PF-based methods with [; = 10,d; = 0

Figure 2.8: Picture of the hybrid tank
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fast measurement noise v,J: can be approximated by zero-mean Gaussian distributions. The

covariance matrix of process noise wy, is estimated as follows, using experiment data:

0.1486  —0.0427

o —4
Q=107"%1 "y 0497 0.1556

(2.57)

The covariance of the fast measurement noise v£ is Rf = 5.0 x 1073, and the initial state is
zo = [44.04 34.58]". The fast measurement data used to conduct state estimation is the
middle tank DP sensor output, with artificially added Gaussian noise whose covariance is
equal to Rf.

In this example, we conduct two experiments. In the first one, the integrated laboratory
measurement is the integration of the left tank level, and in the second experiment, the
integrated laboratory measurement is the integration of the middle tank level [21]. Therefore,

the slow delayed laboratory measurement is
yg(]) = Cmmstj -+ 'UZSL(]) (258)

where C,, varies depending on the experiment, v;" ) is the measurement noise which follows
a Gaussian distribution A (0, R™) and the covariance R™ according to the variances of DP

sensors is
R 6.33 x 107 for the first experiment
" 1242 x 1077 for the second experiment
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and the integral term m,, ,; is defined as

1 Sj-Hj

lj—|—1.

1=53

Mg, 41, = T (2.59)

Specifically, the sampling interval p; is determined as 20 seconds, the collection time of
samples [; randomly varies between 1 and 10 seconds following a uniform distribution, and
the analysis time (i.e. time delay) d; also randomly varies between 0 and 5 seconds following
a uniform distribution. To construct the slow delayed laboratory measurement, the values
of DP sensors are integrated over [; 4+ 1 sampling instants. Figure 2.10 shows the output of
DP level sensor of the middle tank, together with fast measurements y/ and slow delayed
laboratory measurements y" in the second experiment.

Table 2.6: Estimation errors (ARMSE) of different algorithms using the integrated
measurement of the left tank (Experiment 1)

Algorithm  EB-PF AS-PF JFM-PF EB-UKF AS-UKF JFM-UKF
Left tank  0.0650 0.0621  0.1302 0.0361 0.0362 0.1301
Middle tank 0.0325 0.0315  0.0132 0.0311 0.0310 0.0118

Table 2.7: Estimation errors (ARMSE) of different algorithms using the integrated
measurement of the middle tank (Experiment 2)

Algorithm  EB-PF AS-PF JFM-PF EB-UKF AS-UKF JFM-UKF
Left tank  0.1304 0.1308  0.1302 0.1296 0.1295 0.1301
Middle tank 0.0094 0.0093  0.0132 0.0069 0.0070 0.0118

Tables 2.6 and 2.7 present the estimation errors in each experiment. Figures 2.11 and
2.12 show the estimates of left and middle tank levels in two experiments. The algorithms
JFM-PF and JFM-UKF are PF and UKF approaches that only use fast measurements. The
difference between the results of EB-PF and AS-PF is very small, as is the difference between
EB-UKF and AS-UKF. A comparison of the results reveals that including the slow delayed
measurement can improve the estimation of the corresponding variable that is measured
directly. In the first experiment, as the slow laboratory measurement is the integrated left
tank level, the estimate for the left tank level is much more accurate than that obtained just
using fast measurements. For the same reason, in the second experiment, the estimation

error of the middle tank level is much smaller. However, the accuracy for the variable which
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Figure 2.11: Estimates of the left and middle tank levels in the first experiment

is not directly measured does not actually improve, especially in the first experiment, the
estimation error of the middle tank level increases. From Table 2.6 and Figure 2.11, we can
see the estimation error of the left tank level is much larger than that of the middle tank
level when only fast measurements are used, which means the model mismatch of the left
tank is significant. Due to this reason, improving the estimate for the left tank level results
in bad estimation for the middle tank level.

Although the above results show that the exact Bayesian method and augmented state
method lead to about the same result, it is important to notice that the exact Bayesian
method has a smoothing step and needs to store the state trajectory before the slow de-
layed laboratory measurement arrives. This makes the exact Bayesian method have a heavy
computation load, especially for the PF-based algorithm, which is not good for online im-
plementation. On the contrary, the augmented state method is not only easy to understand,

but also fast in realization and computation.
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Figure 2.12: Estimates of the left and middle tank levels in the second experiment

2.6 Conclusions

The problem of state estimation for multirate measurements in the presence of integral term
and variable measurement delay is studied in this chapter. Two methods are proposed: one
is the exact Bayesian approach, and the other is the augmented state method. Both methods
are implemented on particle filter and unscented Kalman filter. By simulation and experi-
mental evaluation, we can find these two methods result in similar performances. Fusing the
slow delayed integrated laboratory measurements with fast online measurements can give us
more accurate estimates than fast state estimation. Since the laboratory measurement noise
is very small, the PF-based algorithms have the sample impoverishment problem which can

be relieved by increasing the estimated noise covariance artificially.
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Chapter 3

Parameter estimation for nonlinear
system with multirate measurements
and random delays

3.1 Introduction

In the previous chapter, we studied the state estimation problem for multirate nonlinear
system with integral term and random delays. In this chapter, we will focus on the parameter
estimation problem for the same system.

Expectation maximization (EM) is a standard algorithm for parameter estimation in
state space models [42]. There are two steps in the EM algorithm, the expectation step and
the maximization step [12]. For linear systems with Gaussian noise, these two steps can be
solved analytically, and explicit equations for parameter estimation can be obtained [37], [41].
However, for most nonlinear state space models with Gaussian or non-Gaussian noise, the
expectation and maximization cannot be performed explicitly. A number of approximations
have been proposed in the literature [28]. For instance, Monte Carlo sampling techniques
have been utilized to perform the expectation step [2], [44]. Ghahramani and Roweis [24]
used extended Kalman smoothing to estimate the states in the expectation step. In [25], a
Taylor’s series expansion of the process around a maximum a posteriori estimate of the state
is used. Gopaluni [28] used a particle smoother to approximate the smoothing densities. In
[13], [14], the smoothing densities in the expectation step are reduced to filtering densities
using the particle filter for decreasing the computation cost.

The identification for nonlinear and multirate systems with single measurements and

random delays is well studied in literature. In [51], Xie et al. proposed an EM-based al-
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gorithm to estimate parameters along with the time delays for FIR models by considering
the time delays as hidden latent variables. Zhao et al. [53] provided a variational Bayesian
(VB) approach for ARX models with time varying time delays. In [8], Chen et al. extended
the algorithm in [53] when the interval of varying time delays is unknown. The problem
discussed in this chapter is however more complicated and challenging. The objective is to
estimate parameters and delays for nonlinear state space models with regular fast-rate mea-
surements and slow delayed laboratory measurements. By fusing the slow delayed laboratory
measurement with the fast-rate measurements, the estimated parameters are supposed to be
more accurate than just using fast-rate measurements.

The remainder of this chapter is organized as follows. Section 3.2 states the parameter
estimation problem of multirate systems in the presence of uncertain random delays. The
next section applies the EM algorithm to solve this as well as a traditional single-rate iden-
tification problem as a comparison. Section 3.4 provides the particle filter implementation
of the proposed algorithm. Two simulation examples along with a hybrid tank experiment

are presented in Section 3.5, followed by the conclusion.

3.2 Problem statement

Consider the following discrete time system:

x = f(Tp-1,up-1,0") + Wi (3.1a)
yl = b (2, 07) +of (3.1b)
yzg(]) = h" (m5j+lj? Qm) + U]Tgr;(j) (31C)

where x € R" is the system state, and the initial state zy follows the distribution p (zo);
up € R™ is the input vector which is known (for the sake of simplicity in presentation, it
is omitted in the following derivation); y,f € R is the fast and regular measurement and
Yr.) € R"™' (j € Z,) is the slow and irregular laboratory measurement; and f, h/ and h™ are
nonlinear functions with parameters 6%, #f and 6™, respectively. The noise terms wy, € R™
v,{ € R™ and Vge( ) € R"™" are i.i.d. Gaussian with zero mean and covariance matrices @,

R/ and R™, respectively. mg,+; € R"™ is the integral term which represents integral of the
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samples collected from time instant s; to s; +1; (I; € Z), and it is defined as

S]'Jrlj

1
iy = —— 3w, 2
M, 41, i1 x (3.2)

i=s;

As the slow irregular laboratory measurement Yir(i) is usually delayed but much more
accurate than the fast measurement, the measurement arrives at time step ks(j) = s;+1,+d;,
where d; € Z is the delayed time, and the noise covariance R™ is much smaller than R’
The delayed time d; is assumed to follow a uniform distribution between 0 and M, i.e.,

1
M +1

p(d; =tr) for t=0,1,---, M (3.3)

where r € Z, is the delay ratio. The sampling interval of laboratory measurements is p;
with p; > l; +d; + 1, so sj11 = s; + p;. The whole system can be represented as shown in
Figure 2.1.

In this chapter, we assume that all parameters are unknown except the integral time /;, as
it can be measured directly during the sample collection interval. Therefore, the parameters
that need to be estimated are system parameters 6%, #f and 6™, the noise covariances @, R/
and R™, and the delay time {d;,ds,--- ,dy,, }, where N,, is the number of slow sampled and

delayed laboratory measurements.

3.3 Formulation of parameter estimation based on EM
algorithm

In this section, two cases are considered. The first case is to estimate parameters 6% and 6/
using only fast measurements. In the second case, both fast measurements and slow sampled
and delayed laboratory measurements are used to estimate 6%, / and ™. The reason to
include the first case is to provide a comparison of the accuracy of estimated 8* between the

two cases. The EM algorithm used in this chapter is briefly introduced in Section 1.4.1.

3.3.1 Using only fast measurements

In this case, the observed output data Y, are Y/ = {y{ ,yg R ,y%}, while the hidden
states X = {xg,x1, -+ ,xr} can be viewed as the latent data in the EM algorithm. Let
e/ = {99”, 67, Q, R’ } represent the overall parameters to be identified. Then, the @) function

46



Q1 (07107) = Exys of {In[p (v, X [ ©)]}
:/m p(Y/, X |0N]p(X Y/, 0])dX (3.4)

= /hl [p (%:TW{;T | e’ ] p (%:T | y{m @£> dxo:p

where O/ is the estimate of ©/ after n'" iteration.
In equation (3.4), the first term on the right hand side can be derived as follows, according

to the hidden Markov property:

T T
p (%:T;Z/{;T \ @f> = p(ﬂio) HP (Ik ! Th—1, @f) Hp (y,f \ T, @f> (3-5)
k=1

k=1

where p (xk | Tx—1, @f) and p (y,{ | z, @f> for k = 1,---,T are determined by equations
(3.1a) and (3.1b), respectively. Substituting equation (3.5) into equation (3.4), the @ func-

tion is derived as

Q. (07| ©]) = /hl [p (xO:Tay{;T | @fﬂ p (1’0:T |yl @£> dxo.r

— /111 [p (x0)] p (l‘O:T | y{:T,@£> dzor

T
T Z/ln [p (:Uk | 1, @f)] p (xO:T | y{:Ta @£> dxo.r
k=1

- i/ln [p (yl{ |z, @f>] D <$0:T ‘ y{;p@f;) dxo.r
k=1

With further normalization of the states, the ) function can be written as

(3.6)

@ (07 161) = [l p (0| ol ©F) deo

T
+ Z/ln [p (xk | Tp—1, 9f)} p <$k—1:k | y{;T? @7{> g1k (3.7)
k=1

+ i/ln [p (?/1]; | -fk,@f)} P (xk ‘ y{:T7@£> dxy,
k=1

Thus, to evaluate and maximize the () function, the unknown statistics are these smoothing
T T
densities {p (xk_lzk | y{.T, @5)} and {p (mk | y{,T, @ﬁ)} . Due to the iterative nature
' k=1 ' k=0
of the EM algorithm, the smoothing step has high computation cost [14]. A practical solution
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is to replace the smoothing densities with filtering densities which can be easily obtained

from Bayes filters. That means the ) function is approximated as follows

Qi (07 0f) ~ / In [p (20)] p (o) do

T
+ Z/ln [ (zn | 21-1,07)] p (kalzk | y{:ka @fz) )1k (3.8)
k=1

o3 [l (o 1007)] o o0 02
k=1

The implementation of the particle filter will be introduced in the next section.

3.3.2 Using both fast and slow delayed laboratory measurements

Consider the observed output data are fast measurements Y/ = {y{ , yg o ,y:];} and slow

delayed laboratory measurements Y™ = {912(1)7 Yir@) ,yzz(Nm)}. The hidden latent data
are states X = {xg,x1,--- ,2r}. The parameters to be estimated are delayed time I' =

{di,ds,- -+ ,dn,, } and O™ = {9$,0f, Q,R/,0m, Rm}. Then, the ) function is given by
Q2 (0,0™ | T,,0) = Expyrymr,en{ln[p(Y/, Y™, X |T,0M)]} (3.9)

where I',, and ©" are the estimated parameters after n'* iteration. Specifically,

Ly ={(d1),,(d2), -, (dn,),} (3.10)
on ={60:,65,Q, k.0, R } (3.11)

The joint density p (Yf Y™ X | T, @m) in equation (3.9) can be decomposed using the
Bayes’ rule as
p(Y Y™ X|T,0™) =p (Y™ Y/, X,I,0")p(Y/,X|T,0m) 5.12)
=p(Y" Y X, T,0™)p(Y/ | X,[.0™)p(X |T,0)
Using the Markov property and the fact that slow and delayed measurements Y™ are inde-

pendent of fast measurements Y/, the first term on the right hand side in equation (3.12)

can be further written as
p(Y" Y, X,T,0™) =p (yZm:ks(Nm) | Yl o, duin,, @m>

=D (QZZ(1);kS(Nm) | 2o, di.n,,, O™)
Npm

- HP (yg(j) | $S]’15j+lj7dj’ @m)

j=1

(3.13)
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where s; = ks(j) — l; — d;. Similarly, because fast measurements Y™ and states X are

independent of delay I', the second and third term can be simplified as follows:

p (Y1 X.1,6") = p (vls | 2or, di,,, ©")

p (yf;T | our, @m) (3.14)
= ﬁp <3/1{ |z, @m>
k=1

p(X |[,0™) =p(zor | din,,,O™)
(

=p(xor | O™
p (zor | ) (3.15)
T

= Hp(ﬁk | 2—1,0™) p ()
k=1

Thus, substituting equations (3.13)—(3.15) into equation (3.12) yields
Nm
p (Yf> YmaX ‘ Fa @m) = Hp (y;cns(]) ’ I'Sj:Sj—i-lja dj7 @m)
= (3.16)

T
< [[» (?J/: | zk, 9m> p (x| Tp-1,0") p(20)
h=1

Substituting equation (3.16) into equation (3.9) leads to the derivation of the @ function

as

Nm
QQ (F, o ‘ Frm @Zb) = EX|Yf,Ym,Fn,®{{" {Z lnp (y;cné(]) | Lsjisi41s dj7 @m) + lnp (:EO)}

J=1

T
+ Exjysymr,.om {Z [hlp (?J;{ | 2, @m> +1Inp (x| T_1, @m)} }

k=1

Nm
= Z/ln |:p (yZZ(J) | x8j55j+lj7dj7 @m)] b (xO:T | va Ym; Fna 67’2”) dzOZT
j=1
T
+ Z/ln |:p (y]]; | Tk, ®m>i| p (IO:T | Yf7 Ym7 Fnu @:LTL) d$O:T
k=1

T
+ Z/ln o (x| 25-1,0™)]p (zor | Y/, Y™, Ty, OF) dzor
k=1

+ /ln [p (zo)] p (3?0:T Y/ Y™ T, @;n) dxo.r
(3.17)
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With further marginalization of the states and delay time, the ) function can be rewritten

as

Q. (T,0™|T,,0m) = /m [p (o)) p (0 | Y/, Y™, T\, ©F) dg

+Z/ln [0 (i) | @sgssyrtys 4y ©™) ] P (Tgisyn, | YT Y™ D0y OF) divis,
=1
T
k=1

T
+Z /hl [p (7 | 211, 0™)] p (xkflzk \ Yf,YmaFm@;n) dTp—1:%
k=1
(3.18)
where the calculations of {p (@4, | Y/, Y™ Ty, O) };Vzml’ {p (o | Y7, Y™ T, 07) }zzo

and {p (Jfk—l:k | Y/, Y™ T, @?)}Zzl are smoothing problems, for which the computation

cost is high. Therefore, the smoothed densities are approximated as

P (Toysyity | YT Y™ D0 O01) & p (205,405 | Y1:y4055 s OF) (3.19)
p(ze | Y, Y™ T,,00) ~p (x| yig, Do, OF) (3.20)

P (Tr_1 | Yf,Ym,Fn,@ZI) p(Tp_1k | Y16y T, OF) (3.21)
p (x| Y, Y™ T, 00) ~ p(20) (3.22)

where y.; is defined as yi. = {ylk,yk ])} with ks(j) — (d;), < k, for notational
simplicity. Thus, the remaining task is to calculate the approximated densities in equations
(3.19)-(3.21). The particle filtering method is introduced in the next section.

3.4 Parameter estimation using particle filter

3.4.1 Using only fast measurements

T
Using the particle filter, the densities {p <xk ] y{,k, @ﬁ)} in equation (3.8) are approxi-
' k=1

mated as follows:

N
P (xk | y{:k, @£> = Zw,{(i)é (xk — xi(i)) for k=1,---,T (3.23)
i=1
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1)

where N is the number of particles, and wj; "’ is the weight of particle xi(i). The joint

T
densities {p ($k—1:k | y{,k, @ﬁ)} are approximated as
' k=1

N
P (:Jck_lzk \ y{:k, @fl) = Zwl’:%ké (xk_l — xﬁ%) ) (a:k - xi(l)) for k=1,---,T (3.24)
i=1

where
£ f( f(i
) wk(—ip (xk( ) | xk(—)h @fi)
Wik = v - ~
Sl (0| 107, 61)

The initial state distribution is approximated as

wa(z <a: —x (2)> (3.26)

Substituting equations (3.23)—(3.26) into equation (3.8), the ) function is derived as

@f | @f Zwo ln[ < 7 )] + iw,{ 1k 10 [ ( i(i) ’xig)la@f)}

(3.25)

Mq

e (3.27)
S b0
where
D (:Bi(i) ] xi(f)l, @f> = mexp {—% [xi(i) —f (xiu)l,ex)r@—l [-- ]} (3.28)
p (ol 1417.07) = mexp{—% 0! (o.01)] (r1)7 [...]} (3.29)

Therefore, the () function is finally derived as

@f | @f wa( ln[ ( )]
+ZZ% 1|k{ [ (2m)™ |Q|} —% [%js(i) —f (:ci@l,m)r@—l [...]}

ot o [Vt w] g v (0] )
o (3.30)

The algorithm is denoted as EM1 and can be summarized as:
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1. Initialization: Initialize the parameter ©/ to ©J. Set n = 0.

2. Eaxpectation: Evaluate the approximate ) function according to equation (3.30) using

the current parameter estimate Oy .

3. Mazimization: Maximize the approximate @ function with respect to ©7 and obtain

the new parameter estimate @£+1. Set n =n+ 1.

4. Iteration: Repeat steps 2 and 3 until the convergence condition is satisfied.

3.4.2 Using both fast and slow delayed laboratory measurements

To derive the @ function in Section 3.3.2, probability densities {p (zy | ylzk,Fn,@;”)}le,
{p (1% | Y1k, T, @;”)}le, and {p (:Csj;sjﬂj | Y1:s;+1; I, @?) }j\f:ml must be obtained. Since
the delay of slow laboratory measurements is estimated and the calculation is off-line, the
slow laboratory measurements can be treated as if there is no delay; this makes fusing two
measurements simpler.

First, consider an augmented set of states:

a _ xs?"‘lj

Lsnti; = { M, } (3.31)
where
1
mg"}-‘,—lj = ms”-l—lj—l + :L‘Sn-i-lj (333)
J J lj +1 7

1 5?4’1]‘71

Menyl,—1 = 77— T; (3.34)
7 lj +1 ;

J

with (d;), being the estimated delay of slow laboratory measurement Ye (i) after n'* EM

iteration. An augmented measurement at time step s} +1; is defined as

Yhoir
Wi, = |5 (3.35)
ks 3)
. W e |RTO
The covariance of Yy, 18 R* = [ 0 Rm] .
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Using Bayes’ rule, the posterior density of state p <33?n+l]- \ Yis? 15 r,, @nm) is calculated
J
as
p <xg;?+lj | yl:s;?—&—ljarm @nm> =

a a m a m
p (ysgurzj | Lsn i Iy, O5 ) p (l’syﬂj | Yrsn41;—-15 Iy, @n)

(3.36)
fp (ygyﬂj | x?yﬂjarm Gnm) p <xg;?+lj | Yisn41;—15 Ly, @:zn> dm‘;?ﬂj
The first term in the numerator is obtained as
a a m 1 1 a a a T a\—1
p (v, | 0%, Do O3) = ———=exp{ =2 [uf0y, =" (2%, ) | (B
(2m)™ | Ry
(3.37)
where
ny = n?]; +ny' (3.38)
« _|RL 0
Ry = 0 an] (3.39)
i hf (l’sn—&-lj) 8f>
h® (x(sln+l') = ’ (3.40)
Jg ' hm (ms;Urlj; 6m>

The second term in the numerator can be computed as

a m —
p ('rs?Jrlj ‘ y153?+lj*17 an @n> —

a a m a m a
/p ('Ts;?—i-lj ‘ ws?-l—lj—l? @n > p (xs;.‘—‘rlj—l | yl:S?-Hj—l? F’ﬂ7 @n > dxs?—i—lj—l (341)
where

Tsnql;—1
Tonyp, 1 = . (3.42)
i Mesn1;—1

The transition density p (x‘% i ]:Lﬁ? Hj_l,@?) is determined by the following equation
(3.43), with consideration of equations (3.1a) and (3.33),
f(xs’? l-—1702> Wgn 4] —

A T (3.43)

a
., =
s"41,
5Tl 1 x ——Wen .1
Mign 1,1+ —lef (xs;+zj—1, 9n> L+1Wsh+,

Assume that p (x;‘nﬂjfl | Yrsnt,—1, Un, @f) in equation (3.41) can be approximated by
J

‘ , N
the particle set {xzﬁlj_l, wjﬁ,j_l}i_l using the particle filter.

N
a mY) _ a(i) a a(i)
p (%;Hj—l | yl:s?+ljfl>rn7 @n> = E :ws;urlj—ﬁs (xsg+lj—1 - $sy+z]-—1> (3.44)
i=1
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: N
To construct {xj,@rljfl, wj,S’) ‘71} , we need the particle set that approximates the density
J J =1

P <I?;l:s;‘+lj71 | yl:s?—‘rlj—l; F’ru G)Zl)) Le.
a m E : ( )
p (‘rs?:sgurljfl ’ yl:s?—i-lj—l; Fn? ®n> w ”—',—l -1 ((L’s R s sl — > (345>

. N
Using the property of the particle filter, the smoothing particles {x%}zs? +lﬂ'_1}z‘:1 can be
) N
obtained by storing and resampling the particle trajectory, and {wéln)_sn ijl} are the
77 i=1

particle weights of state posterior density p <.Ts;r_l+lj_1 | y128?+lj_1,Tn,@nm>. Therefore, the

particle set of the augmented state at time step kg(j) — 1 is

(%)
a(i) _ s+—1
Lonti;—1 = [ (7) ] (3.46)
Megn 1,1
Wiy = Wiy (3.47)
where
STl —1

M1 = Z 2! (3.48)
Substituting equation (3.44) into equation (3.41) results in
N
a m a(i) a a(i)
p (xs;.urz]. | Yr:sntt;—1, I, @n) = Z wsg(wzj—l(g (xs;urzj - Isij) (3.49)
i=1
aiiy N
where particles {Isn +lj} are calculated through equation (3.43).
j i=1
Next, substituting equation (3.49) into equation (3.36) yields

a m —
P ('rsgurlj ‘ y158?+ljarn7 @n> -

N war(flz P (ysw |$“ff+z ,Fm@ﬂ

D

“ a(k) a m
i=1 Zk:l ws;+lj—1p Ysnti |xs;+lj>rm@n

a a(i)
)5 (:csyﬂj — Hj) (3.50)
Assume p <:L"§n+lj | Yissmt; r,, @?) can be represented as
J

P (wg?-i-lj ‘ yl:s?+lj, Fn, @:Ln) Z wa’ﬂlj_[ 5 (a:??-i-lj — xCSL;(-LZj-lj) (351)
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Comparing equation (3.50) with equation (3.51), we can easily find that

a(z) a [l(Z) m
o Weny1;-1P <ys;.l+zj | Ton ity Lns O >

il a(k) a(k)
a m
Zk 1 Wsny; 1P (ys;+zj |z ST+l L, O >

(3.52)

J

After computing the weights, the posterior density of state Tsnti; and Mgn i, Can be repre-

sented as
N . .
p (xs;.urlj ’ yl:s;Urlja Fna @ZL> = ng?'i'lj(s <x5?+lj - $£?+l].> (353>
=1
N
m\ _ (@) (4)
b (ms;”-Hj | yl:sy+l]~a Fna @n) - Zw8?+l]‘5 (msy-‘rlj - ms;?—l—lj) (354>
=1
where
(@ _ , a(i)
wil,, =wi, (3.55)

Thus, the probability densities p (xy | y1.x) for k = ks(1), -+, ks(V,,) have been derived,
while densities for the other k£ values can be obtained through the general particle filter

using fast measurements and represented as

p (x| yig) Zwk (x - x,?) (3.56)

The joint densities p (zx_1.4 | y1.x) for k =1,--- | T are approximated as
p (Tt | Y1) = Zw,@l'kd ([L’k_l — :17521> ) <$k — a:,(j)) (3.57)
i=1
where : o
(i i i
(%) - wk—lp <‘rk ’ xk’—l)

Wy = - - (3.58)
ZN 1 w/E: )1p< g | xl(c—)l)

and the initial state distribution is approximated as

N .
=3 s ( o — xgw) (3.59)
=1

Therefore, the remaining task is to calculate {p (l‘sj;sﬁzj | Y1:s;+1;> I @Zl) }j\f:ml Since

y}gz( i) depends on my,;; and my, 4, is a summation of states xs,.s;41;, the first term on the
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right hand side of equation (3.18) can be calculated as

N,
Z/ln [p (yZZ(j) | xsjiSjJrlj’dj:@m)] p (xsj:sj+lj | Yf7Ym’F">®:Ln) dxsg‘iﬁj“j
j=1

Npm,
~ Z/ln [p (y/?'lm | M+ dj, @m)} p (m8j+lj | Yissjtys I, @nm) dejHj (3.60)
j=1

Now, we can see the problem is that there exists no analytical representation of the above

equation as the delay d; is unknown. A practical solution is to assume d; = (d;) , so

n’

Npm,
Z/ln [p (ZJ/Z(;’) | xSa‘iSjJrlj’djv@m)} p (xSijHj | Yf’Ym7Fn7@nm) dxsg‘iﬁfrlj
j=1

Nm
~ Z/lﬂ [P (yﬁ(j) | Mesntl;s (dj)n ) @mﬂ p (msyuj | Y1:s?+1;5 Ly, @nm> dmsj+zj
7j=1

Nm N

~ (@) m (4) m
~ Z Zwsyﬂj In [p <yks(j) | Megn i1 (d;),,© )}
j=1 i=1
(3.61)
where the final representation is obtained by substituting equation (3.54) into equation

(3.61).
Substituting equations (3.56)—(3.59) and equation (3.61) into equation (3.18), the @

function is derived as

Q. (I,0™|T,,0m) %iwéﬂ In [p (xél)ﬂ +

N, m

N
Zws?ﬂj In [p (yks(j) | Mign 1,5 (d), . © )]

=1 i=1

T N ' ' T N . ' .

3>l o (g 1 0m) ]+ 30D wl o in o (2 |22, 0m)]
k=1 i=1 k=1 i=1
(3.62)
where
p (yg(j) | mg?ﬂﬁ (dj)nma> =
1 1r,, - ; N1T

|exp{—§ iy = 17 (g 0m)] (1} 03)

(2m)" |Rm

p (x,(;) | x,(fll, ®m> = m exp {—% [xéf) —f < ,(jll,ez)]TQ—l [-- ]} (3.64)
P (y}: | x,(j), @m> = m exp {—% [?JIJ: — h’ (x;i)’ HfﬂT (Rf)_l [ ]} (3.65)
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Therefore, the () function is finally derived as

Q,(T,0™|T,,0r) ~ ﬁ:w(()i) n [p <$éz)>}
+Zzw"+z { { (2m)" le]—%[y hm( nH,em)r(Rm)—l[...]}

7=1 =1

+2T:§:wl(j){_1n{ (27r)"5|Rf| _%[y]{_hf <xl(ci)’9f>]T(Rf)_1["-]}

k=1 i=1

+Zzwk 1k{ { (2m)™ |Q|] - % [a:(') f <mk 1,9I>]TQ—1 [...]}

k=1 i=1

(3.66)
It should be noticed that the delay I' cannot be estimated by maximizing Q5 (0™ | ©O7)

above. To estimate d; for each slow laboratory measurements Yir (i) the maximum a poste-

riori principle can be used:
()41 = arg maxp (dj | X, Ym) (3.67)

where X is the estimated state trajectory obtained from the particle filter using parameters

©;". The posterior density of d; can be calculated using Bayes’ rule as
D (dj =tr| X,Ym> :p(dj =tr | mt,y;’;(j))
P (yzz(j) | Xy, d; = tr)p d; =tr | my)

(
SMop (yzz(j) | Ty, d; = nr)
(
)

(3.68)

where

) |
1y = Sy (3.69)

li+1 k=ka(j) 1, —tr

So the algorithm, denoted as EM2, can be summarized as

1. Initialization: Initialize the parameters ©™, I' to OF, I'y. Set n = 0.

2. Ezpectation: Evaluate the approximate @) function according to equation (3.66) using

the current parameter estimates ©)" and I'),.
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3. Maximization: Maximize the approximate () function with respect to ©™ using I' =T',,,

m
n+1-

(3.68) for j =1,2,--+- | N,,,. Set n=n+ 1.

and get the new parameter estimate Obtain I';, 1 by maximizing wj, in equation

4. Iteration: Repeat steps 2 and 3 until the convergence condition is satisfied.

3.5 Simulation and experimental study

In this section, the proposed method is evaluated through simulation and experimental
studies. In the first simulation example, fast measurements with different noise covariances
are used to test if fast measurements will influence the performance of EM2. In the second
simulation example, EM2 with known delays is also examined. In the third example, the
proposed method is experimentally studied on a hybrid tank with different slow delayed
laboratory measurements. The details of EM1 and EM2 implementations are also shown in

the third example.

3.5.1 Nonlinear process example

Consider the following nonlinear process taken from [25], [28]:

Tpi1 = axy + buy, + wy (3.70)
yl = ccos (z1) + v] (3.71)
3/12(]) = Mg + UIZZ(j) (372)

where wy ~ N (0,Q), vy ~ N (0, RY), v ;) ~ N (0, R™) and a = 0.9, b= ¢ =1, Q = 0.001,
R/ = 0.1, R™ = 5 x 107%. The integral term ms; 14, is calculated through equation (3.2),
where the sample collection time /; randomly varies between 1 and 2, and the time delay d;

for laboratory measurement Yir (i) follows the uniform distribution:
p(dj=t)=- for t=0,1,2 (3.73)

The data set collected from the nonlinear process is shown in Figure 3.1. There are 100
fast measurements and 9 slow delayed laboratory measurements in this data set. In the
simulation, R/ and R™ are assumed to be known, while a, b, ¢, Q and d; are the parameters

~

to be estimated. The initial parameter estimates are a = b = ¢ = Q = 0.5, and ch = (0 for
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j=1,---,Ny. In the PF approximation, N = 150 particles are used. Figure 3.2 shows the
trajectories of the parameter estimates when both fast and delayed laboratory measurements
are used. Correspondingly, the estimated delays are plotted in Figure 3.3. Table 3.1 contains
the parameter values after 100 EM iterations, where EM1 represents the algorithm using only

fast measurements and EM2 uses both measurements. For comparison, the simulation result

when Rf = 0.4, R™ =5 x 107% is also included.

Table 3.1: Parameter values after 100 iterations

R =0.1 RI =04
Parameters EMT EM2 EMT EMD
a=20.9 0.9022 0.8993 0.8808 0.8934
b=1 1.0106 1.0050 1.0657 1.0681
c=1 1.0028 1.0044 0.7950 0.7841
@ = 0.001 1.3585 x 10710 1.0795 x 107 6.5368 x 1071 6.2305 x 1077
The number of
correctly estimated - 8 - 6

delays (N,, = 9)

Table 3.2: State estimation errors (ARMSE) of particle filters for different algorithms using
the final parameter estimates

R =0.1 RI=04
EM1 EM2 EM1 EM?2
ARMSE  0.0925 0.0913 0.1164 0.1147

Algorithms

As can be seen from Table 3.1, although the estimated () is much smaller than the true
value, parameters a, b, ¢ can converge to the neighbourhood of true values. When the
noise variance R’ is increased from 0.1 to 0.4, the errors of estimated parameters are also
increased, especially for the estimate of ¢, since the parameter c is directly related to the fast
measurements. It is seen that algorithm EM2, which combines two measurements, performs
slightly better in the estimation of @ and b than EM1 in this example. Table 3.2 contains
the ARMSE over 100 Monte Carlo simulations for state estimation with particle filters that
use the final parameter estimates of EM1 and EM2. It shows that EM2 can also result in a
better state estimation than EM1.

29



6 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100

Time step

Figure 3.1: True states, fast measurements and slow delayed laboratory measurements with
RI =01, R"=5x10"°
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Figure 3.2: Parameter trajectories using both fast and delayed laboratory measurements
with R = 0.1, R =5 x 1076
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Figure 3.3: The estimations of delays with Rf = 0.1, R™ =5 x 1076

3.5.2 Semi-continuous fermentation example

A model of the semi-continuous (fed-batch) fermentation of baker’s yeast is tested here.
Assuming Monod-type kinetics for biomass growth and substrate consumption, the system

is described by the following equations [5], [14]:

dlL’l 011’2

— = —up — 0 3.74
dt (92 + 29 e 4) o (8:74)
dl’g . 931‘11’2

N +uy (up — 72) (3.75)

where z; is the biomass concentration (g/L), xo is the substrate concentration (g/L), u; is
the dilution factor (h™'), and wuy is the substrate concentration in the feed (g/L). 6y, 05, 03
and 0, are the system parameters with true values of ; = 0.31, 6, = 0.18, #35 = 0.56 and
04 = 0.05. In the simulation, the system is discretized with a sampling time At = 1 min
with state covariance ) equal to 107*7. The fast and slow delayed laboratory measurements

are
f_ f f f
yp = [1 O]ax+vy v, ~N(0,R) (3.76)
vegy =1 0l m, +0ilg) vl ~ N (0,R™) (3.77)

where Rf = 0.05, R™ = 5 x 107%, the sample collection time [; of integral term my, 1y,

randomly varies from 1 to 5 minutes following a uniform distribution, and the time delay d;
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also randomly varies between 0, 10 and 20 minutes which means p (d; = 10t) = 1/3 for ¢t =
0,1 or 2.

Assume ¢, and 6, in equation (3.74) are unknown. 7" = 2000 fast measurements and
N,, = 65 slow delayed laboratory measurements are collected from the process simulation,
which are shown in Figure 3.4. The parameter estimation algorithms proposed in Section 3.4
are applied to this data set. The initial guesses of two parameters for both algorithms are
6, = 0.1, §; = 0.1. The initial values for all time delays are set to zero. N = 200 particles
are used for the particle filter approximation. EM1, EM2 and the EM2 version that uses
laboratory measurements with known delays are simulated in this example.

After 100 iterations, Figure 3.5 shows the parameter trajectories for each algorithm. The
parameters converge to the neighborhood of the true parameters. Although the trajectory
trend of each algorithm is similar, Table 3.3 shows that the parameter estimation results
of EM2 are closer to the true values. The delay estimation is shown in Figure 3.6 and
the delay estimation accuracy of EM2 is about 81.5%. However, EM2 with known delays
performs worse than EM2, which seems unreasonable. The possible reason is the particle
filter approximation. In Table 3.4, the algorithm EM2 with known delays has the smallest

error in estimates of state x1, which is measured directly.

Table 3.3: Parameter values after 100 iterations for the semi-continuous fermentation

process
EM2 EM2
Parameters EMIL (delay unknown) (delay known)
6, = 0.31 0.2831 0.2948 0.2901
0, = 0.05 0.0359 0.0439 0.0414
The number of
correctly estimated - 53 -

delays (N,,, = 65)

Table 3.4: State estimation errors (ARMSE) of particle filters for different algorithms using
the final parameter estimates for the semi-continuous fermentation process

. EM2 EM2

Algorithms EMIL (delay unknown) (delay known)
Biomass concentration x; 0.0474 0.0460 0.0393
Substrate concentration x, 0.0393 0.0437 0.0406
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Figure 3.4: True states, fast measurements and slow delayed laboratory measurements for
the semi-continuous fermentation process

0.3

0.25

0.15

01 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100

0.1

0.08

<" 0.06

0.04 - eS——Ssss=silC sommooT 4

0.02 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100

Iteration

Figure 3.5: Parameter trajectories for the semi-continuous fermentation process (EM2 jy.:
EM2 with delays are known)
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Figure 3.6: The estimations of delays for the semi-continuous fermentation process

3.5.3 Experimental evaluation on a hybrid tank

The proposed algorithms are experimentally evaluated on a hybrid tank at the University
of Alberta. The details of the experimental plant are introduced in Section 2.5.2. The
nonlinear state space model of the experimental plant derived using first principles modeling

is as follows [19]—[21]:

. —k 1
hy = —\/h; — hy, + —i (3.78a)

S1 l
.k —k
P = 8—1 hy — o + 5—2\/hm (3.78b)

where h; and h,, are the water level of the left and middle tank, respectively, g; is the flow
of the pump, s; and s, are the cross-sectional area of the tanks, which are equal to 243.22
cm?, and ki, ko are the coefficients of valves V; and V5 that need to be estimated.

In the experiment, a RBS signal input around the operating point is used as the flow
rate of the pump. The outputs of DP sensors are shown in Figure 3.7. To test the proposed
approaches, the nonlinear state space model is discretized with a sampling time At = 1 s,

using rectangular integration. The system state is defined as = = [k hm]T and the fast

64



measurement is 4/ = 2. Thus,

[ @k, 07) = oub” + bi (3.79)
W (xx) = ax (3.80)

where
0" = [k ko ]" (3.81)

1 T
l

It is assumed that process noise wy and fast measurement noise v,]; can be approximated

by zero-mean Gaussian distributions with covariances Q = ¢?I and R = 0.051, respectively,
where o2 is set as a small value (0.02%) to reduce the estimation error of #”. The initial guess
o follows a Gaussian distribution A ([44.19 34.83]" I )

In this example, we conduct two experiments. In the first one, the integrated laboratory
measurement is the integration of the left tank level, and in the second experiment, the
integrated laboratory measurement is the integration of the middle tank level [21]. Therefore,

the slow delayed laboratory measurement is
yZZ(]) = Cmmsjﬂj + UIZZ(]) (384)

where C,, varies depending on the experiment, v;" ) is the measurement noise which follows
a Gaussian distribution A (0, 02,) and the variance o2, is equal to 4 x 107%. The parameters
to be estimated are the delay d; for each slow delayed laboratory measurement y;" )

There are 7000 measurements obtained from DP level sensors as shown in Figure 3.7.
In the simulation, we assume the fast measurements are inaccurate and noisy. So the fast
measurement data used to conduct parameter estimation is the middle tank DP sensor
output, with artificially added Gaussian noise whose covariance is equal to R’. In order to
construct the slow delayed laboratory measurement, the values of DP sensors are integrated

over [; + 1 sampling instants as shown in equation (3.2). Specifically, the collection time of

samples [; randomly varies from 1 to 5 seconds following a uniform distribution, and the time
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Figure 3.7: Outputs of the left and middle tank DP level sensors

delay d; also randomly varies between 0, 1, 2 and 3 minutes, which means p (d; = 60t) = 1/4
fort=20,1, 2 or 3.

For comparison, EM1 uses the first 5000 fast measurements to estimate 6%, and EM2
uses the same 5000 fast measurements and N,,, = 25 slow delayed laboratory measurements
to estimate both #* and I'. Note that there are 7000 DP sensors measurements. Hence, the
remaining 2000 DP sensors measurements are used for testing the model.

In EM1, the @ function is calculated according to equation (3.30), where the first and last
term on the right hand side are independent on #*. So, maximizing Q) (6” | 67) is equivalent

to maximize the following equation:

F o | 67) ZZwk ) {—m{ (2n)" |Q|] B % M(i) iy <x£(zp@x>] 0! [...]}

k=1 i=1

1 N\NT
f f(@) (1) pa f(@)
_;;wk 1Ik[ In (270) — 202( ¢k 0 bk—l) ()}

(3.85)

Then, taking the derivative of F'(6* | 62) with respect to 67 yields
oF (&1 %) - INT (16 _ 410 go _ G
=350l | (60) (9~ sl 89| 3so)
k=1 i=1
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Figure 3.8: Parameter trajectories for the hybrid tank system (EM2j: EM2 using the
integrated left tank level as the laboratory measurement. EM2y,: EM2 using the
integrated middle tank level as the laboratory measurement)

To maximize F (6* | 67), the right hand side of equation (3.86) is set to zero and the new

parameter estimate 6, can be calculated by

Lrr nwn
0., = [Z > wl, (qbﬁ(“l)T ¢>£(">1] [Z S wl, (gb{“i)T (zgm B bg(’{)] (3.87)
k=1 i=1

k=1 i=1
In EM2, the parameters to be estimated are the time delay sequence I' and 6*. The
@ function is calculated according to equation (3.66). Since the parameter 6™ of the slow
and delayed laboratory measurements are assumed to be known, the new parameter esti-

O ORSVIONVIOR B
mate can be calculated using equation (3.87) by replacing {wkfuk, Ty, dr s bk—l} with
i=1

=

{w,g)ll . xk ,gbk L ,(f) 1}N derived from the particle filter using both fast and delayed slow
laboratory measurementls_.

In simulation, the initial guesses for parameters are {fﬁ = 25, ko = 13}, and (JZJ- = 0 for
j=1,---,N,. The number of particles in the particle filtering approximation is N = 200.
The estimations are terminated after 100 iterations. Figure 3.8 shows the trajectory of the
estimates for k; and ko. Tables 3.5 and 3.6 contain the final parameter values and test errors
for both levels, respectively. The test errors of EM2s are smaller than EM1, which indicates

that fusing the slow delayed laboratory measurements can indeed improve the accuracy of
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Table 3.5: Parameter values after 100 iterations for the hybrid tank system

Parameters EM1 EM2 EM2
(left level integrated) (middle level integrated)
k1 25.6248 25.6065 25.6165
ko 13.4859 13.4770 13.4821
The number of
correctly estimated - 13 16

delays (N,,, = 25)

Table 3.6: Test errors (RMSE) using the final parameter estimates of different algorithms
for the hybrid tank system

EM2 EM2

Test error (RMSE)  EMI (left level integrated) (middle level integrated)
Left tank level 0.1760 0.1309 0.1560
Middle tank level  0.0587 0.0328 0.0456

estimated parameters k; and ko, even when the estimations of delays may not be sufficiently

accurate.

3.6 Conclusions

In this chapter, the problem of parameter estimation for a nonlinear system with multirate
measurements and random time delays is studied. The proposed method is based on EM
algorithm by incorporating the delays of slow measurements as the parameter to be esti-
mated. In the expectation step, smoothing densities are approximated using the particle
filter. In the maximization step, delays are estimated by implementing maximum a pos-
teriori principle. Simulations show the proposed algorithm which uses both fast and slow
delayed measurements can provide more accurate parameter and state estimates than that

only using fast measurements.
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Chapter 4

State and parameter estimation for
the FWKO vessel

4.1 Process Description

A Free Water Knockout (FWKO) is a three-phase separator that is used to remove free
water held in the vessel and separate brine from crude oil. It is referred to as a three-phase
separator because it is capable of segregating oil, gas, and free water [22]. The principle of
FWKO is that the oily emulsion will get separated from the water because of the difference
in their densities, rate of flow, and residence time. Figure 4.1 is the picture of a FWKO
vessel.

In oil sands industries, it is important to control the water content in the emulsion
output of the FWKO to ensure the product quality. Therefore, the objective is to develop a
model for the FWKO output emulsion water content and estimate the water content. The
data set used in this chapter is collected from an industrial site, with the source withheld
for reasons of confidentiality. Figure 4.2 shows the process flow diagram of the research
object and the measured variable of each sensor is presented in Table 4.1. These online
measurements are sampled every 1 minute and can be treated as fast measurements. It is
known that the water content measured by sensor Al434 is not accurate and reliable. So the
operators also sample the output emulsion for laboratory analysis. The off-line laboratory
analysis is much more accurate, but is only available every 6 hours. Figure 4.3 shows the
comparison between the measurements from the online sensor and laboratory analysis, where
the measurements are resampled as introduced in the next section, and the Y-axis scale

is erased for confidentiality. It can be seen that the online measurement has an obvious
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Figure 4.1: Free Water Knockout (FWKO) [49]

bias compared to the laboratory data. Therefore, obtaining a more accurate and real-time
measurement of the output emulsion water content is desirable.

Considering this multirate measurements system, the algorithm proposed in Chapter 3 is
used to estimate the parameters as well as the states for FWKO vessels. The remainder of this
chapter is organized as follows. Section 4.2 introduces the procedure of data preprocessing.
Section 4.3 solves the parameter estimation problem for the FWKO vessel. In Section 4.4,
we focus on the state estimation for water content when the laboratory analysis delay is

unknown. The final section includes the conclusion of this chapter.

Table 4.1: Measured variables of the online sensors

Sensor Variable

FI451 Emulsion input flowrate (m?/h)

TI356 Emulsion input temperature (°C)
FFIC780 Clarifier injection flowrate (mL/min)
FIC435 Produced water flowrate (m?/h )
LHS433 FWKO level measurement (%)

T1437 FWEKO temperature (°C)
PIT431 FWKO pressure (kPa)
FIC434  Emulsion output flowrate (m?3/h )

Al434  Emulsion output water content (%)
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4.2 Data preprocessing

Before modelling the FWKO system, the original data set is needed to be preprocessed due
to the problems such as missing data, outliers and so on. The methods applied to deal with

these problems are briefly introduced in this section.

Dealing with missing data

Data points are usually missing due to sensors malfunction, process shut down or mainte-
nance activities. The missing value is filled by a random number from a Gaussian distribution
with mean p and variance o2. p and o2 are calculated according to the previous and future

measurements within a window as 200.

Dealing with outliers

Outliers are detected and replaced dynamically using the moving window Mean Absolute
Deviation (MAD) principle. The MAD around of a set X = {xy, 29, ,x,} is calculated
as follows [50]:

MAD (X) = %Z|xi—m(X)| (4.1)

The choice of measure of central tendency m (X) has a marked effect on the value of the
mean deviation. The two commonly used central points are the mean and median. Since
the mean value may be affected by other possible outliers in the chosen window, the median

value of the data set is used to calculate the MAD. So the data point z; is detected as an

outlier if

|z, — median (Z)| > 2M AD (Z) (4.2)
where the data set Z = {zk_1000, " » Zk—1, k41, " ** » k11000 } -
Resampling

Since there are a very large number of samples in the data set, the fast measurements are

resampled every 10 minutes to reduce the computational cost.
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Figure 4.4: Input data for the FWKO vessel

4.3 Parameter estimation for the FWKO vessel

Considering the continuity of the separation process in the FWKO, it is appropriate to use

a nonlinear dynamic state space model to describe the system as following:

T
Bk} _ [axkl + B 121671 + ccos xkl] N [wfl] (4.3)
k k—1 Vp_q
yl = exy, + by + v] (4.4)
y;;;j = ,[L‘SJ_ —|— UIZ;]' (45)

where 7}, is the emulsion output water content (%); by is the bias; wuy is the model input
including five variables: emulsion output flowrate, clarifier injection flowrate, FWKO level,
emulsion input flowrate and temperature, and the input data is shown in Figure 4.4; y,{ is the
fast measurement from sensor Al434; Yks, 18 the jth slow measurement with delay d; which
is sampled at s; and arrives at time ks;; wi—1, vl v,{ and ;" are assumed to be independent
and identically distributed Gaussian noises with variances @ = 1, Q* = 0.1, Rf = 4 and
R™ =1, respectively. So the parameters to be estimated are © = {a, B, c,e,d;.n,, }-

The proposed parameter estimation algorithm presented in Chapter 3 is applied to esti-
mate O in the state space model. But because the slow measurement in FWKO does not

have integral terms, some minor changes are made to the ) function. By eliminating the
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terms that are not related to ©, the ) function is given by

Q©16,) Zzw { \/W) (yk G;Ef b(l)}

k=1 i=1

(4) (4)

(xl(j) —az”y — BTup_y — ccos xk—l)z
+ZZwk 1k In (v/27|Q]) —

k=1 i=1 2Q

(4.6)

(4)

NN
where {xg),w,(;)} is the particle set from particle filter, w,”,,
i=1

equation (3.58).

is calculated through

By taking the derivative over the @ function with respect to {a, B, ¢, e} and setting it to

zero, the parameter estimates of the current iteration are calculated as

va 1 wl(g)1|kxl(;) 1 <xl(c) Bl'uj_1 — ¢, cos x](;L)
ap41 = ~ 0 0 (47>
Dimt Wy 1|k (Ik 1)

1
By = <Z Up_ 1Uk; 1) [Z Z w,(:ll‘k <xl(j) - anxgzl — ¢, COS x,(;zl> uk_ll (4.8)

k=1 i=1

Zé\il w/(gzuk cos xl(21 <$1(<;Z) - anl‘;(fll - Bzuk—l)
Cn+1 = 0 @ B} (49)
27, 1 W1k (COS Ly~ 1)
Zle val wl(c)xgc) ( )
enp1 = . (4.10)
Zk 1 Zz 1w ( )>

The delay is assumed to be 0, 1 or 2 hours and is estimated by applying equation (3.67).

In the simulation, the initial guesses for parameters are a = 0.5, ¢ = 1, é = 1, BT =
[0.01 0.01 0.01 0.01 0.0l} and ch =0for j=1,---,N,. The simulation is terminated
when the mean absolute error (MAE) between the estimated water contents from particle
filter and the true laboratory measurements stops decreasing. In particular, we consider two
MAE, for which MAE; and MAE, are the mean absolute errors after and before fusing the
laboratory measurements, respectively. Since we only have the references from laboratory
analysis, MAE, is a better criterion to evaluate the algorithms. Moreover, two algorithms
are simulated for comparison, where EM1 assumes there are no delays in laboratory analysis
and EM2 considers variable delays as described in Chapter 3.

Figure 4.5 shows the state estimation performance on the entire training data using EM1.

Figure 4.9 is a plot of estimated bias of the online sensor. The bias has a similar trend with
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Figure 4.6: Parameter trajectories of EM1 when using the entire training data
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Figure 4.7: MAE trajectories of EM1 when using the entire training data

the online measurements. Figure 4.6 and 4.7 plot the parameter and MAE trajectories,
respectively. As we can see, although the MAE trajectories converge, the parameter trajec-
tories are still changing. It is shown that the state estimation is not satisfactory, especially
in the time period before 100000 min.

Therefore, considering the instability of the laboratory analysis in this time period, we
discard the data points before 150000 min, and train a model on the rest of the data. In the
second simulation, the initial guesses are unchanged, but noise covariances are increased to
Q=6,Q"=1, R/ =6and R™ = 1. As seen in Figure 4.8, the state estimation performance
are improved. The corresponding parameter and MAE trajectories are shown in Figures 4.10
and 4.11, respectively. The parameter trajectories demonstrate that the parameter estimates
for ¢ and e have converged.

Table 4.2 shows the state estimation results in the last iteration for the two simulations.
It is shown that the proposed algorithm EM2, which considers the measurement delays,
provides best estimates on water content. The algorithm assuming no delays also performs

better than the online sensor.
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Figure 4.10: Parameter trajectories of EM1 when using a part of the training data
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Figure 4.11: MAE trajectories of EM1 when using a part of the training data
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Table 4.2: MAE comparison of different algorithms for the water content estimates

Simulationl Simulation2
Online sensor EM1 EM2 | Online sensor EM1 EM2
MAE; — 3.2104 3.0699 — 0.4799 0.4536
MAE, 6.1641 4.9642 4.6477 6.0341 3.0642 2.7650

4.4 State estimation for the FWKO vessel

In the previous section, we consider the parameter estimation problem and we also estimate
the states using the estimated parameters for the FWKO vessel. But in application, the
delay of the laboratory analysis is unknown and the objective is to obtain the estimated
water content in real time. Therefore, we focus on the problem of state estimation for the
FWEKO vessel in this section.

The state space model of the FWKO vessel is described in Section 4.3. The target is
to calculate the posterior density p (xksj | Y1:s;-1, yfj:ksj, yﬁj) when the laboratory analysis
arrives. In Chapter 2, the delay of the slow measurement was assumed to be known. Thus,
the first step is to estimate the delay d; of the current laboratory analysis Yis, 10 order to
apply the state estimation method. Similar to the parameter estimation, the delay can be

estimated by applying the MAP approach using the estimated states:
d; = arg max p <dj | Ths;—d; y;?lj) (4.11)
J

where s, 4, is derived from the particle filter using fast online measurements. The posterior

density of d; is derived using Bayes’ rule:

p <yg3 ‘ i‘ksj'fﬁt, dj = 6t) p<dj = 6t)

Zi:op <ykr:r;] | iksj—ﬁna d] - 6”) P (d] = 6n)

p (= 6t | dney a0 ) = (4.12)
After obtaining the estimated delay ch, the exact Bayesian method proposed in Chapter 2
can be utilized to estimate the states.

In this section, we use another data set that is sampled in a different time period for
testing the performance of the algorithms on data for which they were not trained. The
parameters used are obtained from EM?2 that considers variable delays. Table 4.3 contains
the MAE results for different state estimation methods, where JEM-PF is the particle filter

that only uses fast online measurements, EB-PF1 assumes no laboratory analysis delays and
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Figure 4.12: State estimation performance on the test data

EB-PF2 assumes variable delays. Furthermore, it is to be noted that the MAE is calculated
using the laboratory analysis that is assumed to have the delays as estimated in EB-PF2. As
we can see, the performance of the state estimators is much better than the online sensor.
The MAE difference between different particle filters are small, which shows the identified
model is well fitted to the system. By fusing the laboratory analysis and considering variable
delays, we can obtain the most accurate estimates of water contents. Figure 4.12 shows the

state estimation result of EB-PF2.

Table 4.3: MAE comparison of various particle filters for the water content estimates

. EB-PF1 EB-PF2
Online sensor  JEM-P (No delays) (Variable delays)
MAE 8.3373 3.8410 2.8644 2.8264

4.5 Conclusions

In this chapter, we solve the state and parameter estimation problem separately for the
FWEKO vessel. Parameter estimation results show that considering the laboratory analysis
delays can improve the estimation accuracy. State estimation performance demonstrates the

effectiveness of the identified model and the proposed state estimation approach.
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Chapter 5

Conclusions

5.1 Summary of this thesis

In this thesis, we consider the multirate processes with variable measurement delays and
integrated states measurements. Specifically, in Chapter 2, we proposed the exact Bayesian
approach and the augmented state approach to deal with the state estimation problem
for this system. Two approaches are shown to have similar performance by simulation and
experiment studies. Moreover, since we fuse fast and slow measurements, the state estimation
results are better than those which only use fast measurements. The improvement of state
estimation declines as the delay and integral time increase.

In order to estimate the states of the multirate process, an accurate representation of
the system is indispensable. Therefore, Chapter 3 studies the parameter estimation problem
when the delays of slow measurements are unknown. The parameters are estimated along
with the time delays using a particle filter under the framework of expectation maximization
algorithm. In the expectation step, smoothing densities in the () function are approximated
using the particle filter. Then, the ) function can be calculated numerically. In the max-
imization step, the parameters are estimated by differentiating the () function, while the
delays are estimated by applying the maximum a posteriori (MAP) principle. Simulations
show that the proposed algorithm can provide more accurate estimates of the parameters as
well as the states than that only uses fast measurements.

For further evaluating the proposed methods in Chapter 2 and 3, we discuss the im-
plementations to a FWKO vessel. In this application, the objective is to derive accurate
real-time water content estimates. There are online fast measurements with large errors and
off-line laboratory analysis for the water content. Thus, the FWKO vessel is a multirate
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system. It is noted that we do not consider the sampling collection time for laboratory
analysis since the time is very small compared to the sample time of the system. The first
step is to estimate the parameters and obtain a state space model for the FWKO vessel out-
put emulsion water content in which the algorithm proposed in Chapter 3 is applied. The
second step is to estimate the real-time state, which is the water content. However, since
the delay is unknown when the laboratory measurement is available, the proposed algorithm
in Chapter 2 cannot be directly implemented. Hence, we first estimate the delay using the
MAP principle and then apply the exact Bayesian approach to estimate the water content.

The results show the effectiveness and applicability of the proposed methods.

5.2 Directions for future work

In this section, we would like to share our perspective on the directions that are worthy of

future investigation based on the current results.

e In Chapter 2, we develop two algorithms and implement both the PF and UKF to
solve the nonlinear state estimation problem for the multirate system. In fact, the
two proposed algorithms are generalizable and many Bayes filters can be applied, such
as Kalman filter (KF) for the linear case, and extended Kalman filter (EKF) and
unscented particle filter (UPF) for the nonlinear case. By trying different filters, we

can find the best state estimates for a particular system.

e We have studied the normal state estimation problem for the multirate system with
variable measurement delays. There are still abnormal situations to be considered, for

instance, states with multi-modal distributions, states with constraints, etc.

e In Chapter 3, we estimate the parameters for the dynamic state space model using
the EM algorithm where we obtain a single point estimate for each parameter. We
can also apply the variational Bayesian (VB) algorithm to estimate the distributions
of parameters. In addition, other model representations for the multirate system can

be discussed.

e In the application example of Chapter 4, the laboratory measurement is quantized and

only even integers are recorded. If higher resolution laboratory measurements can be
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obtained in the future, we will be able to derive more accurate state and parameter

estimations for the FWKO vessel.
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