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ABSTRACT

' A covariant quantization of the electromagnetic
fieldjin the Hilbert space with indefinite metric'is,
studied. . There are two cases, which enable us to take the
view point tr the particle picture, for example, to show the
existence oR the three-dimensional Fourier transforms for
A (x) . \ | |
Each case is.investigated in COnnection_with~the
Goldstone theorem and the'Higgsfphenomenon using the Higgs
Lagrangianf A universal form of the generators }or the
gauge transformations is found. Moreover, 1it is shown that
* spontaneous breakdown of the global gauge transformation )
occurs, regardless of the charged fields which interact
with the electromagnetic field through the minimal coupling

It is shown that c@rtain conditions on the '
c-number functions appearing in conserved currents J
restrict the spectral representation for <[¢i(X) J (y)]>
where ¢1(x) represents a spinless field. It 1is shown that

the Goldstone theorem does not always apply when conserved

currents involve c—number functions.
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- “NOTATION W
</' A . L
. ' AL : - - .,. f\\“: , ‘.’1" . ‘
The followlng conventiohs«aﬂg\ﬁ§§\tion are used in

yor e b

this article. 4RI SRR

ap

R e
. ! RN PN o
The Lorentz suffﬁgies are 1Qdicated by Greek letter
’ -~ \37’ '

which run from 0 to 3,vand the Latin letters which run from 1
to 3 stand for the space components. » In the covariant

¢. leculation, the metric

Boo 1, By = —} for 7 i=1{2,3

£y = 0 e e

will be used. We designate

x*

(x°,%) = (t,x)

and X =g xv = (t,-x)

Vi
/ H [IRY
The it time-like vector n, is defined by

The notation Bu fmplies

3
"H

and the space-like derlvative ap s 1s defined by
- s '

3 - n (nd
% .s y = ny(nd)

>

where
ix

———

¢

~—

N

-



©_H
3 =
(n3) n au

v

3

‘Thé'symbol 5: appears 1in the combination
£z = 3 feog - I3
l-lg ' H & ug.
We define a'four-vector"differential surface area as

~dou'="(dxldxdeB,dxzdx3dxo;dx3QXodxl,dxodxldxz)

The symbol < >O stands for the vacuum'expectation value.
We use t for hermitean conjugate and % for compleiﬁconjugatiOn.
The notation ‘ "

<

Hhe
A
oI5
11}

Q

'will sometimes be QSed. The abbreviatien h.c. and c.c. are
used, respectively, for hermitean-and complex conjugdtion.
”“**///Ezﬁélly, we use natural units,throughout this

L

article, ir whi-h
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CHAPTER 1

" INTRODUCTION
oy

This clpapter 1s devoted to (1) a statement of the

A

problems, and (2) an outline of the follo;ingAcnapters.

(lf Tne Statement;of the Problems
_Qe shall state the main problems to be dealt with
in the following chapters_and explain them separately.
(i)'Is.the cevariant quantizetion of the eleetromagnetic
field possible° |

Mathews et al. (197&) proved that a covariant

quantization of the electromagnetic field must be formulated

in an indefinite- -metric Hilbert space. There appears the
negative norm in the quantization in the Hilbert$space with an-

indefinite metric. Tﬁis fact makes the probability interpreta-

‘tion difficult However, by introducing a certaln -covarlant

subsidiary condition we may. avoid this difficulty Strocchi)
(1964) proved- that the subsidiary condition was indispensable
for the covariant.quantization in the Hilbert space with an

indefinite metric , -

Nakanishi (1966) proposed a method for the covariant_
quantization for the eiectromagnetic field by- introducing the

auxiliary'scalar*field B(x). His formalism consists of the

following elementsﬁl

SN



(a) Hilbert space with an indefinite metric,

(b) the auxiliary field B(x),

(ec) he covariant subsidiary condition which defines

-
.

the physical states lphys>;'
, | , !

(+)|phys> =0 |,

where the symbol (+) stands for the positiveiw

frequency part of the field Here.- the physical

1

A 5
S ' state is subject to the probability interpretationh

N
AN

His theory is satisfactory in the sense that it removes most
of-the-well-known difficulties (for example, the difficu}ties

ofxfhe/positive definiteness for the Hamiltonian, normalization -
N

of the state vectors itarity of the S- matrix, the manifest‘i

covariance.of the: ,eory) Hewever, due te the existence of

the pathologica unction E(x) in his theory, the particle

picture does not apply . in the usual sense Is there any
method to avoid thi§ difficulty° We shall accomplish this
‘as follows. - ¢ | ' | .

We shall adopt (a), (b)vand (c)'and choose the gauge
parameter‘d in such a fashion that the pathological'function :
E(x) disappears from some of the covariant commutators In

this way, we ‘can take the view-point of the particle picture

- v

(ii) Is there a universal form of the generators associlated

with the gauge transformations° . ’ - .



When wé introduce the electromagnetic interaction
with the minimal coupling, the generators for the gauge
transformations. can be written in a uniyersal form regardless
of the charged fieids employed. This inplies that the
discussionvassociated with the gauge‘transfarmations has
universality independently of. the detailed structures for the

charged flelds’

(111) What 1s the applicability of the Goldstone theorem?
It is well—known that the Goldstone>theorem has been
proved only for thelcase'of conserved,q—number currents

(Goldstone, Salam, Weinberg, 1962). Is it applicable when the g

A
>

“conserved currents involve c-number functions? As an example
of such cases, 1f we agply the theorem'to the local gauge
’transfcrmation, the‘spontanecus breakdown of thé(local gauge
transfcrmaticn must occur and, thererexists a Goldstone boson
which yiel@s the degeneracy of the vacuum. However, as will
‘be seen in Chapter III the state GIItA]|o> is not the vacuum

'staté\ .T nite cf_the existence of the massless particle,

the discussior. of the local ganée,transformation cannot. say

" ‘anything a''out the degeneracy of the vacuui. Mdreover we

will arrive au the result.- that when conserved current Ju
1nvolving c-number functions has a specific form, there can
*exist a'massiye particle in the system. These results 1mp1y
that the Gcldstone thecrem_must be eXtended to ncre general o

-

cases in which conserved currents involve c-number functions.



(2) Outline of the Following Chapters
: : : .

a
In Chapter II, we introduce tfie electromagnetic

~interaction with the minimal coupling. The total Lagranglian

1is shown to be invariant under the docal guage transformations.

It is shown that we gan take the stand-point of the particle

picture only when either

(d) a "if m=0, or _

Zgs
0, if m#0

[}

(e) a
Here, m and Z3,are} respectively, the physicalhmass and
renormalization constant. 1In particular, case (e) impliES
that if the physical mass for A is non-zero, we must choose
the Landau gauge (a=0) (Takahashi Goto 1976).

In Chapter III, we shall investigate the limit in
which the bare charge is put'eqnal to zero in the discussion
of Chapter TI. In this limit, it is shown that the case (e)
will‘nct nappen but .only the case (d) will occur.

. The latter case 1s nothing but the Gupta—Bleuler
formalism in the Fermi:gauge (a=1) (Gupta 1950, Bleuler 1950).
In Chapter IV, we take’the Higgs Lagrangian to

investigate, from the view-point of the particlevpicture,

. under what situation.'Au becomes massless or massive.

N

In Chapter V, with the help of the equation of motion

~for the electromagnetic field, we shall rewrite the generators

for the gauge transformation in a universal form. ‘Us:ng this

universal fcym, we shall discﬁfs the group properties for the
\



gauge transformation. Furthermore, we derive the commutator
of the total Hamiltonian and the generator which will be used.
in Chapter VII for .the discussion of the Goldstone theorem

concerning the gauge transformation

In Chapter VI, by applying the Goldstone theorem"
to the global gauge transformation, its spontaneous breakdown
occurs regardless of the charged fields empioyed.' Furthermore,
. we shall investigate a role of the subsidiary‘condition in
vcase of the Higgs Lagrangian and see explicitly the way in

which the Goldstone bosons appear.

in Chapter»VII it 1is shown that certain conditions
on the c- number functions appearing in conserved currents J
restrict the spectral re;resentation for <[¢1(x) J (y)]>
where ¢i(x) represents a spinless fleld. Moreover, the
question as to whether or not the Goldstone theorem applies

. .when conserved currents invoIVe'cfnumber functions is

investigated. o ¥



CHAPTER II \)\

(\t_." . ~
o ELECTROMAGNETIC INTERX%TION

(1) The Lagrangian with the Minimal .Coupling

We write the free Lagranglan as

free _ ' )
L : vaE.M. * Lhatter ' (2.1)
where LE.M. is 5iven by .
- _7 uv ., 2 U ‘

LE.M.- =% F Fuv + % aB + Ba,Au s (2.2)
and Lmatter'is the free Lagrangian for thg charggd mgtter
field. ' - : ,

In what follo’g,‘we assume that the interaction 1s

_?ntroduced by the follOwing replacement‘in Lmatterﬂ
for the scalar field
3 > (9, - 1eA
IJ¢ - H U)¢
, ; - (2.3)

3 0T > (3 +1eao’ -

u M M A
for the spinor field
. 3y + (3 - ieA )V

: H ,) L (2.4)

‘w-gu”f w(§P + ieAu) ’.,'

for the spinor field with the pseudovector coupling‘

¢



0,0+ (3, - 1orgh v |
- (2.5
> W3, - eV ) :

-

Vo

y

The interactions induced by the above replacement will be

called "minimal coupling”.+

The total Lagrangian- can then be written as

oy phV Y & L2 ' o
L % F Fuv * B? Au.+ 2 BT+ Lnatter * Lint " - (2.6)

In'this case, the charged current can be written as

AL S : ‘
u - _ int .
H .
and it 1s conserved, i.e.
.-U' _ ! ' .
P Ju(x) =0 . : {2.8)

(2) Gauge Transformations

The Lagrangian (2,6) 1s invariant under the local

gauge transformations

o

B(x). o (2.9)

B(x) -+ B'(x)

“\ Au(x) *,'AL(X) AU(X) + auA(x). _(2.10)

[P
1

+,Of1ginally, the minimal coupling guarantees that thej
charged particles move under the Lorentz force. However,
here, the terminology "minimal coupling" is used in the
broad sense that 1t includes the replacement (2.5) aslwell

as (2.3) and (2.4). _ .

~



and for the scalar field

w

¢(x) + ¢'(x) = eieA(X)cb(X) .
- ' - (2.11)
oto ot = et Mgy
| | <
for the Spinor field R ‘
\
b~ (i) = et My
(2.12)
To o~ 9 = e ggg
for the spinor field with the pseudovector coupling )
| tey A (x) '
p(x) =+ P'(x) = e *P(x) o
\ : . (2.13)
- 1 _ ieYSA(X)
p(x) =+ ¥ (x) = y¥(x)e ‘,

provided that»the c—ndmber gauge function A(x)lsatisfiés the
ﬁasslesg Klein-Gordon equation. In particular, the |
transformation (2.9), (2.10) and &2,135 are called the
chiral gauge-transformation. ﬁhen_A=6=constant, the abové

" transformations are termedithe global gauge transformations.

(3) Canonical Quaﬁtization

From (2.6) and (2.7) the electromagnetic field

equations are- . e . “O T .
"0A - 3 3°A_ - 3B =J | (2.14)
TEREERS RN u M
and | | a“Au +aB =0, o (2a9)

It follows from these_equaxions that



g

\\7':3 | 3

DA - l—a 3 B - '| . (2.16

OB =0 . (2.17)

The canonical'momenta'conjugate to Au are

=38 -5 (2.18)
9A .
o] ‘
. LI
R S (2.19)

rd

™
"and the canonical momenta_conjugate to the charged fields

¢I are respectively,

1 _ 3L ' | ,
mo = (2.20)p
L 351 ?
AL R S (2.21)
. ..1. ) .
363

Vel

whe -2 ¢i represents the charged fleld regardless of its

sta+ stics. They satisfy the equal time commutators,

a0 18wy = s, 8 e L (2.22)
. ' + L
[0, o7 (xgmbg) = [og (0,7 () 16(x,my,) =
)y T (2.23)
e 0.

anc all
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/
The relation (2.22) can also be wrltten as

[a,(x),A,(3)]18(x -y ) =0, | (2.24)
LA, 0,018 (xgmy ) = 18,6 ey o (2.25)
[h (0, A, (NI6(x-y ) = 0, (2.26)
A, (0,B() 18 (xy,) = 18,8 (xy), (e
(0B 160,y = 15y, (2.28)
[B(x),B(y)jG(xo-yo) =0 . ._ ' ‘ (2.29)

Due to the fact that jo(x) can be written only 1n terms of

canonical variables ¢',‘f;, ni and n;i, we have

(2.30) .

]
o

[B(x),3,(y)18(x,=y,)

- Since, from the field eddations\(2.14) and. (2.15), we have -

L] 3 ) ' 41 c
A = L 9,A - daB ’ (2.31)
O " y-1 K } : _
L4 3 - . ’
and B = kil akAk - 8A_ - ], o (2.32) .
it follows that
(¢ | [B(x>,é(y>]6<xo-yg> = 0 (2.33)

vld is also possible to derive at x =y
[B(x),0,(y)] = [- J (x),9, (y)] = -0 (y)8(x- y) ;

for scalar and spinor fields, N
, . . (2.34)
= —eysw(x)d(g—z) for the spinor.with pseudovector

\ coupling.



11

2]

On using the field equations and the equal time
commutators obtained above,;some'of the»cdmhutation relations

" can be written in the covariant form (Nakanishi 1967, 1973,

1975):
[Bx),B(y)I=0 , . O (2.39)
[A,(x),B(y)] = -[B(x),A,(y)] = -13%D(x-y) (2.36)
[B(x),d,(y)] =0 | - T (2.37)
[B(x),8(y)] = es(y)D(x-y)" a | |
. .+ ' . " (2.38)
[B(x),6°(y)] = -e¢(y)D(x~y) -
| : ' for the scalar fields,
[B(x),¥(y)] = ev(y)D(x-y) ;
- - : (2.39)
[BCx),¥(y)] = -e¥(y)D(x~y) . B : -~
' for the spinor frglds,
800, ¥(x)] = ~evgv(y)D(x-y) .
— - (2.40) .
[B(x),v(y)] = ~e¥ (y)ygD(x-y) ‘

for the spinor fields with .
the pseudovector coupling.

(4) Subsidiary Condition and Singularitieé in the Spectral

Representation

We demand that all physical states must satisfy the

subsidiary’condition

B(+)(x)|phys> =0 (2.41)



This ensures that the expectation value of (2.14) with
respect to the physical.states reduces to .the Maxwell

equation. Since the vacuum is a physical state, we have.
) ¥

B (o> =0 | (2.42)

Now let us consider the speetral representatidn of the
vacuum expectation value for the commutator [A (x),A (y)]

The spectral representation for <[A (x) A (y)]> is written

fen

as

» P , o

<[A“(¥),Av(y)]>o = —i,f QK py (x )guvA(x-y:K‘)v
° :

-1 / dx2p2(K2)8§8§A(x—y§K2) . C(2.43)
0 g :

Differentiating both sides of (2.43) with respect to %, an d

using (2. 15) and (2. 36) we have
41aa§D(x—y);= -1 ‘[ dk (pi(m?)‘— K2p2(K2»8§A(x-yEK2Y
. o

Since this relation holds for any x and y, we obtain

o (3) 2 P, (c?) = s (2.4

On the other hand, 1if. we set u=k, v=£ in (2.43) and

differentiate with respect to Yo and put‘yo=xo, we obtainm
, o - . o - |
[ ae® o (k%) =1 L (2.5)
o] ‘
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and o [ ak® k%) =0 ' (2.46)

- If we assume

p (c?) = 2,8(k%m®) + a(x) (2.47)

where 0(K2)

St

0, for K2Sm2

positive forAK2>m2 s 2 (2.48)

we have, from equations (2.45) and (2.47),

=}

Y. zg=1-fao®), (2.49)
i ’ _ b ) . .
b > m2 .

Moreover,:from (2.44) ‘and (2.47) we obtain

' ' o 7, 2 ' .
o (2) = K6(x?) - Ls(x2) + BscPm®) + 2 (2.50)
2 . 2 2 2 :

N T K- : K

where K is a real constant to be determined from (2. U6) We
notice that there are strong singularities in the second and
third terms with m=0 which destroy the particle picture.
We can, however, remove these singglarities by setting

(1) a = Zy if m=0 . I _; _ SR

- : : (2.51)

0 if m#¥0 - . ‘ : :

(11) o

Now let us 'discuss each case separately.

‘(i_)'-a = 23,

‘m=0, whence pj and'pz,become.



(o), 2, _-
N (k%) = Z3
.péo)(K2) = _K

- Due to equati

~ where the'gymbol "o" of K

for m=0.

Thus we arriv

14

6(K2} + O(K2)' and A (2.52)
5(x2) + 9D (2.53)
o - .K2 :

on (2.“6), K, becomes

i

2 .
a2 9(x%) , (b>0) - - (2.54)
K2 '
o,'pio) and péo) imply K, p, and Py

e ét the spectral representation

]

: ' ' : . T aXaX L2
.<[Au(x),Av(y)]>o = -1 guv23D(x-y).+ }(nguvjauav) f,dK

2v

y:K

" (41) a=0, m#0, whence p

oi™ (2)

and Oémg(Kz)

b

9 - D(x-y)) , w0y | (2.55)

, and 52 become
Z3 6 (x2-n?) + a(x2) s - (2.56)

K gg \KZ

, z 2,
= K 8(x?) + 36(xPom?) + LD (5 57)

~where the symbol "m" of'Km,'p{m), pém) 1s associated with

) the quantities with m#o0..

- o«
z
= _3
Km‘- —3 + /
. m b [
.
Thus, the spectral- repr

7

_From equation (2.4€), we obtain

dx2«§$§§l . (omd) L T (2.58)

esentation is



: _ N -2, X, X ) 2,
_K[Au(x),Av(y)]>o‘— —iZB(guv+m BuBV)A(x—y.m ) d
7 . ® 2
% 3 .X.X , X X 2 o(k%)
+ 11— auavD(x—y) £ 1(gng-auav) [ dk 5 N s
m b K

x (A(x-y:k°) - N(x=y)) (2.59)

It'should be émphasiZed that the above érgument
does nqt imply the exlstence of a massive vector fiéld, but
réstgicts the fofm of the commutation relation when m#0.

| It 1is very 1npefest%ng‘to see how the massive
_méde is created in quantum electrodynamics. " We investigate

this problem in connection with a Higgs phenomenon 1h a

later chapter.



CHAPTER III \\
. ) 3y
FREE ELECTROMAGNETIC FIELD J
. ‘ : ’.-/
In order to discuss the. quantizatlon of the free
electroﬁagnetic field, we consider the case of Ju=0 in the
érgument given jn Chapter II and see what mode of Au will

exlist.

(1) Spectral Functions in the Limit of e=0"

In the 1limit e=0, the field equation (2.¥él‘becomes
DAu(x)‘— (1-a)3uB(x) =0 .o (3.1)

Oh operating Oy ang‘oy on the commutator (2.43) and using

(3.1) and (2.35), we obtain a further restriction on p, and

. -
p2’ <
o=/ a2+« P (Ké)g A(x—y'KZ)
- 1 AV AR _ g
o > o
. : he
| 4 2. 4 2, .X.X 2
+ f 'K . QZ(K )auavA(x-y.K,)
o :
HenEe,'we have | : A "
Mo () = \\ | - (3.2)
and Ku 02(K2) =0 (3.3)
_ “ . , 4
‘From equation (3.3), we have i
- ‘ {
2 . 5 B
r k20,(c?) = (-8, (3:4)
+ o sl } ' ' , .
This procedureldoes apply when the perturbative solutions
exist. ‘ 16 )
{ A ©

¢
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hence 02(K2) has a strong singularity. To remove thls, we

put a=1 which implies that

OL=Z3=1 5 - )
m= 0 s
O(Kg) =0 .. . (3-5)

Then, from equations (2.44), (2.45), (2.46), (3.h) and (3.5),

we obtailn

’ol(Kz) = 8(x?)
, (3.6)
2p%) = 0 |
Thus, we have
[Au(x)sA\)(y)] =_'-1SUVD(X-Y) 5 ’ (3-7)
and - [B)BWI=o0 o (3.8)
| | [Au(xf,B(y)] = =[B(x),A,(y)] = —13ﬁD(X-y) {3-9)
Field equations beéomé o - | | x\\\
. S | | |
S 0A () = 0 - - (3.10)
B¥A () + B =0 | (3.11)
and y " oB=0 . | (3.12)

"Here we have seen that in.the limit,of'e=0, the system can be
characterized by a=23=l‘and m=0 ‘which is a,speéial case of_(i);
and the massive<mode never appears. This‘is nothing"but the

free electromagnetic field irf~the Fermi (or Fejhman).gauge{
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(2) Subsidiary Condition
‘The subsidiary condition (2.41) becomes
Lo+ ' : N
(a“Au)( ')Iphys> =0 , - (3.13)

where (+)'is”the positive frequency part. Therefore, from tﬁe_,
'above‘argument, the theory in the Fermi gauge rqquces itself w
to-the Gupta-Bleuler formalism. Since Au satisgies the

massless Klein-Gordon equation (3.10), Ap can}be eXpreséed
. by 3—dimensionél momentum spacevrepresentatiohf' a usual

- manner. N -

(3) Momentum Representation

- We shall express the commutators (3 7), (3.8) and
(3.9) in momentum space. B ., o -

From equation (3.10) we may write Au(x)vas

A0 2 —s T [ = e M0 e, (0™ 4 nie1,(3.10)
(2m)=7% a=0 = V2lk| H | B
C o (A) ' ' . ot
where_eu are the polarization vectors.
Similarly B(x) can be written as
: ] ‘ |
. a-p
B(x) = 1. ipx

s ] o= (e X e, (3.5)
T Zlpl - o

whence equation'(3.ll)‘becomes in momentum space
b)) = 1fkl(a k) - a3(k)) o, (3.16)

e

The definition of eﬁlf is given in Appendix (A—ii)f

1.
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and commutators (3.7), (3.8) and (3.9) become

[b(k),b (k)] = [b(),b(k)] = oo ,pTknHI =0 , (3.17)
[ax(l’f)’aiv(}f')] = —gAA'G(;)(}f—{{,') ) > (318)

| t
and [a,(k),b (k")] = il‘f”“ﬁ"f")(gox'gn?‘ . (3.19)
The éubsidiary condition (Z.Hl)fbecomes

b(p)|phys> = 0" .for any p . (3.20)
P , St N

N



CHAPTER IV
- HIGGS LAGRANGIAN

In this Chapter we take the Higgs Lagnangian to
Investigate, from the view-point of the particlé plcture,

- under what situation Au becomes massive. Moreover, a

covariaht treatment of the-Higgs phenomenon 1is 1vén.

A

. (1) Canonical Quantizaﬁion.and Commutation Relations.

We employ:the Lagréngian

(4.1)

where_ v
L, - (¥ + 1eA“)¢+-(au - 1eA )¢ - u¢:t¢ - %K¢.B12
' (4.2)
. .

We;aésume that the constant u is real and X satisfies
\ ) ) ' . .
\ ‘ A >0 | (4.3)

FieldAequations are

oA, +aB =0, - | | CRY
DA, - (1-0)3 B = Jﬁ . - (b.5)
- . . : ‘ \, .. .
A o =0 s YT - (4.6)

t Mo i 2 u o
- . -— . - Ol ]
ao¢ led A" <¢ 2ieA" 3 ¢ e A AT d +uu¢

c+ T =0, SRS

20
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where A :
oL '
= _ % _ _ a7 _ t. - 2.t .
Iy - ie[¢7d,¢6 - 3 ¢"+¢] | 2e7d d-A, L (4.8)

Obviously the current is conserved. Following the general

- argument given in Chapter II, we obtaln

. aL ' » . ©
o E'-Ti = $+ + ier'¢+. , (4.9)
N 8L¢ . 5. . . ) o
' = =3 = ¢ - leA ¢ , ‘ : - (bh.10)
3¢ ' ‘ '

and the equal time commutators for scalar fields are
: Y = TaTeey T = 183(x. oy u'l -
[6(x),m(y)] = [¢ (x),m (y)] = 187(x~y) for x =y , (4.11)

and all others are zero.

For further discussion, it is convenient to set

/20(x) = v + p(x) + ix(x) (4.12)
where ,‘ 0 for uz0 - i
o v o= [ — \ ) o (4.13)
-5 afornpfo s —

and ¢ and x are assumed to be Hermitian wibn\the vanishing

vacuum expectﬁfion value, ‘i.e.,

<w(x>>6 = <x(x)>6 =0 for érbitfary X . (4.14)

By substituting (4.12) into (2.38), we have

b3
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[B(x),w(y)]

= 1ex(y)D(x-y) , _ (h.
[BO),x(y)) = -1(M + ep(y)ID(x-y) , (&,
where ' M= ev . , (4.

‘With the aid of (4.14), the vacuum expectation values of

(4.15) and (4.16)

y -

are given by

A

<[B(x),¥(y) 1>,

. ..,..u .

tn

y <[B(x),x(y)]>, = -iMD(x~y) . | (4

Py

Furthermore, as will be derived,in Appendix(C-1) ,we have
‘ _ b S L '
<[Au(x)’¢(Y)]>o = —aMBuE(x—y) . (4
which can be written in terms of y and y as
<A, (x),x(11> = taMaE(x-y) , (4

o, . : (1

N

<A, () ,y(y)]>

where use -has been made of the property of the funection

E(X), i.e., the reality of E(x).' .

(2) Asymptotic Limit and Particle Picture

When we take the 1limit X, * ==, the Heisenberg -

fields behave asymptotically as

S

15)

16)

17)

18)

.19)

.20)

.21).

.22)

. - < " x
T The derivation of 'equation (4.20) is seen in Appendix (C

?he ?efinition of the function E(x) is given in Appendix
A-1) .- . .o o ' '

-1).



AU(X) + Aﬁo)(x) , B(x) -+ B(o)(x) =‘B(x)
x(x) +x00 L veo 0

-~
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(u.

Since (o)-fields contribute only to the discrete spectra;

the following commutation relations are- concluded from

" (2.55), (2.59), (2.37), (2.36), (4.21), (4.22), (4.19) and

(4.18);

o

(4527 (0,857 (1)1 = ~1g,,25D(x-y) for a=zg,m=0

= -12,(g,, +-m‘23§a§)on-y:m2)
| N +iz3m‘23ﬁaﬁn(x-y) for a=0,m0
tA§°)(x),é‘°’<y>J = -12%D(x-y)
A,[A§°)<x),x(°5(y)] = 1aMdE(x-y)
LAﬁ°’<x{,w(°)<y)J’= c
(8¢°) (x),8(°7(y)7 = o
[B(O)(f),x(o)(y)] = ~1MD(x-y)
B mi=0 L

*QWe assume that the following'gommutators hold;

|
. O

[w(,o)(x),x(Q)(.y)] =

AN
o

v x),v¢ (5]

[x(o)(x),x(o)(y)]‘# 0

o

"

(4.

(4.
: "

(b.

(4.

(4.

(4

(4.

(u.

23)

24)

.25)

26)

.27).

23)

.29)

30)

31)

S32)

33)

34)
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If the conditlons

(A) M=0 and a0
(B) M=0 and a=0 ' A ' (“-355

(C) M#0 and a=0

are sat;sfied,fthe pathologlcal function E(x-y) in the
‘.commutators disappears.+ fnvcase of (C), the spontanedus
breakdown.of the global transformatioh necessarily occurs
‘due to M#O (or v#0). We pdiﬁt out that as will be shown #in
_Chapter V , the condition M=0 does not imply that the
spontaneous breakdown of the symmetry never takes bléce.
Combining (2.51) and (U.éB), we consider three

/
FA)' aﬁz3,_M=O and m=0 | .
(B)' a=0, M=0 and m#dh o (4.36)

(C)' a=0, M#0 and m#0 ‘ o

(3). Detailed Discussion of the Three Cases

. The (o)-flelds are related to the in-fields which

diagonalize the total Hamiltonlan and satlisfy free equations

of motion and commutators. We consider three cases separately.

(A)' a=Zj, M=0 and m=0 ' S |
VFoilowiﬂg the general argument in the preceding
Sections'¢ommutation relations are,given by :

T See,'fgr its pathological:properties, Nakaniéﬁi (1973,\1975).

-— . BN ‘ 3.
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(A%, ()] = 12,8, DOx-y) | (4.37-1)
(20,8 ()] = s1a¥p(x-y) (4.37-2)
[A'ﬁ?)(x),x(o)(y)] =0 (4.37-3)
760w 7 = o | - o (4.37-4)
890 x),8°0 ()1 = 0 D (4.37-5)
8% (x),x (17 = o | (4.37-6)
B, =0 - (4377
0 xm1=0 | (4.37-8)
0,61 %0 ; o '4.37-9)
0 x w1t L | ( .37-10)

The fileld equations fer Aﬁo)(x) and B(O)(k) consistent with
’ the above commutators are ,
-~ aalPl () = o
: H : . .
0B (x) =0 | | (4.38)
() (x) =0 . - |

u, (o)
¥, (x) + g

These relations can be reproduced 1f we put

Aéo)(x) = ZkAin(X)

37u
5(0) 4y = zg%Bin(X)
. (4.39)
K0 = 2 - :

w(O)(x) = Z;?win(x)
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~in which the commutators are

[AL" (0,8l (y) ]

N = -ig D(x-y)
(4,7 (x) B ()] = ~12¥D(x-y)
(87" (x),8(y)] = o

b+

(2,700 )] = (A Go0, (0T = B0 Py ] -

(0,6 (1] = w0 a1 = o

URECIRTLICIS T
x0T # o
(4.40)

¢

'iand the field edyations for Ain(x) and Bin(x) are

dAin(x) = 0
o8M(x) = 0 . A (4.41)

a“Ai”(X) +B1%x) =0

fhe'field>equations and commutators of Atn(x):and Bin(x) are

the same as ones dbtained in Chapter III.

L

(B)' a=0, M=0 and m#0 e

This case leads to aréontfadiction. To see this,-

’

oo

we proceed as folloﬁs. 
~ The commutation relations are the samé as those qf

(A)' except the commutatof/

\
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(4020 (0,880 ()] = 1258, +,m 72N N)A(x-yim®)

z ,
3 LXaX e
+ 1 ;z,au?vD(x—y) . - (4.42)

The fieldrequations,consistent with the commutetion

relations are-

oB®V(x) =0 o (4.43)

Malolix)y =0 o (bbb
'In order to obtain the field equations for AEQ)(X), wejeet -

3 B(O)(X) -_ Cna X(O)(Ji) - C"3 w(O)(X) =0

(O) "
(D+m )A (x) - C 23,  3 b

1u
(4.45)

and calculate each coefficient
By operating (D +m ) to (4.37-3) and using (4. 45)

N

we obtain -

Thus (4. MS) becomes , , |
(Q+m )A(o)(x) - Z33uB(O)(x) =0 . 7 (4.u6)
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Operating (O +m2)(o +m2) to (4.42) and usings(U4,.46), we
X y 4 _

obtain

0 = 1Z3m23x3xD(x—y) ' (4L 4T)

which is unacbéptable as long as Z3m2 ? 0

>

(C)' a=0, M#O and m#0 _
In this case ¥;>have the following commutation

relations for (o)-fields:

[Aﬁo)(x)fASO)(y)]’= -12 (gu" Zaxa )A(x -y:m )
'+,1z3m 2a"a"n(x--y) ‘_ D C L8
| [A(O)(x) B(O)(y)i = -13 D(x—y) ' (4.48-2) .
1442 5 () ()1 R DR C (hB-3)
B, v l-0 - T sy
[ng)(x),B(°)(y)] =0 - - - “ (4.48-5)
- O] = ey (s
8 (x),4 (327 = 0 o (u;us-?f
v (o)(x),x(o)(y)] = 0. (4.48-8)
00,57 # o : '(’u;.ué_!g_)
- from (4.ﬁ8—6) we have ) |
N .(O")(;c);,-x(o')(iy)j = 12 D(x-y)" o | | . (4. u,&-iO)
'. Fleld eqﬁations consistent with the above'coméutat;rs ;j; ,



29
: ' < L7
08®)(x) =0 -, C (kL g)*

and with the use of the commutators (4.48-2), (4.48-3),
(4.48-5), (4.4B-6), (4:4B-7) and (4.48-9), we obtain

CoxPr=0 L O (4.50)

"By setting .
8(°)(x) + R

) + R =0 sy

1 2

u, (o)
? Au (x) + R 3

and using the commutators (U4.48-2) to (4.48-9), we obtain

‘“BuAsoy(x) =0 | . ) | ’ (y.52).

vThe‘form

- 2y,(0) a2 (0) v v (0) oy mea 0 (0) oy o
(O+m ?Au (x) - R{3 B""7(x).- R33 X (3) - R3¢ 7" (x) = 0

(4.53)

g

23M and Ré = 0 is consistent with (4.48) to

' y 1= ;' v_‘-l
with R{=Zy, Rj=Z)
(4.52). Hence,

- > (o) : (o) .y _ '-%f Jo), Iy |

(G+m )AU, (x) - Z38uB (x) 'ZX Z3Maux (x)’— o . _(QiSH).

The operation of (Dx+m2)(cb+m2)'on (4.48-1) with the aid of .

(4.54) aﬁd dbmmutafg;s~(u.48—5), (4.48-6) and (N.QB—lQ)lgives

2, ;1 2 v é X4iX
Z232 "M - ) -y) =
(232 Zgm“) 3 30D(x-y) = 0 .
Since 23#0, the inter sting relation between M and m
: 23 m,2 ' | ‘ |
= (B - (4555
Zx - M . A
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7

™~

ﬁo) contains the massive
)
!

is obtained. Since from (4.54) A

' mode, AﬁQ) is written in the form

Aﬁo)(¥) = 0G0 + a3 x P w30 (4.56)

where Uﬁo) is a massive vector fileld, and a and b are rea}

constants. -From (4.49), (M.SO),\YU.52)-and (4.56), we have

a“uﬁoJ(x) =0 S+ (b.sT)
To determine a and b, we assume
| (o, 1 =0- . (4.58)
o wr=o L (4.59)

From (4.48-2), (4.4B-5), (4.48-6), (4.56) and (4.57), we have
a =M R

similarly from (4.48-3), (4.48-6), (4.48-10), (4.56) and

{(4.59), we have

‘Hence, (4.56) becomes

',/(o) iZ“!I(O) -1 (o). '-2"
'7Au (x) = Uu (x) + M aux (x) +.m 23

s

BuB(o)(x) . (4.60)
;From (4.54) and (4.60) we obtain

(D+m2)U§O)(x) =0 . ‘ (4.61)
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It is clear<from (4.57) and (4.61) that Uﬁo)(x) is the
Proca field. The substitution of (4.60) into (4.48-1) with
the aid of the commutators (4.48-5), (4.48-6), (4.48-10),

(4.58) and (4.59), gives
(o), (0) _ o =2 aXaX L2 .
LUU ,(X),Uv, (y)]1 = -123(guvfm auav)A(X-Y-m ) . (4.62)

As before, the (o)-fields are related to the in-filelds as

.Ul(lo-)(x) = Zgiutn(x) ‘

XV = 2o S (u.63)

B (x) = 23" (x) ) .
(o) - o3,1n ' ‘

AL (x) = 23Ry (3?’ . o v -

Bin(x) can be written in the subtraction form of two fields as

BI(x) = m(@in(x) — S x)y L | (4.64)

~

‘whéré ¢in(x) and xin(x) have the following properties;

”@in_(x) = 0" , _ i . : '(14.6_5)
ox' " (x) U S (k.66)

]
o

800,683

DM T =~y
: ' (4.67)

and .f¢in(X),xin(y)] 0

Ain(x) can be Written és
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- N
in _ “in 1 in _ .
Au (x) = u, (x) + ﬁau¢l (x) , (L.68)

and'other commutation'relations and field equations are

listed in Appendix (A-1ii1).

| In the present case, sinoe M#0(v#o), the spontaneous
breakdown of the symmetry necessarily occurs, and ¢in(x) and
nn(x) arevre arded as Goldstone bosons. xin(x) and‘oin(x),

however, never appear in reality due to the‘subsidiary

‘condition

' Bin(+)(x)[phys> = 0 for any x (h:69)

and commutation relations

0,0t 1 = B0 )T = -1mD(x-y) 20 (4.70)
C " for any X,y . ’

In this way it is shown that ¢in and.xin are unphysical

particles and the gauge field»A acquires the mass This 1s
called‘the Higgs méehanism (Higgs 196H 11966 Nakanishi 1973,
1975, Nishijima 1973) As was seemn in the above analysis,
it should be noted that the Goldstone bosons never disappear
‘:from-the.theory though they do not play any physical role.

A generai treatment of the spontaneous breakdown

of symmetry will be given in Chapter'Vf.



CHAPTER V | \

GAUGE TRANSFORMATION AND ITS GENERATOR

We shall obtain a universal form of the generator
for the gauge tnansformation. Using 1its form we\shall
discuss the group properties of the gauge transformation and
show that the successive operations of the infinitesimal will
give the filnite gauge transformation. We show that the local
éauge trans formation changes. the Hamiltonian.by'-G[A], but

a

does not change the physical energyvspectra.

(1) The Genedgtor of an infinicesimal Gauge Transformation

Let us consider an infinitesimal gauge transforma—

tion~ :
6, (x) > 61(x) = 6y (x) +78¢, (x)
for any charged field{
3 Au(x) + Afj(x} = AU(X) +,8u(6A(-x)) ’ (5.1)
\\

B(x) =~ B'(x) = B(x)
where Goi(x) are giVen by

54(x) = 1e8A(X) -6 (x) o
| (5.2)

- S e

6¢+(x) = -ieéA(x5-¢T(x) for scalar field
& s9(x) = 1e8A(x) ¥(x) | " (5.3)
,5$gg)'= —ieGA(x)Qﬁ(x) | for spinor field | B

33
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Sy (x) 1eY56A‘(x)'w(vx_) : ' (5.4)

11

E(x)ief56A(x) for spinor field with

SY(x):
p-v coupling ,

and SA(x) is an,infiniteéimal c-number function satisfying

v

08A(x) = 0 . S (5.5)

The change of the action integral due to the transformation

-
a

(5.1) is gilven by the Noether Identity
°2 |
I = & [ d'xL(x) ;

oi'

o '02 N » . . . '
- o - 6loy - 6loyd - (5.6)

91

T (x). = - -———@—— 5A(x \/ |
» (0, () -

=g (2L .
i 8(8u¢i(X))

where

'6¢i(x) + h.c.)

(F™V(x) - Bg"Y)a 8A(x)

'K;_J - (2 s, (x) +ne) (5.7)
J 1 e e o

— I

As will -be shown in Appendix (C—;i), the current.

'Ju(x) given by (2.7)'1SLWrittgn as
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P = n (2 56 (0 ¥ nc/sMx) , (5.8)
i 8(3 oy (x))
where J"(x) become§
M) = (F(x) - B0 (8A(x)) - sa(x) 3N (x) . (5.9)
‘Hence the generator of the transformation (5,1) is
Gtoﬂ ='f dou(x)J“(x)
o - o |
= [ a0, (0 LF*(x) - B3, (60(x))
o : ' : ‘ o
R IYC IR L C'S D B o (5.10)

" ‘Since, és can be easily demonstrated, JH(x) is conserved, 1i.e.

2"y (x) =0, Y 65.11)

1t follows from (5.6)'that_the'Lagrangién is invariant under

the transformqtion (5.1), and G[o] 1s ihdependent of the”

choice of*the'spaceiike hypersurface o, i.e. . a2
=S Gl =0 (5.12)
8a(x) 7t L o |

S § g
_ . Now we shall obtain a universal form of the
generator of this transformation with the aid of the fleld

equation (2.14) as follows;

[ (i)i(ﬁ““<x5‘- B(og'™)a (sA(x))
‘ q\“‘~\<s1\(x)(a F““(x) a"B(x)) .
1 do, (x)B(x)a“<cA<x>> + [ do (x){F““<x)a (GA(x))

+ 8A(x)3 F““(x)} _ | S (5.13)

Q
“
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On using _the formula (B-1ii), it is shown that the second
term in equatioh (5.13) vanishes. Indeed,
MY y TV I Hv
J do {F"73 (6A) + 8A3 F"7} J do 3, (F"-6A)

- 13V ' Vi
= B do 3, (F776A) + [ do 3 (F78A))

‘ TR Vi ,
.g{f do 8 (F""8A) + [ do 3 (FU6A)}

MY, oVHYy ey s
% do 3 {(F"" + F'")8A} = 0

‘Thus we arrive at - : ) L

3

[ do, (x)B(x)a”(dA(x))

G[6A] . - - (5.14)

It should‘be notedvthét ﬁhe generétor (5.14) 1s
expressed'énly in terms of>the B field and-an'infinitesima1‘
c-number, function GA(x)iwhatevef the matter field may be.

" As will be seen ih the next section, (5.14) is valid for ahyv

SA(x) satisfying equation (5.5). 1In tﬁ&s éense'equation (5.14)

.'is a universal form of the generator for the;gauge‘transfor—
s L ‘

' mation. o

(2) The Gauge Transformation and its Group Properties

We shall study“the group.prbpérties of'the'gaugé
transformation and show thatvit,is possible to extend the

‘infinit@simal to the finite'gaﬁge'transformatibn.

T Matsumoto et al. (1976) obtained the géneratof of the gaﬁge

transformation in the form (5.14) in the case of the quantum
electrodynamics with both dimensions of 2 and by,

%

]

e
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Consider a setZ( of canonical transformations such

that

U= {U[GA]IU[GAj L T T S S (5.15)

’ ‘ . ¢
On account of the form of equation (5.14), we derive important
‘ proper}iés for a setZ(,a For‘véA GA2 € A, where A is a

"set glven by
A= {6A]OSA = 0} s

(1) linear dependence on §A of G[6A] leads to the additivity
\' of G, 1 e. R /

~—— .

G[(SA ]+ G[cSA ] = G[GAl + 6A2] y (5.16)
(11) ﬁhe fact that the only openator appearing in (5.14) is
the B field leads to the commutativity of G, i.e.

[alsn,],6l60,1] =0 L (5.17)

L~

dde to the commutator
[B(x),B(»] =0 .

From the properties (1) and (ii), it follows that
(1) a setuobeys a law of combination, i.e.

o o iG[GA ] 1G[6A ] 1@[6A—+5A ]
U[GAI]U[6A2] = e ‘ e

"

ulsn, + sa,1 €Y

for v U[GAl],U[6A2] € 2[_ 5 : (5.18).

» ) SN
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(2) the law of combination is\s\s@ative, i.e. o '

9 -

(ulsn,1ulsn,1Iulsn,] = ULsA; J(ULsA,TULSASD)

for VU[&Al],U'[6‘A2],U[c?_A3]€’M , | (5.19)

(3) the identity element I = U[lo] = 1 exists satisfying the’

>

propéfty

ulsalufo] - Ulo]ulsA] = ULsAT
fo.r. VG[GAj C(Z{

" (4) to every elemeﬁt 'U[‘GA]iin ‘Z{, thfe inverse element

v"isa] = »U[—GA]‘exists such that o

lrsay-vlsad = U[aA]U-’l[aA]ﬁ I

£
- Hence, the set,ZL'forms a "co_ntinuous"‘group’. Besides, we

obtain f"roni (5.18) o
' [U[GAl],U[6A2]] = ‘0-

for YU[SAl],U[GA2]EZI . (5.20)

from which follows that the groupZL is an "Abelian" group.
Thus the group prope;ties obtained above enable us to extend

the 1nfinitesimal operator U[GA] to the finite operator '
U] = eiG[A] .. " We can verify explicityly that U[A] = eiG[A;l

generates a finite gauge transformation as follows.
. . - . J .

»
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" Consider the transformation for the fields such

. that : ' . :
A(x) + A'(x) = U*[A]A(x)U[A]“ , (5.21)

where A(x) stands for A (x) B(x) and charged fields.

Equation (5 21) can be computed by the help of Appendix (B-1).

Since
oy o o ‘
g [G,A,(y)] - 18\,A(y)' | (5.22)
[6,B(y)] = 0 | ~ (5.23)
[6,6()] = —ee(Ay) (5.20)
[G,¢+(y)] =‘e¢+(y)A(y) for the scalar f1-1ds,
[G,u(y) = —eyp(y)A(y) - | (5.25)
[G,¥(y)] = e¥(y)A(y)  for the spinor fields,
[G,w(y)‘] -='.—eY51b(y)A(y)" . T (5.26)
[G,v(y)] =-e$(y)ySA(y) for the spinor fields with
: p-v coupling, .
we obfain
AL (x) » Aﬂ(x}': A0 + 3 Ax) (5.2T)
B(x) =+ B'(x) =B(x)" | . (5.28),
- ' - ieA(x) )
¢(x) ¢'+EX) $(x) (5.29)
o (x) + ¢ (x):?v-ieA(x)¢ (x) for the scalar fields,
O e b (s = o1EA(X)
OUJ(X) P'(x) v(x) (5.30)
v(x) =~ W'(x)'= ~leA(x)y (x) for the spinor fields, ’
(x) 9" (x) = ieY5A(X) (x)
vix) +» yp'(x) = e Y - ‘ :
- tey A(x) @ o (5.31)
¥(x) P'(x) =vW(x)e 5 for the spinor fields '

R

with p-v .coupling,

SN
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Thus the group {U[A]|U[A] =4eiG[A]

,0A = 0} is a set of .
operators which.induce finite gauge transformations. By

the help of.equation. (5.12), G[A] may be written as

GlAl = [ adxBoaiax) (5.32)
defining
GI[AY = [ a3xB(x)-A .
6[A] - o for A = 0 (5.33)

“eTI= [ a3xBOAx) - B(x)A(x)) |
for BuA(x) # Q.(S-B“)

b}

Y-

(3) Local éauge Trans formation

We shall consider the siglnficance of the local
gaﬁge‘transformétion.in Heisenberg representation and see
,héw‘the Hamiltonian'transforms under the transformation:

Consider a local gauge transfofmation

| \—\/\ ’ iGII[-A] . = .
o | Ty + lg> = e IwHa//f. _ (5.35)

N

for the physical Héisenberg state vector satisfying

v | oMoy =0 . (5.36)
Now, from (3.18) we haVe - -
| | e | |
1, m1=-0 (5.37)
. S etmr=o0 (5.38)
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whence. we know that the transformed state IwG> is also a

* physical state. The expectation value of a Heisenberg

operator AH satlsfying
[H,AH(x)] = -1A (x) | o - (5.39)
is transformed under the transformation (5.35) as

' - IIrs+ - TIp,q-
Uyl g0 T+ <y [A]AH<g>e1G My > (5.0

-

which implies that AH'is transformed as

JIT 11 | '

AH(x) + AG(X)‘= A (x)e

On using the equations (5. 38) and . (5 Ul), the Heisenberg

equation of motion for AG becomes

[Hg,a 0] = —1h(x) | (5.42)

‘ I ‘ II -
where g H; = e~ [A]HeiG, [Aq . (5.43)

-

-With the help of Heisenberg equations for B(x) and B(x),/and
(5. 32), we obtain s ' '

[H,6100417 = 16TTA] | . (5.44)

whence, from (5.43) with a formula (B-i), we have

Hy = H s [H,161T[A1] = ® - cII[Aj . (5.45)

Hence, Hamiltonian 1is shifted by (-GII[A]) under the local

gauge transformation, but the expectation value of Hamiltonian
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is unchanged, ' 1.e.
| 10> = <v| H-GTTTAD Ju>. -
" TH'U6'TH H'. H -

=l | _ (5.46)

- since from the subsidiary condition (5.36) we heve

wylet Rl =0, . (5.47)

whefe IwH> 1s a physical state. Thergfore, the local gauge
trqnsformatidn does nbtvhave.any influence on the physical

. it
energy spectrar
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L : - CHAPTER VI

A .
R ) . . . i . . )
SPONTANEOUS BREAKDOWN OF SYMMETRY AND A ROLE

OF SUBSIDIARY CONDITION

We 11lustraté now the spontaneous breakdown of the
global gauge transformation.” A role of the subsidiary
condition. is studied,.and we shall see the way in which

'theiﬁoldstone bosons disappear_frdm the phyéical states.

.~

(1) Goldstone Theorem

Goldstone theorem can be stated as follows-

Theorem: ®
- If the Lagrangian is invariant under a

N ~ continuous transformation characterized by
the generator Q, elther the vacuum state
(or the ground state) |o> is invariant
under the transformation or there exist -
elementary excitations the energy of which
vanlshes as the wave number goes to zero.

.~ (Such elementary excitations are called
Goldstone bosons.) ’ :

The proof of this’theorem was first: given by
Goidst§ne; Salam and Weinberg»(l9§?§, which we shall not
fepéat here. '

Invariancé of the Lagrangian under a cqntinuous

tranSformatibn characterized by Q ylelds

- ., , (6D

v .

‘ whence the-ﬁeisenberg equation of motion for- Q becomes

43
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[H,Q] = 0 y ] , (6.2)

if Qﬂgoes not depend explicitly on time. From (6.2) we see,

therefore, that the state Qo> is the vacuum state, 1i.e.
HQ[o> = QH|o>» = 0 . (6.3)

When the cqndition (6.3) 1s satisfied, investigation of the.
existence of Goldstoneé bosons becomes equivalent to finding

a fleld which satisfies the relation

, , ' A
f <fo(x),_l>, #0 . ‘ (624)

't

1

.This is because equation (S.HL.implieS'that the .vacuum

‘state |o> 1s not an eigenstate of Q, i.e.
Qlo> #lgfe> -, 0 (6.5)

where’q is an arbitrary c—n:ibef constant. In otﬁer‘words,
the vacuum state has a degeneracy.

On ?ﬁe other hand, from equation (6.4), the
spectral répresentation:for <[¢(x),Ju(y)ﬂ>6‘Shows the
existence of elementary excitations whose energy vanishes
as the wave number goes to‘zéro. Therefore, the degeneracy
of the'vacuum 1sjdue.to the exlstence of Gpldstoné bosoné.
It is noted thaﬁ1in.thé féiativistic caée, the Géldégone

boson must be a massless parkicle.¥ T o

I



The condition that equations (6.1)'and (6.5) are
satisfied, is called “spontaneous breakdown of symmetry

_ generated by Q.

(2) Spontaneous Breakdown of the‘Global'Gauge Transformation
As was seen in Chapter-II,‘the Lagrangian (2;6)'15.

invariant under the global gauge transformation whatever

the matter field may'be. On using tnis fact and the

Goldstone theorem, ‘we now show that spontaneous breakdown of

the global gauge transformation takes place regardless of the

’,model employed. To show thisj we proceed by using the in-

field representation as follows..

As was obtained-in Chapter Iv,

B(x) = 2378, ' (6.6)
B0, =0, 6.
B =0 L, (6.8

P

. . . i ..’,. ) g .
whence Bin(x) dan'be written in the Subtraction form as

B = o(sl(h) - ol "y (6.9

" In the above c 1s a'.non-zero real constant and Qin( ) v

—

(1=1, 2) are real scalar fielﬁs satisfying

[ (x) ¢J (y)] = 1giJD(x—y)
- with By T ‘32’2 =-logl =gy =0, 7 (6.10)

\

oo g
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and . v
"(x) = 0 for 1=1,2 . (6.11)

In what follows, we use ¢in(x) instead of"Bin(xf. A
substitution of eQuat;on (6.9) into the generator (5.33)

of the global gauge trahsformation leads to

alle] - c8z ~% f d3x(¢l (x) - é;“(x))

for any real constant 6 .(6.12)

. With the help of the commutator (6. 10) and equation. (6. 12)
we obtain ‘ o S ' %ﬁl
-1

[GI[Q],¢in(x)] = 1c0Z] for 1=1,2 -, . \(6.13)

whence the fields ¢i (x) are. transformed under the global

transformation as o ' . - .
’ ] ':»:" R . - .
o1%(x) » o1 (x) = @1N(x) + cbzlE
= i 1 ) i CoTEes
no - - : . _
- , ' . ~ for i=1,2 . (6.14)

Purthermore, the vécuumgekpectation value of'(6,13)\gives

j‘<[GI[6],§in(x)]>o = 1cez§¥(#o){7for i=1,2 ., . (6.15)

-«

which implies

¢'lello> # glo> , S (6\._16>>;N

. e

: : R T
where | is an arbitrary c-number constant' Besides equgtion
-,/
(6.16,  we have, from the argument in Chapter V
o . =
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(c*61,H] =0 .6

- which implies that the state GI[G 0> .\alsé a vacuum sﬁite.
~ From equations (6.16) and (6.17)?.1t follows that thes |
vacuum state 1is not unique but rather degenerate, and\zk

~ view of the: properties of ¢in, i.e. (6.10) N.(6.17), ¢in(x)
and één(x) are Goldstone bésons. Thus the épdntaneoﬁs -
l,bréakdown of the gloﬁal gaﬁgeltransformationltaﬁés place

regardless of the model employed. - -

(3) A Role of the Subsidiary Condition |

| Let us now ;n;estigate a role of the subsidiary
“condition' | 1 |
| Bin(+)(x)|pﬁys>,ﬁ~0

at. any space-time point, (6.18)

and consider this in momentum ' space. .As a dbnsequehCeiof
equations (6.8) and (6.11), Bin(x) and Qin(x).cén be written

%

as

- 3 : v -
BNy = 1/(em3/2 | — 2 o19(p)e Xt niel)  , - (6.19)
/2[pl - / TR
and j - . i 3/
in, y _ 1 3/2 a”p in, ,_-ipx .
'q>i (x) = l/(2'ﬂ’)~ f—:_—: (yi (p)e +. h.c.) R (6.20)
where - A | p, = lpl v?’

Thus, in momentum space (6.9) and (6.10) become
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. in B ) in in
b~ (p) = 0(9& (p) - ¢, (p)) for any p , (6.21)

and

n

( : ) .
[ in(p), 1n,(q)]~= g 63(p—Q) s
9’1 ”"(fj. 2 137 "= = (6.22)

. . - T t
I el N S CON M (a0 SR COD I

_QhergﬁPin(g),g7inf(E) are, respectively,‘énnihilation and
creation opefators. Tﬁé subsidiary cpnditioh‘in mohentum
space is%written.aé

\\'\f ¥ (p) fphys> = 0 , (6.23)
or  @M(p) - giMp))Iphys> = 0 for any p . (6.2M)

N _ - . :
| o t - |
Now consider a state in (p)lphys> ." The use of

the subsidiary condition (6.24) and the commutator (6.22)

yields

: - 4 g ’ e
in in n '
@17MQ) - ¢35 @) (p)Iphys> = -63(p-g)lphys> 2 0 .
» for any p and ¢ . © - (6.25)
. N ) - :
t . o .

- Hence, the state ?in (p)|phys> 1s unphysical. It is -
concluded, therefore, thét.the subsidiary condition prohibits.
‘the Goldstone bosons from being observed in fea;ity. it'is'
4n6ted that the abové argument is true independently of the

Higgs Phenomenon.

-

Example _
SX8Ap2e o | o
'We.now apply the above argﬁmept to the case of-the
Higgs Lagrangian studied in Chapter IV, and see explicf%ly'

P

B



. the way in which the Goldétone bosons apﬁear.

B
B

Case (A)': a= 3,.M 0, m=0 : o
, L,
In this case we have

i - " .
AR =0, o

whence Ain(x) 1s written as
& "

d3p

Aliln(x) = l/(21r')'3/2 f — Z (A)(p)[ain J)e.-

/2|p| \=0

D

with p, = Ipl
The field equation .
Malt(x) + BTx) = 0

becomes, in‘momentum'space,'

(p) - 1|p|(a “(p) - a3he))

-~

and«thé commutators_becomq'

7N in,. inT . 3
B *\;\"[ax (E):axv (9)2 = -gx}\viéé(g‘g) )

in r 1
- [ay (p) pt (q)];

"
S
{te]
Lo

koo [51“<p> 1“ ()] =

~ -~

I
™/
o
N |
o
~~
~
-
o
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(6.26)

tpx h.c.]

(6.27)

(6.28)

(6.29)
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" Thus, we again see that both #17(x) and xP(x) are

AN . : , 50

“Comparison of (6.21) and (6.22) with (6.29) and'(6.30):g1ye£

/

0
s
o
®

CYneg) = 1pplal®py =
| | | - (6.31)
CPe) = tlplai(p)

- ¢

from which it follows that both scalar and longitudinal

'photons are Interpreted as Goldstone bosons and would never

be»observed in reality due .to the subsidiéry condition

/
L]

T (6.32)

~

‘(ain(g)»- aén(g))lphys> =0 ‘for'any‘p'

Case (C)': a=0, M#0, m#0 . |
"This 1is the case for'which the Higgs Phenomenon

occurs. As was studied before, we have

B(x) = m(e00) - XM -,

whence S
c=m ] (6.33)
in _o.in, '
o (x) = 7(x) . - |
03" (x) = XM (x) T |

_/.

interpreted.és,GoldstOne bosons whichvwouldlnevervbe’

observed in reality due to the subsidiary condition.
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¢ " CHAPTER VII

CONSERVED CURRENTS,INVOLVING C-NUMBER

'FUNCTIONS AND GOLDSTONE THEOREM

Up to the ﬁreseht, Goldstone's conjecture (1961)
has beeh proved only for the case of conservedNQ—number
curfent (Golds£ohe, Salam and Weinberg, 1962). Ho&ever the
question as to whether OF not the theorem applies when.
conserved currents or generators involve c-numbe% functions
has not’beenvdiSCussed. B

We ﬁﬁall show that certain conditions on the
c-number fgnctions appearing in‘conserveqbcurrents restrict
the properties of ;[¢i(x),JH(y)]>o in the spectral

+

representation, where ¢i(x)'represents a spinless field.

Having assumed various special forms fo. fu, we investigate

the conditions >under which a’ massless or massive mode. emerge.

(1) Basic Assumptions_

We restrict ourselves to Ju of the form

T,(x) = Q10 + Qe (x) (7.1) °

where Qu(x) and QUQ(x) are Helsenberg operators, and C(x)

?

“and CY(x) are c-number functions. - S

D

T The index 1i-of ¢i(x) does not imply the Lorentz suffix.

-

. 31
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The law of current conservation

My (0 =0 G o (T7.2)

«

implies that N : o ' .

“Q (x)-C(x) + Q, <x>a C(x) + a“Q LX) cVi(x) + Q, (x)a“c (x)
=0 . S (7.3)

Now we begin the-analysis'by‘adopting the followlng

assumptions:

(1) At least one of the two p—number functions C(x),

C (x) is not constant,

(11) both of the c-number functions are 1ndependent of any
‘ Jchoice of spacelike hypersurface, and '
To(141) the theory 1s relativistically invariant.

Assumption (1) is needed in order that. J (x) involves: at

.least one (not_constant)‘c-npmber function. \

(2) Spectral Representation

Let us cons.der a physical system with a conserved

current (1), and denote a set of spinless fields by

o = L0 (x),0,(x) 50 sy (X)) LG 'S

‘The vacuum expectation value of the commutator of Ju(x) and °
V¢i(x)€jli can be written as

T The flelds ¢i need not be "fundamental" here; all remarks
will apply equally well i1f the ¢i are synthetic objects

“ -
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;[¢i(x),ju(y)]>o
=‘f[¢1(X)’Qu(Y5]>bC(y) + <[¢1(x),Qﬁv(y)]>OCv(§)
= f a® (3% (x-y:x?)p{®) (c?)c(y) |
te, A(x AL )Dil)(Ké)Cny) | | v
+ a0 A(x-y ik )p<2)<xé>c”<y>} , ~(7.5)

>

where p(o), pil) end‘pi2) are spectral functions satisfying

pio), p§l)'and p§2)ﬂ> o . , \ | (7.6)

~ It 1s noted here that the antisymmetric part of

Q v cannot contribute to the spectral representation in

" equation (7.5). Differentiation of equation (7 5) with-

respect to y gives

o
1]

‘<f51<x>,s“Ju<y>]>o

J ax {K A(x -y K )oio)(x )C(y) + 3 A(x -y K )p(o)(K )9 C(y )

- 2580y e (y) + alxeyix RIISUCOINAZES

+ K23 A(x -y K )p§2)(K )Cv(x) + 3 X3 A(x-y K )0(2)(K )

- _:‘_ My . (1.

- s
If we integrate (7.7) with respect to Y along o indicated

= ingy" +c =0
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>

K4

and put x on o, where T 1s a real constant and n, is a

timelike. vector with nuny = 1, then we obtain, with the
help of formulae (B.17), (B.18) and (B.21),
| : \
~ H
0= dqx(y)<[¢i(x),a I, 1>,
o ' ‘ :
= J ax’ny 55 J d'yslayrrs oy x 2) (62 (x®) (ma)ey)
- pil)(Kg)nva(y) +.K2 (2)(K )n C (y) + p(z)(KZ)
TN ¢ |
(g * my2,. R T (7.8)
» . ) . Jf- w
Here we have used the shorthand notation
Bufs E Bu - nu(na) R
nd = n oM ,
u
In view of the fact _that
. : St
(& g ays ' 2y o d aY)é VA (xoy k2
T [ alys(ny+r)a(x-y:x )] = [f a'y(na”)d(ny+T)A(x-y:x)]
x/0 : X/ OR X
i o N

is independent of the choice of n,, we may choose
n, = (1.0,0.0), whence the above quantity 1is equal to (-1)

and is independent of K2. ‘Thug, from (7.8) we obtain

f dk {p(o)(K ) (n3)C(y) - pio)(K n, cVly) + p( )(K )n c’ (y)

AVAS

+ D§2)(K‘)(nu3 + nvau;s)afc (r=0 . (7.10)
. ‘ S‘ . .
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In a similar ménner, if we integrate (7.7) along the
surface o with respect to x and put y on o, we have
0= [ do (x)<[¢i(x) H3 (1) 1>

0 ekt Rk .

- f “xa<nx+r>A(x ~y K ){p(O)(K ) (nd)c(y)

qr R : .

e ‘;(y) +'K20§2)(K2)nvcv(y)} for y/o . (7.11)

- S J,.'[—b '3*.'
Hence we havek .

J ng{pi”’(K2)<na>c<y>—b§¢){;ﬂvn c¥(y)+e? (2)<K nyc¥(y) }=0

//’ - - (7.12)

From (7.10) and (7.12) we have

f d:?p§2)(x )(nuav.s+n§aﬁ.s)a“c“(§g =0 . (7.13)
- v , .

If we perform the'differential operation (n3*) on beth sides

of equation ), integrate it along the: surface- o with

respect to y d put x on o, then we have

J a0, (y)<Ina*epx), o4 (3)1>,
o} . |
n)\ J dKZ g_ J d yé(“Y‘*T)A(X-—y K )[ pio)(K )3 a?sc(\

o
[}

'C?(y)+p§2)(k2>au.safs

+ o§1)(K2)3v, (y) -K’ 0(2)(K )8

~ \Y
. 3,.5C (¥)

- 02 <P)a (9)n,”(y)

u‘sixﬁ

+ {x pio)(K )C(y)+a C (y)p(l)(K )-x §2)(K2)(na)nvcv(y)}]‘

A

for x/o s
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where use has been made of formulae (B.20), (B.21) and
' ‘ |

(B.26). Hence we obtain . . | \“Tl

J'dKz[—piq)(K2)8 . 8“ sCy) + p(l)(K2)3 cH(y)-« (™)

i

*8

Y
au,sC (y)

, o+ oog?) P )a“sau ,..0 (=012 (xPya | a¥ (wa)n, c“(y>

+{x pio)(K )C(y)+a C (y)pil)(K ) -k 0(2)(K )(na)n C (y)}] 0.

| (7.14)
Similarly if we perform the Qperation_(nax) on equation (7.7)
and 1ntegrate it'along the surface o with respect to x,

moreover, put y'on o, then we obtain

o
It

f f do, (X)<[n8 6, (x),9 J (1>

g |
= J & g5 J d“ka<hx+r>A(x-y:K ) (-n, <°)<K ()

. pe 0 .

-> ' " for y/o ,

whence we have -

L f ac®( p(°><K2>c<y>+p§1)<K2>ach(y>-n 0{?) (x?) (na)n;c¥ (v))=0.

(7.15)
iErom,(7.14) ahé (7.15) we dgtain
j'dxzt:pio)(Kgﬁau,s?fsc(y)+pil)(K )Bﬁ)sC“(y)—K 0(2)(K )
et ”'162 : Ot )

+p§2?(K?)au?$§?sav ¢V (y) 9(2)(K )2 _sa?s(na)n c (y)] 0 -

'(7.16). ~
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The operation (na¥) on (7.12) gives

{

I dKzt'pio)(K ) (nd) C(Y)+p(l)(K )(n3)n C”(y) -K p(z)(m )
| (n3)n, Myl =0 Tam

{(7.15)-(7.165+(7.17)}with the help of (7.13) gives

J ax?[p{®) () (o4x )C(X)+o(2)(K )(ore)a,, M) = 0. (7.18)

The argument in‘'the following Section is based on the-abové
, . .

five relations (7.12), (7.13),

), (7.16) and (7}18).

(3) Special Cases

\ We shall discuss theafollowing cases separately
with the help of equations (7. 12) (7.13), (7.15), (7.16)
' v /
and (7. 18) under the assumption (i), (11) and (311). ‘f

(A) 3, = @,(x)-C0x) 5
(B) .J, Téisz)'Cv(x) o -
(r) Jﬂ = u.x)-C€x) + Q(x)'Cp(x)

(A) J, = Q, (x)+C(x)

U ——————— B
In this case assumption (i) implies
’ c(x) # 0 (1w
. L. N . - "-‘ .
SR '3 C(x) #0 ., S . (1.20)
- ~uu\4~,¢ ! ’ - ' ,

and equation (7. 12) becomes

A %

f A p(o)(K mn auC(x) =0 e (7.21)°
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i R ‘
From assumptionr(i) and condition (7.20), nuauc(x) does not
vanish, Hence, equation (7.21) together With (7.6) reduces
to o | '
(O)(K ) =0 for any 1 . (7.22)

'

It 1s concluded therefore, that there is no Goldstone boson

in this case. However, if we remove the condition (7.20) -

from the theory, that is, if J is a-q-number current, we 5 -

-cannot derive equation (7. 2%) However, we have, from

equation (7.15) with the conditiQ\\(7 .19)
| dK p(o)(K ). k2 =0 ) P

which implies _
0l (c?) = 8{96(x? rorany 1, (7.23)

where B( o) is a positive constant. Therefore, when
C(x) = = constant there exists a massleSs mode 1if
B(O)#O - We will\not discuss this mode subsequently, for-

this 1s nothing but Goldstone, Salam aqp Weﬁpberg 5 well—

.known result. _ , S Y ' .

..———-.—-.,.--——.————————_

"In this case the'é%sgnption (1) implies
: n n |
c,(x) #0 L (T.2W)

aucv(x) #0 (7.25)

s Bl ]
. arroh G FR 4p

)
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With the help of aSSumptibnﬂ(ii) and the condition (7.24),

basic equations (7.12), (7.15), (7.16) and (7.18) become
\f\\\/\ ‘ ! l

) _ .
fdn o o) B 0] =0, | (7.26)
T aclo{D (6?)a ¥y <%0 {2) (xn n ¥ “pl=o (.27
S o2 (2) Y p, (2) JH vy _
j, dx [-‘pi (k2 )a #d.gn,n, sVc oy (x° )au ‘s _Sawsc‘] = 0 ,,
h (7.28)
2.(2) wo_ S | |
f dK o4 (K )(D+K )3 'SC = 0 for any 1 s (7.29)
" and equatien (7.13) is still the same. The second:}erm in
« " equation (7.27) depends on the "hoice of the spacelike
;hypefsurface' -There are, however, the following cases in
which this dependence doea nota!ppean 3;, o ,ﬁ?""
B CIL- 8“0“'=~3 cH (symmetrical case) _@ » v  5 o
- i:,,. This case will further be divided into tw@tﬂaSPS
.(a) 8“02’- g““q (x) 'w ' .
;.‘V:”v f"’ ~
(b) afcY = a¥: "c"(x) L S
& : T
In ¢ase (b), we must put
) - o' . S » a :‘,:,; .
E o I dK K pi n(K ) for any 3 ‘,:
CELV a“c + 3 Cu =0 (antisymmetrical ca@g}
b . < o
y_;_;;;'Now.let,uS discussﬂthe;above casegﬁggparately,
:.“ Y L '_: RO . i:'.' l e By
. . 3.»’ jf‘t.‘ n -
} '.g‘.‘i" : ' ! A

4
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1. a¥cY = aVcH

(a) 2"c¥ = g"Vcr(x) o , (7.30)

. From the condition (7.25), we have

ct(x) #0 , T (13D
F
and equation (7.27) and (7 26) under the conditions
HERS) and (7.31) gtve i |
R ' | : ' e
w~ﬁ§h. 'Pill(Kz) =0 s _ o ' (7.32)
- el = 8{sk?) forany 1 ., T (71.33)

where Big) is a-positive constant. Thus, 1f 8(2)#0
" we see‘that there exists a massless mode. When 8(2)#0

_for a ¢1’ equations (7 28),and (7.29) together with
k. g
(7.33) become N :

S . . /

(-mde G =0, . A7.30)
ocr(xy=0 o, ., ¢ (7.35)

L
-

}espectively. Hence, with asgumptien (11) we obtain‘
s . " T .' "' ) ,/ , .

(x) f'O: ',l/f R ) '(7.36>

5__‘
IR auav

Alsoy equation (7.5) feduces to,

<[o,(x),7, @) 1>y = 81209k % xy) ey, (73D

and the surface integﬁal qf‘(7.37)vw1th.respect to'y gives

e .
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<[o,(x),Q1>, = =382 ecr(x) # 0 ror 8{P%0 ,  (7.38)

from which *° foll_ws‘that

N~

o> # qlo> . o “’t% (7. 39)
Here = | . B . i‘;
) a=] dou(y)Ju(y) s o (T7.40)
o - | Y
. . - .
and q is an arbitrary c-number constant. o . g%”?q§fb

As an example we may take a scale invariant model fﬂg»

©

for a real séalar field (Auriiia et al. 1971, Umezawa

1974), whereby the current JH is given by

‘ &, 7
{d : : S : L -
bl _ a J =868 oxY vy (Tell)
7 ’ H ]J\’} ’ : . - 9
where euv is the énergy—stress tensor satisfying
a"e. =0 .-, (7.42)
SRy T .o
R A (7.43)
. : ey
- The commutator: C N
. - \;;“b-
- 0] = 1% D(#0) (7.5
. . . . o . . ~ 3 ' - ) - ' .
where =D =»f,d xJ (x)
-, ’ - ’ : 'v,. ,‘ N .
" does not vanish, but singe’i %E D iéquual to iH, we
'_haye . v | '
12 plo>=0 . . T (7ihs)

ot
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o ‘ ) {
which implies equation (6.3). Therefore, in this

system there.exlsts. a Goldstone boson for B§22#0

_(b) a¥c¥ = a“a C"(x) } ' ' e

From condition (7.25), we have

C"(x) #0 s : (7.47)

and from (7.46) we obtain .

MO0 =oct) L (T4

nn 3'c” (ha)2c"(x> A0 . Tul . (7.49)

'

Since.nun BPCV#O 1n ‘equatlon (7. 27) we must put gﬂ}_;
2 2 2 . .
| dk“k i )(K‘? =0 , i.e.,

(2 (2) S
(K ) = B 5(K ) for an%r& y (7.50)

which implies that-thene>exi§ts a massless mode if
'BiZ)#O- From equatlons (7.26¥>and»(7,50) with the

condition (7.6), we obtain

(1) o ’ - 8,
(K ) for any 1 . L. _ (7.51)- ’
By comparing equaﬁions'(7.32).ana (7. 33) with (7.51) and' ﬁ§§.
(7. 52), respectively, we see that both cases (a) and (b)
give the pame result cd%cerning the spectral functions
Equation (7. 5)\also reduces to the same result -as (7 '37)°

but the commutator <[¢i(x) Q]> is given by

P

LIS
»
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<oyl = 817 s a0, (x) £ 0 for 8{Pr0 ,  (7.52) .
; k! e -
which implies

Qlo> # qlo> . ' < (7.53)

11. afcY + VM = o : (7.54)

_In this case we have, from (7.54),

.A,l:c« L , ~

\_f'w Ay . ) ‘ . {
nunvaPc“'= 0 , / - (T.55)
3. cl =0 , ] (7.56)

! ' P

from which it follows that
5. ..cH =0 . | (7.57).

, Moreover, from equations (7.55) ﬂ(7 56) and (7.57), we see
LA : : . .
; that.equations (7.13), (7.27), (7 28) and (7. 29) do not

yield information, but equation (7\26) iy

‘1)<K Y=kt T (s

implies that we cannot.coﬂclude'that there exists either
) . ’

\"a massless or massive mode. Equation (7 '5) reduces to

"{

<[¢1<x) J 3R -deQpiz)(K )(g RN (xCy eV (y)

. _ . ' (7.59)
t : e ) @ i
. el | o
”9 and 1§s surface integration with respect to y_gives
| e S
; <[¢1(X) Ql;s * -(fdm p(2)(n ) 3 ck(g) =0
fer p(2)(K ) 0 , | ’7.60)

i

.
‘_.ﬂ,\
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on account of (7.57). This implies that even if

o§2)(»<2)v= 812)6(x®)  ror 8{%)%0 >

equation (7.59) is always satisfied.

——— ot - —— —— — ——— — ———— —— —— i ——— ————

We assume p _

cCo(x) 0 | (7.61)

Cu(x) £ 0. - (T7.62)

With the help of assumption .(ii), the basic equations;(7.12),

(7.15), (7.16) and (7.18) become, reépéctively,

Ja?lo{®®ate ~ ol et 01 =0, (7.63)

IR CCORY. L e
Ja?lof® (o, 2Y o0 - 0 () (0M(x)1=0, (7.65)
i dxépi'o)uz‘)(o#n?)c(x) =0, , . | (7.66)

and equation (7{13) remains uﬁalteféd,
_ Let us consider three paseSf

~ (a) ch(x)#o -and aqu(x)fO s - S
(b) auc(x)=o and 3qu(x)#0 {

- (e) QuC(x)#Q.Aagd ‘auCV(x)=0 E

' sepérately.:_



5
() 3 C#0, 3 C 40 | o N
This case is divided into two sub-case$:’
(1) cH(x) # ad¥c(x)

(1) ¢(x) = ad¥c(x)
- where a 1is any noquero c-nﬁmber'constanq.
(1) c¥#ad¥c ’
From equation (7.63), together with the condition
(7-6),'we have

J ac?p, (8) (k%) =0

0 (7.67)
- E "4 /
) o
i.e pil)(K2) 0 s o .(7.68)

whence there is no Goldstone boson. Equation (7.5)'

reduces to

0 sl 0wl =0 L (7.69)

so that S -‘ S -
o <le (0,81 =0 - (7.70)

and thus

Qo> = q]o> (7.71)

-

o 'Theréforea we see-that the vacuum is not degenerate.
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(11) c¥ = ad¥c (a#0)

From equation (7.63), we have

r

‘I dng[pio?(K ). - ap§l)(K )] =0 for any i, 7.72)

-

and usirp (7.72) in (7.66), we obtain

f ac®o{M(®)(or®)c(x) = 0 for any 1 | . 3 (7.73)

-

Hence, from equation (7:73) and k?.@ﬁ», we have

oV 0? = Mata?y L aim
(O)(K ) ;_BiO)G(K?;m2) , for any i s ” ' A(7.75)
where ‘Bio) =.aé§l)’ s fcrvany 1‘ s (7.76).

end m2 is giveh by the relation o A\g;
o= n® or £o+525c-= 0 .‘jd, - ‘(7.77)

Therefore 1t 1is concluded that there can exist elther a
massless or a massive mode if B(O)#O Equation (7.5)

reduces to

8,03 L)1, = 80X [ sy m)e(y)

+ A(x -y :m )3 C(y)} ‘, . d (7.78)

and its surface integral with reSpéct toy nges

¢
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<[o, (0,01, = -81°0c(x) # 0 - (7.79)
| for Bio) 40 ?v‘ (7!80)
which impl{es that
Q|o> #qlo> . S (781

Q

Thus, we see that even if we have equation (7. 79) or

(7. 81), we cannot conclude that there exists a Goldstone

4

‘boson. b
New'we shall pfesent three examﬂae models, the

conserved currents of whifch take the form

PN

3,00 = Q0BG + @ax)a,00) C(7.82)

: S p
but.have no massless mode. /

A

(1) Free real scalar field b(x)
_ The Lagrangian - | ' Sy -

L= -% a"b3 b + 5 b%  (mA0) - (7.83)

is invariant'under'the transformation

b(x) + b(x) + mA(x) s : . .(7.-.84)‘

!

3 - T . . . .
where A(x) is an“arbitrary, real, scalar, c-number

fuhction satisfying

[

(@+m°)A(x) = 0 . o (7.85)
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The conserved current
J,(x) = b(x)’éuA(x) (7.86)
! . .
gives the relation
<[b(x),Q1>, = 1A(x) £ O, o (1.8D)
which 1mpl£es that we ha?e
Qlo> # qlo> - (7.88)
but also
0, <[b(x),Q]> = -im°A(x) # 0, . . (7.89)

Therefore, though (7.88)'holds,‘from (7:89)'1t'is seen
{ ' : . ]
that there exists no massless mode

(2) Stueck%}%erg Field (Stueckelberg 1938)

The Lagrangian

. . 2 . 2
= _paHaV, m< ,u _paHpot m
L Lo A SUAV + 5 A Au f%a baub + 5= 9

2 " with me#0

N

o (7.9'10>.‘

i

13 1nvériant unger the gauge transformation }V
> A (x) + 2
Au(x) +> u(x) uA(X)

’

" (7.91)

“ W! - b(x) + b(x) + mA(x)  — o

swhere A(x) 1s the Same'fdﬁcﬁ&onaas\in,(l).

’ . a&
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! ’ .
The conserved current ,
y
0 = (%A 0+ mo TG, | (7.92)
givesvthé relétions‘
<[b(x),@]> = imA(x) (7.93)
H ' o 2 .
<[3 Au(x),G]>o = ~im“A(x) s .94)
which imply : | o
. - : GIO> # gIO > ! .' (7-95)
« ¥ -
whére‘ G = f d3yJo(y)». . _ | (7.96)
- ‘ : N ‘ \
However, since we have
0, <[b(x),6]> 7= ~tmA(x) ¥ 0 , (7.97)
o, [¥4 (x),6]>_ = tm*a(x) # 0 , (7.98)
X T, o : o
we conclude that there exists no massless mode. The
subsidiary condition
Y | (+) ) ‘
(3 Au(x) + mb(x)) |phys> = 0 for any x ,  (7.99)
1s used for this system (Gupta 1951).
(3) Massive Neutral Vector Field (Nakanishi 1976)
The Lagrangian | , |
. ' SR m2 u u B2 ) : 2
L = 7;5 F FI}:}V J.!*'qé:; AUA ‘,+ Ba Au + 5 with m™# 0
- (7.100)
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However, since we have - Z:ﬁ‘

1s invariant under the gauge transformation
A + 3 A
A (x) > A (x) u‘(x)
B(x) » B(x) + mPA(x)
with (o+m®)A(x) = 0

The conserved current

Y-

T, (x) = BOOB A
gives the relation

“1mPA(x) # 0

<[B(x),G]>o

[

which implies

Glo> # glo> -

. ' . ‘—' 3 ’ ya
where G = / d‘yJO(y)

0, <[B(x),01>, = In'AG) # 0,

,dondition

’ B(+)(x)|phys>-= 0 for any-x ,
’ ' B _ -

is used for this system. '

#

1

|
L
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(7.101)

(7.102)

(7.103)

(7.104)

(7.105)

(7.106) il
/.
/

l

(7"147)

we conclude there exists no massléss mode. The subsi iar

(7.i08)-
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(b) 3,C(x)=0 and 67ﬁcv¢d

EQuation (7.63) becomes

[ ax? (1)(K ) =0  d.e., . /f@:
(l)(K ) =0 »for any 1 EN , A'// (7.
and (7.6&)/with"(7.1o§)\§1vé;' |
(O)(K ) ¥=o0 ,1.e.
/ NO)(g ) B(O)G(K ) for.any i . | (7.

Equation (7 110) implies that there exists a massless‘

mode if B(O)#O . Equation (7 5) reduceq to

109)

110)

<[¢i;;3,Ju(Y)]> = B(o)axA(x -y:m )C(y) s (7.111)
and 1its surface intEgral with respect to yvgivés
<[8y600,00>, = -8{°)-c(x)0 ror s§°)¢ o (7.112)
which implieé ’
Qo> £ag lo> . C(7.113)
‘(c)'a C#0 and a'c =0 )
oo This case will be divided into two sub -cases.
(1) C“#aauc
From equation (7.63), we have
‘.(_1') 2 _ . » 4 v ey . ‘ .
Py~ (k7) = 0 for wny i . (7.115)
i [ % N ' . .
— ' . . R . . P
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Hence, we have

A
: : 3 .
<[¢;(x),Q1> =0 S, (7.116)
which implies . .’ o S i N
: ‘ . i
Qo> = glo> - ' (7.117) - )
(11) cH=ad¥c |
Frob_equation (7.64) we -have
p§0>(K2)=B§G)6(K2) for any 1 R ’ . (7.118)
’ : d
. which 1mplies that there exists,a'massless mode 1f
, Bio)go . From equat;on’(7163) with£(7f118) we have
f dx o(l)(K ) = B§°)/a- : o (7.119)
L7 : ‘ . . 7.

. The 'surface integral-of;ec 2 ion“(7u5)_becomes

<oy (x),015, = -8{*c(x)h0 " for" 5% o L (1.120)
' hd 4‘ - - . | " ’
which implies ’ s, ¥ "
2 "~ Qlo> # qlo> 3(7 121) ‘:357
(4) Summary
. _ u. . ¢
In the above argument, we have shown'that:certai'n %

-condltions on the c-number functions appearing in conserved‘

* . currents yileld relationships among the- specpral functions of

J
B

/-/ﬁ

-
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' <[¢1(x) J (y)]> . This is summarized in Table 1. L ”f ‘i{

4 Ini the case of the local gauge transformation‘& e
discussed in Chapter Y, frOm equation (5.44) it follows
that equations (6 2) and (6 3) ‘are not satisfied °ﬁThus, A

S S

in spite of ‘the existence of a massless field B(x)*cue

\ "
3

"'l cannot conclude from the discussion of the local gauge

kS

wtransformation “that the vacuum is dﬁﬁbnerate Moreover,
‘as was shown by three examble models in (C—a—ii) he
generator Q. may inVolve a. massive field. In these cases,

equation»(G 5) - does not always imply the degeneracy of the

\‘5"’

: vacuum (see Table 1) ff ' /f

¢ i

o The above argument,imp Jesqihat@the Goldstona,

- ~

theorem does hotgglways apply ‘wheq onserved currents or j

ol

o N ‘N
e

generators involve c num%er functions, a suggests that

L

- cufrents -1;4 ST
8t PR L I S

Y,

the éheorem must be extended Wheniconser

involve c-number Gpnctions LA A e e T
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TABLE 1 List o:‘ Stmctv..“e for S;:iect:ralf Functions “,.
J(x) & ' Conditions on [ | ~ Structure loI‘
RN e . ’ c-nunber spectral 1 Value of
& fun¢sions functions <[¢i(x) ,Q]>
SR oy : "o
[N » .—'h*‘v ,: _ ‘ - ,
ot T ) oM o
R-(x : I.3 C(x)#0 (v< )=0 0 .
TR p ‘
. e \ u _ .‘ . ,_n,‘_‘ JA ,
L7 exFo P IT. C(x)=9=const. 'b‘°’o< )= 3(0)6( 2y -84°).6
.'\ L ; ,: v u\vf T )
7 %)Cv(x) I. a" o’=s c“ - (1)(.< )=0 8(2)0'( ) e
R . . i X
| (a)q“c -6"%c" tx) ‘2’(8) g§2)5(.< )
. S : :
o :Cv(x)#_o,..;‘J o (b)&“ —a”?;%"gg) (l\(,( y=0 5 N * -Bi‘?)za ¢ (ﬂ)
Ha e R ‘“3;’@: )s&‘z)a(
. B VI : L 2 b
[Py bs . “ . -
, .v'»-II,a“cm‘;’c‘é*:o ““w( )=k p(2)(|< ) 0
—— - Y - - A =1= 2 J :
- Qh(x)-c(x)‘fQ(x)cu(;x)_ (2)3 CAO% a g ."* piglg('??,_%(l.)( -0 :
B | (1)¢h#ad? & T e . |
. - 1
1 elx)%0 * | ‘°)<.< - s‘°’6(x2 2; 80 |
&Q“’; .',,r-l- ;‘? ? ) fO:(K ) 3(0)6(K ) __B(O)C<x) Jil
c < 2 l ) \ . v
. o od o, M Py " )=—O JET —_— g
. o 2 4 ; Jz
Cow " N _ ; ' o
(c_)auc#of,aucfo.‘ o§°)(a<2)—p§1)(vc2)=0 o -
(1)eY#aa¥c . ‘ c. X
] (ygheastc | 4 ‘°’(-< 1288025 (2) p(%(x)
. -A - (1)(K ) B(O‘ .
i e
L { S & e — - !-
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. APPENDIX A

v
-

DﬁFLE&EiON

(1) Properties of Lorentz Invariant Functlons

3 A'Wéidefine \\\

/
N . . R ,}
A-function o : S

. '-A(xémz) vw*l~—— [ a p€(p )G(p -m )e pX (A1)

0(211')

-0

A -function‘(cauSal function)

400 1 ‘ ’ . )
_ . . =1px : :
Bp(x: m2)$¥n- " [ qu T J (A 2)

o) 7, m-p-te .
v o . .
9 R . Q ! !
, E-function ]
% o h " -

N
- —= A(x:m )

(113

" E(x)

1]
(@]

" ’ m

t R +oo

7 1 —ipx | . o
or —_— d pe: p )6'(p ) oy 3 (A.3)
(2n)3i~f. nﬁé . . o

’ PP S .4' s o :
.. . . J PR AS‘-*- . . - )
' . ' . R : : [
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These function§ have the following properties:

a v

2\, 2 :
(o+m“)A(x:m°) = 0
" | &

(Qfmg)AF(x:m2) = —iéﬁ(xj s

. OE(x) = D(x) | e am

[
o
-

-
~
-
. o
~ .

D2Elx)

D), gy
=Y ' - ) :
f

0%EL(x) = -167¢x) | T (a.10)

DEﬁ(x).

- . - ——

. . i"; .
- where

D(;( )

dxim®=0) = -(2m) e (pRGD T, (A.11)
Dp(x) = pp(ximP=0) R C (aa2)
’ . ' L (. . . . C J

and

~

-Fm ey

. A
[}

o J . . _ ‘ . , + '
AO,x:m2) =0 ., - ~ (A.1b) -
4 -~ ’ ) b -~ .
E(0,%) = E(0,x) = E(0,x) =0, , . | (A.15) :
‘ ! -. 1 | S - ] JA . «
E(0,x) =-83x) ... e

b : [ e ™

~ The propert;esﬁfof.E(x) are seén in, fof*example,;Léutrap

(1967). ~ PR

LA
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(11) Polarization Vector for Au(x)

Whén we have

° . : ' g : :
—DAu(x) =0 |, : , (A.17)
A (x) can be ekpressed An the Fourier transform as
A () = l/(2n)3/2 S [ e 15' (”(k)[a (e TK%n ¢ .1 (a.18)
A=0 / u ‘
with ko’f jgl ,
where eﬁk) is given by , J :
v
- .
e(x)(k)-k = 0 for A=1,2 . (K.19)
=R (=
.o

(Ehe photons corresponding £t &= r*a93§2 are called‘transversely

polarized and those’ corresponding to A=3 and A= 0 are ' 1
longitudinal and scalar photops, respect&vely - R

. The orthogonality condition is given by

Yy : e - . Q {
R (A) (X o S
a eV ey )<k>g“” =g, L (A.20)
}and‘completeness Of'the polarization stateé 1s expressed by ..
X e (k)e (k)gll' = g T (AL21)

L A=0 A’-O LR
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- where
: L

Field Equations and Commutators for In-fields with

'Field equatilons

'[¢§?§x>,6§“§y>]

' |

a=OLM;€O1 m#0

3

We have for this case

5 , uin , , _
{(O+m )gu\)—auav'}g (x) =0 s R (A.22)
o) =oel"(x) =0 5 - T (A.23)
a“uin(x) =0 | .:ﬁﬁv_ . . (A.24),
| _ > e | :
the field u (x) is, called uhé Proca fieig

* = {- ’ . _LEM%'/.. ":»“.
The Commutation Relations - ?;zhl F !ﬁfq.

I T e Y
'[uin(x?,uinKY>] = -i(g, +m 23*3 )A(x-y:m?) (a:25)
0,017 ()] ; o ; %: L ;§§§@“7 ; ‘(Af26)
»[u§“<x>,g1“<y>].= o, a 7 'é 5 (asen)

[xin(x),i*?(y5]l= iD(k-y)~J ol c (Afzs)

]
|
e
jw)
Pany
oM
A2
N
- P
>
N
o \O
p —

fl
o

[637() X" ()] L o (a30),
- '\. R . ) o .
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APPENDIX B \

'AFORMUEKE"

(1) Expansion of g-number Function F'ze iGP iG |
1G_ 1G U
F'Se " 'Fe~ = F + [F G] * ST [[F G],G]
+
_or = LT ) [G Fiﬁ [G [G F]] + fe
. . 5@&;{\; T . Cay - ;f (B.l)
o " ’ . T . .

Al

) . . o Vo BN
(i1)+ Integral Representation of the ‘Bblutichs far

Klein—Gordon Equation | o _ P _ 1.
When a funcﬁion g(x) satiigies the Klein—Gordon
~ Equation ' o I. T - ‘. }
Ce—T . * (D+m )g(x) = "O . . . ' - (Bo 22,
A "' ' T ‘«7.,":;;.‘.'. :
g(x) can be written in-, the integral representation as
w v ) | u . , - "v
g(x) = do (z)A(x—z m )Sug(z) ,
. 0 \, ++ _ : . O
or = [.a3zA(x9z:m 2ya g(Z) o e (B3

‘where c;isian arbitrary,spaCélike hypersurface.

. S i .
(iifﬁ Identity -~ 7~ .. - \\\_ L
- . K I . . - ‘,‘ ’ —a. | :_\ » | )

é dch(X)avF(x)lf g d°v(X)3pF(3)j'.g*/~§\l |

(B

‘.f The " proofs for (11) and (iii) are’ seen 1n, for example,»
Schwinger (1948), Takahashi (1968) S :

C LT e AT - Lo e TR e T B N WU .
s Y e I SR IR T
L v N e - s . S s . PR
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assumingjthat o ) c ;;}//-~;_,//
S IxIPR) v 0 as x| v 4w —{B.5)

a2 ]

(1v) List of Formiulae for'integrations in Chapter VII

The inﬂé!%ations in the following are carried out
"oﬁmﬁpe flat spacelike hypersurface o which is determined by

';f"~‘ the equation

B ~.'.. N ~.“i . B | ) . .\ 'q __3’ ‘1' 5 _.“' N . . :- ‘ ‘ . -
@3?@ o | . . » ] .nux—u + 1 =0 v e (B.6) ~
where T'isiaﬂreal‘conStént~and n, is a;timelikéﬁunit vector

0 nt o= 1 . : | Lo (B.'],)

v'fi 3Eorﬁ?%eew'

£

I dc*(Y) wedt= d?yhXG(ny + T).i.,

o : : ; A o .

féif(ny+r),= n, floy*t) »~, N (B.9)
r - (nd)f(nf+1) = Tf(ny+t) (Takahashi, 1%60) '. . (Bi10) . .

-

Q:'Q-a
-

* © >

-‘(az_»nu(nav))f(hy+'T.)_'=_0 - S B

J :dc'rx(y)aﬁA(‘x—iy),f'I(‘y)°‘ J q" yn, 6(ny+r)a A(x-y)f(y) o -
- nx{;”\; ‘g‘ I d YB(nyﬂ)A(x—y)f(y) L e
o +. [ d ya(ny+r)A(x—y)ayf(y)} ’,' I - ':v--i—‘-\-’('f‘iB';lz») '_ '

- . .. 1



- | "
: é':’ ' . )

J ooy (n)aa5a(x-y)0(y) = n,inn, 5;5 [ a'ys(ny+T)atx-y)e(y)

J duyG(ny+T)A(x y)(n 3 vy, ) £ (y) ‘ d © 9

QIQ
~

K f duy&(ny+T)A(x y)a 3 f(y)} > _ A~; “(B.13)

2 . . i ‘ . ' ‘ . . A ‘ - » “ . .
2 I yd(ny+T)A(x>y)g(y) S . Lo
T " el . R | 7

J 7% : o
= *‘gg‘f d yé(ny+r)A(X-y)(nﬁ)g(y)+ fd yé(ny+r)(n8x)2

i B /g K R ¢ A(x-y)g(y)

KIS yG(ny+TLACx y)(na)g(y) T C(B.1b)
o S ‘ T .

L3 ' . . o I-‘ . ) . ) ' N‘\ :; ‘ . \“J ’ ;,,;_4.,4.,5'
. [ do (y)a 35A(x=y )" f(y) T e o '

| a (;" \yu . : L : o, N ‘

='n, g?f d yd(ny+T)A(x-y)(n 2 vy 3 —n W1y (na))f(y) ' ' ‘t}

S - \f,, {n n f d yd(ny+1—)(n3 ) A(X—y)f(y) . - “'
«. // . . ‘ P
- nyn, (no* ) f d y6<ny+T>A(x-y)<na)f(y) 4
e e - ’CQ .

J:."

N yaxny+r>A<x-yoa‘a f&gfi*?~,. L (BasB)
' o ' % - ;.3, - . | = ‘w' - Q.(( : e s LT _ 2
J::a y§(ny+?J(n3x1gA(x¥y?K§)giy) RV e SRR

j d .YG(nY-i-‘c)A(x AL ){vc + uss _s}g(y) . (vB_.l6')-”'

QIQ-
-
=

“n

ot - . T

These, f‘ormulae (B 12) to (B 16) hold for any xXeo I A

vm . . - g ® o ’ """ ‘ N
'W‘ : L, S

/4*@0 (yba A(x-y)f(y) = nA v s f d' yé(ny+t)A(X-y)fYy)

.o ** R - for x/ﬂu s

. 'j’.a‘:ﬁl



) do, (y)a(x-y)f(y) = n, ffduyd(ny+T)A(x—y)f(y) = 0
5 , ) . .

fon x/o S
g; J atys (ny+1) 8 (x-y)g(y) A
= (nax)_f duyé(ny+T)A(x—y)g(y) «for.x/o; >
a° "
2 J a'y8(ny+t)a(x-y)g(y)
. .

4

"F eeim ?2‘%& [_.guys(ny+r)A(;c-y)(na)js(y) - for x/o s

-

R T Y

~’r4\ BN

1 AR PE R

)’ .

o

=n L J du§6(ny+T)A(x—Y)(n'3' +n 3 )E(y)
RONET: ‘ S %ves v ues

 for x/0 ., |

- N . :
i‘A%? ]"dqydgny+r)(q§§52a(x-y)g(y)

5

. v
— o R4 e

= | a'ye(ny+t) (no®)3a(x-y)gly) for x/a © , -

[ a'ys(ny+t) (na¥)™a(x-y)(y) = 0 for x/o .,
N and positive and even integer m ‘{i‘

%? ]'duys(ny+1)(nax)mA(x—Y)S(y)

= f duyd(ny+t)(nax)m+lA(x—y)g(y) for x/0 and,

positive anc even integer,

-

i dok(y)aﬁaﬁA(x—y)f(y) o ; -
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(B.18)

(B.19Y

(B.20)"

(B.21) " -

- (B.22)

(B.23)

“(B.24)

b Y

-
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-0 = {ylny + 1
and (B.28) holds fo

~
N

o = {x|nx + 7

o}y -,
any y on the hypersurface o;

0}
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DERIVATION

(1) Derivation of Equation (4.20) :

N
iWe set

[oe]

LMDy = [ aPee®)afBlxy ), (c.1)
- o ‘ ’ ‘ ‘ ’ '
and differentiate both sides of (C.1l) with respect to X

by the help of equation (4.4) and commutator (2.38). Then

~

we have v

aMD(x-y) = [ dkzp(Kz)K2A(x—y:k2)' s - (c.2)
o _

which implies *
, p .

a\/P K2D(K2)‘= qMG%@2) . ' - (c.3)

.

Therefore, ﬁhe spectral function p(K2) has neither,a mass1ve
pode nor a continuous spectra. Thils fact enables us to

rewrite (C.1) as .

o

<[a, 60,41 1>, = C13,E(x-y) + C,3,D(x-y). (C.1)

1

w ere‘Cl and 02 are constant. In order to determine the ‘\\

coefficients C; and-d2, we set u=0, and X%y, then from

the property of equal time commutator we have.

0 = 2087 (xy)

~which implies c, =0 . ///) - (€.5)
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QalQa
~
—

a6 (ny+1) (na%) 28 (x-5 :x ") e(y) -

<

/ duyé(ny+r)(nax)3A(x—y=K2)g(y)

) Cdl_T f duyé(ny*-r)A(x_y:""2){K'2+3u-sa‘fs'}g()’)

for .0 s

‘

. -
f dox(y)(nax)aﬁaﬁA(x—y:K2)f(y) <
o ~

- d 4 2y . .
=n, g7 | d'yé(ny+t)a(x-y:x){ nu(na)av |
-n (M3)3. + nn (na)2 +‘é P
N v TR T S RV
- n (K2+8' 3° )¥f(y) for x/o

u v p.s g o >

J dOA(X)(hB)xA(x—y)

o N

%? / a"x6 (nx+1)A(x-y) for any x < ,
AN

=_._rn)‘

.

J dGX(X)(nax)B:A(X-yS =0 fory/s ,
a .

&

Xy nXaX L2
g do,{x) (nd )?haVA(x—y'K )

°

. 2d ;4 b 2.~
= Py + -y: o)
nyn n ok go [ d"x6(nx t)?(% y:ixk<) f ranyy

-
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(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

the formulae (B.17),td (B.26) hold for any x on the hyper-

.surface 0;
; A
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'Next on differentiating (C.l4) with respect to xu, we obtain

il

" -aMD(x-y) = C D(x-y)

from which follows

C, =.-aM . ' ‘ , (C.6)

Thus , from‘(c,u);'(C.S) and (C.6), we have

<IN, = By . ()

(11) Derivation of Equation (5.8) from Equation (2.7)
We shall shoﬁ that'the currentaj (x) given by

Aequation (2. 7) 'is also written in the form of equation (5 8)
1n case of minimal interactions.

Equation (2.7) can be rewritteh~step by step. as

foliows:’ (f
- aL,
) = - sy
=\-'8(Linthmatter) _ .
o BA (x) .
. aLmatter(¢1’¢1°(a ~1eA )¢1,(a +eA. )¢1)
B Co : aA (x)
= -~ Z{-1e mgt?er,¢ ot ie¢+ matter}
STy a0ae) T 1 3(3'617‘
AL
ol T X (1e¢h¢ ) + (- 1e6A¢ (x)) _}/6A(x)
1 3.3p¢1 i 1 | ! 8(3 01)

- sl 2 s, + 6o 1/6A(x)
1 3z°u?1’ 1o a(a ¢1)

Thus, we have gfrived at equation (5 8)



